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Abstract

In this paper we present a complete classification of tight contact structures on the
solid torus and a classification of tight contact structures on some handlebodies. After
we introduce some fundamental ideas of contact geometry such as Giroux’s theory of
convex surfaces we will introduce the cutting and and gluing argument introduced by
Honda that leads to a combinatorial algorithm that classifies tight contact structures on
handlebodies. In the following we are going to apply this algorithm to the solid torus
and handlebodies.

In diesem Papier préasentieren wir eine komplette Klassifikation von straffen Kontakt-
strukturen auf dem Volltorus und eine Klassifikation von straffen Kontaktstrukturen auf
verschiedenen Handkoérpern. Nach einer Einfithrung in die fundamentalen Ideen der Kon-
taktgeometrie, wie Giroux’s Theorie von konvexen Fliachen, werden wir die zerschneide
und klebe Argumente von Honda diskutieren. Diese fithren zu einem combinatorischen
Algorithmus zur Klassifikation der straffen Kontaktstrukturen auf Handkoérpern. Im
Folgenden werden wir diesen Algorithmus auf den Volltorus und Handkorper anwenden.
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1 Introduction

3-dimensional contact geometry is one of the major fields of low-dimensional topology.
Roughly speaking a contact manifold of dimension 2n + 1 is a manifold M together
with a hyperplane field ¢ that admits a non-degeneracy condition (see Definition 2.1).
In dimension 3 this translates to a non-integrable plane field. Contact structures are
special in the field of geometry, in so far, that they do not admit any local invariants
(see Theorem 2.9).

Although there are no local invariants in contact manifolds, there exists a dichotomy
of contact structures into tight and overtwisted contact structures. We call an embedded
disk into a contact 3-manifold overtwisted if its boundary is tangent to the hyperplane
field. A contact structure is overtwisted if it contains an overtwisted disk and tight oth-
erwise. This dichtomy first was discovered by Bennequin [1] and further developed by
Eliashberg [2], a main result being, that there is a unique tight contact structure on B3
for a fixed boundary characteristic foliation. This Theorem of Eliashberg is one of the
main building block of the cut and paste techniques introduced by Honda [7].

Another building block is Giroux’s [5] theory of convex surfaces. Roughly speaking an
embedded surface > C M is convez if it admits an neighborhood where £ is I-invariant.
Due to results by Giroux including the flexebility Theorem (see 2.21) we can understand
the tubular neighbourhood of ¥ by the isotopy class of a multicurve I' on ¥ which we
call the dividing set (see Theorem 2.16).

Let M be a handlebody of genus g with convex boundary, boundary characteristic
foliation F and dividing set I". Honda then introduced in [7] a technique to cut open
M along convex compressing disks D1,..., D, C M rounding the edges, to obtain a
manifold diffeomorfic to B3 with a well defined contact structure. For M to be tight it
is a necessary condition, that the contact structure on B? is tight. Eliashberg’s result
regarding a unique tight contact structure on B? leads to the idea, that the dividing sets
on Di,..., D, give rise to a unique contact structure on M that is tight on B?. Honda
showed, that the condition for the contact structure on B? to be tight is not sufficient
of £ to be tight.

To find a sufficient criterion for the tightness of £ Honda [8] defined an combinatorial
algorithm, only depending on the dividing set on OM, D1,...,D,. He therefore intro-
duced a directed graph G. The vertices (called configurations) of that graph are the
possible dividing sets for D1,..., D, that do not have homotopically trivial curves. A
dividing set on Dy, consists of ny arcs where ny = 1/2# (D NI"). Therefore the number
of vertices is finite. We then call a vertex potentially allowable if it gives rise to a tight
contact structure on B3. The edges, called allowable state transition, are transitions of
the dividing set of one D} that are induce by a theoretical bypass attachment that is
trivial on the cut open manifold B3. The bypass is a tool introduced by Honda [7] (see
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2.27). Honda then proves, that the connected components of G that only contain poten-
tially allowable vertices are in a 1-1 correspondence with the tight contact structures on
M with boundary characteristic foliation F. The vertices of such a component are called
allowable. This algorithm is really remarkable as it reduces a complicated geometrical
question to a combinatorial algorithm.

After introducing everything in detail we are going to apply Honda’s algorithm to the
solid Torus S x D?. A dividing set I on 9(S* x D?) can be classified by (n,p, q) (intro-
duced by Honda) where 2n is the number of components of I', p is the number of times
each component of T twists around S' x {0} and ¢ is the number of times each component
twists around {0} x D?. We then denote the number on tight contact structures related
to (n,p,q) by N(n,p,q). We will argue, that N(n,p,q) = N(n,—p,—q) = N(n,p,q £ p)
and hence we assume p > ¢ > 0. At first we are going to find some easy allowable
state transitions that depend on boundary parallel arcs of the dividing set I'y of D;
which are essentially arcs that cut off a half disc of D; (see 3.23). This then gives, that
we can connect I'; to some I'; via allowable state transitions, which contains a specific
structure of boundary parallel arcs called boundary parallel set (see 3.27). We then
prove that the algorithm without changing that boundary parallel set can be viewed as
the algorithm for (n(n,p,q), p(n,p,q),q(n,p,q)) (called the reduction of (n,p,q)) where
n(n,p,q) - p(n,p,q) < np (see 3.31).

We then want to understand (n(n,p,q),p(n,p,q),q(n,p,q)). For n > 2 we have
(n(n,p,q),p(n,p,q),q(n,p,q)) = (n—1,p, q) (see 3.42). Consider the continuous fraction
expansion of p/q.

p/q:[TO,...,Th]:T0—71, fOI'TZ'ZQ.

Forn = 1let p/q = [ro, ..., 7,—1], we then have (n(n, p, q), p(n, p,q),q(n,p,q)) = (1,p,q)
(see 3.42).

We are going to introduce normal forms using the reduction Theorem and the possibil-
ity of achieving boundary parallel sets. Normal forms are specific dividing sets that any
allowable configuration can be connected to via allowable state transition. By counting
those normal forms we find an upper bound for the number of tight contact structures

N(n,p,q) < Cpn+rp,—1) - (rp—1 —1)---(ro — 1).

In the last section we are going to prove that all normal forms are allowable see 3.65 and
that two normal forms don’t lie in the same connected component of G which essentially
is the following theorem:

Theorem 1.1.
N(n,p/q=ro,...,ru]) =Cpnn+rp,—1) (rp—1 —1)---(ro — 1).

This equality first was discovered by Zhenkun Li and Jessica J. Zhang [10]. In the last
chapter we are going to state some results for more general handlebodies.
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In this section we introduce the basic notations and ideas that needed to understand
and apply Honda’s algorithm [8]. We will further explain and introduce the algorithm.

2.1 Contact structures

This section serves as a brief introduction into contact geometry.

2.1.1 First definitions

Definition 2.1. A contact manifold (M,£) is a (2n + 1) dimensional manifold M
equipped with a maximally nonintegrable hyperplane field £ i.e. locally there is a 1-
form « such that £ = ker o with a A da™ # 0. We then call £ a contact structure and
«a a contact 1-form that locally defines £. A contact diffeomorphism or contactomor-
phism ¢ : (My,&1) — (Ma, &) between two contact structures (My, &) and (Ma, &) is a
diffeomorphism such that ¢.&; = &o.

The object of this thesis is to study tight contact structures on handlebodies, hence
we will concentrate on the 3-dimensional case i.e. a locally defining contact 1-form «
should satisfy a A da # 0.

Definition 2.2. A contact 3-manifold (M, ) is called positive if it is cooriented ! by a
global contact 1-form with a A da > 0.

Remark 2.3. A locally (respectively a globally) defining 1-form « is unique up to multi-
plication by a nonzero smooth function f and as

(fa) Ad(fa) = (fa) A (df Aa+ fda) = f2a Ada,

all locally defining 1-forms satisfy the non integrability condition. Furthermore if £ is
positive, then all global contact 1-forms « satisfy a A dae > 0.

Furthermore in dimension 3 the non-integrability condition implies local non-integrability
in the sense that for n,v € ¢ being two local vector fields we have [n,v](z) & &(x) for
all x € M where n,v. This is easy to see as (a A da)(—,n,v) = a(—) - da(n,v) =
a(—) - —a([n, v]) which then implies a([n, v])(u) # 0.

! A coorientation for £ is by definition a choice of trivialization to T'M/£. This is equivalent to a choice
of a global 1-form a with kernel £.
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Example 2.4. Let (R3,&) be a contact structure, where &y is given by the globally
defining 1-form «ay = dx3 — xodx1. This contact structure is called standard contact
structure see Figure 2.1. In fact the non integrability condition is satisfied as

(d.?Ug - .’Egd.%’l) VAN d(dl’g — iL‘Qd.CL‘l) = (d.%'g — $2d$1) AN —dxo N dx1 = dxi N dxo A dxs.

Figure 2.1: The picture shows the standard contact structure &y.(The picture is from

[12])

The standard contact structure on R3 gives rise to another description of a contact
structure:

Theorem 2.5. ([6, p.3]) Every contact 3-manifold (M,&) locally looks like (R3, &),
i.e. for every p € M there exist an open set p € U C M and 0 € V C R? and a
contactomorphism ¢ : (U, &) — (V,&).

Remark 2.6. The non-integrability property in Definition 2.1 is a local property. There-
fore the preceding Theorem gives rise to another definition of a contact 3-manifold i.e.
a 3-manifold M together with a hyperplane field &, such that (M, &) locally looks like

(R3, &).

In some literature contact manifolds are even defined as above.

Definition 2.7. Let (M, &) be a contact 3-manifold. A contact vector field X € X(M)
is a vector field such that FLX: (M, &) — (M, &) is a contact diffeomorphism for all ¢.

Definition 2.8. Let (M,£) be a contact 3-manifold.

i) A properly embedded disk D C M is called an overtwisted disk iff £ = T),D for all
p € OD.

ii) (M,¢) is called overtwisted iff it contains an overtwisted disk.

iii) (M,¢) is called tight iff it is not overtwisted.
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Figure 2.2: The picture shows an overtwisted disk. (The picture is from [11])

Figure 2.2 shows an overtwisted disk. This gives rise to a dichotomy of contact struc-
tures into tight and overtwisted ones. There are more general definitions of tight and
overtwisted contact structures that are equivalent to the one above and give a better
understanding of this dichotomy. For this thesis it is enough to have a rough under-
standing of what a tight contact structure is and thus we are not going to go into that
further. If the reader is interested into that, more information about overtwisted contact
structures and the dichotomy can be found at [4, section 4.5].

Theorem 2.9 (Bennequin). The standard contact structure (R3,&y) is tight.

This is an important result as every contact structure locally looks like the standard
one (as mentioned in Theorem 2.5). Hence being tight respectively overtwisted is a
global invariant of a contact structure.

2.1.2 Characteristic foliations

An important tool to study contact 3-manifolds is to study properly embedded surfaces.
Let X be such a properly embedded surface, then a contact structure induces a singular
line field on ¥ called the characteristic foliation. The characteristic foliation gives rise
to a classification of the contact structure in a neighborhood of .

Definition 2.10. Let (M, &) be a contact 3-manifold and let ¥ be a properly embedded
surface. The characteristic foliation induced on ¥ from £ is the singular foliation X¢(p) =
¥p N &p. The singular points then are the points p where 7T,X = §,.

Integration of the characteristic foliation gives rise to orbits (also called leaves) of
non-singular points.

Remark 2.11. Let (M, €) be positive and ¥ an oriented properly embedded surface. Let
p be a non-singular point of ¥¢ and n € T,X an oriented normal vector for {. Now
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choose v € T},L such that (v,n) is an oriented basis of 7},3. This imposes an orientation
on the leaf of p and thus on the characteristic foliation Y.

Definition 2.12. We call an isolated singularity positive resp. negative if the orientation
of ¥ coincides resp. does not coincide with the orientation of £ at that point.

Let us give a short description of isolated singularities and closed orbits. There are two
types of singularities that are hyperbolic in the dynamical sense i.e. nodes and saddles.
Let us choose coordinates (z,y) on ¥ such that the origin is an isolated singularity. Let
X=f a% + ga% be a local vector field that represents .. If the determinant of the
matrix

is positive resp. negative at that origin, we call the singularity node resp. saddle.

Let v be a closed orbit and let S! x [, —¢] be an annular neighborhood of « (where
v = S! x {0}). The return map ® : [, —¢] — [¢, —¢] defined in a small neighborhood
of (0,0) then maps s to ¢t where (0,t) is the subsequent point where the orbit of (0, s)
intersects {0} x [e, —¢]. If (0, t) does not exist ® is not defined on s. We say - is hyperbolic
if d¢(0) is not the identity.

Theorem 2.13. Let X be a C°°-generic closed oriented surface in a contact 3-manifold
(M, &), then its characteristic foliation is of Morse-Smale type, i.e.:

i) The singularities and closed orbits are hyperbolic in the dynamical sense,

ii) there are no saddle-saddle connections 2,

i11) every p € X limits to some isolated singularity or closed orbit in forward and in
backward time.

2.1.3 Twisting number

Definition 2.14. Let (M, ) be a cooriented contact 3 manifold. We then call an integral
1-dimensional manifolds L of £ Legendrian.

The coorientation of & gives a framing on L i.e. a choice of homotopy class of trivial-
izations of the normal bundle to L 3. For a framing Fr we define the twisting number
t(L, Fr) to be the number of counterclockwise 27 twists of £ along L relative to F'r.
If L is a connected component of the boundary of a compact surface 3, T'> induces a
natural framing Fry,. If ¥ is a Seifert surface i.e. 0¥ = L we call tb(L) := t(L, F'ry) the
Thurston-Bennequin invariant.

2This means, that there are no obits connecting two saddle singularities.
3The normal bundle of L is defined as TM|/TL.
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2.1.4 Convex surfaces

In this section we will introduce the notion of a convex surface (introduced by Giroux
[5]). Such surfaces give rise to a description of the contact manifold in their small
neighborhood and are comparatively well understood do to flexibility and genericity
results we will discuss here.

Definition 2.15. An oriented, properly embedded surface ¥ in a contact 3-manifold
(M, §) is called convez if there exists a contact vector field X € X(M) that is transverse
to 2.

We will assume that X coincides with the normal orientation of . Furthermore we
assume that all convex surfaces are either closed, or compact with Legendrian boundary.
As we assume M to be compact we have that X is complete and hence that there is a

smooth map
YxR — M

(2.) — FIX()
As the flow is transverse to X, this gives rise to a region ¥ x (—¢,¢) that is a dif-

feomorphism onto its image. Thus on ¥ X (—¢,¢) we can write the contact 1-form «
as

a= fdt+ 3,

with f: ¥ x (—¢,e) = R and B(z,t) a 1-form on ¥ for fixed ¢. As the flow of a contact
vector field by definition is a contactomorphism for fixed ¢t we have that f and § are
independent of t. The condition that our contact structure is positive can be written as

(fdt+pB) A (df Ndt+dB) = fdt NdB+ BANdB+ BAdf Ndt (2.1)
= fdt NdB+ B Adf Ndt > 0.
The second equality holds as B(z,t) is a 1-form on ¥ that is independent of ¢ and hence
idtd,ﬁ - 0
Definition 2.16. Let (M, &) be a contact 3-manifold and ¥ a convex surface with
contact vector field X € X(M). We then call I'y, = {X € ¢} the dividing set.

If we use the representation of a neighborhood of ¥ above we can also write 'y, =
{f = 0}. This is not hard to see as by choice % coincides with the contact vector field
X. The dividing set is an important tool to study convex surfaces. Let us now look
at some properties of the dividing set introduced by Giroux [5] (the formulation can be
found in [6]):

1. I's is a multicurve i.e. a properly embedded 1-manifold.

Proof. If f = 0 equation (2.2) becomes 8 A df Adt > 0 and hence df # 0 and thus
f =0 1is an embedded 1-manifold. O

2. Ty th .
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Proof. As above for f = 0 we have 8 Adf Adt > 0. As f is independent of ¢ we
have that df is independent of t. Now let v € ¥¢ then df(v) # 0 because else we
would have 3(p,0) = df (p,0) and thus SAdf Adt =0 at (p,0). Hence on I's; we have
{df = 0} is transverse to {5 = 0}}. O

3. Let Ry = {f >0} ={a(v) >0} Cc ¥ and R- = {f < 0} = {a(v) >0} C . We
then have, that X, goes from Ry to R_

Proof. From 2. we have that for p € I's; that 8(p,0) A df (p,0) > 0. Now let n € T,)X
with B(n) > 0, df(n) = 0 and v € T,X with df(v) < 0. We then have (v,n) is an
oriented basis for 3 as

(B Adf)(v,n) = B(v) * df (n) = B(n) * df (v) = =B(n) * df (v) > 0.

4. The isotopy class of I's; is independent of the contact vector field v.

5. I'y is nonempty.

Proof. We have that o = fdt + 8. Lets assume I'y; is empty. This is equivalent to

e

f # 0 and thus we can choose another 1-form o’ = G = dt + /3'. The non-integrability
condition then reads as dt A d3’ > 0 and hence we have d3 > 0. As 3/ resp. df3’ are

/Zdﬁ’ > 0.

[as=[ #=o
b %
as 0% is either empty or Legendrian. Thus I's; can not be empty. O

Furthermore we have

We now introduce the Legendrian realization principle, which tells us when a multi-
curve on a convex surface 3 can be made into a Legendrian one after an isotopy as in
the Flexibility theorem. This is an important ingredient for the cutting procedure that
is needed to apply Honda’s algorithm.

Definition 2.17. A union C of closed curves 71, ...,7, on a convex surface X is called
nonisolating if the following conditions hold

1. C Ty,
2. v; and ;, © # j are pairwise disjoint,

3. every component of ¥\(I'y U C) has a boundary component that intersects I's.
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Theorem 2.18 (Legendrian realization principle [7]). Let C' be a nonisolating collection
of closed curves on a convex surface ¥ which is closed or compact with Legendrian
boundary. Then there exists an allowable isotopy ¢, t € [0, 1] so that:

1. ¢o = id,

2. ¢(X) are convex for all t,
3. ¢¢ leaves 0¥ and 'y, fixed,
4. $1(C) is Legendrian.

Definition 2.19. Let (M, ) be a contact 3-manifold. Let ¥ C M be a surface. We say
has standard collared boundary if every boundary component L of ¥ has a standard collar
i.e. an annular neighborhood A = L x [0,1] = R/Z x [0,1] C ¥ with coordinated (z,y)
and L = R/Z x {0}. Furthermore there is a neighborhood A x [—1, 1] with coordinates
(x,y,t) and contact 1-form a = sin(2wnx)dy + cos(2rnz)dt with £ = {a = 0}.

Proposition 2.20 ([7]). Let (M,£) be a contact 3 manifold. Let ¥ C M be a compact,
oriented, properly embedded surface with Legendrian boundary, such that every boundary-
component L satisfies t(L, Frs) < 0. Then there exists a C°-small perturbation near
0% (fizing 0%) such that ¥ has standard collared boundary, followed by a C°°-small
perturbation (fixing an annular neighborhood of 0% ), which makes ¥ convez.

Theorem 2.21. A C*-generic closed surface ¥ is convex.

Definition 2.22. Let X be a surface, 'y, its dividing set and F be a singular foliation
on X. We say F is adopted to I's, if there is some contact structure & on ¥ x I that is
I-invariant (i.e. ¥ is convex under &) with ¥¢ = F and I'y; is also a dividing for ¢'.

Let us now introduce the flexibility theorem. It essentially says, that the contact
topological information in a neighborhood of of a convex surface can be determined by
the dividing set rather than the characteristic foliation.

Theorem 2.23 (Giroux’s Flexibility Theorem [5]). Assume ¥ is convex with character-
istic foliation X¢, contact vector field v and dividing set I's,. Let F be a singular foliation
on ¥ that is adopted to I's;. Then there is an isotopy ¢s, s € [0,1], of ¥ in (M, &) such
that:

1) ¢o =id and ¢s|ryuox = id for all s,

2) ¢s(X) Mo for all s,

3) $1(X) has characteristic foliation F.

An isotopy that satisfies 2) is called allowable isotopy.

