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Abstract

The nature of gravity has been the subject of intense research since even before
Isaac Newton. But to this day, neither the insights provided by General Relativity
(GR), nor by Quantum Mechanics (QM) seem to be able to answer the question
whether it is a quantum operator or a fundamentally classical interaction. Despite
best efforts on the theoretical level, what we lack the most is guidance and measure-
ments by experiment. The main problem lies in the weakness of the gravitational
force, making desktop experiments almost impossible to realize. Here we derive
a Hartree-Fock-Bogoliubov (HFB) theory for a self-gravitating Bose Einstein con-
densate (BEC) at finite temperatures and provide estimates for desktop experiments
to measure the specific heat capacity in order to find signatures of quantum- or clas-
sical gravity. We extend HFB-theory for a quantized as well as classical ranged,
gravity-like interaction, using a self-consistent Gaussian factorization of the con-
densed and thermalized states. We combine this ranged interaction with the known
results for a repulsive scattering interaction in the Born-approximation, to find a full
description of a self-gravitating dilute Bose gas at non-zero temperatures and its
thermodynamic observables. Finally, we estimate the evolution of the specific heat
capacity cy and the size and feasibility for such measurements. Our findings show,
that the thermodynamics of a BEC exhibit a characteristically different signature
depending on whether gravity is a quantum- or a classical operator, and that such
experiments are within reach of being conducted at lab-scale in the near future.

Die Natur der Gravitation war bereits vor Isaac Newton Gegenstand intensiver
Forschung. Aber bis heute konnen weder unsere Einsichten aus der Allgemeinen
Relativititstheorie (GR), noch jene aus der Quantenmechanik (QM) die Frage
beantworten, ob Gravitation ein Quantenoperator oder eine fundamental klassis-
che Wechselwirkung ist. Trotz bester Bemiihungen auf theoretischer Seite ist
das, was uns am meisten fehlt, Anleitung durch Experimente und Beobachtungen.
Das Hauptproblem liegt in der Schwiche der gravitativen Wechselwirkung, die
es beinahe unmoglich macht, Experimente im Labor durchzufiihren. Hier leiten
wir eine Hartreee-Fock-Bogolyubov-Theorie (HFB) fiir ein selbst-gravitierendes
Bose-Einstein Kondensat bei endlichen Temperaturen her, und geben Schitzungen
fiir Labor-basierte Experimente ab, mithilfe derer die spezifische Wirmekapaz-
itdt gemessen werden kann, um festzustellen ob es Anzeichen einer Quanten-
oder klassischen Gravitation gibt. Wir erweitern HFB-Theorie fiir eine quan-
tisierte, sowie klassische, langreichweitige, Gravitations-artige Wechselwirkung,
indem wir eine selbst-konsistente Gauss’sche Faktorisierung fiir die kondensierten
und thermalisierten Teilchen vornehmen. Wir kombinieren diese langreichweitige
Wechselwirkung mit den bekannten Resultaten fiir eine repulsive Streuwechsel-
wirkung in der Born-Néherung und finden eine volle Beschreibung eines "diinnen"
(im Sinne der physikalischen Definition von "dilute") B ose-Gases b ei Tempera-
turen ungleich Null, und deren thermodynamischen Observablen. Zuletzt schitzen
wir die Entwicklung der spezifischen W drmekapazitit ¢ yund die Grofle, sowie
Machbarkeit, solcher Experimente ab. Unsere Erkenntnisse zeigen, dass die Ther-
modynamik eines BEC eine charakteristisch unterschiedliche Signatur aufweist,
abhingig davon, ob Gravitation ein Quanten- oder klassischer Operator ist, und
dass solche Experimente in naher Zukunft in Reichweite sind, was ihre Umset-
zbarkeit im Labor betrifft.
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1 Introduction

More than a century ago, physics was revolutionized by the discoveries of Quantum Mechanics (QM) [1]
and Special- and General Relativity (GR) [2]. Each theory describes its relevant regimes and forces very
well - GR for large masses and gravity, and QM for low masses and the other three fundamental forces.
Each theory is well tested within its respective limits, delivering predictions which have been confirmed
by experiment and observation, time and again. Yet, up to this day, it is unclear how to reconcile the two
theories, in order to find a more unified description of nature [3]. Of the many attempts [4], quantizing
gravity is a popular approach, where QM is seen as a fundamental theory of nature, and it is explored how
one could change GR to fit it into the theoretical framework of QM. Questioning, if this is the right approach
[5], other researchers have suggested to gravitize quantum physics [6], where the principles of GR are upheld
to investigate how this leads to possible changes in the theoretical complex of QM. This encompasses so
called semi-classical theories of gravity (CG), where the principles of QM are taken to hold, i.e. matter
obeys quantum theories, but gravity remains fundamentally classical.

Either way, our hopes of finding an answer simply based on theoretical studies has as of yet been met
with disappointment. What we lack most are concrete hints and measurements based on experiment and
observation. Hence, it has become an increasingly important part of research to suggest such experiments.
Moreover, the scientific community in physics, as well as astrophysics, has been labouring to find experi-
mental and observational setups which show a degree of feasibility that would allow us to conduct such tests
within the near future, and without the need to build particle accelerators the size of the Milky Way [7], [8].

In the context of suggesting experimental setups to test for either of the aforementioned options, Bose-
Einstein Condensates (BECs) have recently come into focus [9]. Especially, since the first breakthrough
realizations of such BECs in experiments in 1995 [10], [11], a large amount of research and improvement
in terms of technically manageable experiments with this 4th state of matter has been accomplished. In this
thesis, we will also consider a BEC to work out how such signatures of a possibly quantized gravity (QG),
or fundamentally classical gravity (CG), could be spotted. In particular, we will concentrate our efforts
on working out the thermodynamic properties and observables at finite temperatures below the critical
temperature 7.

1.1 Theoretical groundwork for quantized- vs. classical gravity

To make some of the statements of the introductory paragraph more explicit, consider the quantization of
the weak-field limit of gravity:

Juv =Ny +hpy s |hyy| << 1 (1)
and
Hint = _%Tyvh/tv 2

Without diving too deeply into detail, let us work on the reasonable assumption that matter obeys quantum
field theory (QFT), such that ¢ — ¢ for the fields, and hence generally speaking

™ = aqu av(l3 - %77/1\/ 6p¢§ap¢; + %nyvm2q§2 . (3)

Accordingly, for classical gravity, we have —%f"’““’h uv» While for a quantized gravity —%f"’““’fz#v is conjec-
tured.

Furthermore, we denote the fully classical Interaction-Hamiltonian by

Hig = 1 / Prp(r)o(r), 4

where ®(r) is the classical Newton potential and p(r) denotes the classical mass density. In order to arrive
at a meaningful formulation one has to consider that for classical gravity one needs to only quantize p(r),
where p(r) = m W (r)¥(r) for a BEC, and for a quantized version of gravity, it is necessary to quantize
both p(r and ®(r). Accordingly, the Interaction-Hamiltonians then read:

Hoc = %m/d%:\iﬂ(r)\if(r)cb(r'):
)
=—%Gm2 / d3rd3r'%@*(r)\iﬂ'(r')@(r')@(r),

[r =1’



where : - - - : denotes the normal ordered product. For the classical gravity, the Interaction-Hamiltonian is
then given by

Hog=m [ @i mm o[#1w). ©)
where @[¥] (r) denotes @ as a functional of ¥ and
. )P
&) = —m / d3r’—|(:_) r,ﬁr) (7)

in equation (5) is understood to be the quantized version of the solution of Poisson’s equation. Then, using
the well-known substitution for a BEC, W(r) = /(r) d, where @ denotes the annihilation operator, one
arrives at:

1
Hoc = 5 doc a‘a'aa
/ ®)
)|y ()
Ao = —Gm2 | & d3,|¢’( ’
oo =-Gnt [ e T
for quantized self-gravitational interactions, and
Hee = Acg[W]a'a
€))

AcG[¥] = Gm / & (O [P (1),

for classical self-gravitational interactions in the BEC. Please note, that while this description is by no means
extensive, it is assumed to hold in the low energy and low momenta regime of a Bose-Einstein condensed
phase.

1.2 Outline of this thesis

In the 2nd section of the thesis we shall start by reviewing the properties of the gravitational potential for a
spherically symmetric system, in- and outside of the shell. Then, we will recap the basics of the thermody-
namic observables to be discussed and show an exemplary textbook computation of such observables for a
quantum harmonic oscillator. We will also give a quick summary of Bose-Einstein condensation to recall
the basic approach.

In the 3rd section we will discuss Bogoliubov theory for a zero ranged, i.e. scattering interaction, to
properly derive and understand how it works. Based on these results, we will then derive the full Hartree-
Fock-Bogoliubov (HFB) picture of a ranged interaction in Section 4, which is the main theoretical part of this
thesis. We will specialize to a gravitational interaction, discuss its Fourier transform, and finally combine
this with the zero-ranged scattering interaction based on literature results.

Starting with the specific heat capacity cy, we shall discuss feasibility for possible experimental setups
in section 5, with a particular focus on Orders of Magnitude for the interaction strengths and contributions
coming from the normal averages as well as the anomalous averages of HFB theory. We will derive estimates
showing a characteristic behaviour depending on which picture of gravity one considers, and which will be
of importance when measuring the self-gravitational interaction.

As will become apparent in this theoretical framework, experiments to measure the thermodynamic proper-
ties of a self-gravitating BEC, aimed at spotting signatures of whether the nature of gravity is classical or
quantum, are reasonably within reach.



