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Abstract

Predicting observables of equilibrium distributions of atomic and molecular systems
is, among many others, a problem, for which samples representing the equilibrium
distribution of said systems are needed. In recent years Boltzmann-Generators were
introduced as a promising new tool to obtain samples from the equilibrium distribution.
These are generative, deep neural networks used to generate uncorrelated configurations
of physical systems according to Boltzmann statistics. A learned mapping transforms
samples from either Gaussian or uniform probability distribution to the configuration space
while allowing for reweighting of the generated distribution to the reference distribution.
We enhance Boltzmann-Generators by instead transforming a mix of coarse-grained
configurations generated by traditional sampling methods together with Gaussian or
uniform distributions and study the effects on the training process and the overall
performance. Testing this approach on Alanine-Dipeptide and a ond-dimensional XY-
Model, we conclude that under the right circumstances this approach accelerates the
training and increases the performance.
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Kurzfassung

Die Vorhersage von Observablen atomarer und molekularer Systeme ist unter anderem ein
Problem, für das die Gleichgewichtsverteilung repräsentierende Konfigurationen benötigt
werden. Vor wenigen Jahren wurden Boltzmann-Generatoren als ein vielversprechendes
neues Werkzeug zur Generierung solcher Konfigurationen eingeführt. Dabei handelt
es sich um generative, tiefe neuronale Netze, die zur Erzeugung unkorrelierter Konfig-
urationen physikalischer Systeme gemäß der Boltzmann-Verteilung verwendet werden.
Ein erlerntes Mapping transformiert Stichproben aus einer Gaußschen oder uniformen,
latenten Wahrscheinlichkeitsverteilung in den Konfigurationsraum und ermöglicht dabei
eine Neugewichtung der generierten Verteilung gegenüber der Referenzverteilung. Wir
verbessern Boltzmann-Generatoren, indem wir statt der herkömmlichen latenten Verteilun-
gen eine Mischung aus durch traditionelle Sampling-Methoden erzeugte coarse-grained
Konfigurationen zusammen mit Gaußschen- oder uniformen Verteilungen transformieren.
Anschließend untersuchen wir die Auswirkungen auf den Trainingsprozess und die Leistung
des Netzwerkes. Wir testen diesen Ansatz an Alanin-Dipeptiden und einem eindimen-
sionalen XY-Modell und kommen zu dem Schluss, dass dieser Ansatz unter den richtigen
Umständen das Training beschleunigt und die Leistung erhöht.
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1. Introduction

One core challenge in many scientific fields consists of sampling states reflecting the
equilibrium distributions of atomic and molecular systems. One needs these samples
of the equilibrium distribution to understand all kinds of molecular processes such as
explaining phase transitions in condensed matter physics, predicting a drug’s behavior
in the human body or understanding a protein’s behavior under various circumstances.
Only for very simple systems the equilibrium state distribution can be sampled based on
analytical solutions, for more complex systems, numerical methods are required. These
numerical methods for generating samples reflecting the equilibrium distribution of a
system are usually started using an initial configuration, which is then propagated using
various algorithms. Hence, samples are drawn not independently but rather sequentially,
which leads to correlations between them. The two most used methods are Monte Carlo
(MC) simulations and Molecular dynamics (MD) simulations [1]. In both cases, the degree
of perturbation applied to a previously visited configuration is limited, by acceptance in
the case of MC and by the fastest motions in the case of MD. Therefore, both of those
methods have similar limitations, both do not scale well with the degrees of freedom
(DOFs) of the system under study, and both perform poorly simulating systems with
high energetic or entropic barriers between high probability regions. In complex systems
long correlation times can be obvserved for both, meaning that many steps are necessary
until a statistically independent sample is generated. These limitations can partially be
overcome with different methods for enhancing sampling [2, 3, 4].
Coarse graining (CG) [5] is a widely used approach tackling the aforementioned limita-
tions. By replacing groups of atoms with interaction centers and introducing force fields
mimicking the actual forces, the DOFs are reduced and perturbation steps can be chosen
larger due to a regularized potential energy surface. Therefore, the correlation time also
decreases. A prominent example of this approach is the Martini model, a CG model,
which was used to simulate an entire cell [6].
To overcome the limitations set by energy barriers much larger than kBT that lead to
rare transitions and, hence, long correlation times, advanced sampling methods have been
developed. Three examples are the replica exchange method [4], umbrella sampling [2, 7],
and metadynamics [3, 8]. The replica exchange method starts simulations at different
temperatures, and, if certain criteria are fulfilled, exchanges the current configurations
between two simulations. This allows low-temperature simulations to explore the whole
phase space without waiting for rare transitions by undergoing transitions at high tem-
peratures before switching to a lower temperature again. For umbrella sampling methods,
first, a collective variable capturing the process of interest has to be defined. A bias
potential (mostly harmonic potentials) as a function of this collective variable is then
added and simulations are run for different bias positions. This way, different simula-
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1. Introduction

tions are set to explore different regions of phase space, which are in the end combined
by reweighting the samples from each window. Similar to umbrella sampling, also in
metadynamics simulations a bias potential is introduced along one or more before defined
collective variables. Here Gaussian bias kernels are added successively after a fixed number
of iterations at the current collective variable position pushing the walker out of local
minima over time. This allows the exploration of higher energy regions along the collective
variable after some time.
Recently, machine learning became increasingly popular in various physical fields such as
studying out-of-equilibrium systems [9], finding better force fields for MD simulations [10],
in high energy physics [11] and protein structure prediction [12]. This rise in popularity
is mostly due to the increasing power of graphics cards in recent years, which in turn
led to steep scientific progress in the field of deep learning. Among other advances, new
stochastic gradient descent algorithms have been developed [13] in turn improving neural
networks performances. These improved training methods allowed for larger and more
complex networks and larger models, shifting the interest toward deep learning.
Deep learning has been successfully employed for image recognition [14], speech recog-
nition [15], natural language understanding [16] and many other tasks. Since the first
introduction of a deep generative model, the Deep Belief network [17], many more network
architectures were introduced [18] and they were improved to the point of being now used
by many people in everyday life to generate pictures [19] and text [20].
For a long time the absence of a probabilistic architecture with sufficient generative per-
formance while allowing for estimation of densities made tackling the sampling problem
with generative deep learning impossible, but the recent invention of Normalizing-Flow net-
works [21] has opened new chapters in statistical physics. In 2019, Noè and coworkers [22]
proposed utilizing the Normalizing-Flow model to generate uncorrelated equilibrium
samples of complex molecules quickly and referred to their invention as Boltzmann
generators (BGs).
BGs learn an invertible transformation of an easy-to-sample-from probability distribution
to the equilibrium distribution of the system under study. The training is conducted in
two directions, meaning the network learns to generate configurations mimicking train
data, and it alters the transformation so that the free energy of the distribution of the
transformed samples is minimized. BGs have since also been used to model atomic
solids [23], to generate configurations at different temperatures [24], leveraging internal
coordinates [25], to generate transition paths [26], to model liquids [27] and to generate
samples from an isobaric, isothermal ensemble [28]. However, previous works [22, 23]
worked on small scale systems due to the suboptimal scaling of the BGs performance
with the number of degrees of freedom.
In this thesis, we aim to support BGs with coarse-graining to overcome the said limitation.
We propose exchanging the easy-to-sample-from probability distribution, with other latent
distributions closer to the Boltzmann distribution. For one approach tested on the alanine
dipeptide we use a combination of a coarse-grained simulation- and Gaussian distributions
instead of only Gaussian distributions as latent distribution. The other approach we
tested utilizes Gaussian-Mixtures-Models (GMMs). We compare the performance of
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a Boltzmann generator transforming a purely uniform latent distribution with a BG
transforming a combination of a GMM distribution and uniform distributions.
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2. Theory

2.1. Maxwell-Boltzmann Statistics

In statistical physics, there are various approaches to describe systems depending on their
connection to an ideal surrounding. An isolated system, where the energy is constant, is
characterized by the microcanonical ensemble. A system, where heat exchange is allowed,
which leads to a constant temperature, is well described with the canonical ensemble.
Open systems can be described by the grand canonical ensemble, for which temperature
and pressure are constant.
In this thesis we only look at closed systems (no variation in particle number) in thermal
equilibrium, so we use the canonical ensemble. The idea here is the following: A system
has a fixed number of constituents j with k degrees of freedom (DOF) described by a
vector x = (x1,x2, ...,xj) based on which the Hamiltonian H(x1,x2, ...,xj) of the system
can be analytically calculated. One important quantity is the canonical partition function
Z (eq. 2.1).

Z =

∫︂
1

ξh3j
dkx1d

kx2...x
k
j e

−βH(x1,x2,...,xn) = e−βF (2.1)

Here, h is the Planck constant, which renders the partition function dimensionless and ξ is
an over counting factor becoming meaningful when different points in the j ·k dimensional
space of DOF describe the same state due to identical particles. F is the equilibrium free
energy of the system and β = 1

kBT
with kB being the Boltzmann constant and T being

the temperature. With different operations basically all relevant quantities describing a
system, e.g. entropy and heat capacity, can be derived from Z. The probability to find
the system in a certain state x is given by equation 2.2:

ρ(x) =
1

Z
e−βH(x1,x2,...,xj) (2.2)

The equilibrium distribution of a system is the one that minimizes the free energy F .
Since it is impossible to derive the canonical partition function analytically for most
systems due to the complexity of the integral in equation 2.1, the PDF is also not
analytically tractable. However, numerous approaches have been developed to enable
sampling from the Boltzmann distribution while circumventing the calculation of the
partition function [1].

2.2. The Sampling Problem

Sampling states of a system according to the Boltzmann distribution is a difficult task for
complex systems since no expression of the PDF is analytically tractable. To circumvent

5



2. Theory

this central problem, the most common approach is employing algorithms that generate
new samples step by step based on previous samples which, in the limit of infinite steps,
visit each state according to their statistical weight.

2.2.1. Monte Carlo Algorithms

Monte Carlo methods are a common tool in statistical physics for exploring the phase
space of systems at certain temperatures while the formulation of the algorithm guarantees
that generated samples will follow the desired distribution. One famous and here used
algorithm is the Metropolis algorithm [29]. The algorithm is started at a random point
x0 in phase space with the energy E(x0) = E0. Then a random perturbation is applied
to x0 leading to the phase space point x1 and the new energy E(x1) = E1 is calculated.
If E1 ≤ E0 the step is accepted and the new point is used as the initial point in the next
iteration. If E1 > E0 a random number 0 ≤ p < 1 is sampled from a uniform distribution.
If e−(βE1−βE0) < p the step is accepted. Otherwise, the step is rejected and the old point
in phase space is retained. This procedure is repeated N times and therefore N phase
space points are saved. The acceptance criterion is derived from the detailed balance
condition equation 2.3, which states that the probability density of one state N (A) times
the transition matrix element π(AB), the transition probability to get to from state A
to state B equals the probability density of that region times the transition probability
π(BA):

N (A)π(AB) = N (B)π(BA) (2.3)

The transition matrix π contains all transition probabilities between states, which for all
states C and D is defined as π(CD) = P (Xt = D|Xt−1 = C). To derive an acceptance
probability for the step acc(AB) we define π(AB) = α(AB) ∗ acc(AB). If the generation
probability α is symmetric, the relation 2.4 holds.

