
MASTERARBEIT/MASTER’S THESIS

Titel der Masterarbeit / Title of the Master’s Thesis

A detailed look at the Adaptive Gradient Descent method

verfasst von / submitted by

Marcel Harrer, BSc

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc)

Wien, 2023 / Vienna 2023

Studienkennzahl lt. Studienblatt /
degree programme code as it appears on
the student record sheet:

UA 066 821

Studienrichtung lt. Studienblatt /
degree programme as it appears on
the student record sheet:

Masterstudium Mathematik UG2002

Betreut von / Supervisor: Univ.-Prof. Dr. Radu Ioan Boţ
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Abstract (English)

Finding the optimal value for a given problem is the goal in a variety of scientific fields.
The mathematical field of optimization attempts to solve this problem under various
assumptions. Because of their low computational cost and broad applicability, first-order
methods are particularly popular. Gradient descent is a first-order method that works
well for a variety of problems. Despite the fact that gradient descent has been known
for a long time, it still performs well in comparison with newer approaches, especially
for high-dimensional data. One issue that gradient descent faces is determining what
stepsize to use. Many different approaches have been developed over the years, but they
all had drawbacks, such as limited convergence guarantees or expensive subroutines to
calculate the stepsize. Yura Malitsky and Konstantin Mishchenko took a novel approach
in their paper [9], which was published in 2020. In this thesis, we will compare their new
approach to other well-known gradient descent algorithms in terms of their theoretical
approach to proving convergence as well as how well they perform on specific real-world
machine learning problems.
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Zusammenfassung (Deutsch)

Die Suche nach dem optimalen Wert für ein bestimmtes Problem ist das Ziel in einer
Vielzahl von wissenschaftlichen Bereichen. Das mathematische Gebiet der Optimierung
versucht, dieses Problem unter verschiedenen Annahmen zu lösen. Wegen ihrer
geringen Rechenkosten und ihrer breiten Anwendbarkeit sind Methoden erster
Ordnung besonders beliebt. Der Gradientenabstieg ist eine Methode erster Ordnung,
die für eine Vielzahl von Problemen gut geeignet ist. Obwohl der Gradientenabstieg
schon seit langem bekannt ist, schneidet er im Vergleich zu neueren Ansätzen immer
noch gut ab, insbesondere bei hochdimensionalen Problemen. Ein Problem des
Gradientenabstiegs ist die Bestimmung der zu verwendenden Schrittweite. Im Laufe
der Jahre wurden viele verschiedene Ansätze entwickelt, die jedoch alle Nachteile
hatten, wie z.B. begrenzte Konvergenzgarantien oder teure Unterprogramme zur
Berechnung der Schrittweite. Yura Malitsky und Konstantin Mishchenko verfolgten in
ihrer im Jahr 2020 veröffentlichten Arbeit [9] einen neuartigen Ansatz. In dieser Arbeit
werden wir ihren neuen Ansatz mit anderen bekannten Gradientenabstiegsalgorithmen
vergleichen, und zwar sowohl im Hinblick auf ihren theoretischen Ansatz zum Nachweis
der Konvergenz als auch in Bezug auf ihre Leistung bei bestimmten realen Problemen
des maschinellen Lernens.
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1 Introduction

1.1 Unconstrained optimization

Unconstrained optimization deals with the following problem

min
xPRn

fpxq, (1.1)

where f : Rn Ñ R is a continuously differentiable function.
We can define two types of solutions to this problem. For ϵ ą 0, we define the ϵ-ball
Bϵpx

˚q :“ tx P Rn | }x´ x˚} ă ϵu, where }.} denotes the Euclidean norm.

Definition 1.1.1. We call x˚ a local minimum of f if there exists an ϵ ą 0 s.t.

fpx˚q ď fpxq @x P Bϵpx
˚q. (1.2)

Definition 1.1.2. We call x˚ a global minimum of f if

fpx˚q ď fpxq @x P Rn. (1.3)

Remark 1.1.3. We call x˚ a strict-local minimum of f if (1.2) holds strictly
@x P Bϵpx

˚qztx˚u, and a strict-global minimum if (1.3) holds strictly @x P Rnztx˚u.

1.2 Necessary optimality conditions

We need the following definition as well as the theorem after it in order to derive a
condition that ensures optimality in regards to (1.2). We denote the standard scalar
product of two vectors x, y P Rn by xx, yy.

Definition 1.2.1. Let f : Rn Ñ R be a differentiable function and x P Rn. Then d P Rn

is a called descent direction of f at x if

xd,∇fpxqy ă 0.

A simple example for a descent direction is d :“ ´∇fpxq, furthermore d :“ ´B∇fpxq,
for any positive definite matrix B P Rnˆn is also a descent direction. The next statement
can be found in [3, Theorem 2.11].

Theorem 1.2.2. Let f : Rn Ñ R be a differentiable function, x P Rn such that
∇fpxq ‰ 0 and d P Rn a descent direction of f at x. Then there exists η ą 0 such that

fpx` αdq ă fpxq @0 ă α ď η. (1.4)
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1 Introduction

Moreover, for any β ă 1, there exists η̂ ą 0 such that

fpx` αdq ă fpxq ` αβx∇fpxq, dy (1.5)

for all 0 ă α ď pη.

Theorem 1.2.3. Let x˚ be a local minimum of a continuously differentiable function
f : Rn Ñ R in an open neighborhood Bϵpx

˚q. Then

∇fpx˚q “ 0. (1.6)

If furthermore f is twice continuously differentiable on Bϵpx
˚q, then

∇2fpx˚q is positive semidefinite. (1.7)

Proof. Assuming ∇fpx˚q ‰ 0 implies that ∇fpx˚q is a descent direction and therefore
there exists an η ą 0 such that f px´ α∇fpx˚qq ă fpxq @α ď η, which is a contradiction
to x˚ beeing a local minimum. For the second statement assume that ∇2fpx˚q is not
positive semidefinite. Therefore there exists d P Rn, such that dT∇2fpx˚qd ă 0, by
continuity of ∇2fpx˚q there exists a T ą 0 such that dT∇2f px˚ ` tdq d ă 0, holds
@t P r0, T s. Using Taylors theorem we get

f px˚ ` t̄dq “ f px˚q ` t̄dT∇f px˚q `
1

2
t̄2dT∇2f px˚ ` ξdq d (1.8)

for some ξ P p0, t̄q. Since ∇fpx˚q “ 0 and dT∇2f px˚ ` ξdq d ă 0, this is a contradiction
to x˚ being a local minimum.

Remark 1.2.4. Note that if f is twice differentiable, then, if ∇2fpx˚q is positive definite
and (1.6) holds, x˚ is a strict local minimum. For the proof see Theorem 5.7 in [3].

Remark 1.2.5. It is worth noting that if (1.7) holds for any x, it is equivalent to the
function being convex if it is twice differentiable. For more information on convexity,
see (1.4.2).

Definition 1.2.6. A point x˚ is called a stationary point of f if ∇fpx˚q “ 0.

1.3 Line search

Having derived an easy-to-check necessary condition for a local minimum, namely
∇fpx˚q “ 0, we will now use it to introduce an important class of algorithms to solve
(1.1). This class of algorithms updates a current point xk along a search direction dk
with a stepsize λk in the following way

xk`1 “ xk ` λkdk. (1.9)

This class is known as line search strategy, and the choice dk :“ ∇fpxkq is called steepest
descent.
In this following chapters we lay down the concepts needed to prove convergency for the
algorithms proposed in section 1.7.
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1 Introduction

1.4 Convexity

An important concept is convexity.

Definition 1.4.1. A function f : Rn Ñ R is called convex if for all x, y P Rn

fpλx` p1 ´ λqyq ď λfpxq ` p1 ´ λqfpyq @λ P r0, 1s, (1.10)

holds.

See [10] for a proof of the following lemma.

Lemma 1.4.2. Let f : Rn Ñ R be a differentiable function and twice differentiable for
4. Then the following statements are equivalent.

1. f is convex,

2. x∇fpxq ´ ∇fpyq, x´ yy ě 0 @x, y P Rn,

3. fpyq ě fpxq ` xy ´ x,∇fpxqy @x, y P Rn,

4. ∇2fpxq is positive semidefinite @x P Rn.

Remark 1.4.3. Note that a local minimum of (1.1) is also a global minimum if f is
convex.

1.5 Strong convexity

To get stronger convergency results, we will also need the definition of strong convexity.

Definition 1.5.1. A function f : Rn Ñ R is called µ-strongly convex with modules
µ ą 0, if for all x, y P Rn

fpλx` p1 ´ λqyq ď λfpxq ` p1 ´ λqfpyq ´
µ

2
λp1 ´ λq}x´ y}22 @λ P r0, 1s, (1.11)

holds.

Lemma 1.5.2. The following conditions are equivalent to the fact that f is µ-strongly
convex

1. gpxq :“ fpxq ´
µ
2 }x}2 is convex, @x P Rn.

2. p∇fpxq ´ ∇fpyqqT px´ yq ě µ}x´ y}2,@x, y P Rn.

3. fpyq ě fpxq ` ∇fpxqT py ´ xq `
µ
2 }y ´ x}2,@x, y P Rn.

Proof. These follow from the different statements in (1.4.2) applied to g.

Remark 1.5.3. Note that the minimization problem (1.1) has a unique solution if f is
strongly convex.
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1 Introduction

1.6 L-smoothness

An important concept for many convergence proofs is L-smoothness.

Definition 1.6.1. A differential function f : Rn Ñ R is called L-smooth if there exists
L ě 0 such that

}∇fpxq ´ ∇fpyq} ď L}x´ y} @x, y P Rn. (1.12)

In order to derive a result about convergence, we will need the following lemmata, which
are taken from [12].

