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Abstract

This thesis is concerned with the quantitative description of the spectrum
of two-dimensional canonical systems of differential equations. For arbitrary
Hamiltonians, we determine the imaginary part of the Weyl coefficient and
the norm of the monodromy matrix along the imaginary axis up to universal
multiplicative constants.

In the limit point case, this yields a criterion for a canonical system to
have resolvents belonging to a Schatten–von Neumann class with small index.
Most notably, we obtain a characterisation of membership in trace class.

Our second focus is the problem of describing the growth of the mono-
dromy matrix. We present an algorithmic method that lets us determine this
growth up to a logarithmic multiplicative factor, and which is applicable to
every canonical system in limit circle case. Particular emphasis is put on
Hamiltonians associated with indeterminate Hamburger moment problems.
Under mild well-behavedness assumptions, we compute the growth of the
monodromy matrix explicitly in terms of the parameters of the Hamiltonian.
The formulae we obtain lead to a profound understanding of intrinsically
appearing case distinctions between large and small orders.



Zusammenfassung

Diese Arbeit beschäftigt sich mit der quantitativen Beschreibung des
Spektrums von zweidimensionalen Kanonischen Systemen von Differential-
gleichungen. Für beliebige Hamiltonians bestimmen wir den Imaginärteil
des Weyl-Koeffizienten und die Norm der Monodromiematrix entlang der
imaginären Achse bis auf universelle multiplikative Konstanten.

Im Grenzpunktfall ergibt dies ein Kriterium dafür, wann die Resolven-
ten eines Kanonischen Systems zu einer Schatten–von-Neumann-Klasse mit
kleinem Index gehören. Insbesondere erhalten wir eine Charakterisierung für
Zugehörigkeit zur Spurklasse.

Unser zweiter Fokus ist das Problem, das Wachstum der Monodromiemat-
rix zu beschreiben. Wir präsentieren eine algorithmische Methode, die
uns dieses Wachstum bis auf einen logarithmischen multiplikativen Fak-
tor bestimmen lässt, und die auf jedes Kanonische System im Gren-
zkreisfall anwendbar ist. Ein besonderer Schwerpunkt sind Hamiltoni-
ans, die aus nichtdeterminierten Hamburgerschen Momentenproblemen res-
ultieren. Unter leichten Regularitätsvoraussetzungen berechnen wir das
Wachstum der Monodromiematrix explizit in Abhängigkeit von den Para-
metern des Hamiltonians. Die so erhaltenen Formeln führen zu einem pro-
funden Verständnis von intrinsisch auftretenden Fallunterscheidungen zwis-
chen großen und kleinen Ordnungen.
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Introduction

Second-order linear differential operators are among the most studied objects
in spectral theory. Whether it be a Schrödinger operator, Dirac operator, or
Krein string, there are different physical motivations in the background. The
theories behind these operators, however, are to a certain extent analogous.
This is where canonical systems of differential equations enter. They formally
include all of the operators mentioned above, and have the unique property
that every self-adjoint operator with simple spectrum is unitarily equivalent
to the model operator of a canonical system.
Let us recall the definition of what will be in the center of our attention. A
(two-dimensional) canonical system is an equation of the form

y′(t) = zJH(t)y(t), t ∈ (a, b) a.e., (0.0.1)

with −∞ < a < b ≤ ∞, z ∈ C is the spectral parameter, and J :=
(

0 −1

1 0

)
is

a signature matrix. The R2×2-valued function H is called the Hamiltonian.
It should be locally integrable on [a, b) and such that H(t) ≥ 0 and H(t) ̸= 0
for a.e. t ∈ (a, b).

Basic notions

Operator theoretic aspects. A Hamiltonian gives rise to a Hilbert space
L2(H), defined as the set of (equivalence classes H(t) dt-a.e. of) measurable
functions f : (a, b) → C2 satisfying

(i)
∫ b
a
f(t)∗H(t)f(t) dt <∞ and

(ii) If I ⊆ (a, b) is an interval and there exists ϕ such that
(cosϕ, sinϕ)JH ≡ 0 on I, then (cosϕ, sinϕ)f is constant on I.

An interval I with the property described in (ii) is called an H-indivisible
interval.
Consider now the linear relation

TH :=

{
(f, g) ∈ L2(H)× L2(H)

∣∣∣∣∣ f has an absolutely continu-
ous representative f0 with
f ′
0 = JHg and (1, 0)f0(a) = 0

}
. (0.0.2)

T ∗
H is symmetric, and one of the following two alternatives takes place.

(a) If
∫ b
a
trH(t) dt < ∞, then T ∗

H has deficiency indices (1, 1). The end-
point b is said to be in limit circle case. All self-adjoint extensions of
T ∗
H in L2(H) are given by

AH,β :=
{
(f, g) ∈ TH

∣∣ ( cos(β), sin(β))f0(b) = 0
}
, (β ∈ [0, π)).
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The spectrum of AH,β is purely discrete.

(b) If
∫ b
a
trH(t) dt = ∞, then TH is self-adjoint. We say that limit point

case holds at b.

We will now define our central objects of study: the monodromy matrix (in
limit circle case) and the Weyl coefficient (in limit point case).

The monodromy matrix. Consider the fundamental solution W =
(wij)

2
i,j=1 : [a, b)× C → C2×2 that solves the initial value problem{

d
dt
W (t; z)J = zW (t; z)H(t), t ∈ (a, b),

W (a, z) = I.

If limit circle case holds at b, the fundamental solution exists up to t = b and
gives rise to the monodromy matrix

WH(z) :=

(
wH,11 wH,12
wH,21 wH,22

)
:= W (b, z). (0.0.3)

Since
(
w21(·, z), w22(·, z)

)⊤
satisfies the boundary condition at a, the

eigenvalues of AH,β are precisely the zeros of cos(β)wH,21 + sin(β)wH,22.

The Weyl coefficient. If b is in limit point case, a replacement for the
monodromy matrix is needed. Consider the disks

Dt,z :=
{w11(t, z)τ + w12(t, z)

w21(t, z)τ + w22(t, z)

∣∣∣τ ∈ C+

}
⊆ C+. (0.0.4)

If z ∈ C+ is fixed, the disks are nested and have a single point in common:⋂
t∈(a,b)

Dt,z = {qH(z)}.

The function z 7→ qH(z) is called the Weyl coefficient of H. It is a Herglotz
function, i.e., analytic on C+ with Im qH(z) ≥ 0. As such, it admits an
integral representation of the form

qH(z) = α + βz +

∫
R

(
1

t− z
− t

1 + t2

)
dµH(t), z ∈ C+. (0.0.5)

The measure µH in this representation is the spectral measure of (the oper-
ator part of) the self-adjoint relation TH .
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Questions related to growth

Following the structure of this thesis, we talk first about the growth of the
Weyl coefficient.

High-energy behaviour of the Weyl coefficient. Under high-energy
behaviour we understand the behaviour of qH(ir) for r → ∞, which depends
principally on the values of H near the left endpoint a. It plays an important
role in inverse spectral theory [Lev87, Tes09] and enables the quantitative
description of (the distribution function of) µH through classical Abelian-
Tauberian theorems. For example, provided β = 0 in (0.0.5), it holds for
every α ∈ (0, 2) that∫

R

dµH(t)

1 + |t|α
<∞ ⇔

∫ ∞

1

Im qH(ir)

rα
dr <∞, (0.0.6)

cf. [Kac56]. This leads to the following important question: How can we
describe the high-energy behaviour of qH (and in particular its imaginary
part which is the Poisson integral of µH) in terms of H?

Growth of the monodromy matrix. WH is an entire function of finite
exponential type given by the Krein–de Branges formula

e.t.(WH) =

∫ b

a

√
detH(t) dt. (0.0.7)

Consider a self-adjoint realisation AH,β and let (λ±n )
∞
n=1 be the sequences of

positive and negative eigenvalues of AH,β, respectively, arranged by increasing
modulus. Using classical theory of entire functions, the Krein–de Branges
formula implies

lim
n→∞

n

|λ±n |
=

1

π
e.t.(WH) =

1

π

∫ b

a

√
detH(t) dt. (0.0.8)

If the right side does not vanish, this is as precise a description of the
spectrum as we could hope for. In case that detH ≡ 0, relation (0.0.8) only
tells us that the eigenvalues are asymptotically less dense than the integers.
A viable strategy of describing the density of eigenvalues nonetheless is
determining the growth of WH . On a rough scale, one could ask for its
order which coincides with the convergence exponent of the sequence of
all (positive and negative) eigenvalues. Since the order is obtained from
comparing log ∥WH(z)∥ to powers only, it is even more desirable to describe
log ∥WH(z)∥ itself and capture, for example, logarithmic terms.
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Remarks on literature

Former work on the growth of the monodromy matrix. The growth
of a monodromy matrixW is often measured in terms of its order as an entire
function:

ρ := lim sup
r→∞

log logmax|z|=r ∥W (z)∥
log r

∈ [0, 1].

Many results on the order are written not in the “language” of canonical
systems, but in terms of Hamburger moment problems, Jacobi matrices,
and Krein strings. For Schrödinger operators, there is not much to study,
since the order is always equal to 1

2
(e.g., [Tes09, Lemma 9.18]). From

the perspective of moment problems, the task of estimating the order was
studied already in [Liv39], where a lower bound was obtained. Berezanskii
[Ber56] and Berg-Szwarc [BS14] calculated the order of Jacobi matrices
under quite restrictive assumptions.
In [Val99], G. Valent made a conjecture about the order and type of certain
Jacobi matrices associated to birth and death processes with polynomial
rates. The conjecture for the order was proved independently in [BS17] and
in [Rom17], and the conjecture about type was confirmed in [Boc19].
In terms of the Hamiltonian of a canonical system, the growth of WH was
studied intensively in recent years [Rom17, PW19, PW23, Pru20]. For
example, a generalised version of Berezanskii’s Theorem was obtained in
the language of canonical systems in [PW19]. A very different approach at
calculating the order was found by R. Romanov [Rom17], for Hamiltonians
assuming only two possible values.

Former work on the growth of the Weyl coefficient. A very early
example of an asymptotic formula for the Weyl coefficient is given in [Mar52].
Specifically, it is shown that the spectral function of a Schrödinger operator
behaves asymptotically like the square root, regardless of the potential;
using Abelian-Tauberian theorems, one obtains a similar asymptotic formula
for the Weyl coefficient. Since then, Weyl coefficient asymptotics have been
found, e.g., for Sturm-Liouville problems, Dirac operators, or Krein strings
[Eve72, Kas75, EHS83, Ben89].
There are also some results that estimate, under weaker assumptions, the
modulus of the Weyl coefficient, or even determine it up to multiplicative
constants [Hil63, Atk88, Ben89, JL99, HRdS00]. We know of only one paper
[LPW] where estimates specifically for the imaginary part are obtained from
direct estimates of Weyl disks.
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Summary of results

We give a short account of our results.
In our very first result, Theorem I.1.1, we use a new approach to study the
estimate for the imaginary part of the Weyl coefficient qH from [LPW]. What
we obtain is a formula that determines Im qH(ir) up to universal multiplic-
ative constants.
Writing out the differential equation, we relate the norm of the fundamental
solution to an integral over the imaginary parts of Weyl coefficients of cut-offs
ofH. For Hamiltonians with discrete spectrum, this results in Theorem II.3.1
that gives a formula for the Stieltjes transform of the eigenvalue counting
function, again up to universal multiplicative constants.
Theorem II.3.1 gives rise to two major theorems. In Theorem II.5.4, we
present a characterisation of membership in p-Schatten–von Neumann classes
of resolvents of the model operator for p ∈ [0, 2]. Theorem II.6.2 introduces,
for Hamiltonians in limit circle case, an algorithmic method of determining
the growth of the monodromy matrix. This yields a formula for the order of
any Hamiltonian in limit circle case, cf. Corollary II.6.3.
In the third and fourth paper, we consider Hamburger Hamiltonians in limit
circle case (which arise from rewriting indeterminate Hamburger moment
problems to the canonical systems setting). We explicitly determine the
growth of the monodromy matrix in a large number of situations. The res-
ults (and methods) provide a clear picture of the intrinsically different beha-
viour between orders less than 1

2
(cf. Theorem III.5.3) and larger than 1

2
(cf.

Theorem IV.1.1).

Description of manuscripts

1 A quantitative formula for the imaginary part of a Weyl coef-
ficient
Jakob Reiffenstein
to appear in Journal of Spectral Theory (accepted on Feb 15, 2023)
arXiv: https://arxiv.org/abs/2207.04768

Let H be a Hamiltonian in limit point case with Weyl coefficient qH .
We present a function that is explicitly given in terms of H, which coin-
cides with Im qH(ir) up to multiplicative constants independent of H.
The formula reflects the fact that the behaviour of the Weyl coefficient
near +i∞ is controlled by the values of H near the left endpoint a.
Using Abelian-Tauberian theorems, we obtain quantitative results on
the growth of the spectral measure, e.g., criteria for integrability of

v



given comparison functions with respect to the spectral measure.
Comparing formulae for absolute value and imaginary part of qH , re-
strictions on the growth of |qH(ir)| can be observed whenever the angle
of qH(ir) approaches 0 or π. Conversely, if |qH(ir)| is positively increas-
ing, the angle of qH(ir) has to stay away from 0 and π. Using the de
Branges correspondence, these results can be viewed as statements on
abstract Herglotz functions.
We also answer a number of questions from [LPW] related to the pos-
ition of qH(ir) within certain Weyl disks.

2 Eigenvalue distribution of canonical systems: Trace class and
sparse spectrum
Matthias Langer, Jakob Reiffenstein, Harald Woracek
in preparation

Unlike the Weyl coefficient, the growth at infinity of the fundamental
solution is not governed only by the local behaviour near a of H. By
globalising the formula for Im qH(ir) from the first paper, we arrive at a
formula in terms of H for log |w22(t, ir)| up to multiplicative constants.
The formula is a key tool that we make extensive use of in this and in
the last paper.
Our first main result treats canonical systems with sparse discrete spec-
trum. We present an equivalent criterion for resolvents of a canonical
system to belong to Schatten–von Neumann classes with exponent p
between 0 and 2. This complements recent work by R. Romanov and
H. Woracek [RW20], who gave criteria for every p larger than 1. Note
that the method used in [RW20] depends on symmetrically normed op-
erator ideals, while we use the theory of entire functions to treat this
problem. There is also an intrinsic reason why different strategies are
needed: The inclusion of resolvents in a Schatten–von Neumann class
with p > 1 is independent of the off-diagonal entry of H, but this is
(almost trivially) not true for p ≤ 1.
As a second important consequence of the formula for log |w22|, we de-
scribe an algorithmic approach for computing the growth of WH for
systems in limit circle case.

This manuscript was written in close collaboration.

3 An upper bound for the Nevanlinna matrix of an indetermin-
ate moment sequence
Raphael Pruckner, Jakob Reiffenstein, Harald Woracek
submitted; preprint published on arXiv
arXiv: https://arxiv.org/abs/2307.10748
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This paper deals with limit circle Hamburger Hamiltonians specific-
ally. Such Hamiltonians are parametrised by two sequences, (lj)

∞
j=1 and

(ϕj)
∞
j=1, which we refer to as the lengths and angles of the Hamiltonian.

We develop an upper bound for the norm of the monodromy matrix in
terms of these sequences of parameters. Due to our use of well-behaved
comparison functions, any Hamburger Hamiltonian may be treated.
The upper bound can be evaluated very explicitly if one uses compar-
ison functions that are regularly varying. The computations involve
a number of (intrinsic) case distinctions that we lay out in detail. In
the case of fast decay, corresponding to orders less than 1

2
, the upper

bound is attained (thus determining the growth) whenever the lengths
and increments of angles are close to being regularly varying.

This manuscript was written in close collaboration.

4 Lower bounds for the order of a Nevanlinna matrix
Jakob Reiffenstein
in preparation

We stay in the setting of limit circle Hamburger Hamiltonians. From lit-
erature on the order problem (frequently written in the language of mo-
ment problems and Jacobi matrices), several upper bounds are known.
However, apart from notational differences there is but one lower bound
for the order – the convergence exponent of the off-diagonal sequence
of Jacobi parameters – which holds under more or less restrictive as-
sumptions.
Using the algorithmic approach from Theorem II.6.2, we obtain a
fundamentally different lower bound, corresponding to orders larger
than 1

2
. This result establishes sharpness of the upper bound in The-

orem III.4.6 also for large order.
As a second main result, we revisit the lower bound previously known
in some special cases and show that it holds, in fact, for any Jacobi
matrix in limit circle case.
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A quantitative formula for the imaginary part

of a Weyl coefficient

Jakob Reiffenstein �

Abstract. We investigate two-dimensional canonical systems y′ = zJHy on

an interval, with positive semi-definite Hamiltonian H. Let qH be the Weyl coeffi-

cient of the system. We prove a formula that determines the imaginary part of qH
along the imaginary axis up to multiplicative constants, which are independent of

H. We also provide versions of this result for Sturm-Liouville operators and Krein

strings.

Using classical Abelian-Tauberian theorems, we deduce characterizations of spec-

tral properties such as integrability of a given comparison function w.r.t. the

spectral measure µH , and boundedness of the distribution function of µH relative

to a given comparison function.

We study in depth Hamiltonians for which arg qH(ir) approaches 0 or π (at least

on a subsequence). It turns out that this behavior of qH(ir) imposes a substantial

restriction on the growth of |qH(ir)|. Our results in this context are interesting

also from a function theoretic point of view.

AMS MSC 2020: 30E99, 34B20, 34L05, 34L40

Keywords: Canonical system, Weyl coefficient, growth estimates, high-energy

behaviour

I.1 Introduction

We study two-dimensional canonical systems

y′(t) = zJH(t)y(t), t ∈ [a, b) a.e., (I.1.1)

where −∞ < a < b ≤ ∞, z ∈ C is a spectral parameter and J :=
(

0 −1

1 0

)
.

The Hamiltonian H is assumed to be a locally integrable, R2×2-valued func-
tion on [a, b) that further satisfies

▷ H(t) ≥ 0 and H(t) ̸= 0, t ∈ [a, b) a.e.;

▷ H is definite, i.e., if v ∈ C2 is s.t. H(t)v ≡ 0 on [a, b), then v = 0;

�Department of Mathematics, University of Vienna
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▷
∫ b
a
trH(t) dt = ∞ (limit point case at b).

Together with a boundary condition at a, the equation (I.1.1) becomes the
eigenvalue equation of a self-adjoint (possibly multi-valued) operator AH in
a Hilbert space L2(H) associated with H. Throughout this paper, we fix the
boundary condition (1, 0)y(a) = 0, which is no loss of generality.
Many classical second-order differential operators such as Schrödinger and
Sturm-Liouville operators, Krein strings, and Jacobi operators can be trans-
formed to the form (I.1.1), see, e.g., [Rem18, Tes09, BHdS20, KWW07,
Kac99]. Canonical systems thus form a unifying framework.
All of the above operators have in common that their spectral theory is
centered around the Weyl coefficient q of the operator (also referred to as
Titchmarsh-Weyl m-function). This function is constructed by Weyl’s nes-
ted disk method and is a Herglotz function, i.e., it is holomorphic on C\R and

satisfies there Im q(z)
Im z

≥ 0 as well as q(z) = q(z). It can thus be represented
as

q(z) = α + βz +

∫
R

(
1

t− z
− t

1 + t2

)
dµ(t), z ∈ C \ R (I.1.2)

with α ∈ R, β ≥ 0, and µ a positive Borel measure on R satisfying∫
R
dµ(t)
1+t2

< ∞. The measure µ in the integral representation (I.1.2) of the
Weyl coefficient is a spectral measure of the underlying operator model
if β = 0 (if β > 0, a one-dimensional component has to be added). The
importance of canonical systems in this context lies in the Inverse Spectral
Theorem of L. de Branges, stating that each Herglotz function q is the Weyl
coefficient of a unique (suitably normalized) canonical system.

Given a Hamiltonian H, we are ultimately interested in the description of
properties of its spectral measure µH in terms of H. The correspondence
between H and µH can be best understood using the Weyl coefficient qH ,
whose imaginary part Im qH determines µH via the Stieltjes inversion for-
mula.
In their recent paper [LPW], Langer, Pruckner, and Woracek gave a two-
sided estimate for Im qH(ir) in terms of the coefficients of H:

L(r) ≲ Im qH(ir) ≲ A(r), r > 0, (I.1.3)

where L,A are explicit in terms of H, and we used the notation f(r) ≲ g(r)
to state that f(r) ≤ Cg(r) for a constant C > 0. Moreover, in (I.1.3) the
constants implicit in ≲ are independent of H. The exact formulation of this
result will be recalled in Theorem I.2.1.

2
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It may happen that L(r) = o(A(r)), and Im qH(ir) is not determined by
(I.1.3). A toy example for this is the Hamiltonian

H(t) = t

(
| log t|1 | log t|2
| log t|2 | log t|3

)
, t ∈ [0,∞).

For r → ∞, a calculation shows that

L(r) ≍ (log r)−3, A(r) ≍ (log r)−1,

where f(r) ≍ g(r) means that both f(r) ≲ g(r) and g(r) ≲ f(r).

The following theorem, which is our main result, improves the estimate (I.1.3)
by giving a formula for Im qH(ir) up to universal multiplicative constants.

I.1.1 Theorem. Let H be a Hamiltonian on [a, b), and denote1

H(t) =

(
h1(t) h3(t)
h3(t) h2(t)

)
, ΩH(t) =

(
ω
(H)
1 (t) ω

(H)
3 (t)

ω
(H)
3 (t) ω

(H)
2 (t)

)
:=

∫ t

a

H(s) ds.

(I.1.4)
Let t̂ : (0,∞) → (a, b) be a function satisfying2

detΩH(t̂(r)) ≍
1

r2
, r ∈ (0,∞). (I.1.5)

Then

Im qH(ir) ≍
∣∣∣∣qH(ir)− ω

(H)
3 (t̂(r))

ω
(H)
2 (t̂(r))

∣∣∣∣ ≍ 1

rω
(H)
2 (t̂(r))

, (I.1.6)

Im qH(ir)

|qH(ir)|2
≍ 1

rω
(H)
1 (t̂(r))

, (I.1.7)

for r ∈ (0,∞). The constants implicit in ≍ in (I.1.6) and (I.1.7) depend on
the constants hidden in ≍ in (I.1.5), but not on H.
If, in addition, Im qH(ir) = o(|qH(ir)|) for r → ∞ (or r → 0), then3

qH(ir) ∼
ω
(H)
3 (t̂(r))

ω
(H)
2 (t̂(r))

, r → ∞ (r → 0). (I.1.8)

1When there is no risk of ambiguity, we write Ω and ωj instead of ΩH and ω
(H)
j for

short.
2We will see later that the equation detΩH(t) = 1

r2 has a unique solution for every

r > 0. A possible choice of t̂ is thus the function that maps r > 0 to this solution.
3With f(r) ∼ g(r) meaning lim f(r)

g(r) = 1.
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The two-sided estimate (I.1.6) has some useful features: its pointwise nature,
its applicability for r → ∞ and r → 0, and the universality of the constants
hidden in ≍. However, it is rather different from an asymptotic formula: it
does not capture small oscillations of Im qH(ir) around

1

rω
(H)
2 (t̂(r))

.

Note also that the first relation in (I.1.6) can be seen as a statement about
the real part of qH(ir). In fact, Im qH(ir) is also obtained if we subtract
Re qH(ir) from qH(ir), then take absolute values. It is an open question
whether Re qH(ir) can be described more directly in terms of H.

A most important class of operators is that of Sturm-Liouville (in particular,
Schrödinger) operators. Let us provide a reformulation of Theorem I.1.1 for
these operators right away.

Sturm-Liouville operators

We provide a version of Theorem I.1.1 for Sturm-Liouville equations

−(py′)′ + qy = zwy (I.1.9)

on (a, b), where 1/p, q, w ∈ L1
loc(a, b), w > 0 and p, q are real-valued. Suppose

that a is in limit circle case and b is in limit point case. Impose a Dirichlet
boundary condition at a, i.e., y(a) = 0. The Weyl coefficient for this problem
is the unique number m(z) with

c(z, ·) +m(z)s(z, ·) ∈ L2((a, b), w(x) dx)

where c(z, ·) and s(z, ·) are solutions of (I.1.9) with initial values(
p(a)c′(z, a)

c(z, a)

)
=

(
0

1

)
,

(
p(a)s′(z, a)

s(z, a)

)
=

(
1

0

)
.

I.1.2 Theorem. For each t ∈ (a, b), let (., .)t and ∥.∥t denote the scalar
product and norm on L2((a, t), w(x) dx), i.e.,

(f, g)t =

∫ t

a

f(x)g(x)w(x) dx.

For ξ ∈ R, let t̂ξ : (0,∞) → (a, b) be a function satisfying

∥c(ξ, ·)∥2t̂ξ(r)∥s(ξ, ·)∥
2
t̂ξ(r)

− (c(ξ, ·), s(ξ, ·))2t̂ξ(r) ≍
1

r2
, r ∈ (0,∞). (I.1.10)

4
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Then

Imm(ξ + ir) ≍ 1

r∥s(ξ, ·)∥2
t̂ξ(r)

, (I.1.11)

Imm(ξ + ir)

|m(ξ + ir)|2
≍ 1

r∥c(ξ, ·)∥2
t̂ξ(r)

, (I.1.12)

for r ∈ (0,∞). The constants implicit in ≍ are independent of p, q, w as well
as ξ, but do depend on the constants pertaining to ≍ in (I.1.10).

In fact, Theorem I.1.2 is a direct consequence of Theorem I.1.1 upon em-
ploying a transformation (cf. [Rem18] for p = w = 1 and ξ = 0) that maps
solutions of (I.1.9) to solutions of the canonical system y′ = (z − ξ)JHξy,
where

Hξ(t) = w(t) ·
(

c(ξ, t)2 −s(ξ, t)c(ξ, t)
−s(ξ, t)c(ξ, t) s(ξ, t)2

)
, t ∈ [a, b).

The Weyl coefficients then satisfy m(z) = qHξ
(z − ξ).

Historical remarks

The origins of the Weyl coefficient in the theory of the Sturm-Liouville dif-
ferential equation are well summarized in Everitt’s paper [Eve04]. We give
a short account specifically on the history of estimates for the growth of the
Weyl coefficient, which date back at least to the 1950s. Particular attention
was often given to the deduction of asymptotic formulae for the Weyl coef-
ficient [Mar52, Kac73, Eve72, Kas75, Atk81, Ben89]. However, asymptotic
results usually depend on rather strong assumptions on the data. When
weakening these assumptions, one can still ask for explicit estimates for q(z)
as z → ∞ nontangentially in the upper half-plane. There is a number of
rather early results that determine |q(z)| up to ≍, e.g., [Hil63, Atk88, Ben89],
although these still depend on data subject to additional restrictions. Fun-
damental progress has been made by Jitomirskaya and Last [JL99], who
considered Schrödinger operators with arbitrary (real-valued and locally in-
tegrable) potentials. They found a formula up to ≍ for |q(z)|, which also
covers the case z → 0. An analog of this formula for canonical systems was
given in [HRdS00].
When it comes to Im q(z), however, no such formula was available. Only the
very recent estimate (I.1.3) from [LPW, Theorem 1.1] made it possible to
obtain our main result that determines Im q(z) up to ≍.
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Structure of the paper

The proof of Theorem I.1.1, together with some immediate corollaries,
makes up Section I.2. In Section I.3, we continue with a first application, a
criterion for integrability of a given comparison function with respect to µH .
We also characterize boundedness of the distribution function of µH relative
to a given comparison function.

Section I.4 is dedicated to the boundary behavior of Herglotz functions.
Cauchy integrals and the relative behavior of its imaginary and real part
have been intensively studied. For example, for a Herglotz function q it is
known [Pol03] that the set of ξ ∈ R for which

lim
r→0

Im q(ξ + ir)

|q(ξ + ir)|
= 0 (I.1.13)

is a zero set w.r.t. µ. In contrast to measure theoretic results like this, we
use the de Branges correspondence H ↔ qH to investigate this behavior
pointwise w.r.t. ξ. In Theorem I.4.3a we show that if ξ is such that (I.1.13)
holds, then |q(ξ+ ir)| is slowly varying (cf. Definition I.4.2). Theorem I.4.3b
is a partial converse of this statement.

In Section I.5 we turn to a finer study of Im qH(ir) in the context of the
geometric origins of (I.1.3) and (I.1.6). Namely, the functions L and A
describe the imaginary parts of bottom and top of certain Weyl disks
containing qH(ir). We show that there are restrictions on the possible
location of qH(ir) within the disks, and construct a Hamiltonian H for
which qH(ir) oscillates back and forth between the bottoms and tops of the
disks. This construction allows us to answer several open problems that
were posed in [LPW].

We conclude our work with a reformulation of Theorem I.1.1 for the principal
Titchmarsh-Weyl coefficient qS of a Krein string. This reformulation is the
content of Section I.6.

Notation associated to Hamiltonians

Let H be a Hamiltonian on [a, b).

An interval (c, d) ⊆ [a, b) is called H-indivisible if H(t) takes the form
h(t)

(
cosφ
sinφ

)(
cosφ
sinφ

)∗
a.e. on (c, d), with scalar-valued h and fixed φ ∈ [0, π).

The angle φ is then called the type of the interval.

6
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I.1.3 Definition. Let

å(H) := inf
{
t > a

∣∣∣ (a, t) is not H-indivisible of type 0 or
π

2

}
, (I.1.14)

â(H) := inf
{
t > a

∣∣∣ (a, t) is not H-indivisible
}
. (I.1.15)

Usually, we write å and â for short. Since H is assumed to be definite, both
of these numbers are smaller than b.

Note that (ω1ω2)(t) > 0 if and only if (a, t) is not H-indivisible of type 0 or
π
2
, i.e., t > å. Using the assumption

∫ b
a
trH(t) dt = ∞, we infer that ω1ω2 is

an increasing bijection from (̊a, b) to (0,∞).
Similarly, detΩ(t) > 0 is equivalent to t > â. We have

d

dt

(detΩ(t)
ω1(t)

)
= ω1(t)

−2

(
−ω3(t)

ω1(t)

)∗

H(t)

(
−ω3(t)

ω1(t)

)
≥ 0

and (by symmetry) d
dt

(
detΩ
ω2

)
≥ 0. Since at least one of ω1 and ω2 is unboun-

ded, detΩ is an increasing bijection from (â, b) to (0,∞).

I.1.4 Definition. For a Hamiltonian H and a number η > 0, set

r̊η,H :

{
(̊a, b) → (0,∞)

t 7→ η

2
√

(ω1ω2)(t)
, r̂η,H :

{
(â, b) → (0,∞)

t 7→ η

2
√

detΩ(t)
.

Both of these functions are decreasing and bijective. We define their inverse
functions,

t̊η,H := r̊−1
η,H : (0,∞) → (̊a, b), t̂η,H := r̂−1

η,H : (0,∞) → (â, b). (I.1.16)

Note that the functions t̂η,H , for any η > 0, satisfy (I.1.5). Functions of this
form will be the default choice of t̂ for the sake of Theorem I.1.1. We will often
fix η and H and write r̊, t̊, r̂, t̂ for short. If η is fixed but the Hamiltonian is
ambiguous, we may write r̊H , t̊H , r̂H , t̂H to indicate dependence on H.

I.2 On the imaginary part of the Weyl coef-

ficient

We start by providing the details of the estimate (I.1.3), which is the central
result in [LPW].
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I.2.1 Theorem ([LPW, Theorem 1.1]). Let H be a Hamiltonian on [a, b),
and let η ∈ (0, 1 − 1√

2
) be fixed. For r > 0, let t̊(r) be the unique number

satisfying

(ω
(H)
1 ω

(H)
2 )(̊t(r)) =

η2

4r2
, (I.2.1)

cf. Definition I.1.4. Set4

Aη,H(r) :=
η

2rω
(H)
2 (̊t(r))

, Lη,H(r) :=
detΩH (̊t(r))

(ω
(H)
1 ω

(H)
2 )(̊t(r))

· Aη,H(r).

Then the Weyl coefficient qH associated with the Hamiltonian H satisfies

|qH(ir)| ≍ Aη,H(r), (I.2.2)

Lη,H(r) ≲ Im qH(ir) ≲ Aη,H(r) (I.2.3)

for r ∈ (0,∞). The constants implicit in these relations are independent of
H. Their dependence on η is continuous.

In the following proof of Theorem I.1.1, we will also show that Theorem I.2.1
still holds if t̊ : (0,∞) → (a, b) is a function satisfying (ω1ω2)(̊t(r)) ≍ 1

r2
, and

A(r) :=
1

rω
(H)
2 (̊t(r))

, L(r) :=
detΩH (̊t(r))

(ω
(H)
1 ω

(H)
2 )(̊t(r))

· A(r).

In particular, we can choose any η > 0 in (I.2.1).

Proof of Theorem I.1.1. Let t̂η,H be defined as in Definition I.1.4. We show
that for any η > 0, Theorem I.1.1 holds for t̂η,H in place of t̂, and that
the dependence on η of the constants hidden in ≍ in (I.1.6) and (I.1.7) is
continuous. This then implies that Theorem I.1.1 holds for any function t̂
satisfying (I.1.5).

The proof is divided into steps.

Step 1. We introduce a family of transformations of H that leave the ima-
ginary part of the Weyl coefficient unchanged. If p ∈ R and

Hp(t) :=
(

1 p

0 1

)
H(t)

(
1 0
p 1

)
=

(
h1(t) + 2ph3(t) + p2h2(t) h3(t) + ph2(t)

h3(t) + ph2(t) h2(t)

)
,

an easy calculation shows that the Weyl coefficient qp of Hp is given by
qp(z) = q0(z) + p = qH(z) + p.

4If η and H are clear from the context, we may write A and L for short.
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Step 2. We prove (I.1.6)-(I.1.8) for fixed η ∈ (0, 1 − 1√
2
). The following

abbreviations are used only in Step 2:

short form meaning short form meaning short form meaning

t̊ t̊η,H t̊p t̊η,Hp Ωp ΩHp

t̂ t̂η,H t̂p t̂η,Hp ω
(p)
j ω

(Hp)
j

Lp Lη,Hp Ap Aη,Hp Ω ΩH

Let r > 0 be fixed (this is important). Our first observation is that t̂p(r) =
t̂(r) for any p since detΩp(t) = detΩ(t) does not depend on p. If we can find
p such that t̊p(r) = t̂p(r) = t̂(r), then clearly

Lp(r)

Ap(r)
=

detΩp(̊tp(r))

(ω
(p)
1 ω

(p)
2 )(̊tp(r))

=
detΩp(t̂p(r))

(ω
(p)
1 ω

(p)
2 )(̊tp(r))

= 1.

We apply Theorem I.2.1 with η and Hp. The estimate (I.2.3) then takes the
form

Ap(r) = Lp(r) ≲ Im qH(ir) ≲ Ap(r) (I.2.4)

while (I.2.2) turns into

|qH(ir) + p| ≍ Ap(r), (I.2.5)

where

Ap(r) =
η

2rω
(p)
2 (̊tp(r))

=
η

2rω2(t̂(r))
.

The right choice of p is

p = −ω3(t̂(r))

ω2(t̂(r))
,

leading to ω
(p)
3 (t̂(r)) = 0 and thus

(ω
(p)
1 ω

(p)
2 )(t̂(r)) = detΩp(t̂(r)) = detΩ(t̂(r)) =

η2

4r2
.

Consequently, t̊p(r) = t̂(r). Observe that the implicit constants in
(I.2.2) and (I.2.3) are independent of H and r and depend continuously on
η. This shows that (I.1.6) holds, with constants depending continuously on η.

9
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Step 3. (I.1.7) follows from an application of (I.1.6) to H̃ := J⊤HJ =(
h2 −h3
−h3 h1

)
and note that t̂η,H̃ = t̂η,H . Thus

Im qH(ir)

|qH(ir)|2
= Im

(
− 1

qH(ir)

)
= Im qH̃(ir) ≍

1

rω
(H̃)
2 (t̂η,H̃(r))

=
1

rω
(H)
1 (t̂η,H(r))

.

Formula (I.1.8) follows if we divide (I.1.6) by |qH(ir)|. Hence, we proved the
assertion for η ∈ (0, 1− 1√

2
).

In the remaining steps we treat the missing case η ≥ 1− 1√
2
.

Step 4. Let k > 0. For use in Step 5, we show that

Im qH(ir) ≍ Im qH(ikr), |qH(ir)| ≍ |qH(ikr)| (I.2.6)

for r ∈ (0,∞), where the constants in ≍ depend continuously on k and are
independent of H.
For the imaginary part, the statement is easy to see from the integral rep-
resentation (I.1.2). For the absolute value, we use the Hamiltonian H̃ from
Step 3 to obtain

Im qH(ir)

|qH(ir)|2
= Im qH̃(ir) ≍ Im qH̃(ikr) =

Im qH(ikr)

|qH(ikr)|2
.

This shows that |qH(ir)| ≍ |qH(ikr)| as well.
Step 5. Fix a Hamiltonian H, and let η0 ≥ 1− 1√

2
. Then

t̊η0,H(r) = t̊ 1
4
, 1
4η0

H(r), t̂η0,H(r) = t̂ 1
4
, 1
4η0

H(r)

and
Aη0,H(r) = A 1

4
, 1
4η0

H(r), Lη0,H(r) = L 1
4
, 1
4η0

H(r).

Since 1
4
is less than 1 − 1√

2
, we can use Theorem I.2.1 with η := 1

4
to

obtain

Lη0,H(r) = L 1
4
, 1
4η0

H(r) ≲ Im q 1
4η0

H(ir) (I.2.7)

≤|q 1
4η0

H(ir)| ≍ A 1
4
, 1
4η0

H(r) = Aη0,H(r)

for r ∈ (0,∞). Since q 1
4η0

H(z) = qH
(
z

4η0

)
and by Step 4, we see that The-

orem I.2.1 holds for arbitrary η > 0. It is easy to check that continuous
dependence of constants on η is retained. Repeating Steps 1− 3 now shows
that also Theorem I.1.1 holds for t̂η,H for any η > 0. Moreover, it is not hard
to see that everything still works if t̂ is a function satisfying (I.1.5).
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I.2.2 Remark. Theorem I.2.1 and Theorem I.1.1, in the form we stated them,
give information about qH(z) for z = ir. However, if ϑ ∈ (0, π) is fixed, these
theorems also hold

▷ for z = reiϑ uniformly for r ∈ (0,∞) and

▷ for z = reiφ uniformly for r ∈ (0,∞) and |π
2
− φ| ≤ |π

2
− ϑ|.

We restate the explicit constants coming from [LPW]. Fix η ∈ (0, 1 − 1√
2
)

and set σ := (1− η)−2 − 1 ∈ (0, 1). With

c−(η, ϑ) =
η sinϑ

2(1 + | cosϑ|)
· 1− σ

1 + σ
, c+(η, ϑ) =

σ + 2
η sinϑ

1− σ
,

we have5

c−(η, ϑ) ·
η

2
· 1

rω2(t̂η,H(r))
≤ Im qH(re

iϑ) ≤ c+(η, ϑ) ·
η

2
· 1

rω2(t̂η,H(r))
,

(I.2.8)

c−(η, ϑ) ·
η

2
· 1

rω1(t̂η,H(r))
≤ Im qH(re

iϑ)

|qH(reiϑ)|2
≤ c+(η, ϑ) ·

η

2
· 1

rω1(t̂η,H(r))
.

(I.2.9)

In order to show (I.2.8), we need to slightly adapt the proof of Theorem I.1.1
by replacing ir with reiϑ in (I.2.4) and taking into account the constants
provided in [LPW, Theorem 1.1]. Then (I.2.9) follows as in Step 3 of the
proof.
For ϑ = π

2
, the optimal choice of η is around 0.13833 which gives

c+(0.13833,
π

2
) ≈ 1.568, c−(0.13833,

π

2
) ≈ 0.002,

c+(0.13833,
π
2
)

c−(0.13833,
π
2
)
≈ 675.772.

While it is possible to derive explicit constants also for η ≥ 1− 1√
2
, doing so

does not result in an improvement of the quotient c+/c−.

Immediate consequences of Theorem I.1.1

In order to simplify calculations, unless specified otherwise, we will always
assume that t̊(r) and t̂(r) are defined implicitly by

(ω1ω2)(̊t(r)) =
1

r2
, detΩ(t̂(r)) =

1

r2
, (I.2.10)

5Since c− and c+ are clearly monotonic in ϑ, (I.2.8) and (I.2.9) still hold when qH(reiϑ)
is replaced by qH(reiφ), where |π2 − φ| ≤ |π2 − ϑ|.
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and similarly for r̊ and r̂ (cf. Definition I.1.4 with η = 2).

We revisit the example from the introduction in more generality. The
following example was communicated by Matthias Langer. The calculations
can be found in the appendix.

I.2.3 Example. Let α > 0 and β1, β2 ∈ R where β1 ̸= β2. Set β3 :=
β1+β2

2
and

define, for t ∈ (0,∞),

H(t) = tα−1

(
| log t|β1 | log t|β3
| log t|β3 | log t|β2

)
.

Then for r → ∞, we have

L(r) ≍ (log r)
β1−β2

2
−2 and

A(r) ≍ |qH(ir)| ≍ (log r)
β1−β2

2 ,

i.e., L(r) = o(A(r)). Using Theorem I.1.1, we can now continue the calcula-
tions, leading to

Im qH(ir) ≍ (log r)
β1−β2

2
−1 ≍

√
L(r)A(r).

It is an immediate consequence of Theorem I.1.1 that Im qH depends mono-
tonically on the off-diagonal of H.

I.2.4 Corollary. Let H =
(
h1 h3
h3 h2

)
and H̃ =

(
h1 h̃3

h̃3 h2

)
be two Hamiltonians

on [a, b). If t > â(H) such that∣∣∣ ∫ t

a

h3(s) ds
∣∣∣ ≥ ∣∣∣ ∫ t

a

h̃3(s) ds
∣∣∣,

then
Im qH(ir̂H(t)) ≲ Im qH̃(ir̂H(t))

with a constant independent of t, H, and H̃.

Proof. Our condition states that |ω3(t)| ≥ |ω̃3(t)|. Taking into account that
t > â(H), this means that 0 < detΩ(t) ≤ det Ω̃(t). Hence r̂H(t) ≥ r̂H̃(t),
and further t̂H̃(r̂H(t)) ≤ t. Now, by (I.1.6),

Im qH(ir̂H(t)) ≍
1

r̂H(t)ω2(t)
≤ 1

r̂H(t)ω2(t̂H̃(r̂H(t)))
≍ Im qH̃(ir̂H(t)).

12
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The following result elaborates on the relative behavior of Im qH and |qH |. We
obtain a quantitative and pointwise relation between Im qH

|qH | and detΩ
ω1ω2

, leading
to the equivalence

lim
r→∞

Im qH(ir)

|qH(ir)|
= 0 ⇐⇒ lim

t→â

detΩ(t)

(ω1ω2)(t)
= 0. (I.2.11)

The relation between detΩ
ω1ω2

and Im qH(ir)
|qH(ir)| has been investigated also in [LPW21].

Their proof of (I.2.11)6 is based on compactness arguments.
Note that our result shows that (I.2.11) holds true for r → 0 and t → b as
well.

I.2.5 Proposition. Let H be a Hamiltonian on [a, b). Then7

Im qH(ir)

|qH(ir)|
≍ r̊(t̂(r))

r
=

√
detΩ(t̂(r))

(ω1ω2)(t̂(r))
(I.2.12)

for r ∈ (0,∞). Moreover,∣∣qH(i̊r(t̂(r)))∣∣ ≍ |qH(ir)|, r ∈ (0,∞). (I.2.13)

All constants implicit in ≍ do not depend on H.

Proof. By definition of r̊ and using (I.1.6) and (I.1.7),

r̊(t̂(r)) =
1√

(ω1ω2)(t̂(r))
≍ r

Im qH(ir)

|qH(ir)|
.

We also have √
detΩ(t̂(r))

(ω1ω2)(t̂(r))
=

1√
r2(ω1ω2)(t̂(r))

=
r̊(t̂(r))

r
,

and (I.2.12) follows.
For the proof of (I.2.13), we need the formula

ω1(̊t(r)) ≍
|qH(ir)|

r

6In [LPW21], limt→a was considered instead of limt→â.
7r̊(t̂(r)) is well-defined because of t̂(r) ∈ (â, b) ⊆ (̊a, b).

13
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which we get from Theorem I.2.1 applied to J⊤HJ . Combine this with (I.2.2)
to get

|qH(ir)|2 ≍
ω1(̊t(r))

ω2(̊t(r))
.

On the other hand, (I.1.6) and (I.1.7) give

|qH(ir)|2 ≍
ω1(t̂(r))

ω2(t̂(r))
=
ω1

(̊
t
(̊
r(t̂(r)

))
ω2

(̊
t
(̊
r(t̂(r)

)) ≍
∣∣qH(i̊r(t̂(r)))∣∣2.

The freedom in the choice of η leads to the following formula that we will
refer to later on.

I.2.6 Corollary. Let H be a Hamiltonian on [a, b). Then, for any k > 0,

Im qH(ikr) ≍
∣∣∣∣qH(ikr)− ω3(t̂(r))

ω2(t̂(r))

∣∣∣∣ ≍ ∣∣∣∣qH(ir)− ω3(t̂(r))

ω2(t̂(r))

∣∣∣∣ (I.2.14)

with constants depending on k, but not on H.
If Im qH(ir) = o(|qH(ir)|) for r → ∞ [r → 0], then

qH(ikr) ∼
ω3(t̂(r))

ω2(t̂(r))
, r → ∞ [r → 0]. (I.2.15)

Proof. Apply Theorem I.1.1 to H using t̂1,H , and to kH using t̂k,kH . Then
t̂1,H(r) = t̂k,kH(r), and we write t̂(r) for short. Keeping in mind that qkH(z) =
qH(kz), this leads to

Im qH(ir) ≍
∣∣∣∣qH(ir)− ω

(H)
3 (t̂(r))

ω
(H)
2 (t̂(r))

∣∣∣∣ ≍ 1

rω
(H)
2 (t̂(r))

as well as

Im qH(ikr) ≍
∣∣∣∣qH(ikr)− kω

(H)
3 (t̂(r))

kω
(H)
2 (t̂(r))

∣∣∣∣ ≍ 1

kr · ω(H)
2 (t̂(r))

.

(I.2.14) follows. Now (I.2.15) is obtained by dividing (I.2.14) by |qH(ikr)|.

14
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I.3 Behavior of tails of the spectral measure

Theorem I.1.1 that approximately determines the imaginary part of qH(ir)
allows us to determine the growth of the spectral measure µH relative to
suitable comparison functions. Let us introduce the measure µ̃H on [0,∞)
by

µ̃H([0, r)) := µ̃H(r) := µH((−r, r)), r > 0. (I.3.1)

In Section I.3.1, equivalent conditions are given for when the function
r 7→ µ̃H is integrable w.r.t. a given weight function, and also when the
measure µ̃H is finite w.r.t. to a rescaling function.
On the other hand, we can view µ̃H as a function of the positive real
parameter r, and compare this to a given function g. This is what we do in
Section I.3.2.
We note that the content of this section is analogous to [LPW, Section 4].
The availability of formula (I.1.6) leads to improved results in the present
article, however we provide less detail as was given in [LPW].

The proofs in this section are based on standard theorems of Abelian-
Tauberian type, relating µH to its Poisson integral

P [µH ](z) :=

∫
R
Im
( 1

t− z

)
dµH(t). (I.3.2)

By (I.1.2), we have P [µH ](z) = Im qH(z) − β Im z. If β = 0, we can
proceed with the application of Abelian-Tauberian theorems without prob-
lems. The case β > 0 is equivalent to a being the left endpoint of an
H-indivisible interval of type π

2
, i.e., å(H) > a and h2 vanishes a.e. on

[a, å(H)). The restricted Hamiltonian H− := H
∣∣
[̊a(H),b)

then has the Weyl

coefficient qH−(z) = qH(z) − βz and thus Im qH−(z) = P [µH ](z). Hence, we
can investigate µH by applying the theorems from this section to H−.

I.3.1 Finiteness of the spectral measure w.r.t. given
weight functions

I.3.1 Theorem. Let H be a Hamiltonian defined on [a, b), and assume that
h2 does not vanish identically in a neighborhood of a. Let f be a continuous,
non-decreasing function, and denote by µH the spectral measure of H.
Then the following statements are equivalent:

(i) ∫ ∞

1

µ̃H(r)
f(r)

r3
dr <∞; (I.3.3)

15
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(ii) There is a′ ∈ (â, b) such that∫ a′

â

1

ω2(t)2

(
ω2(t)

−ω3(t)

)∗

H(t)

(
ω2(t)

−ω3(t)

)
·f
(
detΩ(t)−

1
2

)
dt <∞.

If, in addition, f is differentiable, then the above conditions hold if and only
if there is a′ ∈ (â, b) such that∫ a′

â

(detΩ)′(t)

ω2(t) detΩ(t)
1
2

f′(detΩ(t)− 1
2

)
dt <∞.

Proof. First note that finiteness of the integrals in the proposition clearly
does not depend on a′ ∈ (â, b).
Let ξ be the measure on [1,∞) such that f(r) = ξ([1, r)), r ≥ 1. It follows
from [Kac82, Lemma 4] that∫

[1,∞)

P [µH ](ir)

r
dξ(r) <∞ ⇐⇒

∫ ∞

1

µ̃H(r)f(r)

r3
dr <∞.

Since h2 does not vanish identically in a neighborhood of a, we have P [µH ] =
Im qH . By Theorem I.1.1, we have

P [µH ](ir)

r
≍ 1

r2ω2(t̂(r))
≍ detΩ(t̂(r))

ω2(t̂(r))
.

Hence∫ ∞

1

µ̃H(r)
f(r)

r3
dr <∞ ⇐⇒

∫
[1,∞)

detΩ
(
t̂(r)

)
ω2

(
t̂(r)

) dξ(r) <∞. (I.3.4)

We define a measure ν on (0,∞) via ν((r,∞)) = detΩ(t̂(r))

ω2(t̂(r))
, r > 0. Let ν̂

be the measure on (â, b) satisfying ν̂((â, t)) = ν((r̂(t),∞)) = detΩ(t)
ω2(t)

, t > â.

Integrating by parts (see, e.g., [Kac65, Lemma 2]), we can rewrite the first
integral in (I.3.4) as follows:∫

[1,∞)

detΩ(t̂(r))

ω2(t̂(r))
dξ(r) =

∫
[1,∞)

ν
(
(r,∞)

)
dξ(r)

=

∫
[1,∞)

f(r) dν(r) =

∫
(â,t̂(1)]

f(r̂(t)) dν̂(t) =

∫
(â,t̂(1)]

f(r̂(t)) d

(
detΩ

ω2

)
(t)

=

∫ t̂(1)

â

f
(
r̂(t)

)
· 1

ω2(t)2

(
ω2(t)

−ω3(t)

)∗

H(t)

(
ω2(t)

−ω3(t)

)
dt.

