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Chapter 2

Abstract

The main goal of this PhD thesis has been to start developing the theory of
generalized real analytic functions (GRAF). The framework is that of general-
ized smooth functions, a branch of Colombeau theory where generalized func-
tions share many nonlinear properties with ordinary smooth functions, like the
closure with respect to composition, a good integration theory, and several clas-
sical theorems of calculus. Unlike classical Colombeau theory of real analytic
functions, the basic idea to define GRAF is not to use a characterization by
growth of derivatives, but the notion of hyperseries, i.e. of series of Colombeau
generalized numbers extended over the set of hypernatural numbers "N (gener-
alized numbers having an integer representative). In fact, since the ring ’R of
Robinson-Colombeau is non-Archimedean and Cauchy complete, a classical se-
ries ZZ:E) a,, of generalized numbers a,, € ’R is convergent if and only if a,, — 0
in the sharp topology. This property does not permit us to generalize several
classical results in the study of analytic generalized functions. The notion of
hyperseries naturally needs the preliminary concept of hyperlimit, i.e. of limit
n — +oo for n € “N. Both for studying monotone hyperlimits and the radius of
convergence of hyper-power series, we had to consider that R is necessarily not
order-complete, and we therefore studied the notions of close supremum and
infimum in order to generalize the classical theorems for hyperlimits and hyper
superior and inferior limits. The corresponding notion of hyperseries allows us
to extend numerous classical results which do not hold using classical series in a
non-Archimedean framework: all the classical convergence tests and examples,
Cauchy product and Mertens’ theorem and even the study of divergent infinite
hyper sums. These foundations allow us to develop the notion of GRAF by
studying hyper-power series and proving classical results such as algebraic op-
erations, composition and inversion of hyper-power series. We also considered
term by term derivation and integration and the characterization by local uni-
form upper bounds of derivatives. On the contrary with respect to the classical
use of series, we can recover several classical examples in a non-infinitesimal set
of convergence and all Colombeau real analytic functions. The notion of gener-
alized real analytic function reveals to be less rigid with respect to the classical



one, e.g. including classical non-analytic smooth functions with flat points and
several distributions such as the Dirac delta. For this reason, the classical iden-
tity theorem does not hold in general and we proved only a sufficient condition.
On the other hand, this better flexibility is important, because we eventually
aim to generalize, in a future work, the Cauchy-Kowalevski theorem to a wider
class of generalized functions.



Chapter 3

Kurzfassung

Das Ziel dieser PhD Dissertation ist die Entwicklung einer Theorie der verall-
gemeinerten (engl. generalized) reell analytischen Funktionen (GRAF). Den
Rahmen dafiir bilden verallgemeinerte glatte Funktionen, ein Teilgebiet der
Colombeau Theorie, welche zahlreiche nicht-lineare Eigenschaften mit gewohn-
lichen glatten Funktionen teilen, wie zum Beispiel Abgeschlossenheit beziiglich
Komposition, eine vielfaltige Integrationstheorie, sowie mehrere klassische The-
oreme der Analysis. Im Gegensatz zu der klassischen Colombeau Theorie der
reell analytischen Funktionen, ist die Grundidee in der Definition der GRAF
nicht eine Charakterisierung durch das Wachstum der Ableitungen, sondern
das Prinzip einer Hyperreihe, d.h. einer Reihe bestehend aus verallgemein-
erten Colombeau Zahlen, erweitert iiber der Menge der hypernatiirlichen Zahlen
PN (verallgemeinerte Zahlen mit einer ganzzahligen Représentation). Da der
Robinson—Colombeau Ring PR nicht-Archimedisch und Cauchyvollsténdig ist,
konvergieren klassische Reihen der Form E:ico a, mit a, € R dann und nur
dann wenn a,, — 0 in der sogenannten sharp topology. Diese Eigenschaft hin-
dert uns mehrere klassische Resultate auf die verallgemeinerten analytischen
Funktionen zu erweitern. Das Prinzip einer Hyperreihe benotigt das Konzept
eines Hyperlimits, d.h. eines Limits n — o0, fiir n € ?N. Fiir die Unter-
suchung monotoner Hyperlimiten und Konvergenzradien von Hyperpotenzrei-
hen mussten wir beriicksichtigen dass R nicht ordnungsvollstindig ist. Daher
befassten wir uns mit den Konzepten eines abgeschlossenen Supremums und
Infimum um klassische Theoreme auf Hyperlimiten, sowie Hyperlimes superior
und inferior zu verallgemeinern. Das dazugehorige Konzept einer Hyperreihe
erlaubt es uns zahlreiche klassische Resultate zu erweitern, die fiir klassische Fol-
gen in einem nicht-Archimedischen Rahmen nicht gelten: alle klassischen Kon-
vergenzkriterien, die Cauchy-Produktformel, den Satz von Mertens und sogar
die Untersuchung divergierender unendlicher Hyperreihen. Diese Grundbegriffe
erlauben es uns das Konzept von GRAF durch Hyperpotenzreihen zu unter-
suchen, sowie klassische Resultate zu beweisen, wie algebraische Operationen,
Komposition und Inversion von Hyperpotenzreihen. Wir behandeln ebenfalls
gliedweise Differentiation, Integration und die Charakterisierung durch lokal



gleichméfige obere Schranken der Ableitungen. Im Gegensatz zum klassis-
chen Gebrauch von Reihen, kénnen wir mehrere klassische Beispiele in einer
nicht-infinitesimale Konvergenzmenge, sowie alle Colombeau reell analytische
Funktionen behandeln. Das Konzept einer verallgemeinerten reell analytischen
Funktion ist weniger starr im Vergleich zu ihrem klassischen Analogon, z. Bsp.
beinhaltet dieses klassisch nicht-analytische Funktionen mit flachen Punkten,
sowie mehrere Distributionen wie die Dirac Delta-Distribution. Aus diesem
Grund gilt im Allgemeinen das klassische Identitatstheorem nicht, und wir be-
weisen nur eine hinreichende Bedingung. Andererseits ist diese groflere Flexi-
bilitéat wichtig, weil wir letztendlich die Absicht haben, in einer kiinftigen Arbeit,
das Cauchy—Kowalevski Theorem fiir eine breitere Klasse an verallgemeinerten
Funktionen zu beweisen.



Chapter 4

Introduction

This is a collective dissertation, and it resulted in the publication of [68, 92, 93],
corresponding resp. to Chap. 5, 6 and 7. In order to start working with gener-
alized numbers and generalized smooth functions, the candidate D. Tiwari and
A. Mukhammadiev worked together on the first part of [(68], even if their work
immediately already diverged in the remaining part of [68], where A. Mukham-
madiev studied the properties of supremum, infimum and hyperlimits, whereas
D. Tiwari focused on the definitions of hyper superior and inferior limits and
their properties. The main problem of A. Mukhammadiev’s Ph.D. thesis [67]
was then devoted to hyperfinite Fourier transform, whereas D. Tiwari’s disser-
tation is centered on the theory of generalized real analytic functions. For both
works, the basic notions of hyperlimits, supremum, infimum and hyper superior
and inferior limits were hence essential.

Generalized smooth functions theory (GSF; see e.g. [11]) is a branch of Co-
lombeau theory where generalized functions share a number of fundamental
properties with smooth functions, in particular with respect to composition and
nonlinear operations. The general framework is that of non-Archimedean math-
ematics, i.e. the study of rings, usually extending the real field, that contain in-
finitesimal and/or infinite numbers and their use e.g. in mathematical analysis,
differential geometry and mathematical physics. Non-Archimedean mathemat-
ics includes topics and researchers, among others, such as nonstandard analysis,
synthetic differential geometry, the Levi-Civita field. (cf. [63, 56, 89]), etc. The
main aim of this dissertation is showing the flexibility of a non-Archimedean
framework, such as the Robinson-Colombeau ring of generalized numbers (see
chapter 5), by strongly extending classical results of analysis of real analytic
generalized functions. In general, a key concept of non-Archimedean analysis is
that extending the real field R into a ring containing infinitesimals and infinite
numbers could eventually lead to the solution of non trivial problems. This is
the case, e.g., of Colombeau theory, where nonlinear generalized functions can
be viewed as set-theoretical maps on domains consisting of generalized points
of the non-Archimedean ring R. This orientation has become increasingly im-



portant in recent years and hence it has led to the study of preliminary notions
of R (cf., e.g., [74, 5, 3, 75, 4, 6, 95, 64, 41]).

In particular, the sharp topology on R (cf., e.g., [34, 81, 82] and chapter
5) is the appropriate notion to deal with continuity of this class of generalized
functions having infinite derivatives and for a suitable concept of well-posedness.

This topology necessarily has to deal with balls B, (c) = {a: ER||z—¢| < r}

having infinitesimal and invertible radii r € §>0, and thus, e.g., % 4 0 if
n — +00, n € N, because we never have R-g 3 % < r if r is infinitesimal.
Thereby, the general term of the series Ziﬁ # does not converge to zero in
this topology. A related unusual property related to the sharp topology can be
derived from the following inequalities (where m € N, n € N<,,,, r € R5p is an
infinitesimal number, and |zj41 — 21| < 1r?)

|Zm — Tn| < T — T | oo |Tg1 — 20| < (m—n)r? <7,

which imply that (2, )nen € RN is a Cauchy sequence if and only if [#, 11 — 2| —
0. As a consequence, a series of CGN

Z ap converges <= a, — 0 (in the sharp topology). (4.0.1)
neN
(see [68, 92]; actually, this is a well-known property of every ultrametric space,
cf., e.g., [55, 81]). Naturally, this has several counter-intuitive consequences

(arising from differences with the classical theory) when we have to deal with the
study of series, analytic generalized functions, or sigma-additivity and classical
limit theorems in integration of generalized functions (cf., e.g., [79, 94, 12]).
Eg if ) cn % converges then necessarily z must be an infinitesimal number.
This implies that analytic Colombeau generalized functions (CGF) cannot be
expressed using their Taylor series With the usual radius of convergence. On the
contrary, we proved that Enen\l Ty = e” for all x € "R where e” € “R. Unlike
classical Colombeau theory of real analytic functions, the basic idea of this
dissertation is to define generalized real analytic functions (GRAF) not using a
characterization by growth of derivatives, but the notion of hyperseries, i.e. of
series of Colombeau generalized numbers extended over the set of hypernatural
numbers "N (generalized numbers having an integer representative) so that, e.g.,
L < r for all infinite n € "N sufficiently large. We thus expect to obtain a more
flexible and general notion of (power) series.

One of the aims of this dissertation is hence to solve this kind of counter-
intuitive properties so as to arrive at useful notions for the theory of generalized
functions. In order to settle this problem, it is important to generalize the role
of the net (¢), as used in Colombeau theory, into a more general p = (p.) —

0 (which is called a gauge), and hence to generalize R into the ring R (see
Def. 1.Chap. 5). We then introduce the set of hypernatural numbers as

’N ::{[ng] €’R|n. €N Ve}.
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The notion of sequence is therefore substituted with that of hypersequence, as
amap (Zn)n : ‘N — ’R, where o is, generally speaking, another gauge. As we
will see, (cf. example 27.Chap. 5) only in this way we are able to prove e.g. that
101-n —~ 0in ‘R as n € °N but only for a suitable gauge o (depending on p),
Wiereas this limit does not exist if o = p.

Finally, the notions of supremum and infimum are naturally linked to the
notion of limit of a monotonic (hyper)sequence. Being an ordered set, “R already
has a definition of, let us say, supremum as least upper bound. However, as
already preliminary studied and proved by [31], this definition does not fit well

with topological properties of 'R because generalized numbers [z.] € 'R can
actually jump as ¢ — 0% (see Chap. 5). It is well known that in R we have
m = sup(S) if and only if m is an upper bound of S and

Vr € Rygds e S: m—r <s. (4.0.2)

This could be generalized into the notion of close supremum in ”ﬁ, as in [31],

that results into better topological properties, see Sec. 4.Chap. 5. The ideas

presented in this dissertation, which is self-contained, can surely be useful to

explore similar ideas in other non-Archimedean settings, such as [14, 12, 85, 77,
].

The study of supremum, infimum and hyperlimits of Colombeau generalized
numbers (CGN) was carried out in [68] with the aim to subsequently apply
it to introduce a corresponding notion of hyperseries. The point of view of
chapter 6 is that in a non-Archimedean ring such as ’R, the notion of hyperseries
Znem Gn, i.e. where we sum over the set of hyperfinite natural numbers N,
yields results which are more closely related to the classical ones, e.g. in studying
analytic functions, sigma additivity and limit theorems for integral calculus,
or in possible generalization of the Cauchy-Kowalevski theorem to generalized
smooth functions.

Considering the theory of analytic CGF as developed in [79] for the real case
and in [94] for the complex one, it is worth to mention that several properties
have been proved in both cases: closure with respect to composition, integration
over homotopic paths, Cauchy integral theorem, existence of analytic represen-
tatives u., a real analytic CGF is identically zero if it is zero on a set of positive
Lebesgue measure, etc. (cf. [94, 79, 72] and references therein). On the other
hand, even if in [94] it is also proved that each complex analytic CGF can be
written as a Taylor series, necessarily this result holds only in an infinitesimal
neighborhood of each point. The impossibility to extend this property to a fi-
nite neighborhood is due to property (4.0.1) and is hence closely related to the
approach we follow in the chapter 6.

We refer to [68] and chapter 5 for notions such as the ring of Robinson-
Colombeau, subpoints, hypernatural numbers, supremum, infimum and hyper-
limits. See also [(4] for a more general approach to asymptotic gauges.

In [92] and chapter 6, the notion of hyperseries allows us to extend numerous
classical results which do not hold using classical series in a non-Archimedean
framework: all the classical convergence tests and examples, Cauchy product

11



and Mertens’ theorem and even the study of divergent infinite hyper sums.

These foundations allow us to develop the notion of hyper-power series in [93]
and in chapter 7. As we will see, this yields results which are more closely related
to classical ones, such as, e.g. the equality ") . vaT: = ¢” that holds for all
= € “R where the exponential is moderate, i.e. if |z| < log (dp*R) for some R € N
(here dp := [p.] € "R). On the other hand, we will see that classical smooth but
non-analytic functions, e.g. smooth functions with flat points, and Schwartz
distributions like the Dirac delta, are now included in the related notion of
GRAF. This implies that necessarily we cannot have a trivial generalization
of the identity theorem (see e.g. [57, Cor. 1.2.6, 1.2.7]) but, on the contrary,
only a suitable sufficient condition (see Thm. 40.Chap. 7 below). The notion
of generalized real analytic function hence reveals to be less rigid than the
classical concept, by including a large family of non-trivial generalized functions
(e.g. Dirac delta &, Heaviside function H, but also powers 6%, k& € N, and
compositions d o 8, 6% o H", H" 0 §% etc., for h, k € N.

Conversely, GRAF preserve a lot of classical results: they can be thought
of as infinitely long polynomials f(z) ="} .5 an(® — ¢)", with uniquely de-

(n)
termined coefficient a, = ! n,(c), they can be added, multiplied, composed,

differentiated, integrated term by term, are closed with respect to inverse func-
tion, etc. This lays the foundation for a potential interesting generalization of
the Cauchy-Kowalevski theorem which is able to include many non-analytic (but
generalized real analytic) functions. However, we did not develop this theorem
in this thesis, but we plan to prove it in a future work.

Some conclusions we can summarize at the closure of this thesis are the
following:

1. In chapter 5 we have shown how to deal with several deficiencies of the
ring of Robinson-Colombeau generalized numbers ’R: trichotomy law for
the order relations < and <, existence of supremum and infimum and
limits of sequences with a topology generated by infinitesimal radii. In
each case, we obtain a faithful generalization of the classical case of real
numbers. We think that some of the ideas we presented in this article can
inspire similar works in other non-Archimedean settings such as (construc-
tive) nonstandard analysis, p-adic analysis, the Levi-Civita field, surreal
numbers, etc.

2. One of the main goals of chapter 6 is to show that when dealing with non-
Archimedean Cauchy complete rings, it can be worth to consider summa-
tions over infinite natural numbers instead of classical series indexed by
n € N. As we proved for the Robinson-Colombeau ring ’R, this allows
us to extend numerous classical results which do not hold using classical
series in a non-Archimedean framework. We tried to motivate in a clear
way why we have to consider two gauges o and p and, for each result,
what relationships we have to consider among them., a possible summary
could be: for meaningful examples of convergent series, for all convergence
tests, one can assume p* < o < p* (where p* < o means pEQ < o, for some

12



@ > 0 and for ¢ small, similarily for o < p*; see Def. 2.Chap. 6). For
e-wise convergence, to have larger domains (see Example 11.10.Chap. 6),
one can assume o < p* . For divergent hypersums, one must assume
o > p* and work in ’Rg. Intuitively, to get

N
g a, — S
n=0

one is forced to “sum up” a sufficiently large number N € °N of summands;
how much this number has to be “large” depends on the relationships be-
tween the two gauges o and p whereas, if this is not the case, ¢ can be
“too large” with respect to p (i.e. o=! “too small” with respect to p~!,
e.g. we could have o. = log (— log pg)_l7 see Example 8.Chap. 6) and we
cannot assure to obtain (4.0.3) because we do not sum up a sufficient num-
ber of summands with respect to dp?. Since non-Archimedean rings are
not Dedekind-complete, we have been forced to substitute the least-upper-
bound property using the weaker Cauchy completeness. Once again, we
think that several of the proofs we presented here can be generalized to
other non-Archimedean Cauchy complete settings.

< dp? (4.0.3)

. Sometimes, e.g. in the study of PDE, the class of real analytic functions
is described as a too rigid set of solutions. In spite of their good prop-
erties with respect to algebraic operations, composition, differentiation,
integration, inversion, etc., this rigidity is essentially well represented by
the identity principle that necessarily excludes e.g. solitons with compact
support or interesting generalized functions. Thanks to Thm. 39.Chap. 7,
which states that the interior of the set of zeros of GRAF is a clopen
set of ’R, we can state that this rigidity is due to the banishing of non-
Archimedean numbers from mathematical analysis. The use of hyperseries
allows one to recover all these features including also interesting non trivial
generalized functions and compactly supported functions. This paves the
way for an interesting generalization of the Cauchy-Kowalevski theorem
for GRAF that we intend to develop in a subsequent work. Its proof can
be approached by trying a generalization of the classical method of majo-
rants, or using the Picard-Lindel6f theorem for PDE with GSF and then
using characterization Thm. 37.Chap. 7 to show that the GSF solution is
actually a GRAF.

13
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Abstract

It is well-known that the notion of limit in the sharp topology of sequences of
Colombeau generalized numbers R does not generalize classical results. E.g. the
sequence % /> 0 and a sequence (x,),eN converges if and only if x,,11 — x, — O.
This has several deep consequences, e.g. in the study of series, analytic generalized
functions, or sigma-additivity and classical limit theorems in integration of general-
ized functions. The lacking of these results is also connected to the fact that R is
necessarily not a complete ordered set, e.g. the set of all the infinitesimals has neither
supremum nor infimum. We present a solution of these problems with the introduction
of the notions of hypernatural number, hypersequence, close supremum and infimum.
In this way, we can generalize all the classical theorems for the hyperlimit of a hyper-
sequence. The paper explores ideas that can be applied to other non-Archimedean
settings.

Communicated by Gerald Tesch.

A. Mukhammadiev has been supported by Grant P30407 and P33538 of the Austrian Science Fund FWF
D. Tiwari has been supported by Grant P30407 and P33538 of the Austrian Science Fund FWF

P. Giordano has been supported by Grants P30407, P33538 and P34113 of the Austrian Science Fund
FWE.

P. Giordano
paolo.giordano @univie.ac.at

A. Mukhammadiev
akbarali.mukhammadiev @univie.ac.at

D. Tiwari
diksha.tiwari @univie.ac.at

G. Apaaboah
apaaboag @etu.univ-grenoble-alpes.fr

University of Vienna, Wien, Austria

University Grenoble Alpes, Saint-Martin-d’Héres, France

@ Springer



164 A. Mukhammadiev et al.

Keywords Colombeau generalized numbers - Non-Archimedean rings - Generalized
functions

Mathematics Subject Classification 46F-XX - 46F30 - 26E30

1 Introduction

A key concept of non-Archimedean analysis is that extending the real field R into aring
containing infinitesimals and infinite numbers could eventually lead to the solution
of non trivial problems. This is the case, e.g., of Colombeau theory, where nonlinear
generalized functions can be viewed as set-theoretical maps on domains consisting
of generalized points of the non-Archimedean ring R. This orientation has become
increasingly important in recent years and hence it has led to the study of preliminary
notions of R (cf., e.g., [1-4,11,15-17,25]; see bglow for a self-contained introduction
to the ring of Colombeau generalized numbers R).

In particular, the sharp topology on R (cf., e.g., [9,21,22] and below) is the appro-
priate notion to deal with continuity of this class of generalized functions and for a
suitable concept of well-posedness. This topology necessarily has to deal with balls
having infinitesimal radius r € R, and thus % 4 0ifn — +oo,n € N, because

we never have R.g > % < r if r is infinitesimal. Another unusual property related
to the sharp topology can be derived from the following inequalities (where m € N,
n € N, r € R. is an infinitesimal number, and |xz41 — x;| < r?)

2
|Xm — Xn| < |xXm — X1l + oo+ |Xpp1 — X0 S (m—n)r* <,

which imply that (x,),en € RNisa Cauchy sequence if and only if |x,+1 — x,| = 0
(actually, this is a well-known property of every ultrametric space, cf., e.g., [14,21]).
Naturally, this has several counter-intuitive consequences (arising from differences
with the classical theory) when we have to deal with the study of series, analytic
generalized functions, or sigma-additivity and classical limit theorems in integration
of generalized functions (cf., e.g., [12,19,24]).

One of the aims of the present article is to solve this kind of counter-intuitive
properties so as to arrive at useful notions for the theory of generalized functions. In
order to settle this problem, it is important to generalize the role of the net (¢), as used
in Colombeau theory, into a more general p = (p:) — 0 (which is called a gauge),
and hence to generalize R into some "R (see Definition 1). We then introduce the set
of hypernatural numbers as

N:={[n.]€’R|n. e N Ve},
so that it is natural to expect that % — 0 1in the sharp topology if n — +o00 with
n € *N, because now n can also take infinite values. The notioLl of sequence is

therefore substituted with that of hypersequence, as a map (x,), : ‘N — “RR, where
o is, generally speaking, another gauge. As we will see, (cf. Example 27) only in this
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way we are able to prove e.g. that ; 01 — — 0in 'Rasn € °N but only for a suitable

gauge o (depending on p), whereas this limit does not exist if o = p.

Finally, the notions of supremum and infimum are naturally linked to the notion of
limit of a monotonic (hyper)sequence. Being an ordered set, “R already has a definition
of, let us say, supremum as least upper bound. However, as already preliminary studied
and proved by [8], this definition does not fit well with topological properties of "R
because generalized numbers [x.] € “R can actually jump as ¢ — 0% (see Sect. 4). It
is well known that in R we have m = sup(S) if and only if m is an upper bound of §
and

VieRogdseS: m—r <s. (1.1)

This could be generalized into the notion of close supremum in *R, generalizing [8],
that results into better topological properties, see Sect. 4. The ideas presented in the
present article, which is self-contained, can surely be useful to explore similar ideas
in other non-Archimedean settings, such as [5,6,14,18,23].

2 The Ring of Robinson Colombeau and the hypernatural numbers

In this section, we introduce our non-Archimedean ring of scalars and its subset of
hypernatural numbers. For more details and proofs about the basic notions introduced
here, the reader can refer e.g. to [7,12,13].

As we mentioned above, in order to accomplish the theory of hyperlimits, itis impor-
tant to generalize Colombeau generalized numbers by taking an arbitrary asymptotic
scale instead of the usual p, = ¢:

Definition 1 Let p = (p.) € (0, 1]/ be a net such that (p,) — 0 as e — 07 (in the
following, such a net will be called a gauge), then

1) Z(p):= {(,08_“) | a € ]R>0} is called the asymptotic gauge generated by p.

(i1) If P(e) is a property of ¢ € I, we use the notation V¢ : P(e) to denote Jgg €

IVe € (0, g0] : P(e). We can read V¢ as for ¢ small.
(iii) We say that a net (x¢) € R’ is p-moderate, and we write (x,) € R, if

3(J,) € Z(p) : xe = O(J)ase — 0T,
1.e.,if
IN e NWe |xe| < ,OE_N.
(iv) Let (xe), (ye) € R, then we say that (x;) ~, (ye) if
V(Je) €Z(p): xe =y + O(J7 Hase — 07,
that is if

vin e NV @ |x, — ye| < Py
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This is a congruence relation on the ring R, of moderate nets with respect to
pointwise operations, and we can hence define

I’@::Rp/ ~ D,

which we call Robinson-Colombeau ring of generalized numbers. This name is
justified by [7,20]: Indeed, in [20] A. Robinson introduced the notion of moderate
and negligible nets depending on an arbitrary fixed infinitesimal p (in the frame-
work of nonstandard analysis); independently, J.F. Colombeau, cf. e.g. [7] and
references therein, studied the same concepts without using nonstandard analysis,
but considering only the particular infinitesimal (&).

(v) In particular, if the gauge p = (p.) is non-decreasing, then we say that p is a
monotonic gauge. Clearly, considering a monotonic gauge narrows the class of
moderate nets: e.g. if lim€_>% xe = +oo forall k € N, then (x;) ¢ R, for any

monotonic gauge p.

In the following, p will always denote a net as in Definition 1, even if we will
sometimes omit the dependence on the infinitesimal p, when this is clear from the
context. We will also use other directed sets instead of /: e.g. J € I such thatOisa
closure point of J, or I x N. The reader can easily check that all our constructions
can be repeated in these cases.

We also recall that we write [x;] < [y,]if there exists (z;) € R’ such that (z;) ~5 0
(we then say that (z,) is p-negligible) and x; < y, 4 z. for ¢ small. Equivalently, we
have that x < y if and only if there exist representatives [x.] = x and [y.] = y such
that x, < y, for all e.

Although the order < is not total, we still have the possibility to define the infimum
[xc] A [ye] :=[min(x,, y¢)], the supremum [x.] V [y.]:= [max(xg, ys)] of a finite
number of generalized numbers. Henceforth, we will also use the customary notation
»R* for the set of invertible generalized numbers, and we write x < y tosay thatx <y
and x — y € »R*. Our notations for intervals are: la,b]:={x € 'R | a < x < b},
la, b]r :=[a, b] N R. Finally, we set dp :=[p.] € R which is a positive invertible
infinitesimal, whose reciprocalisdp~! = [0 1, which is necessarily a strictly positive
infinite number.

The following result is useful to deal with positive and invertible generalized num-
bers. For its proof, see e.g. [2,3,12,13].

Lemma2 Let x € "R. Then the following are equivalent:

(1) x isinvertible and x > 0, i.e. x > 0.
(i1) For each representative (x;) € R, of x we have Ve : x. > 0.
(ii1) For each representative (x;) € R, of x we have Im € NV%: x, > P
(iv) There exists a representative (x;) € R, of x such that Im € NVe: x, > Py

2.1 The language of subpoints

The following simple language allows us to simplify some proofs using steps recalling
the classical real field R. We first introduce the notion of subpoint:
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Definition 3 For subsets J, K C I we write K C¢ J if 0 is an accumulation point
of K and K C J (we read it as: K is co-final in J). Note that for any J Cg I, the
constructions introduced so far in Deﬁnitiorl 1 can be repeated using nets (xz)ccy. We
indicate the resulting ring with the symbol “R” | ;. More generally, no peculiar property
of I = (0, 1] will ever be used in the following, and hence all the presented results
can be easily generalized considering any other directed set. If K Co J, x € “R"[;
and x” € "R"|g, then x’ is called a subpoint of x, denoted as x’ C x, if there exist
representatives (xe)ees, (X;)eck Of x, x" such that x; = x. for all ¢ € K. In this case
we write x" = x|k, dom(x’) := K, and the restriction (—)|g : “R" —> "R"|g is a
well defined operation. In general, for X C "R" weset X|; :={x|; € ‘R"|; | x € X}.

In the next definition, we introduce binary relations that hold only on subpoints.
Clearly, this idea is inherited from nonstandard analysis, where cofinal subsets are
always taken in a fixed ultrafilter.

Definition4 Letx, y € "@, L Cy I, then we say

(i) x <p y <= x|L < y|L (the latter inequality has to be meant in the ordered
ring “R|z). Weread x < y as “x is less than y on L.

() x <g¢y 1< 3dL Co I : x <p y.Weread x < y as “x is less than y on
subpoints”.

