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Abstract

Throughout the last century, significant advancements have been made in the control of quan-

tum systems. Although the concept of control is frequently used in literature, its definition as

a resource remains vague and poorly understood. This thesis is a collection of scientific con-

tributions made during the my PhD studies, focused on investigating the role of control in the

achievability of various tasks in physics and thus taking a step towards a more concise defini-

tion of the concept of control. To obtain a comprehensive understanding of control, we analyse

a diverse range of tasks and settings through a thermodynamic lens, leading to the distinction

of two fundamental concepts, temporal control and structural control.

In Chapter III, we establish a connection between these two concepts by examining the

limitations of clocks as imposed by structural control. By identifying the process of temporal

probability concentration as a fundamental part of any “ticking clock” we are able to identify

the conditions that are necessary for precise time keeping and thus for maintaining high levels

of temporal control. This, furthermore, allows us to identify fundamental limitations to the task

of time keeping independent of the amount of control that can be exerted.

Chapter IV focuses on the paradigmatic task of ground-state cooling, delving into the details

and complexities involved in the pursuit of zero-temperature states. Detailed analysis allows us

to identify control complexity as a resource who’s divergence is crucial for the achievability of

ground-state cooling in finite time and with finite energy cost. The findings from this chapter

are not only a precise clarification and expansion of the third law of thermodynamics, but also

highlight the significant role that control plays in shaping the feasibility of various tasks.

In Chapter II, we thoroughly investigate the influence that control is allowed to have on

spontaneous processes and link these to the process of measurement. This results in the de-

velopment of the Measurement-Equilibration Hypothesis, which offers a thermodynamically

consistent model for measurements by making realistic assumptions on the extent of control

that can be exerted throughout the measurement process. This allows us to draw fundamental

conclusions about the interactions that can in principle lead to objective results such as we know

them from our every day world. Furthermore, this approach gives us the tools to investigate

long standing problems in quantum mechanics, such as the measurement problem from a new

perspective.
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Kurzfassung

Im Laufe des letzten Jahrhunderts wurden bedeutende Fortschritte in der Kontrolle quanten-

mechanischer Systeme gemacht. Obwohl das Konzept der Kontrolle in der Literatur häufig

erwähnt wird, bleibt seine Definition als Ressource vage und unklar. Diese Dissertation ist

eine Sammlung wissenschaftlicher Beiträge, die ich während meiner Doktorarbeit gemacht

habe und welche sich auf die Untersuchung der Rolle der Kontrolle bei der Erreichbarkeit ver-

schiedener Aufgaben in der Physik konzentrieren und somit einen Schritt in Richtung einer

präziseren Definition des Konzepts der Kontrolle unternehmen. Um ein umfassendes Verständ-

nis der Kontrolle zu erlangen, analysieren wir eine Vielzahl von Aufgaben und Settings durch

eine thermodynamische Brille, was zur Unterscheidung zweier grundlegender Konzepte, der

temporalen Kontrolle und der strukturellen Kontrolle, führt.

In Kapitel III etablieren wir eine Verbindung zwischen diesen beiden Konzepten, indem wir

die Einschränkungen von Uhren unter Berücksichtigung struktureller Kontrolle untersuchen.

Durch die Identifizierung des Prozesses der temporalen Wahrscheinlichkeitskonzentration, als

ein grundlegendes Merkmal jeder “tickenden Uhr” sind wir in der Lage, die Bedingungen zu

identifizieren, die für präzises Zeitmessen und somit für ein hohes Maß an temporaler Kontrolle

notwendig sind. Darüber hinaus ermöglicht uns dies, fundamentale Einschränkungen für die

Aufgabe der Zeitmessung unabhängig von der Menge an Kontrolle, die ausgeübt werden kann,

zu identifizieren.

Kapitel IV konzentriert sich auf die paradigmatische Aufgabe der Grundzustandskühlung

und geht auf die Details und Komplexitäten ein, die mit dem Streben nach Nulltemperaturzuständen

verbunden sind. Eine detaillierte Analyse ermöglicht es uns, die Kontrollkomplexität als eine

Ressource zu identifizieren, deren Divergenz entscheidend für die Erreichbarkeit einer Grundzu-

standskühlung in endlicher Zeit und mit endlichen Energiekosten ist. Die Erkenntnisse aus

diesem Kapitel sind nicht nur eine Präzisierung und Erweiterung des dritten Hauptsatzes der

Thermodynamik, sondern verdeutlichen auch die bedeutende Rolle, die die Kontrolle bei der

Gestaltung der Erreichbarkeit verschiedener Aufgaben spielt.

In Kapitel II untersuchen wir gründlich den Einfluss, den Kontrolle auf spontane Prozesse

haben darf, und verknüpfen diese mit dem Prozess der Messung. Dies führt zur Entwick-

lung der Measurement-Equilibration Hypothesis, die ein thermodynamisch konsistentes Mod-

ell für Messungen bietet, indem sie realistische Annahmen über das Ausmaß der Kontrolle

trifft, die während des gesamten Messprozesses ausgeübt werden kann. Daraus lassen sich

grundsätzliche Rückschlüsse auf die Wechselwirkungen ziehen, die prinzipiell zu objektiven

Ergebnissen führen können, wie wir sie aus unserer Alltagswelt kennen. Darüber hinaus
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gibt uns dieser Ansatz die Werkzeuge an die Hand, um langjährige Probleme in der Quan-

tenmechanik, wie z. B. das Messproblem, aus einer neuen Perspektive zu untersuchen.
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Chapter I

Introduction

I.1 Setting the stage

At the heart of scientific progress is the notion of precise control, a concept that is notoriously

challenging to define. Even long before modern science had emerged, we continuously probed

and interacted with nature in more or less controlled ways, allowing us to understand certain

aspects of it while others kept eluding us. We learned to understand how nature reacts when we

act upon it and, as a result, encountered limitations of our own ability to elicit certain responses

from nature. All the while this endeavor never was a lonely one, but rather a collective effort

that was shaped and broadcast via socio-cultural means. With the advent of written language

this process of knowledge transfer was accelerated significantly, eventually leading to the emer-

gence of modern science as we know it today. While we continue to probe the world with the

tools at our disposal, which naturally limit the amount of control we can exert upon it, during

the last century, and in particular in the last few decades, the amount of control we have over

physical systems has increased drastically. This allowed us to uncover novel fundamental prop-

erties of the world while also prompting us to develop increasingly precise theories, helping us

to understand its foundations in ever greater detail. At the beginning of the 20th century these

developments lead to the genesis of quantum theory, allowing us to describe the microscopic

world reliably, and, at that time, far beyond our experimental capabilities. However, technology

kept evolving and, in the last few decades, allowed us to reach unprecedented levels of control

over the microscopic world.

As we approach a domain where fundamental limitations may become increasingly relevant

we must consider the role of control in these contexts, which prompts us to ask the following:

What is the precise interplay between control and our ability to achieve certain tasks? What

are the fundamental physical limitations to the amount of control we can exert and how can we

1
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quantify these? And are there fundamental limitations that cannot be surpassed regardless of

the amount of control we have? While quantum mechanics already allows us to identify certain

fundamental limitations, such as those imposed by the uncertainty relations, on its own, tackling

questions of control and agency exceeds its capabilities, as it was not designed as an agent-

based, but rather as a fundamental one1. Fortunately there are two fields of research (which

are highly related to each other) dealing with questions of control and resources: information

theory and thermodynamics.

The first formal appearance of basic thermodynamic concepts was as early as 1650, when

Otto von Guericke built the world’s first vacuum pump [7]. He was the first to use the concepts

of pressure, temperature and volume in this context. The invention of the steam engine in the

following centuries and its increasing economic and scientific importance in the 19th century

ultimately lead to the formalisation of the theory of thermodynamics, most notably by Sadi

Carnot [8]. The initial motivation for developing thermodynamics was to provide a notion of

efficiency for steam engines, with the goal to understand how much work an engine could per-

form given certain resources. As such, thermodynamics can be seen as an agent-based theory,

describing the capability of agents to manipulate physical systems in order to extract work from

them. While thermodynamics was first properly formalised more than half a century before the

dawn of quantum mechanics and general relativity, not only does it remain universally valid,

but, furthermore it is still at the center of active research on a wide range of fundamental re-

search questions [9–22]. Its major strength leading to this universality can be seen as a direct

consequence of its ignorance. Thermodynamics does not care for describing the fundamen-

tal building blocks of the world, but rather takes a “coarse-grained” perspective, ignoring the

microscopic details, allowing it to describe emergent properties that are in some sense no less

fundamental than the properties derived by microscopic theories. This coarse-grained descrip-

tion was not intentionally put into the theory but rather originated from the technical limitations

at that time, that being for example the ability to heat up a reservoir or to change the volume of

a container by moving a piston, but not interacting with individual particles of the gas (more so

as, at that time, the existence of gas particles was still debated [23]). This inbuilt regard for the

practical limitations of agents renders thermodynamics, at heart, a theory about control.

Which operations agents can perform on physical systems, or more precisely, the prob-

ability for achieving a certain task by performing these operations, crucially depends on the

1It could be argued that the measurement postulate suggests otherwise, depending on which interpretation of

quantum mechanics one adopts [6]. The exact role of measurements in quantum mechanics has been debated since

its beginnings with no conclusive answer yet. However, fundamental questions regarding our control over certain

resources and the ability to define what even constitutes a resource cannot come from quantum mechanics alone.
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information agents have about the systems. However, while thermodynamics was developed to

become a theory about control, its relation to the concept of information remained elusive until

the first half of the 20th century, when information theory was born and with it the idea that

entropy corresponds to a notion of information. Historically, the concept of entropy in ther-

modynamics was long understood as a property of the physical systems under investigation,

rather than relating to the agents interacting with them. Its original intent was to quantify the

amount the “useless energy” in a system, i.e. energy that cannot be used to perform work. One

of the goals of statistical physics was to connect this concept to microscopic properties, which

led to the realisation that entropy can also be viewed as related to the number of micro-states

that can realise a given macro-state, thus cementing this picture of objective entropy even more.

The advent of information theory challenged this conception of entropy, giving it a subjective

connotation as a measure of information agents have about physical systems. Rather than being

an absolute property of physical systems, entropy became a relational notion. The subjective

character of entropy was was exemplified most notably by the well-known paradox of James C.

Maxwell, later known as Maxwell’s demon [24], in which an all-knowing being could create a

heat flow from a cold to a hot bath by performing simple operations, seemingly contradicting

the second law of thermodynamics. As was shown by Leó Szilárd [25], precise control of the

demon requires detailed information about the system that is being controlled, which in turn

requires the demon to perform a measurement of all the relevant properties of the system (e.g.

the momentum and position of all particles) and to store this information, thus requiring an en-

tropy increase due to the storage of information equal to the reduction of entropy in the system.

The realisation that this storage of information comes at an inevitable cost of heat dissipation

was possible due to the work of Rolf Landauer [26], which originally was aimed at describing

the thermodynamic cost of erasing a bit of information. Landauer showed that performing irre-

versible operations on bits of information, such as setting a bit from any initial value to zero, i.e.

erasing it, requires a finite, non-zero amount of heat to be dissipated into the environment, also

known as the Landauer Principle. Charles Bennett later realised that this principle establishes

a direct relation between information and physical properties, allowing us to identify the cost

of resetting the demon’s brain as the source of entropy required to satisfy the second law of

thermodynamics2 [28]. Information theory therefore can be seen as a completion of thermody-

2The aim of Maxwell’s demon was to show that the second law of thermodynamics does not necessarily hold

universally if analysed from a microscopic perspective. In [27] the authors argue that Bennett’s argument in fact

does not resolve the paradox due to a circular line of reasoning: The original Landauer principle is based on phase

space arguments. Landauer showed that the change of entropy of setting a thermal ensemble of bits all to one is at

least kBT log(2) per bit (where kB is Boltzmann’s constant). He then uses the second law of thermodynamics to
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namics as a theory of control. The combination of these two theories allows us to describe the

limitations of agents not only based on fixed thermodynamic properties of the physical world,

but also, from a relational perspective, based on the information agents have about the world

and, thus their ability to interact with it.

Apart from thermodynamics, information theory has become an important tool for a wide

variety of research fields with applications ranging from finding limitations of data compression

and information transmission rates, to the study of algorithmic complexity, to the discussion of

foundational philosophical concepts such as Occam’s Razor and many more [29]. One of the

major insights that Landauer and Bennett provided is that, although the abstraction of informa-

tion is a useful approach that allows for a wide range of applications, in the end, information

must be encoded in physical systems, or as Landauer put it: Information is physical [30]. While

the most fundamental quantity of information in classical information theory is the bit, an ab-

stract entity which can either take the value 0 or 1, assuming that the world is governed by the

laws of quantum mechanics allows us to encode information in quantum systems. This opens

up a wide range of new possibilities but also puts new constraints on the way this information

can be processed and stored. In contrast to classical information carriers, quantum bits (qubits)

allow for infinitely many different configurations in which one bit of information can be stored

by allowing for superpositions of 0 and 1. The process of reading out information, which is

so trivial in classical physics that it usually is not even mentioned, must be incorporated in the

description of quantum information processing 3, as it has an impact on the state of the system

itself. Furthermore, this vast range of possible ways to encode information allows for correla-

tions between systems that could not arise classically, i.e. quantum correlations. And finally,

while classical bits can simply be observed and accordingly copied and broadcast, unknown

qubits can neither fully be copied, nor can they be broadcast [31]. Classical information theory

is only equipped to deal with probability distributions, which cannot feature any of the above

novelties that quantum mechanical systems bring with them. The development of quantum

information theory allowed us to incorporate these novel properties of quantum systems by

replacing probability distributions by density matrices and, in turn, Shannon entropy by von

Neumann entropy as a measure of information.

Since classical systems have well-defined properties with given values at all times, speaking

argue that, that same exact amount of entropy must appear elsewhere as a heating effect. Therefore the universality

of the second law cannot be established via such an argument alone, as it must be assumed in the first place for

Landauer’s principle to hold.
3Promoting the relational character of information to the next level, as the information agents have access to

needs to be viewed as a result of a measurement they perform on the system.
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of entropy as a property that is only defined relationally, i.e. with respect to an agent, makes

sense, as it represents the ignorance of an agent towards these well defined properties. However,

the birth of quantum mechanics prompts us to reconsider this view and ask: Can this relational

understanding of entropy be maintained for quantum information, or is entropy an objective

property after all? Quantum correlations arising from the phenomenon of entanglement in fact

can be seen as a conceptual game changer on this question. Classical systems always have

well-defined properties, which means that agents can learn arbitrarily much about them. This,

in turn means that their entropy only depends on the agents’ knowledge. However, quantum

systems that are entangled with parts of the universe that the agent can’t access have properties

that the agent can’t know, or that are not well defined, seemingly independent of the agent.

Even though this seems to lead to the conclusion that entropy, rather then being relational, is

truly an objective property of the system, incorporating measurements into the picture reveals

once more such a relational character. The crucial realisation here is that it matters which

part of the universe the agent has access to and how exactly, in other words, it matters which

observables the agent can interrogate. Different agents will ascribe different amounts of entropy

to a system depending on the way in which they can observe the system. Thus, while not in

the sense of classical entropy, the relational character of entropy remains. This connection

between attainable information and accessible degrees of freedom (related to the observers

ability to interact with them) suggests a relation between control and the observable structure

of physical systems, prompting us to tentatively think of a kind of control that relates to this in

terms of structural control. Clearly, this concept is yet to be defined properly, so rather than

viewing the above as a clear definition of this notion, one should view it as a motivation that

inspires further investigation, which we will engage with throughout this thesis.

The ability of agents to gain information about a system and to perform operations on it,

is not only limited by the structural properties of the observables that the agents have access

to, but also by their temporal resolution. Since physical systems dynamically evolve, gaining

information about them requires precisely timed interactions. In practice there are no perfectly

temporally sharp measurements (as we will discuss in more detail later). Similar to the way

in which it is not possible to observe all parts of a universe that features quantum correlation,

having limited temporal resolution results in fundamentally reduced obtainable information

about this universe[17, 32–34]. In fact, the lower the temporal resolution, the higher is the

entropy of the observed system, which in turn reduces the amount of control the agent can

exert over the system. This serves as an inspiration to think about a second notion of control

connected to information, which we will for now refer to as temporal control.
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Structural and temporal control share an intricate relationship, which will be explored

throughout the main part of this thesis. On the one side, a high degree of structural control

allows for the extraction of precise temporal information which in turn allows for better tempo-

ral control, which will be explored in more depth in Chapter III. On the other side many tasks

critically rely on the access to temporal information, such as for example the task of ground

state cooling (explored in Chapter IV), which in turn can help to unlock higher degrees of

structural control [14].

While control is one factor that influences an agent’s ability to achieve a task, depending

on the resources available to the agent, achieving the same goal may require different amounts

of control. As a rather trivial example, take the task of cooling. If an agent already has as a

resource a system that is at zero temperature, ground state-cooling becomes an almost trivial

task that only requires the ability to perform a swap operation on the system and the resource.

While control is always exerted over the available resources, the former can in principle be used

to produce the latter, making them inter-convertible. However, this task of converting control

into resources is one that is highly non-trivial in many cases.

This brings us to one of the primary questions of this thesis: Given only resources that

require little to no control to be prepared, i.e. minimal resources, how does the amount and

type of control influence how well we are able to achieve a specific task? We will elucidate this

question by analysing two rather distinct, but highly prevalent tasks, the task of precise time

keeping (Chapter III) and the task of ground state cooling (Chapter IV).

One of the prime directives of the works in this thesis is the demand of fair bookkeeping

in accordance with the thermodynamic laws. To uphold this directive we chose an operational

approach towards problems, trying to give explicit descriptions of all processes involved rather

than reverting to abstraction. While the assumption of quantum mechanics is at the base of

all the research in this thesis, this assumption, and more precisely the assumption of the mea-

surement postulate of quantum mechanics opens up a big conceptual hole when it comes to

thermodynamic consistency, i.e. fair bookkeeping. Naively taking the measurement postulate

at face value seemingly allows us to break all thermodynamic laws. As an example, say one

measures a system and finds it to be in its energetic ground state. Naively this would mean that

we now have access to a perfectly cool system without expending any resources, thus contra-

dicting the first4, second 5 and third6 laws of thermodynamics. Of course this is not actually

4As it changes the energy of the system without accounting for it elsewhere
5As it reduces the system’s entropy
6As it seemingly allows for ground state cooling
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the case. First, because measurements are never perfectly precise and second, because they are

not for free [35]. The measurement postulate consequently cannot be taken at face value, as

it conceals resources. Uncovering these resources requires an explicit and thermodynamically

consistent description of measurements. In particular, modelling the dynamics of measure-

ments, which brings us to the second primary question of this thesis: How can measurement be

modelled explicitly in a thermodynamically consistent manner? We will investigate this ques-

tion in Chapter II

This thesis presents a collection of theoretical research papers developed during my time

as a PhD candidate, in which I provide detailed analysis of of different aspects of control in

quantum mechanics by using thermodynamic concepts. To this end I investigate the impact of

control on an agents ability to keep track of time (Chapter III), develop a deeper understanding

of the notion of control itself and ways to quantify it on the example of ground-state cooling

(Chapter IV), as well as the ramifications of the lack of control on the measurement process

(Chapter II).

I.2 The task of timekeeping

Time has been an elusive concept throughout the history of science. In classical physics, as well

as in quantum theory time appears as a parameter of the respective dynamical equations. While

the same is true for the theory of relativity, the paradigm shift that followed the advent of the

theory of relativity, i.e. operationalism [36] gave rise to an operationally-motivated definition of

time: Time is what clocks measure. Such a definition, of course, by itself, does not yet answer

any fundamental questions about the nature of time, but rather allows us to move away from

an axiomatic definition that does not allow for any conceptually new insights about time from

physical principles, to one that can be defined in terms of a task, i.e. the task of time keeping,

thus giving us (in principle) the possibility to draw fundamental conclusions based on practical

observations and limitations.

Rather than asking what time is, we can now frame the question as a relational one: How

well can an agent tell the time by probing a specific physical system and what must this system

look like in order to make a good clock? This in turn gives rise to questions regarding the

quantification of the performance of clocks, as well as the fundamental limitations that clocks

are faced with.

In order to analyse these questions we focus on the analysis of autonomous clocks, i.e. we
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assume that clocks are physical systems that output temporal information spontaneously by

themselves without the need for an agent to actively intervene, thus providing a temporal ref-

erence. As such they don’t allow for any external control, i.e. their dynamics are generated by

time-independent and energy-conserving Hamiltonians. It might seem like a weirdly specific

choice to focus on such a specialised notion of clocks when trying to derive general statements

about the limitations of clocks. However, the assumption of autonomy is hardly a specific

assumption. In fact, any non-autonomous description of a clock hides resources that might

require themselves temporal information to be prepared, thus presupposing another clock. A

thermodynamically consistent description thus must render any clock, at heart, autonomous.

By focusing our analysis on autonomous clocks we ensure fair bookkeeping of all resources,

which is a prerequisite for the derivation of truly fundamental limitations. Note that current

atomic clocks are usually far from autonomous, as they rely on feedback mechanisms, require

power input and are subject to losses, non of which can be fully accounted for by their analy-

sis7. However, the limitations we will arrive at qualitatively apply to any clock, including such

clocks. Due to highly challenging experimental constraints, the regime in which current clocks

operate is far from reaching the fundamental bounds derived here. Our work should thus be

considered of foundational interest rather than being targeted at direct applicability. To avoid

a common misconception it should furthermore be noted that autonomous clocks by defini-

tion exclude stop-watches, i.e. physical systems that require an agent to interact with them on

two given points in time to “start” and “stop” them in order to extract information about the

time that has passed in between these two instances. Such clocks are incapable of providing a

temporal reference.

Keeping track of the passage of time presupposes that it is possible to tell the difference

between future and past and thus to associate a preferred direction to the passage of time, also

known as the arrow of time [38–41]. However, the parameter t that appears in the equations of

motion does not allow for the distinction between forwards- and backwards-flowing time, it fea-

tures time-reversal symmetry. This symmetry can only be broken by introducing irreversibility

into the dynamics, which comes with an inevitable entropy production. We therefore conceptu-

alise clocks not only as physical systems that undergo some periodic evolution, but we include

the irreversible nature of temporal information as a necessary part of the description of any

clock. To cultivate some intuition on why this must be the case, let us look at a commonly-

made, albeit non-autonomous counter example: Consider a pendulum which evolves according

7Note that such an analysis usually is of little interest in these settings in the first place, with few exceptions

(e.g. [37]), as it is practically impossible to keep track of all the sources of control, and because the focus lies on

optimisation of frequency stabilisation rather than the analysis of fundamental limitations.
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to classical mechanics, and thus is only subject to reversible dynamics. By observing the pen-

dulum it is possible to gain temporal information by counting one unit of time, or one “tick”,

whenever it reaches its maximum height. Thus it seems like reversible systems can just as

well serve as clocks, and there is no need for irreversible processes. There are, however, two

hidden sources of irreversibility in this example, one coming from the process of observing the

pendulum, and the other coming thermodynamic cost associated with driving the pendulum.

The process of observing the pendulum, i.e. the process of measurement, in itself is neces-

sarily irreversible. In this example, measuring the position of the pendulum requires an agent

to shine light onto the pendulum such that the reflected photons could be measured by some

kind of photon detector which transmits the acquired information to an agent. The process by

which this information becomes accessible to the agent is, as I discuss in Chapter II, intricately

connected to the process of equilibration and is thus necessarily irreversible. Any system that

undergoes some periodic evolution while producing an output of some sort, meaning that en-

ergy, and more importantly, information escapes the system in some way, will eventually come

to a halt if no further energy is supplied. It equilibrates with its environment, coming to a state

where no further non-trivial dynamics exist [39]. The same is the case for the pendulum. While

theoretically one could think of a frictionless mounted pendulum in perfect vacuum that should

theoretically swing forever, the principal possibility of observing the pendulum, that is, e.g. the

existence of photons that are reflected from it, will introduce friction and thus eventually drain

all kinetic energy from the pendulum. Whether these photons are then measured or not makes

no difference in this8, which is why it can be seen as the second source of irreversibility. While

keeping the first source of irreversibility in mind, in Chapter III we focus on the limitations that

are imposed on clocks due to the second one.

Knowing that any irreversible process inevitably has to produce entropy, we can formulate

the task of timekeeping in terms of a thermodynamic process that utilises an out-of-equilibrium

resource by explicitly modelling clocks as quantum thermal machines. Akin to the spirit of

Carnot’s bound, this allows us to derive fundamental limitations that, in principle, should apply

to any timekeeping device.

As any entropy-producing process is fundamentally subject to fluctuations [42–44], the time

signal produced by clocks is subject to these same fluctuations. To characterise them we use

the notion of Accuracy, a quantity akin to the well-studied Alan variance [45–47], with the

difference that it is not subject to drifts. In essence it quantifies the (in)stability of clocks due

8The information about the pendulum that the photons carry into the universe after they interacted with it

might eventually become so diluted that it does not allow for any conclusions about the pendulum anymore, thus

not constituting a measurement as defined in Chapter II.
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to these fundamental fluctuations. At the same time, the evolution of any quantum system is

subject to the so called quantum speed limits (QSL), which bound from below the time it takes

for a system to change from one state to another, due to properties of the Hamiltonian that

governs this change [48–50]. Assuming that clocks adhere to quantum physics, this suggests

that they can provide temporal information only at a finite rate. In other words, they cannot

“tick” with infinite frequency, prompting us to define a second quantity to characterise the

performance of clocks called Resolution. This quantity relates to the number of “ticks” a clock

can produce per second9.

While the rate of entropy production is intricately related to the performance of clocks [39,

40, 52], it is not the only factor that constrains their performance. In Section III.1 of we analyse

the role of control and complexity for the performance of clocks. Starting from the premise that

any clock must feature an irreversible process as outlined above, we explicitly model clocks as

thermal machines that utilise a heat flow from a hot bath to a cold bath in order to produce ticks,

which allows for precise bookkeeping of all resources. In a first conceptual step we formalise

the task of timekeeping as a combination of two stages that any precise clock has to feature:

An irreversible process as mentioned above, which is necessary to keep track of the passage

of time, and an internal clockwork which acts as a filter for the irreversible process, mitigating

the fluctuations associated to the irreversible process and thus temporally concentrating the

probability of individual ticks. We call this Temporal Probability Concentration (TPC). By

performing this conceptual split we are able to analyse the microscopic structure of clocks and

relate clock performance back to the complexity of the microscopic structure of the clock and

thus to the structural control an agent can exert. To that end we explicitly model the clockwork

as a quantum thermal machine [53] that drives a target system, in our case a d-dimensional

quantum system (qudit) we call a “ladder”, to its maximally excited state. We assume that

this state is unstable and coupled to a photon field such that it has a chance of spontaneously

emitting a photon. This photon can then be measured and registered as a tick. The task of the

clockwork in this setting is to prepare the ladder in its unstable state such that the probability for

it being in that state is temporally concentrated to a narrow time window. With the premise that

an ideal clockwork should in principle be capable of concentrating this probability arbitrarily

well10, meaning that it should be capable of approximating a infinitely sharp peak of top level

9Here we compare to Schrödinger time, i.e. the parameter t that appears in the Schrödinger equation. Note,

however, that resolution can also be defined relative to another clock, thus avoiding the definition of a background

time [51]
10A premise which has been refined since the conception of this work, see [4]
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population around one point in time and zero probability everywhere else, i.e.

Ptop(t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1, if t = t0

0, otherwise
, (I.1)

we set out to explicitly construct such a clockwork. The expectation that a thermal machine can

achieve such a task perfectly might seem implausible, as it is itself fundamentally stochastic

in nature. However, we show that it is possible to explicitly construct an ideal clockwork by

assuming a high degree of complexity of the micro structure of the clockwork. In fact, we

derive an analytical expression that allows us to directly relate a notion of complexity11 to the

degree to which we are able to achieve TPC. In essence, this informs us that the “better” we

want TPC to be, i.e. the closer we want it to resemble Eq. I.1, the higher must be the dimension

of the Hilbert space that the interaction Hamiltonian acts upon in a fine tuned way. A clear

quantifier of complexity has yet to be found, and this is a question we discuss in more detail

in Chapter IV, which is why the connection we establish here must be viewed as a qualitative

one. With such a clockwork at hand we numerically investigate the effect of TPC on accuracy

and resolution and relate it to the complexity of the clockwork. Doing this we are able to

draw three major conclusions12: First, based on the assumption that there is a minimal time

scale 1
c at which irreversible processes can occur in actual physical systems, which highly

depend on the physical systems under consideration, we show that no matter how well we

can achieve TPC, ultimately the combination of accuracy and resolution is subject to an upper

bound based on this timescale. Second, we find that TPC allows us to establish a connection

between accuracy and resolution, that is, there exists a trade-off relation between those two

quantities. In particular this means that increasing the TPC, which necessitates an increase in

clockwork complexity, allows us to achieve higher accuracy at the cost of resolution. Third,

we recover the known relation between entropy production and accuracy, telling us that the

achievable accuracy is determined by the entropy dissipated. In particular we find that for a

given timescale at which the irreversible event happens there exists a linear regime such that

N ∝ ∆S – a feature which seems universal in classical quantum clocks [37, 54, 55] – and

establish a numerical relation to the complexity of the clockwork, which qualitatively suggests

that increasing the accuracy comes at an increased entropy dissipation as well as requiring

increased complexity of the clockwork.

11Namely the number of minimal thermal machines that the clockwork comprises. This is of course only a

proxy for complexity. For an in depth discussion of complexity see Chapter IV
12Albeit assuming no back action between the environment and the ladder, which unfortunately is implicit in

the paper, an oversight which we corrected in [4].
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Having this framework at hand we then turn our attention away from the microscopic details

of the clockwork and focus on the question of ultimate fundamental limitations of timekeeping

and ask: Are there fundamental limitations to time keeping independent of the specific physical

system that acts as a clock? In Section III.2 we conduct a detailed analysis of the trade-off

relation between accuracy and resolution in general, that is, not focusing on any particular

physical regime, or on thermodynamic consistency. We thus leave the paradigm of autonomous

clocks behind us and focus purely on the temporal signal, i.e. the ticks produced by clocks and

the probability distributions associated to them. The premise of this work builds upon the main

conceptual insight of [1], that is that any clock fundamentally can be split into an irreversible

process and TPC. Within this framework we model the irreversible process as an exponential

decay process with characteristic timescale 1
Γ , as it is the only time-continuous process that is

memoryless. At the same time we put no physical constraints on our ability to perform TPC,

thus giving up on exact bookkeeping in order to determine whether there exists an optimal TPC

that must bound all other processes13.

In order to determine bounds on the trade-off between accuracy N and resolution ν we first

ask about the possibility of utilising the statistics of many ticks in order to increase one of these

quantities. For this we assume no TPC, that is, we assume that the ticks are generated solely

according to an exponentially decaying function with rate Γ. By averaging over many ticks we

show that it is possible to increase the accuracy at the cost of resolution, such that the accuracy

is inversely proportional to the resolution with a proportionality factor of Γ, i.e. N = Γ
ν . In terms

of control, this can be seen as one extreme, that is, having no control whatsoever. Comparing

this scenario to the other extreme, i.e. that of, say, unbounded control, is what constitutes the

main result of this work. We show that the optimal trade-off relation between accuracy and

resolution is given by N = Γ2

ν2 . However, in order to achieve such a trade-off relation one is

required to have a perfect clock to begin with, as it can only be achieved by the TPC in the

form of a step function, i.e. activating the decay process exactly at one point in time. Such a

TPC would therefore require an unbounded amount of control and is therefore practically not

achievable, but only approachable.

From a thermodynamic perspective this result is particularly interesting as it shows another

difference between post-processing and TPC. In order to achieve an accuracy that is M -fold

higher, post-processing will lead to an M -fold decrease in resolution. At the same time, the

irreversible events producing the ticks still happen at the original rate. The thermodynamic cost

13Again, assuming a memoryless irreversible process that produces the ticks. This constraint might be lifted in

future work.
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per tick thus has to increase M -fold as well. On the other side, performing TPC trades those

two quantities without “consuming ticks”, it simply increases the accuracy of each irreversible

event while decreasing the rate at which these events happen, making it thermodynamically

less expensive.

In Chapter III we develop these ideas in more depth and provide detailed analysis and

derviations of all the mentioned results, in particular we discuss control and complexity aspects

of timekeeping in Section III.1 fundamental trade-off limitations for accuracy and resolution

in Section III.2.

I.3 The task of ground-state cooling

As outlined in the introduction, thermodynamics can be seen as a theory about control. But

what exactly do we mean by control, and how can we quantify the degree of control we have

over a system? One way of approaching this question is to take an operational approach. Given

a limited amount of resources we can ask about the exact operations that allow us to achieve a

specific task to a certain degree. Defining a general notion of control is notoriously hard, but

considering it in the context of specific tasks makes it easier to understand and more tractable.

However, specialisation usually comes at the price of generality.

In order to gain as much general understanding as possible about the notions of control an

complexity we therefore have to choose a task that is “maximally useful”. From a resource-

theoretic perspective, achieving certain tasks can be regarded as more valuable than others.

For instance, the resource theory of athermality [56] tells us which states can be reached from

a given initial state by using only free resources, such as thermal states that require minimal

control and information to prepare [57], and by only performing energy-conserving opera-

tions (albeit arbitrarily well-controlled ones). While the ability to convert between states is

influenced by their specific properties, as demonstrated by the use of majorisation and thermo-

majorisation, which do not follow a strict ordering, limiting the states to thermal states creates

a one-parameter family that does follow a partial order. Furthermore, the state at the top of

this order, which can be converted to all other states using thermal operations, is the zero-

temperature state, making it a particularly valuable resource. Accessibility to the such a state

or an approximation of it is highly valuable for a range of quantum technologies [58–64], as

well as a prerequisite for the fundamental achievability of tasks such as precise timekeeping [1,

52] and ideal measurement [35]. Therefore, to gain a comprehensive understanding of the role

of control in a specific task with as much generality as possible, it is beneficial to examine the
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exemplary case of cooling to the ground state or zero temperature.

In his formulation of the third law of thermodynamics, Walter Nernst showed that it is,

in principle, impossible to attain zero temperature. He argues that the the entropy of the sys-

tem asymptotically approaches a constant as the system approaches the ground state [65], thus

making it practically impossible to reach zero temperature. However, this suggests that it is

possible to approach the ground-state at the cost of some diverging quantity14. To see this we

can look at the simple example of a qubit which is to be cooled. Say that the qubit is ini-

tially in a thermal state at the temperature of its environment. Performing a swap operation

between the system and two energy levels of the environment with an energy gap that is much

larger than that of the qubit (and which is in a thermal state since we have minimal knowledge

about it), results in a final state of the system that is colder than before, as the thermal distri-

bution prescribes a decrease of population exponential in the energy eigenvalue. As the energy

gap of the environment gets larger the final temperature of the system approaches zero, thus

asymptotically allowing for ground-state cooling. However, performing such an operation is

not energy-conserving. In order to actually reach the ground state one would have to invest a

diverging amount of energy in order to perform this swap.

Interestingly, there is a somewhat different perspective on the problem of ground-state cool-

ing that originated in the work of Rolf Landauer. As mentioned previously, Landauer’s princi-

ple establishes a thermodynamically motivated connection between physical systems and their

information content by introducing a bound on the minimal amount of energy dissipation in or-

der to erase one bit of information, given by kBT ln(2). While its original derivation makes use

of the second law of thermodynamics, this principle also bears an intricate relation to the third

law of thermodynamics. If applied to microscopic systems, erasing information, i.e. reducing

the rank of a system to 1, is unitarily equivalent to ground-state cooling. What this tells us is

that it could in principle be possible to cool a system to the ground state by only expending a

finite amount of energy, leading to an apparent contradiction with Nernst’s principle. However,

explicit examination of the protocols that implement Landauer erasure shows that such proto-

cols, in fact, would take an infinite amount of time to complete. This uncovers the time as the

quantity that becomes unbounded in this scenario.

However, this raises a follow-up question: Is it possible to develop a protocol that can ac-

complish this task within a limited amount of time and with limited energy dissipation? In

Chapter IV, we demonstrate that this question can be answered affirmatively, and provide con-

14I explicitly refrain from calling it resource here, as it could be confused with the resource-theoretic notion.

As the reader will see later, defining what exactly should count as a resource (beyond resourcetheory) might still

prove useful.
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crete protocols that are capable of doing so. Once again, we find ourselves in the seemingly

paradoxical situation of being able to achieve ground state cooling without any divergent quan-

tity. To understand how this is possible and how this paradox can be resolved, consider the set

of operations Uk = e−iHktkk = 1, ...,N that make up the Landauer erasure protocol. Consecutive

application of an infinite number of these operations allows for ground state cooling (with the

addition of rethermalisation steps of the helper systems between each step, as detailed in Sec-

tion IV.1). Alternatively, this concatenation of operations can be written as a single operation

Utot = limN→∞∏N
k=1Uk = e−iHtotttot , which can be implemented in finite time ttot, allowing for

ground-state cooling in finite time and with finite energy. The key to the resolution of this lies

in Htot. While each individual Hk in the Landauer protocol may be of relatively simple form,

creating the same result with a single combined Hamiltonian constitutes a highly complex op-

eration, in fact it requires divergence of a quantity we call control complexity. This brings us

to one of the primary outcomes of this research, the characterisation of control complexity as a

quantity that (a) aligns with our intuitive understanding of complexity as “hard to implement”,

and (b) adheres to the third law of thermodynamics, meaning that its divergence is essential for

reaching the ground state (with finite time and energy dissipation).

We analyse this question in two distinct paradigms: The coherent paradigm and the inco-

herent paradigm. The setup for both of them consists of a system and a machine which interacts

with the system, both of which are initially in a thermal state at the temperature of the envi-

ronment. After each interaction the machine is decoupled from the system and rethermalises,

such that it is reset to the initial state before again interacting with the system. We call these

two steps the interaction step and the rethermalisation step. The key difference between the

coherent paradigm and the incoherent paradigm lies in the way energy is made available for

operations to be performed. In the coherent paradigm energy is provided by a work source,

thus allowing for arbitrary global unitary operations on the system and the machine, which im-

plicitly assumes access to a coherent energy source in the form of a quantum battery [66–69].

The incoherent paradigm constitutes the minimal control scenario. Here the only operation

that is allowed is to activate an interaction for a certain amount of time. Therefore, the only

control that is necessary is temporal control15. As this excludes any external work source, the

interactions implemented this way are required to be energy-conserving. The machine must

consist of two parts in this setting, one at thermal equilibrium with the environment and one

at a higher temperature in thermal equilibrium with a hot bath, as thermal operations need to

utilise the heat flow from the hot bath to the cold bath in order to perform any non-trivial op-

15Which comes with its own costs in terms of complexity and control, see Chapter III
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erations. It should be noted that this paradigm, as opposed to the coherent one, constitutes a

thermodynamically consistent framework in which all resources are precisely monitored and

accounted for of. Thus it is the paradigm which allows us to draw fundamental conclusions

about the achievability of ground-state cooling for given diverging quantities.

This brings us to the main results of this work. Before we can look at any of the actual

cooling results we must determine question of how to quantify complexity. While on the one

side the goal here is to recover the third law of thermodynamics – that is the necessity of diver-

gence this quantity in order to cool to the ground state in finite time and at finite energy cost –

on the other side we also want this quantity to represent our intuitive notion of complexity as

“being hard to implement”. With the achievability of ground-state cooling in mind we find that

the notion of complexity splits into two separate parts, each of which are required to diverge

to achieve zero temperature: Structural Complexity and Control Complexity. Structural Com-

plexity refers to the structure of the machine that is being used to cool the system. In itself it

refers to two factors that play into the achievability of ground state cooling. The first represents

a necessary condition for ground-state cooling, namely that the maximal energy gap of the ma-

chine diverges, and the second represents a necessary condition for achieving it at finite energy

cost, namely that the machine must be infinite-dimensional. Given a machine that fulfills these

requirements we turn our attention to requirements on the control of the machine. We find

that ground-state cooling (for finite time and energy) can only be achieved if the unitary that

implements the cooling protocol acts non-trivially on an infinite dimensional subspace of the

Hilbert space of the machine. As a consequence its effective dimension, which is defined as

deff = mindim(A))s.t.USM = UA ⊕ 1¬A, must diverge16. Therefore, the effective dimension,

while serving as an proxy of Control Complexity, is not a comprehensive measure of it. This

becomes evident as we present explicit cases where its divergence does not equate to successful

ground-state cooling.

With this proxy quantity identified our main results separate into the mentioned paradigms.

In a first step we derive explicit protocols in the coherent paradigm that show the achievabil-

ity of ground state cooling both for discrete and continuous variables for all cases where one

quantity (energy, time or complexity) diverges while the others stay finite and minimal. In

particular we show that it is possible to cool with diverging complexity in a single time step

at the cost of the Landauer bound. Conversely we also show that if one of the other quantities

diverges, ground-state cooling can be achieved with finite complexity. However, in the case of

16Intuitively the effective dimension tells us, for a sufficiently large machine dimension, how much of the

machine takes part in the interaction [3]
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continuous variables, e.g. where the system is modeled as a harmonic oscillator, the effective

dimension in fact might diverge for operations that are easy to implement, such as Gaussian

operations. In these cases we explicitly show that the protocols can be implemented with only

Gaussian operations if time or energy diverge. In the case of diverging time we are able to

show that non-Gaussian operations of effective dimension 1 also allow for ground state cooling

at finite energy costs that are bigger than the Landauer bound. For an overview of this see Table

I in Chapter IV. This prompts us to think of an alternative, more general notion of complexity

that can incorporate more potential scenarios. In fact, a notion that applies universally to all our

settings and fulfills the required criteria is the energy gap variety, which in essence quantifies

the number of distinct energy gaps of the machine in a given energy interval. We find that

the unitaries that achieve ground-state cooling at finite time and energy in any setting have to

couple the system to an infinite variety of energy gaps that densely cover the range from the

smallest energy gap of the machine ω0 to infinity [ω0,∞). This suggests energy gap variety as

the best candidate for the notion of control complexity.

