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Abstract

In this master’s thesis, we extend the Knothe-Rosenblatt coupling [24], p. 20] to probability
measures on arbitrary Polish metric spaces. We use such couplings to define the p-Knothe-
Rosenblatt distance and show that this distance forms a metric on P(R", ||.||,). However, we
show with an example that this does not hold for arbitrary spaces because the p-Knothe-
Rosenblatt distance does not necessarily satisfy the triangle inequality. In Theorem [3.4] the
main result, we show that the p-Knothe-Rosenblatt distance spans the same topology as
the adapted p-Wasserstein distance. This result is of interest since the p-Knothe-Rosenblatt
distance is often simpler to calculate than the adapted p-Wasserstein distance. The theorem
extends the statement in [4], where the equivalence of four further approaches for adapted
Wasserstein topologies is demonstrated. Our proof is by induction over the time steps. Finally,
we show that for X compact P(X",||.],), the space of stochastic processes on X with n > 1
time steps equipped with the p-Knothe-Rosenblatt distance is not necessarily precompact. In

contrast P(X™,||.||,) equipped with the adapted p-Wasserstein distance is precompact.

Zusammenfassung

In dieser Masterarbeit erweitern wir die Knothe-Rosenblatt Kopplung [24, p.20] auf
Wabhrscheinlichkeitsmafle auf beliebigen polnischen metrischen Raumen. Wir nutzen diese
Knothe-Rosenblatt Kopplungen zur Definition der p-Knothe-Rosenblatt Distanz und zeigen,
dass diese Distanz eine Metrik auf P(R™, ||.||,) bildet. Fiir beliebige Rédume ist dies jedoch
nicht der Fall. Wir zeigen anhand eines Beispiels, dass die Dreiecksungleichung im Allgemeinen
nicht immer erfiillt ist. In Theorem [3.4] dem Hauptresultat, zeigen wir dass die Knothe-
Rosenblatt Distanz dieselbe Topologie wie die adaptierte Wasserstein Distanz aufspannt.
Dieses Resultat ist von Interesse, da die p-Knothe-Rosenblatt Distanz oft leichter zu berechnen
ist als die adaptierte Wasserstein Distanz. Das Theorem erweitert das Statement in [4] in
dem die Aquivalenz vier weiterer Ansitze die adaptierte Wasserstein Topologien zu definieren
gezeigt wird. Unser Beweis erfolgt durch Induktion tiber die Zeitschritte. Schliellich zeigen
wir, dass, fiir X kompakt, P(X™, |.],), der Raum der stochastischen Prozesse auf X mit n > 1
Zeitschritten, ausgestattet mit der p-Knothe-Rosenblatt Distanz, nicht notwendigerweise
prakompakt ist. P(X™,||.|,), ausgestattet mit der adaptierten p-Wasserstein Distanz, ist
dagegen prakompakt.
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1. INTRODUCTION

Discrete time stochastic processes with d € N time steps on a Polish metric space X can
be represented as probability measures on X™. A common approach to establish a topology
on P(X",||.],) is the standard weak topology. A sequence of measures (y;);>0 is said to
converge weakly to a measure p if for all bounded Lipschitz continuous functions f we have
that lim;_ ffdui = ffdu.

The weak topology is induced by the p-Wasserstein distance for p > 1. The Wasserstein
distance represents the cost needed to move masses between two distributions. This cost
takes into account the amount of mass being moved and the distance it is moved. For a
formal definition, see Definition [2.2] The Wasserstein distance itself has many applications,
for example, in machine learning [19] [I1], meteorology [9] and computer vision [14].

Using the Wasserstein distance to compare stochastic processes embedded in X™, however,
does not take the time dependent structure of the stochastic process into account. Therefore,
the weak topology cannot ensure continuity for optimal stopping, the Doob-decomposition,
and stochastic control problems. Continuity is important for many applications, for example
in optimal stopping problems, where, even if the the exact distribution of a stochastic process
is not known, we still want the solutions to be approximately correct.

To address these issues, a number of different approaches to define distances and topologies
on the space of stochastic processes were introduced [15] [Il [, I8, 12]. This includes a
so-called information topology for tackling sequential decision problems [15], a variation
of the weak topology for prediction processes [I], and three variations of the Wasserstein
distance [8, 12], 18], which can be used to establish topologies. It was shown in [4] that
these five approaches yield the same topology and that this topology is the coarsest one that
guarantees continuity for optimal stopping problems with bounded continuous rewards. One
approach for establishing this topology is defining an adapted version of the Wasserstein
distance, see Definition [2.4]

In this master’s thesis, we show that yet another approach yields the same topology as
the five given above. In particular, we show in Theorem that the topology induced by
the Knothe-Rosenblatt distance defined in Definition below, coincides with the topology
induced by the adapted Wasserstein distance.



In addition we prove some properties of the Knothe-Rosenblatt distance, whether it is a
metric and discuss precompactness.

The Knothe-Rosenblatt coupling was first introduced by Knothe and Rosenblatt in their
respective works [I7, 23]. In [23] Rosenblatt introduces the coupling and discusses some
properties and possible applications. Independently, Knothe defines and explores this coupling
in [I7], examining generalizations of the Brunn-Minkowski and the isoperimetric inequality.

