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Abstract

Magnetic structures play a key part in a multitude of applications. In order to fulfill their
specified function, the involved hard or soft magnetic materials have to be designed. The design
process can include the design of the external properties of the structures, i.e. their shape, or
the design of their internal properties, i.e. their magnetization state. Most commonly, the design
goal concerns their magnetic stray field, the magnetic field that is generated by the magnetic
structure.

Another important aspect concerns the investigation of magnetic structures. During quality
control, obtaining information about the magnetization state of a magnetic structure might be of
interest. This information can be obtained non-destructively from measurements of the magnetic
stray field generated by the structure. This process is referred to as source reconstruction.

Both these tasks, optimal design, and source reconstruction can be formulated as inverse prob-
lems. When solving an inverse problem, one is interested in deducing the cause that leads to
a known effect. Within this thesis, the effect is the magnetic stray field and the cause is the
properties of the respective magnetic structure. Since the considered magnetic structures are
macroscopic in size and steady currents are assumed, the physics of the examined systems are
covered by magnetostatics. The magnetic stray field of a magnetic structure can be calculated
from partial differential equations, Maxwell’s equations. The corresponding inverse problem, the
magnetostatic inverse problem can therefore be solved within the framework of optimization prob-
lems with partial differential equation constraints, i.e., partial differential equation-constrained
optimization. Within this approach, the gradient necessary to solve the inverse problem itera-
tively can be obtained efficiently using the adjoint method.

Within this thesis, the appearing partial differential equations are solved using hybrid finite
element method - boundary element method approaches. In order to efficiently solve the in-
verse magnetostatic problem using these methods, the formalism of partial differential equation-
constrained optimization is used and expressions for the gradient, necessary to perform the
optimizations, are derived. Based on these methods, a software package capable of performing
optimal design and source reconstruction of hard as well as soft magnetic structures has been
developed. To showcase the capabilities of the developed algorithm several examples, namely the
topology optimization of hard as well as soft magnetic structures and the source reconstruction
of a magnetic structure are presented.






Kurzzusammenfassung

Magnetische Strukturen spielen in einer Vielzahl von Anwendungen eine Schliisselrolle. Damit
sie ihre spezifische Funktion erfiillen konnen, miissen die betreffenden hart- oder weichmag-
netischen Werkstoffe entworfen werden. Der Entwurfsprozess kann die Gestaltung der dufseren
Eigenschaften der Strukturen, d.h. ihrer Form, oder die Gestaltung ihrer inneren Eigenschaften,
d.h. ihres Magnetisierungszustands, umfassen. In den allermeisten Féllen bezieht sich das Ziel
des Gestaltungsprozesses dabei auf das magnetische Streufeld, das Magnetfeld welches von den
magnetischen Strukturen erzeugt wird.

Ein weiterer wichtiger Aspekt betrifft die Untersuchung magnetischer Strukturen. Beispielsweise
kann es bei der Qualitédtskontrolle von Interesse sein, Informationen iiber den Magnetisierungszu-
stand einer magnetischen Struktur zu erhalten. Diese Information kann zerstérungsfrei aus
Messungen des von der Struktur erzeugten magnetischen Streufeldes gewonnen werden. Dieser
Prozess wird als Quellenrekonstruktion bezeichnet.

Beide Aufgaben, optimaler Entwurf und Quellrekonstruktion, kénnen als inverse Probleme for-
muliert werden. Bei der Losung eines inversen Problems ist man daran interessiert, die Ur-
sache zu ermitteln, die zu einer bekannten Wirkung fiihrt. In der vorliegenden Arbeit bezieht
sich die Wirkung auf das magnetische Streufeld und die Ursache sind die Eigenschaften der
jeweiligen magnetischen Struktur. Da die betrachteten magnetischen Strukturen makroskopis-
che Ausmafe haben und stationdre Strome angenommen werden, wird die Physik der unter-
suchten Systeme durch die Theorie der Magnetostatik beschrieben. Das magnetische Streufeld
einer magnetischen Struktur ldsst sich mittels partieller Differentialgleichungen, den sogenannten
Maxwell-Gleichungen, berechnen. Das entsprechende inverse Problem, das magnetostatische in-
verse Problem, kann daher auf Grundlage der Optimierung mit partiellen Differentialgleichungen
gelost werden. Im Rahmen dieses Ansatzes kann der Gradient, der zur iterativen Losung des
inversen Problems erforderlich ist, mit Hilfe der adjungierten Methode effizient ermittelt wer-
den.

In dieser Doktorarbeit werden die auftretenden partiellen Differentialgleichungen mit Hilfe hy-
brider Finite-Elemente-Methode-Randelement-Methode-Ansétze gelost. Um das inverse mag-
netostatische Problem mit diesen Methoden effizient zu l6sen, wird der Formalismus der Opti-
mierung mit partiellen Differentialgleichungen herangezogen und es werden Ausdriicke fiir den
Gradienten abgeleitet, der zur Durchfiihrung der Optimierungen erforderlich ist. Auf der Grund-
lage dieser Methoden wurde ein Softwarepaket fiir die optimale Auslegung und Quellenrekon-
struktion von hart- und weichmagnetischen Strukturen implementiert. Um die Moglichkeiten
des entwickelten Algorithmus zu demonstrieren, werden mehrere Beispiele, ndmlich die Topolo-
gieoptimierung hart- und weichmagnetisher Strukturen und die Quellriickrechnung einer Mag-
netstruktur, prasentiert.
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1. Introduction

1.1. Background

Devices whose functionality is based on the magnetic interaction have a wide range of appli-
cations. Be it magnetic recording devices [1], magnetic sensors used e.g. in the automotive
industry |2, |3, 4, 5], magnetic cooling devices [6], or electric motors |7], to name just a few,
magnetism plays an important part in modern technology. In order to create these devices, the
involved magnetic structures, consisting of soft as well as hard magnetic materials are designed
to optimally perform their specific function [8]. Most commonly they are designed to produce a
magnetic field, the demagnetization or stray field, with a well-defined, specific spatial distribu-
tion according to some design objective. This includes magnetic fields generated by permanent
magnetic structures as well as magnetic fields generated by electric currents whose spatial dis-
tribution is influenced by soft magnetic structures in the vicinity, or even by combinations of the
two.

The demagnetization field of a magnetic structure is generated from its magnetization distribu-
tion. For a given material (defined by a B/H curve) the spatial characteristics of the magnetic
field depend, for the case of permanent magnetic material, on the direction of the anisotropy axis
and on the magnetization process. For soft magnetic materials, due to demagnetization effects,
additionally, the shape of the magnetic structure constitutes a contribution. All three mentioned
properties can be designed to obtain the desired magnetic field distribution. The problem of
finding the best design to satisfy a given objective is called optimal design.

In order to realize a magnet design, the magnetic structure can be produced by a wide range
of methods. For permanent magnets, the possibility to produce polymer-bonded magnets has
significantly improved the ability to design their generated magnetic field [9]. Using injection
molding, not only can complex shapes be produced economically, but furthermore, their magneti-
zation state can be influenced during the molding process. This is done by applying a multi-polar
magnetic field during cooling [10]. The applied field orients the magnetic filler inside the polymer
melt, thereby shaping the final magnetization state. Note that additionally, this method makes
a subsequent magnetization of the magnet structure unnecessary. For isotropic hard magnetic
materials, a related method can be used to shape the magnetization state of the final magnetic
structure. There, while a common molding process without an applied magnetic field is used to
create the structure, a well-defined magnetic field is applied during the subsequent magnetization
process. The spatial distribution of this magnetic field completely defines the final magnetization
state [11]. Note that furthermore, with 3D printing, recently an additional method to produce
polymer-bonded magnets with complex shapes has been developed |12} |13} |14} [15]. This method
is especially useful for rapid prototyping without the necessity of first producing a complex
mold.

After the design process, during the prototyping state, it has to be ensured, that the obtained
magnetization state of a magnetic structure coincides with the desired magnetization state.



This problem is referred to as a source identification or source reconstruction problem. Source
reconstruction problems additionally appear in quality control, where it has to be ensured that
a stable function of the magnetic structure is guaranteed during its lifetime [16]. Both these
tasks can be achieved by reconstruction of the magnetization state from measurements of the
magnetic field generated by the magnetic structure.

Optimal design as well as source reconstruction, can both be efficiently solved using the theory
and formalism of inverse problems.

1.1.1. The inverse magnetostatic problem

Whereas solving the forward problem in the case of magnetostatics means calculating the mag-
netic field of a given magnetic structure, solving the inverse problem means obtaining information
about the magnetic structure given information of its created or desired stray field.

Following |17], a general forward problem can be defined as
Gm =d, (1.1)

where G is the forward operator, m are the model parameters and d are, possibly measured
data. Solving the inverse problem then means finding m given d. Inverse problems in general
are subject to several difficulties. These have to do with:

e solution existence
e solution uniqueness
e solution stability.

This means that, if no solution exists for an inverse problem, or the existing solution is not
unique, i.e. it has several solutions, or the solution is unstable in the sense that it does not
depend continuously on the input data, the problem is said to be ill-posed.

When considering magnetic structures the forward problem is governed by Maxwell’s equations
as will be introduced in Since Maxwell’s equations are partial differential equations
(PDEs) within this thesis techniques from partial differential equation (PDE)-constrained opti-
mization [18] are used to solve the inverse magnetostatic problem.

While for the case of optimal design, the existence of a solution for a given setup depends on the
desired objective, when solving the source reconstruction problem, as mentioned in [17] “there
may be no model that exactly fits a given data set if our mathematical model of the system’s
physics is approximate and/or if the data contains noise”. However, when using PDE-constrained
optimization, as will be seen, to perform source reconstruction, an iterative minimization of the
difference between the calculated field, starting from an initial state, and the input field is
minimized. Therefore, here always some kind of solution exists and the question is only how well
the obtained solution represents the true source. Also, here the problem of solution uniqueness
arises since several configurations might represent the true source equally well with respect to
some metric. A regularization procedure can in this case be applied to choose a configuration
with desired properties. This will be discussed in more detail in [chapter 5 where it is appropriate.
Additionally, when dealing with source reconstruction problems, due to unavoidable noise in the
measurement data, solution stability becomes important. For unstable problems, small changes
in the measurement data due to noise can lead to enormous changes within the reconstructed



source. This dependence of the reconstructed source on small changes in the measurement
data can also be decreased by employing regularization techniques, increasing solution stability.
This is, as discussed in more detail in since regularization can suppress features in
the source present only due to the noise. Note that also during optimal design some kind of
regularization might be necessary in order to enforce constraints onto a given design parameter

(see [chapter 4).

1.2. Aim and structure of the doctoral thesis

Within this thesis, the optimal design and source reconstruction of magnetic structures is dis-
cussed. Based on Maxwell’s equations, an efficient way to solve the inverse magnetostatic problem
is developed within the formalism of PDE-constrained optimization. The inverse magnetostatic
problem is therein solved iteratively and the necessary gradients are obtained using the adjoint
approach.

Based on the developed method, a software package to perform optimal design and source re-
construction of hard as well as soft magnetic structures has been implemented. The software
package is written in python and is based on the micromagnetic tool magnum.fe [19] that in
turn utilizes the finite element library FEniCS [20]. Regarding optimal design, it allows for the
optimization of the topology of soft as well as hard magnetic structures defined by a possibly
non-linear B/H curve, as well as for the optimization of the magnetization distribution inside
a hard magnetic structure. Concerning source reconstruction, it allows for the reconstruction
of the magnetization state or the topology of a magnetic structure from measurements of its
magnetic stray field.

The thesis is structured as follows. Within the next chapter PDE-constrained opti-
mization is introduced and the formalism necessary to solve the inverse magnetostatic problem
is presented. Thereafter, in the numerical methods used to solve the governing partial
differential equations are presented and discussed. Following in topology optimization
is introduced and as examples, the topology of hard as well as soft magnetic thin film flux guide
concentrators and a magnetic recording write head is optimized. In then the source
reconstruction of magnetic structures is discussed and the source reconstruction of a magnetic
unit cube is presented as an example. The thesis finishes with a summary and an outlook given

in [chapter 6]






2. Partial differential equation-constrained
optimization and the adjoint method

Within this chapter, the foundations of optimization constrained by partial differential equations,
i.e. partial differential equation-constrained optimization, are presented. First, the general
optimization problem is introduced. Its iterative optimization is then discussed and the necessary
gradient is derived. Finally, the adjoint method, an efficient way to obtain the gradient, is
presented. The following explanations and derivations mainly follow [18] and [21], from where
also the mathematical definitions and theorems were taken. Parts of this section have been
published in [22].

2.1. Partial differential equation-constrained optimization

Partial differential equations (PDEs) appear in a wide range of fields, describing phenomena like
diffusion or heat transfer, to just name a very few, and as considered in this thesis, magnetic
fields. By tuning the different parameters appearing inside of PDEs one can model systems
and optimize them towards desired function goals. This is called Partial differential equation
(PDE)-constrained optimization.

Consider a general, linear elliptic PDE in its residual form F (x) = 0 with given boundary
conditions. Since the state variable z is obtained by solving the PDE we call F' the state
equation or forward problem. In order to perform an optimization, a control or design variable
p is introduced F' (z) — F (x,p). Furthermore, the optimization goal has to be formulated as an
objective functional J (z,p).

The PDE-constrained optimization problem can then be written as follows:

i J subject to F' =0 2.1

_min T (w.p) subject to F (x,p) =0, (2.1)

where J : X x P - R and F : X x P — Z. Note, within this thesis hybrid finite element

method - boundary element method (FEM-BEM) approaches are used to solve the appearing

PDEs. There, the weak formulation, involving an inner product with appropriate test functions
is used and the appearing function spaces, as also X, P and Z are therefore Hilbert spaces.

When solving the forward problem, the state variable z is obtained for a given value of the design
variable p. Assuming that the forward problem has a unique corresponding solution x for each
p, we can define an abstract solution operator x (p) : P — X. Inserting this solution operator
into J leads to the reduced objective functional

J(p):=J(z(p),p). (2.2)

Here it is important to realize that J depends on p implicitly via the forward problem and may
also depend on p explicitly. The implicit dependence constitutes the PDE constraint.



2.2. Optimization, derivative and gradient of .J

In order to develop a way to solve a PDE-constrained optimization problem, the properties of
the reduced objective functional J (p) have to be further investigated. To this aim, the following
definition introduces the concept of duality. Note, that the following definitions will be introduced
for Banach spaces. However, since all Hilbert spaces are also Banach spaces, this generalization
does not restrict the validity for the FEM case.

Definition 1 (Linear functionals, dual space, dual pairing and dual basis) Let V be a
Banach space. A bounded linear operator I : V — R i.e.,I € L(V,R) is called a bounded linear
functional on V.

The space V* :== L(V,R) of linear functionals on V is called the dual space of V and is a
Banach space. Note, that V' is adequately referred to as primal space. In the same way as for the

primal space, a basis - the dual basis - can be defined on V* (see in the appendiz).
The dual pairing (-, )y, of V* and V' is denoted by

(Lv)ysy =1(v). (2.3)

The reduced objective functional J (p) is exactly an element of the dual space P* of P. To
solve the PDE-constrained optimization problem, J (p) has to be minimized. To do so, any kind
of minimization algorithm can be used. In the following, an iterative minimization approach
starting from an initial configuration of the control variable piyit is discussed. To perform an
iterative minimization, an update pypdate to the current control variable value p; is needed.
Since pypdate should be a value, that further reduces the objective functional, a candidate would
be the negative derivative of J (p). In order to obtain it, first the Fréchet differentiability, a
generalization of differentiability from functions on Euclidean space [21], has to be introduced.

Definition 2 (Fréchet derivatives) A functionalI:U CV — R, where V is a Banach spaces
and U is an open set U # 0 is called directionally differentiable at v € U if
1 -1
dI (v;h) == lim (vt eh) (U), (2.4)

e—0+ €

exists for all h € U. Here we introduced the notation dI (v;h) that indicates that dI depends on
the element in front of the semicolon v € U and is applied to the element after the semicolon
h € U. If furthermore, the directional derivative dI (v;-):V 2 h+ dI (v;h) € R is bounded and
linear, i.e. dI (v;-) € V* Yu € U, Iis Gateauz-differentiable. If additionally

f M@k = T (@) = dI ()]

=0 YoeU 2.5
|IAlly =0 Il (2:5)

exists, I is Fréchet-differentiable.

Therefore, d.J (p;-), the directional derivative of J (p) is also an element of the dual space P*.
Considering now, that a basic iterative minimization algorithm updates the current value of the
control as p;j11 = p; + ¥ Pupdate, Where v is a parameter for the step length. Since the control p
is an element of the primal space P using the derivative dJ (p;+) € P* as update is the wrong
choice. What is needed, is an element of the primal space P, the gradient Vjp. To obtain the
gradient, the Riesz representation theorem has to be introduced.



Theorem 1 (Riesz representation theorem) The dual space H* of a Hilbert space H is iso-
metric to H itself. More precisely, for every w € H there exists a linear functional I defined by

(IL,v)ge g = (w,v)y YveEH, (2.6)

where (w,v) y is the inner product defined on H and I is in H* with norm ||I||g+ = ||w||g. Vice
versa, for any I € H* there exists a unique w € H such that

(Lv)ge g = (w,v)y YveH (2.7)

and |1 = [[w]] -

This means, that any element Iof the dual space H* can be uniquely represented by an element
w of the primal space H.

Definition 3 (Riesz map) The Riesz map Ry : H* — H is the operation that converts a
functional I € H* to its unique representation w € H, where w = Ry (I) is called the Riesz
representer of I in H with respect to the inner product defined on H.

The gradient V.J, can now be identified as the Riesz representer Rp (dj (p)) € P of the deriva-
tive d.J (p;-) € P*.

dJ (p;s) = <dj (p) ,3>P*7P = (Rp (dj (p)) ,s)P = (Vjp, s)P (2.8)

Note that in the following Ry is called the Riesz representer and the specific reference to the
Hilbert space H is dropped, whenever it can be derived from context to which Hilbert space the
Riesz representer belongs. How the Riesz representer can be obtained in detail within the used
finite element (FE) scheme, is shown within the appendix (section A.2). There, for the case of
using the L? inner product as done within this thesis, it is shown that the gradient is obtained
from the derivative by multiplication with the inverse mass matrix. To illustrate the difference
between the derivative and the gradient a simple example can be considered. In
the function f = x, where x corresponds to the z-coordinate, on a finite element mesh with
two different element sizes, using basis functions constant within each element is shown. Using
the objective functional J = fQ 2 fdV the corresponding derivative d.J, and gradient V.J, are
show in [Figure 2.1b| and [Figure 2.1c| respectively. It can be seen, that while the values of the
derivative are different within differently-sized elements this is not the case for the gradient,
where all values are equal. This shows, that the multiplication with the inverse mass matrix
removed the weighting of the dofs with the respective element size. Using the gradient, an
optimization based on an iterative minimization algorithm can now be performed. Note that
the minimization itself is done within the defined Hilbert spaces using the corresponding inner
product. Since more complex minimization algorithms internally e.g. calculate approximations
for the Hessian matrix like e.g. algorithms based on the method of Broyden-Fletcher-Goldfarb-
Shannon (BFGS), it should be ensured that during these calculations the correct inner product
is used. Otherwise, mesh dependency can occur during optimization as covered in detail in [21].
The algorithms used within this thesis are discussed regarding the usage of the inner product
and furthermore the usage of the derivative and the gradient is investigated experimentally.

In the next section, a way to efficiently calculate the gradient for a given objective functional is
introduced.
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Figure 2.1.: Simple example showing the difference of the derivative and the gradient. In (a) the
function f = x where z refers to the x-coordinate is shown. The derivative dJ, and
the gradient V.J, of the objective functional J = Jo 2 fdV are shown in (b) and (c)
respectively.

2.3. The adjoint method

In the context of PDE-constrained optimization, the adjoint method is a tool to efficiently cal-
culate the derivative and thereby the gradient of the reduced objective functional with respect
to the design variable Vjp. Using a FE scheme to solve F', the design variable p introduces a
number n, of degrees of freedom (dofs) as input variables into the PDE, which is typically large.
On the other hand, the objective functional value as the output value is a scalar. Using, e.g.
the finite difference approach, the derivative in a direction dp is approximated by computing the
difference quotient, e.g. by the central difference formula:

- J (p + hdp) — J (p — hdp)

dJ (p; p) = o +o(|h|2) as h— 0. (2.9)

In order to obtain the full derivative, this formula would have to be solved once for each degree
of freedom dp = ; where v; is the basis function corresponding to each dof. This equals
solving the forward PDE 2n,, times and the number of necessary forward solves to calculate the
derivative grows linearly with n,. The advantage of the adjoint method over the finite difference
approximation or similar methods like the tangent linear (or sensitivity) approach is, that the
number of PDE solves required to obtain the derivative is independent of the number of input
variables n,. In fact, to obtain the derivative, the adjoint approach only requires the solution of
the forward problem once and an additional solve of the so-called adjoint equation, an equation
of similar complexity as the forward problem, that will be introduced below. Furthermore, as will
be seen, for self-adjoint operators, the adjoint equation even is of the same form as the forward
problem and therefore, the derivative can be calculated by solving two similar equations once.

The adjoint approach is now applied to obtain the gradient Vjp of the reduced objective function
J (p) with respect to the design variable p. A “first optimize then discretize” scheme \\ is used,
within which the gradient is derived using continuous operators.

Following , in order to derive the gradient Vjp, first the derivative
dJ (p;-) = 0 (x (p) ,piday (p5) + 0Ty (pi) € P, (2.10)

where 0J, and 0J, denote the partial derivatives of J with respect to the state and control
variable x and p respectively, is considered. For ease of readability from here on the function
arguments are dropped giving

dJ, = dJ,dxy, + D), (2.11)
where it has been used, that in the same way as in Euclidean space, the partial and total
derivatives in Hilbert spaces are related by the chain rule . Note however, that djp here still



is an abstract element of P* that only has a concrete representation when applied to an element
in P.

The numerically challenging term here is dz), since the state variable x depends on the control
variable p via the forward problem F'. Naive evaluation of dz, in the discretized form by means
of the finite difference formula would again require 2n,, solves of the forward problem. However,
dz, can be avoided since the derivative of the forward problem reads

dF, = 0F,dx, + 0F, = 0. (2.12)
Therefore, the critical term can be written as
dz, = —OF, '0F,. (2.13)
which after inserting into equation leads to an expression
dJ, = —0J,0F; '0F, + d.J,, (2.14)

where dz;,, has been eliminated.

Using the Riesz representation theorem (Theorem 1f), as shown in equation (2.8)), this can be
written as

A~

dJ (p;s) = (vjp, s)P - —(R 0J) ,8F;18Fps>x v (R (9J,) s)P, (2.15)
where R denotes the respective Riesz representer as introduced in
To continue, the definition of the dual operator is needed.

