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Abstract

The muon anomalous magnetic moment has been drawing great interest due to a long-standing
tension between its Standard Model evaluation and highly precise measurements. In order to
match the increased accuracy of forthcoming experimental results and ultimately establish size
and nature of the discrepancy, progress has to be made on the theory side in terms of accurate
predictions with reliable uncertainty estimates. The focus of this thesis lies on improving
the data-driven dispersive evaluation of the hadronic light-by-light (HLbL) contribution to
the muon g — 2, which is responsible for a substantial part of the uncertainty in the present
Standard Model prediction. While the dispersive HLbL determination is under firm control
at low energies, the contribution from the transition regions between this and the regimes
where short-distance constraints (SDCs) are valid is less understood and causes the bulk of
the uncertainty.

We provide a new framework to combine the dispersive low-energy input on HLbL with
all known constraints in regions where perturbative QCD and operator product expansions
are valid. Instead of having to rely on hadronic model calculations, we smoothly connect
these multiple kinematic regions through general interpolants. This leads to an independent
evaluation of the effect of SDCs on HLbL and, crucially, provides robust uncertainty estimates.
We find that intermediate states with masses between 1 and 2 GeV play a key role in reducing
the theory error on HLbL.

However, in the established dispersive formalism, in which the photon virtualities are kept
fixed, not all these contributions are accessible. We thus develop a new dispersive framework
for HLbL that enables the evaluation of effects from intermediate states with spin larger or
equal to two and masses in the 1-2 GeV range, for which only model estimates with no reliable
theory error exist. At variance with the established dispersive approach, we employ dispersion
relations directly in the limit of a soft external photon, which corresponds to the magnetic
field entering the definition of g — 2. We first discuss the formalism for a simpler case than
HLbL, namely the correlator of two vector currents and one axial-vector current, which is
closely related to one particular SDC for HLbL. Afterwards, we apply our novel approach to
HLbL and work out the effects of single-particle intermediate states. For two-pion intermediate
states, the dispersive treatments of new sub-processes are required and we therefore present
a detailed analysis of 7w — @7 in the soft-photon limit. This paves the way for a model-
independent inclusion of 7w D-waves and tensor mesons into HLbL and thus for a reduction
of the uncertainty of this contribution to the muon g — 2.
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Zusammenfassung

Das anomale magnetische Moment des Myons erhélt grole Beachtung, da es seit langem eine
Abweichung zwischen Berechnungen im Standardmodell und hochprézisen Messungen aufweist.
Um mit der erhohten Genauigkeit bevorstehender experimenteller Ergebnisse mitzuhalten und
letztlich die Gréfe und Art der Diskrepanz feststellen zu kénnen, werden genauere theoretische
Berechnungen mit verlasslichen Fehlern benétigt. Ziel dieser Arbeit ist es, die datenbasierte
dispersive Bestimmung des Hadronic Light-by-Light (HLbL)-Beitrags zum g — 2 des Myons
zu verbessern, der einen wesentlichen Teil zur Unsicherheit der Standardmodell-Vorhersage
beitragt. Wahrend die dispersive HLbL-Bestimmung bei niedrigen Energien solide ist, wird
der Beitrag der Ubergangsregionen zu den Bereichen, wo Short-Distance Constraints (SDCs)
giiltig sind, weniger gut verstanden und verantwortlich fiir den gréfften Teil des Fehlers.

Diese Arbeit fiihrt eine neue Methode ein, den dispersiven Niedrigenergieinput zu HLbL mit
jenen Regionen zu kombinieren, in denen perturbative QCD und Operatorproduktentwicklungen
giiltig sind. Die verschiedenen Energieregionen werden mit glatten Interpolationsfunktionen
verkniipft, ohne auf hadronische Modelle angewiesen zu sein. Auf diese Weise wird der Effekt
von SDCs auf HLbL bestimmt und insbesondere eine robuste Fehlerabschétzung erméglicht.
Die Untersuchung zeigt, dass Zwischenzustinde mit Massen zwischen 1 und 2 GeV eine
entscheidende Rolle spielen, um den Fehler von HLbL zu reduzieren.

Im etablierten dispersiven Zugang, bei dem die Virtualitdten der Photonen festgehalten
werden, sind jedoch nicht alle diese Zustdnde zuginglich. Daher wird in dieser Arbeit ein
neuer dispersiver Formalismus fiir HLbL entwickelt, der es erlaubt, den Effekt von Zwischen-
zustdnden mit Spin zwei oder gréBer und Massen zwischen 1 und 2 GeV zu berechnen, fiir
die es bisher nur Modellabschitzungen ohne zuverlédssige Fehler gibt. Im Gegensatz zum
etablierten Zugang, werden hier Dispersionsrelationen im Limes eines weichen Photons ver-
wendet, das zum magnetischen Feld in der Definition des g — 2 gehdrt. Der Formalismus
wird zunéchst fiir einen einfacheren Fall als HLbL diskutiert: den Korrelator von zwei Vek-
torstromen und einem Axialvektorstrom, der unter anderem in einem bestimmten SDC fiir
HLDbL bendétigt wird. AnschlieBend wird die neuartige Methode auf HLbL angewendet und
die Effekte von Einteilchenzwischenzustdnden berechnet. Fiir Zwei-Pion-Zwischenzustinde
werden dispersive Beschreibungen neuer Unterprozesse bendtigt. Daher wird eine detaillierte
Analyse von mm — «m fiir ein weiches Photon présentiert. Das ebnet den Weg, - D-Wellen
und Tensormesonen modellunabhéngig in die Berechnung von HLbL zu integrieren und so die
Unsicherheiten seines Beitrags zu g — 2 zu reduzieren.
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1 Introduction

The anomalous magnetic moment of the muon a, has been receiving particular attention since
the measurement at the Brookhaven National Laboratory (BNL) experiment E821 [1] observed
a tension compared to the Standard Model (SM) prediction at the time, see Refs. [1,2] and
references therein. Since then, the SM prediction has been considerably improved and in 2020
a consensus on the status of the efforts has been reached among the global community as
summarized by the White Paper, Ref. [3]. According to this, the most up-to-date full SM
evaluation is [3-23]

as™ = (116591810 + 43) x 107 (1.1)

In the meantime, the new E989 experiment at the Fermilab National Accelerator Laboratory
(FNAL) got undergoing with the final goal to improve the precision reached at BNL by a
factor of 4 [24]. The first published measurement in 2021 [25-28] updates the experimental
world average to

aS® = (116592061 + 41) x 107, (1.2)

which differs from Eq. (1.1) by 4.20. To determine the source of this tension and to make full
use of the expected four-fold improvement of the experimental measurement, it is crucial to
achieve advances in the SM prediction both in precision and reliability. Recent progress in
this direction has been made, which includes analyses that point towards a reduction of the
tension [29-36]. These are presently under intense scrutiny [37].

While the bulk of the SM prediction is given by pure quantum electrodynamics (QED)
contributions, its uncertainty is almost entirely due to strong-interaction effects described
by quantum chromodynamics (QCD). The most important ones, namely hadronic vacuum

b1 b2 b1 b2

Figure 1.1: The two most important hadronic effects: leading-order HVP on the left and HLbL
on the right. The blobs denote arbitrary effects due to the strong interaction.
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polarization (HVP) and hadronic light-by-light scattering (HLbL), are shown in Fig. 1.1. At
present, these are not yet known at the precision required to match the projected goal of the
final experimental results at Fermilab. Ref. [3] reviews and combines calculations of both HVP
and HLbL, each in a data-driven dispersive formalism and from lattice QCD. The goal of this
thesis is to improve the data-driven determination of HLbL, which involves the interaction
of four photons due to the strong force. Its evaluation in Ref. [3] is based on the dispersive
formalism developed in Refs. [17,38,39]. In that framework, the effects of the dominant exclusive
intermediate states are expressed in terms of simpler sub-processes, given through hadronic form
factors and scattering amplitudes. In order to capture the collective effect of suppressed heavier
intermediate states, a matching to short-distance constraints (SDCs) [21,40-46], derived from
perturbative QCD (pQCD) and the operator product expansion (OPE) [15,20,21,40,47-49],
has to be performed.

While the evaluation of effects from the lightest intermediate states is under excellent control
both conceptually and numerically [16-19,39,50,51], the main uncertainties of the data-driven
HLbL estimate given in Ref. [3] are due to the effect of resonances in the 1-2 GeV range, which
can currently only be estimated in the context of hadronic models [15,41-44,52-57], and the
incorporation of SDCs at high energies. Both points will be addressed in this thesis.

We begin with a review of both the principle underlying the a,, measurements and the status
of its SM prediction in Ch. 2. The example of HVP is used to introduce the concepts and
notation needed in the following chapters and an introduction to the data-driven evaluation of
HLbL and its current status and limitations is given.

In Ch. 3, we turn to the combination of SDCs with the low-energy dispersive representation.
We review the constraints and implementations available in the literature. Then, we provide
a novel approach that for the first time does not rely on a specific hadronic model in the
intermediate energy range. Instead, we use interpolants with parameters fixed from the SDCs
and a smooth matching to the low-energy representation. This allows us to efficiently study
the uncertainties and determine which additional input would be required to reduce them.
This chapter is based on Ref. [45].

We find that in order to significantly reduce the uncertainty on HLbL, good control over
the effects of additional intermediate states with masses between 1 and 2 GeV is mandatory.
However, besides the lack of experimental input to determine the required form factors,
intermediate states of spin two and larger also suffer from theoretical issues. In the currently
employed dispersive formalism, the hadronic blob in the diagram in Fig. 1.1 is expressed in
terms of a redundant set of scalar functions free of kinematic singularities and zeros. In order
to avoid these redundancies, one then changes to a non-redundant basis set, but at the cost
of introducing kinematic singularities. The form of these singularities is such that the scalar
functions still fulfill standard dispersion relations, but the results due to individual exclusive

intermediate states are singular in certain kinematic limits.



The fact that the Lorentz structures in the decomposition of the HLbL tensor have different
mass dimensions allows one to derive sum rules, which ensure that the residues of the kinematic
poles vanish. However, these sum rules are only guaranteed to be fulfilled once the full infinite
tower of intermediate states is summed up. Results for individual intermediate states do
contain these poles, which when plugged into the g — 2 diagram lead to divergent results.
In order to avoid this, one could choose a scheme to subtract the poles from the integrand.
However, as long as the partial sum included in a calculation does not fulfill the sum rules, the
obtained result will strongly depend on the chosen subtraction scheme and it is unclear which
scheme should be preferred.

In this thesis, we develop a novel dispersive formalism that is free of these issues. In the
limit where the momentum of the external photon, g4, vanishes, a Lorentz basis of tensor
structures free of kinematic singularities and zeros exists. Thus, writing dispersion relations
in this limit gives finite well-defined results for any individual intermediate state without the
need to specify an arbitrary subtraction scheme. However, the constraints from unitarity are
more difficult to implement in this setup. The origin of this is that in the limit g4 — 0, two
channels differing by whether the soft photon is incoming or outgoing are not kinematically

separable any more.

In order to concentrate on this new aspect without having to deal with the complicated
Lorentz structure of HLbL, we first consider a simpler process with a soft photon in Ch. 4,
namely the correlator of two vector currents and an axial-vector current (VVA). This allows us
to study in detail the new dispersive formalism and its relation to the one that is currently used
for HLbL. Except for this being an important step towards an application to HLbL, the VVA
correlator is also interesting for two other reasons: it is needed for the hadronic electroweak
contribution to a,, which can currently only be evaluated through hadronic models [6,58,59],
and for a particular SDC for HLbL [15,21]. We discuss both applications in this chapter.

Having understood the simpler case of VVA, we return to HLbL in Ch. 5 and perform
important steps in the application of the new formalism also in this case. We first explain in
more detail the issues with higher-spin intermediate states in the established formalism and
why the new approach is ideally suited to avoid them. Then, we derive results for single-particle
intermediate states including tensor mesons and show which sub-processes are needed for a
calculation of two-pion contributions. An essential result is that the issues with redundancies
does not reenter through the tensor decompositions of the sub-processes. Finally, in this
chapter, we focus on another difficulty that did not show up in VVA: the hadronic blob in the
HLbL diagram does not contain charged particles and thus is finite in the soft-photon limit, but
this is not true for all sub-processes appearing in the unitarity relations. Crucially, however,
the form of these singularities is fully determined by the corresponding process without the soft

photon, which makes it possible to demonstrate their cancellation analytically and separately
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for each considered intermediate state. The content of this chapter except for Sec. 5.3 is
published in Ref. [60].

In Ch. 6, we then focus on the process 7w — 77 for a soft photon, which is a necessary
input for the two-pion contribution to HLbL in the new dispersive formalism. We demonstrate
explicitly that the soft-photon singularities cancel out and show how the five-point kinematics
can be reduced to four-point kinematics by an expansion in the soft-photon momentum.
Afterwards, we derive integral equations of the Khuri—Treiman type and present a numerical
implementation including wmr-scattering D-waves. This paves the way for a similar study of the
second important so-far unknown sub-process, v*vy* — nm, for which our results are required
as input, and finally the two-pion intermediate state to HLbL. In addition, both studies will
strongly profit from the theoretical advances made in Chs. 4-6. They thus represent important
steps towards the goal of incorporating mw D-waves into HLbL.

Ch. 7 is devoted to conclusions and outlook.



2 The Anomalous Magnetic Moment of the
Muon

The magnetic moment of the electron played an essential role in establishing QED as the
microscopic theory for interactions between matter and electromagnetic fields [61,62]. Later,
the SM was completed by including also the weak [63—65] and strong [66,67] interactions
and the last SM particle, the Higgs boson, was discovered at the LHC in 2012 [68]. However,
the SM, despite being incredibly successful in describing a huge variety of experiments, does
not offer explanations for neutrino masses, dark matter or the observed matter-antimatter
asymmetry. This implies that it eventually has to be replaced by another theory and it might
be that lepton magnetic moments turn out crucial in its development again.

A point-like particle at rest has only one characteristic axis, its spin S. Due to rotational
symmetry, any static magnetic dipole moment g thus must be along that axis and we can
define the particle’s gyromagnetic factor or g-factor g through'

Qe
p=955, (2.1)
where @ is the particle’s charge in units of e (Q = —1 for charged leptons) and m its mass.

The Dirac equation coupled minimally to the electromagnetic field
(iD — m)y(z) =0 (2.2)

leads to g = 2. At this point, one could add a term proportional to o** F,,9(z) that would
modify g, but this would correspond to a non-renormalizable operator in the corresponding
Lagrangian density. Indeed, ¢ = 2 turns out to be approximately fulfilled at sub-percent
precision for the electron and the muon, which motivates the definition of the anomaly as

g—2
a=2—.

. (2.3)

In 1947, a measurement of the ground state hyperfine splitting of hydrogen [61] found a
non-vanishing value for the anomalous magnetic moment of the electron a.. While this was
first attributed to an underestimated uncertainty in the fine-structure constant, Schwinger

showed that this experimental result is compatible with a correction to the electron’s g-factor

We use natural units with # = ¢ = 1 throughout this thesis.



2 The Anomalous Magnetic Moment of the Muon

calculated in the newly developed theory of QED [62]. This success had a great impact in
establishing QED, and relativistic quantum field theory (QFT) in general, as the framework
to describe the fundamental interactions of elementary particles.

In the following decades, both measurements and theory predictions steadily improved
so that by now all sectors of the SM are probed in the comparison. The precision of the
experimental PDG world average [69]

a®P = (115965218 076 4 28) x 101 (2.4)

based on Refs. [70,71] has reached the incredible precision of 0.24 ppb. However, the SM
prediction is currently affected by a 5.40 tension between two measurements of the fine-
structure constant based on 33Cs [72] or 8Rb [73] atoms. This demands further investigations
to allow for a stringent comparison against the experimental result.

Assuming lepton-flavor universal couplings of the new physics to the SM, the muon anomalous
magnetic moment a, is more sensitive to virtual effects from heavy particles of mass M

compared to the electron due to the approximate scaling (up to logarithms)

2
day M

~ . 2.
a M2 ( 5)

Heavy new physics would thus have a 40000 times larger effect on a, compared to a. and the
slightly less precise experimental world average given in Eq. (1.2) with a precision of 0.35 ppm
is still 30 times more sensitive to heavy new physics than ag*. The comparison with the 2020
theory consensus [3] in Eq. (1.1), which will be reviewed in Sec. 2.2, indeed shows a 4.2¢
tension. This result is currently under scrutiny due to recent results from lattice QCD for the
HVP contribution to a, represented through the diagram on the left-hand side of Fig. 1.1 (see
Sec. 2.2 for its precise definition), which are in tension with the corresponding data-driven
evaluation [29]. Resolving this issue, as well as generally reducing the uncertainties on the
experimental and theory side is crucial to determine whether the observed tension is due to
new physics.

In principle, the anomalous magnetic moment of the 7-lepton would be even more sensitive
to heavy new physics. However, the short lifetime of the 7 makes it impossible to perform a
measurement of the type discussed in the next section. Nevertheless, a number of ideas exist
how to measure a, indirectly at a much lower level of precision compared to a. and a,, see
Ref. [74] and references therein. A measurement sensitive to a, # 0 seems also feasible at
the LHC in the near future [75,76], while for significantly higher precision polarized lepton
colliders are needed [77].

In this chapter, we review the basics of the experimental measurement as well as the SM
calculation—with particular focus on the most challenging hadronic contributions. In the

course of this, we introduce many concepts that will be needed throughout this thesis.



2.1 Measurement

2.1 Measurement

The early muon g — 2 experiments at CERN [78-84], the modern BNL [1] and FNAL [24-28]
experiments as well as the planned experiment at the Japan Proton Accelerator Complex (J-
PARC) [85] all follow the same principle. One starts with injecting a beam of muons polarized
in the direction of motion, produced from charged-pion decay, into a uniform magnetic field
perpendicular to the momentum of the muons. Due to the Lorentz force, the muons travel

through the magnetic field in circles (or spirals) with cyclotron frequency

B
we = 2 (2.6)
myy
where B is the strength of the magnetic field and -y the Lorentz factor of the muon beam.
At the same time, the magnetic field also leads to a Larmor precession of the muons’ spins

with frequency
eB

wr, = (1+7yau), (2.7)
myy K
which implies a precession frequency of the spin relative to the momentum of
eB
Wy = WL, — We = m—ua“. (2.8)

This anomalous precession frequency is directly proportional to the anomalous magnetic
moment a,, which increases the precision by a factor of about 850 compared to a measurement
of g,.

After some time, the muons decay into electrons and neutrinos and the parity violating
nature of the weak interaction leads to the decay electrons being preferentially emitted in the
direction of the muon spin in the center-of-mass frame. In the laboratory frame, this makes
the electrons on average having higher energy if momentum and spin are aligned compared to
them being anti-aligned. Thus, the number of electrons with energies above some threshold
oscillates with the frequency w, as a function of time. Together with a precise measurement of
the magnetic field, this allows to achieve the high precision required for an accurate test of the
SM.

In practice, it is impossible to have a pure uniform magnetic field and no electric fields. At the
planned experiment at J-PARC, an effort is made to reduce electric fields and inhomogeneities
in the magnetic field as much as possible. This is achieved by using a low-energy (~ 210 MeV)
muon beam, which allows to keep the radius of the muon orbits below 1 m. This approach
is complementary to the BNL and FNAL experiments, where higher-energy muons are used.
Then, an electric quadrupole field is needed to keep the muons on their tracks. This field
perpendicular to the muon’s momenta has the effect of adding another term to Eq. (2.8)

e 1 vxX FE
= B— - -
e [““ (““ 72~ 1) J

(2.9)
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Here, the components of the vector-valued frequency perpendicular to the magnetic field
describe an oscillation around the circular path. By choosing the “magic” energy of 3.098 GeV,
corresponding to vy =~ 29.3, the round bracket in this equation vanishes and the formula reduces
to Eq. (2.8).

In both setups, additional corrections with systematic uncertainties have to be applied.
These are e.g. due to non-uniformity of the magnetic field, field components parallel to the
direction of the momentum, deviations from the magic momentum and beam dynamics. The
importance of the individual corrections differs significantly between the two approaches, which
would make the J-PARC experiment a valuable cross-check of the BNL and FNAL results.

The final result of the BNL experiment [1] (updated for the latest value of the magnetic

moment ratio p,/u, [86]) reads
ap"t = (116592089 & 63) x 1071 (2.10)

Since 2018 the FNAL experiment is taking data with the goal of reducing this uncertainty by
a factor of 4 to 16 x 107! [24]. The analysis of run 1 has been completed in 2021 with the
result [25-28]

a, ’ = x 107, .
FNALrunl _ (116592040 + 54) x 10~ ! 2.11

whose uncertainty is statistically dominated and thus improvable by data from further runs.
The number given in Eq. (1.2) is the world average that arises as the combination of these
two experimental results. The goal of the J-PARC experiment is to obtain an independent
measurement with a precision of ~ 50 x 107! [85], comparable to the individual measurements
at BNL and FNAL run 1. The uncertainty is expected to be statistically dominated and thus
improvable by acquiring additional data.

2.2 The Muon g — 2 in the Standard Model

In this section, we review the status of the SM prediction of the muon g — 2. The two
most important hadronic contributions, which are responsible for the bulk of the SM theory
uncertainty, will be explained in more detail in the following sections. In 2020, the g — 2 Theory
Initiative has reached a worldwide consensus on the current status of the SM predictions,
which is summarized in detail in the White Paper Ref. [3]. The prospects for the future can
be found in Ref. [37] and a more pedagogical introduction to the topic is given in the book by
Jegerlehner [56).

We consider the matrix element of an electromagnetic vector current ji, = > 7@ f{p Y Yy,
where the sum runs over fermions with charge eQ)s, between muon states with momenta p; /5

and helicities 7 /o

(1™ (p2,m2)| 35 (0) [ (p1,71)) = it(p2, r2)THu(p1, 1) - (2.12)
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Here 4 and u are momentum-space spinors and I'* a Hermitian momentum-dependent matrix
in Dirac space. Using Lorentz covariance and the Ward identity g,u(p2,2)I*u(p1,r1) =0
with ¢ = p; — po, the vertex function can be expressed in terms of 4 scalar form factors (see
e.g. Sec. 3.3 of Ref. [56])

2mag* . v v
TH = y* Fig(qg?) + (’Y“ — q2q ) Y5Fa(q?) + io* ;—;FM(qz) + ot 57275FD(q2). (2.13)

We notice that the decomposition is automatically independent of p; + p2 as expected from
translational invariance.

The first form factor in Eq. (2.13) is called electric form factor and its normalization
corresponds to the charge of the muon in units of e, which is fixed as a renormalization
condition, Fig(0) = 1. The anapole moment Fj is P violating and vanishes at ¢> = 0. The
anomalous magnetic moment is given by the magnetic form factor at g2 = 0, Fj;(0) = ay, and
the normalization of the C'P violating form factor Fp is related to an electric dipole moment
dy, Fp(0) = —2md,,. The relations to the non-relativistic definitions of the dipole moments are
obtained by considering the non-relativistic limits of the corresponding terms in the interaction
Hamiltonian. At tree level only Fi(g?) = 1 is non-vanishing so that the standard muon-photon
vertex factor is obtained. In pure QED, which conserves P and CP, Fj and Fp vanish, but
they receive small finite contributions if also the weak interaction is included.

The calculation of a, in some QFT like the SM usually starts from the renormalized muon-
photon vertex, which is then projected onto the magnetic form factor at ¢> = 0. Since this
calculation is done at the amplitude level, sets of renormalized loop diagrams for the vertex
that fulfill the Ward identity lead to well-defined contributions to a, with no interference
effects to be considered. This allows one to split the SM calculation into three separate sectors:

 diagrams involving only leptons and photons (QED),

 diagrams involving at least one electroweak gauge boson or Higgs boson (electroweak)

and

¢ diagrams without electroweak gauge nor Higgs bosons, but with strongly interacting

particles (hadronic).

In this separation, diagrams involving both electroweak effects and strongly interacting particles
have been conveniently labeled as electroweak in order to make the contributions from this
sector gauge-anomaly free and thus finite.

The contribution to each sector can be written as a series in the fine-structure constant a.
The smallness of « leads to a pattern of rapid convergence, which enables the calculations to
reach the necessary sub-ppm precision. Numerical results for each contribution as they have

been compiled in Ref. [3] can be found in Tab. 2.1 and are briefly reviewed in the following.
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Contribution valuex10!!

errorx 1011

Experiment 116 592 061

QED 116584 718.931
Electroweak 153.6
HVP LO 6931
HVP NLO —-98.3
HVP NNLO 12.4
HLbL LO 90
HLbL NLO 2
Sum SM 116 591 810

Table 2.1: The experimental world average based on Refs. [1,25] for a, compared against the

different contributions to the SM prediction as compiled in Ref. [3] as well as their

sum.

b1

Figure 2.1: The only 1-loop QED contribution to a,.
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b1 D2 p1 D2

Figure 2.2: The relevant mixed electroweak and strong diagrams. The blobs denote arbitrary

effects due to the strong interaction.

The QED contribution is by far the largest, responsible for more than 99.99 % of the full SM
prediction. The leading one-loop diagram Fig. 2.1 has first been calculated by Schwinger [62]
with the famous result

aQED/L — % . (2.14)

QED diagrams involving only one lepton species are mass-independent and universal for e,
p and 7. In the case of a., they dominate since diagrams involving muons are suppressed
by an approximate factor m?2 /mi, see Eq. (2.5), and similarly for 7-leptons. The mass-
independent terms have been calculated analytically to 3 loops. The 4-loop result is known
semi-analytically [87] and the 5-loop contribution has been calculated numerically [5].2 The
diagrams involving closed loops of different lepton flavors depend on the ratios of lepton masses.
While 7 loops come with suppression factors mi /m2, electron-loop diagrams are in general
enhanced by log(m,/m.), which make these contributions larger than the corresponding
mass-independent contributions at the same order. A complete numerical 5-loop computation
is available [4] and despite the stronger logarithmic enhancement at higher orders, the series
still appears convergent at this order and an RGE estimate of the enhanced part of the 6-loop
contribution [4] confirms this pattern. The uncertainty of the QED contribution is dominated
by the unknown 6-loop term compared to smaller uncertainties due to «, lepton-mass ratios
and the numerical integration uncertainties in the 4-loop mass-dependent and the 5-loop part.
Nevertheless, this sector appears to be under excellent control with negligible uncertainties
even if the other sectors and the experimental determination improve in the next years as
expected.

The electroweak contribution is suppressed compared to the QED sector due to the large
masses of the W, Z and Higgs bosons. A determination with a precision of 5-10 % would
currently be sufficient, but the quoted uncertainty is even below 1%. It results from a 2-
loop computation where only some small terms suppressed by M % /m? or (1 —4sin O%V) have

2There is a 4.8 o discrepancy in the 5-loop diagrams without lepton loops between Ref. [5] and Ref. [88]. While
this discrepancy on the order of 6 x 10~ starts to become relevant in the electron case, it gives a negligible
contribution to the uncertainty for the muon.

11
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been neglected (see Ref. [7] and references therein) and a logarithmic estimate of the 3-loop
contribution [6]. The uncertainty is now completely dominated by electroweak diagrams
involving strongly interacting particles, most importantly the two diagrams in Fig. 2.2. For
these, a perturbative expansion in a; is not applicable due to the low scale set by the muon
mass. While the yvZ-blob in the diagram on the left can be related to the cross section
o(eTe™ — hadrons) as will be explained below for HVP, for the yyZ-blob in the diagram on
the right one had to resort to a hadronic model [6,58,59]. The uncertainty of this model is
difficult to estimate and we will provide an evaluation with reduced model dependence for the
u- and d-quark contributions based on dispersion relations in Ch. 4 of this thesis. The result
is slightly shifted with respect to the model estimates, but compatible within uncertainties, so

that the smallness of this contribution is confirmed.

Also the hadronic contributions can be expanded in a series in «, but the strong-interaction
effects have to be treated non-perturbatively due to the low scale set by the muon mass. We
therefore represent these contributions as QED diagrams with hadronic blobs, effective photon
vertices mediated by quarks and gluons. The leading effect in this category appears at order
o? and is given by the left diagram in Fig. 1.1. It is called leading-order (LO) HVP since the
hadronic blob in this case contributes to the photon 2-point function, related to the running
of a. Its effect on a, is large compared to the uncertainty aimed at, see Tab. 2.1, so that a
challenging sub-percent accuracy is required. As will be explained in Sec. 2.3, this contribution
can be related to the cross section o(ete~ — hadrons) via a dispersion relation. A dedicated
experimental program at ete™ colliders with center-of-mass energies of about 1-10 GeV has
allowed to reach the precision quoted in the table, but further improvements are required to
match the projected advances in the experimental determination of a, and further scrutiny is
demanded in view of the current discrepancy compared to lattice QCD.

Recently lattice QCD calculations of the HVP contribution have become competitive. Since
at the time of the White Paper their accuracy was still inferior compared to the dispersive
evaluations, they were not included in the final estimates in Tab. 2.1. Since then, however,
the BMW collaboration has published results with sub-percent precision [29] and parts of this
result have been cross-checked by RBC/UKQCD [30], ETMC [31,32], the Mainz group [33] and
Fermilab Lattice/MILC/HPQCD [34,35]. The comparison against the data-driven evaluation
shows a 2.1 ¢ discrepancy and replacing the HVP value in the White Paper SM prediction by the
BMW lattice result would reduce the discrepancy with experiment to merely 1.5 o. Efforts to
improve and compare data-driven and lattice evaluations are ongoing, see e.g. Refs. [36,89-92]

for recent studies.

At order o3, there are diagrams involving the hadronic 2-point function and an additional
photon or lepton loop and diagrams with two insertions of HVP. Both these contributions are
called “HVP NLO” (next-to-leading order) in Tab. 2.1 and lead to a small, but significant

12
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negative correction [13]. Since this can again be related to the precisely known cross section

o(ete” — hadrons), the uncertainty of this contribution is negligible.

At the same order in «, also the leading insertion of the hadronic 4-point function contributes
through the diagram in the right part of Fig. 1.1, which defines the hadronic light-by-light
scattering (HLbL) contribution. Its data-driven evaluation using dispersion relations has
been pioneered in Refs. [17,38,39]. In this CHPS formalism, the HLbL contribution to a,, is
expressed through a multitude of hadronic form factors and scattering amplitudes in contrast
to the much simpler HVP, which only depends on a single cross section. Nevertheless, this
formalism allowed for the first time to model-independently define and calculate the most
important contributions to HLbL and assign well-defined and small uncertainties to them.
Suppressed contributions are more difficult to calculate due to a lack of data needed as input
and challenges in the formalism. Input from pQCD and the OPE can be used to constrain
these suppressed contributions [15,20,21,40,46-49,93,94]. We will provide a framework to
systematically implement these constraints in Ch. 3 and develop a novel dispersive formalism
for the VVA-correlator that is needed as input in one particular SDC in Ch. 4. Conceptual
difficulties connected to including higher-spin intermediate states in HLbL will be addressed in
Ch. 5.

The CHPS framework will be reviewed in Sec. 2.4. The number in Tab. 2.1 is an average of
a dispersive data-driven evaluation and a lattice QCD calculation [22], which in this case agree.
Also the updated result from the lattice [95,96] agrees with the phenomenological number.
This makes HLbL appear under good control, but a reduction of the uncertainty by a factor of

~ 2 is required to match the upcoming results from the FNAL experiment.

Hadronic contributions at order a* are also included in the SM prediction of Ref. [3], see
“HVP NNLO” (next-to-next-to-leading order) and “HLbL NLO” in Tab. 2.1. These effects are
small and, due to the efforts made in the lower-order hadronic diagrams as well as Refs. [14,23],
known with sufficient precision. The only hadronic correction at order o that was not
considered in Ref. [3] has recently been shown to be negligible [97].

2.3 Data-Driven evaluation of Hadronic Vacuum Polarization

Here, we provide an introduction to the dispersive formalism in the case of HVP in order to set
up concepts and notation that will be crucial in our discussion of the more complicated HLbL,
which is the subject of this thesis. We focus on the aspects relevant to HLbL and refrain from
giving detailed discussions of electromagnetic corrections and the statistical aspects of the
combination of data from different experiments, which are crucial for a precise determination
of the HVP contribution to a,.
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2.3.1 Matrix element and tensor decomposition

The hadronic blob in the HVP diagram in Fig. 1.1 is determined by the S-matrix element
(with unity subtracted) of off-shell photon states

Sy = (7 (=a1, M)|7* (g2, A2)) == (V" (=q1, A1), in[ (S — 1) |77 (g2, A2), im) (2.15)

Using LSZ reduction for the two photons, we obtain to leading order in «
Sy =~ ()" €R(@) [ dlodlyen im0 Tt @)@} (216)

with the electromagnetic current of light quarks®

() = H@QPYE), b= (wds), Q=dug-1,-1).  (217)
Next, we use translational symmetry and shift the integration variable
Sy =~ (—q1)" el (@) [ Atz dtyet ey (0] T{jt (o — ) (0)}0)
=~ (e (@) [ty @)Y [ dtacn e 0| T, @)1} 0)
=~ ()" (@) 2n) 5O (@1 + @) [ Al 0 T{ley(2) (0} 0)

=i’ (—a1) 62 (@) (2m) 6 (a1 + @) 1* (q1) (2.18)

where in the last line we have defined the vacuum polarization tensor?

I"*(q) =1 / d*ze'? (0] T{jhn()em(0)} 10) - (2.19)

Lorentz invariance allows for only 2 independent Lorentz structures, ¢*¢” and g"” and the
Ward identities ¢,II*"(q) = ¢,I1I1*”(¢q) = 0 following from electromagnetic gauge invariance

demand the coefficient of one linear combination to vanish. As a result, one obtains
*(q) = (%™ — g"¢") TI(g?) (2.20)

with a scalar function II(g?).
In the next section, we will use the unitarity of the S-matrix to derive an expression for
the imaginary part in terms of sub-processes. Afterwards, the real part will be related to the

imaginary part through the analyticity properties of II(g?).

3The contribution from heavy quarks to a, is suppressed, see Eq. (2.5). While for HVP these contributions
are still important, for HLbL the c-quark only gives a small contribution and b- and ¢-quark contributions

are negligible at the current level of precision. We thus focus on the three light quarks in this thesis.
4This differs by a factor —e? from the standard definition. With this choice, the expressions are more similar

to the HLbL case discussed in the next section.
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2.3.2 Constraints from Unitarity

For probabilities to be conserved, it is necessary that the S-matrix is unitary, i.e. SST = 1.
Using the definition of the T-matrix S = 1 4 iT, one obtains

W(TT—T)=TT". (2.21)
Sandwiching this equation between (in or out) states gives

i((al T11B) — (| T18)) = (| 1T b) = 3" {a| T |e) (el T |B) , (2.22)

c

where a complete set of states |c) has been inserted in the last equation.
Due to time-reversal and Lorentz invariance, the QCD S-matrix is symmetric® and this

property also applies to the T-matrix, i.e. TT = T, which leads to

2Im (a| T[6) = 3 (a| T |c) (B T |)* . (2.23)

C

With our notation (f|i) = (f,in| (S — 1) |¢,in) = (f,in|iT |¢,in), this can be written as

m [ (0] = 2 5

which we will refer to as a unitarity relation in the following. Here, S, is the symmetry factor

N .
(H / dpi) (ile, {pi})" (fle, {pi}) (2.24)
=1

of the state |c, {p;}) depending on the N, momenta p; and

-~ d*p; .
dp; = (271_)—321)0 with pY = 1/p? +m? (2.25)

the Lorentz-invariant integration measure. Since the left-hand side of Eq. (2.24) is real, the
same has to be true for the product of matrix elements on the right-hand side. This implies
that the complex conjugation can also be moved to the other matrix element.

Applying this to S, gives

Nn —
m[iSy,] = Z S, <1:[1 / sz‘) (V" (a1, M)In {pi})™ (7" (g2, A2) In, {pi}) - (2.26)

With the definition of the amplitude

(v*(g,\),1n| T In, {p;}, in) = (2m)*s*) (q sz) en( @M., (), (2.27)

5Strictly speaking, this is only true in the case of spinless particles. In the case of particles with non-vanishing
integer spin, transposition of the S-matrix complex conjugates all polarization vectors/tensors. For that
reason, any polarization vectors in the matrix element on the left-hand side of Eq. (2.23) are not included in
the imaginary part. This is precisely what is needed in Eq. (2.26) to cancel the polarization vectors and
obtain Eq. (2.28). For compactness of the notation, in the following it is always understood that polarization
vectors are outside the imaginary part.
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this becomes

Im 11" (q1) = —2% — ( /dp> (2m)*6® < a1 — Zm) MY (—q) M (—q1) -
(2.28)

By contraction with g”¥, one can project onto II

1 1
=g 2 (1) 90 (o) oo
1 n SN

(2.29)

This is the desired relation between the imaginary part of the correlator in terms of the
sub-processes v* — X with some hadronic state X. These can be accessed experimentally
at ete™ colliders by studying the cross sections o(eTe™ — v* — X). A direct experimental
determination of IT would instead require a measurement of ete™ — v* — [T]~ with some
charged lepton [. In order to study II in this process, one needs to be sensitive to the
interference of the HVP insertion in the photon propagator with the tree-level QED diagram.
This contribution to o(ete™ — I717) is of order a3, whereas o(ete™ — 7v* — X) starts at
order o2, which implies that roughly 2 orders of magnitude less ete™ collisions are needed
to reach the required precision in the hadronic cross section compared to the leptonic one.
Nevertheless, a direct measurement in the similar ¢-channel process uTe~ — pte™ is planned at
the proposed MUonE experiment at CERN [98-101] and would then provide a complementary

and more direct determination of aEVP

independent of the dispersive and lattice ones.
It is even possible to express the right-hand side of Eq. (2.29) in terms of the total cross

section of hadron production at eTe™ collisions

1 qioe(dd)

Tm 1T =
BT T6n%a? @2 + 2m2

o(eTe” — hadrons) (2.30)

so that in principle no exclusive hadronic channels are needed. In practice, at low energies
the exclusive channels are measured individually and added up, whereas at sufficiently high

energies one switches to an inclusive measurement.

2.3.3 Dispersive reconstruction of the real part and contribution to a,

Having expressed the imaginary part in terms of an experimentally accessible cross section,
one can exploit the analytic properties of II to also determine its real part. II is a function
of the photon virtuality ¢> = s, which we now treat as a complex variable. The principle
of maximal analyticity says that T-matrix elements are analytic functions of the kinematic
invariants they depend on, except for the cuts and poles demanded by unitarity. Since the

tensor structure relating II(s) to the T-matrix element —iS.,, is non-singular, this property
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carries over to II(s) and we can express it via Cauchy’s integral formula

I(s) = 1 }i dles/) (2.31)

© 2mi s’ —s—ie
with a closed path I" encircling the point s once in the positively oriented direction without
crossing or encircling any singularity of II(s). We have inserted an ie in the denominator such
that for real s the physical value of II(s) above the cut is obtained.
Since all singularities of II(s) lie on the positive real axis, we can move the path to infinity
everywhere except for the real axis. If II(s) tended to 0 at |s| — oo, one could neglect the

large circle and obtain

1 [0 TI(s' +ie) — (s — i
T(s) = — / ds &+ i) ~ T —ie) (2.32)
2mi Jsy, s —s—ie

Since instead the asymptotic behavior is II(s) = O(s?), the previous equation does not hold,
but one can perform a subtraction by writing a dispersion relation for (II(s) —II(0))/s. This
function does not have additional singularities, but now behaves as O(s~!) asymptotically.
One obtains

, (2.33)

I(s) = TI(0) + i /oo d JI(s" + ie) — H(f’ — ie)
271 Jgp s'(s' — s — ie)
i.e. in order to improve the high-energy behavior of the dispersion relation one has to introduce
a subtraction constant II(0) that is not determined by unitarity and analyticity.
Finally, the Schwarz’ reflection principle relates the discontinuity over the cut to the imaginary
part

II(s + ie) — II(s —ie) = 2iImII(s) (2.34)

so that - L Ti(s
II(s) = II(0) + 2 ds'—— (s)

T Jsye S(8—s—ie)

: (2.35)

which allows us to calculate II(s) solely in terms of the cross section o(ete™ — hadrons) and
the subtraction constant II(0). In the on-shell scheme, which is conventionally used for a,,
I1(0) = 0.

The full Feynman-gauge photon propagator arises from a Dyson series of self-energy insertions

—igh” _ —ig" _ ie’TI(g%)g"”

iDHY 2y _ — _ 4
1 (q°) ¢2(1 — e2I1(g?)) Q2 ¢ +0(e)
—ig"v 1 [ —ie2g" 4
= —+ = ds ImII(s) + O(e*). 2.36
T o, S5 I +OE) (2:39)

If we plug this series into the diagram in Fig. 2.1, the first term amounts to the 1-loop QED
contribution, the second one to the vacuum polarization contributions at order a? and the
higher order terms to multiple insertions of vacuum polarization. For the order o term we are

interested in, the dispersion integral can be pulled out of the loop integral, which then takes
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2 The Anomalous Magnetic Moment of the Muon

the form of Fig. 2.1 with a photon of mass 1/s. We thus obtain a dispersive representation of
the HVP contribution to a,

1 [° ds
HVP _ ED,1
aﬂ = 47TC¥; Athr ?aﬁé (\/E) Im H(S)
o? [ ds
=2 [T %K . 2.
== ~CKG)RG) (2.37)

Here, aBED’l(m) is the 1-loop QED contribution to a, with a photon mass m and in the second
line we have plugged in the imaginary part from Eq. (2.30) and brought the result to the form
given in Ref. [3] with a kernel function K(s) given in that reference, whose functional form
makes the integrand peaked in the low-energy region. Furthermore,

o(eTe™ — hadrons) 4o

R(s) = , o = T

2.38
Opt 3s ( )

With this expression, one only has to perform a single integral over the cross section
o(eTe™ — hadrons) to obtain aEVP. While experimental data are used in the low s region, at
higher energies away from flavor thresholds, pQCD provides more precise input. There are
two independent analyses of the available data, see Refs. [8,12] and Refs. [9,13], respectively.
In addition, constraints from analyticity and unitarity on the lowest contributing hadronic
states (27, 37 and 7%y) have been studied in Refs. [10,11,102]. The different results have been
merged in Ref. [3] with the final result given in Tab. 2.1.

2.4 Data-Driven Evaluation of Hadronic Light-by-Light Scattering

HLbL has a long history of model calculations. The first full model-dependent evaluations
were performed in Refs. [103-107]. For comprehensive reviews including partial calculations
we refer to Refs. [56,108,109]. Due to intrinsic model dependence, the uncertainties of these
models are difficult if not impossible to determine. This means that the quoted uncertainties
are only educated guesses with no statistical definition.

Starting in 2014, a novel framework for a data-driven determination of HLbL based on
dispersion relations has been developed [17,38,39]. Its goal is to obtain a reliable, systematically

HLbL
m

improvable determination of a in the spirit of the data-driven approach to HVP. We will

summarize the definitions and results obtained in this formalism in the following. Alternative

data-driven approaches to specific contributions to HLbL can be found in Refs. [110,111].

2.4.1 HLbL tensor and Lorentz decomposition

The hadronic blob in the HLbL diagram (Fig. 1.1 left) is described by the fourth-rank vacuum
polarization tensor for fully off-shell photon-photon scattering in pure QCD, called the HLbL
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2.4 Data-Driven Evaluation of Hadronic Light-by-Light Scattering

tensor,

7 (1, 42,5) = =i [ do dly dtz e 400 (0] T (2) i ()20 (272 (00} 10)
(2.39)
with momenta ¢;, g2 and g3 incoming and g4 = ¢; + g2 + g3 outgoing.

Lorentz symmetry and parity allow for a decomposition into 138 structures, with the forms
99, 9qq and qqqq, where g is a metric tensor and g one of the three independent momenta.b
The scalar functions multiplying these structures are free of kinematic singularities since the
HLDbL tensor is, but the Ward identities

{d}, 45,43, 4 MLuwro (g1, 02, 43) = 0 (2.40)

lead to the vanishing of specific linear combinations, i.e. kinematic zeros.

Bardeen and Tung [112] introduced a method to systemically remove them in their studies
of doubly-virtual Compton scattering, which has been applied to the HLbL tensor in Ref. [39].
One defines the projectors

oy g - B8 By = g - B% (2.41)

q1 - q2 q3-q4
which leave the HLbL tensor invariant as it respects the Ward identities, but project every
Lorentz structure onto a gauge invariant one. This leaves only 43 structures non-zero.” These
are still multiplied by the original scalar functions, so that no kinematic singularities have
been introduced, but the zeros now manifest themselves as poles in ¢; - g2 and g3 - ¢4 in the
projected structures. These are at most quadratic in both scalar products. To remove them,

one employs the following steps:

e remove as many double-double poles as possible by adding linear combinations of other
structures with coefficients containing no poles,

e remove the remaining double-double poles by multiplying by ¢; - g2 or ¢35 - q4,

e repeat the first two steps for poles of lower degree.

This procedure introduces zeros in the structures and thus poles in the scalar functions through
the multiplication by ¢; - ¢2 and g3 - ¢4. These correspond to degeneracies of the structures
in the limits ¢q; - g2 — 0 or ¢3 - g4+ — 0, where the structures do not represent a basis. Thus,
additional structures have to be added [113], leading to a generating redundant “BTT” set of

54 Lorentz structures,
54
Hul/)\a — Z T;:HVAUHZ. , (242)

=1

8Conservation of parity forbids the appearance of an odd number of epsilon tensors.
"In 4 space-time dimensions, there are two relations between these structures reducing the number of

independent ones to 41, which correspond to the 41 helicity amplitudes of fully off-shell photon-photon
scattering.
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2 The Anomalous Magnetic Moment of the Muon

which is manifestly gauge invariant, closed with respect to crossing relations and such that the
scalar functions II; are free of kinematic singularities and zeros. The II; are functions of the

Mandelstam variables

s=(q1 + )2, t=(q1+q3)%, u=(q1—q)?, (2.43)

two of which are independent due to the fact that s+t 4+ u = q% + q% + q% + qz, where qz.2

denote the photon virtualities.

2.4.2 Master formula for the ontribution to the muon g — 2

The HLbL contribution to the vertex function involves a two-loop integration

dlq d'g, ~ Po 4, +mu " Pr— 4yt y
(2m)% (2m)* P (p2 + )2 —m2 7 (p1 — @2)2 —m2
y 1

G —p2— a1 — @)

PgILbL(plap2) =—¢° /

51Lwaa (g1, 92, P1 — P2 — @1 — @2) (2.44)

with the HLbL tensor defined in Eq. (2.39). By projecting this onto the magnetic form
factor [56,114,115], averaging over the spatial directions of k¥ and expanding around k = 0,

one arrives at

1 g
ap Pt = ——— Te{(p + m,) [v*, 7’1 (P + mu)The ™ (p)} (2.45)
48m,,
where
0
ILPl(p) = @F,I;ILbL(Pl,pz) : (2.46)
k=0

Next, the representation of the HLbL tensor in terms of the 54 BTT structures is plugged

in. Due to the derivative and limit k¥ — 0 in Eq. (2.46), only 19 linear combinations of scalar

HLbL

" and these are needed in the reduced

functions give non-vanishing contributions to a

kinematics
s=(@+@)?, t=¢, u=d, ¢, &, G=(@m+ae)?, kK=¢=0. (247

One can thus perform a basis change

54 54
e = ST = Y T, (2.48)
i=1 i=1

in such a way that the derivatives of only 19 structures T QW)\U are non-vanishing in the limit
k — 0. Thus, only the scalar functions fIgi with {¢;} = {1,...,11,13,14,16,17,39, 50,51, 54}

20



2.4 Data-Driven Evaluation of Hadronic Light-by-Light Scattering

are needed to calculate a,. These scalar functions can be characterized by the six representatives

I =TI + q1 - goTlyr,
I, = I — q1 - g3 (Tho — Ia2) — g2 - g3 (Tlao — Ia3) + g1 - g3 - g31la1,
17 = Iy — Mg + g2 - g311s1
117 = M7 + Mo + Iyg — Ty,
Tl39 = 39 + Tyg + Iys,
Tl54 = Ty — T3 4 M54, (2.49)

and the remaining ones are related to these via the crossing relations

[y = Co3lly,  TI3 = Cy3lTy Il5 = Coslly, Il = Ci311y,
Ty = Cioll;, Tl = C1oCi3M07, Tlho = Caslly, 3 = Ci3ll;,  TIiy = C1oCos1l7,
My = Ciallyy, Tl = Casllyy,  Tlso = —Cosllse, Tls; = Ci31l54, (2.50)

where the crossing operator C;; exchanges the photons ¢ and j.

The trace in Eq. (2.45) can be calculated for each of these 19 structures. By exploiting the
symmetry q; <+ —¢qo of the integration measure and the product of propagators at k = 0, the
number of independent scalar functions needed for a, can be further reduced to 12. After
performing a Wick rotation to Euclidean momenta, 5 of the 8 integrals can be performed by
angular averages using the technique of Gegenbauer polynomials [116,117]. This leads to the

master formula [17]
HLbL _ 20° [ °° ' 53 =
o= 22 [T d [T d@s [ arvI—TRiQ) Y 11,00 1) (@1, Q) (251)
- i=1

where ()12 denote the magnitudes of the Euclidean loop four-momenta, Q12 = ,/—qi2, and
T is the cosine of the angle between these vectors. The scalar functions II; are a subset of
the previous II; for k = 0 and 6 of the II; are related to the other 6 by the crossing relations
Eq. (2.50). The analytic expressions of the integration kernels 7; are given in Ref. [17]. Further
details on the derivation of the master formula can also be found in Ref. [118].

Parameterizing the three-dimensional integration domain by the coordinates [119]
Yel0,0), rel0,1], ¢e€]l0,27], (2.52)

which are related to the non-vanishing photon virtualities by

p
Q% = 3 (1 — gcosgb— g\/gsinqﬁ) ,
Q% = ? (1 - gcos¢+ g\/gsin¢) ,
Q% =Q%+2Q:Q7+ Q%= % (1+rcose) , (2.53)
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2 The Anomalous Magnetic Moment of the Muon

will prove very useful in the discussion about asymptotic constraints on HLbL in Ch. 3. The
master formula in Eq. (2.51) then takes the form

12

GHLbL — 430;3 5 /°° drx3 /1 drrv1—r2 /27r d¢ > Ti(Z,r, o)ILi(Z,7, ), (2.54)
™ Jo 0 0 =

where T;(Z, 7, ¢) = T;(Q*(Z, 7, ¢), Q2(Z,7, ¢), Q3(Z, 7, ¢)) and similarly for II;(Z, 7, ¢).

In terms of the Q? coordinates, the integration domain amounts to a cone with tip at the
origin. In terms of (X, 7, ¢), a given point in this cone is specified by the distance X to the
tip of the point’s projection on the symmetry axis (X = @2 + Q3 + @Q2), and by the polar
coordinates r and ¢ on the plane containing the point and orthogonal to the symmetry axis,
normalized such that r = 1 corresponds to the surface of the cone.

2.4.3 Dispersive reconstruction

The scalar functions II; are free of kinematic singularities so that they are analytic in the
complex kinematic invariants except for the singularities demanded by unitarity. One can
therefore use the unitarity relation Eq. (2.24) to reconstruct the imaginary part from on-shell
intermediate states and then use a dispersion relation to obtain the real part. Of course, it is

crucial that this dispersion relation is unsubtracted to obtain a parameter-free prediction for

HLbL
a m .

The HLDbL scalar functions depend on four qi2 and two independent Mandelstam variables.
One therefore has to choose which variables should be kept fixed when writing the dispersion
relation. Here we review the approach introduced in Ref. [39], namely dispersion relations in

the Mandelstam variables keeping the four photon virtualities fixed.

The s-channel pole residues and discontinuities are determined from the unitarity relation

Img (—i(v*(—q3, A3)7Y" (a4, A1) |7 (q1, A1) 7" (g2, A2)))
Np, o
=2 % (H / dpi) (v (g1, M)7* (g2, A2) | {pi 1) (v*(—a35 A3)7* (g4, M) |m; {pi}) -
n ™ \i=1

(2.55)

Individual contributions to the HLbL tensor can then be calculated by fixing the state n.
Selecting the 7%-state leads to

Im (—i (7" (—gs, A3)7" (g4, M) [7" (g1, A1)7" (g2, A2))

= %/@(’Y*(QL)\1)’7*(Q2,>\2)|7T0(P)>* (v*(—q3, A3)7* (g4, M) |7° (D)) (2.56)
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2.4 Data-Driven Evaluation of Hadronic Light-by-Light Scattering

and the matrix elements evaluate to

(7" (—g3, A3)7" (g4, A) [7* (g1, A1)7* (g25 A2))
=ie*(2m) 6™ (g1 + g2 + g3 — a1)ey (@1)€)2(a2)3 (—a3)*€p* (g4)  TI*"* (g1, 42, g3) »
(V" (g1, M) 7 (g2, A2) |7° ()
= ie(2m)*6™ (g1 + g2 — D)) (@1)"€)*(02) *€"* qratas Fryer (43, 63) , (2.57)

where we have introduced the pion transition form factor (TFF) defined by

i [ d'a e (0 T(Gu(@)i (0} 7@ + ) = uwasdi ) Frroe (@h,a3)  (259)

0123 _

with € = +1. Plugging this in, leads to

Im7 IT"*? (q1, 2, ¢3)
1 [~
= _5 /dp(27l’)4(5(4) (QI +q2 — p)Ep,uaﬁ6Aa§7Q1aQ2ﬁQ36Q4’yF7r'y*'y* (Q%, qa)FW'y*'y* (Q§’ qz)
= _71'5(3 - m72r)e,u.uaﬂ6Aa§’yQ1aQ2,B‘]35Q47F7r'y*'y* (Q%a Q%)Fﬂ"y*"y* (Q§a qz)

= —md(s — mi)TfW\aFm*v* (q%, Q%)Fm*v* (‘1?%, ‘IZ) . (2.59)

One thus only gets a contribution to the first scalar function. Similar results can be obtained for
the 7%-pole in the ¢- and u-channels, which only contribute to Im; IT; and Im,, II3, respectively.
The fixed-t dispersion relation contains integrals over the s- and u-channel cuts due to

u=g+@+@ -+ —s—t

IS t Iu t
Hi(s,t,u;q§)=c§+/ds'm (S “ql /d’m us U4 (2.60)

s —Uu

where ¢! only accounts for t-channel poles and does not represent a subtraction constant.

Plugging in the results for the 7° intermediate state and also accounting for the ¢-channel pole
in the fixed-s and fixed-u relations, one obtains

Hrro-pole(s ¢ u) _ Fﬂ'ofy*’y* (q%7 q%)Fﬂ'Ofy*'y* (q?z,a qz)
1 » Yy -

s—m2
H'rro-pole(s ¢ u) _ F'/ro'y*'y* (Q%a qg)Fwofy*'y* (Q%a ‘IZ)
2 Y t—m2
2 2
Hgo'p‘)le(s’ ¢ u) _ ero’r*v* (Q1aQ4)F7r;7*7 (QQ, Q3) (2.61)
u—m2

and there are no contributions to the other scalar functions.

In the master formula, the 7%-pole only contributes to 1:I1,2, which fulfill

= Ca3[Il4], Cio[llh] =104 . (2.62)
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2 The Anomalous Magnetic Moment of the Muon

The contribution to II; reads

1:I7r0-pole _ Fﬂ'o’y*’y* (_ %a _Q%)Fﬂ'o’y*’y* (_an 0)

=— 2.63
1 Q} +m2 (263

Evaluating the master formula Eq. (2.51) using 1:17{’02_1)01e defines the pion-pole contribution
azo'pde. The space-like singly-virtual and doubly-virtual 7° TFFs have been reconstructed
via a data-driven dispersive approach that takes into account all singularities due to 27 and
3w states in Refs. [18,50,120]. SDCs have been accounted for by adding to the spectral
density a contribution from pQCD and an effective pole has been used to ensure the correct
normalization, Fr,«,«(0,0). The representation has also been used to predict the branching
ratio BR[7? — e*e~] in Ref. [121]. Using this input, one obtains

ol PO = 62.61530 x 1071 (2.64)

This result agrees with other recent determinations based on lattice QCD [19], Canterbury
approximants [16], Dyson-Schwinger equations (DSEs) [122,123] and holographic QCD (hQCD)
models [41,43,44,124].

