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Abstract

This dissertation endeavors to advance the field of Brain-Computer Interfaces (BCIs)
by addressing concerns related to the improvement of electroencephalography (EEG)
decoding algorithms and extending the applied domain of current BCIs systems. To
achieve this goal, we propose a series of extensions to the state-of-the-art Riemannian
manifold based EEG decoding framework. These extensions include a computationally
efficient and interpretable framework based on spatial filters extracted from the tangent
space, a decoding pipeline with extra nonlinearity derived from using the distance
covariance matrix as an input feature, and a novel hardware solution for a closed-loop
transcranial electrical stimulation system, accompanied by an original software package.
Our algorithmic contributions heighten awareness regarding the interpretation of the
Riemannian manifold based decoding framework and provide computationally efficient,
model-agnostic solutions. Furthermore, we deepen the understanding regarding the need
to incorporate nonlinearity or strictly sufficient invariance properties into the standard
Riemannian framework. In addition, our technical work presents a convenient and cost-
effective hardware and software solution to facilitate the deployment of the closed-loop
transcranial electrical stimulation system by circumventing the usage of proprietary
hardware or software, which may further advance related research. Finally, in light of our
findings and discussions, we suggest several future research avenues for the community,
including neural manifold, manifold based deep learning framework, and other direct
extensions based on our contributions in this dissertation.
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Kurzfassung

Diese Dissertation zielt darauf ab, das Feld der Brain-Computer-Interfaces (BCIs) voran-
zutreiben, indem Bedenken hinsichtlich der Verbesserung der Elektroenzephalographie
(EEG)-Dekodierungsalgorithmen angegangen und der Anwendungsbereich aktueller BCIs-
Systeme erweitert werden. Um dieses Ziel zu erreichen, schlagen wir eine Reihe von Erweit-
erungen fiir das State-of-the-Art Riemann-Manifold-basierte EEG-Dekodierungsframework
vor. Diese Erweiterungen umfassen ein rechnerisch effizientes und interpretierbares
Framework auf der Grundlage von rdumlichen Filtern, die aus dem Tangentialraum
extrahiert werden, einen Dekodierungs-Pipeline mit zusatzlicher Nichtlinearitét, die aus
der Verwendung der Abstandskovarianzmatrix als Eingabefeature abgeleitet wird, sowie
eine neuartige Hardware-Losung fiir ein geschlossenes transkranielles elektrisches Stim-
ulationssystem, begleitet von einer Original-Software-Losung. Unsere algorithmischen
Beitrage erhohen das Bewusstsein fiir die Interpretation des Riemann-Manifold-basierten
Dekodierungsframeworks und bieten rechnerisch effiziente, modellagnostische Lésun-
gen. Dariiber hinaus vertiefen wir das Verstédndnis dafiir, dass Nichtlinearitdt oder
strikt ausreichende Invarianzeigenschaften in das Standard-Riemann-Manifold-Framework
integriert werden miissen. Dariliber hinaus prasentiert unsere technische Arbeit eine
bequeme und kostengiinstige Hardware- und Software-Losung, um die Implementierung
des geschlossenen transkraniellen elektrischen Stimulationssystems zu erleichtern, indem
die Verwendung proprietirer Hardware oder Software vermieden wird, was die damit
verbundene Forschung weiter vorantreiben kann. Schlieflich schlagen wir angesichts
unserer Ergebnisse und Diskussionen mehrere zukiinftige Forschungsrichtungen fiir das
Feld vor.
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1 Preamble

Communication and interaction are essential for daily life and significantly impact living
quality, but physical impairments can prevent some people from fulfilling these essential
needs. Brain-Computer Interfaces (BCIs) have been developed since the 1970s to mitigate
the influence of such impairments. One of its primary missions is to bridge brain activity
and external devices without physical execution directly. Examples of such BClIs include
mind-controlled robotic arms and machines that answer questions by decoding brain
signals, etc. Although BCIs depict a fantastic future, the reality we are facing is often
inaccurate commands translated from brain signals or limited application domains of
such systems.

Nevertheless, the abundance of tools provided by advances in hardware and software
over the past few decades has allowed us to address the challenges encountered by the
BCI system. This dissertation presents our contributions to developing the BCI system
from two main aspects: improving the performance of decoding algorithms through an
advanced decoding framework based on the Riemannian manifold and exploring the
combination of the passive brain signal decoding system with the active brain stimulation
system. The BCI systems mentioned in this dissertation specifically refer to those based
on electroencephalography (EEG) signals, which are non-invasive measurements of the
electrical brain activity over the scalp.

To facilitate understanding, we first present a brief overview of the development of BClIs
technology from Section to . Subsequently, we introduce the classic (Section
and state-of-the-art (SOTA) EEG decoding algorithms (Section [I.1.5). We then
introduce the Riemannian manifold (Section and its applications in EEG decoding
(Section . Subsequently, we present the decoding model interpretability and its
meaning in the EEG decoding scenario, which is followed by introducing one technique
that can actively intervene the brain activity (Section . At the end of Chapter 1,
we raise several research and technical questions by addressing the challenges faced by
current EEG-BCISs systems in Section [I.4]

In Chapter [2, we present several publications to answer these questions. We then
revisit these questions based on the presented papers in Section and provide further
discussion of these questions, as well as avenues for future research, in Section 3.2} Finally,
we conclude this dissertation by summarizing our key contributions to developing modern
EEG-BCIs systems in Section [3.3]
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1.1 Brain-Computer Interfaces (BCls) Background

This section briefly overviews the historical development of EEG-BClIs techniques over
the past centuries. It is important to emphasize that although the field of BCIs and EEG
research has a long history, the aim of this section is not to provide a comprehensive
review of the past. Instead, we focus on exploring how the past can inspire current and
future related research.

1.1.1 Before 1960s: Recording and Association

Electricity has been considered as the "mysterious invisible agent that operates our nerves
and muscles" since the first half of the 19th century |Brazier, 1984|, but evidence of its
presence in the brain was not reported until Richard Caton’s findings in 1875 [Caton,
1875]. The first photograph of the electrical current found in a dog’s brain was published
by Vladimir Pravdich-Neminsky in 1912. Later, in 1924, Hans Berger measured the
electrical brain activity in the epidural recording of the human brain, which was later
termed as electroencephalography (EEG) [Berger, 1929|. Berger’s work is then followed
by Gibbs et al., who further discovered the association between epileptic seizures and the
electrical brain activity measured by a three-channel EEG system |Gibbs et al., 1935].
Subsequently, Delgado pioneered the research of implanting electrodes into humans and
animals in 1952 |Delgado, 1952|. By reviewing these "ancient" works as summarized in
|Brazier, 1961], it can be noticed that before the 60s, the research about brain activity
was primarily inspired by clinical usage. More specifically, researchers aimed to decipher
the association between certain diseases and brain signal patterns.

1.1.2 1960s ~ 1990s: Simple Communication

Stepping into the 60s, the advent of computers profoundly propelled the development of
brain-computer interfaces (BCIs). In 1958, Clark et al. pioneered a digital computing
system and invented the average response computer |Clark et al., 1961], which enabled the
extraction and visualization of average evoked responses. Subsequently, Estrin introduced
the concept of an "online electroencephalographic digital computing system" |Estrin,
1965] and suggested "by time-sharing a large computer, almost limitless repertoire of
mathematical analysis can be afforded” |Estrin, 1965|. She also managed to update
the average evoked response in a real-time fashion, establishing the prototype of a BCI
system. Coincidentally, in the same year, the composer Alvin Lucier developed the first
application of BCIs - creating a music piece only with EEG signals. Later, in 1969, Fetz
published a paper presenting the first online BClIs system, in which he demonstrated that
a monkey could deflect a needle on an electrical meter using cortical control from a single
neuron |Fetz, 1969]. During the 1970s, a seminal paper on BCIs entitled "Toward direct
brain-computer communication" was published by Vidal [Vidal, 1973|. In this paper,
Vidal presented a formal definition of Brain-Computer Interfaces as "utilizing the brain
signals in a man-computer dialogue” and provided a comprehensive overview of all the
essential components of a BCI system. Shortly thereafter, Vidal demonstrated that BClIs
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could be used for communication, as evidenced by [Vidal, 1977].

In the meantime, the research and application of event-related potentials (ERP) were
gaining increasing attention. For example, P300 was first reported in the mid-60s
|[Chapman and Bragdon, 1964]. Later, Farwell et al. invented the first application - P300
speller in the late 80s [Farwell and Donchin, 1988|. Moreover, the actively regulated
evoked response was first defined as sensorimotor rhythm (SMR) or p-rhythm |[Roth
et al., 1967). And the movement-related SMR, which is also known as the event (de-)
synchronization (ERD/ERS), was reported by Pfurtscheller in 1977 [Pfurtscheller, 1977].
This work is soonly adopted and utilized as the input signal for BCIs by Wolpaw et al. in
1991 [Wolpaw et al., 1991]. (A systematic summary of these evoked potentials can be
found in |Kiibler, 2020])

The developments over the past three decades have highlighted the significant impact
of computers on the real-time analysis of electrical brain signals. This technological
advancement has made it possible to filter, average, classify various evoked potentials,
and utilize signal rhythm to enable individuals to use BCI systems for simple applications
such as cursor movement [Pfurtscheller, 1977], speller [Farwell and Donchin, 1988|, and
robot control [Bozinovski et al., 1988]. Consequently, the researchers made the best use
of advanced hardware systems back then, significantly contributing to BCIs technologies’
development.

1.1.3 1990s ~ Current

Since the 1990s, the BCIs community has experienced remarkable growth due to the
collaborative efforts of interdisciplinary researchers, as evidenced by the exponential

Google Scholar Counts
Pubmet Counts

Figure 1.1: The number of matched publications with keywords "brain", "computer",
"interface" and "BCI" on Google scholar (red bar) and PubMed (blue bar)
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increase in related publications illustrated in Figure Given the substantial number
of papers published in the past three decades, it is not feasible to enumerate every new
research direction. Therefore, we introduce the recent development of BCI systems from
three aspects, as illustrated in Figure the recording technique of neural activity, the
decoding algorithm of the recorded signal, and the experimental paradigm in which either
device is controlled, or feedback is applied.

Recording Modalities

The technique of electrical recording of neural activity has undergone significant advance-
ments thanks to the advancement in microelectronics. From single-channel intracortical
measurements, the technique has evolved into multi-channel signal acquisition, which can
be further classified into EEG, Stereotactic-EEG (sEEG), electrocorticography (ECoG),
and intracortical recording based on the electrode placement depth. Subsequently, mo-
tivated by the electromagnetic coupling theory, researchers have attempted to measure
brain activity through magnetic signals, i.e., magnetoencephalography (MEG), avoiding
invasive electrode implantation and the signal attenuation from non-invasive electrodes
caused by skull and brain tissue. This approach preserves both temporal and spatial resol-
ution. Additionally, with a deeper understanding of the theory of neurovascular coupling,
researchers have developed BCIs systems that detect the blood-oxygen-level-dependent
imaging (BOLD) response or hemodynamic response. Devices such as functional near-
infrared spectroscopy (fNIRS) and functional magnetic resonance imaging (fMRI) are
used to measure the BOLD signal.

In summary, advanced recording techniques have improved the quality of the collected
signal, which is a critical requirement for constructing a BCIs system with optimal
performance. However, acquiring high-quality signals alone does not fulfill all the needs of
a BCIs system. A proper processing and decoding pipeline is also necessary to translate
the acquired signal into executable devices or feedback commands.

Signal Preprocessing

The measured brain signal is often considered non-stationary due to the heterogeneity
and dynamics of brain activity. Some recording methods are susceptible to environmental
noise and non-task-related muscular or brain activity, necessitating the preprocessing
of the brain signal. Although algorithms may vary, most preprocessing methods can
be categorized as time and/or frequency domain processing. For instance, epoching
in the time domain can restrict the variability of the detected signal, allowing it to
be assumed as stationary in the observed time window, which is often task-related.
Furthermore, bandpass filtering or re-referencing techniques are also commonly used,
as most neurophysiological studies have shown that brain activity lies within specific
frequency bands. Consequently, we can eliminate the signal in non-related frequency
bands, which are considered as noise.
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Brain Signal
Recording
Experimental S
. ‘ < Brain Signal
Paradigm ‘ Decoding
Feedback

Figure 1.2: The basic components of a BCls system.

1.1.4 Classic Signal Decoding

The detected brain activity in a BCIs system is usually elicited by passive stimuli or
active intentions. In addition to investigating how different events affect brain activity,
an equally crucial research question is to determine the specific task that generates a
particular brain signal pattern or a systematic change of brain patterns. This process is
commonly known as brain signal decoding.

The Classic Decoding Pipeline

As a pattern recognition system, the EEG signal decoding process typically involves
feature extraction and classification. Moreover, as a data-centric methodology, an effective
decoding pipeline should also account for the intrinsic properties of the data, which can
be described from two perspectives: the datasets and the signals.

As introduced in Section the EEG signal is known for being an endogenous
non-stationary process susceptible to various exogenous interferences. This results in a
significant variation in the quality of the recorded data at different times, from different
subjects, and in different laboratories. Moreover, the size of EEG datasets is often
limited due to technical obstacles such as the lengthy preparation and calibration of
recording setups. Consequently, simple classifiers with low capacity have traditionally
been preferred because such characteristics can minimize the risk of overfitting and
increase robustness against data variation. Another benefit of simple classifiers is that
faster computational speed can ensure real-time decoding and feedback, which is essential
due to hardware limitations. On the other hand, to ensure sufficient discriminability of
the decoding pipeline with a simple classifier, considerable effort has been dedicated to
exploring feature extraction methods to alleviate the classifier’s workload. Ideally, the
feature extraction methods can incorporate prior neurophysiological knowledge or signal
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properties, such as non-stationarity, robustness to outliers, etc. Comprehensive guidance
on feature design can be found in [Lotte et al., 2007].

In addition to concerns over classifier capacity, small dataset sizes - the limited number
of trials per class - and high-dimensional data often present a significant challenge known
as the curse of dimensionality |Jain et al., 2000]. This refers to the low ratio of the number
of trials to feature dimensionality, which results in suboptimal performance and frequently
affects high-density EEG signals. One straightforward solution to mitigate this issue is
spatial filtering, which can reduce the dimensionality of the input features.

Spatial Filtering

Spatial filtering was initially designed to separate interferences from contaminated signals
when both the desired signal and the interference occupy the same temporal frequency
band [Van Veen and Buckley, 1988|. Therefore, spatial filtering processes data collected
over a spatial aperture, much like temporal filtering processes signals collected over a
temporal aperture [Van Veen and Buckley, 1988|. Through the intricate design of the
aperture, the signal of interest can ideally be amplified while irrelevant interferences or
artifacts are suppressed, regardless of their similarity in temporal frequency features.
The trait of spatial filtering coincidentally addresses a major concern in EEG signal
analysis, as artifacts and interferences often share the same temporal frequency band
as the task-induced EEG signal. Consequently, this concept was quickly embraced by
the EEG-BCI community since the 1980s. For instance, the common average reference
(CAR) algorithm aims to eliminate the common noise recorded by all electrodes. Also,
the surficial Laplacian spatial filter (sSLSF) sharpens the local topological features to avoid
biased connectivity analysis caused by high correlation among adjacent electrodes. It
accomplishes this by suppressing the influence of spatially-broad features like volume
conducted from distal sources and distributed but highly coherent sources [Cohen, 2014].
Subsequently, more sophisticated spatial aperture structures have been proposed to
enhance spatial selectivity. Rather than relying on data-irrelevant designs, e.g., CAR is a
weightless average, and sLSF is based on the predefined math formula, optimization-based
spatial filter design has become more prevalent. For example, principal component analysis
(PCA) extracts a set of spatial filters, which maximize the variance of the data explained.
Independent component analysis (ICA) is based on the assumption that active neuronal
sources are mutually independent. Therefore, the spatial filters are usually extracted
by solving two optimization problems: minimizing mutual information concerning the
independence of source activity and maximizing the non-Gaussianity of each source
because the probability density of the mixed signal is closer to the Gaussian distribution
than any single source signal according to the central limit theorem. Additionally,
for event-driven data with labels, i.e., supervised optimization, generalized eigenvalue
decomposition can solve the optimization problem of maximizing the distance between
signal power elicited by different events. One representative of this type of method is
known as the common spatial pattern (CSP), which is one of the most successful spatial
filtering methods in the EEG-BCIs field [Koles, 1991 Koles and Soong, 1998] (A concise
introduction of CSP history can be found in Section 4 |[Congedo et al., 2017]). Numerous
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spatial filter algorithms have since been proposed based on various optimization problems,
including XDawn |Rivet et al., 2009|, Source Power Comodulation (SPoC) [Dahne et al.,
2014], canonical correlation analysis (CCA) [De Clercq et al., 2006|, and so on.

Aside from spatial selectivity, the broad usage of spatial filtering in EEG analysis is
motivated by several additional advantages, as enumerated below.

1. Improved signal-to-noise ratio (SNR): Spatial filtering, particularly the linear type,
can be viewed as a weighted average of signals obtained from all electrodes. By
selectively amplifying or suppressing specific signal components and then aggregating
all components (sum in linear spatial filtering), spatial filtering can significantly
improve the signal-to-noise ratio (SNR), akin to the common mode filter.

2. Reduced overfitting risk and dimension redundancy: Taking a linear algebra per-
spective, spatial filtering can also be interpreted as domain transformations. For
instance, the highly correlated high-density EEG signal can be de-correlated by
applying a linear spatial filter, such as ICA, because the signal sources are mutually
independent by definition. As a result, meaningful signals are projected and con-
densed to subspace, while the rest of the dimensions are regarded as noise space
that can be discarded. This drastically reduces the dimensionality of the input EEG
data, reducing the risk of overfitting with high-dimensional data.

3. Accelerated computational speed: Another advantage of dimensionality reduction
through spatial filtering is simplifying the computational complexity. For example,
if a K-dimensional spatial filter is applied to the M-dimensional EEG data, where
K << M, the computational complexity for the matrix computation can be reduced
from O(M3) to O(M?). This can have a significant impact when M is large, such
as in the case of high-density EEG signals.

4. Better intepretablity: Spatial filtering can also be viewed as a conventional forward
problem, i.e., inferring the source activity from the measurement. The inverse or
pseudo-inverse of the spatial filtering matrix is known as the spatial pattern and
represents the solution to the inverse problem |Haufe et al., 2014]. By visualizing
the column vectors in the spatial pattern matrix, we can identify each channel’s
contribution to each measurement signal and reject non-task-related brain sources
based on prior neurophysiological knowledge, such as ocular movement artifacts.
Additionally, topological patterns can identify large-scale brain networks to further
analyze brain connectivity. If a volume conduction model is hypothesized, such as
the six-layer head model in the beamformer, spatial filtering can also address the
source localization problem |Grosse-Wentrup et al., 2009).

5. Enhanced capacity of decoding pipeline: Last but not least, spatial filtering can
increase the complexity of the decoding pipeline and reduce the need for high-
capacity feature and classifier designs.



1 Preamble

1.1.5 The State-Of-The-Art of Signal Decoding

In the realm of EEG decoding pipelines, the conventional approach has been to employ
dedicated spatial filter and feature designs in conjunction with a simple classifier, such
as a linear or naive Bayesian classifier, as evidenced by the past BCI competitions’
winning decoding pipelines [Blankertz et al., 2004, |[Blankertz et al., 2006b, [Tangermann
et al., 2012|. Recently, two emerging frameworks have gained increasing attention and
may eventually replace the partial dominance of the classic decoding pipeline: deep
learning (DL) and Riemannian manifold based classification frameworks. Despite their
differences, these two frameworks share a significant commonality: they are both nonlinear
classification frameworks, aligning with the natural properties of brain signals or EEG
data. Therefore, before delving into the specifics of these frameworks, it is essential to
review the evidence supporting the existence of nonlinearity in neural data.

Brain - A Nonlinear System

A linear system on a large scale may be ideal for theoretical analysis, but it is often
impractical for implementation due to the stringent requirement of linearity for all sub-
components. Even a single violation of linearity at one component can render the system
nonlinear. With billions of neurons, the human brain is one of the most complex large-scale
systems and is no exception to the previous rule. In general, the nonlinearity of brain
activity can be briefly described from micro to macro perspectives in two main aspects:

1. Neuronal signal initialization and propagation: Several biological neuron models
have been proposed to elucidate the neurophysiological mechanisms underlying
neuronal action potentials. One shared feature among many of these models is
the use of nonlinearity to describe neuronal dynamics [Izhikevich, 2007} Izhikevich
and Edelman, 2008|. The prestigious Hodgkin-Huxley model [Hodgkin and Huxley,
1952|, for instance, employs a set of nonlinear equations to characterize the electrical
properties of neurons during the generation and propagation of action potential.

2. Anisotropic attenuation of brain tissues and volume conduction model: The con-
ductivity of brain tissue is not uniform in all directions due to the anisotropic
nature of axons and other structural components [Jones, 2008, Basser and Pierpaoli,
2011]. This leads to different levels of attenuation for electrical signals that travel
parallel and perpendicular to the orientation of these structures. Consequently,
accurate modeling of volume conduction in the brain requires consideration of
anisotropic conductivity. The volume conduction model is hence widely used to
simulate the propagation of electrical signals in the brain [Nunez and Srinivasan,
2006, and it relies on the accurate representation of the electrical properties of brain
tissue. Incorporating anisotropic attenuation into the volume conduction model can
significantly improve its accuracy and enhance our understanding of brain function.
The downside, however, is the introduction of nonlinearity.

Regarding the two main sources of nonlinearity in the brain concluded above, the latter
matters more for EEG-BCIs because the ultimate goal is to decode source activity from
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the measured signal instead of the single-neuron activity. Thus, the ideal solution would
be the inverse function of the nonlinear volume conduction model. This suggests that
the optimal decoding model should also be of a nonlinear nature. Recent advances in
nonlinear decoding pipelines have brought new hope in approaching this ultimate goal,
and one of the most well-known frameworks is the deep learning decoding framework.

Deep Learning based Decoding Framework

The MaCulloch-Pitts neuron model from the 1940s marked the start of deep learning
[McCulloch and Pitts, 1943|. The Perceptron model |[Rosenblatt, 1958, introduced later
as the first trainable neuron model with updatable parameters, represented the initial
phase of deep learning until it was revealed to have limitations [Minsky and Papert,
1969, such as the inability to learn XOR function, in the 1960s. Decades later, rekindled
interest in deep learning emerged as researchers found violations of previously held
statements in [Minsky and Papert, 1969, leading to the argument that complex behavior
can be achieved with many simple computational units. Modern deep learning concepts,
including the back-propagation model (BP) [Rumelhart et al., 1986|, convolutional neural
networks (CNN) [LeCun et al., 1995|, and long-short term memory (LSTM) |[Hochreiter
and Schmidhuber, 1997|, were developed during this wave. The universal approximation
theorem later proved that deep learning can approximate any nonlinear mappings between
inputs and outputs |Cybenko, 1989} Hornik et al., 1989} Hornik, 1991]. However, hardware
limitations at the time hindered the further advancement of deep learning until the late
2000s. With the advancement of big data and parallel computing hardware, deep learning
has flourished and is now capable of practically approximating any mappings using a
deep and hierarchical network with sufficient data. This has led to revolutionary changes,
as intricate feature design with prior domain knowledge is no longer necessary. Instead,
the network can automatically learn features and classifiers from minimally processed or
even raw input data, even though the learned features may not be interpretable.

The property of deep learning to learn features automatically is particularly advant-
ageous for EEG signal decoding because the traditional feature design for EEG decoding
requires extensive effort to craft by hand. Therefore, deep learning has been widely
embraced by the EEG-BCI community since the 2010s, leading to a surge in related
research |[Roy et al., 2019]. This feature learning capability clearly distinguishes between
early neural network usage and modern deep learning applications. In the past, neural
networks were regarded as pure classifiers often paired with various feature extraction
techniques. For example, the multilayer perception model is combined with autoregressive
features |[Anderson and Sijercic, 1996| or band power difference |Palaniappan, 2005| or
finite impulse filter weights [Haselsteiner and Pfurtscheller, 2000]. Also, the local neural
classifier is with power spectrum coefficients [Millan et al., 2002|, and probabilistic neural
network (radial basis function neural networks) with linear predictive coding spectral
analysis after ICA and PCA [Hoya et al., 2003|. In contrast, modern deep learning
frameworks focus more on the network structure, such as the convolution neural network
[Schirrmeister et al., 2017, Manor and Geva, 2015, [Kwak et al., 2017| and deep belief
network [Sturm et al., 2016|, [Yin et al., 2017|, while minimizing the need for EEG fea-
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ture extraction with only using, e.g., raw EEG signal |Schirrmeister et al., 2017|, EEG
time points (epoched EEG data) [Manor and Geva, 2015, or band power |[Kwak et al.,
2017, |Sturm et al., 2016, Yin et al., 2017|. Interestingly, 74 out of 154 deep-learning-based
EEG decoding papers published until 2019 used raw EEG signals as input according to
|[Roy et al., 2019|, which indicates a trend toward shifting focus from feature extraction.

The deep learning framework has achieved significant success in offline EEG decoding
thanks to the nonlinearity. However, this framework has also faced criticism, particularly
regarding the unique characteristics of EEG data, especially the limited data set size as
mentioned in Section Moreover, the feature learning property of deep learning is a
double-edged sword. On the one hand, it can significantly reduce the effort of feature
extraction design by focusing on the network structure. On the other hand, non-stationary
EEG signals often suffer from low SNR issues, unlike the case for images or speech signals.
Therefore, using minimally processed or even raw data as input while completely ignoring
the underlying neurophysiological knowledge of the data is also risky. Additionally, the
interpretability of features is essential, particularly in the EEG-rehabilitation field, where
it is necessary to exclude the artifacts- or interference-driven classification. Unfortunately,
interpretability is one of the most well-known concerns about deep learning methods.