Let us now introduce Giroux’s criterion. It is a criterion on the dividing set of a
convex surface, which determines whether a small neighborhood of the surface is tight
or overtwisted.
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Theorem 2.24 (Giroux’s criterion). If ¥ # S? is a convex surface in a contact manifold
(M,§), then X has a tight neighborhood if and only if T's has no homotopically trivial
curves. If ¥ = S%, % has a tight neighborhood if and only if #I's, = 1.

Theorem 2.25 (Eliashberg [2]). Assume that there exists a contact structure & on a
neighborhood of OB which makes OB convex with #Lggs = 1. Then there exists a
unique extension of & to a tight contact structure on B3 up to isotopy which fizes the
boundary.

2.1.5 Dividing set on disks

The main convex surface we are going to be dealing with are convex disks with Leg-
endrian boundary. Thus we are going to look into them more detailed. So let D be a
convex disk with Legendrian boundary in a contact 3-manifold (M,¢) and let X be a
contact vector field transverse to D. By applying Proposition 2.20 we can perturb D,
while fixing 0D, into a convex disk with standard collared boundary, inside an arbitrary
small neighborhood of D. Therefore we usually assume that D has such a standard col-
lar. Hence we have a neighborhood R/Z x [0, 1] x [—1, 1] of D with coordinates (x, y, t),
0D =2 R/7Z x {0} x {0} and defining contact 1-form sin(27nx)dy + cos(2mnz)dt. We then
choose a contact vector field that coincides with dt on that neighborhood (this is a par-
tition of unity argument together with the fact that the space of contact vector fields is
a vector space). By Giroux criterion (Theorem 2.22) I'p can not have any closed curves
and thus it is a collection of arcs. In this picture we have a natural identification of Zs,,
with 'pNIDie. k=0,...2n—1 is identified with (k/2n—1/4n,0,0). The dividing set
I'p then can be thought of as a subset of Z3,. Furthermore R, resp. R_ is the union of
connected components of D\I'p that intersect a region (a,a + 1/2n) x {0} x {0} where
a is positive resp. negative. Let us now consider A = {(ag, bo), .-, (an-1,bn—1)} C Z3,.
Every isotopy class of an arc (ag,by) divides D into two disjoint sets and hence also
divides Zo,, into the sets ar + 1,...,bp — 1 and by + 1,...,ar — 1. If every other arc in
A has both endpoints in one of those sets we can realize A as a multicurve on D and
hence as a possible dividing set. This observation yields the following lemma.

Lemma 2.26. Let D be a convex disk in a contact 3-manifold that has Legendrian
boundary. If th(0D) = —n then the number of isotopy classes of possible dividing sets
for D is the n-th Catalan number

. — 1 <2n>
n+1\n

Proof. We first assume w.l.o.g. that D has a collared Legendrian boundary. We will
prove this by induction. By the above observation we know, that the number of dividing
sets on D is the number of ways to pair the 2np endpoints on 0D that belong to the
dividing set without intersection (i.e. to realize those connections as a multicurve). If
n = 1 there is only one way to pair the 2 points. So let the assumption hold for n = [.
Assume there is an arc (0, k), then a point in {k +1,...,2n — 1} can not be connected

10
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to a point {1,...,k — 1}. Thus the points {1,...,k — 1} resp. {k+1,...,2n — 1} must
be pairwise connected (k must be odd because if not we would pair an odd number of
points which is not possible). The number of ways to pair {1,...,k — 1} by induction is
C(k—1)/2 and the number of ways to pair the points {k + 1,...,2n — 1} is C(gp_g—1)2-
As all those choices give rise to different dividing sets, and all choices are different we
get the formula

n—1

Co = CiCuoi1.
k=0

The use of Cy in the formula is not a problem as there is only one choice to pair 0 points.
This sum then corresponds to the n — th Catalan number (see [9]). O

2.1.6 Edge rounding

The following result is a result in [7] that uses the work of [3]. Let ¥; and 32 be two con-
vex surfaces with Legendrian boundary, that have some common connect boundary com-
ponent L. C 031NJ%s. Then similar as in Proposition 2.18 there exists a parametrization
of a tubular neighborhood {z% + y* < e} C R? x R/Z of L = {0} x {0} x R/Z with
coordinates (z,y,z) and contact one form a = sin(27mnz)dxr + cos(2mnz)dy, for some
n € Z1 such that there is a a C%-small perturbation of ¥, ¥ close to L such that

S n{z?+i<e}={z=00<y<e},

and
Yon{z? +1y2 <e}={y=0,0<z<e}.

We take d/dx to determine I's;, and —d/dy to determine I's;,. We call such a parametriza-
tion a mormal parametrization for L,3¥1,%9 and £&. Now rounding the edge at L as
{(z,y)|(x—e)*+(y—e)? = &2} gives rise to a new surface ¥.. The dividing set I'y; arises by
connecting the dividing curve z = k/(2n) on ¥; to the dividing curve z = k/(2n)—1/(4n)
of Yo, see figure 2.3. The important part for us is, how the dividing set of the surface %
can be compute from the dividing set of ¥; and Xs.

2.1.7 Bypasses

Let us now introduce the notion of a bypass (introduced byh Honda [7]).

Definition 2.27. Let 3 be a convex surface. A bypass is a half-disk D with 9D = aU S
Legendrian arcs for which the following hold:

1. a =3 ND (we call a the attaching arc),
2. 'y Na = {p1,p2,p3} where p1, pa, ps are distinct points,

3. amﬂ - {p17p3}7

11
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Figure 2.3: Left is the surface with edged and right is the surface after edge rounding.
The blue lines are the dividing curves.

4. for one orientation of D, p; and ps are both positive elliptic singular points of the
characteristic foliation on D, ps is negative elliptic, and all the singular points along
[ are positive.

A bypass gives rise to a perturbation of ¥ over the bypass half-disk D which changes
the dividing curve of >:

Theorem 2.28 ([7]). Assume D is a bypass for a convez surface ¥.. Then there exists a
neighborhood of XU D C M diffeomorphic to ¥ x [0,1], such that ¥ and X1 are conver,
Y x [0,¢] is I-invariant, ¥ = ¥, and 'y, is obtained from T's; by performing the Bypass
attachment operation shown in Figure 2.5. Let Ry, R_ resp. R'_, R"_ be the positive and
negative region of X resp. ¥1. Then x(Ry) — x(R-) = x(R'.) — x(R.).

If the orientation of ¥ coincides with the normal orientation induced by D we call
the attachment an attachment from the front and the dividing set changes as in figure
2.5, and if not we call the attachment an attachment from the back and the dividing set
changes as in figure 2.6. It often makes sense to look how a bypass attachment changes
the dividing set without knowing that the bypass disk exists. We therefore consider an
arc 0 and assume it is the attaching arc of some bypass disk. The arcs in figure 2.7 are
defined as the trivial and disallowed bypasses (attached from the front). In fact a trivial
bypass does not change the isotopy class of the dividing curve while the disallowed one
adds two trivial components to the dividing set. The following Lemma gives a criterion
on the existence of a trivial bypass.

Lemma 2.29 ([7]). Let ¥ be an oriented, convex surface in a contact manifold (M,§),
and let 3 x [0,1] be a [0, 1] invariant neighborhood of ¥ = ¥ x {0}, oriented such that if t

12
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~ diidisty oot
Figure 2.4: A bypass disk.

e
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Figure 2.5: A bypass attachment. The left shows the dividing set before and the right
the dividing set after the attachment. The orientation of ¥ coincides with
the normal orientation of D.

is the coordinate for [0,1] then 0/0t is the oriented normal for X x {t}. Let ¢ be a trivial
attaching arc of a possible bypass then a bypass disk exists in ¥ x [0, 1] with attaching
arc §.

2.1.8 Compression

Definition 2.30. Let ¥ C M be an embedded surface without boundary, we call an
embedded disk D in M a compressing disk, ifft DNYX = dD and D is transverse to 3 at
oD.

Let D be a compressing disk in M and let D x [—1, 1] be a tubular neighborhood of
D with D x [-1,1]NYX = 9D x [-1,1]. Then ¥\D x (—1,1) is a surface (with corners).
This surface is called the compressed surface and the surgery is called compression.

Let (M,§) be a contact 3-manifold where OM is convex i.e. there is an I = [0, 00)-
invariant neighborhood OM x I of OM = OM x {0} for &. When we apply C°-small
perturbations, the flexibility Theorem or the Legendrian realization principal close to

13
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)
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Figure 2.6: A bypass attachment from the back.
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Figure 2.7: Trivial and disallowed bypasses.

the boundary of M we use that (M, §) = (M\(OM x [0,k)),&|an amx[o,k))) and apply it
to M\(OM x [0,k)) for k >> 0. We are not going to mention that in the following and
just assume that the procedures work on the boundary as well.

Let us now transfer the idea of compression to the contact world. In a tight contact
3-manifold (M, &) with convex boundary, a compressing disk D for OM can be made
convex. First of all we apply the Legendrian realization principal to the boundary of D
which yields an isotopy on M that gives us a new disk D with Legendrian boundary. Now
—n =th(dD) < 0 (As M is tight). Now we can use Proposition 2.18 to perturb D into a
convex disk. Then as in the edge rounding chapter we can C%-perturb M and D such
that there is a tubular neighborhood {z2+%? < ¢} C R2xR/Z of 9D = {0} x {0} xR/Z
with coordinates (z, y, z) and contact one form a = sin(27wnz)dx+cos(2mnz)dy, such that
Dn{x?+y*<e}={r=0,0<y<chand OMN{a®>+y><e}={y=0,0<2z <e}.
Compressing D then gives a surface with corners. Applying the edgerounding tools we
discussed earlier we can make the surface with corners into a smooth convex surface
and thus get a new tight contact 3 manifold with convex boundary. From now on we
only write M\ D and mean the manifold that arises from the surgery of compression and
edgerounding discussed above. This surgery also works for multiple disjoint disks.

14
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2.2 Honda’s algorithm

The purpose of this section is to introduce Honda’s [8] algorithm (the following results
and definitions are all introduced in Honda [8]). Let M be compact and oriented 3-
manifold. Let I be some multicurve on OM and let F be a singular foliation that is
adopted to T.

Definition 2.31 ([8]). We define Z(M,F) to be the isotopy classes of tight contact
structures on M whose characteristic foliation is F. Furthermore let Z*(M,F) =
Z(M,F)U{x}, where x is a single point corresponding to the overtwisted contact struc-
tures.

Remark 2.32. Let F and F’ be two characteristic foliations that are adopted to I'. The
Flexibility theorem gives rise to a natural bijection (proven in [7])

(M, F) S T(M, F).

Thus we sometimes write Z(M,T") instead of Z(M, F).

Let us now discuss the handlebody case i.e. let M be a handlebody of genus g. Let
Dy, ..., D, be compression disks such that M\(DyU---UDy) = B3. Let £ be a contact
structure defined in a neighborhood of ¥ = M and Dq,...,D, such that OM and
Dy, ..., Dy all have a tight neighborhood and all are convex. As compression is a surgery
that takes place in a small neighborhood of the compressed and the compressing surfaces
B3 = M\(D1U---UD,) is a well defined manifold and £ is a contact structure defined in
a neighborhood of B3 such that B3 is convex. Then by Giroux’s criterion 9B has a
tight neighborhood if and only if #['55s = 1. If that is the case, by Theorem 2.25 there
is a unique extension of & to a tight contact structure on B3 up to isotopy fixing the
boundary. Hence if #1'gs = 1 there is a unique extension of £ on M which is uniquely
defined by the characteristic foliations on ¥ and Dj,..., D4 up to isotopy fixing the
characteristic foliation on ¥ and Dy, ..., Dy. Thus the characteristic foliations on 3 and
Dy, ..., Dy give rise to a unique element of Z*(M, 3¢). By the flexibility Theorem and
Remark 2.32 it is the dividing sets of OM and D1,..., D, that determines the element
in Z*(M,I'y).

We now just want to consider I', I'y, ..., I'y. To do that we need the extra assumption
that all 0D admit a normal parametrization. This yields that 9Dy N T" and 0D NIy
are alternating. On the other hand if 0D, NI and 0D, NIy are alternating we can
choose a contact structure 7 in a neighborhood on M U Dy U ---U Dy, such that OM
is adopted to dM,, and I'j, are adopted to (D), and such that dD; admit a normal
parametrization (we are not going to go through that construction but it can easily be
constructed with the tools we know by now). This leads to the following definition.

Definition 2.33 ([8]). Let M be an oriented handlebody of genus g, I' be a multic-
urve on X = OM that does not have homotopically trivial curves, such that there is a

characteristic foliation F adopted to I'. Let Dy, ..., Dy be compressing disks for ¥ with
—ny = th(0Dy) = 1/2-#(0Dy, h T') = 1/2-#(0Dy,NT) such that M\(D1U---UD,) = B3.

15
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We define C to consist of all possible dividing sets C' = (I'1,...,I'g) of (D1 U---U Dy)
such that for every k = 1,...,g we have I';, does not have close curves and 0D, NI" and
0Dy N Ty are alternating. We call C the configuration space, C € C a configuration disk
and 0D NIy the endpoints of T'y.

Remark 2.34. By our observations if we choose a characteristic foliation F that is adopted
to I', then an element in C € C yields a unique element in Z*(M, F) i.e. there is a well
defined surjective map

v: C — I*(M,F).

To better deal with a configuration space we want to use the picture we introduced
before, where a dividing set on Dy can be represented by a subset of Z%nk. We further
want to define Ry and R_ on each Dj. As in a configuration space we neither have
chosen an orientation for the Dy, nor a characteristic foliation adopted to I'y, we are
going to make a choice.

Definition 2.35. An enumeration of a configuration C is a choice of orientation for each
Dy, and a choice of counterclockwise identification of 0Dy \I" with Za,,, .

Remark 2.36. Let C be enumerated. Then choose a normal parametrization of 9D, 0M, D
(defined in Subsection 2.1.6) such that the identification of I's; N Dy, with Zy,,, (defined
in Subsection 2.1.5) corresponds to the enumeration on C. We have seen that Ry and
R_ are well defined for Dy. Furthermore they do not depend on the choice of normal
parametrization. A component of Dy \I'y is in Ry resp. R_ if there is a component of
0D \I'y, connecting a to a + 1 where a is even resp. odd.

Definition 2.37 ([8]). Let C' € C be a configuration such that I'ygs has only one
connected component i.e. a closed curve. Then we call C' potentially allowable.

A potentially allowable configuration gives rise to a contact structure on M for which
the cut open manifold is tight. This is a necessary condition that the contact structure
on M is tight. Honda’s algorithm shows that this is not sufficient.

Let C be a potentially allowable configuration. Then every Dy, gives rise to two disks
D,i, D,% C 0B3. Therefore an abstract bypass attachment on Dj, with attaching arc o
gives rise to a bypass attachment on B3 from the back with attaching arc o! C D}
or o? C DZ-Q. If o! resp. o? is that attaching arc, then Lemma 2.29 gives that there
exists a bypass disk in B? with attaching arc a! resp. o if the corresponding bypass
attachment is trivial i.e. if the bypass attachment yields a connected dividing set on
0B3. The change of the dividing set induced by that bypass attachment yields a new
configuration which yields the same element in Z*(M,T"). This suggests the following
definition.

Definition 2.38 ([8]). Let C' € C be potentially allowable and let C' € C. We call
C +— C" an allowable state transition, iff :

1. C is potentially allowable,
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2. (' can be obtained by an abstract bypass attachment on D; € C' that is neither trivial
nor disallowed,

3. the abstract bypass attachment, applied to the cut-open manifold for C' (i.e. to I'gps)
from the interior of B? is a trivial bypass attachment.

Remark 2.39. Let C = (T'1,...,Ty),C" = (I'},...,T}) € C be allowable such that C' —
C’, then C +— C" implies C' — C. This holds as for every abstract bypass attachment
applied to some I’y with attaching arc « that gives I'j there is an abstract bypass
attachment on I, with attaching arc o’ that yields I'y and checking whether one or the
other is an allowable state transition yields the same curve on 0B3.

This leads to the idea of defining a graph G that has points C and edges I C C x C
that are precisely the allowable state transitions.

Definition 2.40 ([8]). C € C is called allowable, iff every C’ € C that is connected to C'
in G is potentially allowable. Denote the set of allowable configuration by Cy C C and
set of connected components in Cy by m(Cp). For an allowable C' we denote by [C] the
connected component of C' in G (on Cy, G is reflexive).

Let F be characteristic foliation adopted to I', let C' € C and let £ be induced by
C. Then Honda proved, that if there is an overtwisted disk in M that does not appear
in B3, then there is a sequence of perturbations of Dy, ... , Dy, such that D does not
intersect D1,..., D, anymore, and hence that the overtwisted disk appears in B3. He
further proved that the change of the dividing sets on the Dy is induced by a sequence
of allowable state transitions. Honda further used a Theorem by Giroux stating,that
an isotopy of & relative to the boundary induces a change of diving set on the Dy that
as well is induced by a sequence of allowable state transitions. This then leads to the
following theorem.

Theorem 2.41 ([8]). ¢ restricts to a surcjective map Co — Z(M,T") which again factors
trough the bijection

~

7'('0(60) — I(M, F).

This yields an algorithm to find the number of tight contact structures of a handlebody
M with fixed characteristic foliation F, that is adopted to some multicurve I':

1. Find compressing disks Dy, ..., D, such that M/(D;U---UD,) = B3,
2. find all the allowable state transitions for all potentially allowable configuration C,

3. find all the connected components of G that only contain potentially allowable con-
figurations,

4. the number of those connected components then is the number of tight contact struc-
tures.

17
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2.2.1 Applying Honda’s algorithm

Let M be an oriented handelbody of genus g and I'" be a multicurve on 9M such that
there is a characteristic foliation adopted to it. Further let Dy,..., D, be compressing
disks for OM with M\(Dy U ---U D,) & B3, 2n; = 0Dy th v = 0D, N T for all
k =1,...,g and C be the corresponding configuration space. Let C' = (I'1,...,T}) €
C be potentially allowable. Then every Dj; and I'y has two copies in the cut open
manifold M\(DyU---UDg,) = B3 (before edgerounding). The copies of Dy, have opposite
orientation in B3 (we choose the submanifold orientation for 9B3). As R? = §? — {p}
for some point p € S?\I'g2 we can sketch the dividing set of the cut open manifold in a 2-
dimensional plane (induced by an orientation preserving map). In that plane we indicate
the number in Zsy,, corresponding to the endpoints of I'y. Furthermore we sketch the
two copies of each Dy next to each other to indicate which disks correspond to each
other. As edgerounding only changes a small neighborhood of dDj, edges as in Figure
2.8. After rounding we still indicate the copies of Dy, the I'y and the endpoints of T'. An
abstract bypass on C with attaching arc a on I'y, then corresponds to a bypass from the
back with attaching arc a' where a! is one of the copies of a in the representation and
vise versa. Attaching o' from the back yields a new dividing set and if it is connected

s

e

st

Wi

hubulog nﬁéhhm\\oo&

Figure 2.8: The left picture shows a configuration disk in B3 before edge rounding, the
right picture shows the same disk after edge rounding.

then the corresponding state transition is allowable. Let o be the other copy of « in
the representation. Then attaching a' from the back and a? from the front yields a
new configuration which corresponds to the state transition induced by a. Therefore we
work with representations of configuration to apply the algorithm. Furthermore as we
only change the dividing sets that correspond to I'y, and we only check for connectedness
of a curve we sometimes in the representation replace the curves corresponding to I' by
curves that are connecting the same endpoints of the copies of Dy, as I does. As we only
care about the connectedness of the curve we will later also allow intersections in these
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2.2 Honda’s algorithm

representations.

Ezample 2.42. Let us consider the torus M = R/Z x D. We choose a compressing
disk D; = {0} x D. Let I be a multicurve on M that has 4 components that each
intersect OD one time. The representation of an arbitrary configuration before edge-

Figure 2.9: Before edge-rounding.

Figure 2.10: After edge-rounding.

rounding is shown in figure 2.9 and after edge-rounding is shown in figure 2.10. There
are only two configurations. The representations of those can be seen in figure 2.11. As
neither one has a nontrivial abstract bypass there can not be allowable state transitions.
Furthermore both configurations are potentially allowable and as they form a connected
component in the graph G both are allowable i.e. |Cy| = 2. We will see more complicated
examples in the following chapters.
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Figure 2.11: The tow configurations.

