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Abstract

The estimation of covariance and precision matrices is a fundamental problem in statis-
tical data analysis with numerous applications in the natural and social sciences. For
stationary stochastic processes, the covariance matrix takes the simple form of a Toeplitz
matrix. This cumulative dissertation presents two novel data-driven nonparametric
methods for estimating Toeplitz covariance matrices in different scenarios and discusses

their theoretical properties.

The main idea is to establish a connection between the estimation of the Toeplitz
covariance matrix and the estimation of the (log-)spectral density function. Specifically,
it is demonstrated that the Discrete Cosine Transform matrix and the Demmler-Reinsch
basis matrix diagonalize Toeplitz matrices asymptotically. Utilizing this result, two
modified versions of the periodogram and the Whittle likelihood are derived, enabling
the estimation of the spectral density function on a grid with a twice as fine frequency

resolution.

In the first scenario, the data consist of n independent and identically distributed
realizations of a stationary Gaussian process with zero mean and a bounded, a-Holder
continuous spectral density function. In particular, this setting includes certain pro-
cesses with long-range dependence. The Toeplitz covariance matrix and the precision
matrix are obtained through an estimator of the log-spectral density function in an
approximate Gaussian regression. The main theoretical result is the proof that all
proposed estimators are minimax optimal: the spectral density estimator attains the
minimax optimal convergence rate under the L., norm, the Toeplitz covariance and the
precision matrix estimator attain the minimax optimal rate under the spectral norm.
As a separate result, we derive an approximate expression for the covariance of the

log-average periodogram.
In the second scenario, a single stationary Gaussian time series with short-term depen-

dence and an unknown smooth mean function is considered. The covariance matrix

and the mean function are simultaneously estimated using an adaptive, empirical
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ABSTRACT iv

Bayesian approach.

Both methods are entirely data-driven and computationally efficient. Their perfor-
mance is evaluated through simulations and real data examples. The two method are

implemented in the R packages vstdct and eBsc.



Kurzfassung

Die Schiatzung von Kovarianz- und Prazisionsmatrizen ist ein grundlegendes Prob-
lem der statistischen Datenanalyse mit unzdhligen Anwendungen in den Natur- und
Sozialwissenschaften. Fiir die Klasse der stationdren stochastischen Prozesse weist die
Kovarianzmatrix eine besonders einfache Struktur auf: sie ist eine Toeplitz-Matrix. In
dieser kumulativen Dissertation werden zwei neue datengetriebene nicht-parametrische
Methoden zur Schédtzung von Toeplitz-Kovarianzmatrizen in zwei unterschiedlichen

Szenarien vorgeschlagen und deren theoretische Eigenschaften diskutiert.

Der Hauptansatz besteht darin, das Problem der Schitzung der Toeplitz-Kovarianzmatrix
mit dem Problem der Schitzung der (Log-)Spektraldichtefunktionen in Verbindung

zu setzen. Insbesondere wird gezeigt, dass die diskrete Kosinustransformationsma-
trix und die Demmler-Reinsch-Basismatrix Toeplitz-Matrizen asymptotisch diagonal-
isieren. Unter Verwendung dieses Ergebnisses werden zwei modifizierte Versionen

des Periodogramms und der Whittle-Likelihood hergeleitet, die eine Schatzung der

Spektraldichtefunktion mit doppelt so feiner Frequenzauflosung ermoglichen.

Im ersten Szenario liegen die Daten als n unabhdngige und identisch verteilte Real-
isierungen eines stationdren Gauf3-Prozesses mit einem Mittelwert von Null und einer
a-Holder stetigen, beschrankten Spektraldichtefunktion vor. Insbesondere beinhaltet
dieses Szenario bestimmte Prozesse mit Langzeitpersistenz. Die Toeplitz-Kovarianzmatrix
und die Prédzisionsmatrix werden aus einem Schétzer der Log-Spektraldichtefunktion
in einer approximativen Gaufischen Regression gewonnen. Das wichtigste theoretis-
che Ergebnis ist der Beweis, dass alle vorgeschlagenen Schédtzer minimax-optimal
sind: der Spektraldichte-Schétzer erreicht die minimax-optimale Konvergenzrate unter
der Lo-Norm, der Toeplitz-Kovarianz- und der Prazisionsmatrix-Schétzer erreichen
die minimax-optimale Rate unter der Spektralnorm. Als separates Ergebnis leiten wir
einen Ndherungsausdruck fiir die Kovarianz des Log-Durchschnitt-Periodogramms her.

Im zweiten Szenario wird eine einzelne stationdre Gauf3-Zeitreihe mit kurzfristiger
Abhéngigkeit und einer unbekannten stetigen Mittelfunktion betrachtet. Die Kovarianz-



KURZFASSUNG

matrix und die Mittelfunktion werden gleichzeitig mithilfe eines adaptiven, empirischen
Bayes-Ansatzes geschétzt.

Beide Methoden sind vollstandig datengetrieben und rechentechnisch sehr effizient.

Ihre Leistungsfdahigkeit wird anhand von Simulationen und Beispielen echter Daten
evaluiert. Die beiden Methoden sind in den R-Paketen vstdct und eBsc implementiert.

Vi
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Introduction

The covariance matrix is a fundamental statistical tool used to quantify the relationship
between random variables. It plays a crucial role in various scientific fields, including
finance, physics, medicine and engineering. In many applications, data are observed
over time, and the measurements at each time point are influenced by the preceding
measurements. Examples include stock prices, rainfall measurements, electrical brain
activity data, or power consumption data. The covariance matrix is the primary tool for
describing the dependence between measurements at different time points. In particu-
lar, the covariance matrix serves as input for various statistical algorithms. Accurate
estimation of the covariance structure is essential for interpreting the data correctly,

decorrelating the data, fitting appropriate models, and conducting reliable inference.

This dissertation focuses on the estimation of covariance matrices for data with temporal
dependence in two different settings. We propose two novel estimation methods and
thoroughly analyze their theoretical properties. The research results presented in this
cumulative dissertation consist of three publications, each contributing to the theory of
covariance matrix estimation and the related problem of spectral density estimation.
Before delving into the specific contributions of each publication, we first introduce the
relevant terminology and concepts necessary for a comprehensive understanding of

the subsequent chapters.

1.1 Data settings

Stock prices, rainfall data or electrical brain activity data differ substantially in their
nature. They vary in terms of measurement units, observation frequency, and the
presence of periodic components, among other factors. When analyzing electrical brain
activity data, usually only one observation is available, which is measured for a specific
person. In contrast, meterology institutes typically posses large databases of rainfall
data, such as the records for the month of October in Vienna, for example. To put this in

a common framework, we represent the observed data as a set of n real-valued vectors



1.2 STATIONARY PROCESSES

denoted as Y, ..., Y,, each with a length of p. Here, Y; = (Y;1,..,Y;,) fori=1,..,n
and the superscript denotes the transpose. If there is only one observation, i.e,, n =1,
the index is omitted and we refer to the data as Y = (Y3, ..., Yp)t. From a probabilistic
point of view, we assume that the observations Yj, ..., Y,, are realizations of a stochastic
process (Y;)tez. For the asymptotic analysis of statistical estimators based on Yj, ..., Yy,

as e.g., a covariance matrix estimator, the following cases are distinguished
1. Time series case: n = 1, only p grows and goes to co.
2. Large n small p case: n > p, n and p go to co such that p/n — 0.

3. 1, p have the same order: n and p are of similar size, and p/n — ¢ for some

constant 0 < ¢ < oo.
4. Large p small n case: p > n, p and n go to co such that p/n — oo.

Typically, the different structural components occurring in the data as the mean function
and periodic components are modeled separately. The stochastic remainder usually
shows stationary behavior and is used to estimate the covariance structure of the data.
Therefore, stationary processes are the main class of processes we consider in this
thesis.

1.2 Stationary processes

A real-valued stochastic process (Y;);ez with finite second moments, i.e., IE[YtZ] < 00
forall t € Z, is called (weakly) stationary if there exists a function o : Z — R, h — o,
and p € R such that, for all t,h € Z,

E(Y;) =p and Cov(Yiiy, Yi) = 0y (1.1)

Stationarity means that the covariance structure of the process (Y;);cz depends only on
the time interval between two observations Y; and Y}, but not on the exact value t.
The function ¢ is called autocovariance function. The autocovariance matrix of the process
is given by oo = (0]i_j|)ijez- In particular, E is a positive semidefinite Toeplitz matrix,
i.e., a matrix for which each diagonal is constant. For the vector Y = (Y, ..., Yp)t , the
autocovariance matrix is the (p x p)-dimensional submatrix, denoted by Z,. If the
dimension of the matrix is clear from the context, the index is omitted. The prefix



1.3 FREQUENCY DOMAIN ANALYSIS

“auto” is typically used in the time series setting, i.e., there is only n = 1 observation Y.
If n > 1, the quantities ¢, L, and Z are called covariance function and covariance matrix.

Processes that satisfy |03,| < C(1 + |h|)~P with B > 1 and for some constant C > 0 are
called short-range processes. If 0j, decays as 1/h or slower for h — oo, the process is

called long-range process.

The simplest example of a stationary process is a white noise process. That is a process
with finite second moments fulfilling (1.1) with 4 =0, 0p > 0 and 0, = 0 for all 1 # 0.
Another example are stationary Gaussian processes. That are processes (Y;);cz which
satisfy (1.1) and that for every finite set of indices t1, ..., t; € Z the vector (Y4, ...,Ys)
is a multivariate Gaussian random variable. Stationary Gaussian processes have the
special property that they are completely characterized by their mean y and the Toeplitz

covariance matrix Xo.

A different approach to characterize the properties of a stationary process is via its
frequency domain. The frequency-domain representation of a problem often simplifies
the mathematical analysis or states a problem differently. In particular, both proposed
covariance matrix estimators in this thesis exploit the fact that the problem of estimating
L corresponds to the estimation of a 27t periodic function in the frequency domain.

1.3 Frequency domain analysis

For a real-valued stationary processes (Y;):cz with an absolutely summable sequence
of covariance Y ;> ., |03| < o0, i.e., a short range process, the sequence of covariances
(0n)nez can be interpreted as the sequence of Fourier coefficients of a 27r-periodic,
non-negative function f : [—7, 7r| — R>o. This function is called the spectral density of
the process (Y:)tcz and is defined as

f(A) = i o exp(—ihA) = op + 2 i o,cos(hA), A€ [—m, 7], (1.2)
h=—o00 h=1

where i denotes the imaginary unit. The summability of |o| implies that the series
converges absolutely. In particular, the covariance function can be uniquely recovered

from f by the inverse Fourier transform, i.e.,

o = % /::f(x) exp(ihx) dx = % /::f(x) cos(hx) dx. (1.3)



1.4 PARAMETRIC VERSUS NONPARAMETRIC COVARIANCE MODELS

For a real-valued stationary process (Y;)icz with Y5> |o| = o, i.e., a long-range
process, the spectral density function is directly defined as a 27r-periodic, non-negative
function f : [—7, 1] — R>( that satisfies condition (1.3). However, existence of such a
function is not guaranteed.

The proposed two covariance matrix estimators in this thesis exploit the connection
between the spectral density function and the covariance function. Therefore, in the
following, we only consider stationary processes for which the spectral density function
exists.

A particular connection between a function f and its Fourier coefficients oy, is the
following: the smoother the function the faster is the decay of its Fourier coefficients
and vice-versa. This can be stated more precisely as follows. For g > 0, denote by ||
the largest integer strictly less than g and define « = p — |B]. Furthermore, denote
by f(") the n-th derivative for n € IN. If f is an integrable, 277 periodic function with
Fourier coefficients 0y, such that |03,| < C(1+ |h|)7F~! for all h € Z and some constant
C > 0, then f has derivatives of all orders up to ¥ = | 8] € N (inclusively), and f(?) is
a-Holder continuous for 0 < & < a (Grafakos, 2008, Prop. 3.3.12). On the other hand,
if f is in the periodic Holder class Hp per, i-€., f is 2mr-periodic, has derivatives of all
orders up to y and f(?) is a-Holder continuous, then the Fourier coefficients decay like
lon| < C1(1+ |h])~F, where C; > 0 is some constant (Katznelson, 2004).

Next, we discuss the difference between parametric and nonparametric methods to

estimate the covariance matrix.

1.4 Parametric versus nonparametric covariance models

Parametric methods assume that the covariance matrix has a certain structural form
described by a small number of parameters. For example, the covariance function of an
AR(1) process with parameter ¢ decays exponentially fast, i.e, o, = op¢!"l. For a MA(q)
process, the covariance oy, is zero for 1 > g. Parametric models are recommended when
there is prior knowledge or theoretical understanding of the underlying covariance
structure.

Nonparametric assume that the covariance matrix belongs to a larger class characterized
by some parameter such as the smoothness of their spectral density function. Imposing

fewer assumptions, nonparametric models can capture more complex patterns and



1.5 CLASSES OF TOEPLITZ COVARIANCE MATRICES

relationships in the data. On the other hand, they require more data than parametric
methods as they have a slower rate of convergence. Nonparametric models are recom-
mended when there is limited knowledge about the covariance structure or when the

data does not conform well to specific assumptions of parametric models.

In this thesis, we use nonparametric methods to enable estimation of the covariance
matrix for a broad class of processes. Specifically, we consider stationary processes

with a covariance structure which belongs to one of the classes outlined below.

1.5 Classes of Toeplitz covariance matrices

The fact that Toeplitz covariance matrices can be characterized either by the smoothness
of the spectral density f, or by the decay of the covariance function ¢ motivates the
definition of the following two classes. Since the observed data is p-dimensional, the
two classes are defined as collections of (p x p)-dimensional submatrices Z, of L as
follows

1. X, with covariance function ¢ of polynomial decay Let § > 0and 0 < M < o0
be some constants. The class of Toeplitz covariance matrices whose covariance

function ¢ decays polynomially of order B is defined as
Gp(M) = {zp € RV o] < M(h+1)" Y, I - 0},
where L, > 0 means positive semidefinite.

2. L, with Holder continuous spectral density function
Let B=7+a >0suchthaty € IN,0 <a <1,and 0 < My, M; < o are some
constants. The class of Toeplitz covariance matrices which have a spectral density
f that belongs to the periodic Holder space is defined by

pﬁ(Mg,Ml)
(€ R [l < Mo, [F7C 1) = £Vl < MsJBY, Ee - 0,

where || f|[cc = SUp,c[_ 7 - [f(x)] is the Lo norm.

In particular, if 0 < B < 1, then Pg(Mo, M) contains covariance matrices of long-range

processes with a f-Holder continuous and bounded spectral density function. Let



1.6 STANDARD NONPARAMETRIC ESTIMATORS

nger(Mo, M) denote the space of 27t-periodic, non-negative, even Holder continuous

functions with Holder constant M; and which are bounded by My, i.e.,

HEper(Mo, M) = {f [0,271] — R>g : periodic, even, || fllc < Mo,
IFOC+R) = FO ) o < M}

Since f € HEper(Mo, M) is Ly-integrable, there is a one-to-one correspondence between
f and its Fourier coefficients (Katznelson, 2004). Hence, for every X € P[;(Mo, M)
the spectral density is obtained by (1.2) and belongs to ’Hg’per(Mo, M). Vice versa, for
every f € nger(Mo, M;) the corresponding Toeplitz matrix can be obtained with the
inverse Fourier transform (1.3) and belongs to Pg(Mo, M;). To simplify the notation,
we use only the space Pg(Mo, M) and indicate which object is considered by writing
f € Pg(Mo, M) or & € Pg(Mo, M1). The class Gg(M) contains Toeplitz covariance

matrices of short range processes for all g > 0.

For any M > 0 and non-integer g > 0, it can be shown that there exists some con-
stants My and M; depending on M such that Gg(M) C Pg(Mo, M;). However, in
general this is not true for integer . See, e.g., Zygmund (2002). Conversely, for any
I, € Pg(Mo, M;), we have |0;,| < M(h+1)"F where M is some constant depending
only on Mg and M;. Therefore, Pg(Mo, M1) C Gg_1(M) for some M depending on My
and M;.

The two classes play a crucial role in this thesis. In the upcoming three chapters,
we assume that the true covariance matrix X belongs either to the class Gg(M) or
Pﬁ(Mo, M). Furthermore, the minimax optimal convergence rates have been estab-
lished with respect to these two spaces, as discussed in Section 1.7. First, we introduce

the standard nonparametric estimators for o, f and X.

1.6 Standard nonparametric estimators

Let Y = (Y3,...,Y}) € R? be an observation of a stationary stochastic process with mean
zero. The standard nonparametric estimators for the covariance function o, the spectral
density function f and the covariance matrix L are given by

1

. . N —|h
¢ sample covariance function: ¢ = 5 2;;1‘ | YijHh\ forh=0,..,p,



1.6 STANDARD NONPARAMETRIC ESTIMATORS

. 2
e periodogram: f (27tk/p) = % ‘Zle Yjexp{ZTCijk/p}‘ forkeNN[—(p—1)/2,p/2],

* sample covariance matrix: £ = (0 ;) _;-
In particular, the periodogram corresponds to the squared absolute value of the discrete
Fourier transform of Y. The frequencies wy = 2mk/p, where k is any integer in
[—(p—1)/2,p/2], are also called the Fourier frequencies. The sample covariance function
and the periodogram are connected as follows: at any non-zero Fourier frequency wy,
the periodogram corresponds to the discrete Fourier transform of the sample covariance
function (Brockwell and Davis, 2002, Prop. 4.2.1).
When n independent and identically distributed (i.i.d.) observations Yj, ..., Y, are avail-
able, the extension of the estimators is straightforward, i.e., denoting by Y; ; the j-th entry
5o — 1 —In| 7 _ 1 P T 2
of Y;, then Tn=np T Z]’.’:l YiYi v, f(27k/p) = 5 T ijl Y; jexp{2mijk/p}

S (5 p
and X = (0"1-,]-|)i,j:1.
However, 7, f , ¥ are inconsistent estimators for n,p — oo except in the setting where
the sample size n is large compared to the dimension p, and p/n — 0 for n,p — oo

(Wu and Pourahmadi, 2009; Pourahmadi, 2013; Brockwell and Davis, 2009).

To obtain a consistent estimator for I, the sample covariance matrix £ can be manip-
ulated with several techniques: tapering estimators multiply the sample covariance
function with linear weights, decreasing from 1 to o, banding estimators cut the sample
covariance function off after some fixed lag, and thresholding estimators set all entries
of £ to zero whose absolute value is smaller than some threshold. See Xiao and Wu
(2012); McMurry and Politis (2010) for the time series setting where n = 1, and Cai
et al. (2013) for the scenario where n > 1.

To improve the periodogram, several kernel functions such as Bartletts’s window,
Welch’s window, the triangular kernel, etc., have been used to smooth the (log-
)periodogram and reduce the variance (Bartlett, 1950; Welch, 1967, Thomson, 1982;
Wahba, 1980). Other approaches include nonparametric Bayesian and penalized likeli-
hood methods (PPawitan and O’Sullivan, 1994; Choudhuri et al., 2004; Edwards et al.,
2019).

7



1.7 MINIMAX OPTIMAL RATES

1.7 Minimax optimal rates

LetYs, .., Y, & »(0,X) with X € Ry € {Gg(M), Pg(Mo, M1) }. The minimax optimal

convergence rate for estimating the Toeplitz covariance matrix X from Yy, ..., Y, has
been established by Cai et al. (2013). The result is derived for the spectral norm, which
is the square root of the largest eigenvalue for a symmetric matrix. Here, and in the

following, the spectral norm is denoted by || - ||.

Theorem (Theorem 5 of Cai et al. (2013)) The minimax risk for estimating the Toeplitz

covariance matrix L over Ry under the spectral norm satisfies

2B
. 26+1
inf sup E||£ - Z|? > C{log(HM} '
2 ZERﬁ np

for some constant ¢ > 0.

In particular, this rate differs from the minimax optimal rate for covariance matrices
with other structures such as bandable or sparse covariance matrices (Cai and Zhou,
2012; Cai et al., 2010). For non-Gaussian distributions, the minimax optimal rate is not
known. The minimax optimal rate {log(np)/(n p)}Zﬁ% is attained by the tapering esti-
mator of Cai et al. (2013) for both classes Gg(M) and Pg(Mo, M1), but by the banding
estimator of Cai et al. (2013) only for the class Gg(M).

To denote that an estimator attains a specific rate, the Big O notation will be used in
this thesis. Recall, that for two functions f(n,p) and g(n, p) the notation f(n,p) =
O{g(n,p)} for n,p — co means that there exist constants ¢1,c, > 0 such that for all
m,n > cy the inequality |f(n, p)| < c1g(n, p) holds. Moreover, we write f(n) = 0{g(n)}
as n — oo, if for every positive constant c; there exists a constant ¢, such that
|f(n)| <c18(n) for all n > c,.

Next, we give the minimax optimal rate for spectral density estimation. Denote by
nger the restriction of Hpper to the functions which are non-negative and even. The

difference to the space ’HE/FH(MO, M) is, that for f € Hg,per only [|f|le < oo and

IF () = FD)|lo/|h|* < oo is required. The minimax optimal convergence rate for

estimating f € ’nger

obtained by Bentkus (1985) under the L,,1 < p < oo, norm.

from a single Gaussian stationary time series Y ~ N, (0, Z) was
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Theorem (Theorem 2.1 of (Bentkus, 1985)) Let Y ~ N, (0,X) such that the spectral density
f belongs to 1}, then for 1 < p < oo

per’

~ _ 2
inf sup E[f —fll = cp 7.

¥
feMg e

and for p = oo

28
. 2B+
inf sup 1E||f—f||§ozc{log<p)} |
I fent p

B.per

Despite the existence of several proposed methods for consistent covariance matrix
estimation, the task of covariance estimation remains an active area of research. In the

following, we will outline the main challenges.

1.8 Practical challenges for covariance matrix estimation

1. Tuning Parameter Selection: Nonparametric methods involve tuning parameters
that control the regularization procedures. Selecting the optimal values for these
parameters is crucial for obtaining accurate covariance estimates. However,
determining the appropriate values can be challenging. In the time series setting
with n = 1, to the best of our knowledge, there is no fully data-driven approach
for selecting the banding/tapering/thresholding parameter, since cross-validation

only works for large sample size n.

2. Computational Complexity: For high-dimensional data, i.e., n, p or both are
large, estimation of the covariance matrix and tuning parameter selection can
become computationally intensive, as it involves multiplication of large matrices

and the Fourier transform.

3. Positive Definiteness: The estimated covariance matrix should be positive (semi-
)definite. However, estimators such as tapering or banding estimators may yield
estimated covariance matrices that violate this property. Ensuring positive (semi-
)definiteness is crucial, because violation of this property can lead to problems in
the subsequent analysis, such as unstable parameter estimates or incorrect infer-
ence. Additional steps, such as regularizing the estimates or enforcing positive
(semi-)definiteness constraints, may be necessary to address this challenge.



1.0 SUMMARY OF THE RESULTS

1.9 Summary of the results

The dissertation is based on three publications, which can be found in Chapters 2, 3
and 4. Chapter 2 is based on the article Klockmann and Krivobokova (2023a), Chap-
ter 3 on the article Klockmann and Krivobokova (2023b), and Chapter 4 on the article
Krivobokova et al. (2022). The methods are implemented in the R packages eBsc and
vstdct and are available on CRAN (Rosales et al., 2022; Klockmann and Krivobokova,

2023C).

In summary, we propose two new methods for estimating Toeplitz covariance matrices
that are entirely data-driven, computationally efficient and guarantee that the resulting
covariance matrix is positive semidefinite. The two methods are based on two new
versions of the periodogram that allow more efficient use of the data. In particular,
they provide estimates of the spectral density on a twice as fine grid as the Fourier
frequencies, i.e., at p equi-spaced points in the interval [0, 7] instead of just [ (p —1)/2].
A rigorous theoretical analysis is performed, investigating consistency and convergence
rates of the proposed methods. Additionally, an approximate expression for the
covariance of the log-average periodogram is derived, providing a further improvement
for one of the proposed covariance matrix estimators. In the following, a summary for
each of the three chapters is given.

Chapter 2: Efficient nonparametric estimation of Toeplitz covari-
ance matrices

A new nonparametric estimator for Toeplitz covariance matrices and its inverse is pro-
posed. We consider the setting Yy, .. .,Yni'rig' »(0,, L), where & € Fﬁ:Pﬁ(MO, M) N
{f :infy f(x) > &} for some § > 0, i.e., the spectral density function f is Holder smooth
and bounded away from zero. The Toeplitz covariance estimator is based on a data
transformation that translates the problem of Toeplitz covariance matrix estimation into

an approximate Gaussian nonparametric regression for mean estimation.

First, we derive an alternative version of the periodogram based on the Discrete Cosine
Transform matrix, which has a frequency resolution twice as fine as the original peri-
odogram. The resulting gamma regression problem is transformed with data binning
and variance stabilizing transforms into an approximate Gaussian regression setting
for the log-spectral density. Data binning consists of dividing each Y; in T < p bins

and averaging the observations in each bin for all n observations. Application of a

10



1.0 SUMMARY OF THE RESULTS

variance stabilizing transform for the gamma distribution then yields a homoscedastic
approximate Gaussian regression. A log-spectral density estimator is obtained with
periodic smoothing splines with a data-driven smoothing parameter & > 0 and penal-
ization order g = 1, 2, .... The final estimators for the covariance matrix and its inverse

are obtained via the inverse Fourier transform.

The main result of the chapter is the proof that all proposed estimators are minimax
optimal: the spectral density estimator attains the minimax optimal convergence rate
under the Lo, norm, the Toeplitz covariance and the precision matrix estimator attain
the minimax optimal rate under the spectral norm. Denote by Q3 = ™! the precision

matrix. Then we obtain the following minimax optimal result.

Theorem Let Y, ..., Y, & N, (0,E) with £ = £(f) € Fp and p=y+a > 1/2. Ifh > 0

such that h — 0 and hT — oo, then with T = |p*| for any v € ((4 —2min{pB,1})/3,1)
and q = max{1,7}, the spectral density estimator f, the corresponding covariance matrix

estimator £ and the precision matrix estimator €} satisfy

wpHm—MPSwpmv—mi:oF%“”}+w#%

TeF; feFs nph
. 1
sup E[Q -2 Y2 =0 { Oi(’;”) } +O(HP).
ZE]‘-ﬁ p

For h < {log(np)/(np)}zﬁ% it follows that

¢ 2 log(n 2p+1
sup E||l£ —Z|?> < sup E||f —f|% =0 {g(lﬂ)}
YEeFp feFg

sup E[Q -z =0 ?%ﬁm}“l
ZE]'-ﬁ p

The estimators £ and () are positive definite by construction, fully data-driven and

computationally very fast. The performance of the estimators is demonstrated in
simulations and real data analysis. The method is implemented in the R package vstdct.

