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Fundamental constructions for Lorentzian length
spaces

Felix Rott

Abstract

This thesis deals with fundamental constructions and concepts con-
cerning the theory of Lorentzian length spaces, which can be described
as an abstraction of Lorentzian geometry in the spirit of metric length
spaces and metric geometry. On the one hand, a gluing construction for
Lorentzian length spaces is developed. Bulding on this, an analogue to
the Reshetnyak gluing theorem as well as the preservation of various other
(causal) properties are established. On the other hand, a splitting theo-
rem for spaces with non-negative curvature bounds in the sense of triangle
comparison is presented.
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Introduction

The theory of Lorentzian length spaces is a new and very promising approach
to axiomatise and “synthetesise” Lorentzian geometry. The first work on this
subject [19] was published only in 2018, and since then the field is developing



at an impressive and ever increasing speed. Its creation is inspired by metric
geometry and its interplay with Riemannian geometry, where in particular the
theory of (metric) length spaces has helped to extract the “metric core” of many
results and concepts related to Riemannian manifolds. Metric geometry is both
a solidly established and highly active field of research. It is not far fetched to
believe that the theory of Lorentzian length spaces will have a similar impact
on related subjects, in particular Lorentzian geometry.

Historically, mathematical general relativity has been described in terms
of smooth Lorentzian manifolds. It turns out, however, that there are many
physically highly relevant situations where one is required to lower the regularity
of the metric, such as when modelling different kinds of matter, shock waves,
conical singularities or impulsive gravitational waves [33, 38, 14, 36, 35].

Lorentzian length spaces take this a step further and discard the manifold
structure entirely. One of the main goals in the initial stages of the theory was
to develop an anaolgoue to curvature bounds in the sense of triangle comparison
and thus providing Lorentzian versions of Alexandrov spaces or CAT(K) spaces,
the centerpieces of study in metric geometry.

Triangle comparison in a purely Lorentzian context was first worked on in
[15], with [2] painting the full picture in the smooth semi-Riemannian setting.
The recent interest in Lorentzian length spaces by reserachers with a background
in optimal transport and metric measure geometry gave even more traction to
an already rapidly developing field. In particular, the introduction of synthetic
lower Ricci curvature bounds into the synthetic Lorentzian setting via a convex-
ity condition on the entropy functional, cf. e.g. [9, 5], is expected to be especially
fruitful for problems related to field equations and singularity theorems [29]. In
addition, alternative approaches to synthetic Lorentzian geometry in the spirit
of Lorentzian length spaces have been developed [30, 22, 28], demonstrating
both the value as well as the flexibility of the theory.

In the past, there have been other approaches to abstracting Lorentzian
geometry, but they were considerabily less successful. [8] introduced so-called
timelike spaces, which, although in the spirit of metric geometry, do not even
contain all smooth spacetimes, hence are not a suitable generalisation. The
causal spaces of [18], while being very general, are not geometric enough to
provide a Lorentzian analogue to metric length spaces.

The theory of Lorentzian length spaces attracts researchers with very diverse
backgrounds, such as Lorentzian geometry, general relativity, quantum gravity,
Alexandrov geometry and metric measure geometry.

Clearly, this subject is, especially by mathematical standards, quite young,
which is why the fundamentals of the theory have not been fully fleshed out yet.
One possible point of view on categorising the current work on Lorentzian length
spaces is the following: on the one hand, researchers are interested in generalis-
ing purely Lorentzian phenomena from the smooth setting of spacetimes. Exam-
ples include work on the causal ladder or questions on (in)extendibility [13, 1, 7].
On the other hand, one aims to translate concepts from metric (measure) geome-
try to a Lorentzian setting [4, 20, 23]. In short, one cares about “synthetesising”



Lorentzian concepts and “Lorentzifying” metric concepts. While there is some
obvious overlap, and some works do not fit into this division at all, cf. e.g.
[16, 21], it is a good rule of thumb and most works do at least partially fit into
one of these categories.

This thesis can confidently be put into the second category, namely de-
veloping Lorentzian analogues of useful metric techniques. The main topic of
investigation in this thesis was to transport the gluing construction for metric
spaces over to Lorentzian length spaces.

Gluing is one of the cornerstone constructions of metric geometry, and pro-
vides an extremely general way of producing new spaces out of given ones.
The central result about gluing in metric geometry is the Reshetnyak Gluing
Theorem, which says that upper curvature bounds (in the sense of triangle
comparison) are preserved under gluing. The gluing of metric spaces is a rather
natural extension of the gluing of topological spaces, where one equips first the
disjoint union and then an appropriate quotient with a suitable metric.

For Lorentzian length spaces, however, things become a bit more compli-
cated. The disjoint union construction essentially works out in complete anal-
ogy, but for quotients the lower semi-continuity of the time separation function
is all but guaranteed. A possible way of summarising this naively is the follow-
ing: gluing in the full generality that is present in metric geometry is (to current
knowledge) simply not possible while still retaining the lower semi-continuity of
the time separation function. So one has to make sacrifices regarding general-
ity, posing limitations on either the spaces themselves or the glued sets. If one
values the generality of the spaces, then the identified sets have to, in a way,
“behave timelike”. For now it does seem like one is unable to avoid the identified
sets having a causal character, but if one wants to glue along sets which are not
timelike, then these glued sets essentially have to be null or spacelike bound-
aries of the spaces. Moreover, it is only possible to glue two spaces, with the
boundaries being a “future boundary” in the one space and a “past boundary”
in the other.

Going back to the gluing theorem itself, this is also substantially more deli-
cate for Lorentzian length spaces than for CAT(K) spaces. Indeed, due to the
missing concept of spacelike distance in the Lorentzian context, it was only pos-
sible to formulate the theorem for spacetimes with sectional curvature bounds
in the sense of [2]. Concerning the setup of well behaved comparison neighbour-
hoods, the techniques developed in [25] proved to be crucial. Very recent results
[31] introduce a spacelike distance on (certain subsets of) Lorentzian synthetic
spaces, which might make a more general version of the gluing theorem feasi-
ble. The first two papers included in this thesis are devoted to gluing (general)
spaces along timelike sets, while the other possibility is yet to be fully explored
in future work.

A purely Lorentzian phenomenon, which came up during the development
of these gluing techniques for Lorentzian length spaces, is to investigate which
steps of the causal ladder (cf. [27, 26]) survive when gluing. This question is
extensively answered in the second work. Furthermore, there are several open



questions concerning the gluing of Lorentzian length spaces. As mentioned
above, “spacelike gluing” is less explored, and could in particular be crucial for
tackling problems related to the inextendibility of spacetimes. Further, while
gluing and lower curvature bounds are generally poorly related to each other,
it is still possible to glue Alexandrov spaces along their boundary and retain
the (lower) curvature bound this way [34]. A similar question can be posed by
replacing Alexandrov spaces with RCD spaces [17]. Both of these statements
are open questions for Lorentzian length spaces. As a matter of fact, the last
question remains unanswered even in the setting of metric measure spaces.

Finally, the third work is concerned with a slightly different topic, although
still in the general area of strengthening the fundamental building blocks of
the theory, namely establishing a splitting theorem (with respect to triangle
comparison) for Lorentzian length spaces. Originally developed in the context
of (smooth) Riemannian manifolds, a splitting theorem is a rigidity result and
essentially says that under some geometric assumptions, a space splits, i.e., is
isometric to a product. These assumptions usually include some form of (lower)
curvature bound as well as the existence of a line.

This was first achieved for sectional curvature bounded below by zero and
has been further extended to work for nonnegative lower Ricci bounds [37, 10].
Splitting theorems have been Lorentzified to apply to Lorentzian manifolds, both
under sectional and Ricci curvature conditions [3, 32], as well as synthetesised
to work for Alexandrov spaces using triangle comparison [24, 6], and even for
RCD-spaces using synthetic lower Ricci curvature bounds [11, 12]. The splitting
theorem displayed in this work is formulated with respect to triangle comparison,
with most inspiration drawn from Lorentzian splitting using sectional curvature
bounds as well as a proof for splitting of Alexandrov spaces.
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Abstract. We introduce an analogue to the amalgamation of metric spaces into the setting
of Lorentzian pre-length spaces. This provides a very general process of constructing new
spaces out of old ones. The main application in this work is an analogue of the gluing theorem
of Reshetnyak for CAT (k) spaces, which roughly states that gluing is compatible with upper
curvature bounds. Due to the absence of a notion of spacelike distance in Lorentzian pre-
length spaces we can only formulate the theorem in terms of (strongly causal) spacetimes
viewed as Lorentzian length spaces.

1. Introduction

The theory of Lorentzian length spaces, introduced in [16], is a new approach
to developing a synthetic description of Lorentzian geometry without relying on
any differential geometric machinery. It is very much inspired by the relationship
between metric geometry and Riemannian geometry, where in particular the theory
of length spaces has led to fundamental contributions and essentially has given rise
to a purely metric and synthetic point of view of Riemannian manifolds.
Lorentzian length spaces appear to be a very promising approach in this direction
and are on the way to becoming an independent field of research, increasingly
attracting many established researchers from Lorentzian geometry and general rel-
ativity. There have been a variety of interesting results concerning the advancement
of Lorentzian length spaces of which we want to mention a few.

[13] introduces a notion of (in)extendibility for Lorentzian length spaces.

[3], via generalized cones, introduces an analogue to warped products into the
setting of Lorentzian length spaces.

[11] introduces optimal transport methods in Lorentzian length spaces, defines
timelike Ricci curvature bounds via suitable entropy conditions and gives appli-
cations to general relativity (synthetic singularity theorems).

[1] further develops the causal ladder for Lorentzian length spaces.
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e [15] examines the null distance in Lorentzian length spaces (which was first
introduced in [20] for manifolds) and in turn studies Gromov-Hausdorff conver-
gence, establishing first compatibility results with respect to curvature bounds.

e [10] studies (the existence of) time functions on Lorentzian length spaces.

e [17] defines an analogue to Hausdorff measure on Lorentzian length spaces.

1.1. Motivation and summary

Currently, the majority of research in Lorentzian length spaces is concentrated
around direct applications to general relativity and only few works result from a
purely metric motivation. Indeed, it still seems that many fundamental concepts
and constructions from metric geometry have not yet been fully incorporated or are
outright missing from the Lorentzian theory.

The main goal of this work is to adapt some of these missing concepts from metric
geometry to the Lorentzian setting and in this way contribute to making it an equally
applicable and impactful synthetic analogue to the metric theory of length spaces.
Leading experts in the field of metric geometry suggest that an idea similar to the
amalgamation of metric spaces is essential in this process. Indeed, the amalgama-
tion of metric spaces is the fundamental construction for producing new spaces
from old ones and thus showcases a significant advantage of metric spaces com-
pared to (Riemannian) manifolds, where gluing is in general only possible along
isometric/diffeomorphic boundaries, if at all. Instead, one can usually only consider
Cartesian products or submanifolds, both of which offer much less flexibility.
One of the key results concerning gluing in the metric world is the gluing theorem of
Reshetnyak: it states that the amalgamation of metric spaces which satisfy an upper
curvature bound, so-called CAT (k) spaces, also satisfies the same upper curvature
bound. Metric gluing has also found applications in the theory of semi-dispersing
billiards, cf. [4,8,9], as well as in geometric group theory, cf. [6].

A gluing process for Lorentzian pre-length spaces turns out to be a more delicate
matter than the corresponding process for metric spaces since, roughly speaking,
there is much more compatibility one has to respect. In other words, a metric space
only consists of a set with a distance function while a Lorentzian pre-length space
is both a causal space and a metric space and moreover both have to behave well
with respect to the time separation function. Our first task is to translate the metric
amalgamation into the Lorentzian setting. In the metric case, it consists of two steps:
first forming the disjoint union and then considering the quotient semi-metric with
respect to the identifying equivalence relation. The disjoint union can be easily
adapted but a “quotient time separation” needs to be treated a bit more carefully.
We continue with the preparations necessary for a Lorentzian analogue of the
Reshetnyak gluing theorem, which is the central part of this work. Most important
for this goal is to establish a gluing lemma for triangles in the sense of [6, Lemma
I1.4.10]. This turns out to be a quite technically demanding task. Even worse,
without a solid concept of spacelike distance in Lorentzian pre-length spaces, there
1s no chance to achieve a reasonably general version of the gluing theorem. It does,
however, work out when considering manifolds as Lorentzian pre-length spaces,
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where spacelike distances are well known: this is the content of the last chapter.
This is also where the main result of this paper is formulated, namely:

Theorem 5.2.1. (Reshetnyak’s gluing theorem, Lorentzian version) Let (X1, g1)
and (X», g2) be two smooth and strongly causal spacetimes with dim(X;) =: n >
m := dim(X»). Let A; and A, be two closed non-timelike locally isolating subsets
of X1 and X», respectively. Let f : Ay — Aj be a t-preserving and <-preserving
locally bi-Lipschitz homeomorphism which locally preserves the signed distance.
Suppose A and A, are convex in the sense of Remark 5.1.1(iii). Suppose X and
X» have (sectional) curvature bounded above by K € R in the sense of [2]. Then
the Lorentzian amalgamation X := X L4 X» is a Lorentzian pre-length space with
timelike curvature bounded above by K. O

1.2. Outlook

We conclude the introduction by briefly discussing possible applications of gluing
constructions in the (synthetic) Lorentzian setting.

e The “causal inheritance”: Many steps of the causal ladder for spacetimes have
been translated into the synthetic setting, cf. [1]. Given two Lorentzian pre-
length spaces that are both situated somewhere on the causal ladder, can the
same be said about their amalgamation? If not, are there additional properties
that would guarantee the preservation of this property?

e The compatibility of the amalgamation and Gromov-Hausdorff convergence
of Lorentzian length spaces with respect to the null distance: convergence of
Lorentzian length spaces has been studied in [15]. Given two sequences of
Lorentzian length spaces that converge each to a Lorentzian length space, can
the same be said about the sequence of the respective amalgamations?

e Ananalogue to the collision theorem: concerning the theory of semi-dispersing
billiards, the collision theorem is a particularly nice application of gluing in
the metric world, cf. [4, Theorem 2.6.1]. In the Lorentzian case, this could be
useful for investigating particle collisions in general relativity.

e Globalization: the metric version of the gluing lemma is used to globalize upper
curvature bounds, see [6, Proposition 11.4.9 & Lemma I1.4.10]. A Lorentzian
version of such aresult would certainly be very interesting and might be possible
with similar methods.

e General relativity: it is expected that gluing constructions can also be directly
applied in various topics from general relativity. Examples include: extending a
spacetime (or Lorentzian length space) by gluing, cosmic censorship and gluing
at singularities, or matching of spacetimes and impulsive gravitational waves.

2. Preliminaries
By a spacetime (M, g) we mean a smooth manifold M with a Lorentzian metric

g and a time orientation. Requiring the spacetime to be C*¥ means the metric g is
C*. We denote by n the ordinary Minkowski metric on R". We write I (x, z) :=
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ITx)NI () ={y | x € y <K z} for timelike diamonds and J (x, z) for causal
diamonds. By a hinge («, ) we mean a configuration of two (timelike) geodesics
« and B and the included (hyperbolic) angle, usually denoted by w. For basic
information regarding Lorentzian pre-length spaces see [16]. For basic information
regarding the amalgamation and its compatibility with curvature conditions in the
metric case see [6,7]. We will anyways present a very short recap of the most
fundamental concepts concerning Lorentzian pre-length spaces and we will briefly
describe the amalgamation in the metric picture.

2.1. A brief introduction to Lorentzian pre-length spaces

Simply put, a Lorentzian pre-length space encodes certain fundamental properties
of a Lorentzian manifold while completely ignoring others. The focus lies on the
causality relations and the time separation function, while the Lorentzian metric
and the general manifold structure are discarded entirely. Compare this to metric
geometry, where length spaces serve as a very useful generalization of Riemannian
manifolds.

Definition 2.1.1. (Lorentzian pre-length space) A tuple (X, d, <, <, ) is called a
Lorentzian pre-length space if it satisfies the following:

(1) (X, <, <) is a causal space, i.e., < is a reflexive and transitive relation on X
and <« 1s a transitive relation on X contained in <.
(1) 7 : X x X — [0, oo] is lower semi-continuous with respect to the metric d.
(i11) T respects the causal structure in the following way: t satisfies the reverse
triangle inequality for <-related points and is compatible with < in the sense
that t(a,b) > 0 <— a K b.

Note that due to [16, Example 2.11] any smooth spacetime is a Lorentzian pre-
length space (where the distance metric is induced by some (complete) Riemannian
background metric). Moreover, any continuous causally plain metric on a spacetime
yields a Lorentzian pre-length space, cf. [16, Proposition 5.8]

Definition 2.1.2. (Causal/timelike curves)Let (X, d, <, <, t) be a Lorentzian pre-
length space.

(i) A locally Lipschitz curve y : [a,b] — X is called-future directed causal
(respectively timelike), if y (s) < y (¢) (respectively y(s) < y(¢)) forall s, t €
la, b], s < t. Past-directed curves are defined analogously. Unless explicitly
stated otherwise, we assume all causal curves to be future-directed.

(i1) The t-length of a causal curve y is given as

n
L. (y) :=inf {Zt(y(z‘,—), y(tis) la=to<ti<...<ty=b,ne N} .
i=0
2.1.1)

If y(a) =x,y(b) = yand L;(y) = t(x,y) we say that y is t-realizing and
we call (the image of) such a curve a geodesic segment.
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The main difference between a Lorentzian length space and a Lorentzian pre-length
space is in spirit the same as between a length space and a metric space. That is,
the time separation function of a Lorentzian length space is intrinsic in the sense
that it is given by the (supremum of the) lengths of connecting causal curves.
There are also some additional technical assumptions on a Lorentzian length space
resembling the existence of small “convex” neighbourhoods. As we will mainly
work with Lorentzian pre-length spaces, we only refer to the definition, see [16,
Definition 3.22].

The final ingredient we will need is the description of curvature bounds. As in
the metric world, triangle comparison replaces the concept of sectional curvature
bounds. We denote by Mg the Lorentzian model space of constant sectional curva-
ture K, cf. [16, Definition 4.5]. That is, M ¢ is either an appropriately scaled version
of de Sitter- or anti de Sitter space or the Minkowski plane. We may denote the
Lorentzian metric on Mg by (-, -). Unless explicitly stated otherwise, we assume all
mentioned triangles to satisfy the appropriate size bounds for Mg, cf. [2, Lemma
2.1] or [16, Lemma 4.6].

Definition 2.1.3. (Timelike curvature bounds) A Lorentzian pre-length space
(X,d, <, <, 7) has timelike curvature bounded below (respectively above) by
K € Rifevery point in X has a neighbourhood U, called a comparison neighbour-
hood, which satisfies the following:

(1) 7|y xy 1s finite and continuous.

(i1) For all x, y € U with x < y there exists a t-realizing curve entirely contained
inU.

(ii1) Let A(x, y, z) be a timelike triangle in U, i.e., x < y < z and we have
t-realizing curves connecting these points pairwise. Let A(x, y, 7) be its com-
parison triangle in Mg . Then for all p,q € A(x,y,z) and corresponding
comparison points p, g in the comparison triangle we have t(p, q) < ©(p, q)
(respectively T(p, q) > ©(p, q)).

2.2. A brief introduction to metric amalgamation and the gluing theorem

Here, we collect all metric prerequisites needed for a Lorentzian gluing construc-
tion, following [6,7].

Definition 2.2.1. (Disjoint union metric) Let (X;, d;)ic; be a family of metric
spaces. Let X := U;¢; X; be the disjoint union. Then

di(x,)’) x,yGXi

00 else. (2.2.1)

d(x,y) = {

defines a metric on X, called the disjoint union metric.

Definition 2.2.2. (Quotient semi-metric) Let (X, d) be a metric space and let ~ be
an equivalence relation on X. The quotient semi-metric with respect to ~ is defined
as

d([x], [y]) := inf {Zd(xi, Vi) | X ~ X1, Xi41 ~ Vi, Yo ~ Y, 1€ N}(2.2-2)

i=1
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Definition 2.2.3. (Amalgamation) Let (X;, d;);<; be a family of metric spaces. Let
(Aj)ies be a family of closed subspaces each of which is isometric to some metric
space A via the isometry f; : A — A;. Equip the disjoint union X := U;<; X; with
the metric d from above. On X let ~ be the equivalence relation generated by the
condition f;(a) ~ fj(a) forall i, j € I,a € A. Then the quotient of X equipped
with the quotient semi-metric with respect to ~ is called the amalgamation of the
family (X;);c; with respect to A and is denoted by Lig X, 1.e., Lig X; = (X/ ~, c?).

Finally, we mention the gluing theorem of Reshetnyak. In the following formulation,
it is in fact possible to omit the assumption of each X; being proper, but the proof
then gets significantly more difficult. For a proof, see e.g. [6, Theorem II.11.1 &
Theorem II.11.3].

Theorem 2.2.4. (Reshetnyak) Let (X;, d;)ic1 be a family of proper CAT(k) spaces.
Let (A;)icq be a family of closed convex and complete subspaces each of which
is isometric to some metric space A. Then the amalgamation Uy X; is a CAT(k)
space. O

3. Lorentzian structure on a quotient

In this section, we introduce the amalgamation construction for Lorentzian pre-
length spaces. To this end we first have to discuss more elementary aspects of
gluing.

3.1. Basic gluing preparations

We begin introducing a Lorentzian structure on the quotient of a Lorentzian pre-
length space by adapting the definition of the quotient semi-metric with additional
causality assumptions.

Remark 3.1.1. (On notation and conventions I) As any distance metric and time
separation function takes values only in [0, oo], we set sup J = 0 and inf ) = oo for
the sake of convenience. We will sometimes apply shortcuts commonly used in the
theory of metric spaces and just write X for a Lorentzian pre-length space (X, d, <
, <, 7). Byasubspace A C X we mean a subset viewed as a Lorentzian pre-length
space equipped with the restriction of the original metric, causality relations and
time separation. Moreover, we will write [x, y] for a geodesic segment between x
and y. Either the context or a more detailed description will prevent any ambiguity.
We will usually write X:=X / ~ for the (topological) quotient of X with respect
to an equivalence relation ~. We will denote the natural projection x — [x] by
T:X— X.

Definition 3.1.2. (Quotient time separation) Let (X, d, <, <, t) be a Lorentzian
pre-length space and let ~ be an equivalence relation on X. The quotient time-
separation function is defined as 7 : X x X — [0, o],
n
T([x], D) = sup § D Tlxi, yi) [ x ~x)

i=1
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<yvi~xa<yy~...~xp <y, ~y,neN}. (3.1.1)
We call a sequence (x1, y1, ..., Xn, Yn) as above an n-chain from [x] to [y].

Remark 3.1.3. (Restricting the set of chains) Note that we can always assume with-
out loss of generality that x; = x and y, = y. Indeed, suppose (x1, y1, ..., Xn, Yn)
is an n-chain from [x] to [y], then (x, x, x1, ¥1, ..., Xu, Yu, ¥, y) isan (n+2)-chain
with at least the same length.

Furthermore, we can always assume that y; # x;1. Otherwise by the reverse
triangle inequality for t we could replace

T(Xi, yi) + T(Xi41, Yie1) = (X, yi) + 7i, Yie1) < t(xi, yig1) (3.1.2)

to obtain a longer chain. We say that the relation between y; and x; 41 is nontrivial
if y; # xj11 and y; ~ x;j11.

We define both causality relations on X via the quotient time separation.

Definition 3.1.4. (Quotient causality) Let (X, d, <, <, t) be a Lorentzian pre-
length space and let ~ be an equivalence relation on X. On X, we define
] < D] e T > 0and [x] 2 [y] : & (X0, t(xi i) |
X~x1<yi~x3<yr~...~xp, <y, ~y,n € N} # (. Especially the causal
relation might be better described in words: we have [x] < [y] if and only if there
exists a chain from [x] to [y]. Regarding the timelike relation, we have [x] < [v]
if and only if there exists a chain of positive length from [x] to [y].

Note that without additional assumptions (on e.g. ~) this construction is badly
behaved or does not yield a Lorentzian pre-length space at all. This is not very
surprising, and in some sense parallels the metric world, where the quotient semi-
metric might not be positive definite. There are, however, some properties of a
Lorentzian pre-length space that any quotient satisfies.

Proposition 3.1.5. (Quotient causal space) Let (X, d, K, <, 1) be a Lorentzzan
pre-length space and let ~ be an equivalence relation on X. Then (X L Sisa
causal space.

Proof. The inclusion of & in < is clear from the definition. Suppose [x] < [v] <
[z]. The concatenation of chains with positive length from [x] to [y] and from [y]
to [z], respectively, results in a chain with positive length from [x] to [z]. Hence
Z([x], [z]) > Oand so [x] < [z]. By the same argument we have that if there exists
a chain from [x] to [ y] and a chain from [y] to [z] then there exists a chain from [x]
to [z]. Thus, [x] < [y] < [z] implies [x] < [z]. The reﬂexwlty of < follows from
the reflexivity of <: (x, x) is a valid 1-chain for any [x] € X and so [x] < [x]. O

Proposition 3.1.6. (Reverse triangle inequality) Let (X, d, <, <, ) be a Lorentzian
pre-length space and let ~ be an equivalence relation on X. Then T satisfies the
reverse triangle inequality for causally related points, i.e., if [x] < [y] < [z], then

T([x], [z]) = T([x], [yD + Tyl [2D.
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Proof. This follows immediately from the definition: for any chain from [x]
to [y] and any chain from [y] to [z], their concatenation results in a chain
from [x] to [z]. Since there might be chains from [x] to [z] without going
through [y], T([x], [z]) can only get larger. More precisely, given ¢ > 0, let
(X1, Y1, .-+, Xn, yu) and (y{, 21, ..., Yy,» Zm) be chains from [x] to [y] and from
[y] to [z] with lengths at least T([x], [y]) — 5 and T([y], [z]) — 5. respectively.
Then (X1, Y1, ..., Xn, Yn, Y1> Z1s - - - » Yiy» Zm) s @ chain from [x] to [z] with length

at least T([x], [y]) + T(y, z) — ¢ and the claim follows. |

In summary, we obtain the following intuitive properties on any Lorentzian quotient.
This can be thought of as the analogue to “gluing can only shrink distances” in the
metric case.

Corollary 3.1.7. (Elementary properties of Lorentzian quotients) Let (X, d, <
, <, T) be a Lorentzian pre-length space and ~ an equivalence relation on X.
The quotient Lorentzian structure always satisfies the following properties for all
[x], [y] € X.

(i) T([x1, [y]D) > T(x, y). N
(i) x Ly = [x] L [yland x <y = [x] < [y]

O

Finally, we observe that the only property that might prevent the quotient of a
Lorentzian pre-length space from being a Lorentzian pre-length space itself is that
T need not be lower semi-continuous. The following examples show how the lower
semi-continuity of T may fail and how this can be prevented.

Example 3.1.8. (Showcasing gluing in the Minkowski plane) Consider the ordinary
Minkowski plane ]R%. Identify two spacelike related points x and y as in Fig. 1. Then
the resulting space is not a Lorentzian pre-length space since 7T is not lower semi-
continuous. To see this, let p € 9J (x)\J (y) and ¢ € I (y)\J " (x). Then
T(p,q) > 0 (red line). But if we choose a sequence (py),en such that p, — p
and p, ¢ J-(x) UI (q) foralln € N, then T(p,, g) = 0.

Identifying a closed vertical strip, say (1, ¢) ~ (2, t) forall ¢ € [0, 1] has exactly the
same problem. Doing the identification along an open strip, say (1, #) ~ (2, t) forall
t € (0, 1) at first glance seems to eliminate this obstacle. In this case, however, the
quotient semi-metric will not be positive definite since for example we would have
d ((1,0), (2,0)) = 0. Intuitively, we need the identified sets to be (topologically)
closed and at the same time always have timelike related points nearby. Identifying
(1,¢) ~ (2,¢) for all t € R covers both conditions. This actually turns out to be a
Lorentzian pre-length space. The lower semi-continuity immediately follows from
the more general proof of below.

3.2. Amalgamation prerequisites

In the spirit of metric amalgamation, we first introduce a very easy construction of
formally viewing two Lorentzian pre-length spaces as one.



Gluing constructions for Lorentzian length... 675

Fig. 1. 7 is not lower semi-continuous

Definition 3.2.1. (Lorentzian disjoint union) Let (X1, dy, <1, <1, 11) and (X», d, <2
, <2, 72) be two Lorentzian pre-length spaces and set X := X U X». Define < :=
<iuU<pie,“<CXxX’'andx <y:<= FJie{l,2}:x,yeXiAx <;y.
Similarly, define < := «j U <». Let d be the disjoint union metric on X, cf.
(2.2.1). Define t : X x X — [0, oo] by

Ti(x,y) x,y € X;

T(x,y) = {O clse. (3.2.1)

We call (X, d, <, <, t) the Lorentzian disjoint union of X; and X5>.

Proposition 3.2.2. (Disjoint union Lorentzian pre-length space) Let (X1, d1, <i
, L1, 11) and (X2, dr, K2, <2, T2) be two Lorentzian pre-length spaces. Then the
Lorentzian disjoint union (X, d, <, <, t) is a Lorentzian pre-length space.

Proof. Clearly, (X, <, <) is a causal space. The reverse triangle inequality is
directly inherited from the respective inequalities in X| and X», since causal rela-
tion can only occur between points coming from the same spaces. Similarly, the
lower semi-continuity of t is inherited in this way, since for x,, — x, say x € X1,
for large enough ng we have x,, € X for all n > ng. Finally, the compatibility of
the causal relations with 7 also follows directly from their counterparts in X and
Xo. O

Analogous to the metric case, we define the Lorentzian amalgamation as a quotient
of the Lorentzian disjoint union where we identify certain subsets. To ensure that
this construction actually results in a Lorentzian pre-length space (i.e., that T is
lower semi-continuous) we require the following property of the identified subsets.

Definition 3.2.3. (Local timelike isolation) A subset A of a Lorentzian pre-length
space (X,d,
&, <, 1) is said to be non-future locally isolating if for all a € A with I (a) # ()
and for all neighbourhoods U, € A of a there exists by € U, such thata < by.
Similarly, we define a non-past locally isolating set. We say A is non-timelike
locally isolating if it satisfies both properties.

Remark 3.2.4. (Examples and comments on local timelike isolation) Clearly, the
open image of a timelike curve is non-timelike locally isolating. Furthermore, for
any Lorentzian length space X, the set X is non-timelike locally isolating by
the sequence lemma, cf. [1, Lemma 2.18]. But note that of course a subset of
a Lorentzian length space is not a Lorentzian length space in general (with the
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restricted structure). We make the additional assumption of / *(a) # () to also
allow gluing of spaces with “future/past boundary”. For example, consider a closed
rectangle in the Minkowski plane as a Lorentzian pre-length space and identify two
vertical line segments (which are not causally related at all). Then the boundary
points of these segments would fail to have the non-isolating property introduced
above, but only because there is nothing in the future (respectively in the past) of
these points to begin with. In this case also the counterexample of Example 3.1.8
fails: the quotient time separation of a sequence approaching the past of the future
boundary point of one segment cannot have a positive value in the limit since on
the other segment this is also a future boundary point with empty future.

In the metric case, amalgamation usually occurs along maps which at least locally
“preserve structure”, i.e., local isometries. This turns out to be not necessary to
define our gluing process. So fore the sake of generality, we will formulate the
Lorentzian amalgamation with as few assumptions as possible. Not surprisingly,
this may be badly behaved, which is why we will almost exclusively work with
additional assumptions. Next, we introduce the (for our purposes) correct notion of
structure preserving maps in Lorentzian pre-length spaces. The following definition
is closely related to corresponding notions in [1,13].

Definition 3.2.5. (Structure preserving maps) Let X1 and X, be two Lorentzian
pre-length spaces.

(1) Amap f : X1 — X» is called t-preserving if 71(x, y) = 12(f(x), f(y)) for
all x, y € Xi.

(1) Amap f : X1 — Xpiscalled <-preserving if x <1y < f(x) <2 f(y)
forall x, y € Xy. Itis called <-preservingif x <1y < f(x) <» f(y) for
all x, y € X1.If f is both «-preserving and <-preserving it is called causality
preserving.

(i) A map f : X1 — X» is called locally 7, <« or <-preserving if for all x €
X1 there exists a neighbourhood U € X; of x such that f|y is 7, < or <-
preserving.

Remark 3.2.6. (Implication and counterexample) One the one hand, it is clear that
any t-preserving map is <<-preserving. On the other hand, a t-preserving map need
not be <-preserving in general. Indeed, consider in the Minkowski plane a null
segment and a spacelike segment, say {(s, s) | s € [0, 1]} and {(O, s) | s € [0, 1]}.
Then the map (s, s) — (0, s) is T-preserving (it vanishes identically in both cases).
But (s,s) < (¢,t) <= s <t while (0, s) and (0, #) are never causally related.

The following is immediate from the definition.

Corollary 3.2.7. (Inverse is also preserving) If a bijective map f : X1 — X»
between two Lorentzian pre-length spaces is (locally) t-preserving (respectively
K or <-preserving), then so is its inverse. In particular, the neighbourhoods in the
local case are compatible in the sense that f|y is preserving if and only if f~1| )
Is. O
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As afinal prerequisite, we discuss the underlying quotient semi-metric. In metric
amalgamation, gluing happens along isometric subsets. In the Lorentzian setting the
focus lies on the time separation and the causality relations where as the distance
metric plays only a background role as a topological tool. Since we decided to
not require any preservation of Lorentzian structure of the identified sets, it is too
restrictive to insist on using metric (local) isometries. That is why we decided to use
locally bi-Lipschitz homeomorphisms' instead. The bi-Lipschitz condition ensures
that the quotient semi-metric is positive definite and, when assuming additionally
some causality preservation, that a causal curve in one of the identified sets is also
a causal curve in the other. Note that in this case, however, there is in general no
chance of obtaining a nice representation of the quotient semi-metric 41a [6, Lemma
1.5.24].

Proposition 3.2.8. (Metric amalgamation with locally bi-Lipschitz maps) Let X
and X, be two metric spaces and let A1 C X5 and Ay C X5 be closed subspaces.
Let A be a metric space and let fi : A — Ay and fo : A — Ay be locally
bi-Lipschitz homeomorphisms. Let d be the disjoint union metric on X1 U X, and
consider the equivalence relation generated by f1(a) ~ fa(a) foralla € A. Then
the quotient semi-metric donX = (XU X»2)/ ~ with respect to ~ is a metric.

Proof. d ([x], [x]) = O for all [x] € X and the symmetry of d are immediate
from the definition. Concerning the triangle inequality, let (x1, yi, ..., X,, Y») be
an n-chain from [x] to [y] such that Z?:l d(xi,yi) < g([x], [yD + ¢ and let
(Y1 Z1s -+ Vs Zm) be an m-chain from [y] to [z] such that ) 7., d(y/, zi) <
g([y] [z]) + &. Then the concatenation (x1, Y1y Xn, Y, yi, Zly vy Vs Zm) 18
a chain from [x] to [z] of length less than d([x] [y]) + d([y] [z]) + 2&. Hence
d([x] [z]) < d([x] [yD + d([y] [z]) + 2¢ and the claim follows. It is left to show
that d is positive definite. Let [x], [y] € X. Note that if, say [x] € X \ Ay, i.e,
[x] = {x'}, then any chain that is not (x', y!) has to go through A; by similar
arguments as in Remark 3.1.3. In both cases we end up with a positive distance:
d(x?, yl) > 0 since d is a metric and d(x', A;) > 0 since A is closed. So the only
case left to consider is when both points lie in A. To this end, note that since f;
and f> are locally bi-Lipschitz homeomorphisms, it follows that f := f> o fl_1
A1 — Az and f~!: Ay — Aj are locally bi-Lipschitz homeomorphisms as well.
Let [x] # [v], [x], [y] € A. Then x!, y! € Aj and x2,y?> € Ay. Letr > 0 be
such that y! ¢ BA'(x!) and y2 ¢ BA2(x2), where B2 (x!) is the r-ball of x' in
the metric subspace A;. By choosing r smaller if necessary, we can assume that
Bf\ '(x") and B;4 2(x?) are bi-Lipschitz neighbourhoods for f and f~! of x! and
x2in A1 and A, respectively. We can furthermore suppose that this is with respect
to the same Lipschitz constant L > 1. That is, we have

1
74 (N(@), fi(h)) = di(a.b) = Ldy(f(a). f1(B)) (3.2.2)

I We call a bijective map f : X — Y between metric spaces locally bi-Lipschitz if every
x € X has a neighbourhood U such that f|;; : U — f(U) and its inverse are Lipschitz.
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foralla, b € B (x!) and
]
—di(f Y@, £ < dad, b)) < Ldi(f' @), 1) (3.2.3)

forallad’, b’ € Bf 2(x?). By the above arguments we can assume that any chain is of

the form (x', f(a1), f~ (@), f (@), f(a2), f(@2), ..., f(an—1), y") (it does
not matter whether we startin x! or x? since we could add (x2, x?) at the beginning
of the chain without increasing its length, and similar for ending in y!). Given such
a chain, by setting ap = x! and a, = y!, there exists a minimal j € {1, ..., n}
such that a; ¢ Bf '(x1). Similarly, there exists a minimal k € {1, ..., n} such that
flay) ¢ Bf 2(x?). Without loss of generality assume j < k. Then we compute

di(x', a)) + do(f (@), f(a2)) +di(az, az) + ...+ di(an—1, y") >

1
dy(x', ar) + Zdl(al,az) +di(az, a3) + ... +dy(an_1,y") >
1 1 1
Zdl(xl, ap) + Zdl(al, az) + Zdl(az, az) + ...+ di(a,_1,y") >

1
Zdl(xl,aes)+--.+d1(an—1,y1) > ... >

1

Zdl(xl,aj—l) +di(aj-1,a;) + ... +di(an—1,y") >

1 1

Zdl(xl,aj—l) + Zdl(aj—l,aj) +.. Hdi(an_1,yH =
1

Zdl(xl,aj) +.tdi@por, ¥ >

1 1

Zr—l—...—l—dl(an_],yl) > Zr > 0.

Thus, we found a uniform lower bound for any chain from [x] to [y] and so d is
positive definite. O

3.3. Lorentzian amalgamation

We now introduce the central object of this paper, which allows us to create a new
Lorentzian pre-length space out of old ones by gluing them together, a process sim-
ilar to the amalgamation of metric spaces. To avoid pathological counterexamples,
we have to make minor additional assumptions on the identified subsets.

Definition 3.3.1. (Lorentzian amalgamation) Let (Xi,d;, <1,<1,71) and
(X2, d>r, <7, <2, 12) be two Lorentzian pre-length spaces. Let (A, ds, <4, <4
, T4) be a Lorentzian pre-length space and let A and A, be closed non-timelike
locally isolating subspaces of X; and X», respectively. Let f; : A — A; and
f> : A — Aj be locally bi-Lipschitz homeomorphisms. Suppose that the causal-
ity of A1 and A, are compatible in the following sense: for all a € A we have
IE(fi(@) #0 < ' (fr(a)) # ¥.Let(X1UX2,d, <, <, T) be the Lorentzian
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disjoint union of X and X; and consider the equivalence relation ~ on X1 U Xy
generated by f1(a) ~ f2(a) forall a € A. Then (X1 U X»)/ ~,d, <, 5,7 s
called the Lorentzian amalgamation (with respect to A) of X and X, and is denoted

by X1 Ug Xs.

Remark 3.3.2. (On notation and conventions I1) As in the metric case, the space A
is usually introduced for easier notation, especially when dealing with an amalga-
mation of more than two spaces. One can think of A as being any of the identified
spaces A;. For just two spaces, it might be more convenient to only consider a
map f : A] — A (and its inverse). In fact, we will formulate the gluing theorem
for two spaces only. Since most of the results in the current chapter can easily be
generalized to several spaces, we will work with an extra space A.