Definition 4 (Dual operator) Let V,W be Banach spaces. Then for an operator A € L (V, W)
the dual operator A* € L(W*,V*) is defined by

(A" (v) s uyuy = (0, AWy Vu € Vo € WX (2.16)

where if V. and W are Hilbert spaces , again the dual pairing is identical to the inner product and
therefore

(A" (v),u)y = (v, A(u)y YueV,veW. (2.17)

It therefore follows

(vjp, s)P — (aF;aF;*R (8.1,) ,s)P + (73 (8., s)P, (2.18)

where OF, * = (0F, 1)>k denotes the adjoint of the inverse of dF,, and the gradient V.J, can be
extracted as R
VJp = —0F,;0F, "R (9J:) + R(9Jp) . (2.19)

Looking at 0F; *R (0J;), R (0J;) can be identified as an element of the primal space X and
OF,* as a mapping X — Z. We can therefore represent 0F, *R (0.J;) as a new variable A € Z

that is called the adjoint variable
A=0F, "R (0J) (2.20)

and rearranging gives the adjoint equation

DFIN =R (9J,). (2.21)



The adjoint equation can be used to efficiently calculate the adjoint variable A. In fact it will be
shown, that in case of a self-adjoint forward operator F' the adjoint equation is of the same form
as F' and the gradient

VJ,=—-0FA+R(0J,) €P (2.22)

can be obtained very efficiently by solving two similar equations once.

The adjoint operators JF) and OF can be obtained using the definition of dual operators in
Hilbert spaces (equation (2.17))). They are derived in detail for each presented example.

In the next chapter, the forward problems considered within this thesis and the algorithms used
to solve them are presented.
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3. Solving the magnetostatic forward
problem

Since within this thesis, the design and source reconstruction of macroscopic magnetic structures
is covered, the basis of all PDE-constrained optimization problems that are treated are the
magnetostatic equations. In this chapter, the magnetostatic equations are derived and the applied
techniques to solve them numerically are discussed.

3.1. The full magnetostatic Maxwell problem

We first derive the full, self-consistent magnetostatic Maxwell problem. Maxwell’s equations for
magnetostatics are obtained from Maxwell’s equations by assuming that the electric charges are
fixed or moving as a steady current j leading to an electric field E constant in time %—If =0 and
by assuming slowly changing magnetic fields implying that the time derivatives of the magnetic
field variables can be neglected %—? = 0, where B is the magnetic flux. Maxwell’s equations then
decouple resulting in the equations for electrostatics and magnetostatics. For magnetostatics,

Gauss’s law for magnetism

V.B=0 (3.1)

and Ampeére’s law

VxH=j (3.2)

are the relevant equations.

3.1.1. Derivation of the demagnetization field

An expression for the magnetic demagnetization or stray field can be obtained by considering
that the magnetic flux density B is connected to the magnetic field H and the magnetization
M by

B=u(H+M), (3.3)

where g is the vacuum permeability.

Using the reduced magnetic scalar potential formulation (or ®-formulation) |23, 24], the total
magnetic field H can be split into two parts

H = Hext + Hd (34)

Here H ot is an external magnetic field independent of the present magnetic parts, but produced
by an external current j following Ampére’s law (equation ), giving V x Hqy = 3. Note,
that 7 is referred to as external since it is outside of the domain where the demagnetization
field is to be calculated. Furthermore note, that since H oy is independent of present magnetic
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structures, inserting equation with M = 0 into equation leads to V- Heyy = 0. Hy,
the demagnetization (or stray) field, on the other hand, is generated from the magnetic parts.
Since V X Heyt = j, it follows from Ampére’s law that it is rotational-free V x Hg = 0, and it
can therefore be expressed as the gradient of a scalar potential u,

Hy=—-Vu. (3.5)
It, therefore, follows
B = (Hext —Vu+M). (3.6)

Furthermore the relationship between the magnetization M and the field H for a general mag-

netic material is given by
M=x(H)H+ M,, (3.7)

where M, is the remanence magnetization of a permanent magnetic material in direction of its
easy axis and x (H) is the, possibly non-linear, magnetic susceptibility. Splitting H again as
above one gets, after inserting into equation ((3.6))

B = o [(1+x (H)) (Hext — Vu) + M,]. (3.8)
Using Gauss’s law (equation (3.1])) and eliminating po one can now get
F=V -[14+x(H))(Vu— Het) — M, =0, (3.9)

a generalized Laplace-Poisson equation. Demanding that the magnetic material is localized the
following open boundary condition

1
Ld

u(r) — O ( ) for |r| — o0 (3.10)
holds and equation (3.9) together with this boundary condition is called an open boundary

problem.

3.1.2. Solving the full magnetostatic Maxwell problem

The full magnetostatic Maxwell problem as defined by equations and can be solved
using a hybrid FEM-BEM algorithm based on a FEM-BEM coupling method developed by
Johnson and Nédélec. A detailed description can be found in |26]. Here just a short summary is
presented.

As a first step, R? is divided into a region €, containing all magnetic material and a region
R3\ Qy, leading to

V- (1+x") (Hext — Vut) + M| =0 in Qn (3.11)
and
Au” =0 in R*Qp, (3.12)
with jump conditions
[ulpo, =ut —u” =0, (3.13)
du + +
(L+x) 5 =n- (X Heq + M) (3.14)
on | yq

12



and boundary condition

w(r) = 0 (,i,) for |r| = oo. (3.15)

Here, the variables living inside €2, have been denoted with T and the ones living in R3\Q,
with ~. Additionally g—z = Vu-n. Note that x~ = 0 and M, = 0 since there is no magnetic
material present outside of €2,,. The jump conditions can be derived from the jump conditions
of B and H at material interfaces.

Multiplying equation (3.11]) by a test function v and integrating over the domain y,, one gets
the weak form

/ V(14 xh) (Hew — Vat) + M vdV =0, (3.16)
and after partial integration and rearrangement to have only terms including u on the left hand
side,

/ (1+X+)Vu+~VvdV—/ (1+x+)Vu+‘nvdS:
m Ot (3.17)

/ [(1+X+)Hext+Mﬂ-VfudV—/ (14 ") Hexe + M -mvdS.
Qm 0Qm

Introducing now a new variable ¢ = 371: and using the jump condition of equation (3.14)), this
can be rewritten as

/ (1+X+)Vu+‘VUdV— ¢ vdS =
m Ot (3.18)
/ (14 x") Hoxe + M}]-VodV — [ Hew-nods.
Qm Om

Equation (3.12) can be solved using the Green’s function method by G = ﬁ‘w—iyl, giving the
following representation formula

1

—u- = / (u”VG - Vu G)ndS. (3.19)

2 Om

Here, the two terms on the right hand side are called double and single layer potential respectively.
Since u is continuous at the boundary (3.13)) one gets

%zﬁ - / (utVGn — ¢~ G) dS =0. (3.20)
Om

At this point, the equations are discretized using the Galerkin formalism by introducing finite

element basis functions 1); () and w; (7) for the variables as well as the test functions u™ (r) =

2 Uit (r), ¢~ (x) = 3, dnwn (7). Note, that while ¢); (r) has to at least be piecewise linear

(P1), wi (r) can be also chosen to be constant within each element. Equations (3.18) and (3.20)

can now be written as a combined system of equations

MES M2\ ([ s (14 x") Hexe + M| - Vip;dV — Joa, Hext - n i dS
A43b AJ%% ¢n 0 ’

(3.21)
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where the individual submatrices are given by
Ml-ljl = /Q (1 + X+) Vi, - ij dVv

M2 = — i wy, dS
0Qm

. (3.22)
Mgllj = iwj (’I’m) — / ¢jVGm -ndS
0Qm

M2 = / wn G, dS.
m

Note, that the big advantage of this method is, that only the region 2, as well as its boundary,
has to be spatially discretized, whereas discretization of the infinite outer region can be avoided.
This reduces the number of degrees of freedom significantly compared to a pure FEM approach
where also the surrounding space has to be discretized. While assembling M and M'? is rather
straightforward, the compilation of the sub-matrices M?! and M??, the double and single layer
potential matrices respectively, responsible for the boundary part is rather involved and is done
analytically as shown in [27].

For a given constant susceptibility x equation constitutes a linear system of equations
that can be solved using a linear solver. However, if the susceptibility is a non-linear function
depending on H, an inexact Newton method has to be used to solve the full Maxwell problem.
Using the obtained scalar potential u, the magnetic stray field Hq4 can be calculated using
equation , and the magnetization state of the involved magnetic structures can then be
obtained from equation . However, note that M depends on the total magnetic field H.
In order to avoid cancellation errors when calculating the total magnetic field H = H ey + Hg
and in turn obtain a smooth expression for the magnetization, H oy has to fulfill V - He = 0,
as mentioned above. This is ensured by considering that V x Hey = 0 within €. Therefore
H ¢y can be expressed as the gradient of a scalar potential Heyt = —Vu, and a divergence-
free external field can be obtained by solving Au, = 0, where H ey only appears explicitly as
Neumann boundary condition. An example of a magnetization state obtained using an external
field with non-vanishing divergence can be seen in [Figure 4.28a] Note, that furthermore, H ey
and Hg have to be defined using the same basis functions and since the potential u is defined
using piecewise linear basis functions (Py), here, for H oy and H g4 basis function constant within
each element are used.

Note, that while the continuous forward problem (equation (3.9))) is self-adjoint, as will be shown
below , it is clearly visible that within the chosen discretization the discrete operator
is not self-adjoint. This shows the necessity of using a “first optimize then discretize” scheme to
derive the adjoint equation, as done above.
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3.2. Magnetization as source

A possible simplification for the calculation of the demagnetization field is considering a fixed
magnetization state as source. This approximation is useful when considering permanent mag-
netic materials with a low susceptibility where the demagnetization field does not significantly
influence the magnetization state. Furthermore, using a magnetization configuration as source
is useful when trying to reconstruct a magnetization configuration of a magnetic structure from
the measured magnetic field as will be shown below.

3.2.1. Derivation of the demagnetization field

For a fixed magnetization state as source, no interaction of the magnetization with the demagne-
tization field as well as with an external field is considered. Therefore, Hext = 0 and Ampére’s
law simplifies to

VxHg=0 (3.23)

This implies that the magnetic stray field Hq is curl free and can therefore, again be written as
the gradient of a scalar potential u

Hy=—Vu. (3.24)
Now using that
B = o (Ha+ M), (3.25)
one gets with equation (3.1
F=V (Vu—M)=0. (3.26)

This equation is continuous in all of R, even if the magnetization M is discontinuous (e.g. at
the boundary of a magnetic structure). Again, assuming the magnetic material to be localized,
the following open boundary condition holds for «

1
I

u(r) — 0O < > for |r| — o0 (3.27)

and equation (3.26) together with this boundary condition becomes also an open boundary
problem.

3.2.2. Solving the magnetostatic Maxwell problem with the magnetization as
source

Within this thesis, the open boundary problem defined above is solved using a hybrid FEM-BEM
approach based on the method of Fredkin and Koehler [28]. To this end, first, R? is again split
into a domain €, containing all magnetic material and a domain R3/€Q,,,. Denoting all variables
inside Qy, again with © and all in R3/Q,, with ~, equation splits into

V- (Vu"—=M) in Oy (3.28)

and
Au” =0 in R3/Qpn, (3.29)
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with jump conditions at the surface of the magnetic region

and 5
[“} = -n-M, (3.31)
In |y
as well as the boundary condition
1
u(r)— 0O (]r|> for |r| — oo. (3.32)

The potential w is now split u = u +us, where u; is the solution of the inhomogeneous Neumann
problem

V- (Vuf —M) in Qy (3.33)
with boundary condition
% =n-M on 09 (3.34)
on o '

and is zero elsewhere u; = 0. Note that this implies that uj jumps at the boundary [u] = u] .

On the other hand, u; now must be a solution to
Aug =0 in R? (3.35)

where in order to satisfy the jump conditions from equation (3.30) and (3.31)) it follows

[ug] g, = —ui (3.36)
and
[%ﬂ =0 (3.37)
Furthermore
ug (r) = O <]r1]> for |r| — o0 (3.38)

still has to hold.

A solution to Laplace’s equation (equation (3.35])) that also satisfies the boundary conditions
(equations (3.36)) - (3.38])) is given by the double-layer potential

Uy = / w VG dS. (3.39)
O0m

Therefore, in order to solve equation (3.28) first equation (3.33]) can be solved by first multipli-
cation with a test function v giving

/ V- (Vuf —M)vdV =0 (3.40)

m

and using partial integration on both sides leads to

VulvdS—/ Vu; - VodV = MvdS—/ M -VudV. (3.41)
Qm Qm

OQm 0m
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Using the boundary condition , the surface terms on both sides cancel, defining the bound-
ary condition as natural. Using again the Galerkin formalism introducing finite element basis
function for the variables as well as the test functions leads to a system of equations that can be
solved to obtain wuj

/ V@Dz . V% qul,j = / M - sz dv. (3.42)
Qm Om

Now, the double-layer potential (equation ) can be used to calculate ug. While it is in
principle possible to use the double-layer potential to obtain us within €, in order to avoid
having to assemble the complete double-layer potential matrix for each dof in €,,, equation
is used to evaluate u; only at the boundary. To do so the double-layer potential matrix
is computed in the same way as above and u; on 0y, is obtained by a simple matrix-vector
multiplication. u; is then obtained by solving equation using the same finite element
calculation used to calculate uj (equations - ) with the known boundary values as
Dirichlet boundary condition.

The computation of the potential u, therefore, divides into three steps. First, u; is obtained
by a finite element calculation where a linear system is solved. Then the boundary values of
uo are obtained by a matrix-vector multiplication and finally, us is obtained again by solving a
linear system. This system is computationally less complex compared to solving the full Maxwell
problem since on the one hand the two matrices involved in the finite element calculations are
sparse and also the boundary method is reduced to a simple matrix-vector multiplication. Note,
that even though here all matrices used are self-adjoint the complete forward problem in its
discrete form is not, since the order of steps is not reversible. In the same way as for the
full Maxwell problem, therefore the adjoint of the continuous problem (equation (3.26))) will be
derived and applied.
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4. Topology optimization

Within this chapter, the adjoint method is used to optimize the topology of hard as well as soft
magnetic structures. First, the principles of topology optimization are explained and discussed.
Then, the density approach for topology optimization is introduced. Thereafter, it is incorporated
into the full Maxwell problem and the corresponding adjoint equation and the gradient are
derived. As examples then the topology of a hard magnetic, as well as a soft magnetic thin film
flux guide concentrator is optimized, and furthermore, the topology optimization of a magnetic
write head used for heat-assisted magnetic recording is presented. The examples are used to
investigate the influences of parameters present in the density approach for topology optimization
and to compare the performance of different optimization algorithms. Furthermore, the usage of
the derivative and the gradient is compared for selected examples. As an approximation for hard
magnetic structures then, a scheme using the magnetization as source for the calculation of the
demagnetization field is used. The topology optimization of a hard magnetic thin film flux guide
concentrator is repeated using this method and the results from the two different approaches are
compared. Parts of this chapter have previously been published in [29], |22] and [30].

Topology optimization tries to find, within a predefined spatial domain €)p,¢, the optimal mate-
rial distribution with respect to a design goal [31]. This is done by varying a given material’s
distribution inside the domain. Two possible approaches are the density method used within
this thesis and the homogenization method [32]. Another common approach within the general
field of shape optimization |33| is geometry parameterization. There, an initial layout is chosen
and parameterized with a given number of parameters. The parameter space is then investigated
with respect to the design goal until an optimal geometry is found. Depending on the number
of parameters this can be very time-consuming and the quality of the found solutions depends
on the choice of parameters. In contrast, topology optimization does not require an initial lay-
out. Furthermore, the solutions obtained using topology optimization are not restricted by any
parameters except the parameters defining the optimization domain €o,;. However, topology
optimization drastically increases the dofs. Examples of successful applications of topology op-
timization are the optimization of magnetic recording write heads [34], rotors of brushless DC
motors 35|, and electromagnetic actuators |36, 37].

19



4.1. The density approach for topology optimization

In order to perform topology optimization, here the density approach for topology optimization
[38] (also referred to as solid isotropic micro-structure with penalization - SIMP [31]) is used. A
scalar indicator function

0: no material

p(r)e€0,1], where p(r)= { (4.1)

1: material

is introduced as design variable p. The respective functions representing the material are trans-
formed by multiplication with the scalar indicator function (see [section 4.2) in order to perform

the optimization.

Additionally, the scalar indicator function is exponentiated with a parameter p. This is originally
done in order to penalize intermediate values of 0 < p < 1 that are allowed during optimization.
However, the impact of this exponentiation is much bigger, as will be seen below. A detailed
study of the impact of this parameter is given for each presented example. Furthermore, the
impact of different initial distributions of p is investigated. Note that, this approach allows values
of p unequal 0/1. However, in most cases, the magnetic density p should only take the values 0 or
1 since intermediate values p € (0,1) are very difficult to realize in fabrication. Therefore, some
kind of regularization is necessary to prevent intermediate values of p. A possibility is Tikhonov
regularization as also used in [chapter 5| However, this approach is very time-consuming since
the minimization problem has to be solved several times in order to adapt the regularization
parameter. Therefore, here a brute force approach to regularization is used where after the
optimization terminates all dofs with values of p with 0 < p < 0.5 are set to 0 and all with
0.5 < p < 1 are set to 1. This is justified since all solutions have final values of p very close to
the bound as will be shown.

4.2. Topology optimization of magnetic structures - the adjoint
of the full Maxwell problem

The topology of a magnetic structure containing soft, as well as hard magnetic materials, can
be done by using the full Maxwell problem as defined by equations and , that define
the remanence magnetization M, and the susceptibility x as material parameters. Using the
density approach for topology optimization,, as introduced above, the material parameters are
transformed giving M, — M, (p) = pP M, and x — x (p) = pPx.

The forward problem then reads
F(u(p),p) =V -[(1+p"Xx) (Vu— Hext) — p"M:] = 0, (4.2)

with unchanged open boundary condition. Note that here w is a scalar function from a Hilbert
Space U satisfying the boundary condition that now takes the role of the state variable z defined
infgection 2.1} Furthermore, p is also a scalar function of an appropriate Hilbert space R replacing
p as the control variable and F' is now a mapping U x R — Z into another appropriate Hilbert
space Z. Also, the L?-inner product is defined on all mentioned Hilbert spaces.
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The reduced optimization problem can be written as

min J (u(p) ) (4.3)

for a given reduced objective functional .J (compare .

4.2.1. Adjoint equation

In order to efficiently minimize the reduced objective functional J (u(p), p) containing the design
goal, its gradient with respect to the design variable p, VJ, is needed.

As laid out in to obtain the gradient, first the adjoint equation and hence 0F,, has to
be derived. This is done using the definition of the Fréchet derivative (Definition 2|) for a w € U

as

OF, (u(p), p;w) = 0F,w = lim F(u+ ew,p) — F (u,p)

e—0t €

However, what is actually needed is the dual operator OF); that can be obtained from
with A € Z being the adjoint variable

(OFw, \) = /R 3

:—/Rg(l+ppx)Vw-V)\dV:/

RB

~v. ((1 ) Vw). (4.4)

v. ((1+pr)Vw>)\dV
wv - ((1 + pX) VA) av (4.5)

:/ w9 (14 %) VA) dV = (w, OF;A)
R3

where partial integration has been applied twice. The first boundary integral in row three
vanishes if the validity of the equation is restricted to elements of w € U that also satisfy the
boundary condition demanded from w. Furthermore, in order for the second boundary integral
to vanish the same boundary condition has to be enforced on A € Z.

The adjoint equation therefore becomes (compare with equation (2.21)))

v. ((1 + oPx) V)\) — R (8J) (4.6)
with boundary condition
A(r)— O <|rl|> for |r| — oc. (4.7)

The weak form of equation (4.6 is obtained by multiplication with a test function v € Z
/ Vo (0t VA eav = [ R@1)vav = (R(@.1).0). (4.8)
R3 R3

On the right hand side of equation the partial derivative of the objective functional with
respect to the scalar potential u appears. However, generally optimality conditions will not be
imposed on the potential but on the magnetic stray field H4. Therefore, simplifying Hq = H
from here on, this term is rewritten as

<R (8.) ,v) = 0Jyv = 8JpdHyv = <R (0Jm) ,dHuv). (4.9)
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Considering H (u(p)) = —Vu(p) and using the definition of the Fréchet derivative one can
continue

(R (@7m) dH ) = - / R (8J) Vo dV (4.10)
R3
and therefore rewrite equation (|4.8|) as
/ v. ((1—1—pr) V/\)vdV: — | R(dJg)VvaV. (4.11)
R3 R3

After partial integration of the left hand side where the boundary term vanishes due to the
boundary condition on A this becomes:

—/ (1+pPx) VA-VodV = — R (0Jg) VodV. (4.12)
R3 R3
Since the objective functional J is defined locally on a region 2y this is the weak form of

v. ((l-i—ppx) V)\—R(E)JH)) —0, (4.13)

an equation similar to the forward problem in equation where, u is replaced by A, Hoxy = 0
and pP M, is replaced by R (0Jgr). Therefore, the same algorithm to solve the forward problem
can also be used to solve the adjoint equation, simplifying the optimization problem. Note,
that the same jump conditions are assumed for A as done for u in the forward problem. This
is possible, since the jump conditions are contained in the respective weak forms as shown in
[39].

4.2.2. Gradient

Furthermore, to obtain the gradient vJ », the operator 8F; is needed. In the same way as above,
first OF), is obtained using the definition of the Fréchet derivative with r € R

OF, (u(p) . pir) = OF,r = lim F(U(p)7p+er6) — F(u(p),p) _ .
v. (pppflr X (Vu— Hey) — M) )

and again the dual operator OF) is calculated using

(0F,r,\) = /

R

v (pppflr [ (Ve — Hext) — M) ))\dV _
_/R3 (ppp—lr X (Vu — Heyt) — Mr]) VAV = (4.15)

_ /Rg r(po? T X (Vu = Hog) = ML] ) - VAV = (r,0F;A) .

Here the boundary integral again vanishes since A satisfies the boundary condition given by
equation (4.7)), which is only logical since OF , will be applied to A that also satisfies this boundary
condition.

Finally, one can write the gradient as
VJ, = —0F;\+R(9J,) =

PP X (Vu— Hey) — M,] - VA+R(dJ,) € R. (4.16)
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4.2.3. Optimization of a hard magnetic thin film flux guide concentrator

As a first example, the topology of a hard mag-

netic thin film flux guide concentrator is optimized

to produce a maximal vertical (y-)component of

the magnetic field H, within the region €y,. The

thickness of the thin film (z-direction) is 12.5 pm.

The domain €, consisting of 91 cells (48 nodes), e

is situated 10 pm above an optimization domain

_y i 1000

Qopt consisting of 16505 cells (5717 nodes) (see [Fig-]

ure 4.1). The objective functional for this case is Figure 4.1.: Geometry and mesh of the thin

defined by film flux guide concentrator.
Dimensions are given in pm.

J(p) = — Hg (p) dV, (4.17) Picture taken from [22].
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where H,, is the y-component of the magnetic stray field H.

The optimization is performed using the B/H curve of the material linearized at the working
point
B(H) = po((1+x)H + M), (4.18)

where the remanence magnetization is set to be M, = 280000 A/m and the anisotropy axis is
chosen as the y-axis. First the case of an ideal permanent magnetic material with a susceptibility
of x = 0 is considered. This case can be compared to an analytical model. After that, the same
optimization problem is solved again using a realistic susceptibility of y = 0.2 and the results
are compared.

