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Abstract

Machine learned force fields have the potential to accelerate first-principles calculations
for the prediction of material structures and properties such as the system energy and
forces acting on individual atoms. A kernel-based method is used in this project.
So far, only local structural features are considered when mapping to descriptors. Thus,
only the interaction between atoms within a certain cutoff radius is included. Even by
systematically increasing the cutoff radius, it is very hard to fit the data accurately and
in practice, it is virtually impossible to capture long-ranged (electrostatic) interactions.
In this work, we perform the calculation of the descriptors in reciprocal space and always
use all atoms to indirectly perform a summation over all periodic images and thus be
able to capture long-range interactions.
We adopt Slater-type orbitals as radial basis functions, that are used when mapping
onto the descriptors, because the corresponding descriptors better fit the slowly decaying
nature of long-range interactions.
When combining these short- and long-ranged descriptors we are able to improve the
quality of the fit compared to the short-ranged method for materials where both types of
interactions are present.

iii





Kurzfassung

Maschinengelernte Kraftfelder haben das Potenzial, first-principle Berechnungen für die
Vorhersage von Materialstrukturen und -eigenschaften, wie z. B. der Systemenergie und
der Kräfte, die auf einzelne Atome wirken, zu beschleunigen. In diesem Projekt wird eine
kernelbasierte Methode verwendet.
Bislang werden bei der Berechnung der Deskriptoren nur lokale Strukturmerkmale ver-
wendet. So wird nur die Wechselwirkung zwischen Atomen innerhalb eines bestimmten
Cutoff-Radius berücksichtigt. Auch wenn man den Cutoff-Radius systematisch vergrößert,
ist es sehr schwierig, die Daten genau zu fitten und in der Praxis ist es so unmöglich,
langreichweitige (elektrostatische) Wechselwirkungen zu erfassen. In dieser Arbeit führen
wir die Berechnung der Deskriptoren im reziproken Raum durch und verwenden immer
alle Atome, um indirekt eine Summation über alle periodischen Bilder durchzuführen und
so langreichweitige Wechselwirkungen zu erfassen.
Wir verwenden Slater-Orbitale als radiale Basisfunktionen, da die entsprechenden Deskriptoren
das langsam abfallende Verhalten der langreichweitigen Wechselwirkungen besser wider-
spiegeln.
Durch die Kombination von diesen lang- und kurzreichweitigen Deskriptoren können wir
die Qualität der Fits im Vergleich zur Methode mit kurzer Reichweite für Materialien,
bei denen beide Arten von Wechselwirkungen vorhanden sind, verbessern.
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1. Introduction

About this Project

The main goal is to develop a set of long-ranged descriptors for the Python version of
the Machine Learning (ML) code, that is used in combination with the Vienna Ab initio
Simulation Package (VASP)1.
This program is called polipy4vasp and it is used to test new things easily, as Python
allows for a quick and compact implementation of many matrix operations and numer-
ical algorithms, especially when using libraries like NumPy2 and SciPy3. The goal of
polipy4vasp is to machine learn the polarization and incorporate long-ranged descriptors.
This thesis shows how these long-ranged descriptors and different radial basis functions for
them are build up and implemented, and then the model is tested for different materials.
The polipy4vasp coed is developed as part of subproject P03 of the SFB TACO4.

Machine Learning

ML is a fast developing field of research that has become progressively more important
within the last decade. Its goal is to build methods and algorithms that use data to
improve the performance of a given task [1]. In ML, models and algorithms are constructed
using training data, and subsequently, are capable of generating predictions for novel data
without the need to explicitly program the prediction mechanisms [2].
ML methods are used in various fields and applications [3, 4] like image recognition or
auto-translation of text, but also in less popularly known applications such as material
sciences for learning force fields.
In general in computational materials science Machine learned force fields (MLFF) have
the potential to accelerate first principle (FP) calculations, and those MLFF are a powerful
method to predict inter-atomic potentials [5–21]. In this thesis, they are used for the
prediction of material properties, such as the system energy and forces acting on individual
atoms.
For MLFF, kernel based methods and Neural Networks (NN) are the two ML methods
that are mainly used. In recent years NN became more prominent. In this project, we
adopt a kernel based method because it requires fewer training data and allows for the
choice of a kernel function. In the literature, there are many different choices of such
kernels like Gaussian or polynomial kernels [18,22–24].

1https://vasp.at/
2https://numpy.org/
3https://scipy.org/
4https://sfb-taco.at/
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1. Introduction

Motivation for the Long-Ranged Descriptors

Many methods for calculating MLFF are local. This means that they calculate a descriptor
based on the local properties around one atom within a certain cutoff radius [13,14,18,20,
25] independent of whether kernel methods or neural networks are used. Thus, only the
interaction between atoms within this cutoff radius is included. Even by systematically
increasing the cutoff radius, it is virtually impossible to capture long-ranged (electrostatic)
interactions due to the increasing computational cost.
Nonetheless, electrostatic interactions play an important role in:

• Ionic systems [26]

• Electrode surfaces [27]

• Macroscopically polarized interfaces [28]

• Nano science in general [29].

This is why, long-ranged interactions need to be included in the calculation of MLFF,
and in this work we focus on ionic systems.
So far, there are different methods to incorporate electrostatic interactions in models
in literature, where the energies and sometimes forces of a bulk material or of single
molecules are predicted. Some of these are:

• Calculating an Ewald-like energy and including it into the existing model [6, 30]

• Machine learn partial charges and atomic multipoles [7, 31–35]

• Using a non-local representation of the system and remapping it onto locally defined
descriptors [36].

We propose an alternative approach that fits well into the already existing VASP code
and into polipy4vasp. This has the advantage that the whole kernel based ML scheme
as described in [20] remains unchanged. The only difference is that the descriptors and
radial basis functions are calculated in reciprocal space without a cutoff radius. This
new set of descriptors uses all atoms to indirectly perform a summation over all periodic
images, and is thus able to capture long-range interactions.

Radial Basis Functions

The mapping from a local environment onto descriptors is ubiquitous in MLFF but
depends on the choice of the angular and radial basis functions [6, 37].
VASP uses spherical Bessel functions as radial basis functions [18,38]. They work well in
combination with a cutoff radius, a cutoff function and spherical harmonics as angular
basis functions. In reciprocal space, it would be better to find a set of basis functions
that satisfies the following properties:

• Does not depend on a cutoff radius and a cutoff function
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• Can be normalized analytically on the interval [0, ∞)

• Is able to capture the slowly decaying behavior of long range interactions.

To fulfill those properties, in this work Slater type orbitals (STOs) are introduced as
radial basis functions.

Before we discuss more details on the calculation of the descriptors and on the ra-
dial basis functions in chapter 2, we give a short overview on the ML scheme.

ML Scheme of the Kernel Method

Now we introduce the ML scheme used in this thesis. The general workflow is shown in
Fig. 1.1.

Figure 1.1.: ML scheme of the kernel method used during training. The vector Y contains
energies and forces of the training structures.

As a first step, all necessary data is read in. These are the atomic positions, information
about the unit cell and for training, the energies and forces of all configurations which
are stored in a vector Y.
Then, structural features based on the atomic density are mapped to a set of descriptors.

3



1. Introduction

This is the important part this thesis focuses on, where either the short- or long-ranged
descriptors are calculated using the respective basis functions.
Now, a set of descriptors of representative configurations, called kernel basis functions or
Local Reference Configurations (LRC), is selected and the similarity to all descriptors is
measured by applying the kernel. The results form the design matrix Φ.
In the next step, the linear system of equations Φw = Y is solved, and a set of weights
w is obtained. These weights can be used to predict the energy and force vector Y of the
unseen data by calculating a new matrix Φ (similar to the design matrix) for the new
data and multiplying it with the learned weights.

4



2. Theory of Machine Learned Force
Fields

In this chapter Machine learned force fields (MLFF) are explained. The goal is to predict
properties describing a material, in this case the total potential energy and forces acting on
the atoms, up to the accuracy that can be obtained with first principle (FP) calculations.
This can be done by describing the environment around each atom with a so called
expansion coefficient. These coefficients for all the atoms are then compared to a set of
kernel-functions, which we also call Local Reference Configurations (LRC), to predict the
properties of interest from the known values of the reference structures.

2.1. The Kernel-Based Method

This section gives an overview about kernel-based methods [39–41] and particularly
describes the one, that is used for this project. It is a ML method originally described
in [18,42]. After calculating the descriptors which resemble the environment around all
central atoms (for details on how the descriptors are calculated, see the following sections),
a kernel is computed. We use a polynomial kernel of order ζ [20]

K(Xi,Xb) =
(︂
X̂i · X̂b

)︂ζ
(2.1)

that measures the similarity between two normalized descriptors X̂i and X̂b where the hat
indicates normalization. The descriptor X̂i around a current central atom i is compared
to a reference descriptor X̂b of the basis set that is indexed with b.
In general, any kernel can be used such as Gaussian kernels or linear kernels, and
normalizing the descriptors is not necessary.
These function evaluations and their negative derivatives with respect to the coordinates
rαk of each atom k, to account for the forces, are then combined to form a so-called design
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2. Theory of Machine Learned Force Fields

matrix

ΦI =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑︁
i

1
Ns=1

A
K(Xs=1

i ,XI
b=1)

∑︁
i

1
Ns=1

A
K(Xs=1

i ,XI
b=2) · · ·

−
∑︁

i∇r11
K(Xs=1

i ,XI
b=1) −

∑︁
i∇r11

K(Xs=1
i ,XI

b=2) · · ·
−
∑︁

i∇r21
K(Xs=1

i ,XI
b=1) −

∑︁
i∇r21

K(Xs=1
i ,XI

b=2) · · ·
−
∑︁

i∇r31
K(Xs=1

i ,XI
b=1) −

∑︁
i∇r31

K(Xs=1
i ,XI

b=2) · · ·
−
∑︁

i∇r12
K(Xs=1

i ,XI
b=1) −

∑︁
i∇r12

K(Xs=1
i ,XI

b=2) · · ·
−
∑︁

i∇r22
K(Xs=1

i ,XI
b=1) −

∑︁
i∇r22

K(Xs=1
i ,XI

b=2) · · ·
−
∑︁

i∇r32
K(Xs=1

i ,XI
b=1) −

∑︁
i∇r32

K(Xs=1
i ,XI

b=2) · · ·
...

...
. . .∑︁

i
1

Ns=2
A

K(Xs=2
i ,XI

b=1)
∑︁

i
1

Ns=2
A

K(Xs=2
i ,XI

b=2) · · ·
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∑︁

i∇r11
K(Xs=2

i ,XI
b=1) −
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b=2) · · ·
−
∑︁

i∇r21
K(Xs=2

i ,XI
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∑︁
i∇r21
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i ,XI

b=2) · · ·
−
∑︁

i∇r31
K(Xs=2

i ,XI
b=1) −

∑︁
i∇r31

K(Xs=2
i ,XI

b=2) · · ·
−
∑︁

i∇r12
K(Xs=2

i ,XI
b=1) −

∑︁
i∇r12

K(Xs=2
i ,XI

b=2) · · ·
−
∑︁

i∇r32
K(Xs=2

i ,XI
b=1) −

∑︁
i∇r32

K(Xs=2
i ,XI

b=2) · · ·
−
∑︁

i∇r32
K(Xs=2

i ,XI
b=1) −

∑︁
i∇r32

K(Xs=2
i ,XI

b=2) · · ·
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...
. . .

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.2)

The sum over index i is only taken over atoms of the same atom type I. The index s
stands for the training structures/configurations of the data set, b enumerates all kernel
basis functions and NA is the number of atoms in structure s. The operator ∇rαk

K(Xi,Xb)
is the derivative of the kernel with respect to the atomic position of atom k in direction α
of the descriptor Xi. The superscript I indicates that kernel is only evaluated for kernel
basis functions with the same atom type as atom i. This means that the design matrix
holds information about the similarity of the training structures and the LRC.

To determine the fitting parameters wb during training, the design matrix is used to get
an even larger design matrix

Φ =
[︁
Φ1,Φ2, . . . ,ΦNtype

]︁
(2.3)

taking into account all design matrices for each atom type. This matrix is then used to
solve the linear system of equations

Φw !
= Y. (2.4)

Here w is the vector containing all fitting parameters wb, and Y is a super vector with
all the energies and forces obtained from FP calculations.
With the creation of the design matrix and using a kernel, the very high dimensional
fitting problem can be reduced to a linear problem that can be solved easily. The reason
for this is the so called kernel trick [43]. This transforms the data into a very high
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2.2. Descriptors in Real Space

dimensional space where it is linearly separable or distributed such that the relation
between the data points can be obtained by a linear regression. Here this is equivalent to
solving the linear system of equations given in Eq. (2.4).
In practice, the entries of the vector w are least squares solution of Eq. (2.4).

For predicting the energies and forces of some unseen data, a new matrix Φ is cal-
culated for each structure. This matrix consists only of the first blocks of Eq. (2.2)

ΦI =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑︁
i

1
NA

K(Xi,XI
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1
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K(Xi,XI
b=2) · · ·

−
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i∇r11
K(Xi,XI

b=1) −
∑︁

i∇r11
K(Xi,XI

b=2) · · ·
−
∑︁

i∇r21
K(Xi,XI

b=1) −
∑︁

i∇r21
K(Xi,XI

b=2) · · ·
−
∑︁

i∇r31
K(Xi,XI

b=1) −
∑︁

i∇r31
K(Xi,XI

b=2) · · ·
−
∑︁

i∇r12
K(Xi,XI

b=1) −
∑︁

i∇r12
K(Xi,XI

b=2) · · ·
−
∑︁

i∇r22
K(Xi,XI

b=1) −
∑︁

i∇r22
K(Xi,XI

b=2) · · ·
−
∑︁

i∇r32
K(Xi,XI

b=1) −
∑︁

i∇r32
K(Xi,XI

b=2) · · ·

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.5)

since we only predict energies and forces for one unseen structure at the time. These
blocks are then combine to the final matrix Φ according to Eq. (2.3). This matrix is then
multiplied by the weight vector w to obtain a super vector Y with the predicted values.

