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1 Introduction

Function spaces of Denjoy-Carleman-type are special classes of smooth functions. These classes
consist of functions which satisfy with all their derivatives certain estimates. For each sequence
of positive real numbers M := (M,,),, which we will call a weight sequence, we can define now
a Denjoy-Carleman-class of smooth functions. Therefore we distinguish two different classes:
Functions of Romieu-type &,s) and of Beurling-type £y)-

The aim is now to characterize important and desirable properties of these classes, like closed-
ness under pointwise multiplication, composition and inversion and the closedness under solv-
ing ODE’s, in terms of the weight sequence. Furthermore we study the injectivity and the
surjectivity of the Borel-mapping.

Afterwards we construct concrete examples and apply the proven results to them. So we
can illustrate the properties of the function spaces and their dependence on a parameter.
Furthermore we prove an interesting decomposition theorem for smooth functions.

In the last chapter we finally introduce an alternative method to define spaces of weighted
functions: Instead of the discrete variant which uses the weight sequence M one can consider a
continuous one, in particular one considers a weight function w to define spaces £,y resp. &).
We remark that in [3] a connection is established between the definition via weight functions
and decreasing properties of the Fourier-transformation of smooth functions with compact
support. We compare both useful ways and prove, in which cases both variants lead to the
same function space. In particular we show in which cases Epry = Eqyy resp. ) = €y is
satisfied.
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2 Basic Definitions

Notations: With log(-) we will always denote the natural logarithm. Weset N :={0,1,2,...},

Rso := {z € R: 2 > 0} and analogously R>o. For a multiindex oo = (a1,...,a,) € N” we
will write ol := aq!- ao! - a,!, |a] := > | a; and, if f is a smooth function, then we set
fO(zy, ..z = 0%f(xy,...,x,) = W. Furthermore we introduce the binomial

1 Tn

coeflicient for multiindices:
Let @ = (a1,...,a,) € N* and 8 = (£1,...,0,) € N® where 8 < a, Wthh means 3; < a; for

all i = 1,...,n, then we put (g) =TI, (g‘) =11, BT (2‘1' Rl ﬁ!-(a . If 8> o, then
we set (g) =0.
With || - ||ec we will always denote the supremum norm.

Let £(G) be the set of all real-valued smooth functions on an open set G in R™ and let £(K)
be the set of all smooth real-valued functions on K° with the following property: f(® can be
be continuously extended to K = K° for all o € N”.

An arbitrary sequence of positive real numbers M := (M,), will always be called a weight
sequence. Let (Mp), be now a weight sequence, then we define the space Enr,(K) for A > 0
as follows:

Evn(K) :={f € E(K): |flgn < o0}

where we have set

| £ ()]
|f|K7h SUPgeNn ze K RIoT Mg

Evn(K) is clearly a Banach-space and an easy consequence is: If f € Eyrp(K), then f(®) €
Eriylal,n(K), where M + |a| := M4 for all p € N.
In the following let G C R™ be an open connected subset. First we define the space £y (G):

Eny(G) :={fe€&(G):VK CGcompact 3h>0: |f|xn < oo}

If f €& (G), then we call f ultradifferentiable of Romieu-type on G.
We obtain the locally convex topology on this vectorspace via the representation

Eny(G) = Jim - lim Emn(K). (2.0.1)

Sometimes it is useful to put sy g = lirr}l Em.n(K).
Further we define the space £)(G):

Eon(G) =={f € E(G) :V K C G compact ¥V h > 0: | f|x,n < o0}

If f e & (G), then we call f wultradifferentiable of Beurling-type on G. Here we have the
representation

and we set &y, x = liH}l Emn(K). By (2.0.2) it follows that £)(G) is a Fréchet-space.

We will often write only sy resp. Eyy if G is not specified. With O(G) we denote the set

of all real analytic functions on G and we have immediately O = (), ;-

Now we consider the case &(,1),). We see, that &) ) is the space of all real and imaginary parts
1 1

o @)/p] = CUrh

has to be valid for all p € N and h > 0, thus the radius of convergence for f is infinity.

of entire functions. This holds because we have by definition for f € £y,

Note that the condition |f|k ), < oo is equivalent to |f|x,, < C for a constant C > 0
and it has the following consequence: The constant h is more important than C', because
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lim|y| 0o C/121 = 1, hence

17 oo \ M1
A <0t Lol )
lex]

|| — o0

In the Romieu-case we have: If f € £ (G), then for all K C G compact there exists a

(e) 1/lel
constant h > 0 depending on K such that limsup (HfMA) <h

o] 0o lol

In the Beurling-case we obtain: If f € £s)(G), then for all K C G compact

||f(a)| llso 1/l
li o KT =0
1msup( Mla‘ )

|| — o0
has to be satisfied because the estimate has to hold for all h > 0. Note that in the Romieu-
case the constants C' and h depend on K, in the Beurling-case C' depends on K and h. An
immediate consequence by the definition of the spaces is

’&M) C &y for all sequences (M), ‘

because on K compact take a h > 0 and C}, = C' in the estimate.

We remark that one can always assume Mo = 1, because Eqpy = Eqc.nry 1esp. Ery = Ec-m)>
where C' - M := (C - M), for a constant C' > 0. Furthermore one has £y = Eqmpy resp.
Eny = Eupy, where MP = (M), and M := DP - M,, for an arbitrary constant D > 0 and
all p. This holds because: Take h > 0 arbitrary, then the constant Cj.p in the estimate of a
function f in &y is the constant C, in the estimate for f in o).

A further consequence is that the spaces £y resp. &gpry are never empty and are infinite
dimensional because both cases contain the polynomials:

(@) /e
limsup(”p’K”oo> =0

is clearly satisfied for all polynomials p and K compact, hence the infinite dimensional vec-
tor space of all polynomials is contained in &£7). We are testing now further "well-known”
functions:

The exponential function exp : 2 — e” is an element in gy (R) if M, > 1 for all p € N:
Take h := 1 and C = maxzex e” = e’ if K = [a,b]. But for exp € £, (R) one needs
@ 1/p /p
h;r;risip (%) = 0 for all compact sets K, in particular lim, (ﬁp) = 0 has to

hold, which means: The sequence (M,,), has to tend very fast to infinity.

In fact we have the same situation for the trigonometric functions sin and cos, where we can

take in the Romieu-case C = h = 1. ,

In particular for exp € £y (R) it is sufficient to have sup, 17~ < C, where C'is depending on
P

the interval K = [a,b]. For sin € &7y (R) it is sufficient to have sup, 1\/% <C.

Summarizing one can say for the Beurling-case: If the sequence (M,,), is not or not fast enough
increasing, then &7 contains only functions with sufficiently small high order derivatives. If
&(ary shall contain functions with no small high order derivatives, like the exponential function,
then (M,,), has to tend very fast to infinity.

The following useful notations will be used:

o— Mp
mp = o Mp -

My, =p- mp
Mp71 mpfl’

and so we obtain important new sequences m := (m,), and p := (fp),. Remark that p, makes
only sense for p > 1, but sometimes the convention pg := 1 is used. If the sequence p is given



with My = 1, one can compute M via

Mp = H,uz

In particular we see: The property p, > 1 for all p is clearly equivalent to the fact that (A4,),
is an increasing sequence.

Applying this notation we can write

| £ ()]
|[flich = SUPaenn wek FraTam -

We show now that we can replace |a|! by a! in the definition of | f|k j above without changing
the associated function space:

Lemma 2.0.1 We get the following implications:

F (@) F (@)
SUPqeNn ze K 7h"|‘"|a\1'm||a\ < 00 = SUPyeNn gek 7(n,}1),a“a!_7|nlu‘ < oo and
| (@)] | (@)]

SUPqeNm ze K hlel.al-m) o < oo = SUPqeNm ze K Rlel|all-mq 0.

Proof. We write a = (a1, ...,a,) € N® and conclude: For n =1 we get clearly a;! < |aq]!.
Forn —1+—n weset A := Z?;ll o; and estimate:

ol =[[ai! < Al-anl AL (A+1)-(A+an) = (A +a,)! = a!

i=1 LH.

which shows a! =[]/, a;! < (30, ai)! = |al.
On the other side (a1 |f‘.‘an) < nlel is satisfied by the multinomial theorem, thus lall < nlel. ol
is satisfied.

O

We introduce now the very important notion of quasi-analyticity: Let A(G) be a subspace of
£(G) and put 5 : A(G) — RY", where

i (f) = (f (), a € N™.
The mapping j2° is called the Borel mapping at the point z. We call A(G) quasi-analytic, if

j2° is injective for each € G. This can be interpreted as follows: If f € A(G) is given such
that £(®)(0) = 0 for all @ € N”, then we obtain f = 0. We will always write j° instead of j5°.

For a sequence x := (4 )a, o € C*, we put

||p := sup 7‘a||$a|
aeNn hied . M|oz\

and A%/, = {2 = (¥a)a : Ta € C", |z|p < oo}. Furthermore we set
Aty ={z = (@a)a 12« €C", T >0 |z[p < 00},

and
Al ={z = (a)a 122 €C",Vh >0 [z]; < oo}

With these definitions we get immediately jg° : £y (G) — A gy resp. j2° Ean(G) = Alyy
for all z € G. In the case n = 1 we will always write Ay resp. Acary.

We point out that in the literature sometimes the following notation is used: Denote by F(R")
the set of all formal power series in R™, then one can consider the Borel-map j55° : A(G) —
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F(R™), where j2°(f) := %) , @ € N". Now one can define analogously weighted power

series spaces Fyy1 (R™) and Fap (Rn):
Fory(R") = {F = (Fa)a € F(R") :3C,h >0, Va € N": |[F,| < C-hl*l.myy} and

FonR") = {F = (F.)a € FR"):Yh>03C>0,VaecN":|F,| <C-hll.my}.

Hence we see, using 2.0.1 and this notation, that j2° : Eny(G) — Frap(R™) and g0
Ean(G) — Fary(R™) is satisfied for all z € G.

We remark that 5;" = {0 5° holds for all z € G, where 7 : RY" — F(R") is given by
(Ta)a — (%{)a, a € N", hence i is clearly an isomorphism and both notations are equivalent.
To study properties of the spaces £y resp. () we have to introduce conditions for the weight
sequences. The most important condition is the logarithmic converity. A weight sequence

(M) is called logarithmic convez if the following holds:

2 -log(My) <log(Myy1) +log(My_1) Vk. (2.0.3)

We immediately see that (2.0.3) is equivalent to the condition

| M < Mi_y - My, V k.|
The logarithmic convexity of a weight sequence is a very important condition and it will have a
lot of consequences for the associated function spaces. Another interpretation is the following:
Let (My)x be a given logarithmic convex weight sequence, then we can consider the sequence
of points (Py)k, where Py := (k,log(My)). If we connect these points with straight lines, we
obtain a convex polygon.

Example 2.0.2 Obuviously the sequence (k) is not log. convex, because the graph of the loga-
rithm is not a convex function, or formally k?* < (k—1) - (k+1) < 0 < —1 is never satisfied.
If one takes (eP),, then (eP)? < eP~!.ePT! & 2p <p—1+p+1 = 2p holds clearly, hence (eP),
1s log. conver.

The sequence (p!),, which is used to define O is log. convez, because (p!)> < (p—1)!-(p+1)! &
p < p+1, which is obviously satisfied for all p € N.

Remark 2.0.3 1. If the sequence m := (my)y satisfies the log. convexity condition, then
also the sequence M := (M), because:

M, 2 M1 Mk+1
2
M S M1 M1 57 <k'> = ((k:— ) \(k+1)!

Def.
k-1 (k+1)!
& ( )k'Q( ) “ME < My—1 - Miiq
k+1 9 9
e Mg <M1 - My = M7 < My_1 - My
——
>1

Therefore the log. convezity condition of (my)x is often called strong log. conveity,
(2.0.3) for the sequence (My)y is called weak log. convezity.

2. The log. convexity condition for the sequence (My)y is clearly equivalent to the property
that the sequence (pi )k s increasing:

o1 Myyr - My

> 1V k< (2.0.3) holds for (My);.

In particular we see: If (My) is log. conver and py = % > 1 holds, then py > 1 for all
k, hence (My) is an increasing sequence, too.

Assuming (2.0.3), we prove now some useful easy consequences.



Lemma 2.0.4 For a given weight sequence M := (My)y, where My = 1, we have the following

1
property: If M is log. convex. then (Mkk )k 1S an increasing sequence.

1
Proof. First we remark that the monotonicity condition of (Mk’“)k is, after applying log,
equivalent to

k+1
log(Mp+41) 2 —— -log(My), ¥ k € N\{0}.
Now we use induction on k:
For k = 1 we have by (2.0.3):
log(Mys) + log(My) > 2 -log(My) = log(Ms) > 2 - log(My).
————
=0

And for k — k +1:

k—1
2 - log(M},) < log(Mpy1) + log(Mp.—1) log(Mj41) + T - log(My,)

<
~—
I.H.

2k—k+1
= log(Mj+1) = — %

k+1
log(My,) = % log(My,), ¥ k € N\{0}.
Remark 2.0.5 Lemma 2.0.4 implies

1. log(My41) > L -log(My,) > log(My,) for all k, hence (My)k is increasing for all k.

2. For any p > q > 1 we have:

p p p—1
log(Mp) 2 ﬁ . 1Og(Mp71) Z Zfl . ﬁ . 10g(Mp,2) Z .
p p—-1 q+1
~log(M,) = = - log(M,)

“p—1 p-2 q

Lemma 2.0.6 For a given weight sequence M := (My), where My = 1, we have the following
property: If M is log. convex then M;- My < M,y for all I,k € N.

Proof. We use induction on k:

M; - My :MlSMl-‘rOv VieN.
~~

=1
Mg - . . . . .
M’“—:l is an increasing sequence because M is logarithmic convex, and so:

M- My, = M - My, 3, \S/ YA Mg
-1 _
I.H.
M M,
< B My <o < UM = My, VIEN.
My, I+k—1

Lemma 2.0.7 [16, 2.9. Lemma] Let M := (My) be a log. conv. weight sequence such that
My = 1. Then we have the following inequality:

J
M{ - My > Mj- My, -+ Mo, for alla; € N such that » _a; = k.

i=1



2 Basic Definitions

Proof. We prove this statement again with induction on k. We have M§-Mj, > M;,-(My - -- M)
—_———

k—times
for the case k = j (if k =0then 1-1>1-1). If j < k then we can find an index 7 such that
o; > 2 and we set o, := o; — 1. For this we get by L.H.:

Mj - Me, - My - M, < MFU M.

Because the sequence (My)y is log. conv. (ﬁ) is increasing and so
© Jk

M.,
i k
M; - Mg, -+ M, :Mj'Mal"'Ma;"'Maj' 7 < My - M.
@
SM{TH Mg et
SM,CEI

We use now 2.0.6 to prove the first important result:

Proposition 2.0.8 Let M := (M) be a log. conv. weight sequence with My = 1. Then
the spaces Eqpry (G) and Euy(G), G € R™ open, are closed under pointwise multiplication of
functions, hence commutative rings.

Proof. We proof the statement for the Romieu-case: Let f,g € E;3(G), then by assumption

3 C1,Cy, by, hy > 0such that |f(®)(z)| < Cl-h‘lal M|y esp. |[fP)(z)] < C’g~h‘2m M) holds for
all x in a compact set K C G and all o, € N™. To estimate the product f-g we use Leibnitz
formula and recall that for «, 5 € N™ with 8; < a; for all 4 we put (g) = Wlﬁ)' =11, (g)
and 0 otherwise. We calculate as follows:

(F 9@@| < (g) NP @) g ()]

B<a

a 18] . pla=l
< > (ﬂ> C1-Cahy e by - Mgy - Mia—p

B<Lla
f,.9€€my = =:C3 =hle1=181 <M, by 2.0.6
n
o - Q; i i—Bi
<Oy Y (ﬂ) PR < oy TS (ﬂf) B g
B<a i=1p;<a; V7'

=Cy- My - [[ 15 =Cs- s Mgy,
i=1
where we have put hs := hy + ho and used the binomial theorem n-times.
Obviously the proof above holds also for the Beurling case &yy).

In particular we have shown: If (M), is a log. convex weight sequence with My = 1, then
f€&un (K)and g € Enpp, (K) implies f - g € Enrpy+hy (K).

O

We finish the first chapter with the following remark:
One can imitate the construction for £,y resp. &) above using function germs in R”. First
we remark that spaces of function germs are defined as inductive limits as follows:

ER" 2 A,C) = lim £(U,C),

where U runs in the limit above over all open sets with A C U C R"™. If one wants to deal with
function germs at the origin in R™ we put A := {0}. Note that the elements of E(R™ D A, C)
are equivalence classes of functions and this space is not Hausdorft.

We denote by O(R™ D {0}, C) the ring of all real-analytic complex-valued function germs and
by E(R™ D {0}, C) the ring of all infinitely differentiable complex-valued function germs at the



origin in R™. We have also consider in this situation the canonical Borel map j2° : E(R™ D
{0},C) — RY" which is defined in the usual sense by

i () = (f(@))a, a €N,

Now we construct weighted function classes in the following way: Let M := (M,,), be a weight
sequence, then we define the space £ (R™ 2 {0}, C) via

{f €&MR"D{0},C):JUopen, U 2{0},3C,Ah>0,VaeN"VxeU:
|f(a)(3;)| < C - hlel ‘M\a|}~

Similarly one can define the Beurling-case &7)(R™ 2 {0}, C) if one changes in the definition
above 3 C;h > 0O into V h > 0,3 C > 0. From our definitions we get immediately for
an arbitrary weight sequence (M), the following inclusions: &y (R™ 2 {0},C) € E(R™ D
{0},C) and £y (R™ 2 {0},C) C Enny (R 2 {0}, C). If mg = 1 and (my,), is increasing, then
O(R™ 2 {0},C) C &y (R™ 2 {0}, C) holds, too.

From these definitions it follows immediately again that we have for any weight sequence (M),

o (é{M}(R" > {O},(C)) C Ay, resp. (S(M)(R" > {0},«:)) C A%y

One has to be careful to apply the results of the spaces E¢pry resp. €y, which we will prove
in the next chapters, to Erpy (R™ 2 {0}, C) resp. £y (R™ 2 {0},C).
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3 Stability properties

3.1 Inclusion of spaces

If it is not stated otherwise, we assume in this section that the sequence

’ (myp), is log. convex and my = My = 1. ‘

Consider two different weight sequences M := (My), and M* := (M,),, then we want to
compare the associated function spaces Epry and Eqpr-y resp. Epy and Ey+). For this we

*

introduce now the following notation: Let m := (m;), and m* := (m;,

j— MP
)p» Where m,, = —¢ and
.

M, . .
my, = <t then we write m =< m* if

3D >0,Vp>0:my, < DP-my.
An equivalent description is:
m.\ /P
D :=sup (f) < 00. (3.1.1)
p mp
Note that this supremum doesn’t change if one uses the sequences M and M* because the

M,
M,_1°

factorial term cancels, hence ’ m < m* & M < M*.|For the sequences p := (1p)p, tp :=

and p* = (1) p, 1 = %, (3.1.1) has the form

p 1/p
wp]] (ﬂ) <.
P\ M

From the definition it’s clear that the relation = is reflexive (with D = 1) and transitive and
m =X m* implies Epry C Eqpr-y esp. A?M} C A?M*}.

Example: If (m,), is an arbitrary weight sequence such that m, > 1 for all p € N holds, then
clearly O C S{M} is satisfied.

Furthermore we have the same result for the Beurling-case: m < m* implies 5( My C 5( M)
and A?M) - AFM*). This holds because Cy, - h? - M, < C}, - (h - D)? - My, hence the constant
C}, in the estimation for the weight sequence (M,,), is the constant C},.p in the estimation for
(M),

We will write M ~ M™* if and only if M < M* and M* =< M is satisfied, thus =~ is an
equivalence relation on the set of all weight sequences and M ~ M* = &y = Epr+) resp.
M~ M* = g(ju) = E(M*)

The converse direction is clear for the sequence space case:
If a sequence ¢ € A?M} resp. ¢ € A?M) belongs to A?M*} resp. A?M*), then m < m* holds.

But in the case of function spaces £;pry resp. €y we need another argument! The problem
is that the defined Borel-map j°° is in general not surjective, so we don’t know if for a given
sequence ¢ € A?M} resp. ¢ € A?M), which belongs to A?M*} resp. AE‘M*), we can find a function

[ € &y resp. f € E+y such that j°°(f) = ¢ holds.

Remark 3.1.1 Let M := (M,), be an arbitrary weight sequence and p := (u,)p, where we set
M,
Hp = Mp:-

sequence fi and M into M := (Mp)p, where Mp = [1t_, fts, with the following properties: [

If one assumes that the sequence [ is increasing, one can change p into a new

11
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is strict increasing and Eqpnry = S{M} resp. Eny = S(M) 1s satisfied. In particular one has to
1/p 5 \1/p

define (fip)p in such a way that sup, [1}_, (“P) < o0 and sup, [T}, (Z—i) < oo holds.

If (pp)p will not become constant, which means there exists no ng € N such that pin, = pp for

all p > ng, then one can define the sequence (fip)p in such a way that the point (p, fip) lie on

affine lines.
If (pp)p will become constant, then one has to choose (fip)p such that lim,_,o fi, < 00.

A first important result is that in £y there are functions with sufficiently large derivatives.
We prove this statement now for the one-dimensional case:

Proposition 3.1.2 [2/, Theorem 1, p. 3-4] Let (M;); be a log. convex weight sequence, then
there exists a function 9 € &y such that |00 (0)] > ;! - m; = M; holds for all j € N.

Proof. By assumption (M;); is logarithmic convex, hence (y;); is an increasing sequence.
First we prove the following inequality:

k—j
1 M;
- <—L  V(jk) eN% 3.1.2

For this we distinguish two cases:

j >k : We can write the right side in (3.1.2) in the form:
Mj My My M
T o = Mk+1-
Mk Mk Mk+1 Mj—l

Hence, because the sequence (p;); is increasing, p; > 1 for all j and the product has j — k
factors:

. (3.1.3)

Hit1 -y > (Mk:)j_k,

which proves the first case.

k > j : We write again the right side as

My Mj Mjy My, 11

= = — 3.14
My My Mo M, Hir1 Mk ( )

Here we have k — j factors and by the increasing property of the sequence (y;); we have
1 1 < 1 >’”
> = ,
Hj+1 22 22

Then we define the (complex-valued!) function 6 : R — C as follows:

— M
Z k - exp(2ipgx).
=

which proves the second case.

We estimate now 8 for all z € R:

o) = |3 oty - exp2i

k=0

My, ,
- lexp(2ipga)| -
2# ) —_—

Then we use the inequality (3.1.2) for the case k arbitrary and j = 0 to obtain:

= M, =1 Moy =1
Z S 2 gE M = Mo ) g =2 Mo < co.
O (312)k:0 k=0

12
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From this it follows that the function 6 is an absolutely convergent sum in the space of holo-
morphic functions and so we can interchange summation and differentiation to obtain:

oo

9(1) ka)' 2T
k:O
We can estimate as follows:
o0 M o0 o0
0 (x ‘ P i) =Y My - (2
o 2 G @] g (=2 M e
M;
_ 9j+1 .
ZMk ok=i M, M- ng 27 M.
(312) =

This calculation shows: 6 € &y, where C'= h = 2. On the other side we have

— M,
Z k Qzuk ZMk 2,uk)7 k>M —j' m;

k:O k=0

for all j € N.
Remark: # is a complex-valued function! But we can write

(oo} o0

M M
0(z) = Z 7kk cos(2upx) +i - Z k - sin(2ux)
= (2u) = (
=:01 (z)=(Ro0)(x) =:02(z)=(S00)(x)

and so we get, using (3.1.2): 61,0, € £y (again with C = h = 2). Furthermore we have
09(0) = 3220, My - (2u1)7 = for even j and 6 (0) = 0 if j is odd, resp. 85 (0) = 3252, Mj -
(241)7=F for odd j and 65 (0) = 0if j is even. We define now a real-valued function 6 := 6, +0s,
which has the following properties: We can estimate

’50)@)’ <23 My (2u) " = 2710, - Z o5 = 21,

k=0 (3 1.2) k=0

which shows 0 € £y with C' = 4 and h = 2. Finally we have ’50’)(0)’ > M; for all j € N,
because 0@ (0) = 017 (0) if j is even and 6U)(0) = 65 (0) if j is odd.

In particular we see: If § = Ro 6 + i 3 o6 is a complex-valued function, then we obtain
0€ &y e RNob el and Jobd € Eppyresp. 0 € Epy < Nob €&y and Job € Eyy.

Finally we remark that in fact 0 € Eqary\Ear), because assume 6 € Eyyy, then:

, 1/
m J<Cl/j.h

J

Mj<\9<ﬂ‘>(0)\<c-hi.Mj<:>1<‘

Since lim;_, C'J =1 and the inequality has to be valid for all h > 0 we get a contradiction!

a

Using 3.1.2, we can show now the following theorem:

13



3 Stability properties

Theorem 3.1.3 Let (M;); be a logarithmic convex weight sequence, then we have:

Proof. We have only to show (<=): For this let § € £y like in 3.1.2 be given. By assumption
0 € Er+y and so we get:

jlom; < ]90')(0)( <CoWGlem

1/5 .
" < €3 . h holds for all j € N.

m; m’
J

Because lim; ., C'/7 = 1 for the constant C' > 0 we get (3.1.1)

[

for C, h > 0 constants. This implies 24 < C'- h?, hence (mj)

O

3.1.3 has an important consequence: If M and M* are both log. convex, then M ~ M* <
Ermy = Equ-y, hence on the set of all log. convex weight sequences (M), the equivalence
relation &~ characterizes uniquely the equivalence of two function spaces of Romieu-type.

We will apply now 3.1.3 to prove two important and useful corollaries. A desired property of
spaces of smooth functions is closedness under derivation. Therefore we remark that the first
order derivatives of functions in E¢pry resp. £y belong to E{M/} resp. S(M/), where we have
set M := (MJ/ )i MJI := Mj4+,. With this notation we get the following corollary:

Corollary 3.1.4 [2/, Corollary 2, p. 4] Let (M;); be a log. convexr weight sequence, then
Eqary is stable under differentiation if and only if the sequence (my); satisfies the property

N1/
sup; (m‘7+1> < 00.

my

Proof. (<) Replace the sequence (m;); by (m;-)j, where m;-
by (m;); in (3.1.1).
(=) Assume that the supremum above would be unbounded. First choose a function 6 like in

3.1.2. The closedness under derivation of £;ys; implies 0 e Eqmy and so the inequality

:= mj1, and the sequence (m});

‘e(kﬂ)(x) <C-h (3.1.5)

k;!~mk

holds for constant C, h > 0 and all k£ € N, where z € K and K is a compact set. On the other
hand, by 3.1.2, we have the estimation 8+ (0) > (k + 1)! - my, for all k € N, thus

o+ (0 k+1)!-
O], k+1 ML _ (1) DAL v e N
ok+1) (Y |1/F 1/k
= sup 10 > sup(k + 1)¥/* . Mkt )
k k!- mg k mg
1/k

mier \E . . 1/k ()
But supy, (m’“—:l) is unbounded by assumption and limg_, o (k+1) /k =1, hence SUDy |
is unbounded and we obtain a contradiction to (3.1.5).

O

Note: The supremum-condition in 3.1.4 doesn’t change if we use the sequence (M;);, because
]VJI\JZ;I _ (]+1’r)r;:.nj+1 and hmj~>00<j + 1)1/] =1.

(<) in 3.1.4 holds for the Beurling-case, too.

We formulate and prove a second corollary:

14



3.1 Inclusion of spaces

Corollary 3.1.5 [2/, Corollary 1, p. 4] We obtain the following equivalence: sup; m}/j

00 = 0 =¢&n-

<

Proof. (=) First note that the weight sequence (m;); for O is the constant sequence (1,1,...),

Vi < oo, then

so we replace in the notation above the sequence (mj)j by (1,1,...). If sup; m;

S{M} C O holds.

On the other hand, by assumption my = 1 and (m;); is log. convex, so we know by 2.0.4, that
; 1/j

the sequence (m;/])j is increasing. Thus sup, (%) < oo and so we have O C &y, too.

J

In particular, to have O C &y, it would be sufficient to assume m; > 1 for all j € N.
(«) Holds by 3.1.3.

Remark 3.1.6 We have seen that the strong log. convexity and normalization imply by 2.0.4
the fact O C Eqpry. But if we want a strict inclusion O C Eqnry, by 3.1.5, this is equivalent to

condition sup; (m;/j)j = 0.

\1/d
If one uses the weight sequence (M,),, then the supremum in 3.1.5 changes into sup; (%) .

Let N := (Np), and M := (M,), be two arbitrary weight sequences. Then we have seen:
N=<M= S{N} - E{M} resp. N <M = S(N) - €(M). In this case one can consider now the
following short exact sequences of locally convex vector spaces:

O_WS{N} (_’E{M} —»E{M}/S{N} — 0 resp.

0 — &y = Eany = Enn /vy = 0

In the Romieu-case, using (2.0.1), we have for a compact subset K the description
Epny(K) [Eny (K) = 1im Eng p.n(K) /En n(K),

where D is the constant appearing in (3.1.1) because inductive limits and quotients commute.
Assume now that there exists a constant D > 0 such that for all j € N we have N; = D7 - M,
then E{M}/E{N} = 5(M)/E(N) = {0}. In this case one can conclude: There doesn’t exist
a weight sequence L, L := (L,),, with £y = S{M}/E{N}, Ery = E(M)/S(N), because the
polynomials are always contained in £y resp. &r).

We are going to prove a first characterizing result for the surjectivity of the Borel-map ;j°°.
The proof will use 3.1.5, but before formulating the theorem we need some preparations. First
we need the theorem of Arzela-Ascoli:

Lemma 3.1.7 Let X be a compact topological space and F an arbitrary locally convex vector

space. Then the subset E C C(X,F) is precompact if and only if it is equicontinuous and
pointwise precompact.

Proof. A proof can be found for example in [15, 6.15 Theorem, p. 104-105].

Now we can formulate the second important preparatory result which uses 3.1.7.
Lemma 3.1.8 [11, Proposition 2.2, p. 41] Let K C R™ be a compact set, M := (M,), an

arbitrary weight sequence and h < k, then the inclusion mapping ¢ : Enpp(K) — Enp(K) is
compact.

15



3 Stability properties

Proof. Let I := I x --- x I, where I; C R is a closed interval for all j. We show the
compactness of ¢ : Epp 5 (I) — Enri(I). Let B denote the unit ball in the space Ep5(I) and let
¢ > 0. Now we choose a number m € N so that

<Z>m < g (3.1.6)

holds. For |a| < m set B* := {f(®) : f € B} and for x,y € K arbitrary we estimate

79 - 1w < [

d 1
Cﬁf(a)(y+t.(g:—y))‘dt§/0 ;‘f(a+€j)(y—|—t(1‘—y)).($j—yj) dt

< £ oo -z = ylh < K,
where we have set e; := (0,..., 1 ,...,0)and a+1:= (a1 +1,...,, +1). Thus we have
J
shown that B is equicontinuous and the fact that B“ is pointwise precompact is clear.

So, by the theorem of Arzela-Ascoli 3.1.7, we conclude that the set B* is relative compact in
C(I). Hence there exist fi,a, ..., fn,,a € B such that for each f € B we can find an index ¢ with

[| £ — fi(,aa)HOO < e klol. M. There exists a finite number of functions fi, fo,..., fv € B
such that {f1,..., fn} = Uajajem{friar- - fra,a} and for each f € B we can find an index
j, 1 <j < N, for which

I = £)@loe < - k- My

holds for all |o] < m. For |a| > m the inequality above is clear because f; € B and (3.1.6).
Hence the set {f1,..., fn} is an e-net for B in £y 1 (I) and so B is precompact.

For arbitrary compact sets K = Uj I;, where I; = I;, x---x1I; and I; C Risacompact inter-
val for all 4, we have Errp(K) = En,n(U; Ij). The compactness of the mapping 7 : Ear,p(K) —
Em i (K), with h < k, follows now: Because we have En (U, 1) — [, Emk (L) — Eni(l;)
we can reduce the problem to show the compactness of Enn(U; 1) — Enk(L;). So in par-
ticular, here it’s sufficient to have the compactness for the mapping ¢ : Earn(I;) — Enr(l;)
(note that the compact operators form an two-sided-ideal in the ring of all bounded linear
operators).

O

Theorem 3.1.9 [2/, Theorem 3, p. 4-8] Assume that Eqppy is quasi-analytic and that O C
Eramy- Then the Borel map j°° : Eqpry — A?M} s mot surjective.

We will follow the proof in the paper of Thilliez [24], which uses some Hilbert space techniques
from functional analysis. The original proof of Carleman is more complicated.

Proof. The proof consists of two parts: The first part deals with a representation formula
for functions in quasi-analytic spaces £¢jry and the second part follows the original proof of
Carleman.

We remark that it is enough to prove this theorem for the case n = 1: Therefore not that
Erary(R) — Eary (R™) holds by setting the additional n — 1 variables constant. Conversely one
has the restriction mapping gy (R™) — Erary (R).

If one assumes now that j*° : £, (R™) — A?M} would be surjective, one can restrict j*°
to E(R) and one would obtain that j*° : &y (R) — Agppy is surjective, which is a
contradiction to the case n = 1.

Now we start with the first part of the proof of 3.1.9:

For any integer v > 1 and any real number h > 0, we put I, = (—1/v,1/v) and define

Evn(ly) ={f€&l)  |flr,n < oo}

16



3.1 Inclusion of spaces

with

|flr,.n = sup G|
v peN,zel, hpMp '

From functional analysis it follows that Eyr,(1,) is a Banach space. For h < h' we have the
canonical injection ¢ : Enrp (1) = &y (1), which is a compact map by 3.1.8.

In the following we set I := I} = (—1,1) and denote by £(I) the space of functions f which
are smooth on I = (—1,1) and such that all derivatives f (), j >0, extend continuously to the
closure I. For any continuous function f on I we put

1/2
1l sy = ( / If(x)|2dx>

£l Lo 1) = sup | £ ()]
zel

and

For any f € £(I) and for any integer j > 0 we show now the following inequalities:

Gl =7y = v () b)) 617

The right inequality follows since for a given g € £(I) there exists ¢ € I such that |g(c)| =
5 f lg9(xz)| dx (by the mean value theorem for integrals). For any = € I it follows that

/Cm 9 (y) dy’ < %/j\g(:ﬂﬂdw—i—/l‘g/(x)‘dx. (3.1.8)

By the Cauchy-Schwarz-inequality we have

s <% (| g<x>|2dz> oy dx) | (3.1.9)

If we set g = fU) for arbitrary j > 0 the right inequality follows and since the left inequality
is clear we have shown (3.1.7).

fo‘))

+ Hf(y-s-l)‘

L2(I) L2(I)

l9(x)] < lg(c)] +

Now put ||f||?\/[ = E;io Mj_2 | f@) Hiﬂ([) and denote by H ;s the space of all functions f € (1)

such that Hf||?v[ < oo holds. Hyy is a Hilbert space for the norm ||.||,, because ||.||,, is given by
a £?-sum of weighted L2-norms and we will denote the associated scalar product of this space
by (.|.).

Now we set M = (M;)j, where MJI := M 41, and by inequality (3.1.7) we get for any n € (0, 1)
the topological inclusions

Enva—n(I) CHup QSM/,HW(I). (3.1.10)

The inclusion Enrp(ly) — €y (1) is a compact map for h < A by 3.1.8. Because the
parameter 7 above is arbitrary and the compact operators form an ideal in the ring of all
bounded linear operators it follows that both canonical injections in (3.1.10) are compact, too.
We also have that for all integers i > 0 the map f — f(?)(0) is a continuous (because bounded)
linear functional on the Hilbert space H s and so, by the theorem of Riesz, there exists e; € Hay,
such that

FO0) = (elf)  VfeHum (3.1.11)

holds, where (-|-) := ||-||3;. For any element g € H s we introduce for k € N\ {0} the following
system and study the solution functions u € H;:

u™(0) = g™ (0) 0<i<k. (3.1.12)

17



3 Stability properties

We denote now by Vj the subspace of Hj; which is spanned by the elements eg,eq,...,ex_1.
If u e Vyand u= Zf;é &; - ej, then the system (3.1.12) can be rewritten as a (k x k)-linear
system with unknowns &g, &1, . .. &k—1 in the following way:

k—1 k—1
ij'€j> :Z<6i|€j>'£j 0<i<k. (3.1.13)

=0 =0

(1) — (4) — ) — )
g (0) < u (0) Ny’ (eilu) = <ez
(3.1.12) (3.1.11)

Claim: The elements e; are linearly independent in H ;.

If we take scalar products with monomials, then we can see because of the definition of the e;
that (e;|2*) = (z¥))(0) = 0 for j > k and for j < k. For j = k we have (e;|2*) = k!, thus for
scalars cg, ..., cp_1 and arbitrary [ it follows:

cop-eg+--+cp_1-ex_1=0 :>Co-<60|$l>+"‘+6k71'<6k71|1'l> =0

écl-<el|xl>:cl~l!:0 = ¢ =0,
which proves the claim.

Hence the dimension of V; = k and the Gram matriz A = ((eile;))o<; j<;_, is invertible
and so the system (3.1.12) has a solution gi. Because g; € Vi, we can write gi in the form
gk = 25;3 &k - e; for suitable &;, € C. The scalars £; depend linearly on g® (0), where

0<17< k-1, because:
_ k-1
gD(0) = g ( Zﬁjk e (0) = 3" & - leiley). (3.1.14)
§=0

We want to obtain a family of functions (ujak)0<j<k—1’ ujr € Har for 0 < j < k—1, which
depend not on g and such that we have the following formula for gy:

t)=> uir(t)-g"(0) Vtel (3.1.15)

To show (3.1.15) we put B = (bi,j)lgi,jgk—l = A_l, so we have Zf:_()l bm . <ei|€j> = 51,]‘. With
this notation we obtain now

k-1
Z bri - 9(0)
i=0

k—1

k—1 k—1
Zbu Z&gk (eiles) = &n- Y bui- (eiles) = &
§=0 i=0

(3. )ZO

511]'
Hence
k-1 k=1 [k—1 ‘ —1 [k—1 4
gk = Zfz,k e = Z (Z bi,i 'g(l)(0)> e = Z (Z bi,i - 61) -9"(0),
1=0 1=0 \i=0 '
—_———

=ik

which proves (3.1.15). In particular we have u;, € Vi for 0 < j < k—1 and each function u;
depends only on the Hilbert space Has, which means on the weight sequence (M;);.