Note that, as is true for all examples presented within this chapter, for the potential u and
the adjoint variable A piecewise linear basis functions (P;) are used, while the scalar indicator
function p as well as x, M, Hqy and the derived stray field —Vu and VA are chosen to be
constant within each element.

Ideal permanent magnet y =0

In the same way as presented in [40] for a three dimensional permanent magnet and a point like
target domain, an analytical solution for the optimal topology can be derived by considering
the magnetization inside {2p¢ as being comprised of single dipoles p. The magnetic flux density
created by a dipole at distance r is given by

po 3r(p-r) — pr?
B(r) = 472 3

(4.19)

Since the magnetic flux in y-direction is to be maximized, the relevant y-component of the
magnetic flux density given by

popr (3y* — 1
By (r) = 4777“;( 3 ) (4.20)

has to be considered, where y is the distance from the dipole in y-direction and r is the absolute
distance from the dipole.
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In the presented example, the size of the domain €2;, within which the field is maximized is of
considerable size. However, it has been validated that the assumption of a point like target
domain is still valid, since the changes due to the finite size of )}, are too small to be resolved
by the chosen mesh. For the quasi two dimensional thin film flux guide concentrator (z = 0) a
positive contribution for B, inside {2}, is obtained for

x < V2y (4.21)

and the surface condition z = v/2y defines the op-
timal topology as a cone with an opening angle of
a ~ 35.26°. In the analytical solution
is shown and compared to the best numerical solu-
tion.

p
1

- 0.75
05

- 0.25

I

The numerical optimization was performed for
three different initial distributions of the indicator .=
function p, two homogeneous distributions with a
values of 1 and 0.5 respectively and a randomly Figure 4.2.: Optimized topology for the

initialized distribution with p € [0.,1.) (see ideal permanent magnet ob-
ure 4.3)). tained with the objective

A L. leorith he Sciny ol functional defined in equation
s optimization algorithm, the Scipy implementa- @17) and comparison with

tion of the limited-memory Broyden—Fletcher- th Ivti .

S ) ) e analytical solution (green
Goldfarb—Shanno minimization algorithm with line).
bounds (L-BFGS-B) |41] is used. Note, that this al-
gorithm, as well as other common ready-to-use op-
timization algorithms, are implemented to use the
euclidean (¢2) inner product internally to perform
the optimization (i.e. e.g. approximate the Hes-
sian) and only receive coefficient vectors as input.
This has implications on mesh dependence and con-
vergence rates as mentioned above and
discussed in detail in . To prevent this e.g. the Figure 4.3.: Random initialization of the in-
python package Moola 42| could be used. There, dicator function p.
internally the correct inner product is used. How-
ever, Moola does not offer the possibility to put
bounds on the optimization variable as necessary for the indicator function p when performing
topology optimization. Note though, that the individual cells of the used mesh are of almost
equal size. Since for functions constant within each element, the mass matrix is a diagonal matrix
with the squared cell volumes as values, this makes the mass matrix a diagonal matrix with only
values very close to each other. Now since the difference between the derivative and the gradient
is given by multiplication with the mass matrix (see in the appendix), in this case,
this reduces to a simple scaling.

Using the derivative d.J (p) As mentioned before, the derivative d.J (p) can be obtained from the
gradient V.J (p) (as given by equation (4.16)) by multiplication with the mass matrix. In order to
illustrate the differences of using the derivative and the gradient as updates during optimization,
as discussed in first the optimization using the derivative is presented.
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Figure 4.4.: Dependence of (a) the objective functional value .J and (b) the number of necessary
function evaluations ng, and the number of dofs with intermediate values of p on
the penalty parameter p when using the derivative dJ (p).

In the dependence of the objective functional value .J, the number of necessary func-
tion evaluations ng, and the percentage of dofs with intermediate values of p on the penalty
parameter p is shown up to p = 6 for the different initial distributions of p. The best value of the
objective functional of J = —12230.06 is found by the optimizations using a homogeneous initial
distribution up to a value of the penalty parameter of p = 6. The corresponding topology can be
seen in where it is compared to the analytically obtained optimal topology. Note that
this objective functional value corresponds to a mean field inside 2y, ,uoﬁy = th poHy, dV/ Vo,
of 22.81 mT. For the randomly initialized material distribution the solution gets worse for p > 3.
Regarding the number of necessary function evaluations a minimum of ng, = 35 is found for
Piit = 1 with p = 2. Note, that even though the number of dofs with intermediate values of p
rises also for the homogeneously initialized material distributions with increasing p, the objec-
tive functional value stays at its minimum. This suggests, that the dofs’ deviation from 0 or 1
respectively is very small. Applying simple brute force regularization, i.e. setting all dofs with
p < 0.5 to 0 and all dofs with p > 0.5 to 1 removes all intermediate values. For the presented
optimizations this however, does not improve the objective functional value also for the randomly
initialized optimization.

The objective functional as defined above (equation ) includes an integral over the do-
main )}, and therefore depends on the volume. This leads to mesh dependence even though the
magnetostatic forward problem is scale independent. The mesh size dependence can be elimi-
nated by dividing the objective functional by the Volume V (). Performing the optimization
with the new objective functional, for pi,;x = 1 the same optimal solution is then found within
5 function evaluations without intermediate values of p. The reason for the lower number of
necessary function evaluations is found in the fact, that by division with the volume V (£2}) the
objective functional and with it also the derivative were scaled up. Since bounds are enforced
on p and therefore the size of the derivative determines how fast the individual dofs are set to
0 or 1 this explains the lower number of necessary function evaluations. In fact, since the same
solution is found using a larger derivative, this also shows that the optimization problem for zero
susceptibility is linear in p?, as expected since the only source term in the forward problem
is given by pP M, where M, is constant.
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Figure 4.5.: Dependence of the number of necessary function evaluations ng, on (a) the mesh
scale and (b) the scale v when using the derivative dJ (p).

The dependence on the derivative’s size can also be seen in where the number
of necessary function evaluations, using the original, volume dependent objective functional
(equation ) is shown in dependence of the mesh scale. Note that by increasing the mesh
scale, the volume V' (£2,) and therefore the objectice functional value and the size of the derivative
increases. For p = 1 as well as for p = 2 the optimal solution without intermediate values of p
is found for a minimum of 3 and 24 function evaluations respectively for a mesh scale >= 100,
while for default mesh 878 and 35 function evaluations are necessary. That this is indeed due to
the derivatives size can be seen by scaling the derivative for a fixed mesh scale. In
the number of necessary function evaluations ng., is plotted in dependence of the scaling factor
~. The minimal number of necessary function evaluations of 3 and 24 respectively is found
for v+ > 10%. Note, that using an initial distribution of Pinit = 0.5 the minimal number of
Nfey = 3 18 also valid for p > 1. Furthermore, note that scaling the derivative independently
of the objective functional leads to problems during the optimization. In detail, the L-BFGS-B
algorithm terminates reporting problems during the line search when the scale of the objective
functional is much smaller than the scale of the derivative. The algorithm then simply returns
the initial distribution of p. This is since one of the Wolfe conditions, the Armijo rule, that has
to be meet in order for the line search to end is never satisfied. This can be circumvented by
also scaling the objective functional value. Since the L-BFGS-B algorithm uses the objective
function value only during the line search while performing a quasi-Newton method, this scaling
of the objective functional does not alter the results.

When using meshes with differently sized element, using the derivative dJ can lead to additional
problems for the optimization, since each dof is scaled by the size of its mesh element. A
detailed discussion of this mesh dependence can be found in |21] and the implications are further
presented in [subsection 4.2.5| were an example using a differently refined mesh is presented. Here
the problem is only illustrate in where a mesh of the thin film flux guide concentrator
with a refined area, and the corresponding derivative and the gradient of the first iteration for
an initial value of pinix = 1 is shown. It is clearly visible, that the derivative has larger values at

larger elements (see [Figure 4.6al), while this is not the case for the gradient (see |[Figure 4.6b)).
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Figure 4.6.: Magnification of the derivative d.J (a) and gradient V.J (b) of the first iteration for
Pinit = 1 and p = 1 using a partially refined mesh.

108

e 10° ¢ 7 7 T
o LI [T E it — 1 _
= ® Pinit = 1 / 10° o ini 60 =
g —o—  piit = 0.5 / 0" Pinit = 0.5 <
T‘g —1.18 || —*— piit = random /j | . 10 L Pinit =rand(1r;1 \i\
B / 10° b Vil =
= / E / S
qi —-1.2 / 4 + 0 | 190 §
£ E
£ 10" | +
122 _ 1o
8 | | | | | | 109 &
1 2 3 4 5 6 1 2 3 4 5 6
P p
(a) (b)

Figure 4.7.: Dependence of (a) the objective functional value .J and (b) the number of necessary
function evaluations ng, and the number of dofs with intermediate values on the
penalty parameter p when using the gradient V.J (p).

Using the gradient V.J Using the gradient avoids the problems of mesh dependence discussed
above. In detail, the gradient size becomes mesh independent since in the case of the L?-inner
product, the gradient is obtained from the derivative by multiplication with the inverse mass
matrix. In comparison to the derivative, the dofs of the gradient are much larger than the dofs of
the derivative (see also|Figure 4.6aland [4.6b])). However, when using a volume dependent objective
functional, the fixed size of the gradient can lead to the same convergence problem of the L-BFGS-
B algorithm discussed above and it can be necessary to scale the objective functional value during
optimization. In order to perform the optimization using the L-BFGS-B algorithm, therefore the
objective functional has to be scaled by 10%. In the dependence of the objective
functional value, the number of necessary function evaluations and the percentage of dofs with
intermediate values of p on the penalty parameter p are shown up to p = 6 for the different initial
distributions of p. For the homogeneous initial distributions the best solution is again found up
to p = 6 while for the randomly initialized distribution the solution gets worse for p > 3. As
expected, since the dofs of the gradient are large compared to the derivative, the number of
necessary function evaluations is smaller. In detail for an initial distribution of pinie = 0.5 Ngey
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Initialize p and calculate Jo

% Calculate gradient of current p;

Set all dofs with p > 0 and gradient value > 0 to 0
set all dofs with p < 1 and gradient value < 0 to 1

Calculate objective functional J;

if J; < J;i_q

if J; > Ji

Algorithm terminates returning p with minimal J

Figure 4.8.: Flowchart of the gradient size independent minimization algorithm.

is equal 3 for p > 4 while for pjit = 1 the minimum of 3 necessary function evaluations is only
found at p = 1. The number of dofs with intermediate values of p is similar to the optimizations
using the derivative and can also be removed by simple brute force regularization.

Gradient size independent optimization The de-
pendence of the L-BFGS-B optimization algorithm
on the relative scale between gradient and objec-
tive functional value suggests the usage of an op-
timization algorithm independent of the exact size
of the gradient. Since the above examples show,
that large gradients, i.e. setting all elements di-
rectly to 0 or 1 respectively, reduces the number
of necessary function evaluations, an optimization
algorithm setting the dofs of p to 0 or 1 directly
only in dependence of the gradients sign is pro-
posed. This method of optimization is also often
referred to as on/off method or the algorithms are
called binary [43, 44, 34} |30} |45]. An additional ad-
vantage of this method is that intermediate values
of p are avoided and therefore no regularization is
necessary. The algorithm is depicted in detail in

Figure 4.8}

For a homogeneous initial distribution of py,ix = 1,
as well as pyit = 0.5, all optimizations using the

AJ %]

L —e— pinit = random

1 2 3 4 5 6
p

Figure 4.9.: Dependence of the deviation

from the optimal solution AJ
on the penalty parameter p for
a randomly initialized p using
the gradient size independent
optimization algorithm.

gradient size independent optimization algorithm up to p = 6 find the same optimal solution
as before with 4 necessary function evaluations and without intermediate values of p. Note,
the reason for the additional necessary function evaluation compared to the best optimization
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using the L-BFGS-B algorithm is due to its usage of the gradient norm as termination con-
dition. If a check for the gradient norm were implemented in the gradient size independent
optimization algorithm, the number of necessary function evaluations would be reduced by one
accordingly. Only when using a random initial configuration of p the optimal solution is not
found for p > 1 as depicted in However, The number of necessary function eval-
uations is still 4 for all values of p and no intermediate values of p are present in the final
topology. Note, the difference between the objective functional value of the optimal solution and
the worst solution at p = 4 is negligible (< 0.1%0) and the found topologies differ by only 12 cells.

A different objective functional Another objec-
tive functional that can be used to maximize the
field in the same way as above is

P

- 0.75

1

J=— [ H,dv. (4.22)
Qp 025

I

This objective functional avoids the ambiguity in
the field direction that is present in the previous ob-
jective functional (equation (4.17)) since now only Figure 4.10.: Optimized topology for the

positive values of H, minimize the objective func- ideal permanent magnet ob-
tional. Using the gradient size independent opti- tained with the objective
mization algorithm this objective functional finds functional defined in equation
a solution that creates a higher mean field poH, = and comparison with
th poHy, dV/ Vg, of 22.83 mT as compared to the the analytical solution (green
previous optimum with ,ugﬁy = 22.81 mT. This line).

constitutes an increase of 0.11%. The optimized

topology can be seen in where it is also

compared to the analytical solution. It differs from the optimal topology found with the previous
objective functional (see by 196 dofs of p. The advantageousness of this objective
functional can furthermore be seen since using it, also the randomly initialized topologies deliver
the optimal solution at least for p < 6 and the number of necessary function evaluation drops to
3 for all initializations and p < 6. This objective functional is therefore used from here on.

Realistic permanent magnet y = 0.2

Using a realistic value for the susceptibility of y = 0.2 the best solution found creates a mean
field of Moﬁy = 22.35 mT. The reduction in mean field with respect to the ideal permanent
magnet can be attributed to the appearing demagnetization effects. The optimal topology is
shown in [Figure 4.11], where it is also compared to the optimal topology obtained for xy = 0. It
differs only by slightly from ideal permanent magnet topology (109 different dofs).

Using the L-BFGS-B optimizer, the best solution is found independent of pi,it for p = 1. Since
for larger values of p the mean field produced by the found topologies decreases, the optimization
is no longer independent of the parameter p. Note, however, that the difference in mean field is
below 0.5% for p < 4.

As can be seen in scaling the gradient does not reduce the number of necessary
function evaluations in the same way as for the ideal permanent magnet. This is due to the
introduced non-linearity in p. While ng., still decreases with increasing gradient size the minimal
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number of necessary function evaluations is found for a constant initial distribution of pin; = 1
where for v > 10 ng, < 250. Furthermore, the optimized topologies again show dofs with
intermediate values of p, although their number is negligible for all simulations with p = 1.

Using the gradient size independent optimization
algorithm, the solutions are identical to the solu-
tion found using the L-BFGS-B optimization algo-
rithm for p = 1 for all initializations. For larger p
the solutions again get worse. However, the mean
field H,, of the worst solution found for p < 6 dif-
fers by only < 0.1%q from the best solution found.
Regarding the number of necessary function eval-
uations, directly following the gradient leads to a
severe reduction to ngy = 11 for the homogeneous
initializations of p and 14 for the random initializa-
tion for p = 1.

Note, that using the topology obtained for the opti-
mization of the ideal permanent magnetic material,
for a realistic hard magnetic material with x = 0.2
the produced mean field is only negligibly smaller
(< 0.1%0) than the mean field produced by the best
topology obtained by optimization with the realis-
tic material. Therefore, and since the two topolo-
gies differ by only 109 dofs of p, x = 0 is a good
assumption for a permanent magnetic structure.

Concluding the optimization using a hard magnetic
material, it has been shown that for an ideal hard
magnetic flux guide concentrator the presented al-
gorithm delivers an optimized topology in accor-
dance with the analytical model independent of the
used minimization algorithm. Apparent gradient
size (and with it mesh scale) dependencies present
when using the L-BFGS-B minimization algorithm
can be avoided using a gradient size independent
minimization algorithm, while still finding the same
optimal solution within a minimal amount of nec-
essary function evaluations. Furthermore, this ap-
proach completely avoids solutions with intermedi-
ate values of p. Investigating the optimization pro-
cess in detail, it has been found that the optimiza-
tions are independent of the initial distribution pipnit
of the indicator function p at least for values of the
penalty parameter p < 6. Furthermore, regarding
the optimization using a realistic permanent mag-
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Figure 4.11.: Optimized topology for the
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realistic permanent magnet
with x = 0.2 obtained with
the objective functional de-
fined in equation . The
cells different with respect to
the optimal topology obtained
for x = 0 are colored in pink.
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Figure 4.12.: Dependence of the number of

necessary function evaluations
Ntey oN 7y for the realistic hard
magnetic material with y =
0.2 using the L-BFGS-B opti-
mization algorithm with p =
1. Figure taken from [22].

netic material, it can be concluded, that the approximation of using an ideal permanent magnetic
material is valid, and only leads to negligible deviations.
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4.2.4. Optimization of a soft magnetic thin film flux guide concentrator

As a next step, the topology of a soft magnetic thin
film is optimized to act as a magnetic flux guide
concentrator. A soft magnetic flux guide concen-
trator enhances the external field at a given posi-
tion in space to e.g. improve the magnetic field
detection limits of a spin valve sensor [46]. Here,
the magnetic flux in vertical (y-)direction inside Qy
is maximized. To do so, the same mesh as before

(see|Figure 4.1)) is used and the objective functional
is given by equation (4.22]).

The optimization is again performed using a linear
material law as defined by equation , where
in the soft magnetic case the remanence magneti-
zation vanishes. In the following, materials with
three different susceptibilities of y = 102, 10 and
10% are considered, and again different initial mate-
rial distributions are investigated. In all cases, an
external field in y-direction of 10 mT is applied and
the gradient V.J is used for the optimization.

First, the L-BFGS-B minimization algorithm is
again used to perform the topology optimization.
Note, that in the same way as above scaling of
the objective functional is necessary. In contrast
to the topology optimization using hard magnetic
material the optimizations using soft magnetic ma-
terial depend much more on the penalty param-
eter p and the initial distribution pin. This is
shown in where the mean field ﬁy pro-
duced by the optimized and brute force regularized
topologies with y = 102 is plotted in dependence of
the penalization parameter p for different values of
the gradient scaling factor «v. The best topologies
are found for an initial distribution of pij,; = 0.5
while the best topologies optimized with pinie = 1
are clearly inferior suggesting that the optimization
works better when the optimizer has the possibil-
ity to also add material. The p-dependence shows
an increase in mean field with increasing p up to
a plateau value from where on the topologies do
not further improve. This plateau value depends

T I I I
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Figure 4.14.: v-dependency of the mean

field poH, for individual val-
ues of p. Figure taken from
[22].

on the gradient scaling v. With decreasing v the plateau value decreases from p = 26 at v =1
until for 4 > 10~ the plateau value is p = 14 and it does not change when further decreasing
~. Above the plateau value the mean field of the optimized topologies differs by under 1% with
respect to the mean field obtained with the plateau value, except for individual outliers. This
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~v-dependence is similar for single values of p for all different values of x as shown in
where with decreasing v, H, increases until the maximum is found again for v = 1074,

The number of dofs with intermediate values of p
in the optimized topology is plotted in
in dependence of p for y = 103. With increasing p
the percentage of dofs with p # 0/1 increases up to
60% for high values of p. A higher p therefore does
not suppress intermediate values of p as initially in-
tended, but the influence of p is much larger since
the best topologies are found for higher values of
p. Note, that the effects of the brute force regular-
ization are under 1% for all optimizations showing,
that the intermediate values of p are close to 0 and
1 respectively. This can also be seen in
where the unregularized and regularized topologies
are compared.

In also the number of necessary func-

tion evaluations ng, is plotted in dependence of p
for different values of the gradient scaling factor ~y
for x = 103. ngey is lower for v = 1074 where the
best solution found for p = 14 within 325 function
evaluations, than for v = 1 where ng, = 14631 for
p = 26 where the best topology is found.

For y = 10% and y = 10* the dependences are simi-
lar. For both the mean field plateaus in dependence
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Figure 4.15.: Dependency of the number of
necessary function evaluations
nfey and the percentage of
dofs with intermediate values
of p after optimization on the
penalty parameter p for dif-
ferent values of ~ for the op-
timization performed for y =

103. Figure taken from [22].

of p. Only the plateau values for v = 10~ are different with p = 5 for y = 10 and p = 17 for
x = 10*%. Note that for y = 10? the best topologies found for p larger than the plateau value get

worse.

The best topologies for all y-values can be seen in
where also the results before regular-
ization are shown. The optimized topologies have
a characteristic “tanga” shape as also presented in
[46] as optimal design. Note, that the best topolo-
gies for y = 10% and xy = 10? differ only slightly
while the topology for y = 10? is significantly
broader. In the mean field values pro-
duced by the best topologies are stated and their
increase in mean field with respect to the full plate
(p=11in Qupt) is stated.

In order to avoid the dependence on the gradient’s
size, the optimization can again be performed using

X | woHy [mT] | ngey | increase [%]

102 14.65 281 52.25

10° 21.95 325 84.38

10% 23.34 493 91.23
Table 4.1.: Mean field values ,ugﬁy, number

of necessary funcion evaluations
Nfev and increase with respect to
the full plate for the optimized
topologies using the L-BFGS-B
optimization algorithm.

the gradient size independent optimization algorithm introduced above. However, when using a
soft magnetic material, the obtained topologies are inferior to the topologies obtained using the
L-BFGS-B algorithm. This is, since in case of soft magnetic materials, the large value of the
susceptibility x introduces a higher dependence of the magnetization state on the
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Figure 4.16.: Optimized topologies using the L-BFGS-B optimization algorithm with v = 10~*
for (a) x = 10% (for p = 5) (b) x = 103 (for p = 14) and (c) x = 10* (for p = 17),
before (top row) and after regularization (bottom row). Figure taken from .

demagnetization field and therefore, the optimiza- ,
tion problem is no longer linear in pP. Note, that !075
this non-linearity of the optimization exists even

though a linear material law is used. In[Figure 4.17] E”
the topology obtained using the gradient size in- IO'ZS
dependent optimization algorithm for y = 103, & ¢

pinit = 0.5 and p = 1 is shown. The differences to
topologies obtained using the L-BFGS-B algorithm Figure 4.17.: Optimized topology obtained

are clearly visible and the produced mean field is using the gradient indepen-

only 16.76 mT. Therefore, a different optimization dent optimization algorithm

algorithm is necessary. for x = 10%, pmit = 0.5 and
p=1.

Binary topology optimization

In order to enable the efficient optimization of also soft magnetic structures, the optimization
algorithm following the gradient directly as presented in has to be modified. The
modification is that not all dofs participate at once, but only a predefined number is changed
during each iteration. The algorithm is called binary topology optimization (BTO) algorithm
and is visualized in The fraction of dofs participating in each optimization step
is determined by a parameter n € (0,1]. Given the number of degrees of freedom ngofs in the
optimization region {lop¢, the actual number of participating dofs is obtained from n, = 7 nqofs-
The optimization then starts with a given initial distribution pin;t by first calculating the gradient.
A new p; is then obtained by setting the n,/2 dofs for which the gradient is largest positive
(removing material is most advantageous) and their value of p is unequal 0, to 0 and setting the
np/2 dofs for which the gradient is larges negative (adding material is most advantageous) and
their value of p is unequal 1, to 1. The objective functional is then evaluated for the new p;. If the
objective functional value decreases, the next iterations start by calculating the gradient for the
new p; and so forth. If the objective functional values stays unchanged, this means that no dofs
of p have changed during the last iteration and the algorithm assumes a minimum is found and
terminates. However, in case of an increase of the objective functional value, to prevent stalling
in a local minimum, up to five additional iterations are performed. If within these additional
iterations the objective functional values does not reduce further, the optimization terminates



Initialize p and calculate jo, ne =20

{ Calculate gradient of current p; %

Set ny/2 dofs with p > 0 and gradient value > 0 to 0
set np/2 dofs with p < 1 and gradient value < 0 to 1

BR

ne =70 Calculate objective functional J; Ne =MNe + 1

A

if J;=J,_10orn.=5

Algorithm terminates returning p with minimal J

Figure 4.18.: Flowchart of the binary topology optimization (BTO) algorithm.

and the topology having the lowest objective functional value is returned. Note, that for the
case of n = 2 this algorithm is identical to the gradient size independent minimization algorithm

presented above.

