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Abstract

Modern computing facilities enable the application of first-principles density functional theory

(DFT) to investigate intricate physical and chemical phenomena. In many cases, these calculations

require the use of large supercells to accurately represent the desired properties. However, supercells

come with a challenge since they lead to small Brillouin zones in reciprocal space, resulting in

folded electronic eigenstates that are difficult to analyse and interpret. To address this issue,

various techniques have been proposed to unfold the electronic band structures of supercells into

the reciprocal space of an ideal primitive cell. In this context, we introduce an unfolding method

directly integrated into the Vienna Ab initio Simulation Package (VASP). This approach demands

only modest computational resources and offers automated mapping from the supercell’s reciprocal

space to the Brillouin zone of the primitive cell. Our algorithm, coupled with an integrated post-

processing tool called bands4VASP, facilitates the computation of effective band structures, Fermi

surfaces, and spectral functions.

We will demonstrate the utility of this method by applying it to diverse complex scenarios, focusing

on the impact of doping on the band dispersion in the BaFe2(1–x)Ru2xAs2 superconductor and the

derivation of the effective 3D Fermi surface. Our approach streamlines the analysis of complex

physical systems which need huge supercells for an accurate description and enhances our ability

to extract meaningful insights from first-principles calculations.
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Chapter 1

Introduction

1.1 Density Functional Theory

Density Functional Theory (DFT) is a computational quantum mechanical modelling method used

to study the electronic structure of molecules and solids and it is the basis of essentially all electronic

structure analysis in material science, chemistry and as well other fields. It is based on the idea

that the total energy of a system can be expressed as a functional of the electron density n(r),

rather than the wave function Ψ(r), which is for almost all many-electron systems impossible to

calculate analytically. The electron density describes the probability of finding an electron at a

particular point in space. The Hohenberg-Kohn theorem [1] states that a system of electrons in

ground state can be completely described by electron density with all the information about the

electronic structure of the system conserved.

Therefore the total energy of a many-electron system can be written as a functional of n(r).

E[n] = T [n] + Ene[n] + Eee[n] (1.1)

Here T [n] is the kinetic energy functional of the electrons, Ene[n] is the energy functional of the

coulomb interaction between electrons and nuclei and Eee[n] is the interaction term between elec-

trons and electrons, which can be split into the classical coulomb repulsion or the so called Hartree

energy EH [n] [2] and the exchange-correlation energy Exc[n] which can also take relativistic effects

into account. Apparently the exchange-correlation energy is the most difficult part, as it cannot

be calculated exactly. Instead, a variety of approximate methods have been developed to calcu-

late this energy term, which will be discussed in more detail later on. Here we already used the

Born-Oppenheimer approximation [3], treating the nuclei as fixed with no kinetic energy.

EKS [n] = T [n] + Ene[n] + EH [n] + Exc[n] (1.2)

The Kohn-Shame scheme [4] states that the ground state density of the interacting system is equal

to some chosen non-interacting auxiliary-system with the following energy functional:
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Eaux[n] = Ts[n] + Ene[n] (1.3)

Here the kinetic energy is split into two parts T [n] = Ts[n] + Tc[n], where Ts[n] is the one particle

approach for the kinetic energy and the second term Tc[n] is the unknown difference between the

single-particle approach and the exact value. This unknown term Tc[n] is shifted to the exchange-

correlation energy, to have all unknown quantities in one functional. For the auxiliary-system the

determinant approach with one-electron wave functions ψi(r) sets up the many-body wave function

represented by a single Slater-Determinant [5]. The Schrödinger-equation of this N -particle system

leads to N of these so called Kohn-Sham equations (KS equations, Eq. 1.4).

[

−1

2
∆2 + Veff (r)

]

ψi(r) = ϵiψi(r) (1.4)

Where Veff (r) is the effective potential, which is in the non-interacting approach the potential of

the nuclei. With these wave functions the density n(r) of the auxiliary-system is determined and

therefore all other quantities of the non-interacting system.

n(r) =
N
∑

i=1

|ψi(r)|2 (1.5)

Ts[n] = −
1

2

N
∑

i=1

∫

dr ⟨ψi(r)| ▽2 |ψi(r)⟩ (1.6)

Ene[n] =

∫

Veff (r)n(r)dr (1.7)

With the proposition that the electron density of the auxiliary-system in ground state is the same

as in the system of interest in ground state the KS-equations (Eq. 1.4) stay the same, but with

a more comprehensive effective potential Veff . Applying the Lagrangian method of undetermined

multipliers [6] to the energy functional of the interacting system (Eq. 1.2), yields to the single-

particle potential of the interacting approach.

Veff (r) =
δExc[n]

δn[r]
+

∫

dr′
n(r′)

|r − r′| + Vext(r) (1.8)

Where vxc(r) ≡ δExc[n]
δn[r] is the exchange-correlation potential and Vext the external potential, which

is in most of the cases the induced potential of the nuclei structure. The KS equations (Eq. 1.4)

depending on the effective potential Veff , which can be calculated with Eq. 1.8 depending on the

electron density n(r). This system of equations can solved iteratively with a self-consistent field

method. Starting with a guess for the electron density n(r), then calculating the effective potential

Veff which is used to solve the KS-equations, or a linear combination with the previous potential

and the new one. With the new calculated Kohn-Sham orbitals ψi(r) a improved density (Eq. 1.5)

is obtained. This procedure is repeated until a stable solution is found. As it was mentioned
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before, the exchange-correlation term is still unsolved. In principle the exchange-correlation vxc(r)

depends on the electron density n(r) of the entire space not only on a specific r and as well some

other effects for example the relativistic effects need to take into account for a accurate approach.

Obviously some approximation need to be done for a practical usability of this theory. There are

a variety of approximate methods, which have been developed to calculate this energy term:

• Local Density Approximation (LDA) is the simplest approach. It treats the electron density

n(r) as the density of a homogeneous electron gas at the position r. In general the exchange-

correlation energy functional is given by:

Exc[n] =

∫

n(r)ϵxc(n(r))dr (1.9)

where ϵxc(n(r)) is the exchange correlation energy per electron of a homogenous electron gas of

density n(r). However, through the crucial simplification of an uniform electron density, this

approximation is very limited and overestimates the strengths of all bonds near equilibrium.

For example, LDA calculations for semiconductors are known to yield to band gaps that are

30%− 50% smaller than what experimental data predicts [8, 7].

• Local Spin Density Approximation (LSD) additionally considers the difference of electron

densities with spin polarisation n↑ and n↓. The functional of the exchange-correlation energy

writes as follows [9, 10]:

ELSD
xc [n↑, n↓] =

∫

drn(r)ϵxc(rs, ξ) (1.10)

where n(r) = n↑ + n↓, ξ = (n↑ − n↓)/n and rs is the local Seitz radius.

rs =

(

3

4πn

) 1

3

(1.11)

The LSD Approximation constitutes an improvement to the LDA, due to the more detailed

assumptions, but still underestimates the binding energy of the core electrons and overesti-

mates it for atoms in a molecule or solid [9].

• Generalized Gradient Approximation (GGA) is a more sophisticated method. Instead of

only considering the density n(r), GGA is also taking the gradient ∇n(r) into account [9,

10, 11] . The exchange-correlation energy functional is therefore given as follows:

EGGA
xc [n↑, n↓] =

∫

drn(r)f(n↑, n↓,∇n↑,∇n↓) (1.12)

The choice of f(n↑, n↓,∇n↑,∇n↓) depends on the physical system and is still studied. In

comparison with the local functionals above, the ”semilocal” GGA improves total energies

[9],energy barriers and structural energy differences [12] and atomization energies [9, 13].
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Nowadays mostly a modified mix of these functionals are used for DFT calculations. In this work

all DFT calculations were done with VASP [14] and the PE (PBE) functional [15, 10].