N (A) · acc(AB) = N (B) · acc(BA) (2.4)

Put together this results in

acc(AB)

acc(BA)
=
N (B)

N (A)
= exp(−β(EB − EA)) (2.5)

To arrive at the method mentioned above acc(AB) and acc(BA) are chosen such that
the larger one is equal to one. The step acceptance probability pacc can be rewritten as

pacc = min(1, exp(−β(EB − EA)) (2.6)

In the limit n −→∞ every point in the phase space is sampled according to its probability
by fulfilling the detailed balance condition. In addition, the condition leads to ergodic
sampling of phase space as long as the perturbation method is sufficiently expressive. This
means, that in the limit of infinite sampling time every point in phase space is reached
and, therefore, the ensemble and time average are equivalent.
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2.2. The Sampling Problem

An observable A under the equilibrium probability distribution p(x) can be calculated
exactly from infinite samples and approximated from a set of samples {xi}i∈[1,...N ] ∼ p(x):

⟨A(x)⟩x∼p(x) =

∫︂
dx p(x)A(x) = lim

N→∞

1

N

N∑︂
i=1

A(xi) ≈
1

N

N∑︂
i=1

A(xi) (2.7)

This approximation’s accuracy depends on how well the set of samples represents the
underlying distribution. The representative power of an MC-simulation generated sample-
set suffers in the presence of high energy barriers considerably larger than kBT , since then
transitions between phase space regions become very unlikely. The curse of dimensionality
affects also this method, since as the phase space volume scales with the number of DOF,
so does the number of steps n needed for equally representative sample set [1].

2.2.2. Molecular Dynamics Simulations

In the realm of atoms, quantum mechanics reign. But since analytical computations of
systems other than H and H2 are impossible, one needs numerical algorithms to obtain
information on complex atomic systems. With density functional theory, one can very
accurately, albeit very slowly, simulate molecular systems with chemical accuracy. A
widespread alternative approach is to model atomic interactions with classical effective
force fields in a way that mimics their actual behavior neglecting any quantum mechanical
effects. Those effects are not negligible when simulating light particles, chemical reactions
or low temperature systems (uncertainty principle and tunnel effect).
Since for more many-body systems no analytical solution for the classical equations of
motion is tractable, other procedures must be introduced. The most intuitive and simple
one is to go from continuous time to discrete time. This means, that at every time
step, all the forces in a system are calculated. Employing an integrator (e.g. the Verlet-
integrator [30]) the equations of motion are solved numerically and particle positions and
velocities are advanced accordingly. To simulate the canonical ensemble, one introduces
a thermostat for coupling the system to a heat bath. Methods simulating this coupled
heat bath differ in accuracy and computational cost. Langevin dynamics for example
introduce random collisions following some distribution mimicking the effects of solvent
particles at a set temperature [1].
The time step ∆t needs to be small enough to keep up with the fastest movements of
particles, usually ∆t = 1 − 2fs. For example, when a particle is placed in a harmonic
potential U(x) = 1

2kx
2, its energy is given by E(x, v) = 1

2kx
2 + 1

2mv
2. Here k is a

constant, m is the mass, x is the position, and v is the velocity. The maximal velocity
therefore is

√︂
2E
m . Now the maximal distance ∆x is

√︂
2E
k , meaning that ∆t must be

smaller than
√︁

m
k . Hence for lighter particles and steeper potentials, the time steps must

be selected smaller.
In the limit of infinite time steps, the number of times a certain state is visited divided by
the total step number should reflect the probability of a state from which the correct PDF
can be calculated (eq. 2.7). Equivalent to the Monte Carlo algorithm, also the Molecular
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2. Theory

Dynamics (MD) simulation algorithm needs to be ergodic to give the correct results. MD
simulations also share the problem of correct sampling in the presence of potentials large
compared to kBT and the scaling with DOF with MC simulations [1].

2.2.3. Coarse-Graining of Molecules

To increase the possible integration timestep and to reduce the number of particles and
thereby allow for a more efficient simulation, a popular method used to speed up the
above-mentioned algorithms is coarse-graining the system [5]. One form of coarse-graining
was already introduced in the previous paragraph, which is, modeling atom interactions
using classical mechanics with effective interactions instead of a potential energy surface
derived from quantum mechanics. Going one step further in the coarse-graining ladder,
another widely used example is grouping multiple atoms of a molecular residue in a single
particle parameterized using effective forces.
When simulating molecules, one usually replaces groups of atoms with interacting mass
points [5]. If thereby the number of interacting mass points is reduced by a factor of
N , the computation exhibits a computational speedup of the order of N2. Also, since
the fastest oscillating DOF are effectively integrated over, the simulation time steps can
be enlarged to usually ∆t = 5 − 20fs. The coarse-graining procedure consists of two
steps. First, one maps atoms in a certain way to your new mass points, whereby the way
depends on the physical properties under study. Then you introduce force fields coupling
the mass points together.
The force fields can be derived either via a bottom-up or a top-down approach. For this
thesis it suffices to look at the bottom-up approach: The parameters of the force fields
are tuned, so the coarse-grained (CG) simulation reproduces the microscopic, statistical,
and thermodynamic properties of an all-atom simulation or experimental data.

Coarse-grained potentials of mean force

To reproduce molecular behavior in CG approaches, force fields are assigned to beads
representing groups of atoms. These new force fields lead to the beads experiencing
the same forces, the group of atoms collectively would be exposed to on average. The
interaction potentials, that together with bead parameters define the force fields generally
consist of two terms, the bonded and non-bonded interaction potentials:

UCG
total(x) =

∑︂
UCG
bond(x) +

∑︂
UCG
nb (x) (2.8)

For our purposes, it suffices to look into the bonded interactions, since in our test-
system we simulate a single molecule and incorporate non-bonded interactions into the
coarse-grained potential definition. Those are either represented by commonly used
potentials like harmonic potentials with adjustable parameters or with potentials of mean
force explained in the following. When looking at the conformational DOF distribution
P (r, θ, ϕ, T ) derived from an all-atom simulation, where r are the distances, θ the angles,
ϕ the dihedral angles and T the temperature, one can make the following independence
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2.3. Deep Neural Networks

assumption, which depends heavily on mapping scheme and cannot be generalized:

P (r, θ, ϕ, T ) = P (r, T )P (θ, T )P (ϕ, T ) (2.9)

To obtain effective potentials to parameterize the interaction between coarse-grained
beads, these probability distributions can be Boltzmann-inverted and depict temperature-
dependent bonded interaction potentials as potentials of mean force:

Ubond(r, T ) = −kBT log

(︃
P (r, T )

r2

)︃
+ cr (2.10)

Uangle(θ, T ) = −kBT log

(︃
P (θ, T )

sin(θ)

)︃
+ cθ (2.11)

Udihedral(ϕ, T ) = −kBT log (P (ϕ, T )) + cϕ (2.12)

Here the c’s are freely chosen constants unimportant for the physical behavior. The
validity of the assumption (eq. 2.9) depends on the mapping scheme. The potentials are
also only valid for one temperature. The name potential of mean force stems from the
fact, that this approach is equivalent to when for example looking at the dihedral angle
potential (eq. 2.12), setting the negative gradient of the potential at a certain value of ϕ0
to the expectation value of the force at ϕ = ϕ0 (eq. 2.13).

∇Udihedral(ϕ0) = −⟨F (r, θ, ϕ)⟩ϕ=ϕ0,T (2.13)

2.3. Deep Neural Networks

Artificial neural networks consist of a set of nodes N = {u1, u2, ...} connected via a set
of directed connections or edges H ⊆ N ×N . Each node can experience an activation
xi either by external input (input layer) or by other nodes (hidden and output layers).
In the second case, the activation is xi = fact(yi) with yi =

∑︁
j∈Ni

xjwj,i (additive case).
fact is an activation function and {wj,i}j×i∈H are parameters or weights attributed to
every edge and Ni ⊆ N are all nodes having an edge pointing at node i and {xj}j∈Ni

are the activations of so connected nodes. The activation function is an easy to evaluate
non-linear function that ensures that the overall transformation applied by the network is
not linear. The sum can be replaced by a product (multiplicative case). One distinguishes
between recurrent (RNN) [31] and feedforward neural networks (FNN)[32, 33]. FNNs are
acylic, while RNNs are cyclic. This means, that for one input, the activation of some nodes
in an RNN can change, and hence the output can change. FNNs have a time-independent
output. There exist many more kinds of neural networks such as the convolutional neural
network [34] better equipped for tasks like image recognition. More complex tasks call for
more complex network architectures, often consisting of a combination of neural networks.
There are different kinds of activation functions, the one used throughout this thesis and
a generally very popular one due to its simplicity is the ReLU-function (short for the
rectified linear unit), which is defined as f(x) = x for x > 0 and f(x) = 0 otherwise. [35]
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2. Theory

2.3.1. Feedforward Neural Networks (FNN)

FNNs can be applied for a variety of problems such as:
"pattern recognition, clustering, and classification, function approximation, control, bioin-
formatics, signal processing, speech processing, etc. "[33]
A basic scheme of an FNN and how outputs are generated can be seen in figure 2.1. An

Figure 2.1.: Scheme of a feedforward neural network (FNN). An n component vector is
used as input {xi}i∈[0,1,2,...,n]. With m biases, n ·m weights and these inputs
{yj}j∈[1,2,...,m] are calculated. The activation function f is applied on those
giving the values of the nodes in the first hidden layer. This procedure is
repeated for all hidden layers and finally once more resulting in the output
{zi}i∈[1,2,...,k].

FNN consists of an input-, an output- and arbitrarily many hidden layers consisting
of multiple nodes. In the fully connected case used in this work, each node from one
layer is connected to each node of the next layer. Activations are passed forward as
aforementioned, with the extension, that each node gets an additional bias parameter
bj ∈ R, j ∈ Ni leading to yk = bj +

∑︁
j∈Ni

xjwj,k. Here Ni is the number of nodes in layer
i. In this way, the input is mapped to a specific output depending on the weight and bias
parameters, which are adjusted during the training process to obtain the desired output.
To train a neural network, one first needs to define an error- or loss function, a function
measuring how well the network is performing at its task. The worse the performance,
the larger the loss function. During training, it is derived with respect to all network
parameters in a process called backpropagation. A stochastic gradient descent method is
then used to alter network parameters until a convergence of the loss function is evident.
Among others, [13] one widely used algorithm is the ADAM algorithm [36]. As a first
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2.4. Generative Models

and second-order momentum-based optimizer with a stochastic component, the algorithm
avoids getting stuck in suboptimal local minima. It should be mentioned, that there are
alternatives to backpropagation-based optimizations like evolutionary algorithms [37] and
Bayesian optimization [38].
One distinguishes between supervised and unsupervised training. Unsupervised net-
works [39] learn on unlabelled training data and are used for e.g. data clustering,
associations between data characteristics, dimensionality reduction, and anomaly detec-
tion. To conduct supervised training, labeled train data is necessary. The loss function
here measures the difference between a label assigned to train data and the label given to
the train data by the network. An example of a loss function in the supervised case is the
Euclidean distance between labels and network-given values of output nodes.