Let us try to understand how complicated the algorithm can get, by understanding
how many points G has.

Lemma 2.43. The number of configurations in C is Cp, -+ Cp,.

Proof. This follows from Lemma 2.24. O

2.2.2 Generating possible dividing sets

We now introduce a technique, to generate a new possible dividing set on a handlebody
from a possible dividing set I': Let M be a handlebody with possible dividing set I'
on OM that has a tight neighborhood i.e. that has no homotopically trivial connected
components and has a characteristic foliation F adopted to it. Let L = R/Z be a curve
on OM, that intersects I" transversally 2n times. The take a small tubular neighborhood
T = [—e,¢] x [0,¢] x R/Z of L = {0} x {0} x R/Z with coordinates (x,y,z) with
OMNT = [—¢,¢] x {0} x R/Z. Let a = sin(2nnz)dx + cos(2mnz)dy. Then choose a
characteristic foliation F on 0M that on dM NT is induced by .. Then cutting T cutting
T open along {0} x [0, ] x R/Z gives rise to two manifolds T} = [—¢, —£] x [0, ¢] xR/Z and
Ty = [€,e] x [0,e] x R/Z for some € < . Gluing {—£€} x [0,¢] x R/Z to {€} x [0,¢] x R/Z
with the identification map (—&,y,2) — (£,y,2z — k/n) gives a new manifold where « is
a well defined. This yields a surgery on M in a neighborhood of L that gives a new
surface ¥’ and a with new multicurve IV where ¥’ is diffeomorfic to M. Thus under
such an isomorphism I" induces a multicurve on OM that has a characteristic foliation
that is adopted to it and hence if it has no homotopically trivial curves we can apply
Honda’s alogorithm to it.

Let L be a curve on M that is transverse to I' with n = #(0M NT'). Then choose
a parametrization of a neighborhood [—¢,¢] x R/Z with L = {0} x R/Z parametrized
by (x,y) such that I' N [—¢,¢e] x R/Z = [—¢,¢] x {1/2n,2/2n...,2n/2n}. We then say
we twist the dividing set by k € Z around S! and mean to replace I' on [—¢,¢] x R/Z
by a dividing curve connecting {l/2n} x {—¢c} to {(I + 2k)/2n} x {¢}. By the above
observation the new multicurve has a characteristic foliation adopted to it. The isotopy
class of the new curve does not depend on the orientation of L.

Definition 2.44. We say we twist I' by k around L and mean the procedure above.
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If L is bound by a disk the sketch in figure 2.12 (a) indicates such a twist, the sketch
in figure 2.12 (b) shows a twist by 2.

N 7N\
\ T\
k '
/ -
/ N
(a) (b)

Figure 2.12: Twisting by k.

2.3 Continuous fractions

Continuous fractions play an important role in the classification of tight contact struc-
tures on handlebodies. Let p,q € N such that ged(p,q) = 1 and (p,q) # (1,1). We then
write

1
p/q:[ro,...,rh]:ro—i_ T, forr; > 2

L= o T

Remark 2.45. rg,...,r, are unique. This can be proven by induction: As 0 < ] <
1, we have that ro = (%W then
p_ gqo—p_ 1
- - q
q qro—p

Then by induction qn;’_p = [r1,..., 7). This argument gives a way to compute 7, ..., rp.
Sometimes we will write (n,[rg,...,7]) instead of (n,p,q). Furthermore there is an
inductive way to compute p,q from rg,...,rp, i.e. let p, = rp and ¢, = 1 and define

Di—1 = Ti—1'Di— i, ¢i—1 = pi- Then (p,q) = (po,q0). We sometimes write [rg,...,r, —1]
which is not well defined if r;, — 1 = 1 but we can still use the definition to obtain well
defined p/q = [ro,...,rp — 1].

We will use the notation
a mod b

and mean the smallest number r > 0 such that » = ¢ (mod b).
Lemma 2.46. Let p/q = [ro,...,mh] and p/G = [r1,...,71]. Then let s,5 € N such that

s-2q mod 2p = § - 2¢ mod 2p.
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Let 0 < r be the smallest number such that (s + r) - 2¢ mod 2p < 2p, then

(s+7)-2¢mod 2p = (5+1) - 2¢ mod 2p.
Proof. Fist of all we note that ¢ = p and p = rop — ¢ and thus

2p—r0-29=2(ro-p—q) —ro-2p=—2q.
Further note that

s-2q mod 2p < 2p = 2¢q
and
5-2@mod 2p = s-2gmod 2p = s-2p mod (2(rop — q))-
Let 0 < r be the smallest number such that
2p < s-2¢gmod 2p+1-2q

then as 2q < 2p

(s-2q mod 2p+7-2q) mod 2p = s-2¢g mod 2p + r - 2q — 2p.

If we exchange p and ¢ in (2.6) we get
2(ro-p—q) <s-2pmod 2(rg-p—q) +r - 2p.

We distinguish 2 cases.
Case 1:

s-2pmod 2(rg-p—q) < 2(p — Q).
This implies
s-2q mod 2p + 2¢ < 2p..
Then (2.8) implies 7 = ro. We then have

(s+7)-2¢g mod 2p = (s - 2¢ mod 2p + 7 - 2¢) mod 2p

(Z)S-quod2p+r-2q—2p

28 s-2q mod 2p + 24

2D 5. 24 mod 2 + 24

[\)
©o

2 (5. 2§ mod 25 + 24) mod 25
— (54 1) - 24 mod 27j.

(

22

(2.3)

(2.4)

(2.5)

(2.9)



2.3 Continuous fractions

Case 2:

s-2pmod 2(ro - p — G) = 2(p — q)-

This implies

s-2q mod 2p — 2(p — q) (2.10)

Then (2.8) and (2.4) implie r = 9 — 1. We then have
(s 4+ r)-2¢mod 2p = (s-2g mod 2p + r - 2¢) mod 2p

2.7
(:)s-2qmod2p+r~2q—2p

22 . 2¢ mod 2p — 2(5 — §)

%9 5. 24 mod 25 — 2(5 — §)

= (§-2¢mod 2p — 2(p — ¢)) mod 2p
=(5+1)-2¢ mod 2np.

As r by (2.6) is the smallest candidate such that (s + ) - 2¢ mod 2p < 2p the Lemma is
O

true.

Lemma 2.47. Let p/q = [ro,...,r1]. Let further

L _J0 if rg,...,rp =2
AT max{0 < i < h|r; > 2} else.

Then

[ros--srh — 1] = [ro, -+, hmax — 1]

Proof. Let rp, > 2 then hpax = h and thus the statement is true. If h = 0 then hpyax =0
and thus the statement is true. If h # 0 and r, = 2 we have

1
[roy. ., — 1] =19 — 1
7‘1—...7% - T
- rp—1
1
7740_7- - I
1 Th—1—7
1
Tl_'”Th—l—l
:[T‘o,...,Th_l—l].

Induction then gives the statement of the lemma. O

Lemma 2.48. Let p/q = [ro,...,rx], h > 1, let p/G = [ro,...,rn — 1] and let p/q =

[r0y-.-,"h—1]. Thenp—p=p and q—q=4q.
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Proof. We use induction on h. If h = 1 then p = rgr; — 1 and ¢ = r;. Furthermore
p=(r1—1)rp—1land §=r; — 1. Hence p—p =rgry — 1 — ((r1 — 1)ro — 1) = rp and
q—G=ro— (ro—1) = 1. Therefore p = ryp and § = 1. Now assume the statement is
true for h <l and let h =1+ 1. Let p1/q1 = [r1,-..,74], P1/@1 = [r1,-.-,7h—1]. Then

P1/q1 344 [r1,...,7n — 1]. We have the following identities:
pP=Top1 —q1
q=Dp1
D1 =1rop—(q
Q1=p
P =rop1 —q1
q=pi-

Then induction gives p1 — p1 = p1 and ¢1 — ¢1 = ¢1. Taking all together we ge

p—p=rop1 —q — (rop1 — ¢1)
=7ro(p1 —P1) — (@1 — q1)

=T1op1 — ¢
= barp,
and
q—q=p1—p
=p1
=q.

O
Corollary 2.49. Let p/q = [ro,...,7rs] and p/G = [ro,...,7n—1], then p > p and ¢ > §.

Proof. The case h = 0 is trivial as p=rg,g=1and p=7r9—1,§ = 1. The case h > 1
is a consequence of 2.47. O
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The classification of the number of tight contact structures on the solid torus S x D?
for some fixed dividing set on its boundary S' x dD? is a key ingredient for the results
on more general handlebodies.

Let us first consider the class of possible dividing sets. Let 9(S! x D?) = S x 9D? =
R/Z xR/Z = T? with coordinates (x,%). A multicurve I on T2 with 2n components and
without homotopically trivial curves components can be isotoped such that it consist of
2n curves with slope ¢/p where ged(p,q) = 1. W.lo.g. we use the convention p > 1
if the slope is # 0 and p = 1,q = 0 if the slope is 0 (Such a characterization can be
found in [7]). On a solid torus we can perform Dehn twists to get a diffeomorphism
of T? that gives rise to a contactomorphism by pushing the contact structure forward.
This changes the dividing set from (n,p, q) to (n,p, kp + q) for a consecutive number of
Dehn twists that correspond to k. Therefore both dividing sets (n, p, q¢) and (n, p, kp+q)
correspond to the same number of tight contact structures.

Definition 3.1. For a dividing set I" that corresponds to (n,p,q) we write N(n,p,q)
and mean the number of tight contact structures on 72 that are adopted to I' up to
isotopy fixing the boundary. The compressing disk {0} x D gives a configuration space
which we denote by C(n,p, q). The corresponding graph is denoted by G(n,p,q).

Remark 3.2. We have N(n,p,q) = N(n,p,kp + ¢q). Thus w.lo.g. we assume, that
p>q=>0.

The dividing set corresponding to (n,p, q) can also be represented by a dividing set I
on the torus with 2np components parallel to R/Z x {0} i.e. a dividing set corresponding
to (np, 1,0) that is twisted ng times around {0} xR/Z. With that in mind a configuration
viewed on B3 corresponding to (n,p, q) obtained by taking {0} x D? as the compressing
disk can be sketched as in figure 3.1 (b) by sketching the copies of {0} x D? on dB? as
lines with identified endpoints. We then can get rid of the nq twisting which results in
figure 3.1 (c). This will be the representation of a configuration that we work with.

Remark 3.3. As mentioned the exact behavior of the dividing set between the two copies
of the compressing disk is not important to the algorithm, but only the information which
points on the boundary of the two copies of the compressing disk are connected. Thus
in figure 3.1 there are curves that intersect. A configuration then is a way of connecting
the boundary points on the left resp. the right disk (remember the boundary of those
disks is viewed as a straight line with identified endpoints) such that the pictures are
mirrored.
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nq nq -
] . — 2nq
LI L N
(a) (b) (e

Figure 3.1: Picture (a) shows the cut open torus before rounding and picture (b) after
rounding. Picture (c) shows the cut open torus after rounding and resolving
the ng twist. The dividing set corresponds to (n, p, q)

Definition 3.4. We call figure 3.1 (c) a representation of a configuration (if we fill in
the dividing set). If we don’t fill in the dividing set figure 3.1 (c) is called the frame, np
is called the size and 2ng — 1 is called the slope.

Remark 3.5. For an enumerated configuration space the enumeration carries on to the
representation of a configuration. For the right choice of identifying the boundary of the
inner disks with a straight line, the frame looks as in figure 3.2 (a).

For the frame of an enumerated configuration space it is sometimes useful to change
the enumeration.

Definition 3.6. We call a change of enumeration induced by a map Z,, — Zp,, z —
z + k a rotation of the enumeration and the change of enumeration induced by the map
Linp — Ly, 2 — —z a mirroring of the enumeration.

Remark 3.7. We sometimes work with a frame that we do not identify with a cut open
torus and apply Honda’s algorithm. In that case the size and the slope of the frame
characterize the frame completely.

3.1 First results

Let us first go through some general results i.e. we consider C(n,1,0) and C(1,p,1). The
ideas presented here can be generalized for an arbitrary choice of (n,p,q). The basic
idea is, that for a configuration C' in one of those configuration spaces the existence of a
boundary parallel arc gives rise to an identification of C' with a configuration in a more
simple configuration space a configuration space that has less elements.

Lemma 3.8. Every configuration in C(n,1,0) is potentially allowable.
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np-1 np-1 0 0

0 0 np-1 np-1

(a) (b)

Figure 3.2: Picture (a) shows an enumerated frame. Picture (b) shows a frame of an
enumerated configuration space.

Proof. Every configuration has a boundary parallel arc. The representation has slope
—1 and thus we can perform the operation in figure 3.3. This operation gives a rep-

>

/

T~

Figure 3.3: Operation for a boundary parallel arc on a representation with slope —1.

/

resentation with slope —1 and 2(n — 1) points i.e. corresponds to the representation of
the configuration obtained by deleting the boundary parallel arc corresponding to the
dividing set (n — 1,1,0). The new configuration is potentially allowable if and only if
the first configuration is potentially allowable (the operation does not change the con-
nectedness of the representation). Now induction gives the hypothesis as for (1,1,0)
every configuration is potentially allowable (the representation has two points and slope
—1). O

Before we prove that for G(n, 1,0) there are no allowable state transitions, we need a
result regarding boundary parallel arcs.

Lemma 3.9. Let D be a configuration disk with dividing set T' and tb(0D) = —n. If v
is the attaching arc of an abstract bypass then ~y intersects all boundary parallel arcs of
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I if and only if n = 3.

Proof. Assume n > 3, then there must be a component v of I' that does not v as v only
intersects 3 ars. If v is boundary parallel we are done. If not v divides D into two parts,
one of which contains . The other part must contain a nonzero number of components
of I'. Now choose a component of I' contained in that part and use induction. If n < 3
there are only trivial and disallowed abstract bypasses (we do not consider those in the
algorithm). O

Lemma 3.10. G(n,1,0) has no allowable state transitions.

Proof. Let v be the attaching arc of an abstract bypass in the representation of a con-
figuration. Lets assume, that there is a boundary parallel arc that does not intersect ~.
We then can perform the operation in figure 3.3 and the condition that the attachment
is potentially allowable is the same in both pictures as the bypass does not change the
boundary parallel arc. Using induction we get a picture in which there is no boundary
parallel arc that does not intersect v. By Proposition 3.5 the size of the frame is 3. For
n = 3 there are only 4 different configurations that admit an abstract bypass that is
neither trivial nor disallowed. All of those are rotations of one another and hence by an
allowable rotation the abstract bypass attachment looks as in figure 3.4 (a) or (b). We

(@) ®)

Figure 3.4: Possible bypasses after removing boundary parallel arcs.

see that applying such a bypass results in 3 different curves and thus the state transition
is not allowable. O

Proposition 3.11. N(n,1,0) = C,,.

Proof. As all configurations are potentially allowable and there are now allowable state
transitions we have that C = Cp and that 7y(Cy) = #Cy = #C. Then Lemma 2.38 gives
#C = C,. O

Remark 3.12. In other words, if we apply the algorithm to a frame with slope —1 and
size n we get C), allowable components of the graph G.

Lemma 3.13. In C(1,p, 1), all configurations are potentially allowable.
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Proof. The frame of a representation has slope 1. If we mirror the a representation of
a configuration horizontally we get a frame with slope —1. We have already seen, that
such a representation consists of a connected curve. As mirroring a representation does
not change the circumstance whether the curve is connected or not we obtain, that all
configurations are potentially allowable. O

Lemma 3.14. In G(1,p,1) all state transitions are allowable.

Proof. Let v be the attaching arc of an abstract bypass on the representation of a
configuration. In the manner of Lemma 3.6 we can get rid of boundary parallel arcs that
do not intersect v inductively and by Lemma 3.5 we end up with a representation of
size 3 and slope 1. As all configurations of size 3 that admit a nontrivial non degenerate
abstract bypass are rotations of one another the bypass attachment (after some rotation
of the inner disk) looks as in figure 3.5 (a) or (b). The resulting dividing set is connected

(a) (b)

Figure 3.5: Possible bypasses after removing boundary parallel arcs.

and thus every state transition is allowable. O

We now want to prove, that for an enumerated configuration space x(R4+) is an in-
variant of of the connected component of an allowable configuration.

Lemma 3.15. Let D be a convex disk in a contact 3-manifold with tb(0D) = —n and
dividing set T'. Then x(R4) + x(R-) =n+1.

Proof. As every connected component of Ry and R_ is homeomorph to a disk we have
that x(R+)+ x(R-) is the number of connected components of R4 U R_ i.e. the number
of connected components of D\I'. Using induction on the number of components of a
multicurve IV on a disk D’ gives, that the number of connected components of D'\I" is
the number of connected components of I plus 1. This yields the lemma. ]

Lemma 3.16. Let C(n,p,q) be enumerated. Then x(R4) is an invariant for each al-
lowable component on C(n,p,q).

Proof. By Theorem 2.28 x(R4) — x(R-) is invariant under bypass attachments and as
by Lemma 3.15 x(R4) + x(R-) = np + 1, we get, that {(R;) is an invariant. O
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Ezample 3.17. Let C(n,p,q) be enumerated. Then the configuration with dividing set
((0,1),. ., (2(k—1), 2(k—1)+1), (2k, —1), (2k+1, (2(k+1)), ..., (2(np—2) +1, 2(np—1)))

has x(R4) = k. With the previous proof this gives, that x(R) can be 1,...,np.

Remark 3.18. The previous lemmas give us that N(1,p,1) > p as the y(Ry) is an
invariant for a connected component of G(1,p,1) and as further all components are
allowable..

Definition 3.19. Let C(n, p, q) be enumerated and C' € C(n,p, q). We then call x(R(C))
the partition number of C.

Lemma 3.20. Let C(1,p,1) be enumerated. Then for a pair of configurations with
the same partition number (x(Ry)) there is a series of abstract bypass attachments
connecting them.

Proof. Let C € C(1,p,1) with k = £(R4+(C)). Then assume that C' contains the bound-
ary parallel arcs (0,1),...,(2(1—1),2(I—1)+1). Choose [ to be maximal. If [ < k, then
there must be a not boundary parallel arc (a,b) # (2[,—1) as else C' is as in Example
3.17 and thus x(R4(C)) =1 < k which by assumption is wrong. Let us assume there is
a boundary parallel arc (2] 4 1,2(l + 1)) then choose an attaching arc « that intersects
(204+1,2(l+1)), (a,b) and another arc not in (0,1),...,(2(l—1),2(l—1)+1). A bypass
with attaching arc « from the front or the back (does not matter) gives an allowable
state transition C' — C” where C’ contains (0,1),...,(2(l—1),2(I—1)+1) and does not
contain (20 +1,2(141)). Then a bypass attachment from the back on C” with attaching
arc intersecting the arcs that have and endpoint 2/, 2] 41 or 2]+ 2 gives a state transition
C" — C where C contains (0,1),..., (21,2l + 1). By induction we thus can connect C
via allowable state transitions to the configuration in Example 3.17 that corresponds to
k. O

Proposition 3.21. N(1,p,1) =p.

Proof. This is a result of the previous observation that all state transitions are allowable
and the fact that two configurations are connected via a sequence of abstract bypass
moves if and only if they have the same partition number (this is just a combi.nation of
Lemma 3.18 and Lemma 3.15). O

3.2 Finding allowable state transitions

First we are going to introduce some allowable state transitions that exist for an allowable
configuration. Then we are going to show allowable configuration can be connected to
a configuration containing a boundary parallel set via a sequence of allowable state
transitions.
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Definition 3.22. Let C' € C(n,p,q) be a configuration. We then call a number of
arcs aq,...,qx in C a sub-configuration of C' if the endpoints of aq,...a; as a set are
consecutive i.e. of the form s, ..., e for some s,e € Zay,,. We call s the start and e the
end of the sub-configuration. We call k the size of the sub-configuration.