However, the coherent paradigm presupposes access to a coherent energy source, thus po-

tentially hiding resources that are required to prepare such a energy source, which makes it

more difficult to draw fundamental conclusions about the notion of control complexity. Apply-

ing the same analysis to the Incoherent Paradigm we find that this assumption in fact drastically

influences our understand of which resources are sufficient for ground-state cooling. In partic-

ular we find that perfect cooling, while still achievable for diverging time and complexity, no

longer can be achieved alone by letting the energy diverge. Furthermore, in the case of time or

complexity diverging Landauer’s bound is no longer achievable in this paradigm. Instead we

are required to incorporate the efficiency of the machine into the picture, leading to a minimal

energy that needs to be drawn from the hot bath given by a bound we ”name” the Carnot-

Landauer bound

∆F
(β)S + η∆EH ≤ 0, (I.2)

where ∆F
(β)S is the change in free energy of the system, ∆EH the energy change in the hot part

of the machine and η = 1 − βH
β

the Carnot efficiency of the machine.

While this shows that the incoherent and coherent settings are clearly different paradigms

which are hard to compare, it also emphasises the importance of investigating the role that con-

trol plays for the achievability of thermodynamic tasks by using thermodynamically consistent

analysis.
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I.4 The emergence of measurements

Of all the postulates of quantum mechanics, the measurement postulate certainly is the most

contentious. As mentioned previously, it stands in contradiction with quantum evolution given

by the Schrödinger equation as well as the laws of thermodynamics. While it is a useful tool

to derive probabilities, it cannot be taken at face value. It must be seen as a simplification of

underlying processes that give rise to measurements. A thermodynamically consistent account

of measurements thus requires explicit modelling and detailed analysis of these processes.

One of the first attempts to develop an explicit model of measurements was made as early as

1932 by John von Neumann, resulting in the well known von Neumann measurement scheme

[70]. In it, measurements are modelled explicitly by letting a system interact with a probe that

acts as a classical pointer which can be read out to reveal the measurement outcome. This

measurement model later gave rise to the so called “standard measurement interactions” given

by an interaction Hamiltonian of the form H =XS⊗Y , where XS acts on the system and Y on

the pointer. However, how exactly information is read out from the pointer, i.e. how observers

themselves gain information about the system, remained an open problem. With the advent of

decoherence theory [71, 72] and the subsequent development of Quantum Darwinism [73–75]

this problem was confronted explicitly for the first time.

While decoherence theory focuses on properties of the system subject to interactions with

the environment, Quantum Darwinism takes a somewhat opposite approach by focusing on the

information about the system that is stored in the environment through these interactions and

the accessibility of this information. In particular according to QD, for information about a

system to be classically accessible, it must be redundantly encoded in the environment. Infor-

mation encoded this way can be called objective, meaning that it can be accessed by multiple

observers that have access to different parts of the environment such that they come to the same

conclusions about the system without perturbing each others information about the system, it

can be called objective [76].

As known from Landauer and Bennett, information cannot exist on its own, it needs to be

stored in physical systems, in this case, quantum states. The existence of objective information

thus must be reflected in a corresponding property of these quantum systems. When combined

with the requirement of Strong Independence, which states that different parts of the environ-

ment should be uncorrelated except via their correlations with the system, it can be shown to

be equivalent to a specific state structure known as the Spectrum Broadcast Structure (SBS)

[76–78].

Although Quantum Darwinism and von-Neumann-type measurement schemes both seem
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to tackle the same question, namely to explicitly model measurements, they, in fact, focus on

different parts of this process. To understand this we can split the process of measurement

into two parts: Pre-Measurement and Objectification. On one side, Pre-Measurement refers to

highly controlled interactions of different degrees of freedom, for example system and pointer,

similar to the model of von Neumann measurements. As a practical example one could think

of a Stern-Gerlach apparatus where the interaction between spin (i.e. system) and momentum

(i.e. pointer) degrees of freedom induced by the magnetic gradient creates correlations between

these degrees of freedom. As mentioned before, however, this part alone does not fully describe

the measurement process as it does not yet allow for objective information. On the other side

objectification refers to the process by which the information in the pointer becomes classical,

i.e. by which this information becomes accessible to observers. In the Stern-Gerlach example,

this part of the measurement takes place when the particle hits the screen. Assuming e.g. that

the screen is an Avalanche Photon Detector (APD), when a particle hits it this triggers a chain

reaction eventually resulting in a macroscopic current of electrons in a wire that eventually

signals to a computer screen that something has been detected, which then can be displayed

such that the information is objectively available.

In contrast to Pre-Measurement, objectification must be seen as a process over which we

have very little control, as it includes too many degrees of freedom to realistically have control

over. In fact, the only control we can exert over this part of the measurement process is in

form of the preparation of the initial conditions. An APD for example must be driven out

of equilibrium into a metastable state to work, thus setting the initial conditions for the chain

reaction to occur, while detailed control over every individual electron is of course far from

achievable.

Knowing from thermodynamics that freely-evolving systems tend towards states of higher

entropy, thus equilibrating, this lack of control suggests that objectivity, in fact, is the result of a

spontaneous, entropy increasing process. This perspective prompts us to formulate a hypothesis

we call the Measurement-Equilibration Hypothesis, stating that any measurement must feature

an entropy-increasing process towards an equilibrium state.

From a unitary quantum mechanics standpoint, it may seem strange to reject the measure-

ment update rule due to its irreversible nature and then introduce a notion of measurement

that requires another irreversible process. At first glance, it appears that quantum mechan-

ics is incompatible with thermodynamics. While thermodynamics predicts that the entropy of

the universe as a whole increases monotonically, the unitary dynamics of quantum mechanics

keeps the entropy of the universe constant. This apparent contradiction led to the development
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of the field of closed-system equilibration, a sub-field of quantum thermodynamics [17–19],

within which this problem has been approached from multiple angles. These approaches can

be broadly divided into two groups: kinematic approaches [79, 80], which make probabilistic

arguments about the state space related to the typicality of states in sub-spaces of this space,

and dynamical approaches, which have brought forth two equivalent solutions by constraining

the set of observables [33, 79], either through locality constraints or precision constraints17 [81,

82]. As our goal is to explicitly model measurements, that is, the process by which informa-

tion becomes objective, dynamical models of equilibration provide us with the tools that are

necessary to develop a first framework for this.

In Chapter II, we develop a framework for modelling measurements that focuses on the

objectification aspect of measurements which operates under the premise of limited control,

thereby invoking the Measurement-Equilibration Hypothesis. As was mentioned above, it is

possible to identify a state structure that implies objectivity, i.e. Spectrum Broadcast Struc-

ture. This allows us to formalise the Measurement-Equilibration Hypothesis in the following

way: Given an arbitrary system and environment,initially uncorrelated with each other, mea-

surement occurs when the total system-environment state has come to an equilibrium state that

is approximately of Spectrum Broadcast Structure.

To thoroughly examine the circumstances in which equilibrium is achieved, we will utilize a

method of dynamic equilibration known as equilibration on average. Essentially, this approach

recognises that it is not possible for a system to unitarily evolve into a time-independent equi-

librium state unless it was initially in one. Instead, in order for a system to be in equilibrium

it must spend the vast majority of its time in a state that is almost indistinguishable from some

time-independent state. The emergence of such an indistinguishability is coupled to certain re-

quirements on the initial state, the Hamiltonian, and the operators employed to distinguish the

states: Given a non-degenerate, time-independent Hamiltonian H such that the time-evolved

state of a system is given by ρ(t) = e−iHtρ(0)eiHt, and an operator O with operator norm ∣∣O∣∣,
the following holds:

⟨∣tr(ρ(t)O) − tr(ωO)∣2⟩∞ ≤ ∣∣O∣∣
deff

, (I.3)

where deff = 1∑j(pj)2 is the effective dimension of the initial state and pj are the diagonal entries

of the initial state with respect to the energy eigenbasis [33]. Large effective dimension of the

initial state compared to the operator norm of O 18, implies that the observable O does not allow

17This distinction resembles the idea of different types of control mentioned in the introduction, such as tempo-

ral and structural control.
18which essentially also means that state explores a large part of the state space over time. This is typically the
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for a distinction between the equilibrium state and the evolving state for most points in time,

thus making it indistinguishable from the equilibrium state for all practical purposes. Similar

results have also been derived for sub-systems, and in terms of the trace distance [32]. With

this methodology in mind we investigate the circumstances that have to be fulfilled such that

system and environment equilibrate towards states that resemble Spectrum Broadcast Structure

and thus exhibit objective properties. In particular, we are able to constrain the form of interac-

tions which are capable of producing equilibrium states and show that, while it is in principle

impossible to achieve Spectrum Broadcast Structure exactly, it is possible to approximate it via

coarse-graining, i.e. by considering increasingly macroscopic observers.

This allows us to arrive at three main results. Starting with a weaker requirement on post-

measurement states, being that the initial system-environment state equilibrates to a “classical-

quantum state” [83] given by ρ = ∑dS
i=1 pi ∣i⟩⟨i∣S ⊗ ρ

(i)
E rather than an objective state, we first

show that the form of interaction necessary to achieve this is given by H = ∑i ∣i⟩⟨i∣ ⊗ H
(i)
E ,

where H
(i)
E is some Hermitian matrix acting on the environment. Note that, for any other

form of interaction, “classical-quantum states” cannot be achieved, which implies that SBS

cannot be achieved either as a result of equilibration. Furthermore we show that there exists

no Hamiltonian that equilibrates to SBS exactly. For this, note that exact SBS requires the

environment to unambiguously encode information about the system, which in turn implies

zero overlap between states of the environment that encode different outcomes of the system,

i.e. zero overlap between ρ
(i)
E and ρ

(j)
E for i ≠ j. By placing a lower bound on the fidelity

between these states we are able to show that there exists no Hamiltonian that equilibrates to

such a state exactly.

The standard measurement Hamiltonian, i.e. a Hamiltonian of the form H = XS ⊗ Y , was

shown to yield SBS under the assumption of precise temporal control [77, 84]. As mentioned,

this Hamiltonian has found broad application throughout the literature as an interaction used to

model measurements [85]. However, we show that the equilibrium states achievable by such

Hamiltonians must be of the form ρ∞ = ρS⊗ρE , meaning that they don’t feature any correlations

between environment and system. Such states cannot approximate objective states.

Finally, to understand how well equilibration can approximate SBS we construct a toy

model for measurements by assuming a star-shaped interaction Hamiltonian of the form H =

∑i ∣i⟩⟨i∣⊗N
k=1 ckH(i)k , which can be seen as a coupling of the system and the k-th environment

with coupling strength ck. Such an interaction yields an equilibrium state that is given by

ρ∞ = ∑i ∣i⟩⟨i∣⊗N
k=1 ρ(i)k . By grouping environment systems together into “macro-environments”

case in realistic scenarios [79]
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Nq, such that ρq = ⊗k∈Nq
ρik we show that the equilibrium states of such interactions ex-

ponentially tend towards objective states in the number of micro-environments per macro-

environment. This provides an example of the emergence of Spectrum Broadcast Structure

as a result of equilibration, proving that such states can in principle be achieved in this way.

The requirement for coarse-graining combined with the Measurement-Equilibration Hypothe-

sis highlights the role of the aforementioned notions of temporal control and structural control

in this context. That is, observers are naturally constrained with respect to both of these kinds

of control, which is what allows them to come to objective results in the first place.

This work should be seen as a first step towards such a model rather than a complete model

for measurements. It provides the framework within which we can continue to develop our

understanding of what constitutes a measurement. In Chapter II detailed analysis of the above

results can be found.



Chapter II

Measurements and the emergence of

Objectivity

II.1 Quantum measurements and equilibration: the emer-

gence of objective reality via entropy maximisation

II.1.1 Contribution

I contributed significantly to the conception of the general theoretic framework of this research

project. I was involved in the conception of all theorems and the calculation of all mathemat-

ical proofs thereof. In particular, I derived the proofs given in Appendix B and and D and

contributed to the proof in Appendix C. I wrote the first draft of the main text of the manuscript

and took part in its revisions. I designed Figure 1.
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Textbook quantum physics features two types of dynamics, reversible unitary dynamics and ir-
reversible measurements. The latter stands in conflict with the laws of thermodynamics and has
evoked debate on what actually constitutes a measurement. With the help of modern quantum sta-
tistical mechanics, we take the first step in formalising the hypothesis that quantum measurements
are instead driven by the natural tendency of closed systems to maximize entropy, a notion that
we call the Measurement-Equilibration Hypothesis. In this paradigm, we investigate how objective
measurement outcomes can emerge within an purely unitary framework, and find that: (i) the inter-
actions used in standard measurement models fail to spontaneously feature emergent objectivity and
(ii) while ideal projective measurements are impossible, we can (for a given form of Hamiltonian)
approximate them exponentially well as we collect more physical systems together into an “observer”
system. We thus lay the groundwork for self-contained models of quantum measurement, proposing
improvements to our simple scheme, such as by including pre-measurements and the phenomenon
of pre-thermalisation.

Introduction.— The mathematical formulation of
quantum theory includes two types of dynamics for a
closed quantum system: unitary evolution, and measure-
ment. The latter is often referred to as a collapse of the
wavefunction, instantaneously updating the state of the
system, and is at the heart of many interpretational dis-
cussions of quantum mechanics (e.g. the “measurement
problem”). For projective measurements, this is an ap-
parent contradiction of the laws of thermodynamics, as it
does not conserve energy, allows for an arbitrary decrease
in entropy [1], and allows for cooling to zero-temperature
with finite resources, in violation of Nernst’s formula-
tion of the 3rd law [2, 3]. In this work, we investigate
a potential resolution to this apparent contradiction by
modelling the process of measurement as the system of
interest and its environment undergoing an equilibration
process, thus being driven by an increase in entropy.

In the widely-used von Neumann measurement
scheme [4], subsequently developed into what is some-
times referred to as the standard model of measure-
ment [5], a carefully-timed interaction correlates the sys-
tem of interest with some probe or pointer system. This
allows, for example, an investigation of the restrictions
placed by quantum theory on incompatible observables.
Quantum Darwinism [6–8] broadens this model to in-
clude the environment, and thus the observer itself, high-
lighting the role of the redundant encoding of information
about the system state in the measurement basis (the
“pointer basis”) into the environment degrees of freedom,
arguably removing the need for an explicit “Heisenberg
cut”. Demanding that this redundancy be such that mul-
tiple observers (i.e. parts of the environment) indepen-
dently agree on the system state, and that the only corre-

lations between them be their shared information about
the system implies that the total state of the system and
observers necessarily exhibits Spectrum Broadcast Struc-
ture [9–12].

The process of measurement, specifically the transfor-
mation from quantum indeterminacy to an objective fact,
is irreversible, and occurs without precise control of all
microscopic degrees of freedom of the system’s environ-
ment. A dynamical model of measurement must there-
fore explain how the system and its environment evolve
spontaneously and irreversibly towards a state struc-
ture exhibiting objectivity. Since spontaneous and irre-
versibile processes in nature are those associated with the
process of equilibration, we hypothesise that any mea-
surement is an entropy-increasing transition towards an
equilibrium state, and refer to this as the Measurement-
Equilibration Hypothesis. The notion that measure-
ments correspond to an increase in entropy has been dis-
cussed at various points since the early years of quantum
theory, e.g. [4, 13–15], but is absent from dynamical mod-
els of measurement. Recent advances in quantum statis-
tical mechanics, specifically in the equilibration of closed
quantum systems [16] allow us to address this absence,
and as a first step in this direction, we seek to determine
the circumstances under which the system and environ-
ment equilibrate to states exhibiting objective properties,
including the Spectrum Broadcast Structure mentioned
above.

In this work, we constrain the form of the interactions
capable of producing such equilibrium states, and show
that while it is impossible to reach this state structure ex-
actly without violating the laws of thermodynamics, one
can approach it exponentially as we increase the marcro-
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scopicity of “observers” for whom the measurement out-
come should be objective. We find that the usual form
of interactions employed in the standard model of mea-
surement in fact does not result in an equilibrium state
exhibiting objectivity, or even any correlations whatso-
ever between the system and its environment.

We begin by revisiting the concepts of objectivity and
Spectrum Broadcast Structure and how they connect, as
well as the role of the time-averaged state in equilibra-
tion phenomena. We then derive our main results and
discuss the consequences of our findings as well as future
directions and open questions.

Equilibration of quantum systems.— To investigate the
conditions under which objectivity emerges as a result of
equilibration, we will employ the notion of equilibration
on average [16], whereby the equilibrium state is given
by the infinite-time average. Given a system evolving as
ρ(t), the infinite-time average is given by

ρ∞ ∶= lim
T→∞

1

T
∫ T

0
ρ(t)dt. (1)

This is the unique state which maximises the von Neu-
mann entropy given all conserved quantities [16, 17]. To
illustrate the sense in which states equilibrate to their
time average, let us review two examples of equilibration
on average.

First, consider a system evolving unitarily via some
time-independent Hamiltonian H, so that ρ(t) =
U(t)ρ(0)U †(t) with U(t) = eiHt, and denote by {pj}j
the diagonal elements of ρ(t) in the eigenbasis of H. The
effective dimension – sometimes called the inverse partic-
ipation ratio – is then defined as deff[ρ(t)] ∶= (∑j p2

j)−1

(note the lack of time-dependence). Assuming that no
two energy gaps of H are equal in magnitude (which
also implies that H is non-degenerate), then the aver-
age squared difference between Tr[ρ(t)O] and Tr[ρ∞O]
is bounded above by ∣∣O∣∣/deff[ρ(t)] for any bounded op-
erator O [18]. As a second example, consider ρ(t) to be
some subsystem of a larger, unitarily evolving system,
i.e. ρ(t) = TrX[U(t)ρ̃(0)U †(t)] for some ρ̃(0) and tensor
factor X, and again assume that no two energy gaps of
H are equal. In this case, the average trace distance be-
tween ρ(t) and TrX[ρ̃∞] is bounded by 1

2

√
d2/deff[ρ̃(t)],

where d is the dimensionality of the Hilbert space to
which ρ(t) belongs [19].

We note three issues for both of these examples to be
considered equilibration. First, both rely on an effec-
tive dimension deff[ρ(t)] being in some sense large. This
quantity measures the number of significantly occupied
energy levels participating in the evolution of ρ(t), and
its typically large size for large systems can be argued
for on both physical and mathematical grounds. Second,
there is the necessity for some finite equilibration time,
and third, the possibility of Poincaré recurrences. All
three of these issues, as well as generalisations beyond

the condition of no equal energy gaps, are addressed in
detail in [16].
Objectivity and quantum states.— Let HS denote the

Hilbert space corresponding to some dS-dimensional sys-
tem of interest, and let {Hk} with k = 1, . . . ,N denote the
Hilbert spaces corresponding to N systems which form
the environment of the system of interest, and which we
will associate with observers, for whom we seek objec-
tivity. Note that we do not a priory impose any criteria
for what is to be considered as an observer. In order for
a fact about the system to be considered objective (and
thus classical), multiple observers must be able to dis-
cover it in such a way that they agree with each other
and that none of them changes the fact through their ob-
servation. As noted above, formalising this notion in the
context of quantum theory [20] and combining it with
the requirement that observers be uncorrelated except
via the system (“strong independence”), is equivalent to
demanding that the state of the system and the observers
exhibits Spectrum Broadcast Structure [10]. A state has
Spectrum Broadcast Structure with respect to a pointer
basis {∣i⟩⟨i∣}, where i = 1, . . . , dS, if it is of the form

ρSBS = dS∑
i=1

pi ∣i⟩⟨i∣S N⊗
k=1

ρ
(i)
k , (2)

where pi is the probability associated with outcome ∣ i ⟩,
and ρ

(i)
k is the state on Hk conditioned on that outcome,

and where ρ
(i)
k ρ

(j)
k = 0 for i ≠ j. As in [21], we will find

it more convenient to express this orthogonality in terms

of the fidelity, namely F (ρ(i)k , ρ
(j)
k ) = 0 for i ≠ j, where

F (σ, ρ) ∶= Tr(√√
σρ

√
σ)2

.

The structure in Eq. (2) thus represents a state where
quantum information has become redundantly encoded,
and through this can be considered classical [22]. Note,
however, that this is only true in the pointer basis, in ac-
cordance with no-cloning theorem [23]. This state struc-
ture holds if and only if the conditions of Quantum Dar-
winism and Strong Independence are met [11]. A pro-
jective measurement can then be understood as a post-
selection performed on the process by which an initially
uncorrelated state between system and observers tends to
a state with Spectrum Broadcast Structure in the mea-
surement basis. Consequently, to say that a projective
measurement has been performed, one must first arrive
at a state structure exhibiting objectivity.
Measurement as an equilibration process.— With this

framework, we can now state precisely what it means
to demand that objectivity emerge as a consequence of
equilibration, and thus the maximization of entropy. To
wit, we assume that system and observers are initially
uncorrelated and seek the conditions under which they
equilibrate to a state of objectivity, specifically when
ρ∞ = ρSBS . Note that this demand does not restrict the

observer states ρ
(i)
k in Eq. (2), beyond the orthogonality
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requirement described above. As above, we denote the
measurement basis on HS by {∣ i ⟩}i, and the outcome
probabilities by {pi}, i.e. pi = ⟨ i ∣ρS,0 ∣ i ⟩, where ρS,0 is
the initial state of the system.

Note that the infinite-time average is a pinching map
with respect to the Hamiltonian generating the evolu-
tion [17], i.e.

ρ∞ = ∑
E

ΠEρ(0)ΠE , (3)

where H = ∑E EΠE is the spectral decomposition of H,
and we therefore have [H,ρ∞] = 0. Consequently, to
equilibrate to a state with a given structure, the Hamil-
tonian must commute with all states of that structure. In
particular, for Spectrum Broadcast Structure, we must
have [H,ρSBS] = 0, which can be interpreted as an ex-
tension of the commutation relation defining the pointer
basis [24] to the observers’ systems. As we discuss be-
low, no such Hamiltonian exists, which precludes exact
equilibration to states with this structure.

Exact projective measurements are impossible.— Let
us first examine a weaker requirement than that of Spec-
trum Broadcast Structure. We write the initial state
ρ(0) = ρS,0 ⊗ ρE,0, where ρE,0 is the state on ⊗Nk=1Hk,
and we demand a “classical-quantum” [25] equilibrium
state between the system and the observers, i.e. ρ∞ =∑dSi=1 pi ∣i⟩⟨i∣S⊗ρ(i)E , where the {ρ(i)E }i are some density ma-

trices on ⊗Nk=1Hk. Such a state may violate the Strong
Independence condition. As shown in Appendix B, this
requirement implies that H takes the form

H = ∑
i

∣i⟩⟨i∣S ⊗H(i)
E , (4)

for some Hermitian matrices {H(i)
E }i on ⊗Nk=1Hk. Note

that Eq. (4) can only be considered as a sum of a free
system Hamiltonian HS and some interaction Hint in the
case where the pointer basis consists of eigenstates of
HS. For measurement in any other basis, it corresponds
to an interaction term alone, necessitating the so-called
measurement limit, often used in dynamical models of
measurement, where free terms in the Hamiltonian are
neglected i.e. H ≈Hint (see e.g. [5]).

When we now demand, in addition to the above, that
the observers’ states unambiguously encode the system

state, i.e. that F (ρ(i)E , ρ
(j)
E ) = 0 for i ≠ j, we find that

this only holds when ρ
(i)
E = 0 ∀i (see Appendix B for

proof). In particular, F (ρ(i)k , ρ
(j)
k ) is bounded below by

1/d2
E , where dE is the dimensionality of ⊗Nk=1Hk. Con-

sequently, it is impossible for an initially uncorrelated
state to equilibriate to a state with the properties listed
above. This precludes equilibration to a state exhibit-
ing objectivity, as defined in [10]. The stronger condi-
tion of Spectrum Broadcast Structure (which combines
objectivity with Strong Independence) is then likewise

impossible. In [1], the authors found that it was pos-
sible to perform an ideal projective measurement given
access to a zero-temperature pointer state, but here we
see that, adopting the Measurement-Equilibration Hy-
pothesis, it is impossible even given access to such a re-

source. That the lower bound of F (ρ(i)k , ρ
(j)
k ) decreases

with dimensionality however, does allow the approxima-
tion of approximate an objective state as the size of the
environment increases, as we will discuss later.
Equilibration and the standard model of measure-

ment.— As discussed above, dynamical models of mea-
surement usually assume a degree of temporal control
such that a particular unitary transformation can be per-
formed on the system and some apparatus/environment,
generated the product of observables acting on the sys-
tem and the apparatus [5]. For example, one such model
was used to investigate the transition to Spectrum Broad-
cast Structure in [21]. In our context, let us denote such
a Hamiltonian by H =XS⊗Y , where XS is any operator
whose eigenbasis is the pointer basis, and where Y is an
observable on ⊗Nk=1Hk. In this case, as shown in Ap-
pendix C, the equilibrium state is given by

ρ∞ = dS∑
i=1

pi ∣i⟩⟨i∣S ⊗ ρE , (5)

for some state ρE on ⊗Nk=1Hk. This highlights the dis-
tinction between the standard model of measurement and
the equilibration paradigm; given temporal control, one
can of course generate the desired correlations between
the system and the observers, but considering a sponta-
neous and uncontrolled process, one finds that on average
there are no correlations whatsoever between the system
and the observers.
Approximating projective measurements.— While ex-

act equilibration to a state with Spectrum Broadcast
Structure is impossible, there remains the question of
how well an equilibrium state can approximate this struc-
ture. We saw earlier that, with increasing dimension
of ⊗Nk=1Hk, one can approach the desired orthogonality
condition required for objectivity (though recall that this
was a weaker condition than Spectrum Broadcast Struc-
ture). In the same vein, we will now see that by collecting
the observers’ systems together into composite systems,
which we call macro-observers, one can approach Spec-
trum Broadcast Structure exponentially as the size of
these macro-observers increases.

As discussed above, equilibration to a state exhibiting
the appropriate statistics in the pointer basis, with no
coherences between different pointer states, and allowing
correlations between the observers and the system in this
basis requires a conditional structure of the Hamiltonian
given in Eq. (4). With the Strong Independence condi-
tion in mind, which demands that the observers should
be uncorrelated except via their correlations with the sys-
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tem, we expand this to consider an interaction of the form

H = ∑
i

∣i⟩⟨i∣S ⊗ N∑
k=1

ckH
(i)
k . (6)

We can see this structure as coupling k to S with cou-
pling strength ck, such that for the system state i,

the action H
(i)
k is performed. Assuming H in Eq. (6)

to be non-degenerate and starting with the state
ρ(0) = ρS,0⊗Nk=1 ρk,0, we arrive at the equilibrium state

ρ∞ = dS∑
i=1

pi ∣i⟩⟨i∣S N⊗
k=1

ρ
(i)
k , (7)

where ρ
(i)
k are obtained from ρk,0 by applying the pinch-

ing map with respect to H
(i)
k . This state has the form

required for Spectrum Broadcast Structure, but it re-
mains to check the orthogonality condition. To that end,

let ∣E(i)
m,k ⟩ denote the eigenvector of H

(i)
k corresponding

to the eigenvalue E
(i)
m,k. We will find it useful to define

the quantity

η
(ij)
k ∶= ∑

m

√⟨E(i)
m,k ∣ρ(i)k ρ

(j)
k ∣E(i)

m,k ⟩. (8)

Figure 1. This is a schematic representation of the condi-
tional Hamiltonian given in Eq. 6. It depicts the interaction
of system HS (in yellow) with individual parts of the environ-
ment Hk (in red). The coupling strength between the system
and each environment is indicated by the dashed lines and
the labels ck. The light-red frames exemplify ways of coarse-
graining the environments into macro-environments Nk.

Now, let M < N denote the number of macro-
observers, and let Nq denote the set of k labels to

be collected together to form a given macro-observer q
(see Fig. 1). We can then write Eq. (7) in terms of

macro-observers as ρ∞ = ∑dSi=1 pi ∣i⟩⟨i∣S⊗Mq=1 ρ̃
(i)
q , where{ρ̃(i)q ∶= ⊗k∈Nq

ρ
(i)
k } are states on ⊗k∈Nq

Hk. As we show
in Appendix D, the fidelity between the conditional states
of the macro-observers satisfies

F (ρ̃(i)q , ρ̃(j)q ) ≤ e−γ(ij)q ∣N(ij)q ∣, (9)

where

γ(ij)q ∶= −2 ln(max
k∈Nq

η
(ij)
k ) ≥ 0, (10)

and ∣N (ij)
q ∣ is proportional to ∣Nq ∣ under certain non

conspiracy assumptions (see Appendix D). Thus as we
increase each ∣Nq ∣, i.e. the the number of degrees of
freedom collected together to form each macro-observer
q, the equilibrium state tends exponentially towards
one with Spectrum Broadcast Structure for the macro-
observers. In other words, as we coarse-grain our view of
observers towards ever-larger collections of microscopic
systems, we tend exponentially towards a state of ob-
jectivity commensurate with the occurrence of a mea-
surement; macroscopic observers will see objective facts
about the system.

Discussion and conclusions.— Quantum measurement
is often described as the ‘collapse of the wavefunction’
when a quantum system makes contact with an observer.
One is then led to the question, what exactly can con-
stitute an observer? [26] The Measurement-Equilibration
Hypothesis allows us to constrain this question, giving
the answer that an observer is whatever system interacts
with the system of interest such that the result equili-
brates to a state that approximates objective state struc-
ture asymptotically. In this paradigm, we have shown
the impossibility of exact projective measurements (in
accordance with known results [1]). However, they can
be approximated exponentially as more and more micro-
scopic systems are incorporated into a given macroscopic
observer. This accords with the intuition that small sys-
tems should not be considered observers [26], but that
larger ones can be.

In the simple version of an equilibriating measurement
presented above, the Strong Independence condition on
the equilibrium state led to the demand that observers
interact via a Hamiltonian with a conditional form, and
surprisingly, that the particular conditional form given
by the standard model of measurement does not satisfy
the most minimal requirement for measurement, namely
correlation of observer and system. More broadly, the
conditional form imposed by Strong Independence does
not resemble the usual forms of interaction found in na-
ture, suggesting that a the model needs to be expanded if
the Measurement-Equilibration Hypothesis is to be em-
ployed in the modelling of real-world experiments.
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In this regard, two immediate generalisations of our
work may suffice. First, one might allow for vanishingly
small correlations violating the Strong Independence con-
dition. It seems likely that the requirement that such
violations be vanishingly small will nonetheless strongly
constrain the form of the interaction. A second, and in
our view more promising generalisation, would be the
inclusion of an initial “pre-measurement” step, whereby
one allows some time-controlled interaction to correlate
an apparatus with the system of interest, whose subse-
quent equilibration with some observers leads to a state
of objectivity between the system of interest and the ob-
servers; in this case the requirement that the system of
interest be undisturbed in the measurement basis would
be less restrictive in the equilibrium step. Indeed many
measurements modelled via projection operators do not
leave the system in an eigenstate corresponding to the
measurement outcome, e.g. photon detection.

Beyond simply improving the model, our work pro-
vides a new thermodynamically consistent framework
for tackling questions regarding the role of the driv-
ing/preparation of measurement apparatuses and the
characterisation of the necessary out-of-equilibrium re-
sources. This is reinforced by the work of [27], showing
that thermal equilibrium and objectivity is often at odds.
Given such investigations, one may go beyond the simple
statement of the Measurement-Equilibration Hypothesis
above, and investigate whether the quality of the mea-
surement depends on the amount of entropy dissipated
in the process. Furthermore, this framework allows us to
analyse the problem of instantaneous measurements [28]
by analysing the limitations of such dissipative processes.

While ours is only the first step towards a thermo-
dynamically self-contained model for quantum measure-
ments, we hope that this will resolve many of the founda-
tional issues that manifest through the apparent inconsis-
tency of text-book postulates of quantum measurements
and thermodynamic laws.
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APPENDICES

Appendix A: Setting and notation

In the following appendices, we prove the results stated in the main text. First, for ease of reference, we recall the
mathematical setting as well as some notation.

We assume a Hilbert space structure given by H = HS⊗HE = HS⊗Nk=1Hk, where we denote the system that is being
measured by the subscript S, the total environment by the subscript E and the observers’ systems which constitute
the environment by k. The Hamiltonian of the system will be denoted by H, and the measurement (i.e. “pointer”)
basis by {∣i⟩⟨i∣}i. The probability of measurement outcome i is then given by

pi ∶= Tr [ρS,0∣i⟩⟨i∣] , (A1)

where ρS,0 is the initial state on HS. The time average of a quantity A(t) is denoted by

⟨A(t)⟩T ∶= 1

T
∫ T

0
A(t)dt.

The equilibrium, i.e. infinite-time average state is therefore given by

ρ∞ = lim
T→∞

1

T
∫ T

0
e−iHtρ(0)eiHtdt.
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For simplicity, when an operator acts non-trivially only on a given tensor factor, we will suppress tensor products
with the identity operator, e.g. writing ⊗j−1

k=1 1k ⊗Hj ⊗⊗Nk′=j+1 1k′ as simply Hj .
We recall the definition of Spectrum Broadcast Structure: a state has this structure with respect to the measurement

basis {∣i⟩⟨i∣}i if it is of the form

ρSBS = dS∑
i=1

pi ∣i⟩⟨i∣S N⊗
k=1

ρ
(i)
k , (A2)

where ρ
(i)
k is the state on Hk conditioned on the state ∣ i ⟩ on HS, and where ρ

(i)
k ρ

(j)
k = 0 for i ≠ j.

Appendix B: The impossibility of ideal projective measurements

In this appendix, we demonstrate the impossibility of performing an exact projective measurement according to the
Measurement Equilibration Hypothesis. In particular, we prove that an initially uncorrelated state cannot equilibrate
to one with Spectrum Broadcast structure; this follows from a stronger result, described in the following. Firstly, we
allow the possibility of initial correlations between the observers’ systems, but not with the system to be measured
i.e. ρ(0) = ρS,0 ⊗ ρE,0, where ρS,0 is the initial state of the system and ρE,0 the initial state of the environment.
Secondly, we demand equilibration to a classical-quantum state [25] with respect to the measurement basis, with the
appropriate probabilities, i.e. a state of the form

ρCQ = ∑
i

pi∣i⟩⟨i∣S ⊗ ρ(i)E (B1)

for some ρ
(i)
E onHE. Thirdly, we demand orthogonality of the conditional states {ρ(i)E }i, i.e. ρ(i)E ρ

(j)
E = 0, or equivalently

F (ρ(i)E , ρ
(j)
E ) = 0, for i ≠ j. These are weaker requirements than for Spectrum Broadcast Structure, as can be seen by

comparing Eqs. (B1) and (A2). Thus when we prove that they cannot be simultaneously satisfied, the impossibility
of equilibration to a state with Spectrum Broadcast Structure follows as a consequence.

The proof proceeds by first constraining the form of the Hamiltonian that would be necessary to equilibrate to a

classical-quantum state, and then showing that the resulting fidelity between the conditional states {ρ(i)E }i is necessarily
non-zero.

B.1. Constraining the Hamiltonian

Recalling that if a system equilibrates on average, it equilibrates to its infinite-time average [16], our first step is to
find which Hamiltonians can give rise to an infinite-time average of the required clasical-quantum form, i.e. Eq. (B1).
Writing the spectral decomposition of the Hamiltonian that we seek as H = ∑nEnΠn, we recall that the infinite-time
average is a pinching map with respect to the Hamiltonian [17]

ρ∞ = ∑
n

Πnρ(0)Πn, (B2)

and thus [ρ∞,H] = 0. Consequently, if ρ∞ = ρCQ, then [ρCQ,H] = 0. We now seek the constraints that this latter
equation imposes on the form of H. Letting {∣λ ⟩} denote an arbitrary basis of HE, where dim(HE) = dE, we can take
the tensor product with the pointer basis on HS to write any Hamiltonian in the form

H = ∑
ijλλ′

Cijλλ′ ∣i⟩⟨j∣ ⊗ ∣λ⟩⟨λ′∣, (B3)

where Cijλλ′ are the matrix elements of H in this basis. Then the commutator gives us

[H,ρCQ] = ∑
l

pl ∑
ijλλ′

Cijλλ′ [∣i⟩⟨j∣ ⊗ ∣λ⟩⟨λ′∣ , ∣l⟩⟨l∣ ⊗ ρ(l)E ]
= ∑

j

pj ∑
iλλ′

(Cijλλ′ ∣i⟩⟨j∣ ⊗ ∣λ⟩⟨λ′∣ρ(j)E −Cjiλλ′ ∣j⟩⟨i∣ ⊗ ρ(j)E ∣λ⟩⟨λ′∣) (B4)

!= 0.
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Now, since we seek a Hamiltonian which equlibrates to the SBS state for any initial system state, i.e. any {pi}, this
implies that

∑
iλλ′

(Cijλλ′ ∣i⟩⟨j∣ ⊗ ∣λ⟩⟨λ′∣ρ(j)E −Cjiλλ′ ∣j⟩⟨i∣ ⊗ ρ(j)E ∣λ⟩⟨λ′∣) = 0 ∀j. (B5)

Noting that ∀i, j with i ≠ j, the tensor factors ∣i⟩⟨j∣, ∣j⟩⟨i∣ and ∣j⟩⟨j∣ are all linearly independent, we then see that
Eq. (B5) implies the following

∑
λλ′

(Cijλλ′ ∣i⟩⟨j∣ ⊗ ∣λ⟩⟨λ′∣ρ(j)E −Cjiλλ′ ∣j⟩⟨i∣ ⊗ ρ(j)E ∣λ⟩⟨λ′∣) = 0 ∀i, j, i ≠ j, (B6)

∑
λλ′

Ciiλλ′ ∣i⟩⟨i∣ ⊗ [∣λ⟩⟨λ′∣, ρ(i)E ] = 0 ∀i. (B7)

Again, due to the linear independence of ∣i⟩⟨j∣ and ∣j⟩⟨i∣, we must have that Cijλλ′ = 0 ∀i ≠ j, λ, λ′, in order for Eq. (B6)
to be satisfied. For the infinite-time average state to have the structure of Eq. (B1) (for an arbitrary initial system
state), the Hamiltonian must then be of the form

H = ∑
i

∣i⟩⟨i∣ ⊗H(i)
E , where H

(i)
E ∶= ∑

λλ′
Ciiλλ′ ∣λ⟩⟨λ′∣ (B8)

This generates unitary evolution of the form

e−iHt = ∑
i

∣i⟩⟨i∣ ⊗U (i)
E (t), (B9)

where U
(i)
E (t) ∶= exp [−it∑λλ′ Ciiλλ′ ∣λ⟩⟨λ′∣]. We can then write

ρ∞ = ⟨∑
i

∣i⟩⟨i∣ ⊗U (i)
E (t)ρS,0 ⊗ ρE,0∑

j

∣j⟩⟨j∣ ⊗U (j)†
E (t)⟩∞

= ∑
i,j

⟨ i ∣ρS,0 ∣j ⟩ ∣i⟩⟨j∣ ⊗ ⟨U (i)
E (t)ρE,0U

(j)†
E (t)⟩∞ != ∑

i

pi∣i⟩⟨i∣ ⊗ ρ(i)E (B10)

which implies that

⟨U (i)
E (t)ρE,0U

(j)†
E (t)⟩∞ != ⎧⎪⎪⎨⎪⎪⎩

0 i ≠ j
ρ
(i)
E i = j. (B11)

Now, let us denote the eigenvalues of H
(i)
E by {ε(i)n }n, with associated eigenvectors {∣ε(i)n ⟩}n. Writing U

(i)
E (t) and

U
(j)
E (t) in the left hand side of Eq. (B11) in the eigenbasis of H

(i)
E and H

(j)
E respectively, we have

⟨U (i)
E (t)ρE,0U

(j)†
E (t)⟩∞ = ∑

n,m

⟨e−i(ε(i)n −ε(j)m )t⟩∞ ⟨ε(i)n ∣ρE,0 ∣ε(j)m ⟩ ∣ε(i)n ⟩⟨ε(j)m ∣, (B12)

and so in order to satisfy Eq. (B11), we must have that

⟨e−i(ε(i)n −ε(j)m )t⟩∞ ⟨ε(i)n ∣ρE,0 ∣ε(j)m ⟩ != 0 ∀n,m where n ≠m. (B13)

If the {H(i)
E }i are each nondegenerate, and have no eigenvalues in common, i.e. ε

(i)
n ≠ ε(j)m ∀n,m with n ≠m, then the

above equation holds independently of the initial state ρE,0. Note that both of these conditions are true if and only if

the total Hamiltonian is non-degenerate. In the case where there are values of ε
(i)
n and ε

(j)
m that coincide, i.e. there are

some degeneracies, then we must have ⟨ε(i)n ∣ρE,0 ∣ε(j)m ⟩ = 0 for each pair of coinciding eigenvalues, requiring a initially
rank-deficient state. Assuming either non-degeneracy of the total Hamiltonian, or the appropriate rank-deficiency of
the initial environmental states in the case of degeneracies, we arrive at a state of the form

ρ∞ = ∑
i

pi∣i⟩⟨i∣ ⊗ ρ(i)E with ρ
(i)
E = ∑

n

⟨ε(i)n ∣ρE,0 ∣ε(i)n ⟩ ∣ε(i)n ⟩⟨ε(i)n ∣. (B14)

As an aside, we note that this state satisfies the faithfulness requirement in [1].
We have so far made no demands on the microscopic structure on HE, aside from the potential rank-deficient initial

states required to deal with degeneracies in H. A Hamiltonian of the form of Eq. B8 is therefore necessary for the
formation of classical-quantum states in general.