2 Preliminary Steps

2.1 Gravitational potential and self-gravitating systems

First, we take a look at the classical definition of the gravitational potential ® in the Newtonian limit. Recall
the gravitational constant G = 6.674 - 10""'[Nm?kg~2] and the definition of the gravitational potential

assuming a sphere of radius R:
rl
o(r) = -G / avr L) (10)
r—r|
We assume the sphere to have a constant mass density p, which hence does no longer depend on the
coordinate r’. Also, in spherical coordinates, the denominator is

Ir —r'| = (¥'sind cosg’)? + (v'sind’ sing’)? + (z — ¥’ cost’)? an
=r2+72 -2z cosd’

and hence

2n 12
0
®(2) = —Gp/ dtp/ v’ / de’ r s . (12)
V2 + 22 = 271 cost’

Define the distance s% = |r — | = 1'% + z2 — 2zr’ cos6’ and hold ¥’ fixed for now (valid as long as one does
the 6-integral first in this case), then

2sds = 2zr' sin®’ d§’

13
= Jds = v'sin0'de’ . (13)
Z
Rewriting and executing the ¢-integral
R Smax
D(z) = —277Gp/ dr'r / ds——
0 mln (14)

2nGp R
== P / dr,r,(smax - Smin) .
0

Z

.. . . 2
The limits of integration were 0 < @’ < x and hence 52, =1'”+z% = 2zr’ = (r' —=z)? and s2,,, = (r +2)%.

Notice that the values of s,,;,, define whether we are considering the volume outside of the sphere (s,,,;, > 0)
or inside of it (s,,,;, < 0). First, let’s consider the case of s,,;, > O:

D(z) = —27TZG'0 ‘/OR dr’r’((r’ +z)—(z- r’))

R
__2xGp / v’ (15)
< 0

4G
= _anGp R3.
3z
Notice that 47R3/3 is nothing but the volume V of the sphere, and since p = M/V it follows that Vp = M,

and hence oM
D(z) = - — (16)
Since we have spherical symmetry, there is nothing special about the z direction, and hence we can rewrite

our result as oM
D(r) = R )

Now, considering the case s,,;; < 0, i.e. inside the sphere, or more precisely, the gravitational potential of
a very thin shell within the sphere, we find

o= [ae [ - 2020

_/Smax ds(_ZﬂGpR)

- Smin r (18)
2

= - ZOPR((R+1)~ (R 1))

=—47erR,



where we have used that in a thin shell the mass density p(r’) is zero everywhere, except for r’ close to R,
allowing us to set r’ = R. Hence the gravitational potential within a spherical shell is constant:

GM
d(r)= ——— 19
(1) = -5 (19)
Considering now the gravitational potential energy of a two-body system
Gmim
Ugrau(r) =12 (20)
Ir1 — 12|

in the light of our results, for a spherical particle-cloud of N particles of (identical) mass m, and hence a
mass density of p = mN, it is easy to see that the potential becomes
Gm*N

R b

Ugrav(r) == 21
where |r| < R. Let us now make the self-gravitational potential even more explicit. As will be discussed
in more detail later, at short distances, the particle interaction is no longer dominated by self-gravitational
effects, but by particle-particle interactions. In line with our later considerations, we will assume a repulsive
particle self-interaction, i.e. repulsive scattering processes. In the most general case, such an interaction
potential can be written as [12]

1 - iflr;-r;j| > A,

Ualley = xjl) = = 0l (22)
fi = Tjla 1 iflr; —r;j| <A,

where A < R is the short-distance cutoff. This will be made more explicit later. The gravitational potential

can hence be written as

1
Ugrao = ~Gm”® Z - (23)
l<i<j<N Iri —xjla
For future considerations, it makes sense to introduce the dimensionless variable
Gm>N
= 24
K RipT (24)
and use it together with
1 1
V(rl,...,rN):N Z —ﬁ, (25)
1<icen T TjlA
such that
Yrav _ = (26)
ke

Later, we will use y for analyzing orders of magnitude of the self-gravitational interaction.

2.2 Observables in the Thermodynamic Limit

It is the goal of this work to derive observables within the thermodynamic limit which can then be measured
in a desktop experiment to check for a signature of the self-gravitational interaction of quantized/classical

gravity. To this end, we will try to use the following general, well-known, formulae:
) 1 1 - E

the thermal energy density is defined as u = ;.

* the specific heat is then found using cy = %, where T denotes the temperature.

In order to compute the above, one needs to compute the average energy
(E) =Tr{pH}, @27)
where in thermal equilibrium p = %ex p(=BH). Note that

_dIn(2)
oB

(E) = (28)



with 8 = 1/kgT, and

Z =Tr{exp(=BH)}, (29)
is the partition function. Then
u= —%6]3(!?12) (30)
and
vV = 67" - éalg(ll’lZ) . (31)
c

As is known for a classical gas (not condensed into a BEC), the thermodynamic limit for self-gravitating
systems does not exist in its usual form (V — oo, N — co, N/V = fixed). The system collapses into a very
dense phase which is determined by the short distance (non-gravitational) forces between the particles. One
finds though [12], that the thermodynamic functions exist in the dilute limit (V — oo, N — oo, N/ 13 =
fixed), where V stands for the volume of the box containing the gas. In such a limit, the energy E, the free
energy and the entropy turn out to be extensive. That is, we find that they take the form of N times a function
of

Gm>N

Y=

== 2
RkpT’ (32)

where y is an intensive variable, as defined in equation (24). Namely it stays finite when N and V o R? tend
to the infinite and hence y is appropriate for the canonical ensemble. Physical magnitudes as the specific
heat, speed of sound, chemical potential and compressibility only depend on y. The energy, the free energy,
the Gibbs free energy and the entropy are of the form of N times a function of y, which have a finite N — oo
limit for fixed y. In other words, the dependence on y in all these magnitudes is expressed through a single
universal function f(y).

2.3 Computation of (E£) & cy for a quantum harmonic oscillator

The classical harmonic oscillator model (in a chain) is solved by proposing a solution in terms of waves
(normal modes of the oscillation): . .
xk(t) o e—sz,,e—zwkt (33)

This solution describes waves propagating in the chain with phase velocity ¢ = w/k and group velocity
vy = 0w/ 0k (the speed of sound in the given material). At small k the two velocities are equal, but for large
k (for example small spacing between particles) we have v, — 0. The dispersion relation for such a model

reads w(k) = 2w/%|sin(%)| =: wyp. The corresponding quantum-mechanical model is found by replacing
the position and momentum coordinates in the Hamiltonian by the corresponding operators. Corresponding
to the classical solution, we also look for solutions (i.e. eigenvectors that diagonalize the Hamiltonian) in

terms of waves. In this basis, x, and p, will be expressed as linear combinations of waves with different
wavevectors, e.g.

1 )
Xpn = — XkelkR" . (34)
)

Rewriting the operators Xj and Py in terms of creation and annihilation operators and substituting them into
the Hamiltonian for the harmonic oscillator, one arrives at:

1 - 1
H = E;wk(a;(ak+akaz) :zk:wk(aZak+§), (35)

where a', a are the boson creation- and annihilation operators satisfying the canonical commutation relations
(CCR)
[G;,a7]1=6;;=1 (36)

fori = j, and .
[4],a%] = 0= [ai,4,]. (37)



The partition function is then computed according to the formalism presented in equations (27) to (31) as
follows:

Z=Tr

{
Tr{ l_[ e—ﬁ(wk(aiawé)) }

(P2 Y oBlony (38)

o B2k wkw;aw%))}

where the trace of the operator was rewritten as the sum of its Eigenvalues, Tr[O] = f\i | Ai» and the
geometric series Y., ¢" = % was used. Subsequent computations follow as described in equations (30)
and (31). So for the k-th mode, we can compute

—Bwi/2
<E>:6ln(Z)_iZ( e )

0B 9B LA\ 1-eFex
(39)
B wy e Pwr/2
- 1 —eBwx’
and subsequently
0 wy e Bex/?
v 67;( 1 —eBwk
W2 e—Bwr/2 (40)

2.4 Bose-Einstein Condensation

In this subsection, we will denote some of the basics of Bose-Einstein condensation, as it is found in many
textbooks and lecture courses. Our derivation will mainly follow the book by Pethick & Smith: Bose Einstein
Condensation in dilute gases [13], and we will re-refer to it also in subsequent sections when dealing with
properties which are now of “textbook nature”.

The Bose distribution function for non-interacting Bosons in the i-th single-particle state in thermal equilib-
rium is given by
. 1
f80) = Fam -1

where €, denotes the energy of the single-particle state, u is the chemical potential and 8 = 1/kpT is the
inverse temperature with Boltzmann constant k5. The use of the chemical potential i can be understood as
the BEC being in contact with a reservoir or “heat-bath” of such a potential. Furthermore, it is convenient
to work in the grand canonical formalism, using the grand canonical partition function

(41)

Z=) PNzy, (42)
N=0
where
Zn = Z e Per (43)
k=0

Here, the };; encompasses a complete set of eigenstates of the Hamiltonian of the system with energies
€x. Without any interactions being considered, the Hamiltonian can be written as a sum of single-particle
Hamiltonians

W:ZHi. (44)



From there, we can write the grand canonical partition function as

7= ( B(u—fo))no ( ﬁw—m)"‘
%“ e x; e X
- HZ (eﬁw—e,»))”".

i n;

(45)

Here, {n;} denotes the set of occupation numbers, which for Bosons means, that }}, extends over n =
0,1,2,.... If one intends to calculate the total number of particles, using N = 83Z/0u, one retrieves the
Bose distribution function from equation (41)

1
NZZniZZm, (46)
1 1

where n; is the average occupation number of the i-th single particle state. Consequently, the lowest energy

state has the occupation number
1

= a7 = M- A7)

no

As 1 — €, this becomes larger and larger and we get the onset of Bose-Einstein condensation. The number
of particles which are not condensed, the so called thermalized particles, can then be found with

1
Nt (T, p) = Z(m)(T, M) = Z a1 (48)
i#0

i#0

Finally, in the condensed phase, it is known that the occupation of the lowest energy state becomes macro-
scopic, for temperatures 7 < T, which is a characteristic property of Bose-Einstein-condensation. This
allows us to write

No >N - N() . (49)

Moreover, the transition temperature 7, is defined as the highest temperature, where macroscopic occupation
of the groundstate occurs.

