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Abstract

In this Master Thesis we deal with the concept of specific relative entropy, an
important tool in stochastic analysis for comparing continuous martingales. In
particular, we focus on the Brownian motion and its derivations, providing ap-
plications and examples in the interest of financial mathematics.

The first part of the thesis takes on a more theoretical aspect. We start describ-
ing the notion of relative entropy [Chapter [1] in order to elaborate the concept
of specific relative entropy [Chapter, while the second part of the thesis is ded-
icated to the applications. Indeed, we will compute the specific relative entropy
of Brownian motions and geometric Brownian motions [Chapter |3]. Finally,
through some simulations on Python, we will study the specific relative entropy
of the “Heston Model” and the “SABR-Model” in comparison to the geometric
Brownian motion [Chapter [4].

This work can be seen as a widening of the Master Thesis of Clara Unterberger
[1], since we will expand many results of it to the multivariate case. For this
reason we will often refer to Unterberger’s paper, altough many statements in
[1] actually come from the PhD thesis of Nina Gantert [2].



Zusammenfassung

In der vorliegenden Masterarbeit steht die sogenannte specific relative entropy
im Zentrum. Es handelt sich hierbei um ein wichtiges Werkzeug in der stochastis-
chen Analyse zum Vergleich kontinuierlicher Martingale. Der Fokus liegt auf der
,Brownian motion“ und ihren Ableitungen. Vorgestellt werden diese unter an-
derem mithilfe von Anwendungsbeispielen in der Finanzmathematik.

Der erste Teil der Masterarbeit beschéftigt sich mit der theoretischen Auseinan-
dersetzung zur Thematik. Zunéachst wird das Konzept der relativen Entropie
herausgearbeitet [Kapitel , um dann anschlieBend das Modell der spezifischen
relativen Entropie zu etablieren [Kapitel . Der zweite wesentliche Teil dieser
Arbeit konzentriert sich auf Anwendungsbeispiele [Kapitel, wobei relative En-
tropien der ,,Brownian motion“ und geometrische ,,Brownian motion“ berech-
net werden. Schlussendlich wird die spezifische relative Entropie des ,,Heston-
Model“ und des ,,SABR-Model“ in Vergleich zur geometrischen ,, Brownian mo-
tion® mithilfe von Python thematisiert [Kapitel [4].

Diese Arbeit kann als Erweiterung der Masterarbeit von Clara Unterberger
angesehen werden, da die Resultate aus [I] in mehrere Dimensionen verallge-
meinert weren. Aus diesem Grund werden Beziige zu Unterberger hergestellt,
wobei einige Aspekte aus [I] urspriinglich der Doktorarbeit von Nina Gantert
[2] entstammen.
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1 Relative Entropy

In this chapter we assume familiarity with the concept of relative entropy
through examples and properties. For instance, we compute the relative en-
tropy between two multivariate Gaussians.

Definition 1.1. [I] Let x and v be probability measures on the same measurable
space (Q, F). Then the relative entropy between p and v is defined as,

Jolog %dy if p < v
400 otherwise.

H(ulv) = {

where Z—’; is the Radon-Nikodyn density of u with respect to v.

Remark 1. [I]. The relative entropy can be interpreted as a measure of ”dis-
tance” between two measures defined on the same space. Indeed, it is always
non negative and it is null when the two measures coincides. However, the tri-
angle inequality does not hold, therefore the relative entropy does not define a
metric.

We recall that the trace of a square matrix A € R*! is the sum of the
diagonal elements of A, i.e. tr(A) := 2221 Aj;. Furthermore, the trace is
a linear map and it is commutative under the product of matrices. We also
remind that if € R! then tr(Azz”) = 27 Az, where 27 is the transpose of .

Example 1.1. Given two [-multivariate normal distributions P; ~ N;(p;, %;),
where i = 1,2, 1 € N, p; € RLE; € R then the relative entropy between the
two variables is:

det 21
1
detZg))’ (1)

1 _
H(P1|Py) = o (¢r(25'%1) = 1+ (2 — p1) " 25 (n2 — pa) — log(
2

where tr(.) indicates the trace of a matrix and .7 its transpose.

Proof. By definition:

dP
H(P,|P,) = / log dTD:dPl

= Ep, [log p1 — log po]

(2)

where p; and po are the distributions of the two variables, i.e Vo € R!, i =1,2:
1 1

pi(x) = ————=exp(—=(x — w4

{2) = oo P (5@ — )

and the logarithms of the distributions are:

Tzi_l(fb“ — Hi))-

l 1 1 _
log pi(z) = ~3 log 27 — B log(det 33;) — 5(3: — ) TS N — ).



Thus, by some linear algebra and the properties of the logarithms, is equal
to:

1E]p1[ log(det $1) — (z — p1) 27 (@ — p1) + log(det £o) + (z — p2) "S5 (z — pa)]
= 3108 (SE0) + 5B [ = (o — )5 — ) + (& = )55 (@ — o)

1 detZl 1 1 T
=—c g(dt22)+§EP1[*tr(21 (x — ) (@ — p)") + (85 (2 — p2) (& — p2)")].

Now using the following;:

Ep, [(x — p)(z — m)"] = Varp,[2] = %,
E]PH [xxT} = Var]P’l ['7;] + ]E]Pl [x]EPl [x]T =X+ Mlﬂf

Ep, [z] = pa.
We obtain:
1 det 21 1
= —5lo8 (3grs,) + 3B [—tr(Zy ) 4 tr(S5 (wa” — apg — poa” + paps)]
1 det 21 1 1 _
= —5 log ( ) = 5L+ 5tr(S3 (51 + papd — papd — papi + pops)).
det 39 2 2
Finally, by the linearity of the trace and some linear algebra:
1 det X _ _ _ _
= *( — 108 ( 1) — L+ tr(%; ) + tr(#?ZQ Lo — 2#?22 Lo + HgEQ 1!‘2))
2 det 22
1 det 21 1 Tv—1
=—(—1 —l+tr(35°X — by — .
5 ( og(detEQ) (351 %0) + (p2 — ) 25 (g2 — 1))

Remark 2. If the two normal variables have the same mean ;€ R! then:

H(Ni( Z0) NG, 22)) = 3 (1r(55750) — 1~ Tos(

det X ))
det 22 '
Definition 1.2. The previous remark suggests us to define the function F;(X) :=
2(tr(X) — I — log(det X)) for every positive definite matrix X € R*!. In this
way, we have that H(N;(u, )|V (11, 22)) = Fi(25%1).

Example 1.2. [I]. If we restrict ourselves to the univariate case then, given
I =1, my,my € R and 02,02 > 0, we have:

2

1 /02 mo —m o?
H(Ni(m1,0?)|Ni(ma,02)) = 7<—§ -1+ 7( 2 p ) —log U—;)
2

2\o3 5

In the special case, where m; = ms, we have:

2
HN (m1, 03)[ Ny (m, 03)) = Fu (2L 5);

02

where Fi(z) = £(z — 1 — logz).



For clarity, as [ € N, we refer to the [ x [-identity matrix with the symbol Z,
to the [ x [-null matrix with the symbol O;y«; and to the [-null vector with the

symbol 0;.

Lemma 1.1. 1. Let a € R then Fi(oZ) = IF\(«), where T is the l-identity
matrix.

2. Let D = diag(c?) be a diagonal matriz with c? € R andi =1,...,1. Then
F(D) = Y Fi(o})-

3. Let¥ € R diagonalizable l-matriz, and let D = A~'Y A = diag(eigenvalues of X).
Then F|(X) = F;(D) = 22:1 Fi(eigenvaluesof 3.

Proof. By Remark [2] and some linear algebra we get the three properties:
1
Fi(aZ) = i(tr(al) — 1 —log(det(aZ)))
1
= i(la —l—lloga)

l
= é(a—l—lloga)

= lFl (a)
This shows 1, while for 2:
F(D)= %(tr(D) — 1 —log(det(D)))
L 1 !
_ 2 2
= 5(2‘% - Zl - Zlogai)
i=1 i=1 i=1
!
L s 2
= Zi(ai —1—logoy)
i=1
l
=> Fi(o})
i=1
Finally, we get 3:
1
F(X) = i(tr(Z) — 1 — log(detX))
1
= §<tT(D) — 1 —log(detD))
!
= F|(D) = Z Fi((eigenvaluesof X).

i=1



For a later use we look at other examples and we recall the following defini-
tion.

Definition 1.3. A stochastic process M; is said to be a standard geometric

Brownian motion if dM; := M;dBy, i.e. if M; := eBi—% with B; the usual

Brownian motion. In particular, M; has distribution lognormal(—%,t).

Remark 3. We recall that if X ~ lognormal(u,o?) then log(X) ~ Ni(u,0?).
o2

Moreover, E[X] = e*+% and Var[X] = (7 — 1)e2++o”,

Example 1.3. The relative entropy between a standard geometric Brownian

motion M; and a Brownian motion B;, both starting at 1, is:

et —1

H(EGL)IEB) = 30— 1+ ).

Proof. Let By ~ Ni(1,t) be the Brownian motion with By = 1 and let b; be
t

its density function. Let M, := eB*~172 ~ lognormal(—%,t) be the standard

geometric Brownian motion with My = eBo=170 = 1 and let m; be its densitiy

function. We first look at the logarithms of the respective densities:

(logz + 5)?
2t

log(my (x)) = log( \/;Wexm—( )

1 1 t2
= ——log(2nt) —logz — — (log> & + — + t1
5 og(2nt) — log x 2t(og x+ 1 +tlogz)
and,
1 —(z—1)?
(== D)
V2mt 2t

For the expectations we need from Remark

) = —%log(%rt) — 2%(:52 +1-2z).

log(by(x)) = log(
E[M] =e %7 =1
Var[M;] = (e —=1)e" " =€ — 1
E[M]=e'—1+1=¢
t
log(M;) NNl(_§at)'

Hence we obtain:

1 t 1 22 2
E, [log(mt(x))] = —510g27rt—|— 5~ Q—t(t—i— 1 + T 5)
= 11 2t+t L
T oeEmt Ty Ty
and,
1 et —1
En, [log(bi(x))] = —5 log(2mt) — ——.



Finally, we get the desired relative entropy:

H(L(My)|L(By)) = Epy, [log(my(x)) — log(by(x))]
= Enr, [log(me(z))] — Eay, [log(be ()]

ot 1+et—1
2 2 2t
1 et —1
:7t—1 .
S =1+ )

Remark 4. Note that if t — 0 we expect that H(L(M;)|L(B:)) — H(L(Mo)|L(By))
= 0 since By = My = 1. Indeed, in Example we have H(L(M,)|L(By)) =
-1+ etT_l) which vanishes as t — 0.

0

We will also use often the following example.