32



10

B.2. Bounding the fidelity between conditional states

We now show that the orthogonality requirement, i.e. F (ρ(i)E , ρ
(j)
E ) = 0 for i ≠ j, cannot be satisfied. In particular,

we show that

F (ρ(i)E , ρ
(j)
E ) ≥ 1

d2
E

. (B15)

First, note that the conditional time-averaged state ρ
(i)
E in Eq. (B14) is a result of the pinching map with respect

to the projectors {∣ε(i)n ⟩⟨ε(i)n ∣}n. Denoting the number of these projectors (i.e. the number of distinct eigenvalues of

H
(i)
E ) by d(i), we can rewrite the pinching map as a mixed-unitary channel [80, 81] as follows

ρ
(i)
E = d(i)∑

n=1

∣ε(i)n ⟩⟨ε(i)n ∣ρE,0∣ε(i)n ⟩⟨ε(i)n ∣ = 1

d(i)
d(i)∑
y=1

U (i)
y ρE,0U

(i)†
y (B16)

where Uy ∶= ∑m(i)x=1 e
−i2πxy
m(i) Π

(i)
x . Noting that Ud(i) = 1, we write

ρ
(i)
E = ρE,0

d(i) + 1

d(i)
d(i)−1∑
y=1

U (i)
y ρE,0U

(i)†
y (B17)

and thus

Tr[(ρ(i)E ρ
(j)
E ] = 1

d(i)d(j)
⎧⎪⎪⎨⎪⎪⎩Tr[ρ2

E,0] +Tr[ρE,0

d(i)−1∑
y=1

U (j)
y ρE,0U

(j)†
y ] +Tr[ d(i)−1∑

y=1

U (i)
y ρE,0U

(i)†
y ρE,0]

+Tr[ d(i)−1∑
y=1

U (i)
y ρE,0U

(i)†
y

d(i)−1∑
y′=1

U
(j)
y′ ρE,0U

(j)†
y′ ]⎫⎪⎪⎬⎪⎪⎭. (B18)

Since that the trace of the product of two positive operators is itself positive, we can remove the second, third and
fourth terms to obtain the inequality

Tr(ρ(i)E ρ
(j)
E ) ≥ Tr(ρ2

E,0)
d(i)d(j) . (B19)

Now, note that the fidelity between two states satisfies F (ρ, σ) ≥ Tr(ρσ) [79], allowing us to bound the Fidelity

F (ρ(i)E , ρ
(j)
E ) ≥ Tr(ρ2

E,0)
d(i)d(j) . (B20)

Thus, the fidelity between any two time-averaged states with the same initial state cannot be zero. It is therefore
impossible to equilibrate to a classical-quantum state, Eq. (B1), satisfying the orthogonality condition. As a conse-
quence, it is impossible for an initially uncorrelated state to equilibrate to a state with Spectrum Broadcast Structure,
as this is a stronger condition than the one proven to be impossible, as discussed above.

Finally, we note that since d(i) is bounded by the Hilbert space dimension of the environment, i.e. dE ≥ d(i),
Eq. (B15) follows immediately from Eq. (B20).

Appendix C: The standard measurement model does not equilibrate to a correlated state

In this section we consider the Hamiltonian used in the von-Neumann measurement scheme (or the “standard model
of measurement”) [5]:

H =XS ⊗ YE, (C1)

where the measurement basis is given by the eigenbasis of XS. By carefully controlling the time for which this
Hamiltonian is applied, one can correlate the system S with the environment E in this basis. However, without

33



11

temporal control – specifically in an equilibration paradigm – this Hamiltonian leads to an equilibrium state that does
not feature any correlations between system and environment, as we now show.

The unitary operator generated by Eq. (C1) is given by

e−iHt = e−iXS⊗YEt = e−i(∑i xi∣i⟩⟨i∣S⊗YE)t = ∑
i

∣i⟩⟨i∣S ⊗ e−ixiYEt, (C2)

As in the previous section, we assume that system and environment are initially uncorrelated, such that the initials
state is given by

ρ(0) = ρS,0 ⊗ ρE,0, (C3)

and we calculate the time evolved state of the total system

ρ(t) = e−iHtρ(0)eiHt = e−iXS⊗YEt(ρS,0 ⊗ ρE,0)eiXS⊗YEt = ∑
i,j

pij ∣i⟩⟨j∣ ⊗ ρ(ij)E (t) (C4)

where pij are the elements of the initial system state in the pointer basis, i.e. ρS,0 = ∑dsij pij ∣i⟩⟨j∣, and we have defined

ρ
(ij)
E (t) ∶= e−ixiYEtρE,0e

ixiYEt. Now, writing the spectral decomposition YE = ∑n εn∣εn⟩⟨εn∣, we have

ρ
(ij)
E (t) = ∑

m,n

e−i(xiεm−xjεn)tρmnE ∣εm⟩⟨εn∣ (C5)

where ρmnE ∶= ⟨εn ∣ρE,0 ∣εm ⟩. Examining this together with the total state in Eq. (C4), we see that the time average
of the total state is determined by

g(ij)mn (T ) ∶= ⟨e−i(xiεm−xjεn)t⟩
T
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 if xiεm = xjεn
ie[i(xiεm−xjεn)T ] − 1(xiεm − xjεn)T otherwise

(C6)

Assuming xiεm ≠ xjεn ∀i, j,m,n we find the equilibrium state

⟨ρ(t)⟩∞ = ∑
i

pi∣i⟩⟨i∣S ⊗∑
m

ρmmE ∣εm⟩⟨εm∣. (C7)

Thus the environment is independent of i, and this state features no correlations between system and environment.
The environment therefore can not reveal any information about the system, and “standard model” Hamiltonians are
incapable of (even approximately) equilibrating to states exhibiting objectivity.

Appendix D: Asymptotically approaching Spectrum Broadcast Structure

In this section we show that and how Spectrum Broadcast Structure can be achieved approximately by coarse-
graining the environment. We will choose a particular form of interaction, i.e. a ”star-shaped” interaction where
every part of the environment interacts directly with the system. The purpose of this is to show one example of how
Spectrum Broadcast Structure can emerge. Further research is needed to expand this framework into a realistic model
of measurements. These calculations therefore should be considered as a first step and a proof of principle.

As was discussed above Eq. 6 achieving Spectrum Broadcast Structure as a time average state requires a conditional
structure of the Hamiltonian. In conjunction with the condition of Strong Independence this prompts us to consider
a ”star-shaped” Hamiltonian (see Fig. 1) given by

Hint = ∑
i

∣i⟩⟨i∣S ⊗ N∑
k=1

ckH
(i)
k (D1)

where H
(i)
k ∈ L(Hk) and ck are the different couplings between the system and the environments (eg. distance

dependent couplings). This generates a unitary time evolution given by

e−iHintt = ∑
i

∣i⟩⟨i∣S N⊗
k=1

U
(i)
k (t), (D2)
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where U
(i)
k (t) ∶= e−ickH(i)k

t.

Assuming a separable initial state, i.e. ρ(0) = ρS,0⊗Nk=1 ρk,0, the state at time t can be written

ρ(t) = ∑
i,j

⟨ i ∣ρS,0 ∣j ⟩ ∣i⟩⟨j∣S N⊗
k=1

ρ
(ij)
k (t) (D3)

where

ρ
(ij)
k (t) ∶= U (i)

k (t)ρk,0U (j)
k (t). (D4)

As was argued in the main text and the papers cited therein, given an intial systems with large effective dimension
deff the trace distance between the infinite-time average state and the equilibrium state vanishes. What is therefore
left to show is that the the infinite-time average state ⟨ρ(0)⟩∞ approaches Spectrum Broadcast Structure under
coarse-graining of the environment.

To this end we first calculate infinite-time average of ρ(t). Noting that the system tensor factor in Equation D3

is time-independent, we calculate the time average of the remaining factor. First, letting ε
(i)
nk denote the nth

k energy

eigenvalue of H
(i)
k , we define

ρ
mn(ij)
k,0 ∶= ⟨ε(i)mk

∣ρk,0 ∣ε(j)nk
⟩ . (D5)

Then the time average state of the total environment at time T is given by

⟨ N⊗
k=1

ρ
(ij)
k (t)⟩

T

= ⟨ N⊗
k=1
∑
mknk

exp [−ick (ε(i)mk
− ε(j)nk

) t]ρmn(ij)k,0 ∣ε(i)mk
⟩⟨ε(j)nk

∣⟩
T

= ⟨( ∑
m1n1

exp [−ic1 (ε(i)m1
− ε(j)n1

) t]ρmn(ij)1,0 ∣ε(i)m1
⟩⟨ε(j)n1

∣) ⊗ ( ∑
m2n2

exp [−ic2 (ε(i)m2
− ε(j)n2

) t]ρmn(ij)2,0 ∣ε(i)m2
⟩⟨ε(j)n2

∣) ⊗ . . .⟩
T

= ∑
m1n1

∑
m2n2

. . . ∑
mNnN

⟨exp [−i N∑
k=1

ck (ε(i)mk
− ε(j)nk

) t]⟩
T

N⊗
k=1

ρ
mn(ij)
k,0 ∣ε(i)mk

⟩⟨ε(j)nk
∣

= ∑{mk}{nk}
f
(ij){mk}{nk}(T ) N⊗

k=1

ρ
mn(ij)
k,0 ∣ε(i)mk

⟩⟨ε(j)nk
∣ (D6)

where we have used the notation

∑{ak} = ∑a1 ∑a2 ...∑aN , (D7)

and defined

f
(ij){mk}{nk}(T ) ∶= ⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 if ∑Nk=1 ckε
(i)
mk = ∑Nk=1 ckε

(j)
nk

i
exp[−i∑N

k=1 ck(ε(i)mk
−ε(j)nk

)T ]−1

∑N
k=1 ck(ε(i)mk

−ε(j)nk
)T otherwise.

(D8)

Note that the cases where f
(ij){mk}{nk} = 1 are particular ”fine-tuned” cases, where the coupling constants and energy

eigenvalues have to have to conspire in order to yield this result, requiring a highly degenerate total Hamiltonian.
Assuming that the total Hamiltonian is non-degenerate, which is a rather natural assumption as it is fulfilled by most

Hamlitonians that appear in nature, implies ∑Nk=1 ckε
(i)
mk ≠ ∑Nk=1 ckε

(j)
nk ∀i, j. As a consequence, the first case in Eq. D8

never occurs and the time average results in

⟨ N⊗
k=1

ρ
(ij)
k (t)⟩

∞
= 0 for i ≠ j, (D9)

combining this fact with Equations D3 and D6, we have that

⟨ρ(t)⟩∞ = ∑
i

⟨ i ∣ρS,0 ∣ i ⟩ ∣i⟩⟨i∣S ⟨ N⊗
k=1

ρ
(ii)
k (t)⟩

∞
= ∑

i

pi∣i⟩⟨i∣S ∑{mk}{nk}
f
(ii){mk}{nk}(∞) N⊗

k=1

ρ
mn(ii)
k,0 ∣ε(i)mk

⟩⟨ε(i)nk
∣, (D10)
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where we simplified the notation of limT→∞ f
(ii){mk}{nk}(T ) = f (ii){mk}{nk}(∞), and pi ∶= ⟨ i ∣ρS,0 ∣ i ⟩ is the probability of

outcome i for the projective measurement {∣i⟩⟨i∣S}i on the system. Due to the assumption of non-degenarcy of the

total Hamiltonian, the total conditional environment Hamiltonian H
(i)
E has to be non-degenerate as well, consequently

resulting in ∑Nk=1 ckε
(i)
mk ≠ ∑Nk=1 ckε

(i)
nk ∀mk ≠ nk, and thus only the mk = nk terms remain. Then Equation (D8) implies

⟨ρ(t)⟩∞ = ∑
i

pi∣i⟩⟨i∣S ∑
m1...mN

N⊗
k=1

ρ
mm(ii)
k,0 ∣ε(i)mk

⟩⟨ε(i)mk
∣

= ∑
i

pi∣i⟩⟨i∣S N⊗
k=1
∑
mk

ρ
mm(ii)
k,0 ∣ε(i)mk

⟩⟨ε(i)mk
∣

= ∑
i

pi∣i⟩⟨i∣S N⊗
k=1

ρ
(i)
k,0, (D11)

where

ρ
(i)
k,0 ∶= ∑

mk

∣ε(i)mk
⟩⟨ε(i)mk

∣ρk,0 ∣ε(i)mk
⟩⟨ε(i)mk

∣ (D12)

is the initial state of environmental fraction k (i.e. ρk,0) subject to full decoherence in the eigenbasis of H
(i)
k . Now

let us gather together the N factors of the environment into M “fragments” or “macro-environments”, and let Nq
denote the set of environment labels belonging to the qth fragment, so that ⊗Nk=1Hk = ⊗Mq=1 Eq with Eq ∶= ⊗k∈Nq

Hk.
Then

⟨ρ(t)⟩∞ = ∑
i

pi∣i⟩⟨i∣S M⊗
q=1

ρ̃(i)q , where ρ̃(i)q ∶= ⊗
k∈Nq

ρ
(i)
k,0, (D13)

If we can show that the Uhlmann Fidelity of two branches of each macro-environment, i.e. F (ρ(i)q , ρ
(j)
q ) tends to 0

as the macro-environment size increases we know that in the limit they must have orthogonal support, which is due
to the fact

F (σ, ρ) = 0 ⇐⇒ σρ = 0 (D14)

where the Uhlmann fidelity is defined as F (σ, ρ) = Tr(√√
σρ

√
σ)2

.

To show this we use the inequality

F (σ, ρ) ≤ ∑
m

√
Tr[Emρ]√Tr[Emσ] (D15)

where the Em are POVM elements from which follows that ∑mEm = 1. We choose them to be projective

measurements on the Eigenbasis of the Hamiltonian of the i branch (w.l.o.g.), i.e. Em = ∣ε(i)mk⟩⟨ε(i)mk ∣. Since

ρ
(i)
k,0 = ∑mk

ρ
mm(ii)
k,0 ∣ε(i)mk⟩⟨ε(i)mk ∣ we get√

F (ρ(i)k,0, ρ(j)k,0) ≤ ∑
mk

√
ρ
mm(ii)
k,0

√
Tr[∑

nk

ρ
nn(jj)
k,0 ∣ε(j)nk ⟩⟨ε(j)nk ∣ε(i)mk⟩⟨ε(i)mk ∣]

= ∑
mk

√
ρ
mm(ii)
k,0

√∑
nk

ρ
nn(jj)
k,0 ∣⟨ε(i)mk ∣ε(j)nk ⟩∣2] = ∑

mk

√∑
nk

ρ
mm(ii)
k,0 ρ

nn(jj)
k,0 ∣⟨ε(i)mk ∣ε(j)nk ⟩∣2] (D16)

In the cases where H(i) =H(j) or ρk,0 = 1

dk
1 we see that the fidelity is 1, as one would expect.

To see that it approaches zero, we recall that F (⊗k σk,⊗k ρk) = ∏k F (σ, ρ). Then,

√
F ( ⊗

k∈Nq

ρ
(i)
k,0, ⊗

k∈Nq

ρ
(j)
k,0) = ∏

k∈Nq

√
F (ρ(i)k,0, ρ(j)k,0) ≤ ∏

k∈Nq

⎛⎝∑mk

√∑
nk

ρ
mm(ii)
k,0 ρ

nn(jj)
k,0 ∣⟨ε(i)mk ∣ε(j)nk ⟩∣2⎞⎠ (D17)

Now let’s say that η
(ij)
k = ∑mk

√∑nk
ρ
mm(ii)
k,0 ρ

nn(jj)
k,0 ∣⟨ε(i)mk ∣ε(j)nk ⟩∣2], N (ij)

q = {k ∶ η(ij)k < 1} and η
(ij)
max = max

k∈N(ij)q
η
(ij)
k

then

F (ρ̃(i)q,0, ρ̃(j)q,0) ≤ (η(ij)max)2∣N(ij)q ∣
, (D18)
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which can be simplified by defining γ
(ij)
q = −2 ln(η(ij)max) to finally get

F (ρ̃(i)q,0, ρ̃(j)q,0) ≤ e−γ(ij)q ∣N(ij)q ∣ (D19)

which exponentially tends to 0 for increasing macro-environment size under the assumption that the conditional

interaction Hamiltonians H
(i)
k don’t conspire to yield a non increasing ∣N (ij)

q ∣, i.e. that the eigenvectors of branch i
and j are not all the same, which is a reasonable assumption for most physical interactions. The infinite-time-average
state therefore tends exponentially to the Spectrum Broadcast Structure state as the size of the macro-environments
(and thus the environment as a whole) increases.
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Chapter III

Fundamental limitations of time keeping

III.1 Autonomous Temporal Probability Concentration: Clock-

works and the second law of thermodynamics
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Autonomous Temporal Probability Concentration:
Clockworks and the Second Law of Thermodynamics
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According to thermodynamics, the inevitable increase of entropy allows the past to be distin-
guished from the future. From this perspective, any clock must incorporate an irreversible process
that allows this flow of entropy to be tracked. In addition, an integral part of a clock is a clockwork,
that is, a system whose purpose is to temporally concentrate the irreversible events that drive this
entropic flow, thereby increasing the accuracy of the resulting clock ticks compared to counting
purely random equilibration events. In this article, we formalise the task of autonomous temporal
probability concentration as the inherent goal of any clockwork based on thermal gradients. Within
this framework, we show that a perfect clockwork can be approximated arbitrarily well by increasing
its complexity. Furthermore, we combine such an idealised clockwork model, comprised of many
qubits, with an irreversible decay mechanism to showcase the ultimate thermodynamic limits to the
measurement of time.

POPULAR SUMMARY

The laws of physics governing the microscopic
world from which our experience emerges know
no directionality of time. A recording of an iso-
lated physical system looks plausible played for-
wards and backwards. Nevertheless, an arrow of
time can be identified in many complex processes,
such as the breaking of an egg. The irreversibility
of such processes can also be used to keep track
of the passage of time. In our paper, we inves-
tigate the implications of this insight for build-
ing (quantum) clocks from first principles. Any
system that can function as a clock needs an ir-
reversible component whose dynamics indicate a
clear directionality of time. However, typical irre-
versible processes found in nature, such as decay-
ing atoms and equilibrating heat baths, have no
discernable regular temporal structure and there-
fore make for rather bad clocks by themselves.
It thus comes at no surprise that cooling coffee
cups and similar items are not usually used for
timekeeping. Instead, one relies on the combina-
tion of internal, periodic dynamics with an irre-
versible, temporally unstructured, process to con-
struct well-functioning clocks. The same is fun-
damentally true when envisioning clocks at the
quantum scale: periodic internal dynamics of a
clockwork are combined with an irreversible pro-
cess to yield temporally well-structured ‘ticks’ of
a clock. In this work, we identify and systemat-

∗ emanuel.schwarzhans@oeaw.ac.at
† marcus.huber@univie.ac.at

ically analyse the task performed by the clock-
work, which we refer to as autonomous temporal
probability concentration (ATPC). That is, the
clockwork generates a periodic structure that de-
termines at which times the irreversible events
– the clock’s ticks – can occur. We show that
ATPC is intimately related to the complexity of
the clockwork and can be performed arbitrarily
well, as long as complexity is not constrained.
Nonetheless, the irreversible process itself sets a
fundamental limit for the quality of clocks, be-
yond which they cannot be improved. In this
sense, the second law of thermodynamics – the
origin of irreversibility, generates but also limits
the potential for any system to serve as a clock,
while the complexity of the clockwork determines
how well this can be achieved in practice.

I. INTRODUCTION

Time plays a special role in quantum physics. While
other physical quantities of interest are represented as
Hermitian operators, there is no observable correspond-
ing to time itself. That is, it is not possible to find an
operator conjugate to the Hamiltonian (representing en-
ergy) that may serve as ‘time observable’ in the same way
as is done for position and momentum [1] (see e.g. [2] for
some caveats to this statement). Time thus plays the
role of a parameter in the equations of motion. Conse-
quently, the passage of time is estimated via the evolution
of a reference system — a clock. By tracking the dynam-
ical evolution of (observable quantities related to) such a
clock system it is possible to extract information about
the flow of time, see, e.g. [3–10]. But what makes a spe-
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cific system useful as a clock? To address this question,
we consider time to be a continuously elapsing parame-
ter t (‘Schrödinger time’) whose value is estimated by a
clock in terms of discrete increments (‘ticks’). According
to quantum theory, the evolution of any closed system is
time-reversal symmetric, and therefore any complete de-
scription of an instrument that measures time inevitably
requires an irreversible part that breaks this symmetry.
By definition, the equilibrium state of any system fea-
tures no non-trivial evolution in time. Thus, the first
necessary ingredient for building a clock is an out-of-
equilibrium system, such that the clock can harness the
irreversible transition to higher entropy to produce ticks.

Entropy-increasing processes are fundamentally
stochastic. Consequently, individual events resulting
from such a process provide little information about t
and thus make for rather bad clocks. While one could, in
principle, use any equilibrating system as a clock — such
as a hot coffee mug cooling down on your desk — its
ticks, e.g., the spontaneous emissions of thermal photons
(which exhibit super-Poissoninan statistics), come at
highly irregular intervals with respect to Schrödinger
time. Structuring this irregular entropy flow into a
series of ticks to allow for a precise synchronisation of
events is exactly the purpose of a clock. In this article
we formalise the task of timekeeping by conceptually
separating two stages:

(i) an irreversible process that follows the second law
of thermodynamics, i.e. an out-of-equilibrium sys-
tem moving towards equilibrium by means of dis-
crete and stochastic events,

(ii) an internal clockwork that temporally concentrates
the probability of an irreversible event occurring,
thereby mitigating the fluctuations of the intervals
between the equilibration events.

As we will see, the particular choice of (i) provides the
context for evaluating clock performance because it rep-
resents a basic form of clock itself, while at the same time
limiting the performance of a clock for any given clock-
work. Stage (ii) gives rise to a clearly defined mathemat-
ical task that we will refer to as autonomous temporal
probability concentration (ATPC).

Here, we consider clocks to be autonomous. That is,
the Hamiltonian generating the evolution of the clock-
work is energy-conserving and time-independent, and the
irreversible process is memoryless and requires no exter-
nal control, i.e., no active measurement. Although cur-
rent quantum clocks are usually far from autonomous, as
they require power input and are subject to losses, both
of which are usually not fully accounted for in their anal-
ysis, we focus on autonomous clocks in order to provide
a full analysis of the resources that are fundamentally
required to drive a clock.

To describe the performance of a clock, we use two
quantities: accuracy and resolution. The accuracy

N = ( t̄
∆t

)2
, is the average number of ticks until the clock

is, on average, off by one tick with respect to Schrödinger
time. The resolution R = 1/t̄, is the average of the tick
frequency with respect to Schrödinger time. Note that
this choice for quantifying the resolution is not the only
possibility. We choose the above definition since it rep-
resents a conservative figure of merit in the sense that
it prevents statistical outliers of ticks occurring at small
times t from unduly inflating the estimated resolution, as
we discuss in more detail in Sec. III.

That there is a trade-off relation between accuracy
and resolution, and that there is a proportional relation
between the entropy dissipated in the process and the
clock performance, was first noticed in a model of an
autonomous quantum clock as an open quantum system
in [11] and recently corroborated in a mesoscopic exper-
iment in [12].

Here, we combine these aspects and provide a detailed
investigation of the trade-offs between accuracy, resolu-
tion, and entropy production for given energy and com-
plexity within the framework of autonomous quantum
clocks [13, 14]. A central tenet for providing these trade-
offs is the separation of timekeeping into two separate
processes mentioned above: (i) the irreversible out-of-
equilibrium transitions of the clockwork via interaction
with an environment, resulting in distinguishable events
registered as ‘ticks’, which we model with a decay mech-
anism, and (ii) the internal closed-system (unitary) dy-
namics that provide a clockwork and temporally concen-
trate the population of states from which an irreversible
transition can emerge. That is, the clockwork ensures
that the circumstances that allow for a tick to happen
(e.g., a specific energy level resonant with the out-of-
equilibrium dynamics being highly populated) occur only
within a very narrow time window.

We first find that a simple clockwork can only con-
centrate probability in a limited fashion, prompting the
question of whether more complex designs could perform
better. We answer this by finding an analytical rela-
tion between ATPC and complexity of a specific clock-
work model. More generally, we identify the important
features of a clockwork that lead to this improvement,
and prove that for cold environments, ATPC can be per-
formed arbitrarily well. Then we investigate whether per-
fect ATPC allows for perfect clocks and find that the an-
swer is no. In fact, the irreversible process sets a limit
to the clock quality, and while increasing the complexity
(and thus the concentration of probability) first improves
the quality of the clock, after a certain point a further
increase will actually be detrimental. We thus illustrate
the trade-offs between accuracy, resolution, entropy pro-
duction, and clockwork complexity.

The specific clock model that we consider here consists
of (1) external heat baths as out-of-equilibrium resources,
(2) a quantum system representing the ‘clockwork’, and
(3) an external field that the clockwork can emit energy
(‘ticks’, e.g., photons) into. In Sec. II, we first discuss
the role and choice of the clockwork, and formalise the
task of ATPC. In Sec. III, we then discuss mechanisms
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Figure 1. Illustration of timekeeping at the level of individual irreversible events. The equilibration events that follow the second law of

thermodynamics are inherently stochastic and irregular, in our example we use radiative decays from an excited energy level of a quantum

system (which we label ‘top’). By inserting an autonomously operating clockwork between the two out-of-equilibrium systems (’hot’

decaying quantum systems and a ’cold’ environment), these decays are temporally structured by temporal variation of the population of

the top level, a task that we refer to as Autonomous Temporal Probability Concentration (ATPC). This concentrates the probability of

such a decay around the oscillatory peaks of excited population. The panel on the right showcases how greater clockwork complexity leads

to a regularisation of individual thermalisation events, i.e., clock ticks. Starting from a thermal population with randomly distributed

ticks depicted above, continuing to a simple clockwork with limited population and still significant variance, resulting in ticks being more

likely during peak populations and thus less frequent and more regular, and then finally a complex clockwork, increasing population while

decreasing temporal variance, giving yet more regular ticks. The tick distribution on the right is exemplary and depicts random ticks,

whose spacing approximates the cycle time of the clock work as the temporal probability becomes more concentrated around sharp peaks

for coupling the clockwork to an equilibrating process
to produce ticks. In Sec. IV we combine the two, to
showcase the limitations set by the irreversible process
and how the complexity of a clockwork can be utilised
to reach the maximal potential of a clock. We continue
in Sec. V with a discussion of the implications and the
relation to other literature on clocks and end with a short
conclusion in Sec. VI.

II. THERMAL MACHINES AND THE
CLOCKWORK

Let us now consider a clockwork in the sense discussed
above, that is, a device that contains a target subsys-
tem, which is to be prepared for an out-of-equilibrium
transition, thus resulting in a ‘tick’. From a thermody-
namic perspective, such a preparation requires work to
be performed on the target, which can be achieved by
a quantum thermal machine. Operating such a machine
in turn requires an out-of-equilibrium resource, which we
here consider to be provided by thermal baths at different
temperatures, i.e. a thermal gradient. More specifically,
we assume that two independent baths are available, a
hot bath and a cold bath, at temperatures TH and TC,
respectively, where the latter represents the environment.
This setup is depicted in Fig. 1.

This choice is motivated, first, by the general avail-
ability of heat baths, i.e. it is the most common out-of-
equilibrium resource found in nature, such as e.g. the
sun. Second, because systems are usually expected to
thermalise (eventually) without detailed external control
or timing, i.e. preparing such heat baths does not require
any timing device or detailed control of the system’s in-

ternal structure, just an increase in average energy. Con-
sequently, heat baths allow for transparent bookkeeping
of the relevant resources, i.e. of the average amount of
entropy dissipated by the clockwork for each tick.

A specific focus of the analysis performed here lies on
the identification of trade-offs between different figures
of merit for the clock performance for fixed energy in-
put and clock complexity. In principle, the performance
of a given clock also depends on the (difference between
the) temperatures TC and TH. However, since we are
primarily interested in upper bounds on the relevant fig-
ures of merit, we will often concentrate on the case where
the environment temperature is TC = 0. For the sake of
completeness, calculations for general TC can be found
in Appendices B and C.

Our clockwork model then consists of two parts, a d-
dimensional ‘ladder ’ target system (in the simplest case,
a qubit, d = 2) and a machine, which itself has some sub-
structure and couples to the ladder via unitary interac-
tion. This interaction supplies work (which the machine
draws from its coupling to the heat baths) to the lad-
der, driving it to its excited states. The ladder in turn
couples irreversibly to an external field, and thus these
excitations eventually result in ticks (i.e. energy emitted
into the field). Here, we consider a model where only a
non-zero population Ptop(t) of the ‘top level’ — the most
highly excited state of the ladder — can lead to a tick.
Barring some improbable combination of selection rules,
such a single sharp energy transition can in practice of
course only be approximated. However, as will become
clear once we have introduced our model, allowing the
possibility of clock ticks occurring due to other transi-
tions would serve to spread the temporal profile of the
ticks, decreasing probability concentration. In the spirit
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of deriving idealised but fundamental bounds, we there-
fore focus on decays resulting from only one particular
transition. As a consequence, the quality of the clock-
work depends on the properties of the particular prob-
ability distribution Ptop(t) as a function of Schrödinger
time t. In particular, an ideal clockwork should be capa-
ble of producing

Ptop(t) = {1, if t = t0
0, otherwise

. (1)

While one would expect a perfect clockwork to be
capable of producing this distribution, it is also clear
that it is not always desirable in conjunction with an
irreversible mechanism. If the probability is arbitrarily
temporally concentrated, i.e., it is only close to one
for a short period of time, but the coupling of the
ladder to the external field is of finite strength, then
the emission of the ladder energy into the field has a
chance not to occur during the peak, thus skipping this
tick and worsening the clock performance. Nonetheless,
an ideal clockwork should be capable of approximating
this ideal distribution to the desired precision set by
the irreversible mechanism. Arguably, it seems implau-
sible that a heat engine itself, which intrinsically also
harnesses the stochastic flow of energy from a hot to
a cold bath, should be able to produce such a perfect
signal. However, it may be reasonable to expect that a
sufficiently complex clockwork, itself driven by a heat
engine, could approximate the ideal ATPC of Eq. (1).
In the following, we therefore investigate the role of
the complexity of the internal structure of the machine
in approximating the ideal ATPC. In order to do so,
we decompose the machine into a set of elementary
few-qubit machines, each realising an effective virtual
qubit [15]. This allows the number of (elementary)
machines to be used as a proxy for the complexity of
the clockwork’s microscopic structure. In terms of these
quantifiers, i.e. the dimension d of the target system
and the number M(d − 1) of virtual-qubit machines1, a
central result on autonomous probability concentration
that we derive in this paper can be phrased as follows:

1 We consider each of the d − 1 transitions between neighbouring
energy levels of the ladder to be coupled to M virtual-qubit ma-
chines.

Result 1: Autonomous temporal probability
concentration of qubit machines

Driving a d-dimensional target system at tempera-
ture TC = 0, with M virtual-qubit machines per tran-
sition between neighbouring levels, autonomously al-
lows a top-level probability of

Ptop(t) = (1 − (1 − (ZH − 1ZH
)d−1)M) sin2(d−1)(gt)

(2)

to be reached. Here, ZH is the partition function of
a qubit coupled to the hot bath, and can thus take
values between 1 and 2.

In other words, we show in the following that the be-
haviour of an ideal clockwork [i.e. Eq. (1)] can be ap-
proximated arbitrarily well by increasing the complexity
of the clockwork, that is, by increasing M and d.

II.1. Two-Qubit Machine

We begin by considering the simplest possible heat-
engine-driven clockwork: a 2-dimensional ladder coupled
to a ‘cold’ bath (the environment) and to a two-qubit
machine, i.e. d = 2 and M = 1. In terms of Hilbert
space dimension, this is the smallest possible thermal ma-
chine [15], consisting of a ‘cold’ qubit and a ‘hot’ qubit,
in contact with the ‘cold’ environment and a hot bath,
respectively, as illustrated in Fig. 2.

Before the machine is activated, the qubits only inter-
act with their respective baths. Under the assumption of
weak coupling between the qubits and baths, each qubit
thermalises to the corresponding bath temperature. De-
noting the energy gaps of the hot, cold and ladder qubits
as EH, EC and EL respectively, the reduced states of the
qubits can be represented by the thermal states

ρi = e−βiHiZi , (3)

with i = H,C,L, and where Zi = 1+e−βiEi are the respec-
tive partition functions and Hi the corresponding free
Hamiltonians with eigenstates ∣0i ⟩ and ∣1i ⟩. The total
initial state of the clockwork — the machine and the lad-
der — thus takes the form ρ0 = ρH ⊗ ρC ⊗ ρL.

We further assume that the timescale of the inter-
action between the machine and target qubits is much
shorter than that of their thermalisation with the re-
spective baths. Consequently, the relevant dynamics of
the clockwork are well described by energy-conserving
unitary processes on the clockwork Hilbert space H =HH ⊗ HC ⊗ HL. This corresponds to assuming that
the energy scales of the clockwork are much greater than
that of its coupling to the environment. It is suited to
our purpose of obtaining fundamental limits to the task
of ATPC, as relaxing this assumption will result in the
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Figure 2. Energy-level structure of the minimal thermal clock-

work. The transitions induced by Hint are indicated by arrows.

The green arrows indicate the transition where the ladder gets ex-

ited. The yellow arrows show the reverse transition. Coupling the

qubit with the biggest energy gap to the hot bath introduces a bias

towards the transition that is indicated by the green arrows.

regularity of the clockwork being impaired by the ran-
domness of the bath. Now, since the purpose of the ma-
chine is to transfer energy to the target system, we are
interested in designing the internal structure of the clock-
work, namely the energy levels of the free Hamiltonian
H0 =HH +HC +HL and an interaction Hamiltonian Hint

such that [H0,Hint] = 0 and [HL,Hint] ≠ 0. This can be
achieved by choosing the energy gaps to satisfy EH ≥ EC

and EL = EH − EC, which results in two degenerate en-
ergy levels of H0: ∣0C1H0L ⟩ and ∣1C0H1L ⟩. This, in turn,
allows us to define an interaction Hamiltonian that acts
non-trivially only within the degenerate subspace, given
by

Hint = g(∣1C0H1L ⟩⟨0C1H0L ∣ + ∣0C1H0L ⟩⟨1C0H1L ∣), (4)

where g ∈ R is a coupling constant. The unitary dynam-
ics generated by the total Hamiltonian H = H0 + Hint

hence conserves the total energy of the clockwork, since[H0,Hint] = 0. However, since [HL,Hint] ≠ 0, the inter-
action, once activated, can perform work on the ladder.

The resulting dynamics leads to an increase of the pop-
ulation of the top energy level ∣1L ⟩ of the ladder, which
(in units where h̵ = 1) is given by

Ptop(t) = Tr(∣1L ⟩⟨1L ∣ e−iHtρ0 e
iHt). (5)

The maximally reachable population depends on the tem-
peratures of the baths, as well as the energy gaps of the
machine qubits [15]. The top-level probability in Eq. (5)
evaluates to (see Appendix A)

Ptop(t) = ( ZH−1ZCZHZL
) sin2(gt) + ( (ZC−1)(ZL−1)ZCZHZL

) cos2(gt)
+ ZL−1ZL

− (ZC−1)(ZL−1)ZCZHZL
. (6)

For TC = 0, this simplifies to

Ptop(t) = (1 − 1ZH
) sin2(gt) . (7)

Thus, even when TC = 0, this function is far away
from the ideal shape in Eq. (1), both in terms of its
maximal value and the width of the distribution around
its peak. Even in the limit TH → ∞, the maximal value
reached at t = π

2g
is only 1

2
. Moreover, this top-level

population could also have been achieved by directly
coupling the ladder to the hot bath. Thus, the two-qubit
machine does not provide the desired ATPC by itself.
However, in the following we present a generalisation of
this framework which allow arbitrarily precise ATPC,
and hence an ideal clockwork to be approximated to
within any given error.

II.2. Generalised Machines

In the following we present a generalised clockwork
model that allows both the ‘sharpness’ and the amplitude
of Ptop(t) to be controlled, while keeping track of all the
relevant resources. This can be achieved by two qualita-
tively different but compatible extensions that we refer
to as ‘horizontal’ and ‘vertical’ extensions, as illustrated
in Fig. 3. The horizontal extension allows the amplitude
of Ptop(t) to be increased, while the vertical extension
allows the width of the peak of Ptop(t) to be decreased,
thus increasing its ‘sharpness’. Specifically, we add more
levels to the target ladder and with it more two-qubit ma-
chines, interacting with each successive transition (verti-
cal extension); to a given transition we add more ma-
chines (horizontal extension). We start by collecting all
interactions along a vertical column (see Fig. 3) of ma-
chines interacting with the ladder into a term H1. This
vertically extends the interaction of a single two-qubit
machine, Eq. (4), along all ladder states, i.e.

H1 = g d−1∑
n=1

(∣1C0H ⟩⟨0C1H ∣Mn
1
⊗ ∣n + 1L ⟩⟨nL ∣ +H.c.), (8)

for the first vertical column, where Mj
i denotes the

Hilbert space of the jth two-qubit machine acting on the
ith ladder transition. We then add another term H2,
which does the same for the second vertical column, al-
beit with an additional projector onto the subspace or-
thogonal to the one on which H1 acts non-trivially to
ensure commutativity of H1 and H2. This continues for
M vertical columns, always projecting onto the orthog-
onal subspace of all previously added machines. Using
M(i) to denote the Hilbert space of the vertical group of

the ith machine, i.e. M(i) ∶= ⊗d−1
j=1 Mj

i , we can then write
our generalisation of the interaction Hamiltonian from
the previous section in a compact notation as

Hint = M∑
k=1

k−1⊗
i=1

1M(i) ⊗ JM(k)L ⊗ M⊗
i=k+1

ΠM(i) = M∑
k=1

Hk . (9)
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Figure 3. On the right-hand side, the notion of ‘horizontal’ and ‘vertical’ extension is schematically illustrated. The ladder dimension d

determines the number of vertical extensions (‘rows’). Each pair of neighbouring energy levels of the ladder couples to M copies of the

two-qubit machine, where M determines the number of horizontal extensions (‘columns’). On the left-hand side, the energy-level structure

of a horizontally extended machine for a two-machine clockwork coupling to a two-level ladder (d = 2) is illustrated. This is a special case

of the generalised clockwork shown on the right-hand side. The different energy-conserving transitions induced by Hint are indicated by

the differently coloured arrows and dots, where the dots represent a conditioning of the transitions of machine 2 either on the ground state

(orange) or on the exited state (purple) of machine 1. The reverse transitions are not depicted here for sake of clarity.

Here, we have defined the projectors

ΠM(i) ∶= 1M(i) − d−1∑
n=0

∣nM(i)⟩⟨nM(i) ∣ (10)

and the operator

JM(k)L ∶= (11)

ig
d−1∑
n=1

√
n(d − n)(∣nM(k) , nL⟩⟨n − 1M(k) , n − 1L∣ −H.c.),

and the states ∣nM(k)⟩ are defined as

∣nM(k)⟩ ∶= n⊗
j=1

∣1C0H⟩Mj
k

d−1⊗
l=n+1

∣0C1H⟩Ml
k
. (12)

That is, the state ∣nM(k) ⟩ can be considered to be the nth

excited state of the kth vertical group M(k) in the sense

that the first n machines Mj
k for j = 1, . . . , n are in the

‘used’ state ∣1C0H ⟩Mj
k
, whereas the remaining d − n + 1

machines Ml
k, with l = n + 1, . . . , d − 1, are in the ‘un-

used’ state ∣0C1H ⟩Ml
k
. The relative normalisation factor√

n(d − n) of the different interaction terms in the Hamil-
tonian is precisely chosen such that the different subspace

rotations are in phase to single out a sin2(d−1)(gt) scal-
ing of Ptop(t) as opposed to a mixture of different powers
of trigonometric functions. For further details, see Ap-
pendix C.

In the following we will briefly discuss the horizontal
and vertical extensions separately to outline their physi-
cal impact.

II.2.1. Horizontal extension

As shown in Appendix B, for TC = 0, the interaction
Hamiltonian for N = 2 in Eq. (9) then modifies the top-
level probability from Eq. (7) to

Ptop(t) = (1 − 1ZMH ) sin2(gt). (13)

For finite TC, the weight of this sinusiodal term changes,
and there are additional constant and cosine terms,
whose relative weight increase with increasing TC (see
Appendix B).

From Eq. (13) we see that the maximal value of Ptop(t)
increases with increasing M , and total population inver-
sion can be achieved in the limit M → ∞. However, in
order to achieve ATPC, only increasing the magnitude of
Ptop(t) is not sufficient since this neglects the temporal
concentration. In the next section we therefore introduce
the ‘vertical’ extension, which allows us to temporally
concentrate Ptop(t), leading to sharper peaks.

II.2.2. Vertical extension

For the vertical extension, we generalise the ladder to
a non-degenerate system with d evenly spaced energy
eigenstates, with the gap between neighbouring states
equal to EL. To each of the d − 1 pairs of neighbouring
energy levels of the vertically extended ladder, a 2-qubit
machine can be coupled in the way described in the pre-
vious section. In total, the vertically extended clockwork
thus consists of a d-dimensional ladder and d − 1 two-
qubit machines, as illustrated in Fig. 3. The resulting
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top-level probability for TC = 0 becomes

Ptop(t) = (ZH − 1ZH
)(d−1)

sin2(d−1)(gt). (14)

We thus see that just vertically extending the machine
makes the temporal distribution sharper, but it also de-
creases the achievable top-level population.

II.2.3. General extended clockwork

Finally, by combining the horizontal and vertical ex-
tension, we can combine the advantages of both, i.e. si-
multaneously increase the top-level population and the
sharpness of the temporal distribution. Straightforward
calculation of the top-level probability for TC = 0 (shown
in detail in Appendix C) yields

Ptop(t) = {1 − [1 − (ZH−1ZH
)d−1]M} sin2(d−1)(gt). (15)

For TC only slightly greater than zero, Eq. (15) smoothly
approximates the above top-level probability (see Ap-
pendix C).

A direct consequence of the particular form of the top-
level probability in Eq. (15) is that the amplitude and
temporal variance (‘sharpness’) of Ptop(t) can be opti-
mised to within any desired error by controlling the num-
ber of machines (M) per neighbouring pair of energy lev-
els in the horizontal extension and the dimension of the
ladder (d) in the vertical extension, respectively.

Since we restricted the clockwork to consist of qubit
machines that have up to M(d−1)-body interactions, and

the Hilbert space of the machine is 4M(d−1)-dimensional,
the most reasonable quantifier of complexity should be
related simply to M and d. We therefore focus on eluci-
dating the role of M and d separately. What we can now
see is that, in order to decrease the temporal variance
(increasing d) while increasing the amplitude (increasing
M), the complexity necessarily has to increase. Thus,
for a fixed complexity there exists a trade-off between
temporal variance and probability amplitude.

In the following sections we will include the irreversible
decay mechanism to numerically analyse how accuracy
and resolution of clocks are influenced by changes in M
and d.

