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Introduction
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1. A short introduction to metastability and

rare events

1.1. Metastability

In 1724 Daniel Gabriel Fahrenheit published his notes on Experiments and Observations
on freezing of water in vacuum [1–4]1 that describe a surprising phenomenon he
observed while experimenting with water. Fahrenheit prepared little glass spheres
filled with water from which as much air as possible had been evacuated and then left
the spheres out in the winter cold to freeze. Despite freezing overnight temperatures—a
thermometer showed a temperature of roughly -9 ◦C in the morning—the water in
some spheres was still liquid after they were left outside overnight. The water, however,
could be coaxed into freezing (at least partially) by disturbing it, for example by
letting air back into the spheres or by shaking them.

This is an example of metastability : when a system remains in a state for a
considerable amount of time even though an energetically or otherwise more favorable
state is available under the given conditions.

Metastability is ubiquitous in nature: ranging from short-lived phenomena like
the nuclei of radioactive isotopes that may only exist for femtoseconds at a time to
diamond that is a metastable form of carbon2—yet, the time it would take a spherical
diamond with a diameter of 1mm to transform into graphite can roughly be estimated
to be 1020 times the age of the universe3. Or put differently: at ambient conditions
diamond is for all intents and purposes kinetically stable. At the same time a more

1Original title: Experimenta & observationes de Congelatione aquae in vacuo factae
2Graphite is the stable phase of carbon under ambient conditions.
3This is a crude estimate arrived at by extrapolating the Arrhenius dependence observed by Butenko

et al. [5] to a temperature of 293K. This is an extrapolation of the data presented there into a
range where such a transformation can not possibly ever be observed in experiment. The numbers
should therefore be taken with a grain of salt.
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1. A short introduction to metastability and rare events

Figure 1.1.: Metastability is often visualized as the state of the system evolving in a
landscape such as the one shown here. In order for freezing to occur a
barrier has to be overcome first. Hence, even though the solid state is the
thermodynamically preferred state for supercooled water (below 0 ◦C) the
transition may not occur for some time.

favorable state does exist and it is therefore thermodynamically metastable. In between
these two extremes many scientifically and technologically interesting systems can be
found that also involve metastability of one kind or another. The transfer of electrons
from one molecule to another [6], the folding of proteins [7, 8], or the formation and
dissolution of traffic jams [9, 10] are just a few examples.

In physics and chemistry metastable systems are often illustrated using diagrams
such as the one shown in Fig. 1.1. It pictures the state of a system of interest as a
point that is located in one well (that represents the liquid state in the example of
metastable water) and in order to transition to the lower and therefore more stable
well, some sort of barrier has to be overcome first.

As a simple example, consider the escape of an α-particle from the nucleus of a
radioactive atom. Two forces acting on the α-particle are relevant here [11, 12]: the
strong force that is very short-ranged and that binds the α-particle to the nucleus and
the electrostatic force that pushes the like-charges of the α-particle and the nucleus
apart. The latter is long-ranged and therefore becomes the dominant force far from
the nucleus. A sketch of the resulting potential energy landscape is shown on the left

4



1.1. Metastability

0
d

E(
d)

0 rc
r

0
Fc

F(
r)

Fsfc

Fbulk

Figure 1.2.: Sketches of energy landscapes of systems that exhibit metastability.
Left: Sketch of the potential energy of an α-particle bound to the nucleus
of an atom as a function of the distance from the center, d [11, 12]. The
dotted line is the contribution due to the Coulomb force. Right: Work
required to form a small nucleus of a thermodynamically favorable phase
inside another phase according to classic nucleation theory [13–15]. Here,
r is the radius of the nucleus, Fsfc is the free energy contribution due
to the surface of the nucleus (proportional to r2), and Fbulk is the con-
tribution from the internal parts of the nucleus, away from the surfaces
(proportional to r3). Fc is the maximum in free energy that has to be
overcome.

in Fig. 1.2. In order to escape from the nucleus the α-particle has to get to the other
side of the potential energy barrier and, hence, is initially stuck close to the nucleus
even though separating from the nucleus and escaping is energetically favorable 4.

In the case of freezing water, the barrier that causes the metastability comes about
because small ice crystals that form in the water (or on impurities or the container
walls) have to grow against the surface tension that acts between ice and water [13–15]
(see Fig. 1.2). This causes small crystals to melt away most of the time. However, at
a critical nucleus size marked by rc in Fig. 1.2, the work that can be extracted from
ordering the molecules becomes larger than the work required to expand the interface
by the corresponding amount. This causes the nuclei to grow spontaneously. The
result is a (Gibbs- or Helmholtz) free energy barrier that has to be overcome by a

4This is indicated by the fact that the energy is lower at large d than close to the nucleus around
d = 0.
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1. A short introduction to metastability and rare events

small nucleus in order to grow (see Fig. 1.2). But when a nucleus has become larger
than rc it is likely to grow to macroscopic sizes because the total free energy can be
lowered by growing the new, frozen phase.

So we know why some systems remain in a state that is not the global minimum.
However, unstable atoms eventually decay and water does eventually freeze when it
is put into freezing conditions. So how are these barriers overcome? The answer to
this question depends on the system under scrutiny: in the case of α-decay the rules
of quantum mechanics make it possible to cross the barrier without obtaining the
required energy first5.

In this thesis, however, I focus on systems that are treated classically. In this case
barriers can be crossed with the help of the spontaneous rearrangement of molecules
in the system [16] that occurs at finite temperature 6. In super-cooled water these
fluctuations sometimes, by chance, result in an ice nucleus that is larger than the
critical radius rc and so it is likely to continue to grow and eventually consume the
liquid water that is available and turn it into ice. This process is known as nucleation.
Hence, the question of how long it takes for water inside a container to freeze can be
answered by determining how long it takes on average for nucleation to occur.

In addition to the time it takes for such an event to occur, we also want to understand
how the event unfolds, i.e. what is the mechanism of the barrier crossing? For example,
does the ice phase grow via the formation of a single cluster or via multiple clusters
that coalesce at some point? Are the little ice-clusters that form spherical in shape, or
do they form little needles? What is the crystal structure of these clusters?

Answers to the above questions are hard to come by using experiments alone because
the time and length scales on which a barrier crossing happens are so small that
measuring how individual atoms move at the precise instance a barrier crossing occurs is
often not possible with presently available experimental techniques [4, 16]. Nevertheless,
barrier crossings have been directly observed in experiments with select systems. For
example, direct observations of protein folding using either force microscopy [17–22]
or spectroscopic methods [23, 24] have been reported. Nucleation has been directly
observed in protein clusters [25, 26] and using electron microscopy in systems of large
molecules [27], as well as in constrained volumes such as inside carbon nanotubes [28]
and in droplets [29].

5This is known as quantum mechanical tunneling
6This is the molecular motion that also causes Brownian motion.
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1.2. Rare events and computer simulations

In the case of freezing water the size of the critical structures is on the order
of nanometers [30, 31] and the crossing of the nucleation barrier happens within
100s of picoseconds up to a couple of nanoseconds, depending on temperature [30].
Experimental methods that pick out structures this small in a bulk volume of water
with the required time resolution to witness the mechanism of nucleus formation are
not presently available.

Here, computer simulations become an important tool because we can build models
where we have full knowledge about all degrees-of-freedom of the system, where we
can control parameters we might not be able to control in an experiment, and where
we can capture the complex interplay of the possibly many constituent parts of a
system that can not be described using pen and paper alone. This allows us to form
and test hypotheses regarding the mechanism of a given process, and to experiment
with the model and its parameters in order to understand the key components of a
system. However, these freedoms to tinker with a system come at a price: in the end
we are only simulating a simplified model of the system of interest built inside our
computers and, hence, conclusions about real physical processes based on results from
computer simulations have to be drawn carefully and can sometimes only be made
indirectly.

In this thesis I use computer simulations to investigate the mechanisms of barrier
crossings in a number of different systems. These crossings share a common feature:
they are so-called rare events.

1.2. Rare events and computer simulations

To explain what a rare event is, consider the example shown in figure Fig. 1.3. This is
the result of a simple simulation of a particle that moves in a 1-dimensional potential
energy landscape, V (x), with two wells (denoted by A and B in Fig. 1.3). The particle
is periodically pushed to the left or to the right by a random force, but the force that
results from the potential energy pulls the particle toward the centers of the wells. In
addition, a friction force acts on the particle that removes the energy added into the
system by the random force so that the particle has a finite temperature 7. The result
is a trajectory where the particle stays close to the two minima in potential energy for

7Details on the simulation can be found in App. A.
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Figure 1.3.: Example trajectory of a particle in a double well potential that is subject
to a random force and to friction. Insets show magnifications of the
trajectory. Marked are examples of the basic oscillation period of the
particle’s movement close to the potential minima (τf), of the time it takes
for an excitation of the particle’s energy to form and decay again (τrlx),
of the time it takes a particle to cross from one potential energy well to
the other (τc), and of the waiting time until a crossing occurs (τw).

most of the time. However, sometimes, when the movement of the particle and the
pushes by the random force combine in the right way, the particle switches from one
basin to the other in a fast transition.

This behavior of long quiescent periods where the system stays within a basin that
are interrupted by fast switching events between the basins, is prototypical for rare
events. To put this behavior into more technical terms, we observe that there are four
different timescales that can be identified from the graph:

1. the period of the oscillations in particle position close to the bottoms of the
potential energy wells, τf,

2. the characteristic time it takes for a fluctuation of the particle’s energy to form
and relax again, τrlx,

8



1.2. Rare events and computer simulations

3. the average waiting time between two successive barrier crossings, τw, and

4. the average time the barrier crossing itself takes, τc, measured from leaving one
basin to arriving at the other basin.

The fact that τrlx is much smaller than τw—i.e., we expect many fluctuations in
the particles energy to appear and decay before a crossing occurs—is an example of
a separation of timescales and the crossing event is a rare event [16, 32, 33]. This
property,

τrlx ≪ τw, (1.1)

implies that the way the barrier crossing occurs does not depend on the details of
how the system was prepared initially. This is because the system “forgets” the initial
condition it was prepared in during the many fluctuations that occur between preparing
the system and the eventual crossing. This makes it possible to think of a rare event
as connecting two sets of states A and B that is characterized by a single reaction
rate r ∼ τ−1

w , rather than considering different ensembles of crossings for each initial
condition, each associated with their own average waiting time [16] 8.

From the point-of-view of computer simulations, another important timescale is
τf because it determines the timespans we are able to simulate. In order for our
simulation to resolve the vibrations of the particle, we have to use a timestep that
is smaller than τf by about an order of magnitude, or more generally, the timespan
we can cover using a simulation is determined by the timescale of the fastest process
we want to include in our simulations [37] together with the computational demands
of our simulation and the computing power available to us. Hence, the number of
simulation steps required to simulate a rare event is approximated by the ratio τw/τf
as this is the approximate number of simulation steps that need to be done in order
to see a single event. If we want to gather a sufficient number of these events to be
able to do statistics, the number of simulation steps required grows even further.

For many barrier crossings τw/τf is exceedingly large. Take the example of freezing

8Two notes are in order here: first, the separation τrlx ≪ τw is only one possibility. In what is known
as the energy-diffusion limit, the timescale of energy dissipation τrlx itself is the limiting factor
for the rate of a reaction, i.e. τrlx ≈ τw [34–36]. In this case, the separation of timescales can be
found between the bath coupling timescale γ−1 and τw. Second, in more complex systems we
are usually presented with multiple processes associated with different timescales occuring at the
same time resulting in a spectrum of timescales. In this case, rare events are characterized by
gaps in this spectrum.

9



1. A short introduction to metastability and rare events

water: freezing did not occur for hours during a freezing night in Fahrenheit’s experi-
ments, so the barrier crossing timescale is at least on the timescale of hours or roughly
103 seconds. On the other hand bond-stretching vibrations in water molecules occur
on the order of femtoseconds, or 10−15 s resulting in a ratio between the two of 18
orders of magnitude.

At first glance such a separation of timescales in a rare event is devastating for
our chances to use computer simulations to investigate it. Anton 3, the fastest
supercomputer for performing molecular dynamics simulations in operation at the
time of writing, reports impressive simulation rates of 121.1 µs per day simulating
a satellite tobacco mosaic virus (STMV) system comprised of roughly one million
atoms [38]. Nevertheless, performing a simulation that covers the timespan of one
hour still requires a wallclock time of roughly 80000 years.

Fortunately, many rare events can be approached in a different manner due to the
fact that the crossing timescale τc itself is accessible to computer simulations. By
focussing our simulation time on the parts of trajectories where a barrier crossing
happens and reducing the simulation time that is spent on the system being close to
the stable basins of the system we can investigate the barrier crossings even though
a full continuous trajectory that contains a barrier crossing is out of reach for our
simulations [16].

These circumstances have led to the development of a large and ever-increasing num-
ber of simulation methods that try to do exactly that: gain an accurate understanding
of the rates of rare events and their mechanism while reducing the computational
effort required to do so. Comprehensive reviews about these methods can be found
e.g. in Refs. [16, 39]. Here, however, I want to introduce two key concepts that are
used in many of these methods: collective variables and free energy landscapes.

10



2. Exploring rare events

2.1. Collective variables and free energy landscapes

Many systems that feature rare events have many more degrees of freedom than
the one-dimensional system presented in the previous section. Consider the example
of n-butane: a simple organic molecule that consists of four carbon atoms and ten
hydrogen atoms (see Fig. 2.1). The backbone of this molecule takes on different
conformations that are usually described in terms of the relative position of the two
methyl (CH3) groups at either end of the molecule. The C-C bonds that attach these
groups to the central pair of C atoms (bonds 1-2 and 3-4 in Fig. 2.1) form a dihedral
angle about the central C-C bond (2-3) that is denoted by ϕ.

Figure 2.2 shows an example of the time evolution of ϕ obtained from an equilibrium
classical MD trajectory and the distribution of ϕ observed during the trajectory. Three
conformational states can be identified: the trans- or anti conformation where the
methyl groups point in opposite directions (ϕ ≈ π), and two gauche conformations
where ϕ ≈ π

3 and ϕ ≈ 5π
3 . Also here we find that the transitions between these states

happen much faster than the waiting times between them, making them rare events.
The classical MD simulation that was used to generate this trajectory is based on

integrating the classical equations of motion starting from an initial state {xN0 ,pN0 }
where xN0 and pN0 are the positions and momenta of the molecule’s 14 particles1 at time
t = 0. The result is a trajectory in the (6×14)-dimensional phase space spanned by the
positions and momenta of the particles. Working directly with this high-dimensional
description—i.e., by inspecting it using a visualization package to inspect the positions
and movement of the particles in 3-dimensional space over time—is often the first step
in analyzing simulation results.

However, to do quantitative analysis such as counting the number of transitions

1We do not simulate solvent particles here. Instead the molecule is coupled to a bath by a stochastic
equation of motion.

11



2. Exploring rare events

Figure 2.1.: Structural formula (left) and sketch of an n-butane molecule (top right)
and its conformational states (bottom right).

between states and calculating rates usually requires a lower dimensional representation
of the systems state. In this thesis I will refer to quantities that are functions of the
positions and momenta of the constituent particles of a system as collective variables.
A collective variable that indicates whether a system is in a certain state will be
referred to as an order parameter for the transitions between states it can identify [16,
49]. The dihedral angle ϕ is an order parameter for the anti-gauche transition in
n-butane.

Given a collective variable we can now introduce one of the basic concepts used to
analyze systems with rare events: free energy landscapes2.

Consider a system of N particles governed by the Hamiltonian

H(xN ,pN ) =

N∑︂

i=1

p2
i

2mi
+ U(x1, . . . ,xN ), (2.1)

where xi and pi are 3-dimensional vectors that represent the position and momentum of

2I use the term landscape here to differentiate from the free energy F = −kBT logZ where Z is the
partition function. Such landscapes are often referred to as Landau free energies [16].
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Figure 2.2.: Left: time evolution of the dihedral angle ϕ(t) of an n-butane molecule
as obtained from a molecular dynamics simulation using the OpenMM
simulation package [40–45] with the OPLS-AA model [46–48]. A Langevin-
type integrator was used. Right: distribution of dihedral angles (blue
bars), ρ(ϕ), and the associated reduced free energy βf(ϕ) = − log ρ(ϕ)+c.
The shift c has been chosen so that the minimum value of βf is zero. The
total length of the simulation used to calculate ρ and f is 50 ns.

particle i, mi is the mass of particle i, and U(x1, . . . ,xN ) is a potential energy that only
depends on the collection of particle positions xN . The state of the system is determined
by the positions and momenta of all particles and is denoted by {xN ,pN}. In the
classical limit (ℏ → 0) of the canonical (or NV T -) ensemble, the probability of finding
a system in the phase space volume enclosed by {xN ,pN} and {xN +dxN ,pN +dpN},
where dxN and dpN are infinitesmal displacements, is given by [50]

P (xN ,pN ) dx3Ndp3N =
1

QNV T

e−βH(xN ,pN )

(2πℏ)3NN !
dx3Ndp3N , (2.2)

where QNV T is the canonical partition function

QNV T =
1

(2πℏ)3N N !

∫︂
dx3Ndp3Ne−βH(xN ,pN ) (2.3)
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2. Exploring rare events

that normalizes the distribution and P (xN ,pN ) is the canonical probability density.
The integration

∫︁
dx3Ndp3N runs over the 6N position and momentum components.

The canonical expectation value of an observable O = O(xN ,pN ) is therefore given by

⟨O⟩ =
∫︁

dx3Ndp3Ne−βH(xN ,pN )O(xN ,pN )∫︁
dx3Ndp3Ne−βH(xN ,pN )

. (2.4)

For our purposes we will focus on observables that only depend on the positions of
particles A = A(xN ), which allows us to simplify this expression by integrating over
the momenta. This calculation yields

⟨A⟩ = 1

Z

∫︂
dx3Ne−βU(xN )A(xN ), (2.5)

where Z is the so-called configuration integral Z =
∫︁

dx3Ne−βU(x). By integrating
over the momenta in Eq. (2.2) we arrive at the probability density in configuration
space

Pc(x
N ) =

1

Z
e−βU(xN ). (2.6)

Suppose now that we have set of n collective variables {ψ1, . . . , ψn}, where each of
the variables is a function of the positions of particles in the system: ψi = ψi(x

N ).
The probability density projected into the space spanned by the ψi can be written
as [4, 50, 51]

ρ(ψ̃1, . . . , ψ̃n) =
1

Z

∫︂
dx3Ne−βU(xN )

n∏︂

i=1

δ(ψ̃i − ψi(x
N ))

=

⟨︄
n∏︂

i=1

δ(ψ̃i − ψi(x
N ))

⟩︄
.

(2.7)

The free energy landscape in the space spanned by the ψi is then defined as:

f(ψ̃1, . . . , ψ̃n) = −kBT log

(︄
ρ(ψ̃1, . . . , ψ̃n)

ρ0

)︄
, (2.8)

where ρ0 is a constant that represents a global shift of the values of f but has otherwise
no physical consequence. Examples of these concepts are shown in Fig. 2.2 where the
probability density ρ and the dimensionless free energy βf are plotted as a function of
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2.1. Collective variables and free energy landscapes

the dihedral angle ϕ. The preferred conformations of the molecule can be mapped to
the minima in the free energy landscape and these states are separated by free energy
barriers of differing height.

Free energy landscapes and the associated probability densities are an important tool
in the analysis of rare event systems. They provide a quantitative representation of the
likely states a system can be in, are an important ingredient to many rate calculation
methods, and can be calculated efficiently as long as the number of collective variables
is kept low.

However, they also have their limitations. In interpreting free energy landscapes we
have to be aware that they are always tied to the collective variables used to construct
them [4, 52]. A particular variable may not be able to distinguish some important
states, keeping them hidden from our analysis and the shape of a free energy landscape
can be changed by applying any non-linear coordinate transformation to the collective
variables it spans [52] 3. Furthermore, while the relationship between ρ and the free
energy f that follows from (2.8),

ρ(ψ̃0, . . . , ψ̃n) = ρ0 e
−βf(ψ̃0,...,ψ̃n), (2.9)

is reminiscent of the relationship between the configurational density Eq. (2.6) and
the potential energy U , the derivative of f with respect to the ψi should not be taken
as an indication of the direction a system evolves in next—not even on average. In
general the projection xN → {ψi} does not retain the full state information about the
system, meaning that in principle very different states may be mapped to the same
values of ψi. Depending on which of these states the system is actually in when we
see a certain set of values ψi, the prediction of the states the system evolves next to
may be different.

But even if only roughly similar states are mapped to the same collective variable
values, the dynamics that result from the projection of the full dynamics to the space
spanned by the ψi is likely to be different along different directions. This is because the
ψi are usually designed to capture different physical processes within the system that
themselves proceed on different timescales and, hence, the ψi also proceed on different
timescales. In the following section I will demonstrate the effect such a difference in

3For example, the nucleation free energy landscape associated with an ice nucleus that forms during
freezing depends on whether we choose the radius or its volume to describe its size.
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2. Exploring rare events

dynamics can have on the likely pathways within a system using a simple diffusive toy
model.

2.2. Static vs. dynamic quantities and the transition path

ensemble

To facilitate the following discussion note that for an equilibrium system the quantities
ρ and f presented in the previous section only depend on the potential energy of
the system and on temperature. In this thesis I refer to such observables as static
observables. However, in order to perform a computer simulation we need to also
specify the time evolution rules the system will follow. This may be a deterministic
scheme such as molecular dynamics with a deterministic thermostat, a stochastic
integration scheme such as a Monte Carlo simulation, or any other method that yields
an equilibrium distribution in the limit of long simulation runs. The particular choice
of simulation method depends on the system and on the goals of our simulation.
However, while the equilibrium distributions that these methods produce are the same,
the details of the trajectories themselves differ and, hence, we can find observables
that will be different depending on the choice of integration scheme. I will refer to
quantities that depend on the choice of dynamics as dynamic observables 4.

Both the reaction rate of a rare event as well as the pathway that is taken during a
rare event are dynamic observables. To demonstrate that this is the case 5, consider
the following 2-dimensional system of overdamped Langevin equations:

dx1(t) = −βD1
∂u(x(t))

∂x1
dt+

√︁
2D1 dW1(t)

dx2(t) = −βD2
∂u(x(t))

∂x2
dt+

√︁
2D2 dW2(t)

(2.10)

Here x is the two dimensional vector made up of components x1 and x2, u = u(x) is the
potential energy and the Wi(t) are Wiener processes with variance Var [W (t)] = t. The
parameters Di are diffusion coefficients along the two coordinates. These equations

4This nomenclature aims to avoid the association of dynamic observables with the term non-
equilibrium. Dynamic observables can be found both in equilibrium and in non-equilibrium
systems and simulations.

5This demonstration is inspired by the work of Metzner et al. [53].

16



2.2. Static vs. dynamic quantities and the transition path ensemble

can also be written in the form

dxi(t) = −β
2∑︂

j=1

Dij
∂u(x)

∂xj
dt+

2∑︂

j=1

gijWj(t) (2.11)

where Dij = Diδij (without summation convention) and gij =
√
2Diδij are both

diagonal matrices and δij is Kronecker’s delta. For long trajectories the position
distributions of the solutions of these stochastic differential equations approach the
equilibrium distribution [54]

ρequ(x) =
1

Z
e−βu(x), (2.12)

where Z =
∫︁

dx1 dx2e−βu(x). Notice, that the equilibrium distribution is independent
of the diffusion coefficient.

To convince ourselves of this fact, consider the potential energy landscape u(x)
shown in the background of Fig. 2.3. This potential is the sum of four hard walls that
form a square shaped well and four Gaussians, two with a negative prefactor that
form minima in the energy landscape on the bottom-left and the top-right and two
with a positive prefactor centered on the top-left and the bottom-right 6.

To perform simulations I use a simple Euler integration scheme [54], namely (with
xji = xi(j∆t))

xj+1 = xj − β∆tD · ∇u(x)|x=xj +
√
2∆tD · ζj , (2.15)

where the ζj are a sequence of two-dimensional vectors where each component is
drawn from a Gaussian probability distribution with zero mean and unit variance.
Figure 2.3 shows two trajectories obtained from simulations with different ratios of
diffusion coefficients D1/D2: one where D1 = D2 and one where D1 = 10D2, resulting
in markedly different trajectories.

Nevertheless, for long trajectories the distributions of the positions observed in the

6The potential is given by the function (in dimensionless units)

u(x) = −G(x;−0.5,−0.5)−G(x; 0.5, 0.5) +G(x;−0.5, 0.5) +G(x; 0.5,−0.5) +
∑︂

i

x6
i , (2.13)

where
G(x; c1, c2) = exp

[︁
−12 (x1 − c1)

2 − 12 (x2 − c2)
2]︁ . (2.14)
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Figure 2.3.: Example trajectories governed by Eq. 2.11 with D1 = 1, D2 = 1 (left)
and D1 = 10, D2 = 1 (right). Solid isolines indicate positive values of
the potential f(x) and dashed lines indicate negative values. Isolines are
drawn in increments of 0.1 energy units and the temperature is set to
0.5/kB.

simulations approach each other, as can be seen in Fig. 2.4, where empirical estimates
of the free energy landscapes are shown. Note, that the landscapes have been shifted
so that their value at x1 = 0, x2 = 0 is zero. The resulting estimated free energy
landscapes are shown in Fig. 2.4. Except for some deviations in areas of low population
(or high energy) that are due to the finite length trajectories used to calculate the
estimate, the two landscapes are very close to each other despite the differences in the
dynamics of the system.

Even though the equilibrium distributions in the two systems are the same, the
pathways along which the system evolves are not—including the transition pathways
between the two potential energy minima. To demonstrate the effect of the different
dynamics on the transition pathways I first define two regions in configuration space
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2.2. Static vs. dynamic quantities and the transition path ensemble
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Figure 2.4.: (Free) energy landscapes estimated by histogramming the locations visited
by long simulation runs where D1 = D2 (blue isolines) and where D1 =
10D2 (orange isolines). Isolines are spaced in increments of kBT/2. The
energy values have been shifted so that the value at location (0, 0) is 0.
Dashed isolines represent negative values and solid lines positive values.

(see Fig. 2.5). Region A encompasses the lower left minimum of u(x) and region B
contains the minimum in the upper right corner of Fig. 2.4:

A = {x|x1 < −0.25 ∧ x2 <−0.25}
B = {x|x1 > 0.25 ∧ x2 > 0.25}

(2.16)

The transition path ensemble (TPE) between states A and B is the collection of
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2. Exploring rare events

trajectories that have a starting point in A, an endpoint in B and all other points
that are part of the trajectory are outside both regions 7. The top part of Fig. 2.5
shows example trajectories from the A → B TPE. These were obtained by performing
TPS simulations [56–58] with flexible path length [59] using the OpenPathSampling
simulation package [60, 61] and a custom implementation of the integrator (2.15). As
you can already see in this figure, the transition pathways differ quite significantly from
each other. This becomes even more apparent in the the lower part of Fig. 2.5 that
shows the related transition path density, ρ(x|TP), which is the conditional probability
density of points in configuration space given that they are part of a transition path [62,
63]. As you can see, this distribution strongly depends on the ratio of the diffusion
coefficients even though the equilibrium distribution is unaffected. Hence, the same
free energy landscape is compatible with different transition path ensembles that arise
from different time-propagation rules in the system.

2.3. Reaction coordinates and the committor

Another important concept used in rare event analysis is the committor probability [65–
68] (or the committor). Given two regions in configuration space A and B, and a
configuration x, the committor pB(x) for the transition from A to B is the probability
that trajectories started from x with randomly chosen momenta reach state B before
they reach state A. If the studied system has a stochastic component, one usually
also samples over different noise histories.

For equilibrium systems that are complex and/or stochastic in nature, the committor
associated with a configuration is in many ways an ideal reaction coordinate as it is
a well defined measure for how far a configuration has progressed along a transition
pathway [63, 69]. Furthermore it can be used to define the transition state ensemble
(TSE) by identifying the states where pB = 1

2
8. The TSE in turn delineates the basins

of attraction of the state A and B. For diffusive barrier crossings the committor has
been shown to be closely connected to the rate of a diffusive barrier crossing and to
the associated optimal one-dimensional reaction coordinate [62, 70].

7I use here the definition by E & Vanden-Eijnden [55] that does not include a length constraint on
the trajectories that are part of the TPE.

8This is often also referred to as the stochastic separatrix.
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Figure 2.5.: Results from transition path sampling (TPS) simulations for the system
of Langevin equations Eq. 2.11 and the potential energy u(x) described
in Sec. 2.2. Simulations were performed using the OpenPathSampling
simulation framework [60, 61] and a one-way shooting scheme [64]. In the
left column the diffusion components were chosen such that D1 = D2,
while in the right column D1 = 10D2. The top row shows a small sample
of example trajectories while the bottom row shows the transition path
density ρ(x|TP). The isolines represent the potential energy landscape
with dashed isolines indicating negative potential energies while solid lines
indicate positive values. The areas shaded in blue and green represent the
configurational states A and B used in the TPS simulations.
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2. Exploring rare events

However, calculating the committor is computationally expensive 9 and the commit-
tor on its own provides no physical insight into the reaction mechanism [63, 69] since
it is only a probability associated with a configuration [16, 71]. To derive physical
insights from the committor we try to find one or more collective variables ψi(x)
that can be combined to construct a reaction coordinate q({ψi}) that, in turn, has a
one-to-one relationship to the committor [63, 69, 71, 72] so that

q(ψ1(x), . . . , ψn(x)) ≈ pB(x). (2.17)

Ideally, these ψi carry some physical meaning that helps us better understand the
process at hand.

We can also calculate the committor for our 2-dimensional toy model by starting
simulation runs from points on a grid and following them until they reach either A or
B. The different outcomes starting from the same initial state are then due to the
different random numbers that are chosen as part of the simulation algorithm.

Figure 2.6 shows the results of this calculation. Since the symmetry between the x-
and y-coordinate is broken by the difference in diffusion coefficient, also the committor
is not symmetric with respect to exchanging the x- adnd y coordinates anymore. In
particular, the regions behind the “hills” in the energy landscape (the top-left and
bottom-right corners of the landscape) are now committed to the state located to
the right and to the left, respectively. This is due to the faster evolution along the
x-axis that makes it highly likely that our random walker reaches the slopes of the
basin that is located at the same y-values before it has a chance to diffuse in the
y-direction and reach to the slopes of the basin located above or below. Hence, just
like the transition path density ρ(x|TP), also the committor pB(x) depends on the
dynamics of the system.

2.4. Implications for complex systems

So far in this section we have used a simple 2-dimensional toy model to demonstrate
that we need to consider the dynamical rules a system follows on top of the (free) energy
landscape in order to calculate quantities related to the transition path ensemble. In
a more realistic system the aim is, of course, not to arbitrarily change the dynamics of

9Calculating the committor involves the calculation of many, sometimes long, simulation trajectories.
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Figure 2.6.: Committor probability pB estimated by starting trajectories from a grid
of initial starting points. The diffusion components are chosen such
that D1 = D2 (left) and D1 = 10D2 (right). Shown are the committor
estimates for different positions (top) and the overall commitor function
estimated from these individual calculations (bottom) using a linear
interpolation. See Fig. 2.5 for system details.
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2. Exploring rare events

the system—after all we want to accurately reflect the actual dynamics encountered
in an experiment.