2.4.1 The uniform ideal Bose gas

Let us now consider the ideal Bose gas in a box of length L, such that the volume is V = L3. Ignoring both,

a possible trap and interactions for now, the single particle Hamiltonians become
k2

=—, 50

m (30)

and assuming cyclic boundary conditions to achieve uniformity, we can write the solutions of these Hamil-
tonians in terms of plane waves

Vi = —— % (51)

In this case, the energy of a state is €, = |k*|/2m. The box also defines the momentum in terms of
n = ny,ny,ng, n € Z, and hence the momentum as k = 2x7in/L. With i — k, we can now write Z, No, Nt

as
7 = ( B(#—fk))nk
2.t

B 1 B 1
T eBla—u) 1 e Bu 1

1
Nr = Z ePlea—m) — 1"
k#0

No (52)

Note that here we have used the fact that when the number of particles, N, is sufficiently large, we may
neglect the zero-point energy and thus equate the lowest energy €y to zero. This also implies that the
chemical potential u < 0. Assuming that the thermal energy kpT is much larger than the energy-spacing



between the single-particle boson levels, i.e. kgT > 7i/2mV?, one can approximate these as continuous,
such that Y}, — / dk. Introducing the fugacity as z := eP*, we can write

\% 1 74
Nr = dk = Buy | 53
T (zﬂ)4h3/ Pl —1 13 g3/2(ePH) (53)
where

2rh?

=y Z T
2m o | (54)

93/2(2) \/E/o x\/)_cz_lex —

For T > T, due to the definition of 7., we can set N7 = N, which gives g3/>(z) = /13T N/V. IfT < T., we
set u = 0 and get

3/2
T
Nr=N (T_L) , (55)
where 5
2nth
T, = ”_(L) 56)
kgm \ g3/2(1)
with g3/2(1) =~ 2.612. The number of particles in the condensate is then No = N — N, or
3/2
T
NozN(l—(—) ) (57)
T,

The energy of this uniform ideal system can be computed using E = }; €x(ny), and hence

v € 3V 1
E=— | dk————— = = —— X), 53
2m)*n3 / eBle—1) — 1 2/13Tﬁ95/2( ) (58)
where
b .fT TC
_ )z 1 > )
1, ifT <T,
and
952(2)=i‘/00dxx3/2;' 60)
/ 3vVr Jo zler -1
Note that g5/>(1) = £(5/2) = 1.34149. Using again that cy = 0E /0T, we getfor T < T,
15 3/2 1
cy = LS/Z() sz/z T3/2 61)
8V2 73/2 73

2.4.2 Ideal Bose-gas in a (harmonic oscillator) trap potential

Assuming an isotropic trap with frequencies wy, w,, w in three dimensions, the single-particle Hamiltonian
can be written as

k2
H= % + Vext (x) P (62)
where |
Voxt = Em (wix2 + wiyz + wﬁzz) . (63)
The eigenvalues of this Hamiltonian are
1 1 1
€nynyn. = |Nx + 3 hwyx + [ny + 5 hwy + |ng + 3 hiw, , (64)



with ny, ny,n, € Z. Assuming again that the kinetic energy is much greater than than energy spacing of the
trap, we can replace sums by integrals, and so the number of thermal particles is:

1
NT - / dnxdnydnz eﬁ(fnx,ny,nz -u) _ 1 (65)

and hence for T < T, (the BEC), taking u = €, using the same steps as above, we get

No =N(1 - (%)3) (66)

C

Not only is this value different to the uniform free gas, but also now

_hwﬂo(i)”
ks \C®))

(67)

where wpo = (Wrxwyw;) 13 The difference is due to the different behaviour of the density of single-particle
states. In terms of the density of states, the number of thermalized particles is given by

® o gle)
Nr = d . 68
T /0‘ € B 1 (68)
Now, for a free, three-dimensional uniform gas, where V., = 0, we have
V m3/?
g(e) = Ve, (69)

2r2 13

while for a gas in a harmonic oscillator trap, we get a density of states equal to

1 2
= , 70
g9(€) Yool (70)
where we have used the semi-classical approximation for very large N:
dxdp
g(e) = (2ﬂh)36(€c - e(x,p)), 7D

withe:(x,p)) = p?/2m+V,., (X) being the classical energy corresponding to the single-particle Hamiltonian.

The energy of the system is calculated in precisely the same way as before:

E /md 9o 4 1 1 (X) (72)
= € = - .
0 zlePe —1 Bhwno) B
Here
if T > T,
R H 73)
1, ifT <T,
and consequently
12 k473 " .
v = mﬂ > (74)

for T < T,. Note that g4(1) = £(4) = 1.08232. This looks quite different to the uniform box case, but
a way of relating them is to note that the size of the condensate is fixed by the harmonic oscillator length
ago = \h/mwygo, which plays the role of L in the uniform box case. For interacting particles it is not
so straightforward since the particles are no longer independent. Instead, researchers have tended to use
the Bogoliubov approximation, or extensions thereof, such as the Hartree-Fock- and Popov-approximations,
where one can describe the system in terms of an ideal gas of quasi-particles, with varying degrees of
accuracy. In the following sections, we shall discuss the textbook version of Bogoliubov theory for “hard-
ball” scattering, and then, in the main part of this thesis, derive the full Hartree-Fock-Bogoliubov-theory
(HFB) for a ranged (gravitational) interaction. We shall work out the difference between gravity being a
quantum-operator, like scattering, or a fundamentally classical interaction, as in the Schrédinger-Newton-
formalism.



3 Bogoliubov Theory

In this section, we shall go through what became known as Bogoliubov Theory. N.N. Bogoliubov (or
Bogolyubov in some sources) was the first to show [14], in 1947, that when we are concerned with the
ground state for the weakly interacting dilute boson gas an interaction energy operator of the form

Hin = % Z aI,lafmamam (75)
P1+p2=p3+p4

can be significantly simplified. He introduced a linear symplectic transformation on phase space which

makes it possible to carry out diagonalization and obtain the energy spectrum. This idea has now become a

standard textbook treatment, and accordingly, we also follow what is found in sources like [13], [15] (Books

1-4) or [16], to name just a few.

The simplification is based on the idea that in the ground state, the “condensed phase”, the particles
are in the lowest energy level, and this energy is taken to be zero. Considering a dilute gas, where na? < 1,
as denoting the s-wave scattering length, the interactions are so “weak”, and predominantly two-body only,
that its ground state will only differ slightly from the state of an ideal gas. This implies, that the occupation
number of the ground-state will still exceed the number of particles in excited states considerably, such that
Ny > N—Njy. This idea, once properly understood, will also be the starting point of our later considerations,
which we shall then extend to the Hartree-Fock-Bogoliubov method.

3.1 Two Body Scattering

Let’s denote the scattering length in the Born approximation, without proof, by

u

= ﬁ dr U(l') s (76)

g

which shows that the true low-energy scattering behaviour may be obtained by using an effective two-body
interaction U, r ¢, having the property

2nhtag
[ vers = = Uy )
u
where y = % denotes the reduced mass (center of mass frame), which for particles of the same mass of
course is 4 = 3 and hence
4nh?
Uy = M X (78)
m

It is a useful fact for calculating low-energy properties of the system, that the true interatomic potential,
which in general has a complicated dependence on interparticle separation, may be replaced by an effective
interaction proportional to the scattering length. In position space, the effective interaction between two
particles situated at points r and r’ is hence often written as U, s ¢ (r, 1) = Up 6(r — '), see also [13] (Sec.
5.2.1, pg. 133 f1).

3.2 Bogoliubov’s simplification of the Interaction

To begin with, let’s consider the following Hamiltonian for low-energy, low-momenta scattering processes

as described above,
Uy P
7‘[5(7 = W a},a_p
PP

apa_p, (79)

where the bosonic creation- and annihilation operators are again defined as in equations (36) and (37). In
the center of mass frame of the scattering processes, we can use the subscripts p and —p. Furthermore,
it is now time to make use of the so-called Bogoliubov approximation, which means that we consider the
fact the the number of particles in the ground state Ny is much larger than the number of particles in states
of elementary excitations, Ny > N — Ny, where N denotes the total particle number, which is conserved.
Since the matrix elements of the Bose operators a; are equal to v/N; we can clearly neglect the interactions

10



of particles above the zero energy level with each other, and simply take into account only the interactions
of condensate particles with one another and with the excited particles. This means that we need only retain
the following terms in the sum of equation (79)

Hsc = i

aoao + Z (ZaI,a apag + Za Lpaoa—p + aJr pdodo + agagapa_p)l . (80)

Uy
2 p#0

"

In light of the fact the Ny is a very large number, it is justified to regard the operators a

numbers and replace them by Ny. One finds

N3 +2No ) (atpa-p +ahay) +No Y (abal +apa_p)l 1)

p#0 p#0

an ap as simple

Us
Hse =3y

Obviously, one also has to include the kinetic term, denoted here by Eg := p%/2m, and hence the full
scattering Hamiltonian reads

N2U0 NoUy NolUyp ¥
Hse = + Z (ega ap+— (@' a_,+ aj,ap)) >y (a};aT—p +apa—p)
p¢0 [)¢0
N U, *2
0 NoUy NoUp
N Z( )a;a,, + (aja’, +apa ).

p#0

To understand the step from the first to the second line, consider an effective interaction U(r) with non-zero
range and its Fourier transform, such that