III. IRREVERSIBILITY AND CLOCK TICKS

Any autonomous quantum clock (or any clock for that
matter) inevitably produces entropy in order to tick [11],
as it needs to be subject to an irreversible evolution.
While the internal clockwork produces a temporally well-
concentrated and repeating distribution, there needs to
be an irreversible process that turns this into a measur-
able signal. For this to happen there needs to be a system
that is driven out of equilibrium in order to relax back to

equilibrium while producing a tick. In our case the sys-
tem that is driven out of equilibrium is the ladder. The
system with respect to which the ladder is driven out of
equilibrium is assumed to couple to the ladder such that
the top level is unstable and decays, emitting energy into
that system. As an example, one can take this system
to be a photon field at the environment temperature TC

that couples to the ladder, such that when the top level
population decays to the ground state it emits a photon
of energy Eγ = (d−1)EL. However, note that the assump-
tion that only this particular ladder transition couples to
the field is an idealization for the purpose of deriving
fundamental bounds (as discussed in Sec. II). Since any
irreversible process can be viewed as a reversible process
on a larger Hilbert space, the presence of such a decay
channel must in principle also allow for the reverse pro-
cess of exciting the ladder while absorbing energy, e.g., in
the form of a photon in the example above. However the
probability for this to happen can be made arbitrarily
small by demanding that the background temperature of

the field satisfies
Eγ
kBTC

≫ 1.

The number of possible decay processes is vast. How-
ever, since our aim is to capture all resources that are
necessary to operate a clock, allowing for decay processes
that require memory would miss the purpose, since the
required resources are not clearly defined for them. We
therefore require the photon field to be memoryless, i.e.
that correlations with the ladder are diluted very quickly
and are thus negligible. The resulting dynamics are gov-
erned by the law of exponential decay, and thus consti-
tute an ideal case, giving an effective upper bound to the
clock performance and allowing us to keep track of the
resources that are invested. In particular, the probabil-
ity density for a tick occurring at time t is given by (see
Appendix D)

Ptick(t) = cPtop(t)e−c ∫ Ptop(t′)dt′ , (16)

where c is the coupling strength of the photon field with
the top level of the ladder.

Let us now consider the energetic resources required to
run the clock. We first note that, taking TC = 0, as the
clockwork state evolves, each branch of its superposition
where the ladder’s top level is excited corresponds to a
transition of d−1 machines: ∣0M(k) ⟩ → ∣d − 1M(k) ⟩, where
the value of k differs between branches, and we recall that
the {∣nM(k) ⟩} were defined in Eq. (12). Thus, regardless
of which branch is realised, if the ladder’s top level is
excited then the heat flow from the hot bath into the
total system is given by Qin = (d − 1)EH. This heat
flow does the work of driving the ladder from ∣0 ⟩L to∣d − 1 ⟩L, i.e. W = (d − 1)EL. After the clock has ticked
and the cold qubits of the machines re-thermalise, Qout =(d − 1)EC of heat will be dissipated into the cold bath.
Since EH = EL +EC, we thus have the usual relation for
a thermal machine, i.e. Qin =W +Qout, and the thermal
efficiency of the process is ηth ∶= W

Qin
= EL

EL+EC
. From this,

one can see that as EC/EL decreases, we approach the
Carnot efficiency bound ηth ≤ 1.
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Curiously, for TC = 0 and M → ∞, the top-level pop-

ulation is just Ptop(t) = sin2(d−1)(gt). If interpreted as
a heat engine whose purpose is to charge a battery (the
ladder), then one can indeed reach an efficiency of ηth ≈ 1
and still charge the battery in finite time τ = π

2g
. Even

the task of ATPC can be achieved to arbitrary precision
at perfect efficiency. One can interpret this as sufficient
clockwork complexity permitting perfect efficiency at fi-
nite power.

In any case, the efficacy of ATPC and the resulting
clock dynamics are essentially determined by the lad-
der dimension d and the number of driving machines M ,
which together correspond to a simple notion of clock-
work complexity. In order to investigate how these affect
the quality of the clock, we quantify this quality using
two notions introduced in [11]. These are the accuracy,
which is the average number of ticks until the next tick
is off by the average time between two ticks, i.e.

N = ( t

∆t
)2

, (17)

and the resolution, which is the inverse average time be-
tween two ticks, i.e.

R = 1

t
. (18)

Here, t = ∫ ∞0 tPtick(t)dt and (∆t)2 = t2 − (t)2 with t2 =∫ ∞0 t2Ptick(t)dt.
Let us remark here that our choice of quantifier for

the resolution R is not the only option. For instance,
another candidate to quantify the resolution would be

1/t = ∫ ∞0 1
t
Ptick(t)dt. However, for this choice, small

times would contribute much more strongly to the av-
erage than for the inverse of the average times. For ex-
ample, already a single outlier at a very small value of t

would result in a very large value of 1/t, and one would
conclude that the resolution was very high, even if most
of the events were observed at larger values of t. Con-
versely, choosing 1/t̄ as a quantifier means that even a few
outliers at large values t would result in a low resolution.
Therefore, our choice R = 1/t̄ represents the more con-
servative of these choices, ensuring that our description
results in upper bounds on the resolution.

In the following section, we present numerical calcula-
tions of the accuracy as a function of the resolution, the
clockwork complexity and the energy dissipated per tick.

For comparison, let us take as a baseline an exam-
ple where there are no qubit machines employed, and
the ladder simply begins in equilibrium with the hot
bath and emits this energy into the cold bath via the
irreversible process, i.e. there is no ATPC. In that
case, the top-level probability is constant, i.e. Ptop(t) =
exp [−βH(d − 1)EL)] /ZL, which results in R = 1

t
= 1

∆t
=

c exp [−βH(d − 1)EL)] /ZL, and thus the resolution is es-
sentially determined by the decay rate c and the popula-
tion of the decaying level. The accuracy is simply N = 1.

This highlights the main purpose of a clockwork: An in-
dividual event resulting from pure thermalisation would
result in an accuracy of 1 and come at a work cost of(d − 1)EL, whereas the clockwork can increase the accu-
racy while keeping the work cost of one tick constant.

IV. NUMERICAL RESULTS

Since we are interested in upper bounds on the clock
quality, for the following results we assume the tempera-
ture of the hot bath to be infinite, i.e. TH →∞, as well as
TC = 0. The curves in the following figures are generated
numerically by varying three free parameters, namely M ,
d and c (varying g has the inverse effect of varying c –
see Appendix F). In particular, each curve corresponds
to fixed values of M and c while d varies; we display the
accuracy N on the vertical axes, and the ladder dimen-
sion d (Fig. 4), the resolution R (Fig. 5), and the energy
dissipation rate ε (Fig. 6), respectively, on the horizontal
axes.

First we analyse the relation between the ‘sharpness’
of the peak of Ptop(t) and the clock accuracy. Recalling
the discussion in Sec. II.2.2, we note that the ‘sharp-
ness’ of Ptop(t) increases with increasing d, and the lat-
ter may therefore be used as a measure of the ‘sharpness’
of Ptop(t). In Fig. 4, the behaviour of the accuracy as
d increases is depicted for different ladder-bath coupling
strengths c and different values of M . For small d we see
that the accuracy increases linearly. However, increasing
the ‘sharpness’ beyond a certain point leads to a decrease
in accuracy (this behaviour will be discussed in detail in
Sec. V). The value of c therefore puts a bound on the
maximally achievable accuracy for all potential clocks.
The same limiting behaviour is apparent if we fix c and
vary g instead (see Appendix F), for reasons that we dis-
cuss below.

In order to analyse both accuracy and resolution with
respect to the clockwork complexity in Fig. 5, we compare
those two quantities for different fixed values of M while
varying d. Increasing M allows us to reach a higher max-
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Figure 4. The effect of the ladder dimension d on the clock
accuracy N for different M . The top three curves show this
in the limit M →∞ for different c, where [c] = s−1.
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Figure 5. The trade-off between clock accuracy N and res-
olution R for clockworks of various complexities, where R is
increased by decreasing d. For finite horizontal extensions
M , we show this behaviour for a fixed photon field coupling
c = 25, where [c] = s−1. Increasing M allows for higher max-
imal accuracy, and thus the orange line represents an upper
bound of the accuracy for a given resolution for all clocks with
c = 25. For M → ∞, we see that increasing c increases the
potentially achievable combinations accuracy and resolution.
We have chosen g = 1 EC in all cases.
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Figure 6. The accuracy N as a function of the energy
dissipation rate ε = Qout/t̄ (with [ε] = EC s−1) for different
numbers of horizontal extensions M , with c = 105s−1. As M
increases, the maxima of the curves obtained by varying d
are shifted towards higher values of N and ε, i.e., up and
to the right, reaching finite values (not shown) in the limit
M → ∞ (black curve). The individual peaks obtained for a
given coupling strength c and number M of horizontal exten-
sions correspond to the clocks that achieve maximal accuracy
under these constraints. We exclude sub-optimal cases, i.e.
cases where increasing d reduces resolution and accuracy.

imal accuracy, while increasing d (which increases from
right to left in Fig. 5) allows us to trade resolution for
accuracy up to the optimal point, after which the accu-
racy reduces again. We further observe that all clocks
with the same c and g lie under a curve defined by the
case of M → ∞. Increasing c allows for clocks of higher
quality, i.e. that have higher accuracy and resolution.
Furthermore, the position of the maximum depends on
the value of g. Here g was chosen to be equal to 1 EC.

Increasing this value shifts the peak to the right, i.e. to
higher resolutions (see Appendix F).

Finally, in order to analyse the effect of the energy
dissipation rate ε = Qout/t̄ on the clock accuracy with re-
spect to different values of M and d, which are simply re-
lated to the complexity of the clockwork (see Sec. II.2.3),
in Fig. 6 we plot the accuracy over the energy dissipation
rate ε for clockworks of different complexity. In partic-
ular, we compare different values of M while varying d.
What we can see in Fig. 6 is that for fixed M (at fixed
c and g), increasing the energy dissipation rate (which
is achieved by increasing d) increases the accuracy at a
certain slope until a maximum is reached. Increasing d
further decreases the accuracy. Furthermore, for a given
c, increasing M leads to a lower slope (approaching the
slope of M → ∞) while allowing for higher maximal ac-
curacy, which suggests that a greater maximal accuracy
can be achieved at the cost of a greater energy dissipa-
tion rate. We also note that increasing c increases the
maximally achievable accuracy N , as can also be seen in
Figs. 4 and 5. At the same time, increasing c increases
the resolution (which can be seen in Fig. 6). Since Qout

does not depend on c, this increase in resolution leads to
a higher energy-dissipation rate for all values of d and M ,
thus increasing the slope of the N -ε curve (in the linear
regime). For reasons of visual clarity this is not depicted
in Fig. 6. One should note, however, that increasing c
indefinitely would eventually break the assumptions in-
herent in our analysis and force us to explore deviations
from a Markovian exponential decay towards memory ef-
fects in the irreversible dynamics.

V. DISCUSSION

Our results have two general implications. The first
concerns the task of autonomous probability concentra-
tion. We show that, in principle, sufficiently increas-
ing the clockwork complexity alone is enough to concen-
trate the temporal probability arbitrary well. In partic-
ular, this task can again be split into two conceptually
different sub-tasks: maximizing the achievable popula-
tion and improving the temporal ‘sharpness’ with which
this (maximal) population can be reached. By splitting
the clockwork into a target ladder and virtual-qubit ma-
chines coupled to the different ladder transitions, we were
able to analyse how more complex clockworks can help
to achieve the two respective sub-tasks. While we have
worked with equally-spaced ladder systems, the same re-
sult (qualitatively) also holds for arbitrarily spaced target
Hamiltonians, simply by redefining the respective cou-
pling strengths (the g’s) of the interaction Hamiltonians.
We have equipped our clockwork with a particular tensor
product structure, the division into two-qubit machines,
for the sake of keeping track of its complexity. Our ma-
chine operates optimally within the framework set by this
division, but whether more general machines could also
achieve the same performance with smaller overall size
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remains an open question.
In our analysis, we have optimised the internal struc-

ture of the clock, i.e. the clockwork, to concentrate the
probability in a fashion that most closely resembles the
temporal distribution of an ideal clockwork. For given c,
this amplifies the clock quality only up to a limit, which
we showcase in Fig. 4. This can intuitively be under-
stood by considering the two key timescales of the clock,
namely that of the clockwork’s dynamics, and that of
the irreversible decay. Increasing d while keeping c fixed,
one eventually reaches a point where Ptop(t) is so well
concentrated temporally that the comparative slowness
of the decay mechanism reduces the probability that the
clock will tick. In other words, it becomes more likely
that the decay mechanism will skip that peak. We see
the inverse of this behaviour if instead of c, we consider
curves of fixed g (see Appendix F), as increasing g speeds
up the clockwork, effectively making the limit imposed by
c more restrictive.

This brings us to the second implication of our work.
The irreversible mechanism, in our case characterised by
the parameter c, puts an absolute upper bound on the
achievable combinations of resolution and accuracy, i.e.
the clock quality, and thus determines the potential for
how well a particular physical process can be used as the
basis for a clock. The question of how well this upper
bound can be approximated brings us to the role of our
two extensions. First of all, the horizontal extension, i.e.
the coupling of multiple elementary machines to a single
transition between neighbouring ladder levels primarily
serves the purpose of increasing the possible population
inversion and with it the achievable top-level population.
As we see in Eq. (16), c always appears multiplied by the
prefactor of the sine in Eq. (15), resulting in an effective
coupling :

CM = c⎧⎪⎪⎨⎪⎪⎩1 − [1 − (ZH − 1ZH
)d−1]M⎫⎪⎪⎬⎪⎪⎭ . (19)

From this we can see that increasing the horizontal ex-
tension M is physically equivalent to increasing the cou-
pling c, and this is why they play the same role in Fig. 4
(though we note that CM is bounded with respect to M
but not with respect to c). One cannot make a similar
statement to relate c with the vertical extension d, since
the exponent of the sine in Eq. (15) will vary as d does.
As noted above, d sharpens the temporal distribution,
thus increasing the accuracy of the clock as long as the
limit set by c and M [via Eq. (19)] is not surpassed, as
demonstrated in Fig. 4.

In the regime where the accuracy grows linearly with
the ‘sharpness’ (Fig. 4), which is determined by d (see
Appendix F), there exists a trade-off relation between
accuracy and resolution. To see this, note that the reso-
lution decreases monotonically with d [see Fig. 7(b)]. For
fixed c and g, the case of M → ∞ represents an upper
bound on the clockwork quality, i.e. on the achievable
combinations of accuracy and resolution, which is illus-
trated in Fig. 5.

In our computations, we have focused on the limit
TC → 0. State-of-the-art atomic clocks operate at op-
tical frequencies [16], and at even higher frequencies in
novel proposals [17]. The vacuum state of any optical-
frequency mode of the electromagnetic field has a pop-
ulation of ≈ 1 at room temperature, and this situation
is thus virtually indistinguishable from temperature 0.
For clocks operating at much lower frequencies, such as
those based on microwave transitions, cooling the envi-
ronmental degrees of freedom into which the irreversible
mechanism dissipates heat would be necessary in order
to approach the fundamental limits we derive here.

It is nonetheless important to stress that we are inter-
ested in fundamental limits of timekeeping and the asso-
ciated complexity and cost, which one of the reasons why
we consider autonomous clocks in contrast with atomic
clocks, for example, which require external control. For
the practical purpose of building clocks for everyday use,
atomic clocks can require as little as 30 mW [18], which
is many orders of magnitude above the scale defined by
the system energy and the timescale of the relevant pro-
cesses, but still insignificant for global energy use. The
majority of that cost, however, comes from the fact that
at some point that single event needs to be amplified and
registered by a measurement apparatus, whose inherent
irreversible nature is also thermodynamic and comes with
its own costs and limitations [19]. Conversely, the in-
evitable imperfections of clocks and the associated costs
also limit the achievable quality of measurements and,
consequently, of all estimation procedures, e.g., of work
itself [20].

As far as current and future prospects are concerned
the limits derived in this paper have more fundamental
relevance for the autonomous control of quantum sys-
tems by a quantum clock [21, 22]. Here, a small quantum
system is envisioned to be controlled by an autonomous
quantum clock. This is important for any type of unitary
process requiring precise timing, from small machines op-
erating in cycles [23] to general repeating unitary pro-
cesses such as circuit-based cooling models [24–28].

Coming back to the actual energy cost, there are a
number of interesting observations that follow from our
clock model. First of all, the horizontal extension always
comes at a finite energy cost and dissipation for each
tick for any clock, while the vertical extensions linearly
increase the energy cost and dissipation. The vertical ex-
tensions on the other hand linearly increases the energy
cost and dissipation and, as long as the limit imposed by
the c and M is not exceeded, also increases the accuracy.
This limit can be qualitatively understood as a point after
which further concentrating probability is actually detri-
mental to clock performance. We can observe that the
increase in accuracy follows a linear behaviour in d, be-
fore switching to a sublinear behaviour close to the peak,
after which it actually decreases accuracy again. Thus,
in addition to recovering the observation that N ∝ ∆S,
i.e. that a clock’s accuracy is essentially determined by
the entropy it dissipates (which seems to be a prevalent
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feature in all classical and quantum clocks [12]), we have
pinpointed which combination of the resources M , d and
c allow us to maintain this linear regime. The propor-
tionality factor itself can be identified numerically from
the plots in Fig. 6.

Finally, let us put our clockwork model in context with
recent literature on quantum clocks. In Refs. [29–32], the
relationship between achievable clock accuracy as a func-
tion of ’clock dimension’ is studied by means of repeated
applications of maps from a clock system to a register.
These works provide fundamental bounds for clock ac-
curacy for fixed system dimension d, showing that the
accuracy of classical (incoherent) clocks can at best scale
linearly in d, whereas a quantum clock’s accuracy (with
states featuring coherence) may scale as d2. The clock
system considered in these works is exactly what we here
refer to as the ladder system. Meanwhile, the map that
Refs. [29–33] refer to as being responsible for creating a
tick event in the register subsumes the interactions be-
tween the ladder, the qubit machines, and the heat baths,
and also includes the irreversible mechanism and the sub-
sequent read-out. In other words, our work provides a
concrete physical realisation of the maps that effect the
transfer of ticks to the register. In Fig. 4, we see that,
in the regime of the clockwork not exceeding the clock
potential dictated by the irreversible mechanism, the ac-
curacy scales linearly with the ladder dimension d, which
is already the optimal achievable scaling [32].

VI. CONCLUSION

In this article, we have put forward a framework for
studying fundamental limits of timekeeping. The concep-
tual split of any such task into a clockwork, which creates
a temporally concentrated probability distribution, and
a mechanism for irreversibility, allowed us to derive an
analytic formula for the achievable temporal probability
concentration of the clockwork. The irreversible mech-
anism provides a context for the operation of the clock
by allowing the passage of time to be tracked in the first
place. Meanwhile, the chosen irreversible mechanism sets
the reference timescale that ultimately constrains the po-
tential of any clockwork that harnesses this mechanism
to form a clock. But it is the clockwork that needs to

be appropriately tuned to achieve maximal performance
given these constraints. By composing the clockwork of
the smallest possible thermal machines, we were further
able to conceptually split the task of autonomous proba-
bility concentration into two sub-tasks. First, by having
more machines interact with a single transition, we can
increase the maximum top-level probability and with it,
the effective coupling to the irreversible mechanism. Sec-
ond, by concatenating multiple transitions of this kind,
we are able to sharpen the temporal distribution. This
reveals the intricate ways in which the complexity of the
clockwork determines its performance.

In the future, it will be interesting to study more
exotic irreversible mechanisms beyond exponential decay
and whether they could be harnessed to further improve
the clock quality. Moreover, one might study increasing
clockwork complexity in a manner other than the
addition of qubits. Furthermore, beyond simply asking
if optimal ATPC is achievable in some limit, it would
be of interest to ask which temporal probability profile
(i.e. Ptick(t)) optimizes clock performance under some
constraints, and the extent to which such a profile is
achievable with a quantum machine. Another interesting
avenue would be to make a stronger connection to exper-
imental implementations of clocks and how the notion of
irreversibility versus temporal probability concentration
can be more formally made on larger scales. One
experiment in that direction is performed in Ref. [12],
using a nano-mechanical membrane. Photoisomerisation
could also provide a potential platform for implementing
such a clock at molecular scales [34]. While there are
many open paths to explore and questions to answer,
our results consolidate the fact that perfect clocks are
practically impossible when derived from first principles
and that significant thermodynamic resources have to
be invested to reach the potential of any physical system
to act as a clock.
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par, and Renato Renner, Quantum clocks are more ac-
curate than classical ones, arXiv:1806.00491 [quant-ph]
(2018).

[32] Yuxiang Yang and Renato Renner, Ultimate limit
on time signal generation, arXiv:2004.07857 [quant-ph]
(2020).

[33] Mischa P. Woods, Autonomous Ticking Clocks from
Axiomatic Principles, Quantum 5, 381 (2021),
arXiv:2005.04628.

[34] Nicole Yunger Halpern and David T. Limmer, Funda-
mental limitations on photoisomerization from thermo-
dynamic resource theories, Phys. Rev. A 101, 042116
(2020), arXiv:1811.06551.

[35] Michael Morrison and Gregory Parker, A Guide to Ro-
tations in Quantum Mechanics, Aust. J. Phys. 40, 465
(1987).

[36] E. P. Wigner and J. J. Griffin, Group Theory and Its Ap-
plication to the Quantum Mechanics of Atomic Spectra,
Pure and applied Physics (Academic Press, 1959).

[37] Joseph Wiener, Integrals of cos2n(x) and sin2n(x), The
College Mathematics Journal 31, 60 (2000)

51



13

APPENDICES

In these appendices, we provide detailed derivations and background information for the results presented in the
main text. In Appendix A we first present a derivation of the top-level probability for the two-qubit machine of
Sec. II.1. In Appendix B, we then present the derivation of the top-level probability for the horizontal extension of
the clockwork for arbitrary temperatures TH and TC. In Appendix C, we then again focus on the case TC = 0, for which
we derive the top-level probability in the full horizontal and vertical extension. Appendix D contains the derivation
of the tick probability. Appendix E presents the details for the numerical computation of accuracy and resolution.
Appendix F discusses the behaviour of clocks with changing ladder dimension d as well as changing coupling constant
g.

Appendix A: Top-level probability of a two-qubit clockwork

Here, we present a derivation of the top-level probability Ptop(t) from Eq. (7). That is, we consider the minimal
clockwork discussed in Sec. II.1, which consists of a hot qubit (coupling to the hot bath at temperature TH, as well as
a cold qubit and a ladder (both coupling to a cold bath at temperature TC). The derivation presented here is a special
case (M = 1 and TC = 0) of the more general derivation of the top-level probability within the horizontal extension
that we will present in Appendix B (where M > 1 and both TH and TC can take on arbitrary values). Nevertheless,
we will first go through the much simpler derivation for M = 1 and TC = 0 here, which will serve as a guiding example
for the much more involved general calculation that is to follow.

Assuming that the systems have thermalised with their respective baths, the initial state of the clockwork is given
by

ρ0 = ∣0 ⟩⟨0 ∣C ⊗ τH ⊗ ∣0 ⟩⟨0 ∣L = ∣0 ⟩⟨0 ∣C ⊗ 1ZH
(∣0 ⟩⟨0 ∣H + e−βHEH ∣1 ⟩⟨1 ∣H) ⊗ ∣0 ⟩⟨0 ∣L , (A1)

where ZH = 1 + e−βHEH is the partition function of the hot qubit. Since the interaction term Hint in the total
Hamiltonian H =H0 +Hint is chosen such that the free energy (that is, w.r.t. the free Hamiltonian H0) is conserved,[H0,Hint] = 0, and because the initial state ρ0 is diagonal in the eigenbasis of H0, we can write the top-level probability
from Eq. (5) as

Ptop(t) = Tr(∣1 ⟩⟨1 ∣L e−iHtρ0 e
iHt) = Tr(∣1 ⟩⟨1 ∣L e−iHinttρ0 e

iHintt) = Tr(T0 ∣0 ⟩⟨0 ∣C ⊗ τHT †
0 ), (A2)

where T0 is a matrix encoding the transition amplitude between ground state and excited state of the ladder, given
by

T0 = L⟨1 ∣ e−iHintt ∣0 ⟩L = ∞∑
k=0

(−it)k
k!

L⟨1 ∣Hk
int ∣0 ⟩L . (A3)

Now, because H2
int is proportional to the identity on its support, that is,

H2
int = g2 (∣1 ⟩⟨0 ∣C ⊗ ∣0 ⟩⟨1 ∣H ⊗ ∣1 ⟩⟨0 ∣L + H.c.)2 = g2 (∣1 ⟩⟨1 ∣C ⊗ ∣0 ⟩⟨0 ∣H ⊗ ∣1 ⟩⟨1 ∣L + ∣0 ⟩⟨0 ∣C ⊗ ∣1 ⟩⟨1 ∣H ⊗ ∣0 ⟩⟨0 ∣L),

(A4)

even powers of Hint do not contribute to T0. However, for odd powers we have H2k+1
int = g2kHint, such that we find

L⟨1 ∣H2k+1
int ∣0 ⟩L = g2k+1 ∣1 ⟩⟨0 ∣C ⊗ ∣0 ⟩⟨1 ∣H. With this, we can evaluate the transition matrix T0, i.e.

T0 = ∞∑
k=0

(−it)2k+1

(2k + 1)! L⟨1 ∣H2k+1
int ∣0 ⟩L = ∞∑

k=0

(−igt)2k+1

(2k + 1)! ∣1 ⟩⟨0 ∣C ⊗ ∣0 ⟩⟨1 ∣H = sin(gt) ∣1 ⟩⟨0 ∣C ⊗ ∣0 ⟩⟨1 ∣H . (A5)

Inserting the result into Eq. (A2), we finally arrive at the top-level probability

Ptop(t) = Tr(T0 ∣0 ⟩⟨0 ∣C ⊗ τHT †
0 ) = sin2(gt) L⟨1 ∣ τH ∣0 ⟩L = sin2(gt) e−βHEH

1 + e−βHEH
= sin2(gt) (1 − 1ZH

). (A6)

Appendix B: The horizontal extension

In this appendix, we present more technical details of the horizontal extension of the autonomous clockwork from
a single (M = 1) to multiple (M > 1) two-qubit machines interacting with the same two-level (d = 2) transition of
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the ladder system. In particular we will derive the top-level probability for the horizontal extension for arbitrary
temperatures TC and TH.

Following a similar approach as in Eq. (A2), we define transition operators

Tn ∶= L⟨1 ∣ e−iHintt ∣n ⟩L = L⟨1 ∣ ∞∑
j=0

(−it)j
j!

Hj
int ∣n ⟩L = L⟨1 ∣ ∞∑

j=0

(−it)j
j!

M∑
k=1

Hj
k ∣n ⟩L , (B1)

for n = 0,1, where the last equality follows from the fact that the interaction terms Hk given by the terms in Eq. (9)
have mutually disjoint support, i.e. HkHk′ = 0 for k ≠ k′. Before we calculate these transition operators, we note that
Hk satisfies the cyclic property

H2q
k = g2q

k−1⊗
i=1

1Mi ⊗ (∣0C1H ⟩⟨0C1H ∣Mk
⊗ ∣0 ⟩⟨0 ∣L + ∣1C0H ⟩⟨1C0H ∣Mk

⊗ ∣1 ⟩⟨1 ∣L) ⊗ M⊗
j=k+1

ΠMj for q ∈N>0, (B2)

H2q+1
k = g2q+1

k−1⊗
i=1

1Mi ⊗ (σ−Mk
⊗ σ+L + σ+Mk

⊗ σ−L) ⊗ M⊗
j=k+1

ΠMj = g2q+1Hk for q ∈N , (B3)

where Mi = M1
i = C1

i ⊗ H1
i denotes the Hilbert space of the ith horizontal extension, σ+L ∶= ∣1L ⟩⟨0L ∣ = (σ−L)†

, σ+Mk
∶=

∣0C1H ⟩⟨1C0H ∣Mk
= (σ+Mk

)†
, and ∣ lCmH ⟩⟨pCqH ∣Mk

∶= ∣ l ⟩⟨p ∣Ck ⊗ ∣m ⟩⟨q ∣Hk , with l,m, p, q = 0,1.

Now, for the transition operator T0, we note that only odd powers of Hk can map ∣0 ⟩L to ∣1 ⟩L, and therefore

T0 = ∞∑
q=0

M∑
k=1

(−it)2q+1

(2q + 1)! L⟨1 ∣H2q+1
k ∣0 ⟩L = sin(gt)(M∑

k=1

k−1⊗
j=1

1Mj ⊗ σ−Mk
⊗ M⊗
l=k+1

ΠMl
) . (B4)

We can calculate T1 similarly, noting that only even powers of Hk contain the factor ∣1 ⟩⟨1 ∣L.

T1 = ∞∑
q=0

M∑
k=1

(−it)2q

(2q)! L⟨1 ∣H2q
k ∣1 ⟩L = cos(gt)(M∑

k=1

k−1⊗
j=1

1Mj ⊗ ∣1C0H ⟩⟨1C0H ∣Mk
⊗ M⊗
l=k+1

ΠMl
) + Π̃ (B5)

where Π̃ is a projection defined by

Π̃ ∶= 1H/L − M∑
k=1

k−1⊗
j=1

1Mj ⊗ ∣1C0H ⟩⟨1C0H ∣Mk
⊗ M⊗
l=k+1

ΠMl
= M⊗
k=1

ΠMk
+ M∑
k=1

k−1⊗
j=1

1Mj ⊗ ∣0C1H ⟩⟨0C1H ∣Mk

M⊗
j′=k+1

ΠMj′ . (B6)

In order to evaluate the top-level probability, let us briefly inspect the initial state ρ0 in this situation, which is
given by

ρ0 = M⊗
i=1

τCi ⊗ τHi ⊗ τL
= M⊗
i=1

( 1ZC
∣0 ⟩⟨0 ∣Ci + ZC − 1ZC

∣1 ⟩⟨1 ∣Ci) ⊗ ( 1ZH
∣0 ⟩⟨0 ∣Hi + ZH − 1ZH

∣1 ⟩⟨1 ∣Hi)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
TrL(ρ0)

⊗( 1ZL
∣0 ⟩⟨0 ∣L + ZL − 1ZL

∣1 ⟩⟨1 ∣L) . (B7)

We split the initial state into two parts: one where the ladder is initially exited and one where it is not, i.e.

ρ0 = 1ZL
TrL(ρ0) ⊗ ∣0 ⟩⟨0 ∣L + ZL − 1ZL

TrL(ρ0) ⊗ ∣1 ⟩⟨1 ∣L . (B8)

The top-level probability can then be seen to split into two be separate contributions, corresponding to the two terms
in Eq. (B8), that is,

Ptop(t) = 1ZL
Tr(T0TrL(ρ0)T †

0 ) + ZL − 1ZL
Tr(T1TrL(ρ0)T †

1 ), (B9)

We will first consider the part of ρ0 where the ladder is initially in the ground state. Considering ⊗k−1
j=1 1Mj ⊗ σ−Mk

⊗⊗Ml=k+1 ΠMl
in Eq. (B4) we see that for each k there are k−1 machines that are acted upon only by identities, meaning
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the partial trace over each of these machines simply contributes a factor 1. There are M − k machines that are acted
upon by an operator ΠMj , each leading to a factor

Tr [ 1ZHZC
ΠMj (∣0 ⟩⟨0 ∣Cj + (ZC − 1) ∣1 ⟩⟨1 ∣Cj) ⊗ (∣0 ⟩⟨0 ∣Hj + (ZH − 1) ∣1 ⟩⟨1 ∣Hj)Π†

Mj
]

= Tr [ 1ZHZC
(∣0C0H ⟩⟨0C0H ∣Mj

+ (ZH − 1)(ZC − 1) ∣1C1H ⟩⟨1C1H ∣Mj
)] = 1 + (ZC − 1)(ZH − 1)ZHZC

, (B10)

in Tr(T0TrL(ρ0)T †
0 ). In addition, there is always exactly one machine which is acted upon by σ−Mk

, contributing a
factor of

Tr [ 1ZHZC
σ−Mk

(∣0 ⟩⟨0 ∣Ck + (ZC − 1) ∣1 ⟩⟨1 ∣Ck) ⊗ (∣0 ⟩⟨0 ∣Hk + (ZH − 1) ∣1 ⟩⟨1 ∣Hk)σ+Mk
]

= Tr [ 1ZHZC
(ZH − 1) ∣1C0H ⟩⟨1C0H ∣] = ZH − 1ZHZC

(B11)

in Tr(T0TrL(ρ0)T †
0 ). The first term of Ptop(t) is thus given by the sum over all k ∈ 1,2, ...,M [see Eq. (B4)], multiplied

by the initial population of the ladder ground state, resulting in

1ZL
Tr(T0TrL(ρ0)T †

0 ) = 1ZL

ZH − 1ZHZC

M∑
k=1

(1 + (ZC − 1)(ZH − 1)ZHZC
)k−1

sin2(gt). (B12)

The second part of Ptop(t) can be calculated in the same way. Comparing Eq. (B5) with Eq. (B4), one sees that
(aside from the oscillating scalar factors) the first term of T1 differs from T0 by replacing σ−Mk

in the latter with∣1C0H ⟩⟨1C0H ∣Mk
, and the corresponding factor ZH−1ZHZC

is thus replaced by

Tr [ 1ZHZC
∣1C0H ⟩⟨1C0H ∣Mk

(∣0 ⟩⟨0 ∣Ck + (ZC − 1) ∣1 ⟩⟨1 ∣Ck) ⊗ (∣0 ⟩⟨0 ∣Hk + (ZH − 1) ∣1 ⟩⟨1 ∣Hk) ∣1C0H ⟩⟨1C0H ∣Mk
]

= Tr [ 1ZHZC
(ZC − 1) ∣1C0H ⟩⟨1C0H ∣Mk

] = ZC − 1ZHZC
. (B13)

The transition operator T1 additionally contains the static term Π̃, which means that Ptop(t) contains the additional
term

Tr [ 1ZMH ZMC Π̃
M⊗
k=1

(∣0 ⟩⟨0 ∣Ck + (ZC − 1) ∣1 ⟩⟨1 ∣Ck) ⊗ (∣0 ⟩⟨0 ∣Hk + (ZH − 1) ∣1 ⟩⟨1 ∣Hk) Π̃]
= (1 + (ZC − 1) (ZH − 1))MZMH ZMC + M∑

k=1

(1 + (ZC − 1) (ZH − 1))k−1 (ZH − 1)Zk−1
H Zk−1

C

. (B14)

Thus, the second term of Ptop(t) becomes

ZL − 1ZL
Tr(T1TrL(ρ0)T †

1 ) = ZL − 1ZL

ZC − 1ZHZC

M∑
k=1

(1 + (ZC − 1)(ZH − 1)ZHZC
)k−1

cos2(gt)
+ ZL − 1ZL

⎛⎝(1 + (ZC − 1) (ZH − 1))MZMH ZMC + M∑
k=1

(1 + (ZC − 1) (ZH − 1))k−1 (ZH − 1)Zk−1
H Zk−1

C

⎞⎠ , (B15)

and the total top-level probability of the horizontal extension is given by

Ptop(t) = M∑
k=1

(1 + (ZC − 1)(ZH − 1)ZHZC
)k−1 ( 1ZL

ZH − 1ZHZC
sin2(gt) + ZL − 1ZL

ZC − 1ZHZC
cos2(gt))

+ ZL − 1ZL

⎛⎝(1 + (ZC − 1) (ZH − 1))MZMH ZMC + M∑
k=1

(1 + (ZC − 1) (ZH − 1))k−1 (ZH − 1)Zk−1
H Zk−1

C

⎞⎠ (B16)

Taking the limit TC → 0, the top-level probability becomes

Ptop(t) = (1 − 1ZMH ) sin2(gt). (B17)
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Appendix C: Details on the vertical extension

Here, we present a detailed derivation of the top-level probability Ptop for the vertical extension of the clockwork.
That is, we consider M(d − 1) two-qubit machines coupled to the d-level ladder, such that M machines non-trivially
couple to each of the d − 1 ladder transitions. For the purpose of this derivation, we will consider the general case
that both the cold and hot bath have finite temperatures, in particular, TC ≥ 0 and TH < ∞, but we will assume
that TC < TH. To label the different machines, we denote the Hilbert space of the jth machine coupling to the ith

ladder transition (i.e., the transition between the ladder levels ∣ i − 1 ⟩L and ∣ i ⟩L) by M i
j , where i ∈ {0,1, . . . , d−1} and

j ∈ {1,2, . . . ,M}. Moreover, we denote the Hilbert space of the collection of all machines within the same ‘column’
(see, e.g., the illustration in Fig. 3), i.e. the collection of jth machines for all ladder transitions, as M(j) ∶= ⊗d−1

i=1 M
i
j .

Following these conventions, we define the fully (horizontally and vertically) extended interaction Hamiltonian as

Hint = M∑
k=1

k−1⊗
i=1

1M(i) ⊗ JM(k)L ⊗ M⊗
j=k+1

ΠM(j) = M∑
k=1

Hk. (C1)

Here, the operator Hk acts non-trivially on the joint Hilbert space M(k) of the kth ‘column’ and the ladder via the
operator

JM(k)L ∶= ig d−1∑
n=1

√
n(d − n)(∣nM(k) , nL⟩⟨n − 1M(k) , n − 1L∣ −H.c.). (C2)

However, the action of JM(k)L is conditioned on the states of the machines corresponding to the ‘columns’ M(k+1),
M(k+2), ..., M(M) through the projectors

ΠM(k) ∶= 1M(k) − N−1∑
n=0

∣nM(k)⟩⟨nM(k) ∣ = 1M(k) − Π̄M(k) , (C3)

where ∣0M(k) ⟩ ∶= ⊗d−1
j=1 ∣0C1H⟩Mj

k
, and the states ∣nM(k) ⟩ for n = 1, . . . , d − 1 are defined as

∣nM(k) ⟩ ∶= n⊗
j=1

∣1C0H⟩Mj
k

d−1⊗
l=n+1

∣0C1H⟩Ml
k
. (C4)

The state ∣nM(k) ⟩ can be considered to be the nth excited state of the kth vertical group M(k) in the sense that the

first n machines Mj
k for j = 1, . . . , n are in the ‘used’ state ∣1C0H ⟩Mj

k
, whereas the remaining d − n + 1 machines Ml

k

for l = n + 1, . . . , d − 1 are in the ‘unused’ state ∣0C1H ⟩Ml
k
. Similarly, the state ∣0M(k) ⟩ represents the corresponding

‘ground state’.
Further note that JM(k)L acts as an effective generator of rotations on the states ∣nL, nM(k) ⟩ for n = 0, . . . , d − 1.

To be more precise, JM(k)L can be considered to be a spin-j representation (for j = d−1
2

) of the generator of rotations

around the y-axis on the subspace W(k) ∶= span({∣nM(k) ⟩}n=0,...,d−1) ⊂ M(k) of the Hilbert space M(k) of the kth

vertical group of machines. Let us further denote the orthogonal complement of W(k) with respect to M(k) by W�(k),
such that M(k) = W(k) ⊕W�(k). We then observe that ker(JM(k)L) = W�(k) ⊗HL. Since ΠM(k) projects onto W�(k), we

see that Hk only has support on the subspace supp(Hk) = ⊗k−1
i=1 M(i) ⊗W(k) ⊗⊗mj=k+1W�(j) ⊗HL of the total Hilbert

space of the ladder and all machines. Moreover, these subspaces are orthogonal for different values of k, i.e.

HkHk′ = 0 ∀ k ≠ k′ . (C5)

As a consequence, we have Hq
int = (∑Mk=1Hk)q = ∑Mk=1H

q
k , which we can use in the power expansion of e−iHintt, that is,

e−iHintt = ∞∑
q=0

(−it)q
q!

Hq
int = 1 + ∞∑

q=1

(−it)q
q!

Hq
int = 1 + M∑

k=1

∞∑
q=1

(−it)q
q!

Hq
k = 1 + M∑

k=1

k−1⊗
i=1

1M(i) ⊗ ( ∞∑
q=1

(−it)q
q!

J qM(k)L) ⊗ M⊗
j=k+1

ΠM(j) ,

(C6)

where we have isolated the leading order term (q = 0) in the expansion, and used the fact that the 1M(i) and ΠM(j)
are idempotent. Next, we observe that by definition J qM(k)LΠ̄M(k) = J qM(k)L for all q ≥ 1. We then define the operator
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UM(k)L(t) ∶= e−iJM(k)Lt and write

UM(k)LΠ̄M(k) = e−iJM(k)Lt Π̄M(k) = (1M(k)L + ∞∑
q=1

(−it)q
q!

J qM(k)L) Π̄M(k) = 1L ⊗ Π̄M(k) + ∞∑
q=1

(−it)q
q!

J qM(k)L. (C7)

Inserting Eq. (C7) into Eq. (C6), we obtain

e−iHintt = 1 − 1L ⊗ M∑
k=1

k−1⊗
i=1

1M(i) ⊗ Π̄M(k) ⊗ M⊗
j=k+1

ΠM(j) + M∑
k=1

k−1⊗
i=1

1M(i) ⊗UM(k)L Π̄M(k) ⊗ M⊗
j=k+1

ΠM(j) (C8)

= 1 − 1L ⊗ M∑
k=1

Π̃[k] + M∑
k=1

Ũ[k] = 1̄ + M∑
k=1

Ũ[k],

where we have defined 1̄ ∶= 1 − 1L ⊗∑Mk=1 Π̃[k]. The projectors Π̃[k] and operators Ũ[k] are defined as

Π̃[k] ∶= k−1⊗
i=1

1M(i) ⊗ Π̄M(k) ⊗ M⊗
j=k+1

ΠM(j) , (C9)

Ũ[k] ∶= k−1⊗
i=1

1M(i) ⊗UM(k)L Π̄M(k) ⊗ M⊗
j=k+1

ΠM(j) , (C10)

such that Ũ[k]Ũ[k′] = 0 and Π̃[k]Π̃[k′] = 0 ∀k ≠ k′, while (1L⊗Π̃[k′])Ũ[k] = Ũ[k](1L⊗Π̃[k′]) = δkk′ Ũ[k] and 1̄Ũ[k] = Ũ[k]1̄ = 0.
With this, we are now in a position to provide a compact expression of the top-level probability Ptop(t), which

takes the form

Ptop(t) = Tr[∣d − 1⟩⟨d − 1∣L ρ] = Tr[L⟨d − 1 ∣ e−iHintt ρ0 e
iHintt ∣d − 1 ⟩L] (C11)

= Tr[L⟨d − 1 ∣ (1̄ + M∑
k=1

Ũ[k])ρ0 (1̄ + M∑
k=1

Ũ †[k]) ∣d − 1 ⟩L]
= Tr[L⟨d − 1 ∣ 1̄ρ0 1̄ ∣d − 1 ⟩L] + M∑

k=1

Tr[L⟨d − 1 ∣ Ũ[k] ρ0 Ũ
†[k] ∣d − 1 ⟩L],

where we have used the assumption that the initial state ρ0 is diagonal with respect to the joint eigenbasis of the
orthogonal projectors Π̃[k], which is the case here because the ladder and all machines qubits are initially thermal
with respect to either the cold or hot bath.