In[Figure 4.20[the mean field H, and the number of

necessary function evaluations ngy of the optimized
topologies for x = 103 for the three different ini-
tial distributions pinit obtained using the BTO al-
gorithm is plotted in dependence of the penalty pa-
rameter p for different values of the participation 7.
All optimizations terminate without intermediate
values of p as intended. The mean field again shows
a strong dependence on the penalty parameter p.
The highest mean field of 22.59 mT is obtained
from the topologies optimized with pi,ix = 0.5 with
p = 5 and n = 0.01 within 133 function evalua-
tions. Note that for pyix = 1 the mean fields are
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Figure 4.19.: Best optimized topology ob-
tained using the BTO algo-
rithm for y = 103, Pinit = 0.5,
p=>5and n = 0.01.

much lower than for the other two initial distributions of p suggesting that the possibility to
only subtract material during optimization is disadvantageous. The best topology is shown in
The topology again shows the same “tanga” structure as the topologies obtained
using the L-BFGS-B algorithm but with a much thinner peak. Furthermore, the optimization
produces detached material island around the main topology. These material islands increase
in number with decreasing participation 1 and are therefore assumed to be due to numerical

inaccuracies during gradient calculation.

34



Pinit = 1 Pinit = 0.5 random pipit

T T I I I I T T T T
29| |~ n=2 —e— n=1 ||
~—o-n=01—e-1n=0.05

= ~o-n=0.01—e—n=0.005

E20 1 1

ooy

218} 10 B
Wﬂﬂ

167’&.".“".".“"”77 inl |

p p p
(2) (b) (c)
300 [ - \/M“ = - T T T ]
200 | 1L 1L \""‘M«,: b
& “veccesscssecessssse 00°%%%0000000000°
I
100 + -4 .\‘. . \OW““*M |
O 7\ | | | | | | | | | | | | | | i
0 5 10 15 20 O 5 10 15 20 0 5 10 15 20
p p p
(d) (e) (f)

Figure 4.20.: Dependence on the penalty parameter p of the mean field uoHy ((a) - (c)) and the
number of necessary function evaluations ngy, ((d) - (f)) for the optimization with
x = 10% using the BTO algorithm with an initial distribution of pi; = 1 ((a) and
(d)), pinit = 0.5 ((b) and (e)) and a random initialization of p ((c) and (f)).
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Initialize p and calculate jo, ne =20

{ Calculate gradient of current p; %

Set all dofs with p > 0 and gradient value > 0 to 0
set np/2 dofs with p < 1 and gradient value < 0 to 1

ne =0 Calculate objective functional J; ne=mnc+1

!' BR

~

if J;=J,_10orn.=5

Algorithm terminates returning p with minimal J

Figure 4.21.: Flowchart of the regularizing binary topology optimization (RBTO) algorithm.

In order to avoid the material islands appearing
using the BTO algorithm, the algorithm can be
modified by setting all dofs where taking material
away is beneficial to 0 immediately. The modified
algorithm is depicted in and is called
regularizing binary topology optimization (RBTO)
algorithm. The mean field ﬁy and the number of
necessary function evaluations nge, of the optimized
topologies for y = 103 for the three different initial
distributions pi,it obtained using the RBTO algo-
rithm is plotted in dependence of the penalty pa-
rameter p for different values of the participation 7

in The dependencies are similar com-

P

-0.75

1

0.5

- 0.25

I

v

< X

Figure 4.22.: Best optimized topology ob-
tained using the RBTO algo-
rithm for y = 103, Pinit = 0.5,
p=>5and n = 0.01.

pared to the results obtained using the BTO algorithm. Only for pi,it = 1 the dependency on the
participation 7 vanished completely, since all material is now taken away in the first iteration.
The highest mean field is again obtained for p = 5 and n = 0.01 within 51 function evaluations
and is with 22.54 mT 0.22 % lower than the maximum obtained using the BTO algorithm. The
best topology is shown in The detached material island that appeared using BTO
vanished but the topology shows holes at the bottom.
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Figure 4.23.: Dependence on the penalty parameter p of the mean field uoH, ((a) - (c)) and the
number of necessary function evaluations ngy, ((d) - (f)) for the optimization with
x = 103 using the RBTO algorithm with an initial distribution of pi;x = 1 ((a) and
(d)), pinit = 0.5 ((b) and (e)) and a random initialization of p ((c) and (f)).
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Figure 4.24.: Dependence on the penalty parameter p of the mean field uoH, for the RBTO
algorithm with pini = 0.5 for (a) x = 102 and (b) x = 10%.
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Figure 4.25.: Optimized topologies for y = 10* with (a) p = 7 and n = 0.005 (poH, = 24.79
mT), (b) p =7 and = 0.01 (uoH, = 24.36 mT) and (c) p = 6 and n = 0.01
(noHy = 24.78 mT) using the RBTO algorithm.

For the optimization with y = 10?2 and x = 10* the
highest mean fields are again obtained for an initial
distribution of pijnix = 0.5. The dependency of the
mean field on the penalty parameter p for this case

is plotted in [Figure 4.24. For xy = 10? the depen-

dency is similar to x = 10 and the maximum mean
field of 24.79 mT is found for p = 7 and n = 0.005
within 103 function evaluations. The best topol-
ogy is shown in Again, no detached
material islands are present. However, the topol-
ogy is rather irregular having a large number of
holes. For optimizations with a larger n the irregu-

larity decreases as shown in [Figure 4.25b| and [£.25¢]
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Figure 4.26.: Best optimized topology ob-

tained using the RBTO algo-
rithm for y = 102, Pinit = 0.9,
p=1and n=0.01.

where the optimized topologies with p = 7 and n = 0.01 and p = 6 and n = 0.01 are shown
respectively. The mean fields produced by these topologies are 24.36 and 24.78 mT respectively.
In the case of x = 102, the dependency on the penalty parameter p is different. Here the mean
field does not increase with increasing p for low participation values (7 < 1) but the best solution
is found for p = 1 and n = 0.01 with 114 function evaluations. In the best topology
for x = 10? is shown. Furthermore, while for y = 103 and y = 10* the found solutions have a
higher mean field compared to the L-BFGS-B solutions, the mean field produced by the topology
found using the RBTO algorithm for y = 10? is 0.07% lower. The mean field values, the number
of necessary function evaluations and the comparison with the topologies obtained using the

L-BFGS-B optimization algorithm are given in

In conclusion, the non-linearity introduced by a
high value of the susceptibility increases the com-
plexity of the optimization problem. This is even
though still a linear material law is used. As a
result, in contrast to the optimization performed
using a hard magnetic material, the dependency
on the penalty parameter p changed and the opti-
mal topologies are now found for higher values of
p. Furthermore, using the L-BFGS-B minimization
algorithm smaller gradient sizes have been shown
to be beneficial. This also lead to the gradient size
independent minimization algorithm introduced for
the hard magnetic thin film flux guide concentrator
to deliver inferior topologies when applied to soft
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X | poHy [mT] | ngey | increase [%]

102 14.64 114 -0.07

103 22.54 51 2.69

10% 24.79 103 6.21
Table 4.2.: Mean field values poH,, num-

ber of necessary function eval-
uations ng, and increase with
respect to the optimization us-
ing the L-BFGS-B optimiza-
tion algorithm for the optimized
topologies using the RBTO al-
gorithm.



magnetic structures. The algorithm therefore has been adapted to perform a stepwise mini-
mization where at each step only a fraction of dofs, defined by the participation parameter n
participates in the minimization. The so adapted versions (BTO and RBTO) have been shown
to deliver better performing topologies compared to the L-BFGS-B algorithm. However, this
was at the expense of introducing a new parameter, the participation. Furthermore, for low
participation values regularity problems in the form of detached material islands or holes in the
topology appeared. These problems of regularity could possibly be reduced using some kind of
homogenization after each optimization step as e.g. shown in [|34] where the procedure is called
“topology smoother”. However, for large mesh sizes these algorithms are computationally quite
expensive since they require to investigate each dof and its surrounding locally. Furthermore, in
order to avoid asymmetric topologies, symmetry considerations could be considered as e.g. done
in [45]. There the topology was divided along a symmetry plane and only half the dofs were
actually optimized and mirrored to the symmetric counterparts.

Note, that also optimization of the hard magnetic flux guide concentrator were performed using
the binary topology optimization algorithms BTO and RBTO. However, while for y = 0 the
found topologies are completely independent of the participation always delivering the same
topology, the change in the obtained topology for a realistic hard magnetic material with y = 0.2
is negligible.
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4.2.5. Optimization of a heat-assisted magnetic recording write head

To showcase the full capabilities of the presented topology optimization method a heat-assisted
magnetic recording (HAMR) write head is optimized in order to reduce transition curvature.

HAMR is a means to increase storage density -

the amount of data stored per unit area - of mag- 0.8
netic storage devices such as magnetic hard drives
. In order to increase storage density, the
grains of the recording medium have to become
smaller. This in turn means that their anisotropy
has to be increased to keep them thermally stable.
However, higher anisotropy grains require higher
magnetic fields in order to change the magnetiza-
tion direction of a given grain, necessary for in-
formation storage. The possible maximum field
strength is, however, limited by the available ma-
terials. This problem is referred to as the magnetic
recording trilemma . HAMR overcomes this
problem by spatially heating the recoding medium.
This temporarily increases the temperature of the
grains. With increasing temperature, the magnetic
field necessary to flip a gains magnetization is re-
duces greatly. Therefore, a comparatively low mag-
netic field is able to reliably perform the process of .- 60
writing information to the medium.

In HAMR a plasmonic near-field transducer is used . .
to heat the magnetic recording medium. The heat- Figure 4.27.: (a) Write head model with op-

ing creates a circular thermal profile inside the mag- timization region $opt high-
netic recording medium. In combination with the lighted in blue and coil high-
spatially homogeneous write field of a conventional lighted in red (dimensions in
write head this produces the magnetic bits to be- nm) and (b) mesh of the field-
come curved as shown e.g. in . This phe- box used for the topology op-
nomenon is called transition curvature and it rep- timization procedure (dimen-
resents a significant problem for the read-back pro- sions in nm). Figure taken
cess in HAMR. In order to reduce transition cur- from -

vature either the thermal profile in the magnetic

recording medium can be flattened as presented in

[51] or the magnetic write field can be shaped as proposed in . In order to achieve the
second approach, new head designs like forked and split-pole write heads have
been presented. Here, the presented topology optimization method is used to optimize the write
head tip to create a cross-track (below denoted also as y—direction) profile of the recording field
counteracting the curvature induced by the thermal profile. The evaluation of the ability of the
optimized cross-track field profiles to improve the read-back process in HAMR can be found in
[30] and is not presented here, since it is not within the scope of this thesis.

The write head model used for the optimization is presented in [Figure 4.27a] Its basic dimension
have been taken from . The model includes a soft magnetic underlayer with a thickness of 50
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nm below the recording head at a distance of 15 nm. The topology optimization is performed for
the head tip only. In order to perform the optimization, an optimization domain gy (indicated
in blue in was defined. The optimization domain has a height (z-direction) of 1
pm and a width (y-direction) of 400 nm at the bottom. The fieldbox, where the magnetic field is
evaluated, is placed above the underlayer and below the head tip at a z-distance of 2.5 nm from
either, at the inner edge of the write head tip. The coil was modeled with a thickness of 100 nm,
and outer dimensions of 1.5 pm, 2.7 pm and 0.84 pm in z-, y- and z-direction respectively and
a constant distance from the write head of 15 nm.

The mesh used for the complete model consist of 130,029 nodes (678,511 elements). 3969 nodes
(18,432 elements) make up the fieldbox mesh and the mesh of the optimization domain Qqp¢
consists of 103,616 nodes (582,328 elements). In order to obtain a high resolution for the topology
where it is most important, the optimization domain is divided into three areas with different
mesh resolution with the finest mesh resolution close to the fieldbox. The coil was meshed using
10,010 nodes (29,895 elements).

For the material of the write head a saturation flux density of By = 2.4 T and an initial suscepti-
bility of xo = 1200 were chosen following |56]. The material was modeled as isotropic non-linear
represented by a hyperbolic tangent

B (H) = po (Ms - tanh (xo/Ms - H) + H) , (4.23)

where by setting Mg = Bg/uo the anisotropy field H, = 1.6 kA/m has been omitted, and
H = |H|. Note, as will be shown below, considering the full non-linear B/H curve of the
magnetic material is very time consuming since the time needed to solve the forward problem
is dramatically increased with respect to using the B/H curve of the material linearized at the
working point. For most optimizations, therefore the linearized material law

B(H) = po(1+x0)H (4.24)

is used. In order to still consider saturation effects, the linearly optimized topologies delivering
the best performance using the linear material law are recalculated using the non-linear material
law. The results obtained using the different material laws are then compared. Note that the
coil dimensions of the model were chosen arbitrarily. Therefore, the current density was fixed
so the write head tip is nearly saturated (see at a value of 2 - 10" A/m, and
was unchanged for all presented non-linear calculations. For the linear calculations the current
density is irrelevant due to the linear material law.

The magnetization inside a given grain is written when the temperature inside that grain drops
below the necessary write temperature dependent on a given field strength. The point where
this happens depends on the distance of the write head tip from the heat pulse center. The
optimization is therefore performed for different down-track (negative z-direction) distances of
the fieldbox center of d = 0, 10, 20, 30 and 50 nm from the inner edge of the write head tip.

The heat pulse used to heat the magnetic recording medium creates a heat profile in cross-track
(y-direction) that is strongest in the center and gets lower with increasing distance. Since a
stronger write field is necessary to write the magnetic material at lower temperatures the write
field must be shaped to be stronger away from the cross-track center in order to counteract the
heat pulse profile. For perpendicular magnetic recording the z-component of the write field is
responsible for writing the bits. In order to shape the write field, three equally large domains
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inside the field box are defined. One in the middle (€2p,) and two on each side (2, and ) as
also shown in These volumes are then used to define the objective functional

. 1 1
j=- [ mav- | mav+- | Hav. (4.25)
2 Jo, O, 2 Ja,

When minimized, this objective functional maximizes the field difference between the center
evaluation area (€p,) and the two evaluation areas on the sides (Qy, and Q) of the fieldbox.
This leads to a cross-track field profile with the desired field shape. Note that each evaluation
area has a length in cross-track (y-)direction of 8 nm and €y, and Q, are centered around
y = £16 nm.

The optimizations are performed using the BTO algorithm as presented in and
the gradient V.J is used. As for the other presented examples, the density function p, as well
as x, M., Hq and the magnetic stray field Hy = —Vwu and VA are constant within each
element while the potential v and the adjoint variable \ are calculated using piecewise linear
basis functions (Py).

In order to illustrate the problem of using an external field with non-vanishing divergence, as
discussed in [subsection 3.1.2] in [Figure 4.28] the magnetization of the write head is compared
for a calculation using the external field with and without ensuring it to be divergence free by
the method described in [subsection 3.1.2] The chaotic behavior of the magnetization vectors
clearly shows that the magnetization is not smooth when using a non-divergence free external
field. This behavior vanishes when the external field is divergence free.

(a) (b)

Figure 4.28.: Write head without optimization domain. The green vectors represent the magne-
tization. (a) shows the result of a calculation where the external field H ¢y has not
been ensured to be divergence free as explained in [subsection 3.1.2] For the results
shown in (b) the external field was divergence free.
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Figure 4.29.: p-dependence of the objective functional J for different values of the participation
n for (a) pinit = 1 and (b) pinit = 0.5.
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Linear optimization

In[Figure 4.29|the results of the optimization using a linearized material law for a fieldbox distance
of d =10 nm for an initial distribution of pipit = 1 and pinit = 0.5 are shown for different values
of the participation parameter 7. It can be seen, that the best topologies are found for p = 1 for
both initial distributions. This is in contrast to the previous example (subsection 4.2.4)) where for
a comparable susceptibility the best topologies were found for higher values of p. Furthermore, it
is visible, that pinis = 0.5 produces better results compared to pine = 1. Since the best topologies
are obtained for p = 1 this value was also tested using an initial distribution of pi,iy = 0. Note,
that for piniy = 0 higher values of p are not possible since for p > 1 the gradient as defined
in equation vanishes. In the results with in initial distribution of pin = 0
with p = 1 are presented and compared with the two other initial distributions of the indicator
function p. For an initial distribution of piy; = 1 it can be seen that the objective functional
value barely depends on the participation. While for pi,it = 0 the objective functional value
decreases with decreasing 1 down to 1 = 0.01 this is also the case for piniy = 0.5 until there for
1 = 0.01 the optimization terminates prematurely with some dofs of p still having a value of 0.5.
Note, that this case can not occur for py,iy = 0. It is clearly visible, that pin = 0 delivers the
best topologies. Furthermore, the number of function evaluations necessary nge, is lowest when
using pinit = 0. Note, that it has been verified, that the usage of pi,it = 0 does not deliver better
results for the previous example of the soft magnetic thin film flux guide concentrator presented
in [subsection 4.2.4] The best topology for d = 10 nm is found for piy;; = 0 and n = 0.01 and is
presented in It shows a slit comparable to a split pole geometry, but additionally
a material island extends from between the two prongs towards the back of the write head tip.
The material island increases the field difference between the center and the sides of the fieldbox
since it directs magnetic flux from the fieldbox center away.

z

aY X

(a) (b) (c)

Figure 4.31.: Best topology found using a linearized material law for a fieldbox distance of 10
nm. In (a) the front view of the compete head tip is shown including the fieldbox
in green. In (b) a bottom view slice and in (c) a side view slice through the middle
can be seen.
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In [Figure 4.32| the usage of the gradient VJ and

the derivative dJ is compared for two optimiza-
tions with pipe = 0.5 and p = 1 for n = 0.1 and
n = 0.03. It is clearly visible that the gradient finds
a lower objective functional value in both cases.
Furthermore note that even though the optimiza-
tion for n = 0.03 needs fever function evaluations
using the derivative, terminating the optimization
using the gradient after the same number of opti-
mization steps would still deliver a lower objective
function value.

pimit = 0 delivers the best topologies for all dis-
tances d. However, with increasing distance from
the head tip, the dependence on the participation
parameter 1 changes. While for d = 0 and d = 10
the objective functional value decreases with de-
creasing 1 and the best topologies are found for
n = 0.01 (see , with increasing d the
value of i for which the best topology is found in-
creases and the topologies obtained for lower partic-
ipation values become increasingly irregular, show-
ing detached islands. This is shown exemplary in
where the dependence on 7 is plotted
for p = 1 with piyiy = 0 at d = 20 nm. It can be seen
that the best topology here is found for n = 0.05
and the objective functional values increases when
further decreasing the participation 7. Note, that
for all distances the best topologies show the same
main features, namely, two material prongs divided
by a slit with an material island in between simi-

lar to the topology shown in with only
slight changes.

The best topologies for each distance d are pre-
sented in In order to incorporate sat-
uration effects, they have been recalculated us-
ing the non-linear material law defined in equa-
tion . The obtained cross-track field profiles
evaluated along the fieldbox center are shown in
It can be seen that the field differ-
ence decreases rapidly with increasing distance d.
Furthermore, the maximum field strength also de-
creases with increasing d. This is also visualized
in [Figure 4.34b| and [4.34c, There, the mean maxi-
mal field H, (Qn, n,) = H, = HZ(th);HZ(Qh:‘) and
the field difference AH, = H, (Qn,) — H. (Qhy hs)
are plotted in dependence of the distance d for
the non-linearly recalculated best topologies ob-
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Figure 4.33.: Dependence of the objective
functional .J on 7n for the op-
timizations with piy; = 0 and
p=1at d=20 nm.

d n | wAH, [mT| | poH, [mT]
0 | 0.01 211.34 651.28
10 | 0.01 73.69 305.82
20 | 0.03 22.29 294.38
30 | 0.05 11.37 230.69
40 | 0.1 4.46 52.37
50 | 0.1 2.48 43.04

Table 4.3.: Participation value 7, field dif-
ference 19 AH, and mean maxi-
mal field strength poH, (1)
for the best topologies for each
distance d.
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Figure 4.34.: (a) Cross-track field profiles (H) at different distances d from the write head tip
for the linearly optimizations (continuous lines) and the non-linear optimizations
(dashed lines) obtained from the respective optimized topologies with pinis = 0 and
(b) dependence of the respective field difference pgAH, and (c) the mean maximal
field strength poH. (Qn,,hy) on the distance d for the best topologies with piniy = 0
and pipit = 0.5.

tained with pinit = 0 and pinie = 0.5 (all with n = 0.1 as presented in [30]). Note, that
H, (M) = th H.dV/V (Q,) is the mean of the z-field component inside the respective
X

domain Qp, and V (Qy, ) is the corresponding volume. Comparing the results obtained using
pinit = 0 and piui¢ = 0.5 with respect to the mean field H, (2, hy) it can be seen that the
topologies obtained with pinis = 0.5 produce a stronger z-field component H,. Looking at the
field difference AH, it can be seen that while for d < 20 nm pi,j; = 0 produced a slightly larger
field difference, for d > 20 nm this is no longer the case and the field differences created by
the topologies obtained with pi,ix = 0.5 become larger. This is in contradiction to the results
of the optimizations using the linearized material law, where the objective functional (and with
it the field difference) is always lower (larger) for the topologies obtained with pini = 0. This
divergence between the results obtained using the linearized material law and the recalculation
using the full non-linear material characteristics shows the necessity of using the full non-linear
material characteristics during optimization.
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Non-linear material law

The optimizations for d = 0 and d = 10 nm have
been repeated incorporating the full non-linear ma-
terial characteristics during optimization. In
the objective functional value .J is plotted
in dependence of the penalty parameter p for differ-
ent values of the participation parameter 7 for op-
timization with pinix = 0.5 at d = 10 nm. It can be
seen that the main dependencies of the optimiza-
tion stay unchanged and the best topologies are
found for p = 1. Furthermore, again pinx = 0 de-
livers the best results as shown in [Figure 4.36| where
the objective functional value J is plotted in depen-
dence of the participation parameter n for pinix = 0
and ppit = 0.5 for p = 1. It can be seen that
the topologies found using pinit = 0 are better and
furthermore some optimization using ppix = 0.5
terminated prematurely with dofs of p still hav-
ing the initial value. Note, that here for pyi = 0
the best topology is already found for n = 0.2 and
the objective functional value increases when fur-
ther decreasing 7. The best topology is shown in

The field profile is also shown in

Objective functional value J

|
I
[an)

|
I
t

|
o
o

|
ot
>

|
=
=

T
*
.