We will use slightly sloppy notation and refer to A as a subset of the amalgamation
X = X Uy Xo and we will view X and X» as subsets of X via the identifications
with 7 (X1) and 7 (X>), respectively. For example, by [a] € A we mean [a] =
{f1(a), f>(a)}. If a point is originally not in one of the identified sets, say x €
X1\ Ay, then it is from its on equivalence class, i.e., [x] = {x}. If we do not care
which space such a singleton is from, we may write [x] € X\A. Occasionally,
it will be more convenient to omit the identifying maps f;. We then denote the
origin of a point by a superscript. That is, if [a] € A we have [a] = {a', a*} and if
[x] € X1\A; C X\A then [x] = {x!}.

Dealing with pasts and futures in the amalgamation can also be a bit tricky notation-
wise, even if we require that the identifying maps preserve structure. To this end
we denote by a subscript with respect to which causality the set is constructed.
For example, we write Jfr(xl) = {yl e X1 | ! <1y or Ix(Ix], [yD) =
Iy (XD N Iy (D = {[pl € X | [x] <K [p] K Y1)

Next, we formulate a lemma that is important to show the last remaining property
of semi-continuity of 7.

Lemma 3.3.3. (Restricting to timelike chains) Let X := X Ug X» be the
Lorentzian amalgamation of two Lorentzian pre-length spaces X1 and X,. If
T([x], [y]) > O then there is a timelike chain, i.e., x; < y; for all i, from [x]
to [y] whose length is arbitrarily close to T([x], [y]).

Proof. Let [x],[y] € X with T([x], [y]) > 0. Given small enough ¢ > 0 we
find a chain (x1, y1, ..., Xs, yp) such that > ", t(x;, yi) > T([x], [y]) — ¢ >
0. By Remark 3.1.3, we can assume that it is of the form 71 (x!, fi(ay)) +
n(falar), fa(ax))+. ..+ (fr(ay), y?). Note that the assumption of x! € [x]does
not lose any generality: if this were not the case the chain simply would start out in
X,. Similarly for y? € [y]. Since the length of this chain is positive, we have that
at least one entry is positive, say 71(f1(a;), fi(a;j+1)) > 0. Then Il+(f1 (aj)) #9
and hence also I;(fz(aj)) # . Suppose 12( f2(a;j—1), f2(a;)) = 0. Consider the
neighbourhood §; := {a € Ay | t(a, fi(aj+1) > t(fi(a)), filaj1) — %} of
f1(a1) in A1, which is open by the lower semi-continuity of 71. Since f and f> are
homeomorphisms it follows that S> := f2( fl_l (S1)) 1s an open neighbourhood of
f2(aj) in A;. Since Aj is non-timelike locally isolating and 127L (f2(aj)) #9, we
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f1(by) | f2(b4)

/ f1 (a)

Fig. 3. This amalgamation leads to a T that is not lower semi-continuous. Note that the arrows
denote the time orientation and not the gluing identifications

find f>(by) € S, such that f>(aj) < f2(b4). Then by the push-up property of 7
we have fr(aj—1) < f2(by). Also, fi(by) € S1. Then

n(f2(aj-1), f2(b4)) + 1 (f1(b1), filaj+1)) > ©a(f2(aj-1), f2(a)))
+Ti(fi@). fitag) = . (3.3.1)

We can do this for all other entries of this chain to end up with a timelike chain
whose length is at most ¢ less than the chain we started with. Figure 2 illustrates
this process. O

Example 3.3.4. (On minimal assumptions and bad behaviour) In Definition 3.3.1
the compatibility of the causality in A; and A, via [ li (fita) # 0 <~
Izi( f2(a)) # 0 for all a € A, which is weaker than f; and f> being locally «-
preserving, is truly a necessary condition. Let X| and X, be a closed unit square
in the Minkowski plane equipped with the restricted Lorentzian structure. Identify
them along a vertical line segment and reverse the time orientation in one of the
squares, as is indicated by the arrows in Fig. 3. Then Il“L (a') = ¥ but 12“L (a®) # 9.
Choosing endpoints and a sequence as in Example 3.1.8 leads to a similar failure
of the lower semi-continuity of 7.

However, this does not mean that every Lorentzian pre-length space resulting from
the amalgamation process is well behaved. Indeed, similar to the above example let
X1 and X, be the whole Minkowski plane and identify them along a vertical line
with reversed time orientation in one space. Then although X and X»> are (much
more than) chronological, the amalgamation fails to be chronological and moreover
we have T([x], [y]) = oo for all [x], [y].

Remark 3.3.5. (Convergence in the amalgamation) Suppose [x,] — [x]. Clearly,
if [x] = {x'} then [x,] = {x,l} for large enough n. If [x] € A, then at least in one



Gluing constructions for Lorentzian length... 681

1

e x!. Indeed, if this were

of X1 or X», say X1, there exists a subsequence x

not the case then there would exist neighbourhoods of x! and x2 in X; and X»,
respectively, that do not contain any points of the sequence. This is in contradiction
to how the quotient topology is defined.

Proposition 3.3.6. (Amalgamation is Lorentzian pre-length space) Let X be the
Lorentzian amalgamation of two Lorentzian pre-length spaces X1 and X;. Then X
is a Lorentzian pre-length space.

Proof. We only need to prove that T is lower semi-continuous. Let [x], [y] € X and
let [x,] = [x], [ya] = [y]. Then we need to show Z([x,1, [ys]) > T([x], [y]) — ¢
for all ¢ > 0. Note that if T([x], [y]) = O there is nothing to show, so suppose
T([x], [y]) > 0. Given a small enough ¢ > 0, by Remark 3.1.3 and Lemma 3.3.3
we find a timelike chain such that

n(xl fita) + n(frar), @)+ ...+ vl(frlan), ¥?) > T(x], [y]) —e > 0.
(3.3.2)

Assume ¢ is so small that even T([x], [y]) — 3¢ > 0. Then the claim follows from
the lower semi-continuity of the original time separation functions: by Remark
3.3.5 and since we assumed x! € [x], y2 € [y], we can further assume x,ll — x!
and y,% — y2 (otherwise [x], [y] € A and we find subsequences in the other space).

Let

1
§ = - min(z, (x!, fia), ©(frlam), ¥, e} > 0. (3.3.3)

Then since 71 and 1o are lower semi-continuous there exists ng € N such that

T (x), fi(a)) > rx!, fita))) — 8 and T2 (falam), y2) > ©a(fa(am), y*) — & for
all n > ng. Then

T([xal, bynD) = 11 (x), fi(a)) + 2(falar), (@) + ...+ 2 (fr(am), y,%)

> 11(x!, fian) + n(faa), fr(@) + ...+ ©a(fr(am), y*) — 28
> F([x], [y —& — 28 > T([x], [y]) — 3¢ > 0

and we are done. O

Finally, we note that if we assume global preservation of the Lorentzian structure,
the quotient time separation has the following form, which is familiar from the
metric case.

Proposition 3.3.7. (Short form of quotient time separation) Let X := X1 Ug X2
be the Lorentzian amalgamation of two Lorentzian pre-length spaces X1 and X2
and assume that f1 and f> are t-preserving and causality preserving. Then the
quotient time separation has the following form:

F(x1 D)
7 (xt, yh) . . xl:, v e Xi,

= sup m O, fi@) + 7 (fj@, vy e Xioyl € X0, j €{1,2), {334
[aleJx ([x],[yDNA
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Proof. Let, say, x! e [x], y1 € [y] and let (x1, y1, ..., Xn, yn) be an n-chain from
[x] to [y]. By Remark 3.1.3 we can assume this chain to have nontrivial relations
everywhere and x; = x! as well as y, = y!. Intuitively, the chain starts out at x!
in X1, moves to Ay, jumps around between A; and A; and ends up at y1 in X
again. Since f1 and f; are T-preserving and causality preserving, we can replace
all distances from points in A with corresponding equal distances in A1. But then
by several applications of the reverse triangle inequality for t; we can replace all
these distances in A by a single distance to obtain a longer chain. Finally, we can
omit the detour through A altogether by replacing it with the direct distance from
x!to y!in X;.

The second case is symmetric, so suppose x' € [x] and y? € [y]. If we have an
n-chain (x1, yi, ..., X5, ¥,) wWith nontrivial relations, then as above the chain starts
out at x! in X;, movesto Ay, jumps around between A and A,, but this time ends
up at y? in X». Since fi and f> are T and causality preserving we can replace, say,
all distances in A; with equal distances in A, and then apply the reverse triangle
inequality multiple times to end up with a 2-chain with at least the same length as
in the claim. More precisely, we estimate the length of the n-chain

n
Zf(xi,yi) =
i=

u (', fita) + (@), f2(@2) + ...+ 1 (filan-2)), fi(@n—1)
+ 0 (falan—1), y*) =

r(x', fitaD) + n(frlar), Ha) + ...+ 2(frlan-2), fr(an—-1))
+ (folan—1), ¥ <

Gl fita) + n(fala), y9).

O

The following lemma is helpful for the gluing theorem. It says that certain diamonds
in the glued space are built from corresponding diamonds in the original spaces.

Lemma 3.3.8. (Amalgamated diamonds) Let X be the amalgamation of two
Lorentzian pre-length spaces X1 and X,. Assume that fi : A — A and
fr : A — A are <-preserving. Then we have the following decomposition of
causal diamonds in X:

(i) If [x], [y] € A, then Jx ([x], [y]) = #(Ji(x', y') U 2 (x%, y?)).
(ii) Let i € {1,2}. Ifx’,y’ € X;\A are such that J;(x',y") N A; = 0, then
IJx([x], [yD = 7w (Ji(x", y")).

If f1 and f> are K<-preserving, we get the same statement for timelike diamonds.
Proof. One inclusion always holds by Corollary 3.1.7: if ¢' € J;(x',y"), i.e.,

x' <1 q" <i y',then[x] < [¢] = [y], hence [¢] € Jx([x], [y]). We show the other
inclusion separately.
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(1) Let [¢g] € Jx([x], [y]) and assume without loss of generality ql € [gq]. Then
[x] < [¢], i.e., there exists a chain such that xl < a{ ~ a% <5 a% ~ a% <1
aé ~ L a,ll <1 ¢'. Since f; and f> are <-preserving, we can transfer
each relation in X, to a corresponding relation in X and ultimately obtain

x! <1 ¢'. Analogously, we obtain ¢! <; y! and the claim follows.

(i) Let[q] € Jx([x], [y]). Note that [x] = {x'}and [y] = {y'}. Since J; (x’, y')N
A; =¥ and f; and f, are <-preserving, any chain starting at x’ and ending
at y' must necessarily only contain trivial relations and so has to stay inside
X;. Thus, [¢] = {g'},x' <; ¢" and q' <; y'.

O

4. Gluing preparations

In this section, we revisit the Lorentzian version of Alexandrov’s lemma and show
a gluing lemma for timelike triangles, which is essential for the proof of the gluing
theorem. At first, we recall some terminology from [2], which is of great use to us.
For a more detailed analysis of the contents therein, see [14].

Our approach for proving the gluing theorem in the Lorentzian setting is in spirit
very close to the metric version, which introduces a so-called gluing lemma for
triangles, cf. [6, Lemma I1.4.10], whose proof relies on Alexandrov’s lemma. While
[2, Lemma 2.4] certainly is a very powerful formulation of Alexandrov’s Lemma
valid in any semi-Riemannian manifold, this is not ideal for our situation since it
relies too much on the differential structure present in the model spaces.

4.1. Signed distance and other techniques

In this first subsection, we introduce some very general concepts from [2] and
collect some useful facts concerning angles.

Definition 4.1.1. (Signed length and signed distance) Let (M, g) be a spacetime
and let p € M. Forv € T, M, we denote the “norm” of v by |[v] := ,/|g, (v, V).

We then define the signed length of v as v+ := sgn(v),/|g, (v, v)| = sgn(v)|v],
where

1 gp(v, U) Z O’

—1 gp(v,v) <O0. 4.1.1)

sgn(v) := {
If p,g € M are contained in a normal®> neighbourhood U, then there exists a
unique geodesic ypq4 : [0, 1] — M connecting p and g contained in U. We define
the signed distance of p and g as |pq|+ := |)/I/,q (0)|+. Note thatif p < g and M
is strongly causal, then

T(p. @) = ~1pals = /=8y (7} (0, V54 (0)). (4.12)

2 We follow the notation of [2] where a normal neighbourhood is a (diffeomorphic) expo-
nential image of an open set of the tangent space. More commonly, such neighbourhoods
may also be called geodesically convex neighbourhoods or convex normal neighbourhoods.
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Definition 4.1.2. (Hyperbolic and nonnormalized angle) Let M be a spacetime and
let p e M.Letq,r € IT(p) be such that )/ng (0) =: v and )/;,r (0) =: w exist. The
hyperbolic angle between g and r at p is defined as

£ ,(q. r) := arcosh (M> (4.1.3)
[v]|w]

Let now ¢, r be any points in a normal neighbourhood of p. The nonnormalized
angle between ¢ and r at p is defined as Zgpr := g, (v, w).

These two notions of angles are closely related (if the points are timelike related).
Keeping the above terminology, one immediately sees that

Iépqu)

[v|w]

£p,(q,r) = arcosh ( 4.1.4)
Note that the nonnormalized angle is much more general in the sense that the points
need not be timelike related at all. However, if both angles exist, the nonnormalized
angle in some way better captures what “type” of angle we are dealing with, i.e., if
the tangent vectors lie in the same timecone or not (recall that for timelike vectors
v and w, g(v, w) < O if both are future or past directed and g(v, w) > 0 if they
have different time orientation). Observe that the nonnormalized angle is not scale
invariant.

Remark 4.1.3. (Implicit inequalities on angles) With this in mind, we want to
touch on an implication of inequalities of angles. Keeping the above notation, if
say £,(q,1r) < £,(q', 1), vl = |v'], lw| = |w’| and both tangent vectors point
in the same direction, then Zgpr > Zq’p’r’ (and vice versa). If the vectors lie
in different timecones, then the inequality of the nonnormalized angles reverses.
Note that g, (v, w) and g, (v', w') must have the same sign in order to infer some
inequality.

One big advantage of signed distance and the nonnormalized angle is the very
powerful hinge lemma, of which we will make extensive use. For a proof of the
following statement see [2, Lemma 2.2].

Lemma 4.1.4. (Hinge lemma) Let (|pql+, lgr|+, |pris) € ]R3\{O} be a triple
realizable as the sidelengths of a triangle in M. If we vary the length of the third
side | pr|+ while keeping |pq|+ and |qr|+ fixed, then:

(i) The nonnormalized angle / pqr is a decreasing function of | pr|+.
(ii) The nonnormalized angles /qpr and Zqrp are increasing functions of | pr|+.

O

The following lemma will be essential for one case in the gluing lemma, cf. [14,
Lemma 5.1.1].

Lemma 4.1.5. (Bounding function via derivative) Fork € R, let f : [0, L] - R
be a smooth function such that " +kf <0, f(0) =0and f(L) =0. Ifk > 0,
assume additionally that L < % Then f(t) > 0forallt € [0, L]. O
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We note that, on the one hand, by replacing f with — f, we can make a similar
statement with reversed inequalities. That is, if f” + kf > 0, then f < 0. On the
other hand, Lemma 4.1.5 holds as well if we only assume f(0) > O and f(L) > 0.
Indeed, suppose indirectly that this is not the case, then there exists #y € (0, L) such
that f(tp) < 0. By the mean value theorem, there mustexist?; € (0, tp), 12 € (to, L)
such that f(#;) = f(#2) = 0. Then simply apply Lemma 4.1.5 to [t1, 2] < [0, L]
to obtain the desired contradiction.

Remark 4.1.6. (Dealing with hyperbolic angles) Before proceeding to the following
results, we want to mention some useful properties of the hyperbolic angle. Contrary
to the nonnormalized angle, the hyperbolic angle is independent of the length of
its sides (when considering it as a hinge). Suppose in M} (or in fact, any two-
dimensional spacetime) we have three geodesics emanating from a point p that all
go into the same time direction, say the future. Then we can definitively speak of
a “middle segment”, say [p, y] lies between® [p, x] and [p, z]. Then the triangle
equality for hyperbolic angles holds:

L£px,y) +4£,(y,2) = 4p(x,2). (4.1.5)

This is immediate when viewing the hyperbolic angle as the area under a hyperbolic
segment.

Remark 4.1.7. (Hinge behaviour) Furthermore, we want to highlight a fact valid
in any spacetime: consider a timelike triangle A(q, r, p) witha = t(q, p),b =
7(r, p),c = t(q,r) and @ = £,(q, r). Moving the point ¢ further into the past
along the geodesic extending [g, p] causes the distance from r to g to increase as
well. More precisely, if ¢’ <« ¢ is such that [¢, p] € [¢/, p],then ¢’ ;= t(¢/,r) >
7(q,r) = c. This is a simple consequence of the reverse triangle inequality. We
want to reformulate this as follows, so that it can be applied similarly to the hinge
lemma: let o« and B be the (past-oriented) geodesics extending the segments (g, p]
and [r, p], respectively. Assume (1) = g. Consider the hinge (¢, ) and denote
the included hyperbolic angle by w. Then t(c(¢), r) is an increasing function® in
t for all + > 1. Intuitively, one should think of the behaviour illustrated in Fig.4:
increasing the longest side in a timelike triangle while keeping one of the short
sides fixed (and hence also the included hyperbolic angle) causes the other short
side to increase as well.

4.2. A visual Lorentzian version of Alexandrov’s lemma

As in the metric case, the gluing lemma heavily relies on Alexandrov’s lemma.
[2] gives an exceptionally general version of Alexandrov’s lemma valid in semi-
Riemannian comparison theory. The following lemma may in some sense be

3 The segment [ p, y]issaidto lie between [ p, x] and [ p, z] if the following holds: consider
the three tangent vectors corresponding to the three segments. These have the same time
orientation. Extend them to rays and denote these by Ry, Ry and R;. Then for all v €
Ry, w € R; the connecting segment [v, w] intersects the ray R, .

4 Note that this of course only makes sense if the geodesic « can actually be extended.
Since we are anyways only interested in applying this in model spaces, this is not problematic.
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/7

q

Fig. 4. Increasing a causes c to increase as well

regarded as a special case of [2, Lemma 2.4] but we still feel justified to give a
full statement here. On the one hand, our approach is much more visual and hence
more in the spirit of the original (Euclidean) version of the lemma. On the other
hand, we have to avoid assumptions on the behaviour of nonnormalized angles in the
comparison situation since the triangles are originally from Lorentzian pre-length
spaces, where currently the concept of (hyperbolic) angles is not fully developed.

Lemma 4.2.1. (Alexandrov’s lemma, Lorentzian version) Let A(x, p,y) and
A(p,y, z) be two triangles in Mk arranged in a way such that x and z lie on
opposite sides of the geodesic line extending [p, y]. Suppose p,y € I(x, z) and
T(x,y) + t(y,2) < t(x,p) + t(p,2). Let A(x', V', 7') be a (timelike) trian-
gle in Mg such that t(x',y") = t(x,y),7(,7) = t(y,2) and T(x',7/) =
©(x, p) + t(p, 2). In particular, we have to assume that A(x, p, y) and A(p, y, 2)
are small enough such that the size bounds for A(x',y’,7') are satisfied as
well. Then Zxyz < Zx'y'z/. Moreover, if [x,z] 0 [p,y] = O then Zpzy >
Zp'Z'y Lpxy = Zp'x'y" and |py|l+ < |p'y'|+. And if [x, 2] N [p, y] # ¥ then
Lpzy < Zp'7y, Zpxy < Zp'x'y and |py|l+ > |p'y'|+ with equalities every-
where if and only if one of the inequalities is an equality, which happens if and only
iflx,z1N[p, y] = {p}

Proof. We only show the case [x, z] N [p, y] = @, which is also the relevant one
for the gluing lemma. The other case is done analogously (see last paragraph). To
begin with, we want to explain the assumption

T(x,y) +1(y,2) <1(x, p) +71(p,2). 4.2.1)

On the one hand, this gives the reverse triangle inequality in the “straightened” big
triangle, guaranteeing its (nondegenerate) existence. On the other hand, this ensures
that we can actually apply Alexandrov’s lemma to the gluing lemma below. The
condition [x, z] N [p, y] = @ serves as an analogue to having an angle greater than
7 at p in the metric case. So from a Euclidean point of view, the quadrilateral is
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xr xT xX

Fig. 5. The left and the middle configuration depict the two possible cases of a concave
quadrilateral. The figure on the right illustrates how to rule out the middle case

concave. But if you take a look at Fig. 5, there are two possibilities for this quadri-
lateral to turn out concave. To put it another way: we know that the quadrilateral is
concave, but since we cannot explicitly connect this nonempty intersection with a
(Euclidean) large angle at p, it could happen that this large angle appears at y.
Suppose we are in this case, then extend the segment [x, y] until it intersects [ p, z],
say in a point g. Then with the reverse triangle inequality and the factthat y € [x, g]
and g € [p, z], we compute

T(x,y)+t(y,2) > t(x,y) +1(y,9) +1(q,2) =t(x,9) + (g, 2)
>t(x,p)+1(p,q) +1(q,2) =1(x, p) + (P, 2),

a contradiction to (4.2.1).

Turning now to the actual proof, note that by the reverse triangle inequality we
have 7(x", 7)) = t(x, p) + t(p,2) < t(x,z). For the angle at y, consider the
triangles A(x, y, z) and A(x’, y’, z'). They have two sides of equal length, and
since T(x’, z') < 1(x, z), we have |xz|+ < |x'Z/|+. Thus, Zxyz > Zx'y’'Z’ by the
hinge lemma.

For the remaining estimates, we follow the same visual approach as the original
version of Alexandrov’s lemma. Let X be the unique point with t (X, p) = t(x, p)
such that x lies on the extension of the timelike geodesic segment [ p, z], see Fig. 6.
Since [x, z] N [p, y] = @, the segment [X, p] lies between the segments [x, p] and
[p, y] (in the sense of Remark 4.1.6). This already implies Zxpy < Zx py. To see
this, we observe that Zxpy < Zx py is equivalent to

(¥1:(0) = 71, (0), v5,(0)) = 0. (4.2.2)

Clearly, y 1/7 :(0)— yl’, . (0) 1s a spacelike vector as the difference of two past directed
timelike vectors of the same length. Recall that the scalar product with a spacelike
vector v is non-negative if and only if the other vector lies in the same half-space as
v generated by the normal space of v. For better visualization, we apply a Lorentz
transformation to view y 1/7 :(0) — yl/, ,(0) as a horizontal vector and p as the origin,
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Fig. 6. A visual approach in the spirit of the original version of Alexandrov’s lemma
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Fig. 7. The two vectors in the scalar product lie in the same half-space

see Fig.7. Then the normal space of )/l’) :(0) — )/I’,x (0) is a vertical line through O.
From a Euclidean point of view, y]/7 :(0) — )/I’)x (0) is at an angle of ninety degrees

and symmetric with respect to its normal space. Since p € [X, z], it follows that
)/I/, .(0)and y 1/1 ;+(0) differ by a Euclidean reflection with respect to the normal space.
Together, this implies that y]’)Z (0) and Vl/)x (0) lie in the same half-space.

Now keep in mind that these directional vectors originally come from the sides of
two triangles which together yield a concave situation without self-intersection. In
this way, we not only obtain that )/Igy (0) does not lie between )/]/)x (0) and )/1;Z (0),
but also that y]/)y (0) has to lie between the mirrored versions of these vectors, that
is between y’ - (0) and —y;x (0). Thus, it is clear that both entries in (4.2.2) are in
the same half—space with respect to the normal space of the spacelike entry, and so
the inequality is true.

Now consider the triangles A(x, p, y) and A(x, p, y). By construction we have
|[px|+ = |pX|+, so they have two sides of equal length since they have the
segment [p, y] in common. Moreover, since Zxpy > Zxpy, the hinge lemma
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gives [Xy|+ < |xy|+. We continue with the triangles A(X, y, z) and A(x’, y’, 7).
Again, we have two pairs of equal length since |yz|+ = |y'Z/|+ and |x'7/|+ =
lxpl++1|pzle = |Xple+1pzl+ = |Xz|+, where the last equality holds since p lies
on the segment [X, z]. For the third side we know |Xy|+ < |xy|+ = |x"y/|+ by the
above considerations. Thus, the hinge lemma implies Z/xzy > Zx'z'y’. And since
p and p’ correspond to each other on the segments [X, z] and [x', z’], respectively,
we also have Zpzy > Zp'7'y'.

Analogously, we find a point 7z that lies on the extension of [x, p] at distance
7(p, z) from p. A similar argument then implies /pxy > Zy’x’'z’. Finally, the
triangles A(x, p, y) and A(x’, p’, y) have two sides with equal length and we
know Zpxy > Zp’x’y’. Consequently, we obtain |py|+ < |p’y’|+ by the hinge
lemma.

At last, note that if [x, z] N [p, y] = {p}, then [x, z] in fact is composed of the
two sides [x, p] and [p, z] in the triangles and hence A(x, y, z) is isometric to
A(x’,y', 7)), so equality in all inequalities in the statement follows immediately.
Alsoif [x, z]N[p, y] = {q} # {p}, then the procedure from above causes [x, p] to
be between [ p, y] and [ p, x]. Then the same calculation yields Zx py < Zxpy and
consequently all the following inequalities are reversed. Any of the inequalities
being an equality forces the others to be equalities as well, which then implies

q =D O

In the statement above we assumed the configuration of triangles to be such that the
subdivision happens along the longest side of A(x’, y’, z’). For a proper application
we need to guarantee the desired behaviour in the other cases as well. However,
this can be done analogously. We give a rough sketch of the proof.

Lemma 4.2.2. (Alexandrov’s Lemma, other constellations) Let A(x, p,z) and
A(p,y, z) be two triangles in Mg such that [x, p], [x, z], [p, y] as well as [y, z]
are timelike and the triangles are arranged on opposite sides of the geodesic line
extending the segment [ p, z], see Fig. 8. Let A(x', y', 7') be a timelike triangle such
that T(x', y') = t(x, p) + ©(p,y), t(y",2) = ©(y,2) and T(x", ') = 7(x,2).
Then Zpzy > Zp'Z/y'. If [x,y]l N [p,z] = @, then Zpxz > Lp'x'7, Zpxy >
Zp'x'y"and |pyl+ < |p'y'l+.

Proof. Note that since p < y < z, also [p, z] is timelike and so we are in fact
dealing with two timelike triangles. We have 7(x’, y’) = t(x, p) + 1(p,y) <
T(x,y), i.e., [x'y'|+ > |xy|+, hence Zpzy > Zp'7'y’ by the hinge lemma. As
for the other inequalities, extend the segment [p, x] to obtain a point y on this
extension such that t(p,y) = t(p,y), cf. Fig.6. Then as in Fig.7, we obtain
Zypz < Zypz. Considering the triangles A(p, y,z) and A(p, y, z), we infer
|yz|+ > |yz|+ from the hinge lemma. Then consider A(x, ¥, z) and A(x', y', Z')
and obtain /pxz > /p’x'7'. We can argue similarly to obtain /pyz > Zp’y'Z.
Finally, | pz|+ < |p’Z/|+ again by the hinge lemma. O



690 T. Beran, F. Rott
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Fig. 8. The other configuration of Alexandrov’s Lemma
4.3. The gluing lemma

We now formulate and prove the gluing lemma for timelike triangles. This really
is the main tool in the proof of the gluing theorem, both in the metric case and in
the Lorentzian setting. The proof is rather long and quite technical.

Lemma 4.3.1. (Gluing lemma for timelike triangles, case 1) Let X be a Lorentzian
pre-length space andlet U C X be a subset that satisfies (i) and (ii) in the definition
for a comparison neighbourhood in X, cf. Definition 2.1.3. That is, T|yxy is finite
and continuous and for all x, y € U with x <K y there is a causal curve contained
in U with length t(x, y). Let K € Rand let T3 := A(x, y, z) be a timelike triangle
in U satisfying size bounds for Mk. Let p € |x, z] suchthat p KL y (ory < p). In
other words, T\ := A(x, p,y) and T, := A(p, y, z) are again timelike triangles
(if y < p then the order of the points changes), see Fig.9. Let T := A(X, p, y)
and T» = A(p, ¥, 7) be comparison triangles for Ty and T in Mg, respectively,
Suppose Ty and T, satisfy timelike curvature bounds from above for K, i.e., for
all a, b € T; and corresponding comparison points a,b € T;,i = 1,2 we have
t(a,b) > 7(a, b). Then T3 satisfies the same timelike curvature bound from above.

Proof. Realize the comparison triangles for 77 and 7> in such a way that they share
the timelike geodesic segment [p, y] and such that x and 7z lie on opposite sides
of this segment (as in Alexandrov’s lemma). Note that because of the size bounds,
either [p, y] and [x, z] intersect in a single point or they do not intersect at all. If
[p, ¥] N [X, z] = {p}, then as in Lemma 4.2.1, T} and 7> together already form a
comparison triangle T3 for T3 and we are done. The cases of comparing points which
are not immediate from this assumption will be covered later in greater generality.
Conversely, if [p, y] N [x, z] = {q} # {p}, then T(x,z) = (X, g) + T(¢q, ) and,
since g € [p, y], g 1s a comparison point for some g € [p, y]. Moreover, x and ¢
are on the sides of 77 and ¢ and z are on the sides of 7. Since 77 and T3 satisfy
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Fig. 9. A timelike triangle in X subdivided into two timelike triangles, the comparison
triangles for the smaller triangles and the comparison triangle for the big triangle

timelike curvature bounds, we compute’

T(x,2) =7(x,q) +7(¢q,2) < t(x,9) +1(q,2) < t(x,2). (4.3.1)
But this is in contradiction to

T(x,2) =1(x,p)+1(p,2) =7(x, p) +7(p,2) < T(X,2), (4.3.2)

so such an intersection cannot occur with an upper curvature bound. Thus, [p, y]N
[x, z] = @ is the only interesting case we have to consider. Moreover, as 7 (x, p) +
t(p,z) = t(x,2) > t(x,y) 4+ 1(y, ) by the reverse triangle inequality, we can
realize the situation in Mg as in Fig. 9.

What follows now are several applications of Alexandrov’s Lemma 4.2.1. First,
we “bend” T; and 7> in such a way that they form a comparison triangle for 73,
cf. Fig.6. More precisely, let T3 := A(X', ', 7), where (¥, ) = T(x,7) =
T, ), T, 7) = 13,2 = t(y,2) and T(F,Z) = T(F p) + 1(p,2) =
T(x, p) + t(p,z) = t(x,z). When talking about the comparison triangles for
Ty and T, simultaneously, it will be convenient to denote their union, which is a
quadrilateral, by 77 U T5. That is, by @ € T} U T> we mean a point which belongs
either to 77 or 7> (or bothifa € [ P, y]). We distinguish several cases, depending on
which sides the points lie on. Note that for any point on 73, we can find a “compar-
ison point” in either T} or 7>, i.e., a point on the corresponding side of equal time
separation to the endpoints (the common edge [p, ¥] of T1 and T is the only one
not (isometrically) transferred to T3). We choose two points a’, b' € Tz and check
all possible configurations. The general idea is to at first show that time separation
in T3 is even smaller than in 77 U 1>, i.e., T(a, b) > 7(a’, b’), and then relating

St may a priori not be clear that x < g < z so one can apply the reverse triangle
inequality, but this can be seen as follows: we have g € [x, z], hence x < ¢ < 7z and so
0 < 7(x,gq) < t(x, q) by the curvature condition and thus x < ¢g. We get a similar estimate
for ¢ and z.
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this inequality to time separations in X, i.e., t(a, b) > 7(a, 15), thus ensuring the
desired curvature bound. We may assume without loss of generality that @’ < b’
always holds, since otherwise there is nothing to show. Since all these (sub-)case
distinctions may become a bit confusing, we try to give a “to-do list” summarizing
everything. Note that some descriptions might only make sense when reading the
proof of the respective cases. The cases (B) and (C) are entirely analogous, hence
we omit the descriptions in (C).

(A) @ e [x',¥]and b’ € [y, 7] (both points on short sides): this case is easy and
also the only one where we do not need any subcases.
(B) @’ € [x’,y'1and b’ € [x’, Z'] (one point on short and long side each): here, we
distinguish whether @’ and b’ are in the same triangle or not.
(1) b’ e [x, p'] (same triangle): this case is easy and very similar to (A).
(2) b’ € [p', 7] (different triangle): this needs yet another distinction, namely
whether the connecting segment [a, b] stays inside T; U T» or not.
(i) [a, b] stays inside comparison situation: we construct several subtrian-
gles and use the law of cosines.
(i) [a, b] leaves comparison situation: we improve the bound on 7 (a’, b)
by taking a detour through p.
(C) @ €[y,71and b’ € [X', Z'] (one point on short and long side each)
(1) &' € [p’, 7] (same triangle)
(2) b’ e [¥, p'] (different triangle)
() [a, b] stays inside comparison situation
(i) [a, b] leaves comparison situation

Finally, observe that switching the labels or assuming b’ < @’ does not change the
proof at all. Hence this is a complete list that covers all possible configurations.

a e[x',y]and b’ €[y, 7] (A): Inthis first case @’ < b holds anyways. We find
comparison points @ € [x, y]and b € [y, Z],i.e., T(X,a) = T(¥',a’) and T(, b) =
7(y', b’). Consider the triangles A (%, ¥, 7) and A(x’, ¥, Z'). In these triangles, two
sidelengths are the same, namely | y|+ = |x’y’|+ and | yZ|+ = |y’Z’|+. For the third
side, we have T(x',7") = ©(x, p) + T(p, 7) < T(X, Z), and hence |xZ|+ < |x'Z|+.
Then by the hinge lemma we infer Z/xyz > Zx'y’7’, exactly as in Lemma 4.2.1.
Now consider the “smaller” triangles A(a, y, b) and A(@’, y', b'), i.e., instead of the
sides [x, y] and [y, zZ] we consider the (from the point of view of y) initial segments
[a, y] and [y, b] (and the same in the other triangle). Again, two side lengths are
pairwise equal. We want to use the hinge lemma in the other direction to obtain
estimates on the third side. This is easily possible since Zayb and Za’y'b’ are equal
multiples of ZxXyZ and Z/x'y'7, respectively. Thus, we obtain |ab|+ < |a’b’|+ and
hence 7(a, b) > 7(a’, b').

We finished the case were both points lie on short sides. We are left with considering
pairs of points where one is on the longest side and the other on a short side. These
two possibilities clearly are analogous (since they only differ by time orientation),
so we will only consider case (B) explicitly. In each of these cases, however, there
are subcases which are respectively similar as well. Namely, we have to distinguish
whether the point on the long side is chronologically before or after p’, i.e., if it
isin [x’, p’] orin [p’, Z']. In other words, this distinction tells us if the two points
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—/

Fig. 10. This configuration requires some additional construction steps

originate from the same triangle or not. Before returning to the proof, observe that
by Lemma 4.2.1 we have 7(p,y) > 7(p’,y’) as well as Zpxy > Zp’x'y’ and
£pzy = Lp'Z'Y.

a e[x',y']and b € [x, p'] € [X’, 7] (B.1): Here, both points are from T;. Con-

sider the smaller triangles A (X, @, b) and A(x', @, b’). We have as in the case (A)
above that Zax p and Za’x’'p’ are equal multiples of Z/yxp and £y'x’p’, respec-
tively. Two sides are of equal length by construction. Thus, we infer |ab|+ < |a’'b’|+
from the hinge lemma and hence 7(a, b) > T(a’, b’). Note that in this case (and
also in (C.1)), since both points originate from the same triangles, we immediately
obtain t(a, b) > 7(a, b) as well.

Looking at the list from above, we are now in the case (B.2), where we have to
make yet another distinction. The extension of [ p, z] meets [x, y] in a unique point,
denote it by g. We have to distinguish whether a lies chronologically before or after
g . This distinction in particular tells us if [a, b] lies inside of T; U T, or not. We first
cover the case where this segment lies inside the triangles (the other case requires
even more extra work).

a elg,y1<[x,y]and b €[p, 7] C [¥, 7] (B.2.i): We try to construct a tri-

angle in 77 U T» that has both a and b as vertices and somehow inherits enough
properties so that we can deduce the claim, see Fig. 10.

In the end, this will be the timelike triangle A (a, b, 7). However, before this we need
to estimate the hyperbolic angle £z (b, @). Recall that we have Zjzp > /7' p’.
As the two legs have the same time orientation and the same length, we infer
£:(y,p) < £y, p), cf. Remark 4.1.3. Now consider the timelike triangles
A(a,y,z) and A(a’, y’,7'). They have two sides of pairwise equal length. Then
laz|+ < |a’7’|+ easily follows from the hinge lemma. As both triangles are timelike,
we can change our perspective in the sense that we go from signed lengths and
the hinge lemma to (positive) time separation values and the Lorentzian law of
cosines, cf. [14, Theorem 3.1.3]. We do this because the adjacent sides of Zazy
and Za’z'y’ do not have pairwise equal length. Recall the following consequence
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of the Lorentzian law of cosines: fixing the two short sides in a timelike triangle
and letting the longest side vary, any hyperbolic angle is an increasing function in
the length (understood as time separation) of the longest side. In our case, [a, 7]
and [a’, Z'] are the longest sides and so we obtain £z(a, y) > £z (a’, ). Also,
since KZ(.)_}’ a) + KZ(_C_ly p) = KZ(?? p) = KE’(y/’ l_)/) = 42/(5}/’ ‘_1/) + AE’(&/’ ﬁ/),
we must have £z (a, b) = £z(a, p) < £z(a’, p’) = £z (a’, b’). Finally, consider
A(a,b,7) and A@,b',7). We know B := 7(b,2) = 7(b',7), A := 7(a,7) >
t@,7) = A and w := £:(a,b) < £z(a',b') =: o' and we want to infer
C =1, b) < i@, b)=:C' Intwo steps, we want to transform one triangle
into the other. In A(@’, ', 7'), fix A’ and B and decrease ' to w. From the law of
cosines, it easily follows that C’ increases as ' decreases. In this way we obtain
an intermediate triangle with sidelengths A’, B and a hyperbolic angle w opposite
of a side C > C’. Now we want to increase A’ to A while keeping B and w fixed
so that C changes to C (we do not yet know whether it increases or decreases). But
this is precisely the situation in Remark 4.1.7, and so we obtain C > C > C/, as
desired.

So we are only left with the case (B.2.ii). In almost all the cases we covered
so far, relating the distance in T; U T» with the original distances in X is not
difficult. Either the points already stem from the same small triangle in X, e.g.,
a € [x,yl,b € [x, p] C [x, z] in (B.1), in which case we have t(a, b) > 7(a, l;)
by assumption. Or the points lie in different triangles but the connecting geodesic
is entirely contained in the union of T; and 75. For instance in (B.2.ii), the very last
case we covered, for @’ € [x, ] C [¥/,y'1and b’ € [p’, 7] C [X/, Z'] there exists
an intersection point of [p, y] and [a, b], call it 7. Then we compute

@,b) <t@,b)=1@,r)+1t(, b) <t(a,r)+1t(rb) <1(a,b)(4.3.3)

Ilustratively, we divided the segment [a, b] in two parts which both lie inside a
single triangle and then apply the respective curvature conditions of 77 and 73. The
reader may already have suspected that this unfortunately is not always possible.
Take a € [x,y],b € [y,Zz] in case (A), where a and b are close to x and Z,
respectively. Then the connecting segment leaves the triangles. While 7(a, b) >
z(a',b')is easy to see, we have no way of relating 7 (a, b) with t(a, b). Moreover,
in the remaining case (B.2.i1) this is by assumption always the case. We rectify this
situation by improving the bound on 7 (a’, b'): in (B.2.ii) and the cases of (A) where
the connecting segment leaves the triangle, we want to show

T(@a, p) + t(p,b) > (@, b). (4.3.4)

To make the following already very lengthy computations a bit easier and also to
do both cases kind of simultaneously, we assume for now b’ = 7'. After showing
(4.3.4) in this case, we let b’ vary. By moving 5’ onto [y’, '] we cover the remaining
case of (A) and by moving b’ onto [p’, z'] we cover (B.2.ii). Remember that we
denote by g the point where the extension of [p, z] meets [x, y].

a €lx,q] C[x,y] and b =7 (B.2.ii & A): If we can show (4.3.4), then this
implies t(a, z) > t(a, p) + 1(p,2) > t(a, p) + T(p,2) > t(@’, 7).