Overall, DFT has become an indispensable tool in modern theoretical chemistry and material

science, as it provides a powerful and efficient way to study the electronic structure of complex

systems. While the method has its limitations, it has proven to be a highly accurate and reliable

approach for a wide range of applications.

1.2 Bloch-Theorem

The Bloch-Theorem gives a general solution to an one particle Schrödinger equation for a periodic

potential, in this case an one electron Schrödinger equation. This is used for band structure analysis

and the unfolding method. To get there, we consider the static Schrödinger equation (Eq. 1.13) with

an one electron hamiltonian in a periodic potential V (r) = V (r+R), whereR = n1a1+n2a2+n3a3

is an arbitrary translation vector of the Bravais lattice with ni ∈ Z and the primitive cell vectors

a1, a2 and a3.

HΨ(r) = EΨ(r) H = − ℏ
2

2m
∆2 + V (r) (1.13)

The periodic potential V (r) can be developed in a Fourier series (Eq. 1.14).

V (r) =
∑

G

VGe
i·G·r (1.14)

Where G = hb1 + kb2 + lb3 is a reciprocal lattice vector. The Bloch-Theorem states that the

general ansatz for the wave function is a linear combination of plane waves.

Ψ(r) =
∑

k

Cke
ik·r (1.15)

This results can now plugged in to the Schrödinger equation (Eq. 1.13).

∑

k

ℏ
2k2

2m
Cke

ik·r +
∑

k,G

CkVGe
i(k+G)·r = E

∑

k

Cke
ik·r (1.16)

Finally we can rename the summation indices k→ k−G in the second term of Eq. 1.16 and recap

it.

∑

k

eik·r

[

(

ℏ
2k2

2m
− E

)

Ck +
∑

G

VGCk−G

]

= 0 (1.17)

This equation has to be satisfied for every r, which means that every summand from the sum of

k has to be zero. Which leads us to a representation of the Schrödinger equation in the reciprocal

space (Eq. 1.18).
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(

ℏ
2k2

2m
− E

)

Ck +
∑

G

VGCk−G = 0 (1.18)

As stated in Eq. 1.18, every k is related to a set of coefficients (Ck, Ck−G, Ck−G′ , Ck−G′′ , ...), which

only differs in a reciprocal lattice vector G. The decoupling of the Schrödinger equations, allows

us to write every one electron wave function Ψk as a sum of wave vectors over the reciprocal lattice

vectors G.

Ψk(r) =
∑

G

Ck−Ge
i(k−G)·r (1.19)

We can rewrite this result to highlight the structure of the solution.

Ψk(r) =

(

∑

G

Ck−Ge
−iG·r

)

eik·r (1.20)

The solution of the one electron Schrödinger equation for a periodic potential is the product of a

plane wave and a lattice periodic modular function uk(r) = uk(r+R). The principle is shown for

a one dimensional case in Figure 1.1.

Ψk(r) = uk(r)e
ik·r (1.21)

Function in Eq. 1.21 is called Bloch function with periodicity Ψk(r) = Ψk+G(r). To every k-vector

and Bloch function Ψk belongs an infinite set of energy eigenvalues En(k) = E(k+Gn). The index

n is used to assign the energy eigenvalue En to the associated reciprocal lattice vector Gn and is

called band index [16, 17].

1.3 Fermi level, Fermi energy and Fermi surface

The Fermi level refers to the total of kinetic and potential energy of a thermodynamic system at

any temperature and even for complex interacting systems. In metals it is the energy of the highest

occupied single particle state at absolute zero temperature. The Fermi energy is the energy

difference between the highest and the lowest occupied single-particle state in a quantum system of

non-interacting fermions at absolute zero temperature. In metals it is the energy difference between

Fermi level and the lowest occupied single-particle state [19, 18].

In band theory the energy eigenstates of the electrons in a solid are so close together that they are

considered as a semi-continuous accumulation of states or the so called bands. There are bands

crossing Fermi level and at absolute zero this would imply a separation of occupied states (below

Fermi) and unoccupied states (above Fermi) as it is shown in panel a in Figure 1.2. This enables

the electrons to absorb an amount of energy ∆E and occupy the state with that additional energy,

but it should be noted that the electrons are not able to change to a state which is already occupied,
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Figure 1.1: One dimensional showcase of a Bloch function. The lattice periodic function uk(x) describes the

potential caused by the nucleus, which are illustrated by the black dots. The real part of the phase eikx is

representing the plane wave. The combination of both (Eq. 1.21) is visualized by the real part of the Bloch

function Ψk [17].

because of the Pauli exclusion principle [18]. In terms of band theory is this the mechanics behind

electric conduction.

k
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Figure 1.2: Depiction of a band structure with Fermi level EF . Panel a) demonstrates the situation, where

the conduction band is crossing at Fermi E(k) = EF with half filled states, which implies that the solid

associated with this band structure is a conductor. In panel b) all states of the valence bands are completely

occupied, but there are no occupied states in the conduction band. For a large enough energy gap this is

associated with an insulator. Adapted from [17].
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In conclusion, a solid with crossing bands at Fermi level is either a metal (conductor) or a semimetal.

If there is a gap around the Fermi level, the electrons need at least absorb the energy difference

∆Egap of the highest occupied state to the lowest unoccupied one. Depending on the value of

∆Egap the solid is either an insulator or a semiconductor.

By outlining the states with constant energy E(k) = EF in the Brillouin zone according to their

k-vector we obtain an isosurface of energy EF , the so called Fermi surface. Such a surface in the

reciprocal space shows all occupied states at Fermi level EF . It can either be a cut through the

Brillouin zone, which we will call 2D Fermi surface, or a hypersurface with all the states E(k) = EF

highlighted in the Brillouin zone which we call 3D Fermi surface. The shape, geometry and topology

of the Fermi surface give significant information about the conducting properties of the material,

these studies are called fermiology. A quantitative description can be found in the Appendix A.
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1.4 Unfolding Method

The goal of the unfolding method is to obtain the energy dispersion relation or the so called

band structure for large supercells, projected onto a smaller primitive cell. The band structure

related with the supercell E(K), can be very hard to interpret and analyse due to the vast amount

of information. An example of band structure obtained from a primitive cell versus the more

complex band structure from a supercell of the same compound is shown in Figure 1.3. Therefore

the unfolding scheme unfolds the band structure, obtained in the smaller reciprocal space of the

supercell, onto the larger reciprocal space of the primitive cell and projects the supercell eigenstates

|K⟩ onto the primitive cell eigenstates |k⟩. The resulting band structure E(k) is called effective

band structure (EBS).

Figure 1.3: Example of eigenstate folding for the pristine BaFe2As2 compound. Band structures obtained

by using (a) a two times larger supercell and (b) a primitive cell [20].