* //’./’/ |

oo

-e-1n=20.5
n=20.1

| | L I 1
2 4 6 8 10

Figure 4.35.: Dependence of the objective

functional value J on the pa-
rameter p for different partici-
pation values n for pi,it = 0.5.
The red stars indicate simula-
tions for which the optimiza-
tion terminates prematurely.
Picture taken from [30].

(dashed lines) for comparison with the field profiles obtained from the optimizations us-
ing a linearized material law. Regarding field difference poAH, and mean maximal field strength
poH: (Qny ps), with 113.81 mT and 543.97 mT respectively the non-linearly optimized topolo-
gies show an increase of 54.44% and 77.87% respectively with respect to the linearly optimized

topologies.
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Figure 4.36.: Dependence of the objective functional J and the number of necessary function
evaluations ng. on the participation parameter 7, both for the non-linear topology
optimization at a distance of d = 10 nm. The red stars indicate simulations for

which the optimization terminates prematurely.
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Figure 4.37.: Best topology found using a non-linear material law for a fieldbox distance of 10
nm. In (a) the front view of the compete head tip is shown including the fieldbox
in green. In (b) a bottom view slice and in (c) a side view slice through the middle
can be seen.

(a)

An important factor when using the full non-linear material characteristics during optimization
is the increase in computational effort. While for d = 10 nm with pj,x = 0, for the linear
optimization with n = 0.1, solving the forward problem on average needs 4 linear iterations,
using the non-linear material law this increases to on average 357 linear iterations necessary to
solve the forward problem using the inexact Newton method. For pi,ix = 0 computational effort
decreases by half to on average 160 necessary linear iterations for also 7 = 0.1 . This is since with
Pinit = 0 the system matrix is sparser on average during optimization. However, the increase in
computational effort to solve the forward problem is still by almost an order of two magnitudes.
Note that solving the adjoint equation requires the same computational effort since it is a linear
equation in both cases.

For d = 0 nm no detailed dependency on 1 was calculated due to the increased time demand
of the optimizations and with pi,x = 0 only an optimization with n = 0.1 was performed. The
respective field profile is also shown in With a field difference of ugAH, = 304.11
mT and a mean maximal field strength of ugH, (Qhy hy) = 915.55 mT using the full non-linear
material characteristics during optimization delivered an improvement by 43.90% and 40.58%
respectively.

In conclusion, optimizations using a linearized material law as well as incorporating the full
non-linear material characteristics have been performed using the binary optimization algorithm
BTO and the dependency on the initial distribution pi,it of the indicator function p and the
participation parameter 1 has been investigated.

It has been found, that the optimizations using an initial distribution of piy;x = 0 perform best
for both cases, using the linearized and the non-linear material law. Regarding the participation
parameter 7 for which the best topology is found, a dependence on the distance d was shown
for the linear optimizations. In detail, while for d = 0 and d = 10 nm the objective functional
value decreases with decreasing 1 down to at least n = 0.01, this is different for higher values
of d where already for n > 0.01 the best topology is found and the objective functional value
increases again when further decreasing 7.

The computational demand increases by almost two orders of magnitude in terms of the number
of linear iterations necessary to solve the forward problem for the optimizations incorporating
the full non-linear material characteristics. Therefore, a detailed dependence on the participation
parameter 7 of the non-linear optimizations was not calculated for each distance d. However, for
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d = 10nm the objective functional value decreases with decreasing n until the best topology is
found for = 0.2. Regarding the obtained mean field difference a maximum of pgAH, = 304.11
mT was found for the non-linear optimization at d = Onm with » = 0.1. The non-linear op-
timizations produced topologies that on average increases the field difference by 49.17% with
respect to the linear optimizations, showing the advantage of incorporating the full non-linear
material law during optimization. However, the topologies optimized using a linearly approx-
imated material law produce the same main features as the non-linearly optimized topologies.
Only the features themselves, namely the size of the two prongs, the size of the gap between the
prongs and the size and position of the material island between the prongs differ.
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4.3. Topology optimization of an ideal permanent magnet

An ideal permanent magnet does not change its magnetization state due to its own stray field
or in other terms its susceptibility x is equal zero. When performing topology optimization,
therefore it is not necessary to solve the full magnetostatic Maxwell’s equation as done above,
but it is reasonable to assume a homogeneous magnetization My having the value of the ma-
terials remanence magnetization M, and to work with equation . Doing so reduces the
computational effort greatly.

Having only the magnetization as material function, topology optimization is introduced by
M (p) = p" M, (4.26)
Inserting this into the forward problem given by equation it follows
F=V -(Vu—p"My) =0 (4.27)

with the open boundary condition
1
u(r) — O (H) for |r| — oc. (4.28)
T

Again, F' is a mapping U x R — Z with appropriate Hilbert spaces with © € U and p € R and
the L2-inner product. And the reduced optimization problem can again be written as
min J (u(p), p). 4.29
min J (u(p) . p) (4.29)

4.3.1. Adjoint equation

In the same way as for the full Maxwell problem starting with JF};, the operator 0F, is obtained
from the Fréchet derivative (Definition 2|) with w € U as

OF, (u(p) . piw) = lim LT W)= F(up)

e—0t €

= Aw (4.30)

the Laplace operator. The Laplace operator is self-adjoint as can easily be checked using defini-
tion if the same boundary conditions as valid for the potential u are enforced on the adjoint
variable \.

The adjoint equation in the case of a fixed magnetization M therefore becomes:
AN =TR (0Jy) (4.31)
with open boundary condition
1
[r]

A(r)— 0O ( > for |r| — oo. (4.32)

The dependency on the scalar potential u on the right hand side of equation ([5.7]) can be rewritten
as a dependency on the field H in the same way as above (equations (4.9) and (4.10)) giving
equation ([5.7)) in its weak form after partial integration of the left hand side as

/RS (- VA+R@Jm)) - Voav., (4.33)
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where again the boundary term vanished due to the boundary condition on A. This is the weak
form of

V- (VA-=R(0Jg)) =0 (4.34)

an equation identical to the forward problem in equation (4.27)), with u replaced by A and p? M
replaced by R (0Jg). Therefore, again the same algorithm used to solve the forward problem
can easily be used to solve the adjoint problem.

4.3.2. Gradient

To calculate the full gradient, the operator OF), is obtained from the Fréchet derivative (Defini-|
tion 2) with 7 € R as

OF, (u(p) ,pir) = OF,r — lim T Plpter) = Flup)

e—0t €

=V (pp"~'rM,) (4.35)
and the dual operator OF) is calculated using giving

(anru >\) = / V. (pppflrMo) AdV =
R? (4.36)
—/ ppPirMy - VAV = —/ rpp?’" Mo - VAAV = (r,0F})) .
R3 R3
Here the boundary integral again vanishes \ satisfies the boundary condition ([5.6]).
For the full gradient we therefore get
VJ, =—-0F;A+R(0J,) =

8 (4.37)
po? My VA+R(D],).
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4.3.3. Optimization of a hard magnetic thin film flux guide concentrator

In same way as above, a hard magnetic thin film flux guide concentrator is optimized using
the fixed magnetization approximation. For the optimization the same mesh as presented in

Figure 4.1] and the same objective functional given by equation (4.22))is used. The remanence
magnetization is also set as M, = 280000 A /m and the anisotropy axis is chosen as the y-axis.

For the optimization, the binary topology optimiza-
tion algorithm (BTO) with 7 = 2 that is identical
to gradient independent minimization algorithm is
used. Note, that in the same way as when using
the full Maxwell problem, changing the participa-
tion 7, in the case of using a hard magnetic mate-
rial only changes the number of necessary function
evaluations and the same topology is obtained. The
optimization was again performed for the three dif-
ferent initial distributions of the indicator function Figure 4.38.: Best optimized topology ob-

¥

< X

p- tained using the fixed mag-
netization approximation and
comparison with the analyti-
cal solution (green line).

The results show, that the same topology is found
for all initial distributions within 3 function evalu-
ations independent of p at least for p < 6 without
intermediate values of p in the optimized topology.
The found topology is shown in[Figure 4.38 where it is also compared to the analytical solution as
derived in [subsubsection 4.2.3] It differs from the best topology obtained using the full Maxwell
problem (Figure 4.10) by 205 cells and produces a mean field of H'y = 21.09 mT inside the
domain 2. Note, that this value is inherently different from the field value obtained using the
full Maxwell’s equation due to the different calculation methods. Using the obtained topology
and recalculating the field with the full Maxwell’s equation with x = 0 the obtained mean field
is H, = 22.82 mT which is 0.01 mT below the value obtained form the topology optimized using
the full Maxwell problem.
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4.4. Conclusion

Within this chapter, two topology optimization algorithms based on the density approach of
topology optimization were presented. The first algorithm uses the full magnetostatic Maxwell
problem to optimize the topology of a magnetic structure while the second algorithm is based
on an approximation using a fixed magnetization configuration as source. Several examples of
optimizations of hard as well as soft magnetic structures have been shown and the dependencies
of the different optimizations on the penalty parameter p as well as on other parameters for the
respective minimization algorithms used were investigated

The optimization of a hard magnetic structure has been shown to be rather straightforward
since the optimization depends on p linearly. The best topologies in this case are obtained
using a gradient size independent minimization algorithm where all dofs of p are set to 0 or
1 within one iteration following the sign of the gradient. Furthermore, the best topologies are
found independently of the initial distribution pin;x of the indicator function p and the penalty
parameter p, suggesting the usage of piniy = 1 and p = 1 as default values. Additionally, it
has been shown that the approximation of an ideal hard magnetic material (y = 0) is valid
for a realistic permanent magnetic material with a susceptibility of x = 0.2 for the algorithm
solving the full Maxwell problem. The approximation allows for a faster optimization with the
number of necessary function evaluations lower by two orders of magnitudes while the obtained
field difference is negligible (< 0.1%0) and the obtained topology differs by only 0.66% of dofs.
Additionally, when optimizing the topology of hard magnetic materials, the approximation using
a fixed magnetization as source can be used. Doing so, the dependencies on the penalty parameter
p are identical, and using the gradient size independent minimization algorithm for p = 1 the
best topology is obtained within 3 function evaluations. The obtained topology differs from the
one obtained by solving the full Maxwell problem with ¥ = 0 by 1.2% of dofs and the field differs
by 0.4%. Note, since solving the equations appearing for the fixed magnetization approximation
is computationally less demanding, this approximation is the preferred method when optimizing
permanent magnetic material. Note furthermore that using more complex objective functionals
with several, possibly competing terms the optimization is expected to become more involved,
and the binary topology optimization algorithm introduced for the optimization of soft magnetic
structures may become beneficial here as well.

For soft magnetic structures, the non-linearity introduced by the susceptibility x leads to a higher
complexity of the optimization problem already for simple objective functionals. This can be seen
in the strong dependence on the penalty parameter p for the optimization of the soft magnetic
thin film flux guide concentrator and by the fact, that the simple gradient size independent
minimization algorithm does not deliver satisfying results anymore. The minimization algorithm
has therefore been expanded to a binary topology optimization algorithm reducing the number of
dofs participating in each iteration. Using this algorithm the obtained topologies are improved,
but at the cost of introducing a new parameter, the participation 7. Furthermore, a comparison
of the two presented soft magnetic examples shows, that for different problems the penalty
parameter p, as well as the initial indicator function pi,;; for which the best topology is obtained,
are different. While for the example of a soft magnetic thin film flux guide concentrator for
different values of x the best topologies were found for higher values of p and pin;; = 0.5, for the
optimization of a HAMR, write head pinit = 0 and p = 1 were optimal. Furthermore, comparing
the optimizations using a linearized material law and optimization incorporating the full non-
linear material characteristics, it has been shown that whenever saturation effects play a role,
considering the full non-linear material characteristics during optimization improves the obtained

93



topologies substantially. However, this goes at the price of significantly higher computational
effort.
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5. Source reconstruction

This chapter deals with the problem of reconstructing the magnetic source of a given magnetic
structure from measurements of its stray field. The chapter is structured as follows. First, the
term source reconstruction is introduced in general terms. Thereafter, in the next section, the
case of using the magnetization as control variable is discussed. The forward problem is presented
and the adjoint equation and the gradient are derived. In the next section, as an example the
reconstruction of a magnetic flower state inside a permanent magnetic unit cube is presented.
In the following section, the case of using fictitious magnetic charges as control variables is
introduced and again the respective adjoint equation and the gradient are derived. The example
of the unit cube is then also calculated using this approach. Thereafter, the dependence of the
source reconstruction procedure on the size and position of input measurements is investigated
in detail using both methods and the results are compared. Parts of this chapter have previously
been published in [57] and [58].

When performing source reconstruction, the goal is to reconstruct the magnetization state of a
given magnetic structure from measurements of its magnetic stray field. This is done to gain
information about the magnetization state for e.g. quality control. Furthermore, using the
obtained magnetization state, the stray field can be extrapolated to regions that might not be
accessible to measurement. Source reconstruction problems have e.g. been used to investigate the
magnetization distribution inside magnetic rollers used in printers [59|, to investigate ferromag-
netic shell structures [60|, magnetically biased chokes |16] or to characterize the magnetization
of permanent magnets [61] .

Reconstructing the magnetic source means obtaining a magnetization state that produces a
magnetic stray field identical to field measurements of the corresponding magnetic structure.
The objective functional used to perform the source reconstruction is given by

J(H (p),p) = R(H (p) — Hn) + T (p), (5.1)

where R (H (p) — Hy,) is the residual term depending on the difference between the calculated
stray field H and the field measurements H,. p refers to the control variable that can e.g. be the
magnetization M or, as will be seen below, fictitious magnetic volume and surface charges (pm,
and o). T (p) is called regularization term. It enforces some kind of additional constraint on
the control variable (Tikhonov regularization). The necessity to impose additional constraints on
the control variable by means of regularization has two reasons. On the one hand, depending on
the kind of control variable, the source reconstruction problem might not have a unique solution
and hence is inherently ill-posed. This will be seen below when using the magnetization M
as control variable. In this case, the regularization can be used to select a distribution of the
control variable with specific properties from the multitude of possible solutions. On the other
hand, the measured field data used as input for the source reconstruction will always be subject
to noise. Since the inverse algorithm tries to produce a source that creates a field that coincides
with the input field as good as possible, the source will have features that are not based on the
“real” magnetic field but are introduced by the noise. This is called over-fitting. In this case, the
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regularization performs a smoothing of the source and thereby the produced field. The choice of
regularization term depends on the control variable used and the assumptions made regarding
the source that is to be reconstructed. However, whatever regularization term is used, it is crucial
to apply it with the right strength. The parameter controlling the strength of the regularization
is the regularization (or Tikhonov) parameter . If it is chosen to low, the regularization will
not be strong enough to prevent over-fitting and if chosen to high, over smoothing appears and
the control variable is no longer able to reconstruct the target source. A way to chose the right
size of the regularization parameter « is the so called L-curve method that will be introduced in
detail below (subsubsection 5.1.4)).

Note, that this chapter focuses on reconstructing the magnetic source of a given magnetic struc-
ture i.e. the magnetization state or a distribution of fictitious magnetic charges. However, it is
also possible to reconstruct the topology of a magnetic structure from measurements of its stray
field by using the methods introduced in the previous chapter (chapter 4)) in combination with
an objective functional of the same form. The control would then again be the density indicator
function p.

Furthermore note, that the techniques introduced within this chapter can also be used to design
the magnetization state of a magnetic structure in order to obtain a specific magnetic stray
field. To this aim, a desired magnetic field can be used as input as H, or a different objective
functional, e.g. of the form used for topology optimization in the previous chapter, can be used.
The kind of regularization used might then be different from the regularization terms used within
this chapter. An example of the design of a magnetization state, the optimal design of a Halbach
cylinder creating a homogeneous stray field inside of the cylinder, was published in [57].

o6



5.1. Using the magnetization as control variable

Using the magnetization M as control or design variable the forward problem from equation

reads
Fu(M),M)=V - -(Vu—M)=0 (5.2)

with open boundary condition given by equation (3.27)), as derived in Here again u
is a scalar function from a Hilbert Space U, M is a vector valued function from an appropriate
Hilbert space M and F' is a mapping U x M — Z into another appropriate Hilbert space Z,
with all Hilbert space having the L?-inner product defined.

The reduced optimization problem in this case is given by

min J (u (M), M). (5.3)

5.1.1. Adjoint equation

The adjoint equation is derived by first calculating 0F,, in order to then obtain OF}. From the
Fréchet derivative defined in follows for a w € U

OF, (w(M),M;w) = 0F,w = lim F(u+ew,M) - F (u, M)

e—0t €

= Aw. (5.4)

OF, therefore is the Laplace operator. Since the Laplace operator is self-adjoint if the same
boundary conditions as valid for the potential u are enforced on the adjoint variable A - as can

easily be checked using - the adjoint equation becomes:
AN =R (0Jy) (5.5)

with boundary condition
1
A(r)— O <|r|> for |r| — oo. (5.6)

Following equations (4.9)) and (4.10) the dependency on the scalar potential u on the right hand
side of equation (5.5) can again be rewritten as a dependency on the field H, giving equation
(5.5) in its weak form after partial integration of the left hand side as

/R ( — VA+R(0JH) ) - VudV, (5.7)

where again the boundary term vanished due to the boundary condition on A. This is the weak
form of

V. (VA —TR(dJg)) =0, (5.8)

an equation identical to the forward problem in equation (5.2)), with u replaced by A and M
replaced by R (0Jgr). Therefore, again the same algorithm used to solve the forward problem
can be used to solve the adjoint problem.
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5.1.2. Gradient

To calculate the full gradient, the operator 0Fjs is obtained for m € M from the Fréchet

derivative (Definition 2|) as
Fu(M),M +em)— F (u, M)

OFnv (u(M),M;m) =0Fpm = lim =-V-m (5.9)
e—0t €
and the dual operator OF}y, is calculated using giving
OFmm, N =— | VemAdV = [ m-VAdV = (m, 0Fi\) . (5.10)

R3 R3
Here the boundary integral again vanished since A satisfies the boundary condition ([5.6]).
For the full gradient we therefore get from equation ([2.22)

Vin = —VA+R(8Jnr). (5.11)

5.1.3. Uniqueness of the obtained solution

When solving the forward problem (equation (5.2))), as presented in [subsection 3.2.2] the magne-
tization M does not appear independently in the respective equations, but its divergence V - M
is used (compare equation (3.28)). This has implications for the uniqueness of the solution of
the source reconstruction problem. In detail, consider that what is obtained from solving the
forward problem is the magnetic stray field H as the gradient of its solution . The uniqueness
theorem for Poisson’s equation states that for problems with boundary conditions like valid here
(equations - ) the gradient of the solution - and therefore in this case the stray
field - is unique for a given source term. Now since the source term is the divergence of the
magnetization looking at the Helmholtz decomposition of the magnetization

M=V¢+V x1p, (5.12)

one can see that any solenoidal part of the magnetization vanishes due to V - (V x ) = 0 and
is therefore not part of the source term. When performing source reconstruction, the obtained
magnetization M therefore is ambiguous since every other magnetization M’ = M + V x 1 is
also a solution giving the same stray field. The inverse problem is therefore inherently ill-posed
since no unique solution exists.
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5.1.4. Source reconstruction of a flower state

As an example of the reconstruction of a magnetiza-
tion state, the reconstruction of a magnetic flower
state of a permanent magnetic unit cube is pre-
sented. This example was also presented in [57]
and is here investigated in more detail.

The model used is shown in The mag-

netic unit cube (1x1x1 mm3) defines the optimiza-
tion domain op¢. It is discretized by a tetrahedral
mesh with 10 cells in each direction, therefore con-
sisting of 6000 cells (1331 nodes). It is surrounded
by six fieldboxes with a thickness of 0.04 mm cov-
ering the magnets whole surface at each side at a
distance of 0.1 mm. The fieldboxes constite the do-
main €y, where the field is calculated. Each fieldbox
consists of 600 cells (242 nodes).

The magnetic flower state is described by

Figure 5.1.:

sin (¢40) cos (o) /22
M = Mg | sin (¢i0) sin () with O=zvai+y

cos (¢0)

(5.13)

where ¢ controls the amount by which the flower

state is tilted and is chosen to be equal 2 in the

presented examples. The saturation magnetization
M is set to 1 A/m giving |[My| =1 A/m.

In figure a slice through the middle of

the model showing the magnetic flower state and
the stray field Hy, calculated as described in
is presented. The field has a mean
magnitude of 0.23 + 0.04 A/m. Note, the mag-
netization is defined using piecewise linear basis
functions (P1). The same is true for the poten-
tial v as well as the adjoint variable A, while the
derived stray field H = —Vu is chosen to be con-
stant within each element.

The residual term as introduced in equation ([5.1)
used to perform the source reconstruction is given

(5.14)
where €y C y is the target field domain defining
the area from where the field is used as input for
the source reconstruction.

99

¢ =tan™" (y/z)

Model used to calculate the for-
ward stray field Hy used to
reconstruct a magnetic flower
state. The cube magnet (Qopt)
is colored in green and the field-
boxes constituting the domain
)y, are depicted in grey.
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Figure 5.2.:

Slice through the middle of
the model showing the mag-
netic flower state (magnetiza-
tion vectors in green) and the
forward field (field vectors in
blue).



In order to investigate the influence of regularization on the source reconstruction procedure,
two different regularization terms are used. The regularization terms are given by

Tyrad (M) = /Q (VM)? aV (5.15)

and
Thorm (M) z/ (M? - M?)* av. (5.16)
Qopt

The two regularization terms impact the magnetization differently. While Tygpaq (M) penalizes
fluctuations within the magnetization and is considered to be a good regularization term since
the magnetization is a slowly and smoothly varying entity, Thorm (M) penalizes magnetization
vectors with a length different from the remanence magnetization M. Note that in the presented
case M, has been replaced by 1 since this is the length of the individual magnetization vectors
of the reference flower state M. The influences of the two regularization terms are compared
for the presented examples. Note, that in order to be able to calculate Ty;aq, the magnetization
has to be defined using piecewise linear basis functions since it contains the gradient of the

magnetization.

For the presented examples the Scipy implementa- 10-8 F ]
tion of the limited-memory Broyden—Fletcher-

Goldfarb—Shanno minimization algorithm with Sl U |
bounds (L-BFGS-B) [41] is used to perform the op- é 1012 |- |
timizations and the derivative d.J is used as update =

during the optimization process. This was done g 101 a
since the possibility to use the derivative was easier § 10-16 | |
to implement and done first. Furthermore, no big

difference between the usage of the gradient and the (U L \ L
derivative is expected since the mesh used is regu- 30726000 20250 48000
lar. However, it has to be pointed out, that since number of cells

for the magnetization piecewise linear basis func-
tion are used, the dofs are on the nodes and there-
fore, the mass matrix is not diagonal, as is the case
when using elements constant within each element,
but has off-diagonal entries. Thus the multiplica-
tion is not a simple scaling of the dofs, but dofs on
the boundary are weighted differently. However, af-
ter implementation of the necessary procedures, re-
peating selected optimizations using the python package moola [42] and the therein implemented
L-BFGS minimization algorithm, no improvement of the optimization process was found.