16
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To prove the additional statement, let us assume that f is differentiable.
Using a substitution we can rewrite the second integral in (I.3.4) differently:∫

[1,∞)

detΩ
(
t̂(r)

)
ω2

(
t̂(r)

) dξ(r) =

∫ ∞

1

detΩ
(
t̂(r)

)
ω2

(
t̂(r)

) f′(r) dr

=

∫ â

t̂(r)

detΩ(t)

ω2(t)
f′(r̂(t))r̂′(t) dt =

1

2

∫ t̂(r)

â

detΩ(t)

ω2(t)
f′(r̂(t))

(detΩ)′(t)

detΩ(t)
3
2

dt.

The following result provides, in particular, information on when the measure
µ̃H is finite w.r.t. a regularly varying rescaling function g.

I.3.2 Corollary. Let H be a Hamiltonian on [a, b), and assume that h2 does
not vanish identically in a neighborhood of a. Let g be a continuous function
that is regularly varying with index α ∈ [0, 2], and denote by µH the spectral
measure of H as in (I.1.2). Then, for α ∈ (0, 2) and every a′ ∈ (â, b), the
following statements are equivalent:

(i)

∫
[1,∞)

dµ̃H(r)

g(r)
<∞;

(ii)

∫ a′

â

1

ω2(t)2

(
ω2(t)

−ω3(t)

)∗

H(t)

(
ω2(t)

−ω3(t)

)
dt

detΩ(t)g
(
detΩ(t)−

1
2

) <∞.

(iii)

∫ a′

â

(detΩ)′(t)

ω2(t) detΩ(t)g
(
detΩ(t)−

1
2

) dt <∞;

If α = 0, then (iii) ⇒ (i) and (iii) ⇔ (ii), while for α = 2 we have (iii) ⇒ (i)
and (iii) ⇒ (ii).

Proof. The increasing function f(r) :=
∫ r
1

t
g(t)

dt is regularly varying by

Karamata’s Theorem ([BGT89, Propositions 1.5.8 and 1.5.9a]. Moreover,

f(r)

 ≍ r2

g(r)
, 0 ≤ α < 2,

≫ r2

g(r)
, α = 2.

(I.3.5)

Clearly (iii) is equivalent to∫ a′

â

(detΩ)′(t)

ω2(t) detΩ(t)
1
2

f′(detΩ(t)− 1
2

)
dt <∞

17
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which is the term appearing in the additional statement of Theorem I.3.1.
Applying Theorem I.3.1 and using (I.3.5), this is equivalent to (for α ∈ [0, 2))
or implies (for α = 2) both (ii) and∫ ∞

1

µ̃H(r)
dr

rg(r)
<∞.

By [LPW, Proposition 4.5], this is further equivalent to (for α ∈ (0, 2]) or
implies (for α = 0) the first item.

I.3.2 Comparative growth of the distribution function

In this section we investigate lim sup-conditions for the quotient µ̃H(r)
g(r)

instead
of integrability conditions. Let us introduce the corresponding classes of
measures.

I.3.3 Definition. Let g(r) be a regularly varying function with index α ∈
[0, 2] and limr→∞ g(r) = ∞. Then we set

Fg :=
{
µ | µ̃(r) ≲ g(r), r → ∞

}
, F0

g :=
{
µ | µ̃(r) = o(g(r)), r → ∞

}
,

where again µ̃(r) := µ((−r, r)).

It should be mentioned that, for non-decreasing g, if∫
[1,∞)

dµ̃(r)

g(r)
<∞,

then µ ∈ F0
g ⊆ Fg. For further discussion of this relation, the reader is

referred to [LPW].

I.3.4 Theorem. Let H be a Hamiltonian on [a, b), and assume that h2 does
not vanish identically in a neighborhood of a. Let g(r) be a regularly varying
function with index α ∈ [0, 2] and limr→∞ g(r) = ∞. Denote by µH the
spectral measure of H. For α < 2, the following statements hold:

(i) µH ∈ Fg ⇔ lim sup
t→â

1

ω2(t)g
(
detΩ(t)−

1
2

) <∞;

(ii) µH ∈ F0
g ⇔ lim

t→â

1

ω2(t)g
(
detΩ(t)−

1
2

) = 0.

If α = 2, then the right hand side of (i), (ii) implies the left hand side,
respectively.

18
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Proof. We use [LPW, Lemma 4.16] which, adapted to our situation, reads as

cα lim sup
r→∞

(
r

g(r)
P [µH ](ir)

)
≤ lim sup

r→∞

µ̃H(r)

g(r)
≤ c′α lim sup

r→∞

(
r

g(r)
P [µH ](ir)

)
,

and the second inequality holds even for α = 2. Since h2 does not vanish
identically in a neighborhood of a, we have P [µH ] = Im qH . Therefore, the
assertion follows from Theorem I.1.1 and a substitution r = r̂(t).

I.4 Weyl coefficients with tangential behavior

In this section, we investigate the scenario

lim
r→∞

Im qH(ir)

|qH(ir)|
= 0 or lim inf

r→∞

Im qH(ir)

|qH(ir)|
= 0. (I.4.1)

This is equivalent to tangential behavior of qH(ir), i.e.,

lim
r→∞

arg qH(ir) ∈ {0, π} or lim inf
r→∞

min
{
arg qH(ir), π − arg qH(ir)

}
= 0.

From Proposition I.2.5 we get that

lim
n→∞

Im qH(irn)

|qH(irn)|
= 0 ⇐⇒ lim

n→∞

detΩ(t̂(rn))

(ω1ω2)(t̂(rn))
= 0. (I.4.2)

for every sequence rn → ∞. All results in this section can be seen from
the canonical systems perspective as well as from the Herglotz functions
perspective.

To start with, we observe that the second assertion in (I.4.1) implies the first
unless the limit inferior is assumed only along very sparse sequences. We
formulate this fact in the language of Herglotz functions, and prove it within
the canonical systems setting. However, we do not know a purely function
theoretic proof (which may very well exist in the literature).

I.4.1 Lemma. Let q be a Herglotz function. Suppose there is a sequence
(rn)n∈N with rn → ∞, supn∈N

rn+1

rn
<∞, and

lim
n→∞

Im q(irn)

|q(irn)|
= 0.

Then limr→∞
Im q(ir)
|q(ir)| = 0.
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Proof. Let H be a Hamiltonian (on [0,∞)), such that q = qH .

Let d(t) := detΩ(t)
(ω1ω2)(t)

. Set tn := t̂(rn), then by (I.2.12),

d(tn) ≍
(
Im q(irn)

|q(irn)|

)2
n→∞−−−→ 0.

Suppose that the assertion was not true, i.e., there is a sequence ξ1 > ξ2 > ...
converging to 0, such that d(ξk) ≥ C > 0 for all k. For k ∈ N, set n(k) :=
max{n ∈ N | tn > ξk}. We obtain(rn(k)+1

rn(k)

)2
=

detΩ(tn(k))

detΩ(tn(k)+1)
≥ detΩ(ξk)

detΩ(tn(k)+1)

=
d(ξk)

d(tn(k)+1)
· (ω1ω2)(ξk)

(ω1ω2)(tn(k)+1)
≥ C

d(tn(k)+1)

k→∞−−−→ ∞

which contradicts our assumption.

Recall formulae (I.2.13) and (I.2.12). On an intuitive level, they tell us that
in the case that Im qH(ir) ̸≍ |qH(ir)|, the growth of |qH(ir)| is restricted since
r̊(t̂(r)) is then far away from r. If read in the other direction, this means
that if |qH(ir)| grows quickly and without oscillating too much, then r̊(t̂(r))

and r should be close to each other, and hence the quotient Im qH(ir)
|qH(ir)| should

not decay.
The following definition introduces the notions needed in Theorems I.4.3a
and I.4.3b, which confirm this intuition.

I.4.2 Definition.

▷ A measurable function f : (0,∞) → (0,∞) is called regularly varying (at
infinity) with index α ∈ R if, for any λ > 0,

lim
r→∞

f(λr)

f(r)
= λα. (I.4.3)

If α = 0, then f is also called slowly varying (at infinity).

▷ A measurable function f : (0,∞) → (0,∞) is positively increasing (at
infinity) if there is λ ∈ (0, 1) such that

lim sup
r→∞

f(λr)

f(r)
< 1. (I.4.4)

Let us say explicitly that we do not require f to be monotone.
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I.4.3a Theorem. Let q ̸= 0 be a Herglotz function. If |q(ir)| or 1
|q(ir)| is

positively increasing at infinity (in particular, if |q(ir)| is regularly varying
with index α ̸= 0), then Im q(ir) ≍ |q(ir)| as r → ∞.

I.4.3b Theorem. Let q ̸= 0 be a Herglotz function. If Im q(ir) = o(|q(ir)|)
as r → ∞, then, for every δ ∈ [0, 1),

lim
r→∞

q
(
ir
[
Im q(ir)
|q(ir)|

]δ)
q(ir)

= 1. (I.4.5)

For k > 0, we also have limr→∞
q(ikr)
q(ir)

= 1, in particular, |q(ir)| is slowly
varying at infinity.

I.4.4 Remark. In Theorem I.4.3a, the requirement that |q(ir)| should be pos-
itively increasing is meaningful. It is not enough that |q(ir)| grows sufficiently
fast, say, |q(ir)| ≳ rδ for r → ∞ and some δ > 0.
In fact, for any given δ ∈ (0, 1), we construct in Definition I.5.2 a Hamilto-
nian8 H whose Weyl coefficient qH satisfies (see Lemma I.5.6) |qH(ir)| ≳ rδ

as r → ∞, but

lim inf
r→∞

Im qH(ir)

|qH(ir)|
= 0.

In other words, Im qH(ir) ̸≍ |qH(ir)|.
Note also that for the above-mentioned H, certainly |qH(ir)| is not slowly
varying [BGT89, Proposition 1.3.6]. Hence, in Theorem I.4.3b it is not
enough to require Im q(irn) = o(|q(irn)|) on some sequence rn → ∞.

I.4.5 Example. Let q(z) = log z, satisfying |q(ir)| =
[
(log r)2 + π2

4

]1/2
which

is increasing. However, Im q(ir) is constant and hence Im q(ir) = o(|q(ir)|)
as r → ∞. Theorem I.4.3a fails because |q(ir)| is not positively increasing.

Proof of Theorem I.4.3a. Assume first that |q(ir)| is positively increasing.
Then there are λ, σ ∈ (0, 1) and R > 0 such that

|q(iλr)|
|q(ir)|

≤ σ, r ≥ R. (I.4.6)

Let H be a Hamiltonian with Weyl coefficient qH = q, allowing us to use
(I.2.13).

8Choose suitable parameters p, l ∈ (0, 1), such that δ = log l
log(pl) , i.e., p = lδ

−1−1.
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Suppose that the assertion was not true. Then there is a (w.l.o.g., monotone)

sequence rn → ∞ with limn→∞
Im q(irn)
|q(irn)| = 0. Let m(n) be such that

λm(n)+1 ≤ r̊(t̂(rn))

rn
< λm(n).

Note that m(n) → ∞ because of (I.2.12).
Furthermore, (I.2.13) ensures that there is β > 0 with

β ≤ |q(i̊r(t̂(r)))|
|q(ir)|

, r ∈ (0,∞).

We will also need that for 0 < r < r′,

|q(ir)|
|q(ir′)|

≍ r′ω2(̊t(r
′))

rω2(̊t(r))
≤ r′

r

because ω2 is nondecreasing.
Choosing n so big that r̊(t̂(rn)) ≥ R, we get the contradiction

β ≤
∣∣q(i̊r(t̂(rn)))∣∣∣∣q(irn)∣∣ =

∣∣q(i̊r(t̂(rn)))∣∣∣∣q(iλm(n)rn
)∣∣ · m(n)−1∏

j=0

∣∣q(iλj+1rn
)∣∣∣∣q(iλjrn)∣∣

≲
λm(n)rn

r̊(t̂(rn))
σm(n) ≤ σm(n)

λ

n→∞−−−→ 0.

This proves the theorem in the case that |q(ir)| is positively increasing.
If, on the other hand, 1

|q(ir)| is positively increasing, we may set q̃ := −1
q
, for

which |q̃(ir)| is positively increasing. We obtain

Im q(ir)

|q(ir)|
=

Im q̃(ir)

|q̃(ir)|
≍ 1.

Finally, we note that if |q(ir)| is regularly varying with index α > 0, then
it is also positively increasing. If |q(ir)| is regularly varying with index α <
0, then 1

|q(ir)| is regularly varying with index −α > 0 and thus positively
increasing.

Our proof of Theorem I.4.3b is elementary - only folklore facts that follow
from the Herglotz integral representation (I.1.2) are needed. We would be
interested in an elementary proof of Theorem I.4.3a as well, which so far we
have not found.
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One fact needed in the following proof is the following: For any Herglotz
function q and any z ∈ C+, we have

|q′(z)| ≤ Im q(z)

Im z
. (I.4.7)

This can be seen using the representation (I.1.2): We write

q′(z) = b+

∫
R

dσ(t)

(t− z)2

and obtain

|q′(z)| ≤ b+

∫
R

dσ(t)

|t− z|2
=

Im q(z)

Im z
.

Proof of Theorem I.4.3b. Let k ∈ (0, 1). Then

| log q
(
ikr
)
− log q(ir)| =

∣∣∣ ∫ r

kr

i(log q)′(is) ds
∣∣∣ ≤ ∫ r

kr

∣∣(log q)′(is)∣∣ ds. (I.4.8)

Apply (I.4.7) to log q and to iπ − log q to obtain

|(log q)′(is)| ≤ 1

s
min

{
Im[log q(is)], π − Im[log q(is)]

}
=

1

s
min

{
arg q(is), π − arg q(is)

}
≍ Im q(is)

s|q(is)|

for all s > 0. We will also need monotonicity in s of s Im q(is)
|q(is)| . In fact, it is

easy to see from (I.1.2) that s Im q(is) is nondecreasing in s. Now we can
write

s
Im q(is)

|q(is)|
=

√
s Im q(is) · s Im

(
− 1

q(is)

)
and hence s Im q(is)

|q(is)| is nondecreasing in s. Putting together and continuing

the estimation in (I.4.8), we obtain

| log q
(
ikr
)
− log q(ir)| ≲

∫ r

kr

Im q(is)

s|q(is)|
ds ≤ r

Im q(ir)

|q(ir)|
·
∫ r

kr

ds

s2

= r
Im q(ir)

|q(ir)|

( 1

kr
− 1

r

)
≍ Im q(ir)

|q(ir)|
r→∞−−−→ 0. (I.4.9)

This shows limr→∞
q(ikr)
q(ir)

= 1. To prove (I.4.5), set k(r) := Im q(ir)
|q(ir)| and repeat

the calculations up to the second to last term in (I.4.9), but with k replaced
by k(r)δ, where δ ∈ [0, 1). Since

rk(r)
( 1

rk(r)δ
− 1

r

)
≍ k(r)1−δ

r→∞−−−→ 0,

we arrive at (I.4.5).
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Note that limr→∞
q(ikr)
q(ir)

= 1 is also a consequence of (I.2.15). The preceding

proof, in addition to being elementary, is needed to show (I.4.5) which, upon
taking absolute values, can be seen as slow variation with a rate.

I.5 Maximal oscillation within Weyl disks

In order to explain the aim of this section, let us first recall the notion of
Weyl disks. Let W (t, z) ∈ C2×2 be the fundamental solution of

d

dt
W (t, z)J = zW (t, z)H(t), (I.5.1)

with initial condition W (a, z) = I, solving the transpose of equation (I.1.1).
We define the Weyl disks

Dt,z :=
{w11(t, z)τ + w12(t, z)

w21(t, z)τ + w22(t, z)

∣∣∣τ ∈ C+

}
⊆ C+, (I.5.2)

where C+ = {z ∈ C| Im z > 0}, and the closure is taken in the Riemann
sphere C = C ∪ {∞}. For fixed z ∈ C+ and t1 ≤ t2, we have Dt1,z ⊇ Dt2,z,
and the disks shrink down to a single point which is qH(z):⋂

t∈[a,b)

Dt,z = {qH(z)}.

Now we review the estimate (I.1.3) which has a geometric interpretation.
Namely, the functions L(r) and A(r) give, up to ≍, the imaginary part of
the bottom and top point of Dt̊(r),ir, respectively. The size of Im qH(ir)
relative to L(r) and A(r) thus corresponds to the vertical position of qH(ir)
within the disk Dt̊(r),ir.
In this section we give answers to several questions from [LPW]. For instance,
the question was raised whether there is a Hamiltonian H for which L(r) ≍
Im qH(ir) ̸≍ A(r) for r → ∞. The answer to this particular question is no, cf.
Proposition I.5.1. However9, L(rn) ≍ Im qH(irn) ≪ A(rn) on a subsequence
rn → ∞ is possible, and we provide examples for this in Definition I.5.2 and
in Example I.5.7. The Weyl coefficient of the Hamiltonian constructed in
Definition I.5.2 exhibits ”maximal” oscillatory behaviour in the sense that it
goes back and forth between the bottoms and tops of the disks Dt̊(r),ir.

I.5.1 Proposition. Let H be a Hamiltonian on (a, b). The following state-
ments hold:

9In this section, we use the more transparent notation f(r) ≪ g(r) instead of f(r) =
o(g(r)).
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(i) Suppose that L(r) ̸≍ A(r) as r → ∞. Then there exists a sequence
(rn)n∈N such that rn → ∞, L(rn) ≪ A(rn), and

Im qH(irn) ≳
√
L(rn)A(rn).

(ii) Suppose that L(r) ̸≍ A(r), but not L(r) ≪ A(r) as r → ∞. Then there
is also (r′n)n∈N with r′n → ∞, L(r′n) ≪ A(r′n), and

Im qH(ir
′
n) ≍

√
L(r′n)A(r

′
n). (I.5.3)

Proof. We shorten notation by setting d(t) := detΩ(t)
(ω1ω2)(t)

. By assumption,

lim inft→â d(t) = 0. Let c ∈ (â, b) be fixed and set tn := max{t ≤ c |
d(t) ≤ 1

n
}. With t+n := t̂(̊r(tn)) ≥ tn, we have d(t+n ) ≥ 1

n
= d(tn) if n is large

enough for t+n ≤ c to hold. Using (I.2.12), we obtain

(
Im qH(i̊r(tn))

A(̊r(tn))

)2

≍ d(t+n ) ≥ d(tn) =
L(̊r(tn))

A(̊r(tn))
.

Note that L(̊r(tn)) ≪ A(̊r(tn)) because of d(tn) → 0.

Suppose now that s := lim supr→∞
L(r)
A(r)

> 0. Set ξn := max{t ≤ tn | d(ξn) =
s
2
} and find τn between ξn and tn such that d(τn) = min{d(t) | t ∈ [ξn, tn]}.

Certainly, d(τn) ≤ d(tn) =
1
n
and d(τn) ≤ d(t) for all t ∈ [ξn, c]. Also note

that by the same arguments as above,

Im qH(i̊r(τn)) ≳
√
L(̊r(τn)A(̊r(τn)). (I.5.4)

We prove next that r̂(τn) ≪ r̊(ξn). Note that by passing to a subsequence
and possibly switching signs of ω3 by looking at J⊤HJ instead of H, we can
assume that

lim
n→∞

ω3(τn)√
(ω1ω2)(τn)

= 1.
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A calculation shows that
√

(ω1ω2)(t)− ω3(t) is increasing. Hence(
r̂(τn)

r̊(ξn)

)2

=
(ω1ω2)(ξn)

detΩ(τn)
(I.5.5)

=
(ω1ω2)(ξn)

(
1− ω3(τn)√

(ω1ω2)(τn)

)
(√

(ω1ω2)(τn)− ω3(τn)
)2(

1 + ω3(τn)√
(ω1ω2)(τn)

)

≤
(ω1ω2)(ξn)

(
1− ω3(τn)√

(ω1ω2)(τn)

)
(√

(ω1ω2)(ξn)− ω3(ξn)
)2(

1 + ω3(τn)√
(ω1ω2)(τn)

)

=

(
1− ω3(τn)√

(ω1ω2)(τn)

)
(
1− ω3(ξn)√

(ω1ω2)(ξn)

)2(
1 + ω3(τn)√

(ω1ω2)(τn)

) ≲ 1− ω3(τn)√
(ω1ω2)(τn)

→ 0.

Let τ−n := t̊(r̂(τn)). By the calculation above, r̊(τ−n ) = r̂(τn) < r̊(ξn) for large
enough n, implying τ−n > ξn and hence d(τ−n ) ≥ d(τn). Consequently,

L(r̂(τn))

A(r̂(τn))
= d(τ−n ) ≥ d(τn) ≍

(
Im qH(ir̂(τn))

A(r̂(τn))

)2

.

This means that

Im qH(ir̂(τn)) ≤ C
√
L(r̂(τn))A(r̂(τn))

for some C > 0 and all large n. Recall (I.5.4) and choose C ′ > 0, w.l.o.g.
C ′ < C, such that

Im qH(i̊r(τn)) ≥ C ′
√
L(̊r(τn))A(̊r(τn))

for large n. By continuity, we find, for each large n, an r′n ∈ [̊r(τn), r̂(τn)]
with

Im qH(ir
′
n)√

L(r′n)A(r
′
n)

∈ [C ′, C],

such that (r′n)n∈N satisfies (I.5.3). The only thing left to prove is that L(r′n) ≪
A(r′n).
Suppose not, then on a subsequence we would have L(r′n) ≍ A(r′n). Consider
ξ′n := t̊(r′n) ≤ τn which would then satisfy d(ξ′n) ≳ 1 and hence

1− ω3(ξ
′
n)√

(ω1ω2)(ξ′n)
≳ 1.

Now look at (I.5.5), but with ξn replaced by ξ′n. It follows that, for large n,
r̂(τn) < r′n, contradicting the choice of r′n.
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In the following definition, we construct a Hamiltonian by prescribing f :=
ω3√
ω1ω2

and choosing f to be a highly oscillating function. It should be men-

tioned that the method we use for prescription works on a general basis: Any
locally absolutely continuous function with values in (−1, 1) occurs as ω3√

ω1ω2

for some Hamiltonian. Details can be found in the appendix.

I.5.2 Definition. Let (tn)n∈N, (ξn)n∈N be sequences of positive numbers con-
verging to zero, where ξn+1 < tn < ξn for all n ∈ N. Choose p, l ∈ (0, 1) and
set

f(tn) = 1− pn, f(ξn) = ln

and interpolate between those points using monotone and absolutely con-
tinuous functions (e.g., linear interpolation). Set

α1(t) :=

{
f ′(t)

1−f(t) , t ∈ (ξn+1, tn),

0, t ∈ (tn, ξn)

and

α2(t) :=

{
f ′(t)

1−f(t) , t ∈ (ξn+1, tn),

−2f
′(t)
f(t)

, t ∈ (tn, ξn)

For t ∈ [0, t1], let ωi(t) := exp
(
−
∫ t1
t
αi(s) ds

)
, i = 1, 2, and ω3(t) :=√

(ω1ω2)(t) · f(t). Set hi(t) = ω′
i(t), i = 1, 2, 3, t ∈ [0, t1]. For t ∈ (t1,∞), let

h1(t) := 1 and h2(t) := h3(t) := 0. Finally, define

Hp,l :=

(
h1 h3
h3 h2

)
.

I.5.3 Lemma. Hp,l is a Hamiltonian on [0,∞), and ωi(t) =
∫ t
0
hi(s) ds for

i = 1, 2, 3 and t ∈ [0, t1]. Moreover, 0 is not the left endpoint of an Hp,l-
indivisible interval.

Proof. We write H instead of Hp,l for short. First we show that H(t) ≥ 0
for all t ∈ [0, t1]. Start by noting that, for i = 1, 2,

hi(t)

ωi(t)
= (logωi)

′(t) = αi(t),

and calculate

h3(t)
2

(ω1ω2)(t)
=

[
(
√
ω1ω2f)

′(t)
]2

(ω1ω2)(t)
=
(
f ′(t) +

1

2

[h1(t)
ω1(t)

+
h2(t)

ω2(t)

]
f(t)

)2
=
(
f ′(t) +

α1(t) + α2(t)

2
f(t)

)2
.
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If t ∈ (tn, ξn), then this equates to 0, as does

(h1h2)(t)

(ω1ω2)(t)
= α1(t)α2(t) = 0.

For t ∈ (ξn+1, tn),(
f ′(t) +

α1(t) + α2(t)

2
f(t)

)2
=
( f ′(t)

1− f(t)

)2
= α1(t)α2(t) =

(h1h2)(t)

(ω1ω2)(t)
.

In both cases, detH(t) = 0. For i = 1, 2, as αi(t) ≥ 0, t ∈ [0, t1], certainly
ωi(t) is increasing and thus hi(t) ≥ 0. This suffices to show that H(t) ≥ 0.
H is in limit point case since, for t > t1, the trace of H(t) equals 1. To
show that ωi(t) =

∫ t
0
hi(s) ds, i = 1, 2, 3, t ∈ [0, t1], we need to check that

limt→0 ωi(t) = 0. For i = 1, this follows from∫ t1

0

α1(s) ds =
∞∑
n=1

∫ tn

ξn+1

f ′(s)

1− f(s)
ds =

∞∑
n=1

[
log(1− ln+1)− log(pn)

]
= ∞.

(I.5.6)
For i = 2, it follows from the fact that α2(t) ≥ α1(t) for all t ∈ [0, t1], and for
i = 3 it follows from the definition of ω3 and the fact that f(t) < 1, t ∈ [0, t1].
Finally, 0 is not the left endpoint of an H-indivisible interval because

detΩ(t) = (ω1ω2)(t)
(
1− f(t)2

)
> 0

for all t ∈ (0, t1].

We investigate the behaviour for r → ∞ of Im qHp,l
(ir) as well as L(r) and

A(r). A rough description of the situation is:

r̊(ξn)
r̂(ξn)

r̊(tn)
r̂(tn)

r̊(ξn+1)
r̂(ξn+1)

r̊(tn+1)
r̂(tn+1)

r̊(ξn+2)
r̂(ξn+2)

L(r)

r
log l

log(pl)

Im qH(ir)

A(r)

A

28



Page 29 of 210

sketch of the behaviour of qHp,l

Formal details are given in the following theorem as well as in Lemma I.5.6.

I.5.4 Theorem. Let p, l ∈ (0, 1). For the Hamiltonian H = Hp,l from
Definition I.5.2 and for all sufficiently large n ∈ N, we have

r̊(ξn) < r̂(ξn) < r̊(tn) < r̂(tn) < r̊(ξn+1). (I.5.7)

On the intervals delimited by the terms in (I.5.7), the functions L(r),
Im qH(ir), and A(r) behave in the following way:

(i) Im qH(ir) ≍ A(r) uniformly for r ∈ [̊r(ξn), r̂(ξn)], n ∈ N.

(ii) Im qH(ir) ≍ A(r) uniformly for r ∈ [r̂(ξn), r̊(tn)], n ∈ N.
Moreover, L(̊r(tn)) ≪ A(̊r(tn)).

(iii) L(r) ≪ A(r) uniformly for r ∈ [̊r(tn), r̂(tn)], n ∈ N.
In addition, L(̊r(tn)) ≪ Im qH(i̊r(tn)) ≍ A(̊r(tn)) as well as L(r̂(tn)) ≍
Im qH(ir̂(tn)) ≪ A(r̂(tn)).

(iv) L(r) ≍ Im qH(ir) ≪ A(r) uniformly for r ∈ [r̂(tn), r̊(ξn+1)], n ∈ N.

The proof of this theorem involves some (partly tedious) computations that
are partly contained in the forthcoming lemma.
The symbol ≈ should mean equality up to an additive term that is bounded
in n and t.

I.5.5 Lemma. For the Hamiltonian Hp,l, the following formulae hold.

log r̊(tn) ≈ −n2 log(pl)
2

− n
log
(

l
p

)
2

log r̊(ξn) ≈ −n2 log(pl)
2

+ n log(pl)
2

log r̂(tn) ≈ −n2 log(pl)
2

− n log l
2

log r̂(ξn) ≈ −n2 log(pl)
2

+ n log(pl)
2

log r̊(t) ≈ −n2 log(pl)
2

− n
log
(

l
p

)
2

+ log f(t), t ∈ [tn, ξn].

log r̊(t) ≈ −n2 log(pl)
2

− n log(pl)
2

+ log(1− f(t)), t ∈ [ξn+1, tn].

log r̂(t) ≈ −n2 log(pl)
2

− n
log
(

l
p

)
2

+ log f(t)− log(1−f(t))
2

, t ∈ [tn, ξn].

log r̂(t) ≈ −n2 log(pl)
2

− n log(pl)
2

+ log(1−f(t))
2

, t ∈ [ξn+1, tn].
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Proof. First we calculate

log(̊r(tn)) = −1

2
log[(ω1ω2)(tn)] =

1

2

∫ t1

tn

(α1(s) + α2(s)) ds

=
n−1∑
k=1

(∫ ξk+1

tk+1

−f ′(s)

f(s)
ds+

∫ tk

ξk+1

f ′(s)

1− f(s)
ds
)

=
n−1∑
k=1

(
log(1− pk+1)− (k + 1) log l + log(1− lk+1)− k log p

)
≈ −n2 log(pl)

2
− n

log
(
l
p

)
2

. (I.5.8)

This also leads to

log r̂(tn) = −1

2
log(1− f(tn)

2) + log r̊(tn) ≈ −1

2
log(1− f(tn)) + log r̊(tn)

≈ −n2 log(pl)

2
− n

log l

2
.

If t ∈ [tn, ξn], then

log r̊(t) = log r̊(tn)−
∫ t

tn

−f ′(s)

f(s)
ds ≈ −n2 log(pl)

2
− n

log
(
l
p

)
2

+ log f(t).

If t ∈ [ξn+1, tn], then

log r̊(t) = log r̊(tn) +

∫ tn

t

f ′(s)

1− f(s)
ds

≈ −n2 log(pl)

2
− n

log(pl)

2
+ log(1− f(t)).

By adding −1
2
log(1 − f(t)2) ≈ −1

2
log(1 − f(t)), the analogous formula for

r̂(t) follows. Lastly,

log r̊(ξn) ≈ −n2 log(pl)

2
− n

log
(
l
p

)
2

+ log f(ξn)

≈ −n2 log(pl)

2
+ n

log(pl)

2
.

and

log r̂(ξn) = −1

2
log(1− f(ξn)

2) + log r̊(ξn) ≈ log r̊(ξn).
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Proof of Theorem I.5.4. It follows from Lemma I.5.5 that r̂(ξn) < r̊(tn) and
r̂(tn) < r̊(ξn+1) for large enough n. The remaining two inequalities in (I.5.7)
follow from the basic fact that r̊(t) < r̂(t) for all t ∈ (0,∞).
We will now prove (i)− (iv) in reverse order.

(iv): ξn+1 ≤ t̊(r) ≤ tn and ξn+1 ≤ t̂(r) ≤ tn. By Lemma I.5.5,

− n2 log(pl)

2
− n

log(pl)

2
+

1

2
log
(
1− f(t̂(r))

)
≈ log r̂(t̂(r)) = log r

= log r̊(̊t(r)) ≈ −n2 log(pl)

2
− n

log(pl)

2
+ log

(
1− f (̊t(r))

)
.

Hence,

Im qH(ir)

A(r)
≍
√

1− f
(
t̂(r)

)2 ≍ 1− f
(̊
t(r)

)2
=
L(r)

A(r)
.

In addition,
L
(̊
r(ξn+1)

)
A
(̊
r(ξn+1)

) ≍ 1− f(ξn+1)
2 ≍ 1,

while
L
(
r̂(tn)

)
A
(
r̂(tn)

) ≍ 1− f
(̊
t(r̂(tn))

)2 ≍√1− f(tn)2 = p
n
2 ≪ 1.

(iii): ξn+1 ≤ t̊(r) ≤ tn and tn ≤ t̂(r) ≤ ξn. Thus

− n2 log(pl)

2
− n

log
(
l
p

)
2

+ log f(t̂(r))− 1

2
log
(
1− f(t̂(r))

)
≈ log r̂(t̂(r))

= log r̊(̊t(r)) ≈ −n2 log(pl)

2
− n

log(pl)

2
+ log

(
1− f (̊t(r))

)
.

Consequently,

1

2
log
(
1− f(t̂(r))

)
≈ n log p+ log f(t̂(r))− log

(
1− f (̊t(r))

)
,

which implies √
1− f(t̂(r)) ≍ pn

f(t̂(r))

1− f (̊t(r))
.

Let us check that the term f(t̂(r)) can be neglected. Using that f (̊t(r)) ≤
1− pn, we get √

1− f(t̂(r)) ≲ f(t̂(r))
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which is only possible if f(t̂(r)) stays away from 0. As f(t̂(r)) < 1, this
means that f(t̂(r)) ≍ 1, leading to

Im qH(ir)

A(r)
≍
√

1− f(t̂(r)) ≍ pn

1− f (̊t(r))
.

Hence, Im qH(i̊r(tn)) ≍ A(̊r(tn)). Looking back at case (iv), we know that

Im qH(ir̂(tn)) ≍ L(r̂(tn)) ≪ A(r̂(tn)). In particular, since L(r)
A(r)

= 1− f (̊t(r))2

is increasing for r in [̊r(tn), r̂(tn)], we have L(r) ≪ A(r) uniformly on this
interval.

(ii): tn ≤ t̊(r) ≤ ξn) and tn ≤ t̂(r) ≤ ξn, leading to

− n2 log(pl)

2
− n

log
(
l
p

)
2

+ log f(t̂(r))− 1

2
log
(
1− f(t̂(r))

)
≈ log r̂(t̂(r))

= log r̊(̊t(r)) ≈ −n2 log(pl)

2
− n

log
(
l
p

)
2

+ log f (̊t(r)).

Hence √
1− f(t̂(r)) ≍ f(t̂(r))

f (̊t(r))
> f(t̂(r)).

In particular, 1− f(t̂(r)) stays away from 0, which means that

Im qH(ir)

A(r)
≍
√
1− f(t̂(r)) ≍ 1.

In other words, Im qH(ir) ≍ A(r) uniformly for r ∈ [r̂(ξn), r̊(tn)]. As we
already know, L(̊r(tn)) ≪ Im qH(i̊r(tn)) ≍ A(̊r(tn)).

(i): tn ≤ t̊(r) ≤ ξn and ξn ≤ t̂(r) ≤ tn−1. In this case

− n2 log(pl)

2
+ n

log(pl)

2
+

1

2
log
(
1− f(t̂(r))

)
≈ log r̂(t̂(r)) = log r̊(̊t(r))

≈ −n2 log(pl)

2
− n

log
(
l
p

)
2

+ log f (̊t(r)).

Taking into account that f (̊t(r)) ≥ ln by definition, it follows that

Im qH(ir)

A(r)
≍
√

1− f(t̂(r)) ≍ f (̊t(r))

ln
≍ 1.

Therefore, Im qH(ir) ≍ A(r) uniformly for r ∈ [̊r(ξn), r̂(ξn)]. At the left end
of this interval, we even have L(̊r(ξn)) ≍ A(̊r(ξn)) by case (iv).
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Before we state our next result, we note that by definition of Hp,l,

lim inf
t→0

detΩ(t)

(ω1ω2)(t)
= lim inf

t→0

(
1− f(t)2

)
= 0. (I.5.9)

In view of (I.2.12), we have lim infr→∞
Im qHp,l

(ir)

|qHp,l
(ir)| = 0 and hence Im qHp,l

(ir) ̸≍
|qHp,l

(ir)|.
Nevertheless, the following lemma shows that |qHp,l

(ir)| grows faster than a
power. Recalling Theorem I.4.3a, this means that |q(ir)| ≳ rδ for r → ∞ is
not a sufficient condition for Im q(ir) ≍ |q(ir)| as r → ∞. Instead, we see
that |q(ir)| being positively increasing really means that not only does |q(ir)|
grow sufficiently fast, but also without oscillating too much.

I.5.6 Lemma. Let δ := log l
log(pl)

∈ (0, 1). Then

▷ |qHp,l
(ir)| ≳ rδ, r → ∞,

▷ |qHp,l
(i̊r(ξn))| ≍ r̊(ξn)

δ.

Proof. We start the proof with calculating, for t ∈ [tn, ξn],

log

√
ω1(t)

ω2(t)
=

1

2
log
(ω1(t)

ω2(t)

)
=

n−1∑
k=1

∫ ξk+1

tk+1

−f ′(s)

f(s)
ds+

∫ t

tn

f ′(s)

f(s)
ds

=
n−1∑
k=1

(
log(1− pk+1)− (k + 1) log l

)
+ log f(t)− log(1− pn)

≈ −(n2 + n)
log l

2
+ log f(t).

Now we use our formula for log r̊(t):

log

√
ω1(t)

ω2(t)

≈ log l

log(pl)
log r̊(t) +

1

2

(
log(l) log( l

p
)

log(pl)
− log l

)
n+

(
1− log l

log(pl)

)
log f(t)

=
log l

log(pl)
log r̊(t) +

log p

log(pl)

(
log f(t)− n log l

)
, t ∈ [tn, ξn]. (I.5.10)

Since f was assumed to be monotone decreasing on [tn, ξn], and log f(ξn) =
n log l,

log

√
ω1(t)

ω2(t)
⪆

log l

log(pl)
log r̊(t) = δ log r̊(t),
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where ⪆ indicates that the inequality holds up to an additive term that is
bounded in n and t. Therefore

|qHp,l
(i̊r(t))| ≍

√
ω1(t)

ω2(t)
≳ r̊(t)δ, t ∈ [tn, ξn].

Observing that ω1

ω2
is constant on [ξn+1, tn] (since α1 − α2 = 0 there), we

obtain this estimate also for t ∈ [ξn+1, tn]:

|qHp,l
(i̊r(t))| ≍

√
ω1(t)

ω2(t)
=

√
ω1(ξn+1)

ω2(ξn+1)
≳ r̊(ξn+1)

δ ≥ r̊(t)δ.

Finally, setting t = ξn in (I.5.10) yields |qHp,l
(i̊r(ξn))| ≍ r̊(ξn)

δ.

I.5.7 Example. Let H be as in Definition I.5.2, but f(ξn) = 1− ln−1 instead,
where l >

√
p. Similarly to Theorem I.5.4, one can show that

L(r̂(tn)) ≍ Im qH(ir̂(tn)) ≪ A(r̂(tn)).

However, for our new Hamiltonian,

lim
t→0

detΩ(t)

(ω1ω2)(t)
= lim sup

t→0

detΩ(t)

(ω1ω2)(t)
= lim sup

t→0

(
1− f(t)2

)
= 0

as opposed to (I.5.9).

I.6 Reformulation for Krein strings

Recall that a Krein string is a pair S[L,m] consisting of a number L ∈ (0,∞]
and a nonnegative Borel measure m on [0, L], such that m([0, t]) is finite for
every t ∈ [0, L), and m({L}) = 0. To this pair we associate the equation

y′+(x) + z

∫
[0,x]

y(t) dm(t) = 0, x ∈ [0, L), (I.6.1)

where y′+ denotes the right-hand derivative of y, and z is a complex spectral
parameter.
For each string, we can construct a function qS called the principal
Titchmarsh-Weyl coefficient of the string ([LW98] following [KK68]). This
function belongs to the Stieltjes class, i.e., it is analytic on C \ [0,∞), its
imaginary part is nonnegative on C+, and its values on (−∞, 0) are positive.
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The correspondence between Krein strings and functions of Stieltjes class is
bijective, as was shown by M.G.Krein.

Theorem I.6.1 below is the reformulation of Theorem I.1.1 for the Krein
string case.

I.6.1 Theorem. Let S[L,m] be a Krein string and set

δ(t) :=

(∫
[0,t)

ξ2 dm(ξ)

)
·
(∫

[0,t)

dm(ξ)

)
−
(∫

[0,t)

ξ dm(ξ)

)2

. (I.6.2)

for t ∈ [0, L). Let

τ̂(r) := inf
{
t > 0

∣∣ 1
r2

≤ δ(t)
}
, r ∈ (0,∞).

We set

f(r) := m([0, τ̂(r))) +m({τ̂(r)})
1
r2

− δ(τ̂(r))

δ(τ̂(r)+)− δ(τ̂(r))
(I.6.3)

if δ is discontinuous at τ̂(r), and f(r) := m([0, τ̂(r))) otherwise. Then

Im qS(ir) ≍
1

rf(r)
, r ∈ (0,∞), (I.6.4)

with constants independent of the string.

Before proving Theorem I.6.1, we need to introduce the concept of dual
strings as well as a Hamiltonian associated to a string. Writing

m(t) := m([0, t)), t ∈ [0, L)

we can define the dual string S[L̂, m̂] of S[L,m] by setting

L̂ :=

{
m(L) if L+m(L) = ∞,
∞ else

and

m̂(ξ) := inf{t > 0 | ξ ≤ m(t)}.

The function m̂ is increasing and left-continuous and thus gives rise to a
nonnegative Borel measure m̂.
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The Hamiltonian defined by

H(t) :=


(
m̂(t)2 m̂(t)
m̂(t) 1

)
if t ∈ [0, L̂],(

1 0
0 0

)
if L̂+

∫ L̂
0
m̂(t)2 dt <∞, L̂ < t <∞

(I.6.5)

then satisfies qS = qH , see e.g. [KWW07].

Proof of Theorem I.6.1. In view of Theorem I.1.1 and the fact that qS = qH
for the Hamiltonian H defined in (I.6.5), our task is to express t̂H(r) in terms
of the string. If δ(τ̂(r)) = 1

r2
, this is easy because of [KWW07, Corollary 3.4]

giving

detΩH(m(τ̂(r))) = δ(τ̂(r)) =
1

r2

and hence t̂H(r) = m(τ̂(r)).
Otherwise, we have δ(τ̂(r)) < 1

r2
and δ(τ̂(r)+) ≥ 1

r2
. Using again [KWW07,

Corollary 3.4], we have

detΩH(m(τ̂(r))) = δ(τ̂(r)) <
1

r2
, detΩH(m(τ̂(r)+)) = δ(τ̂(r)+) ≥ 1

r2
(I.6.6)

which tells us that t̂H(r) ∈
(
m(τ̂(r)),m(τ̂(r)+)

]
. By [KWW07, Lemma 3.1],

m̂ is constant on this interval. Therefore, for t ∈
(
m(τ̂(r)),m(τ̂(r)+)

]
,

det ΩH(t) =

(∫ m(τ̂(r))

0

m̂(x)2 dx+
(
t−m(τ̂(r))

)
m̂(t)2

)
· t

−
(∫ m(τ̂(r))

0

m̂(x) dx+
(
t−m(τ̂(r))

)
m̂(t)

)2

= c1(r)t+ c2(r)

for some constants c1(r), c2(r). Using (I.6.6), this leads to

detΩH(t) = δ(τ̂(r)) +
t−m(τ̂(r))

m(τ̂(r)+)−m(τ̂(r))

(
δ(τ̂(r)+)− δ(τ̂(r))

)
.

If we equate this to 1
r2
, we find that

t̂H(r) = m(τ̂(r)) +
(
m(τ̂(r)+)−m(τ̂(r))

) 1
r2

− δ(τ̂(r))

δ(τ̂(r)+)− δ(τ̂(r))
= f(r).

Now we have ωH;2(t) =
∫ t
0
h2(s) ds = t, and Theorem I.1.1 now shows

Im qS(ir) = Im qH(ir) ≍
1

rt̂H(r)
=

1

rf(r)
.
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Appendix I.A A construction method for

Hamiltonians with prescribed

angle of the Weyl coefficient

Let H be a Hamiltonian on (a, b). Assume for simplicity that â = a, i.e.,
a is not the left endpoint of an H-indivisible interval. As discussed at the
beginning of Section I.4, the behavior of

detΩ(t)

(ω1ω2)(t)
= 1− ω3(t)

2

(ω1ω2)(t)
> 0

towards the left endpoint a corresponds to the angle of qH(ir) for r → ∞.
It is thus desirable to be able to construct examples of Hamiltonians with
prescribed ω3(t)√

(ω1ω2)(t)
, which is what we did in Definition I.5.2. We give now

a general version of this idea.
The following result is formulated for Hamiltonians in limit circle case, mak-
ing the statement cleaner. When we made use of this construction method
in Definition I.5.2, we obtained a Hamiltonian in limit point case by simply
appending an infinitely long indivisible interval.

I.A.1 Proposition. Let f be locally absolutely continuous on (a, b] and such
that f(t) ∈ (−1, 1) for all t ∈ (a, b]. Then there is a Hamiltonian, in limit
circle case at b, with the properties

(i) a = â is not the left endpoint of an H-indivisible interval, and

(ii) f(t) = ω3(t)√
(ω1ω2)(t)

for all t ∈ (a, b].

In addition, let

∆(f) :=
2|f ′|

1− sgn(f ′)f

which is in L1
loc((a, b]). Then all possible choices for (ω1ω2)(t) are given by

functions of the form

exp
(
c−

∫ b

t

g(s) ds
)

where c ∈ R, g ∈ L1
loc((a, b]) \ L1((a, b]) with g(t) ≥ ∆(f)(t) and g(t) > 0 for

t ∈ (a, b] a.e.
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Proof. If H is given and such that (i), (ii) hold, then clearly f is locally
absolutely continuous and takes values in (−1, 1).
Let f be as in the statement. Then clearly f ′ ∈ L1

loc((a, b]). Also, the
denominator of ∆(f) is locally bounded below by a positive number, and
hence ∆(f) ∈ L1

loc((a, b]). We check the conditions that ω1(t), ω2(t) must
satisfy in order that they, together with ω3(t) :=

√
(ω1ω2)(t)f(t), give rise

to a Hamiltonian through hi(t) := ω′
i(t), i = 1, 2, 3. Clearly, ω1, ω2 have to

be increasing, absolutely continuous on [a, b] and satisfy ω1(0) = ω2(0) = 0.
Moreover, we want

(h1h2)(t) ≥ h3(t)
2 =

(√
(ω1ω2)(t)f

′(t) +
h1(t)ω2(t) + ω1(t)h2(t)

2
√
(ω1ω2)(t)

f(t)
)2
.

This is equivalent to

(h1h2)(t)

(ω1ω2)(t)
≥
(
f ′(t) +

1

2

(h1(t)
ω1(t)

+
h2(t)

ω2(t)

)
f(t)

)2

Setting

αi(t) :=
hi(t)

ωi(t)
, i = 1, 2, g := α1 + α2 ∈ L1

loc((a, b]),

the inequality takes the form

αi(g − αi) ≥
(
f ′ +

1

2
gf
)2

which is equivalent to

αi ∈

[
g

2
−
√
g2

4
−
(
f ′ +

1

2
gf
)2
,
g

2
+

√
g2

4
−
(
f ′ +

1

2
gf
)2]

. (I.A.1)

In particular,

g2

4
−
(
f ′ +

1

2
gf
)2

≥ 0 ⇐⇒ g

2
≥
∣∣∣f ′ +

1

2
gf
∣∣∣

⇐⇒ g ≥ 2f ′

1− f
and g ≥ −2f ′

1 + f

⇐⇒ g ≥ 2|f ′|
1− sgn(f ′)f

= ∆(f).

Since ∆(f) ∈ L1
loc((a, b]), we can find g ∈ L1

loc((a, b]), g(t) ≥ ∆(f)(t) a.e. on
(a, b], and additionally, g ̸∈ L1((a, b]). Choose measurable functions α1, α2

such that
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▷ α1 + α2 = g,

▷ (I.A.1) holds for α1 at almost all t ∈ (a, b) (and hence for α2), and

▷ α1, α2 ̸∈ L1((a, b]).

Note that α1 and α2 belong to L1
loc((a, b]) since g does, and that such a choice

is possible because one can always take α1 = α2 =
g
2
.

From the construction it is clear that for a HamiltonianH with d
dt
[logωi(t)] =

αi(t), i = 1, 2, there is c ∈ R such that

ωi(t) := exp
(
c−

∫ b

t

αi(s) ds
)
, i = 1, 2.

Appendix I.B Calculations for Example I.2.3

Let H be the Hamiltonian from Example I.2.3,

H(t) = tα−1

(
| log t|β1 | log t|β3
| log t|β3 | log t|β2

)
, t ∈ (0,∞),

where α > 0, β1, β2 ∈ R such that β1 ̸= β2, and β3 := β1+β2
2

. We carry out
the calculations to justify the claimed asymptotics from the example. They
were communicated by Matthias Langer.

In order to calculate t̊(r) and t̂(r), two lemmas are needed.

I.B.1 Lemma. Let f : (0, ε) → (0,∞) be increasing and f(t) ∼ cta| log t|b
as t→ 0, for a > 0, c > 0, b ∈ R. Then

f−1(s) ∼
(
ca−bs| log s|−b

) 1
a
, s→ 0.

Proof. We have

lim
t→0

f(t)

ta| log t|b
= c. (I.B.1)

Therefore,

lim
t→0

[
log f(t)− a log t− b log | log t|

]
= log c
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and further

lim
t→0

[ log f(t)
log t

− a
]
= lim

t→0

[ log f(t)
log t

− a− b
log | log t|

log t

]
= 0.

In other words, | log t| ∼ 1
a
| log f(t)|. At the same time, by (I.B.1),

t ∼
(
c−1f(t)| log t|−b

) 1
a ∼

(
c−1f(t)[

1

a
| log f(t)|]−b

) 1
a

which implies the assertion.

I.B.2 Lemma. Let a > −1 and b ∈ R. Then∫ t

0

sa(− log s)b ds =
1

a+ 1
ta+1(− log t)b

·
[
1− b

a+ 1
(− log t)−1 +

b(b− 1)

(a+ 1)2
(− log t)2 +O

(
(− log t)−3

)]
Proof.∫ t

0

sa(− log s)b ds =
1

a+ 1
sa+1(− log s)b

∣∣∣t
0
− 1

a+ 1

∫ t

0

sab(− log s)b−1 ds

=
1

a+ 1
ta+1(− log t)b − b

a+ 1

∫ t

0

sa(− log s)b−1 ds (I.B.2)

Using (I.B.2) two more times:

=
1

a+ 1
ta+1(− log t)b

− b

a+ 1

[ 1

a+ 1
ta+1(− log t)b−1 − b− 1

a+ 1

∫ t

0

sa(− log s)b−2 ds
]

=
1

a+ 1
ta+1(− log t)b

[
1− b

a+ 1
(− log t)−1 +

b(b− 1)

(a+ 1)2
(− log t)−2

]
+ c(a, b)

∫ t

0

sa(− log s)b−3 ds.

The assertion follows using Karamata’s Theorem [BGT89, Prop. 1.5.8 and
1.5.9a].

We are now in position to determine L(r), Im qH(ir), and A(r).

Calculation of t̊(r): By Karamata’s Theorem we have

ωi(t) ∼
1

α
tα(− log t)βi , i = 1, 2, 3.
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Hence

(ω1ω2)(t) ∼
1

α2
t2α(− log t)β1+β2 . (I.B.3)

Applying Lemma I.B.1 yields

(ω1ω2)
−1(s) ∼ c · s

1
2α (− log s)−

β3
α .