Example 1.4. Let [ € R. Given two [-multivariate lognormal distributions
Q; ~ lognormal(p;, ;) where i = 1,2, 1 € N, u; € R\, %; € R then the
relative entropy between the two variables coincides with the relative entropy
between two [-multivariate normal variables with the same parameters, i.e.:

H(lognormal(py, ¥1)|lognormal (pa, X2)) = H (N (1, X1)|Ni(p2, 22)).

To show this, we consider the lognormal densities as = € R:

1 - 5= )5 = )

qi(z) == \/W exp( 5
and taking their logarithms:
log(g:(x)) = —% log ((27T)l det ;) — %(x — )TN @ — )
= —% log ((27)" det ;) — %tr(E;l(x — wi) (@ — p)").
After noticing that:

EQI [('T - U1)($ - ul)T] = Va'r@l [[E] =2
Eq, [logz] = u

we can look at the expectations:
1 ) 1
Eg, [log ¢1(z)] = ~5 log ((2m)" det $1) — p1 — Qtr(I)

1 1 _ 1 _
Eq, [log g2(2))] = —7 log ((2m)' det Bg) — puy — (i, H - (k2 = ) 85 (e — ).
Thus, we get the relative entropy:

H(Q1|Q2) = Eq, [log g1 (z) — log g2()]

detZl 1 1 Te—1
=—(- — 1+ =tr(X5° 2 — b)) — .
2( Og(detZg) + 5 (337 %1) 4 (p2 — pa) 25 (w2 — 1))




Exactly as in . Indeed, this is the consequence of a more general result, given
by the following Lemma with T'(z) = e*.

Lemma 1.2. [1]. Let (X, A) and (Y,B) be measurable spaces, u and v prob-
ability measures on (X, A) such that p < v and T : X — Y such that A =
o(T):=c({T~YB): B €B}). Then T(u) < T(v) and for v-a.e. x € X:

(@) = % (a)

and
H(plv) = H(T(1n)|T ().

Moreover, in the applications we will often use the following two lemmas.

Lemma 1.3. [1]. For a random vector (V,W) we denote by py.w its law and

by /h‘//v:v a regular conditional distribution of W given V- =wv. Let (X1,...,X,)
and (Y1,...,Y,) be random vectors. Then:

H(px, .. x|y ,y,) = H(px, [y, )+
+ Z/H(uﬁ:xl"”’x'“_lzm’“_lIu,%;:ml"”’yk_lzmk_l)d,uxl,...,x,c,l(Ih cey TE-1),
k=2

which for a later use we can write as:

H(L(X1,..., X ))IL((V2,...,Y0))) =

n
H(L(X1)[L(Y1)) + Z/H<£(Xk|X1 =21, ., Xpo1 = Tp-1)
k=2

| ,C(Yk‘yl = X1y, Yk,1 = xk,l))dﬁ(Xl, e ,kal)dxl [N dl’kfl.

Lemma 1.4. [1]. Let p, v be probability measures on (X, A) such that H(plv) <

oo. Let B C A be a sub-sigma algebra and p|p,v|g be the restrictions of u and
v to B.Then

(1)

duls dp
e =B [(3)18]
(i1)

H(plglv|s) < H(plv).

2 Specific Relative Entropy
In this chapter we assume familiarity with the concept of specific relative en-

tropy, through examples and properties. In particular, we show the multidimen-
sional case of Theorem 9 and Theorem 10 of [I].



To do so we consider, as in [I], the Wiener space (C,F), such that C' :=
C([0,1]) = {w : [0,1] = R|w is continuous} and F := o(X; : t € [0,1]), where
X = (Xt)te0,1) is the canonical process, i.e. X¢(w) = w(t). Further we consider
the filtration F; = (X, : s < t). Finally, since we are interested to work with
laws of continuous martingales we recall the following definitions.

Definition 2.1. We define M;(C) as the collection of all probability measures
on (C, F). Moreover, a martingale measure is a probability measure Q € M;(C)
such that the canonical process X is a martingale with respect to the filtration

(Ft)te[0,1] under Q.

Remark 5. The relative entropy as a measure of ”distance” is only interesting
when there is absolute continuity. Hence, it is not a useful tool for martingale
measures, as we can see in Remark 11 of [I]. To go over this case, we define for
allm e N

F = O'(X% ck=0,1,...,n).

In this way, it might happen that Q is not absolutely continuous to P in the whole
sigma-algebra (C, F), while it is in smaller sigma-algebras F" for all n € N.

Definition 2.2. [I]. Let n € N and P,Q € M;(C) martingale measures such
that Q| z» < P|zn. We denote the Radon-Nikodym density of Q|z» with respect
to P|z» on (C, F") as %V" and define:

log 92| 7ndQ if Q|rn < P|rn
H(QP)| 5 1= { Jo 08 w7 dQ 1T Qlre < Pl
400 otherwise.
Let n € N. For k£ = 1,...,n, we use the following notation. For the k-th
increment of a process X we write A} X := X — Xx-1, while for a function &

we use the notation AP¢ 1= ¢(£) — ¢(E=1).

From [I] we get the following and very useful lemma.

Lemma 2.1. [1]. Let n € N and P,Q be probability measures on (C,F) such
that Q|zn < P|zn. Then P-a.s.,

dQ
dP

 dLo(Xo, ATX, ..., ATX)

n

dLp(Xo, ATX,...,A"X)

(w(0), ATw, ..., Alw).

|7 (w)

In particular,

H(Q[P)

Fn = H(Lo(Xo, ATX, ..., A"X)|Lp(Xo, ATX, ..., A"X)).

Moreover, if P and Q are such that X has independent increments. Then

H(QIP)|» = H(Lo(Xo0)|Cr(Xo)) + Y H(Lg(AFX)|L2(ARX)).
k=1



Remark 6. [I]. Let Q,P € M;(C) be martingale measures such that Xo = z

for some x € R both Q-a.s. and P-a.s. Then we can disregard the slot for time

0 when computing the relative entropy on the restrictions to F". Indeed, we
have P-a.s.,

dLo(Xo, ATX, ..., A"X)

dLp(Xo, ATX,...,A?X)

_ dLo(Xo, ATX,...,ANX)

dLp(Xo, ATX,. AnX)

(w(0), Alw,...,Alw) =

(Atw, ..., Alw),

and therefore,
Definition 2.3. [I]. Let Q,P € M;(C) be martingale measures. Then the
specific relative entropy of Q with respect to P is defined as,
. 1
h(QIP) := lim —H(Q[P)|z~
if the limit exists in [0, +-00] a.s..

Example 2.1. By Lemma we can compute the specific relative entropy
between two [-dimensional Brownian motions: Q = L((0Bt)ep,1]) and P =
L((nBt)teio,1)) with o,n € R.

H(QIP)| 5~ = ZH roB)|L(ARNB)).

Now, given the law of the increments:

k-1

k o?
JM(O[,;I) —UM(OI, I) NM(O[,;I)

Then we have:

. - o? 7)2
= ;H(A&(oz, DN, 1))

and by Remark

=Y R D) = Y R(RT)
i=1 i=1
Explicitly:
1 n 0.2 2
=5 Ztr(?I) — 1 —log (det —7)
k=1
1 o o2 o?
= izlW - llog(n—)
k=1
1 o2 o?



Finally, by definition of the specific relative entropy:

.t
h(QIP) = lim —H(QIF)|7~
l o2 o2

Note that in the 1-dimensional case h(cB|nB) = Fl(‘;—;) = %(‘;—2 —1—log ‘;—2)

In the next part of the chapter we want to extend to the multidimensional
case the Theorems 9 and 10 of [I]. To do so we consider the same setup used
in [I]. In particular, we work with the collection of all the square integrable
martingale measures, which we define as M3.

Definition 2.4. A [-dimensional martingale measure X (.) = (X1(.),..., X!(.))
belongs to M7 if E[(X(.))?] <ocoVi=1,...,L

Defined a(t) := %(t) € R™*! a symmetric positive definite and differen-
tiable matrix such that for times ¢ > s we have a(t) > a(s) in the sense of
positive matrices. Then there exists a symmetric and positive definite matrix
G(s) € R™*! such that a(t) = fot G(s)ds. Moreover, a(t) € Cy := {w : [0,1] —
R gt w(O) = lel}~

Remark 7. Let B; be the standard Brownian motion. Let G; € Rle be a de-
terministic symmetric and positive definite matrix. Defining By := fo 1/ 2clBS,

i.e. for i = 1,...,1 the coordinates are defined as B} := fo Zk (G 1/Q)deB”“
Moreover, we have

E[BiB]] = Zz/awmm/@%mm}

Note that when u # v we have independence, thus:
t
= ZE[ / (GY?)iudB / Gy Q)judB;ﬂ
0
D ERE T
0 u

t
- / (GY2(GY)T),ds

0
t
= / (Gs)ijds.
0
Thus, for every a € Cy as above, we can define Q* := L(B;) = fo 1/2dB
M? in such a way, by the previous remark, Q% is I- Gau551an N (01, a(.)) and
it has independent increments. Note that strictly speaking, Vi = 1,...,1, we



want that fol Gii(s)ds < oo. Finally, we denote with B the law of the standard
Brownian motion B;. Now we can see how Theorem 9 in [I] becomes with this
multivariate setup.

Theorem 2.2. In the previous environment we have:

h(Q?|B) = % /0 (tr(G(s)) — I — log(det G(s)))ds

1
= sup —H(Q%B)|z» € [0, o0].
neN T

Moreover as n — 00,

%mg(dg)m RACIN % /O (tr(G(s)) — I — log(det G(s)))ds.

Before starting with the proof we need the following remark.

Remark 8. The function Fj(X) := L (tr(X) — | — log(det X)), with [ € N and
X € R positive definite matrix, is convex. This means that given A\ € R and
X,Y € R we have AF(X) + (1 — N E(Y) > F;(AX + (1 — \)Y). Indeed:

AR(X)+ (1= NE(Y) =
= g (r(X) — 1~ log(det X)) + (1 = A) (tr(¥) 1 ~ log(det ¥))
- %(Atr(X) + (1= A\)tr(Y) — I — Alog(det X) — (1 — A) log(det Y)).
And on the other side:
FOAX +(1-)\Y) =
= %(tr(AX + (1 =N)Y) — 1 —log(det(AX + (1 — A\)Y)))
= %()\tr(X) + (1 =Mtr(Y) =1 —log(det AX + (1 — )\)Y)).
So we want to show that:
—log(det(AX + (1 — \)Y)) < —Alog(det X) — (1 — \)log(det Y).
That is:
log(det(AX + (1 — A)Y)) > Alog(det X) + (1 — A) log(det V).
Therefore, we want to show the concavity of the function logdet(.), i.e.:
log (det(AX + (1 — A)Y)) > Alog(det X) + (1 — A) log det Y.
So passing to the exponentials:

det(AX 4 (1 = \)Y) > (det X)*(det )1~

10



Since, without loss of generality, X is positive definite such that X/2X1/2 = X
the left hand side can be written as:

det(XY2(\T + (1 = )X "V2Yy X ~1/2)X1/2) = det X det(A\T + (1 — \)2)
for Z := X~1/2Y X~'/2. While the right hand side:
det X1/2(det X~V/2y X ~V/2)17 A det X1/2 = det XV/2(det Z)'~* det X1/
So without loss of generality we want to show that
det(\Z + (1 — \)Z) > (det Z)' >

Further, we notice that Z is clearly symmetric and also positive definite. Indeed,
the smallest eigenvalue of Z is given by

min p" (X V2V X2 = min (X720 TY (X2

[p|=1 |nl=1
— min [X V22 (X712 (X2
lul=1 (X120 | X2

which by the same argument we know to be greater of the smallest eigenvalue of
Y which is positive since Y is positive definite. Now considering the eigenvalues
of Z, (7i)i=1,...; it remains to show:

l

[Tr+@ =2 l_i[

i=1
and passing to the logarithms:

l

D log(A+ (1= 2)7) > ( Zlog%

=1

which holds by the concavity of the logarithm term by term. The concavity of
Fy(.) allows us to use the Jensen inequality.

