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Abstract (English)

Classical mathematical approximation methods suffer from the “curse of dimensionality”.
This term is used to describe an exponentially increasing difficulty of problems with
increasing dimension.

However, in the beginning of the 1990s it was shown by Barron that approximation
with neural networks can, under specific assumptions on the function to be approximated,
overcome this curse to some extent. This means that the number of needed parameters
(layers and weights) when approximating a d-dimensional function (up to some small
error) with neural networks does not grow exponentially with the input dimension. Since
then, various authors have stated and rigorously proved different results in this direction.

In this thesis for a nowadays common definition of neural network and its size (mea-
sured in the number of layers and non-zero weights) selected results are clustered into
four topics. For each of these four areas results are stated and proved showing under
which assumptions and to which extent approximation with neural networks overcomes
the curse of dimensionality.

In the first area (in Chapter 3) it is shown that neural networks can efficiently ap-
proximate hierarchically compositional functions, which can be thought of functions of
smooth, lower-dimensional functions.

The second cluster in Chapter 4 handles functions in a high-dimensional space which
are assumed to be evaluated only on a lower-dimensional smooth manifold.

Chapter 5 deals with functions whose weighted Fourier transform
∫
Rd ∥ω∥2

∣∣∣f̂(ω)∣∣∣ dω
is bounded and is based on the results of Barron.

In the last part (Chapter 6) solutions of certain PDEs are shown to be approximable
by neural networks without the curse of dimensionality.





Abstract (Deutsch)

Klassische mathematische Approximationsmethoden sind vom sogenannten „Fluch der
Dimensionalität“ betroffen. Mit diesem Begriff wird eine exponentiell zunehmende Schwie-
rigkeit des Lösens von Problemen mit zunehmender Dimension beschrieben.

Anfang der 1990er Jahre zeigte Barron jedoch, dass die Approximation mit neuronalen
Netzen unter bestimmten Annahmen über die zu approximierende Funktion diesen Fluch
einigermaßen überwinden kann. Dies bedeutet, dass die Anzahl der benötigten Param-
eter (Schichten und Gewichte) bei der Approximation einer d-dimensionalen Funktion
(abgesehen von einer kleinen Ungenauigkeit) mit neuronalen Netzen nicht exponentiell
mit der Dimension des Defintionsbereichs wächst. Seitdem haben verschiedene Autoren
unterschiedliche Ergebnisse in diese Richtung gezeigt und rigoros bewiesen.

In dieser Arbeit werden ausgewählte Ergebnisse für eine heutzutage übliche Definition
eines neuronalen Netzwerks und seiner Größe (gemessen in der Anzahl der Schichten und
Gewichte ungleich 0) in vier Themenbereiche gruppiert. Für jeden dieser vier Bereiche
werden Ergebnisse dargelegt und bewiesen, die zeigen, unter welchen Annahmen und in
welchem Ausmaß die Approximation mit neuronalen Netzen den Fluch der Dimension-
alität überwinden kann.

Im ersten Bereich (in Kapitel 3) wird gezeigt, dass neuronale Netze hierarchisch zusam-
mengesetzte Funktionen, die man sich als Funktionen glatter, niedrigdimensionaler Funk-
tionen vorstellen kann, effizient approximieren können.

Der zweite Bereich (Kapitel 4) behandelt Funktionen in einem hochdimensionalen
Raum, von denen angenommen wird, dass sie nur auf einer niedrigerdimensionalen, glat-
ten Mannigfaltigkeit ausgewertet werden.

Kapitel 5 befasst sich mit Funktionen, deren gewichtete Fourier-Transformation∫
Rd

∥ω∥2
∣∣∣f̂(ω)∣∣∣ dω

beschränkt ist und basiert auf den Ergebnissen von Barron.
Im letzten Teil (Kapitel 6) wird gezeigt, dass Lösungen bestimmter partieller Differen-

tialgleichungen durch neuronale Netze annäherbar sind, ohne dass dabei der Fluch der
Dimensionalität auftritt.
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1 Introduction

In this thesis a mathematical structure called neural network is studied. These networks
are the basis for deep learning algorithms, which are part of the area of machine learning
(ML) and artificial intelligence (AI), see [29]. As the name indicates a neural network
consists of several neurons which are linked with each other in a certain way.

Historically, neural networks were introduced to model the functionality of the brain.
In the 1940s McCulloch and Pitts [52] modelled a biological neuron for x ∈ Rd (d ∈ N) -
and given ai (weights), b (threshold) ∈ R where 1 ≤ i ≤ d and 1R+ : R → R, (activation
function) where 1R+(x) = 0 for x < 0 and 1R+(x) = 1 else - as the function

x 7→ 1R+

( d∑
i=1

aixi − b

)
. (1.1)

If the combined weighted input reaches or exceeds b the neuron returns 1, one says
it “fires”. Otherwise the neuron returns 0 and remains inactive. By linking multiple
neurons together in the sense that the output of one neuron acts as (part of the) input
to another neuron a network of neurons – a “neural network” – is constructed, see e.g.
the “multilayer perceptron” (MLP) from Rosenblatt in the 1950s [72]. In mathematical
terms, this MLP with L layers is an alternating composition of affine linear maps and
the (typically non-linear and throughout the network identical) activation function, so

x 7→ TL(ρ(TL−1(ρ . . . (ρ(T1(x))) . . . ))), (1.2)

where Tℓ = Aℓ(·) + bℓ denotes an affine linear map from Rdℓ−1 to Rdℓ for 1 ≤ ℓ ≤ L,
d0 = d, d1, . . . , dL ∈ N and ρ is applied component-wise. Note that the ρ above can be,
but is not necessary, the function 1R+ as defined for the biological neuron (1.1) above.
Nowadays the rectified linear unit (short: ReLU) defined as ρ(x) := max{0, x} is used
often. For the remaining part of the introduction the terms “MLP” and “neural network”
are used ambiguously, however from Chapter 2 on there is a clear distinction between
the neural network (as sequence of weight matrices Aℓ and bias vectors bℓ in the affine
linear maps Tℓ for 1 ≤ ℓ ≤ L) and its realization function as defined in (1.2).

For compact K ⊂ Rd MLPs with two layers are dense in C(K) with respect to the
uniform norm ∥f∥∞ = supx∈K |f(x)|, if the activation function ρ is continuous and not a
polynomial [49]. This holds especially for the ReLU. MLPs with this property are called
“universal”.

Recently, especially deep neural networks (so those with many layers), have received
increased attention, since they have shown to be able to be trained efficiently. This means
that for given training data in the form of input and output pairs, there exist highly
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1 Introduction

efficient training algorithms that adapt a network in a way that the trained network
interpolates the training data well. Moreover, it even generalizes well to new data points
for many problems that occur in practice [64]. This training procedure is typically referred
as “deep learning” [46].

Among others, deep learning algorithms are used for image classification (see e.g. [44],
where in some cases they even outperform humans in image labelling tasks [33]. Another
famous application is the area of (board or computer) games [81, 58], where also world-
class humans are beaten [6]. Moreover, deep-learning algorithms are heavily used and
are very popular in the field of natural language processing, which includes the subtasks
of summarizing, understanding or generating text [94]. The currently probably most
prominent example for this kind of tasks is ChatGPT, a variant of the GPT-3 model,
trained by OpenAI and specifically designed for chatbot applications [11, 35], which is
based on a so-called transformer neural network [88].

While neural networks trained by deep learning prove to be powerful, it is currently
not entirely understood why these methods work so well. Therefore, it is reasonable to
search for purely mathematical arguments why and under which conditions/assumptions
a neural networks is an adequate architecture in practice [64].

In this thesis, the focus is on the approximation property of neural networks for
high-dimensional functions. Stated simply, it is studied, how complex neural networks
(measured in terms of layers and number of non-zero entries in the matrices Aℓ and
bℓ (1 ≤ ℓ ≤ L) in (1.2)) need to be in order to approximate certain functions well.
Henceforth, algorithmic aspects of deep learning will not be covered in this thesis.

In approximation theory it is well-known that for various types of functions (e.g.
smooth functions, piecewise constant functions or functions in Lp for 1 ≤ p ≤ ∞) ap-
proximation methods with continuous parameter dependence (e.g. approximation with
multivariate B-splines or linear finite elements, but also approximation with neural net-
works) suffer from the so-called curse of dimensionality. This term, which was introduced
by Bellman, is used to describe an exponentially increasing difficulty of problems with
increasing dimension [5, 19, 61].

Simplified for approximation problems this curse can be stated as follows: To achieve
an error (without specifying here how this error is measured, so without stating a norm) of
at most ε > 0 for an approximation problem with d-dimensional input and 1-dimensional
output O(ε−d) parameters are needed. Typically smooth functions (so s-times differen-
tiable for some s ∈ N ∪ {∞}) or piecewise constant functions (for classification problems)
are considered. It is well known that smoothness of the function to approximate reduces
the needed parameters. To be more precise, for s-times differentiable objective O(ε−d/s)
parameters are needed [61].

Among others, in Chapter 2 it is shown that B-spline and linear finite element approxi-
mation (which both suffer from the curse of dimensionality) can be also realized by ReLU
neural networks with the same approximation rates, see [53, 84] and [34], respectively.
In the course of proving the emulation of B-splines with ReLU neural networks specific
operations and statements for ReLU neural networks, which are needed and used later on
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in various chapters, are given. Beforehand, neural networks, their realization functions,
their size and operations with neural networks are defined as in [64].

However, in comparison to other methods and under additional assumptions on the
function to be approximated neural networks are shown to overcome the curse of di-
mensionality, meaning that there is no exponential dependence of the number of needed
layers and non-zero weights on the input dimension. In this thesis, various assumptions
and resulting statements, how to provably overcome this curse with neural networks, are
given. These assumptions are clustered into four parts (Chapters 3, 4, 5 and 6) and are
briefly described underneath.

In Chapter 3, functions of lower-dimensional differentiable functions, which are called
hierarchically compositional functions, are approximated by ReLU neural networks with-
out the curse dimensionality [70]. This is based on the fact that neural networks by defi-
nition are also hierarchical and compositional and can therefore make use of this special
structure of these functions, whereas classical approximation methods are somehow blind
to it. Each of the appearing lower-dimensional smooth functions can be approximated
by ReLU neural networks up to some small error ε (resembling B-spline approximation
with ReLU neural networks as shown in Chapter 2) with number of layers and weights
depending exponentially on the dimension of the underlying space. Moreover, the error
is shown to grow only linearly in ε from one function evaluation to the next and the total
needed weights are of order O(ε−k), where k is the maximum of the input dimensions
of the lower-dimensional functions. Hence the number of needed weights does not grow
exponentially in the input dimension.

Additionally, it is stated why it is reasonable to assume that (non-smooth) classifi-
cation functions are of compositional structure and that under this assumption one can
approximate functions of this type without the curse of dimensionality with ReLU neural
networks.

Chapter 4 shows that functions which are defined in a high-dimensional space, but
are assumed to be evaluated only on a lower-dimensional compact, smooth manifold M,
can be approximated by ReLU neural networks, where the number of needed layers and
weights of these networks grow exponentially only in the dimension of the manifold and
not in the dimension of the underlying space [13].

By assumption M is compact and smooth and can therefore be covered by n ∈ N many
sets Ui, where 1 ≤ i ≤ n. Considering for 1 ≤ i ≤ n Pi as the projection from Ui ∩M to
the respective tangent space and using a partition of unity (ϕi)

n
i=1 with supp(ϕi) ⊂ Ui

(resembling the finite element method with ReLU neural networks as shown in Chapter
2) the function f : M → R can be written as

f(x) =
n∑

i=1

ϕi(x) ·
(
f(x) ◦ P−1

i︸ ︷︷ ︸
=:fi

◦Pi(x)
)
. (1.3)

For 1 ≤ i ≤ n, the Pi can be realized by ReLU neural networks as they are affine
linear maps and ϕi can be realized by ReLU neural networks as they are linear finite
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1 Introduction

elements. Additionally, for 1 ≤ i ≤ n the fi can be approximated using the resembled
B-spline approximation with ReLU neural networks on the lower-dimensional tangent
space. Hence, using ReLU calculus shown in Chapter 2 the right-hand side of equation
(1.3) can be approximated by ReLU neural networks without the curse of dimensionality.

The statements of Chapter 5 yield that functions, whose weighted Fourier transform∫
Rd ∥ω∥2

∣∣∣f̂(ω)∣∣∣ dω is bounded by some C > 0, can be approximated by neural networks
with sigmoidal activation function and one hidden layer with N neurons on the compact
set Bd

1 (the d-dimensional unit ball around 0) to an error measured in the L2-norm up
to a fixed multiple of 1

N [3].
The main proof in Section 5.1 is based on a random sampling idea (sometimes referred

as “Approximate Caratheodory Theorem”), which states that an element f in the closure
of the convex hull of G (subset of a Hilbert space H with elements bounded by a constant
B > 0) can for any N ∈ N be approximated up to B2

N by a convex combination of N
elements in G in the squared norm induced by the inner product of H.

In the language of neural networks: Each function that can be represented by an
arbitrary wide two-layer neural network (so with an arbitrary number of neurons in the
first layer) with bounded activation function and where the weights in the last layer are
positive and sum up to one can also be approximated with a neural networks with only
N neurons in the first layer and an approximation rate of 1

N .
Henceforth, it is shown that f with weighted Fourier transform as defined above

bounded by C fulfills f|Bd
1
− f(0) ∈ co(GC), where GC := {g : Bd

1 → R : g(x) =

γ1R+(⟨a, x⟩ + b), a ∈ Rd, b, γ ∈ R, |γ| ≤ 2C}, 1R+ denotes the indication function on
R+ := [0,∞) and the closure is taken with respect to the L2-norm on Bd

1 .

Combining these two results and using the dominated convergence theorem yields the
stated claim.

Additionally, in Section 5.2 extensions of what is stated above are sketched. Content-
wise these extensions (two generalizations of what is described above, the relation between
these two generalizations and an application) are parts of [12, 21].

Lastly, in Chapter 6, solutions of PDEs were shown to be approximable by ReLU
neural networks overcoming the curse of dimensionality.

In Section 6.1 the (hyperbolic) homogeneous parametric linear transport equation
(where d, d′, s, k ∈ N and T > 0){

∂tu(t, x, µ) + V (t, x, µ) · ∇xu(t, x, µ) = 0,
u(0, x, µ) = u0(x)

(1.4)

for given vector field V ∈ Ck([0, T ] × Rd × [0, 1]d
′
,Rd) fulfilling a growth condition in

the Ck-norm and initial condition u0 ∈ Cs(Rd) where t ∈ [0, T ], x ∈ Rd and µ ∈ [0, 1]d
′
)

is studied. In [28] the PDE (1.4) is shown to have an unique solution of the form
u(t, x, µ) = u0(X(0, t, x, µ)) ∈ Cmin{s,k}, where X(s, t, x, µ) := γ(s) ∈ Ck and where γ is

4



the solution of the characteristic systems of ordinary differential equations{
γ̇(s) = V (s, γ(s), µ),
γ(t) = x.

The unique solution u is then approximated by approximating u0 and X by using the
resembling of B-spline approximation with ReLU neural networks from Chapter 2, re-
spectively, and using the output of the network approximating X as input for the one
approximating u0 [45]. No exponential dependence on the input dimension appears as
the method of characteristics doesn’t suffer from the curse of dimensionality, which is
resembled here.

Similar statements are sketched for the non-homogeneous parametric linear transport
equation, so with right-hand side f(t, x, µ) ∈ Cs′ for s′ ∈ N in (1.4). The unique solution
u ∈ Cmin{s,s′,k} is then of the form u(t, x, µ) = u0(X(0, t, x, µ))+

∫ t
0 f(s,X(s, t, x, µ), µ)ds,

so additionally the integral has to be approximated using ReLU neural networks [45].
Section 6.2 studies the linear Kolmogorov PDE with affine linear diffusion and drift,

so {
∂tu(t, x) =

1
2 tr
(
σ(x)σ(x)T∇2

xu(t, x)
)
+ ⟨µ(x),∇xu(t, x)⟩

u(0, x, ) = u0(x),
(1.5)

for t ∈ [0, T ] and x ∈ Rd, where ∇x and ∇2
x denote the gradient and Hessian with

respect to x, respectively and where d ∈ N and T > 0 and initial value u0 ∈ C(Rd,R),
µ ∈ C(Rd,Rd) (drift coefficeint) and σ ∈ C(Rd,Rd×d) (diffusion coeffcient) are given. It
is stated that there exists a unique so-called viscosity solution for (1.5) and that if u0
can be approximated well by a ReLU neural network, also the unique viscosity solution
can be approximated on a cube [u, v]d with respect to the squared L2-norm on [u, v]d

scaled by (v − u)−d up to ε > 0 without the curse of dimensionality [8, 30]. The proof
is based on the Feynman-Kac formula (which establishes a link between parabolic PDEs
and stochastic processes) and, as in Chapter 5, a random sampling approach.

As a special case, for the Black-Scholes equation in option pricing, where u0(x) =
min{max{D − yTx, 0}, D} for given D > 0 and y ∈ Rd, is treated.

5





2 Neural network approximation and the curse
of dimensionality

In this chapter neural networks and their realisation are defined.
Additionally, it is shown, how neural networks can be connected with each other and

that ReLU neural networks are as good as B-splines in the task of approximating smooth
functions.

Moreover, ReLU neural networks are shown to be able to exactly emulate the linear
finite element method.

Lastly, the in the introduction mentioned curse of dimensionality is explicitly stated.

2.1 Definitions of neural networks and operations with neural
networks

The definitions given in this chapter are stated mostly as in [64], where this formalism
was developed. Starting with the definition of the objects in scope of this thesis: neural
networks, their size and for given activation function their realisation.

Definition 2.1.1. Let d, L ∈ N. A neural network Φ with input dimension d and L
layers is a sequence of matrix vector tuples

Φ =
(
(A1, b1), (A2, b2), . . . , (AL, bL)

)
where N0 := d, N1, . . . , NL ∈ N, Aℓ ∈ RNℓ×Nℓ−1 and bℓ ∈ RNℓ for ℓ = 1, . . . , L. More-
over, NL is called output dimension of a neural network Φ and the vector A(Φ) :=
(d,N1, . . . , NL) ∈ NL+1 is called architecture of Φ.

For a neural network Φ and a given activation function ρ : R → R the realisation of
the neural network Φ is defined as

R(Φ) : Rd → RNL : x 7→ xL := R(Φ)(x),

where the output xL ∈ RNL results from

x0 := x,

xℓ := ρ(Aℓxℓ−1 + bℓ) for ℓ = 1, . . . , L− 1,

xL := ALxL−1 + bL.

7



2 Neural network approximation and the curse of dimensionality

The activation function ρ is understood to act component-wise.

In order to make precise statements on the size of a given neural network Φ it is distin-
guished between the number of neurons N(Φ), number of layers (also called depth) L(Φ)
and number of weights M(Φ) given as

N(Φ) := d+
L∑

ℓ=1

Nℓ,

L(Φ) := L and

M(Φ) :=

L∑
ℓ=1

(
∥Aℓ∥0 + ∥bℓ∥0

)
≤

L∑
ℓ=1

(Nℓ ·Nℓ−1 +Nℓ),

where ∥·∥0 denotes the number of non-zero entries of a matrix or vector.
The layers in a neural network, which are not the input or ouput layer are called hidden
layers, the number of hidden layers of a neural network Φ is therefore L(Φ) − 1. Net-
works with one hidden layer, so L(Φ) = 2, are called shallow neural networks and the
realizations of such networks have the form

x 7→
N∑
i=1

(
ciρ(⟨ai, x⟩+ bi)

)
+ e,

where N := N1 ∈ N is the number of neurons in the hidden layer and bi, ci, e ∈ R and
ai ∈ Rd for 1 ≤ i ≤ N . Neural networks with more than one hidden layer are called deep
neural networks. The illustration of a (deep) neural network is given in Figure 2.1.

Figure 2.1: Illustration of a neural network Φ with architecture A(Φ) = (3, 4, 4, 2), so
with 3 layers, 3 input neurons (green), 4 neurons in the 2 hidden layers,
respectively (gray) and 2 output neurons (red). Note that only at the neurons
in the hidden layers the activation function is applied.

In practice a specific, quite simple, piecewise linear activation function, the so-called
ReLU, is used very often.

8



2.1 Definitions of neural networks and operations with neural networks

Definition 2.1.2. The function ρ : R → R with

ρ(x) := (x)+ = max{0, x} =

{
x for x ≥ 0
0 else

is called rectified linear unit (short: ReLU).

The ReLU fulfills the property

x = ρ(x)− ρ(−x), (2.1)

so the identity function can be rebuild using the ReLU, compare to Lemma 2.3.5 in Sub-
section 2.3.1. Clearly the ReLU is idempotent, since ρ(ρ(x) = ρ(x) and the realisation of
a ReLU neural network is continuous and piecewise affine linear, see e.g. [18]. Moreover,
apart from 0, where the ReLU is not differentiable, the derivative is given by

ρ′(x) =

{
1 for x > 0
0 for x < 0

,

so in comparison to other often used activation functions like the logistic sigmoid function
γ(x) = 1

1+e−x or the hyperbolic tangent function tanhx, the ReLU is not saturated
and does therefore not suffer from vanishing gradients, compare to Section 3.10 in [29].
Lastly, it is, compared to the two functions mentioned above, very fast to compute, as
no exponential function is involved. A smoothened version of the ReLU is given via the
softplus function

µa =
log(1 + eax)

a

for a > 0, compare to [32]. For an overview and comparison of different activation
functions see [26, 9].

Remark 2.1.3. Comments to (ReLU) neural networks.

• In the literature, mostly in articles, there often is no clear distinction between
a neural network Φ and its realisation R(Φ), both are called “neural network”.
Typically, it is clear from the context, what is meant in the current situation.
However, at least in the Definitions, Lemmata, Propositions etc. in this thesis,
there is distinguished between the sequence of matrix vector tuples Φ and the
function R(Φ) in order to formulate precise statements.

• Each neural network uniquely induces a realisation function. However, in general
there can be multiple non-trivially different neural networks which induce the same
realisation function. This can be seen for example by looking at the neural network
Φ =

(
(A1, b1), . . . , (AL−1, bL−1), (0, bL)

)
. For every activation function and every

choice of (Aℓ, bℓ) for 1 ≤ ℓ ≤ L− 1 it holds that R(Φ) = bL. A deeper insight and
analysis in this respect for ReLU neural networks refer to [7].
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2 Neural network approximation and the curse of dimensionality

Prior to starting the analysis of approximation of functions with (realisations of -
compare to Remark 2.1.3 above) neural networks, elementary operations that one can
perform with given neural networks are defined. These operations are quite natural and
it is their meaning to “link” given neural networks in different ways.

Definition 2.1.4. Let L1, L2 ∈ N and let

Φ1 =
(
(A1

1, b
1
1), . . . , (A

1
L1
, b1L1

)
)

and Φ2 =
(
(A2

1, b
2
1), . . . , (A

2
L2
, b2L2

)
)

be two neural networks such that the input layer of Φ1 has the same dimension as the
output layer of Φ2. Then the concatenation of Φ1 and Φ2, denoted by Φ1 • Φ2, is the
following (L1 + L2 − 1)-layered neural network Φ1 • Φ2 :=(

(A2
1, b

2
1), . . . , (A

2
L2−1, b

2
L2−1), (A

1
1A

2
L2
, A1

1b
2
L2

+ b11), (A
1
2, b

1
2), . . . , (A

1
L1
, b1L1

)
)
. (2.2)

It holds that

R(Φ1 • Φ2) = R(Φ1) ◦R(Φ2), (2.3)

where ◦ denotes the composition of two functions. For an illustration of the concatenation
of two neural networks see Figure 2.2.

Figure 2.2: Top: Two neural networks Φ1 (right) and Φ2 (left), where the input layer of
Φ1 has the same dimension as the output layer of Φ2.
Bottom: The concatenation of Φ1 and Φ2 according to Definition 2.1.4.

Definition 2.1.5. Let L, d1, d2 ∈ N and let

Φ1 =
(
(A1

1, b
1
1), . . . , (A

1
L, b

1
L)
)

and Φ2 =
(
(A2

1, b
2
1), . . . , (A

2
L, b

2
L)
)

10



2.1 Definitions of neural networks and operations with neural networks

be two neural networks with L layers and with d1-dimensional and d2-dimension input,
respectively. Moreover, let

Â1 :=

(
A1

1

A2
1

)
, b̂1 :=

(
b11
b21

)
, Ãℓ :=

(
A1

ℓ 0
0 A2

ℓ

)
and b̃ℓ :=

(
b1ℓ
b2ℓ

)
for 1 ≤ ℓ ≤ L.

For d1 = d2 =: d the parallelisation with shared inputs of Φ1 and Φ2, denoted by
P (Φ1,Φ2), is a neural network with L layers and d-dimensional input defined as

P (Φ1,Φ2) :=

((
Â1, b̂1

)
,
(
Ã2, b̃2

)
, . . .

(
ÃL, b̃L

))
.

For arbitrary d1, d2 ∈ N the parallelisation without shared inputs (also called full paral-
lelisation) of Φ1 and Φ2, denoted by FP (Φ1,Φ2), is a neural network with L layers and
d1 + d2-dimensional input defined as

FP (Φ1,Φ2) :=

((
Ã1, b̃1

)
, . . .

(
ÃL, b̃L

))
.

The parallelisation with and without shared inputs of two neural networks is visualised
in Figure 2.3 and it holds that

M(P (Φ1,Φ2)) =M(FP (Φ1,Φ2)) =M(Φ1) +M(Φ2), (2.4)

R(P (Φ1,Φ2))(x) = (R(Φ1)(x), R(Φ2)(x)) ∀x ∈ Rd and

R(FP (Φ1,Φ2))(x1, x2) = (R(Φ1)(x1), R(Φ
2)(x2)) ∀x1 ∈ Rd1 ,∀x2 ∈ Rd2 .