2.4. Generative Models

In the book [18] David Foster defines generative models as:
"Generative modeling is a branch of machine learning that involves training a model to
produce new data that is similar to a given dataset."
They are probabilistic models, that generate data either autoregressively or by transform-
ation of a latent distribution such as Gaussian noise. When compared to discriminative
models, deep learning models trained to distinguish data features, the data generating
task is more complex. For a discriminative task, models learn p(y|x), whereby y is a
low-dimensional set of features and x is a vector in a higher dimensional data space.
The data space might for example consist of 64× 64 pixels, and, therefore, have 4096
dimensions, while the feature space in a simple example might have just one dimension
discrete dimension I = [0, 1, ..., 9], if the task is to recognize digits. Compared to that,
generative models have to learn p(x) or p(x|y). So while discriminative models learn a
low-dimensional probability distribution depending on many variables, generative models
represent a high-dimensional probability distribution, that might depend on fewer vari-
ables. This is in general a much more complex task, David Foster [18] explains this by
claiming that discriminative models only have to learn some correlations within the train
data, while generative models need to learn all. Nonetheless, generative models have been
among others successfully used for image generation [40, 41], text generation [42, 20],
music generation [43], voice generation [44] and exploring macromolecular structures [45].
According to [18] there are at the moment six basic kinds of generative models.

• Variational Autoencoders: They consist of an encoder and a decoder network.
The encoder maps data to a latent space representation, that has fewer dimensions
and is in many cases Gauss distributed. It should capture data-defining features.
The decoder Network generates data from latent space vectors. The network is
trained in two ways. It maximizes the similarity between generated data and data
mapped from/to the same latent space vector and it increases the encoded train
data distribution similarity to a Gaussian distribution. [46, 47, 48]
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• Generative Adversarial Networks: They consist of two networks: a generator
and a discriminator. While the discriminator learns to separate train data from fake
data generated by the generator, the generator learns to trick the discriminator.
The generator makes data from noise. [49, 50, 51, 52]

• Autoregressive Models:

They sequentially produce output one step at a time using conditional probab-
ilities, whereby for train data, the log-likelihood gets maximized: − log p(x) =
−
∑︁n

i log p(xi|x1, ..., xi−1) [53, 54, 20]

• Energy-Based Models: Energy-Based models, e.g. Boltzmann machines employ
energy depending on network state and parameters. This energy first is made
small for train data by adjusting parameters. Then, when generating data, the
parameters stay fixed and new network states are explored using a Monte Carlo
algorithm. [55, 56]

• Diffusion Models:

The same network repeatedly adds noise to data until the transformed data is
Gaussian distributed. The inverse process then generates data by denoising samples
drawn from this normal distribution. The denoising process is trained by increasing
the similarity of generated data to train data. [57, 58, 40]

• Normalizing Flows:

Only using invertible transformations, normalizing flow models transform samples
drawn from some probability distribution to data that looks similar to train data.
The learning process maximizes the log-likelihood, to which an evidence lower
bound consisting of the Kullback-Leibler (KL) divergence and the log-determinant
of the Jacobian of the transformation. The invertibility and exact probability
density are two advantages of this model making it especially useful for physical
problems [59, 60, 22].

2.5. Normalizing Flows

The idea of normalizing flows as first introduced in [21] is the following. To get a good
density estimation, build a map that transforms normal (prior) distributions to a more
complex distribution. Adjust the parameter-dependent map, so the observed distributions
and the posterior (transformed prior) distribution’s similarity converges. To overcome
the limitations of simple maps, put N parametric, invertible, and differentiable maps in
series, the transformation can then become arbitrarily complex (eq. 2.14):

zN = fθN ◦ fθN−1
◦ ... ◦ fθ1(z0) (2.14)

Here θ = (θ1, θ2, ...θN ) are parameters of the maps f . The probability density of a sample
can then be evaluated by transforming it back to the prior normal distribution and
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computing the product of the back-transformed sample under the normal distribution and
the transformation-associated change of volume. While in [59] further ground work such as
introducing some transformations has been done, the next big step in the development of
normalizing flows was combining them with variational inference [60], using those networks
to model probability distributions from samples. The advantage of using normalizing
flows is that they are capable of not only producing samples but also computing their
probability density.
Consider pθ(x) the marginal likelihood of the observations x using a probabilistic model
depending on the parameters θ and latent variables z over which we need to integrate:

pθ(x) =
∫︂
pθ(x|z)p(z)dz (2.15)

In order to use variational inference, an approximate posterior distribution qϕ(z|x), where
ϕ are the parameters of this variational distribution, is introduced. The goal is to minimize
the KL divergence DKL(qϕ(z|x)||p(z|x)) between the approximate and the true posterior
distribution p(z|x) which is equivalent to maximizing the following approximation:

log pθ(x) = log

∫︂
qϕ(z|x)
qϕ(z|x)

pθ(x|z)p(z)dz ≤ −DKL[qϕ(z|x)||p(z)] + Eq[log pθ(x|z)] = −F

(2.16)
F henceforth serves as evidence of lower bound (ELBO) to the negative logarithm of
the marginal likelihood. This ELBO is used to optimize a normalizing flow consisting of
sequentially connected smooth mappings. When looking at an invertible smooth mappings
f : Rd −→ Rd with z’ = f(z) transforming the distribution q(z) one gets:

qz’(z’) = qz(z)
⃓⃓⃓⃓
det

∂f−1

∂z

⃓⃓⃓⃓
= qz(z)

⃓⃓⃓⃓
det

∂f

∂z

⃓⃓⃓⃓−1

(2.17)

When combining a series of maps as in equation 2.14 one arrives at equation 2.18:

log qN (zN ) = log q0(z0)−
N∑︂

n=1

log

⃓⃓⃓⃓
det

∂fn
∂zn−1

⃓⃓⃓⃓
(2.18)

The determinants of the Jacobians account for the aforementioned volume changes. The
approximate posterior distribution is parameterized as a flow of length N qϕ(z|x) =
qN (zN ), the law of the unconscious statistician (LOTUS) then can be stated as:

EqN [h(z)] = Eq0 [h(fN ◦ fN−1 ◦ ... ◦ f1(z0))] (2.19)

The free energy from equation 2.16 can be rewritten using equation 2.18 and equation 2.19
:

F = Eqϕ(z|x)[log qϕ(z|x)− log p(x, z)] = Eq0(z0)[log qN (zN )− log p(x, zN )]

= Eq0(z0)[log q0(z0)]− Eq0(z0)[log p(x, zN )]−
N∑︂

n=1

log

⃓⃓⃓⃓
det

∂fn
∂zn−1

⃓⃓⃓⃓ (2.20)
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In figure 2.2 a normalizing flow model learning in two directions, where q0(z0) is not
parameterized, is depicted.

Figure 2.2.: Scheme of a normalizing flow. A bijective function Fzx maps every point z
of an easy-to-sample from probability distribution pz to a point x in some
physical configuration space. The function can be altered by changing the
components of the parameter vector θ. θ is optimised by minimising the
Kullback-Leibler losses LKL. In the formulas β = 1

kBT
, U is the potential

energy function of the physical system and Jzx = J−1
xz are the Jacobian

matrices of transformations from {z} to the configuration space.

Since their introduction different kinds of normalizing flows were introduced, an overview
over which can be found in [61].

2.5.1. Normalizing Flow architectures

According to Ivan Kobyzev et al. [61], there are seven fundamentally different normalizing
flow architectures:

• Elementwise bijections: Each element in a vector is transformed by an invertible
scalar function h : R −→ R. There is no mixing of variables [62, 63].

• Linear flows: Here x is transformed by the linear map g(x) = Ax+b. The problem
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with these transformations is their lacking expressiveness, e.g. a Gaussian under
these transformations still is a Gaussian [21, 60, 64].

• Planar and radial flows: They are not widely used, since their inverse is difficult
to compute. Planar flows use the transformation g(x) = x + uh(wTx + b) , where
u,w ∈ RD, b ∈ R and h : R −→ R a smooth non-linearity. Radial flows use
g(x) = x + β

α+||x−x0||(x− x0) with α, β ∈ R, α > 0 [60].

• Coupling flows: An input vector x inRD is partitioned into two vectors xA ∈ RD−d

and xB ∈ Rd transformed in the following way:

yA = h(xA; Θ(xB))

yB = xB
(2.21)

h(·; θ) : RD−d −→ RD−d is a bijective function parameterized by θ and Θ any function
solely depending on xB. yB is then transformed by the next map in the same
fashion [65].

This thesis deals with networks with two different coupling functions, which are
discussed in more detail in sections 2.5.2 and 2.5.3.

• Autoregressive flows: They use scalar bijective transformations h(·; θ) : R −→ R
parameterized by θ to transform each component with parameters depending on
previous input components:

yt = h(xt; Θt(x1:t−1)) (2.22)

The inverse calculation of these transformations is inherently sequential. Therefore,
contrary to coupling flows, the universality property has been proven [66, 67].

• Residual flows: Residual Networks use maps of the form:

g(x) = x + F (x) (2.23)

where F (·) is an FNN of any kind. Computing the inverse and the Jacobian can
pose problems and be computationally expensive respectively for such networks [68,
69, 70].

• Infinitesimal flows: They either use ordinary differential equations (ODE) or
stochastic differential equations (SDE). Other normalizing flows can be seen as a
discretization of a first-order ODE:

d

dt
x(t) = F (x(t), θ(t)) (2.24)

F : RD × Θ −→ RD is the dynamics defining evolution function and θ : R −→ Θ
a parameterization. SDE basically adds Brownian motion to an ordinary ODE.
Using the Kolmogorov and Kolmogorov backward equations, one can propagate a
probability density in two directions[71, 72, 60].
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2.5.2. Real-NVP Transformation Networks

In [65] Dinh and coworkers introduced coupling flows with real-valued non-volume pre-
serving (real NVP) transformations tackling the problem of high-dimensional and highly
structured probabilistic data generation claiming their method is exact and efficient due
to a straightforward evaluation of the determinant of the Jacobian. First, an input vector
x is partitioned into two vectors xA and xB of dimensions a and b with a+ b = D. Now
an affine coupling layer is used as a simple and tractable bijection gA : RD −→ RD:

yA = xA

yB = xB ⊙ exp
(︁
s(xA)

)︁
+ t(xA)

(2.25)

⊙ denotes an element wise product, s, t : Ra −→ Rb functions. If as an intermediate step
we define the vector xarr = (xA

1 ,x
A
2 , ...,x

A
a ,xB

1 , ...x
B
b ) and yarr equivalently, the Jacobian

of this transformation dyarr
dxT

arr
is triangular:

dyarr
dxT

arr
=

[︄
Ia 0

∂yarr,a+1:D

∂xT
arr,1:a

diag (exp[s(xarr,1:a)])

]︄
(2.26)

The determinant of this transformation can therefore be calculated efficiently as
∑︁a

j=1 exp
[︁
s(xA)j

]︁
.