Let u be another solution of (3.1.12), so we get: (e;|gr —u) = g,(C )(O) —u®(0) =0for 0 <i < k.

Hence g, —u € V,ﬂ-, but g € Vi by the expansion above. Now we use Pythagoras theorem for

Hilbert spaces to obtain that gy is the minimal solution of (3.1.12) in Hj; with respect to the
2 2 2 .

norm || - ||ar, because ||gx||3, + llgx — w3y = |lull3,. In particular we have ||gk||,, < ||gll ;. for

all £ > 1, and so the sequence (gx)x is bounded in H .

Next we claim that g, — g in &y 1, (I) for k — oo.

18



3.1 Inclusion of spaces

The inclusion Har — &y 4 +n(I ) is compact and so it suffices to show that g is the only possible
limit for any subsequence of (gi ) which is converging in €y, ;,,(I). So let h be the limit of
such a subsequence. If we take limits in (3.1.12) we get:

hD(0) = g (0) Vi>o0. (3.1.16)

Now an important step in our proof: By assumption £;ysy is quasi-analytic and so £ (M} is
also quasi-analytic (because we have only an index shift). Thus (3.1.16) shows that h = g
holds.

Take f € Epy and define for any x the function f, by f;(t) := f(z -t). This function belongs
to Em—n(I) and to Has (via (3.1.10)). We apply the expansion formula (3.1.15) and the
converging property of (gi)i in EM/71+U(I) to g := fy. Set t =1 and define wj ; := j!- u; (1)
to obtain the following important representation formula for f:

k-1 ,
) f90)
g(l) :fx(l) :f(l‘) :kILH;OjZ:OWj’k'T cad. (3117)
Therefore note: gV (t) = fU)(t) - 27 for all j.

Now we begin with the second part of the proof: If we apply the representation formula (3.1.17)
to the monomial f(x) := 2!, where [ > 0 is arbitrary, we get limj_, w; x = 1. This follows
because all terms in the sum on the right hand side of (3.1.17) vanish except the I-th one and
so we get
z' = lim Wik z.
k—oo

It is possible to select by induction an increasing sequence (k,)p>o of positive integers such
that

kp_1
Y |wik, =1 -my <1, vp =1 (3.1.18)
§=0
By assumption O C &y and so by 3.1.5 it follows that
1
lim (my, )" = oco. (3.1.19)
p—oo

We consider F' := Z;’C:O Fj - 27 such that (Fj); € Fary(R), where we have put F; := m; for
Jj € {kp : p > 0} and F; := 0 otherwise. Next we claim that this power series does not belong
to the image of the Borel map j°°. We prove this by contradiction.

Assume that we can find f € Epry such that j°°(f) = F. Now we take a sufficiently small real
number a > 0 and by the representation formula (3.1.17) we get:

kp—1
fl)=lim " wip, Fja'. (3.1.20)
P =
By the definition of F', we get

kp—1 kp_1 kp_1 p—1

. ol — . . ad — k
E w]}kaja = E wj,kaja, E Fja’ = E Mg, a™?.
§=0 §=0 7=0 a=0

If we use this two equations together with the property limy_ o wjr = 1 we can write (3.1.20)
in the form:

p—o0

p—1 kp—1
fla)= lim [ myaf + > (wjk, — 1) Fja |. (3.1.21)
q=0 7=0
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3 Stability properties

By (3.1.18) the second sum in the representation formula above is bounded by 1 for a < 1
uniformly with respect to the index p and so it follows that the sequence of partial sums of
1

Zq>0 mkqakq is bounded. But this is a contradiction to lim,_, (mkp) = 00,

Remark 3.1.10 This proof above yields a more precise statement: To any given quasi-analytic
ring Eqnry, such that O C Eypy holds, we can associate an increasing sequence of positive
integers (ky)p such that the only series - - Fy,,x*v, which belongs to the image j>(Eqary),

are the locally convergent ones (because of (3.1.19) and the definition of the power series F').
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3.2 Composition theorem

3.2 Composition theorem

In this section the weight sequence (my)r will play the key role, and we assume throughout
that

’ (my)k is logarithmic convex.

An important property of function spaces is closedness under composition. First we give a
definition:

Definition 3.2.1 Let us assume that for all U C R™ open one has a R-subalgebra C(U) of
E(U). We say that C(U) is closed under composition if for a given V. C RP open and a map
@ =(p1,...,0p) : U —V such that ¢, € C(U) V i holds, it follows that for all g € C(V') we
have go @ € C(U).

If one uses the function germs we have: Let C(R™ D {0},C) be an arbitrary R-subalgebra
of ER™ D {0},C). We say that C(R™ D {0},C) is closed under composition if for f =
(fi,.--»fp) € (C(R™ D {0},@))p with f(0) =0 and any g € C(RP D {0},C) the composition
gofeCR"2{0},C).

. . . (a) . .
Notation: In this section we set | f, := fa—, for a multiindex o € N®. We remark that with

this notation one obtains

£ ()] | fa(2)] - o
f K,h = sup —_— = sup _—
/i aeNmeek WOl Mg aennzer Wl |all-mq,

and by 2.0.1 we can replace |a|! by a!. In particular we have

[fo(2)] |fo (@)
| flrn < o00= SUPaeN" 2K (n-h)loTm, | < 00 and SUPyenn zek T

lol-myq

<00 = |flrn < o0.

Before we prove the main theorem we have to deal with some formal calculations and inequal-
ities. For this we introduce the following useful notation: Let a = (aq,...,a,) € R™ and
a=(ay,...,a,) € R" then we set:

n
a® = (ay,... ,an)(al"”’a") = Ha?i.
=1

Now we start with the first lemma:

Lemma 3.2.2 [/, Lemma 4.2., p. 9] Let a; e RP,i=1,...,1, and let o = (a1,...,ap) € NP,
Then we get

al k k
a4+ 4 a) = T gf.ogh, 3.9.1
(a1 ) Z T e l ( )
(k1. k) ENP) ="t k;
Remember that with our notation we can write for a; = (@i 1,...,0ip) € RP, o = (i1,...,05p) €
NP and all i: )
a?i = (ai,la ey a@p)(ai’l,“.’ai’p) = H a/z;’j.
j=1

Proof.

(g +--+a) =

! (au1,...,ap)
E am, ey E am,)
=1

=1 1=

N

—-

(@15 + - +a;)™

Jj=1

I
=

;! k1 s ki .
kighe kgt o ’

aj:Zi ki j, ki jEN

<.
Il
—
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3 Stability properties

First we have used the notation above to obtain a product of the components of the vector and
then we have used the usual multinomial theorem. In the last product each term is a unique
product of terms, one from each of the p factors in the product.

O

Now consider a composite function h = f o g : R® — R for which we have g : R* — RP with

g(ZIZ) = (gl(x)v e 7gp(l’)),$ = (‘rla cee 73377.) and f :RP — ]Ra f(y) = f(yla cee 7yp)‘ We assume
that f and g are smooth functions. If we write g, := (g1,4,---,9p~),7 € N, and h,(z) :=
(f 0 9)y(z),y € N, then we define the following formal power series in the indeterminate
u = (uq,...,u,) with coeficients h-(x):

Z hey(2)u”.
yeEN™

We note that the Borel map j°° satisfies for all functions f and g, which are smooth in a
neighbourhood of 0 and such that ¢g(0) = go = 0 holds, the following property: j°(f o g) =
7°°(f)85°°(g), where & denotes the composition of formal power series.

We are able to prove now the following statement, which is also known under the name Fad
de Bruno formula.

Proposition 3.2.3 [/, Proposition 4.3., p. 9-10] For all v € N"\{0}, it follows that

hy(z) =) ﬁfa(g(w))gal ()" -+ gs, ()" (3.2.2)

The sum is taken over all {1,...,0;} of 1 distinct elements of N"\{0} and over all ordered
I-tupels (k1,..., k) € (NP\{0})! for | € N\{0} such that v = 22:1 |kild; (so v € N"\{0}). In
the equation above we have set o = (a1, ..., qp) = 22:1 k;.

Proof. By the statements above about the homomorphism property of the Borel map and the
power series we obtain

> hy@ut = fa(g(q;))< 3 gg(ac)u‘;)

yENR aENP seNm\{0}

(03

Now we apply the formula (3.2.1) to this situation to obtain the result. Note that by a
comparison of the coefficients in the equation there are on the right hand side only finite many
summands.

O

To prove the composition theorem we need an important statement:
the inequality of Childress, which is connected to the Faa de Bruno formula in one variable.
We recall that in the following the sequence m := (my)y is always assumed to be log. convex.

Proposition 3.2.4 [I, Proposition 4.4, p. 10-11] Let k1, ..., k, be nonnegative integers such
that the following condition is satisfied: » . i -k; = n. If we set . k; = k, then the
sequence (my)y has the property

my, - mi - omEe <mbom, (3.2.3)
Proof. If we have k, = 1 we get by the condition above ky = ky = ks =--- = k,—1 = 0 and

k =1, and so (3.2.3) turns into m; - m} < ml - m,, which is correct. So we can assume now
k, = 0 and we distinguish two cases.

Case 1: ky #0. Set ky =k; —1and k' =k —1. Then we get k = k, +ky+---+kn_1 and
N~~~

L
n—1= kll +2ky 4+ -+ + (n — 1)k,,—1. Now we use induction on n: For n =0 we get k; =0
~—
ki—1
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3.2 Composition theorem