The n/n'-pole contributions to a, can be determined analogously resulting in Eq. (2.63)
with the pion TFFs replaced by n/n’ TFFs.® A dispersive analysis of the doubly-virtual /5’
TFFs has not been completed yet,® but the method of Canterbury approximants in Ref. [16]
provides data-driven determinations and associated uncertainties also for the n/n’ TFFs with
the results

aTPor = (16.3 £ 1.4) x 1071,

ol B0 = (14.5£1.9) x 10711, (2.65)

The pion box is singled out by selecting two-pion states in the unitarity relation Eq. (2.55)
and selecting the pion pole in the crossed channel unitarity relation for the v*v* — 27
amplitudes. It then can be shown that this definition of the pion box exactly amounts to the
pion box in scalar QED dressed with pion vector form factors (VFF) [39]. Using a dispersive
representation for the pion VFF, this amounts to [17]

an "™ = (-15.9+£0.2) x 107, (2.66)

8Strictly speaking, only states consiting of stable particles (within QCD) should be considered in the sum in
Eq. (2.55), whereas n and 7' mesons can decay to multi-pion states with at least 3 pions (away from the
isospin limit). Their very small widths compared to their masses, however, allow to approximate these states
by stable particles. To avoid double-counting, their contributions have to be subtracted from 3-pion states

once calculated or estimated.
9The dispersive formalism for the singly-virtual /%’ TFF has been established [125,126] and progress has

been made towards the determination of the doubly-virtual isovector contribution [127-129].
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2.4 Data-Driven Evaluation of Hadronic Light-by-Light Scattering

Similarly, the charged-kaon box depends on the kaon VFF. Using a representation based on
DSEs [130], one obtains a very small contribution to a,, [3]

alf"Pox = (—0.46 £ 0.02) x 10711, (2.67)

where the uncertainty corresponds to variations of the model parameters. The neutral-kaon
box is completely negligible [3].

Two-pion intermediate states with multi-pion contributions to at least one of the v*v* — 27
sub-amplitudes were considered in Ref. [17]. To this end, the helicity-partial waves of v*y* — 27
were calculated from generalized Roy—Steiner equations restricted to the S-wave in the two-pion
system with a pion-pole left-hand cut. For the mm-scattering phase shifts, input from the
inverse-amplitude method was used, which allows to cut off the fp(980) and heavier scalar
resonances in a clean way. This lead to

a7r7r,7r-pole LHC — (—8 + 1) X 10—11 , (268)

©,S-wave

which includes the effect of the fy(500) resonance. The results for the lightest intermediate
states discussed here are compatible with previous model evaluations [108,109], but drastically
improve both precision and reliability of error estimates.

States with higher multiplicity can currently only be estimated under the assumption
that they are saturated by resonances using a narrow-width approximation (NWA). In the
dispersive reconstruction, single-particle intermediate states of mass m are associated with
poles at Q? = —m? with the residue given by TFFs for on-shell mesons. Let us compare the
impact on the scalar functions II; of two such states of different masses m; 2. The ratio of the

two contributions contains a factor

Q2 ”L% ”L% 2 N2
i = +0(Q%,Q3), 2.69

which shows that heavier states are suppressed at small ¥ = Q% + Q% + Q2. As soon as one of
the momenta becomes comparable to the larger mass, no such suppression occurs any more.'?
This effect is of course modified by the numerator in II,, which encodes information on the
strength of the coupling to two (off-shell) photons, but it still helps us identify which states
can be relevant at specific energy scales and which not.

Heavier pseudoscalars contribute to the scalar functions exactly as the light pseudoscalars
with the TFFs and the mass replaced accordingly. Conversely, the couplings of scalars,
axials and tensors to off-shell photons have different decompositions into TFFs [131]. As
already mentioned, sum rules were derived in Ref. [17], which are needed to obtain finite and

HLbL
“w

unambiguous results for a , see Sec. 5.1.1. These sum rules are not satisfied for individual

10This argument obviously also holds if the denominator of the heavier state gets replaced by m> as for the
axial-meson longitudinal contribution in Eq. (3.36) below (see also Ref. [55]).
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2 The Anomalous Magnetic Moment of the Muon

intermediate states except for single-pseudoscalar states, but only for the infinite tower of
states. The scalar contribution is free of kinematic singularities and they can be avoided also
for the axial-vector meson contribution by choosing another basis [46]. Starting from spin 2,
kinematic singularities in individual contributions are unavoidable in the established formalism
by making use of only the minimal set of sum rules. In contrast, the complementary dispersive
approach introduced in Ch. 5 and Ref. [60] is manifestly free of this type of singularities.
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3 Effects of Longitudinal Short-Distance
Constraints on the Hadronic Light-by-Light
Contribution to the Muon g — 2

The data-driven approach to HLbL introduced in Sec. 2.4 allows one to calculate the effects
of the most important intermediate states in terms of experimentally accessible quantities.
However, it is impossible to perform such analyses for the infinite tower of contributions and
approximations have to be made instead. According to Ref. [3], these approximations currently
dominate the uncertainty of the SM prediction of aELbL.

According to the argument at the end of Sec. 2.4.3, these heavier intermediate states
contribute significantly only at sufficiently large Qf In the regimes where some or all of the QZ2
are much larger than A%}CD’ the OPE and pQCD can be used to calculate the scalar functions
as we will review in the next section. This leads to the so-called SDCs that are valid in regions
where unitarity ceases to be fully predictive.

Since the master formula integrals run only over space-like photon virtualities and all
unitarity cuts and poles are in the time-like region, the scalar functions are analytic in the
relevant domain. The idea of the approach presented in this chapter is thus to construct
functions that smoothly connect the known regimes, i.e. the low-energy region and the various
regions where SDCs are valid. The goal is to quantify how much information can be gained
using this input only without reference to hadronic models for the complicated treatment of
heavier intermediate states. In addition, we perform a detailed uncertainty estimate to assess
which part of the input has to be improved to obtain a more precise result.

We focus the study on the longitudinal components of HLbL, i.e. the scalar functions 1:11,2.
The reason for this is two-fold: first, these scalar functions are numerically the most important,
especially due to the large effects of the light pseudoscalar-pole contributions. We therefore
expect to be able to capture in this way the largest part of the effect on a,IbeL due to SDCs.
Second, the transversal asymmetric asymptotic SDC is less restrictive due to non-perturbative
corrections absent in the longitudinal counterpart. Nevertheless, the developed method is very
general and we expect a similar analysis for the remaining scalar functions to be possible with
only minor modifications.

In the following section, we review the relevant SDCs and discuss some of their implications

on the following calculations. We also discuss how these SDCs are fulfilled in available hadronic
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models. In Sec. 3.2, we show how the different SDCs can be connected to obtain a representation
valid at large ¥ = Q% + Q3 + Q% before interpolating between this and the low-energy domain
in Sec. 3.3. Sec. 3.4 is then devoted to the numerical analysis before we conclude this chapter
in Sec. 3.5. The content of this chapter has been published in Ref. [45].

3.1 Short-distance constraints on HLbL

In this section, we review the asymptotic constraints on the BTT scalar functions available in
the literature and make first steps towards their implementation in the subsequent sections.

The fully asymptotic limit, where all g; are space-like and large is dominated by the pQCD

HLbL
“w

is not particularly useful for its evaluation. For ¢4 ~ 0 and @ ~ Q% ~ Q2 > {A%OD,mg},

quark loop. However, since in the evaluation of a one photon is soft (g4 =~ 0), this limit
an OPE in a background external field can be employed [20,47,48]. In the limit where
g1~ 0 and Q? ~ Q2% > {Q2, AéCD, mg} and the corresponding crossed versions, a standard
OPE can be used to relate the HLbL tensor to the VVA correlator, which is constrained by
the Adler-Bell-Jackiw anomaly and non-renormalization theorems [15,21,40,49] (see also
Refs. [55,94] and Ch. 4). The limit Q? > {Q%, Q%, @3, A(2QCD’ mg} is far outside the integration
domain in the master formula and thus again not important for aELbL.

In the reduced kinematics Eq. (2.47) after the Wick rotation to Euclidean momenta, both
relevant asymptotic limits correspond to ¥ — oo but for different values of r and ¢: the
asymmetric limit Q% ~ Q% > Q% corresponds to r = 1 and ¢ = 7 while the symmetric

configuration Q? ~ Q2 ~ Q2 occurs in a neighborhood of r = 0 (see Fig. 3.1).

3.1.1 The asymmetric asymptotic region: Melnikov—Vainshtein constraint

We now review the definition of a constraint on the HLbL tensor that is valid if two virtualities
are comparable and much larger than both the third virtuality and Aqcp. This was first
considered by Melnikov and Vainshtein and we thus denote it as MV constraint.

We consider the HLbL tensor as defined in Eq. (2.39) after the Wick rotation has been
performed, i.e. for Euclidean momenta, in the regime where § = (¢1 — ¢2)/2 is large. The
leading contributions to the integral in Eq. (2.39) then comes from z =~ y and the product of
electromagnetic currents in the matrix element can be expanded around z = y. We consider
the tensor operator

1 (g1,0) = 1 [ e dty e @) T (@) @)}, )

which we want to expand into a series of local operators. Operators with the lowest mass

dimension are multiplied by the largest power of § and thus dominate at large §.! The

!This is in contrast with an OPE in Minkowski space, where operators of lower twist dominate due to the
non-positive-definiteness of the scalar product.
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3.1 Short-distance constraints on HLbL

Figure 3.1: The circle represents the boundary of the g — 2 integration domain for a fixed value
of ¥. The angles ¢ = 7/3, ¢ = 7 and ¢ = 57/3 correspond to Q3 = Q32, Q2 = Q3
and Q% = Q%, respectively. The colored regions indicate where SDCs on II; hold at
large ¥. In the green region, the OPE relates II; to the VVA correlator at leading
order, whereas the LO OPE gives a vanishing result for II; in the blue regions.

The pQCD constraint is valid in the orange domain.

operator of lowest dimension is the unit operator, which, however, amounts to a disconnected
contribution when inserted into the HLbL tensor. The next operator has dimension 3 and is
the di-quark operator, which due to chiral symmetry and charge conjugation can only appear

in the form of an axial-vector current?

7 (z) = P () Qv 59 (), (3.2)

where the quadratic dependence on the charge matrix (defined in Eq. (2.17)) follows from the
linear dependence on Q of the two vector currents. Due to parity conservation, this current
furthermore needs to be contracted with an epsilon tensor.

Since the pre-factor (Wilson coefficient) is independent of the states between which the
operator is evaluated, we can compute both the two-vector-current and the axial-vector-current
operators between single-quark states and match the coefficients. For ¢; + g2 # 0, where the

unit operator does not contribute, one obtains (see e.g. Refs. [15,21])

. 2i
(g1, q0) = [ dtze oo (—q—;eﬂ"“%am(z)) o (33)

2The scalar density 9 (x) Q% (z) cannot contribute in the chiral limit and therefore is necessarily multiplied by
a light quark mass, which effectively increases its dimension by one unit.
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

The ellipsis denotes sub-leading terms suppressed by powers of {|g1 + ¢2|/|4], Aqcp/|g|}. This
result implies that, at leading order in the OPE and at leading order in o, the HLbL tensor
can be expressed in terms of the correlator of two vector currents and an axial current,
2i N —igs-w igs- . . :
o (41,02, 05) = —yeuapd” / d*z d*y e 8V (0] T{jx(2)js (y)5 (0)}0)

2 .
= Q_er,l/aﬂqaw)\gﬂ (_q3a q4)

8 ]
= zCmasd > W), S (~gs,a) (3.4)
a=328,0

for Q% ~ Q3 > {Q3,Q3, AéCD}, where in the second line we have inserted the definition of
the hadronic VVA correlator

Was(ar, @) =1 [ d'a [[atyd@=tod)  TGR@IEm@R0H0  65)
with the three outgoing momenta ¢1, ¢2 and g3 = —g1 — g2 and in the third line we have

employed its flavor decomposition into isovector (a = 3), flavor-octet (a = 8) and flavor-singlet
(a = 0) components® as derived in Ref. [21]. The numerical coefficients C, = Tr(Q?),)/2
with A% the Gell-Mann matrices and A’ = 1/2/3 1 follow from the flavor decomposition of the

quark-charge matrix and explicitly read

1 2

il Co= 75 (3.6)

1

The VVA correlator can be decomposed into Lorentz structures (see e.g. Ref. [132]). For
this, we start by writing down all Lorentz structures compatible with Lorentz symmetry and

invariance under parity, which requires a Levi-Civita tensor in each term

{e"Pq1a , P G20 , € P 410254, , € *P G108 ,

041042647 , 7P q1a@25d5 , € PP D100284) s € Q109280 } - (3.7)
Since antisymmetric tensors of rank larger than 4 vanish in four dimensions, two structures

can be expressed as linear combinations of the others and can thus be dropped. We choose to
eliminate the 6th and 7th structures. Additionally, the Ward identities

W) (g1, 42) = a2 (W) (g1, ¢2) = 0 (3.8)

3See Sec. 4.1.1 for more details.
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3.1 Short-distance constraints on HLbL

allow us to reduce the number of independent Lorentz structures to 4. These can be chosen as*

{t’i”p,ti”p,t’f’p,z‘i”p} _ {_Euuaﬁqlaqw(ql + q2)p,

PP 410028 — €7Pgb qiaqas — @1 - @267 (q1 — @2)a

2q1 - @2
- 4 2emjaﬁQIaq2ﬁ(q1 + Q2)p ’
(q1 + q2)
2 9
(q1 — )p_u( +go)P | el
ql QZ (q1 + q2)2 Q1 Q2 € QIaQ2Ba

PP qatop + €PP b q1agos — @1 - 2€"P (@1 + 2)a}  (3.9)

and the three-point function then reads

L1 (a v a v
WY (g1, 02) = ——[wi (@], 6, (@ + @)t +wr® (@, B, (@ + @)

+wp (a6, (a1 + )27 + o ah B, (0 + )]
(3.10)

The Lorentz structures are chosen such that the first is longitudinal and the latter three are
transversal with respect to the axial current.

After projection onto the BTT scalar functions, one observes that wjy determines the
asymptotic behavior of 1:11,2 in the asymmetric region, while the transversal functions fix
the other scalar functions entering the master formula [21]. For this reason, we call also the

HLbL
“w

scalar functions and the corresponding contributions to a longitudinal and transversal.

In the chiral limit, the longitudinal function is fixed by the axial Adler—Bell-Jackiw (ABJ)
anomaly [133,134]

a) 2N,

(@)¢ 2 2 2
wy (91,92, (q1 T q2)°) = ) 3.11
2t 0+ 2 = o (311
where only the singlet component receives corrections from the gluonic U(1) anomaly.
Plugging this into the result from the BTT decomposition, we arrive at
= (a),OPE 2N.C3
1-Ila (QQa Q2a Q%) = _ﬁzég for a={3,8,0}. (3.12)

This equation holds in the chiral limit, neglecting the anomalous contribution in the singlet
channel and in the kinematic limit Q% ~ Q% = Q% > Q% > AéCD. For the non-singlet
components (a = 3, 8), since perturbative [135] as well as non-perturbative [136] corrections are
absent in the chiral limit, the hierarchy between AéCD and Q% can be dropped. In the singlet
case, the gluonic U(1) anomaly modifies the result. Thus the hierarchy can only be dropped
at leading order in the large- N, expansion, where the anomaly vanishes. Furthermore, in the

“See Refs. [55,94] for a discussion of the relevance of the kinematic singularities at (g1 4 g2)® = 0. In Ch. 4, we
will use a decomposition free of kinematic singularities.
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

crossed kinematics (Q3 ~ Q2% >> Q2 and Q? ~ Q2 > Q3), the leading-order OPE contributions
to II; vanish.

Let us now compare 1‘1@’ OPE against the pseudoscalar pole contributions, focusing on the
pion pole first. In the chiral limit and using the fact that [137,138]

Jm Q° Fryene(—Q%, —Q*) = 4C3 F; (3.13)

at leading order in a;, one finds

hm QT -pole(Q2 Q2,0Q2) = —4CsF, Fry ’yé Q370)
3

This expression has a pole at Q2 = 0 since Fyy«+(0,0) = 3C3/(2m2F;). The location of this

pole as well as its residue agree with 1:153)’ OFE in Eq. (3.12), which is consistent with the pion

(3.14)

being the only massless isovector state in the chiral limit. The agreement between the OPE
result and the pion pole has to stay in place also if perturbative corrections are included in
both ﬁg")’OPE and the asymptotic limit of the pion TFF to the same order.

For finite quark masses, the pole in f[;ro_p()le is shifted from Q% =0 to Q?,, = —m2, which lies

HLbL

outside the integration domain for a;;“*". The closest point in the integration region for fixed

asymptotic ¥ (see Fig. 3.1) is at Q2 = 0, where

Fryiy<(0,0) 603
. -

et (3.15)

lim Q] **°(Q% Q2 0) = ~4CsFy
Q?—00 T
This is still close to the actual pole, which leads to the enhancement by m_2. Since no other
contribution receives the same enhancement, the last expression is expected to provide an
excellent approximation to the true 1:153) in the specified limit.> We observe that the OPE
result, which is derived in the chiral limit, reproduces Eq. (3.15) if the pole position is shifted
by the pion mass as dictated by the pion pole contribution

6C2

: 273 (2 A2 N2y _
lelinooQ Hl (Q 7Q 7Q3) - 7T2(Q§ +m72r) . (316)

This is also consistent with the OPE result in Eq. (3.12) for Q2 > Q3% > AQCD, where chiral
corrections are sub-leading.
We extend the last relation to the n/n’ channels and write
6C2q
m2(Q3 + mig)

Here Cr = C3 but C,,/,y cannot be directly identified with Cy/s due to 7-n"-mixing. In analogy

Jm QT (@ Q% Q8) = - (3.17)

to the pion channel, we assume that ground-state single-pseudoscalar exchanges dominate

5At variance with the MV model of Ref. [15], we do not neglect the momentum dependence of the singly-virtual
TFF and we allow for the contribution from other states besides the pion at finite Q3.
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3.1 Short-distance constraints on HLbL

1'1%8/ 0)=n/ nl(Q2, Q?,0), despite the fact that the 7/’ poles are further away from Q2 = 0. This
assumption implies that C, /,» can be read off from the pole contributions

/ 6C2
. — 1 /n/-pol /
121m Q2II71’/77 poe(622,622,0) =———5 nz/n . (3.18)

Q n/n’

One can show that in the chiral limit and at leading order in o, [21]

6(C + C3)

T2

lim lim Q%Q2 (ﬁ}""de(QQ,Q?,Q%)+ﬁ’1’""°le(Q2,Q2,Q§)) =—

Q%20 Q%2—o0

(3.19)

At this point, we note that, besides the a; corrections to the TFFs and OPE coefficient
discussed in Sec. 3.1.2, which affect all ground-state pseudoscalars in the same way, the U(1)
anomaly induces a running of the flavor singlet decay constant [139-141]. This running leads
to an incomplete cancellation between the decay constants in the symmetric asymptotic and
the real photon limits, which has a sizable impact due to the large scale separation [142,143].

Since 1:127/ 7-Pole can be expressed in terms of TFFs analogously to Eq. (2.63), assuming that
corrections due to non-vanishing meson masses are negligible both in the real photon limit

and in the symmetric asymptotic limit of the 1/’ TFFs, Eqgs. (3.17-3.19) together imply
Ca+C2 =C3+C (3.20)

up to the above-mentioned anomaly-induced scale-dependence, which leads to a violation of
this equality (cf. Sec. 3.4.2).

For Q% > A?QCD, the additional Q%—suppression of the singly-virtual TFF leads to a mismatch
between the pseudoscalar pole contributions and the OPE constraint and other states beyond
ground-state pseudoscalars have to be responsible for saturating the constraint. In Sec. 3.1.4,
we will review some hadronic models that achieve this saturation. In Secs. 3.2-3.4, we will,

g

however, show that sufficiently precise results for ai?n can also be achieved without explicit

model assumptions on the coupling of heavier intermediate states to photons.

3.1.2 «, corrections to the OPE

The derivation of Eq. (3.3) has been performed at leading order in a;. Since no other operator
of dimension 3 can appear in the OPE of two vector currents, as corrections only affect the
OPE coefficient of the axial-vector current. Thus, the NLO version of Eq. (3.3) is

i 2i s vaBas A
HMV(Ql,Qz) _ /d4z e~ l(q1t+q2)-2 (_Q_; (1 + %C) e ﬁqa]w(z) +0 (q 2)) , (3.21)

where C' is a real number.

C can be easily computed by observing that the two-current operator not only enters the
HLbL tensor, but also the pion TFF (see Eq. (2.58)). Thus, any perturbative correction to
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

9989

Figure 3.2: Diagrams contributing to the matrix element (q(p1)|II**(q1, q2) |g(p2)) at NLO
without wave-function renormalization. In addition there are the same diagrams
with the photons crossed. Solid lines represent quarks, wiggly lines photons and

curled lines gluons.

the OPE Wilson coefficient automatically implies the same perturbative correction to the
symmetric limit of the pion TFF and vice versa and C' can be determined from the pion TFF
asymptotics. This also guarantees that the OPE result Eq. (3.12) agrees with the pion pole in
the chiral limit for Q% = 0 exactly to all orders.

At leading order in the OPE, the asymptotic TFF can be written as

1
Py (<@} =Q3) = | duT(@3, Q3 u)n(w) (3.22)

where T(Q?,Q3,u) is the perturbativly calculable hard scattering kernel, ¢,(u) the pion
distribution amplitude and the integral runs over the momentum distribution among the
partons in the quark anti-quark Fock state of the pion. In the symmetric limit Q2 Q2 the
hard scattering kernel is independent of v and thus can be pulled out of the integral. The
normalization of the pion distribution amplitude, fol du ¢r(u) = 1, then fixes the integral.
With the hard scattering kernel calculated to NLO in Ref. [144], this leads to [18]

Fryeyr (—Q%, —Q%) = (1 — s +o( )) ggz (@) (3.23)

From this, we read off C = —1.

As this result disagrees with Ref. [145], we computed the single-quark matrix element of
Eq. (3.3) to NLO. The Feynman diagrams contributing to {(g(p1)|II* (g1, g2) |g(p2)) can be
found in Fig. 3.2 and have to be calculated with the standard QCD Feynman rules. The
UV-divergences of the first two diagrams are canceled by vertex renormalization and that of
the third by quark wave function renormalization, whereas the last diagram is UV finite. The
result has to be expanded to leading order in 1/|§|.

However, also the single-quark matrix element of the right-hand side of Eq. (3.3) has to be
calculated to NLO. For this we need (g(p1)| _]5 lg(p2)) to O(as), the relevant diagram for which
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3.1 Short-distance constraints on HLbL

Figure 3.3: Diagrams contributing to the matrix element (g(p1)| jg (2) |g(p2)) at NLO without

wave-function renormalization. Solid lines represent quarks and curled lines gluons.

is displayed in Fig. 3.3. This is also needed to cancel the IR divergences of the fourth diagram in
Fig. 3.2 in the massless limit, which is leading in 1/|g|. To evaluate this diagram in dimensional
regularization, one needs a prescription for the treatment of 5 in d # 4. The presence of the
axial anomaly shows that one cannot simply require {y,,vs} = 0 and Tr(v, 77\ Yo) = 4i€uro
to remain valid as this would allow the singlet vector and axial-vector currents to be conserved

simultaneously. Instead, 't Hooft and Veltman [146] proposed to use

v = %euuxav”v”vkv” (3.24)
and pull the e-tensor out of the d-dimensional integral. This leads to {y,,5} = 29,75, where
4, vanishes if p € {0,1,2,3} and equals -y, otherwise. This approach was later formalized by
Breitenlohner and Maison [147].

Using this scheme, one finds that the axial current is renormalized not only by the wave-
function renormalization of the fermions, which make the matrix element finite, but also by a

finite renormalization for the non-anomalous Ward identity (cf. Ref. [144])

T (p2 — p1)p = (P, — Z(p1))75 + ¥5(P, — Z(p2)) (3.25)

to hold, where I'y’ is the 1PI matrix element of the axial current with quark momenta p; and
p2 and X(p) the quark self-energy.
Putting everything together, this calculation confirms C' = —1. It follows that the NLO
version of Eq. (3.17) reads
2
Jim QM7(@, Q%08 - _ﬁfmi) (1-%). (3.26)
This result has later also been confirmed in Ref. [49]. In this reference also higher-order
terms in the OPE have been considered. For qg > A(ZQCD, one can use perturbative input
for the matrix elements appearing therein and doing this, the properly expanded result from
the perturbative quark loop is recovered. At smaller values of q§, these matrix elements are
non-perturbative and Ref. [49] does not provide an evaluation. We will thus not consider these

corrections in the following.
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

3.1.3 The symmetric asymptotic limit: perturbative QCD constraints

In Refs. [20,47, 48], the behavior of the HLbL tensor in the regime where three photon
virtualities are large, whereas the fourth is on-shell as needed for aELbL
It has been argued there that the standard OPE with the pQCD quark loop at leading order

is not applicable due to the small momentum scale entering via the external photon.

, has been investigated.

Instead, the authors of Refs. [20,47,48] have considered an alternative OPE in the presence
of an external electromagnetic background field. In this formalism, the soft photon can either
couple to a hard quark line or soft degrees of freedom through non-perturbative operators
with the quantum numbers of the external field. For the calculation one first factors out the
external photon from the matrix element at small g4

i€ (—ga) T (g1, @2, 43) = —II > (a1, 42) (0] Fyo y*(—04)) = —idupeo (—aa) e (01, 40)
(3.27)

where [po] indicates antisymmetrization. The matrix element H’}”)‘p “(q1, q2) is independent of
the soft momentum ¢4 and can be calculated perturbatively through the OPE in a background
field.

At leading order in this OPE, the external field couples to a hard quark line through
modification of the quark propagator. At leading order in «s, this exactly leads to the massless
quark loop result in standard pQCD. The expression for II; reads

— bQCD N, Tr 0* 1-z 1-a
WP @) = Vo [ar [ ayhimy) =5 [ o [ dyhe),

_16z(1—z—y) 16zy(l —2z)(1 —2y)

Ii(x,
1( y) A%32 A132A32
A =m, —zyg; —a(1—z—y)g; —y(1 — = —y)qz
Aij =mg —z(1—2)g; —y(1 —y)g], (3.28)

where we have kept a non-zero quark mass despite the fact that quark-mass effects are
intertwined with non-perturbative higher-order contributions in this regime. The expressions
for the other scalar functions can be found in Ref. [21].

At NLO in the OPE, the photon couples to the diagram through the di-quark operator with

quantum numbers of the external field

<C_]UaBQ> = QqFaBXq (329)

with the charge Q, of the quark ¢ and the tensor coefficients related to the magnetic suscepti-
bility X4. Due to chiral symmetry, the result is additionally suppressed by one power of the
light quark masses. This together with the small numerical values of the tensor coefficients

HLbL

leads to a very small contribution to a,, if the integrals in the master formula are restricted

to reasonably large momenta. Operators at dimension 4 are not suppressed by quark masses,
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3.1 Short-distance constraints on HLbL

but their effect on aELbL

is similarly small [47]. In the following, we will only make use of the
leading-order result. Perturbative as-corrections to the quark loop have been calculated in
Ref. [48]. The full result up to two loops is complicated, but to a good approximation it is
given by (1 — as/m) times the leading-order expression.

In the symmetric limit, neglecting terms that are suppressed by powers of mg /@Q?, the
leading order result in both the OPE and a; takes the form

4N.C?

I:I?QCD(Q2,Q27Q2) _ Z I:Iga)» pQCD(Q2,Q2,Q2) — Z _—371'2@4 y

=380 a=3,8,0

(3.30)

where we have chosen to adopt the same flavor decomposition as for the asymmetric OPE case,
Eq. (3.12). However, Eq. (3.28) is expected to be a good approximation also away from the
fully symmetric configuration as long as large logarithms of ratios of momenta are absent. Since

l:[f_pOIe decays like Q~°, (towers of) hadronic contributions beyond ground-state pseudoscalar
poles have to be responsible for the behavior shown by Eq. (3.30).
In order to saturate the pQCD result in the isosinglet channels, we need coefficients Cgﬁ](,m
satisfying ) )
2 2 _ QCD pQCD
CE+C} = (CpP) 4 (CB3P)". (3.31)
Since Eq. (3.20) is violated, we define
pQCD)? _ 2
(Cn/n’ ) = (L+00)Cypy » (3.32)

where the parameter &y is chosen such that Eq. (3.31) holds.

3.1.4 Saturation of SDCs within hadronic models

In this section, we discuss general constraints on hadronic models saturating the SDCs
introduced above and review models, which at least partly achieve a saturation. The numerical
results of these models are compared to ours in Secs. 3.4.3 and 3.4.4.

Both the asymmetric SDC for finite Qg as well as the symmetric asymptotic constraint

on GELBL

cannot be saturated by the pseudoscalar poles alone, which decay too fast in the
respective limits. In fact, no finite number of single-particle intermediate states can saturate
the limits as the coupling between these mesons and the photons is subject to SDCs as
well [131,148,149] (see e.g. Ref. [150] where the analogous case of a three-point function is
treated explicitly). For this reason, only infinite towers of states can saturate the limits, where
the non-commutativity of the limits on the virtualities and the infinite sum over the states can
make the tower contribution decay more slowly than any individual contribution. Hadronic
models are needed to estimate the effects of these towers of intermediate states.

It is evident from the derivation in Sec. 3.1.1 that the asymmetric OPE constraint can

only be saturated by states that couple to the axial current. In the single-particle sector, the
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

only available states are pseudoscalars and axials. In the chiral limit, massive pseudoscalars
cannot couple to the axial current for the following reason: consider the vaccum-to-massive-

pseudoscalar matrix element of the axial current
0] A% () |P(k)) = ik, F, (3.33)

where A,(f)(m) = ¥(x)7,75A%(z) /2 are the flavor components of the axial current and FI(,a) is
the decay constant of the pseudoscalar. In the chiral limit and for a # 0, the axial current is
conserved, so that the derivative must vanish

(0| 0" A, (2) |P(k)) = k*Fp = m»Fp = 0. (3.34)

This can only be satisfied if either the mass vanishes in the chiral limit (as for the ground-state
pseudoscalars) or the decay constant tends to zero in the chiral limit. The latter has to be
the case for excited pseudoscalars, which thus do not couple to the axial current as evident
from Eq. (3.33). For this reason, only an infinite tower of axials can saturate the asymmetric
SDC in the chiral limit, whereas away from the chiral limit excited pseudoscalars can also
contribute.

Together with the first derivation of the asymmetric asymptotic constraint, the authors of
Ref. [15] have also presented a model to saturate it (see also Refs. [21,93]). They use only one
multiplet each of pseudoscalars and axials, but modify their forms compared to the dispersive
framework reviewed in Sec. 2.4. The longitudinal constraint is saturated by the pseudoscalars
with the singly-virtual TFF set to a constant. This substantially changes the form of the scalar
function in the low-energy region, where the pseudoscalar poles in the dispersive definition are
known to dominate. With this prescription, the parametric )-dependence in the symmetric
regime is compatible with the pQCD quark-loop result, but the coefficient is too large. In
the transversal sector, a vector-meson dominance (VMD) model for axials, again without the
singly-virtual TFF, is employed to saturate the asymmetric constraint.

More recently, two other model-based approaches were considered to saturate the SDCs.
In Refs. [21,40], the longitudinal constraints are saturated by infinite towers of excited
pseudoscalars in a large- N.-inspired Regge model, away from the chiral limit. In this model,
the masses of both pseudoscalars and vector mesons are assumed to follow Regge trajectories

Mb(m) v(n) = AV + 10BY (3.35)

where the intercept T?L%p,v and the slope 0123’\, are determined from the measured spectra. It
is further assumed that the nth excited pseudoscalar couples only to the nth excited vector
mesons. Then VMD-like models with six free parameters are constructed for the TFFs and
five of them are chosen to satisfy the following conditions:

« mnormalization of the ground-state (7°, 5, ') TFFs at vanishing virtualities,
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3.1 Short-distance constraints on HLbL

Brodsky-Lepage limit for the ground-state TFFs,

e symmetric asymptotic limit for the ground-state TFFs,

o asymmetric OPE constraint for the longitudinal part of the HLbL tensor and
e symmetric pQCD constraint for the longitudinal part of the HLbL tensor.

The remaining free parameter is fitted to the ground-state TFFs using the dispersive pion
TFF [18,50] for the model in the isovector channel and data in the isoscalar channels. It has
also been checked that the two-photon couplings of the excited pseudoscalars are compatible
with experimental constraints where available.

To reduce the model-dependence of the approach, the result for II; is replaced by the pQCD
quark-loop result for Q; > Qmatch for all ¢ € {1,2,3}. Minimizing the combined uncertainty of
the Regge model below the matching point and the quark-loop result above it, the preferred
matching scale is determined to be around Qupatch = 1.7 GeV.

Refs. [41-44,151] on the other hand have investigated how axials can contribute to a
saturation of SDCs within holographic models for QCD. These models are based on the
AdS/CFT conjecture [152] that relates a theory of gravity in d 4+ 1 dimensional anti-de
Sitter space to a strongly interacting conformal field theory in d dimensions. To model the
non-perturbative QCD dynamics, a five-dimensional U(Ny) x U(Ny) Yang-Mills theory in
curved space-time is employed. The extra dimension is cut-off either by a hard boundary
(hard-wall model, HW) or smoothly by a dilaton field (soft-wall model, SW) to break conformal
symmetry in the infrared. Different mechanisms are employed to also break chiral and axial
symmetry. In this way, one obtains models with Regge spectra for pseudoscalar, vector and axial-
vector mesons.® In Refs. [41,43,44,124] these models have been applied to the pseudoscalar
TFFs finding results compatible with the dispersive and data-driven determinations from
Refs. 16,18, 50].

In these models, the contribution to IT; of an axial meson of mass M4 in the flavor channel

a can be written as’
e _9Ca Q% AQ%, @3) + Q3 A(Q3,QD)] 4(Q3,0) (3.36)
1674 M3

where A(Q?%, Q%) is the axial TFF. While each individual contribution falls off too fast in the
asymptotic regimes to saturate the OPE and pQCD constraints, one can analytically show that
the infinite tower behaves differently and indeed has the correct ()-dependence. Together with
the pseudoscalar contributions, these models can satisfy Eq. (3.12) with the full Q%—dependence
as long as Q2 < @? and accordingly also for the transversal OPE constraints. In the pQCD

6Models without chiral symmetry breaking only include ground-state pseudoscalars in agreement with chiral
symmetry.
"See, however, our comment in Sec. 2.4.3 about the intrinsic model dependence of such a contribution.
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

regime, the parametric -dependence is again correct, but if the parameters are fixed to satisfy
the OPE constraint, the coefficient is too small [41,43]. This could be corrected by other
contributions to the pQCD behavior not calculated so far in the holographic models [41].

3.2 Interpolating between asymptotic constraints

From this section on, we entirely focus on the longitudinal part of a/I;ILbL, for which the master
formula Eq. (2.54) reduces to
3

0o 1 2w _
along = @ / dE/ d’f‘/ d¢23 TV 1-— 7'2 Tl(z, r, ¢) + T2 (27 T, ¢ + 2_7T):| Hl(z, T, d)) .
® 43272 0 0 0 3
(3.37)

The hadronic dynamics is solely contained in the scalar function II;. The low-energy region
of this function, i.e. the region where all virtualities Q? are simultaneously small, is well
approximated by the contributions of the lightest states only, as argued in Sec. 2.4.3. We will
use this input in some part of the three-dimensional integration domain including the origin as
we are going to specify later. As already pointed out, if two or three of the virtualities get large,
the SDCs derived in the previous section can only be saturated by infinite towers of intermediate
states. However, experimental input on these towers is very scarce and constrained to the
few lightest states, which introduces uncontrolled uncertainties into model-based estimates
as explained in Sec. 3.1.4. Our approach instead is to construct general functions compatible
with all SDCs by construction and smoothly connecting to the well-known low-energy region.

To this end, we approximate the true IT; (2, r, ¢) following a two-step procedure. We first
select functional forms that are valid for asymptotic ¥ and are compatible with the constraints
discussed in the previous section. We then interpolate between this set of functions and various
representations of II; at small ¥ determined by single-particle intermediate states. Here we
work at leading order in a;. Perturbative corrections will be discussed in our numerical analysis
in Sec. 3.4.

We first focus on the constraints at the central points of their respective region of validity
in the plane for asymptotic ¥ depicted in Fig. 3.1. The OPE result in Eq. (3.17) is valid for
Q2 = Q% > Q2 or equivalently (r,¢) = (1,7). It imposes a X2 fall-off for non-zero Q% and
a pole in the coefficient function at Qg = —m%), slightly outside the integration domain, but
approaching it as ¥ — oo. The sub-leading results in the crossed kinematics Q% = Q§ > Q%
and Q3 = Q% > ? are also consistent with a ¥~2 behavior, but without poles close to @? = 0
or @3 = 0. In the symmetric limit Q? = Q2 = @2, Eq. (3.30) holds, which also has a X2
behavior.

These constraints are all compatible with

(@, asymp’ _ AN.C}, _ 12N.C%
' 72(Q3 + m%)(QF + Q5 + Q3) m25(3m% + X + Zrcos @)

(3.38)
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3.2 Interpolating between asymptotic constraints

if Cp = CII;QCD. Thus, Eq. (3.38) interpolates between symmetric and asymmetric asymptotic
limits. According to Sec. 3.1.3, §p parameterizes the anomaly corrections to the singlet VVA
correlator and the resulting shift in CIIZQCD with respect to Cp. A term proportional to
=2 and independent of r and ¢ is suppressed with respect to Eq. (3.38) at Q% = 0, where
ﬂﬁ“) » asymp! behaves as (m%X)~!. Thus, the addition of such a term modifies the behavior in
the pQCD regime while not spoiling compatibility with the OPE constraint. To account for a
non-vanishing dg, we subtract 12N0600’f] Iy /(7?%2) from Eq. (3.38) in the case of /%', which
leads to

12N.C} 12N.60C% r—o . 12N.CR(1+6)  12N(CBIP)?
725 (3m% + X 4 Zrcos @) ™52 sem 25 = 25
(3.39)

in the symmetric asymptotic regime.

Obviously, the choice made in Eq. (3.38) and the exact form of the singlet correction are not
unique and we are free to add a generic function such that the interpolant still satisfies the
constraints. This function cannot decay more slowly than ¥ =2 for any (r, ¢) region of finite

long integral to converge. Conversely, a function decaying faster than X2

size in order for the a,,
would not have a non-negligible effect at asymptotic ¥ compared to Eq. (3.38), so that the
function has to be 2 times a coefficient depending on r and ¢. This coefficient should be an
analytic function of r and ¢ without poles at r < 1 since II; is free of kinematic singularities
and dynamical ones can only appear at negative Qf. Therefore it can be approximated by a

Taylor series in 7 cos ¢ and rsin ¢ truncated after order M. In total, this lets us write

—(3), —(3), 12N C? M M
H§ ), asymp _ H§ ), asymp’ et ZO X(:) T i ( cos ¢)*(r sin (,25)
=0 j=
F{8/0)=n/ asymp _ 1(6/0)n/, asymp _ 3600C,
1 - 2y72
0
12N.C? 12NeC
+ e S ZZ i am rcos ¢)!(rsin ¢)’ , (3.40)
=0 j= O
where
ap,0 = 0, i 25+1 = 0 (3.41)

for integer j, due to the pQCD constraint and crossing symmetry.

Up to now, we have applied the quark-loop result only at r = 0. The fact that Eq. (3.28)
holds also in a neighborhood of this point can be used to fix the coefficients a; ;. To this end,
we fitted the asymptotic expressions Eq. (3.40) at fixed asymptotic ¥ with M = 2 to the quark
loop result Eq. (3.28). In the isosinglet cases, the fit is performed for the sum of the two cases
to remove the dependence on 7 — 7’-mixing and the anomaly correction in 7/7’ channels leads

to different results compared to the pion channel.
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

We restricted the fits to r < 0.9, where the maximal ratio of two squared momenta is
14.7. Since In(14.7) ~ 2.7, no large logarithms appear in this regime and we can assume the
convergence of fixed-order pQCD. We chose a grid of equally separated points in this circle
{(r;, i)} and minimized the sum of the relative squared differences between our interpolant
and the leading-order quark-loop expression

(3.42)

Y—o00 =0

=(a), asym; =(a), CD 2

2 7 o Hg ) Y p(zari7¢’i) - Hg ) pQ (Earia ¢1)

X" = Jim Z =(a), pPQCD :
Hl (E7ria ¢'L)

The resulting 5 dimensionless fit parameters in the pion channel read
aio = —0.170 y a0 = 0.094 y ap2 = —0.554 y ai2 = —0.169 y a2 = —0.756 (3.43)

and are all at most O(1), as expected since in Eq. (3.40) they parameterize relative corrections.
In the 7 and 1’ channels, the fit yields

041,0 = —0.017 , a2,0 = —0.201 , ao,z = —0621 , a1,2 = —0339 , 042,2 = —0642 (344)

for §p = 0.101 as determined from the Canterbury TFFs, see Sec. 3.4.2. In Sec. 3.4.1.2 we will
discuss uncertainties due to the chosen fitting range, the number of parameters in the fit and

a, corrections to the asymptotic constraints.

3.3 Interpolating between low and high energies

The next step is to smoothly connect our representation of I for &> {A?QCD, m%;., ...} given

by Eq. (3.40) to an accurate low-energy description. We achieve this by adding suitable terms
=(a), asymp

to 11

these terms are then matched onto an input low-energy representation of II; at a suitably

defined surface ™0 (., ¢). In Sec. 3.3.2, we discuss the construction of ¥™2%h and how it is

related to the mass scale at which intermediate states beyond the ones explicitly considered

that are sub-leading at large ¥. For each choice of r and ¢, the coefficients of

start to affect II;. Sec. 3.3.3 is devoted to a discussion of the convergence of the interpolants.

3.3.1 Interpolation functions and matching procedure

For ¥ > ¥™atch e consider the following two interpolation functions

i = (a), asym; N 1
o ™ (2, ¢) = T (2,1, ¢) <1+Zbi(r, ¢)2—1> ,

i=1

. B N Nt
™ 2(s,r, ¢) = I *7™(5, 7, ¢) (1 +) bi(r, ¢)2—’> , (3.45)

=1
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3.3 Interpolating between low and high energies

whose leading terms at asymptotic ¥ are given in Eq. (3.40), whereas below the matching

int 1/2 — P-pole
/ —nP

to the true ﬁ@ in the limit N — oo when matched to exact low-energy input using the

surface we set ﬁi“)’ . In Sec. 3.3.3, we will show that these functions converge
convergence property of a Taylor series. The two different forms given in Eq. (3.45) will be
used to estimate the sensitivity of our numerical results on the specific choice of interpolation
between low and high energies.

The coefficients b;(r, ¢) are fixed from the requirement that the ﬁﬁ“)’
value and the same N — 1 X-derivatives as the low-energy representation if evaluated at

int i
have the same

¥ = ymatch (. &) for each (r,$). No expansion is performed in r and ¢, which is crucial to
obtain a smooth transition to the low-energy regime.

Determining the optimal value of N is a non-trivial issue. On the one hand, larger values
of N seem to be preferable since the true II; is analytic for space-like momenta and thus
all derivatives are continuous. On the other hand, matching many derivatives leads to a
function that is almost saturated by the low-energy input contribution up to considerably
higher energies than X™2%h(r- $). Since it is desirable to match at least one derivative in order
to have II; differentiable at the matching point, we will use N € {2,3} in order to estimate
the dependence on N.

Interpolation functions with a logarithmic dependence on X are not forbidden. This can
stem, for example, from non-perturbative corrections leading to terms like In (Q?/M?2), where
M is some non-perturbative mass scale. In fact, the Regge model considered in Refs. [21,40]
leads to interpolants containing terms like @~*1n (Q?/0?) for Q% = Q? — oo, where o2 could
e.g. be the Regge slope of the excited pseudoscalar masses. In order to allow for such a
logarithmic approach of the asymptotic expression, we additionally consider the alternative
interpolant

i — (a), asym N-l .
™3 (2,7, ¢) = I *Y™(5, 7, ¢) ll +by(r, )5 1n< ) + 3 biga(r, )5
=1
(3.46)

and use again N € {2,3}. We note that this interpolant is independent of the numerical value

Adep

of Aqcp, a change of which can be absorbed into bs.

The bi-term in this interpolant leads to a slower approach of the asymptotic representation
1‘1}“)’ asymp(E, 7, ¢) of this interpolant compared to the polynomial behaviors of interpolants
1 and 2. Terms with a logarithmic dependence on ¥ multiplied by a higher power of ¥ 71,
however, do not modify the leading behavior of approaching the asymptotic expression and

are thus expected to have a negligible numerical effect.

3.3.2 The matching surface Xmatch

The remaining crucial ingredient in our procedure is the function £™2%h(y ¢), which determines

the value of ¥ at which the matching is performed for given r and ¢. Choosing it too low leads
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

to important modifications of f{ﬁ“) at low energies with consequent overestimation of aff).s
Conversely, choosing ™2t to0 high assumes the low-energy input to dominate beyond what
is expected according to mass and phase-space considerations and thus leads to underestimate
)

For small values of Q%, the 7%, n, ' poles are assumed to dominate independently of Q%’Q,
due to the pole at Q% = —m2P (see Secs. 2.4.3 and 3.1.1). This implies that no matching is
needed in this regime, i.e. ¥™2°(1 1) = co. The most general function that is analytic for all
(r, @) except for a (first-order) pole at (r,¢) = (1,7) can be written as

ymateh (. 4) = —3m2 (14 P(rcos¢,rsing)) , (3.47)
14+ 7rcos¢
where m? determines the matching scale at 7 = 0 and P is an analytic function with two
arguments and vanishing at the origin. The transformation property of II; under crossing
specified in Eq. (2.62) restricts P to be even in its second argument.

The parameter m? sets the absolute mass scale of £™2%h and should thus be related to the
masses of the states affecting II; beyond the ones explicitly included, namely 7°, 5, i’ here. In
the following, we will assume that contributions to II; in the g — 2 kinematics stemming from
multi-particle intermediate states are dominated by narrow resonances while non-resonant
effects lead to negligible corrections to the matching procedure and can be simply added to
our final results.’® This is realized for example in the large-N, limit of pure QCD: since the
short-distance expressions for II; in both symmetric and asymmetric limits scale like N, these
can indeed be saturated by single-meson exchanges (see Ref. [153]). Non-resonant contributions
from multi-hadron intermediate states (like 27, 2K, 7n, 3w, ...) are sub-leading for large
N, and thus cannot contribute to the SDCs. Since scalar mesons have no impact on II;, the
lightest states beyond the ground-state pseudoscalars that are the most relevant at small Q%
(see Sec. 2.4.3) are the axial mesons like a;(1260) and the tensor mesons like f2(1270), with

masses in the 1-2 GeV region, whose effects on aELbL

can presently be estimated only using
hadronic models, see, however, the advances made in Ch. 5 and Ref. [60].

For P(z,y) = 0, ¥ = ¥™atch corresponds to Q% = m?. Since a state of mass M ceases to be
suppressed by the denominator (Qg + M?) compared to lighter states when Q% approaches
M?, m? should be chosen well below M?2. At the same time, it should not be taken too
small, because we do not expect any large contribution to IT; at Q% < M?. We thus regard

m? = 0.5 GeV? as a good starting point for our analysis. In Sec. 3.4.1.4, we will discuss a

8We denote by aff) the result of the integral in Eq. (3.37) for IT; = I—IYI).

9We have checked the effects of the inclusion of the pion-loop contribution to II; [17] in the low-energy
representation. Since the two-pion state contains a five-dimensional representation of the isospin group,
a full decomposition into ﬁ§“) is not possible. However, even if its complete contribution is added to the
isovector channel, we find that at the current level of precision it is irrelevant whether the pion loop is
included in the matching procedure or not.
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3.3 Interpolating between low and high energies

range of choices for this parameter. The function P has to be analytic and can thus be Taylor

expanded around the origin. We truncate the expansion after order M and thus write

i—0j=0 v J*

M M o

P(z,y) = ZZ .|_j|pi,j 'y’ . (3.48)

In order for P to vanish at the origin and be even in its second argument, the Taylor coefficients
have to fulfill

poo =0 and p;oni1 =0. (3.49)

The remaining coefficients are unknown and in Sec. 3.4.1.4 we will estimate the uncertainty of
our result due to this ignorance by a Monte Carlo sampling.

3.3.3 Convergence of the interpolants

In this section, we discuss under which conditions our interpolants in Egs. (3.45) and (3.46)
converge to the true ﬁﬁ“) as N — oo. To this end, we assume that ﬁi“) is known exactly in
the region below the matching surface, i.e. for & < Lmath(p &) and that 1‘15“) — ﬁﬁ“)’ asymp
for asymptotic X.

) is free of kinematic singularities and analytic except for poles and

The scalar function ﬁﬁ“
branch cuts for configurations where the real part of at least one Q? is negative. For fixed
(r,¢) with 0 <r <1land0< ¢ < 2m, ﬁ§“) is an analytic function of ¥ except for poles due to
single-particle intermediate states and branch cuts due to multi-particle intermediate states
for Re(X) < 0. ﬁﬁ“)’ VP for fixed (r, @) is also an analytic function except for isolated poles
at ¥ <0 (see Eq. (3.40)). The ratio ﬁ§“)/ ﬁﬁ“) » @YTP therefore has the same singularities as
f{ﬁ“) and has a pole at the zero of ﬁﬁ“)’ VPP which we assume to be at YPole < ymatch e

can thus write the ratio as a Taylor series in X! at (Xmatch)—1,

(@) 00 .
H1 (2) 1 1 [
ﬁga): aSymp(Z) - g @i (E - Ematch) : (350)

This series converges for 71 € (2(Z™atch)~1 _ (gpole)—1 (yipole)—1) or equivalently for ¥ €

(zPole) 0o) if the relation XPO® < ymatch /9 holds, which will be checked below. Since the ratio

ﬁg") / ﬁﬁ“) » AP approaches 1 as ¥ — 0o, we also know that

o0 .
S a; (—zmareh) T = q (3.51)
> as (-2)

We can thus write

=(a —(a), asym > 1 1 ¢
Hg )(E)ZHg) Y p(z)zai (E_W>
i

)

= TI{ V() S s, (3.52)
=0
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

where the b; are linear combinations of the a; with coefficients depending on ymatch T
particular, by = 1 due to Eq. (3.51). Eq. (3.52) shows that ﬁ@’ ot converges to the true f[ia)
for N — oo if TPole < ymatch /9 for a1l (r, ¢) in the HLbL integration domain and ¥ > ¥P°€, In
)

the applications of our method, N is limited to rather low values since ﬁﬁ“ and its derivatives
at the matching surface are determined only from the 7°, 7, 7’-poles (and additionally from

the lightest axial in Sec. 3.4.4).

Let us now examine under which conditions the zero in f[ﬁ“)’ SR o ccurs for TPole < yymatch /2.
This relation is independent of the low-energy input but depends on the pseudoscalar mass
in f{ﬁ“)’ *Y™P and especially the anomaly correction dy. For P(z,y) = 0 in Y™atch and
m? = 0.5GeV2, the zero in ﬁ&“)’ *Y™P s at sufficiently low ¥ for all flavor channels and
all (r,¢). For 1=I§3)’ SVIP m2 can be reduced down to 0.0019 GeV? without violating the
requirement ¥P0le < ymatch /9 while for the iso-singlet cases there is no zero for positive ¥ in
f{ﬁs/ 0)=n/n’, asymp allowing all values for m. In all cases, this does not place a serious limitation
on the values for m we will consider in the uncertainty estimation in Sec. 3.4.1.4. The effect of
the polynomial P(z,y) will also be discussed in Sec. 3.4.1.4, where we will find that also there

the requirement is not restrictive.

Since 1:I§a)’ SV for fixed (r,¢) in the integration domain has poles only for ¥ < 0 and
fl§“) has no kinematic zero, also the ratio ﬁi“)’ asymp / ﬁﬁ“) can be expanded in X! at positive
(xmatch)—1  The same line of arguments thus proves the convergence of interpolant 2 in
Eq. (3.45) for N — oo and the requirement YP°le < ymatch /9 jg trivially fulfilled due to
¥pole — 0. The convergence of interpolant 3 given in Eq. (3.46) easily follows from that of
interpolant 1 because the logarithmic term can be written as a Taylor series at finite (X™atch)~1

so that the parameter b; in Eq. (3.46) is redundant as N — oo.

3.4 Numerical results and error analysis

In this section, we present the numerical results from the interpolants constructed in the
previous sections for ai?ng. We start in Sec. 3.4.1 with the isovector channel under the
assumption that the low-energy region is well described by the pion pole alone. Special
attention is paid to the estimation of the various sources of uncertainties. In Sec. 3.4.2, we
apply the same procedure to the isoscalar channels with the n and 7’ poles at low energies,
respectively. Since the holographic models reviewed in Sec. 3.1.4 predict a sizable contribution
from the lightest axial multiplet in the low-energy region, in Sec. 3.4.4 we present an analysis
including the holographic isoscalar a;(1260) contribution together with the pion pole in the
isovector channel. Despite the model-dependence inherent to the definition of such a state in
the dispersive formalism as mentioned in Sec. 2.4.3, this shows that input from further states

can easily be included in our formalism.
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3.4 Numerical results and error analysis

We define the contribution to a,(f) due to the SDCs as the difference

Ad® = a(® — aleinput (3.53)

where a}f’input is the result from using the low-energy input state(s) in the master formula.

ELbL g‘) = a}f’input + Aa}ta) is relevant and should agree between

(a)
m

For a , ultimately the sum a

different determinations. This implies that any comparison of results for Aa,~’ only makes

sense if the low-energy input and thus aif'input is the same. Including more and more states

in the low-energy input, which less and less contribute below the matching surface, increases

le-input (@)
m

ay and decreases a,,’ in such a way that the sum afta) = ah}mpm + Aa&a) converges.

3.4.1 The isovector channel

The isovector channel is characterized by a large contribution from the pion pole constituting
the largest individual piece to aELbL. Due to the small pion mass compared to other hadronic
scales, its main effect is on the low-energy region of 1:153). It is under excellent control both
theoretically as well as numerically as we have reviewed in Sec. 2.4.3. The high-energy behavior
of this contribution is controlled by the asymptotic behavior of the TFFs calculable from QCD
directly and it can thus neither saturate the asymmetric nor the symmetric SDC on 1‘1§3).

The lightest one-particle intermediate state beyond the 7 in this channel is the a;(1260),
whose effect at low energies is suppressed by the large mass gap. While it still has a non-
negligible influence on 1:I§3) in the holographic models of Ref. [41,42], this contribution is
not well-known and will be assumed to be sufficiently suppressed in the low-energy region to
be dropped there (see Sec. 3.4.4 for an analysis including model information on this state).
The same will be assumed for tensor mesons, whereas the pion loop and other non-resonant
two-pion contributions are sub-leading in large- N, and can thus be ignored in an analysis of
the saturation of SDCs, which are leading in large- N, themselves.

The numerical dominance of the isovector channel at low energies due to the pion pole does
not imply that the same holds true at intermediate and high energies. In fact, the values of
C, in Eq. (3.6) make the flavor singlet channel the numerically most important one in the
asymptotic region where meson masses can be neglected, i.e. for Q7 > AQQCD.

The starting point for our numerical analysis is a “reference” set of assumptions and input
parameters. From these we will calculate a reference result and the impact of modifications
to the assumptions and parameters will be assessed by modifying them one by one in the
next sections. In this way, we will obtain a number of individual uncertainties, which will be
combined in Sec. 3.4.1.5 to define our final result. This procedure allows us also to examine
how the estimate of the effects of SDCs would be improved by more precise information on
the pion pole, the contributions from states with masses around 1-2 GeV and the asymptotic

regime, which each would reduce a subset of the individual uncertainties.
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3 Effects of Longitudinal Short-Distance Constraints on HLbL
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Figure 3.4: The pion pole contribution and associated uncertainty from Refs. [18,50] vs. the
reference interpolant and its error band which includes all sources of uncertainty
considered in the present analysis (see discussion in Secs. 3.4.1.1-3.4.1.4 below).