Since the calculation of a Jacobian of either s or t is not needed, those functions can
be arbitrarily complex. Dinh et al. [65] used deep convolutional networks, however,
the functions can likewise be FNNs without any need to change the calculation of the
determinant. The transformation is then repeated switching the arguments, meaning
gB : RD −→ RD is defined equivalent to gA but with A and B swapped, to transform
all vector components. The determinant of g(x) = gB ◦ gA(x) is det

[︁
gB ◦ gA(x)

]︁
=

det
[︁
gB(xb = gA(x))

]︁
· det

[︁
gA(x)

]︁
The inverse of g is g−1 = gA,−1 ◦ gB,−1 and gA,−1 : RD −→ RD

xA = yA

xB = (yB − t(yA))⊙ exp
(︁
−s(yA)

)︁ (2.27)

The partitioning of the vectors is done either by splitting the input vector or by using a
mask. Relevant for us and used in [65] is the binary splitting b, which has values 0, if the
(sum of the) coordinate(s) is even and 1 if it is odd and is of the same dimensionality as
x. In the case of splitting, gA can be rewritten as:

y = b⊙ x + (1− b)⊙ (exp(s(b⊙ x)) + t(b⊙ x)) (2.28)

The authors of [65] used a multiscale architecture inspired by [73] to save computational
and memory costs and trainable parameters for their image generation network. That
means, that first a small picture is produced from some Gaussians via some coupling
layers. Then those small pictures and some more Gaussians are transformed into a larger
picture with more pixels, again with some coupling layers. This is then repeated once
again. They also used different masks at different scales in order to not get redundant
partitioning.
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2.5.3. Neural Spline Flows

A more flexible flow defined on bounded intervals instead of R like affine transformations
is the so-called spline flow. Coupling functions need to fulfill two criteria: They need to
be invertible and both, the function and its inverse need to be differentiable. Durkan
et al. [74] have introduced monotonic rational-quadratic transforms, functions fulfilling
the criteria mentioned above. They are piecewise defined and therefore depend on more
parameters than affine coupling functions. They transform values from some bound
interval [−B,B] to values within the same interval.
One defines this function the following way: Introduce K > 2 knots with coordin-
ates {(x(k), y(k))}Kk=0. They must increase strictly monotonically between (x(0), y(0)) =
(−B,−B) and (x(K), y(K)) = (B,B). At each knot, the spline has an arbitrary positive
derivative with values {δ(k)}K−1

k=1 , just at the borders δ(0) = δ(K) = 1 in order to match
linear tails.
The transformation introduced first in reference [75] is defined as follows in the kth bin:

α(k)(ξ)

β(k)(ξ)
= y(k) +

(y(k+1) − y(k))[s(k)ξ2 + δ(k)ξ(1− ξ)]
s(k) + [δ(k+1) + δ(k) − 2s(k)]ξ(1− ξ)

(2.29)

Here, s(k) = (yk+1− yk)/(xk+1−xk) and ξ(k) = (x−xk)/(xk+1−xk). The expressiveness
of the spline transformation comes at the cost of a more complicated expression for the
inverse and derivative. Therefore, we refer the reader to [74] for those.
Since there are K +1 knots, there are K bins with a height and a width and K − 1 knots
with adjustable derivatives, amounting to a total of 3K − 1 adjustable parameters. The
width and height parameters are first passed through a soft-max function respectively to
ensure a normalized width and height strictly greater than 0 and then multiplied by 2B,
thereby assuring the sum of widths and heights to be 2B. The parameters defining the
derivatives are just passed through a soft plus function assuring positivity.
These transformations are more flexible than affine transformations [61], which leads to a
smaller number of coupling layers necessary for representing distributions with the same
level of complexity.

2.5.4. Boltzmann generators

Boltzmann generators (BGs), as first described by Noe and coworkers [22], use so-called
mixed transformations and affine coupling normalizing flows to generate configurations of
molecular systems according to their statistical weight in the equilibrium distribution.
Using the benefits of normalizing flows, BGs can be trained in both directions, meaning
they not only learn to generate data similar to train data, but they also learn to minimize
the relative entropy between the generated distribution and the reference Boltzmann
distribution. The basic structure of a BG can be seen in figure 2.3.
Following the derivations by [22], we introduce a physical system withD degrees of freedom.
Each configuration is described by a D-dimensional vector x. The function U : RD −→ R
maps every configuration to its corresponding energy. As mentioned in section 2.1, the
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Figure 2.3.: Scheme of a Boltzmann generator. From a simple latent vector distribution,
uncorrelated samples are drawn. The block also provides probabilities for
each vector. The uneven components become part of the vector Z1, the even
ones part of Z2. Z1 is used as input values of a FNN giving the vectors A
and B. Those then transform Z2 to X2. The same procedure gives values
transforming Z1 to X1. This block is repeated n times. The final X1 and X2

are recombined to a vector fed to a mixed transformation layer, an invertible
function transforming configurations into more well-behaved distributions
and vice versa. The bottom box provides configurations from some other
simulation and maps the energy to every vector.
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probability density of each configuration is given by pX(x) = exp(−βU(x)/Z) with
β = 1/kBT and the partition function Z.
Let {pZ(z)}z∈RD be an easy-to-sample-from latent probability distribution, e.g. a mul-
tivariate Gaussian distribution and Fzx : RD −→ RD, z ↦→ x a bijective map. Then we
define the distributions qX and qZ as a transformation of the Boltzmann and the latent
distribution respectively:

pX(x) Fxz−−→ qZ(z)

pZ(z)
Fzx−−→ qX(x)

(2.30)

Here Fxz = F−1
zx . Also let u(x) = U(x)

kBT
be the reduced energy and Rzx(x) = | detJzx(x)|

be the determinant of the Jacobian of the transformation Fzx. Rxz is defined equivalently.
The training goal is now to increase the overlap between qX(x) and pX(x) as much
as possible. This is achieved by minimizing the Kullback-Leibler (KL) divergence, the
information gained when sampling from one distribution when expecting another. It is
0 when the distributions are identical and becomes increasingly larger with increasing
difference between the distributions reaching a maximum when there is no overlap. It is
defined as:

KL(q||p) =
∫︂
q(x)[log q(x)− log p(x)]dx = −Hq −

∫︂
q(x) log p(x)dx (2.31)

where Hq is the entropy of the distribution q. We can define a KL divergence with respect
to the latent space and the configuration space since the KL-divergence is not symmetric.
To derive an expression for the training loss, in latent space, one can perform the following
operations when using equation 2.17 and then inserting for pX :

KL[pZ ||qZ ] =−Hz∼pZ(z) −
∫︂
pZ(z) log qZ(z)dz

=−Hz∼pZ(z) −
∫︂
pZ(z)[log pX(Fzx(z)) + logRzx(z)]dz

=−Hz∼pZ(z) + log
(︁
Zx∼px(x)

)︁
+ Ez∼pZ(z)[u(Fzx(z))− logRzx(z)]

(2.32)

Only the mapping Fzx and thereby also Rzx depend on the network parameters, meaning
that Hz∼pZ(z) and the partition function Zx∼px(x) (eq. 2.1) are constants. Therefore, the
resulting loss function is:

JKL = Ez∼pZ(z)[u(Fzx(z))− logRzx(z)] = U −Hx∼q(x) +Hz∼p(z) (2.33)

whereby U stands for the potential energy andH for the Entropy. Here the last equivalence
holds because Hx∼q(x) − Hz∼z(z) = Ez∼pZ(z)[logRzx(z)] shown in the supplementary
material of [22]. The last form of equation 2.33 is equal to the free energy F = U−Hx∼q(x)
of the transformed latent vector in configuration space up to the constant Hz∼z(z)
Similarly for the KL divergence in configuration space one gets:

KL[pX ||qX ] = Hx∼p(x) + log
(︁
Zz∼pz(z)

)︁
+Ex∼pX(x)[− log pZ(Fxz(x))− logRxz(x)] (2.34)
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Again only the last term can be minimized and rewritten as the loss:

JML = Ex∼pX(x)[−pZ(Fxz(z))− logRxz(z)]

= −Ex∼pX(x)[pZ(Fxz(z))]−Hz∼q(z) +Hx∼p(x)
(2.35)

The Boltzmann generator is first trained on configurations from another sampling method
using JML and the gradient descent method to adjust the parameters in the FNNs defining
the parameters of the coupling transformations. After some training, data in latent space
are generated and the network begins to also learn on JKL:

Jtotal = wMLJML + wKLJKL (2.36)

Here wML and wKL are weights, determining the influence of example-, and energy based
loss on the training. Usually, wKL is increased during training.

Reweighting and Resampling

Given a convergence of the loss function indicating succesfull training, the network
can generate uncorrelated configurations by sampling points in latent space and then
transforming them to configuration space. This transformation is not perfect and the
generated samples do usually not exactly follow Boltzmann statistics. However, since
we know the exact probability that a configuration is generated q(x) = pZ(z)Rzx(z) and
since we know that pX(x) ∝ exp(−u(x)), we can map a weight ω up to a factor to every
produced configuration:

ωX(x) =
pX(x)
qX(x)

=
qZ(z)
pZ(z)

∝ exp [−uX(Fzx(z))− log pZ(z) + logRzx(z)] (2.37)

In figure 2.4 one can see examples of energies and weights corresponding to configurations
produced by a BG.
The weights indicate the degree of over- or underrepresentation of configuration in the
generated distribution compared to the reference distribution. With the help of those
weights, equilibrium expectation values can be computed as:

E[O] ≈
∑︁N

i=1 ωX(x)O(x)∑︁N
i=1 ωX(x)

(2.38)

The mixed transformation layer used to transform coordinates into a network-friendly
representation introduced in [22] is also used in this thesis and is therefore discussed in
section 3.2.3. The research into BGs for sampling from the equilibrium distribution of
physical systems gained traction fast after the fundamental work by Noé and coworkers [22].
Examples include works by Wirnsberger et al [23] which used RQ splines to model atomic
solids, and Dibak et al. [24] which introduced a BG producing configurations at different
temperatures. Additionally, liquids were modeled by [27] and transition paths were
sampled by [26] using BGs.
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2.5. Normalizing Flows

Figure 2.4.: The weights (in log scale) and energies of configurations produced by a BG.
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3. Results

3.1. XY-Spinchain

Boltzmann generators are a promising new development for the sampling of many-body
systems in the canonical ensemble. However, previous works [22] worked on small scale
systems due to the suboptimal scaling of the BGs performance with the number of degrees
of freedom. Therefore, in this thesis, we propose supporting the BG by adjusting the
Prior distribution to better fit the configuration distribution and by that making the
transformation less complicated. We first study this approach using an XY-model [76]
and supporting the BG with a Gaussian mixture model used for learning in ref. [77].
We use a one-dimensional, only nearest neighbor interaction, XY-spin chain with N spins,
where each spin is represented by one rotational degree of freedom (fig. 3.1).

Figure 3.1.: Depiction of two configurations of the XY-model with different interaction
strengths.

Since we do not include any external magnetic field we here define the Hamiltonian as:

H =
∑︂
⟨i,j⟩

−Jsisj =
N−1∑︂
k=1

−J cos(θk) (3.1)

where ⟨i, j⟩ denotes all pairs of neighboring spins, J is the coupling strength, {si}1∈{1,2,...N}
are the spins with |si| = 1 and {θk}k∈{1,2,...N−1} are the angles between those spins. The
boundaries are open, which means that the spins at the edge have only one neighbor.
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Since this system is analytically tractable the partition function Z is:

Z = (2π)N (I0(βJ))
N−1 (3.2)

where I0 is the modified special Bessel function of the first kind and β = 1
kBT

. To
compare the BG-generated and reference distributions, we compare ensemble averages of
observables. One is the correlation function between two spins i and j, which is given by:

⟨sisj⟩ = µ(|i− j|, βJ) =
(︃
I1(βJ)

I0(βJ)

)︃|i−j|
(3.3)

Additionally, we include the heat capacity in the analysis, which is, in the thermodynamic
limit of N lim

N→∞
the heat capacity c per spin, defined as:

c

kB
= (βJ)2

(︃
1− µ(1, βJ)

βJ
− µ(1, βJ)2

)︃
(3.4)

The above-defined quantities are illustrated in figure 3.2.