We arrive at

t̊(r) = (ω1ω2)
−1(r−2) ∼ c′ · r−

1
α (log r)−

β3
α . (I.B.4)

Calculation of A(r):

A(r) =

√
ω1(̊t(r))

ω2(̊t(r))
∼ (− log t̊(r))

β1−β2
2 ∼

[
− log

(
r−

1
α (log r)−

β3
α

)]β1−β2
2

∼ (α log r)
β1−β2

2 .

Calculation of t̂(r): We use Lemma I.B.2 to calculate ωi(t) with more preci-
sion:

ωi(t) =

∫ t

0

sα−1(− log s)βi ds =
1

α
tα(− log t)βi

·
[
1− βi

α
(− log t)−1 +

βi(βi − 1)

α2
(− log t)−2 +O

(
(− log t)−3

)]
We get

detΩ(t) =
1

α2
t2α(− log t)β1+β2

·
[
1− β1 + β2

α
(− log t)−1 +

β1(β1 − 1) + β2(β2 − 1) + β1β2
α2

(− log t)−2

−
(
1− 2β3

α
(− log t)−1 +

2β3(β3 − 1) + β2
3

α2
(− log t)−2 +O

(
(− log t)−3

))]
=

1

α2
t2α(− log t)β1+β2

[(β1 − β2
2α

)2
(− log t)−2 +O

(
(− log t)−3

))]
∼ c · t2α(− log t)2(β3−1). (I.B.5)

By Lemma I.B.1, (
detΩ

)−1
(s) ∼ c′ · s

1
2α (− log s)−

β3−1
α
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and further

t̂(r) =
(
detΩ

)−1
(r−2) ∼ c′′ · r−

1
α (log r)−

β3−1
α .

Calculation of Im qH(ir):

Im qH(ir) ≍
1

rω2(t̂(r))
∼ α

r

(
t̂(r)

)−α(− log t̂(r)
)−β2

∼ c′′′ · α
r
r(log r)β3−1(log r)−β2 = c′′′ · (log r)

β1−β2
2

−1.

Calculation of L(r): Using (I.B.5), (I.B.3) and (I.B.4), we have

detΩ(̊t(r))

(ω1ω2)(̊t(r))
∼
(β1 − β2

2α

)2
(α log r)−2.

Multiplying by A(r), we obtain

L(r) ∼ c(log r)
β1−β2

2
−2.
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Eigenvalue distribution of canonical systems:

trace class and sparse spectrum

Matthias Langer ∗ Jakob Reiffenstein ∗ Harald Woracek �

Abstract: In this paper we consider two-dimensional canonical systems with
discrete spectrum and study their eigenvalue densities. We develop a formula
that determines the Stieltjes transform of the eigenvalue counting function up to
universal multiplicative constants. An explicit criterion is given for the resolvents
of the model operator to belong to a Schatten-von Neumann class with index
p ∈ (0, 2), thus giving an answer to the long standing question of which canonical
systems have trace class resolvents.
For canonical systems with two limit circle endpoints, an algorithmic approach is
available for determining the growth of the monodromy matrix. We discuss
connections to previous work by R. Romanov and present examples that
demonstrate how to apply this method even for complicated data.

AMS MSC 2020: 34L15, 37J99, 30D15

Keywords: canonical system, discrete spectrum, density of eigenvalues,

regularly varying function

II.1 Introduction

A two-dimensional canonical system is a differential equation of the form

y′(t) = zJH(t)y(t) (II.1.1)

on some interval [a, b), where H is a locally integrable 2 × 2-matrix-valued

function, z ∈ C, and J =
(

0 −1

1 0

)
. Equations of this form originate from

Hamiltonian mechanics (with one-dimensional phase space). The function
H is called the Hamiltonian of the system, and is supposed to take nonneg-
ative matrices as values. Canonical systems provide a unifying treatment for
various equations of mathematical physics and pure mathematics, such as
Dirac systems, Schrödinger equations, Krein strings, or Jacobi matrices. In
fact, every self-adjoint operator with simple spectrum can be realised as the
differential operator AH induced by some canonical system (and an appropri-
ate boundary condition). The theory of two-dimensional canonical systems

�This work was supported by the project P 30715-N35 of the Austrian Science Fund
(FWF). The second and third authors were supported by the joint project I 4600 of the
Austrian Science Fund (FWF) and the Russian foundation of basic research (RFBR).
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was developed by M.G. Krein [GK70] and L. de Branges [dB68]; recent ref-
erences are [Rem18, BHdS20].

In this paper we consider the situation when AH has discrete spectrum,
and address the question how to determine the asymptotic density of the
sequence of eigenvalues of AH . Here we think of the density of a sequence
having no finite accumulation point in ways familiar from complex analysis.

Let us start with explaining a simplified version of our results. Denote
by σH the spectrum of AH , assume that σH is discrete, and consider the
following question: for which p > 0 does the series∑

λ∈σH\{0}

1

|λ|p
(II.1.2)

converge?
In [RW20] explicit conditions onH were given which characterise discrete-

ness of σH and convergence of the series (II.1.2) when p > 1. The approach
was operator-theoretic: the series converges if and only if resolvents of AH
belong to the Schatten–von Neumann class Sp. The proof of the convergence
criterion relies heavily on the theory of symmetrically normed operator ideals,
in particular Matsaev’s Theorem, and breaks down when p ≤ 1. As examples
show, the results indeed fail to hold for such p. In particular, it remained an
open question when resolvents of AH belong to the trace class.

In the present paper we develop a very different approach which allows to
deal with small values of p. The method is analytic, and it works for p < 2.
Our first main theorem is Theorem II.3.1, where we consider the counting
function

nH(r) := #
{
λ ∈ σH | |λ| < r

}
,

and determine the Stieltjes transform of the function nH(
√
t)

t
up to universal

constants c−, c+ > 0 :

c− · I(r) ≤
∫ ∞

0

1

t+ r2
· nH(

√
t)

t
dt ≤ c+ · I(r), (II.1.3)

where the function I(r) is given explicitly in terms of the Hamiltonian H. An
answer to the above stated question is then deduced by applying a variant of
Karamata’s Tauberian theorem. The proof of (II.1.3) relies on recent work
from [LPW, Reiar] about the high-energy behaviour of the Weyl coefficient
of a canonical system. The connection with this seemingly unrelated topic is
made with a globalisation trick, then the usual relations between growth and
zero distribution of a canonical product are exploited, and a limiting process
has to be carried out. The reason that the present approach is bound to

2
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values p < 2 is that for larger p higher order regularising factors occur in
canonical products.

It is now apparent that our result (II.1.3) goes far beyond merely charac-
terising convergence of (II.1.2). Using the language of complex analysis, we
can characterise convergence class, as well as minimal/finite/maximal type,
with respect to regularly varying comparison functions. This is achieved by
applying refined variants of the mentioned Tauberian theorem. What we
cannot do is to characterise actual eigenvalue asymptotics. This is an in-
trinsic limitation of the method, and happens because of the constants in
(II.1.3) whose presence allows for uncontrollable oscillations of the Stieltjes
transform.

The function I(r) in (II.1.3) is an explicit but cumbersome expression
involving the entries of H, integrals, and inverse functions. We believe that
for small growth, meaning p ≤ 1, there cannot exist a plain and simple
formula characterising convergence of (II.1.2) or finer growth behaviour. This
believe is supported by earlier results in the literature about special types of
systems, e.g., from [BS14] for Jacobi matrices or [Kac86, Kac90] for Krein
strings. Hence, we inevitably face the challenge to evaluate the complicated
expression I(r) at least asymptotically.

In our second main result, Theorem II.6.2, we address this question of
applicability. In that theorem we consider the case when the Hamiltonian
H is not only locally integrable on the half-open interval [a, b), but even
integrable on the whole interval [a, b]. This case, called Weyl’s limit circle
case, is often considered as being simpler than the general case when it comes
to spectral theory. Assuming that limit circle case takes place, it is well-
known that σH is discrete and that (this is the Krein–de Branges formula)

lim
r→∞

nH(r)

r
=

2

π

∫ b

a

√
detH(t) dt. (II.1.4)

However, in the present context this does not help much: the formula does
not tell anything about the true speed of growth of nH as soon as detH
vanishes identically. And the situation when detH = 0 is not at all obscure:
for example it occurs for every Hamiltonian associated with a Jacobi matrix
and most realisations of Schrödinger equations.

In Theorem II.6.2 we give an algorithm which produces a function κH(r)
such that

c′−κH(r)−O(log r) ≤ r2
∫ ∞

0

1

t+ r2
· nH(

√
t)

t
dt

≤ c′+κH(r) log r
(
1 + o(1)

)
+O(log r) (II.1.5)

3
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with universal constants c′−, c
′
+ > 0. This theorem is a trade-off: it enhances

applicability tremendously, but we pay for it with accepting less precision
quantified by the log r-factor on the right-hand side.

The algorithm itself, and the deduction of (II.1.5) from (II.1.3), are ele-
mentary and based on computing an appropriate partitioning of the interval
[a, b]. The theorem as it stands is sharp. We give examples which show
that both bounds in (II.1.5) can be attained. It is bound to the limit circle

case because the functions hidden in O-relations will explode as
∫ b
a
∥H(t)∥ dt

increases.
The closest relative to the present results in the literature is the paper

[Kac86] by I.S. Kac, where he gives a criterion for a Krein string to have
discrete spectrum of convergence class w.r.t. a proximate order. Rewriting
a string to a canonical system leads to a diagonal Hamiltonian, and we can
reobtain his results. It is noteworthy that the methods of proof are essentially
different: while our approach relies on a direct estimate of Weyl discs via
[LPW], Kac’s method can be seen as using differential inequalities for an
associated Riccati equation.

4
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II.2 Preliminaries

II.2.1 Nevanlinna functions

In the spectral theory of self-adjoint operators, a particular class of analytic
functions plays a prominent role.

II.2.1 Definition. We call q a Nevanlinna function, if q is an analytic func-
tion on the open upper half-plane C+ and maps this half-plane into its closure
C+ ∪ R. The set of all Nevanlinna functions is denoted by N .

◀

Sometimes, also the function constant equal to ∞ is included in N . We will
not do this, and write N ∪ {∞} whenever necessary.

In the literature such functions are also often called Herglotz functions.
Indeed, G. Herglotz proved that they admit an integral representation.

II.2.2 Theorem. A function q : C+ → C is a Nevanlinna function, if and
only if there exist α ∈ R, β ≥ 0, and a positive Borel measure µ on R with∫
R

dµ(t)
1+t2

<∞ such that

q(z) = α + βz +

∫
R

( 1

t− z
− t

1 + t2

)
dµ(t), z ∈ C+.

The data in this integral representation can be obtained from q by explicit
formulae. Namely, α = Re q(i), β = limy→∞

1
iy
q(iy), and µ by the Stieltjes

inversion formula, e.g., [RR94, 5.4].

II.2.2 Canonical systems

As already said in the introduction, we study systems (II.1.1) whose Hamilto-
nian H has some integrability and positivity properties.

II.2.3 Definition. Let −∞ < a < b ≤ ∞. We denote by Ha,b the set of all
measurable functions H : (a, b) → R2×2, such that

▷ H ∈ L1
(
(a, c),R2×2

)
for all c ∈ (a, b),

▷ H(t) ≥ 0 for t ∈ (a, b) a.e.,

▷ {t ∈ (a, b) | H(t) = 0} has measure zero.

Functions which coincide a.e. will tacitly be identified.
We say that H is in limit circle case if H ∈ L1

(
(a, b),R2×2

)
, and that H

is in limit point case otherwise.
◀

5
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If there is need to refer to the entries of H, we always use the generic notation

H(t) =

(
h1(t) h3(t)
h3(t) h2(t)

)
. (II.2.1)

Due to positivity, H is in limit circle case if and only if∫ b

a

trH(t) dt <∞.

Intervals where H is a scalar multiple of a constant rank 1 matrix play an
intrinsically exceptional role. In the following we denote

ξϕ :=

(
cosϕ

sinϕ

)
, ϕ ∈ R.

II.2.4 Definition. Let H ∈ Ha,b. A nonempty interval (c, d) ⊆ (a, b) is
called indivisible for H, if there exists ϕ ∈ R such that

H(t) = trH(t) · ξϕξTϕ for t ∈ (c, d) a.e.

The number ϕ, which is determined up to integer multiples of π is called the
type of the indivisible interval (c, d).

We denote by Ireg the set of all t ∈ (a, b) which are not inner point of an
indivisible interval. We call H definite, if (a, b) is not indivisible.

◀

Next, let us very briefly recall the operator model of H ∈ Ha,b. A Hilbert
space L2(H) is defined as a certain closed subspace of the usual L2-space of
the matrix measure H(t) dt. Namely, as the subspace containing all those
(equivalence classes H(t) dt–a.e. of) functions f , which have the following
property: for every indivisible interval (c, d) ⊆ (a, b) the function ξTϕ f(t) is
constant a.e. on (c, d) where ϕ is the type of (c, d).

In order to define the model operator A(H), we have to distinguish
between limit circle and limit point case. Sometimes, A(H) is a multi-valued
operator (i.e., a linear relation), and in order to include these cases in the
definition we specify A(H) by its graph. Also, we assume that H is definite,
since this implies that absolutely continuous representatives are unique and
hence boundary values are well-defined.

▷ Assume H is in limit circle case. Then

A(H) :=

{
(f, g) ∈ L2(H)× L2(H) | f has an absolutely continuous

representative with f ′ = JHg a.e.
and (1, 0)f(a) = (0, 1)f(b) = 0

}
.

6
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▷ Assume H is in limit point case. Then

A(H) :=

{
(f, g) ∈ L2(H)× L2(H) | f has an absolutely continuous

representative with f ′ = JHg a.e.
and (1, 0)f(a) = 0

}
.

In both cases A(H) is self-adjoint, and we denote the spectrum of (the op-
erator part of) A(H) as σH . The spectrum is always simple. If H is in limit
circle case, A(H) is invertible and A(H)−1 is compact.

Discreteness of the spectrum, and membership in Schatten–von Neumann
ideals can be characterised. We recall the following two facts, which are
shown in [RW20, KW07]:

▷ A(H) has compact resolvents, i.e. σH is discrete, if and only if there exists
ϕ ∈ R such that

∫ b

a

ξTϕH(t)ξϕ <∞, lim
t→b

( t∫
a

ξTϕ+π
2
H(s)ξϕ+π

2
ds ·

b∫
t

ξTϕH(s)ξϕ ds

)
= 0.

▷ A(H) has resolvent belonging to the Hilbert–Schmidt class, i.e.∑
λ∈σH\{0}

1
λ2
<∞, if and only if there exists ϕ ∈ R such that

∫ b

a

ξTϕH(t)ξϕ <∞,

b∫
a

( t∫
a

ξTϕ+π
2
H(s)ξϕ+π

2
ds
)
· ξTϕH(s)ξϕ dt <∞.

II.2.5 Remark. Applying rotation isomorphism always allows to reduce to
the case that ϕ = 0. This is a common procedure; for details see e.g. [RW20,

§6.1]. Assuming that
∫ b
a

(
1
0

)T
H(t)

(
1
0

)
<∞, the above two statements rewrite

as

σH discrete ⇐⇒ lim
t→b

( b∫
t

h2(s) ds ·
t∫

a

h1(s) ds

)
= 0,

∑
λ∈σH\{0}

1

λ2
<∞ ⇐⇒

b∫
a

( t∫
a

h2(s) ds
)
· h1(s) dt <∞.

◁

7
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A scalar spectral measure for A(H) can be constructed from the solutions of
the equation (II.1.1). Let us briefly explain this procedure. Given H ∈ Ha,b,
the initial value problem{

∂
∂t
WH(t; z)J = zWH(t; z)H(t), t ∈ (a, b),

WH(a, z) = I.
(II.2.2)

has a unique solution WH(t; z) on [a, b). We refer to WH(t; z) as the fun-
damental solution of H. If H is in limit circle case, this solution can be
extended continuously to b, and we call WH(b, z) the monodromy matrix of
H. For each fixed t the function WH(t; z) is an entire function in z. Its
entries wH,ij(t; z), i, j = 1, 2, are real along the real axis, have only real and
simple zeroes, and are of bounded type in C+.

▷ Assume H is in limit circle case. Then the function

qH(z) :=
wH,12(b, z)

wH,22(b, z)

is a Nevanlinna function. The measure in its Herglotz integral representation
is a scalar spectral measure for the operator part of A(H). In particular, σH
is discrete and coincides with the set of zeroes of the function wH,22(b, z).

▷ Assume H is in limit point case. Then the limit

qH(z) := lim
t→b

wH,12(t; z)

wH,22(t; z)

exists locally uniformly on C \R and is a Nevanlinna function. The measure
in its Herglotz integral representation is a scalar spectral measure for the
operator part of A(H).

We shall refer to the function qH above as the Weyl coefficient of H. Let
us also mention in this place that A(H) is multi-valued if and only if in the
integral representation of qH the linear term bz is present.

II.2.3 The function detΩH

Given a Hamiltonian H ∈ Ha,b, we set

ΩH(s, t) :=

∫ t

s

H(u) du,

where s, t ∈ [a, b) with s ≤ t. If H is in limit circle case, we can extend this
definition to the range s, t ∈ [a, b], s ≤ t.

8
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If there is need to refer to the entries of ΩH , we shall use the notation
(recall (II.2.1))

ωH,j(s, t) :=

∫ t

s

hj(u) du, j = 1, 2, 3, (II.2.3)

so that

ΩH(s, t) =

(
ωH,1(s, t) ωH,3(s, t)
ωH,3(s, t) ωH,2(s, t)

)
,

Since H(t) ≥ 0 and trH(t) > 0 a.e., we have ΩH(s, t) ≥ 0 for all s ≤ t and
ΩH(s, t) = 0 if and only s = t.

If there is no risk of ambiguity, we drop explicit notation of H and write
Ω(s, t) and ωj(s, t) instead of ΩH(s, t) and ωH,j(s, t), respectively.

We make extensive use of the function

detΩ:

{
{(s, t) ∈ [a, b) | s ≤ t} → [0,∞)

(s, t) 7→ detΩ(s, t)

and thus collect some of its properties.

II.2.6 Lemma. Let H ∈ Ha,b.

(i) The function detΩ is continuous.

(ii) We have detΩ(s, t) = 0 if and only if (s, t) is indivisible.

(iii) Let s < t and assume that detΩ(s, t) > 0. Then, for all s′ ∈ [a, s] and
t′ ∈ [t, b] we have

detΩ(s, t)

ω1(s, t)
≤ detΩ(s′, t′)

ω1(s′, t′)
,

detΩ(s, t)

ω2(s, t)
≤ detΩ(s′, t′)

ω2(s′, t′)
.

(iv) Fix s ∈ [a, b), and set

c(s) := sup{t ∈ [s, b] | (s, t) indivisible}.

Then the function t 7→ detΩ(s, t) is strictly increasing on [c(s), b).

(v) Fix t ∈ (a, b), and set

d(t) := inf{s ∈ [a, t] | (s, t) indivisible}.

Then the function s 7→ detΩ(s, t) is strictly decreasing on [a, d(s)].

9
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Proof. Item (i) is clear since Ω(s, t) is an integral over an L1
loc-function. For

the proof of (ii) note that, for each x ∈ C2,

(
Ω(s, t)x, x

)
=

∫ t

s

(
H(u)x, x

)
du,

Using thatH(u) and Ω(s, t) are positive semidefinite, we see that Ω(s, t)x = 0
if and only if H(u)x = 0 for a.a. u ∈ (s, t).

Item (iii) follows by differentiating, see [LPW, (2.17)]. Items (iv) and (v)
are immediate consequences of (iii), since either ω1(s, t) or ω2(s, t) is strictly
increasing.

By monotonicity we can extend detΩ to the right endpoint b regardless
whether H is limit circle or limit point. Namely, set

detΩ(s, b) := lim
t→b

detΩ(s, t), s ∈ [a, b).

This extension, now defined on {(s, t) ∈ [a, b) × [a, b] | s ≤ t} again has all
properties listed in Lemma II.2.6. In addition we have the following fact.

II.2.7 Lemma. Let H ∈ Ha,b be definite. Then H is in limit point case, if
and only if detΩ(s, b) = ∞ for some (and hence for every) s ∈ [a, b).

Proof. We use the same notation as in the proof of Lemma II.2.6. Since∫ t

a

trH(u) du = λ1
(
Ω(a, t)

)
+ λ2

(
Ω(a, t)

)
,

limit point case takes place if and only if limt→b λ1(Ω(a, t)) = ∞. Since H is
definite, we find c ∈ (a, b) such that λ2(Ω(a, c)) > 0, and hence

lim
t→b

λ1(Ω(a, t)) = ∞ ⇔ lim
t→b

(
λ1
(
Ω(a, t)

)
· λ2
(
Ω(a, t)

))
= ∞.

The following notion plays a central role in our present investigations.

II.2.8 Definition. Let H ∈ Ha,b, r0 ≥ 0, and c−, c+ > 0.

(i) We call t̂ a compatible function for H, r0 with constants c−, c+ if

t̂ : (r0,∞) → (a, b),

∀r ∈ (r0,∞).
c−
r2

≤ detΩ
(
a, t̂(r)

)
≤ c+
r2
.

10
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(ii) If t̂ is a compatible function for H, r0, we denote

Γ(t̂) :=
{
(t, r) ∈ (a, b)× (r0,∞) | t̂(r) ≤ t

}
.

(iii) We call (t̂, ŝ) a compatible pair for H, r0 with constants c−, c+, if t̂ is a
compatible function for H, r0 with constants c−, c+, and

ŝ : Γ(t̂) → [a, b),

∀(t, r) ∈ Γ(t̂). ŝ(t; r) ≤ t,
c−
r2

≤ detΩ
(
ŝ(t; r), t

)
≤ c+
r2
.

◀

The properties of detΩ established in Lemma II.2.6 imply that compatible
pairs exist.

II.2.9 Corollary. Let H ∈ Ha,b be definite and let c > 0. Then there exists

a compatible pair (t̂, ŝ) for H,
(

c
detΩ(a,b)

) 1
2 with constants c, c.

Proof. Let r >
(

c
detΩ(a,b)

) 1
2 . Then 0 < c

r2
< detΩ(a, b). Since the function

t 7→ detΩ(a, t) is a continuous and increasing bijection from [c(a), b) onto
[0, detΩ(a, b)), we find a unique point t̂(r) ∈ (a, b) such that

detΩ(a, t̂(r)) =
c

r2
.

Let (t, r) ∈ Γ(t̂). Then

0 <
c

r2
= detΩ(a, t̂(r)) ≤ detΩ(a, t),

and since s 7→ detΩ(s, t) is a continuous and decreasing bijection from
[a, d(t)] onto [0, detΩ(a, t)], we find a unique point ŝ(t; r) ∈ [a, t) such that

detΩ(ŝ(t; r), t) =
c

r2
.

II.2.10 Remark. For many purposes it would be enough to work with the
compatible pairs constructed in Corollary II.2.9, even using only “c = 1”.
Our reasons to introduce the terminology of a “compatible pair” at all, and
to use the additional parameters r0, c−, c+, are that this makes it easier to
trace constants in estimates and to actually apply the abstract results in
concrete situations. Both features are essential for our present work.

11
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II.2.4 Behaviour of qH towards i∞
We use the following notation to compare functions up to multiplicative
constants.

II.2.11 Notation. Let X be a set and let f, g : X → (0,∞) be functions.
Then we write f ≲ g (or f(x) ≲ g(x)) to say that

∃c > 0 ∀x ∈ X. f(x) ≤ cg(x).

Moreover, we write

f ≳ g :⇔ g ≲ f, f ≍ g :⇔ f ≲ g ∧ f ≳ g.

◀

The following result is shown in [Reiar, Theorem I.1.1]. It is a crucial tool
for the present paper.

Recall the notation ωH,j (abbreviated to ωj) from (II.2.3).

II.2.12 Theorem. Let H ∈ Ha,b be definite and in limit point case. Further,
let r0 ≥ 0, c−, c+ > 0, and t̂ a compatible function for H, r0 with constants
c−, c+. Then

|qH(ir)| ≍

√
ω1(a, t̂(r))

ω2(a, t̂(r))
, r ∈ (r0,∞),

Im qH(ir) ≍
1

rω2(a, t̂(r))
, r ∈ (r0,∞).

The constants implicit in the two relations “≍” depend on c−, c+, but not on
H, r0, t̂.

12
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II.3 Growth of the eigenvalue counting func-

tion

In the below theorem we give a formula which determines the growth of (the
Stieltjes transform of) the counting function of the spectrum of H provided
σH is discrete and

∑
λ∈σH\{0}

1
λ2
<∞. This formula is complicated, but it is

explicit in the Hamiltonian.
Recall the notion of a compatible pair from Definition II.2.8, and that

such pairs always exist, cf. Corollary II.2.9. Moreover, recall Remark II.2.5.

II.3.1 Theorem. Let H ∈ Ha,b be a Hamiltonian with discrete spectrum and∫ b
a

(
1
0

)
H(t)

(
1
0

)
dt <∞, and denote

nH(r) := #
{
λ ∈ σH | |λ| < r

}
.

Let r0 ≥ 0, c−, c+ > 0, assume we have a compatible pair (t̂, ŝ) for H, r0 with
constants c−, c+, and denote

K(t; r) := 1[a,t̂(r))(t)
ωH,2(a, t)h1(t)

r−2 + ωH,3(a, t)2
+ 1[t̂(r),b)(t)

h1(t)

ωH,1
(
ŝ(t; r), t

) . (II.3.1)

Set r′0 := max{r0, inf{r > r0 | t̂(r) < sup Ireg}} ( note here: if H does not
end with an indivisible interval towards b, then r′0 = r0). Then∫ ∞

0

1

t+ r2
· nH(

√
t)

t
dt ≍ 1

r2

∫ b

a

K(t; r) dt, r > r′0, (II.3.2)

where this relation includes that one side is finite if and only if the other side
is. The constants implicit in “≍” depend on c−, c+, but not on H, r0, t̂, ŝ.

The proof of this result will be given below in three subsections. Before that,
let us add a couple of remarks about the theorem and its formulation.

II.3.2 Remark.

(i) If we are willing to accept that the constants in (II.3.2) depend also on
H, r0, t̂, ŝ, then the first summand of K(t; r) can be dropped. Details
are given in Proposition II.4.4.

(ii) Knowing the behaviour of the Stieltjes transform of the measure
nH(

√
t)

t
dt, allows to employ classical Abelian- and Tauberian arguments

to extract knowledge about nH itself. For details see Theorems II.5.4
and II.5.7.

13
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(iii) The formula (II.3.2) gives a meaningful result about nH only if the
integrals on either side are finite. The integral on the left side of (II.3.2)
is finite for some (equivalently, for every) r > 0, if and only if∫ ∞

0

nH(
√
t)

t2
dt <∞,

which in turn is equivalent to
∑
λ∈σH

1
λ2
<∞.

(iv) Applying Theorem II.3.1 in practice is often challenging. We will re-
turn to this topic with an algorithmic approach in Theorem II.6.2, and
in particular will see examples where the integral over K(t; r) can be
evaluated explicitly, cf. Theorem II.7.1 and proposition II.7.7. Those
examples will also show that both bounds in Theorem II.6.2 are sharp.

◁

Let us now turn to the proof of Theorem II.3.1. It proceeds in three stages.
First, we use a recently obtained result about the high-energy behaviour of
Weyl coefficients to determine the growth of the monodromy matrixWH(b, z)
for a Hamiltonian in limit circle case. This is the essence of the argument.
Second, we rewrite the so obtained knowledge to the counting function nH(r),
and finally we make a limit argument to include the limit point case.

II.3.1 Growth of the monodromy matrix

In this subsection we consider the limit circle case, and prove a formula for
the growth of (one entry of) the monodromy matrix. Recall the notation
WH(t; z) = (wH,ij(t; z))

2
i,j=1.

II.3.3 Theorem. Let H ∈ Ha,b be in limit circle case. Let r0 ≥ 0, c−, c+ > 0,
and assume we have a compatible pair (t̂, ŝ) for H, r0 with constants c−, c+.
Further, let K(t; r) be as in (II.3.1). Then

log |wH,22(b; ir)| ≍
∫ b

a

K(t; r) dt, r > r0 (II.3.3)

The constants implicit in the relation “≍” depend on c−, c+, but not on
H, r0, t̂, ŝ.

The first step is to observe that log |wH,22(b; ir)| can be written as an integral
over (a, b), where the integrand is built from the imaginary part of Weyl
coefficients of Hamiltonians depending on t.

14
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II.3.4 Lemma. Let H ∈ Ha,b, a ≤ t1 ≤ t2 < b, and r > 0. Then

log |wH,22(t2; ir)| − log |wH,22(t1; ir)| = r

∫ t2

t1

Im

(
−wH,21(t; ir)
wH,22(t; ir)

)
h1(t) dt.

Proof. The right lower entry of the matrix equation (II.2.2) reads as

∂

∂t
wH,22(t; z) = z

(
wH,22(t; z)h3(t) + wH,21(t; z)h1(t)

)
.

The function wH,22(t; ·) is zero-free on C+, and wH,22(t; 0) = 1. Let
logwH,22(t; ·) be the branch of the logarithm analytic in a domain containing
C+ ∪ {0} with logwH,22(t; 0) = 0. Then the function t 7→ logwH,22(t; z) is
differentiable a.e., and

∂

∂t
logwH,22(t; z) =

∂
∂t
wH,22(t; z)

wH,22(t; z)
, z ∈ C+ ∪ {0}.

Hence,

∂

∂t
log |wH,22(t; z)| =

∂

∂t

(
Re logwH,22(t; z)

)
= Re

∂
∂t
wH,22(t; z)

wH,22(t; z)

= (Re z)h3(t) + Re

(
z
wH,21(t; z)

wH,22(t; z)

)
h1(t).

For z = ir this yields

∂

∂t
log |wH,22(t; ir)| = r Im

(
−wH,21(t; ir)
wH,22(t; ir)

)
h1(t).

Integrating both sides of this relation we obtain the stated formula.

II.3.5 Lemma. Let H ∈ Ha,b and t ∈ (a, b). Denote

H(t)(s) :=

RH(a+ t− s)R, s ∈ [a, t],(
0 0
0 1

)
, s ∈ (t,∞),

(II.3.4)

with R :=
(

0 1
1 0

)
. Then H(t) ∈ Ha,∞, is in limit point case, and

qH(t)
(z) = −wH,21(t; z)

wH,22(t; z)
. (II.3.5)
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Proof. An elementary calculation shows that, on the interval [a, t], the fun-
damental solution of H(t) is given by

WH(t)
(s; z) = RWH(t; z)

−1WH(a+ t− s; z)R, s ∈ [a, t],

and hence

WH(t)
(t; z) = RWH(t; z)

−1R =

(
wH,11(t; z) −wH,21(t; z)
−wH,12(t; z) wH,22(t; z)

)
.

Since the interval [t,∞) is H(t)-indivisible of type
π
2
, relation (II.3.5) follows.

The above lemmata allow to invoke Theorem II.2.12.

II.3.6 Lemma. Let H ∈ Ha,b, r0 ≥ 0, c−, c+ > 0, and let (t̂, ŝ) be a compat-
ible pair for H, r0 with constants c−, c+. Then

− Im
wH,21(t; ir)

wH,22(t; ir)
≍ 1[a,t̂(r))(t)

ωH,2(a, t)

r
(

1
r2

+ ωH,3(a, t)2
) + 1[t̂(r),b)(t)

rωH,1(ŝ(t; r), t)
,

r ∈ (r0,∞), t ∈ [a, b). (II.3.6)

The constants implicit in the relation “≍” depend on c−, c+, but not on
H, r0, t̂, ŝ.

Proof. If (a, t) is indivisible of type 0, then both sides of (II.3.6) are equal to
zero, and hence (II.3.6) holds with any constants in “≍” for such t. For the
rest of the proof we may thus assume that (a, t) is not indivisible of type 0.

For r > r0 and t ∈ (a, b) we define

t̂(t)(r) :=

{
t+ 1

ωH,2(a,t)

(
c+
r2

− detΩH(a, t)
)

if t ∈ (a, t̂(r)),

a+ t− ŝ(t; r) if t ∈ (t̂(r), b).

Note here that ωH,2(a, t) ̸= 0 since (a, t) is not indivisible of type 0.
The definition of H(t) in (II.3.4) gives

ΩH(t)
(a, s) =

RΩ(a+ t− s, t)R if s ∈ [a, t],

RΩ(a, t)R + (s− t)
(

0 0
0 1

)
if s ∈ (t,∞),

and, consequently,

detΩH(t)
(a, s) =

detΩ(a+ t− s, t) if s ∈ [a, t],

detΩ(a, t) + (s− t)ω2(a, t) if s ∈ (t,∞).
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Plugging the definition of t̂(t)(r) yields

detΩH(t)

(
a, t̂(t)(r)

)
=

{
detΩH(ŝ(t; r), t) if t̂(r) ∈ [a, t],
c+
r2

if t̂(r) ∈ (t,∞).

We see that t̂ is a compatible function for H(t), r0 with constants c−, c+.

Now we apply Theorem II.2.12 which yields that

− Im
wH,21(t; ir)

wH,22(t; ir)
= Im qH(t)

(ir) ≍ 1

rωH(t)
(a, t̂(t)(r))

,

where the constants in “≍” depend on c−, c+, but not on H, t, r0, t̂, ŝ.

The remaining task is to express ω(t),2

(
a, t̂(t)(r)

)
in terms of H. The

definition of H(t) gives

ωH(t),2(a, s) =

ωH,1(a+ t− s, t) if s ∈ [a, t],

ωH,1(a, t) + (s− t) if s ∈ (t,∞),

and plugging the definition of t̂(t)(r) we obtain

ωH(t),2

(
a, t̂(t)(r)

)
=

ωH,1
(
ŝ(t; r), t

)
if t̂(r) ∈ [a, t],

1
ωH,2(a,t)

(
1
r2

+ ωH,3(a, t)
2
)

if t̂(r) ∈ (t,∞).

Putting together, this yields (II.3.6).

Rewriting the formulae resulting from the above lemma leads to (II.3.3).

Proof of Theorem II.3.3. Combining Lemma II.3.4 with Lemma II.3.6, yields

log |wH,22(b; ir)| = r

∫ b

a

Im

(
−wH,21(t; ir)
wH,22(t; ir)

)
h1(t) dt

≍ r

∫ b

a

[
1[a,t̂(r))(t)

ωH,2(a, t)

r
(

1
r2

+ ωH,3(a, t)2
) + 1[t̂(r),b)(t)

rωH,1(ŝ(t; r), t)

]
h1(t) dt

=

∫ b

a

K(t; r) dt.
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II.3.2 Rewriting in terms of nH

We settle the limit circle case in Theorem II.3.1 by reformulating the state-
ment of Theorem II.3.3 in terms of nH(r). To achieve this we use symmet-
risation and common tools from complex analysis.

II.3.7 Lemma. Let f be an entire function with f(0) = 1, which is real along
the real axis, has only real zeroes, and is of bounded type in C+. Denote by
nf (r) the number of zeroes of f in the interval (−r, r) (counted according to
their multiplicities). Then

log |f(ir)| = r2

2

∫ ∞

0

1

t+ r2
· nf (

√
t)

t
dt.

Proof. Let λ1, λ2, . . . be the sequence of zeroes of f arranged according to
nondecreasing modulus. Since f is of bounded type, the genus of f is 0 or 1
and

f(z) = lim
R→∞

∏
|λn|<R

(
1− z

λn

)
, (II.3.7)

e.g. [Lev80, V.Theorem 11].
Set κn := λ2n. Then

∑
n

1
κn

< ∞, and we may consider the canonical

product

g(z) :=
∏
n

(
1 +

z

κn

)
.

Clearly, the counting functions ng of the zeroes of g is related to nf by

ng(r) = #
{
n ∈ N | κn < r

}
= nf (

√
r).

Using (II.3.7) and that f is symmetric w.r.t. the real axis, we see that

g(r) = f(i
√
r)f(−i

√
r) = |f(i

√
r)|2.

On the other hand, we have

log g(r) = r

∫ ∞

0

1

t+ r
· ng(t)

t
dt,

e.g. [Boa54, (4.1.4)]; note here that convergence of the series
∑
n

1
κn

implies

that ng(r) = o(r).

Proof of Theorem II.3.1 ( limit circle case). The spectrum σH is nothing but
the zero set of wH,22(b; ·), and wH,22(b; ·) is real along the real axis, has only

18



Page 65 of 210

real and simple zeroes, and is of bounded type in C+. The above lemma thus
shows that that the statement (II.3.3) of Theorem II.3.3 is equivalent to

r2
∫ ∞

0

1

t+ r2
· nH(

√
t)

t
dt ≍

∫ b

a

K(t; r) dt, r > r0

II.3.3 Making a limit argument

It remains to make the passage to the limit point case. The basis is to thor-
oughly understand the relation between the operator models of a Hamiltonian
and its truncations.

Let H ∈ Ha,b and c ∈ Ireg. Then we have the maps

ιc :


L2(H|(a,c)) → L2(H)

[f ]H|(a,c) 7→
[
t 7→

{
f(t) if t ∈ (a, c)

0 if t ∈ [c, b)

]
H

ρc :

{
L2(H) → L2(H|(a,c))
[f ]H 7→ [f |(a,c)]H|(a,c)

Clearly, ιc is an isometry, ρc is a partial isometry with ker ρc = (ran ιc)
⊥

and ρc ◦ ιc = id, and Pc := ιc ◦ ρc is the orthogonal projection acting as
Pcf = 1(a,c)f .

The following result, relating the operators A(H) and A(H|(a,c)), is known
from the literature. In fact, a more general version is shown in [PW23,
Theorem 3.4]. The proof in the presently considered situation is much simpler
than in the general case; and for the convenience of the reader we provide
the argument.

II.3.8 Lemma. Let H ∈ Ha,b be definite with 0 ∈ ρ(A(H)) and
(
1
0

)
∈ L2(H).

Moreover, let c ∈ Ireg. Then

PcA(H)−1Pc ◦ ιc = ιc ◦ A(H|(a,c))−1.

Proof. Let g ∈ L2(H|(a,c)) and set ĝ := ιcg. Let f be the unique absolutely
continuous representative of A(H|(a,c))−1g such that

f ′ = JHg a.e., (1, 0)f(a) = (0, 1)f(c) = 0.

Set

f̂(t) :=

{
f(t) if t ∈ [a, c],

f(c) if t ∈ (c, b].
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Then f̂ is absolutely continuous and satisfies

f̂ ′(t) = JH(t)ĝ(t), t ∈ (a, b) a.e.,

(1, 0)f̂(a) = 0, (0, 1)f̂(t) = 0, t ∈ [c, b].

We see that f̂ ∈ L2(H) and A(H)−1ĝ = f̂ .
It remains to note that Pc ◦ ιc = ιc and Pcf̂ = ιcf .

We need a simple (and well-known) fact about compact operators, which we
state explicitly for completeness but otherwise skip details. For a compact
operator T denote by sn(T ) its n-th s-number, and

n(T, δ) := #
{
n ≥ 1 | sn(T ) > δ

}
.

II.3.9 Lemma. Let T be a compact operator, and let Bl, B, Cl, C be bounded
operators such that liml→∞Bl = B and liml→∞C∗

l = C∗ strongly. Then

∀δ ∈ (0,∞) \
{
sn(BTC) | n ≥ 1

}
. lim
l→∞

n(BlTCl, δ) = n(BTC, δ).

II.3.10 Lemma. Let H ∈ Ha,b be definite with σH discrete and
(
1
0

)
∈ L2(H).

(i) For each r > 0 and c, c′ ∈ Ireg with a < c ≤ c′ < b we have

nH|(a,c)(r) ≤ nH|(a,c′)(r).

(ii) Assume additionally that sup Ireg = b or that limit point case takes
place. Then, for each r > 0 which is a point of continuity of nH , it
holds that

lim
c→sup Ireg
c∈Ireg

nH|(a,c)(r) = nH(r).

Proof. Observe that nH(r) = n(A(H)−1, 1
r
), and the same for H|(a,c). Now

we can apply the above lemmata. First, by Lemma II.3.8,

n
(
A(H|(a,c))−1, δ

)
= n

(
PcA(H)−1Pc, δ

)
,

and the assertion in (i) follows since Pc = PcPc′ . For the assertion in (ii) note
that the stated additional assumption ensures that the union of the ranges
of Pc is dense and hence

lim
c→sup Ireg
c∈Ireg

Pc = I

strongly. Now apply Lemma II.3.9.
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We can now pass to the limit in (II.3.2).

Proof of Theorem II.3.1 ( limit point case). By the monotone convergence
theorem we have

lim
c→sup Ireg
c∈Ireg

∫ ∞

0

1

t+ r2
·
nH|(a,c)(

√
t)

t
dt =

∫ ∞

0

1

t+ r2
· nH(

√
t)

t
dt

for all r > 0.
Consider the case that sup Ireg = b. For c ∈ Ireg set

r0,c := inf{r > r0 | t̂(r) < c},

t̂c :

{
(r0,c,∞) → (a, c)

r 7→ t̂(r)

Then, clearly, t̂c is a compatible function for H|(a,c), r0,c with constants c+, c−.
Now set

ŝc :

{
Γ(t̂c) → [a, c)
(t, r) 7→ ŝ(t; r)

then (t̂c, ŝc) is a compatible pair for H|(a,c), r0,c with constants c+, c−. Let Kc

be the function (II.3.1) constructed from (t̂c, ŝc). Then

Kc = K|[a,c)×(r0,c,∞).

Thus we can apply the monotone convergence theorem to conclude that

lim
c→b
c∈Ireg

∫ c

a

Kc(t, r) dt =

∫ b

a

K(t; r) dt,

and the assertion of the theorem follows.
Assume now that H ends with an indivisible interval towards b. Then

h1(t) = 0 for t ∈ (max Ireg, b), and hence∫ b

a

K(t; r) dt =

∫ sup Ireg

a

K(t; r) dt.

The assertion of the theorem follows by applying that we already know the
result for the limit circle case.
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II.4 Additions to the Theorem

II.4.1 Two monotonicity results

In this subsection we show two results which establish that the function
K(t; r), and with it the quantities on the respective left sides of (II.3.2) and
(II.3.3), depend monotonically on H in different ways.

The first result is a consequence of [Reiar, Corollary I.2.4].

II.4.1 Corollary. Let H, H̃ ∈ Ha,b, and assume that h1 = h̃1, h2 = h̃2, and

∀a ≤ c < d < b.
∣∣∣ ∫ d

c

h3(t) dt
∣∣∣ ≤ ∣∣∣ ∫ d

c

h̃3(t) dt
∣∣∣.

Let r0 ≥ 0, c−, c+ > 0, assume we have compatible pairs for H, r0 and H̃, r0
with constants c−, c+, and denote by K(t; r) and K̃(t; r) be the corresponding
functions (II.3.1). Then

K̃(t; r) ≲ K(t; r).

The constant implicit in the relation “≲” depends on c−, c+, but not on H, H̃.

Proof. Our assumption on the off-diagonal entries of H and H̃ ensures that
we can apply [Reiar, Corollary I.2.4] to each of the pairs of Hamiltonians H(t)

and H̃(t) as defined in (II.3.4). The constants occurring from this application

are independent of H, H̃, t. Hence, Lemma II.3.6 yields the assertion.

Our second result will be monotonicity in the style of [LPW, Proposition 1.4].
To establish it, we need the analogue of this result in the setting of [Reiar].

II.4.2 Proposition. Let H, H̃ ∈ Ha,b be in limit point case, and assume that
(a, b) is not indivisible of type 0 for H. Further, let c−, c+ > 0 and assume
that

detΩH̃(a, t) ≤ c2+ · detΩ(a, t), t ∈ [a, b),

ωH̃,2(a, t) ≥ c− · ω2(a, t), t ∈ [a, b).

Then
Im qH̃(ir) ≲ Im qH(ir), r ∈ (0,∞). (II.4.1)

The constant implicit in the relation “≲” depends on c−, c+, but not on H, H̃.

Proof. If H̃ is not definite, then qH̃ is a real constant, and (II.4.1) holds with
any constant in “≲”. If H is not definite, then

detΩH̃(a, b) ≤ c2+ · detΩ(a, b) = 0,

22



Page 69 of 210

and hence H̃ is also not definite. Again (II.4.1) holds with any constant in
“≲”.

Assume now that H, H̃ are both definite. Let t̂H(r) and t̂H̃(r) be com-

patible functions for H, 0 and H̃, 0, respectively, with constants 1, 1. Our
assumption on determinants implies that

detΩ
(
a, t̂H̃(r)

)
≥ 1

c2+
detΩH̃

(
a, t̂H̃(r)

)
=

1

(c+r)2
= detΩ

(
a, t̂H(c+r)

)
.

It follows that t̂H̃(r) ≥ t̂H(c+r). We obtain

Im qH̃(ir) ≍
1

rωH̃,2
(
a, t̂H̃(r)

) ≤ 1

c− · rω2

(
a, t̂H̃(r)

)
≤ 1

c− · rω2

(
a, t̂H(c+r)

) ≍ Im qH(ic+r) ≍ Im qH(ir),

where the last asymptotic relation follows from the inequalities

min

{
c+,

1

c+

}
≤ Im qH(ic+r)

Im qH(ir)
≤ max

{
c+,

1

c+

}
,

which can easily be shown with the help of the Herglotz integral representa-
tion of qH .

II.4.3 Corollary. Let H, H̃ ∈ Ha,b, c−, c+ > 0, and assume that

H̃(t) ≤ c+H(t), t ∈ (a, b) a.e.,

h̃1(t) ≥ c−h1(t), t ∈ (a, b) a.e.

Let r0 ≥ 0, assume we have compatible pairs for H, r0 and H̃, r0 with con-
stants c−, c+, and denote by K(t; r) and K̃(t; r) be the corresponding func-
tions (II.3.1). Then

K̃(t; r) ≲ K(t; r).

The constants implicit in the relation “≲” depend on c−, c+, but not on H, H̃.

Proof. For t ∈ (a, b), let H(t) and H̃(t) be the Hamiltonians as in (II.3.4)

corresponding to H and H̃. Our present assumption implies that for all
t ∈ (a, b)

H̃(t)(s) ≤ max{1, c+}·H(t)(s), h̃(t),2(s) ≥ min{1, c−}·h(t),2(s), s ∈ (a,∞) a.e.

Applying Proposition II.4.2 with H(t) and H̃(t), yields

Im qH̃(t)
(ir) ≲ Im qH(t)

(ir), r > 0, t ∈ (a, b),

where the constant implicit in “≲” depends on c+, c−, but not on H, H̃, t.
Again, referring to Lemma II.3.6 finishes the proof.
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II.4.2 The role of the first summand of K(t; r)

We now shoe that, for each fixed Hamiltonian H, the integral over the first
summand of K(t; r) gives only a contribution of logarithmic size. Thus, it
can be neglected if one is not interested in uniformity of constants w.r.t. H.

II.4.4 Proposition. Consider the setting of Theorem II.3.1, and set c′ :=
max{c+, 1}. Then

∫ t̂(r)

a

ω2(a, t)h1(t)

r−2 + ω3(a, t)2
dt ≤ c− + 2c′

[
log r + log

trΩ(a, t̂(r0))

2 · √c−

]
.

Proof. We estimate the integrand by distinguishing small and large values of
t. Let t̊(r) ∈ (a, t̂(r)] be the unique number such that

ω1(a, t̊(r))ω2(a, t̊(r)) =
c−
r2
.

For t ∈ [a, t̊(r)] we estimate

ω2(a, t)h1(t)

r−2 + ω3(a, t)2
≤ r2ω2(a, t̊(r))h1(t),

and hence

∫ t̊(r)

a

ω2(a, t)h1(t)

r−2 + ω3(a, t)2
dt ≤ r2ω2(a, t̊(r))ω1(a, t̊(r)) = c−.

For t ∈ [̊t(r), t̂(r)] we estimate

1

r2
+ ω3(a, t)

2 ≥ 1

c′

(c+
r2

+ ω3(a, t)
2
)

≥ 1

c′

(
detΩ(a, t̂(r)) + ω3(a, t)

2
)

≥ 1

c′

(
detΩ(a, t) + ω3(a, t)

2
)

=
1

c′
ω1(a, t)ω2(a, t).
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This yields∫ t̂(r)

t̊(r)

ω2(a, t)h1(t)

r−2 + ω3(a, t)2
dt ≤ c′

∫ t̂(r)

t̊(r)

h1(t)

ω1(a, t)
dt = c′ log

ω1(a, t̂(r))

ω1(a, t̊(r))

≤ c′ log

[
ω1(a, t̂(r))

ω1(a, t̊(r))
· ω2(a, t̂(r))

ω2(a, t̊(r))

]
= c′ log

[ r2
c−

· ω1(a, t̂(r))ω2(a, t̂(r))
]

≤ 2c′
[
log r + log

trΩ(a, t̂(r))

2 · √c−

]
≤ 2c′

[
log r + log

trΩ(a, t̂(r0))

2 · √c−

]
.

25



Page 72 of 210

II.5 Growth relative to a regularly varying

comparison function

In this section we make the transition from the knowledge about the Stieltjes
transform obtained in Theorem II.3.1 to the function nH itself. There are two
types of results, cf. Theorem II.5.4 and Theorem II.5.7. Using terminology
as in complex analysis these are convergence class properties and finite or
minimal type properties. Naturally, our results are bound to the situation
that

∑
λ∈σH

1
λ2
<∞. This, however, is no essential restriction since the case

of dense spectrum (even with any convergence exponent strictly larger than
1) has been settled in [RW20].

To measure the growth of nH , we use regularly varying functions in Kara-
mata’s sense as comparison functions. This is a very fine scale, and includes
all proximate orders in the sense of Valiron. In particular, of course, the
classical case of comparing growth with powers is covered.

II.5.1 Functions of regular variation

The growth of a function is often compared with functions of the form
exp(f(r)). The most classical comparison functions are powers f(r) = rρ.
A refined comparison scale is established by regularly varying functions in
Karamata sense.

II.5.1 Definition. A function f: [1,∞) → (0,∞) is called regularly varying
(at ∞) with index α ∈ R, if it is measurable and

∀λ ∈ (0,∞). lim
r→∞

f(λr)

f(r)
= λα. (II.5.1)

We write indf for the index of regular variation of f. A regularly varying
function with index 0 is also called slowly varying.

◀

Our standard reference for the theory of such functions is [BGT89].
Standard examples of regularly varying functions are power-log functions,

and by this we mean functions that behave for r → ∞ like

rα ·
(
log r

)β1 · (log log r)β2 · . . . · (log · · · log︸ ︷︷ ︸
mth iterate

r
)βm

, (II.5.2)

where α ∈ R and β1, . . . , βm ∈ R. Such functions were introduced in the
context of complex analysis already at a very early stage by E. Lindelöf.
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Regularly varying functions f are used to quantify growth for r → ∞,
and hence the values of f(r) for small r are irrelevant. This allows to change
f on any finite interval without changing the essence of results, which is an
often practical freedom.

