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Abstract
Spectral sequences were introduced in 1946 by J. Leray and are important computational
tools in homological algebra, where they are used to calculate homology groups. In
this thesis, we study diverse construction methods of spectral sequences, namely from
exact couples, filtered complexes and double complexes, while also discussing convergence
properties respectively. Using this we construct the Grothendieck spectral sequence,
with which one can calculate the derived functors of a composition of functors form the
derived functors of the components. From it we derive several spectral sequences that
were originally introduced by G. Hochschild and J.P. Serre in their study of group and
Lie algebra (co)homology.

Zusammenfassung
Spektralsequenzen wurden in 1946 von J. Leray eingeführt und sind wichtige Werkzeuge
in der homologischen Algebra, wo sie verwendet werden, um Homologiegruppen zu
bestimmen. In dieser Arbeit studieren wir diverse Konstruktionsarten von spektralen Se-
quenzen, nämlich von exakten Paaren, gefilterten Kettenkomplexen und Doppelkomplexen,
während wir auch jeweils Konvergenzeigenschaften diskutieren. Damit konstruieren wir
die Grothendieck Spektralsequenz, mit der man die abgeleiteten Funktoren einer Kom-
position von Funtoren aus den Ableitungen der Komponenten berechnen kann. Daraus
leiten wir einige Spektralsequenzen ab, die ursprünglich von G. Hochschild und J.P. Serre
eingeführt wurden, um (Ko)Homologien von Gruppen und Lie Algebren zu bestimmen.
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1 Preliminaries

1.1 Diagrams and (Co)Limits

Functors are one of the most fundamental notion of categories with many applications.
One of them is the formalisation of the intuitive term "diagram". In this first introductory
section we shall recite the definitions of diagrams, limits and some related notions and
state a few results about them. A reader unfamiliar with category theory or one who is
interested in the proof is hereby referred to [17] or any other introductory book. As usual
in category theory, there is a dual version of every notion and statement discussed here
and as such we will usually focus on one version and just state the other. This principle
is best expressed by Francis Borceux’s "metatheorem" in [2]:

Theorem 1.1. Suppose the validity, in every category, of a statement expressing the
existence of some objects or morphisms or the equality of some composites. Then the "dual
statement" is also valid in every category; this dual statement is obtained by reversing the
direction of every arrow and replacing every composite f ◦ g by the composite g ◦ f .

Definition. Considering a category C and a small category Γ, a diagram D in C in the
shape of Γ is a functor Γ → C.

Definition. Consider two diagrams D and D̃. A morphism of diagrams α is a natural
transformation D → D̃, i.e. is a tuple of morphisms

(αX : DX → D̃X)X∈Γ

such that for every morphism f : X → Y in Γ the following diagram commutes

DX DY

D̃X D̃Y

αX

Df

αY

D̃f

Together with the pointwise composition of these morphisms, we form the category of
diagrams CΓ.

Proposition 1.2. For any two small categories Γ and Λ and a category C there are
isomorphisms of categories

(CΓ)Λ ∼=ϕ CΓ×Λ ∼=ψ (CΛ)Γ
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given by

ϕ−1 : D →
(
Y →

(
X → D(X,Y )

))
and

ψ : D →
(
X →

(
Y → D(X,Y )

))
for a diagram D ∈ CΓ×Λ and objects X ∈ Γ and Y ∈ Λ. We usually omit these
isomorphisms in our notation and write DX• instead of ψ(D)(X) and D•Y instead of
ϕ−1(D)(Y ).

Definition. A cone of a diagram D : Γ → C is an object C ∈ C together with a tuple of
morphisms (

πX : C → DX
)
X∈Γ

such that for every morphism f : X → Y in Γ the following triangle commutes.

C

DX DY

πX πY

Df

Definition. A cone (C, (πX)X∈Γ) of some diagram D is called universal or limit of D
if for every other cone (C̃, (π̃X)X∈Γ) there is a unique morphism C̃ → C such that the
triangle

C̃ C

DX

π̃X
πX

commutes for all X ∈ Γ. In this case we write

C = lim
X∈Γ

DX = lim
Γ
D

This notation focuses on the object limΓD but remember that the morphisms πX are an
integral part of any cone and hence any limit. In the case that the cone is a limit we
sometimes call its morphisms projections.

Remark. Dually one defines cocones and colimits.

Definition. If Γ is a discrete small category (i.e. a set) then the limits of diagrams in
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this shape are called products and written as

∏
X∈Γ

DX

Dually the colimit of such diagrams are called coproducts and written as

∐
X∈Γ

DX

Example. If R is an associative ring and ModR the category of modules over that ring, then
there the product and coproduct are the direct product and the direct sum respectively.

Definition. If Γ is the category
• •

then diagrams in this shape consist of two objects A and B and two parallel morphisms
f and g between them. Note that cones of such diagrams can be defined as single
morphisms h : T → A with fh = gh. We call the limit of such a diagram the equalizer
eq(f, g) and think of the universal cone as a single morphism

eq(f, g) → A

Dually the coequalizer can be thought of as a single morphism

B → coeq(f, g)

Example. In ModR the equalizer of two R-linear maps f and g is ker(f − g) and the
coequalizer is B/ im(f − g).

Definition. If Γ is the category
•

• •

then diagrams in this shape consist three objects and two morphism in the configuration

B

A C

g

f

Limits of such diagrams are called pullbacks and are denoted as A×C B. We think of
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the universal cone as two morphisms f ′ and g′ with codomain B and A respectively.

A×C B B

A C

f ′

g′ g

f

Example. In the category ModR pullbacks exist and can be described explicitly:

A×C B = {(x, y) ∈ A⊕B | f(x) = g(y)}

Definition. Consider the linear order Z as a category. Due to functionality it suffices to
define a diagram C ∈ CZ only on objects and the covering relations i+ 1 ≥ i, i.e. on the
directed graph

· · · i+ 1 i i− 1 · · ·≥ ≥

We call diagrams in this shape sequences and denote them as tuples C = (Ci, di)i∈Z or

· · · Ci+1 Ci Ci−1 · · ·di+1 di

Also the morphisms di are called boundary morphisms.

Proposition 1.3. Limits, if they exist, are unique up to unique isomorphism.

Proposition 1.4. If every diagram D ∈ CΓ has a limit then there is an, up to natural
isomorphism, unique functor

lim
Γ

: CΓ → C

that sends diagrams to their limits.

Remark. We think of limits as defined only up to isomorphism. Hence if two objects
defined as limits of some diagram are isomorphic, we will call them equal.

Definition. A functor F : C → D is called left adjoint if there is a functor G : D → C
and a natural isomorphism

D(F(−),−) ∼= C(−,G(−))

Proposition 1.5. Consider the functor

∆ : C → CΓ
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that sends objects in C to the diagrams that are constantly that object. Then this is the
left adjoint of the functor lim.

Remark. Dually to lim we can define the functor colim that sends diagrams to their
colimits. The above proposition then reads

colim
Γ

⊣ ∆ ⊣ lim
Γ

This is indeed equivalent to the definitions of the functors lim and colim.

Definition. A category C is called complete if all diagrams D : Γ → C have limits, for
all small categories Γ. A category C is called finitely complete if all diagrams D : Γ → C
have limits, for all finite categories Γ.

Theorem 1.6. A category is complete if and only if all products and all equalizers exist.
Similarly a category is finitely complete if and only if all finite products and all equalizers
exist.

Definition. Consider two categories C and D and a functor F : C → D. Then F induces
a functor F̃ : CΓ → DΓ by postcomposing, i.e. applying it componentwise to a diagram.
We call a functor continuous if it preserves all limits, meaning that for every small
category Γ there is a natural isomorphism

F ◦ lim
Γ

∼= lim
Γ

◦F̃

Moreover we call a functor finitely continuous if it preserves all finite limits.

Lemma 1.7. Continuous functors preserve monomorphisms.

Proposition 1.8. Left adjoint functors are continuous.

Lemma 1.9. A functor is continuous if and only if it preserves products and equalizers.
Similarly it is finitely continuous if and only if it preserves finite products and equalizers.

Proposition 1.10. Consider two small categories Γ and Λ. Then we have a commuting
triangle of functors

(CΓ)Λ (CΛ)Γ

CΓ
limΛ

∼=

˜limΛ
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where the isomorphism is from Proposition 1.2 and ˜limΛ is the componentwise application
of limΛ : CΛ → C form the definition of continuity above. In fact for any vertex X ∈ Γ
and a diagram D ∈ CΓ×Λ we have

( lim
Y ∈Λ

D•Y )(X) = ( ˜lim
Y ∈Λ

D•Y )(X) = lim
Y ∈Λ

DX•(Y )

This means that we can calculate limits in diagram categories component wise.