One may wonder if there is a framework that combines the success of nonlinear decoding
and the characteristics of EEG data structure while being easily trainable with small
datasets. The Riemannian manifold based classification framework fulfills all these
requirements.

1.2 Riemannian Manifold based EEG Decoding Framework

1.2.1 Motivation: EEG Decoding from Optimization’s Perspective

As a subset of the pattern recognition problem, the EEG decoding model can be formulated
as an optimization problem. Whether solved via conventional linear pipelines or modern
nonlinear deep learning frameworks, the goal is to minimize a loss function £(-) while
satisfying constraints g(-).

mfin L(f(z),y),s.t.,z € R" and/or g(x), (1.1)

where x and y stand for the data and labels, respectively. In most cases, the data
is assumed to lie in Euclidean space R™ without any underlying geometric structure.
Therefore, regular optimization algorithms such as gradient descent or multiplier methods
are employed to solve the problem under constraints g(-). While these methods are
effective for image and speech data, the validity of the previous assumption must be
carefully considered in EEG decoding due to the unique characteristics of EEG signals.

As mentioned earlier, spatial filtering is widely applied to EEG signals, and the resulting
spatial patterns can be used to analyze the topological distribution of brain sources.
Combined with the volume conduction model introduced before, these suggest that there
may underlie some geometrical structure inherent in EEG signals. For example, EEG
signals are collected over the curved surface of the scalp, capturing radiated brain sources

10
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after anisotropic attenuation. If we consider the data to follow a particular geometrical
structure, i.e., z € M where M is a subspace of R, then the optimization problem
presented in Eq. (1.1)) may not be sufficient as g(x) for following reasons:

e No convergence to a solution when the constraints are non-convex.
e No guarantee that the iterates remain on the manifold M.

e No utilization of the geometrical structure of M.

Therefore, we can consider the following alternative optimization problems to avoid

the drawbacks of Eq. (1.1]), which is:

mfin L(f(x),y),s.t.,x € M and/or g(x), (1.2)

where M is a non-Euclidean subspace with curvature embedded in the Euclidean space
R™.

1.2.2 Riemannian Manifold

When choosing a topological space for classifying input features, it is often prioritized to
consider one that resembles local Fuclidean space, allowing for easy application of most
available classification algorithms without adaptation. Additionally, the space should have
well-defined physical quantities such as length, angle, and orientation, which is crucial for
interpreting the physical meaning of the features or model. One candidate space that
fulfilled these considerations is the Riemannian manifold which is defined as follows:

Definition 1.Riemannian Manifold: A Riemannian manifold (M, p) is a smooth
manifold M equipped with a Riemannian metric p defined as the inner product on the
tangent space T, M for each point z € M, p,(+,-): T, M x T, M — R. |Boothby, 2003]

The above definition of Riemannian manifold contains three key components: a point
2 on the manifold, a Riemannian metric denoted by p, and a smooth manifold M. These
concepts are further explained as follows:

Common Riemannian Manifolds and the Associated Manifold Points

The Riemannian manifold is a powerful mathematical tool, but its broad definition may
not be suitable for analyzing the geometric structure of certain data. To address this
issue, Riemannian manifolds can be classified based on the type of points that comprise
the manifold, providing a more targeted approach for related studies. Given that EEG
decoding data typically comprises two-dimensional signal matrices or their variations,
a useful Riemannian manifold is one constructed from F"*P n > p matrices, which is
known as the matriz manifold [Absil et al., 2009] and F can be either the real set R or
the complex set C. Below, we will introduce several important matrix manifolds that are
relevant for EEG decoding.

11
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Stiefel manifold: the linearly independent or orthonormal matrix manifold

The Stiefel manifold is a specialized form of the matrix manifold that characterizes
matrices with independence or orthonormality. The non-compact Stiefel manifold rep-
resents the matrices with independence, while the compact Stiefel manifold is for the
orthonormal matrices. The definitions for these manifolds are provided below (adapted
from [Absil et al., 2009]):

Definition 2.Non-compact Stiefel Manifold: Let F;*?(n > p) denote the set of
all n X p matrices whose columns are linearly independent. This set is an open subset
of F™*P since its complement {X € F™"*P : det(X*X) = 0} is closed. Consequently, it
admits a structure of an open submanifold of F**P. This manifold will be referred to as
the manifold F7 P or the non-compact Stiefel manifold of full-rank n x p matrices.

Definition 3.Compact (orthogonal) Stiefel Manifold: Let St(p,n)(n > p) denote
the set of all n x p orthonormal matrices; i.e., St(p,n) = {X € F"*P: X*X = I,}, where
I,, denotes the p x p identity matrix. The set St(p,n) is called an orthogonal or compact
Stiefel manifold.

The Stiefel manifold finds broad applications in various fields, such as robotics with
kinematic modeling |[Hiiper et al., 2007, [Hiiper et al., 2008|, quantum chemistry |Chi-
umiento and Melgaard, 2012|, nonlinear dimension reduction [Kanamori and Takeda,
2012|, and network synchronization [Markdahl et al., 2020|. In machine learning, data
with column orthogonal structure is also gaining attention in applications like computer
vision [Lui, 2012] and medical image analysis |[Chakraborty et al., 2017a]. Recently, the
optimization on the Stiefel manifold has been explored in the deep learning framework,
replacing the gradient optimization on the Euclidean space |Arjovsky et al., 2016, [Huang
et al., 2018a;, Bansal et al., 2018, |Li et al., 2020], as orthonormality constraints on the
parameter space appear to be advantageous.

In EEG decoding, the Stiefel manifold has gained prominence for various purposes.
Yamamoto et al. employed dimension reduction via the Stiefel manifold to analyze
the EEG subspace |[Yamamoto et al., 2021|. Furthermore, using back-propagation and
gradient-based methods on the Stiefel manifold in deep learning frameworks has demon-
strated its potential in decoding EEG signals [Huang and Van Gool, 2017, Pan et al.,
2022|.

It is necessary to note that in deep learning frameworks, the Stiefel manifold serves
primarily as the parameter space to ensure orthogonality rather than the input data
or feature space. This is due to the difficulty of enforcing orthogonality on input data,
particularly in the case of EEG signals, which can be highly correlated. Consequently,
determining the appropriate manifold on which to model input data is also a crucial issue.
This leads to the introduction of the second type of Riemannian manifold - the symmetric
positive definite (SPD) manifold.

Symmeric positive definite (SPD) manifold

The SPD manifold is defined as the collection of symmetric positive definite matrices,
represented below:

12
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Definition 4.Symmetric positive definition (SPD) manifold: Let Sym_(n)
denote the set of all n x n symmetric positive definite matrices; i.e., Sym, (n) :=
{X e R XT = X and A\pin(X) > 0}, where I, denotes the n x n identity matrix
and Apin(X) is the smallest eigenvalue of matrix X. The set Sym (n) is called symmetric
positive definition (SPD) manifold.

Positive definite matrices possess several crucial mathematical properties, as enumerated
in [Bhatia, 2009]. Our focus, however, is on a specific type of SPD matrix, the covariance
matrix. The covariance matrix extends the notion of variance from a mono-dimension to a
multi-dimension signal. Instead of being positive-definite, it is often positive-semi-definite
because of the potentially high correlation among channels, which can result in rank
deficiency and eigenvalues of zero. Real-world data may even produce covariance matrices
that are negatively definite due to numerical errors, inadequate data size, non-Gaussian
distributed data, etc. Therefore, regularization or dimension reduction techniques, such
as Ledoit-Wolf shrinkage |Ledoit and Wolf, 2004, Oracle Approximating Shrinkage |Chen
et al., 2010], and principal component analysis [Abdi and Williams, 2010|, are commonly
employed to ensure that the estimated covariance matrices lie on the SPD manifold.
Furthermore, the covariance matrix assumes significance owing to its encapsulation of
valuable information in multiple domains, as listed below:

e In computer vision, covariance matrices represent the interdependence between
pixels in an image and capture crucial information about the intensity distribution.

e In speech processing, covariance matrices model the correlation between acous-
tic features in speech signals, and are integral components of numerous speech
recognition systems.

e In natural language processing, covariance matrices model the association between
words in a corpus, and are deployed to represent the co-occurrence matrix in
document classification and topic modeling algorithms.

e In machine learning, covariance matrices are often used to measure variables’
similarity.

e In EEG decoding, covariance matrices comprise the within-channel power (variance)
along the diagonal, and off-diagonal elements, which reflect the interrelation between
signals from different channels.

Due to its physical significance, the covariance matrix often serves as the input feature
in various frameworks, sometimes referred to as tensor computing framework [Pennec
et al., 2006]. As the covariance matrix is inherently symmetric positive definite after
the regularized estimation, the SPD manifold refers to the manifold constructed from
covariance matrices without further elaboration.

Other manifolds

13
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Apart from the Stiefel and SPD manifold introduced above, there exist other types of
Riemannian manifolds, including the flag manifold, fixed-rank manifold, and Grassmannian
manifold, which can be viewed as the quotient manifold of the Stiefel manifold [Absil
et al., 2009]. The Grassmannian manifold is also employed in various domains, such as
communication |[Zheng and Tse, 2002|, nonlinear dimension reduction [Chevallier et al.,
2014], time series classification [Al-Samhi et al., 2021} [Yu et al., 2020|, and deep learning
[Huang et al., 2018b|. As these manifolds are not the primary focus of this dissertation,
they will not be further discussed here.

Building Blocks of Riemannian Manifold

Most machine learning problems, including most EEG decoding tasks, can be approached
as a puzzle game of identifying similarities within data. Data sharing the same label are
presumed to be highly alike, while those with dissimilar labels exhibit marked differences.
The widely recognized similarity measure is the distance, which indicates the length of the
line connecting two data points. Therefore, we will commence by reviewing the definition
of a line in Euclidean space, followed by an elaboration on the "line" in the manifold.

Recap of distance and inner product in Euclidean space

In Euclidean space, the conventional approach is to select the shortest straight line
connecting two data points to compute their Euclidean distance, denoted as dgyciid-
For instance, the dgyq;q between two one-dimensional points, a and b, is calculated as
dpuctia = v/ (a — b)%2. The L2 norm in vector space and the Frobenius norm ||| 7 in matrix
space represents the generalization of the Euclidean distance, as illustrated below.

N—-1
dEuctid = ”A — BHF = Z (Ai,j - BZ',]‘)Q, A&B € RNXN, (1.3)
4,j=0
where A and B denote the two matrix points. Importantly, the Euclidean distance can
be represented as the form of an inner product as shown below:

dgucia = | A —Blr = tr (A —B)T(A ~B)) = (vec(A — B),vec(A ~B)),  (L4)

where vec(A) denote the vectorization of matrix A.
Geodesic, Riemannian distance and mean point on the manifold

However, on the manifold, the definition of distance necessitates an additional structure,
namely, the metric tensor p, which can be regarded as a generalization of the inner product.
The Riemannian metric p is a positive-definite metric, and the length of any smooth
curve connecting two points on the manifold can be established by integral. The curve
with the shortest length is referred to as the geodesic, as illustrated in Figure [1.3

The two endpoints of the geodesic () correspond to the two manifold points (covariance
matrices) 7(0) = C; and (1) = Cs, and the midpoint of this geodesic v(3) = C,, is
known as the mean point. The Riemannian distance between C; and Cao, i.e., the length
of the geodesic, is defined as follows:
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® Mean Point ® Point on the Manifold ——— Geodesic

: Manifold

Figure 1.3: Geodesic (t): The shortest smooth curve that connects two covariance
matrices (black point) C; and Cy on the Riemannian SPD manifold. The
red point C,, indicates the midpoint of the geodesic, i.e., ’y(%), which is the
special case of mean point.

1
£ €)= [ (15)
0 t

If there are more than two manifold points, the midpoint will be generalized as the
mean point. One of the most well-known mean points on the manifold is Fréchet mean
point (also known as Karcher mean), as shown in Figure and defined
in Eq. . Notably, Fréchet mean has been shown as the manifold version of scalar
geometric mean [Bhatia, 2009], which hence inherits many advantages, e.g., robustness
against outliers [Congedo et al., 2017], etc. More discussion about the mean point choice

can refer to [Congedo et al., 2017, |Congedo et al., 2019).

° Mean Point (AIRM based)
° Point on the Manifold

Geodesic 7(t) between mean point
and any point on the manifold

Figure 1.4: The mean point of multiple manifold points.

N
1
C,, = argmin— L2 (C,C; 1.6
iy 3 25,(€.0) (16

Tangent space and tangent vector

Tangent space can be perceived as the spanned space of the tangent curves along the
geodesic at a particular point on the manifold, as depicted in Figure[1.5] Tangent space
is widely utilized since it is a Hilbert space by definition, allowing for the computation of
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inner products. Just as the inner product is closely associated with distance measurement
in Euclidean space, we can leverage tangent space to facilitate the computation of
Riemannian distance by computing the inner product between the projected manifold
points S; and So, also known as tangent vectors.

Jc, M: Tangegt 'pace at Point C,, ° Mean Point (AIRM based)
1

. [ ! Cn 0S2 . .
/ Point on the Manifold

o  Point on the Tangent Space

;) “PwSory

Expmg, (-)

——— Geodesic

: Manifold

Projected Geodesic

Figure 1.5: Tangent space and tangent vector constructed at the mean point

The projection from the manifold to tangent space is a non-trivial matter because it can
vary under different Riemannian metrics. Put differently, given the same pair of manifold
points, their Riemannian distance is not necessarily unique and actually depends on the
choice of the Riemannian metric. This is analogous to the situation in Euclidean space,
where the Manhattan distance [Minkowski, 1910| calculated from the L1 norm differs
from the Euclidean distance calculated from the L2 norm. Thus, to explicitly quantify
the Riemannian distance, we will subsequently introduce several common Riemannian
metrics.

Riemannian Metric

Adopting the metaphor from |[Congedo et al., 2017], a metric can be perceived as a ruler
used to measure the distance between data points. An inappropriate ruler can introduce
excessive complexity in the aftermath, akin to the intricate post-processing steps required
after using the Euclidean metric to measure the covariance matrices computed from EEG
signals. In contrast, Riemannian metrics appear to be the appropriate ruler to measure
EEG covariance matrices, evidenced by the excellent performance of Riemannian methods
in EEG decoding. Thus, we will briefly review several Riemannian metrics designed for
SPD manifold points.

Affine-invariant Riemannian metric (AIRM)

The concept of affine-invariance dates back to Nomizu’s work [Nomizu, 1954, and the
affine-invariant Riemannian metric has been independently proposed in various fields. In
information geometry, it is known as the Fisher information metric and has been applied
to analyze covariance matrices |[Forstner and Moonen, 2003 and diffusion tensors |Fletcher
and Joshi, 2004]. The first complete computing framework based on AIRM was published
by Pennec et al. for interpolation in diffusion tensor imaging (DTI) |[Pennec et al., 2006],
which was later adopted by Barachant et al. for EEG decoding |[Barachant et al., 2010,
marking the beginning of Riemannian framework’s application in EEG research.
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In mathematical terms, affine transformations, including translation, rotation, scaling,
and shearing, are all linear operations that can be modeled as the multiplication of the
original signal matrix X and the transformation matrix A plus the translation matrix T,
ie, X =AX+T,A € GLy and X € RV*P| where X is the affine-transformed signal
matrix, and GLy denotes the linear group on the SPD manifold Sym , (N). Therefore,
the affine transformation for a covariance matrix C = E[(X — E(X))(X — E(X))”] can be
easily derived as:

C = ACA”,C&C € Sym  (N), (1.7)

where C denotes the affine transformed covariance matrix, i.e., C = E[(X — E(X))(X —
E(X))?]. Furthermore, this concept can be extended to the geodesic, which can be
further explored in |[Pennec et al., 2006]. As the geodesic is closely linked to distance, the
affine-invariant distance can be defined as follows |[Pennec and Ayache, 1998]:

darrar(Ci, Ca) = darra (AC1 AT ACoAT) = darpa(Cy, Co) (1.8)

As shown in [Pennec et al., 2006], if the transformation matrix A is chosen as C; 2,
the distance under AIRM can be simplified as a pseudo-norm as shown below.

1 1 1 1
darra(C1, Ca) = darram(C; 2C1(C, 2)T,C 2Cy(C, 2)T) (1.9)
1 1
= darrm(In,C; >Co(C, %)) (1.10)
=N(%), (1.11)

where ¥ = C;%CQ(C;%)T. Furthermore, the inverse invariance of this pseudo-norm
N has also been demonstrated in [Pennec et al., 2006| by utilizing the symmetricity
of distance, i.e., N(X) = N(X7!). As a result, one possible computation that satisfies
these invariances of the pseudo-norm N(-) is the sum of the squared logarithms of the
eigenvalues:

N

N(Z)? = (log(\))?, (1.12)

i=1

where A\;,1 < i < N is the i-th eigenvalue of ¥ € RANXN " This means the Riemannian
distance between two manifold points C; and Cs is

darrm(C1, C2) = (1.13)

Obviously, the inverse invariance of the pseudo-norm can be easily generalized to the
inverse invariance of the Riemannian distance under AIRM, i.e.,

darry(C1,Ca) = darrm (Cy Y, Co 1) (1.14)
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Subsequently, the geodesic that starts from a reference point C,ef with tangent vector
S can be explicitly derived as:

-1 1
V(Cret,S) (t) refEXp(t Cref SC f2) ref’ (115)
where Exp(+) stands for the matrix exponential for SPD matrix, i.e., Exp(A) = Vexp(D)VT
with A = VDV? and VI'V = L.
Note that this geodesic shown in Eq. (1.15) [Pennec et al., 2006] is equlvalent to the more
general definition at Theorem 6.1.6 in [Bhatia, 2009], i.e., y(t) = C2 (C, CQC )tC2

Their differences are illustrated in Figure [I.6] and the equivalence of these three cases
can be easily proved.

: Manifold

(a ) Geodesic between C; and C; defined by |Bhatia, 2009

Y(Cret,S) (t) = C fEXp(t eref2 SCref )Crzef ’Y(IN,S) (t) = EXp(t . S)

Tc, M : Tangent Space at Ciep 'Y(O) TiyM : Tangent Space at Iy ’7(0)

: Manifold : Manifold

(b) Geodesic starting from a reference point Cyer (¢) Geodesic starting from a reference point Iy
with tangent vector S defined by with tangent vector S defined by
et al., 2006 et al., 20006]

Figure 1.6: Formulation of geodesic under different cases

Based on the geodesic equation, the associated manifold point C with the given tangent
vector S can be computed, which is located on the tangent space constructed at the
reference point Cres. The equation for this computation is presented below.

1

11
C:Expcmf(S)* Exp(C SC o )CLs, (1.16)

ref ref

Similarly, the inverse mapping from the manifold point to the tangent vector uses the
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inverse operation, i.e., logarithm mapping, as shown below:

-1 1 1
2CC 2)02

ref ref ref?

1
S = Logc, ,(C) = C;

ref

Log(C (1.17)

where Log(-) stands for the matrix exponential for SPD matrix and

Additionally, the Riemannian metric provides an inner product definition on the tangent
space, denoted as T, M x T,M — R. This inner product, which is also the AIRM distance
on the tangent space, can be computed using the logarithm mapping, as shown below:

dAIRM*TS(Cla Cg) =1tr (Logcref(Cl)TLogCref(Cg)) (1.18)
= tr (STSy) (1.19)
= vec(S1)Tvec(Ss) (1.20)

In summary, the Riemannian distance with AIRM possesses three important invariant
properties: affine, inverse, and geodesic (congruence) invariance, which is critical to the
success of the Riemannian framework in decoding EEG signals as discussed later in Section
[1:273] Another popular Riemannian metric on the SPD manifold is the Log-Euclidean
metric, which is introduced subsequently.

Log-Euclidean metric (LogE)

The Log-Euclidean metric was proposed as a simpler and faster alternative to the
AIRM metric [Arsigny et al., 2006], which has excellent theoretical properties but de-
mands intensive computing resources and is not suitable for real-time applications when
dealing with high-dimensional matrices. Despite discarding the affine invariance, the
Log-Euclidean metric maintains important invariance properties, such as inversion invari-
ance, similarity invariance, and translation invariance in the domain of logarithms. The
simplest version of the Log-Euclidean metric that fulfills these invariance properties is
defined as follows:

dLog—Buctid(C1, C2) = v/tr ((Log(C1) — Log(Cs))? (1.21)

Similar to distance, the geodesic under the Log-Euclidean metric is also simplified, as

shown in Eq. ((1.22).
VLog—Euctid(t) = Exp((1 — t)Log(Cy) + tLog(C2)) (1.22)

This simplicity leads to another nice property: the Fréchet mean point under the
Log-Euclidean metric has a closed-form solution, as opposed to the mean under AIRM,
which relies on iterative numerical methods algorithms [Barachant et al., 2010|. However,
it is necessary to point out that the mean under two different metrics can be identical
under certain cases, as proved in Proposition 9 of |Arsigny et al., 2005|.

In summary, the Log-Euclidean metric significantly reduces computational complexity by
relaxing the invariance requirements. Although it does not possess affine invariance, it still
maintains essential invariance properties in the domain of logarithms. Computationally,
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the Log-Euclidean metric is closely related to AIRM, as both are linked with the scalar
geometric mean point. The Log-Euclidean metric is a viable replacement for AIRM when
facing limited computing resources or strict real-time requirements while still needing to
maintain decent decoding accuracy for EEG signals.

Other Riemannian metrics

Other Riemannian metrics applicable to the SPD manifold include the Log-Cholesky
and Wasserstein metrics. The Log-Cholesky metric is advantageous in computational
speed and numerical stability and with the closed-from Fréchet mean, but sacrifices
some invariance properties (bi-invariance preserved though) . The Wasserstein
metric, on the other hand, is based on the product between the space of means and the
space of covariance matrices |[Chevallier et al., 2017], holds rotation invariance |Chevallier]
et al., 2017, |Congedo and Jain, 2019|, but does not have a closed-form solution for the
mean point [Congedo and Jain, 2019|.

1.2.3 Riemannian Geometry for EEG decoding
A Brief History

Barachant et al. proposed the Riemannian manifold based EEG decoding framework
[Barachant et al., 2010] by adopting the computing framework in [Pennec et al., 2006].
Meanwhile, Li et al. also managed to leverage the Riemannian manifold to decode EEG
signals . The major distinction between these two parallel research lines is
that the Riemannian metric used in the pipeline of [Pennec et al., 2006, Barachant et al.,|
leverages affine-invariance to simplify the computation by avoiding the complicated
geodesic definition involving Christophel symbols and utilizing the symmetric solution
of the Sylvester equation in the geodesic, which is not the case for |Li et al., 2009].
Moreover, Riemannian geometry has also been applied to analyze the optical flow of EEG
signals by Lefévre et al. |Lefévre and Baillet, 2008|, as EEG signals can be considered as
a 3D spatiotemporal signal, similar to video signals. Despite this, due to the powerful
theoretical properties and practical simplicity, the EEG decoding pipeline proposed in
[Barachant et al., 2010] has gained more attention. As witnessed by multiple champions
in several BCI competitions, its success has further attracted more interest from the
EEG-BCI community.

Over the past decade, the Riemannian manifold based EEG decoding framework has
been widely applied in various paradigms or domains, such as motor imagery
et al., 2010, |Barachant et al., 2013bj, Barachant et al., 2011|, sleep stage categorization
[Li et al., 2009, [Li et al., 2012|, P300 [Korczowski et al., 2015|, SSVEP |Kalunga et al. |
2015], artifacts detection [Barachant et al., 2013al [Saifutdinova et al., 2019|, emotion
recognition [Wang et al., 2021|, respiratory states [Navarro-Sune et al., 2016|, imagined
speech [Bakhshali et al., 2020], post-traumatic stress disorder (PTSD) [Kim et al., 2020,
olfactory classification [Zhang et al., 2022], etc.
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Riemannian Manifold based EEG Decoding Pipeline

Despite the diversity in applied paradigms and purposes, the adopted algorithms or
pipelines can be categorized into two types of classification, as illustrated below.

C*t e ¢~ @ Mean Point C*/C~/C,,
@ Point to classify == (lassifier

X: Bandpass filtered signal

M : Manifold

Tangent Space (TS) based Classification

Figure 1.7: Two types of classification pipeline based on the Riemannian manifold.

The first (above) classification approach is the direct comparison of Riemannian dis-
tances between classwise mean points and new points on the manifold, commonly referred
to as the minimum to the mean (MDM) or nearest centroid classifier |[Congedo et al.,
2017]. While advantageous for its simplicity and independence from the number of
classes, MDM classifier performance is highly dependent on the choice of Riemannian
metric (AIRM or Log-Euclidean), the type of mean points on the manifold (arithmetic,
geometric, harmonic, or power means |[Congedo et al., 2017, |Congedo et al., 2019]), and
input feature dimensionality [Barachant et al., 2011} Congedo et al., 2017].

In addition to the MDM classifier, the tangent space-based classification is another
option, as shown in Figure (below). This pipeline involves computing the mean point
on the manifold using the chosen Riemannian metric, projecting all manifold points onto
the tangent space constructed at the computed mean point using logarithm mapping, and
applying standard classification algorithms defined in the Euclidean space to the tangent
vectors. The tangent space is a Hilbert space, which means that most classic classification
algorithms can be directly applied without adaptation. The superiority of this pipeline
over the standard EEG decoding pipeline has been verified in the meta-analyses |Jayaram
and Barachant, 2018].