As low-energy reference input, we took the dispersive 7 singly- and doubly-virtual TFFs [18,
50]. As reference interpolating function, we used 1:I§3)’ "1 With N =3 (see Eq. (3.45)), which
turned out to yield results that are central in the range spanned by the interpolants 1, 2 and 3
and N € {2,3} (cf. Egs. (3.62) below). The asymptotic function is given in Eq. (3.40) with
the parameters from the fit to the pQCD quark loop result given in Eq.(3.43). a; corrections
to the SDCs will be included in the uncertainty together with the perturbative corrections to
the dispersive pion TFF. For the matching surface, we used Eq. (3.47) with P(z,y) = 0 and
mfef = 0.5GeV?. The resulting function, which we call 1:153)’ ref, is shown in Fig. 3.4 for r =0
together with the uncertainty band for the interpolants that we are going to discuss in the
next sections. One can see there that at low energies the interpolant is given by the pion pole
contribution including the error band. At higher energies, the interpolant leaves the pion pole
and converges to the asymptotic expression. The uncertainty band opens there and covers

many different forms of ﬁf’) reflecting the poor knowledge in the intermediate energy region.

Our reference outcome for the contribution to a}?ng due to the longitudinal SDCs in the

isovector channel is

Aa,(f’)’ ref _ al(f), ref _ aziii;;c;le — 256 x 1071, (3.54)
where a,(f’)’ el comes from using ﬁ§3)’ " in the master formula Eq. (3.37), and azoéfszle is given

in Eq. (2.64) according to Refs. [18,50]. In Sec. 3.4.1.5 we will argue that our final result does
not strongly depend on the choice of the reference set of parameters.
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3.4 Numerical results and error analysis

3.4.1.1 Pion TFF uncertainties

We start our discussion of the uncertainties that we attach to the reference result Eq. (3.54)
with those of the pion TFF. In Refs. [18,50], the uncertainty of the pion-pole contribution
receives four contributions: one related to the normalization in the real-photon limit, which is
taken from the PrimEx experiment [154], one to the dispersive formalism and the fits and one
each to the singly- and doubly-virtual asymptotic behaviors. The individual uncertainties are
then added in quadrature to obtain the result quoted in Eq. (2.64). The space-like TFF is
available as a table of points (Q2, Q2) with the central values and the individual uncertainties
for each point.

(3), ref
W

To propagate the errors of the pion TFF to our result, we calculated Aa using the

boundary values of the error bands for the individual error sources in the pion TFF in the

®3)

0_
low-energy input to a;;” and a”, pole

w,disp
both for the upward and the downward errors. We obtained

. Then we added the individual uncertainties in quadrature,

Staplaly) = 0.06 x 1071, Srpplal) =0.13 x 1071 (3.55)

for the uncertainties in the two directions, which correspond to the asymmetric error of the
dispersive 7° TFF. Both values are dominated by the error in the asymmetric asymptotic
limit of the 70 TFF, which covers a large range due to the conflicting high-energy data

from the BaBar and Belle experiments [155,156]. Given the smallness of 6%FFAa£L3), the
m0-pole

udisp CAIL be safely neglected

(negative) correlation between them and the uncertainties of a
0
when calculating a{”) = alf P + Ag®.
In order to study the impact of different pion TFF parameterizations, we compared the
previous results against the ones obtained using, both for the construction of the interpolant
and the evaluation of azo'pc’le, the C3 Canterbury approximant with ar.;1,1 = 2b2 of Ref. [16]

and the TFF calculated from DSEs [122]. We obtained
Aal? O =260 x 107" and Aal P5F =252 x 10711, (3.56)

which are both compatible with the reference result within the range given above. We conclude
that the outcome of our analysis is very robust against changes in the TFF input and that the
present knowledge of the pion TFF is sufficient for our purposes.

3.4.1.2 Asymptotic uncertainties

asymp

Here, we consider the uncertainties in 1:153)’ (see Eq. (3.40)), which are related to

« the choices made in the fit to the quark-loop result that lead to Eq. (3.43), namely the
degree M of the polynomial and the radius ryax of the fitting domain;

e a; corrections to the OPE constraint as given by Eq. (3.26);
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

e @ corrections to the quark loop.

We start by discussing the fit to the quark-loop result. In Sec. 3.2, we chose M = 2, which
reduces the x? in Eq. (3.42) by roughly a factor of 40 compared to M = 1. Considering a
larger value of M gives an estimate of the errors made by approximating the pQCD result by
a polynomial at r < rpax at fixed asymptotic ¥ and by extrapolating to the regime r > rpax,
which is unknown except for the OPE constraints. Choosing M = 3 shifts the result for Aa,(f')
by only 0.02 x 10~!! indicating that the truncation at M = 2 is sufficient. We also studied the
effects of a substantial reduction of the radius, namely from 7y,,x = 0.9 down to rya.x = 0.5,
where no logarithm of ratios of squared momenta is larger than 1. We found that this leads to
a small shift (0.07 x 10~!!). We did not consider rmax > 0.9 since fixed-order pQCD is not
expected to converge for r close to 1 due to large logarithms. Combining linearly the shifts

due to an increase of M and a reduction of ryax leads to
8oqeD feAal) =0.09 x 10711, (3.57)

which we will use as the (symmetric) uncertainty due to the quark-loop fit with respect to the
reference contribution of longitudinal SDCs to the pion pole input in Eq. (3.54).

Next, we turn to the estimate of the separate perturbative corrections to either the OPE or
the pQCD result. To obtain meaningful uncertainties, it is crucial to apply the corrections
only in their respective regions of validity and not to extrapolate the corrections out of that

region in an uncontrolled way. Therefore, for asymptotic ¥ we write (cf. Eq. (3.26))

—(3), asymp, 6OPE __ =(3), asymp as(p? = Q3+ Q32) Q%
I —1I 1— ol A— <3 _ 3.58

with the leading-order function 1:I§3)’ VP given in Eq. (3.40). Here, the Heaviside step function
0 ensures that the perturbative correction only affects a region around Q% = 0, whose size can
be varied via the free parameter A. By setting A = 1/29, this region does not extend into the
r < 0.9 domain. The choice of the renormalization scale u? is the same as in Ref. [18]. In
our numerical analysis, for the running of a; we used the three-flavor one-loop beta function
and matched to as(u? = M?2) = 0.35 since energies much larger than M, = 1.777 GeV are
irrelevant numerically for aELbL.

According to the discussion in Sec. 3.1.1, the OPE constraint in the chiral limit is saturated
by the pion pole at Q% = 0 to all orders in perturbation theory. For this reason in a consistent
analysis the OPE coefficient and the pion TFF in the symmetric limit should be taken at the

same perturbative accuracy. Hence we replaced in Eq. (3.45) 1_I§3)’ SYEP by 1:I§3)’ asymp, SOPE

and matched the correspondingly modified 1:153)’ ™1 45 the pion-pole contribution with TFFs

including O(a;) effects [18,144].1° Using this interpolant and this pion-pole result, our outcome

10We thank Bai-Long Hoid for kindly providing us with a numerical representation of the dispersive pion TFF
with O(as) corrections.
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for Aa,(f’) is larger than the reference result Eq. (3.54) by
5o oppAal) =0.01 x 10711 (3.59)

For A = 1/3, the domain where the correction applies extends down to r = 0.25, but
nevertheless the shift of Aa,(?) turns out to be —0.05 x 107! and thus still negligible. The
smallness of these shifts can be understood from the large values of ™2t} in the region where
these perturbative corrections apply. For this reason, the effect is almost completely included
in the pion pole contribution, where its impact is also small [18].

The NLO calculation of the quark loop in Ref. [48] shows that also in the symmetric regime
the correction is close to an overall factor —a; /7 for all 7 and ¢. Thus, instead of using the

result of the full two-loop calculation, we approximate it by

_ . _ m 2=y
H&S)z asymp, 6PQCD — HES)) asymp (1 _ as(/‘l’ﬂ- )0 (Tmax _ T)) , (3-60)

and as in the leading-order quark loop fit, we set rmax = 0.9. Using this expression in Eq. (3.45)
for the matching to the pion pole with leading-order dispersive TFF, we obtained a shift of
—0.18 x 107! compared to the reference result. Even when inflating this uncertainty by a
factor of 2 to account for different values of ryax, scale-variations and the error due to using

an approximation for the two-loop result,

Sxto pacpAay) = 0.36 x 1071 (3.61)
this effect is still sufficiently small compared to the current precision goal. Notice that as
opposed to our prescription in Ref. [45], we now use an uncertainty only in the negative
direction since the as-correction in Ref. [48] is clearly negative. In principle with the NLO
result available, it would be preferable to directly interpolate between the NLO expressions
for the OPE and the quark loop. The discontinuous functions employed here only serve to

provide a rough estimate of NLO effects, which given their smallness appears sufficient.

3.4.1.3 Choice of interpolation functions

In Egs. (3.45) and (3.46), we introduced three different interpolation functions, characterized by
two or three free parameters to be matched to the low-energy representation. The corresponding
results for the contribution from longitudinal SCDs are

Al N=2 _ 318 % 10711, Ag{D L N=3 _ 956 x 10711
Aalh ™ B N=2 — 975 % 1071 Agl» ™3 V=3 — 916 x 10711,
AP ™3 N=2 _ 9 69 x 10711, Aal® 23 V=3 _ 1 94 5 10711 (3.62)

3), int 1, N=3 3), ref
where Aag ), int 1, = A

” given by Eq. (3.54) has been included for completeness.
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

We observe that the slower logarithmic approach to the asymptotic limits in interpolant 3

leads to smaller results, especially when compared to the similar interpolant 1. Setting
SmsAalD) = 0.62 x 10711 (3.63)

all values listed above are within the range Aa,(f’)’ ref | JintAa,(f').

3.4.1.4 Choice of Z™match(r o)

The function X™3th(r ¢) in Eq. (3.47) contains the mass parameter m and the polynomial
P(z,y), which has been set equal to zero so far. We have argued in Sec. 3.3.2 that m should
be chosen considerably smaller than the mass M of the lightest resonances contributing to
II; in addition to the ground-state pseudoscalar mesons. For this reason, for the reference
interpolant we set m? = 0.5 GeV2. Here we discuss the effects of alternative choices for this
parameter within a range between mpyi, and Mmpyax.

Since according to Sec. 3.3.2 a conservative choice for the upper end of the range is mmpax ~ M,

we set m2_. = 1 GeV?. In order to determine an appropriate value for mumin, one has to estimate

max
isovector contributions beyond the m%-pole. Following our argument in Sec. 3.3.2, it is sufficient
to restrict ourselves to single-particle intermediate states and focus on the one giving the largest
effect at energies around m. We assumed this to be given by the pseudoscalar 7(1300) for the
following reasons. Models for tensor mesons around 1 GeV give similar or smaller contributions
to aELbL [52,53,157]. For ground-state axials, recent studies based on different approximations
and hadronic models yield quite different numerical results, see e.g. Refs. [41-44,52,54], leading
to large uncertainties. If future model-independent analyses show that axial-meson exchanges
are responsible for significant effects in 1:I§3) also at relatively small momenta, then these
contributions should be added to the pion pole before the matching is performed since our
procedure relies on a sufficiently precise knowledge of l:I§3) below Y™2th(r 4). Neglecting
issues related to model dependence, in Sec. 3.4.4 we will discuss the inclusion in our procedure
of information from hQCD on the lightest axial meson.

As for the light pseudoscalars, the interaction of m(1300) with two photons can be described
by a TFF, which determines the contribution to II; as in Eq. (2.63). As input for the
m(1300) TFF we resorted to Resonance Chiral Theory (RxT). RxT is an extension of Chiral
Perturbation Theory (xPT) including one multiplet each of scalar, pseudoscalar, vector and
axial-vector resonances with parameters typically fixed from SDCs [158]. The 7(1300) TFF
belongs to the odd-intrinsic parity sector, which has first been considered in Ref. [159] and it

has been calculated to read

_8VE, VEAEYOME — g~ )~ FnVF

2 2
Frr(1300)'y*’y* (Q1 ’ Q2) -3 v (q% — M‘%)(qg — M‘Q/) (364)

Here, we used Fyy = F), = 146.3MeV for the vector-meson decay constant and My = M, =
775MeV for its mass. The parameter K,:I; V' also appears in the 70 TFF and can be fixed by

52



3.4 Numerical results and error analysis

-5 |
S

;: —5.5 | | |— 7% pole
= - 70 4+ 7(1300)-
= poles

(AT |

o 6 —— interpolant

=

—6.5 | -
| |

| | | | | | | |
06 08 1 12 14 16 18 2 22 24
¥ [GeV?

Figure 3.5: The dispersive pion pole contribution and the reference interpolant with error band

corresponding to the various choices of the parameter m. The blue line indicates
2

the value of the matching surface for m? = m2; . The green band shows the sum
of the 7%~ and 7(1300)-pole contributions, where the latter has been calculated

using input from RxT and phenomenology, including errors.

imposing the Brodsky—Lepage condition Fwo7*7*(—Q2,0) = 2F;/Q%? + O(Q~*) on it to be
/@5 V' = —0.056. Having fixed everything except £V ?, we can impose the two-real-photon limit
of the excited pion TFF to be in the range Fy(1300)y+1+(0,0) € [0, 0.0544]GeV 1, argued for in
Ref. [21] based on experimental results [160,161].

Our procedure to determine my;, can be illustrated by means of Fig. 3.5. Given a value of
Mmin, at large enough ¥, the range of interpolants (orange band) spanned by m € [Mmin, Mmax]
safely includes the green band representing the sum of the contributions from 7° and 7(1300),
including errors on the latter due to the range for Fy(1300)y+y+(0,0). Since this is not the case
at small 3, the contribution to ahmg from this region is underestimated in our approach. To

gauge this effect, we calculated the integral in Eq. (3.37) with
= — 0_ =T - = in
o, = Hl pole + 1_11(1300) pole _ H§3)’ t(m _ mmin) (365)

using the maximal 7(1300) contribution, i.e. Fy(1300)y+y+(0,0) = 0.0544 GeV ™!, and restricting

the X-domain to the region below the point where the bands start to fully overlap (as a

(3), missed

function of r and ¢). This integral gives the missed contribution a at a fixed mmyjn.

Repeating this calculation for different values of muy;, yields the function a,(f’)’ missed(

by inverting this, we determined mpy;, by fixing a,(f’)’ missed ¢, values well below the accuracy

Mpmin) and

goal set by forthcoming experimental results. For af’)’ missed 05 x 10—, we obtained
m2;, 1 = 0.35GeV? and for ol ™ = 0.2 x 1071, m2;, , = 0.13GeV2.

min, 1 — 1% ’ m
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

Numerically, mmax = 1 GeV leads to the shift S;Aa,(f) =1.20 x 107! and the two values
Mmin, 1 a0d Muyin, 2 yield 6:');’,1Aal(i3) =0.81 x 10~ and 6;;’ 2Aaf,3) = 3.66 x 10~ 11, respectively.

If we add aLS)’ missed (Mmin,1/2) to the latter numbers, we obtain the conservative estimates
SnAal) =120 x 1071, 6F Aal) =1.31x 1071, & ,Aal) = 3.86 x 10711, (3.66)

In the following, we will use 57“;,1Aa,(f’) for the main results and keep 6;,2Aa£3) as an alternative,
even more conservative uncertainty.

We also considered a different parameterization for the 7(1300) TFF, namely the one given
by the Regge model in Refs. [21,40]. Using the empirical m(1300) = 1.30 GeV instead of the
Regge-model value of 1.36 GeV used in these references and following the same procedure

discussed above, we obtained mlznin, . = 0.53GeV? and m?nin’ , = 0.20 GeV2. This leads to'!
& 1Al =0.36 x 10711, & Al =2.63 x 10711, (3.67)

where we again added aﬁissed to the uncertainties in the upward direction. For our final result
we use the more conservative uncertainty estimates given in Eq. (3.66).

Next, we studied the effects of the polynomial P in ™2t (r ). In Eq. (3.48), this was
written as a polynomial with the coefficients p; ;. These are unknown, but since they are
dimensionless, they should be of O(1). We therefore set M = 2 and sampled the five coefficients
not constrained by Eq. (3.49) according to standard normal distributions. Since the pion pole
gives an excellent approximation of II; for very small ¥ at any (r, ), we only allowed for
parameter sets giving X2 (r, ¢) > %, for all (r, ¢), where X; is defined as the smallest value
of ¥ such that

ﬁ71r(1300)—pole (Sr, ¢)
i} (2,7, ¢)

holds for some (r, ). With 1:1717(1300)_1)0le calculated using RxT, we obtained ¥; = 0.57 GeV2.

This condition ensures that there are no large contributions from our interpolation at points

=0.02 (3.68)

where RxT predicts a very small excited pion contribution. We have also checked that in the
Monte Carlo sampling of the polynomial P(z,%), the requirement ¥P°le < ¥match /9 needed for
the convergence of the interpolant as derived in Sec. 3.3.3 does not lead to a further constraint
beyond Lmatch(pr ) > ;.

From 10200 sets of coefficients, we obtained the distribution of results for Aaf’) shown
in Fig. 3.6. It is characterized by a peak slightly shifted to smaller values compared to the
reference result and asymmetric tails. To quantify the uncertainty related to the polynomial
P, we read off the 16 % quantiles from both sides, which would correspond to 1o errors for a
Gaussian distribution, and subtract the reference result. This gives

5-!—

3 _
Pe.y) AadlP) =0.32x 10711, (3.69)

(3) _ —11 -
Aay,’ =039 x 107, 5P(z7y)

" Notice that in this case Mmin, 1 > Mrer and thus 5;"1Aaf') <0.
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Figure 3.6: Histogram of the shifts of a,(f’) due to longitudinal short-distance constraints in

the isovector channel for a sample of 10200 sets of parameters in the polynomial
P(z,y) in ¥™2h  The green line indicates the result for P(z,y) = 0, i.e. the
reference result, and the black lines indicate the boundaries of the error range.

As these results originated from a probabilistic procedure, repeating the calculation would
lead to a different result. To quantify these statistical uncertainties without having to repeat
this computationally costly calculation several times, we resorted to the bootstrap method [162].
This means that we sampled 10 200 numbers from the 10200 entries of the histogram, where
the same entry can be drawn multiple times. From this new sample we again calculated
the quantiles. Repeating this many times produces a distribution, the standard deviation of
which estimates the statistical uncertainty of the quantiles. We obtained 0.003 x 10~!! and
0.008 x 10~ for the statistical uncertainties of the two quantiles and consequently conclude
that the numbers in Eq. (3.69) would not considerably change if the calculation were repeated.
In addition, we performed computations with M = 3 and moderate changes in the value of the

ratio in Eq. (3.68) and found that the results are stable against such variations.

3.4.1.5 Estimate of the effects of longitudinal SDCs in the isovector channel

The 7%-column of Tab. 3.1 collects all uncertainties in our estimate of the effects of longitudinal
SDCs in the isovector channel as described in the previous subsections. By combining them in

quadrature, we get

5t Aa®) =150 x 10711, S Aa®) =1.44 x 1071 (3.70)
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

0 /

T n n
Aaref x 101 2.56 2.58 3.91
dtrrAay, x 101 o0 0.47 0.30
5pQCD ﬁtAa,,, x 1011 0.09 0.08 0.14
11 +0.01 40.01 +0.02
onLo opEAay X 10 —0.00 —0.00 —0.00
11 +0.00 40.00 40.00
ONLO pQcDAay, x 10 20.36 20.36 20,55
: 11 40.61 +0.74
(5mtACL“ x 10 0.62 —0.65 —0.84
11 +1.31 +1.27 +1.68
om,1Aa, x 10 ~1.20 117 ~1.60
11 40.39 40.31 40.32
0p(z,y)Aau X 10 ~0.32 ~0.33 —0.43
11 +1.50 +1.52 +1.90
dtotAay X 10 ~1.44 ~1.50 -1.97

Aa, x 10" 26415 26+15 39+19

Table 3.1: The effects on aELbL of longitudinal SDCs assuming that the low-energy region is
dominated by ground-state pseudoscalar poles, whose contributions are taken as
input. In each flavor channel, the results are presented as the shifts Aa, rr with
respect to the pole contributions for a specific reference set of parameters and a list
of uncertainties corresponding to different choices for each of these parameters. In
the last two rows, these uncertainties are added in quadrature and the final range is
symmetrized. See main text for details.
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Figure 3.7: Relative contributions to the total uncertainty in the isovector channel. For

asymmetric errors the mean of the squared errors is used.

Since we do not regard the reference parameterization as the central value, we symmetrized

the uncertainty to finally obtain the range
AalY = (2.6 £1.5) x 10711, (3.71)

Using instead " 2Aafb3) in Eq. (3.66), the final result would be (3.842.7) x 10~*!. Notice that,
despite the fact that it likely overestimates the range of longitudinal short-distance effects,
this interval is still definitely compatible with the current precision goal.

Fig. 3.7 shows the contributions to the quadratic error from the different sources discussed
above. The different shades of green therein correspond to uncertainties related to the
interpolation between low and high energies, which dominate the total uncertainty. An
especially crucial role is played by the choice of m, the scale at which the matching between the
low-energy representation of II; and the interpolant is performed. The uncertainties dint, Om
and dp(; . could be reduced by additional low-energy input concerning further intermediate
states and higher-order terms in the symmetric and asymmetric OPEs, see Refs. [20,47,49],
which would help constrain the coefficients b;(r, ¢) in the interpolants in Egs. (3.45) and(3.46).
The uncertainties related to the asymptotic behavior of f[13 are shown in red and only give
a small contribution to the total uncertainty showing that fully including NLO effects in
the interpolation will not considerably reduce the uncertainty. Nevertheless, the calculation
in Ref. [48] was important to exclude the possibility of large perturbative corrections. The
uncertainty related to the pion TFF input is shown in blue and completely negligible for the
total uncertainty.

We have also checked that our results are robust against the choice of different reference
sets of parameters. For example, if we set mes equal to the previous boundary values for the
uncertainty in the reference configuration, namely m ¢ = 0.35 GeV? and m =1 GeV? and
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

choose m? € [0.35, l]GeV2 as the range for the error estimation as before, we get

2 =0.35GeV?

(3), m2; 2 =1.00GeV?
Aa# T re

— (2841.6)x 1071, Ag® Mt — (24+15) x 1071,
m

(3.72)

where all other sources of uncertainty are included as before, but varying the parameters
with respect to the new reference set. We obtained similar results by selecting as reference
different interpolants or different values of the number of free parameters N contained therein.
The symmetrization of the uncertainty is crucial to arrive at that conclusion as otherwise the

central value would shift considerably.

3.4.2 The isoscalar contributions

In this section, the procedure presented above for the isovector case is applied to the isoscalar
channels with n/n'-poles as low-energy input. In our analysis, we employed the Canterbury
TFFs from Ref. [16] in the reference interpolant.'> We determined the parameters encoding
n — n’-mixing as explained in Secs. 3.1.1 and 3.1.3 and obtained

C, = 0.164, Cy =0.219, do = 0.110, (3.73)

which shows that &g is indeed sizable.
Following the same procedure for the construction of the reference interpolant as in Sec. 3.4.1,

we found

Ad" =258 x 10711 Ad" . =391x10711, (3.74)

woref — woref —

The uncertainty estimation proceeds in the same way as in the isovector channel up to minor
modifications. Since error bands for the doubly-virtual TFFs in all kinematic configurations
are not available in the literature, we estimated uncertainties by considering another TFF

representatlon namely the one based on DSE [122]. This yields Aa], ;= 2.11 x 10~'! and
Aad" Jref = =4.20 x 107!, The fact that individual results for  and 7’ channels differ by 18 and
8 %, but the sum only by 3% can be understood by comparing the mixing parameters

CPSF =0.148, CPS® =0.228, 6SE = 0.127, (3.75)

against those obtained from the Canterbury parameterization. These coefficients enter the

asymptotic functions ﬁﬁs/ 0)=n/', asymp quadratically, which leads to a reshuffling between
a!(AS/O)—n (8/0)—n’'

and a, . Due to Eq. (3.20), this effect drops out in the sum up to the anomaly

correction affecting the OPE regime. As TFF contribution to the uncertainty on AaLS/ 0)=n/n'

we took the absolute value of the differences between the results from the Canterbury and DSE

2In the conventions of Ref. [16], we used the C; approximant with An/nti1,1 = 2bf] , as for the pion.

/m
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TFFs for the individual channels and note that this probably overestimates the uncertainty for
the sum of the channels due to the reshuffling.

Since NLO results are not available for the n/n’ TFFs, we estimated the NLO OPE uncertainty
by simply rescaling the one in the pion channel by the ratio of the reference outcomes. Due to
the smallness of this uncertainty, this is expected to be sufficiently accurate.

For the range [mMmin, Mmax| and the minimal allowed value ¥; for ymateh jn the Monte Carlo
simulation for P(z,y), we took the results from the isovector channel. We rescaled the 7(1300)
term below the matching surface by the ratio of reference results when adding this contribution
to (Sma,(ﬁs/ O=n/m" his is justified by the fact that the first excited pseudoscalars in the three
flavor channels have similar masses, despite the large mass difference of the pseudo-Goldstone
bosons.

All results are collected in Tab. 3.1 and our final estimate for the longitudinal short-distance

effects in a&s/ 0=/ reads
Aa®/O7" = (2.6 £ 1.5) x 10711, AaPO™" — (394 1.9) x 10711, (3.76)

The difference in the uncertainty of the 7’-channel compared to Ref. [45] is due to Ref. [48]
showing that the NLO correction to the quark loop is negative, which only affects this channel
at the quoted accuracy. The relative contributions to the uncertainties are similar to the pion
case illustrated in Fig. 3.7. A more precise description of 17 — n’-mixing would of course help
better separate the two isoscalar channels but would not play an important role in their sum
leading to negligible shifts in the total contribution from longitudinal SDCs.

3.4.3 Sum over flavor channels and comparison with literature

Under the assumption that the three ground-state pseudoscalar mesons dominate the low-
energy region of 1:I§3), we can add the results of the two previous sections to obtain our estimate

for the effect of longitudinal SDCs on the HLbL contribution to a,. The result is
Ad?® = Aal®) + AalO 7" 1+ A/ = 9.1+ 4.9) x 1071, (3.77)

where we have combined the three uncertainties linearly since they originate from the same
sources in all three channels and are thus expected to be strongly correlated.

This result is remarkably close to what is expected based on flavor symmetry considerations.
If the U(3) symmetry emerging in the combined chiral and large-N, limit is assumed, then
Aa,(f/ 0=n 4 Aa,(‘S/ 0= 3Aa,(,3). Using our isovector result and adding linearly a standard

30 % uncertainty for U(3) breaking effects, we obtain
Aaj"® = (10.4+8.3) x 107 (3.78)

For this reason we do not expect that a more refined analysis of the subtler isosinglet contribu-

tions is going to change substantially our final results Eq. (3.77).
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Figure 3.8: Aa,(f’) as a function of a lower cutoff on @3 in Eq. (3.37): our reference result
and corresponding error band against the tower of excited pseudoscalars in the
large-N. Regge model 1 of Refs. [21,40] and the curve from the MV model [15]
evaluated using the up-to-date dispersive pion TFF. At small non-vanishing Q%,min’
our reference curve is constant due to the finite ¥™*h which for P(z,y) = 0
corresponds to m? = Q% = const., whereas the Regge model has a slope due to the
absence of such a cutoff. The upper end of our error band shows a slope because

of the inclusion of the m(1300) contribution in that region.

Our result can directly be compared to the Regge model of Refs. [21,40] (see Sec. 3.1.4).
As in our calculation, there it is assumed that the excited pseudoscalars give the dominant
contribution to ﬁﬁ“) in the intermediate energy region, whereas in the regime where all
virtualities are large both approaches are independent of the mechanism for the saturation
of the SDC due to the matching to the quark loop in the Regge model. Their outcome is
Aa}fng = (134 6) x 107!, which is well compatible with ours within errors. For the 5’-channel,
the Regge model yields Aa,(f/ 0)-n" _ (6.5 £ 2.0) x 107!, which is somewhat larger than our
result but still compatible within errors.!® This can partly be explained by the different value
for C, used in Refs. [21,40], namely C,, = 0.239, which results from imposing that Eq. (3.20)

holds exactly.

Fig. 3.8 shows Aaf) as a function of a lower cutoff on Q% in our approach as well as the
large-N. Regge model 1 of Refs. [21,40]. In order to obtain this plot, we calculated the integral
in Eq. (3.37) as a function of a lower limit on Qg (which depends on X, r and ¢) for both the

13The quoted result does not include the matching to the pQCD quark loop, which has only been performed
for the sum of all channels in Refs. [21,40].
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full a,(f’) as well as the pion pole contribution (cf. Eq. (3.54)). The Regge model result lies
within our error band for all Q%,min‘

Our estimate of longitudinal short-distance effects as well as the one in Refs. [21,40] are
smaller than the shift obtained in Ref. [15], Aaiﬁmg = 23.5 x 107!, which even increases to
about 38 x 10~ if up-to-date TFF input is used [21]. These large values are due to two
features of the MV model: the fact that the singly-virtual TFF is set to a constant over the
whole integration region and not only in the OPE regime, and the fact that in the symmetric
asymptotic limit the parametric momentum dependence is correct but its coefficient is too large.
Both of these features can be clearly seen in Fig. 3.8 and are responsible for the discrepancies
in the slope at small Q%,min and the values at large Qg,min, respectively.

Refs. [41-44] have studied how the inclusion of an infinite tower of axial-vector mesons could
help satisfy the OPE SDCs, focusing for this purpose on the relevant TFFs in the context of
hQCD models. The most realistic model in Ref. [44] finds that the tower of axial-vector mesons
gives a contribution of 31 x 10~ and 34 x 10~! depending on the way the model parameters
are fixed, of which about 18 x 10! and 20 x 10~ is attributed to a}fng, respectively. Thus,
the results of this study appear to be at the high end of our range in Eq. (3.77). However, we
stress that comparing these numbers with our result is not properly justified. Indeed, while in
the holographic models the parametric ¥-dependences implied by pQCD and the OPE in the
respective limits are correctly reproduced, the coefficients thereof are typically too small. In
addition, the lightest multiplet of axials significantly alters II; at small photon virtualities,
which implies that in our approach its contribution should be included in the low-energy
representation. This aspect will be discussed in the next section, also to show how information
on additional states in the 1-2 GeV region can be incorporated in our analysis.

3.4.4 Including ground-state axial mesons from hQCD at low energies

In the holographic models studied in Refs. [41-44], the lightest axial multiplet gives a substantial
contribution to the low-energy region, which, if confirmed by a model-independent dispersive
analysis, has to be included in the low-energy input in our approach. Conversely, the excited
axials are sufficiently heavy that their effect below =™2th ig negligible. Focusing on the
isovector channel again, we here illustrate the application of our procedure to the case of the
inclusion of axial-meson input.

Among the various scenarios analyzed in Ref. [42], the hard-wall model by Hirn and Sanz
(HW2) [163], which was also studied in Ref. [41] with different parameters, reproduces best
the measured mass, the measured equivalent two-photon decay width and the singly virtual
momentum dependence measured by L3 for the lightest multiplet [164,165]. Furthermore, it
yields asymptotic axial TFFs whose momentum dependence is consistent with the behavior
derived in Ref. [131]. The infinite tower of axials has the correct momentum scaling in the

MV regime, but the coefficient is 38 % too small [42]. Given also the relative simplicity of this
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model, we focus on this in the following, although the more involved models in Refs. [43,44]

are more realistic.

The lightest isovector axial-vector meson, the a;, contributes affHW2 =3.3x10"" to a}?ng
in this model. The rest of the tower of isovector axial mesons adds Aa,(f')’ A HW2 _ 0.8 x 10711

to this, implying that in this framework about 80 % of the total effect comes from the lightest
state.!* Almost half of the ground-state contribution is from the region below X™2%h (for the
reference interpolant), whereas only about 10 % of the tower’s effect comes from that region.
We matched the interpolant in Eq. (3.45) to the contributions from the pion and the
holographic a; with the reference set of assumptions in Sec. 3.4.1. A subtlety arises in the
regime of asymptotic Q% ~ Q% and Q% ~ 0. There, the low-energy input and the asymptotic
representation Eq. (3.40) are simultaneously valid due to £™2*h(1, 1) = co. However, in Sec. 3.2
we included chiral corrections by demanding consistency with the ground-state pseudoscalar
pole contributions only, which due to the close-by poles at Q% = —m?g are enhanced in this
regime. Nevertheless, the a; gives a correction, which we included by shifting C2 by 1.7%. To
avoid a modification in the quark-loop regime, we added a ¥~2 term independent of r and ¢
similarly to the anomaly correction in the isoscalar channels in Sec. 3.2. We obtained

(3)7 A R (3)7 A O-POIE J— —11
Aay” " =ay” " —ay 50— @y, = 1.9 %107 (3.79)
. ) . . (3), A, HW2
This result is more than twice as large as the resummed tower in HW2, Aa,, , but

the significance of this discrepancy could only be assessed by a more sophisticated analysis
including uncertainties, which is beyond the scope of this work. However, in the holographic
model the infinite tower of axials does not fully saturate the pQCD nor the OPE constraints,
which suggests that additional degrees of freedom besides axials should be included in a more
realistic model, which could reduce the discrepancy.

We then considered the choice of parameters made in Ref. [41] and referred to as HW2(UV-fit)
in Ref. [42]. This model is constructed to obey the OPE constraint exactly, but fails to describe
low-energy physics like the p-meson mass, the pion TFF and the axial TFFs measured by L3.
The longitudinal contribution from the a; in this case amounts to a* =34x1071

1, HW2(UV-fit)
1(13)’ AHW2(UV-) _ 5 8 % 10~11, Qur reference

and the tower of states increases the value by Aa
interpolant leads to Aa,(?)’ 4= 14x 10711, which is again larger than the model result.
However, also in HW2(UV-fit) the pQCD constraint is not fully satisfied by the tower of axials.

Neglecting issues related to intrinsic model dependence in the low-energy input, our method
based on interpolants that by construction satisfy all constraints indicates that the effects of
longitudinal SDCs are relatively small compared to the dominant low-energy contributions, and
what is crucial in order to achieve higher precision is to gain control over the latter. We stress

that a reliable prediction for the effect of SDCs on aifng with a robust uncertainty estimate

14We thank Josef Leutgeb for checking these numbers and the ones for HW2(UV-fit) below.

62



3.5 Conclusions

requires model-independent input information, which is not available for the ground-state

axial-vector mesons yet.

3.5 Conclusions

In this chapter, we introduced a novel approach [45] to incorporate longitudinal SDCs into
the calculation of the HLbL contribution to the muon g — 2. At variance with the previous
estimates based on hadronic models, we constructed general functions interpolating between
low-, mixed- and high-energy regions, without resorting to specify which and how hadronic
intermediate states are responsible for saturating the constraints. Furthermore, our method
allows us also to study in detail the role played by parameters and assumptions in a transparent
and numerically efficient way.

Our main premise is that an accurate low-energy representation of the longitudinal function
11 (Q?%, Q32,Q3?) entering the HLbL integral can be obtained by taking into account only
intermediate states that are under good theoretical and numerical control. For the 7%, due to
the location of its pole, the form of this low-energy representation can be straightforwardly
extended even to large Q% and Q% as long as Q% stays small. Using available input for the -
pole term, we found that the shift due to longitudinal SDCs on the isovector part of a/I}LbL is in
the range (2.6 £1.5) x 107!, By including in the analysis also the isoscalar components, which

the 7- and n’-poles are assumed to dominate at low energies, we obtained that longitudinal

HLbL
“w

in the low-energy input, perturbative corrections and fitting errors at asymptotic momenta,

SDCs increase a by (9.1£4.9) x 107! in total. The quoted ranges encompass uncertainties
parametric variations of the functional form of the interpolants and of the matching surface,
at which these functions are matched to the low-energy input, with the latter dominating the
total uncertainty. Thus, according to our analysis, infinite towers of states heavier than 1 GeV,
albeit crucial for the saturation of SDCs, give a relatively small contribution to aELbL and this
effect can be estimated with sufficient precision using our method. Conversely, states with
masses around 1 GeV contributing significantly to the low-energy region play a decisive role

also in a precision determination of short-distance effects.

HLbL
m

40], fulfills the accuracy goal set by the forthcoming experimental results and is significantly

Our result for the effects of longitudinal SDCs on a agrees with recent model estimates [21,
smaller than the earlier model result of Ref. [15], especially if up-to-date TFF input is used.
Furthermore, neglecting issues concerning intrinsic model dependence and the fact that hQCD
calculations in Refs. [41-44,151] do not completely saturate the SDCs, we find in agreement with
these studies that the infinite tower of axials has a relatively small impact on the longitudinal

ELbL if the lightest multiplet is treated explicitly as a low-energy contribution.

part of a
We expect that model-independent information on further intermediate states can be

incorporated in our approach once these become available. In that respect, we expect the
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3 Effects of Longitudinal Short-Distance Constraints on HLbL

novel dispersive approach introduced in Ch. 5 and Ref. [60] to provide useful input. We do
not expect large shifts nor a significant reduction of the uncertainties from including the
higher-order corrections to asymptotic expressions derived in Refs. [20,47—49], given the small
contributions of the perturbative uncertainties in our analysis and the sparse knowledge of the
non-perturbative matrix elements that appear in these expressions. Furthermore, our method
might be generalized to the case of transversal SDCs. Therefore, the approach described in
this chapter paves the way for a combination of all available low- and high-energy information
on HLbL into one model-independent, accurate numerical estimate of this contribution to the

muon g — 2.
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4 Dispersive Reconstruction of the VVA
Correlator in the Soft-Photon Limit

One result of the analysis in the previous chapter was that control over intermediate states
with masses between 1 and 2 GeV is crucial to significantly reduce the current uncertainties
of the HLbL contribution to the muon g — 2. In principle, multi-pion and multi-kaon states
contribute in that region and it is currently impossible to describe these in a model-independent
way. Instead, a more realistic approach is to assume that significant contributions only come
from resonantly enhanced regions and that the effect of the resonances is well described by the
NWA.

Two issues currently limit progress in this direction. On the one hand, data on heavier
resonances are scarce and on the other hand the inclusion of states with spin 2 and larger
is prevented by kinematic singularities within the CHPS approach that only cancel once an
appropriate set of states is included such that sum rules are fulfilled, see Sec. 5.1.1 below
for a precise statement of the problem. In Ch. 5, we will provide a solution to the latter by
constructing a novel formalism for HLbL based on dispersion relations for the scalar functions
II; directly in the limit g4 = 0.

In order to introduce this formalism, we first develop it for the simpler case of the VVA
correlator in this chapter. As we have seen in Sec. 3.1.1, this correlator is closely related to
HLDbL through the MV SDC Eq. (3.4). In addition, the VVA correlator is also required as
input for the electroweak contribution to a, depicted in the diagram on the right-hand side

J41 D2

Figure 4.1: Lepton-loop diagram that has to be added to the hadronic VVA contribution to
a,, (right-hand side diagram in Fig. 2.2) to obtain a finite effect on a,,.
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4 Dispersive Reconstruction of the VVA Correlator

of Fig. 2.2. In order to ensure gauge-anomaly cancellation needed to obtain a finite result,
the lepton-loop contribution in Fig. 4.1 has to be added. We use our dispersive result for the

hadronic VVA correlator to obtain an evaluation of this contribution due to the first family of

VVA
“w

After introducing the VVA Green’s function and its tensor decomposition, we work out the

leptons, a,, "*[u, d, €], with reduced model dependence compared to Ref. [6].

new dispersive formalism including pseudoscalar, axial-vector and vector poles as well as two-
pion rescattering. Afterwards, we compare it to the formalism with fixed photon virtualities,
the analog of the CHPS framework for HLbL, first analytically and then numerically for the
isovector part of the correlator taking into account SDCs. We compare our results against the

currently used models and calculate aIYVA [u,d, €].

4.1 The VVA Green’s function

4.1.1 Kinematics and matrix element

First, we review some relevant definitions and results that can be found e.g. in Ref. [94] and
adapt them to our notation. The VVA correlator is given in Eq. (3.5), but here we use the
axial-vector current

jo(@) = () Qs v 15 () - (4.1)
The flavor matrix Qs amounts to Q2 in the context of the SDC for HLbL, reducing the
definition to Eq. (3.2), and 2I3 = diag(1, —1, —1) with the weak isospin I3 for the electroweak
contribution to g — 2, where the axial current couples to a Z boson (see Sec. 4.1.3). In both
cases, the axial current can be written in terms of its flavor components according to

- Y 2040, BO@ =@ w@) . (42)

a=3,8,0

The coefficients C, are given by C, = Tr(Qs\s)/2, explicitly Eq. (3.6) for the SDC for HLbL
and

1 1
CZ]_, C:_’ C:—— 4.3
3 5= =" (4.3)
for the electroweak contribution to a,. We define flavor components of the VVA correlator as
With(aa) =1 [ d'e [ dlye@=rev 0 TR @i @i O 0) . (44)
The Ward identities for the VVA correlator read
(&, W@, 2) = {0,0}, (a1 + a2)Win(a1, 42) = AD¢apdilds , (4.5)

where A = N, Tr(Q?)\?)/(47?) according to the QED axial anomaly and the second identity
receives corrections from quark masses and the gluon anomaly. The full correlator fulfills the
Ward identities with A =3, 20, A@ in the anomalous one. The anomalous Ward identity
has been checked up to three loops in pQCD [166].
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4.1 The VVA Green’s function

4.1.2 Tensor decomposition

In Ref. [94], a decomposition of W,,,(q1,q2) into independent Lorentz structures free of

kinematic singularities and zeros has been given:

3
WHP(q1,q2) = > Wild}, a3, (@ + @2)) 7" (a1, @2) »

i=0
Pq1,q2) = QIa(I2,8(QI +q2)”,

(g1, 42) = P qraqas(qr — @2)°,

5P (q1, q2) = 16“paﬂ<h @28 — ¢ qratas — (1 - @)™ (01 — @2)a
?(q1,02) = AP Qa5 + 25"’ Quagap — P G20 — B G0 - (4.6)

The Lorentz structures fulfill the crossing relations
Cio[riP) =7, Coo[r{"P] = —71"P,  Cio[tdP) =74"P, Coo[r§"P] = -1,  (4.7)

where the crossing operator is defined by Cia[f] := f(u < v,q1 < ¢2).

An equivalent decomposition has been obtained in Ref. [131] in the context of the axial-meson
TFF by using the BTT recipe, see Sec. 2.4.1. These structures are related to the ones of
Ref. [94] by

Y (q1,42) = p((h, a2),
p(fh, g2) = T{""(q1,q2) ,
P (q1,q2) = T35 (a1, 92) — T8 (q1, @2) + I8P (q1, ¢2)
P (q1,q2) = —T” P(a1,82) — T§""(q1, 42) (4.8)

where we made use of the Schouten identity.
In the context of the MV SDC on HLbL, we have introduced a tensor decomposition of the
VVA correlator in Eq. (3.10). The tensor structures appearing there can also be written in

terms of ones in Eq. (4.6)

P (a1, 2) = -7,

P (g1, q0) = — q ‘12 t’w” 4ghe

(1 +q2)2 L
2q1 - @2
5P (q1,q2) = ——(q o) P+t
) = o e (49)

The poles in these equations represent kinematic singularities in the tensor decomposition

Eq. (3.10). For this reason, these structures are not suited for a dispersive analysis.
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4 Dispersive Reconstruction of the VVA Correlator

For both the MV constraint in HLbL and the electroweak contribution to a,, we need
the VVA correlator for small g2 up to linear order. Expanding the Lorentz structures gives

HP(q1,92) = qaoT!""’ (q1) + O(q3) with the new Lorentz tensors

(@) =717 (@) = € quaqt

577 (q1) = €7 q{ Q10 — €"Pq7 Q1

577 (@) = €77 ¢} i — G177 . (4.10)
Since 7577 (q1) = T (q1) and 7577 (q1) = 7577 (q1) — 74"’ (q1), in this kinematic limit

there are only two independent Lorentz structures. Thus, we can write

2
WHP(q1,q2) = > Wila?)qaom* (1) + O(g3) (4.11)
=1

and the new scalar functions

Wi(g?) = Wi(d?0,¢°), Wa(d?) = Wa(d?,0,¢°) (4.12)
are related to the previous ones by

Wi(a}, a3, 43) = Wo(&}, %3, @3) + Wa(al, 43, 43) — Ws(&, 65, 3) »
W2((I1,Q2,Q3) W2(Q1,QQ,Q3)+W3(Q1 QQaQ3) (4.13)

Due to their properties with respect to the axial-vector current

(01001 — @90 )17 (@1) =0,  qup7h"*(q1) =0, (4.14)

the function W; is called the longitudinal and W, the transversal component.
The anomalous Ward identity in Eq. (4.5) fixes the longitudinal function in the chiral limit

and when the gluon anomaly is neglected:
Wi(g®) = 7 (4.15)

We see that it contains a massless pole in g2, which can only be dynamical since we started
from a basis free of kinematic singularities. The only massless states in the chiral limit and
without the gluon anomaly are the pseudo-Goldstone bosons and the 7’ and due to the diagonal
flavor structure only the 7°, n and 1’ can contribute, each according to the coefficients C, if
mixing is neglected.

The non-renormalization theorem for the transversal component derived in Ref. [167]
translates into

Wa(e?) = - (4.16)

2¢%°
However, in contrast to Eq. (4.15), this equation receives non-perturbative corrections even
in the chiral limit and hence is valid only for —¢? > AéCD, where quark-mass effects are

suppressed, see Sec. 4.5.1 below.
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4.1 The VVA Green’s function

4.1.3 Connection with the hadronic electroweak contribution to a,

The VVA correlator is needed as input for one diagram in the electroweak contribution to a,,
namely the one shown on the right-hand side of Fig. 2.2. Due to Furry’s theorem [168], only
the axial component of the Z-boson contributes and as for HLbL, the blob is only needed for
a soft external photon. Thus, the dispersive representations of the functions Wi(qz) that will
be derived in Secs. 4.2 and 4.3 can be directly used to evaluate this diagram.

Analogously to the Master formula for HLbL in Eq. (2.51), also this diagram can be reduced

to an integral over space-like values for the arguments of the scalar functions [56]

= [ " 42 [K (@)1 (~Q?) + Ka(@Wa(<@Y)] | (417)

where the cut-off A? should be taken to co in the end. The form of the kernel functions K;(Q?)
depends on the gauge chosen for the electroweak part of the diagram since only the sum of
all diagrams at a given order in the electroweak couplings is gauge invariant. In the unitary
gauge, the kernel functions read [56]

2 2 4m2
Kl(Qz)z_fginw [(%_2) (1— 1+%) +2

m
2 M2 2 4m2
_Guo@” M7 L g) 141+ k) 4o

my, Q

1221 MZ + Q2
Since the axial part of the Z boson couples to fermions according to their weak isospin, the

)

K(Q*) =

. (4.18)

functions W; are needed here for the axial current in Eq. (4.1) with Q5 = 213 as already
mentioned in Sec. 4.1.1.

Both kernel functions go to constants for large Q2 and the OPE predicts that the scalar
functions W; behave as 1/Q?, see Sec. 4.5.1. Thus, the integrals in Eq. (4.17) diverge
logarithmically in the limit A2 — co. However, if we consider a complete family of fermions,
the leading term in the 1/Q? expansion drops out due to the gauge anomaly cancellation

condition
S NQi =0, (4.19)
f

where the sum runs over all quarks and leptons of one family, Ny = 3 for quarks and 1 for
leptons, I:,{ is the fermion’s weak isospin and @y its charge. This makes aXVA finite in the limit
A — oo. For this reason, it is crucial that the leading OPE constraint on the VVA correlator
is implemented exactly.

The contribution from a charged lepton is given, to leading order in «, through the loop

diagram in Fig. 4.1, which yields

o 5l 1 ! z(l—z
Wi(g?) = —2Ws(d?) = _W/o oo —(m)q2 Z - (4.20)
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4 Dispersive Reconstruction of the VVA Correlator

In our numerical study in Sec. 4.6, we will focus on the first-family contribution to aIYVA.
Since 213 restricted to the first family coincides with the third Pauli matrix, this exactly
corresponds to twice the isovector part of the axial current together with the electron-loop

contribution.

4.1.4 Hadronic models for the VVA correlator

So far, the VVA correlator and the corresponding contribution to a, have only been calculated
using hadronic models. For the compilation in Ref. [3], a simple model due to Czarnecki,
Marciano and Vainshtein [6], containing only pseudoscalar, axial-vector and vector poles has

been used. For the isovector component, it takes the form

(3) 1
Wl CMV(q ) 47'(‘2( mg) )
s
2 2 2 2
3) 2y _ 1 1 Mp — Mg Mg, — My
W2 cmv g ) = 82 m2 m2 (q _m2 _ q2l_ m% . (4.21)

The residues of the poles have been fixed from the OPE constraints introduced in Sec. 4.5.1
below. For the contribution to a, from the first family of quarks and leptons, the model leads

to!

o) ontylus dye] = —0.94 x 10711, a Cnivlu, d,e] = —1.33 x 1071, (4.22)

where the two results correspond to the longitudinal and transversal contribution, i.e. the
contribution from W; and W, respectively. Ref. [6] quotes an uncertainty estimate of
+0.2 x 107! for the sum based on generously varying the p and a; masses.

Refs. [41,42] discuss holographic models for the axial-vector meson contributions to a,. We
consider here the model introduced in Ref. [163] and called HW2 in Ref. [42]. In order to
obtain the correct asymptotic limit, we use the anomaly, N, = 3 and F; to fix the parameters,
which is called HW2(UV-fit) in Ref. [42] and set 2 in Ref. [41]. Formulae for the singly-virtual
VVA scalar functions can be found in Ref. [41]

A3 2 1 my 2
Winqep(—Q°) = yrTer 1- WFWWW*(—Q 001,

~ 1 2 (K 2z K 22
a0 = i~ 1o (v V) 4P

with the Bessel functions K; and I, the size of the holographic dimension zy &~ 2.42 GeV ™!

and the normalized pion TFF

F o (—Q2,0) / dz— (Kl(\/> z) + I(\\//__zo) (\/a z)). (4.24)

'In Ref. [6], the electron mass as well as terms suppressed by m./m> have been neglected in the Q°

integral. This explains the difference to the numbers quoted there aV\éAMV [u,d,e] = —0.96 x 10~ " and
a, vy, d, el = —1.32 x 107
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4.1 The VVA Green’s function

(3 =3
472 Res (Wg.,l?lQC]:” mf) 872 Res (Wg’})lQCD, mf)

n ™ P ay P
0 1.0204 —0.0208 6.16 -3.71
1 — 49 x 1074 11.10 —8.64
2 — —6.5x107° 16.04 —13.57
3 — 1.6 x 10~° 20.97 —18.51

Table 4.1: Residues of the lightest poles in the two isoscalar scalar functions in hQCD. n is

the radial excitation and p stands for all vector mesons from the multiplet.

These functions have the correct leading asymptotic behavior due to the anomaly and the
non-renormalization theorem, but do not include the effects of non-vanishing condensates [41].
This model leads to

ay ‘ieplu, de] = —0.90 x 1071, ay ‘oeplu, de] = —1.29 x 107 (4.25)

Given the large hadron masses in the holographic model [42] and the very different analytic

form of this model compared to the CMV one, these values are surprisingly close to the ones
of Ref. [6].

In the time-like region, the holographic functions have series of poles on the real axis since
the model is constructed in the large-N, limit. W? contains a pion pole and a tower of
vector-meson poles, whereas Vv;‘ contains towers of vector-meson and axial-vector meson poles.
The masses of these states are, however, SU(3) symmetric and typically too large [42]. E.g. the
mass of the lightest vector meson is 0.99 GeV, which is considerably larger than m,, but similar
to mg. Similarly, the mass of the lightest axial meson is 1.57 GeV and thus larger than any of
the masses in the lightest multiplet.

The residues of the lightest poles can be found in Tab. 4.1. We can see there that the pion
pole completely dominates the first scalar function and the vector-meson poles only give small
corrections to it. This is consistent with the pion pole being the only contribution in the chiral
limit. Conversely, in the second scalar function, the whole tower of vector and axial-vector
poles is important and the residues even increase with n. Thus, an intricate cancellation
between the infinite towers of axial-vector and vector poles is needed to reach the space-like
asymptotic value in Eq. (4.16). A similar—but simpler—cancellation is also built into the

model in Eq. (4.21), where both the a; and the p pole have large residues with opposite sign.
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4 Dispersive Reconstruction of the VVA Correlator

4.2 Dispersion relations in g — 2 kinematics

We now turn to the dispersive description of the two VVA scalar functions, comparing a
formalism in g — 2 kinematics, developed in this section, with a formalism in which the
virtualities are kept fixed, the latter will be introduced in Sec. 4.3 below.

The asymptotic behavior of the scalar functions Wz(q%) for large space-like momenta
q*> = —@Q? follows from the OPE (see Sec. 4.5.1). The leading term predicts

- m2 Adcp
Wi(—Q?) o [1+0(Qg, 0 )] (4.26)

for both functions. We assume that this falloff remains true in the time-like region, which

allows us to write an unsubtracted dispersion relation for the scalar functions Wz(q%) ing—2

/ a5 TmWils) (4.27)

s—q%—ie’

kinematics:

The imaginary parts of the scalar functions in g — 2 kinematics Im W,(s) can be expressed in

terms of the imaginary parts of the scalar functions Wi(q%, qg, qg) in different physical regions:
~ 1/ . . ~ . .
Im Wi(q}) = 5 (Wilaf +1e,0,q] +ic) = Wi} — i€, 0, ¢} — ie))

1 /- ~

d—q? 2
1/ - .
= lim _ (Wz(q% + i€, 0,3 + i€) — Wi(g? + i€, 0, g3 — ie)
qg—)q1 2i
+ Wi(g} +ie, 0,63 — i€) — Wi(a} — i€, 0,43 — ic) )
1 ~
= lim [ (Wz(ql + i€, 0, ¢3 + i€) — Wi(q? + i, 0, ¢3 — ie))
qg—)ql 2i

1 _ 5 *
+ (E(Wi(‘ﬁ +16,0,q3 +ie) — Wi(qf — i, 0,43 +ie))) ]

= Jim, [Im3 Wi(g + i, 0,8) + (Tm1 Wi(a?, 0,43 + ie)>*] . (4.28)
a3—a;

In this equation, Im; denotes the q%—channel discontinuity analytically continued to q% + ie
and similarly for Img. Due to this analytic continuation, the discontinuities are in general
complex quantities. In the third line of this equation, we could equally well have added and
subtracted the function Wz(s —i€,0,t + i€), which would have resulted in having the complex
conjugation on the other term. This is equivalent, because Im Wz(s) is real. In general, due to
the appearance of soft-photon singularities, the limit in Eq. (4.28) does not exist for the two
individual discontinuities. Since this is not an issue for any of the contributions considered in
this chapter, we defer a detailed discussion of soft-photon singularities to the case of HLbL in
Sec. 5.3.
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4.2 Dispersion relations in g — 2 kinematics

Figure 4.2: Unitarity cuts contributing to the discontinuity of the VVA function in the limit of
g — 2 kinematics. The axial current is denoted by a zigzag line, the off-shell photon
by a wavy line and the static external electromagnetic field by a crossed circle.

Thus, the imaginary part in degenerate kinematics can be obtained as the sum of two cuts
in general kinematics as illustrated in Fig. 4.2. This can be understood from the fact that the
two cuts become kinematically indistinguishable in the limit go — 0.

We now consider the process v*(—q1)7*(—¢2) — a*(g3), where a denotes an auxiliary axial-
vector particle coupling to the axial current according to —g4a*(z) ]2(:17) The unitarity relation

for this process takes the form
Img (—i(a*(g3, Aa) 7" (=41, M1)7"(—g2, A2)))

Nn —_—
= Z% (H/dpi> (7" (=a1, M)7" (=2, M) In; {pi }) ™ (@™ (g3, Aa) Ims {pi}) - (4.29)
n ™ \i=1

The imaginary part in this equation is given by the multivariate version of the Schwarz

reflection principle as

Im3 Wi(q?,0,43) = % (Wila +i€,0,63 +ie) - Wi(g} i€, 0,63 —ie)) ,  (4.30)
whereas in Eq. (4.27), we need

Tmg Wi(qf,0,3) = % (Wila} +i€,0,q3 +ic) - Wi} +i€,0,63 —ie)) . (4.31)

This can be obtained by analytically continuing the unitarity relation in g; to a value below
the branch point and then along the upper rim of the cut to the required value. In writing
Eq. (4.29) we assume that this continuation has been performed.

Similarly, the unitarity relation in the ¢;-channel reads
Im; (—i(7"(g2, A2)a™ (g3, Aa) 7" (=q1, M)

No .
= Z% (H/dpz) (7" (=qu, M) {pi 1) (v* (g2, A2)a™ (g3, Aa)|m; {pi}) (4.32)
n ™ \i=1

where a similar analytic continuation in g3 is implicitly assumed. The two unitarity relations

Egs. (4.29) and (4.32) allow us to describe the two contributions to the discontinuity in the
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4 Dispersive Reconstruction of the VVA Correlator

R |
q3Q1 = %%O—@W(Il + %m@:@«»% +

Figure 4.3: Pseudoscalar and axial-vector poles due to intermediate states in the unitarity
relation Eq. (4.29). The normal line denotes a pseudoscalar meson and the double

line a resonance, in this case an axial-vector meson.