Analogously, we can define other relations holding only on subpoints such as e.g.: &g,
<S5 =S §S9 etc.

For example, we have

X<y < VLCyl: x=<py
X<y <= VLCol: x<py,

the former following from the definition of <, whereas the latter following from
Lemma 2. Moreover, if P {x.} is an arbitrary property of x., then

- (Voe : P{xs}) <= dL CyIVee L: =P {x.}. (2.1)

Note explicitly that, generally speaking, relations on subpoints, such as <g or =,
do not inherit the same properties of the corresponding relations for points. So, e.g.,
both =¢ and < are not transitive relations.

The next result clarifies how to equivalently write a negation of an inequality or of
an equality using the language of subpoints.

Lemma5 Letx, y € p]ﬁ, then

) xgLy < x>y
(i) x £y & x=y
(1)) X #y << x>3yorx <gy

Proof (i) «: The relation x >¢ y means x| > y|L for some L Cp /. By Lemma 2
for the ring “R|z, we get Ve eL: x, > ve, where x = [x.], y = [ye] are any
representatives of x, y resp. The conclusion follows by (2.1)
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(i) =: Take any representatives x = [x.], y = [y¢]. The property
Vg e RooVe : xp < ye + pf
for ¢ — 400 implies x < y. We therefore have
dg e Rog3IL SoIVe e Lt xp > y. + pd,

ie.x > y.

(i1) =: We have two cases: either x — y is not invertible or x £ y. In the former
case, the conclusion follows from [13, Thm. 1.2.39]. In the latter one, it follows from
(i).

(i1) <=: By contradiction, if x < y then x = y forsome L < I, which contradicts
the invertibility of x — y.

(iii) =: By contradiction, assume that x #¢ y and x £ y. Then (i) would yield
x < yand y < x, and hence x = y. The opposite implication directly follows by
contradiction. O

Using the language of subpoints, we can write different forms of dichotomy or tri-
chotomy laws for inequality. The first form is the following

Lemmaé6 Letx, y € *R, then

(i) x <yorx>yy

(i) =(x > yandx < y)

(i) x =yorx <gyorx >gy
(iv) x <y => x<gyorx =y
V) x <gy <= x <gyorx =gy.

Proof (i) and (ii) follows directly from Lemma 5. To prove (iii), we can consider that
X >g yorx #sy.In the second case, Lemma 5 implies x < y. If y < x then x = y;
otherwise, once again by Lemma 5, we get x < y. To prove (iv), assume that x <y
but x £ y, then x > y by Lemma 5.(i) and hence x = y. The implication < of (v)
is trivial. On the other hand, if x < y and x #¢ y, then y < x from Lemma 5.(1), and
hence x =g y. O

As usual, we note that these results can also be trivially repeated for the ring "@ L.
So, e.g., we have x £ yifand only if 3/ So L : x >, y, which is the analog of
Lemma 5.(1) for the ring "R| . _

The second form of trichotomy (which for ”R can be more correctly named as
quadrichotomy) is stated as follows:

Lemma7 Letx = [x.], y = [ye] € ”R then

() x <yorx>yordL Cogl: L Col, x >y yandx <pcy
(i1) Ifforall L g I the following implication holds

x<py,orx>ry = YeelL: Plxe, ), (2.2)

then ¥ : P {x,, Ve ).
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(iii) Ifforall L Cg I the following implication holds
X <Ly, Oorx > Yyorx =py = Ve eL: Pixe, ye}, (2.3)

then Y : P {x., ve ).

Proof (i) :if x £ y, then x > y from Lemma 5.(i). Let [x.] = x and [y.] = y be
two representatives, and set L:={¢ € [ | x; > y.}. The relation x >¢ y implies
that L Cg 1. Clearly, x > y (but note that in general we cannot prove x > y). If
L¢ Zo I, then (0, &,] € L for some &g, i.e. x > y. On the contrary, if L Cq 1, then
X =rcy.

(i1): Property (i) states that we have three cases. If x, < y, for all ¢ < g, then it
suffices to set L := (0, go] in (2.2) to get the claim. Similarly, we can proceed if x > y.
Finally, if x >; y and x <y y, then we can apply (2.2) both with L and L€ to obtain

veelL: P {xe, ve}
Ve e L¢: P {xe, yel,

from which the claim directly follows.
(ii1): By contradiction, assume

Ve e L: =P {xe, yel, (2.4)
for some L C¢ 1. We apply (1) to the ring * H§| 1, to obtain the following three cases:
x<pyorx>pyordJ CoL: J°CoL, x>y yandx <jc y. (2.5)

If x <¢ y, by Lemma 6.(iv) for the ring "]Tél L, this case splits into two sub-cases:
x =p yordK Co L : x <k y. If the former holds, using (2.3) we get P {x,, y.}
V¢ e L, which contradicts (2.4). If x <g v, then K C( I and we can apply (2.4)
with K to get P {x,, v} Y’ € K, which again contradicts (2.4) because K Cq L.
Similarly we can proceed with the other three cases stated in (2.5). O

Property Lemma 7.(i1) represents a typical replacement of the usual dichotomy law in
R: for arbitrary L Cq I, we can assume to have two cases: either x <y y orx > y.
If in both cases we are able to prove P{x;, y.} for ¢ € L small, then we always get
that this property holds for all € small. Similarly, we can use the strict trichotomy law
stated in (iii).

2.2 Inferior, superior and standard parts

Other simple tools that we can use to study generalized numbers of *R are the inferior
and superior parts of a number. Only in this section of the article, we assume that p
is a monotonic gauge.

Definition 8 Let x = [x.] € 'Rbea generalized number, then:
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(i) IfdL e R: L < x, then xj:= [infee(o,g] xe] is called the inferior part of x.
(1) If3U e R: x < U, then x4 := [supee(o,s] xe] is called the superior part of x.

Moreover, we set:

(i) x{:= liminf,_, o+ x, € R U {400}, where [x.] = x is any representative of x, is
called the inferior standard part of x. Note that if Jx;, i.e. if x is finitely bounded
from below, then (x;)° = x{ € R and x > x;.

(iv) xg:= limsup,_, o+ x, € RU {£o00}, where [x;] = x is any representative of x, is
called the superior standard part of x. Note that if Ixg, i.e. if x is finitely bounded
from above, then (x)° = xg € R and x5 < xs.

Note that, since p = (p,) i1s non-decreasing, if [x;] = x is another representative,
then for all e € (0, €], we have x, < x, + p! < x¢ + p; < Py + SUP,c(. ¢ Xe
and hence sup,c( X, < PF + SUP,c(o.¢) Xe- This shows that inferior and supe-
rior parts, when they exist, are well-defined. Moreover, if (z.) is negligible, then
lim sup,_, o+ (x¢ +z¢) < limsup,_, o+ x¢ + 0, which shows that xg is well-defined
(similarly for x using super-additivitiy of lim inf).

Clearly, x; < x < x5 and x{ < xg. We have that the generalized number x is near-
standard if and only if x = xJ=:x° € R; it is infinitesimal if and only if 3x° = 0; it
is a positive infinite number if and only if x = xJ=:x° = +00 (the same for negative
infinite numbers); it is a finite number if and only if x?, x; € R. Finally, there always
exist x’, x” C x such that x” & x{ and x” ~ x¢, where x ~ y means that x — y is
infinitesimal (i.e. [x — y| < r for all r € R or, equivalently, lim;_, o+ xe — ye =0
for all [x;] = x, [ye] = y). Therefore, any generalized number in ”IR is either finite
or some of its subpoints is infinite; in the former case, some of its subpoints is near
standard.

2.3 Topologies on PR
On the *R-module ”IE"N we can consider Jhe natural extension of the Euclidean norm,
i.e. |[xe]l :=[]xe]] € R, where [x.] € R". Even if this generalized norm takes values

in ’IR, it shares some essential properties with classical norms:

x| =x Vv (=x)

x| =0
x| =0=>x=0
ly - x| =yl Ix|

lx +y| = |x[+ [yl
[lx] = Iyl < lx =yl

It is therefore natural to consider on *R” topologies generated by balls defined by this
generalized norm and a set of radii:

Definition 9 We say that R is a set of radii if

(1 RC ”I@io is a non-empty subset of positive invertible generalized numbers.
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(i) For all , s € R the infimum r A 5 € ‘R.
(iii) k-r e Rforallr e Rand all k € R.y.

Moreover, if R is a set of radii and x, y € * I@ then:

(1) Wewritex <oz yifdreR: r<y—ux.
(i1) Bfn(x) = {y €’R" | |y — x| <m r} for any r € fRA.
(ii1) Bg(x) ={y e R" | |y—x| < p},forany p € R. ¢, denotes an ordinary Euclidean
ball in R".

For example, * R";O and R. ¢ are sets of radii.

Lemma 10 Let ‘R be a set of radii and x, y, 7 € ”I?K?, then

1) —(x <x, x).
(1) x <g yand y <, zimply x <g Z.
(i) Vr eR: 0 <,y 1.

The relation < has better topological properties as compared to the usual strict order
relation x < y and x # y (a relation that we will therefore never use) because of the
following result:

Theorem 11 The set of balls {BER(X) |refR, x € ”IE"} generated by a set of radii
R is a base for a topology on "R".

Henceforth, we will only consider the sets of radii ”f&’;o = ”@>o and R. ¢ and will use

the simplified notation B, (x) := B;R (x)ifR=" @>0. The topology generated in the
former case is called sharp topology, whereas the latter is called Fermat topology. We
will call sharply open set any open set in the sharp topology, and large open set any
open set in the Fermat topology; clearly, the latter is coarser than the former. It is well-
known (see e.g. [2,3,9,10,12] and references therein) that this is an equivalent way to
define the sharp topology usually considered in the ring of Colombeau generalized
numbers. We therefore recall that the sharp topology on ?R” is Hausdorff and Cauchy
complete, see e.g. [2,10].

2.4 Open, closed and bounded sets generated by nets

A natural way to obtain sharply open, closed and bounded sets in 'R s by using a net
(Ag) of subsets A, € R". We have two ways of extending the membership relation
Xe € Ag to generalized points [x.] € “R" (cf. [11,17]):

Definition 12 Let (A;) be a net of subsets of R”, then

(1) [Ag]:= {[xe] e "Rn | Ve : x, € Ag} is called the internal set generated by the
net (A).
(i1) Let (xz) be a net of points of R", then we say that x, €, A., and we read it as
(x¢) strongly belongs to (A), if
(i) Ye: x; € A,
(i) If (x}) ~, (x¢), then also x € A, for & small.
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Moreover, we set (Ag) := {[x,] € 'R | x, €, Ag}, and we call it the strongly
internal set generated by the net (A;). _
(ii1)) We say that the internal set K = [A.]is sharply bounded if there exists M € "R.
such that K C By (0).
(iv) Finally, we say that the net (A;) is sharply bounded if there exists N € R~ such
that Ve Vx € A, : |x| < p7 V.

Therefore, x € [A;] if there exists a representative [x.] = x such that x, € A, for ¢
small, whereas this membership is independent from the chosen representative in case
of strongly internal sets. An internal set generated by a constant net A, = A C R"
will simply be denoted by [A].

The following theorem (cf. [11,17] for the case p. = ¢, and [12] for an arbitrary
gauge) shows that internal and strongly internal sets have dual topological properties:

Theorem 13 Fore € I, let A, € R" and let x. € R". Then we have

(1) [xc] € [Aclifand only ifVq € R>QV05 D d(xg, Ag) < pf. Therefore [x,] € [Ag]
if and only if [d(x., As)] =0 € ’R.

(1) [x¢] € (Ag) ifand only ifdg € R Ve & d(x,, AS) > pd where AL =R"\ A,
Therefore, if (d(xg, AS)) € R, then [x¢] € (Ag) if and only if [d(xe, AS)] > 0.

(ii1) [A.] is sharply closed.

(iv) (Ag) is sharply open.

(v) [Ac] = [el (Ap)], where cl (S) is the closure of S C R".

(vi) (Ag) = (int(Ay)), where int (S) is the interior of S € R".

For example, it is not hard to show that the closure in the sharp topology of a ball of
center ¢ = [c.] and radius r = [r] > O1is

Br(c):{xeﬂ]ﬁéd | x — ¢ gr}:[%], (2.6)
whereas
B, (c) = {x e RY | x—¢| < r} = (B (c0)).

Using internal sets and adopting ideas similar to those used in proving Lemma 7,
we also have the following form of dichotomy law:
Lemma 14 Fore e I, let A, CR" and let x = [x.] € *R". Then we have:
(1) x e[Aglorx € [AflordL Co 1 : LS Co I, x € [Ael, x €1 [Af]
(1) Ifforall L C¢ I the following implication holds

x € [Aclorx € [AL] = Veel: Pixc},

then Y : P{x.).

Proof (i): If x ¢ [A¢], then x; € A, for all ¢ € K and for some K Cp I. Set
L:={eel|x.€A.},sothat K C L Co I.Wehavex € [Ac]. If L Z( I, then
(0, e9] € L for some ¢, i.e. x € [A¢]. On the contrary, if L¢ C I, then x €1 [AL].

(i1): We can proceed as in the proof of Lemma 7.(ii) using (i). O
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3 Hypernatural numbers

We start by defining the set of hypernatural numbers in *R and the set of p-moderate
nets of natural numbers:

Definition 15 We set

(i) *N:= {[n.] € ’R|n, e N Ve}

(i) Ny:= {(ns) € R, | n, €N Ve}.

Therefore, n € ”N if and only if there exists (x;) € R, such that n = [int(|x¢])].
Clearly, N ¢ ’N. Note that the integer part function int(—) is not well-defined on
'R. In fact,if x =1 = [1 — 51/8} [1 + pe 17¢ ] then int (1 — 81/8> = 0 whereas

int (1 + ,01/8

ﬂgor and ceiling functions. However, the nearest integer function is well defined on
’N, as proved in the following

= 1, for ¢ sufficiently small. Similar counter examples can be set for

Lemma 16 Let (n.) € N, and (x¢) € R, be such that [ng] = [x.]. Lettpi : R —> N
be the function rounding to the nearest integer with tie breaking towards positive
infinity, i.e. rpi(x) = |x + %J. Then tpi(xg) = ng for € small. The same result holds
using i : R — N, the function rounding half towards —oc.

Proof We have rpi(x) = [x+ %J, where | — | is the floor function. For ¢ small, p, < %
and, since [n.] = [x.], always for € small, we also have n, — p, + % < Xg + % <

n8+p8+%.Butng < ng—,og—l-% and ng +,Og+% < ng+ 1. Therefore Lxg—l—%J = ng.
An analogous argument can be applied to rni(—). O

Actually, this lemma does not allow us to define a nearest integer function ni : 'N —
N, as ni([x¢]) :=rpi(x,) because if [x.] = [n,], the equality n, = rpi(x,) holds only
for & small. A simpler approach is to choose a representative (n;) € N, for each
x € “N and to define ni(x) := (n.). Clearly, we must consider the net (nl(x) ) only
for & small, such as in equalities of the form x = [m(x) 8]. This is what we do in the
following

Definition 17 The nearest integer function ni(—) is defined by:

(i) ni: N — Ny
@i1) If [xc] € e’N and ni ([x.]) = (n,) then V¢ : n, = pi(xg).

In other words, if x € "N, then x = [ni(x).] and ni(x), € N for all &. Another
possibility is to formulate Lemma 16 as

[re] €N = [x] = [rpilx,)].
Therefore, without loss of generality we may always suppose that x, € N whenever
[x:] € "N.

Remark 18 (i) ”N, with the order < induced by "Hri, is a directed set; it i~s closed
with respect to sum and product although recursive definitions using °N are not
possible.
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@i1) In N we can find several chains (totally ordered subsets) such as: N, N-[int(p )
for a fixed k € N, {[int(pg_k)] | ke N}

(iii) Generally speaking, ifm,n € "N, m" ¢ *N because the net (me) can grow faster
than any power (p, X). However, if we take two gauges o, p satisfying o < p,
using the net (%—1) we can measure infinite nets that grow faster than (o, Ky
because 0’8_1 > 0p ! for & small. Therefore, we can take m, n € °N such that
(ni(m),), (ni(n),) € R,; we think at m, n as o-hypernatural numbers growing at
most polynomially with respect to p. Then, it is not hard to prove that if p is an
arbitrary gauge, and we consider the auxiliary gauge o := py "7 then m" e °N.

(iv) If m € *N, then 1™ := [(1 + z,)™¢], where (z;) is p-negligible, is well defined
and 1" = 1. In fact, log(1 + z.)"¢ is asymptotically equal to m.z, — 0, and
this shows that ((1 + zg)mf) is moderate. Finally, |(1 + z¢)" — 1| < |z¢| me (14
z¢)"=~! by the mean value theorem.

4 Supremum and Infimum in R

To solve the problems we explained in the introduction of this article, it is important
to generalize at least two main existence theorems for limits: the Cauchy criterion and
the existence of a limit of a bounded monotone sequence. The latter is clearly related
to the existence of supremum and infimum, which cannot be always guaranteed in the
non-Archimedean ring “IR. As we will see more clearly later (see also [8]), to arrive
at these existence theorems, the notion of supremum, i.e. the least upper bound, is
not the correct one. More appropriately, we can associate a notion of close supremum
(and close infimum) to every topology generated by a set of radii (see Definition 9).

Definition 19 Let R be a set of radii and let T be the topology on ” R generated by R.
Let P C R, then we say that T separates points of P if

Vp,q e P: ptq = FA,Bet: pe A, g€ B, ANB =1/,

i.e. if P with the topology induced by t is Hausdorff.

Definition 20 Let t be a topology on 'R generated by a set of radii R that separates
points of P C R and let S C ?IR. Then, we say that o is (t, P)-supremum of § if
(1) o € P;
(i) Vs e S: s <o}
(ii1) o is a point of closure of § in the topology 7,1.e.ifVAet1: 0 € A = T5s €
SNA.

Similarly, we say that ¢ is (t, P)-infimum of S if
(i) t e P;
(i) Vse S: 1<s;
(ii1) ¢isapoint of closure of S in the topology 7,i.e.if VA€ t: 1€ A = 35 € SNA.

In particular, if t is the sharp topology and P = *R, then following [8], we simply
call the (7, P)-supremum, the close supremum (the adjective close will be omitted if
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it will be clear from the context) or the sharp supremum if we want to underline the
dependency on the topology. Analogously, if 7 is the Fermat topology and P = R,
then we call the (t, P)-supremum the Fermat supremum. Note that (iii) implies that
if o is (zr, P)-supremum of S, then necessarily S # (.

Remark21 (i) Let S C ”I@, then from Definition 9 and Theorem 11 we can prove
that o is the (t, P)-supremum of S if and only if

(@A) VseS: s <o;
(b) VP eRIAs€S: 0 —r <5.

In particular, for the sharp supremum, (b) is equivalent to
VgeNIs e S: o —dp? <35. 4.1)

In the following of this article, we will also mainly consider the sharp topology
and the corresponding notions of sharp supremum and infimum.

(i1) If there exists the sharp supremum o of § € "R and o ¢ S, then from (4.1) it
follows that S is necessarily an infinite set. In fact, applying (4.1) with g1 :=1 we
get the existence of 51 € S such that o — dp?! < s1. We have 51 # o because
o ¢ S.Hence, Lemma 5.(ii1) and Definition 20.(ii) yield that 51 <g o. Therefore,
o — 51 > dp?2 for some g > ¢1. Applying again (4.1) we get o —dp?? < 5, for
some 52 € S\ {s1}. Recursively, this process proves that S is infinite. On the other
hand,if S = {s1, ..., sy} ands; = [s;c],thensup ([{S1e, ..., Sne}]) = S1V...Vs,.
Infact,s; V... Vs, = [maxizl ,,,,, n s,,g] € [{s1e, .-+ Snell.

(iii) If sup(S) = o, then there also exists the sup(interl(S)) = o, where (see [17])
we recall that

m
interl(S):= { Y "eg;s; ImeN, S; So 1. s;€SYjt. es:=[ls]€’R
j=1

(1g is the characteristic function of S C [I). This follows from S C interl(S).
Vice versa, if I sup(interl(S)) = o and interl(S) € § (e.g. if S is an internal or
strongly internal set), then also sup(S) = o.

Theorem 22 There is at most one sharp supremum of S, which is denoted by sup(S).

Proof Assume that o and o, are supremum of S. That is Definition 20.(ii) and (4.1)
hold both for o1, 0. Then, for all fixed ¢ € N, there exists s, € S such thatop —dp? <
52. Hence 5o < o7 because s, € S. Analogously, we have that o7 — dp? < 51 < 03
for some 57 € S. Therefore, 0o — dp? < 01 < 02 + dp?, and this implies o1 = o7
since ¢ € N is arbitrary. O

In [8], the notation sup(S) is used for the close supremum. On the other hand, we will
never use the notion of supremum as least upper bound. For these reasons, we prefer
to use the simpler notation sup(S). Similarly, we use the notation inf (S) for the close
(or sharp) infimum. From Rem. 21.(a) and (b) it follows that

inf(8) = —sup(—>S) 4.2)
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in the sense that the former exists if and only if the latter exists and in that case they
are equal. For this reason, in the following we only study the supremum.

Example23 (i) Let K = [K.] &¢ pI?‘&Nbe a functionally compact set (cf. [10]),
1.e. K € By(0) for some M € R.g and K, € R for all e&. We can then
define o, := sup(K;) € K. From K < Bjy(0), we get 0 :=[o.] € K. Itis
not hard to prove that o0 = sup(K) = max(K). Analogously, we can prove the
existence of the sharp minimum of K.

(i) If S = (a, b), whczre a,b e’Randa < b, then sup(S) = b and inf(S) = a.

(iii) If S = {1 | n € ’N}, then inf(S) = 0.

(iv) Like in several other non-Archimedean rings, both sharp supremum and infimum
of the set D, of all infinitesimals do not exist. In fact, by contradiction, if o were
the sharp supremum of D, then from (4.1) for g = 1 we would get the existence
of h € Ds suchthato < ﬁ—l—d,o.But theno € Dy, s0also20 € Dy. Therefore,
we get 20 < o because o is an upper bound of D, and hence 0 = 0 > dp, a
contradiction. Similarly, one can prove that there does not exist the infimum of
this set.

(v)y Let S = (0,1)p = {x e R|0 <x < 1}, then clearly 0 = 1 is the Fermat
supremum of S whereas there does not exist the sharp supremum of S. Indeed,
if o = sup(S),thens <o < s+ dp forall s € S and for some s € §. Taking
any s € (5, )r € Swegets <o <s+dp, which, fore — 0, implies s < s
because s, s € R. This contradicts s € (s, 1). In particular, 1 is not the sharp
supremum. This example shows the importance of Definition 20, i.e. that the best
notion of supremum in a non-Archimedean setting depends on a fixed topology.

(vi) Let S = (0, 1) U {§} where §|, = 2, §|zc = 3, L So I, L° Co I, then
3 sup(S). In fact, if Jo := sup(S), then 0|, > §|; = 2 and o|zc = 1. Assume
that 3s € S : o0 —dp < §,then 2 —dp|r < o|r —dp|lr < §|r. Thereby,
slp > % and hence 5 ¢ (0,1) and § = §. We hence get o|pc — dp|re < §|fe,
re. 1 —dplpe < % which is impossible. We can intuitively say that the subpoint
§|r creates a “e-hole” (i.e. a “hole” only for some ¢) on the right of S and hence
S is not “an e-continuum” on this side. Finally note that the point u|7 :=2 and
u|rc :=1is the least upper bound of S.

Lemma24 Let A, B C "]ﬁ, then

(i) VA € ”I’@>o : sup(LA) = Asup(A), in the sense that one supremum exists if and
only if the other one exists, and in that case they coincide;

(i) VA € "R_o : sup(LA) = Ainf(A), inthe sense that one supremum/infimum exists
if and only if the other one exists, and in that case they coincide;

Moreover, if Asup(A), sup(B), then:

(i) If A € B, then sup(A) < sup(B);
(iv) sup(A + B) = sup(A) + sup(B);
(v) If A, B C "R>, then sup(A - B) = sup(A) - sup(B).

Proof (i): If 3sup(LA), then we have a < % sup(AA) foralla € A. Forall g € N, we
can find a € A such that sup(AA) —ra < dp?. Thereby, % sup(AA) —a < %dp‘l -0
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asqg — +oobecause A is moderate. This proves that I sup(A) = % sup(rA). Similarly,
we can prove the opposite implication.

(i1): From (i) and (4.2) we get: sup(AA) = sup(—A(—A)) = —Aisup(—A) =
Ainf(A).

(ii1): By contradiction, using Lemma 5.(1), if sup(A) > sup(B) for some L o 1,
then sup(A) —sup(B) > dp? for some g € Nby Lemma 2 for the ring “R| 1. Property
(4.1) yields sup(A) — dp? < a for some a € A, and a < sup(B) because A C B.
Thereby, sup(A) — sup(B) < dp?, which implies dp? < dp?, a contradiction.

(iv) and (v) follow easily from Definition 20.(i1) and (4.1). O

In the next section, we introdgce in the non-Archimedean framework R how to
approximate sup(S) of S € “IR using points of S and upper bounds, and the non-
Archimedean analogous of the notion of upper bound.

5 The hyperlimit of a hypersequence
5.1 Definition and examples

Definition 25 A map x : °N —> *R, whose domain is the set of hypernatural numbers
“Nis called a (0 —) hypersequence (of elements of R) The values x(n) €” Ratn € °N
of the function x are called rerms of the hypersequence and, as usual, denoted using
an index as argument: x, = x(n). The hypersequence itself is denoted by (x,), -
or simply (x,), if the gauge on the domain is clear from the context. Let o, p be two
gauges, x : °N —> *Rbea L hypersequence and / € *R. We say that [ is hyperlimit of
(xp)pasn — ocoandn € ”N if

Vg € NIM € °NVn € °Nayy: |xn — 1] < dpf.

In the following, if not differently stated, p and o will always denote two gauges and
(xn)n a o-hypersequence of elements of “R. Finally, if o, > p,, at least for all & small,
we simply write o > p.

Remark 26 Inthe assumption of Definition 25, letk € * I’@>0, N € N, then the following
are equivalent:

1) 1 e 'R is the hyperlimit of (x,), asn € °N.
(ii) Vne”R>oEIM€"NVnE N>M lxp, — 1] <.
(i11) LetU C "Rbeasharply open set, ifl € UthendM e °NVn e "N>M x, € U.
(iv) quNEIME“NVnE ‘Nop o fxn — 1| <k-dp?.
(v) Vg e NIM € °NVn € "Ny © |xp, — ] < dpd~N.

Directly by the inequality |} — 2| < [l1 — xp| + |l2 — xu| < 2dp?t! < dp4 (or by

using that the sharp topology on IR is Hausdorff) it follows that there exists at most
one hyperlimit, so that we can use the notation

’lim x, = [.
ne’N
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As usual, a hypersequence (not) having a hyperlimit is said to be (non-)convergent.
We can also similarly say that (x,), : °N — “RR is divergent to +00 (—o0) if

Vg e NIM € "NVn e "ﬁzM txp>dpT? (x < —dp™?).

% = 0. In fact,
L < dp? holds e.g. if n > [int (pg_q) + 1] e °N because p; ¢ < oo /% for &
small.

Example27 (i) If o < p® for some R € R.g, we have lim, .

1

(i) Let p be a gauge and set o, := exp ( — pe ), so that o is also a gauge. We

have

~ 1
?lim =0 € "R whereas #* lim,
ne’N logn ne’N logn

In fact, if n > 1, we have 0 < ln < dp? if and only if logn > dp™9, i.e.

log
n > ¢% “(in *R). We can thus take M := [int(ep;q> + 1] e °N because

—q . .. .
ele < exp (,08 . 08_1 for ¢ small. Vice versa, by contradiction, if

F1im,, o5y @::l € “R, then by the definition of hyperlimit from ’N to ’R,

we would get the existence of M € *N such that

Vne"N:nZMﬁ

1
—d,0<l<1 +dp (5.1)

logn ogn

We have to explore two possibilities: if / is not invertible, then [, = 0 for some
sequence (&) | 0 and some representative [/.] = [. Therefore from 25, we get

1
log M,

< lak + Pei = Pegy

I ~
hence M,, > e " Vk € N, in contradiction with M € *R.If [ is invertible, then

dp? < |l| for some p € N. Setting g := min{p € N | dp? < |[|}+ 1, we get that
lz, < pgk for some sequence (g¢)x | 0. Therefore

M <z +pz < |lg |+ pz < ,ng + oz

and hence Mg, > exp (pq lep ) for all k € N, which is in contradiction with
&k ek

M e R because g > 1.
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1
~Pe
Analogously, we can prove that”lim, _. m =0ifo = [o] = |:e_epE i|

whereas iﬂplimnepgI m (and similarly using log(log(.. X .. (logn)...).