2.2. Descriptors in Real Space

In this section, it is explained how the short-ranged descriptors X used in VASP and
polipy4vasp are usually calculated.
The descriptors used here are similar to the Smooth Overlap of Atomic Position (SOAP)
[44] and Gaussian Approximation Potential (GAP) [6] descriptors.
We suppose that in a system with NA atoms, the potential energy U can be written as
the sum

U =

NA∑︂
i=1

Ui (2.6)

of local energy contributions Ui. In practice, these local energies are never calculated
during the FP calculations. They are determined by the local environment of atom i.
This environment is described by a functional of the atom density F [ρi(r)]

ρi(r) =
NA∑︂
j=1

ρ̃ij(r) (2.7)

where r is a position in real space and

ρ̃ij(r) = δ(r − rij) (2.8)

is the likelihood to find atom j at position r relative to atom i [20] with the distance
vector rij between atoms i and j.

7



2. Theory of Machine Learned Force Fields

In Eq.(2.8), the expression is usually multiplied by a cutoff function fcut(r) that truncates
the atom density smoothly at a cutoff radius Rcut and removes all information outside
of the cutoff sphere describing only local contributions to the atom density. In this way,
the important local features around the central atom i, that strongly influence the local
potential energy Ui, can be captured. In the present work, the cutoff function

fcut(r) =

{︄
1
2

(︂
cos
(︂
π r
Rcut

)︂
+ 1
)︂
, if r ≤ Rcut

0, otherwise
(2.9)

of Behler and Parinello [5] is used, where r is the distance between atoms.
As in SOAP, the point particle represented by the Dirac-delta function is approximated
by a noramized Gaussian

δ(r) ≈ 1√︁
2πσ2

atom
exp

(︃
− r2

2σ2
atom

)︃
(2.10)

with the broadening parameter σatom of the atom. When combining all of this, the
expression for the likelihood ρ̃ij(r) becomes

ρ̃ij(r) =
1

σatom
√
2π

exp

(︄
−
⃦⃦
r2
⃦⃦

2σ2
atom

)︄
fcut(rij). (2.11)

Since this expression is not rotationally invariant it is not directly used. Instead rota-
tionally and translationally invariant descriptors depending on the likelihood are used
as intermediate functions. Here we distinguish between so called two-body (radial) and
three-body (angular) descriptors. These are visualized in Fig. 2.1 taken from [45].

Figure 2.1.: Visualization of two- (a) and three-body (b) descriptors.

The final descriptor of the local environment around atom i is given by

Xi =

(︄
X(2)

i

X(3)
i

)︄
(2.12)

8



2.2. Descriptors in Real Space

where X(2)
i is the two- and X(3)

i is the three-body descriptor. That the use of two and
three-body descriptors yields very good results when predicting energies and forces has
been shown in [22].

Two- and Three-Body Expansion Coefficients

The two body descriptor encodes simply the radial distribution function

ρ
(2)
i (r) =

1

4π

∫︂
ρi (rr̂) dr̂ (2.13)

of the neighbouring atoms around central atom i, which is rotationally and translationally
invariant.
The three-body descriptor describes the probability of finding one neighboring atom j of
the central atom i at a certain distance r and a third atom k at distance s with the angle
Θ between the connecting vectors r of atom i and j and s respectively. It is defined as

ρ
(3)
i (r, s, θ) =

∫︂ ∫︂
δ(r̂ŝ − cos(θ))ρi (rr̂) ρ∗i (sŝ) dr̂dŝ (2.14)

and needs to be calculated in addition to the two-body descriptor. Using only the radial
information is often insufficient because it does not describe the potential energy surface
well enough.

Eqs. (2.13) and (2.14) are continuous expressions, and cannot be easily used in practice.
This is why, the atomic probability density ρi(r) is expanded in terms of radial and
angular basis functions. For the angular basis functions spherical harmonics Ylm are used,
and for the radial basis functions normalized spherical Bessel functions χnl [18] are used
here (see section 2.4.1 for more details on the radial basis functions). This yields

ρi(r) =
Lmax∑︂
l=0

l∑︂
m=−l

Nmax∑︂
n=1

cinlmχnl(r)Ylm(r̂) (2.15)

for the probability density where cinlm are so-called expansion coefficients, and the indices
n, l and m stand for the main, angular and magnetic quantum number and the numbers
of radial and angular basis functions. When those expansion coefficients are known, the
probability density can be expressed as a linear combination of the product of the radial
and angular basis functions, and the two and three body descriptors can be rewritten as

ρ
(2)
i (r) =

1√
4π

Nmax∑︂
n=1

cinχnl(r) (2.16)

and

ρ
(3)
i (r, s, θ) =

Lmax∑︂
l=0

Nmax∑︂
n=1

Nmax∑︂
n′=1

√︃
2l + 1

2
pinn′lχnl(r)χnl(s)Pl(cos(θ)) (2.17)

9



2. Theory of Machine Learned Force Fields

with Pl being Legendre polynomials of order l.

So far, all the equations are only given for one atom type, but they can be expan-
ded to different species by introducing another index J for the atom type and calculating
the probability distribution for each type separately.

The expansion coefficients are defined as

ciJnlm =
∑︂
j ̸=i
j∈J

c̃ijnlm (2.18)

with index i for the central atom, J for the atom species of atom j. The expansion
coefficients c̃ijnlm describe ρij̃(r) as an expansion in radial and angular basis functions.
These coefficients

c̃ijnlm = hnl(rij)Ylm(r̂ij) (2.19)

are the product of Spherical Harmonics Ylm(r̂ij) and the factor

hnl(r) =
4π(︁

2πσ2
atom

)︁ 3
2

fcut(r)

∫︂ ∞

0
Qnl(r

′) exp

(︃
−r′2 + r2

2σ2
atom

)︃
ιl

(︃
rr′

σ2
atom

)︃
r′2dr′. (2.20)

This has been taken from [18] and contains the radial basis functions Qnl and the modified
spherical Bessel functions of the first kind ιl coming from the plane wave expansion. The
integration over r′ is done numerically and instead of integrating over the whole space, the
upper bound of integration is set to Rcut because we again assume that the contributions
of atoms outside of the cutoff sphere are negligible.

From those expansion coefficients one can now calculate the two-

ciJn = ciJn00 (2.21)

and three-body expansion coefficients

piJJ
′

nn′l =

√︃
8π2

2l + 1

l∑︂
m=−l

ciJnlmciJ
′

n′lm (2.22)

10



2.3. Descriptors in Reciprocal Space

and form the vectors

X(2)
i =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

ci11
ci12
...
ci21
ci22
...

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2.23)

X(3)
i =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

pi11110

pi11111
...

pi11120

pi11121
...

pi12110
...

pi22110
...

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.24)

to obtain the two- and three-body descriptors. These are then again combined to the
final descriptor according to Eq. (2.12).

In order to calculate the descriptor for the forces, the derivative with respect to the co-
ordinates rαk of the respective atoms of the expansion coefficients (Eqs. (2.19) and (2.20))
has to be taken and analogously combined to obtain the derivatives of the descriptors.

2.3. Descriptors in Reciprocal Space

As we have already seen, the descriptors explained in section 2.2 only describe the local
environment around a central atom within a finite cutoff sphere. For example, this can
be seen in Eq. (2.20) where it suffices to take the integral from 0 to Rcut as the cutoff
function removes all contributions outside of the cutoff sphere anyway. As long as there
are no long-range interactions between the atoms of the system, this approach yields
good results and saves computation time and resources. When long-range interactions
are present, those descriptors are not able to describe them with a short cutoff radius. To
account for long-range interactions, Rcut would need to be very large, such that a lot of
atoms and even multiple periodic images of the same atom would lie in the cutoff sphere.
With this the computation gets very expensive, since each atom has a large number of
neighbor atoms and the calculation of the derivatives becomes very costly. In practice,
it is impossible to capture long-ranged (electrostatic) interactions with the descriptors

11



2. Theory of Machine Learned Force Fields

presented above.
The idea behind this thesis is to calculate the descriptors in reciprocal space, considering
all the atoms in one cell and therefore implicitly doing a summation over all the periodic
images and incorporate long-ranged interactions. This approach does not require a cutoff
radius, so the computational cost is limited by the number of atoms in the cell.

2.3.1. Descriptors without Finite Cutoff Radii

Here, the descriptors in reciprocal space are calculated to resemble the ones from real
space, but avoid a cutoff and take into account potential long-ranged interactions.
In order to obtain the new descriptors, we first have to do a Fourier Transform (FT)

F(f(x)) =
∫︂ ∞

−∞
exp(−iGx)f(x)d3x (2.25)

of the unbroadened atom density (2.7) to obtain the corresponding density in reciprocal
space.

ρ(G) =

NA∑︂
j=1

exp (iGrj) . (2.26)

Here the vectors G are reciprocal lattice vectors.
In order to calculate this density the FT of both the unbroadened density and the Gaussian
broadening (2.10)

F
(︃
exp

(︃
− r2

2σ2
atom

)︃)︃
= exp

(︃
−|G|2σ2

atom
2

)︃
(2.27)

are needed. The full calculations can be found in sections A.1.1 and A.1.2.
To obtain the expansion coefficients in reciprocal space, we start with the following
equation similar to Eq. (2.15)

ρJi (r) =
∑︂
nlm

ciJnlmfnlm(r), (2.28)

where the density in real space is represented as a linear combination of the basis functions
in real space fnlm(r) = Qnl(|r|)Ylm(r̂). These basis functions are the product of the radial
Qnl(|r|) and angular Ylm(r̂) basis functions.
To obtain the expansion coefficients in reciprocal space, we need the FT of the radial basis
functions and the broadened density. The FT of the density and the broadening have
already been shown in Eqs. (2.26) and (2.27). As the FT of the basis functions depends
on the choice of the radial basis functions, the exact form of the expression in reciprocal
space fnlm(G) will be given in section 2.4. This leads us to the following relation in
reciprocal space

ρJi (G) =
∑︂
nlm

ciJnlmfnlm(G). (2.29)

12



2.3. Descriptors in Reciprocal Space

From this, the expansion coefficients can be derived by multiplying both sides with the
complex conjugate of fnlm(G) and integrating over R3. Since the basis functions are
orthonormal to each other we arrive at the expansion coefficients

cjJnlm =
∑︂
G

fnlm(G) exp(−iGrj)ρJ(G). (2.30)

In practice, the expansion coefficients are stored into an array containing the product of
the radial and angular basis functions for all values of the quantum numbers n, l and m.
In contrast to the method presented in section 2.2, here the expansion coefficients are
calculated directly without the intermediate calculation of the c̃ijnlm.

Again the derivative with respect to the atom positions rαk

dcjJnlm
drαk

=

(︄
i
∑︂
G

fnlm(G)G exp(−iGrj)
(︃
δJk exp(iGrk) exp

(︃
−|G|2σ2

2

)︃
− δjkρJ(G)

)︃)︄
α

(2.31)
is needed for the first derivative and force predictions. Here δJk means

δJk =

{︃
1, if atom k is of type J
0, otherwise. (2.32)

The extended calculation of this derivation can be found in appendix A.2.1.

2.3.2. Implementation

Algorithm 1 shows how the descriptors and the derivatives are calculated efficiently in
Python.

In Alg. 1, the input parameters are the settings, containing all parameters that can be set
by the user such as Nmax, p or σatom, the lattice vectors in real space and the positions of
the atoms.
Then the function prep is defined which calculates the reciprocal grid points G, the
normalized version Ĝ, the atomic density ρ as function of the reciprocal grid points
and the basis functions fnlm. This function is needed because the calculation of the
returned variables requires some intermediate results that should not be saved longer
then necessary, and leaving the function removes them from memory.
In line 12, the exponential in Eq. (2.30) exp(−iGr) is calculated for all positions and with
it the expansion coefficient c is calculated according to Eq. (2.30). For this, np.einsum [46]
is used, and the input arrays to multiply and sum over are split up into the basis functions
depending on n, l, m, and G, and ρ · exp depending on G and the number of atom types
to save memory and not store an intermediate result depending on all indices. The same
will be done later when calculating the derivatives. There the efficient memory handling
becomes even more important because the arrays are much larger.

13



2. Theory of Machine Learned Force Fields

Algorithm 1: Calculation of the expansion coefficients and their derivatives in
reciprocal space. The input parameters are user-settable hyperparameters stored in
the class settings, information about the lattice vectors and atomic positions,
a list of atom types and the maximal number of atom species maxtypes.