for all ¢, and so k =0 = mg < mg in (3.2.3). For n > 0 we have

’ ’
k k kn_1 k k
Mp—1 - My - My - -m," 1 -my™ <my - My—1,
~—
1
hence we write
mig k
my, mlfl mfﬁ = Mi—1 - M1 - My m];z mﬁ"
mEg—1
! mk
< my-mf o om,
~—~ mk}—l
I.H.
!
m
< my - my " mpog =mbm,
~~~ mMnp—1

log. conv.,n>k

Case 2: k1 = 0. Then we get by the definition of n and k:

n—k=ko+2ks+--+n—kkptr1+m—k+1kp—gio+...(n—2)k,_1
N———— N——
>n—k >n—k

thus k; =0if j >n—k+1andsok =ka+---+kp_g4+1. Now we apply induction on n again:

Kkn—k+1 k . .
m," L S mg Mg For this we can also write

k
Mpg1 - My« -+
k kn k
Mpy1 - Myt - -mp™ < Mg - My_f41,

because we can insert all factors in the product with vanishing exponents. If we multiply this
inequality above with my and divide it by my41 we obtain:

my
mk.mllcl...mflng .mg.mnik+1
Mme+1
m k k—1
< mi My - Mp—fy1 =M1 "My~ - Mp—k41
2

2 k—2
<Smi-mg “My_pi2

S...Smlf.mn.

Here we have used again the log. conv. of the sequence (my)g: first we have % > #ﬁl and
then%>Mfor1§j§kfl.

= Mn—k+jt+1

d

Corollary 3.2.5 [1, Corollary 4.5., p. 11] Let k1,...,k € NP\{0} and 01,...,0; € N"\{0}.
Now set a« = ki + -+ ki and v = |k1|61 + - - - + |ki|0;. In this setting we obtain

k k; «

Mq| -m}(;ll‘l -~-mI§l'|‘ < ml1 | SMYy (3.2.4)
Note: || = k1| + -+ |ki| and |y| = |k1]|61] + - - - + [kil]|d1]-

Proof. We can apply the inequality of Childress (3.2.3). Additionally we can assume that all
|0;] are distinct. Otherwise, if |§;| = |§;| for ¢ and j with ¢ # j, then we replace a product
m}lgf‘l -m}?fl‘ on the left hand side of (3.2.3) by mlff}ﬂkil.

g

Lemma 3.2.6 [/, Lemma 4.8., p. 12 Let A > 0 and set H(u) := > o Hyu?, u =
(u1,...,up), where Hy =1 and for all v € N"\{0} we define

al
— la|
H, = E e "kl!)\ , (3.2.5)

where the summation in (3.2.5) is precisely the same as in (3.2.2). Then it follows that the
power series H s locally convergent.
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3 Stability properties

Proof. We define

and

Hence

n (oo}

Gj(u) = (Z uf) —1= > Vv

i=1 seNm\{0}

and similarly
4 o0
F) =] (Z(Azm) =2 A
j=1 \k=1 a€ENP

If we apply (3.2.2) then H = F o G. Note that in this situation, by the expressions for G;(u)
and F(z) above, we have f,(g(x)) = Al*! for all a, and gs(x) = 1 for all 4.

O

With these preparations we can prove now the closedness under composition:

Theorem 3.2.7 [I, Theorem 4.7., p. 11-12] Let U C R™ and V' C RP be open. Now let
fe&any(V)and g = (g1,...,9p) : U — V, where g; € Epy(U), 5 = 1,...,p. Then also
foge 5{M}(U)'

Proof. Let K be a compact subset of U. Then by the definition of the spaces £} (V) resp.
Erary(U) there exist constants a,b, c,d > 0 in R, such that

fa@)] < a- bl myy, Yy € g(K) CV, a € NP

and
|g.7;5(x)| < C'd|5| 'm|5|7 Vz € Ka d€ Nna ] = 1a" P

Now define h := f o g and let v € N*\{0}. By the proven results above we obtain for x € K:

! o k1| [t
(@) S @D gy 0 ) 8 gy i mig)
(3.2.2)
< a-dompy 3 S (b my)lel,
N 7 kal e k!
(3.2.4)

By the previous lemma 3.2.6 it follows that there exist constants C, D > 0, which depend only
on b-c-mj, n and p and such that we can estimate

|
S Beeomy) < 0D Yy € N\f0). (3:26)
e

The summation in the previous sums is always the same as in (3.2.2). If we combine now the
estimate for h., above with (3.2.6) we get the result:

lhy(z)] < a-C-(d-D)-my,.

Note that this proof is also valid for the Beurling-case &yy).
If one introduces the spaces via function germs then the following consequence holds:
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3.2 Composition theorem

Proposition 3.2.8 [2/, Proposition 1, p. 3] Let (my)r be a log. convex weight sequence such
that mo = 1 and my, > 1 holds for all k € N. Then the space Egppy (R™ 2 {0}, C) is a local ring,
i.e. there exists a mazimal ideal. This mazimal ideal is given by Myyry == {h € Epy (R™ 2

{0},C) : h(0) = 0}.

Proof. First we remark that by 2.0.8 the space £{573(R™ D {0},C) is a commutative ring. If
we take a function h € £y (R™ D {0}, C) such that h(0) # 0, then it has to be invertible in

Eqry(R™ 2 {0}, C). This can be seen as follows: Define f(z) := h(z)—h(0) and g(t) := (h(0)+
t)_l. Note that now g € O(R 2 {0},C) C & (R D {0},C) holds and so, because the

mE>1,V k
ring £y (R 2 {0}, C) is closed under composition by 3.2.7 and f(0) = h(0) — h(0) = 0, we
obtain go f € £y (R™ 2 {0}, C). Finally we have

(g0 f)(x) = (h(0) + f(x)) " = h(z)~".
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3 Stability properties

3.3 Inverse function theorem

We use the techniques introduced in the previous chapter to prove the inverse function theorem
for the class £;jry. Again we assume in this section that

’ (mg)k is logarithmic convex. ‘

Definition 3.3.1 Assume that for all open U C R™, n € N, we have an R-subalgebra C(U)
of EU). Let U C R™ and V. C RP be open, so C(U) and C(V) are R-subalgebras of E(U)
resp. of E(V). A mapping f : U — V, f(z) := (fi(x),..., fp(x)), is called a C-mapping if
gofeClU),VYgeclC(V).

If we have C(U) = &1 (U) then, by the log. convexity for (myg)x and 3.2.7, definition 3.3.1
means that f; € Eqpry(U) for all i. We formulate and prove now the main theorem in this
chapter:

Theorem 3.3.2 [/, Theorem 4.10., p. 13-15] Let U,V C R™ be open and let f = (f1,..., fn):
U —V be an Epy-mapping. Let xg € U be an arbitrary point and suppose that the Jacobian

matriz g—i(xg) is invertible. Then there exists neighbourhoods U of zg and V' of yo = f(zo)
and an Eqpry-mapping g = (g1, -, Gn) V' — U’ such that g(yo) = o and fog= idy,.

A generalization of this theorem will be proven in 3.4.5.

Proof. By the usual inverse function theorem we can assume that f has an £-inverse. Let
now K be a compact subset of U. Then, by f; € E{M}( ), i = 1,...,n, there are constants
a,b > 0 such that for all a € N*, z € K and i = 1,.

|fia(@)] < a-bl*l-myg. (3.3.1)
Let z¢ € K and consider the smooth solution 2 = ¢(y) of the equation f(zo+ z) = f(xo) +y.

We have to show the existence of constants ¢, d > 0 which are independent of the point g € K
such that the following inequality holds for all 3 € N* and j =1,...,n

19;,800)] < c-dPl-mg. (3.3.2)

First define ¢ : U — R" by:

’ ’

f(xo +2) — f(z0) = f (w0) -z — f (20) - (),

Y

which means

/

p(x) =z — f (z0) " (f(zo +z) — f(20)) .

Now define ©(z) := (0, ;(x))1<ij<n = f ()" for z € R" and we obtain

g(y) =O(x0) -y + ¢ (9(y)) -
-~ ~——

From this we get ¢(0) = 0, ¢(0) = 0 and ¢ (0) = 0, because:

’

¢ (0)(v) = v — f (z0) " (f (20)(v) = 0) =v —v =0.

Fori=1,...,n and |a| > 2 we have

ia(0) ==Y 0;;(x0) f.alw0)- (3.3.3)

Jj=1
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3.3 Inverse function theorem

Now choose a real number r > 0 such that |6, ;(z)| < r foralli,j =1,...,nand z € K. If
——

€Rn
we estimate (3.3.3) it follows that for all ¢, o there exist a,b > 0 such that

|(pi,a(0)| < n'r'a'bla‘ *Mals (334)
because: | (0)] < > 105, (x0)| - |fi.a(z0)]

<r Sa-b'a‘Am‘a‘,Vj

Then we remark, that g(y) = ©(xo)-y+ (pog)(y) and so the first term is linear in the variable
y. Hence for |y| > 2 we obtain g, = (¢ 0 g),. We apply now (3.2.2) for the function g at the
point 0 where || > 2:

520 = Y i 2a(0) g, (0 s (0

In this sum only the terms with |a[ > 2 are not zero and so only the gs;(0) with |d;] < |7
survives (because of the summation in (3.2.2)).

Let ®(z) := ), ®ox* be the power series which is defined by

®(x) :==nra- Z (my - b)lel. 2o,

la|>2
The radius of convergence of ® is ﬁ > 0 and so this power series is locally convergent.
Consider now the following system of equations for the function G = (G1,...,G,) : R* — R™:
r .
Gi(y) = ol 1+ +uyn) +2(Gy), i=1....n, (3.3.5)

where y = (y1,...,yn) € R™
For this we write G;(y) = >, Giy” and we use again the following notation for a =
(a1,...,ap) € N™:

)" = (Ga (). Culw)*™) = [[ Gilw)™.
First we see that G; = --- = G,, has to be satisfied since the equation (3.3.5) is independent

of 7 on the right hand side. Thus if we want to solve (3.3.5) we have to consider the following
implicit equation:

Gily) = mil Sy ) + O(GaY), -, Galy)).

n—times

If we introduce the function ®; : R — R, where ®;(z) := ®(z, ..., ), we can write ((id —®1) o
n—times

Gi)(y) = o (> vi) fory = (y1,...,yn). Because @ is locally convergent around the point

0 we can take the inverse, hence finally we get

Gi(y) = (id—@1) " (T; : Zw) .
=1

We see that the solution G of (3.3.5) exists and it is locally convergent. Thus for all ¢ the
radius of convergence of the power series G;(y) = Z,y G;~4y” is strict positive, which means

that limsup|,|_,« |G |*/1"'is bounded for all i.

So it follows that there exist constants ¢ and d which depend only on the parameters n, m1,r,a
and b, such that we can estimate for all 7 and ~:

|Gip| <c-dl. (3.3.6)
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3 Stability properties

Note that by (3.3.5) and the calculations above we see that all G; , are nonnegative. We have
to prove now for all |y| > 1:

195 (O)] < iy - ). (3:3.7)
From (3.3.6) and (3.3.7) we get (3.3.2) and this finishes the proof. To show (3.3.7) we use

induction on |y|.

First consider v = (j) := (0, .. ..,0) and so we have:

L1,

<

196,()(0) = 10: j(z0)| <7 = Gy -ma.

(3.3.5)

Now we start with the induction step, the summation is always the same as in (3.2.2):

al
520 < Y o a(0)] |95, (0] [n (0"
(3.2.2)
a! o
=2 Fil-- k! srabl®! g ‘961 (0™ ""961 (0)™
(3.3.4)
al a k k [F1] [k
I.H.
_ al K ke Mol k| |k
Ny ZW e Gop e Gy o Mgy
def. of @, my
< Z o L. GRL gl
My | k! a 51 )
(3.2.4)
= Gipy - My

In the last equality we have used the Faa de Bruno formula (3.2.2) for the G; ., which are the
coefficients of the G; in (3.3.5).

O

Remark 3.3.3 1. We have also proven automatically that the implicit function theorem is
valid in Epry: Therefore we apply 5.3.2 to the inverse of the function (z,y) — (z, f(7,y)).

2. The proof above is not valid for the Beurling-case Ep) because then for all b > 0 there
exists a > 0 such that (3.3.1) is satisfied for all o, i and x € K. But in this case we
would obtain for allb > 0 a family O, with radius of convergence ﬁ > 0 and a family of
systems (3.3.5) with solutions Gy. To show now that the inverse function g is an element
in Ery, too, (3.3.6) has to hold for all d > 0, in particular one would need that Gy, is an
entire function for all b > 0 which is not true.

3. 3.8.2 is not true for the Beurling-case, because for the sequence My, := p!, for all p € N,
the associated function class Enpy are the entire functions and this class is not closed

. . . . . . . . —1
under inversion (take for example sinh : R — R, which is an entire function, but sinh
is not entire any more).
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3.4 Closedness under solving ODE’s

3.4 Closedness under solving ODE’s

In this section we are going to prove the property closedness under solving ODE’s for the
spaces Eqpry and &y In general both types are not closed under solving ODE’s, one has to
assume special conditions on the weight sequence M := (1M,,), to prove this property. There
exists a proof by Komatsu (see [14]), but here we will follow the proof of Yamanaka (see [20]):
In particular we will prove a Banach space version for the theorem of closedness under solving
ODE’s in the Romieu-case. Afterwards we will use a technique by Komatsu to prove the
theorem for the Beurling-case, too. We formulate now our central theorem in this section:

Theorem 3.4.1 Let (M), be a weight sequence, such that My = My =1, Ma > 2 is satisfied
1/(p—1)
%)

1/(q¢—1)
and assume that there exists H > 1 such that (%) <H- ( P

Let the initial value problem

forall2 < q <p.
@' (t) = f(x(t),t)
z(0) = g

be given and assume that f € Eqpry holds. Then we obtain for the solution x € E(ny, wherever
the smooth solution x exists, too.

Before we start with the proof of 3.4.1 we study and compare some conditions for weight
sequences and we have to prove some results.

So let (M), be a weight sequence, then we consider the following conditions

My =M =1 (3.4.1)
M.\ 7T M\ 7T e e
(ﬂ) < (f’) emd 't <mp ', 2<q<p. (3.4.2)
q: p:
Furthermore we recall the log. convexity condition for the sequence (my),
M, 2 My My 1
—2) < - : z S m2<my_q- eN 3.4.3
(p!) _<(p—1)! (p+1)) = Mt e PR (343
and
M,
——— — 00, forp— . (3.4.4)
p- Mpfl

We see immediately: Condition (3.4.2) is equivalent to q_% - log(my) <

2 < ¢ < p. Hence the log. convexity condition for (m,), implies (3.4.2).
If one assumes (3.4.1) and the log. convexity for the sequence (m,),, then log(ms) > 0 <
mo > 1< My > 2 has to be satisfied.

27 - log(my,) for

M, L : .
p.M;l = p'(pfl)’!’ffnpil = m’:fl, hence (3.4.4) is the property, that the sequence (mr;l:)p is
unbounded. Another equivalent useful description for (3.4.4) is lim,_, . 22 = cc.

P
Komatsu proved in [14] the closedness under solving ODE’s: For the Romieu-case he assumed

(3.4.1) and (3.4.2) and for the Beurling-case he assumed additionally (3.4.3) and (3.4.4).

We study now condition (3.4.2) in detail.
1/10)

For this we remark that the condition that the sequence (mp
in the following form:

p is increasing can be written

M 1/q M 1/p
m};/q < mll)/p for 1<q<pe <'q> < <'p> for 1< q<p, (3.4.5)
q: p:

which looks similar to (3.4.2). If additionally (3.4.1) is satisfied, then (3.4.5) implies again
M, > 2. In particular we have: If M; = 1, then (3.4.5) implies M, > p! for all p > 1.
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3 Stability properties
We prove now: If m; = My =1 and mg > 1< My > 2, then (3.4.2) implies (3.4.5):

1 1 -1
(34.2) & — log(mg) < o1 -log(my) < log(mg) < 1% -log(my) for 2 < ¢ < p,

and

1
(3.4.5) & rh log(mgq) < — -log(my) <= log(mq) < = -log(my) for 1 < g < p.

ﬁ\r—*
’U\'-Q

To get (3.4.2) = (3.4.5) we distinguish now three cases: For 2 < ¢ < p we are done because

% < % < p>gq. Ifp=1,then ¢ =1 and in this case (3.4.5) is clearly satisfied. If ¢ = 1
and p > 2, then we have by assumption m; = 1 < my and so, by monotony, we are in the first

case.

We summarize:

1
1. If the sequence (my), is log. convex and mgy = 1, then by 2.0.4 the sequence (m;’)p is
increasing.

2. If (3.4.2), my =1 and mg > 1 are satisfied, then (mﬁ)p is increasing.

Furthermore we remark, that (3.4.2) implies log(m,) > log(m,), for 2 < ¢ < p, because:

1 1 p
(34.2) & P -log(mg) < p—1 ~log(my) < log(my) = -1 -log(my).

-

Nf =

Now set ¢ := p—1 to obtain log(m,) > g—:é -log(myp_1) for all p > 3 and we have ﬁ < g%
p-(p—2)<(p—1)?forall p > 3.

We summarize again:

1. If the sequence (my), is log. conv. and mg = 1, then by 2.0.4 log(my,) = 25 - log(my-1)
is satisfied for all p > 2.

2. (3.4.2) implies log(m,) > -5 - log(my—1) for all p > 3.

As we have already mentioned the logarithmic convexity for the sequence (m,,), implies (3.4.2).
In this way we can say that condition (3.4.2) is closely related to the log. convexity condition
for (my),. But (3.4.2) is strict weaker than the log. convexity for (m,),: If (3.4.2) is satisfied,
then the points (p,log(m,)) can lie away from (1,0) on a locally strict concave curve.

We have shown that (3.4.2) implies (3.4.5). We introduce now

1/(q—1) 1/(p—1)
(Mq'_1> < (Mp'—l) for 2 <q<p, (3.4.6)
q: p:

which is condition (3.4.2) for the sequence (N,),, where N, := M,_; for all p. We obtain
(3.4.5) = (3.4.6) because

11/q
(3.4.5) & MM < M}/». Z for 1<q<p

resp.

1 1
(3.4.6) & Mql/q < M;/p ) q! /a (q_|_1) /q

P ey S

and (¢ +D)Y1> (p+1)/? & % “log(q+1) > 1 - log(p+ 1) is satisfied for 1 < ¢ < p.
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3.4 Closedness under solving ODE’s

In this section, if it is not stated otherwise, we will assume always the condition

M 1/q—1 M 1/p—1
EIHZl:(q"I) §H~<p'p) for 2 < g <p, (3.4.7)

which is weaker than (3.4.2), condition (3.4.1) (& My = M; = 1) and additionally My > 2.
We see: (3.4.7) implies

M 1/q M 1/1’
EIH>1:<'q) <H-<|p> for 1<qg<p (3.4.8)
q: b

and remark that (3.4.8) implies only My > H~2 -2 M; where H > 1.

As mentioned above we will prove a Banach-space version, hence for this we have to introduce
some further notation: Let E and F' be two real Banach-spaces with norms || - || g resp. |- || .
Let U C Ebeopenand f: E DU — F. Suppose that f is an infinitely differentiable function
in the sense of Fréchet and let (M,,), be an arbitrary weight sequence. Then f € Earyp, if
and only if there exist C, h > 0 such that

||f(n)($)||Ln(E;F) <C-n"-M,

holds for all x € U and n € N. In the same way we have f € &)y if for all h > 0 there exists
C > 0 such that for all z € U and n € N we have

1™ (@) | pn () < C - B™ - M.

We remark: The estimates for Egpry v resp. Ear),u are global, no compact set K is involved
in the defining estimates and we use here the operator norm in the defining inequalities. This
is an alternative method to introduce function spaces of Romieu- resp. Beurling-type and it is
equivalent to the definitions given in the first Chapter.

In this section the differentiability of functions between Banach-spaces has always to be un-
derstood in the sense of Fréchet.

With this notation one can easily show that the classes sy g resp. Ery, g are closed under
affine linear transformations: Let g : E — E,x — A(xz)+b, where A € L(E,E) and b € E, then
we have by the chainrule (fog) (z) = f (A(z)+b)o A. Hence (fog)®) (z) = f®)(A(x)+b)o AP
for all p > 1 and so we can estimate:

1(f 0 )P @)l Lr ) < 1FP(A@) + D)l oy - 1AIT -

Let E' and F' be real Banach spaces, U C F open and g : E O U — F be infinitely differentiable.
Furthermore let V' C R open, b € V', be given and G : R O V — R a smooth function. Then
we write

< G(p)(b) for 0<p<lzel.

<KL G = Hg(p)(aﬁ)’ <
LP(E;F)

(U,1,b)

If ¢ << G holds, which is a clearly weaker condition than ¢ << G, we write ¢ < G. An
(U,1-1,b) (U,Lb) (UL,b)
easy consequence of the Faa-de-Bruno-Formula (3.2.2) is the following:

Lemma 3.4.2 [206, Lemma 5.1., p. 608] Let E1,Ey and E3 be three real Banach-spaces,
Uy, C Ey and Uy C Es open and f : Eo O Uy — E3, g : E1 O Uy — Uy be two infinitely
differentiable mappings. Let V1,V C R open and F : Vo — R, G : Vi — V45 be two smooth

mappings such that f << F and g < G holds for a point a € Vi with Vo 3 b = G(a). Then
(Ug,l,b) (Ul,l,a)
we get fog KK Fo(.
(U],l,a)
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3 Stability properties

Proof. Let 2 € Uy, then we have by assumption ||(f o g)(z)||g; < (FoG)(a). For 1 <p< N
we put for ¢ = (q1,...,qp—j+1) € NPT |g| := P70 It g and ||q|| := > It ;. Now we
estimate as follows:

p—j+1 ” ) 4
g )HLZ E;E
"(ng)(p)(l’)‘ LP(B1;E) < p'ZHf(J) QU D DI | ! < d . 2)>

(3.2. lal=4llqll=p =1

p—j+1 i
<p|.ZF<j>(b). SR 1 <G( ))  (FoG))(a).

'L
lg|=3,llqll=p =1

O

Let Eq,...,E, and F be real Banach-spaces, put £ := F; X --- X E,, and consider an open
set U C E. Let g: E O U — F be an infinitely differentiable function and V' C R™. Now fix a
point a := (a1,...,a,) € V and consider a smooth mapping G : R” O V — R. Take a € N”,
then we write
gL, G
(U,a,a)
if and only if ||g(*) (x)HLB(E;F) < G®¥(a) holds for all 8 = (B, ...,3,) € N* with 3; < o, 1 <

i < n, and and all * € U, where LP(E;F) = LPvPu(Ey, ... E,;F) = @ | LP(E; F).

(The letter ¢ in the definition is standing for componentwise.) Similarly we write g <. G, if
(U,a,a)

|9 (« HLB(E m < G (a) holds only for all # € N"\{0} with 3; < o, 1 < i < n, and all
x € U. With this notation we can formulate the following lemma:

Lemma 3.4.3 [206, Lemma 5.4., p. 610-611] Let F1,...,E,, F and G be real Banach-spaces.
Set B := Ey X ---x E, and let Uy C E and Uy C F be two open sets. Let hy : Uy — Us
and ho : Uy — G be infinitely differentiable functions and Vi C R™, Vo C R be two open
subsets. Furthermore let Hy : R™ D Vi — V5 and Hy : Vo — R be two smooth functions and
a = (a1,...,a,) € Vi a point such that b = Hi(a) holds. We assume that for a € N™ the

following holds: ho << Hy and hy <. Hy. Then we get:
(Uz,|al,b) (Ur,a,a)

ho o h; €<, Hyo Hy.
(U1,a,a)

Proof. One uses induction on n (the case n = 1 is 3.4.2), and again (3.2.2). For details look
at [26, p. 610-611].

O

In the proof of the theorem 3.4.1 about the closedness under solving ODE’s we will use the
following version of the implicit function theorem for Banach-spaces which generalizes 3.3.2.
Again (3.2.2) will play the key role in the proof and we will use the Lagrange inversion theorem:

Proposition 3.4.4 Let the equation
y=a+z oy (3.4.9)

be given, where ¢ s analytic around the point a € R. We denote by v : x — y the solution
of (3.4.9), which is analytic by the classical implicit function theorem. Furthermore let f be
a smooth function, which is analytic around a, too, then we obtain the following formula for
n>1:

(o™= (¢ )" ).

Proof. A proof can be found in [5, Chapitre IX., no. 195, p. 481-484].
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3.4 Closedness under solving ODE’s

Theorem 3.4.5 [25, Theorem 2, p. 200-202] Let E and F be two real Banach-spaces, U C E
and V C F open subsets and f : U — V an infinitely differentiable function. We assume that
F€&unu. Let xg € U and assume that (f (20))"! € L(F;E) exists. Then there exist open
sets Uy and Vy, such that g € Uyg C U and f(xg) € Vo C V holds and [ : Uy — Vy is a
E-diffeomorphism. Furthermore we have f~' € Ervy vy -

Proof. By the usual inverse mapping theorem for smooth mappings we know: There exist
Uy, Vo open subsets in E resp. F such that we have xg € Uy C U resp. f(zg) € Vo CV, and
f: Uy — Vy is a E-diffeomorphism. Let g := f~1: Vj — Uy and a € Uy be fixed. Put b := f(a)
and S := f'(a), T := S~! = ¢'(b). Furthermore we put for z € U

¢(z) =2 — (T o f)(z).
Hence, for y € Vo, we have g(y) = T(y) + g(y) — ( ) = T(y) +9(y) — (T o fllgly) =
T(y) + (¢ o g)(y). Then we remark, that ¢ (a) = id—(T o f )(a) = id—T o S = 0, thus

GOy =T+¢ (gb)-g(b)=T+¢ (a)-g(b)=T. For p > 2 we can use the Faa-de-Bruno-
formula (3.2.2) to get a recursion formula for g(®) (b):
>‘11‘,

p p—j+1
QIR PYR S I D S | <
j=2 lal=3.llqll=p =1 !
where sym denotes the symmetrization of a multi-linear operator and for ¢ = (g1, ..., ¢p—j+1) €
NP=/*1 we have set again |g| := g1+ -+ qp—j+1 resp. [lqll == q1+2q2+- -+ (p—j+1)gp—j+1-
So we get immediately the following estimate:

p—j+1 qi
||9( Nrire
lg'® (®) | () <p'ZH¢” e >, 1] - <() . (3.4.10)

7!
lg|=s.llqll=p =1

By assumption f € &(pry,p holds, hence there exist C, h > 0 such that for all x € Up and j > 1

we get 4 4
||f(])||L].(E;F) < C-hi- M

and finally for j > 2:
16N s sy = 1T 0 F9N Li(ir) < C - T rimy - hP - M.
In the following let A > max {||g(b)||E7 ||g,(b)||L(F;E)} be a constant and let N € N such that

N > 2, we define for ¢ € R the following sum:

N

Un(t)=C-A- )

Jj=2

WM
51

t_wN =98 ® and we want to solve it with respect to the variable t.

Therefore we put gn(s) := Zj 1 cj s and consider now the equation s = M for

s € R near 0, in particular we have set gn(s) =t for all small s.

We consider the equation s =

For thls we apply 3.4.4 as follows: We put f :=id, z := s, y := t, a := 0 and () :=
W = L which is analytic near ¢ = 0. Then (3.4.9) is satisfied and we obtain for n > 1:

o (= (=) )

Hence the constants ¢;, ¢ > 1, in the series above can be expressed in the following way:

=7 (fft (=) ) =

d"gn(s)
osm

(3.4.11)
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3 Stability properties

On the other side we see that gn(s) = A- s+ (¥ o gn)(s), hence for p > 2 we can use again
the Fad de Bruno formula 3.2.2 to obtain:

- D ) p—j+1 © O) i
LO--Y o Y I -(N )

Jj=2 la|=J.llqll=p =1

P —j+1
:p!'ZO'A'hj'Mj' Z H — .l

J=2 lal=3.llqll=p =1 ¢!

The second equality above holds, because for all ¢ we get g%) (0) =14l -¢; and for 2< j < N we

have ¢ (0) = C - A-hi - M.
For 2 < ¢ < N we show now for the ¢;, which are all positive real numbers, the following
estimate:

M;

c; < A(4A(CAh +1)Hh)"™t. - (3.4.12)

In particular we calculate for 2 < ¢ < N in the following way:

A di—1 00 T+1 h s\ ¢
D<a s G dﬂl(Z(CAZ )>)

)

~.

t=0

) )))

=I5

A e o0
S dti—1<zh '(CA'Z<H'

(3.4.7) =0

t=0

A di-1 (& M, 1/(i-1) ™ ¢
=7 e (T OCAh (CAR+1) (H (z')

Az i— i+ — Mz 1/(i—1) "
(dﬂ 12( )((CAh—H - H - <Z‘>
r=0 t=0
AY (2i—2 M;
= i!'(i—1> (CAR+1) - (Hh))"™ - (i — 1)! T

(2)
i i1 i1 M
< AT (CAB ) (RS

Recall that H in the calculation above is the constant appearing in (3.4.7).

For (1) we have used geometric series expansion and (3.4.11). Furthermore we remember: If

2 < i < N, then wj(f,) (0) = C - A-h*- M; holds and because we consider the i — 1-derivative

on the right hand side above at the point ¢ = 0, we can break off the summation at the index

71— 1.

(2) follows, because only the term for r = i — 1 survives. The last inequality above holds,
i i 2i-2 (2i—2

because 471 = 22172 = Y71 5 (%177),

In the next step we want to compare ||g\?)(b)|| s (p, ) With g(p)( 0) for 1 < p < N. First we

have gy (0) = ¢; = A and so we see:

lg O)locr:ey = IT|L(re) < A= gn(0). (3.4.13)
ForQSpSNwehavez/J](\’;)(O) =C-A-h?- M, and so

6P| Lo (:r) < C - Tl (rimy - hP - M, < C - A-hP - M, = ) (0). (3.4.14)
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3.4 Closedness under solving ODE’s

Finally we get by induction the following estimate for 2 < p < NV:

9P ()| 2o (7.1) < g P 0)=pl-c, < AMAACAh+1)HR)P™ . M,.
(3.4.10),(3.4.13),(3.4.14) (3.4.12)

But N € N, N > 2, was chosen arbitrary, hence for all p > 2 we obtain:
19 (0) | Lo (1) < AA(CAR + 1) HRY ™ - M,

Because My = M; =1 and ||g(b)||g < A resp. ||g/(b)||L(F;E) = |T||L(r;p) < A we have shown:
g e S{M},VO-

d

The theorem above implies immediately the following Banach-space-version of the implicit
function theorem:

Theorem 3.4.6 [25, Theorem 3, p. 202] Let E, F and G be real Banach-spaces, U C E and
V C F open sets and f : U x V. — G an infinitely differentiable function such that f(a,b) =0
holds for a point (a,b) € U x V. Furthermore we assume that () (a,b))~" € L(G; F) exists
and

3Ch>0: | fPD(@,y) | Loaim i) < C- BP0 My,

holds for (p,q) € N? and all (x,y) € U x V. Then there exist open sets Uy and Vy in E resp. in
F such thata € Uy CU and b € Vy CV holds and there exists a unique infinitely differentiable
function g : Uy — Vi with the following properties: g(a) =b, f(x,g(x)) = 0 holds for all x € Uy
and g € 5{1\/1},[]0.

Proof. We apply 3.4.5 to the inverse function of (z,y) — (z, f(z,y)).

With these preparations we can start now with the proof of 3.4.1:

First we formulate our central problem. For this let Fy, Fs be two real Banach-spaces, then
we consider the infinitely differentiable function f : E; x R x Fs O W — FE;, where we assume
that there exist C, h > 0 such that

1P (8, )]

Loik(By BBy ) < C - R My (3.4.15)

holds for all (4,4, k) € N® and (z,t,\) € W. Let the following ODE be given:

2 () = f(a(t),t, )
{x(O) =g, o € Ey. (3.4.16)

We remark that (3.4.16) defines a more general initial value problem than the ODE in 3.4.1

because we have introduced here an additional parameter A. First we simplify the given initial
value problem above: First put fi(z(t),t, A\, x0) := f(x(t) + zo, t, A) to get

Then define y(t) == (a(t),€), == (A, z0) and finally g(y(t), 1) == (fi(2(t),€,\,70),1) =
(f(x(t) + z0,&,A),1). Thus we obtain the following new ODE:

y (t) = g(y(t), n)
{y(O) . (3.4.18)
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3 Stability properties

where y : R — E; X R =: Fj3 is the unknown function and u € Es x E; =: F, is a parameter.
If f satisfies (3.4.15) with respect to (x,t, \), then g satisfies (3.4.15) with respect to (y, u). If
the solution y of (3.4.18) satisfies (3.4.15) with respect to (¢, i), then the solution z of (3.4.16)
satisfies (3.4.15) with respect to (¢, A, zg).

Now let E3 and E4 be two real Banach-spaces, U be a neighborhood of the origin in the space
E5 and let V' be an open set of Fy. Let g : E3 x B4 D U xV — Es, (y,u) — g(y, ), be
an infinitely differentiable function with the following property: 3 C,h > 1 such that for all
(j,k) € N? and (y,u) € U x V we have the estimate

ng) (v, M)‘

We assume that the function ¢ in (3.4.18) satisfies (3.4.19) and U is a neighborhood of the
origin in F3, w.l.o.g. a ball with radius R.

<C-WT*. M., 4.
Lok (Ea ExiBa) = C-h M]+k (3 4 19)

(3.4.19) has the following consequences: The function y — g¢(y, ) is bounded in the norm
Il - |25 by the constant C' and it is Lipschitz-continuous on U with respect to y and uniformly
for p € V. If |t| < R/C, then g is bounded by R, so g(y,u) € U. Thus for each p € V and
t € R with |¢t| < R/C the classical existence theorem of ODE’s implies the existence of a unique
solution y where y : R X Ey — E3, (t,p) — y(t, ), is defined for [t| < R/C and p € V. It’s
well known that y is infinitely differentiable in (¢, 1), and to prove 3.4.1 we have to estimate
the derivatives of y.

In particular we have to show: For (¢, ) € I x V, where I is an open real interval with 0 € I,
there exist constants B, ¢ > 0, such that

Hyu,k) (t,u)‘ <B-¢tF M, (3.4.20)

Li-k(R,E4;E3)

is satisfied.
We start now with the proof of (3.4.20).

In the first step of the proof we estimate y(®), [ € N arbitrary.
Let I be a compact interval such that 0 € I and let C(I, E3) be the space of all continuous
functions from I to E3. The space C(I, E3) with the topology which is induced by the maximum
norm becomes a Banach-spaces and we put C(I,U) := {y € C(I,Es) : y(I) C U}. Let
(y,p,t) € C(I,U) x V x I, then we define the following integral

¢
a()(t) = [ otu(r).ar

and obtain a function o : C(I,U) x V — C(I, E3). Let T € R be given with 0 < T < R/C and

put I := [T, T]. We define the sets Bg, r :={y € E3: [[yllr, < R} and By, p:={y € E3:

lyllE; < R}. In the following we want to apply Banach’s fix point theorem to the mapping «.

Claim: o : C(Ir,Bgy,r) X V — C(Ir, BE,,r) resp. a: C(I7, By, g) x V — C(I7, By, p) holds.

Therefore we estimate

\AEmmmm

t
s/nmmmw&m < €W My, T<C-(R/C)=R,
s 0 (3.4.19)

hence

la(y, ) g, = H/O g(y(r),p)dr|| <R. (3.4.21)

Claim: « is a contraction map.

E3

If (y,z,1) € Bey,r X Be,,r X V, then we get by (3.4.19):

l9(y, 1) = 9(zp)llEs < C-h- My |ly = 2|ps = C-h-ly = zl| 5.
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3.4 Closedness under solving ODE’s

Thus for (y, z, u) € C(I7,Bgy.r) x C(Ir,Bp, ) x V and T € R with 0 < T < (C'-h)~! we can
estimate:
ey, p) = alz, )l <C-h-lly = 2llg;, - T < |ly = 2] &, (3.4.22)

which proves the claim.

We summarize: By (3.4.22) « is for T € R small enough a contraction map and by (3.4.21)
it is a self-mapping on C(Ir, Bg, r) C C(Ir, E3), which is a closed subset of a Banach-space.
So we can use Banach’s fiz point theorem to obtain for each p € V' a unique function §(u) €
C(Ir,Bg, r) with a(g(u), 1) = g(p). This function is the unique solution of (3.4.18), for ¢t € I

we have §j(u)(t) = y(t, p).-

In the next step we estimate the derivatives of .
Claim: o satisfies (3.4.15) with respect to the variables y and p.

For this we have to introduce some further notation: Let v : U x V — Lj’k(Eg,E4; Es) be a
continuous mapping and let y € C(Ir,U), y1,...,y; € C(Ip, E3), p € V and pq, ..., pu, € Ey.
Then for all t € I+ we put

P ) (Y15 -5 Ygs 1y - -5 ) () :=/0 YY), ) (Wi (T)s -5y (T)s pas o ooy ).

The integral on the right side above is well-defined forl all t € Ip, furthermore we have
Py, 1) (Y1, -5 Yji ks k) € C(Ir, Ez) and p(y, p) € LI (C(Ir, Es), Ea; C(Ir, B3)) =: LIF.
We apply this notation to ¢\/*) and get

t
a9 (y ) (s Y b ) (E) :/ g (), ) (7), -y (T)i s p)d
0

Now we estimate as follows:

< T-C-W My,
Lik(E3,E4;E3) N~~~
(3.4.19)

Ha(j’k) (v, u)‘

ST sup {Hg(j”“)(a,b)‘
L3 a€lU,beV

which proves the claim.
Claim: The solution y of (3.4.18) satisfies (3.4.15) in the variable p uniformly in ¢.

Therefore we define now 3(y,u) := y — a(y, ). The fixed point §(u) of a satisfies clearly
B(G(u), ) = 0, hence g(p) is determined via the implicit equation B(y, ) = 0. We remark
that SO (y, u) € L(C(Ir, E3),C(Ir, F3)) =: LM, so it is a linear operator and 19 (y, ) =
ids10 —aM9 (y, ). We have chosen T < (C - h)~!, hence again by (3.4.19) we get

(1,0) .C -

Ha (y,u)”ﬁlyo <T-C-h<l.

This implies || (y, /‘)Hgm > 0 and we can compute the inverse operator (329 (y, 1))~" in
the Banach-algebra £9 as follows:

(ﬂ(l,O)(y”u)))il = (idﬁl,O —a(10) (%U))il = i (a(l,O) (y,,u))j-

Jj=0

Because « satisfies (3.4.15) we obtain that [ satisfies (3.4.15) with respect to y and p, too. We
can apply now 3.4.6, which implies the fact that the fixpoint §(u) shares also property (3.4.15).
If y is the solution of (3.4.18), then ¢(u)(t) = y(¢, ) holds for all t € Ip, which implies that
y satisfies (3.4.15) in the variable p uniformly in ¢. With other words there exist constants
A,k > 0 such that for all [ € N and (¢, ) € IT x V we have

<A-nt- M. (3.4.23)

0.0 (¢ ’
Hy (t, 1) LU(Ey;Es) —
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3 Stability properties

In the next step of the proof we have to estimate yU:") for j > 1.
For the following computations we assume w.l.o.g. A > max{l,C} and n > max{1,2h}.

Furthermore we put for l € N, [ > 2, p, := H - (%)1/(171). Then we define the functions

G1,Y0 : R— R for |s| small in the following way:

o0

Gi(s) = A- (Y (uon-sf) =A-(L=pion-5)”!

J

oo

=0
Yio(s) = A (L nes- (3n-)7)) = A (g5 (L=pron-s) " +1).
) =0

J

For i € N we obtain
G = A (D5 G-V G =i+ D) (pem-s) ™),
j=t

hence Gl(i)(O) =A-il-n" p} holds.
We introduce now the following ODE:

{Yl' (t,0) = Gi(Y(t,0) — A+0) (3.4.24)

where o will be regarded as a complex parameter.
The strategy of the proof will be to compare y, which is the solution of (3.4.18), with the
solution Y] of (3.4.24).

First we are going to solve (3.4.24): We set p(0) := Y] ¢(0) — A+0, then the solution of (3.4.24)
is given by
L= (L=pr-n-0@)2=2-A-p-n-t)"*
Yi(t.o) = ((L—pi-n-o(0)) pent) L
br-m
We prove this by direct calculation: First we compute the initial value

1—(1—=pi-n-o0(0))
pr-n

Y;(0,0) = +A+o0= (o) +A—-0=Y(0).
—
Yi,0(0)—A+o

Now we compute the derivative with respect to ¢:

o @A) (A-pn-o@)? -2 Aprn-t)
l(t70)_ 2'])['7]

A
VA —=pi-n-o@)2—2-A-p-n-t

On the other hand we have

A A
Gt ) = A ) S Wilte) At o) —mon a2 Amat

Claim:

<vg(0) =v""0,0) (3.4.25)

(0,9) (4 ’
Hy (t, 1) LiEm = T

holds for 0 <14 <.
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3.4 Closedness under solving ODE’s

First we recall that we assumed condition (3.4.7):

A\ V6D N\ V=D
3H21:("l> SH-(“Z> for 2<i<lI.
1! !

Hence for 2 < i <1 we get

M, _ AR A G 4 ‘

mi = < H~ L. (l'l) = p;_l = ~pl_1. (3.4.26)
Obviously (3.4.26) is still valid for i = 1 because in this case we have 1 = M; < p) = 1. By
assumption we have My > 2 < mqy > 1 and so we get by (3.4.7) for [ > 2:

M, [T ARUGEY
1< <H: (N) = . (3.4.27)
We summarize: _ ,
mi < pi-pt < p (3.4.28)
—— ——
(3.4.26) (3.4.27)

holds for 2 < <. (3.4.28) is still satisfied for i € {0,1}: If i = 0, then mg = 1 = p? holds for
all [ and if 7 = 1, then m; = 1 < p;, which holds by (3.4.27) for all [ > 2.

By assumption we have A > C and n > 2h, thus by (3.4.28):
C-(2n) - M; < A-ni-pi-il =GP(0) for 0< i<l (3.4.29)
For i € N consider Ylfé)(s) and we get:

Yzfé)(O)ZA-%' n'pp! = A-nt-M; for 1<i<I.

(3.4.26)
This implies
Hy(o’i)(t, u)‘ < Ao M <Y 0)=Y"0,0) (3.4.30)
Li(Es;E3) ~~
(3.4.23)
for 1 <4 § l. (3 4.30) is still valid for i = 0 because in this case we have |ly(t, )|z, <
A-n° =A=Y,0(0) =Y;(0,0), which proves the claim.
Claim ’
Gt p) <y e 3.4.31
TRLCY] IS A CROIR (3.4.31)

holds for j + &k <.

First we recall that y is a solution of (3.4.18), hence smooth by the classical existence theorem
for ODE’s and note that (3.4.25) implies (3.4.31) for j = 0 and k& < I. Suppose now that
a1,y € N such that a1 < ! and a3 + ag = [ and that (3.4.31) is valid for all (j, k) with
0<j<a and 0 <k < as. We write now « := (a1,a9) and E5 := FE5 X E4, hence g can
be viewed as a Fréchet-infinitely differentiable function from U x V' C Ej into the space Ej.
Let z € U x V, z := (y, u), then we denote by g®) the p-th derivative of g with respect to the
variable z, and we get

Hg(q)(z)‘

<27 sup Hg(j”“)(y,u)‘

La(Es;E3) J+k=q Lik(E3,Eq;E3)

Hence for 0 < g <l and z € U x V we estimate

(a) ‘ < 2.C-h0-M, < G90).
Hg (2) L9(Es;Es) <~ T ! ©0)

(3.4.19) (3.4.29)
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3 Stability properties

In our introduced notation this is equivalent to have g << G;. Now put z(t, u) := (y(t, ), )
(UxV,1,0)
and Z(r,0) :=Y(1,0) — A+ 0. Because y(t, ) € Bg,,rg C U holds for all t € Iy and p € V,

one has z : I x V — U x V, and by componentwise differentiation we see

If j+ k > 0, then ZUK)(7,0) = V¥ (r,6) + UK. 1f 0 < j < g and 0 < k < ag, then
(3.4.31) holds, hence for (j, k) € N? such that 0 < j < a3, 0 < k < ag and j +k > 0 we obtain:

|99,

= maX{Hy(j”“)(t,u)‘

< Hy(j"“)(t,u)‘

(mk)‘
Lik(R,E4:E3) HM

o

Lik(R,E4;E3,E4)

Lisk(R,E4;Es3) By

< ZWk r—o—o for (t,p) € I x V.
Lok (BB B Er) (7,0)|lr=0=0 for (t,n) € I

U0 (¢, )|

Using again the introduced notation above this means z <. Z , and because we have already

(ITXV,DL,O)
shown g << G| we get by 3.4.3: go z <<, Gy o Z. This is equivalent to
(UxV,1,0) (I xV,a,0)
(Lk)‘ — H (4,k) t ) < G(j»k) Y _A o
H(go Z) Lik(Es,Fs:Fs) g (y( 7”)):“1) Lik(Ey,Eq;Es) =~ Ly ( l(Ta 0’) +0’)|T70'70

for (j,k) € N? with 0 < j < aj and 0 < k < ap. We remark: ¥ is a solution of (3.4.18) and Y;
of (3.4.24), so it follows that (3.4.31) holds now for 0 < j < a; + 1 and 0 < k < ap. Thus we
have shown that (3.4.31) holds for (j, k) € N? with j + k < [.

In the next step of the proof we estimate Yl(j’k) (1,0)|r=¢=0 for 7 > 1 and we start to estimate
YI(J’O) (1,0)|r=0 for j > 1:

YO (r,0)|rmo = —(pon) ™t (=24pm)? 2727 = 1) (27 =+ 1) - (1 — pimo(o))H
= (=1)" - (pn)? 7 (24) - (=1 (=27 (-1 =271 - (1= o)) T

= Gyt Ay T2

1-2j
2rl/2 ’

(1= pimo(0))

where I'(z) := fooo e~t - t*~1dt denotes the Gamma-function. So the last equality above holds
because:

rj-2Y)=@G-1-2"Y)-Tj-1-2"")=--=(G-1-2"1--(=271)-T(-27}
and 7/2 =T(27 1) =T(=2""+1) = =271 . T(=271), thus ['(—27") = =2 - 7!/2,
Hence we have shown:

rG—-27"

YO0 0)l e = (o)™ - (24 - =T

(1= pimo(0))' =% (3.4.32)
forallj e N, 7> 1.

We study now the expression (1 —p; -1+ o(c))* =27, which appears in (3.4.32), for j € N, j > 1,
in detail. First we see that

L—pi-n-o(0)=1=p-n-(Yio(o)—A+o0)
=1l-pn-((Ano-l=—p-n-o) ' +A4)—A+o0)
=l-pn-o—Ap-no-(1—p-n-o) "
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3.4 Closedness under solving ODE’s

So for o € C with |o| small we can estimate as follows:

L—pi-n-o@)>1—p-n-lo|—A-p-n*lof-A—p-n-|lo)~"
>17A' '2'0'7A' '2'0"1714' .2.0'71
> oo p-n ol ( - -ol)
An>1

=1—A-p-n?-lol =1 =A-p-n*-|o)" +1.

Now we want to find a sufficient condition for ¢ such that

1
L=p-n-el0) 25 (3.4.33)
is satisfied. For this we set z :== 1 — A - p; - n? - |o|, then by the calculation above |1 —p; - 7 -
o(0)| > x — 271 + 1 holds. Because x — 271 +1 > 1/2 = 222 + 2 — 2 > 0 we are interested
in solving the quadratic equation 222 + x — 2 = 0. We get the solutions x5 = 7—1ﬂi\/ﬁ7

so for x > A%m (3.4.33) is satisfied. In particular we can take x > 4/5, which means
1—A-p-n?-lo|>4/5 o< (B-A-p-n*)"L

Now take o € C such that |o| < (5 A-p;-n?)~! holds and put
w;:C—C, w(o)=0-p -1 o). (3.4.34)

Claim:
‘wl(,’}(O)‘ <il- (YY) (8- A-p ) (3.4.35)
holds for i € N:

By (3.4.33) we get |w; j(0)| < 2%~! and we can use Cauchy’s integral formula to estimate w
at 0 for ¢ € N in the following way:

(@)
l’j

o)< [ (w13(0)| o]~ d
3 S — - 1,5 gl |0 g
Li 27 {oeC:|o|=r} !
<l (297N pt <l (2571 (8- Ay ),
where we have set r := (5- A - p; - n?)7L.

Furthermore we have 0 < wl? (0) for ¢ € N: This holds by the definition of g(c) and the
Faa-de-Bruno-formula (3.2.2).

Claim: . _ _
YO (0,0) <272 (8A )Y (G R ()t (3.4.36)
holds for j € N, j > 1. For this we estimate as follows:

o - T(j—271
oy - 2y - 2 o)

(3.4.32)

. L(G—271Y i
< I (24) -~ 2 22 kL (8Apm?)F
\_/(g,n/) (24) 5172 k!~ (8Apin®)

(3.4.35) <pin?
< 93+ =2 =1/2 _ gi+k (i _ 9-1) L. 2 ktj—1
<2 ™ ATTELD(j—277) kL (pim”)
=8i+k.2=2 <GI=D(+1)
<27 V284 (G R ()M
which proves (3.4.36). The last inequality above holds because n > 1 and we have used

1< Uk = (71%), which holds for all j,k € N.

With this estimate we can finish the proof: If we put j + k =1 in (3.4.36), then we obtain

Y I (1, 0) oo < 272 72 (8APA) - 1 pl Tt =272 n V2L (RARPH) - My (3.4.37)
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3 Stability properties

For the last equality above recall that by definition we have pfl = % Hence, by (3.4.31), we
have for j+k=17and j > 1:
Hy(],k)(t”u)’ I \S/ Yl(a,k) (7,0)r—oo \S/ 272 7 Y2 (8APH )R . M.
(3.4.31) (3.4.37)
(3.4.38)
But since [ € N is arbitrary and we have already shown (3.4.23) we are done.
O

We have shown the closedness under solving ODE’s 3.4.1 now for the Romieu-case. For the
Beurling-case we have to assume additionally
’conditions (3.4.3) and (3.4.4) for the weight sequence (Mp)p.‘

Then the proof of the closedness under solving ODE’s in the Beurling-case can be reduced to
the Romieu-case with the following technique which was introduced by Komatsu in [12]:

Let M := (M,), and L := (L,), be two weight sequences, then we write L I M if

Vh>03C,>0: L, <Ch-h?-M, forpeN. (3.4.39)

We remark that L < M implies lim,_, (%
P

the following very important lemma:

P
) = 0 and with this notation we can formulate

Lemma 3.4.7 [12, Lemma 6, p. 248-249] Let M := (M,), be a weight sequence, such that
(myp)p is logarithmic conver and (3.4.4) holds. Then for each weight sequence L := (Ly), with
L QM there exists a weight sequence N := (N,),, satisfying also (3.4.3) and (3.4.4), such that

L<NAM
holds (L < N := L, < N,VpeN).

Proof. First we define a sequence L := (L), with L, := infp>0{Cy - h?- M}, where Cj, is the
least real number, such thai (3.4.39) is satisfied. Hence L < L <M holds and, because L, > 0
for all p € N, the infimum L, is attained by an hj, > 0. We get:

2
<M”) = ! = L : L < (M“) : (Mp“). (3.4.40)
Ly (Ch, - BE)®  Cny-hb " Gy hETT T\ Ty Ly

From (3.4.40) it follows that the sequence % is log. convex and so we obtain that the quotient
p
sequence

¢ = MP/MP1 _ My Ly
P Lp Lpfl Lp : Mpfl

.. . . - M,
is increasing. Since L J M, the sequence ¢, — oo for p — oo. Then we define p, 1= 7 -
o

for all p € N and the sequence (v,), as follows:

Yp = max{,/up,max{ Ha ;1< q<p}}.
p p q-Cq

From this we define the sequence N := (N,), via

P
Ny:=Lo- [ va
qg=1
Next we remark
M, - L, -M,_ L _ _
Mq_ q g il :7q :}Lp:LO.HJ,
Cq Mq,1 . Mq . Lq,1 Lq,1 a=1 Cq
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3.4 Closedness under solving ODE’s

and by the definition of the v, above we see that % < vg holds for all g. Finally we have
fp < N, for all p, hence L <N.

From (3.4.4) and the definition of the sequence (v,), we obtain that %” is increasing. Because
v, = NZZ: is the quotient sequence this implies that (%)p is log. conv. and this gives

(3.4.3) for the sequence (N,),. Note that in our notation (3.4.4) is equivalent to “* — oo for

p — 00. Another consequence of the definition is % > %p for each p, and so (NN,), satisfies
also (3.4.4).

It remains to show: N < M. We consider the following quotient:

Vp:max{‘/p,max{p- Hq ;1§q§p}}.
Hop Hop Hp G- Cq

Because the sequence ¢, is increasing, for all € > 0 we can find an index g. such that } <e
q

for ¢ > ¢, and so

Vpgmax{ p,s,p-“q;léqéqa}ﬁa
Hp Hp  Hp G-Cq

The last inequality holds for sufficiently large number p, because ﬂi — 0 for p — oo.
P

From this we obtain now N < M: Note that N, = Lo - vy -+ v, and My, = pq -+ - fip.

a

We apply now 3.4.7 in the following way to prove the closedness under solving ODE’s in the
Beurling-case:

Corollary 3.4.8 Let M := (M,), be a weight sequence with the following properties: (3.4.1)
and My > 2 are satisfied and furthermore we have (3.4.3) and (3.4.4). Then the class Enry is
closed under solving ODE’s.

Proof. First we remark that (3.4.3), which is the strong log. convexity condition, implies
(3.4.2) and so (3.4.7). Hence the class £y is closed under solving ODE’s by 3.4.1.

Let f € Enn,u and we set L, := ||f(p)HLp(E;F) to obtain a sequence L := (L,),. Then, by
definition of the space &), we get L<IM and so, by 3.4.7, 3 sequence N := (N,), depending
on f such that L < N < M holds. Hence f € &n},u, where C' = h =1 are sufficient. Finally
we have

LIM = S{L},U - g(M),U and g{N},U - 8(M),U~ (3.4.41)
In our situation for z (t) = f(z(t),t, \) we obtain:

fe 5(M),U = fe g{N},U ﬁ xr € g{N},U N?M x € S(M),U~

We finish this section with the following result: 3.4.7 can also be used to prove the composition
theorem 3.2.7 and the inverse function theorem 3.3.2 for the Beurling-case.

Proposition 3.4.9 Let M := (M,), be a weight sequence such that the sequence m = (my),

is logarithmic conver and (3.4.4) holds. Then the class Eyy is closed under composition and
the inverse function theorem is valid.
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3 Stability properties

Proof. First we remark that 3.2.7 and 3.3.2 are still valid for the Romieu-case £;,/y, because
the assumption there was only log. convexity for (mp),.

We prove now 3.2.7 for the Beurling-case:

Let U C R" and V C R™ be open subsets, f € Enp(V) and g = (g1,...,9m) : U — V such
that g; € £y (U) for all j. Take an arbitrary compact set K1 C U and put Ky := g(K1).
Because g is continuous, K3 is a compact set in V' and we define a weight sequence L := (L),
as follows:

Ly 1= max {9 |1, loe, 7P 1o }

where [|g®)|k, |l := sup e, {19 (2)||r (g7 gm)} and similarly for f.
We have L < M and so, by 3.4.7, we obtain: There exists a weight sequence N := (Np),
depending on K, f and g which satisfies (3.4.3) and (3.4.4) and such that L < N < M holds.

We have f € &1y, k, and g; € &1y, i, for each j, hence f € Eny, K, and g; € &Ny, K, 18
satisfied for all j and we can apply now the composition theorem 3.2.7 for the Romieu-case
Erny to get

fog €&y K Ey, Ky -

c
~—~
N<M

Since K was arbitrary we have f o g € ) (U).

For 3.3.2 we proceed as follows:

Let U,V C R™ be open, f = (f1,...,fn) : U = V be a &-diffeomorphism and assume that
f € Euy(U), which means f; € Eny)(U) for all j, then we have to prove that f~! € & (V).
Let K C V be an arbitrary compact set, we show now f~! € &y, k- The set fUK) is a
compact subset of U C R™ and we choose now U; open such that f _1(K ) C Uy C U holds and
such that U, is relatively compact in U, in particular we have U; C U. We define now again
the sequence L := (L,), via

Ly = || /P lg;llco-

So L <M and by 3.4.7 we get a weight sequence N with L < N J M and so f; € Eny i, V Jj
and f: U; — f(Uy) is a &-diffeomorphism. So we can apply 3.3.2 for the class £;yy to obtain:
[~ € Eny(f(Uh)). Because N < M we have f~1 € £ (f(U1)) and because K C f(Uy) this
implies f~1 € Ery(K), too. Since K C V was chosen arbitrary, we are done.

O

Remark 3.4.10 As we have pointed out in 3.3.3, the Beurling-classes are in general not closed
under inversion. For example the entire functions, the defining weight sequence is M, := p!
for all p € N. Note that in this case condition (3.4.3) is clearly satisfied (m, =1 for allp € N
is clearly log. convex), but (3.4.4) is violated because lim, m\]}/jﬁ =1.

Komatsu (see [13]) has shown the closedness under inversion for the Beurling-case assuming
only My = My =1, (3.4.7) and (3.4.4) and he pointed out that condition (3.4.4) is important
for the proof.
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4 The Denjoy-Carleman-theorem

In this chapter we are going to prove the famous Denjoy-Carleman-Theorem, which gives a
full characterization for the injectivity of the Borel-map. We will consider two proofs, both
for the one-dimensional Romieu-case. The first proof, which was given by Rudin (see [23]), is
only valid if the weight sequence (M), is assumed to be log. convex and if one has My = 1.
The second version, which is due to Hérmander (see [3]), uses only the normalization My = 1,
there are no further restrictions on the weight sequence (M,,),.

4.1 Denjoy-Carleman-theorem 1

Throughout this section, if it is not stated otherwise, we assume that

’ (M), is a log. convex weight sequence and My = 1.

For the first version of the Denjoy-Carleman-theorem we need some preparations. We start
with a useful proposition, which gives a relation between quasi-analyticity of function spaces
and functions with compact support in it.

Proposition 4.1.1 /27, 19.10 Theorem, p. 379] The class Eqny resp. Ery for a weight
sequence M := (M), is quasi-analytic if and only if there is no nontrivial function with
compact support in Egpry resp. in Enry-

Proof. We prove this statement for the one-dimensional Romieu-case. Let &5y be quasi-
analytic and take a function f € £y such that f has compact support. Then it follows that
there exists a point 2y (which is not in the support of f) such that f and all its derivatives
vanish at this point. The quasi-analyticity implies that f(z) =0, V.

For the converse direction assume that E;yry is not quasi-analytic. So 3 f € Eqary, w0 # 0,
such that f and all its derivatives vanish at the point 0 but f(xzg) # 0. We can assume that
2o > 0 and then we define a function g as follows: g(z) = f(x), x > 0, and g(z) = 0, z < 0,
hence g € &y Now put h(z) := g(x) - g(2w9 — ). The log. convexity of the weight function
implies by 2.0.8 that the space Efpsy is a ring and so h € Egpry. Further we have h(x) = 0 for
x < 0 and for x > 2xg. But by assumption h(xg) = f?(z0) # 0 and so h is a nontrivial element
in &(pry with compact support.

a

In particular 4.1.1 has the following remarkable consequence: In quasi-analytic function spaces
there doesn’t exist any bump function, hence we cannot construct a partition of unity.

Weput D:={z € C:|z] <1} and T := {z € C: |z|] = 1} and proceed with an important
result about functions in the Hardy Space H> := H>(D) := {f : bounded analytic on D},
which is equipped with the supremum norm. Note that one has f ’11‘ € L>=(T).