Proof of Theorem[2.4 We proceed in parallel with the proof of Theorem 9 in
[1]. Under Q® the process X is {-Gaussian with independent increments and for
all s < t,

Xt — X ~qga Ni(0r,a(t) — a(s))
1
By — Bia ~Ni(01, -1).

Recall that H(N;(0;, 21)|Ni(0,52)) = Fi(X5'E;) where Fj(X) = & (tr(X) —
l—logdet(X). By Lemma and independence of increments under Q% as well

11



as under B, we can write:

Fn= Y H(Loe(ALX)|L5(AFX))

H(Q"B)
k=1
= 3" HNI(01, Afa()INi(01, - T) )
k=1
=Y AT Aa()).
k=1

Now let B, = o((51, 5] . k = 1,...,n). Since we have a(t) = [ G(s)ds
where G is symmetric and positive deﬁmte,

EA[G|B,]( —nZAka k=1 ki (t).

n 'n

with A the Lebesgue density measure on [0, 1]. Moreover, we get in (3):

(s)ds

1]

ZFI (nAZal(.) —n/ EFi(nAfal. ))]l(
k=1
1

:n/o F(BAIGIBA)(5)) T o1 1, (5)ds

n 'n

and dividing by n, we obtain,

'n

THQ@ B = [ REAGIBIE) e g (s

We now use that the function F is convex, Remark (8} so by Jensen’s conditional
inequality and the tower property of conditional expectation we obtain an upper
bound for all n € N,

—H(Q"|B)

1
r = [ REAGIB)
gA&W@Wﬁm%
1
= /0 Fi(G(s))ds.

Note that E)[G|B,,] — G A-a.e, by the Lebesgue differentiation theorem. Using

12



the upper bound and the a.s. convergence we now get:

1
/ FI(G(s))ds = / lim inf F1(Ex [G]B,])(s))ds
1

<liminf | FE(EA[G|B,](s))ds

n—oo 0

< limsup / F(EA[GIB,](s))ds

< /0 F(G(s))ds,

where the first inequality is by Fatou’s lemma and F; > 0 while the last inequal-
ity by the upper bound from above. We sum up,

HQI[B) = lim L H(Q"[B)|5
1
= lim F(EA[G|By](s))ds

n— oo 0

1
= sup —H(Q"|B)|»
n>17

1
= / Fi(G(s))ds,
0

which proves the first part of the theorem.

Now we assume that fol tr(G(s))—l—det G(s)ds < oo and in particular Afa(.) >
0 for alln € Nand k = 1,...,n. To show L! convergence, note that applying
Lemma [2.T] plus some linear algebra:

Lyog 90 1 SN0 M)

w8 0= o 1) Y
1 n

= 5 > (~log(det Afa()) — (ARX — 0) (Afa() " (ARX — 0)+
k=1

1 1
+ log(det —I) + (A7X — ol)T(EI)—l(A;;X —0)") =

— Ztr nZARX (ARX)T) — tr((Afa() PARX (AR X)T) — log(n' det Ata(.)) =

1 & —1 T
- ;nmnxmnx ) —tr( %; ATX(APX)T)+

1 - l n
~ 5 kZ:llog(n det Afa(.)).

13



Looking at the one dimensional case in [I] we get
2 a n 2 a
2:1(A2X)2 L*(Q%) n (A7X)? L7(Q%)

a(l) as n — oo, while 237 | 2=k ———5 1 as
n — oo. In the same way we have for the first term of :

- ZnIA”X(A”X)T noeo, / G(s
While for the second term:
1 ¢ o0
= (ARa() T MARX (ARX)T 2 T
"=
For the last term, we note that from the first part of the proof we have:

lim Eqe [%Ztr(nZAZX(AZX)T) — tr((ATa() A X (AP X)T )+
k=1

n—oo

~ log(n' det Afa())] = /0 Fl(G(s))ds:% /0 1(G(s)) — 1 — log(det G(s))ds.

Therefore, we have obtained the deterministic term:
1
—log(n' det ATa(.)) === —log(det G(s))ds
0

In conclusion, we have that as n — oo becomes:

DN =

(tr(a(1)) — tr(T - /0 log det G(s)ds)) —
= %/0 (tr(G(s)) — 1 — log(det G(s))ds =
=/ F(G(s))ds.

0

For the next theorem we recall the following definition:
Definition 2.5. Let T > 0, ¢t € [0,T] and | € N. The quadratic variation for
a multivariate process X{ = (X},...,X}) is the matrix ¥ := (X) such that
(2)ij = <Xi,Xj>T with 4,7 =1,...,] and
(X', X7), = lim Y (X] —X]

tp—1

)(X7, — X7, )

where I = {0 =ty <t < -+ < t, =T} is a partition of [0, 7] and |II| is the
mesh size of the partition.

14



Remark 9. In the previous theorem we had <X>t under Q% is a(t) = fg G(s)ds

Now we proceed with extending Theorem 10 in [I], where we consider more
general martingale measures and we obtain a lower bound for the specific relative
entropy along the dyadic sub-sequence.

Theorem 2.3. Let B; the standard Brownian motion and B its law. Let
Q € M7 be such that Xo = 0 a.s. and <X>t = fol G(s,x)ds, with G € R!
symmetric positive definite and predictable matriz. Then we have:

1 1 !
liminf — H(Q|B)|z2r > fIE@{/ tr(G(s, X)) — | — log(det G(s, X))ds] (5)
n—oo 2N 2 0

Proof. We proceed in parallel with the proof of Theorem 10 in [I]. Let n € N.
We start by defining a new measure on (C,F™). Let Q" be such that for
k=1,...,n

X& — XE|X0, . ,Xu ~Qn /\/I(Ol, VG,TQ[X])
~gn N1 (0, Eg[ARX (AR X)T[Xo, ..., Xia ],
i.e. the new measure is defined such that the increments of X have the same
conditional variances as under Q.

Assume that H(Q|B)|z» < oo. Then it follows that, Q
implies, Q|z» < Q™ and Q™ < B|#», and thus we have,

dQ 7dQ| d(@”|
aB'”" ~ aQn" a7

#n < B|za, which

Now taking the logarithm and integrating with respect to Q yields,

Qn
H B n — 1 n
QB = [ 1og gl dQ+ [ 10g a0
o O
= HQIQIe + [ G lemde
In the remainder we will show that,

1 2n
on log Q |70 dQ

converges to the right-hand side of .

The statement then follows, since H(Q|Q")|z~» > 0 for all n € N. We will
assume H(Q|B)|z2» < oo for all n € N and thus (6) holds for all n € N. The
assumption is justified, since otherwise the left hand side in is infinite and
the inequality trivially true.

Note that for this argument we use that the dyadic numbers are nested. Let
P, i=o0(Ax (s,t]|s <te{0,L,...,1},A € o(Xo,Xa,...,X,)). Since G is
A ® Q-integrable, we can define, "

Gn = E)\®Q[G|Pn].

15



We have for every n € N:

Gn(t) :ni]E@{/jl G(s,X)ds|X0,...,X%}(X)]l(k L (8).

n On
k=1

Note that this means,

1 k
X — Xe1|Xo, ..o, Xio1 ~gn /\/1(01, EGn(ﬁaX))'
Indeed, this follows easily from,
1
EG = Eq / Gsts\Xo,...,X;l}

ﬁ

Q[EQ[ kjl G S X)d8|]:k 1j||X0,...,X%:|
[E@[A"X ArX)T |}'%}|XO,...,X%}
[A X(ALX) |X0,...,Xﬂ]
and since we have assumed Q|r» < B|z» we have G(%7 X) > 0 Q-a.s. We can
now compute the Radon-Nikodym density of Q™ with respect to B|zn,
dQr dLon (A} X|X0,...,X-_1)
|7 (X) = H o
dB dLp(AYX|Xo,. .., ch 1)
dM(Ol7 %Gn(ﬁa ))
dNi(0;, 1T)

(ARX)

det(17) exp(—1(A7X)T(1G,) 1ArX)
det(1G,) exp(—L(AX)T(LT)TALX)

Il I
Il m: ﬁz: Tiz

n _ n n n — n
m eXP(_g(AZX)TGnIAkX) + §(AkX)TI LARX)).

Taking the logarithm and integrating with respect to Q and dividing by n, we
get:

1 QTL
1 nd -
- / 08w | 7ndQ

- Z]EQ[ (ArX)T(T)"HArX — g(AZX)T(Gn)_l)AZX - %log(det Gn)}

fZEQ[ r(nZ~ AP X (AT X)T )—tr(nG;lAZX(AZX)T)—%log(deth)].
(7)
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Recall that for alln > 1and all k =1,...,n,

1 k

and therefore with the tower property of conditional expectation,

Eq [n(an(g,x)*l(AzX)TAgX] = Eq [E@ [n(Gn(gX)*l(A;;X)TA;mXO, . X”

—Eq [n(an(g,x)*lE@ [(AZX)TAZX|XO, . X”
~T.

We continue in (7)) with F(X) := $(¢tr(X) — [ — log(det X)) as before,
1 dQn 11 k l k
E/Clog —lmdQ == <2tr(Gn(n,X)> — 5 —log (deth(n,X)>>

)

/01 I (Gn(i,X))ds]

where we have used that t — G, (t,X) is constant on intervals of the form
(=1 k] We will now use that F} is convex and apply Jensen’s inequality to

n ’'n

obtain an upper bound for all n € N,

Eq

Bl [ FG.(. X)ds] = Bo[ | ABasqlGIP.)(s. X))
< By / ErslFH(G)[Pal(s, X))ds]

-l o

where the last equality is due to Fubini’s theorem for non-negative functions
and the tower property.

Now we restrict ourselves to the sub-sequence of dyadic numbers. Note that
(Pan)pn>1 s a sequence of sigma algebras that increases to the predictable sigma
algebra P. Therefore, Go» is a closed martingale with respect to (Pan)nen and
from the convergence theorem for uniformly integrable martingales, it follows
that A ® Q-a.s.,

n—oo

Gon (t, X) 222 G(t, X).