(iii) Set x,:=dp"if n € N, and x,:=1 if n € "N\ N, then {x, | n € "N} is
unbounded in "R even if lim, .7 x, = 0. Similarly, if x, :=dp" if n € N
and x, := sin(n) otherwise, then limy— o0 x, = 0 whereas #lim, .5 x,. In
general, we can hence only state that goerll\i/ergent hypersequence are eventually
bounded:

371lim x, = 3M € "RIN € "NVn € "Nay : |x,| < M.
ne’N

(iv) If k <¢ 1 and k > 1, then "lim, _,5 k" = 0 and “lim, .5 k" =5 +00, hence
Plim, 5 K"

(v) Since forn € N we have (1 —dp)" = 1 —ndp + 0,(dp?), it is not hard to prove
that ((1 —dp)"),cn is not a Cauchy sequence. Therefore, Alim,en(1 — dp)”,
whereas “lim, _.7 (1 —dp)" = 0.

A sufficient condition to extend an ordinary sequence (dp)neN @ N —> 'R of
p-generalized numbers to the whole "N is

Vi € 'N: (anin),) € Rp. (5.2)

In fact, in this way a, := [ani(n)g] e 'Rforall n e "N, is well-defined because of
Lemma 16; on the other hand, we have defined an extension of the old sequence
(an)nen because if n € N, then ni(n), = n for ¢ small and hence a, = [a,]. For
example the sequence of infinities a, = - —I— dp~! for all n € N can be extended to
any °N, whereas a, = do " can be extended asa:’N — ‘R only for some gauges
p, e.g. if the gauges satisfy

AN e NVn e N : o > oV, (5.3)
(e.g. 0y = ¢ and p, = /%),
The following result allows us to obtain hyperlimits by proceeding e-wise

Theorem 28 Let (ay ¢)n.e : N x I —> R. Assume that for all ¢

1 lim a, .=, 5.4

n—-400

and thatl :=[l;] € "R. Then there exists a gauge o (not necessarily a monotonic one)
such that

(1) There exists M € °N and a _hypersequence (an)y, : °N —> "R such that a, =
[anin), ] € pror alln € "N>M,
(i) [ = *lim, .5 an.
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Proof From (5.4), we have
VeVqgIM,y € NogVn > Mgy @ pl — 1l < ane < pd + L. (5.5)
Without loss of generality, we can assume to have recursively chosen M., so that
Mgy < Mg 41 VeVg. (5.6)

Set M, ::Ms,fé1 > (; since Vg € NV : g < [%], (5.6) implies

Vg e NYe: M, > M,,. (5.7)

If the net (M, ) is p-moderate, set o := p, otherwise set o, := min (,08, 1\_48_1) € (0, 1].
Thereby, the netop —> Oase — 0% (note that_not necessarily o is non-decreasing,
e.g. if 1im8_>% M, = +oo forall k € No.g and M, > ,08_1), 1.e. it is a gauge. Now set

M:=[M,] € N because our definition of & yields M, < 08_1, My :=[M,] € N
because of (5.7), and

_JHaniwy,.el ifn > M;in°N

n--—

, Vn € °N. (5.8)
1 otherwise

We have to prove that this well-defines a hypersequence (a,), : °N — *R. First
of all, the sequence is well-defined with respect to the equality in °N because of
Lemma 16. Moreover, setting g = 1 inLS.S), we get pe — Iz < ape < pe + 1 forall
¢ and foralln > M.1. If n > Mj in °N, then ni(n), zNMgl for ¢ small, and hence
Pe — le < @nin),,e < pe + le. This shows that a,, € "R because we assumed that
I =1l] € R. Finally, (5.5) and (5.6) yield that if n» > M, then n > M, and hence
la, — 1| < dp1. O

From the proof it also follows, more generally, that if (M), 4 satisfies (5.5) and if
A(gs) — +00: (Meq,) € Ry,

then we can repeat the proof with g, instead of [%] and setting o := p.

5.2 Operations with hyperlimits and inequalities

Thanks to Definition 9 of sharp topology and our notation for x < y (and of the
consequent Lemma 2), some results about hyperlimits can be proved by trivially gen-
eralizing classical proofs. For example, if (x,), -7 and (yu),,c-f are two convergent
hypersequences then their sum (x, + yu),c-7, product (x, - yu), & and quotient

Yn
convergent hypersequences and the corresponding hyperlimits are sum, product and

quotient of the corresponding hyperlimits.

<ﬁ> 5 (the last one being defined only when y, is invertible for all n € ”ﬁ) are
ne’

@ Springer



Supremum, infimum and hyperlimits in the non-Archimedean... 181

The following results generalize the classical relations between limits and inequal-
ities.

Theorem 29 Letx, y, 7 : °N —> *R be hypersequences, then we have:

1) If"lim, o5 xp < Plim, iy yn, then IM € °N such that Xp < Ypforalln > M,
ne°N. -

() If xp < yn < zp foralln € °N and *lim, % x, = "lim, .fy z,=:/, then
371im, iy Yo = 1,

Proof (i) follows from Lemma 2 and the Definition 25 of hyperlimit. For (ii), the proof
is analogous to the classical one. In fact, since ”lim,, .5y x, = “lim,, .. 2, =:1 given
g € N, there exist M’, A/{f’ € °N such that [ — dp? < x, and z,, < I + dp? for all
n>M n>M"ne N, thenforn > M:=M v M" wehave | —dp? < x, <
Vo < zp <l 4+dpf. O

Theorem 30 Assume that C is a sharply closed subset of’)f&, that 3 "lim,, .5 Xp=:1
and that x, eventually lies in C, i.e. AN € ‘NVn e “NzN . x, € C. Then also
I € C. In particular, if (yn)n is another hypersequence such that 3°1im, .5y yn=1k,
then AN € °NVn e "NEN D Xy >y, implies | > k.

Proof A reformulation of the usual proof applies. In fact, let us suppose that/ € * R\ C.
Smce"R\C is sharply open, thereisann > 0, for which B;,(/)S”R \ C.Letn € N>N
be such that |x, —[| < n whenn > n. Then we have x,, € Candxn € B,() € ”R\C
a contradiction. O

The following result applies to all generalized smooth functions (and hence to all
Colombeau generalized functions, see e.g. [11,12]; see also [1] for a more general
class of functions) because of their continuity in the sharp topology.

Theorem 31 Suppose that f : U —> *R. Then f is sharply continuous function
at x = c if and only if it is hyper-sequentially continuous, i.e. for any hyperse-
quence (xp), in U converging to c, the hypersequence (f (x)), converges to f (c),
i.e. f(°lim, o Xn) = lim, o5 f (xn).

Proof We only prove that the hyper-sequential continuity is a sufficient condition,
because the other implication is a trivial generalization of the classical one. By con-
tradiction, assume that for some Q € N

VneNax, € U: |xn —c| <dp”, | f(xn) — f(c)] > dp€. (5.9)
Forn € N set w, :=n and for n € "N \ N set w, := min {N € N |n <dp~"} and
Xn 1= Xg,. Then for all n € ’N, from (5.9) we get |x, — ¢| < dp® — 0 because

w, — +ooasn — +ooinn € *N. Therefore, (x,), 1s an hypersequence of U that
converges to ¢, which yields f(x,) — f(c), in contradiction with (5.9). O
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Example 32 Leto < ,oR for some R € R.(. The following inequalities hold for all
generalized numbers because they also hold for all real numbers:

In(x) < x
e (g)" <n! < en (Z)" . (5.10)

From the first one it follows 0 < ln(T") = % < %ﬁ, so that *lim,, _-5; n() . _

n
1/n

from Theorem 29 and”lim,, _.5; n*/" = 1from Theorem 31 and hence”lim, _. (n!) 1/n

+00 by (5.10). Similarly, we have “lim, 5 (1 + %)n = e because nlog (1 + %) —

n2

1— % + 0 (i) — 1 and because of Theorem 31.

A little more involved proof concerns L"Hopital rule for generalized smooth func-
tions. For the sake of completeness, here we only recall the equivalent definition:

Definition 33 Let X C *R" and ¥ € "R?. We say that f : X —> Y is a generalized
smooth function (GSF) if

(i) f : X —> Y is a set-theoretical function.
(i) There exists a net (f;) € C®(R", R?)©-11 gych that for all [x,] € X:

(@ fx) = [fe(xe)l
(b) Yo € N" : (0% fe(x.)) is p — moderate.

For generalized smooth functions lots of results hold: closure with respect to compo-
sition, embedding of Schwartz’s distributions, differential calculus, one-dimensional
integral calculus using primitives, classical theorems (intermediate value, mean value,
Taylor, extreme value, inverse and implicit function), multidimensional integration,
Banach fixed point theorem, a Picard-Lindel6f theorem for both ODE and PDE, several
results of calculus of variations, etc.

In particular, we have the following (see also [9] for the particular case of Colombeau
generalized functions):

Theorem34 Let U € “R be a sharply open set and let f : U —> *R be a GSF
defined by the net of smooth functions f. € C*°(R, R). Then

(1) There exists an open neighbourhood T of U x {0} and a GSF Ry : T — 'R,
called the generalized incremental ratio of f, such that

fx+h)=f(x)+h-Re(x,h) V(x,h)eT. (5.11)

Moreover Ry(x,0) = [fg/(xg)] = f'(x) is another GSF and we can hence
recursively define f® (x).

(i1) Any two generalized incremental ratios of f coincide on the intersection of their
domains.
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(iii) More generally, for allk € N there exists an open neighbourhood T of U x {0}

and a GSF R’} T — *R, called k-th order Taylor ratioof f, such that

()
fx+h) = E:f ()hf—i—R( hy-h*  Yx,h)eT. (5.12)
. ]-
=0

Any two ratios of f of the same order coincide on the intersection of their domains.

We can now prove the following generalization of one of L’Hopital rule:

Theorem 35 Let U C 'R be a sharply open set (x,)n, (Yn)n : "N —> U be hyperse-
quences converging tol € U and m € U respectively and such that

.X:n_l

? lim —:C e "R.

ne’N Yn —m

Letk € Nogand f, g : U — 'R be GSF such that for all n € °N and all
j=0,....,k—1

g(j)(yn) c "R*
FP0) =g m) =0

g®(m) e 'R* (5.13)
Thenforall j =0,...,k—1
() (k)
3etim L0 _ oy £,
et €9 (vn) neN g (yy)

Proof Using (5.12) and (5.13), we can write

_ ) .
Fo) o BP0 — 7 + (o — DFRE( xy — 1)

8(yn) B Zk:(l) g(J)(m) (yn —m) + (Yn — m)kRk(m Yn —m)
i\ REx =)
N\ —m)  REGm,y, —m)

Since R’} and R’g‘ are GSF, they are sharply continuous. Therefore, the right hand side

Rl}(l,O) _ k. f( 0
REm,0) — & " g®(m)
Ck f (xn)

the quotient B o) because f* and g are also GSF and hence they are sharply

of the previous equality tends to C¥ - . At the same limit converges

continuous. The claim for j = 1,...,k — 1 follows by applying the conclusion for
j =0with &) and g¥) instead of f and g. O
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Note that for x, = y,, [ = m, we have C = 1 and we get the usual L'Hopital rule
(formulated using hypersequences). Note that a similar theorem can also be proved
without hypersequences and using the same Taylor expansion argument as in the
previous proof.

5.3 Cauchy criterion and monotonic hypersequences.

In this section, we deal with classical criteria implying the existence of a hyperlimit.

Definition 36 We say that (x,), .f is a Cauchy hypersequence if
Vg e NIM € ‘NVn, m e “NzM Cxn — x| < dpd.

Theorem 37 A hypersequence converges if and only if it is a Cauchy hypersequence

Proof To prove that the Cauchy criterion is a necessary condition it suffices to consider
the inequalities:

n — | < n — 1]+ [ — 1] < dp?! +dp*! < dp?
Vice versa, assume that
Vg € NIM, € °NVn, m e"Nqu Clxn — x| < dpf. (5.14)
The ideais to use Cauchy completeness of *R. In fact, sethy:=Mjandhg =My 1V

hq. We claim that (x5, )qen is a standard Cauchy sequence converging to the same
limit of (x,), - - From (5.14) it follows that (x,)4en is a standard Cauchy sequence

(in the sharp topology). Therefore, there exists x € R such that limg—, 4 o0 xp, = X.
Now, fix ¢ € N and pick any m > g + 1 such that

|xn, — x| < dpd™l, (5.15)
Then for all N > M, we have:
lxn — X| < lxn — Xn,, | + |xn, — X| < 2dp?™! < dp?
because hy, > hyy1 > Mgy so that we can apply (5.14) and (5.15). O
Theorem 38 A hypersequence converges if and only if
Vg € NIM e °Nvn, m E"NEM m>n = |x;, — x| < dpf.
Proof 1t suffices to apply the inequality |x;, — x| < |xn — Xpvm| + [Xnvm — Xm|. O

The second classical criterion for the existence of a hyperlimit is related to the notion
of monotonic hypersequence. The existence of several chains in “N does not allow to
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arrive at any M € °N starting from any other lower N € °N and using the successor
operation only a finite number of times. For this reason, the following is the most
natural notion of monotonic hypersequence:

Definition 39 We say that (x,,) y -7 is anon-decreasing (or increasing) hypersequence
if

Vo,ome’N: n>m = x, > xp.

Similarly, we can define the notion of non-increasing (decreasing) hypersequence.

Theorem 40 Let (x,), : °N — *Rbea non-decreasing hypersequence. Then

37lim x, < 3 sup{xn | n e”N},
ne’N

and in that case they are equal.

Proof Assume that (x,), f; converges to [ and set S:={x, | n € "I\VI} we will show
that / = sup(S). Now, using Definition 25, we have that Vn € N> N oXxp <l+4dp?
for some N e °N. But from Deﬁmtlon 39Vn € °N : Xn < xpun < I+ dp9.
Therefore x, < [ 4+ dp? for all n € "N, and the conclusion x,, < [ follows since
g € Nis arbitrary. Finally, from Definition 25 of hyperlimit, for all g € N we have the
existence of L € N such that/ — dp? < x; € S which completes the necessity part
of the proof. Now, assume that 3 sup(S)=:/. We have to prove that "lim, .5 x, = .
In fact, using Rem. (i), we get

Vg e Ndxy € S: 1 —dp? < xp,

andxy <x, <l <Il+dp?foralln e "ﬁ?z ~ by Definition 39 of monotonicity. That
is, || — x| = x, — [ < dp9. O
Example 41 The hypersequence x, :=dp!/" is non-decreasing. Assume that (x,),
converges to [ and that 0 < ,oR for some R € R.g. Since x, > dp, by The-
orem 30, we get [ > dp. Therefore, applying the logarithm and the exponential
functions, from Theorem 31 we obtain that / = 1 because from o < ,oR it follows
that ”lim, ..y log@o) _ (). But this is impossible since 1 ~ 1 —dp £ dp!/". Thereby,

n

7 sup {d,ol/" |n e "N>0}.

6 Limit superior and inferior

We have two possibilities to define the notions of limit superior and inferior in a non-
Archimedean setting such as *R: the first one is to assume that both o, := sup{x, |
n e N>m} and inf{o,, | m € c’N} exist (the former for all m € "N) the second
possibility is to use inequalities to avoid the use of supremum and infimum. In fact, in
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the real case we have < SUP,> Xn <L+ € if and only if

Vo>m: x, <t+e

Vedn>m: 1 — ¢ < xj.

Definition 42 Let (x,), : °N —> "R be an hypersequence, then we say that ¢ € 'Ris
the limit superior of (x,), if

(i) Vg e N3N € 'NVn > N : x, <t +dp9;
(i) V¢ e NYN € °N3ji = N : 1 —dp? < x;.

Similarly, we say that o € *R is the limit inferior of (x,), if

(i) Vg € NIN € "NVn > N : x, > 0 —dp?;
(iv) Vg e NVN € °N3an > N : o +dp? > xj.

We have the following results (clearly, dual results hold for the limit inferior):

Theorem 43 Let (x;)n, (Vu)n : N — *R be hypersequences, then

(1) There exists at most one limit superior and at most one limit inferior. They are
denoted with * lim SUP,, <oy Xn and "lim inf, _, Ry Xn-

(ii) If Isup {xn |n e N>m}— ay for allm € °N, then 3°lim Sup,, -y Xn if and
only if 3inf {am | m e "N}, and in that case

?lim sup x, = £ lim oy, = inf {ozm |m e “N}
ne’N me N

(iii) “limsup,,c-fy (—xp) = —"liminf, . X, in the sense that if one of them exists,
then also the other one exists and in that case they are equal.
(iv) Flim, .y x, if and only if 3 lim sup,, oy X, = “liminf, .5 Xp.
(v) If Flimsup, oy Xn, “limsup, .oy yn, lim sup, o5y (Xn + yn), then

?lim sup(x, + y,) < “limsup x, + lim sup y,.
ne’N ne’N ne’N

In particular, if VN € “N‘v’ﬁ,ﬁ > N3dn > N : xi+ y; < xp + yu, then the
existence of the single limit superiors implies the existence of the limit superior
of the sum. B

vi) If xp, yo = O for all n € °N and if I’limsup, .f Xu, "limsup, -5 Y,

"lim sup, - (Xn - Yn), then

’lim Sllp(xn - Yp) < lim Sup xp, - ’lim SUp Y.
ne’N ne’N ne’N

In particular, if VN € ”N‘v’ﬁ,ﬁ > N3an > N : Xxji-y; < Xn - Yn, then the
existence of the single limit superiors implies the existence of the limit superior
of the product. B

(vii) If 3°lim sup,, .-y Xn=:t, then there exists a sequence (ig)qeN of °N such that
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(@) ng+1 > ng forallqg € N; _
(b) limy yoo 7y = +00in"R;
(¢) Flimy s 100 X, = L.

(viii) Assume to have a sequence (ng)qeN satisfying the previous conditions (a), (b),

(c) and
Vne”NEIpeN: np >n, Xn = Xii,,- (6.1)
Then 3”1im sup,, o5y Xp=":L.

Proof (i): Let t1, 12 be both limit superior of (x,),. Based on Lemma 6.(iii), without
loss of generality we can assume that ¢ <g t2. According to Lemma 2, there exists
m € Nsuch that ] +dp™ <g 1. Take g1, g2 large enough so that dp?' +dp92 < dp™.
Using the last two inequalities, we obtain

1 +dp?' < 1p —dp?2. (6.2)
Using Definition 42.(i), we can find Ny € N such that
Vn € UNZNI D Xp <11 +dpt. (6.3)
Using Definition 42.(ii) with ¢ = g1 and N = N, we get
37 € "Ny, 1 12— dp® < x;. (6.4)

We now use (6.2), (6.4) and (6.3) for n = n and we obtain x; < (1 + dp?! <q
to, —dp?? < xj;, which is a contradiction.

(i1): Lemma 24. (ii1) implies that (c,), 18 non-increasing. Therefore, we have
Plim,, .oy o = inf {oem | m e "N} if these terms exist from Theorem 40. But Cor. ??
and Definition 42.(i) imply «;, < ¢+ dp?. Finally, Definition 42.(ii) yields t — dp? <
Xji < oy, which proves that 31im, .ty a;; = "limsup, o5y Xm = L.

(ii1): Directly from Definition 42.

(iv): Assume that hyperlimit superior and inferior exist and are equal to /. From
Definition 42.(i) and Definition 42.(iii) we get/ —dp? < x,, <[ +dp9 foralln > N.
Vice versa, assume that the hyperlimit exists and equals /, so that ] — dp? < x, <
[4+dp? for alln > N.Then both Definition 42.(i) and Definition 42.(iii) trivially hold.
Finally, Definition 42.(ii) and Definition 42.(iv) hold taking e.g. n = N.

(v): Setting

t:="lim sup x,

ne’N
Jj:="limsup y,
ne’N
[ :="*limsup (X, + yn),
ne’N
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from Definition 42 we get/ —dp? < xj; + y; < t+ j+2dp?, which implies/ < ¢+ j
for g — +o00. Adding Definition 42.(ii) we obtain ¢ + j — 2dp? < xj + y; for some
n,n > N € °N. Therefore, if x; + y; < x, + y, for some n > N, this yields the
second claim. Similarly, one can prove (vi).

(vii): From Definition 42.(i), choose an N, = N for each g € N, i.e.

Vg € NAN, € 'NVn > N, : x, <1+ dpf. (6.5)

Applying Definition 42.(if) withg > 0and N = N, v (iiy_1 + 1)V [im(a;‘f )] e N,
we get the existence of 77, > N, such that both (a) and (b) hold and « — dp? < x5 o
Thereby, from (6.5) we also get (c).

(viii): Write (c) as

Vg e N3IQ, e NVp e N>g 1t —dp? < xz, <t+dp”. (6.6)

Set N:=ng, € °N. For n > N, from (6.1) we get the existence of p € N such that
np >nandx, < xj e Thereby, n, > ng . and hence p > Q, because of (a) and thus
Xn < X, <L+ dp?. Finally, condition (ii) of Definition 42 follows from (6.6) and
(b). O

Itremains an open problem to show an example that proves as necessary the assumption
of Theorem 43.(i1), i.e. that that the previous definition of limit superior and inferior
is strictly more general than the simple transposition of the classical one.

Example 44 (i) Directly from Definition 42, we have that

"limsup(—1)" = I, *liminf(—-1)" = —1
ne’N ne’N

(ii) Lety € "Rbesuchthat |, = 1and u|c = —1,where L, L¢ Co I.Thenp” < 1
and 1 —dp? < p ifni(n7), is even for all e small. Therefore * lim sup, .y 1" =1,
SUp,~,, W' = 1, whereas #”1im, L5 p".

(iii)) From (vii) and (viii) of Theorem43 it follows that for an increasing hyperse-
quence (xp),, 3’limsup, .5y X, if and only if 3°lim, _.5; x,,. Therefore, example
41 implies that 3 °lim Sup,, o dp!/".

7 Conclusions

In this work we showed how to deal with several deficiencies of the ring of Robinson-
Colombeau generalized numbers “R: trichotomy law for the order relations < and <,
existence of supremum and infimum and limits of sequences with a topology gen-
erated by infinitesimal radii. In each case, we obtain a faithful generalization of the
classical case of real numbers. We think that some of the ideas we presented in this
article can inspire similar works in other non-Archimedean settings such as (construc-
tive) nonstandard analysis, p-adic analysis, the Levi-Civita field, surreal numbers, etc.
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Clearly, the notions introduced here open the possibility to extend classical proofs in
dealing with series, analytic generalized functions, sigma-additivity in integration of
generalized functions, non-Archimedean functional analysis, just to mention a few.
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Abstract

This article is the natural continuation of the paper: Mukhammadiev et al. Supremum,
infimum and hyperlimits of Colombeau generalized numbers in this journal. Since
the ring “R of Robinson-Colombeau is non-Archimedean and Cauchy complete, a
classical series Z;ﬁg an of generalized numbers a,, € “R is convergent if and only if
a, — 01inthe sharp topology. Therefore, this property does not permit us to generalize
several classical results, mainly in the study of analytic generalized functions (as well
as, e.g., in the study of sigma-additivity in integration of generalized functions). Intro-
ducing the notion of hyperseries, we solve this problem recovering classical examples
of analytic functions as well as several classical results.

Keywords Colombeau generalized numbers - Non-archimedean rings - Generalized
functions
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1 Introduction

In this article, the study of supremum, infimum and hyperlimits of Colombeau gen-
eralized numbers (CGN) we carried out in [13] is applied to the introductign of a
corresponding notion of hyperseries. In [13], we recalled that (x,),en € RN is a
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Cauchy sequence if and only if lim,— 400 |Xn+1 — x| = O (in the sharp topology).
As a consequence, a series of CGN

Z a, converges <— a, — 0 (in the sharp topology). (1.1)
neN

Once again, this is a well-known property of every ultrametric space, cf., e.g., [11].
The point of view of the present work is that in a non-Archimedean ring such as “R, the
notion of hyperseries ), . ax, i.e. where we sum over the set of hyperfinite natural
numbers N, yields results which are more closely related to the classical ones, e.g. in
studying analytic functions, sigma additivity and limit theorems for integral calculus,
or in possible generalization of the Cauchy-Kowalevski theorem to generalized smooth
functions (GSF; see e.g. [7]).

Considering the theory of analytic CGF as developed in [17] for the real case and
in [20] for the complex one, it is worth to mention that several properties have been
proved in both cases: closure with respect to composition, integration over homotopic
paths, Cauchy integral theorem, existence of analytic representatives u,, a real analytic
CGF is identically zero if it is zero on a set of positive Lebesgue measure, etc. (cf.
[14,17,20] and references therein). On the other hand, even if in [20] it is also proved
that each complex analytic CGF can be written as a Taylor series, necessarily this
result holds only in an infinitesimal neighborhood of each point. The impossibility
to extend this property to a finite neighborhood is due to (1.1) and is hence closely
related to the approach we follow in the present article.

We refer to [13] for notions such as the ring of Robinson-Colombeau, subpoints,
hypernatural numbers, supremum, infimum and hyperlimits. See also [12] for a more
general approach to asymptotic gauges. In the present paper, we focus only on exam-
ples and properties related to hyperseries, postponing those about analytic functions,
integral calculus and the Cauchy-Kowalevski theorem to subsequent works. Once
again, the ideas presented in the present article, which needs only [13] as prior knowl-
edge, can surely be useful to explore similar ideas in other non-Archimedean Cauchy
complete settings, such as [2,3,11,19].

2 Hyperseries and their basic properties
2.1 Definition of hyperfinite sums and hyperseries

In order to define these notions, the main idea, like in the Archimedean case R, is to
reduce the notion of hyperseries to that of hyperlimit. Since to take an hyperlimit we
have to consider two gauges p, o, itis hence natural to consider the same assumption for
hyperseries. However, in a non-Archimedean setting, the aforesaid main idea implies
that the main problem is not in defining hyperseries itself, but already in defining
what an hyperfinite sum is. In fact, if (a;); -7 is a family of generalized numbers of
*R indexed in °N , it is not even clear what Z?:o a;, means because there are infinite

i € °N such that 0 < i < 4.In general, in a sum of the form ZIN=0 a; with N € “N, the
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number of addends depends on how small is the gauge o and hence how large can be
N < d= % (for some R € N). The problem is simplified if we consider only ordinary
sequences (ay,),en of CGN in “R and an e-wise definition of hyperfinite sum. In order
to accomplish this goal, we first need to extend the sequence

N
(NeNHZaneﬂﬂé):N—wﬂé (2.1)
n=0

of partial sums with summands a, € "IRS, n € N, to the entire set °N of hyperfinite
numbers. This problem is not so easy to solve: in fact, the sequence of representatives
of zero: a,, = 0if e < % and a,, = (1 — &)7" otherwise, where n € N. ¢, satisfies

Ne Ng 1 n
n;ang= > (:) Ve € (0, DR, 2.2)

but if N; — 400 this sum diverges to 400 because 1718 > 1; moreover, for suitable

Ne
N¢, the net in (2.2) is of the order of ( ﬁ) , which in general is not p-moderate. To

solve this first problem, we have at least two possibilities: the first one is to consider
a Robinson-Colombeau ring defined by the index set N x I and ordered by (n, ) <
(m, e)ifand only if ¢ < e.In this solution, moderate representatives are nets (dns ), s €
RN*! satisfying the uniformly moderate condition

30 e NVeVn e N: |au| < p; 9. (2.3)
Negligible nets are (aue)n.e € RNX7 guch that
Vg e NV Vn e N || < pf. (2.4)

Note that, with respect to the aforementioned directed order relation, for any property
P, we have

(A(ng, e0) e N x IV(n,e) < (ng,e9) : Pin,e}) <— veVn e N: Pin,e}.
The main problem with this solution is that it works to define hyperfinite sums only if

300, € NV : 0, > p277. 2.5)

Assume, indeed, that (2.3) holds for all ¢ < gg, so that if N = [N,] € "N, N, e N,
we have

N

E pe

n=0

_ _ _ —RQs.p—
<Nep;@ <o R prQ < p 00 (2.6)
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where we assumed that N, < O’S_R for these ¢ < gp. This is intuitively natural
since the Robinson-Colombeau ring defined by the aforementioned order relation
depends only on the gauge p, whereas the moderateness in (2.6) depends on the
product Ng - pg 2 < o R pe 2 petween how many addends we are taking (that
depends on o) and the uniform moderateness property (2.3).