The success of Riemannian manifold based EEG decoding pipelines can be attributed
to both the exploration of the geometric structure embedded in the manifold points and
the abundance of complex Euclidean classifiers. This framework achieves decent decoding
accuracy and satisfactory robustness, mainly due to the theoretical properties held by the
Riemannian metric. In a comprehensive review by Congedo et al. [Congedo et al., 2017],
several justifications are provided to support the success of the Riemannian framework,
which are briefly summarized below. For more information, please refer to |[Congedo
et al., 2017].

1. Affine invariance ensures equivalence between sensor space and source space, making
the measured distance robust against changes in the mixing matrix from source

21
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space to sensor space. This is also relevant to practical scenarios such as the shift
of the EEG cap.

2. Inversion invariance preserves the sensitivity of the relative scale difference while
being insensitive to the common signals, which are inferences or artifacts.

3. Geometric distance and mean are known for their robustness against outliers, which
are commonly present in EEG signals. Hence, utilizing such distance and mean can
help suppress the influence of outliers.

4. Congruence tnvariance theoretically supports the generalization capabilities of
Riemannian frameworks, thereby explaining their robustness in cross-session or
cross-subject tasks.

1.3 Decoding Model Intepretability

The success of both deep learning and Riemannian manifold based decoding framework,
particularly in the EEG-BClIs field, has significantly enhanced the translation accuracy
and the robustness of EEG decoding. These advancements are primarily attributable
to the augmented complexity of both the processing pipeline and classification model.
However, it is imperative to acknowledge that the incessant augmentation of complexity
does not necessarily proportionately enhance accuracy and robustness, and one of the
potential drawbacks is the compromised interpretability of the decoding models, which
can be particularly unfavorable in a clinical EEG-BCIs system. Moreover, the ability
to interpret a decoding model confers the potential to integrate novel techniques into a
BClIs system, thereby augmenting its efficacy or broadening its application domain, akin
to the pioneering utilization of computers in the early 1970s. Therefore, in this section,
we briefly present the background of interpretable machine learning and underscore the
significance of interpretability in EEG-BClIs applications. Lastly, we introduce a technique
that leverages the model’s interpretability to construct an efficient EEG-BCIs system.

1.3.1 Interpretable Machine Learning Background

As an emerging field, interpretable machine learning lacks a precise and widely-acknowledged
definition, as noted in [Murdoch et al., 2019, Molnar, 2022|. However, following the
description in [Molnar, 2022|, we can describe model interpretability as the degree of un-
derstanding the causal factors behind a decision [Miller, 2019] or the consistency of model
performance predictions |[Kim et al., 2016|. These definitions highlight the importance of
interpretable machine learning, which can promote fairness (i.e., unbiased and equitable
predictions or decisions across different people or data sets) and accountability (the ability
for post hoc inspection) in machine learning models [Chakraborty et al., 2017b|. By
providing explanations for how the model arrived at its decision, interpretable machine
learning can increase transparency, accountability, and fairness in decision-making pro-
cesses, which is especially important in fields where model predictions have significant
impacts on human lives, such as in loan applications or medical diagnoses.
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1.3 Decoding Model Intepretability

Concrete methods for achieving interpretability can be found in Section 3.2 of [Molnar,
2022|, which categorizes methods from diverse perspectives, such as intrinsic versus post
hoc, model-specific versus model-agnostic, and local versus global. A similar but more
condensed taxonomy with examples is presented in |Du et al., 2019].

1.3.2 Interpretability for EEG decoding

As mentioned earlier, the interpretability of machine learning models is crucial in health-
care systems, especially for clinical applications, where each decision made by the model
can have high stakes and be irrevocable. In the context of EEG-BCIs systems, inter-
preting the models is also necessary to mitigate the risk of using an artifacts-driven
system and efficiently train the system using only the most important features, such as
task-related spatial patterns in the CSP. The importance of interpretability can be traced
back throughout the developmental history of EEG decoding technology, as discussed in
Sections [I.1.T] and [I.T.2] where clinicians directly interpreted the EEG signal to associate
signal characteristics with certain disease diagnoses, e.g., epilepsy |Pillai and Sperling,
2006, Tatum IV, 2021], migraine [Smyth and Winter, 1964, [Sand, 1991], stroke |Jordan,
2004, etc. In more recent times, when the classic EEG decoding model was introduced,
intrinsic and model-specific methods were commonly used to interpret the trained models
due to their relatively simple structure, such as linear regression and support vector
machines, as summarized in Section One representative example is the topographic
interpretation of the common spatial pattern, which can directly reflect the spatial distri-
bution of brain sources via eigenvector and their importance via the eigenvalues [Koles,
1991} |[Koles and Soong, 1998].

With the recent advances in EEG decoding methods, there are now challenges in
interpreting these complex models. However, thanks to intensive research in interpretable
machine learning, especially for the deep learning models, there have been several works
that successfully interpreted deep learning based EEG decoding frameworks, such as CNN
for MI [Borra et al., 2020|, emotion recognition [Mayor-Torres et al., 2021|, and epileptic
seizure prediction|Jemal et al., 2022|. In contrast, the interpretability of Riemannian
manifold based EEG decoding frameworks has received less attention from both EEG
and interpretable machine learning communities, even though the tangent space-based
EEG decoding is often equipped with a simple classifier, which should be relatively easier
to interpret. To the author’s knowledge, the only related work is by Wong et al., who
presented Riemannian interpretability under the Log-Fuclidean metric for analyzing
brain networks with resting-state fMRI data. Nevertheless, the interpretability methods
taxonomy presented in Section[1.3.1|can serve as a guide for future research on investigating
interpretable Riemannian methods, as listed below.

e Intrinsic vs. Post Hoc: Intrinsic methods are typically applied to models with simple
structures, while post hoc methods are often used for complex models. Riemannian
methods should certainly be categorized as the latter type due to their complex
geometrical structure. However, finding an approximation with a simple model
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would be a promising way to interpret Riemannian decoding frameworks in an
intrinsic way.

o Model Specific vs. Model Agnostic: Model-agnostic approaches, specifically model
flexibility, should be the ultimate goal for interpreting Riemannian methods. This
means that, regardless of the specific classifier used in the pipeline, the interpretab-
ility of the Riemannian decoding framework can always be analyzed in the same
way.

e Local vs. Global: Unlike computer vision or natural language processing problems,
personalized predictions that can be interpreted are often preferred in EEG-BCls
systems due to the non-stationary and heterogeneous nature of brain signals.
Therefore, local interpretations, such as on a single-trial or single-subject level, are
of greater interest.

1.3.3 Non-Invasive Brain Stimulation

The clinical utility of the interpretable EEG decoding model extends beyond the mitigation
of artifacts-driven training. The interpretability provides valuable insights into the brain
signal features that contribute most significantly to model performance, which can guide
feedback signal provision in rehabilitation training. Traditional rehabilitation-oriented
EEG-BCIs setups require various types of feedback signals (e.g., visual, auditory, or
tactile) to achieve training, which can be considered indirect as they rely on non-brain
signals to regulate behavior. However, since behavior is primarily controlled by brain
activity, it may be possible to apply direct feedback to intervene with brain signals.
Non-invasive brain stimulation (NIBS) is one of the most well-known methods for this
purpose.

Unlike traditional brain stimulation methods, such as deep brain stimulation or epidural
electrical stimulation, NIBS uses external sources of energy to modulate brain activity
without the need for surgery or implants. The two main types of NIBS are transcranial
magnetic stimulation (TMS) and transcranial electrical stimulation (TES), which include
transcranial direct current stimulation (tDCS) and transcranial alternating current stim-
ulation (tACS). The mechanism of NIBS involves the application of electrical or magnetic
fields to the scalp, which can induce changes in the excitability of the neurons in the
underlying brain tissue[Terao and Ugawa, 2002} [Fertonani and Miniussi, 2017, Reed and
Cohen Kadosh, 2018|. NIBS has a wide range of potential applications, including the
treatment of depression [Dunlop et al., 2017], chronic pain |Cardenas-Rojas et al., 2020,
and stroke [Di Pino et al., 2014], as well as improving memory and attention in healthy
individuals |Grover et al., 2022].

The standard protocol of NIBS involves using a fixed-parameter setup for a population
of individuals without considering individual differences in brain anatomy or function.
However, this setup is incapable of handling the non-stationary brain signal and het-
erogeneity of the brain. Therefore, the development of personalized and closed-loop
(adaptive) NIBS has been suggested to address this problem. Both novel setups require
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continuous monitoring of brain activity and adjusting stimulation parameters in real-time
based on feedback signals from the brain |Leite et al., 2017, Tervo et al., 2022|. These
personalized and closed-loop NIBS approaches have the potential to improve the efficacy
and reliability of NIBS for treating neurological and psychiatric disorders and enhancing
cognitive function, as they account for individual variability in brain function and allow
for more precise and adaptive modulation of neural activity.

1.4 Challenges and Questions

1.4.1 Research Question 1: Existence of Interpretable and Computationally
Efficient Riemannian Methods

The exceptional decoding accuracy and robustness of the Riemannian manifold based
decoding pipeline has gained considerable attention, particularly owing to the simplification
presented in |Pennec et al., 2006|, which facilitated the understanding of the Riemannian
computing framework among non-mathematicians. Despite this progress, the framework
remains computationally intensive, with complex operations such as matrix multiplication,
matrix decomposition, and iterative computation of mean points. Such complexity poses
challenges for the real-time processing of EEG signals, which is critical for effective
communication with EEG-BCISs, especially when processing high-dimensional data [Yger,
et al., 2016]. Furthermore, the lack of interpretability of the Riemannian decoding
framework due to the sophisticated mathematical operations also concerns the clinical or
rehabilitation-oriented EEG-BCIs. Because without justifying the features under usage,
it is impossible to rule out the influence of intrinsic artifacts on the trained EEG-BCIs
system. These challenges faced by current Riemannian methods pose our first research
question.

Research Question 1: Can we find an interpretable and computationally
efficient way to apply the Riemannian manifold based decoding framework?

1.4.2 Research Question 2: Necessity of Introducing Extra Nonlinearity and
Preserving Affine-Invariance

Both deep learning and Riemannian manifold based methods leverage nonlinearity to
achieve high performance in EEG decoding. The main difference lies in the stage at which
nonlinearity is introduced. Riemannian methods use the adopted Riemannian metric to
incorporate nonlinearity, while deep learning models are inherently nonlinear classifiers.
Based on the excellent performance of both frameworks, it seems that we do benefit from
introducing nonlinearity into the decoding pipeline. Also, preserving affine-invariance will
contribute to decent decoding accuracy and robustness is another unverified speculation
we concluded before. Therefore, the second research question will be addressed in this
dissertation is:

Research Question 2: Whether extra nonlinearity can further boost the
performance of the Riemannian manifold based EEG decoding framework
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and whether preserving affine-invariance in the Riemannian framework is as
important as we argued before 7

1.4.3 Technical Question: Finding an Elegant Solution to Achieve Remote
Control of Transcranial Electrical Stimulation Signal

Personalized and closed-loop non-invasive brain stimulation (NIBS) systems, particularly
those utilizing transcranial electrical stimulation (TES), have generated significant research
interest. However, the implementation of such systems still faces technical obstacles. The
manual control of signals or the purchase of costly commercial software for remote TES
signal control poses a challenge to related research, particularly closed-loop TES studies.
Hence, the final technical question that this dissertation aims to address is:

Technical Question: Can we find a solution to conveniently control the applied
transcranial electrical stimulation signal and integrate it with a BCIs system to achieve
the closed-loop application?
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2 Publications

2.1 Interpretable Riemannian Classification in
Brain-Computer Interfacing

2.1.1 Synopsis

This study focuses on addressing the computational complexity and lack of interpretability
of Riemannian methods for EEG signal decoding, which can lead to inefficient and artifacts
driving classification performance. Therefore, we propose a method for extracting spatial
filters from the trained classifier on the Riemannian tangent space and compare it against
common spatial patterns. By evaluating the proposed decoding pipeline on multiple EEG
data sets, we demonstrate that the proposed method generates filters that approach the
standard Riemannian decoding pipeline’s performance while also being interpretable,
thanks to the associated spatial patterns.
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ABSTRACT: Riemannian methods are currently one of
the best ways of building classifiers for EEG data in a
brain-computer interface (BCI). However, they are com-
putationally complex and suffer from a lack of inter-
pretability. Since the full covariance matrix is used
for each classification, it is not immediately possible to
see what underlying signals are generating the classified
changes in variance. Particularly in a rehabilitation con-
text, where it is essential to control which brain signals
are used for classification, this can be a severely limiting
factor. Further, the requirement to perform a matrix log-
arithm can become prohibitively complex for real-time
computation. In this work, we explore a method for ex-
tracting spatial filters from a solution in the Riemannian
tangent space and compare it against common spatial pat-
terns. We show via comparisons on multiple open-access
datasets that it is possible to generate filters that approach
the performance of the full Riemannian solution while
maintaining interpretability.

INTRODUCTION

One of the major reasons that spatial filtering has en-
joyed decades of popularity within the field of brain-
computer interfacing is its interpretability. In contrast to
most other methods, spatial filters can be directly eval-
uated to see whether they represent sources of brain ac-
tivity or correlated noise sources, which is crucial in the
fields of rehabilitation and neurofeedback. As they serve
the dual purposes of dimensionality reduction and ex-
plainability, there has been a large amount of research
on how to calculate optimal ones for a given task. From
the original paper on common spatial patterns (CSP) [1]
to modern divergence-based approaches [2], hundreds of
manuscripts have been written on how to find them.

In parallel to this development, in the last few years, there
has been an upsurge of interest in methods based on Rie-
mannian methods [3, 4]. By considering the sensor co-
variance matrix as a whole, instead of trying to isolate
particular sources of interest, it is possible to overcome
many of the non-stationarity issues that have plagued ma-

chine learning in EEG, resulting in tangent-space meth-
ods out-performing all others in a recent meta-analysis
[5]. In contrast to the often complex optimization meth-
ods required for modern approaches to spatial filtering,
and the uncertain gains they provide, Riemannian tangent
space methods are amenable to standard machine learn-
ing algorithms, which significantly increases their ease of
use. The downside is that, by using the entire covariance
matrix, it is no longer possible to determine what exact
sources are generating a difference between experimen-
tal conditions. This is of little concern in consumer BClIs,
where the goal of the device is usability for healthy sub-
jects, but in the case of neurofeedback or patient groups,
this is a severely limiting factor. Proof that a brain signal,
and not a correlated physiological signal such as muscu-
lar activity, is the driving force for a BCI is necessary for
these contexts, and so it is not yet possible to use Rie-
mannian methods there.

Our contribution is the following: Based on recent find-
ings [6], we validate a method for decomposing a linear
function in the Riemannian tangent space into a set of
spatial filters. We show in tests on multiple datasets that
these spatial filters approach the performance of the full
Riemannian method and further that they are more robust
than CSP to different numbers of filters used. We also
show associated spatial patterns to validate that the filters
capture relevant brain regions. In summary, our contribu-
tions render Riemannian classification methods applica-
ble to BClIs for rehabilitation and neurofeedback.

METHODS

BCI paradigms commonly influence the amplitude of
brain rhythms. To create better features, spatial filters
have been used to isolate the component of the recorded
signal corresponding to a rhythm of interest. These fil-
ters are often found by maximizing variance differences,
as the variance is a mathematically convenient proxy for
amplitude.

One of the most representative and common data-driven
spatial filters is CSP [1, 7], which is computed by find-




ing the sources that maximize the variance ratio between
two conditions. CSP has made a great contribution to
the stable increase of BCI’s performance and has over
the years spawned many improved versions, such as filter
bank CSP [8], regularized CSP [9] and divergence-based
CSP [2]. In addition to increased decoding performance,
another important reason behind the popularity of CSP is
its interpretability. By observing the spatial patterns as-
sociated with discovered spatial filters, it is possible to
verify whether they are related to neural or other sources.
Unlike spatial filtering, which uses variance-based fea-
tures, Riemannian methods are based on directly compar-
ing sensor covariance matrices. In this paper, the adopted
Riemannian metric is called the affine-invariant Rieman-
nian metric (AIRM) [10], where the "affine-invariance"
means that the distance between two symmetric positive
definite (SPD) matrices is invariant to the distance after
applying an affine transformation to both matrices [11],
ie.,

8 (TC1,TC2) = &(C1.C2) = [[Log (C; ' C2) ||, (D)

where ||-|| - represents the Frobenius norm, Log (-) means
the logarithm of a matrix, C(}) are SPD matrices, and T
is any affine transformation matrix. While this method
returns a very robust estimate of distance, most machine
learning algorithms require a Euclidean space to work.
This can be done via projecting manifold points onto the
tangent space to a given point.

The tangent space is defined as a real vector space cen-
tered around a reference point on the manifold. In prac-
tice, this point is normally selected as the mean point
across all trials [10]. After fixing the reference point, the
covariance matrices on the manifold are mapped onto this
space using the logarithmic map (Eq. 2) and then vector-
ized into the tangent vectors (TVs).
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where Exp (-) means the exponential of a matrix. Eq. 2
represents the logarithm mapping of C, from the mani-
fold to the TS based on the point C; and Eq. 3 shows
the inverse projection, i.e., the exponential mapping. For
the affine-invariant and log-Euclidean metrics, the loga-
rithmic map requires computing the matrix logarithm of
its argument, as a way of mapping the eigenvalues of the
input matrices from the strictly positive space of SPD ma-
trices to a real-valued space. As the tangent space repre-
sents a linearization of the manifold, distances between
points approximate true manifold distances, and geome-
try on the manifold is preserved, which allows for linear
machine learning methods to be used.

A major drawback of this procedure is the difficulty in
interpreting the resulting classifier because the tangent
space embedding cannot be easily linked to any intuitive

physical process. We address this problem by introducing
a procedure to extract spatial filters from a linear function
in the tangent space, which allows for a unified methodol-
ogy in the computation of spatial filters that can also take
advantage of the large body of work on machine learning
in linear spaces.

The procedure can be summarized in three steps: Clas-
sification, spatial filter generation, and filter selection.
For classification, we follow the approach in [12] (linked
to point 2 to point 5 in Algorithm 1, abbreviated as p2
to p5 afterwards) and find the optimal SVM solution
in the affine-invariant tangent space (p6). Though any
algorithm is possible, we chose a regularized SVM as
maximum-margin classifiers can deal well with the high
dimensionality of the tangent space. Once a linear classi-
fier is computed, we project the weight vector in the tan-
gent space back to the SPD manifold via the exponential
map (Eq. 3) (p8 to p9). From here, we compute spatial
filters by taking the solution to the generalized eigenvalue
(GE) problem between the tangent space reference point
and the exponential map of the weight vector (p10).

Algorithm 1 Extraction of Tangent Space Spatial Filters
INPUT: Band-pass filtered raw signal X;, Vi=1,...,T
OUTPUT: Spatial filter after ordering F

1: procedure I. CLASSIFICATION

2. C;= X,‘XIT Vi= 1,...,T

3: Cp = argminY"_; 8% (C,C;) {AIRM mean}

CeC(n)
4: §; = Logc,, (C;) {Mapping from manifold to TS}
5. S ;=vec(S;){Vectorize the upper triangular matrix }
%
6: W =SVM (?i,yi> {Weight vector on the TS}

7. procedure II. SPATIAL FILTER GENERATION
8: S,, =devec (W) {Convert the vector to SPD matrix }

9: Cy = Expc,, (Sw) {Mapping from TS to manifold}
10: C,V = Cy, VI'{Mapping from TS to manifold}

11: procedure III. FILTER SELECTION
12: X; = VT X, {Filter raw signal using full components}
13: Z) = log(var(X;)) { Compute the log-variance}
_>
14: B = LinearRegression (?, y,-) {Weight vector of
fitted classifier}
- — i
15: id = sort () B D {Sort the absolute value of weight
coeficient in descending order}

:F=V [:, ﬁ] {Get the re-ordered spatial filter}

[=)

The eigenvectors that solve a GE problem simultaneously
diagonalize both input matrices, which can be interpreted
as finding a space where the weight SPD matrix and the
input SPD matrices are all roughly diagonal. This inde-
pendence means that the logarithm of the matrices in this
space is close to the log-variances of each of the filtered
dimensions, allowing us to approximate the tangent space
linear function as a linear function of the log-variances




Table 1: Summary of all MOABB datasets with left-hand versus right-hand motor imagery. The dataset marked in red color has only 3

channels and is hence excluded from this analysis.

Dataset Name #Channels | #Subjects | #Sessions
BNCI 2014-001 22 9 2
BNCI 2014-004 3 9 5
Cho et al. 2017 64 49 1

Munich Motor Imagery 128 10 1
Physionet Motor Imagery 64 109 1
Shin et al. 2017 25 29 3
Weibo et al. 2014 60 10 1
Zhou et al. 2016 14 4 3

in the filtered space. However, the associated eigenval-
ues have no relationship to the linear function, requiring
another criterion in order to determine which of the com-
puted filters are most relevant to classification. In order
to do this, we fit a linear function to the log-variances
of our projected training data (12 to 14) and attempt to
reconstruct the function values of the true tangent space
function. Based on the absolute values of the coefficients
from this regression problem, we rank the GE solution
filters (15 to 16).

To evaluate the performance of our method in a rigor-
ous and reproducible fashion, we adopted the datasets
and framework from the open source benchmark Mother
of all BCI Benchmark (MOABB) in our work [5]. For
simplicity, we choose left- versus right-hand motor im-
agery, which is one of the most common paradigms in
EEG-based BCIs. We restrict our analysis to the o-
and (-bands (8Hz ~ 32Hz). We use all available chan-
nels except those used for electrooculography (EOG). We
exclude the dataset BNCI 2014-004 from our analysis
(marked in red in Table 1), because this data set has only
three channels.

After bandpass filtering the raw EEG signal, the corre-
sponding covariance matrices are estimated via the em-
pirical covariance estimator. Afterward, the spatial filter
is extracted according to the pseudocode shown in Algo-
rithm 1, and the classifier is fit using the log-variances of
the filtered signal. As for the classification algorithm, we
choose Fisher’s Linear Discriminant Analysis (LDA) for
simplicity. Decoding accuracy is estimated via five-fold
cross-validation within each data set.

Two statistical parameters are utilized to compare our
method against CSP and the full Riemannian approach:
the p-values and the effect sizes. The p-value for the
one-sided test is computed within each dataset, whose
null hypothesis is that the median accuracy of using CSP
is not larger than that of applying the spatial filter de-
signed by us. Effect sizes show the standardized mean
difference (SMD) between the accuracies of the two com-
pared methods. All statistical tests are implemented as
described in [5].

RESULTS

Meta-analysis:
As a spatial filtering technique, the natural comparison

for TS SF is against CSP. Therefore, we compared them
under three typical scenarios: applying very few filters
(for speed), using filters corresponding to half the num-
ber of channels (for the compromise between speed and
accuracy) and using all filters (for accuracy). To ensure
the results are rigorous, the comparison is done across
seven datasets from MOABB [5] (as shown in Table 1).
‘When merely applying two spatial filters (Fig. 1a), TS SF
is generally better than CSP, but the positive significance
is only present in two datasets: Shin and Munich. After
increasing the filter number to the half the channel di-
mensionality (Fig. 1b), the positive significance appears
in three more datasets Weibo, Physionet and Cho, in ad-
dition to an increased meta-effect. Moreover, the SMD
of data set Munich has increased to 1.5 which implies a
strong effect. Lastly, when using all filters (Fig. 1c), the
effect sizes are lessened in the datasets with significant
performance, except for Weibo.

Classification accuracy w.r.t. the number of applied
filters:
In addition to comparing against CSP, we are also inter-
ested in seeing how well TS SF can approximate the ac-
curacy of the full tangent space classifier, as well as how
this approximation evolves as a function of the number of
filters. Therefore, we choose three representative datasets
Munich, Cho, Physionet and plot their accuracy w.r.t. the
number of applied filters in Fig. 2, showing the tangent
space accuracy as well as an upper bound.
When using data set Munich (Fig. 2a), TS SF (green line)
first outperforms CSP (red line) when the number of ap-
plied filters is less than 16. Afterward, their accuracies
are tied with each other until using more than 40 filters.
Subsequently, TS SF maintains its stable performance,
but the accuracy of CSP starts to decrease.
The information conveyed by Fig. 2b and Fig. 2c is quite
similar to each other. TS SF and CSP perform very
comparably up until around 13 filters are used. After
this point, using more CSP components hurts the perfor-
mance, while the performance stays much more stable
when using more TS SF filters. However, in Fig. 2c, the
accuracy drops when using TS SF at high numbers of fil-
ters.
Overall, the performance of the full Riemannian method
(Full TS, brown line) is always superior to both spatial
filtering methods because the full approach utilizes the
full information decoded in the covariance matrices.
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Figure 1: Meta analysis of accuracy after applying CSP or
TS SF as spatial filter. Parameters: p-value p and SMD are
computed within each dataset. Red *, ** and *** represent
p < 0.05,0.01,0.001 respectively. Grey diamonds signify the
SMD, while grey bars show the confidence interval of the mean.