Adapted versions of the Wasserstein distance find applications in many areas in mathemat-
ical finance. In [2I], 22], a nested distance is introduced, showcasing its utility in multistage
stochastic optimization problems by using it for judging how similar stochastic processes
are to approximations. Also, in [16], they approximate stochastic processes to solve an
optimization problem and use the nested distance to quantify the fit of the approximations,
and in [5], stability of solutions to optimal stopping problems and multi-period stochastic
optimization problems with regard to the adapted Wasserstein distance are analyzed.

Also, the adapted Wasserstein topology has multiple applications. For example, in [13],
the adapted Wasserstein Topology is used to define confidence sets for estimated models
for asset price processes. This is then used to address a stochastic optimization problem
under model uncertainty. In [3], robustness of optimal hedging strategies with regard to the
adapted Wasserstein topology is shown, and in [6], approximations of martingale couplings
in the adapted weak topology are explored.

This master thesis is structured as follows. In Section 2, we introduce all the necessary
notation and definitions. In Section 3, we prove Theorem [3.4] the main result of this thesis
and necessary auxiliary lemmas. In Section 4, we prove that on P(R", | .|,) the triangle
inequality holds for the Knothe-Rosenblatt distance. We also give a counterexample showing
that the Knothe-Rosenblatt distance does not satisfy the triangle inequality for probability
measures defined on arbitrary Polish metric spaces. In Section 5, we show that, in contrast
to the adapted Wasserstein distance [4, Theorem 1.7], the completion of the weak adapted
topology with regard to the Knothe-Rosenblatt distance is not precompact on subsets where

the laws are tight and uniformly integrable.



2. DEFINITIONS AND NOTATION

We consider a Polish metric space (X, px) and for n € N the product spaces X" =[], A,
where X; = X for all 7, together with the metric

pamp((@)i=y: (ye)iz) (ZPX Tt Yr) )

where p > 1. We use (X;)}, to denote the canonical process on X", i.e. X; is the projection

onto A;. On X" x A™ call X = (X;), the projection on the first factor and Y = (Y;)}-; the

1
P

projection on the second factor. Given k € {1,...,n} and a measure n on X" we set

Tk *= PrOjrpt_ 1,7

and for a measure m on X" x X™ we set

7Tkn — pI‘OJ( k_ 1)())(( f:l Xl)ﬂ-

Furthermore, for £ € X* we let 7* denote the disintegration of the measure n with regard
to the first k variables at @, which exists and is 7, almost everywhere unique due to the

disintegration theorem.

Definition 2.1. [4, p.3] For measures p and v on X™ the set of couplings from p to v is
defined by

Cpl(p,v) ={mr e P(A" x X")|X ~p and Y ~ v under w}.

We say a coupling 7 is causal if
(Ve Vi) € AIX) = 7(Ve,.. ., Yi) € AIX,..., Xp),Vk <

and all measurable A C X*. We say a coupling m is bicausal if the condition also holds with
the roles of X andY exchanged. We write Cplga(u, v) for the set of all bicausal couplings
from p to v. A coupling v € Cpl(u,v) is considered optimal (cost minimizing) for the
p-Wasserstein distance (p > 1), if

1
(/ p}))(",p d’V) = Wy(p,v) == ﬂeégl{w/) (/ /)I;)v",p dﬂ)

and we call W,(p, v) the p-Wasserstein distance between p1 and v

3 =



The next definition extends the definition of the Knothe-Rosenblatt coupling as described

in [24], p.20] to spaces where optimal couplings are not necessarily unique.

Definition 2.2. Let p and v be probability measures on the Polish metric space (X", pxny).
We define the set of all p-Knothe-Rosenblatt couplings from p to v, CleRp(,u, V), as the set
of all measures m on X™ x X™ that satisfy that w1 is an optimal coupling from p; to vy and
for all2 < k <mn, 7Y is an optimal coupling from pf to vy with regard to the p-Wasserstein

distance, for my_1 almost all (xz,y) € X* 1 x X*=1. Here n¥ denotes the disintegration of

e at ((x1,91), -+ (Th—1, Yk—1))-

Remark 2.3. It can be show by a standard measurable selection argument that for any p and v,
probability measures on the Polish metric space (X", pxn,), the set Cplyy,, (11, V) is non-empty.

Furthermore, from the definitions it follows that for p and v, measures on X" x X™, and k < n

we have {my|m € Cplgg, (1, v)} = Cplgr, (kr, vi) and {mi|m € Cplya(p, v)} = Cplpo(pik, vk)-

Definition 2.4. For p and v measures on the Polish metric space (X", pxn,) and p > 1 we

call

AW, (p,v) = WECpllrég » (/ Py dﬂ')

the adapted p-Wasserstein distance from u to v, as in [4]. Additionally we define

KR,(p,v) = sup </ Poen,y dw)
mECPIkR, (1Y

as the p-Knothe-Rosenblatt distance from p to v.

We can compose couplings by first transporting the mass from the first space to the second
and then from the second to the third. This results in a transport from the first space to the
third space. For Monge transports [24] this composition is given by the function composition
of the two transport maps. To expand this concept to non deterministic transport plans, we

use the notion of the gluing of couplings.

Definition 2.5. [24, p.23 (Gluing Lemma)| Let u,v,n be measures on the Polish spaces

X, Y, Z. Givenr € Cpl(u,v) and v € Cpl(v,n) we define m @~ as the measure on X XY X Z
y

such that

T @ y(dxy, dxs, drs) = w(dxy, dre)y*? (dxs).
%



Thus projy y(m ® v) = 7, projy z(m @) = v and we call
’ Yy ' Yy

T @Y 1= projy z(7 % ) € Cpl(x, )
the marriage of ™ and 7.