Figure 2.3: Left: Two neural networks Φ1 (top) and Φ2 (bottom) with the same depth
and input dimension.
Right: The parallelisation with shared inputs of Φ1 and Φ2 according to
Definition 2.1.5.
The parallelisation without shared inputs of Φ1 and Φ2 can be interpreted as
the neural network on the left side consisting of Φ1 and Φ2, so without any
connections between these two neural networks.
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2 Neural network approximation and the curse of dimensionality

2.2 Reapproximation of dictionaries

In this section the procedure of lifting theoretical approximation results (which do suffer
from the curse of dimensionality) for N -term approximation to theoretical results for
neural networks is shown, compare to Section 2.4 in [66]. In a nutshell, it will be seen
that if elements of a dictionary can be approximated well with neural networks, also
elements which can be approximated by a linear combinations of N elements out of
this dictionary can be approximated well with neural networks, with cN weights for a
constant c. This seems reasonable and not really surprising, as (affine) linear maps can
be easily realized with 1-layered neural networks. In order to proceed the definitions of
N -term approximation and the worst case error, a measurement for the error made using
N -term approximation, are given.

Definition 2.2.1. Let H be a normed space, (AN )N∈N a nested sequence (i.e. AN ⊂
AN+1 for every N ∈ N) of subsets of H and C ⊂ H. Then for N ∈ N the worst case
error when approximating every element of C by the closest element in AN , denoted by
σ(AN , C), is defined as

σ(AN , C) := sup
f∈C

inf
g∈AN

∥f − g∥H .

If it is not possible to compute σ(AN , C) precisely, but it is able to write

σ(AN , C) = O(h(N)) for N → ∞ (2.5)

for some h : N → R, then (AN )N∈N is said to achieve an approximation rate of h for C.

A natural example of nested sequences are sparse representations in a basis or a dic-
tionary.

Definition 2.2.2. Let D := (fi)
∞
i=1 be a dictionary (assuming that D contains only

countably many elements) and let

AN :=

{ ∞∑
i=1

aifi : ∥a∥0 ≤ N

}
. (2.6)

With AN like in (2.6), σ(AN , C) is called the best N -term approximation error of C with
respect to D. Here ∥a∥0 is the cardinality of {i ∈ N : ai ̸= 0}. Moreover, if h satisfies
(2.5) D is said to achieve a rate of best N -term approximation error of h for C.

Now all the needed tools and terms are available to formulate the statement mentioned
in the beginning of this section.

Theorem 2.2.3. Let d ∈ N, H ⊆ {f : Rd → R} be a normed space, ρ : R → R and
D = (fi)

∞
i=1 be a dictionary. Assume that there exist L, c ∈ N such that, for every i ∈ N

and every ε > 0, there exists a neural network Φε
i such that

L(Φε
i ) = L, M(Φε

i ) ≤ c and ∥R(Φε
i )− fi∥H ≤ ε. (2.7)

12



2.3 Function approximation with ReLU neural networks

For every C ⊂ H define AN as is (2.6) and define

BN := {R(Φ) : Φ is a neural network with L(Φ) = L and M(Φ) ≤ N}.

Then, for every C ⊂ H, it holds that σ(BcN , C) ≤ σ(AN , C).

Proof. Let a ∈ AN , so a =
∑N

j=1 ci(j)fi(j) and ε > 0. Then, by (2.7), it holds that there
exist neural networks (Φj)

N
j=1 such that

L(Φj) = L, M(Φj) ≤ c and ∥R(Φj)− f∥H ≤ ε

Nĉ
, where ĉ = max

j=1,...,N
|cj |. (2.8)

With Φc := (([ci(1), ci(2), . . . , ci(N)], 0)) and Φa,ε := Φc • P (Φ1,Φ2, . . . ,ΦN ) one yields,
using the triangle inequality and the approximation property in (2.8),

∥R(Φa,ε)− a∥H =

∥∥∥∥∥∥
N∑
j=1

ci(j)(fi(j) −R(Φj))

∥∥∥∥∥∥
H

≤
N∑
j=1

|ci(j)|
∥∥fi(j) −R(Φj)

∥∥
H

≤ Nĉ
ε

Nĉ
= ε.

Clearly, due to (2.8) and Definition 2.1.4,

L(Φa,ε) = L(Φc • P (Φ1,Φ2, . . . ,ΦN ) = 1 + L(P (Φ1,Φ2, . . . ,ΦN )− 1 = L

and, due to (2.8), Definition 2.1.4 and (2.4)

M(Φa,ε) =M(Φc • P (Φ1,Φ2, . . . ,ΦN )) =M(P (Φ1,Φ2, . . . ,ΦN ))

≤ N max
j=1,...,N

M(Φj) = Nc,

which proofs the claim.

Remark 2.2.4. For the moment it is not clear, why there should be dictionaries and
neural networks/activation functions such that condition (2.7) holds for all elements in
the underlying dictionary.

However, in Section 2.3 it is shown that for smooth functions on a nonempty and
bounded set assumption (2.7) holds for the dictionary of B-splines and ReLU neural
networks. Moreover, (2.7) holds for the dictionary of affine linear functions on a locally
convex mesh, where each function in the dictionary can be written as realisation of a
ReLU neural network, used for the finite element method, see Subsection 2.3.2.

Various other combinations of dictionaries and activation functions for which (2.7)
holds can be found on p.27 in [71].

2.3 Function approximation with ReLU neural networks

In this section it will be shown that assumption (2.7) in Theorem 2.2.3 holds for for the
dictionary of multivariate B-splines for ReLU neural networks, see Subsection 2.3.1. This
was first shown in Lemma 1 in [84] and is presented here as a summarized version of [66].

13



2 Neural network approximation and the curse of dimensionality

Together with a result about the best N -term approximation with multivariate B-
splines (see [63]) quantitative approximation results for neural networks, which show the
curse of dimensionality, are derived. Additionally in this section, ReLU specific network
operations, which will be used in several proofs in upcoming chapters, will be defined
and some properties of them are shown.

In Subsection 2.3.2 it is shown how the linear finite element method can be realized
by using ReLU neural networks, based on [34].

2.3.1 Emulation of B-Spline approximation and ReLU calculus

Definition 2.3.1. The univariate cardinal B-spline on [0, k] of order k ∈ N is defined as

Nk(x) :=
1

(k − 1)!

k∑
ℓ=0

(−1)ℓ
(
k

ℓ

)
(x− ℓ)k−1

+ , (2.9)

with (x)+ := max{0, x} and the convention 00 = 0.
For t ∈ R and ℓ ∈ N defining Nℓ,t,k := Nk(2

ℓ(−̇t)), so shifted and scaled splines. For
d ∈ N, ℓ ∈ N and t = (t1, . . . , td) ∈ Rd the multivariate B-splines is defined by

Nd
ℓ,t,k(x) :=

d∏
i=1

Nℓ,ti,k(xi) for x = (x1, . . . , xd) ∈ Rd. (2.10)

For d ∈ N the dictionary of dyadic B-splines of order k is given by

Bk := {Nd
ℓ,tℓ,k

| ℓ ∈ N, tℓ ∈ 2−ℓZd}. (2.11)

Clearly suppNk = [0, k], and one can show that ∥Nk∥∞ ≤ 1, see [78].

The following (simplified version of a) statement about best N -term approximation
with multivariate B-Splines from Oswald, published in [63], is stated without proof. The
given domain there is [0, 1]d for some d ∈ N , but the statement also holds for any other
given cube in Rd or more general, for any nonempty and bounded set in Rd, compare to
Remark 2.3.12 underneath.

Theorem 2.3.2. Let d, k ∈ N, p ∈ [1,∞] and 0 < s ≤ k. Then exists a constant C > 0
such that for every f ∈ Cs([0, 1]d), every δ > 0 and every N ∈ N there exists ci ∈ R with
|ci| ≤ C ∥f∥∞ and Bi ∈ Bk for i = 1, . . . , N such that∥∥∥∥∥f −

N∑
i=1

ciBi

∥∥∥∥∥
Lp([0,1]d)

≤ CN
δ−s
d ∥f∥Cs([0,1]d) .

In particular, for {f ∈ Cs([0, 1]d) : ∥f∥Cs([0,1]d) ≤ 1} one sees that Bk achieves a rate of

best N -term approximation error of order N
δ−s
d for every δ > 0.
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2.3 Function approximation with ReLU neural networks

In order to rebuild 2.9 monomials need to be approximated by ReLU neural networks.
This is done via concatenations of saw-tooth functions and an estimation from Yarotsky
published in [93]. There it is shown that the square function x 7→ x2 (and therefore
also polynomials) can be approximated by realisations of sufficiently deep ReLU neural
networks.

Now starting with the mentioned saw-tooth functions and their efficient construction
with ReLU neural networks

Lemma 2.3.3. Let Φ∧ :=
(
(A1, b1), (A2, 0)

)
be a ReLU neural network where

A1 :=

 2
2
2

 , b1 :=

 0
−1
−2

 and A2 := (1,−2, 1).

Then

R(Φ∧)(x) = ρ(2x)− 2ρ(2x− 1) + ρ(2x− 2)

is a hat function on [0, 1], equals to 0 on [0, 1]c and it holds that A(Φ∧) = (1, 3, 1),
L(Φ∧)=2 and M(Φ∧) = 8.

Proof. One immediately notes that L(Φ∧)=2, M(Φ∧) = 8 and that the architecture of
Φ∧ is as written in the formulation of the Lemma above.
Let x ≤ 0, then R(Φ∧) = 0− 2 · 0 + 0 = 0.
Let x ∈ (0, 12 ], then R(Φ∧) = 2x− 2 · 0 + 0 = 2x.
Let x ∈ (12 , 1), then R(Φ∧) = 2x− 2(2x− 1) = 1− 2x.
Let x ≥ 1, then R(Φ∧) = 2x− 2(2x− 1) + (2x− 2) = 0.

The composition of R(Φ∧) with itself is particularly interesting. It holds that

Fn := R(Φ∧ • · · · • Φ∧︸ ︷︷ ︸
n−times

) = R(Φ∧) ◦ · · · ◦R(Φ∧)︸ ︷︷ ︸
n−times

(2.12)

is a saw-tooth function on [0, 1] with 2n−1 hats of width 1
2n−1 = 21−n and height 1 each,

see Figure 2.4 This result was published by Telgarsky in [85] and is stated here without
proof.

The key observation from Yarotsky in [93] is that the map x 7→ x2 on [0, 1] can be
approximated by linear combinations of the identity function and the functions F1, . . . FN

with Fn as in (2.12) for 1 ≤ n ≤ N , see Figure 2.5. The proof is omitted here.

Proposition 2.3.4. Let x ∈ [0, 1] and N ∈ N . Then the following holds:∣∣∣∣∣x2 − x+

N∑
n=1

Fn(x)

22n

∣∣∣∣∣ ≤ 2−2(N+1). (2.13)

In order to describe the main ideas of the upcoming proof in this section, two more
(ReLU specific) features are needed, they are cited here as in [64]. First, it is shown that
with ReLU neural networks the identity function on Rd can be rebuild exactly.
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2 Neural network approximation and the curse of dimensionality

Figure 2.4: Visualisaton of R(Φ∧) = F1 (black, hat function) and its compositions with
itself R(Φ∧•Φ∧) = R(Φ∧)◦R(Φ∧) = F2 (red, saw-tooth function with 21 = 2
hats), F3 (green, 22 = 4 hats) and F4 (gray, 23 = 8 hats).

Lemma 2.3.5. Let d ∈ N and Φid :=
(
(A1, 0), (A2, 0)

)
be a ReLU neural network where

A1 :=

(
IdRd

−IdRd

)
and A2 := (IdRd ,−IdRd).

Then R(Φid) = IdRd .

Proof. Let x ∈ Rd, then R(Φid)(x) =

 ρ(x1)− ρ(−x1)
...

ρ(xd)− ρ(−xd)

 =

 x1
...
xd

 = x, see (2.1).

Remark 2.3.6. The lemma above can be generalized to yield emulations of the identity
function with arbitrary numbers of layers. Let d ∈ N and L ∈ N with L ≥ 2, then the
neural network

Φid
d,L :=

(((
IdRd

−IdRd

)
, 0)

)
, (IdR2d , 0), . . . , (IdR2d , 0)︸ ︷︷ ︸

L−2 times

, ((IdRd ,−IdRd), 0)

)

fulfills R(Φid
d,L) = IdRd and clearly L(Φid

d,L) = L and by counting M(Φid
d,L) = 2Ld.

The second needed ReLU specific feature is a different kind of concatenation of ReLU
networks, in order to control the number of resulting weights.
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2.3 Function approximation with ReLU neural networks

Figure 2.5: Approximation of the square function (black) with linear combinations
HN (x) := x −

∑N
n=1 Fn(x)/2

2n, compare to (2.13). H0 is shown in blue,
H1 in red and H2 in green. Note that the functions HN can be approximated
by ReLU neural network, see Proposition 2.3.9.

Definition 2.3.7. Let L1, L2 ∈ N and let

Φ1 =
(
(A1

1, b
1
1), . . . , (A

1
L1
, b1L1

)
)

and Φ2 =
(
(A2

1, b
2
1), . . . , (A

2
L2
, b2L2

)
)

be two ReLU neural networks such that the input layer of Φ1 has the same dimension as
the ouput layer of Φ2. Let Φid as in Lemma 2.3.5, then the sparse concatenation of Φ1

and Φ2 is defined as

Φ1 ⊙ Φ2 := Φ1 • Φid • Φ2.

Remark 2.3.8. Comments to Definition 2.3.7.

• With Φ1 and Φ2 as in the Definition above, the following properties are fulfilled:

1) R(Φ1 ⊙ Φ2) = R(Φ1) ◦R(Φ2), (2.14)

2) L(Φ1 ⊙ Φ2) = L(Φ1) + L(Φ2) and (2.15)

3) M(Φ1 ⊙ Φ2) ≤ 2M(Φ1) + 2M(Φ2). (2.16)

• In comparison to the concatenation defined as in Definition 2.1.4 the sparse con-
catenation for ReLU neural networks has one layer more, but the number of weights

17



2 Neural network approximation and the curse of dimensionality

in the resulting network grows only linearly (and not probably quadratic as in the
“normal” concatenation, see underneath) in the number of weights of the concate-
nated ReLU neural networks. For N ∈ N consider the case

Φ := Φ1 := Φ2 :=
(
(A1, 0), (A2, 0)

)
with A1 := (1, . . . , 1)T ∈ RN×1 and A2 := (1, . . . , 1) ∈ R1×N . Then clearly
M(Φ) = 2N and Φ • Φ =

(
(A1, 0), (A1A2, 0), (A2, 0)

)
by Definition 2.1.4, where

A1A2 ∈ RN×N and each entry in A1A2 equals to 1. Comparing now the “normal”
concatenation with the sparse concatenation yields

M(Φ • Φ) = N +N2 +N = N2 + 2N, but M(Φ⊙ Φ) ≤ 2 · 2N + 2 · 2N = 8N.

For a visualisation of the sparse concatenation compared to the “normal” concate-
nation see Figure 2.6.

Figure 2.6: Top: Two neural networks Φ1 (right) and Φ2 (left), where the input layer of
Φ1 has the same dimension as the output layer of Φ2.
Middle: The sparse concatenation of Φ1 and Φ2 according to Definition
2.3.7, where the dotted line represents the intercalated network Φid from
Lemma 2.3.5.
Bottom: The “normal” concatenation of Φ1 and Φ2 according to Definition
2.1.4.

In order to achieve the desired goal for this subsection by ReLU neural networks, to
approximate B-splines, following the idea of Yarotsky, a statement for the approximation
of the map x 7→ x2 (Proposition 2 in [93]) is given.
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2.3 Function approximation with ReLU neural networks

Proposition 2.3.9. Let ε ∈ (0, 12). Then there exists a ReLU neural network Φsq,ε such
that for all x ∈ [0, 1] and for ε→ 0

L(Φsq,ε) = O
(
log2

(
1

ε

))
,

M(Φsq,ε) = O
(
log22

(
1

ε

))
and∣∣R(Φsq,ε)− x2

∣∣ ≤ ε.

Proof (sketch). Choosing N := ⌈− log2(ε)
2 ⌉ yields, that for all x ∈ [0, 1] due to (2.13) holds

that ∣∣∣∣∣x2 − x+

N∑
n=1

Fn(x)

22n

∣∣∣∣∣ ≤ ε.

Therefore a network with realisation is x−
∑N

n=1
Fn(x)
22n

is constructed in two steps:
Step 1: Constructing N neural networks with same length N + 1 and realisation Fn

for 1 ≤ n ≤ N as follows:

Φn := Φid
1,N−n ⊙ Φ∧ • · · · • Φ∧︸ ︷︷ ︸

n−times

.

Step 2: Constructing a neural network which assigns the correct factors to each term
in x−

∑N
n=1

Fn(x)
22n

and rebuilds the sum:

Φsq,ε :=

((
1,−2−2, . . . ,−2−2N

)
, 0

)
⊙ P (Φid

1,N+1,Φ1, . . . ,ΦN ),

then per construction R(Φsq,ε) = x−
∑N

n=1
Fn(x)
22n

.
The properties for L(Φsq,ε) and M(Φsq,ε) follow from (2.15) and (2.16).

The Proposition above shows a way of emulating x 7→ x2, and therefore also x 7→ x2+,
by ReLU neural networks. Using the identity

2x1x2 =(x1 + x2)
2 − x21 − x22 (2.17)

=(x1 + x2)
2
+ + (−x1 − x2)

2
+ − (x1)

2
+ − (−x1)2+ − (x2)

2
+ − (−x2)2+

for x = (x1, x2) ∈ R2 yields that on [−K,K] for K ∈ N there exists a neural network
Φmult,p,ε that approximates the multiplication

∏d
i=1 xi on [−K,K]d with precision ε ∈

(0, 12) (see Proposition 3 in [93]), with

L(Φmult,p,ε) = O
(
log2(K) · log2

(
1

ε

))
and (2.18)

M(Φmult,p,ε) = O
(
log2(K) · log22

(
1

ε

))
. (2.19)
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2 Neural network approximation and the curse of dimensionality

Clearly (choosing x1 = x2 = · · · = xd =: x) also a neural network Φpow,p,ε that approxi-
mates the powers xp (and xp+) for p ∈ N on [−K,K] up to ε ∈ (0, 12) exists, with number
of layers and weights of the same order.

Using Φpow,p,ε it is possible to rebuild cardinal B-splines of arbitrary order to arbitrary
precision, as it is stated underneath.

For proofs of these three statements (approximation of multiplication, powers and
B-splines, respectively) see Propositions 3.16-3.18 in [66].

Proposition 2.3.10. Let d, k, ℓ ∈ N, k ≥ 2, t ∈ Rd and ε ∈ (0, 12). Then there exists a
ReLU neural network Φd

ℓ,t,k,ε such that for all x ∈ Rd and for ε→ 0

L(Φd
ℓ,t,k,ε) = O

(
log2

(
1

ε

))
, (2.20)

M(Φd
ℓ,t,k,ε) = O

(
log22

(
1

ε

))
and (2.21)∣∣∣R(Φd

ℓ,t,k,ε)−Nd
ℓ,t,k

∣∣∣ ≤ ε. (2.22)

Proof (sketch). It is sufficient to show the statement for ℓ = 0 and t = 0. Defining a
neural network Φk,δ that rebuilds Nk as given in (2.9), so for δ > 0

Φk,δ :=

(
(S1, 0)

)
⊙ FP

(
Φpow,k−1,δ, . . . ,Φpow,k−1,δ︸ ︷︷ ︸

(k+1)−times

)
⊙
(
(A1, b1), (IdRk+1 , 0)

)
, where

S1 :=

(
1

(k − 1)!

((
k

0

)
,−
(
k

1

)
, . . . (−1)k

(
k

k

))
, 0

)
,

A1 := (1, . . . , 1)T ∈ Rk+1 and b1 := (0,−1, . . . ,−k)T .

Then it is possible to find δε > 0 such that for x ∈ [−k − 1, k + 1]∣∣∣R(Φk,δε)(x)−Nk(x)
∣∣∣ ≤ ε

4d2d−1
.

To extend the approximation property of Φk,δε from [−k − 1, k + 1] to R defining

Φcut :=

((
(1, 1, 1, 1)T , (1, 0,−k,−k − 1)

)
,
(
(1,−1,−1, 1), 0

))
,

which is a piecewise linear spline fulfilling R(Φcut) = 1 on [0, k], vanishing on [−1, k+1]c

and being non-negative and bounded by 1, compare to Figure 2.7. With

Φ̃k,δ := Φmult,d,ε/(4d2d−1) ⊙ P (Φk,δε ,Φ
id
1,L(Φk,δε )−2 ⊙ Φcut)

follows for x ∈ R ∣∣∣R(Φ̃k,δε)(x)−Nk(x)
∣∣∣ ≤ ε

2d2d−1
.
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2.3 Function approximation with ReLU neural networks

Figure 2.7: Visualization of R(Φcut) for k = 5.

Now defining the desired neural network, Φd
0,0,k,ε rebuilding Nd

0,0,k(x) =
∏d

j=1Nk(xj),
see (2.10), as

Φd
0,0,k,ε := Φmult,d,ε/2 ⊙ FP

(
Φ̃k,δε , . . . , Φ̃k,δε︸ ︷︷ ︸

d−times

)
,

then one can show (inserting
∏d

j=1R(Φ̃k,δε)(xj) and using the triangle inequality) that
for x ∈ Rd it holds that ∣∣∣R(Φd

0,0,k,ε)−Nd
0,0,k

∣∣∣ ≤ ε,

which yields (2.22). Properties (2.20) and (2.21) follow from (2.15) and (2.16).

It was shown above in Proposition 2.3.10 that B-splines can be approximated arbitrary
well by ReLU neural networks. In other words: (2.7) in Theorem 2.2.3 holds also for the
dictionary Bk with ReLU neural networks. Combining this with Theorem 2.3.2 yields
the following statement:

Theorem 2.3.11. Let d ∈ N, s > δ > 0 and p ∈ [1,∞]. Then there exists a constant
C > 0 such that for every f ∈ Cs([0, 1]d) with ∥f∥Cs([0,1]d) ≤ 1 and every ε ∈ (0, 12) there
exists a ReLU neural network Φ fulfilling

L(Φ) ≤ C log2

(
1

ε

)
, (2.23)

M(Φ) ≤ Cε−
δ−s
d and (2.24)

∥f −R(Φ)∥Lp([0,1]d) ≤ ε. (2.25)

Proof (sketch). Let f ∈ Cs([0, 1]d) with ∥f∥Cs([0,1]d) ≤ 1 and s > δ > 0. By Theorem
2.3.2 there exists a constant C ′ > 0 and, for every N ∈ N , there exists ci ∈ R with
|ci| ≤ C ′ and Bi ∈ Bk for i = 1, . . . , N and k := ⌈s⌉ such that∥∥∥∥∥f −

N∑
i=1

ciBi

∥∥∥∥∥
Lp[0,1]d)

≤ C ′N
δ−s
d . (2.26)

With C := max{1, C ′}, (2.26) also holds with C instead of C ′. By Proposition 2.3.10 each
spline Bi can be approximated up to an error of N

δ−s
d /(CN) with a neural network Φi
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2 Neural network approximation and the curse of dimensionality

with L(Φi) = O(log2

(
N

δ−s
d /(CN)

)
) = O(log2 (N)) andM(Φi) = O(log22

(
N

δ−s
d /(CN)

)
) =

O(log22 (N)) for N → ∞. With

ΦN
f := ((c1, . . . , cN ), 0) • P (Φ1, . . . ,ΦN )

it holds for N → ∞ that L(ΦN
f ) = O(log2 (N)) and M(ΦN

f ) = O(N log22 (N)). Moreover,

∥∥f −R(ΦN
f )
∥∥
Lp([0,1]d)

≤

∥∥∥∥∥f −
N∑
i=1

ciBi

∥∥∥∥∥
Lp([0,1]d)︸ ︷︷ ︸

≤CN
δ−s
d , see (2.26)

+

∥∥∥∥∥
N∑
i=1

ciBi −R(ΦN
f )

∥∥∥∥∥
Lp([0,1]d)

≤ CN
δ−s
d +

N∑
i=1

∥∥ciBi −R(ΦN
f )
∥∥
Lp([0,1]d)︸ ︷︷ ︸

≤∥·∥
L∞([0,1]d)

=∥·∥∞ on [0,1]d

≤ CN
δ−s
d +

N∑
i=1

∥∥ciBi −R(ΦN
f )
∥∥
∞︸ ︷︷ ︸

≤N
δ−s
d /(CN), under (2.26)

≤ CN
δ−s
d +N · N

δ−s
d

CN︸ ︷︷ ︸
=N

δ−s
d /C

=
(
C +

1

C

)
︸ ︷︷ ︸

≤C+1

N
δ−s
d ≤ (C + 1)N

δ−s
d ,

choosing N = Nε := ⌈
(

ε
C+1

) d
δ−s ⌉ yields (2.25). For estimates of L(ΦNε

f ) and M(ΦNε
f ),

so (2.23) and (2.24), see the proof of Theorem 3.19 in [66].

Remark 2.3.12. Features of the result given in Theorem 2.3.11.

• With increasing smoothness of the functions, ReLU networks with fewer weights
are needed to achieve a certain approximation accuracy. This can be probably
seen easier if one rewrites the needed weights in the statement above as M(Φε) ≤
Cε−

d
s−δ , for larger s this is a smaller number.