U(p) = / dr U(r) exp( —ipr/h), (83)

which 1mphes that for a contact interaction the Fourier transform U (p) is 1ndependent of p, and hence
(a_pa_,, t+a a,,) =24 pap. Furthermore, con51der1ng that N = Ng + 4 Zmﬁo(a_pa_,, + apa,,) we can

2V ., which is permissible since the fluctuation in the
particle number is small. Moreover, let s denote the condensate density by ng = No/V and the total density
by n = N/V. Since we consider states differing little from the state with all particles in the condensed phase
it makes no difference whether the condensate density or the total density appears in the terms in the sum.
Collecting our arguments, we can write down the fully symmetrical version of the scattering Hamiltonian as

Hse = n22Uo +’Z (;ep+n0U0)( ipa_p+a ap) + nOUo Z( a,a ip+apa_p) (84)

Following Pethick & Smith [13], we denote a' and a as creating/annihilating bosons with momentum p and
b", b creating/annihilating bosons with momentum —p, we can rewrite it as

hse = €o(a’a+b'b) + € (a’b" + b a), (85)

where €y and € are considered numbers € C. The operators a and b are required to obey the canonical
commutation relations
[a,a'] =1=[b,b'] and 0 otherwise. (86)

3.3 Bogoliubov Transformation

It was Bogoliubov’s idea to apply a linear transformation by introducing a set of new operators « and f3, s.t.

a'=ua+vbT,ﬂ=ub+vaT &7
o =uwd +v'b, BT =u'b" +v'a,
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for u,v € C and * denoting the complex conjugate. This new set of operators is also required to obey the
canonical commutation relations, such that

[a,a']=1= (5, ﬂT] and O otherwise. (88)
To determine u and v, we insert (87) in (88) and use the CCR from (86)

[@,a'] = [ua +vb", u*a’ + v*b]

= ((ua +vb")(wa’ +v*b) - (u*a’ +v*b) (ua + vb"'))

=u?aa’ +uv*ab +vu'b'a’ +*b'b — u?ata — wva'b" - v'uba — v¥bb’
(uzaaT - uzaTa) + (uwv*ab — v'uba) + (vu*b+a+ - u*ua+bT) - (vzbbT - Uszb)
u*la,a’] +uv[a,b] +vu*[b,a’] = v*[b, bT]

-’ =1 by requirement.

(89)

Since this form is suggestive of the hyperbolic identity cosh’x — sinh®>x = 1 the constants u and v can be
re-parametrized as

u=e%coshr ©0)
v=e"Psinhr,

which is interpreted as a linear symplectic transformation of the phase space. The symplectic property
ensures that the phase space volume (or area) is preserved, and is an even stronger condition than Liou-
ville’s theorem. In other words, the Bogoliubov Transformation allows us to diagonalize the Hamiltonian
while keeping the phase space area preserved. This will be discussed again in Section (4). The inverse
transformation is then given by

a=ua+vB", b=uB+va'. (C2))

Inserting this into equation (85), we get
hse = 20% €y — 2uver + (€0 (u? +v*) — 2uver) (a’a + B7B) + (€1 (u* + v%) — 2uvep) (B + BTa’),  (92)
where the last term can be made to vanish by choosing u and v so that its coefficient is zero, i.e.
€1 (u2 + uz) —2uven =0. 93)

Using the parametrization from (90) one then finds

tanh?2r = a 94)
€
and by defining
€= € — € 95)

solving in terms of the ratio € /€y and inserting into equation (92) one finally gets
hge = E(Q’TCL’ +,8+ﬁ) +€e—€. (96)

The ground-state energy is € — €y, which is negative, and the excited states correspond to the addition of two
independent kinds of bosons with energy ¢, created by the operators ™ and 8. For € € R we must have
leo| > |e1]. If |eo| < |e1], the excitation energy is imaginary, corresponding to an instability of the system.

We can bring the Hamiltonian in (84) into diagonal form, using the transformation
Ap = Upa, — Vpal A_p =Upd_p — Uy o7
p S Uplp —UpQ_p, A-p = UpA—p = VpQ),

where a,, corresponds to a and a_, to b, @), to @ and @_), to 8. Inserting it, we get

2
n U()
Hse =

1
+ Z epaha, — 3 Z (€9 +nolo — €p) (98)
p (p#0) p (p#0)
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where

€ = \/(eg +110U0)2 - (noUo)2 = \/(62)2 +2e0nUo (99)

which is known as the Bogoliubov dispersion relation. Note, that for small p, the energy can be written as
€, = sp, where
> _ nolo

. (100)

m

3.4 Ground state energy

To make a consistent calculation of the ground-state energy one must use an effective interaction U(p.) in
which all intermediate states with momenta in excess of some cut-off value p. are taken into account, and
then evaluate the energy omitting all intermediate states in the sum which have momenta in excess of this
cut-off. The ground state energy is therefore

2
n“U(pe 1
Ey = & - E E (Eg +noUy — e,,) s (101)

2
p (p<pe)
where the effective interaction for small p. and zero energy is given by
U2 1
- _0 -
U(pe) =Uo+ ~, > : (102)

0
P (p<pc) 26”

which when inserted into the above expression gives

(nolo)”
26?,

(103)

) Z (eg+n0Uo—ep—
P (P<pc)

If one chooses the cut-off momentum to be large compared with ms but small compared with 7/a the result
does not depend on p., and, using the fact that ny ~ n, one finds

Ey _n’Up 8 (ms>3 2

V.2 "1m\m

2
_n Uy 128 3 1/2
== (1 + —15ﬂ1/2 (na )

(104)

The first form of the correction term indicates that the order of magnitude of the energy change is the
number of states having wave numbers less than the inverse coherence length, times the typical energy of
an excitation with this wave number, as one would expect. This result was first obtained by Lee and Yang [17].

Remark: Utilizing the result from equation (78), one can estimate the number of particles in states of
elementary excitations by

8 1/2
flex _ —(na3) . (105)
n 3\

Remark: It is possible to rewrite (98), based on the (previously made) assumption that our BEC is
homogeneous (i.e. stationary) and hence translationally invariant, and that initial and final states have the
same total momentum, allowing for a plane wave Ansatz, to read

U U
Hse = 7011% + ,;) (eg + 2n0Uo) Rex + Vongx (106)

which is already in similar form to what we are about to derive. The connection to how and which terms
are taken into consideration will be made clearer in the following section.

As discussed even more extensively in the textbooks referenced at the beginning of this section, apply-
ing the methods shown above leads to an important conclusion: it shows that the addition of an elementary
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excitation of momentum p is the superposition of the addition of a particle of momentum p together with the
removal of a particle from the condensate, and the removal of a particle with momentum —p accompanied
by the addition of a particle to the condensate. The physical character of long-wavelength excitations may
be seen by using the fact that # ~ v in this limit, which confirms the phononic nature of long-wavelength
excitations.

The intuitive picture is, that it is not the individual particles which are propagating, but the excitation
itself. This corresponds precisely to the physical characteristics of a wave propagating through some
medium, for example a sound wave. Within this analogy, the excitation spectrum is also called Bogoliubov
dispersion relation, and ¢, can be derived as the ”speed of sound” at which the excitations are propagating

through the BEC. In Bogoliubov theory
¢y =A% (107)
m

In the following section (4), we will see how taking into account finite temperatures and different interactions
will change the behaviour of the phononic excitations, influencing the Eigenenergies and consequently the
thermodynamic observables.

14



4 Self-gravitating BECs at finite temperatures

We shall now turn our attention to a Bose-gas at finite temperatures, so 0 # T < T.. While again consid-
ering textbook results for contact interactions, we shall focus on ranged interactions, and more specifically,
self-gravitational ones.

The key issue in describing a finite temperature Bose gas is the fact, that when a Bose—Einstein con-
densate is created in a harmonic or similar kind of trap, it has two clearly identifiable parts: the condensate
itself and a cloud of non-condensed thermal atoms which surrounds the condensate, but also penetrates it
to a certain extent. While the distinction seems obvious, there is no precise way of specifying a boundary
between the two. In order to develop a theoretical description of the BEC at finite temperatures, this dis-
tinction is maybe not mandatory. Yet, it has been included in one way or another in the various theoretical
models, and not all of them are straightforwardly comparable.

The Hartree—Fock—Bogoliubov (HFB) method, which will primarily be used in this chapter, is an ap-
proximate treatment of Bose—Einstein condensation, which builds on the Bose broken symmetry approach
to Bogoliubov’s method that we described in the previous subsection. This allows one to separate the
condensate from the thermal cloud in a way that is intuitively natural.

The approximation method used is based on factorization assumptions for mean values, such as (¥TPW) =
(PTW) (P), motivated by Wick’s theorem, which states that at equilibrium an average over multiple operators
can be approximated by sums of averages of pairwise contracted operators [18]. The result though, is not a
systematic perturbation theory, and some contradictions arise, a fact clarified by Griffin [19].

As Anderson [20] summarizes in agreement with many textbooks, there are other methods of computing the
behaviour of a BEC at finite temperatures. Variational approaches, Feynman Perturbation theory and Wilson
Renormalization Group theory, as well as extensions to the HFB approximations using Popov’s ideas and the
improvements presented by Zaremba, Nikuni and Griffin [21] on the basis of the Hartree—Fock—Bogoliubov
theory in the Popov approximation, all provide means to study characteristic processes of a BEC approaching
T..