Let us first consider how an abstract bypass from the back in the representation of
a potentially allowable configuration looks like. Let I' be the dividing curve and « the
attaching arc. Remember that for a potentially allowable configuration the representa-
tion contains exactly one closed curve. Then a bypass attachment looks either as figure
3.6 (a) or (b). The key principal is then: A boundary point and the middle point are
connected via an arc of I' that does not intersect « in another point. If that arc is as
in a trivial bypass attachment from the back, we get, that o attached from the back is
trivial. This is not surprising as it is just another way of saying what a trivial bypass is,
but it gives us a good method to check it in a representation.

T | P

(a) (b)

Figure 3.6: Possible inner bypasses on the representation of a potentially allowable con-
figuration. (a) is trivial and (b) is disallowed.

Let us prove the following Lemma that gives us a set of allowable state transitions for
every boundary parallel arc contained in a configuration.

Lemma 3.23. Let C(n,p,q) be enumerated and let C € C(n,p,q) be a allowable. Let
further (k1,ke) be an arc of C, then:

i) an abstract bypass from the front with attaching arc that intersects the k1 + 2nqg — 1
arc at one endpoint and the ko + 2ng — 1 arc at the middle is an allowable state
transition.

i1) an abstract bypass from the back with attaching arc that intersects the ko — (2ng—1)
arc at one endpoint and the k1 — (2nq — 1) arc at the middle point is an allowable
state transition.

Proof. Figure 3.7 shows a part of the representation of C' which has slope 2ng — 1. The
principle introduced above then gives that the bypass in figure 3.7 attached from the
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back are trivial. Bypass (a) corresponds to a bypass attached from the back of D; and
bypass (b) corresponds to a bypass attached from the front of Dj. O

k_2+2nq-1

k_1+2ng-1

k_1 k_1-(2ng-1)

@) ()

Figure 3.7: Trivial bypasses following from a boundary parallel arc.

Remark 3.24. We will mostly use the Lemma on boundary parallel arcs i.e. let (1,1 + 1)
be a boundary parallel arc in an allowable configuration C'. Then a bypass from the front
that intersects the [ + 2ng — 1 arc at one endpoint, the [ + 2nq arc at the middle point
and th [ + 1 + 2nq arc at the other endpoint is an allowable state transition creating
an arc (I + 2nq,l + 1 + 2nqg). We have, that if C contains (I + 2ngq,l + 1 + 2nq) the
bypass attachment is trivial and if C' contains (I — 1 + 2ngq,l + 2ng) then (I,{ 4+ 1) on
the left disk of the representation and (I — 1 4 2ngq,l 4+ 2nq) on the right disk of the
representation give a circle, which by assumption can not be as C' is allowable. This
yields, that the bypass attachment can only change arcs that have exactly one endpoint
inl—142nq,l+2nq,l+ 14 2nq. As similar statement holds for the bypass attachment
creating (I —2ngq,l+1—2nq) i.e. and arc of C' gets changed if it has exactly one endpoint
inl—2nqg,l+1—2nq,l +2— 2ngq.

Lemma 3.25. Let C(n,p,q) be enumerated. Let further C' € C(n,p,q) be a allowable.
Assume there is a sub-configuration ((a1,b1),..., (ag,bg)) of size k € N with k < ng—1
and k+nqg < np. Let s be the start and e be the end of the sub-configuration, then:

(i) there is a sequence of allowable state transitions that connects C' to a configuration
C' € C(n,p,q) has sub-configurations ((a1,b1),...,(ag, b)) and ((a1 + 2nq,by +
2nq), ..., (ar + 2nq, bg + 2nq)). Furthermore every arc in C that does not have an
endpoint that is in {s — 1+ 2ngq,...,e +nq} is also an arc in C’,

(ii) there is a sequence of allowable state transitions that connects C to a configuration
C" € C(n,p,q) that has sub-configurations ((a1,b1), ..., (ak, b)) and ((a1 —2nq, by —
2nq), ..., (ax — 2nq, by — 2nq)). Furthermore every arc in C' that does not have an
endpoint that is in {e +1—2ngq,...,s — 2nq} is also an arc in C".
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Proof. Let us prove the first statement via induction. For £ = 1 we can apply Lemma
3.28. Let us assume the statement holds for £ <[ and let K = [+ 1. Then we distinguish
2 cases:

Case 1: There is an arc (s,e), w.lo.g. let (a1,b1) = (s,e). We then use induction
on the sub-configuration ((az, b2), ..., (ax, b)) that has size [, start s +1 and end e — 1,
which yields a configuration C' and the move only changes arcs that have at least one
endpoint in {s+1—142ng,e — 1+ 2nq}. As k <ng—1 and k+ ng < np we have that
neither s nor e are in this set and thus (s, e) is an arc in C. We then have that C' has sub-
configurations ((ag,be, ..., (ag, b)) and ((az + 2ng,bs + 2nq), ..., (ax + 2ng, by, + 2nq)).

Case 2: We can divide the sub-configuration into two sub-configurations, one, that
has all endpoints in s, . .., e; and another, that has all endpoints in e;+1, ..., e. If we use
induction on the sub-configuration that contains the arc with endpoint e first we obtain
an additional sub-configuration that has all endpoints in e;+142ngq, ... e+2nq. Applying
induction on the sub-configuration that contains the arc with endpoint s then gives a
sub-configuration that only changes arcs that have endpoint in s — 1+ 2ngq,...e; 4+ 2ng
and hence does not change the sub-configuration generated by the first use of induction.

The second statement is just the first statement by choosing another enumeration
obtained by giving D; the opposite orientation. O

3.3 The (almost) boundary parallel set

In the previous section we have seen the idea of simplifying the representation of a
configuration by isotoping the frame of the representation. In the cases (n,p,q) =
(1,p,1),(1,p,0) such a simplification dependeds on one boundary parallel arc. In this
section we will generalize that idea. We will therefore introduce the notion of a boundary
parallel set and an almost boundary parallel which are essentially structures of boundary
parallel arcs that a configuration can contain. A configuration containing such a set can
then be simplified by isotoping the representation such that we eliminate the boundary
parallel set in it. This essentially gives rise to a simplified view of the algorithm restricted
to configurations that contain a specific (almost) boundary parallel set. In the cases
(n,p,q) = (1,p,1),(1,p,0) a boundary parallel arc is exactly a boundary parallel set.
Let C(n,p,q) be enumerated and let C' € C(n,p,q) be a configuration. Let (I, + 1)
and (I + 2ngq,l 4+ 2ng + 1) be boundary parallel arcs in C. Then in a representation of
C' there exists an isotopy as in Figure 3.8. This isotopes the copy of (I,I 4+ 1) on the
lef disk of the representation and the copy of (I + 2ng,l + 2nq + 1) on the right disk of
the representation. If there is a pair of arcs (I, + 1) and (I + 2ng — 2,1+ 2nqg + 1 — 2)
in C there exists such an isotopy as in Figure 3.8. The fundamental idea is to take a
boundary parallel arc (1,14 1) that is contained in C' and apply Lemma 3.23 to create a
new boundary parallel (I 4 2ng, [+ 1+ 2ng). If we do that inductively without changing
(1,1 + 1) nor the arcs created before we obtain a set of boundary parallel arcs which we
call the boundary parallel set. The hope is then to apply the isotopies introduced above
to simplyfy the representation. Let us first try to understand this inductive application
of Lemma 3.23 better to give a more precise definition of the (almost) boundary parallel
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o I+2nq
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1+1 4—2nq_> -
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v

Figure 3.8: The figure shows an isotopy of (I, + 1) on the lef disk of the representation
and the copy of (I +2ngq,l+ 2ng+ 1) on the right disk of the representation.

set.

Lemma 3.26. Let C(n,p,q) be enumerated and let C € C(n,p,q) be an allowable con-
figuration, such that C has a boundary parallel arc (I,1+1). Let k € N be minimal such
that

i) (k+1)-2ng =0 (mod 2np) , or
ii) (k+1)-2ng =2 (mod 2np).

Then there is a sequence of allowable state transitions that connects C' to a configuration
C’ that has boundary parallel arcs

(,14+1),(l4+1-2ng,l+1-2ng+1),...,(l+k-2nqg,l +k-2ng+1).

Proof. Let ¢ € N be the maximal number we can inductively apply Lemma 3.23 to
create new boundary parallel arcs without changing (I, 4+ 1) or the boundary parallel
arc created before. This leads to a configuration C’ that has boundary parallel arcs
(I,I4+1),...,(I+i-2nq,l+i-2ng+1). Now apply Lemma 3.23 to the boundary parallel
arc (I+i-2nq,l+1i-2ng+1) and get a configuration C that has a boundary parallel arc
(I4+i-2ng+2nq,l+i-2nq+2nq+1) = (14 (i +1)-2nq,l + (i +1) - 2ng +1). Now every
arc in C’ that does not have an endpoint in [+ (i 4+1)-2ng—1,..., 1+ (i+1)-2ng+1
is also an arc in C. Assume there is some arc (I +1 - 2ng,l + 1 - 2ng + 1) with 7 < i
that has an endpoint in [ 4+ (i + 1) - 2ng — 1,...,0 4+ (i + 1) - 2ng + 1 i.e. that arc is
getting changed by the allowable state transition. Then (I,I + 1) has an endpoint in
I+ (i—i+1)-2ng—1,...,14+ (i—i+1)-2ng+ 1 and thus

I+ (G—i+1)-2ng—1=14+1 (mod 2np)
orl+(i—i+1)-2ng+1=1+1 (mod 2np).

This is equivalent to (i—i+1)-2ng = 2 (mod 2np) or (i—i+1)-2ng = 0 (mod 2np). This
shows, that ¢ < k. Furthermore if i < k by the above observation applying Lemma 3.26
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to (I+i-2nq,l+i-2nq+1) does not change an arc of (I,14+1),...,(l+i-2ng,l+i-2nqg+1)
which yields i = k. O

Let us now give a definition of the (almost) boundary parallel set.

Definition 3.27. Let C(n,p,q) be enumerated. Let further £ € N be the minimal
number such that

i) (k+1)-2ng =0 (mod 2np), or
ii) (k+1)-2ng =2 (mod 2np).
We call the set of arcs
B={(,1+1),(+1-2nq,l+1-2ng+1),....,(L+k-2nq,l +k-2nq+1)} C Z3,,

the boundary parallel set generated by (I,1+1). Sometimes we also view B as the set of
vertices. We call k4 1 the size of B. Assume thereisa 0 < k < k with (k+1)-2ng =4
(mod 2nq) we call

Ao ={01+1),(1+1 2nq,1+1 2ng+1),...,(I+ k- 2nq,l+ k- 2ng+ 1)} C Z3,,
the boundary parallel 4-set and if 1 < k we call
A={(,1+1),(I+1-2nq,l+1-2ng+1),...,(1—2+k 2nq,l —2+k-2ng+1)} C Z3,,

the almost boundary parallel set generated by (I,1 + 1). Sometimes we also view A, A,
as the set of vertices. We call k + 1 the size of A, A,.

Remark 3.28. The almost boundary parallel set can not exist in every configuration
space. It is a special case that can occur for specific choices of (n,p,q). The possible
existence can then be formulated as follows. Let B = {(l,l +1),...,(l+ k- 2nq,l + k -
2nq+1)} be the boundary parallel set generated by (I,/41). Then the almost boundary
parallel set generated by (I,1+1) can exist if there is 1 < k < k such that (k+1)-2ng =4
(mod 2np), i.e. we want (I +4,1+5) € B and 2nq # 2.

Definition 3.29. Let C(n,p,q) be enumerated and let and let K be a set of bound-
ary parallel arcs. We denote the set of configurations in C(n,p,q) that contain K by

CX(n,p,q).

3.3.1 Reduction

Before we prove the reduction Theorem for the (almost) boundary parallel set let us first
consider an example of a reduction.

Ezample 3.30. Let C(1,5,2) be enumerated such that C € C(1,5,2) contains the bound-
ary parallel set B generated by (0,1). Then C looks like figure 3.9 (a). The blue arcs of
the frame are the arcs that have endpoints that both intersect a boundary parallel arc
of the boundary parallel set. The blue arcs of C' are the boundary parallel set. Then
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Figure 3.9: Figure (a) shows the boundary parallel arcs in C;. Figure (b) shows figure
(a) after getting rid of the boundary parallel arcs.

we can get rid of the boundary parallel arcs by using the isotopy move shown in figure
3.10. We can see the result in figure 3.9 (b) which is a frame of slope 1 and size 2. As
the isotopy does not change the other arcs, figure 3.9 (b) corresponds to a configura-
tion CB € C(1,2,1). A bypass in CP then corresponds to a bypass in C' that does not
intersect the boundary parallel set and vise versa.

We would like to see that a move as in the Example exist for every configuration
containing an (almost) boundary parallel set.

Lemma 3.31. Let C(n,p,q) be enumerated with np # 1, ¢ > 1 and B resp. A be the
boundary parallel set resp. the almost boundary parallel set (if such a set exists) generated
by (I,1+1) of size k+1 resp. k+1. Let K € {A, B} i(l) be 1 when [ is even and 0 else.
Let

ol Z2np\K — Zan—2(k+1)

i = #{l,..i) — K) —i(l).

Then there are n,p,q and a map

vE: CK(n,p,q) — C(R,p,q)
C — CK.

where CX has arcs (a(ay),a(az)) for every arc (a1, az) in C that is not in K. Further-
more there is an allowable state transition C — C for C,.Ce CA(n,p,q) if and only if
there is an allowable state transition CX — CK.

IfK =B, thennp=np—(k+1) andng=1 if ng=1 resp. 2nq = #{l,...,l +2nq —
1} — B) if ng # 1.

If K = A, then let A, be the boundary parallel 4-set generated by (0,1), then n - § =
np— (k+1) and 27p = #({I,..., 1+ 2nqg — 1} — A,).
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e . ...

Figure 3.10: Simplifying move.

Proof. Let C € CX(n,p,q). We distinguish 3 cases:

Case 1: K = B=((0,1),...,(k-2ng,k-2nq+ 1)) and (k + 1) - 2ng mod 2np = 0.
As k is the smallest number such that the equation holds we have (k + 1) - 2ng must be
scm(2np, 2nq) and as ged(p, g) = 1 we have that sem(2np, 2ng) = 2npq. Hence k+1 = p.
Assume n =1 and thus np = p. Ask+1=pall arcs in C are in B. As np # 1 we have,
that there is an 1 < k < k with (k- 2ng, k - 2nqg + 1 = (2,3) which is not possible as by
assumption k - 2ng mod 2np # 2. Therefore n > 2. As (k+1)-2ng mod 2np = 0 we have
that (I - 2nq,l-2ng+ 1) for each [ € Z is a boundary parallel arc in B. Therefore every
maximal subset of consecutive arcs in B viewed on the left disk in the representation
looks as in figure 3.10 and thus we can apply the simplifying move. If we do that for
every maximal subset we get a new picture (without the boundary parallel set). By
enumerating the endpoints of arcs that are not in B via « as in the Lemma this picture
corresponds to a representation of C® with a new frame of size 2np — (k + 1).

Case 2: K = B = ((0,1),...,(k-2ng,k - 2nqg + 1)) is a boundary parallel set and
(k+1)-2ng mod 2np = 2. If n > 2 we have that (k + 1) - 2ng mod 2np is divisible by 4
as 2nq and 2np are divisible by 4. As 2 is not divisible by 4 we get n = 1. Then every
maximal subset of consecutive arcs in ((0,1),...,((k—1)-2nq,(k—1)-2ng+ 1)) viewed
on the left disk in the representation looks as in figure 3.10 and thus we can apply the
simplifying move. The only copies of arcs of the boundary parallel set that are left are
a copy of (k- 2ng,k-2ng + 1) on the left disk and a copy of (0,1) on the right disk.
They then look as in figure 3.11 and thus we can apply the shown simplifying move. By
enumerating the endpoints of arcs that are not in B via o as in the Lemma this picture
corresponds to a representation of C® with a new frame of size 2np — (k + 1).

Case 3: K =A=((0,1),...,(-2+k-2nq,—2+ k- 2nq + 1)) is an almost boundary
parallel set. Then the arc (=2 + k - 2ng,—2 + k - 2ng + 1) viewed on the left disk
in the representation looks as in figure 3.11 and and viewed on the right disk in the
representation looks as in figure 3.11 as well. Thus we can apply the simplifying move.
All remaining arcs on the left disk in the representation look as in figure 3.10 and thus
we can apply the simplifying move. By enumerating the endpoints of arcs that are not
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Figure 3.11: Simplifying move.

in A via a? as in the Lemma this picture corresponds to a representation of C* with a

new frame of size 2np — 2(k + 1) and hence n(n,p, ¢)p(n,p,q) = np — (k + 1).
Let us prove the equations for nng. Let us consider the following identity.

(2ng,2nqg+1) e K (3.1)

If (3.1) does not hold the frame arc with endpoints 2 on the left disk of the rep-
resentation and 2ng + 1 on the right disk of the representation does not intersect
K and thus it does not get changed by the simplifying moves. Thus in the new
representation it corresponds to a frame arc connecting «(2) = 0 on the left disk
and a(2ng + 1) = #({0,...,2ng + 1} — K) — 1 on the right disk. If (3.1) does not
hold we either have K = B and ng = 1 which by the above yields ng = 1, or we
have K = A and k = 1. This then yields, that the boundary parallel 4-set gen-
erated by (0,1) is Ax = A — {(2nqg — 2,2nq — 1)} + {(2nq,2nq + 1)} which yields
2ng = #({0,...,2ng+ 1} — A) — 1 = #({0,...,2nqg — 1} — A,) — 1.

Let us consider the case where (3.1) is satisfied. Then the frame arc with endpoints 2
on the left disk of the representation and 2ng+ 1 on the right disk of the representation
gets changed by 3.10 and hence gets isotoped to a frame arc in the new representation
that connects 0 on the left disk to #({0,...,2ng+ 1} — K) — 1 on the right disk. As by
assumption (3.1) is satisfied #({0,...,2ng+1} — K)—1 = #({0,...,2ng—1} — K) — 1.
For K = B this yields the equation 2ng = #({0,...,2nq — 1} — B) — 1. Let K = A.
Then

A=A, —{(k-2nq,k-2ng+ 1)} +{(—2+k-2nq,—2+k-2ng+ 1)}.
As (0,1) # (k- 2ng, k- 2ng + 1) # (2nq,2nq + 1) we either have

2nq,k-2ng+1),(=2+k-2nqg,—2+k-2nqg+1) € {0,...,2nqg — 1} or,
2nq, k- 2ng+1), (=2 +k-2ng, -2+ k- 2ng+1) ¢ {0,...,2nqg — 1}.

o~ /\I

(
Therefore 2ng = #({0,...,2nqg — 1} — A) — 1 =#({0,...,2nqg — 1} — A,) — 1.

As the simplifying moves in all cases don’t change the connectedness of the curve
in the representation of C, we get that C' is potentially allowable if and only if C¥ is
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potentially allowable. As the simplifying moves in all cases do not change the arcs that
are not in K we get that there is a 1-1 correspondence of bypasses in C that don’t
intersect K and bypasses in C. Furthermore the question if they are allowable is an if
and only if correspondence. Let K be generated by (I,1 4+ 1). Then we can rotate the
enumeration of C' such that K is generated by (0,1). Then we apply the prove above
and get CX. If [ is odd, hence if I mod 2 = 1 we rotate the enumeration of C¥ such that
0 corresponds to 1. Hence o® (i) = a(%V (i — 1) — i(l), which is just the map introduced
in the lemma. O

Remark 3.32. Let C(n,p,q) be enumerated and let B = ((I,l +1),...,(l + k- 2ng,l +
k- 2nq + 1)) be the boundary parallel set generated by (I,{ + 1). The proof of Lemma
3.36 shows that there is a fundamental difference the boundary parallel set for n > 2
and for n = 1. For n > 2 applying Lemma 3.32 to a boundary parallel arc of B does
not change B. Hence every boundary parallel arc in B can generate B. Therefore to
get a well defined map o it is important to say which arc generated B. For n = 1
applying Lemma 3.29 to (I + k- 2ngq,l+ k-2ng+ 1) would create a boundary parallel set
generated by (I +2ng, 1+ 2ng+1). Induction then gives, that an allowable configuration
is connected to a configuration that contains the boundary parallel set generated by
(l+(k+1)-2ng,l+ (k+1)-2ng+1) = (I + 2,1+ 3). Using induction again gives that
C is connected to a configuration that contains the boundary parallel set generated by
(I +2i,2+2i+ 1) for every i € N.