Another useful tool is the modulus of continuity. It is a measure of how sensitive a measure

in two variables is to perturbations of its variables.

Definition 2.6. [10, Definition 1.2 (Modulus of Continuity)] Let p > 1, (X, px), (¥, py)
be Polish metric spaces and let p be a probability measure on X x Y. Then we define the

modulus of continuity w,, : Ry — Ry of u by

Wyp(0) = S ( / p@dv)
Y€ Per(,0)

where Per(p,0) := {y € Cpl(y, p) (fpgfdv)?’ < 0}. Thus any coupling in Cpl(u, 1) with a
cost in X that is less or equal to § has a cost in Y that is at most w,,(6). An important
property of the modulus of continuity is [10, Lemma 2.7]. It states that the modulus of
continuity w,, , s continuous at 0 if and only if the measure [ is concentrated on the graph of

a function.

Definition 2.7. [10, p.2] For probability measures v on the Polish space X™ we define

Z(v) = ((x = (x, V")) gy

forx € X" 1. This is well defined since x — v* is a measurable function by the disintegration
theorem. Thus Z(v) is a probability measure on X"~ ' x P(X) and is by definition concentrated

on the graph of a function.

Our goal is to establish Theorem |3.4] stating that the p-Knothe-Rosenblatt distance induces

the p weak adapted topology. We start by proving a few auxiliary lemmas.

3. THE TOPOLOGY INDUCED BY KNOTHE-ROSENBLATT IS EQUIVALENT TO THE ONE

INDUCED BY ADAPTED WASSERSTEIN

In this section, we prove Theorem [3.4] the main result of this thesis. We start by proving

two auxiliary lemmas. Lemma and Lemma give equivalent definitions of bicausal
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couplings. Lemma [3.2] also allows us to construct bicausal couplings. Both lemmas are a
direct consequence of [2, Proposition 5.1] or [25, Proposition 2.2.7] but we prove them here

directly.

Lemma 3.1. For measures p,v on X™ and m € Cpl(u,v) the following statements are

equivalent:

(i) m € Cplgc(p,v)
(ii) Vk < n we have ¥ € Cpl(u®,v¥) for m, almost all x,y € X*.

Proof. For ease of notation we will write X? for (X,, Xo11,...,Xp).

To prove this statement, we will first show that the two statements (i) and (i7’), defined
below, are equivalent. Then we show that (i), (i¢) in Lemma are equivalent to the
statements (i), (i), respectively.

Let statement (i') be that,
() R(VF € AIX,, € BAXE = o) = m(Y} € AlXE = ab)

for all k < n, all measurable A C X*, B C X" * with n(Y} € A|X}) > 0 and 7(X},, €
B|X¥) > 0 and 7 almost all z}. Furthermore this equation also holds with the roles of X
and Y exchanged.

Let statement (ii") be that,

(it (X[ € BIY} € AnXE = ab) = n(X],, € BIXF = of)

for all k£ < n, all measurable A C X* B C X" % with 7(Y} € A|X}) > 0 and n(X}p,, €

B|X¥) > 0 and 7 almost all 2. Furthermore this equation holds with the roles of X and Y
exchanged.

Rewriting statement , we get
m(Xp, € BAY € AIXT =af)
m(V} e AIXT = af)
(X, € BAYS € AIXT =af)
m(Xiy, € BIXT = af)

= m(Xiy € BIXT = af)

= n(Y{" € A|XT = )

& w(V € AXP, € BAXE —ab) = n(V} € AlXE = ab)
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for all 7, almost all 2% and all measurable A C X*, B C X" * with n(Y} € A|XF = 2%) > 0,
m(Xp, € B|XF = 2}) > 0. The same also holds with the roles of X and Y exchanged. Thus,
statements and are equivalent.

We will now show that the statements (i) and (i') are equivalent, the proof for why
statements (i) and (ii") are equivalent will follow analogously.

To see that (i) implies (i') we simply observe that 2% x B is measurable and thus (i')
follows directly by (7).

To show that, (/') implies (i) we will show that for 7, almost all 25 and 7*T almost all 27 1

we have

(3.1) r(V € AlXTy = afy A XE = ob) = n(V} € AXE = o)

which in turn implies statement (7).
First, we note that statement (i) also holds for all A with 7(Y} € A|X¥ = 2%) = 0 since
then 7(Y{" € A¢|XF = 2f) =1 and thus

RV € AIXP € B A XE =)
=1-7(Y} € A|X}, € BA X} =2af)
=1-m(Y} € A°|XY = af)
=n(YF e AIXF =2h).
This means that the measures coincide for all sets A. We will now prove equation (3.1]) by
considering a sequence of sets that converges to {z},} from above.
First, observe that since X"~* is separable, for m(-|X} = 2%) almost all z},; € X"* and

all e > 0 we have 7(B.(z},,)|X{ = 2}) > 0, where B.(z) is the open ball around z with

radius €. Thus, for almost all zj;, and all sequences of open sets (Cp oy, Jn>1 o {2f41}

(Y€ ANXE € Cogp |XT = af)
T(Xp € Coap | XT = af)