This first solution has three drawbacks: The first one, as explained above, is that
in this ring we can consider hyperfinite sum only if the relation (2.5) between the
two considered gauges holds. The second one is that we cannot consider divergent
hyperseries such as e.g. > . n because n < pg 2 do not hold for & small and
uniformly for all » € N. The third one is that we would like to apply [13, Thm. 28] to
prove the convergence of hyperseries by starting from the corresponding converging
series of e-representatives; however, [13, Thm. 28] do not allow us to get the limitation
(2.5) (and later, we will see that in general the limitation (2.5) is impossible to achieve:
see just after the proof of Theorem 12). B

The second possibility to extend (2.1) to °N, a possibility that depends on two
gauges but works for any o and p, is to say that hyperseries can be computed only for
representatives (a,¢ ), Which are moderate over hypersums, i.e. to ask

ni(N),
VN e'N: | D ane | €R,. (2.7)
n=0

For example, if k = [k;] € (0,1) C "IE, then (k;‘)n’g is moderate over hypersums
(see also Example 8 below); but also the aforementioned a,, = n for all n € N and
e € I = (0, 1]r is clearly of the same type if R, C R,,.

However, if a, = [ans] = [ane] for all n € N are two sequences which are

moderate over hypersums, does the equality [Zni:(\)’)s ang} = [Zzijg)g [1,,8] hold?

n
The answer is negative: let a,.:=0 if ¢ < # and a,,.:=1 otherwise, then [a,:] = 0
are representatives of zero, but the corresponding series is not zero:

N, N,
~ £ £ 1
VN =[N.] € "N E ane = E 1 =N, — ’75-‘ + 2. (2.8)

S el

Note that both examples (2.2) and (2.8) show that in dealing with hypersums, also the
values a,, for “e large” may play a role. We can then proceed like for (2.7) by saying

that (ans)n,s ~op (ans)n,s if

ni(M),
VM,N e€°N: | > (ane —ane) | ~ 0. (2.9)
n=ni(N),

The idea of this second solution is hence to consider hyperseries only for represen-
tatives which are moderate over hypersums modulo the equivalence relation (2.9).
In the following definition, we will consider both solutions:
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Definition 1 The quotient set (RN*!) / ~,, =: Ry of the set (RN*T)  of nets
op o op
which are o, p-moderate over hypersums

ni(N),
(ane)n.s € (RN“)W = e N [ Y an | €R,,
n=0
by o, p-negligible nets
ni(M),
(@nedne ~op @ne)ne = YM.N €°N: | 3" (ane —ane) | ~, 0,
n=ni(N),

is called the space of sequences for hyperseries. Nets of RN*T are denoted as (@ne)dn.e

or simply~as (ane); equivalence classes of 7R are denoted as (a,), = [(ane)n.c] =
[ane] € fiRs-
The ring of Robinson-Colombeau defined by the index set N x I ordered by

(n,e) <(m,e) : < e <e, (2.10)

is denoted as "H’iu. We recall that * I@u is the quotient space of moderate nets (aue)n e
(i.e. (2.3) holds) modulo negligible nets (i.e. (2.4) holds) with respect to the directed
order relation (2.10).

The letter 'u’ in "I@u recalls that in this case we are considering uniformly moderate
(and uniformly negligible) sequences. The letter ’s” in [ R recalls that this is the space
of sequences for hyperseries. We recall that IR, is a ring with respect to pointwise mul-
tiplication (an)n - (bp)n = [(@ne - bue)ne |- When we want to distinguish equivalence
classes in these two quotient sets, we use the notations

(@n)n = lanels € gﬁés, {anty = lanely € pﬁw

Note explicitly that, on the contrary with respect to gf!és, the ring ” I@u depends on only
one gauge p.

We already observed the importance to consider suitable relations between the two
gauges o and p:

Definition 2 Let o, p be two gauges, then we define

o>p* 1= 30,,eNVe: g, > ng"”’-

o <p" = 105, € N>OV08: Og = psQa’p-

(Note that if o > p*, then Q,, , > 0 since o, — 0).

It is easy to prove that (—) < (—)* is areflexive, transitive and antisymmetric relation,
in the sense that 0 < p* and p < o™ imply 0, = p, for & small, whereas (—) > (—)*
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is only a partial order. Clearly, 0 > p* is equivalent to the inclusion of o-moderate
nets R, € R, whereas o < p* is equivalent to R, D R,,.

It is well-known that there is no natural product between two ordinary series in
R and involving summations with only one index set in N (see e.g. [4] and Sect. 4
below). This is the main motivation to consider only a structure of “IR-module on /R
and, later, the natural Cauchy product between hyperseries:

Theorem 3 ’R; is a quotient "R-module.

Proof The closure of the set of o, p-moderate nets over hypersums, i.e. (RNxZ Jop =
{(ang) | VN € N : (2212(1(\)/)5 ang) € Rp} with respect to pointwise sum (@, + by¢)

and product (rg) - (an,e) = (re - ane) by (re) € R, follows from similar properties
of the ring R,. Similarly to the case of IR, we can finally prove that the equivalence
relation (2.9) is a congruence with respect to these operations. O

We now prove that if (a,), € ? ]RSS, then hyperfinite sums are well-defined:

Theorem 4 Let (a,), = lan:] € Q’I@s and let o, p be two arbitrary gauges, then the
map

ni(M),
(M,N)EONZH Z ape | €°R
n=ni(N),

is well-defined.

Proof p-moderateness directly follows from (a,), € * ]ﬁs; in fact:

ni(M), ni(M), ni(N),—1
Yo e =D ane— Y ane| = ;9 + s (2.11)
n=ni(N), n=0 n=0

Now, assume that (a,), = [as] is another representative. For ¢ € N, condition (2.9)
yields

ni(M), ni(M),
Z dne — Z ape| < ,Of;]
n=ni(N), n=ni(N),
for & small. O

We can finally define hyperfinite sums and hyperseries.

Definition 5 Let (a,), = [a,:] € fj@s and let o and p be two arbitrary gauges then
the term

M ni(M),
Y av=| > awn|€’R YN.Me°N (2.12)
=N n=ni(N),
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is called o, p-hypersum of (ay,), (hypersum for brevity).

Moreover, we say that s is the p-sum of hyperseries with terms (an)neN as n € °N
if s is the hyperlimit of the hypersequence N € °N i~ Z —odn € e *R. In this case,
we write

s = lim_ Zan— Zan

NGN
ne’N

In case the use of the gauge p is clear from the context, we simply say that s is the
sum of the hyperseries with terms (an),eN as n € °N.
As usual, we also say that the hyperseries ), .5 a, is convergent if

N
37 lim_ a, € "R.
Ne"N Z "

Whereas, we say thatahyperseries”) " . a, doesnot convergeif’lim__g N Z,],V:O an
does not exist in ”IR. More specifically, if ”lim y o5 Z;];]:o a, = +00 (—00), we say
that ”) " . a, diverges to 400 (—00).

For the sake of brevity, when dealing with hyperseries or with hypersums, we always
implicitly assume that o, p are two gauges and that (a,), € *R;.

o

Remark 6 (i) Note that we are using an abuse of notations, since the term 22/[: N Gn
actually depends on the two considered gauges p, o
(ii) Explicitly, s =) .5 @, means

Vg € NaM € °NVN € °Noy < d. (2.13)

N
> s
n=0

(iii) Also note thatif N, M € N, then ZQ/I:N a, =anN +...+ay € *R is the usual
finite sum. This is related to our motivating discussion about the definition of
hyperfinite series at the beginning of Sect. 2.

2.2 Relations between {,’]ﬁs and ”I@u

A first consequence of the condition o > p* is that if the net (a,¢) is uniformly
moderate, then it is also moderate over hypersums. Similarly, we can argue for the
equality, so that we have a natural map "R, —> ?Rq:

Lemma 7 We have the following properties:

(i) If N = [N:] € °N, with Ny € N, and (an)n = [ane] € *Rs, then ay:=[an, .| €
R is well deﬁned That is, any sequence (an), € R can be extended from N to
the entire set°N of hyperfinite numbers.

Moreover, if we assume that o > p*, then we have:
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(ii) Both 'R - "]ﬁu and "R - fj@s via the embedding [x:] — [(X¢)n ]
(iii) The mapping

A [ana]u S pﬁu = [ans]s S gﬁs

is a well-defined *R-linear map.
(iv) Let us define a hypersum operator

M M ni(M),
Y iRy — R as Y lanelui=| Y.
n=N n=N n=ni(N),

forall M, N € *N. Then ZQ/I:N [anely = ZQ/I:N A ([anely) € 'R. Therefore, the
character (convergent or divergent) of the corresponding hyperseries is identical
in the two spaces "Ry and ?R.

Proof (i) In fact, if (N;) € N, then from (a,), €’ ]@s we get the existence
of Q; € N such that

Ne—1

N
|aNs’€} = Zane - Z Ane| < pg_Ql _|_p£—Q2.
n=0 n=0

Finally, if (a,), = [ane]l = [ane] € 7 IP@S, then directly from (2.9) with

M = N we get [(ani(n),,e)n,e] = [(@ni(v),,e)n,e] (note that it is to have this

result that we defined (2.9) using ZE%))E instead of Zziz(]g)"' like in (2.7)).

Therefore, ay:=[an, ¢] € ’R is well-defined. In particular, this appligs
with N = n € N, so that any equivalence class (a,), = [(gym;)n,g] € "Ry
also defines an ordinary sequence (a;,)neN = ([ane]) ey Of “R. On the other
hand, let us explicitly note that if (a,),en = (@n)nen, i.e. if a, = a, for
all n € N, then not necessarily (2.9) holds, i.e. we can have (a,)n 7 (an)n
as elements of the quotient module ?RR;.
Claim (ii) is left to the reader.
(iii) Assume that inequality in (2.3) holds for ¢ < g, i.e.

Ve <eggVn e N: |au| < ,OS_Q. (2.14)

Without loss of generality, we can also assume thatni(N), + 1 < O’g_R and

oe > pg_Q“"’. Then, for each ¢ < g¢, using (2.14) we have ‘ZQQ)’)S ane| <
Mi(N), + 1) p5 € <0 R 079 < ps F970 7€ Moreover, if [y ], = 0
then, forallg € N

ni(N),

D ane| < Mi(N), + 1) - pf

n=0
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for ¢ small. Since ni(N), is o-moderate and o > p*, this proves that the
linear map A is well-defined.
(iv) This follows directly from Definition 5. O

It remains an open problem the study of injectivity of the map A.

We could say that o > p* and [a,.], € "R, are sufficient conditions to get
(an)n = lanels € R and hence to start talking about hyperﬁnlte sums Zn N Qn
and hyperseries * Zn <t @n- On the other hand, if o > p* is false, we can still con-
sider the space ” »Rs and hence talk about hyperseries, but the corresponding space ? ’ R,
lacks elements such as (1), because of the subsequent Lemma 10. As we will see in the
following example 8 (3) and (6), the space ? R still contains sequences corresponding
to interesting converging hyperseries.

The following examples of convergent hyperseries justify our definition of
hyperseries by recovering classical examples such such geometric and exponential
hyperseries. We recall that this is not possible using classical series in a non-
Archimedean setting.

Example8 (1) Let N = [N,] € °N, where N, € N for all &, then ZQ’ZN an =
[an,.] = an € *R. Werecall that ay = [an, ] is the extension of (a,), € /R

toN €°N (see (i) of Lemma 7).
(2) Forall k € R, 0 < k < 1, we have (note that 0 = p)

Z K" = (2.15)
ne”N

We first note that k" < 1, so that {k"*}, = [k?]u € ”I@u. Now,

1 — kN—H

Zk"—"hm Zk"—"llm

Ne”N Ne’N 1 -k
ne’N

But kN1 < d9 if and only if (N + 1) logk < glogd. Since 0 < k < 1, we have

logk < 0 and we obtain N > ¢ 15 logd — 1. It suffices to take M. :=int (q ioi 2’9) in

the definition of hyperseries.
(3) More generally, if k € R, 0 < k < 1, we can evaluate

N,
1—k
n=0

This shows that (k"), = [k]] € © I@S for all gauges o. If we assume o < p*

1 — st-H

1_k8

log k¢
Yhefi K =
(4) Let k € "R.¢ be such that k¥ > 1 (see [13] for the relations >4 and = and,
more generally, for the language of subpoints), then the hyperseries ” Y o k"

then M, :=int <q log pe ) € N, and hence, proceeding as above, we can prove that
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is not convergent. In fact, by contradiction, in the opposite case we would have
Z ok € (I — 1,1 +1) for some | € PR for all N sufficiently large, but
this is impossible because for all fixed K € # R>0 and for N sufficiently large,

_ . N+1
ano k" = ILmNepN 1kT >g K because "lim .55 k N+l — 4 0.
(5) For all x € *R finite, we have ”ZnepN fl—, = ¢*. We have |[x| < M € R.y

. . xn n
because x is finite, and hence |x.| < M for all ¢ < gg. Thereby &< % <M

for all n € N and thus {’%} = [i} € ”@u. Forall N = [N,] € ”N, N, € N,
: u

n:
n
and all ¢, we have

Ne X" +00 X"

E —8' =t — E —8' (2.16)
n. .

n=0 n=N¢+1

Now, take N € °N such that N+1 < %, so that we can assume N, + 1 > 2M

+oo X
for all e. We have‘ n=N,+1 nT

=< Zn>N8 A’;[_;” and for all n > N, we have (by
induction)

Mn—H 1
(n+ Dl ol

Therefore )Z;L:o?\,g“ 2—%‘ < DN, s and hence “limy 5 349 &7 =
by (2.15). This and (2.16) yields the conclusion.

(6) In the same assumptions of the previous example, we have HZ

and hence (#) =
n: n

n
Xe
n=0 n!

| =e

[2—%} gRs for all gauges o. If 0 < p*, proceeding as

xn

above, we can prove that ") . 77 = e”.

Finally, the following lemma shows that a sharply bounded sequence of 'R always
defines a sequence for hyperseries, i.e. an element of ?R;.

Lemma9 Let (a,),eN be a sequence of”@. If (ay)nen is sharply bounded:
IM € "RoogVn € N: |a,| < M, (2.17)

then there exists a sequence (angs)nen of R, such that

(i) an = [ans] € "R foralin € N;
(ii) [anelu € "Ry; "
(iii) If o > p¥, then [ape]s € "Rs.

Proof Let M = [M,] be any representative of the bound satisfying (2.17), so that
M, < ,og_Q for ¢ < ¢p and for some Q € N. From (2.17), for each n € N we get the
existence of a representative a, = [a,.] such that |a,.| < M, for e < gp, < go. It
suffices to define a,,.:=a,. if ¢ < Eon and a,.:=M_ otherwise to have Ve < ggVn €
N |age| < pg_Q, so that [a,]y € "Ry. If 0 > p*, we can then apply Lemma 7. O
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However, let us note that, generally speaking, changing representatives of a, as in
the previous proof, we also get a different value of the corresponding hyperseries, as
proved by example (2.8).

2.3 Divergent hyperseries

By analyzing when the constant net (1) is moderate over hypersums, we discover the
relation (2.5) between the gauges o and p:

Lemma 10 The constant net (1) € (RN*! op, €. it is o, p-moderate over hypersums,
if and only if o > p*.

Proof If (1) € (RNXI)Up, we set N8::int(ae_1) + 1, so that we get 08_1 < ZQ’;O 1=
N, < ,og_Q‘”’ for some Qs , € N, ie. 0 > p*. Vice versa, if o, > ,ogQ"’p for all
e < &, then for those ¢, we have ’Zm(ms 1‘ =ni(N), <o, K < pg_R'Q””’ for some

R € N, because N € “N. O

One could argue that we are mainly interested in converging hyperseries and hence it
is not worth considering the constant net (1). On the other hand, we would like to argue
in the following way: the hypersums N € N> Z ol € *R can be considered, but
they do not converge because 1 4 0. As we will see in Lemma 15, this argumentation
is possible only if o > p* because of the previous Lemma 10.

Leto > p*and w € *N be an infinite number. If (ap)n € RS, we can also think
at ano a, as another way to compute an infinite summation of the numbers a,. In
other words, the following examples can be considered as related to calculation of
divergent series. They strongly motivate and clarify our definition of hyperfinite sum.

Example 11 Assuming o > p* and working with the module ? Ry, we have:
5) Y 1=we R\R.

©) YO n= [Zﬁiff)g ng] _ [ni(w)E(n;(w)SH)] = oloth)

(1) Yo @n—1) =23 n—>"%_| 1= w?because we know from Theorem 3
that 7R 1s an “R-module.

8) v l(a—i-(n—l)d)_a)a—i———%d

(9) Using e-wise calculations, we also have Zfzo(—l)” = %(—1)‘”“ + % Note
that the final result is a finite generalized number of *R, but it does not converge
for w — 400, w € *N.

10) The net (2"), . is not p-moderate over hypersums, in factif w = [mt(pg 1)] then
e, 2" I'= 2@ — 1, which is not p-moderate. Another possibility to consider
the function 2¢ is to take another gauge ; < p and the subring of “R defined by

Ri={x e “R|3IN e N: |x| <d N},
where only here we have set d:=[p;]~, € “R. If we have

VN e NIM e N: dV < —Mlogd, (2.18)
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then 27 : [x.] € “]ﬁ — [2)‘5] e "R is well defined. For example, if
e —exp( /e ) then u < p and (2.18) holds for M = 1. Note that the

natural ring morphism [x.]~, € ;‘R = [xel~, € 'R is surjective but generally
not injective. Now, if € "IE N°N, then YO 2l =20—1¢ "R \“R iR,

(11) Once again, proceeding by g-wise calculations, we also have the b1n0m1al for-
mula: For all a, b € *R and n € *N, if (a+b)" e ’R, then

(a+b)' = Z (Z) akp"*

k=0
where n!:=[ni(n).!] and (n) ——
. £ k k‘(n k)'

2.4 g-wise convergence and hyperseries

The following result allows us to obtain hyperseries by considering e-wise convergence
of its summands. Its proof is clearly very similar to that of [13, Theorem 28], but with
a special attention to the condition (a,), € Ry that we need beforehand to talk about
hyperseries.

Theorem 12 Leta : N —> "R and an = laye] foralln € N. Let g, M, € N~ be
such that (q;) — +oo as e — 0T, and

N
VeVN > M, : s, — pe < Zang < se + ple (2.19)
n=0

(note that this implies that the standard series Z 0 dne converges to S¢ ). Finally, let
W be another gauge. If s = [s¢] € p]R then setting o.:=min(pug, M, 1, we have:

(i) 0 < pisa gauge (not necessarily a monotonic one);
(ii) M:=[M.] € °N;
(lll) SpMo= [Zﬁlso : ans] € p@’.
(i) uan)ai= | (ansan.), | € 0B
(v) s =sm+ pZne”N an+M-.

~

Proof The net o, = min(ue, M; ') — 0% as e — 0 because . — 0T, ie. itisa
gauge (note that not necessarily o is non-decreasing, e.g. if lim__, 1 M, = +oo for

all k € Nog and M, > /,Le_l). We have M:=[M,] € °N because our definition of
o yields M, < ag_l. Moreover, since (g;) — +00, for all ¢ condition (2.19) yields
se—1<s, —pg*’" < Zflvzoang < s8+pg£ <sge+1forall N > M,. For N = M this
gives sy = [ZMﬁO ang] € pI’@, because we assumed that s = [s.] € 'R.IFN e "N,

then ni(N), + M, > M, foralle,and hence s, —1 < Y M ! n8+22‘(lx/[);+Mf e =
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SpMe + sz(\)/)g Ant+M,.e < Se + 1. This shows that [221:(1(\)7)8 an+Ms,8] e *R, because

SM,S € ”IE, 1e. (an+m)n € (’jf&s. Similarly, if ¢ € N, then ¢ < ¢, for ¢ sufficiently
small and, proceeding as above, we can prove that | 2’11\7:0 an+pm — S — syl <d?4. O

Note that, if (M) is not p-moderate and we set o,:= min (,og, Mg_l) € (0, 1], then
VOeNIL CyIVeelL: o, ' > M, > p; ¢

and this shows that o > p*, Le. the fundamental condition to have moderateness of
hyperfinite sums in the ring ’R,, (see (2.6)), always necessarily does not hold. On the
other hand, if (M;) is p-moderate, then R, = R,; in particular, we can simply take
o=u=np.

Assuming absolute convergence, we can obtain a stronger and clearer result:

Theorem 13 Leta : N —s ’R and a, = |ay] foralln € N Assume that the standard
series Z,J{:OB ane converges absolutely to 5. and [5¢] € *R. Finally, let u be another
gauge and set s¢:= Z::o?) aye, then there exists a gauge o < |1 such that:

(i) (an)n = lanels € g]ﬁs;
(ii) s =", coft n-

Proof Set g.:= [1], so that the absolute convergence of }_,"° a,, yields
N

VedM, € NogVN = M, : 5, — pfe < Y lane| < 3¢ + pf* (2.20)
n=0

and we can thereby apply the previous Theorem 12 obtaining 5y;:= [Z::/[:E(; : |ane |],

”Zneaﬁ lan+m| € ?R. Therefore, for an arbitrary N € °N, we have:

ni(N), ni(N), M¢+ni(N),
Z ne =< Z lane| | < Z |ane |
n=0 n=0 n=0

— P ~
=su+") laniml € ‘R,

ne’N

and this shows that (a,), € @s. Now, proceeding as above we can prove that s =
’Y e n. O

2.5 Basic properties of hyperfinite sums and hyperseries

We now study some basic properties of hyperfinite sums (2.12).
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Lemma 14 Let o, p be arbitrary gauges, (a,), € (’;I@s, and M, N € "N, then

N+M N+M
> an - Zan = Y an (2.21)
n=0 n=N+1

Proof For simplicity, if N = [Ng], M = [M,] with N;, M, € N for all ¢, then
Zr]:]:o ap = [Z;quio ang:l € ’R and

N+M [[Ne+M,
Z an = Z ans:|
n=0 L n=0
[ N Ne+M;
= Zang + Z Ape
_n_O Ng+1
N N+M
= Zan + Z an
n=0 n=N+1

Lemma15 If”) " . an is convergent and M € °N, then

N+M
a, =" lim_ a
Y= lim Y a
ne°N n=0
Therefore, from (2.21), we also have
N+M
£ lim_ Z a, = 0.

Ne'N

In particular, "lim, .55 a, = 0.

Proof Let s:=") " . a,. Directly from the definition of convergent hyperseries
(2.13), we have

Vg € NIK € °NVN € “Nog — 5| < d9. (2.22)

In particular, if N € ”NZ k,thenalso N + M € ”NZ k, which is our conclusion. 0O

Directly from Lemma 14, we also have:
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Corollary 16 Let ), .5 an be a convergent hyperseries. Then adding a hyperfinite
number of terms have no effect on the convergence of the hyperseries, that is

Zan—l—"hm Z a, = Zan VK € °N.

NeNn K+1 neo N

Mimicking the classical theory, we can also say that the hyperseries ” ) . ay is

Cesaro hypersummable if 371im y, o5y ﬁ Zﬁlvzo Y i—o ax (this hyperlimit is clearly
called Cesaro hypersum). For example, proceeding e-wise, we have that the hyper-
series ” ) .77 (—1)" has Cesaro hypersum equal to % Trivially generalizing the usual
proof, we can show that if ”) . a, converges to s, then it is also Cesaro hyper-
summable with the same hypersum s.

3 Hyperseries convergence tests
3.1 p-hyperseries

To deal with p-hyperseries, i.e. hyperseries of the form

nEUNzl

we always assume that:

(1) pe 'Risa finite generalized number such that p > 0 or p < 0; we recall that if
p is an infinite number (at least on a subpoint), the operation n” is in general not
well-defined since it leads to a non p-moderate net (see also Example 11.10)).

(ii) The gauges o and p are chosen so that (s;) € “R. A sufficient condition
for this is that o > p*, i.e. that R, C RR,. In fact, since p is finite, we have

(Zr]lval n- 8) < N.N; 7 eR, C R, whenever N, € N, (N;) € N,.
Note explicitly that, from the assumption (nl,,)n €’ f&s, we hence have
N

1 Ne o -
Zn—pz ang e ’R (3.1)

evenif N € °N C °R, and “Ri is a different quotient ring with respect to 'R (e.g.,
general we do not have "‘Ncr N) In other words, it is not correct to say that the left
hand side of (3.1) is the sumfor 1 <n < N € °N of terms - € °R, but instead it is
a way to use (N;) € N, to compute a generalized number of 'R

If p < 0, the general term nip # Obecausen ” < d? onlyifn < d=9/P. Therefore,
Lemma 15 yields that the p-series diverges. We can hence consider only the case p >
0. Let us note that Theorem 4, which is clearly based on our Definition 1 of ?IRg, allows
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us to consider partial hypersums of the form Zflvzl nip evenif p < 0.Inother words, we

can correctly argue that the p-hyperseries does not converge if p < 0 not because the
partial hypersums cannot be computed, but because the general term does not converge
to zero. The situation would be completely different if we restrict our attention only
to sequences (a, ), satisfying the (more natural) uniformly moderate condition (2.3).
Similar remarks can be formulated for the calculus of divergent hyperseries in Example
8, 6)-10).

To prove the following results, we will follow some ideas of [10].

Theorem 17 Letp € "I’@>o and let Sy (p) be the N -th partial sum of the p-hyperseries,
where N € “Nx, then

1 2 2
L= 55 T 5558 p) < San(p) < 14 258 (p). (3.2)

Proof Let N = [N,] € ”ﬁzl, with Ny € N> for all ¢, and p = [p,], where p, > 0
for all . Since

S - 2N T 1 1 1
w(p) = ZnT =t Tae T anoe

n=1
S I —
o 2P 4Pe ((2N,))P:

1 1
+ [3178 T (2N, — 1))178]'

But

1 1 1 1
1+|:2?+4p6+"'+m:|:1+2_pSN(P) (3.3)

and, since p, > 0, we also have

1 1 1 1 1
[3,76 AT Ty 1))Pe] ” [4% e T (<2Ns>>m}
1 1

=558 (P) = 55 (3.4)

Summing (3.3) and (3.4) yields Son (p) > 1 — 55 + 5 Sy (p). Finally, from (3.3) and

1 1 1 1 1 1
[3pg Tt oot ((2N5—1))P8i| = [2?+47+m+ ((2Ng))1’8] a
1
= 2—pSN(P)
we get Soy(p) < 1+ 2%51\7(1?) + szSN(P)- =
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Theorem 18 The p-hyperseries is divergent when 0 < p <s 1. When p > 1, there
exist some gauge T < p such that (nl,,)n € "R; and the p-series is convergent with
respect to the gauges t, p (to the usual real value ¢ (p) if p € R), and in this case

2P —1 = 1

5 = Z Z—ps (3.5)
ne'N> n=I1

Proof If 0 < p < 1, there exist J Cq [ such that p|; < 1. Assume that the

p—hyperseries is convergent and set “lim,, .5y Sy (p) =: S(p). Taking N — oo in

the first inequality in (3.2), we have

P _

1 2 2
1 — —+—S(p) +2—pS(p) <S8p).

2p 2p
Since for ¢ € J sufficiently small we have 0 < p. < 1 for some [p.] = p, we obtain

L WLt PN
= 2 Pe - 2 Pe (p)_ ’

This shows that the p—hyperseries is divergent when p <; 1. Now let p > 1, so that
we can assume p, > 1 for all €. From (3.2), we have

2
SN, (Pe) < Son, (pe) < 1+ — 7 SN, (pe),

where Sy, (pe) = ZNS € R. Thereby

n lnl’S

2
0< (1 — ﬁ) Sn, (pe) < 1

2 Pe

SN, (pe) < ST

So Sn, (p) is bounded and increasing, and applying Theorem 12, we get the existence
of a gauge t such that (n ) € "R, and” > L converges to 31 L = ¢ (p).

n€N>1n n=1 np —
O

Later, in Corollary 34 and using the integral test Thm. 33, we will prove the conver-
gence of p-hyperseries for arbitrary gauges o, p (even if we will not get the estimates

(3.5)).

3.2 Absolute convergence

Theorem 19 If”)" _.x |an| converges then also ", _.f; an converges.
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Proof Cauchy criterion [13, Thm. 37], yields

Ny N>

> lanl = la]

n=0 n=0

Vg € NIM € °NVN;, Ny € “Noyy <d.

The conclusion hence follows from the inequality

N1 N>
D an =) an
n=0

n=0

<

’

N Ny
> lanl = la]
n=0 n=0

and from Cauchy criterion for hypersequences, i.e. [13, Thm. 37]. O

3.3 Direct and limit comparison tests

In the direct comparison test, we need to assume a relation of the form a,, < b, for all
n € N between general terms of two hyperseries. If a, = [ay:], by = [bne] € ’R are
two representatives, then this inequality would yield

[zl =0 € pf@ Jeon Ve < €0n ¢ ane < bpg + Zne.