1.4.1 Folded space

The primitive cell (PC) is the smallest possible unit cell and always corresponds to a single lattice

point. It is defined by a lattice âij = (⃗ai)j or in reciprocal space b̂ij = (⃗bi)j . As shown in Section 1.2

we can write the eigenstates as a plane wave expansion (Eq. 1.21), but for further considerations

we rewrite the function in Eq. 1.20 in Dirac notation as the eigenvectors |kn⟩ of the primitive cell

and label them with n ∈ N, the band index.

|kn⟩ =
[

∑

g

Bkn(g)e
ig·r

]

eik·r (1.22)

A supercell (SC) is also defined by a lattice Âij := (A⃗i)j or in reciprocal space B̂ij := (B⃗i)j , but

has no limitation for lattice point. It is often used in ab initio calculations as unit cell to model

complex systems with broken symmetry. The Brillouin zone of the SC (SBZ ) is in general smaller

than the Brillouin zone of the PC (pbz ), that is the reason why the energy bands obtained from

8



SBZ are folded and have to be unfold in the pbz. The eigenvectors |Km⟩ of the SC can be expressed

as follows.

|Km⟩ =
[

∑

G

CKm(G)eiG·r

]

eiK·r (1.23)

The connection between SC and PC is given by a transformation matrix M̂

Â = M̂â and det(M̂) ̸= 0 where mij ∈ Z (1.24)

This means the SC has to be an integer spacial multiple of the PC. For every parallelepiped, which

is formed from the linear independent lattice of both the SC and the PC, the volume is given by

the absolute value of the determinant from the lattice matrix.

vol(SC) = |det(Â)| = |det(M̂â)| = |det(M̂)| · |det(â)| = |det(M̂)| · vol(PC)

⇒ |det(M̂)| = vol(SC)

vol(PC)
(1.25)

Because most of our considerations and calculations taking part in the reciprocal space, we need

to derive the relation between SBZ and pbz. Therefore we start with the definition of reciprocal

lattice for SC and PC, respectively.

b̂âT = 2π1 ⇔ b̂ = 2π(â−1)T

B̂ÂT = 2π1 ⇔ B̂ = 2π(Â−1)T
(1.26)

B̂ = 2π(Â−1)T = 2π[(M̂â)−1]T = 2π(M̂−1)T (â−1)T = (M̂−1)T b̂

⇒ B̂ = (M̂−1)T b̂ = M̃ b̂ (1.27)

Where M̃ = (M̂−1)T is the transformation matrix of the reciprocal lattice. If we finally take a look

at the ratio of the volumes in reciprocal space, the pbz is larger than the SBZ. This can be shown

using the same scheme as in Eq. 1.25, leading to the following ratio.

|det(M̂)| = vol(pbz)

vol(SBZ)
(1.28)

In the theoretical part we are talking about the eigenvectors or eigenstates |kn⟩ (Eq. 1.22) and

|Km⟩ (Eq. 1.23) of pbz and SBZ, respectively. In the practical part of this work the focus lies more

on k-points, which are 3-dimensional real vectors k ∈ R
3 used as sampling points in the Brillouin

zone. In the expression of eigenvectors |kn⟩ and |Km⟩ they are the ”wave vector” of the plane

wave modulation eik·r. A k-point refers to a set of eigenvectors |kn⟩, which means that this is a
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surjective relation in Hilbert space |kn⟩ : R3
↠ C and therefore no unique identification.

Knowing that, we want to derive the relation between a k-point of pbz kb and a k-point of SBZ

KB. The basis vectors b⃗i and B⃗i are stored in rows in the lattice matrices, therefore the lattice

matrix needs to be transposed for a basis transition into Cartesian coordinates KC .

KC = B̂TKB and KC = b̂Tkb (1.29)

Using the inverse transition for SBZ :

KB = (B̂T )−1KC

= (B̂T )−1b̂Tkb

(1.30)

Now plugging in Eq. 1.27:

KB = [(M̃ b̂)T ]−1b̂Tkb

= (b̂T M̃T )−1b̂Tkb

= (M̃T )−1(b̂T )−1b̂Tkb

⇒ KB = M̂kb

kb = M̂−1KB

(1.31)

These k-point transition from SBZ to pbz and vice versa are implemented in VASP, which we will

go into more detail later on.

1.4.2 Projection Scheme

The previous results states that a vector K in SBZ unfolds exactly onto det(M̂) vectors ki, where

always a reciprocal vector Gi in SBZ exists as the connection between the two spaces.

ki = K +Gi i = 1, ..., det(M̂) (1.32)

There is as well the lowercase g associated with the reciprocal lattice vector of the larger pbz and

knowing, that {gi} ⊂ {Gi} means that there is always a reciprocal vector ∆G so we can express

the vectors G as:

G = g +G∆ (1.33)

One advantage of the unfolding method is that the two crystal systems SBZ and pbz do not have

to be the same. The two cells have to be a spacial integer multiple of each other, but the atomic

structure of the SC don’t has to fullfil the periodicity from the pc. These, in general, different local

environments disrupts the orthogonality for the eigenstates of each crystal system. Therefore we

define the spectral weight for any K and its associated ki.

10



PKm
(ki) =

∑

n

| ⟨Km|kin⟩ |2 (1.34)

This so called Bloch character represents the probability to unfold the state |Km⟩ of SBZ onto

the quantum number ki of pbz. The eigenvectors of pbz building a complete orthogonal set, but

not necessary an orthonormal one. Starting with the definition of an orthonormal basis of vectors.

⟨kn|km⟩ = δnm (1.35)

For these two eigenvectors, the L2 inner-product looks like:

⟨kn|km⟩ =
∑

g,g′

B∗
kn(g)Bkm(g′)

∫

d3rei(g−g′)r (1.36)

This integral is non-zero if g = g′ and equals the volume V of the crystal system.

⇒ ⟨kn|km⟩ = V
∑

g

B∗
kn(g)Bkm(g) (1.37)

With Eq. 1.35 we write the orthonormal eigenvectors:

|kn⟩ = 1√
V

[

∑

g

Bkn(g)e
ig·r

]

eik·r (1.38)

For reasons of simplification we let the normalisation factor 1√
V
be part of the coefficients Bkn, since

they are not determined yet. As we seen in Section 1.2 the eigenvectors |kn⟩ build a complete basis

of all periodic functions with the plane-wave modulation eikr , which is just an additional phase

shift. This group of functions building an isomorphism with the group of plane-waves eigr from

the reciprocal lattice vectors g. That means that the dimensions are equal ⇒ dim(n) = dim(g),

which allows us to rewrite the coefficients as a quadratic matrix B̃.

B̃gn(k) := Bkn(g) (1.39)

If we combine the results with Eq. 1.35 and Eq. 1.37 in matrix notation, we see that the coefficient

matrix B̃ is unitary.

B̃† · B̃ = 1 ⇔ B̃ · B̃† = 1 (1.40)

To evaluate the inner-product of the definition from Bloch character (Eq. 1.34), we need to rewrite

the eigenvector |Km⟩ from the SBZ and express the reciprocal lattice vector G in terms of the

lattice vector g from pbz (Eq. 1.33).

|Km⟩ =
[

∑

G

CKm(G)eiG·r

]

eiK·r

=
∑

G∆

eiG∆·r

[

∑

g

CKm(g +G∆)e
ig·r

]

eiK·r
(1.41)
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The inner product of pbz and SBZ eigenvectors yields to:

⟨kn|Km⟩ =
∑

G∆

∑

g,g′

B∗
kn(g)CKm(g +G∆)

∫

ei[G∆−(k−K)]r ei(g−g′)r d3r (1.42)

This integral is non-zero if g = g′ and when K unfolds into k through G∆, which is the case for

G∆ = k −K.