Lemma 1.6.2. If the function f : Rn Ñ R is differential and L-smooth, then it holds

|fpyq ´ fpxq ´ x∇fpxq, y ´ xy| ď
L

2
}y ´ x}2 @x, y P Rn. (1.13)

Proof. Let x, y P Rn and define gpτq :“ fpx` τpy ´ xqq, for τ P r0, 1s,
which implies g1pτq “ x∇fpx` τpy ´ xq, y ´ xy.
By the fundamental theorem of calculus we have that

ż 1

0
x∇fpx` τpy ´ xqq, y ´ xydτ “

ż 1

0
g1ptqdτ “ gp1q ´ gp0q “ fpyq ´ fpxq,

it follows that

fpyq “ fpxq ` x∇fpxq, y ´ xy `

ż 1

0
x∇fpx` τpy ´ xqq ´ ∇fpxq, y ´ xy dτ.

Thus
|fpyq ´ fpxq ´ x∇fpxq, y ´ xy|

“

ˇ

ˇ

ˇ

ˇ

ż 1

0
x∇fpx` τpy ´ xqq ´ ∇fpxq, y ´ xy dτ

ˇ

ˇ

ˇ

ˇ

ď

ż 1

0
}∇fpx` τpy ´ xqq ´ ∇fpxq} ¨ }y ´ x}dτ

ď

ż 1

0
τL}y ´ x}2dτ “

L

2
}y ´ x}2.

Geometrically, this means that f is bounded by two quadratic functions in the following
way. Let

ϕ1pxq “ f pyq ` x∇f pyq , x´ yy `
L

2
}x´ y}

2 ,

ϕ2pxq “ f pyq ` x∇f pyq , x´ yy ´
L

2
}x´ y}

2 ,

then
ϕ1pxq ě fpxq ě ϕ2pxq @x P Rn.

We will also need the following fact later on.
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Lemma 1.6.3. Let f : Rn Ñ R be a convex, differentiable and L-smooth function. Then

fpxq ` x∇fpxq, y ´ xy `
1

2L
}∇fpxq ´ ∇fpyq}2 ď fpyq @x, y P Rn. (1.14)

Proof. Let us fix x P Rn and define,

ϕpyq :“ fpyq ´ x∇f pxq , yy .

Note that ϕ is convex and L-smooth and its optimal point is y˚ “ x, since
∇ϕpyq “ ∇fpyq ´ ∇f pxq and the function is convex. We see that by using
L-smoothness, in particular (1.13) and Cauchy–Schwarz inequality on ϕ,

ϕ py˚q ď ϕ

ˆ

y ´
1

L
∇ϕpyq

˙

ď ϕpyq ´
1

2L
}∇ϕpyq}

2 .

Therefore, we get

ϕpxq ď ϕpyq ´
1

2L
}∇ϕpyq}2,

which yields the result.

1.7 Line search routines

In this section, we will list common line search techniques, in order to compare them
with the novel strategy proposed by Yura Malitsky and Konstantin Mishchenko [9].
The main challenge we face is the determination of the optimal stepsize. One simple
way to do so is to choose a constant stepsize, i.e., λk “ λ for all k.
Another way to solve this problem is the following algorithm, known as ”exact line
search”.

Algorithm 1.7.1: Exact line search

Input: A sequence of descent directions pdkqkPN, a starting point x0 and a
stopping criterion.

Routine:
1 Set k :“ 0
2 while stopping criterion is not satisfied do
3 λk :“ minλě0 f pxk ` λdkq

4 xk`1 “ xk ´ λkdk
5 k “ k ` 1

A common stopping criterion is }∇fpxkq} ă ϵ, for a small and fixed ϵ ą 0. This approach
faces two major problems. First of all, even though it reduces the original problem to a
one-dimensional problem, this new one-dimensional problem can be very hard to solve.
Secondly, without preconditioning, the convergence to a solution is very slow due to
zigzagging as the next theorem shows.
In the following we assume that we have no stopping criterion, and therefore algorithm
(1.7.1) generates an infinite sequence of iterates pxkqkPN.
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Theorem 1.7.2. Let pxkqkPN be the sequence generated by the exact line search algorithm
with d :“ ∇fpxkq. Then

xxk`1 ´ xk, xk`2 ´ xk`1y “ 0 for any k P N. (1.15)

Proof. By definition we have that

xxk`1 ´ xk, xk`2 ´ xk`1y “ λkλk`1 x∇f pxkq ,∇f pxk`1qy ,

and λk minimizes φkpλq :“ f pxk ´ λ∇f pxkqq, which implies dφk
dλ pλkq “ 0. This

concludes the proof since

dφk

dλ
pλkq “ x´∇fpxkq,∇f pxk ´ λk∇fpxkqqy “ x´∇fpxkq,∇fpxk`1qy .

Rather than determining the minimal value for the step size, we can come up with other
routines for the step size. Such a method is called inexact line search. One example for

this is to choose λk “
gTk gk
gTk Ggk

, where gk :“ ∇fpxkq and G denotes the Hessian matrix of

f . This step coincides with the exact line search if a quadratic model is chosen.

Algorithm 1.7.3: Constant stepsize

Input: A sequence of descent directions pdkqkPN, a starting point x0, a stepsize
λ ą 0 and a stopping criterion.

Routine:
1 Set k :“ 0
2 while a stopping criterion is not satisfied do
3 λk :“ λ
4 xk`1 “ xk ´ λkdk
5 k “ k ` 1

Wolfe conditions

To ensure that computing the stepsize takes as little time as possible, we need to find
a condition that can guarantee convergence of our algorithm if it is satisfied and also
computationally inexpensive to verify. The condition that the algorithm is a descent
method i.e. fpxk ` λkdkq ă fpxkq is not enough, see Example 11.5 in [3]. In this
example, the step size is chosen so large that the fact that we are going along a descent
direction doesn’t matter anymore. The fact that we managed to produce a descending
sequence is pure luck. Longer steps should only be accepted if they also result in greater
improvements than shorter steps, or more precisely, the decrease should be proportional
to the step size.

12
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The following definition captures this concept.

Definition 1.7.4. Let f : Rn Ñ R be a differentiable function, dk a descent direction of
f at xk and a stepsize λk ą 0. We say that the function f decreases sufficiently along
λk, if there exists a β1 P p0, 1q such that

f pxk ` λkdkq ď f pxkq ` λkβ1x∇f pxkq , dky.

This condition is known as the first Wolfe condition or the Armijo condition, see [18]
and [2]. By (1.5) such a stepsize always exists.
This condition gives rise to the inexact line search method described bellow.

Algorithm 1.7.5: Armijo line search

Input: s ą 0, β1 P p0, 1q and σ1 P p0, 1q.
Routine:

1 Set m :“ 0
2 while fpxk ` σm1 sdkq ą fpxkq ` σm1 β1x∇fpxkq, dky do
3 m “ m` 1

/* decrease stepsize until the first Wolfe condition is satisfied

*/

4 λk :“ σm1 s

To prevent too-small step sizes, we introduce the following definition.

Definition 1.7.6. Let f : Rn Ñ R be a differentiable function, dk a descent direction
in xk and a stepsize λk ą 0. We say that the step made sufficient progress compared to
xk, if there exists a β2 P p0, 1q such that

x∇f pxk ` λkdkq , dky ě β2x∇f pxkq , dky.

This is known as the second Wolfe condition. The two Wolfe conditions give rise to the
following algorithm attributed too Fletcher [6] and Lemaréchal [8].

13
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Algorithm 1.7.7: Line search

Input: α0 ą 0, β P p0, 1q,σ1 P p0, 1q, σ2 P p0, 1q with σ1 ă σ2.
Routine:

1 i :“ 0
2 αℓ :“ 0
3 αr :“ `8

4 repeat
5 if fpxk ` αidkq ą fpxkq ` αix∇fpxkq, dky then
6 αr “ αi

7 αi`1 “
αℓ`αr

2 .

/* decrease stepsize if first Wolfe condition is not satisfied

*/

8 else if x∇f pxk ` αkdkq , dky ă β2x∇f pxkq , dky then
9 αℓ :“ αi

10 if αr ă `8 then
11 αi`1 :“

αℓ`αr

2

12 else
13 αi`1 :“ λαi

/* increase stepsize if second Wolfe condition is not

satisfied */

14 until αj satisfies both Wolfe conditions.
15 λk :“ αj

Remark 1.7.8. Since x∇f pxk ` λ˚dkq , dky “ 0, for λ˚ :“ minλě0 f pxk ` λdkq and
x∇f pxkq , dky ă 0, by the mean value theorem there must exist a stepsize such that the
second Wolfe condition is satisfied.

For the proof of the following statement see Theorem 11.9 in [3].

Lemma 1.7.9. If 0 ă β1 ă β2 ă 1, then there exists a stepsize λ ą 0 such that the first
and second Wolfe condition are both satisfied.

Newton’s method

We recall Newton’s method in order to derive another update rule which follows right
after this. Using the fact that ∇fpx˚q has to be zero at a local minimum as the first
order condition (1.6) stated. We can try to solve this equation to find candidates for the
minimization problem (1.1).

14
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Using Newton’s method to solve this system of equations is one way to do so.

Algorithm 1.7.10: Newton’s local method

Input: x0 P Rn.
Routine:

1 Set k :“ 0
2 while stopping criterion is not satisfied do
3 Calculate dk as a solution of ∇2f pxkq dk “ ´∇f pxkq

4 xk`1 :“ xk ` dk
5 k :“ k ` 1

Under the right conditions, this algorithm converges very quickly. The obvious
drawbacks of this algorithm are that the calculation of the Hessian matrix can be
expensive, and furthermore, the starting point has to be close to a solution, otherwise
the algorithm does not have to converge.

Quasi-Newton methods

Quasi-Newton methods use an approximation of the Hessian matrix in order to be
computationally feasible compared to the regular Newton method, see section 5.1.1 in
[16] for more information. One example for this is the Barzilian-Borwein stepsize, in
which λk has the form λk “ αk such that αk minimizes }∆x ´ α∆g}2, with
∆x “ xk ´ xk´1 and ∆g “ ∇fpxkq ´ ∇fpxk´1q. This gives an approximation to the
quasi-Newton equation. Solving this least-squares problem yields

λk “
x∆x,∆gy

x∆g,∆gy
“

xxk ´ xk´1,∇fpxkq ´ ∇fpxk´1qy

x∇fpxkq ´ ∇fpxk´1q,∇fpxkq ´ ∇fpxk´1qy
. (1.16)

Alternatively one can also minimize }α∆x´ ∆g}2, which yields

λk “
x∆x,∆xy

x∆x,∆gy
“

xxk ´ xk´1, xk ´ xk´1y

xxk ´ xk´1,∇fpxkq ´ ∇fpxk´1qy
. (1.17)

These two stepsizes are often regarded as BB1 and BB2 stepsizes. Other famous Quasi-
Newton methods are the BFGS update and SR1 update.