The dependence of ¢, from n € N does not allow to prove, e.g., that ZQ’ZO ap <
2’11\720 b, (e.g. as in (2.8), we can consider b,.:=0 and a,.:=0 if ¢ < # but a,.:=1

otherwise, then a,, = [a,:] = 0 = b, but Z,]quo ap =N — [I_H] +2).
Moreover, for convergence tests we also need to perform pointwise (in n € N)

operations of the form <Z—”) , (

n n ~
ations can be easily considered if we restrict us to sequences {a,}, = [an:]lu € "Ry
and we assume that o > p*. Anyway, this is a particular sufficient condition, and we
can more generally state some convergence tests using the more general space ”Rq.

For these reasons, we define

Ap+k
an

)n or (la,|'/"), . This kind of pointwise oper-

Definition 20 Let (a,),, (by)n € fj[@s, then we say that (a,), < (b,), if
M M
VN.M e°N: Y a, <) b,in"R. (3.6)

Note explicitly that if M <; N on L o I, then Y2 v a, =, M b, =1 0.
Therefore, (3.6) is equivalent to

M M
VN.Me°N: M>N = ZanEZbHinpﬂé.
n=N n=N
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On the other hand, we recall that the Robinson-Colombeau ring Ry is already
ordered by {a,},, = [anclu < [bnelu = {bn}, if

Aznely = 0 € "Ry Ve ¥n € Nt ape < bue + Zne. (3.7)

We also recall that ?R - ngs through the embedding x — [(x¢),¢]. Thereby, arelation
of the form x < [a,.], yields

VeVn e N: Xe < ape

for some representative x = [x.]. Finally, [13, Lem. 2] for the ring * ]ﬁu implies that
{an}n < {bn}n if and only if

g e RogVeVn € N: by, — ane > d4.

Theorem 21 We have the following properties:

(i) (¢ His, <) is an ordered *R-module.
(ii) If (an)y = 0, then N € °N > ZVIIV;Q a, € "R is increasing. _
(iii) If o = p*, and [anely < [bnelu in "Ry, then [anels < [byels in gRs-

Proof (i): The relation <on?* f&s is clearly reflexive and transitive. If (a,), < (by), <

(an)n,thenforall N, M € “N we have ZQ/I Nan = ny N by in *R. From Definition 5
of hypersum, this 1mphes (2.9), i.e. that (a,), = (by), in R

(ii): Let N, M € °N with N < M, then Zn 00n = D e oan +Zn N1 0n bY
Lemma 14, and Zn:NH a, > 0 because (a;), > 0in gRS.

(ii1): Assume that the inequality in (3.7) holds for all ¢ < ¢ and for all n € N.
Then, if N = [N;], M = [M,], N;, M. € N, we have Zn N, dne = Zn —N, bne +
Zf:/[jNg Zne for all € < gg. Since [z,.], = 0 € Ru, for each ¢ € N, for ¢ small and

< |M; — N¢| pf. Thereby,

forall n € N, we have |z,.| < ,ogq and hence ‘ZMEN Zne

from the assumption o > p*, it follows that <Z£4€ N, zm) ~, 0, which proves the

conclusion. 0

The direct comparison test for hyperseries can now be stated as follows.

Theorem 22 Let o and p be arbitrary gauges, let *y ", . an and "), .5 b, be
hyperseries with (a,),, (by), = 0 and such that

AN € Nt (ansN)n = (bpyNn- (3.8)

Then we have:

(i) If") ", cofs bn is convergent then so is * ), % an.
(ii) If") ", coft Gn is divergent to +00, then so is "y % by.
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(iii) If o > p* and {a,}n:=[anelu, {bnln = [bnelu € p@u, then we have the same
conclusions if we assume that

AN € N: {apyn}n < {buyn)n in pﬂéu-

Proof We first note that (3.8) can be simply written as (o, ), < (Bn)n, Where o, :=a, +n
and B,:=b,,+n. Thereby, Corollary 16 implies that, without loss of generality, we can
assume N = 0. To prove (i), let us consider the partial sums Ay:= ZzNzo a; and
By:= ZlNzo b;, N € °N. Since Y neoft bn is convergent, we have 3°lim .5 By =:
B € "R. The assumption (a,), < (bp), implies Ay < By. The hypersequences
(AN) yerfts (BN) yeofy are increasing because (an)n, (bp)n > 0 (Theorem 21.(ii)) and
hence (B — By) y -7 decreases to zero because of the convergence assumption. Now,
forall N, M € “KI, M > N, we have

M N M M
ANSAu=) apn=) ay+ Y an<Ay+ Y by=Ay+(B—By).
n=0 n=0 n=N+1 n=N+1

(3.9)

Thereby, given m, n > N, applying (3.9) with m, n instead of M, we get that both A,
A, belong toLhe interval [Ay, Ay + (B — By)], whose length B — By decreases to
zeroas N € "N goes to infinity. This shows that (A,), .. is a Cauchy hypersequence,
and therefore ” ), .5 a, converges.

The proof of (ii) follows directly from the inequality Ay < By foreach N € °N.
The proof of (iii) follows from Lemma 21.(iii) and from Lemma 7.(iv). O

Note that the two cases (i) and (ii) do not cover the case where the non-decreasing
hypersums N +— quvzo a, are bounded but anyway do not converge because it does
not exists the supremum of their values (see [13]).

Example 23 Let x € ﬂﬁzo be a finite number so that x < M € N.( for some M.

Assume that x, < M for all ¢ < g¢. For these ¢ we have ”::% < n% forall n € Nx .

This shows that { ’Z:ﬁ;f } < {m} and we can hence apply Theorem 22.
n n

The limit comparison test is the next

Theorem 24 Let o and p be arbitrary gauges, let "y, o5 ap and "), .5 by, be
hyperseries, with (ay), > 0. Assume that

Im, M € "Rog3IN € Nt (mbuin), < (@nin)y < (Mbyiy),.  (3.10)

Then we have:

(i) Either both hyperseries "y ofi @n, "), o5 bn converge or diverge to +00.
(ii) If o > p¥, lanty = lanelw {bn}y = [bnelu € "Ry, [buelu > 0 and

ap+N

Hm,Mep@>03NeN:m§{ } <M,
n

n+N
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then the same conclusion as in (i) holds.

Proof As in the previous proof, without loss of generality, we can assume N = 0.
Now, if *) ", . by diverges to 400, then so does ”), .5 mb, because m > 0.
Since (mby), < (ay),, by the direct comparison test also the hyperseries ” )" o5 an
diverges to +o00. Likewise, if the hyperseries ”), . b, converges then so does
"y neoit Mby. Since (ay,), < (Mby),, by the direct comparison test also the hyper-
series ” ) . .7 a, converges. Property (ii) can be proved as in the previous theorem.

O

Note that if M, a,, b, € R, then the condition {%} < M is equivalent to
"Jn

limsup,_, | Z—Z < M. Analogously, m < {Z—Z }n is equivalent to lim inf,,_, oo Z—Z >

m. This shows that our formulation of the limit comparison test faithfully generalizes
the classical version. ~

Both the root and the ratio tests are better formulated in ’IR,;, because their proofs
require term-by-term operations (such as e.g. that |a,|!/" < L implies |a,| < L"), so
that the order relation defined in Definition (20) seems too weak for these aims; see
also the comment below the proof of the root test.

3.4 Root test

Theorem 25 Let 0 > p* and let {|a,|}, € ”]lAéu (so that also {lanll/”}n € ”@u).
Assume that

L e R - {lan|1/"} <L G.11)

n

Then

(i) If L < 1, then the hyperseries "), _.% an converges absolutely.
(ii) If J So I and L > 1, then (lay| 1), -y — +00 and hence the hyperseries
Y neoit Gnly diverges.
(iti) If L y=1, then the hyperseries "), % a, converges if and only if L < 1.

Proof (i): Our assumption {|a,, | 1/"}n < L entails {la,|}, < (L"),. Since
? Zn eNso L™ is convergent because 0 < L < 1, by the direct comparison test,
the series ” Zn e lan| 1s also convergent.

(ii):N Now, assume that L, > 1 fore € J Cp [ and let us work directly in the
ring “R|;. Proceeding as above, we have {|a,|}, > (L"), and thereby the last claim
follows because of L >; 1.

(iii): Assume that L /=1, that” Zn coff @n converges but L > 1, then (ii) would
yieldthat”} " _.% a,|s diverges forsome J < I and this contradicts the convergence
assumption. Therefore, we have L /=1 and L ¢/>1, and hence [13, Lem. 6.(v)] gives
L ¢>1. Thereby, [13, Lem. 5.(i1)] finally implies L < 1. O

Actually, we can also simply reformulate the root test in ? R by trivially asking that
(lan)), < (L™),, but that would simply recall a non-meaningful consequence of the
direct comparison test Theorem 22.
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3.5 Ratio test

Proceeding as in the previous proof, i.e. by generalizing the classical proof for series
of real numbers, we also have the following

Theorem 26 Let o > p* and let {a,}, € ”]ﬁu, with {|a, |}, > 0. Assume that for some
k € N we have

Then

(i) If L < 1, the hyperseries "), .7 a, converges.
(ii) If J Co I, L >; 1, then (lay||y), iy —> +00 and hence the hyperseries
Y neoit Gnly diverges.
(iti) If L y=1, then the hyperseries "), % an converges if and only if L < 1.

As in the classical case, the convergent p-hyperseries ” ) " . an and the divergent
hyperseries ” ), . 1" shows that the ratio and the root tests fails if L = 1.

Example27 If x € * R is a finite invertible number, then using the ratio test and
proceeding as in Example 23, we can prove that ” ) . 77 converges if o > p*.

3.6 Alternating series test

Also in the proof of this test we need a term-by-term comparison (see (3.14) below).

Theorem 28 Let o > p* and let {a,}, € ”I’@u. Assume that we have

{ans1}, < {an}, (3.12)
’lim a, = 0. (3.13)
ne’N

Then the alternating hyperseries "), .7 (—1)"a, converges.

Proof By (3.12), assume that
Antl.e < ane VYn € NVe < g (3.14)

holds foralln € Nandall e < gy. Take N = [N.], M = [M,] € "N, where fore < g
we have N., M, € N. If M, is odd and M, < N, we can estimate the difference
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SN, — Sm, as:

Ne
Ne — Sm, = Z( 1)"a, — Z( D'ap =Y (=1)"ay

n=M,+1
3.15
=daMm.+1 — aM 42 +am 43 + -+ an, (3.15)
=am,+1 — (am, 42 — am,+3) — (M. 44 — aAm.4+5) — -+ - — an,

<am.+1 = am,,

where we used (3.14). If M, is even and M; < N, a similar argument shows that
SN, = Sm, = —apm,. If My > Ng, it suffices to revert the role of M, and N; in (3.15).
This proves that min(—ays, —ay) < Sy — Sy < max(ays, ay). The final claim now
follows from (3.13) and Cauchy criterion [13, Thm. 44]. O

Example 29 Using the previous Theorem 28, we can prove, e.g., that the hyperseries
DI (_r})” is convergent.

3.7 Integral test

The possibility to prove the integral test for hyperseries is constrained by the existence
of a notion of generalized function that can be defined on an unbounded interval,
e.g. of the form [0, +00) € ”RR. This is not possible for an arbitrary Colombeau gen-
eralized function, which are defined only on finite (i.e. compactly supported) points,
i.e. on domains of the form §C (see e.g. [9]). Moreover, we would also need a notion
of improper integral extended on [0, +00). This notion clearly needs to have good
relations with the notion of hyperlimit and with the definite integral over the interval
[0, N], where N € *N (see Definition 32 below). This further underscores drawbacks
of Colombeau’s theory, where this notion of integral (if N is an infinite number) is not
defined, see e.g. [1].

The theory of generalized smooth functions overcomes these difficulties, see e.g.
[7,8]. Here, we only recall the equivalent definition. In the following, o, p always
denote arbitrary gauges.

Definition 30 Let X C “R” and Y - "R, We say that f : X — Y is a p-moderate
generalized smooth function (GSF), and we write f € "GC®(X,Y), if

(i) f : X —> Y is a set-theoretical function.
(ii) There exists a net (f;) € C®(R", R?)©:11 gych that for all [x.] € X:

(@ fx) = [fe(xe)]
(b) Yo € N" : (0 fe(x)) is p — moderate.

For generalized smooth functions lots of results hold: closure with respect to compo-
sition, embedding of Schwartz’s distributions, differential calculus, one-dimensional
integral calculus using primitives, classical theorems (intermediate value, mean value,
Taylor, extreme value, inverse and implicit function), multidimensional integration,
Banach fixed point theorem, a Picard-Lindel6f theorem for both ODE and PDE, several
results of calculus of variations, etc.
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In particular, we have the following

Theorem 31 Let a, b, ¢ € p]ﬁ, with a < b and ¢ € la,b] € U. Let f €
"GC*®([a, b], "R) be a generalized smooth function. Then, there exists one and only
one generalized smooth function F € "GC*([a, b],”R) such that F(c) = 0 and
F'(x) = f(x) forall x € [a, b]. Moreover; if f is defined by the net f, € C*°(R, R)
and ¢ = [c;], then

F(x) = [ f YR d} (3.16)

forall x = [x¢] € [a, b].

We can hence define f Cx f(t)d:=F(x) for all x € [a, b] (note explicitly that a, b can
also be infinite generalized numbers). For this notion of integral we have all the usual
elementary property, monotonicity and integration by substitution included.

For the integral test for hyperseries, we finally need the following

Definition 32 Let f € "GC™ ([0, +00), “R), then we say

+00 N +00 -
3 fx)d e 3’lim | fx)d= f(x)de’R
0 Ne’N Jo 0
400 N
fx)d=400 < “lim f(x)d = +o0.
0 Ne’N Jo

Theorem 33 Let f = [ f.(—)] € “GC([0, +00), “R) be a GSF such that

VWeVn e NVx € [n,n+ Dr: fox) < fo(n) (3.17)
VWeVn e NogVx e [n— 1,n)r : fo(n) < fo(x) (3.18)

then (f(n)),, = [fe(m)], € /R and

(i) The hyperseries pzneaﬁ f(n) converges if 3 f0+oo f(x)d and "lim, .5 f(n) =
0.

(ii) The hyperseries” ), .5 f(n) diverges to +00 iff(;Loo f(x)d = +oo.

Proof From (3.16), forall N, M € *N we have

M+1 M +1
/ fx)d= [/ fg(x)dx} .
N Ng
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Without loss of generality, we can assume N,, M, € N for all €. Thereby

A

fMHﬂx)dx— Z / fe(x)d

N nNF

M
= Z/ fem)d =Zf(n>,
n=N

nNg

where we used Definition 5 of hypersum and (3.17). On the other hand, since N €
’N C [0, 4+00) C R, using (3.18) we have

M, n
Zf(n) Fv)+ Zf fmd=r+| [ fmad

1 n—1

n=N+1 n=~Ng+
M,
< f(N)+ Z 1fs()C)d f(N)+/ fx)d,
n=Ne+17""

where we used again Definition 5 of hypersum and (3.16). Combining these two
inequalities yields

M+1
/N fd < Z fn) < f(N)+/ fd. (3.19)

n=N

These inequalities show that (f(n)), € ? I@S. Now, we consider that 22/1:0 f(n) —
SN fm) =M fn) for M > N, and

M N M
/ f(X)d=—/ f(X)d+/ fx)d.
N 0 0

Therefore, if 3 f0+°° f(x)dand *lim, 5 f(n) = 0, letting N, M — +00 in (3.19)
proves that our hyperseries satisfies the Cauchy criterion. If f0+oo f(x)d = +o0, then
setting N = 0 in the first inequality of (3.19) and M — 400 we get the second
conclusion. O

Note that, generalizing by contradiction the classical proof, we only have
+00

3 f(x)dand F°lim |f(n)| =: L = L isnotinvertible
0 ne’N

and not L = 0 like in classical case.
As usual, from the integral test we can also deduce the p-series test:

Corollary34 If p € R\, then the p-hyperseries converges.
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Proof Since p = [p.] > 1, we can assume that p. > 1 for all ¢ < gq. For these ¢, if
x € [n,n+1)Rr, we also have xis < n,,g ,Wthh proves (3.17). Slmllarly, we can prove

(3.18). Note that the function f(x) = xp forall x € [1,4+00) C “Ris p-moderate
because x > 1 and p > 1, so that | f(x)| < 1. Finally, like in the classical case, we

+00 d 1 . - 1 1
have | = 15 limy o (W — 1) = 57 because p > L. O

Note, however, that our proofs in Sect. 3.1 are independent from the notion of gener-
alized smooth function.

4 Cauchy product of hyperseries

We recall that, on the basis of Theorem 3, the operations of sum and product by a
number in “R are the sole operations defined in ? R We now consider the classical
Cauchy product:

Definition 35 The Cauchy product of two sequences for hypersums (ay),,, (by), € gIES
is defined as

(@) * () = (Z akbn_k) .
k=0 n

The Cauchy product of two hyperseries is the hyperlimit of the hypersums with general
term (a,), * (b,),, assuming that it exists:

S an [+ b | =D @)y x bu)-

ne’N ne’N ne’N

A similar product of sequences can be defined in * I?&Su with

{an}y * {ba}y = {Zakbn k}

Theorem 36 The module!, ]R is a ring with respect to the Cauchy product of sequences.
The ring * ]R is also a ring with respect to the Cauchy product of sequences.

Proof Let (an),, (bn), € "Ru, (ane)n.e ~op (@ne)n.es (bneln.e ~op, (Dne)n,e. We first
prove that the Cauchy product (a,), * (bn), is well-defined in /Rs. For simplicity,
forn,m € °N, set Appm:=Y 4, dks Bam:=Y_;—, bk and similar notations A, Bun
using the other representatives. Then

Zakbn k— Zak[;n—k = (Anm - Anm) Bym + Anm (Bnm - Bnm) .
k=n
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Now, Ay — Apm and By, — By, are p-negligible by Definition (2.9) of ~,, and
By, 5,1,,, are p-moderate because of Lemma 4. This proves that the Cauchy product
* in ?IRy is well-defined. Similarly, we can proceed with “IR. The ring properties now
follow from the same properties of the ring * R. O

It is well-known that for each n € N, we have (an),*(by), = (Xi_ai) -
<Z;f=0 bj) =371, Z?:o aibj =: cp, 50 (cp)n € gf@s by Theorem 36. Moreover, if

Y neeit anand ’Y " ox b, converge, taking the hyperlimit of the product of the two
partial sums we obtain

pZan . prn ="1lim cy

o ~ Ne’N
ne’N ne’N
N N
=*lim Y ) a;b;
Ne’N i

but, in general, this is different from

N N n i
o . .
E cn:”thE cn:"thE E E aib;
Ne“NnZO Ne’N

ne N n=0i=0 j=0

N n
:plim~ZZakbn_k= pz ap | * pz by,

Ne’N ~ pd
n=0 k=0 ne’N ne’N

In other words, if the Cauchy product of these hyperseries exists, in general we have

pZan * prn # pZan . prn

ne°N ne°N ne’N ne’N
The classical Mertens’ theorem also holds for hyperseries:

Theorem 37 Assume that the hyperseries ") % an convergesto Aand”y " .7 by
converges to B. Assume that the former hyperseries converges absolutely. Then their
Cauchy product converges to AB.

We first need the following

Lemma 38 If (b,), converges to B, then

N

Zbk_B

k=0

3K € "RYN € °N : <K. (4.1)
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Proof Set By:= Z,Icvzo bi € “Rforall N € °N. The assumption of convergence yields
AN € °NVM € °Noy, : |By — B| < 1. (4.2)

Set K =1+ ZQ’:‘O Ibx| € "R and let N € °N. We use dichotomy law as in [13,
Lem. 7.(i1)], i.e. we consider L Cg [ and two cases N >; Ny or N <; Ni. We
claim that ‘BNE — Bg‘ < K for all ¢ € L sufficiently small, where N.:=ni(N),,
Nig:=ni(N1)g, (bp)n = [bnels € [Rs, By,:= lecvio bre, B = [B:] and K.:=1 +

11(\/:0 |bre| (hence K = [K.]). We also note that, in general, P, Q € "N, P <0
implies ni(P), < ni(Q), for ¢ small. In the first case N > Np, we get Ne > Ny for
¢ small. Set M.:=N, if ¢ € L and M,:=Nj, otherwise, so that M € "N y, and from
(4.2) we obtain ‘BME — Bg{ < 1 for & small and, in particular

VeelL: |By, —B| <1<K..
We claim the same conclusion also in the second case N <j Ny, i.e.
VeeL: N, < Nyp,. (4.3)

In fact, we have By = By,vnN — Z,ICV; lvvli | bx and hence

NiVvN
|By — B < |Byyun — Bl + Y bl <1
k=N+1
NivN NigVNg
+ > k¥ |By, = Be| <1+ ) bl (44)
k=0 k=0

Inequalities (4.3) and (4.4) prove the claim also in the second case. Therefore, the
dichotomy law yields |By — B| < K and K does not depend on N. O

Proof of Theorem 37 Define A,:=3 " _,a;, By:=) ;_obj and C,:=) | _,c; forn €
°N, and with ci= Z;;:o agbi_i fori € N.Then C,, = >_7_ a,—; B; because the same
equality holds e-wise for any representatives, and hence C,, = Z:’l:o a,—i(B; — B) +
A, B. The idea is to estimate

n

Co — AB| = |> an_i(Bi — B) + (A, — A)B

i=0
N-—1 n

< > lanillBi = Bl+ ) lan—illBi — Bl + A, — Al|B|, (4.5
i=0 i=N

and to use our assumption (4.1) for the first summand. We start from the second
summand in (4.5): Since”) ", . a, converges absolutely to some A and B, converges
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to B, forallg € Nwecan find N € ”f\Lo such that

d4
|By — B| = =
A+1

for all n > N. Therefore, for the same n > N
n
> lanillB; — B < .
i=N

First summand in (4.5): NSince "y R dn converges, (dp),,c-fy Must converge to zero.
Hence for some M € °N and for all n > M and because of Lemma 38, we have

d? d?
<
N(K+1) = N(Bi —B|+1)

lan| <

Vi <N -1 (4.6)

In particular, if n > M + Nandi < N —1,thenn —i >n— N +1 > M and we
can apply (4.6) with n — i instead of n obtaining

3 lancl 1 = 5
an—il||Bi — —.
— n—i l — N

Finally, since A, converges to A, for some L € N and for all n > L, we have

q

A, — A| < .
|An |_|B|—|—1

Then, for all n > max (L, M + N) using the aforementioned estimates, (4.5) yields
|C, — AB| < 3d4. O

5 Conclusions

One of the main goals of the present paper is to show that when dealing with non-
Archimedean Cauchy complete rings, it can be worth to consider summations over
infinite natural numbers instead of classical series indexed by n € N. As we proved for
the Robinson-Colombeau ring “RR, this allows us to extend numerous classical results
which do not hold using classical series in a non-Archimedean framework. We tried
to motivate in a clear way why we have to consider two gauges o and p and, for
each result, what relationships we have to consider among them. To help the reader to
summarize the condition on the gauges, we can use the following table

Therefore, a possible summary could be: for meaningful examples of convergent
series, for all convergence tests, one can assume o > p* and use both ’IR, or ?R;. For
g-wise convergence, to have larger domains (see Example 11.10)), one can assume
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gﬂis o, p arbitrary

p@u o > p*

Divergent hypersums gfl@s and o > p*
Geometric hyperseries o>p*oro < p*
Taylor series exponential o>p*oro < p*
£-wise convergence do < p*oro=p
p-series o, p arbitrary
Direct comparison test o, p arbitrary
Limit comparison test o, p arbitrary
Root test ”I@u ando > p*
Ratio test /’I’@u and o > p*
Alternating series test 'Ry and o > p*
Integral test o, p arbitrary

o < p* agd hence use ? I’RSS. For divergent hypersums, one must assume o > p* and
work in 7Rq.

Since non-Archimedean rings are not Dedekind-complete, we have been forced
to substitute the least-upper-bound property using the weaker Cauchy completeness.
We think that several of the proofs we presented here can be generalized to other
non-Archimedean Cauchy complete settings.

Clearly, the present work opens the actual possibility to start the study of hyper-
power series, (real or complex) hyper-analytic generalized smooth functions and sigma
additivity of multidimensional integration of generalized smooth functions (see [8]).

We also finally mention that the embedding of Schwartz’s distributions can be real-
ized by regularization with an entire Colombeau mollifier (see e.g. [9]). We can hence
conjecture that this embedding yields a hyper-analytic generalized smooth functions
(but note that the hyper-power series of classical non-analytic smooth functions with
a flat point would converge to zero under any invertible infinitesimal). This conjecture
would open the possibility to extend the Cauchy-Kowalevski theorem to all Schwartz’s
distributions.
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HYPER-POWER SERIES AND GENERALIZED REAL
ANALYTIC FUNCTIONS

DIKSHA TIWARI, AKBARALI MUKHAMMADIEV, AND PAOLO GIORDANO

ABSTRACT. This article is a natural continuation of the paper Tiwari, D.,
Giordano, P., Hyperseries in the non-Archimedean ring of Colombeau gener-
alized numbers in this journal. We study one variable hyper-power series by
analyzing the notion of radius of convergence and proving classical results such
as algebraic operations, composition and reciprocal of hyper-power series. We
then define and study one variable generalized real analytic functions, con-
sidering their derivation, integration, a suitable formulation of the identity
theorem and the characterization by local uniform upper bounds of deriva-
tives. On the contrary with respect to the classical use of series in the theory
of Colombeau real analytic functions, we can recover several classical exam-
ples in a non-infinitesimal set of convergence. The notion of generalized real
analytic function reveals to be less rigid both with respect to the classical one
and to Colombeau theory, e.g. including classical non-analytic smooth func-
tions with flat points and several distributions such as the Dirac delta. On the
other hand, each Colombeau real analytic function is also a generalized real
analytic function.

1. INTRODUCTION

In this article, the study of hyperseries in the non-Archimedean ring of Colombeau
generalized numbers (CGN), as carried out in [29], is applied to the corresponding
notion of hyper-power series. As we will see, this yields results which are more
closely related to classical ones, such as, e.g. the equality ’]Zneﬂﬁ % = ¢e” that

holds for all z € "R where the exponential is moderate, i.e. if |lz| < log (dp~F) for
some R € N. On the other hand, we will see that classical smooth but non-analytic
functions, e.g. smooth functions with flat points, and Schwartz distributions like
the Dirac delta, are now included in the related notion of gemneralized real analytic
function (GRAF). This implies that necessarily we cannot have a trivial general-
ization of the identity theorem (see e.g. [22, Cor. 1.2.6, 1.2.7]) but, on the contrary,
only a suitable sufficient condition (see Thm. 40 below). The notion of general-
ized real analytic function hence reveals to be less rigid than the classical concept,
by including a large family of non-trivial generalized functions (e.g. Dirac delta ¢,
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Heaviside function H, but also powers 6%, k € N, and compositions § o 8, 6% o H",
H" o %, etc., for h, k € N,

Conversely, GRAF preserve a lot of classical results: they can be thought of as
infinitely long polynomials f(z) =" .5 an(x — ¢)", with uniquely determined
coefficient a,, = %, they can be added, multiplied, composed, differentiated,
integrated term by term, are closed with respect to inverse function, etc. This lays
the foundation for a potential interesting generalization of the Cauchy-Kowalevski
theorem which is able to include many non-analytic (but generalized real analytic)
generalized functions.

Concerning the theory of analytic Colombeau generalized functions, as developed
in [26] for the real case and in [5, 6, 1, 7, 24, 20, 30] for the complex one, it is worth
to mention that several properties have been proved in both cases: closure with re-
spect to composition, integration over homotopic paths, Cauchy integral theorem,
existence of analytic representatives, identity theorem on a set of positive Lebesgue
measure, etc. (cf. [26, 30] and references therein). On the other hand, even if in [30]
it is also proved that each complex analytic Colombeau generalized functions can
be written as a Taylor series, necessarily this result holds only in an infinitesimal
neighborhood of each point. The impossibility to extend this property to a finite
neighborhood is a general drawback of the use of ordinary series in a (Cauchy com-
plete) non-Archimedean framework instead of hyperseries, as explained in details
in [29].

We refer to [23] for basic notions such as the ring of Robinson-Colombeau, sub-
points, hypernatural numbers, supremum, infimum and hyperlimits, and [29] for
the notion of hyperseries as well as their notations and properties. Once again, the
ideas presented in the present article can be useful to explore similar ideas in other
non-Archimedean settings, such as [3, 17, 18, 4, 19, 21, 28].