For the first term in Ptop we then have

Tr[L⟨d − 1 ∣ 1̄ρ0 1̄ ∣d − 1 ⟩L] = Tr[L⟨d − 1 ∣ 1̄ρ0 ∣d − 1 ⟩L] = Tr[L⟨d − 1 ∣ (1 − 1L ⊗ M∑
k=1

Π̃[k])ρ0 ∣d − 1 ⟩L] (C12)

= L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L (1 − M∑
k=1

Tr[Π̃[k]TrL(ρ0)]).
Here, we further have

Tr[Π̃[k]TrL(ρ0)] = Tr[(k−1⊗
i=1

1M(i) ⊗ Π̄M(k) ⊗ M⊗
j=k+1

ΠM(j)) M⊗
l=1

τM(l)] = Tr[Π̄M(k)τM(k)] M∏
j=k+1

Tr[ΠM(j)τM(j)] (C13)

= Tr[Π̄M(k)τM(k)] M∏
j=k+1

(1 −Tr[Π̄M(j)τM(j)]),
where we can use Eq. (C3) to calculate

Tr[Π̄M(j)τM(j)] = N−1∑
n=0

⟨nM(j) ∣ τM(j) ∣nM(j) ⟩ = N−1∑
n=0

n∏
i=1

⟨1C0H ∣ τMi
j
∣1C0H ⟩ N−1∏

l=n+1

⟨0C1H ∣ τMl
j
∣0C1H ⟩ (C14)

= N−1∑
n=0

⟨1 ∣ τC ∣1 ⟩n ⟨0 ∣ τH ∣0 ⟩n ⟨0 ∣ τC ∣0 ⟩d−n−1 ⟨1 ∣ τH ∣1 ⟩d−n−1 = 1Zd−1
C Zd−1

H

d−1∑
n=0

(ZC − 1)n(ZH − 1)d−n−1

= (ZH − 1)d − (ZC − 1)dZd−1
H Zd−1

C (ZH −ZC) .
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Inserting Eqs. (C14) and (C13) into Eq. (C12) and evaluating the sum over k, we obtain

Tr[L⟨d − 1 ∣ 1̄ρ0 1̄ ∣d − 1 ⟩L] = L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L (1 − (ZH−1)d−(ZC−1)dZd−1
H
Zd−1

C
(ZH−ZC))M . (C15)

Turning to the second term of Ptop in Eq. (C11), we express the individual terms in the sum over k as

Tr[L⟨d − 1 ∣ Ũ[k] ρ0 Ũ
†[k] ∣d − 1 ⟩L] = Tr[L⟨d − 1 ∣ Π̄M(k)UM(k)L τL ⊗ τM(k) U †

M(k)LΠ̄M(k) ∣d − 1 ⟩L] M∏
j=k+1

Tr[ΠM(j)τM(j)].
(C16)

Then, we note that we can write

Π̄M(k)UM(k)L = Π̄M(k) ⊗ 1L + ∞∑
q=1

(−it)q
q!

J qM(k)L = N−1∑
m,n=0

∣mM(k) , nL⟩⟨mM(k) , nL∣ + ∞∑
q=1

(−it)q
q!

J qM(k)L (C17)

= d−1∑
m,n=0
m≠n

∣mM(k) , nL⟩⟨mM(k) , nL∣ + d−1∑
n=0

∣nM(k) , nL⟩⟨nM(k) , nL∣ + ∞∑
q=1

(−it)q
q!

J qM(k)L,

= N−1∑
m,n=0
m≠n

∣mM(k) , nL⟩⟨mM(k) , nL∣ + d−1∑
n=0

∣nM(k) , nL⟩⟨nM(k) , nL∣ e−iJM(k)Lt,

where we have separated the terms corresponding to projectors onto the kernel and support of the operator JM(k)L in

the second step. With this, we can simplify the first factor appearing on the right-hand side of Eq. (C16) to

Tr[L⟨d − 1 ∣ Π̄M(k)UM(k)L τL ⊗ τM(k) U †
M(k)LΠ̄M(k) ∣d − 1 ⟩L] = d−2∑

n=0

⟨nM(k) , d − 1L ∣ τL ⊗ τM(k) ∣nM(k) , d − 1L ⟩ (C18)

+Tr[L⟨d − 1 ∣ (d−1∑
n=0

∣nM(k) , nL⟩⟨nM(k) , nL∣ e−iJM(k)Lt)(τL ⊗ τM(k))(eiJM(k)Lt
d−1∑
n′=0

∣n′M(k) , n
′
L⟩⟨n′M(k) , n

′
L∣) ∣d − 1 ⟩L]

= L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L d−2∑
n=0

⟨nM(k) ∣ τM(k) ∣nM(k) ⟩
+ d−1∑
n=0

⟨nM(k) , nL ∣ τM(k) ⊗ τL ∣nM(k) , nL ⟩ ∣⟨N − 1M(k) , d − 1L ∣ e−iJM(k)Lt ∣nM(k) , nL ⟩∣2
= L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L d−2∑

n=0

(ZC − 1)n(ZH − 1)d−n−1

Zd−1
C Zd−1

H

+ d−1∑
n=0

L⟨n ∣ τL(βC) ∣n ⟩L (ZC − 1)n(ZH − 1)d−n−1

Zd−1
C Zd−1

H

∣⟨d − 1M(k) , d − 1L ∣ e−iJM(k)Lt ∣nM(k) , nL ⟩∣2.
Reinserting the first term appearing in the last step of Eq. (C18) back into Eq. (C16), and evaluating the sum over k
in Eq. (C11), we obtain another [i.e. in addition to that in Eq. (C15)] time-independent contribution to the top-level
probability, given by

L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L M∑
k=1

(1 − (ZH−1)d−(ZC−1)dZd−1
H
Zd−1

C
(ZH−ZC))M−k d−2∑

n=0

(ZC − 1)n(ZH − 1)d−n−1

Zd−1
C Zd−1

H

(C19)

= L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L (1 − (ZC−1)d−1(ZH−ZC)(ZH−1)d−(ZC−1)d )[1 − (1 − (ZH−1)d−(ZC−1)dZd−1
H
Zd−1

C
(ZH−ZC))M].

For the second term appearing in the last step of Eq. (C18), we note that, since JM(k)L corresponds to the spin-j

representation (with j = d−1
2

) of the generator of rotations around the y-axis on the subspace spanned by the vectors∣nM(k) , nL ⟩ for n = 0,1, . . . , d−1, the matrix elements ⟨d − 1M(k) , d − 1L ∣ e−iJM(k)Lt ∣nM(k) , nL ⟩ coincide with the elements

of the Wigner (small) d-matrix djµ,m(β) ∶= ⟨j, µ ∣ e−iβJy ∣j,m ⟩ for µ = j, m = n − j, and β = 2gt, see, e.g., [35] or [36].
In particular, Eq. (B7) in [35, p. 485] lets us write

∣⟨d − 1M(k) , d − 1L ∣ e−iJM(k)Lt ∣nM(k) , nL ⟩∣2 = (d − 1

n
) cos2n(gt) sin2(d−n−1)(gt) . (C20)
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The prefactors of these sinusoidal contributions are then obtained by combining the second term in the last step of
Eq. (C18) with Eq. (C16), and evaluating the sum over k in Eq. (C11), which yields

L⟨n ∣ τL(βC) ∣n ⟩L (ZC−1)n(ZH−1)d−n−1Zd−1
C
Zd−1

H

M∑
k=1

(1 − (ZH−1)d−(ZC−1)dZd−1
H
Zd−1

C
(ZH−ZC))M−k

(C21)

= L⟨n ∣ τL(βC) ∣n ⟩L (ZC−1)n(ZH−1)d−n−1(ZH−ZC)(ZH−1)d−(ZC−1)d [1 − (1 − (ZH−1)d−(ZC−1)dZd−1
H
Zd−1

C
(ZH−ZC))M].

Finally, we can collect Eqs. (C20) and (C21), and combine them with the time-independent terms in Ptop to arrive at

Ptop(t) = d−2∑
n=0

L⟨n ∣ τL(βC) ∣n ⟩L (ZC − 1)n(ZH − 1)d−n−1 f(M,d,βC, βH) (d−1
n

) cos2n(gt) sin2(d−n−1)(gt)
+ L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L [1 − (1 − cos2(d−1)(gt))(ZC − 1)d−1f(M,d,βC, βH)], (C22)

where the coefficient f(M,d,βC, βH) is given by

f(M,d,βC, βH) = ZH−ZC(ZH−1)d−(ZC−1)d [1 − (1 − (ZH−1)d−(ZC−1)dZd−1
H
Zd−1

C
(ZH−ZC))M]. (C23)

The expression in Eq. (C22) holds for arbitrary temperatures TC and TH > TC, and includes the desired term pro-

portional to sin2(d−1)(gt) in the sum for n = 0. In particular, this term is the only term in Ptop(t) that remains when
taking the limit TC → 0, in which case ZC → 1, L⟨d − 1 ∣ τL(βC) ∣d − 1 ⟩L → 0, and L⟨0 ∣ τL(βC) ∣0 ⟩L = 1, and we have

lim
TC→0

Ptop(t) = [1 − (1 − (ZH−1ZH
)d−1)M] sin2(d−1)(gt), (C24)

as stated in Eq. (15) of the main text.

To see that small deviations from the ideal case where TC = 0 still allow for Ptop(t) to be close to the corresponding
value of the ideal case, i.e. to show the stability of our approach to ATPC, we analyse the behaviour of Ptop(t) in
the limits M →∞ and d →∞ at finite temperatures. To this end we first inspect Eq. (C23), and note that the term
that is potentiated by M is smaller than 1. To see this, we first write

(ZH − 1)d − (ZC − 1)dZd−1
H Zd−1

C (ZH −ZC) = (ZH − 1)d − (ZC − 1)dZdHZdC
ZHZCZH −ZC

= xd − yd
x − y , (C25)

where we have defined x ∶= ZH−1ZHZC
and y ∶= ZC−1ZHZC

with the property 0 ≤ y < x ≤ 1
2
. The expression on the right-hand

side of Eq. (C25) is smaller or equal than 1 if x − xd ≥ y − yd, which is the case if x − xd is monotonically increasing
on the interval [0, 1

2
]. Inspecting the derivative, we have ∂

∂x
(x − xd) = 1 − dxd−1 ≥ 0 since dxd−1 ≤ d/2d−1 ≤ 1 for d ≥ 2.

Consequently, we have xd−yd
x−y ≤ 1 and limM→∞(1 − xd−yd

x−y )M = 0. Therefore, we see that

lim
M→∞ f(M,d,βC, βH) = ZH −ZC(ZH − 1)d − (ZC − 1)d . (C26)

Since we know that Ptop(t) must lie in [0,1], showing that the first term of Eq. (C22) (n = 0) remains close to 1 when
M and N go to infinity is sufficient to show that our approach is stable with respect to deviations from TH →∞ and
TC → 0, i.e.

lim
M→∞ lim

d→∞ L⟨0 ∣ τL(βC) ∣0 ⟩L (ZH − 1)d−1 f(M,d,βC, βH) (d−1
0
) sin2(d−1)(gt)

= lim
d→∞

1ZL
(ZH − 1)d−1 ZH −ZC(ZH − 1)d − (ZC − 1)d sin2(d−1)(gt) = lim

d→∞
1ZL

ZH −ZCZH − 1

1

1 − (ZC−1ZH−1
)d sin2(d−1)(gt)

= ⎧⎪⎪⎪⎨⎪⎪⎪⎩
ZH −ZCZL(ZH − 1) , if t = π

2g

0, otherwise
. (C27)
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The value of the expression in Eq. (C27) for t = π
2g

can further be written as

ZH −ZCZL(ZH − 1) = 1 + e−βHEH − (1 + e−βCEC)
e−βHEH ∑d−1

n=0 e
−nβC(EH−EC) = 1 − eβHEH−βCEC

1 +∑∞n=1 e
−nβC(EH−EC)

= 1 − e−βC(EH−EC) − e−(βCEC−βHEH) + e−EH(βC−βH). (C28)

Recalling that EH > EC, we can see that the quantity in Eq. (C28) remains close to 1 for finite temperatures when
βC ≫ βH such that βHEH < βCEC, and when kBTC << (EH − EC), which are both in keeping with the assumptions
made in the main text.

Appendix D: Tick probability density

In this appendix we show how our derivation of the tick probability results in an exponential decay. The derivation
should not be understood as a new result, but rather as a reminder and clarification. Treating the decay of the top
level as a random event we can approximate its probability of occurring in the time interval ∆t by

∆P = Γ∆t (D1)

where Γ is given in terms of probability per unit time. In our case here, we have that Γ corresponds to the top-level
population times the constant c, i.e. Γ(t) = Ptop(t)c. Let us denote the cumulative probability that no decay occurred
until time t as P (0, t). We can then approximate the probability that no event occurred until t+∆t as the probability
of no event happening until t times the probability that no event happens in the interval ∆t, i.e.

P (0, t +∆t) = P (0, t)(1 − Γ(t)∆t) (D2)

which leads to

P (0, t +∆t) − P (0, t)
∆t

= −Γ(t)P (0, t). (D3)

If we further let ∆t→ dt, we get that

dP (0, t)
dt

= −Γ(t)P (0, t) = −cPtop(t)P (0, t) (D4)

and consequently

P (0, t) = e−c ∫ t0 Ptop(t′)dt′ . (D5)

Given this expression for the cumulative probability that no event occurred until time t we can proceed to calculate
the probability density of a decay event occurring between time t and t+dt. To do so, we differentiate the cumulative

probability of having had a decay at time t with respect to t, i.e. d[1−P (0,t)]
dt

, which results in

Ptick(t) = cPtop(t)e−c ∫ Ptop(t′)dt′ . (D6)

Appendix E: Numerical calculation of accuracy and resolution

In order to execute the numerical calculations of the resolution and the accuracy efficiently we need to simplify
the necessary integrals [defined in Eqs. (18) and (17)]. In this appendix we present details on our approach to this
problem. For simplicity we showcase the calculations for TC → 0 and TH →∞.
Assessing resolution and accuracy for a given set of parameters d,M, c and g, breaks down to calculating the first and
second moment of the tick distribution, i.e.

t = ∫ ∞
0

tPtick(t)dt t2 = ∫ ∞
0

t2Ptick(t)dt (E1)

where

Ptick(t) = c⎧⎪⎪⎨⎪⎪⎩1 − [1 − (ZH − 1ZH
)d−1]M⎫⎪⎪⎬⎪⎪⎭ sin2(d−1)(gt) exp

⎡⎢⎢⎢⎢⎣−c
⎧⎪⎪⎨⎪⎪⎩1 − [1 − (ZH − 1ZH

)d−1]M⎫⎪⎪⎬⎪⎪⎭∫
t

0
dt′ sin2(d−1)(gt′)⎤⎥⎥⎥⎥⎦ . (E2)
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In order to simplify the cumbersome expressions we will use the following notation. We will denote the kth moment,
as

Ik = c⎧⎪⎪⎨⎪⎪⎩1 − [1 − (ZH − 1ZH
)d−1]M⎫⎪⎪⎬⎪⎪⎭∫

∞
0

dt tk sin2(d−1)(gt) exp

⎡⎢⎢⎢⎢⎣−c
⎧⎪⎪⎨⎪⎪⎩1 − [1 − (ZH − 1ZH

)d−1]M⎫⎪⎪⎬⎪⎪⎭∫
t

0
dt′ sin2(d−1)(gt′)⎤⎥⎥⎥⎥⎦ .

(E3)

The effective coupling is defined as

CM ∶= c⎧⎪⎪⎨⎪⎪⎩1 − [1 − (ZH − 1ZH
)d−1]M⎫⎪⎪⎬⎪⎪⎭ . (E4)

Furthermore, let

f(t) = CM ∫ ∞
0

dt′ sin2(d−1)(gt′). (E5)

This leads to a much simpler form for the different moments,

Ik = CM ∫ ∞
0

dt tk sin2d(gt)e−f(t). (E6)

We can solve the integral in the term f(t) with a solution introduced by Wiener [37],

∫ x

0
dx′ sin2(d−1)(x′) = 1

4d−1

⎡⎢⎢⎢⎣(
2(d − 1)(d − 1) )x + d−1∑

p=1

(−1)p
p

(2(d − 1)
d − 1 − p) sin(2px)⎤⎥⎥⎥⎦ , (E7)

where (n
m
) = n!

m!(n−m)! is the binomial coefficient. Employing the solution we get

f(t) = CM
4d−1

⎧⎪⎪⎨⎪⎪⎩(
2(d − 1)
d − 1

)t + 1

g

d−1∑
p=1

(2(d − 1)
d − 1 − p) sin(2pgt)⎫⎪⎪⎬⎪⎪⎭ (E8)

and thus,

Ik = CM ∫ ∞
0

dt tk sin2(d−1)(gt) exp [− CM
4d−1

(2(d − 1)
d − 1

)t] × exp
⎡⎢⎢⎢⎣−

CM
4d−1g

d∑
p=1

(−1)p
p

(2(d − 1)
d − 1 − p) sin(2pgt)⎤⎥⎥⎥⎦ . (E9)

By introducing a ‘cycle’ counting variable q = ⌊ gt
π
⌋ ∈ 0 and its residue Θq = qt − qπ, Θqε[0, π), i.e. substituting with

t = qπ+Θq
g

, we arrive at

Ik = CM
g

∞∑
q=0
∫ π

0
dΘq (qπ +Θq

g
)k sin2(d−1)(Θq) × exp [− CM

4d−1g
(2(d − 1)
d − 1

)(qπ +Θq)] (E10)

× exp
⎡⎢⎢⎢⎣−

CM
4d−1g

d−1∑
p=1

(−1)p
p

(2(d − 1)
d − 1 − p) sin(2pΘq)⎤⎥⎥⎥⎦ , (E11)

where we have used that sin2(d−1)(x ± nπ) = sin2(d−1)(x) for nεZ as well as sin[2(x ± nπ)] = sin(2x).
We are only interested in explicitly calculating the cases k = 1 and k = 2. Note that, k only appears in the

term ( qπ+Θq
g

)k and that ( qπ+Θq
g

)2 = 1
g2

[(qπ)2 + 2qπΘq +Θ2
q], which allows us to define the function

E(Θq) = exp [− CM
4d−1g

(2(d − 1)
d − 1

)Θq] × exp
⎡⎢⎢⎢⎣−

CM
4d−1g

d−1∑
p=1

(−1)p
p

(2(d − 1)
d − 1 − p) sin(2pΘq)⎤⎥⎥⎥⎦ , (E12)

such that

Ik = CM
g

∞∑
q=0

exp [− CM
4d−1g

(2(d − 1)
d − 1

)qπ] × ∫ π

0
dΘq(qπ +Θq

g
)k sin2(d−1)(Θq)E(Θq). (E13)
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As a last step we observe that E(Θq) does not depend on q directly, but only through Θq, so the only direct dependence

on q in the integral comes from the term ( qπ+Θq
g

)k. This leads us to define

Ĩj ∶= ∫ π

0
dΘq Θj

q sin2(d−1)(Θq)E(Θq), (E14)

such that we can write the desired first and second moments of the tick distribution as

I1 = CM
g2

∞∑
q=0

exp [− CM
4d−1g

(2(d − 1)
d − 1

)qπ]{qπĨ0 + Ĩ1} (E15)

and

I2 = CM
g3

∞∑
q=0

exp [− CM
4d−1g

(2(d − 1)
d − 1

)qπ]{(qπ)2Ĩ0 + 2qπĨ1 + Ĩ2} , (E16)

respectively. In this way only Ĩj needs to be calculated numerically for j = {0,1,2}, which decreases the effective
computational costs enormously.

Appendix F: How the ‘sharpness’ of Ptop(t) influences accuracy and resolution

The aim of this appendix is to give further insight about the behaviour of clocks with changing ladder dimension
d as well as changing coupling constant g, in particular with respect to Figs. 4, 5 and 6 in Sec. IV.

First, let us discuss the relationship between accuracy and ‘sharpness’ of Ptop(t). The intuition is that clockworks
that are capable of producing a very ‘sharp’ temporal probability distribution should have the potential to give rise to
highly accurate clocks, given a suitable irreversible process for the ‘tick’ production. Since the maximal amplitude of

Ptop(t) is given by 1−[1−(ZH−1ZH
)d−1]M (for TC = 0), increasing M leads to an amplitude of Ptop(t) that approaches 1

very quickly. Assuming that M is chosen large enough so that the maximal amplitude is within a desired distance
to the value 1, the only parameter left that influences the ‘sharpness’ of the probability distribution is the ladder
dimension d. We can therefore use d as a proxy for ‘sharpness’. We then proceed by numerically calculating the
accuracy in this situation for given values of c and g. The results are shown in Fig. 7 (a) and indicate that the
accuracy grows linearly with d. In this regime, the ‘sharpness’ therefore determines the accuracy up to a constant
factor. However, one should note that this linear relationship only holds in a regime where the decay process happens
fast enough, i.e. assuming a sufficiently large value of c (or small enough value of g). If Ptop(t) is too ‘sharp’ compared
to the time scale of the decay process increasing the ladder dimension leads to a reduction of the accuracy [as seen
in Figs. 7(a) and 4]. This implies that for a given combination of c and g there are certain choices of d that lead to
sub-optimal clocks. Considering the resolution as a function of d [Fig. 7(b)] in the limit M → ∞ we do not observe
an optimal configuration. The resolution simply decreases with increasing d indicating a trade-off relation between
accuracy and resolution in the regime where the accuracy increases linearly with d. Thus plotting accuracy over
resolution reveals the trade-off relation depicted in Fig. 5. However, considering finite M the resolution reaches a
point at which it starts dropping to zero quickly. The reason for this can again be found in the amplitude of Ptop(t),
which goes to zero for large enough d and fixed M . Thus, not only the accuracy (see Fig. 4), but also the resolution
is bounded from above by the corresponding resolution obtained for M → ∞. There c and g determine this upper
bound.

Furthermore, considering only the cases where M →∞, Fig. 8 shows that increasing g at fixed c shifts the point of
maximal accuracy to the right, i.e. towards higher resolutions. Thus the value of g determines the lowest resolution
at which (optimal) clocks can operate i.e. the maximal cycle-time. However this increase in resolution comes at the
cost of accuracy as increasing g reduces the maximally reachable accuracy.
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Figure 7. (a) The accuracy is shown as a function of d for different values of g (and fixed c = 10 s−1), where [g] = EC. The
maximally achievable accuracy increases with decreasing g. (b) The resolution is shown as a function d (at fixed g = 1 EC

and c = 1000 s−1). The lines with solid dots show cases of finite M . The line with orange circles illustrates the behaviour for
the case M → ∞, which provides an upper bound to the cases with finite M . For finite M , increasing d reduces the top-level
population, eventually becoming so small that the decay event is considerably more likely to skip the first peak of Ptop(t). This
leads to an additional reduction in resolution initiating a drop of the resolution eventually approaching 0 (with d).
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towards the right, i.e. to higher resolutions while decreasing the maximum accuracy.
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From a thermodynamic point of view, all clocks are driven by irreversible processes. Additionally,
one can use oscillatory systems to temporally modulate the thermodynamic flux towards equilibrium.
Focusing on the most elementary thermalization events, this modulation can be thought of as a
temporal probability concentration for these events. There are two fundamental factors limiting the
performance of clocks: On the one level, the inevitable drifts of the oscillatory system, which are
addressed by finding stable atomic or nuclear transitions that lead to astounding precision of today’s
clocks. On the other level, there is the intrinsically stochastic nature of the irreversible events upon
which the clock’s operation is based. This becomes relevant when seeking to maximize a clock’s
resolution at high accuracy, which is ultimately limited by the number of such stochastic events
per reference time unit. We address this essential trade-off between clock accuracy and resolution,
proving a universal bound for all clocks whose elementary thermalization events are memoryless.

Clocks dominate our daily lives unlike any other tech-
nology – from ordinary things like catching the train in
the morning to locating ourselves using the GPS – they
are involved everywhere and have been omnipresent since
the dawn of human civilization. From the sundials of
Mayan times to the UTC standard of today, over the cen-
turies, physics provided the theoretical and experimental
foundation to develop accurate and stable clocks. In the
50s, this development has taken a sharp turn with the
invention of atomic clocks [1]. Year by year, these clocks
have been improving their relative accuracy. By now, if
you run a state-of-the-art optical clock, it is so accurate
that it accumulates less than a hundred milliseconds of
error over the lifespan of the sun [2–4]. These advance-
ments beg for the question whether there are any physical
principles constraining a clock’s performance. Driven by
this open problem, quantum clocks are emerging into an
independent field of research, unifying approaches from
quantum information theory [5–8] and quantum thermo-
dynamics [9–13]. Recent experiments showcase today’s
technology is capable of exploring these ultimate limits
of timekeeping [14–16].

This letter explores fundamental limitations of clocks
coming from thermodynamics, because clocks, like all
other physical systems, are subject to thermodynam-
ical laws [11]. Even worse, they very much rely on
the increase of entropy originating in the second law of
thermodynamics. This implies that (1) clocks are wit-
nesses of the macroscopic breaking of time-reversal sym-
metry because they tick forwards in time. (2) Thus,
they must be driven by irreversible processes that drain
out-of-equilibrium resources to output temporal infor-
mation. These processes, though, are thermodynamic,

∗ florian.meier@tuwien.ac.at

therefore inherently stochastic and never perfectly pre-
dictable. (3) We conclude, even an idealized clock could
never be perfect simply due to the fact that the clock
itself is fundamentally driven by stochastic processes.
We look at clocks that use this flow by counting ele-

mentary thermalization events to define ticks. Instruc-
tive examples of such a process could range from grains
of sand that pass through an hourglass to the photons
that are reflected from a pendulum to ascertain it’s po-
sition. Even modern atomic clocks ultimately rely on
a macroscopic number of photons to read out the laser
frequency (which is stabilized by feedback from atomic
transitions). In all these cases, the underlying thermal-
ization processes are stochastic and have some intrinsic
rate Γ. The time passing between two events, relative
to assumed smooth parameter time, is probabilistic and
described by a probability density function. We refer to
its average as µ and its uncertainty as σ. We define the
resolution ν of the clock to be the inverse average time
between two ticks ν = 1/µ, and the accuracy N as the
average number of times the clock ticks until it is off by
one tick. For a sequence of independent and identically
distributed ticks, the accuracy equals the signal-to-noise
ratio N = µ2/σ2. A clock usually modulates the tempo-
ral distribution of when the thermalization events occur
as to improve its accuracy. For most practical clocks, the
stability of this temporal modulation (for instance the
laser frequency in atomic clocks) is the limiting factor to
the accuracy. We show that even if this temporal mod-
ulation is perfect, the stochastic process underlying the
tick generation limits the accuracy at given resolution.

Theorem (Accuracy-resolution trade-off). Clocks with
elementary ticking events generated by a memoryless
stochastic process at rate Γ obey the trade-off relation

N ≤ Γ2

ν2
. (1)
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This trade-off complements other established results
in the field considering restrictions imposed on the clock
through entropy production [9, 17] or Hilbertspace di-
mension [18, 19].

Temporal probability concentration. The most prim-
itive clock consists of two out-of-equilibrium thermal
reservoirs in contact with each other. Counting the indi-
vidual stochastic thermalization events as ticks can serve
as a way to measure time, we call this the thermal refer-
ence clock. Sufficiently large reservoirs are memoryless,
therefore, these events become exponentially distributed
[20–22]. The coupling of the two baths defines a charac-
teristic thermalization rate Γ. For an exponential distri-
bution the standard deviation equals the average, which
leads to µ = σ = Γ−1. Consequently, such a clock has
unit accuracy N = 1 and only by averaging over many of
these ticks are we able to achieve higher accuracy, but at
the expense of resolution. Averaging overM independent
and identically distributed (i.i.d.) such events increases
the variance and mean of the tick time M -fold, leading
to a resolution ν ∝ 1/M and accuracy N ∝ M . This
gives an inverse proportional accuracy-resolution scaling

N =
Γ

ν
, (2)

quadratically smaller than the upper bound in eq. (1).
Upon closer inspection, we find a thermodynamic cost
associated to this increase in accuracy: instead of hav-
ing a single irreversible event producing a tick, now M
irreversible events are required.

A natural question to ask is whether it is possible to
increase the accuracy beyond what is achievable through
averaging in eq. (2), while still using the same underlying
stochastic tick generating process. The answer lies in
the observation that all ticking clocks known to us use a
combination of two processes to tell time:

(a) irreversible processes that generate ticks, and

(b) a filter process, temporal probability concentration,
which modulates the probability of the irreversible
ticking events to occur.

By means of temporal probability concentration (TPC),
a (sensible) clock centers the probability distribution of
the stochastic events with a periodic process such that
the ticks occur closely around well-defined instants in
time. A thermodynamically optimal strategy would be
to sample the periodic process with a single equilibration
event per cycle [9, 10, 23], as we show in Figure 1. One
microscopic example of such a clock could be a leaky
cavity where an autonomous process induces Rabi os-
cillations. These oscillations temporally concentrate the
population of the cavity that can leak out and generate
a tick. Many macroscopically sized clocks, be it pendu-
lums or atomic clocks, operate in an oversampling regime,
where multiple irreversible events occur per TPC cycle
(see Figure 2). In this regime, the thermodynamic cost
of a clockwork often becomes obscure, as both the dis-
sipation due to the macroscopic number of irreversible

FIG. 1. The two plots qualitatively show the ticking behav-
ior of two clocks with respect to parameter time t (horizontal
axis). The ticks of such a clock are generated by individual
thermalization events at rate Γ (vertical stripes with cross on
top). Figure a) sketches a generic example, where these ther-
malization events are Poisson distributed. In b), temporal
probability concentration is shown, another process through
which the probability of an thermalization event can be sup-
pressed at times (shown by the hat-shaped curve). As a re-
sult, the probability density for a tick can be concentrated
around a desired average value, here 5 Γ−1, with the tick time
uncertainty of order Γ−1 bounded by the width of the TPC
window.

FIG. 2. We sketch the oversampling regime of an exemplary
clock: a pendulum in a weakly lit environment. The two
sources of entropy production for this clock are first of all the
friction within the clockwork itself and secondly, the matter
light interaction necessary to track the position of the pen-
dulum. The plot shows the elementary ticking events of this
clock as a function of time, i.e., the photons reflected off the
pendulum when it is close to its maximum deflection. In the
oversampling regime, the average time between two such ticks
is much shorter than that of the period of the TPC (contin-
uous line), which in the case of this pendulum is 2 s. Due to
technical limitations, one does not count photons, but rather
the TPC cycles through the averaged light intensity.

events and the TPC have to be accounted for. Atomic
clocks, for example, do not count photons as a way to
tell time, rather they use the oversampled coherent os-
cillations of a maser tuned some stable reference atomic
transition to estimate the TPC frequency. The time-scale
Γ of the fundamental ticking events appearing in eq. (1)

65



3

is therefore not the limiting factor to the accuracy of
atomic clocks, the stability of the coherent oscillation of
the electromagnetic field is, i.e., the TPC stability. In
atomic clocks, accuracy is examined using Allan Vari-
ance which captures the stability of the TPC oscillation
over many different time-scales [24–26]. Quantum pro-
jection noise, thermal noise but also natural drifts in the
experimental setup are what affect the stability of atomic
clocks [27, 28].

So far, we have established that every clock is sub-
ject to irreversible processes and that through TPC, they
can increase their accuracy. In the following, we intro-
duce a mathematical model to describe clocks on a quan-
tum scale and where the two contributions (a) irreversible
ticks and (b) temporal probability concentrations have an
explicit representation in the equations of motion. Even-
tually, this framework allows us to formulate the funda-
mental trade-off between the accuracy and resolution of
clocks, dictated by thermodynamics.

Model. Quantum clocks [8–10, 18, 23] only weakly
coupled to a memoryless environment (sufficiently large
thermal baths are one such environment) can be de-
scribed by a Lindblad master-equation [29]. If we are
again talking about ticking clocks, their state can be
Fourier-decomposed by introducing a free counting field
χ [30],

ρC(t, χ) =
∑

n

ρ
(n)
C (t)einχ. (3)

Each non-normalized density matrix ρ(n)(t) can be
thought of as the system’s state conditioned on n ticks
having already occurred. Clocks that reset to the same
state after they tick regardless of how many times they
have ticked before give rise to an i.i.d. sequence of ticks.
This class of clocks is particularly interesting, as their
ticking statistics are entirely determined by the first tick,
and it is sufficient to consider the evolution of the non-
normalized state ρ(0). In a setting where the interactions
with the environment are memoryless, the (first) ticks are
generated by linear jump operators Jj . Aside from this,
the clock is subject to a general open quantum system’s
evolution with Lindblad operator L0, which leads us to
write the equations of motion of the clock’s state (where
no tick has yet occured) as

ρ̇
(0)
C (t) = L0[ρ

(0)
C (t)]− 1

2

∑

j

{
J†
j Jj , ρ

(0)
C (t)

}
. (4)

Ticking statistics. The right-most term of eq. (4) is
responsible for the drain of population from the no-tick

state ρ
(0)
C to the state of the clock that has ticked once

ρ
(1)
C . If we take the random variable T to describe the

time of the first tick, the cumulative probability P [t ≤
T ] that no tick has occurred up to time t equals the

trace P [t ≤ T ] = tr ρ
(0)
C . There is an equivalent way of

writing the cumulative tick probability by looking at the
clock’s state conditioned on not having decayed ρno tick

C =

ρ
(0)
C / tr ρ

(0)
C . Using this state, the tick probability can

alternatively be written as the exponential

P [t ≤ T ] = exp

(
−
∫ t

0

dt′ tr
(
V ρno tick

C (t′)
))

, (5)

where V =
∑

j J
†
j Jj is the positive operator generating

the clock’s ticks [31]. This formulation faithfully repre-
sents the two processes that run a clock . The irreversible
tick generating process (a) is represented by the under-
lying exponential and the operator V , whereas the TPC
(b) lies in the time-evolution of the clock’s no-tick state,
i.e., ρno tick

C (t′). In this sense, one may attempt to sep-
arate (a) and (b) into two independent processes, as in
[10]; however the back-action of the tick channel always
affects the clock evolution which is an inherent feature of
clocks that operate on a quantum scale.
The master-equation description of quantum ticking

clocks allows us to formalize the statement made in the
accuracy-resolution trade-off theorem. The tick channel
is governed by the positive operator V , whose spectral
decomposition reveals the time-scales involved in the de-
cay. We define the rate Γ as the fastest one of them,

Γ := ∥V ∥max = max
ρ∈S(HC)

trV ρ, (6)

where the maximum is taken over all possible clock states
ρ ∈ S(HC). This is consistent with the special case of
exponential decay (as used in [9, 17]) with rate Γ, since
there, the tick generator is given by a single jump oper-
ator J =

√
Γ |0⟩⟨1|. If a clock is described by eq. (4) and

produces its ticks by means of the generators Jj , then the
accuracy is limited by the resolution, regardless of how
well a possible clockwork in the background works. The
resulting bound is eq. (1) from the accuracy-resolution
trade-off theorem which we recall here for completeness,

N ≤ Γ2

ν2
,

and prove in the following.

Proof. The key observation is that no clock can on av-
erage tick faster than the decay process that mediates
the ticks allows for. If the elementary ticks are generated
by an ensemble of jump operators Jj , then the fastest
such rate is given by Γ (see eq. (6)). A single such chan-
nel produces ticks that are exponentially distributed and
as a consequence, we can reduce the generic form from
eq. (5) to the special case of exponential decay, where the
exponent reduces to −Γ

∫
dt′p(t′), and p(t) is a measure

of the clock’s state population that can decay. Regardless
of how the TPC modulates p(t), the variance σ2 of the
tick can never be smaller than Γ2, the variance of expo-
nential decay. This is a manifestation of the fact that no
clock can tick faster than it’s underlying decay process.
Now that the variance σ2 of the tick time distribution
is bounded from above by Γ2, the main theorem follows.
We refer the reader to Appendix A for a detailed account
of the proof.
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FIG. 3. In this figure, we plot the accuracy N on the vertical
axis versus the resolution ν on the horizontal axis. The red
curve highlights the upper bound for the accuracy N = Γ2/ν2

given by the accuracy-resolution trade-off theorem. Below,
we have the blue curve, indicating the accuracy and resolu-
tion that can be achieved by averaging the thermal reference
clock with fundamental tick rate Γ. The green shaded area
between the two curves contains all the accuracy-resolution
touples that cannot be achieved by classically averaging a
rate Γ stochastic process, but which are still allowed by the
upper bound. How close one can get to the red curve with
quantum clocks and whether classical clocks are constrained
to be below the blue line are open questions.

In this letter, we have analyzed quantum timekeep-
ing devices through a thermodynamic lens, where their
tick generation can be decomposed into two processes,
(a) a stochastic process which irreversibly produces the
ticks and (b) temporal probability concentration (TPC)
through a clockwork which controls when these elemen-
tary ticks occur. Then, we asserted that there is a fun-
damental trade-off between the clock’s accuracy and res-
olution (see trade-off theorem but also Figure 3), stating
that the number of times a clock can tick until it goes
wrong by one tick is universally bounded by the inverse
of the clock’s resolution squared.

Atomic and optical clocks. These results have their
validity in the regime where the number of fundamen-
tal thermalization events is directly used to define ticks.
Macroscopic clocks such as atomic and optical ones work
in a different regime, where the TPC is oversampled by ir-
reversible events and ticks are defined not by event num-
bers directly, but rather those are used to estimate the
oscillatory TPC process frequency. Atomic clocks work-
ing with a 10 dBm maser at the 21 cm line of hydrogen,
for example, emit of the order of 1012 photons per pe-
riod of the electromagnetic field oscillation. Given that
the individual photons are exponentially distributed, a

(hypothetical) clock which counts the maser’s photons
and averages over one second would achieve an accuracy
of N ∼ 1021 compared to N ∼ 1013 that current-day
commercial masers reach in terms of relative precision
per second [32]. Accuracy restrictions coming from the
elementary thermalization events are not the limiting fac-
tor when it comes to atomic clocks because of the macro-
scopic number of such events over which is averaged. The
main sources of error are drifts due to changes in temper-
ature, environmental electromagnetic fields and other ex-
perimental imperfections. Moreover, it is also important
to keep in mind that atomic clocks do not generate inde-
pendent and identically distributed ticks, as their real ad-
vantage comes from long-time stability achieved through
feedback-control using an ultra-stable atomic transition
which is not captured by the i.i.d. formalism herein pre-
sented.

Achievability. Good clocks excel by resolving time
well while at the same time being highly accurate, i.e.,
maximizing both ν and N ; ideally, they do so at opti-
mal thermodynamic costs far away from the oversampled
regime and only with a single thermalization event per
tick. As a foundational question, we may ask, does there
exist an appropriate clock Lindblad operator L, through
which it is possible to saturate the bound N = Γ2/ν2?
And the answer is: No, at least not for finite systems. As
it turns out, saturating this bound amounts to a time-
dependent Lindblad-operator, which instantaneously ro-
tates the clock state from a subspace of states where it
can’t tick onto a state from which it decays at rate Γ (see
details of the proof for the accuracy-resolution trade-off
theorem in Appendix A). The TPC in this case would be
ideal as it concentrates the decay event to the most nar-
row time-window possible, the one given by the underly-
ing stochastic process, but quantum speed limits prohibit
such an instantaneous state rotation for systems finite in
energy and dimension [33–35]. A weaker question we can
ask is whether at least the scaling N = O(Γ2/ν2) can be
reached, and which resources are required for this. With-
out imposing any restriction on the clock’s Lindbladian
aside from time-independence, there are quantum clocks
which asymptotically reach the squared scaling of N for
large dimensions of the clock Hilbert space [23]. To do
so, they require highly coherent states, whose generation
using only thermal resources is technically infinitely ex-
pensive from an entropic perspective [36] and the approx-
imation with finite resources is an open problem. Of in-
terest in the field of thermodynamics are the autonomous
quantum clocks which only require thermal resources to
run [9, 10, 12, 31], in particular no external control but
also no coherence in the initial state. It is ongoing re-
search, whether it is possible for such clocks to approach
the optimal accuracy-resolution scaling.

Questions about fundamental precision limits are gen-
erally of great interest. The accuracy of clocks falls into
this category and closely related problems have been ex-
amined in the field of (quantum) stochastic thermody-
namics under the name of thermodynamic uncertainty
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relations (TUR) [37–39] and kinematic uncertainty rela-
tions (KUR) [40–42]. Future work exploring connections
between timekeeping and the TUR / KUR has to reveal
whether a quantum thermodynamic advantage close to
the optimal accuracy-resolution bound N = Γ2/ν2 is in
principle possible. Both superconducting circuits and op-
tomechanical systems are promising platforms to test the
achievability of the optimal accuracy-resolution relation
while accounting for the resources and ensuring that they
do not introduce a hidden clock through a backdoor.
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APPENDICES

Appendix A: Proof of the accuracy-resolution
trade-off

Before we get started with the proof of the accuracy-
resolution trade-off theorem (which is a generalization of
the one shown in [31]), some preliminary notation has
to be established. When it comes to the cumulative non-
tick probability P [t < T ] as in eq. (5), the trace trV ρC(t)
can be rewritten as

tr(V ρC(t)) = Γp(t), (A1)

where p : R≥0 → [0, 1] is a smooth function that takes
values between 0 and 1. This comes from the fact that
Γ is the maximum of the expression over all states ρ and
the function can only take positive values because V is a
positive operator. This expression puts is into the posi-
tion, where we can write

P [t ≤ T ] = exp

(
−Γ

∫ t

0

dt′p(t′)

)
, (A2)

which is formally the exact same expression that one
would obtain in the case where the clock’s elementary
ticks are exponential decay. We will from now on re-
fer to p(t) as the top-level population. The remaining
appendices are an adapted version of the proof of the
accuracy-resolution theorem originally derived in [31].

