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Abstract

Unlike Riemannian manifolds, Lorentzian manifolds do not carry an intrinsic distance
function induced by the metric. This thesis explores one way of solving this problem,
namely the null distance, introduced by C. Sormani and C. Vega in 2016. One considers
spacetimes (i.e. Lorentzian manifolds with a causal structure) admitting a time function
7 and defines the null length of a piecewise causal curve as the sum of the 7-differences
of its breakpoints. The null distance d. of two points in the spacetime is the infimum of
the null length of all piecewise causal curves joining the two points.

A priori d, is a pseudometric but if the time function additionally satisfies an anti-
Lipschitz condition it is definite, i.e. a metric. In this case it also induces the manifold
topology. In chapter 5 we discuss the question under which circumstances the null
distance encodes the causal structure, i.e. cZT(p, q) =71(q) —7(p) & p < q. C. Sormani
and C. Vega showed in 2016 that this is true in GRW spacetimes when the time function
is of the form 7(¢,2) = ¢(¢) with ¢ > 0. A. Burtscher and L. Garcfa-Heveling proved in
2022 that this holds if 7 is a temporal Cauchy time function and the spacetime is globally
hyperbolic. It also holds locally for temporal functions. Chapter 6 contains the result
that a spacetime is globally hyperbolic if and only if there is a time function such that
the manifold with null distance (with respect to this time function) becomes a complete
metric space. In chapter 4 one can find bi-Lipschitz bounds for the null distance.






Abstract

Im Gegensatz zu Riemannschen Mannigfaltigkeiten besitzen Lorentzsche Mannigfaltig-
keiten keine intrinsische Distanzfunktion, die durch die Metrik induziert wird. Diese
Arbeit befasst sich mit einer Moglichkeit dieses Problem zu lésen, ndmlich mit der
Nulldistanz, die 2016 von C. Sormani und C. Vega eingefiihrt wurde. Man betrachtet
Raumzeiten (d.h. Lorentzsche Mannigfaltigkeiten mit einer kausalen Struktur), die eine
Zeitfunktion 7 besitzen. Darauf definiert man die Nullldnge einer stiickweisen kausalen
Kurve als die Summe der 7-Differenzen ihrer Bruchstellen. Die Nulldistanz cZT zweier
Punkte in der Raumzeit ist das Infimum der Nulllingen aller stiickweise kausalen Kurven
zwischen den beiden Punkten.

A priori ist d. eine Pseudometrik. Wenn die Zeitfunktion zusétzlich eine Anti-Lipschitz-
Bedingung erfiillt ist sie definit, also eine Metrik. In diesem Fall induziert sie auch
die Mannigfaltigkeitstopologie. In Kapitel 5 diskutieren wir die Frage, unter welchen
Umstéinden die Nulldistanz die kausale Struktur kodiert, d.h. d.(p,q) = 7(q) — 7(p) &
p < g. C. Sormani und C. Vega bewiesen 2016, dass dies fiir GRW-Raumzeiten gilt, wenn
die Zeitfunktion die Form 7(¢,z) = ¢(¢t) mit ¢’ > 0 hat. A. Burtscher und L. Garcia-
Heveling bewiesen 2022, dass das gilt, wenn 7 eine temporale Cauchy-Zeitfunktion ist
und die Raumzeit global hyperbolisch ist. AuBerdem kodiert d, die kausale Struktur
lokal, wenn 7 eine temporale Funktion ist. Kapitel 6 enthélt das Resultat, dass eine
Raumzeit genau dann global hyperbolisch ist, wenn es eine Zeitfunktion gibt, sodass die
Mannigfaltigkeit mit der Nulldistanz (beziiglich dieser Zeitfunktion) ein vollstdndiger
metrischer Raum ist. In Kapitel 4 finden sich bi-Lipschitz Schranken fiir die Nulldis-
tanz.

iii






Acknowledgements

First of all, I want to thank my supervisor, Univ.-Prof. Dr. Michael Kunzinger, for his
helpful feedback and suggestions.

Special thanks go to Tobias Beran for countless discussions and for helping me with a
counterexample.

I also want to thank my friends and colleagues who took the time to proofread this
thesis, in particular Lena, Pascal and Sophie.

Last but not least, I want to thank my parents for their never ending support.






Contents

1 Introduction 1
1.1 Notation . . . . . . . . . . . 1

1.2 Spacetimes . . . . . .. L 2

1.3 Time functions . . . . . . . . . . . 7
1.4 Riemannianizing a spacetime . . . . . . ... .. ... . L. 9

2 The null distance 13
2.1 Definition . . . . . . . e e 13
2.2 Basic Properties . . . . . . . . 14
2.3 Minimal curves . . . . . . ... 18
2.4 Topological Properties . . . . . . . . . . . ... 19

3 Definiteness 23
3.1 Existence of a definite null distance function . . . . . . . . ... ... ... 23
3.2 Anti-Lipschitz condition . . . . . . . . .. ... ... ... ... 24

4 Bi-Lipschitz bounds 31
4.1 Admissible time functions . . . . . . . .. .. e 31
4.2 Statement and implications . . . . . . .. ... 34
4.3 Comparison of df and dr o 34
4.4 Proof. . . . . 36

5 Encoding Causality 39
5.1 In GRW spacetimes with complete Riemannian fibers . . . ... ... .. 39
5.2 In globally hyperbolic spacetimes with Cauchy temporal functions . . . . 44
5.2.1 Conformally equivalent complete Riemannian metric . . . . . . . . 45

5.2.2 Metric derivative . . . . . . . . ... 47

5.2.3 Further tools . . . . . . . . . .. ..o 49

5.2.4 Statements and proofs . . . . ... ..o Lo oL 50

5.3 Local result for temporal functions . . . . . ... ... ... ... ..... 54

6 Global hyperbolicity and null distance 57
6.1 Preparations . . . . . . . . . . . e e e e 57

6.2 Statement and Proof . . . . . . . . ... 58

vii



1 Introduction

In this chapter I give prerequisites for defining the null distance. After introducing
spacetimes and their basic properties I define time functions and relate their existence
to the causal structure of the spacetime. I also introduce the Riemannianization of a
spacetime, a concept that will be used in many proofs later on.

1.1 Notation

Definition 1.1.1 (pseudometric). Let X be a set. A map d : X x X — R s called a
pseudometric, if for all x,y,z € X the following conditions hold:

1. d(z,z) =0
2. d(z,y) = d(y, z)
3. d(z,y) < d(z,z)+d(z,y)
A set together with a pseudometric (X, d) is called pseudometric space.

Definition 1.1.2 (metric). Let X be a set. A map d: X x X — R is called a metric,
if for all x,y,z € X the following conditions hold:

1. d(z,z) =0
2. d(z,y) >0, ifx#y
3. d(z,y) = d(y,z)
4. d(z,y) < d(z,z) +d(z,y)
A set together with a metric (X,d) is called metric space.

Definition 1.1.3 (path). Let I be an interval and let (X,d) be a metric space. A
continuous map v : I — X s called a path.

Definition 1.1.4 (curve). Let I be an interval and let M be a smooth manifold. A
continuous map ¢ : I — M is called a curve.

Definition 1.1.5 (piecewise smooth curve). Let M be a smooth manifold and consider
a curve ¢ : |a,b] — M. We call c piecewise smooth if there exists a partition a =
s0 < 81... < s = b of [a,b] such that c|s,_, s, is smooth for all i = 1,...,k. The
points sp < S1... < S are called breakpoints of c. (This definition works similarly
with intervals of the form (a,b), [a,b) and (a,b].)
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1.2 Spacetimes

In this section I will define spacetimes and introduce some of their properties. For further
background on semi-Riemannian geometry note the references [Bar20], [BEE96], [KS21],
[MSO08] and [O’N&3].

Definition 1.2.1 (semi-Riemannian metric). Let M be a smooth manifold. A semi-
Riemannian metric g on M is a smooth (0,2)-tensorfield on M such that g(p) is
symmetric, nondegenerate and has the same index for each p € M.

Definition 1.2.2 (semi-Riemannian manifold). A semi-Riemannian manifold is a
pair (M, g) where M is a smooth manifold and g is a semi-Riemannian metric on M.

Definition 1.2.3 (arclength). Let (M, g) be a semi-Riemannian manifold and consider
c:la,b] = M a piecewise smooth curve in M with breakpoints a = sop < s1... < s = b.
We define the arclength of ¢ with respect to g as

ko s
Ly(c) = | (t)]]4dt

where ||c'(t)||4 is defined as \/|gc(t)(c’(t),c’(t))|.

Definition 1.2.4 (causal character of vectors). Let (M, g) be a semi-Riemannian man-
ifold and v € T,M \ {0} for some p € M. We call v spacelike/timelike/null if
gp(v,v) >0/<0/=0. The vector 0 € T,M is defined to be spacelike. A vector is called
causal if it is either timelike or null.

Definition 1.2.5 (causal character of curves). Let (M, g) be a semi-Riemannian mani-
fold and let c : I — M be a piecewise smooth curve in M. We call c spacelike/timelike/
null if ¢ (t) is spacelike/timelike/null for all t € I, t not a breakpoint of c. We call a
curve ¢ such that ¢ (t) is either timelike or null for all t € I, t not a breakpoint of c.

Definition 1.2.6 (Riemanninan manifold). A Riemannian manifold is a semi-Riemannian
manifold (M, g) such that g, has index O for allp € M.

Definition 1.2.7 (Riemannian distance). Let (M, g) be a Riemannian manifold and let
p,q € M. We define the Riemannian distance of p and q as

dg(p,q) = inf{Ly(c)|c is a piecewise smooth curve from p to q}

Theorem 1.2.8 (Riemannian distance function). Let (M, g) be a connected Riemannian
manifold. The map dg : M x M — R : (p,q) — dg(p,q) is a metric on M and induces
the manifold topology.

Proof. See [KS21], Theorem 2.3.9. O

Note that a curve on a Riemannian manifold (M, g) is a path in the metric space (M, dg)
where d; denotes the induced Riemannian distance function on M.
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Definition 1.2.9 (Lorentzian manifold). A Lorentzian manifold is a semi-Riemannian
manifold (M, g) of dimension n > 2 such that g, has index 1 for allp € M.

Remark 1.2.10 (distance on Lorentzian manifolds). Note that there is no analogous
theorem to Theorem 1.2.8 in Lorentzian geometry. In fact there is no intrinsic distance
function on Lorentzian manifolds that is related to the metric. This is a problem that
the null distance tries to solve.

Now we want to introduce a time structure on Lorentzian manifolds.

Remark 1.2.11. Let (M, g) be a Lorentzian manifold. Then for each p € M the tangent
space Tp,M at p is isometric to the Minkowski space i.e M = (R gypni1) with
gynt1 = —dzd +dad+.. . +da?. It is easy to see that the set of causal vectors consists of
two connected components. Now we want to pick one of the two connected components
in T,M in a way that depends smoothly on p € M.

Definition 1.2.12 (timelike vectorfield). Let (M, g) be a Lorentzian manifold. A smooth
vectorfield X : M — T'M is called timelike if for allp € M we have g,(X (p), X (p)) < 0.

Definition 1.2.13 (time oriented manifold). Let (M,g) be a Lorentzian manifold. A
time orientation is a timelike vector field on (M,g). A Lorentzian manifold with a
time orientation is called a time oriented manifold.

Remark 1.2.14. Note that in particular timelike vector fields are nowhere vanishing.
Therefore not all manifolds admit a time orientation. Consider for example S™ for n
even. This manifold does not admit a smooth nowhere vanishing vectorfield so it is also
not time orientable.

Also a time orientation picks for each p € M one of the connected components of the set
of causal vectors of T,M (the one that contains X (p)). Causal vectors are called future
directed if they are contained in the chosen connected component and past directed
otherwise.

Definition 1.2.15 (spacetime). A spacetime is a connected, time oriented Lorentzian
manifold.

Definition 1.2.16 (future/past directed curves). Let (M,g) be a spacetime and let
¢ : [a,b] = M be a piecewise smooth causal (timelike) curve in M. We call ¢ future
directed if for allt € [a,b], t not a breakpoint of ¢, we have that ¢ (t) is a future directed
causal (timelike) vector. We call ¢ past directed if for all t € [a,b], t not a breakpoint
of ¢, we have that —c/(t) is a future directed causal (timelike) vector.

Definition 1.2.17. Let (M, g) be a spacetime and let p,q € M.

p K q & dfuture directed timelike curve from p to q
p < q < Ifuture directed causal curve from p to q

P<qe=p<qorp=gq
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Definition 1.2.18 (chronological future/past). Let (M, g) be a spacetime and let U C
M. Define:
I'(U)={¢eM|FpelU:p<q}
I"(U)={peM|3qeU:p<q}

We call It (U) the chronological future of U and I~ (U) the chronological past of
U.

Definition 1.2.19 (causal future/past). Let (M, g) be a spacetime and let U C M.
Define:
JYU)={qeM|3peU:p<q}
J(U)={peM|3qgeU:p<gq}

We call J*(U) the causal future of U and J~(U) the causal past of U.

Definition 1.2.20 (timelike diamond). Let (M, g) be a spacetime and let p,q € M with
p < q. The timelike diamond spanned by p and q is the set I (p) NI~ (q).

Definition 1.2.21 (causal diamond). Let (M, g) be a spacetime and let p,q € M with
p < q. The causal diamond spanned by p and q is the set J™(p) N J ™ (q).

Definition 1.2.22 (time separation function). Let (M, g) be a spacetime. The time
separation function (or Lorentzian distance function) d : M x M — [0,00] is defined
in the following way. For p,q € M we have:

sup{Lgy(c)|c: [a,b] = M future directed causal curve from p to q} p<gq
d(p,a) =1 4 v 44

Example 1.2.23 (time separation function). An ezample where the time separation
function admits oo is the Lorentz Cylinder i.e. M := M?/Zeg, see Figure 1.1. Here
we have JT(p) = J~(p) = M for all p € M. In particular for p,q € M there exist future
directed causal curves o from p to q and 8 from q to p. Of course also the concatenations
aba, afafa, ... are future directed causal curves from p to q whose lengths approach
o0. Therefore d(p,q) = oo for all p,q € M i.e. d = 0.

Note that of course the time separation function is not a metric.

Proposition 1.2.24 ([B&r20], Proposition 2.26). Let (M, g) be a spacetime and let d be
the time separation function. Then we have for all p,q,0 € M with p < q and q¢ < o:

1. d(p,q) >0 p<q

2. d(p,q) + d(q,0) < d(q,o0)

3. d is lower semi-continuous
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= i Identify
= / =

Figure 1.1: Lorentz Cylinder, [Bér20], page 25.

Proof. See [Bér20], Proposition 2.26. O

Definition 1.2.25 (causal). A spacetime (M, g) is called causal if there exists no closed
causal curve in M.

Example 1.2.26 (non-causal spacetime). Consider the Lorentz Cylinder i.e. M :=
M?2/Zeq (see Figure 1.1). There we have for any point p that IT(p) = I~ (p) = M =
JT(p) = J~(p). In particular there exist closed causal (even timelike) curves.

Note that a causal spacetime can still contain points p such that for arbitrarily small
neighborhoods V' of p there exist causal curves starting in V', leaving V' and going back
to V. For example consider the Lorentz Cylinder, fix a point p in it and remove lines
as in Figure 1.2. This spacetime is causal but we can find curves starting and ending
arbitrarily close to p and leaving V. This motivates the following definition:

Remove

Identify Y

Remove

Figure 1.2: Spacetime that is not strongly causal, [MS08], page 28.

Definition 1.2.27 (strongly causal). Consider a spacetime (M,g). If for all points
p € M and all neighborhoods U of p there exists a smaller neighborhood V- C U of p such
that no future directed causal curve with starting point and endpoint in V leaves U, then
we call (M, g) strongly causal.

Clearly we have:
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Lemma 1.2.28. Any strongly causal spacetime is causal.

Definition 1.2.29 (g < g). Let M be a smooth manifold and let g,§ be two Lorentzian
metrics on M. Let J*(p) denote the causal future of a point p € M with respect to g
and let f+(p) denote the timelike future of p with respect to g. We write g < g if at
every point p € M we have J*(p) C I (p).

Note that in this case also J*(p) C It (p) holds. Also of course this implies J—(p) C
I~ (p)

Definition 1.2.30 (stably causal). A spacetime (M, g) is called stably causal if there
exists another spacetime metric § on M with g < g such that (M, g) is causal.

Proposition 1.2.31. Spacetimes that are stably causal are also strongly causal.
Proof. See [MS08], Proposition 3.57. O

Definition 1.2.32 (inextendible curve). A future directed causal curve vy : [a,b) — M is
called future inextendible if lim;_,,— v(t) does not exist. A past directed causal curve
v : (a,b] = M is called past inextendible if lim,_,,+ y(t) does not exist. We call a
causal curve v : (a,b) — M inextendible if it is future and past inextendible.