2. HYPER-POWER SERIES AND ITS BASIC PROPERTIES

2.1. Definition of hyper-power series. In the entire paper, p and ¢ are two
arbitrary gauges; only when it will be needed, we will assume a relation between
them, such as o < p* or o > p* (see [29]).

A power series of real numbers is usually simply defined as “a series of the form
Y onen @n(x — )", where z, ¢, a, € R for all n € N”. Actually, this (informal)
definition does not state explicitly whether a non-convergent series is included or
not. However, unlike the real case where finite sums can always be considered,
this does not hold for hyperfinite sums in the ring ’R, see [29]. For this reason,
we consider the “R-module g@s of sequences for hyperseries exactly as the space
where we can consider hyperfinite sums regardless of convergence. This is the idea
to define the space “R[x — ¢] of formal hyper-power series (HPS):

Definition 1. Let z, ¢ € “R. We say (by)n € “R[z — ¢] if and only if there exist
(ane), . € RN*! and representatives [z.] = z, [c.] = ¢ such that

(bn)n = [ane - (2 — )", € "R (2.1)

For the notation [—], see [29, Def. 1]. Elements of *R[z — ] are called formal HPS
because here we are not considering their convergence. In other words, a formal
HPS is a hyper series (i.e. an equivalence class (b, ), € QI@S in the space of sequences
for hyperseries) of the form [an. - (z — ¢.)"],.
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Remark 2.

(i)  We explicitly note that x — ¢ is not an indeterminate, like in the case of formal
power series R[z], but a generalized number of ’R. For example, in Lem. 10
below, we will prove that if 2 — ¢ = y — d, then ’R]z — ¢] = "R[y — d].

(ii)  On the contrary with respect to the case of real numbers, being a formal
HPS, i.e. an element of g@ﬂx —c], depends on the interplay of the two gauges

p and o: take e.g. a, = % and x — ¢ = 2, so that for all N € °N we

have 22;1 an(z — )™ > ZTJLO% ~ log(N). Therefore, taking e.g. 0. =
exp (— exp (p%)) and N, :=int (0.), we have that (log N.) ¢ R, and hence
we cannot even consider hyperfinite sums of this form. Informally stated,
for this gauge o, we have that ")’ .5 12" is not a formal HPS, i.e. even
before considering its convergence or not, we cannot compute o-hyperfinite
sums and get a number in ’R.

(iii) In [29], we proved that if x is finite, then [%]S € Zﬂi[[x]] is a formal HPS for

all gauges p, o. In Sec. 14, we will prove that {(dpn,) ¢ ;I@[[dp_l]]; on the

other hand, we will also see that if = < log (dp‘N) and do® < dp" for some
Q@ € N, then [L]S € "R[z] is a formal HPS.

n!

The previous Def. 1 sets immediate problems concerning independence of repre-
sentatives: every time we start from [a,.] € "R, for all n € N, [z.] = z, [c.] = ¢ and
we have that [a,. - (z. — c.)"], € ’;I?st, we can consider whether the corresponding
formal HPS "}, [ane] - ([z<] — [cc])™ converges or not. On the other hand, we
also have to prove that it is well-defined, i.e. that taking different representatives
[ane] = lane], 7] = =, [e] = ¢, we have [an: - (v —¢)"]; = [@ne - (Tc — )",
However, from [29, Sec. 2] it follows that we can have x—c = 1 and [ape] = [Gne] =0
for all n € N, but

N N,
lz Ane(Te — Ce)n] # [Z e (T — Cs)n] .
n=0 n=0
This means that (b,)n = [anc(ze — co)"], and (by)n = [Gne(ze — co)"], yield two
different formal HPS (see [29, Thm. 4]) and hence, in general, the operation

((@ne)nes (x2), (co)) € "RY X "R? =5 (b)) := [ane (w2 — )", € “Rs

is not well-defined.

The problem can also be addressed differently: what notion of equality do we
have to set on a suitable subring of RN*! so as to have independence on represen-
tatives? This notion of equality naturally emerges in proving that the following

definition of radius of convergence is well-defined (see Lem. 4). What subring we

need to consider arises from the idea to include (%) in it, where § = [0:(—)]

is a suitable embedding of Dirac’s delta function (see Example 5.(v)).

2.2. Radius of convergence. The idea to define the radius of convergence corre-
sponding to coefficients (ac ), € RY*! is that it does not matter if

-1
<limsup|an€1/"> € RU {+o0}

n—-+oo
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yields a non p-moderate net (for example for ¢ € L C( I) because this case would
intuitively identify a radius of convergence larger than any infinite number in ’R:

Definition 3.

(i) Let R:=RU{—00,00} be the extended real number system with the usual
(partially defined) operations but where we define co — co = oo + (—o0) =

—00+00 = —00 — (—00) = 0. We set "R := @1/ ~,, where for arbitrary (z.),
—TI
(ye) € R, as usual we define
(ze) ~p (ye) = VgeNYe: |z, —y.| <pl
Note that, e.g., (00) ~, (00) because of our definition of co — co. In "R, we
can also consider the standard order relation
r<y <= Jz]=2[y]=yVe: z. <y..
Note that (”@, +, S) is an ordered group but, since we are considering ar-
bitrary nets KI, the set “R is not a ring: e.g. 400 - 0 is still undefined and
+00 - [2.] = [+0oq] for all (z.) € RL,,.
(ii) Moreover, we denote by "R, := (RNXI)p/ ~, the quotient ring of coefficients
for HPS, where
(ane)y . € (R™) = 3Q,RENVeVn € N: |ap| < p; "9 (2.2)
is the ring of weakly p-moderate nets, and
(ane)pc =p (Gne), . = Vq,1 € NVeVn € N: |ane — Gne| < pR?H", (2.3)

in this case, we say that these two nets are strongly p-equivalent. Equivalence
classes of "R, are denoted by (an)c = [ane),. € ’R...

(iii) Finally, if (an)c = [an]. € ’Re, then we set rad (an) . :=re. and rad (an), =:
[r:] € "R, where

-1
re 1= <limsup an5|1/n> € RU {+o0}. (2.4)

n—-+oo

In the following lemma, we prove that rad (ay), is well-defined:

Lemma 4. Let (an)c = [ane]. = [Gne), € "Re. Define re as in (2.4) and similarly
define 7o using ane. Then (rz) ~, (7z), and hence [r.] = [F.] in ’R.

Proof. For all £ € I and all n € Nug, we have |ane|"™ < (|ane — ane| + |ane])/™
The binomial formula yields (z + y) < (xl/" + yl/")n for all z, y € R>g, so that
Jane|™ < |ane — anel"™ + |ane|"™. Setting r = 0 in (2.3), for all ¢ € N and for ¢
small we have
Vn € Nt ane — Gne| < p2%

Therefore, for the same € we get |@na|1/n <pi+ |an8|1/n. Taking the limit superior
we obtain limsup,,_, , . |Gne| ™ < p? + lim SUP,, 4 oo |ane|"/". Inverting the role of
(@ne)n,e and (Gne)n,e we finally obtain

. 1 . o
Ve : —pf < limsup|ane|”™ = limsup |@n. "™ < pf,
n—-+oo n—-+4oo

which proves the claim. O
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Remark 5.

(i)

If (an)c = [ane], € ”]EC, then for each fixed n € N, we have that [(an:).]| € ”RE,
i.e. the net (a,.). is p-moderate. This is the main motivation to consider
the exponent “—R” in (2.2) (recall that in our notation 0 € N): without
the term “—R”, the only possibility to have (a,). € ’R is that |ag| < 1,
which is an unnecessary limitation. Similarly, we can motivate why we are
considering the quantifier “Vn € N” in the same formula (instead of, e.g.,
“IN € NVn € Nx>n”). The proof of the next Lem. 10 will motivate why in
(2.2) we consider the uniform property “v¥’eVn € N” and not “¥n € NV%¢”.
Note that "R C ’R because the notion of equality ~, in the two quotient sets
is the same and because if (z.) is p-moderate and (z.) ~, (y-), then also (y:)
is p-moderate.

Condition (2.2) of being weakly p-moderate represents a constrain on what
coefficients a,, we can consider in a hyperseries. For example, if (a,)nen
is a sequence of real numbers satisfying |a,| < p(n), where p € R[z] is a
polynomial, then p(n) < p7"? for all ¢ sufficiently small and for all n € N

if Q > max (1,max{—p(nl§’iﬁ [ n < N1}>, where ﬁg(gn’; <1 foralln> N

and —ﬁ < 1. Hence (an), . € (RNXI)p is weakly p-moderate. On the

n
contrary, we cannot have n™ < p7 "9~ = p-F (p%) for all n € N. Similarly

(n)nen is not weakly p-moderate and hence our theory does not apply to a
“hyperseries” of the form ") 5 n!-2". On the other hand, in Lem. 7.(i)
we will show that, as a consequence of considering only weakly moderate
coefficients, the radius of convergence of our hyperseries is always strictly
positive. )

Let ap. = ps% , 50 that [anc|. = 0. The corresponding radius of convergence
is 7o = limy_syo0 [ane| /™ = p;/s which is not p-moderate. In general, if
rad (a,), = [rc] =: 7 € “R, we can have different behavior on different sub-
points, e.g. r|p, = +o0, r|L, € ”]Ii, r|L, non p-moderate, etc., where L; Cg 1.
This behavior is studied in Lem. 7 below.

Let u == F~1(B) € S(R) be a Colombeau mollifier defined as the inverse
Fourier transform of a smooth, supported in [—1, 1]g, even bump function
0 < B < 1 which identically equals 1 in a neighborhood of 0 (see e.g. [15]).
Let % be the embedding of Schwartz distributions into generalized smooth
functions (GSF) defined by 1 and by the infinite number b € “R (see e.g. [13]).
The Schwartz’s Paley-Wiener theorem implies that p is an entire function
and we know that if dp=@ > b = [b.] > dp~ %, for some Q, R € Ry,
then the embedding of Dirac delta & := i} (¢ — (0)) € “GC®(“R,"R) is
defined by the net d.(z) = b.pu(bex) (see e.g. [13]). For n € N, we have
pm(0) = L [ B(x)(iz)" dz = 0 if n is odd and | (0)] < L [m"“r <1

27 | n+l
5 (o (o oA CnO—
En!()‘ _ um()bgﬂ‘ < 1pom@-Q < pnQ-Q,

if n if even. Thereby

(n) ~
This inequality shows that (67!(0)) € "R, and motivates our definition of

C
weakly p-moderate nets. The corresponding radius of convergence is r- 1 =
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1/n

(n) 1/n n
lim sup,, , ;o (SET(O)’ = limsup,,_, et/ %‘ =b-0=0,
(n)
i.e. rad (6 n‘(o)) = +4o00.
). 8
(vi) Let (an)c = [ane]e € "R¢, and assume that for all e there exists r. :=

(hmn_H_oo |an€\1/”)_1 such that r := [r.] € ’R. Then from [23, Thm. 28], for
some gauge o < p we have “lim__, la,|/™ = L and r = rad (a,), € 'R. In
Cor. 17, we will see the relationship between our definition of radius of con-
vergence and the least upper bound of all the radii where the HPS converges.

In the following lemma, we show that ”@C is a ring:
Lemma 6. With pointwise operations, "I?KEC is a quotient ring.
Proof. Actually, the result follows from [I14, Thm. 3.6] because the set
Be= {(p70M), R Q ReN)

is an asymptotic gauge with respect to the order (n,e) < (7, &) if and only if e < &.
However, an independent proof follows the well-known lines of the corresponding
proof for the ring “R, and depends on the following properties of B:

(a) Vp,g€BIrseB: p+q<r p q<s;

(b) VpeB3r,seB: rt+st<pl;

(c) VpgreBIuveB: ut-g+vl r<pl,
where p = (ppe)n.e < (qne)n,e = ¢ means VeVn € N: p,. < gpe. 0

The following lemma represents a useful tool to deal with the radius of con-
vergence. It essentially states that the radius of convergence equals +0o on some
subpoint, or it is moderate on some subpoint or it is greater than any power dp~".

Theorem 7. Let (a,), € "Re and r = [r;] = rad (an), € "R, then we have
(i) r>0.
(i) 7 < +o0 orr =4 +00.
(iti) If r < 400, then the following alternatives hold
(a) YPEN: r>dp~F or
(b) setting

[rﬁp*P} ::{s\rsgp;P}::Lp
Pp=min{PeN|[r<p ] I} (2.5)

we have

(b.1) I =Upey [r<p™"]:

(b.2) VP > P, : [7“ < p_P} Col, r<p,dpF;

(b.3) VP < P, : dp~F <r;

(b.4) If Py, =0 and L§ Co I, then 1 <pg¢ r; if L§ Lo I, then r < 1.
(iv) Assume that for all L Cq I, the following implication holds

(3QeN: r<; dp*Q) or (VQeN: r>p dp*Q) = Yeel: P{r.}. (26

Then V?v«s : P{rc}, i.e. the property P{r.} holds for all sufficiently small €.
(v) Ifge’Randq<r, then3s€’R: g<s<r.
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Proof. (i): Assume that |a,.| < p="9~F for all ¢ < gy and for all n € N. Then
|1/TL

limsup,, | o |ane| /" < limy 4 o0 pE_Q " =79 ie r. > p%.

(ii): Set L :={e | r. = 4o0}. If L Cy I, then r =, +00. Otherwise (0,e0]NL =0
for some ¢, i.e. 7. < +oo for all € < g.

(iii): Since we assume that r < +oo, without loss of generality we can take
7. < 4oo for all e. We also assume that (a) is false, i.e. r <pr dp~% for some
P € N and some M Co I. We first prove (b.1): take & € (\pey [ > p~F], then
r. > p-F for all P € N, so that 7. = +oco for P — 400, and this is not possible.
We also note that [7" < ,O_P] - [7" < p‘Q] for all Q@ > P. From M Cy I and
r <ar dp=F, we have (0,e0] N M C [r < p’(P“)} Co I, and hence definition
(2.5) yields Py, € N and also proves (b.2). For all P € N.p_, we hence have
[r < p’P] Zo I, ie. (0,ep] C [7’ > p*P} for some ep. This implies dp=F < r
and proves (b.3). Finally, if P, = 0 and Ly = L§ Co I, then 1 <ze r because
L =[r>1]. If L§ Zo I, then (0,e0] C Lo for some &g, i.e. r < 1.

(iv): By contradiction, assume that =P {r.} for all ¢ € L and for some L Cg I.
As usual, we assume that all the results we proved for R can also be similarly
proved for the restriction “R|z. From (ii) for “R|z, we have r < 400 or r = +00
for some K C( L. The second case implies r >, dp~@ for all Q € N. Since K Cy I,
we can apply the second alternative in the implication (2.6) to get Ve € K : P {r.},
which gives a contradiction because K C L. We can hence consider the first case
r <r 400 and apply the subcase (a), i.e. 7 > dp~F for all P € N, and we hence
proceed as above applying the second alternative of the implication (2.6). In the
remaining subcase, we can use (b.2) (with L instead of I). This yields Lp, Co L
and r <p, dp=fm. Since Lp, Co I, we can apply the first alternative in the
implication (2.6) to get once again a contradiction.

(v): Assume that r > ¢ and take s := min(g + 1,7) € "Rs. O

Explicitly note the meaning of Lem. 7.(iv): on an arbitrary subpoint r|;, of the
radius of convergence r = rad (a,),., we have to consider only two cases: either r|f
is p-moderate or it is greater than any power dp~% (the latter case including also
the case r|;, = +00); if in both cases we are able to prove the property P {r.} for
€ € L sufficiently small, then this property holds for all ¢ sufficiently small.

2.3. Set of convergence. Even if the radius of convergence of the exponential
hyperseries is rad (%)C = +00, we have that e” =" & %, € ’R implies |z| <
log (dp’R) for some R € N: in other words, the constraint to get a p-moderate
number implies that even if ") oo % converges at z, Ehe exponential HPS does
not converge in the interval [z,rad (5;)_) = [z, +00) C “R.

Moreover, in all our examples, if the HPS ") .5 an(z —¢)" € 'R converges,

then it converges exactly to [ ::6 Gne(Te — ca)”} € "R. The following definition

of set of convergence closely recalls the definition of GSF:
Definition 8. Let (a,), € 'R, and ¢ € “R. The set of convergence
"conv ((an), , )

is the set of all z € "R satisfying
(i) |z —c] <rad(an),,
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and such that there exist representatives [z.] = z, [ane]. = (an), and [c] = ¢
satisfying the following conditions:

(i) [ane - (2 — ¢2)"], € "Rz — €], i.e. we have a formal HPS;

(iil) "> ,em an(z — )" = [ 20 e (e — cg)”} € 'R;

(iv) For all representatives [Z.] = = and all k € N5g, the k-th derivative net is
p-moderate:

Te

k(X
P Z Gne(T — )" eR,.
n=0 =

Note that condition (ii) is necessary because in (iii) we use a HPS; on the other
hand, conditions (iii) and (iv) state that the function

x € conv ((an), ,c) — pz an(z —c)" € "R
ne’N

is a GSF defined by the net of smooth functions (Z:Z% ane(Te — ce)”) . As for GSF,

see [13, Thm. 16], condition (iv) will be useful to prove that we have independence
from representatives of z in all the derivatives. In Cor. 25, we will see that under
very general assumptions and if o < p*, condition (iv) can be omitted.

In Sec. 14 we will show that log (dp‘l) € "conv ((%)C , 0) (the set of convergence
of the exponential HPS at the origin), but dp=! ¢ conv (( 1 )C ,0). We immediately
note that = € conv ((ay); ,¢) if and only if z — ¢ € conv ((an)n ,0), and because of
this property without loss of generality we will frequently assume ¢ = 0.

We also note that condition (iii) states that the hyperseries * Z i Gnx" con-
verges, and it does exactly to the generalized number {Z::o ansxs}. It is hence

natural to wonder whether it is possible that it converges to some different quantity.
This is the problem of the relation between hyperlimit and e-wise limit:

ni(N),
’lim E apexy |, lim E Gpe®y,
Ne°N ne0 N—>+OO

which has been already addressed in [29, Thm. 12, Thm. 13]. Intuitively speaking,
if the gauge (0.) is not sufficiently small, and hence the infinite nets (o- ) are
not sufficiently large, it can happen that ni(/N)_ — +o0o0 as ¢ — 0 only very slowly,
whereas the e-wise limit could require N — +o00 at a greater speed to converge.
This can be stated more precisely in the following way: Let [a,. - 27], € “R[x] be
a formal HPS and assume that Z::E) anex? < +oo for € small. Then, for all g € N
and for all € small, we can find N¢ € N such that

e “+oo
E GpeXl — E anewy| < pl Vn € Ny pyo.
= n=0

owever, only 1 _oQnex. | € an c Ry, 1.e. € ~,t en this also
H l'f:[f%”deNgR'Ng”Nhhl

implies Y7 o5 ana”™ = [ :O% Apex” }

As expected, for HPS the set of convergence is never a singleton:
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Theorem 9. Let (ay), € "R and ¢ € 'R. Then
dgeN: (c—dp?,c+dp?) Cconv ((an),,c) - (2.7)

Proof. From Thm. 7.(i), we have r := rad(a,). > dp? for some ¢; € N. We
also have |ane| < p7"9~F from (2.2). Assume that |z — c| < dp?: we want to find
g € N>g, so that € ?conv ((an). ,c). To prove property Def. 8.(ii), for N, M, € N
and for € small, we estimate

M, M, M.
n —nQ—R nqg _ ,—R —nQ-+nq
§ ane(e — o)™ < E Pe Pe” = Pe § Pe :
n=N. n=N_. n=N_.

Therefore, taking ¢ = max(1 + @, q1), we get

Ms Ms p_R
Z Une(Te — )" SPE_R Z pr < li )
n=N. =N, Pe

and this proves Def. 8.(ii). Similarly, we have

M. “+oco
Z ane(-ra - Ca)n - Z ans(xe - Ca>n
n=0

n=0

“+o0
< >
n=M:+1

M.+1
pe”

1- Pe .
Since “lim ;.5 dpM+1 =0, this proves Def. 8.(iii). Finally, for all k¥ € N-( and all
representatives [T.] = x, we have

b (X
P Z Gne(T — )"
n=0

<

“+oo k—1
=Y an(ze—c)" F[[(n—3)  (28)
n=k 7=0

- k!iam(% )k (Z) (2.9)

T=T¢

and hence

dF (X
w Z Ane (ja - Ce)n
n=0

“+o0 k—1
<Y R T (n - )
n==k 7=0

“+00 k—1
= p RN plm 0P T (n — )
n=k 7=0

I C ol
In the last step we used ¢ > (Q+1 and the binomial series Z::;C ynk H;:é (n—j) =

We can now prove independence from representatives both in Def. 8 and in Def. 1:

ER,.

Lemma 10. Let (ay), = [ane], = [ane], € "Re, z = [z:] = [Z.], ¢ = [e] = [&.] € 'R.

Assume that x € "conv ((an), ,c). Then

(i) The nets (ane), ., (xe) and (cc) also satisfy all the conditions of Def. § of set
of convergence.
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(i) [ane - (€e — ¢2)"], = [Gne - (T — )], where the equality is in *Rs.

Proof. (i): Since we have similar steps for several claims, let N. € N and M, €
N U {400}, so that a term of the form Z;VI:ENE bne represents both the ordinary
series Z:i% bpe or the finite sum ZQ/[:E N. bne. From Def. 8 of set of convergence,
we get the existence of representatives [#.] = z € "R, [ane]. = (an), and [¢] = ¢
satisfying Def. 8. Set §. := &. — ¢, § = [Jc]. Let r := [r] := rad(a,),. be the
radius of convergence. From Lem. 7.(v), take s € 'R satisfying |§| < s < r and a

representative [s.] = s such that |§.| < s. < r. for all € small. Set zpe := ape — ne
and 2. := y. — .. For all k € N, we have

Z w2 () - S (e 4 200) (G 2" (Z)

n=N.
M. M. n
= (ys + Zs B ( ) + Zns nik (k‘) .
n=N. n=N.

(2.10)

Since £ = 0, we also have |§.| + |2:| < se < 7 for all € small. For the same ¢,
assume that |z,.| < p"PT4 for fixed arbitrary p, ¢ € N. We first consider the second
summand in (2.10):

M, M
~ 2 np+q .n—=k +k n—k (T
35wt () < B () - 85 ()

400 N.—1
n— n n— n
<ot S (s () - ot S s ()

n=~k —k
+oo
k k
< 200N " (pPs.)" <k>
n=~k
Since s € ”I@, we can take p € N sufficiently large so that p?s. < 1. This implies
M, R ok (M 2pg+kp
Z Zne (Pe + 2) )1 ST e T
n=N, (1 - 0585)

Thereby, for ¢ — +00, this summand defines a negligible net. For the first summand
of (2.10), we can use the mean value theorem to get

%&ng(z)ﬁ} () Zang"’“()
i:v n—k— 1(7;)‘ (2.11)

for some & € [Je, §e + Zc] U [§e + 2, Ge]. Thereby, the right hand side of (2.11) is
negligible because of Def. 8.(iv).

= |2

n=N¢
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We can hence state that for all £k € N

(ﬁz:v e (e + 22" (Z)) ~p (ni Qnedi " <Z>> . (2.12)

In the case M. < +oo for all € and k = 0, this proves that [an. - y], € {;HNQS because
(Gne)n,e and () satisfy Def. 8.(ii). In the case M, = 400 and N, = 0 = k, it proves

the moderateness of (ZI:E) ansy;‘) too, i.e. the implicit moderateness requirement

of Def. 8.(iii). Finally, for & > 0, from property (2.12) we have that Def. 8.(iv)
holds for (anc) and (y.) because of (2.8). We can apply (2.12) with & = 0 to
[Gne], = (an)., [Ze] = 2, [¢c] = ¢, P := T — €. and with M, < 400, to get

M. M. M.
(z y) ., (z y) ., (z y) |
n=N, n=Ng n=N,
This proves claim (ii) and hence also Def. 8.(iii) because "} .5 [dnc] - [Jc]" con-
verges to [Z:i% dmg)g} = [E:i% amy?} = [Z:Z% szgjg] €’R from (2.12). O

2.4. Examples. We start studying geometric hyperseries, which in general are
convergent HPS if ¢ < p*:

Example 11 (Geometric hyperseries). Assume that z € (—1,1) € “R. We have:

N
= 1 — |zl 2 ~
< £ < ’R. 2.13
Bl e ten

This shows that (z™), = [#7] € "R, for all gauges p, 0. Hence by Def. 1, [2"], €
’ @ﬂxﬂ, i.e. the geometric series is a formal hyper-series. Since coefficients a,. = 1,
we have [anc]e € “Re (see Def. 3.(ii)). Now, by Def. 3.(iii), rad (1), = 1. From
Def. 8.(i), we have “conv ((1),,0) C (=1,1). Now, take z = [z.] € (—1,1), with
—1 < 2. < 1 for all e. From [29, Example 8], if 0 < p* (i.e. if 3Q € Ry Ve :
0. < p?), we have Def. 8.(iii). Finally, if [#.] = = is another representative and
k € Nsg, then —1 < Z. < 1 for € small, and from (2.8) we get ;r:;c kl(Q)znr =

ﬁ € R, because 1 —x > 0 is invertible.
Note explicitly that o < p* is a sufficient condition ensuring the convergence of

any geometric hyperseries with |z| < 1. However, we already used (see e.g. Thm. 9)

the convergence of the geometric hyperseries ) e dp" = 17—1@ for all gauges p,

o. More generally, exactly as proved in [29, Example 8], it is easy to see that
Q

"y men Tt = ﬁ if o, < (}Zi%) for € small and some @ € R+.

Example 12 (A smooth function with a flat point). Consider the GSF correspond-
ing to the ordinary smooth function

e /T ifreR
fla) = { =0

0 otherwise

It is not hard to prove that |f(z)| < |z|? for all x =~ 0 and all ¢ € N. Thereby,
f(z) = 0 for all z such that |z| < dp" for some r € Rs. Therefore, we trivially
have f(z) = ") .5 0-2" only for all x in this infinitesimal neighborhood of 0.
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On the other hand, “conv ((0).,0) = ’R. Moreover, rad( W(C)) = 400 and
c

n!

(n) ~
rconv ((fT(c)) ,c) — /R for all ¢ € "R such that |c| > 0, i.e. satisfying |¢| > r
) c

n!
that |z| > 0, which is a strict subset of ?conv ((%) ,c) = ’R. The GSF fis
therefore a candidate to be a GRAF, but not an entire GRAF.

for some r € Ry, but f(z) =" .5 1) (z —¢)" only for all z € "R such

Example 13 (A nowhere analytic smooth function). A classical example of an
infinitely differentiable function which is not analytic at any point is F(z) =

> keon e~V cos(kz), where 2V := {27 | n € N}. Since for all z = mE, with p € N
and ¢ € 2N and for all n € 2, n > 4, n > ¢, we have F("W)(z) > e=2"(4n?)" + O(q")
as n — +o0o, we have that (%) ¢ (RNXI)p, i.e. they are not coefficients
for a HPS. Note that this also provesn ’tahat not even all smooth functions can be
embedded as GRAF.

Example 14 (Exponential). We clearly have (). € € "R, and rad (), = +oo,
i.e. we have coefficients for an HPS with infinite radius of convergence. Set

C::{xe”ﬂi|3K€N: |x\<—Klogdp}.

For all x = [z.] € C and all N, M. € N, we have ’ZQ/[:ENE % — K for

n!

HPS. We finally want to prove that C' = 2conv ((%)C , O) if o < p*. The inclusion
D follows directly from Def. 8.(iii). If x = [z.] € C, then condition Def. 8.(iv) holds

because the k-th derivative HPS (k:! (- T%Jk) = (e") € R,. To prove

Def. 8.(iii), assume that |z.| < —K log p. =: M, for all € and set M := [M,] € 'R.

M 1
Take N = [N.] € °N such that 1 < %
n41

n
we can prove that it < sarr and hence ‘EISNE e

¢ small, and this shows that [’”—]S € "R[z], ie. for all z € C, we have a formal

so that, exactly as in [29, Example 8],

<Ysn. 3w — 0as
N — +o00, N € °N , if o < p*. Similarly, we can consider trigonometric functions
whose set of convergence is the whole of “R.

Example 15 (Dirac delta). In Rem. 5.(v), we already proved that (%) € "R,
C

n!