Corollary 1.11. If C is (finitely) complete then so is CΓ.

Corollary 1.12. The functor limΓ is continuous for any small category Γ. This means
that for every small category Λ there is a natural isomorphism

lim
Γ

◦ lim
Λ

∼= lim
Λ

◦ lim
Γ
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1.2 Abelian Categories

In this section we introduce abelian categories and define some basic notions for them. A
more detailed discussion can for example be found in [1].

Definition. A category A is called preadditive or Ab-category if for any three objects
X,Y, Z ∈ A the set of morphisms A(X,Y ) is equipped with an abelian group structure
and the composition

◦ : A(Y,Z) × A(X,Y ) → A(X,Z)

is bilinear. Our notation will not distinguish between the operations of these groups as
all are written additively. Moreover a functor F : A → B between Ab-categories is called
Ab-functor if each map

F : A(X,Y ) → B(FX,FY )

is a group homomorphism.

Remark. In particular this means that between any two objects there is a distinct
morphism called 0 which is the neutral element of the group operation.

Proposition 1.13. Remember that morphism in diagram categories AΓ are tupels of
morphism in A. If A is an Ab-category, then so is AΓ with componentwise addition.

Proposition 1.14. Let I be a finite set and A an Ab-category. Then, if both sides of the
equation exist, there is a natural isomorphism between the coproduct and product functors

α :
∐
I

→
∏
I

such that for any family of objects X = (Xi)i∈I and for any indices j and k the composition

Xj
∐
i∈I

Xi
∏
i∈I

Xi Xk
ιk αX πk

is the identity if j = k and zero otherwise. As discussed in section 1.1 we can in this
case think of the product and coproduct as being the same object and denote them both as
the direct product ⊕

i∈I
Xi

Corollary 1.15. In every category the empty product is the terminal and the empty
coproduct the initial object, if they exist. In an Ab-category with finite (co)products there
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is a unique object
0 :=

⊕
i∈∅

called zero, which is both initial and terminal. It has the property that zero morphisms
0 : A → B factor uniquely through it and any morphism factoring through the zero object
is already zero.

Proposition 1.16. Ab-functors preserve finite products and finite coproducts. Conversely,
a functor between Ab-categories that preserves finite (co)products is an Ab-functor.

Definition. Consider a morphism f : X → Y in A and the neutral object 0 of the
group operation of A(X,Y ). Then we call the equalizer f and 0 the kernel of f . It has
the universal property that every morphism g : Z → X with f ◦ g = 0 factors uniquely
through the kernel.

ker f X Y

Z

f

Dually the coequalizer of f and 0 is called cokernel. If f is monic then we write

Y/X := coker(f)

Lemma 1.17. The kernel and cokernel of the zero morphism 0 : X → Y are the identity
on X and Y respectively. Conversely the (co)kernel of an isomorphism is zero.

Proposition 1.18. Consider the pullback diagram

X ×Z Y Y

X Z

f ′

g′ g

f

Now if g is monic, then the induced morphism ker(f ′) → ker(f) is an isomorphism.

ker(f ′) X ×Z Y Y

ker(f) X Z

∼=

f ′

g

f

Definition. We call functors that preserve kernels left exact. Dually functors are called
right exact if they preserve cokernels and exact if they are both left and right exact.
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Proposition 1.19. Left exact Ab-functors are finitely continuous.

Proof. This follows from Corollary 1.9, Proposition 1.16 and the fact that for any two
morphisms f, g : X → Y we have

eq(f, g) = ker(f − g)

Definition. Since kernels are thought of simply as morphisms we can take their cokernels
to define

im(f) := ker(coker(f)) and

coim(f) := coker(ker(f))

Definition. An Ab-category A is called abelian if it is both finitely complete and finitely
cocomplete, every monomorphism is the kernel of its cokernel and every epimorphism is
the cokernel of its kernel

Example. If R is an associative ring then the category ModR is abelian. The usual kernel
there is also the categorical kernel and the cokernel of a morphism f : X → Y is Y/ im(f).

Lemma 1.20. (Homomorphism Theorem) In abelian categories for every morphism
f : X → Y there is a unique natural isomorphism coim(f) → im(f) such that the
following diagram commutes

X Y

coim(f) im(f)

f

∼=

As such, we think of the image and coimage as being equal.

Lemma 1.21. If A is abelian then so is AΓ for any small category Γ.

Proof. Firstly, Corollary 1.11 ensures that AΓ is both finitely complete and finitely
cocomplete. Secondly, note that natural transformations are monic if and only if each of
their components is monic. Hence if α : D → D̃ is a monomorphism of diagrams, then
αX is also monic for every X ∈ Γ and therefore the kernel of its cokernel. But according
to Proposition 1.10 (co)limits are calculated component wise hence we have

ker(coker(α))X = ker(coker(α)X) = ker(coker(αX)) = αX

9



Definition. Let Γ be directed set, i.e. a preorder where every pair of elements has an
upper bound, viewed as a category. Then (co)limits of diagrams Γ → C are called filtered.
Dually (co)limits of diagrams Γop → C are called cofiltered.

Example. Every total order is directed, so in particular (co)limits of sequences Z → C
are filtered.

Definition. An abelian category A is called AB5 if it is cocomplete and taking filtered
colimits is exact. Due to Proposition 1.19 this is equivalent to saying that for any directed
set Γ and any finite category Λ we have

colim
Γ

◦ lim
Λ

= lim
Λ

◦ colim
Γ

Example. The category ModR is AB5 for any associative ring R.
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1.3 Chain Complexes and Derived Functors

Continuing from the previous section, this section introduces the basic notions of homo-
logical algebra.

Definition. Let A be an abelian category and C = (Ci, di)i∈Z ∈ AZ a sequence

· · · Ci+1 Ci Ci−1 · · ·di+1 di (1.1)

We call C a chain complex if di ◦di+1 = 0 for all integers i. Note that the chain complexes
in A together with morphisms of diagrams define a full subcategory of the category of
sequences AZ. We call it the category of chain complexes Ch(A).

Proposition 1.22. If A is an abelian category, then the category Ch(A) of chain
complexes is also abelian.

Proof. Similar to AZ, Ch(A) is an Ab-category using componentwise addition. Also as
AZ is abelian, we show that (co)limits there are chain complexes. Indeed for two chain
complexes C = (Ci, di) and C ′ = (C ′

i, d
′
i) we have

(di ⊕ d′
i) ◦ (di+1 ⊕ d′

i+1) = (di ◦ di+1) ⊕ (d′
i ◦ d′

i+1) = 0.

and therefore C⊕C ′ is a chain complex. Further for a morphism of sequences f : C → C ′,
its kernel in AZ is a sequence, whose boundary morphisms d̃i : ker(fi) → ker(fi−1) fit
into

· · · ker(fi+1) ker(fi) ker(fi−1) · · ·

· · · Ci+1 Ci Ci−1 · · ·

· · · C ′
i+1 C ′

i C ′
i−1 · · ·

d̃i+1 d̃i

ι

di+1

fi+1

di

fi fi−1

d′
i+1 d′

i

and hence d̃i−1 ◦ d̃i = 0 because C is a chain complex and ι is monic. The dual argument
shows that also the cokernel in AZ of chain complexes is a chain complex. Finally, we
need to check that Ch(A) does not have more mono- and epimorphisms than AZ. But we
have just shown that the inclusion functor Ch(A) → AΓ is exact and therefore preserves
epi- and monomorphisms, see Proposition 1.19 and Lemma 1.7.

Proposition 1.23. If C = (Ci, di) ∈ Ch(A) is a chain complex, then for any integer i
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there is a unique natural monomorphism im(di+1) → ker(di) that fits into the diagram

Ci+1 Ci Ci−1

im(di+1) ker(di)

di+1 di

We then define the i-th homology of C to be

HiC := ker(di)/ im(di+1)

and note that this by definition extends to a functor Hi : Ch(A) → A. Also if we do not
fix the index i we get the total homology functor H : Ch(A) → AUZ where UZ is set of
integers, i.e. a discrete category.

Remark. The dual of the above proposition also holds, giving us an epimorphism
coker(di) → coim(di+1) whose kernel is also HiC.