Nevertheless, dynamics play an important role in rare event investigations. To
understand this, consider that in a more complex system we use collective variables
ψi instead of the x and y coordinate to describe a given rare event and the dynamics
along the ψi are likely different from each other. At the same time the potential
energy landscape is replaced by a free energy landscape, βf . Since we have seen here,
that the same energy landscape is compatible with different transition path ensembles
we can note a key takeaway: in order to accurately characterize the transition path
ensemble we need to take the dynamics of the system into account. The free energy
landscape alone will not suffice.

This result is also reflected in rate theories [16], such as Berezhkovskii-Szabo (BK)
theory [70] and harmonic transition state theory [73] where the calculation of rates
and the optimal reaction coordinate involves an analysis of the systems dynamics at
the critical pB = 1

2 isosurface. In particular, BK theory shows that the direction of
flow of critical trajectories is determined by the dynamics along the different CVs at
the critical surface.

In the following investigations of rare events this is a recurring theme: in order to
understand the details of a rare event’s mechanism, the dynamics of a system have to
be investigaed thoroughly and, hence, large parts of the the three papers contained in
this thesis are concerned with characterizing system dynamics.
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3. Paper summaries and background

What follows in part II of this thesis are three papers that examine different rare events:
two of them take place in the 2-dimensional Ising model and one in ice. While all of
them involve a barrier crossing of one kind or another, the methods used to investigate
them are different owing to differences in the specifics of the systems, computational
demands, as well as differences in the question we are trying to answer.

The remainder of this section provides short summaries as well as some additional
background for the papers that form part II of this thesis. It is my hope that this
collection of studies provides the reader with a repository of ideas and methods that
can be employed to understand other systems, as well as interesting and useful insights
about the investigated systems themselves.

Paper 1: Interplay of fast and slow dynamics in rare transition pathways: The

disk-to-slab transition in the 2d Ising model

In addition to the short accessible timescales, molecular simulations also suffer from
only being able to cover miniscule volumes compared to the macroscopic systems they
often aim to represent. The effects that small simulation volumes have on systems
are referred to as finite-size effects. One such finite-size effect is the consequence of
a simple fact of geometry: if we decrease the volume of a body while keeping the
same shape, the surface of that body scales as (volume)

2
3 . This means that as we

reduce the volume of a physical system down to a size we can simulate, we increase
the surface to volume ratio of that system 1. For the system sizes that are accessible to
molecular dynamics simulations this would mean that—if no precautions are taken—a
large number of atoms would be at the surface of our simulation box which is an
environment that is untypical for an atom in a macroscopic scale system [50].

1Consider atoms arranged on 10×10×10 cubic grid. Out of 1000 atoms, 488 will be on the surface; a
ratio of 0.488 [50]. In a cube of 108×108×108 (corresponding roughly to a sodium-chloride crystal
with edges 2.8 cm in length counting both sodium and chloride atoms) the ratio is approximately
6× 10−8.
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3. Paper summaries and background

Figure 3.1.: Snapshots taken from simulations of a Lennard-Jones system in the liquid-
vapor coexistence region at reduced densities of ρ̂ = 0.15 (left), ρ̂ = 0.2
(center), and ρ̂ = 0.35 (right) where geometric phases form. Simulations
were performed using the OpenMM simulation package [40–45]. The
red shaded area indicates where the liquid drop is connected to itself
through periodic boundary conditions. The visualization was rendered
using OVITO [74].

To mitigate this problem, molecular simulations of bulk materials usually use periodic
boundary conditions [50, 75] (PBCs). In their simplest form, PBCs can be thought
of as copying the simulation box and shifting it along the x-, y- z-direction infinitely
many times until 3-dimensional space is filled. When a given particle moves, all of
its copies move in the same direction and by the same distance. Practically this
means that we only simulate the original box of particles and when a particle leaves
through one side of the simulation box it enters again through the opposite side. To
calculate short-ranged interactions between particles 2 only the closest copy of each
particle is used (this is known as the minimum image convention)—thereby keeping
the number of pair interactions limited and the simulation tractable. In simulations of
bulk materials, this procedure removes the interfaces in the simulation and has proven
to be an indispensable approximation for computer simulations of bulk systems as it
eliminates one of the largest finite-size effects 3.

A side-effect of periodic boundary conditions is the introduction of geometric
phases [80, 81] in systems with phase separation—i.e., systems where different thermo-
dynamic phases are present at the same time (e.g., gas and liquid). The interfaces

2Handling long-ranged interactions is more involved [50, 76].
3However, other finite size effects remain [50, 52, 75, 77–79].
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between these phases give rise to an energetic cost that is (in first approximation [82])
proportional to the area of the interfaces in the system 4. Hence, such a system is
driven towards minimizing the area of the interfaces between the different phases.

Take as an example a system that is simulated at constant density in its liquid-vapor
coexistence region and has separated into a liquid drop and a surrounding gas like the
one shown in the left panel of Fig. 3.1. The ellipsoidal shape that can be seen in this
figure is the result of the liquid-gas surface tension that acts in such a way that the
interface area between the two phases is driven towards its minimum while thermal
fluctuations introduce deviations from the ideal spherical shape.

In a simulation with periodic boundary conditions additional drop shapes become
optimal for certain drop sizes because for a drop that spans the simulation box—i.e.
a drop that is connected to itself through a periodic boundary—the PBCs eliminate
the interfaces where the drop is connected to itself over the walls of the simulation
box. In a 3-dimensional simulation three shapes are stable: the sphere, the cylinder
and the slab (see Fig. 3.1) while in two dimensions disks and slabs can be observed
(see Fig. 3.2). The volume fractions or area fractions of the drop where each of the
different shapes is the lowest energy configuration can be estimated by calculating
the respective surface area and picking the shape that results in the smallest overall
surface [83].

The emergence of geometric phases also changes the overall free energy landscape of
the system, as can be seen in Fig. 3.3 for the example of the 2-dimensional Ising model.
The presence of the slab-shaped clusters leads to a flat free energy landscape in the
magnetization range where slabs are stable. This is because adding an additional spin
pointing upward to a layer in a slab does not change the overall length of the contact
line between the up- and down phases and, hence, is not associated with an increase
in interfacial free energy [83, 84].

While in the range of −0.30 ≲ m ≲ 0.30 the slab shape is the most likely shape, the
disk-shaped states still form a metastable basin in the free energy landscape of the
system and the same is true for slab shaped clusters in the range of m where disks are
the stable configuration. This is because in order for the shape of a drop to transition
from disk-like to slab-like the drop has to elongate until it comes into contact with
itself, momentarily increasing the overall surface area of the drop [80, 81, 85]. This

4This is the same effect that we experience as surface tension in the macroscopic world.
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Figure 3.2.: Example configurations in the disk- (left) and slab state (right) taken
from umbrella sampling simulations of the 2-dimensional Ising model at
temperature T = 0.7Tc, where Tc is the critical temperature.

results in a free energy barrier between the different cluster geometries. The same is
true in 3-d systems and the cluster geometries that appear there.

In the first paper contained in this thesis titled Interplay of fast and slow dynamics
in rare transition pathways: The disk-to-slab transition in the 2d Ising model, we
investigate the disk-to-slab transition in the 2-dimensional Ising model under the
constraint that the overall magnetization of the system stays fixed.

To describe the transitions between disks and slabs we introduce two collective
variables, d and s, that capture different aspects of the transition 5. During the
transition d acts as an order parameter with d < 0 indicating that the largest cluster
in the simulation box is spanning and d > 0 indicating that it is not. In addition,
the value of d acts as a local descriptor of the configuration of the cluster close to
where the bridge to the neighboring periodic image will form or rip. This coordinate
changes rapidly during the transition because the movements of single spins can have
a significant impact on d when the interfaces of the cluster approach each other. The

5See Sec. 4.2 for details on these collective variables.
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Figure 3.3.: Reduced free energy βf(m) (blue line) as a function of magnetizationm for
a 48×48 Ising model at a temperature of 0.7 times the critical temperature.
The dashed lines delimit the magnetizations where different geometric
shapes of the largest cluster of spins pointing up in the system are the
lowest free energy states. The evaporation-condensation transition takes
place at m ≈ −0.92. Below this magnetization the spins pointing upwards
are homogeneously distributed throughout the system. The boundaries
of the different phases are best determined by locating changes in the
behavior of the slope (d(βf)/dm) (grey line) which has been smoothed
by averaging over neighboring bins (orange line).

variable s on the other hand measures the global shape of the cluster: is it overall more
disk-like or more slab-like? Changing the overall shape of a cluster involves moving
many spins around, making the dynamics along the s coordinate slow compared to
the d direction.

A calculation of the free energy landscape f(d, s) (see Fig. 3.4) yields the intuitively
expected result where the d = 0 plane—i.e. the states where the cluster just comes
into contact with itself—form a ridge in the landscape. This seems to suggest that in
order to predict whether a cluster will proceed to the slab- or to the disk state we
only have to look at whether the cluster has connected to itself. If so, it is likely to
become a slab rather than a disk. Surprisingly, a calculation of the commitor shows
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Figure 3.4.: The free energy landscape of the disk-to-slab transition in the 2-d Ising
model as a function of the collective variables d and s (black isolines) and
the averaged committor probabilities towards the disk state, pB (colored
tiles). The disk state is located in the top right corner and the slab state
in the bottom left corner. The dashed black line indicates the ridge that
separates the disk- and the slab state that was determined using the free
energy landscape alone.

a more complex relationship where the value of s has significant influence on the
commitor probabilities. Configurations where a cluster has not yet formed a bridge to
its periodic images are sometimes more likely to end up as a slab than returning to
the disk state and vice-versa (see Fig. 3.5 for example configurations).

At first, we suspected that the committor could be reconciled with the free energy
landscape by introducing a third, yet unknown collective variable. However, a search
for this third collective variable that involved testing a number of different candidate
variables6 using techniques described by Peters & Trout [63] proved ultimately unsuc-
cessful. Instead, the seeming discrepancy between the free energy landscape and the
committor has to be explained by taking the dynamics along the d and s coordinates
into account.

In this paper we do so by modelling the dynamics of the system as a diffusive process
in the measured free energy landscape using diffusion coefficients that were measured
from simulations. The resulting model correctly predicts the shape of the committor

6The additional variables considered were mostly additional shape descriptors.
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p(disk) = 0.19 p(disk) = 0.60

Figure 3.5.: Snapshots taken from simulations of the 2-dimensional Ising model. Shown
is a non-spanning cluster (left) and a spanning cluster (right) together with
the probability that a trajectory started from the respective configuration
ends up in the disk state.

probability.

Paper 2: Weak scaling of the contact distance between two fluctuating interfaces with

system size

A starting point for the second paper of this thesis is this question: at which
magnetization m does the disk-to-slab transition occur if m is allowed to vary?

The equilibrium analysis presented in Fig. 3.3 suggests that the transition between
slabs and disks should occur at a fixed magnetization of roughly m = −0.30 or,
expressed as a fraction of the total area of the system, the spins pointing up should
take up approximately 35% of the system, irrespective of system size. However, we
have already learned that the geometric phases are separated from each other by free
energy barriers that might hinder this transition and it has previously been predicted
by Venturoli et al. [85] that the nucleation of a cluster in the Ising model at vanishing
external field proceeds via the rapid expansion of the cluster in one direction until it
spans the cluster followed by growth in the orthogonal direction.

Indeed, when we prepare systems with a slab that fills half the simulation and let
them run we find that as the systems become larger the volume fraction at which a
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Figure 3.6.: (Left) Last configurations observed before slabs ruptured and turned into
disks in trajectories that were set up with a perfect slab at magnetization
m = 0.0. The system is a 200× 200 Ising model with vanishing external
field. (Right) average width of the last slabs observed, ℓ∗, in 2-dimensional
Ising model simulations of varying linear system size L set up in the same
way. The expected slab width at the coexistence magnetization m = −0.36
is shown as a dashed black line.

slab breaks down and turns into a disk becomes progressively smaller. The left panel
of Fig. 3.6 shows a number of example configurations taken from simulations that were
started from a slab configuration and that show the last slab configuration observed
before a rupture of the slab occurred and the largest cluster turned into a disk. The
right panel presents the average widths of the last slabs observed 7, ℓ∗, as a function of
system size which shows the discrepancy between the expected width of these clusters
based on the free energy landscape alone and the actual width of the clusters when
the slab-to-disk transition occurs in simulations.

Now that the magnetization m, varies we can draw a free energy landscape such as
the one shown in Fig. 3.7. Again we are using the d order parameter to distinguish
between slab- and disk states that are represented by d < 0 and d > 0, respectively,
but now we are using m as the x-axis in our analysis. From this picture the reason
why the slabs tend to be smaller than expected can be seen: the free energy barrier
between slab- and disk-shaped clusters becomes smaller as m decreases and the slab

7See Sec. 5.5 for details of this calculation.
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Figure 3.7.: Free energy landscape for a 48× 48 2d-Ising model as a function of the
magnetization m and order parameter d that characterizes the shape
of the largest cluster in the system (see chapter 4 for details). Black
isolines are spaced 2 kBT apart. The landscape was calculated using a set
of umbrella sampling simulations with harmonic biases and reweighted
using WHAM[86–88]. The dashed line at m = −0.30 indicates the
magnetization where disk- and slabs are equally likely.

becomes narrower. However, as we have seen in the introduction, the manner in which
a free energy barrier is crossed depends on the dynamics along different collective
variables and this is no different in this case. Two timescales are relevant here: how
fast does the width of a slab change (resulting in changes in m) and what is the rate
of fluctuations of a slabs interface that modulate the value of d.

In principle, determining the distribution of crossing points could be undertaken
using the same methods that are used in the first paper: determine local diffusion
coefficients and solve a diffusion model to determine the likely pathways the system
will take. However, in the case of transitions from the slab- to the disk-shape we
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can go a different route that allows us to derive an analytic expression for ℓ∗. To do
so, we approximate a slab by two interfaces that are evolving independent of each
other. The centers-of-mass of both interfaces independently diffuse along one axis of
our simulation box making the slab smaller and larger, and both interfaces undergo
thermal fluctuations that modulate their shape. In this model, in order for the slab
to rupture and turn into a disk the two interfaces would have to deform so that they
come into contact with each other and form a hole. Since there are always fluctuations
happening in the shape of the interfaces, the distance of the centers-of-mass to each
other—which is the width of the slab—will be non-zero when the first contact occurs.
Hence, the question of which average width a slab has when it ruptures can be mapped
onto another question: how close do the centers-of-mass of two interfaces approach
each other before the interfaces come into contact due to the fluctuations of their
shape? This is the subject of the second paper contained in this thesis titled Weak
scaling of the contact distance between two fluctuating interfaces with system size.

In this paper we use a differential equation similar to a reaction-diffusion equation
to derive an analytical expression for the distribution of contact distances between
two interfaces based on two inputs: the diffusion constant associated with the center-
of-mass motions of the two interfaces relative to each other, Dint, and the rate of
formation for a fluctuation that covers a gap of width ℓ, k(ℓ). The result is a strikingly
simple condition for the most likely contact distance, ℓ∗:

√︄
k(ℓ∗)

Dint
=

3

4

⃓⃓
⃓⃓k

′(ℓ∗)

k(ℓ∗)

⃓⃓
⃓⃓ (3.1)

Determining the rate function k(ℓ) requires a model for the dynamics of the two
interfaces and in our work we use the Edwards-Wilkinson (EW) model [89] for which
a number of analytical and simulation results are available [89–93]. Of particular
importance for our work are results regarding the maximum relative height (MRH) of
interfaces [94–100]—i.e. the amplitudes of interface fluctuations—because the points
with the maximum deviation in an interface are likely the ones that come into contact
with another surface first. Hence, a large part of our paper is devoted to investigating
the dynamics of the MRH in the EW model.

With knowledge of k(ℓ) we are then able to derive scaling laws for the most likely
contact distance between two interfaces, ℓ∗, as a function of system size L in 2-
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and 3-dimensional systems. These scalings fit excellently to the last slab widths we
observe in 2- and 3-dimensional Ising model simulations as well as in a 3-dimensional
Lennard-Jones simulation in the liquid-gas coexistence region.

Our theoretical description confirms what we can already see in the data presented
in Fig. 3.6: as the system size becomes larger the volume fraction at which slabs break
down due to their interface fluctuations increasingly diverges from the coexistence
volume fraction between slabs and the next geometric shape. In particular, in the case of
a 2-dimensional slab embedded in a 3-dimensional system, ℓ∗ grows only logarithmically
with system size. Hence, even for a macroscopically sized 2-dimensional slab, the
breakdown width predicted based on our model of two non-interacting interfaces is
still microscopic because the rate of forming a hole in the slab is exceedingly small for
larger widths of the slab.

Paper 3: The microscopic mechanism of bulk melting of ice

Ice at close to ambient conditions (in a fridge for example) forms in a structure
called hexagonal ice I (ice Ih). This structure is made up of water molecules arranged
in hexagonal rings where each molecule is hydrogen bonded to its neighbors in a
particular way that is governed by the so-called ice rules [101]. Various forms of defects
can occur in this structure: classic defects that can be found in many solids such as
ionic defects and interstitial-vacancy (I and V) pairs, and defects in the hydrogen bond
network that are specific to ice, such as L-D (leer-doppel) defects [101, 102] and 5+7

defects [103, 104]. All of these defects are regularly formed and dissolved again in an
ice crystal at ambient conditions.

How such an ice Ih crystal melts is the topic of the third paper contained in this
thesis, titled The microscopic mechanism of bulk melting in ice. This study investigates
the early stages of melting; from a crystal with a few defects up to the time when a
sizable liquid nucleus has formed.

This process is in many ways more challenging than the rare events in the Ising
model studied in the previous two papers. The existence of many different defect types
in ice Ih leads to a complex web of states the ice Ih crystal can be in and a priori it is
not clear which of these defects play a role in the melting mechanism. Some hints,
however, are provided by previous studies of melting: Donadio et al. [105] investigated
the free energy landscape of melting ice and found a pre-melt state that consists of
defects that encompass around 50 molecules and that are aggregates of multiple 5+7
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defects. Mochizuki et al. [106] investigated melting of ice under a higher degree of
superheating where melting can be observed to occur spontaneously in molecular
dynamics simulations, and found that the separation of pair defects such as I-V or
L-D are the critical step in melting. Furthermore, they observed 5+7 defects prior to
to the formation of separated defect pairs hinting at their importance in the melting
mechanism.

Our study expands on these papers by investigating a large number of melting
trajectories at moderate superheating, where the formation of a liquid nucleus is so
rare that we can not expect melting events to occur spontaneously in our simulations.
Instead, we take a different approach: we seed our simulations [30, 107–109] with pre-
melted liquid nuclei embedded in an otherwise perfect ice lattice and run simulations
until the liquid nucleus has frozen and only 5+7 defects are left in the system. Since
the integration scheme used is time reversible, we can then invert these trajectories
and interpret this set of trajectories as a sample of trajectories that lead from a crystal
with 5+7 defects up to a liquid nucleus. These trajectories are then analyzed frame by
frame in terms of the defects that are present, giving us a dynamical picture of which
defects play a role in melting.

Choosing the shape of the final cluster to be perfectly spherical is of course an
approximation: the shape of the critical liquid cluster is likely not perfectly spherical.
To gain an understanding of the effects that the geometry of the final liquid domain has
on the early stages of melting, we performed additional simulations with trajectories
that end in a slab-shaped liquid cluster. A comparison of the results of these simulations
gives us a good idea of which features are independent of the shape of these clusters.

In our simulations we find most of the features found in previous works on the same
system: 5+7 defects play an important role in the melting mechanism, we find extended
topological defects (E defects) that form inside the domain that later becomes liquid,
and we find that the appearance of separated defects is an important step in this
process. However, the availability of a large number of dynamic trajectories allows us
to add significant detail to the role of all of these elements.

A detailed description of findings about these different defects can be found in the
paper. However, the results can be summarized like this: (i) a liquid nucleus forms by
the interaction of mobile defects (mostly I and V) that interact with pre-existing E or
5+7 defects; (ii) these mobile defects are often formed close to 5+7 defects themselves
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and in many cases (36% of trajectories at 303K) outside of the volume that later
becomes the liquid nucleus; (iii) I-V defects diffuse quite freely once they are formed;
(iv) the timespan between forming the first mobile defect pair and the appearance of a
liquid nucleus depends strongly on the geometry of the simulation box; (v) L-D defects
quickly (typically within 500 ps) spawn I-V defects. Together, results (ii) through (iv)
suggest that, as the simulation box becomes larger, the mobile defects that trigger the
formation of a liquid nucleus form further away from the nucleation site.

This analysis shows that the mechanism of homogeneous melting involves a number
different types of defects at different stages of the mechanism and, ultimately, occurs
via the accumulation of defects at the location where a liquid nucleus first forms.
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4. Interplay of fast and slow dynamics in rare

transition pathways: The disk-to-slab

transition in the 2d Ising model

The contents of this chapter have previously been published in The Journal of Chemical
Physics. Reproduced from

Moritz, C., Tröster, A. & Dellago, C. Interplay of fast and slow dynamics
in rare transition pathways: The disk-to-slab transition in the 2d Ising
model. J. Chem. Phys. 147, 152714 (2017),

with the permission of AIP Publishing.

Abstract

Rare transitions between long-lived stable states are often analyzed in terms of
free energy landscapes computed as functions of a few collective variables. Here,
using transitions between geometric phases as example, we demonstrate that the
effective dynamics of a system along these variables are an essential ingredient in the
description of rare events and that the static perspective provided by the free energy
alone may be misleading. In particular, we investigate the disk-to-slab transition
in the two-dimensional Ising model starting with a calculation of a two-dimensional
free energy landscape and the distribution of committor probabilities. While at first
sight it appears that the committor is incompatible with the free energy, they can
be reconciled with each other using a two-dimensional Smoluchowski equation that
combines the free energy landscape with state dependent diffusion coefficients. These
results illustrate that dynamical information is not only required to calculate rate
constants but that neglecting dynamics may also lead to an inaccurate understanding
of the mechanism of a given process.
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4.1. Introduction

Free energy landscapes are a ubiquitous tool in the study of rare events—such as
nucleation events in phase transitions or conformational changes in biomolecules—as
they are often used to get a first sense of which regions in configuration space are
relevant for a given process. Calculating such a landscape requires the choice of a
small number of order parameters that are supposed to capture the important degrees
of freedom of the process in question. Examples of such order parameters include the
potential energy, the size of the largest cluster in the system (in the case of nucleation),
or quantities like the number of native contacts, radii of gyration or root-mean-square
deviations from the target structure (in biological systems).

However, care has to be taken in the interpretation of such free energy landscapes,
since the choice of coordinates is not unique, even if the relevant degrees of freedom
are captured. In particular, any non-linear transformation of the coordinates will
change the free energy landscape, including features like the existence and height
of free energy barriers [52]. Due to this arbitrariness, additional information on the
dynamics along a chosen order parameter is required in order to reliably interpret a
free energy landscape [110–114].

With higher-dimensional free energy landscapes additional complications arise, espe-
cially if there is no clear physical relationship between the different order parameters
used, as is often the case. For instance, one may be tempted to associate the gradient
in such a landscape with a probability flux. However, flow directions [70, 115, 116], the
channels in which the transition proceeds [51, 117–119], and isocommittor lines [120,
121] are determined both, by the free energy landscape and the dynamics of the
system along the different order parameters and may deviate significantly from naive
expectations. In particular, the combination of a fast and a slow degree of freedom
which we will encounter in this work, has been discussed using a toy model by Metzner
et al. [53].

Often, especially in the context of rate calculations, one would like to project the
system onto a single variable, called a reaction coordinate, that is not only capable of
distinguishing between reactant and product state, but also describes the progress of
the transformation in between. Due to the effects mentioned above, the free energy
landscape may mislead us into a suboptimal choice for this reaction coordinate, which
in turn negatively impacts the efficiency and accuracy of common rate calculation
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Figure 4.1.: Example configurations taken from simulations of the ferromagnetic Ising
model at fixed magnetization of m = 0.36 and temperature T = 0.7 Tc.
The configurations in the top row are taken from the stable basin of the
disk- and the slab state respectively. The ones in the bottom row are
critical configurations in the sense that their committor probabilities are
close to 1/2. d and s are order parameters discussed in section 4.2.

methods.

In the following, we use a simple model process to demonstrate some of the issues
mentioned above: the disk-to-slab phase transition in the two-dimensional Ising model.
Disk and slab phase are so called geometric phases [80], which arise due to periodic
boundary conditions used in simulations. They are characterized by different cluster
shapes—spherical, cylindrical and slablike in three dimensions—where the stability of
the non-spherical shapes is due to the reduction of surface free energy that can be
achieved by connecting a cluster to its periodic images. In two dimensions the number
of geometries reduces to two: a disk- and a slab phase.

The disk-to-slab transition is an example of a transition between different cluster
(or bubble) geometries that play a role in different physical situations [83, 122–126],
including the dewetting transition observed in volumes that are confined between
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hydrophobic surfaces [127–133].

The mechanism of this dewetting has recently been discussed in detail by Remsing
et al. [134], who showed that it may involve the formation of a vapor bubble on one
of the surfaces which subsequently changes its shape to a vapor tube that connects
the plates. Under some conditions, this mechanism reduces the free energy barrier
that has to be overcome, by, in essence, circumventing the states that involve a vapor
tube size that is close to critical. The disk-to-slab phase transition can be seen as a
simplified version of this process.

Another interesting parallel can be drawn between the cylinder to sphere transition
and the Rayleigh-Plateau instability [135–137]. As shown originally by Plateau [135],
a cylinder stabilized by surface tension is unstable against axial surface deformations
with a wavelength larger than its circumference. Given a fixed box size, this sets a
minimum radius a cylinder must have to be stable. However, in two dimensions, this
(purely geometric) effect does not exist since a deformation of a 2d slab always leads
to a larger surface and hence, to a barrier opposing the decay of the slab.

In simulations of the Ising model, geometric phases have played a role in various
cases. In particular, they can be used to calculate surface tensions [138, 139], and
geometric phase transitions have been observed to hamper the sampling of free energy
landscapes [81, 140]. Furthermore, in an application of the string method [51, 55],
geometric phase transitions have been discussed [85] as being part of the transition
from the spin-down to the spin-up phase. Depending on the value of the external field,
two transition mechanisms are possible. For strong fields, the critical configurations
contain a disk shaped cluster. For weak fields, however, the the disk-to-slab becomes
the bottleneck transition. In this work we focus on the details of this disk-to-slab
transition under conditions where the overall magnetization is fixed.

The remainder of this paper is structured as follows: section 4.2 specifies the
model that is investigated and introduces two order parameters that are then used to
investigate the transition. In section 4.3 we discuss the free energy landscape and the
distribution of committor probabilities as well as the apparent disconnect between
the two. Section 4.4 explains how diffusion coefficients can be calculated reliably in
this system, which are then used, in section 4.5, to build a two-dimensional model of
the system that predicts the distribution of committor probabilities. In section 4.6 we
recapitulate our findings and discuss some of their implications.
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4.2. Model and Order Parameters

We investigate the disk-to-slab phase transition in the two-dimensional Ising model with
ferromagnetic nearest-neighbor interactions on a square lattice of size N = 100× 100

and a vanishing magnetic field. The Hamiltonian is given by

H =
∑︂

<ij,i′j′>

σijσi′j′ , (4.1)

where the sum extends over all nearest-neighbor pairs and we have set the coupling
constant to 1. The spins, denoted by σij with i being the position in x-direction and
j the position in y-direction, can take on values of +1 (up) and −1 (down) and the
magnetization per spin of the system is given by m = (

∑︁
i,j σij)/N . Periodic boundary

conditions apply in all directions. Since under these conditions the model is symmetric
with respect to a flip of all spins, we restrict the discussion to positive m.

In this case, given a fixed temperature T below the critical temperature Tc, three
distinct phases can be found in order of descending magnetization: a homogeneous
phase without a single dominant cluster of down spins, a disk phase where the bulk of
the spins pointing down are in a single disk-shaped (non-spanning) cluster and a slab
phase where this cluster is in contact with its own periodic copies (spanning). See Fig.
4.1 for examples of disk- and slab-shaped clusters.

In this study, the dynamics of the system are given by a Metropolis Monte Carlo
procedure with moves that keep the magnetization constant by only exchanging
spin positions. We distinguish between local (Kawasaki [141]) dynamics where only
exchanges of neighboring spins are allowed and non-local dynamics that allow arbitrary
exchanges. Local dynamics, which mimic mass transport in a more realistic system,
are used in all simulations where dynamic properties are probed, while non-local moves
are used for free energy calculations to enhance sampling. The unit of time t is a
Monte Carlo sweep, i.e., N attempted single spin-exchange moves.

In the following discussion the reduced temperature is set to θ = T/Tc = 0.7 and
the magnetization to m = 0.36, where the slab state is metastable with respect to the
disk state.

We will now introduce the order parameters d and s, that we will use to describe
transitions between the disk- and the slab state. For reference, Fig. 4.1 shows examples
of configurations together with their respective d- and s-values.
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d=15. 3

d= − 4. 1

Figure 4.2.: Examples of the construction of the minimum distance/width order pa-
rameter d for non-spanning clusters (left) and spanning clusters (right).
The cluster indicated in red is the largest cluster of spins pointing down
and the one in gray is the largest cluster pointing in the up direction.
White spins do not belong to either of these clusters and the blue clusters
are periodic copies of the red cluster. On the left, the smallest distance
between the largest cluster and its periodic images is used as an order pa-
rameter while on the right the smallest distance between the two surfaces
of the oppositely oriented cluster is measured. The latter is a proxy for
the smallest width found along the length of the red cluster.

4.2.1. The minimum distance/width order parameter d

We first introduce an order parameter that is capable of distinguishing between disk-
and slab-shaped clusters as well as between intermediate shapes. To do so, we identify
the largest (geometric [142, 143]) cluster of spins, i.e. the largest connected cluster of
spins that are neighbors of each other and point down. If this cluster is a non-spanning
cluster, we characterize its shape by finding the shortest distance, dimage, between the
surface of the cluster and the surfaces of any of its periodic images (see Fig. 4.2). If
the cluster is a spanning one, we instead characterize constrictions along its length by
finding the smallest distance between the surfaces of the delimiting cluster of up spins,
which is shown in gray on the right side of Fig 4.2. This quantity is denoted by dwidth.
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The combined minimum distance/width coordinate d is then given by

d =

⎧
⎨
⎩
dimage for non-spanning clusters

−dwidth + 3 for spanning clusters
, (4.2)

where the number 3 is added to -dwidth in order to close a gap in the possible values
of d that is due to the lowest possible dimage and dwidth being

√
2 (when the closest

spins of the two clusters are offset by one diagonal step) and 2 (when there is a bridge
of exactly one spin left), respectively. Consequently, for spanning clusters d is less
than or equal to 1 and for non-spanning clusters d is larger than 1. Furthermore, the
order parameter d differentiates between different cluster shapes both for spanning
and non-spanning clusters and yields information on the local structure of the cluster
around the connecting bridge to its periodic images.

The distance order parameter d has units of one lattice constant.

4.2.2. The shape order parameter s

As we will see later, in order to arrive at a complete picture of the dynamics of the
transition a second order parameter that characterizes the overall shape of the cluster
is required. A straightforward way to do that for non-spanning clusters would be to
use the ratio of the main moments of inertia of the cluster. However, this method
breaks down as soon as the cluster is a spanning cluster since the main moments of
inertia are no longer well defined.