Remark 1.2.33. Causal curves v on a spacetime are either future or past directed.
If we go through them backwards (denoted by —v) they change their time orientation.
For a future directed causal curve v being inextendible means the following: v is future
inextendible and —v is future inextendible. This works analogously for past directed
causal curves.

Definition 1.2.34 (future imprisoned causal curves). Let (M, g) be a spacetime and let
v :la,b) — M be a future directed causal curve. Then 7 is called future imprisoned
if there exists some t € [a,b) and some compact set K C M such that for all s € [t,b)
we have y(s) € K.

Definition 1.2.35 (partially future imprisoned causal curves). Let (M, g) be a spacetime
and 7y : [a,b) — M be a future directed causal curve. Then ~y is called partially future
itmprisoned if there exists some sequence (tn)nen in [a,b) with lim, o t, = b and a
compact set K C M such that for all n € N we have v(t,) € K.

Note: Similarly we can define (partially) past imprisoned causal curves.

Proposition 1.2.36 ([BEE96], Proposition 3.13). Let (M, g) be a strongly causal space-
time and 7 : [a,b) — M be a future inextendible future directed causal curve. Then =y is
not (partially) future imprisoned in any compact set K C M.

Proof. Consider such a curve v and a compact subset K C M such that for some
to € [a,b) we have y(tg) € K. We show that there exists an s € [a,b) such that for
all t > s we have v(t) ¢ K. Assume that this is not the case i.e. for each s € [a,b)
there exists an ¢ > s with v(¢) € K. Then there is a sequence (;)ien in [a,b) with
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lim,, o0 t, = b such that v(t,) € K for all n € N. Because K is compact (7(tn))nen
admits a subsequence (which we will also denote by (v(t,))nen) that converges to a
point p € K. But + is future inextendible, which yields that there must exist a different
sequence (Sp)nen in [a,b) with lim;_,o s, = b such that (y(s,))nen does not converge
to p. This means that there exists a neighborhood U of p such that for each m € N
there is some n > m with y(s,) € U. We choose such a neighborhood U and denote the
subsequence of ((sy))nen of elements that are not contained in U again by (v(sn))nen-
Because the sequences (¢, )nen and (s, )nen both converge to b we can find subsequences
that alternate i.e. s, <1, < spt+1 <itnt+1 < .... Now we can consider the curve 7|[ti7ti+1]'
For i large enough this curve starts in U and ends in U. But because s;+1 € [ti, tit1]
and v(sp+1) € U we know that this curve also leaves U and returns to U in between.
Also (v(tn))nen converges to p, which means that for each neighborhood V' of p we have
a curve starting and ending in V' but leaving U at some point. This is a contradiction
to (M, g) being strongly causal. Therefore our assumption must be wrong, which yields
that v leaves K at some point and does not return. O

Definition 1.2.37 (global hyperbolicity). A spacetime (M, g) is called globally hyper-
bolic if it is causal and all causal diamonds (J*(p) N J~(q) for p,q € M) are compact.

Definition 1.2.38 (Cauchy surface). A Cauchy surface of a spacetime (M, g) is a
subset S C M that is intersected exactly once by every inextendible causal curve.

Figure 1.3: Cauchy surfaces, [Bir20], page 65.

Example 1.2.39. Consider Figure 1.3. We look at the 2-dimensional Minkowski space
M2. Ay (a spacelike hypersurface) and As (the future null cone of a point) are Cauchy
surfaces. Ag (the 1-dimensional hyperbolic space) is not a Cauchy surface. For example
it is not intersected by the inextendible causal curve c.

1.3 Time functions

In this section I will define (generalized) time functions and introduce some of their
properties. They will play an important role when defining the null distance in Chapter
2. For further background see [BS05], [MSO08].
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Definition 1.3.1 ((generalized) time function). Let (M, g) be a spacetime. A general-
ized time function is a map 7 : M — R that is strictly increasing along all nontrivial
future-directed causal curves, i.e. Vp,q € M:

p<q=r7(p) <7(q)
If T is, furthermore, continuous, then it is called a time function.
Definition 1.3.2 (temporal function). A temporal function is a smooth map T : M —
R with past-pointing timelike gradient V.
Lemma 1.3.3. Every temporal function is also a time function.
Proof. Let 7 : M — R be a temporal function and ¢ : [a,b] — M a nontrivial future
directed causal curve. Then we have (7 o c¢)'(t) = drl|.)c'(t) = (V7(t), (t)) > 0. The
inequality follows from V7 being past directed timelike and ¢ being future directed
causal (see [O’N83|, Lemma 5.29 and [O’N83] Chapter 5, Example 3a). Therefore 7

is strictly monotonically increasing along nontrivial future directed causal curves. It
follows that 7 is a time function. O

Theorem 1.3.4 ([BS05], Theorem 1.2). Any spacetime which admits a time function
also admits a temporal function.

Proof. See [BS05], Theorem 1.2. O
Theorem 1.3.5 ([SV16], Theorem 2.3). On a spacetime (M, g) the following are equiv-
alent:

1. M admits a time function.
2. M admits a temporal function.

3. M 1is stably causal.

Proof. The fact that 1 and 2 are equivalent follows from [BS05], Theorem 1.2. By
[CGM16], Theorem 4.12, we get that 1 and 3 are equivalent. O

Definition 1.3.6 (Cauchy time function). A Cauchy time function is a time function
7: M — R whose level sets (171(s), s € R) are Cauchy surfaces.

Theorem 1.3.7 ([BH22|, Theorem 1.3). A spacetime is globally hyperbolic if and only
if it admits a Cauchy time function.

Proof. In [BS05], Theorem 1.1 implies that every globally hyperbolic spacetime admits
a Cauchy temporal function. Conversely, if a spacetime (M, g) admits a Cauchy time
function it admits a Cauchy surface. By [O’N83], Corollary 14.39, it follows that (M, g)
is globally hyperbolic. O

Corollary 1.3.8 (global hyperbolicity = stable causality). Any spacetime that is glob-
ally hyperbolic is stably causal.

Proof. By Theorem 1.3.7 any globally hyperbolic spacetime admits a Cauchy time func-
tion. By Theorem 1.3.5 it follows that the spacetime is stably causal. O
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1.4 Riemannianizing a spacetime

In this section I will introduce a useful method to construct a Riemannian metric out of
a given Lorentzian metric and vice versa. This will be needed in countless proofs later.
For further background see [Veg21].

Example 1.4.1 (Euclidean space and Minkowski space). Consider the smooth manifold
R = {(t = mo,21,...,7,) | ;i € R} (with the standard atlas). Equipping it with
the Buclidean metric ggnt1 (a Riemannian metric) makes it the Euclidean space E"F1,
Using the Minkowski metric gym+1 (a Lorentzian metric) yields the Minkowski space
ML, These metrics are given by:

gpne1 = dt* +dz? + ...+ da?
Gyint1 = —dt? +dat + ...+ dx?

Comparing ggn+1 and gyn+1, we notice that they differ only by a single minus sign. Sub-
tracting 2dt> from ggn+1 yields gyn+1, adding 2dt? to gym+1 yields ggn+1. This motivates
the following theorem.

Proposition 1.4.2 ([Veg21], Proposition 3.1). Let M be a smooth manifold and let X, Y
be smooth vector fields on M.

1. Let g be a Riemannian metric on M. If Z is a smooth nowhere vanishing vector
field on M, then we can define the (0,2)-tensor g& by

gL(X,Y) = ||z2||29(X’ 2)9(Y. Z) + g(X.Y).

This is a Lorentzian metric and we call it the Lorentzification of g with respect
to Z.

2. Let g be a Lorentzian metric on M. If T is a smooth timelike vector field on M,
then we can define the (0,2)-tensor git by

2
gF(XY) = (X, T)g(¥.T) +9(X.Y).
g
This is a Riemannian metric and we call it the Riemannianization of g with
respect to T.

Proof. First of all, we show that we can get from the Euclidean space to the Minkowski
space and the other way round by using these two operations. We consider R"*! with the
standard atlas induced by the global chart ¢ : R**! — R**! : 2+ 2. Now make R"*!
the Minkowski space by equipping it with the Minkowski metric gyn+1 and consider the
smooth timelike vector field 7" = 0; = Jy. We have H8t||§ =1 and get:

IR (X,Y) = 2gppmi1 (X, Op) gagn+1 (Y5 Or) + gy (X, Y)
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Pick a point p € R""!. Choose a basis in T,R" ! and write X|, = ((X|p)o,-- -, (X|p)n)
in these coordinates. Using the definition of dy|, and gyp+1 yields:

gg; ’p(X‘IN Y‘p) = 2gpn+1 ’p(X‘;m alt’p)gM"+1 ’p(Y‘m at|p> + g+t ’p(X”pa Y‘p)

= Q(X’p)O(YhD)O - (X|p)0(Y|p)0 + Z(X|p)i(y‘p)i
i=1

= Z(X|p)i(y|p)i
=0
= ggn+1(X|p, Ylp)

This means that the Riemannianization of the Minkowski metric gypn+1 with respect to
0y is the FEuclidean metric ggn+1. Analogously we get that the Lorentzification of the
Euclidean metric ggn+1 with respect to 0; is the Minkowski metric gyn+1.

This will now be used to prove the theorem. Consider a smooth (n + 1)-dimensional
manifold M with Lorentzian metric g. Let T be a smooth timelike vector field on
M. Then for all p € M we have that (1,M, g|p) is isometric to the Minkowski space

M = (R" gppns1). Pick one p € M. Because T is a timelike vector field, T'|, € T, M

is a timelike vector. Extend vg = % to an ONB (v, ..., vy) of T,M. Pick two arbitrary

vector fields X,Y on M and write X|, and Y|, with respect to our ONB (v, ..., vs),
as X|p = ((X|p)o,---» (X|p)n), YIp = (Yp)o,-- -+ (Y|p)n). Then we have:
2
g%‘p(X’py Yl,) = W!ﬂpoﬂm Tlp)glp(Ylp: Tlp) + glp(X|p: Yp)
g

T| 7|
= 29‘;0(X|p7 ||Tﬁ )g|p(Y‘p7 ”T|]|J ) + g|p(X‘p7Y’p)
g g

= 29‘p(X’pa UO)Q‘p(Y’pa vg) + glp(X‘mY‘p)

= 2(Xp)0(Yp)o — (X))o (Yo)o + D _(Xp)i(Yp)s
=1

= (X)i(Vp)i
=0

So (T,M, g&|,) is isometric to the Euclidean space E"L. Since we chose p arbitrarily
this is true for all p € M. Therefore (M, glt) is a Riemannian manifold. Similarly one
can show that (M, g%) is a Lorentzian manifold. O

Remark 1.4.3. Since any spacetime admits a smooth timelike vector field, any spacetime
can be riemannianized.

The following theorem explains how time functions can be used to riemannianize a
Lorentzian metric.
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1.4 Riemannianizing a spacetime

Corollary 1.4.4 ([Veg2l], Corollary 3.4). Let (M,g) be a spacetime and 7 : M — R be
a smooth time function with timelike gradient V1. Then

2

R 2
gr = dr+yg
IvVTl3

is a Riemannian metric tensor. In particular if VT is unit timelike we get g& := 2dr%4g.

Proof. This follows directly from Proposition 1.4.2. Use T' = V7 and remember that
g(V7,X) =dr(X) for all vector fields X by the definition of the gradient. O

Remark 1.4.5 (Notation). In the situation of Corollary 1.4.4 we will denote the Rie-
mannian distance function (with respect to g&) by dE and the Riemannian arc length
(with respect to g&) by LE.

11






2 The null distance

2.1 Definition

In this section we define the null distance, introduced by C. Sormani and C. Vega in
2016. We consider a spacetime (M, g) admitting a generalized time function 7. For a
piecewise causal curve we define the null length as the sum of the r-differences at the
breakpoints. The null distance of two points is the infimum over the null length of all
piecewise causal curves connecting them. The definitions can be found in [SV16], Section
3.

Definition 2.1.1 (piecewise causal curve). Let (M, g) be a spacetime. We call a curve
B : la,b] = M piecewise causal if there exists a partition a = sy < s1... < s = b
of the domain [a,b] such that B, _, s, is future directed or past directed causal. This
means B is allowed to travel backwards and forwards in time, see Figure 2.1. We denote

Bi := Blis;_1,s;) and write = B1P2... By

Figure 2.1: Piecewise causal curve, [SV16], page 9.

Definition 2.1.2 (null length). Let (M,g) be a spacetime and let 7 : M — R be a
generalized time function on (M, g). Consider a piecewise causal curve 3 : [a,b] — M
with breakpoints a = sg < s1 < ... < s =b. The null length of B is defined to be

k

L:(8) =) Ir(B(s:)) = 7(B(si-1))]-

=1
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2 The null distance

Definition 2.1.3 (null distance). Let (M,g) be a spacetime and let 7 : M — R be a
generalized time function. The null distance of p,q € M 1is defined to be

CZT(p, q) == inf({ﬁT(ﬂ) |8 piecewise causal curve from p to q}).

Remark 2.1.4. In [SV16], Sormani and Vega used the term “distance function” when
writing about (pseudo)metrics. In some places it remained open whether a distance
function is defined to be definite or not. To avoid any confusion, I will refrain from
using the term in this context and instead make use of the well defined terms “metric”
and “pseudometric”. The term “distance function” will only be used when writing about
the Riemannian distance function or the null distance function.

2.2 Basic Properties

In this section some basic properties of the null distance will be introduced. In par-
ticular, we show that the null distance is a well defined pseudometric and conformally
invariant. There are also counterexamples that illustrate that the null distance is nei-
ther necessarily definite nor encodes the causal structure of the spacetime. See [SV16],
Sections 3.3 and 3.5.

The following theorem ensures that the null distance is defined for any two points of a
spacetime (with a generalized time function).

Lemma 2.2.1 ([SV16], Lemma 3.5). Let (M,g) be a spacetime. For any two points
p,q € M there exists a piecewise causal curve joining them.

Proof. Pick two points p,q € M. Recall that M is a connected manifold (because it is
a spacetime) which yields that M is pathconnected as well. So we can pick a path «
from p to q. The image of « is compact i.e. every open cover of the image of o has a
finite subcover. Recall that the timelike past of a point (I~ (z)) is an open set and the
set of all timelike pasts of points cover M. So there exists a finite number m of points
{z2,...,x2m} in M such that the image of « is covered by the timelike pasts of the points,
I~ (z2),...,1" (x2m). Without loss of generality we assume p € I~ (x2), ¢ € I~ (x2y,) and
I~ (x9;) NI~ (w2442) # (. Now because p € I~ (x2) there exists a future directed causal
curve from p to z2, and we call this curve ;. Also because I~ (x9;) N I~ (x2i42) # 0 for
all i € {2,...,m — 1} we can choose a point in this intersection and a future directed
curve f32;+1 from this point to x2;12 as well as a past directed curve §y; from x9; to this
point. Then 8 = §1... B, is a piecewise causal curve from p to q. O

Lemma 2.2.2 ([SV16], Lemma 3.8). Let (M, g) be a spacetime. For any generalized
time function 7, the induced null distance d. is a pseudometric on M, satisfying the
following conditions for all p,q,z € M :

1) dr s M x M = [0,00)

2) dr(p,q) = d-(q,p)

3) d-(p,q) < d-(p,z) + d-(z,q)

4) d-(p,p) =0

14



2.2 Basic Properties

Proof. d- being finite follows from Lemma 2.2.1. The rest of the theorem follows directly
from the definition of the null distance (Definition 2.1.3). O

Example 2.2.3 (The null distance is not a priori definite, [SV16] Proposition 3.4).
Consider the Minkowski plane M? and the time function T = t3. Look at the points
p=(t,0) and g = (t,1) and the curve ny that connects p and q by bouncing between the
t and t +1/2k slices, see Figure 2.2.

Nk

VAV AVAVAN

Figure 2.2: n;, [SV16], page 12.

The null length of mi. can be calculated by

L) = (¢ 1 1/28)%) — )2k = LFUH =,

2k

So for the null distance of p and q we get the following:
d-(p,q) < lim L () = 3t
k—00

Thus points of the form of p and q with t = 0 have null distance 0 despite not being the
same point. Therefore d, is not definite for M = M? the Minkowski plane and T = t3.

In Chapter 3 we deal with the question under which circumstances we have a definite
null distance. In particular we will see a condition on 7 that ensures that d, is definite.

Definition 2.2.4 (conformally equivalent). Consider a spacetime (M, g). A metric h on
M is conformally equivalent to g if there exists a smooth map f : M — (0,00) such
that g = fh. In this case, considering (M,h) instead of (M,g) is called a conformal
change. Properties of a spacetime that are invariant under conformal changes are called
conformally invariant.

Remark 2.2.5. The causal structure is conformally invariant. A vector v € M is
timelike/spacelike/null with respect to g if and only if it is timelike/spacelike/null with
respect to fg = h for some smooth f: M — (0,00).

Proposition 2.2.6 ([SV16], Proposition 3.9). Let (M,g) be a spacetime and T be a
generalized time function on M. Then the null distance d. is conformally invariant.

