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Abstract

In this master’s thesis, we extend the Knothe-Rosenblatt coupling [24, p. 20] to probability

measures on arbitrary Polish metric spaces. We use such couplings to define the p-Knothe-

Rosenblatt distance and show that this distance forms a metric on P(Rn, ∥ .∥p). However, we

show with an example that this does not hold for arbitrary spaces because the p-Knothe-

Rosenblatt distance does not necessarily satisfy the triangle inequality. In Theorem 3.4, the

main result, we show that the p-Knothe-Rosenblatt distance spans the same topology as

the adapted p-Wasserstein distance. This result is of interest since the p-Knothe-Rosenblatt

distance is often simpler to calculate than the adapted p-Wasserstein distance. The theorem

extends the statement in [4], where the equivalence of four further approaches for adapted

Wasserstein topologies is demonstrated. Our proof is by induction over the time steps. Finally,

we show that for X compact P(X n, ∥ .∥p), the space of stochastic processes on X with n > 1

time steps equipped with the p-Knothe-Rosenblatt distance is not necessarily precompact. In

contrast P(X n, ∥ .∥p) equipped with the adapted p-Wasserstein distance is precompact.

Zusammenfassung

In dieser Masterarbeit erweitern wir die Knothe-Rosenblatt Kopplung [24, p. 20] auf

Wahrscheinlichkeitsmaße auf beliebigen polnischen metrischen Räumen. Wir nutzen diese

Knothe-Rosenblatt Kopplungen zur Definition der p-Knothe-Rosenblatt Distanz und zeigen,

dass diese Distanz eine Metrik auf P(Rn, ∥ .∥p) bildet. Für beliebige Räume ist dies jedoch

nicht der Fall. Wir zeigen anhand eines Beispiels, dass die Dreiecksungleichung im Allgemeinen

nicht immer erfüllt ist. In Theorem 3.4, dem Hauptresultat, zeigen wir dass die Knothe-

Rosenblatt Distanz dieselbe Topologie wie die adaptierte Wasserstein Distanz aufspannt.

Dieses Resultat ist von Interesse, da die p-Knothe-Rosenblatt Distanz oft leichter zu berechnen

ist als die adaptierte Wasserstein Distanz. Das Theorem erweitert das Statement in [4] in

dem die Äquivalenz vier weiterer Ansätze die adaptierte Wasserstein Topologien zu definieren

gezeigt wird. Unser Beweis erfolgt durch Induktion über die Zeitschritte. Schließlich zeigen

wir, dass, für X kompakt, P(X n, ∥ .∥p), der Raum der stochastischen Prozesse auf X mit n > 1

Zeitschritten, ausgestattet mit der p-Knothe-Rosenblatt Distanz, nicht notwendigerweise

präkompakt ist. P(X n, ∥ .∥p), ausgestattet mit der adaptierten p-Wasserstein Distanz, ist

dagegen präkompakt.
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1. Introduction

Discrete time stochastic processes with d ∈ N time steps on a Polish metric space X can

be represented as probability measures on X n. A common approach to establish a topology

on P(X n, ∥ . ∥p) is the standard weak topology. A sequence of measures (µi)i≥0 is said to

converge weakly to a measure µ if for all bounded Lipschitz continuous functions f we have

that limi→∞
∫︁
f dµi =

∫︁
f dµ.

The weak topology is induced by the p-Wasserstein distance for p ≥ 1. The Wasserstein

distance represents the cost needed to move masses between two distributions. This cost

takes into account the amount of mass being moved and the distance it is moved. For a

formal definition, see Definition 2.2. The Wasserstein distance itself has many applications,

for example, in machine learning [19, 11], meteorology [9] and computer vision [14].

Using the Wasserstein distance to compare stochastic processes embedded in X n, however,

does not take the time dependent structure of the stochastic process into account. Therefore,

the weak topology cannot ensure continuity for optimal stopping, the Doob-decomposition,

and stochastic control problems. Continuity is important for many applications, for example

in optimal stopping problems, where, even if the the exact distribution of a stochastic process

is not known, we still want the solutions to be approximately correct.

To address these issues, a number of different approaches to define distances and topologies

on the space of stochastic processes were introduced [15, 1, 8, 18, 12]. This includes a

so-called information topology for tackling sequential decision problems [15], a variation

of the weak topology for prediction processes [1], and three variations of the Wasserstein

distance [8, 12, 18], which can be used to establish topologies. It was shown in [4] that

these five approaches yield the same topology and that this topology is the coarsest one that

guarantees continuity for optimal stopping problems with bounded continuous rewards. One

approach for establishing this topology is defining an adapted version of the Wasserstein

distance, see Definition 2.4.

In this master’s thesis, we show that yet another approach yields the same topology as

the five given above. In particular, we show in Theorem 3.4 that the topology induced by

the Knothe-Rosenblatt distance defined in Definition 2.4 below, coincides with the topology

induced by the adapted Wasserstein distance.
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In addition we prove some properties of the Knothe-Rosenblatt distance, whether it is a

metric and discuss precompactness.

The Knothe-Rosenblatt coupling was first introduced by Knothe and Rosenblatt in their

respective works [17, 23]. In [23] Rosenblatt introduces the coupling and discusses some

properties and possible applications. Independently, Knothe defines and explores this coupling

in [17], examining generalizations of the Brunn-Minkowski and the isoperimetric inequality.

Adapted versions of the Wasserstein distance find applications in many areas in mathemat-

ical finance. In [21, 22], a nested distance is introduced, showcasing its utility in multistage

stochastic optimization problems by using it for judging how similar stochastic processes

are to approximations. Also, in [16], they approximate stochastic processes to solve an

optimization problem and use the nested distance to quantify the fit of the approximations,

and in [5], stability of solutions to optimal stopping problems and multi-period stochastic

optimization problems with regard to the adapted Wasserstein distance are analyzed.

Also, the adapted Wasserstein topology has multiple applications. For example, in [13],

the adapted Wasserstein Topology is used to define confidence sets for estimated models

for asset price processes. This is then used to address a stochastic optimization problem

under model uncertainty. In [3], robustness of optimal hedging strategies with regard to the

adapted Wasserstein topology is shown, and in [6], approximations of martingale couplings

in the adapted weak topology are explored.