1. The Heaviside-Θ population

Definition 1 (Heaviside populations). The family of
Heaviside populations comprises all the functions

pΘ : R≥0 → [0, 1] (A3)

t 7→ Θ(t− t0), (A4)

where t0 ≥ 0.

Properties of the Heaviside population. Such a top-
level population is unphysical because of its discontinu-
ity at time t = t0. This is not an obstacle, though, as
we only use the Heaviside population to prove an up-
per bound for the accuracy of a decay clock. No claim
is made whether we can physically obtain the Heaviside
population. The non-tick probability PΘ[t ≤ T ] and tick
probability density pΘtick(t) associated to this population
are given by (see eq. (A2))

PΘ[t ≤ T ] =

{
1 t ≤ t0
e−Γ(t−t0) t ≥ t0,

(A5)

and

pΘtick(t) =

{
0 t ≤ t0
Γe−Γ(t−t0) t ≥ t0.

(A6)

See Figure 4 for a visualization of these functions. Using
the analytic solution of the integral over an exponential,∫∞
0

dxe−ax = 1/a, we can calculate the accuracy and
resolution for clocks working the Heaviside population.

Lemma 2. The Heaviside population pΘ(t) = Θ(t − t0)
has an accuracy and resolution given by

N = (1 + Γt0)
2
, and ν =

1

t0 +
1
Γ

, (A7)

leading to an accuracy-resolution relation

N =
Γ2

ν2
. (A8)

Before we prove Lemma 2, let us put the Heavi-
side population into perspective. Given the accuracy-
resolution trade-off theorem the equality N = Γ2/ν2 for
clocks with Heaviside population tells us that this top-
level population profile is ideal in the accuracy-resolution
sense. This is no coincidence: a Heaviside population
with offset at t0 requires a clock in the background which
perfectly knows t0. The population then describes a lad-
der conditioned on not having decayed, whose top-level
is populated precisely at t = t0, and stays there. This
would require instantaneous external driving at t = t0,
i.e., a perfect background clock. The exponential de-
cay channel coupled to the top-level then smears out the
Heaviside profile of pΘ(t) into an exponential decaying
tick probability density pΘtick(t) of width 1/Γ, giving rise
to the results of Lemma 2.

Proof. The average tick time is given by an integral over
tpΘtick(t) and splits into two parts

µ =

∫ ∞

0

dt tpΘtick(t) = 0 +

∫ ∞

t0

dt te−Γ(t−t0) (A9)

= t0 +
1

Γ
. (A10)

FIG. 4. This graph visualizes the ticking statistics for the
Heaviside population. The solid line in the above figure vi-
sualizes the tick probability density, whereas the dashed line
stands for the cumulative non-tick probability. The time axis
scales in inverse units of the decay rate Γ and the population
in the example is chosen such that on average the decay oc-
curs at µ = 4.5 Γ.
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Thus, the resolution is given by ν =
(
t0 +

1
Γ

)−1
. For the

accuracy, which is defined as N = (µ/σ)2, we only need
to calculate the variance σ2. The variance, however, is in-
variant under translations of the tick probability density
and, thus, one can calculate the variance without loss of
generality for t0 = 0,

σ2 =

∫ ∞

0

dt t2e−Γt − µ2 (A11)

=
2

Γ2
− 1

Γ2
=

1

Γ2
. (A12)

Expressing the accuracy in terms of t0, we find N =
(1 + Γt0)

2, that is, the accuracy increases with higher
offset t0. There is a tradeoff, though: The greater t0,
the lower the resolution. Eliminating the t0-dependency
in the equations, we can establish an accuracy-resolution
relation for the family of Heaviside populations given by
N = Γ2/ν2.

Analytic preliminaries. The tick probability density
ptick(t) reveals how likely it is for a tick to happen dur-
ing a given time interval. By the fundamental the-
orem of calculus, the cumulative non-tick probability
P [t ≤ T ] (whose negative derivative is ptick(t)) con-
tains the same information, and for proving the accuracy-
resolution trade-off, the latter function turns out to be
useful. Let us collect some general identities for the non-
tick probability P [t ≤ T ] which for some function p(t)
(be reminded, that the superscript no tick is suppressed)
is given by

P [t ≤ T ] = e−Γ
∫ t
0
dτ p(τ). (A13)

There is a general constraint (Lemma 3) on how fast the
non-tick probability decays. The fact that p(t) ∈ [0, 1]
ensures that P [t ≤ T ] is monotonically decreasing (be-

cause the integral
∫ t

0
dτ p(τ) is monotonically increasing)

but does this not faster than exponentially.

Lemma 3. For all t > 0 and s > 0, the cumulative
non-tick probability satisfies the following inequalities:

P [t ≤ T ]e−Γs ≤ P [t+ s ≤ T ] ≤ P [t ≤ T ]. (A14)

Proof. This is a consequence of eq. (A13) and the fact
that 0 ≤ p(t) ≤ 1.

The cumulative non-tick probability can be used to
calculate the moments of the probability density ptick(t)
(see Definition 4 and Lemma 5) via the relation ptick(t) =

−Ṗ [t ≤ T ] and partial integration. It is important to
note, that this discussion only makes sense for clocks that
tick with certainty, i.e., limt→∞ P [t ≤ T ] = 0. This need
not be true for all clocks, however, whenever we talk
about a tick probability density, we implicitly assume that
we have a properly normalized probability density in the
probability theoretic sense [22].

Definition 4 (Moments). For a given tick probability
density ptick(t), define its k-th moment as

tk :=

∫ ∞

0

dt tkptick(t). (A15)

Lemma 5 (Tick probability moments). The k-th mo-
ment of ptick(t) is related to P [t ≤ T ] by the integral

tk = k

∫ ∞

0

dt tk−1P [t ≤ T ]. (A16)

Proof. This is partial integration and for the boundary
conditions, we use the assumption that limt→∞ P [t ≤
T ] = 0.

In particular, we can apply this result to µ = t1 and
σ = t2 −µ2, two expressions that are essential in Section
A2, where we prove the upper bound . The average tick
time µ = t1 can be written as the area below the graph
of P [t ≤ T ],

µ = t1 =

∫ ∞

0

dt tptick(t) =

∫ ∞

0

dt P [t ≤ T ]. (A17)

The second moment t2, on the other hand, is related
to the center of mass of the graph for P [t ≤ T ], up to
normalization,

t2 =

∫ ∞

0

dt t2ptick(t) = 2

∫ ∞

0

dt tP [t ≤ T ]. (A18)

2. Proof construction

The introduction of the Heaviside population in Defi-
nition 1 together with the result in Lemma 2, that these
populations achieved the (claimed) optimal accuracy res-
olution relation, leads us to the following approach in
proving the inequality N ≤ Γ2/ν2: we try to show that
all clocks are worse than the one with a Heaviside popu-
lation, which has essentially a perfect background clock.
In that sense, what we are showing is that no clock is
better than the one that is already perfect. The only
premise we have for the proof is that the clocks we con-
sider eventually tick (i.e., ptick(t) is a valid probability
density) and that their evolution is continuous,1 we call
this well-behaved. That being said, our strategy to prove
the upper bound consists of the following three steps:

(i) We show that for any well-behaved top-level popu-
lation p(t), there exists a Heaviside-Θ type top-level
population with the same average tick time.

1 This ensures we are doing a fair comparison, otherwise, we’d have
to discuss how to compare clocks that possibly never tick to ones
that always tick. We reserve that discussion for future work.
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FIG. 5. The sketch shows the time-dependency of a generic
top-level population p(t) together with the associated cumu-
lative non-tick probability P [t ≤ T ] compared to the non-
tick probability e−Γt of the top-level population which is con-
stantly 1. A top-level population smaller than unity leads to a
slower decay of the non-tick probability, which is responsible
for a lower bound on the average tick-time given by 1/Γ.

(ii) Then, we argue that the variance of the tick prob-
ability density coming from the Heaviside-Θ top-
level population lower-bounds the variance coming
from the generic population p(t).

(iii) We conclude that any well-behaved top-level pop-
ulation p(t) must have an accuracy upper bounded
by that of the Heaviside population and by using
Lemma 2 on the properties of the Heaviside popu-
lation, we have N ≤ Γ2/ν2. Once we are there, we
have proven the accuracy-resolution trade-off theo-
rem.

Step (i). Begin with a generic, but well behaved top-
level population p(t). Let µ be its average tick time and
define t0 := µ− 1/Γ. The top-level population

pΘ(t) = Θ(t− t0) (A19)

has the same first moment t1 = µ as the generic top-level
population.2 For the results from Lemma 2 to carry over,
we need t0 > 0. This is generally true as Lemma 6 guar-
antees. In fact, it tells us (see Figure 5) that the average
tick time of any well-behaved top-level probability can
not be smaller than 1/Γ and that the best resolution is
achieved by the top-level population which is constantly
one.

Lemma 6 (Resolution upper bound). For any well-
behaved top-level population p : R≥0 → [0, 1], the induced
resolution ν cannot be greater than Γ.

Proof. Equivalently to the statement in the Lemma, we
can prove that µ ≥ 1/Γ. For this matter, use eq. (A17),
to estimate the average tick time

µ =

∫ ∞

0

dt P [t ≤ T ] ≥
∫ ∞

0

dt e−Γt = 1/Γ. (A20)

2 The average tick time is given by µΘ = t0 +1/Γ, with t0 coming
from the time translation of the Heaviside-Θ function and 1/Γ
coming from the exponential decay.

This concludes the proof.

Step (ii). If p(t) = pΘ(t), there is nothing to be
shown, because pΘ(t) achieves the minimal tick time vari-
ance σ2 = 1/Γ2 (see eq. (A12)). Hence, we assume
from now on p(t) ̸= pΘ(t) to avoid this pathological
case. Proposition 8 in Appendix A3 further discusses,
that there exists a unique t∗ > t0 = µ − 1/Γ, such that
P [t∗ ≤ T ] = e−Γ(t∗−t0) (see Figure 6). For all times
t < t∗, the non-tick probability for the generic top-level
population is smaller than that of the Heaviside popula-
tion, i.e., P [t ≤ T ] ≤ PΘ[t ≤ T ]. In the generic case, a
tick before t∗ is therefore more likely than for the Heav-
iside case. On the other hand, for all t > t∗, we have
P [t ≤ T ] ≥ PΘ[t ≤ T ]. That is, in the generic case, it
is also more likely that after t∗ the tick did not happen.
Formally, the variance of the tick signal is bigger for a
generic population than for the Heaviside one (Proposi-
tion 7).

Proposition 7. For any well-behaved top-level popula-
tion p : R≥0 → [0, 1], the variance of the tick probability
density ptick(t) is lower-bounded by that of pΘtick(t), the
tick probability density coming from the Heaviside top-
level population pΘ(t) defined in eq. (A19).

Proof. By construction both ptick(t) and pΘtick(t) have the
same average tick time µ. Because the variance of the
tick time is given by the difference σ2 = t2 − µ2, the
following two statements are equivalent,

σ2 ≥ σ2
Θ ⇔ t2 ≥ tΘ2 . (A21)

The second moments on the right-hand side can be cal-
culated as the center of mass of the respective non-tick
probabilities P [t ≤ T ] and PΘ[t ≤ T ] (up to constant
prefactors, see also eq. (A18)). Therefore, the question
we have to answer is, whether the graph of P [t ≤ T ]
has a center of mass at larger values of t then that of
PΘ[t ≤ T ]? The two areas A1 and A2 in Figure 6 are
equal and they correspond to the difference in the area
below the graphs of P [t ≤ T ] and PΘ[t ≤ T ]. The graph
of P [t ≤ T ] has less ‘mass’ (i.e., area) on the interval
0 ≥ t ≥ t∗ than PΘ[t ≤ T ]. For t∗ ≥ t ≥ ∞, however,
P [t ≤ T ] has more ‘mass’, resulting in a center of mass
further to the right for P [t ≤ T ] than for PΘ[t ≤ T ].
Formally,

t2
2

=

∫ ∞

0

dt tP [t ≤ T ] (A22)

=

∫ ∞

0

dt tPΘ[t ≤ T ] +

∫ ∞

0

dt t (P [t ≤ T ]− PΘ[t ≤ T ])︸ ︷︷ ︸
:=∆P (t)

(A23)

≥
∫ ∞

0

dt tPΘ[t ≤ T ] =
tΘ2
2
, (A24)

where the inequality comes about because the integral
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FIG. 6. The dashed lines show the top-level populations for
the generic (blue) and the Heaviside case (green). The in-
duced cumulative non-tick probabilities P [t ≤ T ] and PΘ[t ≤
T ] are drawn in the same color but as solid lines. The time
t∗ marks the unique crossing point of the two non-tick prob-
abilities. On its right and left, the two areas A1 and A2 are
defined by the difference between the two non-tick probabili-
ties.

over ∆P (t) is greater equal than zero,

∫ ∞

0

dt t∆P (t) =

∫ t∗

0

dt t∆P (t) +

∫ ∞

t∗

dt t∆P (t) (A25)

≥
∫ t∗

0

dt t∗∆P (t) +

∫ ∞

t∗

dt t∗∆P (t) = 0.

(A26)

All in all, this shows that t2 ≥ tΘ2 , which, by the initial
remark, proves the proposition.

Step (iii). Combining all the results from the previ-
ous two steps, we proof the Theorem.

Proof. The accuracy N is defined as N = (µ/σ)2, and
the resolution ν as ν = 1/µ. We can therefore express

N =
(µ
σ

)2
=

1

ν2σ2
. (A27)

From Proposition 7 we know that σ2 ≥ σ2
Θ, but σ2

Θ =
1/Γ2, as we derived in Lemma 2 (see eq. (A12) in the
proof). In conclusion,

N =
1

ν2σ2
≤ 1

ν2σ2
Θ

=
Γ2

ν2
, (A28)

which proves the claim, and thereby the optimality of the
family of Heaviside-Θ top-level populations.

3. Details on the optimality of the Heaviside
population

In Step (ii) of Section A2, the claim is made that there
exists a unique t∗ ≥ t0 = µ−1/Γ, such that the two non-
tick probabilities coincide P [t∗ ≤ T ] = e−Γ(t∗−t0). To be
more precise, we formulate

FIG. 7. This sketch visualizes the first step of the the proof
of Proposition 8. The solid green line indicates the non-tick
probability for the Heaviside population. We see that for the
red dashed line which does not fall below 1 before t0, the total
integral is greater than that of PΘ[t ≤ T ], contradicting the
construction, which ensures that both functions have the same
integral. The blue, dashed line shows a plausible function for
P [t ≤ T ].

FIG. 8. Here, we visualize step two of the proof of Propo-
sition 8. Again, the solid, green line indicates the non-tick
probability for the Heaviside population. To satisfy the con-
struction that P [t ≤ T ] and PΘ[t ≤ T ] have the same integral
on R≥0, the area below the graph of P [t ≤ T ] for t > t0 must
be bigger than that of PΘ[t ≤ T ]. Thus, at some point after
t0, P [t ≤ T ] must be bigger than PΘ[t ≤ T ] (see the blue
area denoted by Agood), and not always smaller (see red area
denoted by Abad).

Proposition 8. The set S = {t ≥ 0 : P [t ≤ T ] = PΘ[t ≤
T ]} is of the form

S = [0, a] ⊔ {t∗}, (A29)

where t∗ > t0, and [0, a] is an interval with upper bound
a < t0.

Proof. We divide the proof of this proposition into three
steps (a) - (c), with visual aids in Figures 7 and 8.

Step (a). We claim that there exists a 0 < t < t0,
such that P [t ≤ T ] < 1. Suppose that this was not the
case, then P [t ≤ T ] = 1 for all t ≤ t0 (see Figure 7). By
requirement, there must exists a t such that p(t) ̸= pΘ(t),
and because by our (contradictory) assumption t cannot
be smaller than t0, it must be bigger than t0. Since, P [t ≤
T ] ≥ e−Γ(t−t0), for all t > t0, there must exist a t > t0,
such that P [t ≤ T ] > e−Γ(t−t0). But this contradicts the
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assumption that
∫∞
0

dtP [t ≤ T ] = t0+1/Γ. Therefore, it
must be that there is a t < t0 with P [t ≤ T ] < 1.

Step (b). Our next claim is, that there exists an 0 <
a < t0 such that on [0, a], we have P [t ≤ T ] = 1 and for
all other a < t ≤ t0, P [t ≤ T ] < 1. By our previous claim
(1), there exists 0 < t < t0 with P [t ≤ T ] < 1. Let a be
the infimum of all such t.3 Then, [0, a] ⊂ S (continuity
of P ). Moreover, by the properties of an infimum, for all
ε > 0, there exists a δ > 0, such that P [a + δ ≤ T ] < 1.
But P [t ≤ T ] is monotonically decreasing, hence, this is
true for all δ > 0, such that a+δ ≤ t0, proving the claim.

Step (c). In this last step, we show the existence of
a unique t∗ > t0 such that t∗ ∈ S. For a visualization
of this step, see Figure 8. The integrals of P [t ≤ T ]

and PΘ[t ≤ T ] on R≥0 coincide. However, we have just
argued that on a non-empty interval between 0 and t0,
P [t ≤ T ] is strictly smaller than PΘ[t ≤ T ]. This leads

to the the inequality
∫ t0
0

dt P [t ≤ T ] <
∫ t0
0

dt PΘ[t ≤ T ].
In order to ensure that the integrals over all of R≥0 are
equal, there must exist a t′ > t0 such that P [t′ ≤ T ] >
PΘ[t

′ ≤ T ]. For all t > t′, this inequality must be true
too, because P [t ≤ T ] can not drop faster than e−Γ(t−t0),
due to boundedness of the top-level population p(t) ≤ 1.
Set t∗ to be the infimum of all such t′. Note that t∗ must
be strictly greater than t0 due to continuity of P [t ≤ T ].
This concludes the proof of the last step and therefore of
the proposition.

3 The set {t : P [t ≤ T ] < 1} is lower bounded by 0 and non-empty
by the claim made in step (a), thus, the infimum exists.
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Chapter IV

The Role of Control for Ground-State

Cooling

IV.1 Landauer vs. Nernst: What is the True Cost of Cooling

a Quantum System?

IV.1.1 Contribution

I contributed to the conception of the project idea and the general theoretical framework. I

contributed to early versions of some of the analytic calculations concerning the incoherent

regime. I contributed to writing and revising the main text. I produced Figure 1 and Figure 2

of the paper.
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6School of Physics, Trinity College Dublin, Dublin 2, Ireland

7Departamento Acadêmico de Ciências da Natureza, Universidade Tecnológica Federal do Paraná (UTFPR),
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Thermodynamics connects our knowledge of the world to our capability to manipulate and thus to control
it. This crucial role of control is exemplified by the third law of thermodynamics, Nernst’s unattainability
principle, which states that infinite resources are required to cool a system to absolute zero temperature. But
what are these resources and how should they be utilised? And how does this relate to Landauer’s principle that
famously connects information and thermodynamics? We answer these questions by providing a framework
for identifying the resources that enable the creation of pure quantum states. We show that perfect cooling is
possible with Landauer energy cost given infinite time or control complexity. However, such optimal protocols
require complex unitaries generated by an external work source. Restricting to unitaries that can be run solely via
a heat engine, we derive a novel Carnot-Landauer limit, along with protocols for its saturation. This generalises
Landauer’s principle to a fully thermodynamic setting, leading to a unification with the third law and emphasises
the importance of control in quantum thermodynamics.

I. INTRODUCTION

What is the cost of creating a pure state? Pure states
appear as ubiquitous idealisations in quantum information
processing and preparing them with high fidelity is essen-
tial for quantum technologies such as reliable quantum com-
munication [1, 2], high-precision quantum parameter estima-
tion [3–5], and fault-tolerant quantum computation [6, 7].
Fundamentally, pure states are prerequisites for ideal mea-
surements [8] and precise timekeeping [9, 10]. To answer
the above question, one could turn to Landauer’s principle,
stating that erasing a bit of information has an energy cost
of at least kBT log(2) [11]. Alternatively, one could con-
sult Nernst’s unattainability principle (the third law of ther-
modynamics) [12], stating that cooling a physical system to
its ground state requires diverging resources. At the out-
set, it seems that these statements are at odds with one an-
other. However, Landauer’s protocol requires infinite time,
thus identifying time as a resource according to the third
law [13–17]. Does this mean either infinite energy or time
are needed to prepare a pure state?

The perhaps surprising answer we give here is: No. We
show that finite energy and time suffice to perfectly cool any
quantum system and we identify the previously hidden re-
source—control complexity—that must diverge (in the spirit

∗ philip.taranto@tuwien.ac.at; P. T. and F. B. contributed equally.
† P. T. and F. B. contributed equally.
‡ A. B. and R. S. contributed equally.
§ marcus.huber@tuwien.ac.at

of Nernst’s principle) to do so. Intuitively, the control com-
plexity of a protocol refers to the structure of machine en-
ergy gaps that the cooling unitary must couple the system to;
we demonstrate that this energy-level spectrum must approx-
imate a continuum in order to cool with minimal time and
energy costs. In short, the ultimate limit on the energetic cost
of cooling is still provided by the Landauer limit, but in order
to achieve it, either time or control complexity must diverge.

At the same time, heat fluctuations and short coherence
times in quantum technologies [18] demand that both energy
and time are not only finite, but minimal. Therefore, in ad-
dition to proving the necessity of diverging control complex-
ity for perfect cooling with minimal time and energy, we de-
velop explicit protocols that saturate the ultimate limits. We
demonstrate that mitigating overall heat dissipation comes at
the practical cost of controlling fine-tuned interactions that re-
quire a coherent external work source, i.e., a quantum bat-
tery [19–23]. From a thermodynamic perspective, this may
seem somewhat unsatisfactory: Nonequilibrium resources im-
ply that the total system is not closed, and the optimal pro-
tocol (saturating the Landauer bound) is reminiscent of a
Maxwellian demon with perfect control.

Accordingly, we also consider an incoherent control set-
ting restricted to global energy-conserving unitaries with a
heat bath as thermodynamic energy source. This setting
corresponds to minimal overall control, where interactions
need only be switched on and off to generate transforma-
tions, i.e., a heat engine alone drives the dynamics [24–28].
The incoherent-control setting is therefore fully thermody-
namically consistent inasmuch as both the machine state is
assumed to be thermal (and to rethermalize between control
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FIG. 1. Framework. We consider the task of cooling a quantum system in two extremal control scenarios, with each step of both paradigms
comprising two primitives. The top panel depicts the coherent-control scenario: In the control step (left), an agent can use a work sourceW
to implement any global unitary on the system S and machineM, which both begin thermal at inverse temperature β; in cooling the target,
energy and entropy is transferred to the machine. The machine then rethermalises with its environment (right), thereby dissipating the energy
it gained in the control step. The bottom panel depicts the incoherent-control scenario: The machine is bipartitioned into a cold part at inverse
temperature β and a hot part at inverse temperature βH < β. In the control step, the agent switches on an interaction between the three
systems, represented by a global energy-conserving unitary UEC. In the rethermalisation step, the interaction is turned off and both subsystems
of the machine rethermalise to their respective initial temperatures; the hot part draws energy from the heat bath while the cold part dissipates
heat to its environment. In both paradigms, we quantify the control complexity as the effective dimension accessed by the unitary operation in
a given control step (i.e., the dimension of the system-machine Hilbert space upon which the unitary acts non-trivially).

steps) and the permitted control operations are those imple-
mentable solely via a heat engine. In this paradigm, we show
that the Landauer bound is not attainable, subsequently derive
a novel limit—which we dub the Carnot-Landauer bound—
and construct protocols that saturate it, thereby establishing
its significance. The Carnot-Landauer bound follows from an
equality phrased in terms of entropic and energetic quantities
that must hold for any state transformation in the incoherent
control paradigm; in this sense, the Carnot-Landauer equality
adapts the equality version of Landauer’s principle developed
in Ref. [29] to a fully (quantum) thermodynamic setting.

Our work thus both generalises Landauer’s erasure princi-
ple and, at the same time, unifies it with the laws of thermo-
dynamics. By accounting for control complexity, we empha-
sise a crucial resource that is oftentimes overlooked but, as
we show, must be taken into account for any operationally
meaningful theory of thermodynamics. Here, we focus on
the asymptotic setting that allows us to connect this resource
with Nernst’s unattainability principle. Beyond the asymp-
totic case, the gained insights also open the door to a bet-
ter understanding of the intricate relationship between energy,
time and control complexity when all resources are finite,
which will be crucial for practical applications; we addition-
ally provide a preliminary analysis to this end. Lastly, our

protocols saturating the Carnot-Landauer bound pave the way
for thermodynamically-driven (i.e., minimal-control) quan-
tum technologies, which, by mitigating the cost of control at
the very outset, could lead to tangible advantages.

Overview & Summary of Results

Loosely speaking, there are two types of thermodynamic
laws: Those, like the second law, that bound (changes of)
characteristic quantities during thermodynamic processes, and
those, like the third law, which state the impossibility of cer-
tain tasks. Landauer’s principle is of the former kind (indeed,
it can be rephrased as a version of the second law), associating
a minimal heat dissipation to any logically irreversible pro-
cess, thereby placing a fundamental limit on the energy cost
of computation. The paradigmatic logically irreversible pro-
cess is that of erasing information, i.e., resetting an arbitrary
state to a blank register. From a physics perspective, said task
can be rephrased as perfectly cooling a system to the ground
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state, or more generally, preparing a pure state.1

Nernst’s unattainability principle is of the latter kind, stat-
ing that perfectly cooling a system requires diverging re-
sources. The resources typically considered are energy and
time, whose asymptotic trade-off relation is relatively well-
established: On the one hand, perfect cooling can be achieved
in finite time at the expense of an energy cost that diverges as
the ground state is approached; on the other hand, the energy
cost can be minimised by implementing a quasistatic process
that saturates the Landauer limit but takes infinitely long.2

These two types of thermodynamic laws are intimately re-
lated, but details of their interplay have remained elusive: Un-
der which conditions can the Landauer bound be saturated and
what are the minimal resources required to do so? Which pro-
tocols asymptotically create pure states with given (diverging)
resources? What type of control do such protocols require and
how difficult are they to implement in practice? We address
these questions by considering the task of cooling a quantum
system in two extremal control paradigms (see Fig. 1): One
driven by a coherent work source and the other by an incoher-
ent heat engine.

After laying out the framework, we proceed to analyse the
relationship between the aforementioned three resources for
cooling. A core idea of this article originates from the ob-
servation that it is possible to perfectly cool a physical sys-
tem with both finite energy and time. Although said observa-
tion is simple in nature inasmuch as it can be obtained by a
shift in perspective of Landauer’s original protocol, its conse-
quences run deep: Indeed, the apparent tension between Lan-
dauer cooling and Nernst’s unattainability principle that arises
when only energy and time are considered as resources is re-
solved via the inclusion of control complexity as a considera-
tion. Subsequently, we define a meaningful notion of control
complexity in terms of the energy-level structure of the ma-
chine that the system must be coupled to throughout the cool-
ing protocol and demonstrate its thermodynamic consistency
by showing that it indeed must diverge to cool the system to
the ground state at minimal energy cost, thereby reconciling
the viewpoints of Landauer and Nernst.

Having established the relevant trinity of resources, we
present three main results:

1. Perfect cooling is possible with coherent control pro-
vided either energy, time, or control complexity di-
verge. In particular, it is possible in finite time and at

1 Low temperature thermal states correspond to those with low information
content, as they have low entropy or small effective support; viewing cool-
ing more broadly (i.e., not restricting to thermal states and allowing for
arbitrary Hamiltonians), we see that cooling indeed encompasses informa-
tion erasure: States with smaller effective support are “colder” than those
with greater support according to any meaningful notion of “cool” (see
Ref. [30]).

2 Note, however, that although the asymptotic trade-off relationship is
known, the connection between energy and time in the finite-resource set-
ting remains unresolved: For instance, if one uses twice the amount of en-
ergy, it is not clear how much faster a given protocol can be implemented;
we provide some preliminary insight to such questions in Sec. VI.

Landauer energy cost with diverging control complex-
ity.

2. Perfect cooling is possible with incoherent control, i.e.,
with a heat engine, provided either time or control com-
plexity diverge. On the other hand, it is impossible with
both finite time and control complexity regardless of the
amount of energy drawn from the heat bath.

3. No process driven by a finite-temperature heat engine
can (perfectly) cool a quantum system at the Landauer
limit. Nonetheless, the Carnot-Landauer limit, which
we introduce here (as a consequence of a stronger
equality), can be saturated for any heat bath, given ei-
ther diverging time or control complexity.

In the following, we discuss each of these results in turn
in more detail and provide a systematic study concerning the
asymptotic interplay of energy, time and control complexity as
thermodynamic resources in two extremal control paradigms,
as well as develop insight into the finite-resource regime for
some special cases. We begin by outlining the framework.

II. FRAMEWORK: COOLING A PHYSICAL SYSTEM

Consider a target system S in an initial state %S described
by a unit-trace, positive semidefinite operator with associated
Hamiltonian HS . An auxiliary machine M, initially uncor-
related with S and in equilibrium with a reservoir at inverse
temperature β := 1

kBT
, is used to cool the target system. The

initial state ofM is thus of Gibbs form,

%M = τM(β,HM) :=
e−βHM

ZM(β,HM)
, (1)

where HM is the machine Hamiltonian and ZM(β,HM) :=
tr
[
e−βHM

]
its partition function. Throughout this article we

only consider Hamiltonians with discrete spectra, i.e., with
an associated separable Hilbert space that has a countable en-
ergy eigenbasis. Moreover, for the most part we consider
finite-dimensional systems (or sequences thereof) and deal
with infinite-dimensional systems separately.

As shown in Fig. 1, a single step of a cooling process com-
prises two sub-procedures: First, a joint unitary is imple-
mented during the control step; second, the machine rether-
malises to the ambient temperature. A cooling protocol is
determined by the initial conditions and any concatenation of
such primitives3. We consider two extremal control paradigms
corresponding to two classes of allowed global transforma-
tions. The coherent control paradigm permits arbitrary uni-
taries on SM; in general, these change the total energy but
leave the global entropy invariant and thus require an external

3 One could refer to bothM and the transformations applied as the machine
and call the system M itself the working medium inasmuch as the latter
passively facilitates the process, in line with conventional parlance; how-
ever, we use the terminology established in the pertinent literature.

78



4

work source W . At the other extreme is the incoherent con-
trol paradigm, where the energy source is a heat bath. Here,
the machineM is bipartitioned: One part, C, is connected to
a cold bath at inverse temperature β, which serves as a sink
for all energy and entropy flows; the other, H, is connected
to a hot bath at inverse temperature βH ≤ β, which provides
energy. The composite system SCH is closed and thus global
unitary transformations are restricted to be energy conserving.
The temperature gradient causes a natural heat flow away from
the hot bath, which carries maximal entropic change with it.
Cooling protocols in this setting can be run with minimal ex-
ternal control, i.e., they only require switching on and off in-
teractions.

III. COHERENT CONTROL

We begin by considering cooling with coherently-
controlled resources (see Fig. 1, top panel). We first analyse
energy, time and control complexity as resources that can be
traded off against one another in order to optimise cooling per-
formance, before focusing more specifically on the nature and
role of control complexity.

A. Energy, Time, and Control Complexity as Resources

In the coherent-control setting, a transformation %S → %′S is
enacted via a unitary U on SM involving a thermal machine
%M = τM(β,HM), i.e.,

%′S := trM
[
U(%S ⊗ %M)U†

]
. (2)

For such a transformation, there are two energy costs con-
tributing to the total energy change, which must be drawn
from a work source W . The first is the energy change of
the target ∆ES := tr

[
HS(%′S − %S)

]
; the second is that of

the machine ∆EM := tr
[
HM(%′M − %M)

]
, where %′M :=

trS
[
U(%S ⊗ %M)U†

]
. The latter is associated with the heat

dissipated into the environment and is given by [29]

β∆EM = ∆̃SS + I(S :M)%′SM +D(%′M‖%M), (3)

where S(%) := −tr [% log(%)] is the von Neumann entropy,
∆̃SA := S(%A) − S(%′A)4, I(A : B)%AB := S(%A) +
S(%B) − S(%AB) (with marginals %A/B := trB/A [%AB]) is
the mutual information between A and B, and D(%‖σ) :=
tr [% log(%)]− tr [% log(σ)] is the relative entropy of % with re-
spect to σ, with D(%‖σ) := ∞ if supp[%] * supp[σ]. We de-
rive Eq. (3) and its generalisation to the incoherent-control set-
ting in Appendix A. The mutual information is non-negative
and vanishes iff %AB = %A⊗%B; similarly, the relative entropy

4 Note the differing sign conventions (denoted by the tilde) that we use for
changes in energies, ∆EX := E′X − EX , and in entropies, ∆̃SX :=
SX − S′X , such that energy increases and entropy decreases are positive.

Energy Time Complexity

Q
ud

it

→∞ 1 1
2
d(d− 1)

Landauer →∞ 1
2
d(d− 1)

Landauer 1 →∞

H
.O

.

→∞ 1 →∞ (Gaussian)

Landauer →∞ →∞ (Gaussian)

Finite (> Landauer) →∞ 1 (Non-Gaussian)

Landauer 1 →∞ (Gaussian)

TABLE I. Coherent-control cooling protocols for finite-dimensional
(qudit) and harmonic oscillator systems. Landauer energy cost refers
to saturation of Eq. (4) and complexity refers to the proxy measure
effective dimension (see Def. 1); time is measured as the number of
unitary operations with a fixed complexity. In the qudit case, the
system and machine dimensions are equal: dS = dM =: d.

is non-negative and vanishes iff % = σ. Dropping these terms
leads to the Landauer bound [11]

β∆EM ≥ ∆̃SS . (4)

The Landauer limit holds independently of the protocol im-
plemented, i.e., it only assumes some unitary was applied to
the target and thermal machine. For large machines, the dis-
sipated heat is typically much greater than the energy change
of the target; nonetheless, the contributions can be compara-
ble at the microscopic scale. We will assume that the target
begins in equilibrium with the reservoir at inverse tempera-
ture β, i.e., in the initial thermal state %S = τS(β,HS), with
no loss of generality since such a relaxation can be achieved
for free (by swapping the target with a suitable part of the en-
vironment; however, see Ref. [31] for a discussion of initial
state dependency of the bound). We will track all energetic
and entropic quantities and refer to the asymptotic saturation
of Eq. (4) with %′S pure as perfect cooling at the Landauer
limit.

Although Landauer’s limit sets the minimum heat that must
be dissipated—and thereby the minimum energy cost—for
cooling any physical system, the third law makes no spec-
ification that energy must be the resource minimised (or that
time must diverge). One might instead consider using a source
of unbounded energy to perfectly cool a system as quickly as
possible. Additionally, control complexity plays an important
role as a resource, inasmuch as its divergence permits perfect
cooling at the Landauer limit in finite time (see below). As
summarised in Table I, we now present coherently-controlled
protocols that perfectly cool an arbitrary finite-dimensional
target system using thermal machines when any one of the
three considered resources—energy, time or control complex-
ity—diverges; moreover, the resources that are kept finite sat-
urate protocol-independent ultimate bounds. The following
thus provides a comprehensive analysis of cooling with re-
spect to the trinity of resources that can be traded off amongst
each other.
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B. Perfect Cooling at the Ultimate Limits with Infinite
Resources

1. Diverging Energy.—We first consider the situation in
which time and control complexity are fixed to be finite, while
the energy cost is allowed to diverge. Here, we present:

Theorem 1. With diverging energy, any finite-dimensional
quantum system can be perfectly cooled using a single inter-
action of finite complexity.

The cooling protocol using diverging energy is the simplest.
Here, one exchanges all populations of the target system with
those of a thermal machine with suitably large energy gaps to
sufficiently concentrate the initial machine population in the
ground state subspace of the target system. This exchange re-
quires a single system-machine unitary and is of finite com-
plexity (in a sense discussed below). Nonetheless, the en-
ergy drawn from the work source in this protocol diverges.
Moreover, in addition to being sufficient for perfect cooling
with both finite time and control complexity, any protocol that
cools perfectly with both finite time and control complexity
requires diverging energy. See Appendix B for details.

We now move to consider the situations in which the energy
cost is minimised at the expense of either diverging time or
control complexity. Equation (3) provides insight for under-
standing the conditions required for saturating the Landauer
bound. Although for finite-dimensional machines only trivial
processes of the form USM = US ⊗1M saturate the Landauer
limit [29], we show how it can be asymptotically saturated
with nontrivial processes by considering diverging machine
and interaction properties, as we elaborate on shortly. Any
such process must asymptotically exhibit no correlations such
that I(S : M)%′SM → 0 and effectively not disturb the ma-
chine, i.e., yield %′M → %M such that D(%′M‖%M) → 0. In-
deed, any correlations created between initially thermal sys-
tems would come at the expense of an additional energetic
cost [32–34] whose minimisation is a problem that has so far
only been partially resolved [35]. However, it has been shown
that for any (strictly) rank non-decreasing process, there exists
a thermal machine and joint unitary such that for any ε > 0,
the heat dissipated satisfies β∆EM ≤ ∆̃SS + ε [29], thereby
saturating the Landauer limit. Here, we present protocols that
asymptotically achieve both this and perfect cooling (in par-
ticular, effectively decrease the rank), and provide necessary
conditions on the underlying resources required to do so.

2. Diverging Time.—We now present a protocol that
uses a diverging number of operations of finite complex-
ity to asymptotically attain perfect cooling at the Landauer
limit [20, 29, 36]:

Theorem 2. With diverging time, any finite-dimensional
quantum system can be perfectly cooled at the Landauer limit
via interactions of finite complexity.

Sketch of proof.—We first show that any system can be
cooled from %S = τS(β,HS) to τS(β∗, HS), with β∗ ≥ β,
using only β−1 ∆̃SS units of energy. Our proof is construc-
tive in the sense that we provide a protocol that achieves the

Landauer energy cost as the number of operations diverges.
The individual interactions in this protocol are of finite con-
trol complexity as they simply swap the target system with
one of a sequence of thermal machines with increasing energy
gaps. In this way, the final state τS(β∗, HS) can be made to
be arbitrarily close to |0〉〈0|S for any initial temperature.

The proof is presented in Appendix C, along with a more
detailed dimension-dependent energy cost function for the
special case of equally spaced Hamiltonians.

Through the protocol described above, we see that given a
diverging amount of time, the target system can be sequen-
tially coupled with a machine of finite complexity that rether-
malizes between control steps in such a way that the final
target system state is arbitrarily close to the ground state for
any initial temperature. This trade-off between energy and
time is well-known, and we discuss it only briefly in order to
help build intuition and highlight the versatility of our frame-
work. Alternatively, one can compress all the operations ap-
plied in the diverging-time protocol into one global unitary
that achieves the same final states, thereby achieving perfect
cooling at the Landauer limit in a single unit of time but with
an infinitely complex interaction. That is, the diverging tem-
poral resource of repeated interactions with a single, finite-
size machine is replaced by a single interaction with a larger
machine of diverging control complexity.

3. Diverging Control Complexity.—By reconsidering the
diverging-time protocol above, a trade-off can be made
between time and control complexity. As illustrated in
Fig. 2, one can consider all of the operations {Uk =
e−iHktk}k=1,...,N required in said protocol to make up
one single joint interaction Utot := limN→∞

∏N
k=1 Uk =

e−iHtotttot acting on a larger machine, thus setting the time re-
quired to be unity (in terms of the number of control opera-
tions before the machine rethermalises). In other words, for
any finite number N of unitary transformations Uk, there ex-
ists a total Hamiltonian H(N)

tot and a finite time tN that gener-
ates the overall transformation U (N)

tot :=
∏N
k=1 Uk; since tN is

finite, we can set it equal to one without loss of generality by
rescaling the Hamiltonian as H̃(N)

tot = tNH
(N)

tot . Here, we refer
to the limit N → ∞ as diverging control complexity. Com-
pressing a diverging number of finite-complexity operations
thus yields a protocol of diverging control complexity. The
fact that there exists such an operation that minimises both
the time and energy requirements follows from our construc-
tive proof of Theorem 2. We therefore have:

Corollary 1. With diverging control complexity, any finite-
dimensional quantum system can be perfectly cooled at the
Landauer limit in finite time.

However, this particular way of constructing complex con-
trol protocols is not necessarily unique. It is thus natural to
wonder if diverging control complexity is a generic feature
necessary to achieve perfect cooling at the Landauer limit
in unit time and indeed, how to quantify control complexity
that is operationally meaningful between the extreme cases of
being either very small or divergent, as we now turn to dis-
cuss. Indeed, the inclusion of an explicit quantifier of control
complexity regarding thermodynamic tasks—which, although
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crucial for practical purposes, is oftentimes overlooked—is
one of the main novelties of our present work.

IV. CONTROL COMPLEXITY IN QUANTUM
THERMODYNAMICS

Although the protocol described above has diverging con-
trol complexity by construction, one need not construct com-
plex protocols in this way, and so the natural concern becomes
understanding the generic features that enable perfect cooling
at the Landauer limit in unit time. To address this issue, we
first provide protocol-independent structural conditions that
must be fulfilled by the machine to enable (1) perfect cooling
and (2) cooling at Landauer cost; combined, these indepen-
dent conditions provide a necessary requirement, namely that
the machine must have an unbounded spectrum (from above)
and be infinite-dimensional (respectively) for the possibility
of (3) perfect cooling at the Landauer limit. Such properties
of the machine Hamiltonian define the structural complexity,
which sets the potential for how cool the target system can
be made and at what energy cost. As the name suggests, this
is entailed by the structure of the machine, e.g., the number
of energy gaps and their arrangement, and as such provides a
static notion of complexity. However, given a machine with
particular structural complexity, one may not be able to utilise
said potential due to constraints on the dynamics that can be
implemented. For instance, one may be restricted to only two-
body interactions, or operations involving only a few energy
levels at a time. Assuming a sufficient structural complexity at
hand, such constraints limit one from optimally manipulating
the systems. Thus, the extent to which a machine’s potential is
utilised depends on properties of the dynamics of a given pro-
tocol, i.e., the control complexity. We provide a detailed study
of structural and control complexity in Appendix D, and here
summarise the key methods.