4.1 Separation into condensate and non-condensate terms

Following above mentioned references, as well as Giorgini, Pitaevskii & Stringari [22], we start by denoting
the grand-canonical Hamiltonian written in terms of the creation and annihilation particle field operators
¥ and P, for our two cases. Note that, since we are now considering the finite-temperature regime, we can
no longer set the chemical potential u to zero, but have to include it:

s n2v? U
Kcg = Heg — pN = / Prvi(r)| - b Vort (¥) — i+ m®[W](r) | P(r) + 70 / APr¥ () (1) (r)¥(r)
3ppt v ! i ; Y [ prwt et
Ko =Hpg —uN= | d&’r¥'(r)| - > + Vext (r) — u| P(r) + Fm Y (r)?(r)®(r) : +7 dr?'(r)?' (r)¥(r)¥(r)
m
(108)
where the : --- : stands for a normal ordering prescription, (CG) stands for the fundamentally classical,
(QQG) for the quantized gravity picture, and
R \I;‘r VY (¢
d(r) = —Gm/ &P % (109)

is understood to be the quantized version of Poisson’s equation [23]. In contrast, depending on the chosen CG
theory, @ is a certain quantum average of this expression. To meaningfully denote classical gravity within the
probabilistic framework of quantum mechanics, we will employ results from Schroedinger-Newton theory
[9]. It is the Newtonian limit of the semi-classical CG theory, ® = (®). Setting L = BV Vext (r), One

2m
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can write

Wi (r) <‘P"’(r’)‘1‘(r’)> W(r)

r—r'|

KCG:/d?’I‘\PT(I‘)

L—u—GmZ/d3r’

\P(r)+%/d%wf(r)wurw(r)\y(r),

Y ()PP (r) U
[r—1’| * 2

L-p

/ EPre ()Y (r)P(r)¥(r),
(110)

KQG=‘/d3r‘{‘T(r)

Y(r) - %Gm2/d3r’

where we have used the same approximation for the scattering term (last on the RHS), namely that we are
assuming a contact interaction with s-wave scattering length as at r = r’, as denoted in the previous section.

4.1.1 Separation of the fields

Consider now again the ground state of the BEC, characterized by a wavefunction ¢, composed of Ny atoms
such that the quantum state can be written as |¢g, No). The field operator ¥(*) (r) can then be rewritten in
the form of creation and annihilation ladder operators aiT :

W(r) = go(r) ao+ Y ¢i(r) ax = $(r) + i (r), (111

k#0

of the fields, where the ¢/ (r) term represents thermalized particles. This is suggestive of weak-field pertur-
bation theory or a “linearization” of the problem, and indeed that is precisely what it is. Moreover, because
No > N — Ny, the notion of a "background field” plus a small perturbative component becomes a very
intuitive approach.

Note that the ¢y are orthogonal to ¢ and ag |¢g, No) = VNo |¢o, No — 1), so by construction

/d3r #(r)d(r)=0. (112)
If one now applies the decomposition from (111) to the Hamiltonians, one can rewrite them as the sum of
K=Ko+Ki +K +K>, (113)
which are structured as follows:
K0=/d3l’ (5*[](5
K] :/d3r lZT[:Ié'
(114)
K] :/d3r ¢*[...]¢
&:/ferJ¢
and so the terms linear in i are
K1+Kj=/d%ﬁ[...]%/d%ﬁ*[...]&. (115)
Now, if (5 is chosen to be the ground-state solution of
n?v? - -
- W"'Vext(r)""-' ¢ = €e0(No)o (116)

then by virtue of equation (112), the second term on the RHS in (115) vanishes identically. To the extent
that No > 1, the same will be true of the first term to a good approximation, and as a result, there are no
single-particle excitations from the Ny-subspace.
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4.1.2 Decomposition of the Interactions

Let’s now look at both the local, as well as the non-local, interactions. Decomposing the interactions which
are quartic in the fields, i.e. the contact- and the quantized self-gravitational-interaction, one gets, first for
the contact interaction:

W)W ()W () W(r) = [§|* + 21617 F" Y +2|¢1° ¢y
+ 4GP0+ F200 + G0 (117)
260 00+ 26015 + 5
where the fact that r = r’ has been used to summarize a few terms. For the quantized self-gravitational-
interaction, where non-locality prevents us from such summarizations, we find:

YO ()P )W) = (0" () F(r)d(r) + 6" (1)¢* (') $ (') (x)
+ " (1)¢" () (1) $(r) + ¢" (1) §" (¢ ) (x') (r)
+ ¢ (0§ () F(r)g(r) + ¢ (g (r) (') (r)
+ (0§ () (1) G(x) + ¢ (1) (1) (') (r)
+§" (¢ () F(r)F(r) +§ 1 (1) () (') (r)
+37 (D¢ (1) () G(r) + 37 (1)F" (1) (') (r)
+3 (P (1)) (x) + 3 (0)F T () d (') (x)
R ACIACICSTIGEAGIACIIICSTIR

(118)

Based on the arguments presented in (112) to (116), we are left with terms containing either ¢*(r)$(r) or
% (r)¢ (r). Yet, the Hamiltonian is not quadratic, and we must find an approximation to achieve this - the
so called self-consistent quadratic approximation-method. As Griffin notes in [19], the only approximation
that has to be made is in how we treat the fields in terms of expectation values. Let’s first take a proper look
at the case of a zero-range interaction.

4.2 Self-consistent quadratic approximations (Wick’s Theorem)

The decomposed Hamiltonians are still not quadratic, but contain terms of quartic order. To come to grips
with them, it has become commonplace in the literature (see references below) to approximate the terms
from (117) and (118) using a so called self-consistent quadratic approximation method. This approach is
motivated by Wick’s Theorem and based on the condition that all states are Gaussian initially.

4.2.1 Self-consistent quadratic approximation for zero-range interactions

The HFB method is hinged on a description of the field operator as the sum of a c-number condensate
wave-function ¢(r), which becomes the order-parameter of the condensed phase, and an operator i (r).
Following [24], we first define the following quantities:

(¥ ()¥(r)) = n(r) = no(r) + ny(r)

(119)
(P(r)¥(r)) =m(r),

where n(r) denotes the total particle number-density, and m(r) is often called anomalous contribution - in
matrix jargon these are off-diagonal terms of the order N — 2 =~ N for very large N. From this we can write
down:

(F"(0)¢(r) = 16(r)* = no(r)

(8" (0)¢" (1) = (6")*(r)

@' (g (r) = n(r) = |¢(r)* = nr(r)
(@ (r) (1)) = m(r) = ¢*(r) = mr(r).

(120)
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Now, we shall look again at the decomposition of the interaction in equation (117) and simplify terms cubic
and quartic in 117 For the contact interaction, where r = r’, we then have:

GO (0 (r) =2 T )F()) d(r) + @ (o) ¥ (r)
=2n7(r) ¥ (r) + mr(r) ¥ (r)
(121)
FT@F (OF () = 2@ (OF () §(r) + G (0)d (1) d(x)
=2n7(r) ¢ (r) + my(r) § (r)

and for the quartic term:

Gr g (0)d (g (r) = 4 (G (0§ () §F (1) (r)
+ @ ()" (1) d () (r)
+ (@ (0F () " (g (r)
=2 () ()) G (0d (r))

— Wt (r)) @ (r)d (1) (122)

= 4nr(0) ¥ (r)g (r)
+m(r) ¥ (r)y (r)
+mr(r) ¢ (0)§ (r)

2 2
—2ny —my.
In equation (122), the last two terms in either decomposition pop up because we can approximately write:

@ OF (O (0)F (1)) = 2 G (0F (0) @ @)F D) + @ @F" (1) @ (1) (D). (123)

As mentioned before, this entire approximation is motivated by Wick’s theorem, which states that at equi-
librium an average over multiple operators can be approximated by sums of averages of pairwise contracted
operators as above, given that states are initially Gaussian. The approximation maintains correlations of
non-condensate operators only to quadratic order. Along the same reasoning they do not appear in equation
(121), since by construction (¢ (r)) = 0, rendering the decomposition (T (1) (r)y(r)) = 0.

While one could make things simpler, applying the Popov-approximation, dropping all terms contain-
ing anomalous contributions of the form (i (r)i(r)), or as denoted in equation (120) above, mr(r), and
their respective complex conjugates, we shall not do so at this point. To the contrary, we will show that in
the thermodynamic limit, the anomalous contributions become an important factor.

The entire topic around the justification of the method is discussed in great detail in [19] for zero-ranged
interactions, and yields - when dropping the mr-terms (Popov) - a gapless energy-spectrum from 7' < 7. up
until the region close to 7,.. Proukakis [18] mentions, though, that in the case of Bose—Einstein condensation
of neutral bosonic atoms, where the condensate mean field ¢(r) is the dominant parameter, the anomalous
average plays a more minor role for effectively repulsive interactions between condensate atoms; such a
contribution, which does actually become crucial in the presence of attractive effective interactions and
molecular BECs, should however not be dismissed a priori even for repulsive interactions. We agree with
the assessment and will discuss the importance of the off-diagonal terms in section (5).

In the next step one has to now insert the decompositions above into equations (114). We find, for the
contact interaction, in agreement with [22], that the groundstate contribution Ky reads:

Ko= [ @580 (Lo Do) 60-Us [ @ @) @' @3} [ e 05 1) G0,
(124)

As already shown (see equation (116) and (112)), the contributions coming from K; and K IT vanish identically,

and all that remains to be included is

ko= [ @rd ) (Lous200(m0) 7)) 56+ L [ (mr0) 3 03 @0+ 0 5615 0)
(125)
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4.2.2 Self-consistent quadratic approximation for quantized ranged interactions

Let us now take a look at a ranged interaction, r # r’. We need to look back at equation (118) for the
decomposition of the fully quantized ranged interaction terms. These can be simplified in the same way as
for the zero-range interaction, except that now r # r’, leading to slightly different results, as can be seen, for
example, for terms of the form

) (71 @& @) 5 (0)) = 60 (T @) F ) 310+ (B 0 T () (@) + (5T @) (1)) § ()
= () (nr () 3 (1) + Gr (e, ) § () + M (1, 7)F (1))
(126)
where we have defined G7(r,r’) := (¢ (r) ¥(r')) and M7 (r,r’) := (¢"(r) 7 (r’)). Note that there exist

four such terms but conveniently they all drop out due to the vanishing contributions from K; and K I For
the quartic term, the quadratic approximation yields

G (@) g () = @Ta @) it (@) ) + (T @)E ) § ' () g (r)
+ (T @) d @) () + @ @) () () §(r)
+ (@@ () () b (x) + (G () () () ' ()
— (@ @) @) - @ @) (FT()(r)
(@ x)) (G (r)) (127)

=nr(0) " () g (x') + nr () (1) G (x)
+Gr(r,t') g1 () (1) + Gr(r', 1) §F (1) g (1)
+ My (e, ) G (x) g (1) + Mr (1) §F (0) 7 (1)

— pairwise averages .