This master thesis is structured as follows. In Section 2, we introduce all the necessary

notation and definitions. In Section 3, we prove Theorem 3.4, the main result of this thesis

and necessary auxiliary lemmas. In Section 4, we prove that on P(Rn, ∥ . ∥p) the triangle

inequality holds for the Knothe-Rosenblatt distance. We also give a counterexample showing

that the Knothe-Rosenblatt distance does not satisfy the triangle inequality for probability

measures defined on arbitrary Polish metric spaces. In Section 5, we show that, in contrast

to the adapted Wasserstein distance [4, Theorem 1.7], the completion of the weak adapted

topology with regard to the Knothe-Rosenblatt distance is not precompact on subsets where

the laws are tight and uniformly integrable.
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2. Definitions and notation

We consider a Polish metric space (X , ρX ) and for n ∈ N the product spaces X n =
∏︁n

i=1Xi,

where Xi = X for all i, together with the metric

ρXn,p((xt)
n
t=1, (yt)

n
t=1) =

(︄
n∑︂

t=1

ρX (xt, yt)
p

)︄ 1
p

where p ≥ 1. We use (Xt)
n
t=1 to denote the canonical process on X n, i.e. Xt is the projection

onto Xt. On X n ×X n call X = (Xt)
n
t=1 the projection on the first factor and Y = (Yt)

n
t=1 the

projection on the second factor. Given k ∈ {1, . . . , n} and a measure η on X n we set

ηk := proj∏︁k
i=1 Xi

η

and for a measure π on X n ×X n we set

πk := proj(∏︁k
i=1 Xi)×(

∏︁k
i=1 Xi)

π.

Furthermore, for x ∈ X k we let ηx denote the disintegration of the measure η with regard

to the first k variables at x, which exists and is ηk almost everywhere unique due to the

disintegration theorem.

Definition 2.1. [4, p. 3] For measures µ and ν on X n the set of couplings from µ to ν is

defined by

Cpl(µ, ν) = {π ∈ P(X n ×X n)|X ∼ µ and Y ∼ ν under π}.

We say a coupling π is causal if

π((Y1, . . . , Yk) ∈ A|X) = π((Y1, . . . , Yk) ∈ A|X1, . . . , Xk),∀k ≤ n

and all measurable A ⊆ X k. We say a coupling π is bicausal if the condition also holds with

the roles of X and Y exchanged. We write CplBC(µ, ν) for the set of all bicausal couplings

from µ to ν. A coupling γ ∈ Cpl(µ, ν) is considered optimal (cost minimizing) for the

p-Wasserstein distance (p ≥ 1), if(︃∫︂
ρpXn,p dγ

)︃ 1
p

= Wp(µ, ν) := inf
π∈Cpl(µ,ν)

(︃∫︂
ρpXn,p dπ

)︃ 1
p

and we call Wp(µ, ν) the p-Wasserstein distance between µ and ν
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The next definition extends the definition of the Knothe-Rosenblatt coupling as described

in [24, p. 20] to spaces where optimal couplings are not necessarily unique.

Definition 2.2. Let µ and ν be probability measures on the Polish metric space (X n, ρXn,p).

We define the set of all p-Knothe-Rosenblatt couplings from µ to ν, CplKRp(µ, ν), as the set

of all measures π on X n ×X n that satisfy that π1 is an optimal coupling from µ1 to ν1 and

for all 2 ≤ k ≤ n, πx,y
k is an optimal coupling from µx

k to νy
k with regard to the p-Wasserstein

distance, for πk−1 almost all (x,y) ∈ X k−1 ×X k−1. Here πx,y
k denotes the disintegration of

πk at ((x1, y1), . . . , (xk−1, yk−1)).

Remark 2.3. It can be show by a standard measurable selection argument that for any µ and ν,

probability measures on the Polish metric space (X n, ρXn,p), the set CplKRp(µ, ν) is non-empty.

Furthermore, from the definitions it follows that for µ and ν, measures on X n×X n, and k < n

we have {πk|π ∈ CplKRp(µ, ν)} = CplKRp(µk, νk) and {πk|π ∈ CplBC(µ, ν)} = CplBC(µk, νk).

Definition 2.4. For µ and ν measures on the Polish metric space (X n, ρXn,p) and p ≥ 1 we

call

AWp(µ, ν) := inf
π∈CplBC(µ,ν)

(︃∫︂
ρpXn,p dπ

)︃ 1
p

the adapted p-Wasserstein distance from µ to ν, as in [4]. Additionally we define

KRp(µ, ν) := sup
π∈CplKRp(µ,ν)

(︃∫︂
ρpXn,p dπ

)︃ 1
p

as the p-Knothe-Rosenblatt distance from µ to ν.

We can compose couplings by first transporting the mass from the first space to the second

and then from the second to the third. This results in a transport from the first space to the

third space. For Monge transports [24] this composition is given by the function composition

of the two transport maps. To expand this concept to non deterministic transport plans, we

use the notion of the gluing of couplings.

Definition 2.5. [24, p. 23 (Gluing Lemma)] Let µ, ν, η be measures on the Polish spaces

X ,Y ,Z. Given π ∈ Cpl(µ, ν) and γ ∈ Cpl(ν, η) we define π⊗
Y
γ as the measure on X ×Y×Z

such that

π ⊗
Y
γ(dx1, dx2, dx3) = π(dx1, dx2)γ

x2(dx3).
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Thus projX ,Y(π ⊗
Y
γ) = π, projY,Z(π ⊗

Y
γ) = γ and we call

π m γ := projX ,Z(π ⊗
Y
γ) ∈ Cpl(µ, η)

the marriage of π and γ.

Another useful tool is the modulus of continuity. It is a measure of how sensitive a measure

in two variables is to perturbations of its variables.

Definition 2.6. [10, Definition 1.2 (Modulus of Continuity)] Let p ≥ 1, (X , ρX ), (Y , ρY)

be Polish metric spaces and let µ be a probability measure on X × Y. Then we define the

modulus of continuity ωµ,p : R+ → R+ of µ by

ωµ,p(δ) := sup
γ∈Per(µ,δ)

(︃∫︂
ρpY dγ

)︃ 1
p

where Per(µ, δ) := {γ ∈ Cpl(µ, µ)|
(︁∫︁

ρpX dγ
)︁ 1

p ≤ δ}. Thus any coupling in Cpl(µ, µ) with a

cost in X that is less or equal to δ has a cost in Y that is at most ωµ,p(δ). An important

property of the modulus of continuity is [10, Lemma 2.7]. It states that the modulus of

continuity ωµ,p is continuous at 0 if and only if the measure µ is concentrated on the graph of

a function.

Definition 2.7. [10, p. 2] For probability measures ν on the Polish space X n we define

I(ν) := ((x → (x, νx))#νn−1

for x ∈ X n−1. This is well defined since x → νx is a measurable function by the disintegration

theorem. Thus I(ν) is a probability measure on X n−1×P(X ) and is by definition concentrated

on the graph of a function.

Our goal is to establish Theorem 3.4 stating that the p-Knothe-Rosenblatt distance induces

the p weak adapted topology. We start by proving a few auxiliary lemmas.