2 %2 %2
CI3Q1 = Q3w<§_§>=©wfh + %%fh + ...

Figure 4.4: Vector poles and two-pion cuts due to intermediate states in the unitarity relation
Eq. (4.32).

limit of g — 2 kinematics in terms of a sum over intermediate states. In the following, we
discuss pseudoscalar-, vector- and axial-pole contributions, as well as two-pion intermediate
states, as shown in Figs. 4.3 and 4.4. Scalar mesons cannot appear in either discontinuity due
to parity and current conservation, respectively. Also tensor mesons with JF¢ = 21+ couple

neither to vector nor axial-vector currents and thus do not contribute.

In principle, only stable states (in pure QCD) should be considered in the sums over
intermediate states. However, an explicit treatment of intermediate states with more than two
particles is very challenging and we expect them to be numerically important only if resonantly
enhanced. Many of these resonances, especially the important ones at relatively low energies,
are reasonably narrow, i.e. I' <« M, so that we can approximate their effect using a NWA. Since
we are only interested in the scalar functions at space-like momenta, the impact of the non-zero
width is expected to be small. In this approximation, the resonances are stable and can be
included in the unitarity relations instead of the corresponding multi-meson channel. Double
counting is avoided by excluding single-particle states that already appear as resonances in the
included multi-meson channels, e.g. the p-meson is included in the ww-scattering phase shift
61(s) that we will use in the numerical analysis below so that we do not include in addition a
p-state in the NWA.
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4.2 Dispersion relations in g — 2 kinematics

4.2.1 Pseudoscalar pole

A single pseudoscalar meson does not couple to an electromagnetic current and thus a one-
pseudoscalar intermediate state can only appear in the unitarity relation in g3, shown in
Fig. 4.3. We thus single out this state in Eq. (4.29),

Im§ (—i(a* (g3, Aa)[7*(—q1, M)7* (— 2, A2)))
= %/ dp (7" (—a1, M) (=a2, A2) [ P(p))" (" (a3, Xa) | P(p)) - (4.33)

We relate the two matrix elements to the pseudoscalar transition form factor (TFF) and decay

constant, respectively,

(7" (=41, M)7" (=2, A2) | P(p))
=~ (—q) e (—q)" [ atzdtye @R O] T, () ()} [P())
=~ (—q) e (—q)” [ atadtye @ TR (O T(jh, (o — )0} IPR)
=~ (a1 ()" [ dlzdlye e (0 Tk, (2)i%,(0)} [P(B))
= —e’e) (—q1)* e’ (—q2)* 2m)*6W (@1 + g2 + p) / d'z e 0 (0] T{jth () e (0)} [P ()
= ie’e) (—q1)*e)* (—q2)* (2m)*6W (q1 + @2 + D) *P Qa8 Fpy+ (47, 63) (4.34)
with the TFF definition in Eq. (2.58) generalized to other pseudoscalars and
(0 (a3, \)IP(P)) = —igacy(a)” [ 4% (0] () |Pw)
= —igaey*(g3)* (2m)*6™* (g5 — p) (0] 5£(0) | P(p))

= 2g46)°(g3)*(2m)*6™ (g5 — p)p” Y _ CuFp (4.35)

with a factor 2C, from the flavor decomposition of the axial current. Inserting this into
Eq. (4.33) gives

tmf (—ieg4(2m)*6® (¢1 + 02 + g8) €’ (—q1) 32 (—@2)€p° (g3) WH*(q1, ) )
= —ie’gaey (—q1)e? (—g2)ep” (3)* (2m) "6 (@1 + g2 + 93)" P q102p
X Epoyryr Q17QQ)q3ZC Fp / dp (2m)*6™ (g3 — p).- (4.36)

The TFF is not complex conjugated here due to the analytic continuation to qf /2 + ie. The
integral is calculated in App. A.1, which leads to

Im{ WH(qu, g2) = 26" q1ag25 Fpyy (a7, 43)45 ) CaFpmo(g3 — m}). (4.37)
a
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4 Dispersive Reconstruction of the VVA Correlator

We expand this in g2 to linear order
Im§ WH(q1, g2) = —2me" P 104254} Fpr+ (M, 0) ZC Fpé(qi —m3) + O(g3)

= =277}’ @25 Fpryss (M3, 0 ZC’ Fe5(q? —m2) 4+ O(g?) (4.38)
and obtain through projection onto the Lorentz structures in the limit go — 0

Im” W;(¢?) = =27 Fpoyeys(mb, 0 ZC’ F&5(q* — m%)6i1 - (4.39)

This can be plugged into the dispersion relation Eq. (4.27), from which we obtain the contri-
bution of a single-pseudoscalar intermediate state to the longitudinal scalar function
Fp (m ) 0)
Wi (@) = 220 FP% : (4.40)
q? mp
The transversal scalar function does not receive a contribution from a single-pseudoscalar
intermediate state.

In the chiral limit (and neglecting the gluon anomaly in the singlet case), we have mp =0
and Y F&Fp+y+(0,0) = X5 Tr(Q2\?), which leads to
P

s NS, CoTr(Q2X%) 23, C,A@ A
2 W) = om2q? = e 2’ (4.41)

in agreement with Eq. (4.15). This shows that the pseudoscalar poles defined by this dispersion
relation saturate W (¢?) in the chiral limit (and if the gluon anomaly is neglected) for arbitrary

¢? and the sum over all other contributions to W (¢?) has to vanish in this limit.

4.2.2 Axial-vector meson pole

Similar to the pseudoscalar pole, the axial-vector pole can only appear in the discontinuity in
q§, see Fig. 4.3. For the contribution to this discontinuity of a narrow axial-vector meson A,

treated as an asymptotic state, we find

Im3A (—i(a*(g3, Aa) |V (—q1, M)Y (—q2, A2)))
= %/(EZ(’Y*(—QL)\1)’7*(—Q2,)\2)|A(p, Aa)) {a* (g3, 2a)|A(D, A4)) - (4.42)
Aa

The two matrix elements evaluate to

<’Y*(_q1a /\1)7*(_(12’ )‘2)|A(pa >‘A)>
=i’} (—q) e (—@2) eat (0) (2m)*0W (@1 + g2 + P)MP(—q1, —q2)  (4.43)
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4.2 Dispersion relations in g — 2 kinematics

and
(a* (g3, Xa)|A(p, A 1)) = —2igae)®(g3)* (2m)* 6™ (g3 — p) D CaFimae’ ™ (p) (4.44)

in the notation of Ref. [131].

The polarization sum for the axial meson is given by

PaPps

YA (p) ez (p) = —gap + 2 (4.45)
Am A
which leads to
Im§ WHP(qq, go) = —2imd ((q1 +q2)? — mi) > CoF§ma
p
A

Using the decomposition of M#*(q1,¢2) in terms of TFFs [131], taking into account the
analytic continuation to q% /2 + ie, which removes the complex conjugation from the TFFs, and

expanding in ¢o, we arrive at
~ e
Img Wi(g?) = 2n6(q*> —m?) Cam—AféA(mi, 0)ds2 . (4.47)
A
a

Plugging this into the dispersion relation leads to

A (02
w =-2Y C,—4&—=——2--. 4.48
2 (¢°) Xa: “ma g% — m?q (4.48)
As opposed to the pseudoscalar poles, the axial poles only contribute to the transversal scalar

function.

4.2.3 Vector-meson poles

Vector-meson poles can only contribute to the discontinuity in g2, shown in Fig. 4.4. While
the p-meson will be described dispersively in terms of two-pion intermediate states discussed
in Sec. 4.2.4 below, the very narrow w and ¢ mesons can be described in a NWA. Together
with the axial poles, this is expected to capture the most important effects of three-pion
intermediate states in the main process. We first derive the contribution to VVA in terms
of the sub-process, where one vector current is replaced by a vector meson, and afterwards

dispersively reconstruct this sub-process.
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4 Dispersive Reconstruction of the VVA Correlator

4.2.3.1 Contribution to VVA

The contribution of a vector meson V' to the sum over intermediate states in Eq. (4.32) is

given by
Iy (~i ("(g2, A2)a* (g3, Aa)1v*(—a1, \1)))
=5 [ BT 6 Ca Vo) 6 e @AV e - (049)
v
The first matrix element on the right-hand side evaluates to
(7 (=, M)V (p, W) = —ie (M (=aq1)" - € (1)) @m)*6D (@ +p)mv fy,  (450)
where the vector decay constant is defined through
(01 3u(0) [V (p, \v)) = mv fre,” (p) - (4.51)

The other matrix element can be written as

(7" (g2, A2)a™ (g3, Aa)|V (P, Av))
= —egae)*(g2) e)*(g3)* (2m) 6@ (g2 + g5 — )&} (DV*(—D, ¢2) (4.52)

with
& OV (—p,a2) = [ d'ae ™ (0| T (i @O} V(D AV)) - (459)

The function V*¥(—p, ¢2) has a similar tensor structure as the VVA correlator. The U(1)em
Ward identity for contraction with p) does not hold, but every observable will be contracted
with the vector-meson polarization sum, which allows one to drop one structure. One off-shell
photon is replaced by an on-shell massive vector meson with p? = m%, Hence, in contrast to
the VVA correlator, terms involving 1/p? = 1/ m%, do not constitute kinematic singularities.
We obtain the BTT decomposition of the matrix element

3
VP (—p,ge) = 3 (—p, @2)Vi(@3, (p — 2)?) (4.54)
=0

with the tensor structures

A A
137 (=p, @2) = € *Ppagas(p — @2)° = 7,7 (—p, @2) ,

A A
7 (—p, g2) = € *Ppagop(p + g2)° = 777 (—p, ¢2)
5" (—p,@2) = (P 2)€""°qo0 — B PP pagos
1/, A A
=5 (1P @) — 1" (-p.@2) + 13" (-, @2)) |
7P pagapp’
7P (=, @2) = P — P
my
= (R (p.@) ~ T (pae) — 7 (p.) (4.55)
2m%, 0 ! 2 ’ 3 ) ’ .
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4.2 Dispersion relations in g — 2 kinematics

which for an on-shell vector meson satisfy

(g‘; - ’L’?) 57 (=p, @) = 1" (-p, @) (4.56)
my
In this decomposition, we have already dropped the unphysical additional tensor structure
that vanishes upon contraction with the polarization sum. Since the tensor structures are
simply linear combinations of the ones in Eq. (4.6), we could have also used those.

Putting everything together, we find

o
Im{ W*(qu,g2) = m8(gi — mi)my frV (a1, 42) (—gf + C];r:]zl,\)
4
= —w8(q} — mi,)my fu V¥ (@1, ¢2) (4.57)

where we have used the polarization sum similar to Eq. (4.45) and the integral calculated in
App. A.1.
Therefore, in g — 2 kinematics we obtain

Im" Wi(q2) = —m6® (q2 - m%/)mvafii(O, m%,) (4.58)
with

-~ 1
Vl (07 q2) = VO(()) q2) + Vl (07 q2) + m_2V3(07 q2) 3
\%

~ 1
V2(07 q2) = ——2V3(0, q2) . (459)
my
Plugging this into the dispersion relation and assuming that both fy and V;(0, m2,) are real,
leads to . ( ) )
<V my fyVi(0, m
Wi (@) = —5—5". (4.60)
q° —my,

In analogy to the other contributions, we can also perform a flavor decomposition of the
axial current in VA*?(—p, g2), which gives
meVCaf)z('a) (0,m?,)

. (4.61)
¢ —m3,

W (@ =2 3

a=3,8,0

The constants 175“) (0, m%,) are unknown. In the following section, we develop a dispersive

formalism to evaluate them.

4.2.3.2 Dispersion relations for V;(0, q?)

Here, we want to dispersively reconstruct the functions 171-(0, q?), where the non-vanishing

argument refers to the invariant mass associated with the axial current. In g — 2 kinematics,
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4 Dispersive Reconstruction of the VVA Correlator

i.e. with go = 0 in Eq. (4.53), the on-shell vector meson fixes p* = m?, leaving no free kinematic
invariant. A dispersive reconstruction is thus impossible in that limit. Instead, we work with
an on-shell photon q% = 0, but do not constrain the individual components of go. This makes
q§ = (g2 — p)? the only unconstrained kinematic variable, in which a dispersion relation can be
formulated.

The asymptotic scaling of the form factors V; for large space-like virtualities can be worked
out using Brodsky-Lepage methods [148,149,169], in close analogy to the case of meson TFFs
derived in Ref. [131]. Assuming that the scaling [170] V; < 1/q2 translates into the time-like
region, both form factors ]71,2 can be described by unsubtracted dispersion relations:

V(0, ¢2) / ds inii (4.62)
3

We consider discontinuities due to pseudoscalar and axial poles. The unitarity relation reads
Im [—i{a*(g3, Aa)[7(—g2, A2)V (pv, Av))]
Nn
= ;ﬁ (H / 312-) (v(=a2, )V (v, W)l {p:})" (a* (s, Aa)Im; {pi})  (4.63)
and a pseudoscalar meson P contributes

m” [—i (a*(g3, Aa)|7(—q2, A2)V (pv, Av))]
= % / dp (7(=g2, A2)V (pv, )| P(p))" (a* (g3, Aa) [P (1)) (4.64)

to the sum over intermediate states. The matrix elements take the form (cf. Eq. (4.52))

(@™ (g3, Xa)|V(=a2, A2)V (pV, Av))
= —egaey?(—a2)e) (g3)"(2m)*6W (g2 + g3 — pv) )" (pv )V P (—pv, @2) (4.65)

and

(7(=g2, A2)V (pv, Av)| P(p))
= —iee)?(—g2)"(2m)*8 (g2 + p — pv) (V(pv, \v)| 5 (0) | P(P)) , (4.66)

and the last one is given in Eq. (4.35). In analogy to the pseudoscalar TFF definition, we
write the matrix element in Eq. (4.66) in terms of a single tensor structure

Vv, A)157(0) [P(p)) = & (pv) "¢ “pvages Frp (4.67)

with g2 = py — p and due to q% =0, Fyp is a constant.
Plugging this in, we find

Im? VNP (—py, go) = 218(g2 — m3) > CaFEFy pty (—pv, ¢2) (4.68)
a
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4.2 Dispersion relations in g — 2 kinematics

and therefore

Im” V;(0,q3) = 2m8(q5 —m3) > CaFpFypdi - (4.69)
a
The dispersion relation then gives
-pole F
PP (0, g2) = —220 Fa—L 6. (4.70)
@ —mp

An axial-vector meson A contributes
Im* [—i(a*(g3, Xa)[V(—g2, X2)V (v, Av))]
]- I * *
= QZ/dP (7(=g2, 22)V (pv, Av)|A(p, Aa))" (a” (g3, Aa) | A(D, Aa)) (4.71)
Aa

to the sum over intermediate states. The matrix elements are given in Egs. (4.65) and (4.44)

as well as

(v(=g2, A2)V (v, Av)|A(p, Aa))
= —iee)*(—q2)* (2m)*6™ (pv — g2 — p) (V(pv, Av)| 57 (0) | A(p, Aa)) - (4.72)

We decompose the matrix element on the right-hand side in analogy to Eq. (4.54). Upon
contraction with the polarization sum for an on-shell axial-vector meson, the first tensor
structure tf”* will project to zero and not contribute to observables. Hence, we can write

3

(V(pv, 2)157(0) [A(p, Aa)) = —i€p” (pv) ex* (0) D_ 11" (pv, —a2) Fy (4.73)
=1

where g2 = py — p. As in the pseudoscalar case, F‘Z, 4 are constants at q% =0.

Combining everything, we obtain

p
q3aq
I VV?(—py, g2) = 2m8(q] — m?) (—gz + g 3) ma
A

X Zt’\”a (pv,q3 — pv FVAZC F¢ (4.74)
i=1

and the projection onto the functions V; gives

m 'm 1 F3
Im™ V10, ¢5) = 2md(g3 —m’3 ZC FA% (FVA +5Fvat n;/j) ,
L V0, 8) = ~2m0(df — ) 3 CaFy 5 Fi (4.75)
V

The dispersion relation then leads to

A-pole 1 mV mA 1 F‘?}A>
% 0,43 —2§:CF VAR, +-F%, + YA
1 ( Yy 1 @ —m ( vaT 5tva m3,
ole F3
2Pk 0, g2 _2§:CFA LAQ. (4.76)
vq3 my
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4 Dispersive Reconstruction of the VVA Correlator

The formalism is not predictive with respect to the constants Fy p and F", 4- They can be

constrained by measurements of the partial decay widths I'v_, p, and I'4_, p, if available, see
Sec. (4.6).

4.2.4 Two-pion intermediate state

The two-pion intermediate state cannot appear in Ims WH*P(q1, g2) for the following reason. The
unitarity relation involves the transition of an axial current to two pions. The corresponding
matrix element depends on two momenta and has one uncontracted index. From parity
conservation it follows that it has to involve a Levi-Civita tensor. At least three of its indices
have to be contracted, but we have only two independent vectors available so that it has to
vanish.

There is, however, a two-pion contribution to Im; W**?(qy, g2), see Fig. 4.4, which will be
discussed in the following. We start with its contribution to the unitarity relation Eq. (4.32)

Im] ™ (=i (7" (g2, A2)a* (g3, Aa) 7" (=1, M)))

= %/51\7;&1\9; (7 (=g, M) (01)7™ (2))” (v (g2, A2)a* (g3, Ao) |7 (p1) 7™ (p2)) ,  (4.77)

0.0

where the photon only couples to a pure isospin I = 1 7w state, hence there is no 7w

contribution.

The first matrix element can be related to the pion VFF

(v (=q1, M) 17" (p1) 7™ (p2))
= —tec)!(—qr)" [ d'ze 7 (0 4@) () ()
= —iee)! (—q1)*(2m)*6™ (g1 + p1 + p2) (0] 5#(0) |7 (pr)7m ™ (p2))
= ieey! (—q1)*(2m)*6™ (g1 + p1 + p2) (7T (—p2)| 5#(0) |7 (p1))
= ie€; (—q1)*(2m)*6 (g1 + p1 + p2) (1 — P2)" By ((p1 +12)?) (4.78)
where the sign change in the third equation is due to the Condon—Shortley phase convention

for the crossing of the charged pion.

With the isospin decomposition of the two-pion state

1 1 1
T )=—12,00 + —|1,0) + —|0,0) , 4.79
| ) \/él ) \/QI ) \/gl ) (4.79)
we define the isospin I = 1 projection
1
777 ) o = [1,0) (1,0l7F77) = —=[1,0) , (4.80)

V2
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4.2 Dispersion relations in g — 2 kinematics

which is odd under pion crossing p; <> p2. We write the matrix element as

(7" (g2, A2)a™ (g3, Xa) |7 (p1) 7™ (P2)) 11
= —egae,*(g2)* )" (a3)" / d*e dly €= 7%V (0] T{jin (2)i5 ()} Im+ (p1)7™ (p2)) 1y
= —egae)?(q2)*€p" (g3)* /d4x €97 (2m)*6™ (g2 + g3 — p1 — p2)
x (0] T{jem ()78 (0)} |7 * (p1)7™ (p2)) 11

= iega€y?(g2)*€y* (43)" (2m)*6™ (g2 + g3 — p1 — P2)U*(q2,P1, P2) , (4.81)
where in the last line we have defined the matrix element
U (g2, p1,p2) =1 / d*z €2 (0] T{jgrs ()75 (0)} 7 (p1)7™ (P2)) 1y - (4.82)
Plugging the results for the two matrix elements into Eq. (4.77), we arrive at

Im{ "™ W (g1, )

i T 3. * 9 1V
=3 [ @@ 5O @+ p1 4 p2) o1 — P2V FY @) U @prip), (483)

where we have taken into account that unitarity is used in the q%-channel and thus no analytic
continuation of the pion VFF is needed. The pion VFF is well known (see, e.g., Ref. [10]), but
the matrix element U/*? has to be reconstructed dispersively. We will therefore concentrate on
this matrix element in the following.

4.2.4.1 Tensor decomposition of the matrix element U"?(q2, p1, p2)

We start with the tensor decomposition of the function U"?(gz, p1, p2) in general kinematics,
employing again the BTT recipe. The tensor structures have to contain a Levi-Civita tensor
due to conservation of parity. They depend on three independent momenta. Thus, there are

nine tensor structures to start with

vpaf

(7P gouprp, €PPoapag, €P*PD1ap2s, €P q2ap15P27 05, € PV qo0p18P27

€1 qoap18p2yPh » €71 q2ap18P2y8 s P qaap1sP2PY s P qaaprpp2aps} . (4.84)
The Ward identity go,U"?(g2,p1,p2) = 0 is implemented by contracting the tensor structures

with the gauge projector g.., — g2,92./ g2 and then the BTT procedure introduced in Sec. 2.4.1
is applied taking into account the Schouten identities. The tensor structures can be chosen as

vafy

{r/(a2,1,P2)} = {€"*’ q2ap1, €7 q20P28: € q20P18P2, TS

P goap15P20D;, €*P qoap15P24P5 (4.85)
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4 Dispersive Reconstruction of the VVA Correlator

and we have checked that these remain independent in all kinematic limits so that no Tarrach

structures have to be added. The matrix element ¢/ can thus be written as

5
UP(g2,p1,02) = Y Ui (01 + )% (a2 — P1)% 63, 63) i@ p1sm2),  (4.86)

=1

where g3 = p1 + p2 — @2 is the momentum of the axial current. The scalar functions Uf; are free
of kinematic singularities and zeros and depend on the two virtualities and the Mandelstam

variables of the process,
_ 2 _ 2 _ 2 _ 2, 2, 2
s=(1+p2)°, t=Mm1—¢q), u={P2—q)*, s+t+u=2M:+q¢;+q5. (4.87)

Due to the Ward identity, the tensor structures in Eq. (4.85) vanish linearly with go. We
can thus write them as Tl'jf’i(qg, p1,p2) = TL';ZU (p1,p2)q20 + O(g3) with the new tensor structures

{77 (p1,12)} = {€"7*P1a, €77 P20, 0, € P prapagpl, € 7P prapasph} (4.88)

There are no linear dependencies between the four non-vanishing structures. Therefore, in this
kinematic limit, Eq. (4.86) simplifies to

4
U (g2, p1,p2) = ) U(a3)i77f7 (p1,p2)d20 + O(d3) (4.89)
i=1
with
{7105 p1,02)} = {77 (p1,p2) , /5 P1,02) 5 /) (1, p2) s 7[5 (p1,p2)} (4.90)
and
Ui(3) = Ui(a3,m2;0,63), (4.91)
where we have defined
Us(s,t;05,q3) = U(s,t;63,43) , Us(s,t;03,43) :=Ua(s,t;03,43) ,
Us(s,t;035,q3) = Us(s,t;5,03) , Us(s,t;035,05) = Us(s,t;43,03) - (4.92)

Crossing symmetry for the isospin I = 1 pions implies

U1(S, t’ q%$ qg) = —UQ(S, Uy q%a 1132,) ) u3(s, t; q%’ (I32,) = u3(87 U; qg, q,?Q,) )
Us(s,t;63,03) = Us(s,u; 63, 43) (4.93)
and thus
Ur(a3) = —Ua(a3), Us(q3) = Ua(g3) - (4.94)
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4.2 Dispersion relations in g — 2 kinematics

Next, we insert the tensor decomposition Eq. (4.89) into the two-pion contribution to the

discontinuity Eq. (4.83). We express the result in terms of the tensor structures 7/”(q;) and
read off
™™ W) = — 5 [ Bidpa(2m) 60 (g + p1 + p2)
x FY (@)o2(a®) [20(a)" + @Us(@®)"]
™™ W) = 5 [ Andna@n) 60 (g +p1 + ) EY (@)@ (P (495)

with 0(¢?) = /1 — 4m2 /q2. Here, we made use of the pion-crossing relations and took into
account the complex conjugation in Eq. (4.28). With the phase-space integral calculated in
App. A.2, we find

) = 56 FY (@)03(@) [ (@) + i) ]

™ Wa(e?) = 5 FY (o (@)" (4.96)

4.2.4.2 Dispersion relations

The scalar functions I:li(q2) are free of kinematic singularities and thus amenable to a dispersive
treatment. The discontinuity can be calculated analogously to Eq. (4.28),
Im;(¢*) = lim [Imsu (s,m2;0,q* + ie) + (Im3 Ui (s + ie, m,QT;O,q2)) *] . (4.97)

5—q>
Again, there is a freedom in choosing which of the contributions should be complex conjugated.
We apply Eq. (2.24) to the two g3-channel process v*(—g2, \2)7 " (p1)m~ (p2) — a*(g3, Aa)
and the s-channel process 71 (p1)7~ (p2) = v*(q2, A2)a* (g3, A\y) with the two-pions in an isospin
I =1 state

Im3 (—i(a* (g3, Xa) 7" (=2, A2) [ (p1) 7~ (P2)]1=1))
Nn —
= Zﬁ <-1:[/dpi) (Y (=a2, M) [ (p1)7 ™ (p2)]1=11m; {pi})” (0™ (g3, Aa) s {pi})
Im; (—i (7v*(g2, A2)a* (g3, Xa) |7 (p1)7 ™ (p2)) 1—1)

-5, (H / dpz)“ o0 ()l (1) (77 (@2, A)a (s M)l (i) - (4.98)

As before, the * denotes, in addition to complex conjugation, analytic continuation to the
upper rim of the cut in all kinematic variables except for the one in which the discontinuity is
calculated.

The discontinuity in qg includes pseudoscalar and axial poles, whereas the discontinuity in
s = (p1 + p2)? should be dominated at low energies by the two-pion intermediate state. We
will discuss these intermediate states next.
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4 Dispersive Reconstruction of the VVA Correlator

4.2.4.3 Pseudoscalar-pole contribution

We single out the pseudoscalar poles in the q%-discontinuity:

Imyg’ (—i (a* (g3, Xa) 7" (—g2, A2) [ (p1) 7™ (p2)]1=1))
1 T [ % - * %
= E/dp (7" (=g, )7t ()7 (p2)|P(p)) (a* (g3, Xa) [P (P)) - (4.99)
The amplitude for v*) — 77~ 70 has been studied dispersively in Refs. [11,18,171,172]

and the same tensor decomposition applies to 7(*) — w7~ P [127]. We have dropped the

isospin-projection label, as due to C-invariance only I = 1 contributes. This lets us write

(7" (=2, M) (p1) 7™ (p2)| P(p))
= —iee)?(—qa)*(2m)*6™ (g2 — p1 — p2 + p) (7F (P17 (p2)| 5% (0) | P(p))

= iee)?(—ga)*(2m)*6™ (g2 — p1 — p2 + )P P1ap2spy
x Fp((p1 +p2)%, (@2 — p2)?, (a2 — p1)% 3) (4.100)

where the function Fp is the only scalar amplitude for v* — 7+ 7~ P and defined through?
(0] 75 (0) |7 (p+ )7~ (P ) P(po))
= ¢ p1,p-p0s Fp (P4 +P-)% (- +P0)?, (04 +P0)%5 07) - (4.101)

The other matrix element has been evaluated in Eq. (4.35). Plugging this in and keeping only

linear terms in g, we find®
Im{ UP(g2,p1,p2) = 2 Y Fp8(q3 — mp)Fp(mp, m2, m%;0)
a
X (iﬁfjg(m,pz) + iﬂ'fi(m,pz)) 320 + O(g3) (4.102)
and thus
Im? U1 (s) = ImP Us(s) = 0,

Im® Uz(s) = Im¥ Uy(s) = 27TZF1%5(8 —m%)Fp(mb, m2,m2;0). (4.103)
a

For m2P > 4m2, the kinematic point at which the function Fp is needed corresponds to the

threshold of the process yP — w™n~. The partial-wave expansion for this process reads [18]

Fr(s,tui0)= 3 fo(s,0)Pl(2), (4.104)
[ odd

*Notice the opposite sign compared to the definition in Refs. [11,18] for P = 7°. We have checked from a

tree-level xPT calculation that our definition leads to a positive normalization.
3Again, the analytic continuation implied by the  in the unitarity relation removes the complex conjugation

from the function Fp. This only works up to cuts in the 7+ 7~ y*-channel, which are, however, of higher
order in o and thus neglected. The same applies to the axial pole below.
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4.2 Dispersion relations in g — 2 kinematics

where z is the cosine of the s-channel scattering angle and P/ are the derivatives of the Legendre

polynomials. Since at threshold

fb(5,0) ~ (s —m3)L, (4.105)
only the P-wave amplitude can contribute and we have

Fp(mp,m2,m2;0) = fp(mp,0). (4.106)

This is consistent with the virtual photon coupling only to P-wave two—pion states. If
m2 P < 4m?2, the same result holds as can be seen by analytic continuation in m?2 . In the chiral
limit (and for the 7’ also in the large-N, limit), the value of f}(m%,0) is fixed by the chiral
anomaly [18,171,173-175]

Np

1 _ . —
fp(0,0) = Fp(0,0,0;0) = m

(4.107)
with Nyo =1, N, = 1/+/3 and N,y = /2/3.

4.2.4.4 Axial-pole contribution

We next consider the axial mesons in the sum over intermediate states in the unitarity relation

in the axial-vector virtuality
Img' (—i (a*(g3, Aa)|7* (=2, A2) [7 ™ (1) 7™ (p2)]1=1))
=3 / de (=a2, X)[7 7 (p1)7 ™ (p2)]1=1|A(p, A4))" (@ (g3, Xa)|A(p, Xa)) - (4.108)

The second matrix element has been evaluated in Eq. (4.44). For the first one, we start by
reducing the photon:

(7" (=2, M) [ (p1)7~ (p2)]1=1|A(p, Aa))
= —iee)? (—q2)*(2m)*6™ (g2 — p1 — P2 + P) =TT (P1)7™ (P2)| 5 (0) |A(p, X)) . (4.109)

The tensor structures can be deduced from those of U¥?, where the only difference is
an axial current instead of the axial meson. Thus, as opposed to U”?, the matrix ele-
ment 71 (7T (p1)7 ™ (p2)| 5% (0) |A(p, \as)) always appears contracted with a polarization sum
(cf. Ref. [131]), which projects one linear combination to zero:

(gap - q3;§3p> (Tzzp?, - 7'L';p4 ~Tu 5) 0. (4.110)

Hence, we can drop the sum of ;% and 7;,"; and keep only the difference:

—m " (p1)7™ (p2)] 5o (0) | Al Aa))

4
= 1Y eaAP)m4%(a2, p1,P2) Fai((pr + p2)% (@2 — p2)?, (@2 —p1)%03)  (4.111)
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4 Dispersive Reconstruction of the VVA Correlator

with

vafy vBvyd

(07

P 7‘sqzﬂplnypzé} .
(4. 1 12)

Due to the restriction to the isospin I = 1 component of the 77 state, pion-crossing symmetry

4% (g2, 01, 02) = {€"*PVgapp1+, €PVqap2y, 43 € P qopp1ypas, (01 — p2)

implies the relations

fA,l(S’ t7 (3 q%) = _‘FA,Q(Sa u, t, q%) )
.7-",4,3(s,t,u;q%) = FA,S(S,Uat§ q%) ’ fA,4(5at’u; q%) = _‘FA,4(57u’t; qg) ) (4'113)
and in particular F4 4(m%, m2,m2;0) = 0 for the g — 2 limit.

This leads to

P

q30.9
Im3 U"P(q2,p1,p2) = —27T5(q§ - mi) E CoF5my <ga'° _ 7:23>
a=3.8,0 A

4

X > 4% (a2, p1,p2) Fai((p1 + p2)?, (@2 — p2)?, (@2 — p1)%5 65) - (4.114)
i=1

Projecting onto the scalar functions I:Ii(q2) in g — 2 kinematics gives

ImAZ:ll(s) = —ImAZ:lg(s) = —2md(s — mi) Z CaFZmA}'A,l(mi,m,%,mi;O),
a=3,8,0

Im* Us3(s) = Im* Uy(s) = dnd(s —m%) > CG%FAJ(mi,me, m2;0). (4.115)
a=3,8,0 A
The function F4 3, which multiplies a structure quadratic in go, drops out in g — 2 kinematics
and, similar to Fp, the function F4,; is needed only at one particular kinematic point.
In analogy to the pseudoscalar case, we want to express F, A,l(mi, m2,m2;0) in terms of
helicity partial waves. We immediately set g2 = 0 and work in the center-of-mass frame of the
pion pair

s+m? —m?
= 00
’ ( Y )

= ,0,0,—
? ( 25 25 )

P1/2 = (?,i@ sinOCosd),:l:@ sinOSinqb,:I:@ cosO) . (4.116)

The polarization vectors take the form
1
—(0,1,4i,0),

+ _
€ (p)—:F\/§

2 2
0 s — mA s+ my
= ’0707 )

(0,1, Fi,0). (4.117)

e* (g2) =

7
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4.2 Dispersion relations in g — 2 kinematics

We define helicity amplitudes for A(p)y(q2) — 7+ (p1)7 (p2) as

Hya, = €2(¢2) r={m* (p1)7™ (p2)] 56 (0) | A(p, Xa)) - (4.118)

For g2 = 0 there is one redundancy in the set of tensor structures and we can thus write

1=t (p1)7 ™ (p2)] 3o (0) |A(p, Aa)) = —i D €2A(P)T4% (g2, p1,p2) Fai(s,t,u),  (4.119)
=1,2,4

where s = (p1 + p2)?, t = (g2 — p2)? and u = (g2 — p1)?. The relation between these scalar

functions and the previous ones is given by

‘7-',4,1(3, t,u) = Fa,i(s,t,u;0) + (m2 — t)Fas(s,t,u;0),
.7-',4,2(3, t,u) = Faa(s,t,u;0) — (mfr —u)Fazs(s,t,u;0),
Faa(s,t,u) = Fauls,t,u;0). (4.120)

We need the scalar functions at threshold, where t = u = m2 and thus the contribution from
Fags drops out, Fi(m%, m2,m2;0) = F;(m%, m2,m2) for i = 1,2,4.

Expressing the three independent helicity amplitudes in terms of these scalar functions and
inverting the system, we find

~ 2i V2ma(l — zo4(s))
Fa1=—— |Hi 4 + eH
M s—md l T so(s) VI 22

50'71-(8) — (S + m%)z + m1240'7r(5)z2 e2i¢ ]
Saﬂ( )(1 — z2) H+— )

- 2i V2ma(1 + z04(s)) ;
f‘“:ﬂl O PN e

s0r(s) + (s +my)z + mion(s)2? o4
€ H+— )

sor(s)(1—22)
i eXOH, (4.121)

T T T

with z = cos0 = (t — u)/ox(s)/(s — m%). Next, we insert the partial wave expansions for the
helicity amplitudes, which take the form [176]

Hyy =) Dyo(,0, —¢)h 4 () = > P(z)hli(s),
1=0

=0

H+O = ZDl—IO((ﬁ, 0, _(b)fli_O(S) = e_i¢\/ 1— 22 Z-Pl/(z)hl_i_o(s)
=1

=3 Dhao(6,0, -8, = IO PR, (12)

=2
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4 Dispersive Reconstruction of the VVA Correlator

where
By (s) = By (s),
hl (S) - _ BZ-O(S)
o VII+T1)’
_ Ry (s)
Hy-(s) = NG 1)z+(z T+ 2) (4.123)
and lead to
Far=— 3 [ﬂ<z>ha+<s>+‘/5”’““(1‘”“(8”3'<z>hao<s>
s —my 4 Vsor(s)
so.:(8) = (s + m2)z + mio,(s)22
o i )t ) 1’1"(z)hl+—(8)] ,
Faz=—r 3 [Plu)hm(s)—ﬂmf‘(”z"“(s”a'<z>hao<s>
s —my =4 Vsor(s)
sor(s s+m%)z +m2o,(s)z2
s +sa:()s)+ 47x(5) Pl”(z)hl-i-—(s)] )
Faa=— S 3" Pl(2)h_(s), (4.124)

5(5 - mi)cf%(s) 1 odd

where we have used that the crossing relations for I = 1 pions Eq. (4.113) forbid even partial
waves.

Since the functions F A, are free of kinematic singularities, the poles at s = m?4 due to
the explicit pre-factors and the factors of z have to be accompanied by zeros in the helicity

partial-wave amplitudes h!,(s). This requires

hfzb(s) =(s— m?q)lgfzb(s) (4.125)

with g%, (s) regular at s = m?%, but for each [ one linear combination of g';(m?) has to vanish.*
For [ = 1, the constraint reads

g1y (m%) = V2g3(m?3). (4.126)

At threshold in addition ¢ = u holds, so only terms of order 2° can contribute and we find

2v2ig}(m})
O (mi)

.7:A74(m124,m3r, m72r; 0) = .7-'A74(m124, mi,mi) =0, (4.127)

]:A,1/2(m124’m3ram721-50) = -7:A,1/2(m124’m3ram727) = )

which only gets a P-wave contribution as expected since the pion pair couples to an off-shell

photon and agrees with the previous conclusion that F4 4 vanishes at threshold.

4F 4,1 and F A,2 give the same linear combinations since they are related to each other by z <> —=z.
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4.2 Dispersion relations in g — 2 kinematics

4.2.4.5 Two-pion rescattering

The lowest-lying cut with respect to the variable s is due to a two-pion state. Again, this state
has to have isospin I = 1 and thus only charged pions contribute. Singling out this state in
Eq. (4.98) gives

ImT ™ (=i (7" (g2, A2)a* (g3, Xa) |7t (1)~ (P2)) ;)
=5 [ Tadhs i m* o )l (b ()
X (7*(g2, A2)a* (g3, Aa)|m T (k)™ (K2)) 4
= %/37613762 (1,0(p1,p2)[1,0(k1, k2))" (" (g2, A2)a™ (g3, Aa) |7 (k1) (k2)) 1y
= }1/37613792(—1)(2W)45(4)(k1 + kg — p1 — p2) T (ka, k2 — p1,p2)*
X iega€l® (g2)* ) (gs)* (2m) 46 (ga + g3 — k1 — ko)U" (g, b, ko) (4.128)

In the second line we used that 7w scattering preserves isospin, in the third line we made
use of Eq. (4.80), and in the last line we inserted the definition of the I = 1 nr-scattering
amplitude and Eq. (4.81). The * on the matrix element implies complex conjugation of the
mr-scattering amplitude. Analytic continuation is not an issue since cuts in crossed channels
are outside the region needed below.

This implies
- 1 [~ —
Im™ ™ U (o, pr, pa) = 1 /dkldk2(27f)45(4) (g2 + g3 — k1 — k)
x T (ky, k2 = p1,p2) U (g2, k1, k2) - (4.129)

The nr-scattering amplitude can be expanded into partial waves and the phase of each partial

wave is denoted by 511 (s). For isospin I = 1, only odd partial waves contribute:
TO (ky, k2 = p1,p2) = TW (s, cos ')

= Y (2l + 1)P(cos &)t (s)
I odd
= Y (2 +1)P(cos )|t} (s)]e @, (4.130)
I odd
where €’ is the angle between 7, and El in the w7 center-of-mass frame.

The 4-dimensional §-function allows us to immediately perform 4 of the 6 integrals
+ -
Im$ ™ U"P(q2, p1,p2)

1 —id; (s 1. 7.
=1 ;;d(% + 1)t} (s)|e 7% @) / dky dlea (27)40@) (g2 + g3 — k1 — ko)
X Py(cos 8 UP(qo, k1, k2)

1 .
ez 2 L+ DIt (s)e % Dan(s) / A Pi(cos '\ (qa, k1, ko), (4.131)
l odd
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4 Dispersive Reconstruction of the VVA Correlator

where the complex conjugation reverses the sign in the exponential.
Next, we expand the right-hand side in g2 to linear order. Since U"?(qq, k1, k2) vanishes
linearly for g2 — 0, we can replace s by q% in the other terms. We find

_ i i
1T U g, pr2) = 13a O 2L+ DIt @Dle ™ Do (@D)azy [ dYPleost))
1287 foad
x (@1(a)e7 by — o) + Ths(a) by + ko) 7Pk k)
+0(a3), (4.132)

where we used crossing symmetry for the pions. We project this onto the tensor structures of

U"?(q2,p1,p2) in g — 2 kinematics given in Eq. (4.90):

ata— 57 _ 1 1 —ié6l(s Y
Im Ui(s) = To8:2 l%:d It (s)|e ™ o (s)is(s) (20 + 1) /dQ’Pl(cos ') cos ¢’

]_ —i 1 s ~
= 311 (8)le 1 o (s)i(s) (4.133)

We observe that—as expected—only the P-wave mr-scattering amplitude contributes.
Neglecting inelastic effects, unitarity for w7 scattering implies

327

o (3) sin 01 (s) (4.134)

[ti(s)l =

and thus
Im™ ™ Ui(s) = sin 8} (s)e 1 C)ti(s). (4.135)

4.2.4.6 Solution of the dispersion relations

In the absence of contributions to the discontinuity of If; other than the two-pion rescattering,

Eq. (4.135) would represent a homogeneous Omnés problem solved by the Omnés function

s [ 1(g!
Qi (s) = exp {% ~/4m2 ds'%} (4.136)

multiplied by an arbitrary polynomial [177]. The inhomogeneous problem arising if pseudoscalar
and axial poles are included can be solved by considering

o (I:lz(s)> _ 1 (Z:lz(s + ie) B Ui(s — ie))
Ql(s)) ~ 2 \Ql(s+ie) Ql(s—ie)
_ Ui(s +i€)e 1) — (s — ie)elr )
B 201 (5)
_ —U,; (s) sin 5% (s) + eiéi(s)AZ:{i(s)
- 21(s)] '

(4.137)
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4.2 Dispersion relations in g — 2 kinematics

Writing the discontinuity of I;(s) as

Imit;(s) =Im™ ™ U;(s) + I;(s) = sin 8! (s)e 1) (s) + Li(s), (4.138)
this simplifies to
Us(s) ) 1) I (s)
Im = , (4.139)
(Qi(s) |21 (s)]

which can be solved by a standard dispersion relation.
Before doing that, we have to discuss the asymptotic behavior of the ;. The mass

dimension of U3 is two units lower than that of #; and it is thus expected that it falls off
faster asymptotically by one power of ¢2. We assume If1(¢?) = O(1/¢?) and Uz(q?) = O(1/¢%).
Since we use a phase-shift that approaches 7, the Omneés function Eq. (4.136) behaves as
1/q?, which means that one subtraction is required for U1 whereas an unsubtracted dispersion
relation holds for 5

. B 2 oo i61(s)

i) =0i@) l“l(o) % o e =
eié} (s)I3 (S)
()l(s —g? —ie)

The value of the subtraction constant /1 (0) will be determined from a tree-level xPT calculation

3 1 foo
ths(e”) = (%) - L e (4.140)
My 1

in the next section.
The inhomogeneity I;(s) is due to pseudoscalar and axial poles. Egs. (4.103) and (4.115)
together with Eq. (4.97) imply

Li(s) = —271'22 CouF§mad(s — m?%)Fai1(m?, m2,m2;0)*,
A a
Is(s) = 27rz ZCGFI%(S — m3)Fp(m%, m2, m2;0)*

P a
+ 4 Z Z CoFim'6(s — m%)Fa1(m?, m2,m2;0)*, (4.141)
A a

where the sums run over all contributing pseudoscalar and axial mesons. Therefore, we obtain

- 2 eldl (5)27r<5(3 -m%) Y, CoFémaFs

U1(0)+%/ds§: s]Q}(S)lé—qz—iS AJ]
@Y, CaF§maFs, ]

m4 0} (m%)*(¢? —m?) |’

) (—2m)(s — m2) ¥, CaFAFS

R Q1(s)I(s — ¢2 — ie)

1) 476 (s — m%) Y, CaFﬁmzleJ

1
)3 [21(s)I(s — ¢> — i) ]

Ui(¢*) = —91(¢%)

= 0i(¢%) lz:ll(o) +2)

A
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4 Dispersive Reconstruction of the VVA Correlator

>0 CaFpFp >0 CaF3F
2 _42

(mp)*(¢? —mp) G maQi(mf)*(¢ —m})

22 o (4.142)
with the abbreviations Fp = Fp(m%, m2,m2;0) and Fa1 = Fa 1(m%, m2,m2;0).

Finally, we plug this into Eq. (4.96) to obtain the contribution of the two-pion intermediate
state to the VVA correlator

_ o~ 1 o
Im™ ™ Wa(¢?) = —48—WFX (¢*)03(a*)R (¢°) U (0)
2V 2101 (12}
¢ Fy (Q) 2(¢*)91(¢%) o TP
R
Im™ ™ Wa(g?) = 4o —_FY (@) 2)Q (¢°) U1 (0)
1 «FY(q 2)ff (¢? )Ql ' Fan
4+ m CoFomy——2 4.143)
241 ; q% — m Z AT Q{(mi) (
and thus, using Eq. (4.27),
jrtr ooy 1 /°° Fy (5)o3(5)2(s)U1(0)
Wi (@)= 4872 ds s—q2 —ie
sFy (s)o3(s)2](s)" Fp
C,Fp———,
4871'2 Z,/zlm — g% —ie)(s — m% — ie) ; PQ{(m%)
e 1 F/ (s ) 7r( )2 (5)*U1(0)
Wy (@)= 4872 / ds s—q2 1— i€
sFV (s)o (s)Ql(s) FiFaa
Co—27 "5+, (4144
247r2 Z[m (s — g2 —ie)(s — m?% —ie) ; maQ (m?) ( )

where we have included the ie again to specify the integration contour for m2P /a4 > 4m?2.
Interestingly, the axial-meson contributions to the first scalar function have exactly canceled
between U 1 and 1:13. This is only achieved if U 1 is subtracted once more than 1:13.

4.2.4.7 Fixing the subtraction constant from xPT

We now calculate the functions i/; at leading order in xPT, which will allow us to fix the
subtraction constant I/ 1(0). Since in the numerical study we focus on the isovector component,
we do the same here. This allows us to restrict the Lagrangian to the SU(2) case. We use
the leading-order odd-parity Lagrangian coupled to external currents [174], which can be
found e.g. in Ref. [178]. There are two diagrams: the jemjsm 7~ contact interaction and the
Jemm w70 vertex with subsequent mixing of the neutral pion with the axial current. Each of
them contributes to only one scalar function. In the soft-photon limit, we obtain
U@ = i1 (a3) = al
%) = o mpe T 12m2F2(g2 —m2)

(4.145)
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4.2 Dispersion relations in g — 2 kinematics

At this order, we have

N,
F3=F (4.146)

0(qg3) =1, Fro(m2,m2,m2;0) = 19m2F3 71'

so that the pion-pole contribution to LI ®) in Eq. (4.142) is reproduced by the chiral expression.
(3)

We thus conclude that the axial-pole and heavier pseudoscalar-pole contributions in I/ 3 are

of higher order in the chiral counting. The result for / § )(q3) fixes the subtraction constant

(4.147)

4.2.5 Results and the constraint from the anomaly

We have considered four contributions to the discontinuities of the functions W;(g?), which are
given in Eqgs. (4.39), (4.47), (4.58) and (4.143). For the scalar functions themselves, this gives

. Fpqsnr(m%,0) my fyV1(0,m3,)
2\ _ T P> s by

Wi(g") =2 > CaFp P —m2 +> 2 _ 2
P a P 1% q 14

1 = FY(s)o3(s)Q(s)Ua(0)
_487r2/ ds s—q2 —ie
sFV(s) 3(s )Ql( Fp

4871'22:/1 2 —q% —ie)(s — )ZCa PQl( mp)’

a TA
Wi(@') =233 Co s i (mA’f) +Zm‘ffvvz(0;mv)

2

ma q? my v g —my
1 ettt
4871'2 s—q% —ie

sFY (s)a2 (s)Ql(s) FiFan
" 24 Z[m (s — ¢* —ie)(s — m% — ie) Xa: “maQq(my)

(4.148)

In order for the phases in the two-pion discontinuities to cancel, the phases of FY, Fp
and F41 all have to be given by 8. This is indeed true if only two-pion rescattering is
taken into account in these quantities. In that case, the vector-form factor is given through
FY(s) = Q1(s), which we will assume in the following.

The scalar functions are expected to be real on the real axis apart from poles and cuts
according to the considered intermediate states. This is, however, not obvious from the

expressions above if mp;4 > 2my. In this case, both the TFFs and the 27-contributions have
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additional imaginary parts

- Im Fprsys(m2,0

P a ¢ - m%;
m%o3(m%) (m%)* Fp(m%, m2,m2;0)
Fe P P P Py oy Moy
487r Z Z Calp ¢ —m?
(P—pole) + (2m-cut)
~ F¢ ITm F§(m%,0)
I = _9 A 2 A
mWQ( ZZC mA—q2—m?4
o3 (%) Q4 (m)*Fa (m’y, m, m3; 0)
F bl
247r Z Z CaFgm ¢? —m3
+ (A-pole) + (27-cut) . (4.149)

We have checked that the first two lines in both expressions indeed cancel and only the physical
poles and cuts remain if the imaginary part of the pseudoscalar and axial TFFs derived in
Secs. 4.3.1 and 4.3.2 below are plugged in.

Thus, the optimal strategy is to dispersively determine the TFFs from a formalism similar
to Secs. 4.3.1 and 4.3.2, in which Fp and F4; are needed as input. This guarantees the
cancellation of unphysical imaginary parts in the VVA scalar functions. In the case of the
axial TFFs, such an analysis is presently not available and for our numerical implementation
in Sec. 4.6 we will have to resort to a VMD model [179], which does not explicitly include a
two-pion cut. We can then use the consistency condition that the unphysical imaginary parts
have to cancel to determine F A,1(m,24, m2,m2;0) from the imaginary part of the TFF.

The anomaly constraint for Wy in Eq. (4.15) is saturated by the first term in Eq. (4.148),
which implies that in the chiral limit and neglecting the gluon anomaly the other contributions
have to drop out. This indeed happens for the two-pion contribution when setting mp to
0 for the lightest multiplet and dropping heavier pseudoscalars since their decay constants
vanish in this limit. The value of the subtraction constant in Eq. (4.147) and the chiral-limit
result of Fp are crucial for this cancellation. The vector-meson contributions to W; have poles
at finite g2, which are not allowed by the axial anomaly and cannot cancel against another
contribution. Thus, their residues have to vanish in the chiral limit. The implications of the

non-renormalization constraint Eq. (4.16) will be discussed in Sec. 4.5.1 together with SDCs.

4.3 Dispersion relations for fixed photon virtualities

In this section, we derive dispersion relations for the VVA correlator in the axial-current
virtuality q% while keeping the photon virtualities g7 and ¢3 fixed. The limit go — 0 needed
for g — 2 is performed only in the end. This approach is the analog of the CHPS formalism for
HLbL introduced in Sec. 2.4.3.
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4.3 Dispersion relations for fixed photon virtualities

In general kinematics, the VVA correlator W**P(q1, ¢2) can be decomposed into four scalar
functions according to Eq. (4.6). These depend on ¢2, ¢3 and g3 = (g1 + ¢2)? and a dispersion
relation in ¢2 with fixed ¢? and ¢2 holds

Im W ) )
Wildt, 63, 43) = = /d 3 ql q2 J (4.150)
3

The imaginary parts are determined from the unitarity relation in Eq. (4.29).

In Sec. 4.2, we have discussed two contributions to Img Wi(qf, q%, s), namely single pseudo-
scalar- and axial-meson states and we can immediately use here the results we obtained before.

Projecting the pseudoscalar contribution Eq. (4.37) onto the tensor decomposition gives
Img WO(q%7 q%: qg) = —27'('6((]32, - m%)FP"/*’y* (Q%a qg) Z CaF}% (4151)
a

for the first scalar function, whereas the other three do not receive a contribution from this

state. Plugging this into the dispersion relation, we obtain

] Fpyeye (a3, 43
WP (g, 65, 43) =2 CuF, ?’;21—(,,122)5"0' (4152)
a 3 P

In the g — 2 limit, using Eq. (4.12), this leads to

~ P Fporens (2,0
Wy () =23 O, Fptr (qz ). (4.153)
a q° —mp

Also the axial-meson-pole contribution can easily be determined from the expressions above.
The contribution to Im3z WH*P(q1, g2) can be found in Eq. (4.46). The decomposition into the

scalar functions gives

™

Im§! Wo(di, 63, 8) = —-0(a —m%) 3 CaF§ 206} — &) F{(df, 63)
A a

— (m} —26) F5 (e}, @3) + (ms — 203) F3 (a2, 3)
T
Im? Wl(q%a q%) q.?Q,) = _2m_A6(q?2> - m124) ZCLLFZFf(q%a qg) ’
a
T

Tmd Wa(at, g3,03) = - —8(ad —m%) 3 CuF§ | F5'(a, 68) — Fi'(a, @)
a

Im? W3(q%7qgaq§) ’ITTAd( m?‘l) ECGFX I:-F?(q%,q%) +‘F§4(q%7 q%)] ’ (4154)
a
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4 Dispersive Reconstruction of the VVA Correlator

which leads to the following contributions to the scalar functions

A-pol A
Wo P7(at, 63, 43) = ZC Fig > [2(a} - B)Fah B)
A

- (mA — 26} 75 a}, 3) + (md — 203) Fi'(a}, )],

A- FA q5,q
Wl pOIG(q1:QZ9Q3 = _ZCFA ql (_1;”’22)a
3 A
]:A 2 2
WAPOIG(Q17Q2,Q3 ___ZCFA ‘I17((112)_ m23 (4, %)
3 A
A 2 A(2 2
A-pol F3(q1,95) + F3 (47,4
Wy P(qt, 63, 43) = ——ZC F4 2 (ar q";)_ m;‘ 16) (4.155)
3 A

In g — 2 kinematics, this reduces to

W,lq.pole( 2) = _m_ZC F¢ []—‘A(q 0) + F3'(q?, 0)]
A a
o F2(.0)

~,A-pol 2
W2 pOe(qQ) = __ZCGFA q2 m
A

a

(4.156)

The pole residues of the results obtained here agree with the corresponding ones in the
formalism in g — 2 kinematics, Eqgs. (4.40) and (4.48). However, the results differ by a non-pole
axial-meson contribution to Wf_pde as well as by the arguments of the TFFs. This shows that
the notions of pseudoscalar or axial-vector pole contributions are different in the two approaches.
There is a re-shuffling of contributions that also involves the cuts in the ¢? channel, which do
not show up here. In order to better understand this, we need dispersive representations of
the TFFs taking into account the same intermediate states as in Sec. 4.2. Our goal here is not
to compete with the much more involved analyses in Refs. [18,50,120,125-128|, but instead
to derive dispersive representations facilitating the comparison between the two dispersive

approaches in Sec. 4.4.

4.3.1 Dispersive analysis of the pseudoscalar transition form factors

The pion transition form factor can be decomposed into components where either the first or
the second photon is an isovector [18]

770 7\'0
Fﬂofy*’y* (q%’ q%) = Fvs (q%7 q%) + Fvs (q%, q%) . (4'157)
Similarly, for the n and 7’ TFFs the decomposition reads [127]
Q] Q)
Fo)yere (@, 53) = Y, (a3,63) + FIL (a1, 3) - (4.158)
In both cases, the singly-virtual TFF takes the form

Fpyr (67,0) = Fy (@) + F(a) (4.159)
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4.3 Dispersion relations for fixed photon virtualities

where we only specify the isospin component of the virtual photon. Explicitly, the definitions

of the isovector and isoscalar form factors read

(72, A1 3/°(0) [P (a1 + g2)) = —e€*” (02) €upod{ S FL) (¢3) (4.160)

with j:j/ *(x) the isovector and isoscalar components of the electromagnetic current

A

Jba = 38 + 3¢, i =75, it ===, it =G (4.161)

and qg = 0. We want to study two-pion intermediate states in the isovector channel and narrow
vector resonances in the isoscalar channel.