Remark 3.33. It is important to realize that o is a map that depends on a choice.
Furthermore (72, p, §) do not depend on the generator but only on K = B resp. K = A.
This leads to the following Definition.

Definition 3.34. Let C(n,p, q) be enumerated and let C € C(n,p,q). Let B resp. A be
the boundary parallel resp. the almost boundary parallel set generated by (I,1 + 1). If
C contains K we call CK the reduction of C by K. Furthermore we define maps

n,P,q,Na,PasYa: N3 — N,

given by
(n(n,p,q),p(n,p,q),a(n, p, q)) = (7, P, q)
for K = B and
(na(n, P, 4), Pa(n, P, 4), 4a(n, P, @) = (71,9, Q)
where (7, p, q) are obtained by Lemma 3.31. We call (n(n, p, q), p(n,p,q),q(n,p,q)) and
(na(n,p, ), Pa(n, P, @), ga(n, p, q)) reductions for (n,p, q).

3.3.2 The underlying structure of the (almost) boundary parallel set

The reductions of (n, p, q) can be computed by understanding the boundary parallel set.
We are now going to see an important relation between continuous fractions and the
boundary parallel (4)-set. We are going to consider the case n = 1. Let us first consider
the following example that gives the main idea of what we want to prove next.
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Ezample 3.35. Let C(1,[3,2]) be enumerated and let C' € C(1, [3, 2]) contain the boundary
parallel set B generated by (0,1). Let further C(1, [2]) be enumerated and let C' € C(1, [2])
contain the boundary parallel set B generated by (0,1).Figure 3.12 (a) shows B in a
representation of C' and figure 3.12 (b) shows B in the representation of C. We view (b)

9 9
8 8
7 7
6 6
5 5
4 4
3 3 3 3
2 2 2 2
1 1 1 1
0 0 o 0
(a) (b)

Figure 3.12: Figure (a) shows the boundary parallel set of C; and figure (b) shows the
boundary parallel set of C!

as building block of figure (a) i.e. figure (a) arise from stacking figure (b) 3 times on top
of itself and then cutting away the last 2 - (3 -2 — 3) points.

This stacking idea is basically the statement we want to prove. Roughly speaking we
want to prove, that if we look at the representation of the boundary parallel set obtained
from (n,p/q = [ro,...,]) and generated by (0, 1) then it is obtained from stacking the
representation of a boundary parallel set obtained form (n,[ri,...,r]) and generated
by (0, 1) r¢ times on top of ech other and cutting away the last 2- (rg - ¢ — p) points. Let
us look at the following construction.

Remark 3.36. Let p/q = [ro,...,r,) with h > 1 and p/§ = [r1,...,rs]. Then define a
sequence Sg, S1,... as follows. Let sg = 0. Let 0 < r; be the smallest number such that
((s; + ;) - 2q) mod 2p < 2p. Then s;11 = s; + r;. By Lemma 2.16 we have

(si - 2q) mod 2p = (i - 2¢) mod 2p.

Let [ < 2p be even. Let 0 < s be minimal such that s-2¢g mod 2p =1 and let 0 < 5 be
minimal such that §- 2§ mod 2p = [. Define

Byi={(0,1),....(s-2q,5 -2 + 1)} C Z3,
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Then by the choice of s; we have that there is 0 < m < s with m - 2¢g mod 2p < 2q if
and only if m = r; for some ¢ < § and thus if and only if m - 2¢ mod 2p = i - 2¢ mod 2p.
Hence we have

(2a,2a + 1) € B; with 2a mod 2np < 2§
<(2a mod 2np, (2a + 1) mod 2np) € B;.

Be aware that Bs, By are boundary parallel sets and By, By are boundary parallel
4-sets. This leads to the following Corollaries describing the precise stacking idea.

Corollary 3.37. Let C(1,p/q = [ro,...,rs]) be an enumerated with h > 1 and let B =
{(0,1),...,(k-2q,k-2q+1)} be the boundary parallel set generated by (0,1). Furthermore
let C(1,p/q = [r1,...,71]) be enumerated and let B = {(0,1),..., (k- 24,k -2+ 1)} be
the boundary parallel set of generated by (0,1). Then there is an (a,a + 1) € B if and
only if
((a mod 2p) mod 2¢, (e mod 2p) mod 2¢ + 1) € B

Proof. Let a € Zay, with a mod 2p > 2¢, then by the construction of the boundary
parallel set we have (a,a + 1) € B if and only if (a — 2¢,a — 2¢ + 1) € B. By the
construction of the boundary parallel set we have (a,a + 1) € B with a mod 2p > 2q if
and only if (a —2q,a —2q+ 1) € B. Note that in remark 3.36 we defined B; and B; and
we have B = By and B= BQ. Therefore

(a,a+1) € B < ((a mod 2p) mod 2¢, (a mod 2p) mod 2¢+ 1) € B

RES ((a mod 2p) mod 2¢, (e mod 2p) mod 2¢ + 1) € B.

O

Corollary 3.38. LetC(1,p/q = [ro,-..,T1]) be an enumerated and let B = ((0,1),. .., (k-
2q,k-2q+ 1)) be the boundary parallel set generated by (0,1). Then

(2,2+1),...,(Th—2,7"h—1)QéB.

Proof. This is just an inductive argument. As for h = 0 we have B = {(0,1)} the
assumption holds for h = 1. Let C(1,p/q = [r1,...,74]) be enumerated and let B be the
boundary parallel set generated by (0,1). If h > 1 Corollary 3.42 gives, that

(2,24 1),...,(rh =27, —1) ¢ B& (2,24 1),...,(r, — 2,7, — 1) ¢ B.
O

Corollary 3.39. Let C(1,p/q = [ro,...,7n]) be an enumerated with h > 3 and let
Ay = ((0,1),...,(k-2q,k-2q + 1)) be the boundary parallel 4 set generated by (0,1).
Furthermore let C(1,p/q = [r1,...,rn]) be enumerated with np > 3. Then the boundary
parallel 4-set A, = ((0,1),..., (k- 24,k -24+1)) of C(n,p/G = [r1,...,7h]) generated by
(0,1) exists. Then there is an (a,a+ 1) € A, if and only if

((a mod 2p) mod 2¢, (a mod 2p) mod 2¢ + 1) € A,
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Proof. Let a € Z,, with a mod 2p > 2¢, then by the construction of the boundary
parallel 4-set we have (a,a + 1) € A, if and only if (a — 2¢,a — 2¢ + 1) € A,. Note that
in remark 3.36 we defined B; and B; and we have A, = By and as § > 2 (as h > 3)
A, = By is the boundary parallel 4-set of C(1,5/§ = [r1,...,7]) generated by (0,1)
(this proves the existence). Therefore

(a,a+1) € Ay < ((a mod 2p) mod 2¢, (a mod 2p) mod 2q + 1) € A,.

RES ((a mod 2p) mod 2¢, (a mod 2p) mod 2¢ + 1) € A,.

3.3.3 The reductions of (n,p,q).

The relation between the boundary parallel set and continuous fractions gives us the
necessary tools to prove some theorems about the reductions of (n,p,q). We are first
going to concentrate on the case n = 1 and then prove a total classification of the
reductions of (n,p,q).

Lemma 3.40. Letp/q = [ro,...,r4])) andp/q = [r1,...,rp) withh > 2. Thenn(l,p,q) =
n(laﬁa q~); p(17p7 Q) =T0- p(Lﬁ? (j) - Q(laﬁa Q) and q(17p7 Q) = p(17ﬁ7 d)

Proof. Let C(1,p/q = [ro,...,r)) be enumerated and let C' € C(1,p,q) contain the
boundary parallel set B = ((0,1),..., (k-2q,k-2q+ 1)) generated by (0,1). Let further
C(1,p/q = [r1,...,71]) be enumerated and let C e C(1,p/q = [r1,...,7] contain the
boundary parallel set B = ((0,1), ..., (k-2§, k-2G+1)) generated by (0,1). Then Lemma
3.31 gives the following identities:

2-n(1,p,q)p(1,p,q) = 2p — 2k + 1) = #({0,...,2p — 1} — B), (3.2)
2-n(1,p,q9)q(1,p,q) = #({0,...,2¢ — 1} = B),
2-n(1,p,¢)p(1,5,q )—2p—2(k:—|—1): #({0,...,2p—1} — B), (3.4)

We have

(33)
2-n(1,p,q)q(1,p,q) =" #({0,...,2¢ -1} - B)
3.37 5
= #({0 2q—1}—B})
Note that p =rgp — § and ¢ = p. Let
L ={i-2p,...,(i+1)-2p—1} C Zy,

and
I={(ro—1)-2p,--- ,2(rop — q) — 1} C Zgp.
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Then
ro—2
#({0,...,2p—1} — B) (( HE uI) ) (3.5)
ro—2
= > #(;— B)+#(I - B) (3.6)
=0
Then
#(L — B) "2 #(Io — B)
Y 2.n(1,5,0)p(1,5,9)-
Furthermore

#(1 - B) 2" #({0,....2(5— §) — 1} - B)
327#({25,...,2;5—1}—3)
=#({0,...,2p— 1} — B) — #({0,...,2§— 1} — B)
22 n(1,5.9)p(1.5, @) — 2 (1,5, D)a(1,5.9)-

All together we get

ro—2
2-n(Lp, (L, p,q) “PEHY ST (1, - B)+ #(1 - B)

1=0
=70-2-n(1,p,9)p(1,p,q) — 2-n(1,p,7)q(1,p,q).

Then as
n(1,p,q)
—gcd(2 n(1,p,q)q(1,p,q),2-n(1,p,q)p(1,p,q))
ng(2 (1 pv )p(laﬁa )TO 2. n(l p7 ) (1 p7 )_2 n(l p’ ) (1 p7 ))
=2-n(1,p,q)
the Lemma follows. O

Let us prove a similar version for the almost boundary parallel set.
Lemma 3.41. Letp/q = [ro,...,r) and p/q = [r1, ..., ] withh > 3. Thenny(1,p,q) =
na(l,ﬁ, Q); pa(17p7 Q) =To 'pa(lvﬁv (j) - QCL(lvﬁv Cj) and qa(lapv Q) = pa(Lﬁ? (7)

Proof. Let C(1,p/q = [ro,...,mn]) be enumerated, let C' € C(1, p,q) contain the almost
boundary parallel set generated by (0,1) and let A, = ((0,1),...,(k - 2¢,k - 2¢ + 1))
be the boundary parallel 4-set generated by (0,1). Let further C(l,p/q =[ry,...,m4))
be enumerated, let C' € C(1,5/§ = [r1,...,7] contain the almost boundary parallel set
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generated by (0,1) and let A, = ((0,1),..., (k- 2§,k - 2G + 1)) be the boundary parallel
4-set generated by (0,1). Then Lemma 3.31 gives the following identities:

2-14(1,p,Q)pa(l,p,q) = 2p = 2(k + 1) = #({0,...,2p — 1} — A,), (3.7)
Q'na(17p7Q)Q(l(17p7 Q) ({0 q_ 1} A )
2. na<17ﬁ7 @Pa(Lﬁ, 6) - 2p - Q(k + ) = <{O7 R 215 - 1} - A*)7
We have
(3.8)
2. na(]-apa q)Qa(]-?p) Q) = #({07 s 72q - 1} - A*)
2 ({0, 25— 1} - A}))
3.9
9 n(1,5,@)p(L,5,d)
Note that p = rgp — ¢ and ¢ = p. Let
L ={i-2p,...,(i+1)-2p—1} C Zy,

and
I:= {(TU* 1) 2ﬁ7 72(7‘0?‘76]‘) - ]'} C Z2p-
Then
ro—2
#({0,...,2p— 1} — A,) (( HE |_|I> ) (3.10)
ro—2
—Z#I— )+ #(I — A,) (3.11)
Then
#(L — A.) "2 (I — A)
D 9 na(1, 5, Dpall, 5, d).
Furthermore

#(I - A2 #({0,...,2(— ¢ — 1} - Ay)

2 u(2d,..., 25— 1) - A)

:#({0772]5_1}_121*) —#({0,-..,26—1}—14*)

22 na(1,5,)pa(1,5.0) — 2 1a(1, 5, D)a(1, 5, 4).

All together we get
ro—2
2 na(Lp, )pa(l,p,q) CVEIY ST (L — A+ #(1 - AL
1=0
=702 na(1,9,)pa(1,D,q) — 2 - na(1, 5, §)qa(1, p, )
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Then as

2-n4(1,p,q)
=ged (2 - n4(1,p,9)qa(1,p,9),2 - na(1, 0, ¢)Pa(1,p, q))
=ged (2 - nq(L, P, @)pa(1,5,4),70 - 2 - na(1, P, @)pa(l, p,q) — 2 na(1,5,§)qa(1, 5, )
=2-n4(1,p,9),

the Lemma follows. O
This leads to the following classification of a reduction for a boundary parallel set.
Lemma 3.42. Let (n,p/q = [ro,...,74)).
(i) If n > 2, then

n(n7p> Q) =n-—- 1> p(napa Q) =p and q(nvpv Q) =dq,
(i) if n =1, then
n(napv Q) = 17 p(nvpv Q)/Q(n7p> Q) = [T(]a ceosTh — 1]

Proof. Let B ={(0,1),...,(k-2nq,k-2nq+ 1)} be the boundary parallel set generated
by (0,1). We distinguish 4 cases.

Case 1: n > 2. In the prove of Lemma 3.31 we have seen, that £+ 1 = p. As further
i - 2ng mod 2np is divisible by 2n we get, that B = {(0,1), (2n,2n + 1),..., (k- 2n,k -
2n + 1)}. Thus

#{0,...,2ng— 1} — B) =2(n— 1)q.

Then Lemma 3.31 gives n(n,p,q)p(n,p,q) = np—(k+1) = np—p = (n— 1)p and
2”(”7177 Q)q(n)p) q) = 2(TL — ].)q Therefore

n(n7p7 Q) =n-—1
p(n,p,q) =p
q(n,p,q) = q.

Case 2: n = 1and h = 0. Then ¢ = 1 and £k = 0. Thus Lemma 3.31 gives
n(1,p,q)q(1,p,q) =1 and n(1,p,q)p(1,p,q) =p — (k+1) =p — 1 = and thus

n(l,p,1) =1
p(l,p,1)=p—1
q(1,p,1) =1.

Hence p/q = [ro — 1].
Case 3: n = 1and h = 1. Then p = rgry — 1 and ¢ = rg. Therefore r12¢ =
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2 (mod 2p) and hence B = {(0,1),...,(r1 — 1) - 2rg,(r1 — 1) - 2ro + 1}. Therefore
2n(1,p,q)q(1,p,q) = #({0,...,mo—1}—{(0,1),..., (r1—1)-2ro, (r1—1)-2ro+1}) = 2rg—2
and n(1,p,q)p(1,p,q) =p— (k+1) =rgry —1 —1ry = (ro — 1)ry — 1. This gives

n(l,p,1)=1

p(L,p,1)=(ro—1)r; — 1

q(1,p,1) =ro— 1.

Hence p/q = [r1,m0 — 1].
Case 4: n=1and h > 2. Let p/G = [r1,...,74). Then induction gives n(1,p,q) = 1
a‘nd p(l,ﬁ, qN)/Q(laﬁa q~) - [7’1, ey Th — 1] Then

3.39 - o~
n(l,p,q) = n(1,p,q) =1,

3.3 ~ ~ - o~
p(L,p,q) "= ro-p(L,p,q) —q(1,D,q)
3.39

©

w

q(1,p,q) "= p(1,p,q).

Thus p/q = [ro,...,rs — 1]. O

We now prove the classification of the reduction of (n,p,q) for an almost boundary
parallel set.

Lemma 3.43. Let (n,p/q = [ro,...,rs]) then a boundary parallel 4-set exists if and
onlyifn=2and q#1 orr,=2 and h > 2. Then

(i)
na(2,0,9) =1, pa(2,1,9)/9a(2,0,q) = [r0s - -, Th, 2],

(ii) if rn, =2 and h > 2 then,
na(1,p,9) = 2, pa(1,0,9)/0.(1,p,q) = [r0, ..., 7h—1 — 1].

Proof. Let C(n,p/q = [ro,...,7s]) be enumerated. We have that the boundary paral-
lel 4-set generated by (0,1) (if it exists) is proper subset of the boundary parallel set
B ={(0,1),...,k-2nq,k - 2nq + 1} generated by (0,1). This implies, that (4,5) € B.
Furthermore we want 0 < k < k with &k - 2ng = 4 (mod 2np) such that k # 1, which is
equivalent to 2nq # 4.

If n > 2 we have seen in the proof of 3.42 that

B={(0,1),...,((p—1)-2n,(p—1) - 2n + 1)},

hence (4,5) € B if and only if n = 2. Then the boundary parallel 4-set exists if and only
if 2np # 4 i.e. p # 1. This proves the case for n > 2.

If n = 1 Corollary 3.43 gives, that if 7, > 3 then (4, 5) is not in the boundary parallel
set and hence there is no boundary parallel 4-set. So let r;, = 2. If h = 0 the boundary
parallel set has cardinality 1 and thus there can not be an almost boundary parallel set.
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If h = 1 we have ¢ = 2. Hence 2nq = 4 and thus there is no almost boundary parallel set.
If h > 2 then ¢ > 3 and thus 2ng > 4 which implies that there is an almost boundary
parallel set. This proves the case for n = 1.

Let A, = (0,1),...,(k-2ng,k-2ng + 1) be the boundary parallel 4-set generated by
(0,1). We now distinguish 3 cases.

Case 1: n = 2. We have for k,m € N

(k+1)-4¢g=2m (mod 4p) < (k+1)-2¢=m (mod 2p) (3.12)

This yields (k+1)-4q = 4 (mod 4p) < (k+1)-2g =2 (mod 2p) and hence k + 1 is the
size of the boundary parallel set for (1,p,q) and hence

2p—(k+1)=p+p(1,p,q).

Furthermore

2-14(2,p,9)qa(2,p,q) =#({0,...,4¢ — 1} — {(0,1),..., (k- 4¢,k - 4¢ + 1)})
=#({2,3,2+4,34+4,...,24+4(¢—1),3+4(¢g— 1)}
LU{0,1,4,14+4,...,4(g —1),14+4(q — 1D}\
{(0,1),...,(k-4¢,k - 4g+1)})
=2¢+#({0,1,4,1+4,...,4(¢—1),1 +4(qg — 1)}\
{(0,1),...,(k-4¢,k - 4g+1)})

(3.12)
="2p+2p(1,p,q).

By Lemma 3.42 we have

p(L,p,q)/q(1,p,q) = [ro,-..,rn — 1]

2é7 [7’0,...,7“}“2— 1]

By Lemma 2.48 we get (p + p(1,p,9))/(¢ + q(1,p,q)) = [ro,-..,7h, 2] which proves the
case for n = 2.

Case 2: n=1and h=2. As ro =2 we have p = ro(ror; — 1) —ro =19(2r; — 1) — 2
and g = 2r; — 1. Therefore rg - 2¢ = 4 (mod 2p) and hence

A, ={(0,1),...,(ro—1)-2q,(ro — 1) - 2g + 1}.
Therefore k + 1 = ro and thus

na(l)p) Q)pa(Lp’ q) =p—To0
=rp(2r1 —1)—2—19
= T0(2T1 — 2) -2
= 2(7’0(7’1 — 1) — 1).
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Furthermore

2-14(1,p,9)¢.(1,p,9) = #({0,...,2¢ — 1} = {(0,1),...,((ro — 1) - 2¢,(ro — 1) - 2¢ + 1)})
=2(qg—1)
= 27’1 — 2

Then ged(2(ro(r1—1)—1),2r1 —2) = 2 and thus nq(1,p,q) = 2, pa(1,p,q) = ro(ri—1)—1
and ¢q(1,p,q) = r1 — 1 which implies pa(1, p, q)/qa(1,p,q) = [ro,m1 — 1].