3. The topology induced by Knothe-Rosenblatt is equivalent to the one

induced by adapted Wasserstein

In this section, we prove Theorem 3.4, the main result of this thesis. We start by proving

two auxiliary lemmas. Lemma 3.1 and Lemma 3.2 give equivalent definitions of bicausal
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couplings. Lemma 3.2 also allows us to construct bicausal couplings. Both lemmas are a

direct consequence of [2, Proposition 5.1] or [25, Proposition 2.2.7] but we prove them here

directly.

Lemma 3.1. For measures µ, ν on X n and π ∈ Cpl(µ, ν) the following statements are

equivalent:

(i) π ∈ CplBC(µ, ν)

(ii) ∀k ≤ n we have πx,y ∈ Cpl(µx, νy) for πk almost all x,y ∈ X k.

Proof. For ease of notation we will write Xb
a for (Xa, Xa+1, . . . , Xb).

To prove this statement, we will first show that the two statements (i′) and (ii′), defined

below, are equivalent. Then we show that (i), (ii) in Lemma 3.1 are equivalent to the

statements (i′), (ii′), respectively.

Let statement (i′) be that,

π(Y k
1 ∈ A|Xn

k+1 ∈ B ∧Xk
1 = xk

1) = π(Y k
1 ∈ A|Xk

1 = xk
1)(i′)

for all k ≤ n, all measurable A ⊆ X k, B ⊆ X n−k with π(Y k
1 ∈ A|Xk

1 ) > 0 and π(Xn
k+1 ∈

B|Xk
1 ) > 0 and πk almost all xk

1. Furthermore this equation also holds with the roles of X

and Y exchanged.

Let statement (ii′) be that,

π(Xn
k+1 ∈ B|Y k

1 ∈ A ∧Xk
1 = xk

1) = π(Xn
k+1 ∈ B|Xk

1 = xk
1)(ii′)

for all k ≤ n, all measurable A ⊆ X k, B ⊆ X n−k with π(Y k
1 ∈ A|Xk

1 ) > 0 and π(Xn
k+1 ∈

B|Xk
1 ) > 0 and πk almost all xk

1. Furthermore this equation holds with the roles of X and Y

exchanged.

Rewriting statement (ii′), we get

π(Xn
k+1 ∈ B ∧ Y k

1 ∈ A|Xk
1 = xk

1)

π(Y k
1 ∈ A|Xk

1 = xk
1)

= π(Xn
k+1 ∈ B|Xk

1 = xk
1)

⇔
π(Xn

k+1 ∈ B ∧ Y k
1 ∈ A|Xk

1 = xk
1)

π(Xn
k+1 ∈ B|Xk

1 = xk
1)

= π(Y k
1 ∈ A|Xk

1 = xk
1)

⇔ π(Y k
1 ∈ A|Xn

k+1 ∈ B ∧Xk
1 = xk

1) = π(Y k
1 ∈ A|Xk

1 = xk
1)
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for all πk almost all xk
1 and all measurable A ⊆ X k, B ⊆ X n−k with π(Y k

1 ∈ A|Xk
1 = xk

1) > 0,

π(Xn
k+1 ∈ B|Xk

1 = xk
1) > 0. The same also holds with the roles of X and Y exchanged. Thus,

statements (i′) and (ii′) are equivalent.

We will now show that the statements (i) and (i′) are equivalent, the proof for why

statements (ii) and (ii′) are equivalent will follow analogously.

To see that (i) implies (i′) we simply observe that xk
1 × B is measurable and thus (i′)

follows directly by (i).

To show that, (i′) implies (i) we will show that for πk almost all xk
1 and πxk

1 almost all xn
k+1

we have

π(Y k
1 ∈ A|Xn

k+1 = xn
k+1 ∧Xk

1 = xk
1) = π(Y k

1 ∈ A|Xk
1 = xk

1)(3.1)

which in turn implies statement (i).

First, we note that statement (i′) also holds for all A with π(Y k
1 ∈ A|Xk

1 = xk
1) = 0 since

then π(Y k
1 ∈ Ac|Xk

1 = xk
1) = 1 and thus

π(Y k
1 ∈ A|Xn

k+1 ∈ B ∧Xk
1 = xk

1)

= 1− π(Y k
1 ∈ Ac|Xn

k+1 ∈ B ∧Xk
1 = xk

1)

= 1− π(Y k
1 ∈ Ac|Xk

1 = xk
1)

= π(Y k
1 ∈ A|Xk

1 = xk
1).

This means that the measures coincide for all sets A. We will now prove equation (3.1) by

considering a sequence of sets that converges to {xn
k+1} from above.

First, observe that since Xn−k is separable, for π( · |Xk
1 = xk

1) almost all xn
k+1 ∈ Xn−k and

all ε > 0 we have π(Bε(x
n
k+1)|Xk

1 = xk
1) > 0, where Bε(x) is the open ball around x with

radius ε. Thus, for almost all xn
k+1, and all sequences of open sets (Cn,xn

k+1
)n≥1 ↘ {xn

k+1}

π(Y k
1 ∈ A ∧Xn

k+1 ∈ Cn,xn
k+1

|Xk
1 = xk

1)

π(Xn
k+1 ∈ Cn,xn

k+1
|Xk

1 = xk
1)

= π(Y k
1 ∈ A|Xn

k+1 ∈ Cn,xn
k+1

∧Xk
1 = xk

1)

is well defined. Furthermore, since
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π(Y k
1 ∈ A|Xn

k+1 ∈ Cn,xn
k+1

∧Xk
1 = xk

1) = π(Y k
1 ∈ A|Xk

1 = xk
1)

the sequence of probability measures π(Y k
1 ∈ · |Xn

k+1 ∈ Cn,xn
k+1

∧ Xk
1 = xk

1) is not only

convergent but actually constant for almost all xn
k+1. Now, by [20] for almost all xn

k+1 this

sequence weakly converges to π(Y k
1 ∈ · |Xn

k+1 = xn
k+1 ∧Xk

1 = xk
1) and since the sequence is

constant we also have setwise convergence. Therefore,

π(Y k
1 ∈ A|Xn

k+1 = xn
k+1 ∧Xk

1 = xk
1)

= lim
n→∞

π(Y k
1 ∈ A|Xn

k+1 ∈ Cn,xn
k+1

∧Xk
1 = xk

1)

= lim
n→∞

π(Y k
1 ∈ A|Xk

1 = xk
1)

= π(Y k
1 ∈ A|Xk

1 = xk
1),

which is (i′) and what we wanted to show.

Next we show that the statements (ii) and (ii′) are equivalent. As stated this proof will be

very similar to (i) ⇔ (i′).

To see that (ii) implies (ii′), we simply integrate π(Xn
k+1 ∈ B|Xk

1 = xk
1, Y = yk1) over all

yk1 ∈ A, then since

π(Xn
k+1 ∈ B|Xk

1 = xk
1, Y

k
1 = yk1) = π(Xn

k+1 ∈ B|Xk
1 = xk

1)

holds for almost all yk1 we also have

π(Xn
k+1 ∈ B|Xk

1 = xk
1, Y

k
1 ∈ A) = π(Xn

k+1 ∈ B|Xk
1 = xk

1),

which is statement (ii′).