• It can be shown that Theorem (2.3.11) holds for δ = 0, but with

M(Φ) ≤ Cε−
0−s
d log2

(
1

ε

)
= Cε−

d
s log2

(
1

ε

)
,

weights and also for f ∈ Cs([−K,K]d) for K > 0, f ∈ Cs(BK(0)) (where BK(0)
denotes the closed ball with radius K around 0 in Rd) for K > 0 or, more general
for f ∈ Cs(Ω) for nonempty and bounded Ω ⊂ Rd but with C depending on K or
Ω, respectively, see [45, 93] where Taylor approximation instead of approximation
with B-splines is used. This fact will be used later on in various proofs.
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2.3 Function approximation with ReLU neural networks

• In order to achieve certain accuracy for fixed s and fixed (or ignored) δ, one needs
M = O(ε−d) weights, so there is an exponential dependence on the input-dimension
d: the previously introduced curse of dimensionality.

A second approximation method, the linear finite element method, is rebuilt exactly
by ReLU neural networks in the upcoming subsection.

2.3.2 Linear finite elements and ReLU neural networks

In order to show that the linear finite element method can be emulated by ReLU neural
networks [34] a special type of considered meshes on a compact subset of Rd are defined.

Definition 2.3.13. Let d ∈ N and Ω ⊂ Rd be compact. A set T ⊂ P(Ω), fulfilling

• T = (πi)
MT
i=1 for MT ≥ 2, where each πi is a d-simplex, which is the convex hull of d+ 1

affinely independent points, denoted by co(πi),

•
MT⋃
i=1

co(πi) = Ω and

• (πi ∩ πj) ⊂ (∂πi ∩ ∂πj) is an n-simplex with n < d for every i ̸= j,

is called simplicial mesh of Ω. For 1 ≤ i ≤ MT the d-simplices πi are called cells of
the mesh T and the extremal points of πi are called nodes of the mesh T . The set of
all nodes is denoted by (µk)

MN
k=1. In order to prevent degenerated meshes, additionally

assuming that if a node is in a cell, so µk ∈ πi for some 1 ≤ i ≤ MT and 1 ≤ k ≤,MN ,
then the node µk is an extremal point of the cell πi. Moreover, assuming MT ≥ 2, so
π1 ⊊ Ω.

For a given mesh T = (πi)
MT
i=1 defining the linear finite element space

VT := {f ∈ C(Ω) : f |πi affine linear for i = 1, . . . ,MT }.

Clearly, an affine linear function from (a subset Ω of) Rd → R is uniquely defined
through values on d + 1 linearly independent points. Therefore, for a given mesh T =
(πi)

MT
i=1 , every f ∈ VT is uniquely defined through the function values at the nodes, so

through (f(µk))
MN
k=1. The other way round, for every choice of (yk)

MN
k=1 there exists a

f ∈ VT such that f(µk) = yk for 1 ≤ k ≤MN .
For 1 ≤ k ≤ MN defining the Courant elements ϕk,T ∈ VT to be those functions that

satisfy

ϕk,T (µℓ) = δk,ℓ. (2.27)

Then the following (compare to (3.3) in [34]) holds:

Lemma 2.3.14. Let d ∈ N and T be a simplicial mesh of compact Ω ⊂ Rd. Then for
every f ∈ VT in holds that

f =

MN∑
k=1

f(µk)ϕk,T . (2.28)
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2 Neural network approximation and the curse of dimensionality

Figure 2.8: Visualization of a simple non-degenerated (left) and degenerated (right) sim-
plicial mesh on a square in R2 as defined in Definition 2.3.13, where the cells
are triangles. The nodes of the mesh are shown as crosses. The red node of
the right mesh makes the mesh degenerated, as it is a node of the right and
bottom triangular cell, but not of the bigger triangular cell in the upper left
corner. The left mesh is locally convex according to Definition 2.3.15, the
right mesh is not locally convex due to the blue marked nodes, as the union
of the cells where these nodes are part of, respectively, are not convex sets.

Figure 2.9: Visualization of two Courant for the simplicial mesh given on the left-hand
side in Figure 2.8.

Therefore, a ReLU neural network with realisation f ∈ VT can be constructed, if for
1 ≤ k ≤ MN every Cournot element ϕk,T can rebuild with a ReLU neural network.
In order to rebuild the Cournot elements as realisation of a ReLU neural network, an
additional assumption on the mesh has to be made. Moreover, for the sake of convenience
two more sets are defined.

Definition 2.3.15. A mesh T = (πk)
MT
k=1 is called locally convex, if for every node µi with

1 ≤ i ≤MN it holds that the union of all cells containing this node, so ∪{πk : µi ∈ πk},
is convex.

For 1 ≤ k, ℓ ≤MN defining

F (k) := {i ∈ {1, . . . ,MT } : µk ∈ πi}, the set of indices of the cells containing µk, and
H(i, k) := {µℓ ∈ πi : µℓ ̸= µk}, the set of all nodes in cell πi except µk for 1 ≤ i ≤MT .

The mesh given in Figure 2.8 on the left-hand side is locally convex.

24



2.3 Function approximation with ReLU neural networks

Now one can show that the following holds (see Lemma 3.1 in [34], where also the
proof is stated):

Lemma 2.3.16. Let d ∈ N and T be a locally convex simplicial mesh of compact Ω ⊂ Rd.
Then, for every 1 ≤ k ≤MN , it holds that

ϕk,T = max
{
0, min

ℓ∈F (k)
gℓ

}
, (2.29)

where gℓ is the unique affine linear map with gℓ(µi) = 0 for µi ∈ H(ℓ, k) and gℓ(µk) = 1.

Now it is possible to rebuild the Cournot elements with ReLU neural networks using
(2.29) and a clever construction to rebuild the min-operation (see Theorem 3.1 in [34]):

Theorem 2.3.17. Let d ∈ N and T be a locally convex simplicial mesh of compact
Ω ⊂ Rd. Let kT denote the maximum number of neighbouring cells of the mesh, so

kT := max
1≤k≤MN

#F (k). (2.30)

Then there exists a constant C > 0 such that, for every 1 ≤ k ≤ MN , there exists a
ReLU neural network ΦT

k with

L(ΦT
k ) = ⌈log2(kT )⌉+ 2, (2.31)

M(ΦT
k ) ≤ C · (kT + d)kT (⌈log2(kT )⌉) and (2.32)

R(ΦT
k ) = ϕk,T . (2.33)

Proof. Constructing a network with realisation (2.29): One observes that, for x, y ∈ R,

min{x, y} =
x+ y

2
− |x− y|

2
=

1

2
(ρ(x+ y)− ρ(−x− y)− ρ(x− y)− ρ(y − x)).

Therefore, the neural network Φmin,2 :=
(
(A1, 0), (A2, 0)

)
with

A1 :=


1 1
−1 −1
1 −1
−1 1

 and A2 :=

(
1

2
,−1

2
,−1

2
,−1

2

)

yields R(Φmin,2)(x, y) = min{x, y}, with L(Φmin,2) = 2 and M(Φmin,2) = 12. The neural
network Φmin,2 is shown in Figure 2.10.

Now with a binary tree construction for p ∈ N even considering the networks

Φ̃min,p := FP (Φmin,2, . . . ,Φmin,2︸ ︷︷ ︸
p
2
-times

),

for p uneven adding an artificial 0 at the input. One notes that in the first layer of Φ̃min,p

the number of neurons is bounded by 4 · p
2 = 2p. For p = 2q and q ∈ N defining

Φmin,p := Φ̃min,2 • Φ̃min,22 • · · · • Φ̃min,p,
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2 Neural network approximation and the curse of dimensionality

Figure 2.10: Visualization of the neural network Φmin,2.

see Figure 2.11. Now clearly R(Φmin,p)(x1, . . . , xp) = min{x1, . . . , xd}. If p is not a power
of 2, a small adaption in the binary tree construction is necessary, which is omitted here.
One counts that L(Φmin,p) = ⌈log2(p)⌉ + 1 and by construction each layer (apart from
the input layer) of Φmin,p has less than 2p neurons. Also by construction all affine maps
appearing in the construction of Φmin,p are linear, so

Φmin,p =
(
(B1, 0), . . . , (BL(Φmin,p), 0)

)
. (2.34)

Figure 2.11: Visualization of the neural network Φmin,8, where each of the blue squares
does not display a neuron but the neural network Φmin,2 shown in Figure
2.10.

For 1 ≤ ℓ ≤ MN each of the maps gℓ in (2.29) is affine, so has the form gℓ(x) =
⟨aℓ, x⟩ + bℓ with aℓ ∈ Rd, bℓ ∈ R. For 1 ≤ k ≤ MN let Φaff

k be the one-layered neural
network defined as

Φaff
k := P

(
((aT1 , b1)), ((a

T
2 , b2)), . . . , ((a

T
#F (k), b#F (k)))

)
,

with d-dimensional input and #F (k)-dimensional output, compare to Figure 2.12.
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2.3 Function approximation with ReLU neural networks

Figure 2.12: Visualization of the one-layered neural network Φaff
k with input dimension

d = 3 and output dimension #F (k) = 5, whose realisation is an affine map.

Finally, for p := #F (k) defining

ΦT
k :=

(
(1, 0), (1, 0)

)
• Φmin,p • Φaff

k ,

then by construction R(ΦT
k ) = max

{
0,minℓ∈F (k) gℓ

}
= ϕk,T , see (2.29). The neural

network
(
(1, 0), (1, 0)

)
is displayed in Figure 2.13. Moreover, L(ΦT

k ) = L(Φmin,p) + 1 =
⌈log2(p)⌉+ 2 =: L.

Figure 2.13: Visualization of the neural network
(
(1, 0), (1, 0)

)
. Next to the two neurons

in the hidden (gray) and output layer (red) the current realization after the
respective neuron for input x ∈ R is shown.

Also, by construction, the number of neurons in each layer, apart from the input layer,
is bounded by 2p. Due to (2.34) and the definition of concatenation (see (2.2)) it holds
that ΦT

k is of the form (
(C1, d1)), (C2, 0), . . . , (CL, 0)

)
,

with Cj ∈ RNj×Nj−1 for 1 ≤ j ≤ L and d1 ∈ Rp, where N0 = d and NL = 1. One follows

M(ΦT
k ) ≤ p+

L∑
j=1

(
∥Cj∥0

)
≤ p+

L∑
j=1

Nj−1Nj ≤ p+ dN1 +

L−1∑
j=2

Nj−1Nj +NL−1

and due to Nj ≤ 2p for 1 ≤ j ≤ L− 1

M(ΦT
k ) ≤ p+ 2dp+ (L− 2)(2p)2 + 2p = 3p+ 2dp+ (2p)2

(
⌈log2(p)⌉

)
.
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2 Neural network approximation and the curse of dimensionality

Due to the definition of kT , it holds that kT ≥ p for 1 ≤ k ≤ MN . Moreover, by
assumption on the mesh it holds thatMT ≥ 2, hence clearly kT ≥ 2 yielding ⌈log2(kT )⌉ ≥
1. It follows that

M(ΦT
k ) ≤ kT

(
3 + 2d+ 4kT (⌈log2(kT )⌉)

)
≤ CkT

(
d+ kT (⌈log2(kT )⌉)

)
≤ CkT (⌈log2(kT )⌉)(d+ kT ),

which was claimed.

Of course, one could ask, what happens with respect to the needed numbers of layers
and weights in the proof of the Theorem above using the sparse concatenation instead
of the “normal” concatenation to connect the constructed networks. One notes regarding
the layers, that there is no benefit in using the sparse concatenation, as the resulting
network would be have much more layers, compare (2.2) to (2.15). Nevertheless, the
number of resulting weights using the sparse concatenation would be less, see (2.16).

Now combining Lemma 2.3.14 and Theorem 2.3.17 yields that every continuous, piece-
wise linear function on a locally compact mesh with MN nodes can be represented as the
realisation of a neural network with CMN weights, where the constant C only depends
on the input dimension d and the maximum number of neighbouring cells kT .

Theorem 2.3.18. Let d ∈ N and T be a locally convex simplicial mesh of compact
Ω ⊂ Rd with nodes (µk)

MN
k=1. Let kT , as before (see (2.30)), denote the maximum number

of neighbouring cells of the mesh. Then there exists a constant C > 0 such that, for every
f ∈ VT , there exists a ReLU neural network Φf with

L(Φf ) = ⌈log2(kT )⌉+ 2,

M(Φf ) ≤ CMN · (kT + d)kT (⌈log2(kT )⌉) and

R(Φf ) = f.

Proof. For 1 ≤ k ≤MN let ΦT
k be as is the proof of Theorem 2.3.17. Defining

Φf :=
((
f(µ1), . . . , f(µMN

)
)
, 0)
)
• P
(
ΦT
1 , . . . ,Φ

T
MN

)
yields R(Φf ) =

∑MN
k=1 f(µk)ϕk,T = f , see (2.28). By construction and (2.31) it holds

that

L(Φf ) = 1 + L
(
P
(
ΦT
1 , . . . ,Φ

T
MN

))
− 1 = L(ΦT

1 ) = ⌈log2(kT )⌉+ 2.

The statement about the weights follows from (2.32) and the fact, that the mesh has MN

nodes.

Remark 2.3.19. Remarks to Theorem 2.3.18 and the finite element method.
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2.4 The curse of dimensionality

• One notes that for ReLU neural networks and the space VT assumption (2.7) in
Theorem 2.6 is fulfilled. Hence, whatever can be approximated by piecewise affine
linear, continuous functions with N degrees of freedom can be approximated to
the same accuracy by realisations of ReLU neural networks with C ·N degrees of
freedom, for a constant C > 0. Therefore, realisations of ReLU neural networks
achieve the same approximation rate as linear finite element spaces.

• The exponential dependence on the input dimension does not appear directly in the
number of needed weights in Theorem 2.3.18. However the maximum number of
neighbouring cells kT of the (locally convex simplicial) mesh T in compact Ω ⊂ Rd

grows exponentially in the input dimension d. Hence the curse of dimensionality is
existent, but somehow hidden in kT .

• A generalization of what is shown in this section for ReLU neural networks but for
higher-order finite elements can be found [62].

2.4 The curse of dimensionality

The curse of dimensionality is a term which was introduced by Bellman in the 1950s, see
[5]. It is commonly used to describe an exponentially increasing difficulty of problems
with increasing dimension.

The with input-dimension d exponentially deteriorating approximation rate for ReLU
neural networks was shown above in Theorem 2.3.11 and Theorem 2.3.18, compare to
Remarks 2.3.12 and 2.3.19. The first statement is based on approximation with B-splines,
see Theorem 2.3.2 from Oswald, which suffers from the curse of dimensionality, see [20].
The second approach resembles the linear finite element method, which also suffers from
the curse of dimensionality, see [4].

Way more general, it can be shown that every classical approximation method with
continuous parameter dependence (including spline approximation, the linear finite ele-
ment method and also approximation with neural networks) for high-dimensional func-
tion approximation suffers from the curse of dimensionality, see [61].

In fact, the approximation rates in Theorem 2.3.2 from Oswald are, apart from the
δ, optimal under some very reasonable assumptions on the approximation scheme, see
[19, 20].

Also the approximation rates achieved with neural networks are, without any additional
assumptions on the function or the setting, optimal, see [1].

Hence, there is a fundamental lower bound on approximation capabilities of all approx-
imation schemes that increases exponentially with the dimension, if there are no other
assumptions on the function to be approximated: the curse of dimensionality.

On an abstract level it was shown here in Chapter 2 that with deep enough neural net-
works it is possible to approximate Cs-functions as well as with classical approximation
schemes. However, at the moment it is not clear, why one should use neural networks
to approximate functions. There was until here no benefit shown compared to classical
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2 Neural network approximation and the curse of dimensionality

approximation tools, such as e.g. via B-splines. The exponential dependence on the
dimension occurs also for the neural network approach.

The important point is that under certain additional assumptions on the function to
approximate with neural networks, the dependence on the dimension is not as terrible
(meaning: not exponential in terms of the needed layers and weights), one says it is pos-
sible to “overcome the curse of dimensionality”. Which assumptions yield to overcoming
the curse of dimensionality for neural network approximation and to which extent will
be shown in the upcoming chapters.
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3 Hierarchical compositionality

In the examples for approximation of Cs-functions with for neural networks via approx-
imation of B-splines (Section 2.3) the appearing curse of dimensionality was already
noted.

If one now considers a d-dimensional function f as sum of 1-dimensional functions
s-times differentiable functions gi (i = 1, . . . , d), so

f(x) =
d∑

i=1

gi(xi), (3.1)

then f can be approximated using dO(ε−1/s) many weights, which is for ε → 0 asymp-
totically less than O(ε−d/s).

Therefore, it sounds reasonable that high-dimensional functions, which are somehow
“built” out of smooth lower-dimensional functions, can be approximated better (to be
exact: more efficient in terms of needed layers, neurons and weights) by neural networks
than high-dimensional function which do not have this structure. One theoretical frame-
work for this “built” is based on a special type of (directed, acyclic) graph, see Subsection
3.1.2 and the arising functions possess a hierarchical compositionality.

This idea was studied/reviewed in [70]. The most important basis for the theorems
and their proofs there are [54, 55]. In [70] neural networks are defined in a slightly
different way using ridge functions, meaning the neurons (there they are called nodes)
of the neural networks are considered to be linear combinations of ReLU-neurons, so for
x ∈ Rd, each node is of the form

∑r
i=1 ci(⟨x, ti⟩ + ai)+ for some r ∈ N, ci, ai ∈ R and

ti ∈ Rd. Therefore the proofs in [70] can’t be stated in this thesis in the way they are
stated there. Instead statements from Section 2.3 as in [66] are used. Additionally, in
[70] the idea is shown for infinitely often differentiable and non-polynomial activation
function, which are not treated in this thesis.

A different to (3.1) but also somehow compositional approach can be found in [25],
where functions of the the form

f(x) =
n∑

j=1

aj

d∏
i=1

gji (xi), (3.2)

for n, d ∈ N, x ∈ Rd, aj ∈ R and gji ∈ Cs(R) (1 ≤ j ≤ n and 1 ≤ i ≤ d) are considered.
Functions of form (3.2) arise as solutions of several classes of high-dimensional PDEs, see
[79]. Proposition 6.4 in [25] shows that these functions can be approximated by ReLU
neural networks without the curse of dimensionality. However, functions of type (3.2)
are not studied further on in this thesis.
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3 Hierarchical compositionality

Note that the smoothness of the functions which build the objective f is crucial.
One could argue that each continuous d-dimensional function is built out of 2d2 + d
one-dimensional and continuous functions. This statement is nowadays known as Kol-
mogorov–Arnold representation theorem. It is stated underneath and was proofed in the
1950s, see [43].

Theorem 3.0.1. For every d ∈ N there are 2d2+d univariate, continuous and increasing
functions ϕp,q (1 ≤ p ≤ d, 1 ≤ q ≤ 2d+ 1) such that for every f ∈ C([0, 1]d) and for all
x ∈ [0, 1]d it holds that

f(x) =
2d+1∑
q=1

gq

 d∑
p=1

ϕp,q(x)

 , (3.3)

where gq (1 ≤ q ≤ 2d+ 1) are univariate, continuous functions depending on f .

However, the “inner functions” ϕp,q are highly non-smooth, see [89]. Moreover, for
differentiable objective f the “outer functions” gq are non-smooth, see [27]. In fact it is
even worse, as apart from some special cases (where e.g. f is constant) the smoother f
is, the more non-smooth gq has to be to cancel out the singularities of the inner functions
ϕp,q. Hence, rebuilding or approximation of the right-hand side in (3.3) with neural
networks doesn’t yield better approximation rates than approximating f directly.

Nevertheless, for some subsets of Cs([0, 1]d) the Theorem above yields approxima-
tion results with ReLU neural networks without the curse of dimensionality, see [59].
Approximation with ReLU neural networks, using a modified version of the Theorem
above, which transfers smoothness properties of the represented function to the outer
functions, is studied in [77].

3.1 Hierarchically compositional functions

In this section the relevance of a special type of functions, the so-called compositional
functions, is shown. In Subsection 3.1.1 the definition of these functions as well as
theorems and proof ideas for the easiest case of compositionality, the so-called binary
case, are shown. In Subsection 3.1.2 these ideas are extended and generalized to arbitrary
compositional functions.

3.1.1 The binary case

In order to get the main ideas of the practicability of the theory, for the moment the
restriction to the so-called binary case is done. So for now a function f : Rd → R for
d = 2i for i ∈ N is considered, which is a composition of functions with two-dimensional
input, so from R2 to R. For d = 8 (so i = 3) this is

f(x1, . . . , x8) = f7

(
f5
(
f1(x1, x2), f2(x3, x4)

)
, f6
(
f3(x5, x6), f4(x7, x8)

))
. (3.4)
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3.1 Hierarchically compositional functions

For a visualisation of the function f defined in (3.4) as a (binary) tree see Figure
3.1. If a function f is like in (3.4) it is said to be binary compositional. The appearing
functions fj : R2 → R, 1 ≤ j ≤ 7 in (3.4) are called constituent functions of f . Obviously
the function f is a composition, but it also contains a kind of hierarchy, sometimes also
called locality, meaning that it is a composition of lower-dimensional (in the binary case:
2-dimensional) functions, whose output is again input for a lower-dimensional (in this
case: 2-dimensional) function.

For a visualisation of the function f defined in (3.4) as a (binary) tree see Figure 3.1.

Figure 3.1: Visualization of the function f defined in (3.4) as a binary tree with con-
stituent functions fj : R2 → R, 1 ≤ j ≤ 7.

Note that in a binary tree with input dimension d there are always d−1 nodes: 1 = 20

nodes on top, 2 = 21 in the layer underneath, 4 = 22 nodes in the layer underneath, . . . ,
d
2 = 2i−1 in the last layer and therefore (telescoping sum) the total number of nodes is

i−1∑
j=0

2k =

i−1∑
j=0

2k · (2− 1) =

i−1∑
j=0

(2k+1 − 2k) = 2i︸︷︷︸
=d

−1 = d− 1. (3.5)

After having depicted, what is meant by the binary case, the formalities and the needed
definitions and restrictions on the considered function f can be given. As stated in the
intro of this chapter, the smoothness of the constituent functions is the most important
restriction here.

Definition 3.1.1. Let s, d ∈ N and Id := [−1, 1]d and let C(Id) be the space of all
continuous functions on Id equipped with the infinity-norm ∥f∥∞ := supx∈Id |f(x)|. Let

W d
s := {f ∈ Cs(Id) : ∥f∥Cs(Id) ≤ 1}. (3.6)

Additionally, for d = 2i(i ∈ N) defining

W d,2
s := {f : Rd → R : f binary compositional with constituent functions fi ∈W 2

s }.

Remark 3.1.2. Comments to the previous definition.
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3 Hierarchical compositionality

• The class of functions W d
s is a normalized (due to the ≤ 1 in (3.6)) Cs-space. The

upcoming statements also hold (up to some constants) in a more general setting, so
with ∥f∥Cs(Id) ≤ κ for some κ > 1. Also the restriction to Id is not necessary but
decreases the technicalities in some of the upcoming proofs without obfuscating the
main ideas.

• Obviously W d,2
s ⊂ W d

s holds, as by definition each constituent function h is in
Cs(I2) and fulfills ∥h∥Cs(I2) ≤ 1, which implies |h(x)| ≤ 1 for all x ∈ I2. Therefore
the image of each h is again in I = [−1, 1], which is in all cases, except for the last
constituent function, one of the two inputs for the next constituent function.

• It seems reasonable that neural networks can approximate (binary) compositional
functions better than classical approximation schemes, as neural networks are (by
definition) also compositional and hierarchical.

Next, a statement about approximation of functions from W d,2
s with ReLU neural

networks is given. The idea is to lift the statement about approximation of W d
s -functions

with ReLU networks to W d,2
s . The proof will be sketched as the binary case is a special

case of what is shown underneath in more generality. Contentwise this is Theorem 4 in
[70].

Theorem 3.1.3. Let d, s ∈ N. Then, for every f ∈ W d,2
s and every ε ∈ (0, 12) there

exists a ReLU neural network Φε
f with

M(Φε
f ) = (d− 1)O(ε−2/s) and∥∥f −R(Φε

f

∥∥
∞ ≤ ε.

Proof (sketch). By definition of W d,2
s each of the constituent functions is in W 2

s . There-
fore, applying Theorem 2.3.11 (see also Remark 2.3.12) implies that each of this con-
stituent function fi can be approximated arbitrary well by the realisation of a ReLU
neural network Φi up to accuracy ε. Since all the constituent functions are in W 2

s they
have bounded partial derivatives and are therefore also Lipschitz continuous with Lips-
chitz constant K. Now consider f1, f2 and f3 such that in the binary tree of f the input
for f1 is the output from f2 and f3 and approximations P1, P2 and P3 (which can be seen
as realisations of ReLU neural networks) for f1, f2 and f3 up to accuracy ε, respectively,
so ∥fi − Pi∥∞ ≤ ε for 1 ≤ i ≤ 3. Then, by the Minkowski inequality, one follows

∥f1(f2, f3)− P (P1, P2)∥∞ ≤ ∥f1(f2, f3)− f1(P2, P3)∥∞ + ∥f1(P2, P3)− P1(P2, P3)∥∞ ,

where P1(P2, P3) can be seen as realisation of a neural network, which is (sparsely)
concatenated with a parallelization of 2 neural networks. Since f1 is Lipschitz continuous
with Lipschitz constant K and Pi are approximations of fi (i = 2, 3) up to ε, one yields

∥f1(f2, f3)− f1(P2, P3)∥∞ ≤ K ∥(f2, f3)− (P2, P3)∥∞ = Kmax
i=2,3

∥fi − Pi∥∞ ≤ Kε.
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3.1 Hierarchically compositional functions

Additionally, since P1 is an approximation of f1 up to accuracy ε, it holds that

∥f1(P2, P3)− P1(P2, P3)∥∞ ≤ ε.