=Y} e AIXP,, € Cuap, A XT = 2f)

is well defined. Furthermore, since
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m(Y' € AlXp,, € Gy A XY =ay) = (Y] € AIXT = a7)

n
Th41

the sequence of probability measures n(Y{" € -|Xj, € Chrap, , N X¥ = %) is not only
convergent but actually constant for almost all 3, ;. Now, by [20] for almost all =, this
sequence weakly converges to m(Y{ € | X}, = 2}, A X} = 2¥) and since the sequence is

constant we also have setwise convergence. Therefore,

m(Y) € AlXP L =2, A X{ =a})

= lim 7(Y{" € A|X}, € C,

n—oo

an NXT = af)
= lim 7(Y} € A|XF = )
n—so0
=m(Y\ € AIXY = af),
which is and what we wanted to show.
Next we show that the statements (i) and (ii") are equivalent. As stated this proof will be
very similar to (i) < (i').
To see that (i) implies (ii'), we simply integrate m(X}" ; € B|X} =z}, Y = yf) over all
y¥ € A, then since

m(Xi € BIXY =2, Y = y) = n(X],, € BIX{ = af)
holds for almost all y¥ we also have
m(Xi € BIXT = a1, Y\ € A) = n(X},, € BIXy =af),

which is statement (i7).
For the other direction, (i¢') implies (ii), we will show that for m; almost all 2% and 71

almost all y} we have

(3.2) T(Xi € BIYF =yi A XY = a7) = m(Xiy, € BIXT = af)

which is equivalent to statement (i7). Here note that the integral is well defined since by the

disintegration theorem yf — 7(Xp; € B|Y} = yf A XT = zf) is a measurable function.
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First, we again note that statement (¢ also holds for all B with (X}, € B|X} = 2}) =0
since then 7(X}', € B| X} = 2}) =1 and thus

m( Xy, € BIY" € ANXY =)
=1-7(Xp, € BlYf € ANX] =a})
=1— (X}, € B|X} = a})
= m(Xgy, € BIX) = ab).
This means that the measures coincide for all sets B. We will now prove equation ({3.2]) by
considering a sequence of sets that converges to {y}} from above.
First we again observe that since X* is separable, for m(-|XF = 2%) almost all y¥ € X*

and all ¢ > 0 we have 7(B.(y¥)| X} = z}) > 0, where B.(x) is the open ball around x with

radius €. Thus, for almost all y7 and all sequences of open sets (C,, r)n>1 N\ {91’}

T(YFe ANX], €
m(Xi1 € Cnap

nazk+1|Xk :xl) .

k n
XF = 2h) (Y] € A|X}, € Cy

/\Xf = xlf)

n
Ly
Tt

is well defined. Furthermore, since

m(Xih € BIY) € G AXT = a7) = w(X}, € BIXT = 1Y)

the sequence of probability measures m(Xj',; - [Xj',; € C, kA X] F = z¥) is not only convergent
but actually constant for almost all y¥. Now, by [20] for almost all 3% this sequence weakly
converges to m(Xp,, - |V = yf A XT = 2}) and since the sequence is constant we also have

setwise convergence. Therefore,
k
m( X € BIYY =y /\Xl = x1)
. k k k

= lim w(Xiy, € BY?" € Gy A XY = 27)
= lim m(X{,, € B|X{ = af

Jim w(Xp € BIXY = a7)

k k

=7(Xp, € BIXY = 17),

which is and what we wanted to show. O
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Lemma 3.2. Let p,v € P(X", | .]l,), 0 <n' <n and 7 € P(X™ x X™). Then the following

statements are equivalent:

(i) 7 € Cplge(p, v).
(i1) T € Cplge(ttnr, Vo) and 7Y € Cplg(u®, 1Y) for s almost all (z,y) € X™ x X™.

Proof. For the first direction, take m € Cplg(p,v). Clearly, we have that m, €
Cplge(finss V). To show that ot e CplBC(ux?/,yy?/) for 7, almost all (z, y') € X™ x
X" we use Lemma [3.1{ and see that indeed for all k > n’ and (2%, ,,yF, ) € XF" x xk=n
it holds that

(7$?/vy?/)xﬁ/+1’yﬁ’+1 - lefvylf c Cpl(M$If7 yylf) — Cpl((lux?l)xiurl, (yy?l)y:’v%)'

For the other direction, we also use Lemma (3.1, Take a measure 7 on X" x X" with
T € Cplgg(pns, V) and 7Y € Cplpg(p®, 1Y) for m, almost all (z,y) € &A™ x X", We
want to show that for & < n and 7 almost all (z,y) € X* x X* we have %% € Cpl(u®, 1Y).
For k = n’ this condition is naturally fulfilled by assumption. Next, we assume k > n’ and
(2%, y¥) € X% x X% Then we have 71 = (ﬂm?/’y?/)x:’ﬂ’y:%l and since by our assumption

/ / / ’
7V € Cplge(p®™ , v ), by Lemma , we have
k , k n' n! k k n’ k n’ k k k
wetol = (et oyl € Cpl((t )i, (8 )he) = Cpl(ut, w0t
Finally, we assume that k < n’ and (2, yf) € X% x X% and A C X" * measurable. Then
byl om
T (g, € A)
= [ La(@fy) dr* % (2, Y
= A\Tgyq) AT Ll 1> Ynr 41
’VLI ’VLI k k
- n zk,yk Tri1Ypt1 n n 1'1791' n’ n'
—/1A(xk+1>d(7 ) (@1 Ynrgr) A (T Yiegn)
_ 1 (mn )d x?,,y?/<xn n )d I]fvyf(xn’ n' )
= ATfy) AT n/+10 Y1) ATy k+13 Ykt1)-
. . nl TLI TLI 'fll . . .
Since, by assumption, 771 %1 € Cplpq(u™ ,v¥1 ), integrating over y;,_; yields
1(17, )d x?l(n )d x’fﬂ’f( n' n/)
A\Tpy1) O Ty y1) AT (Tpg1s Ygy1

k ,k
Now, we observe that, since 7,y € Cplge(pins, V), by Lemma , ¥ e Cpl(pt, pt).