For the other direction, (ii′) implies (ii), we will show that for πk almost all xk
1 and πxk

1

almost all yk1 we have

π(Xn
k+1 ∈ B|Y k

1 = yk1 ∧Xk
1 = xk

1) = π(Xn
k+1 ∈ B|Xk

1 = xk
1)(3.2)

which is equivalent to statement (ii). Here note that the integral is well defined since by the

disintegration theorem yk1 → π(Xn
k+1 ∈ B|Y k

1 = yk1 ∧Xk
1 = xk

1) is a measurable function.
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First, we again note that statement (i′) also holds for all B with π(Xn
k+1 ∈ B|Xk

1 = xk
1) = 0

since then π(Xn
k+1 ∈ Bc|Xk

1 = xk
1) = 1 and thus

π(Xn
k+1 ∈ B|Y n

1 ∈ A ∧Xk
1 = xk

1)

= 1− π(Xn
k+1 ∈ Bc|Y k

1 ∈ A ∧Xk
1 = xk

1)

= 1− π(Xn
k+1 ∈ Bc|Xk

1 = xk
1)

= π(Xn
k+1 ∈ B|Xk

1 = xk
1).

This means that the measures coincide for all sets B. We will now prove equation (3.2) by

considering a sequence of sets that converges to {yk1} from above.

First we again observe that since Xk is separable, for πk( · |Xk
1 = xk

1) almost all yk1 ∈ Xk

and all ε > 0 we have π(Bε(y
k
1)|Xk

1 = xk
1) > 0, where Bε(x) is the open ball around x with

radius ε. Thus, for almost all yk1 and all sequences of open sets (Cn,yk1
)n≥1 ↘ {yk1}

π(Y k
1 ∈ A ∧Xn

k+1 ∈ Cn,xn
k+1

|Xk
1 = xk

1)

π(Xn
k+1 ∈ Cn,xn

k+1
|Xk

1 = xk
1)

= π(Y k
1 ∈ A|Xn

k+1 ∈ Cn,xn
k+1

∧Xk
1 = xk

1)

is well defined. Furthermore, since

π(Xn
k+1 ∈ B|Y k

1 ∈ Cn,yk1
∧Xk

1 = xk
1) = π(Xn

k+1 ∈ B|Xk
1 = xk

1)

the sequence of probability measures π(Xn
k+1 · |Xn

k+1 ∈ Cn,yk1
∧Xk

1 = xk
1) is not only convergent

but actually constant for almost all yk1 . Now, by [20] for almost all yk1 this sequence weakly

converges to π(Xn
k+1 · |Y k

1 = yk1 ∧Xk
1 = xk

1) and since the sequence is constant we also have

setwise convergence. Therefore,

π(Xn
k+1 ∈ B|Y k

1 = yk1 ∧Xk
1 = xk

1)

= lim
n→∞

π(Xn
k+1 ∈ B|Y k

1 ∈ Cn,yk1
∧Xk

1 = xk
1)

= lim
n→∞

π(Xn
k+1 ∈ B|Xk

1 = xk
1)

= π(Xn
k+1 ∈ B|Xk

1 = xk
1),

which is (ii′) and what we wanted to show. □
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Lemma 3.2. Let µ, ν ∈ P(X n, ∥ .∥p), 0 ≤ n′ ≤ n and π ∈ P(X n ×X n). Then the following

statements are equivalent:

(i) π ∈ CplBC(µ, ν).

(ii) πn′ ∈ CplBC(µn′ , νn′) and πx,y ∈ CplBC(µ
x, νy) for πn′ almost all (x, y) ∈ X n′ ×X n′

.

Proof. For the first direction, take π ∈ CplBC(µ, ν). Clearly, we have that πn′ ∈

CplBC(µn′ , νn′). To show that πxn′
1 ,yn

′
1 ∈ CplBC(µ

xn′
1 , νyn

′
1 ) for πn′ almost all (xn′

1 , y
n′
1 ) ∈ X n′ ×

X n′
we use Lemma 3.1 and see that indeed for all k > n′ and (xk

n′+1, y
k
n′+1) ∈ X k−n′ ×X k−n′

it holds that

(πxn′
1 ,yn

′
1 )x

k
n′+1

,yk
n′+1 = πxk

1 ,y
k
1 ∈ Cpl(µxk

1 , νyk1 ) = Cpl((µxn′
1 )x

k
n′+1 , (νyn

′
1 )y

k
n′+1).

For the other direction, we also use Lemma 3.1. Take a measure π on X n × Xn with

πn′ ∈ CplBC(µn′ , νn′) and πx,y ∈ CplBC(µ
x, νy) for πn′ almost all (x, y) ∈ X n′ × X n′

. We

want to show that for k ≤ n and πk almost all (x, y) ∈ X k ×Xk we have πx,y ∈ Cpl(µx, νy).

For k = n′ this condition is naturally fulfilled by assumption. Next, we assume k > n′ and

(xk
1, y

k
1) ∈ X k ×X k. Then we have πxk

1 ,y
k
1 = (πxn′

1 ,yn
′

1 )x
k
n′+1

,yk
n′+1 and since by our assumption

πxn′
1 ,yn

′
1 ∈ CplBC(µ

xn′
1 , νyn

′
1 ), by Lemma 3.1, we have

πxk
1 ,y

k
1 = (πxn′

1 ,yn
′

1 )x
k
n′+1

,yk
n′+1 ∈ Cpl((µxn′

1 )x
k
n′+1 , (νyn

′
1 )y

k
n′+1) = Cpl(µxk

1 , νyk1 ).

Finally, we assume that k < n′ and (xk
1, y

k
1) ∈ X k ×X k and A ⊆ Xn−k measurable. Then

πxk
1 ,y

k
1 (xn

k+1 ∈ A)

=

∫︂
1A(x

n
k+1) dπ

xk
1 ,y

k
1 (xn

k+1, y
n
n′+1)

=

∫︂
1A(x

n
k+1) d(π

xk
1 ,y

k
1 )

xn′
k+1,y

n′
k+1(xn

n′+1, y
n
n′+1) dπ

xk
1 ,y

k
1

n′ (xn′

k+1, y
n′

k+1)

=

∫︂
1A(x

n
k+1) dπ

xn′
1 ,yn

′
1 (xn

n′+1, y
n
n′+1) dπ

xk
1 ,y

k
1

n′ (xn′

k+1, y
n′

k+1).