Figure 3.2.: Left: Exponentially decreasing correlation of direction of arrows with βJ = 1,
formula inset. Right: Correlation of neighboring arrows and heat capacity per
site in the infinite arrows limit both plotted against the interaction strength
divided by kBT = 1

β .

3.1.1. MC-Simulation for the Generation of Training Data

For training the BG by example, configurations of the system following the Boltzmann
distribution are required. These are used in the initial stages of the training to shape the
latent space distribution by example. To generate these configurations, we used a Markov
chain Monte Carlo simulation (details in Appendix A.1.1). The resulting training data
can be seen in figure 3.3.
As expected, the distributions of the spins without the removal of one rotational symmetry
look close to uniform. It is important to note that the round ends of the violin plot
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Figure 3.3.: Left: Violin plot of distributions of spin angles θ. Right: Correlation between
spin pairs at distance |i − j|, analytically calculated and estimated from
samples. Samples for plots were generated with an MC-simulation.

distributions are due to the use of Gaussian kernels instead of uniform bins for density
estimation. The analytical and the sample-derived correlations can hardly be distinguished,
indicating that the sampling time for the training data is sufficient. Also, the analytical
average energy and heat capacity lie within the error of the average energies and heat
capacities estimated based on the generated configurations. Hence it is safe to claim that
the MC-simulation generates configurations representing the Boltzmann distribution.

3.1.2. Gaussian Mixture Model

Boltzmann generators transform a latent space sample of dimensionality Rd to a config-
uration of the same dimensionality, therefore, the scaling to a high number of DOFs is
problematic since, in comparison to VAEs, no reduction in degrees of freedom is possible.
Previous works on Boltzmann generators usually aimed to transform a prior uniform or
Gaussian distribution to the Boltzmann distribution [24, 22]. To increase the performance
of a BG, we attempt to employ prior distributions that are already closer to the desired
Boltzmann distribution. In the case of the XY-model we used Gaussian mixture models
(GMM).
A GMM consists of n multivariate Gaussian distributions (eq. 3.5) fitted to best represent
a complex distribution.

fX(x1, x2, ...xk) =

n∑︂
i=1

wi(2π)
−k/2 det |Σi|(−1/2) exp

(︃
−1

2
(x− µi)

TΣ−1
i (x− µi)

)︃
(3.5)

The covariance matrices {Σi}i∈{1,...,n}, means {µi}i∈{1,...,n} and weights {wi}i∈{1,...,n}
consist of d2, d and 1 parameters respectively. Multivariate Gaussian distributions can
also be called joint Gaussian distributions and one example can be seen in figure 3.4. To

25



3. Results

fit the Gaussians to the configurations, we used the scikit python package [78], details
can be found in the appendix A.1.2.

Figure 3.4.: Left: Uniform latent vector distribution. Right: Joint Gaussian distributions
mixed with uniform distributions as latent vector distribution. If in the top
most distribution the red dot is sampled, the second distribution becomes
the orange one. Right and left the dots stand for possible samples with
corresponding arrows.

We use a GMM as a prior distribution for different DOFs, for example for the first three
spins as in figure 3.4. Since Gaussian distributions are defined on R, but the angles
θ ∈]0; 2π], there is an inherent problem to this method. We tackle this by rejecting any
sample that is out of bounds, leading to sharp edges in the resulting distribution, as can be
seen in the third graph from the top on the right side in figure 3.4. A remaining problem
is that the resulting distribution is not perfectly periodic like the circular symmetry that
the model imposes. When sampling, first a Gaussian is drawn according to the weights w
and then therefrom x is drawn. The probability density of sample x is proportional to
fX(x) (eq. 3.5), which is enough information for our purposes.

3.1.3. Network Architecture

A schematic of the Boltzmann generator used for this model is depicted in figure 3.5. It
uses either a prior distribution consisting only of uniform distributions or a mixture of
uniform and Gaussian mixture model distributions as seen in figure 3.4.
Similar to [23], we employ splines in the split-coupling transformations. In the so called
transformation layer before the configuration enters the neural network, we transform
the configurations from the MCMC simulation to a zero-centered, rotational symmetry-
depleted distribution. The symmetry of the system is removed by rotating the samples so
the first spin has the value π and can therefore be removed when passing the configuration
to the network. The subtraction of π leading to a zero-centered distribution is necessary
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3.1. XY-Spinchain

Figure 3.5.: The architecture of the BG used for the XY-model. A latent vector drawn
from the latent distribution (fig. 3.4) is evenly split into two vectors. The
sine and cosine of one vector components are used as inputs of an FNN,
which outputs the parameters of a bijective spline function transforming the
other vector. This is repeated in the other direction and this whole block can
be repeated arbitrarily often. The configurations of an MC-simulation are
rotated, so the first spin points in direction π. Then π is subtracted from
every value and the first arrow is removed. The topmost block both provides
samples and, if receiving a sample, provides its probability of occurring.
Similarly, the XY-model provides samples from an MC-simulation and gives
the energy of any configuration it receives.
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for the spline flows to be used in the aforementioned way. For the network to understand
the periodicity of the model we follow an approach similar to [79], which is that the FNNs
train only on the sines cosines of the coupling vector components. Furthermore, the usage
of circular spline flows [80] assures periodic transformations.
The energies necessary to evaluate the sample probabilities the network is trained on
are on the one side provided by the Hamiltonian of the model and on the other side the
probability is either constant in the uniform case or a product of a constant and the
respective fX(x) in the uniform GMM mixed case. For further implementation details
see Appendix A.1.3.

3.1.4. Performance Metrics of the Gaussian Mixture Prior

In this result section we first show the results and performance of a Network with a
certain set of parameters to establish a baseline. We then compare this performance to
networks with different parameters and finally to networks with uniform GMM mixed
priors.

Uniformly Distributed Latent Vector Results

In the following figure 3.6, one can see the statistics of configurations produced by a
Boltzmann generator consisting of three coupling blocks, connected by FNNs with three
hidden layers consisting of eight nodes each defining parameters for a four-bin spline. The
model consists of ten spins and the interaction strength per temperature βJ = 3.
The unresampled configurations result in a regular, smooth density estimate for each
spin in the violin plot. When comparing the analytic correlations to the ones from the
generated configurations, one notices slight deviations. Those deviations almost vanish
when looking at the resampled configurations, but in this case, the corresponding violin
plot is less smooth. This issue can be solved by looking at the statistics of more resampled
configurations. Here, the correlations are overlapping perfectly and the violin plot shows
no irregularities.
We can conclude that the network successfully produces uncorrelated configurations
and a resampling algorithm can be applied without problems in order to get the exact
probability density of each configuration according to Boltzmann statistics. The less
smooth violin plot of the resampled distribution compared to the unresampled one leads
us to the introduction of the accuracy or the relative effective sample size:

RESS =
(
∑︁

i ωi)
2

N
∑︁

i ω
2
i

(3.6)

Here, ωis are the weights attributed to every configuration defined in equation 2.37.
The RESS multiplied by N , the number of produced configurations gives the effective
sample defined in the appendices of [23]. With a RESS = 0.58± 0.14 the bumpy violin
plot can be explained as an effect of insufficient many samples. Given enough samples
are produced, the effective sample size is large enough to represent observables of the
Boltzmann distribution correctly.
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3.1. XY-Spinchain

Figure 3.6.: BG trained on the XY-model at βJ = 3. Top: Violin plots showing the
distribution of each spin given that the first spin is fixed at π. The red
dot indicates the mean and the black bar is the interval containing 50% of
the spins. Bottom: Comparison between the analytical and neural network-
generated spin-spin correlation function. The blue line shows the average
of the analytical correlations. Left: Unresampled (10k samples), middle:
Resampled (10k samples), right: Resampled (100k samples).

29



3. Results

Comparison Of BGs with Different Network And System Parameters

To establish a solid baseline of the performance of these networks, we test them with
different sets of parameters. In the following graphs, the performance of the BGs is
indicated by the learning curves showing the target energy fraction indicating the fraction
of generated configurations xgen within the first and 99th percentile E{xtrain}

0.01 and E{xtrain}
0.99

of the training data energy distribution RESS = P (E
{xtrain}
0.01 < E(xgen) < E

{xtrain}
0.99 ). In

one epoch, the network is trained once on every available training configuration batched
together randomly. In the next epoch, the configurations are assigned to new batches
randomly. Besides the previously introduces RESS and DKL = KL, we additionally
look at the KL-divergence, which can be calculated in one direction as:

DKL(Fxz(x)||z) =
∫︂
qZ(Fxz(x))

qZ(Fxz(x))
pZ(z)

= Ez∼pZ(z)[−u(x)− logZx∼pX (x) + logRzx(z)− log pZ(z)]
(3.7)

where x = Fzx(z) are generated configurations. Since the partition function Zx∼pX (x)
is known for the XY-model, this KL divergence can be approximated well and used as
a performance indicator. The network generates 10.000 configurations 100 times, from
which we calculate the average and the standard deviation of the KL-divergence and the
RESS, which are shown in the following plots.
Below in figure 3.7 the performance of networks with different amounts of hidden nodes
per layer in each FNN is shown. Here one can conclude, that the more hidden nodes, the
better. The worse performance of the network with 16 nodes compared to the one with 8
nodes is within statistical fluctuations. Additionally, the convergence of the training is
achieved faster for networks with more nodes.

Figure 3.7.: Comparison of learning curves, RESS, and relative entropies DKL for BGs
trained with different numbers of nodes in the hidden layers.
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3.1. XY-Spinchain

In figure 3.8 we compare networks with a different number of coupling blocks. Here one
also notices that the performance increases with the number of blocks, but the increase
per block from the third block onwards becomes rather small. This leads to diminishing
returns since the memory requirements and backpropagation time increases with the
number of blocks.

Figure 3.8.: Comparison of generators with increasing number of split-coupling blocks.

When comparing networks with a different number of bins (fig. 3.9), one notices that here
the saying ”the more, the better” does not hold. For these model and network parameters,
the optimal bin number ranges from four to eight. This optimal number is probably
specific to the system and needs to be adjusted for each network-system combination.
The difference in performance here is less strong compared to the number of hidden nodes
as shown in figure 3.7.
In figure 3.10, performances of networks trained for the XY-model with different interaction
strengths are shown. The network performs best for either very weak or very strong
interaction, so when randomness or order dominates. When the average correlation
between spins ⟨⟨cos(θi − θj)⟩⟩|i−j|∈[1,..,8] ≈ 0.5 the network performs worse, so when
neither randomness nor order dominates. Another trend is that the standard deviations
increase both with worse performance and with stronger interaction. The reason for
the latter probably is that the difference in internal energies u(z) is larger for stronger
interactions. When looking at equation 2.37 one can see that the difference between
weights is higher for larger differences in u(z).
We can conclude, that the BG performs better, the more hidden nodes and blocks
are used, that there is a sweet spot for the number of bins in the spline functions,
and that those systems that are neither very ordered with the average correlation
⟨⟨cos(θi − θj)⟩⟩|i−j|∈[1,..,8] ≈ 1 nor very random with ⟨⟨cos(θi − θj)⟩⟩|i−j|∈[1,..,8] ≈ 0 pose
the most difficulties to a network, but the ones with ⟨⟨cos(θi − θj)⟩⟩|i−j|∈[1,..,8] ≈ 0.5.
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Figure 3.9.: Performance of BGs with a different number of spline knots nbins in the
split-coupling flow.