⟨kn|Km⟩ =
∑

g

B∗
kn(g)CKm(g + k −K) (1.43)

Using the last equation and its conjugated form and plugging into Eq. 1.34, we get:

PKm(ki) =
∑

n





∑

g,g′

Bkn(g
′)B∗

kn(g)CKm(g + ki −K)C∗
Km(g′ + ki −K)



 (1.44)

With the result from Eq. 1.40 the expression simplifies to:

PKm(ki) =
∑

g

|CKm(g + ki −K)|2 (1.45)

In that expression for Bloch character PKm(ki), the necessary information from PC are solely

geometrical from the connection of the reciprocal lattice vector g to the vectors ki. In comparison

to the definition of Bloch character (Eq. 1.34) this approach offers the benefit of circumventing any

computations related to the primitive cell and sidesteps the need for direct comparisons between the

two spaces, which might cause technical difficulties and could lead into a much higher calculation

effort[21, 22, 20]. This will be revisited in Chapter 2 Methodology, Development and Application,

where the unfolding implementation in VASP is explained. Finally we can define the spectral

function for the continuous energy spectrum:

A(ki, E) =
∑

m

PKm(ki)δ(Em − E) (1.46)

1.4.3 Effective Band Structure (EBS)

The band theory uses Bloch’s theorem (Sec. 1.2) to solve the one electron Schrödinger equation

(Eq. 1.13). The obtained energy eigenvalues En(k) form a dispersion relation, which is called

band structure. In the unfolding theory there are 2 different spaces which are relevant, SBZ and

pbz. Starting from the dispersion relation En(K) of SBZ the Bloch character (Eq. 1.34) states for

each eigenvector |Km⟩ and a related one of the primitive cell |kin⟩ a probability PKm(ki). That

weighted energy eigenvalues E(k) of the primitive cell, obtained from the dispersion relation E(K)

of the supercell is called effective band structure (EBS). In the case that the supercell is a mere

spacial repetition of the primitive cell, it represents the same physical material. The band structure

E(K) of SC is in that case just the folded band structure of PC E(k) ⇒ ⟨kin|Km⟩ = δnm. This
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is shown in Figure 1.4, where an effective band structure, obtained from a two times larger super

cell, is compared with the band structure from the primitive cell. The energy bands from super cell

are as expected twice as much as the bands from primitive cell band structure. The Bloch character

identifies the folded bands not related to the primitive cell with PKm = 0, which is shown with a

grey colour. That means if we truncate all states with PKm = 0 we get the same band structure

as from the PC calculation. The benefit of this method lies obviously not in applying it to a mere

spacial repetition of a PC, rather in applying it to a different atomic structure, which breaks the

translation symmetry.
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Figure 1.4: Effective band structure of pure BaFe2As2 (blue) with a super cell two times as large as the

primitive cell which is represented with a grey-to-green colour gradient band structure [20].

In that case only the eigenstates of the SC |Km⟩ are still quantum quantities, because they fulfil

the translation symmetry of the whole system. Eigenstates of PC |kin⟩ break this symmetry and

therefore they can’t be interpreted as quantum quantities any more. The contribution of a specific

|kin⟩ state to a |Km⟩ eigenstate takes in these cases the values between 0 and 1.

0 ≤ ⟨kin|Km⟩ ≤ 1 (1.47)

In such a case the Bloch character is an important indicator to identify the relevant bands. Examples

of effective band structures with broken translation symmetries are shown in Figure 2.5 and 2.9.

Figure 2.5, panels a and b, show the importance of Bloch character as an indicator. In a) are all

states visible, whereas in b) only the relevant states with a Bloch character larger than 0.025 are

shown.
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Chapter 2

Methodology, Development and

Application

In this chapter we are focusing on 3 parts of the project, the numerical implementation of the

eigenstate unfolding scheme in VASP, the post-processing tool bands4VASP and the analysis of the

testcase BaFe2(1-x)Ru2xAs2. These parts are based on each other in that order, therefore we will go

into detail for every part and discuss the methodology, development and applications, respectively.

Because one of the aims of the project was a ”user-friendly” interface, some of these methods are

explained in this chapter as well. A more detailed description of the usage of this software can

be found on the documentation sites, respectively [14, 23]. The quintessence of the project was

published in The Journal of Physical Chemistry C under the title Electronic State Unfolding for

Plane Waves: Energy Bands, Fermi Surfaces, and Spectral Functions [20].

2.1 Unfolding algorithm embedded in VASP

The first project is a user-friendly and memory efficient implementation of the unfolding scheme in

VASP [14, 20]. Starting from a given SC in the POSCAR file, there are basically 2 different ways

of defining an unfolding calculation. Recalling the relation for the connection of SC and PC:

Â = M̂â and B̂ = (M̂−1)T b̂ (2.1)

We can either define the primitive cell â in real space or b̂ in reciprocal space, or we define the

transformation matrix M̂ , which is called INTMUL in the INCAR file. If ionic informations are

given in POSCAR.prim, they are used to reduce the number of k-points due to symmetry, which

can reduce the extensiveness of the calculation, but don’t influence the result of the calculation.

There is also the possibility that the lattice in the POSCAR file is no spacial repetition of the

lattice given in POSCAR.prim, within a precision of ∼ 10−7. The super cell has to be a spacial

multiple of the primitive cell, as it is stated in Eq. 1.24, therefore the algorithm takes the closest
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cell in size and shape to the given one, which satisfies relation in Eq. 2.1 according to the super

cell, assumes it as the new primitive cell and writes this lattice in CONTCAR.prim. It will also

write the calculated primitive cell in POSCAR.prim, if the transformation matrix M̂ is given.

The next step is to determine both sets of k-points {k}, {K} in the irreducible part of the Brillouin

zone, in which one of these sets is given. In the KPOINTS file one has the option to determine the

k-points sampling either in the pbz or SBZ. This feature is a great advantage due to calculation

costs and needs to be explained in more detail.

The default unfolding calculation takes the given set of j × k-points {K} from SBZ and calcu-

lates the Bloch character (Eq. 1.45) of all pairs K ← ki −G, which is for j given K-points and

det(M̂)×ki vectors for one K-point (Eq. 1.32) an amount of Nd = j ·det(M̂) separately calculated

Bloch characters.

Figure 2.1: Illustration of the folding scheme in a two-dimensional 2
√
2 × 2

√
2 super cell. The primitive

cell’s Brillouin Zone pbz is depicted by a large blue square, while SBZ is represented by smaller orange

squares. The arrows symbolize the transformation of eigenstates originating from |M̂2
√
2×2

√
2| = 8 distinct

ki-vectors (PC) (represented as filled circles) into a single K-vector (SC) (depicted as an open orange circle).

Additionally, the reciprocal lattice vector G highlights the eigenstates unfolding from the K-vector back to

a specific ki-vector [20].

In most cases of unfolding calculations one is only interested in the effective band structure, which

refers to the primitive cell. So the other possibility is to define directly the k-points in the primitive

cells pbz and calculate only the Bloch character for one unique K-point connected through a

specific combination of the reciprocal lattice vectors with the given k-point of the primitive cell

K ← ki − {G}, which is outlined in Figure 2.1 for a two-dimensional 2
√
2 × 2

√
2 supercell.

Nevertheless VASP determines all the quantities like Bloch- or orbital characters in terms of the

SC, that’s why we used relation in Eq. 1.31 to bijectively transform the k-points of pbz in terms

of SBZ. For j given k-points the total amount of calculated Bloch characters is simply Nc = j. In
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comparison with the default case we get a ration of Nd

Nc
= det(M̂), which means that the new way

of defining the k-points is saving j · (det(M̂)− 1) Bloch character calculations.

2.2 The post-processing tool bands4VASP

The post-processing tool bands4VASP [23] was build to calculate the Fermi vectors from the EBS,

organise and visualise it as well as some additionally features like an automated calculation of the

2D Fermi surface and a setup routine for preparing the 2D Fermi surface calculations with VASP.