17



With Fatou’s lemma and F' > 0 and the upper bound from before we get,

EQ[/O F(G(s,X)ds] :E@[/O lim inf F}(Gyn (s, X)ds]

n—oo

1
< liminfEQ[/ F(Gan (s, X)ds]
0

1
< limsupEQ[/ Fy(Gan (s, X)ds]

n—00 0
1
< EQ[/O FZ<G(S,X)dS]

We conclude,

. 1 ngn 1 )
lim — [ log |FndQ =Eqg[ [ F(G(s, X)*)ds].
2" Je dB 0
O

Remark 10. [1]. Note that all arguments in the proof of Theorem still hold,
if the sequence (2"),¢n is replaced by (p")nen for any p € N and p > 2.

3 Applications and Properties

In this chapter we see three related examples of computing the specific relative
entropy. In particular, we first compare the geometric Brownian motion with a
Brownian motion, then with itself, and then extend this to the multivariate case.

The following two lemmas tell us how the multidimensional and the one-dimensional
cases are connected, in relation with the independence of the coordinates.

Ml
Lemma 3.1. Given two multivariate continuous martingales M = and
Ml
Nl
N = with independent coordinates, then the specific relative entropy
Nl

between M and N is equal to the sum of the specific relative entropy of the
coordinates:

l
hL(M)|L(N)) = Z h(L(MY)|L(NY)).

Proof. By definition A(L(M)|L(N)) = lim, 00
want to show that it is equal to:

SH(L(M)IL(N))

n

Fn, and we

l

D h(LM)|L(N)

i=1

1
LS H((M) L)) .
=1

= lim —
n—oo N 4

18



In particular, we want to show that

H(L(M m-ZH (ML) .

By the independence of the coordinates and Lemma we have:
l

> H(L(MY)|L(NY)|Fn = ZZH L(ATMY)|L(ARNY))

i=1 i=1 k=1
d APM
_;;EAan{IOg ((AHN'L))):|

while on the other side we have:
H(L(M)|L(N))|zn = ZH L(ATM)|L(ARN))
d ATM)
_ZEAnM{log ((ARN)):|
A”Ml
- ZEA"M[k’gH d(A7NY) }

_ ZEMM[Zbg iﬁ%l))]

A’ﬂ 7
=3 g o (AL

i=1 k=1
O
Ml
Lemma 3.2. Given two multivariate continuous martingales M = :
Ml
Nl
and N = |, where only N has independent coordinates, then the specific
Nl

relative entropy between M and N is at least equal to the sum of the specific
relative entropy of the coordinates:

l

h(L(M Z L(MY)|L(N?)).

Proof. Arguing as in the previous lemma we want to show that:

l
H(L(ARM)|L(ARN)) > 37 H(L(ARM|L(ALNY).

i=1
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Define u € P(R!) and v € P(R) where pu := L(A?M,) and by independence
v ® ltimes @ v = L(AN;). Moreover, p; indicates the i-th marginale with
density f;, hence % = f1($1)fx1,g?2 (®2) -+ fay, o (20)-

For instance, % _ f 1 d cond. distr. of 2 given z; under p _ fxl (x2) and fl(xl) —

dl‘g
fw%”)xl flx1,...,x))dxs ... dx;. Moreover, in the following computations we

assume the existence of dentisities, but this is not necessary really. Thus, we
have:

H(L(AFM)|L(AEN)) = H(plyn @ e @ y) =

dﬂ(l'l...l‘l) B
/“ s d71(x1) dw(xz))du(ml"'xl)—

/ fl xl)frl(xQ) fml,...,ml,l(l'l))
..... 71(%) )

/x ) log (*y(xll)))du(xl coem) + /x ) log (fxl(;Q)))du( Lxp)+

..+/m’ y log(W)du(xl...xl)

| o (120 .
_/xl g('Y( ))dfllew-wfxl,...xl,l( 1)+

o o ) ) S ) e

+ /xl, - IOg (W)fl ($1) e fml,m’wl_l (,’El)dﬂﬁl e d.’L’l =

:/maﬁm»%hwwnhwxmw

d,u(a:l .. .xl) =

+

10g (fo, (22)) f1(21) fo, (T2) - oy, (@)dwy . dayp + -+
log (le...xl_1($l))f1($1) v Srrm (T)de - d+
log (y1(21))df1 fars- -+ for,oom_s (T1)+

log (’YQ(IQ))fl (1) for (x2) oo« fayomyy (T)der . day —

- / log (fn(zl))fl (1) for,m o (T)dze . dy

In general we have that for any j =1,...,1:

/ Forowsday = 1 (8)
T

Moreover, if we define the convex function g(z) = x log x, we have by the Jensen
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inequality and by :
/ 9(far (22)) [1(22) far 00 (3) - - - far,ziy (@) dwrdas . . day >
xr1,r3...,&

2o([ D) fenan(o0) o for s didry . di) =
T1,E3.
= g(fa(22)) = f2(x2)log fo(22)
And if we apply the Jensen inequality to any j = 2,...,[, by , we obtain:
H(L(AFM)|L(AEN)) >

/ 10g(f1($1))f1($1)d$1+/ log fa(w2) fa(z2)dws + - - - +

T2

+/ Ingl(xl)fl(xl)dxl_/ log(71(x1))df1fz17-~-afz1,...ml,1($1)+
- / log (72(22)) f1 (21) fos s (22) - - Frv . (51 . . drp+

— / log (m(z0)) fi(@1) - foy,oy (T)day . day =

[RRRE

_ o fi(z1) 2\ d o fa(z2) . . oV
—/Ill g(’y(xl) )fl( 1)d 1+/£21 g(’y(xg) )fl( 1) f1(x1) fz, (z2)dzo+

4t /xl log (,J;igg)fl(xl)fmwz(mg) o formy Ay =

= H(paly1) + H(paly2) + -+ H(lm)-

Let’s proceed with some applications.

3.1 Specific Relative Entropy between the standard geo-
metric Brownian motion and the Brownian motion.

Lemma 3.3. The specific relative entropy between the standard geometric Brow-
nian motion M; and the Brownian motion By, both starting at 1, is:

h(M|B) =

oo
NI

Proof. Let By ~ Ni(1,t) be the Brownian motion with By = 1. Let M; =

1 . . . .
eBr=l=3 ~ lognormal(—%, t) be the standard geometric Brownian motion with
My = 1. We are first interested to compute:

H(M|B)|Fn :H(,C(M(],Mi,...,Mﬂ,Ml)|£(B(),BL,...,BL—1,Bl))

21



Now, by Lemma [1.3
= H(L(Mo)|£(Bo)) + H(L(M 1| Mo)|L(B1|Bo))+

+/H(£(M%|M0,M% = y)|L(Bz|Bo, B1 = y))dL(M1)(y)+
Yy

+ H(L(Ms Mo, My =y1, M2 = y2)|L(Bs|Bo, Bs = y1, B2 = y2))
Y1,Yy2

dL(My, M2)(y1,y2) + ..

Thanks to the Markov property of geometric Brownian motions, in the condi-
tioning we can just consider the M; with the greatest time t. Moreover, since
My =1and By =1:

=0+ H(L(M.)|L(B

1
n

3=

)+ / H(L(M: My = y)|C(B2|By = y)dL(M, ) (y)+

3

+ [ B3 |Mz = 9)|£(B3 B3 =)L)+ =
y
So, we want to compute:

H(L(M.)|L(B

3=

n
D+ [ HEOMMas = IE(By By = )LMa) )
k=2"Y
The first term is given by Example with ¢t = %:

H(L(M)|£(B1)) = 5 (= — L+ n(er —1). (9)

For the rest, we first want to compute H(L(Mx|Mi—1 = y)|L(Bx|Br-1 =y)).
While it is immediate to see £L(Bx [Bi—1 =y) ~ Ni(y, +), for L(Mr|Mi—r =y)
we first need to notice that the relative increments

eB"i+1 —1—3tip1 eBtiflféti

Rl(ti, ti—i—l) =

1
eBti —1—§t7j

_ e(Bti+1—Bti)—%(ti+1—ti) 1

g(Bti+1 - Btl)

are independent to each other:

1

,—
n

2 n—1n

RI(0 )JLRI(%,E)JL...JLRI( )

n

22



In this way, we obtain:

Mg — My
k k—1
Nyexp(Bk—l—%—(Bk ™ ))
le(*ﬁ’Z)
1 1
y lognormal( 2n7n)

1 1
~ lognormal(—% + log v, E)

Now we can proceed looking at the logarithms of the conditioned distributions:

1 1 1
log(g(x)) = log(——— exp(—(logz + o~ —logy)*) ;1)
\/2mta? n 25
n
1 1 1
= —ilog(27r ) —logz — (log” z + — sl +logy + = logx —2logzlogy — flogy)Q
where g(z) is the distribution of lognormal(—3- + logy, +), and,
2
r—yY
log(n(z)) = log(—— exp(~“—1))
ori 25

1 1
=-3 log(QWﬁ) —(*+y* - me)g

where n(z) is the distribution of Ni(y, ). Moreover, for the expectations we
need by Remark

_ 1 1
EM@IM@=y[x} = elmmtloen)tm — Yy
Vara, iy =yle] = (e - 1)~z tlosy) = (en — 1)

Enry ny s =y[2”] = (€7

n

Hence we get:

By ivee ) [los(9(2))] =

1.1 11 , 1
:—flog(27r )+f—logy—((w—ﬁlogy+log y)—&—ﬁ—k

5 e
1 1 n
+ log? y+7(—2—+10gy)—2(logy——)logy——logy)§:
1 1
:—ilog(Qﬂ' )—i—;—logy—(m—flogy—&-log y+
1 1

+ = +4—2+1og y—2—2+ 1oy — 2log” y+—1ogy—*logy)2

1 1 1

5 og( 7rn) 08y~ 5 +4n

23



1 1 1 n
ELom g 1My =y [l0g(n(2))] = =5 log(2m—) — (e7y® + 4 — 2¢°) 5

1 1 1
= —5 log(2r>) - %(ez —1).

Thus, the relative entropy becomes:
H(L(M |Mas = y)|£(Bx |Boos_,)) =
=Er(My My —y) [ 108(9(2)) — log(n(x))]

n

1 1 11 1 1. ny?, .
= —=log(2r—) — 1 ——+ — —(—=log(2mr—) — ——(en —1
S loa(2m ) ~logy — 5 + 2~ (~5log(2r—) = "L (% — 1))
1 1 ny? 1
:—1 [ — — —_— n—]_.
ogy — 5t 5+ 2( )

Now we want to integrate this quantity:

[ HEy 1M = LBy | Bas = )LL)y =
Y

1 1 ny2 1
= —1 — 44— 4 (en —1))dy =
[ 1omy 5 g+ e = Dy
1 1 n, 1 2
— —]E[log(Mk:1)] -5+ 5(en — 1)E[Mk;1]

And since by Remark

k—1

E[Mﬁjl = eszinlJr m = ]

k—1 k—1 k—1 k—1
7n 2t

VaT[M%] =(e» —1)e~

E[ML]:G%*lJrlz:e%

log(My) ~ Ni(~ 3. 1).