Figure 3.10.: Comparison of performances of BGs trained for different interaction strengths
βJ . A higher βJ indicates a stronger interaction between neighboring spins.
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3.1. XY-Spinchain

Mixed Latent Vector Results

We try to improve the learning process and increase the resulting performance of BGs by
substituting some uniform distributions with a Gaussian mixture model. In the following,
we compare the performances of BGs with different priors.
We begin by comparing BGs with purely uniform priors to ones, where the prior distri-
bution transformed to the first three spins is a Gaussian mixture model consisting of
one three-dimensional Gaussian fitted to the first three spins of some train data passed
through the transformation layer (fig. 3.11). While the target energy fraction curves
indicate an equal to better performance and faster learning for all GMM-supported BG’s,
the RESS and DKL show, that supported networks are worse with the exception of
strong interactions βJ = 10.

Figure 3.11.: Comparison of BGs with uniform (dashed lines) and gauss-uniform-mixed lat-
ent vector distributions (gmm, solid lines) for different interaction strengths
βJ .

We can draw the following conclusions from figure 3.11. While the learning curves
show, that GMM-supported BGs converge faster, and in most cases to a higher limit,
the other performance indicators tell different stories. For all cases except the strong
interaction/low-temperature ones, the GMM-support impairs the networks. Also, the
RESS is more sensible to worse network performance than the KL-divergence (fig. 3.11).
The support only helping for strong interactions is probably due to the fact, that a
Gaussian mixture model is not able to describe the periodicity of the problem, since
it is defined on in this case R3 instead of the periodic interval I3 =]0; 2π]3. Only for
strong interactions, this problem becomes less important, since the probability density of
configurations is very low at the boundaries.
In the graphs seen in figure 3.12 the performance of networks with a different number
of Gaussians fitted to the first three spins are compared. The performance difference

33



3. Results

between all networks apart from the four-Gaussian-supported Boltzmann generators is
negligible, we attribute the exception to statistical fluctuations in the precision of the
GMM. Therefore, we conclude, that the chosen number of components does in the here
present case not play any role.

Figure 3.12.: Performance comparison of BGs for different numbers of Gaussians Ncomp

fitted to the distribution of the first three spins. The dashed line indicates
the baseline performance using a uniform latent distribution. Solid lines
show training runs with different numbers of Gaussian components.

In figure 3.13 we compare networks with GMM support for different spins. Here again,
the Target Energy Fraction and the other indicators tell different tales. While the learning
curve indicates, that the BG with a GMM for all indices performs best and learns much
quicker than the others, according to the RESS it performs worst. We achieve the best
results with GMM support for the first three indices. According to the KL-divergence
and the RESS, this is also the only tested choice of indices improving the performance
compared to the unsupported network.
To calculate the KL-divergences, we need to know pX(x), which we can only calculate
analytically up to a constant factor. For the exact probability we use a Monte Carlo
integration technique provided by [78], which for higher dimensions is prone to errors.
This might lead to the per definition impossible negative KL-divergence for all indices in
figure 3.13.
A reason for the worse performance of networks supported by a GMM in 5 or more
dimensions (fig. 3.13) can be found when again looking at equation 2.37. While in the
uniform prior case, uX(Fzx(z)) is always constant, in the high-dimensional GMM case,
this term is fluctuating strongly. Therefore, the network must work with a wide range of
different prior probabilities making the network more prone to over- or underestimating
the probabilities of certain regions in phase space.
In figure 3.14 a violin plot and correlations of network-generated configurations are shown,
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3.1. XY-Spinchain

Figure 3.13.: Performance of BGs with one Gaussian component fitted on different spins.
The dashed line indicates the baseline performance using a uniform latent
distribution. The indices indicate the spin distribution with which the
Gaussian was parameterized.

unresampled and resampled. While the unresampled configurations look perfectly fine,
the resampled ones do not. This is due to a relatively large weight being assigned to a
small selection of configurations, leading to the resampling breaking down, also seen in
figure 3.14.
This is likely due to one of two reasons. One reason may be numerical errors appearing
when the network has to deal with very low prior distribution probabilities. The other
reason can be explained as follows; We think of a multivariate Gaussian fitted over the
spin numbers 1 − 6. The configuration(s) dominating the violin plot probably has a
very low probability density under this Gaussian distribution. Assuming the Boltzmann
generator is "lazy" and maps samples z drawn from the Gaussian to similar configurations
x, the term − log pZ(z) in equation 2.37 becomes very large. In the apparent case, the
corresponding energy u(Fzx(z)) is not large enough, the weight of the sample becomes
relatively large when compared to other weights.
In other words, according to the weights, the high-energy configuration(s) dominating the
violin plot are underrepresented. This might be due to the corresponding latent vectors
being drawn from the Gaussian by a very small chance, and the high energy not being
able to compete with the very small chance. The network should have mapped these
latent vectors to higher energy configurations, but due to their low probability density, it
might have not visited this latent space region during learning sufficiently.
We can conclude:

• We successfully used BGs to produce uncorrelated configurations of a 1D XY-model.
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• We tested the performance and learning sensitivities of the BGs for different network
parameters.

• The choice of the prior influences the performance of the network.

• Due to the symmetry of the model, the GMM only helps in strong interaction cases,
where the boundary does not play a large role.

• GMM support can impair the network performance, but it leads to a faster learning
process.

• Using higher dimensional multivariate Gaussians as priors make for a strongly
fluctuating term in equation 2.37, which is constant for uniform prior distributions,
leading to comparatively higher weights.

• In extreme cases, the above or numerical errors lead to the resampling breaking
down.

Figure 3.14.: Distributions (left) and neighbor-correlations (right) are shown for a βJ = 10
model with a GMM latent distribution for the indices 0− 4. The top and
bottom rows show the unresampled and resampled data respectively.
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3.2. The Alanine Dipeptide Model

Even though many enhanced sampling algorithms were developed over the years, MD
simulations of systems with rare transitions remain a challenging task. Say, for example, a
molecule changes from one set of states to another on average once every millisecond. Since
the simulation timestep is bounded by the fastest motion of the system, a 1012 timestep
simulation is necessary to get maybe one transition and one needs many transitions to
get a reliable statistic.
Boltzmann generators can produce uncorrelated configurations and therefore do not need
to undergo rare transitions to get reliable equilibrium statistics of a system. However,
as stated before, BGs do not scale well with increasing DOF, so in this thesis, we try to
modify the latent space of the network to increase its performance.
For molecular systems we achieve that by combining three ideas: In the work by Coretti
et al. [27], BGs are used to map configurations of a liquid system with certain interactions
to a system with different interactions. The DOFs of both liquids are identical in this
work. Already in the work by Dinh et al. [65], a multiscale architecture is proposed,
where harder-to-learn vector components were transformed by more coupling blocks. We
here propose to use a CG MD simulation to generate configurations representing the
difficult-to-learn degrees of freedom efficiently. Those are then, together with a set of
Gaussian distributions to model missing DOF, mapped to all-atom configurations.
To study this approach we aim to generate independent configurations of Alanine Dipeptide
in implicit solvent (fig. 3.15). It undergoes a rare transition along the dihedral angle ϕ,
which is defined by four atoms in a chain as the angle between planes spanned by atoms
C1, N2, C2

α and C2 and N2, C2
α, C2 and N3 respectively, but is otherwise a rather simple

molecule. It therefore has been studied rigorously [81], also using BGs [24].

Figure 3.15.: Alanine Dipeptide. Ball colors correspond to the following elements: White
to H, gray to C, blue to N , and red to O. ϕ and ψ are two dihedral angles.

3.2.1. MD-Simulation for the Generation of Reference Data

For the network to learn to generate configurations, reference data is required to initiate
the training by example. This data we generate via an MD-simulation using OpenMM
[82] and the Amber99 forcefield [83, 84]. To analyze the resulting configurations, the
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Python package MDAnalysis [85, 86] is used. Further details on the implementation can
be found in the appendix A.1.4
In the plots in figure 3.16 the results of a 106 timestep simulation at 450K are shown. To
the left one can see the free energy as a function of the backbone dihedral angles ϕ and ψ
estimated from the simulation. At around ϕ = 0, traces of density indicate one of the
rare transitions that can occur in this system. The white regions have not been visited
even once in the MD simulation and therefore we have no information on the free energy
linked to those phase space regions.
To the right, the root mean square deviation between the minimal energy configuration
and the visited configuration at a certain timestep is shown. Only once after ∼ 0.76 ns
the difference is increased for about 0.08 ns during which the simulation explored states
with ϕ > 0. Repeated 106 timestep simulations at 450K often showed no transition at all.

Figure 3.16.: Left: Free energy of the configurations with ϕ and ψ according to a 1 million
time step MD-simulation at 450Kelvin. F (ϕ, ψ) = −log(ρ(ϕ, ψ)) with F
the free energy as a function of ϕ and ψ and ρ the probability density of
configurations in the ϕ, ψ plane. Right: Root mean square deviation of
configurations to minimal energy configuration plotted against time.

At 450K or below regular MD simulations do not give us train data that reliably explore
the configuration space according to the weights indicated by the Boltzmann distribution.
In Falkner et al. [26], the authors combined BGs with transition path sampling to get
reliable statistics of state transitions and Noé and coworkers [24] introduced temperature
steerable flows to explore lower-temperature ensembles. We here mostly focus on 600K
systems, where MD-simulations show enough transitions and later try modeling a 450K
by mapping high-temperature training data to a lower temperature for the generated
distribution.

3.2.2. Latent Vector - Coarse Graining

We want a coarse-grained representation of alanine dipeptide that contains the difficult-
to-learn central dihedral angles ϕ and ψ and is tunable in its fastness and complexity. We

38



3.2. The Alanine Dipeptide Model

therefore use Boltzmann-inversion (eq. 2.2.3) to obtain an effective potential definition,
the procedure is illustrated in figure 3.17.

Figure 3.17.: The applied coarse-graining procedure: All but the 5 central Atoms are
cut away, and only hard-sphere, bonded, and angle interactions are kept.
A 600K AA-simulation is run. The resulting dihedral angle distribution
is used for a Boltzmann-inversion. The resulting free energies are then
Fourier-transformed, and an arbitrary amount of Fourier components (in
this case 6) are then used to describe the free energy landscape, which is
used as a dihedral angle interaction potential for a CG-MD-simulation.