1 settings, lattice, positions, types, maxtypes
2 function prep(settings, lattice, positions)
3 [mx, my, mz] = settings.ReciprocalPoints
4 freq1, freq2, freq3 = get_rec_lattice_points(mx, my, mz)
5 G, normG = get_wave_vectors(lattice, freq1, freq2, freq3)
6 normG = np.where(abs(normG) < 1e-10, 1e-10, normG)
7 normalized_G = np.where(normG == 0, G, G / normG)
8 fnlm = calculate_basis_functions(settings, normalized_G, normG)
9 rho = calculate_atom_density(G, normG, positions, maxtypes, types,

settings.SigmaAtom)
10 return fnlm, rho, G, normG
11 fnlm, rho, G, normG = prep(settings, lattice, positions)
12 exp = np.exp(-1j * G @ positions.T)
13 c = np.einsum(’Mln,MJi->nlJi’, fnlm, rho * exp, optimize = True)
14 rho_term[np.eye(len(positions), dtype= bool)] = rho
15 k_term = np.exp(1j * G @ positions.T) * np.exp(-normG**2 *

settings.SigmaAtom**2 / 2)
// initialize dc as zeros

16 exp = G * exp
17 for J in range(maxtypes) do
18 mask_k = types == J
19 type_term = np.where(mask_k, k_term, np.zeros((len(positions),

rho_term.shape[2])))
20 dc_buf = type_term - rho_term
21 dc_buf = dc_buf * exp
22 helper_dc = np.real(1j * np.einsum(’Mln,Mija->nlija’, fnlm,

dc_buf, optimize = True))
23 dc = dc + helper_dc
24 self_dc[J] = helper_dc[mask_diag]
25 end

// remove self interaction part from dc
26 _, v = get_rlattice_and_v(lattice)
27 c_self = np.sum(flmn * np.exp(- normG**2 * settings.SigmaAtom**2 /

2), axis = 0)[0]
28 c[:, 0, :, :] -= c_self
29 return np.real(c) / v, dc / v, self_dc / v
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2.4. Radial Basis Functions

Next, the derivatives need to be calculated. First, the array called rho_term = δjkρJ(G)

and then k_term = exp(iGrk) exp
(︂
− |G|2σ2

2

)︂
are calculated. They are then used in the for-

loop over all atom types in line 19 to calculate type_term = δJk exp(iGrk) exp
(︂
− |G|2σ2

2

)︂
.

These two arrays type_term and rho_term are then subtracted to get the expression in
the inner brackets of Eq. (2.31). The result is stored as the variable dc_buf and is then
multiplied by exp that has previously been multiplied by G in line 16.
This variable dc_buf is used to calculate the derivative of the expansion coefficients dc for
all types. Again, np.einsum [46] is used and the input arrays have been prepared like this
to optimize the memory requirements. An example of what happens if this optimization
is not done and the arrays are simply multiplied with each other and then summed over
G is explained in section A.2.1.
The part where i is equal to j is removed from dc because this part is atom type-dependent
and stored in the additional array called self_dc.
In the end the self interaction c_self

c_self =
∑︂
G

fnlm(G) · exp
(︃
−|G|2σ2

2

)︃
(2.33)

is subtracted from the expansion coefficients. This self interaction is calculated as a
simplified version of Eq. (2.30) where the density does not depend on all atoms but just
on the current central atom j. The only case where the self interaction is non-zero is for
l = 0 because the radial basis functions are equal to one at r = 0 . For higher l the radial
basis functions are zero at r = 0.
Then the expansion coefficients and their derivatives are divided by the volume of the
reciprocal unit cell and returned to calculate the descriptors.

2.4. Radial Basis Functions

In this section, different choices of radial basis functions are introduced. Starting out
from the definition of the atomic density

ρJi (r) =
Lmax∑︂
l=1

l∑︂
m=−l

Nmax∑︂
n=1

ciJnlmQnl(r)Ylm(r̂), (2.34)

the general representation Qnl(r) for the radial basis functions is introduced. The func-
tions Qnl(r) vary for different values of n and can be also different for different l.

For the calculations in reciprocal space the FT of the basis function is needed. The basis
functions

fnlm(r) = anlmQnl(r)Ylm(r̂) (2.35)

are products of spherical harmonics Ylm, radial basis functions Qnl and a normalization
factor anml for the basis functions. For the calculation of the FT of this expression some
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2. Theory of Machine Learned Force Fields

properties are needed. The first one is the plane wave expansion

exp(ikr) = 4π
∑︂
l

∑︂
m

iljl(|kr|)Ylm(k̂)Y ∗
lm(r̂), (2.36)

where an exponential function is factorized into the spherical harmonics and spherical
Bessel functions jl(x). This is again a factorization into a radial (spherical Bessel functions)
and an angular (spherical harmonics) part.
The second property is the orthogonality of the spherical harmonics∫︂ π

0

∫︂ 2π

0
Ylm(r̂)Yl′m′(r̂) sin(ϕ)dϕdθ = δll′δmm′ . (2.37)

With this the FT of Eq. (2.35) can be calculated as follows

fnlm(G) = a

∫︂
R3

exp(−iGr)Ylm(r̂)Qnl(r)dr

= a

∫︂
R3

4π
∑︂
l′

∑︂
m′

iljl(|G|r)Yl′m′(−Ĝ)Y ∗
l′m′(r̂)Ylm(r̂)Qnl(r)dr

= 4πa
∑︂
l′

∑︂
m′

ilYl′m′(−Ĝ)

∫︂ ∞

0
jl(|G|r)Qnl(r)r

2dr

∫︂ π

0

∫︂ 2π

0
Y ∗
l′m′(r̂)Yl′m′(r̂) sin(ϕ)dϕdθ

= 4πailYlm(−Ĝ)

∫︂ ∞

0
jl(|G|r)Qnl(r)r

2dr.

(2.38)

From the first to the second line of Eq. (2.38) the plane wave expansion given in Eq.
(2.36) for exp(−iGr) was used. Then from step two to three, the Cartesian coordinate
system was switched to spherical coordinates. In the last step, the orthogonality of the
spherical harmonics given in in Eq. (2.37) was used to perform the integrals over the
angular part and the sums are resolved, since only the cases l = l′ and m = m′ provide a
non-zero contribution.
Whether the remaining integral is solved numerically or analytically depends on the choice
of the radial basis functions and what approximations are needed to solve this integral.

In practice, G is an array containing all the coordinates of the reciprocal lattice points.

2.4.1. Spherical Bessel Functions

One possible choice of radial basis functions are spherical Bessel functions. There are
two reasons that suggest this choice. The first one being the property of the plane wave
expansion, that can be seen in Eq. (2.36). Here, a plane wave can be divided into two
parts, where the spherical Bessel functions represent the radial part and the spherical
harmonics the angular one. As already shown above, this choice leads to very nice
properties when integrating out to calculate the basis functions. This is also the reason
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2.4. Radial Basis Functions

why the spherical Bessel functions are chosen as basis functions in real space.
The second reason is that the spherical Bessel functions are complete. This means that
every function can be written as a linear combination of spherical Bessel functions, without
error, if the basis of spherical Bessel functions is sufficiently large. In practice, only a
small number of radial basis functions Nmax is needed to describe the radial part of the
descriptors with a reasonably small error.
In addition, spherical Bessel functions are orthogonal to each other if we use a certain
cutoff radius. This is shown, for example, in Eq. 20 of [47] and always is a useful property
for a basis.

In Real Space

In real space spherical Bessel functions are the only implemented radial basis.
Here, not only the simple spherical Bessel functions jl(r) are used, but a normalized
version that is also adapted to the cutoff radius. These functions are written as

Qnl(r) =

{︄
jl(qnlr) if r ≤ Rcut

0 else
(2.39)

with the parameters
qnl =

αnl

Rcut
, (2.40)

where αnl the n-th root of jl and qnl are chosen such that jl is zero at Rcut. In practice,
this root-finding is done numerically using the Brent algorithm [48].
This choice of parameters qnl ensures that all radial basis functions and their derivatives
are zero at the cutoff radius and they do not contribute beyond that distance.
The hat in Eq. (2.39) states that the functions are normalized, which means that a
normalizing factor

anl =

(︃∫︂ Rcut

0
jl(qnlr)jl(qnlr)r

2dr
)︃− 1

2

(2.41)

for each value of n and l is introduced. This integral can be either calculated numerically
or analytically (see Eq.(2.45)).

These radial basis functions are then used for the calculation of the factor hnl according
to Eq. (2.20).
To avoid the repeated calculation of this factor for every pairwise nearest neighbour
distance rij , the calculation is done once for a certain set of interpolation points and the
values for all the intermediate points are obtained via cubic spline interpolation.

In Reciprocal Space

The remaining integral of Eq. (2.38) can be calculated analytically when using spherical
Bessel functions as radial basis functions in reciprocal space. For this we will need the
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following relation∫︂ R

0
jl(kr)jl(qr)r

2dr =
R2

k2 − q2
(︁
jl(kR)qj′l(qR)− kj′l(kR)jl(qR)

)︁
(2.42)

where j′l is the derivative of jl.
Now we can use Eq. (2.42) and make the approximation that we only evaluate the final
integral in Eq. (2.38) from 0 up to a certain cutoff radius Rcut and use the same factors
qnl as in real space (see Eq. (2.40)) to set the spherical Bessel functions to zero at Rcut.
This leads to

fnlm(G) = 4πailYlm(−Ĝ)

∫︂ Rcut

0
jl(|G|r)jl(qnlr)r2dr

= 4πailYlm(−Ĝ)
R2

cut
|G|2 − q2nl

jl(|G|Rcut)qnlj
′
l(qnlRcut).

(2.43)

For the case that |G|2 is close or equal to q2nl we use L’Hôpital’s rule [49] to derive the
following relation

fnlm(G) = 4πailYlm(−Ĝ)
R3

cut
2

j′l(qnlRcut). (2.44)

This approximation of the integral is also used to determine the normalization factor

anl =

√︄
2

R3
cutj

′
l(qnlRcut)

. (2.45)

Here one has to keep in mind that during the construction of the basis functions again a
cutoff radius is used and, therefore, this method is again finite ranged. Of course, the
cutoff radius can be chosen larger than in real space, since only the normalization of the
Spherical Bessel functions depends on it and not the number of nearest neighbour atoms.
Nevertheless, there still is a cutoff radius that we initially wanted to avoid.

2.4.2. Arbitrary Radial Basis Functions

Here the final result from Eq. (2.38) is taken and the integral over r is solved numerically
such that an arbitrary function Qnl can be taken as radial basis function. In the program,
it is important to allow for differently shaped arrays of scaling factors like qnl, since those
factors can be l-dependent, but do not have to.

2.4.3. Introducing a Cutoff Function

Starting out from the arbitrary radial basis functions one can introduce a cutoff function
to make the descriptors in reciprocal space short ranged, as the ones in real space are.
This can be helpful when examining the influence of long-ranged interactions, or compare
the different types of descriptors.
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2.4. Radial Basis Functions

To avoid making the atomic density dependent on each atom and keeping it as a function
of only reciprocal grid points, no nearest neighbor calculations are introduced. The FT of
the basis functions

fnlm(G) = 4πailYlm(−Ĝ)

∫︂ Rcut

0
jl(|G|r)fcut(r)Qnl(r)r

2dr (2.46)

is calculated by only taking the integral over the radius of the cutoff sphere and letting
the basis functions go to zero at the upper bound of the integral by multiplying them
with a cutoff function fcut. This cuts off all interactions between atoms further away than
a given cutoff radius Rcut. It is also the reason why it suffices to evaluate the integral up
to Rcut and not infinity.
Here, the same cutoff function as in real space, which is given in Eq. (2.9), is used but
the method of applying it is different. In real space it is applied after integrating over the
smoothed density (compare Eq. (2.20)). In reciprocal space, however, it is applied to the
radial basis functions before performing the FT. So here the cutoff function is still applied
in real space and therefore cuts off the long-ranged interactions and not the short-ranged
ones, as a cutoff-function in reciprocal space would do.

In theory, this way of introducing a cutoff function can be used for any type of ra-
dial basis function Qnl. In practice, this would make the analytic solutions of the integral
in Eq. (2.46) more complicated and calculating the integral numerically is computationally
costly and/or inaccurate.

2.4.4. Slater-Like Functions

We want to describe long-ranged interactions, and this is easily possible using modified
radial basis functions as described in this section.
We know that long-ranged interactions decay with 1/r, and it might therefore be useful to
have basis functions that are designed to fit this behavior with very few basis functions.

The first idea was to use exponential functions as basis functions, because of the following
relation

1

r
=

∫︂ ∞

0
exp(−λr)dλ, (2.47)

where 1/r can be represented as integral over all possible positive exponents λ. If this
integral is now approximated by a finite sum, we obtain

1

r
≈

Nmax∑︂
n=1

wn exp(−λnr) (2.48)

as an approximation for 1/r. The weights and abscissas {wn, λn}Nmax
n=1 are chosen such

that the sum in Eq. (2.48) approximates 1/r for any r ∈ [1,∞) as good as possible.
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2. Theory of Machine Learned Force Fields

In practice, the basis described above is not complete and, therefore, is not able to
represent the electrostatic energies. The reason for this is that the values of λn increase
to fast as they are designed to match 1/r and no other functions.
The completeness of the basis set depends on the way {λn}Nmax→∞

n=1 behaves. Employing
the Weierstrass Theorem of completeness allows to deduct that λn ∼ 1/n yields a complete
basis [50].

Motivation Behind Slater Type Orbitals

In this section, we motivate why Slater type orbitals (STOs) are a reasonable choice
of radial basis functions. For this, we have to look at the electrostatics, as we want to
describe long-ranged electrostatic interactions. The derivation below is taken from [51].
In an ionic material the charge density ρ induces an electrostatic potential Φ that is a
solution to the Poisson equation

∇Φ = −4πρ. (2.49)

It is of the form
Φ(r) =

∫︂
ρ(r′)
|r − r′|

d3r′ (2.50)

where the potential at r is introduced by a point charge at r′.
In the following we will need the expression of the Nabla operator

r · ∇ = r∂r (2.51)

in spherical coordinates.
Now we want to express the right hand side of Eq. (2.50) in a completely factorized form
in r and r′, as it is then easier to calculate the integral. This can be done via Laplace’s
formula where 1/|r− r′| is developed into a Taylor series in r′ around r′ = 0. This is done
in Eq. (2.52):

1

|r − r′|
=

∞∑︂
n=0

1

n!