Instead, we will use a proxy in Fourier space, where, for a system with n× n spins,
we first take a Fourier transform of the configuration yielding the components

σ̃jk =
1

n2

n∑︂

l,m=1

σlm exp

[︃
2πi

n
(jl + km)

]︃
(4.3)

and then take the (dimensionless) ratio

s = min

(︃ |σ̃01|
|σ̃10|

,
|σ̃10|
|σ̃01|

)︃
. (4.4)

Here, σ̃10 and σ̃01 are the longest wavelength components in x and y direction,
respectively.
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Figure 4.3.: Histogram of qI -s value pairs calculated from configurations that contain
non-spanning clusters found in trajectories obtained from transition path
sampling simulations [144] of the disk-to-slab transition. qI is defined as
the ratio of the smaller main moment of inertia of the cluster to the larger
one. The s values are highly correlated to the qI values indicating that
they are an equally good measure for how disk-like a cluster’s shape is.

The order parameter s takes on values from close to 0—indicating configurations
that are asymmetric with respect to an exchange of the x and y directions—to 1

indicating that the largest cluster in the system is close to being symmetric. Its values
are highly correlated to the ratio of the main moments of inertia for non-spanning
clusters (see Fig. 4.3), but it is also well defined for spanning clusters.

4.3. Free energies and the committor

We start our investigation of the mechanism of the disk-to-slab phase transition
by computing the free energy landscape βF (d, s) = − log [P (d, s)], where P (d, s) is
the equilibrium probability density as a function of d and s, β = 1/kBT , and kB is
Boltzmann’s constant. We do so by performing umbrella sampling simulations in the
plane spanned by the d and s coordinates. Configurations are biased using a series of
harmonic bias potentials that are centered at different points in the d-s plane. The
resulting probability distributions are then reweighted using the weighted histogram
analysis method (WHAM) [86, 87]. Figure 4.4 shows the result of these calculations.
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The slab state, A, is metastable with respect to the disk state, B, by 6.4 kBT and the
two states are separated by a barrier with a height of roughly 8 kBT measured from
the minimum within state A.

In order to assess the quality of the two chosen order parameters d and s, transi-
tion path sampling [144] (TPS) simulations using aimless shooting [63] and variable
trajectory lengths have been used to obtain trajectories transitioning from state A to
state B. Configurations are assumed to have reached the basins if the value of d is
smaller than −15 or greater than 26, respectively. The trajectories consist of segments
with a length of 2000 MC sweeps each and the shooting point is randomly shifted
forward or backward in time by 20 segments or the same shooting point as in the
previous trajectory is chosen. Figure 4.6 shows example trajectories obtained from
these simulations.

As was mentioned in the introduction, a good reaction coordinate is able to charac-
terize the progress of the transition. This means, that solely based on this coordinate
one is able to predict the so called committor probability. The committor probability,
pB, of a configuration is the probability of reaching state B before reaching state A
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Figure 4.4.: Free energy F/kBT (black isolines) of the 2D Ising model at magnetization
per spin m = 0.36 and reduced temperature θ = 0.7 as a function of the
minimum distance/width order parameter d and the shape order parameter
s. The insets show examples of a slab-shaped (top left, basin A) and a
disk-shaped cluster (bottom right, basin B). The zero-point of the free
energy is chosen to coincide with the free energy minimum found in state
B. The data were obtained by a series of umbrella sampling simulations
with harmonic biases and subsequent reweighting using WHAM [86–88].
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Figure 4.5.: Committor probabilities pB calculated for a section of the free energy
landscape in the d-s plane shown in Fig. 4.4. The black lines are isolines
of the free energy drawn in intervals of kBT . The colored dots indicate
the committor probabilities towards the disk state and the dashed black
line represents the ridge of the free energy landscape that separates the
basins of attraction of the disk and the slab state. The configurations
marked with A and B are shown in Fig. 4.8.

averaged over trajectories started from the configuration. In our case, the averaging is
done over trajectories computed with different random number generator seeds.

We computed committor values for configurations from pathways harvested in
TPS runs. We estimated pB by shooting trajectories from a given configuration and
counting the number of times these trajectories reach state B first. The number of
shots was chosen such that the statistical uncertainty of the estimated probability is
smaller than 10% [145].

Figure 4.5 shows the resulting committor probabilities together with the free energy
βF (d, s). The shape of the free energy barrier suggests that the committor probability
is determined by the value of the d-coordinate only. However, an examination of the
committor probabilities calculated from simulation paints a different picture, in which
there is a significant dependence of the committor on the value of the s-coordinate. In
particular, some configurations that, based on the free energy landscape, seem to be
in the basin of attraction of state A (B) have a greater (smaller) than 1/2 chance to
evolve into the disk state B. Such configurations, marked with A and B, are shown in
Fig. 4.8.

At this point one may suspect that we have not yet captured all the relevant degrees
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Figure 4.6.: Example trajectories of the disk-to-slab transition obtained from transition
path sampling. The order parameters d and s are shown as a function of
time (left) and as they appear projected onto the free energy landscape
(right, isolines are placed 1 kBT apart). Time is given in units of Monte
Carlo sweeps. Note that the transition over the ridge of the free energy
landscape at d = 0 progresses at a timescale that is much faster than the
evolution of the s coordinate.

of freedom that determine the progress of the transition. However, Fig. 4.7—which
shows an optimized coordinate obtained using a likelihood maximization method due
to Peters & Trout [63]—suggests that the committor can be fairly accurately described
using only d and s. In the following we will reconcile this apparent disconnect by
including the dynamics along d and s into our considerations.

We start by noting that in the trajectories shown in Fig. 4.6, the system spends a
much larger amount of time close to the free energy barrier than it takes to cross the
barrier to the other side. The s-coordinate evolves slowly because a large number of
spins need to change collectively in order to change the shape parameter s appreciably.
Hence, for the dynamics chosen for the system, changing s corresponds to the diffusive
rearrangement of spins over long distances. In contrast, close to the barrier region, a
change in the d-coordinate only requires the movement of relatively few spins and hence
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Figure 4.7.: Committor probabilities towards the disk state as a function of a combined
reaction coordinate r = 0.18 d+ 6.4 s− 2.6. The parameters have been
determined using a likelihood maximization procedure [63]. The red line
represents the committor model function used for the optimization.

A B

Figure 4.8.: Example configurations A and B marked in Fig. 4.5. These configurations
are located at (d = 4.1, s = 0.216) and (d = −3.0, s = 0.532) and
have committor probabilities towards the disk state of 0.362 and 0.958
respectively.

changes along the d-direction proceed much faster. As we will see later, this difference
in relaxation times along the d- and s-direction strongly influence the distribution
of committor probabilities. This dynamical behavior can be characterized using a
coordinate dependent diffusion coefficient tensor [51, 53, 54, 146] Dij(d, s), which we
will calculate in the following section.
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4.4. Characterizing System Dynamics

In order to determine Dij , we first employ the method of Im and Roux [147, 148] to
calculate mean square displacements (MSDs) along the two coordinate directions that
are corrected (up to first order) for the drift of the order parameters that is due to
the underlying free energy landscape. Starting from equilibrium configurations within
narrow ranges of d- and s-values, we generate short, unbiased trajectories. Using the
coordinate d as an example, the MSD is then estimated by

⟨︂
δd̃

2
⟩︂
t
=

⟨︃(︂
d̃(t)−

⟨︂
d̃
⟩︂
t

)︂2⟩︃

t

. (4.5)

Here d̃(t) = d(t)− d(0) and the averages ⟨. . .⟩t are taken over the trajectories at time
t from their start. This procedure takes the mean drift (given by

⟨︂
d̃
⟩︂
t
) , as well as

the slightly different starting points of the trajectories into account.

Figure 4.9 shows the results of this calculation. In principle, linear fits to the data
shown then yield the diffusion coefficients DXX . While this is certainly true for the
Dss component, the MSDs along the d-direction are highly non-linear even for long
times, making it impossible to reliably determine the value for Ddd this way.

Before we address this problem, note that Fig. 4.10 shows the correlations

Cds(t) =

⟨︂
(δd̃)(δs̃)

⟩︂
t√︃⟨︂

(δd̃)2
⟩︂
t

√︃⟨︂
(δs̃)2

⟩︂
t

, (4.6)

which are small and, hence, in the following we will treat the fluctuations in d- and
s-direction to be independent of each other by assuming Dij to have the diagonal form

(Dij) (x) =

(︄
Dd (x) 0

0 Ds (x)

)︄
. (4.7)

The values for Ds obtained by fitting to the MSDs are shown in the lower panel of
Fig. 4.12.

In order to obtain reliable results for Dd(x), we use a Bayesian method introduced
by Best and Hummer [113, 149], which is based on discretizing order parameter axes
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4. The disk-to-slab transition in the 2d Ising model

into bins followed by the maximization of the likelihood

L =
∏︂

α

(︁
etαR

)︁
iα,jα

. (4.8)

Here, R is the matrix of transition rate constants between the bins, tα is the lag
time between two measurements of the order parameter and the product runs over all
transitions of the system observed in a set of trajectories. The components of R obey
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Figure 4.9.: Estimates for local mean square displacements measured using the method
of Im and Roux [116, 147, 148]. Different lines correspond to different
starting points of the trajectories, which are given in the legend as d-s
pairs. Notice the distinct non-linear behavior along the d direction (top),
indicating the presence of strong memory effects at short timescales. The
starting points at the top of the free energy barrier (dashed lines) show
a markedly different behavior for long times (inset) due to the fact that
two groups of trajectories separate—those developing towards the slab
basin and those headed towards the disk basin.
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Figure 4.10.: Correlation Cds of mean displacements given by equation (4.6). The
displacements in d- and s- direction are largely uncorrelated from each
other.

the conditions

Rij =

⎧
⎨
⎩
−∑︁l ̸=iRil if i = j,

RjiPi/Pj if i < j,
(4.9)

where Pi is the equilibrium probability of finding the system in bin i. Assuming that
only the transition rates between neighboring bins are non-zero (i.e., we assume that
the system transitioning from bin i to j has to pass through all bins in between),
leaves us with N − 1 independent components, where N is the number of bins used.
The diffusion coefficient between bin i and i + 1 along a coordinate X with a bin
width of ∆X, is then given by [149, 150]

Di,i+1 = ∆X2Ri+1,i

(︃
Pi
Pi+1

)︃1/2

. (4.10)

The advantage of this method is that we can choose a lag time τ = tα that is long
enough, such that the memory effects seen in the mean square displacements subside
while we can still deal with the considerable drift that occurs within this lag time.

Since Dd is considered to be independent of the s-direction and the evolution along

57



4. The disk-to-slab transition in the 2d Ising model

the s-direction is slow, we can perform this calculation independently in parallel slices
along lines of constant s. These slices have a width of ∆s = 0.025 and each of these
slices is split into bins of size ∆d = 2. As suggested in Refs. 149 and 113, we count the
number of transitions between these bins, Nij , for a set of trajectories and subsequently
vary the rate parameters Rij in order to maximize the log-likelihood

log L̃ =
∑︂

i,j

Nij log
[︂
exp (τR)ij

]︂

+
∑︂

i

(Di+1,i −Di,i−1)
2

2ε2
,

(4.11)

where the second sum is a smoothing prior. We take the Pi from previous free
energy calculations. The matrix exponential exp (τR) is evaluated using a scaling-and-
squaring method [151] as implemented in the python package scipy [152]. The value of
ε was chosen to be 3 · 10−4, which is on the order of the eventual values obtained for
Dd, in order to smooth large statistical fluctuations.

The lag time is chosen by varying the lag time until one observes a plateau in the
resulting diffusion coefficients. Figure 4.11 shows the results of such a calculation
as a function of lag time for a single slice. At τ = 30 000 the values of the diffusion
coefficients seem to have reached a plateau while statistics are still reasonably good.
This lag time is used to calculate the values of Dd shown in the upper panel of Fig.
4.12.

4.5. Understanding the Committor

In this section we will demonstrate that the shape of the committor distribution can be
largely explained on the basis of the order parameters we have already introduced, d
and s, if one includes the dynamics of the system. Based on the free energy landscape
and the diffusion coefficients we have obtained, we will first identify and estimate
the timescales involved in the transition in order to gain an intuitive understanding,
followed by an approach that uses a Smoluchowski equation to model the process.
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Figure 4.11.: Diffusion coefficient Dd measured using the likelihood maximization
method as a function of the chosen lag time τ for the s = 0.375-0.400
slice, chosen here as an example. Both panels show the same data but
the lower one uses a logarithmic y-axis. The dashed, black line indicates
the free energy profile along the slice. Time is measured in units of
Monte Carlo sweeps.

4.5.1. A qualitative explanation

We start by noting that the drift towards the stable basins along the s-direction is
slow compared to the relaxation time along the d-direction. Hence, in the following
calculation we assume that a local equilibrium along slices of constant s develops and
consequently crossing the barrier becomes a one-dimensional problem associated with
a timescale τcross(s), similar to a previous discussion of multicomponent nucleation by
Trinkaus [115].

We then compare τcross to the timescale τdrift that is associated with the diffusion
along the s-direction; if τcross ≫ τdrift, the system is likely to stay on the same side of
the barrier, whereas if they are comparable, one expects to see a finite probability of
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Figure 4.12.: Measured diffusion coefficients (circles) and cubic spline interpolation
of these values (background) for the Dd component (top) and the Ds

component (bottom). The diffusion coefficients are measured using a
likelihood maximization method due to Hummer and coworkers [113,
149] in the d-direction and the mean-square displacement based ansatz
by Im and Roux [116, 147, 148] in the s-direction. The unit of time t is 1
Monte Carlo sweep and the black lines indicate the free energy landscape
where the lines are separated by 1 kBT .
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Figure 4.13.: Illustration of the quantities used to estimate the timescale of barrier
crossing given by equation (4.12). The black line indicates the free energy
βF (d) along a slice of constant s. The quantities shown are used to
estimate the crossing time from the basin of attraction of slab states
towards the disk states. The calculation for crossing from disk to slab
proceeds analogously using the width and depth of the disk basin (located
at d ≈ 15) instead.

crossing to the other side of the barrier.
Given the free energy landscape and the diffusion coefficient Dd(s), we can estimate

τcross by the expression

τcross ∼
[∆d(s)]2

Dd(s)
eβF

†(s) (4.12)

where F †(s) is the height of the free energy barrier found when one looks only at
a slice of the free energy landscape along a line of constant s and ∆d is a length
scale given by the width of the basin as seen along the slice (see Fig. 4.13). Note
the similarity of expression (4.12) to the Kramers [34, 153] rate expression, where, in
contrast, the length scales are provided by the curvatures of the free energy profile.1

τdrift is related to the drift of the system along the s-axis. As the system moves
towards the stable basin and the barrier height F † becomes larger, τcross grows
exponentially as a function of F †. This change in barrier height can be used to

1Note that in slices with higher free energy barriers, we are likely to underestimate τcross since
1/ [∆d]2 will be smaller than the product of curvatures used in Kramers’ theory.
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estimate the time it takes until the system has moved to an area within the free energy
landscape, where the rate of transitions has considerably changed relative to where
the system has started from. We define a characteristic length ∆s as the distance at
which the barrier height has increased by ∆F † = 1 kBT :

1 = β∆F †(s) ≈ β
∂F †(s)

∂s
∆s. (4.13)

In order to estimate τdrift, we look at the mean first passage time of trajectories started
at s = s0 at a point s0 −∆s, assuming that the free energy landscape has a constant
slope. This time is given by (see App. B and Ref. 54)

τdrift ∼
∆s

Dsβ
(︂
∂F (s)
∂s

)︂
s=s0

=
1

Dsβ2
(︂
∂F (s)
∂s

)︂(︂
∂F †(s)
∂s

)︂ , (4.14)

where βF (s) = − log
[︁∫︁

dd′ exp (−βF (d′, s))
]︁

and the integration extends over the
appropriate free energy basin.

The ratio of the two timescales, given by

τcross

τdrift
=
Ds

Dd
β2(∆d(s))2

⃓⃓
⃓⃓∂F (s)
∂s

∂F †(s)

∂s

⃓⃓
⃓⃓ eβF †(s), (4.15)

is shown in Fig. 4.14.

One can see that in the outer regions with s ≲ 0.25 and s ≳ 0.45 the crossing time
becomes comparable to the drift time. Furthermore, if τcross/τdrift is close to 1 in one
direction of the transition, it is orders of magnitude larger in the reverse direction.
This suggests that in these regions the probability of crossing from one side of the
barrier to the other is non-zero and, on the other hand, after the barrier has been
crossed, the probability of going back is small. Hence, we arrive at the explanation
of why the committor probabilities in these regions take on the values shown in Fig.
4.5. It takes a long time to change the overall shape of the cluster and in this time
fluctuations can occur that make the system cross the barrier. However, once the
barrier has been crossed, the probability of going back the other way is small because
the global shape of the cluster disfavors such fluctuations. In other words, there is a
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Figure 4.14.: Comparison of the timescales that are required to drift towards the stable
basin, τdrift, and to cross the barrier to the other side of the transition,
τcross, if one assumes equilibrium along a slice of constant s. The results
have been obtained by numerical evaluation of Equ. (4.15) using the
free energy data shown in figure 4.4 and assuming Ds/Dd = 3.2 · 10−5,
which is the value at the saddle point.

high probability that the bridge of spins that can be seen in the right panel of Fig.
4.8 is severed before the cluster has changed its shape into a slab and, conversely, the
likelihood of a bridge forming in the left panel before the cluster becomes disk-shaped
is high.

4.5.2. Smoluchowski analysis

A more accurate analysis of the system’s behavior given the free energy landscape and
the diffusion coefficients can be achieved by modeling the dynamics of the system using
a two-dimensional Smoluchowski equation. A similar approach has previously been
employed by Metzner et al. [53] in order to predict the behavior of a two-dimensional
toy model. We use a generalized ansatz that takes into account state dependent
diffusion coefficients [54, 146]. In this case, the probability density ρ(x, t) satisfies the
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equation
∂ρ

∂t
= −

∑︂

i,j

∂

∂xi

[︃(︃
∂Dij

∂xj
− βDij

∂F

∂xj

)︃
ρ

]︃

+
∑︂

i,j

∂2

∂xi∂xj

[︃
Dijρ

]︃
,

(4.16)

where x = (d, s), F = F (x) is the free energy shown before, and Dij(x) are position
dependent diffusion coefficients. This form of the Fokker-Planck equation2 mimics a
random walk on a potential of mean force given by the free energy F and, at the same
time, guarantees that the steady state solution is given by the equilibrium distribution
e−βF .

In this model the committor pB(x) is then determined by the corresponding backward
(or adjoint) equation [53, 54]

∑︂

i,j

(︃
∂Dij

∂xj
− βDij

∂F

∂xj

)︃
∂pB(x)

∂xi

+
∑︂

i,j

Dij
∂2pB(x)

∂xi∂xj
= 0.

(4.17)

The reflecting boundary condition

∑︂

i

niDij
∂pB (x)

∂xj
= 0, (4.18)

where n is a normal vector on the domain, and the boundary conditions that surround
regions A and B

pB(x)|∂A = 0, pB(x)|∂B = 1 (4.19)

close the set of equations.

This system of equations can be solved using a finite difference scheme similar to
the one employed in Ref. 53 using the free energy and diffusion coefficients measured
from simulation as input. The result of such a calculation is shown in Fig. 4.15. It
recovers the basic features of the committor observed in the brute force simulations.

2The Smoluchowski equation (4.16) is often rewritten in the form ∂ρ
∂t

=
∑︁

i
∂

∂xi

[︂∑︁
j Dije

−βF ∂
∂xj

(︁
eβF ρ

)︁]︂
, that makes it immediately obvious that the equilibrium

distribution is the stationary solution.
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Figure 4.15.: Solution q(d, s) of the adjoint Smoluchowski equation (4.17) (isolines
with black dashes) using the free energy data obtained from simulation
of the disk-slab transition and the diffusion coefficients shown in figure
4.12. The background color shows committor values shown in Fig. 4.5
averaged over squares of size 1.0[d]× 0.01[s] and the dashed black line
represents the ridge of the free energy landscape that separates the basins
of attraction of the disk and the slab state.

In particular, the pB = 1/2 committor line significantly deviates from the ridge of the
free energy landscape and the regions close to the barrier that have large or small
values of s have a significant probability of evolving to the other side of the free energy
barrier.

We can also write down a corresponding Langevin-equation, whose realizations
will—if evaluated using Ito’s interpretation (i.e. by evaluating the drift and diffusion
terms at the beginning of each step)—evolve according to Equ. (4.16) [154]. It is given
by

dxi(t)
dt

=
∑︂

j

[︃
∂Dij

∂xj
− βDij

∂F

∂xj

]︃
+
∑︂

j

gijηj(t), (4.20)

where x(t) is the position of a random walker, Dij , F and their derivatives are
evaluated at x(t), η is delta-correlated white noise with zero mean and unity variance
(i.e. ⟨ηi⟩ = 0, ⟨ηi(t)ηj(t′)⟩ = δ(t − t′)δij), and

∑︁
k gikgkj = 2Dij [146]. The latter

condition simplifies to gij =
√
2Diδij if we assume the diffusion coefficient is diagonal
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Figure 4.16.: Example trajectories obtained from TPS simulations (blue) and by
integrating the Langevin equation (4.20) (red) from a state at the saddle
point as they appear projected onto the d-s-plane (top) and as a function
of time (bottom).

and given by Equ. (4.7). Figure 4.16 shows an example Langevin trajectory compared
to a trajectory obtained by TPS and Fig. 4.17 shows the probability distribution of
finding a random walker as a function of time.

These two diagrams demonstrate two things: the trajectories generated using a full
simulation and the ones generated from the Langevin equation very much look alike
and, secondly, that indeed a relaxation towards equilibrium along the d coordinate
occurs before the system has time to evolve to the stable basins.

4.6. Discussion

We have investigated the disk-to-slab transition in the 2d-Ising model using a variety
of methods, including a model based on a two-dimensional Smoluchowski equation.
This model allows us to take the different timescales involved in this process into
account: the fluctuations of the narrow bridge between the clusters (characterized by
the d-coordinate) and the change of the overall shape of the cluster (captured by the
s-coordinate). By comparing committor distributions obtained by brute-force using
the full dynamics of the system, to the committor distribution obtained by solving
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Figure 4.17.: Time evolution of the probability density function ρ(x, t) as obtained by
integrating trajectories using equation (4.20) and subsequently averaging
over the positions x(t). The random walkers are started at position
d = −5 and s = 0.45. Red indicates high densities and blue low densities.
In each of the plots, the bottom and the right plot show the negative
logarithm of the probability density projected on each axis (red). In the
bottom plot, the equilibrium free energy βF (d, s = ⟨s⟩t) is shown (blue),
where ⟨s⟩t =
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∫︁
ds sρ(d, s; t) is the mean value of s at the given

time.
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the adjoint equation (4.17) (Fig. 4.15) we find that the dynamics of the transition are
well described by the Smoluchowski equation (4.16).

This suggests that, with the coordinates d and s, we have indeed captured the
degrees of freedom that are most relevant for the disk-to-slab transition. Increased
values of s, corresponding to disk-like clusters, enhance the likelihood of a trajectory
started from a configuration to develop towards the disk state. While stated in this
way, this result does not seem surprising, it is nonetheless interesting to note, that
this effect only becomes apparent when one includes the dynamics of the system into
consideration, while the free energy landscape alone does not capture this feature.

In the disk-to-slab transition considered here, this behavior is caused by the large
difference in timescales associated with the crossing of the free energy barrier and
the relaxation towards the stable basins. As a consequence, a local quasi-equilibrium
forms where the global shape of the cluster is fairly stable, while its surface fluctuates.

It is worth pointing out that this difference in timescales is due to the choice of
dynamics that mimic local mass transport. A different choice of dynamics, for example
allowing the exchange of arbitrary spins or allowing the magnetization of the system
to fluctuate [85], will result in different behavior.

Our analysis highlights the fact that, even in the context of a fairly simple model
system, the dynamics of a system are crucial to identifying transition mechanisms,
especially when one needs to use a combination of multiple order parameters to obtain
a good reaction coordinate. In particular, including dynamics may help to reconcile
free energy landscapes and committor probabilities, or their combination may point
to the existence of other important degrees of freedom.
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Abstract

A pair of flat parallel surfaces, each freely diffusing along the direction of their
separation, will eventually come into contact. If the shapes of these surfaces also
fluctuate, then contact will occur when their centers of mass remain separated by
a nonzero distance ℓ. An example of such a situation is the motion of interfaces
between two phases at conditions of thermodynamic coexistence, and in particular the
annihilation of domain wall pairs under periodic boundary conditions. Here we present
a general approach to calculate the probability distribution of the contact distance ℓ
and determine how its most likely value, ℓ∗, depends on the surfaces’ lateral size L.
Using the Edward-Wilkinson equation as a model for interfaces, we demonstrate that
ℓ∗ scales weakly with system size, i.e. the dependence of ℓ∗ on L for both (1+1)- and
(2+1)-dimensional interfaces is such that limL→∞(ℓ∗/L) = 0. In particular, for (2+1)-
dimensional interfaces ℓ∗ is an algebraic function of logL, a result that is confirmed
by computer simulations of slab-shaped domains formed under periodic boundary
conditions. This weak scaling implies that such domains remain topologically intact
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5. Scaling of the contact distance between two fluctuating interfaces

Figure 5.1.: Example configuration of a Lennard-Jones gas slab enclosed by liquid. The
configuration has been obtained from a molecular dynamics simulation at
liquid-gas coexistence using periodic boundary conditions. This snapshot
has been rendered using VMD [168, 169].

until ℓ becomes very small compared to the lateral size of the interface, contradicting
expectations from equilibrium thermodynamics.

5.1. Introduction

In the initial stages of many large-scale changes in the shape of interfaces, microscopic
thermal fluctuations play a crucial role. The rupture of a thin liquid film [155–157],
the breakup of a liquid jet [158–162], and the fusion of two liquid droplets [163–167]
are examples of processes that on the meso- and macroscopic scale are governed by
surface tension and hydrodynamics, while at their earliest stages they are controlled
by thermal undulations.

Thermal fluctuations also govern the distance up to which two planar interfaces will
approach before they come into contact for the first time; a situation which can be
viewed as an approximation to the droplet fusion problem for large radii. Figure 5.1
shows a snapshot taken from a computer simulation of a Lennard-Jones fluid that is
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an example of this kind of interfacial system. The two interfaces are formed by a single
slab of atoms in the liquid phase that is connected through the periodic boundaries
of the simulation box. Figure 5.2 shows a similar scenario for a two-dimensional
Ising model at coexistence. The aim of this paper is to determine how close the
centers-of-mass of two such interfaces approach before they come into contact for the
first time.

Larger surfaces, whose topographical fluctuations are generally more extreme, should
contact each other at larger average separation. At the same time, interfaces that
diffuse more slowly relative to each other are expected to come into contact at a larger
distance, since more configurations can be explored by the system while the center-of-
mass moves over a certain length. We find both of these trends reflected in our analysis.
However, the dependence of the most likely distance of the centers-of-mass at the time
of first contact, ℓ∗, on both the linear system size L and on the diffusion coefficient
of the centers of mass of the interfaces, Dint, turns out to be weak. In particular, in
the case of a two-dimensional interface that is embedded in three-dimensional space
(a (2+1)-dimensional interface), L and Dint enter the result for ℓ∗ as an algebraic
function of logL and logDint only. This dependence of ℓ∗ on logL resembles previous
results obtained by Ponthus et al. [170] for static (2+1)-dimensional interfaces, where
it has been observed that the average distance between two such interfaces when they
are in single point contact grows with system size in a similar manner.

Our results not only imply that the distance at which two freely diffusing, macro-
scopic interfaces come into contact for the first time is still likely microscopic, but also
has interesting consequences for the situations shown in Figs. 5.1 and 5.2. In both
cases, the slab is thermodynamically metastable at conditions that fix the relative
proportions of coexisting phases. Alternate geometries—a spherical gas bubble and a
disk formed by spins pointing in the same direction—would have a considerably smaller
surface and, therefore, also a lower free energy [77, 80, 83, 84, 171]. Nevertheless, these
slab geometries are remarkably long-lived. In fact, we will show that the critical widths
of these slabs, at which they transition into the thermodynamically preferred shape,
grow with L much more slowly than the scaling ℓ∗ ∼ L expected from equilibrium
considerations (see Sec. 5.5 for details on how this scaling comes about). Hence, this
two-interface system has the interesting property that with increasing system size the
behavior of the system increasingly diverges from the behavior expected based on
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5. Scaling of the contact distance between two fluctuating interfaces

Figure 5.2.: Example configuration obtained from a simulation of the 200× 200 Ising
model with vanishing external field. The gray circle indicates a disk
with the same area as the slab composed of black spins. This circle
has a circumference that is roughly 45% smaller than the surface of the
slab. Matplotlib [173] has been used to generate graphs and Ising model
simulation snapshots throughout this work.

equilibrium principles, eventually leading to a complete suppression of the transition
to the stable state altogether [172].

The remainder of the article is structured as follows: in Sec. 5.2 we present a rough
estimate of the expected scaling of the most likely contact distance, ℓ∗, with system
size L. In Sec. 5.3 we explain our approach to calculating the distribution of contact
distances u(ℓ). Section 5.4 introduces the Edward-Wilkinson (EW) equation as a
model for surface dynamics and goes through all the steps necessary to predict the
scaling of the contact distance between two EW interfaces with system size. In Sec. 5.5
we report on simulations of slabs in the Ising model and in a Lennard-Jones system
at liquid-gas coexistence. The predicted scaling behavior of the EW model is then
compared with the critical width of slabs observed in simulation. Section 5.6 provides
a summary and a discussion of the results.
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5.2. A simple scaling argument

5.2. A simple scaling argument

One expects the meeting of initially distant interfaces to occur through a combination
of two basic processes. First, the interfaces’ mean positions (averaged over directions
perpendicular to their separation) each execute a random walk with diffusion coefficient
Dint ∼ 1/Ld, where L is the surfaces’ linear size and d is their dimensionality. Second,
as their shapes change in the course of natural fluctuations, a point on one interface can
draw transiently nearer to a point on the other interface, even if the mean separation
ℓ is fixed. An extreme fluctuation in interfacial shapes can thus achieve contact while
the mean positions remain separated by a considerable distance. Contact occurs when
the rate k(ℓ) of contact-forming shape fluctuations is roughly comparable to a rate kD
of further diffusion

k(ℓ) ∼ kD(ℓ). (5.1)

This diffusion rate, kD ∼ D/λ2, is determined by the diffusion constant D =
√
2Dint,

that is associated with the time evolution of the mean distance between the two
interfaces, together with a length scale λ whose magnitude is not straightforward to
anticipate. For the purpose of roughly calculating ℓ∗, we assume simply that λ is
independent of L.