We begin by omitting all atoms but the five ϕ and ψ defining ones, which we from
now will denote as the backbone. The other atoms we refer to as side chain atoms.
The bonded, angular, and hard-sphere interaction potentials are identical to the all-
atom definitions. As established in equation 2.2.3, we approximate the dihedral angle
interaction to be independent of other interactions and approximate it using Boltzmann-
inversion of the probability density along the backbone dihedral angles. To obtain a
continuously differentiable and periodic representation of the potential definition, we
perform a Fast-Fourier transformation (FFT) of these free energies. The first couple of
Fourier components are then used to define a periodic potential coupling ϕ and ψ via a
reverse Fourier transformation. This leads to a regularized potential energy while the
degree of regularization depends on the number of included Fourier components.
For the FFT to work, every value in the free energy histogram needs to be well-defined.
Therefore a negligibly small value was added to the distribution histogram, mapping a
constant high free energy to all white areas in the histogram. Details of implementation
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and CG-MD-simulation details can be found in the appendix A.1.5.

3.2.3. Transformation Layers

Figure 3.18.: Alanine dipeptide mixed coordinate transformation [22]. The Cartesian
coordinate representation is mapped to a mixture of an internal coordinate
representation and a principal component analysis representation. In the
process degrees of freedom corresponding to the translational and rotational
ones are removed.

A decisive feature of BGs for molecular systems is a mixed transformation layer introduced
by [22]. It changes the coordinate system such that symmetries can be removed and all
distribution components become more independent and more Gaussian-like. Additionally,
the transformation and its inverse become more stable and less prone to error propagation.
This is achieved by combining internal coordinate transformations with a principal
component analysis-derived transformation.
In our case, as seen in figure 3.18, we describe the sidechains using internal coordinates
and the backbone using coordinates defined by the principal components of the backbone
coordinates. Sidechain coordinates are represented by distances, angles, and dihedral
angles with respect to three priori-defined reference atoms. The sidechain coordinates are
then also normalized.
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For the principal component analysis, we first normalize the configuration distributions
and then compute a covariance matrix thereof. Along the eigenvectors with the highest
eigenvalues, the distribution has by definition the highest variance. Due to the prior
alignment of the molecules to a reference structure, the six eigenvectors with the lowest
eigenvalues correspond to the six rotational and translational degrees of freedom of the
molecule and can therefore be discarded. The other eigenvectors span a new coordinate
base for the backbone coordinates. This mixed transformation allows for handy symmetry
removal and does not pose problems like error propagation.

3.2.4. Training the Boltzmann generator on the Alanine Dipeptide

We incorporate the coarse-grained latent model and the mixed coordinate transform of
the all-atom model into a single network as depicted in figure 3.19.
This Boltzmann generator, like many others, consists of a coordinate transformation layer
and affine coupling blocks. The prior distribution used in this thesis is composed of a
coarse-grained simulation and Gaussian distributions instead of solely Gaussians. The
CG configurations are transformed using the same principal component transformation
used on the all-atom side. The probability density of a sample according to the prior is
proportional to the product of the probability densities of the Gaussian distributions and
the exponential of the negative coarse-grained potential. The coupling blocks and the
transformation layers transform samples from the all-atom configurations. As a result, the
main task of the BG is to adjust the backbone coordinates and transform the Gaussian
latent vectors to the distribution of sidechain coordinates.
We hypothesize that this task is easier to learn and accomplish for a neural network than
generating configurations from a Gaussian latent space. This would mean that, compared
to regular BGs with only Gaussian distributions in the prior, this network’s performance
increases.
Mapping CG configurations back to all-atom configurations using machine learning has
been researched and is a common tool for obtaining atomistic resolution during post-
processing [87, 88], but to our knowledge not using BGs and also not explicitly considering
Boltzmann statistics.
As briefly mentioned before, when training a network to generate 450K configurations
instead of the here usual 600K, there is the problem of rare transitions in the train data
and, when using our approach, also rare transitions when generating reference data for
the coarse-grained simulation. To circumvent the latter problem, we tried the following
approach: We multiplied the dihedral angle interaction potential by a factor T2

T1
= 450K

600K .
One could interpret this as trying to map 600K CG configurations to 400K all-atom ones.
We will therefore dub this approach the "High-Temperature Coarse-Grained Support"
method.
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Figure 3.19.: BG used for alanine dipeptide. The bottom block corresponds to the
transformation seen in figure 3.18. At the top, the CG-MD simulation is
transformed by the same PCA-inspired transformation used at the bottom.
The resulting 9-component vector is combined with 51 samples from Gaussian
distributions. In between is a standard BG middle part. Same as before,
both the top and bottom parts can give samples or receive samples returning
the corresponding energies or probabilities.
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3.3. Performance with Coarse Graining in Latent Distribution

3.3.1. Proof Of Concept

In an attempt to overcome the limitations of Boltzmann generators, we support it with
coarse-grained molecular configurations. The first question is, does this approach work at
all, can this network structure be used to sort of back map CG configurations?
After training the above sketched architecture to convergence, we see that produced
configurations show no particle overlap or unrealistic geometries (fig. 3.20). Furthermore,
the backbone atoms of the atomistic representations follow the coordinates of the coarse-
grained representation. This indicates that the BG successfully maps coarse-grained
configurations augmented with Gaussians to an atomistic representation.

Figure 3.20.: Coarse-grained configurations are mapped to all-atom configurations via a
BG-based learned mapping. Four configurations are shown with the coarse-
grained representation on the left and the mapped all-atom configuration
on the right. Arrows indicate equivalent atoms.

Since a BG without support is likewise capable of generating good-looking configurations,
in the following section, we look at the dihedral angle distributions, the learning curves, and
the relative effective sample size (eq. 3.6) of different networks to compare performances.

3.3.2. Performance of Boltzmann Generators with Coarse Graining

To learn more about the behavior of BGs with coarse-grained support we compare networks
with the same parameters but different amounts of Fourier components describing the
coarse-grained dihedral angle interaction potential. An increasing amount of Fourier
components results in a more accurate yet sometimes more noisy representation of the
effective backbone potential. As a baseline, we compare the results to the performance of
a standard BG with a Gaussian latent space.
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In the following figure 3.21 one can see the dihedral angle-dependent free energies of
ensembles stemming from those generators. Our initial expectation was that more Fourier
components (FCs) lead to better results since the backbone potential will follow more
closely the effective potential from Boltzmann inversion. The results show that, indeed,
CG support parametrized using just one or two FCs harms the performance, but three or
more FC-CG support improve the generated angle distribution.

Reference MD←−−−−−−−−
Regular Boltzmann generator−−−−−−−−−−−−−−−−−−→
↓1-6 FC for CG-MD↓

Figure 3.21.: The free energy of configuration ensembles with fixed ϕ and ψ of alanine
dipeptide. Top left: Molecular dynamics simulation results. Top right:
5× 104 Samples from BG with 60 Gaussian distributions as latent vector
space. This result is used as a reference. In the lower two rows results from
BG trained with CG configurations in the latent vectors are shown. The
numbers in the corners correspond to the number of Fourier components
used. F (ϕ, ψ) = − log(ρ(ϕ, ψ)) with F the free energy as a function of ϕ
and ψ and ρ the probability density of configurations in the ϕ, ψ plane.

These results indicate that the supported networks perform better at predicting the
dihedral angle distribution with increasing components, but are the statistics concerning
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the other degrees of freedom also correct? To work this out, we first look at the learning
curves seen in figure 3.22.

Figure 3.22.: Comparison of the learning curves of different networks with different num-
bers of Fourier components. Here, 1-6 FC stands for different numbers of
Fourier components. The reference (dashed line) is a training run with a
Gaussian latent distribution shown also in figure 3.21. The dash-dotted and
the dotted lines show the training of networks mapping 600K and 800K CG
configurations to 450K and 600K AA molecules respectively (sec. 3.3.4).

The by far worst learning curve is from the network with 1 FC-CG support, CG support
without dihedral interaction potentials impairs the performance. Equal in energy fraction
are the two FCs and the no-support networks, whereby the supported BG learns faster.
Support with three, four, or six FCs leads to very similar learning curves, but the BG
supported by five FCs performs best out of the ones generating 600K configurations.
This might be because the sixth FC carries detailed aspects of the angle distribution that
are not fully converged. By that, the network has to ”unlearn” weights given to some
regions by the prior, which appears to be difficult. So in this case it is better to give the
network rather a regularized prior distribution than to provide it with incorrect details.

Surprisingly, the network mapping of 600K CG samples to 450K configurations learns the
fastest and achieves the highest target energy fraction. To test, if the High Temperature
CG Support method generally performs better, we tried mapping 800K CG configurations
to 600K all-atom samples using five Fourier components. This led to a decrease in the
performance compared to the five FCs support at the same temperature. We therefore
hypothesize that the 450K configuration space is smaller and easier to explore than the
600K one.
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3.3.3. Reweighting And Resampling the Alanine Dipeptide Configurations

A Boltzmann generator is capable of mapping a probability density to every produced
sample, in our case up to a constant. When we reweight the produced configurations, we
retrieve the exact Boltzmann distribution. While doing so, we can measure the RESS,
an indicator of the performance telling us how many configurations we effectively drew
from the actual Boltzmann distribution.

In the following plots, we first establish the baseline in the form of the performance of
an unsupported BG at 600K as shown in figure 3.23. Plots showing the free energies as
a function of the dihedral angles can be seen. Resampling and reweighting differ in the
following way: Weights are estimated for all configurations, and when resampling, those
configurations are drawn randomly according to their weights with replacement. If a
configuration has a relatively high weight, it will hence be drawn more often. Reweighting
means, that we use weighted histograms according to equation 2.38.

Figure 3.23.: Free energies of 5 × 105 configurations generated by a BG without CG
assistance. Left: unreweighted, middle: resampled, right: Free energy of the
average of ten reweighted distributions, each containing 5 × 104 samples.
Again, F (ϕ, ψ) = − log(ρ(ϕ, ψ)) with F the free energy of the configurations
with ϕ and ψ and ρ the probability density of configurations in the ϕ, ψ
plane. The RESS = 0.0002 with an std = 0.0001

The RESS tells us, that we effectively have only ∼ 100 effective configurations in the
pool of 5× 105 generated configurations, which is the reason for the way the resampled
and reweighted histograms look. It is clear that 100 samples are not enough to obtain an
accurate histogram.