We get:
/H(ﬁ(Mk |Mk—1 = y)|£(Bk |Bk—1 = y))E(Mk—l )dy =
Y (10)
—ﬁ—i—f—l—f(el—l)ekf1
2n 4n 2

Summing up we have that:

H(M|B)|pn = H(L(M1))|£(B1)+

1
n

+3° [HEML M =) £ Bes =) L0 )dy
k=2
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Thus by equations @D and 7

For the specific relative entropy we look at the asymptotic behaviour of each
term multiplied by % Regarding the first term we have:

i(l—l—l—n(e%—l)) Ui

2n'n

while for the other terms:

k=2
1 — n—-1 n—-1 1 1 L
B D e T ra D DL
_ k=2
1 nn-1) n—1 n—-1 1 . e—en
— _ _ ;_1
TEA )= e o Talem ~ D)
noo 1 L e-1_ 3 e
12779 179

In conclusion we get the specific relative entropy:

.1

fo,§+i e 3
42 2 4

O

Remark 11. From [I] we can conjecture that if M; is such that dM; = 0.dB;

then h(M|B) = %E{fol (02 —log of—l)dt]. In our case, oy := M, so it translates
in:

1 1
W(MIB) = 5B[ [ (MF ~1og(h?) - 1)at] (11)
0
To check if it holds we need to recall Remark [3
t t
M, =P 173 ~ lognormal(—i,t)
E[M] =22 =1

Var [Mt] = (e — 1)6_%2+t =el—1
E[M{]=¢" —1+1>=¢"

E[log M| :E[Nl(—%,t)}
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So, applying Fubini to the right hand side of we get:

h(M|B) = ;Al(E[ME] — E[log M7] — 1)dt

1 1
:5/ (e! +t—1)dt
0

1 2
:§(6t+§—t|(l)
1 1
= (e+-—-1—-1
2(e+2 )
e 3
24

As we expected from Lemma [3.3]

3.2 Specific Relative Entropy between two geometric Brow-
nian motion.

Definition 3.1. We say that M{ with o € R, is a geometric Brownian motion
o2

with respect to o if dM{ := o MdBy, i.e. if Mf := e?Bi= 2t

In particular, M7 ~ lognormal(—";t, o’t).

Lemma 3.4. The specific relative entropy between two geometric Brownian
motion M7 such that o; € R fori=1,2 is:

- - 1,02 o?
nrot3072) = 5%~ 1og( %) - ).
2 2

Proof. By Lemma [T.2}
HOMT M) r = (LM MY M) [E(ME, M2 M)

= H(LOIT MM M ML) [L(ME MG (M, M M2, ))

and by Lemma

.
= Hep e + [ Hie (37 g = y)ﬁﬁ@ (M2 = ) LM )y +

M3t 2 MS3? JW‘72
o HECGrIMY = 37k = DLl M =gyt = =)

Mo e VS
E(M?)dyﬁ(]\/lg1 Ydz + -+ /yl,...,yn H(E(Mgl : |M"1 =YL, ., @ = Yn_1)|
, M?? o M‘:Zl o M2, ’

(S 1M = s o = D)L s £ .

n n n
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Thanks to the Markov property, in the conditioning we can just consider the
M7 with the greatest time ¢:

M3 M2
— H(EQIPIEM) + [ HE (ke M3 = DIECGZIME = D)EE Yy
Mgl M<72
H(L(—2 | M3 = M3 = y)L(M3)dy + - -
+ [ HEGRIME = vIL( Mg = )£y -+

M7 M7?
H M 1 = Mn L = ML, .
+ [ G IMIL = DIEGE M = )OI )iy

n n

Now recall that for i = 1,2:

2

2
M = exp(o;B; — %t) ~ lognormal(f%t, o2t)
Then for ¢ > s we have:
e Bi— 07 2 &2 o2
L e 7T = y) = L( PP I BT =y
e7Ps T

and, since B; — B, is independent to Bi:

2
~ lognormal(—%(t —5),0%(t — ).

Therefore,

My 21 L1
o n |Mk L= )Nlognormal(—gg,o 5)

n

L

Now we have that:

M7 M2
H(E(Mgll ‘Mz-lll = )“C(MD'Q |MZ.21 = )) =
ol ,1 g5l 1
:H(lognormal(—?lﬁ, )|logn0rmal( 2 - o ))

But, in Example we’ve already showed that the relative entropy between
two lognormal-distributions coincides withe the relative entropy between the
corresponding normal distributions, therefore:

021 1
—H(Nl(—** 01 )|N1( 725 U%;)) =
1 01 9 9y 1 O’%
— log(—) —1
=5+t ad) s —loe(T) - 1)
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b2 77

Since we don’t have any dependence on the variable , we have:

M?7?
H lel - M(kf21 = Mgil =
| #e (372, M2 = I DL )dy

n

+(0F = 3) g — lo(Z) — 1.

o
)
4no3 op

1
=503
‘72

It remains to compute the first term:

2 2 1 1
H(L(MT)|L(MT?)) = H(lognormal(— 21 )|lognormal( %7,037))
n n n n
0?1 L1 031 L1
—H 912 22 _Z2- 422
WM(-T ot M(-2 o3 )
1 i 2 22 ] i 1
= 5(;% + (07 = 03) dno? Og(?> -1
To sum up we have:
SE o 2 oy 1 o
H(M7|M?)|Fn = Z 5(;% + (01 — Uz)m - 10%((7%) -1)
k=0
n, o2 2 1
=2 —tog(D) -1+ (o} - 03
2 02 2 ! 2 403

In conclusion we obtain the specific relative entropy:

1
h(M°Y\M?2) = lim —H(M°'|M°2)|zn

n—oo N
2
1 o7

02
= 5(0 1o 1),

2 03
O

Remark 12. Let i = 1,2. From [I] we expect that if M is such that dM* =
3;(My)dB; then almost always:

[ _log@jwj)_l)dt].

1
h(MZY|M®2) = ZE =,
( | ) 2 M= EQ(M)Q

In our case ¥; = 0; M and so it translates in:

%E [/0 (Zm - IOg(aégﬂj\?:;?) o 1)dt] = é(% — log(i) —1).

Q

As we expected from Lemma
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3.3 Specific Relative Entropy between two multivariate
geometric Brownian motions

Lemma 3.5. Defined an l-dimensional geometric Brownian motion dM} :=
diag(M!)TdB,, where dM} := MZ(ZLﬂ [ixdBF) and 1 € N, then the specific
relative entropy between two l-dimensional geometric Brownian motion with pa-
rameters 'y, Ty € RIX! 4s:

1 _ det X
AT M) = 2 (tr(S55r) — L~ log Jorsh) (12)

where for u=1,2, (S4)ij = 234 (Dw)in(Tu)je = (LT,

T n

Proof. We have:

H(M21|ME2)|]:" — H(‘c(MlF/ln? ]\4217 e erl)u:(MFZ

r r
o M o M)

explicitly,

1ir | 1r T 1T T 1r |
:H(.C(ML M M M ) e M Mﬁ))

1/n> 1/n?

applying lemma [T.2]

A [1,1“1 n[27F1 A [l,FQ ]‘[27F2
—H(c(mbT o T 2 s oMb T 2 «
- 1 3ty 1 ) PRI ‘ 1 DRI} 1 ) PRI}
1T, 2T, 1,0, 2. 1>
5 M M2 5 M M
1/n = 1/n i

and by Lemma [1.3]
HM™ M=) = H(LM}T L ME™)

Ml,Fl Ml,Fl
2 2
+/ e
1Ty 7 ) T

Y1,--Y1 Mi ! Mi !

)

L(M§=F2,...,Mf2)+

1,T LT
MY =y MY 1=yl)‘
n n

1,T LT
Myt My
E( n n
1L,T° " 7 T
M, M7

n n

Mérl Mgrl 1,7 LT 1,7 LT
+/ H E( L Mi 1:y15--'aMilzyl7Mg7 1:251,...,M2’1:zl>
Y1 Y " n

n n
.....

2
MLTTTTT b
2
n n
MLz Myt

1,T27° "7 I,r
(M; DV

n n

d/:(M;Fl,...,Mljl)(yl,...,yl)d/:(M;Fl,...,Mg“)(zl,...,zl) .

n n n

Note that, by the Markov property and the independence of the increments of
the Brownian motion, the rations are all independents and so we can ignore
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MbT2 =y ML yl)>d£(M}’Fl,...,M&“)(yl,...

7yl)+

1,T I,T 1,T [, Ty _
MU =g MEYTE =y, MY = MY 2_zl)>
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all the conditionings. Therefore we want to compute the first term and for
m=2...,n

Mﬁrl Mlmvrl Miarz Mil}
H ﬁ(M,ln_FMlmFML(M,lnFM”) . (13)

Now, dropping the subscript ”1,2” for a moment, we look at the distributions
of each coordinate i = 1,...1:
Mt
n 622:1 Fika/n*ﬁ et T
M;,

n

1 1
1 2 1 2
~ lognm’mal(% Z I, - Z 7
k=1 k=1
So equation (13]) becomes:

l k l 2 l k l 2
= H <£ (eZk:1 Iy, 1kB1/n_ﬁ k=1 Fl, 1k’ e eZk:l Fl,lkBl/n_i Zk:l Fl,lk) ‘

1 k 1 2 1 k 1 2
E(ezkzl Ty, lkBl/n_ﬁ k=112, L eZk:l F2,lk31/n—ﬁ k=1 Fz,m)) .

and again by Lemma [1.2

l

1 1 l
1 1
_ H(ﬁ(ZrleBf/n — 5o 2T e Y DBl - o Zrilk)‘
k=1 k=1 k=1

k=1

1 1 1 1
1 1
k 2 k 2
S D T S N . 2oL D)
k=1 k=1 k=1 k=1

(14)
Now in any coordinate there is a normal distributions so we want to compute the
relative entropy between two multivariate Gaussians: H (./\/l (1, 21) N (p2, 22))
where 1112 and X 2 are respectively the mean vector and the covariance matrix
given by the coordinates of 1 (21,2)1']' = %E%Zl(rlg)ik(rl’g)jk and Hi2 =

l ! T
=5 (Xpe1 (P23 e (T12) )

To show how to get the covariance matrix, we first define Z; := 22:1 I;B*

1/n
i > w7 and Z; = Zic:l FiBf/n. Ignoring the subscripts for simplicity we
have:

(2)ij = Covl(Zi, Z;)] = E[(Z: — E[Zi])(Z; — E[Z;])]
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After noticing that we can argue in the same way for the first term_since
MZ1 T12 lognormal( Ek (T, g)zk, - Zk 1(T12)3,) then by Lemmaand
using Example I3 we have