Since, by assumption, πxn′
1 ,yn

′
1 ∈ CplBC(µ

xn′
1 , νyn

′
1 ), integrating over ynn′+1 yields∫︂

1A(x
n
k+1) dµ

xn′
1 (xn

n′+1) dπ
xk
1 ,y

k
1

n′ (xn′

k+1, y
n′

k+1)

Now, we observe that, since πn′ ∈ CplBC(µn′ , νn′), by Lemma 3.1, π
xk
1 ,y

k
1

n ∈ Cpl(µxk
1 , µyk1 ).

Thus, we can integrate over yn
′

k+1 and get
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∫︂
1A(x

n
k+1) dµ

xn′
1 (xn

n′+1) dµ
xk
1

n′ (x
n′

k+1)∫︂
1A(x

n
k+1) d(µ

xk
1 )

xn′
k+1(xn

n′+1) dµ
xk
1

n′ (x
n′

k+1)

= µxk
1 (xn

k+1 ∈ A).

Repeating this with the roles of x and y interchanged completes the proof. □

The following proposition, proves that Knothe-Rosenblatt couplings and optimal bicausal

couplings are optimal in the last time step, and we use this fact to bound the cost of the

such couplings by the cost in the first n− 1 time steps and the cost in the last time step.

Proposition 3.3. For p ≥ 1 and π ∈ CplKRp(µ, ν) or π a cost minimizing element in

CplBC(µ, ν) we have

(︃∫︂
ρpXn,p dπ

)︃ 1
p

≤

(︄∫︂ n−1∑︂
i=1

ρX (xi, yi)
p dπ(x,y)

)︄ 1
p

+

(︃∫︂
Wp(µ

x, νy)p dπn−1(x,y)

)︃ 1
p

.

Proof. First, note that∫︂
ρX (xn, yn)

p dπ(x,y) =

∫︂ ∫︂
ρX (xn, yn)

p dπxn−1
1 ,yn−1

1 (xn, yn) dπn−1(x
n−1
1 , yn−1

1 ).

If π ∈ CplKRp(µ, ν) we know that πxn−1
1 ,yn−1

1 ∈ Cpl(µxn−1
1 , νyn−1

1 ) is optimal for almost all

xn−1
1 , yn−1

1 ∈ X n−1 and therefore
∫︁
ρX (xn, yn)

p dπxn−1
1 ,yn−1

1 (xn, yn) = Wp(µ
xn−1
1 , νyn−1

1 )p for

almost all xn−1
1 , yn−1

1 ∈ X n−1. Thus

(︃∫︂
ρpXn,p dπ

)︃ 1
p

=

(︄∫︂ n∑︂
i=1

ρX (xi, yi)
p dπ(x,y)

)︄ 1
p

=

(︄∫︂ n−1∑︂
i=1

ρX (xi, yi)
p dπ(x,y) +

∫︂
ρX (xn, yn)

p dπ(x,y)

)︄ 1
p

=

(︄∫︂ n−1∑︂
i=1

ρX (xi, yi)
p dπ(x,y) +

∫︂
Wp(µ

x, νy)p dπn−1(x,y)

)︄ 1
p

The statement now follows from x → x
1
p being subadditive for p ≥ 1.

If π ∈ CplBC(µ, ν) and minimizes cost, then by Lemma 3.1 πxn−1
1 ,yn−1

1 ∈ Cpl(µxn−1
1 , νyn−1

1 ) and

πxn−1
1 ,yn−1

1 must also be optimal for almost all xn−1
1 , yn−1

1 ∈ X n−1 . Otherwise a measure π̄
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with π̄n = πn and π̄xn−1
1 ,yn−1

1 ∈ Cpl(µxn−1
1 , νyn−1

1 ) optimal, would exist and have a lower cost

then π and would also be in CplBC(µ, ν) by Lemma 3.2 which is a contradiction. □

Theorem 3.4. If (kν)k, a sequence of probability measures on (X n, ρXn), converges to a

probability measure ν on (X n, ρXn,p) in the adapted p-Wasserstein distance then it converges

also in the p-Knothe-Rosenblatt distance. In particular the p-Knothe-Rosenblatt distance

induces the p-weak adapted topology.

Proof. The proof is by induction. For n = 1 the statement follows because both, the Knothe-

Rosenblatt and the adapted Wasserstein distance, coincide with the Wasserstein distance in

this case.

n → n+ 1 :

Let (kν)k be a sequence of probability measures on (X n+1, ρXn+1,p) such that kν converges to

a probability measure ν in the adapted Wasserstein distance. For arbitrary, fixed (kπ)k with

kπ ∈ CplKRp(ν,
kν), we will show that the cost

(︂∫︁
ρpXn+1,p d

kπ
)︂ 1

p
converges to 0 for k → ∞.

By Proposition 3.3, the cost can be bounded by the cost in the first n dimension and the

cost in the last dimension(︃∫︂
ρpXn+1,p d

kπ

)︃ 1
p

≤

(︄∫︂ n∑︂
i=1

ρX (xi, yi)
p dkπ(x,y)

)︄ 1
p

+

(︃∫︂
Wp(ν

x, kνy)p dkπn(x,y)

)︃ 1
p

.

Since
(︁∫︁ ∑︁n

i=1 ρX (xi, yi)
p dkπ(x,y)

)︁ 1
p coincides with the cost of the coupling πn ∈

CplKRp(
kνn, νn), it is bounded by KRp(

kνn, νn). Now let (kγ)k be a sequence of bicausal

couplings such that kγ is a cost minimizing element in CplBC(
kν, ν). Applying the triangle

inequality for the p-Wasserstein distance in the second term yields(︃∫︂
Wp(ν

x, kνy)p dkπn(x,y)

)︃ 1
p

≤
(︃∫︂

(Wp(ν
z, kνy) +Wp(ν

x, νz))p dkπn ⊗
Y

kγn(x,y, z)

)︃ 1
p

.

Using the Minkowski inequality and the definition of the product measure, the right hand

side is bounded by(︃∫︂
Wp(ν

z, kνy)p dkγn(y, z)

)︃ 1
p

+

(︃∫︂
Wp(ν

x, νz)p dkπn m kγn(x, z)

)︃ 1
p

.
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By Proposition 3.3 we get that
(︁∫︁

Wp(ν
z, kνy)p dkγn(y, z)

)︁ 1
p ≤ AWp(

kν, ν). To bound the

second term we use the modulus of continuity and get

(︃∫︂
Wp(ν

x, νz)p dkπn m kγn(x, z)

)︃ 1
p

≤ ωI(ν),p

⎛⎝(︄∫︂ n∑︂
i=1

ρX (xi, zi)
p dkπn m kγn(x, z)

)︄ 1
p

⎞⎠ .