4.3.1.1 Two-pion intermediate state

The unitarity relation in the isovector photon reads

Im [—i (v, (g1, M) | P(p)v(g2, A2))] = ( /dpz) P(p)y(g2, A2)|n; {pi})"

X (vy(a1, A1)Ins {pi}) - (4.162)

Taking the two-pion contribution from the sum over intermediate states, we find

™ ™ [—i (] (g1, M) | P(p) (g2, M2))]

= %/31\0/131\9; (P(p)v(g2, A2)|m T (p1) 7™ (p2)) 71 (Vi (qu, M) |7t (p1)m ™ (p2)) 1y »  (4.163)

which leads to

1 [ —
P Q10020 Im™ ™ FP(g}) = —3 /dp1dp2(27f)45(4)(ql —p1 — 2)€" P p1apas(ar — g2)~

x (p1 — p2)*Fr(ai, (g2 — p1)?, (g2 — p2)%; 0)FY (g1)* . (4.164)

Here we have moved the * from Fp, where it would involve analytic continuation, to F,
which only depends on q% and therefore does not require analytic continuation. Contraction
with €,4,00795/(2(q1 - g2)?) simplifies this expression to

Im™ ™ FF(g?)
1

1 e *
=3 / dpidps(2m)'6) (g1 — p1 = p2) |m — Jgf(1 - 2203((1%))] FY(gd)

1
x Fo (g m? = 5(a} —mb) (1~ 2x(ah))m? - 3 (a} — )1+ 20w(d))50) | (4.165)

N =

where z = ((g2 — p1)% — (g2 — p2)?)/(0x(¢?) (g2 — m%)) is the cosine of the scattering angle in

the 77 center-of-mass frame.
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4 Dispersive Reconstruction of the VVA Correlator

We perform a partial-wave expansion (cf. Eq. (4.104))

Fp(s,t,u; q2) = Z ff;(s,q2)Pl'(z), (4.166)
! odd

where the restriction to odd [ is due to the two pions being in an isovector state. Thus,
o
Im™ ™ Fy(q7)

1 e
=2 5 O (@) [dndpen6 D (q - pi - p)aioa)1 - 2)P(2). (4167
l odd

The integrals can be performed as explained in App. A.2 and lead to a projection onto the

P-wave

. 1 \
™™ Fy(af) = go-aion(ad) fp(al, 0)Fy (¢7)"- (4.168)

The dispersion relation then gives [18]

1 % 503(s)fh(s,0)EY (s)*
P 2 P\
E, (q7) = 962 A 72rd8 ul s q% ul . (4.169)

For the pion TFF, the isospin decomposition Eq. (4.157) shows that the normalization is
distributed equally between isovector and isoscalar components. Since we only include the
two-pion intermediate state in the isovector channel, this provides a sum rule (up to small

chiral corrections)

0 1 oo , 1 1
F™(0) = 962 A i dso(s)fro(s,0)EY (s)* = o Froyeo (0,0) = —— (4.170)

8m2F,’
whereas in the case of () the distribution of the normalization between isovector and isoscalar
parts is not fixed through crossing symmetry.

4.3.1.2 Vector-meson poles

While the isovector vector mesons should be included in the two-pion intermediate state through
the pion scattering phase shift, isoscalar vector mesons couple only to heavier intermediate
states starting from three pions. However, the w and ¢ mesons are very narrow so that
employing a NWA is justified.

We start again with the unitarity relation, this time for the isoscalar part of the TFF

Im [—i (7 (g1, M) P(p)v(g2, A2))]
Nn —
= Zﬁ (H/dpz‘> (P(p)y(a2, A2)In; {p:})" (7a (a1, A)Ims {pi}) (4.171)

n
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4.3 Dispersion relations for fixed photon virtualities

and single out a vector meson V from the sum over intermediate states

Im [—i (7} (g1, M) P(0)7(g2, A2))]
=Y 5 [ B PO @ IV or WY (i WV ev, ) - @172
Av

Plugging in the matrix elements and performing the polarization sum and the integral, we
obtain
Im" FF(¢?) = n6(q? — m¥)my fuFyp. (4.173)

Thus, summing over all contributing vector mesons and neglecting other intermediate states in

the isoscalar channel, we finally arrive at

my fvFyp
PP = -y Mvlvive, (4.174)
v 41— my

For the pion, the anomaly again provides a constraint

0 va 0 1
ET (o)zzvj m“;“ = $oF (4.175)

Conversely, for n and 1’ due to the different isospin decomposition only the sum of isovector

and isoscalar normalizations is constrained

1 = fvFvp
P P _ 3 1 V(o)
Pz /Ff;‘. (FP©)+FP©)= > /F,‘%. (W A A5 aR(s)f(s, 0)FY ()" + 3 m_v>
=M P=n,n ™ Vv
3
= 13 (X 41

472 (@°X%), (4.176)

where we have accounted for 7-n’ mixing.

Summing isovector and isoscalar contributions, the total singly-virtual pseudoscalar TFFs

read
1 [ . s03(s)fp(s,0)FY (s)* my fy Fyp
2 _ T P\® T
FP’Y*’Y* (ql,O) = m Am% ds 5 q% — VE q% — m%/ . (4177)

In the formalism of Ref. [18], isoscalar vector mesons are included through the g2-dependent
subtraction constant a(q?) in the Khuri-Treiman equations for the sub-process y* — 37, where
¢? is the virtuality of the isoscalar photon. Neglecting the conformal polynomial and the vector
meson widths, the subtraction constant becomes

cv

2

2 q
v 4.178
a(q)—aA+EV %/ 5 ( )

v
Since the solution to the Khuri—Treiman equations and thus the dispersively reconstructed
pion TFF is linear in a(q?), also the pion TFF has poles at ¢? = m%, However, both the ¢2
dependence in the numerator of a(¢?) due to the subtraction and the non-trivial ¢> dependence
introduced in the angular integral give also a non-pole contribution to the isoscalar part of the

singly-virtual TFF.
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4 Dispersive Reconstruction of the VVA Correlator

4.3.2 Dispersive analysis of the axial-vector transition form factors

The isospin decomposition for the axial-meson TFFs is similar to that for the pseudoscalar
TFFs in the previous section with the difference that the TFFs are not symmetric in their two

arguments. Thus, we have
Fi gt @) = Fiuo (4t &) + Fi(6h, 63)
f(’) f(’) f(’)
Fit (4}, 63) = Fi b (df, 43) + F ) (a1, 63) (4.179)

3,Uv 1,88

where the crossing properties in Ref. [131] imply relations between the different functions. In

the singly-virtual case, this again reduces to
Fa},0) = Fi(ad) + FA(d) - (4.180)

In the following, we will discuss two-pion and vector-meson intermediate states in these TFFs
in analogy to the pseudoscalar TFFs in the previous section.

4.3.2.1 Two-pion intermediate state

We start with the unitarity relation for the isovector part of the TFFs

Im [ {7, (g1, A1) A(p, Aa)7(g2, A2))]

Nn, —
=Y 55 (1_1 / dm) (AP A, Mlms (pa))” (3a, Al o)) (4.181)

and single out the two-pion contribution

Im™ ™ [—i (7 (q1, M) A(p, Aa)Y(g2, A2))]

= % / dp1dpa (AP, Aa)v(g2, A2) |7t (p1) 7™ (02)) " (Vi (g, M) |t ()~ (p2)) . (4.182)

We use Egs. (4.43), (4.109) and (4.78) and account for the facts that T4 vanishes at g2 = 0
and that there is one linear relation between the structures 7%, see Eq. (4.119). We then
obtain

2

_ m2 —_—
Im™ '™ lZTf ”a(ql,—qz)]iﬁj(ﬁ)] = —TAFX () / dp1dpa(2m)*6™ (g1 — p1 — p2)
=1

X Y TH%(—a2,—p2, —p1)(p1 — P2)P F ai((p1 + 12)?, (@2 — p1)%, (2 — p2)?) . (4.183)
=124

We project the right-hand side onto the two TFFs® and replace the functions F A, by the
helicity partial-wave amplitudes via Eq. (4.124), where we take into account the different

5The right-hand-side also gives a contribution to the unphysical TFF, which has to be taken into account in
the projection.
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4.3 Dispersion relations for fixed photon virtualities

assignment of the momenta. This gives

- mio,(s FV
Im™ ™ Ff!,(s) = —4 ) / dpydpa(2m)*6™ (g1 — p1 — p2)
(s —m?
. m .
x 3 (szp,(z)lh Lo(s) - —A\/E(l—zz)ﬂ’(z)lhl_,_o(s)) ,
lodd V2
- m%o.(s)EY (s)*
Im™' ™ ffv(s) =__4 n(8)Fr (5) /dp dpa( 2#)45(4)(q1 P1— P2) Z zP(z 1h++(s)
(s —m%) ! odd
(4.184)
with s = (p1 +p2)? = ¢2.
The phase-space integrals can now be performed and lead to
7r+7r_ m o ( )FV( ) . .
™ Ff () = iy (si0h4(6) = VEma/Gigio(s))
_ 2 2 FV *
Im™ ™ Fil(s) = —mAU’T(;l)ﬂ“ (s) igh, (s), (4.185)

where we have used Eq. (4.125). Notice that the residue of the apparent pole of Im™ ™ .Ffv(s)
at s = m% vanishes due to Eq. (4.126).
Plugging this into the dispersion relation, we finally obtain

o mioZ(s)Fy (s)*

1 .
Pt = 533 [0 e oo = g2y (10(5) = VEmaSigko(s))
L[ 4o R )

A (2)
Fio(ai) = T 24n2 Sy s— ¢

igh . (s). (4.186)

4.3.2.2 Vector-meson poles

The unitarity relation for the isoscalar part of the TFFs reads
Im [—i (75 (g1, A1)[A(p, Aa) (g2, A2))]
= ; ﬁ (ﬁ/ﬁ) (A(p, M) (@2, A2)Ims {pi})™ (3 (a1, M) s {pi}) (4.187)
and we again only consider contributions from single vector mesons

tm" [ (v} (g1, M) | A, Aa) (g2, A2))]
= Z%/JE/ (A(p, Aa)7(g2, M)V (pv, Av))* (Vi (g1, M)V (pv, Av)) - (4.188)
Av

The matrix elements are given by Egs. (4.43), (4.72) and (4.50). Plugging these in, performing
the integral and using
T (~q1,~a2) = =T (a1, 42) , (4.189)
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4 Dispersive Reconstruction of the VVA Correlator

we obtain

1
T, (a) = wb(a? — mymimy fy (Fia+ 3FPa)

Im" F3(qf) = m6(q} — m3)mimy' fu Fi 4. (4.190)

S

The dispersion relations then give

2
mamy fv 1
Fid)=-> 24—+ (FxI/A + §F\2/A) ,
Vv a —my
2

my fv
FA(@) =-S TAlV g 4.191
2, ( 1) ;mv(q%_mg/) VA ( )

In summary, we thus obtain for the axial TFFs

0o 2 0.2 \4 *
FNGE) = g [ AT (sigh 5) = VEmaSigho (o)

2
m4smy fy 1
> (F11/A+§F12/A) :

VvV q% —my
1 o  m2o2(s)FY (s)* m? fv
A 2 AT ™ 1 A 3
F = — d — E Fyy,. 4.192
2 (a1) V) Am% s s—q ig;+(s) - V(@ —m2) VA (4.192)

4.4 Comparison of the two dispersive approaches to VVA

In the previous two sections, we have worked out two representations for the VVA correlator in
the limit where one of the photons is soft. In Sec. 4.2, we set the soft-photon momentum to zero
at the beginning. In this limit, the imaginary part needed for the dispersion relation resulted
from a sum of two cuts in general kinematics, which become indistinguishable in the limit
of vanishing photon momentum. For that reason, we had to not only consider pseudoscalar-
and axial-meson intermediate states in the axial-current channel, but also two-pion and
vector-meson intermediate states in the vector-current channel.

In the formalism discussed in Sec. 4.3, we instead derived dispersion relations in general
kinematics and took the limit only at the end. In this way, we only had to deal with one cut,
which considerably simplified the unitarity constraints. However, the results contain virtuality-
dependent pseudoscalar and axial TFFs, whose dispersive reconstruction reintroduced the
complications due to two-pion and vector-meson intermediate states.

As the two approaches rely on different types of dispersion relations, it is clear that the
contributions from individual intermediate states do not agree. However, in order for the
results to be consistent, the infinite sum over all contributions has to be the same, which
means that the difference in one contribution has to be compensated by others, i.e. there is

a reshuflling between different intermediate states. Since we cannot evaluate dispersively an
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4.4 Comparison of the two dispersive approaches to VVA

infinite sum over intermediate states, we have to employ a truncation. We chose to include the
same states in both approaches, i.e. single-pseudoscalar, -axial and -vector as well as two-pion
states. Since there can be a reshuffling between included and neglected contributions, the
truncated results are not guaranteed to agree.

Consistency then demands that the difference between the results of the two approaches
is such that it can be accounted for by neglected intermediate states in either of the two
approaches. We will check this explicitly below. If the pattern of convergence in the two
formalisms turns out to be similar, the difference between the results can also be seen as an
estimate of the unknown effects due to these higher intermediate states.

In the dispersion relations for fixed photon virtualities, there are only pseudoscalar and
axial-vector poles. The result of the dispersion relations in g — 2 kinematics can also be
separated into these two classes of contributions, with the poles being either in the direct
process or some sub-process, and two-pion contributions with the subtraction constant in the
sub-process. In the following, we will compare contributions involving pseudoscalar poles,

axial-vector poles and the subtraction constant separately.

4.4.1 Contributions with a pseudoscalar pole

The pseudoscalar pole in the dispersion relations for fixed photon virtualities Eq. (4.153)

contains the TFF evaluated at ¢2. It can be separated into a pure pole and a part regular at
2 2

q“ = mp

- P-pol o (Fpyers(mp,0)  Fpyeys(q2,0) — Fpyens (3,0
Wi p°e(q2)=2ZanP< P;;( ’2’ ) 4 Eprr 2 1;”( 20) - (4103)

—mp q° —mp
In the dispersion relations in g — 2 kinematics, pseudoscalar poles contribute to the main
process, Eq. (4.40), and this precisely reproduces the pure pole part of the previous equation.
The non-pole part has to be compared against the pseudoscalar poles in the sub-process
V — a*y appearing in the vector-meson pole contribution as well as in the YP — w7
sub-process of the two-pion contribution. To this end, we employ the TFF representation in
Eq. (4.177) for the non-pole part, which leads to

P reg o 1 [ so3(s)FY (s)*fp(s,0)
Wi C,F— d
; P Y82 4m2 s (s — m%)(s - q?)

meVFVP
- 220 Fg Z @ =) =) (4.194)

The second line of this equation agrees with Eq. (4.60) summed over all vector mesons with
the pseudoscalar pole inserted in the sub-process as given in Eq. (4.70). The first line should
be compared with the two-pion contribution with a pseudoscalar pole in the sub-process, given
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in the second line of Eq. (4.144). The difference between the two expressions is
~ P 1 oo s03(s)
AW =3 CoFpey [ ds x
DL el m2)(s — ¢?)

FY (8)9%(8)*f113(m§a,0))
Q1 (m})

X (FX(S)*f};(s,O) -

fp(s,0)  fp(m3,0)

P LG o
Am?2

s —q? s—mb ’

= Xa: CaFp 81%2 (4.195)
where we have used that FY (s) = Qi(s) in our approximations. Although this expression does
not vanish, the pole of the integrand at s = m%,, corresponding to a pseudoscalar pole in the
sub-process, cancels.

The remainder still has a two-pion cut. While it might seem surprising that the difference
corresponds to an intermediate state that has been included in both approaches wherever it
contributes, the reason is easy to understand: in the framework of Sec. 4.3, heavier intermediate
states in the q§ channel have been neglected. In the sub-processes that would be needed to
account for such contributions, a two-pion intermediate state can contribute. In the g — 2 limit,
this contribution would have both a singularity due to the considered intermediate state and a
two-pion cut due to the discontinuity in the sub-process. Thus, the dispersive formalism that
keeps the photon virtualities fixed does not capture all two-pion singularities of the functions
W; correctly. We will present a toy-example illustrating this in Sec. 4.4.4.

4.4.2 Contributions with an axial-vector pole

In the CHPS-like formalism, axial-vector poles contribute to both scalar VVA functions. The
axial contribution to W, (¢%) does not contain a pole at ¢*> = m124, which is consistent with
the result that in the dispersion relations in the g — 2 limit, there is no axial-vector pole

contribution to this scalar function. Plugging in the TFFs from Egs. (4.186) and (4.191) gives

~,A-pole 1 a
W) = -2 ZanA (fﬂq%,m +f5‘<q%,o>)

V s)* ) 1
+ ZC FAZ qTX{Z_V (FVA + ;FVA + 1VFVA> . (4.196)
|4

The part with a vector-meson pole is reproduced in the other formalism by the vector-meson
pole in VVA with an axial-vector pole in the sub-process. The integrand of the two-pion
part does not have a pole at s = m?% due to Eq. (4.126). This is consistent with the two-
pion contribution to this scalar function in Eq. (4.148) not containing an axial contribution.

Similarly to the pseudoscalar case, we cannot demand that also the non-pole parts agree.
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4.4 Comparison of the two dispersive approaches to VVA

The second scalar function contains an axial-vector pole, which can be split up in analogy

to the pseudoscalar pole in the previous section as

~,A-pole ]:A(m ) ‘FA(q2,O) _]:A(m2 70)
2 (2)———20 FA—q 4 ZC g2 q2—m22 A (4.197)
A

The first term agrees with the axial-vector pole in the formalism in g — 2 kinematics. For the
second term, we again employ the TFF representation derived in Eqgs. (4.186) and (4.191).
This leads to

2 Vi \*i o1
Areg W(S)Fﬂ' (3) 1g++(8)
= C.FS
W S 127 22 A Jam2 (s—mi)(s—q2)
fVF\?/"A
—2my C.F% 4.198
Za: Ay (m? —mi) (g2 —mi) (4198)

and again the second term is reproduced in the other formalism by the vector-meson pole in
VVA with an axial-vector pole in the sub-process. The other part has to be compared with
the last line of Eq. (4.148). The difference of the two expressions is

Ql ( S) *

AW () an A/ ds s_mA)(s_ql)
X <ig}r+(8) V2 sa,r(s) Ql(sz))ig}ro(mi)) , (4.199)

mion(my) O (m

where the integrand does not have a pole at s = mi due to Eq. (4.125). Thus, again, the two
formalisms agree up to terms that can be accounted for by neglected contributions.

4.4.3 Contributions with the subtraction constant

In the dispersive approach in g — 2 kinematics, there are also two-pion contributions with the
subtraction constant /1 (0) in the sub-process, see Eq. (4.144). These only have a two-pion cut
with a non-singular discontinuity. Thus, again, we cannot demand that they are also captured
in the other approach. Only if the infinite tower of intermediate states in the q%—channel is
included, the two-pion cut of the scalar functions in the g — 2 limit will be fully included. Since
this is not possible in practice, SDCs can be used to approximate the neglected contributions.
This will be studied in Sec. 4.5.1.

4.4.4 Toy example

In this section, we discuss a toy example to better understand the differences between the
two formalisms. We consider a contribution of the form of the diagram in Fig. 4.5, where

the resonance represented by the double line could e.g. be the charged p meson. We assume
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4 Dispersive Reconstruction of the VVA Correlator

q2
q3
q
Figure 4.5: Toy-model diagram illustrating the different truncation schemes of the two disper-

sive approaches to VVA. The double line denotes a two-pion resonance, e.g. the p*.

Feynman rules such that the diagram contributes to the longitudinal VVA function as

F,Fr\
Woldi, 43, 45) = QR—RCOO(Qlan%»m m2, M?) (4.200)
q3 _mﬂ‘

with the resonance mass M and coupling constants F, Fr, Ar and FX for the respective

vertices. The loop function is defined through

1 2 / de kHEY , 2
€ =g""C y 42, ,m m , M
k2 —m2)((q1 — k)2 —m2)((g3 + k)% — M?) = ¢"Cooldi, 5,43 )
+ (terms ~ g/'q) . (4.201)
In g — 2 kinematics, this becomes

~ E,FrArF,

Wi(g) = qzi—:;co 0(4>,0,¢% m3, m7, M?). (4.202)
T

In the dispersive framework in g — 2 kinematics, we have three contributions to the disconti-

nuity

Im™ Wi(s) = —m8(s — m2)Fr FRARFY Coo(m2,0,m2;m2, m2, M?),
1 SFW}"R)\RFV 3(3)

1927 (s — m2)(M?2 — m2)
1 FFRARFV)\?’/?(S m2, M?)

1920 s2(s —m2)(M? —m2)

Im™ ™ W(s) = 0(s — 4m?2),

Im®™ W (s) = — 0(s — (mx + M)?). (4.203)

Neglecting the pion-resonance cut would amount to modifications of the discontinuity at
s > (myx + M)? only. We have checked that the full function is recovered if we plug the sum of
the three discontinuities into a dispersion relation. The full function contains a UV divergence
that is included in the pion-pole contribution so that no subtraction is required.

Next, we want to analyze this diagram in the dispersive formalism with fixed photon

virtualities, where it only has a pion pole and a pion-resonance cut. The corresponding
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4.4 Comparison of the two dispersive approaches to VVA

discontinuities reads

71.0
Im3 Wo(q%7q%7q§)=_7r6(q?2> 7T)F ]:R)‘RF COO(Ql,QQ,m m2 m M2)

- FrFRARFY -
Img™ Wo (a7, 43, 43) = q2_—m1 m{™ Coo (a7, 43, 43; Mz, Mz, M?)0(g3 — (mx + M)?),
3 s

(4.204)

where the resonance-pion cut of the loop function shows up. The full function can be recovered
from the dispersion relation Eq. (4.150) if the sum of both cuts is plugged in. Using only the
pion-pole, we obtain

Fr FRAREY

Wo _pde(‘h 6,43) = TWCOO(%’(Izam yma, my, M?), (4.205)
3 i
which in the g — 2 limit becomes
~ 70-pol F]:R)\R P
Wi p°e(q2)=’;2—mQC o(g%,0,m2;m2, m2, M?). (4.206)

Notice that compared to the result for the full diagram Eq. (4.200), the third argument of the

loop function is replaced by m2. It has a pion pole and a two-pion cut

Im™ V~V71T0_p°le(s) = —76(s — m2)Fy FrRARFY Coo(m2,0,m2;m2, m2, M?),
Im™ ™ Wﬂ pole( )= Fr flj);::f Im ”+7T Coo(s,0,m2;m2, m2, M?)0(s — 4m?2)
1 s(s+2M? —3m2)o.(s)
=F FV T
nFRAR l64 (s —m2)3
1 m8 + M?s(M? + s — 3m2) 9
— L{f(s—4 4.2
327 (s —m2)4 (5 = dmz) (4.207)
with
3m2 — 2M? — s + o, (s)(s — m2)
L=l l?’ M —s— o5} )| (4.208)

The pion-pole residue is correctly reproduced, see Eq. (4.203), but the two-pion discontinuity
not. The resonance-pion cut in this formalism gives precisely the missing contribution to the
two-pion cut after taking the g — 2 limit.

In summary, neglecting cuts in the formalism in g—2 kinematics leads to missing contributions
to the discontinuity only above the respective threshold. Conversely, in the formalism with
fixed photon virtualities, cuts in g — 2 kinematics can emerge from any cut in q§ in general
kinematics. In this formalism, taking into account all cuts below sy does therefore not guarantee

that the discontinuity of W;(s) is correctly reproduced for s < sg.
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4 Dispersive Reconstruction of the VVA Correlator

4.5 Constraints from the OPE

In neither of the two dispersive approaches to VVA presented above it is possible to model-
independently include all intermediate states. Thus, the strategy is to include those contri-
butions explicitly for which we are able to derive dispersive expressions and for which data
exist to constrain the required input and to use SDCs to constrain the contribution from the
infinite tower of remaining states. We will thus now review the relevant SDCs and explain

how we implement them into our two approaches.

4.5.1 Review of OPE constraints

The OPE for the VVA correlator has been discussed in Refs. [6,59,167,180]. Here, we review
the results relevant for our analysis. We are interested in the behavior of the operator

A

T(@) =i [ & dtoT5,(2)55(0)) (4.209)

for large space-like q. The matrix element of this operator between the vacuum and a photon
state is related to the VVA correlator

O1T" (@) (=a2, o)) = iee)? (—@)W** (a1, 2) , (4.210)

where we restricted ourselves to g2 = 0. The OPE can be written as [6]

(@) = 3 {4 (6")0d09u5 + (@) (~0°Guagus + qudagis — wagus) } 077 (0) (4.211)

(2

with antisymmetric local operators Of‘ﬁ and the matrix elements have the form
(01077(0) [y(—a2, A2)) = e gye3* (~a2)mi, (4.212)
where ; are numbers. Comparison with Eq. (4.11) then gives

V~V1/2(q2) = Zci/z(‘f)/‘%- (4.213)

At large ¢2, operators with higher dimensions are suppressed by the associated higher power
of ¢g~2 in the coefficient.
At mass dimension d = 2, there is only one operator that has a non-vanishing matrix element

between these states
0% = —ee®P99, A5, (4.214)

where the prefactor is chosen such that xr = 1. The Wilson coefficient is

N.O* 2 Tr(O2 2 2 4
f (@) = 2 @) = X s | (@20 + T E B 1y (‘Z‘) +0(M_4)]

q 1 4
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4.5 Constraints from the OPE

with M = diag(m,, mg4, ms) the quark-mass matrix. Translated to the VVA correlator, the
first term in the bracket gives the massless fermion loop and the second one has to be counted
asd=4.

At dimension d = 3, there is one operator for each quark flavor
02 = *P1%G0.5q. (4.216)

The Wilson coeflicient, however, contains an explicit power of the quark mass

2010%m
2 2 5
() = —2cj(qi) = ——>5—, (4.217)
4
which effectively increases the mass dimension of the operator to 4. Here, Q7 and Qf are the
respective entries of the charge matrices. Neglecting non-perturbative QCD effects, the matrix
elements of these operators are given to logarithmic accuracy by
N.m 2
gpert = _ QalNemq  p” (4.218)

q 272 mg

This combines with the quark-mass correction in Eq. (4.215) to give the term of order mg in
the perturbative quark loop. Since the same results also hold for the leptonic contributions to
the VVA correlator, this shows the consistency of the OPE with perturbation theory.
For quarks, however, the matrix elements are non-perturbative and the condensates k, are
given by
Kqg = —% , (4.219)
where X, are so-called tensor coefficients related to the magnetic susceptibility and are known

from lattice QCD in the MS-scheme at y = 2 GeV [181] (see also Ref. [20])
X, =(407+13)MeV, Xg=(394+14)MeV, X,=(53.0£7.2)MeV.  (4.220)

Ref. [6] uses (see also Ref. [167])

6] N.Q7(qq)
KRqg = = T_FZ y (4221)

which with (gg) = —(270MeV)? and F, = 92MeV gives
X0 = x = x 9 — 53.5Mev. (4.222)

These estimates are comparable to the lattice QCD values, but somewhat larger.
At mass dimension d = 4 there is no new operator. The flavor decomposition proceeds

according to
4Tr(Q5Q*MX) 3 4C, Tr(Q*mX %)

4.223
ol o (4.223)

Z Cg(qz)"ﬁq =

a

111



4 Dispersive Reconstruction of the VVA Correlator

and similarly for the d = 2 term. Thus, we obtain to order ¢—*

WHE) = gz + gosi (X — maXa) + O™
1 49123 x 1073 GeV?
471’2(]2 47‘.2q4

W?(qQ) = 4\/51772q2 + 9\/§eq4 (4my Xy + maXy — 2msXs) + O(q7%)
1 0.2715-0° GeV?

- 4/3n2¢? - 4/3n2qt
V6m2q2  9v/3eq!
I 0.07970:013 Gev?2

Vbr2g? Vbt

+0(q7%),

+0(¢%),

W?(q2) (4my Xy + mgXg+mX,) + O(q™ %)

+0(q7°). (4.224)

and W3 (¢%) = —W1(¢?)/2 + O(q~%), where we neglected terms involving two or more powers
of the quark mass. Here, we have used the quark masses from Ref. [69] in the MS scheme
at p = 2GeV consistent with the tensor coefficients given above. The numerator of the ¢4
term in Wi’ differs substantially from m2 ~ 18.2 x 1073 GeV? used in Ref. [6]. This can be
understood from the fact that that result relies on the Gell-Mann—Oakes—Renner relation in
the isospin limit, which involves the combination (m,, +mg)/2, whereas here we need the much
smaller combination (4m, — mg)/3. Similar effects are even more drastic in the case of Wfls,
where the hierarchy ms > m, /4 leads to a negative coeflicient as opposed to —i—m,z7 used in
Ref. [6].

There are many operators at d = 5 and d = 6, which produce terms of order ¢—% and higher.
In the chiral limit, these provide the first non-perturbative corrections and, in agreement with
the non-renormalization of the anomaly, contribute only to Ws. Ref. [6] estimates in the chiral

limit

471.2 q2 q4

< N.Tr 2 71 4 1

Wa(g?) = ——= (Q5Q%) |, _ (071 GeV) +0 (@)1 : (4.225)
In the following two sections, we explain how the SDCs in Eq. (4.224) can be incorporated

into the two dispersive formalisms. This is required for our numerical study of the isovector

scalar functions in Sec. 4.6, where we will compare the results of the two approaches.

4.5.2 Implementation of SDCs into dispersion relations in g — 2 kinematics

Each contribution to the two scalar functions in Eq. (4.148) behaves as ¢~2 asymptotically,
in accordance with the OPE constraints. However, the parameters fixed from low-energy
input make the coefficients of the leading and sub-leading terms in the high-energy expansion

disagree with Eq. (4.224). To amend this, we add one additional pole contribution to each
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4.5 Constraints from the OPE

flavor channel of each scalar function

(4.226)

This effective pole can be understood as resumming the effects of all heavier intermediate

(a)eff (a)eff

states that are not included explicitly. In each case, the two parameters n ) and m; , can

be fixed by matching the two terms in the expansion in Eq. (4.224).
To do this, we need the asymptotic expansions of the dispersion integrals in the two-pion
contributions to Eq. (4.148). The first integral reads

s—q2

We split this integral at some scale sg with {AQQCD, m?} < sp < q?. We can then take ¢° to
be much larger than any other energy scale in the low-energy part and can thus Taylor expand
the integrand. In the high-energy part, any hadron mass squared can be neglected against s
and both the Omneés function and the VFF can be replaced by their asymptotic expressions.
Assuming FY (s) = Q1(s) and the asymptotic form Q}(s) = a/s + O(1/s?), we obtain

O / ds|Q(s))2 3(s)l + 5 +0(q2)]
fetlel)

2
1 s0 al? Adg log (—%4;
——2[—/4 , dsiod(s)Po(s) — 28 +0( |- L5

s q*
+ 1 —/SO dss|Q(s)|>03(s) + |al*lo (@) +0 AéCD +0 AaCD
| Jam2 1O AV 50 ¢ )
(4.228)

Since sq is arbitrary, the dependence on this has to cancel for each order. We have also checked
that higher orders in the asymptotic expansion of the Omnes function do not modify the result
at the given order. The other integrals can be expanded in the same way.

The expansion of each of these integrals contains a term scaling as log(—q?/u?)/q*. Such
terms are indeed expected from the OPE calculation, see Eq. (4.215), but we have neglected
them in Eq. (4.224) since they are quadratic in the quark mass. We do not put constraints
on the coeflicients of these terms, but include in the uncertainty estimate a variation of the

arbitrary scale p within a factor 3 around 1 GeV.
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4 Dispersive Reconstruction of the VVA Correlator

4.5.3 Implementation of SDCs into dispersion relations for fixed photon
virtualities

In the results from dispersion relations for fixed photon virtualities, Eqgs. (4.153) and (4.156),
the contributions from each intermediate state behaves as ¢~*. Similarly to HLbL, the infinite
tower of intermediate states has to behave differently in order to fulfill the OPE constraints.
Thus, it is impossible to model the tower of heavier intermediate states with one or any
finite number of effective poles. Instead, one has to resort to hadronic models as discussed in
Sec. 3.1.4.

Instead, we here follow the approach of Ch. 3 and Ref. [45] to smoothly interpolate between
the dispersively described low-energy region and the asymptotic region where SDCs are valid.
Since in this case we are dealing with functions of only one variable, only the step from Sec. 3.3

is required. We use the interpolants

WA (g2) = 1 49177 x 1073 GeV? i ci n i ,
47T2q2 47r2q4 47T2q6 47r2q8
Wg’int( 2) __ 1 _ 491_?3 X 10_3 GeV2 _ C% _ C% . (4229)
8m2q? 8m2qt 8m2¢8  8m2qB
for the isovector functions above a matching point Q% = —q? = m2. This follows from Eq. (3.21)

by adding further sub-leading terms. The coefficients cZ are fixed such that the functions and
their first derivatives are continuous at the matching point. Below this point, the dispersive
representation is used. We will not provide an uncertainty estimation in our numerical study
in this case and thus do not consider alternative interpolants. Using two free parameters and
matching at m? = 0.5 GeV? turned out to be reasonable choices for HLbL, so we will adopt
them here.

4.6 Numerical implementation in isovector channel

In this section, we provide numerical implementations for both dispersive representations in the
isovector channel. We compare the results against each other as well as the models introduced

in Sec. 4.1.4 and provide results for alYVA.

4.6.1 Phase and Omnés function

For the isovector P-wave phase shift, we use the results of Ref. [182] based on Roy equations [183].
We guide it to the asymptotic value m by using the function

a
s+b

6a,symp =m+ (4230)

above s = 1 GeV? with the parameters a and b chosen such that the function and its first

derivative are continuous at the matching point. We have checked that the exact form of

114



4.6 Numerical implementation in isovector channel
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Figure 4.6: Left: I =1 P-wave phase shift from Ref. [182] guided to 7 asymptotically, right:
Omnes function obtained from this phase shift. Red corresponds to the absolute
value, blue to the real part and green to the imaginary part.

the asymptotic matching and the matching point only have a minor effect on our results for
VVA. The phase shift is displayed on the left-hand side of Fig. 4.6. We then plug this into
Eq. (4.136) to calculate the Omnes function. The result is shown on the right-hand side of
Fig. 4.6. It is dominated by a strong peak from the p-resonance.

4.6.2 Pion TFF and v — 37

For the space-like pion TFF needed in the formalism with fixed photon virtualities, we use the
dispersive representation of Ref. [18,50]. In the formalism in g — 2 kinematics, we need the
singly-virtual pion TFF evaluated at the time-like value m2. Due to the smallness of m2, the
simple VMD-model
Froyens (6,0) = Fropenn (¢2,0) 55— (4.231)
q° — mp

is sufficient. We vary the p-meson mass in this equation within its width. For the normalization,
we employ the experimentally measured value [184], which is in excellent agreement with the

leading-order xyPT expression
1

Am2F,

In addition, we need the value F,o(m2,m2,m2;0) = f,o(m2,0). To this end, we solve the

T

Fﬂ.O.y*,),* (0, 0) = (4.232)

Khuri-Treiman equations [185] for Fo(s,t,u;0) [18,186] iteratively with the wm-phase input
discussed above. We obtain
Fro(m2,m2,m2;0)  1.07

~ , 4.233
Ofm2) " dwiF 4259

where quark-mass effects in the normalization [18,171,175] are taken into account and are

responsible for the largest part of the difference to the chiral limit expression in Eq. (4.146).
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4 Dispersive Reconstruction of the VVA Correlator

4.6.3 a; TFF and va; — 27

For va(qZ) in the approach in g — 2 kinematics, we need Fy'(m2 ,0). We employ the minimal

al?
VMD model for the f; TFFs of Ref. [179] together with flavor symmetry. This model with the
numerical input from the first fit in Tab. 8 of that reference gives
FJH(m?,,0) = —1.29 — 0.16i. (4.234)
From flavor symmetry, we deduce

F{' (a1, ¢3) o Tr(Q%\%) (4.235)

and the mixing pattern is parameterized as

a 1 0 0o\ /f3
fil| =10 cosfs sinf4||f° (4.236)
i 0 —cosfy cosfy) \f2

with 04 =~ 62°. This allows to relate the a; TFF to the f; TFF

Tr(Q%\3)

fi( 2 2
cos 04 Tr(Q2)\0) + sin 04 Tr(QQ)\S)]:2 (a1,43) - (4.237)

F3(ai, a3) ~

We note that this assumes equal masses for p, w and ¢, since the isoscalar f; couples to pp
states, whereas the isovector a; couples to pw states. Thus, it is unclear at which mass the
TFF should be evaluated. For the two choices, we obtain

F5'(m3,,0) = —0.89+0.01i, Fy'(m%,0) = —1.01 —0.12i. (4.238)

Including also the other fits in Tab. 8 of Ref. [179] as well as the extended VMD model with
the fits in Tab. 9 of that reference, we find that all results are within the range

For(m2,,0) = (—0.71 £ 0.34) — (0.04 = 0.09)i. (4.239)

al?

The imaginary parts are very sensitive to the exact mass plugged in. Therefore, determining
F al,l(m2

al,mi, m2;0) from the cancellation of imaginary parts as explained in Sec. 4.2.5 leads

to a broad range
Fara(m2 ,m2,m2;0) € (—9.5,24.7) . (4.240)

Below, we will examine the numerical effect of this.

The real part of the TFF will be varied within the range given in Eq. (4.239). We assume
that the uncertainty induced by the use of SU(3) symmetry is captured by the evaluation
at m2 and m?cl. We note that the result from the hQCD model reviewed in Sec. 4.1.4,
Fgt(m2,,0) = —0.35, is slightly outside the interval in Eq. (4.239).
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For the space-like a; TFFs required for the dispersion relations with fixed photon virtualities,

we use the parameterization [164,165]

2 _2
q
]:ill(q270) = 0) ‘Fgl(QQaO) :‘Fgl(oao) (1 - F) : (4241)
The parameter A has been found to be around 1 GeV for f;(1285) and f;(1420) [164,165] and
we assume the same to be true for the a;. For the normalization, we consider the so-called
equivalent two-photon decay width
. m2 1

a5 ¢? 2

I'(a1 = 1), (4.242)

where g2 is virtuality of the longitudinal off-shell photon. Ref. [131] has estimated it from
SU(3) symmetry and the measurements for f1(1285) and f](1420) [164,165]

Loy = (20£0.7) keV . (4.243)

The relation to the form factor [131]

~ Talmyg
Fa1—>’y’y = Tll}-gl (Oa 0)|2 (4244)

leads to
F5'(0,0) = 0.34 £0.06. (4.245)

4.6.4 Input for the vector mesons

For the vector-meson poles in the dispersive framework in g — 2 kinematics, we need the

5Vi(3)

parameters V,; " (0, m%,) According to Sec. 4.2.3.2, these can be written as

F3
~Vi(3) 2 Fyr Fa, 1 1 o Vay

V 0, my,) = —F, + Fy, + -Fy, + ,
1 ( V) ™ %/ _ gr Ma, < Vai 9 Vai ,m%/

~V,(3) 2 Foymg Fga
V2, (O’mV) = - 2 : 2 - 2 (4.246)
mV mV - mal

where we have again taken into account 7° and a; poles. The coupling constants in this

equation are related to decay widths via

3
a(Fyp)? (m%, — m%)

FV—)P'y = 24 my
2

a(m? —m2)3 1
Doy = S by —mi)? (Flat 35 )+ (i ) (P

1
~2m(my — i) (Fha+ 5Fa) Fial (4.247)
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4 Dispersive Reconstruction of the VVA Correlator

Both Egs. (4.246) and (4.247) depend only on the linear combinations F%, A=Fs +F2,/2
and 1:"%/ A=F3,.

In principle there is an infinite tower of isoscalar vector resonances. Of course it is impossible
to fix the corresponding infinite number of parameters from experimental input. However,
we expect it to be sufficient to only include the lightest one explicitly, the w-meson, for the
following reasons. First, the parameters of the ¢-meson are related to those of the w through
the approximate U (3)-symmetry relation

F¢71' _ F;a1 _ COtHV_\/§
For Fi}al tanfy + /2

(4.248)

The vector-meson mixing angle fy is close to the ideal mixing angle 9‘dea1 = tan"1(1/v/2),
which implies Fj, < For, F' pay K F! .. and thus V¢( )( ) <V (0 m2). Second, the
masses of all heavier vector mesons are significantly larger than 1GeV and there are other

wal

intermediate states in this mass range that we do not include explicitly like 7(1300). The sum
of all these contributions thus has to be described through the effective poles that match the
dispersive expressions to the SDCs.

For the pseudoscalar parameters, the experimental measurements of the width I',_,y can
be used together with Eq. (4.247) to determine F,,,. However, the decay a; — w~ has not
been measured yet. We could use the measurement of I'y, _,,, together with a U(3) relation,
but even that would only fix the combination appearing in Eq. (4.247). In principle, the decay
I'f, 4 probes another combination due to my # m,, but in the U(3) limit the masses become
degenerate so that then U(3) symmetry cannot be used any more.

For these reasons, we take a simpler approach: first, the w-pole contribution to W( ) has to
vanish in chiral limit due to the anomaly. Since we are in the isovector channel, we expect
chiral corrections to be below 5 %. We thus take m,, fwf}‘f’(?’) = 0 as our central value and vary
it between 5% of the residue of the pion pole. For W( ) a similar argument does not hold.
Thus, in the absence of more reliable input, we fix the residue from the holographic model,
taking into account that the vector-meson pole in this model includes in addition to the w-pole
also the p-resoance, which is part of the dispersive 27 contribution. We assign a conservative
50 % uncertainty to the value in Ref. 4.1. Fixing the parameters in this way implies strong
correlations between the vector-meson residues and other quantities such as the ones entering

the two-pion contribution to W,. We take these into account in our error estimation.

4.6.5 Results for dispersion relations in g — 2 kinematics

We are now ready to put all pieces together and obtain representations for the functions
W,—based on the dispersion relations in g — 2 kinematics in this section and then based on the
dispersion relations for fixed photon virtualities in the next one. Afterwards, we will compare

the results of the two approaches. Starting from Eq. (4.148), we include the pion and a; poles,
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4.6 Numerical implementation in isovector channel

which are assumed to be pure isovector states, the w-meson pole in the q§-channel as well as
the two-pion intermediate state with 7° and a; poles in the sub-process. Furthermore, we add

effective pole-terms as described in Sec. 4.5.2. The scalar functions then take the form

~ Fﬂ. * ok m72”0 ” wi}w’(?,) 0 2 1 0o Ql 2 3 5[(3) 0
W?(q%) =Fﬂ- O’Y 7 ( )+m f 1 ( ’m"-’) _ / dS| 1(3) UW(S) 1 ( )

g2 —m2 @ —m2 4872 J4m2 s—q? —ie
Sy v Cli O g
9672 Jamz (s —@F —i€)(s —m2 —ie) " Q(m2) @ (mg3)eﬁ?)2 ’
Q Ty, 3 y 3
ey Fu Fm0) om0 0m) 1 e j0ls)Ped(s)d” (0)
Wo(qi) = ~m 2 5 T 2 2 + 4872 § 2 _ -
a; 4] — Mg, qy —my, T JamZ §—qy —1€
3)eft
1> o slfe)Ps) Fuy a1 o)
+ 4872 Jym2 S(s — @ —ie)(s — m2 — i€) mg, Q (m2 2 (3)eff\2 " 7
T 1 a1 a1°"1\"""a q — (m2 )
Solving the systems of equations for the effective-pole parameters gives
n{®f — 0.0025 +0.0021, m{®f = 0.83+0.13 Gev
nf = _0.07 +0.05, mPT = 1.351031 Gev | (4.250)

where we have taken into account uncertainties from all input parameters. For the uncertainties
of the results in W1, the most important ones are the allowed size of the w-pole residue compared
to the one of the pion pole, the value of the subtraction constant in U;, to which we assign a
5% uncertainty due to higher order corrections in SU(2) xPT, and parameters that enter the
pion-pole residue, i.e. Fr, the pion TFF normalization Fy,«,+(0,0) and the mass in the VMD
model for the pion TFF in Eq. (4.231), which we vary within the width of the p meson. In the
case of Wy, the uncertainty is completely dominated by the value of the a; TFF at mgl and
the holographic input for the vector-meson residue.

For the longitudinal scalar function, we obtain a small effective-pole residue that is almost
compatible with zero. For comparison, the residue of the pion pole is 0.026. This is in
accordance with every contribution beyond the pion pole vanishing in the chiral limit. The
mass of the effective pole is slightly smaller than the masses of intermediate states that have
not been included explicitly. We note, however, that in our procedure the effective pole mass
can be considerably reduced compared to the mass scale of neglected contributions if those
involve partial cancellations. This is because we fix both parameters of the effective pole from
asymptotic constraints as opposed to using low-energy input as e.g. Ref. [18] for the pion
TFF. Since the effective-pole mass is still much larger than the dominant scale in the isovector

3)eff . . .
g Je invalidates our conclusion.

component of W1, m,, we do not expect that our result for m
In the transversal case, the residue of the effective pole is not suppressed compared to e.g. the
ai-pole residue of 0.10 + 0.05 and the mass of the pole is in the expected range. The large

residue of the effective pole can be understood from a comparison with the holographic model.
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4 Dispersive Reconstruction of the VVA Correlator
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Figure 4.7: Individual contributions to W;’ in the dispersive framework in g — 2 kinematics.

In that case, the effective pole has to approximate the whole infinite towers of axial-vector
and vector poles. In Tab. 4.1, it can be seen that the residues of these poles increase with the
radial excitation so that any truncation of the infinite sums will lead to a large error at high
energies that has to be compensated by an effective pole with a large residue.

The contributions to the two functions from individual intermediate states can be found
in Figs. 4.7 and 4.8 for our central result. Also there, the very different behavior of the two
functions can be seen: while the longitudinal function is completely dominated by the pion
pole, the transversal one involves a large cancellation between individual terms, mainly the
a1 and the effective poles, in such a way that the sum is much smaller than the individual
contributions.

Plugging these functions into the integrals Eq. (4.17), together with the electron loop in
Eq. (4.20), we obtain the first-family electroweak contribution

ay 2 [u,d,e] = —0.89700% x 107, o) VAT [u,d,e] = —1.175035 x 1071 (4.251)

such that the sum becomes

ayvolu,d,e] = —2.077037 x 1071 (4.252)
VVA,T,3
Mag_Q

the w-pole residue and the much smaller uncertainty of a

is completely dominated by the error of the holographic input for
VVA,L,3
H,g—2

the quantities that enter the pion-pole residue, i.e. F;, the pion TFF normalization and the

mass in the VMD model for the pion TFF in Eq. (4.231). A comparison with results from the
literature is deferred to Sec. 4.6.7.

The uncertainty of a
is dominated by the errors of
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4.6 Numerical implementation in isovector channel
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Figure 4.8: Individual contributions to W( ) in the dispersive framework in g — 2 kinematics.

4.6.6 Results for dispersion relations with fixed photon virtualities

We now provide an implementation of the approach of Sec. 4.3 matched to the SDCs as
described in Sec. 4.5.3. Since a dispersive description of the a; TFF that is useful for numerical
studies is still missing, we refrain from giving an uncertainty estimation and just show central
results based on the simple parameterization given in Sec. 4.6.3.

Below the matching point, we use representations with only 7% and a;-poles

~3 Fﬂ-O * *(q2,0) F
Wi(q*) = Fr qéimz _m(;l [ffl(q2,0)+]:2al(q2,0)] ,
s a1
. | Fyy F(é0
Wi(g?) = — =2 (—q). (4.253)

e, @ — mZ,
Matching this to the asymptotic functions Eq. (4.229) allows us to determine the parameters
of the latter
1= _0.176 GeV*, 2 — —0.064GeV®,
ch = —0.431 GeV*, 2 = —0.143 GeV". (4.254)
The transition from the dispersively described low-energy region to the asymptotic form and

the approach of the asymptotic limit can be seen in Figs. 4.9 and 4.10. For the electroweak

contribution to a,, this implies

ay ppylu, d,e] = —=1.10 x 1071, ay ypylu,d el = —1.39 x 1071 (4.255)
with the sum
ay, ypylu,de] = —2.49 x 10711 (4.256)
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4 Dispersive Reconstruction of the VVA Correlator
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Figure 4.9: Results for W1 in the dispersive framework with fixed photon virtualities and the
matching to the SDCs. The dispersive result is used below the matching point at
Q? = 0.5GeV? (vertical orange line) and the interpolant above as indicated by the

thick line.
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Figure 4.10: Results for ng') in the dispersive framework with fixed photon virtualities and
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the matching to the SDCs. The dispersive result is used below the matching point
at Q% = 0.5GeV? (vertical orange line) and the interpolant above as indicated by
the thick line.



4.6 Numerical implementation in isovector channel
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Figure 4.11: Comparison of the two dispersive approaches to VVA with the two models
introduced in Sec. 4.1.4 for Wl. The band corresponds to the uncertainty of the
result based on dispersion relations in g — 2 kinematics. The small insert shows
the difference to the central result for the dispersion relations in ¢ — 2 kinematics

in the low-Q? region. Notice the different scale in the insert.

4.6.7 Comparison

In Figs. 4.11 and 4.12, we compare the two dispersive representations against the two models
introduced in Sec. 4.1.4 for the two scalar functions. In W1, the two models are very close to
the dispersive representation in g — 2 kinematics over the whole plotted Q? range. However,
due to the small uncertainty band, there are some deviations with the model of Ref. [6] as can
be seen in the insert. This can be understood as a consequence of the model consisting only of
a pion pole with the residue being adjusted to the SDC. With the leading-order expression for
the pion TFF normalization, the model agrees with our dispersively-defined pion pole up to a
shift of the argument from m?2 to 0. This shift slightly reduces the residue, which influences the
scalar function at small Q2. At larger Q2, the heavier intermediate states in our representation
become relevant such that both functions fulfill the same SDCs. However, also our uncertainty
band gets narrower so that the model curve stays outside the band. The pion-pole residue in
the holographic model is closer to our value, which explains why this model stays within our
uncertainty band for all Q2.

Conversely, the dispersive representation in fixed photon kinematics differs substantially
from all other curves, especially around the matching point of Q% = 0.5 GeV?2. This is due to
the effect that each individual intermediate state drops off too fast for large Q2 and only the
infinite tower has the correct asymptotic behavior. A truncated representation as we use it

123



4 Dispersive Reconstruction of the VVA Correlator

0| ]
—0.2 |- .
Q{) —04 | |— g — 2 kinematics
z:g 061 | |[—fixed virtualities
& —— Cgzarnecki et al.
$ 08| -
& —hQ
| 1} |
—1.2F -
| | | | | | |
0 0.5 1 1.5 2 2.5 3
Q? [GeV?

Figure 4.12: Comparison of the two dispersive approaches to VVA with the two models
introduced in Sec. 4.1.4 for W5. The band corresponds to the uncertainty of the
result based on dispersion relations in g — 2 kinematics.

below the matching point thus underestimates the full function and in the present case this
sets in already at Q2 = 0.

For the transversal function, the uncertainty band of our result in g — 2 kinematics is very
broad and includes both model calculations with a slight exception at small Q2. Even the
possibility that the curve slightly exceeds the asymptotic value —1/(8)% = 0.0127 before
approaching it cannot be excluded from our calculation. However, the result from fixed-
virtuality dispersion relations again drops out of the uncertainty band below the matching
point before the transition to the asymptotic form guides it back into the uncertainty band
and eventually to the asymptotic value.

It is striking in Fig. 4.12 that the curve from dispersion relations in g — 2 kinematics differs
from both models and the ﬁxed—v1rtuaht1es dispersion relations already by the slope at the
origin, i.e. the value for W )(O) is larger, although largely compatible within uncertainties.

Indeed, we obtain

WE)_5(0) = 0.049* 548 Gev 2 Wby (0) = 0.031 Gev 2,
Wyary(0) = 0.029 GeV—2 Wihacn(0) = 0.028 GeV 2. (4.257)

The corresponding values for the longitudinal component are

W) _,(0) = —1.43370.02 Gev 2 Wy (0) = —1.419 GeV2,
Wy (0) = —1.390 GeV 2 Wihaen(0) = —1.418 GeV 2. (4.258)
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4.6 Numerical implementation in isovector channel

These numbers can be compared against the one-loop xPT expressions given in Ref. [94].

Evaluated at the origin and adapted to our definition of the scalar functions, these read

2

~(3) 64 w 16 1 m2 mi 1
= — - — — |1 log — 42 S
WI,XPT(O) 3 Cr 3 Cas (1) + 384n 12 og —5- 2 + log 2 K4 47r2m72T ,
~.(3) 16w 1 m2 m2
Wap1(0) = 3022 (k) — 38471F2 log —- 2 + 10g —K 42 (4.259)

These expressions depend on two low-energy constants, which have been introduced in Ref. [178].
They can be fixed from the normalization and slope parameter of the 70 TFF. With this

replacement, the expressions simplify to

745(3) (1 + ) Fr Fryen (0, 0)
Wl,XPT(O) = m2 Y

3 A Fr Frons (0, 0)
W) pr(0) = 1;2” (4.260)

where we have used the definition
2
M a 2
== F_xx(q°,0). 4.261

Using the experimental value for the normalization [184] and the dispersive value for the
slope [18], this leads to

W br(0) = (—1.43 £ 0.08) GeV=2, W) pr(0) = (0.044 +0.003) GeV™2,  (4.262)

where we have propagated the uncertainties of the input parameters and added a 5 % uncertainty
due to neglected higher orders in xPT.6

In the case of the longitudinal function, the uncertainty on the normalization from xPT
is too large to discriminate between the different numbers in Eq. (4.258). However, for the
transversal function the xPT result clearly prefers the value from the dispersion relations in
g — 2 kinematics over the other dispersive approach or the two considered models. Due to the
small uncertainty of the yPT number for the normalization compared to the dispersive one,
this additional constraint might even be used to shrink the uncertainty band in Fig. 4.12 and
thus also reduce the uncertainty of aXZ%[u, d,e] in Eq. (4.252).

The results for aXVA [u,d, €] in the fixed-photon-virtuality approach, Eq. (4.256) is outside
the uncertainty range of the result based on dispersion relations in the g — 2 limit, Eq. (4.252),
but as no uncertainties on the former have been considered, the significance of this discrepancy

cannot be assessed. The model results in Egs. (4.22) and (4.25) lie between the central values

6Although we have started from SU(3) xPT, Eq. (4.260) only contains SU(2) quantities. Thus, we expect the
same expressions to arise if the calculation were done in SU(2) xPT so that higher-order corrections should
be small.
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4 Dispersive Reconstruction of the VVA Correlator

of our two dispersive approaches and within the uncertainty range in Eq. (4.252). Thus,
we generally agree with the commonly used result from Ref. [6]. The uncertainty on the
electroweak contribution to a, is negligible compared to the ones on HVP, HLbL or the

experimental measurement.

4.7 Conclusions

In this chapter, we introduced the novel dispersive formalism for hadronic matrix elements
involving soft photons using the VVA correlator as an example. We showed how the imaginary
part of the matrix element in the soft-photon limit, go — 0, can be obtained from a sum of two
cuts in general kinematics. Based on this, we calculated the effects of single pseudoscalar, single
axial-vector, single vector and two-pion intermediate states on VVA. In all cases, we dispersively
reconstructed also the required sub-processes taking into account the same intermediate states.
This reflects the strategy we will follow for HLbL in the next chapter.

For comparison, we also derived dispersion relations in the axial-vector current invariant
mass keeping the photon virtualities fixed. This is done in analogy to the CHPS formalism to
HLDbL. In this case, only pseudoscalar and axial-vector poles contribute, whereas the effects of
vector poles and two-pion intermediate states are hidden in the TFFs. By deriving dispersive
representations for the TFFs, taking into account the same intermediate states as in the
new formalism, we were able to perform a detailed comparison between the two dispersive
frameworks for VVA. We found that the two-pion discontinuity of the scalar functions in the
soft-photon limit is not correctly reproduced in the CHPS-like formalism due to neglected
contributions with a two-pion cut in the sub-process and we presented a toy-example to
illustrate this. Conversely, in the new formalism, the discontinuity is correct up to the lowest
threshold of an intermediate state that has not been taken into account.

We concluded the chapter with a numerical evaluation of the VVA correlator in the soft-
photon limit, taking into account the SDCs from an OPE calculation. In the case of the new
dispersive formalism, a single effective pole in each scalar function suffices to fulfill these SDCs,
whereas in the CHPS-like formalism each pole-contribution falls off too fast asymptotically
and we thus employed a matching procedure similar to what we introduced for HLbL in Ch. 3.

For the longitudinal component, the numerical result obtained from the new dispersive
formalism is very close to hadronic models and the uncertainties are small. In contrast, the
results based on dispersion relations with fixed photon virtualities differ substantially around
the matching point. A similar picture is also obtained for the transversal component, but
with larger differences between the different representations and much larger uncertainties.
Therefore, for VVA the dispersion relations in g — 2 clearly lead to a more realistic description
of the scalar functions in the space-like regime. It remains to be seen whether this applies also
to HLbL.
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Figure 4.13: Connection between HLbL in the new approach evaluated in the MV regime with
the dispersive approach to VVA. The three lines in the intermediate state represent
an arbitrary N-particle state and the arrow stands for the OPE expansion Eq. (3.3)
that relates a two-photon state to an axial-vector current. The momenta are
assigned according to the standard convention for HLbL, which differs from the

convention for VVA used in this chapter.