15



2 The null distance

Proof. This follows directly from the fact that the causal structure is conformally invari-
ant. O

Remark 2.2.7 ([SV16], Lemma 3.6 (3), Lemma 3.10). Let (M, g) be a spacetime and
let 7: M — R be a generalized time function. From the definition of the null distance
the following is true for all B connecting p,q € M :

~

L:(f) > max 7(z)— min 7(z)>|7(q) — 7(p)|

z€im(p) z€im(p)

So it follows that for the null distance we have:

~

d-(p,q) > |7(q) — 7(p)|

From this we immediately get:

d-(p,q) =0=7(q) = 7(p)

Lemma 2.2.8 (causality property, [SV16], Lemma 3.11). Let (M, g) be a spacetime and
let 7: M — R be a generalized time function. Then the null distance d, satisfies the
following condition:

p<q=d-(p.q) =7(q) — 7(p)

Proof. Pick p,q € M with p < g. Then from 7 being a generalized time function it follows
that |7(¢) — 7(p)| = 7(¢) — 7(p). Applying Remark 2.2.7 yields d-(p,q) > 7(¢) — 7(p).

For the other direction let 5 be any future directed causal curve from p to q. Then we

get i}T(ﬁ) =17(q) — 7(p). It follows that Czr(Pa q) < 7(q) —7(p)- So Czr(Pa q) =7(q) —7(p)
is true. H

Remark 2.2.9. The converse is not true in general! Take a look at Example 2.2.3
again. Choose p = (tp,ps),q = (tg,qs) € M? with t, < 0 < t;. Denote py := (0, ps)
and qo := (0,qg). So we have p < py and qy < q. From Ezample 2.2.3 we also have
CZT(pO, qo) = 0 with respect to the time function T = t3. Now we get

7(q) — 7(p) < d-(p.q) < dr(p,po) + dr(po, q0) + d-(q0,q) = dr(p, po) + dr(q0,q)

by Remark 2.2.7 for the first inequality and by the triangle inequality for the second
mequality. Lemma 2.2.8 yields:

d-(p, po) + d-(q0,9) = 7(po) — 7(p) + 7(q) — T(q0) = 7(q) — 7(p)

So in total we get JT(p, q) = 7(q) — 7(p) despite not necessarily p < q. This means that
the converse of Lemma 2.2.8 is not true in general.

Definition 2.2.10 (encoding causality). The null distance d. on a spacetime (M, g)
with respect to a generalized time function T is said to encode causality if the following
holds:

p<qed(p,g) =7(q) —7(p)

16



2.2 Basic Properties

Chapter 5 addresses the question under which circumstances this property holds.
Encoding causality is stronger than definiteness:

Lemma 2.2.11 ([SV16], Lemma 3.12). Let (M, g) be a spacetime with generalized time
function T such that d. encodes the causality of (M, g) i.e.

p<q& d(p,q) =7(q) — 7(p)
Then d, is definite.
Proof. Let (M, g) be a spacetime with generalized time function 7 such that d- encodes
the causality of (M,g). Choose p,q € M with d;(p,q) = 0. From Remark 2.2.7 it
follows that 7(p) = 7(g) i.e. 7(q) — 7(p) = 0. So the right-hand side of the hypothesis is
satisfied (d-(p,q) =0 = 7(q) — 7(p)) and we get p < g. But there can be no nontrivial

future directed causal curve from p to ¢ because otherwise 7(q) > 7(p) would be true, a
contradiction to 7(p) = 7(q). So we get p = ¢q. Therefore d; is definite. O

Lemma 2.2.12 ([SV16], Lemma 3.16). Let (M, g) be a spacetime, T a generalized time
function on M and A > 0 a constant. Then we have:

My = dy,
Proof. This follows directly from the definition of the null distance (Definition 2.1.3). O

Lemma 2.2.13 ([SV16], Lemma 3.17). Let 11,72 be generalized time functions on a
spacetime (M, g). Then we have

A~

dyy =dpy &1 =1 +C

for some constant C'.
Proof. Going from the right-hand side to the left-hand side is immediate from the def-
inition of the null distance (Definition 2.1.3). Conversely suppose d; = d,. Pick
p1,p2 € M and f : [a,b] — M a piecewise causal curve from p; to p2 with breakpoints
at a = sp < 81 < ... < s, =0b. Denote z; := 3(s;) and B; := B[s,_, 5,)- If Bi is a future
directed causal curve we get by Lemma 2.2.8:

T (z;) — T1(Tio1) = Cin (T3, 2-1) = Cirz(fﬂi,l“i—l) = 7o(w;) — m2(i1)
If 5; is a past directed causal curve we similarly get:

T (zio1) — Ti(xi) = Cin (T4, 1) = 6272(901‘,961‘71) = 7o(wi—1) — T2(73)

This yields

(72 = 1) (i) = (12 — 1) (2i1) (2.1)
for all breakpoints, in particular (7o—71)(p1) = (72—71)(p2). Because we chose p1,p2 € M
arbitrarily we get 7 = 15 + C' for some constant C'. O

Lemma 2.2.14 ([SV16]|, Lemma 3.18). Let 71,72 be generalized time functions on a
spacetime (M, g) and let X\ > 0. Then we have

CZTI = )\CZTQ S1m=An+C
Proof. This follows directly from Lemma 2.2.12 and Lemma 2.2.13. O
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2 The null distance

2.3 Minimal curves

In this section we lopk at minimal curves with respect to the null distance, i.e. curves
B : [a,b] = M with d-(5(a), B(b)) = L+(53). See [SV16], Section 3.6.

Definition 2.3.1 (minimal curve). Let (M, g) be a spacetime, p,q € M and 3 : [a, b —
M a piecewise causal curve from p to q. We call  a minimal curve if L () = d-(p,q).

Note: For a minimal curve 3 : [a,b] — M we have for each interval [u,v] C [a,b] also
L7 (Bliu,e)) = dr(B(u), B(v)). Otherwise we could replace f3]j, ) in 3 with a shorter curve
and get a contradiction to 8 being minimal.

Corollary 2.3.2 ([SV16], Corollary 3.19). Let (M, g) be a spacetime and p,q € M with
p < q. Then every causal curve B from p to q is a minimal curve with L (f) = d.(p,q) =
7(q) — 7(p). In particular, causal curves are null distance realizing.

Proof. This follows directly from the definition of minimal curves (Definition 2.3.1) and
the definition of the null distance (Definition 2.1.3). O

Definition 2.3.3 (achronal). Let (M,g) be a spacetime. A subset S C M is called
achronal if no two points in S can be joined by a timelike curve.

Lemma 2.3.4 ([SV16], Lemma 3.20). Let (M, g) be a spacetime and let 3 : [a,b] — M be
a minimal piecewise causal curve. Then either (B is causal, or B is an achronal piecewise
null geodesic, which changes time orientation at each breakpoint.

Note: Of course breakpoints are not uniquely determined, we can always add unnecessary
ones. The lemma states that there exists a choice of breakpoints such that § changes
its time orientation at them and [ restricted to the smaller intervals is a null geodesic.
B being an achronal curve means that the image of 8 is an achronal set.

Proof. Let B : [a,b] — M be a minimal piecewise causal curve and let a = sp < ... <
s = b be the breakpoints of 8. Case 1: § is future or past causal. Then we are done.
Case 2: (8 is not future or past causal. Then there exists a breakpoint s; where 5 changes
direction in time. Without loss of generality we assume that 8 changes from future to
past causal at s; and get 3; = B|[5,_, 5,] future directed causal and B;11 = B}, s, ,] Past
directed causal. Now suppose there exists some ug € [s;_1, s;] such that S(ug) < B(s;).
Since the relation < is open (see [O’N83] Lemma 14.3) there exists vy € (s;, si+1] such
that B(ug) < B(vg). For a future directed timelike curve g from S(ug) to S(vg) we get:

~

dr(B(uo), B(vo)) < Lr(ao) = 7(B(vo)) — 7(B(uo))

= 7(8(si)) — 7(B(uo)) + 7(B(vo)) — T(B(si))
< 7(B(si)) — 7(B(uo)) + 7(B(s:)) — 7(B(vo))
= L+(Bl{uo,v0))

This contradicts the fact that 8 is minimal (recall the remark after the definition of a
minimal curve). Therefore for all ug € [s;—1,s;] we have B(ug) < S(s;) and B(ug) &
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2.4 Topological Properties

B(s;i). So in particular we get S(si—1) € B(s;). If B; were not a null geodesic then
timelike curves from £(s;—1) to [(s;) (arbitrarily near to (3;) would exist (see [O’N83]
Proposition 10.46), a contradiction to B(s;—1) & B(s;). It follows that f; is a future
null geodesic. Similarly we get that ;11 is a past null geodesic. We now extend this
to B. Suppose a = 59 < ... < 89 < §;-1 < & and look at B;_1 = 5][52.72,51.71]. If 5,1
is future causal we have B(s;—2) < 5(s;) and B(s;—2) € 5(s;) by the same arguments
as above. So B;i-18; = Bljs,_,.s,) is a future null geodesic. If ;1 is past causal it is a
past null geodesic analogously to above (we assumed without loss of generality that g
changes from future to past directed at s;, now use the same arguments with g changing
from past to future directed at s;_1). So we have that § is an piecewise null geodesic,
which changes its time orientation at each breakpoint. Clearly § is achronal (otherwise
we could make 3 shorter by joining two timelike related points). O

Remark 2.3.5. Note that the previous Lemma is the reason why in [SV16] Sormani
and Vega called d, the null distance.

Corollary 2.3.6 ([SV16], Corollary 3.21). Let (M, g) be a spacetime. Pick two points
p,q € M with p and q not causally related, and let B be a piecewise causal curve from
p to q. If B has a timelike subsegment, then there is a shorter piecewise causal curve o
from p to q, i.e. L.(a) < L:(f).

Proof. This follows directly from the proof of Lemma 2.3.4. O

2.4 Topological Properties

In this section we will introduce some topological properties of the null distance. The
main result of this section is that the null distance induces the manifold topology if and
only if d; is continuous and definite. For further background see [SV16], Section 3.4.

Lemma 2.4.1 ([SV16], Lemma 3.13). Let 7 be a generalized time function on a space-
time (M, g). Then d, is bounded on causal diamonds i.e.

p<a,y<q=d-(z,y) <2(r(q) — 7(p))

Proof. Let [ be a piecewise causal curve from z to y consisting of a future directed causal
curve from x to ¢ and a past directed causal curve from ¢ to y. Then by definition of the
null length (Definition 2.1.3) and generalized time functions (Definition 1.3.1) we get:

Ly (8) = |7(q) = 7(2)| + [7(y) — (@) < [7(q) = 7()[ +[7(p) — 7(9)] = 2(7(q) — 7(p))
O

This result will be used to prove the following theorem.

Proposition 2.4.2 ([SV16], Proposition 3.14). Let (M, g) be a spacetime and let T be
a generalized time function on M. The null distance d, is continuous if and only if T is
continuous (i.e. T is a time function).
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2 The null distance

Proof. Let T be continuous. Pick x,y € M and choose o, a future directed timelike curve
through o, (0) = x and «, a future directed timelike curve through o, (0) =y. Let § > 0
be so small that oy, a, are defined on [—4,d]. Then for 2/ € I (ay(—6)) NI~ (ay(d))
and y' € I (ay(—9)) NI~ (ay(d)) we get by using first the triangle inequality and then
Lemma 2.4.1:

1 (I_.I(()‘) ,’, y | o

X X |
L Y
| T @, (—0)
T ax(=6) |

Figure 2.3: [SV16], page 16.

~

dr(z,2") +d: (y,y)
2(7(az(9)) = 7(az(=9))) + 2(7(y (9)) — 7(ay(=0)))

|CZT(xa y) - d‘r(‘rla y/)|

VANVA

Because T is continuous the right-hand side goes to 0 for § — 0. This means that d, is
continuous. Now let d, be continuous. Pick gy € M and (g9 #)po € I~ (go). Then for
all z € I't(py) we get from Theorem 2.2.8: 7(z) = d-(po, x) + 7(po). This implies that
T is continuous in py. Because we chose pg arbitrarily it follows that 7 is continuous
everywhere. O

Remark 2.4.3. The null distance d. is a pseudometric on (M, g) and therefore induces
a topology on (M,g). A base of this topology is given by the so called open null balls
i.e. the sets Bl (x) = {y € M | d-(xz,y) <r}. We call this topology the null topology.

Lemma 2.4.4. Let M be a manifold with manifold topology T and let d be a metric on
M. Then d induces a topology T on M that is coarser than the manifold topology if and
only if d is continuous (with respect to T ).

Proof. Let d be continuous (with respect to 7). Then also d(z,-) is continuous for all
x € M. This implies that d(z,-)~!(—00,€) = {y € M |d(z,y) < €} is open in T for all
€ > 0and all z € M. But these are exactly the d-balls, which form a basis of 7. So we get
T C T ie. T is coarser then 7. Conversely assume that 7 is coarser than 7. We know
that d : (M, T)x (M, T) — R is continuous when considering the product topology: For
any € > 0 and x,y € M, choose § = &. Consider 2’/ € B§(z) and y' € B{(y). From the
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2.4 Topological Properties

triangle inequality we get |d(x,y) —d(z',y')| < d(x,2")+d(y,y’) < 26 = €. T is finer than
T and this also holds for the product topologies. It follows that d : (M, T)x (M,T) — R
is continuous. O

Proposition 2.4.5 ([SV16], Proposition 3.15). Let (M,g) be a spacetime and let T be
a generalized time function on M. The topology on M induced by d; coincides with the
manifold topology if and only if T is continuous and d. is definite.

Proof. Suppose that the null topology coincides with the manifold topology. This means
that the null topology is coarser and finer than the manifold topology. It being coarser is
equivalent to d, being continuous. d. being continuous is equivalent to 7 being continu-
ous (by Theorem 2.4.2). Also the null topology is Hausdorff (because manifold topologies
are Hausdorff) and therefore it follows that d, is definite.

Suppose that 7 (hence CZT) is continuous and CZT is definite. CZT being continuous is equiv-
alent to the null topology being coarser than the manifold topology. So in particular we
get that the open null balls are open in the manifold topology. Now we need to show
that the null topology is also finer than the manifold topology i.e. every open set in the
manifold topology is also open in the null topology. Let U be a subset of M that is open
in the manifold topology and choose an arbitrary zg € U. Let h be a Riemannian metric
on M and dp be the corresponding Riemannian distance function. Now choose some
€ > 0 such that the closure of B = {y € M | dp(x0,y) < €}, is a compact set contained
in U (we can do so because because manifolds are locally compact and dj induces the
manifold topology). Because d, is continuous and definite and B is compact we get:

= min d >0
€0 = min (20, 2)

Now fix yo ¢ B. Let 5 : [a,b] — M be a piecewise causal curve from zyp = S(a) to
yo = B(b) and let zg be the first point on aBi that 8 meets. Let 8y denote the initial
part of 8 from xg to z5. Then we have 8y C B and get:

[A/T(/B) > -i/T(/BO) > €

Taking the infimum over all such 3 from ¢ to yo yields d (z0,y0) > €o. So for all yop & B
we have d, (xo,Y0) > €. This means Beo(xo) C B C U. Because we chose xg arbitrarily
this means, U is also open in the null topology, since for every x¢p € U we can find an
€0 > 0 such that B, () C U. O
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3 Definiteness

This chapter addresses the question under what conditions the null distance is definite.
Note that the null distance depends on the underlying spacetime as well as the choice of
the generalized time function. In the first subsection we will prove that on every stably
causal spacetime we can find a time function such that the null distance (with respect
to this time function) is definite. In the second section we will encounter a condition on
generalized time functions that ensures the definiteness of the null distance (with respect
to this generalized time function). For further background see [SV16] Section 4.

3.1 Existence of a definite null distance function

Lemma 3.1.1 ([SV16], Lemma 4.1). Let (M, g) be a spacetime and let 7 : M — R be a
smooth map with past pointing timelike unit gradient |V7| g = 1. Then d, is definite.

Proof. Consider the Riemannianization g of g with respect to 7 (see Proposition 1.4.2
and Corollary 1.4.4). Recall that we denoted the Riemannian distance function (with
respect to g&) by dff and the Riemannian arc length (with respect to gZ) by LE. Now
fix two arbitrary points p,q in M and a piecewise causal curve f : [a,b] — M with
breakpoints @ = sg < s1... < s = b. from p to q. Then we get, using the definition of
the arc length and the fact that g(5’,3") <0 (because 3 is causal):

R _ : o !
L (ﬁ) - Z H/B (t)Hgf"'dt
i=1 v %i—1

ko s
=Y [ VRE @)+ (70, Pl
=1 . .
<vey [ lar(@ ol
i=1"%i-1

koo
—v2y" [ lropy
i=1"Y%i-1

Taking the infimum over all piecewise causal curves from p to ¢ we get d®(p,q) <
inf LE(B) < v/2inf L.(8) = v/2d,(p,q). In particular it follows that d, is definite (be-

~

cause d¥ is definite). O
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3 Definiteness

Proposition 3.1.2 ([SV16], Proposition 4.2). Let (M, g) be a stably causal spacetime
(which is equivalent to (M, g) admitting a time function, see Theorem 1.3.5). Then we
can find a time function T on (M, g) such that d, is definite.