According to notions of transition state theory, the rate of an extreme shape
fluctuation that establishes contact at fixed ℓ should be proportional to its equilibrium
probability, i.e. the probability of an undulation that closes the mean gap. The
distribution P (x) of the fluctuating height x at a single point on an interface is simply
estimated from Gaussian field theories as [174]

P (x) ∼ exp[−x2/(2w2)], (5.2)

where w is the roughness of the interface and w2 ∼ L for d = 1 and w2 ∼ logL for
d = 2. Assuming the gap-closing probability to follow these simple statistics, we
estimate k(ℓ) ∼ exp[−ℓ2/(2w2)].

Assembling these arguments, we expect the typical separation ℓ∗ at contact to scale
with L as

ℓ∗1d ∼
√︁
L logL and ℓ∗2d ∼ logL (5.3)

for one- and two-dimensional interfaces, respectively. According to this rough predic-
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5. Scaling of the contact distance between two fluctuating interfaces

tion, growth of ℓ∗ with system size is so gradual that ℓ∗ can remain microscopic even
for macroscopic systems.

This line of reasoning is loose, imprecise, and incomplete. First, as mentioned,
the balance between k(ℓ) and kD involves a length scale λ, which is not specified
here. Secondly, the gap-closing probability should reflect extreme value statistics of
the closest points on the two interfaces, not that of arbitrarily chosen points [170].
Finally, since long-wavelength undulations of an interface evolve very slowly in time,
the assumptions of transition state theory are difficult to justify in this context.

Sections 5.3 and 5.4 present a much more careful treatment of the dynamics that lead
to interfacial contact. By making controlled approximations for well-defined models,
they reveal and clarify subtleties associated with all of the issues listed above. The
theory developed yields improved scaling predictions for ℓ∗ that confirm an extremely
slow divergence of ℓ∗ with system size.

5.3. A framework for calculating contact distance distributions

5.3.1. Reaction-diffusion equation for the contact distance distribution

As a first step towards the estimation of the typical contact distance ℓ∗, we devise a
simple reaction-diffusion equation that governs the time evolution of the distribution
of distances between fluctuating interfaces. Consider two planar interfaces, in a 2- or
3-dimensional simulation box with periodic boundary conditions, that do not interact
with each other until they are brought in contact by thermal fluctuations. These
interfaces are released at an initial distance ℓ0 that is much larger than the typical
size of interface fluctuations. As shown in Fig. 5.3 we describe the geometry of the
surfaces by two continuous functions h1(x) and h2(x), where the vector x collects the
lateral coordinates (i.e., those orthogonal to the h-direction). The distance between
the two interfaces at a given position x is denoted by ∆h(x) = h2(x)− h1(x) and the
mean distance of the two interfaces is given by ℓ = h̄2 − h̄1, where h̄1 and h̄2 are the
spatially averaged means of h1 and h2, respectively. The distance between the two
interfaces at the point where they are closest is denoted by

s = min
x

[∆h(x)] . (5.4)
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h2(x) ∆h(x)

h1(x)

x

h(x)

s ℓ

Figure 5.3.: Two surfaces are described by functions h1(x) and h2(x) where x is a
vector that collects the lateral coordinates (those orthogonal to the surface
normal). The dashed lines indicate the average positions h̄1 and h̄2 of the
interfaces, ℓ is the average distance between the interfaces, and s is the
minimum distance between the two interfaces, i.e. s = minx [∆h(x)] =
minx [h2(x)− h1(x)].

As long as the two interfaces are not in contact with each other, h̄1 and h̄2 freely diffuse
relative to each other along the h-direction governed by the diffusion coefficient Dint.
In the case of a liquid slab, the interfaces diffuse due to mass transport in the slab,
due to evaporation and condensation on the surface, and, in the case of simulations at
constant pressure, due to fluctuations of the box size.

The rate k(ℓ) with which fluctuations of the interfaces are formed that are large
enough to bridge the gap between the two interfaces depends on ℓ, i.e. k = k(ℓ). This
situation is formally equivalent to a particle that diffuses along a single direction ℓ and
undergoes a reaction with a position dependent reaction rate k(ℓ). Using this analogy
we write down the following partial differential equation that governs the evolution
of the probability density, ρ(ℓ, t), that two interfaces have not yet touched, and have
mean distance ℓ at time t:

∂ρ(ℓ, t)

∂t
= Dint

∂2ρ(ℓ, t)

∂ℓ2
− k(ℓ)ρ(ℓ, t) (5.5)
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ℓ0

k
(ℓ

)
ℓ

Figure 5.4.: Sketch of an example rate function k(ℓ): the Gaussian rate function
suggested by Eq. (5.2). The initial position is marked by ℓ0.

The initial condition is given by

ρ(ℓ, 0) = δ(ℓ− ℓ0), (5.6)

where δ(x) is the Dirac δ-function and ℓ0 is the initial separation of the interfaces.

This equation is reminiscent of the theory of diffusion-controlled reactions [175–177],
however, instead of reactions that occur at a boundary, the reaction in our model is
controlled by a position- and concentration dependent loss-term k(ℓ)ρ(ℓ, t). The time
integral over the loss term yields the distribution of distances at which the reaction
occurs,

u(ℓ) =

∫︂ ∞

0
dt k(ℓ)ρ(ℓ, t). (5.7)

In the next section we introduce a path-integral formalism that allows us to calculate
u(ℓ).

5.3.2. A path-integral formulation of u(ℓ)

In order to derive an expression for the probability distribution u(ℓ), we use a well-
known correspondence between reaction-diffusion equations and the Schrödinger
equation that has been pointed out by various authors before; see Refs. 178, 146, 179,
and 180 for comprehensive treatments. Furthermore, our derivation is closely related
to the Feynman-Kac path integral formula [181].

We start by considering a discrete diffusive trajectory Λ that consists of N steps
and that has been obtained by sampling a continuous trajectory ℓ(t) at times i∆t. We
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write
Λ = {ℓ0, ℓ1, . . . , ℓn, ℓn+1, . . . ℓN} , (5.8)

where ℓi = ℓ(i∆t). The probability of observing Λ for given initial position ℓ0 is given
by

Pdiff [Λ] =
N−1∏︂

i=0

p(ℓi → ℓi+1), (5.9)

where p(ℓi → ℓi+1) is the transition probability of a freely diffusing random walker:

p(ℓi → ℓi+1) =
1√

4πDint∆t
exp

[︄
−(ℓi+1 − ℓi)

2

4D∆t

]︄
(5.10)

Now let us assume that the first contact between the interfaces occurs in the time
interval between steps n and n+ 1. The probability of observing such a trajectory is
then given by the product of Pdiff with the conditional probability Pnr [n|Λ] that no
reaction occurs until time step n given that we are following trajectory Λ, and the
probability Pr[n|Λ] that the reaction occurs between n∆t and (n+ 1)∆t,

P [Λ] = Pdiff [Λ]Pnr [n|Λ]Pr[n|Λ] (5.11)

We approximate Pr[n|Λ] by

Pr [ℓn, ℓn+1] ≈ 1− e−k(ℓn)∆t ≈ k (ℓn)∆t, (5.12)

i.e. we assume that k(ℓ) is approximately constant in the region the particle visits
between ℓn and ℓn+1. In the same manner we also approximate Pnr[n|Λ] by

Pnr[n|Λ] ≈
n−1∏︂

i=0

e−k(ℓi)∆t = exp

[︄
−∆t

n−1∑︂

i=0

k(ℓi)

]︄
. (5.13)

Note that for ease of notation we define here that the product in this equation is equal
to one if its end index is smaller than its starting index and, by extension, that the
sum on the right hand side is 0 in the same situation. Substituting these expressions
into (5.11) and expanding Pr for small ∆t yields the probability of a specific trajectory
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Λ that reacts at time n∆t,

P [Λ] =
k(ℓn)∆t

(4πDint∆t)
N/2

exp

[︄
−∆t

n−1∑︂

i=0

k(ℓi)−

−
N−1∑︂

i=0

(ℓi+1 − ℓi)
2

4Dint∆t

]︄
.

(5.14)

The probability u(ℓ) of observing a reaction at a specific position ℓ is now the sum
of P [Λ] over all possible paths Λ and path lengths n where the initial point ℓ0 and the
final point ℓn = ℓ are kept fixed:

u (ℓ) = lim
N→∞

N−1∑︂

n=0

∫︂ dℓ′1 . . . dℓ′N−1

(4πDint∆t)
N/2

δ(ℓ′n − ℓ) exp

[︄
−
N−1∑︂

i=0

(︁
ℓ′i+1 − ℓ′i

)︁2

4Dint∆t
−∆t

n−1∑︂

i=0

k(ℓ′i)

]︄
k(ℓ′n)∆t

= k(ℓ)

∞∑︂

n=0

∆t

∫︂ dℓ′1 . . . dℓ′n−1

(4πDint∆t)
n/2

exp

[︄
−
n−1∑︂

i=0

∆t

(︄(︁
ℓ′i+1 − ℓ′i

)︁2

4Dint(∆t)2
+ k(ℓ′i)

)︄]︄
(5.15)

In the second line we have carried out the integrations over all ℓ′i with i ≥ n and have
taken the limit N → ∞. We now take the limit ∆t→ 0 while keeping the trajectory
lengths T = n∆t fixed. With the abbreviations

∫︂ ∞

0
dT
∫︂

D[ℓT ] ≡ lim
∆t→0

∞∑︂

n=0

∆t

∫︂
dℓ1 . . . dℓn−1

(4πDint∆t)
n/2

, (5.16)

and

S[ℓT (t)] =

∫︂ T

0
dt′
{︃
vT (t

′)2

4Dint
+ k

[︁
ℓT (t

′)
]︁}︃

≡ lim
∆t→0

n−1∑︂

i=0

∆t

{︄
(ℓi+1 − ℓi)

2

4Dint(∆t)2
+ k(ℓi)

}︄
,

(5.17)

this yields

u(ℓ) = k(ℓ)

∫︂ ∞

0
dT
∫︂

D[ℓT (t)]e
−S[ℓT (t)]. (5.18)

Here ℓT (t) is a trajectory of length T and vT (t) = ℓ̇T (t). As suggested by a comparison
to Eq. (5.7), the probability density ρ(ℓ, t) is given by

ρ(ℓ, t) =

∫︂
D[ℓT (t)]e

−S[ℓT (t)]. (5.19)
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Equation (5.19) is known as a path-integral in quantum mechanics (QM) and in the
following we will use results obtained there to calculate an approximation for u(ℓ). In
particular, in analogy to the semi-classical approximation in QM, we can calculate
an expression for the probability of the most likely path between two points ℓ0 and
ℓ. This can be done most easily by comparing Eq. (5.17) to the classical action of a
particle in a potential that follows a trajectory x(t),

S [x(t)] =

∫︂ T

0
dt
[︃
mẋ(t)2

2
− V (x(t))

]︃
, (5.20)

with the kinetic energy K = mẋ2/2 and the potential energy V . The paths with
extremal action are the paths that are solutions of the classical equations of motion.
Hence, the path ℓ̃(t) that minimizes the action (5.17) is the Newtonian trajectory taken
by a classical particle with mass 1/2Dint in a potential V (ℓ) = −k(ℓ) [178], i.e. the
inverted reaction rate function. Hence, the trajectories with maximum probability (or
the classical paths), ℓ̃T (t), are solutions of the equation

ℓ̃
̇
T (t) = ±

√︃
4Dint

(︂
E + k(ℓ̃T (t))

)︂
(5.21)

that fulfill the boundary conditions ℓ̃T (0) = ℓ0 and ℓ̃T (T ) = ℓ. The constant E that
is determined by these boundary conditions together with T (i.e. E = E(ℓ, ℓ0, T )),
resembles the total energy of the classical particle E = K+V . Alternatively, Eq. (5.21)
can be derived by optimizing the ℓi in Eq. (5.14) for maximum P [Λ] and subsequently
taking the limit ∆t→ 0.

It is reasonable to assume that the rate of gap-closing fluctuations shrinks with
increasing mean distance ℓ, so in the following we assume that the derivative of the
rate function fulfills k′(ℓ) < 0. This situation is sketched in Fig. 5.4. In addition, we
place a reflecting boundary at the initial position ℓ0. This has two effects: first, the
average length of trajectories is finite in this case (which is not necessarily the case if
the rate function k(ℓ) goes to zero fast enough as ℓ→ ∞); secondly, the solution to
Eq. (5.21) is unique for any given set of boundary conditions (ℓ0, ℓ, and T ), i.e. there
is only a single classical path that leads from ℓ0 to ℓ in time T . Note, that we have
chosen ℓ0 > ℓ and will keep this convention through the rest of the derivation.

Dynamics with such a reflecting boundary can be mapped onto an unbounded system
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with a symmetrized rate function ksym(x) such that ksym(ℓ) = ksym(2ℓ0 − ℓ)[180, 182],
i.e.

ksym(ℓ) = Θ (ℓ− ℓ0) k(ℓ) + Θ (−ℓ+ ℓ0) k(2ℓ0 − ℓ), (5.22)

where Θ(x) is the Heaviside step function. The transition probability from ℓ0 to ℓ in
time T , p(ℓ0, ℓ, T ), is then given by

p(ℓ0, ℓ, T ) = psym(ℓ0, ℓ, T ) + psym(ℓ0, 2ℓ0 − ℓ, T )

= 2psym(ℓ0, ℓ, T )
(5.23)

where psym(ℓ0, ℓ, T ) is the transition probability calculated using the extended rate
function ksym without boundaries and in the second line we have used the symmetry
of ksym and the fact that ℓ = ℓ0 at t = 0. In other words, one has to sum the path
probabilities that move from ℓ0 to ℓ and another set of paths that move from ℓ0 to the
symmetrically equivalent 2ℓ0 − ℓ. We calculate the probabilities of these paths using a
semiclassical approximation. The principal difficulty in this calculation lies in the fact
that the extended rate function ksym(ℓ) is not analytic at ℓ0 and, hence, can only be
treated perturbatively [182]. In the following calculation, we assume that, due to the
shape of the rate function k(ℓ), the corrections to our semiclassical calculations are
small. In App. C.2 we then numerically check our results for exponential and Gaussian
rate functions and find that our calculations are in excellent agreement for small but
finite Dint.

We approximate the path integral in Eq. (5.18) by expanding the action S up to
leading order around the likeliest paths [178, 180, 183]. This approximation yields

u (ℓ) =
k(ℓ)

Z

∫︂ T0

0
dT e−S̃T (ℓ,ℓ0,T )F̃ T (ℓ, ℓ0, T ), (5.24)

where T0 is the length of the longest possible path which has the minimum “energy”
E0 = −k(ℓ0), S̃T (ℓ, ℓ0, T ) = S[ℓ̃T (t)] is the action of the likeliest path and the factor
F̃ T (ℓ, ℓ0, T ) arises from the expansion around the likeliest path. It is given by [180]

F̃ T (ℓ, ℓ0, T ) =

{︃
2π
√︁
Dintκ(ℓ, ℓ0, E(T ))

×
∫︂ ℓ0

ℓ
dℓ′

[︁
E(T ) + k(ℓ′)

]︁−3/2
}︃−1/2

(5.25)
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with
κ(ℓ, ℓ0, E) =

√︁
(E + k(ℓ0)) (E + k(ℓ)). (5.26)

The normalization constant

Z =

∫︂ ℓ0

−∞
dℓ
[︃
k(ℓ)

∫︂ T0

0
dT e−S̃T (ℓ,ℓ0,T )F̃ T (ℓ, ℓ0, T )

]︃
(5.27)

is introduced in Eq. (5.24) to normalize the distribution u(ℓ) and includes contributions
that are neglected due to the assumptions we made regarding the boundary condition
at ℓ0 and the multiplicity of the classical paths; because the initial position ℓ0 is also
the location of a reflecting boundary, there are two identical paths for each value of T
with the same energy E.

The action of the likeliest path of length T can be expressed in terms of an integral
over the velocity ℓ̃̇(t),

S̃T (ℓ, ℓ0, T ) =

∫︂ T

0
dt [K − V ] =

∫︂ T

0
dt [−E + 2K]

= −E(T )T +

∫︂ T

0
dt ℓ̃̇T

ℓ̃
̇
T

2Dint

= −E(T )

∫︂ ℓ

ℓ0

dℓ′

ℓ̃
̇
T (ℓ′)

+

∫︂ ℓ

ℓ0

dℓ′
ℓ̃
̇
T (ℓ

′)

2Dint
,

where we have used the fact that

T =

∫︂ ℓ

ℓ0

dℓ′

ℓ̃
̇
T (ℓ′)

. (5.28)

By substituting Eq. (5.21) (using the minus sign because we consider the path from
ℓ0 > ℓ to ℓ) we arrive at the expression

S̃T (ℓ, ℓ0, T ) =

∫︂ ℓ0

ℓ
dℓ′

E(T )/2 + k(ℓ′)√︁
Dint(E(T ) + k(ℓ′))

. (5.29)

Due to the placement of the reflecting boundary at ℓ0 and the assumption that
k′ < 0, E(T ) is a monotonic function of T so that we can rewrite the integral in
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5. Scaling of the contact distance between two fluctuating interfaces

Eq. (5.24) as an integral over E by using the derivative

dT
dE

= − 1

8πDκ(ℓ, ℓ0, E)F̃ T (ℓ, ℓ0, E)2
, (5.30)

leading us to the expression

u (ℓ) =
k(ℓ)

8πDZ

∫︂ ∞

E0

dE
e−S̃E(ℓ,ℓ0,E)

κ(ℓ, ℓ0, E)F̃E(ℓ, ℓ0, E)
, (5.31)

where the notation S̃E and F̃E indicates that these functions are now evaluated using
E as the independent variable instead of T .

This integral can be evaluated using a saddle point approximation. A calculation of
the derivatives

∂S̃E(ℓ, ℓ0, E)

∂E
=

∫︂ ℓ0

ℓ
dℓ′

E

4
√︂
Dint(E + k(ℓ))3

. (5.32)

and
∂2S̃E(ℓ, ℓ0, E)

∂E2
=

∫︂ ℓ0

ℓ
dℓ′

2k(ℓ)− E√︂
64Dint(E + k(ℓ))5

, (5.33)

demonstrates that the minimum of S̃E can be found at E = 0, as long as the rate
function itself is larger than zero in the whole range between ℓ0 and ℓ. E = 0

corresponds to the paths where

ℓ̃
̇
(0) = −

√︂
4Dintk(ℓ̃(0)) (5.34)

and their action is given by

S̃0(ℓ, ℓ0) =

∫︂ ℓ0

ℓ
dℓ′
√︁
k(ℓ′)/Dint. (5.35)

Rewriting Eq. (5.31) by setting S̃E(ℓ, ℓ0, E) = s̃E(E)/
√
Dint so that s̃E(E) is indepen-

dent of Dint, yields

u (ℓ) =
k(ℓ)

8πDZ

∫︂ ∞

E0

dE
e−s̃E(E)/

√
Dint

κ(E, ℓ)F̃E(E)
. (5.36)
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In the limit of small but finite Dint we can now use Laplace’s method [184] to approxi-
mate the integral using the minimum of S̃E at E = 0, resulting in

u(ℓ) ≈ e−S̃0(ℓ,ℓ0)k(ℓ)3/4

2Dint
1/2k(ℓ0)1/4Z

. (5.37)

It is instructive to calculate the location of maximum probability, ℓ∗, by setting

dlog u(ℓ)
dℓ

⃓⃓
⃓⃓
ℓ=ℓ∗

= 0. (5.38)

Evaluating the derivative yields one of the main results of this paper: a simple condition
that determines the likeliest reaction distance ℓ∗ in terms of the rate function k(ℓ)

and the diffusion coefficient Dint:
√︄
k(ℓ∗)

Dint
=

3

4

⃓⃓
⃓⃓k

′(ℓ∗)

k(ℓ∗)

⃓⃓
⃓⃓ (5.39)

The prime indicates a derivative with respect to ℓ∗. Note, that this result hinges on
the validity of the quadratic expansion (5.24) which depends on the details of k(ℓ) 1.
In App. C.2 we calculate the distributions u(ℓ) for the rate functions k(ℓ) that are of
interest to us later on and compare them to numeric results in order to test the theory
developed so far. This comparison shows excellent agreement as D becomes small
which corresponds to the limit of inifinite system size when we consider the contact
distance of two interfaces later on.

By squaring both sides and rearranging the factors we can rewrite Eq. (5.39) to read

k(ℓ∗) =
Dint

[(4/3)(k(ℓ∗)/k′(ℓ∗))]2
=

Dint

[λ(ℓ∗)]2
, (5.40)

where λ(ℓ∗) = (4/3)(k(ℓ∗)/k′(ℓ∗)). This expression recalls the reasoning of Sec. 5.2,

1The problem discussed in this paper is in structure very similar to the problem of diffusion in a
potential as discussed e.g. in Refs. 185, 186, and 187. In this context it has been pointed out that
the second order expansion of the path integral breaks down in the case of effective potentials
V that feature degenerate, or quasi-degenerate minima. Similarly, for rate functions k(ℓ) that
feature minima at either ℓ or ℓ0 a treatment along the lines of Refs. 186 or 187 may be necessary.
In the case of the Gaussian rate function, which is discussed in the following, ℓ0 is never located
at a minimum of the effective potential and, hence, the expansion becomes exact in the limit of
small but finite D.
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5. Scaling of the contact distance between two fluctuating interfaces

equating reaction and diffusion rates at the critical separation ℓ∗. The systematic
approximation to the reaction-diffusion equation developed in this section allows us to
identify the diffusive length scale (λ in Eq. (5.1)) that was previously left ambiguous.
It is dictated by how quickly log[k(ℓ)] changes with distance. Specifically, contact of
the two interfaces occurs when the reaction time scale 1/k(ℓ) becomes comparable to
the time it takes to diffuse to a location where k(ℓ) has changed significantly.

By using a rate function k(ℓ), the ansatz (5.5) tacitly assumes that the equilibration
of the shape of the interface happens faster than the center-of-mass diffusion. Based on
Eq. (5.40) we can check the internal consistency of this assumption using the pertinent
timescale of diffusion, τD(ℓ) = λ(ℓ)2/D. For the interfaces to be equilibrated up to
the first contact between them, τD has to be larger than the timescale associated with
the relaxation of the interface, τrlx, for all values of ℓ that the system visits before first
contact. This yields the condition

1 ≪ τD
τrlx

⃓⃓
⃓⃓
ℓ>ℓ∗

=
1

τrlx

(k(ℓ)/k′(ℓ))2

D

⃓⃓
⃓⃓
ℓ>ℓ∗

, (5.41)

Coming back to our initial problem of determining the scaling of contact distance
ℓ∗ with system size, Eq. (5.39) demonstrates that this scaling is determined by the
scaling of both k(ℓ) and Dint. In the following section we investigate these scaling
behaviors for a simple interface model as an example: the Edward-Wilkinson model.

5.4. Application to the EW model

5.4.1. The EW-equation as a microscopic model for interfaces

The Edward-Wilkinson (EW) model [89] was first introduced to model the statistics
of surfaces that are produced by depositing a granular material onto a surface. It is
given by the stochastic differential equation

∂h(x, t)

∂t
= βγcD

∂2h(x, t)

∂x2
+ η̃(t), (5.42)

where h(x, t) is the height of the surface, as shown in Fig. 5.3, γ is the surface- or line
tension, cD is an effective diffusion constant, and η̃(t) represents random noise that
is specified separately. Together with the Kardar-Parisi-Zhang equation [188] it has
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since become one of the basic equations used to model surface growth [91]. In order
to perform simulations we discretize Eq. (5.42) in space resulting, in the case of the
(1+1)-dimensional EW interface, in the set of N = L/∆x equations of motion

ḣj = βγDint0∆x

(︃
hj+1 − 2hj + hj−1

(∆x)2

)︃
+
√︁

2Dint0ηj(t), (5.43)

where Dint0 = cD/∆x. We choose the ηj(t) to be independent, delta-correlated noise
processes with ⟨ηj⟩ = 0 and ⟨ηi(t)ηj(t′)⟩ = δijδ(t − t′). The equations (5.43) then
become a set of N coupled overdamped Langevin equations where each random walker
hj diffuses with a diffusion coefficient Dint0 and is coupled to its immediate neighbors
by harmonic springs. These equations can also be derived from a discretization of the
Hamiltonian

H =
γ

2

∫︂
d(d−1)x (∇h(x))2 , (5.44)

where d is the dimensionality. This is the Hamiltonian of an interface with an energy
that is proportional to its surface area provided that gradients ∇h(x) in the height
function are small. The generalization of the above equations to d dimensions is given
in App. C.1.

An expansion of h(x, t) into a Fourier series, substituted into the equations of
motion (5.43), demonstrates that the relaxation timescale τrlx scales with system size
like τrlx ∼ L2 [99, 100, 174]. This result is independent of the dimensionality of the
system.

Consider now a pair of identical EW interfaces which we assume to be non-interacting.
We are ultimately interested in the rate k(ℓ) of interfacial fluctuations that result in
the two interfaces coming into contact with each other. As before, ℓ = h̄2 − h̄1 is
the distance between the mean positions of the two interfaces. The position of the
interface at each point x can be written as hi(x) = h̄i + δhi(x), where the δhi are the
relative heights of the two interfaces with respect to their mean position h̄i. We can
then write the separation between the two interfaces as

∆h(x) = h2(x)− h1(x)

= ℓ− (δh1(x)− δh2(x)) = ℓ−∆(x),
(5.45)

where we have used the abbreviation ∆(x) = δh1(x)− δh2(x) in the last line. The
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5. Scaling of the contact distance between two fluctuating interfaces

two interfaces touch if there is a point where the separation between them is less than
or equal to zero, i.e. if

min
x

[∆h(x)] = ℓ−max
x

[∆(x)] ≤ 0. (5.46)

Rearranging these terms results in the condition

max
x

[∆(x)] ≥ ℓ (5.47)

that all fluctuations that close the gap between the interfaces must fulfill. These are
the events that contribute to the rate k(ℓ).

Note, that we can infer the equilibrium statistics of ∆(x) from the equilibrium
statistics of a solitary interface h(x) by using the fact that the equilibrium fluctuations
of the EW interface are Gaussian [174]. Hence, also the ∆(x) are distributed according
to a Gaussian distribution. In addition, the spatial correlations of ∆(x) are simply
given by [189, 190]

⟨∆(0)∆(x)⟩ = 2 ⟨δhi(0)δhi(x)⟩ , (5.48)

i.e. the correlations are the same, except their variance ⟨∆(0)∆(0)⟩ is doubled. This
variance is also known as the square of the roughness, w, of the EW interface which is
given by [189]

w2 =
L

12βγ
(5.49)

for the (1+1) dimensional EW interface and by [90]

w2 =
f(L)

2π2βγ
(5.50)

for the (2+1)-dimensional EW interface. Here, f(L) is a system size dependent,
dimensionless factor that approaches f(L) ∼ log(L) as L → ∞ [90]. Hence, the
correlations of ∆(x) are the same as the correlations of a solitary EW-interface where
the surface tension γ has been halved [170]. In the following we use this property
to make contact with results that are available in literature as well as to reduce
the computational effort required to perform simulations. In particular, instead of
calculating the rate of fluctuations of two interfaces that fulfill condition (5.47), we
instead calculate the rate K(ζ) at which the maximum relative height (MRH) of a
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single EW-interface, maxx [δh(x)], reaches a threshold value ζ.
For γ = γ̃/2, where γ̃ is the surface tension of each of the two interfaces of interest,

the rate k(ℓ) is then given by
k(ℓ) = K(ℓ). (5.51)

5.4.2. Simulation details and rate calculation method

To calculate K(ζ) for the EW interface we numerically integrate the equations of
motion (5.43) using the Euler forward-like scheme

hi(t+∆t) = hi(t) + βD0∆tFi(t) +
√︁
2D0∆tξ, (5.52)

where ξ is a random number chosen from a Gaussian distribution with unit variance
and Fi(t) is the force on random walker i that is given by

Fi(t) = γ

(︃
hi+1(t)− 2hi(t) + hi−1(t)

∆x

)︃
(5.53)

in the case of a 1-dimensional interface. The straightforward generalization to higher
dimensions is given in App. C.1. The timestep ∆t is chosen such that (βγD0/∆x)∆t =

0.005 and βγD0∆t = 0.01 for (1+1) and (2+1) dimensional simulations, respectively.
A calculation of the MRH at each timestep then yields trajectories ζ(t) that we use in
the following to calculate the rate K(ζ).

We define the rate K(ζ) via the so-called mean first-passage time (MFPT), τ(ζ),
which is the average time it takes for a configuration to occur with an MRH that is
larger than ζ given that one starts from a configuration drawn from an initial ensemble
E (see Fig. 5.5). If tj are the times where configurations from the ensemble E are
found, then this average is given by

τ(ζi) = lim
n→∞

1

n

n∑︂

j=1

(Ti(tj)− tj) , (5.54)

where n is the number of samples tj and Ti(tj) is the next time checkpoint ζi is reached
after time tj . K(ζi) is then calculated via the relationship

K(ζi) =
1

τ(ζi)
, (5.55)
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t

ζj

ζ

E

Figure 5.5.: Sketch of the direct method used to calculate the mean first passage time
at a checkpoint ζi starting from a region E close to the minimum of the
free energy landscape. Each time the checkpoint ζi is crossed, the time
difference to all points within the equilibrium region E that have been
visited since the last time ζi has been crossed, are added to a running
average.

that holds for the so called flux-over-population rate [191]. In our case the ensemble E
consists of configurations with an MRH close to the most likely MRH (see App.C.3
for details).

The definition (5.54) can be used to estimate the MFPT directly by evaluating it
based on a finite set of samples, e.g. those generated by propagating a long unbiased
trajectory. This has the advantage that no assumptions are made about the dynamics
of ζ(t) and that, in principle, the method is exact in the limit n→ ∞. However, in
practice this direct method is strongly limited by the length of trajectories available.
If the MFPT that one wants to estimate is on the same order as or larger than the
length of the trajectory used, T , then the resulting estimates of τ(ζ) are systematically
smaller than the true MFPT because not all waiting times can be observed with an
equal prior probability (consider, for example, waiting times longer than T which can
not be observed at all). In App. C.4 it is shown that for a flat distribution of waiting
times the expected observed waiting time is T /4, which is where the MFPTs measured
using the direct method level off in Figs. 5.6 and 5.8.

Despite this limitation, in the following we use a slight variation of this direct
method (see App.C.3 for details) to estimate MFPTs without having to make prior
assumptions about the statistics of crossing events. We then compare these results
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Figure 5.6.: (a) Mean first-passage times τ as functions of the MRH ζ calculated by
integrating the Langevin equations of motion (5.43) for (1+1) dimensional
interfaces for several system sizes L [L increases from left to right in (a)
and from top to bottom in (b)]. The MFPTs are calculated from initial
configurations where ζ is close to its average value (see App. C.3 for details
of the calculation). Solid and dashed lines indicate results obtained using
the direct and the Poisson method, respectively. The dotted gray line
indicates the value of τ = T /4 = 3.75× 106 (in dimensionless units) that
we expect to be the result of the direct method in the limit τ → ∞ (see
App.C.4 for details). (b) Same data with scaled axes as suggested by
Eq. (5.57). For clarity, the results of the direct and the Poisson method
are stitched together so that the results of each method are shown where
we expect them to be accurate. Inset: τ as a function of L at a fixed value
of ζ2/L = 1.25. See App. C.5 for the same plot at other values of ζ2/L.

to a second set of calculations, where we assume that the statistics of first crossing
events—i.e. the crossings of a checkpoint for the first time after visiting E—are those
of a Poisson process. With this approximation the rate can simply be estimated by
calculating

K(ζi) =
ni
T , (5.56)
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5. Scaling of the contact distance between two fluctuating interfaces

where ni is the number of first-crossing events observed at checkpoint ζi over time T .
For this method (the Poisson method) the results from different simulations can be
combined by simply summing over the respective nis and the simulation lengths of
the individual simulations. The Poisson method significantly extends the range of
MFPTs that can be estimated and, additionally, allows us to gauge the influence of
correlations between crossing events on their statistics.