The picture obtained for the scalar functions is also reflected in our results for the electroweak
contribution to a, due to the VVA correlator. It agrees with previous model estimates within
uncertainties. The uncertainty on our dispersive result in g — 2 kinematics is dominated by
missing information on the w-pole residues, to which a measurement of the decay a; — w~y
would provide valuable constraints. We argued that the yPT-result for the normalization
might help to significantly reduce the uncertainties.

The numerical study can be extended to the isoscalar parts of the VVA correlator. This
would allow us to calculate the strange-quark contribution to the electroweak diagram, which
has to be combined with perturbative charm and muon loops. The third family can be treated
fully perturbatively, so that this would complete the calculation of a, contributions of the
form of the diagram on the right-hand side of Fig. 2.2.

Let us close this chapter by pointing out an interesting application of these results in the
context of HLbL. In Sec. 3.1.1, we showed that in the asymmetric asymptotic regimes of HLbL,
e.g. q% ~ q% > {q§ , AQQCD}, an OPE can be used whose leading term relates HLbL to the
VVA correlator. The relation between HLbL in the MV region and the VVA correlator can
be established for each intermediate-state contribution separately if the dispersion relation
is written in the small variable (here ¢2) keeping the other ones fixed (here ¢7 and ¢2) and
OPE results are used for the form factors appearing in the HLbL reconstruction. This is

illustrated diagrammatically in Fig. 4.13 and shown analytically in Refs. [187,188], see also
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4 Dispersive Reconstruction of the VVA Correlator

Ref. [21]. Thus, exactly those intermediate states that are numerically important in VVA
are also required in HLbL in that regime to fulfill the SDC and obtain a numerically precise
representation of the scalar functions. A similar relation also holds in the CHPS formalism,
where one only has the s-cut illustrated in the first line of Fig. 4.13. However, as we have
shown in this chapter, in the new formalism a finite number of intermediate states is sufficient
to obtain a satisfactory numerical description of VVA. Conversely, an infinite tower, possibly
mimicked by interpolants, is required in the CHPS approach to compensate for the fact that
each individual exclusive intermediate state falls off too fast asymptotically to saturate the
SDC. We expect this to prove useful in an implementation of SDCs into HLbL in the formalism

introduced in the next chapter.
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5 Dispersion Relations for Hadronic
Light-by-Light Scattering in Triangle
Kinematics

After having introduced the new dispersive formalism in the case of the VVA correlator in the
previous chapter, we are now ready to apply it to HLbL. We have argued before that achieving
control over the contributions from intermediate states with masses between 1 and 2 GeV is
crucial to reduce the theory error of HLbL to the size of the projected precision of the final
experimental results at Fermilab [3,24]. A model-independent evaluation of these effects is
not available yet, also due to the fact that it is not known how to unambiguously include
contributions from intermediate states of spin two or larger within the standard dispersive
representation of HLbL in general four-point kinematics [17, 38, 39].

In this chapter, we explain this issue in detail and show that the novel approach, i.e. dispersion
relations directly in the soft-photon limit (triangle kinematics), is free of ambiguities due to
redundancies in the tensor decomposition. Compared to the CHPS approach, contributions
from different intermediate states get reshuffled, unitarity relations become more involved,
and the dispersive reconstructions of additional hadronic sub-processes are required. Here, we
explicitly derive analytic expressions for the single-particle intermediate-state contributions
to HLbL in triangle kinematics, including tensor resonances. We show that for an inclusion
of two-pion rescattering the sub-processes v*vy* — vynw and mw — 77 are required, whose
tensor decompositions in the soft-photon limit are also free of kinematic singularities.

Sec. 5.1 is devoted to the issue of kinematic singularities in the CHPS approach and how
dispersion relations in g — 2 kinematics avoid them. We also explain how the discontinuity in
triangle kinematics can be obtained from two different cuts in four-point kinematics. Then, in
Sec. 5.2, we focus on the unitarity relations and the sub-processes required for a reconstruction
of pseudoscalar poles, narrow-width resonances and two-pion rescattering. Furthermore, we
explain the reshuffling of contributions with respect to the CHPS formalism and derive results
for single-particle contributions in terms of TFFs. In Sec. 5.3, we concentrate on singularities
in the soft-photon limit, which cancel between the two cuts. We provide a method to split
a soft-singular amplitude into a simple singular piece and a non-singular piece that can be
studied dispersively in the soft-photon limit. The content of this chapter has been published
in Ref. [60] with the exception of Sec. 5.3.
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

5.1 Motivation and general idea

5.1.1 Kinematic singularities in the CHPS approach

The framework worked out in Refs. [17,39] and reviewed in Sec. 2.4.3 consists of dispersion
relations for the HLbL tensor in general four-point kinematics, which can be derived from
the Mandelstam double-spectral representation. The photon virtualities are treated as fixed
external variables, while dispersion relations are written in terms of the Mandelstam variables.
In particular, in Ref. [17] a basis of scalar functions II; was derived that is suitable for
dispersion relations in the singly-on-shell limit g2 = 0. For ¢ = ¢2, the scalar functions are free
from kinematic singularities in the Mandelstam variables s and u, enabling fixed-t dispersion
relations. The representation is also manifestly free from contributions of unphysical helicity
amplitudes. After writing the dispersion relation, the limit ¢4 — 0 is taken to arrive at the
kinematics relevant for g — 2.

One of the major difficulties in this approach is the fact that the BTT tensor decomposition
does not directly provide a tensor basis free from kinematic singularities, but rather a redundant
set of structures. Although the singly-on-shell basis functions II; derived in Ref. [17] are free
from singularities in the Mandelstam variables, the redundancies in the tensor basis result
in spurious kinematic singularities in the photon virtualities. The residues of these apparent
singularities vanish due to a set of sum rules: these follow directly from the fact that the
tensor decomposition involves structures of different mass dimension and they guarantee that
the result of the dispersion relation for the entire HLbL tensor is independent of the choice
of tensor basis. At the same time, they imply that the apparent kinematic singularities drop
out for contributions that satisfy the sum rules. This is guaranteed to happen only for the
entire HLbL contribution, i.e., the sum over all intermediate states in the unitarity relation. In
contrast, individual intermediate states do not necessarily satisfy the sum rules. These sum-rule
violations make the contributions of individual states depend on the chosen basis [3,46,51]
and suffer from kinematic singularities [46].

The basis dependence affects all single-particle intermediate states in the unitarity relation
apart from the pseudoscalar contributions as these do not contribute to the sum rules. The
sum rules are exactly fulfilled by the pion box [17]. Scalar intermediate states or two-particle
S-wave contributions are in general basis dependent, but they are not affected by spurious
singularities, see Ref. [51]. In the basis of Ref. [17], axial-vector contributions are affected by
singularities, but there exists an alternative basis, where this problem is absent, as discussed
in Ref. [46]. By making use just of the minimal set of sum rules that are necessary to render
the entire HLbL contribution basis independent, it is impossible to fully remove the spurious
kinematic singularities from the contribution of tensor-meson resonances or two-particle D-
and higher partial waves. Whether this can be achieved by making use of additional sum rules

remains to be studied.
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As long as no representation is available that is manifestly free of any kinematic singularities,
the spurious singularities need to be subtracted as described in Ref. [17]. The same subtraction
scheme needs to be applied in all contributions that are affected by the singularities. In the
sum over all intermediate states, the subtraction again vanishes due to the sum rules. The
subtraction scheme introduces an ambiguity in the contribution of individual intermediate
states that is in addition to the general basis dependence. Due to these ambiguities, one
cannot expect to obtain a meaningful result for these contributions unless the sum of included
states fulfills the sum rules. This is one of the reasons why to date no evaluation of the
tensor-resonance contributions within the dispersive framework is available [3].

5.1.2 Dispersion relations in triangle kinematics

Instead of fixing the photon virtualities, writing dispersion relations in the Mandelstam variables
and finally taking the limit g4 — 0, here we propose to take a different approach: we first take
the limit g4 — 0 and then write dispersion relations for the functions ﬁi(q%, a3, q%) entering
the master formula, exploiting the analytic structure in the variables ql?. This alternative set
of dispersion relations has been briefly discussed in Ref. [21]. As explained there, these new
dispersion relations have the disadvantage that the original cuts in the Mandelstam variables
and in the photon virtualities are no longer separated.

However, this approach has an important advantage over the dispersion relations for the four-
point function: all the redundancies of the BTT set disappear in the g — 2 limit. The functions
ﬂi(q%, q%, qg) in the g — 2 kinematic limit are free from any kinematic singularities. Working
directly with them removes the problem of spurious divergences. Hence, this alternative is
a promising approach for the model-independent evaluation of the contributions of D- and
higher partial waves, or narrow tensor-meson resonances such as the f»(1270) [189).

A potential pitfall is the fact that for the new dispersion relations in triangle kinematics,
we need to reconstruct additional hadronic sub-processes, in particular v*vy* — y7m as well
as mm — ymmw. These sub-processes require their own tensor decomposition, which could
potentially re-introduce the problem of redundancies and kinematic singularities. In the
following, we derive the BTT tensor decompositions for these sub-processes and we show that
in the limit of g — 2 kinematics, all but a single redundancy in v*v* — y7w disappear, which
under the assumption of a uniform asymptotic behavior of the tensor amplitude can be traded
for one kinematic constraint. This enables dispersion relations for scalar functions free of
kinematic singularities.

In the case of dispersion relations in triangle kinematics, the objects under consideration
are the functions II; in Eq. (2.48), which in g — 2 kinematics depend on the three photon
virtualities, IL; (43, ¢3, qg) For the contribution to a,, only a restricted domain of the three
virtualities belongs to the physical region, as determined by the master formula Eq. (2.51),

but analytic continuation allows us to treat the three virtualities as independent variables and
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

to continue the function beyond the physical region. We start by writing a dispersion relation
for ﬂi(q%, q%, q%) in q%, while keeping the other two virtualities q%’Q fixed:

A 1 S 1 ~
Hi(qfaqa%’%) = %/ dslmImHi(Q%7qg’sl)a (51)
S0 3

where the imaginary part is obtained from

. ﬁ,22/-_ﬂ,22/_-
ImHi(q%,qg,s')z z(ql,qz,S +1€)2i z(q1’q2a3 16) (52)

and the lowest threshold is sp = mio. We now demonstrate how to obtain this imaginary part
by taking the appropriate limits of imaginary parts in four-point kinematics.

In Ref. [17], a basis of 27 scalar functions II; for HLbL scattering was derived, which applies
to four-point kinematics at fixed t = qg and in the limit qz = 0. The 19 functions II; relevant

for a,, can be obtained from a subset of the IT; functions,
I = 11, + (s — @2)A; + (s — ¢2)% A (5.3)
i.e., by denoting the arguments as II;(s; a%,42,43), the limit of g — 2 kinematics is given by
My, (¢, 65, 43) = 1i(63; 61, 63, 43) - (5.4)

The imaginary part Eq. (5.2) can be written as (cf. Eq. (4.28))

TmfL, (2,2, 8) = lim 0 +i6 416365 +i6) —Ii(s' —ieiqi, 5, g5 — fe)
gi \415 42> - .

q?)—)s’ 2i

= lim [Hi(s/+ie?q%vq§7q§+if)—Hi(S'—iﬁ;fﬁ,qg,qg+ie)

a3 s’ 2i
L (s’ — e g7, 5, g5 + i) — Thi(s’ — €57, 5,05 — if)]
%
= lim [Hi(s' +ie; 67,93, 93 + ie) — ILi(s' — i€; ¢F, 63, 43 + ie)
g5’ 2i
+ <Hi(8/ g g5 +16) (' + et 03,05 = le)) ]
2

=: qéiiﬂs' [Ims IL(s'; 6%, q2, g2 + i€) + (Im3 I (s’ + ie; 42, g2, qg))*] (5.5)
Here, we denote by Im; the s-channel discontinuity in four-point kinematics, analytically
continued in the third photon virtuality to qg + ie, while Im3 denotes the discontinuity in the
variable qg, again in four-point kinematics and now analytically continued in the Mandelstam
variable to s’ + ie.

Before taking the limit q% — §', the expression contains kinematic singularities of the form
1/(¢? + ¢2) and 1/X\(¢?,¢2,43), which are present in the quantities A; and Zz [17], with A
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Q1 Q1 | q1 *
q4 [ 44 44

q2 qs3 q2 : q3 q2 q3

Figure 5.1: Unitarity cuts contributing to the discontinuity of HLbL with respect to q% in

triangle kinematics.

denoting the Kéllén triangle function A(a, b, c) = a? + b% + c? — 2(ab+ ac + bc). In the original
s-channel dispersion relations [17], the residue of these kinematic singularities vanishes due
to the presence of sum rules for the scalar functions II;. Since individual partial waves or
single narrow resonances violate the sum rules, the residues of the kinematic singularities
had to be subtracted “by hand.” The basis II; was then chosen in a way that leads to a
simple form of kinematic singularities and at the same time optimizes the convergence of the
partial-wave-expanded pion box. The alternative basis of II; functions discussed in Ref. [46]
contains singularities that are products of 1/¢? and 1/(¢? + ¢3).

We note that the limit of each of the two discontinuities in Eq. (5.5) may be singular: if the
soft photon is emitted from an external leg of the sub-process, the limit ¢4 — 0 puts an internal
propagator on-shell. With the additional derivative in Eq. (2.46), this potentially leads to a
double-pole in 1/(s’ — ¢3). However, analogous poles exist in both discontinuities Im; I1; and
Ims II; and they are guaranteed to cancel in the sum of the two discontinuities because the
HLDL tensor is free of such singularities. This will be discussed in more detail in Sec. 5.3. Due
to this absence of poles in the sum of the two discontinuities, the contributions from A; and
Zi vanish in the limit ¢2 — &, so that Im IT,, does not contain any kinematic singularities.
For this reason, the contribution of a single partial wave or a narrow resonance to a, can be
defined without relying on a sum rule that is violated by this particular contribution alone.

Writing a dispersion relation in ¢2 and fixing qiz in Eq. (5.1) is an arbitrary choice: crossing
symmetry requires that dispersion relations in any of the other virtualities lead to the same
result. In the final dispersive representation this symmetrization needs to be taken into account,

in a way that avoids any double counting,.

5.2 Dispersion relations for HLbL in triangle kinematics

5.2.1 Unitarity relations

According to Eq. (5.5), the relevant imaginary part that is needed in the new dispersion
relations can be obtained from the sum of the discontinuities in the s-channel and the q%—

channel in four-point kinematics, illustrated in Fig. 5.1. Unitarity of the S-matrix provides
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q1 | q1 | q1 |
W : q4 ! qa
R I I
= : + 1
q2 | q3 q2 | q3 q2 | q3
q1 |
| q4
OGN
q2 ! q3

Figure 5.2: Contribution of different intermediate states to the s-channel discontinuity in
HLbL.

these discontinuities in the form of two different relations. The first one is the s-channel
unitarity relation in Eq. (2.55). Similarly, the discontinuity in the virtuality ¢2 can be obtained

from the unitarity relation, where the fourth photon is crossed to the initial state:!
Img (=i (7" (—gs3, A3)[7" (g1, A1) (g2, A2)7" (=4, Ad)))

Nn —
= Zﬁ (U/dpz) (n; {pit|v" (=3, X3))™ (s {pi} 17" (a1, M )7 (g2, A2)7 " (—gas M) -
(5.6)

The general strategy of the dispersive evaluation of the HLbL contribution to a, amounts
to summing up individual contributions to the unitarity relations in Egs. (2.55) and (5.6).
Of course, in practice it is not possible to resum the whole tower of intermediate states
and one needs to truncate the sum. The remainder is assumed to be small at low energies,
where the lightest intermediate states dominate, but it becomes more important at higher
energies and in the end it needs to be taken into account by a proper matching to asymptotic
constraints [3,15,20,21,40-49).

The contributions of the lightest intermediate states to the unitarity relations in the s- and
qg-channels are illustrated in terms of unitarity diagrams in Figs. 5.2 and 5.3. In order to
evaluate the discontinuities, input for the sub-processes is required. In the case of the s-channel
discontinuities, the input is identical to the one in the familiar dispersion relations, although
evaluated for a different kinematic configuration: the evaluation of the single-pseudoscalar

intermediate states requires the pion, n and ' TFFs as input. For two-pion intermediate

'For consistency with Ref. [60], we have crossed the two matrix elements on the right-hand side with respect
to the general relation in Eq. (2.24).

134
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1 | 1 |
q4 e q4 i 1 qs
l R
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q2 q3
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Figure 5.3: Contribution of different intermediate states to the q%—channel discontinuity in
HLbL.

states, the helicity partial waves for v*v* — 7m are the required input. The formalism for the
full inclusion of three-particle intermediate states in the s-channel is currently not available.
This contribution contains axial-vector resonances, which are expected to be numerically
relevant [3,15,41-44,55,56,151]. In a first step, these effects can be described in a NWA,
replacing the three-pion intermediate state by a narrow resonance, indicated by a double line
in Fig. 5.2. The required input in this approximation are the axial-vector TFFs. The effect of
two-pion intermediate states gets enhanced close to scalar or tensor resonances. In this case,
the two-pion unitarization can be compared to a NWA, which is used to include scalar and
tensor resonances in different isospin channels [51]. Again, the respective TFFs are required as
input.

The input for the discontinuities in the qg—channel are given by the pion VFF and v*v* — yom
in the case of two-pion intermediate states. In the case of three-pion intermediate states, the
sub-processes are v* — 37 and y*y* — 3wy, with potentially non-negligible effects due to
the narrow vector resonances w and ¢, illustrated by the double lines in Fig. 5.3.2 Therefore,
compared to the CHPS approach, the dispersion relations in triangle kinematics require the
processes Y*vy* — ymw and y*vy* — vV as new inputs, where V' denotes a vector resonance.
We note that the intermediate states discussed here are exactly the ones we have included in
our VVA reconstruction in Ch. 4.

The new inputs required for the dispersion relations in triangle kinematics should be
reconstructed again dispersively. For v*y* — 4V, much can be taken over directly from HLbL:
in particular, this sub-process will be linked to the isoscalar vector resonances in the pion TFF
reshuffled from the pion pole in the established dispersion relations [18]. We discuss the tensor
decomposition and kinematics in Sect. 5.2.3.

The second new input is the sub-process v*v* — y7mw needed for the two-pion intermediate
state in the g3-channel cut. The different unitarity cuts for y*y* — ymr are shown in Fig. 5.4.
The soft limit is understood after taking the derivative with respect to g4 in Eq. (2.46). Only
terms that are singular or finite in this limit are required. The singular terms can be expressed

2In the case of the pion pole in the dispersion relations in four-point kinematics, the three-pion cut is included
in the dispersive treatment of the pion TFF [18,50,120].
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qa P1

il \qa Pt qn g P1 a g " h
: :<<\ \ I“ i 1
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Figure 5.4: Unitarity cuts for y*vy* — a7 for a soft external on-shell photon. The first diagram

q1
q2 D2

denotes the soft divergence, the second one denotes the left-hand cut. The last two
diagrams are the two s-channel cuts. Crossed diagrams are not shown.

ql q 4 p 1
% P2
q1 :q 4 D1 q1 3 Qu y4l q1 3 Q D1
& - & o
@ ' D % | P2 % | D2
q1 : q D1
OO
q2 | D2
q1 q 4: D1 q1 Q : D1
O CHOEE:
@ ' P % | P2

Figure 5.5: The contribution of different intermediate states to the discontinuities in v*v* —
~vrmw. The last diagram denotes w7 rescattering: the process v*v* — vynr itself

reappears as a sub-process.
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5.2 Dispersion relations for HLbL in triangle kinematics

in terms of v*y* — 77 via dispersion relations, see Sec. 5.3. The finite remainder is not directly
determined by v*v* — 77 and needs its own dispersion relation. The relevant intermediate
states of the different unitarity cuts are illustrated in Fig. 5.5: if the photon virtualities are
kept fixed, the original five-particle process reduces to four-point kinematics in the g — 2 limit.
The complexity again increases with the multiplicity of the intermediate states. The formalism
for a fully dispersive reconstruction of the three-pion intermediate state is not available, but
resonant contributions to the three-particle channel can be estimated in a NWA. Therefore,
the main unknown sub-process is 7w — 77 for a soft photon. This sub-process will be the
subject of Ch. 6. Possible input could also be provided by lattice QCD [190-192].

Any dispersion relation allows one to split up the entire HLbL contribution into a sum
over intermediate states in the unitarity relation. However, the notion of the contribution of
an individual intermediate state, obtained by inserting one term of the unitarity sum into
the dispersion integral, depends on the dispersion relation under consideration as we have
seen in the simpler case of VVA in Ch. 4. This is true for basis changes in the existing
approach, as explained in Sec. 5.1.1, but also if one uses dispersion relations in a different
kinematic variable. Only the result for the sum over all intermediate states is unique. In
particular, this means that, e.g., the pion pole as defined in the CHPS approach [18, 39|
does not coincide with the pion pole in triangle kinematics, as discussed in Ref. [21]. When
comparing the two approaches, one finds that a reshuffling happens between the contributions
of different intermediate states. Since each dispersive approach requires some truncation of the
unitarity sum, the correspondence is not exact, but the remainder needs to be covered by the
uncertainties in the matching to an inclusive asymptotic contribution. We compare the two
dispersion relations in Tab. 5.1: the splitting by intermediate states in the established approach
corresponds to columns, while the rows correspond to the contributions in the new dispersion
relations in triangle kinematics. Therefore, if asymptotic constraints are included for the
sub-processes, the established dispersion relations perform a resummation of columns, while
the new approach would correspond to a resummation of rows. Crosses in the table denote the
absence of a contribution. This sketch illustrates that the most promising strategy will be to
combine the two approaches, which however requires some care in avoiding any double-counting.
A detailed analysis of the reshuffling and the matching to asymptotic constraints in the case
of VVA has been performed in Sec. 4.4. A similar analysis for the more complicated case of
HLbL is left for future work.

In Secs. 5.2.2 and 5.2.3, we consider single-particle intermediate states in triangle kinematics,
while two-pion intermediate states will be discussed in Sec. 5.2.4.

5.2.2 Single-particle intermediate states in the s-channel

As shown in Fig. 5.2 and Tab. 5.1, the s-channel cut receives single-particle contributions

from pseudoscalar poles, as well as from resonances in the NWA. The q%—channel discontinuity
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‘ DR in four-point kinematics

triangle-DR ‘ 7%, n,n 2 S A T

70 0, W X X X X X

2
S X X W X X X
A X X X E}-@m X X
T X X X X W X
n : i : : : : : :
Table 5.1: Comparison of different unitarity contributions in the CHPS approach and the
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proposed dispersion relations in triangle kinematics. The longer dashed line is
the primary cut in triangle-kinematics dispersion relations. Cuts through gray
blobs denote even higher intermediate states that need to be covered via the
implementation of asymptotic constraints. Depending on the dispersion relation for
the sub-processes, the diagrams shown in light-gray only contribute to normalizations.
Some scalar and tensor resonances correspond to a NWA of two-pion contributions.
Table taken from Ref. [60].



5.2 Dispersion relations for HLbL in triangle kinematics

receives single-particle contributions only in the NWA due to vector-meson resonances, which
will be the topic of Sec. 5.2.3.

In Sec. 5.2.2.1, we work out the explicit expression for the pion-pole contribution in triangle
kinematics and compare the result to the pion pole in the established dispersion relations in
four-point kinematics. Similar results follow immediately for the other pseudoscalars n and
7. In Secs. 5.2.2.2-5.2.2.4, we derive analogous expressions for resonance contributions in the

NWA.

5.2.2.1 Pion pole

The contribution of a single neutral pion in the s-channel unitarity relation is given in Eq. (2.59).
This expression can be evaluated for fixed-t kinematics and via projection onto the tensor
structures one arrives at the single-pion discontinuity of the functions I1;:

Img ﬁl(sl; Q%’ q%, qg) = _775(31 - m721-)F7r0'y*'y* (Q%, qg)Fwo'y*'y* (q%, O) ’
Im] (s 7, 63, 43) =0, i#1. (5.7)

Since there is no one-pion intermediate state in the q§-channel, the one-pion discontinuity of
the II; functions follows by taking the limit in Eq. (5.5):

Im™ 0 (¢?, ¢2,s') = —mé(s' — m?r)Fwovw* (43, q%)Fﬂovw* (m2,0),
Im" I1;(¢?,9%,5') =0, ie{2,3,4,5,6,7,8,9,10,11,13,14,16,17,39,50,51,54} .  (5.8)

Inserting this imaginary part into the dispersion relation Eq. (5.1) leads to a pion-pole
contribution just in I1; and no pole contribution in any other function. However, due to crossing
symmetry it is clear that fI273 contain pion poles in the q%- and q%-channels, respectively. Those
contributions can be reconstructed in the dispersion relation in q§ from higher intermediate
states due to cuts through the pion TFF, starting with a two-pion cut. Anticipating that a
double counting must be avoided when including higher intermediate states, we impose crossing

symmetry to arrive at the final result for the pion-pole contribution in triangle kinematics:

AT F7r0 * *(qQan)Fﬂ'o * *(mgrao)
II; (q%,q%,(ﬂ) = rr 22 277 ’
q3 _m71'
I (¢?,¢3,¢3) =0, i€ {4,7,17,39,54}, (5.9)

written in terms of the six representatives in Eq. (2.49), while the remaining 13 functions
follow from the crossing relations Eq. (2.50).

The result for the pion pole in Eq. (5.9) differs from the expression for the pion pole that
follows from the dispersion relations in four-point kinematics [39] given in Eq. (2.63). This
mismatch led to some confusion in the literature [93,94], although the reason for it was
already explained in Ref. [21]: the different expressions Eq. (5.9) and Eq. (2.63) do not put the
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

validity of either dispersion relation into question. Both, the dispersion relations in four-point
kinematics and the ones in triangle kinematics can be used to describe the hadronic light-by-
light contribution to a,. They reconstruct the same function if the tower of intermediate states
in the unitarity relation is resummed. However, since the limit g4 — 0 changes the meaning of
the kinematic invariants, writing dispersion relations before or after taking this limit does not
lead to the same expressions. In particular, the contributions of one particular intermediate
state do not need to agree in the two formalisms. As discussed in Ref. [21], the difference
between Egs. (5.9) and (2.63) is regular at g2 = m2:

Fﬂ-O,Y*,Y* (q%, 0) - Fﬂ-O,-Y*,.y* (m72.‘., 0)
g3 —m3

~ m0-pole

AT
0 7 (4,45, 43) — 111 (¢}, 43, 43) = Firopre(a}, 43)

. (5.10)

As shown in Tab. 5.1, this quantity can be identified with contributions from higher intermediate
states in the dispersion relation in triangle kinematics [46], which needs to be considered when
combining the two approaches. Eq. (5.9) corresponds to the first row of the table (for the case
of a 7°) and consists only of the upper left entry, while Eq. (2.63) contains the first column.

5.2.2.2 Scalar resonances

In complete analogy to the single-pseudoscalar contribution in the s-channel, we can consider
single-particle scalar, axial-vector, and tensor intermediate states, describing the contribution
of resonances in the NWA. We start with scalars in this section.

The contribution of a scalar resonance to the s-channel unitarity relation is given by

Im$ (=i (v*(—g3, A3)7* (g4, A) " (g1, A1) 7" (g2, A2)))
1 1 * * * *
=3 / dp (S(p)|7* (=43, A3)7(ga, Aa))" (S(P) 7" (g1, A1 )7" (g2, A2)) - (5.11)
The matrix element (S(p)|v*(q1, A\1)7* (g2, A2)) has been decomposed in terms of the scalar

TFFs F7 and Fj in Ref. [131]. For fixed-t kinematics, one obtains the following discontinuity
of the functions IT; [51]:

; Fi@a) (+a8+d
ImsSH4(s,;q%aq§aq?2,) = _71'5(3/ —m%v) ( 1 ( 12 2) — ( 1 2)

ff(ﬁﬂ%)) FP(43,0),

myg 2mi19
. ]:'S 2 2 fS 2,0
Imf H15(s';q%,q§,q§) = —7(s — m%) 2 (‘I1,‘12)4 i (g3,0) ,
Mg
Imj TTi(s'; ¢7, 43, 93) =0, i & {4,15}. (5.12)
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The discontinuity of the fIi functions follows as:

2 2 2
A 4,49 ms+4git4q
D ) = (s~ ) (ZEL B ) 5 ) 5500,
mg mg
N F5 (42, ¢2) FZ(m%,0
Im® IIi7(q7, 43, 8') = —m6(s' — m%) 2 (@ 2)41( s )’
mg
Im®1Ii(qf,¢3,5') =0, i¢{4,17}. (5.13)

Inserting this imaginary part into the dispersion relation Eq. (5.1) leads to

J’S(m 0) (Fi(d?,a3) (mi+di+a3)
H _ S i\ %) Mt H ¥ B) ps2 2y)
(41,‘]2,‘13) q3 m?g m?g 2m§' 2 ((h ‘I2)
fs(m 0) F5(¢2,43)
f 2.2) = 5 ) 75\0 %)
17(Q1 Q2 Q3) q3 m% mfg
(@, ¢, a) =0, ie{1,7,39,54}, (5.14)

while the other functions follow from the crossing relations in Eq. (2.50). The result Eq. (5.14)
can be obtained from the scalar contribution in four-point kinematics [51] by keeping only the
pure pole in q%. It differs from it by a piece regular at q§ = m%, which corresponds to the
entries in the “S” column of Tab. 5.1 that do not belong to the “S” row.

5.2.2.3 Axial-vector resonances

Next, we consider the contribution of an axial-vector resonance to the s-channel:

Im2 (=i {(7*(—g3, A3)7* (a4, M) [7* (g1, M)Y* (@2, A2)))
= %Z/@)(A(p, Aa) |7 (=3, A3)v(g4, M) ™ (AP, Aa) 17" (91, M)7" (g2, A2)) - (5.15)
Aa

The matrix element of the sub-process can be decomposed into Lorentz structures according
to Ref. [131] defining the axial-vector TFFs F*. For fixed-t kinematics, the discontinuity of
the functions II; in the basis of [17] is rather complicated and contains kinematic singularities
proportional to s’ — q§, which drop out when we take the limit q§ — &', This leads to

T 115, B, ) = w6 (s' — ) A~ o qﬁ % (im0 0) (27 a, 83) + Fi'(ah, )
Im* fle(f, 63, &) = ~mo(s' — m3) =4 ;;g‘ % R m0) (2 ) + PR )
Im* fo(qf, g3, ¢') = —Im* I13(¢f, 63, )

—mo(s' — )m (27}, @) + Fi (@, ) + Fi(a}. @3))

A
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. FA(m?,0
Im” Tho(qf, 63, 8') = m(s' — mi)% (27, 83) + Fi(ah. @)
A
Im* IT11(q7, 63, 8') = Im* I54(qf, 63, s') = —Im* Iy6(q, 63, &)
F3'(m%,0)
= —mo(s' —m3) =2 A (4 (e ) + Fi (et ) + e 6)
A
A 3'(m%,0)
ImA H14(Q%7q§’ 3/) = —7T(5(S, - mA)m—4 (2]:14((1%’ qg) + ]:54((1%) q%)) )

A
Im® I17(q?, 43, 8') = Im* [I39(¢, 43, 8') = Im* I50(¢?, 43, 8') = Im* IT51 (g7, ¢3, 8')

F3'(m%,0)
St Ak ) = Tt )

Im?11;(¢?,¢2,5') =0, ie{1,23,4,7,8}. (5.16)

=7d(s — m124)

If only the six representative functions (2.49) are used to write dispersion relations in qg, one
obtains

‘FA(mA’ 0) F. (q @) — Fi 3, 43)
H17 (Q1,(127q3)—1_139 (¢2,42,¢3) = , . 1,92 2 WL %)

43 — My 2mj*4
£ A3 J’A(mA»O) AFM a3, @3) + F(dd, @3) + Fi (a3, &3)
H54 (QIaQQaq3) - 2 2 1 ’
‘13 My my
(ql,q2, ) =0, i€ {1,4,7}, (5.17)

while the other functions follow from the crossing relations Eq. (2.50). However, dispersion
relations in qg for the crossed functions generate additional poles, which need to be taken
into account in addition to Eq. (5.17). We write the full axial-meson contribution as f[;4 =
I, " +1I, " + ﬂf’?’, where the additional contributions are obtained using crossing symmetry:

LAl
Hl (q%aq%7q?2)) =0,

~ Al ]-‘ (m )2}:‘A q2’q2 +]?A qz’qz
11, (q%,q%,qg):_(mA @ - ) 2 My, i (93, 93) 3 (%5 3),

g2 —m? 2m’
! _ T3 (m%,0) 271 (63, 43) + F3' (a3, 43) + F3'(a3,93)
7 (a7, 43,45) 5 2 :
ql —my my
ahl2 2 2 T8 (mh,0) 4F( (a5, ) + (a5, 63) + F4' (a3, )
17 (qlaq27q3)__ 2 2 1 )
ql _m 2mA
AL Fi(m?,0) F4ed, 63) — F5' (a3 q)
H39 (Q%7Q%7Q3) H54 (qlaQ2aQ3) q%_mi 3 2 32mA 2273 (518)
as well as
~ A2

I, (¢},43,43) =0,

.7-"Am, 2.7-"4 , +]-'A ,
(mQA g2 - q) (m%,0) (¢}, 43) (@ q3)

2 2
g5 — My 2TnA

~ A2
H4 (q%7 q%, qg)
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F3'(m?,0) 2F{ (62, 43) + F4'(d3, 43)

A2
I, (1,43, 43) = —

@z —m? m ’
A

ﬁAJ 2 2 o _ 3 (mi,O) 4fiA(Q%,Q§) +]:54(‘J%,Q§) +f§4(Q%,Q§)

17 (41,42, 43) = —— 2 omA )

a3 — My my

L A2 L A2 F3(m3,0) Fi(d3, 63) — Fs' (43, 43)

a9 (a1, %, 43) = —155 (47,65, q3) = 2> 282 2 580, (5.19)

g5 —miy 2m’y

We note that these additional contributions to the six representative functions (2.49) do not
contain a single-particle intermediate state in the q§-channel, but higher cuts in q% due to the
singularity structure of the TFFs that depend on qg. This needs to be considered when taking
into account higher cuts in q%, in order to avoid a double counting, in analogy to the pion-pole

contribution.

5.2.2.4 Tensor resonances

We finally consider the contribution of a tensor resonance to the s-channel:

Img—‘ (_1 <’7*(_q3a )‘3)’Y=(< (q47 )‘4)|7* (Q17 A1)'.)/* (Q2’ )‘2»)

= %Z/@(T(p, A7) 7" (=3, A3)7(q4, M) (T(p, A1) 7" (g1, M1)v* (g2, A2)) - (5.20)
AT

Again, a Lorentz decomposition of the sub-process in terms of TFFs is given in Ref. [131]. The

polarization sum is

A A * 1 1
Saporr (P) 1= D_ €ab (PGl (P) = 3 (SaprSarp + SaarSpp) = gSapsarpy,  (5:21)
AT
where
Saa/ = — (gaa’ - pap2a ) . (5'22)
mr
The projection onto the functions II; leads to the following imaginary parts:
. 5 F (4, 3)
Im" I1i(¢}, 63, 43) = mé(s' = m%) Y _ti;(ai, qg)%(}ﬂm?, 0) + F3 (m%,0)), (5.23)
j=1 T

where

Qo
3
e~

-

tia(a, @3) = 5 (mf + (@ + B)mF — 2(e - B)?) ,

A~~~ — W

WinNnWIN

tig(ah, @3) = 5 (mf — (@ + B)mF — 2(e} - B)?) ,
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taa(d?, 63) = tas(d3, &7) —;—1 (m} - a3m3 — (@ - 63)?) ,

ts (a1, @) = te.1(q7,43) = —mz(my — ¢ — 63),

ts3(q1,53) = —ts5,5(q5,93) = t6,3(a3, 41) = —t6.4(g3,47) = (M7 + ¢3)(mF — ¢f — &3),
ts.a(at &) = to5(a, @) = 5 (M7 — @i — @)*,

tra(d}, @3) = trs(dh, a3) = —tr2(@}, 3) = —tr3(ai, 63)

= t84(q2,q1) = t35(43,4}) = —ts2(d3, 47) = —t8,3(¢3, 43) = 2(m7 — & + &3) ,
to3(ai, @) = t0,1(a5,a3) = t13,3(af, ) = t14,1(q5, 43)
= t501(q3,%5) = ts1,1(af, 43) = —t30,1(q3, @3) = —2m7,
tos(ds, 33) = t104(ad, B) = t134(a5, B) = t1a5(a5, 33)
= —toa(q}, ) = —t135(q7, ) = m7 — ¢f — &3
t103(q5,65) = —t105(%, 63) = t1a3(@, ¢7) = —t144(63, ) = 2(m7 + 63)
t11,3(4,93) = t54,3(q5, 43) = t16,3(a3, 41) = 4% — &3 »
t11,4(a}, 43) = tsaa(a}, 3) = —t164(d}, B3) = t165(¢3, 43)

2

t115(Q2,Q1) t545(‘12,(11) 2(m2T—Q%+qg)a
10m2
t17,1(q%,q%) =73 T,
1
ti73(at, 43) = 3(2m7 +5(a1 + @2)) ,

) = ti7,5(¢3,47) = (7m% — g7 —13¢3),
)

)= t39,5(Q§7QI) ( 3m7 +3q; + ¢3),

) =ts13(¢1, %) =G + &

)

1
= t51,4(a1, 43) = to05(83, 1) = t51,5(43, 41) = 5 (M7 — qi — 3g3) (5.24)

and all other ¢; ; vanish. Using the dispersion relations in ¢Z, Eq. (5.1), we obtain the pole
contributions to the six representative functions in Eq. (2.49) due to a single-tensor meson
intermediate state

ﬂ(q17q2) ]:T(mTaO) +~FT(mT:0)

11, (¢?, 42, ¢3) = Ztm a4, q3) : i€ {4,7,17,39,54} ,
T a3 — mp

~T3

11, (47,43, 43) = 0. (5.25)
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5.2 Dispersion relations for HLbL in triangle kinematics

The contribution from the q%-dispersion relations for the crossed functions can be expressed in

terms of the six representative functions as

~T1
Hl (q%qgaq%) = 0’

i, (2,6, 65) = — 25: ts,5(d5, q%)f;ri% %) f?(m%’q?fﬁ(m%’ 9,
= T 1 T
' (2,63, 43) = Z to,;(43, 43 Ej; %) }-T(mT’qO) * };T(mT’ 9,
T 1~ My
7 (3,4, 4) = ZtIG,g g, a5) (q2’q3)ﬂ(mT’q )_Jr:;r(mT’ 0
j=1 mr 1 T
ﬂgél(q%,qg,qg) _ Zt39,a (62,02) f:%%)]-"T(mT,qO)_-I-n];‘gT(m%mO) ,
T 1 T
) = - 3t g T W IR T IR0 (5
j=1 mg 1
and
(2,43, ¢3) = 0,
(a2, 63,03) = — its,j(qiq@f EZE %) ﬂ(mT’qO)_JrTf;T(mT’O)
j T 2 T
(3,63, &3) = Z t10,(at, 43)— }-T(ql 6) FT(mT’qO)_Jr,ffT(m%’ 9,
j=1 ma 2 T
ﬁff(q%,q%,q%) _ Zt16,] ql,q3)]:T(q1’q3) ﬂ(mT,q ) +]:;T(mT, 0)
j=1 mr 2 — M7
Mg (62, 63, 43) = Zt39,g ql,q3)ﬂ(ql’q3) (mT’q )_Jr,:;r(mT’ 9,
j=1 mr 2 T
5 (a2, 3, ¢3) = Z ts0,i(at, 43) }-T:il’ %) 7 (mf ’qo)_Jrn];T(mT’ 0 (5.27)
j=1 T 2 T
and the full tensor-meson contribution is given by II; = H +H +H . The same comment

regarding double counting with higher cuts in g2 apphes as for the other resonances.

To the best of our knowledge, there is no alternative basis of II; functions that would
allow dispersion relations in four-point kinematics for the tensor-meson contributions that are
manifestly free from spurious kinematic singularities if no additional sum rules compared to
the ones of Ref. [17] are invoked. The modified basis discussed in Ref. [46] reduces the spurious
kinematic singularities in the tensor-meson contribution to simple poles of the type 1/¢? for
fixed-t kinematics.
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

5.2.3 Vector resonances in the g3 channel

In the qg—channel, single-particle intermediate states only appear in the NWA, in particular
the isoscalar vector-meson resonances w and ¢ (the prominent isovector p resonance is best
described in terms of two-pion P-wave rescattering). The unitarity relation reads

Img [—i (y"(—g3, A3)[7"(q1, A1)7" (g2, A2)Y* (—qa, Aa))]
= %Z/@(V(P, A7 (=a3, A3))" (V (2, W) 17" (a1, M)v* (g2, A2)v(—qa, A1) - (5.28)
Av

The matrix element of the first sub-process is given in Eq. (4.50) in terms of the vector-meson
decay constant fi. For the matrix element of the second sub-process v*vy*y — V, we define

(V (0, W)I7* (a1, )7 (a2, A2)v(—aa, Aa)) = i(27f)45(4)(q1 +q¢—q—p)e’
N (q)e(@)ert (—a)e)” (p)* I, (5.29)

where

()" T (q1,42,7) = [ dhodlye @D (1 (p, \y) | Tl (2)en (1) (0)}10)
(5.30)
and we perform the BTT tensor decomposition (reviewed in Sec. 2.4.1 for the case of HLbL)

for H";”Aa(ql, g2,p). We first impose transversality for the three photons by making use of

gauge projectors

fy =g~ BE 7 — g - B8 (5.31)
q1 g2 qy
and we remove kinematic singularities in the projected tensor structures according to the
BTT recipe. This leads to a highly redundant generating set of 72 tensor structures. For the
dispersion relations in triangle kinematics, we can immediately take the derivative with respect
to the external photon momentum and put g4 — 0. After this step, only 26 linear combinations
of tensor structures are non-vanishing. In a final step, we note that in any observable (in

particular in a,) the tensor H"f-"’\a appears contracted with the vector-meson polarization sum

ZGAV(p W (p)* (g,w —p;?') : (5.32)

|4

This implies that out of the 26 derivative tensor structures, only 19 linear combinations enter

ay, which can be chosen to be identical to the HLbL tensor structures

(5.33)

7

THUAo;p — 0 A;LV)\U
8(14

(Q1,Q2, q4 —q1 — (I2)>
q4=0
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5.2 Dispersion relations for HLbL in triangle kinematics

The contraction with the polarization sum has the same effect as imposing the QED Ward
identity, with the difference that factors of m%, in the denominator should not be regarded
as kinematic singularities. Choosing the HLbL structures instead of the ones that naturally
come out of the BTT construction with a vector meson only amounts to a basis change that
does not introduce kinematic singularities but involves factors of 1/m?,. The ideal basis for a
dispersive reconstruction of the scalar functions depends on the asymptotic behavior, which

will require a dedicated analysis. Here, we decompose the tensor as

0 o 19 A UVAO;
6—11’{/” (qua2,0)| =217 "(ar,)F (@, 6), (5.34)
Y4p @=0 =1

dropping directly the unphysical contributions that vanish upon contraction with the polariza-

tion sum. Hence, the unitarity relation leads to

Im" 11y, (¢f, @3, §') = m6(s' — m)my fr FY (a3, 43) , (5.35)
and therefore
~ V3 my fy
Hgi (q%, q%a q?%) = _]:iV(Q%a qg)qg — m2 . (536)
3

Analogous expressions hold for the contributions in the two crossed channels. Again, when
writing a representation that is manifestly crossing symmetric, a double counting must be
avoided. E.g., the crossed pion-pole contributions already contain the vector-resonance
contribution that corresponds to the pion pole in }'Z.V in the q%- and q%-channels.

5.2.4 Two-pion intermediate states and sub-processes

Two-pion intermediate states can appear in both s- and qg-channels as can be seen in Figs. 5.2
and 5.3. The s-channel contribution is also needed in the established formalism and has been
discussed in depth in Refs. [17,39]. The contribution to the unitarity relation in Eq. (2.55)
reads

I ™ (—i (7" (g3, As)7" (a4, M) 7" (g1, M) 7" (g2, M2)))

= %/317131\95 (7" (g1, M)7* (g2, M) |7 (1) 7 (2)) ™ (7" (—a3, A3) 7" (qay M) |7 (p1) 7™ (p2))
(5.37)

for the charged one and

0

Im?"™ (=i (7" (— a3, A3)7* (@4, M) [v* (a1, M )v* (g2, A2)))

= ;ll/apvlaﬁ (7" (g1, M)7* (g2, A2) |70 (01) 70 (02)) ™ (7" (— a3, A3)¥* (g4, M) |70 (1) 70 (2) )
(5.38)
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

for the neutral one. With the definitions of the HLbL tensor in Eq. (2.39) and the v*v* — 77w
amplitude [39]

Wi 0%, ) =1 [ dtae™1% (20 (ph)n? (62)] T @320} [0) (5:39)
where a and b denote the pion charges, this becomes

Im™ ™ (g1, g2, g3)
1l [(—— *
=3 /dpldpz(ZW)45(4) (p1+p2 — @1 — @2)W4_(p1,p2, —q3) " Wi_(p1,02,q1) »
Im”™ ™ I1** (g1, g2, g3)

1 1 1 *
=1 /dp1dp2(27f)45(4) (p1 4+ p2 — @1 — @2)Woo(p1, P2, —q3)* Woo(p1, P2, q1) - (5.40)

We next consider two-pion intermediate states in the q%—channel. C-symmetry of the strong
interaction implies that the two-pion state is odd under charge conjugation and hence pure
isospin I =1, i.e., only charged pions contribute. The contribution to the imaginary part is
given by

T ™ (=i (7" (—g3, A3) |7 (@1, M) (g2, A2)v* (—aa, Ma)))
- %/ dp1dp2 (v*(q1, M)7* (g2, A2)7* (=g, Aa) |7 (p1) 7™ (p2))”
X (7*(=g3, A3) |7 " (p1)7 (p2)) - (5.41)

While the matrix element of v* — 77 is related to the well-known pion VFF, see Eq. (4.78),
v¥*~v* — ~wn7m has not appeared before and is largely unknown. It will thus have to be

reconstructed dispersively. We define the amplitude via
(m* (o)™ (p2) 7" (a1, M) 7" (@2, A2)7" (= a4, Aa))
= iegfﬁl (q1)e)?(a2)€ex* (—qa) /d4x d*y dtze i @rotazy—as2)

X (7 (p1) 7™ (p2)| T{5t (%) em (¥)m (2) } 10)
=ie3(2m)*6W (p1 + 2 — @1 — @2 + @)y (1)) (a2)€r* (—aa)

X / d*z dtye 1@ H L) (2 (py )n (pa)| T{t0 (€)1 ()55 (0)} [0)
=:ie3(2m)*6™ (p1 + p2 — @1 — @2 + @) (@) €)*(a2)€0* (—qa) M™° (p1,p2, @1, 32) ,  (5.42)
which leads to
Im73r+ﬂ-7 H'LW)‘O-(QD q92, q3)

1 [
=3 /dpl dpa (2m)*6™ (p1 + p2 + ¢3) (p1 — p2) FY (¢3) M (D1, D2, 1, 2) - (5.43)
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5.3 Soft-photon singularities

The BTT decomposition of MH*?(py,p2,qi,q2) has been derived in Ref. [60]. In general
kinematics, a highly redundant set of 74 tensors structures generates the space of Lorentz
structures fulfilling the Ward identity in all kinematic limits. There are 27 independent
helicity amplitudes, 38 Tarrach redundancies and 9 additional relations between the structures
in 4 dimensions due to the Schouten identity. For the part of the matrix element that is
non-singular in the soft-photon limit, the derivative and limit g4 — 0 in Eq. (2.46) can be
performed. Thus, for this part a reduced set of Lorentz structures suffices to generate the
space. This is in analogy to the 54 BTT structures for HLbL reducing to 19 in the g — 2
limit. Using also the crossing properties of M*?(p1, p2,q1,q2) allows one to remove all but a
single redundancy in this limit. As explained in Ref. [60], this can be traded for a kinematic
constraint. Since the implementation of this constraint does not require sum rules beyond the
ones that guarantee basis independence, it is harmless. In addition, the spurious singularities
in the basis functions, whose residues vanish due to the sum rules, are never integrated over.
Thus, a dispersive reconstruction of the regular part of M*(p1, p2, q1, g2) without introducing
kinematic singularities is possible. For this, a definition of the soft-singular contribution is
required, which can be obtained by the methods introduced in Sec. 5.3. Afterwards, the
unitarity relations and dispersion relations for the non-singular contribution can be derived in
analogy to the formalism for 7w — 77 in the soft-photon limit derived in Ch. 6.

As mentioned above, the unitarity relations for M#?(p1, p2, g1, g2) illustrated in Fig. 5.5
involve mm — y7m as the main missing sub-process. A dispersive reconstruction in the soft-
photon limit of this five-particle process will be provided in Ch. 6. Importantly, in a solution
of the two-pion rescattering only 77 scattering and nm — 77 itself appear as sub-processes,
which thus allows for an iterative solution for 7w — ywm with mmw-scattering phase shifts as
input. Furthermore, a tensor decomposition free of redundancies and kinematic singularities
for mm — ~ymm in the soft-photon limit exists, see Sec. 6.2 and Ref. [60].

5.3 Soft-photon singularities

5.3.1 Split into singular and regular parts

The new dispersive formalism requires the soft-photon limit to be taken in the unitarity
relations. As already mentioned, the sub-processes that appear in Figs. 5.2 and 5.3 are in
general singular in this limit, but in such a way that the singularities cancel when the two cuts
are added and the limit in Eq. (5.5) exists. This is guaranteed because the HLbL tensor is free
of soft-photon singularities.

In this section, we denote the soft-photon momentum by ¢q. A matrix element involving
charged external particles and the soft photon in general scales as 1/q due to an internal
propagator that goes on-shell in the limit ¢ — 0. Conversely, matrix elements that do not

involve charged external particles (as HLbL) are non-singular and, since they fulfill the Ward
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

identity, they have to scale as q. Thus, the first two terms in the small-q expansion have to
cancel between the cuts. With the derivative in Eq. (2.46), the scaling with ¢ is reduced by
one power in both cases so that the individual cuts contain up to double poles in ¢, but the
sum is regular at g = 0.

We call processes involving the soft photon as an external particle radiative and processes
not involving it non-radiative. Each soft-singular contribution to the unitarity relations for
HLbL always combines a radiative process on one side of the cut with a non-radiative one on
the other side. For the radiative process with invariant amplitude M, we define M* through

M=¢

”w

(g M*, (5.44)

where we assumed the photon to be in the initial state. We also perform a Lorentz decomposition

for general ¢

MH=>"TIM;, (5.45)

i
where the scalar functions M; are free of kinematic singularities and zeros and depend only
on Lorentz-invariant quantities, but in general, this decomposition contains redundancies. The
tensor structures can be obtained e.g. from the BTT construction, see Sec. 2.4.1. They are
non-singular and fulfill the Ward identity and are thus at least of order ¢, which implies that
the scalar functions have singularities of up to order ¢~2. All singular terms have to cancel
and the terms of order ¢° are the ones relevant for HLbL.
It will prove convenient to split the scalar functions into singular and non-singular pieces

M; = ME™E 4 ppomsine, (5.46)

This should be done such that M?ing contains all terms that are singular in the limit ¢ — 0.
There is of course a freedom to move non-singular terms between M:ing and M?on'smg, but
this ambiguity cancels once the two terms are added again. M:ing should be chosen as simple
as possible such that the demonstration of the cancellation of singularities is not unnecessarily
complicated. M;’On'smg is only needed at ¢ = 0. By defining this splitting at the level of the
scalar functions, the corresponding splitting of the amplitude is automatically gauge invariant.

It is important to note that the limit ¢ — 0 of a term of the form

P-q
: 5.47
p-q (5.47)

where p!") are some momenta of other external particles, depends on the direction of ¢ and is

thus singular despite formally being of order ¢°. It thus has to be included in M™%,

1

According to Low’s theorem [193], both the terms of order ¢~! and ¢° in M* are fully deter-

mined by the non-radiative process obtained by removing the soft photon. This corresponds to

1

all terms of order g2 and ¢~ ! in M;. We can thus demonstrate the cancellation of these terms

without the need for a dispersive treatment of the radiative process. A convenient recipe to
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5.3 Soft-photon singularities

b1

D2

Figure 5.6: Feynman diagram for the external amplitude for yv*y* — w77 ~. The crossed

diagram is not shown.

obtain these singular terms will be presented in Sec. 5.3.2 below. However, this recipe is based
on an expansion in ¢ and thus not guaranteed to include also the singular terms of order ¢°
and higher. Thus, we will afterwards explain how we can use dispersion relations and unitarity

to obtain all singular terms of the radiative process from the corresponding non-radiative one.

5.3.2 Adler-Dothan recipe

1

In Ref. [194], a recipe has been given to calculate the terms of order ¢—* and ¢° of the amplitude

of a radiative process. It involves the following steps:

1. Calculate the so-called external amplitude by attaching the soft photon to any of the
charged external particles and (if that particle is a scalar) use scalar QED for the

respective vertex. Assume the soft photon to be on-shell.

2. Expand the non-radiative amplitude, which the result depends on, around a common

kinematic point.
3. Drop all terms from the external amplitude that are independent of q.

4. Add terms independent of ¢ such that the result fulfills the Ward identity up to neglected
higher orders.

To illustrate the use of this recipe in practice, let us consider the process v*(g, \)v*(¢’, \') —
7T (pT)m~(p~) in the limit ¢ — 0. This is relatively simple, but still relevant as a sub-process
for HLbL, see Fig. 5.2. The matrix element is defined in Eq. (5.39). The external amplitude
can be calculated from the diagram in Fig. 5.6 as well as the crossed one and reads

1
2p+.q
1

WY @t P79 = - 2" — 9" —p — )" FY (¢% (0" — q)%,m2)

el C i Q)"FY (¢*,m2, (0 —q)?), (548)
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

where F)Y (g%, p?, p3) is the pion VFF for the photon virtuality ¢> and the pion invariant masses
p2 Due to the soft emission, one of the pions is slightly off-shell, but only the on-shell VFF
FY(¢?) = EY (g%, m2, m2) is physical and can contribute to observables.

The non-radiative amplitude in this case is given by the pion VFF and we choose the

common kinematic point to expand around as on-shell kinematics

0
FL(Q% 07 =0 my) = B (¢%) = 25 5 F (%% )|, 9" a4+ O(g),
_ 0 _
F (¢ me (07 = 0)") = B (¢%) = 25 5B (% m )|, 97 g+ O(@). (549)

We plug this in and drop all terms independent of q. This removes the unphysical derivatives

of the VFF with respect to the pion invariant mass

Qv

Wi (@07, = — @2pt — g)* (T —p~ — @)V FY (¢"?)

2p+.q

@ - - - ). (550)

If we contract this with ¢#, we obtain 2¢”F)” (¢'?), so the Ward identity is not yet fulfilled.
This is easily corrected by subtracting 2g"* F,Y (¢’?) and we obtain the result

i j
WL (", p7,q) = (" —p7)” <p+—+-q - ﬁ) F(¢?)
+ _ Wl 2#1/ — _ T\ au 2!11/
L g,“,_(p p )+q +200¢" (P —p )_q W0 pv 2
4(p* - q) 4(p~ - q)
+0(q). (5.51)

We have applied this recipe also to the more complicated sub-process v*v*y — w7 ~. This
allowed us to demonstrate the cancellation of terms of order 1/¢% and 1/q in the imaginary
parts of the HLbL scalar functions II;. However, as mentioned before, this procedure gives
correct results for the first two orders in a formal expansion for small g, but generally fails to
reproduce also higher-order singular terms. It is thus not suited for a definition of M?ing in
Eq. (5.46) since then the limit ¢ — 0 of Mfon_smg would still not exist. In the next section,
we show that unitarity and dispersion relations enable the calculation of all singular terms
and thus provide an adequate definition of Mfing. We will apply it to the same example and

compare the results.