15



1 Introduction

In 1983, Nesterov [11] introduced the following idea for convex and L-smooth problems.

Nesterov Accelerated Gradient

A more sophisticated update rule in each step is Nesterov’s approach [11].

Algorithm 1.7.11: Nesterov Accelerated Gradient method

Input: x0 “ x1 P Rn, λ P
`

0, 1
L

‰

.
Routine:

1 Set k :“ 1, t1 :“ 1, x1 :“ x0
2 while stopping criterion is not satisfied do

3 tk`1 :“
1`

?
4t2k`1

2

4 yk :“ xk `
tk´1
tk`1

`

xk ´ xk´1
˘

5 xk`1 :“ yk ´ λ∇f
`

yk
˘

6 k :“ k ` 1

The sequence
`

yk
˘

kě1
is called the momentum sequence.

1.8 Convergence results

We will now state convergence results for the constant stepsize version of gradient descent
algorithm 1.7.3. We will need the following definition.

Definition 1.8.1. A sequence pxkqkPN is called linearly convergent to x˚ if there exists
a constant c P p0, 1q and N P N such that }xi`1 ´ x˚} ď c }xi ´ x˚} for all i ě N .

Theorem 1.8.2. Let f : Rn Ñ R be L-smooth and bounded from bellow. If the fixed step
size satisfies 0 ă λ ă 2

L , then the gradient descent algorithm 1.7.3 without a stopping
criterion will generate a sequence pxkqkPN such that limkÑ8 ∇f pxkq “ 0, for any starting
point x0.

Proof. Let k P N be fixed, by (1.13) and the definition of xk`1, we have

fpxk`1q ď fpxkq ` x∇fpxkq, xk`1 ´ xky `
L

2
}xk`1 ´ xk}

2

“ fpxkq ´ λ}∇fpxkq}2 `
λ2L

2
}∇fpxkq}2

“ fpxkq ´ λ

ˆ

1 ´
λL

2

˙

}∇fpxkq}2,

(1.18)

which implies,

}∇fpxkq}2 ď
1

λ
`

1 ´ λL
2

˘ pfpxkq ´ fpxk`1qq . (1.19)
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Let f
¯
be the lower bound of f , and fix N P N

N
ÿ

k“0

}∇f pxkq}
2

ď
1

λ
`

1 ´ λ
2L

˘

N
ÿ

k“0

fpxkq ´ fpxk`1q

ď
1

λ
`

1 ´ λ
2L

˘

`

fpx0q ´ fpxN`1q
˘

.

ď
1

λ
`

1 ´ λ
2L

˘

`

f px0q ´ f
¯

˘

,

(1.20)

which implies
ř8

k“0 }∇f pxkq}
2

ă 8, and therefore limkÑ8 ∇f pxkq “ 0.

Theorem 1.8.3. Let f : Rn Ñ R be convex and L-smooth with constant L ą 0. Denote
x˚ as any solution of the minimization problem (1.1). Then with a fixed stepsize λ ď 1

L ,
the gradient descent algorithm 1.7.3 without a stopping criterion will produce a sequence
pxkqkPN such that

fpxN q ´ fpx˚q ď
}x0 ´ x˚}

2
2

2λN
@N ě 1. (1.21)

Proof. Let k P N be fixed, by L-smoothness and the definition of xk`1, we have again
like in (1.18)

fpxk`1q ď fpxkq ´ λ

ˆ

1 ´
λL

2

˙

}∇fpxkq}2. (1.22)

Since 1 ´ λL
2 ď 1

2 by λ ď 1
L , we have

fpxk`1q ď fpxkq ´ λ
1

2
}∇fpxkq}22. (1.23)

By convexity, we have

fpxkq ď f px˚q ` x∇fpxkq, xk ´ x˚y, (1.24)

which implies

f pxk`1q ď f px˚q ` x∇fpxkq, xk ´ x˚y ´
λ

2
}∇fpxkq}22

f pxk`1q ´ f px˚q ď
1

2λ

`

2λx∇fpxkq, xk ´ x˚y ´ λ2}∇fpxkq}22

˘

,

(1.25)

and therefore

f pxk`1q ´ f px˚q ď
1

2λ

´

2λx∇fpxkq, xk ´ x˚y ´ λ2}∇fpxkq}22 ´ }xk ´ x˚}
2
2 ` }xk ´ x˚}

2
2

¯

“
1

2λ

´

}xk ´ x˚}
2
2 ´ }xk ´ λ∇fpxkq ´ x˚}

2
2

¯

.

(1.26)
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Therefore, we have

f pxk`1q ´ f px˚q ď
1

2λ

´

}xk ´ x˚}
2
2 ´ }xk`1 ´ x˚}

2
2

¯

. (1.27)

Letting N ą 1 and summing up this inequality yields

N
ÿ

k“1

`

f pxkq ´ f px˚q
˘

ď

N
ÿ

k“1

1

2λ

´

}xk´1 ´ x˚}
2
2 ´ }xk ´ x˚}

2
2

¯

“
1

2λ

´

}x0 ´ x˚}
2
2 ´ }xN ´ x˚}

2
2

¯

ď
1

2λ

´

}x0 ´ x˚}
2
2

¯

.

(1.28)

(1.23) implies that fpxk`1q ď fpxkq for any k and therefore, we get

f pxN q ´ f px˚q ď
1

N

N
ÿ

k“1

fpxkq ´ fpx˚q

ď
}x0 ´ x˚}

2
2

2λN
.

(1.29)

Theorem 1.8.4. Let f : Rn Ñ R be L-smooth and µ-strongly convex. Denote x˚ as
the solution of the minimization problem (1.1). From a given x0 P Rn and λ ď 1

L , the
gradient descent algorithm with constant stepsize (1.7.3) converges according to

}xk`1 ´ x˚}22 ď p1 ´ λµqk`1}x0 ´ x˚}22 @k ě 0.

For λ “ 1
L this means linear convergence with the rate µ

L .

Proof. Let k ě 1. Denoting a “ xk`1 ´ xk and b “ xk ´ x˚ we see that

}xk`1 ´ x˚}2 “ }a` b}2 “ xa, ay ` xa, by ` xb, ay ` xb, by

“ }xk ´ x˚}2 ` 2xxk`1 ´ xk, xk ´ x˚y ` }xk`1 ´ xk}2

“ }xk ´ x˚}2 ` 2λx∇fpxkq, x˚ ´ xky ` }xk`1 ´ xk}2

“ }xk ´ x˚}22 ´ 2λx∇fpxkq, xk ´ x˚y ` λ2}∇fpxkq}22.

(1.30)

Strong convexity followed by L-smoothness (1.14) implies

}xk ´ x˚}22´2λx∇fpxkq, xk ´ x˚y ` λ2}∇fpxkq}22

ď p1 ´ λµq}xk ´ x˚}22 ´ 2λ pfpxkq ´ fpx˚qq ` λ2}∇fpxkq}22

ď p1 ´ λµq}xk ´ x˚}22 ´ 2λ pfpxkq ´ fpx˚qq ` 2λ2L pfpxkq ´ fpx˚qq

“ p1 ´ λµq}xk ´ x˚}22 ´ 2λp1 ´ λLq pfpxkq ´ f px˚qq .
(1.31)
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Since 1
L ě λ we have ´2λp1 ´ λLq ď 0, and therefore

}xk`1 ´ x˚}22 ď p1 ´ λµq}xk ´ x˚}22, (1.32)

which yields the result.

Remark 1.8.5. The complexity to get }xk ´ x˚}2 ď ε is O
`

κ log 1
ε

˘

, where κ “ L
µ .

Nesterovs approach is under the right assumptions faster as the next theorem taken from
[1] shows.

Theorem 1.8.6. Let f : Rn Ñ R be L-smooth and convex, then the sequences pfpxkqqkPN
produced by Nesterov’s approach (1.7.11) converges to the optimal value f˚ as

fpxkq ´ f˚ ď
2L}x0 ´ x˚}22

k2
@k ě 1. (1.33)

Remark 1.8.7. It is not known if pxkqkPN converges for Nesterov’s approach.
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2 An adaptive stepsize based on the local
smoothness constant

Having seen a few common methods, we will now focus on the newly developed idea by
Yura Malitsky and Konstantin Mishchenko, [9].

2.1 Adaptive gradient descent

The following algorithm can be motivated by the idea that the stepsize should be a local
approximation to 1

L , where L denotes the L-smoothness constant.

Algorithm 2.1.1: Adaptive Gradient Descent

Input: A starting point x0 P Rn, an initial first stepsize λ0 ą 0 and θ0 “ `8

Routine:
1 k :“ 1
2 x1 “ x0 ´ λ0∇f px0q

3 while stopping criterion is not satisfied do

4 λk “ min
!

a

1 ` θk´1λk´1,
}xk´xk´1}

2}∇fpxkq´∇fpxk´1q}

)

5 xk`1 “ xk ´ λk∇fpxkq

6 θk “
λk

λk´1

7 k “ k ` 1

The definition of λk implies for all k ě 1 the following two inequalities,

λ2k ď p1 ` θk´1qλ2k´1 (2.1)

λk ď
}xk ´ xk´1}

2 }∇f pxkq ´ ∇f pxk´1q}
(2.2)

It will be clear from (2.1.5) that inequality (2.1) is required to prove convergency.
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2 An adaptive stepsize based on the local smoothness constant

Preparation

We need the following lemma later on.

Lemma 2.1.2. Let f : Rn Ñ R be convex and differentiable. Denote x˚ as any solution
of the minimization problem (1.1) and f˚ as the minimal value. Then the following
inequality holds for pxkqkPN generated by algorithm 2.1.1.