We cite a number of fundamental theorems on regularly varying functions.
Proofs can be found in [BGT89].

II.5.2 Theorem (Karamata’s Theorem). Let f be regularly varying with
index α ∈ R.

(i) Assume that α ≥ 0. Then the function t 7→
∫ t
1
f(s) ds

s
is regularly

varying with index α, and

lim
t→∞

(
f(t)

/ t∫
1

f(s) ds
s

)
= α.

(ii) Assume that α ≤ 0 and
∫∞
1

f(s) ds
s
< ∞. Then the function t 7→∫∞

t
f(s) ds

s
is regularly varying with index α, and

lim
t→∞

(
f(t)

/ ∞∫
t

f(s) ds
s

)
= −α.

A regularly varying functionfwith positive index is – at least asymptotically
– invertible. In fact, with

f−(x) := sup
{
t ∈ [1,∞) | f(t) < x

}
,

we have the following result, cf. [BGT89, Theorem 1.5.12].

II.5.3 Theorem. Let f be regularly varying with index α > 0. Then f− is
regularly varying with index 1

α
, and

(f◦f−)(x) ∼ (f− ◦f)(x) ∼ x. (II.5.3)

Any regularly varying function f− with the property (II.5.3) is called an
asymptotic inverse of f, and asymptotic inverses are determined uniquely up
to ∼.

II.5.2 Characterising growth of nH

In the context of convergence class we obtain the following characterisation.
Note the particular case of the theorem when g(r) = rρ for some ρ ∈ (0, 2).
It should be emphasised that this result applies also when the convergence
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exponent of the eigenvalues is 0. In particular, we can characterise occurrence
of very sparse spectrum on the level of (again terminology from complex
analysis) logarithmic order or similar measures for growth of order zero.

Recall the discussion concerning Hilbert–Schmidt class in Remarks II.2.5
and II.3.2, and the notion of compatible pairs from Definition II.2.8.

II.5.4 Theorem. Let H ∈ Ha,b be definite, and assume that resolvents of
A(H) belong to the Hilbert–Schmidt class. Let r0 ≥ 0, c−, c+ > 0, assume we
have a compatible pair (t̂, ŝ) for H, r0 with constants c−, c+, and let K(t; r)
be as in (II.3.1). Let g be a regularly varying function with indg ∈ [0, 2],
g(t) = o(t2), and1 g|Y ≍ 1 on every compact Y ⊆ [1,∞).

▷ If indg ∈ (0, 2), set g∗ := g.

▷ If indg = 0, assume we have a regularly varying function g∗ with 1
g∗

locally integrable and ∫ ∞

t

∫ ∞

u

1

g∗(s)

ds

s

du

u
≍ 1

g(t)
. (II.5.4)

▷ If indg = 2, assume we have a regularly varying function g∗ with∫ t

1

s2

g∗(s)

ds

s
≍ t2

g(t)
. (II.5.5)

Then it holds that

∑
λ∈σH
|λ|≥1

1

g(|λ|)
<∞ ⇐⇒

∫ ∞

1

1

rg∗(r)

∫ b

a

K(t; r) dt dr <∞.

If indg ∈ {0, 2} it seems to be not known whether (II.5.4) or (II.5.5), re-
spectively, can always be satisfied, cf. [Peš23, Remark 3.7]. If g∗ exists, then
indg∗ = indg but necessarily g = o(g∗).

In the below example we show that (II.5.4) and (II.5.5) can be satisfied
for all g in the class of Lindelöf comparison functions (II.5.2). In fact, we
explicitly specify a suitable function g∗, cf. (II.5.7) and (II.5.8). It is note-
worthy, and somewhat unexpected, that the cases indg = 0 and indg = 2
behave differently when it comes to the gap between g and g∗.

1Note that modifying g on a finite interval does not affect the validity of (II.5.1).
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II.5.5 Example. Let N ∈ N and α1, . . . , αN ∈ R, and consider the slowly
varying function

l(r) :=
N∏
k=1

(
log[k] r

)αk ,

where log[k] is the k-th iterate of the function log. We assume in the following
that

αk = 0, k < n; αn ̸= 0 (II.5.6)

with some n ∈ {1, . . . , N}. Further, denote by D the operator

(Df)(r) := rf ′(r).

A computation using induction with respect tom shows that, for eachm ∈ N,

(Dml)(r) ∈ ℓ(r)

(log r)m
∏n

j=2 log
[j] r

[
αn

m−1∏
j=1

(α1 − j)

+ span

{ N∏
l=2

(
log[l] r)νl | νl ≤ 0, νl ∈ Z, (ν2, . . . , νN) ̸= (0, . . . , 0)

}]
.

▷ Assume that α1, . . . , αN are such that∫ ∞

x

l(t)

log t

dt

t
<∞,

and let n ∈ {1, . . . , N} such that (II.5.6) holds. Then α1 ≤ 0 and hence the

function l∗(r) := l(r)

(log r)2
∏n

j=2 log
[j] r

satisfies D2l≍ l∗, which implies that

∫ ∞

t

∫ ∞

u

l∗(s)
ds

s

du

u
≍
∫ ∞

t

∫ ∞

u

(D2l)(s)
ds

s

du

u
≍ l(t).

If, in the situation of Theorem II.5.4, the function g is a Lindelöf comparison
function with indg = 0 such that (II.5.6) holds, then we can satisfy (II.5.4)
with the choice

g∗(r) := g(r) · (log r)2
n∏
j=2

log[j] r. (II.5.7)

▷ Assume that α1, . . . , αN are such that∫ ∞

x

l(t)

log t

dt

t
= ∞,
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and let n ∈ {1, . . . , N} such that (II.5.6) holds. Then the function l∗(r) :=
l(r)

log r·
∏n

j=2 log
[j] r

satisfies Dl≍ l∗, and hence (t0 sufficiently large)

∫ t

t0

l∗(s)
ds

s
≍
∫ t

t0

(Dl)(s)
ds

s
≍ l(t).

If, in the situation of Theorem II.5.4, the function g is a Lindelöf comparison
function with indg = 2 such that (II.5.6) holds, then we can satisfy (II.5.5)
with the choice

g∗(r) := g(r) · log r ·
n∏
j=2

log[j] r. (II.5.8)

◁

We come to the proof of Theorem II.5.4. To deduce this result from The-
orem II.3.1 it is enough to apply the following simple Abelian-Tauberian
lemma. It is shown by standard methods; for completeness we provide de-
tails.

II.5.6 Lemma. Let f be regularly varying and locally integrable with∫ ∞

1

f(r) dr = ∞,

∫ ∞

1

f(r)

1 + r
dr <∞.

Let ν be a positive Borel measure on [1,∞), and set n(t) := ν([1, t)). Then∫ ∞

1

f(r)
(∫ ∞

1

1

t+ r
· n(

√
t)

t
dt
)
dr <∞ ⇐⇒

∫ ∞

1

f̂(t) dν(t) <∞

where

f̂(t) :=

∫ ∞

t

1

u

∫ ∞

u

1

s3

∫ s

1

f(r2)r dr ds du.

If −1 < indf< 0, then f̂(t) ≍ f(t2). If indf∈ {−1, 0}, then f(t2) = o(f̂(t)).

Proof. Consider the measure dµ(t) := f(t) dt. Using Karamata’s theorems
(in the form stated in [LW23, Appendix A]), we obtain that its distribution
function

µ([1, r)) =

∫ r

1

f(t) dt

is regularly varying, and its Stieltjes transform satisfies∫ ∞

1

1

t+ r
·f(r) dr ≍

∫ ∞

t

1

s2

∫ s

1

f(r) dr ds.
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We use Fubini’s theorem, a change of variables, and integration by parts to
compute (here we write “⋄” to say that two expressions are together finite,
infinite, or zero)

∞∫
1

f(r)

( ∞∫
1

1

t+ r
· n(

√
t)

t
dt

)
dr =

∞∫
1

( ∞∫
1

1

t+ r
·f(r) dr

)
· n(

√
t)

t
dt

⋄
∞∫
1

( ∞∫
t

1

s2

s∫
1

f(r) dr ds

)
· n(

√
t)

t
dt

⋄
∞∫
1

1

u

∞∫
u2

1

s2

s∫
1

f(r) dr ds · n(u) du

=

∞∫
1

( ∞∫
t

1

u

∞∫
u2

1

s2

s∫
1

f(r) dr ds du

)
dν(t).

It remains to compute

∞∫
u2

1

s2

s∫
1

f(r) dr ds = 2

∞∫
u2

1

s2

√
s∫

1

f(p2)p dp ds = 4

∞∫
u

1

v3

v∫
1

f(p2)p dp dv.

To see the additional statements, note that

indf> −1 ⇒ 1

s2

s∫
1

f(r2)r dr ≍ f(s2)

indf< 0 ⇒
∞∫
u

f(s2)

s
ds ≍ f(s2)

while f(s2) is a o(·) of the respective integral if indf= −1 and indf= 0.

Proof of Theorem II.5.4. We check that Lemma II.5.6 is applicable with the
function

f(r) :=
1

g∗(
√
r)
.

Note that indf= −1
2
indg. If indg ∈ [0, 2), it is clear that

∫∞
1

f(t) dt = ∞.
If indg = 2, we have∫ t

1

f(r) dr = 2

∫ t2

1

s2

g∗(s)

ds

s
≍ t4

g(t2)
→ ∞.
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If indg ∈ (0, 2], it is clear that
∫∞
1

f(t) dt
t
<∞. If indg = 0, we have∫ ∞

1

∫ ∞

√
u

f(s)
ds

s

du

u
= 2

∫ ∞

1

∫ ∞

u

1

g∗(s)

ds

s

du

u
<∞,

and thus
∫∞
1

f(s) ds
s
<∞.

Next, we identify f̂ from Lemma II.5.6. If indg ∈ (0, 2), it is already
stated in the lemma that f̂(t) ≍ f(t2) ≍ 1

g(t)
. If indg = 0 or indg = 2, we

use Karamata’s Theorem to compute

f̂(t) ≍
∫ ∞

t

∫ ∞

u

f(s2)
ds

s

du

u
≍ 1

g(t)
.

The proof of the theorem is completed by computing

∑
λ∈σH

1

g(|λ|)
⋄

∞∫
1

f̂(t) dnH(t) ⋄
∞∫
1

1

g∗(
√
r)

∞∫
1

1

t+ r
· nH(

√
t)

t
dt dr

⋄
∞∫
1

r

g∗(r)

∞∫
1

1

t+ r2
· nH(

√
t)

t
dt dr

⋄
∞∫
1

1

rg∗(r)

b∫
a

K(t; r) dt dr.

In the context of finite or minimal type we obtain the following result. Con-
trasting Theorem II.5.4, it amounts to a characterisation only if the com-
parison function g satisfies indg ∈ (0, 2): note in the formulation of the
theorem that g = o(g∗) if indg ∈ {0, 2}.

II.5.7 Theorem. Let H ∈ Ha,b be definite, and assume that resolvents of
A(H) belong to the Hilbert–Schmidt class. Let r0 ≥ 0, c−, c+ > 0, assume we
have a compatible pair (t̂, ŝ) for H, r0 with constants c−, c+, and let K(t; r)
be as in (II.3.1). Let g be a regularly varying function with indg ≥ 0 and∫∞
1

g(t)
t3

dt <∞, and set

g∗(r) :=


∫ r
1

g(t)
t

dt if indg = 0,

g(r) if indg ∈ (0, 2),

r2
∫∞
r

g(t)
t3

dt if indg = 2.
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Then it holds that

lim sup
r→∞

δ

g∗(r)

∫ b

a

K(t; r) dt ≤ lim sup
r→∞

nH(r)

g(r)
≤ lim sup

r→∞

∆

g(r)

∫ b

a

K(t; r) dt.

The constants δ,∆ depend on c−, c+, indg, but not on H, r0, t̂, ŝ,g.

As an example let us again consider a Lindelöf comparison function g of the
form

g(r) = rα
N∏
k=1

(log[k] r)βk

with α = indg ∈ {0, 2} and assume that βk = −1 for k < n and βn ̸= −1.
We can use the computation from Example II.5.5 to obtain

g∗(r) ≍ g(r) ·
n∏
j=1

log[j] r.

Contrasting the situation of Theorem II.5.4, here the boundary cases produce
the same gap between g and g∗. In the case indg = 0 and if g(r) → ∞ as
r → ∞, we have β1 ≥ 0 and hence n = 1.

Proof of Theorem II.5.7. Using monotonicity as a Tauberian condition, we
get a rough estimate: for each r > 0 it holds that∫ ∞

0

r2

t+ r2
· nH(

√
t)

t
dt ≥

∫ ∞

r2

r2

t+ r2
· nH(

√
t)

t
dt

≥nH(r)

∫ ∞

r2

(1
t
− 1

t+ r2

)
dt

=nH(r) · log
t

t+ r2

∣∣∣∞
r2

= log 2 · nH(r).

This shows the second inequality in the assertion.
The argument for the proof of the first inequality is more involved. Set

α := sup{t ≥ 0 | nH(t) = 0}; then α > 0. Assume that lim supr→∞
nH(r)
g(r)

<

∞, fix γ > lim supr→∞
nH(r)
g(r)

, and choose x > max{1,
√
α} such that

∀t ≥ x. nH(t) ≤ γg(t).

We have ∫ x2

α

r2

t+ r2
· nH(

√
t)

t
dt ≤ x2nH(x)

α
,∫ ∞

1

r2

t+ r2
· γg(

√
t)

t
dt ≥ nH(x)

∫ ∞

x2

r2

t+ r2
· 1
t
dt,
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and hence∫ ∞

0

r2

t+ r2
nH(

√
t)

t
dt =

∫ ∞

x2

r2

t+ r2
nH(

√
t)

t
dt+

∫ x2

α

r2

t+ r2
nH(

√
t)

t
dt

≤ γ ·
∫ ∞

x2

r2

t+ r2
g(

√
t)

t
dt+

x2nH(x)

α

≤ γ ·
∫ ∞

1

r2

t+ r2
g(

√
t)

t
dt ·

(
1 +

x2

α

[ ∫ ∞

x2

r2

t+ r2
1

t
dt
]−1
)
.

By monotone convergence the second term in the rounded bracket tends to
0 when r → ∞, and we are left with the task to give a bound for

lim sup
r→∞

[
1

g∗(r)
·
∫ ∞

1

r2

t+ r2
g(

√
t)

t
dt

]
.

We integrate by parts, split up the integral to estimate separately, and make
some changes of variables. This leads to∫ ∞

1

r2

t+ r2
g(

√
t)

t
dt =

∫ ∞

1

(∫ t

1

g(
√
s)

s
ds

)
r2

(t+ r2)2
dt

≤
∫ r2

1

(∫ t

1

g(
√
s)

s
ds

)
1

r2
dt+

∫ ∞

r2

(∫ t

1

g(
√
s)

s
ds

)
r2

t2
dt

=
4

r2

∫ r

1

t2
(∫ t

1

g(s)
ds

s

)
dt

t
+ 4r2

∫ ∞

r

1

t2

(∫ t

1

g(s)
ds

s

)
dt

t
.

Applying Karamata’s theorem in each of the cases indg = 0, indg ∈ (0, 2),
indg = 2, separately, we obtain

lim
r→∞

[
1

g∗(r)
· 1

r2

r∫
1

t2
( t∫

1

g(s)
ds

s

)
dt

t

]
=


1
2

if indg = 0,
1

(2+ind g) ind g
if indg ∈ (0, 2),

0 if indg = 2,

lim
r→∞

[
1

g∗(r)
· r2

∞∫
r

1

t2

( t∫
1

g(s)
ds

s

)
dt

t
=


1
2

if indg = 0,
1

(2−ind g) ind g
if indg ∈ (0, 2),

1
2

if indg = 2.

We see that

lim sup
r→∞

[
1

g∗(r)
·
∫ ∞

0

r2

t+ r2
nH(

√
t)

t
dt

]
≤ cγ

with a constant c that depends only on indg. Since γ was arbitrary, the
required inequality follows.
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Using Theorem II.5.7 we obtain a corollary for the limit circle case. In
Theorem II.3.3 we saw that the integral over K(t; r) governs the growth of
the right lower entry w22(b; z) of the monodromy matrix along the imaginary
axis. Using machinery from complex analysis, we can pass to the growth of
max|z|=r ∥W (b; z)∥.

II.5.8 Proposition. Let H ∈ Ha,b be in limit circle case, and let g be a

regularly varying function with
∫∞
1

g(t)
t2

dt <∞ and g(r) = o(r). Set

g∗∗(r) :=


∫ r
1

g(t)
t

dt if indg = 0,
1

ind g(1−ind g)
· g(r) if indg ∈ (0, 1),

r
∫∞
r

g(t)
t2

dt if indg = 1.

Then

lim sup
r→∞

1

g∗∗(r)
log
(
max
|z|=r

∥W (b; z)∥
)
≤ ∆ lim sup

r→∞

1

g(r)

∫ b

a

K(t; r) dt

where ∆ depends on indg only.

Proof. Set γ := lim supr→∞
1

g(r)

∫ b
a
K(t; r) dt. If γ = ∞ there is nothing to

prove; hence assume that γ <∞.
Set f(z) := w22(b; z). Our first aim is to show that f is a canonical

product with genus 0. Theorem II.5.7 implies that lim supr→∞
nH(r)
g(r)

≤ ∆γ <
∞. Hence, the sequence of zeros of f has genus 0. Let F be the canonical
product with the same zeros as f ; then F is of minimal exponential type.
The function f is of bounded type in both half-planes, and by Theorem II.3.3
its mean type is equal to 0. Thus f is also of minimal exponential type. In
the exponential factor eα+βz of the Hadamard factorisation of f , we must
thus have β = 0. Since f(0) = 1, also α = 0, and we see that f = F . Now we
refer to [Lev80, Lemma 3], make a “limit superior” argument as in the proof
of the last theorem, and apply Karamata’s theorem to evaluate integrals.
This leads to

lim sup
r→∞

1

g∗∗(r)
log
(
max
|z|=r

∥f(z)∥
)
≤ ∆γ.

To finish the proof it remains to refer to [BW06, Proposition 2.3].

Note in this context that one can always choose a regularly varying function
g such that

lim sup
r→∞

1

g(r)

∫ b

a

K(t; r) dt = 1,

cf. [BGT89, Theorem 2.3.11].
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II.6 Algorithmic approach to order

We saw in Theorems II.3.1 and II.3.3 and proposition II.5.8 that the growth
of the zero counting function in general, and of the monodromy matrix in the
limit circle case, is governed by the integral over the function K(t; r). The
challenge thus is to handle that integral, and this is often difficult.

In this section we consider the limit circle case, and give an algorithm
that leads to an evaluation of

∫ b
a
K(t; r) dt up to a possible logarithmic error.

This algorithm enhances applicability tremendously, and has interesting con-
sequences, e.g. Proposition II.6.9. It is methodologically related to the par-
titioning theorems given in [Rom17]; we will discuss details in Section II.6.2.

II.6.1 Evaluating
∫ b

a K(t; r) dt by partitioning

The size of
∫ b
a
K(t; r) dt can be determined by using a clever partitioning of

the interval [a, b].

II.6.1 Definition. Let H ∈ Ha,b be in limit circle case and let c > 0.

For each r > 0 we define points σ
(r)
j and a number κH(r) by the following

procedure:

▷ Set σ
(r)
0 := a.

▷ If detΩ
(
σ
(r)
j−1, b

)
> c

r2
, let σ

(r)
j ∈ (σ

(r)
j−1, b) be the unique point such that

detΩ
(
σ
(r)
j−1, σ

(r)
j

)
=

c

r2
.

Otherwise, set σ
(r)
j := b and κH(r) := j, and terminate.

◀

By Minkowski’s determinant inequality, the algorithm terminates after at
most ⌊

r ·
√
detΩ(a, b)√

c

⌋
many steps.

II.6.2 Theorem. Let H ∈ Ha,b be in limit circle case and let c > 0. For r >(
c

detΩ(a,b)

) 1
2 let t̂(r) ∈ [a, b] be the unique point with detΩ(a, t̂(r)) = c

r2
, and

for t ∈ [t̂(r), b] let ŝ(t; r) ∈ [a, t] be the unique point with detΩ(ŝ(t; r), t) = c
r2
.

36



Page 83 of 210

Further, let K(t; r) be the function defined in (II.3.1) using this choice of t̂
and ŝ. Then

κH(r) · log 2−O(log r) ≤
∫ b

a

K(t; r) dt ≤ κH(r) log r ·
(
2e+o(1)

)
+O(log r).

The functions O(log r) and o(1) depend only on c and tr Ω(a, b); explicit
formulae are (II.6.3), (II.6.6), and (II.6.7).

Recalling Theorem II.3.3, we immediately obtain a formula for the order.

II.6.3 Corollary. Let H ∈ Ha,b be in limit circle case, and let ρH be the
order of the monodromy matrix WH(b, z). Let c > 0 and let κH(r) be the
numbers produced by the algorithm in Definition II.6.1. Then

ρH = lim sup
n→∞

log κH(n)

log r
.

The upper and lower bounds in Theorem II.6.2 are proved independently,
and we start with the lower bound.

II.6.4 Lemma. Assume we have points s1, . . . , sk such that (we set s0 := a)

a < s1 < . . . < sk ≤ b, detΩ(sj−1, sj) ≥
c

r2
, j ∈ {1, . . . , k}. (II.6.1)

Then ∫ sk

s1

h1(t)

ω1(ŝ(t; r), t)
dt ≥ k log 2−

[
log r + log

trΩ(a, b)√
c

]
.

Proof. Our assumption (II.6.1) implies that

ŝ(t; r) ∈ [sj−2, t] for all t ∈ [sj−1, sj], j = 2, . . . , k.

Using that ω1 is monotone and additive, we obtain

sk∫
s1

h1(t)

ω1(ŝ(t; r), t)
dt =

k∑
j=2

sj∫
sj−1

h1(t)

ω1(ŝ(t; r), t)
dt ≥

k∑
j=2

sj∫
sj−1

h1(t)

ω1(sj−2, t)
dt

=
k∑
j=2

(
logω1(sj−2, sj)− logω1(sj−2, sj−1)

)
=

k∑
j=2

log
(
1 +

ω1(sj−1, sj)

ω1(sj−2, sj−1)

)
≥

k∑
j=2

log
(
2
[ ω1(sj−1, sj)

ω1(sj−2, sj−1)

] 1
2
)

=(k − 1) log 2 +
1

2
log

ω1(sk−1, sk)

ω1(a, s1)
. (II.6.2)
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We have

ω1(sk−1, sk) ≥
detΩ(sk−1, sk)

ω2(sk−1, sk)
≥ c

r2
· 1

ω2(sk−1, sk)
,

and therefore

ω1(sk−1, sk)

ω1(a, s1)
≥ c

r2
· 1

ω1(a, b)ω2(a, b)
≥ 4c

r2(tr Ω(a, b))2
.

We can thus further estimate the expression from (II.6.2) as

≥ k log 2− log 2 +
1

2
log

4c

r2(tr Ω(a, b))2
= k log 2−

[
log r + log

trΩ(a, b)√
c

]
.

Proof of Theorem II.6.2; lower bound. First of all note that t̂(r) = σ
(r)
1 . Us-

ing Lemma II.6.4 we obtain

∫ b

a

K(t; r) dt ≥
∫ σ

(r)
κH (r)−1

σ
(r)
1

h1(t)

ω1(ŝ(t; r), t)
dt

≥ (κH(r)− 1) log 2−
[
log r + log

trΩ(a, b)√
c

]
=κH(r) log 2−

[
log r + log

2 trΩ(a, b)√
c

]
. (II.6.3)

The argument which yields the upper bound from the theorem relies on the
monotonicity property Lemma II.2.6 (iii) in the form of the next lemma.

II.6.5 Lemma. Assume we have points s0, s1, s2 such that

a ≤ s0 < s1 < s2 ≤ b, detΩ(s0, s1) ≥
c

r2
≥ detΩ(s1, s2).

Then ∫ s2

s1

h1(t)

ω1(ŝ(t; r), t)
dt ≤ e · log

(
r2 detΩ(s0, s2)

c

)
.

Proof. For each t ∈ [s1, s2] we have ŝ(t; r) ∈ [s0, s1]. Let γ > 0. Using
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Lemma II.2.6 (iii) we estimate

s2∫
s1

h1(t)

ω1(ŝ(t; r), t)
dt =

s2∫
s1

(r2
c

)γ(detΩ(ŝ(t; r), t)
ω1(ŝ(t; r), t)

)γ h1(t)

ω1(ŝ(t; r), t)1−γ
dt

≤
(r2
c

)γ(detΩ(s0, s2)
ω1(s0, s2)

)γ
·


s2∫
s1

h1(t)
ω1(s1,t)1−γ dt if γ ∈ (0, 1]

s2∫
s1

h1(t)
ω1(s0,t)1−γ dt if γ > 1

=
(r2 detΩ(s0, s2)

c

)γ( 1

ω1(s0, s2)

)γ
· 1
γ

{
ω1(s1, s2)

γ if γ ∈ (0, 1]

ω1(s0, s2)
γ − ω1(s0, s1)

γ if γ > 1

≤ 1

γ

(r2 detΩ(s0, s2)
c

)γ
.

The last expression becomes minimal for

γ :=
[
log
(r2 detΩ(s0, s2)

c

)]−1

.

When we use this value for γ, the asserted inequality follows.

II.6.6 Lemma. Let l, l′ ∈ N with 1 ≤ l < l′ ≤ κH(r). Then

σ
(r)

l′∫
σ
(r)
l

h1(t)

ω1(ŝ(t; r), t)
dt ≤

l′∑
j=l+1

e log

(
r2 detΩ(σ

(r)
j−2, σ

(r)
j )

c

)
. (II.6.4)

Proof. Lemma II.6.5 can be applied with each of the triples σ
(r)
j−2, σ

(r)
j−1, σ

(r)
j .

This yields that

σ
(r)

l′∫
σ
(r)
l

h1(t)

ω1(ŝ(t; r), t)
dt =

l′∑
j=l+1

σ
(r)
j∫

σ
(r)
j−1

h1(t)

ω1(ŝ(t; r), t)
dt

≤
l′∑

j=l+1

e log

(
r2 detΩ(σ

(r)
j−2, σ

(r)
j )

c

)
.
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Proof of Theorem II.6.2; upper bound. To find a bound for the integral of
K(t; r) over the interval (σ

(r)
1 , b), we have to estimate the sum (II.6.4). We

do this using that

√
detΩ(σ

(r)
j−2, σ

(r)
j ) ≤

tr Ω(σ
(r)
j−2, σ

(r)
j )

2
≤ tr Ω(a, b)

2
. (II.6.5)

This leads to∫ b

σ
(r)
1

K(t; r) dt ≤
κH(r)∑
j=2

e log

(
r2 detΩ(σ

(r)
j−2, σ

(r)
j )

c

)
≤ 2e · (κH(r)− 1) ·

(
log r + log

trΩ(a, b)

2
√
c

)
. (II.6.6)

The integral of K(t; r) over the remaining part (a, σ
(r)
1 ) is bounded by

∫ σ
(r)
1

a

K(t; r) dt ≤ c+ 2max{c, 1}
(
log r + log

trΩ(a, b)

2
√
c

)
(II.6.7)

by Proposition II.4.4. Putting together, the assertion of the theorem follows.

It is sometimes practical to notice that one can get estimates for κH(r)

without carrying out the algorithm which produces the points σ
(r)
j precisely.

II.6.7 Remark. Assume we have points s0, . . . , sk with a = s0 < s1 < · · · <
sk−1 < sk = b.

(i) If detΩ(sl−1, sl) ≤ c
r2

for all l ∈ {1, . . . , k}, then κH(r) ≤ k.

(ii) If detΩ(sl−1, sl) ≥ c
r2

for all l ∈ {1, . . . , k}, then κH(r) ≥ k.

For the proof of (i) consider the pairwise disjoint intervals (σ
(r)
j−1, σ

(r)
j ], j ∈

{1, . . . , κH(r)}. By Lemma II.2.6 (iv),(v) each of these intervals must contain
at least one of the points sl. The proof of (ii) is analogous: each of the
pairwise disjoint intervals (sl−1, sl], l ∈ {1, . . . , k} must contain at least of

the points σ
(r)
j .

◁

A counting argument like the above gives an analogue to the statement in
Lemma II.6.4 for the upper bound.
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II.6.8 Proposition. Assume we have points s1, . . . , sk such that a < s1 <
. . . < sk ≤ b and

detΩ(a, s1) ≥
c

r2
, detΩ(sj−1, sj) ≤

c

r2
, j ∈ {2, . . . , k}. (II.6.8)

Then ∫ sk

s1

K(t; r) dt ≤ e(k − 1) ·
[
2 log r + log

detΩ(a, b)

c

]
. (II.6.9)

Proof. Set

l := max{j | σ(r)
j ≤ s1}, l′ := min{j | sk ≤ σ

(r)
j }.

Due to (II.6.8) and the fact that detΩ is strictly monotone, cf. Lemma II.2.6,
each of the pairwise disjoint intervals[

σ
(r)
j−1, σ

(r)
j

]
, j = l + 1, . . . , l′,

must contain at least one of s1, . . . , sk. Thus k ≥ l − l′.

Using detΩ(σ
(r)
j−2, σ

(r)
j ) ≤ detΩ(a, b), we obtain from Lemma II.6.6 ap-

plied with the points σ
(r)
l , . . . , σ

(r)
l′ that

sk∫
s1

h1(t)

ω1(ŝ(t; r), t)
dt ≤

σ
(r)

l′∫
σ
(r)
l

h1(t)

ω1(ŝ(t; r), t)
dt

≤ (k − 1) · e
(
2 log r + log

detΩ(a, b)

c

)
.

It is a very intuitive fact that the growth of the monodromy matrix should
not increase when one cuts out pieces of the Hamiltonian. A result giving
meaning to this intuition is shown in [PW23, Theorem 3.4 and Corollary 3.5].
There a certain assumption is placed on the piece which is cut out, and it is
shown with an operator theoretic argument that the zero counting function
does not increase. Using the above Theorem II.6.2 we can show a result which
does not require any assumptions and implies that growth might increase at
most by a logarithmic factor.
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II.6.9 Proposition. Let H ∈ Ha,b be in limit circle case and let ∆ ⊆ [a, b]
be measurable. Set

λ(t) :=

∫ t

a

1∆(u) du, t ∈ [a, b], ã := 0, b̃ := λ(b),

χ(s) := min
{
t ∈ [a, b] | λ(t) ≥ s

}
, s ∈ [ã, b̃],

H̃(s) :=H(χ(s)), s ∈ [ã, b̃].

Then H̃ ∈ Hã,b̃, and we have

κH(r) ≥ κH̃(r) for all r > 0.

The intuition behind the proof is simple and is expressed in the picture

H
a b

σ
(r)
1 σ

(r)
2 σ

(r)
3

H̃
0

λ χ

λ
(
σ
(r)
1

)
λ
(
σ
(r)
2

)
λ
(
σ
(r)
3

)
L̃

Proof of Proposition II.6.9. The fact that H̃ ∈ Hã,b̃ is shown in the proof of
[PW23, Theorem 3.4], where it is also seen that

H(t)1∆(t) = (H̃ ◦ λ)(t)1∆(t), t ∈ [a, b] a.e.

Using this we make a change of variable with the absolutely continuous func-
tion λ, and obtain∫ t

s

H(u) du ≥
∫ t

s

H(u)1∆(u) du =

∫ t

s

(H̃ ◦ λ)(u)λ′(u) du =

∫ λ(t)

λ(s)

H̃(v) dv.

This implies that (quantities Ω̃, σ̃
(r)
j refer to H̃)

detΩ(s, t) ≥ det Ω̃(λ(s), λ(t)), a ≤ s ≤ t ≤ b.

Hence, each of the pairwise disjoint intervals

[σ̃
(r)
j−1, σ̃

(r)
j ), j ∈ {1, . . . , κH̃(r)− 1}

contains at least one of the point λ(σ
(r)
j ), and it follows that κH(r) ≥ κH̃(r).
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II.6.2 Connection with Romanov’s Theorems I and II

We revisit two results due to R. Romanov that provide knowledge about the
growth of the monodromy matrix starting from partitions or coverings of the
interval [a, b], and make the connection to our present theorems.

The first of the two is the approximation theorem [Rom17, Theorem 1],
or more precisely its improved version [PW23, Theorem 4.1].

II.6.10 Theorem (Romanov’s Theorem I – improved). Let H ∈ Ha,b be in
limit circle case such that detH = 0 a.e., and write2 H(t) = trH(t) ·ξφ(t)ξTφ(t)
with a measurable function φ : [a, b] → R. Assume we are given

▷ a partition a = s0 < s1 < · · · < sk = b of [a, b],

▷ rotation parameters ψ1, . . . , ψk ∈ R,

▷ distortion parameters a1, . . . , ak ∈ (0, 1],

and set

A1 :=
k∑
j=1

a2j

∫ sj

sj−1

cos2
(
φ(t)− ψj

)
· trH(t) dt,

A2 :=
k∑
j=1

1

a2j

∫ sj

sj−1

sin2
(
φ(t)− ψj

)
· trH(t) dt,

A3 :=
k−1∑
j=1

log

(
max

{ aj
aj+1

,
aj+1

aj

}
·
∣∣ cos (ψj − ψj+1

)∣∣+ | sin(ψj − ψj+1)|
ajaj+1

)
,

A4 := − log a1 − log aN .

Then

∀r > 0. log
(
max
|z|=r

∥WH(z)∥
)
≤ r · (A1 + A2) + A3 + A4.

Here we use the spectral norm on C2×2.

Note that the integrals appearing in A1 and A2 can be written in a more
geometric way emphasising the relation with the function Ω: since ξTα ξβ =
cos(β − α), we have∫ sj

sj−1

cos2
(
φ(t)− ψj

)
· trH(t) dt = ξTψj

Ω(sj−1, sj)ξψj
,

2Recall the definition ξϕ :=
(
cosϕ
sinϕ

)
from the preliminaries.

43



Page 90 of 210

∫ sj

sj−1

sin2
(
φ(t)− ψj

)
· trH(t) dt = ξTψj+

π
2
Ω(sj−1, sj)ξψj+

π
2
.

The proof of Theorem II.6.10 is carried out by approximating H with a
Hamiltonian consisting of a finite number of indivisible intervals, and estim-
ating the monodromy matrix of that approximation (which is a polynomial).
Applying the theorem is probably more challenging than proving it: in order
to find a good bound, one has to come up with a clever choice of the input
data.

Romanov’s Theorem I provides for each data set consisting of a parti-
tion, rotation parameters, and distortion parameters, a pointwise bound for
log
(
max|z|=r ∥W (z)∥

)
. The best one can get from that theorem is thus ob-

tained by taking the infimum of the bounds over all such data sets. Call that
infimum J(r). It is not known how to produce a sequence of data sets (or
one single data set) which approximates (or evaluates) J(r). It is not known
whether J(r) always gives the correct growth of logmax|z|=r ∥W (z)∥, even in
a very weak sense like order.

With a somewhat tricky application of Theorem II.6.10, we can prove an
upper bound which uses only a partition as input, and yet comes close to J(r)
even with a deterministic choice of the partition. As we see further below,
in the discussion after its proof, it also implies that J(r) always coincides
with logmax|z|=r ∥W (z)∥ up to a possible gap of size log r. In particular we
establish that J(r) always gives the correct order.

II.6.11 Theorem. Let H ∈ Ha,b be in limit circle case with detH = 0.
Assume we have r > 0, γ > 0, and a partition

a = s0 < s1 < · · · < sk = b (II.6.10)

such that
k∑
j=1

√
detΩ(sj−1, sj) ≤ γ · k

r
. (II.6.11)

Then
log
(
max
|z|=r

∥WH(z)∥
)
≤ k log+ r + γ′ · k + log+ r + γ′′,

where

γ′ := log+ tr Ω(a, b) + 3(1 + γ) + 2 log 2, γ′′ := log+ tr Ω(a, b) + log 2.

Proof. Our aim is to apply Theorem II.6.10 with the partition given in the
present assumption. To do this, we still need to find suitable parameters ψj
and aj.
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▷ The rotation parameters ψj are chosen such that the integral in A2 is
minimised. Let λj be the smallest eigenvalue of Ω(sj−1, sj), and let ψj be
such that ξψj+

π
2
is an eigenvector for λj.

▷ The distortion parameters are chosen such that A1 and A2 are balanced.

a2j :=

max
{

1
r
,
√

detΩ(sj−1,sj)
}

trΩ(sj−1,sj)
if tr Ω(sj−1, sj) ≥ 1

r

1 if tr Ω(sj−1, sj) <
1
r
.

Note that aj ≤ 1 for all j since√
detΩ(sj−1, sj) ≤

√
(ω1ω2)(sj−1, sj) ≤

1

2
trΩ(sj−1, sj).

It remains to estimate A1, A2, A3, A4:

A1 =
k∑
j=1

a2j

∫ sj

sj−1

cos2
(
φ(t)− ψj

)
· trH(t) dt

≤
k∑
j=1

a2j

∫ sj

sj−1

trH(t) dt =
k∑
j=1

a2j tr Ω(sj−1, sj)

≤
k∑
j=1

trΩ(sj−1,sj)<
1
r

tr Ω(sj−1, sj) +
k∑
j=1

trΩ(sj−1,sj)≥ 1
r

(1
r
+
√
detΩ(sj−1, sj)

)

≤ (2 + γ) · k
r
,

A2 =
k∑
j=1

1

a2j
· ξTψj+

π
2
Ω(sj−1, sj)ξψj+

π
2
=

k∑
j=1

1

a2j
· λj

≤
k∑
j=1

trΩ(sj−1,sj)<
1
r

tr Ω(sj−1, sj) +
k∑
j=1

trΩ(sj−1,sj)≥ 1
r

tr Ω(sj−1, sj)√
detΩ(sj−1, sj)

· 2detΩ(sj−1, sj)

tr Ω(sj−1, sj)

≤ (1 + 2γ) · k
r
.

In order to estimate A3 and A4, simply observe that

1

a2j
≤ max

{
1, r tr Ω(a, b)

}
≤ 1 + r tr Ω(a, b),
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and remember aj ≤ 1. It follows that

A3 ≤
k−1∑
j=1

log
[√

1 + r tr Ω(a, b) + (1 + r tr Ω(a, b))
]

≤ k ·
[
log+ r + log+ tr Ω(a, b) + 2 log 2

]
,

A4 ≤ 2 log+
√

1 + r tr Ω(a, b) ≤ log+ r + log+ tr Ω(a, b) + log 2.

Putting together the assertion of the theorem follows.

Let us establish what was claimed in the last paragraph before the theorem.
This is based on the following simple observation:

II.6.12 Remark. Theorem II.6.11 yields a one-line proof of the upper
bound from Theorem II.6.2 (with a different constant): for the partition

σ
(r)
0 , . . . , σ

(r)
κH(r) produced by the algorithm from Definition II.6.1 it holds that

κH(r)∑
j=1

√
detΩ(σ

(r)
j−1, σ

(r)
j ) ≤ κH(r) ·

√
c

r
;

now remember Theorem II.3.3.
◁

Let J̃(r) (keeping γ > 0 in the above theorem fixed) be the infimum of the
bounds from Theorem II.6.11 taken over all partitions (II.6.10) subject to
(II.6.11).

▷ Since the proof of Theorem II.6.11 is carried out by an application of
Theorem II.6.10, we have J(r) ≤ J̃(r).

▷ Since Theorem II.6.11 applied as in Remark II.6.12 produces an upper
bound ≲ κH(r) log r, we have J̃(r) ≲ κH(r) log r.

Invoking the lower bound from Theorem II.6.2 we thus obtain the following
result.

II.6.13 Corollary. With the above notation it holds that

1 ≤ J(r)
/
log
(
max
|z|=r

∥WH(z)∥
) ≤ J̃(r)

/
log
(
max
|z|=r

∥WH(z)∥
)

≲
(
κH(r) log r

)/
log
(
max
|z|=r

∥WH(z)∥
)
≲ log r.
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We turn to the second of Romanov’s theorems, which is [Rom17, Theorem 2].
It deals with diagonal (meaning h3(t) = 0 a.e.) and trace-normalised (mean-
ing trH(t) = 1 a.e.) Hamiltonians with detH = 0, and expresses the order
of the monodromy matrix as a certain infimum.

A diagonal positive semidefinite 2 × 2-matrix with trace equal to 1 and

zero determinant can only be either
(

1 0
0 0

)
or
(

0 0
0 1

)
. Hence, a diagonal and

trace-normalised Hamiltonian with zero determinant is determined by the
two sets

I1 :=
{
t ∈ [a, b] | H(t) =

(
1 0
0 0

)}
, I2 :=

{
t ∈ [a, b] | H(t) =

(
0 0
0 1

)}
.

II.6.14 Theorem (Romanov’s Theorem II). Let H ∈ Ha,b be in limit circle
case with detH = 0, and assume that H is diagonal and trace-normalised.
Then the order of the monodromy matrix is the infimum of all numbers α > 0
that possess the following property:

(⋆) For every sufficiently large N ∈ N there exists a covering {ωj | j =
1, . . . , K(N)} of [a, b] by intervals ωj, such that (here λ denotes the
Lebesgue measure)

K(N) ≤ N,

K(N)∑
j=1

√
λ(ωj ∩ I1)λ(ωj ∩ I2) ≲ N1− 1

α .

Note that the number α := 1 always has the property (⋆); just take the
covering {[a, b]}. The upper bound in this theorem is proven by an applica-
tion of Romanov’s Theorem I, and the lower bound by using the differential
inequality [Rom17, Lemma 8]. The assumption in Theorem II.6.14 that H
is trace-normalised is no loss in generality; it can always be achieved by a
change of the independent variable. Contrasting this, the assumption that
H is diagonal is a severe restriction.

Contrasting Romanov’s Theorem II, Theorem II.6.11 does not request any
assumptions on H, except that detH = 0 which is no essential restriction
due to (II.1.4). Moreover, according to Corollary II.6.13, it gives the growth
of W almost precisely, and not only on the rough scale of order. It can –
and should – be viewed as a generalisation and refinement of Romanov’s
Theorem II, for the reason that we can deduce from it the following result.
Here we use the notation

detΩ(ω) := detΩ
(
inf ω, supω

)
for ω ⊆ [a, b] interval.

II.6.15 Theorem. Let H ∈ Ha,b be in limit circle case. Let f be a regularly
varying function with indf> 0 which possess the following property:

47



Page 94 of 210

(⋆) For every sufficiently large N ∈ N there exists a covering {ωj | j =
1, . . . , K(N)} of [a, b] by intervals ωj, such that

K(N) ≲ N,

K(N)∑
j=1

√
detΩ(ωj) ≲

N

f−(N)
.

Here f− denotes any asymptotic inverse of f.

Then (for, say, r ≥ 2)

log
(
max
|z|=r

∥WH(z)∥
)
≲ f(r) log r.

Proof. For each sufficiently large r, so that we can apply the assumption
(⋆) with N(r) := ⌊f(r)⌋, let ω1, . . . , ωK(N(r)) be intervals having the stated
properties. Choose a partition s′0, . . . , s

′
k′(r) such that

∀l ∈ {1, . . . , k′(r)}. (s′l−1, s
′
l) ⊆ ωι(l)

with some injective function ι : {1, . . . , k′(r)} → {1, . . . , K(N(r))}. Further,
choose a refinement s0, . . . , sk(r) of s

′
0, . . . , sk′(r) with k(r) ≍ f(r). Then we

have, remembering Minkowski’s determinant theorem,

k(r)∑
j=1

√
detΩ(sj−1, sj) ≤

k′(r)∑
l=1

√
detΩ(s′l−1, s

′
l) ≤

k′(r)∑
l=1

√
detΩ(ωι(l))

≤
K(N(r))∑
l=1

√
detΩ(ωj) ≲

N(r)

f−(N(r))
≍ k(r)

r
.

Theorem II.6.11 implies that

log
(
max
|z|=r

∥WH(z)∥
)
≲ k(r) log r ≍ f(r) log r.

To make the connection with Theorem II.6.14 observe that for a diagonal
and trace-normalised Hamiltonian

detΩ(ω) = λ(ω ∩ I1)λ(ω ∩ I2),

use f(r) := rα, and pass to the infimum in α.

48



Page 95 of 210

II.6.3 Recovering finite type results with universal
constants

We revisit some upper bounds for order and type known from the literature,
and give an alternative approach by using the algorithm developed above.
This leads to estimates that do not depend on the Hamiltonian in any other
way than in the constants used in the algorithm. The important feature is
that these bounds hold pointwise with universal constants, and not what they
give as asymptotic bounds for r → ∞. This feature will also be exploited in
the proof of Theorem II.7.1 below.

The logic of the arguments is appealingly simple. To explain it, let us
analyse the proof of the upper bound in Theorem II.6.2. The task was to
estimate the sum (II.6.4) where l = 1 and l′ = κH(r). In other words, one
has to estimate the determinant of Ω(., .) and sum up. This can be done
in different ways, and one of them led to the bound from Theorem II.6.2.
Namely, we used the crude estimate (II.6.5) for the determinant and left
the logarithm. The sum then is the number of summands times that value.
Now we proceed differently: we use the crude estimate “e log x ≤ xα

α
” for the

logarithm, but estimate detΩ(., .) in such a way that summing up is possible.

As a first illustration of the previous results, we discuss the Krein–
de Branges formula (II.1.4) in the language of growth (rather than eigenvalue
asymptotics). The following statement is of course much weaker, but it is
pointwise and with explicit constants.

II.6.16 Proposition. Let H ∈ Ha,b be in limit circle case and let the nota-
tion be as in Theorem II.6.2 with c := detΩ(a, b). Then∫ b

a

√
detH(t) dt√
detΩ(a, b)

log 2 · r −
[
log r + 2 log 2

]
≤
∫ b

t̂(r)

K(t; r) dt ≤ 2 trΩ(a, b)√
c

· r.

Proof. For the upper bound we estimate

κH(r)∑
j=2

e log

(
r2 detΩ(σ

(r)
j−2, σ

(r)
j )

c

)
≤ 2√

c
· r ·

κH(r)∑
j=2

√
detΩ(σ

(r)
j−2, σ

(r)
j )

≤ 1√
c
· r ·

κH(r)∑
j=2

tr Ω(σ
(r)
j−2, σ

(r)
j ) ≤ 2√

c
· r · tr Ω(a, b).
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The lower bound is shown by an application of Lemma II.6.4. If detH = 0
a.e. there is nothing to prove. Otherwise, choose sj ∈ [a, b] such that∫ sj

a

√
detH(t) dt = j ·

√
c

r
, j = 1, . . . ,

⌊
r√
c

∫ b

a

√
detH(t) dt

⌋
.

Then√
detΩ(sj−1, sj) =

(
det

∫ sj

sj−1

H(t) dt
) 1

2 ≥
∫ sj

sj−1

√
detH(t) dt =

√
c

r
.

Next we consider a definite Hamiltonian H with zero determinant. W.l.o.g.
assume that H(t) = ξφ(t)ξ

T
φ(t) where φ : [a, b] → R is a bounded measurable

and nonconstant function. Recall that the oscillation of a bounded function
φ is

oscφ(s, t) := ess sup
(
φ|[s,t]

)
− ess inf

(
φ|[s,t]

)
.

II.6.17 Lemma. Let φ ∈ L∞([a, b],R). Then, for all a ≤ s < t ≤ b,

detΩ(s, t) ≤
[t− s

2
· oscφ(s, t)

]2
.

Proof. Set

κ :=
1

2

[
ess sup(φ|[s,t]) + ess inf(φ|[s,t])

]
,

so that

∥φ|[s,t] − κ∥∞ ≤ 1

2
oscφ(s, t).

Since

ξφ(x)−κξ
T
φ(x)−κ =

(
cosκ sinκ
− sinκ cosκ

)
ξφ(x)ξ

T
φ(x)

(
cosκ − sinκ
sinκ cosκ

)
,

we obtain

detΩ(s, t) = det

∫ t

s

ξφ(u)ξ
T
φ(u) du = det

∫ t

s

ξφ(u)−κξ
T
φ(u)−κ du

≤
(∫ t

s

cos2
(
φ(u)− κ

)
du
)(∫ t

s

sin2
(
φ(u)− κ

)
du
)

≤ (t− s) · (t− s)
(oscφ(s, t)

2

)2
.
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The above lemma leads to the following statements; again we emphasise that
these bounds hold pointwise, and one should not think of them asymptotic-
ally.

II.6.18 Proposition. Let φ : [a, b] → R be measurable and nonconstant,
and consider the Hamiltonian H(t) := ξφ(t)ξ

T
φ(t). Further notation is as in

Theorem II.6.2.

(i) If φ ∈ L∞(a, b), then∫ b

t̂(r)

K(t; r) dt ≤ 2√
c
(b− a) oscφ(a, b) · r.

(ii) If φ is Hölder continuous on [a, b] with exponent ν and constant σ, then∫ b

t̂(r)

K(t; r) dt ≤ 4(1 + ν)(b− a)
( σ

2
√
c

) 1
1+ν · r

1
1+ν .

(iii) If φ is of bounded variation on [a, b], and V b
a (φ) denotes its total vari-

ation, then ∫ b

t̂(r)

K(t; r) dt ≤ 2
√
2

4
√
c

√
(b− a)V b

a (φ) · r
1
2 .

Proof. In the proof we will repeatedly use the inequality e log x ≤ xα

α
. For

the proof of (i) we note that oscφ(s, t) is monotone in s and t, and thus

κH(r)∑
j=2

e log

(
r2 detΩ(σ

(r)
j−2, σ

(r)
j )

c

)
≤ 2√

c
· r ·

κH(r)∑
j=2

σ
(r)
j − σ

(r)
j−2

2
oscφ(a, b)

≤ 2√
c
· r · (b− a) oscφ(a, b).

Under the assumption of (ii) we have oscφ(s, t) ≤ σ(t− s)ν , and hence

κH(r)∑
j=2

e log

(
r2 detΩ(σ

(r)
j−2, σ

(r)
j )

c

)

≤ 2(1 + ν) · r
1

1+ν ·
κH(r)∑
j=2

[ 1√
c

σ
(r)
j − σ

(r)
j−2

2
oscφ(σ

(r)
j−2, σ

(r)
j )
] 1

1+ν

≤ 4(1 + ν)
( σ

2
√
c

) 1
1+ν · r

1
1+ν · (b− a).
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Finally, if φ is of bounded variation, we note that oscφ(s, t) ≤ V t
s (φ), and

estimate as

κH(r)∑
j=2

e log

(
r2 detΩ(σ

(r)
j−2, σ

(r)
j )

c

)

≤ 4
4
√
c
· r

1
2 ·

κH(r)∑
j=2

(
σ
(r)
j − σ

(r)
j−2

2
· V σ

(r)
j

σ
(r)
j−2

(φ)

) 1
2

≤ 2
4
√
c
· r

1
2 ·
( κH(r)∑

j=2

σ
(r)
j − σ

(r)
j−2

2

) 1
2
( κH(r)∑

j=2

V
σ
(r)
j

σ
(r)
j−2

(φ)

) 1
2

≤ 2
√
2

4
√
c

· r
1
2 ·
√

(b− a)V b
a (φ).
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II.7 Sharpness of bounds

II.7.1 An example with oscillating rotation

We give an example where the integral of K(t; r) can be evaluated precisely
(and which does not fall into a “simple” category). It requires quite complex
computations because the Hamiltonian oscillates, still is accessible, since
oscillation accumulates only at one endpoint.