Figure 2.5 b) demonstrate the first procedure, which is a filtering of the eigenstates regarding to

the Bloch character and breaks it down to the physical relevant eigenstates. The challenge lies

more in developing an algorithm which is able to detect the roots from the effective band structure,

respective to the Fermi level. For a primitive cell band structure it could just follow the band index

to identify every eigenstate from one energy band and writing an algorithm calculating the roots is

just straight forward. For unfolded bands, however, the band index stays not any more the same

for the whole band. Only segments of the band belong to the same band index. Mostly there are

a lot of eigenstates close together with similar properties, which complicates the whole situation

even more. One strategy would be to collect and merge the similar states and represent them as

one averaged state. During the process of developing and testing, it was getting more clear that

every available quantity needs to take into account. But these values are sensitive to the physical

system, that’s why the decision was to use an input file (INPAR) with adjustable default values.

All the properties needed for distinguish the states are listed in the Appendix B.

The algorithm goes through the eigenstates for every k-point, respectively. A specific state (n,m)

of k-point kn and band index m has an energy eigenvalue of Enm. The algorithm picks all states

in between the energy interval [Enm−EDIF ;Enm+EDIF ], which has an orbital character differ-

ence to state (n,m) less than ODISTINCT and compress all collected eigenstates to a weighted

averaged state (Eq. 2.2). Let {En}m=1,...,d be a set of energy eigenstates found around En1, where

En1 is part of the set it self. Let’s define as well a simplified expression of the Bloch character

(Eq. 1.34) Pnm := PKm(kn). The weighted averaged energy of the band centre of mass writes as:

Ẽn =

∑

m Pnm · Enm
∑

m Pnm
(2.2)

Depending on the options BAVERAGE and OAVERAGE the orbital- and Bloch characters are

either summed up or they are weighted with the following relations:

P̃n =

∑

m Pnm(∆En− | Ẽn − Enm |)
∑

m(∆En− | Ẽn − Enm |)
(2.3)

Õc
θ

n =

∑

mOc
θ
nm(∆En− | Ẽn − Enm |)

∑

m(∆En− | Ẽn − Enm |)
(2.4)
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∆En = max({En}m)−min({En}m) (2.5)

Here ∆En is the maximal energy interval of all the energy states which will be compressed to one

band center of mass and Ocθnm is the orbital character of orbital θ = s, py, px, pz, dxy, ..., band

index m and k-point n. These compression of the eigenstates is schematically shown in Sketch 2.2

a).

E
n
er
gy

(e
V
)

a) b) c)

Figure 2.2: Panel a) depicts the weighted averaging method (Eq. 2.2) for the scattered Energy eigenstates

obtained from unfolding. b) and c) Show two different samples which represents two bands with a more

linear local behaviour and one with a more sinuous geometry. Panel b) demonstrates the roots calculation

with linear regression. Panel c) shows the polynomial interpolation, which can be performed analytically

for a polynomial of degree n − 1, because of the low number of points n < 10. This method has especially

an advantage for sinuous bands around Fermi, but the results can differ in general more than the ones from

linear regression.

The processed data with the weighted states will be considered as normal states, to not unnecessary

overcomplicate the explanations. With these processed band structure bands4VASP goes through

it again and scans for Fermi roots, or the so called Fermi vectors. If a pair of states crossing Fermi

is found, some quantities needs to be checked:

• The difference of the energy of two states needs to be less than EGAP.

• The difference of the Bloch character needs to be less than DBLOCH.

• The difference of the orbital character needs to be less than ODISTINCT.

Once these criteria are fulfilled, NPOINTS above and below Fermi are determined for finally

calculating the Fermi vectors. This works almost as before, despite it checks additionally the

gradient condition, set with GRADIENTD. As it is sketched in Fig. B the difference of two

proximate energy eigenvalues from the same effective band are taken to linearly estimate the energy

value of the next state Eprox. TheGRADIENTD factor multiplied withEGAP defines the energy

interval around the estimated value for which the energy value at the proximate k-point has to be

in [Eprox−EGAP ·GRADIENTD;Eprox+EGAP ·GRADIENTD]. For a local linear behaviour

of the band GRADIENTD should be set to a low value, where EGAP represents the slope.
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Once it founds all desired states of the effective band, the intersection point is either calculated

with linear regression or with polynomial interpolation. Calculating the roots with the straight-line

from linear regression is straight forward, but for the polynomial interpolation there are a lot of

different methods to approximate the intersection with Fermi. We chose the Regula falsi method.

Both ways of calculating the roots are sketched in Fig. 2.2.

The other properties of the Fermi vector can be obtained by using the same average method as

before (Eqs. 2.3,2.4). These calculated Fermi roots are transformed to a 3-dimensional Fermi vector

and written in the FERMIROOTS.dat file. In the case that no Fermi roots were found, bands4VASP

calculates the energy gap around the Fermi level. This is done by taking the difference from the

value of the lowest energy eigenstate above Fermi and the highest energy eigenstate below it.

It must be noted that, since we are taking the average twice from the original data, it is very

important that we only consider a few states N ≤ 10 for this whole procedure. For a suitable

k-point density, this procedure will only take states very close to Fermi into account, which gives a

quite accurate estimation. In Section 2.5 we will do a qualitative discussion with our testcase and

compare the results obtained with this method with experimental data.

Additionally we implemented in bands4VASP an automatic determination of the 2D Fermi surface,

if results are available in the required structure. If Fermi surface mode is activated it will first figure

out the orthonormal basis vectors of the surface, where the calculations were done. The basis set

is used for the transformation of Fermi vectors into terms of the surface. If symmetry points are

defined in the input file, it reflects all Fermi vectors according to the symmetry. At the end all data

are written in the file Fermisurface.dat and as well the data of the Fermi surface spectral function

in the file Fermisurface.specfun.dat.

For a more detailed and practical description of all the parameters and functionalities, see the

documentation of bands4VASP [23].

2.3 Testcase BaFe2(1-x)Ru2xAs2

At first we want to introduce our testcase BaFe2(1-x)Ru2xAs2, which we were using for some bench-

mark and as well to show some applications of the new implementation and the unfolding scheme

in general. The pnictide BaFe2(1-x)Ru2xAs2 is a perfect candidate for testing the unfolding method.

On one side the metal-to-superconductor transition caused by Ru doping is one of the situation,

where the unfolding scheme can unveil its capabilities. On the other side BaFe2(1-x)Ru2xAs2 is

a well known pnictide and there exists many theoretical and experimental data that we used as

reference to test our own implementation [24]-[25].

The pnictide BaFe2As2 crystallizes in a Body-centred tetragonal structure with a I4/mmm space

group. The conventional Â and the primitive lattice â is given by the lattice vectors:
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Figure 2.3: The BTC primitive cell of BaFe2As2. The perspective was chosen to have a good view on the

location of all atoms.
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Where a = 3.9600 Å, c = 13.0100 Å are the lattice constants for the pure (x = 0) BaFe2As2

compound and a = 4.0063 Å, c = 12.8254 Å for the 25% Ru-doped and relaxed compound

BaFe1.5Ru0.5As2. The atomic positions of all 5 components in the primitive cell in terms of the

lattice vectors are given by [26]:

Ba (0, 0, 0)

Fe (0.75, 0.25, 0.5)

Fe (0.25, 0.75, 0.5)

As (0.35, 0.35, 0)

As (0.65, 0.65, 0)

The primitive cell and the position of the atoms in it, are visualized in Figure 2.3. With all the

important data of the primitive cell we can define the super cells by using the transformation

matrices M̂2, M̂8, M̂16 with Eq. 1.24.