}xk`1 ´ x˚}2 `
1

2
}xk`1 ´ xk}2 ` 2λkp1 ` θkqpfpxkq ´ f˚q (2.3)

ď }xk ´ x˚}2 `
1

2
}xk ´ xk´1}2 ` 2λkθkpfpxk´1q ´ f˚q @k ě 1.

Proof. Let k ě 1. Again denoting a “ xk`1 ´ xk and b “ xk ´ x˚ we see that

}xk`1 ´ x˚}2 “ }a` b}2 “ xa, ay ` xa, by ` xb, ay ` xb, by

“ }xk ´ x˚}2 ` 2xxk`1 ´ xk, xk ´ x˚y ` }xk`1 ´ xk}2

“ }xk ´ x˚}2 ` 2λkx∇fpxkq, x˚ ´ xky ` }xk`1 ´ xk}2.

(2.4)

By convexity of f we get

fpyq ě fpxq ` x∇fpxq, y ´ xy for all x, y P Rn. (2.5)

Which for x “ xk and y “ x˚ yields,

2λkp∇fpxkq, x˚ ´ xky ď 2λkpf˚ ´ fpxkqq, (2.6)

and therefore

}xk`1 ´ x˚}2 ď }xk ´ x˚}2 ´ 2λkpfpxkq ´ f˚q ` }xk`1 ´ xk}2. (2.7)

We now look at the following term:

}xk`1 ´ xk}2 “ 2}xk`1 ´ xk}2 ´ }xk`1 ´ xk}2

“ ´2λkx∇fpxkq, xk`1 ´ xky ´ }xk`1 ´ xk}2

“ 2λkx∇fpxkq ´ ∇fpxk´1q, xk ´ xk`1y

` 2λkx∇fpxk´1q, xk ´ xk`1y ´ }xk`1 ´ xk}2

(2.8)

Now we estimate the first two terms on the right-hand side of (2.8). Using the definition
of λk, followed by Cauchy–Schwarz inequality as well as Young’s inequality for products,
yields

2λkx∇fpxkq ´ ∇fpxk´1q, xk ´ xk`1y ď 2λk}∇fpxkq ´ ∇fpxk´1q}}xk ´ xk`1}

ď }xk ´ xk´1}}xk ´ xk`1}

ď
1

2
}xk ´ xk´1}2 `

1

2
}xk`1 ´ xk}2.

(2.9)
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2 An adaptive stepsize based on the local smoothness constant

Secondly, using convexity of f , again similar as in (2.6), we see that

2λkx∇fpxk´1q, xk ´ xk`1y “
2λk
λk´1

xxk´1 ´ xk, xk ´ xk`1y “ 2λkθkxxk´1 ´ xk,∇fpxkqy

ď 2λkθkpfpxk´1q ´ fpxkqq.
(2.10)

Plugging (2.9) and (2.10) into (2.8), we obtain

}xk`1 ´ xk}2 ď
1

2
}xk ´ xk´1}2 ´

1

2
}xk`1 ´ xk}2 ` 2λkθkpfpxk´1q ´ fpxkqq. (2.11)

Using (2.11) in (2.7), we get the following inequality

}xk`1 ´ x˚}2 ď }xk ´ x˚}2 ´ 2λkpfpxkq ´ f˚q `
1

2
}xk ´ xk´1}2

´
1

2
}xk`1 ´ xk}2 ` 2λkθkpfpxk´1q ´ fpxkqq.

(2.12)

Rearranging the equation yields the following

}xk`1 ´ x˚}2 `
1

2
}xk`1 ´ xk}2 ` 2λkpfpxkq ´ f˚q

ď }xk ´ x˚}2 `
1

2
}xk ´ xk´1}2 ` 2λkθkpfpxk´1q ´ fpxkqq,

(2.13)

after adding and subtraction 2λkθkf˚ this gives us

}xk`1 ´ x˚}2 `
1

2
}xk`1 ´ xk}2 ` 2λkpfpxkq ´ f˚q

ď }xk ´ x˚}2 `
1

2
}xk ´ xk´1}2 ` 2λkθkfpxk´1q ´ 2λkθkpfpxkq ´ f˚q ´ 2λkθkf˚,

(2.14)
which, after another rearrangement, is exactly (2.3).

In order to prove convergence, we will need the following lemma.

Lemma 2.1.3. Let pxkqkPN be a sequence in Rn and pakqkPN in R`. Suppose that pxkqkPN
is bounded, its cluster points belong to X Ă Rn, and it also holds that

}xk`1 ´ x}2 ` ak`1 ď }xk ´ x}2 ` ak, @x P X . (2.15)

Then limkÑ8 xk P X exists.

Proof. For any two cluster points x̄1, x̄2, there exist two subsequences pxkiqiPN and
pxkj qjPN such that xki Ñ x̄1 and xkj Ñ x̄2. Since

`

}xk ´ x}2 ` ak
˘

kPN is nonnegative

and decreasing, limkÑ8

`

}xk ´ x}2 ` ak
˘

exists for any x P X . Let x “ x̄1, we observe

lim
kÑ8

`

}xk ´ x̄1}2 ` ak
˘

“ lim
iÑ8

`

}xki ´ x̄1}2 ` aki
˘

“ lim
iÑ8

aki , (2.16)
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2 An adaptive stepsize based on the local smoothness constant

and also

lim
kÑ8

`

}xk ´ x̄1}2 ` ak
˘

“ lim
jÑ8

`

}xkj ´ x̄1}2 ` akj
˘

“ }x̄2 ´ x̄1}
2

` lim
jÑ8

akj . (2.17)

Therefore limiÑ8 aki exists and limiÑ8 aki “ limjÑ8 akj ` }x̄1 ´ x̄2}
2 holds. Doing the

same for x “ x̄2 yields that limiÑ8 aki exists and limjÑ8 akj “ limiÑ8 aki ` }x̄1 ´ x̄2}
2

holds. As a result, we get x̄1 “ x̄2, and since this holds for arbitrary cluster points, we
get the result.

Convergence to minimal value

Definition 2.1.4. A function f : Rn Ñ R is called locally Lipschitz if it is Lipschitz
over any compact set of its domain. A function f with locally Lipschitz gradient ∇f is
called locally smooth.

Theorem 2.1.5. Suppose that f : Rn Ñ R is a convex and locally L-smooth function.
Let f˚ denote the minimal value to the minimization problem (1.1). Then pxkqkPN
generated by algorithm 2.1.1 converges to a solution x˚ and

fpx̂kq ´ f˚ ď
D

2Sk
“ O

ˆ

1

k

˙

@k ě 1, (2.18)

where

D “ }x1 ´ x˚}
2

`
1

2
}x1 ´ x0}

2
` 2λ1θ1 rf px0q ´ f˚s ,

x̂k “
λk p1 ` θkqxk `

řk´1
i“1 wixi

Sk
,

wi “ λi p1 ` θiq ´ λi`1θi`1,

Sk “ λk p1 ` θkq `

k´1
ÿ

i“1

wi “

k
ÿ

i“1

λi ` λ1θ1.

(2.19)

Proof. Let k ě 1. We first prove convergence of pxkqkPN. Telescoping (2.3), we deduce

}xk`1 ´ x˚}2 `
1

2
}xk`1 ´ xk}2 ` 2λk p1 ` θkq pfpxkq ´ f˚q

` 2
k´1
ÿ

i“1

rλi p1 ` θiq ´ λi`1θi`1s pf pxiq ´ f˚q

ď }x1 ´ x˚}
2

`
1

2
}x1 ´ x0}

2
` 2λ1θ1 rf px0q ´ f˚s “ D.

(2.20)

Note that inequality (2.1) is equivalent to λkθk ď p1 ` θk´1qλk´1, and therefore the
second line above is always non-negative. Thus, the sequence pxkqkPN has to be bounded.
Since ∇f is locally smooth, it is smooth on bounded sets. This means that for the set
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C “ conv tx˚, x0, x1, . . .u, which is bounded as the convex hull of bounded points, there
exists LC ą 0 such that

}∇fpxq ´ ∇fpyq} ď LC}x´ y} @x, y P C.

Clearly, λ1 “
}x1´x0}

2}∇fpx1q´∇fpx0q}
ě 1

2L , thus, by induction, it follows that λk ě 1
2L . This

means the sequence pλkqkPN will never reach 0.
By L-smoothness (1.14),we get

λk pfpx˚q ´ fpxkqq ě λkx∇fpxkq, x˚ ´ xky `
λk
2L

}∇fpxkq}2. (2.21)

Using this inequality instead of (2.5) in Lemma 2.1.2 yields for all k ě 1

}xk`1 ´ x˚}2 `
1

2
}xk`1´xk}2 ` 2λk p1 ` θkq pfpxkq ´ f˚q `

λk
L

}∇fpxkq}2

ď }xk ´ x˚}2 `
1

2
}xk ´ xk´1}2 ` 2λkθk pfpxk´1q ´ f˚q .

(2.22)
Telescoping (2.22) implies that

řk
i“1

λi
L }∇f pxiq}

2
ď D, and since λi ě 1

2L , we have
limkÑ8 ∇fpxkq “ 0. We now have to show that pxkqkPN converges. Let X be the set
of solutions for (1.1) and let ak :“ 1

2 }xk ´ xk´1}
2

` 2λkθk pf pxk´1q ´ f˚q. Applying
Lemma 2.1.3 with this definition too (2.3) yields the result since λk`1θk`1 ď p1 ` θkqλk.
This proves that the sequence converges to an element in X .
We will now focus on the rate of convergence.
Using the fact that fpxq ´ f˚ is convex we can apply Jensen’s inequality to the sum of
f pxiq ´ f˚ in the left-hand side of (2.20) and see that,

D

2Sk
ě
λk p1 ` θkq pfpxkq ´ f˚q `

řk´1
i“1 wi pfpxiq ´ f˚q

Sk
ě fpx̂kq ´ f˚. (2.23)

Since 1
2L ď λk holds for all k ě 1, we see that

Sk “

k
ÿ

i“1

λi ` λ1θ1 ě
k

2L
, (2.24)

holds and therefore

fpx̂kq ´ f˚ ď
D

2Sk
ď
DL

k
. (2.25)

This means that we established the same theoretical rate of convergence as (1.8.3).