Proposition 4.1.2 [23, 15.19 Theorem, p. 300-301] For f € H™, which is not identically 0,
we define

pr(f) = ;ﬂ/_: 1og(yf(r.ei9)\)d9 0<r<1)

and for the radial limit function f* of f, where f*(e') :=lim,_ f(r - ), we set

wr(f) = ;r/_ilog(

f*(e“’)|)d9.
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4 The Denjoy-Carleman-theorem

Then we obtain three properties:

pr(f) S ps(f)  for 0<r<s<l1 (4.1.1)
pr(f) — log(|f(0)])  as r—0 (4.1.2)
wr(f) Sp*(f) foro<r<l1 (4.1.3)

Proof. For a given function f € H* thereisam € Z, m > 0, and a function g € H*, g(0) # 0,
such that f(z) = 2™-g(z). The function g has no zero at the origin and so we can apply Jensen’s
formula (for a prove see [23, 15.18 Theorem, p. 299-300]) to g:

k
elnr(9)—log(19(0)]} — H ﬁ
Sn
n=1

where the s, are the zeroes of g inside the circle with radius . We see that the right side
above has to increase if 7 increases, hence pu,.(g) < ps(g) for r < s. Because log(|f(2)]) =
log(|=™ - g(=)]) = log(lg(=)]) + m - log( |2| ) we obtain

T

pr(f) = pr(g) +m - log(r)

and so we get property (4.1.1).

Now we assume w.l.o.g. that |f| < 1, and we write f,(e??) instead of f(r - €%®). So we see that
fr — f(0) for r — 0 and f, — f* for r — 1. Because

0 < —log(|f(r - €)]) = —log(|,]) = 10g(1> _—
N——— |fr‘

<1,vVr

we obtain 5= [T g, (0)d0 = —5= ["_log(|f(r - €?)|)d§ = —p,(f). Hence by Fatou’s lemma

2m

and (4.1.1):

T

1 g 1
I Y PP
3 | timintar(9)d9 < limint 5= [ 6,(6)a8 = —p(7) < imint(—1u. ()

= limsup(u-(f)) < p*(f) = (4.1.3).

r—1

Further for » — 0:

2

—T —T

5 [ Toa(17(0))d0 < timint - / 9:(6)d8 = —log(|f(0)]) < liminf(~,())

=—log(|£(0)])
= 1og(|/(0)[) = lim sup(yer (f))-
T —
Because log(|f(0)]) < limsup, _,q(p-(f)) holds also, we have shown (4.1.2).

O

Theorem 4.1.2 has an important consequence: Choose a radius r, such that f(z) #0if |z| =r.
This can be done because f is not identically zero. Then obviously u,(f) < oo and so for
r — 1 also u*(f) < oo by (4.1.3). So log|f*| € L*(T) and f*(e®’) # 0 at almost every point
of T.
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4.1 Denjoy-Carleman-theorem 1

Theorem 4.1.3 [23, 19.3 Theorem, p. 375-376] Let A > 0 and C > 0 be two constants,
A,C eR, and let f be an entire function which satisfies the following two estimations:

If(z)| <C-erFl vzec,

which means that f is of exponential type and

/ " |f(@)Pdz < oo,

— 00

which means that f|, € L*(R).

Then 3F € L*(—A, A) such that ¥z € C:

A
£ = [ Pt
—A
which means that f is the inverse Fourier-Laplace-transformation of F'.

Proof. A proof can be found at [23, p. 375-376].

d

The last preparation for the proof of the Denjoy-Carleman-Theorem is the following proposi-
tion:

Proposition 4.1.4 Let (a,)n, € CY and assume that Y oo |a,| < co. Then [[22,(1+ a,) is
convergent.

Proof. First we remark that > - | |a,| < co implies clearly lim,, .o a, = 0 (x). Now let log :
C~ — C be a branch of the complex logarithm, where C™ :={z =2z +iy € C:y =0,z < 0}.
Because 1 = logl(l) = lim,_¢ W it follows: 30 > 0 such that

log(1 + 2)
z

log(1 + 2)

’ 1
1-— < =
z -2

<

holds for all |z| < 6. Hence 1 - a,| < [log(1+a,)| < 2 - |a,| holds for n large enough, because
then |a,| < § by (x). So we can estimate:

o0 3 o0
;|10g(1+an)|§05+§~1;l6|an|<oo.

Put s,, = ZZZI log(1 + ag) and seo := lim,,— o0 Sp- SO We can write

n

H(l +ag) = H exp(log(l 4+ ay)) = exp( log(1 + ak)) = exp(sn),
k=1 k=1 k=1

and clearly exp(s,) — exp(soo) for n — oo. This implies the existence of [[ro (1 + ai) =
exp(so0) < 0.

Now we formulate and prove the Denjoy-Carleman-Theorem:
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4 The Denjoy-Carleman-theorem

Theorem 4.1.5 [23, 19.11 Theorem, p. 380-383] Let M := (M), be a weight sequence. We

define for x € R,z > 0, the mappings Q,q : Rsg — R U {+oo}, where Q(z) := o, ]”CT; and

q(x) := sup,, z\xTn Then the following are equivalent:
1. &y 1s not quasi-analytic,
2. [ log(Q(z)) iz dr < oo,

o Tog(g(z)) sz da < oo,

' Zle(ﬁn)l/n < 00,

5. Yot 1\/5&;1 =21 #% < 00.

Remarks: If the sequence M,, — oo for n — oo very fast, then the function Q(x) — oo for
x — oo very slowly. This holds because Q(x) > Mil for all z and @ is a monotone function. So
the conditions above say that M,, is increasing fast enough. In the case where Q(z¢) = oo for
a ro < oo the integral in condition 2 has the value +o0o and so Eqyyy is in fact quasi-analytic.
Because Q(z) > 1 and g(x) > 1 the integrals in condition 2. and 3. are always defined in
R U {+oo}.

Condition 5. has the consequence, that the sequence (i), has to increase fast enough and
lim,, o0 fty, = 00.

o

B

Proof.(1.= 2.) We assume that £y is not quasi-analytic, hence by 4.1.1 above there exists
a nontrivial function in €7y with compact support. Now we use an affine change of the variable

(note: Egary is closed under affine transformations because f®(a-2+0b)=a?- f(a-z+0b) for
a,b € R,a > 0) to obtain a function F' € Epsy with support in the compact interval [0, A], for
some A > 0. We can arrange A such that we get for n € N:

|F0| < 277 - M, (4.1.4)

and such that F' is not the zero-function. Remark: In the inequality above we have C' := 1
and h :=1/2. Next we define the following functions:

A
£(2) = / Ft) - e*at (4.1.5)
0
which is the inverse Fourier-Laplace-transformation of ' and then the Mdbius-transformation

of f: o
17— 1w
ﬂw%—f<1+w>.

From (4.1.5) we get that f is an entire function and for z = z + iy, if Sz > 0, we can estimate
the integrand as follows:

|[F(t) - | = [F(1)] - [ |e=] < |F(2)],
=1 <1

because ¢ € [0, A], hence positive. Finally by (4.1.4) | f(2)] < || F||oc -A < A for all z in the upper
——

<My
half plane of the complex numbers and so f is bounded there. For the Mobius-transformation
above we get 1 — 0,—1 — 00,7 +— 1 and —i — —1 and therefore we see that g is a bounded
holomorphic function on the unitball D. But g is also continuous on D, except at the point —1.
By the uniqueness-theorem of the Fourier transformation we have that f cannot be identically
zero (because F' is not identically zero), thus g is also not the zero-function. Now we apply
theorem 4.1.2 to obtain

S ' 1og(‘g(ei9)‘)d€ > —00.

2 J_,

48



4.1 Denjoy-Carleman-theorem 1

If wesetx =1-

1—ef 0 dz _ 1 _ sin?(6/2)+cos?(0/2) _
1+:’79 - tan(ﬁ)’ then dig T 2.cos2(0/2) T 2-cos2(0/2) -
the integral above we obtain now with a change of variables:

1.(1+2?). From

L[ sl > o (116)

e 1+ 22

On the other hand when we multiply the function f with the term (iz)"™ we get by partial
integration of (4.1.5) (iterated application):

A

f(z) = (zz)_"/ FM(t) - e*dt for z # 0. (4.1.7)

0

To obtain the equality above note that F and all its derivatives vanish at the points 0 and A.
We restrict now f to the real axis and use (4.1.4) and (4.1.7) to get for all real x and all n € N:

2™ - f(z)] <27 M, - A (4.1.8)

This is clear, because we have only to estimate the integral in (4.1.7) and to note that x € R
and so |e!®| = 1.

From (4.1.8) we get for all z € R, > 0 by multiplying with the function Q(x):

Q) @) =3 1 i s a3 =24 (119)
n=0l_ n=0
<2—m.ANVn

Now we use (4.1.9) to see log(Q(z)) < log(2- A) — log(|f(z)|) and (4.1.6) together with the
monotony of the integral to finish the first step in this proof.

(2.= 3.) Clear, because ¢(z) < Q(z).

(3.= 4.) First we set a,, := Mé/". The log. conv. of the sequence (M,,), and My = 1 implies
by 2.0.4 that a, < an4q for alln > 0. If z > e - a,, then we get 7~ > €. So we conclude by
remembering the definition of the function ¢(z) that

n

log(q(z)) > log(L—) > log(e™) = n. (4.1.10)

n

Thus we get for every N € N:

o0 N € Qnp41 (o]
e-/ log(q(x))-j—f > e-Zn~/ x_de—&—e-/ (N+1) 27 %dx

“ 4110y "L o
N
1 1 N+1 1 1 2 N+1
= Zn(i_ )_|_ - 4 S 4
~ Gn  Gpy1 AN+1 a;  az Gz AN 41

So we finished this part of the proof.

(4.= 5.) First we remember that we have put

-1 ._ Mn—l

and the logarithmic convexity of the sequence (M,,),, is equivalent to the fact that (i), is an

increasing sequence, thus p;; ! > i, 1, for all n € N. Now we put as before a,, := MY™ and so
we get:
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4 The Denjoy-Carleman-theorem

— — MO Ml Mn—l
Mn'ull"'unlen'E'E”' i
N "

1/M;

(*) above holds because (1), is increasing, hence ;! < yi; ', for all i € N with i < n.

1/n
From this we get p,,;! < -- for all n € N, and the convergence of the series Y~ | (ML) =
o 1

>o>° | -L implies immediately the convergence of > > | =

n=1 a,

(5.= 1.) Our assumption here is Y, uln < co. We study the function f : C — C defined
by:

sinz\? o sin(u;!-2)

= . — Uy 4.1.11

Fo= () [, @.111)
n=1

Claim: f is an entire function, which is not identically zero.

First we remark that |1 — 22| — 0 for |2] — 0. So we can find a constant B > 0 such that

for |z] <1 we have

‘1 _E Bl (4.1.12)
z
For |z| < p, we get now
‘ sin(p,' - 2) | < B.\z|,
z Ln

and so we can estimate as follows:

oo . —1 A oo B . oo 1

21—w gzﬁ:B.m- Y — < (4.1.13)

=1 Hn 2 el o o Hn

——

< oo, by assump.

It follows that the series on the left hand side in (4.1.13) is convergent uniformly on compact
sets. Remember that p, — 0 for n — oo, because we have by assumption ) ;% < 00. We

use now 4.1.4 to conclude, that (4.1.11) defines an entire function f which is not identically
zero.

Claim: f is an entire function of exponential type which means: There exist constants A,C' > 0
such that |f(z)] < C-e?l*l for all z € C.
For this we calculate:

1t 1! i f!
7/ eFdt = = / cos(t- z)dt + = / sin(t - z)dt
2/, 2/, 2/,

= %[sin(tmz) . 7]171 +

This identity shows that for z = = + iy we get |%| < elvl, because we can estimate the
integrand for ¢ € [—1, 1] as follows:

’eztz| _ ‘ezt’ .’e—ty‘ < elvl < el#l,
~—~
=1

So we get | f(2)] < el with A =2+ 37 4 and we have shown that f is of exponential
type.
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4.1 Denjoy-Carleman-theorem 1

Claim: f satisfies for z € R and kK € N

2" f(2)| < My, - (Sh;xf. (4.1.14)

If © € R arbitrary then |sinz| < |z| and clearly |sinz| < 1. Hence for each k € N: we have

Hoo sin(p;, t-x)
x

ki1 - b, < 1 and if we split the infinite product we can estimate:

-
Sin -
(B - ) .

xX

o - f(@)] < lal"- (T) 11

n=1

<pn-|z|~1, for all n

)2 <sinx)2 M, M, M,
'/-}/].,U/k): ..

T "My M, My,
7% sinz 2
_Mo T ’

AN
RS
2
SHR=
S

and this shows (4.1.14).

Next we remark that ff(%fdx = 7 -|a| holds (see [4, p. 1083, integral (21.16)]), hence

1= (Siﬁ)2daz = m. If we integrate (4.1.14) for the case k = 0 we obtain

[ wwies [T (Y ar=r

—0o0 oo

and so f € L'(R). Furthermore f € L?(R) because f is a continuous function. Integrating
(4.1.14) for arbitrary k € N leads to

1 [ 1 [* /sina 2
,Lm|xk.f(x)|dz < M - ;/m(m;x) dz = M. (4.1.15)

™

So we have shown that the function f satisfies the hypotheses of theorem 4.1.3 (note: we
restrict now f to the real axis) and so we obtain the (classical) Fourier transform of f

1 [ ;
F(t) := ﬁ/ f(z)-e "dx fort € R,

which defines a function with compact support. Furthermore F' is not identically zero, because
f is not identically zero. (4.1.15) shows that 2* - f(x) € L*(R) for all k € N, hence F is smooth
and we obtain:
1 [ -
F®R (4) = o [ oo(fm)k f(x) e " da.

In particular (4.1.15) shows that ||[F®)| < $M, < M) holds for all k € N and so all
derivatives of F' exist and are bounded. We have F' € &;,/y, where C'= h = 1, and this shows
that &,y contains a nontrivial function with compact support and by theorem 4.1.1 £y is
a not quasi-analytic space.

Remark 4.1.6 1. Note that the proof for the Denjoy-Carleman-Theorem above uses theo-
rems and statements from complex analysis. In several steps we have defined functions
on the complex plane, then we have used complex analysis to prove certain properties,
and after that we have restricted them to the real axis.
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4 The Denjoy-Carleman-theorem

2. Condition (5), which is also called the non quasi-analyticity-condition, is the most popular
condition to characterize the quasi-analyticity of function spaces. Note that if one uses
the weight sequence m := (my)x, then condition (5) for Erary being not quasi-analytic

o0 Moy —
becomes ) .~ =t < 00.
- n

3. We recall: If Eary is quasi-analytic then there are no bump-functions, hence no &y -
partitions of unity. Because Eny € Eqary holds for all weight sequences M, we see by
restricting the Borel-map: If E¢pry is quasi-analytic, then so is Eyry.

An example of a quasi-analytic space is the space of all real analytic functions O, where we

have (M,), := (p!)p, hence (up)p := (p)p. Mo = 1 and we have already seen that (p!), is log.
Mp71

T = 3% 1 — o0 and we can apply 4.1.5 to get the quasi-analyticity for O.
D

p=17p

convex. Y2
So we see:

For any weight sequence N := (Np),, np == %, with the property sup, n;,/p < 00, we obtain
by (3.1.1) &ny € O. So we can restrict the injective Borel-map from O and obtain the
quasi-analyticity for £y}, and because &) C Eqny, for &), too.

The proof of 4.1.5 above has shown the equivalence of (4) and (5). This can be proven directly:

Proposition 4.1.7 Let M := (M,), be a weight sequence. Then we obtain the following

equivalence:
oo 00 1/n
M, 1
—_— _— - .
;0 My nzzl ( M, ) >

Proof. =>: Holds by 4.1.5, (4. = 5.)

<=: To prove the inverse direction we assume that ZZOZO MML < oo and we use the following
inequality, which is called Carleman’s inequality:
oo o0
Z(al cag- - ap)tm Se-Zan, (4.1.16)
n=1 n=1
where a; > 0, Vi, and > 7 | a, < oo. If we apply (4.1.16) to a; := MM‘l we obtain:
1
i %...Mn_l /n<eiMn_l<oo
Ml Mn - Mn .
n=1 \—/_/ n=1
_Mg__ 1
=Mn =My

O

To complete the proof above we prove now (4.1.16). Remark that in the literature there are a
lot of different possibilities and techniques to prove the Carleman inequality.

Proposition 4.1.8 [10, Proof 3, p. 3-4] Let (an)n be a sequence of positive real numbers and
we assume that fozl an < 00. Then the following inequality holds:

o0 o0
Z(al cag-an)m < e-Zan.
n=1 n=1

Proof. For the proof we use the known inequality between the arithmetic and geometric mean,
which we will call AG-inequality, and the following identity:

(k;!l)k:(H1>.<1+;>2...<1+;)k<ek. (4.1.17)

First we prove (4.1.17). The inequality part is clear from analysis since e = sup (1 + 1/k)*.
To prove the equality part we use induction on k:
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4.1 Denjoy-Carleman-theorem 1

k — k + 1: The left hand side gives

1 . 1 Rkt ;
Grn XD+ :(k+1)!'jz_:0( j )'(kH)

(]

k+1 k+1
1 k41 1 k+1 »
= < j > kD7 o < ' >'(’““)k -

The right hand side gives

1 1\? 1\* IR A (IS U ax g TR | 1
(3)- () = (3) -0 s) 25X -)~

\/124 ! ] (k+1)
k+1
1 kE+1
— 5 (") e
7=0

i=1 k=1 k- (k+1)

k=1
0o 1 k % 0 k! * k *
k! = -
\i’zk—kl ( ] a’) Z((k+1)k) (Ha’>
AG. k=1 =1 k=1 1=1
1
3

The inequality in the calculation above is strict because (4.1.17) is strict
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4 The Denjoy-Carleman-theorem

4.2 Denjoy-Carleman-theorem 2

We will give now a second proof of the Denjoy-Carleman-theorem, which is due to Hérmander
and uses again Carleman’s inequality. But, as mentioned at the beginning of this chapter, this
version doesn’t assume the log. convexity for the weight sequence. In this section let

’ M := (Mj); be an arbitrary weight sequence with My = 1. ‘

First define the sequence M* := (M?); in the following way:

i - 1/k
M; = ]gg M."", (4.2.1)

which is by definition the largest increasing minorant of the sequence (M jl/ I )j. We remark: If
we assume the log. convexity condition for (M;); then, by 2.0.4, the sequence (M jl/ i )j itself

is increasing, hence (Mjl/j)j = (M});.

Furthermore we introduce now the sequence M¢ := (My);:

M¢=inf{ M7 M : k<j<lLk#1}, M{=DM=L1 (4.2.2)

Clearly we have always M¢ > 0 for all j, unless the case where M7 = 0 for all j. Furthermore,
if weset | =4 and k < j — 1, we see that the set on the right hand side contains the element
M;, hence M7 < M; holds for all j. We show now: M*¢ satisfies the log. convexity condition.
The sequence M€ is the largest log. convex minorant of the sequence M. If M is assumed to
be log. convex, then M = M€ is satisfied.

Lemma 4.2.1 Let (M;); be an arbitrary weight sequence with My = 1. For the sequence M*
then we get:
(Mjc)2 < M](‘:—l ! Mjc-&-l

is satisfied for all j € N.
Proof. First we apply log to the sequence M€ and get

log(M5) := inf {é:li -log(My) + % log(My) s E<j<lk# l} , log(M§) =0.

We show now that the function j +— log(M5) is convex. Therefore put P; := (j,log(};)) and
Py = (j,log(M5)) and we denote with o the line segment from Py to Pf , where j_ < j < j;.
We assume now that the point Pf lies above o by an € > 0.

By definition of M¢ there exists a line segment o_ from P;__ to P;_, where j__ <j_ <j_4
and such that the point (j_,log(M; ) + ¢) lies above o—. One of the endpoints of o, we
denote it with P,,, has to lie below the segment o + (0,¢) and ny < j. Otherwise Pf would lie
below o + (0, ), which is a contradiction.

On the other side there exists a line segment o from P;,_ to P;,, with j,_ < j; <jii and
such that the point (j,log(M5, ) +¢) lies above the segment 0. One of the endpoints of o,
which will be denoted by P,,, has to lie below ¢ + (0,¢) and ny > j.

But so the point (j,log(M) — ¢) has to lie below the segment between P,, and P,, which is

a contradiction.

We set for all j € N
e M (4.2.3)
ni = - L.
7T M,
and obtain a sequence ¢ := (5);, which is then increasing. If M{ = 0, then we set (u$)~" :=
Q.
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4.2 Denjoy-Carleman-theorem 2

To prove the new version of the Denjoy-Carleman-Theorem we need two preparatory results,
which will be used later, too. In the first proposition we construct a bump-function with certain
estimates for its derivatives.

For this we define the function H, : R — R, where a € R, as follows:

H(z) = a or 0.<JL‘<CL (4.2.4)
0 otherwise.

By definition [* H,(z)dx =1 holds and if v : R — R is a continuous function we obtain for
the convolution:

oo

(us Hy)(z) :/ Wz — ) - Ha(t)dt = =" - /Oau(:c )t =al- /;u(s)ds.

— 00
Hence u * H, is C! with derivative

(ux Hy) (x) = W (4.2.5)

If u is a C*-function, then (u * H,)(x) is a C**!-function.

Proposition 4.2.2 [8, Theorem 1.3.5., p. 19-20] Let (a;); be a decreasing sequence of positive
numbers such that a := Z;io a; < oo holds and we define uy := Hg, * -+ * Hy, . Then
ur € C*"L(R) and supp(uy) is contained in [0,a]. For k — oo we have uy — u, where
u € E(R) and supp(u) is contained in [0,a], too. Furthermore [~ u(x)dz =1 holds and we
obtain the following inequalities for all j € N and x € R:

) 1 o0 ) 27
|u(J)(x)| < 5 / |u<J+1)(x)|dx < o

—0o0

Proof. By definition uy(x) = (Ha, * Ha, )(x) = a7’ [* H,,(t)dt, hence u; vanishes except

r—aq

in the interval [0,a0 + a1]. Furthermore u1(0) = ui(ag + a1) = 0 and because a1 < ag:
ui(ar) = a7t - [o" Hao(t)dt = ag ', wi(ag) = ay* - i Hao(t)dt = ag*.

From this we get: wu; is increasing linearly with slope (ag - a1)™" in [0,a1] to ay*', then it is
constant ag® in [ay,ap] and decreasing linearly in [ag,ag + a;] to 0. Thus u; is continuous
on R, which implies u;, € C*~' by the definition of u; and the remarks above. We have

75 ui(x)de = 2- -+ 924 = 1 and the support of uy, is contained in the interval [0, Z?:o a;)

because supp(uy) = supp(ug—_1 * Hy, ) C supp(ux—1) + supp(Hy, ).

Let v,w : R — R be two continuous functions with compact support such that ffooo v(x)dr =
J75 w(z)dz =1, then
/ (vxw)(z)de =1 (4.2.6)

holds. This follows by Fubini’s theorem:

[ @ [~ ([ e wty)as
=/_O;w(y)- (/_Zv(x—y)dw>dy=/_zw(y)dy=1-

In particular we have [* wg(2)dz = [7_(ug—1 * Hq,)(z)dz = 1 for all k and furthermore,
because [* H,, ()dz =1 holds for all a;, we get

/00 (Hqj * -+ % Hy, )(x)dr =1 (4.2.7)

—00
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4 The Denjoy-Carleman-theorem

for all j, k € Nwith 0 < j < k. In the following we write (7,u)(z) := u(z—a) for the translation
by a. Using this notation we can write for uy = Hy, * (Hg, * -+ % Hy, ) by (4.2.5):

(@) = W2 o)) = oy v e )0 20) _ Ly h oo H, ) (2,

ao ao

Iterating this procedure we obtain for 1 < j < k — 1 the following expression:

Z

ul) = (ﬁ ! (id — Taz)) (Hq, % - % Ha,). (4.2.8)

=0
We remark that one can always estimate the convolution v+ w by sup,cg [v(z)]- [*2_ [w(y)|dy.
Hence for 1 < j < k — 1 and arbitrary = € R we have
27
lu (z)| < o | (Ha, * (Ha,,, % * Hg,)) ()|
(4.2.8) !
27 *°
< o | )]+ [ [(Hap =00 Ho )0
ap---Gj—1 yeR —oo
27

\_/'/ ap a;
(4.2.7)

and

o0 i 2j [e's] 2]‘
/ |u,(€])(x)|dx < 7/ ’(Haj*~-~*Hak)(x)|dx = —.
oo \/CLO"'aj—l — ~~ ap-aj-1

(4.2.8) (4.2.7)

We summarize: For 1 < j <k — 1 we have

. o0 . 27
|’LL§€J)($)| < forallz € R and / |u,(cj)(a:)‘d33 < — (4.2.9)
aoa.aaj —c0 aono.aj_l

Let h,¢ : R — R be continuous functions with compact support, ffooo ¢(x)dx = 1 and put
hg := h* ¢. For y € supp(¢) we have:

(h— ho)(a |—\ [ x—y>>-¢(y>dy\s s |h(e)— hz— ). (4.2.10)

yEsupp(¢)

Now we estimate for all k € N and m > 2:
|(Uktm — Um)(2)| = |(Um * (Ham+1 "k Ham+k) Um ) ()]
u;n('r)’ < ——— (am1 o+ Amyk),

S Ao, + e + Am . g
= (@m+1 +k) sup - oo a
(4.2.10) (4.2.9)

-x H

where we have used (4.2.10) for h := wuy,, and ¢ = H, , * amsr With supp(¢) C
[0,am+1 + -+ + @m+k]. So (ur)r has a uniform limit u := limg_ . ur. We can repeat the

calculation above for the derlvatlves u( ), j <k—1,and so u¥) = limy_.o u,g ), hence u € E(R).
By (4.2.6) we have [*_u(z)dz =1 and (4.2.9) 1mphes the required inequalities for the function

u.

2

O

As mentioned we have always sup, cg, |(uv)(2)| < sup, g [u(z)|- [~ [v(y)|dy. So in proposition
4.2.2 we obtain

SUp [t 45 (2)| < sup [um (z)] / |(Hapyy %o % Ha, ) (y)|dy = sup [ug ()]

z€R RSN —oo zER

for all m € N and k € N, hence sup, g |u(z)| < ag’.

The second preparatory result is the following:
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4.2 Denjoy-Carleman-theorem 2

Proposition 4.2.3 [8, Lemma 1.5.6., p. 20-22] Let T > 0 and u € C™((—00,T)]) a function,
which is vanishing on the negative half axis. Furthermore let (a;); be a sequence of positive
decreasing numbers such that T < 27;1 aj. Then

lu(z)| < Z 2% .ay---a;- sup ’u(j)(y)| (4.2.11)

GE€Tm yeR: y<x

holds for « < T, where the set J,, is defined as follows: Jp, :={j e N:1<j<m, aj41 <
a;} U{m}.

Proof. With the notations defined above we get u(z) = (H, * (a-u'))(2) + (r,u)(x) for any
a, because the right hand side is equal to

a ! -a~/i u/(t)dt—l—u(x—a) =u(z) —u(x — a) + u(z — a).

So for 0 < j < m — 1 we have

W) = H

aj+1

s (@i - u ™) 47, 0w, (4.2.12)

To prove (4.2.11) we start with 7 = 0 and use iterated application of formula (4.2.12) and the

property 7,(f * g) = f * (7a9).
In the following we will consider terms of the form

Ta, -+ Tag, Hay * -+ % Hq, *al---aj-u(j); i<m,j<m and ag, > a;, V1,1 <i. (4.2.13)

The condition ag, > a; for all [ with [ <7 has the consequence that Tay, - - - Tay, is a translation

by at least 25:1 a;. We call an expression in (4.2.13) a legitimate term of type (i,7) and we
will represent it by the point (i, j) € N2, Furthermore we introduce the set Z C N? as follows:

Z:={(i,j) eN*:0<i<m,0<j<m,aj1 > a1}

If i, 7 < m, then we can apply (4.2.12) to (4.2.13) and obtain two new terms:

+1)

AU ¢ ) U ¢
Takl...TakiHal* *Haj*al a;j-u —Takl...TakiHal* *Hajﬂ*al ajy1-U

+ Tay, - Tag, Taj 1 Hay %+ % Hoy % a1+ a ),

The first new term above is clearly a legitimate one of type (i, + 1), the second new term is
legitimate of type (i + 1, ) if and only if aj41 > a,41 is satisfied. Thus we see: If we take a
legitimate term of type (7, j) such that additionally (i, j) € Z is satisfied and apply (4.2.12) to
it, then, because a;1 > a;4+1 holds now by assumption, the second new term is legitimate of
type (i + 1,4), too.

We start with j = 0 where we have by (4.2.12): u = H,, *ay - ' + 7q,u. Thus the first
term on the right hand side is clearly legitimate of type (0, 1), and the second of type (1,0).
Additionally the second term of type (1,0) is always contained in Z, because as < aq holds by
assumption. But the first term (0,1) lies in Z if and only if a; < ag, in particular if a; = as
holds. Hence either (0,1) € Z or as < aj, which means 1 € J,,,. If 1 € J,,,, then the term (0, 1)
occurs in the sum on the right hand side of (4.2.11). In the following we distinguish two cases:

If i, < m and ¢ > j, then by assumption on the sequence (ax); we have aj+1 > a;41 and so
(i,7) € Z holds. We apply (4.2.12) and both new terms belong again to Z unless the cases
where i +1 =mor j+1 =m: (i,7+ 1) € Z holds because j + 1 < i by assumption, so
j+2 < i+ 1 which implies aj42 > a;41. (1+1,)) € Z is satisfied because a;12 < a;41 < ajy1.
If j+1=m, then j+1 € J,, and the term (i, + 1) occurs in the sum on the right hand side
of (4.2.11).

If 4,5 < m with ¢ < j and (4,j) € Z, then the term (i + 1,7) lies again in Z unless the case
i+ 1 = m: This is clear because a;12 < a;41 < ajy1. For the term (7,5 + 1) we have to
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4 The Denjoy-Carleman-theorem

distinguish: Either j +1 € J,,, which means a;42 < aj41 or j +1 = m. In this case the term
(4,7 + 1) occurs in the sum on the right hand side of (4.2.11). Or j + 1 ¢ .J,;,, which means
Ajy+2 = Aj41, but then Ajy2 = Aj41 Z 41 holds and so (Z,j + 1) S

Hence we see: We can iterate the procedure above and it stops because u is a sum of terms in
(4.2.13) with either ¢ > mor j € J,,, and i +1 < j < m. The terms (i,7) for ¢ > m vanish
because if ¢ > m and j arbitrary, then Tay, - - - Tay, 18 a translation by at least St If
i+1<jforje€ Jp, then the term (7, 5) occurs in the sum on the right hand side of (4.2.11).

The number of legitimate terms of type (i,7) is at most 27 because each term corresponds
to an increasing path from (0,0) to (i,7) in the lattice Z2. So one needs i + j steps with at
most two alternatives for each of them.

Finally we remark that » . ., j 2i+7 < 227 holds for all 4,7 € N. We show this by induction.
If j =1 we have 2 < 22. For j — j + 1 we calculate:

Z 2i+j+1 =9. Z 2Z+j =9. Z 2Z+]+222] < 222] +22j+1 :2,22j+1 :22]"'!‘2.
i<j+1 ii<j+1 1:4<j L.H.

This shows the required estimation (4.2.11) for the function w.

O

If we drop the assumption T' < Z;n aj, we set c : Zm o and apply the result above to
ey
u(c-x) for x < Z;nzl aj < c¢-x <T. Hence we obtain for x < T" the new estimate

@) < Y (e -ar---a; - sup [ul(y)].

jE€Im yeER: y<x

Now let us assume that

. Di
|u (z)| < ——— for j € Jp, z<T, (4.2.14)
al PR a]

for a constant D > 0, then we have [u(z)| < > ;- (4eD)? for & < T. Let 4¢D < 8cD < 1,
then

8T'D YT
lu(z)| < 8D = m for z<T< J&T' (4.2.15)
This holds because [u(z)| < Y2, (4cD) <377 (4eD)! = 1285 < 8¢D: The last inequality
is equivalent to 8c¢D < 1.

If we assume that u is a smooth function, 23—1 a; = oo holds and (4.2.14) is valid for all j € N
(or for all j in an infinite subset of N), then by (4.2.15) we see: u = 0.

Now we can formulate and prove the new version of the Denjoy-Carleman-Theorem:

Theorem 4.2.4 [8, Theorem 1.3.8., p. 23-24] Let M := (My)y be a weight sequence with
My =1, K CR an arbitrary closed interval, then the following conditions are equivalent:
(i) The space Eqary(K) is quasi-analytic.

(1) 2520 A/l[, = 00, where M} := infy>; M,i/

k

1/3
(vi1) Z;O 0 (Mc> = oo, where (M5); is the largest log. convex minorant of (M;);.
1

(iv) Y207, (1)~ L= 2

= oo, where (u§)~" =
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4.2 Denjoy-Carleman-theorem 2

Proof. First we consider the case, where the sequence M* := (M. ;) j is bounded: 3 C' > 0 such

that M} < C for all j € N. Thus lim; M,ij/kj < C for a subsequence (k;);. Now we take in

(4.2.2) k =0 and let { run through the subsequence (k;); to see

M < inf{MJ™ M0 < j < 11# 0} = inf{M;7,0 < j < 1,1#0},
which implies

C7- Mo > M§ = Mo~y p§ > Mo~ (5 pf_y) - ()~ fori <.
Then we fix i, take the j-th root and let j — oo. So, by

Jitl) /i _ "
29

i (- g ()

we get uf < C and we estimate Y207 (u$) ™" > 3222 & = oo, which shows condition (iv).
By assumption we have % < 1\/1[ for all j € N, which shows (i4) and furthermore % <
i

1\ /K 1 \1/k;
()" < ()™
Condition (i) is also satisfied: Let f € Eqay(K), and f) () = 0 for a point zy € K and all
j € N. Then we use Taylor’s formula to estimate for every x € K the residue term:

, which shows (#i1).

M k;

[f(@) < DB - o — ol - ==
k!

(4.2.16)

If we apply the kj;-th root of (4.2.16) then, by Stirling’s formula, one can see that

1/k;
1 J e __1
2 ~ & (ork )T
(kj!) kj (2mk) ’

1

which tends to 0 for j — oco. Note that lim;_, Mk/kj < C, so the right hand side in (4.2.16)

tends to 0 if j — oo, which shows (7). ’

In the following we assume now that the sequence M* := (M?); is not bounded, thus lim; .. M. ]-1/ I =
0.

(#ii) < (iv): The sequence M¢ := (M7); is log. convex with Mg§ = 1 and so we can use here
4.1.7 for the sequence M°€.

w) = (4%): assumption lim;_, o M; ' — 00 holds, a ing the function log to the sequence
(iv) = (ii): By ption limy_ oo M, holds, applying the f log to the seq
(M;); leads to lim; o % -log(M;) = co. Thus the points (j,log(M;)) will lie above lines with
arbitrarily high slope for j € N large enough, hence by definition all M¥ are positive and
furthermore 1imj_>oo([l§)_l = 0. Now we define the set J := {j € N : K < p§4q}. At points
(j, log(M5)), where j € J, the function j — log(M5) has a corner.

We show now: M7 = M; holds for j € J. So let je J and k < J <, then we estimate

1= izk =g i=r A=) (G—k) (=3 (i=k)
- — I—k I—k LTI R) MN=I)NI—FR)
Mh MR = MM = M ()T () E
~ ~—~
M;>M§ Y j ()
'uc L 1/2
c 7+ c
> M; < e ) > M.
(%) ——
>1

(%) holds, because the sequence p° is increasing and (x*) < 2(I—j§)(j — k) > (I — k) & 2 >
A4 ji 7 1s clearly satisfied. So the infimum in the definition of M7 is attained at j =k or at
l, hence M; = M5.
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4 The Denjoy-Carleman-theorem

Because (p$); is increasing we have M{ = Mg - puf--- p§ < (,uE)J for all 7 € N and so we get
for j € J
i 1/j c j c
Mi< MY = (MHOYI <y, (4.2.17)
jed
where the first inequality above holds by the definition of the sequence (M ;) ;- Let j € J be

given and assume that for a k € N with k& < j, k¥ <1 < j implies [ ¢ J. Then clearly pf = p§
holds for all [ with k¥ <[ < j and it follows for such I:

M} < M; = ps = . (4.2.18)
(4.2.17)

Thus (4.2.17) and (4.2.18) together imply M} < u§ for all j € N.

(44) = (ii1): The function j — log(M5) is convex and Mg = 1. Applying 2.0.4 we obtain: The
sequence ((M. ]-C)l/ J )j is increasing. The sequence (M}); is by definition the largest increasing

minorant of (Mjl/j)j and because (Mjc)l/j < Mjl/j for all j we have (Mjc)l/j < M for all j.

(1) = (iv): Let us assume that (iv) is not valid, then we set a; := (u§)~" and by 4.2.2 there
exists a non-trivial function u € £(K) with compact support and

27

S -
~—~ al P aj
(4.2.2)

|u(j)(x)| =2j-ui~--u§=2j-M]¢§2j~Mj,

hence u € Epry(K) where C' =1 and h = 2. But u # 0 and so condition (i) is not satisfied.

(iv) = (i): Again we put a; := (p§)~" and remark: The set J,, which was defined in 4.2.3 is

now by definition the set {j € J : j < m}U{m} and for j € J we have Mj=M;§ =pui- - p5=
1

If u € £y (K) with compact support then we obtain (4.2.14) for j € J. By assumption

a1~~aj'

the set J is infinite and Zj‘;l a; = 0o0. So we can apply now (4.2.15) to conclude u = 0.

Remark 4.2.5 Both proofs of the Denjoy-Carleman-theorem are given for dimension n = 1.
But the higher dimensional case is equivalent to the one-dimensional case:

It’s clear by restriction of the Borel-map, that the quasi-analyticity of the higher dimensional
case implies the quasi-analyticity of the one-dimensional case.

Conversely assume that Eqpry is quasi-analytic for the one-dimensional case and assume that
there exists f € Eqpry in the higher-dimensional case such that jg°(f) = 0 and f is a non-trivial
function. So there exists a point xo € R™ such that f(xo) # 0. But then we can restrict f to
the straight line | := {t -z : t € R}, which is passing through the origin and xy. So we get
fli #£ 0, which is a contradiction to 4.1.1.
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5 Surjectivity of the Borel-map

The goal in this section is to prove a full characterization for the surjectivity of the Borel-map
in terms of the weight sequence as given by [22].

. . . M .

First we recall notation: The sequence p := (pp), is defined by p, := Mp: = % forp >0
and po := 1. So, if My = 1, then we can write M, = Hf:O 1; to compute the sequence
M := (M,),. Furthermore we put in this section u* := (y;),, where i = =2 = T::: for

p >0 and pf:=1.

For the proof of the central theorem in this chapter we have to assume that the sequence (),
is strict increasing, pg = 1 and furthermore we assume the non-quasi-analyticity condition
for (Mp)p, which means 3772 #—117 < 0o. Hence the sequence (M,), is then log. convex and
tp /" oo holds. Under these assumptions the spaces E(pry resp. €y are rings by 2.0.8 and,
by 4.1.5, &y is not quasi-analytic.

We recall: If one assumes only that (u,), is increasing, then by 3.1.1 we can change the weight
sequence into a new one such that the associated function space does not change and the new
sequence (fip), is strict increasing.

We introduce now several further conditions for the sequence (p)p:

(a1) 1 1= g, )/ o

(B1) & 3k €N liminf 242 > (8) & inf 222
pP—00 iy p21

>1

1

M, p-(k—1) 1
(ﬂg):<:>Vs>OEIkEN,k>1zlimsup<]Wkp —<e
P
P

p—00 Hkp

(89) & 3k eN: lim 22 = oo

P00 iy

N 1
(71) & sup py, - Z— < 00
peN  sp M

1
= JkeN: lim pu) - — =0
(72) Jm g >
j=kp
First we remark that the following implications are obviously true: (i) implies po = 1 and
tp /" 00, furthermore

(B9) = (B1), (83) = (B1) and (12) = (1) = 221 5 < o0,

Hp

which is the non-quasi-analyticity condition. Another consequence is:

(B1) & 3k € N: liminf 222 > k. (5.0.1)

P00 [l

It follows immediately by definition: If p,, /" oo and py = My = 1, then M, /" co and the
condition (o) implies the log. conv. for the sequence (m,)p.
We recall: For weight sequences M := (M,), and N := (N), we write M ~ N if

M 1/P M. 1/17
0< inf<p> < sup(p) < 00,
p \ NV, » \IVp

in particular if M < N and N < M holds. So M =~ N = &) = &) and, if M and N both
are assumed to be logarithmic convex, then we have by 3.1.3: iy = Evy & M =~ N.
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5 Surjectivity of the Borel-map

We can define a new equivalence relation ~* for sequences as follows. Put v := (1), vp :=
N .
<+, then we say v =* p, if

Ny, 1’
M, -N,_ M, -N,_
0<inf@§sup@<oo<:>o<inf p Plgsuppipl<oo
P Vp p Up p Np-Mp_4 p Np- My

is satisfied. So it follows that the conditions (32), (39), (y1) and (72) are stable under ~* and
v Y p s vt &t where v = %". We note that the relation ~ is obviously strictly weaker
than ~*.

’ In this chapter we will consider the one dimensional case. ‘
Solet K C R be a closed interval, then we recall the definitions of the function spaces associated
to a weight sequence (M,,),:

Eany(K) :={f € E(K) : |flgn < o0, Vh >0},
the Beurling-case, resp.

Eny(K) :={f€&(K),Ih>0:|f[kn < o0},
the Romieu-case, where we set

[fP(y)]

flucn = I

To study the surjectivity of the Borel-map j°° we recall the definition of the introduced sequence
spaces: For a sequence = := (zp),, zp € C we put

||, := sup 25| ;
pEN hp'Mp

and then we define: Aprp, := {x = (zp), : zp € C, |z|), < 00}. Furthermore we set
Aoy ={r=(2p)p 12, € C,Yh >0 |, < 00},

and
Ay ={x = (2p)p 2, € C,3h >0 2] < 00}

We remark that these sequence spaces are endowed with a natural projective resp. inductive
topology via Ay := lirzl Aprpand Agppy o= liril Apr,p. Furthermore they are both rings with

respect to convolution (z xy), := > p_o Tk * Yn—k, because:

(@ % y)nl Do [Tkl - [yn—k]
= RS =
(@ xy)lan = sup oo < S =y,

~ 1 |k |Yn—|
<swd o\ g ey ) <
(0) n k=0 k n—k
——_— ——

<|z|n<oo <lyln<oco

(¢) holds because (M,),, is log. convex and My = 1, so (2.0.6) implies My, - M,,_, < M, for all
n, k. Note that the estimate above is valid for the Romieu- and the Beurling-case.

By the definitions above we obtain in this notation
where j(f) := (f*(0)),.

J* is a linear and bounded operator in both cases, because for all f € £ (K) resp. f €
Eny (K) we can estimate:

‘joo(f)|h = ’(f(p)<0));0|h < ’f‘K,h'
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A mapping E : Aqary — Eqary(K) resp. Bt Ay — En (K) such that j o B =idy,,, resp.
J% o E =1idp,,, holds, is called an extension operator. If such an extension operator exists,
one can say that the Borel-mapping j°° admits a section. In the following we put K = [—1,1]

and formulate now our central theorem in this chapter (see [22, Theorems 2.1., 3.1. 3.4 and
3.5.]):

Theorem 5.0.6

(I) For the Beurling-case the following are equivalent:

(i) There exists a continuous linear extension operator E.
(i1) The sequence (up), satisfies condition (031).
(13) The sequence (pip)p satisfies condition (y1).
(iv) The Borel-mapping j°° is surjective.

(II) For the Romieu-case we obtain:

(a) We have an equivalence between

(i) There exists a continuous linear extension operator E.
(13) The sequence (i), satisfies condition (52).

(b) Furthermore the following are equivalent:
(i) The Borel-mapping j* is surjective.
(13) The sequence (p)p satisfies condition (51).
(13i) The sequence (up)p satisfies condition (y1).
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5 Surjectivity of the Borel-map

5.1 Proof of the surjectivity criterion

In this section we will give a proof of 5.0.6, but first we need some preparations and we start
with a comparison of the introduced conditions for a fixed sequence p := (pp),. We remark

that for these comparison results it’s enough to assume that (p,), is increasing, po = 1 and
oo 1
Zp:l ; < 00.

Lemma 5.1.1 [22, 1.1. Proposition, p. 800-301] Let p = (u,), be an increasing sequence
such that po =1 and Z;ozl /% < oo hold.

(a) The following statements are equivalent:

(1) p satisfies condition (v1),
(ii) w satisfies condition (1),

(iii) There exists a sequence v := (vp)p, such that v ~* p and v satisfies (a1) and (37).

(b) The conditions (v2) and (89) are equivalent for y.
Proof. (b) (y2) = (69) : First we put A" := p* - > iskp i < 00, then clearly, if k is chosen
like in (}2), we have A, — oo for p — oo. So we obtain condition (39), if we estimate as
follows:

« 2kp
Hag 1 A
5y a3 Lo
Fr j=kpr1 1

The first inequality holds because

1 <81 —kpt1 7

— >4, Z el L*lﬂf,

Hp j=kp1 H ijkp Hi
and the second inequality follows by

2kp

1 M2k 1 1
* D
Hin D G 2 gy e =y
jmhpt1 Hj ned D H2kp

(89) = (72) : If k is now given as in (39), then for all ¢ > 1 there exists py € N such that for
all p € N with p > pg

Y (5.1.1)
py ke pp
holds. We show (72) with the following estimate:
1 =Mt > =1
PIEd DED DR R DLL R Rl Gt VD
jzkp & I=1 j=kip Hi w incr. =1 Hitp =1 Mklp
k—1 k—1 k—1 1
~ My = Ky q—1 Ky q—1

—0, for g—oo

(a) To show (ii) = (i) we can use the estimate of (39) = (72) above: Condition (3;) means
that there exist ¢ > 1,pg € N such that for all p € N with p > py equation (5.1.1) is satisfied
for k as in (f1) and so we get

1 [e%) p—1 1 (%) [e%s) 1
IR S SEF S ST UNTSIS S
Jjzp luj =0 j=Fk'p Iuj w incr. =0 :U'klp =0 Mklp

k-1 i 4, k=1 ¢
S : q = —
R , * * q— 1
(5.1.1) I &
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5.1 Proof of the surjectivity criterion

. U 1 1 S ;

(1) = (4i3) : First we define a sequence 7, = E +> k>p T Because the sequence p is
— ptl p 1 . .

incr ing w - = _ . = — < hen p 1 T 111 11CE.

creasing we see: Tpy1 — Tp = 7 < 0, hence (p)p is a decreasing sequence

Condition (7;) implies that there exists A > 1, such that

pp _ 1 _
— < =< 1.2
A ST Sy (5.1.2)

which is equivalent to 0 < Tt < ZT

"'p ﬂp

<11 < o for all p, hence (p Tl) ~* pp. So we see that
™ /p

(”TL) satisfies conditions (v, ), which is stable under ~*, and condition (a1): (%) = Tlis
p P p p P

increasing because (7,), is decreasing. We denote this new sequence (%) in the following
P

by (fip)p and define a sequence (7,), as above, which means 7, = 22 + 3, ™. Finally we
set v 1= . (vp)p satisfies again the conditions («a 1) and (1) hke above but
also (ﬁ?). For this we estimate for p > 1 where we set again v, := % = ?:
P
* ~ €1 1 1 1 2p—1
Vop  Tp By +Zk2p Pk > A3y +Zk2p fir 14 Zk =p Mk
D U o S BN R T« N S i
Vi T Gt ko g;\}; i T 2 k2 iy i T k2 i
1
b4
> 1t —1y P > s
~ s, Zk>2p i T2p - H2p ~~ 2A
[ incr. (5.1.2)

(#91) = (i1) : By assumption there exist H > 0,q > 1 such that for all p > 1 we have

H pSMPSH'V

If we take | € N large enough, then we get (1) b

V
“2lp>H2 22> gt g >
,U/p VP

Remark 5.1.2 We have shown (1) < (B1). Hence also condition (1) is invariant under
relation ~=* and we remark that the equivalence is very useful because condition (1) is more
complicate than (f1).

We prove now the following corollary:

Corollary 5.1.3 [22, 1.8. Corollary, p. 301] Let u = (up)p be an increasing sequence and
© 1 .
po=1,> -4 7, < 00, then we obtain:

(a) If a weight sequence (uyp), satisfies condition (1), then there exists € > 0 and a sequence
(Vp)p, such that (vp)p ~* (1p)p and the sequence (v, - p~%), satisfies (aq) and (y1).

(b) If (up)p satisfies (y2) then the conclusion of (a) holds for arbitrarily large €.

65



5 Surjectivity of the Borel-map

Proof. (a) We assume (1), then 5.1.1 (a) shows: (71) < (B1), hence there exists k € N, such
that lim,_, o inf iﬁ = ¢ > 1. If € is chosen in such a way that ¢- k= > 1, then the sequence

(pp - p~%)p satisfies (B1), too. So, by 5.1.1 (a), the conclusion follows.

(b) This statement follows analogously as above: We have (72) = (71) and by 5.1.1 (b) the €
can here be chosen arbitrarily large.

The next lemma gives equivalent conditions for (33):

Lemma 5.1.4 [22, 1.5. Lemma, p. 302-303] Let v = (up), be an increasing sequence, then:

1/(p—3)
(a) For 0 < j < p we obtain: The mapping ¢ : Nx N — R, (p,j) — (%) , 15 an
increasing function in both variables.
(b) Furthermore the following statements are equivalent:
(7) (pp)p satisfies condition (B2),
1/(p—3)
(#4) 31: Ve>030<B8<13py: Vp=podj: B-p<j<p: (%) <e- up,

(#4i) V6>030<B<13p0:Vp2p0:manggp%’;-#§€p.
P

Proof. (a) By assumption (p,), is increasing, with other words the sequence (M,,), is log.
convex and so we can use 2.0.4 to obtain the result. More precisely: Fix j, then define a

sequence (Ni)r with Ny := % = pjy1- - pij+x and No := 1. Thus (Ng) is again log.
1/k M, 1/(p_j) . . .

convex and so by 2.0.4 we see that N,'"~ = (Vp) is an increasing sequence, where
g J

p:=k+j.

(b) (i) = (i) : We set 3 := 1, where k = k(g/2), and € > 0 is given by condition (35). Then
we use (a) to estimate for large p, where p < kj < 2p:

(1\4])) 1/(p—3) - L - (Mkj)l/j(kl) . L <.
M; pap =~ \ M; Hhej ~~~

(a), p incr. (B2)

(i1) = (iii) : We apply (ii) for 3 < 1 and because of (a) we can assume j < fp and 3 < 5.
We put ¢ := [p/l] and estimate for p large enough:

1/(p=4) 1/(p=7) 1/(p=7) .
<Mp> 1 <Mp 1 ) - (Mq , 1) < SLEL o /i)
M. o M; 'ug—J ~~\ M; M?q‘] ?—’; >

J
()

(%) holds because M, - u?q_ i< M, - ug_j . The last inequality is valid because € < 1 and:

3l-(q—j) = 3lqg—3lj > 3lqg—3lp/(2l) = 3lq — 3p/2
>3-(p—1)—3p/2>psp/2 >3,

which is true for large p and given [. To obtain the result we can decrease j by (a), because
(47) holds for large j.
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5.1 Proof of the surjectivity criterion

(#41) = () : First we choose % < 3. Hence for p = kj we have j < Bp and so we see for large j

and € < 1:
N 1/5(k=1)
(MM> Loy e
M; [ikj =~

(2i1)

Remark 5.1.5 A further easy implication for increasing p is (89) = (B2), because first we
take k € N, which is given by (89), and then we estimate:

( Moy )1/P(2k—1) 1 ( » p(2k—2)\ /PCE=1) 1 (M2p >1/(2k1)
' S\ Mg ) . = = ,
M, fogp ~~— \ 2P 2kp Liaor .
~—— W oiner.
Hp+1-H2kp

and by (89) the right side tends to 0 for p — oo.

For the first important characterizing result we need the following lemma, which is related to
4.2.2.

Lemma 5.1.6 [22, 2.2. Theorem, p. 306] Let (Mp), be a log. conver weight sequence with

My =1 and assume that a = Z;O 1 # < 00. Then there ezists a smooth function ¢ which

support is contained in [—a,a), such that 0 < p(z) < 1 for all x € [—a,al, and ¢ (0) = 3p.0-
Furthermore we have ||<,0(7”)||Oo < 2P .M, forall p € N.

In particular one can say: ¢ is a non-trivial function (p(0) = 1) with compact support and
0 € &y (take C =1 and h =2). Thus, by 4.1.1, the space Egpry is not quasi-analytic.

Proof. To prove this lemma we change the proof of 4.2.2 in the following way: We set
H,(x) := a~! for —a/2 < x < a/2 and H,(z) := 0 otherwise, so [ H,(z)dx = 1. If u is a
continuous function we obtain for the convolution

B a/2 z+a/2
(ux Hy)(z)=a""- / u(z —t)dt =a™'- / u(t)dt

—a/2 —a/2

and (ux H,) (z) = “(“‘*G/Z);"(I*a/m which is a continuous function.

Now we put a; := uj_l hence p19p = ag = 1 and the sequence (a,), is decreasing. Furthermore
a = Z; 1a; < oo holds. Then we define the functions ¢ = Hao * oo ox Hak and ¢ =

limg o0 . Thus f_oo (z)dz = 1 holds for all k and ¢y, is a Ck—1_function. We follow now the

proof of 4.2.2: First analyze the function ¢; () = aj *- ;j;lll//; H,, (t)dt. Tt is identically zero in

(—00, —ag/2—ay/2] and in [ag/2+ a1 /2, 00), identically ag* = 1 in [~ao/2+a1/2,a0/2—a1/2).
Furthermore it is linearly increasing with slope ﬁ in [—ap/2—ay/2, —ag/2+a; /2] and linearly

decreasing with slope —— 1a1 in [ap/2—a1/2,a0/24 a1/2]. Thus we see that ¢; is a continuous
function with support in [—ag/2—a1/2,a0/2+ a1 /2] and so ¢ is by definition a smooth function
which support is contained in [—a,a]. (4.2.8) in 4.2.2 changes into the following form, where
1<j<k—1:

-1
. 1 - ~
o0 = (TL o =) ) f, wovov By, 5.1
i=0

The other conclusions in the proof of 4.2.2 are valid and because of the definition of the sequence
(a;); we have aO_Q_I_)a =22 pug---pp = 27 - M, for all p, hence the required estimations are
P

satisfied. Now we prove the property ¢ (0) = .0
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5 Surjectivity of the Borel-map

First we see that p(0) = ag ! = 1. All the H,, are by definition even functions, which means
H,, (x) = H,, (—x) for all x and k. Let f, g be two even functions, then the convolution f g,
if it exists, is even, too:

U= [ T -y aly)dy = / T He— ) - g(—y)dy

= [ sterngenar o - [ iy o)y = (o)),

Hence for all j and k the functions lflaj * ook ﬁak used in (5.1.3) are even, which implies
goéj)(O) =0for 1 <j<k—1andso ¢ (0)=d,p0.

O
With these preparations we can prove now the first important proposition.
Proposition 5.1.7 [22, 2.1. Theorem, p. 305-308/
(a) Let = (tbp)p, o = 1, be an increasing sequence such that condition (1) (= Z;il ;Tlp <

00) is satisfied, then
(i) there ewists a continuous linear extension operator E : Ay — 5(M)([—1, 1}), in
particular the Borel-map j* : E ) ([—17 1}) — N(ary is onto
(i) 7% : gy ([=1,1]) — Aqary is onto.

(b) Let p:= (pp)ps po = 1, be an increasing sequence such that 3 2 | ui < 0o and assume
P

additionally condition (B2). Then there exists a cont. linear extension operator E :
Ay — Epny ([-1,1]).

Proof. To prove (a)(i) we will construct a family x := (x;), of functions such that x, € )
for all p € N and such that all x, have compact support. Furthermore we will show that

x,(,j)(()) = 0, and |Xp|]Rh < Cy - % holds for all small A~ > 0 and constants C}, and Hj,

depending not on p.
Because then we can define for a sequence x = (1), € A

E(x) := pr “Xp»
p=0

and with this definition we can show now that E(z) € ) ([—1,1]) for all z € A(ps) and the
continuity of E which can be stated as follows: For all A > 0 there exist K,k > 0 such that

‘E(m)‘[_l yn SK- 2|1 holds for all x € A(pyy.
Therefore we take h > 0 arbitrary, put k := ﬁ and estimate for x € A¢ypy and y € [—1,1]:
EO@)w)] <> o] - XY@ <lele-Cn- bt M- (k- Hy)P,
p=0 b p>0

- » . . p
<|z|p-kP-M, ghLM,,-Ch,-%

and so we can write |E(x)’[_1 S |zl - Ch - 32,50k - Hp)P = |z[k - Cp - 2 < 00, hence we
sl = N——
1/2

have E(z) € &) ([-1,1]) and |E(z < 2 Cp, -|z| which implies the continuity of E.

)‘[—1,1],h
K
Finally we have immediately E()(z)(0) = z for alll € Nand « € Ay, and so j¥oE = idA -

We start now with the construction of x = (x;)p: By 5.1.3(a) we can assume condition ()
for the sequence (- p~°), and pp, - p~° /" 00, for a suitable chosen ¢ > 0. Hence the sequence

P\’ P\
Hop, y Mp s hp4-1 (p+1) y Hp+-2 <p+2) gy

p—times
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5.1 Proof of the surjectivity criterion

~

is increasing. We denote this sequence with (ﬁp)p and define (Mp),, where M, := ?:0 14

By (71) for the sequence (ﬁp)p we have: There exists A > 0 such that for all p e N

1 E\° A
2oy (f) =
Hp op HE p oy
125:1 1/pp

We apply now (5.1.6): There exist smooth functions g,, such that supp(g,) is contained in

[—7"‘*,%}7 Qéj)(o) =d;0 and HQI()j)Hoo <27. ]\}j,VpJ'. Then for 0 < j < p we have:

2j'Mj:2j'/IO',L71"'/Ij:2j'/-//g)~
If j > p, then we obtain:

~

j ip. ~ o oi P - p
2.Mj:2':u‘p':u’p+1'.'lu‘j:2.:u’p':u’p"rl...:u“j. _— .
—_———

J!
:Mj/Mp
We summarize:
. 2 pd, for0<j<p
leillo < § o oy (p-]'p.> oo (5.1.4)

After that we define now:

P
Xp(t) == 0p(t) - E,for teR.

First we obtain that all x, have compact support, because all g, have compact support and

we see by differentiating that X,(,p)(O) = 0,(0) = gl()o)(O) = dp,0 = 1 and X,(,j)(O) =0 for j # p.
To estimate xg,j ) we have to distinguish three cases:

1.0<j<p:
J +1—j -
9| < Z(J>‘21'Ml <A)p et J'
P 2~ =\ P\ (p+1—7)!
(5.1.4) '=
< 5 X)) (G) sty
~~~ p
@ =~ =0 .
ThjEp :(2_,’_%)’
J ..
< M 4oy (2+1> Pitl'' Fp
=~ M, A I
(00) —_———
<1, p incr.
M 1Y\’
<ZJ  (A-eP. (24 =
<3p-uer (24 )
(o) holds, because: 1 < %70 <1 < j, and (oo) holds, because %1: < eP for all
peN.
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5 Surjectivity of the Borel-map