5.4.3. The (1+1)-dimensional EW interface

For the (1+1)-dimensional EW interface a wide array of results is available. It has
been shown that a tagged random walker within the interface behaves according
to fractional Brownian motion [192, 193] with a Hurst exponent of H = 1/4 [100,
194] (for conventional diffusion H = 1/2). This suggests that also the MRH shows
some non-Markovianity. Nevertheless, a calculation of first-passage times (FPTs) by
Gross [100], from an initially flat interface to a given value of the MRH, found that
they follow a Kramers-like form [34] of

τ(ζ) = τ0 exp

[︃
ζ2

2σ21d

]︃
(5.57)

where σ21d ∼ L/(βγ) and ζ ≫ w. A dimensional analysis in Ref. 100 shows that
τ0 ∼ Lα. No theoretical argument has yet predicted the value of the exponent α, but
numerical results in Ref. 100 suggest that α = 2.

Figure 5.6 presents a similar analysis, however, we calculate the MFPT not from
an initially flat configuration but rather from configurations observed along long
trajectories. For small τ the Poisson method underestimates the MFPTs, as judged
by results from the direct method that should be accurate in this regime. In the
intermediate range of τ -values we find excellent agreement between the two methods,
indicating that different crossing events are indeed largely uncorrelated. For large
values of τ we expect the MFPTs measured using the direct method to approach T /4
(see App. C.4) and, indeed, this is the behavior we observe.

To estimate the scaling behavior of τ(ζ), we show in the lower panel of Fig. 5.6 the
MFPTs as a function of ζ2/L as suggested by Eq. (5.57). We observe that for values
ζ2/L larger than 1, τ(ζ) is approximately proportional to eaζ2/L, where a is a constant
(as was previously observed for the FPTs). The scaling of the prefactor τ0 approaches
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a behavior proportional to L2 in the limit L→ ∞.

In summary, we observe the MFPTs to approach the form of Eq. (5.57) as the
system size and the value of ζ increase. Assuming, that Eq. (5.57) holds, we substitute
k(ℓ) = K(ℓ) = 1/τ(ℓ) into Eq. (5.40). Solving for ℓ∗ then yields a prediction for the
most likely contact distance between two interfaces,

(ℓ∗)2 = 2σ21dW

(︃
8σ21d
9Dτ0

)︃
, (5.58)

where W (x) is the inverse of f(x) = x exp(x), otherwise known as the Lambert-W
function. Substituting τ0 ∼ Lα, σ21d ∼ L, D ∼ L−1 and using the fact that for large
arguments W becomes logarithmic [195] 2, we get

ℓ∗ ∼
√︁
L log (cL), (5.59)

where c is an L-independent constant, just as anticipated from the simple reasoning
of Sec. 5.2. The exponent α ultimately only appears as an argument to a logarithm
and, hence, becomes a multiplicative factor in front of the scaling function. Notice
the key result here, that the most likely contact distance between two EW interfaces
scales sublinearly with the system size.

The equilibrium condition (5.41) can now be assessed by substituting the rate
function (5.57). Since the diffusion timescale increases with increasing ℓ, it is sufficient
to show that the equilibrium condition is fulfilled at ℓ = ℓ∗. Hence, we substitute the
solution (5.58), approximate W by the logarithm and simplify the expression to

τD
τrlx

⃓⃓
⃓⃓
ℓ=ℓ∗

≈ 1

2

σ21d
τrlxD

∼ L

L2(1/L)
∼ const. (5.60)

This implies that, if the interfaces have time to relax at one system size around ℓ∗, the
relaxation condition (5.41) is fulfilled for all system sizes, allowing us to extrapolate
our results to large system sizes.

In Sec. 5.5 we test these results using simulations of the two-dimensional Ising model
as an example. First, however, we present a similar analysis of the (2+1)-dimensional
interface.

2In particular log x− log log x < W (x) < log x.
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5.4.4. The (2+1)-dimensional EW interface

Less is known about the properties of the (2+1)-dimensional EW interface than the
(1+1)-dimensional interface. The equilibrium probability distribution P (ζ) is expected
to be Gaussian for large values of ζ [94, 96, 97] and in the limit N = L/∆x→ ∞ the
distributions for different system sizes (but the same value of βγ) can be collapsed by
applying the transformation [96]

ζ̃ = ζ −
√︃

2

πβγ
log

(︃
L

∆x

)︃
= ζ − S(L), (5.61)

as shown in Fig. 5.7. Here, we have defined the shift S(L) =
√︁
2/(πβγ) log(L/∆x).

Notice, that this expression explicitly references the discretization length ∆x even in
the continuous limit. This is a direct consequence of the fact that the width of the
(2+1)-dimensional interface diverges in the same limit [89, 90] and, therefore, one has
to choose a fixed discretization length in order to predict quantities related to the
width of the interface. Figure 5.7 shows the free energies βF (ζ̃) = − logP (ζ̃) for a
number of system sizes together with a fit of

βFgauss(ζ̃) =

(︂
ζ̃ − ζ̃0

)︂2

2σ2g
(5.62)

to the large ζ̃ tail of βF . While the fact that the tail of these distributions is Gaussian
can be shown from first principles [96], no theoretical argument that determines the
constant ζ̃0 exists so far. We determined σg and ζ̃0 from the fit shown in Fig. 5.7.

The functional form of τ(ζ) is not known analytically. As was done in the (1+1)
dimensional case, also here one can propose a Kramers-like form for the MFPT based
on Eq. (5.62), given by

τ(ζ̃) = τ0 exp

[︄
(ζ̃ − ζ̃0)

2

2σ2g

]︄
. (5.63)

Figure 5.8 shows the MFPTs calculated from simulations. For the smallest system
size of L = 10 excellent agreement with Eq. (5.63) is found by fitting τ0 while using
the parameters ζ0̃ and σg determined from the free energy landscape.

As L increases, however, two changes can be observed: first, the ζ-ranges where
direct- and Poisson method yield different results become larger and, secondly, as
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Figure 5.7.: Free energy βF (ζ̃) = − logP (ζ̃) as a function of the shifted maximum
relative height, ζ̃, for the (2+1)-dimensional Edward-Wilkinson interface
and several system sizes L. The dotted line is a fit of Eq. 5.62 with
parameters ζ̃0 = −1.66 and width σg = 0.65. The data has been obtained
using umbrella sampling simulations with harmonic biases that were
subsequently matched using the WHAM method [86–88]. For details on
these simulations see App. C.7.

L becomes larger the τ(ζ) is not well described by Eq. (5.63). Rather, the MFPTs
depend exponentially on ζ, like

τ(ζ̃) = τ0 exp

[︄
ζ̃ − ζ̃0
σe

]︄
, (5.64)

where τ0 ∼ const. We are not aware of any theoretical prediction of this behavior, and
in the following we will explore the consequences of both the behavior of Eq. (5.63)
and the exponential behavior of Eq. (5.64) on the most likely contact distance, ℓ∗.

We start with the exponential rate function implied by Eq. (5.64), which appears to
hold for large L in the EW model:

k(ℓ) = τ−1
0 exp

[︄
− ζ̃ − ζ̃0

σe

]︄
(5.65)

Substituting into Eq. (5.39) and solving for ℓ∗ yields

ℓ∗ = σe log

(︃
16σ2e
9Dτ0

)︃
+ S(L) + ζ̃0. (5.66)

93



5. Scaling of the contact distance between two fluctuating interfaces

2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5
ζ

101

103

105

107

τ

(a)L = 10

L = 20

L = 40

L = 80

L = 120

L = 200

L = 400

L = 800

2.5 3.0 3.5 4.0 4.5

ζ̃ − ζ̃0

10−3

10−1

101

103

105

107

τ
/
√

L

(b)

5 10 15 20

(ζ̃ − ζ̃0)
2

10−3

10−1

101

103

105

107

τ
/
√

L

(c)

101 102 103 L

101

102

τ

ζ̃ = 2.5

∝
√

L

Figure 5.8.: Mean first-passage times of the maximum relative height at checkpoints
ζ, τ(ζ) calculated from long equilibrium simulations of (2+1)-dimensional
EW interfaces of several sizes L [L increases from left to right in (a) and
from top to bottom in (b) and (c)]. (a) shown are the results obtained using
the direct method (solid lines), and using the Poisson method (dashed
lines). (b) same data scaled by

√
L and as a function of the shifted values

ζ̃ − ζ̃0. (c) same data as a function of (ζ̃ − ζ̃0)
2. The dashed black lines

represent Eq. (5.63) where τ0 has been used to shift the curve. The values
of σg and ζ̃0 were taken from the fit shown in Fig. 5.7. The dotted lines
show the exponential behavior of Eq. (5.64) where the parameters τ0 and
σe were chosen by fitting to the data and the curve was subsequently
shifted towards smaller τ for clarity. As in the (1+1)-dimensional case,
τdirect approaches T /4 in the limit of large τ . Inset: τ as a function of L
at a fixed value of ζ̃ = ζ − S(L) = 1.25. See App. C.5 for the same plot at
other values of ζ̃.

With the scalings σe ∼ const., D ∼ L−2, and τ0 ∼
√
L the scaling of ℓ∗ with system

size becomes
ℓ∗ ∼ log(cL), (5.67)

where c gathers all L-independent factors. With the same scalings the equilibrium
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condition (5.41) yields

τD
τrlx

=
σ2e
τrlxD

∼ const.

L2L−2
∼ const., (5.68)

indicating that, if the system fulfills the equilibrium condition at one system size, it
also fulfills it at larger system sizes and that we can extrapolate our results to large L.

The above scaling is exactly what was expected based on the simple derivation
sketched in Sec. 5.2. However, the path that leads to this result is unexpected: it
requires a careful treatment of the contact distance distribution and is based on the
unexpected rate expression (5.64) that likely is the result of strong correlations in the
dynamics of the interface.

The Kramers rate expression (5.63), that was the basis of the argument in Sec. 5.2,
leads to the slightly different result

(︂
ℓ∗ − S(L)− ζ̃0

)︂2
= 2λ2W

(︄
8σ2g
9Dτ0

)︄
, (5.69)

where, again, W (x) is the Lambert W-function. Substituting the above scalings then
leads to

ℓ∗ ∼
√︁
log (cL) +

√︃
2

πβγ
log

(︃
L

∆x

)︃
+ ζ̃0, (5.70)

where c is a constant with regard to L and we have approximated W (x) by log(x) [195]
as before.

The equilibrium condition (5.41) reads as

τD
τrlx

=
1

2

σ2g
Dτrlx

∼ const.

L2(1/L2)
∼ const., (5.71)

once again indicating that, if the interface has time to equilibrate at a given system
size, it also has sufficient time to do so at larger system sizes. The above result is
somewhat more involved since it involves the discretization length ∆x. But also here,
the growth of ℓ∗ with system size L is expected to be slow.

Note, that the first term of the result (5.70) resembles the first term of the semiempir-
ical expression for the average distance between two static (2+1)-dimensional interfaces
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that are in contact with each other at a single point,

ℓcont

ws
=
√︁
4 log(κuL) +

0.5772√︁
4 log(κα)

, (5.72)

proposed by Ponthus et al. [170] based on results from extreme value theory by
Preumont [196]. Here, ℓcont is the average distance between two interfaces that are in
contact in a single location, ws is the root mean square width of the interfaces, and κu
and κα are factors derived from moments of the power spectral density that describe
the fluctuations of the interface at hand.

In the next section we compare these predictions derived using the EW model to
simulations of more realistic systems: the Ising model and a system that contains
Lennard-Jones liquid-vapor interfaces.

5.5. The stability of slabs in simulations

As an example for systems where the interactions of two interfaces play an important
role, we examine the stability of slabs formed in molecular simulations of phase-
separated systems where periodic boundary conditions are used (see Figs. 5.1 and
5.2 for examples). Here, the slab shape is the thermodynamically stable shape for
clusters within a certain range of sizes, because the overall surface is smaller than the
surface that would be formed by other geometries (spheres, cylinders, or disks). The
sizes where the slab is thermodynamically stable can be determined by comparing
the surface area of the slab to the competing geometries—a disk in (1+1) dimensions
and a cylinder in (2+1) dimensions. Denoting with Ω the area or volume of the
system simulated and with Ωc the area or volume of the critical cluster where the
slab geometry becomes stable with respect to the competing geometries, the result is
Ωc/Ω = 1/π in both (1+1)- and (2+1) dimensions. In other words: the slab geometry
becomes thermodynamically stable when the cluster makes up more than a certain
area/volume fraction of the system. As the cluster becomes larger than half the size of
the system, the two phases switch their roles and the sequence of geometries inverts;
the phase that previously formed the cluster now envelopes a cluster of the other
phase that takes on the different geometries.

In order for a slab to change its shape to another geometry the two interfaces have to
come into contact first. Assuming that this is the rate controlling step of the process,
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the width of slabs that are observed immediately prior to their transition to a disk- or
a spherical shape is therefore expected to scale according to Eq. (5.59) and Eq. (5.66),
in (1+1) and (2+1) dimensions, respectively.

In the following we investigate these widths in simulations of the ferromagnetic
Ising model for zero field in (1+1) and (2+1) dimensions as well as in simulations of a
Lennard-Jones liquid at coexistence with the gas phase. All quantities are presented
in terms of reduced units of the respective system.

5.5.1. Simulation details

Ising model simulations are performed on square and cubic lattices with ferromag-
netic nearest-neighbor interactions, vanishing external field, and periodic boundary
conditions in all directions. We set up a simulation box that contains a slab of spins
pointing in the up direction, which includes 50% of the available spins. Trajectories
are run until the first hole appears in the slab and the configuration observed just
prior is analyzed. The detection of holes in the slabs is detailed in App. C.6. Roughly
500 trajectories have been generated for each system size.

In order to find the average width of the slabs in these configurations, the configura-
tions are then aligned according to each slab’s center-of-mass and the spin values are
averaged over the in-plane directions of the slab. From the resulting distribution (see
Fig. 5.9 for examples) we calculate the full-width-half-maximum distance (FWHM)
which is plotted as l∗ in Figs. 5.10 and 5.11. Alternatively, the width of the slab can
be calculated from the magnetization of the configurations, taking into account the
bulk magnetization of the all-up and the all-down phase at the given temperature (see
App. C.8 for details). Both approaches yield similar results.

In the case of the 3-dimensional LJ system, we first calculate the vapor pressure of
a system of 20133 atoms in a slab configuration (periodic boundary conditions applied
in all directions), in the canonical ensemble at T = 0.63, using a simulation box of
35×35×35. After averaging over 500 000 timesteps, sampling every 10 steps, we obtain
a reduced pressure of p = (5.9± 0.5)× 10−3, which we use as the reference pressure
for the subsequent sets of NpT simulations. All molecular dynamics simulations
were performed using the GROMACS simulation package [197] (version 5.1.2) with an
interaction cut-off of 2.05. We integrated the equations of motion using the leap-frog
integrator with a time step of 4.65× 10−4 which is equivalent to 1 fs using parameters
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Figure 5.9.: Density of spins that belong to slabs that are observed just prior to a
hole forming in trajectories of the 2d-Ising model. Prior to averaging, the
slabs have been aligned with respect to their centers-of-mass at x = 0.
The distance x is measured in units of the lattice spacing between spins.
Different colors correspond to different linear system sizes L. The widths
indicated are the full width at half maximum.

for argon. To simulate the NV T and NpT ensembles, we used the Nosè–Hoover [198,
199] thermostat and the Parrinello–Rahman barostat [200], respectively.

Next, we prepare the systems for the NpT simulations with different cross-sectional
areas by cutting out boxes of 4.4 × 4.4, 8.8 × 8.8, 17 × 17, and 26 × 26 from the
original one. For each size, we run a short NV T relaxation and generate 20 different
initial states by choosing random initial velocities taken from a Maxwell distribution
at T = 0.63. We integrate the equations of motion at constant temperature (T = 0.63)
and normal pressure (p = 5.9) for 200 000 timesteps for each of the randomized starting
configurations. For this particular setup that sets only the pressure normal to the
interfaces, we use three uncoupled Parrinello-Rahman barostats, each in one of the
three spatial directions, but we vary the box length only along the direction of the
interface normal. In this way, we impose a constant length for the simulation box
edges along the two directions perpendicular to the surface normal. Because the
conditions chosen are close to coexistence, during these runs some of the simulation
boxes increase their volume, while some others decrease it, bringing the two interfaces
eventually in contact.

Unlike in the Ising model, in an off-lattice system like the Lennard-Jones fluid it
is necessary to introduce an ad-hoc characteristic distance dc to determine which
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molecules belong to the vapor phase, and when two interfaces can be considered to be
in contact. We have chosen the value dc = 1.32, roughly corresponding to the distance
at which the pair distribution function crosses 1.0 after the first maximum. We used
the distance dc to perform a cluster analysis of the frames, where we determined the
liquid fraction of the system to be the largest connected cluster in the system. Next,
we performed an analysis of the interfacial atoms using the ITIM algorithm [201] in
the pytim analysis package [202]3 using a probe sphere radius of 0.5 [203]. In a last
step, we use an additional clustering analysis with the same cutoff parameter dc, this
time performed only on the set of interfacial atoms, and consider the two interfaces to
be in contact as soon as the two interfacial layers become a single cluster.

Since the interfacial analysis is computationally expensive, a bisection approach can
be helpful in the analysis of trajectories, where one checks only the frame in the middle
of the search interval, updating the search interval to the right half if no contact is
found. This strategy reduces the number of frames to be analyzed from the order of
the total number O(Nt) to O(log2Nt), where Nt is the number of frames obtained
from the simulation over time t. Once the frame at which the contact takes place is
identified, we compute the root mean square width of the slab as

δ =

⌜⃓
⎷⃓ 1

Ns

Ns∑︂

i

(zi − z̄)2, (5.73)

where the sum extends over the Ns surface atoms, zi is the position along the surface
normal of an interfacial atom, and z̄ =

∑︁
zi/Ns. Figure 5.12 shows the averages of δ

over all trajectories observed for a given linear system size L as l∗(L).

5.5.2. Results

Figure 5.10 shows the data obtained using the (1+1)-dimensional Ising model together
with a fit to the predicted scaling (5.58). The data is in excellent agreement with the
predicted scaling.

For (2+1)-dimensional interfaces two predictions have been made in Sec. 5.4 that
are derived from assuming different dynamics of the maximum relative height of
the interface expressed by the rate function k(ℓ). In Figs. 5.11 and 5.12 fits to both

3Available at https://github.com/Marcello-Sega/pytim.

99



5. Scaling of the contact distance between two fluctuating interfaces

0 50 100 150 200 250

L

0

5

10

15

20

25

30

l∗

Theory

Equ

Simulation

Figure 5.10.: l∗(L) for the (1+1)-dimensional Ising model. The widths ℓ∗ are the
average of the full-width at half-maximum (FWHM) of the spatial distri-
bution of spins that belong to a cluster that is observed just prior to a hole
forming. Error bars indicating an error level of one standard deviation
are smaller than the symbol size. The blue line is a fit to C1

√︁
LW (C2L)

in line with Eq. (5.58). The resulting parameters are shown in Tab. 5.1.
The dotted black line indicates the slab width below which a disk-shaped
cluster becomes the stable configuration in equilibrium.

predicted scalings are shown and the resulting parameters are listen in Tab. 5.1. Note,
that the second term in the scaling law for the (2+1)-dimensional case, Eq. (5.70),
requires knowledge of the surface tension γ. In case of the (2+1)-dimensional Ising
model we use a value of γ = 1.15095 as obtained in Ref. 204. We use the surface
tension extrapolated to L = ∞ here, since finite size effects are already included in
the EW model. In the case of the LJ liquid-vapor interface we use a value of γ = 1.97,
which is obtained from a linear extrapolation of the data provided in Ref. 205 to the
temperature used in the simulations presented here.

For the (2+1)-dimensional Ising model the best fit is obtained by assuming a
Gaussian form for k(ℓ), while the prediction for exponential k(ℓ) shows systematic
deviations. The agreement between data and the prediction for a Gaussian rate
function is excellent, indicating that the fluctuations of the interfaces in the system
are, indeed, well described by Gaussian rate functions.

In the (2+1)-dimensional LJ system such a clear distinction can not be made. Both
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Figure 5.11.: l∗(L) for the (2+1)-dimensional Ising model obtained by calculating the
full-width at half-maximum (FWHM) of the spatial distribution of spins
that belong to a cluster that is observed just prior to a hole forming.
Error bars indicate an error level of one standard deviation. The lines
are fits to α1 log(α2L) and β1

√︁
log(β2L) + S(L) + ζ̃0, corresponding to

choosing k(ℓ) as an exponential function and a Gaussian, respectively
(see Eqs. (5.66) and (5.70)). The resulting parameters are shown in
Tab. 5.1. The dotted black line indicates the slab width below which a
cylindrical cluster becomes the stable configuration in equilibrium. The
inset shows the deviations of the fitted functions from the observed data
for exponential k(ℓ) (blue crosses) and Gaussian k(ℓ) (red circles).

Table 5.1.: Parameters obtained by the fits shown in Figs. 5.10 through 5.12. All
parameters are given in reduced units.

Ising (1+1)-dim. Ising (2+1)-dim. LJ (2+1)-dim.
C1 = 0.43 α1 = 3.5 α1 = 0.84

C2 = 2.6× 105 α2 = 0.39 α2 = 2.6
β1 = 6.1 β1 = 1.6
β2 = 0.21 β2 = 7.4

β3 = 0.49

assumptions for k(ℓ) yield fits of similar quality. Note, that since the value of ∆x
is unknown in the case of the LJ model, we have used its value as an additional fit
parameter. Nevertheless, the slow growth of the contact distance is confirmed.
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Figure 5.12.: l∗(L) for the (2+1)-dimensional Lennard-Jones system where a slab of
liquid coexists with a slab of gas. The widths are determined by averaging
the values δ in Eq. (5.73) over all observed trajectories. The error bars
indicate an error level of one standard deviation. The lines are fits to
α1 log(α2L) and β1

√︁
log(β2L) + S(β3L), corresponding to choosing k(ℓ)

as an exponential function and a Gaussian, respectively (see Eqs. (5.66)
and (5.70)). The resulting parameters are shown in Tab. 5.1. The dashed
black line indicates the slab width below which a cylindrical hole becomes
the stable configuration in equilibrium. The inset shows the deviations
of the fitted functions from the observed data for exponential k(ℓ) (large
blue circles) and for Gaussian k(ℓ) (small red circles).

Figures 5.10 through 5.12 also show equilibrium expectations for the stability of slabs.
For values of the distance between the two interfaces ℓ below the dashed black lines,
slabs are thermodynamically unstable with respect to other geometries. From both
theory and simulations we find that slabs persist to much smaller interface separations.
For large enough system sizes, the transition from slab to the other geometries is
suppressed in all cases by the slow dynamics of extreme interfacial fluctuations. Also,
the discrepancy with equilibrium expectations grows with increasing system size.
Conversely, for small system sizes, we see that slabs are unstable even though they are
predicted to be stable based on their volume alone, which is consistent with our fits
and follows from the modulation of the surfaces by capillary waves. Also this regime
is well described by the theory developed in this paper.
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5.6. Summary and Conclusions

We have presented a general approach to calculate the distribution of contact distances
between two surfaces that are modulated by fluctuations and at the same time diffuse
freely relative to each other. The corresponding stochastic PDE (Eq. (5.6)), which can
be understood as a generalized reaction-diffusion equation, is solved approximately
for different rate functions k(ℓ) using a path-integral method. This calculation yields
the distribution of contact distances as well as a condition for the most likely contact
distance, ℓ∗ (Eq. (5.39)).

The rate function k(ℓ), which represents the rate of forming a closing fluctuation
between two interfaces that are on average ℓ apart, is in principle system specific. We
have presented simulations using a basic interface model—the Edward-Wilkinson [89]
(EW) model in both (1+1)- and (2+1) dimensions—where we calculated the rate
functions k(ℓ) numerically. Our results on the (1+1)-dimensional interface confirmed
previous results [100] that the rate function k(ℓ) is a Gaussian function of ℓ. In the
(2+1)-dimensional system a more complex behavior was observed where k(ℓ) for small
system sizes is a Gaussian, whose mean and variance are consistent with expectations
from the known free energy landscape. For larger system sizes, k(ℓ) instead decays
exponentially.

Based on these functional forms of k(ℓ), we calculated expressions for the distribution
of contact distances, u(ℓ), and the most likely contact distance ℓ∗. A comparison to
the results of numerical calculations of u(ℓ) shows excellent agreement with our theory
in the limit of slow diffusion of the interface, i.e. for small but finite D. Furthermore,
a scaling analysis based on the results achieved using the EW model, yielded a scaling
law for ℓ∗ that shows remarkably slow growth of the most likely contact distance
with system size. In particular, in the (1+1)-dimensional case the growth is given
by ℓ∗ ∼

√︁
L log(cL) and in the (2+1)-dimensional case ℓ∗ grows like ℓ∗ ∼ log(cL) if

k(ℓ) is exponential and like ℓ∗ ∼
√︁
log (cL)+

√︁
2/(πβγ) log (L/∆x)+ ζ̃0 for Gaussian

k(ℓ). Here, βγ is the reduced interface tension, ∆x is the chosen discretization length,
and ζ̃0 is a constant. In either case the growth of ℓ∗ is slow in the sense that the
L-dependence enters into the fastest growing terms through logL only.

As an application of these results, we investigated the stability of slabs of particles in
molecular simulations, in particular, the widths ℓ at which they are found to collapse
into more compact cluster shapes. The expectation from equilibrium considerations
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alone, is that ℓ∗ ∼ L in all cases. However, in order for this collapse to occur, the two
interfaces of a given slab have to come into contact with each other first. Assuming
that the dynamics of the interfaces formed in these simulations are similar to the ones
exhibited by the EW model, it follows that the scaling laws derived above also apply
to the most likely collapse distance; a result that is in stark contrast to equilibrium
expectations. Indeed, our simulations of the (1+1)-dimensional Ising model show
that ℓ∗ scales proportional to

√︁
L log(cL), as stated above. The results obtained with

the (2+1)-dimensional Ising model are best fit by a model that assumes k(ℓ) to be
Gaussian in shape and also here the fit is excellent. Another set of simulations was
performed using a slab of a Lennard-Jones liquid that forms two liquid-gas interfaces.
In this case, based on our results we can not distinguish, whether a better fit can
be achieved using a k(ℓ) that is exponential or one that is Gaussian. However, both
theories fit well to the data obtained, once again confirming the extremely slow growth
of contact distance with system size. These results imply that, even in the macroscopic
limit, the most likely contact distance ℓ∗ is microscopic, an observation that has been
made in experiments using colloidal dispersions [165], where colloidal droplets coalesce
under the influence of gravity when there is a gap on the order of 1 µm between them.

An interesting consequence of our results is the dependence of ℓ∗ on log
(︁
σ2/(Dτ0)

)︁
,

where σ is a length scale related to the roughness of the interface4, τ0 is a dynamical
factor related to the timescales of fluctuations of the interface, and D is the diffusion
coefficient that governs the evolution of the center-of-mass distance of the two interfaces.
A decrease of D (while keeping all other coefficients constant) implies an increase of
ℓ∗, highlighting the importance of dynamical fluctuations in scenarios of interfacial
contact. The diffusivity of two interfaces can thus be viewed as a control parameter
for tuning the distance at which they come into contact.

The results presented in this work have been achieved by using results about
the maximum relative height (MRH) observed in the Edward-Wilkinson model and
extending them to other systems. This yielded an excellent match between simulation
results and theory for the systems that were investigated. These results should be
transferable to other interfacial systems provided that the dynamics of the MRH are
qualitatively similar to the EW model. An extension to other situations can be made
using the remarkably simple condition (5.39) that allows a prediction of the likely

4The length scale σ is subtly different in the (1+1)- as opposed to (2+1) dimensional system. See
Secs. 5.4.3 and 5.4.4 for details.
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melting of ice

The contents of this chapter have previously been published in The Journal of Chemical
Physics. Reproduced from

Moritz, C., Geissler, P. L., Dellago, C. The microscopic mechanism of bulk
melting of ice. J. Chem. Phys. 155, 124501 (2021),

with the permission of AIP Publishing.

Abstract

We study the initial stages of homogeneous melting of a hexagonal ice crystal at
coexistence and at moderate superheating. Our trajectory-based computer simulation
approach provides a comprehensive picture of the events that lead to melting; from the
initial accumulation of 5+7 defects, via the formation of L-D and interstitial-vacancy
pairs, to the formation of a liquid nucleus. Of the different types of defects that we
observe to be involved in melting, a particular kind of 5+7 type defect (type 5) plays a
prominent role as it often forms prior to the formation of the initial liquid nucleus and
close to the site where the nucleus forms. Hence, like other solids, ice homogeneously
melts via the prior accumulation of defects.

6.1. Introduction

In this paper we present a computer simulation study of the initial stages of melting
of hexagonal water ice (Ice Ih) at ambient pressure and superheating up to 11% above
the melting point in a regime where the formation of a liquid nucleus of sufficient size
is the rate limiting step. Our analysis of ensembles of trajectories yields a detailed,
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time-resolved picture of the different dynamical pathways that lead to the formation
of such a liquid nucleus and the role that different types of defects play. We find
that prior to melting a number of so-called 5+7 defects and larger defect structures in
the hydrogen-bond network accumulate in the volume that later becomes the liquid
nucleus and that the size and number of these defects becomes larger as the degree of
superheating is reduced.

The microscopic mechanisms that lead to melting of crystalline solids are a long-
standing subject of solid state theory. In most situations melting originates at the
surfaces of a crystal [206], however, under particular circumstances a solid may melt
from within the bulk of a crystal as opposed to its surfaces [207] (so called homogeneous
melting). For example, micrometer sized single crystal spheres made of silver melt
homogeneously if their surfaces are covered by layers of gold atoms. This shell of
atoms suppresses surface melting [208] by having a higher melting point while forming
a lattice that is compatible with the silver lattice. Using this method, substantial
superheating of the Ag lattice can be achieved that is preempted by surface melting
in a conventional setting.

A multitude of theories exist that put increasingly stringent limits on the amount of
superheating a crystal can be subjected to before it becomes mechanically unstable [209–
215]. However, in equilibrium all of these instabilities are preempted by thermal melting
of the crystal via a nucleation and growth mechanism [216]. In many recent studies
preexisting defects have been found to play a major role [105, 106, 216–223] in melting
mechanisms and to significantly influence the stability limits of crystals.

Melting of ice Ih—the ordinary form of ice that can be seen around the liquid nucleus
in Fig. 6.1—is a particularly interesting example of a melting crystal, as its open
structure is held together by a network of hydrogen bonds. At temperatures around
the ambient pressure melting point, these bonds can rupture and form with relative
ease compared to, e.g., covalent bonds, and, hence, a multitude of hydrogen bonding
defects occurs in ice under these conditions. While ice usually melts heterogeneously,
homogeneous nucleation has been induced by internal heating. This is achieved
by exciting the OH stretching mode of water with IR laser light [224–228]. Such
experiments strongly suggest that defects play a key role in determining the stability
of ice crystals [226].