Remark 2.1.6. Note that in practice λk is usually much larger than 1
2L , since it depends

on the local Lipschitz smoothness. It can therefore yield much better convergence than
the theoretical bound would suggest.
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2 An adaptive stepsize based on the local smoothness constant

We use strong convexity again to prove a stronger convergence result. In order to deduce
the result, we will additionally have a stricter restriction for λk. Let us therefore define
the slightly changed update rule for λk as

λk “ min

#

c

1 `
θk´1

2
λk´1,

}xk ´ xk´1}

2 }∇f pxkq ´ ∇f pxk´1q}

+

. (2.26)

Theorem 2.1.7. Let f : Rn Ñ R be locally µ-strongly convex and locally L-smooth, then
the sequence pxkqkPN generated by algorithm 2.1.1 with the change (2.26), converges to
the solution x˚ of the minimization problem (1.1). The complexity to get }xk ´x˚}2 ď ε
is O

`

κ log 1
ε

˘

, where κ “ L
µ .

Proof. Using the stricter bound (2.26) does not change the statement of Theorem 2.1.5,
and therefore we get convergence and boundedness of C “ conv tx˚, x0, x1, . . .u. This
means that there exist L and µ such that f : Rn Ñ R is µ-strongly convex and L-
smooth on C. Strong convexity on C implies }∇fpxkq ´ ∇fpxk´1q} ě µ}xk ´ xk´1}, and
therefore λk ď 1

2µ for all k ě 1. By the definition of µ-strong convexity, we get

λkx∇f pxkq , x˚ ´ xky ď λk pfpx˚q ´ fpxkqq ´ λk
µ

2
}x˚ ´ xk}2. (2.27)

L-smoothness together with the fact that λk ď 1
2µ implies

λkx∇fpxkq, x˚ ´ xky ď λk pfpx˚q ´ fpxkqq ´ λk
1

2L
}∇fpxkq}

2

“ λk pfpx˚q ´ fpxkqq ´
1

2Lλk
}xk`1 ´ xk}2

ď λk pfpx˚q ´ fpxkqq ´
µ

L
}xk`1 ´ xk}2.

(2.28)

These two inequalities yield

λkx∇fpxkq, x˚ ´ xky “
1

2
λkx∇fpxkq, x˚ ´ xky `

1

2
λkx∇fpxkq, x˚ ´ xky

ď λk pfpx˚q ´ fpxkqq ´ λk
µ

4
}xk ´ x˚}2 ´

µ

2L
}xk`1 ´ xk}2.

(2.29)

Using this inequality in (2.4) yields

}xk`1 ´ x˚}2 ď }xk ´ x˚}2 ´ 2λkpfpxkq ´ fpx˚qq

´ λk
µ

2
}xk ´ x˚}2 ´

µ

L
}xk`1 ´ xk}2 ` }xk`1 ´ xk}2.

(2.30)

We can use (2.11) from Lemma 2.1.2 which stated

}xk`1 ´ xk}2 ď
1

2
}xk ´ xk´1}2 ´

1

2
}xk`1 ´ xk}2 ` 2λkθkpfpxk´1q ´ fpxkqq. (2.31)
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2 An adaptive stepsize based on the local smoothness constant

Using (2.31) in (2.30) and rearranging the terms, yields

}xk`1 ´ x˚}2 `
1

2

ˆ

1 `
2µ

L

˙

}xk`1 ´ xk}2 ` 2λk p1 ` θkq pfpxkq ´ fpx˚qq

ď

ˆ

1 ´
λkµ

2

˙

}xk ´ x˚}2 `
1

2
}xk ´ xk´1}2 ` 2λkθk pfpxk´1q ´ fpx˚qq .

(2.32)

By (2.26) we have λkθk ď λk´1

´

1 `
θk´1

2

¯

, and therefore

}xk`1 ´ x˚}2 `
1

2

ˆ

1 `
2µ

L

˙

}xk`1 ´ xk}2 ` 2λk p1 ` θkq pfpxkq ´ f˚q

ď

ˆ

1 ´
λkµ

2

˙

}xk ´ x˚}2 `
1

2
}xk ´ xk´1}2 ` 2λk´1

ˆ

1 `
θk´1

2

˙

pfpxk´1q ´ f˚q .

(2.33)

Defining ψk`1 :“ }xk`1 ´x˚}2 ` 1
2

´

1 `
2µ
L

¯

}xk`1 ´xk}2 `2λk p1 ` θkq pfpxkq ´ f˚q, and

αk :“ 1 ´ min
!

λkµ
2 , 2µ

L`2µ ,
θk´1

2p1`θk´1q

)

“ max

"

1 ´
λkµ
2 , L

L`2µ ,
1`

θk´1
2

1`θk´1

*

.

By (2.32), we therefore have

ψk`1 ď

ˆ

1 ´
λkµ

2

˙

}xk ´ x˚}2 `
1

2

ˆ

L

L` 2µ

˙ˆ

1 `
2µ

L

˙

}xk ´ xk´1}2

` 2λk´1

˜

1 `
θk´1

2

1 ` θk´1

¸

pθk´1 ` 1q pfpxk´1q ´ f˚q

ď αk

ˆ

}xk ´ x˚}2 `
1

2
}xk ´ xk´1}2 ` 2λk´1p1 ` θk´1q pfpxk´1q ´ f˚q

˙

“ αkψ
k.

(2.34)
We will now bound αk. By the definition of κ, we have 2µ

L`2µ “ 2
κ`2 ě 1

4κ . Furthermore

we know that 1
2L ď λk for k ě 1, and therefore λkµ

2 ě 1
4κ for k ě 1. Using the fact that

1
2L ď λk ď 1

2µ for k ą 1, we see that θk “
λk

λk´1
ě 1

κ for k ą 1. Therefore
θk´1

2p1`θk´1q
ě 1

2pκ`1q
ě 1

4κ , since gpθq :“ θ
1`θ is monotonically increasing for θ ą 0. We

get that αk ď
`

1 ´ 1
4κ

˘

, and therefore ψk`1 ď
`

1 ´ 1
4κ

˘

ψk. We now have

}xk`1 ´ x˚}2 ď
`

1 ´ 1
4κ

˘k
C0. Therefore we get O

`

κ log 1
ε

˘

complexity in order to
achieve ϵ accuracy.

Remark 2.1.8. This complexity bound coincides with the one for the constant stepsize
approach.
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2 An adaptive stepsize based on the local smoothness constant

2.2 A more general update rule

We will now see that the two bounds (2.1) and (2.2) can be generalized.

Algorithm 2.2.1: General Adaptive Gradient Descent

Input: A starting point x0 P Rn, an initial stepsize λ0 ą 0, θ0 “ `8, α P p0, 1q

and β “ 1
2p1´αq

.
Routine:

1 k :“ 1
2 x1 “ x0 ´ λ0∇f px0q

3 while stopping criterion is not satisfied do

4 λk “ min
!b

1
β ` θk´1λk´1,

α}xk´xk´1}

}∇fpxkq´∇fpxk´1q}

)

5 xk`1 “ xk ´ λk∇fpxkq

6 θk “
λk

λk´1

7 k “ k ` 1

We will deduce a generalization of Lemma 2.1.2

Lemma 2.2.2. Let f : Rn Ñ R be convex and differentiable. Denote x˚ as any
solution of the minimization problem (1.1). Then the following inequality holds for any
xk generated by algorithm 2.2.1

}xk`1 ´ x˚}2 ` 2λk p1 ` θkβq pfpxkq ´ f˚q ` αβ}xk`1 ´ xk}2

ď }xk ´ x˚}2 ` 2λkθkβ pfpxk´1q ´ f˚q ` αβ}xk ´ xk´1}2 @k ě 1.
(2.35)

Proof. Note that (2.7),(2.8) and (2.10) hold for any choice of λk. We state them again
for convenience below.

}xk`1 ´ x˚}2 ď }xk ´ x˚}2 ´ 2λk pfpxkq ´ f˚q ` }xk`1 ´ xk}2 @k ě 1. (2.36)

}xk`1 ´ xk}2 “ 2λkx∇fpxkq ´ ∇fpxk´1q, xk ´ xk`1y

` 2λkx∇fpxk´1q, xk ´ xk`1y ´ }xk`1 ´ xk}2 @k ě 1.
(2.37)

2λkx∇fpxk´1q, xk ´ xk`1y ď 2λkθk pfpxk´1q ´ fpxkqq @k ě 1. (2.38)

Let k ě 1. Combining (2.37) with (2.38) and applying the Cauchy–Schwarz inequality,
we get

}xk`1 ´ xk}2 ď 2λk}∇fpxkq ´ ∇fpxk´1q}}xk ´ xk`1}

` 2λkθk pfpxk´1q ´ fpxkqq ´ }xk`1 ´ xk}2
(2.39)

Using the the new definition for λk, we get λk}∇f pxkq ´ ∇f pxk´1q } ď α}xk ´ xk´1},
and therefore

}xk`1´xk}2 ď 2α}xk´xk´1}}xk`1´xk}`2λkθk pfpxk´1q ´ fpxkqq´}xk`1´xk}2. (2.40)

Applying Young’s inequality to the first term, we get

}xk`1 ´xk}2 ď α}xk ´xk´1}2 `α}xk`1 ´xk}2 `2λkθk pfpxk´1q ´ fpxkqq ´ }xk`1 ´xk}2,
(2.41)
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2 An adaptive stepsize based on the local smoothness constant

which, after multiplying both sides by β and rearranging the terms, yields

βp2´αq}xk`1 ´ xk}2 ` 2βλkθk pfpxkq ´ f˚q ď αβ}xk ´ xk´1}2 ` 2βλkθk pfpxk´1q ´ f˚q .
(2.42)

Adding (2.36) to this equation, gives us

}xk`1 ´ x˚}2 ` 2λk p1 ` θkβq pfpxkq ´ f˚q ` p2β ´ αβ ´ 1q}xk`1 ´ xk}2

ď }xk ´ x˚}2 ` 2λkθkβ pfpxk´1q ´ f˚q ` αβ}xk ´ xk´1}2.
(2.43)

Since β “ 1
2p1´αq

, we have 2β ´ αβ ´ 1 “ αβ, and therefore

}xk`1 ´ x˚}2 ` 2λk p1 ` θkβq pfpxkq ´ f˚q ` αβ}xk`1 ´ xk}2

ď }xk ´ x˚}2 ` 2λkθkβ pfpxk´1q ´ f˚q ` αβ}xk ´ xk´1}2.
(2.44)

In order to prove convergence of algorithm 2.2.1, we need the following lemma.