M̂2 =



















0 1 1

1 0 1

1 1 0



















, M̂8 =



















0 2 2

2 0 2

1 1 0



















, M̂16 =























0 4 4

2 0 2

1 1 0























The spacial ratio of primitive cell to super cell is given by Eq. 1.28 with det(M̂) which results in a

2, 8 and 16 times bigger super cell than the primitive cell, with a maximum number of 80 atoms for

the M16 system. We visualized the M2 cell to show the structure of the super cell and compared it

with the Ru doped case (Fig. 2.4). The tests and benchmark with the doped case were done with

a Ru concentration of 25% or BaFe1.5Ru0.5As2.
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BaFe2As2 BaFe1.5Ru0.5As2

Figure 2.4: Two super cells set up with M̂2 from BaFe2As2. On the left side is the two times larger pure

super cell and on the right hand side the 25% Ru doped BaFe1.5Ru0.5As2 cell. The atoms were placed at all

lattice points in the cell.

20



2.4 Benchmark and Testing

The first step for verifying the new implementation was to test the trivial case, where the super

cell is a pure spacial repetition of the primitive cell. To do so, we chose the super cell set up with

M2, as it is shown in Figure 2.4. This testcase was already mentioned in Section 1.4.3 and the

results are shown in Figure 1.4. As expected all the Bloch character of the folded band structure

were either 1 or 0 and nothing between. If we only colour the energy values with PKm(ki) = 1, we

get the same band structure as it is obtained from the primitive cell.

The next step of the Benchmark and testing phase was to calculate EBS for the doped case and

compare it with the published results [27, 28]. The calculated EBS with the new implementation

are shown in Figure 2.5 and matches with the already published results. We used this experiment

to test the post-processing tool bands4VASP, which originated as well from this project.
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Figure 2.5: Three effective band structure plots for the pnictide BaFe1.5Ru0.5As2 with a 8 times larger super

cell (M8) along high symmetry points of the first Brillouin zone. The Bloch character of the eigenstates

is indicated with the gradient colour palette from gray (white) to blue. Panel a) shows the unfiltered plot

with all folded eigenstates. Panel b) the same as panel a), but eigenstates with a Bloch character less than

the threshold of 0.025 are truncated. Panel c) shows the processed version of the EBS with the automatic

calculated Fermi vectors.
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Knowing that the implementation reproduced the results for the simple case as expected, we moved

our attention to performance tests. The idea was to use 3 different super cells which we introduced

in Section 2.3 and as well a varying number of k-points {150, 200, 300}. An unfolding calculation

in VASP is doing much more than the calculation of Bloch characters and energy eigenvalues, even

setting up everything for unfolding is taking huge calculation capacity. That is the reason why we

decided to do as well a reference calculation, with the same setup but unfolding deactivated. The

three setups are:

u0 memory usage without unfolding.

uold the old unfolding method.

unew the improved method with chosen k-points.

The calculation were all done along the Γ-M path with the pnictide BaFe1.5Ru0.5As2 on the

Vienna Scientific Cluster 3 [29]. The ratio of the efficiency of the new and the old implementation

was calculated with the following relation and arranged in Table 2.1:

100 ·
[

1− (unew − u0)
(uold − u0)

]

[%] (2.6)

# k-points 150 200 300

det(M) = 2 41.6% 54.3% 69.1%

det(M) = 8 70.2% 77.9% 85.9%

det(M) = 16 79.7% 86.5% *

Table 2.1: Benchmark of the new unfolding implementation in VASP. This table shows reference

calculations for different super cell sizes M2,M8 and M16, as well different amount of k-points with

the testcase BaFe1.5Ru0.5As2. The calculations were done on the Vienna Scientific Cluster 3 [29].

The setup with the * was only possible to calculate with the new algorithm.

We used as well some other setups to test our implementation. The pristine rutile TiO2(110)

with reduced dimensionality was an interesting candidate for the unfolding scheme, because super

cells are practical to simulate the creation of surface oxygen vacancies, which in turn result in

the stabilization of small electron polarons. These electron polarons correspond to electrons that

become highly localized on titanium ions and are coupled to the phonon field. We discovered at

the in-gap bands that two polaronic states are not degenerated, which is a phenomenon attributed

to their interaction with the CO molecules. The more detailed description of this examination as

well as the other exertion with a noncollinear magnetic ordering system of EuCd2As2 is written in

the articles [20, 30].
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2.5 The effective Fermi surface

The Fermi surface is an important instrument for analysing conducing phenomena in crystals and

therefore we want to extend this concept with an effective Fermi surface. The Fermi surface is

derived from the energy dispersion relation E(k) of the system and it represents all states of con-

stant energy E(k) = EF in the Brillouin zone (Sec. 1.3). From the unfolding scheme we obtain the

effective band structure (Sec. 1.4.3) and as a result Fermi vectors, which are representing as well

states of constant energy E(k) = EF in the Brillouin zone. In that picture we define the effective

Fermi surface coming from unfolding calculation with every depicted eigenstate associated with a

Bloch character 0 ≤ PKm(ki) ≤ 1. We applied this concept to our testcase BaFe1.5Ru0.5As2 and

used as an orientation the basal Γ-plane spectral Fermi surfaces with different Ru concentrations

x = {0, 0.25, 0.5, 0.75} (Fig. 2.6 i) as well as the 3D Fermi surfaces of BaFe2As2 (Fig. 2.6 ii) and

BaRu2As2 (Fig. 2.6 iii).

i) ii) iii)

Figure 2.6: i) Four basal Γ-plane Fermi surfaces with different Ru concentration x = {0, 0.25, 0.5, 0.75} for
the pnictide BaFe2(1-x)Ru2xAs2 obtained from spectral function [28]. ii)) 3D Fermi surface of BaFe2As2 in

the first Brillouin zone [31]. iii) 3D Fermi surface of BaRu2As2 in the first Brillouin zone [32].

The space group of the Body-centred tetragonal system of 25% Ru-doped Ba-122 is as well the

I4/mmm space group, which means that we only have to calculate 1
4 for the 2D effective Fermi

surfaces and 1
8 for the 3D one and utilize the symmetry. To calculate the 3D effective Fermi sur-

face we partitioned the 1
8 of the Brillouin zone with 8 equidistant parallel slices, starting from the

basal Γ-plane up to the Z-plane. From the 3D Fermi surfaces of BaFe2As2 and BaRu2As2 we

expected a similar structure with a cylindrical like geometry centred in the middle and at the 4

edges of the Brillouin zone. Because the k-point sampling need to be in line for the unfolding with

post-processing, the choice of the sampling is crucial for the quality of the resulting surface, as we

demonstrated it in Figure 2.9 in the right inset. Therefore we set up a radial sampling centred at

Γ and one at X.

From the results we extracted 8 × 2D effective Fermi surfaces with bands4VASP. Three of these

Fermi surfaces obtained from the spectral function (Eq. 1.46) are shown below in Figure 2.7 and

the unprocessed Fermi vectors in the Brillouin zone are shown in Figure 2.8 a).
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Ba

Figure 2.7: The 2D Fermi surfaces derived from the spectral function A(k, EF ) for (a) the Γ-plane, (b)

the basal plane positioned midway along the Γ-Z direction, and (c) at the Z-plane. In each of these cases

the lower part of the respective panel shows the orbital character from the 2D effective Fermi surfaces,

respectively.[20]

To interpolate the Fermi vectors we took advantage of the radial symmetric structure of the 2D

effective Fermi surfaces to separate the different resulting partial surfaces. The cylindrical like

shape surface in the middle was centred around the Γ and Z line, with 3 separated partial surfaces

at the top and 2 at the Γ-plane (Fig. 2.7 panel a and c). We went through every 2D effective

Fermi surface and calculated the radius for all Fermi vectors in the plane. The radius was a perfect

indicator to separate the different sheets from each other. Although there are some cases where two

distinct sheets coming in contact, as it is the case in Figure 2.7 b) for the 4 contact points of the

outer 2 partial surface. This can be identified with band degeneracy and crossing points between

different bands. Below the spectral Fermi surface we depicted the 2D effective Fermi surface with

colour gradient of the orbital characters dxz,dyz and dx2−y2 (Fig. 2.7). With the sharply defined

orbital characters Ocθn it was possible to identify sheets coming in contact and separate them. In