In Fig. 11, this effectively means that the detour through p in T, U T is still larger
than the direct connection in 73. We proceed in an elementary yet effective way.
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Fig. 11. Improving the bound on 7(a’, ')

We define a function that compares these two lengths and show that its sign does
not change. Unfortunately, we have to show this separately for the different cases
of curvature.

Minkowski space (K = 0): Recall that the points a and a’ can be described as
a=yi(t) =ty+ (I —tHxanda’ = ypy@) =ty + (1 — 1)x’, respectively.
Set yzy(m) =: g € [x,y] and similarly yz5(m) =: ¢’ € [X’, §']. Then define
f:[0,m] - Rby

(o) = @@ p)+1(p, ) — 1@, 7). (4.3.5)

We square these values solely for ease of computation. If 1 = 0, then a = x and
a’ = ', and since by construction 7 (x, p)+7(p, z) = T(x’, 7'), we have f(0) = 0.
If t = m, then a = g and since ¢ lies on the extension of the segment [p, z], we
have T(q, p) + T(p,2) = 7(¢,2) > 7(¢’, 7)), hence f(m) > 0. Thus, if we can
show that f” < 0, we obtain f > 0 and so (T (a, p)+7(p, 2))*> = T(a’, 7’)* which
clearly also implies T(a, p)+7(p,z) > T(a’, 7). Alsonote that since a K ¢ < p,
all distances are timelike. For the calculation, we first observe that

y;50) = p— X +1(X — ), (4.3.6)

and we get a similar expression for VE;’Z/ (0). After calculating the squares one
observes that (yl’32 (0), Vz/?Z (0)) does not depend on ¢ at all (since it does not depend
on the position of a), so we can ignore this value for the derivative of f. The
following expressions become quite lengthy, so we abbreviate B := 5 0), A :=

%Vc‘;ﬁ(o) =X —y,B :=y}-(0) and A" := %J/&/,z,(O) = %’ — y'. Then f reads

f@) =—(B, B) —2|pz|+v/—(B, B) — (J/,%g(O), )/,/35(0» + (B', B'), (4.3.7)
and
—(A, B)

Nei ol 2(A’, B). (4.3.8)

d
Ef(;) = —2(A, B) = 2|pz|+
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We further compute the second derivative of the middle term:
d —(A,B) _ (A, A)B,B)—(A,B)?
dt /= (B, B) V(~=(B. B))?

where the inequality follows by the reverse Cauchy Schwarz inequality for timelike
vectors, cf. [19, Prop. 5.30 (i)]. For the remaining terms of (%)2 f(t), we have

d / / d / /

—2(A,B) =2(A,A) =2(A", A"y = —2(A", B'), (4.3.10)

dt dt
where the middle equality holds since by construction we have 7 (x, y) = 7(x’, ).
Thus, these two terms cancel out and the second derivative of f consists only of a
nonpositive term. Keep in mind that —2|pz|+ is positive as | pz|+ is negative.
De Sitter space (K = 1): In de Sitter space, the situation is more involved. Here,
we will need Lemma 4.1.5. In this case and the following case of anti-de Sitter
space, we choose to omit the bars of points since we are anyways only working in
Mk . Let y, be the unique geodesic from x to y, i.e., y,,(¢) := cosh(z)x + sinh(¢)v,
where v is a timelike unit vector perpendicular to x. That is, y, is the unit-speed
parameterization of yyy. Let g := y, (m) be the (unique) point in the intersection of
[x, y] and the geodesic extending y; ;. Applying a suitable Lorentz transformation
we may assume that x = x’,y = y" and so v = v’ and a = a’. We let a vary
on the geodesic y, between the parameters 0 and m. The point a is given by
a = y,(t) = cosh(t)x + sinh(t)v = a’. Then define f : [0, m] — R,

f(t) := cosh(z(a, p) + 1(p, z)) — cosh(z(a, 7), (4.3.11)

<0, (4.3.9)

where we applied the monotone function cosh to make computation easier. As
in the Minkowski case we know f(0) = 0 and f(m) > 0. But we will show
f"(t) — f(t) < 0instead of f”(t) < 0, which suffices to infer f(r) > 0 by
Lemma 4.1.5. Note that in de Sitter space we have t(x, y) = arcosh({x, y)) for
x Ky, cf. [12]. Then with the help of addition theorems for cosh, the function f
simplifies to

f(t) = (a, p){p, z) + sinh(arcosh({a, p))) sinh(arcosh({p, z))) — (a, 3.12)
Using the relation sinh(arcosh(x)) = +/x% — 1, we further obtain

£ = @, p)(p.2) +la. p? = 1 (p. 2> — 1= (a.2).  (4313)

Now we take the first derivative. Note that of the three points appearing, only a
depends on ¢. For now, we will leave the derivative of a not explicitly calculated.
This will be simpler to do later on.

d (a.p){fa.p) d
<Ea’ p)(P’ Z) + (p’ Z>2 —1 <a’ p)tz 1 - (Ea, < §4314)

d (t) =
g/ 0=

For the second derivative, note that (%)za = a. We calculate and simplify

d 2
(E) f@) =(a, p)(p,z) +/(p,2)> — 1
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((%a,mz +(a, p)*  (a, pY(fa.p)’
Via, p)? =1 Ja =1

Now we observe that this very much resembles the original function f. Using this,
we can write

) —{a,7).  (4.3.15)

2
(%) F@O = f0) = —la.p? = 1(p. 2 — 1+ (p.2)2 1

(%a, P +la, p)*  la. p)(fa p>2)
Via, p)* =1 Ja =1

Then by Lemma 4.1.5 it suffices to show that the right hand side is lesser than or
equal to 0. We further simplify this expression and observe that it is equivalent to

(4.3.16)

2 d 2
(a,p)"—1-— (Ea, p)” <0. (4.3.17)
Now we insert a = cosh(z)x 4+ sinh(¢)v and %a = sinh(#)x + cosh(¢)v into this
inequality and at the same time use the bi-linearity of the scalar product. In this
way we get

(cosh(t)(x, p) + sinh(?)(v, p))?> — 1 — (sinh(¢)(x, p) + cosh(r)(v, p))* < 0.
(4.3.18)

After computing the big square, we factor appropriately and use cosh(r)? —
sinh(#)? = 1 to obtain

(x,p)> —=1< (v, p)*. (4.3.19)

Since t(x, p) = arcosh({x, p)), we have (x, p) = cosh(r(x, p)) and so
cosh(t(x, p))2 — 1 = sinh(z(x, p))z. Thus, after taking the root on both sides
we finally end up with

sinh(z (x, p)) < (v, p)I. (4.3.20)

We now try to give these reformulations some intuitive value. First note that since
v by definition is perpendicular to x, we can write |(v, p)| = |(v, p — x)|. This
gives this scalar product a bit more meaning, because v is a (unit) tangent vector at
x while p is a point in de Sitter space. Now both p — x and v can be regarded as
vectors in the ambient Minkowski space starting at x. In particular, they are timelike
(since x < p and x < y) and so we can use the hyperbolic angle:

l{v, p —x)| = —(v, p —x) = |[v|lllp — x|l cosh(£y (v, p — x))
= ||p — x|l cosh(£ (v, p — x)). (4.3.21)

We now try to minimize this expression while letting v vary among unit tangent
vectors. In this way, only cosh(£x (v, p — x)) changes, and it is minimal if and only
if £, (v, p —x) is minimal. This angle is minimal precisely if v is the unit vector in
the direction of the projection of p — x onto the tangent space. Since p is in a normal
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neighbourhood of x, we can write p = cosh(s)x + sinh(s)w for some appropriate
unit vector w and s = t(x, p). Then p —x = (cosh(s) — 1)x + sinh(s)w. We can
consider this as an orthogonal decomposition with respect to 7y dS: (cosh(s) — 1)x
is the orthogonal component and sinh(s)w is the parallel component. Then the
angle is minimal if v = w. In particular, we then have

(p — x,v) = ((cosh(s) — 1)x + sinh(s)v, v) = (cosh(s) — 1)(x, v)
+ sinh(s) (v, v)
= —sinh(s) = — sinh(7 (x, p)).

Hence —(p — x, v) = sinh(t(x, p)) which is precisely the left hand side. So if v is
any other (unit) vector than the projection of x — p onto T dS then |(v, p)| would be
even larger. Thus, the inequality holds and Lemma 4.1.5 implies f(¢) > 0, which in
turn implies cosh(z (a, p) + t(p, z)) > cosh(z(a, z’). Since cosh is monotonously
increasing, we finally obtain 7 (a, p) + 7(p, z) > 1(a, 7).

Anti-de Sitter space (K = —1): This case is very similar to the case of positive
curvature. In fact, one can mostly copy the assumptions and computations from the
de Sitter case. This time we define f : [0, m] — R,

f(t) =cos(t(a, p) +t(p,2)) — cos(t(a, 7). (4.3.22)

We omit the calculations for this case. Keep in mind that as cos is decreasing, we
have to reverse some inequalities.

Clearly, the last two cases also work for any other K # 0, as one only has to respect
additional scaling constants.

Letting b vary: As announced before, we do not only want to cover the case b = 7

but rather let b vary. First suppose bel P, z]. We consider a function f : [0, m] —
R,

fo(t) := g(E(@, p) + T(p, b)) — g(T(@, b)), (4.3.23)

where g is, depending on K, one of the three monotone functions we introduced for
easier computations. In the above calculations concerning the second derivative, z
(and Z’) did not really play an important role, so we could have easily exchanged
this point for b (or b'). In particular, we thus have f,(#) > 0 if we can show that
f» 1s nonnegative at the boundary of [0, m]. By definition we have f;(0) = 0. For
fp(m),i.e.,a = g, note that

7(q, p) +T(p,b) +T(h,2) =17(q,2) = T(q',Z) = T(q, b)) + T(', ¥43.24)

Since we have 7(b, 7) = T(b’, Z') by construction, 7(g, p) + (p, b) > T(g', b)
follows and so f;(m) > 0.

Now assume b € [y, z]. In contrast to b € [p, Z], we have to restrict the position
of @ even further since it may otherwise happen that the connecting geodesic [, b]
stays inside the triangles. The values of a we have to check actually depend on the
position of b in the following way: denote by 7 =: y, (n) the point in the intersection
of [x, y] and the extension of [p, b], where yv 1s the unique geodesic from x to
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y. In particular, n < m with equality if and only if » = Z. Then we consider
fp : [0, n] = R as above. As for f(n), note that we have

T, p)+T(p,b) — TG, b)) =7(,b) — TG, b) > 0. (4.3.25)

In particular, T (7, p) +7(p, b) > T(7, b’). By applying g and then bringing every-
thing to one side we infer the claim f(n) > 0. Also, f,(0) = g(z(x, p)+7(p, b))—
g(T(x', b)) is completely analogous to the case of @ and Z we explicitly calculated
(with reversed time orientation). Thus, we have finally shown all inequalities and
so T3 actually satisfies the same curvature bound from above.

As a last remark, we observe that every argument can be repeated if the timelike
relation of p and y is reversed, i.e., if y < p. This is entirely analogous and
basically differs only up to time orientation. O

For applications to a gluing theorem, we of course do not want to restrict the
placement of p to only the longest side in a triangle. As the proof of Lemma 4.3.1
basically only uses Lemma 4.2.1, and there the placement of p did not matter, we
immediately obtain the following corollary.

Corollary 4.3.2. (Remaining constellations of the gluing lemma) Let X and U be
as in Lemma 4.3.1 and let A(x, y, 7) be a timelike triangle in U. Let p be a point
on [x,y] (or |y, z]) and consider the two resulting subtriangles that share the
(timelike) segment [ p, z] (or [x, p]). If the subtriangles satisfy a timelike curvature
bound from above, then so does the original triangle.

Proof. In this case we mainly use Lemma 4.2.2 and then observe that everything
works out similarly as in the situation of the gluing lemma we just proved. O

Finally, we need a version of the gluing lemma that applies even when the shared
segment in a Lorentzian pre-length space is not timelike. In general, this would not
make any sense in an ordinary Lorentzian pre-length space as we have no concept of
spacelike distance in such spaces. However, the main application of these lemmas
is when the two spaces in the amalgamation are manifolds. In this case it does make
sense to talk about a shared segment which is not timelike.

Lemma 4.3.3. (Gluing lemma for manifolds) Let X and U be as in Lemma 4.3.1.
Let X1 and X7 be two strongly causal spacetimes and U; C X;, (i = 1, 2) with the
same assumptions as in Lemma 4.3.1 as well. Let T3 :== A(x, y, z) be a timelike
triangle in U C X and let p € [x, z]. Assume that there exist geodesic triangles
Ti = A, plyyY and Th == A(p?, y?, 22) in Uy and Us, respectively, such
that T(x', p') = t(x, p), t(x!, ¥ = t(x, y), T (p?, 2%) = ©(p,2), T(Y?, 2) =
t(y, z) and |p'y' |+ = |p*y?|+. If T1 and T» satisfy curvature bounds above by
K in the sense of [21,° then T has timelike curvature bounded above by K in the
sense of Definition 2.1.3.

6 In [2], a Lorentzian manifold is said to have (sectional) curvature bounded above by
K € R if spacelike sectional curvatures are < K and timelike sectional curvatures are > K.
We say a geodesic triangle satisfies such a curvature bound if |ab|+ < |ab|+ for all points
a, b in the triangle and corresponding comparison points a, b in the comparison triangle in
Mg.
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Proof. The proof of Lemma 4.3.1 can be adapted entirely into this setting. One
easily observes that the fact that the shared segment is not timelike does not impact
the comparison calculations. O

Remark 4.3.4. (Gluing with reverse curvature bound) In the metric case, the glu-
ing theorem only works when considering spaces with an upper curvature bound.
Roughly speaking, this is because in Alexandrov’s lemma one angle always
increases independently of whether one starts with a concave or convex quadri-
lateral. This in turn prevents the gluing lemma from working in the other direction.
In our case we encounter very similar behaviour: in Lemma 4.2.1, the inequality
/xyz > Zx'y'7 is independent of the general shape of the quadrilateral. Note
that in the Lorentzian setting we want this inequality to point in the other direction
compared to the two other angle estimates because of the sign of the nonnormalized
angle.

Remark 4.3.5. (Hyperbolic angles in Lorentzian pre-length spaces) The first author
is currently working together with C. Sémann on adapting the concept of hyperbolic
angles to the synthetic setting. The approach is similar to the Alexandrov angle in
metric geometry, cf. [Definition 1.1.12] [6]. This may simplify some of the calcu-
lations in this section while also allowing nicer formulations of some statements.

S. The gluing theorem

This section covers the proof of an analogue of the gluing theorem of Reshetnyak
for CAT(k) spaces. As mentioned before, a gluing theorem for Lorentzian pre-
length spaces at present does not seem to be possible, at least not in a reasonably
general formulation. Indeed, one would require that (locally) any two points in the
identified set are timelike related, which basically forces each A; to be a timelike
geodesic (or a “discrete” union of timelike geodesics). The problem is essentially
the missing concept of spacelike distance. Our proof idea very much follows the
metric case, where one subdivides a triangle into smaller triangles and then applies
Lemma4.3.1. In the Lorentzian setting, however, it may happen that such a division
into timelike triangles is not always possible: consider two copies of R? glued along
a vertical plane. Then one can construct an arbitrarily small timelike triangle whose
intersection with the plane consists of two points which are spacelike related.
Nevertheless, we can formulate the gluing theorem for Lorentzian manifolds viewed
as Lorentzian pre-length spaces. In this setting we have access to spacelike distances
and the triangle subdivision problem can be overcome.

5.1. Constructing comparison neighbourhoods

One main obstacle in the proof of the gluing theorem is the construction of suit-
able comparison neighbourhoods. In particular, the comparison neighbourhoods of
points in the glued set additionally have to be geodesically convex rather than just
ensure the existence of maximizers between timelike related points. This is because
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when applying the gluing lemma in the spirit of Reshetnyak it might happen that
the triangle subdivision occurs along a spacelike or null geodesic. Moreover, we
also need them to be causally convex to ensure the existence of geodesics between
the two spaces (obtained as a limit of converging curves).

Fortunately, in recent work by E. Minguzzi such neighbourhoods are constructed,
cf. [18]. The basic idea is the following: let M be a spacetime, p € M and U € M
a normal neighbourhood of p. Define the function D%, :U — Rby

D2(q) = g(exp, ' (@). exp;, ' (9)). (5.1.1)

That is, the function Df, is the (squared) signed distance from the point p (but

applying the sign after the squaring). In the terminology of [2], Df) (g) 1s called the
energy E,(p) = E,(g). Let y be a timelike geodesic through p. Then from [18,
Lemma 4] we infer the existence of g1, ¢> in the image of y, q; < p < ¢2, and
a normal neighbourhood O of p such that, setting c; := D;l (p),cr = Dgz (p)
(both of which are negative), for sufficiently close ¢ > c1 and ¢} > ¢, the set

(D)~ (=00, ¢}) N (D;,) " (=00, c5) N O (5.1.2)

is geodesically convex and globally hyperbolic. Moreover, in this proof the set O is
chosen in such a way that OCI (91, g2) and the (closure of the) desired connected
component of (Dél)_1 (—o0, c/l) N (D;Z)_1 (—o0, c/z) is contained in O. Hence the
set in (5.1.2) is causally convex as well. This set might be visually described as
a “lens”, 1.e., the (bounded) region obtained by intersecting two hyperboloids in
Minkowski space. In our setup, this region can more easily be described by using
the time separation function t instead of D127' We will go into a bit more detail on
how we adapt this construction in Remark 5.1.2.

Remark 5.1.1. (Assumptions on the glued set) When viewing manifolds as
Lorentzian length spaces, one has to be especially careful when dealing with sub-
manifolds. This is because on a Lorentzian submanifold A € M there are a priori
two — potentially strongly differing — structures when viewing them as Lorentzian
pre-length spaces. One the one hand, there is the induced substructure on A as
a Lorentzian submanifold which is very common in Lorentzian geometry. This
leads to concepts such as relative causality relations, usually denoted by <4 and
<a. In particular, a submanifold equipped with this induced structure is always a
Lorentzian length space. On the other hand, the restricted structure as a Lorentzian
pre-length space just considers the restriction of the causality relations and the time
separation function to the submanifold. In this case, A is usually just a Lorentzian
pre-length space and one will lose the original description of 7, <« and <. For
example, if p,g € A, p < g, then clearly p <|4 ¢. But if there is no causal curve
from p to g that stays inside A, we do not get p <4 ¢. This is why the restricted
Lorentzian structure finds little application from a relativistic or differential geo-
metric viewpoint. A subspace of a metric space is a common example where one
uses the restricted structure. But also in this case, if one starts with a length space
then an arbitrary subspace will only be a metric space and not a length space in
general.
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Fig. 12. Two possible choices for A in the Minkowski plane: a “half-space” with cornered
boundary and a vertical strip

This observation is one of the reasons we decided to not require the identified sets to
be submanifolds (the other of course is a pursuit of generality). We now summarize
the properties we require of the identified sets. Let A and A, be two closed subsets
of strongly causal spacetimes M and M, respectively. Let f : Ay — Az be a
locally bi-Lipschitz homeomorphism (we will formulate the gluing theorem without
an artificial space A). Then we require Ay, A> and f to be compatible in the
following way:

(1) A1 and A; are non-timelike locally isolating.

(i1) f 1s T-preserving and <-preserving.

(i11) Ap 1s “convex” in the following sense: for all p € A; there exists a normal
neighbourhood Vi € M of p such that the following holds: whenever x, y €
U := Vi N Aj then the unique geodesic connecting them in Vj is contained in
U;. The same holds for A».

(iv) f locally preserves the signed distance: for all p € A; there exists a normal
neighbourhood Vi € M| of p such that the following holds: whenever x, y €
Up:=ViNnAjthen |xy|L =|f(x)f()«+.

Observe that both (iii) and (iv) also hold for any smaller (convex) normal neigh-
bourhood contained in V. (iii) suggests that the set A; is at least contained in a
totally geodesic submanifold. However, we still gain the possibility of admitting
boundaries and even corners, see Fig. 12.

This is also the reason why we do not exactly copy the construction mentioned in
[18, Lemma 4], because there the sets in (5.1.2) have both “control points” on a
geodesic through p. And if p is a boundary point of A there might not be a geodesic
through p that stays inside A.

Remark 5.1.2. (Modified lenses) Our modification of the sets in (5.1.2) is very
minor. Let p € A € M be as in Remark 5.1.1. Choose normal coordinates (¢, U)
centered at p. In the chart neighbourhood ¢ (U), let Bg(0) be a Euclidean ball around
0 = ¢(p) such that go_l (Bs(0)) 1s convex (this is equivalent to saying that Bg(0) is
convex with respect to the push forward metric induced by g) and moreover such
that for all smaller balls entirely contained in Bg(0), their (inverse) image is convex
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as well. By the non-local timelike isolation of A we find b_, by € Bg(0) N @(A)
which are t7-equidistant’ (and hence, as p is the center of the normal coordinate
chart, also 78-equidistant) from O such that b <« 0 < b. Consider the timelike
straight line segments [b_, 0], [0, b+] in Bg(0) (which are actually contained in
@(A) as well by the convexity of A and moreover correspond to the geodesic
segments in the manifold). These segments intersect at O in an ordinary Minkowski
hyperbolic angle of @ < oo (which is also the hyperbolic angle measured in the
manifold). Apply a Lorentz transformation if necessary to position these segments
in the plane spanned by 9y, d1 and such that they are symmetric (from a Euclidean
point of view) with respect to the 91 direction. Then the segment [b_, b ] is parallel
to the dp-axis. If necessary, choose S even smaller such that the ball is still convex
after the Lorentz transformation. Introduce a flat metric in the chart neighbourhood
via

Nt = —(2dx0)* + ) _(dx;)’. (5.1.3)
i=1

Clearly, g, =n < n+® and by choosing S smaller if necessary we can assume that
g < n holds on all of Bg(0). Set R := o (b—, by). Consider the following set:

R R
L= {x € Bs(0) | " (b_,x) > 3 7 (x,by) > ?} , (5.1.4)

which will be our replacement for the set in (5.1.2). Visually, this set may be
described as a “wide lens”. Using the law of cosines, an elementary calculation
yields O € L independent of w and R, see Fig. 13.

Say b_ := y1(t), by = y»(t), where y; and y» are the (unit speed) geodesics cor-
responding to the extensions of the straight line segments from above. By choosing
¢t smaller, i.e., by moving b_ and by closer to 0 along these segments (but still
keeping them equidistant to 0), it easily follows that R decreases as well. More-
over, L has a “width” which is only dependent on R and can be easily calculated.
Denote by g the midpoint of [b_, b ], which due to the above applied Lorentz
transformation is situated on the d;-axis. Let r be half the width of L. By choosing
t small enough, we can achieve that B, (¢) € Bg(0). In particular, L C B,(g) any-
ways holds and ¢ ~!(B,(q)) is geodesically convex. With arguments very similar
to [18, Theorem 10, Theorem 11 & Lemma 4] one can then show that (p_l (L) 1is
geodesically convex, causally convex and globally hyperbolic.

7 As the time separation is defined as the supremum of lengths of causal curves, it clearly
is dependent on which metric is considered. We denote by t¢ the time separation measured
with respect to the metric g. In the same spirit, we can define the signed distance with
respect to a certain metric, denoted by | - -|§:, which is the g-length of the unique g-geodesic
connecting two points (of course the two points have to be in a normal neighbourhood with
respect to g).

8 For two Lorentzian metrics g and h on a manifold we say & has wider lightcones than g,
and write g < A, if for all points the timelike past/future with respect to / contains the causal
past/future with respect to g, cf. [18]. In other sources, one may find the notation g < A and
the formulation g(v,v) <0 = h(v,v) <Oforallv e TM.



704 T. Beran, F. Rott

Fig. 13. Constructing nice neighbourhoods in the spirit of [18]

5.2. Formulation and proof of the gluing theorem

Now we can finally state and prove the Lorentzian analogue of the gluing theorem.

Theorem 5.2.1. (Reshetnyak’s gluing theorem, Lorentzian version) Let (X1, g1)
and (X», g2) be two smooth and strongly causal spacetimes with dim(X) =: n >
m := dim(X»). Let A1 and A, be two closed non-timelike locally isolating subsets
of X1 and X, respectively. Let f : A1 — Aj be a t-preserving and <-preserving
locally bi-Lipschitz homeomorphism which locally preserves the signed distance.
Suppose A1 and Ay are convex in the sense of Remark 5.1.1(iii). Suppose X and
X» have (sectional) curvature bounded above by K € R in the sense of [2]. Then
the Lorentzian amalgamation X := X1 Ua X»° is a Lorentzian pre-length space
with timelike curvature bounded above by K.

Proof. By [16, Proposition 3.5, Example 3.24, Theorem 3.26 & Example 4.9], X
and X, are strongly causal regular (SR)-localizable Lorentzian length spaces with
timelike curvature bounded above by K in the sense of [16]. Let[ p] € X and assume
first [p] = {p'}. We can choose comparison neighbourhoods in X (and in X») to
be (small enough) timelike diamonds, cf. [5, Remark 2.2.12]. Since A is closed, we
find a neighbourhood U; € X of p! which does not meet A;. Since X1 is strongly
causal, there exists a timelike diamond 7; (x!, y!) in U} containing p'. In particular,
this timelike diamond does not meet A; and hence Iy ([x], [y]) = 7 (I; (x!, yl)) by
Lemma 3.3.8. Since 7 restricts to 7; on X by Proposition 3.3.7, it easily follows
that Ix ([x], [y]) is a comparison neighbourhood for [p] € X. Thus, we only have
to further investigate points in A.

Let pl € A1. Choose normal coordinates (¢1, V1) around pp in X such that V;
is globally hyperbolic, convex in the sense of Remark 5.1.1(111) and f preserves

9 Technically, in this formulation the space A does not exist. As it is still convenient in
the proof to say when an equivalence class consists of two elements, we keep this notation.
One can simply define A := (A U Aj).
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the signed distance on Vi N A1 =: U;. We can further assume that V; is contained
in a comparison neighbourhood and a causally closed neighbourhood of p! in X
and all small enough balls inside V| are geodesically convex as well. Moreover,
by choosing V; smaller if necessary, we can also assume that f(U;) := U, is
of the form U, = V, N Ay where V, has all the properties we imposed on V.
In particular, (¢>, V2) are normal coordinates around p2 in X»>. As A is non-
timelike locally isolating, we find b! bi € U; which we choose t8!-equidistant
from p' such that ! «; p! « blr. Since f is t-preserving and hence <-
preserving, we have b2 b%_ € U, as well as b2 < p? <> b%_ (and they are
782 -equidistant from p?). By applying a Lorentz transformation, we can assume
e1(p') =0=02(p*), p1(bL) = p2(b2) =1 b_, p1(b}) = 2(b7) =: b and the
straight line segments [b_, 0] and [0, b4 ] lie in the plane spanned by 9y, 01 and b_
and b4 are symmetric with respect to the d; direction (as in Remark 5.1.2). Now
consider a set as the one described in (5.1.4) and recall the metric defined in (5.1.3).
Set R := " (b—, by). That is, define the set

~ R R
L= {x eR" | " (b_,x) > 3 (e, by) > 5} (5.2.1)

and set L; := (pl._l(Z)lo. By the observations in Remark 5.1.2, we have 0 €
L and hence p' € L;. In particular, by moving b_ and b, closer to 0 along
these segments, we can achieve that both L and L, have the desired properties
of geodesic convexity, causal convexity and global hyperbolicity. While we can
make no statement about the equality of L and L, as they belong to different
manifolds which we cannot relate as a whole, we indeed can say something about
their intersections with A;! Namely, we claim f(L; N A1) = L, N A». This fact
is absolutely essential so that the neighbourhoods of [ p] coming from X and X»,
respectively, are compatible. To this end observe that as we are in normal coordinates
around p’ and f is signed distance preserving, we have

0¢' @Il = 1p'a" 1§ = [p*a*|E = [0p* @)L, (522)
This in turn yields an equality on the nonnormalized angles:
/b_0¢1(a') = Zb_0¢s(a?). (5.2.3)

Thus, the n-triangles A(b_, 0, ¢; (a@")),i = 1,2 have two sides of equal length
and an equal angle between these sides. Then the law of cosines implies that the
opposite side is equal as well, i.e., [b_¢'(a")|L = |b_¢?(@?)|"L. An analogous
argument gives |¢'(a)bi |l = |p?(@®)by|L. Thus, ¢(a') and ¢>(a?) both lie
on the intersection of two lightcones and/or hyperboloids with respect to 1. In
any case this intersection is a Euclidean sphere of two dimensions less than the
manifold (if the manifolds do not have the same dimension, it is two less than
the lower dimensional manifold). Moreover, the center of this sphere is located on
[b—, by ] and thus, as [b_, b, ] is parallel to dy, all points on this sphere have the

10" If the dimension of X 2 is lower, one may want to view ¢, as embedding R™ into R”,
ie, @y : Vo > R™ x {0} CR".



706 T. Beran, F. Rott

same time coordinate. Because of the equality on the signed distance we obtain
nb_ —a',b_ —a') = n(b_ — a®, b_ — a?). This, together with the fact that
the first components of a' and a? are equal, implies nt(b_ — a',b_ — al) =
nt(b_ — a?, b_ — a®) and hence ot (b_,a') = o’ (b_,a?). In particular, we
have gol(al) e L if and only if gaz(az) e Landsoa! € L1 N Ay if and only if
a’ e LyNAy. Weclaimthat L := 7(LiULy)isa comparison neighbourhood for
[p] € A. .

We first show that L is timelike geodesic, i.e., for all [x], [y] € L with [x] < [y]
there exists a T-realizing causal curve from [x] to [ y] contained in L. To this end we
claim the following: Let {x'} =[x] e n(L;) € L and {y2} = [yl e r(Ly) € L.
Then Jx([x],[y]) N A € L N A. To see this, let [¢q] € Jx([x], [y]) N A. Then

lg] = {ql,qz}. Since [x] < [g], we find a chain of the form x! < al1

a% <3 a% ~ aé <i ...~ a,% <1 ql. Since f is <-preserving, we obtain
x! < ql by the transitivity of <;. Since g; < nt, we get <p1(x1) <<’7Jr <p1(q1).
Clearly, b_ < ¢1(x") as x! € L;. Then by the reverse triangle inequality

we obtain 77" (b_, gol(ql)) > o (b_,x) > g. A similar argument implies

~

o’ (g02(q2), by) > o’ (gaz(yz), by) > %. By the above arguments, we (lI?tain
both inequalities for ¢ (g') and ¢»(¢?). Thus, these points are contained in L and
SO qi e LiNA;and [¢g] € L N A follows.

Now let [x], [y] € L with [x] < [v]. If both belong to one space, we take the
(projection of the) original geodesic connecting them. More precisely, if x’ €
[x], yi € [yl,i € {1,2},thenm o Vi yi is a T-realizing curve connecting [x] and
[v] (since T restricts to 7; on X;). It is even contained in 7 (L;) as L; is causally
convex. So the only relevant case is (up to symmetry) {x!} = [x] and { yz} = [y]
with [x] € [v]. By Proposition 3.3.7 we find a sequence ([a,]),en such that

lim 1i(x',a,) + 12(ay, y%) = T([x]. D). (5.2.4)

By definition, we have [a,] € Jx([x], [y])NA forall n. By the above considerations,
it then follows that [a,] € L N A for all n. In particular, we find corresponding
sequences (a,ﬁ)neN inL;{NA;and (a,%)neN in L N A;. By construction, we have
L C Ji(b, b}r) and Ly, C Jo(b2, bi). Since V7 and V; are globally hyperbolic
and A and A; are closed, we find that these sequences converge to some al € A
anda? € Aj.Inparticular, [a,] — [a] € Jx([x], [y])NA.As[a,] € Jx([x], [yDN
A, we have x! <, a,l and aﬁ <2 y2 for all n. Since V| and V, are contained in a
causally closed neighbourhood, it follows that x! <; a' and a®> <, y? and hence
[a] € Jx([x], [y]D N A. In summary, we have

T(lxl, D = lim 71(x', a,) + 2@y, ) = lim 1(x',a,) + lim ©(a;, y*)
n—oo n—o0 n—oo
=", a") + @y,
where the last equality follows since 71 and 7 are continuous on L and L»,
respectively. Consider the two original geodesics from x! to a' and from a? to y?
which are contained in L and L,, respectively, as these sets are causally convex.

Then the concatenation of their projections is a T-realizing curve from [x] to [y]
contained in L.
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Fig. 14. The two cases of different triangle configurations

The fact that T|7 7 is finite and continuous easily follows from L being timelike
geodesic: if xt e [x], yi € [y],then T([x], [y]) = (xt, yi) by Proposition 3.3.7.
By assumption, this is finite and t; is continuous. So again, the case we have to
investigate further is (up to symmetry) {x'} = [x] and {y2} = [y]l. f T([x], [y]) >
0, then by the above there exists [a] € A such that 7; (x!, al) + v (d?, yz) =
T([x], [y]). The left hand side is finite by assumption.

As for the continuity of 7, note that T is lower semi-continuous by definition.
To see that T is upper semi-continuous in ([x], [y]), let [x,] — [x] and [y,] —
[y] be two sequences in L. We want to show T([x], [y]) > lim sup T([x,], [y.]).
If lim sup T([x,], [y.]) = O, there is nothing to show. Otherwise (at least for a
subsequence converging to the lim sup) we have [x,,] < [y, ] for large enough n. In
this case let [a,] € A be such that 1| (x,%, a,%) + rz(a,%, y,%) = T([x,], [y»]), which
exists since L is timelike geodesic. Similar to the above arguments, it follows
that a! € Ly N Ay and a2 € L, N Ay (here we have [a,] € Jx([x,], [ya]),
otherwise the argument is the same). By global hyperbolicity of V| and V, we infer
the existence of a convergent subsequence. Without loss of generality the whole
sequence converges, say [a,] — [a]. Then we compute

T([x1, vD) = ri(xl @) + na(@® y») = lim 71(x), a)) + lim (a2, y?)
n— oo n—oo

= lim 71(x}, a}) + 02(a2, y?) = lim T([x,], [ya]),
n—00 n—00

where the first equality holds since 71 and 7, are (locally) continuous.

So it is only left to show the triangle comparison condition. To this end consider a
timelike triangle 77 := A([x], [y], [z]) in L. Clearly, if all three points lie in a single
space, then the triangle satisfies the curvature bound by assumption. So we only
need to consider triangles passing through A, for which there are two possibilities.
Either an endpoint ([x] or [z]) of the triangle is isolated, i.e., one endpoint is in
one space while the other two points are in the other space. Or the intermediate
detour-point ([y]) is isolated, see Fig. 14.

The case where [y] is isolated, say [x], [z] € X1, [y] € X2, is easily finished:
indeed, choose arbitrary points [p] € [[x], [y]] N A, [¢g] € [[y], [z]] N A. Then
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[pl.Ig] € L N A. Since [x] € [p] € [y] < [g] < [z] and L is time-
like geodesic, we find a T-realizing (causal) curve from [p] to [¢] entirely con-
tained in L. We can divide 77 into three smaller timelike triangles. Consider
T» := A(pl, [¥], [q]), T5 := A(lx], [p], [¢]) and T4 := A([x], [¢], [z]). By the
convexity of A in the sense of Remark 5.1.1(ii1), we have [[ p], [¢]] € LN A. Thus,
T» € X, and 73 € X and so both timelike triangles satisfy the curvature bound.
Then by Lemma 4.3.1 also the bigger triangle 75 := A([x], [v], [¢]) formed by T»
and T3 satisfies the same curvature bound. Applying the gluing lemma once more to
the triangles 74 and T5 we obtain the desired curvature bound for the whole triangle
T, and this case is finished.

Finally, we consider the case where an endpoint is isolated, say [x] € X1, [v], [z] €
X» (the case of [z] being isolated is clearly symmetric). Choose points [p] €
[[x], [zl N A, [gq] € [[x],[y]] N A. Then [p], [¢q] € L N A. Since L and L, are
convex in the sense of Remark 5.1.1(iii), there is a unique geodesic from p' to
g' in L1 N A; and a unique geodesic from p? to ¢> in Ly N A», respectively.
Moreover, these geodesics correspond to each other under f and have the same
signed length since f preserves the signed distance. We denote this image in X
by [[p], [¢]] although it may not be a causal curve if [p] and [g] are not causally
related. By construction, we can identify the “subtriangles” T, := A([x], [p], [g])
with A(x!, pl, ¢! and T3 := A(pl, [q], [z]) with A(p?, g°, z%). In this way
we can view T and T3 as triangles in the manifolds X| and X, respectively,
independently of the causal character of [[ p], [¢]]. Thus, we can apply the manifold
version of the gluing lemma, cf. Lemma 4.3.3, to 7> and 73. In this way, we obtain
that 75 := A([x], [¢], [z]) satisfies the desired curvature bound. In particular, this
is a valid timelike triangle in X. At last, we apply Lemma 4.3.1 to the triangles
Ty := A(lql, [v], [z]) and T5 and we finally obtain that the original triangle T
satisfies the curvature bound as well. Thus, the proof is completed. O

Remark 5.2.2. (On regularity) Clearly, one can formulate the above theorem for
Lorentzian metrics of regularity C2. As the techniques in [18] work even in C11,
it is expected that this holds for the gluing theorem as well.
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Abstract

We investigate the compatibility of Lorentzian amalgamation with various
properties of Lorentzian pre-length spaces. In particular, we give conditions
under which gluing of Lorentzian length spaces yields again a Lorentzian
length space and we give criteria which preserve many steps of the causal
ladder. We conclude with some thoughts on the causal properties which seem
not so easily transferable.
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1. Introduction

Lorentzian length spaces are a comparatively new approach to a synthetic description of
Lorentzian geometry, introduced in [19]. This is in spirit very similar to metric geometry and
the theory of length spaces, which was key to developing a metric and synthetic point of view
of Riemannian geometry, without relying on any differential structure and machinery.

With the paper birthing the theory being only a couple of years old, this theory is, by math-
ematical standards, still in its infancy. There is, however, rapid progress being made in various
directions. The advancements in the theory of Lorentzian length spaces can roughly be sorted
into two directions (which are not disjoint, of course): on the one hand, there is the transla-
tion of fundamental and almost elementary concepts originally developed for (metric) length
spaces aiming to improve the robustness of Lorentzian (pre-)length spaces and bring it to a

Original Content from this work may be used under the terms of the Creative Commons Attribution
BY 4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.
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level of sophistication close to that of the metric counterpart. These range from the introduc-
tion of (hyperbolic) angles to the description of Ricci curvature bounds, Hausdorff measure
and gluing. Works in this direction include:

(1) [11] introduces optimal transport methods in Lorentzian length spaces, defines timelike
Ricci curvature bounds via suitable entropy conditions and gives applications to general
relativity (synthetic singularity theorems).