2. j > 2p: We estimate as before to obtain:

. g j =P . pl\ © pHi=j ptl—j
WO < S (1) 2 M () (A P
P oo l P M, n Lp (p+1—3)!

(5.1.4) =3P
=M;/M,
. < ; . . L ——
< My <P7_2P'P!) . i: <])21<1>J L Ty
M, G-pt/) =\l A Hpt1 - 1
—~ 1P —_—
=ppt1 Mg j <1,VlI
=(2+1)
M; 1\ ([ p% \°
M (20 2) (2
=~ M, (4-e) ( A (J —2p)!
(000)
(o 0 0) holds, because for j > 2p we have: p! < (5 —2p+1)---(j — p).
3. p < j < 2p: We use again (5.1.4) and estimate as above. For this case é’%;pp), < 1, hence:

: M; 1)’
Il < 5 (aeer- (24 %)

1/e
Now take h > 0 and define H = Hy, ;== A-e- (2+i)2-h_2-exp<s- (h_l'(2+%)> ) We

remark, that for B > 0 and j > 2p we have

(-BY™ _ ,p
G-2p) = 7

which follows by the power series expansion of exp.
Then, using the second case above, we get:

Ml 2 Mg (e (o) ) (g 7 ) )

(5.1.5)

case 2
by (5.1.5) Sexp(p-f-(h‘l'(%r%))l/g)
N
< M;-h P
~— M
Def. of H

On the other hand, if j <2pand 0 < h <2+ %, then

(+2) < (24 4)” (5.1.6)
and
exp (s. (h_l 2+ ;))UE) > exp(e) > exp(0) = 1. (5.1.7)
>1

We use the cases 1. resp. 3. to obtain:

_ M. - hi 1 2p M - hI
(5) < 9 (A-e)P - ((2 f> - < - . HP
X > e + < .
H P Hoo N, M, ( ) A ~— M,
(5.1.6), cases 1.,3. (5.1.7), def. of H

Finally we see: |xp|—1,1,n < % < 00 holds for all p € N and all h > 0 (small).
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5.1 Proof of the surjectivity criterion

Now we prove (a)(i4):

The result in this case is much weaker. For a sequence x := (z,,), € Ay we can find H,C > 0

(H large), such that |z,| < C' - M, - H? for all p. For an h > 0 we set now p; = h - p; =: (1,
for all j, in the construction of g, above. So we see that ¢ is not necessary here and:

. M; A-e\? )’
(4) <J.< ) (h(g )) Y g
X = + 2D
|| P Hoo Mp h A
hence [xp|rp-(2+1/4) < 5 - (4:2)" for all p. Choose h large enough, such that 4¢ < L and
S0
1 A-e 1’< 1 v
M, \"h M, e

We define again x := Y- ;% - Xp- S0 X € Eary([—1,1]), because

1 A-e\?
h-(2+1/A) = P APlh(241/4) = B VI
|X’ <Z|x X | <ZC M, - HP 7 h
p>0 p>0 P

A- p
:C'Z< . he )<oo,
p>0 N——
<le(A-e)/h<1/H

and has the property

00 () — (1(P) _ 21 - P — ().
700 = (P0), = (o x"0) = (@)

>0
=z =0,

Finally we consider the case (b):

We imitate the procedure of (a)(i): Define E(x) := > o ap - Xp for z := (2p), € Aary and
the functions x, have to satisfy: For all H > 0 (H small) there exist h,C > 0 (both large),
such that |xplrr < C - ﬁ—i holds.

First we show again the continuity of E: Let x € Afpsy, then there exists k > 0 such that

@ € Ay Put H := 3, then we can estimate for all y € [-1,1] and [ € N:

|EW (z)(y)| < lzo| - P W] <lale-C-h MY (k- H)P
Z%(:) \f—’ i/ﬂ Z;; 1/2

< kP.M. L. .C.HE
<lz|k P <hlM;-C-{7
=2.|zlp-C-hl- M; < .

Hence we have shown |E(z)[_1 1, < 2 C - |z|k, which means E(z) € Epn([—1,1]) for all
x € Ay, and so the continuity of E is proven.

We show now the estimates for the functions x,. First we apply now 5.1.6 for all p to the
following sequence:

Hpy = s Bpy Bp+15 Hp+25 - - -
—_———
p—times
and we can define now x,, as in (a)(¢). Then for a given € > 0 we choose a real number § with

0 < < 1like in 5.1.4 (b)(éi7). If we estimate ||X;(,j) as in (a)(7), we see:

I

: M; 1)’
il < 37 - (A )" (2+A) LY ip.
p

71



5 Surjectivity of the Borel-map
For j >pBand h>1wehave 1 =h™7 -hI < h™P8 . hJ and so
, M; 17}’
@D <ZZL . (A-e-hPP. .(2 7) . 1.
Il < 37 (A-e e (e (24 5..9)

If 5 < pp, then 0 < j < p and we can use the first case in (a)(4) to see:

_ M, 1\ M
(4) J . Le)P . -y . =® .
||X;v Hoo < M, (4-¢) <2+ A) M; Mgﬂ"

=Hj1e

p—j —

Applying 5.1.4 (b)(iii) we obtain for p large enough Og}%);ﬁ% . #: < &P, hence

) J
HX;j)Hoo < ]]\\2 (A-e-e)P. (2+ ;) i (5.1.9)

The inequalities (5.1.8) and (5.1.9) together show for sufficiently large p and arbitrary h > 1:

1 P
IXplR,h-(241/4) < ﬁp- (A - e - max {a,h_ﬂ}) )

1/8
So we see: We can take A > 0 such that A-e > h > 0 and define ¢ := i and h := (ﬁ) .

A-e H
—1
Then h~7 = (4¢)

% = ¢ and so ﬁnally (A-E-max{gjh*ﬁ})p _ (A-e~5)p — .

O

5.1.7 has a further important consequence: In step (a)(i) we have constructed with 5.1.6 a non-
trivial function with compact support lying in &). In particular we have shown that there
exists a sequence (X, ), of non-trivial functions with compact support and such that x, € )
for all p € N. So we can formulate the following corollary:

Corollary 5.1.8 Let (M), be a log. convex weight sequence such that Mo =1 and condition
(71) is satisfied for the sequence (jp),. Then the space Enry is not quasi-analytic.

Proof. By 5.1.7 (a)(i) it follows that there exists f € &) such that f is non-trivial with
compact support. Hence, by 4.1.1, the space £(yr) is not quasi-analytic.

O

With these preparations we can start now with the proof of 5.0.6. From now on we assume
that

L« o0 is satisfied.

po =1, (pp)p is strict increasing and 3 7, ~
P

Proof of 5.0.6.
First we obtain by 5.1.1 that (81) < (1) is satisfied.

We prove now (I1)(a)(i) < (I1)(a)(ii): (I1)(a)(ii) = (IT)(a)(i) holds by 5.1.7 (b).

(I1)(a)(i) = (I1)(a)(i1):

We define x,, := E(e,), where e, = (0,..., 1 ,...) is the p-th unit vector. For z := (z,), €
p—th
Aqary we have E(x) = ZpZO z, - E(ep) = szo xp - Xp and because j°(E(z)) = (szo Tp -

xz(,j)(O))j =z, V p, we obtain X,(,j)(O) = 0, ;. By assumption F is continuous and because both
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5.1 Proof of the surjectivity criterion

spaces are of type (LF), we can apply Grothendieck’s factorization theorem (for a proof see [0,
Théoréme A, p. 16] or [21, 24.33, p. 271-272]). We have |e,|, /g = ]H\/I—: and so for all H > 0

(H < 1) there exist C,h > 0 (C,h > 1), such that
HP
[Blep)li-1a1n = Xoli-100 S C- 37 V! (5.1.10)
P

Hence, by Taylors’s formula, for all j €e Nand 0 < x < 1:

xJ . (h- x)j
(@) = 1] < g Il S € ! S(H )P prpgr e ppy -
. . \—,—/
(5.1.10) =Mp /My
Then we set 5 = p and let us assume that
plt/p
0<z<B- (5.1.11)

H2p

for a constant B > 0. From the estimate above and MML;” - = <1 (note: (), is increasing),
2p

it follows that
XP(z)—1| < C-(B-h* H).

For H < 1 we choose B < h™2 < 1. So C-(B-h?-H)? < C, with C > 1, and so for large p and

z as in (5.1.11) we have Xl(yp) (z) > % After integrating p — j times, for 0 < j < p, we obtain

X9 (x) >

1 1 !l/p p—J
Lol (s
2 (p—j) [op

where the second inequality above is exactly (5.1.10). Because p!'/? > (p — j)I¥/(P=9) we get
now for 0 < j < p and p large enough:

N | =

(-5

Hence,

, e
X1yl < € i h? - M,

IN

]\4p>pij 1 1 1 L1
— — < (2C)73 -B7* - (H? - W))v-7.
(Z‘[j o ( ) ( )

For 0 < B < % small we put j to be the smallest integer which is > (- p. Then for p large

enough 3, := 4, < j and we have 2j <p & p < 2p—2j & ﬁ < 1% and p-B, =p-f+1 > j.
Hence, because h > 1,

1
(MP)I L < (20)2/10 .B L. (H.hﬁp)ﬁ.
M; fi2p

Then for a given ¢ with 0 <& < B~! we choose 0 < H < & - B/2 and then 3 small to reach
hBr < 2, for all p which are large enough. So H - h% < ¢ - B <1, and

M\77 1 ,
(1’>p ’ —— < (20)*P.B7l. (¢ .B)! <e, Ve>0,
M; H2p

because (2C)?/P — 1 for p — oco. So we have proven condition 5.1.4 (b)(ii), where here we
have [ = 2, hence condition (53).

Now we prove (I)(i) < (I)(#4):

(I)(ii) = (I)(i) holds by 5.1.7 (a)(4).
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5 Surjectivity of the Borel-map

(D)(@) = (I)(ii):

By the continuity of E we have: For all h > 0 (h < 1) we can find C,H >0 (C, H > 1) such
that (5.1.10) holds. Now we imitate the proof in (a) and choose for j = kp,k € N. Then we
assume
(kp)!t/ (kp)

H(k+1)p

where B > H? and H; is the constant which appears in (5.1.10) for A = 1. Then we choose
0 < h < B~! and k € N large enough such that ( ). H-h < 1. Like in the case above we

0<z<B-

B-h
S~
<1
get for p large enough (here: 2p and after p-times integrating):

1 (k2p)!t/ (kP P HP
o (B N < gl s 0 S (5.112)
2p! H2(k+1)p ’ Hp
From (5.1.12) we can conclude condition (3;) as follows:
1 B (2kp)!'PRP  piaernp
5.1.12 —_— 5 - < . 1.1
5 )& (2-C)Y/r H? pltr T, (-1.13)
—_— N~ T/
—1, for p—oo 1< (%)

For the expression (x) we use Stirling’s formula:

(%) ~ (2k) - (p/e) - (4mkp)t/(4kp)
(p/e) - (2mp)1/(2»)

Finally we divide both sides in (5.1.13) through 2(k + 1) to obtain condition (5;).

— 2k, for p — oo.

With this part of the proof of 5.0.6 we can formulate now the following corollary:

Corollary 5.1.9 The conditions (81), (B2) and (v1) are invariant under the equivalence rela-
tion ~.

Proof. This follows immediately from above because, as we have already seen, the spaces
Erary and &y are clearly stable under the relation ~.

O
We continue with the proof of 5.0.6: (I)(:) = (I)(iv) is clearly satisfied.
We show now (I)(iv) = (I)(é) to finish the first part of the theorem:
First we remark that j°° is an open mapping between two Fréchet-spaces by the open mapping

theorem because it is surjective. So there exist H,C > 0 and functions x, € E(M)([—l, 1])7
such that

Hr ()
|X;D|[—1,1],1 S C- ﬁ Vp and ij (O) = 5j,pa (5114)
p

which means 7 (x,) = e,.
Then define for all p the number 7, := inf{z € [0,1] : Xép) (x) < 1/2} and so Xép) () >1/2 on
the closed interval [0, 7,]. For p/ := 2p we integrate this inequality p-times and obtain:

pr
X (x) > = - oy on [0.72)

=2
P 23
By (5.1.14) we see now % - %’7 <C-: HJ\ZMp
. P

have for all p: My, /Ma, = (pips1 -+~ p2p)~" < p,P. In general p!t/P < p < p! < pP holds, hence

(w)””< r oy,
Mz, C Hp ’

and because (u,), is an increasing sequence we
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5.1 Proof of the surjectivity criterion

which implies
(20)/P . H?

Top < " (5.1.15)
P e
Now we want to show that there exists ¢ > 0 such that for all p which are sufficiently large
c
=y — (5.1.16)
k>2p ok

holds. Then we could prove condition (v1), because:

1 1 A
S S w i w St r S
Pe =~y M =~ 1y c o~~~ Uy
k2p T (), iner. ~—cr F2APTT (5.116) (5.1.15)

=3p/pp

for a constant A > 0. Note that (2C)'/? is for large p close to 1, hence bounded.

To prove (5.1.16) we first define the set P := {p € N : 7, < ZkZZpu%}’ where ¢ <

ol
min { 1, am -
Claim: The set P is finite. We assume in the following that p € P and we consider the function

0 forz <0
_ 5.1.17
op() {X](f)(x) —1 forxz>0. | )

We want to apply now 4.2.3 to this situation. For this we need the property that (u;); is strict
ncreasing.
We proceed as follows: First we define the sequence (ax)x appearing in 4.2.3. Set

uz for k<p
ayp 1= " (5.1.18)
Py for k>p

and finally T := 7,,. So (ax)y is a decreasing sequence and strict decreasing for k > p. Using
the notation of 4.2.3 (where m = oo) we obtain for the set Joo: Joo = {k € N : k > p}.

Furthermore . c .
I D
k>1 Pap 25, Pk =3, Pk

holds by definition of the set P. Finally we estimate as follows:

1 k M C
,Sz4k. . ¢ -C-Hp-ﬂg ~(4-c-H)P.
2 k>p Hop * H2p+1 - Pp+k Mp 1—4c \?’1_/

The first inequality holds because we use 4.2.3 where we estimate for T' = 7, and by (5.1.14).
The second inequality follows by the fact that MAZ—:’“ by bapr1 - Hpk) 1< (again by the
increasing property of (u,)p). Furthermore (4 - h) < 1 holds and so we can make a geometric
series expansion.

Finally we conclude that P can only consist of finitely many indices because (4-¢- H)? — 0

for p — co.
We finish the proof of 5.0.6 showing the following equivalence: (IT)(b)(i) < (II)(b)(ii).
(IT)(b)(it) = (II)(b)() holds by 5.1.7 (a)(i7).

(LT)(b) (i) = (1T)(b)(id):
Applying 5.1.10 we obtain: The set {A;ary > @ 1= (2p), : |2[1 < 1} is contained in the
set {7°(x) : Ixlj=1,1,, < C} for some suitable h,C'" > 0. So we can find functions x, €

Ery ([-1,1]), such that:
1 ; .
IXpli=1,1,n < C - E’ and X;j)(o) =0jp, ¥ J,p-

(0]



5 Surjectivity of the Borel-map

Now we can proceed as in the proof of (I)(iv) = (I)(éi), where H = 1.

O

To complete the proof of 5.0.6 we have to prove the following result, which is due to Grothendieck:

Proposition 5.1.10 [6, Théoréme B (1.), p. 17-18] Let E and F be two separable locally
convex vector spaces and assume that F is (LB) and E is (LF) or endowed with a coarser
topology. Let u : E — F be a surjective continuous linear mapping, then it is already a
topological homomorphism (=open mapping on its image).

Proof. By assumption of the space F we have a sequence of Fréchet-spaces (E;); and continu-
ous linear mappings f; : E; — E such that E = |J, f;(E;). So it is sufficient to prove the case
where E is a (LF)-space. We can factor out the kernel and E;/ ker(f;) is still a Fréchet-space
for all 4, thus we can assume w.l.o.g. that the mappings f; are all injective. Furthermore we
can assume that u is injective, otherwise we can factor out the kernel of u, because the quotient
space E/ker(u) is still of type (LF). F is a (LB)-space and so we conclude: To prove the
continuity of the mapping u~" it is sufficient to prove the continuity for u='ov: G — E for
all continuous linear mappings v : G — F', where G is an arbitrary Banach-space.

Let u; := wo f; for all 4, then the statement follows by applying Grothendieck’s factorization
theorem (see |6, Théoréme A, p. 16] or [21, 24.33, p. 271-272|):

Because v(G) C |, ui(E;) there exists an index 4o such that v(G) C u,,(F;,) and because
the mapping u;, is injective there exists a continuous linear mapping w : G — Ej;, such that
v=u;ow. Thusutov=u"tou,ow=u"touof; ow=f, owis a continuous linear

mapping.
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5.2 Important consequences of the surjectivity

5.2 Important consequences of the surjectivity

We summarize In fact we have shown that in the case, where pg = 1, (p), is strict increasing
and Zp 1 ;7 < 00 holds, condition (1) for the sequence (u,), characterizes the surjectivity
of the Borel map in the Romieu- and in the Beurling-case. Recall that for (u,), increasing and

P #— < oo we have (81) < (71) whereas (71) implies always 32, ;- < oo.

Therefore we introduce another condition, which is often used in the literature:

m;

<C-—* vEk>o. 5.2.1
Dmjpr = mpq ( )

3C >0: -
;(J+

This condition is called strong non-quasi-analyticity for the weight sequence (m;);. It is equiv-
alent to

= M; k+1)-M
30>0:y <o EXD-Me sy

if we use the sequence (1});.
First we see that (y1) < (5.2.1) holds in general, because:

il K- = M, E+1)- M,
(5.2.1) @Z J: - my Sc.ﬂﬁziﬂgc.w
] + 1 U ES| k! ME+1 =k Mj+1 Mk+1
k+1
@Z & (7).
k“ﬂ“ Hk+1
j= ——
=1/“2+1

If the sequence (p;); is increasing and > o i1 ;7 < 00 holds, then condition () is equivalent

to (5.2.1) because (1) < (1) holds by 5.1.1.

In the previous section we have shown a full characterization of the Borel-map for the spaces
Erny([—1,1]) resp. Enny([—1,1]). Remember that for G C R we have Eryn (G) = li% Eny (K)

resp. Ear(G) = (lir}} En(K), where K C G compact. We extend now the characterization

for the surjectivity of the Borel-map to E;ary(G) resp. E(M)(G) in the following way:

We assume that o = 1, (14p)p is increasing and Zp 1 # < oo is satisfied. Then &,y is not
quasi-analytic by 4.1.5. If additionally (/1) holds, which is then equivalent to (1) by 5.1.1, we
have that £,y is not quasi-analytic by 5.1.8. So we can use 4.1.1 to obtain the existence of
bump-functions in Epry(G) resp. ) (G) and so we can restrict the problem to the interval

[—1,1]. Note that the assumptions on (u,), in the proof of 5.0.6 were stronger.

We summarize: If we assume po = 1, (up)p is strict increasing and condition (1) for (up)p,
then &¢pry and E(py) are not quasi-analytic, and the Borel—mapping is surjective in both cases.

If we assume po = 1, (up), is strict increasing and Y - | -~ < oo, then in the Romieu- and

p=1 M
the Beurling-case the surjectivity of the Borel-mapping implies condition (7).

The surjectivity of the Borel-map has another important consequence for the Beurling-case.
First we remark that A,y = A*°(A) where A°(A) is the sequence space associated to the

Kéthe-Matriz A := (ajk)jx, wWith a5 == A’“/I—J The fact that A defines a Kothe-Matrix follows
J

immediately, because a; > 0 holds for all j,k € Nand a;; < aj 41 & k—i < % is clearly
satisfied for all j,k € N.
First we apply this isomorphism in the following way: By [21, Lemma 27. 4(2) . 308], we see

that if j>° : €y — Aqar) is surjective, then there exists f € E(M such that () ( ) > 0 for all
jeN.
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5 Surjectivity of the Borel-map

Furthermore we have: For all infinite I/ C N and for all n € N there exists a k£ € N such that
inf s Z’—: = infjes Z—: = 0, because we can take k > n. Therefore condition (6) in [21, 27.9
Theorem, p. 310-312], is valid, hence by condition (3) we get A*(A) = co(A).

Let M := (M,), and N := (N,), be two arbitrary weight sequences and assume that the
Borel-mapping j* : &y — A is surjective. Furthermore we assume that &) C &)
holds, then the surjectivity of j°° for &) implies A(pry € A(ny. Hence A>*°(A4) € A*°(B) and

so ¢o(A) C co(B), where A := (a;)jr and B := (bj )k with ajp = —]’fj and b = —J'f;
J J
With this preparation we are going to prove now the following comparison result:

Proposition 5.2.1 Let M := (M,), and N := (N,), be arbitrary weight sequences and we
assume that j°° : Enpy — Aary is surjective and E ) € Eny holds. Then we obtain M < N.

Proof. By assumption we have A>°(A) C A\>*(B), so sup,cy |z;]- J’\% < oo for all k£ € N implies
J

SUpjen \xﬂ% < oo for all k € N, where (2;); € CN. We put y; := £, then sup, ey [y;]-k/ < oo
J J

for all £ € N implies sup; ¢y [v;] k7 Q; < oo for all k € N where we have set Q; := % Define

for the Kéthe-matrix A := (a;x);x, where a;  := k7, the associated sequence space

AX(A) == {y = (y;); € C": Suglyﬂ -k < oo, VkeN}.
VIS

A (A) is a Fréchet-space, equipped with the (countable many) seminorms ||y|| := sup{y; -k :

j € N}. We see that the mapping Q : A°(4A) - C, Q : y — Z;’;O yj - Q; is a bounded linear

functional. Thus there exist ky € N and a constant D > 0 such that for all y = (y;); € A>*(A4)

> i@

Jj=0

Qy)| =

< D lyllk, (5.2.2)

is satisfied. Let ko € N such that (5.2.2) holds, then we put y; := k% for all j € N which implies
0
llyllx, = 1. Hence, by (5.2.2), we get

, YA .
supQ—?§Dzsup 2 SDl/]~lc(J<oo7
ik SN
i Ky J J

and this is exactly (3.1.1), so M < N is satisfied.

With 5.2.1 we can formulate now the following corollary, which is similar to 3.1.3:

Corollary 5.2.2 Let g = 1, (p)p be strict increasing, and assume that condition (y1) (=
P t < o0) holds for (up)p. Let N := (Np), be an arbitrary weight sequence. Then
5(M) - 5(N) implies M < N.

If v = (vp)p, where vy := NN: satisfies vy = 1, (vp), strict increasing, and condition (1),
too, then we have M ~ N < %(M) =&n)-

Proof. 5.0.6 implies the surjectivity for j°° : &y — A, and because £y € &y holds,
5.2.1 implies M < N.
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5.2 Important consequences of the surjectivity

We finish this section with the following comparison:

2.0.3 shows, that the log. conv. condition for the sequence m := (my), is stronger than for
M := (M,),. Now we want to obtain analog results for the introduced conditions above. For

this we write (-),, resp. (-)z, where 1, := p!- p, = Mp . We set iy, = Mp‘“ ={p-D! p,=

plmy, _ M,

P = p! - py, and fig = fip. Now define another sequence M = (M,)p, where

—

My = 1]_gm; = [T}—¢j!- M. We show that (.), = (.)z holds for all conditions:

First we see that p, /" oo and g =1 imply g, oo and iy = 1:

fip = 0! po =1 and 7, / oo, because (p+) =p+1>1

A further easy consequence is the followmg f < l% for all p, thus Zp 1 u < Zp 1 #
P P P P

(@1)p = (1)g: 1= pg =g and @, /" oo is obvious.

(B1)u = (B1)a: Holds because 2z = C0 ks — (jp) . (p 1) - M2 for all k € N, k > 1.
P

7 pl-ps

(B = (B 522 = (2p) - (p+1) - 2.

(B2)y = (B2)g: For any k € N,k > 1, we have

M\ V=) 1 My \1/r=1) 1
= = p+ kp ——— and
( M, ) Tikp (( Y- (kp)t- M, ) (k:p)! * kp
_ 1 ro\ M- 1 1
D (ep)PED 2 < (k)™ — =
((p-+ 1t (kr)t) (kp)! - pwp — ((( 2 ) (kp)! - pikp Hkp

R 1 1
i) == Y <y — Vp
j>pJ izp i HI izp M

—_——

<l.5 1
—=p! Z]ZP Hj

(72)p = (y2)z: Similarly we get

Py bl sy Lk
H/—/ ’

j>kp Hj Jj>kp Hi i>kp
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6 Important examples

6.1 Gevrey-spaces

In this chapter we study a certain family of function spaces: The Gevrey-spaces. The defining
weight sequence has the form M, := p!*, where s € R. Hence m,, := p!*~! and yu, = p°. For
a certain parameter s € R we distinguish as usual: In the Romieu-case we write Gy}, in the
Beurling-case G, for the associated function spaces. Note that G, = O and G(y) is the space
of (the real parts of) entire functions. Usually Gevrey-spaces are defined only for s > 1, but
here we will study the more general case. Therefore we check for the different properties:

Logarithmic convexity: First we see that the strong log. convexity condition is satisfied if
PET? <+ )T (- T e p T < (p 1)
holds, thus exactly for all s > 1. For the weak log. convexity condition we have
PP <@+1)°- (-1 «p° <(p+1)°,

which holds exactly for all s > 0.