Figure 5.3.: Residual term R obtained from
source reconstructions of the
flower state without regulariza-
tion and with the forward field
H¢ used as input directly, ob-
tained for meshes with different
numbers of cells.

The inverse crime

Note, that here the same algorithm is used to create the model problem that is then used to
evaluate the capabilities of the inverse algorithm. This procedure can lead to the occurence of
the so called inverse crime [62] and therefore has to be applied with caution. The main problem
is, that the inverse algorithm, in this case inherently inverts the specific forward operator used to
create the model problem. Therefore, its capabilities in reconstructing the model problem exceed
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its capabilities of reconstructing sources using input data obtained in a different way. In order
to illustrate this problem source reconstructions with the forward stray field H¢ as input have
been performed for differently fine regular meshes for the magnetic unit cube, without any kind
of regularization. In the residual terms of the source reconstructions are plotted in
dependence of the number of cells of the unit cubes mesh. It can be seen that for the mesh with
6000 cells, that is identical to the mesh used to calculate the forward stray field, the reconstructed
field coincides with the forward field orders of magnitudes better then when using a coarser or a
finer mesh. In order to avoid these problems, for all presented examples, a different mesh, with
the cell size halved in comparison to the mesh used for the generation of the model problem
(48000 cells in total) is used. Furthermore, different levels of noise are added to the calculated
forward field Hy. As noise, Gaussian noise with zero mean and different standard deviations of
1072,1072,10™* and 107° is used. The influence of the different noise levels is investigated for
each presented example.

Using 6 measurement boxes

As a first step all six boxes are used as target field domain €y = €}, for the source reconstruc-
tion.

L-curve method In order to find the optimal value of the regularization parameter « the L-
curve method [63] is used. The objective functional is minimized for different values of the
regularization parameter o starting with o = 0 and increasing it by factors of 10 with o = 10~
being the smallest value. In order to obtain an L-curve, the residual term R is plotted versus the
regularization term 7T for different values of o in a log-log-plot. An example for the reconstruction
of the flower state using 6 fieldboxes with a noise of 1072 added to the forward field, a constant
initial magnetization of Mipniy = (0,0,0) and Tyraq (M) used as regularization term is shown in
For an regularization value of @ = 0 the magnetization tries to reproduce the noisy
target field without any constraints, producing the smallest residual term. This is called over-

_g 103 L \a _ 1\079\ T T 1] —g 103 E : 1
&:0 (0] E(gb 2 E E
107 107 ¢ E

+ + L ]
é 1073 |- g 1w0'f E
= -~ = .|
£ 00 g 10°F E
] C -

?ﬁo 107? EGI.)O I i

11 I [ R R ~
- -3 107!
10 10 1074.15 1074.1 1074.05 1074
residual term R residual term R
(a) (b)

Figure 5.4.: L-curve for the source reconstruction of the flower state with 6 fieldboxes with a noise
level of 1072, a constant initial magnetization of My = (0,0, 0) and Tyraq (M) used
as regularization term. The complete calculated L-curve is shown in (a) and in (b)
the kink of the “L” is magnified.
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fitting. An example can be seen in
where the reconstructed magnetization state of a
source reconstruction with My = (0,0,0) to-
wards a target field with noise level 1072 with-
out regularization is shown. The strongly fluctuat-
ing magnetization vectors illustrate the over-fitting.
Increasing the regularization parameter, the resid-
ual term increases only slightly while the regular-
ization term decreases quickly. This happens up
to a point where the regularization term becomes
dominant and the residual term increases rapidly.
This is where over-smoothing is happening. The
ideal value of « is assumed to be right at the kink
of the L-curve where the regularization is strong
enough to regularize the magnetization, keeping it
from over-fitting to the noise, but still weak enough
to allow for the reconstruction of the flower state.
Up to what value of « the L-curve is calculated de-
pends, as will be seen on the level of noise as well as
on the chosen regularization term. A condition for
having used a large enough value of the regulariza-
tion parameter is that the residual term increases
significantly within the log-log-plot.

In order to find the optimal value for « as suggested
in [63], after the objective functional has been min-
imized for some values of «, including values in the
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Figure 5.6.:
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Figure 5.5.: Slice through the middle of the

reconstructed flower state for
a source reconstruction with
noise level 1072 and M =
(0,0,0) without regularization.
The field vectors of the noisy
target field are represent in
blue and the field vectors pro-
duced by the reconstructed
magnetization in grey. The
strongly fluctuating magnetiza-
tion (red arrows) show that
over-fitting occurs without reg-
ularization.
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(b)

Mean difference and standard deviation of (a) the magnetization at each dof between

the obtained magnetization state and the reference flower state |M — M¢| and (b)
the mean difference of the magnetic field at each dof between the obtained field and
the reference forward field H¢ for different values of « of the source reconstruction
with a noise level of 1072, a constant initial magnetization of My = (0,0,0) and

Torad (M) used as regularization term.
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region of over-fitting, some kind of fitting procedure can be used to extract the optimal value
of the regularization parameter. However, this is not done here but the L-curves obtained as
explained above are evaluated manually. As can be seen from this procedure makes
the exact choice of the value for o a bit ambiguous. Either, a = 107% and o = 1075 seem
reasonable choices. In order to investigate for which value of « really the best reconstruction of
the magnetization occurs, for each a the resulting magnetization state M is compared to the
flower state M. To do so, the flower state is interpolated onto the used mesh and the difference
between the magnetization vectors at each dof, |M — Myl is calculated. The same is done for
the dofs of the magnetic field H obtained for each « and the noise free forward field H¢, giving
|H — Hy|. In|Figure 5.6/ the mean difference of the magnetization |M — M| and the magnetic
field |H — Hy| is plotted in dependence of the regularization parameter «. The huge standard
deviation of the magnetization for low « values shows that the magnetization fluctuates strongly
for too small values of the regularization parameter. For a = 107% a minimum of the magne-
tization of |M — My = 64.92 £+ 41.47 mA/m is found and in terms of reconstruction of the
forward field a minimum is found at o = 107° with 1.97 + 0.88 mA/m. The differences to the
other possible best value of a (1075 and 107° respectively) is an increase in 1.45% in |M — M|
and of 12.70% in |H — Hj|. Since the goal here is the source reconstruction of the magnetic
flower state, in this case a = 1076 is advantageous. Note, that this ambiguity arises frequently
when evaluating the L-curve and it can be expressed as the choice between two values of the
regularization parameter where one is still in the domain where the regularization parameter
decreases without decreasing the residual term significantly (v = 1079 in the above evaluation)
and the other is the first value where the regularization has started to influence the solution and
the decrease in the residual term is noticeable on the log-log-plot (o = 107> above). However,
even though attempts were made, no clear trend favoring either of the two choices valid for all
presented examples was found. Therefore, in order to be consistent, in the following, if this
unambiguity arises, always the point still in the domain where the residual term has not yet
decreased significantly is chosen.

The form or the L-curve changes for different noise
levels and different regularization terms. This is
exemplarily visualized in where the L-
curves for different noise levels, including the case
without noise, are plotted for a constant initial
magnetization of My = (0,0,0) and Tgraq. It
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. . P —4
field H4, is reproduced with less accuracy. Further- 1076 || 10 -
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over-fitting happens is longer and the kink in the e 5
L-curve is found for higher values of «. This shows, o~ 107 1007 107° 107°
that for higher noise levels, over-fitting is a larger residual term R

issue and the regularization has to be increased in
order to smooth out the effects of the noise. Ad-
ditionally, with increasing noise the kink in the L-
curve becomes less pronounced. This also means
that the ambiguity in the choice of the regulariza-
tion parameter, as discussed above, increases with . :
increasing noise. For comparison in two different noise levels.
L-curves for which the choice of the optimal regu-

Figure 5.7.: L-curves for the source recon-
struction with an initial mag-
netization My = (0,0,0)
and Tgraq (M) as regulariza-
tion term for target fields with
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larization parameter value is unambiguous are plotted. shows the L-curve of the
same optimization as above for a noise level of 1075, It is clearly visible that in this case the
lowest residual term value is obtained not for & = 0 but for o« = 1079, This suggests that
without regularization the optimization terminates in a local minimum that is avoided using a
small regularization parameter. o = 1079 also constitutes the optimal value according to the
L-curve evaluations and with a difference of |H — H¢| = 10.70 £ 5.70 pA/m the forward field
is reconstructed best for this parameter (see [Figure 5.8d). However, while for o = 107 the
difference in magnetization is given by |M — M| = 70.24 £+ 37.52 mA /m the magnetization is
reconstructed more accurately for a = 1077 with |[M — M| = 55.19 £ 32.35 mA /m (see
ure 5.8bj). Furthermore, in the L-curve of the optimization towards the same target
field with a noise level of 107 also with a constant initial magnetization of My = (0,0, 0) but
with Tyorm as regularization term is plotted. In comparison to Tyraq, using Thorm the optimal
regularization parameter according to the L-curve method is found for a much higher value of
a = 1072, In fact, up to @ = 107 almost no change in the obtained magnetization is found
as visible in [Figure 5.8¢] As can be seen in the forward field is reproduced best for
the optimal value of a found using the L-curve method with |H — H¢| = 12.61 + 8.44 pA/m.
However, again the magnetization reconstructing the flower state best is not found for the same
o where |M — M| = 70.83 4 38.99mA /m, but for a = 107° with |[M — M| = 26.17 + 32.49
mA/m. In both cases the best possible magnetization reconstructing the flower state is not
found using the L-curve method for evaluation. This clearly shows the limitations of the L-curve
method.

The computational effort necessary to obtain the optimal value of the regularization parameter
«, depends on the one hand on the number of values of the regularization parameter for which
the objective functional has to be minimized before the optimal value is found and on the other
hand on the number of necessary function evaluations the individual minimizations need. The
number of necessary function evaluations ng., for each minimization of the objective functional, in
dependence of the regularization parameter «, is plotted in for the examples discussed
so far. Using the algorithm defined above to obtain the best value of the regularization parameter,
this translates into a total number of necessary function evaluations of 2641 for the source
reconstruction with Miyi; = (0,0,0), Tgaa and a noise level of 1072, since the L-curve has to
be calculated up to at least o = 1073 in order to be sure that the region of over-smoothing has
been reached. For the optimization with Miu;; = (0,0,0), Tgraqa and a noise level of 1075, 2925
function evaluations were necessary to calculate up to o = 1077 and with Thorm, Nfev = 14785
with a maximal « of 1.

Statistical evaluation In order to obtain statistically more significant results, for the presented
examples, if not stated otherwise, for each noise level three different target fields were created us-
ing different random seeds. For each target field the L-curves are evaluated to extract the optimal
value of the regularization parameter «. In order to compare the quality of the solutions obtained
using the L-curve method with the overall possible best solutions, for each source reconstruction
performed with a different value of the regularization parameter o the mean difference of the
magnetization |M — M| and of the magnetic field |H — H¢| was calculated. The best possible
solutions are defined as the solutions having the smallest |M — M¢| and |H — Hjy| respectively.
Note that in general the values of a at which the best solutions with respect to |M — M| and
|H — Hjy| are found do not coincide with each other. For each noise level, for a given initial mag-
netization My, and regularization term 7" the mean |M — M| (mean|M — Mji|) and the mean
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Figure 5.8.: L-curves for the source reconstructions for a noise level of 107° and M = (0,0,0)
with (a) Tgraqa and (d) Thorm and corresponding |M — My ((b) and (e)) and
[H — Hi] ((c) and (f)).
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Figure 5.9.: Number of necessary function evaluations ng. of the objective functional minimiza-
tions in dependence of the regularization parameter « for the source reconstructions
with Mine = (0,0,0) with (a) a noise level of 1072 and Tgrad, (b) a noise level of
107> and Tyraq and (c) a noise level of 1075 and Thorm-
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Figure 5.10.: Comparison of mean|M — M| and mean|H — H| obtained using the L-curve eval-
uation and the best found, for different initial distributions M ¢, for source recon-
structions of three target fields obtained with different random seeds for the noise,
for the different regularization terms Tyraq ((a) and (b)) and Thorm ((c) and (d)).

|H — H¢| (mean|H — Hg|) over all three target fields are calculated for the solutions obtained
using the L-curve method and the best possible solutions and the results are compared.

In the statistical evaluation for the source reconstruction of the magnetic flower state
using 6 fieldboxes as input is shown. Regarding the quality of the reproduced magnetization state,
the solutions found using the L-curve method and the best possible solutions differ significantly.
Only for a noise level of 10~2 using Toraqa the L-curve evaluation delivers the best possible
solutions. For the regularization term 77,0, for low noise levels a large difference between the best
possible solution and the solution obtained using the L-curve method can be seen. Investigating
the respective L-curves in more detail, it can be seen that in this cases the L-curves show an
additional kink as also presented in and the best possible magnetization state is
found at this kink for lower values of .. For a higher noise level of 1072 the kink is already
no longer visible and the difference between the best possible solution and the solution found
using the L-curve method decreases. In the quality of the reconstructed flower state
obtained using the L-curve method for different regularization terms and initial magnetizations
is compared. It can be seen that the quality of the solutions obtained using Tyaq fluctuates
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in dependence of the noise level and also the standard deviation of mean|M — Mjy| is larger
for noise levels below 1072 compared to the solutions obtained using Tyhorm- Note that overall
M ,ie = (0,0,0) delivers better results for both regularization terms. Interestingly, increasing
noise does not lead to a reduction in the quality of the reconstructed flower state, but the best
reconstruction of the flower state using the L-curve method is found for a noise level of 1072 with
Torad and Mipnie = (0,0, 1) with |[M — M| = 62.68 = 42.23 mA /m. However, the best possible
reconstruction that could be obtained if the optimal regularization parameter were accessible is
found for Tyorm with My = (0,0,0) for a noise level of 1075 having |[M — M| = 25.94432.34
mA /m. Both reconstructed magnetization states are shown in where they are also

compared to the interpolated reference flower state.

1072
Regarding the reconstruction of the forward field I i i

I

it can be seen, that the results obtained using the 9 7%”“1 :%m“ B Eg’g’(l)g H
L-curve method and the best possible results coin- o e

cide with each other to a higher degree than found
for the reproduced magnetization state. Further-
more, the mean field difference mean|H — Hy| in-
creases almost logarithmically in the same ways as
the noise does. This suggests that the introduced

mean|M — M| [A/m]
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T
|

noise can not be smoothed out perfectly by the reg- 6 L | | L
ularization. Note that, with the noise free forward 107° 107! 107° 1072
field having a mean magnitude of 0.23+0.04 A /m, noise level

mean|H — Hy| in the order of 1073 relates to a rel- )

ative error in the forward field of around 0.5%. Fur- Figure 5.11.: Comparlson of the qual-
thermore note that, for both regularization terms ity Of_ the —reconstructed
the quality of the reproduced field is independent of magnetic  flower states
the initial magnetization state and that the field re- (mea.n|M - M tl) fqr the
construction at low noise levels works slightly bet- solutions obtained using the

ter using Tyraq while for a noise level of 1072 Tyhorm L-curve method. in - depen-
performs better. dence of the noise level for

different regularization terms
and initial magnetizations.
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M — M|
M= Mg

Figure 5.12.: Slice through the middle of the reconstructed flower state for (a) the best possible
solution and (b) the best solution obtained by evaluation using the L-curve method.
The forward field vectors are depicted in blue and the magnetization vectors of the
reference magnetic flower state in green. The color code represents the difference
between the obtained magnetization M and the magnetization of the reference

flower state M.
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5.2. Using fictitious magnetic charges as sources

As discussed above (subsection 5.1.3)) when using the magnetization as control variable, the
source reconstruction problem has no unique solution and is therefore inherently ill-posed. This
problems can be overcome by using fictitious magnetic charges as control variables. Fictitious
magnetic charges, namely, the magnetic volume charge pn, and surface charges oy, are defined
by

pm=—-V -M

5.17
om=n-M. ( )

Simply substituting this definitions into the continuous forward problem as defined in equation
(5.2) is not possible since neither the volume nor the surface charges appear explicitly. In order

to solve equation (5.2) using fictitious magnetic charges, similarly to R? is first
split into a domain €, containing all magnetic parts and a domain R3/€,, (compare equations

(13.28)-(3.32))). The volume charges can then be introduced obtaining

FQm:Au—i—pm:O, in Qn
F (u(pm,om) s Pm,0m) = 5.18
with jump conditions
[Woq,, =0, (5.19)
0
[“] = —om (5.20)
on | yq
and open boundary condition
1
u(r) — 0O (|r|> for |r| — oo. (5.21)

Here again u, the state variable, is a scalar function from a Hilbert space U and in the same way
Pm 1s a scalar function from an appropriate Hilbert space R. oy, lives only on 90, and is also
from an appropriate Hilbert space S and F' is a mapping U X R xS — Z into another appropriate
Hilbert space Z. Again the L% inner product is defined on all involved Hilbert spaces. Note, that
in this form, there is a unique correspondence between the source term given by the magnetic
volume charges pn, and the obtained scalar potential v and therefore the stray field. The inverse
problem in this form therefore has a unique solution.

Since here, two function are used as design variable they can be represented as a vector

p= <§2> . (5.22)

Furthermore, since the magnetic surface charges oy, are only present in the Neumann boundary
condition they represent a boundary control variable and the optimization problem here is a
simultaneous distributed-boundary optimal control problem with Neumann boundary control
[64]. Note, that in contrast all other optimization problems discussed so far can be referred to
as distributed optimal control problems [18§].

Using fictitious magnetic charges, an additional advantage is found in the reduction of opti-
mization variables. This is since the control variable is no longer a vector valued function with
three variables at each dof, but the magnetic volume charges are a scalar function with therefore
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only one variable at each dof and the surface charges are scalar as well living only at the sur-
face of the magnetic structure. Depending of the exact shape of the investigated structure, the
number of optimization variables is therefore reduced to almost a third, compared to using the
magnetization as control variable.

The reduced optimization problem using fictitious magnetic charges can be written as

L , 5.23
P OmE RS ( (Pm:m)  Pims0m) .

5.2.1. Adjoint equation

In order to derive the adjoint equation, again JF) is needed and in order to obtain it first OF,
is calculated from the Fréchet derivative defined in For w € U one obtains

F m>Ym) — F y FmHYm
OF, (u (pm7am)apm;0m;w) — OF,w = her (U+6’LU,p g ) (U Pm ;0 )
e—0 €

the Laplace operator. Note that this is valid for Fm as well as F/*. The dual operator oF;

is derived using [Definition 4| Since wu is continuous over the boundary 09, (equation (5.19)),

if the same is demanded from an element w € U and also from the adjoint variable A one can
write

= Aw, (5.24)

(OF,w, \) = AwAdV
= (5.25)

= — Vw - -VAdV + Vw- -nvds — Vw-nuvds.
R3 0, 0%

Here, in order to consider the boundary conditions the surface integral was split into two bound-
ary integrals over 9, where |, oq- ds defines an integration over the boundary 9y, from the
inside and f o0 ds and integration over 01, from the outside, and an external boundary inte-
gral that vanishes if the open boundary condition on u (equation (5.21))) is also demanded for
w. Note, that the two boundary integrals over 02, have different signs due to the direction of
n and therefore, since boundary condition is valid independent of the side from which the
integration over the boundary is performed the two terms cancel and by again applying partial
integration it follows

(0F,w,\) =— | Vw-VAdV
R3
(5.26)

:/ wA)\dV—/ wVv-nds+/ wVov - nds.
R3 om Lk

Again, the exterior boundary terms vanish if open boundary conditions are demanded also from
A. Furthermore, the interior boundary terms here vanish if the simplest jump condition for A,

that is [%&:)} b 0, is applied. One can therefore conclude
(OFw,\) = / WANAV = (w, OF7A) (5.27)
R3

and the adjoint equation becomes
V- (VA=R(0Jg)) =0 (5.28)
in the same way as above (section 5.1)) with open boundary condition

Ar) = O <|T1|> for |r| = oc. (5.29)
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5.2.2. Gradient

Since when using fictitious magnetic charges the control variable is given by a vector (equation
(5.22), this is also true for the gradient

Vi - <§§Pm> (5.30)

and it is necessary to derive vJ . and ngm separately.

The gradient with respect to the volume charges V.J . can be obtained as before for an r € R
by

F m,Ym)» Pm y Ym _F » FmHYm
OF p, (1 (Pin,0m) . om0 7) = DFp,r = lim. ( (pmsOm) » P + €7, 0m) — F (t, pns0n) _
e—0 €

(5.31)
giving simply R
Vdpm = =A+R(0J,,) - (5.32)

In order to obtain the gradient with respect to the surface charges ngm the weak form of the
forward problem has to be considered, since in the strong form o, does not appear explicitly.
Furthermore, since V.J,._ is only needed on Q,, only Fm is considered giving

— Vu'VvdV%-/

omvds + / pmvdV =0 on Q, (5.33)
Qm aQn) m

where partial integration has been applied once. Note, that the transformation into the weak
form also transforms the forward problem into the dual space Z — Z*. Following |18| this can
be written in operator form as

— Au+ Boy + pm = 0. (5.34)

Using this expression to obtain JFy  via the Fréchet derivative, one obtains 0F,_ = B, where
B is a mapping S — Z*. However, since the gradient ngm is an element of the primal space
of the surface charges S what is actually needed is B*, a mapping Z — S. Since the function
space S contains only function that are defined on the boundary 0€,,, B* evaluates a function
z € Z at the boundary 0Qn,, B*z = z|pq,,. The gradient therefore is given by

Vs, = —Naa, + R (0Js,) (5.35)

and for the complete gradient one gets

A A+ R (8J,,)
V= <Vjam> <—/\|an + R (0Jo) (5.36)

5.2.3. Obtaining a magnetization state from a charge state
In order to obtain a magnetization state from a fictitious magnetic charge distribution the defining

equation (5.17)) can be used. Since the obtained magnetization state should be irrotational, the
magnetization is defined to be a gradient field

M = Vuy (5.37)
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where ups is the respective scalar potential. The defining equation ([5.17) then reads
Aupr +pm =0, in Q. (5.38)

This however, is the same equation as obtained for F¢m (equation (j5.18)) and therefore the
magnetization can be obtained simply by calculating equation (5.37)) with ups = w.
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5.2.4. Source reconstruction of a flower state - continuation

Here, the magnetic flower state of a unit cube as
presented above (subsection 5.1.4)) has been recon-
structed using fictitious magnetic charges as con-
trol variables. The residual term used is identical
to the case where the magnetization was used as
control variable (equation (5.14))) and the regular-
ization term used is given by

/ p2de+/ o2 dV.
Qopt Qopt

(5.39)
This regularization term includes a regularization
on pn, as well as a regularization on oy, and ef-
fectively limits the size of the magnetization vec-
Note, that even though the regularization
term used consists of two terms, only one regu-
larization parameter is used to perform Tikhonov
regularization. This could be expanded by using
a separate regularization parameter for each term.
However, this would increase the computational ef-
fort severely and the optimal regularization param-
eters would have to be found on a two dimensional
surface.

Tcharges (pm ) Um)

tors.

Note, that for all simulations the fictitious magnetic
charges p, and o are defined using piecewise linear
basis functions (P1).