A. Structural & Dynamical Notions of Complexity

We split the consideration of complexity into two parts:
First, the protocol-independent structural conditions that must
be fulfilled by the machine and, second, the dynamic con-
trol complexity properties of the interaction that implements
a given protocol (see Fig. 2).

1. Structural Complexity

Regarding the former, first note that one can lower-bound
the smallest eigenvalue λmin of the final state %′S (and hence
how cold the system can become) after any unitary interaction
with a thermal machine by [29]

λmin(%′S) ≥ e−β ωmax
M λmin(%S), (5)

where ωmax
M := maxi,j |ωj − ωi| denotes the largest energy

gap of the machine Hamiltonian HM with eigenvalues ωi. It

FIG. 2. Complexity. We consider structural (left) and control com-
plexity (right). Structural complexity concerns properties of the ma-
chine Hamiltonian. For perfect cooling it is necessary that the largest
energy gap diverges [see Eq. (5)]. Moreover, an infinite-dimensional
machine with particular energy-level structure is required for satura-
tion of the Landauer bound. Control complexity refers to properties
of the unitary that represents a protocol. The yellow box in the fore-
ground represents a unitary U involving the entire machine, whereas
the smaller yellow columns in the background represent a potential
decomposition (e.g., of the diverging-time protocol) into unitaries Ui

involving certain subspaces of the overall machine. Not only must
the target system interact with all levels of an infinite-dimensional
machine for Landauer-cost cooling, it must do so in a fine-tuned way.

follows that perfect cooling is only possible under two condi-
tions: Either the machine begins in a pure state (β → ∞), or
HM is unbounded, i.e., ωmax

M → ∞. Requiring β < ∞, a di-
verging energy gap in the machine Hamiltonian is thus a nec-
essary structural condition for perfect cooling. Independently,
another condition required to saturate the Landauer limit can
be derived for any amount of cooling: In Ref. [29], it was
shown that for any finite-dimensional machine, there are cor-
rection terms to the Landauer bound which imply that it can-
not be saturated; these terms only vanish in the limit where
the machine dimension diverges.

We thus have two independent necessary conditions on the
structure of the machine that must be asymptotically fulfilled
to achieve relevant goals for cooling: The former is required
for perfect cooling; the latter for cooling at the Landauer limit.
Together, these conditions imply the following:

Corollary 2. To perfectly cool a target system with en-
ergy cost at the Landauer limit using a thermal machine
τM(β,HM), the machine must be infinite-dimensional and
ωmax
M , the maximal energy gap of HM , must diverge.

The unbounded structural properties of the machine sup-
port the possibility for perfect cooling at the Landauer limit;
we now move to focus on the control properties of the in-
teraction that realise said potential (see Fig. 2). This leads
to the distinct notion of control complexity, which differenti-
ates between protocols that access the machine in a more or
less complex manner. The structural complexity properties
are protocol-independent and related to the energy spectrum
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and dimensionality of the machine, whereas the control com-
plexity concerns dynamical properties of the unitary that rep-
resents a particular protocol.

2. Control Complexity

Although it is intuitive that a unitary coupling the system
to many degrees of freedom of the machine should be con-
sidered complex, it is a priori unclear how to quantify control
complexity in a manner that both:

1. Corresponds to our intuitive understanding of the word
“complex”, meaning “difficult to implement”; and

2. Is consistent with Nernst’s third law in the sense that its
divergence is necessary to reach a pure state (when all
other considered resources are restricted to be finite).

Many notions of complexity put forth throughout the literature
to capture the first point above do not necessarily satisfy the
second, as we will discuss later. Here, we take the opposite
approach and seek a minimal notion of complexity that is first
and foremost consistent with the third law of thermodynamics,
which we hope to develop further to incorporate the idea of
quantifying how difficult a protocol is to implement.

In the following sections, we begin by demonstrating that
any cooling protocol that achieves perfect cooling with min-
imal time and energy resources requires coupling the target
system to an infinite-dimensional machine, thereby captur-
ing a notion of control complexity that satisfies the second
point above. However, by subsequently analysing the suffi-
cient conditions for such optimal cooling, we see that such a
condition is in general insufficient to achieve said goal; fur-
thermore, coupling to an infinite-dimensional machine is not
necessarily difficult to implement in practice in certain exper-
imental platforms. The insights gained here finally motivate
our more refined notion of control complexity, namely that
the system must be coupled to a spectrum of machine energy
gaps that approximate a continuum. This condition is indeed
difficult to achieve in all experimental settings and therefore
provides a reasonable definition of control complexity inas-
much as it satisfies both desiderata outlined above.

B. Effective Dimension as a Notion of Control Complexity

As a first step in this direction, a good proxy measure of
control complexity is the effective dimension of a unitary
operation, i.e., the dimension of the subspace of the global
Hilbert space upon which the unitary acts nontrivially:

Definition 1. The effective dimension is the minimum dimen-
sion of a subspace A of the joint Hilbert space HSM in terms
of which the unitary can be decomposed asUSM = UA⊕1A⊥ :

d eff := min dim(A) : USM = UA ⊕ 1A⊥ . (6)

Intuitively, given any (sufficiently large) machine dimen-
sion, the effective dimension captures how much of the ma-
chine takes part in the controlled interaction. While any dy-
namics that requires a high amount of control must accord-
ingly have large effective dimension, the converse does not
necessarily follow: There exist dynamics with corresponding
large (even infinite) effective dimensions (e.g., Gaussian op-
erations on two harmonic oscillators, such as those enacted
by a beam splitter) that are easily implementable and do not
require high levels of control, as we discuss further below.
Nevertheless, using the definition above, we show that any
protocol achieving perfect cooling at the Landauer limit nec-
essarily involves interactions between the target and infinitely
many energy levels of the machine. In other words, no inter-
action restricted to a finite-dimensional subspace suffices.

We begin by demonstrating that the effective dimension
(nontrivially) accessed by a unitary (see Def. 1) must di-
verge to achieve perfect cooling at the Landauer limit, thereby
providing a good proxy for control complexity in the sense
that it aligns with Nernst’s third law and provides a neces-
sary condition. Intuitively, the effective dimension of a uni-
tary operation is the dimension of the subspace of the global
Hilbert space upon which the unitary acts nontrivially, in
other words the part of the joint space that is actually ac-
cessed by the control protocol. This quantity can be com-
puted by considering a given cooling protocol and finite unit
of time T (which we can set equal to unity without loss of
generality) with respect to which the target and total ma-
chine transform unitarily by decomposing the Hamiltonian in
USM = e−iHSMT in terms of local and interaction terms, i.e.,
HSM = HS⊗1M+1S⊗HM+Hint. The effective dimension
then corresponds to rank(Hint). With this definition at hand,
we have:

Theorem 3. The unitary representing a cooling protocol
that saturates the Landauer limit must act nontrivially on
an infinite-dimensional subspace of supp(HM). This implies
d eff →∞.

Intuitively, we show that if a protocol only accesses a finite-
dimensional subspace of the machine, then the machine is
effectively finite-dimensional inasmuch as a suitable replace-
ment can be made while keeping all quantities relevant for
cooling invariant. Invoking the main result of Ref. [29] then
implies that there are finite-dimensional correction terms such
that the Landauer limit cannot be saturated.

The effective dimension therefore provides a minimal quan-
tifier for control complexity: It is the quantity that must di-
verge in order to (perfectly) cool at minimal energy cost—
thus, it satisfies the above point 2. Moreover, it requires no
assumption on the underlying structure of the machine, with
the results holding for either collections of finite-dimensional
systems or harmonic oscillators without any restrictions on
the types of individual operations allowed. This highlights a
certain level of generality regarding the definition put forth,
inasmuch as it is not tied to any presupposed structure of the
systems at hand or the ability of the agent to control them.
Additionally, as we will discuss below, in many situations of
interest, such as a machine comprising a collection of qubits
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and/or natural gate-set limitations, said definition also corre-
sponds to protocols that are difficult to implement in practice,
therefore also satisfying the above point 1. However, such
additional restrictions are by no means generic. Moreover, it
is a priori unclear if having a diverging effective dimension
is enough to permit perfect cooling with minimal time and
energy cost. We now move on to discuss the connection to
practical difficulty in general before analysing sufficient con-
ditions regarding control complexity.

1. Correspondence to Practical Difficulty

Importantly, if one supposes that the system and machines
are finite-dimensional, then diverging effective dimension im-
plies diverging circuit complexity, where the latter is defined
in terms of the minimum number of gates (from a predeter-
mined set of possibilities) required to implement the overall
circuit representing a particular protocol. For instance, con-
sidering a qubit system and machines, and the ability to per-
form arbitrary two-qubit gates, the effective dimension is sim-
ply the logarithm of the number of distinct machine qubits
that the system interacts with throughout the protocol. For any
cooling protocol that achieves Landauer energy cost, it is clear
that every one of a diverging number of qubit machines must
take part in the overall transformation. Moreover, the particu-
lar interactions applied can be taken to be swap gates, which
require the ability for the agent to be able to perform a CNOT
gate, which in turn permits universal quantum computation
with two-qubit interactions. Thus, given a universal two-qubit
gate set, the circuit required to perform perfect cooling at min-
imal energy cost has a complexity that scales with the num-
ber of machine qubits. For higher-dimensional architectures
or further restrictions on the gate set, any meaningful notion
of control complexity will increase accordingly. This means
that the task of cooling a finite-dimensional system with finite-
dimensional machines at the Landauer limit is—even with a
perfect quantum computer—an impossibly difficult task.

However, although our proposed definition of effective di-
mension as a notion of control complexity is flexible inas-
much as it applies to arbitrary system-machine structures,
the price of such generality comes with the drawback that it
tends to overestimate the difficulty of implementing a partic-
ular protocol in practice. In other words, without imposing
any additional assumptions regarding the situation at hand,
the effective dimension does not necessarily satisfy the above
point 1. For example, whilst the effective dimension and the
circuit complexity coincide for qubits, in higher-dimensional
settings, the former overestimates the latter because not all
system-machine subspaces are necessarily required to imple-
ment a particular protocol (i.e., although using all such sub-
spaces provides one way to achieve it, this is not unique).
Thus, the extent to which the circuit complexity is overes-
timated depends on the allowed gate set that is considered
“simple” in general. At the extreme end, i.e., for harmonic-
oscillator systems and machines, this can be seen from the
fact that a single beam-splitter operation (which is a two-mode
Gaussian operation, corresponding to a simple circuit com-

plexity in the usual sense considered for infinite-dimensional
quantum circuit architectures) already has infinite effective di-
mension, but is far from sufficient to achieve perfect cooling
at Landauer cost.

As a representative for infinite-dimensional systems, we
treat harmonic oscillator target systems separately in Ap-
pendix E. In the infinite-dimensional setting, the difficulty
of implementing an operation is often related to the polyno-
mial degree of its generators. Here, we see some friction
with respect to Eq. (6): As mentioned above, a generic Gaus-
sian unitary operation (i.e., one generated by a Hamiltonian
at most quadratic in the mode operators) between a harmonic
oscillator target and machine already implies infinite effec-
tive dimensionality. In light of this, we first construct a pro-
tocol that achieves perfect cooling at the Landauer limit with
diverging time using only sequences of Gaussian operations
[i.e., those typically considered to be practically easily imple-
mentable (cf. Refs. [22, 37]), but nonetheless with infinite ef-
fective dimensionality according to Def. 1]. This result high-
lights that the polynomial degree of the generators of a partic-
ular protocol would—somewhat counterintuitively, since op-
erations corresponding to high polynomial degree are diffi-
cult to achieve in practice—not provide a suitable measure of
control complexity inasmuch as its divergence is not neces-
sary for Landauer-cost cooling. In contrast, we then present
a protocol that demonstrates that perfect cooling is possible
given diverging time and operations acting on only a finite ef-
fective dimensionality (i.e., using non-Gaussian operations),
with a finite energy cost that is greater than the Landauer limit;
whether or not a similar protocol that saturates the Landauer
limit exists in this setting remains an open question.

2. Sufficiency for Optimal Cooling

Thus, in general, accessing an infinite-dimensional ma-
chine subspace is not sufficient for reaching the Landauer
limit. Indeed, in all of the protocols that we present, the
degrees of freedom of the machine must be individually ad-
dressed in a fine-tuned manner to permute populations op-
timally, which intuitively corresponds to complicated multi-
partite gates and demonstrates that an operationally meaning-
ful notion of control complexity must take into account factors
beyond the effective dimensionality accessed by an operation.
In particular, the interactions couple the target system to a di-
verging number of subspaces of the machine corresponding
to distinct energy gaps. Moreover, there are a diverging num-
ber of energy levels of the machine both above and below the
first excited level of the target. These observations highlight
that fine-tuned control plays an important role. Indeed, both
the final temperature of the target as well as the energy cost
required to achieve this depends upon how the global eigen-
values are permuted via the cooling process. First, how cool
the target becomes depends on the sum of the eigenvalues that
are placed into the subspace spanned by the ground state. Sec-
ond, for any fixed amount of cooling, the energy cost depends
on the constrained distribution of eigenvalues within the ma-
chine. Thus, in general, the optimal permutation of eigenval-
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ues depends upon properties of both the target and machine.
To highlight this, in Appendix D, we consider the task of cool-
ing a maximally mixed target system with the additional con-
straint that the operation implemented lowers the temperature
as much as possible. This allows us to derive a closed-form
expression for the distribution of machine eigenvalues alone
that must be asymptotically satisfied as the machine dimen-
sion diverges. Drawing from these insights, in the coming
section we propose a stronger notion of control complexity
(in the sense that it bounds the effective dimension from be-
low and that it corresponds to practical difficulty in virtual
every setting imaginable) in terms of the energy-gap structure
of the machine and demonstrate that this measure too must
diverge to cool perfectly with minimal time and energy costs.
This concept is even more important in the case where all re-
sources are finite, as particular structures of machines and the
types of interactions permitted play a crucial role in both how
much time or energy is spent cooling a system and how cold
the system can ultimately become (see, e.g., Refs. [38–40]).

C. Energy-Gap Variety as a Notion of Control Complexity

This analysis motivates searching for a more detailed no-
tion of control complexity that takes the energy-level structure
of the machine into account which holds across all platforms
and dimension scales. The discussion above illustrates some
key challenges in defining a measure of control complexity
that satisfies natural desiderata: Such a measure should corre-
spond to the difficulty of implementing operations in practice
and simultaneously cover all possible physical platforms, in-
cluding finite-dimensional systems such as, e.g., specific op-
tical transitions of electrons in the shell of trapped ions, and
infinite-dimensional systems such as the state-space specific
modes of the electromagnetic field. The effective dimension
that we introduced above as a proxy manages to cover all such
systems and provides a rigorous mathematical criterion that
every physical protocol will necessarily have to fulfil in order
to cool at minimal energy cost. As we have seen, however,
infinite effective dimension is insufficient for cooling at the
Landauer limit and it may not be all that difficult to achieve in
continuous-variable setups. This begs the question of how this
minimal definition of control complexity can be extended in
order to more faithfully represent what permits saturation of
the ultimate limitations and is difficult to achieve in practice.

Looking at all of our cooling protocols, a common prop-
erty that seems to be important in minimising the energy cost
of cooling is that the system is coupled to a set of machine
energy gaps that are distributed in such a way that they (ap-
proximately) densely cover the interval [ω1, ω

∗], where ω1 is
the first energy gap of the target system and ω∗ is the maximal
energy gap, which sets the final achievable temperature of the
system (for perfect cooling to the ground state, note that one
requires ω∗ → ∞). Let us denote the number of distinct en-
ergy gaps in a (fixed) interval as the energy-gap variety. More
formally, we have:

Definition 2. Consider an interval [ωa, ωb) ⊆ R. We denote
the energy-gap variety E[ωa,ωb) in terms of the set of machine

energy gaps that lie in said interval, i.e.,

E[ωa,ωb) := {ωγ := ωi − ωj |ωi − ωj ∈ [ωa, ωb)}γ . (7)

The number of distinct elements in such a set is the energy-
gap variety.

On the one hand, it is clear that coupling a system to a large
number of distinct and/or closely-spaced energy gaps requires
fine-tuned control that is difficult in any experimental setting.
On the other, the energy-gap variety lower bounds the effec-
tive dimension, and thus it is not clear that it needs to diverge
in order to cool at Landauer energy cost. In Appendix D, we
demonstrate that the energy-gap variety must indeed diverge
and, additionally, that the set of energy gaps must densely
cover a relevant interval (whose endpoints set the amount of
cooling possible) in order to perfectly cool at the Landauer
limit. Taken in combination with its sufficiency to achieve
said task, this result posits the energy-gap variety as a better
quantifier of control complexity than the effective dimension,
constituting the best thermodynamically meaningful notion of
control complexity that we have put forth so far.

Aside from introducing and highlighting the important role
of control complexity, we now take a step back to consider
the notion of overall control at a higher level. It is clear that
the protocols that saturate the Landauer limit for the energy
cost of cooling require highly controlled microstate interac-
tions between the system and machine; in turn, such trans-
formations necessitate that the agent has access to a versatile
work source, i.e., either a quantum battery [19–23] or a clas-
sical work source with a precise clock [9, 10]. Such control is
reminiscent of Maxwell’s demon, who can indeed address all
microscopic configurations at hand. This level of control is,
however, in some sense at odds with the true spirit of thermo-
dynamics. Indeed, the very reason that the machine is taken
to begin as a thermal (Gibbs) state in thermodynamics is pre-
cisely because it provides the microscopic description that is
both consistent with macroscopic observations (in particular,
average energy) and makes minimal assumptions regarding
the information that the agent has about the initial state; ther-
modynamics as a whole is largely concerned with what can be
done with minimal information requirements. Beginning with
this, and then going on to permit dynamical interactions that
address the full complex microstructure is somewhat contra-
dictory, at least in essence; indeed, it has been argued that
“Maxwell’s demon cannot operate” [41] as an autonomous
thermal being. Thus, a more thermodynamically sound set-
ting would also restrict the transformations themselves to be
ones that can be driven with minimal overall control. We now
move to analyse the task of cooling within such a context.

V. INCOHERENT CONTROL (HEAT ENGINE)

The results presented so far pertain to cooling with the only
restriction being that the machines are initially thermal. In
particular, there are no restrictions on the allowed unitaries.
In general, the operations required for cooling are not energy-
conserving and require an external work source. With respect
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to standard considerations of thermodynamics, this may seem
somewhat unsatisfactory, as the joint system is, in the coher-
ent setting, open to the universe. When quantifying thermo-
dynamic resources, one typically restricts the permitted trans-
formations to be energy-conserving, thereby closing the joint
system and yielding a self-contained theory.

We therefore analyse protocols using energy-conserving
unitaries. With this restriction, it is in general not possible to
cool a target system with machines that are initially thermal
at a single temperature, as was considered in the coherent-
control paradigm [42]. Instead, cooling can be achieved by
partitioning the machine into one cold subsystem C that be-
gins in equilibrium at inverse temperature β and another hot
subsystem H coupled to a heat bath at inverse temperature
β
H
< β [38, 42] (see Fig. 1, bottom panel). In other words,

one uses a hot and a cold bath to construct a heat engine that
cools the target. As we demonstrate, perfect cooling can be
achieved in this setting as pertinent resources diverge. How-
ever, the structure of the hot bath plays a crucial role re-
garding the resource requirements. In particular, we present
a no-go theorem that states that perfect cooling with a heat
engine using a single unitary of finite control complexity is
impossible, even given diverging energy drawn from the hot
bath. This result is in stark contrast to its counterpart in
the coherent-control setting, where diverging energy is suf-
ficient for perfect cooling and serves to highlight the fact
that the incoherent-control setting is a fundamentally distinct
paradigm that must be considered independently. Here, we
focus on finite-dimensional systems and leave the analysis of
infinite-dimensional ones to future work.

A. Ultimate Limits in the Incoherent Control Paradigm

In the incoherent-control setting, an adaptation of the
(equality-form) Landauer bound on the minimum heat dissi-
pated (or, as we phrase it here, the minimum amount of en-
ergy drawn from the hot bath) can be derived, which we dub
the Carnot-Landauer limit:

Theorem 4. Let F
β
(%X ) := tr[HX%X ] − β−1S(%X ) be the

free energy of a state %X with respect to a heat bath at inverse
temperature β, ∆F (β)

S := F
β
(%′S) − F

β
(%S), and let η :=

1 − β
H
/β ∈ (0, 1) be the Carnot efficiency with respect to

the hot and cold baths. In the incoherent-control setting, the
quantity

∆F (β)
S + η∆EH (8)

= − 1

β
[∆SS + ∆SC + ∆SH +D(%′C||%C) +D(%′H||%H)]

satisfies the inequality

∆F (β)
S + η∆EH ≤ 0. (9)

Equation (9) holds due to the non-negativity of the sum of
local entropy changes and the relative-entropy terms. The
derivation is provided in Appendix A, where we also show
that the usual Landauer bound is recovered in the limit of an
infinite-temperature heat bath.

The incoherent-control setting is fundamentally distinct
from the coherent-control setting in terms of what can (or
cannot) be achieved with given resources. For instance, con-
sider the case where one wishes to achieve perfect cooling in
unit time and with finite control complexity with diverging
energy cost. In the coherent-control setting, this task is pos-
sible in principle (see Theorem 1). On the other hand, in the
incoherent-control setting, we have the following no-go theo-
rem (see Appendix F for a proof):

Theorem 5. In the incoherent control scenario, it is not pos-
sible to perfectly cool any quantum system of finite dimension
in unit time and with finite control complexity, even given di-
verging energy drawn from the hot bath, for any non-negative
inverse temperature heat bath β

H
∈ [0, β <∞).

This result follows from the fact that in the incoherent-control
setting, the target system can only interact with subspaces of
the joint hot-and-cold machine with respect to which it is en-
ergy degenerate. For any operation of fixed control complex-
ity, there is always a finite amount of population remaining
outside of the accessible subspace, implying that perfect cool-
ing cannot be achieved, independent of the amount of energy
drawn from the hot bath.

B. Saturating the Carnot-Landauer Limit

The above result emphasises the difference between coher-
ent and incoherent controlling, which means that it is a priori
unclear if the Carnot-Landauer bound is attainable and, if so,
how to attain it. Indeed, the restriction to energy-conserving
unitaries generally makes it difficult to tell if the ultimate
bounds can be saturated in the incoherent-control setting, and
which resources would be required to do so. We present a
detailed study of cooling in the incoherent-control setting in
Appendix F, where we prove the following results. We begin
by demonstrating incoherent cooling protocols that saturate
the Landauer bound in the regime where the heat-bath tem-
perature goes to infinity. We do so by fine-tuning the machine
structure such that the desired cooling transitions between the
target system and the cold and hot parts of the machine are
rendered energy conserving. In particular, we prove:

Theorem 6. In the incoherent control scenario, for an
infinite-temperature hot bath β

H
= 0, any finite-dimensional

system can be perfectly cooled at the Landauer limit with di-
verging time via interactions of finite control complexity. Sim-
ilarly, the goal can be achieved in unit time with diverging
control complexity.

Following our analysis of infinite-temperature heat baths,
we study the more general case of finite-temperature heat
baths. In Appendix G, we detail cooling protocols that satu-
rate the Carnot-Landauer limit for any finite-temperature heat
bath. More precisely, we prove:

Theorem 7. In the incoherent control scenario, for any finite-
temperature hot bath 0 < β

H
< β, any finite-dimensional
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quantum system can be perfectly cooled at the Carnot-
Landauer limit given diverging time via finite control com-
plexity interactions. Similarly, the goal can be achieved in
unit time with diverging control complexity.

As in the coherent-control setting, these protocols use either
diverging time or control complexity to asymptotically satu-
rate the Carnot-Landauer bound. The results presented in this
section therefore provide a comprehensive understanding of
the resources required to perfectly cool at minimum energy
cost in a setting that aligns with the resource theories of ther-
modynamics.

VI. IMPERFECT COOLING WITH FINITE RESOURCES

The above results set the ultimate limitations for cooling
inasmuch as the protocols saturate optimal bounds by using
diverging resources. In reality, however, any practical im-
plementation is limited to having only finite resources at its
disposal. According to the third law, a perfectly pure state
cannot be achieved in this scenario. Nonetheless, one can pre-
pare a state of finite temperature by investing said resources
appropriately. In this finite-resource setting, the interplay be-
tween energy, time and control complexity is rather compli-
cated. First, the cooling performance is stringent upon the
chosen figure of merit for the notion of cool—the ground-state
population, purity, average energy, or temperature of the near-
est thermal state are all reasonable candidates, but they differ
in general [42]. Second, the total amount of resources avail-
able bounds the reachable temperature in any given protocol.
Third, the details of the protocol itself influence the energy
cost of achieving a desired temperature. In other words, de-
termining the optimal distribution of resources is an extremely
difficult task in general and remains an open question.

We therefore focus here on the paradigmatic special case
of cooling a qubit target system by increasing its ground-state
population in order to highlight some salient points regarding
cooling to finite temperatures. First, we compare the finite
performance of two distinct coherent control protocols that
both asymptotically saturate the Landauer limit; nonetheless,
at any finite time, their performance varies. The first protocol
simply swaps the target qubit with one of a sequence of ma-
chine qubits whose energy gaps are distributed linearly; the
second involves interacting the target with a high-dimensional
machine with a particular degeneracy structure. Although
the latter cannot be decomposed easily into a qubit circuit
(thereby making it more difficult to implement in practice),
one can compare the two protocols fairly by fixing the total
(and effective) dimension to be equal, i.e., comparing the per-
formance of the linear sequential qubit machine protocol after
N + 1 qubits have been accessed with that of the latter proto-
col with machine dimension 2N+1. In doing so, we see that
the simpler former protocol outperforms the more difficult lat-
ter one in terms of the energy cost at finite times, emphasising
the fact that difficulty in practice does not necessarily corre-
spond to complexity as a thermodynamic resource. Addition-
ally, we analyse the cooling rates at which energy and time can
be traded off amongst each other in the linear qubit sequence

protocol by deriving an analytic expression. Lastly, we com-
pare the performance of a coherent and an incoherent control
protocol that use a similar machine structure to achieve a de-
sired final temperature. We see that the price one must pay for
running the protocol via a heat engine is that either more steps
or more complex operations are required to match the perfor-
mance of the coherent control setting. This example serves
to elucidate the connection between the two extremal control
scenarios relevant for thermodynamics.

Although throughout most of the article we focus on the
asymptotic achievability of optimal cooling strategies, the
protocols that we construct provide insight into how said
asymptotic limits are approached. This facilitates a better un-
derstanding of the more practically relevant questions that are
constrained when all resources are restricted to be finite: i)
how cold can the target system be made? and ii) at what en-
ergy cost? In line with Nernst’s third law, the answer to the
former question cannot be perfectly cold (i.e., zero tempera-
ture). The answer depends upon how said resources are con-
figured and utilized. For instance, given a single unitary in-
teraction of finite complexity in the coherent-control setting,
the ground-state population of the output state can be upper
bounded in terms of the largest energy gap of the machine,
ωmax [see Eq. (5)]. On the other hand, supposing that one
can reuse a single machine system multiple times, then as the
number of operation steps increases, the ground-state popu-
lation of the output state approaches (1 + e−βωmax)−1 from
below [42]. There is clearly a trade-off relation here between
time and complexity, and a systematic analysis of the rate at
which these quantities can be traded off against one another
warrants further investigation. Similarly, the energy cost to
reach a desired final temperature also depends upon the distri-
bution of resources, as we now examine.

Given access to a machine of a certain size (as measured
by its dimension), one could ask: what is the optimal con-
figuration of machine energy spectrum and global unitary to
cool a system as efficiently as possible? Here, we compare
two contrasting constructions for the cooling unitary in the
coherent-control setting for a qubit target system (with energy
gap ωS)—both of which asymptotically achieve Landauer cost
cooling, but whose finite behaviour differs. The first protocol
considers a machine of N qubits whose energy gaps increase
linearly from the first excited state energy level of the sys-
tem ω1 = ωS to some maximum energy level ω

N
= ωmax,

which dictates the final achievable temperature. In this pro-
tocol, the target system is swapped sequentially with each of
the N qubits in order of increasing energy gaps; we hence
refer to it as the linear qubit machine sequence. The sec-
ond protocol we consider is presented in full in Appendix D4
and inspired by one presented in Ref. [29] (see Appendix D
therein); we hence refer to it as the RW protocol. Here, the
global unitary acts on the system and a high-dimensional ma-
chine with an equally-spaced Hamiltonian whose degeneracy
doubles with each increasing energy level, i.e., it has a sin-
gular ground state, a two-fold degenerate first excited state, a
four-fold degenerate second excited state, and so on; the final
energy level has an extra state so that the total dimension is
2N+1 (where N is the number of energy levels). In particular,
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FIG. 3. Imperfect Cooling. We compare the cooling performance of
a degenerate qubit target system using either N machine qubits of
linearly increasing energy accessed sequentially or a single unitary
on a 2N -dimensional machine, the latter being a finite adaptation of
a protocol presented Ref. [29]. We set β = 1, choose units such that
~ = kB = 1, and fix 1− ε to be the desired final ground-state popu-
lation of the target. We plot the inverse of the excess work cost above
the Landauer limit, W −β∆̃SS (in units of the smallest machine en-
ergy gap, ωmin

M ), confirming that the surplus work cost in both cases
scales with N−1. Interestingly, we see that the protocol in which
the target is sequentially swapped with machine qubits outperforms
that which uses a high-dimensional unitary (at equal overall control
complexity) in terms of energy cost required to reach a desired tem-
perature.

the unitary performs the permutation that places the maximal
amount of population in the ground state of the target system.
Due to the structure of both protocols, one can make a fair
comparison between them, contrasting the single unitary on a
2N -dimensional machine in the RW protocol versus the com-
position of N two-qubit swap unitaries in the linear machine
sequence, i.e., such that both protocols access a machine of
the same size overall.

As shown in Fig. 3, although both protocols asymptotically
tend to the Landauer limit, their finite behaviour differs. In-
deed, the work cost of the linear qubit machine sequence pro-
tocol outperforms that of the RW protocol. This is somewhat
surprising, as the latter is a complex high-dimensional unitary
whereas the former a composition of qubit swaps; although
both protocols have the same effective dimension in this com-
parison overall, this highlights that difficulty in the lab set-
ting need not correspond to resourcefulness in a thermody-
namic sense. Indeed, developing optimal finite cooling strate-
gies for arbitrary systems and machines is difficult in general
and remains an important open question. Nonetheless, in Ap-
pendix H, we derive the rate of resource divergence of the se-
quential qubit protocol to further clarify the trade-off between
time and energy for this protocol.

Finally, we contrast the two extremal thermodynamic
paradigms considered by comparing the energy cost of a
coherently-controlled cooling protocol to an incoherently-
controlled one that achieves the same final ground-state pop-
ulation. Intuitively, the latter setting requires more resources
to achieve the same performance as the former due to the fact

that only energy-resonant subspaces can be accessed by the
unitary, and hence only a subspace of the full machine is us-
able. This implies that a greater number of operations (of fixed
control complexity) are required to achieve similar results as
the coherent setting, as demonstrated in Appendix H explic-
itly. Indeed, determining the optimal cooling protocols for a
range of realistic assumptions remains a major open avenue.

VII. DISCUSSION

Relation to Previous Works

A vast amount of literature concerning quantum thermo-
dynamics considers resource theories (see Refs. [43, 44] and
references therein), whose central question is: what transfor-
mations are possible given particular resources, and how can
one quantify the value of a resource? While this perspec-
tive sheds light on what is possible in principle, it does not
per se concern itself with the potential implementation of said
transformations. Yet, the unitary operations considered in a
resource theory will themselves require certain resources to
implement in practice. Focusing only on a resource-theoretic
perspective would thus overlook the question: how does one
optimally use said resources? Our results focus on this latter
question and highlight the role of complexity in optimising
resource use.

Concurrently, by considering arbitrary unitary operations
(akin to our coherent-control paradigm without limitations
on machine size) Refs. [20, 36] and [29], studied the po-
tential saturation of the second law of thermodynamics and
Landauer’s limit, respectively. Refs. [20] and [36] develop a
similar protocol to our diverging time protocol in the context
of work extraction and demonstrate its optimality for saturat-
ing the second law. However, these works do not discuss the
practical viewpoint that the goal can be achieved in a smaller
number of operations by allowing the latter to be more com-
plex, as we emphasise. On the other hand, Ref. [29] consid-
ers the resources required for saturation of the Landauer limit
and show an important result regarding structural complex-
ity, namely that the machine must be infinite dimensional to
cool at the Landauer limit. Our analysis regarding complex-
ity begins here and continues to elucidate the key complexity
properties that enhance the efficiency of a cooling protocol.
In particular, we show that an infinite-dimensional machine is
not sufficient unless the controlled unitary indeed accesses the
entire machine. This leads to the notion of “effective dimen-
sion”, which provides a good proxy for control complexity
that is consistent with Nernst’s third law for all types of quan-
tum machines—from finite-dimensional systems to harmonic
oscillators. Moreover, we highlight that the optimal interac-
tions must be fine-tuned, i.e., they must couple the system to
particular energy gaps of the machine in a specific configura-
tion, paving the way for a more nuanced definition of control
complexity that takes into account the complicated and pre-
cise level of control required, as we present in terms of the
“energy-gap variety”. Lastly, we emphasise that the latter dis-
cussion concerns the coherent-control scenario, which is only
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one of the extremal control paradigms that we consider. In
addition, we consider the task of cooling in a more thermo-
dynamically consistent setting, namely the incoherent-control
paradigm. There we derive the Carnot-Landauer equality and
consequent inequality, which are adaptations of the Landauer
equality [29] and inequality [11], respectively, where the pro-
tocol can only be run via a heat engine.

Conclusions & Outlook

The results of this work have wide-ranging implications.
We have both generalised and unified Landauer’s bound with
respect to the laws of thermodynamics. In particular, we have
posed the ultimate limitations for cooling quantum systems or
erasing quantum information in terms of resource costs and
presented protocols that asymptotically saturate these limits.
Indeed, while it is well-known that heat and time require-
ments must be minimised to combat the detrimental effects
of fluctuation-induced errors and short decoherence times on
quantum technologies [18], we have shown that this comes
at a practical cost of greater control. In particular, we have
demonstrated the necessity of implementing fine-tuned inter-
actions involving a diverging number of energy levels to min-
imise energy and time costs, which serves to deliver a caution-
ary message: Control complexity must be accounted for to
build operationally meaningful resource theories of quantum
thermodynamics. This result posits the energy-gap variety
accessed by a unitary protocol as a meaningful quantifier of
control complexity that is both fully consistent with the third
law of thermodynamics and chimes well with what is difficult
to achieve in practice. Our analysis of the incoherent-control
setting further provides pragmatic ultimate limitations for the
scenario where minimal control is required, in the sense that
all transformations are driven by thermodynamic energy and
entropy flows between two heat baths, which could be viewed
as a thermodynamically-driven quantum computer [45]. Nev-
ertheless, the intricate relationship between various resources
here will need to be further explored.

Looking forward, we believe it will be crucial to go be-
yond asymptotic limits. While Landauer erasure and the third
law of thermodynamics conventionally deal with the creation
of pure states, practical results would need to consider cool-
ing to a finite temperature (i.e., creating approximately pure
states) with a finite amount of invested resources [38–40].
In this context, the trade-off between time and control com-
plexity will gain more practical relevance, as realistic quan-
tum technologies have limited coherence times and interac-
tion Hamiltonians are limited to few-body terms. Here, oper-
ational measures of control complexity that fit the envisioned
experimental setup present an important challenge that must
be overcome to apply our results across various platforms.

Our results strengthen the view that, in contrast to classical
thermodynamics, the role of control is one of the most crucial
issues to address before a true understanding of the limita-
tions and potential of quantum machines is revealed. On the

one hand, in classical systems, control is only ever achieved
over few bulk degrees of freedom, whereas addressing and de-
signing particular microstate control is within reach of current
quantum technological platforms, offering additional routes
towards operations enhanced by fine-tuned control. On the
other hand, the cost of such control itself can quickly exceed
the energy scale of the system, potentially rendering any per-
ceived advantages a mirage. This is exacerbated by the fact
that it is not possible to observe (measure) a quantum ma-
chine without incurring significant additional thermodynamic
costs [8, 46] and non-negligible back-action on the operation
of the machine itself [47]. A fully developed theory of quan-
tum thermodynamics would need to take these into account
and we hope that our study sheds light on the role of control
complexity in this endeavour.
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[49] Masanori Ohya and Dénes Petz, Quantum Entropy and Its Use,
2nd ed. (Springer, 1993) Chap. 2, pp. 37–46.

[50] Masanori Ohya and Noboru Watanabe, Quantum Entropy and
Its Applications to Quantum Communication and Statistical
Physics, Entropy 12, 1194 (2010).

[51] Armen E. Allahverdyan, Karen V. Hovhannisyan, Dominik
Janzing, and Guenter Mahler, Thermodynamic limits of dy-
namic cooling, Phys. Rev. E 84, 041109 (2011).

[52] James Ladyman, James Lambert, and Karoline Wiesner, What
is a complex system? Eur. J. Philos. 3, 33 (2013).

[53] Yurij Holovatch, Ralph Kenna, and Stefan Thurner, Complex
systems: physics beyond physics, Eur. J. Phys. 38, 023002
(2017), arXiv:1610.01002.

[54] Albert W. Marshall, Ingram Olkin, and Barry C. Arnold, In-
equalities: Theory of Majorization and its Applications, 2nd
ed., Vol. 143 (Springer, 2011) Chap. 9, pp. 297–365.

[55] Walther Thirring, Quantum Mathematical Physics: Atoms,
Molecules and Large Systems (Springer, 2002) Chap. 7, pp.
423–499.

[56] George Gamow, One Two Three... Infinity: Facts and Specula-
tions of Science (Viking Press, New York, 1947).

[57] Gerardo Adesso, Sammy Ragy, and Antony R. Lee, Con-
tinuous Variable Quantum Information: Gaussian States
and Beyond, Open Syst. Inf. Dyn. 21, 1440001 (2014),
arXiv:1401.4679.

[58] Ralph Silva, Gonzalo Manzano, Paul Skrzypczyk, and Nico-
las Brunner, Performance of autonomous quantum thermal ma-
chines: Hilbert space dimension as a thermodynamical re-
source, Phys. Rev. E 94, 032120 (2016), arXiv:1604.04098.

90



16

Supplemental Material

CONTENTS

A. Equality Forms of the (Carnot-)Landauer Limit 16
A1. Coherent-Control Paradigm: The Landauer Limit 17
A2. Incoherent-Control Paradigm: The Carnot-Landauer Limit 17

B. Diverging Energy 19
B1. Sufficiency: Diverging Energy Cooling Protocol 19
B2. Necessity of Diverging Energy for Protocols with Finite Time and Control Complexity 19

C. Diverging Time Cooling Protocol for Finite-Dimensional Systems 20
C1. Proof of Theorem 2 20
C2. Special Case: Equally Spaced Hamiltonians 22

D. Conditions for Structural and Control Complexity 25
D1. Necessary Complexity Conditions 25

D1a. Necessary Structural Conditions 25
D1b. Necessary Control Complexity Conditions 25

D2. Proof of Theorem 3, Corollary 2, and Theorem 10 26
D3. Sufficient Complexity Conditions 28
D4. Fine-Tuned Control Conditions 29
D5. Energy-Gap Variety as a Notion of Control Complexity 36

E. Diverging-Time / Control Complexity Cooling Protocols for Harmonic Oscillators 37
E1. Preliminaries 38
E2. Diverging-Time Cooling Protocol for Harmonic Oscillators 39

E2a. Diverging-Time Protocol using Gaussian Operations (with Diverging Control Complexity) 39
E2b. Diverging-Time Protocol using Non-Gaussian Operations (with Finite Control Complexity) 41

E3. Diverging Control Complexity Cooling Protocol for Harmonic Oscillators 43

F. Cooling Protocols in the Incoherent-Control Paradigm 45
F1. Diverging Energy: Proof of Theorem 5 45
F2. Diverging Time / Control Complexity 48
F3. Saturating the Landauer Limit with an Infinite-Temperature Heat Bath 49
F4. An Analysis of Finite-Temperature Heat Baths 50

G. Perfect Cooling at the Carnot-Landauer Limit in the Incoherent-Control Paradigm 50
G1. Qubit Case 51
G2. Qudit Case 55

H. Comparison of Cooling Paradigms and Resources for Imperfect Cooling 59
H1. Rates of Resource Divergence for Linear Qubit Machine Sequence 59
H2. Comparison of Coherent and Incoherent Control 60

Appendix A: Equality Forms of the (Carnot-)Landauer Limit

In this section, we present lower bounds on the energy change of the machine (or heat dissipated into its environment) in terms
of the entropy change of the target system, both in the coherent and incoherent-control settings outlined in the main text. In the
coherent setting, this amounts to the well-known Landauer’s principle [11], whereas the incoherent setting requires an extension
of this derivation. These lower bounds are important, because they put limits on the optimal energetic performance of the
machines for cooling. Note, finally, that the initial state of the machine is diagonal in its energy eigenbasis and must remain so for
any process saturating the (Carnot-)Landauer limit; moreover, the target begins similarly and ends up in the pure state |0〉〈0|when
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perfect cooling is achieved. As a result, all quantities relevant to perfect cooling at the (Carnot-)Landauer limit can be computed
in terms of their “classical” counterparts, i.e., %X → pX := (p0, . . . , pd) with pn = e−βEn , tr [H%X ] → 〈E〉pX :=

∑
n pnEn,

S(%X ) → S(pX ) := −∑n pn log (pn), Z(β,HX ) =
∑
n e
−βEn , and so on. Nonetheless, all of the results presented hold for

the more general “quantum” properties.