Thus, we can integrate over 92;1 and get
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n’ n zk n
/ Lalal) s () dycth (o)

1 n d x’f Tht1 n d xlf n'
A($k+1) (1) (xn’—i-l) Hopy (xk:+1)

Repeating this with the roles of = and y interchanged completes the proof. ([l

The following proposition, proves that Knothe-Rosenblatt couplings and optimal bicausal
couplings are optimal in the last time step, and we use this fact to bound the cost of the

such couplings by the cost in the first n — 1 time steps and the cost in the last time step.

Proposition 3.3. For p > 1 and 7 € CleRp(,u, v) or m a cost minimizing element in

Cplge (i, v) we have

e dw)’l’ < ( / gp;f(mi,yi)p dw(w))p + ([t oy dwn_mm,y))’l’.

Proof. First, note that

=

/pX(xnayn)p dn(x,y) = //px(xn,yn)p dr™ Vi (T, Yp) ATy (277 421,

If 7 € Cplgg, (1, ) we know that a7 Wi e Cpl(p®t T, v ) is optimal for almost all
277yt € A1 and therefore [ pa (2, yn)P dﬂx?ﬂ’y?il(xn,yn) = W,(u*" ,l/y?fl)p for

almost all 27 y7~* € X", Thus

( [ e dw); - ( / gp;f(asi,yi)p dw<m7y>);

= </2px(%,yi)pdw(w7y) +/PX($n>yn)pd7T(wﬂy>>

1

p

3=

= </iﬂx($i,yi)pdﬂ(w,y) —i—/Wp(uw,Vy)pdﬂnl(w,y))

i=1

The statement now follows from z — x» being subadditive for p > 1.

If 7 € Cplge(p, v) and minimizes cost, then by Lemma T e Cpl(,u"”?il, Vy?il) and

n—1

n—1 . _ _ _ . _
7™ ¥ must also be optimal for almost all 277! 7! € A" . Otherwise a measure 7
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with 7, = m, and #%1 ¥ € Cpl(u® ¥ ) optimal, would exist and have a lower cost

then m and would also be in Cplga(p,v) by Lemma (3.2 which is a contradiction. O

Theorem 3.4. If ("), a sequence of probability measures on (X™, pyn), converges to a
probability measure v on (X", pxn,) in the adapted p- Wasserstein distance then it converges
also in the p-Knothe-Rosenblatt distance. In particular the p-Knothe-Rosenblatt distance
induces the p-weak adapted topology.

Proof. The proof is by induction. For n = 1 the statement follows because both, the Knothe-

Rosenblatt and the adapted Wasserstein distance, coincide with the Wasserstein distance in

this case.

n—n+1:

Let (")), be a sequence of probability measures on (X™*!, pyn+1,) such that % converges to

a probability measure v in the adapted Wasserstein distance. 1For arbitrary, fixed (*r); with

s Cplkg, (v, %), we will show that the cost <f pxnﬂ’p dkﬂ') converges to 0 for k — oo.
By Proposition [3.3] the cost can be bounded by the cost in the first n dimension and the

cost in the last dimension

(/pinﬂ ) (/pr:ruyz d'r wy) (/W " ”dﬂn(fvy)>

1
Since (f Sy pa(zi, yi)P d'%r(a:,y))” coincides with the cost of the coupling m, €
CleRp(kun, Vn), it is bounded by KR,(*v,,v,). Now let (%), be a sequence of bicausal
couplings such that %y is a cost minimizing element in Cplgs(*,v). Applying the triangle

inequality for the p-Wasserstein distance in the second term yields

3=

(/W = Ay dhr (a, y)) < (/(Wp(ya’fyy)+wp(uw,y ) ' @ (e, y, 2 ))

Using the Minkowski inequality and the definition of the product measure, the right hand
side is bounded by

W,(v=, "¥)P ™y, (y, ) W,(v*®, v*)P d*r, @™y, (x, 2) %.
(f ) ( )
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3=

By Proposition we get that ([ W,(v=,¥)P db,(y, 2))

second term we use the modulus of continuity and get

(/ W,(v®, V*)P dkwn@’f%(a:,z)) ’ < W1y p (/ZPX(%‘, z;)P dkwn@’f%(a:,z)>
i=1

Using the triangle inequality for py, the Minkowski inequality and that the modulus of

< AW,(*v,v). To bound the

1

P

continuity is increasing this can again be bounded by

WI(v),p (/pr(%,yi)p dkﬂ(%y)) p + (/pr(yi, zi)? dkv(y,z))

=1 =1

Q=

Applying Proposition to the second part we see that this term is again bounded by
wiw)p (K Ry(*n, vn) + AW,(*v,v)) . Combining all the above inequalities yields

(33) (/ pﬁ(”*{p dkﬂ') P < KRp(ka l/n> + AWp(ky, V) + WI(v),p (KRp(kyn, l/n) + AWp<kV, V))

Because AW, (*,v) — 0 implies that AW, (*v,,v,) — 0 the induction hypothesis yields
that also KR,(*,,v,) — 0. Finally, since Z(v) is concentrated on a graph of a
function and the modulus of continuity is continuous at 0 [10, Lemma 2.7], we have
wiw)p (KRy(*vn,vn) + AW,(*v,v)) — 0, because, by above argument K R,(*v,,v,) +
AW, (*v,v) — 0.