5.3.3 Dispersive definition of singular pieces

We consider again a general process with charged external particles and a soft photon of
momentum ¢ in the initial state. Feynman diagrams for this process can be divided into two

classes: external diagrams, where the soft photon is attached to an external charged particle,
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5.3 Soft-photon singularities

and internal diagrams, where the soft photon is attached to an internal propagator, independent
of whether it belongs to a closed loop or not. The sum of all internal diagrams, which is not
gauge invariant, has a finite limit ¢ — 0. Each external diagram contains a propagator with
denominator (g % p;)? — m?, where p; is the momentum of the charged particle the photon is
attached to and m its mass. The sign depends on whether this particle is incoming or outgoing.
This leads to single poles at ¢ = 0 since p? = m? and these are the only singularities at ¢ = 0
in the amplitude M*.

The tensor decomposition in Eq. (5.45) is assumed to be free of kinematic singularities and
zeros, which implies that the scalar functions M; can be chosen to only have the singularities
already present in M*, i.e. single poles at (¢ & p;)> — m? = 0 for any charged-particle
momentum p;. The terms of order ¢~2 in the scalar functions must be products of such
single poles with different ¢. In a dispersive language, these poles can only be due to single-
particle intermediate states of mass m in the (¢ £ p;)? channels. Assuming a non-degenerate
spectrum, the intermediate and external particles thus have to be the same. The sub-processes
needed in the unitarity relations for a radiative process in the (q & p;)?-channel are always
the corresponding non-radiative process and the coupling of the charged particle to the soft
photon. The latter is very simple in the soft limit so that the only required input will be the
non-radiative process, similar to the Adler—Dothan recipe considered in the previous section.

Let us apply also this procedure to the process v*(g, A)y*(¢’, N') = 7 (p*)7~(p™). According
to the previous argument, the singular terms can only be due to pion-pole contributions, see
Fig. 5.6 with a cut through the internal pion. These have been studied in Ref. [39] and we will
review the main steps and results here.

We start by writing down the unitarity relations in the channels that allow for a single-pion
intermediate state

Im, (=i (7™ (p7)v*(—=d, X)|I7~ (—p*)7v* (¢, M)
= ;ﬁ <ﬁl/a§z) (7™ (=p ") (6, MIn, Api})”™ (7~ (07)7* (=, V), {pi})
Im_ (—i(n* (p;'v*(—qC N)rt (=p7)v* (g, V)
T (ﬁ / aﬁ-) (mH (=p )7 (@ VI, o) (7 )7 (<, Vi, (i) - (5:52)

Singling out a one-pion state in each relation, plugging in expressions for the matrix elements

and performing the trivial phase-space integral, we obtain

Im§ WY (pT,p7,q) = n6((p" — @) — m2)(2p" — @)“(2p™ — ¢)"Fy (¢*)Fy (¢?),
Im™ W (p*,p™,q) = n6((p™ — @)® —m2)(2p~ — 9)* (20" — ¢)"FY (*)FY (¢%). (5.53)

These expressions fulfill the Ward identities only due to the é-functions [39].
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For this process, a Lorentz basis free of kinematic singularities has been derived in Ref. [39):
Wi (pt,p™,q) ZT‘“’A“ (5.54)

where

T =q-d¢" —q"¢",
T = ¢*¢¢" + q-¢¢"q" — Pd"¢" — ¢*¢"¢",
TV =% q|~a*q"p" + ¢*p"¢" +q-d(¢"?" — P'q"))
+2(p-9)? [a"¢” + ¢"¢" - (¢ + ¢D)g"] ,
T =q-¢p"p" — (p- 9’9" +p-qP*¢" — ¢*p"),
T = ¢¢*p"p” +p- a(d*r"d" — *¢"p") — (p- 9)°¢"¢" (5.55)
with p = p— — pT. Projecting the imaginary parts onto these tensor structures, one arrives at
Im7 Ay = —78((p* — q)* - m2)FY () FY (¢?),
Im™ Ay = —n8((p~ — q)> — m2)FY (¢®)FY (¢?),
FY (@) F{ (4%,

~ 1
Im™ Ay = —76((p~ —q)% — mi)ﬁFX () FY (d?), (5.56)

1
Im7} Ay = —nd((p™ — q)* - mi)q ;

whereas the scalar functions A 35 do not have a pion pole.
Now one writes a dispersion relation for the A4; in (p* — ¢)? with ¢2, ¢’*> and q - ¢’ fixed.

1 IIII"r Az
A= / dtﬁ. (5.57)

Due to (p~ — q)? = 2m2 — 2q - ¢’ — (p — q)?, the m-pole appears on the negative real axis
in this integral and since (p* — q)? above the cut implies (p~ — ¢)? below the cut, a sign is
picked up in this term. This leads to

A71T-Pole:/dt_6(t_ 7;)_+(2—(:n_ q_)22q q _t)F ( )FV( )

1 1 )
B ((10+ —qp-m2 o —qP - mi) Fr @)F: (@),

—5(t — m2 2 _9q9.4 —
AZ-Polez/dt 5(t m7‘l‘)+6(m7r 2(] q t) 1 ,FX(qZ)FX(qQ)

t—(pt —q)?
1 1 1
— FV 2FV 2
((p+—Q)2—m%+(p‘—q)z—m2)q-q' w (@)F (2)
2

= 2\ V(12
T — 2 —m2][(p- — )2 — m2] F{(®)Fy (d?). (5.58)
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5.4 Conclusions

The scalar function A4 scales as ¢~2 due to a product of single poles, whereas A; only diverges

1

as ¢~ in the soft-photon limit.

If these scalar functions are multiplied by the respective tensor structures and ¢ is set to

zero, one obtains

(Wi w*,p™,9))"
_ [(2p+ — " —pm 9 | (2T — )M —p —9)”

20" | FY (¢%). (5.59
o T +2¢"| F/ (¢%).  (5.59)
It is easy to see that this agrees with Eq. (5.51) up to neglected higher orders. However, as
opposed to the Adler-Dothan recipe, this result is guaranteed to contain all terms that are
singular as ¢ — 0. Thus, we can use it in Eq. (5.46) as the singular term and are guaranteed that
the limit ¢ — 0 can be taken for the remaining non-singular term. Another more complicated

example for the application of the two recipes will be provided in Sec. 6.4.2.

5.4 Conclusions

In this chapter, we introduced a novel dispersive framework for HLbL, which directly applies in
the kinematic limit relevant for a,. We showed in detail how this allows us to overcome issues
with kinematic singularities that affect intermediate states of spin two and higher present in
the established dispersive approach in four-point kinematics. Similarly to what we have seen
for VVA in the previous chapter, a reshuffling of intermediate-state contributions takes place
and further sub-processes enter the two-pion unitarity relations. These can be dispersively
reconstructed without introducing kinematic singularities nor ambiguities. Our results pave
the way for a first complete data-driven evaluation of all contributions to HLbL that are
described in terms of exclusive hadronic intermediate states and that are required to reach an
accuracy matching the final precision goal of the E989 experiment at Fermilab.

We stress that the goal of our new dispersive formalism is not to replace the established one
but rather to extend and complement it. The dispersive reconstruction of the sub-processes
needed to solve two-pion unitarity in triangle kinematics will allow us to obtain numerical
results for two-pion contributions to HLbL beyond the S-wave, including the f2(1270) resonance
in the D-wave. Once a description of all relevant sub-processes is available, a detailed analysis
of the reshuffling of intermediate-state contributions with respect to the established approach
will be possible yielding more robust estimates of suppressed effects. Therefore, while the new
formalism offers a path towards a dispersive treatment of higher-spin resonances, we expect that
the detailed comparison of the two approaches will be very useful even for contributions that can
be included in the established approach, such as those due to scalar and axial-vector mesons.
Moreover, as mentioned already in the previous chapter, the new approach provides new

perspectives on the matching onto asymptotic constraints [21,187,188]. A suitable combination
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5 Dispersion Relations for Hadronic Light-by-Light Scattering in Triangle Kinematics

of the two dispersive approaches to HLbL will enable a precise data-driven determination of
this contribution with reliable uncertainties, compatible with all theoretical and experimental
constraints.

The dispersive reconstruction of two-pion rescattering in the new approach requires input
for the new sub-processes v*v* — ynmw and 7w — 7w in the limit of a soft on-shell photon.
These processes have not been studied dispersively before. Therefore, in the next chapter
we apply the new formalism to mw — yww. This analysis also serves to exemplify several of
the concepts introduced here, e.g. the dispersive definition of a separation into singular and
regular pieces, the cancellation of soft singularities between the two cuts and the dispersive

reconstruction of the regular piece in the soft-photon limit.
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6 Dispersive Reconstruction of the
Sub-Process 7w — ynw

In the previous chapter, we introduced a novel dispersive approach to HLbL, in which the
dispersion relations are written in the limit of vanishing g4. While many of the relevant
sub-processes have already been studied in the context of the CHPS formalism, we saw that
Y¥*v* — ymw and T — 7w play a central role in the new dispersive approach and have not
been analyzed in detail before.

For the dispersive reconstruction of v*v* — 7, the process mm — ~n7 is needed as input,
which makes it the natural next step to focus on. This process is also interesting for other
reasons. As opposed to the case of the VVA correlator (cf. Ch. 4), in 7w — 7w we have to deal
with the cancellation of soft-photon singularities. However, the tensor structure here is very
simple, as we will see, and the required sub-process to define the singular contribution is the
very well-known 7m-scattering. Thus, the method needed for dealing with these singularities
can be developed for this process without having to deal with additional complications.

Here, we are dealing with a five-particle process, which reduces to four-point kinematics in
the limit where the photon momentum ¢ vanishes. In contrast to that, VVA is a three-point
correlator reducing to two-point kinematics and HLbL a four-particle process reducing to
three-point kinematics in the soft-photon limit. We will see that this makes the calculation of
7w — 7w much more challenging and, again, the techniques developed in this study will later
be useful in the dispersive reconstruction of v*~v* — ~m.

We begin the chapter by discussing the kinematics, the Lorentz decomposition and constraints
from isospin and crossing symmetry on the process v*v* — y7w. Then, we examine how the
amplitude can be split into a pole and a non-pole part. We analyze the limit ¢ — 0 in the
non-pole contribution and explicitly derive a representation for the pole contribution in terms
of mm-scattering amplitudes. Afterwards, we derive the imaginary parts of the non-pole parts
due to 77 rescattering and check them against a one-loop calculation in xPT. In order to
obtain the amplitudes from the imaginary parts, we derive reconstruction theorems for this
process as well as the corresponding inhomogeneous Omneés solution. Finally, we present a
preliminary numerical implementation, in which we fix the subtraction constants from the yPT
expressions. The Lorentz decomposition for the channel 7°7% — y7+ 7~ has been presented in
Ref. [60].
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6 Dispersive Reconstruction of the Sub-Process mm — vy

6.1 Kinematics and matrix element

We consider 77 scattering with the emission of an additional soft photon of momentum ¢ and

polarization A, 7 — y*7ww. We define the process via the matrix element

(m°(—=p3)m*(—pa)¥* (=g, A) |7 (p1) 7" (p2))

= —iec)"(~q) [ d*ae™® (8 (—po)n(~p)] (o) I (p1) 7" ()

= —ie(2m)*6™ (p1 + p2 + ps + pa + Q)€ (—q) (m°(—p3) T4 (—pa)| 34n (0) |7 (p1) 7" (p2))

=: —ie(2m)*6™W (p1 + p2 + p3 + pa + @)€) (—@)M¥,_, . (p1, D2, P3,D1) (6.1)

with a, b, ¢, d denoting the pion charges or, equivalently, their third components of isospin. We
are interested in the limit ¢ — 0.

The full five-particle process depends on ten invariant scalar products, which can be chosen
as

P1-P2, P1°P3, P1-P4, DP2-DP3, DP2-P4, DP3-D4, P1°q, DP2°q, P3-q, Ps-q. (6.2)

Since the pions are on-shell (p? = m2), four scalar products are fixed, which leaves six free
variables. The scalar products can be expressed in terms of a subset of the following invariants:

s = (p1 +p2)?, t = (p1 +ps)?, u = (p1 + ps)?,
5= (p3 +p1)?, t = (p2+p4)?, @ = (p2 + p3)?,
wi=(p1+q)°, we=(p2+9?, ws=(s+q?, wi=(@s+9q?, . (6.3

6.2 Lorentz decomposition

In a first step, we consider the decomposition of the matrix element into gauge invariant
Lorentz structures. To this end, we apply the BTT [112,113] recipe introduced in Sec. 2.4.1 to
the matrix element M*(p1, p2, ps3, p4) with charge indices suppressed for notational convenience.
One starts with four independent four-vectors and applies gauge projectors, which leave three
independent structures. However, these structures become degenerate in certain kinematic
limits, requiring the introduction of three redundant Tarrach structures. This is equivalent to

including the crossed Lorentz structures. The decomposition then reads

6
M“(plap27p37p4) = ZT;MMz 3 (64)
i=1
where
T{ = pf'(p2- q) — s (p1 - 9) (6.5)
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6.2 Lorentz decomposition

and the remaining structures are related by crossing:

T = —CyT", TV =Ci3CouT!. (6.6)

TV = CuTV, TV =CouTV, TV =—CisT",
Here, we define the crossing operators C;; to exchange momenta and isospin indices of the
pions i and j. There is one internal crossing symmetry,

TV = —C1oT. (6.7)

Crossing symmetry of the full amplitude implies crossing relations for the scalar functions M;
We will only need them in the limit ¢ — 0, for which case they are worked out in Sec. 6.3.

Gauge invariance is manifestly fulfilled by the Lorentz structures,
q.TF =0, (6.8)

and at the same time the scalar functions M; are free of kinematic singularities. The three

Tarrach redundancies read
(p3- Q)T — (p2- Q)8 + (01 - 9) T4 =0,
(pa- Q)T — (p2- Q)T + (01 - 9)TE =0,

(pa-@)T3 — (p3- Q) T3 + (1 - Q)T§ = 0. (6.9)

Eliminating redundant structures introduces kinematic singularities into the scalar coeflicient

functions.
Finally, we perform a basis change
6 6. .
MH(p1,pa,p3,pa) = Y TEM; =Y Ti M, (6.10)
i=1 i=1
where
apt . u
7 =T, Ty = -T¥, T =TF,
Te=-T¢—TF+TY,  (6.11)

T =T+ TV + TV, TE = —T' + TV + TV,

explicitly
o Sl 2
Ty =ph(ps-q) —py(p2-q), To=php1-9) —pl(ps-q), T3 =p(p2-q)—p(p1-4q),
A ~ 0
T5 = ¢“(p2 - 9) — Pha?, T =q"(ps-q) —phe®. (6.12)

Ty =q¢"(p1-q) — P,
The Tarrach redundancies Eq. (6.9) imply that the shifts
M = My + (p2 - ) A1 + ¢?As,
My My + (p2- 9) A2 — (p3 - 9)As,
Me — Mg + (p1 - g)As

My = My + (p1- 9)Aq,
Mz = M3+ (p3 - @)A1 + ¢* A,
Ms = Ms — (p1 - q) Az,

with arbitrary non-singular A; leave the amplitude unchanged.

(6.13)
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6 Dispersive Reconstruction of the Sub-Process mm — vy

6.3 Isospin symmetry and Crossing relations

Since the photon is C-odd, at least two pions need to be charged, otherwise the amplitude
vanishes due to C-invariance of the strong interaction. The possible channels in the charge

basis are
mixed: s: 7070 — ’y71'+71'_ , t: ' — ’y7r07r_ , u: ™t - T 71'+
fully charged: s,t: 77n~ = yata™, w: atat - yrtat. (6.14)
The isospin basis is defined through the relation of one-pion states
|7 %) = |1,£1) |7%) = |1,£0) . (6.15)

For two-pion states, we have to perform a Clebsch—Gordan decomposition, which leads e.g. to

1 2
|7970) = 7 |0,0) + \/j\2,0) ,

1 1 1
S 1
I 7r)—:|:\/§|1,:|:1)+\/§|2 ,£1) . (6.16)

Plugging these decompositions into the matrix elements and taking into account how the
states and the current transform under C, we arrive at a decomposition of the matrix elements

showing that only the isovector component of the photon contributes

(r ] g |70n0) = % (1,0] j#[2,0) - % (1,0/ 3% 10,0 ,
(700 gty |7 = % (2,0] j%]1,0) - % (0,01 3% 11,0 ,
(RO st IO = 212,118 12,1 — (1,113 12,1 — (2,11 31, 1) + (1,11 3¢ 1, 1)]
(O st b0 = 212,118 12,0 — (1,113 2,1 + (2,103 1, 1) — (1,11 3¢ 1, 1)]
(170 st IOt = 212,118 12,00 + (1,113 12,1) — (2,103 1, 1) — (1,11 3¢ 1, 1)]
(170 st b 10 = 22,1158 12,00 + (1,113 12,1 + (2,103 1, 1) + (1,11 3¢ 1, 1)]
(r ] g ) = \/% (1,00 3% 12,0) + % (2,0/ 3% 1,0)

+ ;6«) 0]3%(1,0) + %(Louz‘ 0,0,
(r gt It ) = (2,20 3212,2) (6.17)

where the electromagnetic current is split into isovector and isoscalar components according to
Eq. (4.161).
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6.3 Isospin symmetry and Crossing relations

Next, we use the Wigner—Eckart theorem to factor out the m;-dependence from the matrix
elements. Since the isovector current has ¢ = 1 and m; = 0, in this case it reads

(1, ma] {11, mg) = Crar (4, ma; 0,my) (i |55 1) - (6.18)

Here, Cy»(i,ms;m),m}) is the Clebsch—Gordan coefficient coupling isospins (i',m]) and
(@",m!) to (i,m;) and (i||j4|¢') is a reduced matrix element, which is independent of the

quantum numbers ml(.l) . Plugging this in, we obtain

s 2 1.
(m |l In0n) = =/ 7 (Ul38112) — —= 113t 10)

L
(m0n) it |m>:*f<2||g 1) + 3f«)m #11)

(7O i IEO ) = = \/-<2||Jff||2> 2\/f_<1||a:;||2> 2\1[<2||35||1>—m<1|u5||1>
<w°w+|jsm|7r+w°>=—2—¢6<2||j5||2> : j’_<1||a:;||2> 275 It + ifanaﬁnn

1 V3

(420 1) = == AT - SV (it ||>—7<2||J #[1) + 7<1||g #j1)
<w+w°|jgm|w+w°>=—%<znj5||z> 2\% alit2) + 7<2||j5||1>—7<1||j5||1>,
(| gty ) = ‘v% allgl12) + % @l - 37 (ollgI11) + 7 allg100) |
(| ) = =2 @A) (6.19

We simplify the expressions by absorbing the pre-factors into the reduced matrix elements
and define

V3

1 . 1 , '
Moy = =5 U0 . Moy = S Ol . M) = 57 (U112)
1 . 1 : 1 ,
Mgy = ~os5 @laBI) , My = N (L), My = o 2|l72112) , (6.20)
so that
4
+ =4 0
(7| Gl I107%) = Mgy = g M)
4
0
< IJem |7T Q ) M(Ol) 3M(21) ’
(nt 0| G ITHT0) = M) — Mgy = My + My, - (6.21)
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6 Dispersive Reconstruction of the Sub-Process mm — vy

By inverting the system, we obtain the isospin amplitudes in terms of the mixed-charge

amplitudes
Mgy = 5 (= (a7 g " 7) — (120t In*)
+ (07| gl [0 ) + (w0 iy [0 )+ (x| Gl 7070
My = 2 (= (] i 1) + {1+ 20) st )
+ (107 Gl [707F) — (w0 gl [ 70) ) + (7070l [T
Mgy = 2 (= (20 st ¥ %) — (* °|Jem 707 )
+ (07| gl [0 + (0| iy | H®) )
My = 2 (= (20 st I+ 7%) 4 (20 [20)
")

+ (08|l [107H) — (RO gl I
iy = (2 it [ #20) — (2% it )

+(n0 | i 0) = (0l ) )
M) = i( (nt a0 ji | ot ) + (wt a0 & |07t

+ (07| iy [0 + (w07 gl ) ) (6.22)

M

The fully charged channels can also be decomposed into the same reduced matrix elements,
e.g.

1 1 1 1
atr|gh In ) = ——— (1|34]12) + —= (2|]7¥]|1) — —= (0]|5#||1) + —= (1]|5%||0
( | Jém | ) \/%< 155 112) 3ﬁ< |5z 111) 3ﬂ( |52 111) \/6< |155/110)

- M)

= <7T Troljem |7T ™ > - <7T07T+|]em |7I' ™ >
- <7I'O7T0| jgm |7r+7r_> - <7I'+7I'_|jgm |7TO7TO> ) (623)

M#

M” (o1)

(21)

=MH

(12)

i.e. in the isospin limit they can be expressed in terms of the mixed ones [195]. For this reason,
we will from now on focus on the mixed channels.

The crossing relations of these amplitudes are obtained from the ones in the charge basis,
taking into account the Condon—Shortley phase for the crossing of a charged pion

ClQM(m’ (= 1)i/Ml(Lii’) ! C34Ml(l’ii’) (- ) M(Zz’) ’
CiaMb = S (M M ME - ME 5 M
13 M) = 5 (M) = Moy = Misy)) + ( (i) — Mon)) + 5 Ml
1 5 5
CraMigyy = 3 (= Mgy + Mgy = M) + (‘M’(llz) + M) + M)
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6.4 Soft-photon limit

C1sM(z) = }1 (M) = M) + % (— Mooy + Miay)) + % (Mry) + M)
CrsMiyy) = 411 (M) + Mion) + % (Miz) = M) + % (Mrry + M)
CisMiy) = 411 (~Mpo) = Mioy)) + 5 5 (Ml + MGyy))

CiaMlyy = 1 3 (Mo + Mion)) + (Mm) + M) (6.24)

and the remaining permutations are compositions of these.

6.4 Soft-photon limit

For the application within the new dispersive formalism to HLbL, only the soft-photon limit
q — 0 of this process is needed. In this limit, the scalar coefficient functions M; contain double
and single poles, which are determined by 77 scattering alone. We assume a gauge-invariant

separation

poles ~ non-pole

M = SO 4+ M; : (6.25)

~ pol
which will later be defined by specifying Mfo “. We will study these two terms separately

and start with the non-pole one.

6.4.1 The limit ¢ — 0 for the non-pole piece

non-pole

We are only interested in the leading non-pole term, i.e. in the limit hm M . Defining
6 non—pole
Mg (p1,p2,p3,p1) = Z (6.26)
we obtain the desired contribution by taking the following derivative:
0 0 » ~ non-pole
7 Miee(P1,P2,P3, P4 = (— ) M, =0
9, feg (D1, P2, P3, P1) — Z o070 )| o (g=0)
3
~ non-pole
= Y anpipiM; T (a=0), (6.27)
1,5,k=1

where ¢;;; is the antisymmetric tensor with €123 = 1.

The first three coefficient functions M, contain a Tarrach redundancy of the form
Mi— M+ (pi- @A, i=1,2,3, (6.28)

with arbitrary non-singular A, which drops out in the limit ¢ — 0. However, the three

non-pole
(q

non-vanishing M = 0) are not independent due to crossing symmetry. To see this, we
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6 Dispersive Reconstruction of the Sub-Process mm — vy
first note that for T’,i = Z?,j:l €ijrpl P, we have

ClzT';w = —lew, C12T§V = _Tgw
CaTy =TV + 1%, CaTy = —T4 + T4, CaTh =T%". (6.29)

The arguments of the scalar functions in the limit ¢ — 0 can be chosen as s = (p; + p2)?
and t —u = (p1 + p3)? — (p1 + p4)? and the combined operation C12C34, which leaves these

arguments invariant, implies for the process m07% — w7~

~ non-pole non-pole

Ml (’t_uaq=0) M2 (,t—u,q=0) (630)

Thus, we can use a decomposition with only two scalar functions

9 _ _
%0, Mo (p1,p2,p3,04)| = (P5PY — Piyp5) M1 + (Ph'ps — PhpT) Mo (6.31)
v q=0

with

non-pole non-pole
( (s

Mi(s,t—u) = s,t—u,q=0), Ma(s,t—u)= ,t—u,q=0). (6.32)
The individual crossing operations further imply that M is symmetric and My antisymmetric
under t < u.

Similarly, the crossing relations Eq. (6.24) for the isospin amplitudes imply that these can

be decomposed according to

0

0 A M) e (V5P — PiP5) M0) — (Ph'Ps — PHPY) Moy ,

%M%l) =0 = (P3Pl —Pffpg)M(Ol) — (pips — PgPT)M(lo) )

88 Mg e (PPl — Pips) M(2) — (Piph — PhPY) My

%Mél) =0 = (P3Pl —Png)M(ﬂ) — (pips — PQLPT)M(H) )

58 My — [(p3 — pa)"(P1 — p2)” — (p1 — P2)"(P3 — Pa)" M),

Biq,,MléZ) o = [(p3 — po)!(p1 — p2)” — (P1 — P2)" (3 — P4)" M 22) - (6.33)

The six scalar functions appearing in these decompositions are in one-to-one correspondence
to M, /2 in s-, t- and u-channels as can be seen by plugging the charge-basis decomposition

into the right-hand side of Eq. (6.22) and projecting the result onto the isospin-basis tensor
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6.4 Soft-photon limit

structures

M0 (s ¢ — ) = %(3./\_/11(3,t —u) — Mi(t,u—s) — Mi(u,t — s)

— Ma(t,u—8) — Ma(u,t — s)) ,

M(Ol)(s,t - U) = %( _'A_/tl(t’u_ 8) +,/\_/11(U,t_ S)

MO (st —y) = —<—./\_/11(t,u— 8) — Mi(u,t — 8) — Ma(t,u — s) — Ma(u,t — s)

—_ 3-/\_/12(87t - U) - M?(t7u - S) + MQ(U,t et 8)) y

= e

MO (st —u) = —(—Ml(t,u— )+ Mi(u,t — s) — Ma(t,u — s) + Ma(u,t — s)) ,

)
)
MO (5 ¢ —y) = —( — Mi(t,u—s) — Mi(u,t — 8) + Ma(t,u — s) + Ma(u,t — s)) ,
)

00l — W

M@ (s,t —u) = é(— Mi(t,u—s) + Mi(u,t — 8) + Ma(t,u — s) — Ma(u,t —s)). (6.34)

Crossing symmetry furthermore leads to

and

M) (s u—t) = —-M®P(st —u), (6.35)

MOt 5 y) = —% (M09 4 mOD) — §M<11> - g (MOD 4+ MED) — 10 pqe22)
1 2 5 10
(01) _ _ - (10) (01) 4 (1) _ @ (12) (21) - (22)
MOt s — ) 3(M +M )+3M g(M +M )+3M ,
MO (s —u) = —i (MOD 4 MOD) 4 MOV 4 % (MO 4 p@D) - pm@),
M)t s — ) = —i (MO 4 MOD) - MOV 4 E (M2 4 M) 4 Mm@,
1 5
(11) _ _ - (10) _ (01) el (12) _ (21)
MUt s — y) 8(M M )+12(M M)
1 1
(22) _ _ - (10) _ (01)) _ ~ (12) _ (21)
M), —u) = — (M M) - (M M) (6.36)

where the scalar functions on the right-hand side are evaluated at (s,t — u).

6.4.

2 Definition of the pole piece

As photons only couple to charged pions, it is easier to perform this calculation in the charge

0.0 + =

rather than the isospin basis. We concentrate on 7’7" — 777~ v*. The other mixed channels
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6 Dispersive Reconstruction of the Sub-Process mm — vy

are related to this by crossing and the fully-charged channel can be deduced using the isospin
relation Eq. (6.23). The corresponding expressions in the isospin basis can be obtained through
Eq. (6.22) from the ones in the charge basis.
Applying the Adler-Dothan recipe [194] explained in Sec. 5.3.2 to this amplitude, we obtain
(2p3 + q)* (2p4 + g)*

ME = T(s,t — [ _
ap = T8t =) 2(p3-9) +¢%> 2(ps-q)+¢2

8T(8, IL‘) [q : (pl - pz)(2p3 + q)” q- (pl — p2)(2p4 + q)ﬂ
+ - _ 2 _ o
ox o=t/ —u! 2p3 - q+ q2 204 - q + q2 (pl PZ)

where 7T is the 77 scattering amplitude for the considered charge channel and we have performed
the expansion around ¢ —u' = %(t +%—wu—1). This is exactly gauge invariant by construction.

As discussed before, this result is not sufficient for the separation into pole and non-pole
terms due to possible singularities at higher orders in the expansion. We thus formulate a
new dispersive definition of the pole term similar to what has been done in Sec. 5.3.3. In a
dispersive language, all terms that become singular in the limit ¢ — 0 are due to pion poles in
the w3 and wy4 channels.

The ws-unitarity relation reads
Imy, [—i (r* (=ps)¥(~q, A)Iﬁo(p1)7ro(p2)7r+(p4))]

=2 % (ﬁ/%) (70 (p1)m®(p2) 7t (pa) In; {pi})” (mF (=p3)v(—q, N In; {p:}) . (6.38)
n m \i=1

Singling out a one-pion state from the sum and expressing the matrix elements in terms of the
amplitudes M* and T, leads to

Imf, M¥* = —nT (s, & — w)Fy (¢°)6(ws — m2)(q + 2p3)* . (6.39)
and similarly in the w4 channel
Imy, M* = 7T (s,t — @) FY (¢*)d(wy — m2)(q + 2ps)* . (6.40)

These imaginary parts are gauge invariant only due to the é-functions.

2

We next rewrite these expressions in terms of the BT'T functions with poles only in w3 —mz

and wy — m2. For the first scalar function, we obtain

N 5 4 AY?
_ V2 2 2 1
Imy, My = —nT (s,t — u)Fy (¢°)d (w3 — m,r)w4 ey + (p1 - q)6 (w3 — m,r)w4 e
( V2 2 4 2 A11”4
T ~
Imw4 Ml = —7] (S,t - ’u,)F‘7r (q )(5(’11)4 - mﬂ)m + (pl . q)é(w4 - mﬂ)m . (641)
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6.4 Soft-photon limit

Here, we have included the Tarrach redundancies Eq. (6.13) explicitly. Although these
parameterize the redundancy in the BTT decomposition of the imaginary part, we will see
that the dispersively calculated real parts are not independent of them.

We determine the real parts from dispersion relations in ws for s, ¢ — u/, ¢%, w1 and wo
fixed. The imaginary part then gets contributions from both unitarity relations. In terms of
the fixed and dispersed variables, it is given by

FY (¢*)d(ws —m2)
2¢%2 — w1 — wo + 2m2
B FY(¢®)6(ws — 2¢% + w1 + we — 3m2)

2¢%2 — w1 — wa + 2m2

X (—47rT(s,t — @)+ %(w1 —m2 — q2)A11“4> : (6.42)

-poles
TP St =

(—47rT(s,% —u)+ %(w1 —m2 q2)A;”3)

where t —u =t —u' + (w; —ws)/2 and t — & = ' — v’ — (wy — wz)/2. Here we have taken
into account that the wy4-pole is located on the negative real ws axis, which changes its sign,
cf. Eq. (5.58). The dispersion relation gives

~ T-poles

—4T (s, — L (wg —m2 — ¢?)AY3
7 _ V(@) T(s,t —u) + 5- (w1 — mz — ¢°)A]

(2¢? — w1 — wa + 2m2) (w3 — m2)
—AT (s,t — @) + o= (w1 — m2 — ¢?) A"
(2¢%2 — w1 — wo + 2m2) (w3 + w1 + we — 2¢2 — 3m2)

+ FY (4% (6.43)
where A}”® and A} must be independent of ws.

Repeating the same steps for the other M, and contracting the scalar functions with the
tensor structures, we see that the result is independent of AY® and A¥* and only depends
on the combinations A; = A}® — AT* and Az = AZ® — AZ*. The full amplitude must not
contain a pole at 2¢2 — w; — ws + 2m2 = 0. The only way to achieve this without introducing
other unphysical singularities is by choosing

T(s,t—u) —T(s,t— @)
w1 — W2
A3 =0. (6.44)

A = 167TF7Y((]2) + (w1 +wa — 2q2 - 2m72T)A1 ,

We notice that this is non-singular for w; = ws. We have added an arbitrary non-singular
function A; that leads to a piece in the amplitude that is regular at ¢ — 0. The resulting
amplitude MZ'pOIeS has the same crossing symmetries as the full M,, if A; is antisymmetric
under p; <> po and symmetric under p3 <> p4. A contribution to As similar to A; would break
this symmetry and is therefore omitted. The function A; does not contain a pion pole and no
other singularities should be contained in the pion-pole contribution. This means that A; has
to be an analytic function in ws and if the BTT functions fall off asymptotically to allow for

an unsubtracted dispersion relation, A; has to vanish.
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6 Dispersive Reconstruction of the Sub-Process mm — vy

The remaining ambiguities can be used to remove the unphysical poles also from the BTT
functions. We obtain
M‘n‘ -poles 4F7Y(q2)(7' — 2(2m3r + w; —wo — 2w4)AT)
' (w3 — mZ)(ws —m3)
~ m-poles AFY (q2)(7' + 2(2m2 — w1 + wo — 2U)4)A7-)

Moo == (ws — m2)(wa — m2) !

Y

M;r-poles o,
ST C2FY ()T + (2mE —wi +wy — 2w4)A7‘)
(w3 — mZ)(ws —m3)
M;r-poles _ _2F,‘r/ (®)(T — (2m2 + wy — wy — 2w4)A7')
(ws —m2)(ws —m2)
MEP® =0 (6.45)
with -
T:T(st u)—l—T(st—u), A7.:T(s,t—u)—7'(8,15—11). (6.46)
2 wy) — Wo

The final amplitude has a simple form

T-poles (2p + Q)M 7 (2p4 + Q)u ~
M0 = FY (¢%) (—w33_ m2 T (st —u)— WT(SJ — @) —2(m —p2)”A7')
(6.47)

T
We have repeated the calculation with a dispersion relation in w3 with s, t — v/, wy, we and
p3 - ¢ fixed. The result is the same up to shifts in the arguments of the pion VFFs by w3 — m2
or wy — m?2 for the two poles, respectively. The difference between the results from the two
dispersion relations therefore does not contain pion poles in ws or ws. We are free to add such
non-singular terms to Mz'pc’les, which we will make use of in the next section.

Eq. (6.47) agrees with the Adler-Dothan result Eq. (6.37) up to neglected higher-order terms
in the latter, but in contrast to this includes all singular terms to all orders in q. Thus, we can

use Mw_p(ﬂes Mfde in Eq. (6.25) with a well-defined limit ¢ — 0 of ./\A/lnon_poles

6.4.3 Translation to isospin basis and modified pole definition

For the unitarity relations and the dispersive reconstruction of two-pion rescattering, the
isospin basis will prove to be much more convenient. We thus decompose Eq. (6.47) into

isospin components using Eq. (6.22). The results can be written as

2

_pol a5 le, (i o le, (i
7(25/?)?2 - Z I:b? ’ Mﬁoe ® (p17p27p37p4) + bZQZ t Mzoe @) (p17p3,p4’p2)
=0
i3 le, (7 3] le, (i
+ 05 MRS @ (p1, pa, p3, p2) + b MRe “ (g, p3, pa, p1)
sxl 2 1 s y 37 1 , .
+ bl MEO e,(2) (p2, P4, P3, p1) + bii'i MEO e, (%) (p3,p4,p1,p2)} (6.48)
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6.4 Soft-photon limit
with

MO (b Dy, p3, pa)
L -
_ FX(qQ) <(2p3 +q) T() (s, —u) — (2p4 + q)* 7-(1)(3 t— )

w3 — m2 wy — m2

—2(p1 — p2)* AT (Pl,P2,P3,P4)) (6.49)

and the non-vanishing coefficients

pO10 — 001 _ _1,
BLI0 = IO — plI0 _ _plo1 _ _pui0 _glol _ _p1i0 _ _plo _ _é ,
b%12 b121 blll b122 b112 b§21 — béll — _bé22
12 plal _pll gl _gpu2 gl g ple _é,

B0 — _p201 _ % ,
BR10 — 201 — 201 _ 3201 _ p201 _ 201 _ _p201 _ _p201 _ _1,
BRI2  p220 _gRUL 22 _p2i2 e _ ol e

SN2 Rl gl e g gan_gam _% . (6.50)

Here, the index ¢ at the wm-scattering amplitudes always refers to the isospin in the channel
that becomes the s-channel for ¢ — 0 and in translating it to this channel it is important to
take into account that the arguments of the amplitudes in general do not fulfill s +¢+u = 4m2
away from ¢ = 0.

We see that not all coefficients with i # i’ and 7 # ¢’ vanish, i.e. an isospin amplitude of
nw — 7w depends on different isospin amplitudes of w7 scattering. In order to avoid this
unpleasant feature, we can use the freedom to add arbitrary non-singular terms to the pole
definition. We start from the definition above and add non-singular terms to it, which we
construct in the following way. Since we want to keep Lorentz covariance and gauge invariance,
the general Lorentz structure is given by the decomposition in Eq. (6.33) contracted with g,.
We are not interested in non-singular terms beyond linear order in g and it is thus not necessary
to add the tensor structures quadratic in ¢ from Eq. (6.10). Furthermore, the coefficient
functions should be non-singular and of order ¢°. The tensor structures have dimension 3 and

(ur;)(: ts has dimension —1, so the coefficient functions must have dimension —4. We cannot
have dimensionful quantities in the denominator as these would either lead to singularities
in kinematic limits or in the chiral limit. Thus, we have to take derivatives of wm-scattering

amplitudes. The amplitudes are dimensionless, so we need a second derivative to obtain
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6 Dispersive Reconstruction of the Sub-Process mm — vy

b1 | ps3 D1 | ps3 b1 | b3
| q | q ! q
® } ®
Q- oa o+ wy -
D2 | yZ D2 | P4 D2 | P4

Figure 6.1: Intermediate states in the s-channel cut of 7 — y7mw. Crossed diagrams are not

shown.

the right dimension. We only get up to second derivatives from the expansion of the pole
contributions to order ¢!, so we do not consider higher derivatives here. This leaves us with a

result of the form Eq. (6.33), contracted with g, and M ;) replaced by

sl a sl a
() zz i (%) n i (3)
T (s,x) +c asawT (s,x) +c 922 57 (8, 7)

=0 r=t—u

(6.51)

are subject to two constraints: first, crossing symmetry reduces

2
m-poles i’ a
AM(i’Iz')”) = |d"

The 54 parameters c;’ &
the number of free parameters to 9 and second, these are chosen to remove the dependence
of MZZPOIES on a wrm-scattering amplitude with isospin j # 4,i. This leaves only one free

parameter. The modified pole definition still has a simple form in the charge basis. For the
channel 7%7% — y7 7=, it only depends on the amplitude 7 for 7%7% — 7 t7~

m-poles Vi 2 (2p3 + Q)“ it (2p4 + Q)“ ~
MN pmod = F ( )(WT(S,I‘I - U) - mT(S,t - 'LL) - 2(p1 — pz)“AT

2
+

N | =

V(01 0) - ;o3 - ) [(2401 +8) 55 T(s,7) — (8d+ 3)38—;T<s,m>]

r=t—u

) . (6.52)

The remaining free parameter d will be fixed in the next section.

+ (5 (p2 - q) — Py (p1-q))(8d — 1) ) ;

)

6.5 Unitarity relations

In this section, we derive the imaginary parts of the non-pole pieces. We expect these to have
a much simpler form in the isospin basis compared to the the charge basis since wm-scattering
conserves isospin and the isovector photon can change isospin by one unit at most.

The unitarity relations in the s- and 3-channels are depicted in Figs. 6.1 and 6.2. We do not

consider resonances in this work since they are assumed to be included in the wmr-scattering
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6.5 Unitarity relations

p1 | p3 b1 | p3 p1 | b3
q | q | q |
® 1 ®
o - o - g
D2 | P4 P2 | P4 b2 | 2

Figure 6.2: Intermediate states in the $-channel cut of 77 — y7mw. Crossed diagrams are not

shown.

phase shifts. Singling out a two-pion intermediate state, we obtain

21 + 1 /
1 /dQ1dQ2(27T)45 V(g1 + g2 — p1 — p2)

Im7s”r M?’L’L’) (p17p27 b3, p4) =

X ‘Pl(z;)MI(LZZ/)(QL qQap37p4) ’

N1, « [——
i(s) / dg1dgo(2m)*6™ (g1 + g2 + p3 + pa)

Imém- Mléi/)(plap%p&pél) =
x Py(z ”)Mé‘u (p1,p2, —q1,—q2) - (6.53)

As in VVA (cf. Eq. (4.28)) and HLbL (cf. Eq. (5.5)), Im™™ M@)(s,t — u) is given by the
sum of these two discontinuities with one of them complex conjugated in the limit ¢ — 0.
On the right-hand side of the last equations, M’(‘ii,) is written as a sum of pole and regular
contributions. We decompose the latter according to Eq. (6.33), plug it into the phase-space
integral, perform the limit ¢ — 0 and project onto the scalar functions. We obtain, including
both cuts,

Ims M) (s,t —u) = 2 + 1

l

x lt;”(s)* (MW’)(s,t" —u) -

/ d31d02(27) %6 (p1 + ps — g1 — @) Pi(2)

Z”

sl_zst(zz)( ¢ — ))

2=z L
+ t}(s)s_—;sM(” )(s,t" — u)] + 1) (st —u)  (6.54)

1 S

for ¢ # ¢/ and

y 21 + — 221
Tmy M) (5,1 —u) = /dQIdQQ (2m)*6 ™ (p1 + p2 — @1 — @2) Po( .s) 3
l — 2

x [tf(s)*M(ii)(s,t" _ ull) + t;’(s)M(ii)(s,tﬂ _ ull)*i| + I(”)(s,t _ u)

(6.55)
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6 Dispersive Reconstruction of the Sub-Process mm — vy

for the isospin-diagonal scalar functions. Here, T (@) contains all inhomogeneous contributions
from the pole pieces and

t— t—u o
Y P Lo 2! = o (6.56)

25 =
S s—4m2’ S s—4m2

— 27
s —4mz

with
t'=(p1—aq)?, =), t'=@m+aq), v'=@+a). (657

In deriving these expressions, we have used the symmetry of the integrals under exchanging
all primed and double-primed variables.

We then calculate the inhomogeneous contributions to the imaginary parts, I (ii/)(s, t—u).
To this end, we plug the modified pole definition Eq. (6.52), in the isospin basis, into the
s-channel unitarity relation and insert partial-wave expansions for the rr-scattering amplitudes

of the form?!

) (s, ¢ — ) = iy (=% ) ,
TO(s,t =) = 321+ i )Pl(s_m%) (6.58)

We then split the integrands into two pieces: one that contains terms proportional to

. —_—— 2q1 + q)*
7 = / 40132 (2m) "D (g + g2 — pr — pa) BT D"
1l q1dg2(2m) (g1 + g2 —p1 — p2) (q1 + q)2 — m2

x P, ((Ih —q1)> — (P2 — Q1)2> Py <(P4 +a2)° — (ps + Q2)2) (6.59)

— Am2 3 — 4m2
s —4mz 5—4mz

or the same with ¢; and ¢ interchanged and another one that does not contain singularities

in (g1 + q)? — m2 nor in (g2 + q)?> — m2. We express the latter through the invariants s, t — i,

2 N
W1, W2, Wy, 9, Zg, Zg with

;1 —q1)? = (p2 — q1)? I (ps+q1)? — (pa+q+ q1)?

Z. =
° s — 4m721' ’ 3 0'71.(8))\1/2(8, m721-7 w4)

(6.60)

as well as the 4-vectors p/’, ph, p4, ¢*, ¢}’ and expand the result for small ¢ counting w; — m2

and ¢* as O(q') and ¢® as O(¢?). By expanding the angle-dependent factors in (derivatives of)
Legendre polynomials, these terms can be expressed through only three integrals

Iy = /a&;a&;(%)%w(m + g2 — p1 — p2) Pi(24) Pr(2)
I = [ daida@m) 6 @+ - p - po)lar - @uPEDPLED,
o = /@@(2@45(4)((11 + g2 —p1 — p2) (@1 — @) (@1 — @) Pi(25) P/ (%) - (6.61)

The calculation of these integrals is described in App. A.

Tt is crucial here to use s and ¢t — u as the independent variables since in general the arguments of the
amplitudes do not fulfill s + ¢t + u = 4m2 away from q = 0.
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6.5 Unitarity relations

2

~ Dor in

The terms from the 3-unitarity relation without singularities in (q; + q)%> — m
(g2 +q)?> — m2 can be obtained from the s-cut by the crossing operation C13C24. For the terms
with these singularities, we see that only the combination of integrals 1 Z/ +C13Coal ;fl is required.
Neglecting terms that are quadratic in q or higher, this combination is reduced to the integrals

in Eq. (6.61) in App. A.4.

Finally, we add the different parts of the result and subtract the imaginary part of the pole
term Mz,f,?;ez mog Obtained from plugging the unitarity relations for mr-scattering into the
definition in Eq. (6.52). The difference is non-singular and fulfills the Ward identity up to

neglected higher-order terms.

To project this result onto the tensor structures, we express the invariants and momenta
through po, ps3, p4 and ¢, calculate the g-derivative and set ¢ = 0. It is crucial to keep the p?
fixed when taking the derivatives, i.e. one has to replace one scalar product of p2, p3, p4 and
q through the others using that pg =m2. Only then it is guaranteed that another choice of
independent momenta including q will lead to the same result. Then, we can project this onto
the tensor decomposition in Eq. (6.33) to obtain the inhomogeneous contributions I (@) to the
imaginary parts of M(#) in Egs. (6.54) and (6.55).

In general, the functions (%) (s, t —u) and I(\?)(s, t — u) behave as (s — 4m2)~3/20(s — 4m2)
close to threshold. This behavior makes standard dispersion relations invalid since the part
of the integration contour surrounding the branch point can no longer be neglected and only
the sum of this integral and the one along the cut is finite. While one could assume that the
coefficient of this term is purely imaginary and thus can be subtracted from the scalar function
before deriving a dispersion relation, this is more subtle for the next term in the expansion
proportional to (s — 4m2)~10(s — 4m?2), which cannot be seen as originating from a usual

branch point.

However, the free parameter in the modified pole definition Eq. (6.52), d, comes to our rescue:
by choosing d = —3/8, both leading terms in the expansion at threshold can be removed.
The leading term is then proportional to (s — 4m72r)_1/ 2 in which case a standard dispersion
relation holds and the contour around the branch point does not contribute. With this choice

and including S-, P- and D-waves in w7 scattering, the result simplifies to

1 / * ! * / *
I = ams303(s) [ — 20m2st] (s)t3(s)* + 20m2std (s)t3(s)* + 55%t3 (s)t3(s)
* * / * *
+5 (2m2 — 5) 13(s) (t§(s)" — 3(s)") + 35 (4m2 — s) 11'(s)(t5(s)" — t1(5)")
— 6m2t3(s)"t1(s) + 6mati (s)t1 ()" — 55745 ()£3(s)" + 3std(s)"t1(s)] ,
01 523

= 87rs3—a;§(s) [s (s — 4m727) tg/(s)(tg(s)* —t1(s)*)

+3(s) (2m283(s) + (s — 2m2) 1(s)) |,
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6 Dispersive Reconstruction of the Sub-Process mm — vy
1 / * * / * *
1% = sy |* (5= 4m3) (BH (A E) — 5 + 55 () 65()" - ()
+3t1(s) (2m2ti(s)" + (s — 2m2) 8(s)*) + 5 (2m2 — s) B3(s)(#](s)" — 3(s)")] ,

2= 32#?2}(3) [S (4m72r - 5) t%,(S)(t%(s)* — t%(s)*)

+ t2(s) ((s - 2m3r) t(s)* + 2m72rt%(s)*) ] ,

7 _3ti(s)ti(s)*
64ms20,(s) ’
1525t3(s)t3(s)*
12 = o207 6.62
647s20.(s) (6:62)

We notice that these functions would vanish if we had considered only wm-scattering S-waves.
If we had included S- and P-waves, only three of them would be non-vanishing and they
would be independent of the angle zs. Finally, including D-waves, terms up to first power in
zs contribute.

Assuming that the scalar functions depend on the cosine of the scattering angle polynomially,
as expected from a partial-wave expansion, we can also examine the z;-dependence of the
homogeneous contributions to the imaginary parts. For this, we again truncate the 77 partial-
wave expansion after D-waves. Then, the phase-space integrals in Egs. (6.54) and (6.55) can
be performed for M(#) set to a polynomial of the cosine of the angle. We observe that for the
off-diagonal isospin functions we get results that are at most quadratic in z;. In the case of
the diagonal isospin functions, we even obtain results that are at most linear in z;. Thus, a
truncation of the 77 partial-wave expansion automatically truncates the partial-wave expansion
(to be defined below) of the imaginary parts of M) without the need to make any assumptions
about their real parts. This makes the problem ideally suited for a reconstruction theorem,
for which only a truncation of the partial-wave expansion of the imaginary parts is required,
whereas the real part is not truncated. In this way, we avoid additional approximations. Before
turning to this, we now calculate the scalar functions in the limit ¢ — 0 at one loop in xPT.
This allows us to check the imaginary parts we have obtained and will prove useful in the

dispersive reconstruction below.

6.6 Calculation at one loop in Chiral Perturbation Theory

We have calculated the amplitude for 797° — y*7 7~ to one loop in SU(2) xPT. Again, other
charge-basis channels and the isospin-basis expressions can be obtained from the relations in
Sec. 6.3. This will serve as a check of the unitarity relations derived in the previous sections
and the dispersive reconstruction explained in Sec. 6.7 below. In addition, we will use the

results to fix the subtraction constants appearing in the dispersive formalism. The calculation
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6.6 Calculation at one loop in Chiral Perturbation Theory

<X

Figure 6.3: Tree level diagrams for the process nm — y*7w in xPT. Crossed diagrams are not

shown.

Figure 6.4: One-loop diagrams for the process 7w — y*7m in xPT. Crossed diagrams are not

shown.

of the amplitude has already been done in Ref. [196], but the subtraction of the poles, the
g-derivative and the limit ¢ — 0 are new.
At tree level, there are two topologies that are shown in Fig. 6.6. The amplitude has the

very simple form

MxPT, tree _ _ S — m721' (2p3 + q)u _ (2p4 + Q)/.L
# F? w3 —m2 wy —m2

(6.63)

This exactly agrees with the dispersive pion poles in Eq. (6.52) for all values of d if the leading
order expressions

Fﬂ‘-/,XPT, tree(q2) =1 , 7"XPT7 tree(s, t— u) =—— T (6-64)
are used. Thus, the non-pole scalar functions M; vanish at leading order in xPT.

At one loop, there are 9 topologies that are shown in Fig. 6.6 and in addition counterterm
diagrams. The amplitude in general kinematics is very lengthy and we thus refer to Ref. [196]
for the explicit expression. Also, a projection of the full amplitude onto the BTT structures
is very complicated. Instead, we have checked that the pion poles are again reproduced by
Eq. (6.52), i.e. that the difference

xPT, 1 loop __ m-poles, xPT, 1 loop
M# Mu., mod (665)
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6 Dispersive Reconstruction of the Sub-Process mm — vy

does not contain poles at w3 4 = m2. Here, Mz,ﬂgfj XPT, 1100p genotes Eq. (6.52) with either
FY or T taken at one loop and the other one at tree level. This allows us to take the g,
derivative of the difference and then the limit ¢ — 0. We have checked that the result has the
two independent tensor structures in Eq. (6.31) and the corresponding scalar functions read

for d=-3/8

- 4m2(s —m2) - 2m2(t — 3m2) - 2m2 (u — 3m2) -
=——Jﬂ'7r _MJ‘IHT t _M‘]ﬂ'ﬂ'
M Fis(s —4m2) (s) F4t(t — 4m2) ®) FAu(u — 4m2) ()
N 3m2 ( 6 N 1 N 1 ) N 5
48m2F4t \s—4m2  t—4m2  u—4m2 24m2F4’
= t? — 2tm2 — 2m2 _ u? — 2um?2 — 2m _ m2(t — u)
2= 4 2 mr(t) - 4 2 er(u) + 24 2 2
3F4t(t — 4m2) 3F%u(u — 4m2) 1672 F4(t — 4m2)(u — 4m2)
(6.66)
with the loop function
- 1 or(s) — 1) )
Jrn(8) = —= [ ox(s)] —_— 2 6.67
(5) = T2 (‘7 (s)log (aﬂ(s) +1) 7 (6.67)

and the pion decay constant in the chiral limit F. These expressions are non-singular if
one of the Mandelstam variables approaches zero and diverge at most as (s — 4m2)'/2 at
thresholds. Interestingly, both the full amplitude for 7w — 77 and the pole piece depend on
four low-energy constants, but in the difference they all drop out. This would not be the case
if we had taken another definition of the pole, e.g. the difference for the original pole definition
Eq. (6.47) depends on one low-energy constant.

We now use this result to check the unitarity relations Egs. (6.54) and (6.55). To obtain
the one-loop imaginary part, the sub-processes in the unitarity relations have to be evaluated
at tree level. As mentioned above, the functions M(#) vanish at tree level so that we only
get contributions from the inhomogeneous pieces Eq. (6.62). There, we plug in the tree-level
expressions

2 2 2
By =220 =", B =" (669
We compare this against the imaginary parts of the isospin-basis xPT expressions generated
by the logarithm in J,(s). We find agreement, which provides a check on both the unitarity
relations and the yPT expressions.

6.7 Reconstruction theorems

As mentioned above, the problem is well-suited for a reconstruction theorem since the depen-
dence of the imaginary parts on the scattering angle has the form of a low-order polynomial if

we truncate the partial-wave expansion of the mw-scattering amplitudes so that no additional
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6.7 Reconstruction theorems

approximation is needed. The reconstruction theorem relates the scalar functions M) 0 g
set of functions that only depend on one variable and fulfill simple dispersion relations without
left-hand cuts. These dispersion relations are coupled through the homogeneous contributions
to the imaginary parts. We will derive Omnés solutions for them, which leads to a system of
coupled integral equations that will be solved by an iterative algorithm. We will close this
section by presenting a preliminary determination of the subtraction constants appearing in

these integral equations using the yPT expressions derived in the previous section.

6.7.1 Derivation of the reconstruction theorems

We start from a 3-times subtracted fixed-t dispersion relation

M) = i) (1) 4 plE) ()5 4 o) (£) 52

2 a2 o)
T Jam2 sB(s' — s) T Ja

i 3w — u) (6.69)
with u = 4m2 — s —t and s(t,u’) = 4m2 —t — v/ = s + u+u'. It is likely that the asymptotic
behavior of M(”’)(s, t) would actually allow for fewer subtractions, but only in this way will
we be able to symmetrize the result in the end.