I derived most of the proofs independently and wrote the manuscript. My supervisor
helped me develop the idea for the article and assisted me with some of the proofs.
The simulations and the R package vstdct were implemented and designed by myself.
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1.0 SUMMARY OF THE RESULTS

Chapter 3: On second-order statistics of the log-average peri-
odogram

In this chapter, an approximate expression for the covariance of the log-average pe-
riodogram for a zero mean stationary Gaussian process is derived. The log-average
periodogram consists of averaging local frequencies of the periodogram before applying
the logarithm. It is a crucial quantity in various applications such as estimating the
spectral density (see Chapter 2), the long memory parameter, or the cepstral coeffi-
cients. The covariance formula is obtained under the assumption that the spectral
density function is Holder continuous, bounded and bounded away from zero. In a
simulation study, it is investigated how taking into account the derived covariance
formula explicitly can improve the spectral density estimator of Chapter 2 in small
samples. The findings offer promising insights for improving other estimators based
on the log-average periodogram, particularly for scenarios involving smaller signal
lengths. Moreover, a simple expression for the non-integer moments of a non-central
chi-squared distribution is provided.

I had the idea for the article, derived the proof, and wrote the manuscript independently.

My supervisor helped me weaken the assumptions and improve the simulations.

Chapter 4: Joint nonparametric estimation of mean and autoco-
variances for Gaussian processes

A new nonparametric method to simultaneously estimate the mean and the covariance
function from a non-stationary Gaussian time series is proposed. The data is given by a
single observation Y ~ N, (y, L) where £ € Gg(M) or in Pg(My, M;) with a spectral
density bounded away from zero. The mean function y is a smooth unknown function.
The estimators are based on an empirical Bayes approach that is fully data-driven,
adaptive, numerically efficient, and allows for the construction of confidence sets for
the mean function. Another version of the periodogram is derived by showing that
the Demmler-Reinsch basis matrix asymptotically diagonalizes Toeplitz matrices of the
class Gg. The performance of the estimators is demonstrated in simulations and real

data analysis. The method is implemented in the R package eBsc.

My contribution includes the proof of Lemma 4.1 and part of the simulations.
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Efficient nonparametric estimation of

Toeplitz covariance matrices

This chapter is based on:
Klockmann, K. and Krivobokova, T. (2023a). Efficient nonparametric estimation of

Toeplitz covariance matrices. arXiv preprint arXiv:2303.10018

Abstract

A new nonparametric estimator for Toeplitz covariance matrices is proposed. This
estimator is based on a data transformation that translates the problem of Toeplitz
covariance matrix estimation to the problem of mean estimation in an approximate
Gaussian regression. The resulting Toeplitz covariance matrix estimator is positive
definite by construction, fully data-driven and computationally very fast. Moreover,
this estimator is shown to be minimax optimal under the spectral norm for a large class
of Toeplitz matrices. These results are readily extended to estimation of inverses of
Toeplitz covariance matrices. Also, an alternative version of the Whittle likelihood for
the spectral density based on the discrete cosine transform is proposed. The method is
implemented in the R package vstdct that accompanies the paper.

Keywords: Discrete cosine transform, spectral density, Whittle likelihood, periodogram,
variance stabilizing transform.

2.1 Introduction

Estimation of covariance and precision matrices is a fundamental problem in statistical
data analysis with countless applications in the natural and social sciences. Covariance
matrices with a Toeplitz structure arise in the study of stationary stochastic processes,
which are an important modeling tool in many applications, such as radar target detec-
tion, speech recognition, modeling internet economic activity, electrical brain activity
and the motion of crystal structures (Du et al., 2020; Roberts and Ephraim, 2000; Quah,
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2.1 INTRODUCTION

2000; Franaszczuk et al., 1985; Grenander and Szegd, 1958).

The data for estimation are given as n independent and identically distributed realiza-
tions of a p-dimensional vector having a zero mean and a covariance matrix X with a
Toeplitz structure. Thereby, p is assumed to grow while n may be equal to 1 (a single
realization of a stationary time series) or may tend to infinity as well. For p — co and
p/n — c € (0,00], the sample (auto)covariance matrix is known to be an inconsistent
estimator of X in the spectral norm (Wu and Pourahmadi, 2009; Pourahmadi, 2013,
chap. 2). Therefore, tapering, banding and thresholding of the sample covariance
matrix have been proposed to regularize this estimator (Wu and Xiao, 2012; Cai et al.,
2013). The optimal rate of convergence for Toeplitz covariance matrix estimators was
established in Cai et al. (2013), who in particular showed that tapering and banding
estimators attain the minimax optimal convergence rate over certain spaces of Toeplitz
covariance matrices. Optimality of the thresholded estimator was shown only for
the case n = 1 (Wu and Xiao, 2012). However, all of these estimators have several
practical drawbacks. First, they are not guaranteed to be positive semidefinite. To
enforce positive semidefiniteness, additional manipulations with the estimators must
be performed, see e.g., Section 5 in Cai et al. (2013). Second, the data-driven choice of
the tapering, banding or thresholding parameter is not trivial in practice. For n > 1,
Bickel and Levina (2008b) proposed a cross-validation criterion that approximates
the risk of the estimator. Fang et al. (2016) compared this method with a bootstrap
based approximation of the risk in an intensive simulation study and recommended
cross-validation over bootstrap. For n = 1, to the best of our knowledge, there is no
fully data-driven approach for selecting the banding/tapering/thresholding parameter.
Wu and Pourahmadi (2009) suggested first to split the time series into non-overlapping
subseries and then apply the cross-validation criterion of Bickel and Levina (2008b).
However, it turns out that the right choice of the subseries length is crucial for this
approach, but there is no data-based method available for this.

In this work, an alternative way to estimate a Toeplitz covariance matrix and its inverse
is chosen. Our approach exploits the one-to-one correspondence between Toeplitz
covariance matrices and their spectral densities. First, the given data are transformed
into approximate Gaussian random variables whose mean equals the logarithm of the
spectral density. Then, the log-spectral density is estimated by a periodic smoothing
spline with a data-driven smoothing parameter. Finally, the resulting spectral density

estimator is transformed into an estimator for X or its inverse. It is shown that this
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2.1 INTRODUCTION

procedure leads to an estimator that is fully data-driven, automatically positive definite
and achieves the minimax optimal convergence rate under the spectral norm over a
large class of Toeplitz covariance matrices. In particular, this class includes Toeplitz
covariance matrices that correspond to long-range processes with bounded spectral
densities. Moreover, the computation is very efficient, does not require iterative or
resampling schemes and allows to apply any inference and adaptive estimation proce-

dures developed in the context of nonparametric Gaussian regression.

Estimation of the spectral density from a stationary time series is a research topic
with a long history. Earlier nonparametric methods are based on smoothing of the
(log-)periodogram, which itself is not a consistent estimator (Bartlett, 1950; Welch, 1967;
Thomson, 1982; Wahba, 1980). Another line of nonparametric methods for estimating
the spectral density is based on the Whittle likelihood, which is an approximation to the
exact likelihood of the time series in the frequency domain. For example, Pawitan and
O’Sullivan (1994) estimated the spectral density from a penalized Whittle likelihood,
while Kooperberg et al. (1995) used polynomial splines to estimate the log-spectral
density function maximizing the Whittle likelihood. Recently, Bayesian methods for
spectral density estimation have been proposed (Choudhuri et al., 2004; Edwards et al.,
2019; Maturana-Russel and Meyer, 2021), but these may become very computationally

intensive in large samples due to posterior sampling.

The minimax optimal convergence rate for nonparametric estimators of Holder contin-
uous spectral densities from Gaussian stationary time series was obtained by Bentkus
(1985) under the Ly,1 < p < oo, norm. Only few works on spectral density estimation
show the optimality of the corresponding estimators. In particular, Kooperberg et al.
(1995) and Pawitan and O’Sullivan (1994) derived convergence rates of their estimators
for the log-spectral density under the L, norm, while neglecting the Whittle likelihood

approximation error.

In general, most works on spectral density estimation do not exploit further the close
connection to the corresponding Toeplitz covariance matrix estimation. In particular,
an upper bound for the L, risk of a spectral density estimator automatically provides
an upper bound for the risk of the corresponding Toeplitz covariance matrix estimator
under the spectral norm. This fact is used to establish the minimax optimality of our
nonparametric estimator for the Toeplitz covariance matrices. The main contribution

of this work is to show that our proposed spectral density estimator is not only nu-
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2.2 SET UP AND DIAGONALIZATION OF TOEPLITZ MATRICES

merically very efficient, but also achieves the minimax optimal rate in the L., norm,
which in turn ensures the minimax optimality of the corresponding Toeplitz covariance
matrix estimator.

The paper is structured as follows. In Section 2.2, the model is introduced and
approximate diagonalization of Toeplitz covariance matrices with the discrete cosine
transform is discussed. Moreover, an alternative version of the Whittle’s likelihood
is proposed. In Section 2.3, new estimators for the Toeplitz covariance matrix and
the precision matrix are derived, while in Section 2.4 their theoretical properties are
presented. Section 2.5 contains simulation results, Section 2.6 presents a real data
example, and Section 2.7 closes the paper with a discussion. The proofs and auxiliary

results are given in Section 2.8.

2.2 Set up and diagonalization of Toeplitz matrices

Let Yy,..., Y, id. »(0,, L), where L is a (p x p)-dimensional positive semidefinite

covariance matrix with a Toeplitz structure, that is, & = (U‘i,ﬂ) f -1 0. The sample
size n may tend to infinity or to be a constant. The case n = 1 corresponds to a single
observation of a stationary time series, and in this case the data are simply denoted by
Y ~ N, (0,,Z). The dimension p is assumed to grow.
The spectral density function f, corresponding to a Toeplitz covariance matrix X, is
given by

(o]

f(x) =00+2) opcos(kx), xe€[-m, ],
k=1

so that for f € Ly(—rt, i) the inverse Fourier transform implies

0 = % /if(x) cos(kx) dx = /Olf(nx) cos(kmx) dx.

Hence, X is completely characterized by f, and the non-negativity of the spectral density
function implies the positive semidefiniteness of the covariance matrix. Moreover, the
decay of the autocovariance oy is directly connected to the smoothness of f. Finally,
the convergence rate of a Toeplitz covariance estimator and that of the corresponding
spectral density estimator are directly related via ||Z|| < [|f]|e := SUP e[ 7] |f(x)],

where || - || denotes the spectral norm (Grenander and Szego, 1958, Chap. 5.2).
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2.2 SET UP AND DIAGONALIZATION OF TOEPLITZ MATRICES

As in Cai et al. (2013), we introduce a class of positive semidefinite Toeplitz covariance
matrices with Holder continuous spectral densities. For § = ¢ +a > 0, where
Yy€NU{0},0<a<1,and 0 < My, M; < o, let

Pp(Mo, M1)= {Z(f) R : | fllew < Mo, [|f (- +h) = fO() oo < Ma|hI*, 20},

where Zo, > 0 means positive semidefinite. The optimal convergence rate for esti-
mating Toeplitz covariance matrices over Pg(My, M) depends crucially on g. It is
well known that the k-th Fourier coefficient of a function whose -th derivative is
a-Holder continuous decays at least with order O(k™F) (see Zygmund, 2002). Hence, 8
determines the decay rate of the autocovariances oy, which are the Fourier coefficients
of the spectral density f, as k — oco. In particular, this implies that for g € (0,1], the
class Pg (Mo, M) includes Toeplitz covariance matrices corresponding to long-range
processes with bounded spectral densities, since the sequence of corresponding au-
tocovariances is not summable. As there is a one-to-one correspondence between T
and its spectral density function f for X € Pg(Mo, M), we indicate in the following by
L € Pg(Mo, My) and f € Pg(Mo, M1) which object is considered.

A connection between Toeplitz covariance matrices and their spectral densities is further

exploited in the following lemma.
Lemma 2.1 Let & € Pg(Mo, My) and let x; = (j—1)/(p—1),j=1,...,p, then

—_1)li=il
(D'ED),, = fmg);+ R0 [y fiog(pipt ),

where 0; ; is the Kroneker delta, O(-) terms are uniform over i,j =1,...,p and

P 14
D=+2(p—1)""? [cos {7‘((1’ — 1);11” divided by /2 when i,j € {1, p}
- ij=1

is the Discrete Cosine Transform I (DCT-I) matrix.

The proof can be found in Section 2.8.1. This result shows that the DCT-I matrix
approximately diagonalizes Toeplitz covariance matrices and that the diagonalization
error depends to some extent on the smoothness of the corresponding spectral density.
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2.2 SET UP AND DIAGONALIZATION OF TOEPLITZ MATRICES

In the spectral density literature the Discrete Fourier Transform (DFT) matrix F =
p~/*{exp (27iij/ p)}];_, , where i is the imaginary unit, is typically employed to
approximately diagonalize Toeplitz covariance matrices. Using the fact that (FEF');; =
f(2mi/p) + o(1), Whittle (1957) introduced an approximation for the likelihood of a
single Gaussian stationary time series (case n = 1), the so-called Whittle likelihood

lp/2] I
L(Y|f) xexp |— lo 271/ )} + et | - (2.1)
(Y[f) o exp ]Z% s QP+ s
The quantity [; = \F;Y\Z, where F; denotes the j-th column of F, is known as the

periodogram at the j-th Fourier frequency. Note that due to periodogram symmetry,
only |p/2] data points I, ..., I|,/»| are available for estimating the mean f(27j/p),
j=1,...,|p/2], where |x| denotes the largest integer strictly smaller than x. The
Whittle likelihood has become a popular tool for parameter estimation of stationary
time series, e.g., for nonparametric and parametric spectral density estimation or for

estimation of the Hurst exponent, see e.g., Walker (1964); Tagqu and Teverovsky (1997).

Lemma 2.1 yields the following alternative version of the Whittle likelihood

Wi

f(nx]) ’

p
L(Y[f) xexp | = Z; log{ f(7txj)} + (2:2)
i=

where W; = (D;Y)Z. Note that this likelihood approximation is based on twice as many
data points W; as the standard Whittle likelihood. Thus, it allows for a more efficient
use of the data Y to estimate the parameter of interest, such as the spectral density or
the Hurst parameter.

Equations (2.1) or (2.2) invite for the estimation of f by maximizing the (penalized)
likelihood over certain linear spaces (e.g., spline spaces), as suggested by Kooperberg
et al. (1995) or by Pawitan and O’Sullivan (1994). However, such an approach requires
well-designed numerical methods to solve the corresponding optimization problem,
since the spectral density in the second term of (2.1) or (2.2) is in the denominator,
which does not allow to obtain a closed-form expression for the estimator and often
leads to numerical instabilities. Also, the choice of the smoothing parameter becomes
challenging.
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2.3 METHODOLOGY

Therefore, we suggest an alternative approach that allows the spectral density to be
estimated as a mean in an approximate Gaussian regression. Such estimators have
a closed-form expression, do not require an iterative optimization algorithm and a
smoothing parameter can be easily obtained with any conventional criterion. First note
that if Y ~ N, (0,,Z), with £ € Pg(My, M), then D'Y ~ N, (0,, D'ZD). Hence, for
W; = (D;Y)z,]' =1,...,p, it follows with Lemma 2.1 that

Wj~T (1/2,2f(7ij) +0 {P’l + 10g(P)P’ﬁ}) : (2.3)

where T'(a,b) denotes a gamma distribution with a shape parameter a and a scale
parameter b. Note that the random variables Wy,..., W, are only asymptotically
independent. Obviously, E(W;) = f(nx;) +0(1),j = 1,...,p. To estimate f from
Wi, ..., W, one could use a generalized nonparametric regression framework with a
gamma distributed response, see e.g., the classical monograph by Hastie and Tibshirani
(1990). However, this approach requires an iterative procedure for estimation, e.g., a
Newton-Raphson algorithm, with a suitable choice for the smoothing parameter at
each iteration step. Deriving the Lo, rate for the resulting estimator is also not a trivial
task. Instead, we suggest to employ a variance stabilizing transform of Cai and Zhou
(2010) that converts the gamma regression into an approximate Gaussian regression. In
the next section we present the methodology in more detail for a general setting with
n>1.

2.3 Methodology

Let L; = {f : infy f(x) > J} and set F3 = Pg(Mo, M) N Ls. We consider estima-
tion of Z and QO = X! from a sample Yi,..., Y, iid. Np(0,,Z) where T € Fg. For
Y; ~ N,(0,,L),i=1,...,n, it was shown in the previous section that with Lemma 2.1
the data can be transformed into gamma distributed random variables W; ; = (D;Yi)z,
i=1,...,n,j=1,...,p, where for each fixed i the random variable W;; has the same
distribution as W; given in (2.3). Now the approach of Cai and Zhou (2010) is adapted

to the setting n > 1.

First, the transformed data points W;; are binned, that is, fewer new variables Q,
. . kp/T

k=1,...,T, with T < p, are built via Qy = Zjiékfl)pn“ YiiWij, k=1,...,T. Note

that the number of observations in a bin is m = np/T. In Theorem 2.1 in Section 2.4, we

show that setting T = | p?] for any v € ((4 —2min{p,1})/3,1) leads to the minimax

optimal rate for the spectral density estimator. To simplify the notation, m is handled
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2.3 METHODOLOGY

as an integer (otherwise, one can discard several observations in the last bin). Next,
applying the variance stabilizing transform (VST) G(x) = log (x/m) /+/2 to each Qy,
yields new random variables Y} = log (Qx/m) / \/2 that are approximately Gaussian, as
shown in Cai and Zhou (2010). Since the spectral density is a function that is symmetric
around zero and periodic on [—7t, 7t], one can mirror the resulting observations to
use Y7 _4,..., Y5, Y],..., YT for estimation. Renumerating the observations Y} and
scaling the design points into the interval [0, 1] for convenience leads to an approximate

Gaussian regression problem

Yi PR N H{ ()}, 1/m),  x =

where H(y) = {¢(m/2) +log (2y/m)} /+/2 and ¢ is the digamma function (Cai and
Zhou, 2010). Now, the scaled and shifted log-spectral density H(f) can be estimated
with a periodic smoothing spline

o 1 2r=2

H(f)(x) =arg min Yo {YE —s(x) 2+ h /Ol{s(q)(x)}2 dx] , (2.4)

seSPer(Zq—l) 2T —2 =1

where /1 > 0 denotes a smoothing parameter, ¢ € IN is the penalty order and Sper(29 — 1)
a space of periodic splines of degree 2q — 1. The smoothing parameter & can be chosen
either with generalized cross-validation (GCV) as derived in Craven and Wahba (1978)
or with the restricted maximum likelihood, see Krivobokova (2013).

—

Once an estimator H(f) is obtained, application of the inverse transform function

H ' (y)=mexp{v2y — ¢ (m/2)}/2 yields the spectral density estimator f =H " {I?(?) }.

Finally, using the inverse Fourier transform leads to the following covariance matrix

estimator

A

1 A
Y= ((T‘l-_ﬂ)fj:l with ¢; = / f (x)cos (kmrx) dx fork =1, ..., p. (2.5)
' 0

The precision matrix () is estimated by the inverse Fourier transform of the reciprocal

of the spectral density estimator, i.e.,
A 1 A
Q= (d)|i—j\)f]-:1 with @&y = / f (x)"tcos (krrx) dx fork =1, ..., p. (2.6)
’ 0

The estimation procedure for ¥ and Q) can be summarized as follows.
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2.3 METHODOLOGY

1. Data Transformation: Define W;; = (D]t-Yi)z, i=1,...,n,j=1,...,p, where D
is the (p x p)-dimensional DCT-I matrix as given in Lemma 2.1 and D; is its j-th

column.

2. Binning: Set T = |pY] for any v € ((4 —2min{B,1})/3,1) and calculate

kp/T n

Qo= )Y, YW k=1..T.
j=(k=1)p/T+1i=1

3. VST: Set Y;'=log (Qx/m) /V2, for k=1,..., T, m=np/T, and mirror the data to
get 2T — 2 approximately Gaussian random variables Y7_,,..., Yy, Y{,..., Y7 .

4. Gaussian Regression: Renumerate observations Y, and estimate H(f) with a

periodic smoothing spline in an approximate Gaussian regression model

N k
Yo = H{f(x)} + e xe= 50—,

where €, are asymptotically i.i.d. Gaussian variables.

5. Inverse VST: Estimate the spectral density f with f = H™! {IT(T) } , Where
H—l(y) = mexp {\@y —¢ (m/Z)} /2, for a digamma function ¢.

6. Estimators: Set & = ((AT|Z-_]-|)5]-:1 with 0 = folf(x)cos (krrx) dx and set Q) =
. A 15\
(w‘i,j‘)szl with @ = [; f (x) cos (krrx) dx.

Note that £ and ) are positive definite matrices by construction, since their spectral
density functions f and f “are non-negative, respectively. Unlike the banding and
tapering estimators, the autocovariance estimators 0y are controlled by a smoothing
parameter /1, which can be estimated fully data-driven with several available automatic
methods, which are numerically efficient and well-studied. In addition, one can also
use methods for adaptive mean estimation, see e.g., Serra et al. (2017), which in turn
leads to adaptive Toeplitz covariance matrix estimation. All inferential procedures
developed in the Gaussian regression context can also be adopted accordingly.
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2.4 THEORETICAL PROPERTIES

2.4 Theoretical properties

In this section, we study the asymptotic properties of the estimators f, £ and ). The
results are established under the asymptotic scenario where p — oo and p/n — c €
(0, 0], that is, the dimension p grows, while the sample size n either remains fixed or
also grows but not faster than p. This corresponds to the asymptotic scenario when
the sample covariance matrix is inconsistent. Let f be the spectral density estimator
defined in Section 2.3, i.e., f = m exp{ﬁ@ —¢(m/2)}/2, where I?i?) is given in
Equation (2.4), m = np/T and ¢ is the digamma function. Furthermore, let £ be the
Toeplitz covariance matrix estimator and €} the corresponding precision matrix defined
in equations (2.5) and (2.6), respectively. The following theorem shows that both £ and
Q) attain the minimax optimal rate of convergence over the class F, B-

Theorem 2.1 Let Yq,...., Y, Hid Np(0p,Z) with & = L(f) € Fgpand p = v+ >
1/2. If h > 0 such that h — 0 and hT — oo, then with T = |p"| for any v € ((4 —
2min{B,1})/3,1) and g = max{1,~}, the spectral density estimator f , the corresponding
covariance matrix estimator £ and the precision matrix estimator Q) satisfy

R A log(n
sup E|£~ 2 < sup EIf - fI2 = 0 { EEL L 1 o)

TeFp feFs
. 1
sup E|Q—Z Y2 =0 {Oi(’g’)} + o).
Ze]—'ﬁ p

1

For h < {log(np)/(np)} 21 it follows that

28
§ 2 log(n 2T
sup E||£ —Z|> < sup E|f - f|Z =0 {g(P)}

TeFp feFg np
- | iI
A 2B+1
sup E[Q-Z7'?=0 {Ogn(””)}
LeFp p

The proof of Theorem 2.1 can be found in Section 2.8 and is the main result of our
work. The most important part of this proof is the derivation of the convergence rate
for the spectral density estimator f under the Lo, norm. In the original work, Cai
and Zhou (2010) established an L, rate for a wavelet nonparametric mean estimator
in a gamma regression where the data are assumed to be independent. In our work,
the spectral density estimator f is based on the gamma distributed data W;,,..., W, ,,
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2.5 SIMULATION STUDY

which are only asymptotically independent. Moreover, the mean of these data is
not exactly f(mxy),..., f(mx,), but is corrupted by the diagonalization error given
in Lemma 2.1. This error adds to the error that arises via binning and VST and that
describes the deviation from a Gaussian distribution, as derived in Cai and Zhou (2010).
Finally, we need to obtain an L. rather than an L, rate for our spectral density esti-

mator. Overall, the proof requires different tools than those used in Cai and Zhou (2010).

To get the Lo rate for f, we first derive the Lo, rate for the periodic smoothing
spline estimator Ij(?) of the log-spectral density. To do so, we use a closed-form
expression of its effective kernel obtained in Schwarz and Krivobokova (2016), thereby
carefully treating various (dependent) errors that describe deviations from a Gaussian
nonparametric regression with independent errors and mean f(7rx;). Note also that
although the periodic smoothing spline estimator is obtained on T binned points, the
rate is given in terms of the vector dimension p. Then, using the Cauchy-Schwarz
inequality and a mean value argument, this rate is translated into the L., rate for the
spectral density estimator f. To obtain the rate for the Toeplitz covariance matrix

estimator, it is sufficient to note that E||£ — Z|?> < E|f — f|/%.

2.5 Simulation study

In this section, we compare the performance of the proposed Toeplitz covariance esti-
mator, denoted as VST-DCT, with the tapering estimator of Cai et al. (2013) and with
the sample covariance matrix. We consider Gaussian vectors Y, ..., Yni’ig | p(Op, Zp)
with (A) p = 5000, n =1, (B) p = 1000, n = 50 and (C) p = 5000, n = 10, and with the

autocovariance functions 0 : Z — R

(1) of a polynomial decay o7 = 1.44(1 + |7])~>1,

(2) of an ARMA(2,2) model with coefficients (0.7, —0.4, —0.2,0.2) and innovations

variance 1.44,

(3) such that the corresponding spectral density is Lipschitz continuous but not
differentiable: f(x) = 1.44{]sin(x + 0.57)|'7 4 0.45}.

In particular, Var(Y;) = 1.44 in all three examples. Figure 1 shows the spectral densities
and the corresponding autocovariance functions for the three examples.
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Figure 1: Spectral density functions (first row) and autocovariance functions (second row) for
examples 1, 2, 3.

A Monte Carlo simulation with 100 iterations is performed using R (version 4.1.2, seed
42). For our VST-DCT estimator, we use a cubic periodic spline, i.e., g = 2 is set in
Equation (2.4). The binning parameters are set to T = 500 bins with m = 10 points for
(A) and T = 500 bins with m = 100 points for both (B) and (C).