(︁
r′ · ∇′)︁n 1

|r − r′|

⃓⃓⃓⃓
r′=0

=
∞∑︂
n=0

1

n!

(︁
−r′ · ∇′)︁n 1

r

=
1

r
· 1√︂

1 + r′2

r2
− 2 r′

r cos(γ)

=
∞∑︂
l=0

Pl (cos(γ))
rl<

rl+1
>

.

(2.52)

In the first line of the Taylor expansion in Eq. (2.52), the operator ∇′ is the Nabla
operator and the prime indicates that it only acts on r′. Then we make use Eq. (2.51)
and rewrite the equation in spherical coordinates and obtain the functions creating the
Legendre polynomials Pl depending on the cosine of the angel γ between the vectors r
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2.4. Radial Basis Functions

and r’.
The expressions r< and r> are defined as

r< = max{r, r′}, r> = min{r, r′}. (2.53)

Now we apply the addition theorem

Pl (cos(γ)) =
4π

2l + 1

l∑︂
m=−l

Ylm(r̂)Y ∗
lm(r̂′) (2.54)

for the Legendre polynomials and when we plug in the result for 1/|r− r′| into Eq. (2.50)
we get the multipole expansion

Φ(r) =
∞∑︂
l=0

4π

2l + 1

l∑︂
m=−l

Ylm(r̂)
∫︂ ∞

0
r′2

rl<

rl+1
>

∫︂ π

0

∫︂ 2π

0
ρ(r′)Y ∗

lm(r̂′)dϕ′dθ′. (2.55)

In the multipole expansion l = 0 describes the monopoles and their induced field that de-
cays with 1/r. The monopole term is the first order term of the Taylor series and therefore
the dominating one. Higher terms like the dipole term for l = 1 and the quadrupole term
for l = 2 are only the second and third order term of the series expansion and decay with
1/r2 and 1/r3, respectively. The decay of the higher order term is thus much faster than
for the monopoles, so in practice it often suffices to use only those to describe electrostatic
interactions. If the source terms in a material are monopoles, the description by monopoles
is exact. Because of this, in the following we only give all equations for this simplified case.

The central idea is to represent the 1/r decays with radial basis functions. Here, the
radial part of the STOs

Qn(r) = exp(−ζnr) (2.56)

is a quite intuitive choice because of the properties shown in Eqs. (2.47) and (2.48). But
this basis is neither orthonormal nor complete.

It has to be noted that we use these basis functions to describe the charge density
and not the electrostatic potential itself. So during the calculation of the descriptors we
can keep all the routines and equations the same as described in 2.3.1. This approach is
justified because the electrostatic potential is a function of the density (see Eq. (2.55)).
More specifically, for monopole source terms the potential Φ(r) is a unique function of
the radial average density around the central point r. Therefore, we must also be able
to represent the same potential unambiguously with the density decomposed into basis
functions.
Here, we could also argue that in reciprocal space the difference between calculating the
charge density or the electrostatic potential is only a metric. This metric is the so called
Coulomb kernel

CJ(|G|) = 4πZJ

G2V
(2.57)
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where ZJ is the nuclear charge number of an atom of type J , V is the volume of the
reciprocal cell and G2 is the squared length of the reciprocal grid point vectors G.
Then the electrostatic potential

ΦJ(G) = −CJ(|G|)ρJ(G) (2.58)

is given as the negative product of the Coulomb kernel given in Eq. (2.57) and the atomic
density in reciprocal space shown in Eq. (2.26).

Completeness and Normalization

In the previous section, we have seen that STOs are a good choice for the radial basis
functions, but in general they do not form an orthonormal basis (ONB).
Here, we introduce the mathematical properties that are needed to construct an orthonor-
mal and complete set of radial basis functions.
Because we want to find a set of radial basis functions, the space we want to represent is
L2(R+), that is, all square integrable functions on the interval R+ = [0,∞).
To obtain a complete basis set of R+, the radial basis functions Qn(r) must fulfill the
completeness relation [52]

∞∑︂
n,n′=1

Qn(r)[S
−1]nn′Qn′(r′) =

δ(r − r′)

r2
. (2.59)

for r ∈ R+.
Fulfilling this relation ensures that all functions on R+ can be represented as a linear
combination of the basis functions Qn(r).
For an ONB Snn′ = δnn′ holds and otherwise the overlap matrix Snn′ is defined as

Snn′ =

∫︂ ∞

0
Qn(r)Qn′(r)r2dr. (2.60)

To measure whether a set of functions forms a complete basis, the completeness profile
Y (ζ) is used. It is obtained from the completeness relation given in Eq. (2.59) by
multiplying with sample functions gζ(r)gζ(r

′) and truncating the sum at Nmax

Y (ζ) =

Nmax∑︂
n,n′=1

⟨gζ |Qn⟩ [S−1]nn′ ⟨Qn′ |gζ⟩ . (2.61)

The sample functions have to be normalized such that the right hand side of Eq. (2.61)
is equal to 1. This yields

Y (ζ) = 1, Nmax → ∞, ∀ζ. (2.62)

It has to be noted that all these relations are given in real space, but they also hold true
in reciprocal space, since the FT is a unitary linear transformation on the L2 space [53]
and, therefore, preserves orthogonality and normalization.
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2.4. Radial Basis Functions

Orthonormalized STOs

We try to use a set of orthonormalized STOs as radial basis functions, because they are
not dependent on a cutoff radius as the spherical Bessel functions are and they are able
to describe the 1/r behavior of the electrostatic interactions, as we have seen above in
section 2.4.4.
Starting out from Eq. (2.56) we use those functions Q̃n(r) as a radial basis. The tilde
states that they are neither orthogonal nor normalized.
To obtain the ONB

Qn(r) =

Nmax∑︂
n′=1

S
−1/2
nn′ Q̃n(r) (2.63)

an overlap matrix S is used. In this case according to Eq. (2.60), it is given as

Snn′ =

∫︂ ∞

0
Q̃n(r)Q̃n′(r)r2dr

=
1

(ζnl + ζn′l)3
· 2.

(2.64)

In order to calculate S−1/2 we use the property that S is symmetric and positive definite
and perform a Cholesky decomposition [54] and rewrite it as S = LLT with the lower
triangular matrix L. Then it holds S−1/2 = (L−1)T and multiplying this matrix with the
non-orthogonal and non-normalized set of basis functions corresponds to applying the
modified Gram-Schmidt process [55, 56] to the basis functions to obtain an ONB.
This basis can now be plugged into Eq. (2.38) to obtain

fn00(G) = 4πilY00(−Ĝ)
∑︂
n′

S
−1/2
nn′

∫︂ ∞

0
j0(|G|r)Q̃n′(r)r2dr, (2.65)

where we do not need the additional normalizing prefactor a as the normalization is
already performed by applying S. The integral in Eq. (2.65) can be calculated analytically
with mathematica and is given by∫︂ ∞

0
j0(|G|r)Q̃n′(r)r2dr = f ·

√︄
1

ζ3n
. (2.66)

Here, f = 4 is a prefactor resulting from the FT.
In the approach, that will be called "Slater1" from now on, the exponents ζn are calculated
such that

min
wn,ζn>0

max
ζn∈[ζmin,ζmax]

|1− Y (ζ)|

≈ min
wn,ζn>0

max
ζn∈[ζmin,ζmax]

⃓⃓⃓⃓
⃓1−

Nmax∑︂
n=1

wn

⃓⃓⃓⟨︂
e−ζr

⃓⃓⃓
e−ζnr

⟩︂⃓⃓⃓2 ⃓⃓⃓⃓⃓
= min

wn,ζn>0
max

ζn∈[ζmin,ζmax]

⃓⃓⃓⃓
⃓1−

Nmax∑︂
n=1

wn

∫︂ ∞

0
r2e−ζre−ζnrdr

⃓⃓⃓⃓
⃓

(2.67)
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the maximal error of approaching the completeness profile is minimized. Here we want to
approach 1 in order to fulfill the completeness relation given in Eq. (2.59) and have a
completeness profile, that according to Eq. (2.61) is as close to 1 as possible for the given
number of radial basis functions Nmax.
We assume that exponential functions or STOs for the case l = 0 are a good basis
to describe the long-range electrostatic interactions. The exact exponents ζn are not
known. Therefore, we have chosen gζ(r) = e−ζr as sample function to represent all
ζmin < ζ < ζmax as accurately as possible with our basis Qn(r) ∼ e−ζnr. The overlap
matrix S also depends on ζn (see Eq. (2.64)). For this reason, it is impossible to solve
the minimization problem of Eq. (2.67). Therefore, as an approximation, we assume
that the basis is already orthonormal and do not consider the overlap when inserting the
completeness profile of Eq. (2.61) into Eq. (2.67).
This approach yields a very compact set if ζmin and ζmax are chosen optimal, in the sense
that the smallest possible error in Eq. (2.67) is achieved. Compact or concentrated in
this case means that the peaks of the STOs are very thin and concentrated around the
origin. Further from the origin, the functions rapidly decay to zero instead of approaching
it over a longer interval.

The exact values for ζn are given in section A.3.

STOs with Scaled Exponents

As discussed in the section above, there are different methods for constructing the
exponents ζn of the STOs. For the Slater1 method a optimization of ζmin and ζmax needs
to be done. Also, the calculation of the ζn for increasing main quantum numbers in
practice can be only done iteratively. This means that the calculation of the exponents
can not be automated and is computationally costly.
So we are looking for an easier way to calculate a set of exponents ζn for an arbitrary
large number of radial basis functions.
The straight forward way of doing this is starting out with most concentrated radial basis
function for four radial basis functions from Slater1. These values are the values in the
last column of Tab. A.1. Again, in practice, we only need the monopole term with one
angular quantum number.
Now we assume ζ1 = 10.604 and calculate the values for higher n adopting the following
prescription

ζi =
ζ1
si
. (2.68)

Here s is a scaling factor, that is determined empirically for different numbers of radial
basis functions.

Fig. 2.2 shows the radial basis functions for only one angular basis function and a scaling
constant of s = 3 (see section 5.1 for the choice of this constant). We can see that the
first function with the highest exponent is the most concentrated one and decays rapidly
to zero. Whereas the functions with lower exponents decay slower.
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Figure 2.2.: Visualization of the first five radial basis functions f(r) = exp(−ζnr) for
Slater2 with a scaling constant of s = 3 between subsequent exponents. The
first basis function with the highest exponent ζ1 decays the fastest to zero
and can therefore model more short-ranged interactions. The last one with
ζ5 decays slowly to zero and can model very long-ranged interactions up to
more than 40 Å.

Here, we cannot choose the most concentrated exponent arbitrarily large, since we must
still be able to represent the resulting basis function smoothly in reciprocal space with a
reasonable number of Fourier grid points. This means that we need to be able to capture
this very steep decay to zero with our Fourier grid.
Fig. 2.2 also indicates how adding another radial basis function would look like. Since we
always start from the most concentrated function, for the reasons described above, the
labels in the plot would change. An additional basis function has an even smaller scaling
exponent and, therefore, decays even slower.
If we now suppose that the previous basis set was already almost complete and good
enough to describe the electrostatic energies, then adding another basis function in theory
should not change the results for the predicted energies and forces. This is because the
regression scheme we apply in order to learn the weights in Eq. (2.4), should be able
to learn that this additional basis function adds no further information and, therefore,
set the corresponding weights to zero. We will later see that in practice this is not the case.

The exponents ζnl resulting from Eq. (2.68) are scaled logarithmically and are used
for the radial basis, which is then orthogonalized with the overlap matrix S from Eq.
(2.64) as described in the previous section.

This method will be called "Slater2" from here on.

25
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2.5. Combining Short- and Long-ranged Descriptors

Now that we can calculate short-ranged descriptors in real space and long-ranged
descriptors with different radial basis functions in reciprocal space, we need to combine
the two to get one descriptor that can potentially represent both long- and short-ranged
interactions.
When we apply the kernel to measure the similarity between a kernel basis function and
the current descriptor, we want the result to show high similarity if and only if both the
long-ranged and the short-ranged part of the descriptor are similar. Therefore we need
to find a way of combining the descriptors that ensures this property. Hence, we set the
final descriptor to

Xi =

⎛⎜⎜⎜⎝
X(2)

i

X(3)
i

X′
i
(2)

X′
i
(3)

⎞⎟⎟⎟⎠ (2.69)

where we simply append the long-ranged descriptor X′ to the short-ranged one X. An-
other advantage of this method is that we can choose different numbers of basis functions
for the different descriptors. This would not be possible if the final descriptor would be,
for example, the sum of the single descriptors.

In order to let the user choose whether he wants to combine the different descriptors or
keep only one version, the input parameter lr, standing for long-ranged, is introduced in
the Python code. This parameter can be set to three possible values 0, 1 and 2. A value
of 0 means that no long-ranged descriptors are used and only the calculations in real
space are performed. Setting lr = 1 corresponds to taking the long-ranged descriptors
only, and the radial basis functions can be chosen by setting the input parameter rad
accordingly. Using lr = 2 means that the descriptors are combined, as described above.
Then the radial basis functions in reciprocal space can be set by using rad, and different
values for Nmax and Lmax in real and reciprocal space can be used.
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3. Comparison of the Expansion
Coefficients

3.1. Cutoff Function

The figures 3.1-3.3 show the behavior of the expansion coefficients c as a function of
the atom distance between two atoms and the influence of a cutoff function. They were
created using the parameters given in Tab. 3.1.