(i1) [18] examines the null distance in Lorentzian length spaces (which was first introduced
in [33] for spacetimes) and in turn studies Gromov—Hausdorff convergence, establishing
first compatibility results with respect to curvature bounds.

(iii) [23] defines an analogue to Hausdorff measure and dimension on Lorentzian length
spaces.

(iv) [6] introduces gluing techniques for Lorentzian pre-length spaces and gives an analogue
to the gluing theorem of Reshetnyak for CAT (k) spaces.

(v) [7] introduces the concept of (hyperbolic) angles, a notion very similar to the classical
Alexandrov angle in metric geometry, cf [8, definition 1.1.12], as well as timelike tan-
gent cones and an exponential map, which mimic the corresponding notions in a metric
(length) space, cf [8, definitions I1.3.18 and 11.4.4]. Via hyperbolic angles, the authors
also give a formulation of curvature bounds in terms of angle monotonicity.

(vi) [3] also developed, parallel to the above work [7], hyperbolic angles on Lorentzian length
spaces. In addition to a monotonicity formulation of curvature bounds, the authors also
introduce a formulation relating the size of angles and their comparison angles, similar
to the classical angle condition in metric geometry, cf [9, definition 4.1.5].

(vii) [5] formulates and proves a splitting theorem for (globally hyperbolic) Lorentzian length
spaces.

On the other hand, there are attempts to give synthetic versions of various ideas from classical
Lorentzian geometry and causality theory. Works in this direction include:

(i) [13] develops a notion of (in)extendibility for Lorentzian length spaces.
(i1) [2] defines an analogue to warped products for Lorentzian length spaces and relates the
timelike curvature of the product to the (metric) curvature of the base space.
(>iii) [1] expands the causal ladder for Lorentzian length spaces which was originally intro-
duced in [19].
(iv) [10] introduces time functions on Lorentzian length spaces and shows their existence to
being equivalent to K-causality.

Simply put, one is interested in ‘Lorentzifying’ known synthetic concepts from metric geo-
metry as well as synthesizing relativistic concepts from Lorentzian geometry. This article
should foremost be regarded as a follow-up to [6], so at first glance appears to be placed more
into the first category. However, we are mostly investigating how notions from causality theory
behave with respect to gluing, so in essence it is a mix of the two.

There are two main applications which immediately come to mind when thinking about
gluing constructions in the context of synthetic Lorentzian geometry. On the one hand, the
extendibility of spacetimes, in particular in a low-regularity setting, has gathered increased
attention, especially since [32] has shown that the Schwarzschild solution is inextendible even
as a spacetime with a continuous Lorentzian metric. As mentioned above, extensions of space-
times via Lorentzian length spaces have been studied in [13]. In this work, it is shown that a
(strongly causal) Lorentzian length space satisfying a synthetic analogue to timelike geodesic

2
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completeness, the so-called(TC)-property, is inextendible as a regularly localizable Lorentzian
length space, cf [13, theorem 5.3]. Thus, any extension in this setting comes with the price of
exhibiting curvature singularities, i.e. curvature unbounded from above in the sense of tri-
angle comparison. The gluing constructions introduced in [6] and further studied in this work
not only provide a framework for extensions in general, but in particular might prove use-
ful in establishing extensions which evade curvature singularities. On the other hand, gluing
may also find applications in the theory of impulsive gravitational wave geometries, cf [14,
chapter 20]. One way of constructing impulsive waves is via the matching of two spacetimes,
originally introduced in [28] and further developed in a more systematic way in [22] with
recent applications [21]. A particular relevant case of this procedure is to match two parts of
Minkowski space along a null hypersurface. With some very minor modifications, this can be
regarded as a special case of our construction. Moreover, matching along timelike hypersur-
faces anyways directly fits into our framework. Recently, the original construction by Penrose
has also been studied in other constant curvature spacetimes, see e.g. [29, 30]. Finally, match-
ing also finds applications in alternative theories of gravity, cf [31].

We begin by recalling some basic results and definitions about Lorentzian pre-length spaces,
gluing and the causal ladder. We continue with establishing under which assumptions the addi-
tional properties of a Lorentzian length space are retained. Then we discuss the inheritance of
most of the steps of the causal ladder. We will usually denote by X the amalgamation of two
Lorentzian pre-length spaces X; and X, and assume that the identifying map preserves the
Lorentzian structure (more details on this below).

Finally, we collect the main results of this work in the following two theorems (see below
for definitions of the required notions):

Theorem 1.1 (Causal inheritance). Let X; and X, be two Lorentzian pre-length spaces and
X := X1 Us Xp their Lorentzian amalgamation. Then we have the following preservation of
causality conditions.

(i) If X; and X, are chronological, then so is X.
(ii) If X; and X5 are causal, then so is X.
(iii) If X; and X; are extrinsically non-totally imprisoning, then X is non-totally imprisoning.
(iv) If X; and X, are strongly causal, then so is X.
(iv) If X; and X, are strongly causal, non-timelike locally isolating and distinguishing, then
X is distinguishing.
(v) If X; and X, are causally path-connected, locally causally closed, d-compatible and glob-
ally hyperbolic with A; and A; time observing, then X is globally hyperbolic.

Theorem 1.2 (Amalgamation of length spaces). Ler X; and X, be two strongly causal
and locally compact Lorentzian length spaces. Then X := X| Uy X5 is a (strongly localizable)
Lorentzian length space.

2. Preliminaries

Here, we briefly collect some essentials regarding the general theory of Lorentzian pre-length
spaces as well as Lorentzian amalgamation and the causal ladder. For more details, see [1, 6,
19]. As in [6], we set inf () = oo and sup () = O for convenience, as time separation and distance
metric take values only in [0, 00]. Moreover, if « : [a,b] — X, 3 : [b,c] — X are two curves, we
will denote by ax 3 : [a,c] — X their concatenation.

3
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Definition 2.1 (Lorentzian pre-length space). A tuple (X,d, <, <,7) is called a Lorentzian
pre-length space if the following holds:

(i) (X,<,<) is a causal space, i.e. < is a reflexive and transitive relation on X and < is a
transitive relation contained in <.
(i) 7: X x X — [0,00] is lower semi-continuous with respect to the metric d (in particular,
(X, d) is a metric space).
(iii) If x <y <z, then 7(x,z) = 7(x,y) + 7(y,2), and 7(x,y) > 0 <= x <K .

By [19, example 2.11], any smooth spacetime is a Lorentzian pre-length space (where the
distance metric d is given by a (complete) Riemannian metric). In fact, any continuous and
causally plain spacetime is a Lorentzian pre-length space as well, see [19, proposition 5.8].

We will usually abbreviate a Lorentzian pre-length space (X,d, <, <,7) by X. By x<y
we mean x < y and x# y and we will use common notation for sets described via causality
relations, e.g. J*(x) :={y € X |x<y}and I(x,z) ;== {yeX | x <y <Lz} =TT (x) NI (2).

In contrast to a metric length space, the correct notion of an ‘intrinsic Lorentzian space’ is a
bit more complicated. To get from a Lorentzian pre-length space to a Lorentzian length space,
one first needs to introduce the concept of causal and timelike curves.

Definition 2.2 (Causal/timelike curves). Let (X,d, <, <, ) be a Lorentzian pre-length space.

(i) A locally Lipschitz curve v :[a,b] — X is called future-directed causal (respectively
timelike), if y(s) < y(7) (respectively 7y (s) < (1)) for all s, € [a,b],s < t. Past-directed
curves are defined analogously. Unless explicitly stated otherwise, we assume all causal
curves to be future-directed.

(i1) The 7-length of a causal curve -y is given as

L (v) :Zinf{ZT(’y(ti),’y(ti+1)) la=to<t <..<t,=bnec N}. 2.1)

i=0

If v(a) = x,v(b) =y and L,(vy) = 7(x,y) we say that ~y is 7-realizing and we call (the
image of) such a curve a geodesic (segment).

The next ingredient is localizability, a concept which is similar to the existence of small
convex neighborhoods in Lorentzian manifolds. To this end, recall that the length of a curve
v : [a,b] — X in a metric space (X, d) is given as

n—1
LY (v) := sup {Zd(v(ti),fy(ti+1)) la=thy<t <...<ty=bmne N} .(2.2)
i=0

Definition 2.3 (Localizability). Let X be a Lorentzian pre-length space. X is called localizable
if every point in X has a neighborhood U such that the following holds:

(i) There is a constant C > 0 such that L¢(+) < C for all causal curves  contained in U.
(ii) There is a continuous map w =wy: U x U — [0,00) such that (U,d|yxu,<|uxu,
<|uxuv,w) is a Lorentzian pre-length space with the following non-triviality condition:
F(p)NU# forall p € U.
(ii1) For all p,q € U with p < g there is a causal curve y from p to g contained in U which is
maximal in U, i.e. L. () 2 L, («) for any causal curve « from p to ¢ in U, and satisfies

L.(7) = w(p.q).
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Note that w has necessarily the explicit form
w(p,q) = max{L,(v) | visacausal curvefrompto g containedin U} . (2.3)

U is called a localizable neighborhood. If every point has a neighborhood basis of localizable
neighborhoods, X is called strongly localizable.

The following definition contains some elementary properties of Lorentzian pre-length
spaces, some of which are required for a Lorentzian length space.

Definition 2.4 (Further properties of Lorentzian pre-length spaces). Let X be a Lorentzian
pre-length space.

(1) X is called causally path-connected if x <y implies that there exists a timelike curve
from x to y and x < y implies there is a causal curve from x to y.

(i) Let x € X and let U C X be a neighborhood of x. U is called causally closed if <|3,p
is closed, i.e. for all sequences (p,)uen, (¢n)nen in U with p, < g, for all n € N and
pn—p €U, q,— q€c Uwehave p <q.

(iii) X is called locally causally closed if every point has a causally closed neighborhood.

(iv) Define the function 7 : X x X — [0, 00],

T (x,y) :=sup{L, () | visafuture — directed causal curvefromxtoy}. (2.4)

We say X is intrinsic if 7 = 7.
(v) X is called d-compatible if for all x € X there is a neighborhood U C X and a positive
constant C such that L9(+) < C for all causal curves 7 contained in U.
(vi) A subset A of X is called causally convex if J(p,q) C A for all p,q € A.!
(vii) X is called interpolative if for all x,z € X with x < z there exists y € X such that
ILyKz.

Definition 2.5 (Lorentzian length space). A locally causally closed, causally path-connected,
localizable and intrinsic Lorentzian pre-length space is called a Lorentzian length space.

When dealing with metric spaces or even topological spaces, the notion of a subspace is of
great importance and hence also desired in our setting.

Definition 2.6 (Lorentzian subspace). Let A be a subset of a Lorentzian pre-length
space (X,d,<,<,7). There is a natural way to view A as a subspace, namely restrict-
ing the original structure of X to A, i.e. the subspace A is the Lorentzian pre-length space
(A, d|axa, <|axa, <[axa; Tlaxa)-

As in the metric case, a subspace of a Lorentzian length space is in general not a Lorentzian

length space anymore. The next definition introduces the key property required of subsets
along which one wants to glue.

Definition 2.7 (Timelike isolation). Let X be a Lorentzian pre-length space.

(i) X is said to contain no <-isolated points if I* (x) # () for all x € X.

! By definition, I (x),J* (x) are causally convex for all x € X. Moreover, intersections of causally convex sets are
causally convex and hence in particular causal and timelike diamonds are causally convex. Note that if X is causally
path-connected, then causal convexity can be formulated as in the case of spacetimes, namely all causal curves between
points in A are entirely contained in A.
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(ii) A subset A C X is said to be non-future locally isolating if for all a € A with It (a) # ()
and for all neighborhoods U of a there exists by € UNA such that a < b,. Similarly,
we define a non-past locally isolating set. We say A is non-timelike locally isolating if it
satisfies both properties.

Note that X (as a subset of itself) is non-timelike locally isolating if and only if no open subset
of X (viewed as a subspace) contains any <-isolated points.

Amalgamation in the metric case consists of two steps: first forming the disjoint union and
then forming the quotient with respect to an equivalence relation which results from the iden-
tification of distinguished subsets. The concept of a disjoint union construction can be adapted
naturally. For more details on amalgamation in the metric case see [8, 9].

Definition 2.8 (Lorentzian disjoint union). Let (X;,d|,<,<1,71) and (X,d>,<2,<2,72)
be two Lorentzian pre-length spaces and set X := X; LI X;. Define < := <; U<, i.e. ‘< C
XxX andx<y:<= 3Ji €{l,2}:x,y €X; Ax<; y. Similarly, define < := <; U <. Let
d be the disjoint union metric on X, i.e.

d; X;
d(x.y) { i(ny) xye 25)
00 else.
Define 7: X x X — [0,00] by
TilX, X,y € Xi
T(x,y) == (vy) (2.6)
0 else.

We call (X,d, <, <,7) the Lorentzian disjoint union of X; and X,.

It is easily seen that this always results in a Lorentzian pre-length space, cf [6, proposi-
tion 3.2.2]. This is in some contrast to the following quotient construction. While the map
introduced below is well-defined, it may happen that it is not lower semi-continuous. For a
counterexample see [6, example 3.1.8].

Definition 2.9 (Quotient Lorentzian structure). Let X be a Lorentzian pre-length space and
let ~ be an equivalence relation on X. The quotient time separation 7 : X x X — [0,00] is
defined as

n
(A, ) == sup{ZT(x,-,y,-) [x~x1 <y1~x<ya~ oo~ X, Sy~ YR E N} . @7
i=1
We call a sequence (x1,Y1,...,X,,y,) as above an n-chain from [x] to [y], or simply a chain. We
define [x] < [y] : <= 7([x],[y]) > Oand [x] < [y] : <= there exists a chain (x|, yy, ..., Xy, V)
such that x ~ x; < y; ~x3 <ya2 ~ ... ~x, <y, ~y. In words, we have [x] < [v] if and only if
there exists a causal chain from x to y and [x] < [y] if and only if there exists a causal chain of
positive 7-length between x and y. Moreover, recall the definition of the quotient semi-metric,

g([‘x]v [y]) := inf {Zd(xhyi) |)C ~ X1, Xigl ~ Vi, Y Y, N E N} ) (28)

i=1
cf [9, definition 3.1.12].

Under the assumption that the identified subsets are closed and non-timelike locally isolating,
the Lorentzian amalgamation is always a Lorentzian pre-length space. Morally, we need the

6
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glued subsets to be (topologically) closed so that the background quotient semi-metric is def-
inite, and the non-timelike local isolation, which can be though of as sime kind of openness in
timelike direction, to ensure that the lower semi-continuity of 7 is guaranteed.

Definition 2.10 (Lorentzian amalgamation). Let (X;,d;, < ,<,71) and (X5, ds, <2, <2,72)
be two Lorentzian pre-length spaces. Let A; and A, be closed and non-timelike locally
isolating subspaces of X; and X,, respectively. Let f: A} — A, be a locally bi-Lipschitz
homeomorphism? and suppose that the causality of A; and A, are compatible in the following
sense: for all a € A; we have I (a) # 0 <= I (f(a)) # 0. Let (X, UXa,d,<,<,7) be the
Lorentzian disjoint union of X; and X, and consider the equivalence relation ~ on X; LI X»
generated by a ~ f(a) for all a € A,. Then ((X; UX)/ ~,d,<,<,7) is called the Lorentzian
amalgamation of X| and X, and is denoted? by X U X>.

Note that Lorentzian amalgamation can be defined with surprisingly little compatibility of
the structure in the two different subsets. However, without such assumptions this construction
is usually poorly behaved, see [6, example 3.3.4] for an extreme counterexample. In partic-
ular, there is no hope for any compatibility results. Thus, unless explicitly stated otherwise,
we will always assume that f is 7-preserving and <-preserving, i.e. 7(a,b) = 7(f(a),f(b))
anda < b < fla) <f(b) forall a,b € A;. In similar fashion, when dealing with Lorentzian
amalgamation, X will always denote the amalgamation of two Lorentzian pre-length spaces X
and X, along the subsets A; and A, and we will identify X; with its image 7(X;). For an easy
to visualize example of this quite complicated construction, one might best think of gluing two
copies of the Minkowski plane along the #-axis.

We also want to explain and justify the notation we will be using from now on. Dealing
with causality in three different spaces at once can be overwhelming. Therefore, we decided to
highlight in the notation of causal and timelike pasts and futures in which space the respective
set is considered. Moreover, we prefer to not use the identifying map f when denoting points
in A;. Rather, we feel it is advantageous to highlight with an index from which space a point
comes originally, in addition to using bracket-notation for equivalence classes for points in X.
For example, if [x] € X; \ Ay, then [x] = {x'}. If [a] € A, then we write [a] = {a',a’} instead
of {a,f(a)}. Further, the (timelike) future of x' € X; is denoted by I (x!), while the future of
its equivalence class in X is denoted by I} ([x]). Similar notation will be used for sets related to
the causal relation, e.g. J»(x?,y*) and Jx([x], [y]) for causal diamonds in X, and X, respectively.
Finally, the usage of A is technically a bit misleading since this set is not yet introduced. On
the one hand, we feel it is quite clear what is meant by A, namely the shared set in the glued
space. On the other hand, one can set A := 7w(A; LUA;) for a rigorous definition. Compared
to [6], one tiny detail in notation will appear different to an attentive reader, however: it is
essentially never necessary to mention the original relations <, <, <3, <, or the original
time separation functions 7, 7». Rather, it is enough to deal with the corresponding notions in
the disjoint union. That is, in the language of definition 2.10 we have x' < y' if and only if
x! <y y!, and thus omitting the index in < leads to easier readability.

For a more detailed investigation of Lorentzian amalgamation and its elementary properties,
we refer to [6]. We will nevertheless collect some of the most useful facts for the current
work here. We emphasize one final time that we only consider gluing constructions where the
identifying map is well-behaved (otherwise, the following properties are of course not valid).

2 This means that every a € Ay has a neighborhood U C A; such that f|y : U — f(U) and its inverse are Lipschitz.

3 The notation X; L4 X is debatable as arguably the function f also plays a defining role in how the gluing behaves.
The main reason for our convention is to be in alignment with the major sources from metric geometry. The use of A
is justified in the paragraph below.
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Proposition 2.11 (Useful facts about Lorentzian amalgamation). Let X := X, Ly X, be the
Lorentzian amalgamation of two Lorentzian pre-length spaces X; and X5.

(i) T has the following simplified form:

_ T(-ximyi) xi7yi EXi,i € {1’2}a
(I, D) = sup {r(x,a")+7(d,y)} x €X;,y/ eX;, {i,j} ={1,2}. 29)
l[alesx([x],y])NA

Moreover, if T([x], [y]) > 0, the supremum can be approximated by only considering time-
like chains. _ _

(i) 7([x], v]) = 7(x,37),d([x], b]) <A, y)) 2" <3/ = [ <] and ¥ <y =[] <
bl,i.j € {1,2}.

Proof. See [6, remark 3.1.3, proposition 3.3.7, lemma 3.3.3, corollary 3.1.7]. O

Remark 2.12 (Convergence in amalgamation). Since d < d, for any sequence pi, — pi it
follows that [p,] — [p]. Conversely, if [p,] — [p] and [p] € X;, then for all subsequences in X;
we have Pfu. — p'. In particular, there always exists a converging subsequence in at least one of
the original spaces, cf [6, remark 3.3.5]. Indeed, if [p] € X; \ A;,i.e. [p] = {p'}, then [p,] = {p}}
for large enough n as well. Let U be an open neighborhood of p in X; that does not meet A;
(in fact, p’ has a neighborhood basis of such sets). Then 7(U) is a neighborhood of [p] since
7~ 1(7(U)) = U is open, and as such contains all but finitely many sequence members [p,,].
Thus, all but finitely many members p!, are contained in U and so p, — p' follows. Let [p] € A.
For any [p,] € X, there exists i € {1,2} such that p! € X;, thus there exists a subsequence in
at least one of the original spaces. Say (Pyllk)keN is a subsequence in X;. Let U; be an open
neighborhood of p'in X;. Then we find an open neighborhood U, of p?in X, such that AUN
A1) = Uy NAy. Then U := (U, U U,) is an open neighborhood of [p] in X and as such [p,, ] €
U,ie. p,lu € U, for almost all k. Hence p,llk —ph.

This remark remains valid for gluing finitely many spaces. Moreover, all statements in this
work concerning gluing easily generalize to finitely many spaces, it is just more convenient to
formulate everything with only two spaces at hand.

At last, we will briefly present the causal ladder for Lorentzian pre-length spaces. As noted
in the introduction, this was first introduced in [19] and further developed in [1]. Both works
formulated the steps for Lorentzian length spaces, but in the spirit of generality, we try to
do everything in the setting of Lorentzian pre-length spaces and rather specify the precise
additional assumptions that are needed.

On a somewhat related note, there is another notion of local causal closure introduced in
[1, definition 2.19] and also used in [10] which is more general than definition 2.4(iii) and
appears more advantageous in intrinsic and/or causally path-connected settings. We stick to
the original definition for two reasons: on the one hand, we prefer to not use intrinsic notions
explicitly whenever possible, and on the other hand we use local causal closedness anyways
only when we also assume strong causality, which is why we do not really lose any generality.

Definition 2.13 (Preparing definitions for causal ladder). Let X be a Lorentzian pre-length
space.
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(i) X is future-distinguishing if I'* (x) = I (y) = x = yforall x,y € X and past-distinguishing
if I"(x)=I"(y)=x=y for all x,y€X. X is distinguishing if it is both future-
distinguishing and past-distinguishing.

(i) X is future-reflective if I~ (x) C I~ (y) = I'T(y) C I'"(x) for all x,y € X and past-reflective
if IT(x) CIM(y) =1 (y) €I (x) for all x,y € X. X is reflective if it is both future-
reflective and past-reflective.

(iii) The relation K is defined as the smallest transitive and closed relation that contains <.

Definition 2.14 (The causal ladder). Let X be a Lorentzian pre-length space.

(i) X is chronological if < is irreflexive, i.e. x € x for all x € X.
(i1) X is causal if < is antisymmetric, i.e. x <y and y < x imply x =y.
(iii) X is non-totally imprisoning if for every compact set B C X there exists a constant C > 0
such that L¢() < C for all causal curves 7 contained in B.
(iv) X is strongly causal if Z := {I(x,y) | x,y € X} forms a sub-basis for the (metric) topology
D on X.
(v) X is K-causal® if the relation K is antisymmetric.
(vi) X is causally continuous if it is distinguishing and reflective.
(vii) X is causally simple if it is causal and J* (x) is closed for all x € X.
(viii) X is globally hyperbolic if it is non-totally imprisoning and J(x,y) is compact for all
x,yeX.

Theorem 2.15 (Implications of the causal ladder). Letr X be a Lorentzian length space. With
the additional assumption of local compactness in (v) = (iv), each step of the causal ladder
implies the previous one.

Proof. These implications have been established in [19, theorem 3.26] and [1, theorem 3.16].
O

3. Basics and preparations

Proposition 3.1 (Past and future representation). Let X be a Lorentzian pre-length space.

(i) JE(x) = Uyegt (I = (v) forall x € X.
(ii) If X is interpolative, then I (x) = Uyert (x)li (y) forall x € X.

Proof.

(i) ‘C’ holds anyways since x € J* (x). Conversely, if z € J*(y) for some y € J*(x), then
7 € J¥(x) by the transitivity of <.

(ii) ‘2’ follows as above via the transitivity of <. Conversely, if, say, z € I'"(x), then since X
is interpolative we find y € X such that x < y < z, hence z € I (y) and y € I (x). 0

Example 3.2 (Being interpolative is a necessary condition). Without requiring that X is
interpolative, the statement in Proposition 3.1(ii) is wrong in general. Consider, e.g. Minkowski
space with an open rectangle removed, depicted as in figure 1.

4 In [1], this is called stable causality, which is equivalent in the smooth case.

9
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Figure 1. In this case, I (x) = Uyt (/" (v) does not hold.

Then for a point x on the lower boundary of the rectangle equality does not hold in the
future case, since points on the upper boundary are not captured in any future of points in the
future of x.

Lemma 3.3 (Quotient relation reformulation). In an amalgamation X := X, Us X5, we have
[x] < [y] if and only if x* < y' fori € {1,2} or there exists [a] € A such that x' < a' ~d <y’
for {i,j} = {1,2}. Similarly for <.

Proof. ‘<’ of the statement follows immediately by proposition 2.11(ii). Conversely, [x] <[yl
states by definition that we find a causal chain of the form® ¥’ <da) ~a| <d)~a) <...~
dl, < y/ (whether the chain starts and ends in the same space does not matter for the proof). By
the causal preservation of the identifyingmap f: A; — A;, wehaveqy <a},, < a; <aj,,.
Thus, one can ‘shorten’ @} < al | ~daj | <d},, to a, <dj,,. If the two endpoints in the
chain are from the same space, then the chain reduces to a relation in the original space. If the
two endpoints are from different spaces, then one single point in A is needed to cross to the
other side.

With proposition 2.11(i), the timelike case follows in complete analogy. 0

Proposition 3.4 (Glued past and future representation). Ler X := X Ly X, be the amal-
gamation of two Lorentzian pre-length spaces X; and X,. Then we have the following decom-
position of (pasts and) futures in X:

(i) If [x] € A, fh@nli([ D) =n( (UL (x 2))
(ii) If, say, [x] = {x'}, then I} (|x ]) W(IT( YU (Ug caly (a?))), and similarly for the past

case.

The same holds for causal pasts and futures.

5 This follows by [6, remark 3.1.7]: points outside of A form their own equivalence class, so these ‘trivial” equivalences
can be immediately cut out via the transitivity of the relations.

0 By Uyt et I3 (a%) we mean the union of I} (a?) over all @' € I (x') N A;. This should be clear as the letter a is
usually reserved for points from the identified sets and the expression anyways does not make sense for points outside
of A.
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Proof. (i) This is essentially one half of [6, lemma 3.3.8]: ‘O’ follows immediately by pro-
position 2.11(ii). Conversely, suppose [y] € I} ([x]). Since [x] = {x',x?} we can find a chain
as in lemma 3.3 that starts in x' and ends in yi , which then reduces to an original relation.

(ii) Here, ‘2’ follows immediately as well. Let [y] € I} ([x]). Then by lemma 3.3, either x' <
y! or x! < a' ~ a*> < y*. These conditions precisely describe the right hand side of the
equation.

O

At present, it seems that strong causality is the ‘correct threshold’ at which Lorentzian pre-
length spaces behave reasonably. This is because at the stage of strong causality, the topology
and causality genuinely interact with each other in a desirable way. In some cases, it is very
convenient that 7 is not just a sub-basis but a basis for the topology. As it turns out, the deciding
property is that of non-timelike local isolation. This result was first covered in [4, theorem
1.6.33].

Lemma 3.5 (Basis for Alexandrov topology). Let X be a strongly causal and non-timelike
locally isolating Lorentzian pre-length space. Then I forms a basis for the topology.

Proof. Let U be a D-neighborhood of a point p € X, where D denotes the metric topology
on X induced by d. Then by strong causality of X we find points xi,y;,...,x,,y, such that
p € N'_,I(x;,y;) C U. Clearly, this intersection is an open causally convex neighborhood of p.
Hence, by the non-timelike local isolation of X we find points ¢_, g+ € N/_,I(x;,y;) such that
g- <p<qy.Thenp € I(q_,q+) CJ(g-,q+) CNI_I(x;,y;) C U, showing that any neigh-
borhood of any point contains a timelike diamond which contains that point. Indeed, it is
even possible to choose the ‘endpoints’ of the diamond to lie in the original neighborhood as
well. O

Corollary 3.6 (Strongly causal Lorentzian length spaces). Let X be a strongly causal
Lorentzian length space. Then L forms a basis for the topology.

Proof. This follows immediately by the definition of localizing neighborhoods. Indeed, let
peV:=n'_1(x;,y;) C U be as above, where U is a localizable neighborhood of p. Since
I*(p) NU # () and X is causally path-connected, we find a timelike curve y : [a,b] — X through
p, which by continuity is contained for some time in V, i.e. p € y((—¢,¢)) C V. Since V is
causally convex, any timelike diamond formed by points on y((—¢,¢)) is contained in V and
hence in U. O

In particular, causal path-connectedness and the absence of <-isolated points imply that a
Lorentzian pre-length space X is non-timelike locally isolating. The following three statements
are slight generalizations of some of the points in [19, theorem 3.26].

Lemma 3.7 (Reformulating strong causality). In a causally path connected Lorentzian pre-
length X space with no < -isolated points, strong causality is equivalent to the non-existence
of almost closed causal curves.

Proof. Strong causality implying the formulation with curves is already shown in [19, lemma
2.38]. Conversely, letx € X and let U be a neighborhood of x. Then we find a neighborhood V of
x contained in U such that J(p,q) C Uforall p,q € V. Since I (x) # (), there is a timelike curve
7 : |a,b] — X through x. In particular, setting y(0) =: x, there is € > 0 such that v([—¢,¢]) C V.
Then by assumption J(p,q) C U for p,q € y([—¢,¢]). Since I(p,q) C J(p,q), we have found
an element of the sub-basis of the Alexandrov topology inside an arbitrary neighborhood
of x. O

1
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Lemma 3.8 (Global hyperbolicity implies strong causality). A causally path-connected,
locally causally closed and globally hyperbolic Lorentzian pre-length space X with no < -
isolated points is strongly causal. In particular, such a space is locally compact.

Proof. If X were not strongly causal, by lemma 3.7 there exists x € X and a neighborhood
U of x such that for all neighborhoods V C U of x there are points p,q € V and a causal
curve between them leaving U. Since I (x) # () and X is causally path-connected, there is
a timelike curve + : [a,b] — X through x. By choosing points on this curve close enough to x,
we find p,q € v([a,b]) NU,p < x < g, where U is the supposed neighborhood where strong
causality fails. In particular, x € I(p,q). Since this set is open, there exists r >0 such that
B,(x) C I(p,q) CJ(p,q), where J(p,q) is compact by assumption. Since X is supposed to be
not strongly causal, for each r’ < r there is a causal curve with endpoints in B, (x) that leaves
U. Consider a sequence (7, ),en of such curves with endpoints p,,, g, € B, (x) for large enough
n. The image of each 7, is contained in the compact and causally convex set J(p,q), and
since X is non-totally imprisoning, there exists a constant C > 0 such that L,(~y,) < C for all n.
Parameterized by d-arclength, each curve ~, has [0,1,] as domain, with /, < C and Lipschitz
constant 1. Denote by 7 : [0,C] — X the reparametrization of ~, given by #,(f) := fy,,(%t).
Then

dn(s),3n(t)) = d(% (’C) - (’Cz)) s <ol )

In summary, ¥, : [0, C] — X and Lip(%,) < 1 for all n. Thus, all requirements of the limit curve
theorem [19, theorem 3.7] are satisfied. Since p,,, g, — x, we infer the existence of a causal loop
through x. Thus, X is not causal, a contradiction to X being non-totally imprisoning, cf [19,
theorem 3.26(ii)] (the cited theorem is of course valid in a causally path-connected Lorentzian
pre-length space).

Concerning local compactness, let p € X and let U C X be a neighborhood of p. By strong
causality we find points xy,y,...,X,,y, such that p € N/_,I(x;,y;) C U. Thus, N}_,J(x;,y;) is
a compact neighborhood of p as each J(x;,y;) is compact. O

Lemma 3.9 (Strong causality implies non-total imprisonment). A strongly causal, locally
causally closed and d-compatible Lorentzian pre-length space is non-totally imprisoning.

Proof. This is just extracting the right properties of a Lorentzian length space needed in [19,
lemmas 3.12, 3.15 and theorem 3.26]. O

Corollary 3.10 (Conditions for global causal closedness). A globally hyperbolic, causally
path-connected and locally causally closed Lorentzian pre-length space X with no <-isolated
points is globally causally closed, i.e. for any p, — p,q, — q with p, < q, for all n we have
P<gq

Proof. This is aconsequence of the Limit curve theorem [19, Theorem 3.7]: letp, — p,q, — g
with p, < g, for all n. If p=g¢g we are done so assume p # ¢g. By lemma 3.8, X is strongly
causal, so there exist timelike diamonds /(x;,y;) and I(x,y,) containing p and g as well as
infinitely many sequence members p, and g,, respectively. Then p,,,q, € I(x1,y2) C J(x1,y2)
by push-up, cf [19, lemma 2.10]. Moreover, J(x;,y;) is compact by assumption and hence
closed, so p,q € J(x1,y2) as well. By the causal path-connectedness we infer the existence of
causal curves -y, connecting p, and ¢,, which are all contained in J(x,y,). By the non-total
imprisonment of X, we find C >0 such that L%(~y,) < C for all n. With a reparametrization
argument as in lemma 3.8, we can apply the limit curve theorem to obtain a causal curve from
p to g, so in particular p < g. O
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Lemma 3.11 (Recovering subsets). Let X; and X, be topological spaces, A; C X;, and
f:Ay — A bijective. Consider the quotient space of X U X, generated by the equivalence
relation a ~ fa) for all a € A;. Let Y; CX; be subsets such that m(Y) NA;) = 7(Y2NA).
Then 77_1(7T(Y1 U Yz)) = Yl (] Yz.

Proof. We first show that 7T_l(7T((Y1 ﬁAl) (] (Y2 ﬂAQ))) = (Yl ﬁAz) (] (Yz ﬁAz). The inclu-
sion ‘2’ is always true. So let x € 7~ (7 ((Y; NA;) U (Y2 NA2))), then 7(x) = [x] € 7((Y1 N
A1) U (Y2NAp)). Clearly, [x] = {x',x?}, so there exists i € {1,2} such that x' € ¥; NA;, say
without loss of generality i = 1. Since m(Y; N A1) = (Y2 N A,) by assumption, it then follows
that [x] € (Y, NA,) as well. So we have x!,x> € Y] NA, LY, NA,.

The full statement easily follows from the following calculation, since, roughly speaking,
for points outside of A there is a unique pre-image:

N r (Y UYy)) =7 N (w((Y1 NAD) U (Y \ A U (YaNAy) U (Y2 \ Ar)))
(Y NATUY,NA) U (Y \A U Y, \Ar)))
“Hr(YiNA LY, NA) Un(Y\ A LY, \ Ay))
(Y NA LY, NA)) U (Y \ A U Ya \ Ay))
(YINA UY, NA) U (Y \A LY \Ay) =Y, LYy

4. Gluing Lorentzian length spaces

Next, we investigate the question of whether the amalgamation of Lorentzian length spaces
is again a Lorentzian length space. We cover each defining property separately and obtain the
final result in the end.

Example 4.1 (Being intrinsic vs. causal path-connectedness). Note that an intrinsic
Lorentzian pre-length space is not necessarily causally path-connected, as there might be
points which are null related but do not have a null curve joining them. Indeed, consider
the subspace (in the sense of definition 2.6) of the Minkowski plane J4((0,0))\ {(x,y) |
l <x=y <2}, ie. a causal future with a segment of a light ray removed. Then (1,1) <
(2,2),7((1,1),(2,2)) = 0, but there is no causal curve connecting the two points, see figure 2
on the left. Moreover, the two properties are independent, as the open subset of the Minkowski
plane viewed as a subspace depicted on the right in figure 2 is causally path-connected but not
intrinsic.

Proposition 4.2 (Causal path-connectedness). Let X; and X; be two causally path-
connected Lorentzian pre-length spaces. Then X := X Ua X3 is causally path-connected.

Proof. Let [x], [y] € X with [x] < [y]. If [x],[y] € X;, then x' < y' and the projection of a causal
curve in X; joining x and y' is a causal curve in X joining [x] and [y]. Thus, the only case left
to check is, up to symmetry, [x] = {x'} and [y] = {y?}. In this case, [x] < [y] implies that there
exists [a] € A such that d<al ~a? < yz, cf lemma 3.3. Since X and X, are causally path-
connected, there exist causal curves from x! to ¢! in X; and from a2 to y2 in X», respectively.
The concatenation of their projections is a causal curve from [x] to [y] in X.

Using proposition 2.11(i), the timelike case is entirely analogous. O

Before dealing with the property of being intrinsic, we state the following lemma.

13
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Figure 2. The space on the left is intrinsic but not causally path-connected. The space
on the right is causally path-connected but not intrinsic.

Lemma 4.3 (Quotient length of causal curves). Let X := X; Uy X, be the Lorentzian amal-
gamation of two Lorentzian pre-length spaces X; and X.

(i) Let v : [a,b] — X| be a causal curve in X;. Assume that f is not necessarily T-preserving.
Then Lz(m o) = L. (7). If f is T-preserving, then L=(w oy) = L, (). The same is true
for causal curves in Xo.

(ii) Let v : [a,c] — X be a causal curve resulting from the concatenation of projections of two
causal curves «: [a,b] — X, and § : [b,c] = X3, i.e. vy = (7w o) x (mw 0 B). Then Lz(y) =
L (o) + L7 (B).

Proof.

(i) This follows immediately by proposition 2.11(ii). Leta =1y < t; < ... < t, = b be a parti-
tion of [a,b]. Then S0~ 7(v(t:) ', v (tis1)") < 20— F([y(#:)], [y(tix1)])- Since the length
of a causal curve is defined as the supremum over such expressions, the claim follows. The
second claim in (i) follows with the same arguments and proposition 2.11(i), since in this
case we have equality for each partition.

(i) Note that we return here to the familiar setting of a structure preserving identification map
/- This claim would be wrong in general without this assumption. Via (i) and [19, lemma
2.25] we compute Lz(7y) = Lz(V|a0)) + Lz (V| p,e)) = L#(m 0 ) + Lz(m 0 3) = L (a) +
L.(5). O

Proposition 4.4 (Intrinsicality). Ler X; and X, be two intrinsic Lorentzian pre-length spaces.
Then X := X Uy X5 is intrinsic.

Proof. Let [x],[y] € X. If 7([x], [y]) = O, there is nothing to show, so suppose 7([x],[y]) > 0.
If [x],[y] € Xi, then 7([x], [y]) = 7(x,y). As X; is intrinsic, we find a causal curve ~ from x’
to y' such that L. (y) > 7(x',y") —e. Then Lz(7 0y) = L. (y) > 7(x',y") —e = 7([x],[y]) — .
In other words, if the two points are from the same space, the causality is unaffected by the
gluing process and hence a well-approximating causal curve in the original space projects to
a well-approximating causal curve in the quotient.

Again, the only case left to check is, up to symmetry, [x] = {x!} and [y] = {y*}. By propos-
ition 2.11(3i), we have 7([x], [y]) = sup{7(x',a') + 7(a*,y*) | [a] € Jx([x],[y]) NA}. Let [a] be
such that 7(x!',a') +7(a?,y*) > 7([x],[y]) — €. As X; and X, are intrinsic (and in fact, X; L X,
is intrinsic as well), we find causal curves y; from x' to @' in X; and ~y, from a? to y? in X, such
that, respectively, L, (1) > 7(x',a') — e and L. (v2) > 7(a?,y*) — &. Denote by ~ the concat-
enation of the projections of these curves. Then by lemma 4.3(ii), L=(v) = L, (71) + L-(72) >
r(xla') —e+7(x%,a?) —e > 7([x], ]) — 3e. O
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Proposition 4.5 (Local causal closedness). Let X; and X, be two locally causally closed,
strongly causal and locally compact Lorentzian pre-length spaces. Then X := X U X5 is loc-
ally causally closed.