II.7.1 Theorem. Let (γ, β) ∈ R2 \ (0, 0), and let φ : [0, 1] → R be the chirp
signal

φ(t) := tγ sin
( 1

tβ

)
.

Consider the Hamiltonian H(t) := ξφ(t)ξ
T
φ(t), and let W (z) be its monodromy

matrix. Then

log |w22(ir)| ≍


r

β
β+γ+1 if β > γ + 1 ∧ γ ≥ 0,

r
β−γ

β−γ+1 if β > γ + 1 ∧ γ < 0,

r
1
2 log r if β = γ + 1,

r
1
2 if β < γ + 1.

for r → ∞.

r
1
2
lo
g
r

β

γ

r
1
2

r
β−γ

β−γ+1

r
β

β+γ+1

In the situation of the following auxiliary lemmata, we use the given
function φ to define the Hamiltonian H(t) := ξφ(t)ξ

T
φ(t) and abbreviate Ω =

ΩH .
The first step is to express detΩ in terms of φ.
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II.7.2 Lemma. Let φ : (a, b) → R be measurable, and a ≤ s < t ≤ b. Then

detΩ(s, t) =
1

2

∫ t

s

∫ t

s

sin2
(
φ(x)− φ(y)

)
dx dy. (II.7.1)

Proof. We have

detΩ(s, t)

=

∫ t

s

∫ t

s

[
sin2 φ(x) cos2 φ(y)− sinφ(x) cosφ(x) sinφ(y) cosφ(y) dx dy

=

∫ t

s

∫ t

s

sinφ(x) cosφ(y) sin
(
φ(x)− φ(y)

)
dx dy.

Swapping x and y we obtain

detΩ(s, t) = −
∫ t

s

∫ t

s

sinφ(y) cosφ(x) sin
(
φ(x)− φ(y)

)
dx dy.

Adding both sides of these relations we arrive at

2 detΩ(s, t) =

∫ t

s

∫ t

s

sin2
(
φ(x)− φ(y)

)
dx dy.

It is usually difficult to estimate the right hand side in (II.7.1) from below.
One possibility is to exploit smoothness of φ. We also include an estimate
from above, even though we will not need it.

II.7.3 Lemma. Let φ : (a, b) → R be monotone, absolutely continuous and
not constant. The following statements hold for a ≤ s < t ≤ b:

(i) If φ′ ∈ L∞(a, b), then

detΩ(s, t) ≥
(
φ(t)− φ(s)

)2 − sin2
(
φ(t)− φ(s)

)
4∥φ′∥2∞

.

(ii) If 1
φ′ ∈ L∞(a, b), then

detΩ(s, t) ≤
∥∥∥ 1

φ′

∥∥∥2
∞

(
φ(t)− φ(s)

)2 − sin2
(
φ(t)− φ(s))

4
.
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Proof. Since, by assumption, φ is monotone, we have φ′(x)φ′(y) ≥ 0 for a.e.
x, y ∈ (a, b).

If φ′ ∈ L∞(a, b), then, by Lemma II.7.2,

detΩ(s, t) =
1

2

∫ t

s

∫ t

s

sin2
(
φ(x)− φ(y)

)
dx dy

≥ 1

2∥φ′∥2∞

∫ t

s

∫ t

s

sin2
(
φ(x)− φ(y)

)
φ′(x)φ′(y) dx dy. (II.7.2)

If 1
φ′ ∈ L∞(a, b), then

detΩ(s, t) =
1

2

∫ t

s

∫ t

s

sin2
(
φ(x)− φ(y)

)
dx dy

≤ 1

2

∥∥∥ 1

φ′

∥∥∥2
∞

∫ t

s

∫ t

s

sin2
(
φ(x)− φ(y)

)
φ′(x)φ′(y) dx dy. (II.7.3)

With a straightforward calculation we obtain

∫ t

s

∫ t

s

sin2
(
φ(x)− φ(y)

)
φ′(x)φ′(y) dx dy

=

(
φ(t)− φ(s)

)2 − sin2
(
φ(t)− φ(s)

)
2

which, together with (II.7.2) and (II.7.3), proves the inequalities in (i) and
(ii).

We present a lemma that should be seen as a tool for enabling
Lemma II.6.4.

II.7.4 Lemma. Let φ : (a, b) → R be monotone, absolutely continuous and
not constant. Then there are points sj ∈ [a, b] with

a = s0 < s1 < . . . < sk−1 < sk ≤ b (II.7.4)

with the following properties.
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(i) r ≥ ∥φ′∥∞ ⇒ k =
⌊
|φ(a)− φ(b)|

( r

∥φ′∥∞

) 1
2
⌋

∧ ∀j ∈ {1, . . . , k}. detΩ(sj−1, sj) >
1

16r2
.

(II.7.5)

(ii) r ≤ ∥φ′∥∞ ⇒ k =
⌊
|φ(a)− φ(b)| r

∥φ′∥∞

⌋
∧ ∀j ∈ {1, . . . , k}. detΩ(sj−1, sj) >

1

16r2
.

(II.7.6)

Proof. We prove (i) first. Let f(x) := x2 − sin2(x) and observe that f(x)
x4

is
decreasing. Hence

x ≤ 1 ⇒ f(x) ≥ f(1)

14
· x4 > x4

4
. (II.7.7)

Since φ is monotone, φ([a, b]) is an interval. Assume for simplicity that φ is
nondecreasing, i.e., φ([a, b]) = [φ(a), φ(b)]. Let

h :=
(∥φ′∥∞

r

) 1
2 ≤ 1

and split [φ(a), φ(b)] into smaller intervals [dj−1, dj] of length h each, starting
with d0 := 0. Clearly, we can choose up to

k :=
⌊ |φ(b)− φ(a)|

h

⌋
=
⌊
|φ(a)− φ(b)|

( r

∥φ′∥∞

) 1
2
⌋

many such intervals. Since φ : [a, b] → φ([a, b]) is surjective, there are points
sj such that s0 = a and φ(sj) = dj for j = 0, 1, . . . , k. By Lemma II.7.3 and
(II.7.7)

detΩ(sj−1, sj) ≥
f
(∣∣φ(sj−1)− φ(sj)

∣∣)
4∥φ′∥2∞

=
f(h)

4∥φ′∥2∞
>

h4

16∥φ′∥2∞
=

1

16r2
.

In the proof of (ii), we need to estimate f(x) for x ≥ 1. Note that

x ≥ 1 ⇒ f(x) ≥ f(1)

12
· x2 > x2

4
. (II.7.8)

Choosing points sj analogously, but for h := ∥φ′∥∞
r

≥ 1, we obtain

k =
⌊ |φ(b)− φ(a)|

h

⌋
=
⌊
|φ(a)− φ(b)| r

∥φ′∥∞

⌋
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and, for j = 1, 2, . . . , k,

det Ω(sj−1, sj) ≥
f
(∣∣φ(sj−1)− φ(sj)

∣∣)
4∥φ′∥2∞

=
f(h)

4∥φ′∥2∞
>

h2

16∥φ′∥2∞
=

1

16r2
.

Now we are only two auxiliary lemmata away from being able to prove
Theorem II.7.1. Lemma II.7.5 contains a lower bound while Lemma II.7.6
gives a bound from above, and both results are very specifically adapted to
the situation in Theorem II.7.1.

II.7.5 Lemma. Let φ : (a, b) → R be locally absolutely continuous and let
H(t) := ξφ(t)ξ

T
φ(t). Suppose that ∥φ′|K∥∞ < ∞ for each compact K ⊆ (a, b],

and that we are given

▷ a decreasing sequence (ξn)
∞
n=1 with ξ1 = b, such that φ is monotone on

each interval [ξn, ξn−1];

▷ a function T : (X,∞) → N with the property that, for any r ∈ (X,∞)
and n ∈ {2, . . . , T (r)},

r ≥
∥∥φ′|[ξn,ξn−1]

∥∥
∞ ∧ |φ(ξn)− φ(ξn−1)|

( r

∥φ′|[ξn,ξn−1]∥∞

) 1
2 ≥ 1. (II.7.9)

Then, if (t̂, ŝ) is a compatible pair for H,
(

1
16 detΩ(a,b)

) 1
2 , 1

16
, 1
16
, we have∫ b

ξT (r)

K(t; r) dt

≥ log 2

2
r

1
2

T (r)∑
n=2

|φ(ξn)− φ(ξn−1)|
∥∥φ′|[ξn,ξn−1]

∥∥− 1
2

∞ − log
(
4(b− a)r

)
.

Proof. For each n ∈ {2, . . . , T (r)}, Lemma II.7.4 provides

k(n, r) =
⌊
|φ(ξn)− φ(ξn−1)|

( r

∥φ′|[ξn,ξn−1]∥∞

) 1
2
⌋
≥ 1

many disjoint subintervals [s
(n,r)
j−1 , s

(n,r)
j ] of [ξn, ξn−1] with the property that

detΩ
(
s
(n,r)
j−1 , s

(n,r)
j

)
> 1

16r2
each. Taking the sum over all n ∈ 2, . . . , T (r), at

least
T (r)∑
n=2

k(n, r) ≥ 1

2
r

1
2

T (r)∑
n=2

|φ(ξn)− φ(ξn−1)|
∥∥φ′|[ξn,ξn−1]

∥∥− 1
2

∞

many disjoint intervals with this property are contained in [ξT (r), 1].
Lemma II.6.4 now gives the desired lower bound.
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II.7.6 Lemma. Let φ : (a, b) → R be locally absolutely continuous and let
H(t) := ξφ(t)ξ

T
φ(t). Suppose that ∥φ′|K∥∞ < ∞ for each compact K ⊆ (a, b],

and that we are given

▷ a decreasing sequence (ξn)
∞
n=1 with ξ1 = b;

▷ a function T : (X,∞) → N with

∀n ∈ {2, . . . , T (r)}. detΩ(ξn, ξn−1) >
1

16r2
.

Then, if (t̂, ŝ) is a compatible pair for H,
(

1
16 detΩ(a,b)

) 1
2 , 1

16
, 1
16
, the estimate∫ b

ξT (r)−1

K(t; r) dt ≤ 8
√
2 · r

1
2

T (r)−1∑
j=2

(ξj−1 − ξj+1)
∥∥φ′|[ξj+1,ξj−1]

∥∥ 1
2

∞

holds.

Proof. Fix r > X and recall that, for t ∈ [ξT (r)−1, b] we have

K(t; r) =
h1(t)

ω1(ŝ(t; r), t)

because of

detΩ(a, ξT (r)−1) ≥ detΩ(ξT (r), ξT (r)−1) ≥
1

16r2
.

For each n ∈ {2, . . . ,≤ T (r) − 1}, set In := [ξn+1, ξn−1] and define
the Hamiltonian Hn := H|In . We choose a compatible pair (t̂n, ŝn) for

Hn,
(

1
16 detΩ(ξn+1,ξn−1)

) 1
2 , 1

16
, 1
16
, cf. Corollary II.2.9. Since

detΩ(ξn+1, ξn) >
1

16r2

it follows that t̂n(r) < ξn. Hence ŝn(t; r) is well-defined for t ∈ In and satisfies

detΩ(ŝn(t; r), t) =
1

16r2
= detΩ(ŝn(t; r), t), t ∈ In.

This implies ŝn(t; r) = ŝ(t; r) for t ∈ In. Note that for s, t ∈ In it holds that
|φ(s)−φ(t)| ≤

∥∥φ′|In
∥∥
∞|s−t|, i.e., φ|In is Hölder continuous with exponent 1

and constant
∥∥φ′|In

∥∥
∞. Applying Proposition II.6.18, (ii), to Hn, we obtain∫ ξn−1

ξn

h1(t)

ω1(ŝ(t; r), t)
dt =

∫ ξn−1

ξn

h1(t)

ω1(ŝn(t; r), t)
dt ≤

∫ ξn−1

t̂n(r)

h1(t)

ω1(ŝn(t; r), t)
dt

≤ 8
√
2(ξj−1 − ξj+1)

∥∥φ′|In
∥∥ 1

2

∞r
1
2 .

Now take the sum over n ∈ {2, . . . , T (r)− 1} to complete the proof.
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Proof of Theorem II.7.1 for β ≤ 0. We clearly have φ(t) ∼ tγ−β for t → 0.
There are three cases to distinguish, depending on which of the intervals
[0,∞), [−1, 0), and (−∞,−1) the exponent γ − β belongs to.

➀ Case γ − β ≥ 0. In this situation, φ is of bounded variation, and Propos-
ition II.6.18, (iii), leads to log |w22(ir)| ≲ r

1
2 . Choosing a subinterval (a′, b′)

of (a, b) such that 0 < ∥φ′|(a′,b′)∥∞ < ∞, Lemma II.7.4, (i) gives (for each

large enough r) a total of k(r) ≳ r
1
2 many points s

(r)
j ∈ [a′, b′] ⊆ [a, b] such

that

detΩ
(
s
(r)
j−1, s

(r)
j

)
≥ 1

16r2

for large r and j ∈ {1, . . . , k(r). Now Lemma II.6.4 shows that log |w22(ir)| ≳
r

1
2 .

➁ Case −1 ≤ γ − β < 0. We use the abbreviation α := γ − β. Setting
ξn := n

1
α , we have

φ(ξn) ∼ n, |ξn−1 − ξn| ∼
(
− 1

α

)
n

1−α
α ,

φ′(ξn) ∼ αn
α−1
α , |φ(ξn−1)− φ(ξn)| ∼ 1

(II.7.10)

for n→ ∞. We would like to identify numbers n such that Lemma II.7.4, (i)
applied to φ|[ξn,ξn−1] gives k ≥ 1 subintervals of [ξn, ξn−1] (which, in particular,
means that detΩ(ξn, ξn−1) >

1
16r2

). In other words, we want

r ≥ ∥φ′|[ξn,ξn−1]∥∞ ∧ |φ(ξn)− φ(ξn−1)|
( r

∥φ′|[ξn,ξn−1]∥∞

) 1
2 ≥ 1.

A calculation shows that for a small enough η > 0 and n ≤ T (r) := ⌊ηr
α

α−1 ⌋,
the above inequalities are valid. By Lemma II.7.6 and (II.7.10),3∫ 1

ξT (r)−1

K(t; r) dt ≲ r
1
2

T (r)−1∑
j=2

n
1−α
2α ≍ r

1
2

∫ r
α

α−1

1

x
1+α
2α

−1 dx.

If α > −1, the integral on the right hand side is bounded; if α = −1, it is
equal to 1

2
log r. Hence∫ 1

ξT (r)−1

K(t; r) dt ≲

{
r

1
2 , α > −1;

r
1
2 log r, α = −1.

3K(t; r) is understood w.r.t. the compatible pair for H,
(

1
16 det(0,1)

) 1
2 , 1

16 ,
1
16 .
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By Proposition II.6.16, we also have∫ ξT (r)−1

t̂(r)

K(t; r) dt ≲ rξT (r)−1 ≲ r
α

α−1 ≤ r
1
2 ,

and as we know from Proposition II.4.4, the contribution of [0, t̂(r)] is neg-
lectable. Combining the estimates, we obtain

log |w22(ir)| ≍
∫ 1

0

K(t; r) dt ≲

{
r

1
2 , α > −1;

r
1
2 log r, α = −1.

Since (II.7.9) holds for 2 ≤ n ≤ T (r), Lemma II.7.5 yields∫ 1

0

K(t; r) dt ≳ r
1
2

T (r)∑
n=2

|φ(ξn)− φ(ξn−1)|
∥∥φ′|[ξn,ξn−1]

∥∥− 1
2

∞

≍ r
1
2

T (r)∑
n=2

n
1−α
2α ≍

{
r

1
2 , α > −1;

r
1
2 log r, α = −1.

➂ Case γ − β < −1. We write again α := γ − β for short. With ξn := n−1,
we have

φ(ξn) ∼ n−α, |ξn−1 − ξn| ∼ n−2,

φ′(ξn) ∼ αn1−α, |φ(ξn−1)− φ(ξn)| ∼ −αn−α−1.
(II.7.11)

We see that (II.7.9) is satisfied for all n ≤ T (r) := ⌊ϵr
1

1−α ⌋ if ϵ > 0
is small enough. For n satisfying (II.7.9), Lemma II.7.4, (i), shows that
detΩ(ξn, ξn−1) >

1
16r2

. Using Lemma II.7.6 and (II.7.11),∫ 1

ξT (r)−1

K(t; r) dt ≲ r
1
2

T (r)−1∑
j=2

n− 1+α
2

−1 ≍ r
1
2

∫ r
1

1−α

1

x−
1+α
2

−1 dx.

≍ r
1
2 · r

1+α
2(α−1) = r

α
α−1 .

Proposition II.6.16 gives∫ ξT (r)−1

t̂(r)

K(t; r) dt ≲ rξT (r)−1 ≍ r
α

α−1 ,

leading to log |w22(ir)| ≲ r
α

α−1 . In analogy to the previous case, a lower
bound for log |w22(ir)| is given by

r
1
2

T (r)∑
n=2

|φ(ξn)− φ(ξn−1)|
∥∥φ′|[ξn,ξn−1]

∥∥− 1
2

∞ ≳ r
1
2

T (r)−1∑
j=2

n− 1+α
2

−1 ≍ r
α

α−1 .
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Proof of Theorem II.7.1 for β > 0. This is the case where φ oscillates. A few
preparations are needed before we can treat the different cases.

▷ The derivative of φ is given by

φ′(t) = tγ−1
[
γ sin(t−β)− βt−β cos(t−β)

]
. (II.7.12)

For n = 2, 3, . . ., we have φ
(
(πn)−

1
β
)
= 0 and there is a unique station-

ary point

ξn ∈
(
(πn)−

1
β , (π(n− 1))−

1
β
)
.

Setting ξ1 := 1, the function φ is monotone on each interval [ξn, ξn−1].

▷ Let
ξ−βn = π(n− 1) + xn, 0 < xn < π.

From φ′(ξn) = 0 we infer

π(n− 1) + xn =
γ

β
tan(xn),

i.e. limn→∞ tan(xn) = ∞ and therefore limn→∞ xn = π
2
. We see that

φ(ξn) = ξγn sin(π(n− 1) + xn) = ξγn sin(xn)(−1)n−1 ∼ (−1)n−1(πn)−
γ
β .

and hence

|φ(ξn)− φ(ξn−1)| ∼ 2π− γ
βn− γ

β ,

ξn−1 − ξn ∼ 1

βπ
1
β

n−β+1
β .

▷ From (II.7.12) we obtain

βn
β−γ+1

β ≤ ∥φ′|[ξn,ξn−1]∥∞ ≤ (β + γ)n
β−γ+1

β .

➀ Case γ ≥ 0. Let r > 0 be fixed. A computation shows that there is

η > 0 such that (II.7.9) holds for all n ≤ T (r) := ⌊ηr
β

β+γ+1 ⌋. For these
n, Lemma II.7.4 guarantees detΩ(ξn, ξn−1) >

1
16r2

. Hence Lemma II.7.6 is
applicable and gives∫ 1

ξT (r)−1

K(t; r) dt ≲ r
1
2

T (r)−1∑
j=2

(ξj−1 − ξj+1)
∥∥φ′|[ξj+1,ξj−1]

∥∥ 1
2

∞

≍ r
1
2

∫ r
β

β+γ+1

1

x
β−γ−1

2β
−1 dx ≍


r

β
β+γ+1 , β > γ + 1;

r
1
2 log r, β = γ + 1;

r
1
2 , β < γ + 1.
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Proposition II.6.18, (ii), applied to H|[0,ξT (r)−1], gives∫ ξT (r)−1

t̂(r)

h1(t)

ω1(ŝ(t; r), t)
dt ≲ ξT (r)−1 · r

∣∣φ(ξT (r)−1)− φ(ξT (r))
∣∣

≍ r−
1

β+γ+1 · r · r−
γ

β+γ+1 ≍ r
β

β+γ+1 .

If β ≤ γ + 1, then β
β+γ+1

≤ 1
2
. Together with the bound we obtained for the

contribution of [ξT (r)−1, 1], we have

log |w22(ir)| ≍
∫ 1

0

K(t; r) dt ≲


r

β
β+γ+1 , β > γ + 1;

r
1
2 log r, β = γ + 1;

r
1
2 , β < γ + 1.

Since (II.7.9) is satisfied for n ≤ T (r), Lemma II.7.5 tells us that∫ 1

0

K(t; r) dt ≳
∫ 1

ξT (r)

K(t; r) dt

≳ r
1
2

T (r)∑
n=2

|φ(ξn)− φ(ξn−1)|
∥∥φ′|[ξn,ξn−1]

∥∥− 1
2

∞ ≍ r
1
2

∫ r
β

β+γ+1

1

x
β−γ−1

2β
−1 dx

which coincides (up to a multiplicative constant) with the upper bound we
obtained.

➁ Case γ < 0. We fix r > 0. Then there is η > 0 such that (II.7.9)

holds for all n ≤ T (r) := ⌊ηr
β

β−γ+1 ⌋. For these n, Lemma II.7.4 guarantees
detΩ(ξn, ξn−1) >

1
16r2

. By Lemma II.7.6,

∫ 1

ξT (r)−1

K(t; r) dt ≲ r
1
2

T (r)−1∑
j=2

(ξj−1 − ξj+1)
∥∥φ′|[ξj+1,ξj−1]

∥∥ 1
2

∞

≍ r
1
2

∫ r
β

β−γ+1

1

x
β−γ−1

2β
−1 dx ≍


r

β−γ
β−γ+1 , β > γ + 1;

r
1
2 log r, β = γ + 1;

r
1
2 , β < γ + 1.

Using Proposition II.6.16 with H|[0,ξT (r)−1], we obtain∫ ξT (r)−1

t̂(r)

K(t; r) dt ≲ ξT (r)−1 · r ≍ r
β−γ

β−γ+1 .
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Since T (r) was chosen such that (II.7.5) holds for n ≤ T (r), we obtain from
Lemma II.7.5 the lower estimate∫ 1

0

K(t; r) dt ≥
∫ 1

ξT (r)

K(t; r) dt ≳ r
1
2

T (r)∑
n=2

|φ(ξn)− φ(ξn−1)|
∥∥φ′|[ξn,ξn−1]

∥∥− 1
2

∞

≍ r
1
2

∫ r
β

β−γ+1

1

x
β−γ−1

2β
−1 dx

and this is ≍ to the upper bound.
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II.7.2 Sharpness of the upper bound

We give a specific example that the upper bound in Theorem II.6.2 can be
attained. Let H be the Hamiltonian defined on the interval [0, 1] a.e. by

H(t) :=


(

1 0
0 0

)
if e−(2n+1) ≤ t < e−2n,(

0 0
0 1

)
if e−(2n+2) ≤ t < e−(2n+1),

for n ≥ 0.

II.7.7 Proposition. Let κH(r) and K(t; r) be as in Theorem II.6.2 where,
for definiteness, we use c := 1. Then

κH(r) ≍ log r,

∫ b

a

K(t; r) dt ≍ (log r)2.

Proof. As a first step we compute detΩ on an initial section of the interval
[0, 1]. Let n ∈ N, then

detΩ(0, e−2n) =
∞∑
l=n

[
e−2l − e−(2l+1)

]
·

∞∑
l=n

[
e−(2l+1) − e−(2l+2)

]
=

1

e

(
1− 1

e

)2( ∞∑
l=n

e−2l
)2

= αe−4n,

where α := e
(e+1)2

. This formula yields that

detΩ(0, e−2n) ≤ 1

r2
⇔ n ≥ 1

2
log r +

1

4
logα.

Now note that

detΩ
(
e−(2n+1), e−2n

)
= detΩ

(
e−(2n+2), e−(2n+1)

)
= 0.

For sufficiently large r the interval[1
2
log r +

1

4
logα, log r

]
contains at least one integer. Let n(r) be one such, and set

s0 := 0, s1 := e−2n(r), sl := e−2n(r)+l−1 for l = 2, . . . , 2n(r) + 1.

Then we can apply Remark II.6.7 (i), and obtain that κH(r) ≤ 2 log r+1. In

turn it follows that
∫ b
a
K(t; r) dt ≲ (log r)2.
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The reverse inequalities are obtained by explicit computation of the in-
tegral of K(t; r) over certain subintervals. Let t ∈ [e−(2n+1), e−2n]. Then we
clearly have ŝ(t; r) ≤ e−(2n+1). Furthermore,

detΩ(e−(2n+2), t) = (e− 1)e−(2n+2)
(
t− e−(2n+1)

)
,

and hence

ŝ(t; r) ≥ e−(2n+2) ⇔ t ≥ e−(2n+1) +
e2n+2

r2(e− 1)
.

The interval [
e−(2n+1) +

e2n+2

r2(e− 1)
, e−2n

]
is nonempty, if and only if

n ≤ 1

2
log r +

1

4
log β,

where β := (e−1)2

e3
. For such n we can estimate

e−2n∫
e−(2n+1)

K(t; r) dt ≥
e−2n∫

e−(2n+1)+ e2n+2

r2(e−1)

h1(t)

ω1(ŝ(t; r), t)
dt

=

e−2n∫
e−(2n+1)+ e2n+2

r2(e−1)

1

t− e−(2n+1)
dt = 2 log r − 4n+ log β.

Set N := ⌊1
4
log r⌋. Then we have∫ b

a

K(t; r) dt ≥
N∑
n=0

∫ e−2n

e−(2n+1)

K(t; r) dt ≥
N∑
n=0

(
2 log r − 4n+ log β

)
≥ (N + 1) · 2 log r −N · 4N + (N + 1) · log β

≥ 1

4
(log r)2 −O(log r).

Having this lower bound for the integral, clearly implies that κH(r) ≳ log r.
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An upper bound for the Nevanlinna matrix

of an indeterminate moment sequence

Raphael Pruckner ∗ Jakob Reiffenstein ∗ Harald Woracek
�

Abstract: The solutions of an indeterminate Hamburger moment problem can
be parameterised using the Nevanlinna matrix of the problem. The entries of this
matrix are entire functions of minimal exponential type, and any growth less
than that can occur.

An indeterminate moment problem can be considered as a canonical system in
limit circle case by rewriting the three-term recurrence of the problem to a first
order vector-valued recurrence. We give a bound for the growth of the
Nevanlinna matrix in terms of the parameters of this canonical system. In most
situations this bound can be evaluated explicitly. It is sharp in the sense that for
well-behaved parameters it coincides with the actual growth of the Nevanlinna
matrix up to multiplicative constants.

AMS MSC 2020: 44A60, 47B36, 34L20, 30D15, 37J99

Keywords: Indeterminate moment problem, Nevanlinna matrix, order of entire

function, canonical system, distribution of eigenvalues

III.1 Introduction

Let (sn)
∞
n=0 be a sequence of real numbers. The Hamburger moment problem

is the task of describing the set

M
(
(sn)

∞
n=0

)
:=

{
µ
∣∣∣ µ positive Borel measure on R
sn =

∫
R tn dµ(t) for n = 0, 1, 2, . . .

}
.

This is a classical problem of analysis and was treated extensively in work of
H. Hamburger, M. Riesz, R. Nevanlinna, and many others. Standard refer-
ences are, e.g., [ST43, Akh61, Sch17]. It is known that one of the following
alternatives takes place for the setM((sn)

∞
n=0): it is either empty, or contains

exactly one element, or contains infinitely many elements. In the last case
(sn)

∞
n=0 is called an indeterminate moment sequence, and this is the case we

are concerned with in the present paper.

�This work was supported by the project P 30715-N35 of the Austrian Science Fund
(FWF). The second and third authors were supported by the joint project I 4600 of the
Austrian Science Fund (FWF) and the Russian foundation of basic research (RFBR).
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For an indeterminate moment sequence (sn)
∞
n=0 the set M

(
(sn)

∞
n=0

)
can

be parameterised: There exist four entire functions A,B,C,D, such that the
formula ∫

R

1

t− z
dµ(t) =

A(z)τ(z) +B(z)

C(z)τ(z) +D(z)
(III.1.1)

establishes a bijection between M((sn)
∞
n=0) and the set of all functions τ that

are analytic in the open upper half-plane C+ and have nonnegative imaginary
part (formally including the function constant equal to ∞). The matrix

W (z) :=

(
A(z) B(z)
C(z) D(z)

)
is called the Nevanlinna matrix of the sequence (sn)

∞
n=0.

The Nevanlinna matrix admits an operator theoretic interpretation (and
this viewpoint could be used to prove (III.1.1)). To the moment sequence
there is an associated sequence (pn)

∞
n=0 of orthogonal polynomials that sat-

isfies a three-term recurrence of the form

zpn(z) = bnpn+1(z) + anpn(z) + bn−1pn−1(z), n = 0, 1, 2, . . . (III.1.2)

with certain parameters an ∈ R and bn > 0 for n = 0, 1, 2, . . . (and formally
b−1 = 0). The Jacobi operator is the closure of the operator

(Ju)n =

{
b0u1 + a0u0 if n = 0,

bnun+1 + anun + bn−1un−1 if n ≥ 1

defined on D := {u ∈ ℓ2 | un = 0 for almost all n}, and (III.1.2) is the formal
eigenvalue equation for J . The Jacobi operator is closed and symmetric,
and has deficiency index (1, 1). Hence, the self-adjoint extensions of the
Jacobi operator (we write again J for simplicity) are described by M.G.
Krein’s resolvent formula. The Nevanlinna matrix of (sn)

∞
n=0 is precisely the

u-resolvent matrix of J for a certain generating element u.
The entries A,B,C,D of the Nevanlinna matrix all have the same growth

[BP94], and a classical theorem of M. Riesz in [Rie23] states that they are
of minimal exponential type. Moreover, it is known that any growth smaller
than that may occur, e.g. [BS98]. Revealing more refined information about
the growth of the Nevanlinna matrix is an intricate problem. It is of great
interest also for spectral theoretic reasons: due to the above interpretation
of W as a resolvent matrix, the set of zeros of D coincides with the spectrum
of a particular self-adjoint extension of J . Hence, if the growth of W is
known, information about the distribution of eigenvalues can be obtained
using standard tools from complex analysis.

2
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In the present paper we give an upper bound for

M(r) := max
|z|=r

∥W (z)∥

of which there are two versions: First, a general formulation where any (pos-
sibly rough) data is admitted, and second, a much more explicit bound for
data satisfying mild regularity conditions. If, in addition, the data decays
sufficiently fast, then the upper bound coincides with M(r) up to multiplic-
ative constants.

So far, we talked about two different (equivalent) objects, i.e., the mo-
ment sequence and the Jacobi operator. Our method actually relies on a third
object – a canonical system of differential equations. It is obtained from re-
writing the three-term recurrence (III.1.2) as a first order vector difference
equation and interpreting this as a discrete differential equation. From the
fundamental solution of the canonical system, we obtain its monodromy mat-
rix which again coincides with the Nevanlinna matrix W .

The canonical systems occurring in the context of moment problems are
represented by a Hamiltonian which reflects the discrete nature of the dif-
ference equation. It is determined by two sequences, its lengths lj > 0 and
angles ϕj ∈ R, which we call the Hamiltonian parameters (details are given
below, cf. Definition III.1.1). This model for an indeterminate moment se-
quence is well suited for the study of various properties. For example, the
moment sequence is indeterminate if and only if (lj)

∞
j=1 is summable. Our

results will almost exclusively be formulated in terms of the Hamiltonian
parameters.

Let us briefly review some earlier results on the growth of Nevanlinna
matrices. The history of the subject starts probably with a theorem of M.S.
Livšic in [Liv39] that gives a lower bound for M(r) in terms of the moment
sequence itself. This bound is easy to handle, but will usually not give the
correct size. In recent work of C. Berg and R. Szwarc [BS14] it is shown that
the order and type of W

ρ := lim sup
r→∞

log logM(r)

log r
, τ := lim sup

r→∞

logM(r)

rρ
,

coincide with those of a certain entire function built in a complicated way
from the coefficients of the orthonormal polynomials. A theorem which takes
the Jacobi parameters as input is due to Yu.M. Berezanskii [Ber56] and
was generalised in [BS14]. It states that the order of W coincides with the
convergence exponent of the sequence (bn)

∞
n=0, but the assumptions are very

restrictive, involving regularity of bn and smallness of an. Bounds for the

3
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order of W in terms of the Hamiltonian parameters, which under certain
conditions give the correct value, are obtained in [PRW17].

In our present theorems we start with the Hamiltonian parameters, and
give bounds for the type of W with respect to a general comparison function
(e.g., a proximate order in the sense of Valiron). This improves significantly
upon [PRW17] in several ways: we work on a much more refined scale of meas-
uring growth, we obtain type estimates, and in some situations our bound
improves the earlier results even on the rough scale of order. Several cases
occur, which are presented in Theorem III.4.6. The path that leads to this
result is divided into two main sections: First, we prove a very general, albeit
complicated, upper bound in Theorem III.2.2. Second, in Theorem III.4.1
we use J. Karamata’s theory of regularly varying functions to evaluate this
general bound. For the convenience of the reader, the significantly simpler
case of usual order and type is covered separately in Corollary III.2.5. We
show in Theorem III.5.3 that the upper bound is attained if the lengths and
angle differences are themselves close to regularly varying and decay suffi-
ciently fast (corresponding to order less than 1

2
). In this case the growth of

logM(r) is fully determined up to multiplicative constants.
The proof of our foundational theorem is based on a somewhat tricky ap-

plication of a recent result from [PW23], approximating the target Hamilto-
nian with a finite dimensional one. Building upon that, a detailed (and partly
tedious) analysis of functions follows. We recommend the reader to get an
overall picture before diving into the actual estimates.

Canonical systems with Hamburger Hamiltonian

A two-dimensional canonical system is an equation of the form

y′(t) = zJH(t)y(t), t ∈ (a, b) a.e.,

where

▷ −∞ ≤ a < b ≤ ∞,

▷ H ∈ L1
loc

(
(a, b),R2×2

)
, and H(t) ≥ 0 and H(t) ̸= 0 for t ∈ (a, b) a.e.,

▷ J :=
(

0 −1

1 0

)
and z ∈ C,

and the solution y : (a, b) → C2 is required to be locally absolutely continu-
ous. The function H is called the Hamiltonian of the system.

Canonical systems that occur from indeterminate moment sequences are
those whose Hamiltonian has the following particular – discrete – form. Here

4
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we denote

ξϕ :=

(
cosϕ

sinϕ

)
, ϕ ∈ R.

III.1.1 Definition. Let (lj)
∞
j=1 be a summable sequence of positive numbers

and (ϕj)
∞
j=1 be a sequence of real numbers. Set x0 := 0, xj :=

∑j
i=1 li for

j ≥ 1, and L :=
∑∞

j=1 lj < ∞. The Hamburger Hamiltonian with lengths lj
and angles ϕj is the function H defined on the interval (0, L) as

H(t) := ξϕjξ
T
ϕj

for j ∈ N and xj−1 ≤ t < xj.

◀

A Hamburger Hamiltonian H thus can be pictured as

ξϕ1
ξTϕ1

ξϕ2
ξTϕ2

ξϕ3
ξTϕ3

· · ·

H :
x0 l1 x1 l2 x2 l3 x3 · · · L

Since a Hamburger Hamiltonian in the sense of the above definition is even
integrable on the whole interval (0, L), there exists a unique 2 × 2 matrix-
valued solution W : [0, L]× C → C2×2 of the initial value problem{

∂
∂t
W (t; z)J = zW (t; z)H(t), t ∈ (0, L) a.e.,

W (0; z) = I.

We refer toW as the fundamental solution of H, and to the matrixWH(z) :=
W (L; z) as its monodromy matrix.

A notational convention

We frequently compare functions up to multiplicative constants or asymp-
totically, and throughout the paper use the following notation.

III.1.2 Notation. Let X be a set and f, g : X → (0,∞).

(i) We write “f ≲ g” (or “f(x) ≲ g(x)”) to say that there exists a constant
C > 0 such that f(x) ≤ C · g(x) for all x ∈ X. We write “f ≳ g” if
g ≲ f , and “f ≍ g” if f ≲ g and f ≳ g.

(ii) Assume that X is directed. We say that “f ≲ g for sufficiently large
x”, if there exists x0 ∈ X such that f |Y ≲ g|Y where Y := {x ∈ X |
x ⪰ x0}.

5
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(iii) Assume again that X is directed. We write “f ∼ g” if limx∈X
f(x)
g(x)

= 1,

and “f ≪ g” if limx∈X
f(x)
g(x)

= 0, and “f ≈ g” if limx∈X
f(x)
g(x)

exists in

(0,∞).

(iv) Assume that X is a subset of a topological space. We say that “f ≲ g
locally”, if f |K ≲ g|K for every compact subset K of X. Analogous
wording applies to “≍”.

◀

For the convenience of the reader, we include an appendix where the defin-
ition and some basic results about regularly varying functions in Karamata
sense are recalled.

III.2 An upper bound for the monodromy

matrix

In this section we give a generic upper bound for log ∥WH(z)∥. The functions
dl,dϕ used below play the role of well-behaved comparison functions for the
lengths and for the differences of consecutive angles of the Hamiltonian.

III.2.1 Definition. Let dl : [1,∞) → (0,∞) and dϕ : [1,∞) → (0, 1] be
measurable with dl ≍ 1 ≍ dϕ locally. Then we denote

k(R) := sup
{
t ∈ [1,∞) | sup

1≤s≤t

2

R(dldϕ)(s)
≤ 1
}
, (III.2.1)

h(R) := sup
{
t ∈ [1,∞) | sup

1≤s≤t

dϕ(s)

Rdl(s)
≤ 1
}
, (III.2.2)

where R ∈ [ 2
(dldϕ)(1)

,∞) and R ∈ [
dϕ(1)

dl(1)
,∞), respectively. Further, we set

g(t, R) :=


log
(
R(dldϕ)(t)

)
if 1 ≤ t < k(R),

R
1
2 (dldϕ)

1
2 (t) if k(R) ≤ t < h(R),

Rdl(t) if h(R) ≤ t,

where (t, R) ∈ [1,∞)× [ 2
(dldϕ)(1)

,∞), and

g(t, R) =

∫ t

1

g(s, R) ds. (III.2.3)

◀

6
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Note here that dϕ(t) ≤ 1, and hence k(R) ≤ h(R) for all R ≥ 2
(dldϕ)(1)

.

III.2.2 Theorem. Let (lj)
∞
j=1 be a summable sequence of positive num-

bers, and (ϕj)
∞
j=1 a sequence of real numbers. Denote by H the Hamburger

Hamiltonian with these lengths and angles, and let WH be its monodromy
matrix.

Let ψ ∈ R and let dl,dϕ, cl, cϕ : [1,∞) → (0,∞) be measurable and
nonincreasing, with dϕ ≤ 1 and cϕ ≤ cl. Assume that

∀j ∈ N. lj ≤ dl(j) ∧ | sin(ϕj+1 − ϕj)| ≤ dϕ(j), (III.2.4)

∀N ∈ N.
∞∑

j=N+1

lj ≤ cl(N) ∧
∞∑

j=N+1

lj sin
2(ϕj − ψ) ≤ cϕ(N). (III.2.5)

Let g(t, R) be as in (III.2.3), and set

L(t, R) := 1 + log+R + log+
cl(⌈t⌉)
cϕ(⌈t⌉)

+ log+
dl(1)

dϕ(1)
(III.2.6)

+ log+
dl(min{⌈t⌉, ⌊h(R)⌋})
dϕ(min{⌈t⌉, ⌊h(R)⌋})

+

min{⌈t⌉,⌊h(R)⌋}−1∑
j=1

∣∣∣∣ log(dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣.
Then we have, for all R ≥ 2

(dldϕ)(1)
,

log
(
max
|z|=R

∥WH(z)∥
)
≤ 9 · inf

t≥1

(
max

{
g
(
t, R
)
, R(clcϕ)

1
2 (t)
}
+ L(t, R)

)
.

(III.2.7)

III.2.3 Remark. The terms appearing in the upper bound in (III.2.7) have
the following meaning:

(i) g(t, R) estimates the contribution of the first ⌈t⌉ intervals of H;

(ii) R(clcϕ)
1
2 (t) estimates the contribution of the remaining intervals of H;

(iii) L(t, R) is usually a remainder term.

◁

We mention two possible scenarios. If lengths and angle differences are nonin-
creasing but decay slowly, choosing dl(j),dϕ(j) such that equality holds in
(III.2.4) makes g(t, R) a rather precise bound for the contribution of the
first ⌈t⌉ intervals. On the other hand, if lengths and angle differences behave
irregularly, then g(t, R) likely overestimates the contribution of the first ⌈t⌉
intervals. However, choosing cl, cϕ such that equality holds in (III.2.5), the

7
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bound (III.2.7) is still a good estimate for log ∥WH(z)∥ as long as the decay
is sufficiently fast.

If limt→∞(clcϕ)(t) > 0, the bound (III.2.7) is ≳ R and thus trivial:
we know that WH is of minimal exponential type by the classical Krein-
de Branges formula. Hence we may safely assume that limt→∞(clcϕ)(t) = 0
whenever this is convenient.

The following lemma hints at a way to evaluate the upper bound in
Theorem III.2.2.

III.2.4 Lemma. Let dl : [1,∞) → (0,∞) and dϕ : [1,∞) → (0, 1] be meas-
urable with dl ≍ 1 ≍ dϕ locally, and let cl, cϕ be continuous and nonincreas-
ing with lim

t→∞
(clcϕ)(t) = 0. Then the equation

g(t, R) = R(clcϕ)
1
2 (t), (III.2.8)

has a unique solution T (R), and

min
t≥1

max
{
g
(
t, R
)
, R(clcϕ)

1
2 (t)
}
= g(T (R), R) = R(clcϕ)

1
2 (T (R)).

In addition, limR→∞ T (R) = ∞.

Proof. For each fixed R the function t 7→ g(t, R) is continuous and increasing

while t 7→ R(clcϕ)
1
2 (t) is continuous and nonincreasing. Moreover, g(1, R) =

0 < R(clcϕ)
1
2 (1) and limt→∞R(clcϕ)

1
2 (t) = 0. By the intermediate value

theorem, (III.2.8) has a unique solution T (R).
If lim infR→∞ T (R) < ∞, choose a sequence (Rn)n∈N such that

(T (Rn))n∈N is bounded. Using the crude estimate

g(t, R) ≤ t log
(
R(dldϕ)(1)

)
+
√
2 t+ t ≲ t logR,

this leads to the contradiction

R(clcϕ)
1
2 (T (Rn)) = g(T (Rn), R) ≲ T (Rn) · logR ≪ R ≍ R(clcϕ)

1
2 (T (Rn)).

In many situations, we are going to first determine T (R), and then show
that L(T (R), R) is small. The bound (III.2.7) is then asymptotically equal

to R(clcϕ)
1
2 (T (R)).

Before we go into the proof of Theorem III.2.2, let us discuss a particular
situation.

8
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III.2.5 Corollary. Let (lj)
∞
j=1 be a summable sequence of positive num-

bers, and (ϕj)
∞
j=1 a sequence of real numbers. Denote by H the Hamburger

Hamiltonian with these lengths and angles, and let WH be its monodromy
matrix.

Assume that we have δl, δϕ, γl, γϕ ≥ 0, such that

∀j ∈ N. lj ≲ j−δl ∧ | sin(ϕj+1 − ϕj)| ≲ j−δϕ ,

∀N ∈ N.
∞∑

j=N+1

lj ≲ N−γl ∧
∞∑

j=N+1

lj sin
2(ϕj − ψ) ≲ N−γϕ ,

i.e., we are in the situation of Theorem III.2.2 with

dl(t) = ct−δl , dϕ(t) = ct−δϕ , cl(t) = ct−γl , cϕ(t) = ct−γϕ ,

where c is some positive constant. Set δ := δl + δϕ, γ := 1
2
(γl + γϕ), and

assume that δ > 0 and γ > 0. Then we have, for sufficiently large R, the
following bounds for T (R) (cf. Lemma III.2.4), logmax|z|=R ∥WH(z)∥ and
the order ρH of WH .

Data satisfies T (R) ≍ log max
|z|=R

∥WH(z)∥ ≲ ρH ≤

δ < 1 + γ
(

R
logR

) 1
1+γ R

1
1+γ (logR)

γ
1+γ 1

1+γ

δ = 1 + γ R
1
δ R

1
δ

1
δ

1 + γ < δ, δ > 2, R
δ−1
γδ R

1
δ

1
δ

δ = 2,
(
R

1
2

logR

) 1
γ R

1
2 logR 1

2

δ < 2, δl ≤ 1 + γ R
1

2−δ+2γ R
2−δ+γ
2−δ+2γ 2−δ+γ

2−δ+2γ

1 + γ < δl R
δl−1

γ(δl−δϕ) R
1−δϕ
δl−δϕ

1−δϕ
δl−δϕ

Proof. To start with we observe

k(R) =
(c2R

2

) 1
δ
, h(R) =

{
R

1
δl−δϕ if δl > δϕ,

∞ otherwise ,

R(clcϕ)
1
2 (t) = Rt−γ.

The main effort is to evaluate g(t, R), and this is where the case distinctions
come from.

9
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▷ Range t ∈ [1,k(R)]:

g(t, R) =

∫ t

1

log
(
c2Rs−δ

)
ds = t log(c2R)− δ

∫ t

1

log s ds

= t log(c2R)− δ
(
t log t− t+ 1

)
= t log

(
c2Rt−δ

)
+ δt− δ.

(III.2.9)

In particular,

g(k(R), R) =k(R) log
(
Rk(R)−δ︸ ︷︷ ︸

=2

)
+ δk(R)− δ

=(log 2 + δ)k(R)− δ ≍ k(R).

▷ Range t ∈ [k(R),h(R)]:

∫ t

k(R)

s−
δ
2 ds =


1

1− δ
2

(
t1−

δ
2 − k(R)1−

δ
2

)
if δ < 2,

log t
k(R)

if δ = 2,
1

δ
2
−1

(
k(R)1−

δ
2 − t1−

δ
2

)
if δ > 2.

Let σ > 1
δ
and σ ≤ 1

δl−δϕ
in case δl > δϕ. Then

g(Rσ, R) ≍ R
1
δ +R

1
2 ·


Rσ(1− δ

2
) if δ < 2,

logR if δ = 2,

R
1
δ
(1− δ

2
) if δ > 2.

Observe that for δ < 2

1

δ
=

1

2
+

1

δ

(
1− δ

2

)
<

1

2
+ σ
(
1− δ

2

)
.

Hence,

g(Rσ, R) ≍


R

1
2
+σ(1− δ

2
) if δ < 2,

R
1
2 logR if δ = 2,

R
1
δ if δ > 2.

(III.2.10)

▷ Range t ∈ [h(R),∞):
This case can occur only if δl > δϕ (since otherwise h(R) = ∞).

∫ t

h(R)

s−δl ds =


1

1−δl

(
t1−δl − h(R)1−δl

)
if δl < 1,

log t
h(R)

if δl = 1,
1

δl−1

(
h(R)1−δl − t1−δl

)
if δl > 1.

10
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Let σ > 1
δl−δϕ

. Then

g(Rσ, R) ≍



R
1−δϕ
δl−δϕ +R1+σ(1−δl) if δ < 2, δl < 1,

R
1−δϕ
δl−δϕ +R logR if δ < 2, δl = 1,

R
1−δϕ
δl−δϕ +R

1+
1−δl
δl−δϕ if δ < 2, δl > 1,

R
1
2 logR +R

1+
1−δl
δl−δϕ if δ = 2 (⇒ δl > 1),

R
1
δ +R

1+
1−δl
δl−δϕ if δ > 2 (⇒ δl > 1).

Observe that

δl < 1, σ >
1

δl − δϕ
⇒ 1− δϕ

δl − δϕ
< 1 + σ(1− δl)

since

1− δϕ
δl − δϕ

< 1 + σ(1− δl)

⇔ 1− δϕ < δl − δϕ + σ(1− δl)(δl − δϕ)

⇔ 1− δl < σ(1− δl)(δl − δϕ)

⇔ 1 < σ(δl − δϕ)

Next,

δ ≥ 2 ⇒ 1− δϕ
δl − δϕ

≤ 1

δ

since

1− δϕ
δl − δϕ

≤ 1

δ

⇔ (1− δϕ)(δl + δϕ) ≤ δl − δϕ

⇔ 0 ≤ δϕ(δ − 2)

It follows that

g(Rσ, R) ≍



R1+σ(1−δl) if δ < 2, δl < 1,

R logR if δ < 2, δl = 1,

R
1−δϕ
δl−δϕ if δ < 2, δl > 1,

R
1
2 logR if δ = 2,

R
1
δ if δ > 2.

(III.2.11)

11
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Denote by τ(R) the function (whose form depends on the considered case)
given in the second column of the table in Corollary III.2.5. Using (III.2.9),
(III.2.10), and (III.2.11), we see that

g(τ(R), R) ≍ Rτ(R)−γ = R(clcϕ)
1
2 (τ(R)) (III.2.12)

and hence T (R) ≍ τ(R). Moreover, the upper bound (III.2.7) for
logmax|z|=R ∥WH(z)∥ is ≍ to all terms in (III.2.12).

It remains to check that L(T (R), R) is small. First, observe that the

function
dϕ

dl
is just a power and thus monotone. Hence, the last summand

of L(t, R) is a telescoping sum. Using the facts that also cl
cϕ

is a power and

that T (R) is, in each case, bounded from below and above by some positive
power, we have L(T (R), R) ≲ logR.

Corollary III.2.5 already shows that our present results may improve drastic-
ally upon our previous work [PRW17]. The main feature that enables this
is the use of cϕ: the present results exploit convergence of angles more effi-
ciently.

III.2.6 Example. Let α > 1 and β ≥ 0, and let H be the Hamburger Hamilto-
nian with lengths and angles

lj := j−α, ϕj := (−1)jj−β.

Considering the expressions (III.2.4) and (III.2.5), we see that Corol-
lary III.2.5 can be applied with

δl := α, δϕ := β, γl := α− 1, γϕ := α + 2β − 1.

Since δ = α + β and γ = α + β − 1, this yields

log
(
max |z| = R∥WH(z)∥

)
≲ R

1
α+β ,

and hence ρH ≤ 1
α+β

. Now recall [PRW17, Example 2.23], where we saw that

the order ρH is at least 1
α+β

. Thus, ρH = 1
α+β

.