Proof. (M,g) admitting a time function is equivalent to (M, g) admitting a temporal
function (see Theorem 1.3.5), i.e. some 7 : M — R smooth with V7 past pointing
timelike. By scaling 7 we get |V7|; = 1. Now we can use Lemma 3.1.1 and get the
result. O

3.2 Anti-Lipschitz condition

In this section we introduce the so-called anti-Lipschitz condition. The main result of this
section is that the null distance d; is definite if and only if 7 satisfies the anti-Lipschitz
condition locally.

Definition 3.2.1 (locally anti-Lipschitz). Let (M, g) be a spacetime and let U C M. A
map f: M — R is anti-Lipschitz on U if there exists a continuous metric dy on U
such that for all x,y € U:

z<y= fly) - f(z) 2 du(z,y)

We say that f is locally anti-Lipschitz if for each x € M there exists a neighborhood
U of x in M such that f is anti-Lipschitz on U.

Remark 3.2.2. In [SV16], the continuity of dy in the anti-Lipschitz condition is missing
but implicitly assumed throughout the paper. It is used for example in the proof of the
next theorem.

Lemma 3.2.3 ([SV16], Lemma 4.3). Let (M, g) be a spacetime and let T be a generalized
time function on M. If there exists some neighborhood U in M such that f is anti-
Lipschitz on U (with respect to a continuous metric dU on U) then d d@stmguzshes
points in U. This means: ¥p € U : ¥Yq € M \ {p} : d- (p,q) > 0. In particular, d. is
definite on U.

Proof. Let p € U and ¢ € M \ {p}. Choose a precompact (i.e. the closure is compact)
open neighborhood B of p such that B C U and q ¢ B. Let 3 be a piecewise causal
curve from p to g and zy € 9B the first point on the boundary of B which § meets.
Let o € B C U denote the initial part of 8 from p to 2y and let p = xg,...,Tr = 20
denote the breakpoints. Because 8y C U we can use the triangle inequality for dyy (the
continuous metric on U) and the definition of locally anti-Lipschitz (Definition 3.2.1):

L-(B) > L.(Bo) = Z |T(z) — T(xi-1)

xmxz 1 > dU(p7 ZO) > dU<p7 83)

||M»

Taking the infimum over all such f yields: JT(p, q) > dy(p,0B) > 0. For the last
inequality we used the definiteness of dy (dy(p,z) # 0 for all z € B because p ¢ 0B)
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3.2 Anti-Lipschitz condition

and the continuity of dy (dy(p,0B) = inf{dy(x,p)|x € OB} = min{dy(z,p)|z €
OB} #0).
O

Proposition 3.2.4 ([SV16], Proposition 4.5). Let (M, g) be a spacetime and let T be
a generalized time function on M. Then d, is definite if and only if T is locally anti-
Lipschitz.

Proof. From the left-hand side to the right-hand side: By Remark 2.2.7 d, is a pseu-
dometric. By assumption it, furthermore, is definite i.e. a metric. Therefore we can
use d, = dy everywhere. The converse follows from Lemma 3.2.3 and the definition of
locally anti-Lipschitz. O

When combining Proposition 3.2.4, Proposition 2.4.2 and Proposition 2.2.6 we get the
following important result:

Theorem 3.2.5 ([SV16], Theorem 4.6). Let T be a time function on a spacetime (M, g).
If 7 is locally anti-Lipschitz, then the null distance d; is a conformally invariant metric
on (M, g), which induces the manifold topology.

Lemma 3.2.6 ([GKOSO01], Lemma 3.2.4). Let M be a manifold and let hy,ha be two
Riemannian metrics on M. Let dy,ds denote the induced Riemannian distance functions
on M. Then for each compact subset K C M there exist two constants g > 0 and C' > 0
such that for all p € M and for all 0 < € < €g the following holds:

B%(p) C BZ(p)

Proof. First of all, we prove that for all compact subsets K C M there exists a constant
C > 0 such that for all p € K and all v € T, M the following inequality holds:

h(p)(v,0) < Cha(p) (v, v) (3.1)

Without loss of generality we can assume that K is contained in the domain of a chart
(¢a,Uq). After identifying T,M and R", we define the map:

hi(¢g ' ())(v, v)
ha(¢a’ (2))(v,v)

Note that this map is well defined because hq(p) is positive definite for each p € M. Let
|v]|ggn denote the Euclidean norm of v and BY*"(0) the ball of radius 1 around 0 with
respect to the Euclidean metric. Because h;(p) is bilinear for all p € M and ¢ € {1, 2},
we have h;(p)(v,v) = ||v|%., hi(p)( —r—) and therefore f(x,v) = f(x,m).

% %
g vllggn * T0llggn
This and the fact that ¢, (K) and 8BfE" (0) are compact and f is continuous yield the
following:

f:0a(Uy) x R*"\ {0} = R, (z,v) —

sup  f(z,v) = sup f(z,v) <oo
Ied’a(K) x€¢a(K)
veR™\{0} vedBIE™ (0)
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3 Definiteness

This means that there exists a constant C' > 0 such that for all p € K and all v €
TpM, hi(p)(v,v) < Cha(p)(v,v) holds. We know that every p € M possesses a basis
of neighborhoods that consists of (geodesically) convex sets (see for example [KS21],
Theorem 2.2.7). Also M is locally compact. Therefore, for any p € M, we can choose a
(geodesically) convex neighborhood U, of p with respect to hso, that is relatively compact.
Denote by C,, the square root of the constant in equation (3.1), using U, as compact set.
Pick ¢1,¢2 € U, and denote by « the unique radial geodesic in U, joining ¢; and g2 (see
[KS21], Proposition 2.1.15). We can assume that we chose U, small enough such that «
is minimal (see [KS21], Proposition 2.3.6) and get

di(q1,q2) < Lp, (o) < CpLp, () = Cpda(qi, q2).

Now choose K C M arbitrarily. For each p € K pick C}, > 0 and U, as defined
above and ¢, > 0 such that ij(l?) C U,. Because, clearly, J Biﬁ (p) is an open

pEK 2
cover of K, it follows that there exists a finite subcover K C | Bilil. (pi) = U.
i=1,...m 2

Define C' := max{C), |i = 1,...,m} and ¢ := min{dg(K,aU),e%,...,@Tm}. Finally

we choose p € K, € < ¢y and ¢ € B%(p) and show that ¢ € Bgle(p). By construction

da

there exists an i € {1,...,m} such that p € BS, i.e. da(p,q) < €ep; . Also we know that
2

2
d(p,q) < € < % Together, these results yield that p,q € ng? (pi) € Up,. Therefore
di(p,q) < Cp,da(p,q) holds and ¢ € Bg}e(p) follows. O

Lemma 3.2.7 ([GKOSO01|, Lemma 3.2.5). Let hy and hy be two Riemannian metrics
on a manifold M and denote the induced Riemannian distance functions by di and ds.
For any two compact subsets K, K' C M there exists a constant C > 0 such that for all
p € K and q € K' we have:

d2(p,q) < Cdi(p,q)

Proof. Assume that there exist two compact subsets K, K’ C M such that the statement
is not true. Then we can find two sequences, (py)nen in K and (gp,)nen in K', such that
da(pn, gn) > ndi(pn, qn) holds. Because K and K’ are compact we can choose convergent
subsequences (which we will also denote by (pp)nen and (¢n)nen). Note that a sequence
is convergent with respect to d; if and only if it is convergent with respect to ds, because
dy and dg both induce the manifold topology. Let (py,)nen converge top € M and (g )nen
converge to ¢ € M. By taking the limit for n — oo on both sides of our assumption
(d2(pn, qn) > ndi(pn, qn)) we get that p = ¢. Choose a relatively compact neighborhood
V of p e M. By Lemma 3.2.6, there exist ¢g > 0 and a > 0 such that for all x € V' and
for all 0 < € < €9 we have Bl(z) C B2 (z), where Bi(z) = {y € M |d;i(x,y) < €}. In
particular this is true for x = p. For n € N large enough p, € Bl(p) and ¢, € Bl(p)
and therefore da(pn, qn) < adi(pn,qn). This contradicts our assumption if we choose an
a < n. O

Lemma 3.2.8 ([SV16], Lemma 4.7). Let (M, g) be a spacetime and let h be any Rieman-
nian metric on M. For a function f: M — R the following conditions are equivalent:
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3.2 Anti-Lipschitz condition

1. For all p € M there exists a neighborhood U of p and a positive constant C' > 0
such that for all x,y € U:

r<y= fly) — f(x) > Cdp(z,y)

2. For all p € M there exists a neighborhood U of p and a Riemannian metric hy on
U such that for all x,y € U:

$§y:>f(y)*f($) Zth(x’y)

Proof. This follows immediately from Lemma 3.2.7. O

Lemma 3.2.9 ([SV16], Lemma 4.7). Let (M, g) be a spacetime and let f: M — R be a
map. If one (hence both) of the equivalent conditions in Lemma 3.2.8 are satisfied then
f is locally anti-Lipschitz, i.e. for all p € M there exists a neighborhood U of p and a
continuous metric dy on U such that for all x,y € U:

r<y= fy) - f(x) > dy(z,y)

Proof. We get from Lemma 3.2.8 2. to the locally anti-Lipschitz condition by choosing
dy = dp,, - O

Remark 3.2.10. In [SV16], Lemma 4.7, Sormani and Vega state that also the converse
of Lemma 3.2.9 is true i.e. if f : M — R is locally anti-Lipschitz, then one (hence
both) of the equivalent conditions of Lemma 3.2.8 is satisfied. They justify this claim by
stating that on a manifold all metrics are locally Lipschitz equivalent. However, this is
not true. Consider for example the following situation:

Let M = R? be the manifold and for x = (x1,22),y = (y1,92) € R? let

di(z,y) = |z1 — y1| + |22 — 2

da(z,y) = V/|z1 — y1| + |22 — yo]

which are two continuous metrics on R. These metrics are not locally Lipschitz equiv-
alent. Otherwise for each point p € M there would exist a neighborhood U of p and a
constant C > 0 such that for all x,y € U we have:

da(x,y) < Cdy(z,y)

But then

Ve — il + |22 — yo| < C(|lz1 — 1] + |22 — y2))

s0,

! <
Vet —yi| + |22 — o

This is a contradiction, because for © — y the left-hand side approaches oo and can
therefore not be bounded by a constant C > 0.
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3 Definiteness

In fact the inversion of Lemma 3.2.9 does not hold in general. I thank Tobias Beran for
constructing a counterexample and include it here.

Example 3.2.11 (The converse of Lemma 3.2.9 does not hold). Consider the two-
dimensional Minkowski space M? = (R?, gyp2) and let dgz be the Riemannian distance
function induced by the Fuclidean metric ggz on R%. We define the maps fi, fa, f : R —

R the following way:
2\ 3

falt, z) = <t+ ;)3

fit,a) = D) -2F fa(t, )

f1 is a time function. Pick two points p,q € M? with (s,z) = p < q = (t,y). We
therefore know that t > s and t — s > |y — x| holds. The following observation yields the
claim:

x

f1(Q)Efl(p)@)(t—%)?)z(8—5)3@t—%23—§©t—52

RS
VRS

Similarly we get that fo is a time function. It follows that f is a time function because
it is the sum of two time functions scaled by a positive number. Note that f and dg»
do not satisfy the first condition of Lemma 3.2.8. For p = (0,0) and any neighborhood
U of p we can choose some sequence (g, = (tn,0))nen in U with t, > 0 for alln € N
and lim, oo t, = 0. It follows that for all n € N we have p < q,. But there exists no
C > 0 such that for all n € N we have t3 = f(qn) — f(p) > Cdg2(p, qn) = Ct,, because
lim,, oo t,, = 0.

Now we want to show that f is locally anti-Lipschitz i.e. for each p € R? there exists a
neighborhood U of p and a continuous metric dy on U such that for all x,y € U:

z<y= fly) - flz) 2 du(z,y)

We know that when considering d}, the null distance on M? with respect to f (a time
function), © <y = f(y) — f(z) = cff(a:,y) always holds. If we can show that df is
definite (and therefore a metric) we have a counterexample for the converse of Lemma
3.2.9. To achieve this, we first show that f1 is locally anti-Lipschitz away from the line
t = 5. Each point above the line is of the form p = (5,%) with 5 > %+E for some € > 0.
For such a point we can choose a neighborhood U such that for all points § = (t,7) € U
we have t > g + € for some € < €. Choose such a point p € R? and such a neighborhood
U of p. Consider p = (s,x),q = (s +t,x +y) € U with p < q. This means s > § + €,
t>0 andt > |y|. We have:

h@ s = (s40-T0) (s 2)
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3.2 Anti-Lipschitz condition

Now we use the fact that for a,b € R we have a®> — b> = (a — b)(a® + ab + b?) . We
choose a = s+t— 22 and b= s — % and notice that (a® +ab+b?) > €2 because a,b > e.
Therefore the above equation can be estimated in the following way:

T4y 3 z\? Y

_ _ _Z) > _ 22
<3—|—t 5 ) (3 2) > (t 2)6
Using t > |y| yields

y t o2y t |yl € 5
(t—2)622<3+3\y!—2>622<6+6 ¢ =g

when, considering the continuous metric d : R2 x R2 = R : (z,y) — |&1 — y1| + |z2 — ya|.
So on U we get that f1 is anti-Lipschitz with respect to the continuous metric %cﬂU. For
points below the line we can proceed analogously. It follows that fi is locally anti-Lipschitz
away from the line t = §. Similarly one can show that fy is locally anti-Lipschitz
away from the line t = —%. It follows that f is locally anti-Lipschitz away from O (the
intersection of the two lines). This means that f = f‘R2\{(0,0)} 18 locally anti-Lipschitz
and therefore a?]; is a metric on R?\ {(0,0)}. Note that because f is continuous we

have that df|R2\{(0,0)} = ch. If we have a piecewise causal curve o in M? connecting
two points p,q € R?\ {(0,0)}, we can approzvimate it by a sequence of piecewise causal
curves in R?\ {(0,0)} converging to a. Because of the continuity of f also the null
length of the curves converges to the null length of o. Furthermore czf((0,0), (0,0)) =0
by the definition of the null distance. For p # (0,0) we can always choose an open ball
Be(p) around p (with respect to dg2, the Euclidean distance function on R?) such that
(0,0) & Be(p). Then we have dg(p,(0,0)) > dy(p,0Bc(p)) = dj(p,0Be(p)) > 0. The
first inequality holds because each piecewise causal curve from p to (0,0) needs to leave
B(p) at some point, the last inequality holds because Jf is definite and continuous. It

follows that cff 1s definite and therefore f is locally anti-Lipschitz.
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4 Bi-Lipschitz bounds

This chapter contains a result obtained by A. Burtscher and L. Garcia-Heveling in
[BH22], Section 2. Namely that the null distance d, with respect to an admissible time
function 7 is Lipschitz equivalent to any Riemannian distance function on all compact
subsets of the spacetime (see [BH22], Theorem 2.3). The proof makes use of a splitting
theorem obtained by O. Miiller and M. Sanchez, see [MS11], Lemma 3.5.

4.1 Admissible time functions

In this section admissible time functions will be defined and some important examples
will be stated.

Definition 4.1.1 (admissible time function). Let 7 : M — R be a time function on
a spacetime (M,g), let h be a Riemannian metric on M and let dy be the induced
Riemannian distance function. If for all p € M there exists a neighborhood U of p in M
and a constant C' > 1 such that for all x,y € U

p Sy = Sdi(oy) <) - (@) < Cdila,y)

holds, then 7 is called an admissible time function.

Remark 4.1.2. Note that this definition is independent of the choice of the Riemannian
metric h. Let the condition be satisfied for the Riemannian distance function dy on the
neighborhood U of p. Because M is locally compact, we can choose a compact neighbor-
hood K of p with K C U. By Lemma 3.2.7 dy, is bi-Lipschitz equivalent to any other
Riemannian distance function dg on K, i.e. there exist constants D, E > 0 such that
Ddy(p,q) < dg(p,q) < Edp(p,q) for all p,q € K. This means that dg also satisfies the
condition on K, a compact neighborhood of p. Moreover, note that the first inequality
implies that the locally anti-Lipschitz condition is satisfied, see Lemma 3.2.8 and Lemma
3.2.9. The second inequality is a Lipschitz condition.