So one yields with C := K + 1

∥f1(f2, f3)− P1(P2, P3)∥∞ ≤ Cε. (3.7)

From the already mentioned fact 3.5 (a binary tree with d roots has d − 1 nodes) the
claim follows.

Remark 3.1.4. Reflection on what was shown above.

• The dependence on the needed weights in Theorem 3.1.3 is not any longer expo-
nential in d, but of order ε−2/s, so the curse of dimensionality has been overcome.
In other words: the number 2 has replaced the input dimension d.

• The neural network considered in the proof of Theorem 3.1.3 has the same (binary)
architecture than the compositional function to be approximated. The number of
needed weights M(Φ) is therefore a lower bound on what could be achieved with a
neural network exactly matching the architecture of the function. From the proof
one could think that, to avoid the curse of dimensionality, one would have to exactly
rebuild the structure of the function, which is typically not known. In fact, it is
sufficient that the graph representing the structure of the function is a subgraph of
the graph representing the neural network, see [70].

• The constructed deep network in the proof of Theorem 3.1.3 considers the special
structure of f , whereas shallow networks (and also classical approximation schemes)
are somehow blind to it. One could say that for shallow networks functions in W d,2

s

are just functions in W d
s .

• A similar statement to Theorem 3.1.3 holds for neural networks with activation
function with order of sigmoidality q ≥ 2, based on a statement similar to Theorem
2.3.11, see [53]. Moreover, it holds for neural networks with infinitely differentiable,
non-polynomial activation function, see Theorem 2 in [70].

3.1.2 Extension to the general hierarchical case with directed acyclic graphs

The hierarchical compositionality of functions mentioned at the binary case before will
now get a broader mathematical framework, based on directed acyclic graphs, which
handles constituent functions with input-dimensions > 2 and more complex hierarchies
in the structure of f .

The upcoming definitions are based mostly on [66], the theorem with ReLU as activa-
tion function is Theorem 5.3 there.
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3 Hierarchical compositionality

Definition 3.1.5. Let d, k,N ∈ N and let G(d, k,N) be the set of directed acyclic graphs
with N vertices, where the indegree of every vertex is at most k and the outdegree of all
but one vertex is at least 1 and the indegree of exactly d vertices is 0.

For G ∈ G(d, k,N), let (ηi)
N
i=1 be a topological ordering of G, so every edge ηiηj in G

satisfies i < j.
Moreover, for i > d, so for the vertices with positive indegree, defining

Ti := {j : ηjηi is an edge of G},

so the indices of all nodes from where arrows go to vertex i.
Finally, defining di := #Ti, so the number of vertices which have arrows to vertex i,

then obviously di ≤ k holds for i > d.

Example 3.1.6. For d = 2j with j ∈ N, N = d−1 and di = 2 for all i > d the definition
above yields (the graph of) the binary case.

Definition 3.1.7. Let d, k,N, s ∈ N. Let G ∈ G(d, k,N) and Id = [−1, 1]d. Additionally,
let, for i = d + 1, . . . , N (so for the vertices with positive indegree) hi ∈ W di

s , so hi ∈
Cs(Idi) with ∥hi∥Cs(Idi ) ≤ 1.

For x ∈ Rd defining for i = 1, . . . , d: vi = xi and for i = d + 1, . . . , N : vi(x) =
hi(vj1(x), . . . , vjdi (x)), where j1, . . . , jdi ∈ Ti and j1 < · · · < jdi .

The function

f : Id → R, x 7→ vN (x)

is called a (hierarchically) compositional function associated to G with regularity s.
The set of all compositional functions associated to any G in G(d, k,N) with regularity

s is denoted by CF (d, k,N ; s).
Three different graphs, which are a valid basis for compositional functions, are dis-

played in Figure 3.2.

Note that compositional functions are functions that are either local (meaning they
have small input-dimension) or the composition of other functions or both.

Now stating the key statement for this chapter, giving sharp upper bounds for the
approximation of compositional functions belonging to an arbitrary G ∈ G(d, k,N) with
regularity s with ReLU neural networks. The statement and an extensive proof using
various results from Subsection 2.3.1 is content-wise Theorem 3.19 in [66].

Theorem 3.1.8. Let d, k,N, s ∈ N and let ρ be the ReLU. Then there exists a constant
C > 0 such that for every f ∈ CF (d, k,N ; s) and every ε ∈ (0, 12) there exists a neural
network Φε

f with

L(Φε
f ) ≤ CN2 log2

(k
ε

)
, (3.8)

M(Φε
f ) ≤ CN4(2k)

kN
s ε−

k
s log2

(k
ε

)
and (3.9)∥∥f −R(Φε

f )
∥∥
∞ ≤ ε. (3.10)
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3.1 Hierarchically compositional functions

Figure 3.2: Three graphs of compositional functions.

Proof. The neural network Φε
f will be constructed directly and the properties (3.8)-(3.10)

for the constructed network will be shown. Therefore, let f ∈ CF (d, k,N ; s) and let, for
i = 1, . . . , N, fi ∈W di

s be according to Definition 3.1.5. Now the statements of Theorem
2.3.11 and Remark 2.3.12 with p = ∞ for any constituent function fi is used (where ε
is replaced by ε

(2k)N
). Hence, one can follow that there exists neural networks Φi and

C ′
i > 0 for i = 1, . . . , N such that with C ′ := max{C ′

1, . . . , C
′
N} > 0

|R(Φi)(x)− fi(x)| ≤
ε

(2k)N
for all x ∈ [−2, 2]di , (3.11)

L(Φi) ≤C ′N log2

(k
ε

)
and (3.12)

M(Φi) ≤C ′ε−di/s(2k)
diN

s N log2

(k
ε

)
≤ C ′ε−k/s(2k)

kN
s N log2

(k
ε

)
, (3.13)

where the last inequality follows from di ≤ k for all i = 1, . . . , N . The restriction
x ∈ [−2, 2]di will be used later within the proof.

Note that it is allowed to make implication (3.11) (which is the L∞-norm on [−2, 2]di)
as in the used Theorem 2.3.11 the Lp-norm is stated, including the case p = ∞.

For i = d+1, . . . , N (so for the vertices with positive indegree) let Pi be the orthogonal
projection from Ri−1 to the components in Ti, so for Ti = {j1, . . . , jdi}, where j1 < · · · <
jdi , defining

Pi

(
(xk)

i−1
k=1

)
:= (xjk)

di
k=1.

Now, for j = d + 1, . . . , N − 1 (so for the vertices which are neither input vertices nor
output vertices) defining

Φ∗
j := P

(
Φid
j−1,L(Φj)

,Φj • Pj

)
,
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3 Hierarchical compositionality

which is a neural network with input dimension j − 1, output-dimension j and length
L(Φj), whose realisation is the identity in the first (j−1) components (see Remark 2.3.6)
and an approximation for fj in the j-th component, as the Pj picks the correct dj-many
indices and Φj approximates fj (compare to (3.11)).

For the remaining output vertex defining the network

Φ∗
N := ΦN • PN .

Now all these currently defined networks are (sparsely) concatenated to Φε
f , so

Φε
f := Φ∗

N ⊙ Φ∗
N−1 ⊙ · · · ⊙ Φ∗

d+1

for which the fulfillment of (3.8)-(3.10) is shown underneath.
First analyzing the size of Φε

f . For the weights the following holds due to (2.16):

M(Φε
f ) =M(Φ∗

N ⊙ Φ∗
N−1 ⊙ · · · ⊙ Φ∗

d+1)

≤2M(Φ∗
N ⊙ · · · ⊙ Φ∗

⌈(N+d+1)/2⌉) + 2M(Φ∗
⌈(N+d−1)/2⌉−1 ⊙ · · · ⊙ Φ∗

d+1)

and one can conclude inductively, by repeating this “bisection trick”, that

M(Φε
f ) ≤ 2⌈log2(N)⌉N

N
max
j=d+1

M(Φ∗
j ) = N2 N

max
j=d+1

M(Φ∗
j ). (3.14)

Furthermore,

N
max
j=d+1

M(Φ∗
j ) ≤

N−1
max
j=d+1

M(Φid
j−1,L(Φj)

) +
N

max
j=d+1

M(Φj),

and by using Remark 2.3.6 and j < N for the first term, so for the identity part of each
network, one yields

N
max
j=d+1

M(Φ∗
j ) ≤4N

N−1
max
j=d+1

L(Φj) +
N

max
j=d+1

M(Φj).

By using (3.12) and (3.13) for L(Φj) and M(Φj), respectively, one follows

N
max
j=d+1

M(Φ∗
j ) ≤2C ′N2 log2

(k
ε

)
+ C ′ε−k/s(2k)

kN
s N log2

(k
ε

)
≤C ′N2 log2

(k
ε

)(
2 + ε−k/s(2k)

kN
s

)
.

With an appropriate choice of C ≥ C ′ > 0 one yields

N
max
j=d+1

M(Φ∗
j ) ≤ CN2(2k)

kN
s ε

k
s log2

(k
ε

)
(3.15)

and combining (3.14) and (3.15) yields (3.9):

M(Φε
f ) ≤ CN4(2k)

kN
s ε

k
s log2

(k
ε

)
.
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3.1 Hierarchically compositional functions

For the layers one yields

L(Φε
f ) ≤ N

N
max
j=d+1

L(Φ∗
j ) = N

N
max
j=d+1

L(Φj) ≤ C ′N2 log2

(k
ε

)
≤ CN2 log2

(k
ε

)
,

where the second inequality holds due to (3.12) and the last inequality due to C ′ ≤ C.
Hence, (3.8) holds for Φε

f .
Now coming to the open approximation property (3.10) of Φε

f :
The following claim is shown by induction: For N > j > d, x ∈ [−1, 1]d and vj as well as
fj as in Definition 3.1.7 it holds that∥∥∥R(Φ∗

j ⊙ · · · ⊙ Φ∗
d+1

)
(x)− [v1(x), v2(x), . . . , vj(x)]

∥∥∥
∞

≤ ε

(2k)N−j
. (3.16)

Starting with the base case, so j = d + 1: Since the realisation of Φid
d,L(Φj)

is the d-
dimensional identity, by construction, for k ≤ d holds(

R(Φ∗
d+1)(x)

)
k
= vk(x).

Moreover, by (3.11) it holds that∣∣∣(R(Φ∗
d+1

)
(x)
)
d+1

− vd+1(x)
∣∣∣ = ∣∣∣(R(Φd+1

)(
Pd+1(x)

))
d+1

− fd+1

(
Pd+1(x)

)∣∣∣ ≤ ε

(2k)N
.

Note that it is allowed to use (3.11) due to x ∈ [−1, 1]d and therefore Pd+1(x) ∈
[−1, 1]dd+1 .

Now assuming for the induction step that (3.16) holds for N − 1 > j > d. Then, since
the identity (which is by definition used for all components of Φ∗

j+1, apart from the last
one) is implemented exactly, by the induction hypothesis, it holds for k ≤ j that∣∣∣(R(Φ∗

j+1 ⊙ · · · ⊙ Φ∗
d+1

)
(x)
)
k
− vk(x)

∣∣∣ ≤ ε

(2k)N−j
.

By definition it holds that vj+1(x) = fj+1(Pj+1([v1(x), . . . , vj(x)])). Hence,∣∣∣(R(Φ∗
j+1 ⊙ · · · ⊙ Φ∗

d+1

)
(x)
)
j+1

− vj+1(x)
∣∣∣

=
∣∣∣R(Φj+1) ◦ Pj+1 ◦R

(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x)− vj+1(x)

∣∣∣
≤
∣∣∣R(Φj+1) ◦ Pj+1 ◦R

(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x)− fj+1 ◦ Pj+1 ◦R

(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x)
∣∣∣︸ ︷︷ ︸

:= I

+
∣∣∣fj+1 ◦ Pj+1 ◦R

(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x)− fj+1 ◦ Pj+1 ◦ [v1(x), . . . , vj(x)]

∣∣∣︸ ︷︷ ︸
:= II

.
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An upper bound for I is given by (3.11), so I ≤ ε
(2k)N

. Note that is it allowed to use
(3.11), since

R
(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x) ∈ [−2, 2]j

(and therefore, by definition, Pj+1 ◦ R
(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x) ∈ [−2, 2]dj+1), which holds

due to the following: For i = 1, . . . , d, by definition, vi = xi ∈ [−1, 1] ⊆ [−2, 2]. For
i = d+ 1, . . . , j, by definition, fi ∈ Cs(Idi) with ∥fi∥Cs(Idi ) ≤ 1, therefore |vi(x)| ≤ 1 by
the definition of the Cs-norm. By induction hypothesis (3.16) one yields∣∣∣(R(Φ∗

j ⊙ · · · ⊙ Φ∗
d+1

)
(x)
)
i
− vi(x)

∣∣∣ ≤ ε

(2k)N−j
≤

1
2

2
= 1,

since k ∈ N, j < N and ε ∈ (0, 12). Using the triangle inequality yields∣∣∣(R(Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x)
)
i

∣∣∣ ≤ ∣∣∣(R(Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x)
)
i
− vi(x)

∣∣∣+ ∣∣∣vi(x)∣∣∣ ≤ 2,

therefore R
(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x) ∈ [−2, 2]j .

For an estimation of II the properties of the constituent function fj+1 is used: Since
fj+1 ∈ Cs(Idj+1), all the partial derivatives are bounded in absolute value by 1 and one
yields, using (3.16) and dj+1 ≤ k,

II ≤
dj+1∑
i

∣∣∣(Pj+1 ◦R
(
Φ∗
j ⊙ · · · ⊙ Φ∗

d+1

)
(x)
)
i
−
(
Pj+1 ◦ [v1(x), . . . , vj(x)]

)
i

∣∣∣︸ ︷︷ ︸
≤ ε

(2k)N−j

≤ dj+1︸︷︷︸
≤k

ε

(2k)N−j
≤ k

ε

(2k)N−j
=

ε

2(2k)N−j−1
.

One verifies I ≤ II and therefore

I + II ≤ 2 · II = ε

(2k)N−j−1
.

Now it is possible to show (3.10):∣∣∣R(Φ∗
N ⊙ · · · ⊙ Φ∗

d+1

)
(x)− vN (x)

∣∣∣
=
∣∣∣R(ΦN ) ◦ PN ◦R

(
Φ∗
N−1 ⊙ · · · ⊙ Φ∗

d+1

)
(x)− vN (x)

∣∣∣
≤
∣∣∣R(ΦN ) ◦ PN ◦R

(
Φ∗
N−1 ⊙ · · · ⊙ Φ∗

d+1

)
(x)− fN ◦ PN ◦R

(
Φ∗
N−1 ⊙ · · · ⊙ Φ∗

d+1

)
(x)
∣∣∣︸ ︷︷ ︸

:= III

+
∣∣∣fN ◦ PN ◦R

(
Φ∗
N−1 ⊙ · · · ⊙ Φ∗

d+1

)
(x)− fN ◦ PN ◦ [v1(x), . . . , vN−1(x)]

∣∣∣︸ ︷︷ ︸
:= IV

.
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III and IV can be bounded similar to I and II above, respectively (just by changing j+1
to N in all calculations above). So one finally yields (k ≥ 1)

III + IV ≤ 2 · IV = 2
ε

2k
≤ ε,

and therefore, since x ∈ [−1, 1]d was arbitrary,∥∥R(Φε
f )− f

∥∥
∞ =

∥∥∥R(Φ∗
N ⊙ · · · ⊙ Φ∗

d+1

)
(x)− vN (x)

∥∥∥
∞

≤ ε.

Remark 3.1.9. The seen overcome of the curse of dimensionality and comments on the
previous Theorem 3.1.8 and the belonging proof.

• In the statement in Theorem 3.1.8 one notes that, similar to the binary case, the
input dimension d does not appear in the needed numbers of layers or weights, but
on the maximum indegree k of the underlying acyclic graph. One could say that “k
takes the role of d”. The curse of dimensionality therefore does not appear! This also
shows the key property that makes deep neural networks exponentially better than
shallow neural networks for the approximation of compositional functions: The
locality (low dimensionality) of the constituent functions together with the fact,
that compositionality (the mentioned generalization of (3.7) in the proof above) is
not a big issue. Nevertheless, while the convergence rate doesn’t depend on d, the
constants in (3.9) are potentially very large. In particular, for fixed s, they grow
superexponentially with k.

• In [66] the statement and proof of Theorem 3.1.8 is content-wise given with [0, 1]d

as the domain of f . In this thesis, in order to being consistent, I = [−1, 1]d is used
as domain for f and the proof is adapted accordingly.

• As for the binary case a similar statement holds for neural networks with activation
function with order of sigmoidality q ≥ 2 or infinitely differentiable, non-polynomial
activation function (Theorem 3 in [70]).

3.1.3 Why hierarchically compositional functions are relevant

Even if it is reasonable to expect efficient approximations with neural networks for this
type of functions, it is currently not clear, why compositional functions are a relevant
function class to study at all. According to [56, 68], more detailed explanations are given
in Chapter 5 in [69], these functions model quite good the functionality of the visual
cortex in a human body, as this functionality is also strongly hierarchical. At first, the
visual cortex analyzes only localized parts of what is currently visible, then it combines
the outcomes of this (probably many) responses in some way (this combination is of-
ten modelled via different kinds of “pooling”, see [68] or with already mentioned “ridge
functions”, see [70]) and repeats this procedure to get a more and more abstract and
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high-level description of the current scene.

Moreover, the (strong) solution of a hyperbolic partial differential equation (assuming
that the problem is well-posed, so meaning that the solution exists and is unique) can
often be written as initial condition u0 composed with another function, which is evalu-
ated at the origin of a curve. This curves are found using the methods of characteristics
and they have the property that the solution of the PDE is constant along this curves.
In order to have a strong solution the initial condition u0 and the characteristic curves,
which are solutions of a system of ODEs, are assumed to be differentiable. Therefore
the solution is a composition of smooth functions, but not necessarily with smoothness
of some order. For details refer to Section 6.1.

3.2 Compositionality in classification problems

The main idea for this section stems from [64], where in Chapter 5 another kind of
compositionality, reasonable for classification problems, is given and it is shown, that for
a specific setting it is again possible to overcome the curse of dimensionality. In order to
keep the length of this thesis under control, an informal version is cited and the proof is
omitted, for details refer to [64]. In a nutshell, the final statement there is the following:

Theorem 3.2.1 (informal version). For p > 0 there exist c > 0 and L ∈ N such
that for a classification function f : Jd = [−1/2, 1/2]d → R with regions where f take
different values are seperated by smooth, say Cs for some s ∈ N, hypersurfaces and f
can be written as f = g ◦ τ with a smooth feature map τ : Rd → Rd′ for d′ < d and
a piecewise constant classifier function g : Rd → {1, . . . , N} (one could also consider
piecewise smooth classifiers) fulfilling ∥g ◦ τ∥Lp(Jd) ≤ κ ∥g∥Lp(Jd) for some κ > 0, then
there exists a ReLU neural network Φ with

L(Φ) ≤ L,

M(Φ) ≤ c · ε−p(d′−1)/s and
∥R(Φ)− f∥LP (Jd) ≤ ε.

Note the d′ in the number of needed weights, the underlying dimension d is not ap-
pearing here. Of course, one could ask why the Lp-norm instead of L∞-norm is now
used in order to measure the approximation error. This is the case as realisations of
ReLU neural networks are always continuous, hence is doens’t make sense to look at
the L∞-norm in order to measure the error between the realization and a discontinuous
classification function, see also p.3 in [64]. For further insights refer to [36, 37].

Remark 3.2.2. Two remarks on why the decomposition of the classification function f
in Theorem 3.2.1 is reasonable for classification.

• Classifier functions that occur in practice exhibit invariances, while such invariances
are not incorporated into classical function spaces, like Cs-spaces on a compact do-
main. For instance, an image classifier should be translation and scaling invariant.
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Moreover it should be invariant to small smooth deformations and small changes
in color, brightness, or contrast, see e.g. [51, 92].

Therefore, a reasonable way to model such a function class is the following: Con-
sider τ as a smooth, so Cs dimension-reducing “feature map” that incorporates
the above mentioned invariances and g as piecewise constant (or smooth) function
responsible for the classification after the invariances have been removed by τ , then
the classifier f can be written as f = g ◦ τ .

• A different, also reasonable assumption for e.g. image classification is that not
random arrangements of pixels are considered but only images from the “real world”,
which are assumed to form a manifold, see Section 4.1.
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4 Approximation on manifolds

Realisations of neural networks are functions on the d-dimensional euclidean space Rd,
see Definition 2.1.1. Of course, one can only care about values that this function takes on
a subset of this space, in this thesis until here most of the results are shown for compact
subsets of the form [a, b]d for a < b, mostly [0, 1]d, [−1, 1]d or [−K,K]d for some K > 0.

Another approach is to only consider functions, that are not defined on Rd, but on a
(lower dimensional) manifold M ⊂ Rd. For a d′-dimensional manifold M with d′ < d
and, like before, a Cs-function on M (probably it is not clear at the moment what this
should be, refer to Definition 4.1.2) one can expect an approximation rate, when using
neural networks, which depends only (exponentially) on d′, and not on d.

In this thesis, the just mentioned claim is shown for ReLU neural networks based on
[66]. The main idea can be found e.g. in [13, 76, 80], but using the linear finite element
method with ReLU neural networks, see Subsection 2.3.2 based on [34], instead of Taylor
approximation (as in [13, 76] or approximation with wavelets (as in [80]).

4.1 Manifold assumptions

As stated in [76], in many machine learning applications the inputs are lying in a “small”
subset compared to Rd. As these subsets are not able to be parameterized, manifolds are
a natural way to model the input space. In particular this holds for image classification
problems (see [66]), where the input are vectors of typically quite big dimension, e.g. for
images with 64 pixels in each direction the input dimension is 64·64 = 4096. It is conceiv-
able that for the use case of image classification the input comes from the (potentially)
lower dimensional manifold of natural images. Under this assumption only approxima-
tion on the manifold and not on images consisting of unstructured combinations of pixel
values is considered.

The same reasoning can be used for other applications, one can think of e.g speech
recognition, where only existing words in a chosen language are considered, and not
random combinations of letters or phonemes or arbitrary sounds.

For further applications apart from image classification and speech recognition, where
the manifold hypothesis is considered, see e.g. the recently published paper by Mhaskar
and O’Dowd in 2023 [57] and the references mentioned there, or [73, 86] from 2000, which
were kind of the starting point for dimensionality reduction techniques in order to locate
and determine the respective lower-dimensional manifolds.

In this section the in Subsection 2.3.2 shown linear finite element method with ReLU
neural networks is used to get approximation results for functions on a manifold M in
Rd. In order to do not get to deep into statements of differential geometry and keep the
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4 Approximation on manifolds

main idea in scope, assumptions on the considered manifold are given, as in [66]. It will
be shown below, why these assumptions are convenient and not too restrictive.

For d ∈ N, x ∈ Rd and r > 0 the open ball with radius r is denoted by Br(x). Moreover,
only smooth manifolds, so manifolds with a C∞ atlas having C∞ pairwise compatible
charts, are considered.

Definition 4.1.1. Let M be a smooth d′-dimensional manifold in Rd. For N ∈ N and
δ > 0 the manifold M is said to be (N, δ)-covered if

(i) ∃x1, . . . , xN such that M ⊂
⋃N

i=1Bδ/2(xi) and

(ii) the projection on the tangent space TxiM of M at xi

Pi : M∩Bδ(xi) → TxiM

is injective and smooth and

P−1
i : Pi(M∩Bδ(xi)) → M

is smooth for 1 ≤ i ≤ N . In the sequel, Txi will be identified with Rd′ and the atlas
(M∩Bδ(xi), P i)

N
i=1 is considered.

At first glance, it probably seems like for a manifold M being (N, δ)-covered is very
restrictive. In fact, one can show that every compact, smooth manifold which is locally
diffeomorphic to a disc is (N, δ)-covered for some N ∈ N and δ > 0 by using the Theorem
of Heine-Borel (via e.g. Theorem 2.41 in in [74]) and using various statements from
Chapter 2 and 3 in [87]. For more details see Section 4 in [13] or Subsection 4.2 in [80].

It can also be shown that the number of needed balls (denoted byN) with diameter δ to
cover a (compact, smooth, locally diffeomorphic to a disc) manifold M, can be bounded,
depending on the shape of M. Writing τ for the reach of M (which measures how fast
the curvature of M changes), Td′ for the thickness of the covering (which corresponds
to by how much the balls need to overlap) and denoting the surface area of M with
SA(M), for δ < τ the following holds (see [13, 80]):

N ≤

⌈
2d

′
SA(M)

δd′
Td′

⌉
.

Next, spaces of smooth functions on a manifold M are defined.

Definition 4.1.2. Let d, s ∈ N, I be a set and M be a smooth manifold with atlas
(Ui, ϕi)i∈I in Rd. A function f : M → R is said to be s-times continuous differentiable,
if for i ∈ I the chart (Ui, ϕi) the composition f ◦ ϕ−1

i : ϕ(Ui) ⊂ Rd → R is s-times
continuous differentiable, short: f ∈ Cs(M,R) if f ◦ ϕ−1

i ∈ Cs(ϕi(Ui),R) for each i ∈ I.
The definition of Cs functions is independent of the choice of the chart (Ui, ϕi).

If a manifold M is (N, δ)-covered, it is now possible to define a Cs-norm on Cs(M,R):

∥f∥Cs,δ,N := sup
1≤i≤N

∥∥f ◦ P−1
i

∥∥
Cs(Pi(M∩Bδ(xi)))

.
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4.2 Approximation statements on manifolds

Now the main Theorem of this chapter, proving that d′ takes the role of d in the number
of needed weights, can be given. How to finally overcome the curse of dimensionality as
defined in Section 2.4 is shown underneath the proof of Theorem 4.2.1.