Then, after sorting terms, the factorized grand canonical Hamiltonian consists of

ko= [ e (£-w)dm -G [ e [ev o (5 wa e

= (T @F ) (I r)) - (F7 () () (w*(r>w(r)> - (I 03 () (G ) |
(128)

— ~ sz ’
- [@rdw(2-u)om- T [ar [ @ | mamn)
-Gr(r,v)Gr(¥',r) - Gr(x',r')Gr(r,r) — MT(r, r') My (x/, r)]
and

ko= [ @i @) (2-u)iw-6n [ @ [ @ — |5 @ dm(# 0w + (57 0)iw)

5 FE(F W) + @ OF0)) + 5 (5T G EFEN )+ 50 O ()b )

- [ @it (£-p)iw-on [ [ @ —— 5705000 +nrw)

5 W) ) (Golr )+ Gr (0 + 3 (Mr () 51 (057 () + My (e, X) B () § ()|
(129)
Note that in the first two terms of the interaction part on the RHS of equation (129), symmetry leads to a
doubling of contributions when r is exchanged for r’. It is easy to check whether this is correct by simply

changing the ranged interaction potential back to the zero-range potential and setting r = r’, upon which we
recover the known HFB-Hamiltonians denoted in equations (124) and (125).
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4.3 Denoting Classical Gravity in the Schrodinger-Newton picture for HFB-Theory

For the following considerations, we will constrain ourselves to the so called Schrodinger-Newton formulation
of gravity. Intuitively, it seems natural to incorporate a classical operator into the probabilistic framework of
quantum theory by simply denoting it as its expectation value. A more rigorous reasoning for why this works
can be found in [9]. Now, if the Schrodinger—Newton equation is considered as a fundamental equation,
there is a corresponding N-body equation that was already given by Di6si [25], and can be derived from
semiclassical gravity in the same way as the one-particle equation:

P &
ih—W(t,X),...,XN) = (— — V2 4+ Vo (%)
ot ;ZMJ' /
(130)

N 2

YLy, ..,

-G ) mjmk/d3YI"'d3YN| Y I Vs gy,
= IX; = ¥l

where the required boundary condition is, that the gravitational potential goes to zero as r goes to infinity. We
will simplify our model by taking the gravitational potential ® = (®). Following [9], let Qn (¢, 1y, ..., TN)
be the N-particle wave-function

N
1
Qn) = — / Eri|Qut,ry, .. rn) ¥ (ry) - Pi(ry) |0). (131)
wil) 1]
The expectation value is then
N N
<sz(r>|‘P'<r)w<r>|sz<r)>=Z( / [T &rienr,. . orurrm,. o (132)
Jj=1 J#isi=1
which leads to [23]
H[Q](r) = / d%\y‘*(r)(z—u)w(r)—sz / v " 1r,|W"‘(r)\y(r)@(t)|\11"'(r')lp(r') Q1)) (133)
At equilibrium, the static system is then described by
1
Kco =/d3rw(r) L—pu ‘I’(r)—GmZ/d3r’m‘l"(r)®[‘l‘](r’)‘l‘(r). (134)

Here, the notation ®[W¥](r’) alludes to the ”non-linear nature”. In other words W is necessary to determine
®. This is often referred to as a wavefunction “’self-interaction” since, in the first quantization picture, the
wavefunction of a single particle will now interact with itself, something that can never occur in a quantum
theory of gravity. By treating ® = (®) we immediately see that the Hamiltonian remains quadratic in the
self-gravitational interaction. This can be seen also by decomposing ¥ as before, such that

Y~ (G+9)(6+9) = ¢+ +dTd+0T0 . (135)
Using our results from previous sections, we can write down the contributing Hamitonians as

1
r—r'|

ko= [ @18 W] -] 60 -G [ @ 8w @) + el dm  (36)

and

ko= [ @ed )£ o) -Gt [ @ 0w (@161 + oI by . a3)

r—r|

Clearly, at least within this treatment, no other terms arise in the interaction.
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4.4 Phase Space R*"

Bose-Einstein condensation, as a second order phase transition, is a phenomenon most often best observed
in phase space, rather than in configuration space. It hence makes sense to look at the Fourier transform
of equations (128) and (129), as well as (136) and (137). Recall our already made assumptions, regarding
translational symmetry - a homogeneous system - the Fourier transform of the order parameter and the
thermalized wavefunction can be written as

: 1 ke, V2 N
P(r) = i Z etkrihg, = - / dke™/hq, (138)
k

and its respective hermitian conjugate ¥ir) — dz. Using the decomposition from (111), which is in

agreement with the Bogoliubov mean-field approximation of the ground state for ®y — ag =~ VNy, and the
respective thermalized states, we can write an arbitrary non-local interaction as

1

Hi=3 >, (kuklVi@lks k) o a} agar,. (139)
ki,ka,k3,kq
with matrix elements
1 . X ,
<k1, k2|VI(q)|k3, k4> = W / dl‘/ dr’ e—l(kl—kA)r e—l(kz—k_%)l‘ V](l‘, I”) ) (140)

For a homogeneous system the interaction depends only on the difference between r — r’, Vy(r,r’) =
Vi(Jr = r’|). The Fourier transform of the interaction potential is computed by twice integrating by parts,
requiring as boundary conditions that V; goes to 0 as |r —r’| — oco. For the sake of generality, let’s consider
a ranged potential of the form V;(r,r’) = %, where |x| = |r — 1’| and C is an arbitrary constant for the

moment, C < 0, (but really, later, C = —-Gm?). Then
1 .
T(V]) = C/ dXﬁeiqu/h
X

+
=C h 1 —qu/h
7

(141)

l/d d 1) -iaxm|
iq dx |x|

Due to the chosen boundary conditions, the first term is equal to O in the limit of |x| — co. Repeating the

procedure gives
d 1), -iqxm h +— / @ 1 eiax/n (142)
dx |x| ax? |x| ’

where the ﬁrst term on the RHS again goes to zero for above mentioned reasons. Now using the well known

result < |x| = A\x\ =47 6% (x — x’), we have
hZ
F(Vi(r,r)) =Vi(q) = 42C— . (143)
q
We can now simplify the matrix elements
1
(k1 ka|Vi(Q)lk3, kq) = VI(Q) Oq,k—kys Oq,—ky+ks (144)

and by setting k) = k, ko = k', k3 = k' + g, and k4 = k — g, the two-body interaction becomes

1
Vi=, Vi(q) ajal,arqar—q - (145)
Considering conservation of momentum, this can be seen like a scattering process with two incoming
particles of momenta k and k’, and two outgoing particles of momenta kK’ + q, kK — q, where k denotes
the wave vector in a plane-wave basis. We can further simplify this by taking another good look at the
potential of the long-range interaction in phase-space. Since for a translationally invariant system, we have
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Vi(r,r’") = Vi(|r — r’|), we can see what this constraint implies in phase space by rewriting equation (140)

as
dk dk, ;> / g ’ J
_ VI (k, kl) etk(l‘—l‘ )el(k +k)r . (146)

e = | G ) Gy

Since this has to be a function of r—r”, it is obvious from the factor ! K+t that any reference to the absolute
value of r’ can only vanish, if k” = —k. Hence V;(k,k’) o< 6(k + Kk’) or in short V;(r,r") — V;(k, k). For
correlation functions, for instance, this means

G(r,t') = (¥ () ¥(r)) — Gk) = (¥ R)¥(-K). (147)

Another way to see this is by noting that in a translationally invariant (a.k.a. stationary) system, we must
have
G(r,r')=G(r+c, ¥ +¢), (148)

where ¢ is some constant vector. Therefore, it must also be true that
Grr)=G(r-r,00=G(r-r'), (149)

since the correlation only depends on |r — r’|. Performing the Fourier-transformation

~ 1 L,
G(p,q) = (Zn)d//ddrddr’ ePTHAY G (p — 1)

1 . . ,
= —(2ﬂ)d / / d%u d?r’ ™ !PT G (1) (150)
=G(p)s(p+q),

which forces q = —p, and renders G (p) diagonal in phase-space [26].

4.4.1 Quantized Gravity in Phase Space R>"

Let’s look back at equations (128) and (129) and Fourier-transform the expressions term by term. Recall
that we have assumed homogeneity, and isotropy initially. In this case, we have:

Wy (r) = e'*r, (151)

(ignoring dimensional factors of the volume V), and no(r) and Gy(r, r’) are independent of r and r’, and
we can also take G (r,r’) = Gp(r — r’). We Fourier transform the following:

, B oo
Vitr=r)= [ SLu@en)

d3p’ .,
ny(r) = #m(we"’ - (152)

’ d3 ~ ) -r’
GT(r—r)z/ (zﬂl)]3GT(p)e”'(' ),
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In this case, the interaction Hamiltonian is:

d3q

&k Pk

2 _ 2 3 3.7
Kin: =-Gm /d rd’r L

(S

+

dq &Pk B

=-Gm?