Lemma 2.2.3. If f : Rn Ñ R is convex and locally L-smooth, then the sequence pλkqkPN
generated by algorithm 2.2.1 satisfies the following inequality

if α ď
1

2
, we have λk ě

α

L
for all k ě 1, (2.45)

if α ą
1

2
, we have λk ě

2αp1 ´ αq

L
for all k ě 1. (2.46)

Proof. Let k ě 1, by the definition of the stepsize, we get λi p1 ` θiβq ´ λi`1θi`1β ě 0.
By (2.35) we see that pxkqkPN is bounded, and since ∇f is locally Lipschitz, it is Lipschitz
continuous on bounded sets. Let L denote the L-smoothness constant on the bounded
set C “ conv tx˚, x1, x2, . . .u. Note that λ1 “

α}x1´x0}

}∇fpx1q´∇fpx0q}
ě α

L holds for both cases.

In the first case, we have 1
β ą 1 and therefore, by induction, it follows that λk ě α

L for

all k. For the second case let m and n be the smallest numbers such that β´ 1
2m ě 1´ 1

2β

and p1 ` 1
β q

n
2 ě β. If λk ě α

L for all k, we are done. Therefore, in the other case,
there exists a k such that λk´1 ě α

L and λk ă α
L . Now choose the largest j (possibly

infinity) such that the second bound is not active for λk`i with 0 ď i ă j and therefore

λk`i “

b

1
β ` θk`i´iλk`i´1. This yields θk`i “

b

1
β ` θk`i´1 for 0 ď i ă j and we have

θk ě β´ 1
2 , θk`1 ě

d

1

β
`

c

1

β
ě β´ 1

4 , . . . , θk`i ě

c

1

β
` β´ 1

2i ě β´ 1

2i`1 (2.47)

for 0 ď i ă j. This yields

λk`i

λk´1
“ θkθk`1 . . . θk`i ě β´ 1

2
´ 1

4
´¨¨¨´ 1

2i`1 ě β´1 “ 2p1 ´ αq (2.48)

and therefore λk`i ě 2p1 ´ αqλk´1 ě
2αp1´αq

L for 0 ď i ă j. If j is not infinite we can
start the same argument again, since in this case at the k ` j iterate the second bound
is active and we have λk`j ě α

L .
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2 An adaptive stepsize based on the local smoothness constant

Convergence

The proof that follows employs the same strategy as Theorem 2.1.7

Theorem 2.2.4. Let f : Rn Ñ R be convex and locally L-smooth. Let f˚ denote the
minimal value and x˚ denote any solution of the minimization problem (1.1) assuming
that the problem has a solution. Then the sequence pxkqkPN generated by algorithm 2.2.1
converges to a solution of the minimization problem (1.1), and we have that

fpx̂kq ´ f˚ ď
D

2Sk
“ O

ˆ

1

k

˙

@k ě 1, (2.49)

where

x̂k “
λk p1 ` θkβqxk `

řk´1
i“1 wixi

Sk
,

wi “ λi p1 ` θiβq ´ λi`1θi`1β,

Sk “ λk p1 ` θkβq `

k´1
ÿ

i“1

wi “

k
ÿ

i“1

λi ` λ1θ1β.

Proof. Let k ě 1. Telescoping (2.35) yields

}xk`1 ´ x˚}2 ` αβ}xk`1 ´ xk}2 ` 2λkp1 ` θkβqpfpxkq ´ f˚q

`2
k´1
ÿ

i“1

rλi p1 ` θiβq ´ λi`1θi`1βs pf pxiq ´ f˚q

ď }x1 ´ x˚}
2

` αβ }x1 ´ x0}
2

` 2λ1θ1β rf px0q ´ f˚s “: D

(2.50)

Using the fact that fpxq ´ f˚ is convex, we can apply Jensen’s inequality to the sum of
fpxiq ´ f˚ in the left-hand side of (2.50) and see that

D

2Sk
ě
λkp1 ` θkβqpfpxkq ´ f˚q `

řk´1
i“1 wi pfpxiq ´ f˚q

Sk
ě fpx̂kq ´ f˚. (2.51)

For α ď 1
2 by (2.2.3), we have Sk “

řk
i“1 λi ` λ1θ1β ě kα

L , which implies

fpx̂kq ´ f˚ ď
DL

2kα
. (2.52)

For α ą 1
2 by (2.2.3), we have Sk “

řk
i“1 λi ` λ1θ1β ě

k2αp1´αq

L , which implies

fpx̂kq ´ f˚ ď
DL

4kαp1 ´ αq
. (2.53)

The proof for convergence now follows the same argument as in Theorem 2.3. Using
L-smoothness we get

λk pfpx˚q ´ fpxkqq ě λkx∇fpxkq, x˚ ´ xky `
λk
2L

}∇fpxkq}2, (2.54)
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2 An adaptive stepsize based on the local smoothness constant

which can be used in Lemma 2.8 and yields

}xk`1 ´ x˚}2 ` 2λk p1 ` θkβq pfpxkq ´ f˚q ` αβ}xk`1 ´ xk}2 `
λk
L

}∇fpxkq}2

ď }xk ´ x˚}2 ` 2λkθkβ pfpxk´1q ´ f˚q ` αβ}xk ´ xk´1}2.
(2.55)

Telescoping this inequality implies that
řk

i“1
λi
L }∇f pxiq}

2
ď D for all k, and therefore

limkÑ8 ∇f pxkq “ 0. Since tλkukPN is not a null sequence by (2.2.3). Applying Lemma
2.2 to Lemma 2.8 and using the fact that λi p1 ` θiβq ě λi`1θi`1β, implies that
limkÑ8 xk exists.

2.3 Adaptive gradient descent with known smoothness
constant

If the L-smoothness constant is known, another update rule was proposed in the original
paper [9].

Algorithm 2.3.1: Adaptive Gradient with known L

Input: A starting point x0 P Rn, an initial stepsize
λ0 ą 0, x0 P Rd, λ0 “ 1

L , θ0 “ `8.
Routine:

1 k “ 1
2 x1 “ x0 ´ λ0∇f px0q

3 while stopping criterion is not satisfied do

4 Lk “
}∇fpxkq´∇fpxk´1q}

}xk´xk´1}

5 λk “ min
!

a

1 ` θk´1λk´1,
1

λk´1L2 ` 1
2Lk

)

6 xk`1 “ xk ´ λk∇fpxkq

7 θk “
λk

λk´1

8 k “ k ` 1

Theorem 5 in [9] contains the proof for the following theorem.

Theorem 2.3.1. Let f : Rn Ñ R be convex and locally L-smooth. Then Lemma 2.1.2
holds for pxkqkPN generated by (2.3.1) as well.
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3 Stochastic gradient descent methods

3.1 Stochastic optimization

We are now trying to solve the following stochastic optimization problem

min
xPRn

tF pxq :“ Erfpx; ξqs :“ Erfξpxqsu, (3.1)

where ξ is a random variable following some unknown distribution, fξpxq denotes a
differentiable function fξ : Rn Ñ R and E denotes the expected value in regards of the
unknown distribution. In a similar fashion, when given a set of realizations ξi of ξ, we
can define the empirical risk minimization problem as

min
xPRn

#

F pxq “
1

n

n
ÿ

i“1

fξipxq

+

. (3.2)

For further details see [13].

Stochastic gradient descent

Stochastic gradient descent is a well-known approach to this problem, but once again,
finding the right step size is necessary.

Algorithm 3.1.1: SGD algorithm constant stepsize

Input: x0 P Rn and λ ą 0.
Routine:

1 k :“ 0
2 while stopping criterion is not satisfied do
3 Sample ξk

4 Compute a stochastic vector gpxk; ξ
kq

5 xk`1 :“ xk ´ λgpxk; ξ
kq

6 k “ k ` 1

Possible choices for the stochastic vector are

g pxk, ξkq “

"

∇f
`

xk; ξ
k
˘

1
nk

řnk
i“1∇f

`

xk; ξ
i
˘ , (3.3)

where the first choice is known as simple SG and the second choice is known as mini-batch
SG. Theorem 4.6 in [4] provides a necessary condition for algorithm 3.1.1 convergence
in expectation.
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3 Stochastic gradient descent methods

Adaptive stochastic gradient descent unbiased

In their paper [9], Yura Malitsky and Konstantin Mishchenko proposed the following
version.

Algorithm 3.1.2: Adaptive Stochastic Gradient Descent unbiased

Input: x0 P Rd, λ0 ą 0, θ0 “ `8, ξ0and α ą 0.
Routine:

1 k :“ 0
2 while stopping criterion is not satisfied do
3 Sample ξk and ζk

4 Lk :“
}∇f

ζk
pxkq´∇f

ζk
pxk´1q}

}xk´xk´1}

5 λk :“ min
!

a

1 ` θk´1λk´1,
α
Lk

)

6 xk`1 :“ xk ´ λk∇fξk pxkq

7 θk :“ λk
λk´1

8 k “ k ` 1

We will now start our analysis for the proposed algorithm.

Remark 3.1.3. If fξ : Rn Ñ R is almost surely L-smooth, F : Rn Ñ R defined as in
(3.1) is L-smooth with the same constant L.

Lemma 3.1.4. Let fξ : Rn Ñ R be L-smooth and µ-strongly convex almost surely. It
holds for λk produced by algorithm 3.1.2

α

L
ď λk ď

α

µ
a.s. (3.4)

Proof. Strong convexity together with the Cauchy–Schwarz inequality implies }x´ y} ď

1
µ}∇fζkpxq ´ ∇fζkpyq} for any x, y. Therefore, λk ď min

!?
1 ` θkλk´1,

α
µ

)

ď α
µ a.s.

L-smoothness gives, by definition
}∇f

ζk
pxq´∇f

ζk
pyq}

}x´y}
ď L for any x, y, which means that

λk ě min
␣?