Table 3.1.: Hyperparameters used to create figures 3.1-3.3. Here Rcut is the cutoff radius,
Nmax is the number of radial basis functions, and Lmax is the angular quantum
number determining the number of angular basis functions. The broadening
parameter of the atoms is σatom, p is the number of reciprocal grid points in
each direction, and the lattice constant is the side length of the cubic cell in
which two trial atoms were placed.

Parameter Value

Rcut 4 Å

Nmax 3

Lmax 0

σatom 0.4 Å

p 25

lattice constant 16 Å

Two atoms were placed in the cell at the same starting position x = [0, 1, 1] and the
second atom was moved away from the first atom in x-direction. Therefore, only the
behavior of the expansion coefficients in this direction is plotted. For reasons of simplicity,
we only inspect the l = 0 case.
Figure 3.1 shows how the two curves behave when neither the reference calculations in
real space nor the calculations in reciprocal space are done with a cutoff function. To
switch off the cutoff function in real space the output of this cutoff function was always
set to one and then Eqs. (2.18), (2.19) and (2.20) were used for the calculation of the
expansion coefficients. In reciprocal space, the spherical Bessel functions were used as a
radial basis to make the methods comparable. As the standard approach in reciprocal
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space does not include a cutoff function, the expansion coefficients were calculated using
Eq. (2.30).
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Figure 3.1.: Behavior of expansion coefficients c for without cutoff functions in both real
and reciprocal space when spherical Bessel functions are used as radial basis.
Two atoms were placed in a cubic cell with a side length of 16 Å, and one
was moved away from the other. For the real space method the expansion
coefficients abruptly jumps to zero at the cutoff radius Rcut = 4 Å.

The expansion coefficients behave as expected. The reference value in real space decreases
(with some oscillations depending on n) for increasing distance of the atoms. Then it
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3.1. Cutoff Function

abruptly drops to zero at the cutoff radius. This discontinuity occurs because of how the
descriptors in real space are designed.
The reciprocal expansion coefficient is not zero at the cutoff radius because of the Gaussian
broadening of the atoms. With this broadening, the atoms are of finite size not just
points. If the position is outside of the cutoff sphere but still close enough to the central
atom such that the exponential tail of the broadened atom is still seen within the sphere,
the atom still contributes to the expansion coefficient. In reciprocal space we observe this
behavior, but with the real space method all interaction is presently erroneously assumed
to be zero as soon as the second atom moves further away than four Å.

The calculation of the descriptors in reciprocal space includes all atoms and, therefore, we
see the contributions even though the atom is placed outside of the "cutoff sphere". If we
look closely at this region, we see that the curve for the reciprocal expansion coefficient
decays exponentially to zero outside of the cutoff sphere, as expected for the exponential
broadening.
This discontinuity is smoothed out when introducing the cutoff function, as can be seen
in Fig. 3.2, where the expansion coefficients in reciprocal space stay the same and in real
space the cutoff function is used.

The cutoff function does not only smooth the behavior of the expansion coefficients
in real space, but also sets them and their derivative to zero at the cutoff radius. Thus, in
practice, the design error discussed above does not matter, as the expansion coefficients
in real space are normally always calculated with the cutoff function, to give less weight
to the contribution of distant atoms.

The expansion coefficient in reciprocal space is already smooth without a cutoff function,
since it includes the contribution of Gaussian broadened atoms outside of the cutoff
sphere. In contrast to the real space method, there are still oscillations shown for higher
values of n because they are not suppressed by a cutoff function. If we want to suppress
them and obtain a smooth convergence to the value of zero for distances larger than the
cutoff radius and weight shorter ranged interactions more strongly than longer ones, we
introduce a cutoff function as described in section 2.4.3, especially using Eq. (2.46) for
calculating the basis functions. Again, spherical Bessel functions are used, to make the
expansion coefficients comparable.

The result for both types of expansion coefficients with cutoff functions is shown in
Fig. 3.3. Here the expansion coefficients are now zero for larger atom distances for both
methods and the two curves are very similar.
Nevertheless, one has to keep in mind that the place of where the cutoff function is applied
in the different methods is different, as discussed in section 2.4.3.

In practice, one would not use any cutoff function in reciprocal space, because it con-
tradicts the main goal of the descriptors in reciprocal space. This goal is to avoid the
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Figure 3.2.: Behavior of expansion coefficients c with a cutoff function in real space and
no cutoff function in reciprocal space when spherical Bessel functions are
used as radial basis. Two atoms were placed in a cubic cell with a side length
of 16 Å, and one was moved away from the other. The real space expansion
coefficients and their derivatives become zero at and beyond the cutoff radius
Rcut = 4 Å.

cutoff radius and allow for long-ranged interactions1. Applying a cutoff function is more
complicated in reciprocal space, as the integral in Eq. (2.46) is now more complicated

1Here one has to keep in mind that this is not possible, as the FT to reciprocal space for spherical
Bessel functions as radial basis functions is done one a finite interval.
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Figure 3.3.: Behavior of expansion coefficients c with cutoff functions both in real and
reciprocal space when spherical Bessel functions are used as radial basis. Two
atoms were placed in a cubic cell with a side length of 16 Å, and one was
moved away from the other. Both types of expansion coefficients and their
derivatives become zero at and beyond the cutoff radius Rcut = 4 Å.

and cannot be calculated analytically, forcing the use of numerical integration, which is
not as precise and also more costly.
Not only is numerical integration costly, but the entire approach of using a cutoff function
in reciprocal space is unnecessarily inefficient. When we want to have only short-ranged
interactions and a cutoff radius, the reference approach in real space is more efficient and
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less expensive. This method does not take into account all atoms but only the nearest
neighbours. Therefore, descriptors and their derivatives are not calculated for atoms
outside the cutoff sphere, but are made obsolete by the cutoff function.

Here, we see that the introduction of the cutoff function in reciprocal space makes
the expansion coefficients more similar to the short-ranged real space method. At first
glance, this might seem counter intuitive since a cutoff function in reciprocal space ideally
would cutoff all interactions of atoms further away than the cutoff radius. In reciprocal
space, this would mean cutting off the short ranged interactions and making the results
differ from the short-ranged real space method.
That this is not the case is due to the fact that the cutoff function is introduced when
transforming to reciprocal space (see Eq. (2.46)) and not afterwards. So the cutoff is
applied before performing the integral of the FT so that the cutoff functions is effectively
still applied in real space and the result is transformed to reciprocal space. Because of
this, the results become more similar to the real space method and do not behave as one
would intuitively expect.

3.2. Expansion Coefficients for Different Radial Basis
Functions

Already in the previous section 3.1, we have looked at the behavior of the expansion
coefficients, when we have two atoms in the unit cell and one atom moves away from
the other. Now, we want to know how the Slater-like radial basis function influence that
behavior and what we can learn from this. The parameters given in Tab. 3.2 were used
for the following tests.
Looking at Fig. 3.2 we see four different curves. The grey one shows the expansion
coefficients calculated with spherical Bessel functions in real space. The purple curve
shows the ones with Bessel functions in reciprocal space and the light turquoise line shows
the result for Slater1 and the dark turquoise for Slater2.
One has to note that we again only look at the l = 0 expansion coefficients since all higher
ones are constant in this simple test cases.
The first thing we notice again is that both methods using spherical Bessel functions are
short-ranged, as they go to zero at 7 Å for the real space method or directly afterwards for
the reciprocal one. This is best seen in the first subplot for the first radial basis function
and n = 1. The other curves show that the descriptors with Slater-like basis functions
are long-ranged. We need a unit cell of 65 Å to see that at very far distances even these
expansion coefficients converge towards zero. This behavior is especially pronounced for
n = 1.

If we look closely at the Slater methods, we see that the expansion coefficients converge
the slowest for n = 1 but very fast for higher n.
In general, the Slater curves behave differently from all the Bessel ones, as there are
oscillations for small distances in the first functions which are not present for the Bessel

32
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Table 3.2.: Hyperparameters used to create figure 3.4. Here Rcut is the cutoff radius,
Nmax is the number of radial basis functions, and Lmax is the angular quantum
number determining the number of angular basis functions. The broadening
parameter of the atoms is σatom, p is the number of reciprocal grid points in
each direction, and the lattice constant is the side length of the cubic cell in
which two trial atoms were placed.

Parameter Value

Rcut 7 Å

Nmax 3

Lmax 0

σatom 0.4 Å

p 100

lattice constant 65 Å

functions. For higher radial basis functions the Slater methods do not show these oscilla-
tions whereas the Bessel functions do. For which curve the oscillations stop and how large
the peak for very small distances becomes, depends on the Slater method and therefore
on the exponents ζ. This is due to the order of normalization of the basis functions and
whether the normalization starts from n = 4 (Slater1 and Slater2) or from the basis
function for n = 1 (Bessel real and Bessel rec).
Currently, our best hypothesis is that this behavior for small distances shows that we
cannot properly describe short-range interactions with this set of radial basis functions:
The oscillations for small distances make the descriptor very sensitive to small changes
in atomic positions, since the slope and hence the derivative of the functions lead to
larger changes in the expansion coefficients. This would mean that the descriptors for
similar configurations can be very different and therefore the algorithm cannot properly
distinguish between very similar configurations.

For small changes in atomic positions further away from the central atom the descriptor
barley changes, as the slope of the expansion coefficients is very flat. This means that here
the algorithm will be perfectly capable to determine the similarity between descriptors
and therefore configurations.
In a structure with multiple atoms we have both, neighbors at shorter or longer distances
so the similarity measure will always be a compromise between the long-range part, that
can be described very well with Slater functions, and the short ranged part, that is
problematic.
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3. Comparison of the Expansion Coefficients
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Figure 3.4.: Behavior of expansion coefficients c for different radial basis functions (Bessel
functions in real and reciprocal space and STOs Slater1 and Slater2). Two
atoms were placed in a cubic cell with a side length of 65 Å, and one was
moved away from the other. The methods with Bessel functions decay to zero
around the cutoff radius Rcut = 7 Å. The Slater methods are long-ranged
and decay slower, at least for the first two basis functions (n = 1 and n = 2).
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4. Test Materials

This chapter introduces different materials that were used to train and test the ML model.

4.1. Overview

The data for the material that should be trained or predicted is read in from a VASP
file. This can be either a so called ML_AB(N) file or a POSCAR file. The ML_AB file
contains the results of previous ab initio calculations [57] and not only the information
about all the different configurations of the material, but also the corresponding energies,
forces and the LRC. They are read in and used for training the model. When an existing
MLFF is used for predicting energies and forces only the information describing the
configurations, such as lattice vectors, atom positions and atom types are read in from
POSCAR files. They usually contain the information needed to start an Molecular
Dynamics (MD) run for this material [58].
Tab. 4.1 gives a brief overview on the most important properties of the different materials
and the ML_AB files that were used as input.

Table 4.1.: Overview over all test materials including the atom types, the number of
atoms per type Natom, and the number of configurations/structures Nconf.

Material Atom type Natom Nconf

Random Gas H 64 200

Zirconia (ZrO2) Zr 32 592
O 64

Sodium Chloride (NaCl) Na 64 1014
Cl 64

Tab. 4.1 shows the name of the materials in the first column and the different atom
species of those materials in the second column. The third column states the number of
atoms of each type present in the primitive cell.
The fourth column contains the number of configurations that were used for training and
testing this material.
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4. Test Materials

4.2. Random Gas

There is no material to test the long-ranged electrostatic descriptors, because most realistic
materials are well described by local methods or at least include a strong short-ranged
interactions. To deal with this issue, a material, where it is clear that only long-ranged
electrostatic interactions are important, is needed. A simple test case for this is a random
gas, as it was also used by Griasfi and Ceriotti in [36].
Here, we want the atoms to be randomly distributed in the primitive cell, ensuring that
they do not get to close to each other, to still have mostly electrostatic interactions, and
avoiding to large differences in pairwise energies. To avoid large energy differences, it is
necessary that the atoms maintain a minimum distance of about 2.5 Å. Still, we want
to place 64 atoms in a cubic cell with side lengths between 12 and 20 Å. With random
placement of atoms, this is virtually impossible. So in a first step, the atoms were placed
on a grid and then we performed a Metropolis Monte Carlo (MC) calculation for hard
spheres [59,60] to obtain a set of independent configurations with random atomic positions
and a minimum distance/hard sphere radius of 2.5 Å.

Then the atoms were randomly split into two groups of 32 atoms and stored in a
list sorted according to these two groups. This list was then used to create the POSCAR
file. In the POTCAR file the types of the atom groups were specified. Both were set
to be hydrogen atoms with positive charge for the first half of the atoms and negative
charge for the second group. For this test, POSCAR files for a set of 200 training and
validation structures were created.
These files were then used to calculate the Ewald energies and forces using VASP, and this
information was stored and used as training data by putting it into a file that resembles
the ML_AB file and contains all the training data for the different structures. This
file can then be used to perform the usual training and prediction using the Python code. 1

Since the source terms in this material are single atoms and therefore only monopoles,
the use of a single angular basis function is sufficient.

4.3. Zirconia

This material with many configurations serves as a realistic test case, as there might be
long-ranged electrostatic interactions present in Zirconia. Whether this is the case will be
elaborated in section 6.2,
During the creation of this data set the energies were weighted more strongly. Because
of this, it makes sense that for our results, the error in the energies might be lower in
comparison to the force error than this would be the case for other materials where the
energy was weighted not as strongly.