We summarize: All Gevrey-sequences with s > 1 are strong log. convex and so the closedness
under composition theorem 3.2.7 and the inverse function theorem 3.3.2 are valid for Gy,
s> 1. If s > 0, then the sequences are weak log. convex. Thus for s € [0,1) the sequences are
weak but not strong log. convex. Finally, if s < 0, then the sequences are neither weak nor
strong log. convex.

Furthermore we have: My = 0!* = 1 and M; = 1!°* = 1 hold automatically for all s € R, the
sequences (M), and (i), are strict increasing for s > 0 and lim,_.o M, = lim,_ pp, = 00
is clearly satisfied for all parameters s > 0. We remark: M, > 1 for all p holds if s > 0 and
my > 1forall pifs>1.

Quasi-analyticity-property: We calculate: Z;il (”;Ii)!s = Z;O:l 1%

By 4.1.5 we obtain the fact that for s > 1 the space G,y is not quasi-analytic. If s € [0,1],
then the weight sequences (p!*), are log. convex but the sum above is divergent, hence by
4.1.5: Gy and so G, are quasi-analytic.

< 00, if and only if s > 1.

Closedness under solving ODE’s: Condition (3.4.7) has the form

ql®\ /a1 ploy1/p=1 s-1 s=1
(?) SH'(?) gl <H-plv=T for2<q<p,

where H > 1. We have already seen that (p!°), is strong log. convex, which is condition
(3.4.3), for s > 1. Hence condition (3.4.7) is satisfied in this case (in particular (3.4.2) is
satisfied where H = 1). Furthermore, as we have mentioned, My = M; = 1 holds for all
parameters s € R and My = 2° > 2 is satisfied for all s > 1. But (3.4.4) holds only for s > 1:
limy, % = lim, . p* ! =00 < s > 1. Thus Q{S} is closed under solving ODE’s for all
parameters s > 1 by 3.4.1 and G, for s > 1 by 3.4.7 and 3.4.8.

Furthermore we have that for s > 1 the Beurling-classes G, are closed under composition and
under inversion: 3.2.7 resp. 3.3.2 are valid for G(,, s > 1, because of 3.4.9.

Inclusion of spaces: To simplify the calculations we will often use Stirling’s formula: For
sequences a := (ap)p, and b := (by), we write a ~ b if lim,,_, ij =1 is satisfied. So Stirling’s
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6 Important examples

formula has the form p!*/? ~ (%)s . (27Tp)3/2p .
————

—1,for p—oo
First we see, that limpaoo((p!)s_l)l/p < 00 & limy_ p* ™! < 00, which holds if and only if
s <1 and limy_o p*~! = oo for all s > 1. Hence, by 3.1.5, we obtain: O C Gy for all s > 1
and for s =1 clearly Gy = O. If s <1, then G, C O.
Furthermore we see:

18 1/p

sup (n) <oo<=suppt i <ooe=s<t.
p: P

Hence s <t implies G4y C Gy, resp. Gis) € Gy for all s,¢ € R. On the other side let s > 0,

then the sequence (p!®), is log. convex, thus by 3.1.3 G,y € G4 has the consequence that the

supremum is bounded, hence s < t. We summarize: For all s,¢ > 0 we get s =1 < Gy = G-

Next we want to compare the Gevrey-space with a general function-space of Romieu- resp.
Beurling-type with weight sequence (N,),. First we consider

s\ 1/p s
p! ) 1 p
sup| — < 00 < — - sup < Q0.
P <Np e’ p Ng/p

So the sequence (N,), has to grow at least as fast as (p°?), to have Gy C Eqny resp. G(s) C
Eny- If s > 0, then we have for the Romieu-case by 3.1.3: Gy C E(ny implies the fact that

(Np)p has to grow at least as fast as (pP),.

Similarly we obtain:

N 1/p 1/p
p s p
sup<|s) < 00 < €’ -8up 5 < Q.
P : p P

Here the sequence (p°F), has to grow at least as fast as (IN,), to get &ny C Gygy resp.

Ey € Gis):

Let (Np), be log. convex, then we have by 3.1.3: &y} € Gy, has the consequence that
1/p

sup,, N}fs < 00, hence (p°?), has to grow at least as fast as (N,),.

@\
wnr

P
Stability under derivation: We have that supp( < o0& supp(p + 1)5/17 < 00 holds

for all s € R, so by (3.1.1) we see that Gy, and G are closed under differentiation for s € R
and for s > 0 we see by 2.0.8: Gy} and G, are differential algebras.

Moderate Growth: A weight sequence m := (my,),, satisfies this condition, if

_— 1/5+k
sup<JJr ) < 00. (6.1.1)
4k \Tj - Mg

It has an important interpretation: For R™ we can define the function space Eqpsy resp. &)
in two different ways: First via the usual semi-norms |.|x ; and second via iterated partial
derivatives in the following way: For x € R" we write x = (21, 22) where 2; € R¥ and 25 € R,
k+1=n, and we set for v € N* 4 = (a, 3) where o € N*¥ and 8 € N'. Then we can define
new seminorms on a compact set K in R™ and hq, ho > 0:

}(f(oy,o)>(0ﬂ)($l7 332)|
[flKhahs 7= sUD = 1] '
aBaek hy - |afl-myq) - by - [B]E-myg)

So one can put Epg pyhy (K) == {f € E(K) : |flk,hi,ny < o0} and obtain the following repre-
sentations for G C R" open:

—_~—

Eny(G) = lim  lim  lim Eprgpy o, (K) tesp. Ean(G) := lim lim  lim Enppyop, (K).

«—K —hy —ha «—K «——hy «——hs
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6.1 Gevrey-spaces

It is a very natural assumption, that both definitions shall lead to the same function space

which means iy (G) = Erary (G) resp. Eany(G) = Ery(G) for all open subsets G. For this, if
we assume normalization (Mo = my = 1) and log. conv. for the sequence (M,),, then we can
use (3.1.1): The inclusions £ (G) € Eqany(G) resp. Eary(G) € Ean(G) hold by 2.0.6 (in
fact the supremum in (3.1.1) is bounded by 1). The inverse inclusions are satisfied if condition
(6.1.1) holds. Hence only for normalized log. conv. weight sequences with condition (6.1.1)
the two different definitions coincide. Note, that for the sequence (M), the property (6.1.1)
looks the same, because:

M. 1/j+k gAY e 1/j+k
sup(M> <oo<:>sup< (‘]_+ ) . gtk > < o0
gk Mj-Mk 4.k j'k' mj - My

HODES
1/j+k
M
= sup<]+k) < 0.
gk \Tj - Mg

We have

i+ k ) S ATAEVE A
1< jf §2J+ij,k:>1§Sup (j,Jr ) < 2.
J ik \ gtk

) . 1/j+k
So for the Gevrey-sequences (p!)*, s > 0, we can estimate 1 < sup, , ((]J,jlz),' ) <29 < o0

N\ itk
and for s < 0 we get 1 > Sup; (W) > 2% Thus for all s € R the Gevrey-sequences

JIEE
satisfy (6.1.1).
If a weight sequence satisfies (5.2.1) and (6.1.1) then we call it strong regular.

Stability under ultradifferential operators:
For given function spaces £y resp. Eqpy we call a linear PDO with constant coefficients of
the form P(0) := Z(\);I:O aq - 0%, aq € C, an ultradifferentiable operator of class (M), if

IL,C>0:]aq| < CML‘lT‘ Val,resp. VL >03C > 0: |ay| < CML“T‘ LV .
We show now: If the weight sequence (1M),), satisfies
JAH>0:M,<A-HP. min M, M,_, ¥p€eN, (6.1.2)

0<q<p

then the associated function space &) resp. Eqpry is stable under P(9). We estimate the
a-term in the sum of P(9) on a compact set K C R™ as follows:

T N C, - Ll N
sup | (aa - £) 7 (@)] < sup [aa - [FF ()] < T Co - B Mg
z€EK reK ||
Oy - Ll
L= o, pletBll AL fletal, i M, Myip—
(\7/) M,y 2 0<qSlatp) ¢ leHAIma
6.1.2

SM|Q‘-M‘B‘,fOI‘ q=\o¢|
gCl-C’Q-A~(h~H)|ﬂ‘~MW|-(L~h-H)|a‘.
()

Note that by the definitions above one can reach that (x) is small enough: Take h > 0 small
in the Beurling-case and L > 0 small in the Romieu-case. Hence the sum over the multiindex
« is convergent.

Finally we note that (6.1.2) is equivalent to condition (6.1.1).

We show now that the Gevrey-sequences satisfies (6.1.2) for s € R: This holds because (6.1.1)
is equivalent to (6.1.2) or by direct calculation:

B

P = max <p)b
ming<,<p{q!* - (p — @)!*}  0<a<p \q/ ’

(6.1.2) < A H? >
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and for this it is sufficient to set A := 1, H := 2°.

Condition (f2): It is satisfied for no s € R, because first we choose in 5.1.4 (b)(iii) j = 0, hence

1/p
(ﬁQ):»ph_)rgo : =0. (6.1.3)
P

But if we use again Stirling’s formula we get a contradiction:

1/p 11/p\ $ . 1/2p\
fim M <p' ) = lim (We)(%p)> L i (2mp) > :is>0.

p—oo iy p—oo\ P p—o0 P es p—oo e

m‘m

Condition (%) Is only satisfied for s > 1 because inf, 22 7(217) =271 > 1.

Condition (31): Holds for s > 1, because (83) = (81) or by direct calculation:

liminf, % k5! > 1, where k € N.

We have already seen: The spaces Gy,y, where s > 1, are not quasi-analytic by 4.1.5, because
Z;ozl L < 00. But for s > 1 we can use 5.1.1 to obtain (3;) < (1), hence by 5.1.8 we can
conclude that the spaces G, are not quasi-analytic, too.

Furthermore, by 5.2.2, we see: If s > 1 and G(,y C G holds, then (p!*), < (p!*), and so

sup, plE=/P < 50 & sup, p* " < 0o & s < t. Finally, if s,# > 1, then G(,) = Gy & s = t.

Condition (82): Use 5.1.5 or by direct calculation: lim,_o (’;’?5 = k® < oo holds for all k € N
and s € R, hence (33) doesn’t hold for all s € R.

Condition (v1): Holds for s > 1, because 5.1.1 (a) is valid. So (5.2.1) is satisfied, hence for
s > 1 the spaces are strong regular.

Condition (v2): Is not satisfied by 5.1.1 (b) for any s € R.

We summarize: For parameters s > 1 we obtain: For G,y and G, the Borel-map is
surjective, but it is not injective. We can observe a big difference here between the Romieu-
and the Beurling-case for parameters s > 1: G,) admits always the existence of an Extension-
operator, but G,y doesn’t share this property for any s.

’ Parameters \ inj. \ surj. \ E for {} \ E for () \ mod. growth \ strong reg. ‘

§<0 — — — — yes —
0<s<1 yes — — — yes no
s>1 no yes no yes yes yes
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6.2 Further examples

6.2 Further examples

Next we want to vary the Gevrey-sequences, to study the remarks above and their stability
properties in detail. For this we introduce the following notation. If M := (M,), is a weight
sequence with associated function spaces E(psy resp. &) then we construct new weight
sequences M’ = (M;)p in the following way: Set M]; = M, - f(p), where f : N — Ry,
pr f(p). We put Earpy = €{M/} resp. En.p) 1= E(M/) and remark: The function f can be
used to introduce (additional) parameters and one can study the dependence of the properties
of the function spaces on the parameter(s).

If f(p) =1 holds for all p € N, then we have clearly (Mz;)p = (M,),. Furthermore we obtain:

(M, - f(p))p is log. conv. if and only if (u, - f{p(f)l) )p is an increasing sequence, hence if (Mp),

and (f(p)), are both log. convex, then (M, - f(p))p, too.
We remark: If one has two functions f,g: N — Ryq, with || f — g]|cc < &, then we estimate:

sup |[M,, - f(p) — My - g(p)| < sup [Mpl - [|f — glloo < € - sup|M,)|.
p p p

This shows: If the functions f and g are very close, in particular if € is very small, one can not
conclude, that the sequences (M, - f(p)), and (M, - g(p)), are close.

But if f:= (f(p))p and g := (9(p))p and f = g, then Ear.py € Eqargy Tesp. Enrgy € Enreg)-
Furthermore we have:

If sup,, W < oo, then Ernry C Eqargy resp. Ery C E.py and if sup, f(p)l/P < 00, then
Eugy € Eqary resp. Eqrgy S Equy.

We consider now some examples:
1. Let f(p) := z%’ then (M, - f(p))p = mp.

2. Let f(p) := i = MJ\ZI, then (M, - f(p))p = (Mp—1)p. Hence, if the sequence (M), is
logarithmic convex, then we can use 3.1.4 to obtain: £y is stable under differentiation

if and only if S{M} - E{Mf}

3. Set f(p) = ;L then (M, f(p)), = (”',;Z"")p = (p!),- Hence Eppr.py = O.

M} . .
4. Set f(p) := pp, then (M, - f(p))p = (Mp:)p. So ((Mp, - f(p))p is log. conv. if and only
if
My My _Mp2+2 o Het1 Hpt2 v
M2 = M, =2 b
p p—1 p+1 Hp Hp+1

One can iterate to obtain the following “sequence of sequences™ (M,)p, (Mp - f(p))p, (M, -
f(p)?)p, ... So we can consider the orbit of a weight sequence with respect to a function f:
{(My,-f(p)™)p : n € Z}. For f(p) := i and n € N we get shifted sequences: (M,),, (Mp—1)p, (M,
If Earpy € Equy and (M, - f(p)) is log. convex, then, by 3.1.3, we have sup, f(p)? < .
Because sup,, (f(p)")l/p = (supp f(p)l/p)n < oo for all n € N we get:

o C &gy © Eppreny o S Erpy € Sy

If we assume that £¢pry is quasi-analytic, then, by restricting the Borel-map, we see now that
all spaces Eqpr.pny, n € N, are quasi-analytic.

For the following we assume that (M,), and (f(p)), are both log. conv. Then {(M,- f(p)")p :
n € N} consists only of log. conv. sequences, because:

M, {-M
(M), log.conv. < 1 < % Vp
P
== ’ " M, M
( b ) < St Tt g,
fr—=1)-flp+1) i
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where n € N arbitrary.

To transfer quasi-analyticity-properties we can use 4.1.5 in the following way: First we nor-
malize all (M, - f(p)")p, in particular set My = f(0) = 1.
We additionally assume now that (f(p)), is decreasing. If £ys) is quasi-analytic, then

-1 - Mp—l. f(p—l) " n
SZ M, ( f(p) ) el

which shows, that all spaces Epr.pny, n € N, are quasi-analytic.
But if one assumes that (f(p)), is an increasing sequence, then we obtain: If £y is not
quasi-analytic, then the spaces E¢pr.pny, n € N, are not quasi-analytic because:

M, ( ) Z <ooVn€N

p=1

p:] p p:l

Now we assume that the sequences (M), and (f(p)), both satisfy condition (6.1.2) then the
sequence (M, - f(p)), shares this property, too:

M, - f(p) < (A-HP- min {M,—q-M}) - [(p)
< (4-H?- min (My—q-M}) - (B- K7~ min {f(p—q)-f(@)})
<A-B-(H-K)P- min {(My—q-f(p—0))- (M- f(a)}-
Hence all sequences in the set {(M,- f(p)™), : n € N} have property (6.1.2). Assume addition-

ally f(p) > 1 for all p then the sequence (f(p)~'), satisfies (6.1.2) automatically, because
1

o Sf(p)§A~H”~Or§nqh§1pf(p—q)'f(q)§A~H”-Orgai< flp—q)- f(q)

. 1 1
min —— - ——.
o<e<p f(p—q) f(q)
So we obtain: In this case all sequences {(M, - f(p)"™), : n € Z} have property (6.1.2).

—A.HP.

Now let us return to the Gevrey-spaces Gy, resp. Gy, defined via the weight sequence (ph)s,s €
R. Then we set p, := p* - f(p) for p > 0 and po := f(0) := 1, hence M, = p!* - [[t_, f( )
resp. my, == pl®71. [17_, f(i) and we denote the associated function spaces With Gys.f} TESD.
with Ge.py. If f(p) = 1,V p € N, then we obtain the "usual” Gevrey-spaces, which we have
discussed above. The characterizing conditions for the weight sequence depend now essentially
on the function f. First we see that My = 1 holds automatically for all s € R and we have
My = f(0) - f(1), so My =1 < f(1) = 1. Thus we see: (3.4.1) is satisfied, if and only if
7(0) = £(1) = 1.

Condition My > 2 has the form 2° - f(0)-f(1) - f(2) > 2 & 2571 >

~~

1

1
F)-f(2)°

The most important condition, if we want to apply the theorems above, is of course logarithmic
convexity: For the strong log. convexity condition we get

p+1
m2 < mp_1 My & plT? H 2§< et Hf ) (p+1's ' Hf )

=0

pI** pt1 f(p+1)
N ) e T
- pst PUICERY Vp
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and for the weak log. convexity we have

M7 < My 1 - Myis @P!Qs'ﬁ(f(i)fﬁ ((P—l)!s'iij[:f(i)> (p+1 pf[lf )

=0

For (3.4.7) we calculate:

q 1/(g—1) P 1/(p—1)
(347) < 3IH>1: (q!51 : Hf(i)) < (p!51 : Hf(z’)) for 2<q<p
i=0 i=0
q!qfl s—1 _ p of(z)l/(p 1)
p!p_l - Hq (1)1/ q-1)

Finally (3.4.4) holds if lim, . p*~' - f(p) = .
If we want to compare the new spaces Gy,.r} resp. Gs.y), we have by (3.1.1):

f(z)) LT (f(z'))”p
sup( pl#~t . 2=0 < o0& supp®Tt- — < 00
P ( i—09(1) P g g(1)

= G{sry © YGt-gy 10D Glop) € Yirg)-

for 2<qg<np.

<:>E|H21:<

If (p!* - TI5_, f(i))p is log. convex then, by 3.1.3, also <= holds above in the Romieu-case.

Furthermore we have: If

((erl)'S 145 £ )
s Tlizo £ (2)

1/p 1/p
) <oo@sup((p+1)s~f(p+l)> < oo

& sup f(p+1)/P < oo
p

sup
P

is satisfied, then Gy,.;y resp. Gis.p) is closed under differentiation. By 3.1.4 we see: If (p!® -
P o f(i))p is log. convex, then the closedness under differentiation of Gys.ry implies sup,, f(p+

NP < 0.

Finally, if m, = p!*=* - T[_, f(i) > 1 for all p and (p!* - []5_, f(i)), is log. convex, then we get
by 3.1.5 that O = G,y if and only if

Sup((p!)51'ﬁf(i)>l/p<oo s sgppsl.@f(i))”pm.

p =0 Stirling’s formula

Now we look at the important characterizing conditions for the Borel-map:

ming 2 kP)° - f(kp) _ oy o 1 kP)
(f1)=IJkeN: lpﬁoofp k) F ) =k lpﬁoof ) >1

flkp) 1
& 3JkeN: hprgggf 7o) >k:5—1

The condition for the quasi-analyticity of a function space is, by 4.1.5:
s p—1 00
Z (p—1¢-TI75 f6) _ Z L
= I S (') = flp)

Another important condition is (39), because (89) = (52) by 5.1.5 and (59) = (31):

0 N GO () B () o TkP) _
e R I ]
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Applying once again Stirling’s formula, (6.1.3) leads to a further possibility to check (/32):

N\ /P N\ 1/p
M, 1 ., (0 £®) (M 7))
lim =0 — lim2mp)¥*. X — 2 —0& lim ~——8 24— =0
p—oo Ly e® p—oo f(p) p—00 f(p)

We remark: The important conditions (1) and (83) depend only on the function f, while the

condition to check the quasi-analyticity of a function space is not independent of the “original
weight sequence”. But this statement is not true in general, it’s a special property of the
Gevrey-sequences.

Example Set f,(p) :=aP~! for p >0 and f,(0) := 1, where o € R~ arbitrary. Then p,, :=
p®-aP~! for p> 0 and po := 1, hence M, := p!* - a?*~1)/2 and we have My = M; = a° = 1.
So we have introduced a new parameter a and we write Gy,.7.y resp. G.y,) for the associated
function spaces. Clearly we have G r1=Gysy resp. G(s.p)=Y(s), s0 we will study the cases
0 < o< 1and 1< a. For this example we will restrict the parameter s to (1,00).

Then we have: o > 1 implies that (u,), = (p° - aP~1), is a strict increasing sequence and
limy o0 ftp = lim, 0o p® - aP~1 = co. Furthermore for o > 1 condition (3.4.4) is satisfied,
because limy, oo 22 = p*~! - a?~! = oc.

First we check (6.1.1):

<00 & sup(a2kj)1/2(j+k) < 00

gk

(6.1.1) < sup

Jik

QU+R) G+k=1)/2 N\ 1/itk
(aml)/z . ak(kl)/z)

Jjk
& sup aith < oo.
jok

. (k)| /GHR)
The first equivalence holds, because we have already shown that supj7k< IO ) < 00

for any s. Hence the modified weight sequences satisfy (6.1.1) < 0 < o < 1. For a > 1 we
i 2

gk K2
have sup; , @itk > sup;, a2F = oo.

Now we characterize log. convezity:

s—1
Let a > 1, since sup,, (#) =1< JC?L(Z)U = « holds, we obtain the strong log. convexity

for all parameters s > 1. So the closedness under composition 3.2.7 and the inverse function
theorem 3.3.2 are valid for 1 < aand s > 1 arbitrary for the Romieu-case and the Beurling-case:
Therefore note that (3.4.4) is satisfied and so we can use 3.4.9 in the Beurling-case.

Ja(p+1)

But if @ < 1, then we have S —a< 1. Thus in this case the sequence doesn’t satisfy the

weak log. convexity condition for any parameter s > 1.

closedness under solving ODE’s:

As we have seen My = M; = 1 and furthermore we have M, > 2 if and only if 257! - a > 1
which is for example satisfied for any s > 1 and « > 1. Furthermore for all s > 1 and a > 1
the weight sequence is strong log. convex, hence (3.4.2) and so (3.4.7) are satisfied. Thus for
s> 1 and a > 1 the classes Gy,.5,} are closed under solving ODE’s by 3.4.1 and because for
s >1and o > 1 (3.4.4) is satisfied we have by 3.4.8 the closedness under solving ODE’s for
Q(s.fa), too.

We want to compare the new spaces Gy} and Gy} resp. G,.r.) and Gy, ). Therefore we
have:

NP o@D
sup (p! t) (5) <00 = G(s.t.} S Gt-151 TSP G(sfa) C Git-sp)
P e —

~ops—t
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6.2 Further examples

The supremum on the left hand side above is bounded if and only if 8 > « and ¢,s > 1
arbitrary or if 8 = « and t > s is satisfied. If the sequence (p!® - ozp(p_l)/z)p is log. convex,
in particular if & > 1, then we obtain by 3.1.3 in the Romieu-case also <. We summarize:
sty =9y ©1<a<f t,s>1, or 1<a=4,t>s.

Using (3.1.1) we get, that G,.5.y resp. Gs.z,) is closed under differentiation for all s > 1 and
a € Ry, because:

1/p 1/p
sup((p—|— l)s-fa(p—l—l)) <oo<:>sup((p—|—1)5-ap) <00 e a<oo.
P P

Furthermore we see by 2.0.8: Gr.r,.y and G,y are differential algebras for s > 1 and o > 1.

Because
supm;/” < 00 & sup <p871 -a(pfl)p) <o a<l
P P

we see by (3.1.1): Gye.p.y € O if @ < 1. On the other side one has

1/p
1
sup () < 00 & sup (pl_s . oz_(p_l)/Z) <oosa>1,
p \Tp p

hence O C Gy,.5.y if @ > 1. Note that in this case the weight sequences are strong log. convex
and so by 3.1.5 we get for a > 1: O C Gyo.p. 3

In the following we want to study the dependence of the characterizing properties of the Borel-
map on the function f. We distinguish now two cases for the parameter a: 0 < a < 1 and
1 <o

Case 1: 1 < a:
As we have seen, in this case the weight sequences are strong log. convex for all s > 1. First
we have

27:27<Z—<00V3>1.
S . s . -1 — s ’
=0 falp) S pteaPTh T A
Furthermore i
o(k p—1
(ﬂg):limf(p)zlima =00, forke Nk > 1
p—00 fa(p) p—o00 ap_l
~——
ap(k—1)

holds, hence condition (39) is satisfied and so (1) and ().
We summarize: The spaces Gy,.f,}, where 1 < « and s > 1 arbitrary, are not quasi-analytic. In
particular the strong non-quasi-analyticity condition is satisfied, because by 5.1.1 (81) < (1)
holds. Hence, by 5.1.8, the spaces G,., ) are not quasi-analytic for arbitrary s > 1 and 1 < «,
too.

Furthermore we see for a > 1 and s > 1: If G(,.p,) € G(1.p,) holds, then by 5.2.2, sup, p

(%)(?’—1)/2 < o0 has to be satisfied.

s—t |

Case 2: 0 < a < 1:

As stated above, the weight sequence is not weak logarithmic convex, so we cannot apply any
of our theorems and we loose a lot of information! But since we have shown Q{s. 7oy C© O in the
case where v < 1 we obtain the quasi-analyticity for Gy,.¢ 1 (hence for Gz )) for 0 < a <1
and all s > 1: The Borel-map is injective for O, hence we can restrict it.

The following tabular shall summarize and illustrate our results for the function spaces G,.r. 3
resp. Gs.f.), Where a € Ry is the important parameter and s > 1 arbitrary. E denotes
the Extension-operator, injectivity and surjectivity are related to the Borel-map, defined on

Gisfa}-
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6 Important examples

Parameter | inj. [ surj. | E for {} | E for () [ mod. growth [ strong reg.

0<ax<l yes — — — yes —
a=1 no yes no yes yes yes
a>1 no yes yes yes no no

Finally we can say: If we want to apply our strong characterizing results we have to study the

important properties of weight sequences in detail because they depend essentially on given
parameters.
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7 A decomposition theorem

In this chapter we are going to prove a decomposition theorem for smooth functions on the
compact interval [—1, 1] which is due to S. Mandelbrojt (see [18]):

Theorem 7.0.1 Let f € £([—1,1]) be given, then there exist weight sequences M' := (M}),,
and M? := (Mg)p such that the spaces Egppy ([—1,1]) and Egpr2y ([—1, 1]) are both quasi-analytic
and such that f = g+ h holds for certain g € Eqppy([—1,1]) and h € Eqpr2y([—1,1]), where the
sequences M and M? depend on the function f.

Proof. Before starting the proof of the theorem, we have to study the Tchebychev-polynomials,
which form a basis for £([—1,1]), in detail: We denote with

T, (z) := cos(n - arccos(z))

the n-th Tchebychev-polynomial, which is a polynomial of degree n and |T,(z)| < 1, for all
x € [-1,1] and all n € N. Each f € £(]—1,1]) can be written uniquely in the form:

f@) =" an - Tu(x), (7.0.1)
n=0

where a,, € C for all n € N (see |21, 29.5 Beispiel(4), p. 343-344]). Note that this series and all
its derivatives are absolutely convergent on [—1,1]. The strategy of the proof of 7.0.1 is that
we will decompose the sequence (ay,), appearing in (7.0.1).

First, for r > 1, we define the following function:

7,.71

S0 = 2%, e

Therefore we remark: If there exists N € N such that ||f(")||o, = 0 holds for all n > N, then
f is a polynomial!
Claim: We show now that there exists a constant A > 2 such that for all integers n > A we

have

1

nl < G- 7.0.2
] < STy (702
If we take x = cos(f) we obtain:
©(0) == f(cos(8)) = Zan -cos(nf) and ,(0) :== P (cos(0)) = Z a'P) - cos(nb),
n=0 n=0
where f(®) denotes the p-th derivative. From this we see
0, (0) = —sin(0) - PV (cos()) = —sin(8) - p41(0). (7.0.3)

Hence

Y0l - n-sin(nd) = sin(9) - 3 alP ™Y - cos(nh)

n=1 n=0

—¢(8) P p+1)(0)

= 1
(0 = ol ) sin(nd) + 5 - af - sin(o).
n=1

DN | =

()
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7 A decomposition theorem

(%) holds, because
1 1
5 sin((n —1)0) + 3 sin((n 4 1)#) = sin(f) - cos(nd).
From this we get for all n > 2:

(p+1) (p+1)
a —a
alP) = % (7.0.4)
To obtain the a%p ) we can also calculate as follows:
27
0

L /0 7 0 0) - cos(nd)dh — = / <i a? ~cos(l€)) - cos(n0)do

%) 1 2
_ al(P) . ( . / cos(16) - COS(TLQ)CZQ) = agzp)'
=0 0

™

=01,n

On the other side we can use integration by parts and (7.0.3) to obtain:

w_L [T LRV RS S P
o) =~ -/O ©p(0) - cos(nb)dl = [gop(ﬁ) - -sm(n@)}o - ./o ©,(0) - sin(nd)do
=0
2
— i / sin(6) - f(p+1)(cos(0)) - sin(n@)dé,
™ 0

for all n > 1. Now we can estimate the coefficients as follows:

2m 2m
‘aﬁlp)‘ = % : /0 sin(@) - fPY) (cos(0)) -sin(n@)d@‘ < # ~/0 "f(p+1)"ood9
2|l f7
i —
We summarize:
2. ||f(p+1)||
lalP)| < — =, Yn>1 (7.0.5)
Hence, if n >2and 1 <p<n-—1:
R - Ea e gy VLT R B
noptl (7\5) 2-(n—p+1) (7\3,:) n—p+1l \n—p n—p+2
2-|lf

T (n-p)-(n-p+1)

The last inequality holds because —— <

pra— n%pﬂ. If we iterate this estimation and use always
(7.0.4), finally we obtain:
1

(n—p)-(n—p+1)---n
AP+l Hf(erl)H

P e et e

Jan] < 2 £, i
n.

2.B.eptl

> for 1<p<n-1
(ot orisb=nTL

. Hf(pH)Hoo < e

for a constant A, which depends on the constant B. (xx) above holds for a constant B, because
n
by Stirling’s formula we know, that n! ~ (%) -v/27n, hence

(n—p-1)! Vn—p=1 (n—p—-1"P "t . et
~ -e —

. <

n! vn nm nptl’
—_———
<1 <nn—p=l/pn
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Ap.“f(?)”oo
P

The estimate above shows in fact |a,| < ming<p<p . For p = 1 we obtain |a,| <

’
n

!
< A'”{LH“’, because

2m
|an| = - ‘/0 sin(8) - f'(cos(9)) - sin(nd)db| < % |

™

Now we are able to prove (7.0.2):

‘a ’< min w <  min % — _1
1<p<n np ~ 1<p<(n/A) np d?/?s S(n/A)’

(7.0.6)

thus the claim is proven.

In the following we study the properties of the function S : r — S(r). First we remark that
one can generalize in the definition of S the || (™| to an arbitrary sequence (M,),, where
M, >0,neN:
,',.TL
S(r) == max —.

1<n<r Mn

We set n(r) € N to be the greatest integer n < r, such that S(r) = {Tn holds. It follows that

n(r) . . . . . . .
S(r) =17 o and n(r) <r, and S is an increasing function in . The function n : r — n(r) is
n(r

also increasing in r, because suppose for some 1 > r, we would have n(r;) < n(r), then:

T;%(r)fn(rl) S pr(r)=n(r) > My _
(orx) Min(ry)

(# * ) holds because of the definition of S(r) and n(r) and because n(r1) < n(r). Hence

T?(T) T?(Tl)

My~ My)

= 5(r1), wheren(r) <r <ry,

and this is a contradiction to the definition of S(rq).

For r — oo it follows that n(r) — co: We take r > max(%f,% Mj\f: ,p), so r > Mj\ﬁl
for 2 <i < p. Note that for all p € N, p > n, we have
My _ Mp My < pp—7
M, M, My~ ’
S~ N~
<r <r
which implies IC— < 47 So, because p < r holds, we obtain by definition n(r) > p.

In the following we put s(r) := log(S(r)) = n(r) - log(r) — log(M,,). The image of the
function n consists of positive integers, which are increasing in r. So we see: In a given closed
interval [1, R], R > 1, the function s is increasing and there are only a finite number of points
Bi,i=1,...,lr, where s is not continuous, in particular where it is not differentiable. But s

is continuous from the right at each point, which means s(r) = s (r) := limy o s(r + ¢) for all
s(r+t)—s(r) _ n(r)
SR = :

7 and it has a derivative from the right at each point, too: s (r) := im0 -

Let 1 < rg < r1 < B, then s is C! on [rg,r1] and s(r1) — s(rg) = f;;l s (7)dr holds. We set

s7(r) := limy~ o s(r — t), then s~ (B1) — s(ro) fﬁl "(7)dr, hence

B
s(81) — s(ro) = / S (P)dr+ s(By) — s~ (Br).

To
C1
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7 A decomposition theorem

Note that s is continuous from the right at each point, so s7 (1) = s(/31), and ¢; > 0 denotes
the height of the jump at the point §;. Similarly we calculate for all points 3; to obtain for
1<rg<r

r I
s(r) — s(rg) = / @dt + Zci, (7.0.7)

where ¢; > 0 denotes the height of the jump of s at §; and the sum is taken over all i such
that §; € [ro,7].

Proof of 7.0.1.

Now we can start with the proof of the theorem! First we choose ro € R, ro > 1, such that
n(rg) > 2 and s(rg) > 0. We set m(r) := n(r) —2 > 0 for r > 9 and m(r) = 0 for r < ro.
Hence for » > ro one obtains

s(r) \Z/J S(To)-i-/T @dt = S(TO)_F‘/T: jdt_,'_/or @dt

To

(7.0.7) definition of m(t)
2
" m(t T £1/2
> 2-log - +/ mdt = 2-log T +/ m )dt.
N~ To 0 t ~~ To 0 2t
s(ro)>0 t—tl/2

We define N(t) := [m(tm)], where [z] is defined to be the largest integer, which is less or

s(r)>2- log(;) + /0 @dt, (7.0.8)

because [x] < x for all x € R. The image of the function N : ¢ — N(t) consists of positive
integers, which are increasing with ¢. Furthermore we have that N vanishes locally around the
point zero, because m(r) = 0 for r < rg, and N(¢) — oo for t — oo, because n(t) — oo for
t — 00, hence m(t) — oo for t — oc.

equal to x. For r > rq:

In the next step we consider a sequence (t;), of increasing real numbers with the following
properties, where a > 1 is a constant:

[l N0 g
fao1 t > N(ty1) VYg>1. (7.0.9)

to=0,t;,>a-t;_1 and >
4 1 log(t,) — log(ty—1)

Note that this choice is possible, because the function N is increasing and N(¢t) — oo for
t — 0o. More precisely we have: Let ¢ be a positive increasing function such that ¢(z) — oo

for + — o0o. Then we choose a sufficient large A and }2?8;; sufficient small to obtain for
B>N-a>0:
8 8
I @dt o _ha @dt SOr-a)- log(8) — log(a) — log(\)
log(B) —log(ar) = log(B) — log(a) ~~~ log(3) — log(a)
¢ incr.

—1_ log(A)
Tog(B) —log (o)

Now let (N,), be defined by:
ta  N(t)
J, o dt

tg—1
N, := 1 7.0.10
"= |Toa(ty) — Toalty ) (7.0.10)

and so we get by definition:

N(ty-1) < N, < N(t,) for all ¢ > 1. (7.0.11)
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Using the introduced sequences (t,), and (Ny)4, we can define two functions N7 and N in the
following way:

N for to, < t
Ni(r) == { () for to <7 <tagin for all ¢ > 0, (7.0.12)

Na(grry for toger <7 <ty(gi)

and

No(r) = {N(T‘) for togy1 <7 <tyq1) forallg>0andty=0<r <t (7.0.13)

Nogi1  for tog <7 <tog for all ¢ > 1.
Finally we define the following three important functions 7', 7} and T3

log(T(r)) := [y Nt(t) dt

log(T7 () = [ Z;‘t)dt (7.0.14)
log (T3 (r)) := f7 22Wq.

By the definitions above and (7.0.11) we remark: N;(¢) and N2 (t) are increasing in ¢, tending
to infinity for ¢ — co. The images of both functions consist of integers with > 0. Furthermore
we remark that all three integrals defined in (7.0.14) are finite for » < co: Recall that the
function N vanishes near zero, hence N7 and N» by construction, too.

Claim: On every interval [toq, tag+1) where ¢ > 0 we have T7(r) < T'(r) for all r € [tag, tag+1)
and on [tag11,t2(q+1)), ¢ > 0, we have T3 (r) < T'(r) for all 7 € [tag11,t2(q+1)). We prove this
for the function T7. If toy < r < t9441, then:

J\]1 a— t21+1 t2(j+1) N2(3+1) N( )
1 T = dt ———dt ——=dt.
ou(r(r) = [ 2 )z /% +z / LN

taj41 t2q

to i+1
=N2(j+1)'10g(7t2(;-+1))

y (7.0.10) we have: Ny, - log( t2p ) < [ler @dt, for 1 < p < q. Hence

top—1

log (T} (r)) < /0 ' @dt — 1og(T(r)) = T (r) < T(r).

For T} we can imitate the proof above and the claim follows.

The next step in the proof is to show

I log(Ti(r)) , _ I 8(T5(r) 4, _ oo, (7.0.15)

r2 r2

We restrict to the first integral. Let taq_1 <7 < tg4, then:

Nl T Nl(t) ( r )
lo T > ——=dt > Ni(tag,—1) - lo
g‘ 1 ( / s ; z 1(t2g—1) - log T
N1 (t)>0 Nj increasing
r
= Ny, -1 .
(7.0.12) 24 Og(tzq_1>
We set 7 := % il and use the estimate above to obtain:
20 log(T7 (r 24 10%(%) N, el
/ g(;())derzq./ R / e losn) s,
tag—1 r tag_1 r tog—1 J1 T (7.0.9)
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7 A decomposition theorem

where b is a constant. Again we can imitate the proof for 7%

This is the crucial point in this proof: We define now two smooth functions g and h, which
will decompose f = > a, - T,. Using the sequence (f,),, which was constructed in (7.0.9),
let (by)n and (c,)n be the two sequences defined by:

for A-\/Tgg <n < A-/lari1
b, = 4 Ot f2g =7 < b2q+1 for all ¢ > 0, (7.0.16)
0 for A'./t2q+1§n<A~\/t2(qi+1)

an for A-\/lagi1 <n < A-/tyqs) for all ¢ > 0 (7.0.17)
0 for A'\/thSTL<A'\/t2q+1 -

Then we define the functions g and h using the introduced sequences above:

2):=Y bn-Ta(z), h(@):= cn-T(x) (7.0.18)
n=0 n=0

It follows immediately that f(z) = g(z) + h(z) for all z € [-1,1].