‘ZME 6§n)(0) TL
p(™(0) = 0 if n is odd, so that ‘Zn N. 570 ”‘ Z+°° “(n) 0)| ibewe|™

n! Le

and rad (m> = 4o0o0. For all z = [z.] € R and all N., M. € N, we have
< b - MH) Te |" But ™ (0)| = i"u(™(0) because

(n)
bepu(ilbezc|) € Ry, and this proves that (57!(0)) € ’R[z], ie. we always have
C

a formal HPS. Condition Def. 8.(iv) follows because derivatives 6()(z) € ’R are
always moderate. It remains to prove Def. 8.(iii) for all z = [x.] € "R to show that

Pconv <<%) ,O) ="R:
’ ¢
> 00

n=0

N.+1

(0 -
[b Z . ] =0(z) —b [M(NEH)(%)M
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where the existence of Z. € [0, 2] U [z¢,0] is derived from Taylor’s formula. Since

W (y)| < 5k [B(z)|z|* dz =: C € Ry for all k € N and all y € R, we obtain
5M(0) |z [Nt
—6(z)| <bC | ——s
; PG [(NEH)J

(Ne +1)'
such that N > |z|edp™", which is always possible if o < p*. Since "lim dpVN =
0, this proves the claim.

Using Stirling’s approximation, we have e "< ” <2 (st‘e) < pNe forall N € ‘N

A different way to include a large class of examples is to use the characterization
Thm. 37 by factorial growth of derivatives of GRAF.

When we say that a HPS ") .5 an(7—c)™ is convergent, we already assume that
its coeflicients are correctly chosen and that the point z is in the set of convergence,
as stated in the following

Definition 16. We say that ") _.x an(z —¢)" is a convergent HPS if

(i)  (an)c € 'R, are coefficients for HPS.
(ii) « €’conv((an),,c).

In all the previous examples, we recognized that dealing with HPS is more in-
volved than working with ordinary series, where we only have to check that the
final result is a convergent series “of the form” > 7 a,(z — ¢)". On the contrary,
for HPS we have to control the following steps:

1) We have to check that the net (ane)n . defines coefficients for HPS (Def. 3.(ii)),
i.e. that

VeVn € N: ane| < p7"9 8

for some @), R € N5o. This allows us to talk about the radius of convergence
rad (an), and of the set of convergence “conv ((a,).,c) (Def. 8). Because of
Thm. 9, this set is always non-trivial

(¢ —dp?,c+dp?) Clconv ((ay).,c) € (c—rad(ay).,c+rad(an).), (2.14)

but in general is not an interval, like the case of the exponential function clearly
shows. This step already allows us to say that the HPS "} .5 an(z —¢)" is
convergent, i.e. Def. 16, if 2 € “conv ((an,)., ,¢).

2) At this point, we can study the set of convergence, e.g. to arrive at an explicit
form C =’conv ((a,).,c) € (c—rad (a,).,c+rad (ay).). This depends mainly
on three conditions:

a) For all z € C, we must have a formal HPS (Def. 1) because this allows us

to talk of any hyperfinite sum ZM N an(z—c)" for M, N € °N. Here, the

main step is to prove that the net (ZMa ane(Te — cg)”) e R,.

b) For all x € C, we have to check Def. 8.(iii), i.e. the equality:

p
E anx—c [5 ans 5_8

ne’N

€ "R. (2.15)

¢) Finally, we have to prove that for all representatives z = [Z.] € C, all the

. . k
derivatives % ( : 0 Qne(Te — ce)” ) are p-moderate.
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d) After the previous three steps, we get C' C “conv ((an),.,c), and hence it
remains to prove the opposite inclusion.

See Cor. 25 for sufficiently general conditions under which only (2.15) suffices

to prove that x lies in the set of convergence.

Note explicitly that we never formally defined what is a HPS: we have formal HPS
(Def. 1), the notion of coefficients for HPS (Def. 3.(ii)), which always have a strictly
positive radius of convergence (Def. 3.(iii)) and a non trivial set of convergence
(Def. 8 and Thm. 9), and finally convergent HPS (Def. 16).

2.5. Topological properties of the set of convergence. The first consequence
of our definition of convergent HPS Def. 16 and radius of convergence Def. 3, is the
following

Lemma 17. Let ")} .5 an(z — ¢)" be a convergent HPS. If the following least
upper bound exists

b {|Z = c| | "X, coiv an (T — €)™ is a convergent HPS} =: 1 € 'R, (2.16)
then r < rad (an),-
Proof. In fact, if ” neeiy @n(T—c)" =

{Z;Z% e (Te — ca)"}, and hence |z, — c.| < (limsup,, |anc|"™)~! for all € small,
ie. |z —c| <rad(a,).. O

neei @n(T—c)" is a convergent HPS, then "}

Note that from Example 14, we have that the least upper bound of
{a: €"R | Y R % is a convergent HPS} (2.17)

does not exist in ”Hi, whereas Def. 3 yields the value rad (%)C = 400. Therefore,
Def. 3 allows us to consider the exponential HPS even if the supremum of (2.17)
does not exist. It remains an open problem whether r = rad (ay),, at least if the
least upper bound (2.16), or the corresponding sharp supremum, exists.

We now study absolute convergence of HPS, and sharply boundedness of the
summands of a HPS. We first show that the hypersequence (a,(z — c)”)neﬂﬁ of the
terms of a HPS is sharply bounded:

Lemma 18. Let x, c € 'R. If "> et an(x — )" is a convergent HPS, then
K € 'RVn € °N: |an(z —)"| < K. (2.18)

Proof. We recall that because of the definition of formal HPS (Def. 1) and [29,
Lem. 7] the term a,(x — ¢)” € “R is well-defined for all n € °N. Set Z := z — ¢,
i.e. without loss of generality we can assume ¢ = 0. Since "> a,T"™ converges,

ne’N
from [29, Lem. 15] we have
AN € °NVn € ‘Noy : |a,Z"| < 1. (2.19)
Let us consider an arbitrary n € °N. From [23, Lem. 13], we have either n > N

or n <N for some L Cy I. In the latter case, |a,Z"| <p s := Zg;ol lan,Z™| <
max(s+1,1) =: K. From [23, Lem. 7.(iii)] and from (2.19), the claim follows. O
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The previous proof is essentially the generalization in our setting of the classical
one, see e.g. [22]. However, property (2.18) does not allow us to apply the direct
comparison test [29, Thm. 22]. Indeed, let us imagine that we only prove |a,z"| <
Kh™, with h < 1, for all n € °N and with K coming from (2.18); as we already
explained in [29, Sec. 3.3], this would imply

Vn € N3eg, Ve < eop ¢ |aneazl| < K A2,

and the dependence of g, from n € N is a problem in estimating inequalities of
the form Zgio lanc2?| < K. Z o h%, see [29]. A solution of this problem is to
consider a uniform property of n € N with respect to e:

Definition 19. Let (a,)c € ‘Rc and z, ¢ € "R, then we say that (a, (z — e)")pen 8

eventually "R-bounded in *R., if there exist representatives (an)e = [anel,, [ze] =z,
[cc] = ¢ such that

3[R.) € ’RIN € NV%eVn € Nay : |ane(z- — ¢)"| < Re. (2.20)

Remark 20.

(i)  The adverb eventually clearly refers to the validity of the uniform inequality
in (2.20) only for n sufficiently large.

(ii)  If for € small, the series ZZ:& |ane(ze — co)™| =: R. of absolute values terms
converges to a p-moderate net, then (2.20) holds for N = 0. This includes
Example 11 of geometric hyperseries, Example 12 of a function with a flat
point if both z, ¢ are finite, and Example 14 of the exponential hyperseries
at ¢ = 0 if z is finite.

(iii) In Example 15 of Dirac delta at ¢ = 0, if [bz| < 1 (therefore, = is an infinites-

. (n) ()
imal number) we have ‘(;ET(O)xQ = ”TI(O)I)?HCEQ < b, for all n € N such

that ‘ O)’ < 1. Therefore, (% ") N is eventually ’R-bounded in "R,
ne

if |bx| < 1. If x> 0, i.e. z > s € Ryg, then 6272!(0):[? = ’ <">(0)bn+1 >

‘ (n)(o s"b7 ! and hence condition (2.20) does not hold for any [R.] € € 'R

because b > dp~* for some a € R5g (see e.g. [13, Sec. 3.0.2]).

The last example also shows that property (2.20) does not hold for all points = €
"conv ((an), ,c). However, it always holds for any c if « is sufficiently near to c:

Lemma 21. Let (a,)c € 'R, and ¢ € ”]li, then there exists o € ”]1?{>0 such that for
all x € By(c), the sequence of summands (an(x — c)"), oy is eventually "R-bounded
m ”@C.

Proof. Using the same notation as above, since (ay). € ﬂ]@c, we have VeVn € N :

|an§| < p-"@=E_ Therefore, for o := dp?, we have |a,. (7. —c.)"| < p7 "9~ FprQ =
P U

The following result is a stronger version of the previous Lem. 18, and allows us
to apply the dominated convergence test:
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Lemma 22. Let (a,). € 'Re, z, ¢ € "R, and assume that (an(z —)")pen 18
eventually "R-bounded in ‘R., then

IK € R : ((an(z — &)™), < K in "R, (2.21)
i.e. for all representatives (an)c = anel., [T] =z, [cc] = ¢, [K.]| = K, we have
VeVn € Nt ape(ze — c.)"| < K. (2.22)

Since "R C "R, by Rem. 5.(ii), property (2.21) also shows that Def. 19 does not
depend on the representatives involved.

Proof. 1t suffices to set K := RV max,<n an, where R € 'R and N € N come from
(2.20). O

Even if the case of the exponential HPS (see Example 14) shows that in general
the set of convergence is not an interval, it has very similar properties, at least if
the gauge o is sufficiently small:

Theorem 23. Let 0 < p* and ") .5 an(T — )" be a convergent HPS whose
sequence of summands (a,(T —c)"), cy s eventually "R-bounded in "Re. Then for

all x € Bjz_|(0) we have:

(i)  The HPS converges absolutely at x, and hence uniformly on every functionally
compact K €¢ B|z_|(c);

(i) (an(x —c)"),cy 5 eventually "R-bounded in "R..

(iii) If |2 —c| = |Z — c|, then not necessarily ") .5 an(Z —¢)" converges.

If ”Zneaﬁ an(x— )" = [>07 o ane(@e — c.)"] € 'R, then:
(tv) x € ’conv ((an).,c);
(v)  x is a sharply interior point, i.e. Bs(x) C “conv ((an), ,c) for some s € "Reo;
(vi) ‘“conv ((an),.,c) is "R-conver, i.e. if also y € "conv ((an).,c), thenVt € [0,1] :
y+t(x —y) € conv ((an),,c);
(vii) The set of convergence “conv ((an),,c) is strongly connected, i.e. it is not
possible to write it as union of two non empty strongly disjoint sets, i.e. such
that B
(a) A, BC'R, A#0# B,
(b) Fsup(A), Finf(B), sup(A) < inf(B),
(¢) ‘fconv((an),,c) =AUB,
(d) ImeN: dem (A) N Bd/)m(B) = 0.

Proof. Without loss of generality we can assume ¢ = 0. From [23, Lem. 5.(ii)], we
have either Z =y, 0 or |Z| > 0 for some L Cy I. The first case is actually impossible
because 0 < |z| < |Z| =1 0. We can hence work only in the latter case |Z| > 0.
From Lem. 22, we have Y’eVn € N : |a,.z7| < K.. Setting h := |Z|, we have
h < 1 because |z| € B3 (0), and

n

< K.h". (2.23)

X
Vevn € N |anex?| = |anz"| . g
€

Thereby, ZiiN lana™ < ZiiN Kh™ for all N, M € °N. By the direct com-
parison test [29, Thm. 22], the HPS *}° & a,2™ converges absolutely because
"> ne-i K™ converges since o < p* and h < 1. Finally, [13, Thm. 74] yields that
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pointwise convergence implies uniform convergence on functionally compact sets.
This proves (i).

(ii): From (2.23) it follows that ZZ:& |anez?| =: R, converges and is p-moderate.
This implies condition (2.20).

For (iii), it suffices to consider that "} & (j)n converges (see [29, Sec. 3.6])
whereas ") 5 % does not by [29, Thm. 18]. Note however, that for z = 1, we
have |z| = rad (%)C so that condition Def. 8.(i) does not hold.

(iv): From the assumptions, x € Bjz_(0), |2 — ¢| < rad(an)., and hence
Def. 8.(1) and Def. 8.(iii) follow. Note that Def. 8.(ii) can be proved as above
from (2.23). Finally, if [#.] = « and k € N5, we have

KL +oo +o0 n\ |#. n—k .
— ned™ | < ne|k! = 7|
+oo n 5 n—k
< K |z |7 k! =< eR,, 2.24
r R F eme e

where we used Lem. 22, and hence Def. 8.(iv) also holds.

(v): For s := |Z|—|z| > 0 and & € B,(z), we have |£] < |E—z|+|x| < s+]|z| = |7,
and hence & € “conv ((an), ,¢) from (iv).

(vi): Setting & := y + t(Z — y), we have y < & < Z. We can use trichotomy
law [23, Lem. 7.(iii)] to distinguish the cases y = 0 or y > 0 or y < 0 for
L Cy I. The latter has to be subdivided into the sub-cases & >p 0 or Tz =p 0or
& <p 0 with M Cy L, i.e. using [23, Lem. 7.(iii)] for the ring "R|z. Finally, the
latter of these sub-cases has to be further subdivided into & >k y or £ <y y or
& =k y with K Co M. In all these cases (clearly, some of these subcases cannot
hold simultaneously) we can prove Def. 8 in the corresponding co-final set.

(vii): By contradiction, if a € A and b € B, then z := 3 (sup(A) + inf(B)) lies
in the segment [a,b] C 2conv ((ay),,c) by (vi). But property By,m (A) N Bq,m (B)
implies that sup(A) < inf(B) and hence x ¢ AU B = conv ((a,). ,c). O

In spite of Thm. 23.(v), it remains open the problem whether the set of conver-
gence is always a sharply open set or not. Using the previous theorem, this problem
depends, for each point x in the set of convergence, on the existence of a point T sat-

(n)
isfying assumptions of Thm. 23. However, in the case v = 1 € ?conv ((6 n'(o)) ,0),
) c

(m ~ _
Rem. 20.(iii) shows that (wx”) is not eventually “R-bounded in "R, so that

n!

neN
such a point T in this case does not exist and Thm. 23 cannot be applied.

Corollary 24. Let 0 < p* and let R be the set of all the numbers of the form
s = |T — c| for some T € *R satisfying:

(i) "> ,e an(T — )" is a convergent HPS,

(11)  (an(Z — )" )nen is eventually "R-bounded in "R..

If 3supR =: r € "R, then By(c) C veonv ((an), ,c), the HPS "y & an(z — )"
converges absolutely for all x € B,.(c) and uniformly on every functionally compact
K & B,.(C).

Proof. Without loss of generality, we assume ¢ = 0, and let z € B,(c). Since
|x| < r, by the definition of sharp supremum, (see [23]) there exist s = |Z| such
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that |z| < |Z| < r and such that (i) and (ii) hold. The conclusions then follow by
Thm. 23. O

Property Thm. 23.(iv) can also be written as a characterization of the set of
convergence:

Corollary 25. Let 0 < p*, (an)e = [ane)e € "Re, ¢ = [cc] € 'R such that

"> neri @n(T—c)" is a convergent HPS whose sequence of summands (an(T — ¢)"), ey

is eventually "R-bounded in "Re. If & € Biz—|(0), then x = [z.] € Zconv ((an).. ,c)
if and only if
pZanx—c [Zam Te—Ce) € ’R.

ne’N

2.6. Algebraic properties of hyper-power series. In this section, we extend to
HPS the classical results concerning algebraic operations and composition of power
series.

Theorem 26. Assume that ") .5 an(x—c)™ and "y .5 bn(z —c)" are two
convergent HPS, then:

(i)  For all v € "R, the product r - "> e @n (T — )™ is a convergent HPS with
rad (ray), > rad (an),, and

r~pZanx—c Zran (x —¢) (2.25)
ne’N ne’N
(i)  The sum of these HPS is a convergent HPS with
rad (a, + by,). > min(rad (an),. ,rad (bn).),

and
S (an b)) (@ =" =" an(@— )" +"Y ba(z—c)" (2.26)
ne’N ne’N ne’N
(i) For all T € Bjy_¢|(c), the product of these HPS converges to their Cauchy
product:
S an(z- S by =0 abak (-0, (2.27)
ne’N ne’N ne°N k=0

which is still a convergent HPS with radius of convergence greater or equal
to min(rad (a,). ,rad (b,).).

() Let [ane], = (an)c and [bye], = (bn)c be representatives of the coefficients
of the given HPS. Assume that by = [by:] € "R is invertible, and recursively
define (for e small) do- == %,

1 n
e = T ne eUn—l,.e . 22
dy, bo (a ZE - bied 1, ) vn € Nyg ( 8)

Then coefficients (d,). € "R define a convergent HPS with radius of con-
vergence greater or equal to min(rad (a,).,rad (b,).) such that for all T €
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e ~ N .
Big—|(c), if Zne"N bn (T — )™ is invertible, then

ne’ n

ne’N
Proof. Equalities (2.25) and (2.26) follow directly from analogous properties of
convergent hyperlimits, i.e. [23, Sec. 5.2]. All the inequalities concerning the ra-
dius of convergence can be proved in the same way from analogous results of
the classical theory, because of Def. .(iii)3. For example, from Def. 8.(iii) we
have that both the ordinary series Z::(’) ane(x: — cc)™ and E::E) bpe(ze — co)™
converge. Thereby, their sum ZI:(’) (ane + bpe) (ke — cc)™ converges with radius
rad (an + byp).. > min (rad (ay),. ,rad (b,)..). To prove (2.27) (assuming that z
lies in the convergence set of the product HPS, see below), from Lem. 23 we have
that both the series converge absolutely because z € B|,_|(c). We can hence apply
the generalization of Mertens’ theorem to hyperseries (see [29, Thm. 37]).

To complete the proof of (iii), we start by showing that the representatives of
the product (>~} _, kebn—k.c), . defines coefficients for an HPS. Let (an)e = [ane].,

(bn>c = [bns]c S p@c, so that:

3Q1,R1 e NYeVn € N: |a,.| < p7"@—Fr, (2.30)

3Q2, Ry € NYeVn € N: |b,.| < pon@2— Rz, (2.31)

Without loss of generality we can assume (2 > (1. We have

n n
Zaksbn—k,s § Z ‘aks|‘bn—k,s|
k=0 k=0

n
<3 gk st
k=0

n
<Y prhRHRQ QR Ry (2.32)
k=0

—'VLQQ—Rl —R2

We have p@2~%1 < 1 because Q2 > Q1, and hence
Pe —-nQ—R
S mar@ ST

I;)akebnfk,e 1_ o

where R := Ry + R and for a suitable @ € N (that can be chosen uniformly with
respect to n € N). Thereby, the product HPS has well-defined coefficients and
hence a suitable set of convergence.

Now, we want to show that Z lies in this set of convergence. Since Def. 8.(i)
clearly holds and Def. 8.(iii) follows from Mertens’ Theorem (both [29, Thm. 37]
and the classical version), it remains to prove that we actually have a formal HPS
(Def. 8.(ii)) and moderateness of derivatives (Def. 8.(iv)). The latter follows by
the general Leibniz rule for the k-th derivative of a product. For the former one,
without loss of generality we can assume ¢ = 0; let (M.), (N:) € N,, then for

suitable (]\715), <M5> € N, and (NE), (]\75> € N, such that M. = M. + M, and
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N. = N. + N., we have
M, n M. M.
(Z Zangbn_k,5§;?> S | S ], (2.33)
n=N. k=0 n=N, n:NE

and thereby Def. 8.(ii) follows.
(iv): To prove that (d,)c € ]RC, without loss of generality, we can assume in (2.30)

and (2.31) that @1 = Q2 =: Q > R, = R, = R and Q > 0. By induction on
n € N, we want to prove that

VeVn e N: |dpe| < po"@ €. 2.34
13

For n = 0, we have |dp.| =

%‘ < p;R+R < pE_Q for all & because Q > 0. For the

bOa
inductive step, we assume (2.34) and use the recursive definition (2.28):

|d 1 |< An+1,e + Zln:ll blsdn—l,s
e Oe bOa
n+1
< pr AR ] +Zp5 pr (AR pE

= po"QmQ 4 7@ < 9p7mQ70Q

We have QpQ"Q’Q < p;(”H)Q_Q if and only if 2 < p;Q, which holds for € small
(independently by n).

Finally, equality (2.29) can be proved as we did above for the product because
T € Bjy_.|(c) and

"> an( Z dn (=)™ b (@ =)™ (2.35)
ne’N ne’N ne’N
From this equality, it also follows Def. 16.(ii) because the product of an invertible
non-moderate net (on a co-final set) by a moderate net cannot yield a moderate
net. Finally, as above, moderateness of derivatives follows from Mertens’ theorem
and the k-th derivative of the quotient. O

The following theorem concerns the composition of HPS:
Theorem 27. Let (an)c = [anel., (bn)e = [bne]. € R, be coefficients for HPS. Set
Fy) =" anly —bo)" ¥y € teonv ((an), ,bo)

ne’N
= ’)Z bn(z —c)" V€ ’conv ((by),,c).
ne’N

Set

Coe ‘= Qoe

+oo
Cne 1= Z ke Z brmie - bmge Vn € Nyg.

mi+...+mrg=n
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If x € conv ((by,)..,c) and g(x) € 2conv ((an), ,bo), then
Flg(@) =" ealz —o)"
ne’N

is a convergent HPS.

Proof. Since [anc],, [bne], € “Re , we can assume that both (2.2) and (2.3) hold
with Q = Q1 = Q> > 0 and R = Ry = R» > 0. We have

Zake Z bm16 '~-~'bmke S2|ake| Z |bm15"-~-'|bmk6|
k=0

mi+...+mr=n k=0 mi+...+mr=n

< ZpE—kQ—R Z pE—'rle—R . _pg—ka—R

n ~ ~ ~ A~
_ Z p;kaR Z p;ankR

k=0 mi+...+mr=n

n
_ pE—R n ZpE—kQ—R Z pe—nQ—kR
k=1

mi+...+mr=n
n

_A O—FnO—kh (M E—1
:pER+ pEkQRnQ kR( )
1

k—1
k=
A ) Aonp 1— p;(”+1)(Q+R)
<p. T+ 2 np; e 1 “O0-Rk = [*]
— pz

For € small, we have 5 4 - < 1, hence ji < 1 for the same ¢ and for all n € N.

Now, take ¢ small so that also 1_% <1, and pll < % We hence have
—Pe €

=

[*} S pg—é_i_pa—nQ—R—n+p‘€—2nQA—nR—2IA%—n-

Since

—R 11
P < S <=
ps—n(2Q+R+1)—2R—1 P 3
—nQ—-R—n 1 1
pt 7 L1
pE—n(2Q+R+1)—2R—1 P 3

7271@777,]3{7213{771
Pe < 11 N }’
oot T 3

p;n(2Q+R+1)—2R71 Pz

we finally get

VWevn e N: |Z Ok Z T N p;"(2Q+R+1)—2R—17
k=0

mi+...+mrp=n

which proves that (cpe)n,. defines coefficients for an HPS.

To prove that « € “conv ((¢y),,c), we can proceed as follows: Def. 8.(i) can
be proved like in the classical case; Def. 8.(ii) is a consequence of composition
of polynomials if M, < 400 or it can be proved proceeding like in the case of
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composition of GSF if M, = 4o00: Def. 8.(iii) and Def. 8.(iv) can be proved like for
GSF (see [13] and Thm. 28 below). O

3. GENERALIZED REAL ANALYTIC FUNCTIONS AND THEIR CALCULUS
A direct consequence of Def. 8 of set of convergence is the following

Theorem 28. Let [a,.]. = (a,). € "R and ¢ = [¢.] € 'R. Set
f(.l‘) = PZ an T — C lz ane e — Ce ‘| = [Ua(xe)]

for all x = [x.] € “conv ((an).,c). Then f € "GC™ (ﬁjconv((an)c ,C) ,”I@) is a GSF
defined by (ve).

Before defining the notion of GRAF, we need to prove that the derived HPS has
the same set of convergence of the original HPS:

Theorem 29. Assume o < p*, (an)C S ”I@C and c € "R. Then the set of convergence
of the derived series ") . nan(z — o)t =" e (N A+ Dan g1 (@ — )" is the
same as the set of convergence of the original HPS ") & an(x —c)" . Thereby,
recursively, all the derivatives have the same set of convergence of the original HPS

and define a GSF.

Proof. By Def. 3.(iii) of radius of convergence and the classical theory, we have

n—-+oo n—-+o0o

rad (an)e. = (thUP |an€|1/n> = <lim sup |(n + 1)an+1,€|1/n+1>

=rad ((n+ 1)an+1)

ce?
so Def. 8.(i) for the original HPS and the derived one are equivalent. From the

condition [ap; - (7. — c2)"], € "Rz —c] and o < p*, in the usual way it follows that

S
[(n+1)ang1e - (xe — c2)"], € "Rz —¢]. Vice versa, from (n+1) [ani1,e| > |ani1,e
the opposite implication follows. The condition Def. 8.(iv) about moderateness
of derivatives for the original HPS clearly implies the analogue condition for the
derived one. For the opposite inclusion, we can distinguish the case =g ¢ or
| — ¢| > 0, the former one being trivial. We have

E amn

‘xe —ce|” !

Z Gnen(
Z ane(xs - Cs)n
n=0

so that also the net (Zji% Ane(Te — cg)”> € R, if the derivative is moderate. [

Z ‘xsfcs|71 ’

Thm. 28 motivates the following definition:

Definition 30. Let o < p* and U be a sharply open set of ”Hi then we say that f is
a GRAF on U (with respect to p, o), and we write f € /GC*(U, 'R)if f: U — 'R
and for all ¢ € U we can find s € ’R>0, (an)e € € ’R. such that

(i) (c—s,c+s)CUNLconv((ay).,c),
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(i) f(z) =" cqan(x—c)" forallz € (c—s,c+s).

Moreover, we say that f : 'R %l’@ is an entire function (with respect to p, o) if
we can find ¢ € “R and (a,). € "R, such that

(iii) ‘R =’conv ((ay). ,c),

(iv) f(z) =", o @n(x — )" for all z € "R,

We also say that f is entire at c if (iii) and (iv) hold.

Example 31.

(a) Clearly, if (an). € "Re, ¢ € “R, and we set f(z) = "> neei On (T — )™, then
f is a GRAF on the interior points of the set of convergence “conv ((ay), ,c).
Vice versa, if f € “GC®(U,”R), then U is contained in the union of all the
sharp interior sets int (“conv ((an), ,¢)), because of condition (i).

(b) Example 15 shows that Dirac § is entire at 0 but it is not at any ¢ € * R such

that |c| > s for some s € Rsg.
(¢) Example 12 of a function f with a flat point shows that f is a GRAF, but if

c =0, then s € ”I@>O satisfying condition (i) is infinitesimal, whereas if ¢ > 0,
then s > 0 is finite, and these two types of set of convergence are always
disjoint.
Corollary 32. Let 0 < p*, U C 'R be a sharply open set and f € *GC¥(U, ”]13~R),
then also f' € 7GC¥(U,’R) and it can be computed with the derived HPS i.e. f'(x) =
5 e (0 + Dt (@ — o)™
Because of our definition Def. 8 of set of convergence, several classical results can be

simply translated in our setting considering the real analytic function that defines

a given GRAF.
Theorem 33. Let o < p*, (a,), € ‘Re, ¢ € 'R, and set f(z) = "> et an(T — )"

*)
for all interior points x € “conv ((an), ,c), then ap = fT(c) for all k € N.