Previous computer simulation studies of ice melting support the finding that defects
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6.1. Introduction

Figure 6.1.: Example configuration containing a spherical liquid cluster. For clarity,
the potential energy of the configuration has been locally minimized. The
configuration has been prepared by selecting the molecules in a sphere of
radius 1.5 nm and melting them by heating. Afterwards the configuration
is briefly equilibrated at a temperature of 303K.

play an important role. Donadio et al. [105] investigated the free energy landscape
of melting at the melting point, finding that so-called 5+7 defects form a minimum
in the free energy landscape (see Sec. 6.2 for a description of the various defect types
found in ice). Furthermore, they observed the formation of large defect structures
in the hydrogen bond network that involve on the order of 50 molecules. Mochizuki
et al. [106] studied spontaneous melting under higher superheating (around 19% above
melting temperature) where melting events occur spontaneously in simulations within
a timeframe of a few nanoseconds. They identified the formation of separated defect
pairs (either interstitial-vacancy or L-D pairs) as the controlling step in the melting
process at these conditions and also observed 5+7 defects as part of the melting
mechanism.

In this paper we follow a similar approach to the one presented in Ref. 106 where an
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6. The microscopic mechanism of bulk melting of ice

ensemble of trajectories is generated and the effect of defects is investigated. However,
due to the lower degree of superheating the critical step in the nucleation process is
the formation of a liquid nucleus of sufficient size. At the temperatures we consider,
the rate of formation of such critical nuclei is much lower than the rate of melting
observed in Ref. 106. As a result, the required number of melting trajectories cannot
be feasibly obtained from MD simulations simply by waiting for spontaneous melting
events to occur. In this paper we generate unbiased melting trajectories based on
the expectation of a nucleation-growth mechanism near phase coexistence, yielding
hundreds of statistically independent samples. With the help of these trajectories
we then assemble a detailed, time-resolved picture of the dynamic pathways that
lead from a frozen crystal to a liquid nucleus at different degrees of superheating.
This analysis yields a comprehensive picture of the roles different defects play in the
mechanism of homogeneous melting as a function of temperature.

The remainder of the paper is organized as follows: in Sec. 6.2 we introduce the types
of defects that we refer to throughout the paper. In Sec. 6.3 we lay out our simulation
methodology and in Sec. 6.4 we present the results of our simulations. Section 6.5
summarizes and discusses our findings.

6.2. Ice defects

As part of our analysis we classify different point defect types that can occur in ice.
Here we briefly introduce the types of defects we consider and summarize previous
results on the role they play in melting. Higher dimensional defects such as dislocations
and disclinations do not form spontaneously in the simulations presented in this paper
and, hence, we limit this discussion to point defects only.

In order to discuss defects within the ice Ih structure it is instructive to first reiterate
some of the properties of hexagonal ice [229]: (1) the water molecules (H2O) are laid
out in a wurtzite structure [102, 230]; (2a) each molecule takes part in four hydrogen
bonds to its nearest neighbors; (2b) two of the hydrogen bonds are donated to other
molecules. Observations (2a) and (2b) together are known as the Bernal-Fowler ice
rules[230, 231]. (3) The hydrogen bond network of a defect-free Ice Ih crystal can be
decomposed into an array of 6-membered rings. However, the direction of hydrogen
bonds in the bond network is not uniquely determined and, consequently, there is no
long range proton order in Ice Ih [102, 230].
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Figure 6.2.: Sketches of 5+7 defects. Red circles indicate oxygen atoms. Left: 5+7
defect in the basal plane of a hexagonal ice crystal. D and A mark the
central molecules of the 5+7 defect that form a hydrogen bond that is
part of two 7-rings. Numbers indicate how many molecules comprise
the rings that enclose them. Right: Classification of different 5+7 defect
types according to the local arrangement of hydrogen bonds as defined
in Ref. 104 and used in this paper. White arrows point from donor to
acceptor oxygen in hydrogen bonds. The circles on oxygens indicate
hydrogen bonds that are formed along an orthogonal plane. IP and OP
stands for in-plane and out-of-plane molecules, respectively, and indicates
whether the plane that is spanned by the H-O-H triangle is parallel to
the basal plane or orthogonal to it.

Breaking rule (1), i.e. displacing a molecule far from its location in the perfect
lattice, leads to an interstitial-vacancy (I-V) pair. It has been shown that translational
diffusion within ice occurs by the movement of whole molecules [102, 232] and that the
concentration of ionic defects is low compared to molecular defects [229, 233]. Hence,
we expect that whole molecules also form the majority of I-V defects in the lattice
(and not ionic defects). In our simulations we only consider I-V defects where whole
molecules are moved out of their lattice position. No ionic defects can occur in our
simulations.

Breaking condition (2) while keeping condition (1) intact leads to so-called Bjerrum-
or L-D pairs [101]. L and D defects are, respectively, characterized by a missing or an
excess proton within a small region of space so that the ice rules are not satisfied
and can not be satisfied until a matching defect of the other type is encountered.
Nevertheless, L-D pairs are often found bound to each other forming an L+D complex
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6. The microscopic mechanism of bulk melting of ice

that exhibits a lower potential energy than a separated L-D pair [104]. In this work,
we do not distinguish between separated L-D pairs and L+D complexes and call all
structures where the ice rules are broken L-D defects.

I-V and L-D defects will be referred to as mobile defects throughout this work because,
once a pair of these defects is formed and separated from each other, their movement
through the system is relatively facile [234]. Ref. 106 discusses the critical role of mobile
defect pairs in melting under high superheating conditions, where the separation of a
mobile defect pair is found to drastically lower the free energy barrier that needs to
be overcome in order for melting to occur.

Finally, breaking of rule (3) while keeping rule (2) intact constitutes another class of
defects, which (in line with Ref. 105) we will call topological defects. These are defects
where the 6-ring structure of the perfect lattice is broken and instead there are other
ring combinations present. Note that the ice rules are still fulfilled in these defects
and that the molecules that take part are only shifted by small distances from their
positions in the perfect lattice. The most prominent of these defects is the so-called
5+7 defect, first found in simulations by Tanaka & Mohanty [235] and described in
detail by Grishina & Buch [104]. In 5+7 defects two 5- and two 7-membered rings
are found neighboring each other. These defects can then be further classified into
different types according to the placement of protons around the central bond of the
5+7 defect (see Fig. 6.2) and according to the crystal plane they are formed in. 5+7

defects are readily observed in equilibrium simulations that use the TIP4P family of
water models [235, 236].

Other combinations of ring sizes are also possible: for example we encounter 455778

defects that center around a 4-ring while still satisfying the ice rules (see Fig. 6.3).
Larger defect structures (such as the ones observed in Ref. 105) are frequently observed
in melting trajectories and we will subsume all of these structures under the name
extended topological defect or E defect. All topological defects have in common that
there is no efficient mechanism for these defects to move which is why we will refer to
them as immobile defects in the following.

In the next section we present the simulation methodology used to generate trajec-
tories that are then analyzed in terms of the defects that occur at various stages of
melting.
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Figure 6.3.: Snapshot of a 455778 defect that is embedded into the basal plane of an
Ice Ih crystal. The numbers mark the 4-, 5-, 7- and 8-membered rings in
the H-bond network that make up the defect. The white molecules are
located in an adjacent, defect free plane.

6.3. Methods

6.3.1. Generating parts of reactive trajectories

Our aim is to investigate the melting transition starting from configurations that
contain an Ice Ih crystal with possibly a few 5+7 defects (state A in Fig. 6.4) and
ending in the liquid state (state B). In particular, we are interested in the initial
stages of these trajectories up to a state where a liquid nucleus has formed (state S
in Fig. 6.4). Note that we include configurations that contain 5+7 defects into the
definition of state A. Such defect states occur readily in equilibrium trajectories under
the conditions considered in this paper where the Ice Ih crystal is metastable with
respect to the liquid state.

Under these conditions the two states A and B are separated by a free energy
barrier so that the melting transition is a rare event. This means that the average
waiting time τAB between preparing a system in an equilibrium frozen state in A and
a melting event that leads the system from state A to the liquid state B exceeds the
timescale of relaxation in state A, τA, by orders of magnitude:

τA ≪ τAB (6.1)
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Figure 6.4.: Schematic representation of the method used to generate trajectories.
Region A contains configurations that are completely solid with possibly
a few 5+7 defects remaining. Region B contains configurations that are
liquid and region S contains molten nuclei prepared by the procedure laid
out in Sec. 6.3.1. Our aim is to generate a sample of the early stages of
melting trajectories (black curves with arrows). To do so, we integrate
trajectories starting from configurations in S until they reach A (red,
dashed arrows) and subsequently invert the direction of time. Trajectories
that reach B before A are discarded.

This so-called separation of timescales guarantees that the way melting events occur
does not depend on the details of how frozen configurations are prepared and that,
instead, we can think of the two states as being connected by an ensemble of melting
trajectories that leave A and end in B without visiting A in the meantime. This
ensemble of trajectories is called the transition path ensemble [58, 237] (indicated by
black arrows in Fig. 6.4).

To generate the initial parts of melting trajectories we take the following approach:

1. Pick a sample of configurations from equilibrium simulations of ice Ih performed
at the chosen temperature and pressure.

2. Construct a liquid domain inside this configuration and locally equilibrate the
resulting configuration. The resulting ensemble is denoted with S.

3. Run molecular dynamics simulations using a time-reversible integration scheme
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Figure 6.5.: Example of a configuration that contains a slab of liquid that consists
of half the molecules in a 720-molecule water system. For clarity the
potential energy of the configuration has been locally minimized.

starting from S until state A or B is reached. The resulting trajectories are
referred to as backwards trajectories.

4. Invert the time direction of the backwards trajectories that end in A to get a
sample of trajectories that lead from A to S.

The use of a time-reversible integration scheme guarantees that the trajectories
obtained by integrating backwards in time and subsequently inverting the momenta
are valid solutions of the forward integrator that lead from A to S [145].

Similar to the so-called seeding method [30, 107–109] we choose the liquid clusters
to be spherical in shape. In reality, the shape of the liquid nuclei that form during
homogeneous melting is likely not perfectly spherical due to slight differences in the
interface tension associated with different crystal planes [30, 238–240] as well as due
to the different dynamics of crystal growth along the plane normals [31, 241–243]. To
assess the effect different cluster shapes have on the early stages of melting trajectories,
we perform additional simulations at the ice-liquid coexistence temperature that start
from configurations with a slab shaped liquid domain such as the one shown in Fig.
6.5.

We refer to trajectories that are constructed from spherically shaped liquid domains
as spherical-geometry trajectories and to the ones constructed from slab shaped liquid
domains as slab-geometry trajectories.
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6.3.2. Simulation details

The simulations presented in this paper are obtained using the TIP4P/Ice water
model [244] with a time-reversible rigid body integration scheme [245, 246] as im-
plemented in the LAMMPS simulation package [247]1. Thermo- and barostats are
implemented using Nosé-Hoover chains [199, 248, 249] where the x, y and z directions
are independently barostatted to a pressure of 1 bar. Long-range interactions are
treated using a particle-mesh Ewald method (PPPM [250, 251]) with an accuracy of
10−4 and the timestep is set to 1 fs. Snapshots are saved for analysis every 10 ps.

Spherical-geometry trajectories

MD simulations used to generate spherical geometry trajectories are carried out with
2880 molecules in an almost cubic simulation box (see Fig. 6.1). The initial dimensions
of the boxes are 44.9× 46.7× 44.0Å3 in the directions orthogonal to the secondary-
prism plane, the prism plane and the basal plane, respectively. To generate initial
configurations for the backward trajectories we follow the following procedure:

1. Construct a proton ordered Ice XI lattice and randomly reorder the hydrogen
bonds using a Monte Carlo procedure [252] in order to obtain ice Ih. Here we
require that the total dipole moment of the configuration is zero at the end of
the procedure.

2. Equilibrate these configurations in a 30 ns parallel tempering [253–256] trajectory
using replicas starting from a temperature of 258K up to and including 328K

spaced 5K apart.

3. Pick a sample of configurations from the parallel tempering simulation at the
desired temperature.

4. Pick a random center for the liquid nucleus in each of the configurations and
find the molecules within a radius of 15Å.

5. Heat the selected molecules using a thermostat while keeping the molecules
outside the sphere fixed until the crystal structure in the selected region breaks
down.

1LAMMPS version (Aug 22 2018) has been used to generate trajectories.
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6. Equilibrate at the target temperature by first keeping the molten fraction fixed
and propagating the molecules in the crystalline phase (for 20 ps) and then
keeping the crystalline molecules fixed and propagating the molten molecules
(for 25 ps). This procedure hinders the molecules from recrystallizing because the
molecules inside and outside of the selected volume can not collectively reorder
into a frozen configuration.

It should be noted that given the initial volume of the liquid domain the spherical
shape is not the lowest free energy geometry. Instead, arranging the liquid domain
in the shape of a cylinder that wraps around the periodic boundary conditions of
the simulation box would lead to a lower overall surface area and, hence, a lower
free energy [80, 83]. These competing cluster shapes—which are an artifact of the
periodic boundary conditions—are separated from each other by significant free energy
barriers [80, 81, 171]. We see only small changes in the asphericity of the liquid
domains in the generated trajectories and no transitions to the cylinder geometry and
therefore assume that the existence of the competing cylindrical phase has no effect
on the generated trajectories.

Slab-geometry trajectories

Slab-geometry trajectories are generated using 720 molecules in an elongated box with
initial dimensions 44.9× 23.3× 22.0Å3 (see Fig. 6.5 for an example configuration).
The volume that contains the liquid is chosen so that the solid-liquid interfaces are
parallel to the secondary prism face of the Ice Ih crystal. This is the geometry that
has been found to preferentially form in Ref. 257. No initial equilibration is performed
because the system has sufficient time to equilibrate before the slab collapses into one
of the two competing phases.

The resulting trajectories are quite different from the spherical-geometry trajectories
at the same temperature of 268K. The spherical liquid domains shrink rapidly and
predictably due to surface tension. For the slab geometry, periodic boundary conditions
eliminate contributions from the surfaces where the liquid domain wraps around the
simulation box [80, 83]. Surface tension therefore does not drive the growth of the
slab-shaped liquid domains because a change in the volume of the liquid domain has
no effect on the overall liquid-solid surface area.

The temperature of T = 268K was chosen so that roughly half of the trajectories

117



6. The microscopic mechanism of bulk melting of ice

started with a slab-shaped domain melt and the others freeze, further reducing the
thermodynamic force that drives the growth and shrinkage of the liquid domain. This
temperature is slightly below the melting temperature at 1 bar of 272.2K reported by
Abascal et al. [244]; a discrepancy that is likely due to the non-negligible influence of
the solid-liquid interfaces in the comparatively small simulation box with 720 molecules.
The result are trajectories where the two solid-liquid interfaces that delimit the liquid
domain diffuse in the direction of their surface normal until they are close enough that
a fluctuation in the shape of the interfaces brings them into contact. The distance
between the interfaces at which this contact occurs is small, roughly one layer of
6-rings or 7Å.

A larger simulation cell would yield a larger, and more realistic, contact distance.
Increasing this distance considerably, however, comes at great computational cost,
for two reasons: first, the contact distance scales logarithmically with the size of the
simulation box [258]. Secondly, increasing the size of the simulation box slows down
the diffusion of the two interfaces which in turn sharply increases the length of the
required trajectories. The system size with interface areas of 23.3×22.0Å2 was chosen
as a compromise between maximizing the contact distance between the two interfaces
and minimizing the simulation time required to obtain trajectories.

Gathered data

In total, three sets of trajectories leading from the prepared configurations S to the
frozen state A were generated: 108 slab-geometry trajectories at a temperature of
T = 268K, 504 spherical-geometry trajectories at T = 268K, and 448 spherical-
geometry trajectories at T = 303K.

The temperature of 303K is 11% superheated relative to the melting point [244]
and has been chosen so that the spherical nuclei with a radius of 15Å are slightly
subcritical. Out of the 504 trajectories that were run we observed 56 trajectories that
melted before they could reach the frozen state A. On average A is reached in 13.6 ns

(slab, 268K), 5.1 ns (spherical, 268K), and 2.3 ns (spherical, 303K).

Data on equilibrium properties presented in this paper were obtained from the
parallel tempering simulations that were also used to generate initial configuration
for the backward simulation runs. The data from different replicas is combined using
the weighted histogram analysis method (WHAM[86, 87]) as implemented in the
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PyEMMA package [259].

We now invert the direction of time in these generated trajectories, which become
examples of the early stages of melting. We also set t = 0 at the crystalline endpoint
of each trajectory, so that the system adopts a frozen configuration at time zero and
melting commences as time increases. These time conventions will be used throughout
the remainder of the paper.

6.3.3. Defect detection

To detect defects in the hexagonal ice structure we adapt an array of different techniques
previously used to investigate the properties of water and ice. These include, after
locally minimizing the potential energy of a configuration, an analysis of the hydrogen
bond network [106, 260], in particular the ring structures found therein [105], as well
as the analysis of configurations relative to a reference configuration to facilitate the
detection of molecular interstitials and vacancies [106]. See App.D.1 for a detailed
description of the algorithms used.

These techniques yield an analysis like the one shown in Figs. 6.6 and 6.7. It includes
counts of the number of 4- and 5- membered rings (n4(t) and n5(t), respectively) that
are roughly proportional to the size of the liquid domain. It also indicates whether
certain defects have been detected in the configuration. The defect types distinguished
are I-V pairs, L-D pairs, and topological defects in the H-bond network: 5+7 defects,
455778 defects, and extended topological defect structures where the ice rules are
fulfilled (E defects). The 5+7 defects are further split into the five horizontal types [104]
(5+7-1 through 5+7-5) that are formed within the basal plane of the lattice and the
vertical type (5+7-V) where the 5+7 defect is formed in a plane orthogonal to the basal
plane.

Note that the algorithm used to detect defects of type I-V, L-D, and E does so in an
exclusive fashion: if an I-V pair is present, L-D and E defects can not be detected and
if an L-D pair is present, E defects can not be detected (see App. D.1, Fig. D.1).

As part of the analysis we determine three times along each melting trajectory: tA,
tE, and tm:

• tA is the time when the system leaves state A for the last time, i.e. it is the last
time where there are only 5+7 or 455778 defects present in the system.

119



6. The microscopic mechanism of bulk melting of ice

0

100

N
u

m
b

er
of

ri
n

gs tm

tEtA

n4 n5

1.5 2.5 3.5 4.5

t / ns

455778
455778-V

5+7-1
5+7-2
5+7-3
5+7-4
5+7-5
5+7-V

I+V (EXC)
L+D (EXC)

E (EXC)

melting =⇒ ⇐= freezing

Figure 6.6.: Analysis of an example melting trajectory. At the beginning of the chosen
timeframe a number of 5+7-5 defects are present in an otherwise frozen
configuration. The vertical lines indicate the times used to split the
trajectory into the three stages decribed in Sec. 6.4. Red markings in the
lower half of the plot indicate the presence of at least one defect of the
given type in the system. Due to the algorithm used only one of the defect
types marked with (EXC) can be detected at a time (see App.D.1). The
corresponding analysis for the other trajectories can be found in the data
supplement.
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Figure 6.7.: Snapshots of the trajectory analyzed in Fig. 6.6 at time tA (top) and at
time tE (bottom). Shown is a single basal plane that contains the 5+7
defects present at time tA (red, thick bonds). The colors of molecules
indicate their contribution to the total potential energy. The black lines
indicate hydrogen bonds between molecules.
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Table 6.1.: Thresholds in the growth of the number of 5-rings over a 200 ps period,
∆n5, used to detect time tm.

Geometry Temperature (T ) ∆n5
Slab 268K 8
Sphere 268K 8
Sphere 303K 15

• tE is the last time when no mobile defects are present in the system. In the
time between tA and tE, E defects are present in the system; L-D and I-V pairs
may also form during this interval, but by definition they must recombine before
time tE. If no E defect occurs along a trajectory, then tA equals tE.

• tm is the time when the extended liquid domain forms. This event is associated
with an increase in the rate at which 5-membered rings appear, i.e., the slope of
n5(t). Because this increase occurs on top of significant background fluctuations
in n5(t), we look for an increase of n5(t) over a timespan of 200 ps that is larger
than a given threshold ∆n5 (see Tab. 6.1).

In the supplement we include the defect analysis for each trajectory that is used in
this study, including the times tA, tE, and tm.

6.4. The three stages of melting

Based on the times defined in the previous section we now define three stages of the
melting mechanism (cf. Fig. 6.8): stage I (0 ≤ t < tE) where only immobile defects are
present in the system, stage II (tE ≤ t < tm) where one or more mobile defects have
formed and stage III (t ≥ tm) where an extended liquid nucleus has formed. In the
following sections we first discuss the spherical-geometry trajectories. Section 6.4.3
then discusses the differences found in slab-geometry trajectories.

6.4.1. Stage I: topological defects (t ≤ tE)

In equilibrium as well as in stage I of melting trajectories, the bulk of defects that
are present are of type 5+7. A prominent role in melting is played by 5+7-5 defects as
can be seen in Fig. 6.9 where we report the average numbers of defects found at time
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Figure 6.8.: Diagram of the stages observed during the melting of hexagonal ice crystals
and the pathways that are taken by trajectories in which a spherical liquid
nucleus forms. The percentages represent the fractions of trajectories
that proceed along the indicated pathway relative to the total number of
melting trajectories.

tA compared to the average numbers found in equilibrium. The difference in defect
numbers between these two scenarios is listed in Tab. 6.2.

At both temperatures the overall excess of defects found at time tA is mostly
accounted for by the excess of 5+7-5 defects. At T = 268K the number of 5+7-V

defects is also significantly enhanced while the number of 5+7-3 and 5+7-4 defects is
slightly reduced. At T = 303K the average number of defects of type 5+7-V and types
5+7-1 through 5+7-4 are roughly equal to the numbers observed in equilibrium.

At time tA one of two things happens: either an E defect forms (E-channel) or a
mobile defect forms directly (57-channel). Figure 6.8 shows the fractions of trajectories
that pass through each of these channels. As the temperature decreases from 303K to
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Figure 6.9.: Average number of 5+7 defects found in a cubic simulation box with 2880
molecules in equilibrium, alongside the probability of finding them in
melting trajectories at time tA. Results are shown in the top panel for
T = 268K and in the bottom panel for T = 268K. The black error bars
indicate a confidence level of 95%. Σ(FRZ) and Σ(EQU) indicate the
average overall defect counts at time tA and in equilibrium, respectively.
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Table 6.2.: Average numbers of defects ⟨n⟩ at time tA and in equilibrium, as well
as the difference ∆ between the two numbers, for different defect types
and at different temperatures T . Reported errors are 95% confidence
intervals calculated assuming that the numbers of defects are Poisson
distributed. This assumption is supported by an analysis of the defect
statistics presented in App. D.3, Fig. D.8.

T = 268K ⟨n⟩ (t = tA) ⟨n⟩ (Equ.) ∆

5+7-5 1.74± 0.12 0.21 1.53
5+7-V 0.53± 0.06 0.19 0.34
5+7-2 0.31± 0.05 0.37 −0.06
5+7-3 0.24± 0.04 0.41 −0.17
5+7-1 0.17± 0.04 0.16 0.01
5+7-4 0.11± 0.03 0.21 −0.11
455778 0.06± 0.02 0.03 0.03
SUM 3.15± 0.16 1.58 1.57

T = 303K ⟨n⟩ (t = tA) ⟨n⟩ (Equ.) ∆

5+7-5 1.30± 0.11 0.55 0.74
5+7-V 0.50± 0.07 0.43 0.07
5+7-2 0.49± 0.06 0.44 0.05
5+7-3 0.48± 0.06 0.55 −0.08
5+7-1 0.39± 0.06 0.48 −0.09
5+7-4 0.24± 0.05 0.32 −0.08
455778 0.02± 0.01 0.04 −0.02
SUM 3.41± 0.17 2.81 0.60

268K the number of trajectories that involve an E defect increases from 35% to 52%.

In order to assess the role of 5+7 defects in the melting mechanism, we analyze
the locations of defects relative to the center of the volume where the liquid nucleus
eventually forms (the nucleus volume), as well as relative to the sites where mobile
defects form at time tE. To do so, we define the pair-correlation function between
defects of reference type S and defects of target type T ,

gST (r) =
1

cS

HST (r,∆r)

ρT V (r,∆r)
, (6.2)

where HST (r,∆r) is a histogram of all pairwise distances between defects of type S
and type T observed in a set of configurations, ρT is the equilibrium number density of
defects of type T , and cS is the total number of defects of type S observed. V (r,∆r) is
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the volume of a spherical shell with inner radius r −∆r/2 and outer radius r +∆r/2,
where ∆r is the bin width of the histogram. Note, that gST (r) is not symmetric in S
and T because cS ̸= ρS . Nevertheless, we expect limr→∞ gST (r) = 1.

We also define nST (r) as the average number of defects T within a sphere of radius
r centered on a defect of type S, i.e.

nST (r) = ρT
∑︂

ri<r

V (ri,∆r) gST (ri). (6.3)

gT (r) and nT (r) are the analogous quantities where the reference points are the center
of the spherical nucleus volume.

Figure 6.10 shows gT (r) and nT (r) obtained from configurations observed at time
tE (including trajectories that proceed through both the 57- and E-channels). At
T = 268K there is up to a 50-fold excess over equilibrium in the density of 5+7 defects
inside the radius of the liquid bubble that forms later on. The most abundant defect
type inside this volume is the 5+7-5 defect with an average of 1.2 defects found within
the radius of 15Å while the average total number of 5+7 defects within this volume is
2.2. The next most common defect within the nucleus volume are 5+7-V defects.

Under superheating conditions at T = 303K the excess is slightly less pronounced.
Nevertheless, on average we find 1.5 5+7 defects within 15Å of the center of the
forming bubble (5+7-5 defects: 0.7).

At T = 268K we observe a suppression of defects outside the nucleus volume relative
to equilibrium. This suppression develops despite the fact that we used equilibrium
configurations to seed the simulations, a procedure that enforces that the environment
around the liquid domain is initially in equilibrium. The suppression of defect densities
around the liquid nucleus indicates that the presence of the nucleus facilitates annealing
of existing defects in the ice structure. We expect this effect to subside with increasing
distance from the nucleus, however, the simulation box used in our simulations is not
large enough to observe this return to average densities.

It is important to note here that precisely at coexistence the radius of the critical
nucleus is macroscopically large, and that the nucleus radius of 15Å used to seed our
simulations was chosen for comparison with simulations performed under superheating.
At the physically more realistic temperature of 303K the nucleus size used to seed
simulations is chosen close to the critical nucleus size at this temperature. This allows
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Figure 6.10.: Abundance of 5+7 type defects as a function of distance r from the
center of the liquid nuclei that were used to seed the simulations. The
gray vertical dashed line indicates the 15Å radius of the liquid nucleus.
Shown are the normalized defect densities gT (r) (solid) and the number
nT (r) of defects within a spherical volume of radius r around the center
of the nascent liquid nucleus (dashed). The dashed black line indicates
the sum of nT over all defect types, T .

us to extrapolate these simulation results to larger system sizes. Notably, under these
conditions there is no significant suppression of defect densities outside the nucleus
volume.

6.4.2. Stage II: mobile defects (tE < t ≤ tm)

In this next stage, a mobile defect, i.e., either an L-D or an I-V pair has formed. Which
defect type has formed as a function of time relative to tE is shown in Fig. 6.11 for
different temperatures and cluster geometries. Just over half of the configurations
(56%) observed at temperature T = 303K contain an L-D pair, while the other ones
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Figure 6.11.: Probabilities of finding the system with defects of type I-V or L-D, as
functions of time. To calculate the time-dependent averages, trajectories
have been aligned on time tE. The states shown are detected in a
mutually exclusive fashion, i.e. if there exists at least one I+V defect
in the system, it is considered to be in the I+V state regardless of the
number of L+D defects in the system. Notice the similarity between the
data obtained with the slab and the spherical geometry; the probabilites
are largely independent of the shape of cluster that is formed as well as
of temperature. The probabilities of finding the system in state I+V and
L+D by definition vanish at tE and sum to one for t > tE.

contain an I-V pair. The fraction of configurations where an I-V pair is present then
rapidly increases, reaching 98% 0.5 ns later. Similar behavior can be observed at
T = 268K regardless of the geometry of the liquid nucleus, giving us confidence that
the observed timescale of roughly 0.5 ns for the time between forming an L-D pair and
forming an I-V pair is largely independent of the geometry of the nucleus that forms
and of temperature.

We have already shown in the previous section that 5+7 defects tend to form
within the eventual volume of the liquid nucleus. Figure 6.12 assesses the analogous
behavior for mobile defects. While at T = 268K the first mobile defect that leads
to melting forms inside the volume of the future liquid bubble 80% percent of the
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Figure 6.12.: Analysis of locations where L-D pairs, and I and V defects form at time
tE relative to the center of the future liquid nucleus. Shown are the
densities ρT gT (r) (solid) and the number of defects within a spherical
volume of radius r around the center, nT (r) (dashed). The gray dotted
line indicates the 15Å radius of the nucleus volume.

time, at T = 303K this share has declined to 64%. In both cases, the formation
site is correlated with the center of the liquid nucleus (i.e. g(r) is not flat), however,
the mobile defects are formed outside the nucleus volume in a significant number of
trajectories.

To investigate the role of 5+7 defects in the creation of mobile defects, Fig. 6.13
shows an analysis of the defect densities around the site where a mobile defect forms.
Only trajectories that proceed via the 57-channel are included in this analysis. Note,
that due to the sampling frequency of (10 ps)−1 5+7 defects with a life time smaller
than 10 ps may not be detected in this analysis.

At both temperatures we find that the density of 5+7 defects is enhanced close to
the site where a mobile defect forms and we find the closest 5+7 defect within 6Å
in 71% of trajectories at 268K (303K: 57%). The average number of defects within
6Å is 0.87 (303K: 0.70). While at T = 303K all 5+7 defect types roughly contribute
equally to the nearby defect population, at T = 268K there is a preference for 5+7-5
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Figure 6.13.: Analysis of the positions of immobile defects around the site where a
mobile defect pair of type I-V or L-D forms at time tA. Shown are the
pair-correlation functions gST (solid) and the average numbers of defects
within a sphere of radius r, nST (dashed). Here, the reference defect
type S are the defect types L, D, I, and V combined. Black lines are the
sum over all defect types T . For clarity the densities are shown on a
semi-logarithmic scale while nST is shown on a linear scale. Included
in the analysis are configurations observed at time tA in trajectories
that proceed through the 57-channel. The corresponding analysis for
trajectories that pass through the E-channel can be found in App.D.3
(Fig. D.9).
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defects.

In trajectories that pass through the E-channel, mobile defects can also form close
to the E defect. Hence, due to volume exclusion, the density of 5+7 defects around
the site where a mobile defect forms is suppressed relative to the densities found in
trajecotories that pass through the 57-channel (see App. D.3, Fig. D.9).