Using 6 fieldboxes - fictitious magnetic charges

The source reconstruction using 6 fieldboxes has
been repeated using fictitious magnetic charges. In
order to provide a good comparison, the reconstruc-
tion was performed for each noise level for one tar-
get field identical to one target field used also for
the case having the magnetization as control vari-
able. In the obtained L-curves for an
initial distribution of pminit = 0 and o it = 0
corresponding to Min;; = (0,0,0) are shown. A
comparison with the L-curves obtained using the
magnetization as source with T,.q4 used as regu-

larization term (Figure 5.7) shows that the target

regularization term Ttharges
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Figure 5.13.: L-curves for the source recon-

struction using fictitious mag-

netic charges with py init =

0 and oy init = 0 for target

fields with different noise lev-

els.
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Figure 5.14.: Comparison of the L-curves

obtained using the magne-
tization and fictitious mag-
netic charges as control vari-
ables for the source recon-
struction with a noise level of
1072 using Tygaq and Teharges
and an initial magnetization
of Minit = (0, 0, 0) and Pinit —
0, Om,init = 0 respectively.

field is reconstructed significantly worse using fictitious magnetic charges. Only for a noise level
of 1072 the two methods deliver comparable results as shown in where the corre-
sponding L-curves are compared. It can be seen, that the kink of the L-curve obtained using
fictitious magnetic charges is much more pronounced as also reported in [58]|. Regarding lower
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Figure 5.15.: L-curve for the source reconstruction of the flower state with 6 fieldboxes with a
noise level of 1077, an initial distribution of Pinit = 0, 0m,init = 0. The complete
calculated L-curve is shown in (a) and in (b) the beginning of the curve is magnified.

noise levels, it is visible, that the domain where over-fitting occurs is less extended compared to
the reconstructions using the magnetization. Furthermore, for lower noise levels and small values
of the regularization parameter no vertical line of the L-curve can be seen, but the residual term
fluctuates with increasing «. This is visualized in where the L-curve for the source
reconstruction with pp init = 0 and oy init = 0 for a noise level of 107 is shown. However, the
evaluation following the L-curve method can still be performed delivering an optimal value of
a = 107% in this case. Regarding reconstruction of the forward field, the minimal |H — Hy¢| of
175.40 £+ 174.02 pA/m is found at the optimal « value while |[M — My¢| at the optimal alpha
value is 130.90 £ 66.38 mA /m which is marginally worse compared to the best reconstruction of
the magnetization at o = 1077 with |M — M| = 130.86 & 66.39 mA /m.

The initial magnetization state M = (0,0, 1) can also be created using fictitious magnetic charges
by setting all dofs of oy, to 1 at the top of the magnetic cube and to —1 at the bottom and keeping

I I I I I [ I i
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Figure 5.16.: Comparison of |M — My¢| and |H — H¢| obtained using the L-curve evaluation and
the best found for different initial distributions of pp, init and om init representing
M, = (0,0,0) and Miyui = (0,0, 1) respectively.
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pm = 0. This distribution is denoted as om init & Minit = (0,0, 1). The source reconstructions
using this initial distribution is compared to the reconstructions obtained using a zero initial
distribution in where again |M — M| and |H — Hj| for the solutions obtained from
the L-curve method and for the best possible solutions are plotted. Regarding the reconstruction
of the magnetization state, it can be seen that while a zero initial distribution always finds an
equal or better reconstruction of the flower state compared to the initial distribution representing
M nie = (0,0,1) in terms of overall best solution, when comparing the best solution found using
the L-curve method no initial distribution is clearly favorable for all noise levels. For a noise
level of 1075 the optimal solution is found using the L-curve method and the difference between
to the best possible solutions increases with increasing noise. This is in contrast to the case of
using the magnetization as control variable where the difference decreased with increasing noise
and using the L-curve method the optimal solution was found for a noise level of 10~2. Note,
that the mean increase in | M — M| between the solutions found using the L-curve method and
the best possible solutions here is 2.10 4= 1.78%. Compared to the source reconstruction with
the magnetization as control variable and Tgraq using the same target field with magnetization
where this mean increase is 26.25 + 18.26, therefore the relative difference between the solutions
obtained using the L-curve method and the best possible solutions is lower when using fictitious
magnetic charges. However, as shown in |[Figure 5.17| where |M — M| and |H — Hj| obtained
using fictitious magnetic charges and the magnetization as control variable using the L-curve
evaluation are plotted for the different noise levels, using fictitious magnetic charges the obtained
reconstruction of the reference flower state is significantly worse.

Regarding the reconstruction of the noise free magnetic field H again an increase in |H — H|
with increasing noise can be observed with no initial distribution being advantageous over all
noise levels. A comparison with the case of using the magnetization as control variable is shown
in [Figure 5.17b] It can be seen that the forward field is also reconstructed worse for all noise
levels and initial distributions by the method using fictitious magnetic charges with the difference
between the two methods decreasing with increasing noise. Note, that the fact that the difference
in reconstruction of the noise free forward field between the two methods decreases with increasing
noise but the difference in reconstruction of the reference magnetization state suggests, that
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Figure 5.17.: Comparison of the quality of (a) the reconstructed magnetization states
(|M — My|) and (b) the reconstructed noise free forward fields (|H — Hj|) ob-
tained using the L-curve method for source reconstructions using fictitious mag-
netic charges and the magnetization as control variables.
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the reason for the worse performance in reconstruction of the magnetization state when using
fictitious magnetic charges is rooted in the numerics of the additional calculation step necessary
to obtain a magnetization distribution from a fictitious charge distribution.

The comparison of the two methods shows, that the simplification of the minimization procedure
by reducing the number of optimization variables through introduction of fictitious magnetic
charges as control variables did not improve the results of the source reconstruction. This is also
true regarding computational effort. Neither were the number of necessary function evaluations
necessary to minimize the objective functional for an individual regularization parameter value
reduced significantly nor was the number of a values calculated to obtain the L-curve smaller.
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Figure 5.18.: Comparison of the mean |M — M| and mean |H — Hy| of source reconstructions
with two field boxes as target domain (), of three target fields obtained with dif-
ferent random seeds for solutions obtained using the L-curve evaluation and the
best possible solution for the different regularization terms Tyraq ((a) and (b)) and
Thorm ((c) and (d)).
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Reducing the number of input fieldboxes

In practice obtaining information about the stray field of a magnetic structure at arbitrary
points in space is often not possible since on the one hand the areas might simply not be non-
destructively accessible or on the other hand performing measurements on several sides of a
structure while keeping the positioning error low is rather involved. Since it is expected, that
the quality of the reconstructed magnetization state highly depends on the position and the
number of data points of the target field used as input for the inverse problem, as a next step
the dependence on the number of input fieldboxes used is investigated. To do so, first the
four fieldboxes at the sides of the magnetic unit cube (with respect to the z-axis) are removed
from the target field domain €, leaving only the top and bottom fieldbox as input for the
source reconstruction problem. Continuing, also the bottom fieldbox is removed leaving only
the top fieldbox as input constituting €2;. Note that by reducing the number of fieldboxes and
keeping the number of measurement points within each fieldbox constant also the number of input
measurement points is reduced. The source reconstruction is performed using the magnetization
as well as fictitious magnetic charges as control variables for the identical three target fields for
each noise level as before. Again, the quality of the obtained magnetization state is investigated
by using |M — My|. Inside € the reconstructed magnetic field is compared to the noise free
forward field using [H — H¢|g . Additionally, the possibility to reconstruct the magnetic field
in areas that were not part of the input domain €, referred to as field extrapolation in the
following, is investigated. To this aim, the field created by the reconstructed source is evaluated
within the fieldboxes that are not part of the input for the source reconstruction Q, = €,/
and is compared to the forward field created by the reference flower state by |H — Hilq, .

In the results for two fieldboxes con-

stituting €, using the magnetization as control
variable are presented. Regarding the reconstruc-
tion of the magnetic flower state, again a differ-
ence between the solutions found using the L-curve
method and the best possible solutions can be seen.
While using Taq now also at a noise level of 102
the optimal solution is not found using the L-curve
method, using Ty, the difference decreased signif-
icantly with respect to using 6 fieldboxes as input ‘ ‘ ‘ ‘
and already for a noise level of 1072 the difference 107 107 107 107
is very small. However, for lower noise levels using noise level

Thorm as regularization term, the difference between
the best possible and solutions found using L-curve
is again large and this is again due to the fact that
the best solutions are found at the additional kink
in the L-curve. Notice, that in comparison to the
case of using 6 fieldboxes as input now the best
solutions are found for My = (0,0,1). In
the solutions obtained using the L-curve
method are compared for the different regulariza-
tion terms and initial magnetizations. In compari-
son to the source reconstructions using 6 fieldboxes
as input, here using Tyorm is advantageous for all noise levels.
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Figure 5.19.: Comparison of the quality
of the reconstructed magnetic
flower state mean|M — My|
in dependence of the noise
level for different regulariza-
tion terms and initial mag-
netizations for source recon-
structions with two fieldboxes
as input.
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Within the target domain €); the noise free forward field is reconstructed equally well with
respect to using 6 fieldboxes as input, and the same logarithmic increase in mean|H — H f|Qt
with increasing noise is observed.

Regarding the possibility to extrapolate the mag-
netic field in regions not part of the input do- 1072

main € in it can be seen, that for = 2 ;Tgrad ‘+Mmi‘t: (070’0‘)

the solutions obtained using the L-curve method 2 21 Thorm —— Miniy = (0,0,1) [

as well as for the best possible solutions the dif- .

ference between the extrapolated field and the for- -~ 15 )

ward field increases with increasing noise. Using m: 1l i

Tyrad, the difference in field extrapolation qual- |q

ity between the solutions obtained using the L- "2 05 R h

curve method and the best possible solutions in- 3 ol — |
| | | |

creases with increasing noise. Note, that there is
no one-to-one correspondence between the quality
of the reconstructed of magnetization state and the

quality of the extrapolated field. This can e.g. Figure 5.20.: Comparison of the quality

107° 10~* 1073 1072
noise level

be seen for the source reconstruction using Thorm of the field extrapolation
with a noise level of 1075, While the best possi- mean|H — Hy|, in depen-
ble magnetization reconstruction is obtained using dence of the noise level for
Mnis = (0,0,1), the best possible field extrapola- different regularization terms
tion is found for Min = (0,0,0) and the same and initial magnetizations for
is true for the solutions obtained using L-curve source reconstructions with
method. While regarding reconstruction of mag- two fieldboxes constituting
netization state Mini, = (0,0,1) is advantageous, 0.

for the field extrapolation M, = (0,0,0) is bet-

ter. The best solutions obtained using the L-curve

are compared in While for noise levels lower 1072, T, grad 1s advantageous, for a
noise level of 1072 the reconstructed magnetization state using Thorm extrapolates the field bet-
ter. Note, that the dependence on Mjy; is negligible. Furthermore note, that using Tyorm
mean|H — H;| is well below 1072 for all noise levels. With a mean magnitude of the noise free
forward field of 0.21 £ 0.03 A/m this relates to a relative error of the extrapolated forward field
of around 5%.

The source reconstruction with two fieldboxes constituting the input domain €2; has also been
performed using fictitious magnetic charges as control variables for all three target fields. The
results are shown in In comparison to using the magnetization as control variable it
can be seen that neither regarding the reconstruction of the reference flower state nor regarding
field extrapolation using fictitious magnetic charges is of advantage.

Reducing the amount of fieldboxes within the target domain )¢ further to one, regarding the
reconstruction of the reference flower state, the mentioned kinks in the L-curve present when
using Thorm vanish and the solutions found using the L-curve method are much closer to the
best possible solutions. Furthermore, having one fieldbox as input, the magnetization state
obtained for reconstructions using Ty are much closer to the reference flower state compared
to magnetization state obtained using Tyraq as shown in [Figure 5.22 were the best solutions found
using the L-curve method are compared. Note, that this is since Typaq in this cases prevents any
tilting of the magnetization at the bottom of the magnetic unit cube as can be seen in[Figure 5.230|
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Figure 5.21.: Comparison of (a) mean|M — Mg/, (b) mean|H — H¢|g and (c) mean|H — Hy|q_
for solutions obtained using the L-curve evaluation and the best possible solutions,
for source reconstructions of three target fields obtained with different random
seeds, using fictitious magnetic charges as control variables with different initial

distributions representing My, =
the noise level.

were the reconstructed magnetization state obtain-
ed from the L-curve using My = (0,0,0) for a
noise level of 1073 is shown. In order to explain
this, consider that the strength of a magnetic field
decays with distance from its source. Therefore,
the influence of the magnetization distribution on
the residual term far away from the fieldbox at the
bottom of the magnetic unit cube is very small
compared to the area close to the fieldbox. How-
ever, the regularization enforces a penalization on
the magnetization independent of its distance from
the fieldbox. Therefore, when the regularization is
of optimal strength in the sense that it regularizes
the magnetization, but allows it to reconstruct the
flower state in an area close to the fieldbox, for the
area far away from the fieldbox it is to strong to
allow for any tilting and therefore over-smooths in
this area. Comparing the reconstructed magnetiza-
tion states obtained from the L-curve using Thorm
and Tgraq for My, = (0,0,0) and a noise level of
1073, as done in it can furthermore be
seen, that in areas close to the fieldbox Tjaq actu-
ally is advantageous giving the smaller |M — M|
while on the opposite site of the fieldbox T}, only
regularizing the length of the individual magneti-
zation vectors stills allows for tilting of the magne-
tization towards the flower state. Note, that this
fact is not visible in the above case using two field-
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boxes as target domain €2 since the two fieldboxes are placed close to areas where the tilting
is largest. A way to possibly mitigate the problem of distance dependent regularization is to
impose a distance dependence on the regularization in the same way as it is naturally present in
the residual term.
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Figure 5.23.: Slice through the middle of the reconstructed flower states obtained from the L-
curves of source reconstructions with Min;; = (0,0,0) and a noise level of 1073
using (a) Thorm and (b) Tygraq. The forward field vectors are depicted in blue. The
color code represents the difference between the obtained magnetization M and
the magnetization of the reference flower state M.

In also the solutions obtained from source reconstructions using using fictitious
magnetic charges as control variables are plotted. It can be seen that the obtained reconstructed
magnetization states have a mean|M — M| higher than all magnetization states reconstructed
using the magnetization as control variable. Note, that the magnetization states obtained using
Pm,init = 0 and om jnit = 0 having a larger mean|M — M| on average over all noise levels by
a factor of 2.78 £ 0.14 compared to an initial distribution of pm init = 0 and om init & Minit =
(0,0,1) and are therefore not visible within the plot.

Inthe quality of the reconstructed magnetization states in terms of mean| M — M| of
solutions obtained using the L-curve method using the magnetization as control variable is plotted
for each regularization term and initial magnetization in dependence of the number of fieldboxes
used within € for each noise level separately. For all noise levels lower 1072 the reconstructed
magnetization state with the best quality is found using only two fieldboxes as input to the
source reconstruction problem. Only for a noise level of 1072 the quality of the reconstructed
magnetization state reduces monotonically when reducing the number of fieldboxes used as input.
Note, that the difference over all numbers of fieldboxes ia lowest using Thorm as regularization
with an initial magnetization M, = (0,0,0). Furthermore, it can be seen that for all noise
levels when using one fieldbox the source reconstruction with Thorm, and My = (0,0,0) delivers
a magnetization state closest to the reference flower state. Note, that regarding the best possible
solutions obtained for the regularization parameter value minimizing |M — Mj|, the decrease
in quality of the reconstructed magnetization state is monotonous with decreasing number of
fieldboxes except for a noise level of 1072 where also regarding the best possible solutions the
minimum in mean|M — M| is found using two fieldboxes.
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Figure 5.24.: mean|M — M| of the solutions obtained using the L-curve method in dependence
of the number of fieldboxes used as target domain €2 for a noise level of (a) 1075,

(b) 1074, (c) 1072 and (d) 10~2.
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Regarding the ability to extrapolate the field in areas not part of the target domain (), using
one fieldbox as input, in the same way as for the reconstruction of the magnetization state the

regularization term Tyorm with My = (0,0,0)
performs best over all noise levels. This can be
seen in where the solutions obtained
using the L-curve method are plotted in depen-
dence of the noise levels. Using fictitious magnetic
charges as control variables, for low noise levels
the field extrapolation performance is significantly
worse compared to using the magnetization. How-
ever, for a noise level of 1072 using Pm,init = 0 and
Ominit & Minit = (0,0, 1), the mean|H — Hy| is
only 0.43% larger compared to using the magne-
tization with Tyrag and Minie = (0,0,1) that per-
forms better than Tygraq with M = (0,0,0). Note
that the solutions obtained using fictitious mag-
netic charges with pm init = 0 and o init = 0 again
perform significantly worse and are not visible in
In comparison to the field extrapola-
tion capabilities in the case of using two fieldboxes
as input, the increase in mean|H — Hy|q,_ between
the lowest mean|H — Hy|, value obtained using
two fieldboxes (compare lmb and the low-
est mean|H — Hi|, obtained using one fieldbox as
input, over all noise levels is 360.66 + 125.10%.

Note, that not only regarding the solutions ob-
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Figure 5.25.: Comparison of the quality

of the field extrapolation
(mean|H — Hylg ) in depen-
dence of the noise level for dif-
ferent control variables, reg-
ularization terms and initial
magnetizations for source re-
constructions with one field-
box as input.

tained using the L-curve method but also regarding the overall best possible solution in the
case of using 1 fieldbox as target domain €2 the source reconstructions using the regularization
term Thorm Wwith an initial magnetization Miuie = (0,0,0) deliver the best solutions in terms
of reconstruction of the reference flower state as well as in terms of field extrapolation quality.
This is also true for the examples presented in the following and therefore, only this source

reconstructions are considered from here on.
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Changing input fieldbox size

In order to further investigate the dependence of the quality of the reconstructed magnetization
state in dependence of the available spatial information of the magnetic stray field, the depen-
dence on the size of the fieldbox used as target domain €2 is investigated. In order to do so,
two additional fieldboxes are considered and the results are compared to the results obtained
using the default fieldbox with a thickness of 0.04 mm and an are of 1 x 1 mm? having 600 ele-
ments. The first additional fieldbox has the same thickness of 0.04 mm and an area of 1.5 x 1.5
mm? (1350 elements) and the second additional fieldbox has a thickness of 0.08 mm and also
an area of 1.5 x 1.5 mm? (2700 elements). Note, that both additional fieldboxes have the same
distance from the magnetic unit cube as the default fieldbox. Furthermore, while using the first
additional fieldbox enlarges the area containing information about the stray field parallel to the
unit cubes surface and more than doubles the measurment points used as input for the source
reconstruction problem, using the second additional fieldbox only enlarges the area further away
from the unit cube and doubles the number of measurement points with respect to the first
additional fieldbox. For each field box source reconstructions using the magnetization as control
variable were performed for three different target fields for each noise level. Note that, since the
fieldbox size and the number of elements in each fieldbox are different also the target fields are
different.

In |Figure 5.26| the dependence of mean|M — M|

on the fieldbox size (depicted as number of elements _ 0.16 [ o
inside the fieldbox) for each noise level is plotted & 014l —e— 10— 104 ||
for the source reconstructions using the regulariza- =< ’ 1073 —e—102
tion term Thoprm with My = (0,0,0). Generally, S 0.12 |- - a
it can be observed that mean|M — M| decreases | 01l % S |
when using larger fieldboxes as is not surprising S R --9
since a larger fieldbox provides more information to g 8-107° | &= - |
the inverse problem in terms of spatial distribution 2 6-107 | CTtslgo. T s |
of the forward field, but also in terms of number | | |
of measurement points. In the decreases 600 1350 2700
of mean|M — M|, and therefore the increase in number of elements

quality of the reconstructed magnetization state, in
percent with respect to the results using the default
fieldbox are shown for both additional fieldboxes.
Regarding the best possible solutions the decrease
in mean|M — M| is monotonous with increasing
fieldbox size except for a noise level of 1073 where
after mean|M — M| decreased for 12.91% using
the larger area fieldbox it increases again by 1.26%
using the largest fieldbox with 2700 elements. Fur-
thermore, note that the increase using the largest
fieldbox is not significant compared to the increase
using the larger fieldbox for lower noise levels, even though the largest fieldbox contains double
the amount of measurement points compared to the larger fieldbox. Only for a noise level of
1072 using the largest fieldbox significantly improves the quality of the reconstructed magneti-
zation state. This suggest that for a larger noise level, more information as input to the source
reconstruction problem is needed to smooth out the higher noise. Regarding the solutions ob-

Figure 5.26.: mean|M — M| for the best
possible solutions (dashed
lines) and the solutions
obtained wusing the L-curve
method (solid lines) in de-
pendence of the fieldbox
size (depicted as number
of elements in fieldbox) for
different noise levels.
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decrease in % with respect
to default fieldbox

decrease in % with respect
to default fieldbox

noise level | 1350 elements | 2700 elements noise level | 1350 elements | 2700 elements
10° 24.86 26.94 10° -2.03 22.78
104 23.49 25.21 10% 10.46 6.76
103 12.91 11.65 103 15.33 14.29
10° 11.50 18.51 10° 18.88 25.73
(a) (b)

Table 5.1.: Decrease of mean|M — M| with respect to the source reconstructions using the
default fieldbox for (a) the best possible solutions and (b) the solutions obtained
using the L-curve method for the source reconstructions using the two additional
fieldboxes (referred to by their respective number of elements).

tained using the L-curve evaluation also a significant decrease in mean|M — M¢| can be seen
using a larger area of the stray field as input to the source reconstruction problem. However,
here the decrease is higher for higher noise levels of 1073 and 10~2. This is due to the fact that
for lower noise levels of 107° and 10™* the additional kink in the L-curve for lower values of
the regularization parameter, as already discussed above, reappears for both larger fieldboxes
and the solutions found using the L-curve method are again further away from the best possible
solutions. However, apart from an increase in mean| M — M| of 2.03% using the larger fieldbox
containing 1350 data points, increasing the fieldbox size still significantly increases the quality

of the reconstructed magnetization state.

In order to investigate the quality of the extrapo-
lated field, in mean|H — H|g_is plot-
ted in dependence of the fieldbox size and in
ble 5.2| the relative decrease of mean|H — Hilq, in
% with respect to using the default fieldbox is pre-
sented. Regarding the best possible solutions a sig-
nificant decrease in mean|H — Hy|g can be seen
for all noise levels and fieldbox sizes. Note, that
the decrease using the largest fieldbox with 2700
elements is increased by an average factor of 1.91
with respect to the decrease using the larger field-
box with 1350 elements for all noise levels except
1073. This corresponds to the increase in number
of measurement points used as input between the
two fieldboxes and is in contrast to mean| M — M|
where this increase was much lower. Only for a
noise level of 1072 the additional information actu-
ally lead to an increase in mean|H — Hylq, . Fur-
thermore, regarding the solutions obtained using
the L-curve method, for low noise levels of 107>
and 10~* the decrease in mean|H — Hilqg_ is al-
most identical to the decrease found for the best
possible solutions. This is since even though the
L-curve shows the additional kink at lower values
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decrease in % with respect

to default fieldbox

decrease in % with respect
to default fieldbox

noise level | 1350 elements | 2700 elements noise level | 1350 elements | 2700 elements
10° 18.97 40.78 10° 17.91 40.84
104 11.94 21.81 10% 11.94 21.42
103 35.96 21.18 103 -0.25 -6.59
102 11.07 19.42 10? 20.39 28.67
(a) (b)

Table 5.2.: Decrease of mean|H — Hilg_ with respect to the source reconstructions using the
default fieldbox for (a) the best possible solutions and (b) the solutions obtained
using the L-curve method for the source reconstructions using the two additional
fieldboxes (referred to by their respective number of elements).

of a where the optimal solution regarding |[M — Mj| is found, regarding |H — Hylq,_ the reg-
ularization parameter value found using the L-curve evaluation is very close or identical to the
best possible value regarding |H — H f\Qe. However, for a noise level of 1073 actually an in-

crease of mean|H — H|g is observed when using a larger fieldbox. The increase corresponds
to an increase in the difference between the best regularization parameter and the regularization
parameter found using the L-curve method between using the default fieldbox and the larger
fieldboxes. Furthermore, for a noise level of 1072 the decrease in mean|H — Hy| o, for the solu-
tions obtained using the L-curve method is larger compared to the best possible solutions. This
coincides with the regularization parameter found using the L-curve method getting close to the
best possible regularization parameter for larger fieldboxes compared to the default fieldbox.