(27)* (27)3

(2m)3
6P (-q +p)ﬁr(p))

(2m)* (27)°

- ; / ir (k' d? ipr’
Vl(q)ezq(r—r ) [d;;dk/e"(k ) (I’lo +/ —(2 ?3 ﬁT(p)e‘lpr
e

J!‘af\k,e,—ir'keirk' GO +/ d3p eip(r—r/)GNT(p) + - ]
k (2m)?

V(@) | agaw (no2m) %6 (g + k' - k)5 (q) + 25D (g + K ~ k)

+alai (Gom®s D (q + k)6 (<g k) + 206D (g + K+ p)sD (g ~ k = p)Gr(p)) +--- |,

AP i dq o
:—Gm2/‘ (2703 [VI(O)noa,tak+‘/ﬁv;(q)nr(q)azak_q

d’q

+Vi(—k)Goal ay + / PR

Vi(0)Gr(-q - K)aja+-- |

$k [ o dq - - o
:—sz/ (271-)3 [VI(O)noa,tak-l-/WV](q)nT(q)a;;aqu

- ot Pa - B .
+Vi(k)Gody dr +/ ﬁV](q)GT(q+k)a;ak +]

and for the off-diagonal terms

(153)

Rinn ==Go® [ e Ville=v') [ 3 (mr .00 81 03" ) 4 () G000 0).

Introducing the additional notation

a1
(2n

P

(154)

(1) =) (155)

and performing the r- & k’-integrals after rearranging the terms in the exponentials:

d’q &’k K
=_G 2 d3 d3 ’
" / T ) @’ ) @ enp
——em? dq &’k &K
- 23 J (2n)3 (27)3
:_szl d’q / d’k
(2n)3 J (2n)3

Altogether, the Fourier-transformed Hamiltonian takes the form:

1
Hy = (Vext —,u) ng + 5Vg|k:0 n%

sz(—

+ V5 (0) ng altak + Vi (K) [nT(k)alak

+ (GO + G(Tl) (q+ k)) af(a_k

hZ

Vi(q) e |

VI(‘]):--

k2 i
S T Vext — ,u) agak

1 Y . + P
ilr’-r) T —ikr 1  —iK'r
+§ (mT(l) N’ ae " aye
S L) Nl .
+ m;(l') e il (r-r") Clk'e‘lk r akezkr)]

1 + o
+§(mT(l) a, a

Lal, 2m)°6(-q-k+D)d(q-K —1)

+mi(V) awax (20)° 6(q+k - 1) 6(~q+ K + 1))]

+1( ltaik mr(K) +a_kakm’}(—k))].

2
(156)

(157)

1 T 5
+ 3 (mT(k) akaik + my(—K) a_kak)] .
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The main difference to the scattering HFB-Hamiltonian is how % of the contributions (ng + ny) has now

become a correlation function GV (r, ') = ¢*(r)¢(r') + G(Tl) (r’,r). One can diagonalize H, by means of
a Bogoliubov Transformation, to find the Eigenenergies of the system.

Please also note, that the Fourier transform of the interaction potential shows a singularity at k = 0.
To deal with this singularity in a physically meaningful way, recall how the potential was most generally
denoted in equation (22). Reminding ourselves that the scattering length a; is effectively the “size of the
scatterer”, it becomes clear, that the cutoff defined in (22) is equivalent to this physical entity, because the
zero-range interaction becomes dominant at this length scale. Hence, |r — r’| is bounded from below by ag
which implies

1
VoK) =-Gm*>— =V(0) ,for|r—r]<ay. (158)
k=0 ag

As a final sanity check, we now compare this to the approximations in [13] and [21]. In the former
case, we neglect the thermal cloud and take nr = 0 = G, as well as taking G = ng, giving:

N R o
Rint ~ —Gm (2ﬂ)3[ng(V1(0)+V1(k))akak+ ] (159)

This matches the first term of (8.10) in [13]. The first part is the Hartree interaction (where the particle
effectively interacts with the whole condensate) and the second is the Fock interaction (where the particle
interacts with a single particle in the condensate).

On the other hand, for [21] we must keep the thermal cloud but set Gy = ng, Gr = nr and take the
contact approximation where we just set V;(g) = V;(0) - we then have:

A’k
(27)3

Rint ~ —2Gm? [V,(O)(no wnp)alag +o |, (160)

which matches the second term in (3.29) in [21] (for a uniform system). Since we have taken a contact
potential, the Hartree and Fock interactions are equal [13]. These interactions can also be derived by
considering a uniform system in just the Bogoliubov approximation.

4.4.2 Bogoliubov Transformation

As already discussed in the previous section, the Bogoliubov Transformation is a linear, symplectic trans-
formation on R?". Let us adapt notation as before for the sake of clarity, and relabel:

T T

ag—a , a, —a
K k (161)

ax—b , aT_k - b’
Then H, reads:
H; = (_ %*‘Vem‘ _#)aTa
+Vs(0)nga'a + Vg (k) [nT(k)aTa

(162)

+ (Go + G(T')(q+k)> a'b
+ %(mT(k) a'b’ + my(—K) ba)] .

If we set r = r’ and hence the b in the 37 line of equation (162) back to a, we recover the usual form for a
zero-range interaction, as for instance denoted in [13]. Defining the quasiparticle creation- & annihilation
operators as

Pk — «a

163
B-x — B, (169

24



which are required to satisfy the canonical commutation relations [, '] = [8,87] = ¢; 7 and O else, the
Bogoliubov Transformation can be denoted as

a=ua—-v8" ., b=uB-va'
p p (164)
aTzuaT—vﬁ , bTZMﬁT—UCL/
and requiring that
up —ovp =1, (165)

where without loss of generality u,v € R, since their phases are arbitrary. Then contributions coming from
a'a transform like

(nilatalng) = (nil(ua’ - vB) (ua — vp")|nk)
= (n|u* o — uv aT,BT —vu Ba + v ,8,8+|nk)

= (nglu? o’ —uva’ BT — vu Ba + v? (,B,BJr —ﬁT,B) + 0% BT Blng) (166)
= (m|u* o’ —uva' BT — vu Ba + v’ 1 + v B Blny)
= Z vi +ng (U + %)

k

and

(nila*blng) = (nel(ua’ - vB) (uB - va')|ng)
= (nelu? " B—uwva'a’ —vu BB+ 0?1+ 0 o' Blng)

(167)
= Z vi +ng(u? +0%)
k
and the anomalous contributions transform as
(nila’ b |ng) = (il (ue’ - vB) (B’ — va)|ng)
= (ni|u? "B —uva'a —vu BBT + v* Ba|ng) (168)

= —Z uv(2ng + 1)

and of course the same result is true for (ng|balni) = — ¥, uv(2nk + 1). When looking at the transformed
contributions, one must keep in mind that the @ and 8 annihilation- and creation-operators do not represent
single particle states, but collective excitations in the respective k-modes. This again represents the sound-
like propagation of the excited waves” through the BEC.

Let us consider again the contribution coming from the correlation function in equation (167). Follow-
ing the arguments of Penrose & Onsager [27], we look back at the definition in equations (111) and (113).
From it, it immediately follows that

GV (r,r') = N¢*(r) o(r') (169)

and therefore

= /d3r'G<1>(r,r')¢(r’)=N¢(r)
(170)
= /d3r'G<1)(r,r')¢rk(r'):O.

The other ¥ (r) have eigenvalues ng, which are of O(1), and hence the correlation function can be
decomposed as

G (rr) = No¢™ (1) 6(') + D mc (1) Y (x') (171)
k

Furthermore, since equation (170) corresponds to a Hermitian operator eigenvalue equation, the eigenvalues
are real, and we can take the eigenfunctions to form a complete orthonormal set. This, together with the
arguments presented in equations (148) and (150), shows that H, for a ranged interaction contributes to the
energy in precisely the same way as a zero-ranged one, up to a coupling factor, after applying the Bogoliubov
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transformations. This convenient result makes it easy to rewrite Hg g p including both zero- and long-ranged
interactions in the fully quantized version.

Therefore, we denote:

Vi=Uy+ Vg (172)
where
Uy = 4nh> =%,
" (173)
Gm?
VG = —471'7’_127

with a denoting the s-wave scattering length, as usual, G the gravitational constant and m the particle mass.

Gm? ) (174)

Vi =dan? = - —].
= Vy T (m k2

Furthermore, we denote the external (harmonic oscillator potential) by V,,;, as before. Let us recall the
Hamiltonian of the zero-range scattering interaction, which reads

1 1{ nk? +
H, = (Vex, - ,u) no + EUO n(z) + Z 5( " o + Vexr — /,t) (azak + a_kak)
k#0 mn

+ZUO (n0+nr)(azak+a a_ k) ZUo(mka +m _xa- kak)

k#0 k¢0

1 n2k? .
= (Vext — ) no + 2UonO+Z(— —m+Vext u) a,ai

1
¥ it .
+ ,;02 Uy (no + nT) a,ar + 3 ;) Uo(mkaka_k + mfka_kak)
(175)

Then, in the light of above results, we can denote the full Hamiltonian, including scattering and quantized
gravitational interaction, as
1 nk?
HoG = (Vext — 1)no + = 5 (Uo + Vg|k 0) ng + Z ( -5 + Vot — u) aZak
k#0

+ kZ;) [V(O) no + V(K)(no + 2nt) + 2Up (no + nT)]aZak (176)
#

+Z (U0+VG(k))(mkaTa W tmia- kak)
k#0

Finally, the Bogoliubov Transformation for Bosons amounts to solving the Eigenvalue problem

2

21,2 2
2 ( ok +Vext—,u+V(O)n0+V(k)(n0+2nT)+2U0(n0+nT)) —(mk (U0+VG(k))) . (177)

06 = | T 2m

A quick look back: in equation (90) we chose u and v as uy = cosh(6y) and vy = sinh(6). Considering
the additional condition that the Bogoliubov Transformation serves to make the coefficients 873" and 58
vanish, 6; must be chosen appropriately. From this, one can uniquely determine the coefficients as

2 1 —% + Voxs — M+ V(O) no + V(k) (n() + 2nT) +2Uy (l’l() + nT)
Uk.0G = » +1
’ 2 €k
e (178)
5 1 =5+ Vext =+ V(0) ng + V(K) (no + 2n7) + 2Uo (no + n7)
V.06 = 5 -1].
’ 2 €k
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We arrive at the diagonalized Hamiltonian (also taking the ensemble average):

1
(Hoc) = (Vext — u)No + 3 (Uo + VG|k:0) g

+ Z + Z €ra, ag

k#0
(179)

m

212
€ — ( - hz—k + Vext — o+ V(O) no + V(k) (I’l() + ZnT) + 2U()(I’l() + nT))

4.4.3 Fundamentally Classical Gravity in Phase Space R>"

Starting at equations (135) and (136), which we shall consider again using our results from the previous
sections, we compute (explicitly for the ranged interaction part):

R . [ dq &k &K P L K , i TN
Kint = —sz/ d*r d’r 20)? 20 (2n)3 Vi(q) 91" [a;;e K gye kr(no(r ) +/ 207 ii(p) e'™" )]

dq &’k &K , 3
s [ s s @ o ansta k) (mata 10560~ )|

3 3
==an? [ S5 [vormaac [ Sdvi@in(@ ajac|

= —Gm?