Definition. A morphism of chain complexes f : C → C ′ is said to be a quasi isomorphism
if its image under the homology functor is an isomorphism

Hf : HC → HC ′

Definition. We call a sequence C ∈ AZ exact if it is a chain complex with

HiC = 0 for all i ∈ Z

Lemma 1.24. Consider an exact sequence C whith Ci = Ci+3 = 0 for some integer i.
Then di+2 : Ci+2 → Ci+1 is an isomorphism.

0 Ci+2 Ci+1 0
∼=

Definition. An exact sequence is called short, if it there are only three neighbouring
nonzero entries.

0 A B C 0f g

In this case we have f = ker(g) and g = coker(f). Moreover a short exact sequence is
called split if it is isomorphic (in the category of sequences) to a short exact sequence
where the middle object is the direct product of the outer two

0 A A⊕B B 0ιA πB

12



Definition. Let A be and abelian category and P ∈ A be an object. P is said to be
projective if the hom-functor A(P,−) : A → Ab is exact. Moreover we say that A has
enough projectives if for every object A ∈ A there is a projective object P ∈ A and an
epimorphism P → A. The dual notion of projective is injective.

Proposition 1.25. The coproduct of two projective objects is also projective.

Proposition 1.26. Let P be a projective object, then any short exact sequence

0 A B P 0

splits.

Proposition 1.27. Let F : A → B be a functor between abelian categories that is left
adjoint to an exact functor G : B → A. If P ∈ A is projective, then so is FP .

Proof. We calculate that B(FP,−) is the composition of two exact functors and it is
therefore exact.

B(FP,−) ∼= A(P,G(−)) = A(P,−) ◦ G

Proposition 1.28. Let I be any set and A a complete abelian category with enough
projectives. Then the product functor

∏
I

: AI → A

is exact.

Proposition 1.29. We can think of every object A ∈ A as a chain complex Ã by setting

Ãi =

A if i = 0

0 otherwise

Now if A has enough projectives then there is an exact sequence P where all Pi are zero
for negative i and projective if i is not negative.

· · · P1 P0 0 · · ·

Moreover there is a quasi isomorphism of chain complexes f : P → Ã which we can think
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of as a single morphism P0 → A.

· · · P1 P0 0 · · ·

· · · 0 A 0 · · ·

f

In particular we know the homology of P , namely

HiP =

A if i = 0

0 otherwise

We call P a projective resolution of A.

Theorem 1.30. Let F : A → B a right exact Ab-functor between abelian categories
where A has enough projectives. For any A ∈ A and a projective resolution P of A we
set

LiF(A) := Hi(FP )

then this does, up to isomorphism, not depend on the choice of P . Moreover we can
extend all LiF to functors A → B, which we call the i-th left derived functor of F .

Corollary 1.31. The zeroth derived functor of F is F , so LiF is only interesting for
positive indices i.

Corollary 1.32. If F : A → B is right exact and G : B → C is exact, then

Li(GF) = G ◦ LiF

14



1.4 Diagram Lemmas

This short section is dedicated to presenting some theorems about larger diagrams that
are exact at some points. The snake lemma, being the first here, is essential in the proves
of the other three.

Proposition 1.33. (Snake Lemma) Consider and abelian category A and the following
diagram in A

A B C 0

0 A′ B′ C ′

f g h

where the rows are exact and all squares commute. Then there is another exact sequence

ker(f) ker(g) ker(h)

coker(f) coker(g) coker(h)

Proposition 1.34. Since the category of chain complexes in an abelian category A is
again abelian, we can consider short exact sequences in Ch(A).

0 A B C 0f g

meaning that all of A, B and C are exact chain complexes and f and g are morphisms
of sequences. Now there is another exact sequence

· · · HiA HiB HiC Hi−1A · · ·Hif Hig Hi−1f

between the homologies of the complexes.

Proposition 1.35. (Nine Lemma) Consider the following commutative diagram, again
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in any abelian category.

0 0 0

0 A′′ B′′ C ′′ 0

0 A B C 0

0 A′ B′ C ′ 0

0 0 0

If all rows and the first two columns are exact, then so is the third column.

Proposition 1.36. (Horseshoe Lemma) Now let A be abelian with enough projectives
and consider the short exact sequence

0 A′′ A A′ 0

If P ′′ and P ′ are projective resolutions of A′′ and A′ respectively then there is an epimor-
phism

P ′′
0 ⊕ P ′

0 → A

which makes P ′′ ⊕ P ′ into a projective resolution of A, in such a way that the following
diagram commutes and of course all rows and columns are exact.

0 0 0

· · · P ′
1 P ′

0 A′′ 0

· · · P ′′
1 ⊕ P ′

1 P ′′
0 ⊕ P ′

0 A 0

· · · P ′′
1 P ′′

0 A′ 0

0 0 0
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1.5 Graded and Filtered Objects

We end the introductory chapter with a short section about graded and filtered objects,
as they will be needed in the construction of spectral sequences in Chapter 2.

Definition. Let G be an abelian group, UG its underlying set and C a category. We call
objects C ∈ C graded by G if they are of the form

C =
∏
g∈G

Cg

Definition. Then any g0 ∈ G defines an endofunctor on the discrete category UG using
the groups addition

g̃0 : UG → UG, g → g + g0

and we define the index shifting functor [g0] : CUG → CUG as the precomposition with g̃0.
Concretely for a tupel C = (Cg)g∈G we have

[g0]C = (Cg+g0)g∈G

Notice that, as [g0] is invertible, it is both continuous and cocontinuous, hence it makes
sense to apply it to graded objects. A tupel of morphisms

f : C → [g0]C ′ f = (fg : Cg → C ′
g+g0)g∈G

is said be a morphism of degree g0.

Lemma 1.37. Taking the product of a tupel C = (Cg)g∈G is invariant under the index
shifting functor. In other words we have

∏
g∈G

Cg =
∏
g∈G

Cg+g0

Definition. Let C = ∏
Cg and C ′ = ∏

C ′
g be graded objects. Now for a tupel of

morphisms (fg : Cg → C ′
g+g0), we say that its product

∏
g∈G

fg :
∏
g∈G

Cg →
∏
g∈G

C ′
g

is a graded morphism of degree g0.

Remark. Since in an abelian category taking kernels commutes with taking products, the
kernel of a graded morphism will again be a graded object. Since the kernel is defined
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only up to isomorphism we will always assume that for f : A → B the degree of the
morphism ker f → A will be 0. If in the category taking products is also right exact,
then we will assume the same for cokernels.

Definition. Let A be a cocomplete abelian category and A ∈ A an object. Then a
filtration FA of A is a sequence

· · · Fi−1A FiA Fi+1A · · ·

where every morphism is monic,A = colimi∈Z FiA is the colimit of the sequence and the
limit limi∈Z FiA is the zero object. The object A together with a filtration is called a
filtered object. Moreover a filtration is called constant if all morphisms are isomorphism
and called finite if for small indices it is constantly zero and for large indices it is
constantly A.

0 = FiA Fi+1A · · · Fj−1A FjA = A

Example. The Prüfer group Z(p∞) = {c ∈ C | c(pn) = 1 for some n ≥ 0} for some prime
number p comes with a canonical filtration

Z/p Z/p2 · · · Z/pi Z/pi+1 · · ·

where every morphism is multiplication by p.

Definition. Every chain complex C ∈ Ch(A) has a canonical filtration FC by setting
some of its points to be zero, namely we define the chain complex FiC as

(FiC)j :=

Cj if j ≤ i

0 if j > i
(1.2)

with the boundary morphism being either from C or 0. The inclusions FiC ↪→ Fi+1C

are natural transformations which are at every point either 0 or the identity.

· · · 0 0 Ci Ci−1 · · ·

· · · 0 Ci+1 Ci Ci−1 · · ·

0 0 id id (1.3)

Note that we cannot reverse the inequalities in (1.2) as not all arrows in (1.3) would
remain monic.
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Definition. For a filtered object FA we define the associated graded object

GA := (GiA)i∈Z where GiA := FiA/Fi−1A

Proposition 1.38. A filtration is FA of A is finite if and only if for the associated
graded object GA we have

GiA = 0

for all but finitely many indices i.

Proposition 1.39. If C ∈ Ch(A) is a chain complex, FC its canonical filtration and
GC the associated graded object, then

(GiC)j :=

Cj if j = i

0 otherwise
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2 General Spectral Sequences

2.1 General Notions

We start the discussion on spectral sequences with their abstract definition and a few
notions of about their convergence.

Definition. Let A be an abelian category. A spectral sequence E = (En, dn)n∈N is a
series of endomorphisms

dn : En → En

in A, such that

• (dn)2 = 0 for all n, i.e each pair (En, dn) is a chain

• En+1 = ker dn/ im dn

We call the chain (En, dn) the n-th page.