The sample covariance matrix £ is define as (n — 1) "' Y/, Y, Y} with averaged diagonals
to obtain Toeplitz structure. To select the regularization parameter for our estimator,
we implemented the restricted maximum likelihood (ML) method, generalized cross-
validation (GCV) and the corresponding oracle versions, i.e., as if £ were known. The
tapering parameter can be selected using cross-validation (Bickel and Levina, 2008b), if
n > 1, that is under scenarios (B) and (C). For this, the n observations are divided by
30 random splits into a training set of size n; = 2/3n and a test set of size n, = n/3.
Let Z] and X} be the sample covariance matrices from the v-th split. The tapering

parameter k is then estimated as

k Tap,(Z¥) — 2%,
cv k 23, ,P/230 E H apk ) 2”

where Tap, (XZ}) is the tapering estimator of Cai et al. (2013) with parameter k. If
n = 1, that is, under scenario (A), Wu and Pourahmadi (2009) suggest to split the time
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2.5 SIMULATION STUDY

series Y into [ non-overlapping subseries of length p/I and then proceed as before to
select the tuning parameter k. To the best of our knowledge, there is no data-driven
method for selecting this parameter /. Using the true covariance matrix X, we se-
lected | = 30 subseries for the example 1 and [ = 15 subseries for the examples 2
and 3. Then, the parameter k can then be chosen by cross-validation as above. We
employ this approach under scenario (A) instead of an unavailable fully data-driven
criterion and name it semi-oracle. Finally, for all three scenarios (A), (B) and (C),
the oracle tapering parameter is computed using grid search for each Monte Carlo
sample, i.e., kor = argmini_o3__,/2 || Tap,(£) — Z||. To speed up the computation, one
can replace the spectral norm by the /1 norm, as suggested by Bickel and Levina (2008b).

In Tables 1, 2 and 3, the errors of the Toeplitz covariance estimators with respect to the
spectral norm and the computation time for one Monte Carlo iteration are given for
scenarios (A), (B) and (C), respectively. To illustrate the goodness-of-fit of the spectral
density, the L, norm || — f||» is also computed.

(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f  time

IZ-=2 If -fFB IE-2 IF -f13 IE-Z)? If = I in sec
VST-DCT (GCV) 0.0069 0.0026 0.0817 0.0107 0.0340 0.0061 4.3658
VST-DCT (ML) 0.0059 0.0022 0.0700 0.0097 0.0375 0.0063 4.3607
tapering (semi-oracle) 0.0056 0.0022 0.0973 0.0152 0.0355 0.0098 4.9373
sample covariance 162.4089 38.1068 484.2556 48.3138 244.3804 38.0949 0.3744
VST-DCT (GCV-oracle) 0.0042 0.0017 0.0662 0.0094 0.0332 0.0057 -
VST-DCT (ML-oracle) 0.0046 0.0019 0.0663 0.0092 0.0378 0.0062 -
tapering (oracle) 0.0042 0.0017 0.0578 0.0085 0.0155 0.0037 -

Table 1: Scenario (A) with p = 5000, n = 1: Errors of the Toeplitz covariance matrix and the
spectral density estimators with respect to the spectral and L, norm, respectively, as
well as the average computation time of the covariance estimators in seconds for one
Monte Carlo sample (last column).

The results show that the tapering and VST-DCT estimator perform overall similar in
terms of the spectral norm risk. This is not surprising as both estimators are proved
to be rate-optimal. Moreover, both the tapering and VST-DCT estimators are clearly
superior to the inconsistent sample covariance matrix. A closer look at the numbers
shows that the VST-DCT method has better constants, i.e., VST-DCT estimators have
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2.5 SIMULATION STUDY

(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f  time

IZ-2 If-FB IE-ZI* If -fI3 I=-Z? If = fI3  insec
VST-DCT (GCV) 0.0010 0.0003 0.0123 0.0015 0.0053 0.0008  35.8043
VST-DCT (ML) 0.0008 0.0002 0.0123 0.0014 0.0061 0.0009  35.6555
tapering (CV) 0.0026 0.0012 0.0220 0.0031 0.0079 0.0018  22.8628
sample covariance 0.8833 0.5867 2.7060 0.8482 1.4063 0.6362 0.1200
VST-DCT (GCV-oracle) 0.0006 0.0002 0.0112 0.0014 0.0046 0.0007 -
VST-DCT (ML-oracle) 0.0007 0.0002 0.0121 0.0014 0.0060 0.0009 -
tapering (oracle) 0.0019 0.0011 0.0168 0.0027 0.0065 0.0016 -

Table 2: Scenario (B) with p = 1000, n = 50: Errors of the Toeplitz covariance matrix and the
spectral density estimators with respect to the spectral and L, norm, respectively, as
well as the average computation time of the covariance estimators in seconds for one
Monte Carlo sample (last column).

(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f  time

I£-ZI> If B IE-2 If -fI3  IE-=* |f -fI3 insec
VST-DCT (GCV) 0.0009 0.0003 0.0114 0.0014 0.0059 0.0008 4.2319
VST-DCT (ML) 0.0008 0.0002 0.0118 0.0014 0.0068 0.0009 4.2376
tapering (CV) 0.0342 0.0260 0.1606 0.0401 0.0759 0.0287  622.9578
sample covariance 9.2735 4.6053 29.5994 6.3001  12519.7295 4.6666 1.1721
VST-DCT (GCV-oracle) 0.0006 0.0002 0.0102 0.0013 0.0050 0.0007 -
VST-DCT (ML-oracle) 0.0007 0.0002 0.0115 0.0013 0.0066 0.0008 -
tapering (oracle) 0.0308 0.0259 0.1435 0.0394 0.0697 0.0280 -

Table 3: Scenario (C) with p = 5000, n = 10: Errors of the Toeplitz covariance matrix and the
spectral density estimators with respect to the spectral and L, norm, respectively, as
well as the average computation time of the covariance estimators in seconds for one
Monte Carlo sample (last column).

somewhat smaller errors in the spectral norm than the tapering estimators across
all examples, but especially under scenario (C). The oracle estimators show similar
behavior, but are slightly less variable compared to the data-driven estimators. We also
experimented with different choices for the bin number T in the available interval given
by Theorem 2.1. Omitting the extrema near the interval boundaries, the simulation
results are quite stable against different choices for T. In general, both the tapering and
VST-DCT estimators perform best for example 1, second best for example 3 and worst
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2.6 APPLICATION TO PROTEIN DYNAMICS

for example 2, which traces back to functions complexity.

In terms of computational time, both methods are similarly fast for scenarios (A)
and (B). For scenario (C), the tapering method is much slower due to the multiple
high-dimensional matrix multiplications in the cross-validation method. It is expected
that for larger p the tapering estimator is much more computationally intensive than
the corresponding VST-DCT estimator.

To test how robust our approach is to deviations from the Gaussian assumption, we
simulated the data from gamma and uniform distributions and conducted a simulation
study for the same scenarios and examples. The results are very similar to those of the
Gaussian distribution, see Section 2.8.5 for the details.

2.6 Application to protein dynamics

We revisit the data analysis of protein dynamics performed in Krivobokova et al. (2012)
and Singer et al. (2016). We consider data generated by the molecular dynamics (MD)
simulations for the yeast aquaporin (Aqy1) — the gated water channel of the yeast Pichi
pastoris. MD simulations are an established tool for studying biological systems at the
atomic level on timescales of nano- to microseconds. The data are given as Euclidean
coordinates of all 783 atoms of Aqy1 observed in a 100 nanosecond time frame, split
into 20 000 equidistant observations. Additionally, the diameter of the channel y; at time
t is given, measured by the distance between two centers of mass of certain residues of
the protein. The aim of the analysis is to identify the collective motions of the atoms
responsible for the channel opening. In order to model the response variable y;, which
is a distance, based on the motions of the protein atoms, we chose to represent the
protein structure by distances between atoms and certain fixed base points instead of
Euclidean coordinates. That is, we calculated

Xt = {d(At,ll Bl)/ ... /d(At,783l Bl)/ d(At,lr BZ)I .. /d(At,783/ By)} S H{4.783/

where A;; € R3,i=1,...,783 denotes the i-th atom of the protein at time ¢, B; € R3,
j=1,2,3,4, is the j-th base point and d(-, -) is the Euclidean distance. Figure 2 shows
the diameter y; and the distance between the first atom and the first center of mass.

It can therefore be concluded that a linear model Y = XB + € holds, where Y =
(Y1, -, y20000)! € R20000 X — (X, ..., Xy00)! € [R20000 (4783) B € R478, ¢ e R20000,

This linear model has two specific features which are intrinsic to the problem: first,
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Figure 2: Distance between the first atom and the first center of mass of aquaporin (left) and
the opening diameter y; over time ¢ (right).

the observations are not independent over time and second, X; is high-dimensional
at each t and only few columns of X are relevant for Y. Krivobokova et al. (2012)
have shown that the partial least squares (PLS) algorithm performs exceptionally well
on this type of data, leading to a small-dimensional and robust representation of
proteins, which is able to identify the atomic dynamics relevant for Y. Singer et al.
(2016) studied the convergence rates of the PLS algorithm for dependent observations
and showed that decorrelating the data before running the PLS algorithm improves
its performance. Since Y is a linear combination of columns of X, it can be assumed
that Y and all columns of X have the same correlation structure. Hence, it is suf-
ficient to estimate ¥ = cov(Y) to decorrelate the data for the PLS algorithm, i.e.,
£ Y2y = £7V2XB + £7/2¢ results in a standard linear regression with independent

errors.

Our goal now is to estimate £ and compare the performance of the PLS algorithm on
original and decorrelated data. For this purpose, we divided the data set into a training
and a test set (each with p = 10000 observations). First, we tested whether the data
are stationary. The augmented Dickey-Fuller test confirmed stationarity for Y with a
p-value< 0.01. The Hurst exponent of Y is 0.85, indicating moderate long-range depen-
dence supported by a rather slow decay of the sample autocovariances (see grey line in
the left plot of Figure 3). Therefore, we set ¢ = 1 for the VST-DCT estimator to match
the low smoothness of the corresponding spectral density. Moreover, the smoothing
parameter is selected with the restricted maximum likelihood method and T = 550

bins are used. Figure 3 (black line in the left plot) confirms that the covariance matrix

28



2.6 APPLICATION TO PROTEIN DYNAMICS

estimated with our VST-DCT method almost completely decorrelates the channel di-
ameter Y on the training data set. Next, we estimated the regression coefficients § with
the usual PLS algorithm, ignoring the dependence in the data. Finally, we estimated B
with PLS that takes into account dependence using our covariance estimator £. Based

on these regression coefficient estimators, the prediction on the test set was calculated.

The plot on the right side of Figure 2 shows the Pearson correlation between the true
channel diameter on the test set and the prediction on the same test set based on raw
(grey) and decorrelated data (black). Obviously, the performance of the PLS algorithm
on the decorrelated data is significantly better for the small number of components.
In particular, with just one PLS component, the correlation between the true opening
diameter on the test set and its prediction that takes into account the dependence in
the data is already 0.54, while it is close to zero for PLS that ignores the dependence in
the data. Krivobokova et al. (2012) showed that the estimator of § based on one PLS
component is exactly the ensemble-weighted maximally correlated mode (ewMCM),
which is defined as the collective mode of atoms that has the highest probability to
achieve a specific alteration of the response Y. Therefore, an accurate estimator of this
quantity is crucial for the interpretation of the results and can only be achieved if the

dependence in the data is taken into account.
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Figure 3: On the left, the autocorrelation function of Y (grey) and of £ 2%y (black), where £

is estimated with the VST-DCT method; On the right, correlation between the true
values of the test data set and the predicted values, where the prediction is based on
partial least squares (grey) and corrected partial least squares (black).
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2.7 DISCUSSION

Estimating X with a tapered covariance estimator has two practical problems. First,
since we only have a single realization Y, i.e. n = 1, there is no data-driven method
for selecting the tapering parameter. Second, the tapering estimator turned out not
to be positive semidefinite for the given dataset. To solve the second problem, we
truncated the corresponding spectral density estimator f wp to @ small positive value,
ie., f:,;p = max{f tapr 1/ 10g(p)} (see Cai et al., 2013; McMurry and Politis, 2010). To
select the tapering parameter with cross-validation, we experimented with different
subseries lengths and found that the tapering estimator is very sensitive to this choice.
For example, estimating the tapered covariance matrix based on subseries of length
8/15/30 yields a correlation of 0.42/0.53/0.34 between the true diameter and the first
PLS component, respectively.

Altogether, our proposed estimator is fully data-driven, fast even for large sample sizes,
automatically positive definite and can handle certain long-range processes. In contrast,
the tapering estimator is not data-driven and must be manipulated to become positive
definite. Our method is implemented in the R package vstdct, which is available on
CRAN.

2.7 Discussion

In this paper, we proposed a simple, fast, fully data-driven, automatically positive
definite and minimax optimal estimator of Toeplitz covariance matrices from a large

class that also includes covariance matrices of certain long-range processes.

Our estimator is derived under the assumption that the data are Gaussian. However,
simulations show that the suggested approach yields robust estimators even when
the data are not normally distributed. In the context of spectral density estimation
and Whittle likelihood, several papers investigated the effects of violating the Gaus-
sian assumption on the asymptotic distribution of the periodogram and hence on the
Whittle likelihood. In particular, it has been shown that the periodogram distribution
I ~T{1, f(2mj/p) +0(1)},j =1,...,[p/2] holds asymptotically for linear time series
with ii.d. innovations (Brockwell and Davis, 2009, Thm. 10.3.2), for mixing processes
(Rosenblatt, 2012, Thm. 5.3), as well as for non-linear processes (Shao and Wu, 2007).
Since DFT and DCT matrices are closely related, we expect that Equation (2.3) also holds

asymptotically for these non-Gaussian time series, but consider a rigorous analysis to
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be beyond the scope of this paper.

In fact, our numerical experiments have even shown that if the spectral density is
estimated from W; = f (mcj) + €, that is, as if W; were Gaussian instead of gamma
distributed, then the resulting spectral density estimator has almost the same L, risk
(and hence the corresponding covariance matrix has almost the same spectral norm).
Of course, such an estimator would lead to a wrong inference about f (7rx]-), since the

growing variance of W; would be ignored.

Since our approach translates Toeplitz covariance matrix estimation into an approximate
Gaussian nonparametric regression for mean estimation, all approaches developed in
the context of Gaussian nonparametric regression, such as (locally) adaptive estimation,
as well as the corresponding (simultaneous) inference, can be directly applied. Bayesian
tools for adaptive estimation and inference in Gaussian nonparametric regression as

proposed in Serra et al. (2017) can also be employed.

2.8 Proofs and auxiliary results

Throughout this section, we denote by c,c1,C,Cy, ... etc. generic constants, that are
independent of n and p. To simplify the notation, the constants are sometimes skipped
and we write < for less than or equal to up to constants.

2.8.1 Proof of Lemma 2.1

We embed the p-dimensional Toeplitz matrix X = toep(cp,...,0p-1) in a (2p — 2)-
dimensional circulant matrix £ = toep(0y, ..., 0p—1,0p—2,...,01). Then, & = UAU*,
where U = (2p — 2)"2[exp {mi(k —1)(I —1)/(p — 1)}]?;;% with the conjugate trans-
pose U*, and A is a diagonal matrix with the k-th diagonal value for k = 1, ..., p given
by

p 2p—-2
)\k:Zm_lexp{mxk(l—l)}—I— Z Oap—1-1exp{rixg(I-1)},
=1 I=p+1

where x; = (k—1)/(p —1). See e.g., Gray et al. (2006) for properties of circulant
matrices.
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By symmetry, Ay = Ay, for k = p+1,..,2p — 2. Furthermore, L = V*AV, where
V € C2P=2)%P contains the first p columns of U. Then, fori,j =1,...,p

2p—2
(DZD);; = (DV*AVD);; Z Ar ZDZ,, ZV,SDS]

Define the scaling factor a; = 1/v2fors =1, pandas = 1fors =2,..,p—2, appearing
in the definition of the Discrete Cosine Transform I matrix. Then,

p
Y ViDgj=(p—1)" Z asajexp{7i(r — 1)xs} cos{m(j — 1)xs}

s=1 s=1
+ PLE 1 exp(0) cos(0) + pﬁﬁ 1 exp{mi(r—1)})cos{m(j—1)}
2—2
- u]\p[ {|] r| even} + — p— Zexp{m r— 1)XS}COS{7'L'<] — 1 xs}

=a;b(j,r) +ajic(j,r),

where 1 is the indicator function and

. V2-2 1 & ,
b(j,r) = ﬁﬂ{u—ﬂ even} T b1 ;cos{ﬂ(r —1)xs} cos{m(j — 1)xs},

p
c(j,r) = pil Y sin{7(r —1)xs} cos{m(j — 1)xs}.
s=1

By the symmetry properties of cosine and sine, b(j,r) = b(j,2p —r) and c(j,r) =

—c(j,2p—r)forr=p+1,...,2p — 2. Using (Zle VisDgj)* = ZZ . D; qu we obtain

2p—2 , . .
(DED);, — {afz ”zp i» {b<1,.r)2+c(1,r)2}, - 1‘—]' (2)
a;ia;Y,00 " Ar(b(i,r) +ic(i,r))(b(j, ) —ic(j, 7)), i#].

Some calculations show that forr =1,...p

S, 1#j,r—] even
P 0, r—j odd
% E cos{m(r—1)xs} cos{m(j—1)xs}= o1 ] (2.8)
s=1 2p—27 r=j#1,p
p%l’ r:]:l/p
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and

1 P
712 sin{7r(r—1)x;} cos{m(j—1)xs}

_{1-=D)7

A(p—1) [cot{m(r—j)/(2p —2)} +cot{m(j+r—2)/(2p—2)}]. (2.9)

Using the Taylor expansion of cot(x), i.e., cot(x) = x~! —x/3 —x3/45+ ..., for 0 <
|x| < 7r, one obtains forr =1,...p

(2.10)

.. (r=1{1- (="} 2m(2r —2)
U = =D - G- DHe-D+ (-1} +0{3<zp—2>2}’

where the O term does not depend on j and the hidden constant does not depend on
r,p.

Casei=j

If i = j, equations (2.7) - (2.9) imply

22 V2-22+14+2(v/2-2)(p—1 ,
(DZD)],] :ajz' Z Ay ( ) _(1 2 )(p )]l{\r—j\ even} +C(],T)2
r=1 (p )
12,
r#2p—j
ey 2(\5—_12+2I;t12) , JFLP
j _ 2 .
(Z=2+55),  j=Lp

2(v/2-3/2+p/2)?

22 (V2 —1)? e, JELYp
:ajz Z Ar |:(p_)]l{r j| even} +C(] 7’) :| + /\] ' {(ﬁ(zi:_p))g 1
20p-17 J=4P

p—1

—O(p’l —|—2a ZA c(j,r) —1—/\]‘{0.5—1—(9(;7*1)},

where we used the symmetry properties of A, and that by assumption || f|| < M. Note
that the O terms do not depend on j. Since the complex exponential function is Lips-
chitz continuous with Lipschitz constant L = 1, it holds A, = A; + L, j|r — j|(p — 1)~}
where —1 < L,; <1 is a constant depending on 7, j.
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Then,
p—1 p—1 p—1
E Arc(j, r)? = Aj Z c(j,r)2 +(p— 1)1 Z L, |r— j|c(r,j)2. (2.11)
r=1 r=1 r=1
Since 27:;11 Ae(1,7)? = — Zf;ll Arc(p,r)?, it is sufficient to consider j = 1,...,p — 1. We
begin with first sum in (2.11). For a shorter notation, we use k:=r —land / :=j—1

in the following. Then, summing the squares of the first term of c(j,r) in (2.10), for

[=0,..p—2, yields

les} 2
LRI (D)) 4 Lo e Rilbp) = 5 -Rillp), 1=0
. — o0 2x)? 2
m2 = (k=1)2(k+1)2 2 L0 W—RN’P) = T —Ra(l,p), I odd

o0 x—1)2 -
Zx:l (2x_1£21)2(;3)6_1+1)2_R2(l, P) = Tg—Rg(l,p), else

see Chapter 23.2 of Abramowitz and Stegun (1964) on sums of reciprocal powers. If p

is even, then the residual terms are given by

= 1 ¢ {(p—3)/2}
R l, = =
1(Lp) x(;;Z)/Z (2x —1)2 4
_ v (2x)?
Rall:p) = i :Zm (2x—1)2(2x+1)2
_ 2¢{(p+1)/2} =29 {(p—1) /2} {9 {(p+1) /23 +¢ D { (p—1) /2}]
161
- (2x —1)?
Rs(l.p) = XZZP/Z (2x —1-1)2(2x —1+1)2
_2¢{(p—1+1)/2} =2¢{ (p—1-1) /2} [ {(p—1+1) /2} +¢ "V {(p—1-1)/2}]

16l

where ¢ and ¢(!) denote the digamma function and its derivative. If p is odd, similar
remainder terms can be derived. To see that R;(I,p) = O(p~!) for i = 1,2,3 and uni-
formly in [ we use that asymptotically ¢(x)~ log(x)—1/(2x) and ¢ (x)~1/x+1/(2x?).
The mixed term %y~ FU-CUE o0 th d O term L2 y P2 &

e mixed term 3}, DD (2p=2) AN e square erm “g—- ) o )
both of the order pfl. Furthermore,

s are

1= a1 KRR (D)L k- 4

7
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since the harmonic sum diverges at a rate of log(p). Finally, A; = f(x;) + O{log(p)p*}
by the uniform approximation properties of the discrete Fourier series for Holder
continuous functions (Zygmund, 2002). All together, we have shown that (DXD);; =
f(xj) + O{p~ +log(p)p~F}, where the O terms are uniform over j =1, ..., p.

Case i # jand |i — j| is even

In this case, (DED);; = a;a; 2322 Adb(i,r)b(j,r) +c(i,r)c(j,r)} since |r — j|, and |r —
i| are both either odd or even. Note that b(i,7)b(j,r) = O(p~2) for r # i,j and
b(i,r)b(j,r) = O(p~1) if i = r or j = r, where the O(-) terms are uniformly in i, j. Since
b(i,r) > 0 and || f]le < Mo, it follows aa; Y201 A,b(i,7)b(j,7) = O(p~') uniformly in
i,j. To show that a;a; ngz Are(i,r)e(j,r) = O(p~1), we proceed similarly as before.
Setting k=r—1, I=j—1, m=i—1 and using that [4m and |/—m| is even, one obtains

1SR - (DR {1y

w2 = (k=) (k+1) (k—m) (k+m)
) 2x)2
_ 4 {Zxo (2x—l)(2x+l()(2)x—m)(2x+m) —Ry(l,m, p) = =Ru(L,m, p), I,m odd
2 . 2x—1)2
N P (folfl)(2x714(rl)(2x)717m)(2x71+m)_R2(l’ m,p) = —Ro(L,m,p), 1,m even,

where for even p the residual terms are given by

Ri(l,m,p) = i (2x)?
,m, Ny (2x—l)(2x+l)(2x—m)(2x-|—m>
_ v (2x—1)?
Ra(l,m, p) = x:zp/z (2x—1-1)(2x—1+1)(2x—1—m)(2x—1+m)"

Similarly as before, one can show that Ry (I, m, p) and Rx(I,m, p) are of the order O(p~!)
where the hidden constant does not depend on /,m. If p is odd, analogous residual
terms can be derived. Using similar techniques as before, one can show that the two
residual terms and the remaining mixed and square terms vanish at a rate of the order

O(p~1) and uniformly in i, ;.

Case i # jand |i — j| is odd

|r —i| and |r — j| are either odd and even, or even and odd. Without loss of generality,
assume that |r — i is even. Then, (DED);; = a;a; 2522 Arb(i,r)c(j,r). Since b(i, -) is an
even function, c(j, -) is an odd function and A, = Ay, it follows (DED);; = 0. O
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2.8.2 Periodic smoothing splines

In this section, we recapitulate the results obtained in Schwarz and Krivobokova (2016)
for the equivalent kernels of periodic smoothing spline estimators. Given data points
{(x;,Y;)} N, with true relationship Y; = f(x;) + €;, where x; = i/ N and the residuals ¢;
satisfy standard assumptions, the periodic smoothing spline estimator f is the solution
to
min |3 {Y - s(x)}2 4 b / s ()12 dx]
s€Sper(29-1xy) | N i l l 0 ’

where 11 > 0 is the smoothing parameter and Sper(29 — 1, xy) the periodic spline space
of degree 29 — 1 based on knots xy=(x;)N,= (i/N)in. Schwarz and Krivobokova
(2016) have shown that f (x) = N~1 YN, W(x, x;)Y;, where W(x, x;) is known as effec-
tive kernel of a periodic smoothing spline estimator and its explicit expression is given

W(x,x;) = i P{Nx +g,exp(—2mij/N)}P{Nx; + q,exp(—2mij/N)}
= Qzg2(j/N) + B2 (27tj)Psinc(7tj/ N)2 ’

where ®(-, -) denotes exponential splines (Schoenberg, 1973) and polynomials Q2; 2(x)
are formally defined as Qo> = Y52 _, sinc{7t(x + 1) }?7; for the explicit expressions see
Section 4.1.1 in Schwarz (2012). In particular, W(-,x;) € Sper(29 — 1, x)y) see, Schwarz
(2012, p.61). A scaled version K(x, t) of W(x,t) in terms of the bandwidth parameter
h is defined as K(x, t) = hW (hx, ht). We denote by K, (x,t) = K(x/h,t/h) = hW(x, t).
Also, we use that W(x,t) = Y;°_ W(x,t+1) (Schwarz, 2012, Lemma 14), where

N ®{Nx +q,exp(—2miu) }®{Nx; + q,exp(—2miu)}

W(x,t) = /0 Qag—2(u) + h21(27tj)#sinc(7ru) -

is the asymptotic equivalent kernel of smoothing spline estimators on R. Finally, we
denote Ky (x,t) = K(x/h,t/h) = hW(x,t).

2.8.3 Proof of Theorem 2.1

The structure of the proof is as follows. First, we derive the L, rate of the periodic
smoothing spline estimator I?(f\) Then, using the Cauchy-Schwarz inequality and a
mean value argument, the convergence rate of the spectral density estimator f is es-
tablished. With the relationship E||£ — Z|| < E| f — f||% the first claim of the theorem

follows. Finally, we prove the second statement on the precision matrices. For the sake
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of clarity, some technical lemmas used in the proof are listed separately in Section 2.8.4.

I. An upper bound on ]EHI?(?) —H(f)|I%

Proposition 2.1 Let & € Fg such that B > 1/2. If h > 0 such that h — 0 and hT — oo,
then with T = | p*| for any v € ((4 —2min{1,B})/3,1), the estimator H(f) described in
Section 2.3 with g = max{1, v} satisfies

E|[H(f) = H(f)||5 = O {log(np)/ (nph)} + O(h*).
Proof: Application of the triangle inequality yields a bias-variance decomposition

E|H(f) - H(f)|% < 2E|H(f) ~ E{H(H}3 + 2 E{H(H} - HP)[E  (212)
Set T=2T—2and x; = (k—1)/T for k =1,..., T. Using Lemma 2.4, we can write
T

T
WG x¥ = g 97 Kao ) [0} + 6ot 8,
k=1 k=1

Hz\ —

where x € [0,1], |ex] < (np)~! +log(p)(np) =P, {x ~ N(0,m™!) such that for k # I
holds Cov (g, g;) = O{p~2 +log(p)*p~2F}, and ¢ is a mean zero random variable
satisfying E|&|¢ < log® (m)[m ¢ + {T~' + T log(p)plfﬁ}(]’] for each integer ¢ > 1.
Mirroring and renumerating (y, 7k, € is similar as for Y/, k =1, ..., T.