Claim: For i € {1,2} there exist weight sequences M* := (M), such that g € Eypr, h € Epp2
and &y are quasi-analytic for ¢ € {1,2}. We prove this for g:

First we remember that on (taq, tag+1) we have T7(r) < T'(r) and remark that we obtain by

(7.0.16): 2

b, = a, & \/t2q+1 = th < tt2,1+1 (7019)

We can estimate the b, for n > A as follows:

1 A T0 1 A To 1
bn| < < : < : :
(70.2) S(n/A) (7.0.8),(7.0.14) n T(n2/A2) (7.0.19) n T} (n?/A?)

thus for n > A we have

A- To 2 1
b < . . 7.0.20
bl < (432) " Tz (7:020)
Furthermore we use the following property of the Tchebychev-polynomials: By [19, formula

(6.2.4), p. 206] we have T\P)(1) < 1. (%)p -n? for 1 < p < n and by |19, formula (6.4.1), p

217] we have |T7(Lp) (x)] <27 -T,(Lp)(l) for all x € [-1,1] and 0 < p < n. Thus on [—1,1] and for
1 < p < n we can estimate the Tchebychev-polynomials as follows:

7% (z)| < L <4>,, %, (7.0.21)

=3\,
So for 1 < p <mn and A < n we obtain the following estimate:

1 (4} & n?
o (@) < Z|b| 0@ < (A.r0)2.2.<>.ZW

i (7.0.20),(7.0.21) p n>p
<(A r)2 1 <4>p <i1> S L < CP-su M
- 0 2 \p = n? n>1;) Ty (n?/A2) — n>I; Ty ((n/A) )
rP
< CP.su =:CP. M},
720 T5 (r) P

where C' > 0 is a constant. The last inequality is valid because for » > 0 we can insert in the
last supremum more values. Note that this estimate above in fact shows | g® (z)| < cr- M)
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and it is only valid for p > A: Because for n € N, such that n > p, we have used (7.0.2). But if
we choose a bigger C it is also true for 1 < p < A (this is only a finite number of possible p’s).

Claim: v

T
M i =sup—— Vp>1 7.0.22
PTGy TP ( )

implies
T (r) ~ (7.0.23)
T)=Ssup ——— U.
! sz1) Mz%

First remark that sup,; ]Cqu < Ty (r) follows from (7.0.22), because this equation holds for all

p > 1. Because Ni(r) € N we can write:

a ra pN1(r)
SUP T = sup g 2 I (7.024)
ezl Mg 21 SUPe>0 Ti(p)  SUPg>0 oy

For 01 < 02 we have

Ni(r) Ni(r) 02
02 0 _ / Ny(t)
lo —lo = Ni(r)-lo — ——=dt
g(Tf(m)) g<Tf‘(91)> oy 1) losle) =

=:log(e1,02)

- (Wi togten - [ Har)
= Ny (r) -1og(92) - /:, NlT(t)dt.

01

We estimate the last term above (N7 (r) is positive and increasing):

Milen) tog(2) = N(en): / “la< / " 20001 < Watea)- [ dat = Nt -1og  2)

01 1 1 01 01

Hence

(Nl(r) - Nl(Q2)) 'log(Zi) < log(o1,02) < (Nl(r) - Nl(@l)) '10g<gz>~

01

1(r

) .
So we can say that QTAL—(T) and both expressions above stay constant for Ny(g) = Ni(r), they

increase for Ny (p) < ]ifl(r) and decrease for Ny(p) > Ni(r). Hence

e (7.0.25)
sup ==, .0.
o>0 I7(e) Ty (r)

and together with (7.0.24) we obtain:

rd pN1(r) N
Sl>1£1)7 > o =10 (r),
= TEm

which shows (7.0.23) and the claim is proven.

Claim: For i € {1,2} the weight sequences (M;;)p are quasi-analytic. We show this for M1
Let p > 1 and if v > r; > 0 then we have

o (3) <o) -l <0 ()
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7 A decomposition theorem

Now we order the values under the function V7, such that they are increasing: n; < ns < nz <

CEn <p< Ni+1, then
~p
1 r

Ty (r)
where 7 is the smallest 7 such that Ni(r) = p (because of (7.0.25)). Hence, for n; < p <

p+1<mn;:
log(Mlﬂ) — log(M;) = log(;) (7.0.26)

p

If p is increasing, then clearly 7 is also increasing, so the difference on the left hand side above
increases, which shows that log(M]}) is a convex function in p. We summarize:

L. T7(r) =sup,>, V; by (7.0.23)
2. [ log(T ") dr = 00 by (7.0.15)
3. The sequence (M), is log. conv. by (7.0.26)

1) and 2) together correspond to the third condition in 4.1.5, because:

log (T (  Jog (T 1 1 &
o — / Og 1 TS/ M and -~ (<:> lim %: >
0 T T

r2

Hence we have shown that g belongs to a quasi-analytic space. The proof for h is the same
and we summarize: We can write f(z) = g(z) + h(z) for all € [—1,1], where g and h are
functions in the quasi-analytic spaces Egpriy([—1,1]) resp. Epar2y([—1,1]) with M' := (M}),
resp. M? := (M}),.

In fact we have shown the decomposition on [—1, 1], because for £([—1, 1]) one has the represen-
tation by the Tchebychev-polynomials. If we apply an affine linear transformation x — a-x+0,
a,b € R,a > 0, we obtain the general case. Note that the function space £y resp. Eqprzy is
closed under such transformations.

O

Remark 7.0.2 From the theorem above we obtain also the following property: If F = log(Q)
for functions F,G € £ (in particular if G(x) > 0,V x), then F = Fy 4+ Fy by the theorem above
and so

G = eF F1+F2 —e

where Fy € Eqpy resp. Fy € Eqpzy. If for i € {1,2} the weight sequences M* := (M;j)p
satisfies M; > 1 for all p € N, then exp € Erppiy (take C := maxgere® h == 1,V K C
R compact).

If we additionally assume that the sequences (my), and (m2), are both logarithmic conver,
1

1. M, 2

2
where m,, 1= or Tesp. my = % for all p € N, then we can use 3.2.7 to obtain:

Fy 65{M1}2>€F1 GE{MI}, FQE(‘:{MQ}SCFZ Eg{Mz}.

So we have decomposed G into a product of two functions, which both belong to a quasi-analytic
space.
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8 A comparison with weight functions

The goal of this chapter is to compare two different definitions of weighted function spaces.
Up to now we have worked with weight sequences M := (M,),. Such a sequence M is nothing
else but a mapping M : N — R+ (. The new strategy in this chapter will be to define weighted
function spaces of Romieu- resp. Beurling &,y resp. &), where w : R>g — R will be called
a weight function. Therefore we want to compare the new spaces with the “old ones”. Here
again we have to introduce and compare certain properties for M and w.

A natural question arises: In which cases do we obtain £y = £y resp. Ey = (o) as locally
convex vector spaces? We will give a complete answer to this question and also construct a
counterexample.

Another important item will be: Is there a correspondence M < w, which means: Given a
weight sequence M, can one associate to M a weight function w? And, if w is a given weight
function, can one "build” a weight sequence M which is related to w?

8.1 Regularization of weight sequences

At the beginning we discuss the technique of the regularization of sequences, which was in-
troduced by Mandelbrojt (see [19, Chapitre 1]). In the following let (a,), be an arbitrary
sequence of real numbers such that a,, > —oo holds for all n € N. We allow also a,, = co for
finitely many n and so we get a sequence of points P, := (n,a,) in R x (RU {+o00}).

Let ¢ : R>g — RU {400} be an increasing continuous function with ¢(0) > 1. Such a function
¢ will be called a regularizing function. If ¢(tg) = oo for some ty € R>q, then ¢(t) = oo for all
t > to. In this case we assume the following condition on the sequence (ay,)n:

lim — = oo. (8.1.1)

We discuss now the geometric process of regularizing the sequence a := (ay,), with respect to
a regularizing function ¢. The regularized sequence will be denoted with a? := (a$),,.

Set

By = {(z,y) eR?*: 0 <z < p(t)},

for all ¢ € R>( we define a set D, satisfying the following property:
Dy consists of the intersection of the minimal line with slope ¢ through a point p, € B; with
the stripe Bj;.

The mapping ¢ — D; is well-defined: If ¢(t) < oo for all ¢ this is clear because by assumption
¢(t) > 1 holds for all ¢. If ¢ = co on [tg,00) then we can use (8.1.1). Note that in the second
case the segments Dy, where ¢t > ty, are half-lines.

Now we consider the subsequence (P,,); of (P,), of points lying on a segment D, where
t € R>g. Then (P,,); consists of infinitely many points: If there exists an index iy € N such
that Py, ¢ D, for any t, then a,, = oo for n > n;,. But this is a contradiction to a,, = oo for
only finitely many indices. We call the sequence (n;);, i € N, the principal indices sequence.

If we take a principal index n; and assume that P,, € Dy, and P,, € D, where t; < t3, then
immediately P,, € D; holds for t € [t1,t2]. So for all principal indices n; we can associate an
interval I; such that P,, € D, for ¢t € I;. Such an interval is in general half-open and of the
form [t;,7;). t; € I; holds always because ¢ is a continuous function. In the cases where we
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8 A comparison with weight functions

have 7; ¢ I; we conclude ¢(7;) = n;;1. The indices n;11 with this property are called indices
of discontinuity.

For all i € N we have clearly 7; = ;41 and we remark: If ¢;,1 = t;40 = --+ = t;1p, occur for
an h > 1, then the points P, ., ..., Py,,, are lying on a line, hence the indices n;y1,...,ni1n

are indices of discontinuity.

Now we define the line segments L; as follows: L; is the segment of the line with slope 7; = t;11
which is passing through the point P,, = (n;, an,;) and such that pry(L;) = [n;,n;4+1) holds for
all 4. If n;1 1 is not an index of disc. then we have L; C Dy, ,, in the opposite case L; lies over
Dy, ., because ¢(tiy1) = ¢(73) = nit1. The slopes of L; are increasing for i — oc.

We put B := (J;cy Li, where Lg is defined to be the horizontal line between the points (0, an, )
and P,,. Thus the set B consists of a family of convex polygons, which are closed on the left
side and open on the right side. In particular between two indices of disc. n; and n;11 we
obtain a certain half-open convex polygon. The cusps of the polygons, except the extremal
points on the right side, are exactly the points P,,, where n; is a principal index.

We define the regularization mapping r¢ as follows: P, = (n,a,) — P? = (n,a?), where P?
denotes the projection of the point P, onto B. The regularized sequence a® := (a%),, satisfies
a? < a,, for all n with equality for the principal indices.

Furthermore we remark: Given two regularizing functions ¢; and ¢o with ¢1(t) < ¢2(t) for all
t we obtain immediately a%? < a$* for all n and the number of the indices of disc. decreases. If
(¢:); is an increasing sequence of regularizing functions, then the sequences a®*, a®?, ... become
more and more regular, but |a, — a%i| is increasing for all n if i — co. An important example
is @ = oo. In this case the set B coincides with the Newton polygon, hence B is connected and
the set of indices of disc. is empty.

For ¢t > 0 we set m(t) := sup{n € N: P, € D;}. The function m : R>y — N is well-defined
because there are only finitely many points P, lying on a segment D;. This is clear if ¢(t) < oo
for all ¢ and if ¢(tg) = oo for a tg > 0, then this follows by (8.1.1). We show now that m is
an increasing function and lim;_,, m(t) = co. Let ¢; < to, then we distinguish two cases: If
Pry(t,) € Dy, then obviously m(t1) < m(t2) holds. If Py, ,) lies above the segment Dy,, then all
points P,, where n < m(t;) holds, lie above D;,. Thus we obtain in this case m(t1) < m(ta).
Suppose that there exists k € N such that m(t) < k for all ¢, then a,, = co for all n > k which
is a contradiction to our assumption.

Claim: The function m is continuous from the right. For the segments D; we have D; = D;",
where Dj := limg\ o D¢y, hence they are continuous from the right. If n; is not an index of
disc., then we obtain D; = D, , where D; := lim.\ o D;_., too. Analogously we define m(¢)*
and with this notation we have to show m(t) = m(t)™ for all ¢. Because m(t) € N for all
t > 0 we have m(t)* € N, thus there exists 9 > 0 such that m(t + &) = m(¢)™ for all ¢ with
0 < e <ep. Then Py, + € Diye holds for all those €, hence P, )+ € D; because D; = D;.
Finally m(¢)™ < m(t) implies the desired property.

We give now the important definition of the trace function A : R>o — R of a sequence (a,)n
with respect to a regularizing function ¢:

’Let —A(t) be the value of the trace of the segment D; on the line {(0,y) : y € R}. ‘

By definition A is a strict increasing function and lim;_,., A(t) = oo because otherwise we
would obtain a, = oo for infinitely many n € N. If we take an arbitrary line [ with slope ¢
which is passing through a point P, = (n,a,) with n < ¢(t), then the ordinate of I at the
origin is equal to a,, — n - t. By definition of D; we see: a, —n-t < —A(t) < A{X) <n-t—a,
and equality holds for n = m(t). We summarize:

A(t) =sup{n-t —a,:n e N, n < ¢(t)}. (8.1.2)
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8.1 Regularization of weight sequences

A is also continuous from the right, it is discontinuous for ¢t = ¢; where n; is an index of disc.
If we regularize with respect to ¢ = oo, then A is continuous. The correspondence between
the functions m and A is the following: For the segment D;, with slope ¢, by definition of the
function m we have P, € Dy. By Ppiy = (m(t), am)) we see A(t) = t-m(t) — ap) and
this implies the fact that m is nothing else but the derivative from the right of A.

To each sequence (a,), like above we have constructed a trace function but there are different
sequences which lead to the same trace function. First we observe that for ¢ and a® one obtains
the same trace function with respect to ¢: The cusps of the set B in B; are lying by definition
above the segment D;, except the principal points which are lying on D;. Thus all points P?
with n < ¢(t) are lying below the segment Dy, except the points P,, = P;fl_ where n; is a
principal index. We see: For both sequences a and a® we can take the same segments D, for
all t > 0, hence we obtain the same trace function A.

The next result characterizes the relation between a sequence (ay,), and the trace function A
which can be considered as a Galois-correspondence between (ay,), and A:

Lemma 8.1.1 [19, 1.4.1., p. 6-7] In the set of all sequences (ay,)y, which lead to the same
trace function A with respect to a reqularizing function ¢ we can find a "most reqularized” one.
This sequence (ay,)y, is given by

an, =sup{n-t —A(t) 1t € R>o, n < ¢(8)}. (8.1.3)
Proof. By the previous statements it is enough to show that
al =sup{n -t — A(t) : t € Rsg, n < ¢(t)} (8.1.4)

holds, in particular a? = «,, for all n € N. We consider the line I,, :== {(z,y) € R? : x = n} for
an arbitrary n € N and for all ¢ > 0 with n < ¢(t) the segment D,. Hence D; intersects [,, in
(n,n-t—A(t)), but the point P? = (n,a?) is not lying below D; which implies n-t— A(t) < a?.
By construction of a® we see that there exists i such that P? € L;. We distinguish now two
cases: If the index n;y; is not an index of discontinuity we have L; C Dy, , and because
d(tiv1) = () > nip1 holds we are done because the supremum in (8.1.4) is reached for
t =t;41. If n;41 is an index of disc. then L; C Dt_Hl where D = limg\ o Dy, , —« and the
supremum in (8.1.4) is not reached for finite t.

tit1

Remark 8.1.2 By (8.1.2) and (8.1.4) one can now define a regularized sequence a® and a trace
function A in an abstract way without geometric arguments, calculations and restrictions on
the the sequence (ayn)n. Sometimes it’s useful to extend the trace function to an even function
on R, where we put A(t) := A(—t) for t € R, t < 0. Finally we remark that (8.1.1) implies
At) =sup{n-t—al:neN, n <o)}
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8 A comparison with weight functions

8.2 Associated function

We return now to an arbitrary weight sequences (M, ), and apply the regularization procedure
above as follows: We regularize for ¢ = oo the sequence a := (ay)n, where a, :=log(M,,). As
we already noticed the set B coincides in this case with the Newton polygon relative to the
points P, = (n,a,) and it is a continuous convex polygon. We point out that condition (8.1.1)

is in this notation lim,, o Mé/" = 0. Recall that for My =1 and (M,,),, log. convex by 2.0.4
the sequence (M,lb/ n)n is increasing. Furthermore we remark that 5 is the maximal element of
the set of convex lines which lie not above the points P,.

After regularization we set M2 := exp(a?). By construction the sequence (M), coincides

with the largest convex minorant of (M,,),, thus M¢ = M¢ for all n. We put
T(o) :=sup — (8.2.1)

and A(o) := log(T'(exp(0))) = sup,en(p-0—log(Mp)), so A is the trace function of the sequence
(an)n = (log(My)),. A and T are both continuous functions and by (8.1.4) we can write now

M¢ = M? = sup .
r€R>q T(T)

n

Remark that (8.1.1) implies for all n > 1 that lim, 7y = 0 holds.

Let (M,), be an arbitrary sequence of positive numbers. We define now the associated function
wy R — RU{—00} U {400} via

P. M,

wpr (o) := sup log<go> (8.2.2)
peN M,

for o # 0 and wps(0) := 0. One can see: For My = 1 we get wps(0) = A(log(o)) = log(T'(0)), if

My # 1 we have wys(0) = A(log(o)) + log(Mp) = log(T(0)) + log(Mp).

Clearly wys is an even function and often we restrict wys to R>g. We remark: If we assume

1/p
that the sequence (%) is bounded below by a positive constant, then wj; is an increasing

convex function in the variable log(o). Furthermore wys vanishes for sufficiently small o > 0
and it is increasing faster than log(g?) for any p as ¢ — oo. If (M,), is log. convex then by
2.0.4 this assumption is satisfied.

Furthermore we introduce the function p : R>g — NU {400} defined by:
p(N) :={peN:p, <A} =|{peN: M, <X -M,_1}| (8.2.3)

We see: If (M,), is log. convex, then (p,), is increasing and so the function p is increasing. If
(pp)p is increasing and additionally lim,_.. f, = 00, then p(\) is a finite value for all A < co.

If we define the sequence M“™ := (M), in the following way

MeM .= M. |Q|p
M= My - sup

———, forpeN,
oek exp(wir (o))

then we obtain immediately:

Lemma 8.2.1 The sequence (MI‘)”M)Z, coincides with the largest log. convex minorant of the
sequence (Mp),, which means M = My for all p.

Proof. Follows by Lemma 8.1.1, the definition of the associated function and the remarks
above.
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8.2 Associated function

a

An easy consequence is now the following result:

Proposition 8.2.2 [11, Proposition 3.2., p. 49] A weight sequence (M,), is logarithmic con-
vez if and only if

Moo= M lol?
» = My - sup (8.2.4)

ek exp(war(0))

is satisfied for all p.

Proof. For a log. convex sequence (Mp,), we have M, = M for all p and so we are done by
8.2.1.

O

Remark 8.2.3 In [19, 1.7., p. 14-16] it is pointed out that another important regularizing
function is ¢ := exp, where we restrict exp to R>q. exp is clearly continuous and increasing
and exp(0) = 1, hence we can apply the regularizing procedure. Let (M), be an arbitrary
weight sequence, we put again a, := log(M,) for all n and regularize the sequence (a,), with
respect to exp to obtain (a®*P),. Then we define MS := exp(aS*P) for all n. The function S,

n n
where we put

T,TL

S(T) = nGHIgT%LXST ﬁn,
is well defined for v > 0 (in particular S(r) = My ' for r € [0,1)) and we have log(S(r)) =
maxn,<,(n - log(r) — log(M,,)). Hence A(t) := log(S(exp(t))) is nothing else but the trace
function of the sequence (an)n = (log(M,))n with respect to the regularizing function exp.
Finally 8.1.1 leads to

M? = sup —— .
" ’I”GR:TPZTL S(’I") n<r M;—Z

Note that S is the important function, which we used in the decomposition theorem 7.0.1. In
particular in 7.0.1 we have taken the mazimum over all n € N with 1 < n < r. But if one

< o " > 1.
assumes My < My, then nerﬁixg W nel\r{nﬂsg;gr m forr>1
From now on we assume always that

’MO < M is satisfied. ‘

In the next step we want to derive an explicit formula for the associated function. To do so
we first prove the following result:

Lemma 8.2.4 [19, 1.8.1IL., p. 18-19] Let (an)n and (b,), be two increasing sequences of
positive real numbers. We define a function N : R>g — R in the following way: N(z) :=0 for
0 <z <a and N(z) := b, for a, < x < apy1 where n > 1. Furthermore put by := 0 and
Nn = Z:L:I(bz - bz’—l) Q= Z?:_ll b,’ . (ai - ai+1) +ay, - bn So No = O, N1 =aj - b1 and we

bo=0
obtain for ay < x < amy1, m > 1:

/ N(t)dt = by, - © — Ny, = sup(by, - © — Ni) = sup(by, - © — Ny).
0 E>1 k>0

Proof. First we remark that by -2 — N, > by, -ap, — N, = Zf:_ll b+ (aiy1—a;) >0forallk > 1
and by - © — No = 0, hence sup;~1 (b - © — Ni) = supy>q(bx - © — Ny).
Let x € [am, @m+1], then we get immediately by definition of N,, and the function N:

m—1

xr
/ N(t)dt = Zbk~(ak+1—ak)+bm-($—am):bm-x—Nm.
0 k=1
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8 A comparison with weight functions

On the other hand we can estimate for 0 < p < m < ¢:

p—1

by -z —Np = Z(bk (a1 — ak)) +bp - (z—ap)
k=1

p—1 m—1
=> (be - (kg1 —ar)) + by > (ars1 — ar) +bp - (2 — am)
k=1 k=p
m—1
< 2 (bk (ag+1 — ak)) +bm (T —am) =bym -z — Ny,

(*

=

(%) holds because b, < by for p < k <m and a,, < z. Furthermore we estimate

q
b &= N — > ((be = be—1) - ax) + (bg — b)) - @ = by - & — N,.
(%) k=m+1

(+%) holds because x < ay for m + 1 < k < ¢q. Hence we see: For 0 < p < m < ¢ we have
bg-x—Ng <bp-2— Ny and b, -z — Ny < by -2 — Ny,

O
Note that this result is still valid for a; = 0, and in this case we have foz N@t)dt =b;-(x—ay) =

by - x for © € [0,az]. Applying the lemma above we can prove an important and very useful
integral representation formula for the associated function, which will be often used:

Proposition 8.2.5 [19, 1.8.V., p. 20-21] If (M,), is a logarithmic convex weight sequence,
then we obtain for o > 0 the following expression for the associated function:

wi (o) = /09 @dk = /9 @dk»

where p(N) == [{p € N : p, < A} is defined as in 8.2.3.

Proof. We apply 8.2.4 in the following way: Put ar := log(ux) and by := k, then both
sequences are increasing because of the log. convexity of (M), and ay is positive, too: Since
My < My we get g = % > 1, hence a; = log(u1) > 0. First we remark that for the function
N we have by definition N(log(z)) = p(z) for all x € R, z > 1. For N,, we compute:

n n

N, = Z(bi —bi—1)-a; = Z a; = Zlog(ui) = log(M,,) — log(My).
i=1

i=1 i=1
Then we obtain for z € [a,, a,11] and the trace function A:

vk)>

/ N(t)dt = sup{bs -z — Ny} = sup{k -z + log(My) — log(My)} = A(z) + log(My).
0 8.2.4 "20 k=0

Finally we have for log(y) = x, where y > p1:

onrly) = Alog(n) + loz(y) = | e o [ Ao - A S
t=log(\)

Note that () =0 on [0, u1) by definition, hence on [0,1), and so we are done.
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8.2 Associated function

Remark 8.2.6 If My < My holds, then sup,cylog (%) = SUDPpen.p>1 108 (\9\;\'4717%) for
lo| > 1: Assume that the supremum is attained for p =0, so 0 > p-log(|e|)+log(My) —log(M,)
has to be satisﬁed for all p > 1, which is equivalent to % > |o|? for allp > 1. But for the case
p =1 we need 12 > lol > 1.

Hence we see by 8.2.5: If My = M, holds, then [ @d)\ = wum(0) = sup,en.p>1 log (Qi\ﬁo)
forall o> 1.

In the following we define a further property of weight sequences:
dJAH>0:VpeN: My <A -H? M, (8.2.5)

We call a sequence (M,), stable under differential operators (with constant coefficients) if

Myi1 ) /P o
(8.2.5) is satisfied. It’s clear, that (8.2.5) is equivalent to sup, ( p“) < 00, which implies
closedness under derivation for £pry resp. Eapy. If (M), satisfies (8.2.5), then we can estimate

for the operator a - di a € C, on a fixed compact set K:

x; 0

sup |(a - f©) @) (@)| < sup |a] - [ fF)(2)] < Ja] - C - B M40
zeEK zeEK

al O h A (b EV M
= (ol CohA)- (b H) Mg

Here we have set ¢; := (0,..., 1 | ...,0).
The next proposition gives a full characterization of property (8.2.5) for log. convex sequences
(M), in terms of the function .

Proposition 8.2.7 [/1, Proposition 3.4., p. 50-51] A log. convex weight sequence (M),
satisfies (8.2.5) if and only if there exist constants A, H > 1, such that

log(A/A)

A) > =

n(A) = log(H)

Under these equivalent conditions we have the following inequality for all k, o > 0:
log(o/A) - log(k)
log(H)

Proof. (8.2.5) can be viewed as pp41 < A- H? for all p and A, H > 0. Because A < ppy1
holds for p := pu(X) we have

V> 0. (8.2.6)

wpr (k- 0) —wn(o) > (8.2.7)

log(A/A
A< i < A HYO) 5 log(3) ~log(A) < (N - og(H) = ") < ().
Conversely, by the log. convexity of (M,)p, let ppy < ppo+1 = -+ = fipt1 < ... and if

A/ Ppo+1 in (8.2.6), we see

log(p+1/A)
> _o\NFPT /T
PO = " og(H)

which implies (8.2.5). If now (8.2.6) is satisfied, we use 8.2.5 to calculate:

"2 Jog(A/A) 1 Belog(\) . log(A) [Fe1
wr (k- 0) —wn(o) Z/Q log () )\d/\ = Toa (1) ./g 2 d\ — tos ) /g XdA

& HP - A > ppi1 = ppo+1 Y po,

1 log(A 1og
= foa(H { } log(kz)
(210g(@/A)+10g k)) log( ) log(Q/A) log(k)
2log(H) =T les(d)
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8 A comparison with weight functions

The last inequality holds, because H > 1, and for the integration we have used f @d)\ =
(log(\)? = [ %d)\, which follows by integration by parts, hence [ log/\(A)d)\ = (10g(2)\))2.

O

Lemma 8.2.8 [/1, Lemma 8.5., p. 51] Let (M), and (Mz/,)p be two log. convexr weight
sequences, then we denote with wys resp. w,,; their associated functions and we write p resp.
,u/ for the functions, which we have defined in (8.2.3). Then the sequence

N,

,:= min M, - M,
P 021;21' ¢
is also logarithmic convex and the associated function wy resp. the function v : A — v(A),

v(A):=|{peN: NJZ: <A}

, can be computed via

v =N+ 1 () wn(o) = wa(e) +wy (0)-

Proof. We have

’ ’ !
N:minM-M_ = NO .min 1 . _
P 0g<p 1 p=a —~— ogqu'u Hq - F1 Hp—q>
=Moy-M,
N, . . . ’ ’ .
hence the sequence v, := prl is obtained if we rearrange the set {p1, tia, ..., fiq, fo, ... } In

the order of growth. So we see, that (v,), is an increasing sequence, thus (NN,), is log. convex.
Because

v, <A& N, <A-N,_1 < min el gy g < A- min by
p = P> p—1 OSqSPMI Hg 1 Hp_qg = qugp—l'ul Hg - M1 Hp—g—1

we see that v(\) = pu(A) + 1 (A) is clearly satisfied. Now we use 8.2.5 to finish the proof.

O

With the lemma above we can prove a full characterization of weight sequences satisfying the
moderate growth condition via the associated function:

Proposition 8.2.9 [//, Propsition 3.6., p. 51-52] A logarithmic conver weight sequence
(My), satisfies moderate growth if and only if

2-wm(o) Swm(H - 0) +1og(A- My) Vo (8:2.8)

is satisfied, where A and H are the constants appearing in (6.1.2).

Proof. Applying 8.2.8 we see: 2 - wys is the associated function of the sequence N, :=
ming<q<p, My - Mp_q. If (M,), satisfies condition (6.1.2), then:

2-wp (o) = sup log(lglp ; NO) = suplog( o M5 >
peN Ny peN ming<q<p Mg - Mp—q

(H~9)”~Mo-A~Mo)

< suplo = H - p) +1log(A- My).
(_)plelg g( i, war (H - o) + log( 0)
6.1.2

Conversely we remark that (IV,), is a log. convex sequence, because (M), is log. convex and
8.2.8. Hence

|Q|p 2 ‘Q‘p M,

N, = Nj- RN — > M-~ = .

PO iEFN’(exp(sz(g)) o 0N exp(war (H - 0)) - A- My )~~~ A- H?
8.2.2 (6.1.2) 8.2.2
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8.2 Associated function
Finally in the next two results we will give a characterization of the important relations < and
< on the set of all sequences via the associated functions.

Proposition 8.2.10 [/1, Lemma 3.8., p. 52/ For two log. convex weight sequences (M), and
(Np)p we have: M = N if and only if there exist constants L,C > 0 such that

wn(0) <wm(L - o)+ log(C) (8.2.9)

for all p € R.

Proof. If M < N, then we calculate

lo|P - No (L - o|)? - My C - Ny
= I — | < It —_— I
wn (0) = sup 0g< ~ < sup log M, + log 7

peN P peN 0
C - N
WM(L«Q)+10g< MOO).
Conversely we obtain
lof? |of? My -C
M, = My -sup——— < My-C -sup = - LP - N,
ST ecrep(wn(o) oek exp(wn (/L)) 7 No g

For the following proposition we restrict the associated function was to R>q.

Proposition 8.2.11 [/1, Lemma 8.10., p. 53] Given two log. convex weight sequences (Mp),
and (N,)p, then the following are equivalent:

(a) MIN
(b) For all L > 0 there exists a constant C > 0 such that equation (8.2.9) is satisfied
(¢) There exists a continuous increasing function € on R>q which satisfies

(1) €(0) =0,

(i1) e(0)/o — 0 for o — o,
(#i1) wy =wp 0€.

Proof. (a) < (b) follows with the same calculation as in 8.2.10 and the definition of <.

(b) = (c) We define e(p) implicit via wx (o) = wir(e(0)) for 0 > 11 and for o < vy by L2 < py.
Using 8.2.5 the properties (¢)(i) and (c)(4i7) are satisfied. We prove (¢)(i7) with contradiction:
Suppose that there exists L > 0 and a sequence g; — oo such that £(g;) > 2L - ;. Then
wn (o) = wm(e(o;)) > wn (2L - p;), and we choose now a constant C' according to L, such that
(8.2.9) is satisfied. So we obtain

wm (2L - 0j) < wn(ej) = wm (L - 05) +log(C).

(8.2.9)

But this is a contradiction to the fact that the function exp(was(g)) increases faster than any
power of g, if o — oc.

(¢) = (b): For any L > 0 we can find a gr,, such that

wn (o) = wr(e(o)) <wm(L- o), foro>op.

This is possible because £(g) ~ L - p would be a contradiction to property (c)(ii). So we get
(8.2.9) by putting C := exp(wn (1)), because wn(9) < wn(or) for o < or.

|
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8 A comparison with weight functions

8.3 Periodical functions in &y, Ear

) which denote the spaces of all 27-
periodic functions in £y resp. in €. In the proofs we will deal again with the associated
function and we assume throughout this section that

First we will prove the next proposition, which gives important isomorphisms between 5{2]7(4},

In this section we study properties of 5 (A1} Tesp S%

5(2]\”4) and sequence spaces:

Proposition 8.3.1 [17, 1.2. Lemma, p. 111-112] Let M := (M,), be a logarithmic convex
weight sequence, which satisfies condition (8.2.5). We set for ¢ = (c;); € CN the norm ||c||x =

CN1/2
(Z;’;l lej]? - 62“”1(7"“)) , where wyy denotes the associated function of M. Then we obtain

the following isomorphisms:
(a) €57y = A((M)) = {c=(¢;); €CV:V k€N i < o0}
(b) iy =AM} == {c=(c;); € CV: Tk €Nt |lefla/p < oo}

() A(M)) =2 A(p) :=={c=(cj); e CY E; Ll e rR) < 00 ¥ k€ NY, where p is the
function defined in (8.2.3).

Proof. To prove the statements above we have to work with Fourier-coefficients: fj =

i . 027r f(t)-e~Utdt for j € Z. So it’s convenient for our calculations to extend the index set

above from N\{0} to Z and so we get two new sequence spaces A((M)) resp. A({M}). First
we show now that A((M)) =2 A((M)) resp. A({M}) =2 A({M}) holds:
Therefore let ¢ = (¢;); € CZ, we define the mapping

E,j = C25+1 fOI'j > 0 (8 3 1)
Ej — C2j fOI"jZl. o
Now we estimate as follows:
o0 o0 o0
lell = D2 leg ? - €208 = 3 gy 2 G 43 gy 2 e G+
j=1 j=1 §=0
o (o9} ,
— Z ‘6]"2 . eQwM((Qj)Jc) + Z |5—j|2 . eZuM((Qj—H)-k) < Z ‘@“2 . eQwM(j-k ).
j=1 7=0 (o) JEZ
(o) is satisfied for k& := 4k because wy, is an even function which increases on Rsq. In particular

we have war((27) - k) < war(j - 4k) and war (25 + 1) - k) < war(f - 4k) because k < 2kj for all k
and j.

On the other side we get

e —oo
HE”% = Z |5j|2 . e2wm (Gk) — Z |éj|2 2o (GR) Z |5j|2 . 20m (3+F)

fEZ =0
= Z'CQ |2 2w (j- k)+Z|02 +1‘2 2w (3-k) <Z|C |2 e2wm (G°k)
(<><>) Jj=1 Jj=1

(00) holds because w)y is an even function. The last inequality above is valid because wp(j-k) <
wr((27) - k) and wpr( - k) <wn((25 + 1) - k) for all k and j.
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8.3 Periodical functions in Eqnry, Eary

(a) Let f € E(QI’C[) and denote by ( f]) ;j the sequence of all Fourier-coeflicients, then we estimate:

1 . . g2 j2i
a7 RS 3 PP 5 = X (L 0F) 7 =5 e ||L2-M2

(ny 120.4€Z i>0 jEZ (+x)

< sup |f(i)(t)|2 . k2 < ‘f’2 . MzQ . L2

<2 iy 32 < 2 M loamyn CAERRYE
120 ’ g i>0 i

2
= |f|[0,27r],1/(2k) : Z; W3 |f|[0,27r],1/(2l~c) <

(%) holds because of the definitions of the norm ||.||x and of the associated function: e k) =

9. 1 1BV Mo /M) < 20, k2MG
exp(2 - sup,, log((|j] - k)7 - Mo/My)) < 3o i =522
(%) holds because the Fourier-transformation is an isometry.

Now we show the inverse direction: Let (c;); € A((M)), then, by definition of the associated
function, we have

(k-5])" -

in 0 < gwmki) o wy(k-j) > log(w) for all i € N. (8.3.2)
i

M;
Thus (¢j); € s, where s denotes the Fréchet-space of all rapidly decreasing sequences:
s:={(¢;); € C*: Jim e i’ =0, VieN}.
jl—oo
Hence f(t) == > cz¢) - et defines a periodical £-function with period 27 (see [21, 29.5

Expample(1), p. 340-341]). We estimate now for all k € R, % € Nand forallt € I, I C [0, 27],
compact:

My OO < a Sl B < 5y e
JEZ (832)]62
1/2
SC (Zc2 2““‘4”) < oo forl=a-k,
RIE

with @« > H and H > 1 the constant appearing in (8.2.5). For (A) we have used Cauchy-

Schwartz-inequality and 8.2.7:
o\ Jo8(@)/ log(H)
A

for all k, j and 259 > 1 where

In particular we get ewMUD—wm(k) > Tog (H)

A, H > 1 are the constants appearing in (8.2.5).

We point out that A((M)) is the Fréchet-space A\?(A,,,), for the symmetric Kéthe-Matriz
Auy = (exp(wn(f - k)))j k. Therefore note that A,,, is a Kéthe-Matrix, because wys is an
increasing positive function by assumption on the weight sequence.

(b) The proof here is analogously as for (a) and we remark that A({M}) is a (LF')-space.

(c) We use now 8.2.5 and the fact that 1 and wys are increasing functions, because the weight
sequence is log. convex. Hence for arbitrary k,j > 0 we estimate:

kj
itk 3) = wnall5) = () +on) = [ B ar o

kj
k- 5) - [ AN+ war(d) = e 5) -log(h) + ona )

and
kop(k - §) < wnr(k-eb7) —war(k - 5) < wnr(k - e¥7) —war(j).
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8 A comparison with weight functions

It follows that the systems {k - u(k-) + wpr(¢) : k € N} and {wpr(k-) : k € N} define the same
sequence space and (c) follows from the diagonal transformation (c;); — (cj ceTwYM (j))j.

The space A(u) is the Kéthe-sequence space A\*(A,,), where A, := (exp(k - u(j - k)));x is again
a Kothe-matrix by the assumptions on the weight sequence. In particular we have shown

/\2 (AwM) = )‘2 (AM)

Finally we remark that we can define the sequence spaces above also with the corresponding
I'-norms instead of the [?-norms. This holds because the I2-norm is always dominated by the {*
norm and by inequality (A) in (a), which follows from 8.2.7, we obtain the converse estimate,
too.

O

The following important result gives an important and useful characterization for weight se-
quence function spaces of Beurling-type.