Let us compare this with what we can obtain from [PRW17]. For
α + β ≥ 2, the formula ρH = 1

α+β
was already established in [PRW17,

Example 2.23]. For α+β < 2, we had obtained the upper bound 1−β
α−β in that

place. However, this did not take into account that angles converge. If we
want to take convergence into account, we should use [PRW17, Corollary 2.9].
The quantities used there identify as

∆+
l = α, ∆∗

ϕ = Λ∗ = β,

12
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and the bound for order so obtained thus is
1−β

2

α
. If β > 0, this lies strictly

between 1
α+β

and 1−β
α−β , since

1− β

α− β
−

1− β
2

α
=

β
2
(2− α− β)

(α− β)α
> 0,

1− β
2

α
− 1

α + β
=

β
2
(2− α− β)

α(α + β)
> 0.

III.2.1 Proof of Theorem III.2.2

Denote by W (s, t; z) the unique solution of the initial value problem{
∂
∂t
W (s, t; z)J = zW (s, t; z)H(t), t ∈ (0, L) a.e.,

W (s, s; z) = I.

and observe the multiplicativity property

W (s, t; z)W (t, u; z) = W (s, u; z).

Our method for the proof of Theorem III.2.2 is to fix t ≥ 1 and estimate
∥W (0, x⌈t⌉; z)∥ and ∥W (x⌈t⌉, L; z)∥ separately. The contribution of the first
⌈t⌉ intervals is estimated using the explicit form of the fundamental solution
on indivisible intervals. On the remaining part, we use Grönwall’s Lemma.
This method is a refined version of an idea from [Rom17] and its improved
variant from [PW23].

Set Wj(z) := W (xj−1, xj; z), then by a direct computation

Wj(z) = I + zljξϕjξ
T
ϕj
J.

Moreover, multiplicativity yields

W (0, xN ; z) = W1(z) · . . . ·WN(z), N ∈ N. (III.2.13)

We often use the matrices introduced in [PW23, Definition 4.4]: for a > 0
and ψ ∈ R, denote

Ω(a, ψ) :=

(
a 0
0 a−1

)
exp(−ψJ) =

(
a 0
0 a−1

)(
cosψ − sinψ
sinψ cosψ

)
.

Recall the following properties from [PW23, Lemma 4.6].

III.2.7 Lemma. Let a, b > 0 and ϕ, ψ ∈ R.

13
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(i) ∥Ω(a, ψ)∥ = ∥Ω(a, ψ)−1∥ = max{a, a−1};

(ii) ∥Ω(a, ψ)ξϕξTϕ JΩ(a, ψ)−1∥ = a2 cos2(ϕ− ψ) + 1
a2
sin2(ϕ− ψ);

(iii) ∥Ω(a, ψ)Ω(b, ϕ)−1∥ ≤ max
{
a
b
, b
a

}
| cos(ϕ−ψ)|+max

{
ab, 1

ab

}
| sin(ϕ−ψ)|.

We use Ω(aj, ψj) to rotate and dilate Wj(z) such that the norm becomes
small. In the following lemma, we make the obvious choice ψj = ϕj, but
retain the freedom of choosing suitable parameters aj.

III.2.8 Lemma. Let N ∈ N and let numbers aj ∈ (0, 1], j = 1, . . . , N , be
given. Then, for each z ∈ C, we have the estimate

∥W (0, xN ; z)∥ ≤ 1

a1aN
·
N∏
j=1

(
1 + |z|lja2j

)
(III.2.14)

·
N−1∏
j=1

(
max

{ aj
aj+1

,
aj+1

aj

}
·
∣∣ cos (ϕj − ϕj+1

)∣∣+ | sin(ϕj − ϕj+1)|
ajaj+1

)
.

Proof. With Ωj := Ω(aj, ϕj) we have

ΩjWj(z)Ω
−1
j = I + zljΩjξϕjξ

T
ϕj
JΩ−1

j ,

and we can use Lemma III.2.7, (ii), to estimate

∥ΩjWj(z)Ω
−1
j ∥ ≤ 1 + |z|lja2j .

Expanding on (III.2.13),

W (0, xN ; z) = Ω−1
1 · (Ω1W1(z)Ω

−1
1 ) · Ω1Ω

−1
2 · . . . · (ΩNWN(z)Ω

−1
N ) · ΩN .

Using submultiplicativity of the norm and Lemma III.2.7, (i), (iii), we arrive
at the desired estimate.

The next lemma is the ingredient of Theorem III.2.2 that accounts for the
term g(t, R) in (III.2.7).

III.2.9 Lemma. Let (lj)
∞
j=1 be a summable sequence of positive numbers, and

(ϕj)
∞
j=1 a sequence of real numbers. Let H be the Hamburger Hamiltonian

with these lengths and angles. Let dl : [1,∞) → (0,∞) and dϕ : [1,∞) →
(0, 1] be measurable and nonincreasing, and assume that

∀j ∈ N. lj ≤ dl(j) ∧ | sin(ϕj+1 − ϕj)| ≤ dϕ(j).

14
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Then, for every (N,R) ∈ N×
[

2
(dldϕ)(1)

,∞
)
,

log
(
max
|z|=R

∥W (0, xN ; z)∥
)
≤ 7

2
·
[
g(N,R) + λ

(
min{N,h(R)}, R

)]
where

λ(t, R) := 1+log+R+log+
dl(1)

dϕ(1)
+log+

dl(⌊t⌋)
dϕ(⌊t⌋)

+

⌊t⌋−1∑
j=1

∣∣∣∣ log dϕ(j)dl(j + 1)

dl(j)dϕ(j + 1)

∣∣∣∣.
Proof. Fix z with |z| = R. In the first step we estimate log ∥W (0, xN ; z)∥
when N ≤ h(R). This is done by an application of Lemma III.2.8 with

aj :=
( dϕ(j)

Rdl(j)

) 1
4
, j = 1, . . . , N.

Since N ≤ h(R) we have aj ∈ (0, 1]. The factors in (III.2.14) are treated
separately:

1

a1aN
= R

1
2 ·
(dl(1)

dϕ(1)

) 1
4 ·
(dl(N)

dϕ(N)

) 1
4
,

1 + |z|lja2j ≤ 1 +Rdl(j)a
2
j = 1 +

(
R(dldϕ)(j)

) 1
2 ,

max
{ aj
aj+1

,
aj+1

aj

}∣∣ cos (ψj − ψj+1

)∣∣+ | sin(ψj − ψj+1)|
ajaj+1

= max
{ aj
aj+1

,
aj+1

aj

}
·
(
| cos(ϕj+1 − ϕj)|+

| sin(ϕj+1 − ϕj)|
max{a2j , a2j+1}

)
≤ max

{ aj
aj+1

,
aj+1

aj

}
·
(
1 +

dϕ(j)

a2j

)
=
[
max

{dϕ(j)dl(j + 1)

dl(j)dϕ(j + 1)
,
dl(j)dϕ(j + 1)

dϕ(j)dl(j + 1)

}] 1
4 ·
(
1 +

(
R(dldϕ)(j)

) 1
2

)
.

Now (III.2.14) yields

log ∥W (0, xN ; z)∥ ≤ 1

2
log+R +

1

4
log+

dl(1)

dϕ(1)
+

1

4
log+

dl(N)

dϕ(N)

+
N∑
j=1

log
(
1 +

(
R(dldϕ)(j)

) 1
2

)
+

1

4

N−1∑
j=1

∣∣∣∣ log dϕ(j)dl(j + 1)

dl(j)dϕ(j + 1)

∣∣∣∣+ N−1∑
j=1

log
(
1 +

(
R(dldϕ)(j)

) 1
2

)
.

15
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Since dl,dϕ are nonincreasing, we can estimate sums by integrals as

N∑
j=2

log

(
1 +

(
R(dldϕ)(j)

) 1
2

)
≤

N∫
1

log
(
1 +

(
R(dldϕ)(s)

) 1
2

)
ds

≤ 3
2
·

min{N,k(R)}∫
1

log
(
R(dldϕ)(s)

)
ds +

N∫
min{N,k(R)}

(
R(dldϕ)(s)

) 1
2 ds.

Noting that

log
(
1 +

(
R(dldϕ)(1)

) 1
2

)
≤ 3

2

(
log+R + log+(dldϕ)(1)

)
≤ 3

2

(
log+R + log+

dl(1)

dϕ(1)

)
,

leads to

log ∥W (0, xN ; z)∥ ≤ 7

2
log+R +

13

4
log+

dl(1)

dϕ(1)
+

1

4
log+

dl(N)

dϕ(N)

+
1

4

N−1∑
j=1

∣∣∣∣ log dϕ(j)dl(j + 1)

dl(j)dϕ(j + 1)

∣∣∣∣
+ 3 ·

min{N,k(R)}∫
1

log
(
R(dldϕ)(s)

)
ds + 2 ·

N∫
min{N,k(R)}

(
R(dldϕ)(s)

) 1
2 ds. (III.2.15)

We see that

log ∥W (0, xN ; z)∥ ≤ 7
2
·
[
g(N,R) + λ(N,R)

]
.

Consider now the case that N > h(R). Since ∥ξϕjξTϕjJ∥ = 1, we see that

∥W (x⌊h(R)⌋, xN ; z)∥ =

∥∥∥∥ N∏
j=⌊h(R)⌋+1

W (xj−1, xj; z)

∥∥∥∥
≤

N∏
j=⌊h(R)⌋+1

∥∥∥I + zljξϕjξ
T
ϕj
J
∥∥∥ ≤

N∏
j=⌊h(R)⌋+1

(
1 +Rdl(j)

)
.

Noting that
Rdl

(
⌊h(R)⌋+ 1

)
< 1,

16
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and estimating the sum by an integral we arrive at

log ∥W (x⌊h(R)⌋, xN ; z)∥ ≤
N∑

j=⌊h(R)⌋+1

log
(
1 +Rdl(j)

)

< log 2 +

N∫
⌊h(R)⌋+1

Rdl(s) ds.

We combine this with (III.2.15) to obtain

log ∥W (0, xN ; z)∥ ≤ log ∥W (0, x⌊h(R)⌋; z)∥+ log ∥W (x⌊h(R)⌋, xN ; z)∥
≤ 7

2
·
[
g(N,R) + λ(h(R), R)

]
.

The second lemma accounts for the contribution of the remaining intervals.

III.2.10 Lemma. Let (lj)
∞
j=1 be a summable sequence of positive num-

bers, and (ϕj)
∞
j=1 a sequence of real numbers. Denote by H the Hamburger

Hamiltonian with these lengths and angles, and let WH be its monodromy
matrix.

Let cl, cϕ : [1,∞) → (0,∞) be two functions with cϕ ≤ cl. Choose ψ ∈ R
and assume that

∀N ∈ N.
∞∑

j=N+1

lj ≤ cl(N) ∧
∞∑

j=N+1

lj sin
2(ϕj − ψ) ≤ cϕ(N).

Then, for any N ∈ N and z ∈ C,

∥W (xN , L; z)∥ ≤
( cl(N)

cϕ(N)

) 1
2
exp

(
2|z|
(
clcϕ

) 1
2 (N)

)
.

Proof. Let Ω ∈ GL(2,R) and consider the function W̃ (t) := ΩW (xN , t; z)Ω
−1

defined on [xN , L]. This function satisfies W̃ (xN) = I and

W̃ ′(t) = −zW̃ (t)ΩH(t)JΩ−1, t ∈ [xN , L].

By Grönwall’s Lemma,

∥W̃ (t)∥ ≤ exp

(
|z|
∫ t

xN

∥ΩH(s)JΩ−1∥ ds
)
.

17
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Set a :=
(

cϕ(N)

cl(N)

) 1
4
and Ω = Ω(a, ψ). Using Lemma III.2.7, (i), (ii), we obtain

∥W (xN , L; z)∥ ≤ ∥Ω−1∥∥W̃ (L)∥∥Ω∥ ≤ 1

a2
exp

(
|z|
∫ L

xN

∥ΩH(s)JΩ−1∥ ds
)

=
( cl(N)

cϕ(N)

) 1
2
exp

(
|z|

∞∑
j=N+1

lj · ∥ΩξϕjξTϕjJΩ
−1∥
)

=
( cl(N)

cϕ(N)

) 1
2
exp

(
|z|

∞∑
j=N+1

lj
[
a2 cos2(ϕj − ψ) +

1

a2
sin2(ϕj − ψ)

])

≤
( cl(N)

cϕ(N)

) 1
2
exp

(
|z|
[
a2

∞∑
j=N+1

lj +
1

a2

∞∑
j=N+1

lj sin
2(ϕj − ψ)

])
≤
( cl(N)

cϕ(N)

) 1
2
exp

(
2|z|
(
clcϕ

) 1
2 (N)

)

The proof of Theorem III.2.2 is now easily completed.

Proof of Theorem III.2.2. Let (t, R) ∈ [1,∞)×
[

2
(dldϕ)(1)

)
and set N := ⌈t⌉.

We use Lemma III.2.9 and Lemma III.2.10 to estimate, for |z| = R,

log ∥WH(z)∥ ≤ log ∥W (0, xN ; z)∥+ log ∥W (xN , L; z)∥

≤ 7
2
·
[
g(N,R) + λ

(
min{N,h(R)}, R

)]
+
[
1
2
log

cl(N)

cϕ(N)
+ 2R

(
clcϕ

) 1
2 (N)

]
≤ 7

2
·
[
g(t, R) +R

(
clcϕ

) 1
2 (t)
]
+ 7

2
·
∣∣g(N,R)− g(t, R)

∣∣
+ 7

2
· λ
(
min{N,h(R)}, R

)
+ 1

2
log

cl(N)

cϕ(N)
.

Since 0 ≤ N − t ≤ 1 and

g(s, R) ≤


3
2

(
log+R + log+ dl(1)

dϕ(1)

)
if 1 ≤ s < k(R),

√
2 if k(R) ≤ s < h(R),

1 if h(R) ≤ s,

≤ 3

2
· λ
(
min{N,h(R)}, R

)
,

18
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we have ∣∣g(N,R)− g(t, R)
∣∣ ≤ 3

2
· λ
(
min{N,h(R)}, R

)
,

and obtain

log ∥WH(z)∥ ≤ 9 ·
[
max

{
g
(
t, R
)
, R(clcϕ)

1
2 (t)
}
+ L(t, R)

]
.

Since t was arbitrary, we can pass to the infimum on the right side.

III.3 Properties of the upper bound

In this section we study the expression on the right side of (III.2.7) inde-
pendently of its meaning in the context of Theorem III.2.2.

III.3.1 Definition. Let dl : [1,∞) → (0,∞) and dϕ : [1,∞) → (0, 1] be
measurable with dl ≍ 1 ≍ dϕ locally. Then we denote

B(R) := inf
t≥1

(
max

{
g
(
t, R
)
, R(clcϕ)

1
2 (t)
}
+ L(t, R)

)
. (III.3.1)

◀

We consider the questions

▷ Is L(t, R) small compared to max
{
g
(
t, R
)
, R(clcϕ)

1
2 (t)
}
?

▷ Does inft≥1max
{
g
(
t, R
)
, R(clcϕ)

1
2 (t)
}

depend monotonically on the
data dl,dϕ, cl, cϕ ?

It turns out that already very weak assumptions on the data, concerning
monotonicity, continuity, variation, and power boundedness, are sufficient to
ensure that the answers are affirmative. This tells us that usually L(t, R)
can be dropped from (III.3.1), and hence B(R) can be evaluated much more
easily, and that usually the natural intuition which stems from the context of
Theorem III.2.2, that faster decay means smaller growth, is indeed reflected
in B(R).

III.3.1 About monotonicity in the data

The essence is the following result.

19



Page 135 of 210

III.3.2 Proposition. Let dl, d̂l : [1,∞) → (0,∞) and dϕ, d̂ϕ : [1,∞) →
(0, 1] be measurable with dl ≍ dϕ ≍ d̂l ≍ d̂ϕ ≍ 1 locally, and assume that

d̂ld̂ϕ is ≍ to some nonincreasing function. If d̂l ≲ dl and d̂ϕ ≲ dϕ on

[1,∞), then (quantities ĝ(t, R) etc. are defined correspondingly for d̂l, d̂ϕ)

ĝ(t, R) ≲ g(t, R) (III.3.2)

for R ≥ 2
(dldϕ)(1)

and a.e. (t, R) with t < ĥ(R) or t > h(R). If additionally

d̂ϕ

d̂l
is bounded or ≍ on [1,∞) to a nondecreasing function, then (III.3.2)

holds for R sufficiently large and a.e. t ∈ [1,∞).
The constant that is implicit in the relation (III.3.2) depends on the

constants implicit in the assumptions, but not on the actual functions
dl,dϕ, d̂l, d̂ϕ.

We start with a preparatory lemma.

III.3.3 Lemma. Let Φ,Ψ: [1,∞) → (0,∞) with Φ nondecreasing, and as-
sume that α, α′ > 0 are such that

∀t ∈ [1,∞). α · Φ(t) ≤ Ψ(t) ≤ α′ · Φ(t).

Set

t0 := sup

({
t ∈ [1,∞) | sup

1≤s≤t
Ψ(s) ≤ 1

}
∪ {1}

)
∈ [1,∞].

Then, if t0 <∞,

∀t ∈ (t0,∞). Ψ(t) >
α

α′ .

Proof. Since Φ is nondecreasing, we have{
t ∈ [1,∞) | α′Φ(t) ≤ 1

}
∪ {1} =

{
t ∈ [1,∞) | sup

1≤s≤t
α′Φ(s) ≤ 1

}
∪ {1}

⊆
{
t ∈ [1,∞) | sup

1≤s≤t
Ψ(s) ≤ 1

}
∪ {1}.

Set

t1 := sup

({
t ∈ [1,∞) | α′Φ(t) ≤ 1

}
∪ {1}

)
∈ [1,∞],

then t1 ≤ t0. Again by monotonicity, α′Φ(t) > 1 for all t > t1. and this
yields that for t > t1

Ψ(t) ≥ αΦ(t) >
α

α′ .
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Proof of Proposition III.3.2. We have to trace constants, and thus make the
constants from the assumptions explicit: choose a nondecreasing function u

and α, α′ > 0, such that

αu(t) ≤ 2

(d̂ld̂ϕ)(t)
≤ α′u(t), t ∈ [1,∞),

and choose κl, κϕ > 0, such that

d̂l(t) ≤ κldl(t), d̂ϕ(t) ≤ κϕdϕ(t), t ∈ [1,∞).

Moreover, set

λ := max
t≥2

log t√
t
,

and note that

x ≤ γy ⇒ log x ≤
(
1 +

log+ γ

log 2

)
· log y for x > 0, y ≥ 2, γ > 0.

Next, observe that[
R(d̂ld̂ϕ)(t)

] 1
2 <

(2α′

α

) 1
2
, t > k̂(R). (III.3.3)

In order to see this, let R be fixed and apply Lemma III.3.3 with Φ(t) = u(t)
R

and Ψ(t) = 2

R(d̂ld̂ϕ)(t)
. Then t0 = k̂(R), and hence for t > k̂(R) we have

Ψ(t) > α
α′ , which implies (III.3.3).

In order to establish that ĝ(t, R) ≲ g(t, R) we first assume t < ĥ(R) and
distinguish the following six cases according to the definitions of ĝ(t, R) and
g(t, R).

▷▷ 1 ≤ t < k̂(R) ∧ 1 ≤ t < k(R):

log
[
R(d̂ld̂ϕ)(t)

]
≤
(
1 +

log+(κlκϕ)

log 2

)
log
[
R(dldϕ)(t)

]
.

▷▷ 1 ≤ t < k̂(R) ∧ k(R) < t < h(R):

log
[
R(d̂ld̂ϕ)(t)

]
≤ λ

[
R(d̂ld̂ϕ)(t)

] 1
2 ≤ λ(κlκϕ)

1
2

[
R(dldϕ)(t)

] 1
2 .

▷▷ 1 ≤ t < k̂(R) ∧ h(R) < t:

log
[
R(d̂ld̂ϕ)(t)

]
≤λ
[
R(d̂ld̂ϕ)(t)

] 1
2 ≤ λ

[
R(d̂ld̂ϕ)(t)

]
≤λ
[
Rd̂l(t)

]
≤ λκl

[
Rdl(t)

]
.
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▷▷ k̂(R) < t < ĥ(R) ∧ 1 ≤ t < k(R). By (III.3.3),

[
R(d̂ld̂ϕ)(t)

] 1
2 <

(2α′

α

) 1
2 ≤ 1

log 2

(2α′

α

) 1
2
log
[
R(dldϕ)(t)

]
.

▷▷ k̂(R) < t < ĥ(R) ∧ k(R) < t < h(R):[
R(d̂ld̂ϕ)(t)

] 1
2 ≤ (κlκϕ)

1
2

[
R(dldϕ)(t)

] 1
2 .

▷▷ k̂(R) < t < ĥ(R) ∧ h(R) < t:[
R(d̂ld̂ϕ)(t)

] 1
2 ≤ Rd̂l(t) ≤ κlRdl(t).

Since (t, R) is assumed to satisfy t < ĥ(R) ∨ h(R) < t, and t < ĥ(R) was
already covered, the only case left to treat is

▷▷ ĥ(R) < t ∧ h(R) < t:

Rd̂l(t) ≤ κlRdl(t).

Now we assume the additional condition on
d̂ϕ

d̂l
. If this quotient is bounded,

then ĥ(R) = ∞ for sufficiently large R, and there is nothing to show. Oth-
erwise, choose a nondecreasing function v and β, β′ > 0 such that

βv(t) ≤ d̂ϕ

d̂l

≤ β′v(t), t ∈ [1,∞).

We claim that

Rd̂l(t) ≤
β′

β
d̂ϕ(t), t > ĥ(R). (III.3.4)

In fact, if we fix R and apply Lemma III.3.3 with Φ(t) = v(t)
R

and Ψ(t) =
d̂ϕ(t)

Rd̂l(t)
, we find that t0 = ĥ(R) and Ψ(t) > β

β′ for t > ĥ(R). This is equivalent

to (III.3.4).
With these preparations, the assertion follows from the following simple

inequalities:

▷▷ ĥ(R) < t ∧ 1 ≤ t < k(R):

Rd̂l(t) ≤
β′

β
d̂ϕ(t) ≤

β′

β
≤ β′

β log 2
log
[
R(dldϕ)(t)

]
.
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▷▷ ĥ(R) < t ∧ k(R) < t < h(R):

Rd̂l(t) ≤
β′

β
d̂ϕ(t) ≤

β′

β
κϕdϕ(t) ≤

β′

β
κϕ
[
R(dldϕ)(t)

] 1
2 .

III.3.4 Corollary. Let dl,dϕ, d̂l, d̂ϕ be as in Proposition III.3.2 and
subject to the additional condition of this proposition. Further, let
cl, cϕ, ĉl, ĉϕ : [1,∞) → (0,∞). If

d̂l ≲ dl, d̂ϕ ≲ dϕ, ĉl ≲ cl, ĉϕ ≲ cϕ

on [1,∞), then

inf
t≥1

max
{
ĝ
(
t, R
)
, R(ĉlĉϕ)

1
2 (t)
}
≲ inf

t≥1
max

{
g
(
t, R
)
, R(clcϕ)

1
2 (t)
}

for sufficiently large R. The constant that is implicit in the assertion depends
on the constants implicit in the assumptions, but not on the actual functions
dl, d̂l etc.

III.3.2 About smallness of L(t, R)

To start with, let us observe that g(t, R) must grow at least logarithmically.

III.3.5 Lemma. Let dl : [1,∞) → (0,∞) and dϕ : [1,∞) → (0, 1] be meas-
urable with dl ≍ 1 ≍ dϕ locally. Then, for each ε > 0, there exists a positive
constant c > 0 such that, for t ≥ 1 + ε and R ≥ sup1≤s≤1+ε

2
(dldϕ)(s)

we have

g(t, R) ≥ c logR.

Proof. Let η := sup1≤s≤1+ε
2

(dldϕ)(s)
. Then R ≥ η is equivalent to 1 + ε ≤

k(R). Hence

g(t, R) ≥
∫ 1+ε

1

log
(
R(dldϕ)(s)

)
ds

=
(
ε+

1

logR

∫ 1+ε

1

log(dldϕ)(s) ds
)
· logR.

The term in the bracket tends to ε for R → ∞, and hence we find R0 ≥ η
such that g(t, R) ≥ ε

2
· logR for all t ≥ 1 + ε and R ≥ R0. The function

g is nonzero, and hence bounded away from zero, on the compact set {1 +
ε} × [η,R0]. By monotonicity, it is therefore also bounded away from zero
on [1+ ε,∞)× [η,R0]. Together, we see that a constant c > 0 can be chosen
as required.
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The most cumbersome part of L(t, R) is the sum written as the last of the

six summands in (III.2.6). Assuming monotonicity of the quotient
dϕ

dl
, this

sum turns into a telescoping sum and can be estimated.

III.3.6 Lemma. Let dl,dϕ : [1,∞) → (0,∞) and let h(R) be as in (III.2.2).

Assume that the quotient
dϕ

dl
is eventually monotone but not eventually con-

stant. Then

min{⌈t⌉,⌊h(R)⌋}−1∑
j=1

∣∣∣∣ log(dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣ ≍ 1 +

∣∣∣∣ log dϕ(min{⌈t⌉, ⌊h(R)⌋})
dl(min{⌈t⌉, ⌊h(R)⌋})

∣∣∣∣
for (t, R) ∈ [1,∞)× [

dϕ(1)

dl(1)
,∞).

Proof. We abbreviate T := min{⌈t⌉, ⌊h(R)⌋}. Choose M ∈ N such that
dϕ

dl
is monotone on [M,∞) and

dϕ(M)

dl(M)
̸= dϕ(M+1)

dl(M+1)
. For all (t, R) such that

T ≥M + 1 we have

T−1∑
j=M

∣∣∣∣ log(dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣ = ∣∣∣∣ T−1∑
j=M

log

(
dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣
=

∣∣∣∣ log dϕ(M)

dl(M)
− log

dϕ(T )

dl(T )

∣∣∣∣.
Clearly, this value is nondecreasing in T and positive for T ≥ M + 1.

If
∣∣ log dϕ(T )

dl(T )

∣∣ is bounded, it is ≍ 1. If
∣∣ log dϕ(T )

dl(T )

∣∣ is unbounded, it is

≍
∣∣ log dϕ(T )

dl(T )

∣∣.
The beginning part of the sum which we cut off, i.e.,

M−1∑
j=1

∣∣∣∣ log(dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣
is some nonnegative number independent of t and R.

III.3.7 Corollary. Let dl,dϕ : [1,∞) → (0,∞) and let h(R) be as in
(III.2.2). Assume that one of the following two assumptions holds.

(i) The quotient
dϕ

dl
is eventually nondecreasing and

dϕ

dl
(t) ≲

sup1≤s<t
dϕ

dl
(s) for sufficiently large t.

(ii) The quotient
dϕ

dl
is eventually nonincreasing and power bounded from

below (i.e. there exists α > 0 such that
dϕ(t)

dl(t)
≳ t−α for sufficiently large

t).
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Then

min{⌈t⌉,⌊h(R)⌋}−1∑
j=1

∣∣∣∣ log(dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣
≲

1 + log+R if (i) holds,

1 + log t if (ii) holds,

for (t, R) ∈ [1,∞)× [
dϕ(1)

dl(1)
,∞).

Proof. Again abbreviate T := min{⌈t⌉, ⌊h(R)⌋}, and letM ∈ N be such that
dϕ

dl
is monotone on [M,∞). Under the assumption (i) we have

dϕ(T )

dl(T )
≤ dϕ(h(R))

dl(h(R))
≲ R,

and hence ∣∣∣∣ log dϕ(T )

dl(T )

∣∣∣∣ ≲ 1 + logR.

Under the assumption (ii) we have

t−α ≲ T−α ≲
dϕ(T )

dl(T )
≲ 1,

and hence ∣∣∣∣ log dϕ(T )

dl(T )

∣∣∣∣ ≲ 1 + log t.

Another type of condition on the quotient
dϕ

dl
that ensures that the sum can

be estimated, is that its variation is not too fast.

III.3.8 Lemma. Let dl,dϕ : [1,∞) → (0,∞) and let h(R) be as in (III.2.2).

Assume that the quotient
dϕ

dl
can be represented as

dϕ(t)

dl(t)
= c(t) · exp

(∫ t

1

ϵ(u)
du

u

)
, t ∈ [1,∞),

where ϵ : [1,∞) → R is locally integrable and eventually bounded, and where
c : [1,∞) → (0,∞) is eventually constant. Then

min{⌈t⌉,⌊h(R)⌋}−1∑
j=1

∣∣∣∣ log(dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣ ≲ 1 + log t

for (t, R) ∈ [1,∞)× [
dϕ(1)

dl(1)
,∞).
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Proof. We again abbreviate T := min{⌈t⌉, ⌊h(R)⌋}. For M ∈ N such that
ϵ(t) is bounded and c(t) is constant on [M,∞), we can estimate, for all (t, R)
such that T > M ,

T−1∑
j=M

∣∣∣∣ log(dϕ(j)

dl(j)

/
dϕ(j+1)

dl(j+1)

)∣∣∣∣ = T−1∑
j=M

∣∣∣∣ ∫ j+1

j

ϵ(u)
du

u

∣∣∣∣
≤

T−1∑
j=M

∫ j+1

j

|ϵ(u)| du
u

=

∫ T

M

|ϵ(u)| du
u

≲ log t.

Now we give three sets of conditions, each of which ensures that L(t, R) can
be neglected.

III.3.9 Proposition. Let dl : [1,∞) → (0,∞) and dϕ : [1,∞) → (0, 1] be
measurable with dl ≍ 1 ≍ dϕ locally, let cl, cϕ be continuous and nonincreas-
ing with lim

t→∞
(clcϕ)(t) = 0, and let T (R) be the unique solution of (III.2.8).

Assume that one of the following three sets of assumptions holds.

(i) The quotient
dϕ

dl
is eventually nondecreasing and

dϕ

dl
(t) ≲

sup1≤s<t
dϕ

dl
(s) for sufficiently large t. We have cϕ(t) ≲ cϕ(t + 1) for

sufficiently large t.

(ii) The quotient
dϕ

dl
is eventually nonincreasing and power bounded from

below. There exists α > 0 such that (clcϕ)(t) ≲ t−α for sufficiently
large t. The quotient cl

cϕ
is power bounded from above or cϕ(t) ≲ cϕ(t+

1) for sufficiently large t.

(iii) The quotient
dϕ

dl
can be represented as

dϕ(t)

dl(t)
= c(t) · exp

(∫ t

1

ϵ(u)
du

u

)
, t ∈ [1,∞),

where ϵ : [1,∞) → R is locally integrable and eventually bounded, and
where c : [1,∞) → (0,∞) is eventually constant. There exists α > 0
such that (clcϕ)(t) ≲ t−α for sufficiently large t. The quotient cl

cϕ
is

power bounded from above or cϕ(t) ≲ cϕ(t+ 1) for sufficiently large t.

Let B(R) be as in (III.3.1). Then L(T (R), R) ≲ 1 + log+R, and

B(R) ≍ g(T (R), R) = R(clcϕ)
1
2 (T (R)).
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Proof. Assume (i). The first sentence of (i) is nothing but the assumption
(i) in Corollary III.3.7, and hence the sum in the definition of L(t, R) is
≲ 1 + log+R independently of t. The last but one summand in (III.2.6) is

≲ 1 by monotonicity of
dϕ

dl
. It remains to estimate the third summand in

(III.2.6), and here we use the second sentence in the present assumption:
using limR→∞ T (R) = ∞ and Lemma III.3.5,

log+
cl(⌈T (R)⌉)
cϕ(⌈T (R)⌉)

≲ 1 + log+
cl(T (R))

cϕ(T (R))
≲ 1 + log+

1

(clcϕ)(T (R))

= 1 + log+
R2

g(T (R), R)2
≲ 1 + log+R.

(III.3.5)

Assume (ii). Let α > 0 be as in the second sentence of (ii), then

R(clcϕ)
1
2 (R

2
α ) ≲ 1 ≪ g(R

2
α , R), and hence T (R) ≲ R

2
α . The first sen-

tence of (ii) is nothing but assumption (ii) in Corollary III.3.7. This yields
that the sum in the definition of L(t, R) is ≲ 1+log+ t, and hence the sum in
L(T (R), R) is ≲ 1 + log+R. The same holds for the last but one summand

in (III.2.6) by power boundedness of
dϕ

dl
, and for the third summand (III.2.6)

in case that cl
cϕ

is power bounded. If cϕ(t) ≲ cϕ(t + 1) for sufficiently large

t, then the third summand in (III.2.6) is ≲ 1 + log+R by (III.3.5).
Assume (iii). The second sentence again ensures that T (R) is power

bounded from above. The first sentence is the assumption of Lemma III.3.8,
and it follows that the sum in L(T (R), R) is ≲ 1 + log+R. The form of

dϕ

dl

implies that this quotient is power bounded from below, and hence the last
but one summand (III.2.6) is ≲ 1+ log+R. Concerning the third summand,
just argue as above.

To finish the proof it remains to refer to Lemma III.3.5.

III.4 Regularly varying decay

In the preceding section, we studied properties of the function B(R), in
particular, we saw that the term L(t, R) is usually neglectable. Our next
goal is to explicitly evaluate

min
t≥1

(
max

{
g(t, R), R(clcϕ)

1
2 (t)
})

in the situation that dl,dϕ, cl, cϕ are all regularly varying, cf. The-
orem III.4.1. As in the preceding section, this is a pure analysis of functions,
and independent of the meaning in the context of Theorem III.2.2. However,
after having completed the proof of Theorem III.4.1, we will return to the
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study of Hamburger Hamiltonians and combine Theorem III.4.1 with The-
orem III.2.2. This establishes an explicit upper bound for the growth of the
monodromy matrix, cf. Theorem III.4.6.

The setup for Theorem III.4.1 is as follows:

(i) We are given regularly varying functions dl,dϕ, cl, cϕ : [1,∞) →
(0,∞) with nonpositive indices, dϕ ≤ 1, and dl ≍ 1 ≍ dϕ locally.

(ii) We denote

δl := − inddl, δϕ := − inddϕ, γl := − ind cl, γϕ := − ind cϕ,

and further

D(t) :=
1

(dldϕ)(t)
, δ := ind D= δl + δϕ, (III.4.1)

C(t) :=
1

(clcϕ)
1
2 (t)

, γ := ind C=
γl + γϕ

2
. (III.4.2)

(iii) The quantities of interest are

B(t, R) := max
{
g(t, R),

R

C(t)

}
,

B(R) := min
t≥1

B(t, R).
(III.4.3)

Four fundamentally different cases occur. They depend on the relative size
of D(t) vs. C(t), and on the absolute size of D(t). Moreover, there are a few
exceptional cases that have to be ruled out.

III.4.1 Theorem. Assume we are given data as in (i) above, and let notation
be as in (ii) and (iii). Assume further that δ > 0, that C is ≍ on [1,∞) to a
nondecreasing function, and that limt→∞ C(t) = ∞.

Then the following estimates for B(R) hold for sufficiently large R.

A Case D(t) ≲ tC(t):

Choose α ≥ 4 · sup
t≥1

D(t)
tC(t)

, and set f(t) := tC(t) log
[
α tC(t)

D(t)

]
. Then an

asymptotic inverse of f exists, and with τ(R) := f−( 1
α
R
)
we have

B(R) ≍ B
(
τ(R), R

)
≍ R

C(f−(R))
. (III.4.4)

The function on the right side is regularly varying with index 1
1+γ

.

If δ < 1 + γ we have f(t) ≍ tC(t) log t, and B(R) is (up to ≍) inde-
pendent of dl and dϕ.
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B Case tC(t) ≲ D(t),
∞∫
1

D(s)−
1
2 ds <∞, and if (δl, δϕ, γ) = (1, 1, 0) then

dϕ

dl
is bounded or ≍ to a monotone function:

Then

k(R) ≲ B(R) ≲ R
1
2

∞∫
k(R)

D(s)−
1
2 ds. (III.4.5)

Both bounds in (III.4.5) are regularly varying with index 1
δ
.

If δ > 2, then ≍ holds throughout (III.4.5) and B(R) is (up to ≍)
independent of cl and cϕ.

C Case 1
dl(t)

≲ tC(t) ≲ D(t),
∞∫
1

D(s)−
1
2 ds = ∞, and (δ, γ) ̸= (2, 0):

Set f0(t) :=
t2C(t)2

D(t)
and f1(t) :=

(
C(t)

t∫
1

D(s)−
1
2 ds

)2
. Then asymptotic

inverses f−
0 ,f

−
1 exist, and with

τ(R) := min
{
max

{
f−
1 (R),k(R)

}
,h(R)

}
we have

R

C(f−
0 (R))

≲ B(R) ≲ B(τ(R), R) ≲
R

C(f−
1 (R))

. (III.4.6)

Both bounds in (III.4.6) are regularly varying with index 2−δ+γ
2−δ+2γ

.

If δ < 2, then ≍ holds throughout (III.4.6).

D Case tC(t) ≲ 1
dl(t)

,
∞∫
1

D(s)−
1
2 ds = ∞, and

∫∞
1

dl(s) ds <∞:

Then
dϕ

dl
is unbounded and

Rh(R)dl(h(R)) ≲ B(R) ≲ R
1
2

h(R)∫
1

D(s)−
1
2 ds+R

∞∫
h(R)

dl(s) ds.

(III.4.7)
If δl > δϕ, then both bounds in (III.4.7) are regularly varying with index
1−δϕ
δl−δϕ

.

If δ < 2 and δl > 1, then ≍ holds throughout (III.4.7).
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III.4.1 Proof of Theorem III.4.1

We start with two lemmata that determine the function g(t, R) on the in-
tervals [1,k(R)] and [k(R),h(R)], respectively.

III.4.2 Lemma. Let D: [1,∞) → (0,∞) be regularly varying with ind D> 0
and D≍ 1 locally. Set

k(R) := sup
{
t ∈ [1,∞) | sup

1≤s≤t

2D(s)

R
≤ 1
}
, R ≥ 2D(1). (III.4.8)

Then we have ∫ t

1

log
R

D(s)
ds ≍ t log

R

D(t)
(III.4.9)

for R ∈ [2D(1),∞) and t ∈
[
2 log R

D(1)
,k(R)

]
.

Proof. In the first part of the proof we establish the assertion under the
additional assumption that D is continuously differentiable with D′(t) > 0
for all t ≥ 1. Let R ∈ [2D(1),∞) and t ∈

[
2 log R

D(1)
,k(R)

]
. Integration by

parts yields that∫ t

1

log
R

D(s)
ds = t log

R

D(t)
− log

R

D(1)
+

∫ t

1

s
D′(s)

D(s)
ds. (III.4.10)

The relation “≳” in (III.4.9) readily follows: The integral on the right side
is positive, and by the definition of k(R) we have R

D(t)
≥ 2. For t ≥ 2 log R

D(1)

it follows that∫ t

1

log
R

D(s)
ds ≥

(1
2
· t log R

D(t)
+

1

2
· 2 log R

D(1)
· log 2

)
− log

R

D(1)

≥ 1

2
· t log R

D(t)
.

To show that “≲” holds in (III.4.9) we make a change of variable and use
Karamata’s theorem. The inverse function D−1 exists and is continuously
differentiable with positive derivative, and is regularly varying with positive
index. We obtain that, for v → ∞,∫ v

1

s
D′(s)

D(s)
ds =

∫ D(v)

D(1)

D−1(u)
du

u
∼ (ind D) · v.

As a function of v ∈ [2 log 2,∞), both v and the integral above are continuous
and nonzero. Hence∫ v

1

s
D′(s)

D(s)
ds ≍ v, v ∈ [2 log 2,∞).
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Referring to (III.4.10) and again using that R
D(t)

≥ 2, we obtain∫ t

1

log
R

D(s)
ds ≤ t log

R

D(t)
+

∫ t

1

s
D′(s)

D(s)
ds ≲ t log

R

D(t)
.

The second part of the proof is to reduce to the above settled special
case. Hence, assume that D is given as in the statement of the lemma.
Lemma III.A.9 gives a regularly varying function D1 which is continuously
differentiable with D′

1 > 0, such that D ≍ D1 on [1,∞). Dividing D1 by a
sufficiently large constant, we obtain a function D̃ with the properties listed
above and

1

α
D(t) ≤ D̃(t) ≤ D(t) for t ≥ 1

for some α ≥ 1.
Clearly, k(R) ≤ k̃(R) (where k̃(R) is defined by (III.4.8) with D̃ in place

of D). It follows that for t < k(R)

log
R

D(t)
≤ log

R

D̃(t)
≤ log

(
α

R

D(t)

)
≤ log

R

D(t)
+logα ≤

(
1+

logα

log 2

)
log

R

D(t)
.

We see that∫ t

1

log
R

D(s)
ds ≍

∫ t

1

log
R

D̃(s)
ds ≍ t log

R

D̃(t)
≍ t log

R

D(t)
.

III.4.3 Lemma. Let D: [1,∞) → (0,∞) be regularly varying with ind D> 0
and D≍ 1 locally. Then we have

R
1
2 tD(t)−

1
2 ≲ k(R) +R

1
2

∫ t

k(R)

D(s)−
1
2 (s) ds ≲ R

1
2

∫ t

1

D(s)−
1
2 ds

for R ∈ [2D(1),∞) and t ∈ [k(R),∞).

Proof. The asserted estimate from above is easy to see: by Karamata’s the-
orem we have

k(R) ≍ R
1
2k(R)D(k(R))−

1
2 ≲ R

1
2

∫ k(R)

1

D(s)−
1
2 ds.

To obtain an estimate from below, we use Lemma III.A.9. This gives a
regularly varying function D1 which is continuously differentiable with D′

1 >
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0 and satisfies D≍ D1. By multiplying D1 with a sufficiently large constant,
we obtain a function D̃ with the properties listed above and

D(t) ≤ D̃(t) ≤ αD(t)

with some α ≥ 1.
Consider the functions

f1(t) := R
1
2 tD̃(t)−

1
2 , f2(t) :=

√
2k(R) +R

1
2

∫ t

k(R)

D̃(s)−
1
2 ds.

Then

f1(k(R)) = R
1
2k(R)D̃(k(R))−

1
2

≤ R
1
2k(R)D(k(R))−

1
2 =

√
2k(R) = f2(k(R)),

and, for t > k(R),

f′
1(t) = R

1
2 D̃(t)−

1
2 +R

1
2 t

d

dt

(
D̃(t)−

1
2

)
︸ ︷︷ ︸

<0

≤ R
1
2 D̃(t)−

1
2 = f′

2(t).

We see that

f1(t) ≤ f2(t) for t ≥ k(R).

It remains to note that

f1(t) ≳ R
1
2 tD(t)−

1
2 , f2(t) ≲ k(R) +R

1
2

∫ t

k(R)

D(s)−
1
2 ds.

III.4.4 Lemma. Consider regularly varying functions dl,dϕ, D as in-
troduced in the discussion preceding Theorem III.4.1. Suppose that∫∞
1

D(s)−
1
2 ds < ∞. If δϕ = δl = 1, we also assume that

dϕ

dl
is bounded

or ≍ to a nondecreasing function. Then for sufficiently large R we have,
independently of t, that

g(t, R) ≲ R
1
2

∞∫
k(R)

D(s)−
1
2 ds.

Proof. We distinguish cases.
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▷ Assume that
dϕ

dl
is bounded, i.e., h(R) = ∞ for all sufficiently large R.

This is surely the case if δl < δϕ.

By Karamata’s theorem

k(R) =
√
2R

1
2k(R)D(k(R))−

1
2 ≲ R

1
2

∫ ∞

k(R)

D(s)−
1
2 ds.

Now it follows that, for all t ≥ k(R),

g(t, R) ≍ k(R) +R
1
2

t∫
k(R)

D(s)−
1
2 ds ≲ R

1
2

∞∫
k(R)

D(s)−
1
2 ds.

▷ Assume that
dϕ

dl
is ≍ to a nondecreasing function. This is surely the case

if δl > δϕ.

If R is large enough and t > h(R),

Rdl(t) =

(
Rdl(t)

dϕ(t)

) 1
2

·
[
R(dldϕ)(t)

] 1
2 ≲

[
R(dldϕ)(t)

] 1
2 .

We see that also in this case,

g(t, R) ≍k(R) +R
1
2

min{t,h(R)}∫
k(R)

D(s)−
1
2 ds+R

t∫
min{t,h(R)}

dl(s) ds

≲R
1
2

∞∫
k(R)

D(s)−
1
2 ds.

▷ Assume that δl = δϕ > 1.

By Karamata’s theorem,

R

∫ ∞

h(R)

dl(s) ds ≍ Rh(R)dl(h(R)) ≍ h(R)dϕ(h(R)).

Since δϕ > 1, the function t 7→ tdϕ(t) is eventually decreasing. Since it is
locally bounded, it is even bounded on [1,∞). Again we see that g(t, R) ≲

R
1
2

∞∫
k(R)

D(s)−
1
2 ds independently of t.
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III.4.5 Lemma. In the situation of Theorem III.4.1, the inequality

min
{
g(s, R),

R

C(s)

}
≲ B(R) ≤ B(t, R) = max

{
g(t, R),

R

C(t)

}
(III.4.11)

holds for (s, t, R) ∈ [1,∞)2×[ 2
(dldϕ)(1)

,∞). In particular, if τ(R) is a function

satisfying g(τ(R), R) ≍ R
C(τ(R))

, then

B(R) ≍ g(τ(R), R) ≍ R

C(τ(R))
.

Proof. The upper bound in (III.4.11) is obvious from the definition of B(t, R)
and B(R). For the lower bound, we observe that

s ≤ t ⇒ g(s, R) ≤ g(t, R),

s > t ⇒ R

C(s)
≲

R

C(t)

and hence

min
{
g(s, R),

R

C(s)

}
≲ B(t, R) (s, t) ∈ [1,∞)2.

Taking the infimum over t proves the lower bound in (III.4.11).

Now we are ready for the proof of Theorem III.4.1.

Proof of Case A . We have indf= 1 + γ > 0, and hence f− exists. Set

τ(R) := f−( 1
α
R
)
.

Then, for R → ∞,

1

α
R ∼ f(τ(R)) = τ(R)C(τ(R)) log

[
α
τ(R)C(τ(R))

D(τ(R))

]
,

and hence

R

D(τ(R))
∼
(
α
τ(R)C(τ(R))

D(τ(R))

)
log
[
α
τ(R)C(τ(R))

D(τ(R))

]
.

Our choice of α implies that 2D(τ(R)) ≤ R for all sufficiently large values of
R, and therefore that τ(R) ≤ k(R) for such R.

It holds that
t

log t
◦ t log t ≍ t for t ≥ 4,
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and we further obtain

R
D(τ(R))

log
(

R
D(τ(R))

) ≍ τ(R)C(τ(R))

D(τ(R))
.

Using this and Lemma III.4.2, thus

R

C(τ(R))
≍ τ(R) log

( R

D(τ(R))

)
≍ g(τ(R), R).

In view of Lemma III.4.5, this completes the proof of (III.4.4).
To see the additional statements, note first that

ind
R

C(f−(R))
= 1− γ · 1

1 + γ
=

1

1 + γ
.

Further δ < 1 + γ implies ind tC(t)
D(t)

> 0, and thus log
(
α tC(t)

D(t)

)
≍ log t.

Proof of Case B . To obtain the bound from below, we use Lemma III.4.2
and our assumption that tC(t) ≲ D(t). Setting t = k(R) ≍ D−(R), we find
that

g(k(R), R) ≍ k(R),
R

C(k(R))
≍ R

C(D−(R))
≳ D−(R) ≍ k(R).

Now we prove the upper bound for B(R). If Lemma III.4.4 is applicable,
then

g(t, R) ≲ R
1
2

∞∫
k(R)

D(s)−
1
2 ds.

Choosing τ(R) so large that R
C(τ(R))

is less than the right hand side of this
relation, we see that

B(R) ≤ B(τ(R), R) ≲ R
1
2

∞∫
k(R)

D(s)−
1
2 ds.

If Lemma III.4.4 is not applicable, we must have δl = δϕ = 1 and γ > 0.
Choose ρ so large that

indk=
1

δ
> 1− γρ = ind

(
R

C(Rρ)

)
.
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Since
dϕ

dl
is slowly varying, we have Rρ ≲ h(R), cf. Lemma III.A.8. There-

fore,

g(h(R), R) ≳ k(R) ≫ R

C
(
Rρ
) ≥ R

C(h(R))
.

We thus obtain

B(R) ≲ B(h(R), R) ≍ g(h(R), R) ≲ R
1
2

∞∫
k(R)

D(s)−
1
2 ds.

To see the additional statements, note first that indk= 1
δ
and also

ind
(
R

1
2

∫ ∞

k(R)

D(s)−
1
2 ds

)
=

1

2
+

1

δ
·
(
1− δ

2

)
=

1

δ
.

Further, δ > 2 implies that

R
1
2

∫ ∞

k(R)

D(s)−
1
2 ds ≍ R

1
2k(R)D(k(R))−

1
2 ≍ k(R).

Proof of Case C . We have

indf0 = 2− δ + 2γ, indf1 = 2
(
γ +

(
1− δ

2

))
= 2− δ + 2γ.

Since D− 1
2 is not integrable, we must have δ ≤ 2. The case that δ = 2 and

γ = 0 is ruled out by assumption, and it follows that 2− δ + 2γ > 0. Thus,
asymptotic inverses f−

0 and f−
1 exist.

To prove the bound from below, we use f−
0 (R) pushed into the interval

[k(R),h(R)], namely we set

τ(R) := min
{
max

{
f−
0 (R),k(R)

}
,h(R)

}
.

Our assumption that 1
dl(t)

≲ tC(t) ≲ D(t) gives

dϕ(t)

dl(t)
≲ f0(t) ≲ D(t),

and hence k(R) ≲ f−
0 (R) ≲ h(R). Thus, τ(R) ≍ f−

0 (R).
Using Lemma III.4.3 we obtain

g(τ(R), R) ≳ R
1
2 τ(R)D(τ(R))−

1
2 ≍ R

1
2f−

0 (R)D(f−
0 (R))

− 1
2 .
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On the other hand, the definition of f0 yields for R → ∞ that

R ∼ f0(f
−
0 (R)) =

f−
0 (R)

2C(f−
0 (R))

2

D(f−
0 (R))

,

and hence
R

1
2

C(f−
0 (R))

∼ f−
0 (R)D(f−

0 (R))
− 1

2 .

Together, thus,

min
{
g(τ(R), R),

R

C(τ(R))

}
≳ R

1
2f−

0 (R)D(f−
0 (R))

− 1
2 ≍ R

C(f−
0 (R))

.

For the proof of the upper bound we use

τ(R) := min
{
max

{
f−
1 (R),k(R)

}
,h(R)

}
.

Since f0 ≲ f1 we have f−
1 ≲ f−

0 ≲ h, and therefore f−
1 (R) ≲ τ(R). This

readily implies that
R

C(τ(R))
≲

R

C(f−
1 (R))

.