Spatial patterns:
From Fig. 1 and Fig. 2 we know that TS SF on average
outperforms CSP in terms of accuracy. For a spatial fil-
tering method, however, its interpretation is as crucial as
its classification accuracy. Therefore, we compared the

corresponding spatial patterns of both TS SF and CSP in
order to see what sources were chosen. We choose the
data set Munich because it has the best overall data qual-
ity [5] and highest channel number (128), and plot the two
best filters using both CSP and TS SF. In order to convert
spatial filters into spatial patterns, we use the approach
proposed by [13].

When comparing Fig. 3a and 3b there are some interest-
ing results. First, the spatial patterns from CSP tend to be
more patchy than from TS SF, e.g., S1, S2, S10, in par-
ticular for those subjects noted as having low data quality
[14]. Second, for the subjects who have excellent sig-
nal quality, the spatial patterns from TS SF are highly
consistent with from CSP, e.g., S3, S4, and S6. Third,
when looking at S2, the pattern from TS SF is more inter-
pretable comparing to the patchy pattern from CSP. When
solely focusing on Fig. 3b, it is obvious to see that for S2,
S3, S4, S5 and S6, they represent strong signal sources
surrounding the sensorimotor cortex which is consistent
with this paradigm. This is in contrast to, e.g., S7 and
S10, where CSP clearly picks up ocular artifacts.

DISCUSSION

We show that it is possible to construct spatial filters that
can approximate the performance of tangent space linear
functions, and validate this result on a variety of open-
source datasets. In our simulations, it can be seen that
the TS SF out-performs CSP, in particular in the cases
where the full tangent space function out-performs CSP.
Further, we show in the Munich dataset that the spatial
filters recovered by TS SF are more robust to noisy data
than those from CSP. With these advances, it is possible
to use Riemannian methods in neurofeedback and clinical
work. To evaluate the spatial filter, the first two essential
indicators are the classification accuracy and the quality
of spatial patterns.

From the perspective of performance, TS SF is still im-
perfect. First, as shown in Fig. 2, TS SF is constantly
worse than the full Riemannian methods. Hence, to move
forward, it is important to diminish the approximation er-
ror as much as possible, especially when using very few
filters. The choice of how to determine filter relevance,
though effective, can also be improved. Regularized lin-
ear regression approaches, such as LASSO or ridge re-
gression, may better isolate good filters, or using another
target variable.

The spatial patterns associated with TS SF are robust to
artifacts. As shown in Fig. 3, the reflected neural sig-
nal sources after filtering by TS SF is more reasonable
and interpretable than by CSP, especially for the low-
quality signal. For example, for S2 of the data set Mu-
nich where the percentage of trials contaminated by ar-
tifacts reaches 55% [14], CSP merely collects the arti-
facts whereas TS SF presents the strong sources around
sensorimotor cortex which is consistent with the chosen
paradigm. Nonetheless, for the subjects with high data
quality, TS SF is still as good as CSP (e.g., for S3 and S4,
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Figure 2: Accuracies comparison among three different pipelines and for each number of applied filters, the central line and the error
band are computed across all subjects and sessions. 1. CSP: Choose CSP as the spatial filter and classified by LDA. 2. Full TS: Use
the standard Riemannian classification framework with AIRM without any spatial filtering and classified by SVM. 3. TS SF: Apply the
spatial filters which are extracted from the tangent space and classified by LDA. Error band setting: confidence interval = 68%. Central
line: the mean accuracy. It is not difficult to notice that TS SF has a better and more robust performance than CSP w.r.t. the increase of

the number of applied filters.

where 5.0% and 6.3% of trials are affected by artifacts re-
spectively [14]). Therefore, as far as the interpretability
is concerned, TS SF is more robust than CSP.

As shown in Fig. 2, it is obvious that TS SF is always
more robust than CSP considering the tendency of the
accuracy w.r.t. the filter numbers. However, when focus-
ing at Fig. 2c, we could find an evident fluctuation for TS
SF. Accuracies drop at high numbers of filters in contrast
to the other datasets, and the overall range of mean ac-
curacies is far lower as well. Much of this can likely be
explained by the low data quality of data set Physionet,
which would lead to worse solutions of the initial tangent
space problem that likely translate into poorer spatial fil-
ters. However, it is important to understand what condi-
tions lead to better or worse TS SF solutions, especially
when applying full filters. Also, it should be explored
more that why is TS SF still more robust than CSP to
filter number even when TS SF performs badly.

Usually, the more robust performance demand more com-
plex computation, but this argument does not always
hold. Although TS SF requires a tangent space function
to be computed as an initial step which means the compu-
tation of the filters themselves is far more intensive than
that of CSP, however, in the online application, the proce-
dure is identical: the data is filtered via a linear projection
and then the log variances of the resulting time series are
used as features for a final classifier. When comparing

to the standard Riemannian classification framework, TS
SF leads to an approximation error. However, the com-
putation for online classification would be significantly
reduced, especially with large channel numbers. Given
that the loss in accuracy on average is relatively small,
this may represent a feasible way of using Riemannian
methods in high-dimensional, online settings, and further
of using them to increase the efficacy of clinical neuro-
feedback.

CONCLUSION

In this paper, we propose a new method to generate spa-
tial filters from the Riemannian classification framework,
Tangent Space Spatial Filters (TS SF), and after com-
paring between CSP and TS SF, we found that TS SF
has better and more robust performance than CSP with
the same computational cost online. By extracting spa-
tial filters, the Riemannian approach becomes more in-
terpretable without much loss of accuracy.

However, we still do not have a strong mathematical ar-
gument for why this simplification works and the inter-
pretation of the weight vector after projection to the SPD
manifold. Nonetheless, the undeniable fact is that the
performance of TS SF reveals to us the potential of in-
terpretable Riemannian approaches in BCIs.
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Tangent space spatial filters for interpretable and
efficient Riemannian classification

Jiachen Xu*, Moritz Grosse-Wentrup, and Vinay Jayaram

Abstract—Objective: Methods based on Riemannian geometry
have proven themselves to be good models for decoding in brain-
computer interfacing (BCI). However, these methods suffer from
the curse of dimensionality and are not possible to deploy in
high-density online BCI systems. In addition, the lack of inter-
pretability of Riemannian methods leaves open the possibility that
artifacts drive classification performance, which is problematic in
the areas where artifactual control is crucial, e.g., neurofeedback
and BCls in patient populations. Approach: We rigorously proved
the exact equivalence between any linear function on the tangent
space and corresponding derived spatial filters. Upon which,
we further proposed a set of dimension reduction solutions for
Riemannian methods without intensive optimization steps. The
proposed pipelines are validated against classic common spatial
patterns and tangent space classification using an open-access
BCI analysis framework, which contains over seven datasets and
200 subjects in total. At last, the robustness of our framework is
verified via visualizing the corresponding spatial patterns. Main
results: Proposed spatial filtering methods possess competitive,
sometimes even slightly better, performances comparing to classic
tangent space classification while reducing the time cost up
to 97% in the testing stage. Importantly, the performances of
proposed spatial filtering methods converge with using only four
to six filter components regardless of the number of channels
which is also cross validated by the visualized spatial patterns.
These results reveal the possibility of underlying neuronal sources
within each recording session. Significance: Our work promotes
the theoretical understanding about Riemannian geometry based
BCI classification and allows for more efficient classification as
well as the removal of artifact sources from classifiers built on
Riemannian methods.

Index Terms—Brain-computer interface, Spatial filters, Rie-
mannian geometry, Interpretability, Meta-analysis.

I. INTRODUCTION

Brain-computer interfaces (BCls), in particular imagery-
based BClIs, are well known, if not infamous, for their sen-
sitivity to noise and their low signal-to-noise ratio. Over the
past decades, many methods have been invented in order to
derive features from the raw signal data that are predictive of
user intention. However, as the electroencephalogram (EEG)
is highly sensitive to both neural and non-neural signals,
optimizing setups for predictive accuracy was insufficient.
Rather, it was necessary to be able to confirm that any classifier
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was both predictive and based purely on brain-derived features.
These divergent requirements spurred the field to develop
in two different directions: spatial filtering and Riemannian
manifold techniques.

Spatial filters are linear combinations of channel activity
that reconstruct a single (neural or non-neural) source with
certain desired properties. Initially, these weightings were
computed via physical or neurophysiological models [1]. How-
ever, it was quickly discovered that data-driven spatial filters
could lead to features that reflect robust differences in brain
activity. By optimizing for variance [2, 3] or independence [4,
5], or even searching for filters that maximize the difference
between multiple types of intention [6, 7], many different sorts
of spatial filters can be computed. In order to verify that the
reconstructed signal comes from the brain, the spatial patterns
can be plotted corresponding to those filters on the scalp.

Beginning with common spatial patterns (CSP), there has
been a large body of literature dedicated to finding algorithms
that optimally reconstruct source activity based on a given
criterion. For differences between two classes, CSP has proven
itself to be robust and easy to implement (for a more ex-
haustive review, see [8]). More recently, methods have been
developed to find sources that track a continuous variable of
interest [9]. One major difficulty that was recognized early on
is that, while it is relatively simple to generate appropriate
spatial filters for data that is already recorded, the application
of these filters to new data is often confounded by the highly
non-stationary nature of the EEG signal. Filters that persist
across multiple recording sessions, or filters that work on
multiple subjects, are both open areas of research. Some
groups look at different criteria to derive robust filters [10,
11], others use more probabilistic techniques [12, 13], and
still others consider options like sparsity [14, 15] or looking
at patches of channels [16]. Each of the aforementioned
techniques has shown its value in solving an aspect of the
spatial filtering problem, but they often require very different
approaches to solve the ensuing optimization problems, and it
is hard to decide which one may be most appropriate for a
given situation. A further issue is the inefficient use of data.
Using the same data to compute optimal spatial features and
then a classifier runs the risk of overfitting since the same data
is used in both steps. However, if the training data is split
into disjoint sets for spatial filtering computation and model
fitting, then the amount that can be used to fit either model is
necessarily reduced. Hence, in either case, the data cannot be
efficiently utilized.

Nevertheless, spatial filtering remains a crucial method in
applications where artifacts are of great concern. In particular,




it is crucial for neurofeedback studies. When the goal is to give
feedback on neural activity, there must be a way of ensuring
that the model which reconstructs a source of interest from the
original signal only uses brain data to do so. This requirement
invalidates many black-box machine learning methods, such
as random forests [17].

Outside of this sphere, methods based on Riemannian geom-
etry have been gaining momentum as a model for robust clas-
sification for performance-optimized BCls. Thanks to work
in differential geometry, metrics for computing the distance
between sensor covariance matrices have been discovered that
are invariant to many common sorts of noise found in the
electroencephalogram [18]. These methods can be translated
into algorithms for finding classifiers that are far more robust
to noise across a variety of contexts [19]. In particular, the
approaches that use tangent space projection [20] have been
shown to out-perform most other conventional methods in a
recent meta-analysis [21]. Two major downsides, however, are
their high computational complexity and their interpretation.
Because these methods work in the space of sensor covariance
matrices, their size scales quadratically with the number of
sensors. To tackle this problem, which impedes application
in high-density BCI systems, recent research has focused on
investigating dimension reduction techniques by leveraging
sparsity [22, 23], embedding adjacent samples [24, 25, 26],
measures of manifold linearity [27], measures of affinity-
weighted similarity [28], or based on an information criterion
[29]. A generic framework can be referred to [30]. These
methods can significantly reduce the computation necessary
for online application, however they all require solving com-
plex optimization problems.

Further, the issue of interpretation is a significant while
unsolvable problem. As of now, it is not possible to determine
what parts of a signal are being used to build a tangent space
classifier, and therefore these can only be used in artifact-
sensitive contexts when paired with an artifact detection
pipeline or other artifact cleaning methods.

In our paper, we show the following contributions: that it
is possible to find sets of spatial filters that describe a linear
function in the Riemannian tangent space, and further that
this space has a fundamental relationship to common spatial
patterns. Via this approach, the full literature of linear machine
learning methods can be used for spatial filtering, instead of
requiring a different optimization for each regularization of
interest. Using this connection, it is possible to visualize the
sources that a tangent space classifier uses, and thereby to
identify artifact sources used for classification and remove
them via orthogonal projection. Finally, we show in offline
comparison that using spatial filters derived via this approach
significantly out-performs common spatial patterns and can
even, in low-data situations, out-perform the tangent space
function they are derived from. We improve upon the work
presented in [31] by introducing rigorous proofs for the
validity of the proposed techniques as well as an expanded
set of experiments.

II. BACKGROUND

Riemannian manifold-based classification methods (here-
after abbreviated Riemannian methods) can often seem dif-
ficult to understand. For convenience, we include this section
that reviews our notation and the basic operations of Rieman-
nian methods, as well as a short review of the mathematics
behind spatial filtering.

A. Preliminary and Notations

We notate the the raw sensor data as X € REXN*T | where

C, N and T represents the number of channels (electrodes),
samples (length of each trial) and trials respectively. We
represent the data of channel ¢ (with ¢ € {1,--- ,C}) as X..
In addition, the data from the ¢-th trial (with t € {1,--- ,T})
are expressed as X'. Similarly, we use (-)! to express the
variables derived from X*. Moreover, the covariance matrices
computed from X, i.e., the points lying on the manifold, are
denoted as C € REXC*T The Fréchet mean, a generaliza-
tion of the standard arithmetic mean to other spaces, of the
manifold points set C is expressed as C™. In the following
section, we use A to denote any symmetric positive definite
(SPD) matrix, for which the following property holds true:
vIAv > 0,Vv #£ 0.

We next describe some common operations for manipulating
points on the symmetric positive definite (SPD) manifold.
Firstly, A (A) is used to express the vector of eigenvalues of
A. Next, the logarithm and exponential as well as the power
of p for an SPD matrix are namely defined as:

Logm (A) = Vlog (D) V"
Expm (A) = Vexp (D) VT
AP =VDPVT peRand p#£0,

(IL1)

where D is the diagonal eigenvalue matrix of A, ie., A =
VDVT, log(-) and exp (-) as well as (-)? represent taking
the logarithm, exponential and power of p elementwise for a
matrix, and V is the orthogonal matrix of eigenvectors. Please

note that p can also be a fraction, e.g., p = % means the square

root and p = f% denotes the inverse square root.

At last, since the vectorization of an SPD matrix is also

frequently employed to reduce the computational complexity,
it is defined as below:

vec (A) =[a1, 1A,

C(C+1) ) .

eRT 7T, where 1< j<i<C.

iy = [1 ifi=j,v2 else]

coi A, accAcc]

(IL.2)

An overview of the frequent notations is shown in Table IIL.1.

B. Riemannian Manifold based Methods

The Riemannian classification framework emerged in the
BCI field around one decade ago [19]. Since then, it has
attracted increasing attention due to its state-of-the-art per-
formance [32, 33]. In this section, we briefly introduce the
Riemannian methods from the practical viewpoint. For a more
mathematically exhaustive treatment of Riemannian mani-
folds, please refer to [34].




TABLE II.1: The List of Frequent Notations

Data Related Variables

X € REXNXT _ Bandpass filtered trialwise data

C € REXCXT _ Covariance matrices on the manifold
S € REXCXT _ Points on the tangent space

F € REXC — Spatial filters with full rank

Operators

()t — Variables from the data of ¢-th trial

(-)™ — Fréchet mean

(-) — Arithmetic mean

vec () — Vectorizing SPD matrices

A (-) — The eigenvalue vector of a matrix

log (-) — Taking logrithm elementwise

Logm (-) /Expm (-) — Logrithm/Exponential for a matrix based on I
Logmya (-) /Expmy (+) — Logrithm/Exponential for a matrix based on A

1) Riemannian Metric and Distance: As the most common
proxy for measuring the discriminability of data points, dis-
tances between points are usually defined by a preselected
metric, normally the Euclidean one. While this metric can
also be used with SPD matrices, it is incapable of adequately
capturing the structure of SPD matrices, leading to certain
undesirable effects such as the swelling effect [35]. It means
that simply vectorizing covariance matrices and fitting them
into a linear classifier often work poorly.

In order to take advantage of the structure inherent to
covariance matrices, it is desirable to have a metric that
generalizes the properties of the Euclidean metric in standard
vector spaces to the SPD manifold. Therefore, the affine-
invariant Riemannian metric is proposed [36] and based on
this metric, the corresponding distance between two matrices
is defined as:

By (A, B) = Hlog ()\ (A-%BA—%» Hz . L)
where ||-||, represents the L2 norm. Based on the chosen
metric, the expression for the mean of a set of matrices is
defined as:
T
C™ = argmin Z diIRM (A7 Ct) ,
AeC T
where A € R“%C and C = [C1,.-- ,CT] € ROXCXT,

If C™ is globally unique, then it is named as the Fréchet
mean of the set of SPD matrices C.

2) Tangent Space: One inconvenience introduced by the
Riemannian metric is that the distance between two manifold
points cannot be derived via simple subtraction and norm
computation, as it can with the Euclidean metric. In order to
treat SPD matrices in a manner identical to traditional feature
vectors, we adopt the tangent space mapping constructed at a
chosen reference point. After mapping onto the tangent space,
these points can be treated as standard vectors.

To transform points from the manifold to the tangent space
at a point and vice versa, the so-called logarithmic and expo-
nential maps are used. Under the affine-invariant Riemannian
metric, the logarithm and exponential function pair at a point
A are formulated as following:

S' = Logmy, (CY)
C! = Expm, (St) ,

(IL4)

(IL5)

where S is the projected point lying on the tangent space, C?
is the original manifold point and the operation of Logmg (A)
and Expmpg (A), i.e., the logarithm and exponential of A
based on another SPD matrix B, is defined as [19, 36]:

Logmg (A) = B%Logm (B*%AB*%> B:
. L L . (IL.6)
Expmg (A) = B2Expm (B*EAB*E) B2

To further simplify operations on the tangent space, the pro-
jected points are usually vectorized. Note that this procedure
does not alter the location or norm of the points, it simply
makes them easier to notate and use. We denote these vectors
as tangent vectors and formulate them as follows:

c(c

o = vec (87) e RESEX, a7
where 5, is the tangent vectors of ¢-th trial.

After obtaining the set of tangent vectors, standard machine
learning algorithms can be applied.

3) Pros and Cons of Riemannian Methods: Riemannian
methods is famous for their rich feature space and robustness
to outliers. In particular, Jayaram e al. [21] have compared
Riemannian methods and standard processing pipelines over
more than 200 subjects and showed that Riemannian methods
are, on average, superior to many other conventional methods.

One major pitfall of these methods, however, is their sensi-
tivity to the number of channels. As shown in Eq. (IL.7), the
dimension of the tangent vectors increases quadratically with
the number of channels C' In addition, the computational com-
plexity of the eigenvalue decomposition for matrices grows
cubically. Hence, it becomes infeasible to apply Riemannian
methods on data sets with a large number of channels.
In addition, since the full covariance matrix is utilized for
classification, interpreting the contribution from each channel
can be a challenge. Therefore, the application of Riemannian
methods is still restricted to low-channel situations where
interpretability and real-time are of lesser importance.

C. Spatial Filtering

Thanks to the novel metric function, Riemannian methods
present the-state-of-the-art performances in the BCI field. But,
the EEG signal is vulnerable to artifacts and noise which
highly affect the data quality. To remove these artifacts and
noise while reducing the computational complexity, spatial
filtering techniques are often used. Since the projection of
the underlying neuronal sources to the EEG electrodes can be
modeled as a linear transformation [37], with the appropriate
projection, it is possible to recover the activity of specific parts
of the brain. This both increases signal quality and provides a
convenient signal for neuro-feedback.

The various types of spatial filters has been intensively
reviewed in [38], among which we would notably mention
Common Spatial Patterns (CSP) [6, 7, 39], which are impactful
in the BClISs fields over the past decades. CSP aim at extracting
the signal sources by maximizing the variance ratio between
two conditions. Thus, the filter components are extracted via
the Generalized Eigenvalue Decomposition (GED) between




the within-class arithmetic mean, i.e., C(+) and C(-). More-
over, Blankertz et al also pointed out in [40] that CSP can
also be interpreted as maxmizing the variance ratio between
common and discriminative activity of both conditions, which
are as defined below:

Cq = CH) — C(): discriminative activity

(I1.8)
C. = C(#) + C): common activity
Thus, the spatial filter matrix of CSP, i.e., Fcsp, can be
extracted via GED(C,,C.), which means:

Fcsp = GED(C,,C.) (IL.9)

III. METHODS

Utilizing the smallest dimension to achieve the highest
discriminability is always the ideal when designing a feature
extraction algorithm. Although the features extracted from
standard Riemannian methods are of high quality, they are
hamstrung by the curse of dimensionality and a lack of inter-
pretability. It is striking that, when reviewing these two factors
which impede the application of Riemannian methods, spatial
filtering techniques seem to be the remedy. The arguments are
two-fold: First, reducing the dimensionality of the covariance
matrices decreases computation time drastically. Second, the
associated spatial patterns of spatial filtering enables us to
verify what aspects of the recorded signal are being used by the
classifier. Hence, how to leverage the spatial filtering technique
in the standard Riemannian methods becomes an interesting
question.

Inspired by this idea, in this section, we first propose a novel
spatial filter extraction algorithm in which we approximate a
linear function on the Riemannian tangent space by a set of
spatial filters, which render that function much less computa-
tionally intensive and also more understandable. We support
the proposed algorithm by rigorous mathematical proofs (see
supplementary). Moreover, by adopting this approximation
idea, a simplified regression-like classification method is also
proposed. Subsequently, CSP is proven to be a special case
of the proposed tangent space spatial filtering. We validate
our theoretical findings experimentally via the validation setup
proposed in [21].

Mathematically-oriented readers are invited to begin below;
readers more interested in a practical understanding may refer
to Section III-D.

A. The Approximation of Standard Riemannian Methods via
Spatial Filtering

For the tangent space based Riemannian methods, the deci-
sion function on the tangent space determines the classification
accuracy. To unify spatial filtering and tangent space-based
methods, one option is to find filters that can preserve this
function. For simplicity, we consider linear functions in the
tangent space:

Go= TS b e R V=1, T, (IIL1)

where W is the weight vector on the tangent space, b is
the corresponding intercept and g; represents the predicted

label from the decision function for t-th trial. Please note
that the intercept term b in Eq. (III.1) will be omitted in the
subsequent proof, as if we can show the equivalence of the
projection, then we can simply use the same intercept as was
in the original function. In addition, we would also like to
emphasize that practically, this intercept can be safely ignored
in the prediction for binary labels when using data set with
balanced training data and a linear classifier on the tangent
space, because b will be roughly equal to zero due to tangent
vectors being centered when projecting to the AIRM tangent
space around the Fréchet mean. Hence, based on the definition
of the AIRM [36], the inner product on the tangent space can
be expressed as the function of manifold points as derived
below:

:gt = TI'(LOngm(Cw) ° Logmcm(Ct)L vt = 1a "'7T-,
(111.2)
where C" is the weight covariance matrix re-projected onto
the manifold via the exponential map Expmg,. (unvec ().
Similarly, the approximated predicted labels from all the
manifold points spatially filtered by F' are as expressed below:

Y™ | = Tr(Logmgr gy (FTCVE)e

1.3
Logmgrgmp(FTC'F)), ({.3)

where /P |p is denoted as yi"™™ thereafter for the con-

venience of notation and based on the property of AIRM we
can easily know that the new Fréchet mean of filtered manifold
points is the filtered Fréchet mean, i.e., (C™),,, = FTC™F.

The optimal scenario for extracting the spatial filter matrix
F is that this spatial filter matrix F' can perfectly reconstruct
the decision function. Hence, in the next subsection, we
provide the steps to find the optimal solution of F.

B. Optimal Spatial Filter Extraction from the Tangent Space
Naively, the goal of spatial filter extraction is to find a
filtering matrix that maximally reconstructs the tangent space
function, which is shown as follows:
T

* : ~ approx 2
Fj = argmin > (5 — 4" |r,c)°,
F i €ROXK

(IIL4)

where F7 is the optimal filter matrix composed of K spatial
filter components from the full filter matrix F.

After substituting y; (Eq. (IIL.2)) and y?ppmx (Eq. (II1.3)) into
Eq. (II.4), the objective function of the optimization becomes
rather complicated. Considering that F - is a subset of F, we
first focus on the structure of yi™™* to see whether it can be
simplified when F is full rank.

Assuming that C™ and C" can be jointly diagonalized by
a properly chosen F, the matrix multiplications in Eq. (II1.3)
can be remarkably simplified. Without loss of generality, we
further assume that this properly chosen F diagonalizes one
of the two matrices. If we choose that matrix to be C™, the
approximation becomes much simpler:

Y = Tr(Logmy(D"™) @ Logm (FTC'F)),  (IIL5)

where D" is the filtered weight matrix.




From here, we make one major assumption that the filtering
matrix F approximately diagonalizes all C?. If this assumption
holds , i.e., FTC!F is a diagonally dominant matrix for all ¢,
based on the Gershgorin circle theorem [41] we know that

A (FTC'F) ~ diag (FTC'F) = D', (I11.6)
where D! represents the diagonal matrix which only contains
the diagonal elements of F'C!F. Moreover, since F' C'F
is diagonally dominant, then following approximation can be
inferred:

F'C'F ~ D! = Logm(F' C'F) ~ Logm(D!)  (IIL.7)
After applying the approximation in Eq. (IIL.7) into
Eq. (IIL5), """ can be simplified as:

;™" &~ Tr (Logm(D")Logm(D")) = log(ﬁ)Tlog(E%)7
(I11.8)
where zzlTg represents the diagonal vector of D).