Using the triangle inequality for ρX , the Minkowski inequality and that the modulus of

continuity is increasing this can again be bounded by

ωI(ν),p

⎛⎝(︄∫︂ n∑︂
i=1

ρX (xi, yi)
p dkπ(x,y)

)︄ 1
p

+

(︄∫︂ n∑︂
i=1

ρX (yi, zi)
p dkγ(y, z)

)︄ 1
p

⎞⎠ .

Applying Proposition 3.3 to the second part we see that this term is again bounded by

ωI(ν),p
(︁
KRp(

kνn, νn) + AWp(
kν, ν)

)︁
. Combining all the above inequalities yields(︃∫︂

ρpXn+1,p d
kπ

)︃ 1
p

≤ KRp(
kνn, νn) + AWp(

kν, ν) + ωI(ν),p
(︁
KRp(

kνn, νn) + AWp(
kν, ν)

)︁
(3.3)

Because AWp(
kν, ν) → 0 implies that AWp(

kνn, νn) → 0 the induction hypothesis yields

that also KRp(
kνn, νn) → 0. Finally, since I(ν) is concentrated on a graph of a

function and the modulus of continuity is continuous at 0 [10, Lemma 2.7], we have

ωI(ν),p
(︁
KRp(

kνn, νn) + AWp(
kν, ν)

)︁
→ 0, because, by above argument KRp(

kνn, νn) +

AWp(
kν, ν) → 0.

Since the right hand side in (3.3) is independent of the chosen sequence (kπ)k we

may take the supremum over all such sequences and obtain that KRp(
kν, ν) :=

supπ∈CplKRp(
kν,ν)

(︁∫︁
ρpXn,p dπ

)︁ 1
p → 0 for k → ∞. □

4. The triangle inequality for the Knothe-Rosenblatt distance

We want to examine further properties of the Knothe-Rosenblatt distance. It is positive

definite and symmetric but in general it does not satisfy the triangle inequality for dimension

d > 1.

Lemma 4.1. The p-Knothe-Rosenblatt distance on P((Rd)2, ∥ . ∥p) with d > 1 and p ≥ 1

does not satisfy the triangle inequality.
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(1) µ

(M,0) (-M,0)

ν

(M,0)

(-M,0)

η

(M,0)

(-M,0)

(2) Tµ,ν

(M,0) (-M,0)

(M,0)

(-M,0)

Tν,η

(M,0)

(-M,0)

(M,0)

(-M,0)

Tµ,η

(M,0) (-M,0)

(M,0)

(-M,0)

Figure 1. Example that the triangle inequality does not hold for the Knothe-
Rosenblatt distance, see the proof of Lemma 4.1.

Proof. We will prove this by giving a counterexample for d = 2 for d > 2 one can easily find

analogous counterexamples. Let M ∈ R be very large and define µ, ν, η probability measures

on ((R2)2, ∥ .∥p) as

µ =
1

2

(︁
δ((−1,0),(M,0)) + δ((1,0),(−M,0))

)︁
ν =

1

2

(︁
δ((−ε,1),(M,0)) + δ((ε,−1),(−M,0))

)︁
η =

1

2

(︁
δ((ε,1),(M,0)) + δ((−ε,−1),(−M,0))

)︁
.

In Figure 1(1) by plotting for each point with positive mass the first set of coordinates and

labeling the points with the second set of coordinates. Between any of these measures there

exits exactly one unique p-Knothe-Rosenblatt coupling. These couplings are also Monge and

illustrated in Figure 1(2), we write Tµν for the map from µ to ν. The red arrows indicate

how the mass is moved, note that the Knothe-Rosenblatt coupling maps the first dimension

optimally and thus only tries to minimize the movement of the points in the plane, ignoring

the labels. The transport in the second dimension is predetermined by the transport in the
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plane since the conditional measures are all Dirac. Since

Tµη((−1, 0), (M, 0)) = ((−ε,−1), (−M, 0)),

Tµη((1, 0), (−M, 0)) = ((ε, 1), (M, 0))

we have KRp(µ, η) = (|1− ε|p + |2M |p + 1)
1
p ≥ 2M . Furthermore,

Tµν((−1, 0), (M, 0)) = ((−ε, 1), (M, 0)),

Tµν((1, 0), (−M, 0)) = ((ε,−1), (−M, 0))

implies that KRp(µ, ν) = ((1− ε)p + 1)
1
p and

Tνη((−ε, 1), (M, 0)) = ((ε, 1), (M, 0)),

Tνη((ε,−1), (−M, 0)) = (−ε,−1), (−M, 0))

implies that KRp(ν, η) = 2ε. Thus, for 0 < ε < 1 ≪ M we have

KRp(µ, ν) +KRp(ν, η) = ((1− ε)p + 1)
1
p + 2ε < 2M < KRp(µ, η).

□

Thus, because the triangle inequality does not hold, the p-Knothe-Rosenblatt distance is

in general not a distance on P((Rd)2, ∥ .∥p) with d > 1.

On the other hand, the p-Knothe-Rosenblatt distance is in fact a distance, satisfying

the triangle inequality on P(Rn, ∥ . ∥p), i.e. the stochastic processes with R as the state

space. To prove this, we will use another, but on P(Rn) equivalent way of characterising

Knothe-Rosenblatt couplings.

Definition 4.2. [25, Definition 2.3.5] A probability measure π ∈ P(Rn × Rn) is a (strictly)

increasing triangular transport if the support of π is (strictly) lexicographically monotone. A

set Γ ⊆ Rn × Rn is called lexicographically monotone if for (x, y), (˜︁x, ˜︁y) ∈ Γ we have x < ˜︁x
implies y ≤ ˜︁y with regard to the lexicographical order on Rn. The set Γ is called strictly

lexicographically monotone if x < ˜︁x implies y < ˜︁y.
Definition 4.3. For µ, ν ∈ P(Rn, ∥ .∥p) we define krµν ∈ CplBC(µ, ν) as the by [25, Proposi-

tion 2.3.6] unique triangular increasing bicausal transport from µ to ν. Furthermore we define
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Qµ as the Monge transport plan that induces the coupling krλnµ, where λn is the Lebesgue

measure on [0, 1]n.

This krµν is a Knothe-Rosenblatt coupling and if KR(µ, ν) is finite then this the only

Knothe-Rosenblatt coupling from µ to ν. In Proposition 4.6 we will show that krµν =

(Qµ, Qµ)#λ
n and from this statement the triangle inequality will follow immediately using

the Minkowski inequality. This approach is similar to the one used in [7], where the Knothe-

Rosenblatt coupling is defined by (Qµ, Qµ)#λ
n and this definition is used to extend the

Knothe-Rosenblatt distance to P((Rd)n, ∥ .∥p) in a way that satisfies the triangle inequality

and induces the adapted Wasserstein topology.

To prove Proposition 4.6 we first show in two auxiliary lemmas that the marriage of two

bicausal couplings is bicausal and that the marriage of a strictly triangular increasing and a

triangular increasing coupling is triangular increasing.