Concluding it can be said, that increasing the area from where measurement points are taken
as input for the source reconstruction problem is advantageous within the region investigated
by this numerical experiment. However, in specific cases the error introduced using the L-curve
evaluation leads to a practical decrease of the quality of the reconstructed source variable, be it
the reconstructed magnetization state or the extrapolated magnetic field.
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decrease in % with respect to
fieldbox with 1350 elements

decrease in % with respect to
fieldbox with 1350 elements

noise level | 2700 elements | 4050 elements noise level | 2700 elements | 4050 elements
10° -0.03 0.09 10° 0.93 -0.15
104 1.12 1.65 10% -2.72 -3.05
10° -1.10 -0.11 10° -2.03 -0.07
102 9.22 11.09 10? 3.77 4.93

(a)

(b)

Table 5.3.: Decrease of mean|M — M| with respect to the source reconstructions using 1350
measurement points inside the fieldbox for (a) the best possible solutions and (b) the
solutions obtained using the L-curve method for the source reconstructions using the
an increased number of 2700 and 4050 measurement points inside the fieldbox.

Changing number of field points in fieldbox

In order to separately investigate the dependence of the source reconstruction on the number of
input measuement points with unchages spatial domain from where the measurements are taken,
the data point density inside a fieldbox with a thickness of 0.04 mm and an area of 1.5 x 1.5
mm? is increased while keeping the fieldbox geometry unchanged. In detail, the number of
mesh cells in vertical direction inside the fieldbox is doubled and triplet, therefore increasing the
number of measurement points inside the fieldbox from 1350 to 2700 and 4050. Note, that the
increase from 1350 to 2700 measurement points inside the fieldbox corresponds to the increase
in measurement points provided using the thicker fieldbox in the example presented above. The
source reconstructions were again performed for three different target fields for each noise level

created with different random seeds.

In mean|M — M| is plotted in depen-  F  0.14| noise level
dence of the number of measurement points used as 5 13,3:13,2
input for the source reconstruction problem and in - 0.12 - 5
the relative decrease of mean|M — M| S 01l |
in % with respect to the fieldbox containing 1350 EI L SN .
measurement points is shown. It can be seen that 1= 8 e ——
for noise levels lower 1072 adding additional mea- g ol |
surement points inside the same measurement do- H 610 T ________ f ________ °
main does not improve the quality of the recon- 1350 2700 4050

structed magnetization state. This is true for the
best possible solutions where the average decrease
is 0.27% considering both densities as well as for the Figure 5.28.:
solutions obtained using the L-curve method where
on average mean|M — M| actually increases by
1.52%. However, for a noise level of 1072 for the
best possible as well as for the solutions obtained
using the L-curve method a significant decrease in

number of data points

mean|M — M| for the best
possible solutions (dashed
lines) and the solutions
obtained wusing the L-curve
method (solid lines) in de-
pendence of the number of

mean|M — M| can be seen by increasing the mea- measurement points inside
surement point density inside the fieldbox. the fieldbox for different noise
levels.
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decrease in % with respect to
fieldbox with 1350 elements

decrease in % with respect to
fieldbox with 1350 elements

noise level | 2700 elements | 4050 elements noise level | 2700 elements | 4050 elements
10° 9.11 7.03 10° 2.30 -1.77
104 4.23 6.06 104 4.23 6.06
10° -23.41 -21.25 10° -14.86 -8.23
102 11.55 19.44 10? 5.16 6.20
(a) (b)

Table 5.4.: Decrease of mean|H — Hy|o_ with respect to the source reconstructions using 1350
measurement points inside the fieldbox for (a) the best possible solutions and (b) the
solutions obtained using the L-curve method for the source reconstructions using the
an increased number of 2700 and 4050 measurement points inside the fieldbox.

1072
T

In [Figure 5.29 mean|H — Hylg is plotted in de-
pendence of the data point density inside the

fieldbox and in [Table 5.4] the relative decrease of
mean|H — Hy|g_in % with respect to the fieldbox
containing 1350 measurement points is given. It
can be seen that for a noise level of 1072 the qual-
ity of the extrapolated field decreases significantly
when increasing the number of measurement points
inside the fieldbox for both, the best possible and
the solutions obtained using the L-curve method. 13‘50
For all other noise levels increasing the measure-

ment point density inside the fieldbox, for the best
possible as well as for the solutions obtained us-
ing the L-curve method, monotonically decreases
mean|H — Hy| except for a noise level of 107°
where tripling the number of measurement points
inside the fieldbox leads to higher mean|H — Hi|q,_
comparing to doubling them.

noise level
107°—e—10~* ||
1073 —e—102

mean|H — Hglg, [A/m]
[\]
T
|

2700 4050

number of data points

Figure 5.29.: mean|H — Hi|g for the best
possible solutions (dashed
lines) and the solutions
obtained wusing the L-curve
method (solid lines) in de-
pendence of the number of

Since doubling the number of measurement points measurement points inside
inside the fieldbox increases the number of mea- the fieldbox for different noise
surement points used as input for the source re- levels.

construction problem in the same way as using the

thicker fieldbox in the previous section does, these

cases can be compared to investigate whether increasing the spatial density of measurements
taken from an identical spatial domain or using a larger spatial domain keeping the measure-
ment density constant is advantageous. To this aim in the decrease in mean| M — M|
when increasing the measurement points in the two ways is compared for both the best possible
and the solutions obtained using the L-curve method. It can be seen that regarding the best
possible solutions none of the two methods are advantageous over all noise levels. Regarding the
solutions found using the L-curve method however, using a larger fieldbox is of clear advantage,
ecpecially for a noise level of 1075 and 10~2 where the decrease in mean| M — M| by increasing
the spatial density is 0.93 and 3.77 % respectively, while the decrease using an extended fieldbox
is 24.81 and 6.85 % respectively. Furthermore in the decrease in mean|H — Hylg_is
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decrease in % with respect to
fieldbox with 1350 elements

decrease in % with respect to
fieldbox with 1350 elements

Table 5.5.: Comparison of the decrease in mean|M — M| when increasing the number of mea-
surement points used as input for the source reconstruction problem from 1350 to
2700 by increasing the measurement density and by increasing the size of the mea-
surement area for (a) the best possible solutions and (b) the solutions obtained using

the L-curve method.

noise level | denser box larger box noise level | denser box larger box
10° -0.03 2.08 10° 0.93 24.81
104 1.12 1.71 10* -2.72 -3.69
103 -1.10 -1.25 103 -2.03 -1.04
10° 9.22 7.01 10° 3.77 6.85
(a) (b)

decrease in % with respect to
fieldbox with 1350 elements

decrease in % with respect to
fieldbox with 1350 elements

noise level | denser box larger box noise level | denser box larger box
10° 9.11 21.81 10° 2.30 22.93
104 4.23 9.87 10* 4.23 9.47
103 -23.41 -14.78 103 -14.86 -6.35
10° 11.55 8.34 102 5.16 8.28
(a) (b)

Table 5.6.: Comparison of the decrease in mean|H — H|, when increasing the number of mea-

surement points used as input for the source reconstruction problem from 1350 to
2700 by increasing the measurement density and by increasing the size of the mea-
surement area for (a) the best possible solutions and (b) the solutions obtained using

the L-curve method.

compared. Here, except for a noise level of 1072 where for the best possible solutions increasing

the density of the measurement points decreases mean|H — H f\QC by 11.55% compared to 8.34%

by enlarging the fieldbox, increasing the spatial domain from where the measurements are taken

is always advantageous.
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5.3. Conclusion

In conclusion, the detailed investigation of the source reconstruction of a magnetic flower state
inside a permanent magnetic unit cube revealed several insights.

With the magnetization as control variable, it has been shown that decreasing the size of the
target domain from which measurement information is available to the source reconstruction
problem does not monotonically decrease the quality of the reconstructed magnetization state
for all noise levels. Using measurement input from each side of the magnetic unit cube within 6
fieldboxes, using the L-curve method to obtain the optimal value of the regularization parameter
a, for a noise level of 1072 the reconstructed magnetization state showed an average difference of
63.0440.45 mA /m, with respect to the reference flower state, using Tyraq as regularization term
and My = (0,0, 1) as initial magnetization. Reducing the target domain to two fieldboxes on
opposite sides of the cube this increased to 69.87 + 1.57 mA /m for Tyopm with My = (0,0, 1)
and to 144.94 + 12.26 mA /m using one fieldbox with Tyorm Minit = (0,0,0). Note that this con-
stitutes a relative increase in difference of 129.92% between the case using 6 fieldboxs and using
one fieldbox. Especially the decrease in quality between using two fieldboxes on opposite sides
of the unit cube and using one fieldbox is significant. It can be explained by the fact, that with
increasing distance, the spatial field characteristics produced by a given magnetization decrease
and therefore, using only information of the magnetic field from one side of the unit cube, the
magnetization state at the opposite side can only be reconstructed with reduced accuracy. For a
noise level of 107° in contrast, while for 6 fieldboxes the best reconstructions are obtained using
Tyraa and Mipni; = (0,0,0) with an average difference of 67.21 4 2.33 mA /m, for two fieldboxes
this decreases to 56.33 £+ 1.38 mA /m with Tyorm and My = (0,0, 1) and then increases for one
fieldbox using Thorm and Miyie = (0,0,0) to 77.85 + 0.22 mA/m. Note, that here the relative
increase between using 6 fieldboxes and using one fieldbox is only 15.83%. The presented values
additionally show, that no individual regularization term or initial magnetization is advanta-
geous for all cases. However, when reducing the number of fieldboxes from which measurement
information is available to the source reconstruction problem it was found that using the regu-
larization term Tgraq becomes problematic. This is since Tyraq enforces a regularization on the
magnetization independent of the distance to the domain from where measurements are taken,
whereas the influence of the magnetization inside a given domain on the residual term depends
on its distance from the domain where the magnetic field is considered. Therefore, when the
regularization is strong enough to prevent the magnetization from over-fitting in proximity of
the target domain, it over-regularizes the magnetization far away from the target domain. That
this is not the case for Tyorm is based in the fact that T, actually imposes a regularization
on the magnetization state that is fulfilled for the reference magnetization state. A possible
improvement mitigating this problem could be enforcing the same distance dependence on the
regularization term Tj,,q that is present naturally in the residual term.

Furthermore, using one fieldbox, the dependence of the reconstructed magnetization state on the
number of measurement points used as input for the source reconstruction problem has been in-
vestigated by enlarging the fieldbox and by increasing the density of measurement points inside
the fieldbox. It was found that while both methods increase the quality of the reconstructed
magnetization state especially for higher levels of noise, enlarging the fieldbox is generally ad-
vantageous. However, increasing the number of measurement points while using one fieldbox,
for the examples shown, the quality of the reconstructed magnetization state was not increased
to reach the quality of the reconstructed magnetizations state using measurements from two
fieldboxes at opposite sides of the magnetic unit cube. In detail, the best source reconstructions
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using one fieldbox, obtained for a fieldbox with increased area of 1.5 x 1.5 mm? and thicknes of
0.08 mm containing 2700 measurement points, for a noise level of 1075 the difference to using
two fieldboxes is 6.73%, while for a noise level of 1072 the difference is higher with 54.08%.

Additionally, the quality of the magnetic field produced by the reconstructed magnetization
state in areas that were not part of the input to the source reconstruction problem, referred
to as field extrapolation, was investigated. The results show that when using two fieldboxes as
input, the field within the four remaining fieldboxes can be reconstructed with a relative error
below 5% for all noise levels and the quality of the extrapolated field decreases monotonically
with increasing noise. Using 1 fieldbox the ability to extrapolate to the noise free forward field
within the remaining five fieldboxes decreases. In detail, using the most advantageous fieldbox of
size 1.5 x 1.5 mm? and thickness of 0.08 mm containing 2700 measurement points, the difference
between the noise free forward field and the extrapolate field increases by up to 301.63% for the
worst case for a noise level of 1072, compared to using two fieldboxes. Note, that it has been
found that the magnetization state showing the smallest difference to the the reference flower
state did not necessarily perform best with respect to field extrapolation.

Furthermore, the usage of fictitious magnetic charges as control variables replacing the magneti-
zation was investigated. The idea here was that using fictitious magnetic charges would improve
the source reconstruction process since on the one hand it removes the inherent ill-posedness
present when using the magnetization as control variable and on the other hand it reduces the
number of optimization variables by almost a factor of three. However, for the presented example,
regarding reconstruction of the magnetization state, for all noise levels the difference of the re-
constructed magnetization state to the reference flower state was higher using fictitious magnetic
charges compared to using the magnetization as control variable. Regarding field extrapolation
using one fieldbox, while the difference of the reconstructed field is also higher compared to using
the magnetization as control variable for all noise levels, the difference decreases with increasing
noise. In detail, while for a noise level of 107° the difference is 55.76% higher using fictitious
magnetic charges, this decreases monotonically to only 0.43% for a noise level of 1072 using
the regularization term Tgraq that is comparable to the regularization term Toparges used for the
fictitious charges. The fact, that this decrease is not observed regarding the reconstructed mag-
netization state suggests, that the large difference of the reconstructed magnetization state with
respect to the reference flower state is at least partly rooted in the numerical error introduced
by the additional calculation necessary in order to obtain a magnetization state from a charge
distribution. Furthermore, note that by introducing fictitious magnetic charges, the source re-
construction problem becomes a simultaneous distributed-boundary optimal control problem.
The two control variables, the fictitious magnetic volume charges constituting the distributed
control variable and the surface charges constituting the boundary control variable, are inher-
ently different. However, the current implementation of the presented algorithm does not in any
way treat them differently, but passes the combined gradient to the minimization algorithm. As
a consequence the same parameters (e.g. the same step length) are used for both variables. This
procedure could certainly be improved respecting their inherent differences.

Regarding the technicality of obtaining an optimal solution in dependence of the enforced regu-
larization, while for some cases using the L-curve method the best possible solution was found,
generally, a significant difference between the best possible solutions and the solutions obtained
using the L-curve method was observed for all presented cases and all regularization terms used.
This suggests that additional effort can improve the solution quality significantly. Possible im-
provements could be gained on the one hand by automation of the procedure of finding the
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optimal value of the regularization parameter by means of fitting the L-curve and performing
the source reconstruction for the expected optimal value of the regularization parameter. Fur-
thermore, since cases were the optimal solution was not found at the kink of the L-curve, but
at additional smaller kinks in the domain where over-fitting is expected, performing additional
numerical experiments and training a machine learning algorithm could help find patterns and
systematic relationships revealing the true optimal regularization parameter values. Being able
to more reliably predict where the optimal regularization parameter can be found furthermore
has the potential to reduce the number of necessary optimizations that have to be performed
in order to find the best regularization parameter, thereby decreasing the computational effort
necessary to perform the source reconstructions.
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6. Conclusion and Outlook

6.1. Conclusion

Within this thesis a method to solve the inverse magnetostatic problem within the framework
of partial differential equation (PDE)-constrained optimization has been presented. Within this
framework the inverse problem is represented as an optimization problem. The gradient which
is required to iteratively solve this optimization problem has been derived utilizing the adjoint
method. During the derivation, the difference between the gradient and the derivative, that is
often overlooked in other works has been established. The developed method was then applied
to problems of optimal design, namely to the direct optimization of the topology as well as of the
magnetization state of a magnetic structure and to problems of source reconstruction, namely
to the reconstruction of a magnetic structures topology or its magnetization state.

On the basis of the derived method a software package on the basis of magnum.fe [19] that itself
utilizes the finite element library FEniCS |20] was successfully implemented using python. Several
examples have been presented validating the algorithms abilities. Specifically two problem classes
were investigated, the topology optimization of hard as well as soft magnetic structures and the
reconstruction of the magnetization state of a magnetic structure.

Regarding topology optimization, the topology of hard and soft magnetic thin film flux guide con-
centrators and the topology of a magnetic recording write head used for heat-assisted magnetic
recording was successfully optimized. The presented examples showed, that the optimization of
soft magnetic structures is more delicate compared to the optimization of hard magnetic struc-
tures. In particular, a greater dependence on optimization parameters leading to an increase in
computational effort was observed. This is since for a non-zero susceptibility the minimization
problem becomes non-linear even in the case of a linear material law. Furthermore, a dependency
of the optimization process on the exact size of the gradient using continuous optimization algo-
rithms was found. This lead to the implementation of a binary topology optimization algorithm
independent of the exact gradient size. It was shown that the obtained topologies were improved
using the binary topology optimization algorithm while simultaneously decreasing the computa-
tional effort needed. Furthermore, optimizing the topology of a magnetic recording write head
used for heat-assisted magnetic recording, considering the complete head design during opti-
mization, the capability of the algorithm to solve large scale topology optimization problems has
been shown. For this example, also the impact of using simplified, linearized material character-
istics in order to speed up the solution process was investigated. The investigation showed the
importance of using the full non-linear material characteristics whenever saturation effects play
a role. A comparison of the optimization processes of the presented examples showed that the
parameter sets delivering the optimal topologies are not identical for each presented example.
This makes a parameter study necessary whenever a new topology is to be optimized. Note,
that for the presented examples also the difference between the derivative and the gradient was
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investigated. It was found that using the derivative leads to poorer performance during opti-
mization especially when refined meshes are used. A more detailed conclusion of the examples
with respect to topology optimization can be found at the end of [chapter 4| in [section 4.4]

With respect to source reconstruction, as an example, the source reconstruction of a magnetic
unit cube was investigated in detail. The results showed the capability of the algorithm to recon-
struct the magnetization state of a magnetic structure. However, with decreasing measurement
points used as input for the inverse problem, the quality of the reproduced magnetization state
reduces significantly. The dependency on the position and number of measurement points was
investigated in detail. A detailed conclusion is given at the end of [chapter 5|in [section 5.3 The
example of the magnetic unit cube was also used to investigate the quality of the magnetic field
generated by the reconstructed magnetization state in regions that were not part of the input
for the inverse problem. This is called field extrapolation. Furthermore, a method for the source
reconstruction using fictitious magnetic charges as design variables has been implemented. Us-
ing fictitious magnetic charges, the minimization process was thought to be simplified since with
respect to using the magnetization as design variable, the number of optimization variables re-
duces, depending on the exact shape of the structure, by almost a factor of three and furthermore
a unambiguous correspondence exists between a given distribution of fictitious magnetic charges
and the produced magnetic field, where the magnetization distribution producing a magnetic
field is only unambiguous up to an arbitrary solenoidal part. However, for the investigated pa-
rameter region no improvement introduced by the usage of fictitious magnetic charges has been
found.

6.2. Outlook

The presented method to solve the inverse magnetostatic problem can be improved further.
This is especially true regarding more complicated optimization problems where the objective
functional might be comprised of several, possibly competing terms. Optimization problems of
this form can have a multitude of local minima. Therefore, in order to find the global optimum,
global optimization schemes can be employed as e.g. done in [45].

An extension of the presented topology optimization approach would furthermore be to enable
the possibility to use several materials simultaneously, as e.g. done in [65]. This would allow for
the possibility to design the topology of magnetic structures consisting of soft as well as hard
magnetic materials.

Also, the algorithm could be extended to enable designing of the direction of the anisotropy
axis of an anisotropic hard magnetic structure. To do this, the remanence magnetization vector
M, = |M,| M, pointing in the direction of the anisotropy axis has to be used as design variable
directly. The gradients necessary for the optimization can be derived using the adjoint approach
as presented within this thesis. In order to only optimize the direction of the anisotropy axis,
the length of the remanence magnetization vector could either be kept constant by using a
regularization term or by using an optimization algorithm that keeps the length constant. The
optimized structures can then be fabricated using 3D printing as has recently been shown in

[66].

Regarding the source reconstruction of magnetic structures, the evaluation of the L-curve method
offers room for improvement. This could include fitting of the L-curve to obtain the optimal
regularization parameter, as well as using machine learning techniques.
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Furthermore, here the recent increased attention in the possibility to use deep learning to design
magnetic structures (see e.g. [67] and [68]) should be mentioned.
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A. Appendix

A.1l. Dual Space

As also explained in |21] in more detail, every Hilbert space H possesses an orthonormal basis
v and an element u € H is represented as

u(r) = Zuz (r) i (r), (A1)

where 1); are the single basis functions and wu; are the coefficients of the coefficient vector u.

The dual basis ¥* of the dual space H* is defined by

where the single 97 are functionals since they are elements of H*. We can therefore, depict an
arbitrary element I € H* as

=) Ly, (A.3)

where the I; are the coefficients of the coefficient vector I. Applying I onto a vector u € H then
means
i?j

Uu) =Y L [ D ughy | =Y Lugtpf (vy) = Y Liugdiy = > Ly = (A4)
7 J 7] 7 :

Iu=TI"u=(I,u)pe,

where we have introduced the ¢2 or euclidean inner product of two column vectors a and b as

(a,b),. = a’b.

A.2. Obtaining the Riesz representers

The Riesz map is inner product dependent. In the case of the L? inner product, that is defined
as

(u,v) 2 = /Qu(r)v(r) dr, (A.5)

since u = ), ujth;, v =Y, v;1;, this can be transformed into a matrix representation

(’LL, U)L2 = /Q;uﬂ/}z;'l)]wj dr =
ZWZU- Yirh; dr = vT Mu

(A.6)
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with M being the so called mass matrix

Now, according to the Riesz representation theorem a functional I can be uniquely represented
by its Riesz representer Rz (I). If we identify v with Rz (I) we get

I(u) = (Re2 (1) u) 2 = (v,u) s (A.8)

Furthermore, as shown above (section A.1l)) a functional I can be represented in the dual basis
¢* and the application of I onto u that is I (u) can be written as

T(u)=TI"u= (I,u)s. (A.9)
The two different representations must of course give the same result
(v,u) 2 = v Mu = TTu = (I,u), (A.10)

and it can therefore be seen that the mass matrix can be used to perform transformations between
the two representations
I = Mwv. (A.11)

Consider now the Riesz representer of I with respect to the 2 inner product
I(u)=(Re(I),u)p =w u. (A.12)
If the representation of the dual basis *
Iy = wlu (A.13)

that with respect to the ¢? inner product the coefficient vectors of the dual and the primal
representation of I are identical.
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