Lemma 2.1. Let A be complete and have enough projectives and let G be an abelian
group. If the starting page of a spectral sequence in A has the form

E0 =
∏
g∈G

E0
g

and the boundary morphism d0 = ∏
d0
g is of degree g0 ∈ G then the first page of the

spectral sequence is
E1 =

∏
g∈G

ker(d0
g)/ im(d0

g−g0)

One can inductively craft a graded structure on all pages of the spectral sequence, assuming
that all dn are graded. If this is the case we call the spectral sequence graded by G.

Proof. By Proposition 1.28 the product functor ∏ : AUG → A is exact, so it preserves
homology.

One is interested in how the pages of a spectral sequence behave for large n. To be
concrete, we need notions for convergence for spectral sequences, the simplest being the
following.

Definition. A spectral sequence E is said to terminate at the n-th page if the boundary
map dm at the m-th page is zero for all m ≥ n. This immediately implies Em = En.
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When one wants to do explicit calculations using spectral sequences, it’s important for
them to terminate early, preferably at the first or second page. In general however, this
will not be the case so we need more general notions of convergence. In order to define
the next one, we need the following lemma.

Lemma 2.2. For every spectral sequence E there are two filtrations

0 ↪→ B0 ↪→ B1 ↪→ · · · and · · · ↪→ Z1 ↪→ Z0 ↪→ E0

such that Bn ↪→ Zn and En+1 = Zn/Bn for all non negative integers n. We call the Bn

the n-almost boundaries and Zn the n-almost cycles.

Proof. We start by setting Z0 and B0 to be the kernel and image of d0 respectively. Now
define Zn and Bn inductively as the pullbacks

Zn := Zn−1 ×En ker(dn) and Bn := Zn ×ker(dn) im(dn)

which fit into the following pullback diagram

Bn Zn Zn−1

im(dn) ker(dn) En

(2.1)

It remains to show that En+1 = Zn/Bn and for that we may assume that En =
Zn−1/Bn−1, i.e. Bn−1 is the kernel of the right most vertical arrow in 2.1. But by
Proposition 1.18, Bn−1 must be the kernel of all three downwards facing arrows in (2.1).
We arrive at the commuting diagram

0 0 0

0 Bn−1 Bn−1 0 0

0 Bn Zn Zn/Bn 0

0 im(dn) ker(dn) En+1 0

0 0 0

id
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We just discussed that the first two columns are exact and also all rows are exact by
their respective definitions. Hence by the Nine Lemma 1.35 the last column is also exact
which implies En+1 = Zn/Bn by Lemma 1.24.

Corollary 2.3. If A is complete, products are exact and the spectral sequence E is graded,
then its n-almost cycles and boundaries are also graded, meaning that they can be written
as

Bn =
∏
g∈G

Bn
g and

Zn =
∏
g∈G

Zng

Proof. The product functor is continuous and exact (Propositions 1.10 and 1.28) meaning
that is preserves pullbacks, kernels and images, hence the constructions of the almost
cycles and boundaries can be done component wise.

Definition. Let E be a spectral sequence and Zn and Bn the corresponding n-almost
cycles and boundaries, then we set

B∞ := colim
n

Bn and Z∞ := lim
n
Zn

One can show that there is a canonical monomorphism B∞ → Z∞, so we define the limit
page of E as

E∞ := Z∞/B∞

Proposition 2.4. If a spectral sequence E terminates at the n-th page, then the limit
page exists and E∞ = En.

Proof. For any m ≥ n we have dm = 0, so the the pullback diagram (2.1) yields

Zm = Zm−1 ×Em Em = Zm−1

Bm = Zm−1 ×Em 0 = ker(Zm−1 → Em) = Bm−1

In particular, the filtrations Z and B are finite, hence their (co)limits exist and are Zn−1

and Bn−1 respectively. So we have

E∞ = Z∞/B∞ = Zn−1/Bn−1 = En
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Definition. Let A be complete with enough projectives and let E be a spectral sequence
in A graded by some group G. We say that E abuts if for every index g ∈ G there is
some natural number ng such that Zng = Z

ng
g and Bn

g = B
ng
g whenever n ≥ ng. Of course

every terminating spectral sequence abuts.

Corollary 2.5. If A is AB5, i.e. a cocomplete abelian category where taking filtered
colimits is exact, and the spectral sequence E is graded and abuts, then its limit page E∞

exists, is graded by some group G and for every index g ∈ G there is some number ng
such that

E∞
g = Eng

g

Proof. By assumption, taking the (co)limits of the filtrations commutes with the product
and the product is also exact, so the proof of 2.4 can be done component wise.

Definition. Let E be a spectral sequence graded by Z2 and H an object graded by Z.
Then E is said to converge to H if there is a filtration FH of H such that

E∞
ij = GjHi

for all indices i, j ∈ Z, where GH is the graded object associated to FH. We write this
as

Enij =⇒ Hi
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2.2 Spectral Sequences of Exact Couples

There are several ways of constructing spectral sequences. We start very general, using
exact couples.

Definition. An exact couple is a diagram

D D

E

g

hf

in some abelian category A, which is exact at every vertex, i.e.

ker g = im f kerh = im g ker f = im h

Example. Consider a short exact sequence of chain complexes

0 A A B 0f g

in an abelian category where products are exact. Then Proposition 1.34 then gives us a
long exact sequence

· · · HiA HiA HiB Hi−1A · · ·Hif Hig ∂i

between the homologies of the chain complexes which describes an exact couple in total
homology

HA HA

HB

Hf

Hg∂

Construction 2.6. (spectral sequence of an exact couple) We start out our spectral
sequence with E1 := E and d1 := h ◦ f . Note that fh = 0 and therefore also d1 ◦ d1 =
hfhf = 0, hence d1 indeed defines a chain. Now derive the first page by constructing
another exact couple. Let

D2 := im g and

E2 := H(E0, d0) = ker(hf)/ im(hf)

To construct the morphisms we first note that h ◦ f |ker(hf) and f |im(hf) are both zero and
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hence f factors to
f2 : ker(hf)/ im(hf) → kerh = im g (2.2)

Next we restrict g to its image.

g2 : im g → im g (2.3)

Finally note that h has values in ker(hf), hence we can define

h2 : im g
g−1

−−→ D/ im f
h−−→ ker(hf)/ im(hf) (2.4)

since g induces an isomorphism D/ ker g → im g. One easily checks that these three
morphisms define another exact couple

im g im g

H(E1, d1)

g2

h2f2

This procedure is iterated to construct the entire spectral sequence.

Proposition 2.7. Let G be an abelian group and assume that the product functor
∏

UG

is exact. If the three objects and the three morphisms of an exact couple are graded by G,
then so are the objects and morphisms of its derived exact couple. Induction also shows
that the resulting spectral sequence is also graded. Moreover the morphisms of the n-th
derived exact couple have the following degrees:

deg fn = deg f1

deg gn = deg g1

deg hn = deg h1 − (n− 1) deg g1

deg dn = deg fn + deg hn

Proof. Derived exact couples are defined using only kernels and cokernels, all of which
commute with taking products so the derived exact couples are also graded. From
constructions of the derived morphisms (2.2), (2.3) and (2.4) we see that their degrees are

deg fn+1 = deg fn deg gn+1 = deg gn deg hn+1 = deg hn − deg gn

The proposition follows via induction.
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2.3 Spectral Sequences of Filtered Complexes

From now on let A be a complete AB5-category with enough projectives. This ensures
that taking products is finitely cocontinuous and taking filtered colimits is continuous.

Definition. Consider a chain complex C ∈ Ch(A), then we call a filtration FC of C a
filtered complex. Note that every filtration step FjC is a chain complex and we call its
i-th object FjCi, resulting in the diagram

...
...

...

· · · Fj−1Ci+1 FjCi+1 Fj+1Ci+1 · · ·

· · · Fj−1Ci FjCi Fj+1Ci · · ·

· · · Fj−1Ci−1 FjCi−1 Fj+1Ci−1 · · ·

...
...

...

(2.5)

Here all horizontal morphisms are monic, i.e the rows are filtrations of the objects Ci in
A and we denote them as FCi

Remark. As in section 1.5, for a filtered complex FC, we can define the associated graded
object

GC :=
∏
j∈Z

Gj where GjC := FjC/Fj−1C

This is obviously a chain complex in A, as FC is a filtered object in Ch(A). We denote
the i-th object in this chain as GjCi.