Case 3: n =1 and h > 3. Let p/qg = [r1,...,7rs). Then by Lemma 3.47 we have
na(1,p,q) = na(1,5,4), pa(l,p,q) = ropa(1,9,q) — ¢a(1,P,¢) and qa(1,p, q) = qa(1,p,q).
Induction on h then gives the assumption. O

3.3.4 Normal forms

As we now completely understand the reduction induced by a boundary parallel set
we next want to make use of it. We will introduce the notion of a normal form which
roughly speaking is a configuration that contains a boundary parallel set such that the
reduction contains a boundary parallel set and so on. We will further introduce a subset
of normal forms such that every allowable configuration is connected to such a normal
form. By counting those normal forms we will find an upper bound for the number of
tight contact structures on the torus.

Definition 3.44. Let C(n,p/q = [ro,...,r]) be enumerated. Then C € C(n,p/q =
[r0, - ..,ry]) has normal form if either n = p = ¢ =1 or C contains a boundary parallel
set B generated by (I,1+ 1) and CP has normal form (this is an inductive definition).

Let us now prove, that every allowable configuration can be connected to a configu-
ration that has normal form.

Lemma 3.45. LetC(n,p/q = [ro,...,Th]) be enumerated and C € C(n,p/q = [ro,...,Th])
be allowable. Then there is a sequence of allowable state transitions, that connect C to
a configuration that has normal form.

Proof. Let (I,1 + 1) be a boundary parallel arc in C. Then by Lemma 3.31 there is a
sequence of allowable state transitions that connects C' to a configuration C' that contains
the boundary parallel set generated by (,/+1). Then CB e C(n(n,p,q),p(n,p,q),q(n,p, q)).
Induction then gives the statement of the lemma. O

We will first consider the case n = 1. This has the advantage, that we can connect
an allowable configuration containing some (1,14 1) to a configuration that contains the
boundary parallel set generated by (I + 24,1 4+ 1 4 2i) for every ¢ € N see Remark 3.32.
This leads to the following definition of specific normal forms.

Definition 3.46. Let C(1,p/q = [ro,...,7]) be enumerated. Then C' € C(1,p/q =
[r0, ..., 7)) has normal form (lg,...,ln) withl; <r;—2for0 <i<h—1landl, <r,—1
iff one of the following holds
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(i) n=qg=p=1,

(ii) if I > 1 then C contains the boundary parallel set B generated by (0,1) and CP
has normal form (lo,...l, — 1) if 7, > 2 resp. (lo, ..., lh,.,) if rh = 2.

(iii) if I, = 2 then C contains the boundary parallel set B generated by (1,2) and C?
has normal form (lo, ..., ln,..)-

Let us prove that every allowable configuration for n = 1 is connected to such a normal
form.

Lemma 3.47. LetC(1,p/q = [ro, ..., 71]) be enumerated and C € C(1,p/q = [ro,...,71])
be allowable. Then there is a sequence of allowable state transitionsthat connect C' to a
configuration C € C(1,p/q = [ro,...,7]) that has normal form (lo,...,l).

Proof. We use induction on n(ro+---+rp). Let (I,/+1) be a boundary parallel arc in C.
We argued in remark 3.32 that there is sequence of allowable state transitionsthat con-
nects C' to a configuration C that contains the boundary parallel set generated by (0,1)
if I mod 2 = 0 resp. the boundary parallel set generated by (1,2) if l mod 2 = 1. The
induction argument gives CF is connected to a configuration C; that has some normal
form (lg, ... ,In,,..) which by Lemma 3.31 implies that C' is connected to a configuration
C without changing B such that CB = €. Let us distinguish the two cases.

Case 1: B is generated by (0,1). If Ayay = h i.e. iff r;, > 2 then C has normal form
1oy s Iy +1). If hipax < hie. iff 7, = 2 then C has normal form (lo, ..., lp .-+ n)
with [, =1 and [; = 0 for hpax < @ < h.

Case 2: B is generated by (1,2). If hyax < h ie. iff 7, = 2 then C has normal
form (lo, ..., hyays---5lp) With §; = 0 for hmax < @ < h. If hpax = h le. iff 7, > 2
and I, > 1 then C® has boundary parallel arc (0,1). By 3.32 there is a sequence
of allowable state transitionsthat connects C® to a configuration C; that has boundary
parallel arc (2,3). By Lemma 3.31 this corresponds to a sequence of allowable state
transitions, that connect C' to some C without changing B such that CB = (. By
Corollary 3.37 we have (4,5) ¢ B and thus o?(4) = 2 and a®(5) = 3 which yields that
(4,5) is a boundary parallel arc in C. If we chose (I,]+ 1) = (4,5) in the beginning of
the prove we can apply case 1. ]

We now want to see that two configurations that have normal form (lo,...,[;) have
different partition number x(R;) and thus two normal forms, that are allowable can
not belong to the same connected component in G(1,p,q). We first prove the following
interim result.

Corollary 3.48. Let C(n,p/q = [ro,...,7s]) be enumerated and let C € C(n,p/q =
[T0,...,Th]) contain a boundary parallel set resp. an almost boundary parallel set B gen-
erated by (1,1 + 1) that has size k + 1. Then

(i) if lmod 2 = 0 then x(R4+(C)) =k + 1+ x(R(CP)),
(i3) if I mod 2 = 1 then x(R4(C)) = x(R4+(C?)).
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Proof. By Lemma 3.36 o sends an even point to an even point and an odd point to an
odd point. Therefore every positive resp. negative region in C? corresponds to a positive
resp. negative region in C'. The only regions in C' that do not correspond to a region in
CPB are the cut off half disks of the boundary parallel arcs in B. If I mod 2 = 0 then
(I,1 + 1) cuts of a positive half disk and hence every boundary parallel arc in B cuts of
a positive half disk which implies, that x (R4 (C)) = k+ 1+ x(R+(CB)). If I mod 2 = 1
then (1,1 + 1) cuts of a negative half disk and hence (R, (C)) = x(R.(CB)). O

Lemma 3.49. Let C(1,p/q = [ro,...,7h]) be enumerated. Let p;/q; = [ro,...,Ti—1] for
1 <i<h. Let C be the configuration corresponding to (lo,...,ln) then

h
X(R(C)) =lo+1+ le‘pz'-

i=1

Proof. We use induction on 79 + - -+ + 7. If /g = 2 and h = 0 the normal form (0) by
construction has partition number 1 and the normal form (1) has partition number 2
(there are only two configurations). Let 7o + - - - + 7, > 3. We distinguish 2 cases.

Case 1: l;, > 1. Then there is a boundary parallel set B = {(0,1),..., (k-2q,k-2¢+1)}
in C that is generated by (0,1). By Corollary 3.48 we thus have that x(Ry(C)) =
k+ 1+ x(R4(CP)).

If h = 0 we have k+1 = 1. As CP has normal form (I, — 1) by induction x (R (CB)) =
I, and thus x(R4+(C)) =1 + 1.

If h > 1 by Lemma 2.48 and Lemma 3.42 we have k +1 = pp. If r, = 2 we have
X(R(CP)) =1g+1+ Z?i_“f" l;p;. Furthermore as r; = 2 for hAmax < 7 < h — 1 we have
0<l; <r;—2=1; =0 for hpax <t < h—1. This implies

h—1 h

XRy(C) =lo+ 1+ lipitpn=1lo+1+> Lp;.
i=1 i=1

If rj, > 2 we have that C® has normal form (lg,...,l;, — 1) and thus
h—1 h
X(R(CP)) =lo+1+ > Lipi+ (I = Vpn+pn = lo+ 1+ Y lip;.
i=1 i=1

Case 2: [, = 0. Then there is a boundary parallel set B = {(1,2),...,(k-2¢+ 1,k -
2q + 2)} in C that is generated by (1,2). By Corollary 3.48 we thus have x(R4+(C)) =
(R4 (CP)). Then CB has normal form (I, ...,ln,,. ). We have r; = 2 for hpay < i <
h—1 and thus [; < r; —2 = [; = 0 for hpax < @ < h — 1. Furthermore by assumption
l;, = 0 and thus [; = 0 for hpmax < 7 < h and thus

hmax

h
XRC)=lo+1+ > =l+1+) .
=1 1=1
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Corollary 3.50. Let C(1,p/q = [ro,...,74]). Then two normal forms (ly,...,ln) and
(lo, .- .,ln) have the same partition number (x(R4)) if and only if l; = 1; for 0 < i < h.

Proof. We use induction on h. For h = 0 this is obviously true. So let h > 1. Since
ri=2for (h —)max < i< h—1and l; <r;—2 for (h — 1)max < ¢ < h — 1 we have
l; =0 for (h — 1)max <@ < h — 1. Therefore

h—1 (hfl)max
lo+1+zlipi=lo+1+ Z lipi.
i=1 i=1
Now (lo, - -+, [(h—1)max) 18 @ nOrmal form in C(1,5/G = [ro, - - -, "(h—1),nax))- Then induction
gives that
h—1 ~ h—1 ~
lo—i—l—l—Zlipi:lo—i-l—i-Zlipi (3.13)
i=1 i=1
=1l for 0<i<h-—1. (3.14)

Furthermore Example 3.17 implies that the maximal partition number (x(R4)) of a nor-
mal form (lp, ..., I, ) can be maximal p. By Lemma 2.47 we have p/q = [ro,...,Th—1—
1]. By definition pp/qn = [ro,...,7h—1]- Then Corollary 2.49 gives p < pp. This then
gives the following

h

Ihpn <lo+ 1+ Lipi < (I + )p,
i=1

h
thh <lp+1+ Z[sz < ([h + 1)pp.
1=1

Then

h h
lo—l—l—i—Zlipi:lNo—i-l-i-Ziipi

i=1 i=1
= = Zh.
which then implies
h—1 } h-1_
lp+1 +Zlipi =ly+1 +Zlipi-
i=1 i=1
By 3.14 this is true if [; = l~Z for 0 <i < h — 1. Together this gives the lemma. ]

This now leads to the following Theorem giving an upper bound for the tight contact
structures adopted to a multicurve related to (1, p,q).
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Theorem 3.51. Let (1,p/q = [ro,...,rs]) and
r=(ro—1)-(rp—1 — 1)rp,

then every allowable component in G(1,p/q = [ro,...,rs]) is generated by a normal form
i.€.

N(]'?p/q = [T(]a R ,Th]) <.
Furthermore two normal forms can not generate the same allowable component in G(1,p/q =
[7’0, ey Th]).

Proof. By Lemma 3.47 an allowable component in G(1,p/q = [ro,...,r]) contains a
normal form (ly,...,lx). as 0 <1l; <r;—2for 0 <i < h—1andl, <r,—1 there are
r=(ro—1)-- (rp_1—1)ry different normal forms and thus the N(1,p/q = [ro,...,m]) <
T. O

Let us now consider the case n > 2. We want to see that the partition number
(x(R4)) of any n — 1-th reduction of a normal form is unique. This then leads to a
better understanding of normal forms for n > 2.

Corollary 3.52. Let C(n,p/q = [ro,...,7s]) be enumerated and let C € C(n,p/q =
[ro,...,r4]) have normal form. Let further C,C € C(n,p/q = [ro,...,r4]) be n — 1-
th reductions of C. Then C and C have the same partition number (x(Ry)). We

characterize it by lg, ..., I, as
h

lo + 1+ Z lzpz
i=1

Then there is a unique number n(l) such that

h
X(R(C)) =lo+1+ > Lipi+ n(D)p.

=1

Proof. Let x(R4(C)) =lp+ 1+ Z?:l lipi and let x(R4(C)) =lp+ 1+ Z?:l l;p;. By
Lemma 3.42 the size of a boundary parallel set for n > 2 is p and by Corollary 3.48
every reduction contributes either 0 or p to the partition number (x(R4)). Hence we

have that there are n(l) and n(l) such that

h h
XR(C) =lo+1+ Y Ipi+nlp =T+ 1+ lp; +n(D)p.
=1 =1

We have 1 < [p+ 1+ Z?Zl Lpi<pand1<ly+1+ Z?:l I;p; < p. Then assume w.l.o.g.

let n(l) > n(l). This implies

h h
1+ I+l (zo T o n<z‘>p) > 1= pt (all) (D)
i=1 =1

> 0.
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This implies n(l) = n(l) and thus
lo+1+Y lipi=lo+1+Y lp;,
=1 =1
which by Corollary 3.50 implies I; = I; for 0 < i < h. O

This yields that every allowable C' has partition number (yx(R4)) characterized by
(n(l),lo,...,ln). We have seen that a boundary parallel set for n > 2 generated by
(1,1 4+ 1) looks like {(l,1 +1),(I+2n,l+1+2n),....,(l+k-2n,l+ 1+ k-2n)} ie. it
contains the shifted arcs of (I,I + 1) by a multiple of 2n. Because normal forms are
constructed by boundary parallel sets the hope is, that a normal form contains shifted
sets rather then arcs. This motivates the following definition.

Definition 3.53. Let A = {(ao,bo), ..., (ai, b))} C Zapg. Then
A+2n = {(ap + 2n,bo + 2n), ..., (a; + 2n,b; + 2n)} for n € N.
If the size of A is n let w.l.o.g ag be the start and b; be the end of A. Then define

Ail = {(CLO, bO)a RS (ai—17 bi—1)7 (bl - 2”7 ai)}v
A" = {(bo, a0 + 2n), (a1,b1) ..., (ai, bi) }.
Let us now prove that such shifted sets exist in a normal form.

Lemma 3.54. LetC(n,p/q = [ro,...,71]) be enumerated withn > 2. Let C € C(n,p/q =

[T0,-..,7h]) have normal form. Then there there is 1 < i <n—1 and there are two sub-
configuration S with endpoints {s,...,s + 2i — 1} and Sy with endpoints {s + 2i +
1,,...,s+2(n—1)} (note that Sy can be empty) in C that satisfy

S1+2nj C C for all j € N;So+2nj C C for all j € N.

If we have Si,S2 as above then define i(s) =1 if s is even and i(s) =0 if s is odd. Let
further S = Ujen((S1 + 2nj) U (S2 + 2nyj)) then the map

ol Zgnp\B — Z2np

i #({s,...,i} — B) —i(s).

induces C° and ¥°: C%(n,p/q = [ro,...,rn]) = C(1,p/q = [ro,...,rn]) with C(1,p/q =
[ro,...,rp]) as in Lemma 8.31. o corresponds to a successive reduction of S.

Proof. First part: We will use induction. For n = 2 we have that C' contains a boundary
parallel set B and we have seen already that

B={(ll+1),...,(+k-2n1+1+k 2n)}

with {+ (k+1)-2n,i4+ 1+ (k+1)-2n) = ([,I+1). If we set S; = {(,l + 1)} and
S = then B = S = U;en(S1 4 2ni) and by applying Lemma 3.31 we get the statement
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forn = 2. Soletn > 3. Let B ={(l,l+1),....,(l+k-2n,l+1+k-2n)} be a
boundary parallel set in C'. The distribution of the boundary parallel arcs in B imply
aB((=) +2n) = aP((-)) + 2(n — 1). Thus we have that o®({a,...,a+2n -1} — B) =
{a®B(a),...,aB(a)+2(n—1)—1}. Now by induction C” contains two sub-configurations
Sy and Sy and S = Ujen((S1 + 2(n — 1)i) U (S3 + 2(n — 1)i)) as in the lemma. Then
S1, Sy have endpoints in {5,...,5 4 2(n — 1) — 1}. Let a®(s) = 5. Then S resp. Ss
correspond to some S resp. S in C that have endpoints in {s,...,s+2n —1}. As we
have have S; +2(n —1)i reps. Sy +2(n —1)i correspond to S; + 2ni resp. Sy + 2ni for all
i € N we have that S; + 2ni resp. So + 2ni is in C for all i € N. Assume that B has not
arc, that has both endpoints in {s,...,s + 2n — 1}. This implies that B must contain
the arc (s — 1, s) (because of the shifted structure of B) which is not possible as s is the
start of S;. Hence B contains an arc a that has both endpoints in {s,...,s +2n — 1}.

e Assume Sy = (). This implies S5 = 0.

If there is no point between o and S; then S; U is a sub-configuration and we
get that S; = S Ua and Sy = ) satisfy the conditions of the lemma.

Assume there is one point between S; and « then S; is a sub-configuration and
Sy = 51 and Sy = {a} satisfy the conditions of the lemma.

Assume there are 2 points between S; and a. Then (S; + 2n) U {a} is a sub-
configuration and S = (51 + 2n) U {a} and Sy = ) satisfy the conditions of the
lemma.

e Assume Sy # 0.

If there are 3 points between S; and S, then o must lie between S; and Sy
(this is as there is only one point between S; and Ss). Then either S U {a} resp.
Sy U {a} is a sub-configuration which yields that S; = S U {a} and Sy = S5 resp.
Sp =51 and Sy = Sy U {a} satisfy the conditions of the Lemma (there is only one
point between S; and Ss as « is between S; and 5’2).

Assume there is one point between S; and Sp. If there is one point between «
and Sp resp. o and Sy then o = (s,5+ 1) resp. @ = (s +2n — 2,5+ 2n — 1) and
hence Sy = (S3 — 2n) U {a} and Sy = S resp. S1 = (S1 +2n) U {a} and Ss = Sy
satisfy the conditions of the lemma. If there is no point between o and S; resp. o
and Sy then S; = S1 U {a} and Sy = Sy resp. S; = S1 and Sy = S5 U {a} satisfy
the conditions of the lemma.

Second part: The case n = 2 holds because S is the boundary parallel set generated by
(s,s+ 1) and Lemma 3.31 then gives the statement. For n > 3 we use induction. Let a
be a boundary parallel arc in S U Sy that does not have an endpoint that is the start of
S7 (must exist because if the size of Sj is 1 the size of S is > 1 and we can choose « in So,
if the size of S1 is > 2 then S; must contain a boundary parallel arc that does not have
an endpoint being the start of S1). Then let B = {(a,a+1),...,(a+2nk,a+2nk+1)}.
Then define S; = aB(S8; — B) and Sy = aB(Sy — B). Then S; and Sy are as in the
lemma. Let S = Ujen((S1 + 2ni) U (Sz + 2n4)). Then by induction o satisfies the
conditions of the lemma. Now regard

AS(aP((2): Zowp—S = Loy
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This is well defined as a®(Za,, — S) = Lotn—-1yp — S. Furthermore

o5(aP(2)) = o #({a,...,z} - B)) — i(a))
=#({#{a,...,s} — B) —i(a),...,#({a,...,2} = B) —i(a)} — §) — i(s)
=#{#{a,....s} - B),.. ,#({a )= B)} = 8) —i(s)
= #({#{s,...,a} = B)} = 8) —i(s )
=#({s,.. x} S) —i(s)
= a(x).

As aP((—)) resp. o give a one to one correspondence between C%(n,p,q) and Cg(n -

1,p,1) resp. C¥(n—1,p, q) and C(1, p, q) we get that o gives a one to one correspondence
between C°(n, p,q) and C(1,p, ¢) and thus the statement is true. O

This leads to another definition of a normal form i.e. a configuration C' that contains
51,55, S as in the Lemma such that C*° is in normal form. Assume C is allowable. Then
X(R+(C)) is characterized by (n(l),lo,...,ls) which as we have seen is an invariant of
the connected component of C. Then x (R, (C®)) has partition number characterized
by (lo,...,ls) and thus can be connected to the normal form (lo,...,l;). Hence that
question if two allowable configurations are connected can be reduced to the question
if the partition number ({(Ry)) is the same and wether we can connect both to a
structure containing some S7,S2,5 as in the lemma. We are actually able to simplify
that condition.

Let C be allowable and let C contain S;, S, S as in the lemma. Then C° contains a
boundary parallel arc, which by the structure of S yields a subconfiguration of size n in
S. We are now going to reduce the criterion above to the existence of a subconfiguration
of size n. Let us first prove the following interim result concerning subconfigurations of
size n.

Lemma 3.55. Let C(n,p,q) be enumerated and let SC be a sub-configuration of size j
with endpoints in {s,...,s +2j — 1}. Then there is a unique set of sub-configurations
SC; for 0 <i < N with start s; and end e; such that (s;,e;) € S; and e; + 1 = s;41 for
0<1i,7+1< N. We then have

|—|O§i<NSCz’ = SC.