1To avoid complications when reading in the ML_AB file with the polipy4vasp code, the first atom
group was labeled as hydrogen atoms and the second one as helium, but this is just to distinguish the
differently charged atoms as two types.
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4.4. Sodium Chloride

4.4. Sodium Chloride

This is another large test set, as it can also be used to train a NN, that requires more
training data than the kernel methods. We use it here because it is a realistic set of a
material where long-ranged electrostatic interactions are potentially present due to the
large difference in electronegativity between Na and Cl.
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5. Choice of Scaling Constant and
Hyperparameters for Slater2

In this chapter, we examine Slater2 and aim to find the optimal scaling factor for
the exponents as well as the best number of radial basis functions and the optimal
hyperparameters that we need when we apply the model to the random gas.
As already stated in section 4.2, it is sufficient to only use one angular basis function for
this material.

5.1. Nmax and Scaling Factor

The first thing that needs to be determined when working with the Slater2 method, is the
optimal scaling factor as shown in Eq. (2.68) and the number of radial basis functions. In
order to test this, a Gaussian broadening of the atoms of 0.6 Å, 32 reciprocal grid points
in each direction and 250 kernel basis functions were used.
Fig. 5.1 shows the root-mean-square percentage error (RMSPE) of the energies and forces
as a function of the resulting minimal exponent of the STOs ζmin. The RMSPE is the
root-mean-square error (RMSE) of the predicted properties divided by the variance of the
exact results. Thus, we have a unitless measure that does not depend on the magnitude
of the exact values.

For a fixed number of radial basis functions varying the scaling constant s and al-
ways starting with ζmax = 10.604 obviously yields different minimal exponents (see Eq.
(2.68)). These are used as x-axis in Fig. 5.1.
Independent of the number of radial basis functions, the plot shows a region of minimal
exponents that yield the smallest errors. But clearly 5 radial basis functions yield the
best results and increasing the number of radial basis functions for the same scaling factor
does not improve the error further. This is surprising since, as discussed in section 2.4.4,
adding additional basis functions with smaller exponents should not change the results.
Why this happens nonetheless is discussed in the following paragraphs.
In choosing the optimal scaling factor, we focus on the graph of the forces because the
energies are prone to overfitting, since we have little training data for them. So this test
shows that a scaling factor of 3 with 5 radial basis functions1 is the best choice.

That the error increases for larger ζmin than the best choice is obvious. If ζmin is
too large, we can not model long distance contributions to the density as the STOs decay

1This corresponds to a minimal exponent ζmin = 0.131.

39



5. Choice of Scaling Constant and Hyperparameters for Slater2

too quickly. Therefore, the scaling constant needs to be increased to have slowly decaying
functions in our basis set.
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Figure 5.1.: RMSPE as a function of different minimal exponents ζmin for different numbers
of radial basis functions Nmax for the random gas with maximal exponent
ζmax = 10.604. The smallest error is achieved for Nmax = 5 and a scaling
factor of s = 3 between two subsequent exponents.

The question remains why the error increases again if one chooses a larger scaling constant
and thus a smaller ζmin while the number of basis functions stays constant. In this case,
the basis functions are too spread out and no longer complete enough. This means that
there are decays of a certain slope that cannot be modeled with this basis set, as all
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5.1. Nmax and Scaling Factor

decays of the basis functions are too far off. In theory this problem should be resolved by
choosing a smaller scaling constant and more basis functions. But Fig. 5.1 shows that
this is not the case even for more than 5 radial basis functions, as the RMSPE increases
again for ζmin < 0.131.

Another problem is that using more than 5 basis functions and a scaling factor of
s = 3 also leads to an increase in the error.
This indicates that there is not only an optimal minimal exponent, but at the same time
an optimal number of radial basis functions and thus an optimal scaling constant to
reach this minimal exponent. Adding more basis functions in between the most and least
concentrated one (staying at the same ζmin in the plot but going to higher Nmax) as well
as adding another basis function, that may not provide any further information, with the
same scaling factor (lowering ζmin and simultaneously increasing Nmax) worsens the results.

In order to explain this behavior, we look at the leverage score [20, 61] of the differ-
ent descriptors for the random gas to have a measure of their relative importance. The
higher the leverage score, the more important is the corresponding descriptor and its
contribution to the energies and forces.
The leverage score is calculated as follows: First the square matrix

A = X(2)X(2)T (5.1)

with the radial descriptor matrix X(2) =
[︂
X(2)

1 ,X(2)
2 , ...

]︂
containing all radial descriptors

X(2)
i is defined.

Then the eigenvalues λξ and eigenvectors uξ of this symmetric and positive definite matrix
A are calculated. The correlation of the eigenvalues can then be measured with a leverage
score:

wj =
1

K

∑︂
k

ujk. (5.2)

The index k runs over all eigenvectors from whose eigenvalues the correlation is to be
measured. The number of these eigenvalues is K.

In Tab. 5.1 we look at the leverage scores when using a scaling factor of 3 and 5
or 7 radial basis functions. In order to make things comparable and tell which descriptors
are the important ones, we only use either the first 10 features (first 5 descriptors of
positively (+) and negatively (-) charged atoms) or the remaining ones. When we us the
first 10, we look at how much the sixth and seventh descriptors would contribute to the
result. Looking at the first 10 descriptors corresponds to taking k ∈ [1, ..., 10] in Eq. (5.2).
When calculating the leverage score for the last 4 descriptors, we see how strongly they
are correlated to all other descriptors. This corresponds to setting k ∈ [11, ..., 14] in Eq.
(5.2).
In theory, the sixth and seventh descriptors should not change the result, if we assume
that 5 basis functions are sufficient. This would imply that their leverage score is zero or

41



5. Choice of Scaling Constant and Hyperparameters for Slater2

at least close to zero when calculating it from the first ten eigenvalues. This should be
the case, since the first ten eigenvalues correspond to the first ten descriptors built with
the first five basis functions. There are 10 descriptors instead of 5 because we have two
atom types.
When we calculate the leverage scores for the last 4 eigenvalues, we expect the results to
be high for these descriptors and low for all others. This would show that the descriptors
resulting from the additional basis functions only are correlated to themselves and that
they are not a linear combination of already existing functions and therefore add new
information to the basis.

As the random gas has two different atom types, there are 2Nmax many descriptors.
Tab. 5.12 clearly shows in the third column that the leverage scores of the sixth and
seventh descriptors (n = 6 and n = 7 for both atom types) are not always close to zero,
but significantly smaller than the scores of the first ten descriptors.
The fourth column of Tab. 5.1 shows that when using only four descriptors and asking
what are the four descriptors that are correlated to the sixth and seventh descriptors, the
last four lines show by far the highest scores, as expected. This means, when introducing
a sixth and seventh basis function to the model, these basis functions add additional
information and are not just a linear combination of already existing ones.
The second column of the table shows that when using only five radial basis functions
and calculating the corresponding leverage scores with respect to all ten features, all
descriptors are equally important and contribute to the model.
One thing we notice is that for 7 radial basis functions, the third, fourth and fifth
descriptors are the most important ones. This makes sense because the corresponding
basis functions are the long-ranged ones. Whereas the first and second basis functions
have higher exponents and decay faster.

These results tell us that the ML algorithm is not capable to distinguish which descriptors
are important and contribute to the energies and forces and which not. This is due to the
fact that adding new, independent basis functions that provide new but unnecessary in-
formation affects the similarity measure of the kernel method. If the expansion coefficients
originating from these additional basis functions are similar, the underlying configurations
might still not be. This can happen because at large distances the slope of the basis
functions is flat and the expansion coefficient has similar values, even if the distances
are very different. Therefore, applying the kernel gives a higher similarity measure than
it would with only five basis functions. Then this unnecessary information influences
the design matrix and therefore the weights of the fit and ultimately the energies and forces.

This means that the user needs to run some tests and fix the number of radial basis
functions, such that all necessary information about the pair distribution function is
encoded in the radial basis functions, but no additional meaningless information.

2It has to be noted that this table only shows the leverage scores for the atom types interacting with
the same atom type. The mixed terms are not shown.
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5.2. Other Hyperparameters

Table 5.1.: Leverage scores for different numbers of radial basis functions Nmax calculated
for different descriptors (see line 2 and text for details) of the random gas and
central atoms with positive (+) and negative (-) charge. For Nmax = 7 the
last four descriptors only do not contribute to the energies and forces and only
correlate to themselves.

Nmax = 5 Nmax = 7 Nmax = 7

leverage score calculated for all first 10 last 4
descriptors

n = 1 (+) 0.1 0.072671 0.067301
n = 1 (-) 0.1 0.072360 0.073991

n = 2 (+) 0.1 0.066593 0.081027
n = 2 (-) 0.1 0.063454 0.097253

n = 3 (+) 0.1 0.089656 0.024424
n = 3 (-) 0.1 0.085885 0.046994

n = 4 (+) 0.1 0.099173 0.001958
n = 4 (-) 0.1 0.098834 0.003988

n = 5 (+) 0.1 0.099976 0.000057
n = 5 (-) 0.1 0.099951 0.000052

n = 6 (+) 0.007406 0.249611
n = 6 (-) 0.002473 0.249794

n = 7 (+) 0.001174 0.249913
n = 7 (-) 0.000513 0.249973

5.2. Other Hyperparameters

The hyperparameters are variables that partly determine how good the fit of the model
might be. This includes the number of radial basis functions Nmax (main quantum
number), the number of angular basis functions determined by setting Lmax, the angular
quantum number, the width of the Gaussian broadening σatom, the number of kernel basis
functions, two weighting parameters for the radial and angular descriptors [βrad, βang],
the power of the polynomial kernel, weighting factors wenergy and wforce that determine
how strong the energies and the forces should influence the fit, the cutoff-radius Rcut for
short-ranged models and, if the calculations are done in reciprocal space, the number of
reciprocal grid points p in each direction.
As discussed above, it is sufficient to only use l = 0. The weighting factors for energies
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5. Choice of Scaling Constant and Hyperparameters for Slater2

and forces are both set to 1 and we use a polynomial kernel of order 4.

Now that the best scaling constant and number of radial basis functions have been
found, we can optimize the different hyperparameters by performing tests over ranges
of different parameters and pick those that minimize the error. As we have multiple
parameters to optimize, a full optimization by searching in the whole hyperparameter
space is very costly, as we would need to calculate the RMSPE for all possible combin-
ations of hyperparameters. For this reason, we start with a most general choice of the
hyperparameters (parameters that have been generally proven to work) and optimize
them one by one, starting with the most influential parameter.
Initially, we used the same set of hyperparameters as for the tests of the scaling constant,
namely p = 32 reciprocal grid points in each direction, which is very large so that the
chances to introduce an additional error are low, a Gaussian broadening of the atoms of
σatom = 0.6 Å and 250 kernel basis functions.

5.2.1. σatom

As a first parameter, σatom is optimized by varying it in steps of 0.1 Å. This is the first
parameter to optimize, since it can strongly influence the results and the error does not
converge to a certain value, but has a strict minimum that needs to be found. The results
are shown in Fig. 5.2 and we see that σatom = 0.5 Å gives the smallest errors, and even
changing it slightly increases the error noticeably. Therefore, this value will be used for
further calculations.
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Figure 5.2.: RMSPE in energies and forces as a function of the broadening parameter
σatom for the random gas with Slater2 radial basis functions. A clear minimum
in the error at σatom = 0.5 is shown.
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5.2. Other Hyperparameters

5.2.2. Number of Kernel Basis Functions

The next parameter we look at is the number of kernel basis functions, because here we
have to choose enough to get the RMSPE to converge to a fixed value. On the other
hand, we want to keep the number as small as possible to speed up the calculations. In
general, the kernel basis functions are selected randomly.
The results are presented in Fig. 5.3 and it becomes clear, as we again focus mainly on
the error of the forces, that 250 already was a good choice, but the error in the forces
slightly improves if we chose 300 kernel basis functions. So the greater number is even
better and used for the following calculations.
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Figure 5.3.: RMSPE in energies and forces as a function of the number of kernel basis
functions for the random gas with Slater2 radial basis functions. The error is
converged for 300 kernel basis functions.

5.2.3. Number of Reciprocal Grid Points

In a final step, we want to see if we can reduce the number of reciprocal grid points,
as 32 is already a very large number, leading to long runtimes and very high memory
requirements3.

In Fig. 5.4 we see that p = 32 gives the best results but p = 28 is only slightly worse.
Therefore, p = 28 is used for subsequent calculations, as it is less critical in terms of
runtime and memory and yields almost the same precision as larger numbers of reciprocal
grid points.
One has to keep in mind that p is the number of grid points for a FT. Here this FT is
done analytically, but it could also be done numerically via the fast Fourier Transform

3On the machine we ran the tests p = 32 is already the maximum number of reciprocal grid points we
can use without exceeding the available memory of 500 GB RAM.
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20 22 24 26 28 30 32
number of reciprocal grid points

0.00

0.25

0.50

0.75

1.00

1.25

1.50
RM

SP
E(

%
)

Random gas
energy
force

Figure 5.4.: RMSPE in energies and forces as a function of the number of reciprocal grid
points in each direction for the random gas with Slater2 radial basis functions.
It shows that the more reciprocal grid points we use, the better the results
become. Due to memory requirements and runtime, and the fact that the
change from 28 to 32 is not very large, the use of 28 points is recommended.