Construction 2.8. (spectral sequence of a filtered complex) We construct a spectral
sequence from a filtered complex by reducing to the case of exact couples. At first start
with a filtered complex FC and consider the graded object GC. Choose this to be zeroth
page E0 with the boundary map d0 just being the sum of boundary maps in the chains
GjC. This gives E1

ij = Hi(GjC) for the first page, from which we construct an exact
couple by setting

D1 :=
∏
i,j∈Z

Hi(FjC) and E1 :=
∏
i,j∈Z

Hi(GjC)
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To define the morphisms of the exact couple we fix an index j and look at the short exact
sequence of chain complexes

0 Fj−1C FjC GjC 0

from which Proposition 1.34 gives us a long exact sequence

· · · −−→ Hi(Fj−1C) ιi,j−1−−−−→ Hi(FjC) πij−−→ Hi(GjC) ∂ij−−→ Hi−1(Fj−1C) −−→ · · ·

Then we use these morphisms and the fact that both D1 and E1 are graded by Z2 to
define the exact couple

D1 D1

E1

ι

π∂

Now apply construction 2.6 to construct the rest of the spectral sequence.

Proposition 2.9. The pages En of the spectral sequence constructed from a filtered
complex are graded by Z2 and the boundary morphisms dn have degree (−1,−n). In other
words we can write

dn =
∏
i,j∈Z

dnij where dnij : Enij → Eni−1,j−n

Proof. For the zeroth page it is obvious that d0 has degree (−1, 0). In construction 2.8
we saw that ι, π and ∂ evidently have degrees (0, 1), (0, 0) and (−1,−1) respectively and
therefore d1 = π ◦ ∂ has degree (−1,−1). The rest follows from Proposition 2.7.

Since the pages of the spectral sequence induced by a filtered complex are graded by the
index set Z2, we can talk about their convergence. This section contains two important
theorems. The first gives an easy but sufficient condition for abutting, while the second
will allows us to calculate the limit page of an abutting spectral sequence induced by a
filtered complex.

Definition. Consider a filtered complex FC and remember the diagram (2.5) where the
columns FCi are filtrations of Ci for each index i. We call FC bounded, if FCi is finite
and also

∂i,j+1 = ∂ij : FjCi = Fj+1Ci → FjCi−1 = Fj+1Ci−1

for the boundary morphisms in FC and large enough indices j. Note that this a strictly
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weaker notion than FC itself being finite.

Theorem 2.10. If a filtered complex FC is bounded, then the associated spectral sequence
abuts.

Proof. First we fix some indices i and j and show that dnij is zero for some large n. Note
that the filtered objects FCi−1 and FCi+1 are finite, hence we find N , such that that

Gj−nCi−1 = 0 and

Gj+nCi+1 = 0 for n ≥ N

In particular, the corresponding homologies

E1
i−1,j−n = Hi−1(Gj−nC) and

E1
i+1,j+n = Hi+1(Gj+nC)

are already zero. Since the inclusions in Proposition 2.2 preserve the grading (by
definition), we know that also Eni−1,j−n and Eni+1,j+n need to be zero. But dn has degree
(−1,−n) so we get

0 = Eni+1,j+n
dn

i+1,j+n−−−−−→ Enij
dn

ij−−→ Eni−1,j−n = 0

To conclude the proof just note that by definition we have

En+1
ij = ker dnij/ im dni+1,j+n = Enij

for large n, so inductively we get Enij = ENij = E∞
ij .

Corollary 2.11. If the filtered complex FC is not only bounded but finite, then the
corresponding spectral sequence terminates.

Proof. In this case, N in the prove above can be chosen independently of the indices i
and j, hence EN = E∞

To prove the next theorem we need a filtration on HC.
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Lemma 2.12. Let FC be a bounded filtered complex in an AB5-category. and let HC
be the total homology of C. Then by setting

FjHC := im(HFjC → HC)

for each index j, we can define a filtration of HC.

Proof. Think of C as a sequence of chain complexes that is constantly C. Then by
assumption we are given a morphism of sequences FC → C to which we apply the total
homology functor and are left with a morphism of sequences

HFC → HC

We take the image of this morphism and the resulting sequence is indeed a filtration as
its morphisms are monic since they fit into

FjHC Fj+1HC

HC HCid

Taking the colimit of a sequence is (co)continuous in AB5-categories, so we get that

colimFHC = colim(im(HFC → HC)) =

= im(colimHFC → colimHC) =

= im(H(colimFC) → HC) = HC

Theorem 2.13. The spectral sequence of a bounded filtered complex FC converges to
the homology of the complex HC. i.e

Enij =⇒ HiC

Proof. Consider the commuting diagram

· · · HFC HFC HFC · · ·

· · · HFC HFC HFC · · ·

id

ιn−1

id

ιn ιn+1

ι ι
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which is a morphism of sequences between the constant sequence HFjC and HFC, whose
image will again be a sequence.

· · · im(ιn−1) im(ιn) im(ιn+1) · · ·

Now remember construction 2.8, where we called the objects of that sequence Dn. Fixing
the two indices i and j we in particular have

Dn
ij = im

(
(ιn)i,j−n : HiFj−nC → HiFjC

)
and get the sequence

· · · Dn−1
i,j+n−1 Dn

i,j+n Dn+1
i,j+n+1 · · ·

Again because the filtered colimits are exact, can easily calculate the colimit of this
sequence, namely

colim
n

Dn
i,j+n = colim

n
im(HiFjC → HiFj+nC) =

= im(colim
n

HiFjC → colim
n

HiFj+nC) =

= im(HiFjC → HiFC) = FjHiC

where FjHiC is the filtration of HiC from Lemma 2.12 above. Now remember that every
derived exact couple is indeed exact, so in particular for every positive n there is an exact
sequence

Dn
i,j+n−1 Dn

i,j+n Enij Dn
i−1,j

But we assumed that the filtered complex is bounded, so can see that Dn
i−1,j will be zero

and Enij = En0
ij will be constant due to Theorem 2.13 for n larger then some n0. This

gives us a sequence of exact sequences
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...
...

...

Dn
i,j+n−1 Dn

i,j+n En0
ij 0

Dn+1
i,j+n Dn+1

i,j+n+1 En0
ij 0

...
...

...

id

whose colimit is
Fj−1HiC FjHiC E∞

ij 0

which is exact, again because taking this filtered colimit is exact. Finally in Lemma 2.12
we saw that FHC is a filtration of HC, so the spectral sequence converges to HC and
in particular we have

E∞
ij = GjHiC
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2.4 Spectral Sequences of Double Complexes

Another important source of spectral sequences are double complexes, i.e. chain complexes
of chain complexes. Indeed they each yield two spectral sequences and much information
can be gained by comparing them, as we shall later see.

Definition. A double complex is a commuting diagram in the shape of the partial order
Z × Z in some abelian category A

...
...

...

· · · Ci+1,j+1 Ci+1,j Ci+1,j−1 · · ·

· · · Ci,j+1 Ci,j Ci,j−1 · · ·

· · · Ci−1,j+1 Ci−1,j Ci−1,j−1 · · ·

...
...

...

δi+1,j+1

∂i+1,j+1

δi+1,j

∂i+1,j ∂i+1,j−1

δi,j+1

∂i,j+1

δi,j

∂i,j ∂i,j−1

δi−1,j+1 δi−1,j

such that for all i and j we have

∂i−1,j ◦ ∂ij = 0 and δi,j−1 ◦ δij = 0

This gives the category of double complexes over A as a full subcategory of AZ×Z.
Alternatively we think of double complexes as objects C = ∏

i,j∈ZCij graded by Z × Z
together with two graded morphisms ∂ and δ of degree (−1, 0) and (0,−1) respectively,
such that

∂2 = 0 δ2 = 0 ∂δ = δd

Remark. Note that each column and each row of a double complex is itself a chain
complex. We denote them as (C•j , ∂•j) and (Ci•, δi•) respectively.

Lemma 2.14. As of Proposition 1.22 we can define Ch(Ch(A)), the category of chain
complexes of chain complexes. This is isomorphic to the category of double complexes.

Proof. The isomorphism AZ×Z ∼= (AZ)Z descends to an isomorphism of the respective
subcategories, which we denote as >.
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Remark. Mirroring a double complex along its anti diagonal, i.e precomposing with it
with Z2 → Z2, (i, j) → (j, i), is an automorphism of categories. We define ∨ to be the
composition of this automorphism and >. Explicitly, for a double complex C = (C, ∂, δ)
this yields

C> =
(
(C•j , ∂•j)j , δ

)
and C∨ =

(
(Ci•, δi•)i, ∂

)
Definition. Given a double complex C in A we can define its total complex |C| ∈ Ch(A)
as follows.