Upper bound on the variance

Using the above representation, one can write

2

E|[H(f) - E{H(A)} % = (2.13)

'ﬂl

T
E (x, xx) (C + Ck)

[ee]

First, we reduce the supremum to a maximum over a finite number of points. Recall
that W(-, x;) € Sper(29 — 1, xy), see Section 2.8.2. Thus, for g > 1, the function W (-, x;)
is differentiable and in particular Lipschitz continuous with some Lipschitz constant
L>0.
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Then, it holds almost surely that

2

1 I
7 Y W, xi) (Qk + )

sup
xefo1] |1 k=1
2
T 1 T
< | max | = ) W(xj, ) (Ge + &) sup  |= Y {W(x, x¢) — W(x, x0) } (G + &)
ISi=T | 1 k=1 xeepl, |1 =
|lx—x'|<1/T
1 & ? 2L2 T ?
<2 max |= ) W(xj,x¢)(lx + k) Ck+ ¢kl | -
1<j<7| T k:X:l ] T4 k:z:l ’ |

Using B[(Y)_, 0 + &1 S EIT, 122 + BT, &) < T2m~?, one gets

(2.13) < E { 7 ZT: W (xj, %) (Ck + k)

2
} +o{(np)~'}. (2.14)

1<]<

If g =1, then Zzzl W (-, x¢) is a piecewise linear function with knots at x; = j/T. The
factor ({x + ¢x) can be considered as stochastic weights that do not affect the piecewise
linear property. Thus, the supremum is attained at one of the knots x; = j/ T, i=1.., T,
for any realization of the stochastic weights. This implies that (2.14) is also valid for
q = 1. Using the inequality (a + b)? < 24a? + 2b? once more, we then obtain

2
} +E { max
1<]<T

T

~ Z x],xk

T
T Z (xj, %)k

2
T1=E { max }
1<j<T| T

with Lemma 1.6 of Tsybakov (2009). This requires a bound on || ﬁ 2}?:1 K, (xj, xi)Ck ||i2,

T
(213) < {max T Z (xj, %) Ck

1<j<T

2
} +o{(np)~'}.

We start with bounding

where || - ||y, denotes the sub-Gaussian norm. In case of a Gaussian random variable
the norm equals the variance. See Vershynin (2018, Ch. 2.5) for a definition of || - |y,

and further properties.
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Thus, with Lemma 2.2 and Lemma 2.4, we obtain

Ly
=2 Kh(x'r xk)gk
Th k=1 ! =1

2 T
. =V {Tlh kz Ky (x;, xk)Ck}

~

| I 7

= —— Y Ku(xj, x0)*V(Z) + —— Y Ki(xj, x¢) Y Ky (x,x1)Cov (T, {1)
T°h? =1 T°h? 3 =1

< C(Thm)~' 4+ C'{p~> +log(p)*p~*},

where 0 < C,C’ are some constants. Lemma 1.6 of Tsybakov (2009) then yields

T < log(2T)[C(Thm) ™ + C'{p~2 +1og(p)*p 2P} = O{(Thm) 'log(2T) + hF}.
(2.15)

To see this, note that p/n — ¢ € (0, 0] implies p~! = O(n~!). Thus, if B > 1, then
log(2T){p? +1og(p)*p~*F} <log(2T)p~? < log(2T)(Tm) ™" < log(2T)(Thm) ™!

as h — 0. Now consider 1/2 < B < 1. Recall that T = p" for some fixed v €
((4 —2min{1,p})/3,1). Using the inequality log(x) < x"/a one can find constants
xy, Cy > 0 depending on v but not on 7, p such that log(2T) log(p)?p~2fT? < C,p~*.
This implies log(2T) log(p)?p~2 = O(h?F) since (Th)* — co by assumption.

Next, we establish the asymptotic order for the second term
1 I
T Y Kn(xj, xi)
k=1

2
T, =E { max } .
1<j<1 | T
The exponential decay property of the kernel K stated in Lemma 2.2 yields
| }
where 7, (x, 1) = y—t/h 4 %{’Y(X*t)/h +y(t=9/"} and 4 € (0,1) is a constant. For
some threshold R > 0 specified later, define

1T
T Y v (xj, xi) |Gl

k=1

T, S E < max
1<j<T

& = 1Ckl1{|Ck| < R}, and & = |Gk|1{|Ck| > R}.
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2 2
} +E { max } . (2.16)
1<j<T

The first term in (2.16) can be bounded again with Lemma 1.6 of Tsybakov (2009).

Then,

1 & B 1 & .
s ﬁk:zl')’h(szxk)‘:k ﬁk;%(xj,xk)(fk

T, < E max
1<j<T

We use the fact that for not necessarily independent random variables Xj, ..., X with
1Xil <R, i=1,..,N,itholds | T, a;Xi||}, < 4R*YL, a? where ay,..,ay € R and
R > 0 are constants. This is a consequence of Lemma 1 of Azuma (1967) which
yields E[exp(A XN ; 2;X;)] < exp(A2R?2 N a?) for all A € R. Thus, for all ¢ > 0 holds
P(| XN, a:X;| > t) < 2exp(—At + A2R2YN | a?). Setting A = t/2- (RZYN,a2)71, it
follows that YN, a;X; has a sub-Gaussian distribution and the sub-Gaussian norm
is bounded by 2R(YN, a?)!/2. See Vershynin (2018) for further details on the sub-
Gaussian distribution.

Together, we get

2

1 _
Tfhk;%(xj,m)ﬁk

1123

where for the second inequality Lemma 2.2(ii) is used. Applying Lemma 1.6 of
Tsybakov (2009), then yields

1
E < max |=— Xi, X )Cr
{1<j<XT Th};')’h( j k)gk

2 R )

S ;o log(2T). (2.17)
To bound the second term in (2.16), we use the moment bounds for ¢; derived in
Lemma 2.4. Then, for all integers ¢ > 1

2 LT 2
E { max =E{ max |— xi, ) (ED(EN)E
{1<j<T } {1<j<T Th k:zl’)/h( j k)(gk ) (‘;Ik )
< R*72'E{ max Z Xj, Xk )? i(@'*)% < R¥2E G i a2t
- 1<j<T T°h2 (= (%), X =k - Th =%

< h 'R log“(m)[m_y +{T7' + T 'log(p)p'P}*]. (2.18)

T

1
ﬁ k:Z% ’Yh(le Xk)é{;
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Combining the error bounds (2.17) and (2.18) and choosing R=m~1/2 gives

200 3. 20(1-p)
T, < log(T)  log*(m) % +m, 1/2<p<1,
2~ mTh hm1—* T*Zﬂ_‘_mf%’ 1< ﬁ

By assumption, T = p” and m = np(1~?) for some fixed v € ((4 —2min{1,B})/3,1). If
¢ is an integer such that £ > 1/(1 — v), then

m' " log (m)m = = m~'log* (m)m~* < n~lp= 07 = O{(np)~1},

where we used log(x) < x?/a with a = 1/(4¢). Consider 1/2 < B < 1 and let
0 < x < 1 be a constant. Applying log(x) < x?/a twice with a = x/(2¢) yields

m'~logh (m) log?! (p)p2 (1B T—20 < =143 p(1=0)((=1x) =200+ 20(1—) +x.
Since v € ((4 —2min{1,8})/3,1) it holds

1—v)l—1+x)—2v+2(1—B)+x<—(L—-1+x) -2
< > {v(1—x)+3x}/(Bv+2min{l, B} —4). (2.19)

For any fixed ve((4 —2min{1, 8})/3,1) one can find an integer ¢, which is independent
of n,p, such that the right side of (2.19) holds. Since p/n — ¢ € (0,c0] and thus
n/p=0(1)and p~t = O(n1!), it follows for ¢ satisfying (2.19) that

né—l—i—xp(l—v)(€—1+x)—2€v+2£(1—ﬁ)+)( < (n/p)é—l—i-xp—Z — (’){(np)_l}.

In total, choosing an integer ¢ > max[1/(1 —v),{v(1 — x) +3x}/(3v+2min{1, B} —
4)] gives

EIIFH - B(H() 2 = 0 {802 1o} (220

Upper bound on the bias
Using the representation in Lemma 2.4 once more gives for each x € [0, 1]

— 1 T

E{H(f)(x)} — H{f(x)} = ﬁ;Kh(x/xk) [H{f(x)} +e] = H{f(x)}.
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The bounds on ¢, in Lemma 2.4 and the exponential decay of the kernel function in

Lemma 2.2 imply

T
Z (xj, xx) |ex] < (np) " +log(p) (np) P

’ﬂl‘ _

Th ZKh X, Xk

Consider the case that 8 > 1. In particular, ¢ = y = | 8] and f(?) is a-Holder continuous.
Since f is a periodic function with f(x) € [§, My| and H(y) « ¢(m/2)+log (2y/m), it
follows that {H(f)}) is also a-Holder continuous. Extending ¢ := H(f) to the entire
real line, we get

i ZKh x, %) g (xx) / 11K (x, )g(8) dt + O(TF),

where K is the asymptotic equivalent kernel defined in Section 2.8.2. Expanding
¢(t) in a Taylor series around x and using that 'K}, is a kernel of order 2g, see
Lemma 2.2(iii), it follows that for any x € [0,1]

Tﬂlkilw,xk)g(xk) =50+ [ HK o) (x - 178 <¢xt> & +0(1)

—(x) + /jo B (1) (x — 118 (Cxﬁq!— $9() 4y 4 O(T*ﬁ)
x+1h

oo () — o) -
=g+ ¥ /x+(l_1)thh(x,t)(x—t)qg @x/f})qq!g Wiy o(rF),

|=—c0

where ¢, ; is a point between x and t. By Lemma 2.2(i), we have |Cj,(x, t)| < Cy*~t/%,
for some constants 0 < C and 0 < 7 < 1. Since g9 is a-Holder continuous with some
constant L, one obtains

T o
CL x+1h \x 1 ‘é(x ’
(x, x —o(x)] < — / — == dt+ O
7 Ll s —s(0| < 5 B [0 el (1)

CL & i wen|x—tf
< = dt+ O
- q! ,__(X,/H(z—l)h7 h +o )
CL &
<=2 Y AP L O(TF)

q |=—00

2CL & - 7
=W E YA P01 = 00#) +O(T),
CI=1
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If1/2 < g <1, then g =1 and g is B-Holder continuous. Since f(x) € [4, Mp| and the
logarithm is Lipschitz continuous on a compact interval, it follows ¢ = H(f) is f-Holder
continuous. Expanding ¢ to the entire line and using that k! [*_K;(x,t) dx = 1, see
Lemma 2.2(iii) with m = 0, gives
T oo
7 L Kl ls(on) — 00 = [ Kuten S8 ar s 07

In a similar way as before, one obtains

T
2 Ko x)g(a) - g()| = O() +O(T )
k=1

Note that T~ 7 =o0(hP)as B > 1/2, Th — co and h — 0 by assumption. Since the derived
bounds are uniform for x € [0,1] it holds

[ECH(D ()} = H{f (0} = Of) + O{(np) " +log(p)(np) P} (2.21)
Combining the bounds for the variance in (2.20) and for the bias in (2.21) finally gives

E[|H(f) — H(f)|[2] = O {log(np)/ (nph)} + O(*). 0

IL. An upper bound on E||f — f||%

Proposition 2.2 Let £ € Fgsuchthat B > 1/2. If h > 0 such that h — 0 and hT — oo, then
with T = | p®] for any v € ((4 —2min{1, B})/3,1), the estimator f described in Section 2.3
with ¢ = max{1,y} satisfies

E|f - flI2 = O {log(np)/(nph)} + O(h*).

—

Proof: By the mean value theorem, it holds for some function g between H(f) and
H(f) that

E|f — £l = E|H{H(f)} — H{H(H)}Z = EIl(HY (){H () — H()}I
SE[IH (@{H(F) — H Y2

43



2.8 PROOFS AND AUXILIARY RESULTS

Application of the Cauchy-Schwarz inequality with a constant C > 0 yields
E[lf - fI% < CEIH(f) = H(N)& + Ef = fll2)2 - PAHT ()]l > O (222)

To show that the second term on the right-hand side of (2.22) is negligible, we use
Markov’s inequality. In order to do so, we first derive the asymptotic order of the
moment generating function of H(f) for n,p — oo.

Moment generating function of ||Ij(7) || oo

By the exponential decay property of the kernel K stated in Lemma 2.2, it holds almost
surely that

IH(F)lle S sup Z'Yh x,xg) - Y|
cefon) Th {

First, HI?(?) |l is bounded with the maximum over a finite number of points. Cal-
culating the derivative of s : [0,1] — R, x — s(x) = Yi_; 7 (x, xz) Y7 | for x # xy,
k=1,..,T, gives almost surely

1/h

d Y —t)/h t—x)/h *
L (e sy

T
ax Z [’Yx_t/h|x—xk|+

Since 2s(x) > 0 almost surely, for x # x, the extrema occur at x;, k = 1,..., T. Thus,

for A > 0, the moment generating function of Hf?(?) || is bounded by

T
Elexp{AH(f)}] < Y F
=1

AL .
exp {Thkzl’Yh(Xj,Xk) Yy |}

Let M; = (Th)™! Zzzl Yn(xj, xk), which by Lemma 2.2 is bounded uniformly in j by

some global constant M > 0. By the convexity of the exponential function, we obtain

E

1 & \
= Y yu(xj, xi)E [exp {AM;| Y[} .
=

s .
exp = Y vn(xj, x| Y| p | <

Recall that Y{ = log(Qx/m)/+/2 and by assumption 0 < § < f < M. Using
Lemma 2.3, Qk can be written as a sum of m = np/T independent gamma ran-
dom variables, i.e., Qx = Y11 A; where A; ~ T'(1/2,2a;) with a; € (¢16,c2Mp) for
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some constants cj, c2 > 0. Thus, we can find some (fully correlated) random variables
Q; ~ T (m/2,&16) and Q} ~ I'(m/2,& M) such that Q; < Qi < Q, almost surely
and ¢, > 0 are some constants. Then,

Ef[exp{AM;|Y{|}] <E [exp {)\Mj/\/imaxﬂ log(Q;" /m)|, | log(Qk_/m)]}}] :

The moment generating function of | log(X)|, when X follows a I'(a, b)-distribution, is
given by

a—t,1/b)+b*y(a+t,1/b)
I'(a) '

E [exp{# [log (X)[}] = b~ L= =71 H<a,

where T'(a) is the gamma function and (4, b) is the lower incomplete gamma function.

In particular, for 0 < t < a,

Elexp{t]1og(x)|}] < D LETELD) 223)

In our setting, X = Q, /m ~ T(m/2,&16/m) or X = Q" /m ~ T(m/2,5,Mo/m),
respectively. To derive the asymptotic order of ]E[exp{)\HPT(?) || }] for n, p — oo, where
A > 0, we first establish the asymptotic order of the ratio I'(a + t) /T'(a) for a — co. We
distinguish the two cases where t is independent of 2 and where ¢ linearly depends on
a. Based on Stirling’s approximation, one derives fora > 1, t > 0

Tla+t) {2m/(a+ O 2(a+t) " texp(—a—t)[1+O{1/(a+1t)}]

I v aat exp (~a) (1+ O(1/0)}
=/a/(a+t){(a+t)/a}" (a+1t) exp(—t) ! +1(3_{(19/((1a/:)t)} . (2.29)

Thus, for 0 < t < a and t independent of a4, Equation (2.24) implies for a — oo that
[(a+t)/T(a) = O(a'). Similarly, it can be seen that T'(a —t)/T'(a) = O(a™!). If
0 < t < a and t linearly depends on 4, i.e., t = ca for some constant ¢ € (0,1), then we
get [(a+t)/T(a) = O(a* exp{a}) for a — oo. Hence, for a fixed A not depending on
n, p and such that 0 < A < m/(v/2M;) we get for sufficiently large n, p

E [exp {(AM;[Y;]}] = E [exp {AM;/ V2 log (Q¢/m) |}

<o Y (bm/2) 4 (bm/2) R = O(1),

bE{Z‘l(S/m,Z‘zMo/m}
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If A =cmsuchthat0 < A <m/( ﬁMj), then for sulfficiently large n, p

/\M]- AM

E [exp {AM;|Y|}] < caexp{m/2} ) (bm/2) V2 + (bm/2) V2 = O(L™),
bE{E]J/m,EzMo/m}

SE

for some constant L > 1. Set K = min;_; 71/ (\@M]) which is a constant independent

of n, p. Altogether, we showed that for 0 < A < Kmand n,p — o0

—

Elexp{A||H(f)||o}] = O(T), if A does not depend on n, p, (2.25)
Elexp{A|H(f)|lo}] = O(TL™), if A = cm for ¢ € (0,K). (2.26)

Bounding the right-hand side of (2.22)

Noting that || f|lcc < Mp and m/2exp {¢ (—m/2)} € [1,4] for m > 1, (2.25) implies for
some constants cg,c; > 0 and n,p — oo

E|lf - fI% < Bl fI% + 1 = coEll(m/2) exp{VZH(f) — ¢p(m/2)}|& + ¢
< co|(m/2)* exp{~4¢(m/2)}| - Elexp{4v2| H(f)|}] + 1 = O(T).

—

Since ¢ lies between Ij(?) and H(f),and H! « exp, it follows H~'(¢) < H-Y{H(f)} +
f almost surely pointwise. Thus, for C > || f||cc = My, it holds

P(|H Y (g)]lw > C) < P([H{H()}oo > C = Mo) < P(|H(f) oo > c1)

where ¢; := H(C — M)y). Applying Markov’s inequality for t = cm with ¢ € (0, K) and
C = 2L*¢ + M,, where ¢, K, L are the constants in (2.26), gives

P(|HY(8)]l > C) < exp(—c1t) Elexp{t|[H(f) | }] = O(TL™).

Thus, the right-hand side of (2.22) is asymptotically negligible to the first term in (2.22).
Together with Proposition 2.1, it follows that

E||f — fl% = O {log(np)/ (nph)} + O(h*). ]
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II1. An upper bound on E||£ — X||?

We use the fact that that the spectral norm of a Toeplitz matrix is upper bounded by
the L, norm of its spectral density, see e.g., Gray et al. (2006). Since the derived bounds
in this section hold for each X(f) € F3, we obtain

sup E[Z-Z(f)]* < sup Ellf = fl% = O{log(np)/ (nph)} + O(1*F).  (2.27)
P B

IV. An upper bound on E||() — 2712
According to the mean value theorem, for a function ¢ between H(f) and H(f), it
holds that

E|Q -0l <E|1/f —1/f|% =E[1/H {H(H)} - 1/H {HOHE

— E||(1/H V) (){H(f) — H(F) 2 S B/ H Y ({Hf) — H()HPA

Application of the Cauchy-Schwarz inequality with a constant C > 0 yields
E|11/f =1/ fllLSEIH () — H(OIZ+E1/ f =1/ £I12) P (11/{H 7 (8) Hleo > C)2.

Note that “1/H*1(g)]]oo < 2/mexp{ﬁHgHoo} exp{p(m/2)} < ¢ }|H*1(g)||oo for
some constant ¢c; > 0 not depending on 1, p. Choosing the same constant C as in
Section 2.8.3, it follows

P (Hl/{H’l(g)}Hoo > c) — O(TL™).

Noting that ||1/ f|lcc <1/ and 2/mexp {¢(m/2)} € [0.25,1] for m > 1, the asymptotic
property of the moment generating function of H(f) in (2.25) implies for some constants
c2,c3>0and n,p — o0

E1/f —1/f]1% < &2l (2/m)* exp{dg(m/2)}| - E| exp{—4V2H(f) }|w + ¢
< ¢|(2/m)* exp{ap(m/2)}| - E exp{4V2| H(f)[|w} + 3 = O(T).

Since the derived bounds hold for each X(f) € F4, we get all together

sup E[[|© =7 (f)IIP) = O {log(np)/ (nph))} + O(h*F). (2.28)
B
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Optimal bandwith parameter h

Minimizing the right side of (2.27) and (2.28) for the bandwidth parameter / yields
h =< {log(np)/(np)}zl‘%. In particular, Th > p%%{log(np)/(np)}zﬂ% — oo and
h — 0since v > 2/(28+1) for p > 1/2 and v € ((4 —2min{1,B})/3,1). Thus,
substituting 1 < {log(np)/ (np)}Zﬁlﬁ into (2.27) and (2.28) proves the second statement
of Theorem 2.1.

O

2.8.4 Auxiliary lemmata for Theorem 2.1

This section states some technical lemmata needed for the proof of Theorem 2.1. The
tirst lemma lists some properties of the kernel Kj and its extension K}, on the real line.

The proof is based on Schwarz and Krivobokova (2016) and (Schwarz, 2012).

Lemma 2.2 Let h > 0 be the bandwith parameter depending on N.
(i) There are constants 0 < C < co and 0 < 7y < 1 such that for all for x,t € [0,1]

[ICh(x, £)] < Cyi/m,
|Kn(x, 5)] < Cly i/ gy et/ g 2070y /(1 — 1),

(i) Lett;=(i—1)/(N—1),i=1,..,N. If Nh — oo for N — oo, then
ﬁ Zf\il Yr(x, t;) = O(1) and ﬁ Zfil 'y%(x, t;) = O(1) uniformly for x€[0, 1], where
300 1= < VE DI 000 /(1 )

(iii) It holds
! / (x = )" ICh(x, 1) dt = b0, form=0,..,29—1,
nt / (x = )" KCp(x,t)dt #0, form = 2q.

Proof: (i) See Lemma 16 of Schwarz (2012) for the proof of the first statement. Further-
more, for x,t € [0,1] holds

o]

Kn(x, )] < ) |Ku(x,t+1)]

|=—00

<C Z ,y\x—t—l|/h —C {’Y'x”h + Z,Y(x—tJrl)/h + Z,y(x+t+l)/h}

|=—00 1>0 >0
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[,Y|x t‘/h—i-’yl/h{’)’x t/h+,)/t x/h}/< 1/h)]

(ii) Since 7y, (x, -) is differentiable everywhere except at x, it holds

3 —nt [ dt + O{(Nh)™"
N o ) = /Om:c,t) t+O{(N) )

1
:h—l/ ,Y\x—tl/hdt+h—1 1/h/ ,Yx t/h_{_,y(t x)/hdt—l—('){(Nh) }
0

Note that
1
hfl/ ’y‘xitl/hdt:{ (1- x)/h+ 2}/10g( )
0
1
and hfl/ ,Y(xft)/h +(y(tfx)/h dx = ,th/h(,yl/h )/log( ) t/h(’)’ _ 1)/103(’)’)-
0

In particular, for some constants C;,C; > 0 depending onvy € (0,1) but not on / and x,
1/11

it holds h~ 1f =/l dr < € and b~ 1 v f A&=B/h 4 (t=x)/h dx < C,. The proof

to show h~! fo Ii( x,t)2 dt < Cs for some constant C3 > 0 is similar. By assumption
(Nh)~! = 0(1) for N — oo which concludes the proof.

(iii) See Lemma 15 of Schwarz (2012) with p =2 — 1. O

Lemma 2.3 states that the sum of the correlated gamma random variables in each bin

can be rewritten as a sum of independent gamma random variables.

Lemma 2.3 IfX € ]—"ﬁ, then Qi = kaéT 1)p/T+1 Yo W z]/ k=1,.. T, where

Wiy " T (172,26 (x) + O{T 1+ T log(p)p' #})

fori=1,..,nandj= (k—1)m+1,.. km,and x; = (j —1)/(2p — 2).

Proof: It is sufficient to show the statement for n = 1 by the independence of the Y;.
Then, the number of points per bin is m = p/T. For simplicity, the index i is skipped
in the following. First, we write Qy as a matrix-vector product and refactor it so that it

corresponds to a sum of independent scaled chi-squared distributed random variables.
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(km)

In the second step, we calculate the scaling factors. Let E"*"" be a diagonal matrix with

ones on the (k —1)m + 1, ..., km-th entries and otherwise zero diagonal elements. Then,

km
%= Y W =YDE"DY.
j=(k=1)m+1

Define X = Z~1/2Y ~ N, (0,,1) and let U'TU be the eigendecomposition of £!/>?DEVU™ Dx!/2
with eigenvalues (A;) le. Note that £!/2 is invertible since T invertible. Then,

P
_ viyl/2 k 1/2v — iyt _viry <2
Qi = X'z/2DE* DX x_XUPUX_xrx_Z;A]X]-,
]:

where X := UX. Since U is an orthogonal matrix, it follows that X ~ NP(OP, I). In
particular, Q is a sum of independent scaled chi-squared distributed random variables
Wj = )\]5(]2-
to calculate the A;. Note that the matrix /2DE*RMDE/2 ig similar to the matrix

indep.
R I'(1/2,2A;) where the scaling factors are the eigenvalues A;. It remains

A:=Dx /2 (zl/ZDE<km>D21/2) »1/2p = gkm)pED.

In particular, £'/2DE*™ DZ!/2 has the same eigenvalues as A. The rows of A are zero
except for the (k —1)m + 1, ..., km -th rows, which equal the (k —1)m +1,...,km -th
rows of DED. By Lemma 2.1,

—1)li-il
(D), = Fx)a; + 001 4 log(p)p P,

Define B := (E(k’”)DZDE(k’”))'r‘/’s”:(k_l)mﬂ. Then, A(A) = A(B) U {0} and A has an
eigenvalue zero with multiplicity at least p — m. Since B is symmetric all eigenvalues
are real-valued. Application of the Gershgorin circle theorem to B yields for the
remaining m eigenvalues A_1),, 41, ..., Ak are contained in the following set

km

U {zeR:If(x)+0{p " +log(p)p ™} —21 < O{mp™" +mlog(p)pF}}.
j=(k—1)m+1

Since f is min{g, 1}-Holder continuous, we have A; = f(x;) + O{mp~! +mlog(p)p~*},
for j = (k—1)m + 1, ..., km. Noting that T~! = mp~! the statement follows. O
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Finally, Lemma 2.4 quantifies the difference to an exact Gaussian regression setting
by giving explicit bounds for the stochastic and deterministic errors of the variance
stabilizing transform. This result is a generalization of Theorem 1 of Cai and Zhou

(2010) adapted to our setting with n > 1 observations and correlated observations.