To estimate g(τ(R), R) we distinguish two cases. First assume that f−
1 (R) ≤

k(R). Then τ(R) = k(R), and hence

g(τ(R), R) ≍ k(R) ≲
R

C(k(R))
≤ R

C(f−
1 (R))

.

Second assume that f−
1 (R) ≥ k(R). Then τ(R) ≤ f−

1 (R). We use
Lemma III.4.3 to obtain

g(τ(R), R) ≲ R
1
2

∫ τ(R)

1

D(s)−
1
2 ds ≲ R

1
2

∫ f−1 (R)

1

D(s)−
1
2 ds.

The last integral can be evaluated from the definition of f1: for R → ∞

R ∼ f1(f
−
1 (R)) =

(
C(f−

1 (R))

∫ f−1 (R)

1

D(s)−
1
2 ds

)2
,

and hence ∫ f−1 (R)

1

D(s)−
1
2 ds ∼ R

1
2

C(f−
1 (R))

.

Altogether we see that always

max
{
g(τ(R), R),

R

C(τ(R))

}
≲

R

C(f−
1 (R))

.

37



Page 153 of 210

This completes the proof of (III.4.6).
To see the additional statements, recall that indf0 = indf1 = 2− δ+2γ.

This implies that

ind
R

C(f−
0 (R))

= ind
R

C(f−
1 (R))

= 1− γ · 1

2− δ + 2γ
=

2− δ + γ

2− δ + 2γ
.

Further, δ < 2 implies that
∫ t
1
D(s)−

1
2 ds ≍ tD(t)−

1
2 , and hence f0 ≍ f1.

Proof of Case D . The first thing to show is that
dϕ

dl
is unbounded: if we

had dϕ(t) ≲ dl(t), it would follow that

D(t)−
1
2 =

√
dl(t)dϕ(t) ≲ dl(t),

and this contradicts the fact that dl(t) is integrable while D− 1
2 (t) is not.

To show the bound from below asserted in (III.4.7), we note that

g(h(R), R) ≳ R
1
2h(R)D(h(R))−

1
2

by Lemma III.4.3, and that

R

C(h(R))
≳ Rh(R)dl(h(R))

by our assumption that tC(t) ≲ 1
dl(t)

. Since R ≍ dϕ

dl
(h(R)) for R → ∞, we

obtain

Rh(R)dl(h(R)) ≍ R
1
2h(R)

(dϕ(h(R))

dl(h(R))

) 1
2
dl(h(R)) = R

1
2h(R)D(h(R))−

1
2 ,

and see that

min
{
g(h(R), R),

R

C(h(R))

}
≳ Rh(R)dl(h(R)).

For the proof of the bound from above, we show that g(t, R) is bounded
independently of t ≥ h(R). Using again Lemma III.4.3, we find

g(t, R) =g(h(R), R) +R

∫ t

h(R)

dl(s) ds

≲R
1
2

∫ h(R)

1

D(s)−
1
2 ds+R

∫ ∞

h(R)

dl(s) ds.
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It remains to choose τ(R) sufficiently large, so that R
C(τ(R))

≤ g(τ(R)), R),

which is clearly possible. This completes the proof of (III.4.7).

To see the additional statements, assume first that δl > δϕ. Then h(R)
is regularly varying with index 1

δl−δϕ
. We obtain

ind
(
Rh(R)dl(h(R))

)
= 1 +

1

δl − δϕ
− δl
δl − δϕ

=
1− δϕ
δl − δϕ

.

By Karamata’s theorem

ind
(
R

1
2

∫ h(R)

1

D(s)−
1
2 ds

)
=

1

2
+
(
1− δ

2

) 1

δl − δϕ
=

1− δϕ
δl − δϕ

,

ind
(
R

∫ ∞

h(R)

dl(s) ds
)
= 1 + (1− δl)

1

δl − δϕ
=

1− δϕ
δl − δϕ

.

Further, again referring to Karamata’s theorem, δ < 2 implies

R
1
2

∫ h(R)

1

D(s)−
1
2 ds ≍ R

1
2h(R)D(h(R))−

1
2 ≍ Rh(R)dl(h(R)),

and δl > 1 implies

R

∫ ∞

h(R)

dl(s) ds ≍ Rh(R)dl(h(R)).

III.4.2 Bound for the monodromy matrix

We combine Theorem III.2.2 with Theorem III.4.1 to obtain a bound for
the growth of WH when the lengths and angle differences of H are bounded
by regularly varying functions. This yields a far reaching generalisation of
Corollary III.2.5.

III.4.6 Theorem. Let (lj)
∞
j=1 be a summable sequence of positive num-

bers, and (ϕj)
∞
j=1 a sequence of real numbers. Denote by H the Hamburger

Hamiltonian with these lengths and angles, and let WH be its monodromy
matrix.

Let ψ ∈ R and let dl,dϕ, cl, cϕ be regularly varying functions that are
≈ to some nonincreasing functions, such that dl ≍ 1 ≍ dϕ locally, cϕ(t) ≲
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cl(t) for sufficiently large t, inddl + inddϕ < 0, and limt→∞
(
clcϕ

)
(t) = 0.

Assume that

lj ≲ dl(j), | sin(ϕj+1 − ϕj)| ≲ dϕ(j), j sufficiently large,
∞∑

j=N+1

lj ≲ cl(N),
∞∑

j=N+1

lj sin
2(ϕj − ψ) ≲ cϕ(N), N sufficiently large.

Denote

D(t) :=
1

(dldϕ)(t)
, δ := ind D, C(t) :=

1

(clcϕ)
1
2 (t)

, γ := ind C.

Then we have the following bounds for WH and its order ρH .

Data satisfies log
(
max|z|=R ∥WH(z)∥

)
is ≲ ρH ≤

D(t) ≲ tC(t) R
C(f−(R))

where

f(t) := tC(t) log
[
α tC(t)

D(t)

] 1
1+γ

α := 4 supt≥1
D(t)
tC(t)

tC(t) ≲ D(t),
∞∫
1

D(s)−
1
2 ds <∞,

R
1
2

∞∫
k(R)

D(s)−
1
2 ds

1
δ

(γ>0 or
dϕ

dl
≈ to nondecreasing)

∞∫
1

D(s)−
1
2 ds = ∞, 1

dl(t)
≲ tC(t), R

C(f−1 (R))
where 2−δ+γ

2−δ+2γ

(δ, γ) ̸= (2, 0) f1(t) := [C(t)
∫ t
1
D(s)−

1
2 ds]2

tC(t) ≲ 1
dl(t)

, R
1
2

h(R)∫
1

D(s)−
1
2 ds

1−δϕ
δl−δϕ∞∫

1

dl(s)ds<∞,

δl>δϕ
+R

∞∫
h(R)

dl(s) ds

In each case the relation ≲ holds for R sufficiently large.

The main assumptions on the data dl,dϕ, cl, cϕ put in this theorem are
that those functions are regularly varying and that inddl + inddϕ < 0 (i.e.,
̸= 0). Monotonicity assumptions are only a minor restriction: for example
they are automatically fulfilled whenever the function under consideration is
not slowly varying. The assumption that cϕ ≲ cl is no loss in generality,
since replacing cϕ by min{cϕ, cl} does not affect validity of any of the other
assumptions.

Proof of Theorem III.4.6.
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➀ Observe that neither the assumptions of the theorem nor the case distinc-
tion in the assertion of the theorem depends on the equivalence class modulo
≈ of the functions dl,dϕ, cl, cϕ. Further, using Remark III.A.7, we see that
the functions written in the second column of the table change only up to ≈
when we pass to other data equivalent modulo ≈ to dl,dϕ, cl, cϕ.

Hence, it is enough to prove the theorem for suitable modifications
d̂l, d̂ϕ, ĉl, ĉϕ of dl,dϕ, cl, cϕ which differ only up to ≈.

➁ The task is to define d̂l, d̂ϕ, ĉl, ĉϕ in such a way that Theorem III.2.2,
Proposition III.3.9, and Theorem III.4.1 become applicable. To this end we
use Lemma III.A.10 and the freedom of choice of nonincreasing smoothenings
mentioned in Remark III.A.11.

We choose S[cϕ] such that

∀N ∈ N.
∞∑

j=N+1

lj sin
2(ϕj − ψ) ≤ S[cϕ](N),

which is clearly possible by first choosing an arbitrary nonincreasing
smoothening of cϕ and then multiplying it with a sufficiently large posit-
ive constant. Next, we choose S[cl] such that

S[cϕ] ≤ S[cl], ∀N ∈ N.
∞∑

j=N+1

lj ≤ S[cl](N).

A suitable modification of dϕ is found as follows. If lim inft→∞ dϕ(t) > 0,
we choose S[dϕ] := 1 (which corresponds to the choices ϵ[dϕ] := 0 and
κ[dϕ] := 1). If limt→∞ dϕ(t) = 0, we choose S[dϕ] such that

S[dϕ] ≤ 1, ∀j ∈ N. | sin(ϕj+1 − ϕj)| ≤ S[dϕ](j),

which is possible by choosing an arbitrary nonincreasing smoothening of dϕ,
then multiplying it with a sufficiently large positive constant, and then cut-
ting it off at 1.

It remains to define a modification of dl. In the generic case that γ > 0
we proceed just the same as above and choose S[cl] such that

∀j ∈ N. lj ≤ S[dl](j). (III.4.12)

In the boundary case that γ = 0 we make a further case distinction. If we
are in the situation of the 1st or the 3rd row of the table in the theorem, we
do just the same as above. If we are in the situation of the 2nd or the 4th
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row, the additional assumption ensures that dl

dϕ
is ≈ to some nonincreasing

function, and we choose

S[dl] := S[dϕ] · S
[dl

dϕ

]
,

where S
[
dl

dϕ

]
is sufficiently large to ensure that (III.4.12) holds.

Now we set

d̂l := S[dl], d̂ϕ := S[dϕ], ĉl := S[cl], ĉϕ := S[cϕ].

➂ We apply our previous results with the data d̂l, d̂ϕ, ĉl, ĉϕ. Here we denote

by B̂(R), L̂(t, R), B̂(R), etc. the correspondingly defined functions.

Theorem III.2.2 implies that

log
(
max
|z|=R

∥WH(z)∥
)
≲ B̂(R),

and we face the task to control L̂(t, R). In almost all cases Proposition III.3.9
takes care of this:

▷ Proposition III.3.9 (i) applies if δϕ > δl, or if γ = 0 and we are in the
situation of the 2nd row of the table.

▷ Proposition III.3.9 (ii) applies if γ > 0 and δϕ < δl.

▷ Proposition III.3.9 (iii) applies if γ > 0 and δϕ = δl.

Thus, in all of these cases, B̂(R) ≍ B̂(R), and the bounds asserted in the
second column of the table follows from Theorem III.4.1.

It remains to study the situation that γ = 0, δϕ ≤ δl, and we are in
the 1st or 3rd row of the table. Applying Corollary III.3.7 (ii) if δϕ < δl and
Lemma III.3.8 if δϕ = δl, yields

L̂(t, R) ≲ 1 + log t.

Let τ(R) be the power bounded function used in Theorem III.4.1 A C to

estimate B̂(R). Then

B̂(R) ≤ B̂(τ(R), R) + L̂(τ(R), R) ≲ B̂(τ(R), R).

The bounds asserted in the second column of the table thus follow from
Theorem III.4.1.
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➃ The bounds for ρH arise simply by taking the indices of the regularly
varying functions in the second column.

In the following corollary we revisit the setting of Theorem III.4.6, except we
are not given functions cl, cϕ.

III.4.7 Corollary. Let H be a Hamburger Hamiltonian and let dl,dϕ be
regularly varying. Assume that dϕ(t) is ∼ to a nonincreasing function as
t→ ∞ and that dl ≍ 1 ≍ dϕ locally.

Assume that the lenghts and angles of H are bounded as

lj ≲ dl(j), | sin(ϕj+1 − ϕj)| ≲ dϕ(j) for sufficiently large j,

and that dl ∈ L1([1,∞)). Then the following statements hold.

▷ If δ > 2, then log
(
max|z|=R ∥WH(z)∥

)
≲ k(R).

▷ If 0 < δ < 2, then log
(
max|z|=R ∥WH(z)∥

)
≲ R

∞∫
h(R)

dl(x) dx.

▷ If 0 < δ ≤ 2, δl > 1, and there exists ψ ∈ R such that | sin(ϕj − ψ)| ≲
| sin(ϕj+1 − ϕj)|, then again log

(
max|z|=R ∥WH(z)∥

)
≲ k(R).

▷ If δ = 2 and (δl, δϕ) ̸= (1, 1), then ρH ≤ 1
2
.

Proof. Our goal is to apply Theorem III.4.6, and in order to do that we
need to construct suitable functions cl, cϕ. Note that the assumption dl ∈
L1([1,∞)) implies δl ≥ 1.

➀ Without any a priori assumption, we can set

cl(t) := cϕ(t) :=

∫ ∞

t

dl(x) dx ≳ tdl(t).

Then dl,dϕ together with cl, cϕ satisfy the general assumptions of The-
orem III.4.6. We have

tC(t) ≲
1

dl(t)
≲ D(t)

and γ = δl − 1 ≥ 0. This choice of cl, cϕ is sufficient to prove the asserted
bounds in the following cases:

▷ δ > 2 ∧ δl > 1. Since γ > 0, Theorem III.4.6 gives the upper bound

R
1
2

∞∫
k(R)

D(s)−
1
2 ds ≍ k(R).
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▷ δ < 2. Then δϕ = δ − δl < 1 ≤ δl, hence
dϕ

dl
has positive index and is

eventually nondecreasing. Since

R
1
2

h(R)∫
1

D(s)−
1
2 ds ≍ R

1
2h(R)D(h(R))−

1
2 ≲ R

∫ ∞

h(R)

dl(s) ds,

Theorem III.4.6 gives the asserted upper bound.

▷ δ = 2 ∧ δl > 1. Then we are either in the second or fourth row of
Theorem III.4.6, but in both cases the upper bound for the order is equal
to 1

2
.

➁ Assume δ > 2 and δϕ > 1. This implies that
∑∞

j=1 | sin(ϕj+1 − ϕj)| < ∞.
We want to choose ψ := limj→∞ ϕj, so we need to prove that this limit
actually exists (at least if the angles ϕj are all modified by adding integer
multiples of π which leaves H unchanged). Start by choosing n0 so large that∑∞

j=n0
| sin(ϕj+1 − ϕj)| ≤ π

8
. Adding to ϕj an integer multiple of π, we may

assume |ϕj − ϕn0 | ≤ π
2
for all j ∈ N. Since |x| ≤ 2| sin(x)| for |x| ≤ π

2
, and

| sin(x+ y)| ≤ | sin(x)|+ | sin(y)|, we have for j > k ≥ n0

|ϕj − ϕk| ≤ |ϕj − ϕn0 |+ |ϕn0 − ϕk| ≤ 2
(
| sin(ϕj − ϕn0)|+ | sin(ϕn0 − ϕk)|

)
≤ 4

∞∑
n=n0

| sin(ϕn+1 − ϕn)| ≤
π

2
.

Therefore,

|ϕj − ϕk| ≤ 2| sin(ϕj − ϕk)| ≤ 2

j−1∑
n=k

| sin(ϕn+1 − ϕn)|

and thus (ϕj)
∞
j=1 is a Cauchy sequence. Let ψ be its limit. We set

cl(t) :=

∫ ∞

t

dl(x) dx, cϕ(t) := cl(t) ·
(∫ ∞

t

dϕ(x) dx
)2

and observe that dl,dϕ together with cl, cϕ satisfy the assumptions of
Theorem III.4.6. A calculation shows that γ = δ − 2 > 0. Hence
ind[tC(t)| = δ−1 < δ and in particular tC(t) ≪ D(t). Again Theorem III.4.6
provides the desired upper bound.

➂ Assume that we have ψ ∈ R such that |ϕj − ψ| ≲ |ϕj+1 − ϕj|, and δl > 1.
Set

cl(t) :=

∫ ∞

t

dl(x) dx ≍ tdl(t),

cϕ(t) :=

∫ ∞

t

dl(x)dϕ(x)
2 dx ≍ tdl(t)dϕ(t)

2.
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Then tC(t) ≍ D(t) and we are in the first row of Theorem III.4.6. Now we
note that the bound given in the theorem is ≍ to k(R).

III.5 Additions and examples

III.5.1 Combining with a bound from below

In the same way that upper bounds for lengths and angle differences lead to
upper bounds for the growth of the monodromy matrix, lower bounds lead
to lower bounds. We recall a result obtained in [PW23, Corollary 2.5].

III.5.1 Proposition. Let H be a Hamburger Hamiltonian with lengths
(lj)

∞
j=1 and angles (ϕj)

∞
j=1, and let f be regularly varying with positive in-

dex. If

lj+1lj sin
2(ϕj+1 − ϕj) ≳

1

f(j)
, j ∈ N, (III.5.1)

then

log
(
max
|z|=R

∥WH(z)∥
)
≳ f−(R2)

for sufficiently large R.

Let us translate Proposition III.5.1 to the setting where we compare the
lengths and the angle differences to regularly varying functions dl,dϕ.

III.5.2 Corollary. Let (lj)
∞
j=1 be a summable sequence of positive numbers,

and let (ϕj)
∞
j=1 be a sequence of real numbers. Denote by H the Hamburger

Hamiltonian with these lengths and angles, and let WH be its monodromy
matrix. Assume that dl,dϕ are regularly varying and satisfy

∀j ∈ N. lj ≳ dl(j) | sin(ϕj+1 − ϕj)| ≳ dϕ(j).

Then

log
(
max
|z|=R

∥WH(z)∥
)
≳
[ 1

dldϕ

]−
(R)

for sufficiently large R.

In particular, the order ofWH is at least 1
δ
, where δ := −(inddl+inddϕ).
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Proof. Since dl is regularly varying, we have dl(t + 1) ∼ dl(t). Setting
D(t) := 1

(dldϕ)(t)
, we see that (III.5.1) is satisfied for f(t) := D(t)2. Since

f−(t) = D−(t
1
2 ), we obtain

log
(
max
|z|=R

∥WH(z)∥
)
≳ f−(R2) = D−(R) =

[ 1

dldϕ

]−
(R).

If the lengths and angle differences are well-behaved and summable, the
growth of WH can be determined up to ≍. Note that no functions cl, cϕ
appear in the formulation of the following theorem.

III.5.3 Theorem. Let (lj)
∞
j=1 be a summable sequence of positive numbers,

and let (ϕj)
∞
j=1 be a sequence of real numbers. Denote by H the Hamburger

Hamiltonian with these lengths and angles. Consider regularly varying func-
tions dl,dϕ with dl ≍ 1 ≍ dϕ locally. If

(i) lj ≍ dl(j) and | sin(ϕj+1 − ϕj)| ≍ dϕ(j) for sufficiently large j,

(ii) δ := −
(
inddl + inddϕ

)
> 2,

then

log
(
max
|z|=R

∥WH(z)∥
)

≍
[ 1

dldϕ

]−
(R) for sufficiently large R,

and

ρH =
1

δ
.

Proof. Due to Corollary III.5.2, we only need to show that

log
(
max
|z|=R

∥WH(z)∥
)
≲
[ 1

dldϕ

]−
(R).

We notice that inddl ≤ −1 since (lj)
∞
j=1 is summable. Hence dl is ∼ to an

eventually monotone function, and thus∫ ∞

M

dl(x) dx ≲
∞∑
j=M

dl(j) ≲
∞∑
j=M

lj <∞.

Since dl ≍ 1 locally, this shows that dl ∈ L1([1,∞)). By Corollary III.4.7,

log
(
max
|z|=R

∥WH(z)∥
)
≲ k(R) ≍

[ 1

dldϕ

]−
(R).
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III.5.2 Power-log-majorisations and exceptional cases

By considering dl,dϕ, cl, cϕ consisting of a power times a power of a log-
arithm, we can gain some insight into the exceptional cases of our results.
For data of this form all functions occurring in our results can in principle
be computed explicitly. We do not aim at giving a complete picture, but
rather give a couple of illustrative examples. It should also be added that
not all phenomena (counterexamples, exceptional cases, or similar) can be
illustrated with functions of this form; one would have to admit an additional
double-logarithmic factor.

The facts presented below are shown by straightforward, yet tedious and
elaborate, computations. It is practical to use the lexicographic order on R2,
and we denote it by ⪯. Explicitly, thus

(α, β) ⪯ (α′, β′) :⇔ α < α′ ∨
(
α = α′ ∧ β ≤ β′)

and, as ususal, ≺ stands for “⪯ but not =”.

III.5.4 Setting and Notation. Assume we are given parameters

(δl, αl), (δϕ, αϕ), (γl, βl), (γϕ, βϕ) ∈ [0,∞)× R,

and denote

δ := δl + δϕ, α := αl + αϕ, γ :=
1

2
(γl + γϕ), β :=

1

2
(βl + βϕ).

Assume that these parameters satisfy

▷ (δl, αl), (δϕ, αϕ), (γl, βl), (γϕ, βϕ) ⪰ (0, 0),

▷ δ > 0, (γ, β) ≻ (0, 0),

▷ (γl, βl) ⪯ (γϕ, βϕ).

Let dl,dϕ, cl, cϕ be continuous and nonincreasing functions, such that dϕ ≤
1, cϕ ≤ cl, and that (for sufficiently large t)

dl(t) = t−δl(log t)−αl , dϕ(t) = t−δϕ(log t)−αϕ ,

cl(t) = t−γl(log t)−βl , cϕ(t) = t−γϕ(log t)−βϕ .

◀

We compute some of the basic ingredients. Here, and throughout the follow-
ing, all formulas are understood to hold for sufficiently large t or R.
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III.5.5 Lemma. We have

(i) D(t) = tδ(log t)α, C(t) = tγ(log t)β,

dϕ(t)

dl(t)
= tδl−δϕ(log t)αl−αϕ ,

cl(t)

cϕ(t)
= tγϕ−γl(log t)βϕ−βl.

(ii) k(R) ≈ R
1
δ (logR)−

α
δ ,

h(R) = ∞ ⇔ (δl, αl) ⪯ (δϕ, αϕ),

h(R) ≈

R
1

δl−δϕ (logR)
−

αl−αϕ
δl−δϕ if δl > δϕ,

exp
(
R

1
αl−αϕ

)
if δl = δϕ ∧ αl > αϕ.

Proof. The formulas stated in (i) follow directly from the definitions. To see
(ii) we first use Remark III.A.6: the function k(R) is ≈ to an asymptotic

inverse of D(t), and if δl > δϕ then h(R) is an asymptotic inverse of
dϕ(t)

dl(t)
.

If (δl, αl) ⪯ (δϕ, αϕ), then the quotient
dϕ

dl
is bounded and hence h(R) =

∞. If δl = δϕ and αl > αϕ, we solve the equation
(dϕ

dl
◦ h)(R) = R.

III.5.6 Lemma. We have∫ ∞

1

D(s)−
1
2 ds <∞ ⇔ (δ, α) ≻ (2, 2)

∫ ∞

t

D(s)−
1
2 ds =

{
1

δ
2
−1

· t1− δ
2 (log t)−

α
2 if δ > 2

1
α
2
−1

· (log t)1−α
2 if δ = 2 ∧ α > 2

∫ t

1

D(s)−
1
2 ds ∼


1

1− δ
2

· t1− δ
2 (log t)−

α
2 if δ < 2,

1
1−α

2
· (log t)1−α

2 if δ = 2 ∧ α < 2,

log log t if δ = α = 2.

Proof. The equivalence stated in the first line is clear, and the stated formulas
for δ > 2 and δ < 2 follow for example from Karamata’s theorem (or explicit
calculation). Assume that δ = 2. A primitive of 1

t
(log t)−

α
2 is given by{

1
1−α

2
· (log t)1−α

2 if α ̸= 2,

log log t if α = 2,

and also in this case the assertion follows.
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In our first example we discuss the role of the term L(t, R); this fits the con-
text of Proposition III.3.9. We show that there are situations where L(t, R)
cannot be neglected, but also that the assumptions in Proposition III.3.9 are
only sufficient for B(R) ≍ B(R).

III.5.7 Example. Assume that

(δl, αl) ≺ (δϕ, αϕ), γ = 0, (δ, α) ≻ (2, 2). (III.5.2)

The first assumption is there to rule out applicability of Proposition III.3.9 (i),
the second to rule out applicability of Proposition III.3.9 (ii),(iii), and the
third to reduce computational effort (the facts we want to illustrate occur
already under this additional assumption).

For parameters subject to (III.5.2) it holds that

B(R) ≍

{
R

1
2 (logR)1−

α
2 if δ = 2,

R
1
δ (logR)−

α
δ if δ > 2.

(III.5.3)

B(R)

{
≍ B(R) if δl = δϕ ∨ β > 1 ∨ (β = δ − 1 > 1 ∧ α < 0),

≍ R
1

1+β ≫ B(R) otherwise .

(III.5.4)

Proof. We start with showing (III.5.3). If δ > 2, the stated formula follows

from Theorem III.4.1 B .
Assume that δ = 2, then α > 2. By Lemma III.4.4 we have

B(R) ≤ sup
t≥1

g(t, R) ≲ R
1
2

∫ ∞

k(R)

D(s)−
1
2 ds ≍ R

1
2 (logR)1−

α
2 .

Set τ(R) := exp
(
R

1
2β
)
. Since

R

C(τ(R))
= R

1
2 ≫ R

1
2 (logR)1−

α
2 ≳ g(τ(R), R),

and ∫ ∞

τ(R)

D(s)−
1
2 ds ≍ R

1−α
2

2β ,

and 1− α
2
< 0, we have

B(R) ≳g(τ(R), R) ≳ R
1
2

∫ τ(R)

k(R)

D(s)−
1
2 ds

≳R
1
2 (logR)1−

α
2 −R

1
2R

1−α
2

2β ≍ R
1
2 (logR)1−

α
2 .
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For the proof of (III.5.4) we have to include the term L(t, R) into the discus-
sion. We have

B(R) ≍ inf
t≥1

max
{
g(t, R),

R

C(t))
, L(t, R)

}
,

and hence

max
{
B(R), inf

t≥1

{ R

C(t))
, L(t, R)

}}
≲ B(R)

≲ max
{
sup
t≥1

g(t, R), inf
t≥1

{ R

C(t))
, L(t, R)

}}
.

By what we already showed B(R) ≍ supt≥1 g(t, R), and it remains to eval-
uate the written infimum. By Lemma III.3.6 and the fact that

log+
cl(t)

cϕ(t)
≲ log log t,

we obtain that

L(t, R) ≍ 1 + log+R +

{
log t if δl < δϕ,

log log t if δl = δϕ.

Note that therefore t 7→ L(t, R) is ≍ to a nondecreasing continuous function.

Consider first the case that δl < δϕ. Then we set τ(R) := exp
(
R

1
1+β
)
,

and obtain
R

C(τ(R))
= R1− β

1+β = R
1

1+β ≍ L(τ(R), R).

and hence

min
t≥1

max
{ R

C(t)
, L(t, R)

}
≍ R

1
1+β .

Assume now that δl = δϕ. Then we set τ(R) := exp
((

R
logR

) 1
β

)
, and obtain

R

C(τ(R))
= logR ≍ L(τ(R), R),

which leads to

min
t≥1

max
{ R

C(t)
, L(t, R)

}
≍ logR.

Putting together, the relation (III.5.4) follows.
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In our second example we discuss the bounds from Theorem III.4.1 C . We
show that they are sharp but need not necessarily be attained.

III.5.8 Example. Assume that

(δl, αl) ⪯ (1 + γ, β) ⪯ (δ, α), δ = 2, α ≤ 2, γ > 0. (III.5.5)

These assumptions ensure that we are in the situation of Theorem III.4.1 C
and that in (III.4.6) we do not automatically have equality.

For parameters subject to (III.5.5) it holds that

R

C(f−
0 (R))

≍ R
1
2 (logR)−

α
2 ≍ k(R), (III.5.6)

R

C(f−
1 (R))

≍

{
R

1
2 (logR)1−

α
2 if α < 2,

R
1
2 log logR if α = 2.

(III.5.7)

B(R) ≍


R

1
2 (logR)1−

α
2 if γ < 1,

R
1
2 (logR)−

α
2 log logR if γ = 1 ∧ α > β,

R
1
2 (logR)−

α
2 if γ = 1 ∧ α = β.

(III.5.8)

We see that

▷ B(R) ≍ R
C(f−1 (R))

if γ < 1 ∧ α < 2,

▷ R
C(f−0 (R))

≪ B(R) ≍ R
C(f−1 (R))

if γ < 1 ∧ α = 2 or γ = 1 ∧ α > β,

▷ B(R) ≍ R
C(f−0 (R))

if γ = 1 ∧ α = β.

Proof. Plugging the definitions and using Remark III.A.6 yields

f0(t) = t2γ(log t)2β−α, f−
0 (R) ≍

(
R

(logR)2β−α

) 1
2γ

,

f1(t) ∼

{
1

2−α t
2γ(log t)2−α+2β if α < 2,

t2γ(log t)2β(log log t)2 if α = 2,

f−
1 (R) ≈


(

R
(logR)2−α+2β

) 1
2γ

if α < 2,(
R

(logR)2β(log logR)2

) 1
2γ

if α = 2.

From this (III.5.6) and (III.5.7) follow immediately.
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Consider the case that γ < 1. Set

τ(R) :=

(
R

(logR)2−α+2β

) 1
2γ

.

Then
k(R) ≪ τ(R) ≪ f−

0 (R) ≲ h(R),

and hence

g(τ(R), R) ≍ k(R) +R
1
2

∫ τ(R)

k(R)

D(s)−
1
2 ds.

Using Lemma III.5.6, we obtain∫ τ(R)

k(R)

D(s)−
1
2 ds ≈

{
(log τ(R))1−

α
2 − (logk(R))1−

α
2 if α < 2

log log τ(R)− log logk(R) if α = 2

≍

{
(logR)1−

α
2 if α < 2

1 if α = 2
≍ (logR)1−

α
2 .

Hence,
g(τ(R), R) ≍ R

1
2 (logR)1−

α
2 .

Plugging the definitions shows that also

R

C(τ(R))
≍ R

1
2 (logR)1−

α
2 ,

and it follows that B(R) ≍ R
1
2 (logR)1−

α
2 .

Next, consider the case that γ = 1 and α > β. Set

τ(R) :=
R

1
2 (logR)

α
2
−β

log logR
.

Again
k(R) ≪ τ(R) ≪ f−

0 (R) ≪ h(R),

and therefore

g(τ(R), R) ≍ k(R) +R
1
2

∫ τ(R)

k(R)

D(s)−
1
2 ds.

The 1st mean value theorem provides us with ξ(R) ∈ [k(R), τ(R)] such that∫ τ(R)

k(R)

D(s)−
1
2 ds =

∫ τ(R)

k(R)

s−1(log s)−
α
2 ds

=(log ξ(R))−
α
2

∫ τ(R)

k(R)

s−1 ds = (log ξ(R))−
α
2 log

τ(R)

k(R)
.
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We have log τ(R) ∼ logk(R) ≈ logR, and hence log ξ(R) ≍ logR. Moreover,

τ(R)

k(R)
=

(logR)α−β

log logR
.

It follows that ∫ τ(R)

k(R)

D(s)−
1
2 ds ≈ (logR)−

α
2 log logR,

and in turn
g(τ(R), R) ≍ R

1
2 (logR)−

α
2 log logR.

Again simply plugging the definitions shows that also

R

C(τ(R))
≍ R

1
2 (logR)−

α
2 log logR,

and thus B(R) ≍ R
1
2 (logR)−

α
2 log logR.

It remains to settle the case that γ = 1 and α = β, but this is easily done.
Simply plug the definitions to obtain

R

C(k(R))
≍ k(R) ≍ g(k(R), R),

and therefore B(R) ≍ k(R) ≍ R
1
2 (logR)−

α
2 .

In our third example we discuss the exceptional case “(δ, γ) = (2, 0)” in
the third row of the table in Theorem III.4.6. We show that in some cases
(interpreting f−

1 appropriately) the written bound still holds and is even
attained by B(R), while in others B(R) is strictly larger due to domination
of L(t, R).

III.5.9 Example. Assume that

(δl, αl) ⪯ (1, 1 + β), (δ, γ) = (2, 0), α ≤ 2. (III.5.9)

These assumptions ensure that the exceptional case from the third row of the
table in Theorem III.4.6 (and also of Theorem III.4.1 C ) takes place. Note
that (III.5.9) implies that δl ≤ δϕ. Moreover, β > 0 since (γ, β) ≻ (0, 0).

For parameters subject to (III.5.9) it holds that

B(R) ≍

{
R

2−α+β
2−α+2β if α < 2,

R
1
2 logR if α = 2,
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and

B(R)

{
≍ B(R) if δl = δϕ ∨ (δl < δϕ ∧ α ≤ 1 + β),

≍ R
1

1+β ≫ B(R) if δl < δϕ ∧ α > 1 + β.

Observe, moreover, that the bound for order in the third row of the table in
Theorem III.4.6 has no continuous extension to (2, 0); its directional limits
vary from 1

2
to 1. The above formula shows that the actual order of the

bound B(R) has nothing to do with (δ, γ) (being equal to (2, 0)). Yet, it
is sometimes given by the same formula, only with the “logarithmic expo-
nents” α, β instead of δ, γ. Also note that the exponent 1

1+β
also occurred in

Example III.5.7.

Proof. We have

f1(t) ∼

{
1

2−α(log t)
2−α+2β if α < 2,

(log t)2β(log log t)2 if α = 2.

The function f1 ◦ exp is regularly varying with positive index, and has ap-
proximate inverse

(f1 ◦ exp)−(R) =

R
1

2−α+2β if α < 2,(
R

1
2

logR

) 1
β

if α = 2.

We define

f−
1 (R) := (exp ◦(f1 ◦ exp)−)(R) =

exp
(
R

1
2−α+2β

)
if α < 2,

exp
((

R
1
2

logR

) 1
β
)

if α = 2.
,

so that
(f1 ◦f−

1 )(R) ≍ R, log
[
(f−

1 ◦f1)(R)
]
≍ logR.

For the sake of consistency we use also here the notation of a function τ(R),
and set τ(R) := f−

1 (R). Then

k(R) ≪ τ(R) ≪ h(R),

where the second relation is seen as follows: If h(R) = ∞, there is nothing
to prove. Otherwise, we must have δl = δϕ and αl > αϕ. Since δ = 2, thus
δl = δϕ = 1, and it follows that αl ≤ 1 + β. This implies that

αl − αϕ ≤ 2− α + 2β.
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We conclude that

g(τ(R), R) ≍ k(R) +R
1
2

∫ τ(R)

k(R)

D(s)−
1
2 ds.

Using Lemma III.5.6, we obtain∫ τ(R)

k(R)

D(s)−
1
2 ds ≈

{
(log τ(R))1−

α
2 − (logk(R))1−

α
2 if α < 2,

log log τ(R)− log logk(R) if α = 2,

≍

{
R

1−α
2

2−α+2β if α < 2,

logR if α = 2.

Hence,

g(τ(R), R) ≍

{
R

2−α+β
2−α+2β if α < 2,

R
1
2 logR if α = 2.

Plugging the definitions yields

R

C(τ(R))
≍

{
R

2−α+β
2−α+2β if α < 2,

R
1
2 logR if α = 2,

and the formula asserted for B(R) follows.
In order to show the asserted formulas for B(R), we have to include the

term L(t, R) into the discussion. We distinguish several cases.
Assume that δl = δϕ and αl ≥ αϕ. The Proposition III.3.9 (i) shows that

B(R) ≍ B(R). Assume that δl = δϕ and αl < αϕ. We have

log+
cl(τ(R))

cϕ(τ(R))
= log+

[
(log τ(R))βϕ−βl

]
≲ logR,

log+
dl(τ(R))

dϕ(τ(R))
= log+

[
(log τ(R))αϕ−αl

]
≈ logR.

Now Lemma III.3.6 implies that L(τ(R), R) ≍ logR, and we see that B(R) ≍
B(R). Assume that δl < δϕ and α ≤ 1 + β. Then

log+
dl(τ(R))

dϕ(τ(R))
≍ log τ(R) ≍

R
1

2−α+2β if α < 2,(
R

1
2

logR

) 1
β

if α = 2,

and hence, again referring to Lemma III.3.6, also

L(τ(R), R) ≍

R
1

2−α+2β if α < 2,(
R

1
2

logR

) 1
β

if α = 2.
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This shows that L(τ(R), R) ≲ B(R), and therefore again B(R) ≍ B(R).
Assume now that δl < δϕ and α > 1 + β. This case is different, and we

also use a different function τ(R), namely, we now set

τ(R) := exp
(
R

1
1+β

)
.

We have log dl(t)
dϕ(t)

≍ log t, and hence obtain

L(τ(R), R) ≍ R
1

1+β .

Further,

R

C(τ(R))
= R

1
1+β , g(τ(R), R) ≍

{
R

1
2
+

1−α
2

1+β if α < 2,

R
1
2 logR if α = 2.

Since α > 1 + β, we have

1

2
+

1− α
2

1 + β
<

1

1 + β
,

and see that

B(R) ≍ min
t≥1

max
{
g(t, R),

R

C(t)
, L(t, R)

}
≍ R

1
1+β .

III.5.3 Two corollaries given in terms of Jacobi para-
meters

We present two applications of Theorem III.5.3 in which we return to the
regime of power moment problems. The first is a supplement to a result from
[Pru20], and in the second we give examples where the Nevanlinna matrix
has prescribed growth.

At this point we need the concrete formulae relating Jacobi parameters
with Hamiltonian parameters. They read as

1

bn
= sin(ϕn+1 − ϕn)

√
ln+1ln,

an = − 1

ln

[
cot(ϕn+1 − ϕn) + cot(ϕn − ϕn−1)

]
,

(III.5.10)

where the angles are chosen such that ϕn+1 − ϕn ∈ [0, π), cf. [Kac99]. Given
the Jacobi parameters, it is in general hard to solve the equations (III.5.10)
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for the Hamiltonian parameters. Under the assumption that bn, an have a
certain power-like asymptotic, the approximate size of ln and | sin(ϕn+1−ϕn)|
can be determined.

III.5.10 Corollary. Let an ∈ R and bn > 0 be sequences which have asymp-
totics

bn =nσ
(
|y0|
2

+
x1
n

+
x2
n2

+O
( 1

n2+ϵ

))
,

an =nσ
(
y0 +

y1
n

+
y2
n2

+O
( 1

n2+ϵ

))
,

where

σ > 2, y0 ̸= 0, x1, x2, y1, y2 ∈ R, ϵ > 0.

Assume that the moment problem with these Jacobi parameters is indeterm-
inate, and let W (z) be its Nevanlinna matrix. Then

log
(
max
|z|=R

∥W (z)∥
)
≍ R

1
σ .

Before we come to the proof, let us put this statement in the right context. It
deals with the critical situation that off-diagonal and diagonal of the Jacobi
matrix are comparable with ratio 2. This setting was considered in [Pru20,
Theorem 2]. In that theorem occurrence of limit circle case was characterised
in terms of the data of the expansions, and it was shown thatW (z) is of order
1
σ
with positive type. The significance of Corollary III.5.10 is that now we

know that W (z) is also of finite type.

Proof. In the proof of [Pru20, Theorem 2] it was shown that

ln ≍ λ(n)2, | sin(ϕn+1 − ϕn)| ≍
1

nσλ(n)2
,

where λ is a function of the form λ(t) = nτ or λ(t) = nτ log t with some
τ ∈ [−σ

2
,−1

2
). The assumptions of Theorem III.5.3 are thus satisfied with

dl(t) := λ(t)2 and dϕ(t) :=
1

nσλ(n)2
. Applying this theorem yields

log
(
max
|z|=R

∥W (z)∥
)
≍
[ 1

dldϕ

]−
(R) ≍ R

1
σ .
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We come to our second corollary, where we produce a variety of examples
with prescribed growth of the Nevanlinna matrix (slower than the threshold

R
1
2 ). Thereby, the speed of growth is always determined by the off-diagonal,

and the diagonal can be as large or as small as we please.

III.5.11 Corollary. Let g be regularly varying with indg ∈ (0, 1
2
).

(i) Let ω ∈ [−2, 2]. Then there exist Jacobi parameters bn and an, such
that

bn ∼ g−(n),
an
bn

→ ω, log
(
max
|z|=R

∥W (z)∥
)
≍ g(R).

(ii) Let ωn ̸= 0, ωn → 0, be such that limn→∞
ωn−1

ωn
exists in (−1,∞). Then

there exist Jacobi parameters bn and an, such that

bn ∼ g−(n),
an
bn

∼ ωn, log
(
max
|z|=R

∥W (z)∥
)
≍ g(R).

The condition in (i) that |ω| ≤ 2 is no restriction, since otherwise we could
not have limit circle case by Wouk’s theorem.

Proof. We specify lengths and angles, which is done differently in different
cases.

▷ Assume that ω ∈ (−2, 2). Let ψ ∈ (0, π) be such that cosψ = −ω
2
, and

set

ln :=
1

sinψ · g−(n)
, ϕn+1 := nψ, n ∈ N,

so that ϕn+1 − ϕn = ψ.

▷ Assume that ω = −2. Set

ln :=
n

g−(n)
, ϕn+1 :=

n∑
k=1

1

k
, n ∈ N,

so that ϕn+1 − ϕn = 1
n
.

▷ Assume that ω = 2. Set

ln :=
n

g−(n)
, ϕn+1 := nπ −

n∑
k=1

1

k
, n ∈ N,

so that ϕn+1 − ϕn = π − 1
n
.
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▷ Assume that ωn ̸= 0, ωn → 0, and γ := limn→∞
ωn−1

ωn
exists in (−1,∞).

Set

ln :=
1

g−(n)
, ϕn+1 := n

π

2
+

1

2(1 + γ)

n∑
k=1

|ωn|<π

ωn, n ∈ N,

so that ϕn+1 − ϕn = π
2
+ ωn

2(1+γ)
for all sufficiently large n.

Let bn and an be the Jacobi parameters given by (III.5.10). Then, in all cases,
bn ∼ g−(n). Multiplying the two equations from (III.5.10), shows that

an
bn

= −
√
ln+1

ln
·
(
cos(ϕn+1 − ϕn) + cos(ϕn − ϕn−1)

sin(ϕn+1 − ϕn)

sin(ϕn − ϕn−1)

)
,

and this implies the asserted property of an
bn
. Finally, we apply The-

orem III.5.3 with the obvious choices for dl,dϕ to obtain that

log
(
max
|z|=R

∥W (z)∥
)
≍ g(R).

Appendix III.A Regularly varying functions

In complex analysis the growth of an analytic function is compared with
functions of the form exp(a(r)). The most classical comparison functions
are powers a(r) = rρ, and this leads to the notions of order and type.
A refined comparison scale was introduced already at a very early stage by
E.Lindelöf [Lin05] who considered comparison functions behaving for r → ∞
like

rα ·
(
log r

)β1 · (log log r)β2 · . . . · (log · · · log︸ ︷︷ ︸
mth iterate

r
)βm

,

where α > 0 and β1, . . . , βm ∈ R. Functions which are nowadays commonly
used as comparison functions are regularly varying functions in Karamata
sense, cf. [BGT89, Chapter 7] (for other levels of generality see also [Lev80,
Rub96]). Lindelöf’s comparison functions are examples of functions of that
kind.

Let us now recall Karamata’s definition of regular variation.
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III.A.1 Definition. A function a: [1,∞) → (0,∞) is called regularly vary-
ing at ∞ with index α ∈ R, if it is measurable and

∀λ ∈ (0,∞). lim
r→∞

a(λr)

a(r)
= λα.

We write inda for the index of regular variation of function a. A regularly
varying function with index 0 is also called slowly varying.

◀

Regularly varying function a are used to quantify growth for r → ∞, and
hence the values of a(r) for small r are irrelevant. This allows to change a on
any finite interval without changing the essence of results, and this freedom
can often be used to assume a has some additional practical properties.

We cite a number of fundamental theorems on regularly varying func-
tions. Proofs can be found, e.g., in [BGT89] or [Sen76]. We start with an
representation theorem.

III.A.2 Theorem (Representation theorem). Let α ∈ R. A function
a: [1,∞) → (0,∞) is regularly varying with index α if and only if it has
a representation of the form

a(r) = rα · c(r) exp
(∫ r

1

ϵ(u)
du

u

)
, r ∈ [1,∞),

where c, ϵ are measurable, limr→∞ c(r) = c ∈ (0,∞), and limr→∞ ϵ(r) = 0.
If a is slowly varying (i.e., α = 0) and eventually nondecreasing (nonin-

creasing), then ϵ may be taken eventually nonnegative (nonpositive).

It is a legitimate intuition that regularly varying functions fill in the scale of
powers, and that a regularly varying function with index α behaves roughly
like the power rα. The following results, which we will use frequently, express
this intuition very clearly. The first is a variant of the Potter bounds, and
the second is the classical Karamata Theorem about asymptotic integration.

III.A.3 Theorem (Potter bounds (variant)). Let a be regularly varying
with index α ∈ R.

(i) ∀ϵ > 0. rα−ϵ ≪ a(r) ≪ rα+ϵ ,

(ii) limr→∞
loga(r)
log r

= α,

(iii) For all ϵ > 0 the quotients a(r)
rα−ϵ and rα+ϵ

a(r)
are ∼ to an eventually in-

creasing function.

60



Page 176 of 210

III.A.4 Theorem (Karamata’s Theorem). Let a be regularly varying with
index α ∈ R.

(i) Assume that α ≥ −1. Then the function x 7→
∫ x
1
a(t) dt is regularly

varying with index α + 1, and

lim
x→∞

(
xa(x)

/ x∫
1

a(t) dt

)
= α + 1.

(ii) Assume that α ≤ −1 and
∫∞
1

a(t) dt < ∞. Then the function x 7→∫∞
x

a(t) dt is regularly varying with index α + 1, and

lim
x→∞

(
xa(x)

/ ∞∫
x

a(t) dt

)
= −(α + 1).

A regularly varying function awith positive index is – at least asymptotically
– invertible. In fact, if

a−(x) := sup
{
t ∈ [1,∞) | a(t) < x

}
,

we have the following result, cf. [BGT89, Theorem 1.5.12].

III.A.5 Theorem. Let a be regularly varying with index α > 0. Then a−

is regularly varying with index 1
α
, and

(a ◦ a−)(x) ∼ (a− ◦ a)(x) ∼ x. (III.A.1)

Any regularly varying function a− with the property (III.A.1) is called an
asymptotic inverse of a, and asymptotic inverses are determined uniquely
up to ∼. We recall a useful formula for computing asymptotic inverses for
functions of a particular form.

III.A.6 Remark. Assume that ρ > 0 and that f is regularly varying. Set
g := f◦ log (for sufficiently large t). Then

a(t) := tρg(t), a−(t) := ρ
indf

ρ ·
( t

g(t)

) 1
ρ

are asymptotic inverses of each other.
◁

Another practical observation is the following.

III.A.7 Remark. Let f be regularly varying with indf > 0, and assume we
have a function gwith g ≈ f. Then g is regularly varying with indg = indf
and g− ≈ f−.

◁
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By the Potter bounds every regularly varying function a is bounded and
bounded away from zero on every interval [r1, r2] sufficiently far to the right.
Sometimes it is needed for technical reasons to assume this property for all
compact intervals in the domain of a. Of course, this is no loss in generality;
remember that modification on a finite interval does not change the essence
of the function a.

III.A.8 Lemma. Let a: [1,∞) → (0,∞) be slowly varying and assume that
a≲ 1 locally. For R ≥ a(1) set

b(R) := sup
{
t ∈ [1,∞) | sup

1≤s≤t

a(s)

R
≤ 1
}

∈ [1,∞].

Then b grows faster than any power, i.e., Rρ ≤ b(R) for every ρ > 0 and R
sufficiently large.

Proof. Let ρ > 0 and set ϵ := 1
ρ
. By Theorem III.A.3, there exists M > 0

such that a(r) ≤ rϵ for all r ≥M . If R ≥ supr∈[1,M ] a(r), this means that

{
t ∈ [1,∞) | sup

1≤s≤t

sϵ

R
≤ 1
}
⊆
{
t ∈ [1,∞) | sup

1≤s≤t

a(s)

R
≤ 1
}
.

The assertion follows if we take suprema of both sets.

III.A.9 Lemma. Let a be regularly varying with index α > 0 and assume
that a ≍ 1 locally. Then there exists a continuously differentiable and regu-
larly varying function s, where s′(t) > 0 for t ∈ [1,∞),

a(t) ≍ s(t), t ∈ [1,∞),

a(t) ∼ s(t), t→ ∞.

Proof. We use the smooth variation theorem [BGT89, Theorem 1.8.2]. This
gives a function s that is continuously differentiable, whose derivative is pos-
itive for all sufficiently large t, and such that a∼ s for t→ ∞. W.l.o.g. we
assume s′(t) > 0 for all t ∈ [1,∞).

Choose t0 ≥ 1 such that 1
2
a(t) ≤ s(t) ≤ 3

2
a(t) for all t ≥ t0. By our

assumption, a ≍ 1 on [1, t0]. Since s is continuous, s ≍ 1 ≍ a on [1, t0].
Summing up, we have s≍ a on [1,∞).

Another lemma in a similar direction is the following. The proof is immediate
from the representation theorem and we do not go into details.
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III.A.10 Lemma. Let a be regularly varying, and assume that a is ≈ to
some nonincreasing function. Then there exist

ϵ[a], κ[a] : [1,∞) → (0,∞)

such that

▷ ϵ[a] is locally integrable, limt→∞ ϵ[a](t) = 0, and ϵ[a] ≤ 0 if inda= 0,

▷ κ[a] is eventually constant,

▷ The function

S[a](t) := κ[a](t) · tinda · exp
(∫ r

1

ϵ[a](u)
du

u

)
is nonincreasing, continuous, and ≈ a.

We speak of any function S[a] as in the lemma as a nonincreasing smoothen-
ing of a.

Of course, κ[a] and ϵ[a] are far from unique. We mention two particular
instances of the freedom of choice in S[a].

III.A.11 Remark.

(i) If S[a] is some nonincreasing smoothening of a and α > 0, then also
α · S[a] is a nonincreasing smoothening of a. This corresponds to
multiplying κ[a] by α.

(ii) If S[a] is some nonincreasing smoothening of a and α >
limt→∞ S[a](t), then also min{S[a](t), α} is a nonincreasing smoothen-
ing of a. This is seen by modifying κ[a] on a finite interval.