· · · −−→
∏

i+j=n
Cij

dn−−→
∏

i+j=n−1
Cij −−→ · · · (2.6)

where
dn =

∏
i+j=n

∂ij +
∏

i+j=n
(−1)iδij

Note that this extends to a functor | • | : Ch(Ch(A)) → Ch(A).

Remark. The total complex functor, up to a sign of the boundary morphism, is invariant
under the automorphism C> → C∨.

Remark. There is another notion of the total complex, using coproducts instead of
products. If the (co)products are finite, the two notions are of course equivalent by
Proposition 1.14.

Lemma 2.15. The total complex functor | • | is left exact. If products are exact in the
underlying category A then the total complex functor is also right exact.

Proof. This follows directly from Propositions 1.10 and 1.28.

We now give two ways of constructing a filtration of the total complex of a double
complex.

Construction 2.16. (spectral sequences of a double complex) As both C> and C∨ are
chain complexes we can use the canonical filtration to get filtered complexes FC> and
FC∨ whose objects are double complexes that are bounded below in i and j respectively.
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FjC
> :

...
...

...

· · · 0 Ci+1,j Ci+1,j−1 · · ·

· · · 0 Ci,j Ci,j−1 · · ·

· · · 0 Ci−1,j Ci−1,j−1 · · ·

...
...

...

FiC
∨ :

...
...

...

· · · 0 0 0 · · ·

· · · Ci,j+1 Ci,j Ci,j−1 · · ·

· · · Ci−1,j+1 Ci−1,j Ci−1,j−1 · · ·

...
...

...

δ

∂ ∂

δ

∂ ∂

δ

δ

∂

δ

∂ ∂

δ δ

We can apply the total complex functor to these filtrations to get chain complexes |FiC>|
and |FiC∨|, where the objects are

|FjC>|i =
∏
k+l=i
l≤j

Ckl and |FiC∨|j =
∏
k+l=i
k≤j

Ckl

with the corresponding boundary morphisms. If again all those coproducts are finite, then
by lemma 2.15 both of them are filtrations of the total complex |C| i.e. filtered complexes.
We denote them as F>C and F∨C respectively. Now we simply apply Construction 2.8
to get two spectral sequences >E and ∨E.
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Proposition 2.17. Consider the associated graded objects of F>C and F∨C which we
call G>C and G∨C respectively. Then every G>j C is a chain complex with

G>j Ci = Ci−j,j

and the boundary morphism just being ∂ from the the double complex C. Similarly the
G∨
j C are chain chain complexes, where the boundary morphism is δ from the double

complex and
G∨
j Ci = Cj,i−j

Proof. By construction 2.16, the filtration steps F>q C are chain complexes, so G>C is a
graded object in Ch(A), meaning that the G>q C are chain complexes. Also we have

G>j Ci =
∐
k+l=i
l≤j

Ckl
/ ∐
k+l=i
l≤j−1

Ckl = Cj−i,j

Proposition 2.18. We can calculate the zeroth and first page of >E and ∨E directly
from their construction, namely

>E0
ij = G>j Ci = Ci−j,j

∨E0
ij = G∨

j Ci = Cj,i−j
>E1

ij = HiG
>
j C = Hi−j(C•j , ∂•j)

∨E1
ij = HiG

∨
j C = Hi−j(Cj•, δj•)

Remark. Many sources use different indices, namely p = i− j and q = j, in order to align
the spectral sequence with the double complex.

>E0
pq = Cpq

We will not do this in order to keep the focus on the filtrations of the total complex.

Proposition 2.19. For a double complex C, both of its spectral sequences >E and ∨E

both converge to the homology of the total complex |C|.

>Enij ,
∨Enij =⇒ Hi|C|

Proof. This immediately follows from Theorem 2.13.
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Proposition 2.20. Since we can consider δ•j as a morphism of chain complexes
(C•j , ∂•j) → (C•j−1, ∂•j−1), it induces a morphism in homology

Hi−jδ•j : Hi−j(C•j , ∂•j) → Hi−j(C•,j−1, ∂•,j−1)

This is the boundary morphism of the first page of >E. The analogous statement holds
for ∨E.

Proof. Consider the morphisms δi−j,j : Ci−j,j → Ci−j,j−1, all which factor through F>j−1C,
giving us a commuting diagram of chain complexes

F>j−1C

G>j C G>j−1Cδ•j

To see the compatibility with the respective boundary morphisms, just remember that
d ◦ ∂ = δ ◦ ∂. Applying homology we get another commuting triangle

Hi−jF
>
j−1C

>E1
ij

>E1
i−1,j−1

π

Hi−jδ•j

Φ

Now one can check that this Φ is the connecting morphism in the exact sequence

· · · HiF
>
j C HiG

>
j C Hi−1F

>
j−1C · · ·π Φ

which proves the claim.
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2.5 Grothendieck Spectral Sequence

Remember that if an abelian category A has enough projectives, then so does Ch(A).
With that we are going to construct double complexes using special projective resolutions
of chain complexes, yielding the Grothendieck spectral sequence.

Proposition 2.21. (Cartan-Eilenberg resolution) Let (Ci, di) ∈ Ch(A) be a bounded
below chain complex, meaning Ci = 0 for negative i. Then there is a projective resolution
P ∈ Ch(Ch(A)) of C such that both Pij and HiP•j are projective for all i, j. Also the
induced morphisms

HiP•j → HiP•j−1

form a projective resolution of HiC. We call such a resolution a Cartan-Eilenberg
resolution.

Proof. Consider the two short exact sequences

0 im di Ci−1 coker di 0

0 HiC coker di+1 im di 0

Given a projective resolution P ′′
1• of coker d1 we choose two more projective resolutions

P ′
i• and PHi• of im di and HiC respectively. Proposition 1.36 now gives us two projective

resolutions Pi−1• and P ′′
i+1•, of Ci−1 and coker di+1 respectively, that fit into the short

exact sequences of complexes

0 P ′
i• Pi−1• P ′′

i• 0

0 PHi• P ′′
i+1• P ′

i• 0

Starting out with an arbitrary choice for P ′′
1• we iteratively construct these resolutions

for all non negative indices i. Now define di• : Pi• → Pi−1• to be the composition

Pi• P ′′
i+1• P ′

i• Pi−1•

which indeed is a projective resolution of the chain complex (Ci, di), where all Pij are
projective and so are the HiP•j = PHij .
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Lemma 2.22. If C = (Ci, di) is a chain complex in an abelian category A such that all
im di and Hi(C) are projective, and F : A → B a right exact functor, then we have

FH(C) = H(FC)

Proof. By Proposition 1.23 we have a short exact sequence

0 HiC coker di+1 im di 0

which splits because the image is projective by assumption, see Proposition 1.26. This
implies that the cokernel in the center of the above sequence is a direct sum of projective
objects and hence is projective by Proposition 1.25. But therefore the sequence

0 im di Ci−1 coker di 0

must also split, so the exactness of both sequences is preserved by F . Because of the
latter one we calculate that F preserves the images of the di.

F im di = ker(F coker di)

= ker coker(Fdi) = im(Fdi)

where the second equality uses the right exactness of F . A similar calculation using the
first exact sequence yields the result.

FHi(C) = ker F(coker di → im di−1)

= ker(coker Fdi → im Fdi−1) = H(FC)

Definition. Let F : A → B be an additive functor between abelian categories with
enough projectives. An object A ∈ A is called F-acyclic if the total left derived functor
LF maps A to zero, i.e. LiF(A) = 0 for all i ≥ 1.

Theorem 2.23. (Grothendieck spectral sequence) Let A, B and C be three AB5-categories,
where A and B have enough projectives, and F : A → B and G : B → C right exact
functors, such that F maps projective objects in A to G-acyclic objects in B. Then for
every A ∈ A there is a convergent spectral sequence E with

E2
ij = LjG ◦ Li−jF(A) =⇒ Li(GF)(A)
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Proof. Let P be a projective resolution of A. Since B has enough projectives we can find
a Cartan-Eilenberg resolution Q of FP in Ch(B). We define C := G(Q), then Cij can
only be non zero if i and j are both non negative.

...
...

...