Proof. We have sy must be the start of S. Then define the arc in .S that belongs to sg
as (so,e0). Then (sg,ep) cuts of a sub-configuration Sy that has start sp and end ey.
Further (sg,e9) € Sp. Use induction on S — Sy. As we Sp is unique induction gives that
the S; are unique. O

Lemma 3.56. Let C(n,p,q) be enumerated and let C' be allowable. If C contains a
subconfiguration SC = Up<i«nSC; (as in Lemma 3.55) of size n. Let S; = SCp —
{(ao,bo)} and Sy = SC — SCy and S = Ujen((S1 + 2nj) U (S2 + 2nj)). Then C is
connected to configuration C' by allowable state transitions where C contains SC, S.
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Proof. Now apply Lemma 3.25 inductively p — 1 times on Sy (if So is not empty). By
the Lemma thus only arcs that have endpoints in

Lllgigp_l({al —1,..., bel} +1- 2nq) = Ulgigp_l({al —1,... 7bN71} + - 27’L)

get changed and thus 57 does not get changed. Then apply Lemma 3.25 inductively to
S1 which only changes arcs in

ulgigp_l({ao, e bo — 1} +q - 2nq) = Lllgigp_l({ao, ce bo — 1} +1- 2n)

and hence does not change L;({ao,...,bo} + 2ng) nor (ao,by). Hence we get a configu-
ration C that contains SC and S;, So, S as in Lemma 3.63. O

We are now going to introduce an equivalence class of subconfigurations of size n.
This is motivated by the previous lemma.

Definition 3.57. Let C(n,p/q = [ro, ..., 7)) be enumerated. Let SC be a sub-configuration
and let SC' = Up<ij«nSC; as in Lemma 3.56. Then

1. We denote the equivalence relation generated by
SC~t ~ SC ~ SCt
for sub-configurations of size n as ~j.
2. We denote the equivalence relation generated by
(SCo+ 2n) Ui<icnSCi ~ SC ~ Up<icn—1 U (SCn_1 — 2n)
for sub-configurations of size n as ~s.

Let us now introduce specific normal forms.

Definition 3.58. Let C(n,p/q = [ro,...,n]) be enumerated. Let C' € C(n,p/q =
[7’0, .o .,Th]).

i) Let SC be a sub-configuration of size n with start 0. Let SC = Uy<;<nSC; be
as in Lemma 3.55. Let S; = SCy — {(ap,bo)} and Sy = SC — SCy. Let S =
Ujen((S1 + 2nj) U (S2 + 2nj)). Then if C contain S and if C* has normal form
(loy ..., lp) with 0 < I, < rp, — 1 we say C has normal form (SC,lo,...,lp).

ii) Let SC be a sub-configuration of size n and let SC = Up<;<nSC; be as in Lemma
3.55 where 0 is in SCy. Let S; = SCy — {(ap,bo)} and Sy = SC — SCy. Let
S = Ujen((S1 +2nj) U (S2 +2nj)). Then if C contain S and if C* has normal form
(loy ..., lp) with l;, = 0 if s is even and I, = rj, — 1 if s is odd we say C has normal
form (SC\lo, ... Ip).

Let us now prove, that every allowable configuration is connected to such a normal
form.
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Lemma 3.59. Let C(n,p/q = [ro,...,r4]) be enumerated and let C € C(n,p/q =
[r0,-..,7h]) be allowable. Let further C be related to (lo,...,ln). Then there is a se-
quence of allowable state transitions that connects C' to a configuration that has normal
form (SC,ly,...,l3). Furthermore if C contains a sub-configuration SC of size n then

1. 4f 0 <l < rp — 1 then C is connected to a normal form (Sb,lo,...,lh) where
SC ~1 SC,

2. ifAO % 1l # rp, — 1 then C is connected to a normal form (Sb’,lo, ..y lp) where
SC ~y SC.

Proof. W.l.o.g. assume C contain a sub-configuration SC of size n (if not bring C' into
normal form, then it contains such a subconfiguration).

Case 1: 0 < I < r, — 1. Use Lemma 3.56 to connect C' to a configuration C
containing SC,S; = SCy, Sy = SC —_S_CO, S as in the Lemma. Then for every choice of
boundary parallel arc we have that C° can be connected to a configuration that contains
that arc (this is because of the choice of l;). Use that to connect C to a configuration
C that contains (bg, ag + 2n) without changing S. This yields that C contains sc'.
The argumentation that C is connected to a configuration that contains SC™! works
by choosing S1 = Uye;cy_15C; and Sy = SCy_; — {(ay_1,bx_1)}, creating S as in
Lemma 3.56 and then creating an arc (by_; — 2n,a5_,)-

Now let SC ~1 S_(j with start 0. Then SC = |—|O§i<NSCi- Let Sl == SC(] - {(ao,bo)}
and S2 = Ui<j«nSC;. Then use Lemma 3.56 and the above techniques inductively to
connect C' to a configuration C that contains S1,59 and S as in Lemma 3.54. Then
connect C' to the normal form (SC,lo,...,I5) by connecting C*° to the normal form
(loy .-y 1n). )

Case 2: 0 # I, # rp—1. Use Lemma 3.56 to connect C' to a configuration C containing
SC,8, = 8Cy, 5, = SC —_S_CO,S’ as in the Lemma. Then (ao,by) corresponds to a
boundary parallel arc in C° where qg is even resp. odd if a” (ap) is even resp. odd and
thus if I, = rg — 1 resp. I, = 0 (the last relationship is because of the choice of I, cs
can not contain a boundary parallel arc ([,! + 1) where [ is even resp. odd if I}, = 0
resp. I, = rp, — 1). Furthermore CS can be connected to a configuration containing an
arbitrary choice of a boundary parallel arc (I,]+1) where [ is even resp. odd if I}, = rj, — 1
resp. I, = 0. Hence connect C to a configuration C' containing (ag + 2n, b + 2n) without
changing S. As S contains {SCo — (@0, bo)} + 2n we have that C' contains the sub-
configuration (SCo+2n)ULL <, y_15C;. Furthermore C contains the subconfiguration
Uo<icny—29Ci U (SCx_y — 2n).

Now let SC ~1 SC and SC = |—|0§i<NSCi with 0 in SCO Let 51 = SCO — {(ao,bo)}
and S2 = Uj<j<nSC;. Then use Lemma 3.56 and the above techniques inductively to
connect C' to a configuration C that contains S1,52 and S as in Lemma 3.54. Then
bring C into normal form (SC,lo,...,l) by bringing ¢S into normal form. O

Lemma 3.60. Let C(n,p/q = [ro,...,rs]) be enumerated. Then the number of normal
forms (SC\lg,...,ly) is

Con+rp—1) (rp—1 — 1)+ (ro — 1).
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Proof. Let us first count the number of normal forms (SC,lo,... ;) with 0 < [, <
r, — 1. Hence we are looking for the number of sub-configurations of size n that start
at 0. This obviously is the same as C,. Furthermore the number of normal forms
(loy ...y lp) with O <lp <rp—1is (rp—2) - (rp—1 —1)---(ro — 1). Hence the number is
Cn-(Th—2>-(Thfl—l)-“(ro—l).

Let us now count the number of normal forms (SC,ly,...,l,) where I, = 0 or I}, =
rp, — 1. Let SC = Up<i<nSC; as in Lemma 3.55. If ¢ is the size of SCj then there are
2i - Ci—1 - Cp—; different possibilities for 0 to be in SCy (Cj—1 - Cy—; is the number of
configurations SC' with start 0 and the size of SCy = i and 2i is the maximal number
such that for 0 < k& < 2i we have that 0 is in SCy — k). Therefore the number of
sub-configurations with 0 in SCjy is z;:oli cCi1-Cpy. AsCi1-Chy = C(n—i+1)—1 .
Cp—(n—i+1) We have

20 Cim1-Cni +2(n—i+1) - Cliyy—1 - Cn(noiv)
=(n+1)-Ci1-Cpi+ (n+ 1) Cin_iz1y—1* Cn(n—it1)

and thus
n—1 n—1
Zi Cio1-Chy = Z(n +1)-Ciq1-Chi
i=0 i=0
n—1
=(n+1)-Y Ci1-Cny
i=0
2L (n+1) - Cy.
Furthermore the number of normal forms (lg, . ..,[) with I, = 0 is equal to the number
of normal forms (ly,...,ls) with i, =7, — 1 is equal to (19 — 1) - (rp—1 — 1) and thus
the number of normal forms (SC,ly,...,l) with [, =0or I =7, — 1 is
Cn(n + 1)(7“}1,1 — 1) ce (7“0 — 1)
Therefor the number of normal forms (SC,ly, ..., 1) is

Cpn(n+1)(rp—1 —1)---(ro — 1) + Cp(rpn — 2)(rh—1 — 1) -+~ (10 — 1)
:C'n(n + Th — 1)(""h—1 - 1) tet (7‘0 — 1).

Theorem 3.61.

N(n,p,q) <Cp(n+rp—1)-(rp—1 —1)---(ro — 1).
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3.4 Equality

We now want to prove that the upper bound we found is actually equal to the number
of tight contact structures. The main new idea in this section is, to take a boundary
parallel arc o and consider Honda’s algorithm on C*(n, p, q) (remember that this means
to only consider configurations containing «). The following Lemma give a relation
between that idea and the reduction (n(n,p,q),p(n,p,q),q(n,p,q)).

Lemma 3.62. Let C(n,p/q = [ro,...,71]) be enumerated. Let o be a boundary parallel
arc. Then the number of allowable components in G*(n,p/q = [ro,...,Th]) (we mean the
algorithm defined for fized o on C*(n,p/q = [ro, ..., r4])) is N(n(n,p,q),p(n, p,q),q(n, p, q))-

Proof. Let T” be a multicurve on R/Z x R/Z = S' x 9D?* = 9(S! x D?). In the
representation (see 3.13 (a)) we assume, that the copies of a and the frame are the copy
of T” (see 3.13 (b)) and that the picture is obtained from the cutting process applied for
I (this defines I completely). Let I' be te multivurve of slope ¢/p with 2n components
on R/Z x R/Z (see 3.13 (c) the blue arc is the attaching arc of the bypass), then I
is obtained from I' by attaching a bypass from the back along an arc in 9({0} x R/Z).
Therefore we have to find out, to which class (n/,p’,¢') I belongs.

If n > 2 then the bypass attachment intersects 3 components of I" and thus decreases

.
.

@ (b) (©)

Figure 3.13: The left picture shows the representation of a configuration containing «,
the middle picture shows IV on 72 and the right picture shows I' on 72,

n by 1, i.e. ' = n — 1. As there is at least one component that does not get changed by
the bypass attachment the slope of that component has to be ¢/p and thus p’ = p and
q¢' = q. Therefore (n,p,q) = (n(n,p,q),p(n,p,q),q(n,p,q)).

The n = 1 case is a bit more complicated. We want to count how many times
the purple line in Figure 3.14 (a) twists around R/Z x {0} which is p’ and how many
times the purple line twist around {0} x R/Z which is ¢’. We want to relate this to the
boundary parallel set. We enumerate the intersections of I' with {0} x R/Z with Zgy,,
see Figure 3.14 (b). Let us consider the purple arc in 3.14 (b) that starts at 0 on the

99



3 Solid Torus

Q
\\
\

(@) (b)

Figure 3.14: The left picture shows a configuration disk in B3 before edge rounding, the
right picture shows the same disk after edge rounding.

left and ends at —2 on the right. The number of times this arc intersects {0} x R/Z is
p’ and the number of times this arc intersects R/Z x {0} is ¢/. This can be translated to
algebra. Remark that every arc in the picture connects a on the left to a + 2ng on the
right. Let & be the smallest number such that k - 2ng = —2 (mod 2np). Then the set
{0,2nq, ...,k -2nq} C Zapy corresponds to the intersections of that arc with {0} x R/Z
ie. k+1 = p' and we further have #({0,2ngq, . .. k- 2nq} N {0,2,...,2nqg — 2}) = ¢
(this is as every intersection with R/Z x {0} results in such a unique intersection with
{0} x R/Z). This looks very much like the boundary parallel set. Let k + 1 be the
smallest number such that (k+ 1) -2ng =0 (mod 2np) i.e. k = 2np — 1 and let (k + 1)
be the smallest number such that (k + 1) - 2ng = 2 (mod 2np) (this is the same as the
boundary parallel set). We then have

{0,2nq,...,k-2nq}:{O,...,I_c-2nq,(lg+1)-2nq,...,(l%+l_€—|—1)-2nq}.

This yields p’ = k+1 = np—k and hence p’ = p(1,p,q). As (k+1)-2ng =2 (mod 2np)
we have, that
({2,2+2nq,...,2+k-2nq} N {2,4,...,2nq — 2}
={0,2...,2nqg — 2} — {0,2ngq, ..., k- 2nq}.

~—

This is almost what we have in Lemma 3.31 (we have {_0, ...,2nq} — B has double the
points of {0,2...,2nq — 2} — {0,2nq,..., k- 2ng}). If k =0 i.e. if ¢ = 1 we thus have
¢ =#({0,2nq,...,k-2nq} N{0,2,...,2nqg — 2}) = 1. If k # 0 we have
q(1,p,q) = #({2,2+2nq,...,2+l§:-2nq}ﬂ{2,4,...,2nq—2})
= #({0,2nq, ..., k-2nq} N {0,2,...,2nqg — 2})
/
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This yields ¢ = ¢(n,p, q).

All together we get that for arbitrary (n, p, q¢) we have (n’,p’, ¢') = (n(n,p,q),p(n,p,q),q(n,p,q))
an thus that the algorithm for fixed alpha can be related to an algorithm that comes
form a dividing set characterized by (n(n,p,q),p(n,p,q),q(n,p,q)). O

Let us now give an correspondence between C*(n, p, q) and
C(n(n,p,q),p(n.p,q),q(n,p.q)).

Lemma 3.63. Let a be a boundary parallel arc. Let C*(n,p/q = [ro,...,rs]) be enumer-
ated and let C € C*(n,p/q = [ro,...,rs]) be allowable and contain a boundary parallel
arc 3. Then C is connected to a configuration C that has normal form without changing
without changing o or B which contains a boundary parallel set containing B. Let further
n > 3 then C contains the boundary parallel set generated by o and the boundary parallel
set generated by 3.

Proof. Let a = (a,a+1) and g = (b,b+1). Apply Lemma 3.23 inductively to S to create
arcs {(b+2nq,b+ 1+ 2nq),...,(b+ k1 -2nq,b+ 1+ k1 - 2nq)} where k; is the maximal
number such that we do not change «, 8 or the already created arcs. Now apply Lemma
3.23 inductively to create arcs {(a —2ng,a+1—2nq),...,(a—kz-2ng,a+1—ky-2nq)}
where ko is the maximal number such that we do not change «, 3, {(b + 2ng,b + 1 +
2nq),...,(b+ k1 - 2nq,b + 1 + k1 - 2nq)} or the already created arcs. This yields a
configuration C' that contains a and

B={(b—ky-2nq,a+1—ky-2nq),...,(b,b+1),...,(a+ ki -2nq,a+ 1+ k1 -2nq)}.

We distinguish 2 cases. Let us simplify the notation a bit. Choose (¢,c+ 1) = (b — ko -
2ng,a+ 1 — ko - 2nq) and k = ki + ko, then we have

B={(c,c+1),...,(c+k-2nqg,c+1+k-2nq).}

Case 1: B is the boundary parallel set generated by (c,c+ 1). If & € B then we can
connect CZ to a normal form i.e. connect C to a normal form without changing « or 8.
Furthermore the normal form contains B and hence if n > 3 it contains the boundary
parallel set generated by « and by f.

If @ ¢ B then ¢"(a) is a boundary parallel arc in C® and thus we can create the
boundary parallel set generated by ¥ (a) and then connect it to a normal form which
is a way to connecting C to a normal form without changing o or 5. We already saw
that for n > 3 the boundary parallel set generated by ¢ (a) corresponds to a boundary
parallel set in C*(n,p/q = [ro, - .., 71]) generated by « and thus the normal form contains
the boundary parallel set generated by « and the boundary parallel set generated by .

Case 2: B is not a boundary parallel set. We want to see, that B must be an almost
boundary parallel set. If creating (¢ — 2ng,c+ 1 — 2nq) would change an arc of B then
it must be (c+ k- 2ng,c+ 1+ k- 2nq) (this is argued in the proof of 3.26) i.e. we have

{(c—2ng,c+1—-2nq)} ={(c+k-2nq,c+k-2nq)} —2.
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Therefore creating (¢ + (k+ 1) - 2ng,c+ 1+ (k + 1) - 2ng) would changed (c,c+ 1) and
hence B is the boundary parallel set generated by (¢,¢ 4+ 1). As this can is not true
by assumption we have, that creating (¢ + (k + 1) - 2ng,c + 1+ (k + 1) - 2nq) resp.
(¢ — 2ng,c + 1 — 2nq) would change o. By 3.24 we therefore have, that a has exactly
one endpoints in

{c=1+(k+1) 2nq,c+ 1+ (k+1)-2nqg}N{c—2nq,c+ 2 — 2ngq}.

This yields o = (¢c+2—2ng,c—1+(k+1)-2nq) = (c—2+(k+1)-2nq,c—1+(k+1)-2nq)
and therefore A = BU{«a} is an alost boundary parallel set. By Lemma 3.43 it can only
exist in 2 cases.

Let n =1 and 7, = 2 with b > 2. We have C4 € C(2,5/4 = [ro, ...,7h_1—1]). Assume
there exists a boundary parallel arc (ZN, I+ 1) in CPB. Then create the boundary parallel
set generated by (I,1+1) which as n = 2 the boundary parallel set is U;{ (1447, [+1+47)}.
As A is an almost boundary parallel set generated by (c,c+1) we have that ¢+2,...,c+5
is not in A and therefore there is an arc in U;{(I + 44,1 + 1 4 44)} that corresponds to
a boundary parallel arc (I,] + 1) with endpoints in ¢+ 2,...,¢+ 5. We have that ¢
is even resp. odd implies I, = 1 resp. I, = 0 which implies [ is even resp. odd which
implies [ is even resp. odd. Furthermore neither (¢—2gq, c+1—2¢) is in A (this is a direct
consequence of the construction of the boundary parallel set) nor (c—|—4 2q,c+5—2q) is
in A (if that would be the case then there would be k < k such that k-2¢ = 4 (mod 2p)
and hence (c+4,c+5) is in A which is not the case by the construction of the boundary
parallel set). Therefore there is an arc (3,54 1) in U;{({+4i,]+1444)} that corresponds
to (c+4 —2q,c+5—2q) or (¢ — 2q,c — 2q). We denote C' and mean the configuration
that corresponds to the above state transitions. If (¢ — 2ng,c + 1 — 2nq) € C then we
inductively create new arcs {(¢ —2-2¢,c+1—2-2¢),...,(c—k-2¢,¢c+1—k-2¢)}
where k is the maximal number we can apply Lemma 3.23 without changing A or the
arcs created before. Then

{c—k-2qc+1—k-2¢),....,(c+k-2¢,c+1+k-2¢)}

is a boundary parallel set and we can apply case 1. If (c+ (k + 1)-2¢,c+1 + (k+1)-2 )
is in C' then we inductively create new arcs (¢,c+1), ..., (c4+k-2q, c+1+k-2q) where k
is th maximal number we can apply Lemma 3.23 Without changing A or the arcs created
before. Then

{(c,e+1),...,(c+k-2q,c+1+k-2¢)}

is a boundary parallel set and we can apply case 1.