H(M"™ M) |50 = Z H(Ni(p1, 1) N (2, 22))

m=1

= nH(Ni(p1,51)Ni(p2, B2))

n _ _ det X
= D(r(D5 ) + (2 — )55 (e — ) — 1~ log S

det 22

Looking at the asymptotic behaviour of the terms, we expect that:

det Yq ) n

det Yo n

tr(25'%;) and log(
while the quadratic term:

1
(2 — )55 (M2*M1)Nn*n

In this way, we get the specific relative entropy desired:
1
h(MY|My) = lim —H(My'|My)| 7
n—oo n
det 21
det 22

1
= —(tr(Z5'%)) — 1 —log

2 )

O

Remark 13. In Lemma we have that ¥, = 1I‘ WIT with v = 1,2. Indeed,
1
(A0uTT)i; = £ 5 (T () Fy = £ 37— (Tu)in(Tu)ji = (Su)i-
Corollary 3.6. IfT'y = diag(7i)i=1,...;1 and I'y = diag(7;)i=1,...; then
TijagT2y _ 1/ 22 l 7

(M M™2) = 5(3,, E- A >iz1 log%).
Proof. We can show it in two ways. In the first one we follow the steps of the
previous Lemma and we obtain:

o1 o1
(T1)ij = diag(—~7) and (T2)y; = diag(~~7)
So,
n 1 2 L2
DI IE dzag(—zf 2y = almg(’y ), hence, tr(X;'%;) = Z ?—12
v n ’Yz i=1 i

while the logarithm term becomes:
det 21

= log(det(35 'S
08 qor, — losldet(¥y )
= log H L’z = log le
=170 =1 T



and since the mean vectors are 11 = —5-(7#,...,77) and p2 = — 5 (31,...,7})
we can compute also the quadratic term

l
(2 — ) "S5 (2 — ) = : —(= ! Z(%‘Q—’V?))-

dn- 7 i=1
Now, as in (3.3 we have:
- det 2
H(M™ M) |70 = : 2yie) —1 — 1) T2 (g — py) — 1 !
H( | )7 2 1) =1+ (p2 — ) (p2 — p1) — log dot 22)
n det 3
= —(tr(Z3'%)) —1 — )T (g — ) — 1 .
5 (tr( 1) = L+ (p2 — ) (n2 — p) — log Oletz2)

Finally, the desired specific relative entropy is

1
(M>'|M*2) = lim fH(M21|M22)|fn

n—o0o N

2 ——l—Zlog

i= 1

The second way to show this is noticing that we have independence among the
coordinates, so we can apply Lemma [3.1] and for m = 2

H(Ly" M My M) e (M T T L M) ) =

.,n we get:

m—1

l
— Z M%nl_‘l/Mz I |M7, Fg/Mz Fg)
i=1

Now, since each coordinate is a geometric Brownian motion we are in the case
of therefore we have:

1 l l 1
L iy, 1 _
H(M21|M22)\fn=z§< = —Zlog(fz)JFZZ(%z—%?))

k=1 iz Vi i=1 i it

And finally,
1 L2 1 '
BOMPAM) = 2(30 25 —1= Y log Tg).
i=1 ' i=1 ?

O
Corollary 3.7. If I'y and I's are triangular matrices then also in this case
h(MTH | MT2) = (S, %

2\ 2ui=1 57~ Ei 110g ) where (;)i=1,....1 are the diagonal
elements of 'y and (;)i=1,.

1 are the dmgonal elements of 1"2
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Proof. We can suppose that I'; and I's are upper triangular matrices, although
the proof reveals that the two matrices can be also both lower triangular or of
a different type of triangularity. By Remark recall that ¥, = %Flff and
Yo = %FQFQT. Thus, we have:

1
det ¥y = det(—=T4T'T)
n

1
] det(T';) det(T'T).

And since the transpose of a upper (lower) triangular matrix is a lower (upper)
triangular and since I'; is a (upper) triangular matrix, we have

where (7;)i=1,...; are the diagonal elements of I';. On the other side,

1 _
det X5 = det (=To(T'F)) ™
n
= nldet(I'T) ! det(I'y)~*
Since the inverse of an upper (lower) triangular matrix is a lower (upper) trian-

gular and has in the diagonal the inverse of the diagonal elements of the starting
matrix, we have:

! 1
T _
[Tizy %‘2
where (%;)i=1,..; are the diagonal elements of I';.

Therefore, we obtain the logarithm term of (12)):

o det 21
& det 22

=N

= log(det ¥5 " det )

l
Hi:1 '71‘2

=log ————
ITics %‘2

! 2
= Z log %
i=1 Vi

To compute the trace of £;'%; we need a little more of work. Firstly, by the
commutativity of the trace:

_ 1 1
tr(251%) = tr((ﬁmrg) 1(EF1F1T))

= tr(((T3)7'T1) ((F2)7'TT)).

Since the product of two triangular matrix is also a triangular matrix of the same
type we have that (I'4)~'T'; is an upper triangular matrix while (I';)™'I'7 is
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a lower triangular matrix. Now we use the following. If U, L are respectively
upper and lower square [-matrix then:

l

i=1

!

=Y (> UnlLi)

=1 &
!

= ZUiiLii~

i=1

Moreover, since the product of two upper (lower) triangular matrix has in the
diagonal the product of the elements of the diagonal of the two matrices we have

() "'T1)i = ((T3) ™ Hii(T1)si and ((C2)7'T7 )i = ((T2)™")is(TT )is. There-
fore we have obtained the first term in :

l

(25" 0) = D ((T5) i (M) ((T2) ™ aa(T])is

i=1

where (7;)i=1,..1, (%:)i=1,...; are respectively the diagonal elements of I'; and
Ts.
O

Remark 14. Let I € N. Let £;,%; € R positive definite. Let B, € R!
multivariate Brownian motion and M;, M; € R such that dM; = X(M;)dB; and
dM; = ¥(M;)dB; then from [I] we guess that almost always we can approximate
h(M|M) with:

%E[/O (tr((ZET)7'22T (My)) — 1 — log(det(iiT)_lzzT(Mt)))}.

In our case if we define A; := diag(M;)T'y and A; := diag(M;)T'y both in R/*!
then it translates in:

1
1 o .
E[/ 5 (P (AT T AT (M) — 1 = log det(AAT) T AAT () ) dt . (15)
0
Since, (Ay)ij = mi(T1)ij, where m; := (My);; and 4,5 =1,...,1, we have:
I ! !
(MAD )i =D AaAl; =D Apehjr = > mi(Ty)aem; (T1) s =
k=1

k=1 k=1
l

=mgm; »_(T1)ir(T1)j6 = mim;(T107)s;
k=1
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and similarly for A we get: (A;A7);;' = #(131“{);],1. Finally, by Remark

1) mim;

o 1 _ _
(AAD) AN (M), = m,m,(szg)ijlmimj(Tlf?)ij = (32);;' (Z1)i5-
i

Thus, we have showed that is equal to 1 (tr(X5'%;) — 1 — log 4 g;) which
is exactly the specific relative entropy computed in Lemma [3.5
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4 Simulations.

In this chapter we will define the ”Heston-model” and the "SABR-Model”, in
order to study their specific relative entropy through simulations on Python.

4.1 Heston-model.

Definition 4.1. Let S; and V; be real valued stochastic processes representing
respectively the price and the volatility of an asset. Let B; the usual Browning
motion, and let k, 6, & € R be positive parameters, then the Heston-model (with
correlation 1) is defined as follow:

dS; = S;\/V,dB,
AV, = k(0 — V;)dt + £/ V;dB,.

Intuitively, 6 indicates the long term variance of the price, k£ indicates how
the volatility of the price reverts to 6 and £ the volatility of the volatility of
the price. Moreover, we assume that 2kf > £2, which guarantees well-posedness
of the above SDE. Using the Euler method for solving stochastic differential
equations, we can generate simulations of the Heston-model (Figure [1)).

Heston Price Paths Simulation

Heston Stochastic Vol Simulation

&
&

0.065

0.060 -

H
]
S

0.055

H
N
=]

o o

s o

= a

G o

Stock Price
=

=1

o
Volatility

0.040

H
°
5]

0.035 4

0.030 4

©
S

0.025 1

T T T T v T T T T T T T

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time Steps Time Steps

Figure 1: We have plotted three independent batches of the Heston-model with
k=3,0=0.04,¢=0.1 (A.1).
We can notice that all the paths in Figure |1f looks very random and we

cannot extrapolate any information. However, if we make k increasing the
volatility gathers around the value of 6 (Figure .
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Heston Stochastic Vol Simulation Heston Stochastic Vol Simulation
0.0500 0.0500

—— theta

0.0475 4

0.0450

0.0425

0.0400

Volatility
volatility

0.0375 4

0.0350 4

0.0325 - 0.0325 -

0.0300 0.0300

6 2(;00 4(;00 60'00 Eﬂbﬂ 10600 6 2600 4(;00 6060 EDbU 10600
Time Steps Time Steps
(a) Volatility simulation k = 25. (b) Volatility simulation k& = 50.
Heston Stochastic Vol Simulation
0.0500
— theta
0.0475 4

Volatility

0.0350 4
0.0325 4
0.0300 1— - - . T T
0 2000 4000 6000 8000 10000
Time Steps.

(¢) Volatility simulation k& = 100.
Figure 2: We have plotted three new independent batches of the Heston-model
changing the value of k£ with fixed 6 = 0.04 and £ = 0.1 (A.1]).

Indeed, we can obtain the mean of the volatility from:

dE[Vi] _
— = HO-E[W)).

So defining y; := E[V;] we obtain the ODE:
Yr = k(0 — yr)
and dividing by e** we have:
eyl + keFty, = kOer

which can be written as

%(ekt + i) = ket
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So up to a constant C":
Py, = 0kt + O
Hence:
v = E[V}] =0+ Ce ™.

Accordingly, if we fix 6, for large k we expect that the mean of the volatility
converges to 6, as we can see from the simulation (Figure |3)).

fixed theta=0.04

—— expected voll
expected vol2

—— expected vol3
0.0525 - —— theta

0.0550 4

0.0500 -

0.0475 4

values of E[V_t]

0.0450 4

0.0425 4

N—a

0.0400 4 7f

0.0375 4

6 T;O 160 150 260 250 360
values of k
Figure 3: As k varies we have computed the volatility mean with respect to the

time of three independent batches, hence we have plotted for each simulation
the function k& — E[V}*] with fixed # = 0.04 and £ = 0.1 (A.2).