(2m)?
(180)
The Fourier-transformed self-gravitational interaction can hence be denoted as
Hin,cc = Vo (0)( abao(aban) + ajaota’ ya-1)) + 3" Vo (0) aartalan) + Vo (Ryajaria’ a0
k0 (181)

=Vs(0) ( N§ +No nT(—k)) + Z (VG(O)n() + VG(k)nT(k))alak ,
k#0

where we have again used the definitions from equation (120). If we now add the scattering interaction
terms, which are precisely the ones known from HFB-theory, we get:

] h2k2 "
Hee = (Vext - /‘) no + EUO n(z) + VG (0) ng (no +nr) + Z ( C 2m + Vext = ,u) a}(ak
k=0

+ Z [V(O) no +V(K)nr +2Uq (no + nT)]aZak
k#0

1 -
+ Z EUO (mkalLaLk + m_ka_kak) s
k#0
(182)

where we again denoted the zero-range scattering interaction potential as Uy and the fundamentally classical
gravitational potential as V;, as above. Solving the Eigenvalue problem we find

n2k? 2 2
ei,CG = ( i Vext — 1+ V(0) ng + V(K)ng + 2Ug(no + nr)) - (mka) , (183)

and the ensemble average reads

1
(Heg) = (Vext - M) no + EUO ni + VG‘ ng (no + nr)

k=0
* ),

k#0

(184)

+ Z ekazak .

€k — ( - % + Vext — M+ V(O) no + V(k)}’lT + 2Uo(no + nT))
k+0
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5 Thermodynamic Observables & Experimental Feasibility

Noticing that the ensemble average () = (E), and the relation (aZak) = f dk1/(exp(Ber) — 1) = fx,
we can now easily compute the specific heat capacity cy:

0 ei e Pex
= _(E) = , 185
v (9T< ) Z kpT? (1 — e~ Pex)? (185)

k#0

as expected. From this, it is easy to see, that the only difference in the contributions coming from the
gravitational interaction lies encoded in the €, and hence a direct comparison between the two energies can
help clear the picture. Let us write them down again, for clarity:

h2k2 2 2
E/z,QG = ( - % + Vext —u+ V(O) no + V(k) (n() + ZnT) + 2U0 (l’l() + nr)) - (mk (U() + VG (k)))
) n2k2 : :
Ek,CG = (— W+Vgxt —M+V(O) n0+V(k)nT+2U0(n0+nT)) - (mkU()) .

(186)

5.1 Magnitude of the normal and anomalous contributions in €,

Let us now turn our attention to contributions coming from the occupation numbers 7y, and the anomalous
contributions from my. As we will see shortly, this is a key estimate with respect to the behaviour of the
BEC as we approach T, and hence the difference in specific heat capacity cy for each of the two gravity
models. For simplicity, we introduce the notation

€k = \/(L —u+ In(k))z - (Im(k))z s (187)

22 . . . . S
where £ = % + Vex; again, and the I,,(,,,) (k) generalize the interactions. Assume equilibrium of the
repulsive and the attractive interaction potentials, such that |Uy| = |V|. Define:

~]~n := Uo(ng +nr) = Vg (ng +nr) (188)
Im = UomT = VGmT
while also tacitly assuming |V (0)| = |V (k)|. Accordingly, we can denote (up to prefactors)
wp = 3[(£ - i+ 10 e +1]
(189)
vi = %[(L —p+1,(K)) /e — 1]

in correspondence to equation (178). Note that ny, my € R but while ny > 0, we have that my < 0. If one
examines the asymptotic behaviour of the two contributions, as for instance in Davoudi et al. [28], one finds

lim (nk = mk) = (2fk + 1) lim ik)
26k

1
k—0 k—0 ’ (190)

where fx corresponds to the expression given at the beginning of this section. Yukalov and Kleinert [29]
make this even more explicit and demonstrate the behaviour of the two contributions in the long- and
short-wavelength limit. Here, we will just quote their results, as

mr|~n; fork —0

‘ | (191)
|mk| >n, fork > oo,

Not only does this imply that the anomalous contributions mj are always important, but it is also a key
result for our analysis of the two € ’s. If we look at equation (186) again, inserting the appropriate prefactors
according to our definitions above, we can make the following estimation:

2 2
& o0 = (£ -n+aW) - (21,0
) 5 (192)
& oo = (z . sin<k>) - (im<k)) ,
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where we have taken into account that for n ~ 10%! particles |Uy| ~ |V|, as shown above. Then, in the
long-wavelength limit, where €, < T, we can set [,,(k) = I,,,(K). If we neglect the trap potential, V,,; = 0,
and assume u — 0 as k — 0, we can make a rough estimate of the ratio of the two energies as

€ 3
fim |29 ==
k—0 €k,.CG 2

(193)

For the short-wavelength limit, where €, > T and hence |mk| > ng, we will neglect the terms only
containing 7, (K) to get

2 . 2
.06 = (L - u) - (21m(k))

) 5 (194)
€ cc = (L —ﬂ) - (Im(k)) ,
leading to
€, ~
lim [ "’QG] <1, forly<(L-p). (195)
k—eo L€g,cG

This behaviour will give a characteristic signature of the difference between the two pictures of classical-
versus quantized gravity in the thermodynamic & large-volume limit.

Cy

QG

CG

TIT,

€2

2% = 0.66

Figure 1: The evolution of the specific heat capacity cy , with
k,CG

5.2 Consideration of the trap & BEC-size

To complete our discussion of the thermodynamic observables and experimental feasibility, let’s briefly
consider the influence of a harmonic oscillator trap as has been proposed throughout this work. Let’s fix the
trap frequency wo = 100Hz. Starting from there, with T fixed at 10~ Kelvin, we can compute that

hw  O(1073*)0(10%)
o
kgT  O(10-2)0O(1079)
Note that hiw/kpT is dimensionless. Now we check for which particle number the self-gravitational

interaction will become of the same order of magnitude. So we write, again in dimensionless form as
mentioned already in section [2] in equation (26):

«O(1) . (196)

1
Gm?N? RkpT\?
1= 27 GB) « 1015 (197)

" RkgT

m2
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where we have assumed a volume of 1m>. This also gives us a first rough estimate regarding the size of the
BEC which would be necessary to tune the repulsive and the attractive interactions to be of the same order
of magnitude. We estimate N > 10" for the self-gravitational interaction to become visible clearly in the
BEC and advise striving for even larger N condensates.

6 Summary & Outlook

In the present work, we have considered a self-gravitating Bose-Einstein condensate at finite temperatures,
aiming to provide a theoretical foundation for future experiments measuring its thermodynamic properties
to identify whether the fundamental nature of gravity shows a characteristic signature. To this end, we
have derived a full Hartree-Fock-Bogoliubov theory for a gravity-like ranged interaction, considering both
a quantized gravity picture, as well as a classical one. We discussed the specific heat capacity at constant
volume, cy, and provided estimates for the size where the effects of the self-gravitational interaction would
become clearly visible.

Our calculations show, that such experiments are indeed possible, and the signature of quantum- vs. classical-
gravity should be discernible. With improvements being made regarding the size of BEC-experiments, we
are hopeful our projections will be within reach in the very near future. We are positive, that precision
measurements of thermodynamic properties of a self-gravitating BEC can provide a new angle to resolve
the long-standing issue of whether gravity shows signs of “quantum-ness” or is a fundamentally classical
type of interaction.

The foundations laid out in this work provide solid ground to spawn future considerations. We would
like to note, that the Hartree-Fock-Bogoliubov theory derived herein still suffers from the problem of show-
ing a gap in the energy spectrum, in direct contradiction to the Hugenholtz-Pines-theorem [30], which is
known to be rigorously true. This can be amended though, improving the current theory along the lines
suggested for example by Yukalov & Kleinert [29]. Once a gapless-spectrum-theory is derived, explicit
calculations of the shift in critical temperature 7., with respect to the classical- and quantized-gravity picture
should help to further clarify such precisely measurable thermodynamic observables.

On the experimental side, while such measurements can surely be carried out in a ground-based lab, it
makes sense to consider conducting those tests as far away from Earth’s gravity well as possible, to ensure
minimum interference with the gravitational field of our planet. Indeed, Bose-Einstein condensation has
been observed successfully aboard the ISS [31]. This, together with ongoing technological improvements
regarding the precision of measurements, leaves us hopeful of being able to carry out the suggested experi-
ments in the near future.
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