We reiterate that one primary assumption in the above
simplification is that all C! are roughly jointly diagonal,
which is a very strong assumption. However, there is evidence
for this in the fact that the projection of the physiological
sources in the EEG signal to the electrodes is linear: Since the
head moves very little with respect to the electrodes within a
session, we can assume that the mixing (and hence unmixing)
matrices stay relatively constant, even if the actual variances
are non-stationary. In the supplementary materials, we also
provide a simulation analysis to show that for small numbers
of sources, approximate joint diagonalization is a reasonable
assumption.

The key step that enables the simplification from Eq. (II1.3)
to Eq. (II1.8) is the simultaneous diagonalization of C" and the
whitening of C™. The generalized eigenvalue decomposition
(GED) conveniently solves both goals:

FTC"F =1

FTC*F=D ° (IIL9)

CYF=C"FD & {
where the F is named as tangent space spatial filter (TSSF)
and D is the corresponding eigenvalues. Importantly, to ensure
that Eq. (II1.9) holds, the order of C™ and C" in the GED
equation cannot be switched.

Now, since 3P can be drastically simplified as long as
F are extracted with the GED manner, when looking back to
the objective function for extracting optimal filters, i.e., F7 =

argmax 37 (9 —y™" |p,. )% the last remaining obstacle is
FreROxK
the true predicted label 3. We next assert that the equivalence
between §; and y;™"** holds under mild conditions, as seen in
Theorem 1. The full proof can be found in the supplementary
materials.

Theorem 1: Equivalence between true and approximated

decision function

g¢ = Yy, iff F is extacted via GED(CY, C™)

. (I11.10)
and with full rank.

By leveraging this equivalence, the objective function in
Eq. (IIL.4) can be reformulated as:

T

* : approx approx
K = argmn E (vt lr —y; e
FreRCOXK

2 (L1D

Unfortunately, assuming no prior knowledge is known about

%> Eq. (IIL.11) still seems to have no closed-form solution,
as the operation Logm () is heavily involved in the expression
Y™ |, . Instead of adopting sophisticated algorithms to
tackle this intricate problem as in other related research, we
decide to leverage the power of Theorem 1 to solve this
problem with only slightly sacrificing the optimality. Our
solution is assuming that F'7 is in the subspace of the extracted
full-rank spatial filter F' such that the equivalence can persist.
Hence, this optimal set of spatial filters, i.e., F- will only be
a conditional optimal solution for the optimization problem
Eq. (II1.11). Further, since the Fx is now known as the
subset of F which is extracted from the GED(C",C™), the
optimization problem in Eq. (II.11) is then equivalent to the
problem of ordering the columns of F.

When observing the result in Eq. (II.8) which states that
as long as the filtered input data FTC*F is roughly diagonal,
the linear functions in the Riemannian tangent space can
be approximated by linear functions of the log-variances of
the filtered data. More importantly, the coefficients of this
approximated linear function are simply the log-eigenvalues
after the GED is solved, i.e., log( d ). Thus, standard tech-
niques for determining the most important variables in a linear
regression problem can be used. For simplicity’s sake, we use
the absolute values of the regression coefficients as markers
of their importance to the function.

a) Intuitive Explanation: One common and effective
technique across domains is whitening data. By decorrelating
the different channels, constructed features are often more
distinct and predictive. However, whitening has a fundamental
flaw, in that there are arbitrarily many whitening matrices
that are possible since the covariance of whitened data is
invariant to rotations. One explanation for the finding above is
that the GED can be decomposed into a whitening transform
and a subsequent rotation. The whitening is with respect to
the data, and the rotation is chosen based on the weight
matrix. Therefore this technique can be considered a particular
choice of data whitening that simultaneously preserves the
information of a function in the tangent space.

C. Classification based on the TSSF

As a feature extraction method, spatial filtering always
requires a classifier to deal with the processed features, which
often requires an extra optimization step. TSSF can also be
utilized with such a conventional manner but thanks to the
simplification as shown in Eq. (IIL.8), this secondary training
can also be skipped for TSSF, which further accelerates the
decoding.

From Eq. (II.8), we notice that this function is actually
a linear regressor using the log-eigenvalues of the GED as
the regression weights. Therefore, we can directly input the
filtered data into this regressor to obtain the predicted value.




This method is named as one-step classification in our paper,
and the ordinary way to classify the data is named as two-steps
classification, i.e., filtering and classifying.

Example 1: Tangent Space Spatial Filter - The Generalization
of CSP

During the proof for the justification of TSSF, we also find
a strong relationship between TSSF and CSP, which is that
CSP is a simplified TSSF with using LDA as classifier on the
tangent space. First of all, TSSF are obtained via solving the
GED(C™,C™) as described in Section III-B. Moreover, the
equivalent solution of eigenvectors can also be extracted by
solving GED(S*,C™), i.e.,:

F,D = GED(C",C™)

F,Logm (D) = GED(S",C™)
where S* = Logmg.. (C") and the proof of Eq. (II.12) can
be referred in the supplementary materials.

Furthermore, when the classifier on the tangent space is

specified as the Fisher linear LDA classifier [42], the weight
vector on the tangent space is as expressed in Eq.(III.13) [42].

E}LDA = S;L'lt}Lirb(ﬂ(+) - H(_))
.
Swithin =Y. . (3 — ) (? — Y, )

ac{+,—} te(a)

(1IL12)

where u(a),a € {+,—} are the within class mean for the
tangent vectors and S,,;:nin 1S the within scatter matrix.

Under the special case that the S.;nin is equal to the
identity matrix I, the weight vector of LDA classifier is
expressed as:

E?LDA = M(+) - M(_> cR

Based on the reverse operation of vec (-) (Eq. (IL.2)), the
equivalent formulation of Eq. (III.14) in matrix format is:

C(C+1)
———X1

(IIL.14)

Swwa = §(+) — §(-), (AI1.15)
where S() is the arithmetic within-class mean for projected
points on the tangent space. Moreover, assuming the special
situation holds in which the between-class Euclidean mean
difference of the covariances is the exponential transform of
the between-class Euclidean mean difference of tangent space
points, i.e.,

CH — € = Bxpme, (S -5C)  aiiie)
Combining the special LDA classifier with the conclusion
drawn from Eq. (III.12), the solution of TSSF becomes:

) Eq. (IIL12)

GED(C"t* C™ GED(S"*, C™)

GED(S™ — 5, c™)
Eq. (III.IE& 111.16)

Eq. (IIL15)

GED(CTH — €, c™),

AI1.17)
where GED(A,B) in above equations represents the corre-
sponding eigenvectors, i.e., V. = GED(A,B) and AV =
BVT (T is the matrix of generalized eigenvalues).

In addition, if we further replace the Fréchet mean C™ in
Eq. (II1.17) with arithmetic mean C™, we will have:

GED(C™or, cm) " 87 GEp(c™) - ¢, ™)
~ GED(C™ — €, Tm)
ke GED(CH) — C), € + CO))
(111.18)
By combining the definition of CSP from the discriminative
perspective as described in Eq. (II.8) and the equivalence as
shown in Eq. (II1.18), we are able to conclude the relationship
between CSP and TSSF as:

Frsse = GED(C"o*, C™)

Eq. gm) GED(C(H — C(5), C(H + c))
Eq. (IL.8)

= "GED(Cy4 C,.)
Eq. (IL9)

invariance

(I11.19)

Fesp

Namely, CSP is the representation of TSSF when LDA
is chosen as the classifier on the tangent space, and the
within-class scatter matrix is assumed to be the identity.
One important caveat is the exponential relationship of class
mean subtraction, as shown in the Eq. (III.17), which is not
necessarily true.

One related work is [43], in which Barachant et al replaced
the arithmetic mean with the Fréchet mean in CSP. Since the
Fréchet mean is a much better proxy of common activities
across trials, the proposed Riemannian CSP is a far better
approximation of LDA in the tangent space, and Barachant et
al also show increased performance and robustness with this
alteration [43].

D. Summary of the extraction and application of TSSF

For practitioners interested in using the proposed TSSF
framework, in this subsection, we summarize its procedures
which can be categorized as the extraction and application
of TSSFE. To link each algorithm’s description with its pseu-
docode, we adopt the abbreviation that A1-1 denotes the Step-
1 of Algorithm 1.

1) Extraction of TSSF: To extract the TSSF, the input data
should be bandpass filtered and epoched into trials. Moreover,
the choice of the linear model on the tangent space should also
be defined beforehand. Subsequently, the covariance matrices
are estimated based on the input trialwise EEG signal and their
Fréchet mean is computed to use as the reference point for
the tangent space projection (Al-1). After finding the Fréchet
mean, all covariance matrices are projected onto the tangent
space and vectorized into tangent vectors (Al-2). Afterward,
the chosen linear model is fitted by them and the weight
vector can be obtained (Al-3). Furthermore, it is reshaped
into a symmetric matrix and mapped back onto the manifold
via the exponential transform (A1-4). Next, the full-rank filter
matrix of TSSF and the regression coefficients for one-step
classification are obtained by solving the GED problem (Al-
5) and both are sorted based on the absolute value of the
logarithm of the eigenvalues in the descending order (Al-6
and Al-7). At last, based on the predefined number of filter




components, the first ' components of the sorted filter matrix
with full-rank are extracted, and same applies to the regression
coefficients (A1-8).

Algorithm 1 Extraction of TSSF
Data: Bandpass filtered trialwise data X € RE*NXT | Joss
function for linear model L
Result: TSSF and regression coefficients with K components:
FK E?RCXK, K E%kxl

begin
1. Compute the covariance matrices and the Fréchet mean:
Ct=XY{XYT vte[1,---,T],
C™ = argmin Zf,Tzl dXru (A, CY)
AcC

2. Compute tangent vectors:

st = vec(Logmgm (CY)),Vt € [1,---,T] and s =
[S yrrr S ] € éRC(C;JrI)XT

3. Fit linear model: @ = argmino; L(s, 1_3) e T

4. Project weights onto manifold: w0 omee() gu Bomgm ()

Cv e ROXC
5. Solve the Generalized Eigenvalue Decomposition
(GED) problem: d,V = GED (C¥,C™)
6. Get the sorted index based on the value of 7
inds = sort ‘log %) )
7. Obtain the sorted TSSF and regression coefficients:
F = V[;,inds] € RE*C, ? = log(j[mds]) € REx1
8. Extract the first X components:
Fx=F[: K], B x = B[ K]

end

2) Application of TSSF: Once the TSSF are extracted, the
next step is to apply these filters to the trialwise data (A2-1).
Subsequently, there are three types of features which can be
generated from the filtered data: the log-variance of filtered
data (A2-2.a)), the diagonal vector of the logarithm of the
filtered covariance matrices (A2-2.b)) and the tangent vector
of the filtered covariance matrices (A2-2.c)). These three types
of features and their descriptions, as well as the corresponding
abbreviations, are summarized in Table III.1.

Formulation Abbreviation

log (diag(éiF)>
diag (Logml(aiF))

vec (Logmé,r,F ((NJlF))

Description

Log-variance Log-var

Diagonal of logarithm of
covariance matrices
Logarithm of covariance
matrices

Diag. log-cov

Log-cov

TABLE III.1: Summary of classifiable features

After obtaining the features, as described in Section III-C,
two possible classification algorithms can be applied: one-
step classification and two-steps classification. One thing that
should be noted is that one-step classification is only applica-
ble for the diagonal elements based features, namely features
from (A2-2.b)) and (A2-2.c)). For the one-step classification,
the inner product between regression coefficients and features
are computed, and the label is taken as the sign of the result in
binary classification problems (A2-2.a).i)). For the two-steps
classification, a second classifier is chosen and fitted with the

features from the training set (A2-2.b).i)). As such, test data
can be classified by this second classifier.

Algorithm 2 Feature generation and classification

Data: Test trialwise data X € RE*N*T Second classifier
Clf, if needed

Result: TSSF  and
%CXK> ?

regression  coefficients:

K € %le

Fg S

begin

1. Filter the test data: XLFK = F}—(X € REXN

2. Compute features (several options are provided, only
choose one):

a). @ = log (var (XLF;()) c REx1

b). 7 = diag (Logm (COV(XLFK))) c REx1

c). @ = vec (Logm <C0V()~(LFK)> c REx1

3. Return label (several options are provided, only choose
one):
a). One-step classificaiton (only applicaple for features
from 2.a) or 2.b)):
. 5= sen(F52)
b). Two-steps classificaiton (applicaple for all features):
i). Use a set of € from training datasets to fit a
second classifier CIf,
ii). Use the fitted classifier to classify the testing
datasets and obtain the predicted label.
return predicted label

end

E. Experimental Setup

Now that we have shown the theoretical validity of TSSF,
we move on to our experimental results. We base our exper-
imental setup on an open-source benchmark — Mother of all
BCI Benchmark (MOABB) [21]. After that, we first fix the ex-
perimental paradigm as left- versus right-hand motor imagery
because the corresponding neurophysiological knowledge, as
well as the activated neuronal sources, are well studied.
Furthermore, the analysis is restricted to the «- and 3-bands
(8Hz ~ 32Hz) based on neurophysiological knowledge. Also,
all channels are utilized except for the electrooculography
(EOG) channel. Based the chosen paradigm, we tried to adopt
all eight available datasets in the MOABB, as summarized in
Table II1.2; however, the dataset BNCI 2014-004 is excluded
from the analysis (marked in red in Table II1.2) due to having
only three electrodes.

After the bandpass filtering, the covariance matrices are first
estimated from the trial-wise data via the empirical covariance
estimator. Subsequently, three algorithms are employed to
generate feature: CSP, TSSF, and standard Riemannian tangent
space methods. TSSF based features are further subdivided
into three types depending on the degree of approximation as
summarized in Table III.1, and two methods, namely one-step
and two-steps classification as described in Section III-C. The
difference between them is the choice of the second classifier:
either fitting a new classifier after spatial filter generation
(two-steps) or employing the log-eigenvalues from the GED




TABLE II1.2: Overview of all adopted datasets with left-
versus right-hand motor imagery (MI) paradigm. The dataset
marked in red color has only 3 channels and is hence
excluded from this analysis.

Dataset Name #Channels | #Subjects | #Sessions | Citations
BNCI 2014-001 22 9 2 [44]
BNCI 2014-004 3 9 5 [45]
Cho et al. 2017 64 49 1 [46]

Munich MI 128 10 1 [2]

Physionet MI 64 109 1 [47]
Shin et al. 2017 25 29 3 [48]
Weibo et al. 2014 60 10 1 [49]
Zhou et al. 2016 14 4 3 [50]

solution as linear regression coefficients. These classification
methods are summarized in Table II1.3. For CSP and standard
Riemannian features, the L2-regularized SVM classifier is
adopted.

Name First classifier Second Classifier
One-step | L2 Regularized SVM N/A
Two-steps | L2 Regularized SVM | L2 Regularized SVM

TABLE II1.3: Summary of classifiers. For all regularized SVM
listed above, the parameters are found by grid search [51].

The motivation of selecting a regularized SVM as the first
classifier to generate weight vectors on the tangent space is
inspired by the results from [21], in which the combination of
regularized SVM and Riemannian methods has been validated
as the best among all benchmarked pipelines. For choosing
hyperparameters, a grid search [51] is employed to find the
optimal value within the range from 0.01 to 100.

Trial-wise data after band-pass filtering

l
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— | T

CsP | TSSF | | TsARM |

IS

Log-var Log-var Diag. log- Log-cov Log-cov
cov

Reg. One- Two- One- Two: Reg.

SVM step steps step steps SVM
- - = -

2 |2 |z Z 5

b " 5 O = ié

k2 < < o @) >

N 5 H < g =

I o [N | 2
I [ I "~
3 3 3 g

‘ Prediction ‘

Fig. III.1: All tested pipelines in this paper. The annotated text
above the line linked between classifiers and predictions is the
abbreviation of the corresponding pipeline and Reg. SVM is
the abbreviation of L2 regularized SVM.

For better understanding the difference among the mul-
tiple variants of TSSF based methods, CSP, and standard
Riemannian methods, we summarize all the above steps into

a flowchart (Fig. III.1). After the prediction, the scoring
metric chosen by us is the ROC-AUC (receiver operating
characteristic - area under the curve) metric, and these scores
are computed via five-fold cross-validation within each session
of every data set.

After obtaining scores from different pipelines, we analyze
their statistical performance. In our work, two statistics, the p-
value and the effect size, are adopted to compare the proposed
TSSF against CSP as well as the full Riemannian approach.
The p-value for the one-sided test is computed across sessions
and subjects but within each data set, the null hypothesis
of which is that the median accuracy of using one pipeline
is not larger than using another pipeline. The effect size is
measured by the standardized mean difference (SMD) between
the accuracies of the two compared methods. Further details
about these statistical tests can be found in [21].

IV. RESULTS

To comprehensively assess the performance of the proposed
TSSF, three aspects are considered in this paper: the quality
of the filtered feature, the interpretability revealed from asso-
ciated spatial patterns, and the computational time.

Of these three perspectives, feature quality is the only indi-
cator which can be analyzed in a purely quantitative manner
through the classification accuracy. Therefore, in this section,
we exclusively analyze the performance of feature quality.
Although it can be argued that the results of computational
time can be analyzed in a quantitive way, i.e., by exhaustively
comparing the simulation results of computational time, we
more concerned with the theoretical, computational complex-
ity analysis since the latter is more general than the simulation
results. Therefore, interpretability and computational time are
both left until the discussion, as the results are more qualitative
and require more context to be properly interpreted.

As a typical indicator of feature quality, the classifica-
tion accuracies are chosen to be compared as a way of
assessing which features are most informative. In subsequent
subsections, we begin with a comparison of all proposed
classification pipelines over all the datasets, to see whether
any of them consistently outperform the rest. The results are
shown in Figure IV.1.

A. Statistical performance across datasets

We select three typical cases of applying spatial filters: two,
six, or twelve spatial filters. By observing Fig. IV.1a we can
notice that even when only applying two filters, the p-value
of the comparison between all TSSF-based pipelines and CSP
are highly significant, and the effect sizes are moderate. More-
over, in the comparisons with the full Riemannian method,
the TSSF_Cov_2_step even significantly outperforms the full
Riemannian method, albeit with a small effect size (0.23).

When increasing the filter number to 6, as shown in
Fig. IV.1b, the performance of all TSSF-based pipelines con-
tinues to surpass CSP. Surprisingly, TSSF_Var_2_step also
shows significantly better results than the full Riemannian
method 7S_AIRM, though again with a tiny effect size (0.08).
In addition, performance begins to differ among the various
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Fig. IV.1: Statistical comparison of the classification accuracies from different pipelines. Parameters: effect size ¢ (standardized
mean difference) and p-value p are computed within each dataset. In each block, the statistics are computed based on the
null-hypothesis that the median accuracy of row method is not larger than the column method. The green block means there
exists an overall significant result across all datasets. The red block means there exist contradictory results, i.e., the overall
one-tailed results show significance, but the effect size is not positive. Furthermore, the number in parentheses next to the
p-values represents that the percentage of datasets in which significance is reported. The meaning of each label can be referred

from Table. III.1 and Fig. IIL.1

TSSF-based pipelines. After increasing the number to 12
(Fig. IV.1c), although one more TSSF-based pipeline sig-
nificantly outperforms TS_AIRM, the differences among the
TSSF-based pipelines also further enlarge.

Observing and comparing these figures from a macro
perspective, we can discover several trends: First, CSP is
constantly outperformed by all Riemannian based methods.
Second, the performances of TSSF-based methods tend to
differ from each other, only at large numbers of filters. Third,
the difference in performance between one-step and two-steps
methods also enlarges as the filter number increases.

B. Performance w.rt. the number of applied filters in a single
data set

In addition, we look at how the performance changes as a
function of the number of applied filters. As a meta-analysis
here results in an enormous number of statistical tests on not
very much data, we focus on this section of the analysis
on a single dataset. For better reflecting the relationship
between accuracy and number of applied filters, we choose
the data set Munich Motor Imagery, which has the highest
channels numbers (128). From Fig. IV.2 we first notice that
the accuracies of all TSSF-based features converge to the
performance of the standard Riemannian method with merely
four filters while CSP needs around 20 filters to reach a
stable plateau. Second, except for TSSF_Var_1I_step, all other
TSSF-based methods significantly outperform CSP whatever

number of filters is used, as shown in Fig. IV.3. Lastly, for
all log-variance based TSSF pipelines, their accuracy usually
decreases when the number of filters continues to increase.
Moreover, this fact can also be observed in all rest datasets,
as shown in the supplementary materials.

In this section, we have comprehensively compared the
quality of the features extracted from various ways, and
confirmed two things: that Riemannian methods reliably out-
perform CSP, and that TSSF can approximate and sometimes
even outperform standard Riemannian methods. As a spatial
filtering method, however, the interpretability is always of the
highest significance, especially for online purposes, because it
is the only way that we can know whether reasonable signal
sources are utilized. Moreover, the computational efficiency of
the spatial filtering method is also vital because the online BCI
system usually has a strict real-time requirement. Therefore,
in the next section, we further discuss these two aspects.

V. DISCUSSION

We have shown that spatial filters can be extracted from
linear functions in the Riemannian tangent space, rendering
Riemannian methods suitable for online use even in cases
of over 100 channels. Moreover, we validate our approaches
using over 220 subjects via an open-access toolkit [21] and
show that our method is statistically indistinguishable from
the full tangent space approach on average, and in some
cases can significantly improve on it. Lastly, the idea of using
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approximation to generate spatial filters eliminates the need
for complicated optimization frameworks.

Another notable contribution of this paper is the proposal
of one-step classification, which further reduces the compu-
tational time in the testing stage significantly. Subsequently,
we analyze the associated spatial patterns of CSP and TSSF.
Afterward, we discuss the signal sources as well as the
robustness reflected from these patterns. We end our discussion
with several suggestions regarding its usage and finally, a look
towards the future work this result implies.

A. One-step classification

While one-step classification relies strongly on the assump-
tion that the input points are roughly jointly diagonalizable,
and hence that the proposed approximation holds, we have
shown in practice that this appears to be the case for suf-
ficiently small numbers of filters. What this suggests is that
certain underlying sources can be extracted by static gener-
alized spatial filters, while others do not correspond to static
eigenvectors of the covariance matrices. If few enough filters
are chosen, the resulting classifier is very close to the tangent
space function, but as more are added, the approximation

quality degrades. This explains the results in Fig. IV.2 in which
the only classifier whose quality degraded as a function of filter
number was the single-step log-variance classifier.

Another major benefit to using one-step classification is that
it is a better use of training data. Current spatial filtering-based
approaches to classifications need to either re-use data for both
spatial filter and classifier fitting, or partition training data into
disjoint sets, which reduces the quality of both solutions. When
the approximation holds, one-step classification is a much
more data-efficient solution.

B. One-step classification: Computational complexity analysis
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Fig. V.1: Theorectical computational complexity analysis and
comparison between one-step and two-step classification in
the testing stage. Note: the practical complexity are usually
smaller than the listed value due to the adoption of efficient
algorithm. For instance, the matrix multiplication complexity
is theoretically equal to O(C?) but usually between O(C?-376)
[52] and O(C®) in practice.

Considering that one major critique of Riemannian methods
is their inability to scale to high numbers of channels, the
computational complexity comparisons between the one-step
classification framework and the full Riemannian tangent




space method are provided from both theoretical and experi-
mental aspects

Number of Applied Filters
Data set Method 4 6 #Channels|

Time (s) |Accuracy| Time (s) |Accuracy
CSP 0.0083+0.0013 | 0.83+0.18 |0.0088+0.0016| 0.85+0.15

2‘3}1(‘010-1 TSSF_Var_1_step |0.0036+0.0021| 0.85:0.17 [0.0038+0.0003 | 0.85+0.15 22
TS_AIRM 0.0435+0.0091 | 0.860.15 |0.0435+0.0091| 0.86+0.15
CSP 0.0189+0.0032| 0.68+0.19 ]0.0217+0.0033| 0.70+0.17

Cho TSSF_Var_1_step [0.012040.0022 | 0.73£0.16 |0.0159+0.0037| 0.730.15 64
TS_AIRM 0.1353+0.0162| 0.72+0.16 |0.1353+0.0162| 0.72+0.16
CSP 0.0938+0.0119| 0.72+0.23 |0.0881+0.0139| 0.75+0.24

Munich | TSSF_Var 1 step |0.1335£0.0215| 0.87+0.13 |0.1235+0.0094| 0.88+0.13 128
TS_AIRM 3.1503+0.8547| 0.860.16 |3.1503+0.8547| 0.860.16
CSP 0.0201+0.0097| 0.65+0.23 ]0.0152+0.0070| 0.65+0.24

Phy. TSSF_Var_1_step |0.0020£0.0015| 0.68:0.24 |0.0016:0.0002 | 0.67+0.24 64
TS_AIRM 0.0517+0.0121| 0.65+0.26 |0.0517+0.0121] 0.65+0.26
CSP 0.0155+0.0054| 0.68+0.32 |0.0184+0.0072| 0.68+0.33

Shin TSSF_Var_1_step [0.0017:£0.0007 [ 0.670.34 |0.0021+0.0002| 0.66+0.35 25
TS_AIRM 0.0168+0.0085 | 0.65+0.35 |0.0168+0.0085| 0.65+0.35
CSP 0.0101+0.0018 | 0.81+0.16 |0.0100+0.0008 | 0.82+0.18

Weibo | TSSF Var I step |0.0054+0.0014] 0.82+0.16 |0.0056:0.0007| 0.82+0.17 60
TS_AIRM 0.0696+0.0092| 0.83+0.17 |0.0696+0.0092| 0.83+0.17
CSP 0.0096+0.0020| 0.91+0.11 ]0.0101+0.0017] 0.92+0.10

Zhou | TSSF_Var I step |0.0040+0.0009]| 0.9120.09 |0.0044:+0.0005| 0.90+0.10 14
TS_AIRM 0.0116+0.0011] 0.92+0.09 ]0.0116+0.0011] 0.92+0.09

Fig. V.2: Comparison of classification accuracy and run-
ning time in the testing stage for three pipelines: CSP,
TSSF_Var_1_step and TS_AIRM. The values for both accuracy
and time are with the format of the mean =+ the standard
deviation, which is computed across all sessions within each
data set. The comparisons with the largest contrast are noted
as bold. The above numbers are obtained from computers with
64GB RAM and an 8-core CPU.