Lemma 2.4 IfE € Fp, then Y = log(Qx/m)/\/2 can be written as
Y, =H{f(x)}+e+m Y2+ &  w=((k-1)/2T-2),k=1,.,T.

where |ex| < (np)~! +log(p)(np) =P, Zx ~ N(0,1), and E[¢] = 0. Furthermore,

14
Elg’ S log® (m)[m~" + {T + T log(p)p'~*#} ], { €Ny,
Cov(Zy, Zy) = O{mp~% +mlog(p)*p 2}, k#1=1,..T.

Proof: In the regression setting of Cai and Zhou (2010) and Brown et al. (2010) the
gamma random variables in each bin are independent. Using Lemma 2.3, we can
rewrite our setting into one with independent observations per bin. Thus, the first step
of the proof is to apply the results of Cai and Zhou (2010) and Brown et al. (2010) on the
approximation of Y}’ by a Gaussian random variable and a non-Gaussian remainder (j.
Since in our setting the observations of different bins i # j are correlated, the covariance
between the Gaussian random variables is derived in the second part of the proof.

By Lemma 2.3, Q can be written as sum of m = np/T independent gamma ran-
dom variables with mean function f (x) := f(x) + S(x), where S(x) = O{T~! +
T-!log(p)p' P}. It follows from Lemma 2.1 and Lemma 2.3 that the S term depends
continuously on x € [0,1] and that a global constant hidden in the O term exists, which
is independent of the x. Furthermore, f € [§, My] C R~ by assumption. As f is the
mean of gamma random variables, it holds that f > 0. Thus, f' is continuous and
takes values in a compact set [e,v] C R+ of the support of the gamma distribution. By
Theorem 1 of Cai and Zhou (2010) for the gamma distribution, it follows

Y =H{f ()} +m 2+ &, k=1,.,T,

where (k—1)/(2T —2) < xf < k/(2T —2), Zx ~ N(0,1), and & is a mean zero
random variable. Z; is defined via quantile coupling. It is the Gaussian approximation
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to the standardized version of Qx where the W;; in the k-th bin are assumed to be i.i.d.
In particular, Z; approximates

kp/T T Flox
Q _ Zji(k,np/]“ﬂ Z?:l Wi,j - mf (xk)

o V2m] (x;)

where _i-i'rii/ ,2F (x7)) and such that Cov(W;;, W;;,) = Cov(W;,;, W;;,) for
here W,; "% T(1/2,2f (x{)) and such that Cov(W;;, W;;,) = Cov(W,j, Wi;) f

j=k—=1)p/T+1,..kp/Tand h € {1,...,p} \{(k—1)p/T+1,...kp/T}.
Let 6 be the maximum difference of the observations” means in each bin. Then,

0 = EW,; ] —E[W]| <ci{T1+T11 1=pL.
Kl T = (k—1)p/ T kp/T’ (W1, — E| U”—Cl{ + og(p)p }

Application of Lemma 4 and Theorem 1 of Brown et al. (2010) yield that ; satisfies

¢
(] < log?(n) [+ {771+ T Vlog(pp'#}'|
for any constant integer ¢ > 0 and where the hidden constant depends on /.

Next,

k—1
Y; :H{f (ZT_2>}+ek+m1/zzk+§k, k=1,..T,

where ¢, = H[f {(k—1)/(2T — 2)}] - H{F (x})} and le;| S (np)~! + log(p)(np)~*
by the Lipschitz continuity of the logarithm and the a-Holder continuity of f.

To compute Cov(Z, Z;) for k # | we use Hoeffding’s covariance identity. In particular,
we show that Cov(Z, Z;) < Cov(Qy, Q;). The claim then follows from noting that

- mO{Cov(W;;, W; _ _

where j = (k—1)p/T+1,...,kp/Tand h=(1-1)p/T+1,..,1p/T.

Let ® and Fo denote the cumulative distribution functions of Z, Z;, Q; and Q,. Since
the Zj are defined via quantile coupling, it holds Zy = @ '{F5(Qy)} (see Komlos
et al., 1975, Mason and Zhou, 2012). Furthermore, define the uniform random variables
Uy = ©(Z;) = Fp(Qx) and U; = ®(Z;) = Fy(Q,) with cumulative distribution
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function Fi;. The corresponding joint cumulative distribution functions are denoted by
Fz,7, Fo o, Fu,u- By Hoeffding’s covariance identity

Cov(Qr Q1) / / Fo,0(q,7) — Fo(q)Fg(r) dqdr (2.29)

. o 00 e
_/]R/]R{Fz,z(x,y) D( )q)(y)}fQ{Fél(x)}fQ{Pél(y)}d dy. (2.30)

Let p = Cov(Zy, Z;). Then, the identity

X2 — 2rxy + y2

Fzz(x,y) = % /OP \/ul_irz)exp {_2(1_72)} dr + @ (x)P(y)

implies Fz z(x,y) — ®(x)®P(y) > 0 forallx,y € R <= p > 0, (see Patel and Read,
1996, Eq. 9.3.1.3). Furthermore, the ratios of the two density function in (2.29) are non-
negative. Together with the fact that Cov(Qy, Q;) > 0, it hence follows Cov(Z, Z;) > 0.

Furthermore,
Cov(Zy, Z) = //FZZ x,y) — ®(x)®(y) dx dy

1 1
:/O /O (Fuu(,2) ~ Fu()Fu(0)} gy srgoryy dudo

11 1 1

< fp o (Fal0) = R Ru(0} gy srmryy e
1 ,1/2 2 1

-l—/o /0 {Fuu(uzv) - FU(”)FU(U>} 4){@*1(14)} 4’{@71(7))} du do.

The last integral corresponds to E[Z;Z;] = Cov(Zy, Z;)/2 where Z; =Z;1{Z; < 0}. It

(p-1
folFp ()} < cforallu € (1/2,1). Then,

remains to show that it exists a ¢ > 0 such that PO T

it follows

Cov(Zi, Z4) <2c2/1/1 {Fuu(u,0) — Fu(u) Fu(0)} —— L qudo
e S O A GO

= 2c*Cov(Qy Q).
Note that for u € (1/2,1)

9 folB' W) WY e wfelEy ()
(ST} folFy i@ 1w} ¢ ()]
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Since @' (u)>0 for u € (1/2,1), the second term is positive. To see that the first term

is negative for u € (1/2,1) we rewrite fy and Fy ! with respect to the non-normalized
kp/T

gamma random variable X = Z L Zz 1j ~T(m/2, 2f (xk)). Hence,
_ Fol(u) —
fo(x) = ofx(xo +p), Fol(u) = = (a) :

where ¢ and y are the standard deviation and the mean of X. Note that the mode of
A ~T(a,b)isatb(a—1). Since xo + pu = 2f (x)(% — 1) implies x = —/2/m, it follows
that f5(x) is monotone decreasing for x > —+/2/m. Furthermore, Fy(— m) <0.5
for all m € N as fp(x) is right-skewed. In particular, —v/m/2 < F (1/2) for all
m € IN. Finally, since f5(—v2/m) — ¢(0) for m — co there is a constant ¢ > 0 not
depending on m such that

FolES )} fol(—v27m)
oo 1wy = ¢0) -

2.8.5 Simulation study with non-Gaussian data

The simulation study in Section 2.5 is performed in the same way, but with the uniform
and the gamma distribution instead of the Gaussian distribution.

Uniform distribution

The observations follow a uniform distribution with covariance matrices X1, X, X3
of examples 1, 2, 3, ie.,, Y; = Z}/ZXZ-,]' = 1,3, with X, ..., X, iid. Unif[— V3, \@]
For example 2, the parameter innov of the R function arima.sim is used to pass the
innovations Xj, ..., X, "< Unif [—+/3,/3]. The resulting process is multiplied by v/1.2.
Table 4, 5 and 6 show respectively the results for (A) p = 5000, n = 1, (B) p = 1000, n =

50 and (C) p = 5000, n = 10.

Gamma distribution

The observations follow a centered gamma distribution with covariance matrices
L, Xp, X3 of examples 1, 2, 3,ie., Y; = Z}/ZXi, j=1,3, with X; + V2, ., Xy +/2 tid.

I'(2,1/+/2). For example 2, the parameter innov of the R function arima.sim is used
to pass the innovations Xj + V2, ., Xy + V2K iid. r,1/ \@) The resulting process is
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1, (B) p = 1000, n = 50 and (C) p = 5000, n = 10.

(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f  time

IZ-=2 If =B IE-2P If -f13 I=-z)? If —fI3 insec
VST-DCT (GCV) 0.0074 0.0023 0.1886 0.0330 0.0401 0.0062 3.9605
VST-DCT (ML) 0.0057 0.0019 0.1844 0.0326 0.0399 0.0061 3.9633
tapering (semi-oracle) 0.0049 0.0016 0.1726 0.0370 0.0284 0.0077 4.7148
sample covariance 171.3200 35.9913 566.5580 59.6976 269.6001 37.7044 0.3431
VST-DCT (GCV-oracle) 0.0039 0.0014 0.1711 0.0313 0.0328 0.0054 -
VST-DCT (ML-oracle) 0.0042 0.0015 0.1818 0.0322 0.0390 0.0060 -
tapering (oracle) 0.0037 0.0013 0.1583 0.0311 0.0146 0.0034 -

Table 4: Scenario (A) with p = 5000, n = 1, Uniform distribution: Errors of the Toeplitz co-
variance matrix and the spectral density estimators with respect to the spectral norm
and the L, norm, respectively. Average computation time of the covariance estimators
in seconds for one Monte Carlo sample (last column).

(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f  time

IZ-22 If =B IE-ZI* If -fI3 I=-Z? If = fI3  insec
VST-DCT (GCV) 0.0009 0.0002 0.0888 0.0220 0.0068 0.0009  23.3553
VST-DCT (ML) 0.0008 0.0002 0.0959 0.0226 0.0077 0.0010  23.2826
tapering (CV) 0.0030 0.0012 0.1400 0.0364 0.0081 0.0017  24.4997
sample covariance 0.8885 0.5917 4.0965 0.9704 1.3657 0.6137 0.1525
VST-DCT (GCV-oracle) 0.0006 0.0002 0.0871 0.0219 0.0057 0.0008 -
VST-DCT (ML-oracle) 0.0007 0.0002 0.0957 0.0226 0.0076 0.0009 -
tapering (oracle) 0.0018 0.0011 0.1306 0.0360 0.0062 0.0015 -

Table 5: Scenario (B) with p = 1000, n = 50, Uniform distribution: Errors of the Toeplitz
covariance matrix and the spectral density estimators with respect to the spectral norm
and the L, norm, respectively. Average computation time of the covariance estimators
in seconds for one Monte Carlo sample (last column).
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(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f time

IE-2I2 1 -FB IE-=I> If -fI3 IE-Z* |f-fI3 insec
VST-DCT (GCV) 0.0009 0.0002 0.0931 0.0220 0.0057 0.0008 4.2534
VST-DCT (ML) 0.0007 0.0002 0.0998 0.0227 0.0064 0.0009 4.2722
tapering (CV) 0.0332 0.0259 0.4620 0.1300 0.0743 0.0285  649.1202
sample covariance 9.1367 4.5427 35.9029 7.2086  12958.1671 4.7971 1.1976
VST-DCT (GCV-oracle) 0.0006 0.0002 0.0901 0.0219 0.0048 0.0007 -
VST-DCT (ML-oracle) 0.0007 0.0002 0.0993 0.0227 0.0063 0.0008 -
tapering (oracle) 0.0301 0.0258 0.4254 0.1292 0.0681 0.0278 -

Table 6: Scenario (C) with p = 5000, n = 10, Uniform distribution: Errors of the Toeplitz
covariance matrix and the spectral density estimators with respect to the spectral norm
and the Ly norm, respectively. Average computation time of the covariance estimators

in seconds for one Monte Carlo sample (last column).

(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f  time

IZ-22 If =78 IZ-ZI* If -fI3 I=-Z? If = £ in sec
VST-DCT (GCV) 0.0118 0.0043 0.2035 0.0323 0.0518 0.0088 3.8888
VST-DCT (ML) 0.0097 0.0039 0.1625 0.0306 0.0479 0.0082 3.8831
tapering (semi-oracle) 0.0095 0.0037 0.1744 0.0374 0.0416 0.0115 4.6909
sample covariance 167.5072 33.8064  545.1911 62.8606 248.2843 35.9759 0.3418
VST-DCT (GCV-oracle) 0.0079 0.0035 0.1511 0.0293 0.0417 0.0076 -
VST-DCT (ML-oracle) 0.0082 0.0036 0.1610 0.0302 0.0479 0.0081 -
tapering (oracle) 0.0076 0.0033 0.1505 0.0312 0.0199 0.0054 -

Table 7: Scenario (A) with p = 5000, n = 1, Gamma distribution: Errors of the Toeplitz covari-
ance matrix and the spectral density estimators with respect to the spectral norm and
the L, norm, respectively. Average computation time of the covariance estimators in
seconds for one Monte Carlo sample (last column).
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(1) polynomial ¢ (2) ARMA(2,2)  (3) Lipschitz cont. f  time

IZ-22 IF-AB IE-ZI> I -fI3 I=-Z|? If = fI3 in sec
VST-DCT (GCV) 0.0013 0.0004 0.0862 0.0218 0.0059 0.0010  23.3559
VST-DCT (ML) 0.0011 0.0004 0.0928 0.0225 0.0074 0.0011  23.2890
tapering (CV) 0.0029 0.0014 0.1338 0.0359 0.0085 0.0020  24.1672
sample covariance 0.8944 0.6033 4.0165 1.0358 1.4070 0.6303 0.1460
VST-DCT (GCV-oracle) 0.0009 0.0003 0.0818 0.0216 0.0055 0.0009 -
VST-DCT (ML-oracle) 0.0009 0.0004 0.0921 0.0224 0.0073 0.0011 -
tapering (oracle) 0.0022 0.0013 0.1224 0.0355 0.0072 0.0018 -

Table 8: Scenario (B) with p = 1000, n = 50, Gamma distribution:: Errors of the Toeplitz
covariance matrix and the spectral density estimators with respect to the spectral norm
and the Ly norm, respectively. Average computation time of the covariance estimators
in seconds for one Monte Carlo sample (last column).

(1) polynomial (2) ARMA(2,2)  (3) Lipschitz cont. f time

IE-2I2 1 -FB IE-ZI> If -fI3 I=-Z* |f -fI}3 insec
VST-DCT (GCV) 0.0014 0.0004 0.0910 0.0220 0.0063 0.0010 4.4351
VST-DCT (ML) 0.0011 0.0004 0.0963 0.0226 0.0070 0.0011 4.4039
tapering (CV) 0.0337 0.0259 0.4376 0.1287 0.0777 0.0284  681.1327
sample covariance 8.9878 4.3716 36.2328 7.2028  13099.5464 4.7331 1.2680
VST-DCT (GCV-oracle) 0.0009 0.0003 0.0865 0.0218 0.0056 0.0009 -
VST-DCT (ML-oracle) 0.0010 0.0003 0.0958 0.0226 0.0070 0.0010 -
tapering (oracle) 0.0306 0.0258 0.4085 0.1281 0.0675 0.0276 -

Table 9: Scenario (C) with p = 5000, n = 10, Gamma distribution: Errors of the Toeplitz co-
variance matrix and the spectral density estimators with respect to the spectral norm
and the L, norm, respectively. Average computation time of the covariance estimators
in seconds for one Monte Carlo sample (last column).
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On second-order statistics of the log-average
periodogram

This chapter is based on:
Klockmann, K. and Krivobokova, T. (2023b). On second-order statistics of the log-

average periodogram

Abstract

We present an approximate expression for the covariance of the log-average peri-
odogram for a zero mean stationary Gaussian process. Our findings extend the work of
Ephraim and Roberts (2005) on the covariance of the log-periodogram by additionally
taking averaging over local frequencies into account. Moreover, we provide a simple

expression for the non-integer moments of a non-central chi-squared distribution.

Keywords: Log-periodogram, smoothing, spectral density

3.1 Introduction

This paper investigates the covariance of the log-average periodogram. The estimator
is obtained from a real-valued time series y1,¥>...,Yp, which is a realization of a
stationary Gaussian process with zero mean. The spectral density function of the
process is assumed to be Holder continuous. The log-average periodogram consists
of averaging local frequencies of the periodogram before applying the logarithm. We
use the discrete cosine transform to define the periodogram. Since the time series is
real-valued, this provides estimates of the spectral density function on a grid twice as
fine as the periodogram defined by the discrete Fourier transform (Klockmann and
Krivobokova, 2023a, Lem. 1). Let

1 pn+ Dy & i1
P NG +]Zéy]cos{7t(]—l)p_1} (3.1)

Y, =
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denote the discrete cosine I transform of the time series at frequency 0 < 7t(i —1)/(p —
1) < mfori=2,.,p—1. Fori=1,p, the right-hand side of (3.1) is additionally
multiplied with a factor 1/v/2. The Y; are also called spectral components. The
periodogram and log-periodogram of the time series are given by Y? and log{Y?},

i = 1,..,p, where log denotes the natural logarithm. We define the log-average
periodogram by
* 1 i 2
Yi=log|, )
i=(j—1)m+1

where j =1,...,|p/m] and 1 < m < p is the number of averaged frequencies. The
number of bins | p/m| will be denoted by T in the following. If p/m is not an integer,
the T-th bin may contain more than m frequencies. For finite p, the Y;, i = 1,...,p,
are in general correlated. We are interested in an expression for the covariance of the

log-average periodogram
Cov (Y1, ¥;), jif =1, T.

The log-average periodogram is a crucial quantity in various applications such as esti-
mating the long memory parameter (Robinson, 1995), cepstral coefficients (Gunter, 2001;
Sandberg and Hansson-Sandsten, 2012), and the spectral density function (Klockmann
and Krivobokova, 2023a). Averaging adjacent frequencies of the periodogram has been
a well-known technique to reduce variance, with various kernel functions proposed for
this purpose such as Bartletts’s window, Welch’s window, the triangular kernel, see e.g.,
Welch (1967) and Bartlett (1950). Numerical studies demonstrate that the log-average
periodogram has superior performance in estimating the Hurst parameter compared to

the non-averaged log-periodogram (Karagiannis et al., 2006).

Estimation and inference for the periodogram and estimators based on it are usu-
ally performed under the assumption of independence of the spectral components.
However, the spectral components are independent only asymptotically (for p — co)
and for time series with a fast enough decaying autocovariance function. Taking into
account this dependence explicitly leads to improved finite sample performance and
more accurate inference for periodogram-based estimators. For example, Ephraim
and Roberts (2005) derived the covariance of the log-periodogram and demonstrated

enhanced performance in cepstral coefficient estimation when accounting for the covari-
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3.2 MAIN RESULT 60

ance structure. However, no formulas for the covariance matrix of the log-periodogram
with averaged frequencies are available, to the best of our knowledge.

In this paper, the covariance structure of the log-average periodogram for a stationary
Gaussian process with a smooth spectral density function is derived. The obtained
covariance expression extends the work of Ephraim and Roberts (2005) by accounting
for the averaging of local frequencies and complements the work of Gunter (2001),

which computes only the bias and variance of the log-average periodogram.

3.2 Main result

We consider a real-valued stationary Gaussian process with zero mean, covariance ma-
trix & = (a|i,]-‘)§j:1€]Rp *F and corresponding spectral density function f : [—7, 7T] —
[0,00). The spectral components Y;, i = 1,...,p, of the time series are defined as in
(3.1). In particular, the vector (Y3, ...,Y,) is Gaussian distributed with zero mean and

covariance matrix Q) = (wy)?,_, = DED where D is the Discrete Cosine Transform I

s, t=1
matrix defined by

S P
D=V2(p-1)12 [cos {n(i - 1)1]911}} divided by v2 when i,j € {1, p}.
- ij=1

Let Q) be partitioned as follows in (m x m)-dimensional submatrices

Qr1 -+ Qrr

’ ’

Note that the matrices Q)7; can have a different dimension if p/m is not an integer.
Our result is expressed in terms of the m-dimensional correlation matrices, which for

i,j =1,.., T, are defined as
P S
Q]',]'/ — Q]’] Q]’/]Q]J/Q]"’j/'
Our main result is derived under the following assumptions:

f is at least &« — Holder continuous for some « € (0,1], (A1)

0<e<f<M<ooforsome(<e<M. (A2)
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Assumption (A1) implies that wy = f{n(s —1)/(p —1)} + O{log(p)p "} for s =t
and wg = O{log(p)p "} fors #t =1, ..., p, where the O term is uniform over s, t and
for p — oo, see Lemma 1 of Klockmann and Krivobokova (2023a). Assumption (A2)
implies that the covariance matrix I is invertible. Let (a), := []_;(a +i — 1) denote
the Pochhammer symbol and let

sh(a,b,c,d,e;z) = i Wi'
n=0 n n ’

denote the generalized hypergeometric series with a,b,c,d,e, f € R such that d,e #
0,—1,—2,.... The series converges absolutely for |z| < 1 and for |z| =1 whend + e —
a—Db—c >0 (see Lebedev et al., 1965, Eq. 9.14.1).

Under the Assumptions (A1) and (A2), our main result is an approximate expression

for the covariance of the log-average periodogram and is given by

= 2N 0,112, m/2 + (€ /m) {1+ 0(1)}, 62

where the 0 term is with respect to p — oo and m fixed.

3.3 Derivation of the covariance of the log-average periodogram

Without loss of generality, we consider j = 1 and j/ = 2. The desired covariance
expression (3.2) is obtained from the second order derivative of the moment generating

function

M (u,n) = E [exp{plog(Y7 + -+ Y3) + nlog(Yp 1 + -+ Y3,)}]
=E{0F 4+ ) (Y + o+ Y2,)"}

with respect to y and # at 4 = 1 = 0. In particular, Mia(p,77) > 0. Let Y; =
(Y(j—1)m+1, -+ Yjm)" for j = 1,2. The moment generating function is evaluated as

Mup(p, 1) = E[(Yp g+ - +Y5,)TE{ (YT + - - - +Y5) " Y2 }]. (3-3)
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The conditional distribution of Y; given Y, is Gaussian with mean k1, = 1,0, ;YZ

and covariance matrix Ajp = Q7 — 01,205,% Oy1. Letz = (z1,...,zm)". Then,

IE{(le-i' T +Y31)F|Y2} = /’ (th)ylpKu,Alz (Z) dzq - -dzp, (3'4)

]Rn

where
Yalz) = (21) "2 ATV 2 exp{—(z—x) A (z—x) /2}

is the density function of the multivariate normal distribution with mean vector
and covariance matrix A. Let U'SU be the eigendecomposition of Ajp with § =
diag(si, ..., sm), where U is an orthogonal matrix and s, ...,s,, > 0 are the eigenvalues.
Define Ajp = tr(A12)/m and let I denote the (m x m)-dimensional identity matrix.
We expand the density function ¥y, a,, With respect to the vector of eigenvalues
s = (S1,...,5m) at the point A = (Aqy,....,A12). Using the product rule, the first-order
Taylor expansion is given by

m m _ 2
Prara(z) = 1) [ [s7 exp [—i » {U()}] 65)
i=1 i=1 !
m _ 2
— 1,[)1(12/)\12](2) + lpmz,/;lz(z) Z |:{U(Z(Sik)1;l2) T Sl*:| (Si _ /\12)/ (36)
i=1 i i

where A}, = U'diag(s], ..., s},)U for some point s* = (s}, ..., s;,) between s and A, and
the subscript i denotes the i-th component. By Assumption (A1), the spectral density
function f is a-Holder continuous. Thus, by Lemma 1 of Klockmann and Krivobokova
(2023a) and the Greshgorin theorem it holds for the set of eigenvalues A(; 1) of Q41
that for some constant C > 0

m

M) € J BIf{n(i—1)/(p = 1)}, Clog(p)mp™*],

i=1

where BJa, b] is a closed disc centered at a with radius b. Since A;; is the Schur com-
plement of 1, it follows that Amin(Q11) < Amin(A12) < Amax(A12) < Amax(Q11).
Together with the a-Holder continuity of f this implies |s; — A12| = O{log(p)p~*}
uniformly over i for p — oo and m fixed. Furthermore, ), is a submatrix of )
which is similar to the Toeplitz covariance matrix X of the process. Together with
Assumption (Az2), this implies A(A12) C [e, M] and s} € [e, M].
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Let I'(+) denote the Gamma function and let

= 1

1P1bCZ i

n=0 n=0

oFi(c;z) =

3

C

denote the hypergeometric series for b,c € R such that ¢ # 0, —1, .... The convergence
region for both series is for |z| < oo (see Lebedev et al., 1965, Eq. 9.14.1). To calculate
the conditional expectation (3.4), we first consider the expectation with respect to
the density ¢, 1,,1(z). Recall that the density function of a non-central chi-squared
distribution with non-centrality parameter ¥ and m degrees of freedom is given by

flx;m, &) = mxm/z_l exp(—x/2)oF(m/2;kx/4),

see e.g., Stuart and Ord (2010, Eq. 22.18). Setting ¥ = 1(521(12, we can thus perform a
substitution and rewrite the expectation with respect to the density of a non-central

chi-squared distribution ¢, 1,,1(z), i.e., conditioned on Y5, it holds almost surely that

/m (th)ylpmz Alzl(z) dzp - - - dzpy
Afz exp{—«/(2A12)

}/ M2 exn(—x /2) oFy (m/2; %x / (4A12)) dx

21727 (1m1/2)
)‘Tz exp{—&/(2A2)} & {&/ 4A12)}
u+m/2—1+4+n .
72T (11 2) ng: (/2 ; x exp(—x/2) dx

Next, we apply the identity

/ x"Lexp(—bx)dx = b~"T(a)
0
for a,b > 0, see Gradshteyn and Ryzhik (2014, Eq. 3.381). Then, it holds for y > —m/2

1 2 {k/(4M10)}"

® +m/2—1+n .
I(m/2) = Z (m/2),mn! o Xt exp(—x/2) dx

1 {x/ 4A12)} +m/24n)
(m/2) Z (st /2 (¥ T(p+m/2+ n)
- 2ﬂ+m/2r(ﬂ +m/2) & Y (n+m/2)u{k/(2A12) }"

[(m/2) ‘= (m/2),n!