Proof. At first, note that any subset of a causally closed neighborhood is again causally closed.
Let [x] € X\ A. Then there is an open neighborhood U; C X; of x' which does not meet A;,
and we can choose U; small enough to be contained in a causally closed neighborhood of
x" in X;. Then 7(U;) is a causally closed neighborhood of [x] in X. Indeed, 7 (U;) is open as
7! (7(U;)) = U is open. Then for any [p] < [q] in 7 (U;) it follows that p’ < ¢'.

Let [x] € A. Let V; and V, be open and causally closed neighborhoods of x!' and x* in
X, and X, respectively. Let V| be such that V] NA; =f~!(V2NA,) and let V; be such that
V3NAy =f(ViNA;). Then x! € Uy :=V;NV| and x> € U, := V, NV} are open as well as
causally closed and satisfy f(U; N A1) = U, NA,". It follows that U := 7(U; LU U,) is an open
neighborhood of [x] in X, cf lemma 3.11. The next step is very similar to the construction in
lemma 3.5: by strong causality we find points pl,q1,...,pl ¢} in X, and y?,23,...,y%, 22, in X»
such that x' € Sy :="'_,I;(p},q}) CU; and x> € S, := ﬂ}-”zllz(yf,zf) C U,. Then we find a
neighborhood O; of x which is contained in S; such that AO1NA))=0,NA;. AsA; and A; are
non-timelike locally isolating, we find b'_,b'. € O; NA; such that b' < x' < b’ ;i =1,2.1In
particular, x' € [;(b"_,b" ) C J;(b"_,b',) C S; C U; since S; is causally convex. Additionally,
by the local compactness of X;, we can assume that both these timelike diamonds are con-
tained in a compact neighborhood as well. We claim that (the closure of) D := Ix([b_],[b+]) =
m(L (b1, 6L ) UL (b2, b3)) =: m(Dy LI D,) is a causally closed neighborhood of [x] in X.

Let ([pu])nen;, [gn])nen be two sequences in D converging to [p] and [g], respectively, and
suppose [p,] < [gn] for all n € N. This means that for all n we either have p!, < ¢, or there
exists [a,] € A such that, say, p! <al ~a? < ¢2. Recall remark 2.12 and suppose first that
there exist subsequences such that p!, < ¢/, . Then p' € [p].¢' € [g] as X; is closed in X. Then
p' < ¢ follows since D; is causally closed. Otherwise, there exist subsequences that are up to
symmetry of the form p} < al ~a’ < g2 . By definition, [a,] € Jx([p],[gs]) € D. In partic-
ular, p;k,a}lk € Dy as well as a,%k,q,%k € D, for all k. As D; is relatively compact, we can extract
from (a,, )ren @ converging subsequence, say without loss of generality the whole sequence
already converges to some a' € D;. Since D; is causally closed, we infer p' < a! and a®> < ¢°.
In particular, we have [p] < [a] < [g] and hence [p] < [g], showing that D is a causally closed
neighborhood of [x] in X. O

The next two lemmas will be helpful for showing the preservation of localizability, but they
are also interesting on their own.

Lemma 4.6 (Localizing neighborhoods and strong causality). In a strongly causal, non-
timelike locally isolating and localizable Lorentzian pre-length space X, each point has a
neighborhood basis of localizable timelike diamonds, hence X is strongly localizable.

Proof. Let U be a localizing neighborhood of x € X. By strong causality and non-timelike
local isolation we find, as in lemma 3.5, p,q € U such that x € I(p,q) C U (note that X has
no <-isolated points as it is localizable). By the causal convexity of I(p,q), every causal
curve with endpoints in I(p,q) is entirely contained in I(p,q) and hence also in the original
neighborhood U. Thus, we can take the same d-compatibility constant C > 0 for I(p, q) that
we used for U. If y € I(p,q), then as I(p,q) is a neighborhood of y and X is non-timelike

7 We will use this construction of neighborhoods which agree on A via f and share some property several times
throughout this work. We will not give a detailed description in future cases.
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locally isolating, we find y_,y, € I(p,q) such that y_ < y <y, which immediately yields

I*(y)NI(p,q) # 0, so the non-triviality condition is satisfied. Finally, recall that wy(x,y) =

max{L(7) | vis a causal curve from xtoyin U}. We claim that wy|(p.q) x1(p.q) = Wi(p,q)» i-€- the

maximal curve between points in /(p, ¢) that is contained in U is already contained in I(p, q).
This follows immediately by the causal convexity of I(p,q).

Timelike diamonds form a basis for the topology, cf lemma 3.5, so X is strongly localizable.

0

Via lemma 4.6, we obtain the following very slight generalization of [13, lemma 4.3].

Lemma 4.7 (r determines w). Let X be a strongly causal, non-timelike locally isolating,
intrinsic and localizable Lorentzian pre-length space. Then each point in X has a neighbor-
hood basis of localizable neighborhoods where w agrees with 1. In other words, X is locally
geodesic.

Proof. Lemma 4.6 establishes the existence of a causally convex and localizable neighbor-
hood basis. Being intrinsic is the only additional property of a strongly causal and localizable
Lorentzian pre-length space that is required in the proof of [13, lemma 4.3]. O

Proposition 4.8 (Localizability). Let X; and X, be two strongly causal and locally compact
Lorentzian length spaces. Then X := X s X5 is localizable.

Proof. Let [x] € X\ A. Then we find a timelike diamond ;(p’,¢') in X; which is a localiz-
ing neighborhood of x' and does not meet A;. Then Ix([p],[q]) = 7(L;(p',q")) is a localizable
neighborhood of [x].

Let [x] € A. Similar to the construction in proposition 4.5, we find a timelike diamond
Ix(p],[q]) = 7(Ii (p',q") UL (p?,4*)) such that both original diamonds are localizing neigh-
borhoods in X and X, respectively. We claim that Ix([p], [g]) is a localizing neighborhood of
[x] in X. Let vy : [a,b] — X be a causal curve in Ix([p], [g]). Then 7~ ! (y([a, b]) is either a causal
curve in X; or it consists of pieces of causal curves in X; and X5. In the first case one can
take the original constant C; > 0 for -y by proposition 2.11(ii), so assume we are in the second
case. Say -y starts out in in X, leaves at [y] = y(s) € A and enters again at [z] = (r) € A.
Then 7! (7|[,y) is a causal curve in X; ending in y' and y' <z'. As X, is causally path-
connected, there is a causal curve between y' and z!, any of which by definition is contained
in Ji(y',z") C L (p',q"). Denote by « such a curve. Then the concatenation of 7" (v|[4)
and « is a causal curve in X;. In this way, we can piece together all parts of «y that lie in
X to obtain one single causal curve, denoted by ~;, which is still contained in (pl,ql).
Doing the same procedure in X, and denoting the corresponding curve by ~,, we infer that
Lz(v) < Lz(m om) + Ly(m 0 y2) < La(y1) + La(2) < C1 + Ca.

Concerning the non-triviality condition, let [y] € Ix([p],[q]). Then [p] < [y] < [¢] and a
timelike curve through [y] must lie partially in this neighborhood, hence I3 ([y]) N Ix([p],
[q]) # 0.

Finally, we need to show the existence of (continuously varying) maximal causal curves
in Ix([p], [¢]). We essentially need to show that the map & : Ix([p], [q]) % Ix([p],[q]) — [0, <],
defined via

&([y], [z]) := sup{Lz(7) | vis a causal curve from [y]to [z] contained inIx([p],[q])}, 4.1)

is continuous and there exists a curve which realizes the supremum. Note that 7 is intrinsic
by proposition 4.4, and 7 = @ on Ix([p], [g]) since the neighborhood is causally convex. Let
], [z € Ix([p], lq]) with [y] < [z]. If 7([y],[z]) =0, then either 7(y',z') =0 or for all [a] €
Jx([],[z]) NA we have 7(y!,a') = 7(a?,z%) = 0. In both cases, we find a null curve between
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the points in X, which by definition is contained in Jx([y],[z]) € Ix([p],[g]). In the first case
this is immediate with the projection and in the second case we concatenate two null curves
which exist by the causal path-connectedness of X;. So we are left with the case [y] < [z]. If
[v],z] € X;, then by the T-preservation of f: A; — A, and the fact that 7 is intrinsic, a maximal
curve in L(p',q') is still maximal in Ix([p],[q]). Indeed, @([y],[z]) = 7(],[z]) = 7(",2) =
wi(y',7'), cf lemma 4.7, where w; : I;(p',q') x I;(p',q') — [0, 00) is the continuous map return-
ing the maximal length of causal curves contained in I;(p’,¢'). So suppose without loss of
generality [y] = {y'},[z] = {z°}. Let (7.)nen be a sequence of causal curves from [y] to [g]
in Ix([p], [g]) such that their lengths converge to the supremum. By proposition 2.11(i), each
of these causal curves can be assumed to consist of (the projections of) two maximal causal
curves from y' to a! in I;(p',4") and from a2 to z% in L(p?,¢*), respectively, for some [a,] €
ANJx([y],z]) € Ix([p],q])- This restriction does not decrease the length of curves and we are
considering a sequence whose lengths converge to the supremum. By the local compactness of
X; we can assume that the neighborhoods were chosen small enough such that even J;(p, ¢')
is contained in a compact subset. Thus, we infer the existence of a converging subsequence
of (a!),en, say without loss of generality @/, — a' € A; NJ;(p',¢'). By construction we have
x! <al ~a? <y? for all n. Since J;(p', ¢') can be assumed to be causally closed as well (just
shrink everything), we infer x! < a' ~a® <y? and hence [a] € ANJx(]y],[z]) € Ix([p], [9])-
By hypothesis, we find maximal causal curves from x' to a' in J;(p',¢') and from a? to y?
in J>(p?,4?). Denote the (projections of the) two pieces by ' and 42, respectively, and their
concatenation by +y. This is a maximal causal curve from [y] to [z] in Ix([p], [¢]): using lemma
4.3, we clearly have Lz(7y,) = L, (7)) + L, (v2), where ! and ~? are the (maximal) parts of
v.inI;(p',q") and I,(p?, ¢%), respectively. Then we compute

&(D[e)) = lim Lz (y,) = lim (L-(,) + Lr (7))
= lim L, (7)) + lim L, (v2) = lim w;(y",a}) + lim w,(a?,7?)
n—oo n—oo n—oo n—oo
=w(ya") +w(@ ) =L(y") + L (77) = Lz(7).

Let [y.] — [y] be a sequence, then [y,,] = {y}} for large m. This yields a sequence of jump
points [b,] and corresponding maximal causal curves 3, from [y,] to [z]. In particular,
([bm])men converges as well and so we obtain a causal curve § from [y] to [z] through, say,
[b]. By the above calculation we know that + is a maximal causal curve from [y] to [z], so
we have limy,— 00 @([ym], [2]) = Lz(8) < Lz(y) = &([y], [z]). Conversely, recall that Lz(vy) =
L (1) 4 Lr(72). Say 7, is parameterized by [0, 1] and consider the map 7 +— L (v1|j,1)). This
map is continuous by [19, lemma 3.33] (local continuity of 7 is clearly sufficient in the proof,
i.e. the curve is contained in a neighborhood where 7 is continuous). For appropriately small
>0, let # be such that L (vi[(,,1]) = Lr (71) — €. As y' < 71 (1)!, we have y}, < 71 (1) by the
openness of <. Since X| is causally path-connected, we find a causal curve from y! to v (1)!,
denote it by ay,. Then we compute

gim B[y ) = T Le(8,) > im Le((x o (am ) * (7 072))
> Le(y) e =a(bL.l) —e.

This establishes that & is continuous on (Ix([p],[q]) x Ix([p],[q])) N (X1 \ A1 x X5\ A;)U
(X2 \ A2 x X1 \ A;)). We also know that & is continuous on (Ix([p], [g]) % Ix([p],[g])) N (X1 x
X1) U (X, X X3)), which together cover Ix([p], [q]) % Ix([p], [g])- The only thing left to check is
that the two cases fit together in the following scenario: let [y] = {y'},[z] € A and let [z;] — [Z]
be a sequence such that [z;] = {z7} for all k. We have to show &([y], [z]) = @([y], [2]). By
above calculations, we have &([y], [z]) = 7(v', i) + 7(c2,2%) and @([y], [z]) = 7(3',2") for
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some sequence ([cx])ren in A. The convergence of ([ci])ken gives a limit jump point [c]
for [z]. On the one hand, we have lim; & ([y], [z2]) = limg(7(y", ¢}) + 7(c?,22)) = 7(y',c") +
(2, 22) =704 ) +7(ch 2 <72 =F(D, [2]) = ©([y], [2]) by the maximality of @ or
by the reverse triangle inequality for 7. On the other hand, we know 7 is lower semi-continuous
and T =@, so limg@([y], [zx]) = @([y],[z]). This establishes that & is continuous and hence
Ix([p],[q]) is a localizable neighborhood of [x]. O

Collecting the previous propositions, we obtain the following theorem:

Theorem 4.9 (Amalgamation of length spaces). Let X; and X> be two strongly causal
and locally compact Lorentzian length spaces. Then X := X| Uy X5 is a (strongly localizable)
Lorentzian length space.

Proof. All assumptions in propositions 4.2, 4.4, 4.5 and 4.8 are satisfied, so X is a Lorentzian
length space. The claim on strong localizability follows by corollary 3.6 and lemma 4.6.8 [

5. The causal inheritance

In this chapter, we take a look at the compatibility of the causal ladder with Lorentzian amal-
gamation. We consider various steps of the causal ladder in separate statements and then sum
everything up in a final theorem. As it turns out, many causality conditions are able to be
inherited by Lorentzian amalgamation if one is willing to admit some additional properties.

Proposition 5.1 (Chronology and causality). Let X; and X, be two Lorentzian pre-length
spaces and X := X Ux X, their amalgamation.

(i) If X; and X, are chronological, then so is X.
(ii) If X; and X, are causal, then so is X.

Proof.

(i) This is immediate from proposition 2.11(i), as for any [x] € X; we have 7([],[x]) =
7(x!,x') = 0 since X; is chronological.

(ii) If [x] and [y] are from the same space, say X, then this follows from the causality of X;.
So assume [x] € X; \ A, [y] € X3 \ A, with [x] < [y] and [y] < [x]. Then we find [a], [b] € A
such that

x' <a' ~a? <yrand y? <P~ b <l (5.1

By the transitivity of < it follows that o' < a' and a*> < b?. Since X, and X, are causal
and f is <-preserving, we obtain a' = b' and a®> = b?, i.e. [a] = [b]. Then (5.1) implies
[x] = [a] = [b] = [y], a contradiction. O

Proposition 5.2 (Strong causality). Ler X; and X, be two strongly causal Lorentzian pre-
length spaces. Then X := X L X is strongly causal.

Proof. If [z] € X\ A, let U be a neighborhood of 7] that does not meet A. Then 7~ !(U) is a
neighborhood of, say, z! in X, that does not meet A,. By strong causality of X, we find points

8 Technically, for the strong localizability one needs to either slightly adapt the construction of neighborhoods in
proposition 4.5 or apply proposition 5.2.
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Figure 3. Showcasing the property of being time observing.

xb,yhad,yd,oxh vl in Xy such that 2t e NP 1 (x},y!) C 7 (U). As 7y, is injective, we
compute [2] € 7(_ 11 (1)) = (_ (s (5 91)) = (0 Iy (i, i) € ! (U)) = U

Let [z] €A and let UC X be a neighborhood of [z]. Then 7~!(U) is open in X; LI
X3, i.e. 71 (U) = U, U U,, where U; is open in X;,i = 1,2. Moreover, by definition we
have f(U; NA;) = U, NA,. By strong causality, we find points x!,y},x3,v3,... x}, vl in X,
and p?,q},p3,43, ..., P4, 4% in Xa such that ! € Dy :=n7_ I, (x},y}) CU; and 22 € D, :=
N7y (pjz,qu) C U,. Then we find open neighborhoods V; C D; such that (V1 NA;) =V, N
As. As A; is non-timelike locally isolating, there exist b, ,b" € V; NA;, such that b’ <
7 < V.. Since D; is causally convex, we have I(b'_,b',) C D; C U;. Finally, I(b" b} )L
I(b*,b%) CU U U, =7~ (U) and hence

U=n(r"'(U)) =n(UiuU) 2 w(I(bL,bY ) LI ,b%)) = Ix([b_], [b]), (5.2)

where the first equality holds since 7 is surjective and the last equality is due to proposition
3.4. To summarize, in an arbitrary neighborhood of [z] we found an intersection of elements
of the sub-basis of the Alexandrov topology, showing that X is strongly causal. 0

Definition 5.3 (Time observation). A subset A of a Lorentzian pre-length space A is called
future observing if for every x € X there exists a_ € A such that J*(x) NA CJ"(a_)NA.
Similarly, we define a past observing set. We say A is time observing if it is both future and
past observing. In particular, we then infer for all x,y € X the existence of a_,ay € A such
that J(x,y) NA C J(a—,a4) NA, see figure 3.

Note thatJ~ (A) NJT(A) = Xis a sufficient condition for A being time observing. Indeed, in
this case forallx € Xwe finda_ anda inA suchthata_ < x < ay andhenceJ™ (x) CJ (ay)
as well as J* (x) CJ(a_).

Proposition 5.4 (Global hyperbolicity). Let X; and X> be two globally hyperbolic, causally
path connected, locally causally closed and d-compatible Lorentzian pre-length spaces. Let
A and A; be time observing. Then X := X s X is globally hyperbolic.

Proof. By lemma 3.8, X and X, are strongly causal, so by proposition 5.2, X is strongly
causal. It is easy to infer via proposition 4.8 that X is d-compatible as well. Then X fulfills
all the assumptions to apply lemma 3.9, showing that X is non-totally imprisoning. It is left
to show that diamonds in X are compact. Let [x],[y] € X with [x] < [y]. If [x], [y] € X; \ A; and
Ji(x,y"YNA; =0, then Jx([x],[y]) = w(Ji(x',y")) inherits the compactness by assumption. If
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[x],[y] € A, the compactness of Jx([x],[y]) = 7(J;(x!,y") UJ2(x%,y?)) follows by assumption
as well. The two cases left to show are [x], [y] € X; and their causal diamond meets A or, say,
b = {x'}, b = {7}

Assume we are in the first case, and both points are contained in, say, X; \ A. By proposition
3.4, we then have

Ix((d, b)) = (i (' y') U (U can S (@) N (Upiyi 5 (67)))- (5.3)

Let ([pa])nen be a sequence in Jx([x], [y]). If there exists a subsequence (p), )ren in Jy (x',y'),
then by the compactness of J; (x!,y!) we can extract a convergent subsequence which yields a
convergent subsequence of ([p,])»en. So suppose all (but finitely many) sequence members are
from the second space originally. By definition, this means that for all large enough n € N we
finda!,b! € Ay suchthata? < p? < b2. Inparticular, x! < a! <bl <y',s0al bl €1 (x!,y')N
Aj. Since A; is time observing, we find g, ¢! € A; such that J;(x',y") NA; CJi(¢L, 4 )N
Ay.Thenalsoal,b! € Ji(g" ¢! ) N A, and sincef is causality preserving, we conclude a2, b2 €
J2(q% 4% ) N Az as well. Thus, (p2),cn is contained in a compact set and has a convergent
subsequence, say without loss of generality the whole sequence already converges to some
p2 S (legal.];(az)) N (Ublgyl.]; (bZ)) =:D.

It is left to show that p? is not only in the closure but inside the set D itself. To this end
consider the resulting sequences (b2),cn and (a?),en. Clearly, x! < al < bl <y! for all n by
assumption. The two sequences (b}),exn and (a!),en also possess convergent subsequences
since they are contained in the compact set J; (x',y!). Say a} — a',b} — b!, then x' < a' and
b' <y! by the (global) causal closedness of X;. Thus, J; (a*) and J; (b?) are also part of the
unions in D. By the causal closedness of X,, we infer from aﬁ < pﬁ < bﬁ that a? < p2 < bR
So p? is an element of D and not just of D. In particular, [p] € Jx([x],[y]). This shows that
Jx([x],[y]) is compact. The case of [x] € X\ A, [y] € A is similar and less complicated than the
one we just proved.

Finally, consider the case [x] = {x'},[y] = {y*}. Then

Te(I, D)) = 70 (¢) N (U7 (@) U (U 5 (B1) I3 (0R)). (54

Let ([pa])nen be a sequence in Jx([x], [y]), then there is a subsequence in one of the two original
spaces. Say without loss of generality p) € Ji (x!) N (U,25.2J; (a")) for all n. Then for all n
we have that there exists [a,] €A : X< p,11 < a,ll ~ a,% < yz. As A is time observing, we find
¢ € A, such that Jy (c?)NA;, D Jy (y*) NA,. Thus, we have ¢ > a2 for all n, and hence ¢! >
al as well. In particular, p. al € J;(x!,c!) for all n, so we infer the existence of converging
subsequences, say p} — p' and al — a'. By the global causal closedness, it follows that p! <
a'. Moreover, by y? > a2 for all n we infer y* > a2, sop' € J{ (x') N (Uje52J7 (a')) and hence

[p] € Jx([x],[y]), establishing that diamonds are compact. O

Proposition 5.5 (Distinction). Ler X; and X, be two strongly causal, non-timelike locally isol-
ating and distinguishing Lorentzian pre-length spaces. Then X := X Uy X» is distinguishing.

Proof. We need to show that I5 ([x]) = I+ ([y]) implies [x] = [y] for all [x], [y] € X. We distin-
guish several cases depending on where the points originally come from. We will only con-
sider the future case, as the past case is completely analogous. Suppose first [x], [y] € A with
I ([x]) = I} ([y])- By proposition 3.4, we then have 7 (I} (x') U I (x?)) = (I} (") U I (7).
Asf is <-preserving, we clearly have 7 (I} (x') NA;) = 7(I3 (x*) N Ay) as well as 7 (I (y') N
Ay) =7(I (*) NAz). By lemma 3.11, we then infer I (x'") UL (x*) =7~ (= (I (x") U
I(2)) = 73 (r(IF (D) UL (2))) = IF 01 UL (2). So'in particular I (x1) = I (+') and
I (x*) = I (*), hence [x] = [y] by X; and X, being distinguishing.
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Figure 4. In this example, we have I} ([x]) = I} ([y]) but [x] # [y].

Now suppose, say, [x] € X; and [y] € X; \ Ay, with If ([x]) = L7 ([y]). If [x] € X1\ Ay,
then we have m(I} (x') U (Unculy (a®)) = w(I] (") U (Uy il (b%)) by proposition 3.4.
Similarly as above, we have 7(I; (x!) N A1) = m(Up < a I (a*) N Ay) by the < -preservation of
f- Indeed, let b e IT (xl) N Aj, then since < is open, there is a neighborhood U of b' such that
UC IT (x'). As A; is non-timelike locally isolating, we find b' € UNA; such that b' < b'.
Then also b%. < b? and since x' < bl , it follows that b*> € Uy I (a*) NA,. Conversely,
if b* € Up oI (a*) NA,, then we obtain the existence of ¢! € I} (x!) NA; such that ¢? <
b*. Then also c¢' < b' and hence x' < b!, establishing b' € I;r (x")NA;. In summary,
we have shown b' € I;(x')NA; whenever b? € Uy o1y (a®) NA,, ie. w(I7 (x')NAy) =
T(Up<aly (@*) NAy). Then we have I} (x') U (Uncuif (@®) =1 (") U (Up Iy (%) by
lemma 3.11. So I} (x') = I (y') and hence x' = y! and [x] = [y] by X, being distinguishing.

In the case of [y] € X; \A; and [x] €A, we can proceed analogously using 7 (I} (x') U
1 (2)) = 71 () U (U e IS ().

It is left to cover the case of [x] € X;\A; and [y] € X, \ A,. We then have I} ([x]) =
(I (") UUpcaly (@) = m(Upedf (@) UL (?)) = I ([y]). By similar arguments as
before we conclude 1] (x') = U 21 (a') and Uy oI5 (a*) = I (y*). Note that using the
same letter in both unions is in fact not sloppy but accurate: if, say, y*> < a?, then by the above
equality we infer the existence of some b' € I (x!) such that b? < a®. Then b' < a' and since
x! < b', we have x! < a'. We can apply the same argument vice versa. To emphasize, we have
x! < a' if and only if y* < a? for all [a] € A. Now we use similar arguments as in proposition
5.2. Since x! € X; \ A, we find a neighborhood U, containing x! that does not meet A;. By
lemma 3.5 we find a timelike diamond D; inside U; which contains x! and whose endpoints
lie in U;. Then for all ¢! € D; N Ifr (x') (which is nonempty by non-timelike local isolation),
there cannot exist a' € I} (x') N A; such that a' < ¢', since otherwise a' € D;. In particular,
q' ¢ Upc el (a') while ¢' € IT (x"), a contradiction. So under our assumptions, two points
from two different spaces cannot have the same future. In summary, we conclude that X is
distinguishing. O

Example 5.6 (Double flagpole). The following example demonstrates that without the
assumptions of strong causality and non-timelike local isolation, proposition 5.5 fails.
Consider two ‘flagpoles’ in the Minkowski plane, i.e. the union of (part of) the t-axis with
a rectangle, see figure 4. Both of these spaces are distinguishing. Gluing them along the #-axis
results in a space which is not distinguishing anymore.

Until now, most of the properties were able to be transferred either as is or with relatively
harmless additional assumptions. This changes now, as the remaining steps of the causal ladder
appear to be less suitable for preservation via gluing constructions.
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Let us begin with non-total imprisonment. It is easily shown that a compact set in X is built
from two compact sets in X; and X», i.e. for any compact K C X we have K = 7(K; UK>)
with K; C X;,i = 1,2 compact. Further, any causal curve in K can thus be decomposed into
causal curves in K; and K,. Then the first problem is that the causal curve may consist of
infinitely many pieces. At first glance one might eliminate this problem by imposing causal
path-connectedness on X; and X, which would enable us to connect all pieces in one space
into a single curve. Then of course the problem is that these connecting pieces cannot be
guaranteed to stay inside K| or K,. This is yet another indicator that below strong causality,
there is no way of taming the causality and relating it to the topology.

The following definition can be regarded as a ‘non-intrinsic’ formulation of non-total
imprisonment. We will show that under this stronger condition, the property of non-total
imprisonment is inherited.

Definition 5.7 (Extrinsic non-total imprisonment). Let X be a Lorentzian pre-length space. X
is called extrinsically non-totally imprisoning if for every compact set K C X there is a constant
C >0 such that for all causal sequences (x1,x2,...,%,) in K we have > "_, d(x;,xi+1) < C,
where a causal sequence satisfies x; < x4 foralli. Since L; is given as the supremum of causal
sequences, we immediately get that this property implies non-total imprisonment. Moreover,
we also have the same bound for infinite sequences, since if there exists an infinite causal
sequence whose sum of distances is larger than C, then this must already occur after summing
up finitely many distances.

Remark 5.8 (Placing the extrinsic version on the causal ladder). Recall the classical
example of a spacetime which is causal but not strongly causal, cf [27, example 14.12]: the
Lorentz cylinder M := S' x R with two horizontal strips removed. This spacetime is also non-
totally imprisoning, as in fact any causal curve has a (uniformly) bounded d-length since wrap-
ping around is forbidden via the removed pieces. Thus, also any causal chain has uniformly
bounded d-length. So M is an example of a extrinsically non-totally imprisoning space which is
not strongly causal. This suggests at least that this property is not stronger than strong causality.

Lemma 5.9 (Decomposition of compact subsets in amalgamation). Let X; and X, be met-
ric spaces, A; C X; closed and f: Ay — A, a locally bi-Lipschitz homeomorphism. Consider
the quotient space X of X1 LU X, generated by the equivalence relation a ~ f(a) for all a € A;.
Let K C X be compact. Then there exist compact K; C X;,i = 1,2 such that 1 (K) =K, UK.

Proof. Let K C X be compact. Then by definition 7~!(K) = K; LUK, C X, LI X, for some K; C
K. Let, say, (x!),en be a sequence in K. Then ([x,]).en is a sequence in K, which contains a
convergent subsequence as K is compact, say ([x,])nen — [x] € K. Note that (X, ) is closed in
X, hence [x] € KN7(X;) = 7(K;). Thus, x} — x! follows easily, cf remark 2.12. This shows
that K is compact and similarly for K. 0

Proposition 5.10 (Non-total imprisonment). Let X; and X, be two extrinsically non-totally
imprisoning Lorentzian pre-length spaces. Then X is non-totally imprisoning.

Proof. Let K be a compact subset of X. Then 7~ !(K) = K; LUK, for compact K; C X; and
K, CX,.

Let v : [a,b] — K be a causal curve. Then either 7~ (+([a,b])) is a causal curve in K; or
it consists of pieces of causal curves in K| and K. In the first case we can take the original
constant C; of K; by the extrinsic non-total imprisonment of X;, so assume we are in the second
case. Without loss of generality, assume + starts out in X1, leaves X; through [p] =~(¢;) € A
and enters X again at [g] = v(t,) € A. By the <-preservation of f, we obtain p' < ¢'. By the
extrinsic non-total imprisonment of Xy, we have Ly(v|(4,,]) +d(p',¢") < C1 (remember that
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Ly is given as the supremum of lengths of causal chains, each of which satisfies the given
bound by assumption). Doing this iteratively for all jump points, we end up with two causal
sequences (each of which may have infinitely” many members, as y may jump infinitely often)
in K| and K>, respectively. In the end, this implies L5(v) < Ci + C». O

Finally, we collect all compatibility results regarding the causal ladder and amalgamation
into the following theorem.

Theorem 5.11 (Causal inheritance). Let X; and X» be two Lorentzian pre-length spaces and
X := X Uy X, their Lorentzian amalgamation. Then we have the following preservation of
causality conditions.

(i) If X; and X5 are chronological, then so is X.
(ii) If X; and X5 are causal, then so is X.
(iii) If X; and X, are extrinsically non-totally imprisoning, then X is non-totally imprisoning.
(iv) If X; and X, are strongly causal, then so is X.
(v) If X; and X, are strongly causal, non-timelike locally isolating and distinguishing, then
X is distinguishing.
(vi) If X; and X are causally path-connected, locally causally closed, d-compatible and glob-
ally hyperbolic with A; and A, time observing, then X is globally hyperbolic.

Proof. This is a summary of propositions 5.1, 5.10, 5.2, 5.5 and 5.4. O

6. Outlook on missing properties

The remaining properties of the causal ladder, for now, are not inherited by gluing under
‘reasonable’ additional assumptions. These are K-causality, reflectivity and causal simplicity.
Nevertheless, we will give our (unsuccessful) thoughts and discuss these properties in some
detail.

6.1 K-causality

Let us begin with K-causality. In [10], it is shown that for certain Lorentzian pre-length spaces
this is equivalent to the existence of a time function, which seems a bit more convenient to work
with. The most obvious approach for constructing a time function on a glued space X under
the assumption that X; and X, do possess time functions is the following: start with a time
function T : A} — R and consider the corresponding time function 75 := T} o 1A, - R
Suppose we could extend 7' and T, to time functions defined on the entirety of the spaces X
and X, (and denote the extensions again by 7'} and T, respectively). Then consider a function
T: X — R defined by T([x]) := T;(x'). This function is well defined since for [x] € A we have
Ti(x') = T,(x?). If [x] < [y] in X, then either x' < y' or there exists [a] € A such thatx' < a' ~
@ <y’ In the first case we have T([x]) = T:(x') < T;(y') = T([y]), since T; is a time function
on X;. In the second case, we know T([x]) = T;(x') < T;(a') = Tj(&’) < T;(y/) = T([]). Thus,
T is a time function (it is continuous since 71 and T are).

Of course, the difficulty lies in extending a time function from a subset to the whole space in
such a way that it stays a time function. Historically, techniques and results from utility theory

9 Notice there are at most countably infinitely many jump points. Indeed, the domain [a, 4] can only be covered by
countably many non-trivial subintervals, as, e.g. a measure theoretic argument shows.
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have enabled an entirely different approach to showing the existence of a strictly increasing
function with respect to the K-relation compared to original results [12, 15, 16] (see [24, page
2] for a detailed discussion). Most importantly, [24] noted that the existence of time functions
on K-causal spacetimes is an immediate consequence of Levin’s theorem:

Theorem 6.1 (Levin’s theorem, [20]). Let X be a second countable and locally compact topo-
logical Hausdorff space and < a closed, reflexive and transitive relation on X. Then there
exists a continuous function T: X — R such that x <y = T(x) < T(y) with equality if and

only if y < x as well.
Let for now X be a topological space equipped with a pre-order, i.e. a reflexive and transitive

relation, denoted by <. For the task of extending a merely increasing function'® from a subset
to the whole space X, [25] gives the following necessary and sufficient criterion, also found in
[26, theorem 2]. To this end, recall that a subset A is called decreasing if x €A,y <x =y €A,
and an increasing set is defined analogously. Then D(A) denotes the smallest closed decreasing
subset that contains A. Similarly, /(A) denotes the smallest closed increasing subset containing
A. Finally, a normally pre-ordered space is a topological space equipped with a pre-order such
that whenever A is closed and decreasing and B is closed and increasing and AN B = (), then
there exist open sets A’ O A, B’ D B such that A s decreasing and B is increasing and A’ N
B’ =10.

Theorem 6.2 (Extension criterion, [25, theorem 3.1]). Let X be a normally pre-ordered space
and let A be a subspace. Let T : A — [0, 1] be a continuous isotone function. Then T possesses
an extension to a continuous isotone function on X if and only if the following holds for all
s,t€[0,1]:

s<t=D(T'([0,s)) N I(T~"([t,1])) = 0. (6.1)

Two problems become apparent rather quickly: on the one hand, denoting the K-relation
by <X, we do not know whether composing a <X-increasing function on A; with f~! yields a
<K-increasing function on A,. For this one really needs to take into consideration the topology
and causality of the whole spaces and not just of the homeomorphic subsets. This is why it
is expected that requiring f to be <X-preserving is strictly necessary. On the other hand, time
functions are not just isotone, rather they are strictly increasing with respect to <, i.e. if x < y!!
then f(x) < /(7).

In this regard there are also some fundamental topological results: to extend a strictly
increasing function in the same fashion as above, [17, theorem 2.11'? demands, among other
things, a partial order < to be order-separable, which includes that there exists a countable
subset C of X such that for all x,z € X with x < z there is y € C such that x < y < z. By consid-
ering the disjoint and uncountable collection of lightlike segments from (0,a) to (1,a + 1) for
a € [0,1] in the Minkowski plane, one sees that the causal relation < (and hence also the K-
relation) is not order-separable even in very nice spaces. Thus, this is an unreasonable require-
ment. Next, one could try to apply this theory to the timelike relation, which is order-separable
if X is separable: indeed, I(x,y) is open for all x,y € X, and separability yields the existence
of a countable subset {p;};cn such that each nonempty open set in X contains some p;. This

10 Here, f: X — R is increasing if x <y = f(x) < f(y) holds for all x,y € X. In the context of order topology and/or
utility theory, such functions are called isotone.

11 Notice that in this setting, x <y is defined as x < y and y & x. If the relation is antisymmetric, this is equivalent to
x<yand x#y.

12 To not distract too much with new notation which is then not really used anyways, we decided to only give a
reference in this case.
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would at least lead to the existence of a semi-time function'® on a glued space. However, <
is neither closed nor a pre-order. In summary, it seems that there is currently no machinery
available to guarantee the extension of a (semi-)time function.

As a small consolation, one can establish the existence of a continuous isotone func-
tion on an amalgamation. This is done by imposing the topological conditions required in
Levin’s theorem on the individual spaces and observe that these are inherited. Notice that we
now switch back to our usual notation of Lorentzian pre-length spaces X| and X, and their
amalgamation X.

Proposition 6.3 (Existence of isotone functions). Let X; and X, be two locally compact
and second countable Lorentzian pre-length spaces. Then X admits a continuous <-isotone
function.

Proof. We only need to show that X is second countable and locally compact, to then apply
Levin’s theorem to the K-relation on X. To this end, recall that being second countable and
Lindeldf is equivalent for metric spaces. So let {U'};¢; be an open cover of X. Then 7~ (U') =
Ui LU, is open in X X5, i.e. Ui and U are open in X; and X, respectively, for all i €
1. Moreover, {U};c; and {U,};¢; are open covers of X; and X, respectively. Thus, there
exist countable subcovers {U/};en and {Ug’ }ien of X and X, respectively. In particular,

{U]UUj}ienU (Uhuul }ien is a countable subcover of X; LI X, such that the projection of
each set is open in X. This yields a countable subcover of X, establishing that X is Lindelof
and hence second countable.

Concerning local compactness, let first, say, [x] € X; \ A;. Let U, be a compact neighbor-
hood of x' which does not meet A and let V; C U, be an open set containing x'. Then w(Uy)
is a compact neighborhood of [x]. It is compact since U, is compact and 7 is continuous,
and [x] € 7(V}) is open since 7~ !(7(V})) = V; is open. The case of [x] €A is similar: we
then find compact neighborhoods U; of x' in X;,i = 1,2 such that f{U; NA;) = U, N A;. Let
V; C U be open sets containing x’ such that f(V; NA;) = V, N A,. Then 7(U; U U,) is a com-
pact neighborhood of [x]. It is compact since 7 is continuous and [x] € w(V; U V3) is open
since 7! (7 (V; U Vy)) = V; UV, is open, cf lemma 3.11. Thus, X satisfies the assumptions
for Levin’s theorem for the K-relation. O

6.2. Reflectivity

The next step on the ladder is causal continuity, or more precisely, the reflectivity part of
this property as we already showed that being distinguishing is inherited. Our by now stand-
ard approach of distinguishing cases of where the points originally come from starts out
very promising, as all cases except both points being isolated in different spaces follow very
naturally. Indeed, in all these other cases the inclusions 7\ ([x]) C I} ([y]) lead back to, say,
I (x") CIF(y"), and from this the other, more complicated side can be resolved as well.
For instance, consider the case [x],[y] € X; \ A;, then via proposition 3.4 and lemma 3.11,
I ([x]) C IE (D)) yields I (x') C I (y') and Uy« o I3 (a%) € Uy Iy (b?). By the reflectiv-
ity of X; we obtain 7} (y') C I (x'). In particular, for any b' < y' it then follows that b' < x',
30 Upi ey Iy (b?) € Uy i1y (a®). This implies Iy ([y]) € Iy ([x]). Thus, the only case left to
consider is [x] = {x'},[y] = {y*}, for which I ([x]) C I} ([y]) yields I (x") C Upp I (b")
and Uy o115 (a®) C I (y*). The seemingly easier half, in this case in X, can be achieved

13 A semi-time function is a continuous function 7': X — R satisfying x < y = T(x) < T(y).
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with the additional assumption that 7 is continuous and X; and X, are non-timelike loc-
ally isolating. That is, under these assumptions one can infer Uy 217 (b') C I} (x'). Indeed,
given p' € U oI} (b') we find [b] € A such that p' < b' ~ b* < y?. Consider a sequence
xy = xxh € IT (x1).1 Since IT (x') C Uje eI (b') by assumption, for all x} we find [a,] €
A such that x} > al ~ a2 > y?. In particular, 7(p',x}) > r(p',b") + 7(b',a)) + 7(al,x}) >
r(p!,b') =K > 0.

As 7 is continuous, we get 7(p',x!) > K, i.e. p' € I; (x!). Continuity of the time separ-
ation function implies that a space is reflecting, see [1, proposition 3.17], so this is already
a comparatively strong assumption. However, if one would follow the same approach, the
other desired inclusion, I; (y*) C Uy <15 (a®), suggests that one would have to be able to
enclose a sequence of jump points into a compact subset to infer the existence of a limit which
serves as a jump point for x'. More precisely, given a sequence x} — x!,x} € I} (x!) and some
p* € I, (y?), we find [b,] such that p* < b2 ~ b} < x} for all n, but there is no lower bound
on 7(b},x!) and we do not know whether ([b,]),cn converges. To guarantee this, one would
essentially be already on the level of global hyperbolicity, at which point the inheritance of
being reflective would be redundant. Finally, note that example 5.6 also serves as a counter-
example for the inheritance of reflectivity, only in this case the omitted assumptions do not
appear to be useful.