For a better understanding of experimental results, we first
start with the theoretical analysis. As seen from Fig. V.1,
standard Riemannian methods require operations with a com-
putational complexity of either O(C?) or O(@) For high
numbers of channels, this can be difficult to do for real-time
feedback. To verify that we ran a runtime analysis for all
datasets including the Munich Motor Imagery data set which
has over 100 channels. The results are shown in Fig. V.2
which indicates that standard Riemannian methods are slower
than both CSP and TSSF based methods. In particular, the
full Riemannian methods is 25 times slower than TSSF based
methods with similar performance when observing the results
from the data set with 128 channels. As for the accuracy
comparison, the superiority of TSSF based methods is already
validated in Fig. IV.3, in which TSSF_Var_1_step significantly
outperforms CSP when using four or six filters.

In summary, by adopting the one-classification, it is no
longer impossible to enjoy the robustness and excellent perfor-
mance of Riemannian methods in an online BCI system with
high-dimensional data. One additional advantage is: by using
fewer features, the model suffers less risk from overfitting.

C. How robust is spatial filter order to artifacts?

Another important aspect of our work is the observation that
this procedure allows one to easily validate the relevance of the
features that a Riemannian classifier is using. By visualizing
the spatial filters, it is easy to ensure that artifactual sources are
not included in the classifier, which is of crucial importance
when a BCI is used for neurofeedback.

As shown in Fig. V.3, in which only two filters are applied,
the accuracies of TSSF based methods are clearly better than
CSP based, especially for S1, S2, S7, S8, S9, and S10.
Correspondingly, the CSP based patterns seem more patchy
than TSSF based. As for the subjects that both methods have
tied performance, i.e., S4 and S6, their spatial patterns are
almost identical to each other.

We would, however, like to better understand where and
how components that are not brain-related enter the spatial
filters in these two methods. Therefore, we increase the filter
number to ten and compare the spatial patterns from two
contrasting subjects in order to verify how the methods are
robust to artifacts, i.e., S2 and S4 who are with 55% and
6.3% contaminated trials respectively.

Observing the Fig. V.4, S2 Comp 0 and S2 Comp 1 of the
spatial pattern of TSSF seems similar to S2 Comp 4 and S2
Comp 6 of CSP. As for the rest CSP patterns of S2, most
of them appear to be artifacts while for TSSF patterns of S2,
only Comp 8 and Comp 9 look slightly patchy while the rest
of the patterns show strong activity around the sensorimotor
cortex. Moreover, in S4’s patterns, from Comp 0 to Comp 6,
the results of CSP and TSSF reflect similar neuronal sources
with a slightly different order. However, when looking at the
last three patterns of both filters, artifactual sources appear.
Overall, the ordering in TSSF is much more informative than
in CSP, although in very low artifact scenarios they are similar.

Therefore, our conclusion is that the associated spatial
patterns reflect more neurophysiologically explainable neural
sources in TSSF. In contrast, CSP often gets distracted by
artifacts when processing highly contaminated data. Moreover,
when considering the patterns from the low-artifact subject
S4, the patterns from both spatial filtering methods are almost
identical, in particular for the first several patterns.

D. How many filters lead to optimal performance?

By enlarging the feature space, classification accuracy only
increases when useful information is encoded within the
additional features. For the case of spatial filtering, the most
informative features are usually from the first several spatial
filters and afterward, the features are no longer as informative
as before, as indicated by the spatial patterns shown in
Fig. V.4. Therefore, when applying only a few spatial filters,
there always exists a positive relationship between the perfor-
mance and number of applied filters. However, this positive
relationship turns into a plateau when further increasing the
filter numbers because the additional features are no longer as
informative as before, and can even turn negative in cases of
overfitting.

This initial positive relationship and the subsequent plateau
always raises the question of the optimal number of spatial
filters i.e., using the least number of filters to achieve a given
level of performance. We argue that TSSF reliably requires less
spatial filters than CSP in order to achieve the same level of
performance based on the observed seven datasets. Moreover,
the optimal filter number for TSSF seems independent from
the number of channels which reflects a true biological set of
sources conserved across all the data while it does not hold for
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Fig. V.3: The classification accuracy and the associated spatial patterns of data set Munich Motor Imagery when applying the

first two spatial filters for all subjects.
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Fig. V.4: The associated spatial patterns of data set Munich Motor Imagery when applying the first ten spatial filters for S2 and
S4. The major conclusion drawn from these two figures is that the TSSF based patterns present a better ordering comparing

to the CSP which means the CSP tends to be affected by artifacts.

CSP. In addition, these patterns also reflect the robustness of 3) Choice of features: Three types of features to be adopted

TSSF against the influence from ocular or muscular artifacts
which CSP do not possess.

E. Suggestions for the usage of TSSF

After exhaustively benchmarking the TSSF based methods
against conventional algorithms, we provide several sugges-
tions to the reader who would like to use the TSSF method:

1) Use the empirical covariance estimator when possible:

as seen in Table II.1. As there is a trade-off be-
tween computational complexity and feature quality, the
choice of features highly depends on the experimental
environment. Nonetheless, based on our experience,
diag (Logm(FTCtF)) is a good candidate when de-
manding high accuracy, while log (diag(F'C'F)) is a
better choice for a strict real-time requirement.

Since diagonal loading cannot be added during online #* Future Work

use (as the filtered variances are used), high regulariza- This paper covers the fundamental concept and proof of

tion runs the risk of degrading the approximation. spatial filtering via the tangent space. However, there are still
2) Choose the Riemannian metric carefully: Theoretical many interesting directions worthy of being explored later

analysis is based on the assumption that the AIRM is on. We discuss these possible directions from two levels,

utilized. A similar property remains to be validated for the extension of the scientific idea and of these proposed

other Riemannian metrics. algorithms:




1) Unsupervised dimensionality reduction and multi-class
TSSF: The nice performance of TSSF based methods
with few components implies the existence of a low di-
mensional subspace where the brain projects. Therefore,
it will be interesting to know how to find this subspace
in an unsupervised fashion. Moreover, inspired by [53,
54], it will also be fascinating to investigate spatial filters
for multiclass classification based on the TSSF.

2) TSSF in comodulation manner: Since the proposed
TSSF is currently extracted in a regression-like manner,
it will also be very worthwhile to explore whether
we can also leverage continuous information encoded
within the target variables, just like the source power
comodulation (SPoC) method [9].

3) Other choices of the first classifier: The SVM based
TSSF methods achieved a satisfying performance in this
paper, but it will be very interesting to explore the
influence of the classifier on the tangent space.

4) Multiple frequency bands: In this paper, the features are
extracted from the joint p and 8 band. It remains a
mystery whether the ampler information induced by the
filter bank TSSF will outperform current methods.

VI. CONCLUSION

Thanks to its impressive performance, the Riemannian man-
ifold classification framework has seen an upsurge in interest
in recent years. Historically, it has been hampered by various
issues, namely that Riemannian methods scale poorly to high-
density setups and are somewhat difficult to introspect.

To tackle these obstacles, we have proposed a set of meth-
ods based on the combination of spatial filtering techniques
with Riemannian methods, because the former possess nice
properties which Riemannian methods are lacking, such as
low dimensionality and the visualization of signal sources
(or associated spatial patterns). In order to further simplify
the computation of the proposed idea, we have proved the
rationality behind several variants of Riemannian features
based on the approximation of the decision function on the
tangent space. Moreover, we have also put forward one-step
classification in order to simultaneously find a classifier and
spatial filters. In addition, we would like to address again
that the optimal subset of spatial filters that can be extracted
by leveraging the proposed framework is not necessarily the
globally optimal solution for the dimension reduction problem
on the manifold of SPD matrices. Nevertheless, it is striking
that these reduced spatial filters can converge to the perfor-
mance of classic Riemannian methods robustly with using only
four to six filters. We hope that this work will allow for the
expansion of Riemannian geometry-based methods into more
BCI applications, and that it might spur further development
in both application and theory for this sort of interface.
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I. EIGENVECTOR INVARIANCE AFTER LOGARITHM
MAPPING

Theorem 1. The eigenvectors of generalized eigenvalue de-
composition (GED) between symmetric positive definite (SPD)
matrices keep invariant after logarithm mapping as long as the
projecting matrix is not reference matrix, i.e.,:
F,D =GED(C",C™)
F, Logm (D) = GED(S¥,C™), (€8]
where S* = Logmenm (CY) .0

Proof. The generalized eigenvalue decomposition (GED) is
defined as below:

GED(C",C™) <> C*F = C"FD, )

where F represents the generalized eigenvectors and D is the
generalized eigenvalue matrix. For the convenience, we denote
the solutions of this GED problem as:

F,D = GED(C",C™) 3)

Since C™ is a SPD matrix which means it is invertible,
equation (2) can be expressed as below by left multiplying
C™™ for both sides:

GED(C",C") < C"C"F =FD

4
« F,D=ED(C™C") @

By leveraging the SPD property, we can decompose the
C™™ into C™%2 C~ %, which is as proved below:

Cfm _ Vrn, (Drn,)*1 (Vm)T

(D™)7'>0 m my\-% my-3 m\T
= VDT EID™) (V")

mATx7m _
(v )=V =I vm (Dm)—% (Vm)T V™ (Dm)—% (Vm)T
-C?C T
m m (5)
Similarly, C*= C~ 2 can be proved as equivalent to identity
matrix I. Hence, based on these ingredients derived by SPD
property, equation (4) is further written as:
F,D =ED(C™C")
< C™CYF=FD
= C 7C 7C"C ?C?*F=C 2C%FD
< C #CYC ¥C*F=C*FD
< C 2C"C 7V =VD, where V=C?F
< V,D=ED(C"?C"“C™%)

6)

Note that as C™C" 1is not symmetric, its eigenvalue
decomposition is not constrained to be orthogonal. Moreover,
since C~2 C*C~7 is symmetric, the eigenvectors are orthog-
onal basis, which can be formulated as below:

Vv=l
F'F=I o)
FTC"F =1

m

On the other hand, ED(C~% S¥C~%") can be solved as:

m

ED(C™%S8%C™ %)
< ED(C™? [C%Logm (C 2C"C 7)C*?]C ?)

< ED(Logm (C™2 C*C™ %))

< ED (Logm (VDVT)) ®)
< ED (VLogm (D) VT)

= V,Logm (D) = ED (VLogm (D) V")

< V,Logm (D) =ED(C"28“C™ %)

Based on the results shown in equation (6) and (8), we
know: i )
V,Logm (D) =ED(C 2 8“C™ %)
Aad F7 LOgm (D) = ED(C—msw) (9)
< F,Logm (D) - GED(SU}7 Cm)

By combining the results of equation (3) and equation (9),
we have:
F,D =GED(C",C™)

F,Logm (D) = GED(S",C™) (19

Therefore, as a conclusion, the eigenvectors of GED problem
keep invariant after logarithm mapping as long as the project-
ing matrix is not reference matrix. |

II. DISTRIBUTIVE PROPERTY OF LOGARITHM OPERATION
FOR SPD MATRIX
Lemma 2. The logarithm operation for SPD matrices pos-
sesses distributive property as long as the multiplied matrix is

orthogonal, i.e.:
Logm(VTAV) = V' Logm(A)V (an
,iff VIV =1and A is SPD.

Proof. Based on the SPD property of matrix A, we can apply
eigenvalue decomposition to A and obtain:
A=VADA (VA and (VA) (VA =1, (12)

where V4 and D4 represent the eigenvectors and eigenvalues
of SPD matrix A respectively. Subsequently, combining above
results with VTV = I, we have

VIV =V (VA)(VA) V=1
= (VIVA) (VIVA) o1 4

Therefore, by substituting the results from equation (12) and
(13) into Logm(VTAV), we have:

Logm(VTAV) "X Logm(VIVADA (V4) V)
= Logm((VTV4) DA (VTV4)")
o (13 (VIV*) Logm(D?) (VTV# )T
=V [VALogm(D*) (V4)' ]V (o
2 Y TLogm(VADA (VA) )V
Fa 1 V'Logm(A)V
| ]
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III. EQUIVALENCE BETWEEN TRUE AND APPROXIMATED
DECISION FUNCTION

Theorem 3. The inner product between the weight vector of
linear classifier on the tangent space and the tangent vector,
i.e., the true decision function on the tangent space referenced
on the Fréchet mean of all manifold points, is equivalent to
the approximated decision function which is computed from the
spatially filtered manifold points via the full rank generalized
eigenvectors between the manifold point corresponding to the
weight vector of linear classifier on the tangent space and the
Fréchet mean, i.e.,

9 =y |r, iff F is extacted via GED(C", C™)

(15)
and full rank,
where, Vit =1,...,T,
3 =< Logmg (C*),Logmg.m (C') >|gm,
Y |p=< Logmpr gmp (FT CVF), (16)

Logmgrgmp (FTC'F) >|pramp,

Proof. For convenience, we first list some properties of linear
algebra in the tangent space that will be convenient in the
proof. All properties are proved in Section I.

1) F,D = GED(C%,C™) = ED(C™™C"), where F'F #

1

2) V,D= ED(C-”CWCT) where VTV =1

3) V=CZF=F'C"F=1

Since spatial filter F' and the eigenvalue matrix D are
extracted via the GED(CY, C™), we have:

F C"F=1

17
F CF=D (a7

On the one hand, when applying this special spatial filter
F, it is easy to prove that the approximated decision function
can be reformulated as:

y;‘Pme |F:< LOngTcmF(FTCwF);
Logmgr gy (FTC'F) >[gremp,
=Tr (Logm(D)Logm(FTCtF))

18)

On the other hand, based on the previous proved and quoted
lemmas as well as the definitions, the true decision function
can be expressed as:

gt =< Logmg. (C*), Logme, (C*) >[cm
=Tr (C‘% (Logmg. (C*))C™% -C
= Tr(C’% (C*%Logm(C 2C"C %)C*?)C™
c (c+zLogm(c TClCTT)CtY)Co )
=Tr (Logm(C TCove )-Logm(C FCiCc® )) "
As indicated by point 2) of the list at the beginning of(thii
proof (refer as List 2. in the following context), we know that

-7 (Logmcm (Ct)) (on

m

V,D = ED(C % C¥C"%), where V'V = L Therefore, the
results from Eq. (19) can be further derived as:

9r =Tr (Logm (C_% C“’C_%) -Logm (C‘% ctc = ))
By (Logm (VDVT) Logm (C’% cic® )
bemma 2y (VLogm (D) VT -Logm (e FCiC ’7))
Trace el py (Logm (D) - V' Logm (C Exoile ’ﬂ) V)
)

invariant
Lemma 2 gy (Logm (D) - Logm (VTC’f CtC’7V)

List3)- py (Logm (D) -

m m m

Logm ((C*#F) c ¥ C'C™% (C*¥F)))
:Tr(Logm (D)-Logm( C_7th_%c+%F))
=Tr (Logm (D) - Logm (FTC F))

_,,approx
=y
(20)
Therefore, as a summary, ¥, = yi‘pp"”" if and only if when

F is extracted via GED(C", C™) and F is with full rank.
n

7)
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I. CLASSIFICATION ACCURACY W.R.T. THE NUMBER OF APPLIED FILTERS

A. Classification accuracy w.r.t. the number of applied filters for all rest six datasets
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Fig. 1: Classification accuracy w.r.t. the number of applied filters within each data set and the accuracies are computed across
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all subjects and sessions. The central line is the mean accuracy and the error band shows confidence interval = 68%.
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B. Classification accuracy w.r.t. the number of applied filters for all subjects within data set Munich Motor Imagery
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Fig. 2: Classification accuracy w.r.t. the number of applied filters for each subject of data set Munich Motor Imagery and the
accuracies are computed using ROC-AUC metric and averaged across five folds cross validation.
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2.3 Distance Covariance: A Nonlinear Extension of
Riemannian Geometry for EEG-based Brain-Computer
Interfacing

2.3.1 Synopsis

This study explores the possibility of improving decoding performance by extending
the Riemannian framework nonlinearly by substituting the linear Pearson correlation
based covariance matrices with the nonlinear distance correlation-based covariance com-
puted from EEG signal. We also examine the theoretical properties of the distance
covariance metric in this framework, particularly its invariance to affine transformations.
Furthermore, we compare the proposed approach to established Riemannian methods
across multiple EEG data sets. Upon the analysis, we briefly discussed the necessity and
importance of nonlinearity and preserving affine-invariant properties at last.
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Distance Covariance: A Nonlinear Extension of Riemannian Geometry
for EEG-based Brain-Computer Interfacing

Jiachen Xu'*, Alex Markham', Anja Meunier', Philipp Raggam"2 and Moritz Grosse-Wentrup'>

Abstract— Riemannian frameworks are the basis for some
of the best-performing decoding methods in EEG-based Brain-
Computer Interfacing. In this work, we consider whether a
nonlinear extension of the Riemannian framework, obtained
by replacing the channel-wise covariance of the EEG signal
with the nonlinear distance covariance, improves decoding
performance. We study the theoretical properties of the distance
covariance metric in this framework, in particular invariance
to affine transformations, and compare the proposed method
with established Riemannian methods on three different EEG
data sets. We do not find evidence that the distance covariance
extension improves decoding performance in comparison to the
linear Riemannian framework.

I. INTRODUCTION

Brain-Computer Interfaces (BClIs) decode cognitive states
from recordings of brain imaging data, e.g., for communi-
cation with severely paralyzed patients [1], [2], to induce
neural plasticity in stroke rehabilitation [3], or to passively
monitor and react to their users’ mental state [4], [5]. For
BCIs based on non-invasive recordings of the electroen-
cephalogram (EEG), the decoding pipeline typically consists
of three components. In a first step, the EEG channels are
linearly combined to attenuate irrelevant EEG sources and
retain those that are most informative for a given paradigm
and subject [6]-[8]. In a second step, informative features
are estimated from the spatially filtered timeseries, e.g.,
by computing log-bandpowers in canonical EEG frequency
bands. In the final decoding step, these features are then
processed by a classification algorithm [9].

Among the wide variety of available BCI decoding
pipelines, Riemannian methods have evolved as one of the
best performing frameworks [10]-[12]. Riemannian frame-
works combine the spatial filtering and feature extraction
steps of a decoding pipeline by representing each trial of
recorded EEG data by a channel-wise covariance matrix.
Distances between covariance matrices of different trials
are then measured on the Riemannian manifold of sym-
metric positive definite matrices (SPDs). In this way, the
Riemannian frameworks measure similarity between EEG
trials not only by the channel-wise power of individual
EEG channels but also by the spatial dependence structure
between channels. These similarity estimates then form the
feature space for the final classification step, for which
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2Department of Neurology & Stroke, Hertie Institute for Clinical Brain
Research, University of Tiibingen, Germany
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standard machine learning algorithms, e.g., support vector
machines (SVMs), can be employed.

It has been a long-standing discussion in the BCI com-
munity whether linear classifiers are sufficient for EEG
decoding, with the general consensus that nonlinear methods
may provide small benefits in certain settings [13]. Nonlinear
methods, however, have mostly been explored in the final
classification step, e.g., by kernelizing SVMs [9]. Spatial
filtering and feature extraction algorithms, on the other hand,
are predominantly based on linear methods [6], with recent
deep learning methods forming a notable exception [14]. To
study whether nonlinear extensions of spatial filtering meth-
ods may improve decoding performance, we replaced the
linear covariance metric in the Riemannian framework with
the nonlinear distance covariance metric [15]. The distance
covariance is a generalization of the covariance that provides
a measure of association similar to the covariance in case of
bivariate normal data but is further able to represent nonlinear
associations. As such, we hypothesized that an extension of
Riemannian frameworks by the distance covariance would
perform at least as well as standard, linear Riemannian
frameworks while offering the potential to further leverage
nonlinear relationships, if they should be present in the data.

After briefly introducing Riemannian frameworks and the
distance covariance in Sections II-A and II-B, we present
the nonlinear extension of the Riemannian framework in
Section II-C. We then study its theoretical properties in
Section II-D, where we show that the desirable property
of invariance to affine transformations only generalizes in
part to the nonlinear case. We then describe in Section II-
E how we compare the linear and nonlinear frameworks
on three publicly available EEG data sets, and present our
results in Section III. We find that the nonlinear Riemannian
framework performs on par with the linear one but does
not substantially outperform it. We conclude this work by
discussing the implications of our findings in Section IV.

II. METHODS

A. Riemannian Methods in BCI

For classification in BCIs, short-time epochs of the EEG
signal, also called trials, are usually used to generate the
feature space for machine learning algorithms. A trial is
represented by the matrix X; € RVXT, where N denotes
the number of channels and 7' the number of sampled
time points. In this context, Riemannian geometry-based
methods make use of the covariance matrix ¥; € RVXV




[10], estimated by the sample covariance matrix (SCM)
- 1
i = XX o)
Covariance matrices do not live in Euclidean space but
rather in the smooth and differentiable Riemannian manifold
M of Symmetric Positive Definite (SPD) matrices [16].
Trials can be compared with each other by calculating
the distance between their SCMs, which are represented
by points in the manifold [17]. The distance between two
points can be calculated using the affine-invariant Rieman-
nian metric (AIRM), which generalizes the properties of the
Euclidean metric in standard vector spaces to the Riemannian
manifold [18]. The distance between two covariance matrices
(31,%5) is thus defined as

damn(E1,52) = [log (A (27222, 7))|| . @

where A(-) represents the eigenvalues of its argument
and |-||, the L2 norm. This Riemannian distance can be
used for classification with the Minimum Distance to Mean
(MDM) procedure [10]. For each class k € {1,..., K}, the
Riemannian mean of its I, intraclass SCMs (E;C)ie{l#.“,lk}
is calculated by

Iy
5 = argmin Y dipu(Z, ). 3)
TeM T
For each new trial X, the Riemannian distance between
the SCM of the trial ¥; and the Riemannian mean of each
class T is calculated. The new trial is then assigned to the

class with the minimum distance according to
k= arg min

et {dame (25.57) }- 4

Alternatively, a tangent space mapping can be employed
to obtain standard feature vectors and combine Riemannian
methods with traditional classification algorithms [19]. The
mapping of ¥; from the Riemannian manifold to the tangent

space with Fréchet mean reference ¥ is done via matrix
logarithmic mapping:

—1 1 — 1\ _1
Logmg(¥;) = B¥log (825,57 7)S% (9)
B. Distance Covariance

The distance covariance [15], dCov, can be thought
of as a nonlinear extension of the more familiar product-
moment covariance, cov, which is only a measure of linear
association. Before we define dCov, first recall that the
population covariance of random variables X and Y can be
given in terms of expected values as

cov(X,Y) = E[XY] — E[X|E[Y]. (6)

The distance covariance between random variables X and Y
is defined as

dCov?(X,Y) = cov(|X — X'|,|Y = Y|
—2cov(|X = X'|,|Y =Y"]), D

where (X’,Y”) is an independent and identically distributed
(iid) copy of (X,Y"), and Y is an iid copy of Y. Note that
it can be defined more generally, as in [15], however we
give a restricted definition here so that it is more obviously
analogous to cov and applicable to Riemannian methods.
The key intuition here is that it makes use of distances,
such as |X — X'|: this can be thought of as nonlinearly
projecting X and Y into a kernel space so that defining
dCov using the linear product-moment covariance (cov) in
the kernel space nevertheless results in a nonlinear measure
of dependence in the original space—indeed, [20] proves
that dCov is equivalent to kernel-based dependence measures
such as the Hilbert-Schmidt Inpendence Criterion (HSIC)
[21].

Analogous to (1), the distance covariance matrix, Ax,
for an N-dimensional random vector can be estimated from
the observations X; € RVXT of each trial. First, use the
sample X; to construct the flattened distances matrix F"
for each row x} = (z1,...,2,) in X;, the corresponding
uncentered distance matrix is defined element-wise to be
Up,q := |zp — 24| then U must be doubly-centered, Cp, 4 :=
Upq —Up,,. —U. 4+ U.., where replacing an index p or ¢
with - denotes taking the mean over that index; lastly, form
the flattened distances matrix F' so that each row F' is the
corresponding vectorized (flattened) doubly-centered matrix
C. We can finally define the distance covariance matrix:

Ax = %FFT. ®)
The construction in (8) makes it clear that distance covari-
ance matrix, like the covariance matrix, is the product of a
matrix and its transpose and is thus SPD if and only if F'
is of full row rank. However, as we discuss in Section II-D,
the distance covariance matrix does not have the same affine
invariance properties of the covariance matrix.

C. Extending Riemannian Decoding with the Distance Co-
variance

Because the distance covariance gives rise to SPD ma-
trices, we can simply replace the covariance matrices in
equations (2) to (5) with the appropriate distance covariance
matrices. In practice, we can mitigate non-SPD cases, which
are induced by numerical errors, by adding regularization.
We thereby obtain a nonlinear generalization of the Rie-
mannian frameworks. The distance covariance provides a
measure of association similar to the square of the covariance
in case of bivariate normal data but is further able to represent
nonlinear associations. In this way, the distcov-Riemannian
framework is able to assess nonlinear spatial dependence
structure between EEG channels.