Figure 2.8 b) we plotted the filtered and linear interpolated Fermi vectors for the outer cylindrical

like shaped surface and with colour-gradient for the ˜dyz orbital. This was done for all 3 partial

surfaces in the centre with dominant orbitals dxz,dyz and dx2−y2 , respectively. For the two partial

surfaces on the edge, the contribution of the orbitals was not as strictly separated as it was for the

centre ones, but they differ enough to distinguish the sheets. We projected each Fermi vector with

angle and height on a 2-dimensional plane and used the bilinear interpolation to get a dense surface

with all quantities like Bloch character, orbital character and radius interpolated. This could be

easily transformed back into 3 dimensional coordinates (kx, ky, kz) in the Brillouin zone (Fig. 2.8

panel c).
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Figure 2.8: a) Shows the Fermi vectors from the unfolding calculations of BaFe1.5Ru0.5As2 with a 8 times

bigger super cell. The Fermi vectors were obtained with bands4VASP. b) Depicts the radial filtered and

linear interpolated data with one centre at the line between Γ and Z and the other one between X and R.

The linear interpolation was done to get an equidistant pattern of Fermi vectors for a level, which simplifies

the bilinear interpolation later on. c) The bilinear interpolated 3D Fermi surface obtained from the effective

band structure for the orbital character ˜dyz

Finally we merged all the calculated surfaces in the first Brillouin zone. The results are shown

in Figure 2.9, where we put all significant information and results of the project and testcase

BaFe1.5Ru0.5As2 together. Starting with the shape of the effective Fermi surface and comparing

it with the 3D-FS of BaFe2As2 and BaRu2As2, one can see clearly the invariance, according the

Ru concentration, of the partial surfaces at the edges of the Brillouin zone which are associated as

electron pockets. However the cylindrical like shaped surfaces around the centre of BZ forming hole

pockets change there size and shape drastically with the Ru concentration. The outer two partial

surfaces share the orbitals dxz and dyz (Fig. 2.9 panel b), whereas the inner one is dominated by

the dx2−y2 orbital (Fig. 2.9 panel c). The undoped BaFe2As2 has three almost cylindrical shaped

surfaces in kz direction. The 25% Ru-doped BaFe1.5Ru0.5As2 shows more conical shaped surfaces

at the centre. At the basal plane around Γ the hole pockets are getting smaller with an increasing

Ru concentration as it is shown in Figure 2.6 iii) and the third most inner partial surface (dx2−y2

orbital character) vanished, whereas the diameters of the cylindrical like shapes at the Z-plane are

enlarged. For the 100% Ru-doped pnictide the hole pockets vanished completely at Γ as well as the

third most inner partial surface, whereas the other two are extremely conic (Fig. 2.6 iii). We now

want to put these geometrically and topology studies in context with results from superconducting

measurements. Superconductivity emerges for the pnictide at a Ru concentration of 0.15 ≤ x < 0.5

with the highest critical temperature Tc ⋍ 20K at a Ru concentration of x = 0.35 [33]. There was

also an experiment with x = 0.36 and no external magnetic field, in which they measured a critical

temperature of Tc = 20.2K [34], which seems to be the extremal point with the highest critical

temperature. In our testcase x = 0.25 which is already in the superconducting phase, the dx2−y2
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dominant partial surface vanished at basal Γ-plane but is still present at the Z-plane (Fig. 2.7 i

and iii). At the estimated limit case x = 0.5 the two hole pockets around Γ with dxz and dyz

orbital character are fused together (see figure 2.6), which could be an indicator for the collapse of

the superconducting state. At this point we want to remark that the experimental results found

with ARPES measurements [35]-[36] deviates from the behaviour of the dx2−y2 orbital. Where the

experimental data show only a marginal influence of the Ru substitution on the dx2−y2 orbital in

our simulations based on DFT calculations [28].

The effective Fermi surface in the results (Fig. 2.9 panel a) shows the distribution of the Bloch

character. It is mostly equally distributed, despite some brighter spots which represents lower

Bloch character values. There are two reasons for that:

• The inner dx2−y2 dominant partial surface has a slightly lower value for the Bloch character

PKm(ki), which means that the projections of super cell eigenstates |Km⟩ on the primitive

cell eigenstates |kn⟩ are weaker. This fits with the considerations before, where an increase of

the Ru concentration shrinks and finally vanishes the inner partial surface in DFT simulations.

• For this representation we summed the Bloch character for all locally close enough eigenstates.

There are some spots where the sheets are in contact with each other, which are degenerated

eigenstates. These eigenstates share the same Bloch character, but during the process of

separating them the Bloch character was split into two.

In the right inset in Figure 2.9 a) we demonstrated the difference of radial and orthogonal con-

tributed k-point sampling, which shows clearly that a non-matching geometry in the k-point sam-

pling cases an irregular distribution of the resulting Fermi vectors. That can lead to a distorted

effective Fermi surface. The inset on the left side shows the eigenstates which were used for auto-

mated calculation of the Fermi vectors.

Ones the effective Fermi surface is determined the projection of the states on the orbitals as well the

contribution of each element are determined too. In Figure 2.9 d) we depicted the contribution of

the As atoms, caused by the hybridization with states from Fe atoms. This leads to more dominant

states close to the Z-plane and at the edges around X.
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Figure 2.9: Summary of the results from unfolding with the testcase BaFe1.5Ru0.5As2. Panel (a) shows the

effective band structure and 3D effective Fermi surface with a colour gradient indicating PKm. The insets

show the Fermi wave vector identification with bands4VASP and the centre of a 2D effective Fermi surface

with orthogonal (left) and radial (right) k-point sampling in the Brillouin zone. Panel (b–d) depicting the

effective band structure with colour gradient representing (b) dyz and (c) dx2−y2 orbital character of Fe

atoms and (d) the overall contribution from As atoms. The 3D effective Fermi surfaces with the respective

colour gradient are shown on the right side [20].
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Chapter 3

Conclusions

The numerical implementation of the eigenstate unfolding scheme in VASP and the post-processing

tool bands4VASP are powerful tools which facilitate the analysis of the characteristics of materi-

als, especially conducting properties. Obviously the advantage lies in investigating materials with

disorders, vacancies, impurities or doped materials, which need a large super cell for an accurate

description. Other situations that require large supercells are also suitable, such as the TiO2(110)

analysis which needed a large surface area. In the benchmark section we tested the improved un-

folding implementation in VASP and even with the 16 times larger super cell (80 atoms) and 300

k-points for one line calculation, we didn’t reached the memory limit on the ”nowadays obsolete”

VSC-3 high-performance computing facilities, proving the efficiency of our implementation. The

super cell of the pristine rutile TiO2(110) contained even 363 atoms. This enables the calculation

of effective band structure and effective Fermi surfaces for doping ratios which need huge super

cells. For example the Ru concentration of x = 0.36, which were used in superconducting mea-

surements [33], needs at least a super cell of 125 atoms (Ba25Fe32Ru18As50) to be represented.