Theorem 4.2.1. Let d′, d, s,N ∈ N, d′ ≤ d, δ > 0 and M ⊂ Rd be a (N, δ)-covered
d′-dimensional manifold. Then there exists a constant C > 0 such that, for every ε > 0
and f ∈ Cs(M,R) with ∥f∥Cs,δ,N ≤ 1 there exists a ReLU neural network Φε

f such that

L(Φε
f ) ≤ C · log2

(
1

ε

)
, (4.1)

M(Φε
f ) ≤ C ·

(
ε−

d′
s log2

(
1

ε

))
and (4.2)∥∥f −R(Φε

f )
∥∥
∞ ≤ ε. (4.3)

Proof. The proof is structured in two parts. In the first step an alternative representation
of f as sum of products of functions is given. In the second step the associated neural
network is build and properties (4.1) - (4.3) are shown.
Step 1. Since the manifold M is (N, δ)-covered, is holds that M ⊂ [−K,K]d for some
K > 0. Consider a locally convex simplicial mesh T on [−K,K]d with the following
property: For each node µi of T it holds that for 1 ≤ i ≤MN

G(i) := supp(ϕi,T ) ⊂ Bδ/8(µi),

where ϕi,T denotes a Courant element, see (2.27). By Lemma 2.3.14 on [−K,K]d holds

1 =

MN∑
i=1

ϕi,T . (4.4)

Defining IM := {i ∈ {1, . . . ,MN} : d(µi,M) ≤ δ
8}, where d(a,M) := miny∈M |a − y|.

Then, by construction it holds for x ∈ M that

1 =
∑
i∈IM

ϕi,T (x).

By Definition 4.1.2 exist x1, . . . , xN ∈ M such that M ⊂
⋃N

j=1Bδ/2(xj). Hence, µi are
less than δ

8 + δ
2 = 5δ

8 away from at least one of the points xj for 1 ≤ j ≤ N , formally
µi ∈

⋃N
j=1B5δ/8(xj) for all i ∈ IM and therefore, for each µi exists j(i) ∈ {1, . . . , N}

such that Bδ/8(µi) ⊂ B6δ/8(xj(i)) = B3δ/4(xj(i)). In order to be precise, if for i ∈ IM
more than one index j(i) exists, an arbitrary but fix one is chosen. Moreover, it holds
that ⋃

i∈IM

G(i) ⊂
N⋃
j=1

B3δ/4(xj), (4.5)
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4 Approximation on manifolds

so for i ∈ IM the supports of ϕi,T are covered by open balls with radius 3δ
4 around the

points x1, . . . , xN .
Now it is possible to write f , such that for x ∈ M it holds that

f(x) =
∑
i∈IM

ϕi,T (x) · f(x)

=
∑
i∈IM

ϕi,T (x) ·
(
f(x) ◦ P−1

j(i)︸ ︷︷ ︸
=:fj(i)

◦Pj(i)(x)
)

=
∑
i∈IM

ϕi,T (x) ·
(
fj(i) ◦ Pj(i)(x)

)
, (4.6)

where fj : Pj(M∩ Bδ(xj)) → R with ∥fj∥Cs(Pj(M∩Bδ(xj)))
≤ ∥f∥Cs,δ,N ≤ 1. Each Pj is

injective, hence it holds that

Pj(M∩B3δ/4(xj)) ⊂ Pj(M∩B3δ/4(xj)) ⊂ Pj(M∩B7δ/8(xj)),

where Pj(M ∩ B3δ/4(xj)) and Pj(M ∩ B7δ/8(xj)) are, as images of open sets under
a continuous map, open. Now using a C∞ version of the Urysohn lemma (see e.g.
Proposition 2.25 in [48]) there exist for 1 ≤ j ≤ N a smooth bump function σj : Rd →
[0, 1] such that σj = 1 on Pj(M∩B3δ/4(xj)) and supp(σj) ⊆ Pj(M∩ B7δ/8(xj)). Now
defining

f̃j :=

{
σjfj for x ∈ Pj(M∩Bδ(xj))
0 else . (4.7)

For each 1 ≤ j ≤ N , f̃j is the product of a smooth and a Cs-function, therefore it
holds that f̃j ∈ Cs(Rd′) with

∥∥∥f̃j∥∥∥
Cs

≤ CiM, for a constant Ci,M. Finally f̃j = fj on
Pj(M∩B3δ/4(xj)) by construction, therefore rewriting (4.6) yields for x ∈ M∑

i∈IM

ϕi,T (x) ·
(
f̃j(i) ◦ Pj(i)(x)

)
, (4.8)

since ϕi,T (x) = 0 if x /∈ B3δ/4(xj)) for some 1 ≤ j ≤ N , see (4.5).
Step 2. Now a ReLU neural network approximating f as given in (4.8) is constructed,
by considering neural networks approximating Pj(i), f̃j(i) and ϕi,T for i ∈ IM and using
statements for these neural networks shown before.

Starting with Pj(i):
For every i ∈ IM the map Pj(i) : [−K,K]d → Rd′ is affine linear, so defining (for x ∈ Rd)

Pj(i)(x) = Aix+ bi, (4.9)

with Ai ∈ Rd′×d and bi ∈ Rd′ . For i ∈ IM defining the neural networks ΦP
i := ((Ai, bi))

with Ai and bi as in (4.9), then obviously

R
(
ΦP
i

)
= Pj(i). (4.10)
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4.2 Approximation statements on manifolds

Proceeding with f̃j(i):
As M ⊂ [−K,K]d for some K > 0 and Pj(i) is affine linear it holds that Pj(i)(M) ⊂
[−Ki,Ki]

d′ for Ki > 0, for i ∈ IM. With K̃ = maxi∈IM Ki by Theorem 2.3.11 and
Remark 2.3.12 there exist a constant C1 > 0 such that for every ε1 > 0 and i ∈ IM there
exist a ReLU neural network Φf

i such that for x ∈ [−K̃, K̃]d
′

L(Φf
i ) ≤ C1 log2

(
1

ε1

)
(4.11)

M(Φf
i ) ≤ C1ε

− d′
s log2

(
1

ε1

)
and (4.12)

|f̃j(i) −R(Φf
i )| ≤ ε1. (4.13)

Note that it is allowed to use the statement of Theorem 2.3.11, even if f̃j(i) doesn’t fulfill∥∥∥f̃j∥∥∥
Cs

≤ 1 as considered in the mentioned theorem, but fulfills
∥∥∥f̃j∥∥∥

Cs
≤ CiM. The used

statement from Oswald (see Theorem 2.3.2), which is the basis of Theorem 2.3.11, holds
up to the constant CiM for

∥∥∥f̃j∥∥∥
Cs

≤ CiM, so one can see the factor CM := maxi∈IM CiM

included in C1.
Finally, coming to the Courant elements ϕi,T :

By assumption the mesh T is simplicial and locally convex. By Theorem 2.3.18, for
every i ∈ IM, there exists a ReLU neural network Φϕ

i and constants C2 = C2(d) and
C3 = C3(d), which also depend on the considered mesh T , such that

L(Φϕ
i ) = C2 (4.14)

M(Φϕ
i ) ≤ C3 and (4.15)

R(Φϕ
i ) = ϕi,T . (4.16)

Construction of the neural network approximating f :
For ε2 > 0 and L∗ := L(Φf

i ⊙ ΦP
i )− L(Φϕ

i ) defining

Φi :=


Φmult,2,ε2 ⊙ P (Φid

1,L∗ ⊙ Φϕ
i ,Φ

f
i ⊙ ΦP

i ) for L∗ > 0

Φmult,2,ε2 ⊙ P (Φϕ
i ,Φ

id
1,|L∗| ⊙ Φf

i ⊙ ΦP
i ) for L∗ < 0

Φmult,2,ε2 ⊙ P (Φϕ
i ,Φ

f
i ⊙ ΦP

i ) for L∗ = 0

,

which approximates ϕi,T · (f̃j(i) ◦Pj(i)) and where Φmult,2,ε2 is as underneath the proof of
Proposition 2.3.9 and Φid

1,L is as in Remark 2.3.6. Let IM = {i1, . . . , iQ}, so Q := |IM|,
then the desired neural network Φε

f is given as

Φε
f := (((1, . . . , 1) • P

(
Φi1 , . . . ,ΦiQ

)
. (4.17)

Now showing that Φε
f fulfills (4.1) - (4.3):
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Due to (4.8) it holds that∥∥∥f −R
(
Φε
f

)∥∥∥
∞

≤ Qmax
i∈IM

∥∥∥ϕi,T ·
(
f̃j(i) ◦ Pj(i)

)
−R

(
Φi

)∥∥∥
∞

≤ Qmax
i∈IM

∥∥∥ϕi,T ·
(
f̃j(i) ◦ Pj(i)

)
−R

(
Φϕ
i

)
·R
(
Φf
i ⊙ ΦP

i

)∥∥∥
∞︸ ︷︷ ︸

:= I

+Qmax
i∈IM

∥∥∥R(Φϕ
i

)
·R
(
Φf
i ⊙ ΦP

i

)
−R

(
Φi

)∥∥∥
∞︸ ︷︷ ︸

:= II

.

In order to estimate I, using (4.16), so R(Φϕ
i ) = ϕi,T yields

I = max
i∈IM

∥∥∥ϕi,T ·
(
f̃j(i) ◦ Pj(i)

)
− ϕi,T ·R

(
Φf
i ⊙ ΦP

i

)∥∥∥
∞
.

Since ∥ϕi,T ∥∞ ≤ 1 (see (2.27) and property (2.14) of the sparse concatenation ⊙ follows

I ≤max
i∈IM

∥∥∥(f̃j(i) ◦ Pj(i)

)
−R

(
Φf
i ⊙ ΦP

i

)∥∥∥
∞

= max
i∈IM

∥∥∥(f̃j(i) ◦ Pj(i)

)
−R

(
Φf
i

)
◦R
(
ΦP
i

)∥∥∥
∞
,

using (4.10), so R
(
ΦP
i

)
= Pj(i) and (4.13) yields

I ≤max
i∈IM

∥∥∥(f̃j(i) ◦ Pj(i)

)
−R

(
Φf
i

)
◦ Pj(i)

∥∥∥
∞

≤max
i∈IM

∥∥∥(f̃j(i))−R
(
Φf
i

)∥∥∥
∞

≤ ε1.

By definition of Φi it holds that II ≤ ε2. Hence, for ε > 0 and ε1 := ε2 =
ε
2Q∥∥∥f −R

(
Φε
f

)∥∥∥
∞

≤ Q · (ε1 + ε2) = Q ·
( 2ε

2Q

)
= ε,

which is (4.3).
Estimating the number of layers (assuming L∗ ≥ 0) using (2.18), (4.11) and (4.14) yields

L
(
Φε
f

)
=max

i∈IM
L
(
Φi

)
= max

i∈IM
L
(
Φmult,2,ε2

)
+ L

(
Φf
i

)
+ L

(
ΦP
i

)
≲ log2

(
1

ε2

)
+ log2

(
1

ε1

)
≲ log2

(
1

ε

)
,

which is (4.1).
For the number of weights (assuming L∗ ≥ 0) one yields using (2.16)

M
(
Φε
f

)
≤ Qmax

i∈IM
M
(
Φi)

≤ 2Q ·
(
M
(
Φmult,2,ε2

)
+M

(
Φid
1,L∗ ⊙ Φϕ

i

)
+M

(
Φf
i ⊙ ΦP

i

))
≤ 2Q ·

(
M
(
Φmult,2,ε2

)
+M

(
Φid
1,L∗ ⊙ Φϕ

i

)
+M

(
Φf
i ⊙ ΦP

i

))
.
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Moreover, using again (2.16) as well as (2.19) and Remark 2.3.6 yields

M
(
Φε
f

)
≤ 2Q ·

(
C4 log2

(
1

ε

)
+ 4L∗ + 2M

(
Φϕ
i

)
+ 2M

(
Φf
i

)
+ 2M(ΦP

i

))
.

Finally, using (4.12) yields (4.2):

M
(
Φε
f

)
≲ ε−

d′
s log2

(
1

ε

)
.

The method used for the proof above can be generalized to the following procedure
(as done/sketched in e.g. [13, 15, 76, 80]), compare to [64]:

1. Defining the regularity of the Cs function f on a compact, smooth manifold M,
using its compactness, so that it can be covered by finitely many open sets (Ui)

Q
i=1

and coordinate charts (πi)
Q
i=1, via local (smooth) projections (Pi)

Q
i=1 from Ui ∩M

to the respective tangent spaces, compare to Definition 4.1.2.

2. Writing f as a sum of localized functions, using a partition of unity (ϕi)
Q
i=1 of M

with supp(ϕi) ⊂ Ui (the existence of a smooth parition of unity is guaranteed by
e.g. Proposition 13.6 in [87]) and using the projection Pi (1 ≤ i ≤ Q), so for x ∈ M

f(x) =

Q∑
i=1

ϕi(x) ·
(
f ◦ P−1

i

(
Pi(x)

))
, (4.18)

compare to (4.8).

3. For 1 ≤ i ≤ Q using neural networks approximation results for ϕi, f ◦P−1
i and Pi –

see (4.10), (4.13) and (4.16) – and extending the domain of the inverse projections
P−1
i while keeping the regularity of f ◦ P−1

i using e.g. Theorem 1 in [91]. In the
proof above, the extension of the domain of P−1

i constructed explicitly using the
Urysohn lemma, see (4.7).

4. Building a neural network approximating f as in the right hand side of (4.18)
by concatenating the respective neural networks arising from 3. and using that
multiplication, composition and addition can be implemented by neural networks,
see (4.17).

The approximation rate in Theorem 4.2.1 for approximating a Cs-function defined
on a d′-dimensional manifold M in Rd is, as claimed, not depended on the underly-
ing d-dimensional space but on the dimension d′ of the manifold, hence the curse of
dimensionality has been overcome.

However, the constant C in the formulation of Theorem 4.2.1 is still dependent on
d and may grow very fast with increasing d. In the stated proof, the constants C2(d)
and C3(d) in (4.14) and (4.15) (which are contained in the constant C), appearing in
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the approximation of the Courant elements (which together form a continuous partition
of unity), depend on kT , the maximal number of neighbouring cells of the mesh T , see
Theorem 2.3.18. For a typical mesh (think of a mesh on Zd) this number kT grows
exponentially in d, compare to Remark 2.3.19. So is the exponential dependence just
shifted into the constant C?

The answer is „no”, as if a different (e.g. smooth) partition of unity than the one con-
sisting of Courant elements (see (4.4)), which are continuous but piecewise affine linear
and therefore not differentiable, is considered, no exponential dependence on the input-
dimension d in the constant C in Theorem 4.2.1 appears. As shown in e.g. Proposition
13.6 in [87], for compact manifolds always a smooth partition of unity exists. Therefore,
one could use an approximation result for smooth functions with neural networks, e.g.
Theorem 2.3.11 - which was used in the proof for the approximation of f̃j = f ◦ P−1

j to
get rid of the exponential dependence from C on d.

Approximation results on a smooth and compact manifold based on polynomial ap-
proximation instead of B-spline approximation and a learning algorithm without using
any eigenmap decomposition can be found in [14]. For an introduction and overview
about manifold learning including algorithms using different eigenmap decompositions
refer to [38].
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5 Dimension dependent Fourier transform
assumption

The historically first result showing approximation rates for shallow neural networks (al-
most) independent of the underlying dimensions were stated by Barron in the beginning
of the 1990s [2, 3]. There, functions for which

∫
Rd ∥ω∥2

∣∣∣f̂(ω)∣∣∣ dω is bounded by some

C > 0, where f̂ denotes the Fourier transform, are considered. It was shown, that these
functions are lying in the the convex hull of scaled indicator functions on a half plane
and can be approximated by shallow neural networks with N neurons in the hidden layer
and sigmoidal activation functions with approximation rate 1

N . In the first section this
statement from Barron and the respective proof is shown for a simpler setting than in
[3] and examples of functions which have the mentioned property are given.

One will not be surprised that over the last 30 years the initial statement from Barron
was generalized in various ways. In the second section of this chapter a generalized
Theorem is stated and selected topics, which show some kind of generalization compared
to the statement in [3], are given.

5.1 The classial Barron class

In this section neural networks with a special type of activation functions, being sig-
moidal, see [16], are considered.

Definition 5.1.1. Let ρ : R → R be a continuous function. Then ρ is called sigmoidal if

ρ(x) → 1 for x→ ∞ and ρ(x) → 0 for x→ −∞. (5.1)

Clearly the ReLU ρ is not sigmoidal, as ρ(x) → ∞ for x→ ∞. Nevertheless the state-
ments shown in this chapter also hold with small adaptions for ReLU neural networks,
the approximation rates are identical – see also Theorem 5.2.2, which is a generalization
of Theorem 5.1.4, the main statement in this section.

Next, a set of functions, nowadays often called “classical Barron class” or simply “Bar-
ron class” for C > 0 are defined.

Definition 5.1.2. For d ∈ N and C > 0 defining

ΓC :=

{
f ∈ L1(Rd) :

∥∥∥f̂∥∥∥
L1(Rd)

<∞,

∫
Rd

∥2πξ∥2
∣∣∣f̂(ξ)∣∣∣ dξ ≤ C

}
, (5.2)
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5 Dimension dependent Fourier transform assumption

where for x ∈ Rd : ∥x∥2 =
√
x21 + · · ·+ x2d and F(f) := f̂ denotes the Fourier transform

of f , so

F(f(x)) = f̂(ξ) =

∫
Rd

f(ξ)e−2πi⟨x,ξ⟩dξ,

and ⟨x, y⟩ denotes the scalar product of two vectors x, y ∈ Rd, so ⟨x, y⟩ = xT · y.
Moreover, in this chapter the closed ball in Rd with respect to the 2-norm with radius
r > 0 is given by Bd

r , so

Bd
r := {x ∈ Rd : ∥x∥2 ≤ r}

and
∣∣Bd

r

∣∣ denotes the Lebesgue measure of Bd
r .

Remark 5.1.3. Several comments on the definition above:

a) f ∈ ΓC needs to be a L1(Rd)-function, as the Fourier transform needs to be defined.

b) By the inverse Fourier theorem (see e.g. Theorem 2.4 in [83]) it holds for f ∈ L1(Rd)
that

f(x) =

∫
Rd

f̂(ξ)e2πi⟨x,ξ⟩dξ. (5.3)

c) In [3] the assumption that
∥∥∥f̂∥∥∥

L1(Rd)
<∞ is not stated. Later on the equation

f(x)− f(0) =

∫
Rd

f̂(ξ)(e2πi⟨x,ξ⟩ − 1)dξ, (5.4)

is necessary in order to proof Lemma 5.1.7 and 5.4 holds true if f̂ ∈ L1(Rd). In
other words:

∥∥∥f̂∥∥∥
L1(Rd)

< ∞ is a convenient (but not necessary) assumption such

that (5.4) holds. For an elaboration, what happens without this assumption, see
Section III in [3].

d) The last assumption for f ∈ ΓC , so
∫
Rd ∥2πξ∥2

∣∣∣f̂(ξ)∣∣∣ dξ ≤ C, can be interpreted as
integrability of the Fourier transform of all first-order partial derivatives of f , as
(see e.g. Proposition 2.1 in [83])

F
(
∂

∂xi
f(x)

)
= 2πiξf̂(ξ)

and therefore, using (5.3), also

∂

∂xi
f(x) =

∫
Rd

2πiξf̂(ξ)e2πi⟨x,ξ⟩dξ

and |e2πi⟨x,ξ⟩| = 1, by the defintion of the complex exponential function. Clearly,
the assumption becomes more restrictive with growing dimension d, in the sense
that the complexity of the functions does not, or only grow slowly with increasing
dimension.
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5.1 The classial Barron class

e) It can be shown (see [82]) that∣∣∣Bd
r

∣∣∣ = (
√
πr)d

Γ
(
(d/2) + 1

) , (5.5)

where Γ denotes the Gamma function and that (see again [82])∣∣∣Bd
r

∣∣∣→ 0 for d→ ∞. (5.6)

Next, the main Theorem for this section will be given and proofed using two Lemmas
also stated underneath.

Theorem 5.1.4. Let d,N ∈ N, f ∈ ΓC and ρ : R → R be sigmoidal. Then, for every
c > (2C)2, there exists a neural network Φ with

L(Φ) = 2, (5.7)
M(Φ) ≤ N · (d+ 2) + 1 and (5.8)

1∣∣Bd
1

∣∣ ∫
Bd

1

|R(Φ)(x)− f(x)|2 dx ≤ c

N
. (5.9)

In [3] the Theorem above is stated in a much more general way, see also Theorem 5.2.2
underneath. First, it is stated for general bounded sets B in Rd, see Section II and V
(and therefore also for open balls Bd

r with arbitrary radius r, see Section III) and not
only for the unit ball Bd

1 . Moreover, it is stated for probability measures, and not for the
Lebesgue measure as in the statement in this thesis above. However, Barron clarifies how
to deal with general measures, including the case of the Lebesgue measure on bounded
sets, see Section II.

To get the main ideas the statement from Theorem 5.1.4 is shown, as in [66]. In order
to proof the Theorem two auxiliary results are given. The first one was shown in [3].

Lemma 5.1.5. Let G be a subset of a Hilbert space such that the norm of each g ∈ G
is bounded by B > 0 and let f be in the closure of the convex hull of G, so f ∈ co(G).
Then, for every N ∈ N and c′ > B2 there exist g1, . . . , gN ∈ G and c1, . . . , cN ∈ [0, 1]
with

∑N
i=1 ci = 1 such that ∥∥∥∥∥f −

N∑
i=1

cigi

∥∥∥∥∥
2

≤ c′

N
.

Proof. Let f ∈ co(G). Then, for every δ > 0 there exists f∗ ∈ co(G) such that
∥f − f∗∥ ≤ δ.
Since f∗ ∈ co(G), there exists m ∈ N such that

f∗ =

m∑
i=1

c′ig
′
i
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5 Dimension dependent Fourier transform assumption

for g′1, . . . , g′m ∈ G and c′1, . . . , c
′
m ∈ [0, 1] with

∑m
i=1 c

′
i = 1. Considering a probability

distribution σ on {1, . . . ,m} with Pσ(k) = c′k for 1 ≤ k ≤ m. Let (gj)∞j=1 be i.i.d. random
variables with gj = g′ij , where ij ∼ σ. Then it holds for each j that

E(gj) =
m∑
i=1

c′ig
′
i = f∗ (5.10)

and therefore (Xj)
∞
j=1 := gij − f∗, where again ij ∼ σ, are i.i.d. random variables with

E(Xj) = 0. Moreover, it holds that

E

∥∥∥∥∥∥ 1

N

N∑
j=1

Xj

∥∥∥∥∥∥
2 =

1

N2

N∑
j=1

E
(
∥Xj∥2

)
=

1

N2

N∑
j=1

Ei∼σ

(
∥gi∥2 − 2 ⟨gi, f∗⟩+ ∥f∗∥2

)

=
1

N2

N∑
j=1

Ei∼σ

(
∥gi∥2

)
− ∥f∗∥2 ≤ 1

N2
NB2 =

B2

N
. (5.11)

The first identity follows from Bienaymé’s identity (see e.g. p.106 in [41]), the second
identity by the defintion of Xj , the third identity by linearity of E and (5.10) and the
final estimation by the assumption that the norm of each element in G is bounded by B.
By (5.11) there exists at least one event ω such that∥∥∥∥∥∥ 1

N

N∑
j=1

Xj(ω)

∥∥∥∥∥∥
2

≤ B2

N
,

therefore ∥∥∥∥∥∥ 1

N

N∑
j=1

(
gij (ω)− f∗

)∥∥∥∥∥∥
2

=

∥∥∥∥∥∥ 1

N

N∑
j=1

(
gij (ω)

)
− f∗

∥∥∥∥∥∥
2

≤ B2

N
.

Hence, using the triangle inequality, yields∥∥∥∥∥∥ 1

N

N∑
j=1

(
gij (ω)

)
− f

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥ 1

N

N∑
j=1

(
gij (ω)

)
− f∗

∥∥∥∥∥∥
2

+ ∥f∗ − f∥2 ≤ B2

N
+ δ,

and since δ was arbitrary this yields the result.

If one considers G to be an orthonormal basis, the elements gi ∈ G and the coefficients
ci ∈ [0, 1] can be explicitly given, see Remark 5.11 in [66].

Above, it was shown that in a Hilbert space any function f , which is in (the closure
of) the convex hull of elements of a set G, can be approximated with an approximation
rate of 1

N by a convex combination of only N elements in G.
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5.1 The classial Barron class

Now transferring this argument to neural networks: Every function that can be rep-
resented by an arbitrary wide two-layer neural network (so with an arbitrary number of
neurons in the first layer) with bounded activation function and where the weights in
the last layer are positive and sum up to one can also be approximated with a neural
networks with only N neurons in the first layer and an approximation rate of 1

N .

Next, in order to use the Lemma above, it is shown that for f ∈ ΓC it holds that
f|Bd

1
− f(0) is in the closure of the convex hull of the set GC , which contains functions

mapping to a constant (bounded in absolute value by 2C) on a half plane and mapping
to 0 apart from the half plane.

Definition 5.1.6. For d ∈ N and C > 0 defining

GC :=
{
g : Bd

1 → R : g(x) = γ · 1R+(⟨a, x⟩+ b) with a ∈ Rd, b, γ ∈ R, |γ| ≤ 2C
}
,

where 1R+ denotes the indication function on R+ := [0,∞), so 1R+(x) :=

{
1 for x ≥ 0
0 else .