First of all, note that the following fact is also true in Riemannian geometry:

Lemma 4.1.3 (smooth = locally Lipschitz). Let (M, h) be a Riemannian manifold and
dp, be the induced Riemannian distance function. Let f: M — R be a smooth map. It
follows that f is locally Lipschitz continuous i.e. Vo € M : U neighborhood of x: 3
C>0:Vp,qgeU:

|f(q) = f(p)| < Cdn(p,q)
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4 Bi-Lipschitz bounds

Proof. Pick such a smooth f: M — R. By definition of smooth maps on manifolds we
get that for each point p € M there exists a chart (¢,U) around p such that f o ¢!
#(U) — R is smooth. Note, that the map f o ¢! goes from an open subset of R” to R.
Therefore the smoothness of fo¢~! implies local Lipschitz continuity i.e. Vp € ¢(U) : IW
open neighborhood of p in ¢(U): 3C > 0: Vz,y € W:

((foo™)(y) — (foo (@)l < Clly - z]en (4.1)

Equivalently, when denoting & = ¢~!(z) and §j = ¢~ (x) we can rewrite 4.1 the following
way:

1f(@) = f(@)] < Cllo(y) — o(2)||en (4.2)

If we manage to show that locally ||¢(7) — ¢(Z)||g» < Cdp(&,7) holds for some constant
C > 0, we are done. Let p be a point in M and choose a neighborhood U of p small
enough such that U is contained in a chart domain, U is contained in a compact set (M
is locally compact), U is geodesically convex and for any two points x,y € U the radial
geodesic pgy : [0,1] — U in U joining = and y has minimal length. Now we pick two
points z,y € U and get

dh(xv y) = th (pacy)'

Let (¢, U) be a chart of M in p such that U is contained in the chart domain U. Then we
consider the pullback (¢~1)*(h|z) of h|; under ¢~! and calculate Lig-1y+(n|) (¢ © pay)-

6-1)*(h] ) (@ © Pay) / \/ NP 0 pay) )T, (1) P (Phy (1)), T, (1P Py ()l

:/0 \/h|0(¢ Yp(pay () (Tpopay) )P Ty )P (Pl ()5 Tt pay) (0 (T ()P (Pleyy (1)) )t

1
= |Vt 00k ). ey
= Lg, (pa:y)

Note that (¢~1)*(h|5) is a Riemannian metric on ¢(U). We know that (¢~1)*(h|;) is

a (0,2)-tensor. Its symmetry and positive definiteness follow directly from h|; having
these properties. For the nondegeneracy we also use that ¢! is a diffeomorphism and
therefore T,¢~! is a linear isomorphism.
We know from the proof of Lemma 3.2.6 that for all compact subsets K of a manifold
M and for all A1, ho Riemannian metrics on M there exists a constant C' > 0 such that
for all p € K and all v € T, M the following inequality holds:

hi(p)(v,v) < Cha(p)(v,v)

We chose U to be contained in a compact set, therefore w.lo.g. we can assume that
also U is contained in a compact set. So when choosing M = ¢(U), h1 = ggn| () and

32



4.1 Admissible time functions

hy = (¢71)*(h|) we can find a constant C' > 0 such that for all ¢t € [0, 1] we have
G40 ((0ay (D)) (T 0By (1)), Ty (0 g () <

C(6™) " (hlg) (S(ay () (Tpuy ()P (Play (1)) Ty (1P (i (1))
It follows, that

)
)

1
Lyon (60 puy) = / VI 0y @ P (D) Ty 90y (1)), Ty 1l (1))

/¢o )* (1) (6P () Ty (8P (0)- Ty 1) 0y (1))
= VCL(y1y: (i) (¢ © Pay)

Note, that ¢ o p,, is a piecewise smooth curve connecting ¢(x) and ¢(y). Therefore
o) — A(Y)|lggn < Lgen (¢ © pzy). Combining this with the results from above we get

16(2) = (W) lgzn < Laggn (60 pay) < VCL (1) (1)) (0 pay) = VCOLay (pry) = VClp(x,y)

which proves the claim. ]

Lemma 4.1.4 ([BH22|, Lemma 2.2). Temporal functions are admissible time functions.

Proof. The locally Lipschitz condition follows from the smoothness of temporal func-
tions. The locally anti-Lipschitz condition follows from [SV16], Theorem 4.16. O]

Now we introduce a specific class of admissible time functions. They are called regular
cosmological time functions and were defined by Andersson, Galloway and Howard in
[AGH9S].

Definition 4.1.5 (cosmological time fuction). Let (M, g) be a spacetime. The cosmo-
logical time function on (M,g) is defined to be 7 : M — (0,00] : g — 7(q) with
7(g) =supd(p, q)
p<q

where d denotes the time separation function. Denote by C~(q) the set of all past directed
causal curves c in M that start at q. Then we can use the equivalent definition

7(q) = sup{L(c) |c € C"(q)}.

Definition 4.1.6 (regular cosmological time function). Let (M, g) be a spacetime with
cosmological time function 7. Then T is called regular if it satisfies the following two
conditions:

1. (M, g) has finite existence times i.e T(q) < oo for all g € M

2. 7 — 0 along every past inextendible causal curve

Lemma 4.1.7 ([BH22], Lemma 2.2). Regular cosmological time functions are admissible
time functions.

Proof. The locally Lipschitz condition follows from [AGH98] Theorem 1.2. The locally
anti-Lipschitz condition follows from [SV16], Theorem 5.4. O
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4 Bi-Lipschitz bounds

4.2 Statement and implications

This section contains the result we want to prove and two corollaries.

Theorem 4.2.1 ([BH22], Theorem 2.3). Consider a spacetime (M, g) with 7 : M — R
an admissible time function and h a Riemannian metric on M. Then for all K C M
compact there exists a constant C' > 1 such that for all p,q € K the following is true:

1 .
5dh(p, q) < d-(p,q) < Cdi(p,q)

Corollary 4.2.2 ([BH22], Corollary 2.4). Consider a smooth manifold M and two dif-
ferent spacetime metrics g1 and go with admissible time functions 11 and 5. Then for
all K € M compact there exists a C' > 1 such that for all p,q € K the following is true:

1 - ) .
5(171 (p,q) < dry(p,q) < Cdr (p,q)

Proof. Using Theorem 4.2.1 on (M, ¢1) and 71 and on (M, g2) and 7o (with the same
h both times) yields: For all K C M compact there exist Cq,C2 > 1 such that for all
p,q € K the following is true:

—=dn(p, q) < dr,(p,q) < Cadn(p, q).
It is easy to see that we can use C' = C1C5 and get the result. O]

Corollary 4.2.3 ([BH22|, Corollary 2.5). Consider a spacetime (M, g) with two admis-
sible time functions 71 and 1o. Then for all K C M compact there exists a C > 1 such
that for all p,q € K the following is true:

1. A A
6d71 (p7 Q) S d’l’z(p7 Q) S Cd‘rl (pv Q)

Proof. This is a special case of Corollary 4.2.3 with g1 = g2 = g. O

4.3 Comparison of d% and d,

In this section we show that the null distance CZT with respect to a temporal function 7
is locally Lipschitz equivalent to the riemannianized distance function d®. This result
will be used in the following section to prove Theorem 4.2.1. For further background see
[BH22], Section 2.

Theorem 4.3.1 ([MS11], Lemma 3.5). Let (M, g) be a spacetime that admits a temporal
function 7. Then the metric admits an orthogonal decomposition of the form

g=—adr®+3§

where o = W and g is a symmetric 2-tensor, which vanishes on VT and is positive
g

definite on the complement.
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4.3 Comparison of df and d,

Proof. See [MS11], Lemma 3.5. O
Remark 4.3.2. Consider a spacetime (M, g) with a temporal function . From Theorem
4.3.1 we get that ¢ = —adt? + §. Now we use Corollary 1.4.4 to riemannianize g:

dr?

R
9r =273 9
TVl

dr?

,
:2W—ad7 +g
_ dr? _ dr? 4
Rz
_ dr? B
G
=adr? +3

Because d is conformally invariant, we can assume without loss of generality that g =
—dr?+§ and gff = dr?+§ with § = a~'g. Recall that we denote the Riemannian distance
function (with respect to gf*) by df* and the Riemannian arc length (with respect to g&)
by LE.

Lemma 4.3.3 ([BH22], Lemma 2.8). Consider a spacetime (M, g) with temporal func-
tion T and a piecewise causal curve [3: [a,b] — M. Then we have

L-(B) < LE(B) < V2L(B).
Therefore for all p,q € M we have
d(p,q) < V2d.(p, q).

Proof. Consider a piecewise causal curve 5 : [a,b] — M and let a = s9p < ... < s, = b
denote the breakpoints. Because we know that 7 is smooth and the tangent vectors 3
exist almost everywhere we get

1
=

(@]
=
S
Y

V)
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4 Bi-Lipschitz bounds

Note for the third equality: Because S is a piecewise causal curve, § is either future
directed causal or past directed causal in each [s;_1,s;]. Therefore (7 o ) is either
monotonically increasing or monotonically decreasing in each [s;_1,s;]. If follows that
(1 o B)" is either positive or negative in each [s;_1, s;], which is the reason why we can
pull the absolute value inside of the integral. Now we also write L£(3) in terms of an
integral:

b
LR(5) = / 18/(5)l| s

= [Vl @), meas

b
— [ VI EE), 5 + 356, 5 ds

b
:/ \/\dT(B’(S))P +118(s)|12ds

Note for the fourth equality: g vanishes on V7 and is positive definite on the complement,
so in particular we have §(3'(t), 3'(t)) > 0. Also, of course, dr2(3'(t), 8'(t)) > 0. We
immediately get that L.(3) < LE(3). For the second inequality note that 3 is piecewise
causal i.e. g(A(t), §'(t)) < 0. But g(3(¢), 8'(1)) = —dr*(8'(2), () +5(8(1), 7/(2)) and
therefore §(5'(t), B'(t)) < dr?(B'(t), B'(t)). Also note that (7o 3)'(s) = dr(3'(t)). Using
these results we get:

b
L88) = [\ lar@ )R+ 1) 2ds
b
< [ VA Rds
‘ b
—v2 [ [(rep)(s)ds
_\3L.(8)

O]

Lemma 4.3.4 ([BH22], Lemma 2.9). Consider a spacetime (M, g) with a temporal func-
tion 7. For all p € M there exists a neighborhood U C M such that for oll x,y € U we
have: R

d‘l‘(l"y) < 4d§($7y)

Proof. See [BH22], Lemma 2.9. O

4.4 Proof

Now we generalize these results for admissible time functions and Riemannian metrics.
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4.4 Proof

Lemma 4.4.1 ([BH22|, Lemma 2.10). Consider a spacetime with admissible time func-
tion 7. Let h be a Riemannian metric on (M,g). Then for each x € M there exists a
neighborhood U of x in M and a constant C' > 1 such that for all p,q € U the following
holds:

1
5dh(p, q) < d-(p,q) < Cdy(p,q)

Proof. Note that it is enough to show the result for one Riemannian metric, because Rie-
mannian distance functions are Lipschitz equivalent on all compact sets (recall Lemma
3.2.7) and we can choose U to be precompact. We pick a point x € M and show sepa-
rately that the two inequalities hold locally around z (for different Riemannian metrics
h). The lemma follows by using the intersection of the two resulting neighborhoods of
xas U.
Step 1: First inequality. This follows from the definition of admissible time func-
tions: Pick a Riemannian metric A, a neighborhood U of x and a constant C' > 1 as in
Deﬁn1t1on 4.1.1. Because d, induces the manifold topology we can pick r > 0 such that
7 (x) C U. We show that for all p,q € V := B7(z) we have Sdn(p,q) < d-(p,q). Pick
P, q € V. From the definition of the null distance it follows that we can find a sequence
(atn )nen of piecewise causal curves from p to ¢ such that the null length of the curves
approaches the null distance of p and q i.e. L, (o) < CZT (p,q)+ % For n > % we get that
ay, is entirely contained in U. So pick such an n > % and denote by sg < s1 < ... < sg
the breakpoints of «,,. By using the triangle inequality, the definition of admissible time
functions and the definition of «;,, we get:

7dh b,q S

k
o Z (an(si-1), an(s:))

Q \

dr(n(si—1), an(sy))

M»

1

.
Il

1
T(an) < d-,—(p, Q) + ﬁ

~

The claim follows because this is true for all n € N.

Step 2: Second inequality. Recall that a spacetime admits a time function if and
only if it admits a temporal function (see Theorem 1.3.5). So we can choose a temporal
function 7 on (M, g) and consider the Riemannianization gf of g with respect to 7. Now
pick a neighborhood U of z and a constant C' > 1 as in Definition 4.1.1 for h = gf. Let
V' C U be a geodesically convex neighborhood of x with respect to the Riemannian metric
gf. Without loss of generality we assume that V is also contained in the neighborhood
from Lemma 4.3.4. Now we show that for all p,q € V we have a?T(p, q) < 5CdE(p,q).
(Recall that this is sufficient because dZ is a Riemannian distance function and therefore
Lipschitz equivalent to every other Riemannian distance function on compact sets.) Pick
p # q € V (the case p = ¢ is trivial) and denote by 0,, the minimizing geodesic in V
(with respect to df) from p to g. Then we can find a piecewise causal curve o from p to
q such that LE(a) < 5LE(a) (see for example [BH22|, proof of Lemma 2.9, page 9-11).
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4 Bi-Lipschitz bounds

Let so < s1 < ... < s be the breakpoints of &. We get from 7 being an admissible time
function:

k

Lo(e) =) dr(afsi), a(si-1))

. =1
CZ df (o(s:), (si-1))

< CLE(«)
< 5CLE (0yq)
=5Cd{ (p, q)

A~

d-(p,q)

IN

IN

This proves the claim. O

Now we use this result to prove the statement, i.e. Theorem 4.4.1 generalized for all
compact sets.

Theorem 4.4.2 ([BH22], Theorem 2.3). Consider a spacetime (M, g) with 7 : M — R
an admissible time function and h a Riemannian metric. Then for any K C M compact
there exists a constant C > 1 such that for all p,q € K the following is true:

1 .
5dh(p, q) < d-(p,q) < Cdi(p,q)

Proof. Consider a compact subset K C M. Assume that the second inequality is not
true for K and any C' > 0. Then there exist sequences (py)nen and (¢n)nen in K such
that the following is true:

dr(Pns dn) > ndp(Pn; qn)

Because (pn)nen and (gn)nen are sequences in a compact set we can consider convergent
subsequences (which we will also denote by (pn)nen and (¢n)nen) converging to p and
q in M, respectively. Note that a sequence converges with respect to CZT if and only if
it converges with respect to dj, because they both induce the manifold topology. From
our assumption czT(pn, qn) > ndp(pn, ¢n) and the fact that czT(p, q) < oo it follows that
p = q. For any neighborhood U of p we get that p,,q, € U for n big enough. This
means that by Theorem 4.4.1 for some C > 1 the following is true:

5dh(pna Qn) > CZT(pm Qn) > ndh(pm%z)

This is a contradiction for n large. It follows that d. (p,q) < Cdp(p,q) for some constant
C > 1. Analogously the other inequality can be proved. ]

Remark 4.4.3. Note that the assumptions of Theorem 4.2.1 are sharp. For counterex-
amples see [BH22] Example 2.12 and 2.13.
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5 Encoding Causality

This chapter addresses the question under which circumstances the null distance encodes
the causal structure of a spacetime. The first section contains an encoding causality
result for generalized Robertson Walker (GRW) spacetimes obtained by C. Sormani and
C. Vega in 2016. In the second section we show that the null distance with respect to
a Cauchy temporal function encodes causality in globally hyperbolic spacetimes, proved
by A. Burtscher and L. Garcia-Heveling in 2022. Slight adaptations of the proof yield
that the null distance with respect to a temporal function encodes the causal structure
locally in any spacetime. This result can be found in the final section of this chapter.

5.1 In GRW spacetimes with complete Riemannian fibers

This section contains an encoding causality result for generalized Robertson Walker
(GRW) spacetimes obtained by C. Sormani and C. Vega in 2016. It states that in GRW
spacetimes with complete Riemannian fibers the null distance with respect to a time
function of the form 7(¢,2) = ¢(t) with ¢ smooth and ¢’ > 0 encodes causality. We
introduce two lemmas and use them to get the encoding causality result for 7 = ¢t. After
that we extended it to time functions of the desired form. For further background see
[SV16], Section 3.7.

Definition 5.1.1 (Warped product). Let (M, g) and (H,h) be semi-Riemannian man-
ifolds and let f : M — (0,00) be smooth. The warped product M x; H is the smooth
product manifold M x H equipped with the semi-Riemannian metric tensor

m5(9) + (f omo)*ni (h)

where o : M X H — M denotes the projection to M and m : M x H — H denotes the
projection to H.

Definition 5.1.2 (Lorentzian warped product). Let (M, g) be a semi-Riemannian man-
ifold with index 1 and dimension n > 1 and let (H,h) be a Riemannian manifold. Let
f:M — (0,00) be smooth. The Lorentzian warped product M x; H is the smooth
product manifold M x H equipped with the Lorentzian metric tensor

m5(9) + (f o mo)* 71 (h)

where wy : M x H — M denotes the projection to M and w1 : M x H — H denotes the
projection to H.
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5 Encoding Causality

Definition 5.1.3 (Generalized Robertson Walker (GRW) spacetimes). Consider an
open interval I C R equipped with the metric —dt?> and a Riemannian manifold (S, h).
Let f: I — (0,00) be a smooth map. A Generalized Robertson Walker spacetime
is the Lorentzian warped product I x ¢ S i.e. the smooth product manifold I x S together
with the Lorentzian metric tensor

o (—dt?) + (f o mo) x5 (h)

where my : I x S — I denotes the projection to I and my : I x S — S denotes the
projection to S.