(FFT) algorithm [62]. In this algorithm the FT is evaluated pairwise on points and the
array of FFT grid points is set to a length of 2n in numpy because the Cooley–Tukey
algorithm [63] is used. Here n is chosen as small as possible and the excess entries are set
to zero.
With this in mind, the optimal choice for p would be a number which full fills p = 2n or
at least is an even number.
There exist other algorithms, like Bluestein’s algorithm [64] where not only FFT grid
points as powers of two are taken, but also allow for powers of small prime numbers. This
algorithm is implemented in scipy in addition to the Cooley–Tukey algorithm. Thus, if
one wants to perform an FFT in python, doing it with scipy is recommended, as the
algorithms allow for more flexibility when choosing the number of reciprocal grid points
and still perform the FFT fast and memory efficient.
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6. Comparison of Radial Basis Functions
for Different Materials

6.1. Random Gas

In tab. 6.1 the optimized hyperparameters for the different radial basis functions, the
runtime t and the RMSPE are shown.
The results in the table were produced using only one angular basis function, which is
sufficient for the random gas because we only have monopoles. Four or five radial basis
functions were used and a cutoff radius of 9 Å for the calculations with spherical Bessel
functions as radial basis functions. This cutoff radius is already relatively large compared
to the usual 5 or 6 Å. Depending on the cell size the cutoff sphere for some atoms covers
already multiple periodic images.
When calculating the descriptors in reciprocal space, only these descriptors were used
and not a combination with the short-ranged ones.

Table 6.1.: Optimal hyperparameters and RMSPE in energies (E) and forces (F) for
different types of radial basis functions for the random gas. With the angular
quantum number Lmax = 0 only one angular basis function is used and Nmax
is the number of radial basis functions, Rcut is the cutoff radius used in the
localized methods, σatom is the broadening parameter for the atoms, p is the
number of reciprocal grid points in each direction, LRC is the number of
kernel basis functions, which are selected randomly, and t is the runtime of
the training for all 200 training configurations. The Slater2 method yields by
far the best results and the short-ranged methods are not able to capture the
long-ranged interactions.

Nmax Lmax Rcut σatom p LRC RMSPE E RMSPE F t
(Å) (Å) (%) (%) (s)

Bessel real 4 0 9 0.6 250 26.7 33.6 36

Bessel rec 4 0 9 0.6 20 250 133.3 18.2 252

Slater1 4 0 0.6 20 250 3.6 2.7 248

Slater2 5 0 0.5 28 300 0.2 0.4 652
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6. Comparison of Radial Basis Functions for Different Materials

When looking at the results in the table, we focus on the results for the forces, as the
energies are prone to overfitting. We can see that the short-ranged descriptors have an
error of 33.64% which is very sizable. Normally, we expect results in the low single-digit
percentage range, as, for example, heated up silicon has a RMSPE of 1.7% in the energies
and 3.8% in the forces. Going to reciprocal space and using spherical Bessel functions
about halves the errors, but they are still too large.
Only the different Slater-like types of basis functions give results of the expected order, or
even one order of magnitude better in case of Slater2. We see that Slater2 works better
than Slater1, but requires more reciprocal grid points and more kernel basis functions for
the errors to converge. Because of this small number of reciprocal grid points, Slater1 is
slightly faster than Slater2.
Interestingly, Slater2 is by far the best approach, yielding errors of less than 1%. This
small error can not be achieved by the other methods, even if more reciprocal grid points
and radial basis functions are used.

So far we have only looked at the training error, but we still need to consider the
prediction error to see whether the model is overfitting.

Table 6.2.: RMSPE in energies (E) and forces (F) and runtime for predicting all 200
configurations of random gas validation data for different types of radial basis
functions. Again, Slater2 yields the best results and overall the validation
errors are similar to the training errors. Therefore, the model is not overfitting.

RMSPE E RMSPE F runtime
(%) (%) (s)

Bessel real 36.9 35.9 16

Bessel rec 196.0 19.1 749

Slater1 5.2 2.7 790

Slater2 0.4 0.4 2219

Comparing Tab. 6.1 and Tab. 6.2, where the errors for the validation set are shown, we
see that there is hardly any overfitting and the results for training and validation agree
well. Also, when predicting with a trained MLFF, it becomes clear that the approach in
real space is much faster than in reciprocal space. This is again because of the greater
number of derivatives with respect to the nearest neighbours. Here, Slater2 is by far
the slowest approach because of the additional reciprocal grid points and kernel basis
functions.
Now as we see that the errors for Slater2 are the smallest, the question remains whether
they are small enough and how good the result actually is.

Fig. 6.1 shows that the errors for Slater1 are already relatively small. It shows the
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6.1. Random Gas

Figure 6.1.: Plot of predicted versus actual energies and forces of the validation data
set for the random gas using different types of radial basis functions. The
short-ranged method is not able to capture long-ranged interactions and make
correct predictions. Slater1 produces good results with very few outliers,
Slater2 works even better and no outliers are shown.

predicted energies and forces over the true values of the validation set, and both energies
and forces show a nice linear behavior with very few outliers. When looking at the results
from Slater2, we see that this linear behavior is even more pronounced and no outlieres
are present.
To demonstrate how well the long-ranged descriptors work, also the results obtained
with the short-ranged method are plotted in the background. It becomes clear that this
approach does not work for the random gas, since the points of the energies are very wide
spread around the ideal line and the forces do not even show a linear behavior.

The results for this toy model look really promising. As expected, long-ranged descriptors
for Coulomb interaction work really well with the right choice of basis functions. Non-
etheless, when comparing the errors for the validation set to the long-distance equivariant
(LODE) framework presented in [36], we find that these errors are even lower at a RMSPE
of about 2 · 10−2% for the energies. For the forces there exists no value for comparison,
since LODE only predicts the energies of a structure and therefore also needs more training
configurations. This is probably also the reason why our errors are larger, because we fit
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Figure 6.2.: Learning curve of the Slater2 method for the random gas as a function of the
number of training structures. For more than 50 training configurations the
model hardly improves and the error is almost constant. For fewer training
structures the model is clearly overfitting.

both properties with fewer training configurations and focus on the forces. If we want to
fit more than one property with a single model, there will always be a compromise on
how good the results for the different properties can be. This might imply that by fitting
the forces we potentially lose precision in the energies.
Still, our results for the random gas are in the single-digit percentage range, which is
what we also generally obtain for other materials such as zirconia using the short-ranged
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6.2. Zirconia

descriptors. For this see section 6.2.
For this reason, we consider the results for the random gas as a success, especially the ones
from Slater2, and continue applying long-ranged descriptors to more complex materials
where also short-ranged interactions are present.

As a final test, we want to look at the learning curve for the Slater2 method, as it
is the best one, and determine how many training configurations we need and whether we
need even more than the current 200 to further improve the results.
To do this, we use different numbers of training configurations, train the model, and
then use it to predict energies and forces for 20 random structures of the validation set.
Since we choose both the training and validation configurations randomly, we average the
resulting errors over multiple runs, to get a stable curve.

The final learning curve is shown in Fig. 6.2. We see that the errors of training and
validation agree well and are converged for the 200 configurations we have used so far.
This tells us that the tests that we have done so far, are valid and their outcome would
not change, if we would use more training structures. On the contrary, we could have
used even less configurations, as the errors hardly improve beyond 50 structures.
For less than 50 structures, we see the typical behavior of such a learning curve, where
the errors in training are low and the prediction errors are large. That means that in this
region we observe overfitting and the model adapts too much to the training structures and
is not general enough. This generality is achieved when using more training structures.

6.2. Zirconia

Zirconia is a material that is already described very well using only short-ranged descriptors,
as we can see in Tab. 6.3. Nevertheless the question arises, whether there are electrostatic
interactions present because of the difference in electronegativity between Zr and O.
Here we know from other tests that in this large data set, no overfitting happens for the
calculations in real space and we can only look at the accuracy of the training data. For
this, we use the 831 and 1090 kernel basis functions given in the ML_AB file and do not
calculate them again. Whenever we use long-ranged descriptors (labeled with Slater), we
use them in combination with the short-ranged ones (labeled wit Bessel1) as we already
know that short-ranged interactions are very pronounced in zirconia and the force field
can be trained using only short-ranged descriptors. To be able to compare the results,
the short-ranged part is calculated with the same parameters as the reference values in
real space.

In Tab. 6.3 the results for training on zirconia are shown for σatom = 0.6. We see
that the short-ranged descriptors give the best results. The combined descriptors perform

1Bessel functions are only used in real space, because we only want to use long-ranged basis functions in
reciprocal space. This means that whenever we write "Bessel", we refere to the basis functions in real
space.
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Table 6.3.: RMSPE in energies (E) and forces (F) for local and combined descriptors
and σatom = 0.6 for zirconia. In the combined approach 6 Bessel functions
and 4 STOs are used as radial basis functions (Nmax = 4 + 6). The angular
quantum number Lmax encodes the number of angular basis functions. For
the short ranged descriptors the cutoff radius Rcut = 5 was used, p is the
number of reciprocal grid points in each direction ant t is the runtime of the
training with all 592 structures. The purely local approach (Bessel) works
better than the combined method (Slater1 + Bessel). This means that there
are no long-ranged interactions present in zirconia.

Nmax Lmax Rcut p RMSPE E RMSPE F t
(Å) (%) (%) (s)

Bessel 6 3 5 2.5 7.7 1762

Slater1 + Bessel 4 + 6 0 + 3 24 3.6 9.5 4916

slightly worse than the purely short-ranged ones.
This shows that there are no long-ranged electrostatic interactions present in zirconia, or
at least none that we can capture with our set of descriptors. A reason for this might be
that the cell used for zirconia is rather small, with a maximum side length of 10.14 Å. It
also has a very high atom density with 96 atoms in that cell. Thus, choosing a cutoff
radius of 5 Å already includes almost all atoms, and adding the long-ranged descriptors
only adds some additional values with no further information to the final descriptor
and only worsens the results, as the model is not capable of dealing with unnecessary
information, as we have already seen in chapter 5.

Because we already know that there are no long-ranged interactions present in zirconia,
we do not need to train the MLFF using the computationally costly Slater2 method.

6.3. Sodium Chloride

Another material where long-ranged electrostatic interactions are expected to be relevant
is NaCl. Again, we use the kernel basis functions (2974 for Na and 2401 for Cl) given
in the ML_AB file. When we combine long- and short-ranged descriptors, we use the
same parameters for the short-ranged part as applied for the short-ranged descriptors.
So in Tab. 6.4, if the combined descriptors are used, the columns for Nmax and Lmax
show the values used for the long-ranged descriptors when they are used. The broadening
parameter was always set to 0.5 Å.

Tab. 6.4 shows that descriptors in real space and single reciprocal descriptors do not
produce good results with small errors. The combined descriptors with Slater1 and Slater2
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Table 6.4.: RMSPE in energies (E) and forces (F) for local, long-ranged and combined
descriptors for NaCl with the broadening of the atoms of σatom = 0.5. The
parameter Nmax indicates the number of radial basis functions used per
method. The angular quantum number Lmax encodes the number of angular
basis functions. For the short ranged descriptors the cutoff radius Rcut = 5
was used, p is the number of reciprocal grid points in each direction ant t is
the runtime of the training with all 1014 structures. The Slater2 method in
combination with the local approach (Bessel) gives the small-eat errors and
works better than all other method. This means that our combined descriptors
successfully describe materials with both short- and long-ranged interactions.

Nmax Lmax Rcut p RMSPE E RMSPE F t
(Å) (%) (%) (s)

Bessel 8 3 5 14.3 15.7 19715

Slater1 4 0 24 51.2 50.8 12019

Slater2 5 0 24 32.2 27.2 7622

Slater1 + Bessel 4 + 8 0 + 3 24 3.4 4.0 31433

Slater2 + Bessel 5 + 8 0 + 3 28 2.7 3.8 16176

as radial basis functions give very good results with small errors.

When looking at the results for Slater2, we find that in the purely long-ranged case
it again gives the best results even for only 24 reciprocal grid points.
When we combine this method with the short-ranged descriptor, the results are only
slightly better than the ones obtained with Slater1 + Bessel. The reason for this could
be that Slater2 works especially well for long-ranged interactions, as we have seen for
the random gas. But the error in this case is mainly limited by the prediction of the
short-ranged interactions, and it makes no difference whether we choose Slater1 or Slater2
for the long-ranged part, as both of them work sufficiently well.

Here we can see that combing both short- and long-ranged descriptors works better
than both individual approaches. As expected, neither short-range interactions nor long-
range interactions can describe the material sufficiently well. It should be noted, however,
that the purely short-ranged method is not as bad as the purely long-ranged one. This
means that short-ranged interactions are stronger, but long-ranged electrostatics cannot
be neglected. This again points towards the fact that the final error in the combined
method is limited by the short-ranged part.
Combining the two descriptors and using Slater1 or Slater2 basis functions gives very
good results and shows that for materials where both types of interactions are present
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this new approach works well.
Again, one has to note that the combined method has in the present implementations a
steep price in terms of long runtimes2. Training the system with the combined descriptors
takes approximately as long as the runtime of both individual approaches added together.
That the runtime for the long-ranged method is lower, is due to the fact that we use
only four radial basis functions and only one angular one, whereas in real space eight
radial basis functions and four angular ones are used. If we would use the same number
in reciprocal space, the runtime would significantly increase.
Since choosing only four radial basis functions in reciprocal space is sufficient, the runtime
for the combined descriptors is only 1.64 times that for the method in real space, which
is a very small factor compared to the improvement it delivers.

2For Slater2, the runtime is written in italics because the calculations were performed on more cores (16
instead of 4) and is therefore lower.
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7.1. Conclusion

7.1.1. The Approach

First, we developed a non-local scheme for computing descriptors capable of describing
long-range electrostatic interactions in our kernel-based Machine Learning (ML) model to
generate a Machine learned force fields (MLFF) for a given material. For this we perform
the calculations in reciprocal space and do not use a cutoff radius. So all atoms are used
for the calculation of the descriptors and indirectly a summation over all periodic images
of the atoms is performed and thus long-ranged interactions can be captured.