6.3. Causal simplicity

At last, let us briefly discuss causal simplicity. This is similar to reflectivity in the sense that
some compactness argument is required, which then requires the original spaces to be not
far removed from global hyperbolicity. Indeed, showing the closedness of, say, Jy ([x]) =
m(JF (x") UUncaJs (@), requires a subsequence of jump points @/, to converge. More pre-
cisely, let ([p])nen be a sequence in J5 ([x]) converging to [p]. If there is a subsequence
pl — p'in X;, then the desired relation follows by the closedness of J; (x!). So suppose that
for all (large enough) n there exists [a,] such that x' < a) ~ a2 < p2. Convergence of ([a,]),en
appears to be the only way of constructing [a] such that x! < a' ~ a* < p?. The most obvious
assumptions that guarantee this are precisely the ones used in proposition 5.4.

At this point, it might also be important to point out that these issues about convergence
mentioned in the subsections about causal simplicity and reflectivity appear at first glance to be
solvable by assuming that A itself is compact. However, compactness and non-timelike local
isolation are in fact a very restrictive combination: indeed, A will most likely have a boundary,
and on the, so to say, spacelike part of the boundary, points in A will not have timelike related
points from A nearby. To put it in another way, a compact A might work out if the original
spaces X and X, had spacelike boundary to begin with.

Data availability statement

No new data were created or analysed in this study.

14 This exists by non-timelike local isolation: choose x! € It (x!) N B (x!).
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Abstract

In this work, we prove a synthetic splitting theorem for globally hyperbolic Lorentzian
length spaces with global non-negative timelike curvature containing a complete time-
like line. Inspired by the proof for smooth spacetimes (Beem et al. in Global differential
geometry and global analysis 1984, Springer, pp. 1-13, 1985), we construct complete,
timelike asymptotes which, via triangle comparison, can be shown to fit together to
give timelike lines. To get a control on their behaviour, we introduce the notion of par-
allelity of timelike lines in the spirit of the splitting theorem for Alexandrov spaces as
proven in Burago et al. (A course in metric geometry, vol 33, American Mathematical
Society, Providence, 2001) and show that asymptotic lines are all parallel. This helps
to establish a splitting of a neighbourhood of the given line. We then show that this
neighbourhood has the timelike completeness property and is hence inextendible by a
result in Grant et al. (Ann Glob Anal Geom 55(1):133-147, 2019), which globalises
the local result.
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1 Introduction

As originally formulated in the context of Riemannian geometry, splitting theorems
are a class of results which establish that a Riemannian manifold (M, g) subject to
certain hypotheses on its curvature and its geodesic structure actually splits, i.e. it
is isometric to a product. In most cases, the curvature assumption involves a weak
inequality (usually on sectional or Ricci curvature) while the geodesic assumption
is related to the existence of a line, that is, a globally distance realising complete
geodesic. Since lines are conjugate point free and positive curvature promotes the
appearance of conjugate points, both features are expected to hold only under very
special circumstances.

The very first attempt to establish the metric product structure of a Riemannian
manifold with non-negative curvature and having a line is attributed to Cohn—Vossen
[27], who proved that a non-compact complete manifold of dimension 2 with sectional
curvature K > 0 is either diffeomorphic to R? or flat. However, the proof of this result
relied on the Gauss-Bonnet Theorem and therefore was not suitable for generalisation
to arbitrary dimensions. The breakthrough that allowed such a generalisation was
due to Toponogov, who in the mid 1960s proved his celebrated Triangle Comparison
Theorem, which asserts that “the angles of an arbitrary triangle in a Riemannian
space made up of minimising arcs are no greater than the corresponding angles of the
plane Euclidean triangle with sides of the same length” [62]. Armed with this tool,
Toponogov established the archetype of a splitting theorem [61, 62]:

Theorem 1.1 Let (M, g) be a complete Riemannian manifold with K > 0 containing
a line, then (M, g) is isometric to (RF x N, g0 @D h) where (R, go) is the standard
Euclidean space and (N, h) is complete and does not have any lines.

Shortly after Toponogov’s splitting theorem was published, Cheeger and Gromoll
made substantial progress by generalising it under the less stringent condition Ric > 0
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[24]. Although their original motivation was rooted in the investigation of topological
obstructions on manifolds of non-negative curvature [25], their result sparked the
interest in the study of splitting theorems in many different contexts, like in the theory
of orbifolds [14] or in the study of curvature inequalities relating other tensors, (like
the curvature operator [56] or Bakry—Emery tensor [29, 64]). Furthermore, some more
general versions of the Cheeger—Gromoll splitting theorem have been proven. For
example, the curvature condition can be replaced by averaged Ricci inequalities [31],
or by almost positivity of the Ricci tensor [21, 57]. There are also some local versions
in which the splitting occurs either on tubular neighbourhoods or the complement of
a compact set disjoint from a line [20, 22].

Remarkably, Yau posed in 1982 the problem of establishing a Lorentzian analogue
of the Cheeger—Gromoll splitting theorem [65], thus inaugurating a very active field
in which different versions of the Lorentzian splitting theorem were established [10,
11, 28, 30, 32, 55],! and some important problems have remained unsolved even to
this day, like the famous Bartnik Conjecture [8, 33]. In analogy to its Riemannian
counterparts, the first Lorentzian splitting theorem was proven for globally hyperbolic
spacetimes with non-positive sectional curvature on timelike planes. In Beemetal. [10,
11] the authors proved what can be thought as the Lorentzian analogue of Toponogov’s
splitting theorem:

Theorem 1.2 Let (M, g) be a spacetime of dimensionn > 2 that satisfies the following
conditions:

(1) (M, g) is globally hyperbolic.
(1) K(IT) < O for all timelike planes T1.
(111) M has a timelike line.

Then (M, g) splits isometrically as (M, g) >~ (R x N, —dt*> @ h), where (N, h) is a
complete Riemannian manifold.

Notice that global hyperbolicity can be seen as a more suitable analogue of Rie-
mannian completeness than timelike geodesic completeness, since the latter fails to
guarantee connectability by distance realising geodesic segments. The original proof
of this result not only uses techniques related to Toponogov’s theorem—a Lorentzian
triangle comparison due to Harris [43]—, but also tools used in Cheeger-Gromoll’s
theorem, like Busemann functions and Hessian estimates.

Some of the key techniques used in Toponogov’s original proof can be abstracted
into an axiomatic setting rather than derived, thus expanding its range of applications
to non-smooth contexts, particularly, to the realm of metric length spaces. Recall that
a length space (X, d) is a metric space whose distance is intrinsic, in other words, the
distance d(p, q) can be recovered as the infimum of the lengths of curves joining p to
q. This is the setting for the so-called synthetic methods in geometry, that have proven
instrumental in the development of recent mathematical landmarks such as the study of
geometry in the large [41, 42], precompactness theorems [17, 18], geometric flows [6,
39] and optimal transport [60, 63]. An Alexandrov space with curvature bounded from
below by k—or Alex (k) for short—is a locally compact, complete and path connected

I Refer to chapter 14 in [9] for a detailed account.
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(metric) length space (X, d) on which the triangle comparison theorem holds [17].
For Alex(0) spaces an analogue of Theorem 1.1 was first proved by Milka [53]. In
this result, instead of the existence of a line, the existence of an m-affine function,
(i.e. a function g: M — R that when restricted to any unit speed geodesics satisfies
the differential equation g” + mg = 0) is assumed. A warped product I x, F with
g an m-affine function is called a cone [18]. Cones naturally have m-affine functions,
and conversely, an Alex(k) space with a non-constant m-affine function splits as a
cone, provided that a boundary condition is met [3, 51]. In the particular case of a
complete Riemannian manifold, Innami [46] showed that a 0-affine function exists if
and only if M is isometric to a product R x N. Moreover, under the hypothesis of
Theorem 1.1 the Busemann functions associated to a line are affine and thus Innami’s
theorem implies Toponogov’s splitting theorem. Finally, let us note that in [17] there
is a proof of Milka’s splitting theorem for Alexandrov spaces that resembles more
closely the original works of Toponogov. The precise statement is as follows:

Theorem 1.3 Let (X, d) be an Alex(0) space containing a line. Then X splits as a
metric product R x Y, where Y is an Alex(0) space.

In their seminal work [48] Kunzinger and Sdmann set the foundations for a synthetic
approach to Lorentzian geometry. Their novel notion of Lorentzian (pre-)length space
is suited to accommodate several different non-smooth scenarios such as cones [5, 54],
spacetimes with C 0 metrics [26, 50], contact structures [45] or causal boundaries [1].
Moreover, in [48] the authors also introduced a notion of timelike curvature bounds in
the same spirit of Alex (k) spaces. Among the recent developments in this fast growing
field we have detailed analyses of the causal structure [2, 36], extendibility [35, 40],
convergence [49], gluing techniques [12, 58] and the basis for a comparison theory
[7, 13].

In this work, we aim at proving a splitting theorem for Lorentzian length spaces in
the spirit of Theorems 1.1, 1.2 and 1.3. In precise terms, we establish the following
splitting result for Lorentzian length spaces:

Theorem 1.4 (Splitting) Ler (X, d, <, <, t) be a connected, regularly localisable,
globally hyperbolic Lorentzian length space with proper metric d and global non-
negative timelike curvature satisfying timelike geodesic prolongation and containing
a complete timelike line y : R — X. Then there is a Tt and causality preserving
homeomorphism f : R x § — X, where S is a proper, strictly intrinsic metric space
of Alexandrov curvature > Q.

The paper is organised as follows: In Sect. 2, we collect some well-known facts
about Lorentzian (pre-)length spaces while focusing on (versions of) results best suited
for our needs. We review the basic theory of Lorentzian (pre-)length spaces and discuss
concepts like timelike curvature bounds, angles and extensions. Section 3 is dedicated
to the study of product Lorentzian pre-length spaces of the form R x X, where (X, d)
is a metric space. Section4 is the heart of the proof and deals with the construction
of co-rays and asymptotes, where we follow [11]. In order to have a control on the
behaviour of lines formed as asymptotes to a given line, we introduce the notion of
parallelity of timelike lines which is motivated by the splitting theorem for Alexandrov
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spaces as treated in [17] and show that asymptotic lines are always timelike, of infinite
t-length, and parallel to each other. In Sect. 5 we first establish a local splitting result
by endowing a cross section S of the parallel asymptotes spanning / () with a natural
metric and then showing that 7(y) splits as R x §. Then we show that 7(y) has the
timelike completeness (TC) property, from which, via an inextendibility argument,
I(y) = X follows. Finally, in Sect. 6 we note some classes of spacetimes which
naturally satisfy the technical assumptions in our results, and hence split synthetically.
We then give an outlook on open problems in the context of synthetic splitting theorems
that may be addressed in future projects.

1.1 Notation and conventions

Let us collect some notation and conventions that will be used throughout the paper.

A C B means A is a subset of B (not necessarily a proper one). Rl'! is two
dimensional Minkowski space with the Lorentzian metric —dt? 4 dx? and coordinates
(t, x). T denotes the time separation on R-!. A proper metric space (X, d) is a metric
space such that all closed balls are compact. A metric space is called length space or
intrinsic if the distance between two points is the infimum of lengths of curves running
between them, and strictly intrinsic if that infimum is a minimum, i.e. between any
two points there exists a distance-realising curve.

We denote an open ball with radius R around a point x in a metric space by Bg(x),
and the corresponding closed ball by Bg(x). Although in general this ball is not the
closure Bg(x) of the open ball, notice that for length spaces and proper metric spaces
we do have the equality Bg(x) = Br(x).

2 Basic theory of Lorentzian (pre-)length spaces
2.1 Lorentzian (pre-)length spaces

We give a brief review of the theory of Lorentzian (pre-)length spaces. We focus on the
specific results that we need and give proofs if they cannot be found in the literature,
otherwise we give precise references. In particular, we refer to [48] for a detailed
treatment. We start with a few basic definitions.

Definition 2.1 (Lorentzian pre-length spaces) A Lorentzian pre-length space (X, d,
<, <, 1) consists of a metric space (X, d), a reflexive and transitive relation < (the
causal relation), a transitive relation < (the timelike relation) contained in <, and a
lower semi-continuous map (time separation) T : X x X — [0, oo] with the following
properties: T(x,y) = 0if x ﬁ y,and t(x, y) > 0if and only if x <« y. Moreover, if
x <y < z, then the following reverse triangle inequality holds:

T(x,z2) > t(x,y)+1(y,2).

In the synthetic theory, we employ the usual nomenclature and well-known notation
from Lorentzian geometry, such as [/ +(x), J*(x) for timelike and causal pasts and
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futures, as well as I(x,y) := IT(x) NI~ (y) and J(x,y) := JT(x) N J~(y) for
timelike and causal diamonds, respectively.

Lemma 2.2 (Openness of timelike futures and push-up) Let (X,d, <K, <,71) be a
Lorentzian pre-length space and x < y < zorx <y K z. Then x < z. In
particular, for any x € X, the sets I (x) are open. Moreover, the relation < is open
in X x X.

Proof See [48, Lem. 2.10, Lem. 2.12, Prop. 2.13]. O

Definition 2.3 (Causal curves) Let (X, d, <, <, t) be a Lorentzian pre-length space.
A non-constant curve y : I — X, I an interval, is called future directed causal (resp.
future directed timelike) if it is locally Lipschitz and for all #1, 1, € I witht; < , we
have that y(¢1) < y () (resp. y(t1) <K y(t)). It is called future directed null if it
is future directed causal and no two points on the curve are «-related. Past directed
causal/timelike/null curves are defined dually. From now on, unless explicitly stated
otherwise, we assume all causal curves to be future directed.

We will sometimes deal with causal curves which are not locally Lipschitz. For these
curves, some important results (e.g. the limit curve theorem) will not hold in general,
however, many important properties (especially those that are purely causal-theoretic
in nature) will continue to be true.

Definition 2.4 (Continuous causal curves) Let (X, d, <, <, t) be a Lorentzian pre-
length space. A non-constant curve y : I — X, I an interval, is called a future
directed continuous causal curve (resp. future directed continuous timelike curve) if
it is continuous and for all 1, #, € I with t; < t, we have that y (1) < y(f2) (resp.
y(t1) < y(t)). It is called a future directed continuous null curve if it is a future
directed continuous causal curve and no two points on the curve are «-related. Past
versions of these notions are defined dually. From now on, unless explicitly stated
otherwise, we assume all continuous causal curves to be future directed.

We emphasise that a causal/timelike/null curve is always understood to be locally
Lipschitz. If continuous causal/timelike/null curves are meant, we will state that explic-
itly. Wherever possible, we will state definitions and results for continuous causal
curves instead of (locally Lipschitz) causal curves for greater generality. In most
cases, the proofs given in the literature for these results apply word for word to the
continuous case.

Definition 2.5 (Extensions of causal curves) Let (X, d, <, <, t) be a Lorentzian pre-
length space and let y : I — X be a continuous causal curve, where [ is any interval.
We say that y is (continuously) extendible if there exists a (continuous) causal curve
y : J — X, J an interval with J ;Dé I, such that y|; = y. Otherwise, we say y is
(continuously) inextendible. We refer to (in)extendibility to points in the future resp.
past directions of y as future/past (in)extendibility.?

2 Geodesics defined on intervals [a, b] with a = —oco or b = oo should be thought of as properly
reparametrised.
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Definition 2.6 (t-length) Let y : [a, b] — X be a future directed continuous causal
curve. Then its t-length is defined by

N-1
L:(y) := inf Z T(y), y(iv1) la=t <t <--- <ty = b} :
i=0

If y is past directed causal, then L (y) is defined analogously. For continuous causal
curves defined on half-open intervals, e.g. [a, b), one takes the limit of L. (¥ |[4,¢]) as
¢ — b, and similarly in the other cases.

The t-length of a continuous causal curve is invariant under reparametrisations.
We will have more to say on these topics later.

Definition 2.7 (Maximising causal curves) A future directed (continuous) causal curve
y : la,b] — X is called maximising (or t-maximising) if t(y(a), y (b)) = L. (y),
and analogously for past directed (continuous) causal curves. We also refer to such
curves as (continuous) distance realisers.

Lorentzian pre-length spaces where between each pair of causally related points
there is a maximising (locally Lipschitz) causal curve are referred to as strictly intrinsic
or geodesic.

Next, we define some of the steps on the causal ladder for Lorentzian pre-length
spaces.

Definition 2.8 (Causality conditions) A Lorentzian pre-length space (X, d, <, <, 1)
is called

(i) non-totally imprisoning if for every compact set K C X there is C > 0 such
that the d-lengths of all causal curves in K is bounded by C,
(i1) strongly causal if the Alexandrov topology generated by the subbasis of timelike
diamonds {/(x, y) | x, y € X} coincides with the metric topology,
(ii1) globally hyperbolic if it is non-totally imprisoning and all causal diamonds
J (x, y) are compact.

Lemma29 Let (X,d, <K, <, 1) be a strongly causal Lorentzian pre-length space.
Then each x € X has a neighbourhood basis consisting of causally convex®
neighbourhoods. Even more is true: X has a topological basis of causally convex
neighbourhoods.

Proof This is trivial since by definition finite intersections of timelike diamonds are a
basis for the topology, but these sets are causally convex. O

Definition 2.10 (Causal path-connectedness) A Lorentzian pre-length space X is
called causally path-connected if for all x < y there is a causal curve from x to
y and for all x < y there is a timelike curve from x to y.

3 Aset V C X is called causally convex if for all p,q € V we have J(p,q) C V.
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For the next definition, we use the version given in [2, Def. 2.16] rather than [48,
Def. 3.4] as it more closely resembles the case of smooth spacetimes. Before doing so,
note that on causally path-connected Lorentzian pre-length spaces X, we can introduce
a local causal relation: Let U C X be open and x, y € U, then we say x <y y if
there exists a future causal curve from x to y entirely contained in U.

Definition 2.11 (Local causal closedness) Let X be causally path-connected and U C
X be open. We say that U is causally closed if for all sequences p;,, ¢, in U converging
to p,q € U and p, <y gqn, we have that p <y q. We say that X is locally causally
closed if every point in X has a causally closed neighbourhood.

Definition 2.12 (Global causal closedness) A Lorentzian pre-length space X is called
globally causally closed if < is a closed relation.

Recall that in the theory of smooth spacetimes, a globally causally closed and causal
spacetime is causally simple. Such spacetimes are one step below global hyperbolicity
in the classical causal ladder.

Definition 2.13 (d-compatibility) A Lorentzian pre-length space (X, d, <, <, 1) is
called d-compatible if for every x € X there is a neighbourhood U of x and a constant

C > 0 such that the d-lengths of all causal curves contained in U are bounded above
by C.

Lemma2.14 Let (X,d, K, <, 1) be a locally causally closed, d-compatible, glob-
ally hyperbolic Lorentzian pre-length space. Then no compact set in X contains an
inextendible causal curve.

Proof See [48, Cor. 3.15]. O

Definition 2.15 (Localisability) A Lorentzian pre-length space (X,d, <<, <, 1) is
called localisable if for each x € X there exists a neighbourhood (called localising
neighbourhood) 2, containing x with the following properties:

(i) Causal curves in €2, have uniformly bounded d-length, i.e., 2 is d-compatible.
(ii) Foreachy € Q, IT(y) N, # 0.
(ii1) There is a continuous map (local time separation) wy : 2y X 2, — [0, 00) such
that Q2 is a Lorentzian pre-length space upon restricting d, <, <.
(iv) Forall p, g € Q, with p < g there exists a causal curve y,, from p to g entirely
in €2, with maximal r-length among all causal curves from p to g contained in
Qy, as well as L (ypq) = wx(p, q).

Note that this necessarily means that w, is of the form
wx(p,q) :=max{L,(y) | y is a causal curve from p to g in £2,.}. (2.1)

If in addition, for p, g € Q, with p < g the curve y,,, is timelike and strictly longer
than any causal curve from p to ¢ in 2, containing a null segment, then €2, is called
a regular localising neighbourhood, and X regularly localisable if any point has a
regular localising neighbourhood. Moreover, X is called strongly localisable if each
point has a neighbourhood base of localising neighbourhoods and SR-localisable if
each point has a neighbourhood base of regular localising neighbourhoods.
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Lemma 2.16 Let (X,d, K, <, 1) be a strongly causal Lorentzian pre-length space.

(1) If X is localisable, then it is strongly localisable.
(11) If X is regularly localisable, then it is SR-localisable.

Proof By Lemma 2.9, each point in X has a neighbourhood basis of causally convex
neighbourhoods. Now suppose X is localisable, take x € X and let €2, be a localising
neighbourhood of x and let U C €2, be any neighbourhood of x. Then there is a
causally convex neighbourhood V of x such that V' C U. We are done if we show that
V is a localising neighbourhood. But this is easy to see since any causal curve starting
and ending in V is entirely contained in there. If X is regularly localisable, then V is
even a regular localising neighbourhood. O

Regularly localisable spaces have the following important property:

Theorem 2.17 (Causal character of maximising causal curves) In a regularly local-
isable Lorentzian pre-length space, maximising causal curves are either timelike or
null.

Proof See [48, Thm. 3.18]. O

Note that in localisable Lorentzian pre-length spaces, the sets /1= (y) are never
empty forany y € X.

Definition 2.18 (Geodesic) Let X be a localisable Lorentzian pre-length space and y :
I — X a(continuous) causal curve. Then y is a (future-directed causal) (continuous)
geodesic if for each 1y € I there exists a localising neighbourhood €2 of y(#y) and a
neighbourhood [c, d] C I of fy such that y ([c, d]) C €2 and y|[¢,4] 1S maximising in
€2 with respect to the local time separation.

We will sometimes need the notion of geodesic (in)extendibility which is defined
in terms of the existence of a geodesic extending a given geodesic. Note that
inextendibility implies geodesic inextendibility but the converse need not hold in
general.

For many arguments in the proof of the splitting theorem, the property that geodesics
can always be extended to open domains will be essential. While this is a consequence
of the ODE theory of the geodesic equation in the case of smooth spacetimes, we will
need to assume it here:

Definition 2.19 (Timelike geodesic prolongation) A localisable Lorentzian pre-length
space X 1is said to have the timelike geodesic prolongation property if any maximising
timelike segment y : [a, b] — X can be extended to a timelike geodesic with an open
domain, i.e. there is an ¢ > 0 and a timelike geodesic y : (a — ¢, b + ¢) — X with

Y0ap = V-

It is clear that this is satisfied in smooth strongly causal spacetimes considered as a
Lorentzian pre-length space. One easily sees that spacetimes with timelike boundary
do not satisfy this.
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Definition 2.20 (Locally quasiuniformly maximising) A localisable Lorentzian pre-
length space X is called locally quasiuniformly maximising if for each x € X there
exists a localisable neighbourhood U containing x such that each causal geodesic
entirely contained in U is maximising in U with respect to the local time separation.

It is unclear to us how the property of being locally quasiuniformly maximizing
is related to other notions for Lorentzian pre-length spaces, such as being intrinsic,
strongly causal or (locally) causally closed.

Proposition 2.21 (Upper semicontinuity of Lorentzian arclength) Let (X, d, <K, <, 7)
be a strongly causal and localisable Lorentzian pre-length space. Then L is upper
semi-continuous, i.e. if y, : [a, b] — X are causal curves converging d-uniformly to
a causal curve y : [a, b] — X, then

L:(y) > limsup L (yn).

n—oo

Proof See [48, Prop. 3.17]. O

Proposition 2.22 Let X be a strongly causal, localisable, locally quasiuniformly max-
imising Lorentzian pre-length space and let y : [a,b) — X be a causal geodesic.
Then y is geodesically extendible to [a, b] if and only if it is extendible as a continuous
curve to |a, b].

Proof See [40, Prop. 4.6] and note that the proof really requires the space to be locally
quasiuniformly maximising. O

We now state the limit curve theorem in the case of strongly causal Lorentzian
pre-length spaces, which will be sufficient for our needs. Note that in this case, by [2,
Prop. 2.21], Definition 2.11 is equivalent to [48, Def. 3.4].

Theorem 2.23 (Limit curve theorem) Let (X, d, <K, <, ) be alocally causally closed,
localisable, strongly causal, d-compatible Lorentzian pre-length space with proper
metric d. Let y, : [0, L,] — X be a sequence of causal curves parametrised by
d-arclength, and suppose that L, = L%(y,) — oo. If the sequence y,(0) has an
accumulation point x € X, then some subsequence of the y, converges locally uni-
formly to a future inextendible causal curve y : [0, 00) — X. Moreover, if the vy, are
maximising, then so is y. In this case, forany T > 0, L+ (y|j0,77) = lim, Lz (¥xl{0,77)-

Proof The statement about the existence of the limit curve is shown in [48, Thm. 3.14].
Now suppose that y;, are maximising and w.l.o.g. let y;, itself converge locally uni-
formly to y. Consider any 7 > 0. Then by upper semicontinuity of L, and lower
semicontinuity of t,

lim sup L (¥ul10,77) < L<(vlj0,77) < t(¥(0), y(T))
n

= liminf 7(y, (0), y»(T)) = liminf Le (yl0,7))-

Thus, equality holds everywhere. In particular, y is maximising and
limy, Lz (Yuli0,77) = L (¥ l[0.17)- O
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In the context of the splitting theorem, we are interested in Lorentzian pre-length
spaces with significantly more structure, which we will discuss now.

Definition 2.24 (Lorentzian length spaces) A locally causally closed, causally path-
connected and localisable Lorentzian pre-length space (X, d, <, <, 1) is called
Lorentzian length space if forall x < y, x # vy,

T(x,y) = sup{L;(y) | y future directed causal from x to y}.

Note that since by definition L. (y) < t(p, g) for any (even continuous) causal
curve y from p to g, one can equivalently take the supremum over continuous causal
curves to obtain the time separation in the case of Lorentzian length spaces.

Proposition 2.25 (Causality of Lorentzian length spaces)

(1) A Lorentzian length space is strongly causal if and only if each point has a
neighbourhood base of causally convex neighbourhoods.
(i1) Strongly causal Lorentzian length spaces are non-totally imprisoning.
(i) Globally hyperbolic Lorentzian length spaces are strongly causal. Moreover, T
is continuous and finite and for any two causally related points there exists a
maximising causal curve connecting them.

Proof See [48, Thm. 3.26, Thm. 3.28, Thm. 3.30]. O

Lemma 2.26 Let (X, d, K, <, t) be a strongly causal Lorentzian pre-length space
such that for each x € X there exists a timelike curve y : [—¢, e] — X withy (0) = x.
Then {I(x,y) | x,y € X} is a base for the topology on X. Moreover, for each x € X,
each timelike curve y : [—e, €] — X with y(0) = x and parameters 0 < s,,t, — 0,
{I(y(—sn), y(ty)) | n € N} is a neighbourhood base at x.

Proof Let x € X with x € U, U C X open. By the definition of the Alexandrov
topology, finite intersections of the sets /(y, z) with y, z € X are a base. Thus, there
exist Xy, ..., Xn, Y1, ..., ¥n € X such that

xeV :=Ix,y)N---NI(x,, y,) CU.

Now let y : [—&,¢] — X be a timelike curve with y(0) = x. By continu-
ity, maybe after making ¢ smaller, we may assume that y([—¢, e]) C V. Then
W = I(y(—¢), y(g)) is an open set containing x and we claim that W C V. To
see this, let z € W, then for any i = 1,...,n we have x; < y(—¢) < z, hence
z € I (x;). Similarly, z < y(¢) < y;, hence z € I~ (y;). Thus z € V. This proves
that {{/(x, y) | x, y € X} is a base for the topology of X, and the second claim then
easily follows from the arguments above. O

Lorentzian pre-length spaces where each point lies in the interior of a timelike
curve are future and past approximating in the sense of [19, Def. 2.17] (see also [19,
Lem. 2.18])
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Lemma 2.27 (Geodesics in strongly causal Lorentzian length spaces) Let (X, d, <
, <, T) be a strongly causal Lorentzian length space. A (continuous) causal curve
vy : I — X is a (continuous) geodesic if and only if for each ty € I there exists a
subinterval [c, d] C I with ty € [c, d] such that y |[¢c 4] is T-maximising.

Proof This follows from [40, Lem. 4.3]. O

To conclude this subsection, we discuss d-arclength and 7-arclength reparametri-
sations of causal curves.

Remark 2.28 (On d-arclength parametrisations) Let (X, d, <, <, t) be a globally
hyperbolic Lorentzian length space with proper metric d and y : [a,b) — X a
causal curve that is inextendible at . Then y has infinite d-length: By Lemma 2.14,
v has to leave every compact set, in particular it leaves each compact ball B,,(y (a)),
which shows that L?(y) = oo. If we reparametrise y by d-arclength (note that this
is in general not possible for continuous causal curves), it is thus defined on [0, 00).
Similarly, if we have a doubly inextendible causal curve y : (a, b) — X, then upon
reparametrising it by d-arclength, it is defined on R, so that L4 (¥ l[c,a)) = |d —c| (see
also [19, Rem. 2.5]). Note that d-arclength parametrisations are globally 1-Lipschitz.

Lemma 2.29 (r-arclength parametrisations for inextendible curves) Let (X, d, <K, <
, T) be a Lorentzian pre-length space with continuous time separation T which satisfies
t(x,x) =0 forall x € X. Let y : [a,b) — X be a future inextendible continuous
timelike curve defined on a half-open interval with L+ (y |[a,c]) < 00 foreachc € [a, b)
(notice we might have L(y) = 00). Then the map ¢ : [a,b) — [0, L:(y)), t —
L+ (¥ |{a.r)) is continuous and strictly increasing. Moreover, y :=y oqb_l : [0, 00) —
X is a weak reparametrisation of y with respect to t-arclength. Similarly, a doubly
inextendible continuous timelike curve y : (a, b) — X can be weakly parametrised
by t-arclength and is then defined on (—L,(yl(a,,o]), Lt()/'[to,b))); where ty € (a, b)
is arbitrary.

Proof This can be seen by applying [48, Lem. 3.33, Lem. 3.34] to each y|[a b with

b < oo. O

Note that, in general, the t-arclength parametrisation results in a continuous
timelike curve, even if the original curve is locally Lipschitz.

In the following, whenever t-arclength parametrised curves are mentioned, it
is always implicitly understood that those curves have finite t-length on compact
subintervals. In localisable spaces this is anyway the case.

2.2 Timelike curvature bounds

Establishing an analogue to sectional curvature bounds in semi-Riemannian manifolds
a la [4] was one of the main goals in the first work on Lorentzian length spaces [48].
Historically, splitting theorems always used some type of curvature condition, either
Ricci or sectional curvature. By M} we denote the two-dimensional Lorentzian model
space of constant sectional curvature k and, in this subsection only, T denotes the time
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separation in M}, (in general 7 will only be used as the time separation in Mg = R:1).
For more details on this, see [48, Definition 4.5]. We will always assume that all
mentioned triangles satisfy size bounds for My, cf. [48, Lemma 4.6]. However, since
we are mainly working with k = 0, we do not have to worry about this.

We call three points x1, x2, x3 € X that are timelike related together with maximis-
ers between them a timelike triangle. We denote such triangles by A(xy, x32, x3).

Definition 2.30 Let X be a Lorentzian pre-length space and A (x1, x, x3) be a timelike
triangle. Then a timelike triangle A(xy, X2, X3) in M} such that 7 (x;, x;) = T(X;, X;)
is called a comparison triangle for A(x1, x2, x3). It always exists (if the size bounds
are satisfied) and is unique up to isometries of M.

Definition 2.31 (7imelike curvature bounds) A Lorentzian pre-length space X is said
to satisty a timelike curvature bound from below by k, if each point in X has a so-called
comparison neighbourhood U, satisfying the following:

(1) t|yxuy 1s finite and continuous.
(1) For all x,y € U with x < y there exists a causal maximiser y from x to y
which is entirely contained in U.
(111) Let A(x, y, z) be atriangle in U and let A(x, y, z) be its comparison triangle in
M. Let p,qg € A(x, y, z) and let p, g be the corresponding comparison points
in A(x, y,z). Then t(p, g) < T(p, ).

For curvature bounds from above, the inequality in (iii) is reversed, but we will not
need these types of curvature bounds. If £ = 0, we also say that X has non-negative
timelike curvature resp. non-positive timelike curvature.

Evidently, curvature bounds are only formulated locally as of yet. There is, however,
a very natural way of globalising this concept.

Definition 2.32 (Global curvature bound) A Lorentzian pre-length space X is said to
have global curvature bounded below by k if X itself is a comparison neighbourhood
in the sense of Definition 2.31.

Remark 2.33 (Continuous triangles vs. Lipschitz triangles) If X is a globally hyper-
bolic Lorentzian length space with global nonnegative timelike curvature, then in fact
curvature comparison even holds for timelike triangles where the maximisers are con-
tinuous: Indeed, suppose A := Ao(x, y, z) is a continuous timelike triangle, and
let p,q € A. Due to the properties of X, we find Lipschitz maximisers from the
endpoints of A to p, g, respectively. The concatenations at p and ¢, respectively,
of those maximisers are again maximisers because the sides on A are (continuous)
maximisers. Hence we have realised p, g on a Lipschitz triangle. If X is in addition
regularly localisable, then in fact every continuous timelike maximiser is Lipschitz
reparametrisable [52], so the above discussion is superfluous in this case.

One of the most commonly used implications of lower (timelike) curvature bounds
is the prohibition of branching of distance-realisers. A formulation of this result for
Lorentzian pre-length spaces was first given in [48, Theorem 4.12]. However, with the
introduction of hyperbolic angles in [13] it was possible to generalise this result by
omitting some of the additional assumptions:
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Theorem 2.34 (Timelike non-branching) Let X be a strongly causal Lorentzian pre-
length space with timelike curvature bounded below by k € R. Then timelike distance
realisers cannot branch, i.e., if o, B : [—e, €] — X are timelike distance realisers
such that there exists ty € (—¢, &) with a|[—¢ 1y] = Bl[=e.10], then o = .

Proof See [13, Theorem 4.7]. O

The non-branching of timelike distance realisers is a key property of spaces with
lower curvature bounds and will appear in various forms in our proof of the splitting
theorem.

2.3 Angles and comparison angles

Hyperbolic angles in Lorentzian pre-length spaces were introduced in [7, 13], where
the former puts a bigger focus on comparison results. We will follow the conventions
of the latter reference.

Lemma 2.35 (The law of cosines (k = 0)) Ler X = R be 2D-Minkowski space and
X1, X2, x3 be three points which are timelike related (an (unordered) timelike triangle).
Let a;j = max(t(x;, x;), T(xj, x;)) (note one of these is zero anyway). Let w be the
hyperbolic angle between the straight lines x1x, and x>x3 at xp. Set 0 = 1 if x» is not
a time endpoint of the triangle (i.e., x1] K xo K x30rx3 L xp L x1)ando = —11if
X7 is a time endpoint of the triangle (i.e., X <K X1, x3 or x1, x3 <K x2). Then we have:

a%3 = a%z + a§3 + oajzaz; cosh(w).

In particular, when only changing one side-length, the angle w is a monotonously
increasing function of the longest side-length and monotonously decreasing in the
other side-lengths.

Proof See [13, Appendix A]. O

Note that for a;; > 0 satisfying a reverse triangle inequality and choosing an
appropriate 0 = =£1, we can always solve this equation for w.

Definition 2.36 (Comparison angles) Let X be a Lorentzian pre-length space and
X1, x2, x3 three timelike related points. Let x1, x2, X3 € Rlbea comparison triangle
for x1, x2, x3. We define the comparison angle sz (x1, x3) as the hyperbolic angle
between the straight lines x1x, and xpx3 at x». It can be calculated with the law
of cosines using a;; = max(t(x;, x;), 7(xj, x;)) and o, where we set o = 1 if x»
is not a time endpoint of the triangle and 0 = —1 if x; is a time endpoint of the
triangle. o is called the sign of the comparison angle (even though we always have
£ x, (X1, x3) > 0). For a reduction of the number of case distinctions we also define

the signed comparison angle Z)SCZ (x1,x3) = O‘sz (x1, x3).

Definition 2.37 (Angles) Let X be a Lorentzian pre-length space and «, § : [0, &) —
X be two timelike curves (future or past directed or one of each) with x := «(0) =
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B(0). Then we define the upper angle

Le(a, B) = limsup L, (a(s), B(1)),

(s,1)eD,s,t—0

where D = {(s,t) : s,t > 0, a(s), B(¢) timelike related}. If the limes superior is a
limit and finite, we say the angle exists and call it an angle.

Note that the sign of the comparison angle is independent of (s, t) € D. We define
the sign of the (upper) angle o to be that sign, and define the signed (upper) angle to
be £3(a, B) = 04, (a, B).

If maximisers between any two timelike related points are unique (as e.g. in R1),
then we simply write £, (x, y) for the angle at p between the maximisers from p to
xand p to y.

We give an alternative definition of timelike curvature bounds in the case k = 0
following Definition 4.9 in [13]:

Definition 2.38 Let X be a Lorentzian pre-length space. We say that X has time-
like curvature bounded below by k = 0 (bounded above by k = 0) in the sense of
monotonicity comparison if every point in X has a neighbourhood U such that

(1) t|yxuw 1s finite and continuous.

(11) U 1is timelike geodesically connected, i.e. whenever x, y € U with x < y, there
exists a future-directed timelike distance realiser & in U from x to y, and any
distance realiser from x to y contained in U is timelike.

(1i11) Whenever « : [0,a] — U, B : [0, b] — U are timelike distance realisers in U
with x := «(0) = B(0), we define the function 6 : (0,a] x (0,b] D D - R
by 6(s,t) = Z)Sc(oc(s), B(t)), where (s,t) € D precisely when a(s), B(¢) are
timelike related. We require this to be monotonically increasing (decreasing) in
s and 7. Additionally, in the case of non-positive timelike curvature, we consider
0 <s <sand 0 < ¢ < r and require that if 6(s’, ') is not defined (i.e.
a(s"), B(t") are not timelike related) but 6 (s, 1) is, then also the comparison points
for a(s’), B(¢') in a comparison triangle for A(x, a(s), B(¢)) are not timelike
related.

We call the curvature bound global if X is a comparison neighbourhood in the above
sense.

Theorem 2.39 (Timelike curvature: Equivalence of definitions) Let X be a locally
timelike geodesically connected Lorentzian pre-length space. Then X has non-negative
(non-positive) timelike curvature in the sense of Definition 2.31 if and only if it has non-
negative (non-positive) timelike curvature in the sense of monotonicity comparison
(see Definition 2.38).

Proof See [13, Theorem 4.12]. O

Remark 2.40 Note that if X is globally timelike geodesically connected, i.e. between
any two timelike related points there is a timelike distance realiser connecting them,
and any distance realiser connecting them is timelike (which is certainly true if X is
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a regularly localisable and globally hyperbolic Lorentzian length space), then X has
global non-negative (non-positive) timelike curvature in the sense of Definition 2.32
if and only if it has global non-negative (non-positive) timelike curvature in the sense
of monotonicity comparison.

The timelike geodesic prolongation property plays a technical role in our proof of
the splitting theorems mainly because of the following result.