To study the specific relative entropy of the Heston-model we could proceed
as in [Chapter 3] by the discretization way. However, for the Heston-model we
don’t have any close density, so that way would be very challenging. Neverthe-
less, since we are interested in h(S, M), where dM; := M;dB;, we expect from
[1] that to get the specific relative entropy it is enough to compute:

%E[/O (Vy —logV; — 1)dt]. (16)

In this way we can plot a surface where we see how h(S, M) depends on k and
0 (Figure [4)).
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Entropy of the Heston model

10

""Ppa

0.0

Figure 4: We have plotted a surface represented the entropy of a simulation of
the Heston-model with respect to the parameter k and ¢ (A.3).

We notice that for large k£ it appears a convex function. This happens
because, applying Fubini and the Jensen inequality, equation can be ap-

k—+oo

proximate with % fOI(IE[V}] —log E[V4] — 1)dt but since E[V;] ———— 6 we have:

1
h(S|M) =~ 5(0—1og9— 1)

which is a convex function of 6.

Moreover, we expect that the specific relative entropy of the Heston-model

converges to the specific relative entropy of a geometric Brownian motion Mt‘/(;
with variance V0. Indeed, for large k and small £ we can ignore the volatility
of V; and, as we discussed so far, approximate V; with 6. In this way, the price
becomes a geometric Brownian motion with variance v/8:

dS, ~ S;V0dB, becomes dMY? = VoMY?dB,.

In other words, we have that for £ < 1, h(S|M LmanaN h(MV?|M). Finally,

we can compute the latter thanks to Lemma and obtain h(M\/é|M) =
%(9 —logf —1). Note that this is consistent also with the approximation made
above. We can show what has just been discussed graphically in Figure [5}
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Convergence of the Heston Model entropy

135 —— entropy_HM1

entropy_HM2
—— entropy_HM3
— entropy_GBM

entropy

Y

=

6 Zb 4‘0 ﬁb BID 160 12‘0 l‘iO
kappa
Figure 5: We have plotted the entropy of three independent batches of the
Heston-model and the entropy of the geometric Brownian motion M V8 with

0:0.1.

4.2 SABR-Model.

Definition 4.2. Let S; and o; be real valued stochastic processes representing
respectively the price and the volatility of an asset. Let B; the usual Brownian
motion. Let o > 0 and 0 < 8 < 1 be real valued parameters, then the SABR-
model is defined as follow:

dSt = 0¢ (St)ﬁdBt

(17)
dO’t = O[O'tdBt

Using the Euler method for solving stochastic differential equations, we can
generate simulations of the SABR-model (Figure @ Graphically, we see that
although we can run the simulation with different values of the parameters we
cannot extract any useful intuition.

SABR Model Price Simulation SABR Model Volatility Simulation

—— Stock Pricel
Stock Price2
110 { — Stock Price3

— \Volatility1
Volatility2
— \Volatility3

V/N M,
W

o 50 100 150 200 250 [ 50 100 150 200 250
Time steps Time steps

Figure 6: We have plotted three independent batches of the SABR-Model with

B=05a=05 (B.I).
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Regarding the specific relative entropy h(S|M), since we don’t have any
closed density for the SABR-model we conjecture from [I] that:

1 ! _ _
h(S|M) = 5]E[/O (02577 —1 —log(c25;"” 1h)dt] (18)

where M; is the standard geometric Brownian motion defined as dM; = M;dB;.

Entropy of the SABR model

Figure 7: We have plotted a surface represented the entropy of a simulation of
the SABR-model with respect to the parameter o and 3 (B.2)).

Graphically (Figurem), we can deduce that for a fixed a the specific relative
entropy decreases in an almost linear way with respect to 8. Actually, the slope
with respect to 3 is given by %h(S | M), so applying Fubini to we compute:

Lord 1 _ _
1
= [ E[3 (20255 tog(si) — 210g(51) dy =
0
= E[(025;""Y — 1) log ;] =: fsanr(B).

Therefore, the inclination of the surface in Figure [7|is given by fsapr(/) which
decreases roughly linearly, as we can see from Figure
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Convergence of the SABR-Model entropy

—— fibeta)_SABR1
—— fibeta)_SABR2
—— fibeta)_SABR3

0.0 0.2 0.4

0.6
beta

0.8

Figure 8: We have plotted the slope of three independent batches of the SABR-
model, i.e the respective function fsapr(3) for a fixed a = 0.8 (B.3).

Moreover, in Figure [7] we can notice that, for small o and for 8 near to one,
the specific relative entropy is almost null. Indeed, if & — 0 then the volatility
becomes a constant, hence we have o, = 09 := 1 and dS; — (St)z(ﬁ_l)dBt.
Now, if 8 — 1 then dS; — S;dB;, i.e. the stock price S; of the SABR-model
tends to the standard geometric Brownian motion M;. Therefore, we have that,
as @ — 0 and § — 1, h(S|M) — h(M|M) = 0, so graphically we can see
that the specific relative entropy of the SABR-model vanishes both when we fix
a<1land 8 —1, and when we fix S~ 1 and a — 0 (Figure@.

entropy

0.5

0.44

0.3

0.2

0.0

Convergence of the SABR-Model entropy

—— entropy_SABR1
—— entropy_SABR2
—— entropy_SABR3

Convergence of the SABR-Model entropy

| —— entropy_SABR2

—— entropy_SABR1

—— entropy_SABR3

0.800 0.825 0.850 0.875 0.900 0925 0950 0.975 1.000
beta

Figure 9: We have plotted the specific relative entropy of three independent
batches of the SABR-model, on the left for a fixed o« = 0.001 while on the right

for a fixed g = 0.999 (B.4).
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In conclusion, the specific relative entropy of the Heston-Model and the
SABR-Model with respect to the standard geometric Brownian motion is an
useful tool for describing the behaviour of the respective stock prices. Indeed,
thanks to the study of the specific relative entropy, we saw that, under certain
conditions, the Heston-model tends to ”approach” to a geometric Brownian mo-
tion while the SABR-model to a standard geometric Brownian motion. There-
fore, if we think about the specific relative entropy as a measure of ”distance”
then we have showed in which cases the two models are "near” to be geometric
Brownian motions.
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Appendix

Below we provide the Python codes relating to the simulations of [Chapter [4].

import numpy as np
import matplotlib.pyplot as plt

; import math

from mpl_toolkits.mplot3d import Axes3D

Listing 1: Libraries that we need.

A Heston-Model.
A.1 Price and volatility simulation.

# Function of Heston-Model simulation

def generate_heston_paths(S, T, mu, kappa, theta, v_0, rho,
xi, steps, Npaths):
dt = T/steps
size = (Npaths, steps)

prices = np.zeros(size)
sigs = np.zeros(size)
log_v = np.zeros(size)
S_.t =S
v_t = v_0
for t in range(steps):
WT = np.random.multivariate_normal (np.array ([0, 0]),
cov=np.array ([[1, rhol, [rho, 1]]), size=Npaths) * np.
sqrt (dt)

S_.t = S_t * (np.exp((mu - 0.5 * v_t) * dt + np.sqrt(
v_t) * WT[:, 01))

v_t = np.abs(v_t + kappa * (theta - v_t) * dt + xi *
np.sqrt(v_t) * WT[:, 1])

prices[:, t] = S_t

sigs[:, t] = v_t

log_v[:, t] = np.log(v_t)

return prices, sigs, log_v

Listing 2: Function of Heston-Model simulation

# Set parameters
wo= i, # Time

; steps = 10000 # Number of steps
kappa = 100 # kappa parameter
theta = 0.04 # theta parameter
v_0 = 0.04 # Initial value of the volatility
xi = 0.1 # xi parameter
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mu = 0.0 # mu parameter

S = 100 # Initial value of the price
paths = 3 # Number of simulations desired
rho = 0 # rho parameter

3 # Simulate Heston-Model

prices, volatility, log_v = generate_heston_paths(S, T, mu,
kappa, theta, v_0, rho, xi, steps, paths)

# Plot the results

plt.plot(prices.T)

plt.title(’Heston Price Paths Simulation’)
plt.xlabel (’Time Steps’)

plt.ylabel (’Stock Price’)

plt.show ()

# Plot the results

plt.plot(volatility.T)

plt.axhline(theta, color=’black’, label=r’$\theta$’)
plt.title(’Heston Stochastic Vol Simulation’)
plt.xlabel (’Time Steps’)

plt.ylabel (’Volatility’)

plt.ylim([0.03, 0.05])

plt.legend(fontsize=15)

plt.show ()

Listing 3: Setting Parameters and Simulating Heston-Model

A.2 Volatility mean simulation

# Set parameters
c = 300
k2 = np.arange(0, c, 10)
fixed_theta = 0.04
x = np.arange(0, c, 1)
y = np.zeros(c)
for i in range(c):
y[i] = fixed_theta

# Computing volatility mean of three different simulations
E_volatility4 = np.zeros(len(k2))
E_volatility3 = np.zeros(len(k2))
E_volatility5 = np.zeros(len(k2))
for i in range(len(k2)):
prices3, volatility3, log_v3 = generate_heston_paths(S, T,
mu, k2[i], fixed_theta, v_0, rho, xi, steps, 1)
E_volatility3[i] = np.mean(volatility3)
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prices4, volatility4, log_v4 = generate_heston_paths(S, T,
mu, k2[i], fixed_theta, v_0, rho, xi, steps, 1)
E_volatility4[i] = np.mean(volatility4)

pricesb5, volatility5, log_vb = generate_heston_paths(S, T,
mu, k2[i], fixed_theta, v_0O, rho, xi, steps, 1)
E_volatility5[i] = np.mean(volatility5)

# Plot the results

plt.plot(k2, E_volatility3)
plt.plot(k2, E_volatility4)
plt.plot(k2, E_volatility5)

plt.plot(x, y)

plt.xlabel ("Values of k")

plt.ylabel ("Values of E[V_t]")
plt.title(f"Fixed theta={fixed_thetal}")

2> plt.legend (["Expected Volatility 1", "Expected Volatility 2"

, "Expected Volatility 3", "theta"], loc="upper right")

33 plt.show ()

Listing 4: Setting Parameters and Computing Volatility Mean

A.3 Entropy simulation

# Set parameters
cO0 = 20

3 k = np.linspace(0, 12, cO0)

11

th = np.linspace(0.00, 1, cO)
entropy = np.zeros((len(k), len(th)))

# Compute the entropy
for i in range(len(k)):
for j in range(len(th)):
pricesl, volatilityl, log_vl = generate_heston_paths(S,
T, mu, k[i], th[j]l, v_0, rho, xi, steps, paths)
entropy[i, j] = 0.5 * (np.mean(volatilityl) - np.mean(
log_v1l) - 1)

Listing 5: Setting Parameters and Computing Entropy

# Plot the results
fig = plt.figure(figsize=(12, 10))

; ax = plt.axes(projection=’34’)

KAPPA, THETA = np.meshgrid(k, th)

surf = ax.plot_surface (THETA, KAPPA, entropy, cmap=plt.cm.
cividis)
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# Set axes label

ax.set_xlabel(’theta’, labelpad=20)

ax.set_ylabel (’kappa’, labelpad=20)

ax.set_zlabel (’Entropy’, labelpad=20)