Since the right hand side in is independent of the chosen sequence (*r). we

may take the supremum over all such sequences and obtain that KR,(%,v) :=

1
SUPzeCplyg,, (vv) (f Pheny d?T) » — 0 for k — oo. 0

4. THE TRIANGLE INEQUALITY FOR THE KNOTHE-ROSENBLATT DISTANCE

We want to examine further properties of the Knothe-Rosenblatt distance. It is positive
definite and symmetric but in general it does not satisfy the triangle inequality for dimension

d>1.

Lemma 4.1. The p-Knothe-Rosenblatt distance on P((RY)? || .]|,) withd > 1 and p > 1

does not satisfy the triangle inequality.
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(M,0) « (M,0)

« (-M,0) (-M,0) «

v,m

(M/O). (M,0) o= (M,0) ,,(1\\10)
(M.0) /@,m @m\ (-M.0)
(-M,0)  (-M,0) s (-M,0)  (-M,0)

FicURE 1. Example that the triangle inequality does not hold for the Knothe-
Rosenblatt distance, see the proof of Lemma [4.1]

?

Proof. We will prove this by giving a counterexample for d = 2 for d > 2 one can easily find
analogous counterexamples. Let M € R be very large and define p, v, probability measures

on ((R%)% ]| 1I,) as

1

=5 (O10.000) + (10).-pr0))
1

v =5 (8(-1,0m0)) + O(e.-1).(-210))
1

1 =5 (e, (00 + de-1),(-210)) -

In Figure (1) by plotting for each point with positive mass the first set of coordinates and
labeling the points with the second set of coordinates. Between any of these measures there
exits exactly one unique p-Knothe-Rosenblatt coupling. These couplings are also Monge and
illustrated in Figure [1f2), we write T}, for the map from p to v. The red arrows indicate
how the mass is moved, note that the Knothe-Rosenblatt coupling maps the first dimension
optimally and thus only tries to minimize the movement of the points in the plane, ignoring

the labels. The transport in the second dimension is predetermined by the transport in the
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plane since the conditional measures are all Dirac. Since

T/m((_lv O)’ (Mv 0)) = ((_67 _1)7 (_Ma O))a

Tun((1,0), (=M, 0)) = ((e, 1), (M, 0))

we have KR, (p,n) = (|1 — P + [2M|P + 1)% > 2M. Furthermore,

Tuu((_170)>(M’0>) <<_€71)7(Ma0>)a

THV((LO)?(_Mv 0)) ((87—1)7(_M7 0))

implies that KR, (u,v) = ((1 —e)? + 1)% and

Tl/ﬂ<<_57 1)? (M7 O)) = ((5’ 1)7 (Mv O))?

T((e,=1),(=M,0)) = (=&, —1),(=M,0))
implies that K R,(v,n) = 2¢. Thus, for 0 < ¢ <1 < M we have
KRy(p,v) + KRy(v,n) = (1 — )’ + 1)7 +2¢ < 2M < KR, (1, n).
0

Thus, because the triangle inequality does not hold, the p-Knothe-Rosenblatt distance is
in general not a distance on P((R%)?,]|.||,) with d > 1.

On the other hand, the p-Knothe-Rosenblatt distance is in fact a distance, satisfying
the triangle inequality on P(R", | . ||,), i.e. the stochastic processes with R as the state
space. To prove this, we will use another, but on P(R") equivalent way of characterising

Knothe-Rosenblatt couplings.

Definition 4.2. [25 Definition 2.3.5] A probability measure = € P(R™ x R") is a (strictly)
increasing triangular transport if the support of ™ is (strictly) lexicographically monotone. A
set ' CR™ x R™ is called lexicographically monotone if for (x,y),(Z,y) € I' we have x < T
implies y < y with regard to the lexicographical order on R™. The set I' is called strictly

lexicographically monotone if x < T implies y < y.

Definition 4.3. For pu,v € P(R™,||.||,) we define kr,, € Cplgc(i,v) as the by [25, Proposi-

tion 2.3.6] unique triangular increasing bicausal transport from p to v. Furthermore we define
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Q" as the Monge transport plan that induces the coupling kryn,, where X" is the Lebesgue

measure on [0, 1]".

This kr,, is a Knothe-Rosenblatt coupling and if K'R(u,v) is finite then this the only
Knothe-Rosenblatt coupling from p to v. In Proposition we will show that kr,, =
(Q", Q") xA™ and from this statement the triangle inequality will follow immediately using
the Minkowski inequality. This approach is similar to the one used in [7], where the Knothe-
Rosenblatt coupling is defined by (Q#, Q")4A" and this definition is used to extend the
Knothe-Rosenblatt distance to P((R?)",]|.|l,) in a way that satisfies the triangle inequality
and induces the adapted Wasserstein topology.