_ 2y+m/2r(ﬂ(+;”2/)2) 1Fy(m/24 u,m/2;%/(2M12)),

63
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where we used that I'(a +n) /T (a) = (a),. Finally, we apply the identity

exp(z)1Fi(a,¢c; —z) = 1F(c—a,cz),

which holds for 4,¢ € R such that ¢ # 0, —1, ..., see Lebedev et al. (1965, Eq. 9.11.2).
Together, this gives for y > —m/2

t ﬂ I'(p+m/2)
/ () () o -z = AL,

1Fu(=p,m/2; =&/ (2A12)). (3.7)
In particular, (3.7) gives a simple formula for the non-integer moments of a scaled
non-central chi-squared distribution. For computational purposes this formula is more
convenient than the recently obtained formula by Rujivan et al. (2023, Cor. 2). Addi-

tionally, our formula holds for a range of negative exponents.

Next, we consider the expectation with respect to the first-order remainder term of
the Taylor expansion. Let ¢y, ¢, c3 > 0 denote some constants not depending on m, p.
Then, conditioned on Yj, it holds almost surely that

K x i U(z — 2
/ (th);ﬂp 12,1;12 (Z) Z |:{ (Z * 1;12)}1 +1*:| (Si _ AlZ) le .. dzm (38)
" i—1 (s7) 5;
i +(Uxk 1
< _max. |si— )\12\/m(ztz)"l,b,(u,,\]2 Z{ (s ()2 12); 57 dzy -+ - dzy
""" i=1 i i

<cy max |si— Alz\/ {(z'z) ”H—l—K(ztz)”—i—(z Z)”}l[)xlz’A;z(Z)dzl - -dzy,

i=1,..,

<cy max |si— Alz\/ {(ztAi‘zz)#H_’_k(ztATzz)V—i—(ztAi‘zz)V}tp AL ,1/2K121(z)d21---dzm

i=1,...,

.....

where we used (a — b)? < 2a® + 212, s{ € [e,M] and that & > 0 almost surely. The
integrals in the last line can be solved with Equation (3.7). Substituting (3.7) and (3.8)
in (3.3), we obtain for y > —m/2

Mo (p, 1)

r 2
=2ty TR [ @)1 B (/22 Az (2haz) s (2) -t

x [1+O{log(p)p~*}], (39)
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where A1, = Q, 7} 210420, ; and the O term is with respect to p — co and m fixed.
In particular, we used that the integrals

/}Rm (2'z)" 1 Fi(—p,m/2; —ZtALzz/(2/\12))1’00,02’2(2) dz; - - - dzy,
/m(ZtZ)WZtALzz 1Fi(—p,m/2; —z' Aqpz/ (2A12) ) po,0,, (2) dz1 - - - Az,
where A = 0;,051(A},) 101205, are both of the order O(1) for p — oo and m

..... m |si—A12| = O{log(p)p~*}. Next, we insert the
integral form of 1F; (b, c;z) into Equation (3.9), i.e.,

fixed. As discussed before, max;—1

(b 6i2) = 1"(b)r1’((cc)—b) /01 exp(zt) (1 — 1)1 dt

which holds for z,b,c € R such that c > b > 0 (see Lebedev et al., 1965, Eq. 9.11.1).
Temporarily, we assume that 0 < —p < m/2. Define By, = Q;,/zzALZQ;,/ZZ. Then,

/ (2'2)" 1 Fi(—p,m/2;—2' A1 pz/ (2012) )o,0,, (2) dz1 - dzi

= m/2 / fTH 1 m/2+y 1
I(—u)I(m/2+ p)
t
X /m Wexp {_ (I+B12,2t//\12)z} dzr - dz, dt. (310)

To compute the integral in (3.10), we perform two more Taylor expansions. Let U'su
be the eigendecomposition of Oy, with S = diag(sy,...,Sm). A first order Taylor
expansion of the function ¢(s) = (z!U'diag(sy, ...,s,)Uz)" at w = (wy, ..., w2) with
wy = tr(Qypp)/m gives

m
g(s) = wg (z'z)" + n{z'U'diag(s;, ..., s;) Uz}t Z(Uz)iz(si —wy),
i—1

where s* = (s, ...,s},) is between s and w. By similar arguments as before it holds

A(Qp) C [e, M] and |s; — wy| = O{log(p)p~*} for p — oo and uniformly over i.

Let V'RV be the eigendecomposition of By , where R = diag(r1, ..., 7,) with eigenvalues
r1,...,tm > 0 since By, is positive semidefinite. A first order Taylor expansion of the
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function h(r) = exp{—z!V'diag(ry,...,rm)Vzt/(2A12)} at the point ¢y = (Y12, ..., 712)
with y1p = tr(B1)/m gives

B Y12 * m B
h(r) - exp{ 22/\12 } 2)\1 Z VZ 712)/

where r* = (r],...,r},) is between r and . The eigenvalues of By, are non-negative
and the largest eigenvalue is bounded by c{log(p)mp—*}? for some constant ¢ > 0,
as the entries of 01,0, are of the order O[{log(p)p~*}*]. In particular, it follows
lri — 12| = O[{log(p)p~*}?] uniformly in i. The resulting integrals with respect to
z1, ...,zm Without the remainder terms of the Taylor expansion can be solved similar to

the integral before in Equation (3.7), i.e., for y > —m/2

/ Wl (z'z)" exp z'z(1+72t) do - dey — T(y+m/2) 21w
m (277)m/2 2 T(m/2) (14 yppt/Agp)1tm/2

(3.11)

Next, we consider the integrals with respect to zy, ..., z;; involving the remainder terms

of the Taylor expansions which are given by

{z'U'diag(s}, .. s, ) Uz} {" 2'z(1+121)
AZ: - 1/] ?zé)m/zm Zl(UZ)lz(Sl_(UZ) eXp —% le“'dZm
1=
[ (2002)T h(r)t &
b= /m (271)m/2 2A15 Z_,; —712) exp Y dzp - - - dzp,.

The integrals can be bounded as follows

AV zlz(1+12¢
|A|< max |s;—ws| - max{e’ 1, M~ 1}/ 27[)2) exp{—()‘lz)} dzy - - - dzy,

|B|< max |ri — v12| - max{e’, M"}

« / (Z Z)'7+1 1 ox tthiag (A2 + rit, .., An + 1’:;#) Vz
R™ (27-[)771/2 2)\12 2)\12

dzy---dzy,

M (! )UH 1 z'zt
< 1£I]1,a),( |r1 ’)/12| maX{é‘ ,M } R WZ)\lZ exp { 2A12 } dzl Ce dzm
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since t € [0,1] and Aqp € [e, M]. In particular, |A|, |B| = O{log(p)p~*} for p — o0 and
m fixed. For a,b,c € R such that ¢ # 0, —1, ..., let

2Fi(a,b,c;z) = i) (ﬂ)(z)(f)" %]:

be the hypergeometric series, which converges absolutely for |z| < 1 and for z = 1
if c—a—0b > 0 (see Lebedev et al., 1965, Eq. 9.1.2). The function »F;(a,b,c;z) can be
analytically extended to z € C\ [1,00). An integral version for z < 1 and 4,b,c € R
such that ¢ > b > 0 is given by

T(c 1 tb_l 1—¢ c—b-1
2Fi(a,b,c;z) = () /o ((1 — tz))“ dt,

see Lebedev et al. (1965, Eq. 9.1.6). This implies

/1 tE (1 — pm/2e I'(m/2)
0

(5 b Ay 728 = T g2y 200 2 2 )

Together with equations (3.11), (3.10) and the bounds on the Taylor terms, one obtains

r )T 2
Mo (p,17) = 2M1A L@l (Itl(—r;;nz/) ) (17<:1712§ ) 2Fi(n+m/2,—p,m/2; —y12/A2)
x [14 Oflog(p)p~*}1. (3.12)

Note that —12/A12 < 0 since y12,A12 > 0. Formula (3.12) was proven under the
temporary assumption that m/2 > —u > 0. According to Chapter 9.4 of Lebedev et al.
(1965), it is known that 2 F;(a,b,c;z) /T'(c) is an entire function of the parameters 4, b, c.
Hence, by the principle of analytic continuation, (3.12) can be analytically extended for
> —m/2. Let wy = tr(Qq,1/m). Next, we apply the linear transformation (Lebedev
et al., 1965, Eq. 9.5.2)

2Fi(a,b,c;z) = (1 —2) Y 2F(c—a,b,c;2/(z—1))

with

z 2 _ tr(Q11040/m) _ (@O /m)/w
z—1 )\12 tr(QM /m) — tr(QMQLz/m) tI‘(QLlQLz/Wl)/wl — 1/
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where wy = tr(Qq1/m). In particular, z = tr(01Q1,/m) /w7 and Ap = wi(1 —z).
Together, this yields

Cwin o aTiAm/2)T (7 +m/2)
Mz (p, 1) = 28wy wy L(m/2)  T'(m/2)

x [14 Oflog(p)p~“}].

2Fy (=1, —pu,m/2;tr(Qq1Q1 2/ m) /wr)

The Lipschitz continuity of »F;(a, b, c;z) with respect to the argument z implies

2B (=1, —p,m/2;tr(Q11Q4 0/ m) /wr)
= oFi (=1, —p,m/2;tr(Qy2/m))[1 + O{log(p)p*}]

because
|tr(01,1ﬂ1,2 — wlﬂm)] S iEI]laX |Si — wl‘tr(ﬂlg),

..... m

where sy, ..., sy, are the eigenvalues of ;1. Note that 0 < Ajp = wy — tr(Qq1Q12/m)
implies tr(€2102/m)/w;y < 1. Similarly, 0 < tr(Q; { A1p/m) implies tr(€5/m) < 1.
All together we get

s o T(u+m/2)T(n+m/2
Mua(p, 1) = 28wl wy (lpf(m;nZ/) ) (117("172; )

x [1+ O{log(p)p~"}.

2Fi (=1, —u,m/2;tr(Qq2/m))

The second order derivative of Mi,(p, 1) at 4 = n = 0 can be obtained by using
d(p)n/op = —(n—1)lat u = 0 for n > 0. Since 0 < tr(Qq,/m) < 1, we can utilize
the series representation »Fi(a,b,c;z) = Y,y % i—n, to compute the derivative.
Since all integrals are finite, the moment generating function exists and is infinitely
differentiable with respect to its parameters. Thus, the derivative of the O term
evaluated at = 1 = 0 goes to zero at least as fast as log(p)p~* for p — co. Some
calculations using the product rule lead to

FPMup(p, )| M, 1) OMia (1, 17)
S C O =
(=) n s (=) ntr(Qp/m)"
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where we used that F;(4,0,c;z) = 2F1(0,b,¢;z) = 1. Finally,

ad n!tr(()m/m)” o E ad (1),1,1(1)”,1(1)”,1 tr(ﬂm/m)”
n; C(m/2)m* T m ; (m/24 1)y 1)1 (n—1)!

2t 0
= 22/ 1,1,1,2,m/2 4 1 t0(Gy 0/ m)),

sinceitholds (n —1)! = (1)1, n = (2)y—1/(1)y—1and (m/2), = (m/2)- (m/2+1),_1
forn > 1.

3.4 Application

In a simulation study, we investigate the effect of the covariance formula (3.2) to
improve the spectral density estimator of Klockmann and Krivobokova (2023a) which
is based on the log-average periodogram. We consider a Gaussian time series of length
p = 60 and with the autocovariance functions o : Z — R

(1) of an ARMA(2,2) model with coefficients (0.7, —0.6, —0.2,0.2) and innovations
variance 1.44,

(2) of a polynomial decay o(7) = 1.44(1 + 2|t|)~2°.

Figure 4 shows the spectral densities for the two examples. A Monte Carlo simulation

(1) ARMA(2,2) (2) Polynomial ¢

1.8
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4
1.6 1.7

15

2
14

spectral density
3
spectral density

1
1.3

0 0.5m n 0 0.5m n
X X

Figure 4: Spectral density functions for examples 1 and 2.

with 300 iterations is performed using R (version 4.1.2). We compare the unsmoothed
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periodogram, the original spectral density estimator of Klockmann and Krivobokova
(2023a), and a variant which takes the covariance formula (3.2) without the O term
into account. For the estimator of Klockmann and Krivobokova (2023a) cubic splines
are used and the smoothing parameter is selected with generalized cross-validation.
The number of bins is chosen to be T = 12. In Tables 10 and 11, the average L. and
L, estimation errors for the three different spectral density estimators are given for
each example. In addition, the estimation error for the covariance matrix estimator ¥,
obtained with the discrete Fourier transform form of the spectral density estimator, is
shown with respect to the spectral norm. For the implementation we used the R package
vstdct, see Klockmann and Krivobokova (2023c). We see a reduction between 3% and
6% in the L, norm, and between 7% and 13% in the Lo, norm and the spectral norm,
respectively. These findings offer promising insights for improving other estimators
based on the log-average periodogram, particularly for scenarios involving smaller
signal lengths where the derived covariance formula becomes more relevant.

If = fllo IIf = fll2__IE—Z]2

raw periodogram 96.6029 7.2323 42.5832
smoothed, without decor. 11.2931 1.2896 10.4717
smoothed, with decor. 9.7487 1.2144 9.1225

Table 10: Example (1): Errors of the spectral density estimators with respect to the L, norm and
Lo norm, and estimation error for the covariance matrix X with respect to the spectral

norm.
If —fllo IIf = fll2_IE—Z]2
raw periodogram 31.0121 2.3038 9.7694
smoothed, without decor. 0.4602 0.1605 0.4546
smoothed, with decor. 0.4249 0.1556 0.4206

Table 11: Example (2): Errors of the spectral density estimators with respect to the L, norm and
L norm, and estimation error for the covariance matrix X with respect to the spectral
norm.

3.5 Discussion

We have derived an approximate expression for the covariance of the log-average peri-

odogram for stationary Gaussian time series that have an invertible covariance matrix
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and a bounded, a-Holder continuous spectral density function. The main challenge
in deriving the covariance expression (3.2) is computing the non-integer moments of
a weighted sum of non-central chi-squared distributed random variable in (3.4) and
the mixed moments of a weighted sum of chi-squared distributed random variables in
(3.10). Recently, Rujivan et al. (2023) obtained an analytic expression for the non-integer
moments of a sum of weighted non-central chi-squared distributed random variables,
but this formula is only valid for positive exponents. For (3.10), there is currently no
known analytic expression. However, by using a Taylor expansion, we can simplify
(3.4) and (3.10) to an unweighted version. In particular, we derive formula (3.7) for the
non-integer moments of the non-central chi-squared distribution with m degrees of
freedom. This formula is simpler than the expression given by Corrollary 2 ofRujivan
et al. (2023) with equal weights, for computational purposes more convenient and also
holds for negative exponents y > —m /2.

The obtained covariance formula (3.2) reveals that the variance of the log-average
periodogram is inversely proportional to the number of averaged frequencies, i.e.,
Cov(Y7,Y}) = oM (m/2){1+0(1)} ~ 2/m, where $!) denotes the trigamma function.
For j # j/, the covariance of two components of the log-average periodogram is of the
order Cov(Y/,Y;) = O{tr(Q;;/m*)} = O{log(p)*p "} for p — co. For m = 1, the
Taylor expansions are not necessary and our results correspond to the exact covariance
formula for the log-periodogram derived by Ephraim and Roberts (2005) up to a factor
of 1/2. Ephraim and Roberts (2005) used the discrete Fourier transform to define
the periodogram, which implies that the spectral components are complex Gaussian
distributed. When the discrete Fourier transform is used, the spectral components are
real-valued Gaussian distributed, resulting in simpler calculations and the additional
factor. The derivation of the covariance expression (3.2) can also be performed using the
discrete Fourier transform, resulting in the same formula but without the 1/2 factor.
Finally, we conjecture that a similar formula could be derived for Gaussian time series
with only positive semidefinite covariance matrices by carefully handling the quadratic
forms involving the degenerate Gaussian distribution and using generalized matrix

inversions.
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Abstract

Gaussian processes that can be decomposed into a smooth mean function and a sta-
tionary autocorrelated noise process are considered. A fully automatic nonparametric
method for simultaneous estimation of the mean and autocovariance functions of
such processes is developed. The proposed empirical Bayes approach is data-driven,
numerically efficient, and allows for the construction of confidence sets for the mean
function. The performance of the method is demonstrated through simulations and

real data analysis. The method is implemented in the R package eBsc*.
Keywords: Demmler-Reinsch basis, empirical Bayes, spectral density, stationary process.

4.1 Introduction

Consider the following observations from a fixed design, nonparametric regression
model

Y; = u(t;) +oe;, E(e;)) =0, 0>0, i=1,...,p,
. y (4.1)
Cor(ey,€j) =r(i—j) =ri € [-L1], i,j=1,...,p,
where r(-) denotes the autocorrelation function of the underlying noise process, and

r|; denotes autocorrelation at lag i. The design points #; € R are equidistant and

1 The eBsc package is available on CRAN.
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4.1 INTRODUCTION

represent time points. The functions y and r are unknown, but it is assumed that
the noise terms (¢;)!_, are sampled from a stationary noise process and that y is a
smooth function. (In this paper, the Gaussian process is used as a template for such
data, but the methodology can be applied to other processes as well.) The observations
(Y;)!_, might represent measures of some experimental quantity observed with a time
dependent measurement error. In this case, estimation of u is of interest, while r is
considered as a nuisance parameter. Alternatively, (Y;)!_; could be measurements from
a stochastic process indexed by time or space with a seasonal or other deterministic

effect described by yu. In this case the focus is on the estimation of the autocorrelation r.

Nonparametric estimation of the covariance structure of a vector of observations with
known mean is already a challenging problem. This problem is important in time
series analysis, such as for prediction, as well as in multivariate analysis for problems
like clustering, principal component analysis (PCA), linear and quadratic discriminant
analysis, and regression analysis. Two frameworks are usually considered when the
mean is known: either there are p independent observations of a p-dimensional vector
with correlated components (Bickel and Levina, 2008a,b), or there is one observation
of a p-dimensional vector sampled from a stationary process (Xiao and Wu, 2012).
The second framework is the one relevant for the present setting. Regardless of the
framework, natural (moment or sample autocovariances) estimators for the covariance
matrix of the observed vectors are well known to be inconsistent, e.g., in the opera-
tor norm. Some form of regularization, such as banding, tapering, thresholding, is
necessary to ensure positive definiteness and consistency of the estimator. There is
no simple data-driven approach to select the regularization parameter in this context,
and thus fully taking the correlation structure into account (Purahmadi, 2011). The
minimax rates of estimators for the correlation structure depend on the decay of the
autocorrelation function as the lag increases or the smoothness of the corresponding
spectral density (Yang et al., 2001; Cai et al., 2010; Purahmadi, 2011; Xiao and Wu, 2012;
Fan et al., 2016). Therefore, nonparametric estimation of the covariance structure of the

process is of great importance.

When the mean function is unknown, then a natural approach to covariance estimation
is to first obtain a consistent estimator for the mean function. Subsequently, methods
for (nonparametric) covariance estimation with a known mean can be applied. Unfor-

tunately, ignoring the dependence on the error process hampers the accurate estimation
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of the mean function, denoted as y.

To exemplify the problem, consider a time series of hourly loads (kW) for a US utility
(depicted as grey line in Figure 5), which is described in detail in Section 4.4. This
process has clear seasonal effects over years and possibly over weeks and days. These
deterministic effects can be captured by a function y. However, when no parametric
assumptions are made about y and the errors are treated as independent and identically
distributed (i.i.d.), the standard nonparametric estimators of yu are significantly affected
by the neglected dependence in the errors. In particular, automatic selectors of the
smoothing parameter, such as cross-validation, tend to choose a biased smoothing
parameter, resulting in an almost interpolating estimator in case of positively correlated
(ei)le. This is illustrated by the black line in the left plot of Figure 5. This problem has
been known for several decades, for an overview see Opsomer et al. (2001).
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Figure 5: Hourly loads (kW) for a US utility: Estimation ignoring dependence in the data (left)
and assuming that errors follow an autoregressive process of order one (right). The
grey line shows the data, the black lines show the estimators. The estimators are
obtained using the functions gam (left) and gamm (right) of the R package mgcv.

Hence, there is a need for an approach that enables accurate smoothing of the mean
function across a wide range of possible autocovariance functions. Existing methods
often rely on explicit parametric assumptions regarding the correlation structure, such
as assuming that (€;)!_, follows an ARMA(p, q) process. Once the autocorrelation func-
tion r is parametrized, the usual smoothing parameter selection criteria are adjusted to

incorporate r, allowing simultaneous estimation of both y and r.
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For example, Hart (1994) introduce time series cross-validation for estimating y using
kernel estimators, assuming that the errors follow an AR(p) process, see also Altman
(1990) and Hall and Keilegom (2003). Kohn et al. (1992) use spline smoothing for
estimating u and a general ARMA(p, q) model for the errors, estimating all parameters
through generalized cross-validation or maximum likelihood. Similar ideas are em-
ployed in Wang (1998). While this approach allows for simultaneous estimation of y
and r, it is limited to parametric models for ». However, the true correlation structure
may be more complex than any parametric assumption, and if the parametric model for
the error process is misspecified, it significantly impacts the estimator of y. Moreover,
in practice it is difficult to select and verify a parametric model for » when the mean

function y is unknown.

Smoothing with low-rank splines and an ARMA(p, q) model for the residuals is im-
plemented in the gamm function of the R package mgcv. This function has been used
to estimate hourly loads in the right plot of Figure 5, assuming that the errors follow
an AR(1) process. However, verifying the appropriateness of this model for the given
data can be challenging. For a more detailed analysis of this dataset, please refer to

Section 4.4.

Another group of methods for estimating u focuses on mitigating the influence of
correlation on the smoothing parameter, treating r as a nuisance parameter. For exam-
ple, Chu and Marron (1991) and Hall et al. (1995) study the modified cross-validation
criterion obtained by excluding a whole block of 2/ + 1 observations around each
observation. Chiu (1989) and Hurvich and Zeger (1990) study Mallow’s C,, and cross-
validation in the frequency domain. Herrmann et al. (1992) and Lee et al. (2010) take
a different approach by incorporating some sample estimators of the autocovariance
function, which depend on unknown parameters linked to assumptions on the error
process, into the smoothing parameter selection criteria. These methods require careful
selection of tuning parameters, for which no data-driven methods are currently avail-
able.

In this paper, we present a likelihood-based method for estimating a regression function
u observed with correlated additive noise. We also develop estimators for the noise
level o and the autocorrelation function r. Moreover, the proposed empirical Bayesian
framework provides a computationally efficient approach for constructing confidence
sets for the regression function that take the correlation structure into account. There
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are several novel points in this work. Unlike other approaches in the literature, the
proposed method is completely automatic so that no tuning parameters need to be set
by the user. Additionally, it is fully nonparametric. Our approach to estimating the
autocorrelations is also novel. We employ spline smoothers to estimate the spectral
density of the noise process. The autocorrelations are then reconstructed from the the
spectral density estimate, rather than through tapering or thresholding some empirical
estimate. The resulting covariance matrix is positive definite by construction and con-
sistent in the operator norm. Further investigations into the properties of this estimator

require the development of new tools, which will be explored in a separate work.

This paper is structured as follows. In Section 4.2 the proposed estimators are intro-
duced, Section 4.3 contains simulation results, Section 4.4 presents a real data example,
and Section 4.5 closes the paper with some conclusions. Section 4.6 gives the proofs

and auxiliary results.

4.2 Construction of the estimators

Assume that the regression function y in model (4.1) belongs to a Sobolev space W,
B > 1/2, see Section 4.6.1 for more details. The noise terms €; are sampled from a
stationary Gaussian noise process with zero mean and variance 02 > 0. The Gaussian
model is used here as a template to construct estimators, but a penalization framework
is followed (see Section 4.2) so that the estimators are expected to perform well under
other data distributions. To show consistency of the estimators, infill asymptotics, as
discussed in Robinson (1989), are employed. Define Y = (Yi,...,Y,)!, p = u(t) =
{u(tr), ..., u(tp)}, € = (e1,...,€p)!, where t; = (i—1)/(p—1),i =1,...,p. The
observations in (4.1) are modeled as

Y=pu+ce, e~N(OR).

The symmetric (p x p)-dimensional correlation matrix R has Toeplitz structure and
satisfies the regularity assumptions described in Lemma 4.1. These do imply that the
tirst row of R is absolutely summable which means that the noise process is modeled
as having short-term dependence. However, the assumptions are otherwise quite mild;
in particular, a large (nonparametric) collection of covariance structures for the noise
terms is considered, for instance ARMA noise models as a very particular case. It is
also assumed that for some 0 < ¢ < 1, the eigenvalues of R lie in the interval [, 1/7].
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4.2 CONSTRUCTION OF THE ESTIMATORS

The regression function y is estimated using a smoothing spline, i.e., ji that solves

|1 to 1 1 2
min | Y = HO)R Y= (0} +2 [ {00 e, 42)
for some g € IN, A > 0 and some “working” correlation matrix R. The solution is well
known to be a natural polynomial smoothing spline of degree 2q — 1. Subsequently,
g, A, and R are estimated from the data using the empirical Bayes approach. It is
well-known that for given R, g and A, the resulting estimator fI is a natural spline of
degree 29 — 1 with knots at t and can be written as fi(t) = S(¢)Y, where Sisa (p x p)-
dimensional smoother matrix. To represent S, the so-called Demmler-Reinsch basis of
the natural spline space of degree 29 — 1 is used, which is defined in Section 4.6.1. As

such, the smoother matrix S can be written as
tp—1 . o1
S=8S),r =¥ {d>qR D, + Adlag(pqq)} oR, (4-3)

where ®, is an appropriate (p x p)-dimensional basis matrix and 11, € R is a vector
of eigenvalues. This representation makes the dependence of S on the parameters A, R,
and g more explicit. To keep the notation simple, the dependence on these parameters
is omitted, unless these are set to a particular value.

4.2.1 Estimation of the remaining parameters

Although a frequentist paradigm is followed, the estimator fi has a Bayesian inter-
pretation which provides us with a convenient way of estimating all of the unknown
parameters by employing the empirical Bayes approach. Later, this Bayesian interpreta-
tion is used to obtain confidence sets; see Section 4.2.3.

The regression function y is endowed with a partly informative prior — given (t, A, g, o2, R),

the prior on y admits a density proportional to

172 R-1(g-1
R(S-1,)

+

RIS T-1,)
2702

where | - |+ denotes the product of non-zero eigenvalues (S has exactly g eigenvalues
equal to 1), and I, is the identity matrix. This prior corresponds to a non-informative
part on the null-space of R™}(S™! — I,) and a proper Gaussian prior on the remaining
space. (This prior distribution happens to be independent of R. This follows from
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4.2 CONSTRUCTION OF THE ESTIMATORS

the identity R™(S™! —I,,) = S;! — I, where Sy denotes the smoother matrix with
R = I, see Section 4.6.2 for the derivation of the identity. The mean of the correspond-
ing posterior distribution for #|(t, A, 0%, R) is the smoothing spline estimator i = SY,
see Speckman and Sun (2003). The variance o? given (t, A, g, R) is endowed with an

inverse-gamma prior 1G(a, b) with a,b > 0.