1 ` θkλk´1,
α
L

(

ě mintλk´1,
α
Lu a.s. The lower bound is now achieved by

iterating this inequality, since we get λk ě mintλ1,
α
Lu a.s. and λ1 :“

α
L1 ě α

L .

Lemma 3.1.5. Let F˚ and x˚ denote the optimal value and the minimum of (3.1).
Furthermore let fξ : Rn Ñ R to be almost surely L-smooth and convex and define
σ2 :“ E

“

}∇fξ px˚q }2
‰

. Then the following inequality holds for any x

E
“

}∇fξpxq}2
‰

ď 4L pF pxq ´ F˚q ` 2σ2 a.s. (3.5)

Proof. We start with the following observation

}a}2 “ }a´ b` b}2 ď 2}a´ b}2 ` 2}b}2, (3.6)

which holds for any a, b P Rn.

32



3 Stochastic gradient descent methods

Applying now (1.14) yields

}∇fξpxq ´ ∇fξpx˚q}22 ď 2L rfξpxq ´ fξ px˚q ´ x∇fξpx˚q , x´ x˚ys. (3.7)

Taking the expected value on both sides, and using the fact that ∇F px˚q “ 0, we obtain

E
“

}∇fξpxq ´ ∇fξ px˚q }2
‰

ď2L rF pxq ´ F px˚qs . (3.8)

Therefore by (3.6) and (3.8),

E
“

}∇fξpxq}2
‰

ď 4L rF pxq ´ F px˚qs ` 2E
“

}∇fξ px˚q }2
‰

.

Theorem 3.1.6. Let fξ : Rn Ñ R be L-smooth and µ-strongly convex almost surely, and
let x˚ denote the minimum of (3.1). If we choose α ď

µ
2L , then the sequence pxkqkPN

generated by algorithm 3.1.2 satisfies

E
“

}xk ´ x˚}2
‰

ď ep´k µα
L qC0 ` 2α

σ2

µ2
@k ě 1

with constants C :“ 2
`

1 ` 2λ20L
2
˘

}x0 ´ x˚}2 ` 4λ20σ
2 and σ2 :“ E

“

}∇fξ px˚q }2
‰

.

Proof. Let k ě 1. Since α ď
µ
2L , we have λk ď α

µ ď 1
2L . Furthermore since λk is

independent of ξk, we have E
“

λk∇fξk pxkq
‰

“ E rλksE
“

∇fξk pxkq
‰

. Therefore

E
”

}xk`1 ´ x˚}2
ı

“ E
“

}xk ´ x˚}2
‰

´ 2E rλkx∇fpxkq, xk ´ x˚ys ` E
“

λ2k
‰

E
“

}∇fξk pxkq }2
‰

(1.5.2)
ď E

“

p1 ´ λkµq}xk ´ x˚}2
‰

´ 2E rλkpfpxkq ´ fpx˚qqs ` Erλ2ksE
“

}∇fξkpxkq}2
‰

(3.5)
ď E

“

p1 ´ λkµq }xk ´ x˚}2
‰

´ 2Erλk p1 ´ 2λkLq
looooomooooon

ě0

pf pxkq ´ fpx˚qqs ` 2E
“

λ2k
‰

σ2

(3.4)
ď E r1 ´ λkµsE

“

}xk ´ x˚}2
‰

` 2α
E rλksσ2

µ
.

(3.9)

Therefore, if we subtract 2ασ2

µ2 from both sides, we obtain

E
„

}xk`1 ´ x˚}2 ´ 2α
σ2

µ2

ȷ

ď E r1 ´ λkµsE
„

}xk ´ x˚}2 ´ 2α
σ2

µ2

ȷ

. (3.10)

By (1.5.2), and (1.6.2) it follows that µ ď L, therefore λkµ ď
µ
2L ď 1

2 . Using this fact

and (3.10) we see that, if Er}xk ´ x˚}2s ď 2ασ2

µ2 for some k, it implies

Er}xj ´ x˚}2s ď 2ασ2

µ2 @j ą k. Otherwise we iterate inequality (3.10) and obtain

E
“

}xk`1 ´ x˚}2
‰

ď

k
ź

t“1

E r1 ´ λtµs }x1 ´ x˚}2 ` 2α
σ2

µ2
. (3.11)
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Since 1 ´ x ď e´x, we have

k
ź

t“1

E r1 ´ λtµs “ E

˜

k
ź

t“1

r1 ´ λtµs

¸

ď E
´

ep´µ
řk

t“1 λtq
¯

. (3.12)

By (3.4) we have λk ě α
L . Thus,

E
´

ep´µ
řk

t“0 λtq
¯

ď e´kα µ
L . (3.13)

From this we get,

E
“

}xk`1 ´ x˚}2
‰

ď ep´kα µ
LqE

“

}x0 ´ x˚}2
‰

` 2α
σ2

µ2
. (3.14)

By (3.5) and L-smoothness of F we have,

E
“

}x1 ´ x˚}2
‰

ď 2}x0 ´ x˚}2 ` 2λ20E
“

}∇fξ0 px0q }2
‰

ď 2}x0 ´ x˚}2 ` 2λ20
`

4LpF px0q ´ F ˚q ` 2σ2
˘

ď 2}x0 ´ x˚}2 ` 2λ20
`

2L2}x0 ´ x˚}2 ` 2σ2
˘

.

(3.15)

This finishes the proof.
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Adaptive stochastic gradient descent biased

Naturally, one might wonder what would happen if we did not take different samples
for Lk and the gradient. This results in the algorithm shown below.

Algorithm 3.1.7: Adaptive Stochastic Gradient Descent Biased

Input: x0 P Rd, λ0 ą 0, θ0 “ `8, ξ0, α ą 0.
Routine:

1 k :“ 0
2 x1 “ x0 ´ λ0∇f px0q

3 while stopping criterion is not satisfied do
4 Sample ξk

5 Lk :“
}∇f

ξk
pxkq´∇f

ξk
pxk´1q}

}xk´xk´1}

6 λk :“ min
!

a

1 ` θk´1λk´1,
α
Lk

)

7 xk`1 :“ xk ´ λk∇fξk pxkq

8 θk :“ λk
λk´1

9 k “ k ` 1

Theorem 3.1.8. Let fξ : Rn Ñ R be L-smooth and µ-strongly convex almost surely, and
let x˚ denote the optimum of (3.1). Furthermore let the model be overparameterized,
meaning that ∇fξ px˚q “ 0 holds with probability one. If we choose α ď

µ
L , then the

sequence pxkqkPN generated by algorithm 3.1.7 satisfies

E
“

}xk ´ x˚}2
‰

ď ep´kα µ
LqC0 @k ě 1 (3.16)

with C0 :“ 2
`

1 ` λ20L
2
˘

}x0 ´ x˚}2 .

Proof. Let k ě 1. Since fξ is µ-strongly convex, we have

x∇fξkpxkq, x˚ ´ xky ď fξkpx˚q ´ fξkpxkq ´
µ

2
}xk ´ x˚}2 a.s. (3.17)

Using (1.14) and the fact that ∇fξ px˚q “ 0 holds with probability 1, we see that

E
“

λ2k}∇fξkpxkq}2
‰

ď 2LE
“

λ2kpfξkpxkq ´ fξkpx˚qq
‰

, (3.18)

.
Since α ď

µ
L implies λk ď 1

L , we see that

E}xk`1 ´ x˚}2 “ E}xk ´ x˚}2 ` 2Erλkx∇fξkpxkq, x˚ ´ xkys ` E
“

λ2k}∇fξkpxkq}2
‰

(3.17)
ď Erp1 ´ λkµqsE

“

}xk ´ x˚}2
‰

´ E
“

2λk
`

fξkpxkq ´ fξkpx˚q
˘‰

` E
“

λ2k}∇fξkpxkq}2
‰

(3.18)
ď Erp1 ´ λkµqsE

“

}xk ´ x˚}2
‰

´ E
“

2λkp1 ´ λkLq
`

fξkpxkq ´ fξkpx˚q
˘‰

pλkď 1
L

q

ď Erp1 ´ λkµqsE
“

}xk ´ x˚}2
‰

(3.19)
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3 Stochastic gradient descent methods

We can now repeat the steps starting from (3.11) and get

E
“

}xk`1 ´ x˚}2
‰

ď ep´kα µ
LqE

“

}x1 ´ x˚}2
‰

. (3.20)

From L-smoothness we also get

Er}∇fξ0px0q}s “ Er}∇fξ0px0q ´ ∇fξ0px˚q}s ď L}x0 ´ x˚}. (3.21)

Therefore

E
“

}x1 ´ x˚}2
‰

ď 2}x0 ´ x˚}2 ` 2λ20E
“

}∇fξ0 px0q }2
‰

ď 2p1 ` λ20L
2q}x0 ´ x˚}. (3.22)

A few numerical experiments will be examined in the following chapter.
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4.1 Logistic Regression

We want to minimize the following function

min
xPRn

fpxq “ ´
1

m

m
ÿ

i“1

´

yi log
`

spaJ
i xq

˘

` p1 ´ yiq log
`

1 ´ spaJ
i xq

˘

¯

`
γ

2
}x}2, (4.1)

where ai P Rn, yi P t0, 1u,spzq “ 1
1`expp´zq

is the sigmoid function. This is a convex and
L-smooth problem.
Since f1pzq :“ ´ log pspzqq and f2pzq :“ ´ log p1 ´ spzqq and their derivatives are given
by f 1

1pzq :“ ´1 ` spzq and f 1
2pzq :“ spzq. Therefore f2

1 pzq “ f2
2 pzq “ ez

ez`1 ą 0, which
implies that they are convex. Furthermore, f as a sum of convex functions is convex.
We calculate the gradient. The partial derivative is given as

B

Bxj
fpxq “ ´

1

m

m
ÿ

i“1

yi
B

Bxj

“

logpspaJ
i xq

‰

` p1 ´ yiq
B

Bxj

“

log
`

1 ´ spaJ
i xq

˘‰

`
γ

2

B

Bxj
}x}2

(4.2)
@j “ 1...n. Looking at each of the terms individually, we have

B

Bxj

“

spaJ
i xq

‰

“ spaJ
i xq

`

1 ´ spaJ
i xq

˘

raisj @j “ 1...n,

B

Bxj

“

logpspaJ
i xq

‰

“
1

spaJ
i xq

B

Bxj

“

spaJ
i xq

‰

@j “ 1...n,

B

Bxj

“

logp1 ´ spaJ
i xq

‰

“
´1

1 ´ spaJ
i xq

B

Bxj

“

spaJ
i xq

‰

@j “ 1...n.