After an I-V defect pair has formed we can track the motion of the two defects
through the system. In Fig. 6.14 we show the average distances between the I and
the V defects as a function of the elapsed time since the I-V pair has formed. The
average is calculated over all configurations where a single I-V pair is present and
each trajectory is included until time tm. Within roughly 0.5 ns the average distance
between I and V defects approaches the value expected if one were to randomly place
two particles in the simulation box (dotted lines in Fig. 6.14). In Fig. 6.15 we show the
mean-square-displacements,

⟨︁
r2(t)

⟩︁
, of I and V defects during the same timespan. After

a subdiffusive regime that lasts roughly 100 ps,
⟨︁
r2(t)

⟩︁
is close to linear indicating that

the defects freely diffuse through the system. At 268K the ratio of the self-diffusion
constants of intersitials and vacancies, DI/DV , equals approximately 2 (303K: 1.75).

Together these two datasets suggest that in the timespan between tE and tm both
defect types independently diffuse through the simulation box. Indeed we find that the
non-equilibrium pair correlation function between interstitials and vacancies obtained
from configurations observed in this timespan is flat for distances larger than 10Å
(see App. D.3, Fig. D.10).

To further investigate the role of I and V defects in the formation of a liquid nucleus,
Fig. 6.16 shows the position of the I-V defect pair that is closest to the center of the
nucleus volume at time tm. We find that at 268K in 98% of trajectories there is at
least a single I or V defect present inside the volume that later becomes the liquid
nucleus. In 82% of trajectories both the closest I and V defect are found in this volume.
No significant imbalance between the two types of defects can be detected.

Note that Fig. 6.16 shows the probabilities of finding the I and V defect closest to
the center of the liquid nucleus. Even for an ideal gas, the analogous distribution of
the closest gas atom to a given location is not flat but has a maximum at a distance
that is determined by the density of the gas. In App.D.2 we calculate the expected
shape of this distribution and compare it to the data shown in Fig. 6.16. We find that
there is a strong excess of I and V defects that are close to the liquid nucleus’ center at
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Figure 6.14.: Average distance between interstitial and vacancy as a function of time
after their first creation in melting trajectories. Shown are different
simulation box- and cluster geometries and temperatures. The data
shown has been calculated considering configurations with a single I-V
pair because the assignment of defects into pairs is unambiguous in this
case. The dashed horizontal lines indicate the average distance between
two randomly chosen points in the simulation box of the respective
geometry.

time tm relative to the expected distances based on uncorrelated density fluctuations.

At 303K the distribution of defect positions at time tm is broader. Here we find
that in 90% of trajectories at least one I or V defect is close to the center of the
liquid nucleus at time tm. V defects are found outside of the nucleus volume slightly
more often than I defects. Note, that the change in slope of n5(t) at time tm is less
pronounced at T = 303K than at 268K, making the determination of tm less precise.
The broader distribution of defect positions is at least in part a consequence of this
reduced precision. Nevertheless, also here we find a strong excess of I and V defects
close to the center of the nucleus volume compared to a uniform distribution of defect
positions.

6.4.3. Analysis of trajectories with slab shaped clusters

The results obtained for slab-geometry trajectories at T = 268K are largely similar
to the ones obtained for spherical clusters at the same temperature. The transition
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Figure 6.15.: Mean squared displacement of interstitial (solid lines) and vacancy defects
(dashed lines) as observed in between the time of their first formation in
melting trajectories up to the time where an extended liquid cluster forms,
tm. Different colors represent different system sizes and temperatures,
and the dashed black lines are a guide to the eye indicating linear
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⟩︁

into different directional components
⟨︁
r2i (t)

⟩︁
.

proceeds via the E-channel in 57± 7% of trajectories, via the 57-channel in 42± 6%

and via the D-channel in 1± 1% of trajectories. This is in good agreement with the
data obtained using spherical nuclei. Furthermore, also in this case we find that mobile
defects are preferentially formed around 5+7 defects and in particular around 5+7-5

defects, as can be seen in Fig. 6.17. Figure 6.11 demonstrates that the dynamics of
forming I-V pairs after tE are essentially identical to the ones observed with spherical
cluster geometries.

A notable difference can be observed in the mobility of interstitial defects (Fig.
6.15): while all I and V defects exhibit some subdiffusivity at timescales below 100 ps

regardless of cluster geometry and temperature, this effect is strongly enhanced in
interstitials that form when the liquid slab decays. The same is not true for the
corresponding vacancies. An analysis that separates the contributions to the MSD in
different lattice directions (see App. D.3, Fig. D.11) also suggests that the movement
of interstitials is hindered in both the direction orthogonal to the secondary prism
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Figure 6.16.: Analysis of the locations of I-V defects at the time of formation of a
liquid nucleus, tm, using the center of the nucleus volume as reference.
Shown are the fractions of trajectories in which the closest vacancy and
the closest interstitial are found at distances rV and rI,respectively. The
gray dotted lines indicate distances of 16Å, just larger than the radius of
the liquid nucleus volume of 15Å. The percentages indicate the fraction
of trajectories where the distances fall within the areas outlined by gray
dotted lines. The percentage of trajectories where both defects are within
16Å of the center of the bubble is given in the lower left corner.

plane and the direction orthogonal to the basal plane. An analysis of the positions of
interstitial defects in these trajectories shows that they are confined to the volume
that later becomes the slab shaped liquid domain. This suggests that interstitials are
more likely to not leave the volume of the liquid domain between the time they are
formed and tm if the cluster is slab shaped.

We also analyzed the distribution of waiting times between tE and tm (Fig. 6.18).
Here we find a strong dependence of the waiting time on the simulation geometry
where (at the same temperature of 268K) the decay time τ decreases from 4.1 ns in
the sphere-geometry simulations to 0.7 ns in the slab-geometry. This reduction in
waiting time may in part be a consequence of the pinning of interstitials in the slab
volume. However, based on calculations by Le Vot et al. [261] for one-dimensional
systems, we would expect a significant dependence of waiting times on system size
even in the case of equal diffusivities.

134



6.4. The three stages of melting

0 5 10

r/�A

10−1

100

101

102

103

g S
T
/
� A

3

57-channel, t = tA

5+7-1

5+7-2

5+7-3

5+7-4

5+7-5

5+7-V

0.0

0.5

1.0

1.5

2.0

n
S
T

Slab - 268 K

Figure 6.17.: Same analysis as shown in Fig. 6.13 for trajectories that end in a slab-
shaped cluster in a 720 molecule system.
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Figure 6.18.: Distributions of waiting time tm − tE between the last time melting
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of type E and the formation of an extended liquid cluster. Shown are fits
of the normalized exponential distribution τ−1e−t/τ to all data points
with tm − tE > 0 except for the simulations with a spherical cluster at
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6.5. Discussion and outlook

We analyzed melting trajectories that were obtained using molecular dynamics simula-
tions at coexistence and at 11% superheating. At superheating conditions we observed
the following sequence of events: (i) on average 1.5 5+7 defects form within the volume
that later becomes the liquid nucleus; 0.7 of these defects are 5+7-5 defects; (ii) in
roughly 1/3 of trajectories a larger topological defect structure that fulfills the ice
rules (an E defect) forms; (iii) a mobile defect (an L-D or an I-V pair) forms close to
either an E if one exists or close to a 5+7 defect; (iv) if an L-D pair has formed, an I-V

pair forms within a timescale of 0.5 ns; (v) the I-V defects freely diffuse through the
system; (vi) a liquid nucleus forms as a result of the interaction of the mobile defects
with the 5+7 defects that are already present in the volume that is later occupied by
the critical liquid nucleus.

Previous studies [105, 106] have pointed out the role of 5+7 defects and larger defect
structures in the melting mechanism of ice (modelled by the TIP4P water model). Our
results show that the role of 5+7 defects is two-fold: 5+7 defects are often found close
to the site where the first mobile defect is formed and, secondly, 5+7 and E defects
create a defective region that is succeptible to the formation of a liquid nucleus when
a mobile interacts with it.

As the temperature is reduced this defective region tends to become larger as
demonstrated by the increase of melting trajectories that pass through the E-channel
(52% at 268K compared to 35% at 303K) and the increase in the average number
of 5+7 defects found close to the site where the liquid nucleus forms (2.2 compared
to 1.5). This finding is consistent with the results of of Mochizuki et al. [106] who
reported that at 19% superheating 5+7 defects play a role in the formation of mobile
defects but no accumulation of these defects occurs prior to melting.

In Ref. 106 it was also shown that the formation of a separated interstitial-vacancy
pair is the rate limiting step in the limit of high superheating. Under the conditions
investigated in this paper, the rate limiting step is the formation of a liquid nucleus of
critical size, however, also in this case interstitials and vacancies play a crucial role in
that they cooperate with 5+7 defects to form the initial liquid nucleus.

Prior to the formation of the liquid nucleus the interstitials and vacancies diffuse
freely through the simulation box. This has interesting implications when one wants
to extrapolate simulations results to the thermodynamic limit. Since interstitials and
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vacancies are only weakly bound to each other they are also not limited to form close to
the accumulation of immobile defects they later interact with to form a liquid nucleus.
This is underscored by the finding that even in the strongly confined environment of
our simulation boxes we find that a considerable number (36% at 303K) of mobile
defects forms outside of the eventual volume of the liquid nucleus. This suggests
that mobile defects may diffuse for considerable distances before they encounter an
accumulation of other defects and form a liquid nucleus.

In summary, the results of our simulations further support the observation that
interstitials and vacancies play an integral role in the microscopic mechanism of ice
melting and establish that, as the degree of superheating becomes smaller, increasingly
large immobile defect structures are present within the volume where the initial liquid
nucleus forms prior to its formation. Interstitial and vacancy defects then interact
with these immobile defects to form an initial liquid nucleus that later grows and
melts the ice crystal. This adds ice to the list of solids with a melting mechanism that
involves the prior accumulation of defects.
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Understanding rare event mechanisms

In the three papers contained in this thesis I, together with my collaborators, explored
different rare events in order to understand their mechanism by connecting them to
the underlying free energy landscapes and the systems dynamics.

In Sec. 2.3 of the introduction I discussed two key quantities used in the analysis of
rare event mechanisms: the committor pB(x) and the transition path density ρ(x|TP)2.
These two quantities represent two of the major questions we can ask ourselves about
a system and its rare events. The first is, “what are the likely pathways a system takes
during a rare event?” represented by ρ(x|TP) and the second is “given my system is
in a particular state, what is (likely) going to happen next?” which is answered by
the committor. A reaction coordinate that can be used to predict where a system
goes next for all the relevant pathways is also a good reaction coordinate for a rate
calculation and, hence, answering these questions helps us to construct better reaction
coordinates and improves our estimates of a rare events rate in addition to adding to
our understanding of rare event mechanisms in general.

In our investigation of the disk-to-slab transition at constant magnetization we found
a committor that seemed to be at odds with the underlying free energy landscape. Our
first attempts to reconcile this discrepancy were to look for another configurational
collective variable that improved our prediction. However, this effort turned out to be
fruitless. With hindsight we can now say: it had to be! This is because the ultimate
reason for the shape of the committor in this system lies in the dynamics of the system
in connection with the free energy landscape. No configurational collective variable
could have provided the information necessary to complete the picture.

The importance of dynamics for undestanding a barrier crossing can also be seen
in the second paper, where we investigated how close the centers-of-mass of two
fluctuating interfaces approach each other before they come into contact for the first
time. The contact distance turns out to be determined by a competition of two
timescales: how fast do the interfaces diffuse relative to each other vs. the dynamics
of the fluctuations of the interface shapes. As we increase the former, the interfaces
are likely come closer to each other before a gap-closing fluctuation occurs while the
contact distance is likely to increase if fluctuations of the interfaces occur more rapidly
and thus a gap-forming fluctuation is likely to occur sooner, when the interfaces are

2pB(x) and ρ(x|TP) are actually closely related quantities as shown in e.g. E & Vanden-Eijnden [55].
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still further apart. In other words, the likely path that is taken by a system that
contains two interfaces to a state where these interfaces are in contact with each
other—i.e. the “tubes” of large ρ(x|TP) [55]—depends on the dynamics along two
coordinates: the distance between the centers-of-mass of the two interfaces and the
amplitude of the interface fluctuations.

In the third and final paper we investigated the early stages of the melting mechanism
of ice. In this case the existence of many different defect types in the ice Ih structure
prohibits us from mapping out a low-dimensional free energy landscape that covers all
the possible different defect states the system can find itself in. Instead we generated
a large number of dynamic trajectories and analyzed them in order to identify the
important states that lie between the perfect crystal and a molten nucleus.

Doing so we found that there is quite a bit of variation between pathways as they
differ in the types of defects that are involved, in whether an extended topological
defect forms along the trajectory, and in where the mobile defect pair that ultimately
leads to the formation of a liquid nucleus forms. Nevertheless, our analysis of a large
number of trajectories allowed us to identify some common trends between them: the
prominent role of 5+7 defects in the melting mechanism, and the tendency towards
larger topological defects being a part of the melting trajectories as the degree of
undercooling is reduced, are two examples.

One result of our analysis of defects in the melting process is that the abundance of a
given defect type in equilibrium (i.e. a defects free energy) is only a weak indication of
their role in the melting mechanism. For example, the 5+7-5 and the 5+7-V defect are
less likely to be found in equilibrium than the 5+7-2 and 5+7-3 defects. Nevertheless,
they are found considerably more often than these defects in melting trajectories
at 268K just before a mobile defect pair or an extended topological defect forms,
indicating that they offer a favourable starting point for generating both of these
defect types as compared to the other types of 5+7 defects. Once again, this is an
effect that stems from the dynamics of the system.

These observations made in many-particle systems confirm the assertion made in the
introduction that in order to gain a detailed understanding of rare event’s mechanism,
we have to understand the dynamics of the important degrees-of-freedom in the system
as well as the population of important states in the system. The works presented in
this thesis use a number of different approaches to gain such an understanding and, in
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turn, provide detailed descriptions of the rare events they investigate.
They thus deepen our appreciation of the specific processes themselves, of rare

events and their mechanisms in general, and of the simulation methods we use to
investigate them.
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A. A 1-dimensional double-well system

In Sec. 1.2 I demonstrated the basic properties of rare events using a simple, 1-
dimensional model system. The trajectory shown there is an approximate solution of
the following system of Langevin equations:

dx = v(t) dt

dv =

[︃
F (x(t))

m
− γv(t)

]︃
dt+

√︃
2γ

βm
dW (t)

(A.1)

Here, x and v = ẋ are the position and the velocity of a particle, respectively, m is the
particles mass, F (x) is the force acting upon the partice at position x, γ is a friction
coefficient, t is time and β = (kBT )

−1, where kB is Boltzmann’s constant and T is
temperature. W (t) is a Wiener process with variance Var [W (t)] = t. Additionally,
we choose

F (x) = −∂V (x)

∂x
, (A.2)

where V (x) is the potential energy.
The trajectory shown in Fig. 1.3 was obtained by numerically integrating the

Langevin equations using the OVRVO integrator described in Ref. 262. The double
well potential V (x) used to generate this trajectory is given by

V (x) =
A

4

(︁
x2 − d2

)︁2
, (A.3)

where A and d are parameters. The parameters used to generate the trajectory are
shown in Tab. A.1.

Table A.1.: Parameters used to obtain the trajectory shown in Fig. 1.3.
m = 1 [m] d = 0.5 [l] γ = 0.5 [t]−1

kBT/(mγ
2d2) = 1.42 Ad2/(mγ2) = 43.2
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B. Interplay of fast and slow dynamics in rare

transition pathways: The disk-to-slab

transition in the 2d Ising model

Mean first passage time in a linear potential

The estimate of the drift time in Equ. (4.14) is given by the mean first passage time
(MFPT) in a potential with constant slope, i.e.

F̃ (s) =

(︃
∂F (s̃)

∂s̃

)︃

s̃=s0

(s− s0) , (B.1)

where in the following we assume ∂F (s)/∂s > 0.

Given the one-dimensional Fokker-Planck equation

∂ρ(s, t)

∂t
= − ∂

∂s
[A(s)ρ(s, t)] +

1

2

∂2

∂s2
[B(s)ρ(s, t)] , (B.2)

the MFPT T (a; s0) at an absorbing barrier a with a reflective barrier b located at
b > a and given that trajectories are started at s0 is given by [54]

T (a; s0) = 2

∫︂ s0

a
ds′
[︃

1

ψ(s′)

∫︂ b

s′
ds′′

ψ(s′′)

B(s′′)

]︃
, (B.3)

with
ψ(s) = exp

[︃∫︂ s

a
ds′

2A(s′)

B(s′)

]︃
. (B.4)

Substituting A(s) = −βDs (∂F/∂s) and B(s) = 2Ds with constant diffusion coefficient
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Ds and carrying out the integration yields

T (a; s0) =
eβg(a−b) − eβg(s0−b) + βg(s0 − a)

Dsβ2g2
, (B.5)

where g = (∂F (s)/∂s)s=s0 . By setting a = s0 −∆s and carrying out the limit b→ ∞
we arrive at the expression

T (s0 −∆s; s0) = τdrift(s0) =
∆s

Dsβ
(︂
∂F (s)
∂s

)︂
s=s0

. (B.6)
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between two fluctuating interfaces with

system size

C.1. Generalization to arbitrary dimension

We discretize the Hamiltonian Eq. (5.44) on a d-dimensional grid with grid spacing
(∆x)i in direction i. We arrive at

H =
γ

2

[︄
d−1∏︂

k=1

(∆x)k

]︄
n1−1∑︂

j1

· · ·
nd−1−1∑︂

jd−1

{︄

d−1∑︂

i=1

(︁
hj1,...,ji+1,...,jd−1

− hj1,...,ji,...,jd−1

)︁2

(∆x)2i

}︄
,

(C.1)

where hj1,...,jd−1
= h{j} = h(j1(∆x)1, . . . , jd−1(∆x)d−1) and ni and (∆x)i are the num-

ber of nodes and the discretization step size in dimension i, respectively. Calculating
the derivative with respect to h{j} yields the force

F{j} = γ

[︄
d−1∏︂

k=1

(∆x)k

]︄

×
d−1∑︂

i=1

h...,ji+1,... − 2h...,ji,... + h...,ji−1,...

(∆x)2i
.

(C.2)

and the equation of motion

ḣ{j} = βγΠD0

d−1∑︂

i=1

δ2i h{j} +
√︁
2D0η{j}. (C.3)
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Here we have introduced the abbreviations

Π =

[︄
d−1∏︂

k=1

(∆x)k

]︄
(C.4)

and
δ2i h{j} =

h...,ji+1,... − 2h...,ji,... + h...,ji−1,...

(∆x)2i
. (C.5)

C.2. Contact distance density distributions

In Sec. 5.3.2 we have derived an approximate solution for the distribution of contact
distances between two interfaces, u(l), given a rate function k(ℓ):

u(ℓ) ≈ k(ℓ)3/4e−S̃0(ℓ)

2Dint
1/2k(ℓ0)1/4Z

. (C.6)

In this section we explicitly calculate u(ℓ) for exponential and Gaussian rate functions
and test our results by comparing u(l) to distributions obtained from a simple Gaussian
random walk model. Random walkers are started at ℓ0 and their positions are updated
according to

ℓi+1 = ℓi +
√
2D∆tξ (C.7)

where ξ is a random number chosen from a Gaussian distribution with zero mean and
unit variance. Each timestep the walker reacts with probability

Pr = 1− e−k(ℓi)∆t. (C.8)

If a reaction occurs the position is saved and added to a histogram. The results of
these simulations are shown in Figs. C.1 and C.2.

C.2.1. Exponential rate functions

We first calculate u(l) for the exponential rate function

k(ℓ) = νe−ℓ/Λ, (C.9)
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Figure C.1.: Comparison of Eq. (C.11) (lines) to results obtained from random walk
simulations (histograms) for an exponential rate function k(ℓ) (dashed
line) and different values of the diffusion coefficient Dint. The other
parameters are: ν = 1, Λ = 1, ℓ0 = 10 and ∆t = 0.1. The dashed gray
curve indicates the values of the rate function k(ℓ). D decreases from left
to right.

where ℓ0 > ℓ. Substituting the “action” S̃0, given by

S̃0(ℓ) =

√︃
ν

D

∫︂ ℓ

ℓ0

dℓ′ e−ℓ
′/(2Λ)

=

√︃
4Λ2ν

D

[︂
e−ℓ/(2Λ) − e−ℓ0/(2Λ)

]︂
,

(C.10)

into Eq. (C.6) yields the distribution

u(ℓ) =
1

Z
k(ℓ)3/4 exp

[︄
−
√︃

4Λ2ν

D
e−ℓ/(2Λ)

]︄
. (C.11)

This result becomes exact in the limit D → 0 and, indeed, it is in excellent agreement
with the data obtained from random walk simulations as D becomes small. The results
are shown in Fig. C.1. Note that the constants Z have been obtained by numerically
normalizing the distribution u(ℓ).

We can also predict the most likely contact distance ℓ∗ by setting the derivative of
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log u(ℓ) to zero and solving the resulting equation, which yields

ℓ∗ = Λ log

[︃
16

9

Λ2ν

D

]︃
. (C.12)

C.2.2. Gaussian rate functions

The rate function k(ℓ) is now given by a Gaussian,

k(ℓ) = ν exp

[︃
− ℓ2

2w2

]︃
, (C.13)

where we assume that ℓ0 ≫ w > 0, ν is a positive prefactor, and ℓ < ℓ0. Substituting
this rate function into Eq. (5.35) yields

S̃0 =

√︃
ν

Dint

∫︂ ℓ

ℓ0

dℓ′ exp

[︃
− ℓ2

4w2

]︃
, (C.14)

which can be expressed in terms of an error function:

S̃0 =

√︄
νπw2

Dint

[︃
erf

(︃
ℓ0
2w

)︃
− erf

(︃
ℓ

2w

)︃]︃
(C.15)

Substituting into Eq. (C.6) we arrive at

u(ℓ) =
1

Z
k(ℓ)3/4 exp

⎡
⎣
√︄
νπw2

Dint
erf

(︃
ℓ

2w

)︃⎤
⎦ . (C.16)

The maximum of this u(ℓ) can again be calculated, yielding

(ℓ∗)2 = 2w2W

(︃
8

9

w2ν

D

)︃
, (C.17)

where W is the Lambert-W function. In the limit of large L we can approximate
W (x) ∼ log(x), yielding

ℓ∗ = w

√︄
2 log

(︃
8

9

w2ν

D

)︃
. (C.18)

Figure C.2 shows a comparison of this solution to the simulation results where the
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Figure C.2.: Comparison of Eq. (C.16) (lines) to results obtained from random walk
simulations (histograms) for different values of the diffusion coefficient
Dint. The other parameters are: ν = 10, w = 1, ℓ0 = 10, and ∆t = 0.1.
The dashed gray curve indicates the values of the rate function k(ℓ). D
decreases from left to right.

distribution u(ℓ) has been normalized numerically. Also here the agreement between
the two is excellent in the limit Dint → 0.

C.3. Mean first passage time calculation

In Sec. 5.4.2 we have outlined two different methods of calculating the mean first-
passage times (MFPTs): the direct method and what we termed the Poisson method.
In this appendix we provide the parameters used to carry out these calculations as
well as the algorithmic details of the direct method.

Both methods require a choice of the equilibrium region E which are gathered in
Tabs. C.1 and C.2. These regions were chosen based on a previous calculation of the
free energy βF (ζ) = − logP (ζ), where P (ζ) is the equilibrium probability density as a
function of the maximum relative height, ζ. The results of this calculation are shown
in Fig. C.3 together with the chosen regions that are centered around the minimum of
the respective free energy.

In the direct method we average the waiting times between configurations in E and
the system reaching a checkpoint ζi the next time (see Fig. 5.5). Here, we write T (i)

j

for the times a crossing of checkpoint ζi occurs and t(i)jk for the times when the system
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Table C.1.: Simulation parameters used to calculate MFPT data for the (1+1)-
dimensional EW interface. Shown are the length of individual simulations
T , the extent of the equilibrium region E , and the number trajectories
used, nR, as a function of linear system size L. For ζlow and ζhigh the
corresponding value of ζ̃ is given in brackets.

L T E nR
ζlow ζhigh

10 1.5× 107 1.298 (0.410) 1.614 (0.510) 16
20 1.5× 107 2.000 (0.447) 2.447 (0.547) 16
50 1.5× 107 3.423 (0.484) 4.130 (0.584) 12

100 1.5× 107 5.209 (0.521) 6.209 (0.621) 12
150 1.5× 107 6.380 (0.521) 7.605 (0.621) 12
200 1.5× 107 7.367 (0.521) 8.781 (0.621) 12
400 1.5× 107 11.155 (0.558) 13.160 (0.658) 10
500 1.5× 107 12.477 (0.558) 14.713 (0.658) 10

1000 1.5× 107 17.646 (0.558) 20.808 (0.658) 8
2500 1.5× 107 27.900 (0.558) 32.900 (0.658) 10
5000 1.5× 107 39.457 (0.558) 46.528 (0.658) 9

Table C.2.: Simulation parameters used to calculate MFPT data for the (2+1)-
dimensional EW interface. Shown are the length of individual simulations
T , the number of trajectories used, nR, and the extent of the equilibrium
region E as a function of linear system size L. For ζlow and ζhigh the
corresponding value of ζ̃ is given in brackets.

L T E nR
ζlow ζhigh

10 3× 107 1.287 (-0.55) 2.388 (0.55) 11
20 3× 107 1.840 (-0.55) 2.941 (0.55) 11
40 3× 107 2.393 (-0.55) 3.494 (0.55) 11
80 3× 107 2.946 (-0.55) 4.047 (0.55) 10

120 3× 107 3.269 (-0.55) 4.371 (0.55) 9
200 2.14× 107 3.677 (-0.55) 4.778 (0.55) 6
400 2.63× 107 4.230 (-0.55) 5.331 (0.55) 7
800 1.22× 107 4.783 (-0.55) 5.884 (0.55) 4

is found in region E in between the hits at time T (i)
j−1 and T (i)

j , i.e. all the times where

the next crossing occurs at T (i)
j . N (i)

j is the number of times t(i)jk observed. The MFPT
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for checkpoint ζi is then given by

τ(ζi) =
1

∑︁
j N

(i)
j

∑︂

j

N
(i)
j∑︂

k=1

(︂
T
(i)
j − t

(i)
jk

)︂
, (C.19)

where the
∑︁

j runs over all checkpoint crossings j. This can be rewritten in the
computationally more convenient form of

τ(ζi) =
1

∑︁
j N

(i)
j

∑︂

j

⎛
⎜⎝N (i)

j T
(i)
j −

N
(i)
j∑︂

k=1

t
(i)
jk

⎞
⎟⎠ . (C.20)

Hence, to calculate the MFPTs directly, two sums have to be kept and updated each

time the interface ζi is crossed:
∑︁

j N
(i)
j ,

∑︁
j(N

(i)
j T

(i)
j −∑︁N

(i)
j

k=1 t
(i)
jk ).

C.4. Direct- vs. Poisson method in the (1+1)-dimensional EW

model

In Sec. 5.4.2 we present mean first-passage times (MFPTs) calculated using two
different methods: (i) a direct average of waiting times between visiting the E region
(see App. C.3) and crossing a given checkpoint ζi, and (ii) an evaluation that assumes
that the statistics of these crossing are Poissonian statistics. In this appendix we
present an analysis of the differences between the results obtained using these two
methods and their dependence on system size L.

Figures C.4 and C.5 show the ratios of the MFPTs calculated using the direct- and
the Poisson method, q(ζ) = τdirect/τPoisson, for the (1+1)- and the (2+1)-dimensional
EW interface, respectively.

As was noted in the main text, the direct method is limited by the length of
trajectories used because the a priori probability of observing a given waiting time
is not the same for all waiting times tw. We assume the distribution of waiting
times, ρw(tw), to be time-independent and that subsequent checkpoint crossings are
independent of each other. Consider a set of simulation runs of length T over which
we calculate the average waiting time of such events.

We first calculate the waiting time for a single fixed starting time of the waiting
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period, 0 ≤ t < T . The expected observed average waiting time starting from t, ⟨tw⟩t,
is given by

⟨tw⟩t =
1

Z(t)

∫︂ T

t
dt′′
(︁
t′′ − t

)︁
ρw(t

′′ − t)

=
1

Z(t)

∫︂ T −t

0
dt′t′ρw(t

′),

(C.21)

where in the second line we have substituted t′ = (t′′ − t) and Z(t) =
∫︁ T −t
0 dt′ρw(t

′)

normalizes the distribution of events observed in the limited time T − t. Now we can
average over the starting points t to arrive at the overall expectation value for the
observed waiting times:

⟨tw⟩ =
1

T

∫︂ T

0
dt

1

Z(t)

∫︂ T −t

0
dt′t′ρw(t

′) (C.22)

As an illustrative example, consider waiting times that are distributed according to a
Poisson distribution: ρw(tw) = τ−1e−tw/τ . A calculation of ⟨tw⟩t yields

⟨tw⟩t = τ +
T − t

1− e(T −t)/τ . (C.23)

As expected, the second term vanishes in the limit T → ∞ to recover the well-known
result for Poisson distributions.

The result of the second integration in Eq. (C.22) can not be expressed in terms of
basic functions, however, in order to assess the effect of limited simulation time we
now consider the regime where T − t≪ τ . Expanding ⟨tw⟩t to first order in (T − t)/τ

yields

⟨tw⟩t ≈
1

2
(T − t) . (C.24)

With this approximation carrying out the second integral in Eq. (C.22) then gives

⟨tw⟩ ≈
T
4
, (C.25)

which is solely determined by the length of the trajectories. The same result can be
achieved by simply assuming that ρw(tw) is a constant over the range [0, T ]. This
result is represented by dashed lines in Figs. C.4 and C.5 and is in excellent agreement
with the observed decline of q(ζ) at large ζ.
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For both dimensionalities we observe an exponential decay of q(ζ̃) with ζ̃ before the
deviations due to finite T drop q to zero. The indicated fits of q(ζ̃) = 1+A exp[−(ζ̃ −
ζ̃0)/κ(L)] to the data reveal a qualitative difference between the (1+1)- and the
(2+1)-dimensional system: while the parameter κ(L) approaches a constant value as L
increases for (1+1)-dimensional interfaces, in the (2+1) dimensional case κ(L) grows
with system size.

C.5. Scaling of MFPTs with system size

In Figs. 5.6 and 5.8 in the main part, we have shown examples of the scaling behavior
of τ(L) at fixed values of ζ̃. Figures C.6 and C.7 show the functional form of τ(L) for
a broader range of ζ̃ values.

C.6. Detection of cluster geometry in the Ising model

We present an algorithm, that detects the geometry of a given cluster in simulations
of the 2- and 3-dimensional Ising model with periodic boundary conditions. This
includes the detection of holes in slabs. As a first step, we identify the largest cluster
of neighboring spins that point in a particular direction within the system, the so
called geometric cluster [142, 143]. The neighbors of a given spin are all spins that can
be reached by making a step of ±1 in each direction separately. Diagonally displaced
spins are not considered neighbors.

The number of distinct geometries that are thermodynamically stable states if one
fixes the magnetization of the system, depends on the number of dimensions. Consider
clusters in two dimensions that consist of spins that point up. There are three stable
geometries in order of increasing magnetization [80]: a disk of spins pointing up, a
slab that points up next to a slab that points down, and a disk that points down (see
Fig. C.8). In the following we will refer to these states as disk, slab, and opp-disk,
using the opp- prefix to identify configurations in which the largest cluster of spins
that point in the opposite direction has the given geometry.