· · · GQ2,2 GQ2,1 GQ2,0 0

· · · GQ1,2 GQ1,1 GQ1,0 0

· · · GFG0,2 GFQ0,1 GFQ0,0 0

0 0 0

Now let ∨E and >E be the corresponding spectral sequences. We saw in Proposition
2.19 that both of them converge to filtrations of H|C|, the homology of the total complex
of C.
Step 1: We start by computing >E. Note that by definition, for each j we have that Q•j

is a projective resolution of FPj . Remember that Proposition 2.18 allows us to calculate
the first page of >E, so we get

>E1
ij = Hi−j(C•j) = Hi−j(GQ•j) = Li−jG(FPj)

But each Pj is projective, so by assumption FPj is G-acyclic. This just means that

>E1
ij = Li−jG(FPj) =

GFPj if i = j

0 if otherwise

From Proposition 2.9 we know that the boundary morphism on the n-th page has degree
(−1,−n) so for n ≥ 2 it must be zero. This means that >E terminates at the second
page, so >E∞ = >E2 and we must only calculate this second page. By Proposition 2.20
the differential on the first page >d1 is induced by the horizontal boundary morphism
of the double complex. In particular >d1

qq : GFPq → GFPq−1 is just GF applied to the
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boundary morphism of the resolution P . This gives us that

>E∞
ij = >E2

ij =

HjGFP = Lj(GF)(A) if i = j

0 otherwise

From this we can calculate the homology of the total complex. We fix some index i, then
due to Theorem 2.19 the objects >E∞

ij are the quotients Fj/Fj−1 for some filtration F of
Hi|C|. This immediately implies

Fj =

Li(GF)(A) if j ≥ i

0 if j < i

so
Hi|C| = Li(GF)(A)

which means that ∨E does indeed converge to Li(GF).
Step 2: We now compute ∨E. Remember that we chose Q to be a Cartan-Eilenberg
resolution, which means that all Hi−jQj• as well as all images of the horizontal boundary
morphisms δj,i−j are projective objects. Therefore we can apply Lemma 2.22 to the
chains (Qj•, δj•) to get

∨E1
ij = Hi−j(GQj•) = GHi−jQj•

using the fact that G is right exact and Proposition 2.20. Analogously to step 1, the
first page boundary morphisms ∨d1

ij are induced by the vertical boundary morphism
of the double complex C. But remember that the Hi−jQj• together with the induced
morphisms ∂ form a projective resolution of Hi−jFPj , which means

∨E2
ij = HjG(Hi−jQi•)i = LjG(Hi−jFP ) = LjG(Li−jF(A))

Corollary 2.24. If F is exact in the above setup, then Li(GF) = LiG ◦ F .

Proof. If F is exact then its i-th derived functor is zero for any positive index i. In
particular the second page of the Grothendieck specral sequence reads

E2
ij =

LiG(F(A)) if i = j

0 otherwise
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We immediately see that the sequence degenerates at this page, so

E2 = E∞
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3 Hochschild Serre Spectral Sequences

In this chapter we discuss special cases of the Grothendieck spectral sequence, namely
the Hochschild Serre spectral sequences for group and Lie algebra (co)homology.

Proposition 3.1. A homomorphism of rings f : S → R induces a functor F : ModR →
ModS called restriction, by defining an action of S on an R-module A

S ×A → A, (s, a) → f(s)a

This functor is exact, since it has both a left and a right adjoint, namely

R⊗S ⊣ F ⊣ ModS(R,−)

In other words, there are two natural isomorphisms

ModR(R⊗S (−),−) ∼= ModS(−, F (−))

ModS(F (−),−) ∼= ModR(−,ModS(R,−))

Example. If R is a unital ring then the unique unit preserving homomorphism Z → R

induces the forgetful functor
U : ModR → Ab

which sends R-modules to their underlying abelian group. In particular we can do this if
R is a group ring Z[G]. Similarly if R is a unital K-algebra, for example the universal
enveloping algebra Ug of a Lie algebra g, from K → R we get the forgetful functor

U : ModR → VectK

Example. The group homomorphism G → 1 induces a homomorphism of group rings
Z[G] → Z, which in turn induces a functor that equips abelian groups with the trivial
action of G.

T : Ab → ModG

Example. The homomorphism of K-Lie algebras g → 0 induces a homomorphism of their
respective universal enveloping algebras Ug → K. The corresponding functor equips
vector spaces with the trivial action of g.

T : VectK → Modg
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3.1 Group (Co)Homology

Definition. Let G be a group and A ∈ ModG a G-module, then we call Z ⊗Z[G] A the
G-coinvariants of A, where Z[G] is the group ring associated to G and Z is the trivial
G-module. This is of course a right exact functor

Z⊗Z[G] : ModG → Ab

Moreover we call the i-th left derived functor of Z⊗Z[G] the i-th homology

Hi(G,−) := Li(Z⊗Z[G])

Lemma 3.2. Given a group extension Q = G/N and the restriction functors U : ModQ →
Ab and U ′ : ModG → ModN there is a natural isomorphism

U ◦ (Z[Q]⊗Z[G]) ∼= (Z⊗Z[N ]) ◦ U ′

This, in combination with Corollaries 1.32 and 2.24 the fact that U and U ′ are exact,
gives us a natural isomorphism

U ◦ Li(Z[Q]⊗Z[G]) ∼= Li(Z⊗Z[N ]) ◦ U ′

In particular we have a Q-module structure on Hi(N,A) whenever A is a G-module.

Theorem 3.3. (Hochschild-Serre for group homology) Again given a group extension
Q = G/N and a G-module A, there is a convergent spectral sequence

E2
ij = Hj(Q,Hi−j(N,A)) =⇒ Hi(G,A)

Proof. There is a well known natural isomorphism

Z⊗Z[G] = (Z ⊗Z[Q] Z[Q])⊗Z[G] =

= (Z⊗Z[Q]) ◦ (Z[Q]⊗Z[G])

Now by Proposition 3.1 the functor Z[Q]⊗Z[G] is left adjoint to the extension functor
ModQ → ModG, meaning that it is right exact and preserves projective objects by
Propositions 1.8 and 1.27. Finally Z⊗Z[Q] is also right exact and hence Theorem 2.23
applies, giving us the spectral sequence as an instance of the Grothendieck spectral
sequence.

43



Definition. Again let G be a group and A a G-module then we call ModG(Z, A) the
G-invariants of A where again Z is considered as a trivial G-module. This defines the
left exact functor

ModG(Z,−) : ModG → Ab

whose i-th right derived functor we call the i-th cohomology

H i(G,−) := Ri(ModG(Z,−))

Lemma 3.4. Given a group extension Q = G/N and the restriction functors U : ModQ →
Ab and U ′ : ModG → ModN there is a natural isomorphism

U ◦ ModG(Z[Q],−) ∼= ModN (Z,−) ◦ U ′

This, in combination with Corollaries 1.32 and 2.24 the fact that U and U ′ are exact,
gives us a natural isomorphism

U ◦Ri(ModG(Z[Q],−)) ∼= Ri(ModN (Z,−)) ◦ U ′ = H i(N,−) ◦ U ′

In particular we have a Q-module structure on H i(N,A) whenever A is a G-module.

Theorem 3.5. (Hochschild-Serre for group cohomology) Consider again a group extension
Q = G/N and a G-module A, then there is a convergent spectral sequence

E2
ij = Hj(Q,H i−j(N,A)) =⇒ H i(G,A)

Proof. We begin with a natural isomorphism

ModG(Z,−) = ModG(Z ⊗Z[Q] Z[Q],−) =

= ModQ(Z,ModG(Z[Q],−))

Then again by Proposition 3.1 the functor ModG(Z[Q],−) is right adjoint to the extension
functor ModQ → ModG, meaning that it is left exact and preserves injective objects.
Since ModQ(Z,−) is also left exact the dual of Theorem 2.23 applies, so we get the
spectral sequence as an instance of the Grothendieck spectral sequence.