In the next plots (fig. 3.24), we can see the same histogram for a BG that received coarse-
grained support with five Fourier components describing the dihedral angle interaction
potential. The unresampled histogram looks much more similar to the actual free energy
landscape than the histogram of the unsupported BG. We observe a 2.5 times higher RESS
which leads to an effective sample size of 250 configurations leading to the resampled
and reweighted histograms showing more detail of the shape of the actual free energy
landscape.
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Figure 3.24.: Free energies of 5× 105 configurations generated by a Network with 5 FC
CG assistance. Left: unreweighted, middle: resampled, right: Free energy of
the average of ten reweighted distributions, each containing 5× 104 samples.
The RESS = 0.0005 with an std = 0.0002

3.3.4. Temperature Exchange

When going to lower temperatures the problem of rare transitions becomes more evident
since thermal fluctuations decrease in magnitude. We try circumventing this problem
using the High Temperature CG Support method meaning we train the network at a lower
temperature with example data from a higher temperature, where rare transitions occur
frequent enough. This method might also up to a certain degree compensate for a lack of
train data in some phase space regions. It might also help explore phase space regions
with low probability densities due to a higher visiting frequency during training. While
this approach teaches the network to visit different regions in phase space at the wrong
frequency since exp

(︂
H(x1)
kBT1

)︂
/ exp

(︂
H(x2)
kBT1

)︂
̸= exp

(︂
exp
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kBT2

)︂)︂
/ exp

(︂
H(x2)
kBT2

)︂
, where H is

the Hamiltonian, this error can later be mended by reweighting. And if other more severe
problems can be handled with this approach it is worth the cost in RESS.
Below in figure 3.25 the same histograms as before for a BG using the High Temperature
CG Support method can be seen. A total of 1000 effective configurations lead to resampled
and reweighted histograms that capture the shape of the free energy landscape already
quite well. As mentioned before, the five times higher RESS compared to the 600K BG
probably stems from the fact, that at 450K, the phase space is less complicated.
To gather more information about the workings of this method, we train a 310K system
with a 600K inspired CG prior. However, the problem with this approach is that during
training not a single rare transition occurred in the MD simulation. The training by
energy using samples from the prior tells the network that it should look for configurations
at ϕ > 0, but the train data for training by example objects. Histograms of configurations
produced during the training and histograms of the disagreeing train data and prior can
be seen in figure 3.26.
To minimize the loss when training by example, the originally ϕ > 0 configurations
get pulled more and more to the left. But the network seems unable to "unlearn" the
information by the prior. Even after long training, the phase space regions do not merge.
One can conclude that if the training data do not visit some remote regions in phase
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Figure 3.25.: Free energies of 5× 105 configurations generated by a BG trained at 450K
with 5 FC CG assistance at 600K. Left: unreweighted, middle: resampled,
right: Free energy of the average of ten reweighted distributions, each
containing 5× 104 samples. The RESS = 0.004 with an std = 0.002

Figure 3.26.: The learning process of a Boltzmann generator at 310K with a 600K
CG simulation in the prior. Top left: Dihedral angle distribution of the
coarse-grained 600K simulation used in the prior. Bottom Left: All-atom
310K dihedral angle distribution used as train data. Right: Dihedral angle
distributions after five, 25, 75, and 200 training epochs. In one training
epoch, the BG learns all train data once grouped in a certain way. In each
epoch, the training configurations are regrouped randomly.

space, a BG and the here proposed method cannot help, although it might help if the
regions are small and close. If the High-Temperature CG Support method does not help,

48



3.3. Performance with Coarse Graining in Latent Distribution

it leads to a breakdown of the BG.
We conclude that giving CG support to a Boltzmann generator does help, our hypothesis
has been confirmed. We must add that with this approach our samples again become
correlated since the CG-MD simulation-produced configurations are correlated. In the
discussion, we will describe a possible approach to tackling this problem.
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Exploring equilibrium probability density functions of different systems is a much-
researched problem in many scientific fields. Different approaches such as Markov Chain
Monte Carlo- and Molecular Dynamics simulations deal with this problem but have
difficulties such as correlations between samples. Normalizing Flow Neural Networks
called Boltzmann-Generators have been developed to help with this task [22]. Those
Boltzmann-Generators in turn have the problem of not scaling well with increasing degrees
of freedom.
For this thesis, we research supporting BGs, instead of letting them shape configurations
all on their own from a Gaussian Prior, we provide them samples resembling the desired
configurations in some DOFs. An example treated in this work is mapping coarse-grained
configurations to all-atom ones. Our goal was to test if BGs are capable of this task and if
so, if the quality of generated configurations, when compared to standard BGs, increases.
As probably best seen when comparing the figures 3.23 and 3.24, Boltzmann-Generators
can be used for said task and the performance increases with support, but only if the
support is carefully constructed.
We have here established a method capable of mapping less detailed descriptions of
a system to a more detailed one in a probabilistic way. We find that looking at the
respective DOFs, the detailed generated configuration distribution usually is similar to the
distribution of undetailed samples and although whole high-density regions can be shifted
and deformed, the total probability of a region is not changed in the transformation.
Using a Gaussian Mixture Model to support BGs generating XY-model configurations
impairs the network unless the model is in a very ordered low-temperature state. This is
on the one hand due to a non-periodic Gaussian being a bad fit for a periodic system.
On the other hand, numerical issues may play a role when using many Gaussians and
multiplying the respective probabilities together in a joint distribution. Also, the network
seems to perform especially badly at learning to transform samples with a low probability
under the GMM, overestimating the respective weights. Using a GMM to support a BG
was shown to enhance performance in one case, it may be useful also in other situations,
but it must be constructed very sensibly.
The XY-model was especially difficult to learn when the average correlation was around
0.5, which can be interpreted as the temperature of maximal multi-modality, a state
neither dominated by randomness nor order. We conclude that systems with higher
multi-modality are more difficult to learn for BGs.
We could also see the networks correctly learning all the low-energy configurations but
having problems with higher-energy ones. This is probably due to the finite size of the
networks. They first concentrate on important low-energy configurations and may not
have enough resources left to learn higher-energy ones after finishing the first task. When
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some phase space areas are not represented because of the network’s finite size, we see
a so-called ”Mode Collapse”. Also, the fact that the network trains on free energies of
batches may play a role, since small batch sizes might inhibit the network from more
thoroughly exploring higher energy configurations. When testing the BGs we noticed that
different performance measures sometimes contradict each other. Especially the target
free energy is a very rough, inaccurate measure, not matching with the KL-divergence and
relatively effective sample size. Those two in turn mostly concur, but not their standard
deviations. Another observation is that the BG is unable to learn phase space regions
missing in the train data, no matter the support that is given to it.
Since the Coarse-grained support worked better than the GMM support, we recommend
future researchers focus on the first method. It is questionable if our test system
Alanine-Dipeptide represents complex molecule behaviors well since it only really has two
multi-modal degrees of freedom ϕ and ψ. Thus the next step would be to test this method
on larger systems with more multi-modal degrees of freedom, for example, a polymer
model like in [26] or the protein bovine pancreatic trypsin inhibitor like [22]. Other CG
models might have to be found for those since the Fourier-based analysis may become
infeasible. We recommend using existing CG models like MARTINI [6], which represents
four heavy atoms and all attached hydrogens to one interaction center, although one then
needs to find a suitable transformation layer. Similar to the here used transformation
layer, one could use internal coordinates defined by distances, angles, and dihedral angles
to the coarse-grained interaction centers and a PCA transformation on those CG beads.
To lessen the correlations appearing when using a coarse-grained latent space, one could
consider putting BGs in series similar to [27], but with increasing numbers of freedom
like in [65]. The first BG learns to generate CG configurations, the next one maps those
to all-atom configurations. This may result in a network architecture needing fewer
parameters than a usual BG, but in turn needing train data not only from all-atom-, but
also CG simulations.
A still unanswered problem is how to treat explicit solvent. So far we and others have
used implicit solvents, which do not capture local contributions to the free energy of a
molecule. Explicit solvents would change the free energy landscape more drastically by
stabilizing certain configurations. Also here, using coarse graining such as monoatomic
water models as a latent distribution could bring the field closer to modeling processes
important physics, chemistry and biology.
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A.1. Algorithms

A.1.1. MC-Simulation of the XY-Model

The Markov Chain Monte Carlo simulation starts with a configuration of random spins
(between 0 and 2π). In a simulation step, the angle of a randomly chosen spin is changed
with a maximum step size of 0.25. If a new spin is larger than 2π, 2π is subtracted from it
to impose periodicity. If one is smaller than 0, 2π is added. The new configuration is then
either rejected or accepted based on the old and new energies. For equilibration, 5000 steps
are taken before recording training data in order to start at reasonable configurations.

A.1.2. Gaussian Mixture Model

The sklearn.mixture package [78] is used to find a Gaussian Mixture Model fit for provided
configurations. First of all, each configuration is rotated until the first spin is π, then the
configurations are normalized by subtracting π from every spin and finally, the first spin
is removed. The Mixture model is initialized with the following code:
"gmm = GaussianMixture(n_components = gauss_components, covariance_type = ’full’,
tol = 0.0001, max_iter = 10000, ini_params = ’random_from_data’)"
The integer "gauss_components" stands for the number of Gaussians used, different
numbers are compared in 3.12. With the command "gmm.fit(train_data)" we then find
the weights, means, and covariance matrices.

A.1.3. XY-Model Network

For each set of interaction strength and system size tested, 107 configurations are generated
in advance. 50000 randomly drawn samples are used as train data, whereby 5000 of those
are used as test configurations. The GMM is established and fitted to 10000 configurations.
All the networks learn using the same training parameters:

• Ten epochs with a learning rate of 0.001, only training by example, and a batch
size of 256.

• 100 epochs with a learning rate of 0.001, equally weighted training by example and
energy, and a batch size of 1024

• 100 epochs with a learning rate of 0.0001, equally weighted training by example
and energy, and a batch size of 1024
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In all cases, energies are clamped at 100. For backpropagation, the Adam algorithm is
used with the parameters β1 = 0.9, β1 = 0.999, ϵ = 10−8, and a weight decay of 0.001.

A.1.4. Alanine Dipeptide MD-Simulation

We used tools provided by OpenMM [82], MDAnalysis [85] [86] and Amber forcefields[83]
[84].
We used the "amber99sbildn" forcefields for the molecule parametrization and "am-
ber99_obc" for modeling the implicit solvent. MD-simulations were conducted, unless
otherwise stated, at a temperature of 600K, with a collision rate of 1 ps and time steps of
1 fs. As integrator we used the Velocity-Verlet-Integrator with velocity randomization [89].

A.1.5. Coarse Grained Simulation

In order to derive a CG dihedral angle interaction potential depicted as Fourier Compon-
ents, we first make a histogram of the probabilities in the ϕ− ψ-plane according to a 1 ns
MD-simulation. We then add a constant of 3 · 10−7 to fill empty bins, representing a
very small probability. The histogram consists of 50 · 50 bins. Then we take the negative
logarithm and factor out the temperature to arrive at a free energy function given as a
histogram. A Fast-Fourier-Transform then gives us Fourier-Components, which define
our CG potential. The distance- and angle interactions are again parametrized using the
"amber99sbildn" forcefield.
While a higher timestep might be possible for the CG model, we use 1 fs to match with
the all-atom simulation. The collision rate was 1 ps. Again we used a Velocity-Verlet-
Integrator with velocity randomization. During training, the equilibration time is 3 ps
and the decorrelation time is 50 fs. When generating and testing, those times are 5 ps
and 100 fs respectively.

A.1.6. Alanine Dipeptide Network

The BGs here used consists of eight affine coupling blocks with 200 nodes in each of
the three hidden layers in each FNN. From a 1 ns simulation, 10000 randomly drawn
configurations are used as train data.
The training starts with 50 epochs of learning by example and a batch size of 128. Then
there are again 50 epochs with a 1 : 10−5 ratio between learning by example and learning
by energy. The batch size is 2500. For the last 100 epochs the batch size stays the same,
and the ratio increases to 1 : 10−3. For all epochs, the energies are clamped at 104. When
training by energy, an angle loss is introduced to prevent angle generation outside of
[−π, π). The other training parameters such as the optimizer parameters are the same as
for the XY-model network.
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