To prove Proposition 4.6| we first show in two auxiliary lemmas that the marriage of two
bicausal couplings is bicausal and that the marriage of a strictly triangular increasing and a

triangular increasing coupling is triangular increasing.

Lemma 4.4 (The marriage of two bicausal transport plans is bicausal). Let py, o, 13 €

P(X™, ||.1l,) and m € Cplgg(pu, p2), v € Cplge(p2, p3). Then ma@y € Cplgg(p, 3)-

Proof. Let (X,Y, Z) be the random vector with distribution 7 %{) 7. We have to show that for
all k < n the map 27 — (ro)* (ZF € B) is Fxr measurable for all measurable B C X*
where (Fxr)i>1 is the natural filtration of X. Note that (m@v)*(B) = S Y (ZF € B)dn"(y),
and due to v and 7 being causal, y — V¥(ZF € B) is fylk measurable, non-negative and
bounded, and x — 7*(Y}* € B) is F xi measurable. Thus the composition is Fxr measurable
and hence mo~y is causal. Exchanging the roles of X and Z above, yields that mo~y is

bicausal. 0

Lemma 4.5 (The marriage of a strictly triangular increasing and a triangular increasing
coupling is triangular increasing). Let pu, po, i3 € P(R™, || . ||p), m € Cpl(p1, p2) strictly
triangular increasing, and vy € Cpl(us, u3) triangular increasing. Then @y € Cpl(puy, 13) is

triangular increasing.

Proof. Let (z,2),(z,%2) € supp(mr®~y) then there exist y,y € R™ such that (z,y), (Z,y) €
supp(m) and (y, z), (y,2) € supp(y). Thus, if z < T we have, since 7 is strictly triangular

increasing, that y < y. Now by 7 being triangular increasing it follows that z < z. O
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Proposition 4.6. Let pi,v € P(R™,||.||,). Then
kruy = (Q, Q") gA".

Proof. To prove this statement it suffices to show that (Q*, Q") x\" € Cplgc(, v) and that

it is triangular increasing. To see this, we observe that
(Q", Q) A" = (Q"id)pN" @ (id, Q") x A"

Now Lemma {4.4] gives us (Q*, Q") g A" € Cplga(p, v). This follows since (Q*,id) g A" = kryn
and (id, Q") A" = krn, are both bicausal.
Furthermore, since supp(kryn,) = {(y, @"(y))|y € [0,1]"} is lexicographically monotone,

supp((Q”, id)x\") = {(Q"(v), y)|y € [0,1]"} = {(y, ¥)[(z,y) € supp(kryn,)}

is strictly lexicographically monotone, and thus, (Q”,id) A" is strictly triangular increasing.
Also, by definition, (id, Q") #\" = kryn, is triangular increasing. Thus, by Lemma also
(Q", Q)™ is triangular increasing and hence kr,, = (Q", Q") x\". O

Proposition 4.7. Let pi1, pio, 13 € P(R™, || . ||,), then

KRy(p, p3) < KRp(pa, p) + KRy (2, p13)-

Proof. By Proposition [4.6] we have
1/p
KRy ) = ([ e = 2@ @153 (0,2))

1/p
(4.1 < ( [ =l = 217 @@, Q) z>)

1/p
+

w2 = (fregaenemen) ([ sgaenenen)
= KRy(pu1, p2) + K Ry(pia, 13)-

Here we used in (4.1]) the triangle inequality for the p-norm on R™ and in (4.2)) the Minkowski
inequality. U
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5. PRECOMPACTNESS

Let P(X™,||.]|,) be the set of stochastic processes on a compact set X with n time steps.
In this chapter, we show that while P(X™, || .||,) equipped with the adapted Wasserstein
distance is precompact (Lemma [5.4), the same is not necessarily true for P(X™, || . ||,)
equipped with the Knothe-Rosenblatt distance (Prop . We will start by proving that for
d>1,P(([0,1]92,|.]/,), equipped with the p-Knothe-Rosenblatt distance, is not precompact
by giving an example of a sequence without a convergent subsequence. But since we showed
that the Knothe-Rosenblatt distance in general does not satisfy the triangle inequality, this

does not immediately yield precompactness and we need the following lemma.

Lemma 5.1. Let v € P(([0,1]9)2,] . ||,) and d > 1. Then there exist an almost surely
unique v € P(([0,1]4)%, || .1l,) such that iy = Ngyja and for any p € P(([0,1]%)2,].|,) with
p1 = Ao,1je we have that K Ry(v, 1) > KR,(v,p) for any p > 1.

Proof. Since A 1)a is absolutely continuous, there exists an optimal transport plan v between
vy and Apqje. Since Ajg jja is absolutely continuous, 7 is almost surely unique by Brenier’s
Theorem [24][Theorem 4.2]. We now choose 7 as the coupling such that 7 = 7 and
Y = (x — (2,2)) " and set ¥ = proj,m. Let p € P(([0,1]9)2,|.][,) with py = A1y« then
by Prop. we have that

S

KRy(v, p) > (/ W (v", ") dv(m,y)>
([0,1)4)2

By construction,
/ W, p) dvy(z,y) = W (0", u*) da
([0,1]%)2 [0,1]¢
and since 71 = 13 = Ap yj¢, using Prop. 3.3}
W, (0%, %) de = KR,(D, ).
[0,1]¢