Lemma 4.4 (The marriage of two bicausal transport plans is bicausal). Let µ1, µ2, µ3 ∈

P(X n, ∥ .∥p) and π ∈ CplBC(µ1, µ2), γ ∈ CplBC(µ2, µ3). Then π m γ ∈ CplBC(µ1, µ3).

Proof. Let (X, Y, Z) be the random vector with distribution π⊗
Y
γ. We have to show that for

all k ≤ n the map xn
1 → (π m γ)xn

1 (Zk
1 ∈ B) is FXk

1
measurable for all measurable B ⊆ X k,

where (FXk
1
)k≥1 is the natural filtration of X. Note that (π m γ)x(B) =

∫︁
Xn γ

y(Zk
1 ∈ B)dπx(y),

and due to γ and π being causal, y → γy(Zk
1 ∈ B) is FY k

1
measurable, non-negative and

bounded, and x → πx(Y k
1 ∈ B) is FXk

1
measurable. Thus the composition is FXk

1
measurable

and hence π m γ is causal. Exchanging the roles of X and Z above, yields that π m γ is

bicausal. □

Lemma 4.5 (The marriage of a strictly triangular increasing and a triangular increasing

coupling is triangular increasing). Let µ1, µ2, µ3 ∈ P(Rn, ∥ . ∥p), π ∈ Cpl(µ1, µ2) strictly

triangular increasing, and γ ∈ Cpl(µ2, µ3) triangular increasing. Then π m γ ∈ Cpl(µ1, µ3) is

triangular increasing.

Proof. Let (x, z), (˜︁x, ˜︁z) ∈ supp(π m γ) then there exist y, ˜︁y ∈ Rn such that (x, y), (˜︁x, ˜︁y) ∈

supp(π) and (y, z), (˜︁y, ˜︁z) ∈ supp(γ). Thus, if x < ˜︁x we have, since π is strictly triangular

increasing, that y < ˜︁y. Now by γ being triangular increasing it follows that z ≤ ˜︁z. □
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Proposition 4.6. Let µ, ν ∈ P(Rn, ∥ .∥p). Then

krµ,ν = (Qµ, Qν)#λ
n.

Proof. To prove this statement it suffices to show that (Qµ, Qν)#λ
n ∈ CplBC(µ, ν) and that

it is triangular increasing. To see this, we observe that

(Qµ, Qν)#λ
n = (Qµ, id)#λ

n m (id,Qν)#λ
n.

Now Lemma 4.4 gives us (Qµ, Qν)#λ
n ∈ CplBC(µ, ν). This follows since (Qµ, id)#λ

n = krµλn

and (id,Qν)#λ
n = krλnν are both bicausal.

Furthermore, since supp(krλnµ) = {(y,Qν(y))|y ∈ [0, 1]n} is lexicographically monotone,

supp((Qν , id)#λ
n) = {(Qν(y), y)|y ∈ [0, 1]n} = {(y, x)|(x, y) ∈ supp(krλnµ)}

is strictly lexicographically monotone, and thus, (Qν , id)#λ
n is strictly triangular increasing.

Also, by definition, (id,Qν)#λ
n = krλnν is triangular increasing. Thus, by Lemma 4.5 also

(Qµ, Qν)#λ
n is triangular increasing and hence krµ,ν = (Qµ, Qν)#λ

n. □

Proposition 4.7. Let µ1, µ2, µ3 ∈ P(Rn, ∥ .∥p), then

KRp(µ1, µ3) ≤ KRp(µ1, µ2) +KRp(µ2, µ3).

Proof. By Proposition 4.6 we have

KRp(µ1, µ3) =

(︃∫︂
∥x− z∥pp d(Qµ1 , Qµ3)#λ

n(x, z)

)︃1/p

≤
(︃∫︂

(∥x− y∥p + ∥y − z∥p)p d(Qµ1 , Qµ2 , Qµ3)#λ
n(x, y, z)

)︃1/p

(4.1)

≤
(︃∫︂

∥x− y∥pp d(Qµ1 , Qµ2)#λ
n(x, y)

)︃1/p

+

(︃∫︂
∥y − z∥pp d(Qµ2 , Qµ3)#λ

n(x, y)

)︃1/p

(4.2)

= KRp(µ1, µ2) +KRp(µ2, µ3).

Here we used in (4.1) the triangle inequality for the p-norm on Rn and in (4.2) the Minkowski

inequality. □
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5. Precompactness

Let P(X n, ∥ .∥p) be the set of stochastic processes on a compact set X with n time steps.

In this chapter, we show that while P(X n, ∥ . ∥p) equipped with the adapted Wasserstein

distance is precompact (Lemma 5.4), the same is not necessarily true for P(X n, ∥ . ∥p)

equipped with the Knothe-Rosenblatt distance (Prop 5.2). We will start by proving that for

d ≥ 1, P(([0, 1]d)2, ∥ .∥p), equipped with the p-Knothe-Rosenblatt distance, is not precompact

by giving an example of a sequence without a convergent subsequence. But since we showed

that the Knothe-Rosenblatt distance in general does not satisfy the triangle inequality, this

does not immediately yield precompactness and we need the following lemma.

Lemma 5.1. Let ν ∈ P(([0, 1]d)2, ∥ . ∥p) and d ≥ 1. Then there exist an almost surely

unique ν̃ ∈ P(([0, 1]d)2, ∥ .∥p) such that ν̃1 = λ[0,1]d and for any µ ∈ P(([0, 1]d)2, ∥ .∥p) with

µ1 = λ[0,1]d we have that KRp(ν, µ) ≥ KRp(ν̃, µ) for any p ≥ 1.

Proof. Since λ[0,1]d is absolutely continuous, there exists an optimal transport plan γ between

ν1 and λ[0,1]d . Since λ[0,1]d is absolutely continuous, γ is almost surely unique by Brenier’s

Theorem [24][Theorem 4.2]. We now choose π as the coupling such that π1 = γ and

πx,y = (x → (x, x))#ν
x and set ν̃ = proj2π. Let µ ∈ P(([0, 1]d)2, ∥ .∥p) with µ1 = λ[0,1]d then

by Prop. 3.3 we have that

KRp(ν, µ) ≥
(︃∫︂

([0,1]d)2
W (νx, µy)p dγ(x, y)

)︃ 1
p

.

By construction, ∫︂
([0,1]d)2

W (νx, µy) dγ(x, y) =

∫︂
[0,1]d

W (ν̃x, µx) dx

and since ν̃1 = µ1 = λ[0,1]d , using Prop. 3.3,∫︂
[0,1]d

Wp(ν̃
x, µx) dx = KRp(ν̃, µ).