The partial-wave expansion of M) is subtle since this function arises from a kinematic
limit of a five-particle process. However, as we have argued above, we do not impose a
truncation of this partial-wave expansion and thus it is sufficient to assume expansions in

Legendre-polynomials in all three channels

M (s,) = 325 + D (9)Pi(z) = 325+ 1)gy (0)Pi(=e) = 325+ D™ (w) Py (z4)

’ ’ (6.70)

with the angles

t—u sS—u s—1
th W’ Zu— . o - (6.71)

ZSZ =
u — 4m2

As argued above, if we truncate the wm partial waves after D-waves, ImsM(ii')(s,t) is at
most quadratic in zs and therefore f]@il)(s) € R V j > 2. Since the crossed-channel unitarity
relations can easily be obtained from the s-channel ones through Egs. (6.35) and (6.36), we
also have gj(.ii,)(t) €RVj>2and hg.ii,)(u) eRVj>2

When we plug in the partial-wave expansions for the imaginary parts in the respective

channel, the s’ integral involves the angle

t—u(s,t) 2+ —4ami & —s t—u

/ 2 = / 2 g 2
s’ —4mz= s’ —4mz s’ —4mz

zs(s',t) = (6.72)

s’ —4m2
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Thus,
i ii! s—s t—u il
Im, MU )(s', t) =Im fén )(s') +3 <s' ~am2 + 7 4m727) Im flu )(3/)
5 s —s \? (s —s)(t—u) t—u \? iy,
2 (3 (m) O T Ty TP (sf_4mg) — 1) mf ()
(6.73)
and we obtain
P [ g M
T Jam2 s3(s" — s)
L LY GNP U GO AP . salC)
T Jam2 s3(s' — s) s3(s' — 4m2) sB(s' — s)(s’ — 4m2)
15(s' — s)Im fzii/)(s’) Im fzii/)(s’)
-9 15(¢ — ) ——22 7/
2 sB(s' —4m2)? +15(t—w) s3(s! — 4m2)?
15 9 Im f;i/)(s’) 5Im f;il)(s')
22— _2 74
+ 2 (¢ =) sB(s' —s)(sf —4m2)2 2 $B3(s' —s) (6.74)

The second, fourth and fifth term in the square bracket have no non-trivial dependence on the
Mandelstam variables in the integral and can thus be absorbed into a polynomial. We can

therefore write

£ a8 ds’l—Imfom)(s_/)+3(t—u) m /" ()

T Jam2 §3(s'—s8) 7w Jam2 sB(s — s) s3(s' — s)(s' — 4m2)
B mAEVE)  sm s
2 sB(s' — s)(s' —4m2)2 2 §B3(s — s)
+ A g3 4 Bl g4 4 Cgiil)s3(t —u). (6.75)

We note that in contrast to the ¢-dependent subtraction constants in the dispersion relation,
A;, B} and C; are pure numbers. A similar calculation can be performed for the u-channel

integral and putting everything together we arrive at

M(ii’) (s,t) = a(ii’)(t) + b(ii')(t)s + c(ii’)(t)SQ + Agz‘z")s3 + Bgii’)84 + Cgii’)sg(t — )
+ Agi/)u‘3 + Bq(fi/)u4 + Cgi/)u:&(s —u)

3 i), i),
LY GO NP Y I )
+ T Jam2 ds [ 8’3(8' _ 3) + 3(t u) 5’3(8’ _ S)(S' _ 4m%)
Im féii/)(s' ) 5Im fz(iil)(s’ )

+E@—m2 - =
2 sB(s' —s)(s —4m2)2 2 §B3(s' —s)
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ud [ _ [Im héii,)(u’ ) Im hg“l)(u' )
+ ? /4m du [ul3(u/ _ u) + 3(3 - t) u/3(u/ _ u)(u/ _ 4m2)
15 Tm A{"™) (u) 5Im f(” )(u )
+ —(S - t)z 13(a)) _ 2 ’_ 2 3 2 (676)
2 W —u) (W —4m2)? 2 uB (W —u)

This result is not manifestly crossing symmetric under ¢ <+ u. In order to symmetrize it,
we derive also fixed-u dispersion relations. The u-channel integrals appearing in the fixed-t
dispersion relation must be part of the u-dependent subtraction constants in the fixed-u
dispersion relation and vice versa. This would not be possible if we had started with fewer
subtractions. Writing both these integrals explicitly gives a fully crossing-symmetric relation
and the remaining parts from the subtraction constants must be polynomials

M) (s,8) = Pf"’>(s, t —u)

s° tm £{)(s/) Im f{")()
s 4m2 0 l s"3(s' — ) 3t —u) s3(s' — s)(s’ — 4m2)
J15, e WmnY) 51m f;(s)
2 “ sB(s' —s)(s' —4m2)?2 2 §3(s' —s)
3 [oo Im g(“ )(t/) Im glii’) (tl)
T Amz dt l B —t o T WEE — @ — amd)
( g2 Im gt 5Im g\ (¢))
STWIBW — )t —4m2)2 2 tB(t —¢)

3 0o I h(”/) / I h(“ ) (.
+u—/ dy| o (W) gy Imhy ()
4m?2 ul3(u

T uB (v —u) ' —u)(uw — 4m2)

+ ?(3 g2 Im hg" )(u’) 5Im f," )(u’)

w3 —u) (v —4m2)2 2 uB(u — u) ] » (6.77)

where P?(s,t — u) is an undetermined polynomial of order 4 in both arguments.
So far, we did not make use of the symmetry properties of M) and these can be used to
simplify the result. First, the most general polynomials either symmetric or antisymmetric

under exchange of ¢t and u are
P (st —u) = a1 4 B s 4 50052 4 51 (¢ _ )2 4 2003
+ st — w)? + 705t + 8152 (1 — w)? + 70 (¢ - w)?,
B (s,t —u) = a®) (6 — u) + Bs(t —w) + 75%(t - u)
4+ 83w e B — )+ st —w)® fori£l,  (6.78)

respectively. Second, the s-channel partial wave fl(iil) vanishes for the even scalar functions and

éii/) and f;i/) for the odd ones. Thus, the corresponding integrals can be dropped. Finally,
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the ¢- and u-channel partial waves are related through
h;(t) = £g;(t) (6.79)

with + for 2 = 1 and — else.

Using all these results, we arrive at the reconstruction theorems
15
MO0 = B0 (s) + 2 (¢ = w)’ B () + G (1) + 6§V ) + 3(s — )G (0)
15 15
+3(s = )G (u) + 5 (s — w657 (6) + T (s = )65 u),
MO = 3(t —u)F(s) + GV (1) — GV (w) + 3(s — )GV (1) — 3(s — )GV (w)
+ 20— PGP 0) — 2 (s~ PG ),

15
MO = i (s) + (¢ =)’ By 2 (s) + G 2 (1) + GF 2 (w) + 3(s - )G (1)

+3(s = )G (W) + (s w2600 + (s~ 0°GI (w),

M) =3t —u)FP (s) + GV (t) — G (w) + 3(s — w)GPV(t) — 3(s — )G ()
+ 20— w60 - (s~ 26 w),

MW = FM () + 1—25(t —u)2Fy™ (5) + GE(8) + G5 (w) + 3(s — w)GT (1)
+3(s — G @) + (5~ uP G5V (@) + (s~ G w),

M2 — 3(t — u)Fsz)(s) + G(()ZQ) (t) — G(()ZQ)(u) +3(s— u)GEm) () —3(s — t)Gng)(u)

+ 2= WGP () - 2 (s — 176 w) (6.80)
with
Féii’)(s) _ P;éii’)(s) N irj[l:% ds’Im foii’)(zllg(; 3_1:;1 f2”")(s’) |
Fi(s) = P; ) (s) + fr—3 4:% ’8,3 (S,hil g(zs),(i')llm% y
F) (5) = pé(ﬁ,)(s) 4 jr_3 A ; ds’ 3'3(3111_11 SJ;{:/) (_s?lm?r)Q :
G0) = Pl o)+ ? [~ ol géi”(jg(; 1 i 94").
G’gﬁl)(s) = Pégii’) (s) + § 4:% ds’ 513(3}Ifi§zg;)’(i,)élm%) ’
G (s) = Pég_i,)(s) + § 4:% ds’ 313(3/1? Sg)é(z;) (;SIim%)Q : (6.81)
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Here, Pf4(s) denotes the polynomial corresponding to the function A. The order of the
polynomial [ is determined by the order of the polynomial in the symmetrized dispersion

.
relation Pi" ) taking into account the pre-factors in the reconstruction theorem. It is easy to

)

check that the parameters in P4(ii can indeed be expressed in terms of the parameters in the

polynomials P!(s).

)

The functions G;iil) can be expressed in terms of FJ(“l by using Eq. (6.36). The results are

given in App. B.1.

6.7.2 Imaginary parts of the single-variable functions

In order to obtain the imaginary parts of the single-variable functions, we plug the reconstruction
theorems into the unitarity relations Egs. (6.54) and (6.55). The phase-space integrals involving
the s-channel single-variable functions can be performed straightforwardly and for the ones

involving the ¢- and u-channel functions we define the angular averages

i’ 1 /1 il 1
(zij( )> =g /_1 dzzij( ) (—5(3 —4m?2)(1 — z)) . (6.82)

We note that in this integral the single-variable function is evaluated on the real axis below
the cut so that the angular averages are real. Finally, we project the results onto partial waves
and calculate the imaginary parts of the single-variable functions according to Eq. (6.81).

The results receive three contributions
Im F{")(s) = Im® F(s) + Im® F\") (s) + Im*i28 £ (s) (6.83)
J J J J :

containing terms linear in the functions Fj(iil)(s), terms linear in angular averages of the
functions Fj(iil) and terms from the inhomogeneous contributions in Eq. (6.62), respectively.
The homogeneous contributions read

Ox\S * * * *
T F{19) = 7 (9052 () FO 6) (1) — #8(s)") + 250 ()18(6)" + 25 (s) 8} (o)

+ 5%05(s)(5Fy O () (t§(s)" — 13()") + 3F5 V(s)"t1(s))) ,

Ox\S *
Imbom F2(10) = LF(IO)(S)t(Q)(S) )

321 2
hom (01)_UW(8) 1 * (01) _ 2 1-(10) (01) %40
Im"™ Fy* = S22 (61()" (B () = 50w () Fy () + F{™(5)"8())
1 F12) = 72C) (5062 (9B (5) ((6)" — 3(6)°) + 2B () (s)" +2F6D ()89

+ 8205(s) (5F5' D (s)(8()" — 13()") + 3F{") ()"t (5))) ,

Imhom F2(12) — UW(S) F(12)(s)t%(s)*,

321 2
m Orl\S * *
e A = 72 (1) (B (6) - son {2 () + F (6 83(9)),
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o F{) = 72 (B0 )k ) 4 B ()71 (5),

Im"® (" =0,

om On($ * *
Im"om 722 = 32(73 (B2 (s)83(s)" + F* ()" 5(s) ) (6.84)

and the contributions from the singular pieces follow directly from Eq. (6.62). The results for
Im® Fj(" )(s) are lengthy and therefore not displayed here. For the function Fz(ll) (s), all three
contributions to the imaginary part vanish.

6.7.3 Omnés solution

We now derive an inhomogeneous Omnes solution, similarly to what has been done e.g. for
n — 37 in Ref. [197]. The imaginary parts in Eq. (6.84) do not yet have the form of an Omneés
problem since the right-hand sides involve complex conjugates of the single-variable functions.

To get rid of these, we write
Fi(s) = F)(s) —2Im F{"")(s) (6.85)

and solve the resulting system for Im Fj(ii/)(s). Leaving aside F2(11)(s) whose imaginary part

vanishes and using matrix notation with
- T
F(s) = (F§'"(s), F§'V(s), F{*V(s), F§™ (5), Fy 2 (), 1™ (s), B (s), FP(5)), (6.86)
we can write
Im F(s) = H(s)F(s) + A(s) + I(s) (6.87)

with a matrix H(s), a vector I(s) depending only on mr-scattering partial waves and a vector
A(s) linear in angular averages of Fj(ZZ )(s) with prefactors depending on wr-scattering partial
waves.

We can diagonalize the system by a matrix M(s) given in App. B.2
Im F(s) = () sin 6, (s) (F5(s) + AB(s) + Ip(s)) (6.88)
with
Fp(s) = M(s)F(s),
Ap(s) = diag(e~"®) sin 6, (s)) "' M(s) A(s),

Ip(s) = diag(e~*"®) sin 6, (s)) "' M(s)I(s) (6.89)
and the phase shifts
81(s) = 83(s) + 81(s), 82(s) = 63(s) , 83(s) = 261(s),
8a(s) = 83(s) + 01(s) J5(s) = 85 (s) + 01(s) , J6(s) = 83(s)
d7(s) = 283(s) Jg(s) = 83(s) + 01(s) - (6.90)
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As required for an inhomogeneous Omneés problem, these phase shifts d,(s) are real, the expres-
sions for A% (s) are real and independent of wm-scattering phase shifts and the inhomogeneous
pieces I},(s) are real as can be seen from the explicit expressions in App. B.2. This provides a
strong consistency check on our calculation.

The solution of these equations for fixed angular averages is given by (see e.g. Ref. [197])

FB(5) = 0a(o) lp” )+ % / ji sin ngis(z /()z?él(s_’ ):_Ig;E 53'))] (6.91)
with the Omneés functions
' '
The subtraction polynomials Pn(s) are the subject of the following section.
The function F2(11)(s) =: FP(s) is just given by a polynomial
F(s) = Py(s). (6.93)

6.7.4 Subtraction polynomials and ambiguities
6.7.4.1 General case

We have the freedom to shift polynomial contributions between the single-variable functions
in such a way that the physical functions M) are unchanged. To quantify this freedom,
we consider again the polynomial in Eq. (6.77). The 6 polynomials corresponding to the
6 isospin amplitudes have in total 45 free parameters since there are 3 symmetric and 3
antisymmetric amplitudes. Imposing the crossing relations Eq. (6.36) on them reduces the
number of independent parameters to 15. We then demand that these polynomials agree with
the reconstruction theorem, where we plug in polynomials with arbitrary parameters for F7.
This leaves 27 parameters undetermined, i.e. there is a 27-parameter family of polynomials
that we can add to the single-variable functions without changing physical observables.

Next, we repeat this with additional constraints on the polynomials at s — oo and s =0. A
set of constraints that has a unique solution for all parameters is given by

Fp(s) = O(s%), Fp(s) = O(s%), Fj(s) = O(s"),
Fp(s) = O(s%), Fp(s) = O(s%), Fp(s) = O(s%),
Fj(s) = O(s%), Fp(s) = O(s%), Fp(s) = O(s?) (6.94)

Fp(s) = O(s%), Fj(s) = O(s%), Fp(s) = O(s),
Fp(s) = O(s%), Fp(s) = O(s%), Fp(s) = O(s%),
Fj(s) = O(s"), Fp(s) = 0(s%), Fp(s) = O(s°) (6.95)
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at s = 0. We have chosen these constraints for the following reasons:

e We chose the asymptotic constraints in accordance with the asymptotic behavior in
Eq. (6.81). In this way, we ensure that the ambiguities do not introduce terms growing

faster at s — oo that would have to cancel between different single-variable functions.

o If we neglect D-wave mm-scattering partial waves, the dispersion integrals drop out of 4
single-variable functions. We imposed constraints at the origin such that those functions

do neither receive contributions from the subtraction polynomials.

e We imposed as many constraints as possible on the origin of the single-variable functions
that receive no S-wave contribution. In this way, we obtain the simplest possible result
in xPT. It is, however, not possible to fix all ambiguities without also constraining the

ones that do receive an S-wave contribution.

The chosen constraints lead to
F(s) = F"(s) =0. (6.96)

For lims_,o0 0n(8) = anm, the Omnes function behaves as Q,(s) = O(s~%"). In our numerical
study we will use phase shifts with
LS00 Y YA S YA S0 S A
sllglo 60(8) =m, sllglo 60(3) - Oa sllglo 51 (3) =, Sll{lgo 62(3) =m, sll*rgo 62(3) =0. (697)

This implies

M(s)=0(s7), () =0(s1), Qs(s)=0(s7), Qus) =0(s7?),
Qs(s) =0(s7Y),  Qe(s) = 0O(s?), Q7(s) = O(sY), Qs(s) =0(s7)  (6.98)

for s = o0o. The most general polynomials obeying the constraints are thus

= A882 + BSS3 + 0854 . (6.99)

According to the argument in Ref. [197], fixing the enlarged set of 24 subtraction constants in
these polynomials is expected to ensure that the integral equations in Eq. (6.91) have a unique

solution.
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The dispersion integral in Eq. (6.91) behaves as sP»~! for s — oo and as sP» for s — 0.
Thus, in order for the integrals not to mess up the imposed constraints, we have to choose
suitable values for the p,. We choose the values such that the asymptotic behavior of the
dispersion integral matches that of the highest term in the subtraction polynomial?

=7, p=4, p3=T7, ps=6, ps=6, ps=3, pr=4, ps=5. (6.100)

The system with 24 independent subtraction constants is clearly unsuited for a numerical
study since there are no experimental data for 77 — 77 in the right kinematic limit available
to constrain these. Also, the xPT one-loop representation is not sufficient to reliably constrain
such a large number of parameters. We will thus next discuss additional constraints on the
asymptotic behavior of the single-variable functions. This corresponds to the single-variable
functions fulfilling a set of sum rules, which allows us to reduce the number of subtraction

constants.

6.7.4.2 Imposing additional constraints on the asymptotic behavior of the single-variable
functions

Assuming a uniform scaling, the form of the reconstruction theorems allow the most restrictive
assumption to be that the M) grow quadratically in the Mandelstam variables and we have
checked that the integral equations remain consistent with this constraint. However, if we allow
for a non-uniform scaling, we can put much stronger constraints on the asymptotic behavior of
the single-variable functions.

In order to determine the most restrictive scaling that still leads to consistent integral
equations, we first calculate the asymptotic behavior of the inhomogeneous contributions to the
dispersion integrals. Assuming that the phase shifts approach their asymptotic values as 1/s,
we obtain that sin 6,17 /|€2y,| behaves as sn with i; = i3 = —2 and i4 = 45 = —3, whereas for
the other n there is no inhomogeneous contribution. This means that the dispersion integrals

would converge even without any subtractions if A}, vanished.

We then assume that FT; behaves asymptotically in the same way as the Omnes function
divided by s. Plugging this into A%, sin 6, A7,/|Q2y,| behaves as s with iy =i3=2,i4 =45 =1
and ig = 0 whereas the remaining i,, are negative. This implies that we have to introduce 11
subtractions in total to make all integrals converge. With this new asymptotic behavior of the
F7, we recalculate the asymptotic behavior of the angular averages and obtain that with the
same number of subtractions the integrals still converge. The asymptotic behavior we finally

2As explained in Ref. [197], the solution is independent of the chosen values of p,, since the difference between
different choices can be absorbed in the subtraction constants.
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obtain from this is

Fp(s) = 0(s"), Fj(s)=0(s7%), Fj(s) = 0(s"),
Fp(s) = O(s71), Fp(s) = O(s"), Fp(s) = O(s™),
Fj(s) = O(s7"), Fp(s)=0(s7), Fp(s)=0(s7") (6.101)

and
=3, p=0, p3=3, p1=2, ps=2, ps=0, pr=0, pg=1. (6.102)

With this asymptotic behavior, there is a reduced set of shifts FJ3(s) — F3(s) + AFR(s)
that leave the physical amplitudes M) invariant

AF}(s) = ay, AF3(s) = a3, AF3(s) = %(3@ — 12a3) (6.103)

and AF}(s) =0 for n ¢ {1,3,5}. We can thus remove two further subtraction constants by

imposing the constraints

Fh(s) = O(s"), F3(s) = O(s"), F3(s) = O(s),
Fh(s) = O(s"), F3(s) = O(s"), F(s) = O(s"),
Fi(s) = O(s"), F§(s) = O(s"), F3(s) = O(s") (6.104)

]31(3) =A18+Bl.92, 132(3) =0, P3(8) =A3S+Bgs2,
Py(s) = Ay + Bys, Ps(s) = A5 + Bss, Pg(s) =0,
Pq(s) =0, Pg(s) = As, Py(s) =0. (6.105)

with 9 independent subtraction constants. We will use this set of polynomials and p; for the
numerical study in the next section.

One could even further restrict the asymptotic behavior by assuming that the dispersion
integrals behave as the imaginary parts in the integrands, i.e. that they can decay faster than
1/s if the integrand allows it. Since, however, a set of sum rules would be needed to ensure
that, which would make the numerical implementation more difficult, we refrain here from

following this approach.

6.8 Numerical solution

Here, we solve the integral equations (6.91) numerically. If both the polynomials P, and the
inhomogeneous contributions I}, were absent, then the solution would be given by all scalar

functions vanishing. The polynomial is linear in each of the subtraction constant and if we
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Figure 6.5: Left: I = 0 S-wave phase shift from Ref. [182] guided to 7 asymptotically, right:
Omnes function obtained from this phase shift. Red corresponds to the absolute
value, blue to the real part and green to the imaginary part.

introduce a parameter i in front of I} in Eq. (6.91), then the system is also linear in this
parameter. We can thus calculate a set of basis functions given by the solution if one of the
parameters is set to 1 and all others to 0. The full solution is then given by

Fp(s) = Bf(s)+ >_ pBy(s), (6.106)
pEP
where P is the set of parameters of the polynomials and B is the basis function for p = 1 and
all other parameters vanishing.
We will now explain how we calculate the basis functions before discussing how the subtraction
constants can be fixed.

6.8.1 Calculation of the basis functions

For each basis function, we solve the system of integral equations by an iterative procedure.
Initially, we set the angular averages contained in A7, to zero. We calculate the single-variable
functions F7} in the space-like regime and from this we obtain an updated evaluation of the
angular averages in the time-like domain. We repeat these steps until convergence is observed.
For the S- and P-wave phase shifts, we use the results of Ref. [182] based on Roy equa-
tions [183]. We guide the I = 0 S-wave to the asymptotic value = by using the function

6asymp =n+ (6107)

s+b

above s = (0.8 GeV)? with the parameters a and b chosen such that the function and its first
derivative are continuous at the matching point. The low matching point is chosen in order to
cut off the effect of the fo(980) resonance and the closely related effect of the KK threshold.
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Figure 6.6: Left: I = 2 S-wave phase shift from Ref. [182] guided to 0 asymptotically, right:

Omneés function obtained from this phase shift. Red corresponds to the absolute

value, blue to the real part and green to the imaginary part.

2(s)

0 1 2 3
s [GeV?] s [GeV?]

Figure 6.7: Left: I = 0 D-wave phase shift from Ref. [182] guided to 7w asymptotically, right:
Omnes function obtained from this phase shift. Red corresponds to the absolute

value, blue to the real part and green to the imaginary part.
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Figure 6.8: Results for the basis function Bi’h (s) after successive iterations at space-like s. 0
denotes the starting value and the result after four iterations is hidden behind the

final one after 5 iterations.

The I = 1 P-wave is matched to the same asymptotic function, but this time at s = (1 GeV)?,
which has also been used in Ch. 4. For the exotic I = 2 S-wave, we match to

5 _ a+bs

asymp = 531 (1 Gev)? (6.108)

to avoid poles in the asymptotic function. The matching is again performed at s = (1 GeV)2.
Finally, for the I = 0 D-wave, we use the phase shift from Ref. [198], which already approaches
7. Plots of the S- and D-wave phase shifts and the corresponding Omnes functions are provided
in Figs. 6.5, 6.6 and 6.7. The analogous ones for the P-wave can be found in Fig. 4.6.

An example of the convergence behavior is shown in Fig. 6.8. We see there that only very
few iterations are required to obtain a stable result. This pattern is observed also for the
other single-variable functions and the other basis solutions, most of which converge even
faster. For our final results, we thus use the functions obtained after five iterations. As an
example, the functions th in the region above threshold can be found in Fig. 6.9. Since the
phase d4 receives contributions from both the I = 1 P-wave and the I = 0 D-wave, the p- and
fo-resonances can both be seen as peaks in the absolute value of this function. Above the
peaks, it approaches zero due to the asymptotic constraint in Eq. (6.101).

6.8.2 Fixing the subtraction constants

Since we do not consider additional sum rules here, we have to fix all subtraction constants
from low-energy input. In the absence of a measurement or a lattice QCD calculation that

can be used here, we only have the yPT expressions at our disposal. Indeed, the result in

189



6 Dispersive Reconstruction of the Sub-Process mm — vy
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Figure 6.9: Result for the basis function th (s) after convergence has been observed.

Eq. (6.66) can be reconstructed from Eq. (6.80) with the three non-vanishing single-variable

functions
2(s? — 14m2s — 2m2) - 31s +2m2
Fl — s s o s ,
D(s) 9F4s(s — 4m2) Trn(8) + 43272 F4(s — 4m2)
s—4m?2 - 1
F3(s)=—-2_~—""7 .
b(s) 1oFis Jm(8) ~ oggrapi
2 4 4m2s —20ms - 53s — 122m2
Fi(s) = St Mns = S 7 (s) > i (6.109)

6F4s(s — 4m2)  1440m2F4(s — 4m2)
We have fixed the ambiguity by imposing Egs. (6.101) and (6.104).

Of course, in a realistic study, one should not extract information on higher-order coefficients
in the expansion around s = 0 from these expressions. Instead, sum rules could be assumed to
reduce the number of subtraction constants, the xPT calculation could be extended to the
two-loop level, models could be considered or eventually experimental or lattice QCD [190-192]
input might become available. To demonstrate the approach, we nevertheless fix all subtraction
constants from Eq. (6.109). There are different possibilities, which coefficients to use to fix
the 9 subtraction constants. We choose to use the ones corresponding to the subtraction
polynomials in Eq. (6.105), i.e. the linear and quadratic coefficients of Fb and Fg, the constant
and linear coeflicients of F4D and Fg as well as the constant coefficient from Fg. In order to
obtain numerically stable results, we perform the s-expansion of the basis solutions before the
dispersive integral in Eq. (6.91). The vanishing xPT results for Ff) and Fl% immediately lead
to A4 = By = Ag = 0 and for the remaining ones we obtain with F' = 93 MeV

A; = —(0.338GeV) ¢, B; = —(0.346 GeV) 8, Az = —(0.550GeV) ¢,
B3 = —(0.878 GeV) 8, As = —(0.493GeV) 4, Bs = (0.371 GeV) 6. (6.110)
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6.9 Conclusions

The single-variable functions that we obtain from this are displayed in Fig. 6.10. We see
that those functions that get a contribution from the phase ] in Eq. (6.90), i.e. F7 with
n € {1,3,4,5,8} exhibit a clear peak due to the p-resonance. Similarly, the effect of the tensor
resonance f2(1270) can be seen in F2 and Fp. A small effect of the f2(1270) is also visible in
Fb, which is caused by the dependence of the inhomogeneity on the phase-shift §3. In F]% and
F?, the (s — 4m2)~1/2 behavior at threshold reveals itself through the divergence at low s.

It is likely that these results have large uncertainties due to missing higher orders in yPT,
which would be needed to reliably extract the subtraction constants. In addition, the effect of

uncertainties in the wr-scattering phase shifts, especially at high energies, should be studied.

6.9 Conclusions

In this chapter, we presented a dispersive formalism for the process 7m — yn7 in the limit of
a soft photon. This process is required as a nested sub-process for the inclusion of two-pion
rescattering into the triangle-kinematics formalism to HLbL, see Ch. 5. After studying the
constraints from Lorentz, crossing and isospin symmetry, we discussed the soft-photon limit,
in which the amplitude diverges. Using the techniques introduced in Sec. 5.3, we defined a
gauge-invariant splitting into a singular part given solely in terms of mw-scattering amplitudes
and a regular part. We calculated the two-pion discontinuity of the regular part through
unitarity relations. In this way, we also proved that additional singularities from radiation
of the soft photon from internal pions cancel between the two cuts. This cancellation also
has to happen in the case of two-pion intermediate states in HLbL, see Sec. 5.1.2, so that the
calculation here can be seen as a proof of concept also for that case.

Then, we derived reconstruction theorems to obtain the real parts of the amplitudes
from these discontinuities and discussed the role of ambiguities in them. We constructed
an inhomogeneous Omnés solution and calculated the basis solutions through an iterative
numerical algorithm. Finally, we provided a preliminary determination of the subtraction
constants from yPT. Although further work is required to improve this last step, the results
presented here show that it is possible to derive dispersion relations for five-particle processes
with a soft photon and obtain numerical results. The techniques developed in this analysis will
prove useful in a similar dispersive study of the other sub-process required for the inclusion of
two-pion rescattering into the formalism introduced in Ch. 5, v*4* — ynw. Since 7w — vy
enters there as a sub-process, see Fig. 5.5, the results presented here opens the way to perform
this study.
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6 Dispersive Reconstruction of the Sub-Process mm — vy

1073F3(s) [GeV™Y 10~4F}(s) [GeV™]

1073F2 (s) [GeV ™4

Figure 6.10: Final results for the non-vanishing single-variable functions in the diagonal basis.
Red corresponds to the absolute value, blue to the real part and green to the
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7 Summary and Outlook

The anomalous magnetic moment of the muon is one of very few observables in particle physics
characterized by a long-standing tension between the SM prediction and its measurement.
Ongoing progress in the experimental determination demands similar improvements on the
theory side. This thesis provides advances in the dispersive data-driven evaluation of the HLbL
contribution to the SM prediction, which is responsible for a considerable part of the theory
uncertainty. While the most important intermediate-state contributions are under excellent
control, the uncertainty of HLbL is presently dominated by intermediate states in the 1-2 GeV
mass range and the matching to SDCs. Both points have been addressed in this thesis.

We first provided a new method to incorporate longitudinal SDCs in the HLbL evaluation.
The approach is based on the observation that the low-energy space-like regime is well described
by the dispersive evaluation of the lightest intermediate states, for which precise input exists.
At higher energies, truncating the sum over intermediate states in the unitarity relation after
the first few terms ceases to be a good approximation. Instead, at high enough and mixed
energy scales, pQCD and the OPE can be used to obtain precise predictions. It is thus the
regions where neither of the representations is valid that are most uncertain. However, since at
space-like values for the virtualities the scalar functions are free of singularities, the connection
between the constrained regions must be smooth. This motivated us to consider general
interpolants that match smoothly to the known representations in the regions where they are
assumed to be valid.

Previously, only hadronic models including infinite towers of intermediate states had been
used to describe the intermediate energy region. Within our approach, we could show that the
constraints together with the expectation of a smooth connection between the various kinematic
regions are sufficient to reach the required precision and the details of the complicated hadron
dynamics as described by these models are not necessary. This relatively simple procedure
allowed us to perform a detailed assessment of all possible uncertainties. In accordance with
earlier studies, we found that control over intermediate states in the 1-2 GeV mass range is
mandatory to considerably reduce the uncertainties of the HLbL contribution to a,. Conversely,
refinements of the effect of the lightest intermediate states or the SDCs are not required for an
improvement in the matching.

We found that the effect of longitudinal SDCs is to shift aiﬁmg by

Ad)"® = (10.4+8.3) x 107! (7.1)
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7 Summary and Outlook

with respect to the ground-state pseudoscalar poles. This result relies on the assumption that
at low energies the longitudinal component of the HLbL tensor is well approximated by the
ground-state pseudoscalar poles alone. Using model-dependent hQCD input for the lightest
isovector axial-vector meson a; as a guidance, we demonstrated that it will be possible to
include these additional contributions to the low-energy input if model-independent analyses

confirm their non-negligible effect at low energies.

Two issues currently limit the control over intermediates states in the 1-2 GeV mass range.
On the one hand, both direct and indirect experimental input on their form factors is in general
very scarce, which prevents data-driven analyses. On the other hand, in the established CHPS
approach, the redundancies in the Lorentz decomposition of the HLbL tensor lead to kinematic
singularities in individual contributions to the scalar functions, which only cancel if entire
sets of intermediate states that fulfill certain sum rules are considered. This can be avoided
for intermediate states with spin < 1, but is unavoidable using only the minimal set of sum
rules if higher-spin states are included. For this reason, model-independent evaluations of the
effect of D-wave wm-rescattering and narrow tensor resonances are currently not possible in
the CHPS formalism.

The CHPS approach is based on dispersion relations in the Mandelstam variables while
keeping the photon virtualities fixed. The soft-photon limit needed for a, is taken only at the
end. Since there exists a Lorentz basis free of redundancies and kinematic singularities in the
soft-photon limit, dispersion relations written directly in this limit are free of these issues, but
the constraints from unitarity become more complicated. Due to these additional complications,
we first worked out the formalism for the simpler case of the VVA correlator. We derived
expressions for pseudoscalar, axial-vector and vector poles as well as the contribution from
two-pion rescattering. We saw that in a dispersive formalism with fixed photon virtualities,
i.e. the analogue of the CHPS formalism for HLbL, vector-poles and two-pion rescattering do
not contribute to the VVA unitarity relation, but enter if the pseudoscalar and axial-vector
TFFs are reconstructed dispersively. This implies a reshuffling of contributions between the two
approaches. E.g., what is denoted as pion pole in the CHPS-like formalism contains not only
the pure pole singularity from single-pion exchange, but also singularities due to intermediate
states in the pion TFF within the new formalism, mainly vector poles and a two-pion cut.
By performing a detailed comparison, we saw that the CHPS-like formalism does not fully
capture the two-pion cut in g — 2 kinematics due to neglected heavier intermediate states.
Thus, whereas the new formalism correctly incorporates all singularities up to the neglected
ones, the dispersion relations with fixed photon virtualities miss parts of the cuts in the photon
virtualities after taking the soft-photon limit. These considerations also translate to the two
dispersive approaches to HLbL.

We also provided preliminary numerical implementations of both dispersive representations

in the isovector channel. We took into account SDCs by adding a single effective pole in
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the new dispersive formalism. This is not possible in the CHPS-like approach since each
individual pole drops off too quickly at high energies to saturate the SDC. In this case, infinite
towers of intermediate states are required for an accurate description at high energies, which
resembles the situation in HLbL. Instead of modeling these infinite towers, we applied the
method based on general interpolants to the case of VVA. The numerical evaluation revealed
a clear advantage of the new approach because the CHPS-like approach suffers from the fast
asymptotic fall-off of the exclusive contributions already below the matching point, before
the interpolants can guide the functions to the correct asymptotic limits. Compared to the
hadronic model calculations available in the literature, the new dispersive representation is in
good agreement within uncertainties. For the transversal component, a yPT calculation of
the normalization favors the representation based on dispersion relations in g — 2 kinematics
with respect to the models. These observations are also reflected in the hadronic electroweak
contribution to a, due to the first-family part of the VVA correlator, which can be calculated
from a weighted integral over the scalar functions. We obtained a value that is compatible
within uncertainties with the hadronic model used so far and our uncertainty is similar to the

one estimated in the model calculation.

Afterwards, we returned to HLbL and applied the new formalism to that case. We provided
results for single-particle intermediate-state contributions due to pseudoscalar, scalar, axial-
vector, vector and tensor mesons. The first three of these can also be described in the CHPS
formalism, but in order to understand the reshuffling, a calculation in the new approach is also
required. Vector-meson poles do not contribute in the CHPS framework, but are hidden in the
form factors. Finally, tensor-meson poles contribute in four-point kinematics, but are affected
by the kinematic singularities. Therefore, the new approach enables the first model-independent
definition of these contributions. In addition, we studied two-pion intermediate states in the
unitarity relations. We found that compared to the CHPS approach the new sub-processes
y*v* — ynm and 7w — 77w are required. Crucially, their tensor decompositions are free of
issues with kinematic singularities. This opens a path towards the first complete data-driven
evaluation of all exclusive hadronic contributions to HLbL that are relevant at an accuracy

adequate for the comparison with the forthcoming measurements of a,.

In the examination of two-pion intermediate states, we encountered a new subtlety that is
not present in the considered contributions to VVA, namely singularities in the soft-photon
limit. These arise if sub-processes involve charged particles together with the soft photon.
Since HLbL is finite in that limit, the singularities have to cancel and this cancellation is
guaranteed to happen separately for each intermediate state, in contrast to the kinematic
singularities in the CHPS approach whose cancellation relies on sum rules. The amplitudes
can be split into two pieces: one that is singular in the soft-photon limit but related to the
corresponding process with the soft photon removed and another one that is non-singular in

the limit. We pointed out that a suitable definition of the singular part can be obtained from

195



7 Summary and Outlook

dispersion relations. For the non-singular part, dispersion relations directly in the soft-photon

limit can be derived.

Finally, we considered the sub-process mm — 77w with a soft photon. This is a five-particle
process, which leads to a significant complexity. After deriving symmetry constraints and
the Lorentz decomposition, we provided a definition of the singular part that preserves all
symmetries of the full amplitude. Then, we calculated the discontinuities of the non-singular
parts from unitarity relations. We showed explicitly that the soft-photon singularities of the
sub-processes cancel. The limit is well-defined and consistent with the one-loop result in xPT.
In order to obtain the real parts, we derived reconstruction theorems including nmw D-waves
in the soft-photon limit, where the problem reduces to four-point kinematics. The unitarity
relations for the single-variable functions could be reduced to the form of an inhomogeneous
Omnes problem, which we solved using dispersion relations. In order to obtain numerical
results, we implemented an iterative algorithm. The solution depends on a set of subtraction
constants, for which external input is required. As a preliminary strategy, we fixed them from
the one-loop xPT expressions.

The dispersive study of mm — 7w represents an important step towards the inclusion of
D-wave 7 rescattering into HLbL. It is needed as an input in the dispersive reconstruction
of v*v* — ~y7rw for which a similar analysis can now be performed. Many of the techniques
developed in the case of 7w — ~7rw will be applicable to that process. The tensor decomposition
is already known but considerably more complicated than in the case of 7w — y7rw. Finally,
once this sub-process is under control, it can be plugged into the unitarity relations for HLbL
to obtain the 7w rescattering contribution.

In addition, a proper matching to SDCs is mandatory. As briefly mentioned in this thesis,
the new formalism provides a new perspective on this because there is a close connection
between the dispersion relations for VVA and the ones for HLbL in the mixed region through
the OPE. Thus, exactly those intermediate states that are required for an accurate description
of the VVA correlator will also lead to an accurate representation for HLbL in that regime. In
addition, it might is beneficial for an implementation of the SDCs that the asymptotic fall-off
of individual single-particle contributions matches that of the leading SDC. In the strategy
for the matching to SDCs introduced in this thesis, the deficit typically observed around
the matching point might be reduced due to the slower asymptotic decay of the exclusive
low-energy contributions. Implementations with finite numbers of effective poles, as studied in
this thesis for VVA, could provide an alternative strategy to fulfill the SDCs that is inapplicable
to the CHPS formalism due to the faster asymptotic fall-off.

As sketched already in this thesis, a detailed study of the reshuffling between the two
dispersive approaches to HLbL enables their combination. Since the truncation of the unitarity
sums is different in the two approaches, a combination will allow us to include as many

contributions as possible and thus obtain the most precise data-driven representation for HLbL.

196



Potentially, a study of the reshuffling could also shed new light on the issue of kinematic
singularities in the CHPS formalism and might even provide a way to avoid them. In addition,
the different truncations can also be used to better estimate the uncertainties due to neglected
heavier intermediate states and the connected matching to SDCs. In this regard, the interplay
between the two approaches will be very important to achieve the accuracy goals set by the
FNAL experiment.
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A Phase-space Integrals

A.1 One-particle phase space

We start with the simplest integral, which appears in single-particle intermediate states,

A m?) = [ dai(2m)69 6 - a) (A1)

with m the mass of the particle with momentum g;. The phase-space element can be rewritten
as a four-dimensional integral with an on-shell é-function

P m) = [ Bams(at — m0) 2n) 'V - ). (a2)

Now, it is straightforward to perform the integral
Pi(p?,m?) = 216(p> — m*)0(p°) = 2m6(p* — m?), (A.3)

where we have dropped the 6-function as in the physical region the energy is always positive.
Due to the momentum-conserving -function, it is clear that additional factors of ¢; in the

integrand lead to corresponding factors of p in the result, e.g.

[ g en s Op-a) = p* [da@n)* O -q) = 2ms06" —mpr.  (A4)

A.2 Scalar two-particle phase space

We next consider the scalar integral appearing in a two-pion intermediate state of a 2 — 2-
process
Py = /dqldQ2(27T)45(4) (01 +p2—q1 — @) P(2')Pu(2") (A.5)
with
(p1—q1)* = (P2 —@1)®
A/2(s, p}, p3)ox(s)
2 _ 2

(ps 1-|/-2ql) : (54 +q1) , (A.6)

Al/2(s, p3, pf)ox(s)
where p; + p2 + p3 + p4 = 0 and the angles are defined in the center-of-mass frame. The angles
fulfill

Z = cos L(p1,q1) =

2" = cos £(—ps3,q1) =

2 =22 +V1—22V1—22cos ¢, (A7)
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A Phase-space integrals

where

(p1 +p2)2((101 +103)2 —(m +p4)2) + (P% - p%)(P% - PZ)
(A.8)
A/2(s,p?, p3)AY/2(s, p3, p3)

is the external scattering angle and ¢’ the azimuthal angle of q.

z =cos £(p1,—P3) =

We perform the integral over go by the spatial part of the J-function to obtain in the

center-of-mass frame

— 1
— [@————ems (8§ - ol +m2) AR, (A9)
2\/ai +m3

Next, we use the remaining é-function to perform the integral over |q; |

/ 1
P = oo (60 +7)?) [duRER G = 5 / dUP()Pr(E"), (A1)

where in the last step we have introduced s = (p1 + p2)?. The remaining integral is over the
angles ¢’ and ¢’ with 2z’ = cos@’ and 2” given by Eq. (A.7). The addition theorem for Legendre

polynomials then leads to
’ B(Z)
pr =98, Al
81 20+ 1° ( )
Since this result only depends on Lorentz-invariant quantities, it is valid in any frame.

The case of 1 — 2 can be understood as the limit of the above expressions for g2 — 0. The
angle 2’ is ill-defined in that limit and thus only | = 0 is meaningful. Then, the result is

independent of z, which is also ill-defined in that limit. We thus obtain

T 45(4) " or(p?)
/dqldQQ(27T) 5 (p1 —q1 — q2)_Pl/(Z ) = 8—7T6Ol/ . (A.12)

A.3 Two-particle phase space with additional momenta

In the unitarity relations for 77 — 7w, phase-space integrals with additional momenta are
needed, see Eq. (6.61). As explained in Ref. [17], these can be related to derivatives of the
scalar integral. One starts by expressing the uncontracted integration momenta as a derivative
of an angle, in this case e.g.

Ox (5)A1/2(87p§’ UJ4) i

" "
2 8PZ Py (zs ) + A,u(zs ) ) (A13)

P1,P2,9

P(z) (@ — a2)u = -

where A, depends on the integration variables only via the angle 2, so that the integral over
this contribution can be performed as in the previous section. For the other term, the derivative
can be pulled out of the integral since the derivative of 2, vanishes. Then, this integral also
has the form considered in the previous section and finally the derivative can be performed. In

o2 . o
the case of more uncontracted momenta as in I, llf“’, higher derivatives are needed.
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A.4 Two-particle phase space with internal soft-photon singularity

When calculating these derivatives, we consistently allow the external pions to be off-shell.

7

", we write A(s,p%, (pa + ¢)?) and take into account

E.g., in the definitions of the angle z
derivatives acting on p% and (ps4 + g)2. One could also consider calculating the derivatives
under the additional constraint that all pions are on-shell. For the five independent momenta
p1, P2, P4, ¢ and q1, there are 15 scalar products, but only 14 of them are independent in four
space-time dimensions due to the Schouten identity. Putting all internal and external pions on
the mass shell gives six constraints and fixing p;, p2, ¢ and q; implies six additional relations
between the scalar products. This reduces the number of independent scalar products to two.
These should be chosen to be independent of ¢; since otherwise the derivative cannot be pulled
out of the loop integral. Then, however, the derivative of 2 cannot lead to terms proportional
to g1,2 with uncontracted indices. This issue does not show up in the case of four-particle
processes as considered in Ref. [17].

We have checked that our prescription leads to correct results by choosing low values for
[ and I'. The Cutkosky rule relates the phase-space integral to the discontinuity of a loop
integral, which is easy to perform in that case. Naively replacing p? by m2 before calculating
the derivative leads to wrong results. We stress that working with off-shell pions is only a
trick to calculate the phase-space integrals and does not imply that non-perturbative matrix

elements have to be defined away from on-shell kinematics.

A.4 Two-particle phase space with internal soft-photon singularity

In addition to the two types of integrals considered in the previous two sections, in the unitarity
relations for 77 — y77 also the combination of phase-space integrals I Z/ + C13Co4l ﬁl with T Z/
defined in Eq. (6.59) is needed. It can be written as

4 A diq; diqe (2p1 + 2p2 + g — 2¢2)*
1, 1, = / — 4 = 32
14 + 613C24 Ul (27_(_)4 (271_)4 q2 + 2(] . (pl +p2 — q2)
_ 2 _ _ 2 2 2
P ((Pz 0)? — (p1 — g2) )Pp <(P4+Q2) (p3 + g2) )

s —4m2 5—4m2

(2m)°6(qf — m2)8(g5 — m3)

x [(D(@+a—p—p) - 6@ +@-p-p—9)], (A.14)

where we suppressed the Heaviside step functions for notational convenience. Now, it is
straightforward to perform the ¢; integral

d*qy (2p1 + 2p2 + ¢ — 2g2)*
(2m)4 @ +29-(p1+p2— @)
N2 (e N2 2 2
« P, <(p2 2)° — (P11 — q2) )Pz/ ((p4+q2) (p3s + q2) )

s —4m2 §—4m2

Ty + C13Coaly = (2m)%5(g5 — m2)

X [5 ((pl +p2— @) - mfr) -4 ((pl +p2+q—q2)?— mi)] . (A.15)
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A Phase-space integrals

We are only interested in the result to order ¢, which allows us to expand the difference
of §-functions in the square bracket. If we expand around the symmetric point, only odd
orders contribute so that the leading term is sufficient. To the required order, the result can
be written as

A 5 1 [ d*q

Iy + Ci13Caadyy = —3 ﬁ(%)%(qg —m2)(2p1 + 2p2 + ¢ — 22)"

((Pz —q2)* = (p1 — q2)2> ((p4 +q)* — (p3 + Q2)2>
X P (4

s —4m2 5 —4m2

X [5/ ((Pl +p2— @)’ —m )+5 ((pl +p2+q— @) _m72r)j| +0(¢%).
(A.16)

We notice that the go-dependent denominator has canceled. Expressed in terms of the momenta

S =p; +p2, S=ps+ps, P=p; —pa, P =ps—ps, (A.17)

this simplifies to

~ N 1 ~
Ty + Ci3Caalyy, = —3 4(27T)25(Q2 m2)(S — 8 — 2g2)*
(m2p> 2g - P
amz) " 3 _ 4m?2
x [0 ((5—@)?—m2) +8 (B +@)?-m2)| +0@®).  (A18)

We can then rewrite the derivatives using

55 (5=~ m3)

=2(5 - )" (S - )" ~m3) (A.19)
S,p,P

and similarly for the other one. This allows us to remove the additional term ¢4 in the
integrand whereas the terms proportional to S — S turn out to be of higher order in ¢ and
can thus be neglected. We then pull the derivatives out of the integral taking into account
that they also act on the Legendre polynomials. By reintroducing the q; integral, we write
the result in terms of the integrals considered in the previous two sections and evaluate them.
Finally, we perform the derivatives. Similarly to the previous section, the derivatives have to
be performed allowing the pions to be off-shell. As before, we checked the result for low values
of | and I’ against the difference of discontinuities of the corresponding loop integrals expanded

to linear order in gq.
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B Reconstruction theorems for 7w — vy

In this appendix, we provide explicit expressions for some objects used in Sec. 6.7.

B.1 Crossing relations

The crossing relations Eq. (6.36) relate the t- and u-channel single-variable functions to the

s-channel ones

GL0(s) = =5 FE(s) = SR (6) - S (o),
G10(s) =~ () - S () - ZEP),
GEO() =~ () - SE(s) - 2FEY
G§"(s) = 3RV = g RS V(0) + 3R o),
G (e) = —§F‘°”(s> . gwws) SE26),
Gg)l)(S) — 3 10)( ) (12)( )_+_ 3F(11)

G8(s) =~ 4 F

G} (s) =

4
()=~
G(s) =
1
4

G (s) = -3

8

F(s) + F“”( )+ FS(s),

1) + —Ff”’(s) - F"(s),

3

1
Gy (s) = — By V() + 5B (o) + i,

FOO(s) + LEMD(5) - F(s),

3
F(s) + F@”( )+ FP)(s),

G5 (s) = B3V s) + —FS” ORE: I

3

)
Fy O (s) + 5 B 2(s),

G (s) = SF(s) — s Fs),

8

G{V(s) = _1F

GSP(s) = ~5F,

(10)(3) +

5
5F ),

F9(s) - 1 F(s),
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B Reconstruction theorems for mm — vy

G (s) = TP )+ 5 F“”( ),

8
GE(s) = 3 F(s) - EFS?)(s) .

B.2 Diagonalization

(B.1)

The matrix M (s) that diagonalizes the homogeneous contributions to the imaginary parts of

the single-variable functions reads

1 3(s—4m2)® 4mZ—s 0 0 0 00
0 1 0 0 0 0 00
0 0 0 0 0 0 10
0 4m2—s 1 0 0 0 00
M(s) = T
(s) 0 0 0 1 3(s—4m2)® 4m2—5s 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 01
0 0 0 0 4m2—s 1 00
In the diagonal basis, the angular-average contributions are given by
Z Z s)("Fp’)
p=0m=1
with
2 53s2 4 1 10
Aém(s)z(—§,38m s —20m2 nT g Ty 3(20 m2 —11s), — 9
12( 152m2s + 80my + 53s°), 40m2 — 30s, g(2om7% ~11s)),
4 8 10
() = (5, (19 = 36m2)(4m2 +5), —3, (s —m2), o,
5 o o 40 )
E(IQS —36m2)(4m2 + s), —40(s — 2m2), 3(3 - mw)) ,
2 5 5
Al (s)=(s —4m3,)(0 295 _om2,0,1,0, 13(20s — 36m2), 10, 5) ,
5 25
1 _ _ 2 hd -
A3m(8) - (3 4m7r) (O’ 4a 0’ Oa 0, 12> 07 0) )
1 1 5332 2 1
2 _ - 2 4 _
A2 (s) = Gy ( g» —19mis + 10my + = (11 20mﬂ)
2 (_159m2s + 80m2 + 53s%), 5(3s — 4m2), —(11s — 20m2)) ,
24 i i 18 ”
1 12552 5
2 e 2. 4 ~4Yo 2 v
A2 (s) = = 4m3r)2( 1, 33mis — 2my — — =, 2, 8m} — 5s, —3,

10m2 2
55m2s — Omz 62552

3 24

, 505 — 80m2 —2(53 —8m2)),
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B.2 Diagonalization

1

2 _ 2 4 2 2
A2m(8) = m( — 1, —4(—31m7rs + 26mﬂ + 88 ), —2, 16m7r — 78, —g,

2
- ;(—311717%3 + 26m2 + 8s%), —30s, §(16m72r - 73)) ;

1 5 37s 10 25
2 _ 9 _ 2 2 _ 2
A3m(s) - (8 —4 721-)2 (3, 9 8m (8 + S) 3 (238 32mﬂ), 9

2(3752 — 16m2(8m2 + 5)), 160m2 — 90s, 3(235 — 32m2))

A2 (s) = %(o, % (315 — 44m?), 0, g 22(313—44m ), —25, é’)
An(s) = (0, 3 % 0,0,0, 245,0,0),
A3 (s) = ( : 694(24m s+ 48m2 — 29s?), 0, 136(73 — 4m2), ?1’
;; (295% — 24m2(2m2 + 5)), 0 (4m72T — 73)) )
Ai’m(s)z(s—zxm?r)(o —%(133—127}2 ), 0, 196 0, 12(133—12 2), 0, —17:’),
Agm(s)=( (s—2mﬂ)(8m +3s), 0, 136(4m7r—7s), —Z,

15 5
— -4 (5= 2m2)(8m3 +35), 0, (Ts - 4m?))
9 . 45m2 1955 15)

9
An(s) = (s = 4m2) (0, 55(135 — 12m3), 0, —

16’ 4 16 8
45 75
3 _ _ 2\2 = _ 'Y
1 53 2 1
4 (s) = W( 3 19mZs — 10m} —Ts, 3 5(20m2 —11s), 3,
- ﬂ(—152m72rs + 80m2 + 5352), 20m? — 15, 50&” 5128)
3552 4 1 10
2, 4 _ 9OYe2 = - 2 _ v
4 (s)= W( 3,62mﬂs 48my — =5, 3, 5(52m2 —25s, —,
5
- 6(58— 12m2)(Ts — 8m3), 5(5s — 4m3), — 1< (255 — 52m} ),
1 4352 9 5
4 _ _ 2 2 2 2 2 —
AQm(s)_s_m%( T Ami(oml 45,2, 6m2, 3 12(433 16m2(9m2 + s)),

555 — 100m2, g(ss —4m2)),

23 3 5 5
A4 (5) = (0, —8—16 2,0, 5,0, 2(235 — 32m2), 15, 5),
1 2
AL (s) = (s—4m,r)( 150,0,0, 85 0,0),
1 3 11s 2
An(s) = (- 5 —1—6(—152m,2,s + 80m + 53s2), 2, 5m2 — TS, 3

2
1
— 38m2s + 20m? + %, 12m? — 9s, <(11s - 20m2)),
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B Reconstruction theorems for mm — vy

1 3 2 1
Aim(s) = (5 16(193—36m J(dm3 +5), 2, 2(s —m3), —, —; (195 — 36m2)(4m? + ),
—12(s - 2m2), —5(s - m2)),
3 3 29
A3,n(s) = (s — 4m2) (0, (205 —36m2), 0, 5, 0, 9m? — TS, -3, -1),
Agm(s)z(s—4m)(01—2000 Zo,o),
1 1 3 11s 5m2 1
A8 = = (Z Z(-1529m2 4 2y, 2 T
6 .(5) (s—4m72r)2<4’ 55 (—152m?s + 80m] + 535%), e i
5352 95 1
2. 4 _ 7 2 —
19mizs — 10my — ==, 5 — 6my, < (20m} 11s)),
1 3 3 155
6 _ _ 2 2y _ 2
AS (s) = —(8_4m72r)2( o ~35(—264ms 4 16my +1255%), =3, 6m2 — ~ =, 1,
12552
—33mis+2mi+%, 3(5s — 8m2), 5s—8m,%),
1 3 21s
6 - -  (_2 2. _ 4 2 2 <18
AS (s) = = 4m%)2( T 93mas — T8my — 2457, 3, 12m] — ==, 1,
4(—31m2s + 26m? + 8s2), —9s, Ts — lﬁmfr) :
1 5 111s? 233 5
6 _ e 2 _ 2 _ Y
A3m(8) - (S _4m72r)2 (4’ ] —6m (8m + )’ 8m7ra 3,
1
8m2s + 64m? —i , 48m2 — 27s, g(32m§,—23s)),
1 15 15 5 15 5
6 (o _ _ 15 0 5 am2 _15 5
Agn(8) = 4~ 2(0 55318 44m) 0, 2+ 0, S(ddm? —31s), —, 2),
75 25
A8,.(s) = (0, 550 0,0,0, 8,o,o),
1 5 15 5 5
7 - - _ v _ 2y _ Y
AT (s) = 8_4m727( g gq(24mis +48my —205%), 0, T(Ts — dm3), —2,
5 2 4 2 5
3—2(24m7rs+48m7r 29s7), 0, 24(73 4m ))
45m2 1955 _ 15 _ 15m2  65s _ 5
A = T _ = - o Z
in(s) = (0 =57 = 55 0 35 0 =" = 35 0. ).
1 /5 15 5
7 _ 2 2 2
() = gz (5 5 (8 — 2mR)(Bmz 4 35), 0, Jo(4m? = Ts), 4,
5 e g 5
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15 15 5
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75 25
AL (s) = (s — 4m2) (0, a0 00,0, 22,0, 0),
1 1 3 5 2 11s 1
s 1 1
AOm(s)_—S_le%( 1 35 (~152m3s + 80my + 53 e 3
5352 9s 1
—19m§s+10m§+Ts, 6m2 — 23 6(11‘<>~—20m7r))

206



B.2 Diagonalization

A8 (s) = ﬁ( - % —2(53 — 12m2)(7s — 8m2), -2, %(52m727 — 255), g
— 62m2s + 48m? + ﬁ, 155 _6m2, L (255 — 52m?2))
2 2 6
A (s) = . _ngr (Z, 1219:382 —3m2(9m2 + s), -3, 2(33 —4m?), -1,
4m2s + 36m? — 4?;52, 3—;’3 — 30m2, 6m2 — %) ,
A5 (s) = (o, % —12m2, 0, g, 0, 16m2 — 22§ g, —g) :
A3 (s) = (s — 4m2) (0, 3—;, 0, 0, 0, ‘? 0,0) (B.4)

and the entries that are not given explicitly vanish. The inhomogeneous contributions become
64
1(e) — 0 1
Iy(s) = 35205 (5) csc (50(3) + 07 (s))
2 0’ (50 0 1 1/ (50 1
x [25%(3) (505 (s) sin (83(s) — 263(s) + 61(s)) — 381'(s) sin (83(s) — 61(5)) )

— 5cos ((58(3) —209(s) + 5%(3)) + 3cos (58(3) - 5%(3)) + 2cos (58(3) + 5%(3)) ] ,

I3(s) =0,
7 tan &1 (s
I?)(S) = _24821:0'3((11)( ) )
I}(s) = 33%2723) csc (58 () + 61 (s)) [30727(5)58/(3) sin (53 (s) — &1 (s)) + sin 69(s) sin 6} (s)] ,

I3(s) = 32(:7?# csc (5%(8) + 5(2)(3))

X [2307%(3) (31 (s) sin (81(s) — 83(s)) + 53 (s) sin (81 (s) + 55(s) — 263(s)) )

— 5cos (5%(3) + 62(s) — 25%(3)) + 3 cos (6%(3) - 5(2)(3)) + 2 cos (5%(8) + 6(2,(3)) ] ,

Ip(s) =0,
7 tan 62(s
IZ)(S) = _40 850'5((,592)( ) ’
I (s) = % csc (6%(3) + 5%(3)) [sin 61(s) sin 62(s) — sai(s)&%l(s) sin (5%(3) — 5%(3)) ] .

(B.5)

The singularities at points where linear combinations of phase shifts approach multiples of 7
are canceled by the term sin d,(s") in Eq. (6.91).
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