Notation: For the metric 7j(—dt?) + (f o )%} (h) we just write —dt? + f?(t)h. For a
point p € I x¢ S we write p = (t,,p) with t, €  and p € S.

Lemma 5.1.4 ([SV16], Lemma 3.22). Let I xS be a GRW spacetime with metric tensor
—dt? + f2(t)h. Consider the time functiont: I xS — I, (t,,p) + tp, which projects to
the first component. Then the null distance d, (induced by this time function) is definite.

Proof. Denote I xS by M and —dt*+ f2(t)h by g. We want to show that for p,q € M
with p # ¢ we have th(p, q) # 0. Because of Remark 2.2.7 we have that th(p, q) >
It(q) — t(p)| = |ty — tp|. This means for p # ¢ with t, # t, we have that di(p, q) > 0. So
it is enough to consider p,q € M with t, = t, =: tg. Because ¢ty € I and I is an open
interval we can choose § > 0 such that [ty — d,t9 + 6] € I. Now consider a piecewise
causal curve c from p to q. We want to show that the null length of o with respect to ¢
is bounded away from 0 and distinguish two cases. Case 1: toa & [ty — 0, to + d]. Then
we have ﬁt(a) > 2§. Case 2: toa C [tg — d,t9 + 6]. Denote a = ajag...ar with a4
being a future or past directed causal curve. So for each i = 1,..., k either a; or —q;
(i.e. a; backwards) is a future directed causal curve. This means we can reparameterize
a; as a curve «; : [ti, t; + 8] — M : t — (t,04(t)) with [t;,t; + 0;] C [to — d,to + 0] and
such that o; : [t;, t; + ;] — S is a piecewise smooth curve in S. This means ﬁt(ai) = ;.
By the definition of GRW spacetimes we have (denoting by («;(t))o the component of
a;(t) in I and by (a;(t))1 the component of o;(t) in S):

Jou (1) (@5(1), (1)) = —(@}()0)” + F((i(t))0)* Ry, (i (1)1, (i (t))1)
=-1+ f2(t)hoi(t) (O-z/'(t)7 ;(t))
Using that a; is causal (i.e. go, ) (j(t), a;(t)) <0 for all ¢ € [t;, t; 4 6;]) we get that

/ / 1
hai(t)(%(t)vai(t)) < 72(¢)

for all ¢t € [t;,t; + 9;]. Also f admits a minimum m := min{f(¢) |t € [to — d,to + J]} on
this compact interval. This yields

ti+0; ti+di 5.
Lh(ai):/t \/hai(t)(al’-(t),al’-(t))dt</t L
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5.1 In GRW spacetimes with complete Riemannian fibers

Recall that ﬁt(ai) = 0;, so we have ﬁt(ai) > mLp(o;). Therefore

k k
Li(e) =) Li(oi) =m Y Ly(o3)
i=1 i=1
Note that after exchanging o; with —o; where necessary we have that c = 01...0 is a
piecewise smooth curve in S joining p and §. We also know that p # ¢ holds because
p # q and t, = t,. This yields Ly (o) > dp(p,¢) > 0. Using that the arclength of curves
is invariant under monotonous reparameterizations (see [KS21], Lemma 2.3.2) we get:

k

m>  Ly(o7) = mLy(0) > md(p,q)
=1

Together with the result above we have that L;(a) > mdy(p,§). Because we chose a
from p to ¢ arbitrarily with ¢ o o C [tg — 0, %o + d] this yields that the null length of all
such « is bounded away from 0 by the constant mdj(p, §). Together with case 1 we get
that the null distance of p and ¢ with respect to the time function t is greater then 0,
which yields the claim. O

Lemma 5.1.5 ([SV16], Lemma 3.23). Let I xS be a GRW spacetime with metric
tensor —dt? + f2(t)h and let (S, h) be a complete connected Riemannian manifold. Then
we have:
tq 1
p<qedn(p,q) < | sdt
¢, [(t)

Proof. Denote I xS by M and —dt? + f%(t)h by g. Consider p,q € M with p < ¢q. By
definition there exists a future directed causal curve from p to g. We pick such a curve and
call it . Similarly to the proof of the previous lemma we can reparameterize « such that
it is a (future directed causal) curve of the following form: « : [tp,t,] — M,t — (t,0(t))
where o : [tp,t,] — S is a piecewise smooth curve in S from p to §. Then a being a
causal curve and the definition of g yield for all t € [t,, t,]

0> gary(a/(1), /(1)) = =1+ f(t)*h(c" (1), o' (1))

and therefore )
o > h(o'(t),0'(t)).

Because o is a piecewise smooth curve from p to ¢ we get

an(p,4) < Lnlo) = | VR (D), o' (1))t < /t ' fzt)dt

which yields the claim. Now assume conversely that we have p, ¢ € M such that

d "Ly
D, q) <
h(pv(J) = N f(t) 4
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5 Encoding Causality

holds. We denote d := dj(p, ¢). Now we want to construct a future directed causal curve
from p to g to show that p < ¢. Because (S,h) is a complete connected Riemannian
manifold we can find a minimizing geodesic from p to ¢ (see [KS21], Corollary 2.4.3).
We pick such a geodesic, denote it by o and assume without loss of generality that o
is parameterized by h-arclength. Then we have o : [0,d] — S and Lj(0) = d. Now we
define the monotonically increasing map:

t
1
——ds
tp f(s)
By our assumption and because 1 is continuous there exists a ty € [t,,t,] such that
Y (to) = d. We now use o and 9 to define:

) [tp, tg] = [0,00),t —

¢
o[ty ty] — Mt {Et ’

This is a causal curve from p to gq. Note that a(t,) = (tp, o(¥(tp))) = (tp,0(0)) = (tp, D)

and a(tq) = (tg,q)-
Also for t € [to, tg] we have g, (o (t), o/ (t)) = =1+ f(t)*h(0,0) = —1 < 0. For t € [t,, to]
we have g (@/(8), /(1)) = —1+ F()hatuion (@ (G (8), o' (6(2)) (1). Using that

o was assumed to be parameterized by h-arclength we have:

ho(y(e) (0" (W)Y (), 0" (L (0¥ (£)) = ¥ () *ho(way) (0" (D (1)), 0" ((1))) = ¥/ (t)°

Therefore we can rewrite the condition for « being causal on [t,,tg] the following way
(for t € [tp, to]):

o) (@ (), 0/ (8)) <0 & =1+ f(t)*ho(yey (@' (W)W (1), o' (U ()Y (t) < 0
(t)Qw’(t) S
e fHY'(t) <1

‘ -

The fact that ¢/'(t )
p to g and therefore

yields the claim. So « is a future directed causal curve from

t)
q. UJ

I/\:‘:

We now use these results to prove that the null distance with respect to the time function
7 =t encodes causality in GRW spacetimes.

Lemma 5.1.6 ([SV16], Lemma 3.24). Let I xS be a GRW spacetime with metric
tensor —dt? + f2(t)h and let (S, h) be a complete connected Riemannian manifold. Then
we have:

p < q e dilp.q) =t(q) — t(p)

Proof. Note that p < q = aft(p, q) = t(q) — t(p) is always true so it is enough to show
the converse direction. Denote I x; S by M and —dt* + f2(t)h by g. Let p,q € M
with dt(p, q) =t(q) — t(p) =ty — tp. We proceed similarly to the proof of Lemma 5.1.4.
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5.1 In GRW spacetimes with complete Riemannian fibers

Because I is an open interval we can pick § > 0 such that [t, —9,t,+6] C I. We also pick

€ (0,0). From the definition of the null distance there exists a piecewise causal curve
o from p to ¢ with null length L;(a) < t, — t, +¢. Then we have t o o C [t, — 8,1, + d].
Denote a = a1z . .. a, with «; being a future or past directed causal curve. So for each
i=1...,k either a; or —q; (i.e. o; backwards) is a future directed causal curve. This
means we can reparameterize a; as a curve «; : [t;, t; +0;] = M : t — (t,0;(t)) such that
o; : [ti,ti + 6;) — S is a piecewise smooth curve in S. We know that ﬁt(ai) = §; holds.
After exchanging o; with —o; where necessary we have that o = o1 ...0} is a piecewise
smooth curve in S joining p and §. Therefore we have (using the definition of g in the
last step):

k

k ti+6; titd q
an(5.4) < Ln(o ZLh o)) = / Vhaw(eiiaimar <3 [ s
=174 i=1""

Now We want to rewrite the sum of integrals on the right-hand side. If we extract
f fq f(t) dt we are left with a sum of integrals over % The sum of the length of the

1ntervals we integrate over is exactly Li(a) — (t, —t,) < € because it is just the extra
ups and downs in time that o performs. Now using m := inf{f(t) |t € [t, — 0,1, + ]} to
bound ( ) by L (from above) we have:

ot ta 1
——dt < 7dt + L tg—1tp))—
t‘? 1 €
dt +
b, f(t)
Because we chose e arbitrarily, dp(p,q) < tq %t) dt holds. Using Lemma 5.1.5 we get
that p < g which yields the claim. ]

The next theorem is the main result of this section. It is a generalization of the previous
lemma.

Theorem 5.1.7 ([SV16], Theorem 3.25). Let I x; S be a GRW spacetime with metric
tensor —dt*>+ f2(t)h and (S, h) a complete connected Riemannian manifold. Let 7(t,z) =
#(t) be a smooth time function on I x¢ S with ¢ >0 . Then we have:

p<q&dr(p.q)=1(q) — 7(p)

Proof. Denote I x; S by M and —dt* + f2(t)h by g. Recall that the null distance is
conformally invariant. Our goal is to find a conformally equivalent metric § to g such
that the null distance with respect to this metric encodes causality. First of all note that
T = ¢ ot and therefore:

dr = ¢'(t)dt
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5 Encoding Causality

(This follows immediately from the definition of the exterior derivative and the chain
rule: For all p € M we have dr|, = T,7 = Tp(d ot) = Typy¢ o Tyt = ¢'(t(p))dt],.) Now
we define I := ¢/ 0o ¢~ and get F(7) = ¢/(¢~ (7)) = ¢/(t) > 0. This yields:

1
F(r)

dt = dr

We define p(7) := F(7)f(¢~1(7))(= F(7)f(t)) and rewrite g as

1 1
_ —dt2 2 —d 2 2 h) = ~
with § = —d7r + p?(7)h. We have that § and g are conformally equivalent metrics

on M because F21(T) > 0. So d. with respect to g encodes causality if and only if d-
with respect to g encodes causality. Because ¢ is smooth and ¢’ > 0 we can identify
(IxS, —dr?+p?(T)h) with (¢(I )XS —dt?+p?(t)h) where t : (1) xS — ¢(I), (tp, P) — tp-
Also d, with respect to —dr2 + p2(7)h can be identified with d; on ¢(I) x S with respect
—dt? + p*(t)h on I x S. From Lemma 5.1.6 we get that the null distance d; on
((;S(I ) x S, —dt? + p*(t)h) encodes causality, which yields the claim. O

5.2 In globally hyperbolic spacetimes with Cauchy temporal
functions

This section contains a result obtained by A. Burtscher and L. Garcia-Heveling in [BH22],
Section 3. Namely that in globally hyperbolic spacetimes the null distance d, with
respect to a Cauchy temporal function 7 encodes causality.

Definition 5.2.1 (causal relation). On a spacetime (M, g) we define the causal rela-
tion J©T C M x M in the following way: J* = {(p,q) € M x M |p < q} where p < q
denotes the fact, that there exists a future directed causal curve from p to q.

Clearly we have:

Lemma 5.2.2 (causal relation). Let (M,g) be a spacetime. The causal relation is a
reflexive, antisymmetric and transitive relation on M x M.

Definition 5.2.3 (null distance relation). On a spacetime (M,g) with a generalized
time function T we define the null distance relation RY C M x M as follows: R} =

{(p,q) € M x M |d-(p,q) = 7(q) — 7(p)}-

Lemma 5.2.4 (null distance relation). Let (M, g) be a spacetime with a locally anti-
Lipschitz time function 7. Then the null distance relation is a reflexive, antisymmetric
and transitive relation on M x M with J* C R}.

Proof. J* C RZF follows from Lemma 2.2.8. Reflexivity is clear by the definition of the
null distance (d.(p,p) = 0 = 7(p) — 7(p)). For transitivity consider (p,q), (¢,v) € R}
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5.2 In globally hyperbolic spacetimes with Cauchy temporal functions

Le. d-(p, q) =7(q) — 7(p) and d-(q,v) = 7(v) — 7(q). By the triangle inequality we get
dr(p,v) < dr(p,q) + dr(q,v) = 7(q) — 7(p) + 7(v) — 7(q) = 7(v) — 7(p). But the reverse
inequality holds by Remark 2.2.7, which yields equality. For antisymmetry consider

(p,0),(¢,p) € R, 7(q) = 7(p) = dr(p,q) = dr(q,p) = 7(p) — 7(q) yields d-(p,q) = 0.
The locally anti-Lipschitz condition ensures definiteness, see Lemma 3.2.4. This gives

p = q and therefore antisymmetry. O

5.2.1 Conformally equivalent complete Riemannian metric

Consider a spacetime (M, g) and the riemannianized metric ggﬁ with respect to some
smooth timelike vector field T. Then ggﬁ does not have to be complete, even if (M, g) is
globally hyperbolic. Note the following counterexample:

Example 5.2.5. Consider the Minkowski space (R" ™!, gyni1). Let p = (—1,0,...,0)
and ¢ = (1,0,...,0). Denote the timelike diamond I (p) NI~ (q) by D. Then D is
an open subset of R"" and (D, (gyn+1)|p) s a globally hyperbolic spacetime. From the
proof of 1.4.2 we get that ((gyn+1)|p)5 = (ggn+1)|p. But (D, (ggn+1)|p) is not complete.

But for a spacetime (M, g) with riemannianized metric 97113 we can use the following
theorem to get a conformally equivalent complete Riemannian metric

95 = Vgl (5.1)

with Q : M — [1,00) smooth. The corresponding Riemannian distance and length are
denoted by Lz and dp.

Theorem 5.2.6 ([NOG61|, Theorem 1). Let (M,g) be a Riemannian manifold. Then
there exists a conformally equivalent metric g on M such that (M, g) is complete.

Proof. Let (M, g) be a Riemannian manifold and let d be the induced Riemannian dis-
tance function. For z € M and r > 0 denote by BZ(z) the open r-Ball (with respect to

d) around z. Now we can define r(z) := sup({r > 0| Bé(x) is compact}) for x € M. As-
sume that for one z € M we have r(z) = oo. Then for any bounded subset A C M there

exists r > 0 such that A C Bé(z). If A is also closed, it follows from the compactness

of Bd(x) that A is compact. This means that the Heine-Borel property holds, which by
the Hopf-Rinow Theorem (see [KS21], 2.4.2) is equivalent to the completeness of (M, g).
So if for one x € M we have r(x) = co we can choose § = g and are done. Now assume
that for all x € M we have r(z) < co. We then show that in this case for all z,y € M

we have |r(z) —r(y)| < d(z,y). Case 1: y & Bg(x) (z) and = ¢ Bf(y) (y). Then we have:

d(z,y) > r(z) +r(y) > |r(z) —r(y)l

Case 2: y ¢ Bf,l(x)(:zj) and = € Bff(y)(y). Then we have r(z) < d(z,y) < r(y). From

x € Bff(y)(y) we get r(z) > d(a:,@Bf(y)(y)) = r(y) — d(z,y). (Because a closed ball
d

around x that is subset of the compact set BT(y)

d(z,y) > r(y) —r(z) = [r(z) — r(y)|

(y) is again compact.) It follows that
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5 Encoding Causality

Case 3: y € Bf(m) (x) and z € Bf(y) (y). Similar to case 2 we get d(z,y) > r(y) — r(x)
and d(z,y) > r(x) — r(y) which yields d(z,y) > |r(z) — r(y)|.