The procedures introduced in this work are capable of calculating EBS and the effective Fermi

surface of this compound. This could help to understand the correlation of isovalent doping with

the phenomena of superconduction. Nowadays fermiology is getting more attention, because it

gets easier to compute complex hypersurfaces with rapidly increasing computational power. The

connection of the shape and topology from a Fermi surface to conducting behaviour is still studied

and explored. The effective Fermi surface, which we derived from the effective band structure is an

useful supplementation to Fermi surfaces for the analysis of doping, impurities and other structural

defects. As Kaganov and Lifshitz wrote ones down, the Fermi surface is ”the stage on which the

drama of the life of the electron is played out” [37] and the drama of the electron is too thrilling to

miss it.
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Appendix A

Fermi Surface: A Quantitative

description

To understand the correlation of Fermi surface with the composition and structure of a crystal, it is

descriptive to start with the dispersion relation of a free electron E(k) = ℏ2

2mk2. In a 3-dimensional

k-space, the surface of constant energy E(k) = EF forms a sphere, the so called Fermi sphere with

radius kF = (3π2n)
1

3 , where n is the number of electrons per atom site. For a better clarity we are

going to consider a simple quadratic lattice, which results in a 2-dimensional quadratic Brillouin

zone in k-space (kx,ky), where the dispersion relation E(k) of the free electron is a paraboloid

with an upper limit at E(k) = EF . Projected on a 2-dimensional plane, we get a circular Fermi

surface with radius kF = (3π2n)
1

3 . In Figure A.1 there are 2 different Fermi surfaces A and B.

The radius kF of A is larger than the border of the Brillouin zone kF > π
a
, whereas the Fermi

surface B is completely inside the first Brillouin zone. Physically speaking, Fermi surface A has a

higher electron number per atom site and a higher total energy. It stands out, that even without

a potential the size and shape of the Brillouin zone affects the appearance of the Fermi surface,

which we will go into more detail later on.

If we now ”switch on” the periodic potential, which we discussed in Section 1.2, the Fermi surface

should feature some kind of perturbation. It will only be effected if it protrudes over the first Bril-

louin zone, which means that there are enough electrons per atom site to generate a large enough

Fermi radius kF = (3π2n)
1

3 ≥ π
a
, otherwise it would stay a simple circle.

To get an analytic point of view we start with the Schrödinger equation in k-space (Eq. 1.18) and

the condition that there always exists a G which translates any arbitrary k′ into the first Brillouin

zone k = k′ + G, we can derive the following approximation for the coefficients of the potential

(see [19] for the entire derivation):
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Fermi s. A

Fermi s. B

AB

Figure A.1: On the left side the energy dispersion relation E(k) of a free electron in a simple quadratic lattice

is shown with two different exemplary Fermi surfaces A and B, where B has a larger number of electrons

per atom site. In the middle are the first 3 Brillouin zones of a simple quadratic lattice in the extended

zone scheme, with Fermi surface A inside the first Brillouin zone and Fermi surface B in the second and

third Brillouin zone. On the right side are the first three Brillouin zones without a Fermi surface, for Fermi

surface B and A, respectively. Adapted from [16].

Ck−g ≃
V−gCk

ℏ2

2m(k2 − |k − g|2)
(A.1)

With the approximation that only the coefficients Ck−g with large values have a significant contri-

bution to the sum in Eq. 1.18, we get the condition:

k2 ≃ |k − g|2 (A.2)

This condition is identical to the Laue-Bragg interference and is fulfilled for every wave vector from

the centre to the border of a Brillouin-zone [19], which means that we get standing electron waves

at the border of the Brillouin zone. Hence the perpendicular part of the electron waves group

velocity ∇k
E
ℏ
is zero and therefore the gradient of E(k) is parallel to the border of the Brillouin

zone. That leads to the conclusion, that lines of constant energy E(k) = const are perpendicular

to the Brillouin zone borders. This deforms the Fermi surface and breaks the circular shape in our

example, as shown in Figure A.2.

The same effect causes the energy gaps at the Brillouin zone borders of the band structure. The

deformation of the Fermi surface near the zone borders, enlarges the volume of the second Brillouin

zone in the same amount as it decreases the volume of the third BZ. This enables more electrons to

be in the second BZ. Electrons in a lower Brillouin zone have lower energy, which lowers the total

energy of the system. This is indeed the case for a solid body, a system with a periodic potential.
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free electrons

free electrons crystal electrons

crystal electrons

Figure A.2: Fermi surfaces of the first 3 Brillouin zones of free electrons (left) and crystal electrons (right)

of a simple quadratic lattice. The extended zone scheme in the middle shows the Fermi surface of the free

electron system (red dashed circle) and the Fermi surface of the crystal electrons (blue line). Adapted from

[16].
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Appendix B

List of input variables for bands4Vasp

• EDIF - Energy diffusion from the unfolding calculation. EDIF defines the maximal en-

ergy difference at one k-point, in between this interval all energy states will be merged and

represented in the processed data as one state.

• EGAP - defines the maximal energy difference of states from proximate k-points. Eigenstates

from proximate k-points with an energy difference less than this value are considered to belong

to the same band. This is used for the Fermi vector calculation.

• BAVERAGE - If BAVERAGE is set to .TRUE. the weighted average of the Bloch character

is calculated and represented in the processed data, else the values will summed up.

• OAVERAGE - If OAVERAGE is set to .TRUE. the weighted average of the orbital character

is calculated and represented in the processed data, else the values were summed up.

• BLOCH THRESHOLD - sets the minimal Bloch character value. Energy states with a

Bloch character less than BLOCH THRESHOLD will rejected.

• DBLOCH - defines the maximal Bloch character difference for proximate energy states of

the same k-points to belong to the same band.

• ODISTINCT - defines the maximal orbital character difference for proximate energy states

of each orbital to belong to the same band.
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Figure B.1: Sketch for demonstrating

the meaning of GRADIENTD

• GRADIENTD - multiplied with EGAP defines the

energy interval around the estimated value for which

the energy value at the proximate k-point has to be in

E ∈ {Eprox ± EGAP ·GRADIENTD}.

• NPOINTS - defines the number of energy states above

and below the Fermi level, which will be included in

the Fermi vector calculation.

• BNDDIFF - If BNDDIFF is set to .TRUE. (default)

bands4VASP considers band crossing from bands with

different band indices. If set to .FALSE., only bands with the same band index are considered

as one band.
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Appendix C

German Abstract

Moderne Rechenanlagen ermöglichen die Anwendung der Dichtefunktionaltheorie (DFT) zur Un-

tersuchung komplexer physikalischer und chemischer Phänomene. In vielen Fällen erfordern diese

Berechnungen die Verwendung großer Superzellen, um die gewünschten Eigenschaften genau darzustellen.

Jedoch stellen Superzellen eine Herausforderung dar, da sie zu kleinen Brillouin-Zonen im rezipro-

ken Raum führen, was zu gefalteten elektronischen Eigenzuständen führt, die wiederum schwer zu

analysieren und interpretieren sind. Um dieses Problem anzugehen, wurden verschiedene Techniken

vorgeschlagen, um die elektronischen Bandstrukturen von Superzellen in den reziproken Raum einer

idealen primitiven Zelle zu entfalten. In diesem Zusammenhang stellen wir eine Entfaltungsmethode

vor, die direkt in das Vienna Ab initio Simulation Package (VASP) integriert ist. Dieser Ansatz

ist weitaus sparsamer bezüglich der Rechenressourcen und bietet eine automatische Abbildung

vom reziproken Raum der Superzelle auf die Brillouin-Zone der primitiven Zelle. Unser Algorith-

mus, gekoppelt mit einem integrierten Post-Processing-Tool namens bands4VASP, erleichtert die

Berechnung von effektiven Bandstrukturen, Fermi-Flächen und Spektralfunktionen. Wir werden

die Nützlichkeit dieser Methode demonstrieren, indem wir sie auf verschiedene komplexe Szenarien

anwenden. Dies zeigen wir am Beispiel der Auswirkungen von Dotierung auf die Banddispersion

des Supraleiters BaFe2(1-x)Ru2xAs2 und der Ableitung der effektiven 3D Fermi-Fläche.
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