◁

One more property of this construction is as follows. Assume we have two
functions a1,a2 that are both regularly varying and ≈ to some nonincreasing
function. If S[a1] and S[a2] are nonincreasing smoothenings of a1 and a2,
respectively, then S[a1] · S[a2] is a nonincreasing smoothening of a1 · a2.
This corresponds to taking

κ[a1a2] := κ[a1] · κ[a2], ϵ[a1a2] := ϵ[a1] + ϵ[a2].
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Lower bounds for the growth of a Nevanlinna
matrix

Jakob Reiffenstein �

Abstract. Our objects of study are two-dimensional canonical systems that
arise from indeterminate Hamburger moment problems as well as from half-line
Jacobi operators in limit circle case. The monodromy matrix of such a system
coincides with the Nevanlinna matrix of the associated moment problem, and its
growth corresponds to the density of eigenvalues of self-adjoint realisations of the
system. We present new estimates for the growth of the monodromy matrix,
emphasising two goals. On the one hand, we investigate orders larger than 1

2 ,
assuming some regularity of the data. By explicitly determining the growth of
the monodromy matrix for large classes of canonical system, we show that the
growth depends much more sensibly on the data than for orders less than 1

2 . On
the other hand, we remove all assumptions on the data and ask what can still be
said. One of the results we obtain states that the order of a Nevanlinna matrix is
always greater than or equal to the convergence exponent of the off-diagonal
sequence of Jacobi parameters.

AMS MSC 2020: 34L40, 34L20, 47B36, 44A60

Keywords: Canonical system, Nevanlinna matrix, distribution of eigenvalues,

order problem

IV.1 Introduction

In the present paper, we consider two-dimensional canonical systems

y′(t) = zJH(t)y(t), t ∈ (0, L) a.e., (IV.1.1)

where L ∈ (0,∞), J :=
(

0 −1

1 0

)
, z ∈ C, and the Hamiltonian H is a 2 × 2

matrix-valued function on (0, L) that satisfies

H(t) ≥ 0, trH(t) = 1, t ∈ (0, L) a.e.,

and is of a particular discrete form (the precise definition is given further
below). Hamiltonians of this kind are called Hamburger Hamiltonians, and
this term is reminiscent of the fact that they form an equivalent model of
Hamburger moment problems. In fact, the orthogonal polynomials pn of

�The author was supported by the joint project I 4600 of the Austrian Science Fund
(FWF) and the Russian foundation of basic research (RFBR).

1



Page 184 of 210

an indeterminate moment sequence (sn)
∞
n=0 satisfy a three-term recurrence

relation

bnpn+1(z) + anpn(z) + bn−1pn−1(z) = zpn(z) (IV.1.2)

with certain parameters bn > 0 and an ∈ R. The recurrence can be brought to
the form (IV.1.1), with H being a Hamburger Hamiltonian (and this process
can be reversed).

Properties of the moment sequence (sn)
∞
n=0 can be reformulated in terms

of the corresponding Hamburger HamiltonianH. Let us mention three prom-
inent instances that are important for the present work:

▷ (sn)
∞
n=0 is indeterminate if and only if L <∞;

▷ If (sn)
∞
n=0 is indeterminate, its Nevanlinna matrix W = (wij)

2
i,j=1 is the

monodromy matrix of H;

▷ The minimal operator of the Jacobi matrix with parameters an, bn is
unitarily equivalent to the minimal operator of H.

We deal with the indeterminate case, and investigate specifically growth and
zero distribution of the entries wij of the Nevanlinna matrix. Due to the in-
terpretation of W as the monodromy matrix of the system (IV.1.1), the zero
distribution of wij has operator theoretic meaning: the zeros of, say, w22 coin-
cide with the spectrum of the self-adjoint operator arising from (IV.1.1) and
the boundary conditions (1, 0)y(0) = (0, 1)y(L) = 0. Hence, obtaining more
detailed information about wij will lead to knowledge about the spectrum of
the minimal Jacobi operator. As a simplest example: the (common) order
of wij coincides with the (common) convergence exponent of the spectrum of
self-adjoint extensions of the minimal Jacobi operator.

A classical theorem of M. Riesz [Rie23], or, alternatively, the Krein-
de Branges formula [Kre51, dB61], tells us that wij is of minimal expo-
nential type. There is a line of research, starting already in the early
days of the study of moment problems, that deals with finding upper
and lower bounds for the growth of the Nevanlinna matrix; a few ex-
amples are [Liv39, Ber56, BS14, Rom17, Pru20, PRW23]. We would like
to emphasise two points. First, while there are many methods of ob-
taining upper bounds, all known lower bounds come from comparison of
entries of W to entire functions derived from (sn)

∞
n=0 or coefficients of pn

[Liv39, BS14]. Estimates in terms of the Jacobi or Hamiltonian paramet-
ers can be obtained from these bounds only under regularity assumptions
[Ber56, BS14, PW19, Pru20, PW23]. Second, the case of fast growth, mean-
ing growth of order in (1

2
, 1], is much more intricate than the case of slow

growth.
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Hamburger Hamiltonians

Let (lj)
∞
j=1 be a summable sequence of positive numbers and (ϕj)

∞
j=1 be a

sequence of real numbers. Using the notation

x0 := 0, xn :=
n∑
j=1

lj, n ∈ N,

L :=
∞∑
j=1

lj <∞

and

ξϕ :=

(
cosϕ

sinϕ

)
,

we define a Hamiltonian on (0, L) by setting

Hl,ϕ(t) := ξϕjξ
⊤
ϕj

for j ∈ N and xj−1 ≤ t < xj. (IV.1.3)

ξϕ1
ξ⊤ϕ1

ξϕ2
ξ⊤ϕ2

ξϕ3
ξ⊤ϕ3

· · ·
Hl,ϕ :

x0 l1 x1 l2 x2 l3 x3 · · · L

The numbers lj and ϕj are referred to as lengths and angles of the Hamilto-
nian. Note that the sequences of lengths is unique for each Hamburger
Hamiltonian, while the angles are not: adding an integer multiple of π to
any ϕj leaves the Hamiltonian invariant. Hence, whenever we make an
assumption on “the sequence of angles of a Hamburger Hamiltonian H”,
what we mean is that there exists (ϕj)

∞
j=1 such that H = Hl,ϕ.

Let W (t; z) be the fundamental solution of (the transpose of) (IV.1.1):{
d
dt
W (t; z)J = zW (t; z)H(t), t ∈ [0, L],

W (0, z) = I.

Since L <∞, i.e., limit circle case holds at L, we can define

WH(z) := W (L; z), ρH := lim sup
r→∞

log logmax|z|=r ∥WH(z)∥
log r

.

The function WH is called the monodromy matrix. It is an entire function of
exponential type 0, and its order ρH can be any number in [0, 1].

3
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Auxiliary notions

1. A function a: [1,∞) → (0,∞) is called regularly varying at ∞, if it is
measurable and satisfies

∀λ ∈ (0,∞). lim
r→∞

a(λr)

a(r)
= λα

for some α ∈ R called the index of a. We write inda := α.

2. Set

a−(x) := sup
{
t ∈ [1,∞) | a(t) < x

}
. (IV.1.4)

If a is regularly varying with nonzero index, then a− is an asymptotic
inverse of a, i.e.,

(a ◦ a−)(x) ∼ (a− ◦ a)(x) ∼ x. (IV.1.5)

3. We refer to [BGT89] for further information on regularly varying func-
tions.

4. Consider functions f, g : X → (0,∞), where X is any set. We use the
following notation to compare f and g.

▷ We write f ≲ g if there exists C > 0 such that f(x) ≤ Cg(x) for
all x ∈ X. By f ≳ g we mean g ≲ f , and f ≍ g is used for “f ≲ g
and f ≳ g”.

▷ If (X,⪯) is directed, we write “f(x) ≲ g(x) for sufficiently large
x” if there exists x0 ∈ X such that f |Y ≲ g|Y , where Y := {x ∈
X : x ⪰ x0}. Similar notation is used for ≳ and ≍.

▷ Let again (X,⪯) be directed. We use the symbols ∼ and O(·) in
a standard way.

Main results

In Section IV.3, we compare the lengths and the increments of angles of H to
regularly varying functions. If the decay of these functions is slow enough, the
order is greater than 1

2
. Our first main theorem, Theorem IV.3.1, establishes

a new lower bound for the growth of the monodromy matrix in this case. Let
us present an overview of the situation that combines Theorem IV.3.1 with
[PRW23, Corollaries III.4.7 and III.5.2].

4



Page 187 of 210

IV.1.1 Theorem. Let H be a Hamburger Hamiltonian, and suppose that

lj ≍ dl(j), | sin(ϕj+1 − ϕj)| ≍ dϕ(j), (IV.1.6)

where dl is regularly varying with index −δl, and dϕ is regularly varying
with index −δϕ. Assume that dϕ(t) is ∼ to a nonincreasing function as
t→ ∞ and that dl ≍ 1 ≍ dϕ on each compact subset of [1,∞).

Set

k(r) :=
[ 1

dldϕ

]−
(r), m(r) := r

∫ ∞[
dϕ
dl

]−
(r)

dl(x) dx. (IV.1.7)

Then, if
0 < δl + δϕ < 2,

the following statements hold.

(i) In general, we have

k(r) ≲ max
|z|=r

log ∥WH(z)∥ ≲ m(r)

for sufficiently large r. In particular, 1
δl+δϕ

≤ ρH ≤ 1−δϕ
δl−δϕ

.

(ii) If there is ψ ∈ R such that | sin(ϕj − ψ)| ≲ | sin(ϕj+1 − ϕj)|, and if
δl > 1, then for sufficiently large r it holds that

max
|z|=r

log ∥WH(z)∥ ≍ k(r).

We have ρH = 1
δl+δϕ

.

(iii) If ϕj is monotone with |ϕj+1 − ϕj| ≍ | sin(ϕj+1 − ϕj)| ≍ dϕ(j) and
δϕ > 0, the growth of WH is given, for large enough r, by

max
|z|=r

log ∥WH(z)∥ ≍ m(r)

and its order is ρH =
1−δϕ
δl−δϕ

.

The contribution of Theorem IV.3.1 to this overview is the lower bound
in (iii).

Section IV.4 (which is independent of Section IV.3) is dedicated to estim-
ates that do not depend on well-behavedness of the data. Unlike previous

5
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results, we obtain lower bounds directly in terms of the Jacobi parameters.
For example, Theorem IV.4.4 states that the order of a Jacobi matrix is
always greater than or equal to the convergence exponent of (bn)

∞
n=0.

Finally, in Theorem IV.4.7 we give an abstract upper estimate. In follow-
up results, we obtain a number of bounds that are strikingly explicit in view
of the weak assumptions on the data.

IV.2 Preliminaries

We collect auxiliary notions and properties of H.

A method of estimating WH

Let us recall some notions from [LRW23]. First, we introduce the notation

ΩH(s, t) =

∫ t

s

H(x) dx. (IV.2.1)

If the reference to H is unambiguous, we will write Ω instead of ΩH .

In [LRW23, Theorem II.3.3] a function KH is defined, which is derived
explicitly from H and such that

log |wH,22(ir)| ≍
∫ L

0

KH(t; r) dt. r > 0, (IV.2.2)

The precise form of KH is not relevant for our purposes, as we will only need
the following, more explicit, estimate.

IV.2.1 Lemma ([LRW23, Lemma II.6.5]). Assume we have points s0, s1, s2
such that

0 ≤ s0 < s1 < s2 ≤ L, detΩH(s0, s1) ≥
1

r2
≥ detΩH(s1, s2).

Then ∫ s2

s1

KH(t; r) dt ≤ e log
(
r2 detΩH(s0, s2)

)
. (IV.2.3)

6



Page 189 of 210

Further properties of detΩH

Let H be a Hamburger Hamiltonian with lengths (lj)
∞
j=1 and angles (ϕj)

∞
j=1.

We will frequently use [LRW23, Lemma II.7.2], expressing detΩH in terms
of these parameters:

detΩH(xm, xn) =
1

2

n∑
j,k=m+1

ljlk sin
2(ϕj − ϕk). (IV.2.4)

There are explicit relations between the lengths and angles of H and the
corresponding Jacobi parameters aj, bj.

Let the angles of the Hamiltonian be normalised by setting ϕ0 :=
π
2
and

ϕj+1 − ϕj ∈ [0, π). With l0 := 1, we have

a0 = tanϕ1, (IV.2.5)

aj = − sin(ϕj+1 − ϕj−1)

lj sin(ϕj+1 − ϕj) sin(ϕj − ϕj−1)
, j = 1, 2, . . . , (IV.2.6)

bj =
1√

ljlj+1 sin(ϕj+1 − ϕj)
, j = 0, 1, 2, . . . , (IV.2.7)

cf. relations (3.16) and (3.17) in [Kac99] .
This also leads to the following interpretation of detΩH in terms of aj, bj:

det ΩH(xn−1, xn+1) = ln+1ln sin
2(ϕn+1 − ϕn) =

1

b2n
, (IV.2.8)

detΩH(xn−1, xn+2) =
a2j+1 + b2j + b2j+1

b2jb
2
j+1

.

IV.3 Regularly varying decay of parameters

of H

Our first main result contributes to Theorem IV.1.1 the lower bound in item
(iii). It treats sequences of angles that are monotone and unbounded, and
shows that in this case the upper bound in Theorem IV.1.1, (i), is attained.
Intuitively, this means that there is no cancellation, as opposed to item (ii)
of Theorem IV.1.1.

IV.3.1 Theorem. Consider a Hamburger Hamiltonian H. Let dl,dϕ :
[1,∞) → (0,∞) be regularly varying. Assume that δϕ := − inddϕ ∈ (0, 1).
Suppose that angles (ϕj)

∞
j=1 of H can be chosen such that

▷ lj ≳ dl(j), |ϕj+1 − ϕj| ≍ dϕ(j) for sufficiently large j;

▷ (ϕj)
∞
j=1 is eventually monotone.

7
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Then

log |wH,22(ir)| ≳ r

∫ ∞[
dϕ
dl

]−
(r)

dl(x) dx. (IV.3.1)

for r sufficiently large.

The proof needs two auxiliary lemmata. The first one is folklore, but due to
lack of reference we provide a proof.

IV.3.2 Lemma. Let a : [1,∞) → (0,∞) be regularly varying and let k > 0.
Then there exists M > 0 such that

a(x+ h) ≍ a(x), x ∈ [M,∞), h ∈ [−k, k]. (IV.3.2)

In particular,∫ y

x

a(s) ds ≍ (y − x)a(x) ≍ y − x

y′ − x′

∫ y′

x′
a(s) ds. (IV.3.3)

on
{
(x, y, x′, y′) : M ≤ x < y < x+k ∧M ≤ x′ < y′ ∧ [x′, y′] ⊆ [x−k, x+k]

}
.

Proof. Let K :=
[

1
k+1

, k + 1
]
. Then for x ≥ k + 1 and h ∈ [−k, k] we have

x+h
x

∈ K. By [BGT89, Theorem 1.2.1], we have limx→∞
a(λx)
a(x)

= λα uniformly
for λ ∈ K. Consequently, there exists M ≥ k + 1 such that∣∣∣∣a(x+ h)

a(x)
−
(
x+ h

x

)α∣∣∣∣ < 1

2(k + 1)α
, x ≥M.

Since
(
x+h
x

)α ≥ 1
(k+1)α

, (IV.3.2) follows. Now (IV.3.3) holds because of∫ y

x

a(s) ds ≍ (y − x)a(x) =
y − x

y′ − x′
· (y′ − x′)a(x) ≍ y − x

y′ − x′

∫ y′

x′
a(s) ds.

Our main intuition in the proof of Theorem IV.3.1 is that for monotone
angles, | sin(ϕj−ϕk)| stays away from zero for sufficiently many indices j, k –
which is important because of (IV.2.4). In the following lemma, we develop
the necessary tool for quantifying this intuition.

IV.3.3 Lemma. Let H be a Hamburger Hamiltonian. Then, for m,n ∈ N
with m < n and a permutation σ of {m+ 1, . . . , n},

detΩ(xm, xn) ≥
1

8

( n∑
j=m+1

min{lj, lσ(j)}| sin(ϕj − ϕσ(j))|
)2

.

8
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Proof. We use the elementary fact sin2(a + b) ≤ 2[sin2(a) + sin2(b)]. By
(IV.2.4),

detΩ(xm, xn) =
1

2

n∑
j,k=m+1

ljlk sin
2(ϕj − ϕk)

=
1

4

n∑
j,k=m+1

[
ljlk sin

2(ϕj − ϕk) + lklσ(j) sin
2(ϕk − ϕσ(j))

]
≥ 1

4

n∑
j,k=m+1

lkmin{lj, lσ(j)}
[
sin2(ϕj − ϕk) + sin2(ϕk − ϕσ(j))

]
≥ 1

8

( n∑
k=m+1

lk

)( n∑
j=m+1

min{lj, lσ(j)} sin2(ϕj − ϕσ(j))

)

≥ 1

8

( n∑
j=m+1

√
lj min{lj, lσ(j)}| sin(ϕj − ϕσ(j))|

)2

≥ 1

8

( n∑
j=m+1

min{lj, lσ(j)}| sin(ϕj − ϕσ(j))|
)2

.

Proof of Theorem IV.3.1. Our strategy is to find indices m,n such that
detΩ(xm, xn) can be estimated from below without much loss, then use
[LRW23, Lemma II.6.4]. We do that by using Lemma IV.3.3 and finding
permutations σ of subsets of N such that | sin(ϕk − ϕσ(k))| ≍ 1 on a suffi-
ciently large k-set.

We may assume that dϕ is continuous: If not, replace it by the function
obtained from linearly interpolating the integer values of dϕ. Let

Φ(t) :=

∫ t

1

dϕ(s) ds, t ≥ 1.

The function Φ : [1,∞) → [ϕ1,∞) is increasing and regularly varying with
index 1− δϕ > 0. In particular, it is bijective.

Step 1. For fixed h > 0, the mean value theorem yields

Φ−1(x+ h)− Φ−1(x) = h
(
Φ−1

)′
(ξx) =

h

Φ′
(
Φ−1(ξx)

)
9
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for some ξx ∈ [x, x + h]. Since limx→∞
ξx
x

= 1 and because Φ−1 and Φ′ are
regularly varying, we have

Φ−1(x+ h)− Φ−1(x) ∼ h

Φ′
(
Φ−1(x)

) =
h

dϕ

(
Φ−1(x)

) .
By Karamata’s Theorem [BGT89, Theorem 1.5.11], Φ(t) ∼ tdϕ(t)

1−δϕ
, and hence

Φ−1(x+ h)− Φ−1(x) ∼ h

1− δϕ
· Φ

−1(x)

x
. (IV.3.4)

Step 2. The right hand side of (IV.3.4) is regularly varying with index
δϕ

1−δϕ
> 0, and thus tends to ∞. Fix numbers u,w, u′, w′ ∈ (0, 1) with u < w,

u′ < w′, and w − u < w′ − u′. Consider, for j ∈ N, the discrete intervals

I+j :=
{
k ∈ N :

⌈
Φ−1

(
j + u

)⌉
≤ k ≤

⌊
Φ−1

(
j + w

))⌋}
and

I−j :=
{
l ∈ N :

⌈
Φ−1

(
j − w′))⌉ ≤ l ≤

⌊
Φ−1

(
j − u′

))⌋}
.

By (IV.3.4), the cardinalities of I+j and I−j satisfy

lim
j→∞

|I+j |
|I−j |

=
w − u

w′ − u′
< 1.

In particular, |I+j | < |I−j | for all sufficiently large j.

Step 3. For the following estimates, we need a (finite) number of proper-
ties that only hold for sufficiently large indices. We will frequently assume
implicitly that each variable that occurs is large enough.

Given sufficiently large n,m ∈ N with n ≥ m+2, there exists a permuta-
tion σ of

{⌈
Φ−1

(
m
)⌉
, . . . ,

⌈
Φ−1

(
n
)⌉}

with the property σ(I+j ) ⊆ I−j for all
m+ 1 ≤ j ≤ n. Our goal is to choose u,w, u′, w′ such that

| sin(ϕk − ϕσ(k))| ≍ 1, m, n suff. large, m+ 1 ≤ j ≤ n, k ∈ I+j .

(IV.3.5)

Let k ∈ I+j . Then

u+u′ ≤ Φ
(⌈

Φ−1
(
j + u

))⌉)
− Φ

(⌊
Φ−1

(
j − u′

))⌋)
≤ Φ(k)− Φ(σ(k))

≤ Φ
(⌊

Φ−1
(
j + w

))⌋)
− Φ

(⌈
Φ−1

(
j − w′))⌉) ≤ w + w′. (IV.3.6)

10
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Our next goal is to obtain similar bounds for |ϕk−ϕσ(k)|. By Lemma IV.3.2,

Φ(k)− Φ(σ(k)) =

∫ k

σ(k)

dϕ(s) ds =
k−1∑
i=σ(k)

∫ i+1

i

dϕ(x) dx ≍
k−1∑
i=σ(k)

dϕ(i)

≍
k−1∑
i=σ(k)

∣∣ϕi+1 − ϕi
∣∣ = ∣∣ϕk − ϕσ(k)

∣∣
and hence there exist constants c, c′ such that

c
(
Φ(k)− Φ(σ(k))

)
≤ |ϕk − ϕσ(k)| ≤ c′

(
Φ(k)− Φ(σ(k))

)
for m,n large, m + 1 ≤ j ≤ n and k ∈ I+j . Remembering (IV.3.6), we see
that

c(u+ u′) ≤ ϕk − ϕσ(k) ≤ c′(w + w′) (IV.3.7)

for m,n large, m+ 1 ≤ j ≤ n and k ∈ I+j .

Let w := w′ := π
4
min{1, 1

c′
} and u = w

2
, u′ = w

4
. Due to (IV.3.7), there

is ϵ > 0 such that ϕk − ϕσ(k) ∈ [ϵ, π
2
]. Hence (IV.3.5) holds for this choice of

u,w, u′, w′.

Step 4. Recalling (IV.3.5), Lemma IV.3.3 leads to√
detΩ

(
x⌈Φ−1(m)⌉, x⌈Φ−1(n)⌉

)
≳

⌈Φ−1(n)⌉∑
k=⌈Φ−1(m)⌉+1

min{lk, lσ(k)}| sin(ϕk − ϕσ(k))|

≳
n∑

j=m+1

∑
k∈I+j

min{lk, lσ(k)} ≳
n∑

j=m+1

∑
k∈I+j

min{dl(k),dl(σ(k))}

=
n∑

j=m+1

∑
k∈I+j

dl(k).

(IV.3.8)

By Lemma IV.3.2,

n∑
j=m+1

∑
k∈I+j

dl(k) ≍
n∑

j=m+1

∑
k∈I+j

∫ k+1

k

dl(x) dx

=
n∑

j=m+1

∫ 1+⌊Φ−1(j+w)⌋

⌈Φ−1(j+u)⌉
dl(x) dx ≍

n∑
j=m+1

∫ Φ−1(j+w)

Φ−1(j+u)

dl(x) dx

11
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for j sufficiently large. Combining this with (IV.3.8),√
detΩ

(
x⌈Φ−1(m)⌉, x⌈Φ−1(n)⌉

)
≳

n∑
j=m+1

∫ Φ−1(j+w)

Φ−1(j+u)

dl(x) dx (IV.3.9)

Step 5. We further refine (IV.3.9). For all ξ < ζ, substituting x = Φ−1(t)
yields∫ Φ−1(ζ)

Φ−1(ξ)

dl(x) dx =

∫ ζ

ξ

dl

(
Φ−1(t)

)
Φ′
(
Φ−1(t)

) dt =

∫ ζ

ξ

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt. (IV.3.10)

Using Lemma IV.3.2, this leads to√
detΩ

(
x⌈Φ−1(m)⌉, x⌈Φ−1(n)⌉

)
≳

n∑
j=m+1

∫ j+w

j+u

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt
≍

n∑
j=m+1

(j + w)− (j + u)

(j + 1)− j

∫ j+1

j

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt
≍
∫ n+1

m+1

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≍ ∫ n

m

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt.
(IV.3.11)

Step 6. For r > 0, define

m0(r) := 1 + max

{
m ∈ N :

∫ m+1

m

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≥ 1

r

}
and

mn(r) := min

{
m ∈ N : m > mn−1(r) ∧

∫ m

mn−1(r)

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≥ 1

r

}
where min ∅ := ∞. For n ≥ 1 with mn(r) <∞ we have, by (IV.3.11),

detΩ
(
x⌈Φ−1(mn−1(r))⌉, x⌈Φ−1(mn(r))⌉

)
≳

1

r2
. (IV.3.12)

Let k(r) := min{n ∈ N : mn(r) = ∞}. For large enough r > 0, the (k(r)
many) points

0, x2, x⌈Φ−1(m1(r))⌉, x⌈Φ−1(m2(r))⌉, . . . , x⌈Φ−1(mk(r)−2(r))⌉, L

12
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satisfy the condition of [LRW23, Lemma II.6.4], and this yields that

log |wH,22(ir)| ≳
∫ L

x2

KH(t; r) dt ≳ k(r) + O(log r). (IV.3.13)

Step 7. We shall estimate k(r) from below. By definition of m0(r), for
1 ≤ n < k(r) it holds that

1

r
≤
∫ mn(r)

mn−1(r)

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≤ 1

r
+

∫ mn(r)

mn(r)−1

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≤ 2

r
. (IV.3.14)

In addition we have ∫ ∞

mk(r)−1(r)

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≤ 1

r
.

This leads to

k(r)

r
≳

k(r)∑
n=1

∫ mn(r)

mn−1(r)

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt = ∫ ∞

m0(r)

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt. (IV.3.15)

By Lemma IV.3.2,

dl

(
Φ−1(m0(r))

)
dϕ

(
Φ−1(m0(r))

) ≍
∫ m0(r)+1

m0(r)

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≍ 1

r

implying

m0(r) ≍ Φ
([dϕ

dl

]−(
r
))
. (IV.3.16)

Substituting back using (IV.3.10), the estimate (IV.3.15) becomes

k(r) ≳ r

∫ ∞

m0(r)

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) dt ≍ r

∫ ∞[
dϕ
dl

]−
(r)

dl(x) dx. (IV.3.17)

Using (IV.3.13), the theorem is proved.

We return for a moment to the situation of Theorem IV.1.1. If (IV.1.6)
is satisfied with δl + δϕ = 2 but not (δl, δϕ) = (1, 1), then [PRW23, Corol-
laries III.4.7 and III.5.2] state that ρH = 1

2
. Our next result shows that the

point (δl, δϕ) = (1, 1) is intrinsically exceptional.

13
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IV.3.4 Proposition. Let H be a Hamburger Hamiltonian satisfying

lj ≍ j−1(log j)−ν , ϕj+1 − ϕj = |ϕj+1 − ϕj| ≍ j−1

for j sufficiently large, where ν ∈ (1, 2). Then

logmax
|z|=r

∥WH(z)∥ ≍ r
1
ν

for r sufficiently large. In particular, ρH = 1
ν
.

Proof of Proposition IV.3.4. Using the notation from the beginning of the
section, we have

dl(t) = t−1(log t)−ν , dϕ(t) = t−1.

Further, let

cl(t) := (ν − 1)

∫ ∞

t

dl(s) ds = (log t)1−ν , cϕ := cl.

A calculation shows that we are in the situation of [PRW23, Example III.5.9],
and we obtain the upper bound

logmax
|z|=r

∥WH(z)∥ ≲ r
1
ν .

The proof of the lower bound is the same as that of Theorem IV.3.1, except
for a few modifications. We have

Φ(t) =

∫ t

1

dϕ(s) ds = log t

and thus Φ−1(x) = ex. Defining I+j and I−j as in the proof of Theorem IV.3.1,
we have

|I+j | ∼ Φ−1(j + w)− Φ−1(j + u) = ej
(
ew − eu

)
,

|I−j | ∼ Φ−1(j − u′)− Φ−1(j − w′) = ej
(
e−u

′ − e−w
′)

We will later choose u,w, u′, w′ ∈ (0, 1) such that |I+j | < |I−j | for sufficiently
large j. Proceeding as in Step 3, we arrive at (IV.3.7) and hence w,w′ need
to be chosen such that c′(w + w′) ≤ π

2
. One possibility is making the ansatz

u = w
2
, u′ = w′

2
, w′ := π

4
min{1, 1

c′
}, then choosing w very small. Then, by

our construction, (IV.3.5) holds.

14
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We proceed with Step 4, where no adjustments are necessary. Hence (IV.3.9)
holds, leading to√

detΩ
(
x⌈Φ−1(m)⌉, x⌈Φ−1(n)⌉

)
≳

n∑
j=m+1

∫ Φ−1(j+w)

Φ−1(j+u)

dl(x) dx

=
n∑

j=m+1

∫ ej+w

ej+u

x−1(log x)−ν dx =
n∑

j=m+1

∫ j+w

j+u

t−ν dt

≍
n∑

j=m+1

∫ j+1

j

t−ν dt ≍
∫ n

m

t−ν dt.

Steps 6 and 7 of the proof of Theorem IV.3.1 can again be copied without
changes, since

dl

(
Φ−1(t)

)
dϕ

(
Φ−1(t)

) = t−ν

is regularly varying. By (IV.3.16), we havem0(r) ≍ r
1
ν , and thus the asserted

lower bound is given by (IV.3.17).

IV.3.5 Remark.

▷ If ν = 2 in Proposition IV.3.4, then ρH = 1
2
, and

r
1
2 ≲ logmax

|z|=r
∥WH(z)∥ ≲ r

1
2 log r.

The proof of this is the same as that of Proposition IV.3.4, except the
upper bound taken from [PRW23, Example III.5.9] has a different form.

▷ If ν > 2 , we also have ρH = 1
2
. All we can say about the precise growth

is
r

1
2 (log r)−

ν
2 ≲ logmax

|z|=r
∥WH(z)∥ ≲ r

1
2 (log r)1−

ν
2 .

In order to see this, use [PRW23, Corollary III.5.2] for the lower bound
and the second row of [PRW23, Theorem III.4.6] for the upper bound.

IV.3.1 Jacobi matrices with large diagonal

In [Pru20, Theorem 2], Jacobi matrices J with parameters satisfying

an = nβ
(
y0 +

y1
n

+
y2
n2

+O
( 1

n2+ϵ

))
, n→ ∞,

bn = nβ
( |y0|

2
+
x1
n

+
x2
n2

+O
( 1

n2+ϵ

))
, n→ ∞

(IV.3.18)

15
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with y0 ̸= 0 are considered. It is shown that J is in the limit circle case if
κ := 4x1

|y0| −
2y1
y0
> 3

2
and β ∈ (3

2
, κ). If even κ > 2 and β ∈ [2, κ), the order is

equal to 1
β
.

In contrast to this, if 3
2
< β < min{2, κ}, Pruckner’s result only shows

that the order belongs to [ 1
β
, 1
2(β−1)

]. Using Theorem IV.1.1, we can now
construct examples of Jacobi matrices of this form, for which the order is in
fact equal to 1

2(β−1)
.

IV.3.6 Corollary. For each β ∈ (3
2
, 2), there exist sequences (an), (bn) with

asymptotics of the form

an = nβ
(
− 2 +

7

6n
+
y2
n2

+O
( 1

n3

))
, n→ ∞,

bn = nβ
(
1 +

β
2
− 1

12

n
+
x2
n2

+O
( 1

n3

))
, n→ ∞,

such that the Jacobi matrix J with these parameters is in limit circle case,
and its Nevanlinna matrix satisfies

logmax
|z|=r

∥W (z)∥ ≍ r
1

2(β−1) , r sufficiently large. (IV.3.19)

Proof. Define a Hamburger Hamiltonian by

ln := n
1
2
−β, ϕn+1 − ϕn = n− 1

2 ,

whose monodromy matrix satisfies (IV.3.19) due to Theorem IV.1.1. Now
use (IV.2.7),(IV.2.6) to compute the asymptotics of the corresponding Jacobi
matrix.

IV.3.7 Open Problem. We suspect, but are unable to prove, that asymptotics
of the form (IV.3.18), with 3

2
< β < min{2, κ}, will always lead to

logmax
|z|=r

∥W (z)∥ ≍ r
1

2(β−1) .

◁

IV.4 One-sided estimates for the growth of

wH,22

The overarching theme of this section is to find explicit bounds without
imposing many restrictions on the data. The key challenge is to estimate
detΩ(xm, xn) with as little loss as possible.

16
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IV.4.1 Lower bounds: Hamiltonian parameters

In the following two results, we establish lower bounds directly in terms
of detΩ. Theorem IV.4.1 gives a bound for the order only, but is gener-
ally easier to evaluate than Theorem IV.4.2 which estimates the growth of
log |wH,22(ir)|. In the case of (almost) regularly varying data, the bounds for
order obtained from these theorems coincide, and Theorem IV.4.2 also gives
an estimate for the type with respect to the bound for the order.

IV.4.1 Theorem. Let H be a Hamburger Hamiltonian on (0, L) and let
s ∈ N. For j ∈ N set

βj :=
1√

detΩ(xj, xj+s)
.

Then the order of WH is greater than or equal to the convergence exponent
of (βj)

∞
j=1.

Proof. Let α be the convergence exponent of (βj)
∞
j=1, then for ϵ > 0

∞∑
n=0

√
detΩ(xj, xj+s)

α−ϵ
= ∞.

For

Nr :=
∣∣∣{j : √detΩ(xj, xj+s) ≥

1

r

}∣∣∣,
we obtain ¬

(
Nr ≲ rα−2ϵ

)
from [BS14, Lemma 5.5]. Hence, there exists an

increasing sequence (rm)
∞
m=1 such that Nrm ≥ rα−2ϵ

m for all m ∈ N.
We find that for each m ∈ N, there are at least k(rm) := ⌊Nrm

s
⌋ non-

overlapping intervals [xj, xj+s] with detΩ(xj, xj+s) ≥ 1
r2m

. By (IV.2.2) and

[LRW23, Lemma II.6.4]

log |wH,22(irm)| ≍
∫ L

0

KH(t, rm) dt ≳ k(rm) ≍ Nrm ≥ rα−2ϵ
m .

This shows that the order of W is at least α− 2ϵ. Since ϵ was arbitrary, this
completes the proof.

The following theorem can be seen as a generalisation of [PW23, Corollary
2.5], which only admits (close to) regularly varying data and s = 2.

IV.4.2 Theorem. Let H be a Hamburger Hamiltonian on (0, L) and let
s ∈ N. Suppose that we are given a sequence (fj)

∞
j=1 of nonnegative numbers

such that √
detΩ(xj, xj+s) ≥ cfj, j ∈ N

for some c > 0. Then

17
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(i) We always have

log |wH,22(ir)| ≳
r

s

∑
j : ∀k≥j. fk< 1

r

fj +O(log r), r sufficiently large.

The constant implicit in this estimate depends only on c and on L.

(ii) If fj =
1

g(j)
for some regularly varying function g, then

log |wH,22(ir)| ≳ g−(r)

and the order of WH is greater than or equal to 1
ind g

.

IV.4.3 Remark. The number 1
ind g

appearing in item (ii) coincides with the

convergence exponent of (f−1
j )∞j=1.

Proof. We start by proving (i). Consider an interval [xm, xn]. Using the
Minkowski Determinant Theorem,

√
detΩ(xm, xn) ≥

⌊n−m
s

⌋∑
j=1

√
detΩ(xm+(j−1)s, xm+js) ≥ c

⌊n−m
s

⌋∑
j=1

fm+(j−1)s.

Applying this inequality also to the intervals [xm+k, xn], we find that

√
detΩ(xm+k, xn) ≥ c

⌊n−m−k
s

⌋∑
j=1

fm+k+(j−1)s.

Summing up these inequalities for k = 0, . . . , s− 1 leads to

s
√

detΩ(xm, xn) ≥
s−1∑
k=0

√
detΩ(xm+k, xn)

≥ c
s−1∑
k=0

⌊n−m−k
s

⌋∑
j=1

fm+k+(j−1)s = c

n−s∑
j=m

fj.

Let m0(r) := 1 + max
{
j : fj ≥ 1

r

}
and define inductively

mn+1(r) := min
{
m > mn(r) :

m∑
j=mn(r)

fj ≥
2s

r

}
where min ∅ := ∞.

18
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Recalling fj <
1
r
for j ≥ m0(r), we obtain for each n with mn+1(r) <∞

√
detΩ(xmn(r), xmn+1(r)) ≥

c

s

mn+1(r)−s∑
j=mn(r)

fj

≥ c

s

( mn+1(r)∑
j=mn(r)

fj −
s

r

)
≥ c

r
.

Set k(r) := min{n : mn(r) = ∞}, then for sufficiently large r > 0, the (k(r)
many) points

0, xm0(r), xm1(r), . . . xmk(r)−3(r), xmk(r)−2(r), L

meet the condition of [LRW23, Lemma II.6.4]. Hence log |wH,22(ir)∥ ≳ k(r)+
O(log r), which implies (i) by estimating

2s

r
k(r) ≥

k(r)−2∑
n=0

mn+1(r)−1∑
j=mn(r)

fj +
∞∑

j=ma(r)−1(r)

fj =
∑

j : ∀k≥j. fk< 1
r

fj.

It remains to prove (ii). Suppose that fj =
1

g(j)
for regularly varying g. By

Karamata’s Theorem,

r
∑

j : ∀k≥j. fk< 1
r

fj = r
∑

j : ∀k≥j. g(k)>r

1

g(j)
≍ r

∫ ∞

g−(r)

1

g(x)
dx

≳ r
g−(r)

g(g−(r))
≍ g−(r).

IV.4.2 Lower bounds: Jacobi parameters

Berezanskii’s Theorem [Ber65, VII, Theorem 1.5] gives a certain (rather nar-
row) family of Jacobi matrices having order equal to the convergence expo-
nent of (bn)

∞
n=0. This number also appears in other specific situations as a

lower bound for the order, e.g., in Corollary IV.3.6 and the discussion pre-
ceding it.

We generalise this observation and show that the convergence exponent
of (bn)

∞
n=0 is always a lower bound for the order.

IV.4.4 Theorem. Let J be a Jacobi matrix in limit circle case with corres-
ponding Nevanlinna matrix W . Then the order of W is greater than or equal
to the convergence exponent of (bn)

∞
n=0.
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Proof. Use (IV.2.8) and Theorem IV.4.1 for s = 2.

Using Theorem IV.4.2, we also obtain a lower bound for log |w22(ir)| in terms
of the Jacobi parameters.

IV.4.5 Corollary. Let J be a Jacobi matrix in limit circle case with corres-
ponding Nevanlinna matrix W . Then

log |w22(ir)| ≳ r
∑

n : ∀k≥n. bk>r

1

bn
+O(log r), r sufficiently large.

If bn ≍ b(n) for some regularly varying function b, then

log |w22(ir)| ≳ b−(r).

Proof. Consider the Hamburger Hamiltonian H corresponding to J , which
satisfies W = WH . By (IV.2.8), Theorem IV.4.2 is applicable with s = 2,
c = 1, and fj =

1
bj+1

. If bn ≍ b(n) where b is regularly varying, we instead

take fj =
1

b(j+1)
and c sufficiently small.

IV.4.6 Remark. If the additional assumption is satisfied in Corollary IV.4.5,
the index of regular variation of b−(r) coincides with the convergent exponent
of (bn)

∞
n=1.

IV.4.3 A flexible upper bound

When estimating the growth of wH,22 from above, one faces the task of tack-
ling the different behaviours near 0 and near L. First, we give a general
upper bound for the contribution of subintervals [xN , L].

IV.4.7 Theorem. Let H be a Hamburger Hamiltonian on (0, L). Suppose
that there exists ν > 0 and sequences (fn)

∞
n=0, (gn)

∞
n=0 of positive numbers,

that are nondecreasing, bounded, and such that

detΩ(xm, xn)
ν ≤ c2 ·

(
fn − fm

)(
gn − gm

)
, m, n ∈ N0, m < n. (IV.4.1)

Let f := limn→∞ fn and g := limn→∞ gn. Then there exists r0 ≥ 0 such that,
for any (N, r) ∈ N0 × (r0,∞), the estimate∫ L

xN

KH(t; r) dt ≤
6c

ν
rν(f − fN)

1
2 (g − gN)

1
2 +O(log(Lr)). (IV.4.2)

holds. The constant implicit in O(log(Lr)) is universal.
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Proof. Fix (N, r) ∈ N0 × (0,∞). We define points σk and a number d ∈ N
according to the following rules.

▷ Set σ0 := xN ;

▷ If detΩ(σk−1, L) > 1
r2
, let σk be the unique point satisfying

detΩ(σk−1, σk) =
1
r2
;

▷ If detΩ(σk−1, L) ≤ 1
r2
, set σk := L, d := k, and terminate.

By Lemma IV.2.1 and using that e log x ≤ xα

α
for x ≥ 1 and α > 0,∫ σk

σk−1

KH(t; r) dt ≤ e log
(
r2 detΩ(σk−2, σk)

)
(IV.4.3)

≤ 2

ν
rν
(
detΩ(σk−2, σk)

) ν
2 , j = 2, . . . , d. (IV.4.4)

We need to pass from σk to the nearest node xn. Let

n(k) := max{n : xn ≤ σk}.

For k = 2, . . . , d− 1, (IV.4.1) leads to∫ σk

σk−1

KH(t; r) dt ≤
2

ν
rν
(
detΩ(xn(k−2), xn(k)+1)

) ν
2

≤ 2c

ν
rν
[(
fn(k)+1 − fn(k−2)

)(
gn(k)+1 − gn(k−2)

)] 1
2
.

(IV.4.5)

We take the sum to obtain∫ σd−1

σ1

KH(t; r) dt

≤ 2c

ν
rν

d−1∑
k=2

[(
fn(k)+1 − fn(k−2)

)(
gn(k)+1 − gn(k−2)

)] 1
2

≤ 2c

ν
rν
[ d−1∑
k=2

fn(k)+1 − fn(k−2)

] 1
2
[ d−1∑
k=2

gn(k)+1 − gn(k−2)

] 1
2
.

Note that n(k) + 1 ≤ n(k + 1) for k = 2, . . . , d − 1. Both of these sums are
thus estimated from above by a telescoping sum:

d−1∑
k=2

fn(k)+1 − fn(k−2) ≤
3∑
i=1

d−1∑
k=2

k≡i mod 3

(
fn(k+1) − fn(k−2)

)
≤ 3
(
f − fn(0)

)
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and analogously for (gn) instead of (fn). In total, we get∫ σd−1

σ1

KH(t; r) dt ≤
6c

ν
rν
(
f − fN

) 1
2
(
g − gN

) 1
2 .

It remains to estimate the contributions of [σ0, σ1] and [σd−1, L]. Since
detΩ(σ0, σ1) = 1

r2
and detΩ(σd−1, L) ≤ 1

r2
, Lemma IV.2.1 and (possibly)

[LRW23, Lemma II.6.5] show that both intervals contribute not more than
c′ log(Lr) each.

Theorem IV.4.7 can be used to easily reobtain [BS14, Theorem 1.2] (with
a slightly different estimate for the type). For the translation from the lan-
guage of canonical systems to the language of moment problems see [Kac99].

IV.4.8 Corollary. If the sequence of lengths (lj)
∞
j=1 of a Hamburger Hamilto-

nian H belongs to ℓα(N) for some α ∈ (0, 1], then

log |wH,22(ir)| ≤ rα ·M
∞∑
j=1

lαj , r sufficiently large, (IV.4.6)

where M is a universal constant.

Proof. Since

detΩ(xm, xn)
α ≤

( n∑
j=m+1

lj

)2α
≤
( n∑
j=m+1

lαj

)2
,

(IV.4.1) is satisfied with ν = α and fn = gn =
∑n

j=1 l
α
j . Hence (IV.4.6)

follows from Theorem IV.4.7 (with N = 0) and (IV.2.2).

In [PW23, Corollary 5.3] Hamiltonians with continuously rotating angle
ϕ(t) are considered. It is shown that for Hölder continuous ϕ with exponent
α ∈ (0, 1], the monodromy matrix is of order at most 1

1+α
with finite type.

The following result shows that a similar bound holds for sequences of angles
that satisfy a discrete Hölder-type condition.

IV.4.9 Corollary. Let H be a Hamburger Hamiltonian on (0, L). If there
is α > 0 such that

|ϕm+1 − ϕn| ≲ |xm − xn|α, m, n ∈ N,

then
log |wH,22(ir)| ≤ML · r

1
1+α , r sufficiently large,
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where M is a universal constant.

Proof. Let m < n. Then

detΩ(xm, xn) =
1

2

n∑
j,k=m+1

ljlk sin
2(ϕj − ϕk)

≲ (xn − xm)
2α

n∑
j,k=m+1

ljlk = (xn − xm)
2α+2.

(IV.4.7)

Hence (IV.4.1) is satisfied with fn := gn := xn and ν = 1
1+α

. The assertion
follows from Theorem IV.4.7 and (IV.2.2).

IV.4.4 Bounds using balancing of contributions

Here we present two results that use the freedom of choice of N in The-
orem IV.4.7. The first result, Theorem IV.4.10, is an upper bound that
needs no assumption on H whatsoever. The second one, Theorem IV.4.12,
only needs the increments of angles of H to be summable.

IV.4.10 Theorem. Let H be a Hamburger Hamiltonian on (0, L) and choose
ψ ∈ R. Consider the decreasing function

F :

{
N → (0,∞)

N 7→ 1
N

(∑∞
j=N+1 lj

) 1
2
(∑∞

j=N+1 lj sin
2(ϕj − ψ)

) 1
2

Then

log |wH,22(ir)| ≲ F−
( log r

r

)
· log r, r sufficiently large,

where F−(x) = min{N ∈ N : F (N) ≤ x}.

In order to estimate the contribution of [xN , L], we could use [PRW23,
Lemma III.2.10]. Here we present a similar result, which we prove directly
using Theorem IV.4.7.

IV.4.11 Lemma. Let H be a Hamburger Hamiltonian on (0, L) and choose
ψ ∈ R. Then, for (N, r) ∈ N0 × (r0,∞),∫ L

xN

KH(t; r) dt ≤ 6r
( ∞∑
j=N+1

lj

) 1
2
( ∞∑
j=N+1

lj sin
2(ϕj − ψ)

) 1
2
+O(log(Lr)).

The constant implicit in O(log(Lr)) is universal.
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Proof. We estimate detΩ by

detΩ(xm, xn) = det
( n∑
j=m+1

ξϕjξ
⊤
ϕj

)
= det

[(
cosψ sinψ
− sinψ cosψ

) n∑
j=m+1

ξϕjξ
⊤
ϕj

(
cosψ − sinψ
sinψ cosψ

)]

= det
( n∑
j=m+1

ξϕj−ψ ξ
⊤
ϕj−ψ

)
≤
( n∑
j=m+1

lj

)( n∑
j=m+1

lj sin
2(ϕj − ψ)

)
This shows that (IV.4.1) is satisfied with ν = 1, fn := xn and

gn :=
n∑
j=1

lj sin
2(ϕj − ψ).

The assertion thus follows from Theorem IV.4.7.

Proof of Theorem IV.4.10. We fix N and apply [LRW23, Lemma II.6.5] us-
ing sj := xj+1, j = 1, . . . , N − 1. For sufficiently large r, this yields∫ xN

x2

KH(t; r) dt ≲ N log r +O(1).

The contribution of [0, x2] is ≲ log r + O(1) by [LRW23, Proposition II.4.4]
and Lemma IV.2.1. Applying Lemma IV.4.11 for N = F−( log r

r

)
leads to∫ L

xN

KH(t; r) dt ≤ 6r ·NF (N) + O(log(Lr)) ≤ 6N log r +O(log(Lr)).

Combining these estimates, the theorem follows from (IV.2.2).

If the increments of consecutive angles ofH are summable, another bound
is available. For regularly varying data, this bound is worse (by at most
a logarithmic term) than [PRW23, Corollary III.4.7], but gives the same
estimate for the order of WH . In return, we get a much more general upper
bound that only needs summability of angle increments.

IV.4.12 Theorem. Let H be a Hamburger Hamiltonian on (0, L) and sup-
pose that

∑∞
j=1 | sin(ϕj+1 − ϕj)| <∞. Let G be the decreasing function

G :

{
N → (0,∞)

N 7→ 1
N

(∑∞
j=N+1 lj

) 1
2
(∑∞

j=N+1 | sin(ϕj+1 − ϕj)|
) 1

2

Then

log |wH,22(ir)| ≲ G−
( log r
r

1
2

)
· log r, r sufficiently large.
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IV.4.13 Lemma. Let H be a Hamburger Hamiltonian on (0, L) and suppose
that

∑∞
j=1 | sin(ϕj+1 − ϕj)| <∞. Then, for (N, r) ∈ N0 × (r0,∞),∫ L

xN

KH(t; r) dt ≤ 12r
1
2

( ∞∑
j=N+1

lj

) 1
2
( ∞∑
j=N+1

| sin(ϕj − ϕj−1)|
) 1

2
(IV.4.8)

+ O(log(Lr)).

The constant implicit in O(log(Lr)) is universal.

Proof. We repeatedly use the inequality | sin(a + b)| ≤ | sin a| + | sin b| for
a, b ∈ R, which is easy to check. It holds that

detΩ(xm, xn) =
1

2

n∑
j,k=m+1

ljlk sin
2(ϕj − ϕk) =

n∑
j,k=m+1
j<k

ljlk sin
2(ϕj − ϕk)

≤
n∑

j,k=m+1
j<k

ljlk

( k−1∑
s=j+1

| sin(ϕs+1 − ϕs)|
)2

≤
( n∑
s=m+1

| sin(ϕs+1 − ϕs)|
)2( n∑

j=m+1

lj

)2
.

In other words, (IV.4.1) is satisfied with ν = 1
2
, fn := xn, and gn :=∑n

s=1 | sin(ϕs+1 − ϕs)|. Thus (IV.4.8) follows from Theorem IV.4.7.

Proof of Theorem IV.4.12. As in the proof of Theorem IV.4.10, we have∫ xN

0

KH(t; r) dt ≲ N log r +O(1).

From Lemma IV.4.11 with N = G−( log r
r
1
2

)
, we obtain∫ L

xN

KH(t; r) dt ≤ 12r
1
2 ·NG(N) + O(log(Lr)) ≤ 12N log r +O(log(Lr))

which proves the theorem.
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SSSR. Institut Matematiki. Izdat. “Naukova Dumka”, Kiev, 1965.
(English translation: Expansions in eigenfunctions of selfadjoint op-
erators, Translations of Mathematical Monographs, Vol.17, Amer-
ican Mathematical Society, Providence, R.I., 1968).

[BGT89] N.H. Bingham, C.M. Goldie, and J.L. Teugels. Regular variation,
volume 27 of Encyclopedia of Mathematics and its Applications.
Cambridge University Press, Cambridge, 1989.

[BS14] C. Berg and R. Szwarc. On the order of indeterminate moment
problems. Adv. Math., 250:105–143, 2014.

[dB61] L. de Branges. Some Hilbert spaces of entire functions. II. Trans.
Amer. Math. Soc., 99:118–152, 1961.

[Kac99] I.S. Kac. Inclusion of the Hamburger power moment problem in
the spectral theory of canonical systems. Zap. Nauchn. Sem. S.-
Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 262(Issled. po Linein.
Oper. i Teor. Funkts. 27):147–171, 234, 1999. English translation: J.
Math. Sci. (New York) 110 (2002), no. 5, 2991–3004.

[Kre51] M.G. Krein. On the theory of entire matrix functions of exponential
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