In a second step, a new set of radial basis functions was developed. This again does not
depend on a cutoff radius and is designed to mimic the slowly decaying 1/r behavior of
electrostatic interactions. The basis set we used is the radial part of Slater type orbitals
(STOs) (2.56) with different sets of exponents.
One method for determining these exponents is to satisfy the completeness profile (2.67)
to obtain a complete basis. This approach is called Slater1.
Another method for choosing the exponents is to scale them logarithmically (2.68) and
empirically determine the optimal scaling constant. This set of basis functions is labeled
Slater2.

With this new set of descriptors and radial basis functions we are able to describe
purely long-ranged electrostatic interactions very well. But in order to apply the ML
model to realistic materials, where also short-ranged interactions are present, we need to
combine the new long-ranged descriptors with the localized ones used previously. This
is done by appending both descriptor vectors to form a new super vector that encodes
information about both short- and long-ranged interactions.

7.1.2. Summary of the Results

We have shown that for a random gas of point charges, where, by construction, only
long-ranged monopole-monopole interactions are present, the Slater2 method with its
logarithmically scaled exponents gives the best results. It produces a root-mean-square
percentage error (RMSPE) smaller than 1%. Using the Slater1 set of basis functions, we
obtain errors in the low single digit percentage range. This is smaller than errors of about
10% we usually expect from our ML model [18, 20, 38], that has been proven to work well
for standard short-ranged problems.
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It has also become clear that the localized descriptors in real space are not capable of
correctly predicting energies and forces in this material, even when using a large cutoff
radius.
Our results are not as good as the ones obtained with the long-distance equivariant
(LODE) framework in [36]. But in addition to the energies, we can predict forces, which
is not done in LODE. This means we are able to fit a toy model where only Coulomb
interactions are present with our long-ranged descriptors.
In this toy model we predicted only monopole-monopole interactions. Thus, another test
could be to use the model to predict long-ranged electrostatic interactions also for higher
orders like dipolar interactions, and using more angular basis functions.

The new descriptors in reciprocal space are only able to predict long-ranged interac-
tions, rather than a combination of long- and short-ranged interactions, as we initially
hoped. To achieve a combined description, we would need another set of radial basis
functions that resemble spherical Bessel functions or any other set of short ranged radial
basis functions in the vicinity of the central atom and then capture the 1/r-decay outside
the cutoff sphere.
As long as we do not have such a basis, we need to combine long- and short-ranged
descriptors when we want to successfully apply them to realistic materials as already
described above.

When using these combined descriptors for the predictions of energies and forces of
zirconia, we observe that there are no long-ranged electrostatic interactions present. For
this material the localized real-space method gives the best results, and the RMSPE is
again in the single digit percentage range. Adding the long-ranged descriptor slightly
worsens the results.
For liquid sodium chloride, both the single short- and long-ranged methods give no
satisfactory results with large errors. But when we use the combined descriptors we
obtain better results with an RMSPE of about 4% in the forces and even smaller in the
energies. In this case it does not matter which STOs radial basis functions are used, as
the remaining error is mostly influenced by the short-ranged part of the interactions.
For NaCl with the long-ranged descriptors, it is again sufficient to model only the
monopole-monopole interactions and use four or five radial basis functions. Compared
to the real space part where we need eight radial basis functions and even more angular
basis functions, this is a very small number.
This tells us that the combined descriptors work well for materials where strong long-
ranged interactions are present.

All in all, there are some things to be aware of when using the long-ranged descriptors,
such as choosing the right radial basis functions or when to combine the descriptors with
the short-ranged ones, and how to choose the right hyperparameters when a tradeoff
between real and reciprocal space is required. If the hyperparameters are well optimized,
the new model works well and is able to successfully capture long- and short-ranged
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interactions within the same material.

7.1.3. Different STOs

It is quite astonishing that for all our test cases, the logarithmically scaled exponents
from Slater2 perform (at least slightly) better than the "optimized" ones from Slater1.
Approximating a complete basis set for Slater1 is the theoretically correct and justifiable
approach for calculating the exponents of the STOs to obtain a basis that satisfies these
conditions as well as possible.
In this light, it is rather unexpected that Slater2 outperforms this approach, as it is a
purely empiric method where the scaling and minimal exponent were found with computer
experiments.
The next step here is to find a set of exponents for the Slater1 method that mimic the
logarithmic scaling and still fulfill the completeness relation (2.59). This should improve
the results even further.

7.2. Outlook

Now let us discuss what else can be done to improve the model, what are its current
limitations, and how they might be overcome.

7.2.1. Independent Hyperparameters for Short- and Long-Ranged
Descriptors

The ML model can run into problems when a hyperparameter, e.g. the broadening
parameter σatom, should be chosen very differently in real and reciprocal space to obtain
optimal results. For now we have to make a tradeoff between the different needs and set
the parameter to one fixed value.
The obvious solution to this problem is to include two different parameters for σatom
or the respective other hyperparameters. One for the calculations in real and one for
reciprocal space, as it has already been done for the number of radial and angular basis
functions. Then no such compromises are required. On the other hand, this would allow
for more possible combinations of parameters, and the user has to be knowledgeable and
possibly do some testing to select the right ones.

This way of decoupling the calculations of long- and short-ranged descriptors can be spun
even further, and we could make both methods truly independent from each other. It
would mean that all input parameters can be adjusted independently for both methods.
This would include the weighting of energies and forces, that throughout all test has been
set to 1 for both energies and forces, the order of the polynomial kernel and the number
of kernel basis functions to choose. Ultimately, appending both descriptors would still be
the best way to form a new descriptor encoding both long- and short-ranged interactions.
Then the user has more possibilities to optimize the parameters and therefore the results.
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7.2.2. Cutoff Function

As stated above, as long as we do not have a set of radial basis functions that can capture
both short- and long-ranged interactions at the same time, we need to combine the two
sets of descriptors, because the long-ranged descriptors are not capable of describing
short-ranged interactions. Still, this unnecessary and incorrect short-range part is included
in the long-range descriptors and should ideally be avoided. This could be done with a
cutoff function that is multiplicative in real space.
However, a multiplicative function in real space is a convolution in reciprocal space, and
far to expensive to implement.
A possible solution is using the fast Fourier Transform (FFT). The transformation into
reciprocal space with a FFT would be fairly simple for energy calculations, but at the
same time mathematically complicated for the forces. The corresponding equations have
not been worked out yet, but would increase the complexity of the code considerably.

7.3. Summary

In summary, we have shown that long-ranged descriptors can substantially improve
predictions for cases where the interactions are strongly ionic and long-range. This is
the case for a model of alternating point charges ("random gas"), liquid NaCl, and likely
other strongly ionic systems with weak screening.
For other materials, for instance ZrO2, which one would assume to have at least some
ionic contribution to bonding, we found no improvements when including long-ranged
descriptors.

Efficiency was not a major concern of this work, and before practical applications can
be considered, one would need to investigate how the calculation of the descriptors and
their derivatives could be accelerated. The results indicate that this would be potentially
worthwhile, but only for a fairly limited class of materials.
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Acronyms

VASP Vienna Ab initio Simulation Package. 1, 2, 7, 35, 36

FFT fast Fourier Transform. 45, 46, 58

FP first principle. 1, 5–7

FT Fourier Transform. viii, 12, 15, 16, 19, 22, 23, 30, 32, 45, 46, 67, 68

GAP Gaussian Approximation Potential. 7

LODE long-distance equivariant. 49, 56

LRC Local Reference Configurations. 4–6, 35, 47

MC Monte Carlo. 36

MD Molecular Dynamics. 35

ML Machine Learning. xi, 1–3, 5, 35, 42, 55, 57

MLFF Machine learned force fields. 1, 2, 5, 35, 48, 52, 55

NN Neural Networks. 1, 37

ONB orthonormal basis. 22, 23

RMSE root-mean-square error. 39

RMSPE root-mean-square percentage error. ix, xi, 39–41, 44–49, 52, 53, 55, 56

SOAP Smooth Overlap of Atomic Position. 7, 8

STOs Slater type orbitals. viii, 3, 20–24, 34, 39, 52, 55–57
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A. Appendix

A.1. FTs

This first section of the appendix shows the different FTs in more details.
We will need ∫︂ ∞

−∞
exp
(︁
−(ax2 + bx)

)︁
dx =

√︃
π

a
exp

(︃
b2

4a

)︃
(A.1)

for the following integrations.

A.1.1. Atom Density

Starting out from the expression for the atom density given in Eqs. (2.7) and (2.8), we
calculate the FT to get the equivalent expression in reciprocal space shown in Eq. (2.26).

ρ(G) =

∫︂
R3

exp (iGr) ρ(r)dr

=

∫︂
R3

exp (iGr)
NA∑︂
j=1

δ(r − rj)dr

=

NA∑︂
j=1

exp (iGrj)

(A.2)

In the first step, we simply plug in the expression for the density from Eq. (2.7) into the
FT. Then we can move the sum out of the integral and use the property

∫︂ ∞

−∞
f(t)δ(t− T )dt = f(T ) (A.3)

of the δ-distribution to gain the final result.
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A. Appendix

A.1.2. Gaussian Broadening

Here the prefactor of Eq. (2.11) is taken into consideration.

F
(︃
exp

(︃
− r2

2σ2
atom

)︃)︃
1

√
2πσ2

3 =
1

√
2πσ2

3

∫︂ ∞

−∞
exp(−iGr) exp

(︃
− r2

2σ2

)︃
d3r

=
1

√
2πσ2

3

∫︂ ∞

−∞
dr1 exp

(︃
−
(︃
iG1r1 +

r21
2σ2

)︃)︃
∫︂ ∞

−∞
dr2 exp

(︃
−
(︃
iG2r2 +

r22
2σ2

)︃)︃
∫︂ ∞

−∞
dr3 exp

(︃
−
(︃
iG3r3 +

r23
2σ2

)︃)︃
=

√
2πσ2

3

√
2πσ2

3 exp

(︃
−G2

1σ
2

2

)︃
exp

(︃
−G2

2σ
2

2

)︃
exp

(︃
−G2

3σ
2

2

)︃
= exp

(︃
−|G|2σ2

2

)︃
(A.4)

The three-dimensional integral is split up into three different integrals, one over each
direction in space. These integrals then can be solved using Eq. (A.1). In the final step,
the three resulting terms are then re-combined into the vector formulation.
It becomes visible that the FT of a Gaussian is again a Gaussian that we can use in
reciprocal space to broaden the density, as we did in real space.

A.2. Derivatives

A.2.1. Derivative of Long-Ranged Descriptors

Starting out from the expansion coefficients

cjJlmn =
∑︂
G

flmn(G) exp(−iGrj)ρJ(G)

=
∑︂
G

flmn(G) exp(−iGrj) exp
(︃
−|G|2σ2

2

)︃∑︂
rJ

exp(iGrJ),
(A.5)

where both the density and the factor originating form the FT depend on the atom
position r, the derivative with respect to one position coordinate of one atom rαk can be
calculated with the following equations.

dcjJlmn

drαk
=

dcjJlmn

drk

drk
drαk

(A.6)

drk
drαk

= eα (A.7)
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dcjJlmn

drk
=
∑︂
G

flmn(G) exp

(︃
−|G|2σ2

2

)︃
·
(︃
d exp(−iGrj)

drk

∑︂
rJ

exp(iGrJ)

+
d
∑︁

rJ exp(iGrJ)
drk

exp(−iGrj)
)︃

=
∑︂
G

flmn(G) exp

(︃
−|G|2σ2

2

)︃
·
(︃
− δjkiG exp(−iGrj)

∑︂
rJ

exp(iGrJ)

+ δJkiG exp(iGrk) exp(−iGrj)
)︃

= i
∑︂
G

flmn(G)G exp(−iGrj) ·
(︃
δJk exp(iGrk) exp

(︃
−|G|2σ2

2

)︃
− δjkρJ(G)

)︃
(A.8)

dcjJlmn

drαk
=

⟨︄
eα, i

∑︂
G

flmn(G)G exp(−iGrj)
(︃
δJk exp(iGrk) exp

(︃
−|G|2σ2

2

)︃
− δjkρJ(G)

)︃⟩︄
(A.9)

When calculating all those different derivatives in practice, the array to store them
becomes quite large. Suppose that we have a cell with 128 atoms of two different types
with 64 atom per type and values of Nmax = 8 and Lmax = 4, then the intermediate array
before the summation over G would be of size j× (j−1)×3×2×Nmax× (Lmax+1)2×p3.
With a number of p = 20 reciprocal grid points in each direction, that would be an array
with 128 · 127 · 3 · 2 · 8 · 25 · 8000 = 1.56 · 1011 entries. These many entries in double
precision result in a memory requirement of 1248 GB. This is the reason why this array
is never calculated explicitly, but two different terms are calculated. The first depending
only on the basis functions (flmn(G)) with the indices for Nmax and Lmax, but not on
the different atoms. The second part, on the other hand, includes all other parts of Eq.
(A.8) and depends on the atom indices and types, but not on the basis functions. Only in
one final summation step over G both arrays are used together, but they are not directly
multiplied, as the numpy.einsum() [46] routine is used.

A.3. Values for ζn for Slater1

Tab. A.1 shows the values for ζn rounded to three decimal digits used for Slater1.

Table A.1.: Exponents ζn for Slater1 method for Nmax = 4 radial basis functions.

n = 1 n = 2 n = 3 n = 4

l = 0 0.236 0.884 2.828 10.604
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