The resulting prior on (u,02)|(A, g, R) is conjugate for model (4.1) in the sense that the
posterior distribution on (u,02)|(A, 4, R) is a known distribution. Namely, the marginal
posterior for o2 given (A, g, R) is an inverse-gamma distribution with shape parameter
(p — g +2a)/2 and scale parameter {Y'R™!(I, — S)Y 4+ 2b}/2. As for u|(A,q,R), its
posterior distribution is a multivariate t-distribution (see Kotz and Nadarajah (2004) for
the definition of this distribution) with p + 1 degrees of freedom, mean ji = SY, and

scale 6°SR, where
5 YR (I, -S)Y+1
N p+1

(4-5)

It remains to estimate A, 4 and R which are parameters of the prior. To do so, the
empirical Bayes approach is used: these parameters are estimated from the marginal
distribution of Y, given (t, A, g, R), which is a multivariate ¢-distribution with density

{m(2a—q)}r/*T(a—q/2) 2b (4.6)

1/2
— -1 20— _ _
M(a+ 557) R, - 8) %1 L {1 YRI(I, - S)Y} (p+20-9)/2
where I'(-) denotes the Gamma function. It remains to set the parameters a and b.
The choice of parameters a and b is irrelevant for the asymptotics (as long as a and
b are o(p) and lead to a proper prior and marginal distributions). To simplify the
log-likelihood, these are set to b = 1/2 and a4 = (q + 1) /2. This yields

+1 _ 1 .
ly(A,q,R) = —pz log{YtR 1(I,[,—S)Y—I—l}—|—§log‘R 1(Ip—S)‘+ (4-7)

up to an additive constant that is independent of the parameters of interest. With this
choice of a and b the posterior mean for 02 becomes &2 as defined in (4.5) which is the

proposed estimator for the variance of the noise.
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4.2.2 Estimating equations and algorithm

The log-likelihood (4.7) depends on the unknown parameters via the matrix R (I, —-S)
only and can be represented in a more convenient way as

-1
R NI, -8S) =, {Ip + diag(/\pqq)d>f]R<I>q} diag()\pqq)d)t

using the Demmler-Reinsch basis (see Section 4.6.1). The key result that enable efficient

simultaneous estimation of u and r (or, equivalently, R) is given in the following lemma.

Lemma 4.1 Let R be a (p x p)-dimensional correlation matrix of a stationary process with
spectral density function p. Set p; = p(7tt;) and denote by &; ; the Kronecker delta.

(i) If p belongs to the Holder space Hg(M), where B = v +a, M > 0 with v € N,
O<a<lie,p<Mand p("Y) is a-Holder continuous, then, fori,j =q+1,...,p,

Oflog(p)p P}, 1<p<2,

14 (1)l
i0ii+ ———F"— -

(ii) If p belongs to the Sobolev space Wg(M), then, fori,j =q+1,...,p,

(@' R®,);; = 5, 4 L DT JOlos(p)p p=2,
q q/1,] J¥L] 2 O(Pfl), ’B —34.. ..

(iii) If the autocorrelation function satisfies r, = O(k=P) for B > 1 and p < M for some
constant M > 0, then the same result as in part (i) holds.

Note that the O(-) terms are uniform over i, j. The proof can be found in Section 4.6.5.
Hence, the Demmler-Reinsch basis ®, asymptotically diagonalizes R for any q. As a
result, the log-likelihood (4.7) can be represented as

+1 L BiApig,
£y(A,q,R) = —pTlOg [ )y Wq”{l +0(1)} + Op(1)
imqr1 - T APTgPi
(4.8)
+ Z log< APty >{1+o(1)},

2ift NI+ APIgipi
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where B; = {®[Y};, see Section 4.6.6. The representation in (4.8) should apply in
greater generality, but Lemma 4.1 already provides a rather large model for the covari-
ance structure of the noise.

Since 1,; = [m{i — (q+1)/2}]*1{1+ 0(1)} (see Section 4.6.1 for more details), it is
straightforward to differentiate the approximate log-likelihood (4.8) with respect to A, g

and p;. After appropriate scaling, the following estimating equations are obtained

- BiApry, P 1
TA(A,q,p)={ Yy, T 2y b {1+ 0(1)},
i=q+1 (1 + /\Pﬂq,ipi)z i=q+1 L+ Apig,ipi
P B Api,ilog(piy,) P log (pna,i)
Tq(?»q,p)z{ Y, Wy = A {14 0(1)},
izt (1+ APUq,iPi) imgi1 L+ Apigipi

BZApijy,ipi .
Tpi()\,q,p): <1+)\}77;]¢71PZ_P1 {1+(’)(1)}, 121,...,p,

where

F2— 1 ( i BApi 1) :
p+1 i 14 Ap1g,i0i
Joint estimates for all unknown model parameters are obtained by solving these equa-
tions simultaneously over A >0, p; > 0,i=1,...,p, and g € IN. However, this cannot
be done directly due to interdependence and nonlinearities in the equations. In practice,
the equations are solved iteratively. For each fixed g, start with an initial guess R
(typically the identity matrix), to obtain a preliminary estimate )A\(O). Iterate to get )A\q

and R,. Finally, the value of g is determined by solving T, (A,,q,R;) = 0.

Since p; = p(7tt;) are values of a smooth function p at given points, the estimation of p
should be carried out over a space of smooth functions. In the Bayesian framework, this
can be achieved by introducing an appropriate prior on R, which acts as a penalty term.
However, for simplicity, a post-processing procedure is performed instead. First, p; are
obtained as solutions of the corresponding estimating equations. Then, a smoothing
step is performed on p; yielding p = S¢ ;1p, where S¢ ;1 is a smoother matrix (4.3) with
parameters ¢, g and I,. (Note that this is inevitable: the estimates p, are inconsistent
without smoothing.)

() ()

;/ are obtained as solutions of the

~ (/)

In summary, for each fixed g, at each step AY
5 (/)

corresponding estimating equations and p,

and p;/

are smoothed to get p;”’. The algorithm is
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iterated until convergence of A and p, which are then used to get §. Finally, an estimate
of the correlation matrix R is obtained from p by the discrete Fourier transform; for the

details see Section 4.6.3. The estimation procedure is summarized in Algorithm 1.

for g in Q, do

setj=1and p® =1

while stopping criterium not met do
set A7 to a solution of Ta(A,q,p0" V) =0;
set 0;/) to a solution of T,, (A1), g, 0,01y =0;
compute p/) by smoothing p/);

setj=j+1;
end

end

set § to a solution of Tq(;\q, q,pq) = 0 over Q,;

set A to Ag;

set p = py;

set (R)i,]- = f|;_j| with # = p! le:l cos{km(l—-1)/(p—1)}py;

Algorithm 1: Estimation procedure.

Here, Q) denotes the collection of values for g being considered. The stopping rule
is standard: after each iteration, the algorithm checks the change in the estimate of A
and the norm of the change in the estimate of p. If these values fall below a certain
threshold, the algorithm terminates. The algorithm is fast and typically converges after

just a few iterations.

In summary, the procedure described in Algorithm 1 approximates the optimizers of
the likelihood (4.8), while also ensuring that the estimate of the spectral density is
smooth. (This additional smoothness property is not achieved by simply maximizing
the likelihood.)

The estimators for fi and R are consistent, as shown in Section 4.6.7. However, deriving
the convergence rate for fi and R is not a trivial task due to their interdependence and
requires a separate analysis. Regarding fi, based on Lemma 4.1 and Equation (4.3), it is
evident that R has a scaling effect on the smoother: as p grows Sy ,,5 < Sga < Sysa
for any R with eigenvalues on [d,1/5], where A < B means that B — A is positive
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semidefinite. Therefore, the impact of the smoother Sy ) is comparable to that of Sy,
for different choices of A. It is stressed, however, that the smoother Sg , is far superior
to Sy, in small sample sizes when dealing with correlated data. The smoother Sy »
is known to underperform, especially in the case of positively correlated data, as it
does not account for the correlation structure of the noise. However, by examining the
likelihood in (4.8), it becomes evident that the presence of correlation simply results in
the presence of the (bounded) p; in the denominators. This suggests that it should be
possible to study the asymptotics of the proposed estimator jI in a similar manner to
the case without correlation, as in Serra et al. (2017).

The asymptotic behavior of the estimator § is expected to be similar to the case without
correlation in the data, as discussed in Serra et al. (2017). Regardless, the estimator is ex-
pected to perform well even if the value of g is specified by the user rather than selected
from the data. A common choice is g = 2. The estimator for o should also be consistent.

In conclusion, the presence of short-range dependent noise is close enough to the
independent noise case to result in the same large sample behavior for estimators.
However, the small sample behavior of estimators that neglect correlation can be

significantly improved by employing the proposed approach.

4.2.3 Confidence sets

Once the estimators A, R, g, and 62 for A, R, g, and 0?2 are obtained, they can be inserted

into the marginal posterior for u to get the so called empirical, marginal posterior for
75

N

((- 1Y) = 1(- | Y,0 4,4, R)

=I1*(- | Y,0%,A,4,R) ‘( (4.9)

AgRo?)=(A4R0%)

Given Y, this is just a multivariate £, (ﬁ, 28 A) distribution. Here, fi is the spline
estimate, S is the smoother matrix S with ()A\, 4, R) plugged in for (A, q,R), and 62 is
the estimate of the variance. From this, one can easily construct a credible set for the

regression function of the form

o) ={p: lu—al3 <L?s,(LaR)},  L>1, (4.10)
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which (for an appropriate, known, sequence s;) satisfies

N

IM{Cy(L) | Y} >1—a, L>1,

and is therefore a credible set — a small, high probability region of the empirical poste-
rior. See Serra et al. (2017) for a more detailed outline of the construction. In Theorem 3
of Serra et al. (2017), it is shown that when R = I, the Bayesian credible set has
two important frequentist properties if L is chosen appropriately large. First, the set
contains the true underlying regression function with probability converging to one,
uniformly over a large subset of functions. Second, with probability converging to one,
the (random) radius of C,(L) is of the order of the minimax risk corresponding to the
smoothness class to which the regression function belongs.

As discussed in the previous section, the presence of correlation should have a relatively
simple scaling effect on the smoothing parameter. Consequently, the theoretical results
of Serra et al. (2017) can potentially be extended to cover the correlated noise case as
well by selecting larger values for the multiplier L. However, this issue will be studied
in more generality elsewhere. In this paper, the focus is instead on the implementation
and numerical aspects of the procedure. See for instance Sniekers et al. (2015); Serra
et al. (2017); Rousseau et al. (2020); Yoo et al. (2016) for more details on the use of

credible sets as confidence sets, albeit for independent noise.

4.3 Numerical simulations

In this section, we investigate the small sample performance of the proposed estimation
procedure and compare it to several alternatives. The simulation setup for data coming

from model (4.1) is as follows. Two regression functions are considered

i%l () {rm(i — 1)} cos(2i),
ua(t) = 2sin(4rmt),

where p = 800, t € [0,1] and ¢3; is the i-th Demmler-Reinsch basis of W5 given
explicitly in Section 4.6.1. Both functions are then scaled so that the standard deviation
is one. The standard deviation of the residuals is taken to be ¢ = 0.33 to imply a
medium signal-to-noise ratio of three. All reported results are based on the Monte
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Carlo sample with size M = 500. Five types of the residual processes are considered:
an AR(1) process with the parameters ¢ = 0.5 and ¢ = 0.9, an ARMA(2,2) process
with ¢ = (0.7, —0.4) and 6 = (—0.2,0.2) and two zero-mean Gaussian process with the
correlation matrices Ry and R; with (i, j) entries given by cos(6.5j) exp(—|i — j|/10)
and sin(1.5j) exp(—|i — j|/10)/(1.5)), respectively. The error processes are assumed
to follow a Gaussian distribution according to the model (4.1). However, we also
experimented with other error processes, such as gamma and uniform, and found that

there were nearly no differences in performance.

The plots in the top row of Figure 6 show both regression functions. The middle and
bottom rows show the first 100 elements of the first row of Ry (middle, left) and R,
(bottom, left) and the corresponding spectral densities (middle and bottom right).

Before summarizing the simulation results, we demonstrate how the proposed method
works in practice. The data are simulated as described above with the regression
function y; € W3 and ARMA(2,2) dependence in the residuals. After Algorithm 1
has converged, one checks the estimate for 4. The top left plot of Figure 7 shows the
estimating equation Tq()A\, g,R) which has a zero very close to g = 3, as it should for
11 € Wi. Next, the corresponding estimate for y is obtained; it is shown in the top right
plot of Figure 7, together with the data (black dots) and 95% confidence bands (grey
area) constructed as described in Section 4.2.3 (L = log(p) was used). The estimate for
RL]», j=1,...,50, is shown in the bottom left plot of the same figure in black, which
nearly coincides with the true autocorrelations, which are shown in grey. This estimate
was reconstructed by the discrete Fourier transform of the estimate of the spectral
density, shown in black in the bottom right plot of Figure 7. The true spectral density is
shown in the same plot in grey. Hence, the proposed method allows for simultaneous,
tully automatic and nonparametric estimation of the mean function y (with data driven

g, A) and the correlation matrix R.

No other fully nonparametric method for the joint estimation of mean and autoco-
variance function could be found in the literature. However, several approaches that
can be at least partially compared to the proposed method were considered. Among
the approaches that make a parametric assumption on R, the well-established method
based on splines implemented in the statistical software R, specifically the gamm function
in the mgcv package, was considered (Wood, 2017). This estimation procedure, referred

to as GAM, was applied to the processes with a parametric structure of {e(#;)}!_; only.
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Figure 6: Regressions functions yq (top left), o (top right), first 100 values of the first row of Ry
(middle left) with the corresponding spectral density (middle right) and of the first
row of Ry (bottom left) with the corresponding spectral density.

The correlation structure parameters in gamm were set to the true values, although these
are not available in practice.
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Figure 7: Estimating equation T in the top left and the corresponding estimator of yq (black
line) together with the data (black points) and point-wise 95% confidence intervals
(grey area) in the top right. First 50 elements of the first row of the correlation matrix
in grey with its estimator in black (bottom left) and the true spectral density in grey
with its estimator in black (bottom right).

Among the approaches that do not make any parametric assumption on R, the method
proposed by Herrmann et al. (1992), hereafter referred to as HER, was considered. This
kernel-based method uses sample autocorrelation estimators to improve bandwidth
selection and is developed under the assumption of m-dependence in the residuals.
However, the authors claim that the method works well for the estimation of y if the
residuals satisfy “some mixing conditions”. Generally, this approach focuses on the
estimation of y, and the quality of the estimator for r is not discussed.

Finally, a comparison is made between the proposed estimator for the autocovariance

function and the standard banded nonparametric estimator, hereafter referred to as
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BAND. Since this approach requires a known mean, the true mean y was plugged into
the estimator, resulting in the calculation of

Rij(0) = #_jL(li—jl <Db), i,j=1,...,p,

p—k
= LX)~ Y i) — plhi)), K= 0,12,

where b is the banding parameter that needs to be chosen and 1 is the indicator function.

All these methods require the selection of certain parameters. In the gamm function, a
low-rank splines with a number of knots equal to p/4 was used, a B-spline basis of
degree 3, a penalization order g = 2, and the correlation structure was specified accord-

ing to the true dependence structure in the residuals for the first four residual processes.

For the method of Herrmann et al. (1992), the parameter m is set according to method
(i) described in their paper (p. 787). Specifically, m was chosen to be the largest integer
such that fi,, > 6/5 h,_1 and m < O.Zpl/ 2 where f1,, is a selected bandwidth with
the parameter m. The parameter m is linked to the assumption of m-dependence
in the residuals. It was observed in the experiments that the influence of m on the
estimator of y is not very pronounced, but it does strongly affect the estimator of the
autocovariance function. There is no simple data-driven approach to choose m such that
both mean and autocovariance estimators are optimal in some sense. In the proposed
implementation, the function glkerns of the lokern package by Eva Herrmann was used
for the estimation of u with the second-order kernel, and for the estimation of " with
the fourth-order kernel.

Since there is no fully data-driven approach for selecting the banding parameter b for
nonparametric covariance matrix estimation, an oracle bandwidth was used instead.
The chosen bandwith minimizes the empirical version of E||R(b) — R||c, where || A| s
denotes the the maximum absolute row sum of matrix A. The calculation of the expec-

tation is based on a Monte Carlo sample of size 500.

Even though the proposed approach is adaptive and allows for estimating p =29 — 1
from the data, ¢ was set to 2 in order to enable a comparison with the other methods

for estimating the mean, which should have the same convergence rate. All other
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parameters are estimated from the data. The proposed method is referred to as BAS.

The results are summarized in Table 12. For all dependence structures and all functions,

the metrics

M=
.ME

{m(xx) — ﬁj,i(xk)}zl j=12,

Ri(k)}*, j=1,.,5

=
——
7
=

|

- E|-
= =

=

il
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Il
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Il
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were used. Here, fi;; denotes an estimator of uj, j = 1,2, in the i-th Monte Carlo run
with the residuals following one of the five processes. Similarly, R;(k) denotes the k-th
entry of the first row of one of the j = 1,...,5 true residual correlation matrices and

R;;(k) is its estimator in the i-th Monte Carlo run.

i

A(fy) A(R)
Correlation BAS GAM HER BAS GAM HER BAND
AR1(0.5) 6.992 6.866 6.433 0.019 0.004 0.017  0.012

AR1(0.9) 107.605  96.652 300.940 0.830 0.140 2.934  0.293
ARMA(2,2) 4.163 4.012 3.797 0.015 0.011 0.031 0.013

GP1 4.161 - 3.727 0.200 - 0.789 0.124
GP2 5.495 - 4.771 0.047 — 0.087 0.048
i)

A(f) A(R)
Correlation BAS GAM HER BAS GAM HER BAND
AR1(0.5) 7.207 7.028 6.114 0.022 0.005 0.016 0.012

AR1(0.9) 121.442 113.355 308.155 0.848 0.163 2.885 0.271
ARMA(2,2) 4.417 4.236 3.482 0.016 0.012 0.033 0.014
GP1 4-449 - 3.603 0.197 - 0.786 0.117
GP2 5.769 - 4.541 0.050 - 0.090 0.046

Table 12: Simulation results. Values of A(ﬁ]«), j=1,2,and A(R) were multiplied by 10°.

The method HER performs best in the estimation of the mean, except for the case with
an AR(1) error process with the parameter 0.9, where this approach fails completely.
However, in contrast, HER performs the worst in the estimation of the autocovariances,

which is likely due to the ad-hoc choice of the tuning parameter m. For parametric
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structures of the error process, the method GAM performs very similar to BAS in the
estimation of the mean and is better in the estimation of the autocovariances. This is
not surprising, as the proposed nonparametric method is expected to have a slower
convergence rate than the parametric one. However, in the simulations, the correct
parametric model specification was used in the gamm function, which is not available in
practice. Finally, BAND’s performance in nonparametric estimation of autocovariances
is very similar to BAS, even though BAND uses the known mean and oracle banding
parameter, both of which are not available in practice. All together, the proposed fully
nonparametric and data-driven method is competitive with the considered alternatives,

most of which rely on oracle choices for their parameters.

4.4 Real dataset

In this section, we consider data from the load forecasting track of the Global Energy
Forecasting Competition 2012 (http://www.drhongtao.com/gefcom/2012). The data
consists of hourly loads of a US facility at 20 zones, spanning from the 1st hour of
January 1st, 2004 to the 6th hour of June 30th, 2008. The goal of the competition was
to make a one-week out-of-sample forecast for each of the 20 time series, as well as
backcast certain missing values within the observational period. However, in this study,
our focus is not on forecasting the data but rather on understanding their structure. The
mean over all 20 zones over the whole time period - all together p = 1650 observations
— is used, justifying the use of a Gaussian model. Missing values were imputed using R
package Hmisc. It is worth noting that omitting these missing values led to the same
estimators and yielded the same conclusions.

Fitting the data using the proposed method yields a positive and increasing function in
the estimating equation for q. This implies that the mean function has either one contin-
uous derivative or is even less smooth. Consequently, a fit with 4 = 1 is considered more
appropriate than a fit with g = 2. This agrees with the nature of the data which is prone
to display peak loads. In the literature, similar data are treated, e.g., by a mixture of
smoothing splines and wavelets, where the later pick up the peaks (Amato et al., 2017).
The estimator of the mean with g = 1 is shown in the top plot of Figure 8 as a black line.

The corresponding autocorrelations are shown by solid black line in the bottom left plot.

When setting 4 = 1 in GAM with an AR(2) process for the residuals, the resulting
estimator of the mean is very similar to the one obtained with BAS. However, it exhibits

slightly less pronounced peaks, although this distinction may not be clearly visible
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Figure 8: Estimators of the mean (top), first row of the correlation matrix (first 50 values, bottom
left) and the estimating equation for the smoothness degree g (bottom right) of the
hourly loads of a US facility. Data are shown in grey, BAS estimators are the black
solid lines, GAM estimators are dashed lines, BAND estimator for the covariance is
the dotted line.

in the plot. The corresponding autocorrelation estimator is shown as a dashed line
in the bottom left plot of Figure 8. Assuming an ARMA(2,2) process leads to nearly
the same estimator. Since the HER method is defined only for even order kernels,
the fit that would be comparable with the fit by BAS with g = 1 cannot be obtained.
Subtracting the estimated mean from the data a banded nonparametric estimator BAND
was employed for the covariance with band parameter b = 12. This estimator, shown
as a dotted line in the bottom left plot, is closer to the BAS estimator of the covariance.

Estimation with BAS, setting g = 2, yields estimates of the mean that are very similar
to the ones obtained by GAM, where the correlation structure is set to an AR(1)
process. This is shown in the right plot of Figure 5. The corresponding autocorrelation
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estimators also exhibit reasonable similarity. However, the residual analysis suggests

that the fit with ¢ = 1 is more appropriate for this dataset.

4.5 Conclusions

Correlation is ubiquitous in various applications, especially when data is collected
sequentially over time. Ignoring correlation can have severe consequences for inference.
Covariance in data is typically addressed either by assuming a parametric dependence
structure or by introducing tuning parameters that need to be set heuristically. To
overcome these limitations, a fully automatic, nonparametric method is proposed for
estimating both the mean function and the autocovariance function. The method
also provides credible sets for the mean function, that quantify the uncertainty of the
estimator. The choice of the splines order for the estimator is determined entirely from
the data, making it fully data-driven. The approach is implemented in the R package
eBsc, available from the authors, and delivers results in a quick and numerically stable

way.

Deriving the convergence rate for the proposed estimators turned out to be a non-
trivial task due to the interdependence of the estimators and will be performed in a
separate work. Nevertheless, for short range dependent noise models as covered here,
the results, both in terms of rates and uncertainty quantification are expected to be
similar to the independent noise case. Given the lack of fully nonparametric and fully
data-driven methods available in the literature, the numerical simulations compare the
proposed approach with existing methods that rely on oracle knowledge of parameters.
Even so, the numerical simulations suggest that the proposed method is competitive
with these alternatives, demonstrating its effectiveness in practice.

4.6 Proofs and auxiliary results

This section contains a number of technical results that are used throughout this paper.

4.6.1 Demmler-Reinsch basis
Let {¢;}2, denote the Demmler-Reinsch basis of W (M), such that

1 1
1/5,,-/0 Ppi(x)g,i(x) dx = vg;d;; :/o lPéi)(x)lPé?(x) dx.
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For a precise definition of the space Wy(M), B € IN, see Serra et al. (2017). Rosales Mar-
ticorena (2016) found explicit expressions for ¢5; and vg,; as a solution to

(—1)‘71#,(3?{6) = Vg,ig,i (4.11)
P50 = pi(1) =0, I=B,p+1,...,26—1. (4.12)
In particular, v = - - - = vg5 = 0 and
o= {n (- BN g,
Pp,i(x) = V2 [cos {7( (i - ﬁ;—l> X+ 71[%;1} + Ti(x)] (4-13)
where

Ti(x) = ,Z.e;(ﬁ) rj [exp {—ajn <i — ’3—2'—1> x}
+(=1)"exp {—ajn <i — ’3—2’—1) (1— x)H

for S(B) = U; {(—1)f/(2/3), (—1)f/(2/3)}, with 0 < j < B — 2 taking odd values for f odd
and even values for § even. Constants r; are known and depend on § only. Note that
T;(x) vanish exponentially fast away from the boundaries.

The Demmler-Reinsch basis of the natural spline space of degree 2q — 1 with knots at
observations Sp;1(x) is uniquely defined via

p 1
Nai Y Gai (3690, (X6) = 17q:03) = /0 o) (x)p\7) (x)dx,
k=1

and ®; = ®,(x) = [Pg,1(X), ..., Pgp(x)] = [4)q,j(xi)]fj:1 is the corresponding basis ma-

trix.

Utreras Diaz (1980) used the results of Fix (1972) to show that |pr,; —v,i| = O(p~2).
From Fix (1972) and Fix (1973) also follows that ||p1/2<pq,i — %,z‘HWq = O(P_l), or,
equivalently, that ||¢,; — wq,ip*1/2‘1L2 = O(p~3/2).
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To apply results by Fix (1972) and Fix (1973) the standard result Lemma 3.2 of Utr-
eras Diaz (1980) is used.

Lemma 4.2 (Lemma 3.2 of (Utreras Diaz, 1980)) Let u € Wg(M), B > 2, then

12 1
p L) = [ utt

c
< ?HVHWW

where t; = (i—1)/(p—1),i=1,...,p.

4.6.2 Matrix identities

This section contains some matrix identities. The smoother matrix S satisfies
S = R!/2 {Ip +AR2@, diag(p;yq)d);Rl/z}_l R-1/2,
From this expression is it clear that R™'S = S'R™! so that in particular
R YI,—8)=(I,-S)'R.
From the definition of S is is also simple to check the scaling relation
R7Y(S™' 1)) = A@; diag(py,)®;" = S — .