It has been argued that invariance under affine transfor-
mations is one of the reasons for the superior decoding
performance achieved by Riemannian methods [11]. In the
following section, we study whether this property also ap-
plies to its nonlinear generalization.




D. Invariance Under Affine Transformation

Traditional Riemannian feature extraction based on the
covariance matrix has the desirable property of being in-
variant to affine transformations of the underlying data. This
immediately follows from properties of the covariance matrix

Yaxqs = ALx AT ©)

for A € R™™ and b € R", and the affine invariant
Riemannian distance [18]

damrM (AT AT, AS9AT) = darm (21, To) (10)

for A € GL,,(R), the group of n-dimensional invertible ma-
trices. In the context of BCI, this means that the features are
invariant to scaling (e.g. changes in channel connectivity) and
remixing of the sources (e.g. shifts in electrode placement).
Unfortunately, this property cannot be simply generalized
to the nonlinear case, since (9) does not generally hold for
the distance covariance matrix. However, weaker invariance
properties can be shown:

For A € GL,(R),b € R™, we have

(Aax1o)rs = ACov? (A X + by, A, X + by)
= E[4,(X = X)[ - ]45(X = X')[]
+E[[4,(X - X)[] - E[[45(X — X')]]
—2E[|A,(X - X')| - [As(X = X")[],

where A, = (ar1,...,arn) is the r-th row vector of A.
Furthermore, we have

‘AT(X_X/” = |Zars(XS _X:)‘ S Z ‘ars(Xs _X;)|

=0 =0

(11)
Equality holds if a,s(X;—X.) > 0 or all a,+(Xs—X.) <0
for all s € {0, ...,n}. This can only be fulfilled if for all rows
A, of A, a,s # 0 for only one s € {1,...,n}. In this case
there exists a permutation 7 : {1,...,n} — {1,...,n} and a
corresponding permutation matrix P, as well as a diagonal
matrix D, such that A = PD. Then it follows with

d if =
o = oDy = Ty T =gy
0 otherwise
and
|A’I‘(X - X,)l = ‘dW(T)TI'<’V‘)‘ . ‘er(r) - X;r(r)‘ (13)
that
(APDX+I7)7‘5 = |d7r(7')7'r(r)d‘rr(s)7r(5)‘
(Bl Xnr = Xrgo)| 1 Xn(e) = Xirgol
+E[[Xr(r) = X ] Ell Xn(s) = Xrs) ]

= B[ Xrr) = X+ [ Xy = Xl
= |dr(yr(r)dr(syn(s)| - (APDX4b)m(r)m(s)
and therefore

Appxis = PDAx(PD)T. (14)

We have thus shown that (9) generalizes to the distance
covariance matrix for permutations and scaling of the chan-
nels, and that therefore the proposed nonlinear Riemannian
feature extraction is invariant to such transformations, but
not to remixing of the sources.

E. Evaluation Pipeline

After justifying the theoretical legitimacy of nonlinearly
extending Riemannian methods by utilizing distance covari-
ance matrices, we validate their practical performance against
sample covariance matrices with real-world EEG data. Con-
sidering the well-understood neurophysiological mechanism
behind the motor imagery (MI) paradigm [22], we adopt the
left- versus right-hand motor imagery task as their cortical
activities are highly discriminative [23]. Subsequently, we
chose three datasets with the different number of electrodes
(listed in TABLE I), and the analysis is restricted to the
« and [ band (8-32 Hz) since they are the most relevant
frequency bands to the MI task. For convenience, we base
our evaluation setup on the open-source benchmark, Mother
of all BCI Benchmark (MOABB) [24]. After epoching the
data based on individual task intervals, we estimate the trial-
wise distance- and sample covariance matrices according to
procedures in Sections II-A and II-B.

TABLE I: Overview of adopted datasets

Dataset Name #Channels | #Subjects | #Sessions | Citations
BNCIT 2014-001 22 9 2 [25]
Cho 64 49 1 [26]
Munich MI 128 10 1 [7]

In the Riemannian framework, we classify the feature
matrices via either measuring the geodesic distance between
them directly on the manifold, which is known as minimum
distance to the mean (MDM) algorithm, or by projecting
them to the tangent space and then applying classifiers to
the tangent vectors. We adopt both ways to investigate the
benefit of bringing in nonlinearity. Further, we choose two
types of Riemannian metrics, the affine invariant Riemannian
metric (AIRM) and the Log-Euclidean metric (LogE), for
the tangent space based classification. The Log-Euclidean
metric can also be interpreted as the simplified version of
AIRM because the reference point under the LogE metric
is an identity matrix rather than the Fréchet mean point.
By comparing both, we can explore the influence of affine-
invariance.

As for the choice of the classifier on the tangent space, we
choose support vector machines (SVM) with both linear and
nonlinear kernels, including the polynomial and Gaussian
kernel. By comparing their performances, we can study the
effect of the nonlinearity introduced by the classifier. There
are several hyperparameters to be set in the kernel SVM. For
the regularization parameter (L2 penalty) used by all three
SVM classifiers, we use a grid search to find the optimal
value within the range from 0.01 to 100. For the parameter
7 in both nonlinear kernels, we set it to m, where
lisvee 18 the length of the tangent vector and Var(X) is




Distance Covariance Matrix

Sample Covariance Matrix

_,Ratio of dCov to SCM in Log10-scale

Fig. 1: Matrix structure comparison between distance covariance and sample covariance. These matrices are generated from
one randomly selected trial in the Munich data set. The left one shows the structure of the distance covariance matrix
computed according to Section II-B, and the middle one is the regular sample covariance matrix. The right one shows the
elementwise absolute ratio of the distance covariance matrix (dCov) to sample covariance matrix (SCM) in logl0 scale.

the variance of these tangent vectors. Regarding the degree
of the polynomial kernel, we fix it to three to achieve a
reasonable trade-off between model complexity and the risk
of overfitting.

For scoring the predictions made by the -classifiers
(incl. MDM), we choose the ROC-AUC (receiver operating
characteristic-area under the curve) metric. These scores are
computed via five-fold cross-validation within each session
and subject. To further detect the significant difference
among these scores, we adopt the statistical test tools from
MOABB [24].

III. RESULTS

Before going into the details of the decoding analysis,
we first visualize the matrix structure of both distance and
sample covariance matrix, as shown in the left and middle
sub-figures in Fig. 1. By comparing these two figures, we can
get some intuition about their similarities. These covariance
matrices are computed from one randomly selected trial
in the Munich data set, which has the largest number of
channels. Comparing the left and middle sub-figures, notice
that they share a similar blockwise structure, though there
does not seem to exist a universal scaling factor between
them. To compare the positive-valued distance covariance
matrix with the real valued covariance matrix we show the
elementwise ratio of their absolute values in the right sub-
figure, for better visualization in log10-scale. As seen in this
sub-figure, most of the pixels are purple, which means their
log-ratios are reasonably close to 0.0. However, we can also
find some yellow pixels and black blocks in the same sub-
figure, which means the distance covariance values differ
substantially from the sample covariance. For instance, the
yellow pixel is with a value larger than 2.5, which means
their ratio is larger than 10%° =~ 316.

The next interesting question is whether these differences
can bring additional advantages regarding the feature sepa-
rability. Therefore, we continue with a classification accu-
racy comparison between distance and sample covariance
matrices as input features in the Riemannian framework. One

proper Riemannian manifold-based method to investigate the
raw separability of the input features is the minimum distance
to the mean (MDM) classifier because it simply measures and
compares the distance between the test point and the mean
point of each class. The MDM classifier can be understood
as the nearest neighbor algorithm using the AIRM based
Riemmanian distance instead of the Euclidean distance. As
shown in Fig. 2, the classification accuracy of both types of
covariance matrices are highly tied with each other, and no
significant differences can be found in this comparison. Even
if no significance is found, an interesting tendency can be
noticed that the difference between the median classification
accuracy of both pipelines seems to be negatively correlated
with the number of channels, i.e., the size of input features.

B dCov + MDM  mmm SCM + MDM

Accuracy

BNCI2014001 Cho
Dataset

Munich

Fig. 2: Within session classification accuracy based on the
minimum distance to the mean (MDM) classifier for three
motor imagery (MI) datasets with the different number of
channels (22, 64, 128 for BNCI2014001, Cho, and Munich,
respectively). The blue color indicates the accuracy of using
distance covariance matrices (dCov) as feature matrices, and
the red color represents the results of using the sample
covariance matrices (SCM).

This observation further questions whether the differences
between the distance and sample covariance matrices can
be better captured by leveraging more advanced classifiers.
Therefore, we decide to classify the features on the tangent
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Fig. 3: Within session tangent space based classification accuracy with different kernel SVM classifiers for different datasets.
X-axis represent the adopted classifier and color indicate the various combinations of Riemannian metric and feature matrices.
E.g., cyan and orange show the accuracy of distance covariance matrices (dCov) and sample covariance matrices (SCM)
based on affine-invariant Riemannian metric (AIRM) while yellow and purple represent using Log-Euclidean metric (LogE).

space, which can bring more flexibility to the choices of
classifiers. To project both types of matrices from manifold
to the tangent space, we choose two types of Riemannian
metric, i.e., affine-invariant Riemannian metric (AIRM) and
Log-Euclidean (LogE) metric, to explore the influence of
preserving the property of affine-invariance. Further, con-
sidering the features in the high dimensional space are not
necessary to be linearly separable, we choose the kernel
support vector machine (SVM) as the classifiers. By using
different kernels, we can investigate the influence of the
nonlinearity introduced by the classifier. The results are
depicted in Fig. 3, in which each sub-figure shows the
classification accuracy for each data set and different color
represents the accuracy of using various pipelines to classify.

We first look at the influence of different classifiers.
Obviously, the classification accuracy within each data set
mostly depends on its data quality, and the choice of clas-
sifier has a limited effect on the results. For instance, the
linear kernel always performs the best, and the Gaussian
kernel is a bit superior to the polynomial kernel. However,
suppose we only focus on one specific classifier’s results
and compare the differences between distance and sample
covariance matrices (cyan vs. orange and green vs. pur-
ple). In that case, the aforementioned negative correlation
between median accuracy difference (distance covariance
minus sample covariance) and the number of channels still
seems to exist. In particular, in the data set Munich, which

has the largest number of channels, an evident classification
accuracy difference between distance and sample covariance
matrices can be noticed when using a polynomial kernel.
Next, by comparing the accuracy between AIRM and LogE
based pipelines (cyan vs. green and orange vs. purple), their
performances are so competitive that the median accuracy is
almost the same.

IV. DISCUSSION

To discuss whether the Riemannian framework can benefit
from the nonlinear generalization via the distance covariance,
we need to consider three aspects: feature matrix, projection,
and classifier. In the comparison in Fig. 2, we see that
the nonlinearity does not lead to significant differences
in decoding accuracies. One possible justification is that
most elements roughly have the same value, which means
that most of the information encoded within two types of
covariance matrices remains the same. Thus, we cannot find
any significant differences in the feature separability.

Second, we notice a negative correlation between the
median accuracy difference and the number of channels. One
possible explanation is that the total number of the elements
with extremely different value has a quadratic growth when
the number of channel increase. Furthermore, this change
probably further results in the small differences in feature
separability. However, the currently available datasets cannot
support any significant conclusions about this tendency.




When comparing the results of manifold-based classi-
fication (Fig. 2) with tangent space based classification
with affine-invariant Riemannian metric (AIRM) (Fig. 3),
note that Riemannian methods take advantage of nonlinear
projections. Both of them utilize the same Riemannian metric
(AIRM) to measure the distance between matrices, while
the latter outperforms the former and contains a nonlinear
projection.

Next, as shown in Fig. 3, it seems that the classification
performance cannot benefit from the nonlinearity of the
classifier because the linear one outperforms both nonlinear
classifiers regardless of the feature matrices. This finding
indicates that the features after nonlinear projection seems
to be linearly separable. However, the accuracy difference
when using polynomial kernel also suggests the possibility
that a linear classifier cannot capture the difference between
distance and sample covariance matrices, while nonlinear
classifiers seem to be capable of doing it.

Finally, we would like to discuss the importance of affine-
invariance from the perspective of feature separability. First,
in the Riemannian metric comparison, i.e., AIRM vs. LogE,
we can barely find any difference among them. Second, as
proved in Section II-D, even if distance covariance matrices
only satisfy a weak affine-invariance, it is hard to find any
loss of feature separability in comparison to the sample
covariance matrices. Therefore, based on both comparisons,
it seems that the affine-invariance is not as relevant for
decoding performance as previously argued.
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2.4 PyTES: A Python Toolbox for Closed-loop Transcranial Electrical Stimulation

2.4 PyTES: A Python Toolbox for Closed-loop Transcranial
Electrical Stimulation

2.4.1 Synopsis

To overcome the technical difficulties associated with closed-loop TES studies, we first
review the current solutions before introducing a pioneering approach based on PyTES.
PyTES is an original Python toolbox that is easy to install and utilize. The user-friendly
interface, low cost, and open-source nature of PyTES facilitate the implementation of the
closed-loop TES system, even potentially enabling its use for at-home administration.
Moreover, we discussed and demonstrated the different strategies s for ensuring the
operability of the toolbox across multiple operating systems. Lastly, we have briefly
touched upon the safety concerns associated with any potential future developments or
utilization of this toolbox, particularly with regard to clinical applications.
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Abstract

Closed-loop transcranial electrical stimulation (TES) is attracting increasing interest, but limited hardware and software solutions
impede wide adoption. In particular, existing solutions are restricted to specific hardware, operating systems, and commercial
software packages. We present a Python-based toolbox - PyTES - for closed-loop TES. PyTES is open-source, easy to integrate with
existing Python packages for real-time brain decoding, and is able to interface with a wide range of low-cost hardware solutions.
In this paper, we review existing solutions for closed-loop TES, introduce the design principles of PyTES, and demonstrate how to

realize a closed-loop TES protocol with PyTES.

Keywords: Closed-loop system, transcranial electrical stimulation (TES), personalized system, python toolbox

1. Introduction

Transcranial electric stimulation (TES) is a low-cost, non-
invasive, and convenient to use neuromodulatory technique while
facing mixed results [1, 2, 3], and limited efficacy [4, 5, 6].
One potential reason that can hamper the overall performance
of TES is the conventional fixed-parameter stimulation setup,
which cannot cope with the heterogeneity [7, 8] and the dy-
namics of the brain [9]. Therefore, the adaptive tuning of the
stimulation parameters attracts increasing attention, in particu-
lar, with behavioral- or neural feedback in a closed-loop system
[10, 11].

By definition, a closed-loop system can self-regulate its out-
put to the desired state based on the feedback signal. This type
of system possesses stable adaptiveness that is desirable for the
TES study. Hence, this has yielded many promising new av-
enues of closed-loop TES research [10, 12, 13]. Most related
studies, however, focus on the neurophysiological mechanism
or algorithmic performance, while a general guideline for im-
plementing a closed-loop TES system has not yet been demon-
strated. Moreover, most available implementations are closed-
source or inconvenient to use or limited to certain operating
systems, e.g., Windows, or specific programming languages,
e.g., Matlab. These restrictions introduce additional obstacles
that hinder the related closed-loop TES studies. Therefore, this
paper presents a novel Python-based solution to tackle the diffi-
culties mentioned above based on an original and open-source
Python toolbox - PyTES (Code is available at 1). To estab-
lish a closed-loop system, this toolbox can be seamlessly in-
tegrated with the hardware, e.g., stimulator or digital-analog-
convertor, and other Python-based frameworks, e.g., PsychoPy

*Corresponding author
Email address: jiachen.xu@univie.ac.at (Jiachen Xu)
! https://github.com/TateXu/pytes

Preprint submitted to Brain Stimulation

[14], or OpenVibe [15]. More details about the required hard-
ware for a closed-loop system can be found in Section 2.2. In
addition, PyTES also supports other types of TES like high-
density TES (multichannel simultaneous stimulation) [16] and
envelope transcranial alternating current stimulation (tACS) (ir-
regular/arbitrary signal stimulation) [17], etc.

The remainder of this paper is organized as follows: We first
summarize the general guideline for constructing a closed-loop
TES system and review existing hardware solutions in Section
2.1. Next, a novel Python-based implementation is introduced
in Section 2.2 and more details about the PyTES toolbox are
presented in Section 2.3.

2. Methods

2.1. General guideline and current hardware implementations

One significant problem for a closed-loop TES system is
the automatic update of the stimulation signal, which is usu-
ally manually done in a conventional setup. This means that
the stimulation parameters newly computed from the input and
feedback signal should automatically update the analog stimu-
lation signal. Therefore, to implement the hardware system, we
need at least one software (program) to compute the parameters
and one stimulator which can take the digital parameters or sig-
nals as input and output the analog stimulation signal. Further-
more, for some stimulators that do not support the input of dig-
ital signals or parameters, it is necessary to use a digital-analog
converter (DAC) to convert the digital output of the software
to the analog input of the stimulator. We hence reviewed the
current hardware implementations of the closed-loop TES sys-
tem and summarized them in Table 1 according to the general
guideline stated before.

From Table 1, we can first notice the two dominant prefer-
ences about stimulators: the DC-Stimulator Plus (DCSP, Neu-
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Reference | Year | Stimulation Type | Stimulator DAC Software/Language
[18] 2013 TES DCSP NI-DAQ PCI RTXI (C++)
[19] 2013 TES DCSP NI-DAQ PCI-6221 RTXI (C++)
[20] 2016 TES DCSP NI-DAQ PCI RTXI (C++)
[21] 2016 TES DCSP N/A N/A
[22] 2018 TES DCSP Cerebus Neural Signal Processor N/A
[23] 2018 TES DCSP Arduino Due board Matlab
[24] 2019 TES DCSP NI-DAQ USB-6343 Matlab
[25] 2020 TES DCSP NI-DAQ USB-6343 C++
[26] 2021 TES DCSP NI-DAQ USB-6229 Matlab
[27] 2013 TES StarStim CoreGUI
[28] 2018 TES StarStim CoreGUI
[29] 2018 TES StarStim CoreGUI
[30] 2018 TES StarStim Matlab
[31] 2021 TES StarStim CLM
[32] 2014 TES Self-designed N/A N/A
[33] 2018 TES Self-designed N/A N/A
[34] 2017 TES Soterix Powerlab 26T (to trigger stimulator)

[35] 2019 TES ANT Neuro Arduino Due board Matlab
[36] 2019 TES NeuroMod16 N/A N/A

Table 1: Summary of closed-loop system implementation with following abbreviations: RealTime eXperiment Interface - RTXI [37], Closed-Loop Manager - CLM,

Not available/applicable - N/A.

roconn, Germany) (9/19) [18, 19, 20, 21, 22, 23, 24, 25, 26]
and Starstim (Neuroelectrics, USA) (5/19) [27, 28, 29, 30, 31],
which has an integrated DAC. Another five studies either self-
design the stimulators [32, 33] or use other stimulators, e.g.,
Soterix [34], ANT Neuro [35], NeuroMod16 [36]. As for DAC,
most DCSP based studies (6/9) use the national instrument data
acquisition (NI-DAQ) cards[18, 19, 20, 24, 25, 26]. In addi-
tion, C++ [18, 19, 20, 25] and Matlab [23, 24, 26] are the pop-
ular language of software or program to compute the updated
stimulation parameters.

2.2. An novel open-sourced Python-based implementation

The listed implementations provide diverse ways to con-
trol the stimulation parameters, while their usages are restricted
in several aspects. First, the DAC-embedded stimulator, i.e.,
StarStim, requires an additional pro license for activating the
remote control function [38] and only supports commercially
licensed Matlab. Second, most DCSP-based solutions adopt
the NI DAQ card as DAC, which requires tricky software in-
stallations, e.g., LabView and compulsory driver. Further, dif-
ferent DAQ cards demand diverse drivers and sometimes are
only available on specific operating systems.

Considering these limitations, we decide to design a hard-
ware implementation that should ideally be open-source with
minimum installation requirements and compatible across mul-
tiple operating systems. Thus, we introduce a Python-based
toolbox - PyTES, because Python supports low-level data com-
munication for configuring the hardware and high-level analy-
sis of the feedback signals with the advanced algorithms and
displaying the experimental paradigms. Subsequently, to min-
imize the demand for installing drivers and dedicated software
and reduce the cost, we adopt an arbitrary waveform generator

(AWG) as DAC. AWG can stably output analog signals even
with arbitrary shapes and can be easily configured by computer
commands, e.g., standard commands for programmable instru-
ments (SCPI). Finally, we adopt DCSP as the stimulator be-
cause StarStim only supports the Matlab language, which is
beyond our open-source scope. One exemplary setup of the
Python-based hardware implementation is shown in Figure 1,
in which we choose the PyTES (software), an SCPI command
based AWG (Rigol DG1062Z, DAC), and the DCSP (stimula-
tor).

To adapt our implementation to a closed-loop system, PyTES
can be seamlessly integrated with other open-source Python-
based frameworks to control the stimulation parameters, e.g.,
PsychoPy for presenting experimental paradigms [14] or Open-
Vibe for processing real-time feedback signal [15]. More de-
tails for the integration can be found on the GitHub page. Our
implementation also supports a “plug-and-play” feature for the
Linux system, i.e., installation-free for drivers and Python pack-
ages. In addition to the ease of installation, the presented im-
plementation possesses several more notable features that ben-
efited from PyTES, which are introduced in Section 2.3.

2.3. PyTES - Python based toolbox

One fundamental feature to facilitate deploying a closed-
loop TES system is the remote control of the stimulation signal.
Moreover, some other special TES techniques require further
features. For instance, the high-density tACS requires multi-
channel simultaneous stimulation and the unconventional TES

like the amplitude-modulated tACS (AM-tACS) [16], and envelope-

tACS [17] demands an arbitrary shape of the stimulation signal.
Furthermore, current implementations are limited to a specific
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Figure 1: Example of PyTES toolbox based hardware implementation for closed-loop TES and architecture of PyTES toolbox design. From left to right are:
Graphical User Interface (GUI) and architecture of PyTES Toolbox (Software), Arbitrary Waveform Generator (Rigol DG1062Z, DAC) and DCSP (Stimulator)

operating system, mainly Windows, and the compatibility with
other systems like Linux is less investigated.

To address these requirements, we design our PyTES tool-
box with a two-level architecture, as shown in Figure 1. The
lower level communicates and configures the hardware with
SCPI commands, i.e., a common hardware language. Also,
this layer deals with compatibility issues across multiple oper-
ating systems by using diverse drivers. On the Linux system,
we leverage the built-in driver for Universal Serial Bus Test
Measurement and Control (USBTMC) [39] to realize the “plug-
and-play” feature. We also adopt the Virtual Instrument Soft-
ware Architecture (VISA) protocol, which can interface mul-
tiple operating systems and devices. However, this VISA pro-
tocol requires additional installations, which are elaborated on
the GitHub page. Reaping the benefit of the lower level, the
higher layer only needs to translate the Python commands into
SCPI commands and can be easily called by other Python pro-
grams or frameworks without worrying about the encapsulated
driver. For example, the intensity of the stimulation signal can
be easily adjusted via:

3. Conclusion

To address the technical challenges of the closed-loop TES
studies, we first review the current solutions and then introduce
a novel implementation based on PyTES. PyTES is an origi-
nal Python toolbox with effortless installation and usage. The
convenience, low cost, and the open-source features of PyTES
clear the major obstacles to deploying the closed-loop TES sys-
tem and even enable the possibility of at-home administration.
However, one fundamental while the undiscussed topic is the
safety concern. Even though we validate it for the presented
setup, as shown in Figure 1, it is still highly suggested to re-
evaluate the safety and robustness of their setups as it is unre-
alistic for us to test all possibilities. Hence, the authors will not
take liability for any risk or problem induced by using PyTES
in their own setups. As a Python toolbox, the PyTES-based im-
plementations enjoy the abundance and advance of algorithm-
related resources. We believe these advantages will further fa-
cilitate and promote closed-loop TES studies.

4. Declaration of Conflicting Interest

from pytes.signal_generator import SignalGenerator

control = SignalGenerator()
control.amp(value=1, chn=1, stim_mode=’tACS’)

For the closed-loop application, this Python command can
be inserted into any experimental or online Python frameworks,
e.g., PsychoPy or OpenVibe, to automate the real-time update
of the stimulation signal. We also designed a graphical user
interface (GUI) dedicated to the TES applications to further fa-
cilitate the usage. This GUI also covers several other functions,
e.g., multichannel simultaneous stimulation, arbitrary stimula-
tion, fade in/out, etc. Importantly, these features can be seam-
lessly integrated into the closed-loop TES system.

All authors declare that they have no known competing fi-
nancial interests or personal relationships that could have ap-
peared to inappropriately influence the work reported in this

paper.
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3 Discussion

In Section we will first revisit the questions raised in Section Specifically, we
will reflect on the two main research questions, discuss follow-up questions (including
hypotheses and research goals), and evaluate how well they have been addressed throughout
the study. We will also discuss the implications of the findings and highlight any limitations
or gaps in the research that can be addressed in future work.

Next, in Section [3.2] we will introduce some avenues for future research building on
the previous discussion. This may include proposing new research questions or hypo-
theses, identifying areas for further investigation or refinement, or suggesting alternative
approaches or methodologies that can be employed to build on the current findings.