Proposition 2.41 (Continuity of angles in spaces with timelike curvature bounded
below) Let X be a strongly causal, localisable, timelike geodesically connected and
locally causally closed Lorentzian pre-length space with global non-negative timelike
curvature and which satisfies timelike geodesic prolongation. Let oy, , &, By, B be future
or past directed timelike geodesics all starting at «,,(0) = «¢(0) = B8,(0) = B(0) =: x
and with o,, — o and B, — B pointwise (in particular, oy, is future directed if and
only if o is, and similarly for B, and B). Then

Lyla, B) = hrr;n Ly (ctn, Bn)

Proof See [13, Proposition 4.14]. O
The following two propositions will be proven together.

Proposition 2.42 (Alexandrov lemma: across version) Let X be a Lorentzian pre-
length space. Let A := A(x, Yy, z) be a timelike triangle (in particular the distance
realisers between the endpoints exist). Let p be a point on the side xz with p < vy,
such that the distance realiser between p and y exists. Then we can consider the
smallertriangles A1 := A(x, p, y)and A> := A(p, y, z). We construct a comparison
situation consisting of a comparison triangle Ay for A1 and A for Ao, with X and
7 on different sides of the line through py and a comparison triangle A for A with
a comparison point p for p on the side xz. This contains the subtriangles Ay =
A(X, 3, p) and Ay = A(P, 3, 7), see Fig. 1.

Then the situation Ay, Ay is convex (concave) at p (i.e. Zp (x,y) = £5(x,y) >
£p(y,2) = Zp(y, 2) (or <)) if and only if t(p,y) < T(p,y) (or >). If this is the
case, we have that

e cach angle in the triangle Ay is > (or <) than the corresponding angle in the
triangle Al,

e cach angle in the triangle A, is > (or <) than the corresponding angle in the
triangle A,.

In any case, we have that
o £5(%,7) > £5(%,7) = £y(x,2).

The same is true if p is a point on the side xz such that y < p. Note that if X
has non-negative (non-positive) timelike curvature and A is within a comparison
neighbourhood, the condition is satisfied, i.e. T(p,y) < T(p,y) (or >).
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Fig. 1 A concave situation in the
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Proposition 2.43 (Alexandrov lemma: future version) Let X be a Lorentzian pre-
length space. Let A := A(x, Yy, z) be a timelike triangle (in particular the distance
realisers between the endpoints exist). Let p be a point on the side xy, such that the
distance realiser between p and z exists. Then we can consider the smaller triangles
A1 := A(x, p,z) and Ay := A(p, y, z). We construct a comparison situation con-
sisting of a comparison triangle A1 for Ay and Ay for Ao, with X and y on different
sides of the line through pz and a comparison triangle A for A with a comparison
point p for p on the side xy. This contains the subtriangles Ay := A(X, p, ) and
As := A(p, 3, 2), see Fig. 2.

Then the situation Ay,A, is convex (concave) at p (i.e. £5(y,2) = £;(x,2) (or
<))ifand only if t(p, z) < ©(p, 2) (or >). If this is the case, we have that

e each ang{e in the triangle Ay is > (or <) than the corresponding angle in the
triangle Ay,
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e each angle in the triangle As is < (or >) than the corresponding angle in the
triangle, As.

In any case, we have that
o L:(X,5) < £:(F,F) = L(x, y).

Note that if X has non-negative (non-positive) timelike curvature and A is within a
comparison neighbourhood, the condition is satisfied, i.e. T(p, z) < T(p, 2) (or >).

Proof (Proof for both Alexandrov lemmas) It is sufficient to show the “if”” part of
the statement. Indeed, under the assumption that the triangles A; and A, are non-
degenerate, the “if” part holds with strict inequalities, which then also implies the
“only if” part of the statement. The degenerate cases are trivial.

For the triangles A1 vs. AL, only one side-length changes, and it is not the longest
side of the triangle in both versions. Thus, the monotonicity statement in the law of
cosines, cf. Lemma 2.35, implies that in the across version, the relation between the
desired angle £ ;(x, y) in A1 to the corresponding angle £ 5(X, y)in A1 is pointing in
the opposite direction than the relation of the changing side-length t(p, y) = t(p, )
to the side-length 7(p, y). In the future version, we obtain that the relation between
the desired angle £ 5(%, Z) in A1 to the corresponding angle £ 5(X,2)in A is pointing
in the other direction than the relation of the changing side-length t(p, z) = t(p, 2)
to the side-length 7(p, z).

Similarly, for the triangles A, vs. A,, only one side-length changes. In the across
version, it is not the longest side, and for the future version, it is. Thus, in the future
version, the monotonicity statement in the law of cosines yields that the relation
between the angle £ (3, 7) in A to the corresponding angle £ 5(¥,2)in A is pointing
in the same direction as the relation of the changing side-length 7 (p, y) to the side-
length 7(p, y). Similarly, in the across version, we get that the relations between the
angles £;(y, 2)in Ajand £ 5(¥,2)in A1 points in the opposite direction as the relation
of the changing side-length 7(p, ¥) to the side-length 7(, ). Note that A and A,
together form the triangle A, so we have « 5(x,y) = £;(y, 2) in the across version
and £ 5(x,z) = £5(y,2) in the future version. From this, the desired inequalities
follow.

For the “split” angle, we use the triangle equality along lines and the reverse
triangle inequality on the broken side, giving t(x,z) > t(x,p) + 7(p,2) =
t(x,p) + t(p,z) = t(x,z7) = T(X,Z) in the across statement and T(x,y) >
T(x,p)+t(p,y) = t(x,p) + t(p,y) = t(x,y) = T(x,y) in the future state-
ment. For the triangles A = A(X, y,7) and A = A(X, 7, Z), only one side-length
changes. In the across version it is the longest side of the triangle, and in the future
version, it is not. Thus, in the future version, the monotonicity statement in the law of
cosines implies that the relation between the angle £z (X, 7) in A to the correspond-
ing angle £; (X, ¥) in A is pointing in the opposite direction than the relation of the
changing side-lengths 7(x, y) = 7(x, y) and 7(x, y). Similarly, in the across version,
we obtain that the relation of the angle £5(x, z) in A and £5(X,7)in A points in the
same direction as the inequality between 7 (x, z) = T(x, z) and T (x, 2).

Finally, note that all monotonicity arguments work the same if the timelike relation
between y and p is reversed in the across version. O
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2.4 Extensions of Lorentzian length spaces

As in [11], in the proof of the splitting theorem we will first show that I(y) :=
I (y) NI~ (y) splits, and then we will use an inextendibility argument to show that
I(y) = X. To this end, let us recall the notion of extensions of Lorentzian (pre-)length
spaces as introduced in [40, Def. 3.1].

Definition 2.44 (Extensions) I:et ~(X ,d, <, <, t) be a Lorentzian pre-length space. A
Lorentzian pre-length space (X, d, &L, <, T)is called an extension of (X, d, <, <, T)
if

(1) ()~( , c?) is connected,
(i1) there exists an isometric embedding ¢ : (X, d) — ()~( , c?),
(iii) ¢(X) S X is open,
(iv) ¢ preserves < and <,
(v) ¢ preserves t-lengths of causal curves.

Remark 2.45 (Convex extensions) An important class of examples (and the only one
we will need) is the case of open, causally convex subsets of a suitable Lorentzian
length space. In this case, ¢ even preserves t.

Next, we recall the definition of timelike completeness for (localisable) Lorentzian
pre-length spaces, cf. [40, Def. 5.1]. However, since continuous extendibility,
extendibility as a causal curve and geodesic extendibility are in general inequiva-
lent concepts, we will define the timelike completeness property precisely in such a
way that it is sufficient for the subsequent inextendibility result.

Definition 2.46 (Timelike completeness (TC)) Let (X, d, <, <, t) be a localisable
Lorentzian pre-length space. We say X satisfies the timelike completeness (TC) prop-
erty if each (future or past directed) timelike geodesic « : [a,b) — X that is
inextendible to [a, b] as a continuous curve has infinite t-length.

Theorem 2.47 (Inextendibility of (TC) spaces) Let (X, d, <, <,t) be a strongly
causal Lorentzian length space satisfying the (TC) property. Then X is inextendible
as a regularly localisable Lorentzian length space.

Proof See [40, Thm. 5.3]. O

3 Lorentzian products

This section is dedicated to the treatment of Lorentzian product spaces. In the context
of Lorentzian pre-length spaces, (warped) products were first introduced in [5]. On
the one hand, this investigation is too general for our purposes, we only need products
instead of warped products. On the other hand, the formulation we use also works for
non-intrinsic spaces.
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Definition 3.1 (Lorentzian product) Let (X, d) be a metric space. Define the space
Y := R x X. Equip it with the product metric

D:Y xY — R, D((s,x), (t,y)) = \/|t — 5|2 +d(x, y)2.

Define the timelike relation as (s, x) < (f,y) : <= t —s > d(x, y) and the causal
relation as (s, x) < (¢,y) : <= t —s > d(x, y). Define the product time separation
T:Y xY — Rvia

T((5.3). (1 ) =\t — )% = d(x. y)?

if (s, x) < (¢, y), and O otherwise.
Then (Y, D, <, <, ) is called the Lorentzian product of X with R. If it is clear
that the Lorentzian product is meant, we simply denote it by R x X.

The following is more or less immediate from the definition:

Proposition 3.2 (Properties of Lorentzian products) Let (X, d) be a metric space. Then
the Lorentzian product (Y, D, K, <, t) is a Lorentzian pre-length space. Moreover,
T is continuous and < is closedon Y x Y.

Proof t is continuous by definition, so in particular, lower semi-continuous. The inclu-
sion of < in < is clear from the definition as well. The transitivity of both relations
as well as the reverse triangle inequality of 7 for <-related triples follow (via an ele-
mentary calculation) from the triangle inequality for d. The reflexivity of < is clear
from the definition. Finally, the definition of < is a reformulation of T > 0.

Note that for converging real sequences n; — n, m; — m such that n; < m; for
all i, we have n < m. The closedness of < on Y x Y follows immediately from this
fact. O

It is easily seen that generalised cones in the sense of [S] with warping function
f = 1 are Lorentzian products in the sense of Definition 3.1. Indeed, in this case
we have, in the notation of [5, Def. 3.9], that m,; := min,cs ) f(r) = 1 for all
s,t € R. Then [5, Lem. 3.10] shows that a causal curve in the sense of [5, Def. 3.2]
is a causal curve in the usual sense in our setting, with timelikeness being inherited
as well. Moreover, the variational length of [5, Def. 3.9] is precisely the r-length of a
causal curve in the sense of Definition 2.6. It is easily seen that if X is strictly intrinsic,
then the product R x X in our sense can be canonically identified with the warped
product R x r X with f = 1.

We now show that Lorentzian products are always strongly causal and non-totally
imprisoning.

Proposition 3.3 (Diamonds form basis) Let Y := R x X be a Lorentzian product.

Then {I(p,q) | p,q € Y} forms a basis for the topology. In particular, Y is strongly
causal.
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Proof Consider the open set O := (a,c) x Br(x) fora,c € R,R > 0,x € X
and let (b, y) € O. Choose ¢ = min(b —a,c — b, R —d(x,y)) > 0, then p :=
b—¢€,5),g:=0b+ey) e O. Then we have that I(p,q) CO:If(s,2) e I(p,q),
then s € (b —e,b+ ¢) C (a,c). In particular, at least one of |s — (b — ¢)| < ¢
and |s — (b + ¢)| < e holds. By definition of <, we then also have d(x,z) <
d(x,y)+d(y,z) < R,soy € Bgr(x). Thus, (s, z) € O. O

Proposition 3.4 (Non-total imprisonment of Lorentzian products) Any Lorentzian
product Y = R x X, where (X, d) is a metric space, is non-totally imprisoning.

Proof For any two points (s,x) < (t,y) € Y we have d(x,y) < t — s, SO
D((s, x), (t,y)) = /(t — )2 +d(x, y)? < +/2(t — 5). In particular, for any future
directed causal curve y : [a,b] — Y starting at y(a) = (s,x) and ending at
y(b) = (t,y) we have Lp(y) < V2@t —s): In any partition of [a, b], the above
bound in any of the subintervals forms a telescopic sum, making ~/2(f — s) an upper
bound on the length of the polygon approximation of y corresponding to the partition.
Let now K be compact, then we can enclose it in a bounded set: K C [s, f] X Br(x)
for some s < t, R > 0 and x € X. We know that the D-length of future directed
causal curves contained in [s, t] x Bg(x) is bounded by V2(t — 5), so we have that
Y is non-totally imprisoning. O

The next result characterises distance realisers in ¥ = R x X. Note that we make use
of the following: A distance minimiser in a metric space can always be parametrised by
unit speed, which is evidently a Lipschitz parametrisation, cf. [17, Proposition 2.5.9].

Proposition 3.5 (Characterisation of distance realisers) Let (X, d) be a metric space
and let Y := R x X the Lorentzian product. Then a continuous causal curve y =
(o, B) : la,b] — Y is a distance realiser if and only if either B = const or B :
la, b] — X is a (metric) distance realiser and when reparametrising y such that B is
unit speed parametrised, « : [a, b] — R is affine, i.e. of the form «(t) = ct + d with
¢ = 1 (which implies that y future directed null) or ¢ > 1 (which implies that y is
future directed timelike). In particular, y has causal character and a reparametrisation
as a (Lipschitz) causal curve. If in addition Y is localisable, then the same is true for
continuous geodesics.

Proof y is a distance realiser if and only if for all » < s < ¢ we have

t(y (), y(@®) =ty ), y(s)) + (¥ (s), y(0)). (*)

We denote y (r) = (t1, x1), Y (s) = (t2, x2) and y (¢t) = (23, x3), then (x) reads:

Vit —11)2 —d(x1,x3)% = V(12 — 11)? — d(x1,x2)> + v/ (13 — 12)> — d(x2, x3)2

We now define A = % and the function f(x) = +/1 — x2. Then () simplifies to

d(xy, x3) d(x1, x2) d(x2, x3)
) g 2l 1—A : *
f( 3 —1 ) f(X(t3—t1))+( )f((l—)»)(t3—t1)> ()
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We use that f is concave and monotonously decreasing on [0, 1] and d(x1, x2) +
d(x3, x3) > d(x1, x3) on the right hand side of (xx):

d(x1, x2) d(x2, x3)
s (wg—n))Hl_)‘)f((l—wg—m)

Sf(Cl(xl,JCz)-l-Cl'(?Cz,)%)) Ef(d(m,m)).

(tz — 1) (13 — 11)

So we get that (xx) is equivalent to having equality here. As f is strictly concave, the
first inequality has equality if and only if

d(x1,x)  d(x, x3) 3.1)
Hh —1h N 3—h ’ .

where we got rid of A again for generality. As f is strictly monotonously decreasing,
the second inequality has equality if and only if

d(xy, x2) +d(x2, x3) = d(x1, x3). (3.2)

We translate this back to what happens for general r < s < f: Eq. 3.2 reads
d(B(r), B(s)) + d(B(s), B(t)) = d(B(r), (1)), i.e., it holds if and only if B is a

distance realiser. Equation 3.1 reads dg?s()r )_5 ((:))) = do((’? t(;l’f((st))) , i.e. that quantity is a

constant % af % is 0 we get that B is constant, in this case the result is trivial). In
particular, if we reparametrise y such that g is unit speed (i.e. d(B(s), B(t)) =t — ),
a(t) —a(s) =c(t —s), 1.e. a is affine.

Now we look at what happens for different parameters c: If ¢ > 1, we easily see
that f(c) > 0,s0 t(y(r), y(t)) = (a(t) — a(r)) f(c) > 0 and the curve is timelike.
Forc =1, f(c) = f(1) =0,s0a(t) — a(r) = d(B(r), B(t)) and the curve is null.

Now if Y is localisable and y is only a geodesic, we can cover the domain with
intervals J; that are open in [a, b] where it is distance realising. Then on each of these
Ji we apply the above. As the J; overlap, the constant ¢ agrees, and we get that g1, is
distance realising, thus g is a geodesic. The converse follows equivalently. We even
get that the subintervals of the domain where the curves are distance realising agree.

O

Corollary 3.6 (r-arclength parametrisations of distance realisers) Any continuous
timelike maximiser y : [a,b] — R x X has a Lipschitz t-arclength parametri-
sation, which is of the form (a, B), with o : [0, L:(y)] — R, a(t) = ct + d,
and B : [0, L:(y)] — X a constant speed minimiser of speed ~/c*> — 1. IfR x X
is localisable, then the same is true for timelike geodesics (with B constant speed
geodesic).

Note that the results above continue to hold for maximisers resp. geodesics defined
on any interval 7, not just a closed one.

To finish this section, we show that global hyperbolicity of the Lorentzian product
Y = R x X is equivalent to the metric properness of X.
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Proposition 3.7 (Global hyperbolicity and properness) A Lorentzian product Y =
R x X is globally hyperbolic if and only if X is a proper metric space.

Proof Since products are always non-totally imprisoning by Proposition 3.4, we only
need to check that causal diamonds in Y are compact if and only if (X, d) is a proper
metric space. First, suppose that Y is globally hyperbolic. Let (¢, x) € Y and fix
R > 0. Consider the points p := (t — R, x),q := (t + R, x). Then (¢, x) € J(p, q).
By definition of <, any point (¢, y) with the same R-coordinate as (¢, x) is in J(p, q)
if and only if d(x, y) < R. Thus, the set J(p, g) N{(z, x) | x € X}, which is compact
by assumption, can be identified with the closed ball Bg(x) in X of radius R around
x, establishing the fact that closed balls in X are compact.

Conversely, suppose that X is proper and let p = (r,x),q = (¢t,z) € Y with
p < q. By definition of <, if (s,y) € J(p,q), then r < s < t. Moreover, we
have |s| < |r| + |f|. Set R := 2|r| + 2|t|. Then for (s,y) € J(p,q), we also
have d(x,y) < |s —r| < |s|+ |r]| < R. Thus, y € Bgr(x), which is compact by
assumption. In total, we conclude that J(p, g) C [r, t] X B R (x), which is a compact
set as the Cartesian product of two compact sets. The fact that J (p, g) is closed follows
immediately from the closedness of <, so J(p, ¢g) is compact as well. O

4 Rays, lines, co-rays and asymptotes
4.1 Rays, lines, co-rays, asymptotes, timelike co-ray condition

In this subsection, we study causal rays and lines and show how to obtain them as limits
of causal maximisers. Moreover, we analyse triangles where one side is a segment on a
timelike line and show that the angles adjacent to the line are equal to their comparison
angles. This in fact follows from the more general principle that one can stack triangle
comparisons of nested triangles with two endpoints on a timelike line. The latter
situation arises in the construction of asymptotes, and via the stacking principle, one
can show any future directed and any past directed asymptote from a common point
to a given timelike line fit together to give a (timelike) asymptotic line. In constructing
co-rays and asymptotes we follow [11], whereas the stacking principle and equality
of angles can be viewed as Lorentzian analogues of [17, Lem. 10.5.4].

Definition 4.1 (Rays, Lines) Let (X, d, <, <, ) be a Lorentzian pre-length space.
A future directed causal ray is a future inextendible, future directed causal curve
c : I — X that maximises the time separation between any of its points, where
I is either a closed interval [a, b] or a half-open interval [a, b). A future directed
causal line is a (doubly) inextendible, future directed causal curve y : I — X that
maximises the time separation between any of its points. Here / can in general be
open, closed, or half-open. More generally, for S C X, a future directed causal S-
ray is a future directed, future inextendible causal curve starting in S and satisfying
(S, c(?)) = SUp e (p, c(t)) = L (cl[o.r])- Past directed rays and lines are defined
analogously. A future directed causal ray ¢ : I — X is called complete if L, (c) = oo.
Similarly, a future directed causal line y is called complete if there is ty € I such
that the past and future directed rays obtained from dividing y at y (f9) are complete.
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Unless explicitly stated otherwise, all causal rays and lines are understood to be future
directed.

Remark 4.2 (i) Clearly, any ray c is a {c(0)}-ray. Conversely, if ¢ : [a,b) — X
is a future directed S-ray for some S C X, then 7(c(a), c(t)) < 7(S,c(t)) =
L:(clia,r]) < t(c(a),c(t)), so c is a ray. A similar statement is true for past
directed rays.

(i1) If X is regularly localisable, then any causal ray/line c is either timelike or null
by Theorem 2.17.

(i11) If X is localisable and causally path-connected, then any ray c is defined on a

half-open interval and any line y is defined on an open interval.

In the following, unless we specify the assumptions on X, we always take X to be
as in the splitting theorem.

Proposition4.3 Let z, — z in X. Let p, € 1" (z,) and let ¢, : [0,a,] — X be a
sequence of future directed, maximising causal curves from z, to p, in d-arclength
parametrisation. If T(z,,, pn) — 00, then there is a limit causal ray c : [0, 00) — X
from z.

Proof We only have to show a, — 00, the rest follows from the limit curve theorem.
Suppose a, — a < oo. This implies that all p,, are contained in a common compact
set K: Indeed, if we assume this to be false, then for each n > 0 there would be a
Pk, k = k(n), such that py ¢ B,(z) = {x € X : d(x,z) < n} (recall that (X, d) is
proper), which in particular means that

Ak(n) = Ck(n)) = A(Zk(n)> Pk(n)) = A\ Pkn), Z) — A (Zk(n), 2) = 1 — A(Zk(n), ),
LY (crny) = d( ) > d( ) — d( ) >n —d( )

which is a contradiction since the right hand side tends to co. So, up to a choice of
subsequence, we may assume that y,(a,) = p, — p. But then, by continuity of t,

(z, p) = li’gnf(zn,pn) = 00,

a contradiction to the finiteness of 7 on all of X x X. O

Let now ¢ : [0, 00) — X be a complete timelike S-ray, and fix z € I~ (c) N IT(S).
Let z;, — z and p, := c(r,) for some sequence of parameters r,, — oco. Then it is
easily seen that 7(z,, p,) — o00o: Indeed, let r > 0 be large and assume w.l.0.g. that
all z,, are in I~ (c(r)), then

T(2n, pn) = T(2n, ¢(r)) + T (c(r), ¢(rp)) — o0.

Hence, by the above result, we may construct causal rays as follows: Let , be max-
imising timelike curves from z, to p, and let u be a limit causal ray from z whose
existence we just proved.

Definition 4.4 (Co-rays, asymptotes) Any causal ray p constructed by the above
method is called a co-ray to the ray c at z. If z, = z for all n, then pu is called
an asymptote to ¢ at 7.
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Fig.3 The domain where the y;
can lie in is in the double line

Since maximising causal curves have causal character, a co-ray is either timelike
or null.

Definition 4.5 (Timelike co-ray condition) Letc : [0, c0) — X be a complete timelike
S-ray and let p € 1~ (c) N I (S). We say the timelike co-ray condition (TCRC) holds
at p if every co-ray to c at p is timelike.

We turn to the treatment of triangles adjacent to lines and begin with the afore-
mentioned stacking principle. It will be an essential technical tool for controlling the
behaviour of asymptotes to a line. The following two results are true for rather general
Lorentzian pre-length spaces, and the exact conditions are specified.

Proposition 4.6 (Comparison situations stack along a geodesic) Let X be a timelike
geodesically connected Lorentzian pre-length space with global timelike curvature
bounded below by 0 and y : R — X be a complete timelike line. Let p € X be a point
notony. Lett|) <ty < t3 suchthatall y; := y (t;) are timelike related to p, see Fig. 3.
Let Ay := A(p, y1, 2) be a comparison triangle for A1 := A(p, y1, y2) and extend
the side p, y» to a comparison triangle Az := A(p, 32, y3) for Axz := A(p, y2, y3).
We choose it in such a way that y; and y3 lie on opposite sides of the line through
V1, 2. Then ¥1, ¥2, y3 are collinear. That makes A1z := A(p, y1, y3) a comparison
triangle for A13 := A(p, y1, ¥3).

Proof We set s_ = sup(y ~'(I~(p))) and s; = inf(y ~'(I1(p))). Then the set of s
where y (s) is timelike related to p is (—o0, s_) U (54, +00). We assume p < y2, the
other case y» < p can be reduced to this one by flipping the time orientation of the
space.

We create comparison situations for an Alexandrov situation: We take the triangles
A1r = AP, 31, 32) and A3 = A(p, ¥, 33) as in the statement. We also create a
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comparison triangle A;3 = A(p, 31, 33) for (p, y1, y3) and get a comparison point
y2 for y; on the side y; y3. Then we can apply curvature comparison to get T(p, y2) >
t(p, y2) = T(p, ¥2). By Lemmas 2.42 and 2.43,* this means the situation is convex,
i.e.

Ly, (P Y1) < £y, (P, y3). (4.1)

If p < y1 we also get

Ly (P, y2) < £y, (P, y3) (4.2)

and if y; < p, this inequality flips.

Now we apply Eq. (4.2) to the situation where we fix y, and move y3 and y;:
We get Zm (p, y(t3)) 1s monotonously increasing in #3. Similarly, the time-reversed
situation gives that if p < y(t1), Zyz (p, y (t1)) 1s monotonously increasing in #; and
if y(#1) < p it is also monotonously increasing in #; (note it is also increasing when
switching from one case to the other). Then remember £ w(p,y(t)) < £ (P, y(13))
by the convexity of the Alexandrov situation (Eq. (4.1)). Note that the left hand side
is decreasing with decreasing #; and the right hand side is increasing with increasing
13.

Claim: For each t; and 3, Eq. (4.1) has equality.

Then: The comparison situation is straight, i.e. y1, y», y3 are collinear, and by
triangle equality along straight lines we have 7(y1, y3) = t(y1, y2) + t(y2, y3) =
T(y1, y2) +T(¥2, y3) = T(y1, ¥3), i-€,, P, ¥1, ¥3 is a comparison triangle for p, y1, y3.
. Pr_o_of: We indirectly assume there is a t? , t:? such that the comparison situation
A12, A3z is strictly convex. We realise this situation such that p = 0, y; is to the right
of the r-axis, such that the side )72)7? slopes to the left and )7?)72 slopes to the right

(i.e., );((;33 ;22)) , xt—((yy 2 yy 1) > 0). When we vary #; and t3, the comparison situation
is chosen such that p and y, stay fixed. As the comparison angle Ayz (p, y(t3)) is

monotonously increasing in 3, we get that for 3 > tg) the slope % is smaller

than the slope of y, y3. In particular, y3 lies to the left of the extension of the side y, yg .
Thus, for large enough 73, y3 lies to the left of the 7-axis, and for a certain #5 y3 lies on
it. Similarly, we find a #] such that y{ lies on the #-axis. See Fig. 4for a visualisation
of the construction. But then

t(y1, p) +T(p,¥3) = T3, ) + T(D, ¥3) > T3], 2) + T(52, ¥3)
=17, y2) + T2, ¥3) = TO], ¥3)
in contradiction to the reverse triangle inequality. Thus we get the claim. O

Remark 4.7 The proof of the statement can also be used in more general situations: Let
X be a locally timelike geodesically connected Lorentzian pre-length space with local
timelike curvature bounded below by 0, and let y be a (possibly extendible) timelike

41t p K y1 < yr < y3,weuse Lemma 2.43 and if y| <€ p < y7» < y3 we use Lemma 2.42.
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Fig.4 We assume that the path 4
y? V2 )72 is longer than the path N
y?ﬁyg. If the angle at y» is not
straight, we extend some lines
and as points further from p are
more on the left, we find some
t} and 13 such that y} py3 are
collinear. But then the path
y?yzyg is shorter than )7?13)72,
which then yields a contradiction
to y being maximising

maximiser. Let p < x = y(f2) be points in a comparison neighbourhood. Assume
the statement is not true (with certain ; < f, < #3). Then we get w1 = £, (p, y1),
w3 = £y,(p, y3). Letd| +d» = w3 — w1 and e = ©(p, x) sinh(d; + w1). Then for
the parameters t; = —Sinhew and 13 = Sinh‘w we have one of the following:

e Y is not defined at/inextendible to one of them,

e y stops being distance realising between | and ¢3 (and we have found a longer
curve),

e there is no curvature comparison neighbourhood containing both y (£*) (i = 1, 3).

For this, realise the above with <5, (9;, ¥3) = d3 and £5,(9;, y1) = di. Then e is
the difference of the x-coordinates of p and x.

Note the similarity of this result and classical arguments for conjugate points along
geodesics in Riemannian/Lorentzian geometry.

Proposition 4.8 (Angle = comparison angle) Let X be a timelike geodesically con-
nected Lorentzian pre-length space with global timelike curvature bounded below by
Oand y : R — X be a complete timelike line and x := y (ty) a point on it. We split y
into the future part Y1 = ¥ |[1y.+00) and the past part y_ = y|(—co.1o]- Let p € X be
a point not on y with x and p timelike related and o : x ~~ p a connecting distance
realiser. Then for all s # t such that p and y (s) are timelike related, we have:

Le(pyy(s) = La(a, yi) = Ly(a, yo),
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Fig.5 Illustration: These angles
are the same, and have the same
value as if they are considered as

comparison angles fy‘l_

i.e. the comparison angle is equal to the angle, and the same in both directions
(see Fig. 5).

Proof First, we check that the comparison angle £ +(p, y(s)) is constant in s: For s
and s, for which this is defined, we have three parameters on y involved: sy, 52, tg.
The previous result (Proposition 4.6) tells us we can construct a comparison situation
for all three triangles at once. As the comparison situations have the comparison angle
Zx (p, y(s1)) resp. Zx (p, y(s2)) as the angle in x, they are equal.

Now we look at the angle £, («, y+): We assume p < x. We already know
Zx (xx(s), y(¢)) is constant in . We now have to look at its dependence on s: By
Theorem 2.39, Z)SC (ax(s), y(¢)) is monotonously increasing in s. Note now that for
! < to, the sign of this angle is 0 = —1, and for ¢ > ¢y, the sign of this angle is
o = +1.So choose some 7_ < 19 and 74 > 7o for which all the necessary angles exist
(i.e. p <« y(t-) and t+ > ty) we have that Ay (a(s), y(t2)) = Ay (x(s), y(ty)) is
both a monotonously decreasing and increasing function in s. Thus it is constant, and
Ay (x(s), y(t)) = £x(a, y—) = £ (a, Y1), which includes the desired equalities. O

Corollary 4.9 Let X be a timelike geodesically connected, globally causally closed
Lorentzian pre-length space satisfying J*=(p) = 1= (p) for all p € X.> and having
global timelike curvature bounded below by 0 and let y : R — X be a complete
timelike line. Then for any point p € X and two points x; = y(t1) and x; = y(t2)
which are timelike related to p, we get a timelike triangle A = A(xy, x2, p). Let
q1, q2 be any points on A, one of them lying on the side x1x>. We form a comparison
triangle A for A and find comparison points q1, > for q1, q2. Then q1 < qo if and

5 Approximating and globally causally closed Lorentzian pre-length spaces satisfy this, cf. [19, Def. 2.17].
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only if g1 < q» and t(q1, q2) = t©(q1, q2), where T denotes the time separation of
2D-Minkowski space.

Proof First assume g1 < g». As global curvature is bounded below by 0, we get that
7(q1, q2) < 7(q1, g2), and a continuity argument then shows that g; < ¢».

Conversely, let g1 < g». We distinguish which sides the g; lie on: Note we assumed
one of them is on the side x;x2. We only prove the case where g is on the side
o connecting x1x2 (say g1 = «a(s)) and g is on the side B connecting xi, p (say
q>» = B(t)), the proof of the other cases is easily adapted.

Consider now the hinge («|(0,s1, Bl{0,s]), Which has base-point x; and two tips
at g1, q2. By the previous Proposition 4.8, we get that o = £y, (o, ) = =
le (p, x2). We now have two comparison situations: A has angle le (p, xz) at xi,
and a comparison hinge (&, 8) with tips 41, §». But note that the angles and distances at
X1 resp. X are the same, so we have that (g1, g2) = 7(q1, ¢2). But for the comparison
hinge, [13, Cor. 4.11] gives that (g1, ¢2) > 7(q1, ¢2) = 7(q1, ¢2). In total, this gives
that 7(q1, g2) = 7(q1, g2), as desired. A similar continuity argument then gives that
q1 < q2, thus completing the proof. O

We return to the situation of the splitting theorem. Let y : R — X be the com-
plete timelike line whose existence we assume, and let it be in any locally Lipschitz
parametrisation (e.g. parametrisation by d-arclength) defined on R. We call any co-ray
to any of its past or future directed subrays a co-ray to the line y, so in particular, we can
construct past and future directed co-rays from all points on I(y) := IT(y) NI~ (y).
The next result shows that the timelike co-ray condition holds on 7(y), i.e. all co-rays
from all points in /(y) are timelike. For our purposes it would be sufficient to show
this for asymptotes, since we only work with those in the proof.

Proposition 4.10 The timelike co-ray condition holds on I (y).

Proof Suppose there is a point x € I(y) such that the TCRC does not hold at x,
so w.l.o.g. there is a sequence x, — x, r, — oo and maximal timelike curves o,
from x, to y(r,) such that o,, converge to a future directed null ray o. Choose some
q € y N1~ (x) and let i, be maximal timelike curves from ¢ to x, (assuming n to
be large enough, ¢ < x;,,). Suitably pre- and post-composing i, and then applying
the limit curve theorem, it is easily seen that (up to a choice of subsequence) the u,
converge locally uniformly to a maximising limit causal curve p from ¢ to x, which
is timelike since ¢ < x. Denote by y;, the piece of y that runs between g and y (r,,).
Set ay = Li(uy), by := L¢(0oy) and ¢, := L:(yn). Let B, = Aq(//vn’ ¥n) and

:= 4y, (n, 0,) (see Fig. 6). Then a, — a := 1(q, x) and by the continuity of
angles (cf. Proposition 2.41), 8, — B, where B is the angle between 1 and y. Consider
the comparison triangle (z&,, o, ¥,,) In RI1, then the angle B, between 1t,, and ¥,
satisfies ,8,1 < B, and similarly 6,, > 6,,. Slnce Bn — B, there is some C > 0 such
that 8, < C for all n. The hyperbolic law of cosines in R!'! (see Lemma 2.35) gives

b2 = a2 + ¢ — 2a,c, cosh(B,,),
¢2 = a2 + b2 + 2a,by cosh(@,).
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Fig.6 The construction of
maximal curves along 1 (y) T (Tn)
On
Tn @ ------ x
In
Hn
Bn
dn

Using these two equations and solving for cosh(6,,), we get

_dn + & cosh(Bn).

cosh(8,) = 5 5
n n

By the initial equation for b,,, it is easy to see that b, /c, — 1 and b,, — oo (using
thata,, — a and Bn < (), hence there is some constant C > Osuch that cosh(8,) < C
and thus also 6, < C’ for some constant C’. Using the monotonicity condition, we
get that 6, = £, (0,, n) > an (0, (s), i, (1))) for each s and ¢, so this is bounded
too. We will see that this is incompatible with o,, “getting more and more null”’: Note
that we get the following estimate for some constant C”:

T(n (1), Un(s))2 — T(un(2), xn)2 — T (Xp, Un(s))2

C" = cosh(Lx, (0 (s), ta (1)) = 27 (X, 00 ()T (1 (1), Xp)

Since the denominator goes to 0 for n — oo (as t(x,, 0,(s)) = 7(x,0(s)) = 0 and
T(Un(t), xp) — t(u(t), x) > 0), the numerator has to go to 0 as well, in particular
this means

T(u(t), o (s)) = t(u(?), x)

for all s, ¢. This implies that running along p from . (¢) to x and then along o to o (s)
gives a maximiser, but this curve has a timelike and a null piece, a contradiction to
Theorem 2.17. O

Next, we show that any asymptote to y (which we now know to be timelike) is
complete.

Proposition 4.11 Let x € I(y) and let n be a timelike asymptote to y at x. Then
L:(n) = oo.
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Proof W.l.0.g. let n be future-directed. Suppose L := L.(n) < oo. By construc-
tion, n : [0,00) — X arises as a locally uniform limit of timelike maximisers
n. : [0,a,] - X from x to y(¢,), where t, — oo. By continuity of angles (see
Proposition 2.41), £ (n, n,) — 0 forn — oco. Lete > 0 and let N € N be such that
forn > N, £,(n,n,) < & (in fact, any finite bound would suffice here, we do not
necessarily need an arbitrarily small one). Since t(x, y (t,)) — 00, we may assume
that t(x, y(t;)) > 3L cosh(e) (upon possibly choosing a larger N). Now note that
for any t, withn > N, 0J (v (t,)) Nn = (J~ (y(&)\I~ (y(t;))) N n is non-empty:
Certainly, x € I™ (y(t,)), so if this intersection were empty, then n would be impris-
oned in the compact set J*(x) N J (¥ (t,)), which cannot happen. So we find a point
yo € n that is null-related to y (z,), 1.e. yo < y(t,) and 7 (y9, ¥ (¢,)) = 0. By continu-
ity, there is y on 1 near yg such that 0 < =(y, y(¢,)) < 3L cosh(e)/2. Let now v be
the part of n from x to y with length L;(v) =: a, o a timelike maximiser from y to
y (t,) with length b := L (o) = t(y, y(t,)). Moreover, we write ¢ := L,(n,). Then
(v, 0, n,) forms a timelike triangle with angle 8 := £, (n, n,) < € at x, consider a
corresponding comparison triangle (v, &, 77,,) with angle 8 at X. By the law of cosines,
we get

b* = a® + ¢* — 2ac cosh(B). (4.3)

Our curvature assumption gives that 8 < B < &. Moreover, as we have argued,
¢ > 3Lcosh(e) and b < c/2 and a < L. Inserting all of this, we get

b > a® + ¢* = 2ac cosh(e) > a’+c¢* —2Lc cosh(e) > ¢ —2Lc cosh(e)

_ 2 (1 2L cosh(s)) -y

c

contradicting b < c/2. O

To conclude this subsection, we show that any future directed and any past directed
(timelike) asymptote to y from a common point fit together to give a timelike line.

Proposition 4.12 (Asymptotic lines) Let p € I(y) and consider any future and past
rays ot : [0,00) - X and o~ : (—00,0] - X from ptoy. Theno == o o™t :
R — X is a complete timelike line.

Proof Let o, and o, be two sequences of timelike maximisers from p to y (ry)
and y (—ry), respectively, such that o+ and o~ arise as limits of these sequences
as r, — oo. To show that o is a line, it is sufficient to show that for any ¢ > 0,
(0 (—t),0(t)) = L(o|[-t.11)- To see this, let g+ := o(¢) and g_ := o(—t), and
gL =0, (1), q" := o, (—1). Then g+ = lim, ¢'{. Consider the triangle going from
x via 0,1 to the endpoint of o,", then following y down to the endpoint of o,,, and
finally running the latter up to x again. Consider a comparison triangle with points E
corresponding to g’ . Sending n — o0, we see that the stacked comparison triangles
in R"! converge to a vertical line (here we use Proposition 4.6 and the completeness
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of y), hence our curvature bound gives

T(g-.q4) = lim 7(¢".¢}) < lim T(g", ¢}) = 1im L+ (0, 0, ||~1.1)
== LT(Gl[—t,t])’

which is what we wanted to show, as the other inequality is trivial. O

4.2 Parallel lines

This subsection introduces the notion of parallelity for complete timelike lines. This
approach is better suited for the synthetic case as it circumvents the analysis of Buse-
mann functions. In the following, we call a map f : Y1 — Y> between Lorentzian
pre-length spaces (Y1, d1, <1, <1, 11) and (Y2, d», K2, <3, T2) T-preserving if for all
p,.q €Y, 11(p,q) = a(f(p), f(q)), and we call f causality preserving if p < g
if and only if f(p) <2 f(q).

Definition 4.13 (Parallel lines) Let «, B be two complete timelike lines in a Lorentzian
pre-length space X defined on open intervals, w.l.o.g. on R. They are called parallel
if there exists a 7- and causality preserving map f : (¢(R) U B(R)) — R such
that f(a¢(R)) and f(B(R)) are parallel timelike lines in Minkowski (in the sense of
parallel lines in affine spaces). We call such a map f a parallel realisation of o and B.