Proposition 8.3.2 [17, 8.1. Theorem, p. 116-117] Let M := (M,), be a weight sequence,
which is logarithmic convex and such that condition (8.2.5) holds. Then the following state-
ments are equivalent:

(a) Ey or 5(2]\72) is isomorphic to a power series space.
(b) Ery or 5(21\7;[) has the property (£2).
(¢) 3C €N such that 2p, < pc.p holds for p € N large enough.
(d) Eary and 5(21\7;[) are isomorphic to the power series space of infinite type Ao (p) := {c =
(e)5 € € el i= 52, e - 2440) < oo, Wt < o).
Proof. (d) = (a): is trivial.

(a) = (b): Holds, because the power series spaces A,(-) satisfy condition (Q2) for all r €
R U {400} (see [21, 29.11 Lemma (3), p. 347-348]).

(b) = (c): First we claim: If £,y satisfies (€2) then also 5(2]\’;1): By [17, 2.1. Lemma, p. 114],
&y contains 5(2]\”4) as a complemented subspace, hence there exists a subspace F' in £y such
that & /F = 5(21\’}). By [21, 29.11 Lemma (1) and (2), p. 347|, the claim follows.

We see that 5(2]\’}) satisfies always condition (£2), hence by 8.3.1(c) the space A(u) has the

property (), too. For ¢ € A(u), ¢ := (¢;);, the dual norms have the form |[|c[[; = (3
e—2ku(j‘k))1/2

jeN|Cj|2'

and because of the property () we have:

1+v v
o SC-MR-N- 5

VpeN3dIqgeNVEeNIvIC:|-|

If we set p =1 and k = 2¢ and apply the inequality above to the unit vectors e;,l € N, we see
for arbitrary [ € N:

2q - p(2ql) +v-p(l) < (L +v)-q-plg) + C.

Note that the function p is increasing and so q- p(ql) < ¢- u(2¢l) holds for all I, thus we obtain
the following estimate:

q-pu(2ql) <v-(q-p(gl) —p)) +C <v-q-pugl)+C forleN.
This shows for ¢ € R large enough
u(2t) < C - p(t) for a constant C. (8.3.3)

Finally (8.3.3) < (¢) holds by the definition of the function p.
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8.3 Periodical functions in Eqnry, Eary

(¢) = (d): Because p is an increasing function we have always u(t) < p(2t) for all ¢ and by
8.3.1(¢) and inequality (8.3.3) we have now

Eny = MM)) = Mp) = As(p). (8.34)
8.3.1(a) 8.3.1(¢) (8.3.3)
In general we have the following short exact sequence of locally convex spaces (see [17, 2.2

Proposition, p. 114-115]):
x T
0 — & — Eany — Tan — 0

where D(pp) := {¢ = (¢;); € CV : supj5ley] - ]]\% < 00,V k > 1} and T(f) := (f9)(2r) —
f9)(0));. Obviously im(I) = ker(T") holds and T is also bounded, hence continuous, because
of the definition of the spaces.

Furthermore we have I'(57) = A (n) (by [17, p. 115]) and so we see that in the short exact
sequence above the left and the right space are power series spaces of infinite type, hence
Fréchet-Hilbert-spaces, and in the middle we have a Fréchet-space, which is nuclear, hence
Fréchet-Hilbert, too (by [21, 28.1 Lemma, p. 325]). A power series space of infinite type Ay
has property (DN) by [21, 29.2 Lemma (3), p. 339], and property (2) by [21, 29.11 Lemma
(3), p. 347-348]. So we can apply the splitting-theorem [21, 30.1 Theorem, p. 357-368] to
obtain for some sequence 3 := (B )n:

Er) = Ao (1) & Aoo(n) = A (8) = Ac () (8.3.5)

For this note that power-series spaces A, (-) are reflexive for r € R U {+o0} (see [21, p. 337]).
Finally we have the following equalities:

Aee(8) = DA (8) = AMEan) = AAM) =

() (8.3.5) (00) (8.3.4) ()

A(+) denotes here the diametral dimension of power series spaces (see [9, p. 212]): A(Axo (1)) =
(Aso(-))". (o) holds by [17, formula (2.2), p. 115] and (oo) is satisfied by [17, 2.3. Corollary
(a), p. 116].

Hence we see by reflexivity: £y = Ao (i)
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8 A comparison with weight functions

8.4 Comparison theorem

We want to use the introduced techniques to prove a comparison theorem. First we define now
special real valued functions, which will play the crucial role in this section. We call a mapping
w: R>g — R>g a weight function, if it satisfies the following conditions: w is continuous,
increasing on R>g, w(0) = 0 and

(w1): w(2t) = O(w(t)) as t — oo, i.e. limsup,_, % < 0.

w

w(t) = O(t) as t — oo, i.e. limsup, . (t) < 0.

log(t) —0.

(w2):
(w3): log(t) = o(w(t)) as t — oo, i.e. limy oo o)
(wa):

wa): @, t— w(el) is a convex function on R.

If w also satisfies condition
*w(t)
(wq) : / 2 —=dt =
1

then w is called a quasi-analytic weight. If w doesn’t satisfy (wg), then w is called a non
quasi-analytic weight. Sometimes w is extended to an even function on R, by w(—z) := w(x)
for z € R>¢. For the function ¢,, in condition (w,) we remark: It is an increasing function

by definition and by (w4) convex on Rxq. Further 0 = lim;_, logé(t)) = lim,_ o :ix) holds by
(ws). Now define the Legendre-Fenchel-conjugate ¥ in the following way:

oo (z) == sup{z -y — ., (y)}, for z > 0.
y>0

With these notations we can define function spaces of Beurling- resp. Romieu-case via a weight
function in the following way: Let K C R™ a compact subset and m € N. For f € £(K) we set

|f|K,m = SupxeK,aeN" ’f((y)(x)| ' eXp(_% : @Z(m . |OKD)

and &, (K) == {f € E(K) : |flkm < oo}. For G C R™ open we define the Romieu-type
function space £(,1(G) as follows:

iy (G) :={f €&(G):V K C G compact Im € N: |f|r,m < oo}
Hence we obtain the locally convex topology via the representation

1wy (G) = lim_ lim &, ,(K). (8.4.1)

—K —m

Similarly we define the Beurling-type function space on G:
Ew)(G) :={f €&(G):V K C G compact Vm & N: |[f[g 1/, < oo}
Here we have the representation

Ew(G) = lim_ lim &, ., (K), (8.4.2)

—K «—m

thus £¢,,)(G) is a Fréchet-space.

In this section, if it is not stated otherwise, we assume for a weight sequence M := (M,),, the
following conditions:

’1 = My < My, log. convexity, (8.2.5) for A, H > 1
and furthermore the following new property

Je>0VpeN:(c-(p+1))P <M, (8.4.3)
We remark that (8.4.3) has an important consequence:

1/17

VpeN= lim Ml/p—oo

1 p—00

(843)<«=3Jec>0: ¢c<
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8.4 Comparison theorem

Now we introduce a further important property of the sequence (fip),:

(Bs) 1 3QeN: liminf 294 > 1.
J—00 /,l,]

So we see that (31) = (83) holds by definition.
The first step for the proof of the comparison theorem is the following lemma;:

Lemma 8.4.1 [2, 12. Lemma] Let (M), a weight sequence and consider the assertions:

i) There exists a weight function w such that 27, (R) = £27 (R) as locally convex vector
(M) (w)
spaces.

(13) The sequence (i), satisfies condition (53).
(#9t) There exists C > 1 and A > 0 such that for all t > 0 we have p(2t) < C - u(t) + A.

(tv) The associated function wyr of the sequence (My), satisfies war(2t) = O(wnm(t)) as t —
00.

(v) The associated function wyr of the sequence (M), is a weight function.

Then the following implications hold: (i) = (i7) = (i) = (iv) = (v).

Proof. (i) = (i1): By assumption we have the following isomorphisms:

Elin(R) = &85 (R) A (Aw),

(7) [20,3.8 Corollary, p. 79]

{HZ

where the second isomorphism above is given by the Fourier-mapping F : f +— ( fj)j, j ez,
the sequence space A\'(A,) := {c:= (¢;); € CL: ||c|| == >jezleil ceFel) <00, VEEN}is a
power series space of infinite type and A, := (exp(k ~w(j )))j ,, defines clearly a Kothe-Matrix.
Thus 5(2]\”4)(}1%) is isomorphic to a power series space of infinite type and so we can apply 8.3.2
(d) < (c) to obtain (i), because liminf,;_, “ﬁ’jj >2>1.

J

(#3) = (i4¢): By assumption we have: There exist € > 0, po € N such that ug.; > (1+¢) - p;
holds for all j > po. By iterating this argument we see pg2.; > (1 + )2 w; for all j > po and
so there exists C' := Q' for a [ € N such that 2up < pue.p for all p > pg. Now we choose tg > 0
such that

C - (po+1) < p(to)- (8.4.4)
Fix t € R, such that ¢t > ¢y, and let p; € N be the largest integer such that p,, < 2¢ holds.
Finally choose g € N such that

¢-C<pi<(¢g+1)-C (8.4.5)

holds. Now we estimate:
BC-(pot1) . S Hute) < to ST < 28,
(8.4.4)

and so C' - (pgp + 1) < p1 because of the choice of p;. By the choice of ¢ and (8.4.5) we have
q > po and so

20 < to.g < < 2t.
Hg = HCq S Hpy =
(8.4.5)

From this we get pu, < ¢, thus ¢ < p(t). Finally, by the choice of ¢ and the maximality of pi,
we can estimate as follows:

p(2t) =p1 <(g+1)-C<C-ut)+C, fort > .
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8 A comparison with weight functions

This estimate above holds also for 0 < t < ¢y, because y is an increasing function.
(7i1) = (iv): First we see that by definition of the associated function for ¢ > 0 the following
holds:
t
war (t) > log (M) = log(t) — log(My). (8.4.6)
1

So we can calculate:

wM(Qt)\:/_//Qtu(/\)\)d)\:/: Mds < /: wds

8.2.5 " M1 1/2 y assumption 1/2 °
"ouls)
¢ [ s A (tog(t) - log(m/2)
pi/2 S

\</, C-wp(t)+ A (wp(t) +log(My) +log(2/M1) < (C+ A) - wp(t) + A-log(2).

(8.4.6)

(iv) = (v): wp is an even and increasing function on R>g and wy(0) = 0. If t € [—m,m]
for |m| < oo, then the supremum in the definition of wj,(¢) is a maximum and so we obtain
the continuity of the associated function. Condition (w;) is exactly assumption (iv). To prove
(w4) we remark that for arbitrary ¢ € R by definition

warlet) = sup 1og<et'p) — sup(t - p — log(My))

peEN p peN

holds, so @y, : t — wpr(e!) is a convex function on R. For condition (wg) we set

2]
o(t) := supp-log( where t € R.
(t) sup oi1)

So there exists D > 1 such that o(t) < D -t + D and we estimate for ¢ > 0, using the new
condition (8.4.3):

wpr(t) =suplo (tp> < suplo ( tp ) <t> <D t+D
= — —— | =0 - —- .
MM, e e B DY )¢

This estimate implies (w2) and shows wys (R) C R, too. Condition (ws3) is clear by the definition
of the associated function because

log(t) _ . - los () .

1 =
t—oo wpr(t)  t—o0 sup, ey (p - log(t) — log(M,))

Thus we see: The associated function wy; is a weight function.

Proposition 8.4.2 [2, 18. Proposition] Let (M,), be a weight sequence, then the following
statements are equivalent:

(i) There exists a weight function w such that E(QA’})(R) = 8(25) (R) as vector spaces.

i1) There erists a weight function w such that £27\(R) = £2™ (R) as locally convex vector
(M) (w)
spaces.

(49i) (Mp)p satisfies conditions (6.1.2) and (53).

(tv) (M), satisfies condition (6.1.2), the associated function wys is a weight function and (1)
holds with w = wjy.
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8.4 Comparison theorem

Moreover for every w satisfying (i) the following holds:
(v) 3A>1,B >0, such that & -w(t) — B < w(t) < A-wn(t) + B holds for all t > 0.

Proof. (i) = (ii): For functions in & (R) resp. in EF7)(R) we can restrict them on the
compact interval [0,27], and so by (2.0.2) and (8.4.2), in both cases we have Fréchet-spaces.
The identity map id : 5(2]\’}) (R) — 5(25) (R) has closed graph, because the point evaluations are
continuous for both topologies. So we can apply now the open mapping theorem for Fréchet-
spaces to obtain (i).

(#4) = (4it): The existence of such a @ € N follows by 8.4.1 (i) = (ii). Now we prove that
condition (6.1.2) is satisfied: By assumption and by 8.3.1 (a) and [20, 3.8 Corollary, p. 79] we
have

MAuy) & EGnR) = €5 (R) = M(Ay).
8.3.1(a) (i1) [20,3.8 Corollary, p. 79]

Both isomorphisms above are given by the Fourier-mapping F : f — ( fj)j, j € Z, thus we
conclude \'(A,,,) = M (A,).
Hence there exist D > 0,k € Nresp. £ > 0,1 € N, such that for all j € N we have:

exp(wpr(§)) < D-exp(k-w(j)) and exp(2k-w(j) < E-exp(wap(l-7)).
Thus we obtain
2wnr () < war(l-j) +log(D? - E) (8.4.7)
for all j € N. In this case, if t € [, j + 1], we can estimate:

2wy (t) < 2wp(f+1) < wyn(l-(G+1)) +log(D?* - E) < wpr(2L - §) +wi(1) + log(D? - E)
(8.4.7)
<wnr(20-t) +war(l) +log(D?* - E).

Applying 8.2.9 we obtain condition (6.1.2) for the sequence (Mp,),.

(#44) = (iv): The associated function wys of the weight sequence (M,,), is a weight function by
8.4.1(i%) = (v). By assumption we have (6.1.2) for the weight sequence and so we can apply
again 8.2.9. W.l.o.g. we can assume H € N and A > 1 for the two constants appearing in
(6.1.2) and we obtain

2L wpr(5) < wnr(H' - §) + 28 - log(A), (8.4.8)

where [,j € N by iterating the estimate in 8.2.9. On the other hand the associated function
is a weight function, hence by (w;) we conclude: There exists K € N, such that for t > 0
wym(2t) < K -wp(t) + K holds. Again we iterate this estimate to get for [, j € N:

w2 ) <K' -wop(G) +1- K (8.4.9)

(8.4.8) and (8.4.9) together have the consequence that the Kéthe-matriz A,,, = (exp(war(k -
J)))ken,jez defines the same sequence space as M := (exp(k-was(j)))ken,jez, which we denote

by AY(M). We summarize:
B 2 N(An)=XN(M) =

) [2U,3.8 Corollary, p. 79]

£ (R),

~—
8.3.1(a

where both isomorphisms above are given again by the Fourier-mapping F.
Finally the implication (iv) = () is trivial.
(v): Here we use the arguments and estimates in (i) = (¢4¢) and furthermore, because as-

sumption 8.4.1(4) is satisfied, we use 8.4.1(iv) to conclude: There exist A; > 1, Ay > 1 such
that for all j € N we obtain

wrm(f) <A1 w(y)+ A and w(j) < Az wum(y) + Ao
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8 A comparison with weight functions

To prove (v) for all ¢ > 0 we remark that by 8.4.1(v) the associated function wys of the sequence
(M,)p is a weight function.

O

To prove a first version of the comparison theorem we have to deal with increasing properties
of the Legendre-Fenchel-conjugate:

Proposition 8.4.3 Let M := (M),), be a weight sequence, if war is a weight function, then
for 1 <k and each p € N we have: k- ¢}, | (%) <l-¢%,, (%)

Proof. wy is a weight function, hence it is an increasing function and by (w4) it follows that
©Vw,, is positive and convex on R>¢. Further ¢,,(0) = wam (1) = 0, ., is increasing by

definition and lim;_, 01105((?) = lim, %(z) = 0 holds by (ws). Thus the Legendre-Fenchel-
w M

. . - : . N _ _
conjugate ¢}, :R>o — Rxg is increasing and satisfies ¢, (0) = 0, because ¢,,,,(0) = 0 and
©uy, 18 increasing. ¢ s convex: Since the function z +— x -y — f(y) is continuous and linear
the supremum ¢, () is lower semi-continuous and convex.

It follows now that the function %’I‘Tf(m is increasing on R, because we can estimate for ¢, |
and x <y

e x
Py () < - T2t W, (1 - *) P (0),
Yy Y/ ——
=0
which is equivalent to %Ag () < Pon ®)
Yy

O

Furthermore we will have to use another important result by Grothendieck, which is a special
version of the closed graph theorem.:

Proposition 8.4.4 [0, Théoréme B (2), p. 17-18] Let F be a (LB) and E o (LF)-space and
u: F — E a linear mapping. Then we get: If the graph of u is closed in F x E, then u is
already a continuous linear mapping. In fact, the following is sufficient for the continuity of u:
There is no sequence (x;); in F with x; — 0 for i — oo such that u(z;) — « in a Fréchet-space
E,, where a #0 and E := lirr}lEn.

Proof. First we remark that we can reduce the proof to the case, where F' is a Banach-space.
We denote with H the graph of u which is a closed subspace in F' x E by hypotheses, hence
(LF). If we set H; :== H N (F x E;), then the second hypotheses, which is weaker then the
first one, implies the fact that H; is a closed subspace in F' x E;. The spaces H; are endowed
with a Fréchet-topology which is finer than the topology induced by H and further we can
write H = |J; H;. Applying now 5.1.10 to the mapping pr; : H — F yields to the fact that
pr; is an open mapping on pry(H) = F. This implies the continuity of v := pr; ! and because
u = pryov, where pry, : H — E, or equivalently v = (idp, u), we obtain the continuity of the
mapping u.

O
For the proof of the comparison result we will need some further properties of the space 5{2]’\‘4}:

Proposition 8.4.5 [17, 4.1. Proposition, p. 119-120] Let M = (M), be a log. convex weight
sequence such that (8.2.5) holds. Then the following are equivalent:

(a) (€77,,), € (DN).

(b) Condition (8.3.3) is satisfied.
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8.4 Comparison theorem

Remark that as we have mentioned in (8.3.1)(b), A({M}) is a (LF)-space, its strong dual is a
Fréchet-space and so property (DNN) makes sense in this situation (therefore see [21, Definition
(a), p- 348)]).

Proof. (a) = (b): Assume (E{M}) (DN), then using again [21, 29.12 Lemma (1), p. 34§]
and (8.3.1)(b), we see: (A({M}))b (DN). Thus we get by definition of property (DN):

1/n 1-1/n

3reNYpeNIC>0,n>13qeN: |1, <Cl-I50 115,

where we have set for the dual norms ||cHTjk = Z;; |cj|? - em2wmG/R) | for ¢ := (¢;); €

(A({M})); This is equivalent to

- wnr (;) < —wn (j) C(—1)-wu (2) +log(C) fort € R,

which means

wM(;> —wM<;) <(n-1)- (W (;) — (2)) +log(C) fort € R, (8.4.10)

Note that (M), is log. convex, thus the functions p and wys are increasing and we can use
again 8.2.5. Hence for p = 4r we have:

t t trq AP t t
. ) = - < P - 2 = _
o) n(35) =) [ 50 [, R0 o () o ()

8.2.5

con(2)-en(§) 2 e () o))
cot)

for a constant D > 0, which implies (8.3.3). The last inequality above holds because [ - [|7,
is increasing in ¢ and so one can choose w.l.o.g. ¢ € N arbitrary large. In particular we take
q > p = 4r to obtain for ¢t € R large enough log(C) < (n—1)-wys (3) Note that ¢ is depending
here on gq.

(b) = (a): In this case we can estimate in the following way:

(1) (5) s, 0 we() (1) 2 2o 5)

8.2.5 (8.3.3)

o [ ) 1)

8.2.5

This implies (8.4.10) which is equivalent to (D).

Using 8.4.5 we can prove now

Proposition 8.4.6 [/7, /.3. Theorem, p. 121-122] Let M := (M), be a log. convex weight
sequence such that (8.2.5) holds. Consider the following assertions:

(a) The space 5 My 1s isomorphic to the strong dual of a power series space of finite type.

(0) (5{M}) € () N (DN).
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8 A comparison with weight functions

(¢) (My), satisfies the conditions (6.1.2) and (8.3.3).

Then we get the following implications: (a) = (b) = ().

For a definition of property (£2) see [21, Definition (b), p. 348].
Proof. (a) = (b): Holds by [21, 29.12 Lemma (4) and (5), p. 348 and reflexivity.

(b) = (c): If (5{2;(4}); € (Q), then by [21, 29.12 Lemma (1), p. 348] and 8.3.1(b) we obtain

(A({M})); € (Q), too. So the norms || - |15 in A({M}) are now the dual norms” and we get

the following estimate by the definition of (£2):

Vd>0YpeNIqeNVEeNIC,>0: [} < Chll - el - 11,

In particular for d = 1:

VpeN3geNVEeNIC,>0: -3, <Ckl- ikl -l

Now we apply this inequality above to the unit vectors e; € A({M}) for all [ € N and get for
the associated function wj;:

2wy <;) <wy <Ii) +wy (;) +10g(Ch). (8.4.11)

Now we set p =1 and k = ¢>. Note that by the log. convexity of (Mp), the function p is by
definition in (8.2.3) increasing and by (8.4.11) and 8.2.5 we can estimate as follows:

0) = [ () o ()
2-lo . — | < —d\ = w - —w
g(q) ﬂ(q3> ) A g {3

8.2.5
l b py)
< - z — A
< wu(l) wM(q)‘i‘IOg(Ck)v/l/ oA
(8.4.11) 8.2.5" /14
< log(q) - pu(l) + log(C).-

So we have shown l
2 log(q) - u(q) < loa(g) - (1) + log(Ck) (3.4.12)

and (8.4.12) implies (8.5.2), because p(t) — oo for ¢ — oo, and by the same argumentation as
in 8.5.1 we obtain property (6.1.2). Finally (8.3.3) follows by 8.4.5.

Now we formulate and prove the first comparison theorem:

Theorem 8.4.7 [2, 14. Theorem] Let (M), be a weight sequence, then the following are
equivalent:

(i) There exists a weight function w such that for alln € N, n > 0, and all G C R™ open we
have: Eny(G) = Ew)(G) resp. Erny(G) = €1y (G) as vector spaces and/or as locally
convex vector spaces.

(ii) There exists a weight function w and n € N, n >0, G C R™ open, such that Ep)(G) =
Ew)(G) resp. Erany(G) = &1y (G) as vector spaces.

(131) The weight sequence (My), satisfies conditions (6.1.2) and (f53).

(iv) (Mp), satisfies condition (6.1.2), the associated function war is a weight function and (1)
holds with w = wjy.
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8.4 Comparison theorem

Proof. First we consider the Beurling case. The implications (i) = (i) and (iv) = (i) are
clearly satisfied.

(1) = (44i): By assumption we have &) (G + x) = £, (G + z) for all z € R and so
H 5(M)(G+$>= H 5(w)(G+.Z‘).
TER™ zeR™

Ery and &, are sheaves on R™ and so we get Er)(R") = E,)(R™). Of course we have the
inclusions &) (R) C Eary(R™) resp. £ (R) C £, (R™) by restriction on the first variable and
so by assumption &) (R) = &£, (R) as vector spaces. Finally, this implies Efﬁ)(R) = 5(25) (R)
as vector spaces, and we can use now 8.4.2 (i) = (iii).

(#i1) = (iv): Property (6.1.2) in (iv) follows by assumption and the associated function wy,
is a weight function by 8.4.2 (iii) = (iv). For the third assertion we note, that by the log.
convexity of the weight sequence (M,,), and by 8.2.2 we have for all p € N:

tp
M =Ssup ——mm—.
P =300 exp(wn (1)

(8.4.13)
(M), satisfies (6.1.2) and so we can use 8.2.9 to conclude for all ¢t > 0:
2- wM(t) < wM(H . t) + IOg(A)

In the following it is enough to assume H € N. To prove the result we need to show the
following two inequalities:

Yhe(0,1)3keNIC>0VpeN:explk- g, (p/k)) < C-hv- M, (8.4.14)
and
VmeN3Ihe(0,1)ID>0VpeN:hP- M, <D-exp(m-¢}, (p/m)). (8.4.15)

(8.4.14) and (8.4.15) together imply (i) with w = wyy.
First we prove (8.4.14): We fix 0 < h < 1 and choose m € N such that

L

o < e (8.4.16)

wyr is a weight function and so by (w1) and formula (8.4.9) in 8.4.2 there exists a K € N such
that

wy (2™ ) < K™ -wyt)+m- K™ e —wy (2™ t) > K™ - wpy(8) —m - K™ (8.4.17)
We estimate as follows:

1
log (W . Mp)

(

igg(p . 10g<2im) — wM(t)> NP EEIS(P ~log(7) —war (2™ - T))

t—2m.r

—
8.4.13
> su log(7) — K™ -wp (1) —m - K™
> sup(p - log(r) Mm(T) )
8.4.17

>0
( )
p
> . . Km . " _ . Km — Km . * (7) _ . K’HL-
> sl Ky 5)) o () =
z:=log(T) wm (exp(z))

From this we get for all p € N:

)) §exp(m'Km)~L~Mp

2mp

p

ﬁ exp(me) ‘hp‘Mp,

exp (K "l ( <
(8.4.16)

which implies (8.4.14) with k := K™ and C := exp(m - K™).
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8 A comparison with weight functions

To prove (8.4.15) first we use 8.4.3: It suffices to take m = 2¥, k € N. We fix k € N and put

h := g, where H is the constant appearing in (6.1.2). So we have, like formula (8.4.8) in

8.4.2:
2F - wpr(t) < war(HF 1) + 2 log(A) & —wn (HY - 1) < =28 - wpy(t) + 27 -log(A).  (8.4.18)

We estimate:

My
log <H’€P >
(

SUP(P : 108;(%) - a)M(t)) = sup(p - log(r) — wpr (H* - 7))

\:’/ t>0 7>0
8.4.13 t—Hk.T
< su log(1) — 28 - war (1)) + 2F - log(A
< sup(p- log(r) m(7)) g(4)
(8.4.18)
_ e _ ok, k.
= s (-2 —2" puy (x)) + 2% - log(A)
z:=log(T)
_ k k _ ok _x p k
= it;%(pofo oy () 4+ 28 - log(A) = 2% - oF (27) + 2% - log(A).

()

(%) holds because by definition we have ¢,,, > 0 and ¢,,,(0) = wp(1) = 0. Furthermore
x-y—f(y) <0fory <0and 2-0— f(0) =0, hence SupyeR{x~y—f(y)} = supyzo{x-y—f(y)}.
From the estimate above we get for all p € N:

hP - M,

k * p
M, < A% eXp(Qk “Pun (Tc))’

1
~ Hbkp 2

which proves (8.4.15) for m = 2*.

Now we consider the Romieu-case. Again the implications (i) = (i) and (iv) = (i) are clear.

(74) = (791): We can imitate the sheaf-arguments like in the Beurling-case to conclude 5{217(4} (R) =
5{23} (R) as vector spaces: Because of the periodicity of the functions in these spaces we can

restrict them on a compact set K. Hence, by (2.0.1) and (8.4.1), we obtain two (LB)-spaces.

Applying 8.4.4 of Grothendieck to the identity map we obtain equality as locally convex vec-

tor spaces. Note that the identity map has closed graph because the point evaluations are

continuous linear mappings and point separating.

So 5?]’;[}(11%) = 5{2:} (R) and, again by [20, 3.8 Corollary, p. 79| it follows now that 5?]7\“4}(R) is

isomorphic to the strong dual space of a power series space of finite type. Thus by 8.4.6 the

weight sequence (M,), satisfies the conditions (6.1.2) and (¢3¢) in 8.4.1. Hence by (iii) = (v)

in 8.4.1 we can use (ii?) < (iv) in 8.4.2.

(t4i) = (iv): Property (6.1.2) is clear and the associated function was of (Mp), is a weight
function via implication (i¢) = (v) in 8.4.1. To prove the third statement in (iv) we can use
the same calculation as in the Beurling-case.

Finally we prove the second important comparison theorem:

Theorem 8.4.8 [2, 16. Corollary] Let w be an arbitrary weight function, then the following
are equivalent:

(i) There exists a weight sequence (M), such that for alln € N, n > 0, and G C R™ open
the spaces Ear)(G) and £y (G) resp. Eqary(G) and Eq,y (G) are equal as vector spaces
and/or as locally convex vector spaces.

(ii) There exists a weight sequence (My),, n € N, n >0, and G C R™ open such that £ pr)(G)
and E,)(G) resp. Eary(G) and Eq,y (G) are equal as vector spaces.
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8.4 Comparison theorem

(i41) There exists H > 1 such that for all t > 0 we have:
2-w(t) <w(H-t)+ H. (8.4.19)

Furthermore the sequence (M,), defined by M, := ¢, (p) is a weight sequence for which
condition (i) holds.

Proof. We concentrate on the Beurling-case: The implications (i) = (¢4) and (¢4¢) = (¢) hold
clearly.

(13) = (4i1): By assumption condition (47) in 8.4.7 is satisfied for the weight sequence (M,),,
hence condition (iv) in 8.4.7 holds, too. So the sequence (M),), satisfies (6.1.2) and by 8.4.2
also condition (v) there. Applying once again 8.2.9 we obtain: There exist H > 1,C > 0,D >0
and B > 0, A > 1 such that for all t > 0:

1
2w(t) < 24 -wu®t)+2B < —wm(H-t)+D+2B < w(H t)+C+ DB.
~~ - A ~~
(v) (6.1.2) (v)

This implies (8.4.19) in (i4¢). Furthermore we remark that condition (v) in 8.4.2 implies for all
y>0:

L) < Ly (A-y) +B and gi(y) > A'%M(Z) B

Hence £,y (G) = E(u,,)(G) for all open subsets G in R™. The weight sequence satisfies (6.1.2)
and its associated function wys is a weight function by (iv) in 8.4.7. So by 8.4.7 we obtain
Ewa)(G) = En(G) for all open subsets G in R™.

The proof above for the Beurling-case still holds for the Romieu-case, because 8.4.7 is valid for
both cases.
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8 A comparison with weight functions

8.5 Additional results

In this section we construct a not quasi-analytic weight sequence M := (M,,), which satisfies
condition (6.1.2) and with the following property: For all weight functions w, n € N, n > 0,
and G C R"™ open we get: ) (G) # Ew)(G) resp. Eqan(G) # £y (G). Furthermore we use
the introduced notation to prove a new version of the Denjoy-Carleman-theorem.

To create the weight sequence for the counterexample we prove first the following proposition:

Proposition 8.5.1 [17, 3.3. Example, p. 118-119] There exists a sequence M = (Mp), of
positive numbers with My = My = 1, which is log. convex, not quasi-analytic and satisfies
condition (6.1.2), but not property (8.3.3).

Proof. Put ¢; := 1 and define the sequences of positive integers (¢,,), and (d,), inductively
in the following way: d,, := [02/2] +1 and ¢,41 := d2 + 1. Then we define the sequence (1,),:

A for e, <p<[d=dn s
Ly = { (8.5.1)

b for d,<p<d?=c,

From the definitions above we conclude some properties of (u),. First (i), is an increasing
sequence: If p = d,,, then pu, = d2 > ¢ = p,—1 and if p = ¢;41, then p, = Ci+1 >dS = ppq.

Furthermore Z;o:l ;% < 00 because i, > p? for all p. This holds, because for ¢, < p < d,, we
3

4
have p? < ¢ = p, and for d,, < p < ¢py1 we have d < p?, hence p* < £z = puy,.

Now set M, := [T%_, p;. Hence My =1, My = py = ¢; = 1 and the sequence M := (M,), is
log. convex. By 4.1.5 (M,), is not quasi-analytic and we prove now (6.1.2):

Let ¢, < p < d,, and so, because 2 < d,, for all n, we estimate

(2d,)* 2 2 3
Hap < Had,, = d% = 16dn < 17- (dn - 1) < 17Cn = 17,up,
dn <2dn<d3 (o)

where (¢) holds for all p > 33. If d,, <p < ¢p41, then:

(2p)* »*
Hop = dT:].Gd?:lG,up

Thus p2p < 17u, holds in both cases for p large enough, which is equivalent to
2-u(t) < p(C-t) for t large enough. (8.5.2)

So, by 8.2.5, we obtain for the associated function wys of the sequence (M,),:
tog, t .
2 wonr(t) :/ #d)\g/ @dHB:M(C-tHB.
0 0

Applying 8.2.9 we conclude property (6.1.2).
But the sequence (Mp,), doesn’t satisfy condition (8.3.3), which is equivalent to (c) in 8.3.2,
because pic.c, = phe, holds for any C € N and n large enough (which depends on C').

O

Let M := (M,), be the sequence defined in 8.5.1. Then, because p, > p? for all p, we get
M, > p!? for all p and so this sequence satisfies condition (8.4.3), too. Because M satisfies
(6.1.2), also (8.2.5) holds. Hence M satisfies the assumptions for the comparison results and
we can apply them to conclude:

Assume for a given weight function w, n € N and G € R"™ open we would have £ (G) =
Ew)(G) resp. Eqary(G) = (1 (G). Then, by 8.4.7 (dii), condition (f3) has to be satisfied, so

122



8.5 Additional results

liminf; .o ”I‘f—’ > 1 for a Q € N. By the same argument as in the proof of 8.4.1 (i7) = (iii)
J
there exists a C € N (C := Q') such that
2. Hp < HC-p

holds for all large p € N. But this property is exactly condition (¢) in 8.3.2 and by 8.5.1 we
obtain a contradiction.

As mentioned, we prove now a new version of the Denjoy-Carleman-theorem, using the func-
tions p and wyy:

Theorem 8.5.2 [/1, Lemma 4.1., p. 55-56] Let M := (M), be a log. convex weight sequence
such that (8.4.3) is satisfied and 1 = My < My. We denote again by wys the associated function
of M and p is the mapping defined in (8.2.3), then the following are equivalent:

(i) Eary is not quasi-analytic,

.. M, _
(i0) z;;; Lot < oo,

(i) 02 (7)< o0

(iv) fo A)d)\ < 00,

v) fo° eml®) gt < 0.

In particular we see: &gpry is not quasi-analytic if and only if the associated function wy,
doesn’t satisfy condition (wg).

Proof. (i) < (ii) and (i4) < (¢i¢) holds by 4.1.5 resp. 4.2.4.

First we remark that we can write each partial sum in (i) as a Riemann-Stieltjes-integral in
the following way:

> Moyl o [

Mp/Mp_1<t “P<t [ ,92.4 Satz, p. 501]

Then we use integration by parts for Riemann-Stieltjes-integrals [7, 90.2 Satz, p. 491-492] to

obtain . o .
1 1
| ym="2 /Om)d(A),
——

—1/A2dA

where ¢t > 0. Note that pu(A) =0 for A < .
Now let ¢ — oo in the formula above, then (i) < (iv) follows immediately.

We use 8.2.5 and Fubini to see for z > 0:

/Ow wj\;(t)dt\f; 0 ( );2 (AA) . </j t12dt>d)\
- < —

8.2
=1/A-1/x
z T
_ 1 / A d)\_ ) g wul@),
0 x 0 )\2 X

We have seen: (8.4.3) implies the fact that there exist ¢ > 0, D > 1 such that wy(z) < 2.2+ D,

hence ©(z)

—— is bounded for # > 0. Finally we let x — oo in the formula above to obtain
(iv) < (v).

a

123



8 A comparison with weight functions

124



9 Appendix

9.1 Zusammenfassung

Funktionenrdume vom Denjoy-Carleman-Typ sind spezielle Klassen glatter Funktionen, welche
mit all ihren Ableitungen gewisse Grofenabschiatzungen erfiillen. Fiir jede Folge positiver
reeler Zahlen M := (M,),, die wir als Gewichtsfolge bezeichnen, kénnen wir nun eine Denjoy-
Carleman-Klasse von Funktionen definieren. Dabei unterscheiden wir zwei Klassen: Funktio-
nen vom Romieu-Typ &5y und vom Beurling-Typ &(py).

Das Ziel ist nun interessante und wiinschenswerte Eigenschaften dieser erhaltenen Klassen,
wie etwa Abgeschlossenheit beziiglich punktweiser Multiplikation, Komposition und Inversion
sowie die Abgeschlossenheit beziiglich Losungen gewohnlicher Differentialgleichungen, durch
Eigenschaften der Gewichtsfolge zu charakterisieren. Weiters studieren wir die Injektivitét
und die Surjektivitdt der Borel-Abbildung.

Anschlieftend konstruieren wir einige konkrete Beispiele und wenden die bewiesenen Resultate
darauf an. Damit konnen wir die Eigenschaften der Funktionenrdume und deren Abhéngigkeit
von einem Paramter illustrieren. Weiters beweisen wir einen interessanten Zerlegungssatz fiir
glatte Funktionen.

Im letzten Kapitel stellen wir schliefslich eine alternative Methode vor, um Réume von gewichteten
Funktionen zu definieren: Man kann anstatt der diskreten Variante der Gewichtsfolge M auch
eine kontinuierliche, das heifit eine Gewichtsfunktion w benutzen, um Raume &y bzw. &) zu
erhalten. Wir merken an, dass in [3] ein Zusammenhang zwischen der Definition via Gewichts-
funktionen und dem Abfallverhalten der Fouriertransformierten glatter Funktionen mit kom-
paktem Trager hergestellt wird. Wir vergleichen beide niitzliche Wege und beweisen, wann die
beiden Varianten zum gleichen Funktionenraum fithren, das heifst, wann &y = &,y bzw.
5(]»@ = S(w) gilt.
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9 Appendix

9.2 Lebenslauf

Name
Geburtsdatum
‘Wohnort

Eltern

Schulausbildung

Préasenzdienst

Studium

Besondere Fihigkeiten

Sonstige Interessen/Hobbys

126

Gerhard Schindl
12. Juli 1983 in Gmiind/NO
Litschau/Wien

Helmut Schindl, Beamter, ¥ 2002
Maria Schindl, geb. Penninger, Haushalt

Volksschule Litschau 1989-1993
Hauptschule Litschau 1993-1997
BHAK Gmiind/NO 1997-2002

2002-2003

Mathematik/Diplom, Universitdt Wien, 2003-2009
Mathematik /Physik-Lehramt, Universitat Wien, seit 2003

Fremdsprachen Englisch, Franzosisch und Tschechisch
Microsoft Office
Kenntnisse in der Forst- und Teichwirtschaft

Naturwissenschaften
Numismatik
Langlaufen

Lesen
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