Lemma 5.1.7. Let d ∈ N, C > 0 and let f ∈ ΓC . Then f|Bd
1
− f(0) ∈ co(GC), where

the closure is taken with respect to the norm ∥·∥L2,⋄(Bd
1)

defined by

∥g∥L2,⋄(Bd
1)

:=

(
1

|Bd
1 |

∫
Bd

1

|g(x)|2dx

)1/2

.

The proof here is omitted, refer to Theorem 2 in [3] or Lemma 5.12 in [66].

Proof of Theorem 5.1.4. Let f ∈ ΓC . By Lemma 5.1.7 it holds that

f|Bd
1
− f(0) ∈ co(GC).

Moreover, for g ∈ GC it holds that ∥g∥L2,⋄(Bd
1)

≤ 2C as(
1

|Bd
1 |

∫
Bd

1

|g(x)|2dx

)1/2

≤

(
1

|Bd
1 |

∫
Bd

1

(2C)2dx

)1/2

=

(
1

|Bd
1 |
(2C)2|Bd

1 |
)1/2

= 2C.

Applying Lemma 5.1.5 to the Hilbert space L2,⋄ (Bd
1

)
yields, that for every N ∈ N there

exist γi with |γi| ≤ 2, ai ∈ Rd and bi ∈ R for 1 ≤ i ≤ N such that

1

|Bd
1 |

∫
Bd

1

∣∣∣∣∣f(x)− f(0)−
N∑
i=1

γi1R+(⟨ai, x⟩+ bi)

∣∣∣∣∣
2

dx ≤ (2C)2

N
.

Since ρ(λx) → 1R+(x) for λ→ ∞ a.e. by the dominated convergence theorem, for every
δ > 0 there exist a′i ∈ Rd and b′i ∈ R for 1 ≤ i ≤ N such that by the triangle inequality

1

|Bd
1 |

∫
Bd

1

∣∣∣∣∣f(x)− f(0)−
N∑
i=1

γiρ(
〈
a′i, x

〉
+ b′i)

∣∣∣∣∣
2

dx ≤ (2C)2

N
+ δ.
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5 Dimension dependent Fourier transform assumption

Defining now the neural network Φ as follows:

Φ :=
((

(γ1, . . . , γN ), f(0)
))

• P
(
((a′1b

′
1)), . . . , ((a

′
N , b

′
N ))
)
.

Then clearly L(Φ) = 2, M(Φ) ≤ N · d+ d+ d · 1 + 1 = N · (d+ 2)+ 1, so (5.7) and (5.8)
hold. Moreover,

R(Φ)(x) =

N∑
i=1

γiρ(
〈
a′i, x

〉
+ b′i) + f(0).

Hence, it holds that

1

|Bd
1 |

∫
Bd

1

|f(x)−R(Φ)(x)|2 dx ≤ c

N
,

which is (5.9), as c > (2C)2 by assumption.

The extension of Theorem 5.1.4 to r > 0 is quite straightforward with a small change
in the definition of ΓC , see Section V in [3].

Note that in the approximation statement (5.9) the exponential dependence is not
somehow hidden or incorporated in the term |Bd

1 | (or in |Bd
r | for r > 0) as (5.6) holds.

Of course, one could ask, if the approximation rate of 1
N in Theorem 5.1.4 can be

improved and if yes, to which extent. From Lemma 4.1 and Proposition 4.6 in [65] it
follows that it cannot be improved beyond N− d+2

d , which is not significantly less than
1
N .

It is a natural question to ask, which functions are contained in the Barron class ΓC and
which properties these functions fulfill. In [3], Section IX an extensive list of functions
thereof and properties of functions in ΓC are given. Only a few examples are given here.

The first two properties are based on properties of the Fourier transform. For a > 0
and b ∈ Rd it holds that (see Proposition 2.1 in [83])

F (f(x+ b)) = f̂(ξ)e2πi⟨ξ,b⟩ and (5.12)

F (f(ax)) =
1

ad
f̂

(
ξ

a

)
. (5.13)

This yields the following properties for C,Ci > 0, f ∈ ΓC , fi ∈ ΓCi , a > 0, ai ∈ R and
b ∈ Rd for 1 ≤ i ≤ n:

• If f ∈ ΓC , then f(·+ b) ∈ ΓC , as by the inverse Fourier theorem (5.3) it holds that

f(x+ b) =

∫
Rd

F (f(x+ b)) e2πi⟨x,ξ⟩dξ

(5.12)
=

∫
Rd

f̂(ξ)e2πi⟨ξ,b⟩e2πi⟨x,ξ⟩dξ,

and |e2πi⟨ξ,b⟩| = |e2πi⟨x,ξ⟩| = 1.
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5.2 Extensions

• If f ∈ ΓC , then f(a·) ∈ ΓaC , by the same arguments as above using (5.13) instead
of (5.12).

• If fi ∈ ΓC , then
∑n

i=1 aifi ∈ Γ∑n
i=1 |ai|Ci

, by linearity of the integral.

• The Gaussian function on Rd, so x 7→ e−∥x∥22/2 is in ΓC for C = O(
√
d).

• If f can be written as f(x) = g(∥x∥2), then f ∈ ΓC for C = O(
√
d).

For f in ΓC the assumption
∫
Rd ∥2πξ∥2

∣∣∣f̂(ξ)∣∣∣ dξ ≤ C is a dimension dependent as-
sumption, compare to d) in Remark 5.1.3). This assumption is not directly describable
in classical smoothness order. However, Barron states two interesting properties related
to the smoothness of a function f and being in ΓC , at least for some C > 0:
For f to fulfill

∫
Rd ∥2πξ∥2

∣∣∣f̂(ξ)∣∣∣ dξ <∞ it is . . .

. . . necessary (and not sufficient) that all first-order partial derivatives are bounded,
see [3], Section II.

. . . sufficient (but not necessary) that all partial derivatives of order up to ⌊d/2⌋ + 2
are square-integrable, so f is in the Sobolev space W ⌊d/2⌋+2,2(Rd). It can be shown
that the constant C depends linearly on the ∥f∥W ⌊d/2⌋+2,2(Rd), for details refer to
example (15) in Section IX in [3].

The last two examples above and the statement about smoothness show the indirect
dependence of C on the input dimension d.

5.2 Extensions

During the last 30 years, since Barron published his paper about overcoming the curse
of dimensionality with shallow neural networks for functions in the Barron class ΓC ,
numerous authors have published generalizations in some sense of the initial statement.
Hence what is nowadays meant by “Barron class” or “Barron space” is not clear without
rigorous specification, for an overview what can be meant see Section 7 in [12]. In this
thesis two of the above mentioned generalizations are shown.

First, in Chapter 5.2.1 it is shown that the curse of dimensionality can be overcome
for classification tasks, where for each area ∂Ωi ⊂ Rd can be described locally as a d− 1
dimensional Barron function. Note, that in this case the accuracy of approximation does
depend on the dimension d, but only as a multiplicative factor which is polynomial in d.
The main source for this idea is [12].

Secondly, a set – the nowadays often called “Barron space” – which can be seen as
a suitable continuum version of Realizations of two-layered neural networks, is defined.
Moreover, a norm on this set, the “Barron norm” is defined and it is shown that a function
f in the Barron class can be approximated by a shallow ReLU neural network with N
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5 Dimension dependent Fourier transform assumption

neurons in hidden layer with approximation rate 1
N , so without exponential dependence

on the input dimension with rate. Moreover properties of the Barron space and the re-
lationship to the Barron class is studied. The basis for Subsection 5.2.2 is [21].

Content-wise not covered in this thesis, but worth to mention is [47], where the com-
positions of Barron class functions is studied.

5.2.1 Classification of sets with Barron class boundary

In general, approximation rates of classification functions of the form
∑n

i=1 fi1Ωi , where
each Ωi ⊂ Rd is an open set with piecewise smooth ∂Ωi and fi piecewise smooth (that
includes also the case for constant fi), are determined by the smoothness of ∂Ωi and fi,
see e.g. [64].

Now a different approach, considering that the boundary ∂Ωi can be parameterized
by (d-1)-dimensional Barron functions for 1 ≤ i ≤ n, as defined underneath, is shown to
also overcome the curse of dimensionality. The definition given underneath can be seen
as a generalization of Definition 5.1.2 to arbitrary bounded and nonempty sets.

Definition 5.2.1. Let d ∈ N, C > 0 and Ω ⊂ Rd be nonempty and bounded. A function
f : Ω → R is said to be of Barron class with constant C if there are x0 ∈ Ω, c ∈ [−C,C]
and measurable f̂ : Rd → C satisfying for all x ∈ Ω∫

Rd

2π|ξ|Ω,x0 · |f̂(ξ)|dξ ≤ C and f(x) = c+

∫
Rd

(
e2πi⟨x,ξ⟩ − e2πi⟨x0,ξ⟩) · f̂(ξ)dξ, (5.14)

where |ξ|Ω,x0 := supx∈Ω |⟨ξ, x− x0⟩|. The class of all functions satisfying (5.14) is denoted
by ΓC(Ω, x0).

For the case Ω = Bd
1 with “base point” x0 = 0, it holds that

|ξ|Bd
1 ,0

= sup
x∈Bd

1

|⟨ξ, x⟩| = ∥ξ∥2 , (5.15)

as in Definition 5.1.2. Equation (5.15) holds due to | ⟨ξ, x⟩ | ≤ ∥ξ∥2 ·∥x∥2 ≤ ∥ξ∥2 (Cauchy-
Schwartz) and since

〈
ξ, ξ

∥ξ∥2

〉
= ∥ξ∥2, hence ΓC = ΓC(B

d
1 , 0). It can be shown that the

choice of x0 ∈ Ω is immaterial, as the respective norm changes at most by a factor of 2.
Therefore writing ΓC(Ω) instead of ΓC(Ω, x0), as the value of C is typically given and
not to be chosen explicitely.

In order to proceed, a generalized version of Theorem 5.1.4 is stated underneath, see
Proposition 2.2 in [12], based on the ideas given in [2].

Compared to Theorem 5.1.4, it is stated for the ReLU as activation function (instead of
sigmoidal functions), bounded sets are considered (instead of the d-dimensional unit ball
Bd

1) and the approximation error is measured in the ∞-norm (instead of the L2-norm). It
is worth mentioning that the statement underneath holds also true for sigmoidal functions
in the L2-norm (see Section V in [3]) and the ∞−norm (see [2]).
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5.2 Extensions

Theorem 5.2.2. There exists κ > 0 such that for any d ∈ N, any bounded set Ω ⊂ Rd

with nonempty interior, any C > 0, any x0 ∈ Ω, any f ∈ ΓC(Ω, x0) and any N ∈ N
there exists a ReLU neural network Φ with

L(ΦN ) = 2,

M(ΦN ) ≤ 8N · (d+ 2) + 1 and

∥f −R(ΦN )∥∞ ≤ κ ·
√
d · C√
N

.

The proof is omitted here and can be found in [12]. The constructed neural network ΦN

in the proof of the Theorem above has architecture A(ΦN ) = (d, 8N, 1), so 8N neurons
in the hidden layer, therefore M(ΦN ) ≤ d · 8N + 8N + 8N · 1 + 1 = 8N · (d+ 2) + 1.

Moreover, all weights can shown to be bounded by a constant K = K(Ω, x0, C), so
especially not dependent on N , and therefore independent of the approximation accuracy.

Note that if one would use the L2-norm instead of the L∞-norm in order to measure
the approximation error the

√
d on the right hand side could be omitted.

In order to proceed, the “Barron approximation set” ΓAC(Ω) is defined as set of all
functions which can be approximated with a shallow network with accuracy as in Theorem
5.2.2. This set can be seen as a scaled bigger version of ΓC(Ω).

Definition 5.2.3. Let d ∈ N and Ω ⊂ Rd bounded with nonempty interior. For C > 0
defining the Barron approximation set ΓAC(Ω) as set of functions f : Ω → R such that
for every N ∈ N there exists a shallow ReLU neural network ΦN with N neurons in the
hidden layer such that

∥f −R(ΦN )∥∞ ≤ C
√
d√
N
,

and where the weights of ΦN can be bounded in absolute value by a constant adapted
from to mentioned K = K(Ω, x0, C) above.

For details about the constant K refer to [12], where it is also shown that there exists
κ0 > 0 such that for all C > 0 it holds that ΓC(Ω, x0) ⊂ ΓAκ0C(Ω). Therefore the defini-
tion and Theorem underneath, which are stated for ΓAC(Ω) also hold for ΓC·κ−1

0
(Ω, x0).

Now all ingredients to define sets with Barron class boundary are available.

Definition 5.2.4. Let d ∈ N, d ≥ 2, B > 0 and let Q = [a, b] ⊂ Rd be a rectangle, so
a, b ∈ Rd with ai < bi for 1 ≤ i ≤ d. A function f : Q → R is called a Barron Horizon
function with constant B, if there are 1 ≤ i ≤ d and f ∈ ΓAB

(
[a(i), b(i)]

)
and θ ∈ {±1}

such that

F (x) = 1θxi≤f(x(i) ∀x ∈ Q,

where y(i) = (y1, . . . , yi−1, yi+1, . . . , yd) for y ∈ Rd. The set of all Barron Horizon func-
tions on a rectangle G is denoted by ΓHB(Q).
For given M ∈ N and B > 0, a compact set Ω ∈ Rd is said to have Barron class boundary
with constant B if there exists rectangles Q1, . . . , QM ⊂ Rd such that
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5 Dimension dependent Fourier transform assumption

• the rectangles have disjoint interiors, i.e. Q◦
j ∩Q◦

k = ∅ for j ̸= k,

• the rectangles cover Ω, i.e. Ω ⊂
⋃M

j=1Qi and

• there exist Barron Horizon functions with constant B on each Qj ∩ Ω , i.e. for
1 ≤ j ≤M it holds that 1Qj∩Ω ∈ ΓHB(Qj).

For given Ω a family of rectangles (Qj)
M
j=1 is called an associated cover of Ω. Finally, the

class of all sets which have Barron class boundary with constant B for M rectangles is
denoted by ΓB,M (Rd).

Next, the main result for this subsection, the approximation result for functions 1Ω
where Ω is a set with Barron class boundary, is shown. One notes that there is no expo-
nential dependence on the input dimension d, therefore again the curse of dimensionality
has been overcome. In [12] the statement is given for specific measures (α-tube compati-
ble measures) and it is shown that for general probability measures the statement doesn’t
hold, see Section 6. However, in this thesis the statement is given for the Lebesgue mea-
sure, with is α-tube compatible with α = 1, meaning that there exists a C > 0 such that
for each measurable function f : Rd−1 → R and each 1 ≤ i ≤ d and ε ∈ (0, 1] it holds
that

µ
(
T
(i)
f,ε

)
≤ C · ε where T

(i)
f,ε :=

{
x ∈ Rd :

∣∣∣xi − f(x(i))
∣∣∣ ≤ ε

}
. (5.16)

Theorem 5.2.5. Let d,M,N ∈ N, d ≥ 2, B,C > 0 and Ω ∈ ΓB,M (Rd). Then there
exists a neural network ΦN with

L(ΦN ) = 4,

M(ΦN ) ≤ 54MNd2,

N(ΦN ) ≤ 7M · (N + d) and

µ
(
{x ∈ Rd : 1Ω(x) ̸= R(ΦN )(x)}

)
≤ 6MCB

√
d3√

N
,

where µ denotes the Lebesgue measure. Moreover, 0 ≤ R(ΦN )(x) ≤ 1 for all x ∈ Rd, the
architecture of ΦN is given by A(ΦN ) = (d,M · (N + 2d+ 2),M · (4d+ 2),M, 1) and the
absolute values of the weights can be bounded.

Proof (sketch). The neural network is constructed explicitly in 4 steps:
Step 1. Constructing neural networks approximating boundaries locally:
For an associated cover (Qj)

M
j=1 fix 1 ≤ m ≤ M and let Qm := [a(m), b(m)]. By the

assumption Ω ∈ ΓB,M (Rd) there exist 1 ≤ i = i(m) ≤ d and θm ∈ {±1} and fm ∈
ΓAB(Q

i
m) such that 1Ω(x) = 1θmxi≤fm(x(i) for all x ∈ Qm, where Qi

m :=
∏

j ̸=i[(aj , (bj ].
Moreover, it can be shown that one can assume Qm ⊂ [−R,R]d for 1 ≤ m ≤ M , where
R := supx∈Ω ∥x∥∞. Now, by Definition 5.2.3 there exist for 1 ≤ m ≤M a shallow neural
networks ImN with N neurons in the hidden layer such that

∥fm −R(ImN )∥∞ ≤ γ√
N
,
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5.2 Extensions

where γ := B
√
d− 1 and the absolute values of the weights can be bounded.

Step 2. Constructing neural networks approximating horizon functions:
Let

Sm := {x ∈ Qm : fm(x(i)) ≥ θmxi} and Tm := {x ∈ Qm : R(ImN )(x(i)) ≥ θmxi},

then for Sm∆Tm := (SM \ Tm) ∪ (TM \ Sm) it holds that

Sm∆Tm ⊂
{
x ∈ Qm :

∣∣∣fm(x(i))− θmxi

∣∣∣ ≤ γ√
N

}
.

Since 1Ω(x) = 1Sm(x) for x ∈ Qm and (5.16) it follows that

µ
(
{x ∈ Qm : 1Ω(x) ̸= 1Tm(x)}

)
= µ

(
{x ∈ Qm : 1Sm(x) ̸= 1Tm(x)}

)
= µ

(
Sm∆Tm

)
≤ Cγ√

N
. (5.17)

For δ > 0 defining the the approximate Heaviside function Hδ : R → [0, 1] by

Hδ(x) :=


0 for x ≤ 0
x
δ for 0 ≤ x ≤ δ
1 for x ≥ δ

,

which is the realization of the ReLU neural network Φδ(x) :=
((

(1, 1)T , (0,−δ)T
)
,
(
(1δ ,−

1
δ ), 0

))
as

R(Φδ) =
1

δ
ρ(x)− 1

δ
ρ(x− δ) + 0 = Hδ(x),

where ρ denotes the ReLU. Now an appropriate approximate Heaviside function applied
to R(ImN )(x(i)) − θmxi is used to approximate 1Tm . Therefore, note that for δ > 0 and
measurable ϕ : Rd−1 → R it holds that{

(t, u) ∈ Rd−1 × R : 1u≤ϕ(t) ̸= Hδ(ϕ(t)− u)
}
⊂
{
(t, u) ∈ Rd−1 × R : |ϕ(t)− u| ≤ δ

}
,

therefore picking δ = γ√
N

and using (5.16) yields

µ
(
{x ∈ Qm : 1Tm(x) ̸= R(Jm

N )(x)}
)
≤ Cγ√

N
, (5.18)

where Jm
N is chosen such that

R(Jm
N ) = Hγ/

√
N

(
R(ImN )(x(i))− θmxi

)
.

Moreover, clearly 0 ≤ R(Jm
N ) ≤ 1.

Step 3. Truncation and distinction between small and large rectangles:
Next, the realizations R(Jm

N ) are truncated in the sense that they are only supported on
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5 Dimension dependent Fourier transform assumption

Qm via a ReLU neural network, respectively. This is done via an argument based on
Lemma A.6 in [64].
Let [a, b] =

∏n
i=1[ai, bi] be a rectangle in Rd. For ε ∈

(
0, 12 ·min1≤i≤d(bi − ai)

)
defining

[a+ ε, b− ε] :=
∏d

i=1[ai + ε, bi − ε]. Moreover, for 1 ≤ i ≤ d defining ti : R → R by

ti(u) :=


0 for u ∈ R \ [ai, bi]
1 for u ∈ [ai + ε, bi − ε]
u−ai
ε for u ∈ [ai, ai + ε]

bi−u
ε for u ∈ [bi − ε, bi]

and ηε : Rd × R by

ηε(x, y) := ρ
( d∑

i=1

ti(xi) + ρ(y)− d
)
.

Then, for y ∈ [0, 1] and x ∈ [a+ ε, b− ε] it holds that

ηε(x, y) = ρ(ρ(y)) = y

and if x ∈ Rd \ [a, b] (so ti(xi) = 0 for at least one coordinate direction i) it holds that
ηε(x, y) = 0 since

0 ≤ ηε(x, y) ≤ ρ(d− 1 + ρ(y)− d) = ρ(y − 1) = 0.

Therefore any function g : Rd → [0, 1] fulfills{
x ∈ Rd : ηε(x, g(x)) ̸= 1[a,b](x) · g(x)

}
⊂ [a, b] \ [a+ ε, b− ε].

Note that ti(u) can be implemented by the ReLU neural network with 2 layers given as

Φti :=
((

(1, 1, 1, 1)T , (−ai,−ai − ε,−bi + ε,−bi)T
)
,
(1
ε
(1,−1,−1, 1), 0

))
,

as

R (Φti) (u) =
ρ(u− ai)− ρ(u− ai − ε)− ρ(u− bi + ε) + ρ(u− bi)

ε
= ti(u).

Therefore also ηε(x, y) can be implemented with the 3-layered ReLU neural network

Φηε := Φid
1 •

(
1, 0
)
•
(
(1, . . . , 1︸ ︷︷ ︸
d−times

,−1), (−d)
)
• FP

(
Φt1 , . . . ,Φtd ,Φ

id
1 •

(
1, 0
))
.

Moreover, note 0 ≤ ti ≤ 1 and 0 ≤ ηε(x, y) ≤ ρ(ρ(y)) ≤ 1 for all y ∈ [0, 1].
Now distinguishing two cases:

If the rectangle Qm has width along some coordinate direction i less than 2γ√
N

(“small
rectangle case”), then for a suitable (constant) function gm : Rd−1 → R it holds that
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5.2 Extensions

Qm ⊂ T
(i)

gm,2γ/
√
N

, therefore µ(Qm) ≤ 2Cγ√
N

≤ 2dCγ√
N

, where the last estimation is done
to get the same bound as for the other case. Thus choosing Lm

N to be network with
R(Lm

N )(x, y) = 0 for all x ∈ Rd, y ∈ R. Then

µ
({

x ∈ Rd : 1Qm(x) ·R
(
Jm
N (x)

)
̸= R(Lm

N )
(
x,R

(
Jm
N (x)

))})
≤ µ(Qm)

≤ 2dCγ√
N

. (5.19)

Otherwise (“big rectangle case”), for a rectangle Qm with Qm = [a, b] it holds that
γ√
N

≤ 1
2 · min1≤i≤d(bi − ai) and therefore [a, b] \ [a + γ√

N
, b − γ√

N
] is contained in the

union of 2d tubes with width γ√
N

. Hence, choosing LN
m to be the network with

R(Lm
N ) := ηγ/

√
N

and it follows that

µ
({

x ∈ Rd : 1Qm(x) ·R
(
Jm
N (x)

)
̸= R(Lm

N )
(
x,R

(
Jm
N (x)

))})
≤ 2dCγ√

N
. (5.20)

Note that the same bound is estimated for both cases. Moreover, in both cases the
function x 7→ R(Lm

N )
(
x,R(Jm

N (x))
)

is supported on Qm and vanishes on the boundary
of Qm.
Step 4. Final construction and error estimate:
It holds that

µ
({

x ∈ Rd : 1Ω∩Qm(x) ̸= R(Lm
N )
(
x,R

(
Jm
N (x)

))})
≤µ
({

x ∈ Rd : R(Lm
N )
(
x,R

(
Jm
N (x)

))
̸= 1Qm(x) ·R

(
Jm
N (x)

)})
+ µ

(
{x ∈ Qm : R(Jm

N )(x) ̸= 1Tm(x)}
)
+ µ

(
{x ∈ Qm : 1Tm(x) ̸= 1Ω(x)}

)
≤2dCγ√

N
+

Cγ√
N

+
Cγ√
N

=
2(d+ 1)Cγ√

N
,

using (5.19) or (5.20) respectively, (5.18) and (5.17). Finally, defining the desired neural
network ΦN such that

R(ΦN )(x) =
m∑

m=1

R(Lm
N )
(
x,R

(
Jm
N (x)

))
.

Then, due to 1Ω =
∑M

m=1 1Ω∩Qm a.e., obtaining

µ
({

x ∈ Rd : 1Ω(x) ̸= R(ΦN )(x)
})

≤ 2M(d+ 1)Cγ√
N

=
2M(d+ 1)CB

√
d− 1√

N
,

which can be simplified to 6MCB
√
d3√

N
as (d+1)

√
d− 1 ≤ (d+1)3/2 ≤ (2d)3/2 and 21+3/2 =

25/2 < 6.
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5 Dimension dependent Fourier transform assumption

Additionally, as for 1 ≤ m ≤ M it holds that 0 ≤ R(Jm
N ) ≤ 1 (see end of Step 2), also

ζm(x) := R(Lm
N )
(
x,R

(
Jm
N (x)

))
satisfies 0 ≤ ζm ≤ 1. Finally, as each ζm is supported on

Qm and vanishes on the boundary of Qm, and since the rectangles have disjoint interior
by Definition 5.2.4, also 0 ≤ R(ΦN ) ≤ 1 holds.

The exact examination of the architecture of ΦN and the estimation of the bounds on
the weights is omitted here, refer to [12], p.19-22.

5.2.2 The Barron space

In this subsection, a different set compared to the Barron class defined in Definition
5.2.1, the so-called “Barron space” and a norm on this set defined. It is shown, that for
functions in the Barron space, it is possible to overcome the curse of dimensionality for
approximation of functions in the Barron space with ReLU neural networks. The main
reference therefore is [21]. Moreover, the relationship between the Barron class and the
Barron space is given, compare to Chapter 7 in [12].