Remark 4.14 Note that by post-composing this by an isometry of Minkowski space, we
can always achieve that f(«(R)) = {(¢,0) : t € R} € R and F(B(R)) = {(t, ¢) :
t € R} for some ¢ > 0. In this form, if « and B are parallel and both parametrized
by t-arclength (this is possible if 7 is continuous and t(x, x) = O for all x € X, cf.
Lemma 2.29), we get that f(«(t)) = (t +a,0) and f(B(t)) = (t + b, c). By doing a
shift in Minkowski, we can make a to be 0 (changing b to b — a).

Lemma 4.15 (Properties of parallel realisations) Let X be a strongly causal Lorentzian
pre-length space with continuous time separation, let o, B : R — X be two complete
timelike lines and let f : a(R) U B(R) — RV be a parallel realisation. Then f is a
homeomorphism onto its image.

Proof We first show that f is injective. Certainly, due to the fact that f preserves
time separations, f|yR) and f|g(r) are injective: Indeed suppose that e.g. f(a (7)) =
f(a(s)) = (r,x) forsome s < ¢, then 0 < 7(a(s),a(t)) =7((r,x),(r,x)) =0,a
contradiction. Now suppose that the lines f («¢(R)) and f(B8(R)) in R are different,
then we are done. Otherwise, by nature of lines in Minkowski space, they have to be
equal if they intersect. In that case, each point on that line is reached by one point
on « and one point on 8 via f. So suppose that (r, x) = f(x(t)) = f(B(s)). Since
f is T-preserving and T is continuous, for each ¢ > 0 there are §,5 > 0 such that
f(Bs+68) =(+ex)and f(B(s — 8)) = (r — &, x). But this means that a(¢) €
N 5,510 I1(B(s— 5), B(s+34)). By strong causality, these sets are a neighbourhood basis
at B(s), hence a(t) = B(s). This concludes the proof that f is injective.

Clearly, ¢(R) U B(R) is a strongly causal Lorentzian pre-length space with the
restriction of the structure of X, and similarly for their images in Minkowski space.
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Moreover, f maps the timelike diamonds in «¢(R) U B(IR) to the timelike diamonds
in f(a(R)) U f(B(R)). As these form topological bases due to strong causality, we
conclude that f is a homeomorphism onto its image. O

Note that in the above setting, any parallel realisation f gives us a t-arclength
parametrisation of the parallel lines «, 8: Let @ be a t-arclength parametrisation of
the line f(«(R)) in Minkowski, then f~! o & is t-arclength parametrised, similarly
for B.

Definition 4.16 (Synchronised parallel lines) Let X be a Lorentzian pre-length space
with continuous time separation t satisfying 7(x,x) =0 forallx € X.Leta : R —
X, B : R — X be two t-arclength parametrised, parallel and complete timelike lines.
They are called synchronised parallel6 if the parallel realisation f : (¢(R)UB(R)) —
R"! can be chosen to be of the form f(a(t)) = (t,0) and f(B(¢)) = (¢, c) for some
¢ > 0. The constant c is a well-defined property of («, ) and is called the distance
of the parallel lines. For any two parallel lines « and B parametrised by t-arclength,
one can shift 8 such that («, B o (f — t — a)) is synchronised parallel.

Lemma 4.17 (The c-criterion for parallel lines) Let X be a Lorentzian pre-length space
with continuous time separation T satisfying T (x, x) = Oforallx € X. Leta : R — X
and B : R — X be two t-arclength parametrised complete timelike lines. We define
the following partial functions:

o Cop(s, 1) = V(=52 —t(a(s), B(1)2(e C) if a(s) < PB(t) (otherwise
undefined),

o Cpuls, 1) = Vs =02 —t(B@1t),a(s)2(e C) if B(t) < a(s) (otherwise
undefined),

o N (s) =inf{t —s:a(s) < B(1)},

o cj,L(s) = inf{r — s : B(s) < a(t)).

These are all constant where defined, have the same value c and the infima are minima
if and only if o and B are synchronised parallel. This constant c is the distance between
o and .

If X is additionally globally causally closed and a NIt (B) # Band BNIT () # ¥,
then the infima in cév 4 and cg 4 are automatically minima and the conditions that

c L= cé\’ 4 = c are automatically satisfied if cqp = cpo = c. In that case, all of the

constants agree.

Proof We define f as in the definition of synchronised parallel with distance c:
fa(s)) = (s5,0), f(B(s)) = (s,c). We will prove that f is causality preserv-
ing if and only if cév 4 and cllgv . are constantly ¢, and under the assumption that this is
the case f is T-preserving if and only if c,g and cg, are constantly ¢ wherever defined.

As « and B are future directed t-arclength parametrised timelike lines, it is clear
that f is causality and 7-preserving along o and along B, i.e. we only have to check
the conditions on f(x(s)) < f(B(t)), their T-distance and the same for «, f reversed.

6 This agrees with the usual notion of synchronising clocks in the sense that this is the parametrisation
coming from synchronising the clocks on the particles @ and 8 and parametrising « and 8 by their clock
values.
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So first, for causality preserving: We know that f(a(s)) < f(B(t)) < (s,0) <
(t,c) & (t —s) > c. On the other hand, a(s) < B(t) &t —s > céﬂ_(s) if this is a
minimum and a(s) < B(t) &t —s > cév 4 (s) 1f it is only an infimum. In particular,
these conditions are the same precisely when cfxv 4 (s) = c and it is a minimum. Thus,
a(s) < Bt) & f(a(s)) < f(B(t)) if and only if c(]x\ﬁr is constantly ¢ and is always a
minimum. Analogously, we get that (s) < a(t) & f(B(s)) < f(a(?)) if and only
if cg - 18 constantly ¢ and is always a minimum.

We already proved that f is causality preserving. Next, we show that it pre-

serves 7. On the Minkowski side, we have: T(f(a(s)), f(B(1))) = +/(t — 5)% — ¢?
(f f(a(s)) < f(B(1))). On the X side, we solve the defining equation for cyg for

T(a(s), p(1)) to get: T(a(s), (1)) = \/(t — )2 — cap(s, 1)? (if a(s) < B(1)). Now
note that as f is causality preserving, the side conditions when these equations can be
applied match up (if they are not applied, t(x(s), (¢)) = 0 = T(f(x(s)), f(B(?)))
anyway). If the side conditions are satisfied, we note that the equation differ only
in one place: T(a(s), B(1)) uses cap(s, 1) and T(f(a(s)), f(B(?))) uses c. Thus, we
easily see that T(a(s), B(1)) = T(f(a(s)), f(B(#))) if and only if cyp(s, 1) = c.

Analogously, we get that t(B8(t), a(s)) = T(f(B(t)), f(x(s))) if and only if
Ca(s, 1) = c.

For the additional claim, fix s. If X satisfies the additional assumptions, {r : a(s) <
B(t)} is closed and bounded (as is easily seen from the fact that c,g € R when
defined due to the reverse triangle inequality), thus it has a minimum automatically.
We consider ¢ such that a(s) < B(t), that is t € (t;, +00) = B~ LI (a(s))).
We get that t(x(s), B(t)) — 0 as t N\ t;. We transform the equation ¢ =

Vit =) —t(als), B()? to (a(s), B(t)) = +/(t — 5)2 — ¢2. By continuity of T,
this still holds in the limit ¢ \{ #, i.e. v/ (t; — 5)? — c? = 1(a(s), B(t;)) = 0, so

ts—s=cand {t : x(s) < B(t)} = [t5, +00) as claimed. O

Lemma 4.18 (The strong causality trick) Let X be a strongly causal Lorentzian pre-
length space with continuous t and t(x,x) =0 forallx € X. Leta, B : [0,b) — R
be two t-arclength parametrised timelike distance realisers with x := «(0) = B(0).
Assume that for all s, t such that a(s) and B(t) are timelike related, the comparison
angle is £ (a(s), B(t)) = 0. Then o = B.

Proof We set fi(s,t) = t(a(s), B(t)) and f_(s,t) = t(B(s), x(t)). They are both
monotonically increasing in ¢ and continuous. We want to describe the set where
fi > Oresp. f— > 0. We setz;” = inf{z : f, (s, ) > 0}, then limt\t:r fx(s,t) =0.

Thus in the law of cosines (Lemma 2.35), we get limt\t;r cosh(Zx (a(s), (1)) =

s242— fi(s.t) _ S2H()? o+ . )
ot = 2”} , s0 s = t.. Analogously, we get s = inf{z :

f—(s,t) > 0}, intotal fi(s,t) > Ofors < t.

That means that whenever s_ < t < s; we have that a(¢) € I(B(s-), B(s1)).
By Lemma 2.26, the 1(B(s—), B(s+)) form a neighbourhood basis of the point S(¢),
and «(?) is inside of all of these neighbourhoods. As X is Hausdorff, we get that
a(t) = B(t) forallt € (0,b),s0a = B. O

I = lim,_+
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Lemma 4.19 (Parallel lines are unique) Let X be a strongly causal, timelike geodesi-
cally connected Lorentzian pre-length space with continuous t, t(x,x) = 0 for
all x € X. Suppose that X has global timelike curvature bounded below by 0, let
a : R — X be a complete timelike line and p € X a point. Then there is (up to
reparametrisation) at most one parallel line to o through p.

Proof We indirectly assume there are two parallel lines to « through p, namely 8 :
R — X and B : R — X. We assume all three curves are parametrised by t-arclength,
such that 8(0) = B (0) = p andinsuch a way that «, B are synchronised parallel. Then
also «, B are parametrised in a way that they are synchronised parallel, and both «, 8
and «, ,8~ have the same distance: set s, = inf ol (I*(p)) and s_ = sup a NI~ (p))
the boundary of the points on « timelike related to p. Then the distance of «, B and

that of «, 8 can be calculated as % so they are the same, and the necessary shift

to make 8 and f8 synchronised parallel to « can be calculated by g++s‘ , so they are

the same too. As «, B are assumed to be synchronised already, this shlft 1s 0.

We construct a comparison situation for all three lines at once: We choose the
parallel realisation f for o and 8 given by f(a(s)) = (s,0) and f(B(s)) = (s, ¢), and
similarly we choose f for « and B given by f(B(s)) = (s, —¢) and f(a(s)) = (s, 0),
i.e. we realise 8 and 8 on opposite sides of .

We calculate the angle w := £, (Bl[0,+0)> B|[0,+oo)): By Proposition 4.8, this is
equal to any comparison angle £ p(B(s), B (1)) as long as B(s) K B(t) or conversely.
We know that B(s) < a(s + ¢+ ¢) K ﬂ(s +2c¢ + 2¢) and set t = s + 2¢ + 2¢. We
now look at the law of cosines to estlmate the comparison angle w = £ p(B(s), ﬁ (1)):

2 2
cosh(w) = 2 i _té’f t(s) £0) 2 Wthh converges to 1 as s — +o00. In particular,

o = 0. We can now apply the strong causality trick to get 8 = B (so they are even
equal in this parametrisation), so there is only one line parallel to « through p. O

Let us now show for X as in the splitting theorem that asymptotic lines to y
constructed in Proposition 4.12 are parallel to y .

Lemma4.20 Let @ : R — X be a complete timelike asymptotic line to y. Then «, y
are parallel.

Proof By construction, « arises as the limit of timelike maximising segments «," from
p = a(0)toy(r,) anda,, from ptoy(—ry,), wherer, — o0o. We will use the stacking
principle (cf. Proposition 4.6) to show that « and y are parallel. Indeed, the triangles
A(y(=rn), p, y(rn)) stack in R1!, hence by orienting the side corresponding to the
segment on y vertically (see Fig. 7), we may assume that for n — oo the comparison
triangles converge to two vertical lines in R1-1.

We now argue that the map sending o(IR) and y (R) to the corresponding limit
lines o« and y is a parallel realisation. For any t,s, consider t(«(?), y(s)) =
lim,, t(oy,(2), y(s)). For n so large that —r, < s < ry, y(s) is part of the trian-
gle A(y(—ry), p, ¥ (rp)). From Corollary 4.9 we conclude that o, (r) < v (s) if and
only if o, (¢) < Y (s), and (o, (1), y(s)) = T(,(t), Y (s)), where the bars denote
the corresponding points on the comparison side. This shows that the realisation of «
as o and y as y is a parallel realisation. O
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Fig.7 Stacking comparison \
triangles
Y(rn41)
v(rn)
Y
Y(=7n)
Y(=Tn+1)
/

Lemma 4.21 (Shifting asymptotes) Let « : R — X be a complete timelike asymptote
to y through a(0). Then the asymptote to y through o (s) is o (- —s) after parametrising
both by t-arclength.

Proof Let & be the asymptotic line through «(s). Then the previous result shows that
both y and « as well as y and & are parallel and they meet at «(s) = &(0). Thus, as
parallel lines are unique (see Lemma 4.19), we have that (after synchronising) o = «.
To get the correct parameters before shifting, we know «(s) = @(0), which fixes the
shift parameter. O

Corollary 4.22 (Asymptotes stay in 1(y)) Asymptotic lines to y from points in 1(y)
stay in 1(y).

Proof Since asymptotic lines to y are parallel to y by Lemma 4.20, this readily follows.
O

Now that we have established the parallelity of y and its asymptotes, we may
reparametrise all of them by t-arclength and fix a shift on each asymptote so that they
are synchronised to y. Note that we fix a t-arclength parametrisation of y, namely
the one keeping y (0) the same.

Definition 4.23 (Busemann parametrisation) Let « : R — X be a complete time-
like asymptote to y. Then we call the (unique) 7-arclength parametrisation of « that
synchronises it to y its Busemann parametrisation.

Remark 4.24 (Busemann functions) Up to this point, we have avoided the use of Buse-
mann functions in our treatment. Though it will not really be necessary in what follows,
let us discuss them briefly here. Let X be as in the splitting theorem and y the given
timelike line in t-arclength parametrisation. Then we define the (future) Busemann
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function of y as b : I(y) — R U {Foo} via bT(x) 1= lim; 0 (t — T(x, y(1))). If
o : R — X is any asymptotic line to y in t-arclength parametrisation and we choose
the parallel realisation between o and y so that y (¢) is mapped to (¢, 0) € R!:! (which
we always do) and «/(s) is mapped to (s + S, ¢) € R51, then

bt (a(s)) = Aim (@ —7(a(s), y(1)) = lim (7 — Vit —(s+8)—cA)=s+5.

Hence, b indicates the shift in the time parameter along any 7 -arclength parametrised
asymptote. In particular, b* is finite-valued on all of I(y) since any point lies on an
asymptote, and in fact it is not hard to show that b is continuous on /(y) in a similar
fashion as [11, Lem. 3.3], but we will not need this. Note that if « is in Busemann
parametrisation, then b (a(s)) = s for all s € R, hence the name.

Lemma 4.25 (Parallelity is weakly transitive) Let X be a strongly causal, timelike
geodesically connected Lorentzian pre-length space with continuous t, T(x,x) = 0
for all x, and global non-negative timelike curvature. Leta, B, y : R — X be timelike
lines such that o, B and B, y are parallel. Assume that there is a point p on y such
that there is a parallel line to a through p. Then this parallel line is already y .

Proof We assume the parallel lines are even synchronised parallel in a suitable t-
arclength parametrisation. Let y be the synchronised parallel line to « through p. Let
a be the distance between «, B, b be the distance between g, y and ¢ be the distance
between «, Y. We have two lines through p: y and y. We assume the parameters for p
are p = y(tp) = y (f). By Proposition 4.8, we know that Zp (v (s), y (1)) is constantin
sandt aslongas y(s) < y(¢) (or conversely). We know that y (s) < B(s +b+¢) K
a(s+a+b+2)KLy(s+a+b+c+3e)andsett =s+a+ b+ c+3e. We
now look at the law of cosines to estimate the comparison angle w = £ p (Y (s), y(1)):

)2 AV - _7)2 .
(s—to) JFZ((Z_’?O))G_TZ%/)(S)”’(I)) < 58_2;2 which converges to 0 as s — +00.

In particular, @ = 0. We can now apply the strong causality trick to get that  and y
are just shifts of each other, so « and y are parallel.

By doing the same argument backwards as well, i.e. a(s —a —b —2¢) < y(5) K
a(s +a + b + 2¢), we get that the synchronised version only differs by a shift of at
most a + b (upon taking ¢ — 0). O

cosh(w) =

Lemma4.26 (Verticality in Minkowski space) Let a = (0,0) < b be points in
Minkowski space RY1. Let the t-coordinate difference be At = t(b) —t(a). Let ¢, be
points with b < ¢y, the t-coordinate t(c,) — +090, ¢, above the straight line through

a,band t(a,c,) — t(b,c,) > At asn — +00. Then f((f,:)) — 0, or equivalently,

Cn 7
—L- — 0.
lleall !

Proof We show that Ve > 0 there are constants 7 > 0 and § > 0 such that for all p
with t(a, p) > T and |t(a, p) — t(b, p) — (tp — t,)| < §, we have that the angle of
ap with the r-axis satisfies £,(9;, p) < e.

We set w1 = £,(9;, b) the angle between the vertical and ab, and w; = £,(p, b)
the angle between the vertical and ap. We will prove |w; — wz| < €. By assumption,

7 So cp, converges to the point [9;] on the limit sphere.

@ Springer



48 Page38o0of47 T.Beranetal.

p and 9; lie on the same side of the straight line through ab, so by angle additivity in
the plane we also get that £,(9;, p) < e.
We apply the law of cosines:

t(b, p)* — t(a, p)* = t(a, b)*> = 21(a, b)t(a, p) cosh(w»)
and use that cosh(wy)t(a, b) =1, — 1, to get:

(2t (a, p) cosh(wy) — 1)
cosh(w1)(z (b, p) + t(a, p))
=F

t(a, p) —t(b, p) = (tp — 1a)

We now have to check that whenever |w; — w;y| > ¢, the factor F is bounded away
from 1.

We have two cases to cover: First, we indirectly assume w; > wy + ¢ (then 1 —
ggzﬁggg > 1 — cosh(e)). (Assuming b lies to the right of the ¢-axis, this is the case
where p also lies on the right.) We will show F < 1 — § (if t(a, p) is large enough

and t(a, p), t(b, p) are close enough). This is equivalent to:

(2t(a, p) cosh(wz) — 1) < (1 = §) cosh(w)(z (b, p) + T(a, p))

7(b,p)
T(a,p)

Dividing by 7 (a, p), this is obvious: — last(a, p) - 400 and the difference

is bounded. We can e.g. choose
6 < cosh(e) — 1

and T large enough.

Now we indirectly assume w; < wy —e¢ (then ig:ﬁ% —1 > cosh(e)—1) (Assuming
b lies to the right of the #-axis, this is the case where p lies on the left.) We will show
F > 1+6 (if 7 (a, p) is large enough and 7 (a, p), t(b, p) are close enough). We need
to check:

(2t (a, p) cosh(wr) — 1) > (1 4 8) cosh(w)(t (b, p) + t(a, p))

z(b,p)

Dividing by 7 (a, p), this is obvious: — @p

is bounded. We can e.g. choose

— last(a, p) - 400 and the difference

8 < cosh(e) — 1

and T large enough. O
We now run into a subtlety: being parallel is in general only weakly transitive, but

being synchronised parallel is probably not. Luckily, for X as in the splitting theorem,
the fact that we consider asymptotic lines to y simplifies the situation:
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Lemma 4.27 (Two asymptotes are parallel) Let x, y € I(y) and «, B the asymptotes
to y through x resp. y in Busemann parametrisation. Then o, 8 are synchronised
parallel.

Proof We dive into the construction of asymptotes: We first assume x < y. We
set sp = b7 (x) and fy = b (y), then there are maximisers o, from x to y(7},)
parametrised in t-arclength such that o, (s9) = x and B,, from y to y (7;,) parametrised
in t-arclength such that 8, (f9) = y, which converge (pointwise) to the upper parts of
o and B in Busemann parametrisation for 7,, — oo, respectively. Note that o, (sg +
(x, y(Tp)) = Bulto + T (v, ¥(T))) = y(Ty).

We try to prove the c-criterion (Lemma 4.17): Clearly, due to our assumptions on
X, we do not need to consider the null functions. We look at c,g(s0, f0) and cag(s’, t')
or cga(s’,t') for so < s, t0 < t': We require a := x = a(sp) K b 1=y = B(1).
We get points converging to these parameters: a, = o,(s') — a' := a(s’) and
b, = Bu(t") — b := B(t') (note that o, (s9) = a and B,(f9) = b anyway). We get
a tlmehke triangle A, = A(a, b, ¢, := y(T,)) containing the points (an, b). We
form a comparison situation for this in Minkowski space Rl:1: A, = A(a, b, ¢,) with
comparison points a, b’ As X has global curvature bounded below by 0, we get that
t(a,, b)) < (@, n) and t(b),a) < T (b, a).

We would now like to let 7,, — +00, so we need control over what the comparison
triangle A, converges to. For this, we select which way to realise A, in Rl:!. We
choose:

a = (sg, 0) constant in n, i.e. at the right #-coordinate and with x-coordinate 0,

b = (1, cap (50, o)) constant in n. Note this has the right r-distance to a by
definition of cgg.

e ¢, above the straight line @ and b lie on.

We claim that in the limit 7, — +o0, the line ac, becomes vertical (the line b¢, also
becomes vertical). For this, we look at what 7 (a, ¢,) — T (b, ¢,) does as T, — +o0:
Using Landau small-oh notation, we get that T(a,c,) = T, — b*(a) + o(1) and
7(b,¢,) = T,—bt(b)+0(1)as T, — +00, so the difference is bT (b) —bT (a)+0(1),
which approaches the f-coordinate-difference #y — so of @ and b. We can now apply
Lemma 4.26 to get that - ((C")) — 0andt(c,) — +o0, thus these lines become vertical.

We have proven that the comparison points converge, so we have limit comparison
points: @ = (so,0) and b = (fo, cap (50, 10)) stay fixed anyway, a, — a’ = (s, 0),
15,/1 - b = (t, cap (50, 10)). We also set the comparison sides a(s) = (s,0) and
B(t) = (t, cap (50, 0)). By continuity of 7 and 7, our curvature assumption gives
t(a’, b)) < 7(a’, b') in the limit (similarly with arguments flipped). Now we compare
the definition of cap(s’, ') Tesp. cpa(s’, ') with the c-functions for & and B at the
same parameters:

cap(s', 1) = /(' — )2 —t(d, b2,

cap(s’ 1) = \/(t’ — 52— 7@, b)? = x(b') — x(@) = cap(s0, 10),

whenever defined. The last equality holds because we know & and /_é are synchronised
parallel with distance c,g(s0, 19). Note that ¢’ < b’ implies a’ < b’ by the curvature
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bound and a simple continuity argument, so whenever the first line is defined so is
the second. Notice these equations only differ in the 7 term, and we know t(a’, b’) <
T(@', b'), so we get cap(s’, 1) = cap(s0, 10) whenever the former is defined. Similarly,
if b’ < a’ we get cgo(s', 1) > cqp(s0, 1) for all s" > 59 and ¢’ > 9. We can also do
this if @ >> b, giving cap(s’, t') > cpa(s0, 10) and cgo (s', t') > cpa (50, 10).

Doing the same construction towards the past, we similarly get cog(s’, ')
Cap (so, to) and CBu (S/, l‘/) = CapB (so, to) resp. CapB (S/, l‘/) = CBa (so, to) and CBa (S/, l‘/)
cga (50, o) (depending on whether a < b or b < a) forall s’ < sp and t’ < 1.

Now we use Lemma 4.21 to get that the (Busemann parametrised) asymptote to y
through a(s) is «, and similarly the asymptote to y through B(¢) is B. In particular,
we can use the above argument again for «(s) instead of x and S (¢) instead of y. We
know that b («(s)) = s and b+ (B(¢)) = t. The above (to the future, a < b) then
gives: cqg(s’, ') > cqp(s, t) fors <s',t <t'suchthata <« banda’ < b’, extending
continuously, cyg 1s monotonously increasing where defined. On the other hand, the
above (to the past, a < b) gives: cqg(s’, 1) > cqp(s, t) for s > ', ¢t > t’ such that
a < band a’ < D', extending continuously, c,g is monotonously decreasing where
defined. Via a two-step process, we see that cyg is constant where defined. Similarly,
we get that also cg, is constant where defined, and that they have the same value.

Thus, the c-criterion (Lemma 4.17) yields that « and B are synchronised
parallel. O

=
=

This result establishes the transitivity of synchronised parallel lines: Any two
asymptotes to y in Busemann parametrisation are synchronised parallel.

5 Proof of the main result

Let us summarise what we have shown so far: Let (X, d, <, <, t) be a connected,
regularly localisable, globally hyperbolic Lorentzian length space satisfying timelike
geodesic prolongation, with proper metric d and global non-negative timelike cur-
vature containing a complete timelike line y : R — X. Then from each point in
I(y) = I (y) NI~ (y) we can construct (unique) asymptotic rays to y, all of which
are timelike with infinite 7-length. Future directed and past directed rays from a com-
mon point fit together to give a timelike line which is parallel to y. We fix a t-arclength
parametrisation of y fixing y (0), and always consider it to be mapped to the ¢-axis
in R-! in any parallel realisation. Then, by way of the Busemann parametrisation, all
asymptotic lines become synchronised parallel to y and to each other. This synchro-
nisation selects a “spacelike” slice (namely {b* = 0}) in X which will provide the
metric part of the splitting.

In this section, we complete the proof of the splitting theorem in two steps: First,
we show that 7 (y) splits, then we show that /() has the (TC) property, which implies
I(y) = X due to Theorem 2.47.

Definition 5.1 (Spacelike slice) We call the set of all «(0), where « is a Busemann
parametrised timelike asymptotic line to y, the spacelike slice and denote it by S. For
«(0), B(0) € S, we define ds(x(0), B(0)) to be the distance between o and 8 in the
sense of parallel lines.
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Lemma 5.2 (S, ds) is a metric space.

Proof As asymptotes to y are parallel to y and parallel lines are unique, ds is well-
defined.

Let p, g € S. It is obvious from the definition of the distance of two parallel lines
that ds(p, q) > 0. If ds(p, g) = 0, we get that the asymptotes through p and g are
the same curve «. As the Busemann parametrisation is unique, we get that p = gq.

For the triangle inequality, let p,gq,r € S. We get asymptotes « through p, g
through ¢ and y through r, and by Lemma 4.27, they are pairwise synchronised
parallel. Let di = ds(p,q) and dy = ds(q,r), then «(0) < B(dy) by the cév+(0)
criterion (see Lemma 4.17) for oo, B and B(dy) < y(d1 + d>) by the cg 4 (dy) criterion
for B, y. Thus, we get that «(0) < y(d; + d»), giving ds(p,r) < di + d> by the
cév - (0) criterion for , . O

Definition 5.3 (The splitting map) We define f : R x § — I(y) C X by f(s, p) =
ap(s), where «, is the asymptote to y through p in Busemann parametrisation, that
isa,(0)=p

Proposition 5.4 (Local splitting) Let X be a connected, regularly localisable, globally
hyperbolic Lorentzian length space with proper metric d and global non-negative
timelike curvature satisfying timelike geodesic prolongation and containing a complete
timelike line y : R — X. Then I(y) C X is a causally convex open set that is itself a
path-connected, regularly localisable, globally hyperbolic Lorentzian length space of
global non-negative timelike curvature with the metric, relations and time separation
induced from X. Moreover, the spacelike slice S is a proper (hence complete), strictly
intrinsic metric space, the Lorentzian product R x S is a path-connected, regularly
localisable, globally hyperbolic Lorentzian length space and the splitting map f :
R x § — I(y) is a t- and causality preserving homeomorphism.

Proof First, itis clear that /() is path-connected, causally convex in X and has global
non-negative timelike curvature. It is hence causally path-connected since X is and it
is trivially locally causally closed. Moreover, if x € I(y) and U is aregular localising
neighbourhood of x in X, then U N I(y) is a regular localising neighbourhood of x
in I(y), hence I(y) is regularly localisable. By causal convexity, the time separation
between causally related points in /(y) is achieved as the supremum of lengths of
causal curves running between them which have to stay inside /(y). The causal dia-
monds in /(y) are precisely those in X, since they must be contained in 7 (y). Finally,
I (y) 1s non-totally imprisoning (it inherits this from X), thus we have shown all the
claims on 7(y).

Next, we argue that f is 7- and causality preserving: Let p, g € S. Let a be the
asymptote to y through p and let 8 be the asymptote to y through ¢g. Then « and
B are synchronised parallel with distance ds(p, g), so there is a parallel realisation
fa@® UB[R) — R defined by f(a(s)) = (s,0) and £(B(1)) = (. ds(p, q)).
In particular, a(s) <x B(t) <& t —s > ds(p, q) and if this is true, T(x(s), (t)) =
JV(t — )2 —ds(p, q)2. But that is just the definition of (s, p) <rxs (f,q) resp.
Rxs((s, p), (t,q)) in R x S. This is true for all p,g € Sands,t € R, so fis t- and
causality preserving. f is injective as asymptotes to y are parallel to y and parallel
lines are unique, and surjective since any point in /(y) lies on an asymptote.
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From the discussion above, it is easy to see that f maps timelike (and causal)
diamonds in / () to timelike (and causal) diamonds in R x S. As both sides are strongly
causal, this implies that f is a continuous open bijection, hence a homeomorphism.
Since R x § is always non-totally imprisoning (cf. Proposition 3.4) and its causal
diamonds are compact (as continuous images of compact causal diamonds in 1(y)),
we conclude that R x § is globally hyperbolic, hence S is proper by Proposition 3.7. To
see that § is a strictly intrinsic space, fix p, ¢ € S and connect any two timelike related
points on the corresponding asymptotes by a distance realiser in /(). The image of
that distance realiser under f is a continuous distance realiser in R x §, hence by
Proposition 3.5 the projection onto S gives a distance minimiser in S between p and
q.

Finally, we need to prove the remaining claimed properties of R x S. Path-
connectedness is inherited from /() via f, and products are always globally causally
closed (cf. Proposition 3.2). Note that /(x, y) for x, y € I(y) are regular localising
neighbourhoods in 7(y). Since f(I(x,y)) = I(f(x), f(y)) and the d-lengths of
causal curves in timelike diamonds can always be uniformly bounded in products (cf.
the proof of Proposition 3.4), timelike diamonds in R x § are in fact (regular) localising
neighbourhoods: For the local time separation, take the restriction of try g, and note
that maximisers in /(y) (or in any /(x, y) C I(y)) map to continuous maximisers in
R x S, which are always Lipschitz reparametrisable and are hence causal curves (cf.
Proposition 3.5). O

Proposition 5.5 (Global splitting) Let (X, d, <K, <, t) satisfy the assumptions in
Proposition 5.4. Then I (y) = X, i.e. the splitting in Proposition 5.4 is global.

Proof Suppose « : [a,b) — I(y) is a future directed timelike geodesic with finite
7-length. We reparametrise o by 7-arclength and denote the reparametrised curve
again by «, it is then defined on [0, L), where L := L, («) < oo. Then f_1 owisa
continuous timelike geodesic in R x S, where f is the splitting map. We decompose
it into time- and space-component: f~! oo = (&', o). If o is constantly p, we see
that o = o, a contradiction since asymptotes have infinite 7-length. Note that since
the t-lengths of f~! o o and o agree, f~! o « also has finite T-length in R x S. By
Corollary 3.6, o™ has constant speed and domain [0, L), thus finite dg-length.

a' can certainly be extended to L. As S is a complete metric space, we can extend
a* continuously to L. Mapping this extension back to /(y) via f, we get a continuous
extension in /(y) of « to b (in its original parametrisation). This shows that 7(y) has
the (TC) property, thus I(y) = X by Theorem 2.47. This concludes the proof of the
splitting in Theorem 1.4. O

Recall the notion of Cauchy sets and (Cauchy) time functions on Lorentzian pre-
length spaces from [19, Sec. 5.1]: A Cauchy set is any subset that is met exactly once
by doubly inextendible causal curves, and a Cauchy time function is a continuous
function # : X — R such that x < y implies 7(x) < #(y) and the image under ¢ of
any doubly inextendible causal curve is all of R.

Corollary 5.6 Let (X, d, K, <, 1) satisfy the assumptions of Theorem 1.4 and let f :
R x § — X be the splitting. Then the sets S; := f({t} x S) are Cauchy sets in X that
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are all homeomorphic to S. Moreover, the map pri o f~ ' is a Cauchy time function.
Moreover, all Cauchy sets in X are homeomorphic to S.

Proof Let o : (a,b) — X be any doubly inextendible causal curve in X meeting
any S; twice, then its image under f~! meets {t} x S twice, which cannot happen
since {t} x S is acausal in R x §. Next we argue that any such o meets S;: For
simplicity let # = 0, and suppose that o does not meet S, so w.l.o.g. we may assume
that « C I7(S) (this is because X = I7(S) U S U IT(S) due to the splitting, and
this union is disjoint). Let fy € (a, b), then a((a, to]) C J~(a(ty)) N JT(S) which is
easily seen to be a compact set by considering the corresponding situation in R x §.
But this is a contradiction, since X is non-totally imprisoning. Hence S (and any S;)
is a Cauchy set. They are homeomorphic to S since X has the topology of R x S.

We now argue that pr; o f~! is a Cauchy time function for X. It is clearly a
time function, as it is continuous and the time separation on R x § is more or less
a reformulation of that. Now let o : (a,b) — X be a doubly inextendible causal
curve, we need to show that prj o f “low((a, b)) =R. Suppose not, so there is some
time value 7y that is not attained. W.l.o.g. suppose 7y > 0, so the image is contained
in (—o00, fp]. Similarly to before, this would imply that «|[, 5y is contained in the
compact set J T (a(f)) N J~(Sy,), a contradiction.

Finally, let C be any Cauchy set in X. Then the projection C — § (via the splitting)
is continuous. Its inverse is given by sending each p € S to the unique point on
ap meeting C. This is a continuous map since C is achronal. This shows that C is
homeomorphic to S. O

Note that in general, Cauchy sets in globally hyperbolic Lorentzian pre-length
spaces need not be homeomorphic, as [19, Ex. 5.7, Ex. 5.8] show.

Corollary 5.7 Let (X, d, K, <, t) satisfy the assumptions of Theorem 1.4. Then (S, ds)
has Alexandrov curvature > Q.

Proof Due to the splitting, the space R x S has global nonnegative timelike curvature
(cf. Remark 2.33; the splitting maps Lipschitz triangles in R x S to continuous triangles
in X, but this does not lead to any issues), and then it follows from [5, Thm. 5.7] that
S has Alexandrov curvature > 0. m|

6 Applications and outlook

Let us now give several reformulations of our splitting result for spacetimes. We start
with smooth spacetimes, where we get a weaker version of the smooth splitting result
proven in [11].

Corollary 6.1 (Smooth spacetimes) Let (M, g) be a smooth, globally hyperbolic space-
time with non-positive timelike sectional curvature containing a complete timelike line
y : R — M. Then the Lorentzian length space induced by (M, g) splits in the sense
of Theorem 1.4.
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Proof Fix any complete Riemannian metric 4 on M and let dj, be the induced distance,
then (M, d), <, <, T) is a connected, regularly localisable (via convex neighbour-
hoods) Lorentzian length space and dj, is a proper metric (note that the r-length of
causal curves agrees with the usual notion of length in (M, g) due to [48, Prop. 2.32]).
The fact that (M, g) has global non-negative timelike curvature in the sense of Defi-
nition 2.32 is a consequence of the Lorentzian Toponogov theorem (see [43, p. 303]).
The remaining technical assumptions are easily seen to hold. Hence the Lorentzian
length space induced by (M, g) can be split according to Theorem 1.4. O

Remark 6.2 In the setting of Corollary 6.1, once one has shown that the spacelike
slice S is a spacelike hypersurface in M and the normal asymptotic distance dg is
the Riemannian distance on S (e.g. via an analysis of the gradient of the Busemann
function as in [11]), the Hawking—King—McCarthy theorem [44], which states that
any t-preserving homeomorphism between strongly causal spacetimes is a smooth
isometry, provides a somewhat alternative proof of the smooth splitting result proven
in [11].

Next, we turn to C1-!-spacetimes. First note that the Lorentzian pre-length space
induced by any strongly causal Lipschitz spacetime is in fact a Lorentzian length
space by [48, Thm. 5.12]. For C!-!-metrics, the notion of sectional curvature is not
available any more, so we have to assume synthetic curvature bounds. However, most
of the other technical assumptions are easily seen to be satisfied due to the existence of
convex neighbourhoods. For details on low regularity spacetimes, see e.g. the recent
review article [59] and the references therein.

Corollary 6.3 (C!!-spacetimes) Let (M, g) be a globally hyperbolic C'!-spacetime
with global non-negative timelike curvature containing a complete timelike line y :
R — M. Then the Lorentzian length space induced by (M, g) splits in the sense of
Theorem 1.4.

Finally let us mention the case of C!-spacetimes, which are substantially different.
Notably, the Lorentzian length space induced by a globally hyperbolic C!-spacetime
need not satisfy the timelike geodesic prolongation property. This is because solutions
of the g-geodesic equation need not maximise locally, nor does a maximising seg-
ment necessarily extend as a local maximiser beyond its endpoints. However, points
in C!-spacetimes still have neighbourhood bases consisting of globally hyperbolic,
causally convex neighbourhoods, so regular localisability is satisfied. Assuming the
necessary synthetic properties as well, we have the following (note that geodesics in
the synthetic sense are locally maximising curves, which are necessarily C2-solutions
of the geodesic equation even if the metric is just C1):

Corollary 6.4 (C'-spacetimes) Let (M, g) be a globally hyperbolic C'-spacetime with
global non-negative timelike curvature containing a complete timelike line y : R —
M. Suppose that each maximising timelike geodesic segment extends to a locally
maximising timelike geodesic on an open domain. Then the Lorentzian length space
induced by (M, g) splits in the sense of Theorem 1.4.

In this work, we have established a synthetic splitting result for Lorentzian length
spaces using triangle comparison. Ideas for future projects include the generalisation
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to Lorentzian length spaces lower on the causal ladder (e.g. (TC) spaces instead of
globally hyperbolic ones, an approach to this that seems to be adaptable to the syn-
thetic situation is [34]), an analysis of the aforementioned splittings of low regularity
spacetimes (regarding regularity of the splitting, level set, etc.), as well as an investi-
gation into synthetic timelike Ricci curvature bounds introduced in [23] and expanded
in [15]. In the case of low regularity spacetimes, it is not yet clear how these different
notions of curvature bounds relate to each other (some recent progress in this direc-
tion includes [16, 47]). For metric measure spaces, it is known that the CD-condition
is not sufficient and the full RCD-condition is needed for a splitting result (see [37,
38]). An analogue of the RCD-condition is currently unavailable for Lorentzian length
spaces and will probably have to be developed before a splitting theorem with synthetic
timelike Ricci curvature bounds can be considered.
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Zusammenfassung

Diese Arbeit beschéftigt sich mit fundamentalen Konstruktionen und
Konzepten der Theorie der Lorentz-Langenraume, welche als Abstraktion
der Lorentz-Geometrie im Sinne der Theorie der metrischen Léngenraume
und der metrischen Geometrie beschrieben werden kann. Einerseits wird
eine Verklebungs-Konstruktion fiir Lorentz-Langenrdume entwickelt. Auf
dieser aufbauend wird ein Analog zum Verklebungs-Theorem von Reshet-
nyak sowie die Erhaltung von diversen kausalen Eigenschafen etabliert.
Andererseits wird ein Spaltungs-Theorem fiir nicht-negative Kriimmungs-
schranken im Sinne von Dreiecksvergleichen prisentiert.
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