C

Proof. From Cor. 32, we have f)(z) = Yooy anck!(}) (ze — c.)" 7] for all the
interior points « € Zconv ((a,).,c). For x = ¢ (which is always a sharply interior
point because of Thm. 9) this yields the conclusion. O

Corollary 34. Let o < p*, U be a sharply open set of ‘R, and f € "Ggee (U, ’J]ﬁ).
Then for all c € U the Taylor coefficients (%) € R,.

c

The definition of 1-dimensional integral of GSF by using primitives, allows us to
get a simple proof of the term by term integration of GRAF:

Theorem 35. In the assumptions of the previous theorem, set
n+1

F(z) = ”Z an(z — )"

s n+1
ne’N

for all the interior points x € “conv ((an), ,c). Then F(z) = [T f(z)dz and F is a
GRAF on the interior points of "conv ((an), ,c).

o+l
Proof. The proof that ") .5 % is a convergent HPS with the same set of

convergence of f can be done as in Thm. 29, and hence F'is a GRAF on the interior
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points of “conv ((an).,c). The remaining part of the proof is straightforward by
using Cor. 32, so that F'(z) = f(x) and F(¢) = 0. and using [13, Thm. 42,
Def. 43). O

We close this section by first noting that, differently with respect to the classical
theory, if f(x) =" .5 an(z—c)" for all x € Lconv ((an), , c), and we take another
point ¢ € “conv ((an), ,c), we do not have that (¢ —rad (an),+ |c—¢[,¢+rad (an), —
lc — ¢|) C 2conv((an).,c); in fact for ¢ = ¢ this would yield the false equality
(c—rad (an), ,c+rad(a,),.) = “conv ((an), ,c). On the other hand, in the following

() (& (n)
result we show that ?conv ((fT,(C)) ,6) C ’conv ((fT(C)) ,c):
’ ¢ ’ ¢

Theorem 36. In the assumptions of Thm. 33, if ¢ € "conv ((%) ,c), then

() (z _ (" (¢
Pconv <<fn7,()) ,c) C “conv ((fT()) ,c).
c : c

(n)
Proof. In fact, since ¢ € “conv ((fT(C)) ,c), we have
) c

e =" 1L (m)(c)n!(m> (@ — ).

m)! n
Thereby, if z € 2conv ((%) ,6), we have
C

(n) (¢
fo) =" L0 g

I
D
3| |
Tl
3
N
=
3|2
=
S
7 N
3
N———
|
|
o
:
3

TLE”@ mG”NZn
+oo _ +oo (m)
(xe — )" fe(ce) (m r
= Z En!f Z Em!an! n (T —c)™™"
n=0 m>n
Therefore, the usual proof, see e.g. [22], yields
+oo ~\n too p(m) +oo ,(n)
(:CE B CE) fE (CE) m m—-n __ 3 (C) n
T; n! mz>n m)! n! n (e —cc) N 7;) n! (e —cc)

and hence f(x) =" .5 1) (x—c)" = { oo %(ms - cE)"} , which implies

n! n=0 n!
the conclusion. O

4. CHARACTERIZATION OF GENERALIZED REAL ANALYTIC FUNCTIONS,
INVERSION AND IDENTITY PRINCIPLE

The classical characterization of real analytic functions by the growth rate of
the derivatives establishes a difference between GRAF and Colombeau real analytic
functions:

Theorem 37. Let o < p*, U be a sharply open set of p@, and f € *GC*(U, ”]li) be
a GSF defined by the net (f.). Then f € 2GC¥(U,"R) if and only if for each c € U
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there exist s = [s¢], C' = [Cc], R = [Rc] € "Rx¢ such that Bs(c) CU and

V[z.] € Bs(c)VeVn e N: ’fg")(xs)

< — .
C. Rn (4.1)

Proof. We prove that condition (4.1) is necessary. For ¢ € U, we have f(z) =
" e f(T:,(C) (x —c¢)™ for all x € (¢ — §,c+ §) for some 5§ > 0 from Def. 30 and
Thm. 33. We first note that condition (4.1) can also be formulated as an inequality
in “R. and as such it does not depend on the representatives involved. Therefore,
from Thm. 28 and Thm. 33, without loss of generality, we can assume that the given
) (¢
net (fc) is of real analytic functions satisfying f.(z) = Z+°O L - £ (ee) (x—co)™ for all
x € (cc —rad(an),. ,c. +rad(an)..). From Lem. 21, locally the Taylor summands

(n)
(fT(C)(:Z - c)”) are eventually ’R-bounded in "R, if  is sufficiently near to
: neN

¢ = [ce], i.e. there exists o € “Rsq such that for each Z = [z.] € B,(c) we have

D),

;! (T — Cs)j

VeVjeN: < K., (4.2)

for some K = [K.] € “R. Set s := 2 min(o, 5) € R>0 and S := |Z — c|, where T is
any point such that s < |z — c| < 0,50 that 0 < ¢ <1 and from (4.2) we obtain

VeVj e N : ‘fs(j)(cg)‘ <K. ;j. (4.3)
For each [z.] € B(c), we have

F Z f e ( )@E —e Y,

and hence from (4.3):

(”)( +oo - ji—n
€ xs) J ‘xa Ce|
— < K
n! _Z;L E(n) S
Koxn () (37"
<52 (2) (8)
K. 1 K. 1

CE () (g) (0-)”

which is our claim for C := and R := S (1 — 7) Note that, differently with

1*5
respect to the case of Colombeau real analytic functions [26], not necessarily the
constant % is finite, e.g. if s = S.
We now prove that the condition is sufficient. Let ¢ = [c.] € U and s =

[sc], C = [C.], R = [R.] € “Rsq be the constants satisfying (4.1). Set § :=
L min(s, R, rad (f(’;)l(c)) ) and take x € B;s(c). We first prove the equality f(z) =

2
n) ~
”Znenﬁ M(sc —¢)". Let N = [N.] € °N, with N, € N. For all ¢, from Taylor’s

n!
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| |

for some t. € [0,1]gr and for & := (1 — t.)ce + tewe. Since |&. — ce| = te |xe — | <

formula for the smooth f., we have

N (),
SO o )

n:

FEND (e
(N +1)!

N:+1

(ze —ce)

n=0

(n)
5. < s, we can apply (4.1) and get V0eVn € N : fgnis&) < %. Thereby, for
these small € and for n = N, + 1 we obtain
N
@, 5\
Y i te—gr @ <o(g)
n=0
and hence the claim follows by “lim .5 (%)NH =0.
(n) oo F
Now, we prove that ") .5 ! n!(c) (z —c)" = [ s IE ngcg) (xe — cg)”}. In fact,
once again from (4.1) we have
N (n +00 4(n) oo (n)
™) (c c c
PRI [Z L), —cm] - [ Eled iy ey
n=0 n=0 n=Nc:+1
- +ZOO % |x€ - Ce|n]
n=N.+1" ¢
g n
<c- ' (—) -0
¢ "2 (&
n€’N> N1
because 5 < R and hence ") . (%)n converges. Finally, take Z € Bs(c) such
that [z —c| < | —c|. As above, we can prove that ") .5 f(jj!(c) (Z—c)™ converges;
(e, s\
moreover from (4.1) we also have ¥'eVn € N : fgnigs)(mg —c)"| < C. (i) <

Y. This proves that (%(E - c)") . is eventually “R-bounded in "R, and
: ne

_ Se
1 R

hence = € ?conv ((%) ,c) by Cor. 25. d

As we have already noted in this proof, differently with respect to the defini-
tion of Colombeau real analytic function [20], we have that, generally speaking,

5" (z2)

% € "R is not finite. For example, for f = 6 at ¢ = 0, we have po

(b}l)n where ’u(")(mg)‘ < [B =:C and

hence % = b which is an infinite number. Thereby, in the particular case when % is
finite, f is a Colombeau real analytic function in a neighborhood of c¢. Vice versa,
any Colombeau real analytic function and any ordinary real analytic function are
GRAF.

This characterization also yields the closure of GRAF with respect to inversion.
We first recall that the local inverse function theorem holds for GSF, see [10].
Therefore, if f € GC¥(U,”R) C "GC*(U,’R) and at the point zo € U the derivative
1/ (x0) is invertible, we can find open neighborhoods of g € X C U and of yq :=
f(z0) € Y such that flx : X — Y is invertible, (f|x)~" € “GC>(Y, X) and f'(z)
is invertible for all z € X.

™ (22) 1m ™ (g,
Iz (' )bg'H’ _ ‘# (z<) )

n n! €

Cbo
< £
= (bs_l

m?
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Theorem 38. If 0 < p* and we use notations and assumptions introduced above,
then (f]x)™" €GC(Y, X).

Proof. For simplicity, set ¢ := (f|x)”" and h(z) := ﬁ for all z € X, so that
9'(y) = hlg(y)] for ally € Y. From Cor. 32 and Thm. 26, we know that h is a GRAF.
Therefore, Thm. 37 yields VeV¥n € N : hgj)(xs) < C’E% for all [z.] € Bs(zo)
and suitable constants s, C, R € "Rs. For [y.] € f (Bs(z0)) (note that this is an
open neighborhood of yy because f is an open map) and these ¢, formula (1.15) of
[22, Thm.1.5.3] yields géj)(ys) < j!(fl)j’l(lgz)(fg%)lj for all j € N5, and hence
g €°GC¥ (U, ”I@) once again by Thm. 37. O

Since ¢ is a GRAF, in general the identity principle does not hold for GRAF.
From our point of view this is a feature of GRAF because it allows to include as
GRAF a large class of interesting generalized functions and hence pave the way to
a more general related Cauchy-Kowalevski theorem. The following theorem clearly
shows that the identity principle does not hold in our framework exactly because
we are in a non-Archimedean setting: every interval is not connected in the sharp
topology because the set of all the infinitesimals is a clopen set, see e.g. [9].

Theorem 39. Let U C ‘R be an open set and f, g € "GC¥(U,’R). Then the set
O=int{zreU]| f(z) =g(x)}

s clopen in the sharp topology.

Proof. For simplicity, considering f — g, without loss of generality we can assume

g = 0. We only have to show that O is closed in U. Assume that c is in the closure
of Oin U, i.e.

c€eU, Vr € "Rsg3é € By(c)NO. (4.4)
We have to prove that ¢ € O. We first note that for each ¢ € O, we have B,(¢) C O
for some p € ‘R and hence

f(Z) =0 Ve B,(©). (4.5)

Now, fix n € N in order to prove that f(™(c) = 0. From (4.4), for all r € "R we
can find ¢, € B,.(c) N O such that f((¢,) = 0 from (4.5). From sharp continuity
of £ we have f("(c) = lim,_,o+ f™(&,) = 0. Since f € “GC*(U,’R) and ¢ € U,
we can hence find o > 0 such that f(z) = "> .5 1) (x—c)™ = 0 for all

n!

x € By(c), i.e.ce€O. O

For example, if f = ¢ and g = 0, the set
int {x €'R|d(z) = 0} D) {:13 R |z| > 0}
is clopen. Thereby, also R \ int {:c €'R|6(z) = O} is clopen, and we have
{x € "R | §(z) ;Ao} gﬂé\mt{x e "R | §(x) :o}

Q{xe”ﬂi|Vr€R>0: |x|§sr}.
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If we assume that all the derivatives of f are finite and the neighborhoods of Def. 30
are also finite, then we can repeat the previous proof considering only standard
points ¢ € R and radii r € R+, obtaining the following sufficient condition:

Theorem 40. Let U C 'R be an open set such that U NR is connected. Let f,
g €°GC*(U,"R) be such that flvrr = glvrr for some nonempty subset V-C U such
that V N R is open in the Fermat topology, i.e.

Ve VNR3IreRso: B(z) CVNR.

Finally, assume that all the following quantities are finite:

(i)  The neighborhood length s in Def. 30 is finite for each ¢ € UNR,
(ii) Ve eUV¥neN: fM(x) and g (x) are finite.

Then flunr = 9lurr-
Proof. The proof proceeds exactly as in Thm. 39 but considering
O:=intp{z e UNR | f(x) =g(x)},

where intg is the interior in the Fermat topology (i.e. the topology generated by
the balls B,(c) for ¢ € “R and r € Ry, see [9]). We have to note that assumption
(ii) implies that all f() are continuous in this topology (see [12]). O

For example, if f € C¥(R) is an ordinary real analytic function and K, h € * R are
finite numbers, the GRAF z € int(c("R)) — K f(hz) € ‘R, where c("R) is the set
of compactly supported points, satisfies the assumptions of the last theorem.

5. CONCLUSIONS

Sometimes, e.g. in the study of PDE, the class of real analytic functions is de-
scribed as a too rigid set of solutions. In spite of their good properties with respect
to algebraic operations, composition, differentiation, integration, inversion, etc.,
this rigidity is essentially well represented by the identity principle that necessarily
excludes e.g. solitons with compact support or interesting generalized functions.
Thanks to Thm. 39, we can state that this rigidity is due to the banishing of non-
Archimedean numbers from mathematical analysis. The use of hyperseries allows
one to recover all these features including also interesting non trivial generalized
functions and compactly supported functions. This paves the way for an interesting
generalization of the Cauchy-Kowalevski theorem for GRAF that we intend to de-
velop in a subsequent work. Its proof can be approached by trying a generalization
of the classical method of majorants, or using the Picard-Lindel6f theorem for PDE
with GSF and then using characterization Thm. 37 to show that the GSF solution
is actually a GRAF.
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Chapter 8
Appendix

For the sake of completeness, this appendix presents some basic results of GSF
theory. This part of the dissertation is taken from [12] and, to underscore that
it has not been developed by the candidate D. Tiwary, we present here only the
statements; the proofs can be found in [42].

8.1 Generalized smooth functions and their cal-
culus

Using the ring * ﬁ, it is easy to consider a Gaussian with an infinitesimal standard
deviation. If we denote this probability density by f(x,0), and if we set o =
[02] € "R=0, where o &~ 0, we obtain the net of smooth functions (f(—,0.))zc;.
This is the basic idea we are going to develop in the following

Definition 1. Let (Q.) be a net of open subsets of R”. Let X C “R™ and
Y C "R? be arbitrary subsets of generalized points. Then we say that

f: X — Y is a generalized smooth function

if there exists a net f. € C>°(2.,R?) defining the map f : X — Y in the sense
that

L X C(Q),
2. f(Jze]) = [fe(ze)] € Y for all @ = [z] € X,
3. (0“f-(x.)) € RY for all # = [z.] € X and all & € N".

The space of generalized smooth functions (GSF) from X to Y is denoted by
"GC(X,Y).

Let us note explicitly that this definition states minimal logical conditions
to obtain a set-theoretical map from X into Y and defined by a net of smooth

106



functions of which we can take arbitrary derivatives still remaining in the space
of p-moderate nets. In particular, the following Thm. 2 states that the equal-
ity f([zc]) = [fe(x.)] is meaningful, i.e. that we have independence from the
representatives for all derivatives [z.] € X — [0*f.(z.)] € "R%, a € N™.

Theorem 2. Let X C "R" and Y C "R be arbitrary subsets of gemeralized
points. Let f. € C*(Q,RY) be a net of smooth functions that defines a gener-
alized smooth map of the type X — Y, then

1. Ya e N"VY(z.), (zL) € R : [z] = [21] € X = (0°fc(ze)) ~p (0% f(aL)).

2. Each f € *GC*™(X,Y) is continuous with respect to the sharp topologies
induced on X, Y.

3. f: X — Y is a GSF if and only if there exists a net v. € C>®(R", RY)
defining a generalized smooth map of type X — Y such that f = [v(—)]|x-

4. GSF are closed with respect to composition, i.e. subsets S C 'R with
the trace of the sharp topology, and GSF as arrows form a subcategory of
the category of topological spaces. We will call this category *GC™, the
category of GSF. Therefore, with pointwise sum and product, any space
’GC*°(X,’R) is an algebra.

The differential calculus for GSF can be introduced by showing existence
and uniqueness of another GSF serving as incremental ratio (sometimes this is
called derivative d la Carathéodory, see e.g. [58]).

Theorem 3 (Fermgt—Reyes theorem for GSF). Let U C’R™ be a sharply open
set, let v = [ve] € "R™, and let f € "GC™(U,"R) be a GSF generated by the net
of smooth functions f. € C*(Q¢,R). Then

1. There ezists a sharp neighborhood T of U x {0} and a generalized smooth
map r € *GC*(T,’R), called the generalized incremental ratio of f along
v, such that

Y(xz,h) €T : f(x+ hv) = f(x)+ h-r(x,h).

2. Any two generalized incremental ratios coincide on a sharp neighborhood
of U x {0}, so that we can use the notation flx;h| :=r(z,h) if (x,h) are
sufficiently small.

3. We have f[z;0] = [355 (ms)] for every x € U and we can thus define
Df(x)-v:= %(z) := f[z;0], so that % € "GC=(U,"R).

Note that this result permits us to consider the partial derivative of f

with respect to an arbitrary generalized vector v € “R™ which can be, e.g.,

infinitesimal or infinite. Using recursively this result, we can also define sub-
sequent differentials D7 f(x) as j—multilinear maps, and we set D7 f(z) - b7 :=
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the ring “R will be denoted by L7(“R™,’R%). For A = [A.(—)] € Li(“R","R%),
we set || A|| := [|Ac|], the generalized number defined by the operator norms of
the multilinear maps A. € L7(R", R%).

The following result follows from the analogous properties for the nets of
smooth functions defining f and g.

Theorem 4. Let U C 'R™ be an open subset in the sharp topology, let v € PRn
and f, g: U — R be generalized smooth maps. Then

A(f+g) _ Of o
1. =5 +52

ov

2. %) — O e R

ofg) _ of 9
3. 81)9_%'94»-}0'%
4. For each x € U, the map df(z).v := %(x) € 'R is "R-linear in v € "R".

Using the Fermat-Reyes theorem, it is also possible to give intrinsic proofs
(i.e. without using nets of smooth functions that define a given GSF), as exem-
plified in the following

Theorem 5. Let U C 'R" and V Ql’ﬁd be open subsets in the sharp topology
and g € 'GC=(V,U), fe "GC>(U,"R) be generalized smooth maps. Then for
allz €V and all v € "R?

2029 (4) = af (9(a)). 2

d(feg) (z) = df (9(x)) o dg(x).

8.2 Integral calculus using primitives

Lemma 6. Let a, b € "R be such that a < b, then the interior int([a,b]) in the
sharp topology is dense in [a, b].

Theorem 7. Let X C 'R and let f € "GC™(X,’R) be a generalized smooth
function. Let a, b € "R, with a < b, such that (a,b) C X. If f'(z) = 0 for all
x € int(a,b), then f is constant on (a,b). An analogous statement holds if we
take any other type of interval (closed or half closed) instead of (a,b).

Theorem 8. Let a, b € 'R with a < b, and f € "GC>([a,b],’R) be a generalized
smooth function. Then for all x € [a,b], the following limit exists in the sharp
topology

lim  f®(y) = f® (@),

=
y€int([a,b])

Moreover, if the net f. € C®(Q,R) defines f and x = [z.], then f*)(x) =
[fs(k)(xe)] and hence f*®) € 7GC*>([a,b],"R).
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Theorem 9. Let a, b, ¢ € 'R, with a < b and ¢ € [a,b]. Let f € "GC*([a,b],"R)
be a generalized smooth function. Then, there erists one and only one general-
ized smooth function F € *GC™([a,b],’R) such that F(c) =0 and F'(z) = f(z)
forallz € [a b]. Moreover, if f is defined by the net f. € C*(R,R) and ¢ = [cc],
then F(x {fte f(s ds} for all x = [z.] € [a,b].

Definition 10. Under the assumptions of Theorem 9, we denote by f =) f=

f( ) s)ds € #"GC*(]a,b],’R) the unique generalized smooth function such
that:

L [ff=0
2. (fj” f)/ () = L [7 f(s)ds = f(x) for all € [a,b].

Theorem 11. Let f € P’GC™(X,"R) and g € - "GC (Y 'R) be generalized smooth

functions defined on arbitrary domains in 'R. Let a, b € 'R with a < b and
[a,b] C X NY, then

=L+

JEAf=A[0F YAE'R

JPF =[S+ [0 F for allc€ [ab)
Lif==11

5. [, 1= f(b) - fla)

6 [ fg=1fau—[F o

7. 1f f(z) < g(x) for all x € [a,0], then [} f < [ g

Theorem 12. Let f € "GC®(T,"R) and ¢ € "GC™(S,T) be generalized smooth
functions defined on arbitrary domains in’R. Leta, b € ’R, with a < b, such that
[a,b] €S, ¢(a) < p(b) and [p(a),p(b)] C T. Finally, assume that ¢([a,b]) C

[p(a), p(b)]. Then
_/@(b t)dt = / fle '(s) ds.

8.3 Multidimensional integration

EQ ~

o

=~

In this section we want to introduce integration of GSF over functionally com-
pact sets with respect to an arbitrary Borel measure p.

The possibility to achieve results mirroring classical limit theorems for this
notion of integral is closely linked to the introduction of the notion of hyperlimit,
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i.e. of limits of sequences of generalized numbers a = (an )nen : N —» "ﬁl%, where
o and p are two gauges and n — +o0o along generalized natural numbers, i.e. for

nEthI::{[nE]EP§|nEGNV€}.

Mimicking nonstandard analysis, the numbers n_e ’N are called hypernatural
numbers. To glimpse the necessity of studying ’N, it suffices to note that % <
dp? is always false for n € N but it can be satisfied for suitable n € * N. Therefore,
if lim,, o0 @, = 0 in the classical sense, i.e. for n € N and with respect to the
sharp topology, then necessarily a,, is infinitesimal for n € N sufficiently large.
This represents a severe limitation for this notion of limit. It is also clear from
the fact that R with the sharp topology is an ultra-pseudometric space, see
e.g. [82], and hence a series in “R converges in the sharp topology if and only if
its general term a, — 0 as n — 400, n € N, in the sharp topology, see [55].

8.3.1 Integration over functionally compact sets

In section 8.2, we already defined a notion of integral over intervals using the
notion of primitive. This notion does not help if we want to define the in-
tegral | pf of a GSF f over a domain D C “R" which is more general than
an interval. In this case, it is natural to try an e-wise definition of the type

[p fdu = [ [ f du} € R, where the net (f.) defines the GSF f and the net

(D) determines, in some way, the subset D C "R™, e.g. D = [D,] in case of
internal sets. In pursuing this idea, it is important to recall that the internal
set (interval) [0, 1] = [[0, 1]g] can also be defined by a net of finite sets. Indeed,
if int(—) is the integer part function, and we set

N, :=int (p;1/5>

K, = {p;/5,2p;/5,...,]\f8p;/6} (8.3.1)
then the Hausdorff distance dp ([0, 1)g, K.) = pt/% and hence [0,1] = [K,] (see
also [94, 41]). Consequently, if A is the Lebesgue measure on R, we have that

the generalized number [A([0,1]g)] = 1, whereas [A(K.)] = 0 and, in general,
{ f[o s Je d)\} + [ J k. I d)\} = 0. Therefore, even the definition of integral over

an interval cannot be easily accomplished by proceeding e-wise, i.e. on defining
nets.

If we try to understand when such an e-wise definition can be accomplished,
it turns out that we have to consider an enlargement ﬁp;n(Kg) and then take
m — +oo. This is indeed quite natural if one keeps in mind that [K.] = [L]
if and only if the Hausdorff distance dy (K., L.) defines a negligible nets, (see
[94, 11]). In the following, we say that (K.) is a representative of K & "R™ if
K = [K.], (K.) is sharply bounded, and K. € R™ for all .
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Definition 13. Let p be a Borel measure on R” and let K be a functionally
compact subset of "R™. Then we call K u-measurable if the limit

p(K) = lim [u(BF pn (K.))] (8.3.2)
meN

exists for some representative (K. ) of K. The limit is taken in the sharp topology
on ‘R, and B®,.(A) := {x € R" : d(z, A) <r}.

In the following result, we will prove that this definition satisfies our require-
ments. We will occasionally integrate generalized functions more general than
GSF:

Definition 14. Let K & “R™. Let (Q) be a net of open subsets of R™, and
(fe) be a net of continuous maps f.: . —> R. Then we say that

(fe) defines a generalized integrable map : K — 'R
if
1. K C(Q.) and [f-(z.)] € 'R for all [z.] € K.
2. V(xe), (x) € Ry : [ze] = [al] € K = (fe(we)) ~p (fe(0)).
If f € Set(K,’R) is such that

Vel € Ko f([we]) = [fe(ae)] (8.3.3)

we say that f: K — 'R is a generalized integrable function.

We will again say that f is defined by the net (fe) or that the net (f.) represents
f. The set of all these generalized integrable functions will be denoted by
"GI(K,’R).

Bg., if f = [f(2)]lx € ’GC™(K,"R), then both f and |f| = [|f-(=)]|x are
integrable on K.

8.4 Some classical theorems for generalized smooth
functions

Corollary 15. Let f € "QCOO(X,”@) be a generalized smooth function defined
on the subset X C’R. Let a, b € 'R, with a < b, such that [a,b] C X. Assume
that f(a) < f(b). Then

Vye'R: fla)<y<f(b) = Iecelab]: y=f(c).

Theorem 16. Let f € "QCOC(X,”ﬁd) be a generalized smooth function defined
in the sharply open set X C’R™. Let a, b € "R™ such that [a,b] C X. Then
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1. Ifn=d=1, then 3c € [a,b] : f(b) — f(a) = (b—a)- f'(c).
2 Ifn=d=1, then 3c € [a,b] : [ f(t)dt = (b—a)- f(c).

3. Ifd=1, then 3c € [a,b] : f(b) — f(a) = Vf(c)- (b—a).

4. Let h:=b—a, then f(a+h) — f(a) = [y df(a+t-h).hdt.

Lemma 17. Let ) # K = [K,| C 'R™ be an internal set generated by a sharply
bounded net (K.) of compact sets K. € R™ Assume that o : K —» 'R is a
well-defined map given by a(x) = [a(z:)] for all x € K, where o : K. — R
are continuous maps (e.g. a(x) = |x|). Then

Im,M € KVz e K: a(m) < az) < a(M).

Corollary 18. Let f € ”QC‘X’(XJJ@) be a generalized smooth function defined
in the subset X C’R™. Let ) # K = [K.| C X be an internal set generated by
a sharply bounded net (K.) of compact sets K. € R™, then

dm,M € KVz e K: f(m) < f(x) < f(M). (8.4.1)

Definition 19. A subset K of 'R is called functionally compact, denoted by
K &;"R™, if there exists a net (K.) such that

1. K =[K.] C'R"
2. (K.) is sharply bounded
3.Veel: K, eR"

If, in addition, K C U C *R™ then we write K €; U. Finally, we write [K:] € U
if 2, 3 and [K.] C U hold.

Theorem 20. Let f € "GC®(U,’R) be a generalized smooth function defined
in the sharply open set U C "R%. Let a, b € "R? such that the line segment
[a,b] C U, and set h :=b— a. Then, for alln € N we have

1. 35 c [a7b} . f(a + h) — Z?:O djf(ll) h] d”+1 ) . hn-‘rl.

7!

2 fla+h) =", I piy 1 [l d"+1f(a+th)-hn+1 dt.

7!

Moreover, there exists some R € ”ﬁi>0 such that

Vk € Br(0)3¢ € [a,a+k] : flat+k) = Zdjf( @) kﬂ+d(ntfl()ﬁ).kn+1 (8.4.2)
j=0 ’ ’

d”+1f(€) n+1 __ 1 ! n in+1 n+1 ~
m'k *m~/0 (1—t)"d"" fla+th) - k"T'dt~0.  (8.4.3)
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Definition 21. 1. Let U C R be a sharp neighborhood of 0 and P, @ :

U — 'R be maps defined on U. Then we say that
P(u) =0(Q(u)) asu—0
if there exists a function R : U —» ’R such that
YueU: P(u)=R(u)-Q(u) and ilg%) R(u) =0,
where the limit is taken in the sharp topology.

Let z, y € ’R and k, j € Rso, then we write x =; y if there exist repre-
sentatives (z¢), (ye) of z, y, respectively, such that

|ze —ye| = O(p2). (8.4.4)

We will read = =; y as x is equal to y up to j + 1-th order infinitesimals.
Finally, if k € Nso, we set Dy; := {x €'R | gkt =, O}, which is called
the set of k-th order infinitesimals for the equality =;, and

Daoj = {x €"R |3k €Nsg: 2"t =, 0}

which is called the set of infinitesimals for the equality =;.

Theorem 22. Let f € "GC> (U, ’R) be a generalized smooth function defined in
the sharply open set U C’R. Let z, § € °R, with 6 > 0 and [x — 0,z + 5] C U.
Let k, 1, j € Rso. Then

1.
2.

S wh s

=

VneN: flz+u)=>_, mur—|—0(u”) as u — 0.

r!

The definition of x =; y does not depend on the representatives of x, y.

. =; s an equivalence relation on "R.

Ifr=;yandl > j, then x = y.
IfV° €Rso: ©=;y, then z =y.

Ift =5y and z =; w then v + 2 =; y +w. If x and z are finite, then
T-Z=;y w.

Vh € Dy : h=~0.
Dm]' Q ij Q Dooj zfm§ k.

Dy is a subring of 'R. For all h € Dy and all finite x € ”ﬁ%, we have
r-he ij.
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10. Let n € N5 and assume that j and f satisfy
Vze’RVE€[x—b,a+0]: 2=;,0 = z-fO+D(€)=;0. (8.4.5)

Then, we have

g
Vu € Dyj: f(x+u)=; Z ! Tl(x)uT.
r=0 ’

11. For alln € N there exist e such thate < j, andVu € Dy @ f(z+u) =;
Z" f(r)(m) u’.

r=0 r!
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