Example. As an application we may calculate the cohomology of the lattice Zn, namely

H i(Zn) = Z(n
i)
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via induction over n. It is well known that H0(Z) = H1(Z) = Z, so consider the group
extension

0 Zn Zn+1 Z 0

The spectral sequence from Theorem 3.5 then yields

E2
ij = Hj(Z, H i−j(Zn)) =⇒ H i(Zn+1)

By the induction hypothesis and the fact that the homology functor is additive, we see
that the second page has the form

E2
ij = Hj(Z,Z( n

i−j)) =


Z(n

i) if j = 0

Z( n
i−1) if j = 1

0 otherwise

and hence, because of its degree, the second page boundary morphism d2 must be zero,
hence E2 = E∞. Now for a fixed i we have a filtration F of H i(Zn+1) with Fj/Fj−1 = E2

ij ,
so

H i(Zn+1) = Z( n
i−1) ⊕ Z(n

i) = Z(n+1
i )

Example. We can calculate the cohomology of the integer Heisenberg group H3 of rank 3.
Note that its center is isomorphic to Z, so it fits into the short exact sequence

0 Z H3 Z2 0

The resulting spectral sequence is

E2
ij = Hj(Z2, H i−j(Z))

This can only not be zero if i = j or i = j + 1, in which case

E2
ij =


Z if j = 0

Z2 if j = 1

Z if j = 2

The boundary morphism d2 has degree (1, 2), so the only non zero component can be

d2
1,0 : E2

1,0 = Z → E2
2,2 = Z
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One can show that this is an isomorphism, resulting in

E∞
ij = E3

ij =


Z if (i, j) = (0, 0) or (3, 2)

Z2 if (i, j) = (1, 1) or (2, 1)

0 otherwise

In particular, all the filtrations of H i(H3) only have one step, giving us

H0(H3) = Z

H1(H3) = Z2

H2(H3) = Z2

H3(H3) = Z
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3.2 Lie Algebra (Co)Homology

Definition. Let g be a Lie algebra over a field K and let A a g-module. We define the
i-th homology of A to be

Hi(g, A) := Li(K⊗Ug)(A)

Here K is considered as the trivial g-module.

Lemma 3.6. Considering an extension of Lie algebras q = g/n and the restriction
functors R : Modq → VectK and R′ : Modg → Modn there is a natural isomorphism

R ◦ (Uq⊗Ug) ∼= (K⊗n) ◦ R′

This, in combination with corollaries 1.32 and 2.24 the fact that R and R′ are exact,
gives us a natural isomorphism

R ◦ Li(Uq⊗Ug) ∼= Li(K⊗n) ◦ R′

In particular we have a q-module structure on Hi(n, A) whenever A is a g-module.

Theorem 3.7. (Hochschild-Serre for Lie algebra homology) Given an extension q = g/n

of Lie algebras and a G-module A, there is a convergent spectral sequence

E2
ij = Hj(q, Hi−j(n, A)) =⇒ Hi(g, A)

Proof. There is a well known natural isomorphism

K⊗Ug = (K ⊗Uq Uq)⊗Ug =

= (K⊗Uq) ◦ (Uq⊗Ug)

Now by Proposition 3.1 the functor Uq⊗Ug is left adjoint to the extension functor
Modq → Modg, meaning that it is right exact and preserves projective objects by
Propositions 1.8 and 1.27. Finally K⊗Uq is also right exact and hence Theorem 2.23
applies, giving us the spectral sequence as an instance of the Grothendieck spectral
sequence.

Definition. Let g be a Lie algebra over a field K and let A a g-module. We define the
i-th cohomology of A to be

H i(g, A) := Ri(Modg(K,−))(A)
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Here K is considered as the trivial g-module.

Lemma 3.8. Given an extension q = g/n of Lie algebras and the restriction functors
T : Modq → VectK and T ′ : Modg → Modn there is a natural isomorphism

T ◦ Modg(Uq,−) ∼= Modn(K,−) ◦ T ′

This, in combination with corollaries 1.32 and 2.24 the fact that R and R′ are exact,
gives us a natural isomorphism

R ◦Ri(Modg(Uq,−)) ∼= Ri(Modn(K,−)) ◦ R′ = H i(n,−) ◦ R′

In particular we have a q-module structure on H i(n, A) whenever A is a g-module.

Theorem 3.9. (Hochschild-Serre for Lie algebra cohomology) Consider again an exten-
sion q = g/n and a g-module A, then there is a convergent spectral sequence

E2
ij = Hj(q, H i−j(n, A)) =⇒ H i(g, A)

Proof. We once more begin with a natural isomorphism

Modg(K,−) = Modg(K ⊗Uq Uq,−) =

= Modq(K,Modg(Uq,−))

Then again by Proposition 3.1 the functor Modg(Uq,−) is right adjoint to the extension
functor Modq → Modg, meaning that it is left exact and preserves injective objects. Since
Modq(K,−) is also left exact the dual of Theorem 2.23 applies, giving us the spectral
sequence as an instance of the Grothendieck spectral sequence.

Example. Similar to the cohomology of the lattice Zn one can show that the cohomology
of the abelian Lie algebra Kn is

H i(Kn) = K(n
i)

Example. We can calculate the cohomology of the three dimensional Heisenberg algebra
h3 over a field K. Note that its derived subalgebra is one dimensional, so it fits into the
short exact sequence

0 K h3 K2 0
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Similar to the integer Heisenberg group, from this one can show that

H0(h3) = K

H1(h3) = K2

H2(h3) = K2

H3(h3) = K

49



References

[1] F. Borceux, Handbook of Categorical Algebra 2: Categories and Structures (Ency-
clopedia of mathematics and its applications Bd. 2). Cambridge University Press,
1994.

[2] F. Borceux, Handbook of Categorical Algebra: Volume 1, Basic Category Theory
(Encyclopedia of Mathematics and its Applications). Cambridge University Press,
1994.

[3] N. Bourbaki, Lie Groups and Lie Algebras: Chapters 4-6 (Elements de mathema-
tique [series] 4-6). Springer Berlin Heidelberg, 2008.

[4] M. Brandenburg, Einführung in die Kategorientheorie: Mit ausführlichen Erklärun-
gen und zahlreichen Beispielen. Springer Berlin Heidelberg, 2015.

[5] K. Brown, Cohomology of Groups (Graduate Texts in Mathematics). Springer New
York, 2012.

[6] D. Burde, Cohomology of groups and algebras, Lecture Notes, Vienna, 2023.

[7] D. Burde, Homological algebra, Lecture Notes, Vienna, 2022.

[8] H. Cartan and S. Eilenberg, Homological Algebra (Princeton mathematical series).
Princeton University Press, 1956.

[9] B. Eckmann and P. Hilton, “Exact couples in an abelian category,” Journal of
Algebra, vol. 3, no. 1, pp. 38–87, 1966.

[10] J. Feldvoss and F. Wagemann, “On leibniz cohomology,” Journal of Algebra, vol. 569,
pp. 276–317, 2021.

[11] A. Grothendieck, “Sur quelques points d’algèbre homologique, i,” Tohoku Mathe-
matical Journal, vol. 9, no. 2, 1957.

[12] G. Hochschild and J.-P. Serre, “Cohomology of group extensions,” Transactions of
the American Mathematical Society, vol. 74, no. 1, pp. 110–134, 1953.

[13] G. Hochschild and J.-P. Serre, “Cohomology of lie algebras,” Annals of Mathematics,
vol. 57, no. 3, pp. 591–603, 1953.

[14] N. Jacobson, Basic Algebra I: Second Edition (Dover Books on Mathematics).
Dover Publications, 1974.

[15] N. Jacobson, Basic Algebra II: Second Edition (Dover Books on Mathematics).
Dover Publications, 1989.

50



[16] N. Jacobson, Lie Algebras (Dover books on advanced mathematics). Dover, 1979.

[17] S. MacLane, Categories for the Working Mathematician. New York: Springer-Verlag,
1971, Graduate Texts in Mathematics, Vol. 5.

[18] W. S. Massey, “Exact couples in algebraic topology (parts i and ii),” Annals of
Mathematics, vol. 56, no. 2, pp. 363–396, 1952.

[19] W. Massey, A Basic Course in Algebraic Topology (Graduate Texts in Mathematics).
Springer New York, 1991.

[20] J. McCleary, A User’s Guide to Spectral Sequences. Cambridge University Press,
2001.

[21] J. S. Milne, Étale Cohomology (PMS-33). Princeton University Press, 1980.

[22] M. Osborne, Basic Homological Algebra (Graduate Texts in Mathematics). Springer
New York, 2000.

[23] T. Pirashvili, “On leibniz homology,” Annales de l’institut Fourier, vol. 44, no. 2,
pp. 401–411, 1994.

[24] J. Rotman, An Introduction to Homological Algebra (Universitext). Springer New
York, 2008.

[25] C. A. Weibel, An Introduction to Homological Algebra (Cambridge Studies in
Advanced Mathematics). Cambridge University Press, 1994.

51


	Preliminaries
	Diagrams and (Co)Limits
	Abelian Categories
	Chain Complexes and Derived Functors
	Diagram Lemmas
	Graded and Filtered Objects

	General Spectral Sequences
	General Notions
	Spectral Sequences of Exact Couples
	Spectral Sequences of Filtered Complexes
	Spectral Sequences of Double Complexes
	Grothendieck Spectral Sequence

	Hochschild Serre Spectral Sequences
	Group (Co)Homology
	Lie Algebra (Co)Homology