If follows that the map r : M — R : z — r(z) is continuous. Note that the map indeed
goes to RT because M is locally compact and therefore r(z) > 0 everywhere. Now
we can use a partition of unity to construct a smooth map Q : M — [1,00) such that
Qz) > @ for all z € M. For this we choose a precompact open cover (Uy)qeca of M and
a subordinate partition of unity (X,)aca. Note that we can choose such a partition of

unity because M is Hausdorff and second countable. Note that a, := W +1

is well defined, because the infimum is attained (r is continuous and U, is compact).
Then the map Q := > .4 aa&e : M — [1,00) is smooth and satisfies Q(x) > Tlx) for
all z € M. We define the conformally equivalent Riemannian metric g := 02%g with
induced Riemannian distance function d and show that (M, §) is complete. Note that it
is enough to show that Bd( ) C B‘Ti(z)( ) for all x € M. From this condition it follows

that B‘Z( ) is compact for all z € M. If we consider a Cauchy sequence (zy)gen in M

(with respect to d) we know that there exists k& € N such that for all k > k we have
d(:nk, r;) < 3. This means that after the index k the sequence stays inside the compact

set Bﬁz (x7) and is therefore convergent. Now let us show that Bd( ) C Bil(z)( ) holds
for all x € M. We pick z,y € M with y ¢ BM () (ie. d(z,y) > @) and show that

also y ¢ B“ll( ). Consider a piecewise smooth curve « : [a,b] — M from = to y. We

know that, 3izvhen denoting the arc length with respect to g by L, the following holds:

L(a) > d(z,y) > 2) (5.2)

Now consider L(c), the arc length of a with respect to §.

b b b
b
:/ Q(a(t))\/g‘a(t)(o‘/(t),oz’(t))dt

Note that Qo « : [a,b] — R is a continuous map on a compact set and therefore there
exists ¢ € [a,b] such that Q(a(c)) < Q(a(t)) for all t € [a,b]. We choose such a ¢ and
get:

/ab Q(a(t))\/gla(t)(a’( o/ (t))dt > Qo / \/gla o (1), /(1)) dt
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5.2 In globally hyperbolic spacetimes with Cauchy temporal functions

Now we use r(a(c)) — r(z) < |r(a(e)) — r(z)] < d(z,a(c)) < L(a) and get r(a(c)) <
d(z,a(c)) + r(z) < L(a) + r(x). This inequality, the result from abvove and (5.2) yield
L(a) L(a) L(a) 1

L) > S0 2 Tia) £ (@) = Lia) + 20(a) _ 3

Because this works for every piecewise smooth curve a from z to y we get, that ci(x, y) >
% i.e y ¢ B} (x) which yields the claim. O
3

Lemma 5.2.7 ([BH22], Lemma 3.4). Let (M, g) be a spacetime and g% and let g be the
conformally equivalent Riemannian metrics on M, defined above. Consider a compact
subset K C M. Then we can find constants Cxg > cx > 1 such that for all piecewise
smooth curves v in K we have

LE() < Lp(y) < ex LE(y)

and for oll z,y € K we have

Proof. The first inequality for piecewise smooth curves follows immediately from the
definition of gz. For the second inequality choose cx = max;cx (). The first inequal-
ity for distances follows immediately from the definition of gz. The second inequality
for distances follows from Lemma 3.2.7. Note that Cx > ck follows because minimizing
curves may leave K. O

5.2.2 Metric derivative

In this section we define the metric derivative and show that it coincides with the norm
of the analytic derivative whenever it exists. This will be used later in the proof of the
main result.

Definition 5.2.8 (absolute continuity on R™). Let I be an interval and f : I — R" a
map. We call f absolutely continuous on I if for all e > 0 there exists a 6 > 0 such
that for all finite sets of disjoint open intervals (a;, b;)i=1,. n with [a;,b;] C I we have

Z|al—b|<5:>ZHfal bi)||En < €

Note that this can also be defined with an arbitrary open subset of R instead of I.

Definition 5.2.9 (local absolute continuity on R™). Let I be an interval and f : I — R"
a map. We call f locally absolutely continuous on I if for all [a,b] C I the map
f|[a,b] 1s absolutely continuous.

Note that for a closed interval I the terms absolutely continuous and locally absolutely
continuous coincide.
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5 Encoding Causality

Definition 5.2.10 (absolute continuity on manifolds). Let I be a closed interval and
M be a connected manifold. A curve c: I — M is called absolutely continuous on I
if for each chart (¢,U) of M the composition (a map from a subset of R to R™)

poc: (INcHU)) — ¢(U)
1s locally absolutely continuous.

Lemma 5.2.11 (Lipschitz continuity = absolute continuity). Let (M, g) be a connected
Riemannian manifold and ¢ : I — M a curve. If ¢ is (globally) Lipschitz continuous
(with respect to dg) then c is absolutely continuous.

Proof. We want to show that for all charts (¢, U) of the manifold and all [a,b] C (I N
¢ 1(U)) the map (¢ o ¢)|jqp) is absolutely continuous. This follows trivially if for all
charts (¢, U) the map (¢ o ¢)|qy is Lipschitz continuous. Because c is already Lipschitz
continuous by assumption, it is enough to show that there exists L > 0 such that for all
p,q € ¢([a,b]) we have:

Ldy(p, q) > l6(q) — é(p)llen

For this we pick a chart (¢,U) of M and consider g := (¢)*(ggn—1) the pullback of ggn—1
under ¢. Then g is a Riemannian metric on U and

dg(p, @) = dggn ((p), 9(q)) = l|#(q) — ¢(p)||En

holds for all p,q € U. We know that ¢([a, b]) is a compact subset of U so it follows from
Lemma 3.2.7 that there exists an L > 0 such that for all p, ¢ € ¢([a, b]) we have:

di(p,q) < Ldg(p, q)

Combining these results we obtain that there exists L > 0 such that for all p, g € ¢([a, b])
we have

Ldg(p,q) = ||¢(q) — o(p)llen
which yields the claim. O

Definition 5.2.12 (metric derivative). Let (X,d) be a metric space and let v : I — X
be a path. The metric derivative of v at t € I is defined to be the following limit
(whenever it exists):

1) = iy 400200 9)

If for one t € I this limit exists we call v metrically differentiable in t.

Proposition 5.2.13 ([Burl5] Corollary 3.8). Let (M,g) be a connected Riemannian
manifold and ¢ : I — M a curve. If ¢ is an absolutely continuous map then we have

¢|(t) = Hcl(t)chm

whenever the limit is defined.
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5.2 In globally hyperbolic spacetimes with Cauchy temporal functions

Proof. For an arbitrary ¢t € I pick a normal neighborhood U of ¢(t) in M such that
the radial geodesics in U through c(t) are globally minimizing and exp,y) : U — U is

a diffeomorphism for some neighborhood U of Oy in Tyy M. Pick 6 > 0 small enough
such that ¢([t — 6,t + d]) € U. Using that the length of the radial geodesic o()e(t+9)
from ¢(t) to c(t + 9) is just || expg(%)(c(t +6))llg..,, We have:

dy(c(t), et +0)) = Lg(0c(tyeers)) = Ilexpy) (et +6)) g,
We multiply both sides with % and take the limit:

expc_(i)(c(t +9))
J

a
do

§—07" d §—07T

exp;(i)(c(t +9))
0

9e(t) 9e(t)

The fact that Tj eXPe(y) = idTC< oM yields the result:

d _
5 = |To eXpC(%)(C,(t))ch(t) = Hcl(t)ch(t)

9e(t)

exp;(%) (c(t+9))
0

5.2.3 Further tools

This section contains results that are used in the proof of Theorem 5.2.19.

Definition 5.2.14 (uniformly equicontinuous). Consider two metric spaces (X,d) and
(Y,d) and (f;i : X — Y)ier a family of maps between them. This family is called
uniformly equicontinuous if for all ¢ > 0 there exists a § > 0 such that for all

x,y € X and all i € I we have

d(z,y) <6 = d(fi(z), fi(y)) < e

Theorem 5.2.15 (Arzela-Ascoli). Let X be a topological space that is Hausdorff and
second countable. Let (M,g) be Riemannian manifold that is complete and denote the
induced Riemannian distance function by dy. Consider a sequence (fy, : X — M)pen of
uniformly equicontinuous maps such that for each x € X the set |J, ey fn(x) is bounded
(with respect to dg). Then there exists a subsequence of (fn : X — M)nen that converges
uniformly to a continuous map f: X — M on each compact subset of X.

Proof. See [Mun00], Theorem 47.1. O

Lemma 5.2.16 ([BEE96], Lemma 3.65). Let (M, g) be a complete Riemannian manifold.
If a piecewise smooth curve ¢ : [0,1) — M has finite g-length then there exists a point
p € M with lim; ~ c(t) = p.
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5 Encoding Causality

Proof. Denote by d the induced Riemannian distance function of (M, g) and by L the
(finite) g-length of c. Now consider the set U := B%(c(0)). Then the image of ¢ is
contained in U because for all ¢ € [0,1) we have d(c(0),c(t)) < Ly(cljog) < L. Addi-
tionally it follows from the Hopf-Rinow Theorem (see [KS21], Theorem 2.4.2) that U is
compact (because it is closed and bounded). We fix a sequence (t,)nen in [0,1) with
lim,, o0 t,, = 1 and consider (¢(t,))nen, a sequence in U. From the compactness of U it
follows that (c(tn))nen has a convergent subsequence with a limit p € U. Assume that
lim;, o0 ¢(tn) # p. Then (by the definition of convergence) there exists € > 0 such that ¢
leaves BY(p) infinitely many times. But this and the convergence of the subsequence is a
contradiction to the length of ¢ being finite. Therefore we must have lim,,_, ¢(t,,) = p.
The claim follows because this works for all such sequences (,,)nen- O

Lemma 5.2.17. Let (M,g) be a spacetime with time funcAtz'on T and p,g € M. Let
¢ la,b] = M be a piecewise causal curve from p to q with Lr(c) < 7(q) — 7(p) + 0 for
some 0 > 0. Then for all [s,t] C [a,b] we have Ly (clfs ) < 7(c(t)) — 7(c(s)) + 0.

Proof. Assume that there exists [s,t] C [a,b] such that IA/T(c][Sﬂ) > 7(c(t)) —7(c(s)) +9
holds. But then we have

Lr(c) = Lr(cliay) + Lr(clis) + Lr(cliy)
> |7(c(s)) = T(p)| + |7(c(t)) — 7(c(s)) + 0] + [7(q) — 7(c(t))]
>7(q) —7(p) +0

which is a contradiction. Therefore the claim must be true. O

Lemma 5.2.18 (future inextendible future directed causal curves exist at any point).
Let (M, g) be a Semi-Riemannian manifold and p € M an arbitrary point. Then there
exists a future inextendible future directed causal curve starting at p.

Proof. For a given point p € M pick a vector v in the future causal cone of T,M.
Consider the unique maximal geodesic ¢, : I — M, with ¢,(0) = p and ¢, (0) = v. We
know that ¢, is future directed causal because it is so at 0 and geodesics have causal
character. Now restrict the maximal interval I = (a,b) 0 to [0,b) and denote the
new future directed causal curve starting at p with ¢,. This curve is, furthermore,
future inextendible. Otherwise it would be extendible as a geodesic to [0, b] (see [KS21],
Corollary 2.2.8) which is a contradiction to (a,b) being the maximal domain of ¢,. [

Note that this works completely analogously for past directed or timelike curves.

5.2.4 Statements and proofs

Finally we can prove the main result:

Theorem 5.2.19 ([BH22], Theorem 1.9). Let (M, g) be a globally hyperbolic spacetime

A

with a Cauchy temporal function 7 : M — R. Then d, encodes causality i.e. J*= = Rj
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5.2 In globally hyperbolic spacetimes with Cauchy temporal functions

The idea of the proof is the following: For (p,q) € RS we want to construct a future
directed causal curve a from p to g. For this we first consider a sequence of piecewise
causal curves (ay)nen from p to ¢ whose null length approaches 7(¢) — 7(p). We extend
them to future directed future inextendible causal curves and use the Arzela-Ascoli
Theorem (Theorem 5.2.15) to get a continuous limit curve a. After this we show that
the curve is future directed causal and finally that ¢ lies on «a.

Proof of Theorem 5.2.19. The fact that J* C R. follows from the definition of the null
distance, so we only have to show the converse inclusion. Therefore pick (p,q) € R.
ie. CZT(p, q) = 7(q) — 7(p). If p = q then of course (p,q) € J* and we are done. So
assume p # q. Because d. is definite (because temporal functions are locally anti-
Lipschitz) we have 7(q) — 7(p) > 0.

Step 1: Construct «

We know that d, (p,q) is defined as the infimum of the null length of piecewise causal
curves joining p and ¢. Therefore we can find a sequence (v, : [0, L,] — M)pen of
piecewise causal curves in M joining p and ¢ such that:

L) < 7(0) ~ 7(0) + (5.3)

By Lemma 5.2.17 we know that for all [s,¢] C [0, L] we have:

[T(cn(t) = m(an(s))] < Lr(anljs) < T(an(t) = m(an(s)) + % (5.4)

Without loss of generality we can assume that for all n € N «,, is parameterized by
gp-arclength (for the definition of gz see (5.1)). Also by Lemma 5.2.18 we can choose
a future inextendible future directed causal curve & starting at g. Because (M, gp) is a
complete Riemannian manifold Lemma 5.2.16 implies that & has infinite gz-length. We
attach & at each «,, and call the resulting curves again o, : [0,00) — M. We can assume
that & is also parameterized by gz-arclength. (Note that we need the fact that & has
infinite gz-length to have o, parameterized by arclength on [0,00).) We then have for
all n € N and for all s,t € [0,00) with s < ¢:

djz(on(s), an(t)) < Ly(anlisy) = [s — ] (5.5)

Also note that the local estimate (5.4) holds for all [s,¢] C [0,00) when considering the
new oy, : [0,00) — M because the attached curve @ is future directed causal. Our next
step is to use the Arzela-Ascoli Theorem (Theorem 5.2.15) on the sequence (;)nen.
From (5.5) it follows that (o )nen is uniformly equicontinuous (with respect to dz) and

that for all ¢ € [0,00) and all n € N we have a,,(t) € Bf’s‘(p). This implies that the
conditions of the theorem are satisfied so there exists a subsequence of (v, )nen (which
we will again denote by (a)nen) that converges uniformly (with respect to dj) on each
[a,b] C [0,00) to a continuous map « : [0,00) — M. Note that the subsequence (a,)nen
still satisfies (5.3). Also (5.5) implies that « is (globally) Lipschitz continuous (with
respect to dj) and for all s, € [0,00) we have:

d(a(s), a(t) <[s 1| (5.6)
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5 Encoding Causality

Step 2: Show « is future directed causal

Now we want to show that « is future directed causal. From the Lipschitz continuity
it follows by Rademacher’s Theorem that o/(t) exists for almost all ¢ € [0,00). From
Lemma 5.2.11 we know that « is absolutely continuous. Using Proposition 5.2.13 we
get that the metric derivative of o (with respect to dj) and the dz-norm of the analytic
derivative coincide whenever they exist. This and (5.6) give:

. da(a(t),alt+h)) . |h
0 < /(O = fim BT < iy B (5.7)

Now we pick s € [0, 00) such that o/(s) exists and consider for some € > 0 the closed ball

BlR (a(s)). Note that Blr (a(s)) is compact by the Hopf-Rinow Theorem (see [KS21],
Theorem 2.4.2) because it is closed and bounded. By (5.6) we have that a([s—§,s+5]) C

Bzé( (s)). Because (au,)nen converges uniformly to « on all [a, b] C [0, 00) we have that
2

for n large enough o, ([s — 5,5+ §]) € Beé(a(s)). Using (5.4) we get:

i L (@nlfps org)) = (a(s—i—%))—T(a(s—g)) (5.8)

n—oo

Also we get combining Lemma 4.3.3 and Lemma 5.2.7 (and using that «,, is parameter-
ized by gp-arclength for all n € N) when choosing c. = max{Q(z)|z € Bgﬁ(a(s))} > 1:
e = Ly(an|i—s ors)) < cLf(anls—s srs]) < V2L (anlfss ot s))

This and (5.8) yield:

1 1 (a(s+§>) —T(a(s— %)) 5:9)

<> lim L (anlis—g s1+5]) =

>~ T
\/§C€ € N—00 €

Now we consider ¢ — 0. The right-hand side of (5.9) converges to (7 o «)(s) while
ce = Q(a(s)) because 2 is continuous. Therefore we have:

1
"= Va0a)
Also by the definition of g% (g = —2d72 + g) and this result we have:
Ja(s)( (), (5)) = =2dr?(d/(s), &/ (s)) + g7 (o (5), &/ (s))
=—2((r00)'(s ))2 +la/ ()12
< —Q(a(s)) 72 + Qa(s) [l (s < 0

where the last inequality follows from (5.7). Because we can do the above calculations
with almost every s € [0,00) o is future directed causal almost everywhere. If follows
that « is a future directed causal curve.