Definition 5.2.6. Let d ∈ N and Ω ⊂ Rd be nonempty and bounded. Denoting with Pd

the set of all Borel probability measures on Λ := R× Rd × R and, as always, the ReLU
with ρ, so ρ(x) = max{0, x}. For µ ∈ Pd and x ∈ Ω defining

µρ(x) :=

∫
Λ
a · ρ(⟨w, x⟩+ c)dµ(a,w, c). (5.21)

The Barron space BSρ(Ω) is defined as

BSρ(Ω) :=
{
f : Ω → R : ∃µ ∈ Pd : ∥µ∥ρ <∞ and f(x) = µρ ∀x ∈ Ω

}
,

where

∥µ∥ρ :=

∫
Λ
|a| · (∥w∥1 + |c|)dµ(a,w, c).

The Barron norm ∥·∥BSρ(Ω) for f ∈ BSρ(Ω) is defined as

∥f∥BSρ(Ω) := inf
µ∈Pd

{
∥µ∥ρ : f = µρ|Ω

}
.

If Ω is fixed in the following writing BSρ instead of BSρ(Ω) and ∥·∥BSρ
instead of

∥·∥BSρ(Ω).

Remark 5.2.7. Remarks on the Definition above.

• Equation (5.21) can be seen as a continuum analog of the realization of a shallow
ReLu neural network Φ, which is given by

R(Φ)(x) =
1

N

N∑
i=1

aiρ(⟨x,wi⟩+ ci),
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5.2 Extensions

for some N ∈ N, where ai, ci ∈ R and wi ∈ Rd for 1 ≤ i ≤ N , see [21]. Therefore,
(5.21) is the extension of the empirical parameter distribution of a network to any
parameter distribution, see [22].

• In [21] the Barron norm on BSρ is defined for each 1 ≤ p ≤ ∞ by

∥f∥BSρ,p
:= inf

µ∈Pd

(∫
Λ
|a|p · (∥w∥p1 + |c|p)dµ(a,w, c)

)1/p

for 1 ≤ p <∞ and

∥f∥BSρ,∞
:= inf

µ∈Pd

max
(a,w,c)∈supp(µ)

|a| · (∥w∥1 + |c|).

Denoting the Barron space with norm depending on p as above by BSρ,p. Then it
holds that (Remark 1 in [21])

BSρ,∞ ⊂ · · · ⊂ BSρ,2 ⊂ BSρ,1.

Moreover for f ∈ BSρ,1 it holds that f ∈ BSρ,∞ with ∥f∥BSρ,∞
= ∥f∥BSρ,1

, hence
BSρ,1 = BSρ,∞. One follows for 1 ≤ p <∞ (see Proposition 1 in [21])

BSρ,p = BSρ,∞ with ∥f∥BSρ,p
= ∥f∥BSρ,∞

. (5.22)

Thereforem there is no need to distinguish between different spaces BSρ,p, they are
all the same as BSρ,1, which is denoted by BSρ in Definition 5.2.6.

• It can be shown, that the Barron space BSρ with Barron norm ∥·∥BSρ
is indeed a

Banach space, so the term “space” is justified and that the Barron norm fulfills the
norm axioms, see Theorem 2.7 in [23].

• Each f ∈ BSρ is Lipschitz continuous, see Theorem 3.3 in [22].

• The ρ is denoted in BSρ as one could also define a Barron space similarly than
above, but using another function than the ReLU in (5.21). See underneath for the
Barron space related to the Heaviside function.

Now showing that for functions in the Barron space it is possible to overcome the curse
of dimensionality.

Theorem 5.2.8. Let d ∈ N, Ω ⊂ Rd be nonempty and bounded and µ be a probability
measure on Ω. Then, for any f ∈ BSρ(Ω) and N ∈ N there exists a shallow ReLU neural
network ΦN =

((
(w1, . . . , wN )T , c

)
,
(
aT , 0

))
- where w1, . . . , wN ∈ Rd, c, a ∈ RN - with

N neurons in the hidden layer, so

L(ΦN ) = 2, (5.23)

M(ΦN ) ≤ N · (d+ 2) such that (5.24)∫
Ω

∣∣f(x)−R(ΦN )(x)
∣∣2 dµ(x) ≤ 3 ∥f∥2BSρ

N
. (5.25)
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5 Dimension dependent Fourier transform assumption

Moreover, the path norm ∥·∥path of the shallow neural network ΦN fulfills

∥∥ΦN
∥∥
path

:=
1

N

N∑
i=1

|ai| · (∥wi∥1 + |ci|) ≤ 2 ∥f∥BSρ
. (5.26)

Proof (sketch). The proof idea resembles the idea of Barron, cited in this thesis in the
proof of Theorem 5.1.4, and is also based on sampling. A detailed proof can be found in
[21]. Let ε ∈ (0, 15) and f ∈ BSρ. Considering µ to be a probability measure such that

f(x) =

∫
Λ
a · ρ(⟨w, x⟩+ c)dµ(a,w, c) and(∫

Λ
|a|2 · (∥w∥21 + |c|2)dµ(a,w, c)

)
≤ (1 + ε) · ∥f∥2BSρ

,

which exists due to f ∈ BSρ = BSρ,2, see (5.22). Moreover, let ϕ(x, θ) := aρ(⟨x,w⟩+ c)
with θ = (a,w, c) ∼ µ. Then Eθ∼µ

(
ϕ(x, θ)

)
= f(x). Let Θ := (θi)

N
i=1 be i.i.d. random

variables drawn from µ(·). Consider the following empirical average (which can be seen
as realization of a shallow neural network)

f̃N (x,Θ) :=
1

N

N∑
i=1

ϕ(x, θi)

and let

E(Θ) := Ex

(
|f̃N (x,Θ)− f(x)|2

)
=

∫
Ω

∣∣f(x)−R(ΦN )(x)
∣∣2 dµ(x)

be the approximation error. One can show that Θ fulfills

EΘ

(
E(Θ)

)
≤

(1 + ε) · ∥f∥2BSρ

N
and EΘ

(
∥Θ∥path

)
≤ (1 + ε) · ∥f∥BSρ

Defining the events

E1 :=

{
E(Θ) <

3 ∥f∥2BSρ

N

}
and E2 :=

{
∥Θ∥path < 2 ∥f∥BSρ

}
yields (using the Markov inequality, see e.g. 6.2.2 in [67])

P
(
E1

)
= 1− P

(
Ec

1

)
≥ 1−

EΘ

(
E(Θ)

)
N

3 ∥f∥2BSρ

≥ 1− 1 + ε

3
=

2− ε

3
and (5.27)

P
(
E2

)
= 1− P

(
Ec

2

)
≥ 1−

EΘ

(
∥Θ∥path

)
2 ∥f∥BSρ

≥ 1− 1 + ε

2
=

1− ε

2
. (5.28)
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Therefore

P
(
E1 ∩ E2

)
= P

(
E1

)
+ P

(
E2

)
− P

(
E1 ∪ E2

)
≥ P

(
E1

)
+ P

(
E2

)
− 1 ≥ 2− ε

3
+

1− ε

2
− 1 =

1− 5ε

6
> 0, (5.29)

where (5.27) and (5.28) were used. Hence for any Θ̂ = (θ̂i)
N
i=1 = (âi, ŵi, ĉi)

N
i=1 in E1∩E2,

which exists due to (5.29), the neural network

ΦN :=
((

(ŵ1, . . . , ŵN )T , ĉ
)
,
( 1
N

· âT , 0
))

with R(ΦN ) = 1
N

∑N
i=1 ϕ(x, θ̂i) = f̃N (x,Θ) fulfills (5.23)-(5.26).

As the last point in this subsection, for Ω ⊂ Rd bounded with nonempty interior the
relation between the Barron class ΓC(Ω) for some C > 0 (see Definition 5.2.1) and the
Barron space BSρ(Ω) (see Definition 5.2.6) and is stated. In fact, an even stronger result
is shown, from which the relation between the Barron class and the Barron space can be
deducted easily, see [12].

Definition 5.2.9. Let d ∈ N and Ω ⊂ Rd bounded with nonempty interior. For s ≥ 0
defining the generalized s-Barron class as

GΓs(Ω) :=

{
f : Ω → R : ∃F : Rd → C : ∥F∥Γs <∞, f(x) =

∫
Rd

e2πi⟨x,ξ⟩F (ξ)dξ ∀x ∈ Ω

}
where

∥F∥Γs :=

∫
Rd

(1 + 2π ∥ξ∥2)
s |F (ξ)|dξ

and

∥f∥GΓs := inf

{
∥F∥Γs : F : Rd → C measurable, f(x) =

∫
Rd

e2πi⟨x,ξ⟩F (ξ)dξ ∀x ∈ Ω

}
.

Note that if f ∈ ΓC(Ω, x0) for some C > 0 and x0 ∈ Ω, then f ∈ GΓ1(Ω) and vice
versa.

Theorem 5.2.10. Let d ∈ N, Ω ⊂ Rd bounded with nonempty interior and s ≥ 0.

If GΓs(Ω) ⊂ BSρ(Ω), then s ≥ 2.

In particular, GΓ1(Ω) ̸⊂ BSρ(Ω).

The proof is omitted here, see Proposition 7.4 in [12]. With the note above Theorem
5.2.10 it follows that functions in the Barron class ΓC(Ω) for some C > 0 do not neces-
sary lie in the Barron space BSρ(Ω).
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5 Dimension dependent Fourier transform assumption

One notes that the Barron space BSρ depends on the function ρ appearing in (5.21). If
one chooses another function, one gets a different (also called) Barron space with probably
different properties. For the Heaviside function H(x) = 1R+(x) defining (compare to
Definition 5.2.6)

µH(x) :=

∫
Λ
a ·H(⟨w, x⟩+ c)dµ(a,w, c),

then the according Barron space BSH(Ω) is defined as

BSH(Ω) :=
{
f : Ω → R : ∃µ ∈ Pd : ∥µ∥ρ <∞ and f(x) = µρ ∀x ∈ Ω

}
,

where Ω ⊂ Rd nonempty and bounded, Λ := R × Rd × R, µ ∈ Pd (the set of all Borel
probability measures on Λ), x ∈ Ω and

∥µ∥H :=

∫
Λ
|a|dµ(a,w, c).

The Barron norm ∥·∥BSH(Ω) for f ∈ BSH(Ω) is defined as

∥f∥BSH(Ω) := inf
µ∈Pd

{∥µ∥H : f = µH |Ω} .

It can be shown (Lemma 7.1 in [12]) that Barron spaces according to different functions
have different properties and relations to each other.

Lemma 5.2.11. Let d ∈ N and Ω ⊂ Rd nonempty and bounded. The the following holds:

1) BSρ(Ω) ↪→ BSH(Ω), where for U with nonempty interior the inclusion is strict.

2) GΓ1(Ω) ↪→ BSH(Ω).

3) GΓ2(Ω) ↪→ BSρ(Ω).

For details refer to [22, 24]. Also Barron spaces which are defined neither for the ReLU
nor for the Heaviside functions and their properties are studied, see e.g. [21, 50].
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6 Approximation of solutions of Partial
Differential Equations (PDEs)

Nowadays, there are several results available which show that solutions of various types
of PDEs can be approximated by (ReLU) neural networks without the curse of dimen-
sionality, see e.g. the citations in [30].

Most of these works are based on emulating an existing method that does not suffer
from the curse of dimensionality. This holds true for the case of first-order transport
equations, which are hyperbolic and studied in Section 6.1, where the method of char-
acteristics is the underlying method. In fact, it is shown that ReLU neural networks are
capable of emulating the method of characteristics.

In Section 6.2 the parabolic linear Kolmogorov PDE is studied. The construction of
the ReLU neural network overcoming the curse of dimensionality in this section is based
on the the Feynman-Kac formula, which establishes a link between parabolic PDEs and
stochastic processes, and random sampling like in the proofs of Chapter 5.

6.1 The parametric linear transport equation

In Subsection 6.1.1 the Cauchy problem for the linear transport equation is formulated
and the unique existence of solutions for the homogeneous and non-homogeneous equation
considered is given. The main reference for this part is [28].
Subsection 6.1.2 is based on [45] and shows that ReLU neural networks can approximate
the solutions of the homogeneous and non-homogeneous linear transport equation. For
the homogeneous problem the desired ReLU neural network is constructed explicitly.
Due to the compositionality of the solution the curse of dimensionality can be overcome
to some extent. Lastly, it is also shown for which setting the biggest advantage in
comparison to direct approximation occurs.

6.1.1 Formulation and solution of the parametric linear transport equation

The definitions and results in this subsection are mainly as in Chapter 2 in [28]. Starting
with the definition of the homogeneous linear transport equation.

Definition 6.1.1. Let d, d′, s, k ∈ N and T > 0. For given vector field V ∈ Ck([0, T ] ×
Rd × [0, 1]d

′
,Rd) and initial condition u0 ∈ Cs(Rd) the homogeneous parametric linear

transport equation is given by{
∂tu(t, x, µ) + V (t, x, µ) · ∇xu(t, x, µ) = 0,
u(0, x, µ) = u0(x),

(6.1)

71



6 Approximation of solutions of Partial Differential Equations (PDEs)

where t ∈ [0, T ], x ∈ Rd, µ ∈ [0, 1]d
′ and ∇x denotes the gradient with respect to x.

Like every hyperbolic partial differential equation (see [75]) also (6.1) can be solved via
the method of characteristics. The main idea is to consider curves (so-called “character-
istic curves”) that are defined such that the solution u (of in this case (6.1)) is constant
along these curves. Henceforth, the solution at a point (t, x, µ) ∈ [0, T ] × Rd × [0, 1]d

′

equals the number evaluated at the origin of this curve.

Definition 6.1.2. The characteristic curve of the transport operator ∂t+V (t, x, µ) · ∇x

passing through x at time s = t is given by the set {(s, γ(s)) : s ∈ [0, T ]}, where γ is the
solution of the characteristic systems of ordinary differential equations{

γ̇(s) = V (s, γ(s), µ),
γ(t) = x.

(6.2)

In order to ensure that the method of characteristics works, the following assumptions
on the vector field V are made for d, d′ ∈ N and T > 0:

For some k ∈ N it holds that V ∈ Ck([0, T ]× Rd × [0, 1]d
′
,Rd) and (6.3)

∃ C > 0 s.t. ∥V (t, x, µ)∥Ck ≤ C(1 + ∥x∥2)∀ (t, x, µ) ∈ [0, T ]× Rd × [0, 1]d
′
, (6.4)

where ∥V (t, x, µ)∥Ck stands for ∥V (t, x, µ)∥Ck([0,T ]×Rd×[0,1]d′ ,Rd).
The assumptions (6.3) and (6.4) on the vector field V yield global existence of the

characteristic curves and characterises their regularity, compare to Theorem 3.3 in [45]
and Theorem 2.2.2 in [28].

Theorem 6.1.3. For d, d′ ∈ N and T > 0 let the vector field V fulfill (6.3) and (6.4) for
some k ∈ N. Then, for all (t, x, µ) ∈ [0, T ]× Rd × [0, 1]d

′ the system (6.2) has a unique
solution γ ∈ Ck([0, T ]). Furthermore, the map

X(s, t, x, µ) := γ(s)

fulfills X ∈ Ck([0, T ]× [0, T ]× Rd × [0, 1]d
′
,Rd).

The proof is omitted here, refer to [45, 28].

It is not surprising that the map X will be approximated by a ReLU neural network
later on. In order to use statements from Chapter 2 about approximation with ReLU
neural networks the following statement is given, compare to Proposition 3.4 in [45]:

Proposition 6.1.4. For d, d′ ∈ N and T > 0 let the vector field V fulfill (6.3) and (6.4)
for some k ∈ N. Then, for every K ⊂ Rd compact and nonempty there exists a constant
G = G(k, d, T,K, ∥V ∥Ck([0,T ]×K×[0,1]d′ ,Rd) such that

∥X∥Ck([0,T ]×[0,T ]×K×[0,1]d′ ) ≤ G.
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For the proof referring to Appendix A in [45].

The next theorem states the unique existence of a solution for the homogeneous para-
metric linear transport equation (6.1). Moreover, the theorem shows the compositional
structure of the solution, namely as composition of the initial condition u0 with the solu-
tion of the characterstic system of ODEs (6.2) evaluated at s = 0, compare to Theorem
2.2.4 in [28], where also the proof is stated.

Theorem 6.1.5. Let d, d′, k, s ∈ N and T > 0 and let the vector field V fulfill the
assumptions (6.3) and (6.4). Furthermore, let u0 ∈ Cs(Rd). Then the homogeneous
parametric linear transport equation (6.1) has a unique solution u ∈ Cmin{s,k}([0, T ] ×
Rd × [0, 1]d

′
) which is given by

u(t, x, µ) = u0(X(0, t, x, µ)). (6.5)

If the initial condition u0 would not be (once) differentiable, one could considerate
a weak formulation of (6.1) and get for u0 ∈ L∞(Rd) a global weak solution u ∈
L∞([0, T ] × Rd × [0, 1]d

′
). In this thesis the idea of a weak notion is not carried on,

refer to [28].

The following statement is the analogon to Theorem 6.1.5 for the non-homogeneous
parametric linear transport equation, compare to Theorem 3.9 in [60].

Theorem 6.1.6. Let d, d′, k, s, s′ ∈ N and T > 0 and let the vector field V fulfill the
assumptions (6.3) and (6.4). Further, let u0 ∈ Cs(Rd) and f ∈ Cs′([0, T ]×Rd× [0, 1]d

′
).

Then the non-homogeneous parametric linear transport equation, for t ∈ [0, T ], x ∈ Rd

and µ ∈ [0, 1]d
′ , {

∂tu(t, x, µ) + V (t, x, µ) · ∇xu(t, x, µ) = f(t, x, µ),
u(0, x, µ) = u0(x),

(6.6)

has a unique solution u ∈ Cmin{s,s′,k}([0, T ]× Rd × [0, 1]d
′
) which is given by

u(t, x, µ) = u0(X(0, t, x, µ)) +

∫ t

0
f(s,X(s, t, x, µ), µ)ds. (6.7)

6.1.2 Approximation of the solution of the linear parametric transport equation

In the last subsection the theoretical framework, meaning well-posedness and unique
solvability of the (non-)homogeneous linear transport equation (6.1) and (6.6) for a vec-
tor field V fulfilling assumptions (6.3) and well as (6.4) and s-times differentiable initial
condition u0 was established.

Now coming to the approximation of the solution of (6.1) and (6.6) with ReLU neural
networks, where the compositional structure (initial condition u0 composed with a flow
along characteristic curves) of the solutions (6.5) and (6.7) of Theorem 6.1.5 and 6.1.6,
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6 Approximation of solutions of Partial Differential Equations (PDEs)

respectively. In order to approximate the solution with ReLU neural network reasonably
well, assuming that the initial condition u0 can be approximated by ReLU neural net-
works reasonably well, see Definition 6.1.7

This subsection is content-wise based on Chapter 4 in [45], whereas different to the
theory established/cited there statements from Section 2.3 about approximation of Cs-
functions with ReLU neural networks are used.

Definition 6.1.7. For d ∈ N and r > 0 a function f ∈ L∞(Rd) is called r-approximable
by neural networks if, for every nonempty and compact setK ∈ Rd there exists a constant
c = c(K, r, f) > 0 such that for every ε ∈ (0, 1/2) there exists a neural network Φε

f such
that

L(Φε
f ) ≤ c log2

(
1

ε

)
,

M(Φε
f ) ≤ cε−

1
r log2

(
1

ε

)
and∥∥f −R(Φε

f )
∥∥
L∞(K)

≤ ε.

Remark 6.1.8. From Theorem 2.3.11 and Remark 2.3.12 is follows that f ∈ Cs(K) is
r-approximable for r = s/d and nonempty, bounded K ⊂ Rd.

Now it is possible to state the main theorems of this section for the approximation
of the solution of the linear transport equation, starting with the homogeneous case,
compare to Theorem 4.4 in [45].

Theorem 6.1.9. Let d, d′, k ∈ N, T, r > 0 and let the vector field V fulfill the assumptions
(6.3) and (6.4). Further, let the initial condition u0 ∈ C1(Rd) be r-approximable by
neural networks. Let u ∈ C1([0, T ]×Rd× [0, 1]d

′
) denote the unique solution (6.5) of the

homogeneous parametric linear transport equation (6.1), so of{
∂tu(t, x, µ) + V (t, x, µ) · ∇xu(t, x, µ) = 0,
u(0, x, µ) = u0(x),

for t ∈ [0, T ], x ∈ Rd and µ ∈ [0, 1]d
′. Then, for every ε ∈ (0, 1/2) and every compact

and nonempty K ⊂ Rd, there exists a ReLU neural network Φu,ε with input dimension
D := 1 + d + d′, such that for the restriction u := u|[0,T ]×K×[0,1]d′ it holds that, for
c = c(d, r, k,K, T, ∥V ∥Ck([0,T ]×Rd×[0,1]d′ ,Rd) , u0) > 0,

L(Φu,ε) ≤ c log2

(
1

ε

)
, (6.8)

M(Φu,ε) ≤ c
(
ε−

1
r + ε−

D
k

)
log2

(
1

ε

)
and (6.9)

∥u−R(Φu,ε)∥L∞([0,T ]×K×[0,1]d′ ) ≤ ε. (6.10)
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Proof. The unique solution u ∈ C1([0, T ]× Rd × [0, 1]d
′
) of (6.1) is (see Theorem 6.1.5)

given by

u(t, x, µ) = u0(X(0, t, x, µ)).

Moreover, X ∈ Ck([0, T ]× [0, T ]× Rd × [0, 1]d
′
,Rd) (see Theorem 6.1.3), hence

X̃ := X(0, ·, ·, ·) ∈ Ck([0, T ]× Rd × [0, 1]d
′
,Rd)

The idea of the proof is to first approximate u0 and X̃ with ReLU neural networks sep-
arately using Theorem 2.3.11 and then sparsely concatenate these two neural networks.

Step 1. Approximating u0 and X̃ with ReLU neural networks:
Let ε ∈ (0, 1/2). The mentioned Theorem 2.3.11 holds for Ck-functions defined on
compact sets (see also Remark 2.3.12), henceforth the function X̂ is restricted to U :=
[0, T ]×K× [0, 1]d

′ and the function u0 is restricted to Bd
G(0) (the closed ball with radius

G around 0 in Rd), where G is an upper bound for ∥X∥C0([0,T ]×K×[0,1]d′ ), which exists
due to Proposition 6.1.4.

Since u0 is r-approximable by Definition 6.1.7 there exists c1 = c1(d, r, T,K, u0) > 0
and a neural network Φδ1

u0
for δ1 := ε/2 with with d-dimensional input, such that

L(Φδ1
u0
) ≤ c1 log2

(
1

δ1

)
,

M(Φδ1
u0
) ≤ c1δ

− 1
r

1 log2

(
1

δ1

)
and∥∥∥u0 −R(Φδ1

u0
)
∥∥∥
L∞(BG(0))

≤ δ1.

By the mentioned statements Theorem 2.3.11 and Remark 2.3.12 from Chapter 2 there
exists a constant c2 = c2(d, T, k,K, ∥V ∥Ck([0,T ]×Rd×[0,1]d′ ,Rd)) > 0, and a neural network
Φδ2
X̃

for δ2 := ε/(2Lu0), where Lu0 := supx ̸=y∈U ∥u0(x)− u0(y)∥2 / ∥x− y∥2 < ∞, which
exists due to u0 is differentiable, with D := 1 + d+ d′-dimensional input such that

L(Φδ2
X̃
) ≤ c2 log2

(
1

δ2

)
,

M(Φδ2
X̃
) ≤ c2δ

−D
k

2 log2

(
1

δ2

)
and∥∥∥X̃ −R(Φδ2

X̃
)
∥∥∥
L∞(U)

≤ δ2.

Step 2. Defining Φu,ε and showing the desired properties (6.8)-(6.10):
As indicated before setting now Φu,ε := Φδ1

u0
⊙Φδ2

X̃
. This yields, using triangle inequality
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6 Approximation of solutions of Partial Differential Equations (PDEs)

and the approximation property of Φδ1
u0

and Φδ2
X̃

, that

∥u−R (Φu,ε)∥L∞(U)

=
∥∥∥u0 ◦ X̃ −R

(
Φδ1
u0

⊙ Φδ2
X̃

)∥∥∥
L∞(U)

=
∥∥∥u0 ◦ X̃ −R

(
Φδ1
u0

)
◦R

(
Φδ2
X̃

)∥∥∥
L∞(U)

≤
∥∥∥u0 ◦ X̃ − u0 ◦R

(
Φδ2
X̃

)∥∥∥
L∞(U)

+
∥∥∥u0 ◦R(Φδ2

X̃

)
−R

(
Φδ1
u0

)
◦R

(
Φδ2
X̃

)∥∥∥
L∞(U)

≤Lu0

∥∥∥X̃ −R
(
Φδ2
X̃

)∥∥∥
L∞(U)

+
∥∥∥u0 −R

(
Φδ1
u0

)∥∥∥
L∞(BG(0))

≤ Lu0δ2 + δ1 = ε,

so (6.10) holds. Moreover, due to (2.16) and the bounded number of weights of Φδ1
u0

and
Φδ2
X̃

it holds that

M(Φu,ε) =M(Φδ1
u0

⊙ Φδ2
X̃
) ≤ 2 ·

(
M(Φδ1

u0
) +M(Φδ2

X̃
)
)

≤ 2 ·
(
c1δ

− 1
r

1 log2

(
1

δ1

)
+ c2δ

−D
k

2 log2

(
1

δ2

))
≤ c3

(
ε−

1
r + ε−

D
k

)
log2

(
1

ε

)
,

for an appropriate choice of c3 > 0. For the layers, using (2.15) and that number of
layers of Φδ1

u0
and Φδ2

X̃
is bounded, yields

L(Φu,ε) = L(Φδ1
u0

⊙ Φδ2
X̃
) = L(Φδ1

u0
) + L(Φδ2

X̃
)

≤ c1 log2

(
1

δ1

)
+ c2 log2

(
1

δ2

)
≤ c4 log2

(
1

ε

)
,

for an appropriate choice of c4 > 0. With

c = c(d, r, k,K, T, ∥V ∥Ck([0,T ]×Rd×[0,1]d′ ,Rd) , u0) := max{c3, c4} > 0

equations (6.8) and (6.9) hold.