0

Proposition 5.2. The set of P(([0,1]%)2, . ||,) equipped with the p-Knothe-Rosenblatt distance

is not precompact. Indeed, no finite set of open balls of size 2=+ covers P(([0,1]%)2, || ||,)-
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Proof. Let f, : [0,1] — {0,1} such that f,(z) = [2"z] — 2|2"'z| and "u = (id, f, o
Proj; )4 Ap,1¢ Where Ajgqja is the Lebesgue measure on [0, 1]¢. For a visual representation of
Y, 2,3 see Figure , it shows how the distribution in the second variable (or time step)
depends on the first. The distribution of the second variable conditional on the first variable
starting in the black area is the Dirac measure ;. Analogously, conditional on the first
variable starting in the red area the distribution of the second variable is dy. By construction

"ty = App,je for all n. Thus for n # m we have

KRy = ( | Ul - fm(w)!p); dr =27,

Note that since by Lemma for d > 1, the Knothe-Rosenblatt distance on P(([0,1]4)%, |- ||,)
does not satisfy the triangle inequality, the existence of this sequence is not immediately
equivalent to precompactness.

Assume that there exist %,...,%» € P(([0,1]%)2, ]| .||,) such that U!_, B.(%) is an e-covering
of P(([0,1]%)%, ]| ||,)- Then by Lemma [5.1| there exist ', ..., ” such that Ty = Ay« and for
any i, j that KR,(v,%u) > KR,(7,’u). Let i € [1,...,1] and n # m and KR,(v,"u) < e <
2=+ Then, since "u; = "1y = ¥, = Api,0¢ we have by Prop. that

1
KR, (iv,") > KR,(7,") = ( W, (5%, )P d:c) ’

[0,1]¢
1
(5.1) > ( o (Wp(m/ﬁ,nﬂx) _ Wp(iﬂx’mua:))lo dx)
7 1 1
(52) ([ meweran) = ([ wereya)
[0,1)¢ [0,1]¢

:KRp(m:uﬂnlu) - KRp(iDam:u) >2P—e>e.

In (5.1]) we have applied the reverse triangle inequality for the p-Wasserstein distance distance
and in (5.2)) the reverse triangle inequality for the L,-norm.
Therefore, each B.(1?) can contain at most one element of (%;);>1, and thus U'_, B.(%)

cannot be an e-covering of P(([0,1]%)%, . |l,)- 0

Remark 5.3. Using similar methods proof can be be extended to show that for any n > 2 it
holds that P(([0, )™, ||.|l,) equipped with the p-Knothe-Rosenblatt distance is not precompact.
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FIGURE 2. Visual representation of the measures u,%u, % from Proposition
F.2l The figure shows how the distribution in the second variable (or time step)
depends on the first. In the first time step we have a uniform distribution
symbolised be the red and black line. The colours and arrows indicate whether
in the second time step the stochastic process will be 0 or 1. I.e. the distribution
of the second variable conditional on the first variable starting in the black
area is the Dirac measure d;. Analogously, conditional on the first variable

starting in the red area the distribution of the second variable is dy.

In contrast, equipped with the adapted Wasserstein distance, P(X™, || . ||,) is indeed

precompact, for compact spaces X'. We will prove this by induction over n, by showing that

P aw, (X™1) is isomorphic to a subset of Py, (X X Py, (X™)).

Lemma 5.4. Let X be a compact set. Then P(X",|.||,) equipped with the adapted Wasser-

stein distance is precompact.

Proof. For this proof we use the following notation. For a Polish metric space A, we refer
to the space of probability measures on A, equipped with the p-Wasserstein distance, by
Pw, (A) and the space of probability measures on A, equipped with the adapted p-Wasserstein

distance, by Paw, (A).

Proof by induction over n. For n = 1 the adapted p-Wasserstein distance coincides with

the normal p-Wasserstein distance. Hence the statement follows from Pyy, (X') being compact

with regard to the weak topology since X" is compact.

For n — n 4+ 1 we will show that

T : Paw, (X" = Py (X X Paw, (X™))

with Zy(v) := ((x — (z, %)) 414 is an isometry but not bijective.
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n+1

A = ot |3l il drtay)

m€CPlgc (v

n+1
= e / / Zlm yil[? dr o (@ it + |y — gy |2 dm (21, 1)

meCplgc(p,v

By Lemma we have 71 € Cplge(p™, ') almost everywhere. Furthermore, 7!
is optimal in Cplge (™, v¥") m almost everywhere. Otherwise, by Lemma we could
construct a bicausal coupling between p and v with a lower cost than 7. Hence,

n+1

/ZH% yil[h de v (s g ) = AW, ('t v )P,
Therefore,

AW, (p, v)P = inf /2 |21 — 3/1“5 + AW, (", v )P dmy (21, 1)
X

m1€Cpl(p1,v1)
Note, that we replaced Cplga(p1,v1) with Cpl(uq, 1), since all couplings between stochastic
process with only one time points are bicausal.

Furthermore, since Z; (1) is concentrated on the graph of x — (z, u*), this equals

inf €T — P+ AW ) Pdn L1577 ), ) )
N I e A R T IR TR0

which equals W,(Z; (1), Z1 (v) )P by definition of the p-Wasserstein distance.

Precompactness now follows since Py, (X™1) is isomorphic to a subset of
PWP(X X ’PAWP(XTL)) - PW,,(X X PAWP(Xn))

and P(X x Paw,(X™)) equipped with the weak topology is compact, since X" and, by the

induction hypothesis, also P4, (X™) are compact. O
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