; ax.set_title(’Entropy of the Heston model’)

ax.set_x1im ([0.0, 1.0]) # Adjust the limits as needed
5 ax.set_ylim([0.5, 12.0]) # Adjust the limits as needed

# Uncomment the line below if you want to use a log scale on
the x-axis
, # ax.set_xscale("log")

# Uncomment the line below if you want to add a colorbar
# fig.colorbar (surf, shrink=0.5, aspect=8)

23 plt.show ()
Listing 6: Plotting the 3D Surface

A.4 Entropy convergence simulation

# Set parameters

th = 0.04

c4 = 80

k3 = np.arange(0, c4, 5)
entropy4 = np.zeros(len(k3))
; entropy5 = np.zeros(len(k3))
entropy6 np.zeros (len(k3))

# Computing entropy of GBM
h_GBM2 = np.zeros(len(k3))
f_h_GBM2 = 0.5 * (th - np.log(th) - 1)

; for i in range(len(k3)):
h_GBM2[i] = f_h_GBM2

# Computing entropy of H-M
for i in range(len(k3)):
prices7, volatility7, log_v7 = generate_heston_paths(S, T,
mu, k3[i], th, v_0, rho, xi, steps, 1)
entropy4[i] = 0.5 * (np.mean(volatility7) - np.mean(log_v7
) - 1)

prices8, volatility8, log_v8 = generate_heston_paths(S, T,
mu, k3[i], th, v_0, rho, xi, steps, 1)

entropy5[i] = 0.5 * (np.mean(volatility8) - np.mean(log_v8
) - 1)
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prices9, volatility9, log_v9 = generate_heston_paths(S, T,
mu, k3[i], th, v_0, rho, xi, steps, 1)

entropy6[i] = 0.5 * (np.mean(volatility9) - np.mean(log_v9
) - 1)

# Plot the results

plt.plot (k3, entropy4)

plt.plot(k3, entropyb5)

plt.plot (k3, entropy6)

plt.plot(k3, h_GBM2)

plt.xlabel ("kappa")

plt.ylabel ("entropy")

plt.legend (["Entropy HM1", "Entropy HM2", "Entropy HM3", "
Entropy GBM"])

;5 plt.title ("Convergence of the Heston Model Entropy")

plt.show ()
Listing 7: Setting Parameters and Plotting Entropy Convergence

B SABR-Model
B.1 Price and volatility simulation

# Set parameters
T =1.0 # Time to maturity

num_steps = 252 # Number of time steps

beta = 0.5 # Beta parameter

rho = 0 # Rho parameter

alpha = 0.5 # Alpha parameter
initial_price = 100.0 # Initial stock price
initial_volatility = 1 # Initial volatility

# Simulate SABR model

price_path, volatility_path, product, log_Ssigma =
sabr_model_simulation(T, num_steps, beta, rho, alpha,
initial_price, initial_volatility)

price_path2, volatility_path2, product2, log_Ssigma2 =
sabr_model_simulation(T, num_steps, beta, rho, alpha,
initial_price, initial_volatility)

price_path3, volatility_path3, product3, log_Ssigma3 =
sabr_model_simulation(T, num_steps, beta, rho, alpha,
initial_price, initial_volatility)

# Plot the results

time_steps = np.linspace(0, T, num_steps + 1)
plt.plot (price_path.T, label=’Stock Pricel’)
plt.plot(price_path2.T, label=’Stock Price2’)
plt.plot (price_path3.T, label=’Stock Price3’)
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S o}

; plt

plt
plt
plt

; plt.

plt.

plt
plt
plt
plt
plt

plt.
plt.

B.2

.xlabel (’Time steps’)
.ylabel (’Value’)
.title (’SABR Model Price Simulation’)

legend ()
show ()

; # Plot the results
time_steps = np.linspace(0, T, num_steps + 1)
.plot(volatility_path.T, label=’Volatilityl?’)
.plot(volatility_path2.T, label=’Volatility2’)
.plot(volatility_path3.T, label=’Volatility3’)
.xlabel (’Time steps’)
.ylabel (’Value’)
.title (’SABR Model Volatility Simulation’)

legend ()
show ()

Listing 8: Setting Parameters and Simulating SABR Model

Entropy Simulation

# Set parameters

6 =
= np.linspace (0.1, 0.99999, c5)
np.linspace(0.1, 1.6, cb5)

a =

20

h_sabr = np.zeros((len(b), len(a)))

for

i in range(len(b)):

for j in range(len(a)):

price_pathA, volatility_pathA, productl,

log_Ssigmal

sabr_model_simulation(T, num_steps, b[i], rho, alj],
initial_price, initial_volatility)

h_sabr[j, il = 0.5 * (np.mean(producth)

log_Ssigmald) - 1)

# Plot the results

fig
ax =

BETA
surf

= plt.figure(figsize=(12, 10))

plt.axes(projection=’3d’)

, ALPHA = np.meshgrid(b, a)

= ax.plot_surface (BETA, ALPHA, h_sabr,

cividis)

# Set axes 1label
ax.set_xlabel(’Beta’, labelpad=20)
ax.set_ylabel(’Alpha’, labelpad=20)

50

- np.mean(

Listing 9: Setting Parameters and Computing SABR Model Entropy

cmap=plt.cm.



11 ax.set_zlabel (’Entropy’, labelpad=20)
12 ax.set_title (’Entropy of the SABR model’)

14 # Uncomment the lines below if you want to use a log scale
on the axes

15 # ax.set_xscale("log")

16 # ax.set_yscale("log")

17 # ax.set_zscale("log")

19 # Uncomment the line below if you want to add a colorbar
20 # fig.colorbar (surf, shrink=0.5, aspect=8)

22 plt.show ()
Listing 10: Plotting 3D Surface

B.3 Entropy slope simulation

1 # Set the parameters

2 c6 = 50

3 alph = 0.08 # alpha parameter

. bet = np.linspace(0, 0.99999, c6) # beta parameter

¢ y_valuesC = np.zeros(len(bet))
7 y_valuesC2 = np.zeros(len(bet))
s y_valuesC3 np.zeros (len(bet))

10 for 1 in range(len(bet)):

11 price_pathC, volatility_pathC, productC, log_SsigmaC =
sabr_model_simulation(T, num_steps, bet[i], rho, alph,
initial_price, initial_volatility)

12 y_valuesC[i] = 0.5 * np.mean((productC - 1) *
log_SsigmaC)

14 price_pathC2, volatility_pathC2, productC2, log_SsigmaC2
= sabr_model_simulation(T, num_steps, bet[i], rho, alph,
initial_price, initial_volatility)

15 y_valuesC2[i] = 0.5 * np.mean((productC2 - 1) =*

log_SsigmaC2)

17 price_pathC3, volatility_pathC3, productC3, log_SsigmaC3
= sabr_model_simulation(T, num_steps, bet[i], rho, alph,
initial_price, initial_volatility)

18 y_valuesC3[i] = 0.5 * np.mean((productC3 - 1) *

log_SsigmaC3)

19

20 # Plot the results

21 plt.plot(bet, y_valuesC)

> plt.plot(bet, y_valuesC2)
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16

; plt.plot(bet, y_valuesC3)

plt.xlabel ("beta")

25 plt.ylabel ("entropy")
; plt.legend (["f(beta) _SABR1", "f(beta)_SABR2", "f(beta) _SABR3

||])
plt.title("Convergence of the SABR-Model entropy")
plt.show ()

Listing 11: Plotting fsapr(3)

B.4 Entropy convergence simulation

# Set parameters

c6 = 50

alph = 0.001 # alpha parameter

bet = np.linspace (0.8, 0.99999, c6) # beta parameter

h_sabrB = np.zeros(len(bet))
h_sabrB2 = np.zeros(len(bet))
h_sabrB3 np.zeros (len(bet))

for i in range(len(bet)):
price_pathB, volatility_pathB, productB, log_SsigmaB =
sabr_model_simulation(T, num_steps, bet[i], rho, alph,
initial_price, initial_volatility)
h_sabrB[i] = 0.5 * (np.mean(productB) - np.mean(
log_SsigmaB) - 1)
price_pathB2, volatility_pathB2, productB2, log_SsigmaB2
sabr_model_simulation(T, num_steps, bet[i], rho, alph,
initial_price, initial_volatility)
h_sabrB2[i] = 0.5 * (np.mean(productB2) - np.mean(
log_SsigmaB2) - 1)
price_pathB3, volatility_pathB3, productB3, log_SsigmaB3
sabr_model_simulation(T, num_steps, bet[i], rho, alph,
initial_price, initial_volatility)
h_sabrB3[i] = 0.5 * (np.mean(productB3) - np.mean(
log_SsigmaB3) - 1)

# Plot the results
plt.plot(bet, h_sabrB)
plt.plot (bet, h_sabrB2)
plt.plot (bet, h_sabrB3)
plt.xlabel ("Beta")

; plt.ylabel ("Entropy")

plt.legend (["Entropy SABR1", "Entropy SABR2", "Entropy SABR3
u])

5 plt.title("Convergence of the SABR-Model Entropy")

plt.show ()
Listing 12: Plotting Entropy Convergence with fixed alpha
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1 # Set parameters

16

c7
be
alp

h_s
h_s
h_s

for

= 50
= 0.999 # beta parameter

= np.linspace(0.001, 0.4, c7) # alpha parameters
abrC = np.zeros(len(alp))

abrC2 = np.zeros(len(alp))

abrC3 = np.zeros(len(alp))

i in range(len(alp)):

price_pathC, volatility_pathC, productC, log_SsigmaC =

sabr_model_simulation(T, num_steps, be, rho, alpl[il,
initial_price, initial_volatility)

h_sabrC[i] = 0.5 * (np.mean(productC) - np.mean(

price_pathC2, volatility_pathC2, productC2, log_SsigmaC2

log_SsigmaC) - 1)

sabr_model_simulation(T, num_steps, be, rho, alpl[il,
initial_price, initial_volatility)

h_sabrC2[i] = 0.5 * (np.mean(productC2) - np.mean(

price_pathC3, volatility_pathC3, productC3, log_SsigmaC3

log_SsigmaC2) - 1)

sabr_model_simulation(T, num_steps, be, rho, alp[il,
initial_price, initial_volatility)

h_sabrC3[i] = 0.5 * (np.mean(productC3) - np.mean(

# P
plt
plt
plt
plt
plt

plt.

5 plt

plt

log_SsigmaC3) - 1)

lot the results

.plot(alp, h_sabrC)
.plot(alp, h_sabrC2)
.plot(alp, h_sabrC3)

.xlabel ("Alpha")

.ylabel ("Entropy")

legend (["Entropy SABR1", "Entropy SABR2", "Entropy SABR3
"1

.title("Convergence of the SABR-Model Entropy")

.show ()
Listing 13: Plotting Entropy Convergence for fixed beta
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