The estimating equation for A is obtained in a straightforward way by noting that since
0S/0A = —(I, — S)S/A, then

R MI,—S) 1_ ,

and the estimating equation for g is based on the fact that

ORI, —S) - 498" A i :
e =RsT 8 = CRTISR, diag {py, o log(pn, )} @}
A .
= aSt<I>C, diag {pﬂq ° log(P’iq)}q)ttis
1

= aRfl(I —S)®, diag { log(piyq)}fbgs,
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where o denotes the Hadamard product. For the derivation of the estimating equations
for the p; note that

oS 0s~! oR oR
— =-8 S=-S_—(S'-1,)S=-S-—R(I, - 8S),
api apz apz( Ip P) apl ( 14 )

such that, combining the above, and using the chain rule

R (I, - S) _JOR_ 108
oR oR
= R YI,-S)—R1(I,-S)=—(I, - S)'R'—R(1, — S).
(1= 8)5, R 11y =) = ~(1, = SR T /R71(1, — )

4.6.3 R and its spectral density

Let R be a Toeplitz matrix such that R; ; = r;_; for some sequence (7;)icz which satisfies
Y5 o |rk[> < c0. Denote the Fourier spectrum of R as

p(x) = Y reexp(ikx), sothat 7y ! /7T p(x) exp(—ikx) dx,

k=—oc0 270 J—m

where i denotes the imaginary unit and x € [—7, 7t]. If R is the correlation matrix of a
stationary process, then additionally, r;_; = r;_; so that

p(x) =142) ricos(kx) and
k=1

rp = % /7T cos(kx)p(x)dx = /01 cos(krtx)p(rx) dx.

—TT

In practice r is approximated via

Ty = 1icos <kni_1> pi+O(p~1), where p; = <ni_1>
k p = p— 1 i ’ Pi 1Y p— 1)
4.6.4 Derivation of the posterior and marginal posterior

Consider t, A, g, R fixed throughout. Endow (, o) with a prior specified by endowing

o? with and inverse-gamma prior with parameters a,b, and endowing u | 0> with a
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prior with density (w.r.t. some appropriate dominating measure) as specified in (4.4).
Using the fact that S — I, has rank p — g, the prior density is thus proportional to

1/2

P g1 1 o
Co I 1’R ‘(s 1_117)‘ exp [_M {ﬂtR (s 1—110)714'25}}

+

Multiplying this by the Gaussian likelihood and completing the square shows that the
posterior density of (u,0?) is proportional to

g -
Col "ISR| M exp <—%92> , (4.14)

where Q in the exponent is
Q= (u—SY) (SR) (s — SY) +2b+ Y'R (I, - S)Y".

Integrating out #, the marginal density of the posterior distribution on ¢?

is recog-
nized as an inverse-gamma distribution with shape parameter (p — g+ 2a) /2 and scale
parameter {Y'R™*(I, — S)Y + 2b}/2. Integrating out o instead leads to a marginal
posterior density for u# which is clearly a multivariate ¢-distribution with p + 1 degrees

of freedom, expectation ji = SY, and scale 6*SR, where 62 is given by (4.5).

As for the marginal distribution of Y under the prior, this is obtained by integrating
out both ¢ and ¢ from (4.14). For instance, the marginal posterior for ¢ has a density
proportional to

|

which can be easily integrated with respect to 02 leading to the marginal likelihood for
Y proportional to the one specified in (4.6).

4.6.5 Proof of Lemma 4.1

(1) The spectral density function p corresponding to the correlation matrix R is a non-
negative, even 27t-periodic function with Fourier series p(7tx) = 1422 rr cos(7txT)
for x € [~1,1]. By assumption, p(?) is a-Holder continuous and p is bounded by some
constant M > 0. In the following, we assume that p is even. The case of odd p is
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discussed at the end. Let t; = (i —1)/(p—1) and t;; = {j — (g +1)/2}/(p —1). Then,
wegetfori,j=qg+1,..,p

{(DtR(D}i,j
p 4 2 4 P

= IZ:(qui(tl) kX: (Pq,j(tk)r\l—k\ + \/;ZZ: (Pq,i(tl) kZ: COS{TC(k — 1)t]',q + 7T(q — 1)/4}r|l—k|
=1 =1 =1 =1

p p
= 2N i) Y cos{lk — 1)ty + (g — 1) /4y
Pi= ]
p p
+ ;%,i(fz) )y [4’q,j(tk) - \/gcos{ﬂ(k —Dtjg+m(q—1)/4}| rjpx-

k=1

From the identity cos(a + b) = cos(a) cos(b) — sin(a) sin(b) follows

p
Y cos{m(k—1)tj,+ (g —1)/4}r_g

k=1
|4
= cos{m(l —1)tj,+m(qg—1)/4} ) _ cos{m(k - Dtjqyri—x|
k=1
p
—sin{7(l = 1)tj;+ (g —1)/4} ) _ sin{m(k — Dtjg}ri—x-
k=1

Using that cosine is an even function and p(7ttj;) = S,/2(0)(t;4) + Yis>p/2 cos{7st;,}rs,
where S, (p)(x) =1+2Y"_, r- cos(rxT) is the p-th partial Fourier sum of p, we get

T

P
Y cos{m(k —D)tjq}ry—y (4.15)
k=1
-1 p
= Z COS{T[(k — l)t]‘,q}i"l,k‘ + ZCOS{T[(k — l)t]‘,q}r‘l,k‘
k=1 k=1
1-1-1 p—l
= E COS{TC(k — l)t]',q}i’|l_k| + 2 COS{T[(k — l)t]',q}i"“_k‘
k—1=1-1 k—I1=1-1
-1

_ p—1
cos{—7stj g }rs + ) cos{rst;g}rs
s=1 s=0
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'Zl_l COS{T(St]'q}T’S + Zf/(z) cos{nst]- g}

B +Zf p/241COs{TTstj g s & ZS ] cos{nst]q}rs, if1 <%

= 2521 cos{7tstj,}rs + Zs:p/zﬂ cos{7tst;q}7s
+X5 cos{7stjq}rs + ng]fl“ cos{mstjg}rs if1> 5§

B Sp/a(p)(tiq) + 25:_:;/”1 cos{7st;,}rs — Zfilz cos{7st;,}rs, if I < g
Spr2(p)(tig) + Zé;;/zﬂ cos{7tst;q}rs — Zfii_lﬂ cos{mstjg}rs, ifl> 5
p(7ttiq) + Zf;;la/2+1 cos{ st q}rs — Zfilz cos{7st;q}7s

_ ) ZTsobp/Z cos{7tstjq}s, ifl =< g (4.16)
p(7ttig) + Zi;;/zﬂ cos{7st; }rs — Zfii—lﬂ cos{7st; ;}7s

- Zc\fpp/z cos{7tst; 75, if [ > g.

Note that sums for which the end index is smaller than the starting index, are treated

as zero. In the same way and using that sine is an odd function with sin(0) = 0, we get

P -1 -1
Y sin{r(k —Dtjgbry_g = Y sin{—7stjq}rs + Z sin{7rst; 4 }7s
k=1 s=1 s=0
Zp_l sin{7tstj o }rs, if1 <8
Zi i1 sin{7st;qrs, if1> 5.
Together,
2 F P
- Z ¢g,i(tr) Z cos{m(k —1)tj 5+ (g —1)/4}r g (4.17)
; Z‘qu t) cos{m(l — 1)t;; + m(q —1)/4}o(rt;,)
=
p/Z p—I p/2
Zgqu t;) cos{rm(l —1)tj, + (q —1)/4} [ Y. cos{mstjg}rs — ZCOS{”Stj,q}VS]
s=p/2+1 s=I
2 p -1 p/2
/=Y Poity) cos{m(I-1)t;,+m(q—1)/4} l Y. cos{mstig}rs— ) cos{nstjlq}rs]
Pi—pia+1 s=p/2+1 s=p—I+1

(4.18)

\/7247,1, (t;) cos{r(l = 1)tj, + m(qg—1)/4} Z cos{rst; 4 }7

Pi [s|>p/2

2 p/2 p—I
\/7 2 ¢gi(ty) sin{m(l = 1)t; ; + (g —1)/4} Z sin{7tst; ;}7s

s=I
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P 1-1
—0—\/5 2 (])q,i(tl) sin{rt(l — 1)t]-,q + (g —1)/4} Z s'm{ﬂrstjrq}rs. (4.19)

I=p/2+1 s=p—I+1

Since ¢,,(t;) is an even function for i odd and an odd function for i even, it holds
¢g,i(t1) = (—1)" 'y i(ty_s31) for [ = 1,..., p. Furthermore, cos(x) = (—1)¥ cos(7k + x)
and thus

cos{nt]q(l—l +7'cq }

cos{n]—l —7r]—(q+1)/2)p 11—7111;1}
cos{Z” 7 - (q+1)/2) - (j—(q+1)/z);:11_n";1}
= (—l)j1cos{7'c(j—(q+1)/2)(p_113:1(l_1) +7rq;1}

= (—1)]‘_1 cos{mt;,(p—1)+m(q—1)/4}.

Then, the term (4.18) can be written as follows

, p
(4.18) = (1) (- 1)]‘1\ﬁ Y Pty 1) cos{mt (p—1) + (g —1)/4}

I=p/2+1

1-1 p/2
x[ Z cos{7st; }rs — Z cos{nstj,q}rs]

s=p/2+1 s=p—I+1

= (=1)l plZ:q)q, t;) cos{mti (I —1)+ (g —1)/4}

p—1 p/2
X [ Y cos{mst}trs — Zcos{nstjlq}rs] :
s=I

s=p/2+1
Since sin(x) = (—1)¥sin(7tk + x), we get by similar calculations as before

sin {nt]-,q(l — 1)+7rq;1} = —(=1)/"'sin {71(]'—1) _ nj_(z—i—_i)/z(l_l) _ NT}

= — (1) tsin{ntj,(p — 1) + (g — 1) /4}.
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Analogously, the term (4.19) can be rewritten as follows

o p -1
_(_1)|z—]ﬁ Yo ¢gi(tpoia)sin{mtti (p— 1)+ (g —1)/4} Y sin{7mst;4}rs

I=p/2+1 s=p—I+1
. p/2 p—I
= — (=1l ; Z‘qu t) sin{mtjo (I —1) 4+ (g —1)/4} ) _ sin{7mst;,}rs.
I= s=I

Thus,

\/;Z(pql () Zcos{nk Dtjg+m(q—1)/4} )

=1

= p(7ttjq) \/;IZ: ¢g,i(t)) cos{m(I-1)t; ;+7(q—1)/4}
-1

o o P/2 p—! p/2
+{1+(=1)=ly Z(pq,i(tl)cos{r[(l—l)tj,q+7t(q—1)/4}[ Y cos(mstjg)rs— Y cos( nstm)]

l 1 s=p/2+1 s=I

/2 -1
—{1+(-1)l=ly PZZ:(PW ty) sin{m(I-1)t; ;+7(q—1)/4} rz:sm (7estjq)rs+ Z sin(7est; ;) ]

s=/ s=p/2+1

Zcpql t;) cos{mm(I-1)tj,+7m(q—1)/4} Z cos(7tstjq)rs
Pia |s|>p/2

p
— p(rtiy), ] ; ZZ 90i(t) cos{m(I—1)t, +7(q—1)/4}
=1

L. p/2 0 ©
—{1+(=Dl1} ; Y g,i(tr) cos{m(I-1)t;,+m(g—1)/4} [ Y cos(mstjg)rs+ ) cos(nstjlq)rs]
=1 s=n—I+1 s=I

(o)

sin(7tstjg)rs— Y sin(nstj,q)rsl,

s=n—I+1

[1e

. o P/2
_{1+(_1)|1—J\} 5 Z(pq,i(tl)sin{n(l—l)tj,q+7r(q—1)/4} [

I=1

—_

S

where we used

p
;);E{qbq,i(t;)cos{n(l —Dtjg+m(q—1)/4} Z cos{7st;,}7s

Is|>p/2

. p/2
= {1+ (-1} ilz¢q,i(tl)cos{n(l— Dtjg+m(qg—1)/4} Z cos{7st; }1s
=1

|s|>p/2
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and added

0:\/72%1 (t) sin{m(l = 1)t;; + (g —1)/4} 2 sin{7rst; o}

Pis Is|>p/2

.. p/ o
={1+ (—1)|l*]|} ;27; sin{7(l — 1)tm +7(qg—1)/4} Z sin{nstjlq}rs.
-1

|s|>p/2

Together,

2P
{(Dth)}i,j = p(7t;q) ’ Z_,;%,i(tl) cos{m(l — 1)ty j+ (g —1)/4}

/2
— {1+ (-1} ipZ%,i(tl) Y cos{m(l—1+s)t;;+m(q—1)/4}rs
=1

s=p—I+1

. p/2 00
_{1+(_1)|1—J\} 22%,1'(151)21@5{7((1— S)tjq+ (g —1)/4}rs

d 2
+ 2([),11 t) 2 ¢g,i(tx) — \/;cos{n(k —Dtjg+m(qg—1)/4}| ry—x
. [op/2 )
= p(ntjlq)éij—{l—i—(—l)'l’]'} ? Z ¢q,i(tl> Z COS{TL’(l—l + s)tj,q+7r(q—1)/4}rs
=1 s=p—I+1

o 2 p/2 0
_{1+(_1)|1—J\} ,Z(pqli(tl);cos{n(l— s) ]q+7t( 1)/4}rs

=1

p
p(7ttig) )¢5, [‘Pw t) — \/ECOS{”(Z—1)tq,j+7f(‘7—1)/4}]
p
+ Z%z t) Z !4%7] tr) — \/gcos{ﬂ(k —Dtjy+7(q - 1)/4}] Tli—k|- (4.20)

Case |i — j| is odd

The four last terms in Equation (4.20) vanish for |i — j| odd. For the last two terms this
follows since ¢;,;(x) and cos{7x(j — (9 +1)/2) + 7(q — 1) /4} are even/odd functions
at x = 1/2 for j odd/even and they have the same number of sign changes. |i — j| odd
implies that either ¢, ;(x) even and [¢;,;(x) — \/%cos{ﬂx(j —(q+1)/2)+m(q—1)/4}]
odd or vice-versa. In any case, their product is an odd function such that the /-th and
the (p — I 4 1)-th summand cancel. Since p is even, the sum vanishes. Analogously,
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for the last term, the I-th and the (p — I + 1)-th summand of the outer sum cancel each

other, since

k=1

P 2
(Pq,i(tl) Z [(Pq,]‘(tk)—\/;COS{TC(k—l)t]',q-f-ﬂf(q—l)/4}] 7’|l—k|
P
= (-1 ) ‘qu Xp—141 Z [4’{1] p— k+1) \/ECOS{H(P_k)t]‘,q‘i‘n(q_l)/4}] Tli—(p—k+1)]
P 2
= (=1) " pgi(tp-141) Y [4%1] p—k+1) \/;COS{”(P—k)tj,qﬂL”(q—l)/4}] 7| (p=141)—K|
k=1

4 2
:( )|1 ]‘¢qz P 141 Z [¢q] tk \/;COS{ﬂ(k—l)tjrq—f—ﬂ'(q—l)/4}] T|(p—14+1)—k|r

where in the second line we mirrored ¢,;(f;) and reversed the summation from
k=1,.pton—k+1 = n,..,1. In the fourth line, we mirrored cpq,]-(tp,kﬂ) and
cos{m(p—k)tj,+m(q—1)/4} once more. Thus, {®'R®};; = p(7t;,)d; for |i — j| odd.

Case |i — j| is even

Note that p € Hg(M) implies r; = O(s™F), see Grafakos (2008, Cor. 3.3.10). Together
with |¢,i(t;)| = O(p~'/2) this implies that the second term of Equation (4.20) is of the
order O(p~F*1). Again, by r; = O(s~F), the inner sum of the third term is O(I-F*1)
with some constant C. Then, for p — oo,

0(0), g>2

/
pgaﬁ“ = { O{log(p)}, B=2
. Oflog(p)pF*2}, 1<p<2

Together with |¢,;(#;)| = O(p~'/2) this implies that the third term of Equation (4.20) is
of the order O(p~!) for B > 2, and of the order O{log(p)pF*'} for1 < p < 2.

Since Hg(M) C Wg(M), by Lemma 4.2 we have

12 1
pr TTX;) / p(7rtx)dx
0

i=

c
< ?HPHWﬁ-
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Let {;}72, denote the Demmler-Reinsch basis of Ws (M), as introduced in Section 4.6.1.
In particular, ||¢; — ¢ip~"/?||L, = O(p~*/?) and ||p"*¢: — il s = O(p~"). By Equa-
tion (4.11), it follows that ¢, ;(t;)p~'/? equals to (2/p)'/2 cos {7 (I — 1)tj, + m(q — 1) /4}
up to a term which decreases exponentially fast. Applying the Cauchy-Schwarz in-
equality, one can see that for some constant ¢ > 0

p

5 1/2
;4% B2 Y [(@i(h) = ()P ]

I=1

'(tl>{4’q,j(tl) l/)q](tl 71/2}

1/2

P 2
[g [{‘Pq] t) ’ubq,j(tl)Pilﬂ}}

1 1/2
< [pi |20 = 90|+ ' ) 191(2) — (022 e ] =0(r™).

In a similar way, for the last term of Equation (4.20) it holds

M=

d 2
Pq,i(tr Z [4’611 t) — \/;COS{”U‘ —Dtjg+ (g — 1>/4}] g

I

MEH

[‘Pq](tk) \/gcos{ﬂ( — D+ 7(q - /4}] Y ity

Il
—_

1/2

IN

k=1 k=1
<<
p

k
P 2 2 1/2 p p 2
{Z Pq;(tx)— ;COS{”( —1)tj,q+7f(q—1)/4}] ] {E {lz¢q,i(tl)rl—k} ]
=1

In the last line, we used ‘Z‘le Tli—k| ‘2 < Cforeachk =1,.., p and some constant C > 0,
since f > 1. All in all, we have shown that in case of p even

Oflog(p) - p#*1}, 1<p<2,

14 (1)l
G
(®4RB)sj =10+ = {0(191), 2 < B.

Since p is at least Lipschitz continuous, we have p(7tt;,) = p(7tj) + O(p~1).
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Case p is odd

The three cases I < (p—1)/2, I > (p+1)/2and I = (p+1)/2 have to be considered
in Equation (4.16). The identities

¢i(t) = (=1)" " gi(xp—r41)
cos{mt; (I =1)+m(qg—1)/4} = (—1)/71 cos{mtj,(p—1)+m(q—1)/4}
sin{rt;,(p—1) +7(q—1)/4} = —(=1)1! sin{rt;,(p—1) +m(q—1)/4}
hold similarly for all I = 1,2,.., p. In particular, for I = (p 4+ 1)/2 the expression is

mapped to itself. Hence, for the case I = (p + 1) /2 there are two additional terms in

Equation (4.20), which are

\/g%,i(xl) cos{r(l —1)t;, + (g —1)/4} [ i cos{7st;,}rs — icos{nstm}rsl
s=p—I s=I

\/E‘P‘“'(t’) sin{r(l —1)t;, +m(q—1)/4} [il sin{7st;,}rs — i sin{nstm}rs] .

s=p—I

For jeven and I = (p +1)/2, it holds that

cos{m(l —=1)tj, 4+ m(q—1)/4} = cos [n{(p +1)/2 _;}_{]1_ l9+1)/2) + (g — 1)/4]

=cos{(j—1)/2n} =0.

The same holds for ¢ ,, i.e., for j even, ¢;,(#;) = 0 at the reflection point x(, 1)/, = 0.5
as ¢;, is an odd function with the property Y!_, ¢;,(t;) = 0. Hence, if |i — j| is odd
the additional terms equal zero. The fourth and fifth term vanish in the case of |i — ||
odd as the additional I = (p + 1)/2-th summand equals zero. If |i — j| even, the two
additional terms in Equation (4.20) are of the order O(p~!) and do not matter for the

overall result. For the last two terms, the asymptotic order does not change for p odd.

(ii) and (iii): The proof is identical to part (i) since only the decay of the Fourier
coefficients of p is used and that p is bounded by some constant M. Note that p € Wjs
implies r, = O(k™P). O
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4.6.6 Simplified representation for the likelihood
The log-likelihood of the model model is given by

+1 _ 1 _
ly(A,q,R) = —PTlog{YtR Y1, -S)Y+1} + 5 log RN(I, — S)|, (4.7)

where .
R7(I, — S) = @, {1, + diag(Apy,) ®{R®, |  diag(Apy,) @},

Suppose that Lemma 4.1 holds in such a way that

1+ (== oo
(P R®)ij = p(7tt;)di; + (Z)O(P Doij=q+1...,p,

which imposes some regularity constraints on the spectral density p. In this case,

@, RP, = diag(p) +E,
where p = {p(7tt1),...,p(7t,)}' and E is matrix with elements Eij:w(’)(pfl).
Note that Lemma 4.1 gives the values of the matrix for i,j = g +1,..., p, but the values
for the first g + 1 rows and columns are at most O(1) (follows from the summability of

the rows and columns of R and that (®,);; = O(p~1/2)).

Now,

-1
R, -8) =@, {Ip + diag(Apy,p) + diag(?»pm,)E} diag(Apy, ) ®;
. Apy . Apy
= (I)q {Ip + dlag (%) E} dlag <1—|—/\pj]p (I);
q q

Note that the matrix
A
diag _ P E,
1+ Apy.p

has first g rows equal to zero and since the elements of the diagonal matrix are less

than one, the order of this matrix is the same as that of E. Denote
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where elements of E are of order O(1) and the first g rows are zero.
Hence,

log R (I, — S)|4 = log

diag <1_3/\%0> ‘+ —log ‘ (Ip - p—lﬁ> DqL ,

where D, = diag(0;,1,—4). It is easy to see that the first term is of order O{ pA- 1/ (20},

while the second term is O(p~!), which follows with Hadamard’s bound: |A|> <

Hf Dy 12] Since the ij elements of (I, + p‘lﬁ)Dq are of order &; + O(p~') for
i,j=q+1,...,pandOfori,j=1,...,9

2
@+ p B0, < T] 140G} =140(),
j=g9+1

- 2
so that log (I, + p~'E)D, | = O(p™).
Writing
Uy B =1, (1,4 B

leads to

qu ~ ~ Apy
YR 1(1,—-S)Y=B'diag [ — 1 | B=B/(I, + p 'E) 'p 'Ediag [ ——1— | B

Using the definition of the matrix inverse A~! = |A|~!adj(A) and Hadamard’s bound
as above, implies that the matrix between the two vectors in the second term has
elements of order O(p~!) fori,j=q+1,...,p and zero fori,j = 1,...,q. Hence,

P
YR, -S)Y= ) ﬂ{uo _ Y BBE,
i:q+11+/\p i,j=q+1 !
i1

for a matrix

-~ -~ Apn
E'=(I,+p 'E)"Y(p~'E)diag [ ———— |,
(I, +p~ E)"(pE) g<1+quqP
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which has elements of order O(p~!). The second term in the last display is of order
Op(1) by the Cauchy-Schwarz inequality. Finally,

YRYI, - S)Y = Zp; M{l +O0(p 1} +0,(1)
' iZqi1 L+ AP, ’

4.6.7 Consistency of the estimators

Suppose that Y ~ N (p,, 0*Ry) represents the distribution of the data.

The estimator of the regression function

Since Y — p, ~ N (0, 0°Ry), we have

lEHﬁA,q,R - :uOHZ = ”B(IP - S/\,q,R)t(IP - SA,q,R).uO =+ Uztr(SA,q,RROsi\,q,R)'

Then, if A < B means that B — A is positive semidefinite, using the fact that the

-1

eigenvalues of R are in the interval [§,1/4], and the identity R~ (S;,;R -I,)=S L,

Ip, we get

1
-1/g-1 -1 -1
Ip — SA,q,R = SA,q,RRR (SA,q,Ip — Ip) < E(SA,qllp — Ip) < 52 (55/\/17/1;7 — Ip),

where the definition of the smoother is used. In a similar way, since by assumption the
eigenvalues of Ry are on [§,1/0], using the von Neumann trace inequality,

1
tr (S/\’quRO S/\,q,R> < ﬁtr <SA,q,RRSA,q,R> .

Then, again by the definition of the smoother it follows that

-2
t
(Dq
1 , -2 1.,
< (S—ZCI)q {Ip +5/\d1ag(p1]q)} <I>f7 = ﬁsf”\r‘i'lp‘

S19RRS1 4k = @) { DIR '@, + Adiag(pn,) }

Combining all of the above, we can conclude that

R 1
Ellityx — #oll? < 55 {1 (1 = Ssnqa,)ptg + Pt (Shgs,) |-

The quantity in {-} is just the usual risk for a smoothing spline with smoothing
parameter SA for the model with independent noise with variance . The conclusion
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is that, up to constants, the risk (and therefore the rate) of ji, is the same as in the
independent noise case. It is stressed again, though, that the finite sample performance
of the smoother S, ; g, as illustrated by the numerical simulations, is far superior to

that of the smoother that ignores the correlation structure.

The estimator of the correlation matrix

Note that since both R and Ry are Toeplitz matrices, so is their difference. It is known
that

IR~ Roll2 = |/ Amen{ (R~ Ro)2} < 271~ oo

see e.g., p. 115 in Cai et al. (2013). As such, consistency of the estimator R follows from
consistency of the spline estimator p.

Now, note that the p; are a spline smoothed version of p, that satisfy T,,(A,q,p) = 0.
As such, if p; satisfies the i-th equation, then

B?(/\Pﬂq/iﬁi)z _ APiq,iP; 5.~ B,
(L+Apngip;)* 1+ Apygp; 't !

for all but the first few i. Next, note that the fraction on the left is just the square of
one of the entries in <I>{‘;(Ip —8,,4,p)Y where p is identified with the resulting estimate
of the correlation matrix. The quantity (I, — S, ;)Y corresponds to the residuals of
a smoothing spline fit, and as just seen, regardless of the estimate of the correlation,
this estimator is consistent with a rate depending on the smoothness of the regression

function, so that the expectation of the residuals is negligible. As such, for any p,

BiAp1,,ipi

T i1, —S ®,B
1+)\P77q,i,0i { q(P /\,q,p) q }i’

where B = CD;Y, and where approximately

®' (I, — S100)®;B ~ N (o, @' (I, — Spg0)Ro(Ip - sA,q,P)fq>q) .

Then, approximately

{q’rta(lp - Sm,p)RO(Ip - SAlq,p)tq’q}.

_ < APHg,iPo,i
ij

2
_riaArer i VP
1+ APU;,,iPO,i) P00 == P0ifj
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for all but the first few i. It therefore makes sense to model

~ B} (Api1y,p;)°
= = 0, + Vi,
i (14 Aprg,ip;)? PorT i
where v; are independent and have expectation zero and bounded variance. In such
a case (Eggermont and LaRiccia, 2009), smoothing spline smoother applied to the p;
delivers an estimate of the spectral density with a convergence rate depending on
the smoothness of the spectral density (or, equivalently, on the speed of decay of the

autocorrelation function.) In particular, consistency of R in the spectral norm follows.

The heuristic argument above can be made precise but this is out of scope in this work
as the concern was with the implementation of the numerical procedure.
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