To distinguish between these geometries, we introduce an algorithm that counts the
directions in which a cluster is connected to itself. Figure C.8 shows a sketch of the
principle used to identify these geometries. We pick a random spin σ from our cluster
and ask the question: how many periodic copies of σ, that are found in adjacent copies
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of the simulation box, are connected to σ via a path that does not leave the cluster?
Additionally, we require that these copies are distinct, in the sense that they are not
related to each other by an inversion around σ.

Table C.3.: Table of possible geometries in two dimensions, the number of closest
periodic images of a spin that can be reached without leaving the cluster,
nc, and the value for the largest cluster in the opposite direction n̄c.

nc n̄c Geometry
0 2 Disk non-spanning
0 1 Disk1 non-spanning
0 0 Disk1 non-spanning
1 1 Slab spanning
1 0 Opp-Disk1 spanning
2 0 Opp-Disk spanning

Table C.4.: Table of possible geometries in three dimensions, the number of closest
periodic images of a spin that can be reached without leaving the cluster,
nc, and the value for the largest cluster in the opposite direction n̄c.

nc n̄c Geometry
0 3 Sphere non-spanning
1 3 Cylinder spanning
2 2 Slab spanning
2 3 Hole spanning
3 3 Hole-Opp-Hole spanning
3 2 Opp-Hole spanning
3 1 Opp-Cylinder spanning
3 0 Opp-Sphere spanning

In the case of a disk, the answer is 0; there is no path to any periodic copy of a
given spin. If the cluster is a slab the answer is 1 since we can find a path along the
y-direction to a spin offset one box-length up and another one, one box-length down.
However, these two spins are related to each other by an inversion around σ, and,
hence, we discard one of them. The last example is the opp-disk; here we can reach
copies in y-direction and copies in x-direction so the answer is 2.

In order to also handle unusual cluster geometries like slabs that are aligned along
the diagonals of the simulation box or clusters that span multiple periodic boxes before
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they are connected to themselves, we can generalize this concept by looking for the
“closest” copies of our spin in terms of a box-distance, ∆. To define ∆ we first note
that the offset of each periodic copy of σ, can be written as

∆r =
∑︂

i

bisi, (C.26)

where the bi are integer coefficients and the vectors si (i = x, y, . . .) span the simulation
box. The box-distance ∆ is then given by

∆ =

√︄∑︂

i

b2i . (C.27)

By looking for the copies with smallest ∆, we make sure that we start searching for
copies in the neighboring boxes first.

The algorithm that distinguishes between different geometries then proceeds as
follows:

1. Pick a random spin σ from the largest cluster in the system that points in the
direction of interest.

2. For d dimensions, up to 2d of the periodic images of σ that can be reached via a
path that does not leave the cluster, will have the minimum value of ∆, ∆min.
Find all periodic images with ∆min.

3. Pairs of these images will be related by an inversion around σ. Keep only one
copy of each of these pairs.

4. Count the number of these periodic images found, nc.

5. Repeat steps 1 to 4 for the largest cluster pointing in the opposite direction.
The resulting count is called n̄c.

6. To determine the geometry refer to tables C.3 and C.4 that summarize the
possible geometries in two and three dimensions and the associated values of nc

and n̄c,.

The additional geometries encountered in 3 dimensions shown in Tab. C.4, are
cylinders, slabs with a hole (i.e. slabs where there is a connected path through the
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slab that consists of spins that point in the opposite direction), and the corresponding
opp-geometries. Also, in small systems configurations that contain an up-slab and a
down-slab, both with holes, can be found1 (Hole-Opp-Hole).

C.7. MC simulations

In the case of a (1+1)-dimensional interface the equations of motion (5.43) are derived
from the Hamiltonian

H =
γ

2

N−1∑︂

i=0

∆x

(︃
xi+1 − xi

∆x

)︃2

. (C.28)

The generalization to higher dimensions is straightforward and given in App. C.1.
Free energy landscapes as a function of ζ, F (ζ), are obtained using Metropolis

Monte Carlo [263] umbrella sampling [264] simulations. Configurations are biased using
a set of harmonic spring potentials and the resulting histograms are subsequently
joined using the Weighted-Histogram-Analysis-Method [86–88] (WHAM)2.

C.8. Calculation of cluster size from the magnetization

If a configuration from an Ising model simulation consists of a single large cluster,
the size of the cluster can be estimated from the total magnetization. This estimate
will be accurate, if the average magnetizations inside and outside of the cluster are
close to the bulk values mu = −md = ⟨m⟩. This is expected to be true in the bulk of
the cluster, if the cluster is a large enough slab, so that the width of the interfaces is
small relative to the width of the cluster. Due to the symmetry of the Ising model
with respect to a flip of all the spins, effects that stem from the surfaces of the cluster
average out. Hence, we can write

Nm ≈ n ⟨m⟩ − (N − n) ⟨m⟩ , (C.29)

where m is the magnetization of configuration, N is the total number of spins and n is
the number of spins in the cluster of interest. The cluster size can then be estimated

1Think of two slabs next to each other. A hole is formed in one of them by flipping a path of spins
that connect the opposite cluster to itself. Afterwards the same can be done for the opposite
cluster as well, since those two paths do not necessarily cross

2Code available at http://membrane.urmc.rochester.edu/, Version 2.0.9.
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by simply rearranging to

n ≈ N

2

(︃
m

⟨m⟩ + 1

)︃
. (C.30)
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Figure C.3.: Free energies βF (ζ) = − logP (ζ) as a function of the maximum relative
height, ζ, for the (1+1)- (subplot (a)) and (2+1)-dimensional (subplot
(b)) Edward Wilkinson interface. For clarity, the curves have been shifted
for different system sizes so that L increases from the bottom line to the
top. The dashed vertical lines indicate the equilibrium regions E that
were used in the MFPT calculations. These results have been obtained
using umbrella sampling simulations with harmonic biases that were
subsequently matched using the WHAM method [86–88]. For details on
these simulations see App. C.7.
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calculated using the direct method to the ones obtained using the Poisson
method, q = τdirect/τPoisson. The dashed lines represent the expected
values for large ζ − S(l), (T /4)/τPoisson, that come about due to the
finite length of the trajectories used to calculate τdirect. The dotted black
lines are fits to the function q = 1 +A exp(−ζ̃/κ). (b) q − 1 plotted on
a logarithmic scale. Inset: fitted parameters κ as a function of inverse
system size 1/L.The data suggests that limL→∞ κ(L) = const. In both
plots system size increases from the bottom line to the top line.
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Figure C.5.: Same analysis as in Fig. C.4 for the (2+1)-dimensional interface. Inset: κ
as a function of L. The dashed line indicates a fit of κ(L) = ALB , where
A ≈ 0.03 and B ≈ 0.67. In contrast to the (1+1)-dimensional system, κ
grows with system size. System size increases from the bottom to the top
line.
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Figure C.8.: Sketch of 5 different states that are observed as a function of increasing
magnetization in the 2d Ising model. In order from top left to bottom
right they are referred to as: homogeneous-down, disk-up, slab, disk-down,
and homogeneous-up. The red dots are randomly chosen spins and the
lines indicate paths that connect those spins to one of their periodic
images without leaving the cluster. In the disk-down configuration two
paths are found. One leading to a copy of the spin that is offset by the
sy box vector (red) and one that leads to a spin that is offset by the sx
vector (blue).
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melting of ice

D.1. The defect detection scheme

Figure D.1 presents the scheme used to detect defects in configurations throughout
the paper. We start by minimizing the potential energy of a given configuration by
setting the momenta of atoms to zero and annealing the system to a temperature of
1K using a Langevin thermostat. The cooled configurations are then analyzed using a
number of algorithms the details of which can be found below.

In the course of this analysis deviations from a perfect hexagonal ice lattice are
detected and, if possible, attributed to known defect structures. The attribution of
anomalies in the H-bond network to a defect may reveal other known defect structures
and, hence, the analysis is run iteratively until no new defects are found.

The last part of the detection scheme assigns each configuration to a global state
based on the criteria shown in Fig. D.1.

D.1.1. Detection of the hydrogen bond network and of L-D defects

Hydrogen bonds are detected in annealed configurations using the HB2 criterion
proposed in Ref. 260 using a custom implementation for the LAMMPS simulation
package. This criterion considers a set of two oxygen atoms and one hydrogen atom to
form a hydrogen bond if the O-O distance is smaller than 3.5Å and the O-H-O angle
is larger than 140◦. This analysis yields a network of HBs from which an undirected
graph is constructed using the networkx python package [265]. This package provides
a large number of graph analysis functions we use to carry out parts of the following
analysis.

The simplest task is the count of the number of HBs each molecule donates (nd)
and accepts (na). In the perfect lattice one expects nd = na = 2 for all molecules. If
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D. The microscopic mechanism of bulk melting of ice

Figure D.1.: Sketch of the algorithm used to detect defects in the ice Ih structure
throughout this paper. It consists of two stages: in the first stage
the configuration is analyzed and deviations from the pristine Ice Ih
structure are marked using different approaches (see the descriptions
in this appendix). In the second stage a state is assigned based on the
deviations found. n6 and N are the number of 6-rings detected and the
number of molecules in the system, respectively.
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either of these two criteria is not fulfilled for a given molecule it is considered to be
miscoordinated. This can be the result of both, an interstitial-vacancy and an L-D
pair. If no I-V pair is found, an L-D pair is considered to be present. Note, that L-D

pairs where L and D stay bound to each other form frequently in hexagonal ice and
that their separation is associated with an additional free energy barrier [104]. Here
we do not distinguish between bound and unbound L-D pairs.

D.1.2. Detection of topological defects in the hydrogen bond network

Defects in the ice Ih structure such as the 5+7 defect can present very similar molecular
environments to what can be seen in the perfect lattice. The hydrogen bonds in the
region of 5+7 defects fulfill the ice rules and the changes in the bond angles are
comparatively small. This makes it hard to detect defects based on the positions of
molecules around a given molecule alone. In order to detect such defects, algorithms
that are based on detecting the topology of the hydrogen-bond network have been
proposed [105, 106]. Here we use a similar scheme that analyzes the rings that can be
found in the network formed by H-bonds in a hexagonal Ice crystal.

We define a ring in the H-bond network as a path that leads from a molecule to
itself, where we move from one molecule to the next following H-bonds. We do not
allow the path to cross itself, i.e. each intermediate molecule may only be visited once.
In principle, with the use of periodic boundary conditions, a given molecule may be
part of an infinite number of rings of arbitrary size. To make our ring definition unique
we restrict ourselves to a smaller set of rings: the set of shortest rings around each
molecule that contain the molecule and two of its neighbors.

Consider a molecule O that is H-bonded to nhb other molecules as depicted in Fig.
D.2. In order to construct the shortest rings we iterate through all nhb(nhb − 1)/2

pairs of neighbor molecules A and B. For each of these pairs we look for the shortest
path between A and B that do not pass through the molecule O. These paths
are constructed using Dijsktra’s algorithm[266] as implemented in networkx. There
may be more than one path of the same length and—in order to make the result
reproducible—we include all rings in the following analysis. Repeating this procedure
for all molecules in the crystal yields a set of rings and a list of rings that pass through
a given molecule which we use to identify defect types.

5+7 defects [104, 234] can be formed both in the c-plane (“horizontally”) or parallel
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Figure D.2.: Illustration of the ring-detection scheme used to detect topological defects
in Ice Ih crystal lattice. Left: rings are detected by selecting a molecule
O and all pairs of molecules it is conencted to via hydrogen-bonds, A
and B. Rings are then found by finding all shortest paths from A to
B that do not pass through edges O −A and O −B (H-bonds 1 and 6
respectively). Subsequently the ring is closed by adding molecule O to
the ring. Right: Illustration of a 5+7 Type 3 defect [104, 234] as seen
projected onto the c-plane of the crystal structure. The numbers within
the rings count the number of molecules that are within the respective
ring. D and A mark what we call the donor- and the acceptor molecule
of the 5+7 defect.

to the prism-, or the secondary-prism plane. The basic ideas for detecting these defects
is demonstrated in the right part of Fig. D.2: the donor and the acceptor molecule
of the 5+7 defect must be part of at least two 7-rings and one 5-ring in the c-plane
alone. If we also consider the rings that pass through molecules in the adjacent plane,
donor and acceptor molecules of a horizontal 5+7 defect are part of 8 7-rings, 4 6-rings
and 2 5-rings. This ring fingerprint is used to pick out 5+7 defects from a given
configuration.

In order to further distinguish the different types of 5+7 defects described in Ref. 104
we also take into account where the other H-bonds of donor and acceptor are pointing
(cf. Tab. D.1). The HBs of each molecule can either both point towards a molecule in
the same layer (in-plane, IP) or one of the HBs points towards a molecule in the same
plane and the other one to a molecule in an adjacent plane (out-of-plane, OP). Hence,
to detect these different types one needs to associate each molecule with a layer of
the configuration. Type 3 and Type 5 defects are additionally distinguished by the
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D.1. The defect detection scheme

Table D.1.: Table of horizontal 5+7 defect types. The 5+7 defects can be distinguished
by the orientation of the donor and acceptor molecule. They can either
be in-plane (IP, both outgoing hydrogen bonds are formed with molecules
in the same c-plane) or out-of-plane (OP, one H-bond to a molecule in
the same c-plane, one with a molecule in an adjacent plane)[104]. To
distinguish Type 3 from Type 5 defects the orientation of the in-plane
O −H vector of both molecules has to be taken into account.

Type Donor Acceptor in-plane O −H vectors
1 OP OP -
2 IP IP -
3 IP OP antiparallel
4 OP IP -
5 IP OP orthogonal

Figure D.3.: Sketches of vertical 5+7 defects seen projected onto the prism- ([121̄0])
and the secondary prism plane. The molecules that are only outlined
indicate the position of the respective molecule in the perfect lattice. The
shaded molecules on the right are roughly 2Å closer to the reader than
the unshaded molecules.

direction the in-plane H-bonds of donor and acceptor are pointing to.

In addition to horizontal 5+7 defects with donor-acceptor pairs that are in the same
c-plane, also vertical 5+7 defects can be observed. Figure D.3 shows two examples of
such defects where the donor-acceptor pair lies in the prism- ([101̄0]) and the secondary
prism-plane ([121̄0]). Together these defects are referred to as 5+7-V defects.
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D. The microscopic mechanism of bulk melting of ice

Figure D.4.: Schematic representation of the algorithm used to assign molecules to
layers. The white area on the left indicates a single slice used for the
analysis, which is carried out on each slice separately. The resulting
layers are then matched across neighboring slices in order to arrive at a
consistent numbering of layers throughout the system.

The algorithm that assigns each molecule to a layer is sketched in Fig. D.4. First, the
configuration is sliced along the x-axis into slices that contain two layers of molecules.
Next, the configuration is squashed leaving only the z-coordinates of the oxygen atom
of each molecule. These z-positions are clustered using the AgglomerativeClustering
hierarchical clustering algorithm implemented in the scikit-learn python package [267]1.
As metric we use the distances between the molecules taking periodic boundary
conditions into account. Average linkage is used and we set the number of clusters
to be found to the number of c-planes expected (6 in the example shown). This
procedure is applied to each slice along the x-direction separately and afterwards the
resulting layers are matched across the slices using the center-of-mass of the layers
found in each slice to identify which neighboring layers belong together. This slicing
procedure is used to accommodate capillary waves that modulate the layer positions
as one moves along the x-direction. The result of this procedure is that each molecule
is now associated with a number that identifies the layer the molecule is in.

The detection of defect structures is complicated if multiple defects are close to each
other. In this case, the ring counts of different defects can influence each other. To be
able to detect 5+7 defects that are close to each other, we compiled a list of different

1scikit-learn version 0.18.2 is used.
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ring fingerprints by inspecting a large number of configurations with unknown defect
structures.

D.1.3. Detection of interstiatial-vacancy defects

In order to identify interstitials and vacancies in configurations we compare the
minimized configuration with a template configuration that contains a perfect ice
Ih crystal of the same size. This procedure is a simplified version of the method
previously employed by Mochizuki et al. [106] where we skip the calculation of the edit
distance.

To do so, we first align the configuration that is analyzed (denoted by C) with the
template configuration (T ) using the following procedure:

1. Identify the set of molecules in the system, I, whose contribution to the potential
energy in the system is lower than −16 kcal/mol. These molecules are in ice-like
configurations.

2. Align these molecules with their counterparts in the template configuration. To
do so, use a global shift of the configuration, s, to minimize the summed mean
square displacement

F (s; C, T ) =
∑︂

i∈I

⃓⃓
xC
i −X(xC

i ; T + s)
⃓⃓2
, (D.1)

wherein X(xC
i ; T + s) is the position of the closest neighbor of molecule i in C

that can be found in T that has been shifted by s. As the position of a molecule
we use the position of the oxygen. This yields an optimized vector s(1) and a
value of the MSD function F (1)

min.

3. If F (1)
min/Nmol is larger than a threshold value fmax = 0.03Å2, shift the vector

s(1) by one layer distance in the z-direction and redo the optimization using this
shifted vector as initial condition.

4. If F (2)
min/Nmol is still larger than fmax, again, shift the output vector of the

previous configuration and redo the optimization. If this optimization does not
succeed, the procedure fails.
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0.003

0.004

0.005

0.006

0.007

0.008

0.009

F
(s

;C
,T

)/
N

m
o
l

Figure D.5.: Example contour plot of summed mean-square deviation F (s; C, T ) as a
function of the shift vector s. The example shows the landscape used to
align a configuration that containes 720 molecules that are arranged in a
mostly pristine lattice except for a small number of defects. The black
cross indicates the vector s at which the first optimization is started. The
blue cross indicates the value of s after the first optimization (s(1)z = −1.14,
in between the two levels shown), which corresponds to a shift of the
template configuration relative to the optimal alignment along both the
prism- and the c-axis. The red cross indicates another local minimum,
which corresponds to an alignment where the crystal is shifted by exactly
one layer in the z-direction (i.e. layers of type A are on top of type B
layers). The green cross marks the value of s after the second optimization
which finds the best alignment of the two configurations (s(2)z = 2.56).
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D.1. The defect detection scheme

Figure D.6.: Ice Ih structure as seen facing the prism face. The structure is comprised
of alternating layers A and B with respect to the position of the oxygen
atoms. Protons are arranged in a random pattern that fulfills the ice
rules.

The reason for this multi-step procedure becomes clear when we examine the land-
scape F (s; C, T ) shown in Fig. D.5 that consists of multiple local and global minima.
Figure D.6 shows the alternating layers that an hexagonal ice crystal is comprised of.
Depending on the initial shift of the template, an optimization of F can lead into the
local minimums marked by green and red dots in Fig. D.5. These minima correspond
to shifts where the template configuration is offset by exactly one layer width along
the z-direction, i.e., such that the B-layers of the template is found on top of the
A-layers of the configuration.

Fortunately, at the densities observed in the simulations presented here, there are
no local minima if s is chosen such that the layers match. Hence, by performing
multiple optimizations where s is shifted by one layer in the z-direction after the first
optimisation, we find the correct alignment of the two configurations. Only in some
cases the third optimization is required because the initial s of the first optimization
finds a small local minimum. The optimizations are performed using the BFGS
algorithm as implemented in the scipy python package[152].

Given the optimal alignment of T to C we can now assign each molecule in C to the
site in T that is its nearest neighbor and count the number of times that each site in
T is found as a nearest site. In a defect free crystal this count, nTi , is equal to one for
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each site. However, if there are interstitial-vacancy pairs in the system, some of the
nTi s are different from one. These sites are marked as template mismatches (TMM).

To avoid false positives that come about due to molecules translating only locally
(e.g. to form a 5+7 defect), an additional step is performed where, if a site with an
excess molecule and a site with a missing molecule are neighbors of each other (in the
sense that they are H-bonded to each other in the template configuration), this pair
of template mismatches is ignored.

The TMM that remain are marked as interstitials if nTi > 1 and as vacancies if
nTi < 1.

D.2. Ideal gas closest distance distribution

In Fig. 6.16 (Sec. 6.4) we presented the histograms of the distances of the closest
interstitial and the closest vacancy to the center of the liquid domain. It is important
to note that even for a homogeneous distribution of defects (i.e. an ideal gas), the
distribution of the closest defect is not uniform but instead has a maximum that is
determined by the density of the gas and the volume of the simulation box [268].

Consider the probability of finding the atom closest to a given location at a distance
that falls into the interval [r, r + dr] for an ideal gas. Because the atom positions are
not correlated with each other in the ideal gas, this probability can be decomposed
into three factors: the probability that a specific atom is found at a distance inside
[r, r + dr] times the probability that none of the N − 1 other atoms are closer than
r+dr, times the number of particles that can be picked. With the total system volume
V and the sphere volume v(r) = 4πr3/3 the probability density pid can be written as

pid(r) dr =
(︃
V − v(r)

V

)︃N−1 4πr2

V
N dr

= 4πρr2 exp [(N − 1) log (1− v(r)/V )] dr.
(D.2)

In the thermodynamic limit (N → ∞, V → ∞ such that N/V = ρ = const.) this can
be approximated by

pid(r) dr ≈ 4πρr2 exp
[︁
−4πρr3/3

]︁
. (D.3)

To calculate the joint probability that the closest ideal gas-like interstitial is found
at a distance in the interval [rI, rI + drI] and the closest ideal-gas vacancy in the
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Figure D.7.: Analysis of the locations of I-V defects at the time of formation of a
liquid nucleus, tm, using the center of the nucleus volume as reference.
Shown are the ratios between the observed joint probability of the closest
vacancy and the closest interstitial, P (rV, rI), to the expected density
assuming the defects follow ideal gas statistics Pid(rV, rI). P (rV, rI) is
shown in Fig. 6.16 in the main part.

interval [rV, rV + drV] we multiply the two probabilities:

pid(rV, rI) drV drI = pV(rV)pI(rI) drV drI (D.4)

Integration over the size of a histogram bin, ∆r, yields the probabilities

P (rV, rI) =

∫︂ rV+∆r

rV

∫︂ rI+∆r

rI

drV drI pV(rV)pI(rI) (D.5)

To compare this expected distribution to the ones obtained from melting trajectories
we need to determine the average densities ρI and ρV at time tm. To do so we count the
total number of defects of type i observed in configurations at time tm, ni, and divide
by the number number of trajectories n and the average volume of the simulation box
V .

Figure D.7 shows the ratio between the observed probabilities, P (rV, rI), and the
ideal gas probabilities Pid(rV, rI). There is a strong excess of configurations where
interstitials and vacancies are close to the center of the liquid nucleus compared to
what is expected in an ideal gas.

179



D. The microscopic mechanism of bulk melting of ice

0

100

N
(n

)

T = 268K

5+7 (µ = 3.10)

0
125
250

N
(n

) 5+7-1 (µ = 0.17)

0
125
250

N
(n

) 5+7-2 (µ = 0.31)

0
125
250

N
(n

) 5+7-3 (µ = 0.24)

0
125
250

N
(n

) 5+7-4 (µ = 0.11)

0
125
250

N
(n

) 5+7-5 (µ = 1.74)

0 1 2 3 4 5 6 7 8 9 10

n

0
125
250

N
(n

) 5+7-V (µ = 0.53)

0

100

N
(n

)

T = 303K

5+7 (µ = 3.39)

0
125
250

N
(n

) 5+7-1 (µ = 0.39)

0
125
250

N
(n

) 5+7-2 (µ = 0.49)

0
125
250

N
(n

) 5+7-3 (µ = 0.48)

0
125
250

N
(n

) 5+7-4 (µ = 0.24)

0
125
250

N
(n

) 5+7-5 (µ = 1.30)

0 1 2 3 4 5 6 7 8 9 10

n

0
125
250

N
(n

) 5+7-V (µ = 0.50)

Figure D.8.: Statistics of the number of immobile defects of given types found at time
tA in freezing/melting trajectories that end in a spherical nucleuls at
temperature T = 268K (left) and T = 303K (right). The histograms
indicate the counts observed in trajectories and the vertical dashed line
indicates the average defect count, µ. The crosses represent the expected
counts based on a Poisson distribution with average count µ and the
errorbars indicate the interval into which 95% of counts would fall based
on this distribution.

D.3. Data supplement

Here we present a number of additional graphs that were not included in the main
part for clarity.

• Figure D.8 shows the immobile defect counts found at time tA in spherical-
geometry trajectories obtained at 268K and 303K.

• Figure D.9 shows the defect densities of 5+7 defects around the site where a
mobile defect forms for trajectories that pass through the E-channel. See Figs.
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Figure D.9.: Analysis of the positions of the closest defect to the site where L-D or I-V
defects form at time tE in trajectories that pass through the E-channel.
Shown are the pair-correlation functions gST (solid) and the average
numbers of defects within a sphere of radius r, nST (dashed). Black lines
are the sum over all defect types T . For clarity the densities are shown
on a semi-logarithmic scale while nST is shown on a linear scale.

6.13 and 6.17 for the corresponding plots that include all trajectories.

• Figure D.10 shows the non-equlibrium pair correlation functions for I and V

defects obtained in the timespan between tE and tm.

• Figure D.11 shows the one-dimensional contributions to the mean square dis-
placements of I and V defects in the same time period but only when there is a
single I-V pair present.
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Figure D.10.: Pair correlation functions G between interstitial and vacancy defects
found in melting trajectories between time tE and tm. Note that only
configurations where a single defect pair is present are included in the
analysis and that the trajectories in the underlying ensemble start at
the creation of a defect pair. As a consequence, G is not an equilibrium
property since finding defect pairs a short distance apart is guaranteed.
The distribution has been normalized with the density ρ = V −1, where
V is the box volume resulting in an assumed number density of the
defects of V −1.
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Figure D.11.: Mean square displacements calculated for interstitials and vacancies
at different temperatures and for different cluster geometries. The x,
y, and z component are shown separately. The dashed lines indicate
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E. Zusammenfassung

In dieser Dissertation untersuche ich die Mechanismen von Rare Events mit der Hilfe
von Computersimulationen in verschiedenen physikalischen Systemen; von einfachen
Modell-Systemen bis hin zu einer Untersuchung des Schmelzvorgangs von Eis auf
der molekularen Ebene. Immer wieder begegnet uns bei diesen Untersuchungen eine
ähnliche Feststellung: um den Mechanismus eines Rare Events vollständig zu verstehen,
ist eine detaillierte Betrachtung der Dynamik des Systems unumgänglich.

Im ersten von drei Papern, die Teil dieser Arbeit sind, untersuchen wir den Disk-Slab
Übergang im 2-dimensionalen Ising Modell. Beim Vergleich der freien Energielandschaft,
die den Übergang beschreibt, mit den ebenfalls berechneten Committor Wahrschein-
lichkeiten zeigt sich eine scheinbare Diskrepanz dieser beiden Größen. Im Zuge dieser
Arbeit zeigen wir, dass dieser scheinbare Gegensatz aufgelöst werden kann, wenn wir
den großen Unterschied in den Relaxationszeiten entlang der beiden kollektiven Varia-
blen berücksichtigen, mit denen dieser Übergang beschrieben wird. Das Resultat ist
ein diffusives Modell, das, basierend auf der freien Energielandschaft und gemessenen
Diffusionskoeffizienten, die Committor Wahrscheinlichkeiten reproduzieren kann.

Im zweiten Paper befassen wir uns mit dieser Frage: wenn wir zwei parallele Ober-
flächen, deren Form fluktuieren darf, frei diffundieren lassen, wie nahe kommen sich
dann die Schwerpunkte der Oberflächen, bevor sie sich das erste Mal berühren? Auch
hier zeigt sich, dass dieser Kontaktabstand durch das Zusammenspiel von zwei Zeits-
kalen bestimmt wird: wie schnell diffundieren auf der einen Seite die Schwerpunkte
der Oberflächen und wie schnell gehen Fluktuationen in der Form der Oberflächen
vonstatten. Wir vereinfachen dieses Problem auf eine Differenzialgleichung, ähnlich
einer Reaktions-Diffusionsgleichung, die es uns erlaubt, Verteilungen der Kontaktab-
stände zu berechnen. Anschließend wenden wir diese Theorie auf den Zerfall von
plattenförmigen Clustern in molekularen Simulationen an.

Im dritten und letzten Paper dieser Dissertation untersuchen wir den molekularen
Mechanismus des Schmelzens von Eis. Der Schmelzvorgang zeichnet sich durch eine
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deutlich kompliziertere Landschaft an möglichen Zuständen aus, die am Schmelzvor-
gang beteiligt sein könnten, da zu jedem Zeitpunkt eine Vielzahl von unterschiedlichen
Defekttypen existieren kann. Um die frühen Stadien von Schmelztrajektorien zu unter-
suchen, erzeugen wir mithilfe von Molekulardynamik Trajektorien, deren Endpunkte
eine Blase mit flüssigem Wasser enthalten. Die Analyse dieser Trajektorien zeigt nicht
nur die Zustände, die für den Schmelzvorgang wichtig sind, sondern auch die Reaktions-
pfade, die zum Schmelzen eines Eiskristalls führen können. Diese Arbeit zeichnet ein
detailliertes Bild der unterschiedlichen, präkritischen Stadien des Schmelzvorganges,
sowie der Defekttypen, die in ihnen eine wichtige Rolle spielen.
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In this dissertation, I study the mechanisms of rare events with the help of computer
simulations for a number of different systems; from simple model systems to an
investigation of the melting mechanism of ice on the molecular level. During these
investigations, we find time and time again, that, in order to fully understand the
mechanism of a rare event, a detailed investigation of the dynamics of a system is
indispensable.

In the first of three papers that are part of this thesis, we study the disk-to-slab
transition in the 2d-Ising model and find a free energy landscape that is seemingly at
odds with committor probabilities that were also calculated. However, in this work,
we show that the two quantities can be reconciled by taking into account the large
difference in the relaxation timescales along two different order parameters that were
used to describe the system. The result is a simplified diffusive model that, based on
the free energy landscape and measured diffusion coefficients, is able to reproduce the
committor probability.

In the second paper, we start out with the following question: if left to diffuse freely,
how close will the centers of mass of two parallel, fluctuating interfaces approach each
other before they come into contact due to the random fluctuations of their shape?
Just like in the disk-to-slab transition, this contact distance depends on a balance
of the timescales of two processes: how fast the interfaces are diffusing relative to
each other vs. the time it takes the interfaces to change their shape. In this case, we
capture this balance by analyzing a differential equation similar to a reaction-diffusion
equation that allows us to calculate theoretical expressions for the contact-distance
distribution. We then apply our findings to the decay of slabs in molecular simulations.

In the third and final paper, we investigate the microscopic mechanism of the
melting of ice. Melting presents us with a considerably more complex landscape of
possible states that could play a role in the melting mechanism due to the large
number of different defect types that could be present in our system at any point in
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time. In order to study the early stages of melting trajectories, we generate molecular-
dynamics trajectories that end in a spherical liquid nucleus. A detailed analysis of
these trajectories not only shows the states that are important for melting, but also
the pathways that lead through these states toward the melting of an ice crystal. This
work provides a detailed account of the different pre-critical stages of melting and the
important defect types that play a role in each stage.
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