□

Proposition 5.2. The set of P(([0, 1]d)2, ∥ .∥p) equipped with the p-Knothe-Rosenblatt distance

is not precompact. Indeed, no finite set of open balls of size 2−(p+1) covers P(([0, 1]d)2, ∥ .∥p).
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Proof. Let fn : [0, 1] → {0, 1} such that fn(x) = ⌊2nx⌋ − 2⌊2n−1x⌋ and nµ = (id, fn ◦

proj1)#λ[0,1]d where λ[0,1]d is the Lebesgue measure on [0, 1]d. For a visual representation of

1µ, 2µ, 3µ see Figure 2, it shows how the distribution in the second variable (or time step)

depends on the first. The distribution of the second variable conditional on the first variable

starting in the black area is the Dirac measure δ1. Analogously, conditional on the first

variable starting in the red area the distribution of the second variable is δ0. By construction

nµ1 = λ[0,1]d for all n. Thus for n ̸= m we have

KRp(
nµ,mµ) =

(︃∫︂ 1

0

|fn(x)− fm(x)|p
)︃ 1

p

dx = 2−p.

Note that since by Lemma 4.1, for d > 1, the Knothe-Rosenblatt distance on P(([0, 1]d)2, ∥ .∥p)

does not satisfy the triangle inequality, the existence of this sequence is not immediately

equivalent to precompactness.

Assume that there exist 1v, . . . , lν ∈ P(([0, 1]d)2, ∥ .∥p) such that ∪l
i=1Bε(

iν) is an ε-covering

of P(([0, 1]d)2, ∥ .∥p). Then by Lemma 5.1 there exist 1ν̃, . . . , lν̃ such that iν̃1 = λ[0,1]d and for

any i, j that KRp(
iν, jµ) ≥ KRp(

iν̃, jµ). Let i ∈ [1, . . . , l] and n ̸= m and KRp(
iν,mµ) < ε <

2−(p+1). Then, since nµ1 =
nν1 =

iν̃1 = λ[1,0]d we have by Prop. 3.3 that

KRp(
iν, nµ) ≥ KRp(

iν̃, nµ) =

(︃∫︂
[0,1]d

Wp(
iν̃x, nµx)p dx

)︃ 1
p

≥
(︃∫︂

[0,1]d

(︁
Wp(

mµx, nµx)−Wp(
iν̃x,mµx)

)︁p
dx

)︃ 1
p

(5.1)

≥
(︃∫︂

[0,1]d
Wp(

mµx, nµx)p dx

)︃ 1
p

−
(︃∫︂

[0,1]d
Wp(

iν̃x,mµx)p dx

)︃ 1
p

(5.2)

=KRp(
mµ, nµ)−KRp(

iν̃,mµ) ≥ 2−p − ε > ε.

In (5.1) we have applied the reverse triangle inequality for the p -Wasserstein distance distance

and in (5.2) the reverse triangle inequality for the Lp-norm.

Therefore, each Bε(ν
j) can contain at most one element of (iµi)i≥1, and thus ∪l

i=1Bε(
iν)

cannot be an ε-covering of P(([0, 1]d)2, ∥ .∥p). □

Remark 5.3. Using similar methods proof can be be extended to show that for any n ≥ 2 it

holds that P(([0, 1]d)n, ∥ .∥p) equipped with the p-Knothe-Rosenblatt distance is not precompact.
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Figure 2. Visual representation of the measures 1µ, 2µ, 3µ from Proposition
5.2. The figure shows how the distribution in the second variable (or time step)
depends on the first. In the first time step we have a uniform distribution
symbolised be the red and black line. The colours and arrows indicate whether
in the second time step the stochastic process will be 0 or 1. I.e. the distribution
of the second variable conditional on the first variable starting in the black
area is the Dirac measure δ1. Analogously, conditional on the first variable
starting in the red area the distribution of the second variable is δ0.

In contrast, equipped with the adapted Wasserstein distance, P(X n, ∥ . ∥p) is indeed

precompact, for compact spaces X . We will prove this by induction over n, by showing that

PAWp(X n+1) is isomorphic to a subset of PWp(X × PAWp(X n)).

Lemma 5.4. Let X be a compact set. Then P(X n, ∥ .∥p) equipped with the adapted Wasser-

stein distance is precompact.

Proof. For this proof we use the following notation. For a Polish metric space A, we refer

to the space of probability measures on A, equipped with the p-Wasserstein distance, by

PWp(A) and the space of probability measures on A, equipped with the adapted p-Wasserstein

distance, by PAWp(A).

Proof by induction over n. For n = 1 the adapted p-Wasserstein distance coincides with

the normal p-Wasserstein distance. Hence the statement follows from PWp(X ) being compact

with regard to the weak topology since X is compact.

For n → n+ 1 we will show that

I1 : PAWp(X n+1) → PWp(X × PAWp(X n))

with I1(ν) := ((x → (x, νx))#ν1 is an isometry but not bijective.
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AWp(µ, ν)
p = inf

π∈CplBC(µ,ν)

∫︂ n+1∑︂
i=1

||xi − yi||pp dπ(x,y)

= inf
π∈CplBC(µ,ν)

∫︂ ∫︂ n+1∑︂
i=2

||xi − yi||pp dπx1,y1(xn+1
2 ,yn+1

2 ) + ||x1 − y1||pp dπ1(x1, y1)

By Lemma 3.2 we have πx1,y1 ∈ CplBC(µ
x1 , νy1) almost everywhere. Furthermore, πx1,y1

is optimal in CplBC(µ
x1 , νy1) π1 almost everywhere. Otherwise, by Lemma 3.2, we could

construct a bicausal coupling between µ and ν with a lower cost than π. Hence,∫︂ n+1∑︂
i=2

||xi − yi||pp dπx1,y1(xn+1
2 ,yn+1

2 ) = AWp(µ
x1 , νy1)p.

Therefore,

AWp(µ, ν)
p = inf

π1∈Cpl(µ1,ν1)

∫︂
X 2

||x1 − y1||pp +AWp(µ
x1 , νy1)p dπ1(x1, y1).

Note, that we replaced CplBC(µ1, ν1) with Cpl(µ1, ν1), since all couplings between stochastic

process with only one time points are bicausal.

Furthermore, since I1(µ) is concentrated on the graph of x → (x, µx), this equals

inf˜︁π∈Cpl(I1(µ),I1(ν))

∫︂
(X×P(Xn))2

||x1 − y1||pp +AWp(γ, φ)
p d˜︁π((x1, γ), (y1, φ)),

which equals Wp(I1(µ), I1(ν))
p by definition of the p-Wasserstein distance.

Precompactness now follows since PAWp(X n+1) is isomorphic to a subset of

PWp(X × PAWp(X n)) ⊆ PWp(X × PAWp(X n))

and P(X × PAWp(X n)) equipped with the weak topology is compact, since X and, by the

induction hypothesis, also PAWp(X n) are compact. □
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