Let n =2 and ¢ # 1 (hence h > 1). Then by Lemma 3.43 C¥ € C(1,[ro,...,m,2]).
Let (l~ A+ 1) be a boundary parallel arc in C4. C* can be connected to a configuration
that has boundary parallel arc (I + 24,1 + 1+ 2i) for all i(as n®™?9 = 1).By the same
argumentation as above C can only a boundary parallel arc (l~, I+ 1) if [ and ¢ are even
resp. odd. As (¢4 (k+1)-2ng,c+ 14 (k+1) - 2nq) is not in A we can connect C to a
configuration C that has boundary parallel arc (¢ + (k+ 1) - 2ng,c+ 1+ (k + 1) - 2ng).
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Then we inductively create new arcs (¢,c+1),...,(c+ k-2qc+1+k- 2q) where k is
th maximal number we can apply Lemma 3.23 without changing A or the arcs created
before. Then

{(C7C+1)a7(C+I%2Q7c+1+]%2q)}
is a boundary parallel set and we can apply case 1. O

Lemma 3.64. Let o be a boundary parallel arc. A configuration C € C*(n,p/q =
[ro,...,m4]) is allowable if and only if it is connected to a configuration C € C*(n,p/q =
[r0,-..,7h]) without changing o that contains a boundary parallel set B containing «
generated by some (I,1 + 1) where CB e C(n(n,p,q), p(n,p,q),q(n,p, q)) 1is allowable.
Furthermore there are two allowable configuration C,C € C*(n,p/q = [ro,...,4]) that
contain a boundary parallel set B generated by some (1,1 + 1) containing . Then CB

and CP are connected in C(n(n,p,q), p(n.p. q),q(n,p,q))-

Proof. Let C € C*(n,p/q = [ro,...,7]) be allowable and let B be a boundary parallel
set generated by some ([,] + 1) that contains & = (a,a + 1). Then there is a smallest
0 < k such that @« = (I + k- 2ng,l + 1+ k- 2nq). Furthermore {({,{ +1),...,(l +
k-2ng,l +1+ k- 2nq)} is a subset of B that can not contain (a — 2,a — 1) (if that
was the case creating (I + k- 2ng,l + 1+ k- 2nq) = (a,a + 1) in Lemma 3.26 would
yield a problem as it would change (a — 2,a — 1)). We inductively apply Lemma 3.23
to create arcs (a — 2ng,a + 1 — 2nq),...(a — k - 2ng,a + 1 — k - 2ng). This would
only change (a,a + 1) if a —i-2ng = a — 2 for some 1 < i < k which by the above
observation is not the case. Therefore we can connect C' to a configuration C' that
contains {(l,{+1),...,(I+k-2nq,l+ 1+ k- 2nq)} without changing . Then applying
Lemma 3.26 to (I,]+ 1) in C connects C to a configuration C' that contains B without
changing {({,1+1),...,(l+k-2ng,l+ 1+ k-2nq)} and hence without changing a. Now
C can only be allowable if C® is allowable. As the number of allowable components
in C(n(n,p,q),p(n,p,q),q(n,p,q)) is the same as the number of allowable components
in C%(n,p,q) and by the previous observation every allowable component in C*(n, p, q)
contains a configuration C' that contains B such that C'P is allowable and as further
the allowable components in CZ(n,p,q) are send by ¥ to the allowable components
of C(n(n,p,q),p(n,p,q),q(n,p,q)) we have that the allowable components in CZ(n, p, q)
generate all the allowable components of C*(n,p/q = [ro,...,7s]) and that they are
different in C2(n, p, q) if and only if they are different in C%(n, p/q = [ro, ..., 71]). O

Theorem 3.65. Let C(n,p/q = [ro,...,7h]) be enumerated. Then all normal forms are
allowable.

Proof. We use induction on n(rg+---+ry). Ilf n(ro+---+r,) = 1,2 then all configura-
tions are allowable as there can not be any state transitions. If np = 3 then n = 1 and
either rg = r1 = 2 which implies that a normal form only consists of boundary parallel
arcs and hence does not admit any state transition or rg = 3 which we already discussed.

Let C € C(n,p/q = [ro, . ..,Ts]) contain a boundary parallel arc a and a boundary par-
allel set B that contains . By induction C'B is allowable if and only if it is connected to
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a normal form. Furthermore by Lemma 3.64 C' € C*(n,p/q = [ro, ..., 7)) is allowable if
and only if C is allowable. Then an allowable state transition in C(n,p/q = [ro, ..., 74])
is an allowable state transition in C*(n, p/q = [ro, . .., 74]) if and only if it does not change
«. Furthermore such a state transition creates an potentially allowable configuration in
C*(n,p/q = [ro,...,r)) and thus in C(n,p/q = [ro,...,74]). So let us regard an allow-
able state transition in C(n,p/q = [ro,...,rs]) that changes a. As p > 3 we have that
there is a boundary parallel arc 8 in C that does not get changed by the state transition.
Then by Lemma 3.63 C' is connected to a configuration that contains a boundary par-
allel set B containing 8 and having normal form without changing « nor 3. By Lemma
3.64 and the induction hypothesis we therefore have that C' € C%(n,p/q = [ro,...,74])
must be allowable. Therefore as the allowable state transition does not change (3 it con-
nects C' to a configuration that is potentially allowable in C?(n,p/q = [ro,...,74]) and
thus in C(n,p/q = [ro,...,74]). Therefore if C is allowable in C¢(n,p/q = [ro,..., 1))
for an arbitrary boundary parallel arc ¢ in C, then the connected component of C in
C(n,p/q = [ro,...,r]) only contains potentially allowable configurations and hence C
is allowable in C(n,p/q = [ro, ..., 71]). Therefore all normal forms are allowable. O

Lemma 3.66. Let C(n,p/q = [ro,...,rmh]) with n > 2 be enumerated and let C €
C(n,p/q = [ro,...,r4]) contain a boundary parallel set B generated by . Let SC' and

SC be two sub-configurations of size n. Then
oP(SC — B) ~1 aP(SC - B) = SC ~, SC, (3.15)
aP(SC — B) ~3 aP(SC — B) = SC ~, SC. (3.16)

Proof. Let SC = Uy<;<nSC; and SC = |_|0<Z.<NS~C’Z~ as in Lemma 3.55. Note that
aB (=) +2n) = aP((-)) + 2(n — 1) (we already saw that relation). Let us first prove
(3.15). We distinguish 4 cases.

Case 1: Let SCy not be a subsets of B hence ag ¢ B. Then o”(SC — B) has start
aB(ag). Then

aP(SC — B)! = {(a”(bo), a”(ag) + 2(n — 1))} U (P (SC = B) — {(a"(ag), @ (b)) }).
Now assume
aP(SC — B) = {(a”(h), a"(a0) + 2(n — 1))} U (2”(SC — B) — {(a(a0), a” (b))}).
Then
SC — B = {(by,ap +2n)} U ((SC — B) — {(ao,bo)}).
If (ap+1,a0 + 1) € B then (ap + 1,a9 + 2) € SCy and we have

SC = {(bg, a0 + 2n)} U (SC — {(ag,by)}) = SC*
or, SC = {(bo, a0 +2n)} U ({(ap + 1,a0 + 2)} + 2n)
U (SC — {(ag,bo)} — {(ap + 1,a0 +2)}) = ((SCHH) .
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If (ap+1,a0 +2) ¢ B then
SC ={(by, ag + 2n)} U (SC — {(ag, bo)}) = SC*.
This yields that in this case
oP(SC — B)! = aB(SC — B) = SC = (SCHY)! or SC = SC! = SC ~; SC.
Case 2: Let SCny_1 not be a subsets of B. The identity
oB(SC - B) ' =dP(SC-B)=SC=(SCH Hlor SC=5C"1= SC~; SC,

works by using case 1 for a mirrored enumeration.
Case 3: SCy C Bi.e. SCy = {a}+2ni for some i. Then a®(SC—B) = U1 <;«naP(SC;)
is as in Lemma 3.55. Then

=aP(SC - B)!
:{(OéB(bl), aB(al) + 2(n — 1))} LJ OtB(SCl — {(al, bl)}) L] |_|2§i<NOéB(SC7;)
:aB({(bl,al +2n)}) U aB(501 —{(a1,1)}) U |—|2§i<NOdB(SC,').

Assume a?(SC — B) = aP(SC — B)', which thus yields
SC — B = {(b1,a1 4+ 2n)} U (SCy — {a1,b1}) U s<;«NSC;.
As {a} + 2n(i + 1) lies between by and a; + 2n we must have
SC = {(b1, a1 +2n)} U (SC1 — {ar,b1}) UlacicnSC; U ({a} + 2n(i + 1))

= (5"
Hence in our case

oB(SC — B! =aP(SC - B) = SC = ((SCHH) = SC ~; SC.

Case 4: Let SCy_1 C B. Then arguing
aP(8C - Bl =aP(SC - B)= SC = ((SC™H )1 = SC ~; SC,

works by using case 3 for a mirrored enumeration.

All 4 cases together give (3.15).

Let us now consider (3.16). Let o (SC — B) = Uy, y5C; be as in Lemma 3.55. Let
SC = (SCp+2(n—1)) Ul ;. ySC;. Let us assume o (SC — B) = SC. We distinguish
2 cases. -

Case 1: SCy C B. Then SCy = {a} + 2ni for some i. Then SCy = aB(SC}). As
oP(SC — B) = SC we have

S~C —B= (SC1 + 27‘&) L U2§i<NSCi-
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Then as a + 2n(i + 1) lies between Us<;«ySC; and (SCp + 2n) we must have
SC = ({a} + 2n(i + 1)) U (SC1 + 2n) U Lz<;«n SC:.

hence SC ~9 SC.
Case 2: SCj is not a subset of B.
If there is {a} + 2ni € SCy then SCy = aP(SCy — ({a} + 2ni)). Therefore we have

SC — B = ((SCy — (o + 2ni)) + 2n) U Llj<;« N SC;.

Hence ((SCy — (v +2ni)) +2n) C SNC'N?1 which implies SCy + 2n C SNC'Nil. Therefore
we have

SC = (SC() + 2n) U U1§i<NSCZ'.

Thus SC ~; SC. )
If BNSCy = 0 we have SCy = a®(SCy) which implies SCj_1 = SCp+2n and hence

SC = (SC() + 271) U |_J1§1'<NSCZ'.

Therefore SC ~g SC.
We defined ~3 to be generated some relations. Case 1 and 2 give one relation i.e. the
relation

a?(SC - B) = (SCy+2(n — 1)) UL, ySC; = SC ~3 SC.
The other relation i.e.
a?(SC - B) = (SCx_; —2(n— 1)) Ulyc;ey_1SC; = SC ~3 SC,

can be proven by mirroring the enumeration and use case 1 and 2. Both cases then give
(3.16) as they generate the equivalence relation ~s. O

Lemma 3.67. Let C(n,p/q = [ro,...,r4]) be enumerated. Let SC' be a sub-configuration
of size n. Then

1. If SC has start 0 then there is no other sub-configuration in [SC|y that has start
0,

2. If SC = |—|0§z’<N5:Ci and 0 is ip SCy then therejs no other sub-configuration SC
in [SCla where SC = I—'ogz‘<NSCi with 0 1s in SCy.

Proof. Let us regard 1. If SC has start 0 then the first sub-configurations we can reach
by applying ! and ~! that have the start being a multiple of 2n are SC'+2n and SC —2n.
Therefore every configuration in [SC]; that has start a multiple of 2n must be of the
form SC + 2nj for some j. To get a configuration with start being a multiple of 2np we
have a configuration SC + 2npj = SC for some j and thus the first statement is true.
Let us regard 2. By the generators of ~ we have that the first subconfiguration
we can reach by generator moves starting with SC SC = Uy, 5SC; we can reach by
generator moves starting with SC' where SC contains 2n are SC + 2n and SC — 2n.
The same argumentation as above then gives the statement for 2. O

66



3.4 Equality

Proof of Theorem 1.1.
N(n,p/q=[ro,...,rn]) =Cpn(n+rp—1) (rp—1 —1)--- (1o — 1).

Proof. Let C(n,p/q = [ro,...,n]) be enumerated. We have to show that two different
normal forms (SC,lo,...,1;) and (SC,lp,...,Is) can not be connected by a sequence
of allowable state transitions. Then by Lemma 3.65 those normal forms generate the
allowable components of G(n,p, ¢) and that the total number is Cp,(n+r, — 1) - (rp_1 —
1)---(rp — 1) by Lemma 3.60.

We have already seen, that (lo,...,l) = (lo,...,l;). We then use induction on n.
Case n = 2. First note that if n(l) is 1 resp. 0 every configuration connected to
(SC,ly,...,ly) only contains boundary parallel arcs (I,[+1) where [ is even resp. odd. Let
B be the boundary parallel set generated by some (I,l+ 1) contained in (SC,lg,...,1).
As B = Ui{(l +4i,1 + 1+ 44)} (because n = 2) there are only 4 different possibilities
for a boundary parallel set in C(2,p/q = [ro,...,74]). Then (SC,lp,...,l;) can only
be connected via allowable state transitions to a configuration that contains B + 2 as
the other possibilities would contain a boundary parallel arc that it can not contain
because of the previous observation. Now assume (SC,lo, . ..,[5) is connected to a con-
figuration that contains B + 2. Then there must exist a configuration that is connected
to (SC,lp,...,l) that contains an arc a in B and an arc 8 in B + 2 (this is as every
boundary parallel arc a configuration connected to (SC,lo,...,[;) can have must lie in
BU(B+2)). Then by Lemma 3.63 we can connect this configuration to a normal form
containing « and # which then implies that if n(l) = 0 resp. n(l) = 1 we have I}, # r, — 1
resp. Iy # 0.

Now assume 0 < I, < rj, — 1. By the definition of (SC,ly,...,I;) we have that there
is a boundary parallel set which does not contain 0. If B is another boundary parallel
set, then (SC,lp,...,l,) only contains boundary parallel arcs which is not possible as
0 <lp <rp—1. Thus B does not contain 0. Now B contains (2, 3) resp. (1,2) if n(l)
is even resp. odd and thus SC' = {(0,1),(2,3)} resp. SC = {(0,3),(1,2)}. As further
B + 2 is the only other boundary parallel set that can be contained in a configuration
connected to (SC,lo,...,ln) and B + 2 contains 0 and thus can not be contained in
as normal form (0 < I, < r, — 1) and as further SC' depends uniquely on B we have
SC = SC.

If I, = 0 and n(l) = 1 resp. Ij, = 1, — 1 and n(l) = 0 then by the above (SC, 1y, ..., 1)
must contain B and as SC uniquely depends on B we have SC = SC. If [, = 0
and n(l) = 0 resp. I, = rp — 1 and n(l) = 1, then every configuration connected to
(SC,lo,...,l;) must contain B or B + 2. If (Sb, lo,-..,lp) contains B + 2 we have 0 is
in B+ 2 resp. B and thus (S~C, loy...,lp) resp. (SC,lp,...,1}) contains only boundary
parallel arcs and hence SC' = SC. Else (Sb, loy--.,lp) contains B and as SC uniquely
depends on B we have SC' = SC. This finishes the case for n = 2.

Let n > 3. Let C € C(n,p/q = [ro,...,71]) be allowable and let there be a boundary
parallel arc a € C. Then connect C to two configuration C, C' without changing o that
have normal form and contain the boundary parallel set B generated by «. Then C
resp. C' contain sub-configurations SC resp. SC' of size n. Then CP resp. CE are con-
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3 Solid Torus

nected to normal forms (S~C’1, lo, ..., 1) resp. (SC1,lo,...,1x). By Lemma 3.64 we have
that (SC1,lo,...,1s) and (SC1,lo,...,1) are connected in C(n — 1,p/q = [ro, ..., 71]).
Now we have 0 < I, < rp —1resp. I =0orl, =r,—1 if and only if (by induc-
tion) SC'1 ~1 SC1 resp. SC’l ~y SC1 which by Lemma 3.66 implies SC ~ SC resp.
SC ~y SC.

Now assume we have an allowable state transition that changes . Then there is a
boundary parallel arc 8 in C that does not get changed by the state transition. By
Lemma 3.63 we can connect C' to a normal form C' that contains the boundary parallel
set B generated by « and the boundary parallel set B generated by  without changing
a or 3. Then by the above observation C contains a sub-configuration SC of size n. Fur-
thermore as we did not change a nor 8 [SC]; or [SC], (depending on I,) determines the
class of sub-configurations of size n that we can find in normal forms that are connected
to C' without changing « or without changing  (this is by the above observation). This
then yield, that the only subconfigurations we can find in a configuration connected to
C are equivalent to SC (~; or ~3). By Lemma 3.67 [SC]; or [SC]y only contain one
candidate SC' for a normal form and hence C' can only be connected to the normal form
(SC,ly,...,ly). This finishes the prove. O
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4 Handlebodies

Let M be a handlebody of genus g and let Dy, ..., Dy be compressing disks with M\ (DU
-+-UD,) = B3. Then take a multicurve I on M defined the following way: For every D,
there is a odd number of connected components a; of I' that each have one transversal
intersection with dD; and not intersection with 0D; for j # k. Furthermore there is
one component of I" that intersects each 0D; transversally exactly one time. Then by
construction I' can not have homotopically trivial curves (there is an intersection of
each component ot I' with at least on dD; that is odd). For every D; we now take two
closed curves L} and L12 on OM that don’t intersect each other nor do they intersect

0D, ...,0D, such that Lf fori=1,2
1. intersect each of the a; components of I' belonging to D; once
2. intersect the unique component of I' (intersecting all 9D, once)
3. don’t intersect any other component of I'.

We then twist I' k! times around L! for (i = 1,2). We denote the resulting multicurve I'.
An example can be seen in Figure 4.1 Let 2n; = ged(a; + 1, 2k} +2k?), p = (a; +1)/2ny

Figure 4.1: The picture shows M, T", Lll, le.

and ¢ = (2k} + 2k?)/2n;. This looks like the calculation of (n,p,q) for a given frame.
We then have the following theorem:

Theorem 4.1. Let (M,T") be as above, then the number of tight contact structures with
fized boundary characteristic foliation F adopted to I” equals

N(”lvPl:Ql) """ N(ngap97QQ)'
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4 Handlebodies

Figure 4.2: The picture shows the cut open handlebody before rounding.

Proof. Let us cut M open along D1, ..., Dy (without rounding) see Figure 4.2. We then
choose one D;. We denote the a; copies of I" by Ay,... A, and the unique copy to I
that also intersects D; by A. All those closed curves are now arcs with start end end
on one of the copies of D; in B®. Let us now only regard A, A1, ... s Aa)s D, Lll, Ll2 on B3
see Figure 4.3. Edge rounding then results in Figure 4.4 (a). The question is now what

Figure 4.3: The picture shows the cut open handlebody before rounding.

happens with the two arcs leaving the Figure 4.4 (a) on the right (belonging to a copy of
A) and the two arcs leaving Figure 4.4 (a) on the left (belonging to a copy of A). As the
copies of Ay,... Ay, Ll1 and le all intersect the copy of A exactly once and as Ll1 and le
divide B3 into 3 regions we have that there exist 3 parts of each Ay,... A, Lll (on OB3
after rounding). One part connects the one copy of dD; with the copy of L}, one part
connecting the copy of Lzl and the copy of L12 and one part connecting the copy of Ll2
to the other copy of 9D; (on B?). This yields that the two arcs on the right of Figure
4.4 (a) must be connected (after rounding) and that the two arcs on the left of 4.4 (a)
must be connected after rounding. This results in Figure 4.4 (b), which immediately
results in Figure 4.4 (c¢). This is the picture we get when we apply the algorithm to
the torus where the dividing set on T2 is characterized by (n,p;,q). This yield a
configuration is allowable only if T'; is allowable for (n;, p;, ¢;) on the torus. Furthermore
there is an allowable state transitions (I',...,T,...,Ty) — (T',..., T}, ..., Ty) if and
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only if there is an allowable state transition (I';) — (I7) for (ns,p;,q) on the torus.
Let (I't,...,I',...,T'y) be a configuration where I'; are allowable for (n,p;,q;) on the
torus. Let us assume this is not potentially allowable for M. We have seen, that all
arcs of I'; are connected to each other (on dB3). Furthermore the copy of A connects all
copies of Dj. This directly implies, that (I'1,..., I, ...,I'y) is potentially allowable. The
other observations give that it is in fact allowable and that the number of tight contact
structures are N(n1,p1,q1) - -+ - N(ng, pg, 4g)- O

—_ 1] [

| [T | ~J
- \——\_ S :

/ k; kz ' ka+k2
‘7——\ .

o | I — \ —eo
/ — / L.

(a) (b) (c)

Figure 4.4: The picture shows the dividing set on B? after rounding.
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