Remark 6.1.10. Showing in which case the Theorem above is substantially better than
direct approximation without using the compositionality of the solution (6.5).

• The power of Theorem 6.1.9 can be seen if V is substantially smoother than the
initial condition. So, if one considers d ≤ s ≪ D ≤ k, where d denotes the space
dimension, s the smoothness of the initial condition u0, D = 1 + d + d′ the total
dimension (time, space and additional parameter) and k the smoothness of V ,
then a direct approximation via Theorem 2.3.11 of the solution u ∈ Cs([0, T ] ×
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K × [0, 1]d
′
) on bounded and nonempty K ∈ Rd with a ReLU neural network Φ1

would require

M(Φ1) ≤ cε−D/s log2(1/ε) (6.11)

many weights. In contrast, using Theorem 6.1.9 yields a neural network Φ2 with
only

M(Φ2) ≤ c
(
ε−1/r + ε−D/k

)
log2 (1/ε) ≤ 2c(1/ε) log2(1/ε) (6.12)

needed weights, due to d ≤ s (and therefore r = s/d ≥ 1) and D ≤ k (and
therefore D/k ≤ 1). Note that for s≪ D the difference between (6.11) and (6.12)
is substantially.

• As mentioned, the compositionality yields the required better approximation result
in Theorem 6.1.9 compared to the statements in Chapter 2. In fact, the solution
u(t, x, µ) = u0(X(0, t, x, µ)) of the homogeneous linear transport equation (6.1)
can be seen as a compositional function (as explained in Chapter 3) with f1 = X̃
and f2 = u0 in a more generalized setting, where the constituent functions may
have different orders of smoothness and the functions involved are not defined on
[−1, 1]di for some di ∈ N but on a suitable compact subset K ∈ Rd.

A statement similar to Theorem 6.1.9 also holds for the non-homogeneous parametric
linear transport equation (6.6), see Theorem 4.7 in [45]. It is shown for two different types
of source terms. Henceforth let, for d, d′ ∈ N and T > 0, the vector field V fulfill (6.3)
and (6.4) for some k ∈ N and moreover assuming that one of the following properties
hold:

(i) f(t, x, µ) = f1(t, x) ∈ Cs′([0, T ]× Rd) for s′ := ⌈(d+ 1)k/D⌉, (6.13)

(ii) f(t, x, µ) = f2(t, x, µ) ∈ Cs′([0, T ]× Rd × [0, 1]d
′
), for s′ := k, (6.14)

so assuming that f is very regular if it depends on µ and much less regularity is sufficient
if f doesn’t depend on µ.

Theorem 6.1.11. Let d, d′, k ∈ N, T, r > 0 and let the vector field V fulfill the assump-
tions (6.3) and (6.4). Further, let the initial condition u0 ∈ C1(Rd) be r-approximable
by neural networks and let f and s′ ∈ N as in (6.13) or (6.14). Let u ∈ C1([0, T ] ×
Rd × [0, 1]d

′
) denote the unique solution (6.7) of the non-homogeneous parametric linear

transport equation (6.6), so of{
∂tu(t, x, µ) + V (t, x, µ) · ∇xu(t, x, µ) = f(t, x, µ),
u(0, x, µ) = u0(x),

for t ∈ [0, T ], x ∈ Rd and µ ∈ [0, 1]d
′ . Then, for every ε ∈ (0, 1/2) and every compact

and nonempty K ⊂ Rd, there exists a ReLU neural network Φu,ε with input dimension
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D := 1 + d + d′, such that for the restriction u := u|[0,T ]×K×[0,1]d′ it holds that, for
c = c(d, r,D, k,K, T, ∥V ∥Ck([0,T ]×Rd×[0,1]d′ ,Rd) , u0, ∥f∥Cs′ ) > 0,

L(Φu,ε) ≤ c log2

(
1

ε

)
, (6.15)

M(Φu,ε) ≤ c
(
ε−

1
r + ε−

D+1
k

−1
)
log2

(
1

ε

)
and (6.16)

∥u−R(Φu,ε)∥L∞([0,T ]×K×[0,1]d′ ) ≤ ε. (6.17)

Proof (sketch). The unique solution of (6.6) is (see Theorem 6.1.6) given by

u(t, x, µ) = u0(X(0, t, x, µ)) +

∫ t

0
f(s,X(s, t, x, µ), µ)ds. (6.18)

A ReLU neural network approximating (u0 ◦ X)(0, ·, ·, ·) was constructed in the proof
of Theorem 6.1.5. By Theorem 2.3.11 there exists a ReLU neural network which ap-
proximates f . For a ReLU neural network which approximates the antiderivative (to be
more precise, the left Riemann sum) of f with respect to the first coordinate, the final
construction of the desired network and the properties (6.15)-(6.17) refer to the proof of
Theorem 4.7 in [45].

Note that if u0 ∈ Cs(Rd), then by Remark 6.1.7 the r in Theorem 6.1.11 can be re-
placed by s/d.

Several extensions (e.g. the non-linear setting) of the homegeneous 6.1 and non-
homogeneous 6.6 linear transport equation are shown in [45].

In general, the results shown in this chapter for the linear transport equation are based
on the method of characteristics and can be adjusted to hold for the class of hyperbolic
PDEs, where the solution can be written as a composition including the initial condition
u0 and can be found using this method, see [75].

6.2 The linear Kolmogorov PDE

In Subsection 6.2.1 the linear Kolmogorov PDE is defined and the existence and unique-
ness of a (viscosity) solution to it for the case of affine diffusion and drift is discussed.
The main references for this subsection are [30, 31].
Subsection 6.2.2 is based on [8, 30] (see also Chapter 4 in [10]) and shows that ReLU
neural networks can approximate the unique viscosity solution of the linear Kolmogorov
PDE with affine diffusion and drift under some, not to restrictive, assumptions on the
setting without the curse of dimensionality. A bit simplified one could say that if the ini-
tial condition can be approximated without the curse of dimensionality also the viscosity
solution of the linear Kolmogorov PDE with affine diffusion and drift has this property.
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6.2 The linear Kolmogorov PDE

6.2.1 Formulation and solutions of the linear Kolmogorov PDE

Starting with the definiton of the linear Kolmogorov PDE.

Definition 6.2.1. Let d ∈ N and T > 0. For given initial value u0 ∈ C(Rd,R),
µ ∈ C(Rd,Rd) (drift coefficient) and σ ∈ C(Rd,Rd×d) (diffusion coeffcient) the linear
Kolmogorov equation is given by{

∂tu(t, x) =
1
2 tr
(
σ(x)σ(x)T∇2

xu(t, x)
)
+ ⟨µ(x),∇xu(t, x)⟩ ,

u(0, x, ) = u0(x),
(6.19)

for t ∈ [0, T ] and x ∈ Rd, where ∇x and ∇2
x denote the gradient and Hessian with respect

to x, respectively and tr(A) denotes the trace, so the sum of the diagonal elements of a
quadratic matrix, so for A = (aij)

d
i,j=1: tr(A) =

∑d
i=1 aii. The term with the trace in

(6.19) can be seen as Frobenius inner product of the matrices σ(x)σ(x)T and ∇2
xu(t, x).

Remark 6.2.2. Several remarks to the linear Kolmogorov equation:

a) Equation (6.19) is named after the author of [42], where it first appeared in a
slightly different way.

b) The heat equation

∂tu(t, x) = ∆xu(t, x),

where ∆x denotes the Laplace operator, so ∆xu =
∑d

i=1
∂2u
∂x2

i
, is also covered by

(6.19) choosing σ(x) to be the identity matrix and µ(x) = 0.

c) Also the Black-Scholes equation in option pricing is covered by (6.19) for the case
the of affine σ and µ. The initial condition u0 can often (e.g. for the European put
option pricing problem) be represented as a composition of minima, maxima, and
linear combinations such as

u0(x) = min{max{D − yTx, 0}, D}, (6.20)

with suitable D > 0 and y ∈ Rd. The initial condition u0 as in (6.20) can be
exactly rebuild by the ReLU neural network

ΦBS
u0

=
(
(−yT , D), (−1, D), (−1, D)

)
, (6.21)

which fulfills

R
(
ΦBS
u0

)
= D − ρ(D − ρ(D − yTx)) = min{max{D − yTx, 0}, D} = u0(x),

since min{z,D} = D − ρ(D − z) =: ψ(z,D) (see next line) for given D > 0, z ∈ R
and where the ReLU is denoted by ρ. For z ≥ D it holds that ψ(z,D) = D − 0 =
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D = min{z,D}, for z < D it holds that ψ(z,D) = D − (D − z) = z = min{z,D}.
By Definition of ΦBS

u0
it holds that

L
(
ΦBS
u0

)
= 3 and M

(
ΦBS
u0

)
= d+ 5 ≤ 6d. (6.22)

Moreover, a large number of relevant initial conditions can be shown to be approx-
imable by ReLU neural networks without the curse of dimensionality, compare to
[8, 30].

d) If a classical solution to (6.19) exists depends heavily on σ, µ and u0. Considering
now smooth µ and σ satisfying growth conditions. Then, if σ = 0 the equation
is a first order PDE and if u0 is smooth, then the solution is smooth, so (6.19) is
regularity-preserving. For σ ̸= 0 in some (to be more precise: hypoelliptic) cases
(6.19) has a infinitely often differentiable solution, even if u0 is only continuous, so
the equation has a smoothing effect. However, for non-hypoelliptic PDEs of form
(6.19) it can be shown that even if u0 is C∞ on a compact domain it can happen
that the solution is not once differentiable for any time t > 0 – the equation is said
to have a roughening effect. For details refer to [31].

Typically one wants to know the value of a solution of (6.19) at time T > 0, which
is in a lot of cases not a classical solution (see point d) above). This yields to the
concept of viscosity solutions, a type of weak solutions, compare to Section 4.1 in [31].
Proposition 3.4 in [30] shows that under some assumptions on the setting there exists a
unique viscosity solution of (6.19).

6.2.2 Approximation of the solution of the linear Kolmogorov PDE

The goal for the remaining chapter here is to show that under specific given assump-
tions on the setting the unique solution of (6.19) can be approximated by a ReLU neural
network overcoming the curse of dimensionality for affine σ and µ whenever u0 can be
approximated without the curse of dimensionality. Note that this is the case for the
setting described in c) in Remark 6.2.2.

Starting with two properties about affine functions, compare to Corollary 2.10 and
2.11 in [30], which are stated there in a generalized way.

Lemma 6.2.3. For d ∈ N let µ : Rd → Rd be an affine function, so µ(x) = Ax + b for
A ∈ Rd×d and b ∈ Rd. Then exists c > 0 such that for all x ∈ Rd it holds that

∥µ(x)∥2 ≤ c(1 + ∥x∥2),

where ∥·∥2 denotes the Euclidean norm in Rd.

Lemma 6.2.4. For d ∈ N let σ : Rd → Rd be an affine function. Then exists c > 0 such
that for all x ∈ Rd it holds that

∥σ(x)∥2 ≤ c(1 + ∥x∥2),
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where ∥·∥2 denotes the Frobenius norm on Rd×d for d × d-dimensional input and the
Euclidean norm in Rd for d-dimensional input.

Moreover, for a given neural network Φ with architecture A(Φ) = (N0, N1, . . . , NL)
denote by

W (Φ) =
L∑

ℓ=1

(Nℓ ·Nℓ−1 +Nℓ),

the maximum number of parameters of networks with this architecture. Clearly M(Φ) ≤
W (Φ).

Now defining the setting which is considered to be fulfilled for the remaining part of
this chapter.

Setting 6.2.5. For d ∈ N, let µ ∈ C(Rd,Rd) and σ ∈ C(Rd,Rd×d) be affine functions
satisfying

∥σ(x)∥2 + ∥µ(x)∥2 ≤ K(1 + ∥x∥2)

for K > 0, which exists due to the two Lemmata 6.2.3 and 6.2.3 above. Furthermore
for D > 0 consider u0 ∈ C(Rd, [−D,D]) can be approximated by neural networks in the
following sense:
Let ζ ≥ 1, , γ, λ, ν ≥ 0 and let Φε

u0
be a ReLU neural network such that for ε ∈ (0, 1)

and x ∈ Rd it holds that

(i)
∣∣u0(x)−R

(
Φε
u0

)
(x)
∣∣ ≤ ε(1 + ∥x∥ν2),

(ii)
∣∣R (Φε

u0

)∣∣ ≤ D and

(iii) W
(
Φε
u0

)
≤ ζdγε−λ.

For T > 0 let u ∈ C([0, T ],×Rd,R) be the unique function (existence and uniqueness is
guaranteed by Proposition 3.4 in [30]) satisfying for all x ∈ Rd

(iv) u(x, t) is a viscosity solution of (6.19) for t ∈ (0, T ),

(v) u(0, x) = u0(x) and
(vi) there exists θ ≥ 0 such that it holds that

max
t∈[0,T ]

u(t, x) ≤ θ
(
1 + ∥x∥θ2

)
.

Additionally, consider a probability space (Ω,G,P) and let (Gt)t∈[0,T ] be a filtration which
satisfies the usual conditions (as defined in Definition 21.22 in [40], existence is guaranteed
by Lemma 9.5 in [39]). Let (Bt)t∈[0,T ] : [0, T ]×Ω → Rd be a d-dimensional (Gt)-Brownian
Motion (see Defintion 21.8 and Theorem 21.9 in [40]) and for every G0-measurable random
variable χ : Ω → Rd denote by

(Sχ
t )t∈[0,T ] : [0, T ]× Ω → Rd
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the (up to indistinguishability) unique (Gt)-adapted stochastic process with continuous
sample paths satisfying the stochastic differential equation (SDE)

dSχ
t = σ(Sχ

t )dBt + µ(Sχ
t )dt and Sχ

0 = χ

P-almost sure for t ∈ [0, T ]. Lastly, for u < v let the input data X : Ω → [u, v]d be
G0-measurable and uniformly distributed on [u, v]d.

Remark 6.2.6. Two remarks to Setting 6.2.5.

• Note that in order to fulfill (i) and (ii) in Setting 6.2.5 the realisation of the neural
network Φε

u0
needs to be in [−D,−D] for given D > 0. This is ensured via the clip

function, which acts as a limitation function and maps for given D > 0 function
values which are higher than D to D and function values which are smaller than
−D to −D, so

clipD(x) := min{|x|, D} sgn (x).

The clip function can be shown to be the realization of the neural network

Φclip :=

(((
1
−1

)
,

(
0
0

))
,

((
−1 0
0 −1

)
,

(
D
D

))
, ((−1, 1), 0)

)
,

with L(Φclip) = 3 and M(Φclip) = 8, compare to Lemma A.2 in [8]. So the neural
network Φε

u0
can be seen as the neural network Φclip concatenated with the neural

network approximating u0 (whose realization probably yields a value outside of
[−D,D]).

• At first sight, the assumptions on u0 in Setting 6.2.5 seem quite restricting. How-
ever, one verifies that it holds for u0 as in (6.20) for ζ = 6, γ = 1 and λ = ν = 0,
as R

(
ΦBS
u0

)
= u0 (compare to (6.21)) yields (i) and (ii) and (6.22) yields (iii).

Now it is possible to state the main theorem of this section (based on Theorem 3.3 in
[8]), which shows that under the assumption of the setting above the solution of (6.19)
– so for affine drift µ and diffusion σ, where u0 can be approximated well – can be
approximated by a ReLU neural network without the curse of dimensionality.

Theorem 6.2.7. Assume that the Setting 6.2.5 is fulfilled for d ∈ N and T > 0. Let
u < v, so [u, v]d is a cube in Rd. Then there exist C, c ≥ 0 such that the following holds:
For every ε ∈ (0, 1) there exists a ReLU neural network ΦKol such that

L(ΦKol) = L(Φcd−ν/2ε1/2

u0
),

M(ΦKol) ≤ Cdνλ/2+γε−λ/2−2 and
1

(v − u)d
∥∥R(ΦKol)− u(T, ·)

∥∥2
L2([u,v]d)

≤ ε,

where Φcd−ν/2ε1/2
u0

is the neural network approximating u0 as in Setting 6.2.5.
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6.2 The linear Kolmogorov PDE

In order to sketch the proof the Theorem 6.2.7, two auxiliary Lemmata (Lemma A.4
and A.5 in [8]) are given. Subsequently for p, z > 0 let s := max{2, p} and define

cp(z) := 2p/2(z +KT + sK
√
T )p exp(pK2T [

√
T + s]2). (6.23)

The first Lemma states that there exists random variables M and N such that Sx
T =

Mx+N P-a.s. for all x ∈ Rd.

Lemma 6.2.8. Assume that the Setting 6.2.5 is fulfilled for d ∈ N and T > 0. Let u < v,
so [u, v]d is a cube in Rd. Let ei ∈ Rd for 1 ≤ i ≤ d be the standard basis in Rd. Then
the random variables M : Ω → Rd×d and N : Ω → Rd defined by

M := (Se1
T − S0

T , S
e2
T − S0

T , . . . , S
ed
T − S0

T ) and N := (S0
T )

fulfill for every x ∈ Rd P-a.s. that

Sx
T = Mx+N =: AM,N(x) (6.24)

and it holds that

E (∥M∥2 + ∥N∥2) ≤ 3c1(1)d and (6.25)∥∥E (∥AM,N∥2
)∥∥

L2(PX)
≤ cν(max{1, |u|, |v|})dν/2, (6.26)

where ∥f∥L2(PX) := (
∫
[u,v]d f

2dPX)1/2.

The proof of Lemma 6.2.8 is omitted here, refer to Lemmata 2.7 and 2.15 in [30].
The second Lemma shows that realization of a neural network composed with an affine
function can be written as realization of another neural network.

Lemma 6.2.9. Let d, n ∈ N and let Φ be a neural network with input dimension d. For
1 ≤ j ≤ n let Mj ∈ Rd×d and Nj ∈ Rd. Then there exists a neural network Φ̃ such that

L(Φ̃) = L(Φ),

M(Φ̃) ≤ n2W (Φ) and

R(Φ̃)(x) =
1

n

n∑
j=1

R(Φ)(Mjx+Nj).

Proof. Let Φ have length L(Φ) = L ∈ N and let the architecture of Φ be given as
A(Φ) = (N0, N1, . . . , NL) with N0 = d. Denote by INL

the NL-dimensional identity
matrix and define for 1 ≤ j ≤ n the one-layered neural networks

Φj :=
(
(Mj , Nj)

)
. (6.27)

Then the neural network

Φ̃ :=
( 1
n

(
INL

, . . . , INL︸ ︷︷ ︸
n-times

)
, 0
)
• FP (Φ, . . . ,Φ︸ ︷︷ ︸

n-times

) • P (Φ1,Φ2, . . . ,Φn) (6.28)
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fulfills by construction R(Φ̃)(x) = 1
n

∑n
j=1R(Φ)(Mjx+Nj). By Definition 2.1.4, it holds

that L(Φ̃) = (1 + L− 1) + 1− 1 = L. From (6.28) it follows that

A(Φ̃) = (N0, n ·N1, . . . , n ·NL−1, NL).

Hence,

M(Φ̃) ≤ nN1(N0 + 1) +

(
L−1∑
ℓ=2

nNℓ(nNℓ−1 + 1)

)
+NL(nNL−1 + 1) (6.29)

≤ n2

(
L∑

ℓ=1

Nℓ(Nℓ−1 + 1)

)
= n2W (Φ).

Remark 6.2.10. With notation as in Lemma 6.2.9 and Φ :=
(
(A1, b1), (A2, b2), . . . , (AL, bL)

)
with A(Φ) = (N0, N1, . . . , NL), where N0 = d, the neural network

Φ̃ =
(
(C1, d1), (C2, d2), . . . , (CL, dL)

)
in (6.28) is given as

C1 =

 A1M1
...

A1Mn

 , d1 =

 A1N1 + b1
...

A1Nn + b1

 ,

Cℓ =

 Aℓ 0 0

0
. . . 0

0 0 Aℓ

 , dℓ =

 bℓ
...
bℓ

 for 2 ≤ ℓ ≤ L− 1 and

CL =

(
1

n
AL, . . . ,

1

n
AL

)
, dL = bL.

Hence, it holds that

M(Φ̃) = nN1(N0 + 1) +
L−1∑
ℓ=2

(
nNℓ(n/Nℓ−1 + 1

)
+NL(nNL−1 + 1) ≤ nW (Φ).

Note the not appearing factor n (marked in red and strike-through) in the sum above
compared to (6.29) due to the many zeroes in the matrices Cℓ for 2 ≤ ℓ ≤ L−1. Therefore
M(Φ̃) is typically way smaller than n2W (Φ).

Proof of Theorem 6.2.7 (sketch). Let ε ∈ (0, 1) and define m := max{1, |u|, |v|}. Con-
sider cp(z) as in (6.23) and M,N as in Lemma 6.2.8. Let c := (8cν(m)−1) and

n ∈ [16D2ε−1, 32D2ε−1) ∩ N, δ := cd−ν/2ε1/2. (6.30)
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6.2 The linear Kolmogorov PDE

Moreover, let ((Mj ,Nj))
n
j=1 be i.i.d. random variables with ((M1,N1)) ∼ ((M,N)).

From Setting 6.2.5 and with Lemma 6.2.8 and the Feynman-Kac formula (which es-
tablishes a link between parabolic PDEs and stochastic processes, for the PDE (6.19)
considered here compare to Corollary 2.23 in [30]) it follows for x ∈ Rd that∣∣∣u0(x)−R

(
Φδ
u0

)
(x)
∣∣∣ ≤ δ(1 + ∥x∥ν2),∣∣∣R(Φδ

u0

)∣∣∣ ≤ D and (most important)

u(T, x) = E (u0 ◦ AM,N(x)) .

One can show that the random variable G : Ω → [0,∞) given by

G := ε−1/2

∥∥∥∥∥∥u(T, x)− 1

n

n∑
j=1

R(Φδ
u0
)(Mjx+Nj)

∥∥∥∥∥∥
L2(PX)︸ ︷︷ ︸

:=G1

+ (6c1(1)dn)
−1 max

1≤j≤n

(
∥Mj∥2 + ∥Nj∥2

)
︸ ︷︷ ︸

:=G2

fulfills E(G) ≤ 1 since E(G1) ≤ 1
2ε

1/2 (which is not shown here in detail) and E(G2) ≤
3c1(1)dn (see (6.25)).

Hence, there exists ω ∈ Ω such that G(ω) ≤ 1 and G1(ω) ≤ 1
2ε

1/2. With Mj := Mj

and Nj := Nj for 1 ≤ j ≤ n it holds that

1

(v − u)d

∥∥∥∥∥∥ 1n
n∑

j=1

R(Φδ
u0
)(Mj ·+Nj)− u(T, ·)

∥∥∥∥∥∥
2

L2([u,v]d)

≤ G2
1(ω) ≤ εG2(ω) ≤ ε,

since G1(ω) ≤ ε1/2G(ω). Now defining the desired network ΦKol using Lemma 6.2.9. As
in (6.27) let Φj :=

(
(Mj , Nj)

)
and set

ΦKol :=
( 1
n

(
INL

, . . . , INL︸ ︷︷ ︸
n-times

)
, 0
)
• FP

Φδ
u0
, . . . ,Φδ

u0︸ ︷︷ ︸
n-times

 • P (Φ1,Φ2, . . . ,Φn).

Then, by definition it holds that

R(ΦKol)(x) =

 1

n

n∑
j=1

R(Φδ
u0
)(Mjx+Nj)


with

∣∣R(ΦKol)
∣∣ ≤ D by Setting 6.2.5 and Remark 6.2.6.
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Moreover, Lemma 6.2.9, equation (6.30) and Setting 6.2.5 yield

L
(
ΦKol) = L

(
Φδ
u0

)
and

M
(
ΦKol) ≤ n2W

(
Φδ
u0

)
≤ (32D2ε−1)2ζdγδ−λ ≤ Cdνλ/2+γε−λ/2−2.

Remark 6.2.11. Remarks to (the proof of) Theorem 6.2.7.

• Once more it was shown that the curse of dimensionality has been overcome, as
in Theorem 6.2.7 no exponential dependence on the approximation error ε for the
number of needed layers and weights accors when approximation with ReLU neural
networks for the linear Kolmogorov PDE (6.19) with affine drift and diffusion, under
the assumption that the initial condition can be approximated well (as defined in
Setting 6.2.5.

• The G2-part of the random variable G in the proof of Theorem 6.2.7 is not needed
for further arguments in this thesis. However, in [8] the absolute values of the
weights in the constructed network in Theorem 6.2.7 are shown to be bounded.
Hence also in the analogoues of Setting 6.2.5 and Lemma 6.2.9 statements about
the boundedness of the weights are given.

• For the special case of the Black-Scholes equation (compare to c) in Remark 6.2.2)
with affine drift and diffusion and with u0 as in (6.20), so

u0(x) = min{max{D − yTx, 0}, D},

which can be rebuilt by the ReLU neural network ΦBS
u0

given in (6.21), Theorem
6.2.7 yields that for u < v there exists C > 0 such that for every ε ∈ (0, 1) there
exists a ReLU neural network ΦBS with

L
(
ΦBS) = L

(
ΦBS
u0

)
= 3,

M
(
ΦBS) ≤ Cdε−2 and

1

(v − u)d
∥∥R(ΦBS)− u(T, ·)

∥∥2
L2([u,v]d)

≤ ε.
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