< (roa)(s)
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5.2 In globally hyperbolic spacetimes with Cauchy temporal functions

Step 3: Show that ¢ lies on «

If we can show that ¢ = a(t) for some s € [0,00) we are done because then afj y is a
future directed causal curve from p to g i.e. (p,q) € JT. For this we distinguish two
cases:

Case 1: s € [0,00) : 7(a(s)) = 7(q). We show that in this case we have ¢ = «a(s).
Because d- and d 7 both induce the manifold topology we have that for all € > 0 there
exists § > 0 such that for all p € M we have dz(a(s),p) < 6 = dr(a(s),p) < e. Pick
some € > 0. From the Arzela-Ascoli Theorem (Theorem 5.2.15) we got (in Step 1) that
ay(s) converges to a(s) with respect to d. This and the argument above yield that for
n large enough we have

A~

d-(an(s),a(s)) <e (5.10)

Because 7 is continuous we also have for n sufficiently large |7(q) —7(an(s))| = |7(a(s)) —
(o (s))] < e. Choose n > 1 large enough to satisfy this inequality and (5.10). Using
the local estimate (5.4) we get assuming s < L,

- (0n(),) < Erl0nlpo ) < 7() — (0 () + < 2 (511)

(Note that the case s > L,, works analogously because the local estimate is true for all
[s,t] C [0,00) because & is future directed causal, see Step 1.) Combining (5.10) and
(5.11) we get that d,(q,(s)) < 3e. Because we chose € arbitrarily (and d, is definite) it
follows that ¢ = «a(s).

Case 2: Vs € [0,00) : T7(a(s)) # 7(q). Because 7 o «v is strictly increasing and continuous
and 7(q) > 7(p) this is equivalent to 7(a(s)) < 7(g) for all s € [0,00). We show that
this yields a contradiction. We know that 7 is a Cauchy time function, which means
that each level set 77!(s) is intersected exactly once by every inextendible causal curve.
It follows that « is not future inextendible: 7(p) < 7(¢) and « intersects the level set
7747 (p)) but not 771(7(q)). This means lim; .o, a(t) =: 2 € M exists and 7(z) < 7(q)
because 7 o « is continuous. If z = ¢ we are done (extend « to a future directed causal
curve from p to x). So we assume x # ¢g. Then we can choose a precompact open
neighborhood W of a([0,00)) U {x} such that ¢ ¢ W. Our goal is now to generate a
contradiction by showing that o must leave W at some point. We do this using the
curves (ay)nen. Because o, (0) = p € W and a,(L,) = ¢ ¢ W there must exist a point
in [0, 00) where « leaves W for the first time. We define:

by, = sup({s |Vt € [0,s] : an(t) € W}) € (0, Ly,)

Clearly o, (b,) € OW. Because W is compact we can use Lemma 5.2.7 and Lemma 4.3.3
and get (using also that «;, is parameterized by gz-arclength) for some C' > 0:

bn = Lp(anliop,) < V2CLr(anlop,)) < V2C(Lr(anlp,r.) < V2C(7(q) = 7(p) + )
(5.12)
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5 Encoding Causality

This means that (by,)nen is bounded from above by a := v/2C(7(q) —7(p) +1) (and from
below by 0). Consequently b := limsup,,_,. b, € [0,a) exists and in particular there
exists a subsequence of (by, )nen that converges to b (which we will also denote by (by,)nen
and use from now on). Also we know that «, converges to « on all compact intervals,
in particular on [0, a]. Pick € > 0. Then for n large enough we have:

dp(a(bn), an(bn)) < € (5.13)

Note that (ay(bn))nen is a sequence in W, a compact set (because it is a closed subset
of the compact set W). Therefore there exists a convergent subsequence (which we will
again denote by (o, (by))nen) that converges (with respect to dg) to some y € 0W. For
n large enough we have therefore:

dp(on(bn),y) <€ (5.14)
Combining these results we have for n large enough:

dp(a(bn),y) < dp(a(bn), an(bn)) + dg(on(bn),y) < 2e

Because we chose e arbitrarily it follows that dj(c(b),y) = 0, which yields a(b) € OW,
a contradiction to a being contained in the open set W. O

Remark 5.2.20. The assumption of global hyperbolicity in Theorem 5.2.19 cannot be
omitted. From Theorem 1.3.7 we know that spacetimes are globally hyperbolic if and only
if they admit a Cauchy time function. The following is an example of a (not globally
hyperbolic) spacetime that admits a (not Cauchy) temporal function such that the null
distance does not encode causality.

Example 5.2.21 ([AB22|, Example 3.23). Consider the two-dimensional Minkowski
space MzAwithout the point (1,1). Let p = (0,0), ¢ = (2,2) and 7 = t. Clearly p £ q but
we have d-(p,q) =2=2—0=17(q) —7(p). This can be seen by taking an approximating

sequence of piecewise causal curves from p to q, see Figure 5.1.

This shows that Theorem 5.2.19 is wrong without the assumption of global hyperbolicity.

5.3 Local result for temporal functions

Locally the null distance with respect to a temporal function encodes causality on all
stably causal spacetimes:

Theorem 5.3.1 ([BH22|, Theorem 3.3). Let (M,g) be a spacetime with a temporal
function 7 : M — R. Then every point x € M has a neighborhood U in M such that:

JTN(UxU)=R n(UxU)
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p
’ .
,* o point removed

Figure 5.1: [AB22], page 27.

Note that in the proof of Theorem 5.2.19 the global hyperbolicity of the spacetime was
only used in Step 3 (when using that the temporal fuction 7 is a Cauchy time function).
Everything else works also for non globally hyperbolic spacetimes with (not Cauchy)
temporal functions.

Proof of Theorem 5.3.1. Remember that J= C Z%jf is always true so we only need to
show that J* D R holds locally. Pick a point # € M. Because M is locally com-
pact and d- induces the manifold topology (due to the fact that temporal functions
are locally anti-Lipschitz and Theorem 3.2.5) we can choose an r > 0 such that the
open null ball 3§T($) is precompact. Denote U := BI(z) and pick p,q € U with
(p, q) € Rj So we have ch(p, q) = 7(q) — 7(p) and furthermore by the triangle inequal-
ity d-(p,q) < d-(p, ) +d-(z,q) < 2r.

Step 1: Constructing «

Because of the definition of the null distance we can pick a sequence of piecewise
causal curves (a, : [0,L,] = M)pen from p to ¢ whose null lengths approach a?T(p, q)
i.e. limy, 00 Ly (an) = 7(q) — 7(p). We choose 0 < € < d-(p, q) such that d.(p, q) +e < 2r
and assume without loss of generality that for all n € N we have L (ay) < d-(p, q) + €.
Because this means that L, (a,) < 2r and o, goes from p to ¢ with p,q € U := BT (x)
we get that a,([0, L,]) C Bi.(z) for all n € N. Also 7 is a temporal function so we
can consider the riemannianization g® of g with respect to 7. Without loss of generality
we assume that all o, are parameterized by gf*-arclength, which yields L, = LE(a,).
Using Lemma 4.3.3 we get:

dr(p,q) < Lr(a) < LE(e) = Ly < V2L (ay) < V2(dr(p, ) + €) (5.15)
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5 Encoding Causality

Now we want all the curves (ay)nen to be defined on the same interval [0, L] with
L := /2(d(p,q) + €). For this we attach a future directed causal curve @, to the
curve oy, at the point ¢. We assume that o, is parameterized by gf-arclength with
LR(@,) := L, :== L — L,. Denote the new sequence again by (o, : [0, L] — M)nen.
Note that for € small enough we have the following:

Lp=L— Ly, <\V2(d(p,q) +¢) —dr(p,q) < 2r(vV2 = 1)+ v2e < 1 (5.16)

Because @, starts at ¢ € U = B7(z) and L.(ay) < L, < r (because of Lemma 4.3.3)
this yields that o, ([0, L]) € B3, (x). Now consider (Bgr(:n),gﬂBT =
3r
Riemannian manifold and therefore complete (see [KS21], Corollary 2.4.6). Also (o )neN
is a uniformly equicontinuous family of curves because they are parameterized by gZi-
arclength and of course (J,,c(an(t)) is bounded for all ¢+ € [0, L]. This means we can
use the Arzela-Ascoli Theorem (Theorem 5.2.15) and get that there exists a subsequence
(which we will also denote by (a,)nen) that converges uniformly (with respect to dZ)

). This is a compact

to some continuous « : [0, L] — BJ (z) on the whole domain [0,L]. Also (from the
arclength parameterization of «,) it follows that « is Lipschitz continuous (with respect
to df) with Lipschitz constant 1.

Step 2: « is future directed causal

Exchange g5 with g2 in step 2 of the proof of Theorem 5.2.19. We can do this because
the completeness of gz was not used in this step.

Step 3: ¢ lies on «

We know that ay,(Ly) = ¢ for all n € N. Also (Lp)nen is a sequence in the compact set
[0, L] and therefore has a convergent subsequence. Pick such a subsequence and denote
the limit by Lo,. Now pick some 6 > 0. Then we have for n big enough (along the
subsequence):

dﬁ(a([/oo)? q) < df@‘(LOO): an(Loo)) + df(an<L00)v an(Ln)) + dfb(an(Ln)a q)
<04 |Lp— Loo| +0 <26

which yields ¢ = a(Ls). So ¢ lies on « and therefore (p,q) € J+. O
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6 Global hyperbolicity and null distance

This chapter contains the result obtained by A. Burtscher and L. Garcia-Heveling that a
spacetime (M, g) is globally hyperbolic if and only if there exists a time function 7 such
that (M, cZT) is a complete metric space, see Theorem 6.2.1. For further background see
[BH22], Section 4.

6.1 Preparations

In fact we will prove that in globally hyperbolic spacetimes we can choose the time
function such that d; is a complete metric to be h-steep temporal. In this section we
introduce this definition and state a proposition obtained by A. Burtscher and B. Allen
in [AB22] that is used in the proof.

Definition 6.1.1 (h-steep temporal function). Let (M, g) be a spacetime and let h be
a complete Riemannian metric on M. A smooth map 7 : M — R is called an h-steep
temporal function if for all p € M and for all causal vectors v € T, M

dr(v) = [[v|[n
18 true.

Theorem 6.1.2 ([BS18|, Theorem 3). A spacetime (M, g) admits an h-steep temporal
function if and only if it is globally hyperbolic.

Proof. See [BS18], Theorem 3. O

Proposition 6.1.3 ([AB22], Proposition 3.14). Consider a spacetime (M, g) with a time
function 7. If there exists a complete metric d on M that induces the manifold topology
and a constant C' > 0 such that for all p,q € M the following condition holds

Cd(p,q) < d-(p, q)
then (M, d) is complete.

Remark 6.1.4. Note that d is continuous with respect to the manifold topology. By
assumption d induces the manifold topology, in particular it induces a topology that is
coarser then the manifold topology, which is equivalent to d being continuous, see Lemma

2.4.4.
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6 Global hyperbolicity and null distance

Proof. Let (pn)nen be a Cauchy sequence with respect to dT in M. From the assumption
we get that (p,)nen is also a Cauchy sequence with respect to d. Because d is complete
it follows that (py)nen converges to a point p in M with respect to d. We show that
(pn)neN converges to the same point p in M with respect to the null distance d,. Both d
and d, induce the manifold topology. For d this is true by assumption, for d- it holds by
Proposition 2.4.5 (7 is continuous because it is a time function and it is definite by the
assumption Cd(p,q) < CZT(p, q) with d definite). Choose an arbitrary e > 0. It follows
that we can find an € € (0,¢) and an ¢’ > 0 such that we have B (p) C Be(p) € Be(p).
Because p, converges to p with respect to d, we can find n € N such that for all
m € N,m > n we have p,, € Bor(p) € Bu(p) C Be(p). So for each € > 0 we can
find n € N such that for all m € N,m > n we have p, € Be(p). This means that
lim;, 00 dT(prwp) =0. 0

Theorem 6.1.5 ([AB22], Theorem 1.6). Let (M, g) be a spacetime and T a time function
on M. If T is anti-Lipschitz on M with respect to a complete metric that induces the
manifold topology, then (M,d;) is complete.

Proof. We show that the assumptions of Proposition 6.1.3 are satisfied, which will give
the claim. Choose p,q € M arbitrarily. If p and ¢ are causally related we have |7(p) —
T(q)| = cZT(p, q), see Lemma 2.2.8. We know that 7 is anti-Lipschitz on M with respect
to a complete metric d. Let C be the anti-Lipschitz constant. Then we have d (p,q) =
|7(p) —7(q)| > Cd(p, q), so the condition is satisfied. Let p and ¢ not be causally related.
For each € > 0 we can find a piecewise causal curve § : [a,b] — M from p to ¢ with
j}(ﬁ) < CZT(p, q) + €. Note that such curves exist between any p,q € M by Lemma 2.2.1
and the definition of the null distance. Let a = sop < ... < s, = b, p; = B(s;) be the
break points of 5. By using the definition of the null length, the anti-Lipschitz condition
on 7 and the triangle inequality we get:

~

dr(p,q) > Lr(B) — e =>_ |r(pk) = 7(pr—1)| — € > C > d(pr,pe—1) — € > Cd(p,q) —
k=1 k=1

Because we chose € > 0 zg‘bitrarily we have ch (p,q) > Cd(p,q). So we can use Proposition
6.1.3 and get that (M,d,) is complete. O
6.2 Statement and Proof

Theorem 6.2.1 ([BH22], Theorem 4.1). Let (M, g) be a spacetime.

1. If 7 is a time function such that (M, JT) 1s a complete metric space then 7 is a
Cauchy time function. In particular (M, g) is globally hyperbolic.

2. If (M, g) is globally hyperbolic then there ezists a h-steep Cauchy temporal function
T (with respect to a complete Riemannian metric h) such that (M,d.) is a complete
metric space.
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6.2 Statement and Proof

Proof. Let T be a time function such that (M, JT) is a complete metric space and assume
that 7 is not a Cauchy time function. This means there exists an s € R such that the
level set 771(s) is not a Cauchy surface. So there exists an inextendible causal curve
v in (M, g) that has not exactly one point of intersection with 7=1(s). Without loss of
generality we assume that v : R — M is a future directed nontrivial future inextendible
curve. We know that v does not intersect 77!(s) in exactly one point. But it cannot
intersect 7! in more than one point because 7 o v is strictly monotonously increasing
(because T is a time function and v a future directed causal curve). Therefore v cannot
intersect 77 1(s) at all and it follows that lim; s, 7(7(t)) < 00 or limy_, oo 7(y(t)) > —o0.
Without loss of generality we can assume that lim; o 7(7(f)) < co. Now consider the
sequence (pp)nen in M with p, = ~v(n). The points p,, are causally related among
each other (because the are in the image of 7, a causal curve) so we have by Lemma
2.2.8: dr(pnypm) = |7(pn) — 7(pm)|. Because 7 o~ : R — R is strictly increasing and
bounded from above we get that (py,)nen is a Cauchy sequence in (M, CZT) By assumption
(M, aZT) is complete, therefore (p,)nen converges to some point p € M, p € 4. Consider
a sequence (ap)pen in R with a, — oo for n — oo. We want to show that the sequence
(qn)nen with g, := 7(a,,) also converges to p € M. By the arguments from above (¢, )nen
converges to some ¢ € M, g € 4. Consider the sequence (z,)nen := (p1,¢1,02,92,--.)-
Because all the z, are causally related we have dr(2n, zm) = |7(20) —7(2m)|. 707 : R — R
is strictly increasing and bounded from above, therefore we get that (2, )nen is a Cauchy
sequence in (M,d,). By assumption (M,d,) is complete, therefore (zp)nen converges
to some point. If follows that this point has to be p = ¢. This contradicts v being
inextendible, therefore 7 must be a Cauchy time function. By Theorem 1.3.7 this is
equivalent to (M, g) being globally hyperbolic.

Now assume that (M, g) is globally hyperbolic. By Theorem 6.1.2 this is equivalent to
the existence of an h-steep temporal function on (M, g) (h being a complete Riemannian
metric on M). Now we want to use Theorem 6.1.5. Consider dj, (the induced Riemannian
distance function of h), a complete metric on M that induces the manifold topology. We
show that 7 is anti-Lipschitz on M with respect to dj i.e. for all z,y € M we have

r<y=r7(y) —7(x) > dp(z,9).

So let us pick z,y € M with z < y and ~ : [0,1] — M a future directed causal curve
from (0) = x to y(1) = y. By using the definition of h-steepness and the Riemannian
arc length we get:

> dh(xa y)

So we havg that 7 is anti-Lipschitz on M with respect to dj, and therefore by Theorem
6.1.5 (M,d,) is complete. O
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6 Global hyperbolicity and null distance

Remark 6.2.2. In particular, Theorem 6.2.1 implies: (M,g) is globally hyperbolic if

and only if there exists a time function T such that (M,d;) is a complete metric space.

Remark 6.2.3. In the second part of the proof we did not use that T is Cauchy. This
leads to a new proof of Corollary 6.2.4, originally due to Bernard and Suhr in [BS18].

Corollary 6.2.4 ([BH22], Corollary 4.4). Let (M, g) be a spacetime. If T is an h-steep
temporal function on M with respect to a complete Riemannian metric h, then T is
Cauchy.

Proof. Let T be an h-steep temporal function on M with respect to a complete Rieman-
nian metric h. By Theorem 6.2.1 (2) we get that (M, d,) is complete. (We can use this
because in the proof we did not use that 7 is Cauchy.) Then by Theorem 6.2.1 (1) it
follows that 7 is Cauchy. O

Remark 6.2.5. Note that Theorem 6.2.1 does not work without the h-steepness condi-
tion. For a counterexample see [BH22|, Example 4.5.
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