(4.3)

Plugging (4.3) into (4.2), yields

B

Bxj
fpxq “ ´

1

m

m
ÿ

i“1

„

yi

spaJ
i xq

´
1 ´ yi

1 ´ spaJ
i xq

ȷ

spaJ
i xq

`

1 ´ spaJ
i xq

˘

raisj ` γxj @j “ 1...n,

(4.4)
which after simplifying the terms, yields

B

Bxj
fpxq “

1

m

m
ÿ

i“1

`

spaJ
i xq ´ yi

˘

raisj ` γxj @j “ 1...n. (4.5)
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Therefore

∇fpxq “
1

m

m
ÿ

i“1

ai
`

spaJ
i xq ´ yi

˘

` γx. (4.6)

The L-smoothness constant is derived from the mean value theorem, we know that there
exists a ξ P pu, vq such that

|spuq ´ spvq| “ |s1pξq||u´ v|, (4.7)

for all u, v P R. Since the derivative is bounded by 1
4 , we get

|spuq ´ spvq| ď
1

4
|u´ v| (4.8)

for all u, v P R. Let A :“ pa1, ..., amq

}∇fpxq ´ ∇fpyq} ď
1

m

›

›

›

›

›

›

›

A

¨

˚

˝

spaJ
1 xq ´ y1

...
spaJ

mxq ´ ym

˛

‹

‚

´A

¨

˚

˝

spaJ
1 yq ´ y1

...
spaJ

myq ´ ym

˛

‹

‚

›

›

›

›

›

›

›

` γ}x´ y}

ď
1

m
}A}

›

›

›

›

›

›

›

¨

˚

˝

spaJ
1 xq ´ spaJ

1 yq
...

spaJ
mxq ´ spaJ

myq

˛

‹

‚

›

›

›

›

›

›

›

` γ}x´ y}

“
1

m
}A}

g

f

f

e

m
ÿ

i“1

`

spaJ
i xq ´ spaJ

i yq
˘2

` γ}x´ y}

(4.8)
ď

1

4m
}A}

g

f

f

e

m
ÿ

i“1

`

aJ
i px´ yq

˘2
` γ}x´ y}

“
1

4m
}A}}AT }}x´ y} ` γ}x´ y} “

ˆ

1

4m
}A}2 ` γ

˙

}x´ y}

(4.9)

Using the fact that }A}2 ď λmaxpATAq, we get that L “ 1
4mλmaxpATAq `γ. We use the

Skin Segmentation Data Set from UCI [5] for our experiment. We compare the proposed
algorithm 2.1.1 (ADGD) with constant stepsize gradient descent, Armijo-Line search,
BB1, BB2, and Nesterov Accelerated Gradient Descent. For the constant stepsize, we
use 1

L and get the following results. As seen in Figure 4.1.
We plot the ROC curve in Figure 4.2, which measures the true positive rate against the
false positive rate. It is a measure of performance for a given binary classification model.
We did another run with 1000 iterations and see that the model reaches its limit and all
the algorithms yield the same accuracy in Table 4.1.
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4 Numerical experiments

Figure 4.1: Error after 50 iterations

Table 4.1: Accuracy comparison

Algorithm Accuracy

ADGD 0.9076
GD 0.9078
Nesterov 0.9076
Armijo 0.9076

Figure 4.2: ROC curve after 50 iterations
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We will now generalize logistic regression to the multiclass case in order to observe its
performance on a more complex problem.

4.2 Multiclass Regression

We want to minimize the following function

min
XPRnˆK

LpXq “ ´

»

–

m
ÿ

i“1

K
ÿ

k“1

I tyi “ ku log
exp

`

xTk ai
˘

řK
j“1 exp

´

xTj ai

¯

fi

fl , (4.10)

where X “

»

–

| | | |

x1 x2 ¨ ¨ ¨ xK
| | | |

fi

fl , ai P Rn, yi P t1, ...,Ku.

This loss function is known as cross-entropy for multiclass classification, and exppzkq
řK

j“1 exppzjq

is called the softmax function. The model uses a linear transformation before applying
the softmax function, which can be interprated as probabilities for each class. The
cross-entropy loss function measures now how far off we are from the true label. This
loss function can be derived from the Kullback–Leibler divergence. We calculate the
gradient.
Let zj “ xTk aj and pj “ ezj

řK
k“1 e

zk
it follows

Bpj
Bzj

“

"

pi p1 ´ pjq if i “ j
´pj ¨ pi if i ‰ j

, (4.11)

from which we get
BL

Bzi
“ pi ´ yi. (4.12)

Therefore
BL

Bx
pjq

i

“ ppi ´ yiqa
pjq

i . (4.13)

We don’t use a real-world data set but rather generated the data ourselves with
scikit-learn [14]. This allows for a variety of datasets to try the algorithm on.
We start with a dataset that has 100 features, 3 classes, and 5000 samples. Comparing
regular gradient descent, Nesterov-accelerated gradient descent, and algorithm 2.1.1
(ADGD). We get the following results after averaging 10 randomly generated datasets.
The three algorithms did not significantly differ in terms of runtime. It should be
noted, however, that the adaptive gradient descent produced descent results with no
parameter adjustments. Furthermore, changes to the adaptive gradient descent
algorithm’s parameters had no effect on the outcome. Following another experiment
with 10 features and 10000 samples. Nesterov’s approach outperformed the others once
more after some parameter adjustments. This can also be seen in the figure below.
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Table 4.2: Accuracy Comparison

Algorithm Accuracy average for 10 random datasets

GD 0.5606
ADGD 0.6016
Nesterov 0.7004

Figure 4.3: Loss Multiclass

4.3 Neural Network

In order to observe the behaviour of the proposed stochastic algorithm 3.1.7 we will
look at an image classification problem. We will use the CIFAR-10 data-set [7], to cut
down on computation time we use only half the data for the test-set and training-set.
The training-set therefore consists of 25000 images, the test-set of 5000 and there are 10
different categories. We will use the “GoogLeNet” architecture to tackle this problem
which won the ILSVRC (ImageNet Large-Scale Visual Recognition Challenge) in the year
2014. The ”GoogLeNet” structure is a deep convolutional neural network architecture
for further information see [17]. We use once again the cross-entropy loss and therefore
the minimization problem looks similar to the problems before but involves a more
complicated model and therefore calculating the gradient is more involved, but it can be
calculated in the same way as before which is known as back-propagation. We use Mini-
batch gradient descent with a batch-size of 128 and let the algorithm run for 50 epochs.
This means the algorithm split the training-set into subsets each containing 128 random
samples (the last set contains less) 50 times and performed one step for each of these
subsets, which explains the name Mini-batch. The implementation of the ”GoogLeNet”
was taken from a publicly available github repository 1. The pytorch implementation
for the biased version of the algorithm was taken from the github repository of the

1https://github.com/kuangliu/pytorch-cifar/blob/master/models/googlenet.py
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4 Numerical experiments

original paper2. For comparison we will use the three most commonly used algorithms
for these kind of problems. Namely Adagrad, RMSprop and Adam. Adagrad, short for
Adaptive Gradient Algorithm adapts the learning rate for each individual parameter of
the model based on how often and how large the change to it was in the past. Since it
updates the learning rate individual for each parameter it is a good candidate for sparse
data-sets. Since Adagrad faced the problem that the learning-rates tend to decrease
too fast RMSprop was developed. It tries to fix this issue by introducing a decay rate
which controls how large the contribution of old gradients is. The most popular one is
Adam and it can be seen as a combination of RMSprop and Adagrad. For a detailed
explanation of these algorithms see [15].

2https://github.com/ymalitsky/adaptive_GD/blob/master/pytorch/optimizer.py
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4 Numerical experiments

In order to make a fair comparison we fixed the randomness of the mini batch method by
using a manual seed. We use the default parameters for Adam, Adagrad and RMSprop.
For our algorithm we use α “ 1 and λ0 “ 0.2, and get the following results. We see that

Figure 4.4: Loss for training and test data

the algorithm performs rather bad in order to understand the cause of this we look at the
stepsizes. We observe that the learning rates grow very fast, in order to fix this in hopes

Figure 4.5: Exploding gradient

of better performance we introduce a new hyper-parameter to the step-size algorithm.
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Algorithm 4.3.1: damped Adaptive Stochastic Gradient Descent Biased

Input: x0 P Rd, λ0 ą 0, θ0 “ `8, ξ0, α ą 0, 1 ą β ą 0
Routine:

1 k :“ 0
2 x1 “ x0 ´ λ0∇f px0q

3 while stopping criterion is not satisfied do
4 Sample ξk

5 Lk :“
}∇f

ξkpxkq´∇f
ξkpxk´1q}

}xk´xk´1}

6 λk :“ min
!

a

1 ` βθk´1λk´1,
α
Lk

)

7 xk`1 :“ xk ´ λk∇fξk
`

xk
˘

8 θk :“ λk
λk´1

9 k “ k ` 1

This idea was already used in the original paper [9] and a value for β “ 0.02 was used.
Applying this new version of the algorithm to our problem, we get the following results.
We see that this helped a lot and we were able to outperform Adam and Adagrad.

Figure 4.6: Loss for training and test data after damping
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As we can see in the Figure 4.7, the new parameter helped keeping the learning rate
in bounds. Looking at the plot for the losses again in a logarithmic scale we see that
the algorithm reached a lower loss and therefore yielded a better loss on the test set
which improved accuracy by almost 5% as can be seen in Figure 4.8. It should be noted
that decreasing α did not have a similar effect on the performance ,therefore the new
hyperparamter was indeed needed.

Figure 4.7: Damped gradient

Figure 4.8: Accuracy for training and test data
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