Finally, in Section we present how we address the research and technical questions
and then summarize the dissertation’s key contributions and the implications for the EEG-
BClIs field. Subsequently, we discuss any practical or theoretical implications that may
arise from the findings. Overall, this discussion section aims to provide a comprehensive
and reflective assessment of the research conducted in this dissertation and identify
opportunities for future research directions.

3.1 Reuvisit of the Questions

3.1.1 Research Question 1: Existence of Interpretable and Computationally
Efficient Riemannian Methods

To mitigate the computational complexity and the lack of interpretability arising from
matrix operations, spatial filtering for dimension reduction appears to be a promising
solution. One benefit of using spatial filtering is the reduction of computational complexity
by reducing the dimensionality of the input data. Additionally, spatial filtering allows
interpretability via visualizing associated spatial patterns, which can describe the spatial
distribution and contribution of various brain sources |[Haufe et al., 2014]. To extract
such a spatial filter, the design and optimization of a target loss function are required, as
shown below:

W* = argmin L(WTX,X),s.t., X € R or g(z), (3.1)
f
where £(-), W, and X denote an abstract loss function, spatial filter, and input data
matrix, respectively.
When the geometric structure of X is known, the constraint can be generalized from
the Euclidean space R to the manifold M, which transforms the problem into a nonlinear
dimension reduction problem, also known as manifold learning |[Tenenbaum et al., 2000].
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In the Riemannian manifold field, various works on Riemannian optimizations have
been conducted |Absil et al., 2009, Horev et al., 2016, Harandi et al., 2017], and the
dimension reduction method has also been applied to EEG data |Rodrigues et al., 2017].
However, manifold optimization is often considered as complicated, which hence violates
our motivation to design an efficient Riemannian method.

A framework for extracting spatial filters based on generalized eigenvalue decomposition
is proposed to avoid optimization on the manifold, taking advantage of the equivalence
between true and approximated decision functions on the tangent space. By utilizing
this equivalence and an approximation of the input feature, the manipulation of manifold
points can be avoided, simplifying the time complexity from O(N3) to O(N?) and O(N?)
or O(N), respectively. This framework increases the usability of Riemannian methods in
EEG decoding tasks, particularly for deployment in real-time BCls systems, while also
providing interpretability to reduce the risk of using artifact sources.

One caveat, however, is that the circumvention of the matrix operation is confined to
the testing or inference stage, indicating that the expensive training cost of the current
Riemannian methods is still inevitable. Therefore, this poses a further question: how to
reduce the training cost, particularly for the non-stationary EEG data?

Training cost in BCIs systems mostly comes from the computational cost of the
algorithm and the size of the training data set. Approximating or simplifying algorithms,
such as the proposed TSSF framework, can be a viable solution. The Log-Euclidean metric
is another well-known approach that simplifies the computation of the Fréchet mean
because it can be seen as using an identity matrix as the reference point |[Barachant et al.,
2013b|. However, reducing the computational cost of Riemannian optimization requires
further support, such as selecting Riemannian metric, retraction mapping, algorithms to
compute geometric (or Fréchet or Karcher) mean, and so on. It is worth emphasizing that
using different metrics or mapping functions may result in losing invariance properties,
which can be essential for EEG decoding. Therefore, the necessity of preserving these
invariances properties should be carefully reviewed. Below, we provide more details on
selected Riemannian optimization methods.

e Choice of the metrics: Beyond the distance-inspired Riemannian metrics dis-
cussed in Section [I.2.2] it is also worth considering divergence-based metrics such
as the family of a-divergences (including Rényi divergence, a generalization of the
Kullback-Leibler divergence [Van Erven and Harremos, 2014]), S-divergence [Sra,
2012|, and its generalizations as a parameter family |[Chebbi and Moakher, 2012|,
among others. Notably, S-divergence shares some similarities with Riemannian
distance, as discussed in Section 4 of [Sra, 2016].

e Retraction mapping: A retraction can be defined as a mapping from Ty to M,
which maps tangent vectors to the manifold, as detailed in Section 4.1 of |Absil
et al., 2009]. Apart from the exponential mapping presented in Eq. other
retractions include C = Cief + S and C = Cier + S + %CrefS_lCref, as explained
in Section 4.1.3 of [Jeuris et al., 2012|. A comprehensive review of the available
optimization methods, such as line search-based algorithms like steepest descent
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and local model-based algorithms like the Riemannian Trust Region [Absil et al.,
2007], is presented in [Absil et al., 2009].

e Geometric mean computation: Another approach to optimizing the Riemannian
decoding pipeline for EEG signals is to focus on more efficient methods for computing
the mean point of the SPD manifold. Several algorithms have been proposed,
including Riemannian steepest descent |[Rentmeesters and Absil, 2011], Riemannian
conjugate gradient |Jeuris et al., 2012|, Richardson-like iteration |[Bini and lannazzo,
2013|, Riemannian Broyden-Fletcher-Goldfarb-Shanno (RBFGS) methods [Qi
et al., 2010] and its extension based on limited memory [Yuan et al., 2016|, a power
coefficient adaptation |[Ho et al., 2013 of the current dominant way to compute the
Fréchet mean as used in |[Barachant et al., 2010], etc.

Reducing the required training data for a BCIs system is a long-standing problem in
the EEG-BCIs community due to the non-stationarity of the EEG data and the time-
consuming nature of the training process. While "zero-training" or "subject-independent
training" methods were studied in the past |Blankertz et al., 2006a), [Krauledat et al.,
2008, [Fazli et al., 2009|, recent attention has turned towards transfer learning |[Pan
and Yang, 2010|, which involves leveraging previously recorded data to enhance the
performance of the current task |Jayaram et al., 2016]. Transfer learning has two benefits
for EEG signal decoding: first, it allows for a reduction in the training time and data set
size, and second, it can address the small data set issue by pooling previously recorded
data into a single large data set. Transfer learning has been the subject of intensive
research in the past decade, with a recent competition organized in NeurIPS and the
results published in [Wei et al., 2022]. A comprehensive review of transfer learning in
EEG decoding can be found in [Wu et al., 2020, Wan et al., 2021].

Transfer learning techniques have gained popularity in Riemannian manifold-based EEG
decoding due to their shared motivation. Transfer learning can be generally categorized
into domain adaptive and weight adaptation |Alamgir et al., 2010, Jayaram et al., 2016].
Domain adaptation involves projecting from one Euclidean space to another Euclidean
(sub-)space, which aligns with the idea of dimension reduction on the manifold as presented
in Section The equivalent operation of projecting vectors on the manifold is known as
parallel translation or parallel transport |[Absil et al., 2009], where the tangent vector on
a Riemannian manifold can be transported along the geodesic to lie on the new tangent
space constructed at new points [Cho and Lee, 2017|. This operation only holds when the
manifold possesses an affine connection [Absil et al., 2009] and justifies the congruence
invariance under affine-invariant Riemannian metric [Congedo et al., 2017]. Notable works
in this direction include: transforming covariance matrices of each session/subject and
centering them with respect to a reference matrix to enable the inter-session/subject
comparisons |Zanini et al., 2017|, the domain adaptation among tangent spaces via parallel
transport [Maman et al., 2019, [Yair et al., 2019|, the Riemannian Procrustes analysis
(RPA) which can be seen as the extension of covariant shift on the manifold and includes
the rescaling and rotation during the alignments [Rodrigues et al., 2018, transformation
for the data set with different dimensionalities [Rodrigues et al., 2020| and the extension
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of |Rodrigues et al., 2018| which confines all operations on the tangent space [Bleuzé
et al., 2022].

Overall, transfer learning is an emerging and promising topic in the EEG-BCI com-
munity, providing a way to reduce the long calibration time of BCIs systems. In addition
to classification algorithms, another important research direction is the development of fea-
ture extraction methods that address undesirable signal properties such as non-stationarity
and nonlinearity.

3.1.2 Research Question 2: Necessity of Introducing Extra Nonlinearity and
Preserving Affine-Invariance

The neuronal signal is believed to be generated and propagated nonlinearly, as introduced
in Section Currently, popular decoding frameworks, such as deep learning and
Riemannian manifold-based decoding, also incorporate nonlinearity to some extent. To
better understand the influence and necessity of including nonlinearity in the decoding
pipeline, we injected nonlinearity into matrices estimation and comprehensively compared
the decoding performance among pipelines with different levels of nonlinearity in [Xu
et al., 2021]. The extra nonlinearity injected in the matrix estimation using distance
correlation [Székely et al., 2007] did not bring significant benefits, but the pipeline showed
more robustness, especially when the EEG data dimensionality was large. When using
the nonlinear classifier on the tangent space, the nonlinear matrix-based pipeline also
performed slightly better than the traditional linearly estimated covariance matrices,
especially when the dimensionality of the EEG data increased. These findings support
the hypothesis that nonlinearly estimated covariance matrices might provide additional
information, particularly in high-dimensional datasets. This hypothesis is related to the
high correlation between neighboring electrodes, as evidenced by the stronger blockwise
structure observed in the sample covariance matrix compared to the distance covariance
matrix (as shown in Fig. 1 of [Xu et al., 2021]). However, this argument needs validation
on more datasets with diverse dimensionalities.

In addition to nonlinearity, the necessity of incorporating affine invariance into the
Riemannian decoding pipeline is another question that needs further investigation. While
invariances are believed to contribute to the robustness of decoding performance, they
come with a computational cost. Thus, relaxing the requirement of strict invariances may
reduce computational costs and provide more flexibility in the pipeline. In |[Xu et al.,
2021|, two aspects were considered to tune affine-invariance - matrix estimation and the
Riemannian metric. Neither of these aspects significantly degraded decoding performance,
suggesting the possibility of loosening affine-invariance in the decoding pipeline. However,
it is important to note that operations like parallel transport require the manifold with
affine connection |Absil et al., 2009|, and discarding affine invariance hence can be risky
for such operation.

The potential of matrix estimation as a new aspect to extend the Riemannian decoding
pipeline was highlighted by the results of Xu et al. [Xu et al., 2021]. While the findings
did not reveal significant benefits, they shed light on the importance of incorporating
feature design in the pipeline via matrix estimation. Unlike traditional EEG decoding
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pipelines that rely on carefully designed features, the Riemannian framework eliminates
this step, which can also limit the flexibility of the decoding pipeline. Recent studies
have explored using different types of covariance matrices in the Riemannian framework,
such as analytic signal covariance matrices |Xu et al., 2019| and autocovariance matrices
|Carrara et al., 2022, |Carrara and Papadopoulo, 2023|. However, their adaptation to
the Riemannian framework requires careful consideration of invariance properties and
whether they are symmetric positive definite. Further research is needed to explore the
potential of matrix estimation as a new avenue for feature design in the Riemannian
decoding pipeline.

3.1.3 Technical Question: Finding an Elegant Solution to Achieve Remote
Control of Transcranial Electrical Stimulation Signal

Transcranial electrical stimulation (TES) has shown efficacy in treating certain diseases.
However, due to the heterogeneity and non-stationarity of brain signals, the stimulation
signal requires manual adjustment occasionally by medical professionals, which can be
burdensome for both staff and patients. To address these technical difficulties, we have
designed an open-source Python toolbox to facilitate the generation and real-time control
of electrical stimulation signals. Our toolbox can be easily integrated into existing BCI
experimental platforms such as OpenVibe and Psychopy. It can also serve as feedback in
a BCI system, potentially promoting the clinical application of BCls.

3.2 Future Work

Through presented papers presented in Section [2| and the further discussion in Section
3.1}, some exciting research directions are inspired and hinted as shown below:

3.2.1 Neural Manifold - The Neuroscientific Evidence of the Subspace
Theory of Neuronal Activity

Subspace theory has inspired various algorithmic applications in the EEG-BCI field,
including spatial filtering, dimension reduction, and transfer learning, particularly the
domain adaptation type. These algorithms have been successful and are supported by
numerous papers. However, it remains to be investigated whether the neuronal activity
follows the subspace theory. As presented in previous sections, we have speculated many
mathematical justifications about why the Riemannian manifold based decoding framework
works so well from the theoretical perspective. If we can find some neuroscientific evidence,
our justification for using Riemannian methods will surely be strengthened. Fortunately,
there is some exciting progress in the neuroscience community.

In the 1990s, Riehle et al. |Riehle and Requin, 1989] discovered a correlation between
single-neuron activity and the direction of motor movement. Later, Santhanam et al.
[Santhanam et al., 2009 applied factor analysis to confine the analysis of neuronal data
on a three-dimensional manifold, enabling the description of high-dimensional neuronal
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activity by projecting the data onto a low-dimensional space embedded in the high-
dimensional array space. This work was followed by many others, such as studies on the
global neuronal dynamics of zebrafish |Ahrens et al., 2012|, preparation without movement
|[Kaufman et al., 2014], and dimension reduction for neural recordings |[Cunningham and
Yu, 2014]. Satler et al. subsequently showed that selectively perturbing the neuronal
activity mapping inside or outside the low-dimension manifold can significantly affect the
performance in motor task learning [Sadtler et al., 2014]. A comprehensive review of the
related works can be found in |Gallego et al., 2017|, where the neural manifold hypothesis
is defined. Interestingly, population dynamics are not only observed in motor-related
tasks but also in other tasks or functions such as decision-making [Mante et al., 2013|,
speech [Bouchard and Chang, 2014|, and spatial navigation systems |[Nieh et al., 2021].
Furthermore, recent work has shown that neural manifold theory can also promote the
understanding of biological and artificial neural networks [Chung and Abbott, 2021].

Notably, it seems that Riemannian methods in EEG signal decoding and neural manifold
hypothesis share at least one similarity because both approaches aim to infer the neuronal
population dynamics (or brain source activity), which is directly linked to behavior.
The only difference is that the neural manifold hypothesis provides a bottom-to-up
(neuron-to-cortex) perspective, while the Riemannian decoding framework is from the
up-to-bottom aspect (scalp-to-cortex). Nevertheless, if we possess prior knowledge about
the low-dimensional space through neuroscientific evidence, it can potentially guide the
modification of the current Riemannian decoding algorithm by restricting the choice of the
Riemannian metric, optimal dimension of the low-dimension manifold, etc. Furthermore,
exploring whether Riemannian metrics can be used to analyze micro-electrode array data
and modeling neural dynamics will also be exciting research directions.

3.2.2 Manifold based Deep Learning Framework

The deep learning and Riemannian manifold based decoding framework are two typical
nonlinear approaches that have demonstrated advantages in decoding EEG data. The
former focuses on exploring the nonlinear geometrical structure of the data, while the
latter uses a powerful nonlinear classifier to approximate any function supported by
the universal approximation theorem. This theorem has been proved from different
perspectives, e.g., from the aspect of activation function |[Cybenko, 1989] or the network
structure |Hornik et al., 1989, [Hornik, 1991|. One fundamental assumption shared by
these proofs is that the whole network and the data are all defined in the Euclidean
space R™. Recent advancements have generalized these proofs to the Cartan-Hardmard
manifold |[Kratsios and Bilokopytov, 2020], which is a Riemannian manifold for real
SPD matrices (see Chapter XII in [Lang, 2012 or |[Lim, 2012| for more details). This
further means the neural network built upon the SPD manifold can also approximate any
mappings. By reviewing the individual success of Riemannian methods and deep learning
framework, it naturally yields one follow-up question: whether these two frameworks
can be integrated such that we can enjoy the nonlinear feature extraction and nonlinear
classifier simultaneously.

Interestingly, the neural network constructed on a manifold was already pioneered by
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Huang et al. [Huang and Van Gool, 2017] even before the proof of universal approximation
theorem on the manifold |Kratsios and Bilokopytov, 2020]. Huang’s network is essentially
an extension of the multilayer perceptron, with the adaptation of all Euclidean operations
to their manifold equivalents. For example, the linear mapping y = w’ x is replaced with
the bilinear mapping Y = WXWT7' | and the rectified linear unit (ReLU) is modified from
y = max(0,x) to Y = Umax(0, X)U”, X = UXU”. However, adapting the operations
from Euclidean space to the Riemannian manifold poses difficulties in generalizing the
neural network because a theoretical justification or proof is required for most operations.
Fortunately, some fundamental operations’ generalizations have been justified by different
researchers:

e Linear mapping — Bilinear mapping: A simple adaptation as shown in [Huang
and Van Gool, 2017|

¢ Rectifying the output — Rectifying the eigenvalue of SPD matrices: A
simple adaptation as shown in [Huang and Van Gool, 2017|

e Back Propagation — Riemannian Matrix Backpropagation: Ionescu et al.
[lonescu et al., 2015a| and its extended version |lonescu et al., 2015b|. Note that
An earlier equivalence is known as the Daleckii-Krein formula [Nielsen and Bhatia,
2013| and the equivalence was proved in [Engin et al., 2018|.

e Batch Normalization (BN) — Riemannian Batch Normalization (RBN):
Adapted and proved in |Brooks et al., 2019a

e Convolution operation — Weighted Fréchet mean estimation: Adapted
and proved in |[Chakraborty et al., 2020|

e Ungated Statistical recurrent unit (SRU) — SPD-SRU: Adapted and proved
in |Chakraborty et al., 2018|

Based on the theoretical foundations mentioned earlier, several works have been proposed
for analyzing EEG data. For example, Liu et al. replaced the LogKig layer in SPDNet
[Huang and Van Gool, 2017| with a bag-of-matrix-summarization layer and established
their connections |Liu et al., 2019|. Further, Suh et al. decomposed the features outputted
from SPDNet into several subspaces and learned the common spatial pattern (CSP) from
each subspace to boost the performance and ability to interpret the learned model [Suh
and Kim, 2021], which coincides with the idea behind filter bank CSP. Moreover, Ju
et al. directly utilized the stacked feature computing from the filter bank and fed the
corresponding covariance matrices into the SPDNet, which is named as Tensor-CSPNet
[Ju and Guan, 2022|. Some further works that adopt the idea of using the multi-frequency
bands on SPDNet include [Wilson et al., 2022| and |[Kobler et al., 2022|. And the latter
also proposed a learnable frequency band mapping net (TSMNET) as a domain adaptation
framework |Kobler et al., 2022|. Additionally, Wang et al. utilized prototype learning
framework [Yang et al., 2018| to learn the geometric mean and another two loss functions
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after the LogEig layer of SPDNet as the domain adaptation loss function, i.e., adversarial
loss and centroid alignment loss as domain adaptation loss [Wang et al., 2021].

All in all, using neural networks based on the SPD manifold for EEG decoding is an
emerging research field with many possibilities. In addition to the potential for transfer
learning methods as demonstrated in recent works [Wang et al., 2021, |Kobler et al.,
2022|, SPDNet is also compatible with complex-valued input, such as the Hermitian
matrices used for analyzing complex radar signals, as shown in [Brooks et al., 2019a] and
implemented in |Brooks et al., 2019b|. Another interesting direction for research would
be to adapt the current CSP-inspired SPDNet approach into a TSSF version, given that
TSSF is a generalization of CSP and is closely linked with the Riemannian manifold.
However, this adaptation may pose a risk of overfitting as the extraction of TSSF requires
a trained classifier, so additional mathematical work would be needed.

3.2.3 Other Extensions based on the Current Works

In addition to the above two future works that might demand considerable effort, there
are also some more straightforward extensions based on the current works.

CSP-Like Extensions for Tangent Space Spatial Filter (TSSF)

As TSSF shares similarities with CSP, it can benefit from many extended algorithms
designed for CSP. For instance, the information-theory based multiclass classification can
be explored on the TSSF |Grosse-Wentrup and Buss, 2008|. Additionally, regularized
CSP |Lotte and Guan, 2010|, a classic and effective transfer learning method, can be
adapted to TSSF to improve performance with cross-session or cross-subject data. Other
CSP variants, such as the invariant CSP (iCSP) [Blankertz et al., 2007| and filter bank
CSP (FBCSP) |Ang et al., 2008|, can also be explored with TSSF.

Number of Optimal Filters and the Number of Neural Nodes in Neural Manifold

In [Xu et al., 2020|, one interesting phenomenon has been briefly reported is the optimal
number of spatial filters required to achieve convergence in decoding accuracy seems
to be independent of the dimension of EEG signal matrix, as shown in the Appendix
of [Xu et al., 2020|. For instance, by observing the results over seven motor-imagery
datasets with diverse numbers of electrodes, the optimal number of filters seems to be
around six to ten. Coincidentally, in the |Sadtler et al., 2014|, Sadtler et al. verified the
dynamics of the neuronal activity during the motor task learning lies in the 10-dimension
manifold embedded in the 85-91 dimension microelectrode array space. The coincidence
between the optimal filter number from the Riemannian methods and the number of
neural nodes in Sadtler’s studies might hint at an exciting research direction, which is to
explore whether such speculation also holds in other experimental paradigms and whether
they infer the same source activity.
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Quantitively Analysis of the Influence of Nonlinearity and Invariance Properties

In Section we highlighted the significance of introducing nonlinearity and invariant
properties into the Riemannian decoding pipeline. A subsequent question is whether we
can quantitively measure the impacts of different invariance properties and nonlinearity
by adjusting various Riemannian metrics, matrix estimation techniques, or classifiers.
Furthermore, these analyses should be conducted on more datasets with varying numbers
of channels to ensure generality. By conducting such a meta-analysis, this research
direction can potentially provide comprehensive guidance on customizing the choices in
the Riemannian decoding pipeline in order to meet the requirement of diverse application
scenarios.

Adaptation of PyTES to other Types of Signal Generation

The development of closed-loop systems for non-invasive brain stimulation, particularly
in transcranial magnetic stimulation (TMS), has also gained significant attention recently
|[Kraus et al., 2016} |Ding et al., 2022, Tervo et al., 2022]. Extending the current toolbox to
control other types of signals, such as magnetic signals, would be an interesting direction to
explore, especially given the compatibility of PyTES with various experimental platforms.
However, it is crucial to note that using customized software for clinical purposes may
raise ethical and legal safety concerns. Therefore, addressing these issues should be a top
priority before further development.

3.3 Conclusion

This dissertation aimed to address two key concerns in the development of EEG-BCI
technology: accurate EEG signal decoding within the BCI system and the potential
extension of BCI applications to other domains. To address these concerns, we thoroughly
reviewed background information on EEG-BCI technology, including its historical devel-
opment, domains of application, and classic and modern EEG signal decoding methods.
We then introduced the Riemannian manifold based EEG decoding framework, which is
widely regarded as one of the most accurate and robust frameworks in the EEG field.
Subsequently, we formulated several concrete research and technical questions to guide our
investigation, including: (i). the existence of interpretable and computationally efficient
Riemannian methods, (ii). the necessity of introducing extra nonlinearity and preserving
affine-invariance, (iii) finding an elegant solution to achieve remote control of transcranial
electrical stimulation signal.

To answer these questions: (i) we have presented a novel decoding framework that
utilizes spatial filters extracted from a trained classifier on the tangent space by solving
generalized eigenvalue problems. Our approach offers an efficient and interpretable
alternative to traditional Riemannian decoding frameworks. We have also provided
mathematical proof of the equivalence between our proposed framework and the standard
Riemannian approach, which ensures its theoretical performance. To validate the practical
usability of our method, we evaluated our framework on multiple datasets and found that
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it significantly reduces training time by up to 97% in the testing (inference) stage without
sacrificing accuracy. Furthermore, the Riemannian manifold based decoding framework
can be visually interpreted by observing the associated spatial patterns of the proposed
spatial filter. (ii) we have introduced a novel approach for incorporating nonlinearity
and tuning affine-invariance in the Riemannian manifold based EEG decoding pipeline
by using the distance covariance matrix (a nonlinear extension of the sample covariance
matrix). To support our proposal, we first proved several properties of the distance
covariance matrix, including its invariance properties and symmetric positive definiteness.
We then evaluated our pipelines using diverse Riemannian metrics and input covariance
matrices to adjust the level of nonlinearity and affine-invariance. We analyzed the results
across multiple datasets with varying numbers of channels and found that additional
nonlinearity did not significantly improve decoding accuracy, but it seemed to impact
robustness, particularly in high-dimensional cases. Furthermore, our findings suggest
that affine-invariance may not be as crucial as previously suggested. (iii) we have shown
that utilizing a waveform generator based hardware solution can conveniently control
the stimulation signal. To enhance its accessibility on the computer, we have developed
a free and open-source Python toolbox - PyTES, which enables the remote control of
the stimulation signal. We have also confirmed the high compatibility of the proposed
toolbox with common EEG experimental platforms.

We have hence made key contributions to the EEG-BCI community by (i) providing a
computationally efficient and interpretable decoding framework based on the Riemannian
manifold, which may promote the online and rehabilitation-oriented applications of
Riemannian methods in the EEG-BCIs system, (ii) offering a novel way to explore the
influence of nonlinearity and invariance properties in the Riemannian manifold based
decoding framework, (iii) providing a free and open-sourced solution to approach the
convenient remote control of electrical stimulation signal and the construction of closed-
loop TES systems.

In the discussion of this dissertation, several avenues for future research were also
hinted at, which mainly include: (i) developing a calibration-free and robust BCIs system
using transfer learning algorithms based on the Riemannian manifold, (ii) conducting
a quantitative analysis of the impact of nonlinearity and invariance properties on the
performance of Riemannian methods to guide the selection of Riemannian metric, mean
points, and input covariance matrices, (iii) exploring the existence of a low-dimensional
manifold in neuronal activity, and (iv) exploring the application of manifold based neural
networks for EEG decoding. Ultimately, we hope this dissertation can serve as a catalyst
for advancing the design of accurate EEG decoding algorithms and expanding the range
of domains to which BCI systems can be applied. Our vision is to enable individuals to
communicate and interact with the world effortlessly, regardless of physical limitations.
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