A1. Coherent-Control Paradigm: The Landauer Limit

The coherent setting was already studied in detail in Ref. [29], where the authors derived an equality version of Landauer’s
principle. We restate the results here for convenience, since we will also use them in the incoherent paradigm. Recall that
the setting we consider consists of two parts, the target system S and the machine M. In the beginning, the joint state is
%SM = %S ⊗ τM(β,HM) for some arbitrary (but fixed) Hamiltonian HM and β ∈ R. Note that any full-rank state % can be
associated to some chosen temperature β, which sets the energy scale, and a Hamiltonian H = − 1

β log (%); as we consider
arbitrary Hamiltonians, we only write the state dependence on these parameters when necessary. If the state is not full rank,
the rank can be used to re-define the dimension. We assume that both systems are finite-dimensional. Let U be a global
unitary on SM. We write %′SM := U [%S ⊗ τM(β,HM)]U† and denote by %′S and %′M the respective reduced states. The
quantity I(S : M)%′SM = S(%′S) + S(%′M) − S(%′SM) is the final mutual information between S andM and D(%′M||%M) =

tr
[
%′M log(%′M)

]
− tr

[
%′M log(%M)

]
is the relative entropy of the final machine state with respect to its initial state.

Lemma 1 ([29, Lemma 2]). Let the setting be as above. Then

[S(%′S)− S(%S)] + [S(%′M)− S(%M)] = I(S :M)%′SM ≥ 0. (A1)

Proof. We note that

[S(%′S)− S(%S)] + [S(%′M)− S(%M)] = S(%′S) + S(%′M)− S(%′SM), (A2)

since the von Neumann entropy is additive for product states and invariant under unitary evolution. The assertion follows from
the definition of the mutual information and the fact that it is non-negative.

Theorem 8 (Equality form of Landauer’s principle, [29, Theorem 3]). Let the setting be as above. Then

β tr[HM(%′M − %M)]− [S(%S)− S(%′S)] = I(S :M)%′SM +D(%′M||%M) ≥ 0. (A3)

Proof. From Lemma 1, it follows that

[S(%S)− S(%′S)] + I(S :M)%′SM = S(%′M)− S(%M). (A4)

Using the fact that %M = τM(β,HM), we infer that D(%′M||%M) = −S(%′M) + βtr[HM%
′
M] + log [tr(e−βHM)] and S(%M) =

βtr[HM%M] + log [tr(e−βHM)]. Re-expressing the first of these for S(%′M) and inserting both into Eq. (A4) yields the claimed
equality. The inequality results from non-negativity of relative entropy and mutual information. This completes the proof.

A2. Incoherent-Control Paradigm: The Carnot-Landauer Limit

Landauer’s principle provides a relationship between how much heat must necessarily be dissipated into the thermal back-
ground environment upon manipulating the entropy of a given quantum system. Until now, we have assumed that the system
of interest can interact arbitrarily with its environment (i.e., the machine); in other words, we have considered general joint
unitary interactions between system and machine, without restriction. In doing so, we have tacitly assumed the ability to draw
energy from some external resource (i.e., a work source) in order to implement said unitaries, which are in general not energy
preserving. The particularities of such a resource are left as an abstraction. However, from a thermodynamicists’ perspective,
this setting may seem somewhat unsatisfactory, as the joint target-machine system is not energetically closed. In order to provide
a more self-contained picture of the cooling procedure, one can explicitly include the energy resource, modelled as a quantum
system itself, into the setting.

To this end, note first that said resource must be out of thermal equilibrium with respect to the target and machine in order to
perform any meaningful thermodynamic transformation. Furthermore, it is sensible to assume that the energy resource system
is in thermal equilibrium with its own environment to begin with. The joint target-machine-resource system is then considered
to be energetically closed; as such, global unitaries in this setting are restricted to be energy conserving. In order to act as a
resource for cooling the target in this picture, the energy source here must begin in equilibrium with a heat bath that is hotter
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than the initial temperature of the machine (assuming that the machine and resource both begin in thermal states), such that a
natural heat flow is induced that leads the environment of the machine to act as a final heat sink. This setting is what we call
the incoherent-control scenario. In this context, Landauer’s principle translates to studying the relationship between the heat
that is necessarily dissipated into the machine’s environment upon manipulating the entropy of the target system. Finally, note
that the relationship between the coherent and the incoherent-control paradigms is interesting in itself: While on the one hand
the incoherent setting includes an additional system and therefore increases the dimensionality of the overall joint system, on
the other hand by restricting the transformations on this larger space to be energy conserving, one limits the orbit of attainable
states.

Now let us consider the incoherent-control setting. Here, we have the target system S and the machine comprises of one
part C coupled to the cold bath and another H coupled to the hot bath. We assume that all systems are finite-dimensional.
Every subsystem A is associated to a Hamiltonian HA and C, H are initially in a thermal state; the cold bath has inverse
temperature β and the hot bath has inverse temperature βH < β. We assume β, βH . Thus, the initial joint state is %SCH =
%S ⊗ τC(β,HC)⊗ τH(βH , HH). The global evolution on SCH is implemented via a unitary U , leading to %′SCH = U(%SCH)U†.
We further assume that the unitary evolution on the joint system is energy conserving, i.e., [U,HS + HC + HH] = 0. We write
∆SA := S(%′A)− S(%A) for the entropy change on subsystem A and ∆EA := tr[HA(%′A − %A)] for the average energy change.
Moreover, the free energy of a state %A with respect to the inverse temperature β is F

β
(%A) = tr[HA%A]− β−1S(%A).

In the incoherent setting, it makes sense to look at the energy decrease in the hot bathH, since the hot bath can be seen as the
energetic resource one must to expend in order to cool the system S (alternatively, as we present after the following theorem,
one can consider the energy dissipated into the cold bath C, which serves as the heat sink).

Theorem 9. In the above setting, it holds that

∆F (β)
S + η∆EH = − 1

β
[∆SS + ∆SC + ∆SH +D(%′C||%C) +D(%′H||%H)] ≤ 0, (A5)

where (0, 1) 3 η := 1− β
H
/β is the Carnot efficiency and ∆F (β)

S = F
β
(%′S)− F

β
(%S).

Proof. Let us consider

I(S : C : H)%′SCH := S(%′S) + S(%′C) + S(%′H)− S(%′SCH) ≥ 0. (A6)

Note that the quantity I(S : C : H)%′SCH , which quantifies the tripartite mutual information of the state %′SCH, is non-negative
via subadditivity S(%A) + S(%B) ≥ S(%AB) for any state %AB. Furthermore, since the von Neumann entropy is invariant under
unitary transformations and additive for tensor product states, we have

I(S : C : H)%′SCH = ∆SS + ∆SC + ∆SH. (A7)

We also have that

∆SC = β∆EC −D(%′C||%C) (A8)

and

∆SH = β
H

∆EH −D(%′H||%H). (A9)

Thus,

I(S : C : H)%′SCH = ∆SS + β∆EC −D(%′C||%C) + βH∆EH −D(%′H||%H). (A10)

Since the unitary is energy conserving, we infer that ∆ES + ∆EC + ∆EH = 0. Hence, we have

∆SS − β∆ES + (β
H
− β)∆EH = I(S : C : H)%′SCH +D(%′C||%C) +D(%′H||%H). (A11)

Using the free energy, we can rewrite this as

− β[F
β
(%′S)− F

β
(%S)]− (β − β

H
)∆EH = I(S : C : H)%′SCH +D(%′C||%C) +D(%′H||%H). (A12)

Dividing by −β, we obtain the assertion, since, in particular, I(S : C : H)%′SCH + D(%′C||%C) + D(%′H||%H) ≥ 0 by the non-
negativity of each term.

93



19

In particular, we have shown that the energy extracted from the hot bath is lower-bounded by the increase in free energy,
weighted by the inverse Carnot efficiency:

tr[HH(%H − %′H)] ≥ 1

η
[Fβ(%′S)− Fβ(%S)]. (A13)

Note that if %S = τS(β,HS), the r.h.s. is non-negative for any nontrivial thermodynamic process, i.e., any for which the target
system is heated or—of particular relevance for us—cooled. This follows by the Gibbs variational principle which states that
the free energy of % is minimal if and only if % is the Gibbs state.

Finally, in order to make a more concrete connection to the spirit of Landauer’s original derivation, note that one can consider
bounding the heat dissipated into the cold bath, rather than that drawn from the hot bath. Substituting ∆EH = −(∆ES + ∆EC)
into Eq. (A10) leads to

−∆̃SS − βH∆ES + (β − βH)∆EC ≥ 0, (A14)

which recovers the standard Landauer bound for the dissipated heat in the limit of an infinitely-hot heat bath, i.e., β
H
→ 0.

Appendix B: Diverging Energy

B1. Sufficiency: Diverging Energy Cooling Protocol

This cooling protocol is arguably the simplest of those presented. The thermal populations of any target system can be
exchanged with a machine system of the same dimension, in the thermal state of HM = ωM

∑d−1
n=0 n|n〉〈n|. As ωM → ∞, the

machine state τM(β,HM) approaches |0〉〈0|M independently of β (as long as β 6= 0). Such a population-exchange operation
is a single interaction (i.e., the protocol occurs in unit time) which is of finite complexity (in a sense that we discuss below).
However, the energy drawn from the resourceW upon performing said swap is at least E = (p(1)

S − p(1)
M )(ωM − ω(1)

S ), where
p(1)
X is the initial population of the first excited level of system X and ω(1)

S is the first energy eigenvalue of the target system.
Denoting by ω(k)

S the energy eigenvalue of the kth excited level of the target system, we have above assumed that ω(0)
S = 0

(which we do for all Hamiltonians without loss of generality) and ωM > ω
(d−1)
S . As such, perfect cooling will incur diverging

energy cost.

B2. Necessity of Diverging Energy for Protocols with Finite Time and Control Complexity

Consider the following Hamiltonians for the target system and machine with finite but otherwise arbitrary energy levels,
HS =

∑dS−1
n=0 ω

(n)
S |n〉〈n|S and HM =

∑dM−1
n=0 ω

(n)
M |n〉〈n|M, respectively. For any finite inverse temperature β, the initial

thermal states τS(β,HS) and τM(β,HM) are of full rank. Suppose now that one can implement a single unitary transformation
(i.e., a unit time protocol) of finite control complexity on the joint target and machine, yielding the joint output state %′SM =

trM
[
U(τS(β,HS)⊗ τS(β,HM))U†

]
, and wishes to attain perfect cooling of the target in doing so. By invariance of the rank

under unitary transformations and the fact that the system and machine begin uncorrelated, we have

rank[τS(β,HS)] rank[τM(β,HM)] = rank[%′SM] ≤ rank[%′S ] rank[%′M], (B1)

where the inequality follows from the subadditivity of the Rényi-zero entropy [48], which is the logarithm of the rank. To
achieve perfect cooling of the target, one must (at least asymptotically) attain rank[%′S ] < rank[τS(β,HS)], which implies that
rank[%′M] > rank[τM(β,HM)]. However, if this condition is achieved, then D[%′M‖τM(β,HM)] diverges, implying a diverging
energy cost by Eq. (3). The above argument already appears in Ref. [29].

The other situation that one must consider is the case where one attains a %′S such that rank[%′S ] = rank[τS(β,HS)] but
nonetheless %′S is arbitrarily close to a pure state, as is the case, for instance, in the protocols that we present. Consider a sequence
of machines %(i)

M and unitaries U (i) such that %(i)
M → %M and U (i) → U . Note that since we fixed the dimensions of S andM,

any sequence of machines has a converging subsequence by the Bolzano-Weierstrass theorem and the fact that the set of quantum
states is compact. Here, %M and U achieve perfect cooling. If we fix %S , we obtain a corresponding sequence (%′M)(i) such that
(%′M)(i) → %′M. Crucially, here, since we restrict the unitary transformation to be of finite control complexity, the states %M and
%′M are effectively finite-dimensional, in the sense that whatever their true dimension, they can be replaced by finite-dimensional
versions without changing any of the relevant quantities (see Appendix D). Since the relative entropy (%, σ) 7→ D(%||σ) is lower
semicontinuous [49, 50] and since D(%′M||%M) → ∞ by the arguments above, we infer that D[(%′M)(i)||%(i)

M ] → ∞ as i → ∞.
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This argument holds independently of rank[%′S ]; in particular, for the special case rank[%′S ] = rank[τS(β,HS)] that we are
considering here. Thus, to approach perfect cooling in finite time and with finite control complexity, one would need a diverging
energy cost. Thus, we see that within the resource trinity of energy, time and control complexity, if the latter two are finite, then
energy must diverge to asymptotically achieve a pure state. Whether or not there exist other (unaccounted for) resources that
allow one to achieve this with all three of the aforementioned resources being finite remains an open question.

Importantly, the above argument no longer holds if the time or control complexity is allowed to diverge. In such cases, both
%M and %′M can be infinite-dimensional, and because of this the rank argument no longer applies and the relative entropy does
not necessarily diverge in the limit of perfect cooling. On the contrary, as we show, it is even possible to saturate the Landauer
bound.

Appendix C: Diverging Time Cooling Protocol for Finite-Dimensional Systems

C1. Proof of Theorem 2

Proof. Consider a target system S of dimension d with associated Hamiltonian

HS =
d−1∑

k=0

ωk|k〉〈k|S , (C1)

where we also set ω0 = 0 without loss of generality. Consider also the machine M to be composed of N subsystems,
{Mn}n=1,...,N , each of the same dimension d as the target, whose local Hamiltonians are

H(n)
M = (1 + nε)HS , (C2)

where ε = (βmax−β)/(Nβ). We first cool the system initially at non-zero β to some fixed, finite βmax, which we will eventually
take βmax → ∞ in order to asymptotically achieve perfect cooling. We treat the case β = 0 as a limiting case of β → 0: Here,
as β → 0, we let N → ∞ such that Nβ → ∞, e.g., we specify a suitable function N(β) such that N(β) → ∞ “faster” than
β → 0.

We now show that, given the ability to perform a diverging number of operations on such a configuration, one can reach the
target state τS(βmax, HS). In particular, we show that the protocol presented uses the minimal amount of energy to do so, and
explicitly calculate this to be β−1∆̃S units of energy, where ∆̃S := S[τS(β,HS)] − S[τS(βmax, HS)]. In other words, as the
number of operations in the protocol diverges, we approach perfect cooling at the Landauer limit, thereby saturating the ultimate
bound.

The diverging time cooling protocol is as follows. At each step, the target system interacts with a single machine labelled by
n via the swap operator

S
d
SMn

:=

d−1∑

i,j=0

|i, j〉〈j, i|SMn . (C3)

As the target and machine subsystems considered here are of the same dimension, we will drop the subscript on the states
associated to each subsystem, for ease of notation. Such a transformation is, in general, not energy conserving, but one can
calculate the energy change for both the target system and the machine due to the nth interaction as

∆E(n)
S = tr

[
HS τ(β,H(n)

M )
]
− tr

[
HS τ(β,H(n−1)

M )
]
, (C4)

and so the total energy change of the system over the entire N -step protocol is given by

∆ES =
N∑

n=1

∆E(n)
S = tr

[
HS τ(β,H(N)

M )
]
− tr

[
HS τ(β,H(0)

M )
]
. (C5)

The energy change of the machine subsystem that is swapped with the target system at each step is given by

∆E(n)
M =tr

[
H(n)
M τ(β,H(n−1)

M )
]
− tr

[
H(n)
M τ(β,H(n)

M )
]

=
d−1∑

k=0

(1 + nε)ωk

[
pk(β,H(n−1)

M )− pk(β,H(n)
M )

]
, (C6)

95



21

where pk(β,H(n)
M ) = e−β(1+nε)ωk/ZMn(β,H(n)

M ) is the population in the kth energy level of the thermal state of the nth

machine subsystem at inverse temperature β, with ZMn
(β,H(n)

M ) = tr
[
e−βH

(n)
M
]

being the partition function.
By summing the contributions of the energy changes in each step, one can obtain the total energy change for the overall

machine throughout the entire process:

∆E(N)
M =

N∑

n=1

∆E(n)
M =

N∑

n=1

d−1∑

k=0

(1 + nε)ωk

[
pk(β,H(n−1)

M )− pk(β,H(n)
M )

]
, (C7)

In general, it is complicated to calculate the energy cost for the protocol up until a finite time step N , since this depends on the
full energy structure of the target system and machine subsystems involved (we will return to resolve this problem for the special
case of equally-spaced system and machine Hamiltonians in the coming section). Here, we focus on a special case in which
N → ∞, i.e., there is a diverging number of machine subsystems that the target system interacts with throughout the protocol.
This limit physically corresponds to that of requiring a diverging amount of time (in terms of the number of steps). Furthermore,
we take the limit ε→ 0 for any fixed β, βmax. Considering the differentials

∆p
(n)
k := pk(β,H(n)

M )− pk(β,H(n−1)
M ), (C8)

and

∆xn := xn − xn−1 with xn := 1 + nε. (C9)

In order for xn to become infinitesimal, and noting the explicit form of the machine subsystem HamiltoniansH(n)
M = (1+nε)HS ,

we can make the replacement

−∆p
(n)
k

∆xn
∆xn → −

∂pk(β, xHS)

∂x
dx (C10)

where x := 1 + nε has become a continuous parameter. This way we can express the limit N → ∞ of Eq. (C7) as a Riemann
integral in the following form

lim
N→∞

∆E(N)
M =−

∫ xmax

1

d−1∑

k=0

xωk
∂pk(β, xHS)

∂x
dx, (C11)

where xmax := βmax/β. Both the summation and the integral converge, so one can swap the order of their evaluation. Integrating
by parts then gives

lim
N→∞

∆E(N)
M =

d−1∑

k=0

[
−xωk pk(β, xHS)

∣∣xmax

1
+

∫ xmax

1

ωk pk(β, xHS) dx
]

=

d−1∑

k=0

[
−xωk pk(β, xHS)

∣∣xmax

1

]
−
∫ xmax

1

1

β

∂

∂x

[
logZ(β, xHS)

]
dx

=E[τ(β,HS)]− E[τ(β, xmaxHS)]− 1

β
logZ(β, xmax HS) +

1

β
logZ(β, HS), (C12)

where in the second line we again swapped the order of the integral and the sum to write
∑d−1
k=0 ωkpk(β, xHS) =

− 1
β
∂
∂x [logZ(β, xHS)] and in the last line we invoke E[τ(β, xH)] = tr [xH τ(β, xH)]. Finally, writing the partition func-

tion in terms of the average energy and entropy, i.e., log[Z(β, xH)] = −β E[τ(β, xH)] +S[τ(β, xH)], the total energy change
of the machine is given by

lim
N→∞

∆E(N)
M =E[τ(β,HS)]− E[τ(β, xmaxHS)] + E[τ(β, xmaxHS)]− 1

β
S[τ(β, xmaxH)]− E[τ(β,HS)] +

1

β
S[τ(β,HS)]

=
1

β

{
S[τ(β,HS)]− S[τ(βmax, HS)]

}
=

1

β
∆̃SS , (C13)

where we have made use of the property τS(β, xmaxHS) = τS(βmax, HS) and the entropy decrease of the target system corre-
sponds to that associated with the transformation τ(β,HS) → τ(βmax, HS). Thus, as the number of timesteps diverges, this
cooling process saturates the Landauer limit for the heat dissipated by the machine. In order to achieve perfect cooling at the
Landauer limit, i.e., the final target state to approach |0〉〈0| and thus prove Theorem 2, we can now take the limit βmax →∞.
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The above proof holds for systems and machines of arbitrary (but equal) dimension, either finite or infinite, with arbitrary
Hamiltonians. We now present some more detailed analysis regarding the special case where the Hamiltonians of the target
system and all machine subsystems are equally spaced; this provides an opportunity both to derive a more detailed formula for
the energy costs involved and to build intuition regarding some of the important differences between the finite- and infinite-
dimensional settings.

C2. Special Case: Equally Spaced Hamiltonians

Consider a finite d-dimensional target system beginning at inverse temperature β with an equally spaced Hamiltonian
HS(ωS) = ωS

∑d−1
n=0 n|n〉〈n|S . In this case, we can derive a more precise dimension-dependant function for the energy cost

dissipated by the machines throughout the optimal cooling protocol presented above.
Consider an initial target system τS(β,HS) and a diverging number N of machines {Mα}α=0,...,N of the same dimension d

as the target, which all begin in a thermal state at inverse temperature β with respect to an equally spaced Hamiltonian whose
gaps between neighbouring energy levels ωMα are ordered non-decreasingly. Each machine is used once and then discarded; the
particular interaction is the aforementioned swap between the target system and the nth qudit machine, i.e., that represented by
the unitary SdSMα

:=
∑d−1
i,j=0 |i, j〉〈j, i|SMα

. After applying such an operation, the state of the target system is given by

τS(β, ωα) :=
e−βHS(ωα)

ZS(β, ωα)
, (C14)

where HS(ωα) := ωα
∑d−1
n=0 n|n〉〈n|S and ZS(β, ωα) := tr

[
e−βHS(ωα)

]
.

We now calculate the energy cost explicitly for the diverging time cooling protocol, which saturates the Landauer bound in
the asymptotic limit. In order to minimise the energy cost of cooling, the target system must be cooled by the qudit system in
the machines with the smallest gap between neighbouring energy levels (that permits cooling) as much as possible at each stage.
In order to optimally use the given machine structure at hand, we thus order the set of energy gaps ωα in non-decreasing order.
In addition, the protocol to reach the Landauer erasure bound, i.e., minimal energy cost, dictates that one must infinitesimally
increase ωα of the machines in order to dissipate as little heat as possible throughout the interactions. Since we are here
considering a diverging time limit, we have access to a diverging number of qudit machine with distinct energy gap ωα at our
disposal; the task is then to use these in an energy-optimal manner.

It is straightforward to see that to minimise the total energy cost, one must apply the sequence of unitaries SdSMα
such that

SdSM0
is first applied to reach the optimally cool τS(β, ω0), then SdSM1

to reach τS(β, ω1), and so on. The heat dissipated by the
reset machines in each stage of such a cooling protocol (i.e., for each value of α) can thus be calculated as

∆EMα
(ωα) = −

{
tr
[
HMα

(ωα)τMα
(β, ωα)

]
+ tr

[
HMα

(ωα) τMα
(β, ωα−1)

]}

= −tr [HS(ωα) [τS(β, ωα)− τS(β, ωα−1)]] . (C15)

In the second line, we have made use of the fact that the Hamiltonians of both the target system and each of machine are d-
dimensional and equally spaced. So far, we have obtained the energy dissipated by the reset machines. To investigate the total
energy cost of cooling in such a process, we also must consider the contribution of energy transferred to the target system S,
which is characterised via its local Hamiltonian HS and calculated via

∆ES(ωα) = tr [HS(ωS) τS(β, ωα)]− tr [HS(ωS) τS(β, ωα−1)] , (C16)

in which we set ω0 = ωS . Using Eqs. (C15, C16), the total energy cost for each stage of cooling is given by

∆ESM(ωα) = ∆ES(ωα) + ∆EM(ωα) = tr
{[
HS(ωS)−HS(ωα)

][
τS(β, ωα)− τS(β, ωα−1)

]}
, (C17)

which leads to the overall energy cost after N stages, where N is the number of non-zero distinct energy gaps of the reset
machines, as

∆E(N)
SM =

N∑

α=1

∆ESM(ωα) =
N∑

α=1

tr
{[
HS(ωS)−HS(ωα)

][
τS(β, ωα)− τS(β, ωα−1)

]}
. (C18)

Now, we can obtain the total energy cost for each stage of the protocol (i.e., each value of α considered) in terms of the
transformation of the target system alone. Note that in this protocol, each stage corresponding to each of the N distinct energy
gaps {ωα} in itself requires only one operation to perfectly reach τS(β, ωα). The end result of this protocol is that the target
system is cooled from the initial thermal state τS(β, ωS), where ωS is the energy gap between each pair of adjacent energy levels
in the system, to τS(β, ωmax) in the energy-optimal manner.
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Starting from Eq. (C18), we have

∆E(N)
SM =

N∑

α=1

tr
{[
HS(ωS)−HS(ωα)

][
τS(β, ωα)− τS(β, ωα−1)

]}

=
N∑

α=1

(ωS − ωα)

[(
e−βωα

1− e−βωα −
e−βωα−1

1− e−βωα−1

)
−
(

d e−βdωα

1− e−βdωα −
de−βdωα−1

1− e−βdωα−1

)]

= lim
K→∞

N∑

α=1

(ωS − ωα)

K∑

k=0

[(
e−β(k+1)ωα − e−β(k+1)ωα−1

)
− d

(
e−β(k+1)dωα − e−β(k+1)dωα−1

)]

= lim
K→∞

N∑

α=1

(ωS − ωα)
K∑

k=0

[
e−β(k+1)ωα

(
1− e−β(k+1)(ωα−1−ωα)

)
− d e−βd(k+1)ωα

(
1− e−βd(k+1)(ωα−1−ωα)

)]
.

(C19)

Here, since both HMα
and HS are equally spaced Hamiltonians, the average energy can be written as

E(ωx, ωy) = tr [HS(ωx) τS(β, ωy)] =

∑d−1
n=0 nωxe

−nβωy
∑d−1
n=0 e

−nβωy
= ωx

(
e−βωy

1− e−βωy −
d e−βdωy

1− e−βdωy
)

(C20)

by evaluating the geometric series

Z(β, ωy) =

d−1∑

n=0

e−βnωy = 1−e−βdωy
1−e−βωy (C21)

and writing

E(ωx, ωy) =
d−1∑

n=0

nωx
e−βnωy
Z(β,ωy) = ωx

ωy

{
− ∂
∂β log [Z(β, ωy)]

}
= −ωxωy

∂
∂β

[
log
(
1− e−βdωy

)
− log

(
1− e−βωy

)]
(C22)

as we do in the second line of Eq. (C19) and then using the infinite series expression (1 − x)−1 = limK→∞
∑K
k=0 x

k for any
|x| < 1 as per the third line.

As we will see in Appendix E2a, the energy cost for cooling an infinite-dimensional system when both target and machines
have equally spaced Hamiltonians (i.e., harmonic oscillators) is similar to the form of Eq. (C19). Importantly, the second term
in square parenthesis vanishes as d→∞, simplifying the expression even further.

We now assume that the energy gaps of the machine are given by ωα = ωS + εα and so the total energy cost can be written as
follows:

∆E(N)
SM = − lim

K→∞

N∑

α=1

αε

K∑

k=0

e−βk(ωS+αε)
(
1− eβkε

)
+ lim
K→∞

N∑

α=1

αdε

K∑

k=0

e−βkd(ωS+αε)
(
1− eβkdε

)

= lim
K→∞

K∑

k=0

[
e−βkωS

(
eβkε − 1

)( N∑

α=1

αεe−βkαε
)]
− lim
K→∞

K∑

k=0

e−βkdωS
[(
eβkdε − 1

)( N∑

α=1

dαε e−βkdαε
)]
, (C23)

where we can swap the order of summation since both sums converge and the summands are non-positive. This can be seen
from the first line above, using the fact that e−αx(1− ex) ∈ [−1, 0] for all α ≥ 1 and x ≥ 0. We now calculate the sum over α.

N∑

α=1

αε e−βαε = − ∂

∂β

N∑

α=0

e−βαε = − ∂

∂β

(
1− e−β(N+1)ε

1− e−βε
)

= −
(

(N + 1)εe−β(N+1)ε − (N + 1)εe−β(N+2)ε − εe−βε + εe−β(N+2)ε

(1− e−βε)2

)

=
εe−βε

(1− e−βε)2

(
1− (N + 1)e−βNε +Ne−β(N+1)ε

)

=
εe−βε

(1− e−βε)2

(
1− e−βNε −Ne−βNε(1− e−βε)

)
. (C24)
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Combining Eqs. (C23) and (C24), we arrive at

∆E(N)
SM = lim

K→∞

K∑

k=0

[
e−βkωS

k

kε(1− e−βNkε)
(1− e−βkε) −Nε e−βk(ωS+Nε)

]

− lim
K→∞

K∑

k=0

[
e−βkdωS

k

kdε(1− e−βNkdε)
(1− e−βkdε) −Ndε e−βkd(ωS+Nε)

]
. (C25)

In order to optimise the energy cost, we now assume that the energy gaps of the machines can be chosen to be smoothly increasing
in such way that ε = ∆ω/N := (ωmax − ωS)/N . Substituting this expression for ε into the above equation yields

∆E(N)
SM = lim

K→∞

K∑

k=0

[
e−βkωS

k

k∆ω(1− e−βk∆ω)

N(1− e−βk∆ω
N )

−∆ω e−βk(ωS+∆ω)

]

− lim
K→∞

K∑

k=0

[
e−βkdωS

k

kd∆ω(1− e−βkd∆ω)

N(1− e−βkd∆ω
N )

− d∆ω e−βkd(ωS+∆ω)

]
. (C26)

We now wish to take the limit of N � K → ∞. This assumption means that energy change of the system is approximately
equal to its free energy change; in other words, the process occurs quasi-adiabatically. The ability to switch the order of taking
the limits of K and N going to∞ follows from the monotonic convergence of the sum over k. In particular, note that the term
inside square parentheses in each summand converges and the first term in each summation (which is the only part that depends
on N ) is positive and bounded.

Under this assumption, we can use the approximation limβx→0
x

1−e−βx = 1
β ; since 0 < e−βx < 1 for any positive x, the sum

over k converges to a finite value. In general, this approximation introduces a correction term for the energy change, however
under said assumption the error incurred becomes negligible. Then, the total energy change ∆Etot

SM for the transformation
τS(β, ωS)→ τS(β, ωmax) throughout the overall process is

∆Etot
SM = lim

K→∞

K∑

k=0

[
e−βkωS

βk
− e−βkωmax

βk
− (ωmax − ωS) e−βkωmax

]

− lim
K→∞

K∑

k=0

[
e−βkdωS

βk
− e−βkdωmax

βk
− d(ωmax − ωS) e−βkdωmax

]
. (C27)

As a side remark, note that here one can see that in the special case of equally spaced Hamiltonians, one indeed requires a
diverging number of machine subsystems to attain perfect cooling at the Landauer limit, as this is the only way to fulfil the
condition of Theorem 3. This follows from the fact that the approximation x

1−e−βx ≈ 1
β only holds for small βx and in general

one would need to include higher-order terms that lead to an increase in energy cost.
We then have, using the expression for E(ωx, ωy) derived earlier:

∆Etot
SM = − 1

β
log(1− e−βωS ) +

1

β
log(1− e−βωmax)− (ωmax − ωS) e−βωmax

1− e−βωmax

+
1

β
log(1− e−βdωS )− 1

β
log(1− e−βdωmax) +

d(ωmax − ωS) e−βdωmax

1− e−βdωmax

=
1

β
log

(
1− e−βdωS
1− e−βωS

)
− 1

β
log

(
1− e−βdωmax

1− e−βωmax

)
− (ωmax − ωS)

(
e−βωmax

1− e−βωmax
− d e−βdωmax

1− e−βdωmax

)

=
1

β
log[ZS(β, ωS)]− 1

β
log[ZS(β, ωmax)]− tr [HS(ωmax) τS(β, ωmax)] + tr [HS(ωS) τS(β, ωmax)]

=
1

β
log[ZS(β, ωS)]− 1

β
log[ZS(β, ωmax)]

− tr [HS(ωmax) τS(β, ωmax)] + tr [HS(ωS) τS(β, ωS)]− tr [HS(ωS) τS(β, ωS)] + tr [HS(ωS) τS(β, ωmax)]

=
1

β
∆SS + ∆ES , (C28)

where we have explicitly written the von Neumann entropy S(%) = −tr [% log(%)] of a thermal state at inverse temperature β as
S[τS(β, ω)] = log[ZS(β, ω)]+β E[τS(β, ω)]. Since the energy change of the target system only concerns its local Hamiltonian,
we immediately see that the heat dissipated by the resetting of machines in such a cooling process, i.e., ∆EM, saturates the
Landauer bound as it is equal to β−1∆SS . The process described is thus energy-optimal.
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Appendix D: Conditions for Structural and Control Complexity

Here we begin by considering the protocol-independent structural conditions that must be fulfilled by the machine Hamiltonian
to enable (1) perfect cooling and (2) cooling at Landauer cost; combined, these independent conditions provide a necessary
requirement, namely that the machine must be infinite-dimensional with a spectrum that is unbounded (from above) for the
possibility of (3) perfect cooling at the Landauer limit. We then turn to analyse the control complexity, which concerns the
properties of the interaction that implements a given protocol. The properties of the machine Hamiltonian define the structural
complexity, which set the potential for how cool the target system can be made and at what energy cost; the extent to which
a machine’s potential is utilised in a particular protocol then depends on the properties of the joint unitary, i.e., the control
complexity. Here, we show that it is necessary that any protocol achieving perfect cooling at the Landauer limit involves
interactions between the target and infinitely-many levels of the machine to realise the full cooling potential. We then analyse
some sufficient conditions that arise as observations from our diverging control complexity protocols. This then leads us to
demonstrate that individual degrees of freedom of the machine must be addressed in a fine-tuned manner to permute populations,
highlighting that an operationally meaningful notion of control complexity must take into account factors beyond the effective
dimensionality.

D1. Necessary Complexity Conditions

D1a. Necessary Structural Conditions

1. Perfect Cooling.—Let us consider the task of perfect cooling, independently from protocol-specific constraints, in the
envisaged setting. One can lower-bound the smallest eigenvalue λmin of the final state %′S (and hence how cold the system can
become) after any unitary interaction with a thermal machine by [29]

λmin(%′S) ≥ e−βωmax
M λmin(%S), (D1)

where ωmax
M := maxi,j |ωj − ωi| denotes the largest energy gap of the machine Hamiltonian HM with eigenvalues ωi. Without

loss of generality, throughout this article we set the ground state energy of any system to be zero, i.e., ω0 = 0, such that the
largest energy gap coincides with the largest energy eigenvalue. As we have made no restrictions on the size or structure of
the target or machine, the above inequality pertains to cooling protocols that could, for instance, be realised via sequences of
unitaries on the target and parts of the machine. It follows that perfect cooling is only possible under two conditions: Either the
machine begins in a pure state (β → ∞), or HM is unbounded, i.e., ωmax

M → ∞. Requiring β < ∞, a diverging energy gap
in the machine Hamiltonian is thus a necessary structural condition for perfect cooling. Indeed, the largest energy gap of the
machine plays a crucial role in limiting how cool the target system can be made (see also, e.g., Refs. [42, 51]). We now detail an
independent property that is required for cooling with minimal energetic cost.

2. Cooling at the Landauer Limit.—Suppose now that one wishes to cool an initial target state τS(β,HS) to any thermal state
τ ′S(β∗, HS) with β∗ > β (not necessarily close to a pure state), at an energy cost saturating the Landauer limit. In Ref. [29],
it was shown that for any finite-dimensional machine, there are correction terms to the Landauer bound which imply that it
cannot be saturated; these terms only vanish in the limit where the machine dimension diverges. Thus, a necessary condition for
achieving cooling with energy cost at the Landauer limit is provided by the following:

Theorem 10. To cool a target system τS(β,HS) to τS(β∗, HS), with β∗ > β, using a machine in the initial state τM(β,HM)
with energy cost at the Landauer limit, the machine must be infinite-dimensional.

As we will discuss below, this minimal requirement for the notion of complexity is far from sufficient to achieve cooling at
Landauer cost.

3. Perfect Cooling at the Landauer Limit.—We have two independent necessary conditions on the structure of the machine
that must be asymptotically achieved to enable relevant goals for cooling: The former is required to achieve perfect cooling; the
latter for cooling at the Landauer limit. Together, these conditions imply that in order to achieve perfect cooling at the Landauer
limit, one must have an infinite-dimensional machine with a spectrum that is unbounded (from above), as stated in Corollary 2.

Henceforth, we will assume that these conditions are satisfied by the machine. The question then becomes: How does one
engineer an interaction between the target system and machine to achieve perfect cooling at Landauer cost?

D1b. Necessary Control Complexity Conditions

The unbounded structural properties of the machine support the possibility for perfect cooling at the Landauer limit; however,
we now focus on the control properties of the interaction that realise said potential (see Fig. 2). This leads to the distinct
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notion of control complexity, which aims to differentiate between protocols that access the machine in a more or less complex
manner. The structural complexity properties are protocol-independent and related to the energy spectrum and dimensionality
of the machine, whereas the control complexity concerns properties of the unitary that represents a particular protocol. For
instance, the diverging-time protocol previously outlined comprises a sequence of interactions, each of which is individually not
very complex; at the same time, the unconstrained control complexity protocol accesses the total (overall infinite-dimensional)
machine “at once”, and thus the number of (nontrivial) terms in the interaction Hamiltonian, or the effective dimensionality of
the machine accessed by the unitary, becomes unbounded. Nonetheless, the net energy cost of this protocol with unconstrained
control complexity remains in accordance with the Landauer limit, as the initial and final states of both the system and machine
are identical to those in the diverging-time protocol.

Effective Dimensionality.—We begin by considering the effective dimensionality accessed (nontrivially) by a unitary, whose
divergence is necessary but insufficient for achieving perfect cooling at the Landauer limit, as we show in the next section. This
in turn motivates the desire for a more detailed notion of control complexity that takes into account the energy-level structure of
the machine.

We define the effective dimension as the dimension of the subspace of the global Hilbert space upon which the unitary acts
nontrivially, which can be quantified via the minimum dimension of a subspace A of the joint Hilbert space HSM in terms of
which the unitary can be decomposed as USM = UA ⊕ 1A⊥ , i.e.,

d eff := min dim(A) : USM = UA ⊕ 1A⊥ . (D2)

One can relate this quantity to properties of the Hamiltonian that generates the evolution in a finite unit of time T (which
we can set equal to unity without loss of generality) by considering the interaction picture. In general, any global unitary
USM = e−iHSMT is generated by a Hamiltonian of the form HSM = HS ⊗ 1M + 1S ⊗ HM + Hint. However, all protocols
considered in this work have vanishing local terms, i.e., HS = HM = 0. More generally, one can argue that the local terms play
no role in how the machine is used to cool the target. As such, one can consider unitaries generated by only the non-trivial term
Hint to be those representing a particular protocol of interest. That is, we can restrict our attention to USM = e−iHintT , where
Hint is a Hermitian operator on HSM of the form

∑
iA

i
S ⊗ BiM such that none of the AiS , B

i
M are proportional to the identity

operator. In doing so, it follows that the effective dimension corresponds to rank(Hint). Lastly, note that the above definition
in terms of a direct sum decomposition provides an upper bound on any similar quantification of effective dimensionality based
on other tensor factorisations of the joint Hilbert space considered and makes no assumption about the underlying structure. On
the other hand, knowledge of said structure would permit a more meaningful notion of complexity to be defined. For instance,
the effective dimensionality of a unitary acting on a many qubit system is better captured by considering its decomposition into
a tensor product factorisation rather than the direct sum. We leave the exploration of such considerations to future work.

The effective dimensionality provides a minimal quantifier for a notion of control complexity, insofar as its divergence is
necessary for saturating the Landauer bound, as we prove in the next section. In fact, we prove a slightly stronger statement,
namely that the dimension of the machine Hilbert space to which the unitary (nontrivially) couples the target system to must
diverge. However, as we will discuss below, d eff → ∞ is generally insufficient to achieve said goal, and fine-tuned control
is required. Nonetheless, the manifestation of such control seems to be system-dependent, precluding our ability (so far) to
present a universal quantifier of control complexity. Thus, even though further conditions need to be met to achieve perfect
cooling at minimal energy cost in unit time (see Theorem 11), whenever we talk of an operation with finite control complexity,
we mean those represented by a unitary that acts (nontrivially) only on a finite-dimensional subspace of the target system and
machine. In contrast, by diverging control complexity, we mean a unitary that couples the target (nontrivially) to a full basis of
the machine’s Hilbert space, whose dimension diverges. With this notion at hand, we have Theorem 3, which is proven below.
Intuitively, we show that if a protocol only accesses a finite-dimensional subspace of the machine, then the machine is effectively
finite-dimensional inasmuch as a suitable replacement can be made while keeping all quantities relevant for cooling invariant.
Invoking then the main result of Ref. [29], there are finite-dimensional correction terms that then imply that the Landauer limit
cannot be saturated.

Note finally that in Theorem 3 no particular structure of the systems is presupposed and the effective dimensionality relates to
various notions of complexity put forth throughout the literature (see, e.g., Refs. [52, 53]). For instance, for a finite-dimensional
target system with equally spaced energy levels ωS , suppose that the machine structure is decomposed as N qubits with energy
gaps ωMn

∈ {ωS + nε}n=1,...,N , with arbitrarily small ε > 0 and N → ∞. Then the overall unitary that approaches perfect
cooling at the Landauer limit has circuit complexity equal to the diverging N .

D2. Proof of Theorem 3, Corollary 2, and Theorem 10

Here we prove Theorem 3, which implies Theorem 10 and leads to Corollary 2.
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Proof. Let HX be a separable Hilbert space associated with the system X . Consider

HM =
∞∑

n=0

ωn|n〉〈n| and HM′ = spann≤m{|n〉}, (D3)

for some finite m. In other words, HM′ is a finite-dimensional restriction of HM. We will show that any unitary that (non-
trivially) interacts the target system with only a subspace spanned by finitely many eigenstates of HM cannot attain Landauer’s
bound. Consider a general unitary U . Suppose that U only couples HS with HM′ ; whenever we talk of an operation with finite
effective dimension in this article, we mean specifically such a U , and by diverging effective dimension we mean a unitary that
couples the target to any subspace of HM whose dimension diverges. Since

HS ⊗HM = HS ⊗ (HM′ ⊕H ⊥
M′) ' (HS ⊗HM′)⊕ (HS ⊗H ⊥

M′), (D4)

we can associate the subspace HS ⊗HM′ with the label A and HS ⊗H ⊥
M′ with B and write U = UA ⊕ 1B. Then the initial

configuration can be expressed as:

%S ⊗ τM(β,HM) =

[
%S ⊗ %M′ 0

0 %S ⊗ %⊥M′

]
, (D5)

where

%M′ :=
1

ZM(β,HM)

∑

n≤m
e−βωn |n〉〈n| and %⊥M′ :=

1

ZM(β,HM)

∑

n>m

e−βωn |n〉〈n| (D6)

add up to a (normalised) thermal state. Now consider the state

%̃M =

[
%M′ 0

0 tr
[
%⊥M′

]
]
. (D7)

It is straightforward to check that is indeed a quantum state; moreover, it is the Gibbs state (at inverse temperature β) associated
with the Hamiltonian

H̃M =
∑

n≤m
ωn|n〉〈n| −

1

β
log

(∑

n>m

e−βωn

)
|m+ 1〉〈m+ 1|. (D8)

To see this, note that ZM(β,HM) = ZM(β, H̃M) and that

exp

{
−β
[
− 1

β
log

(∑

n>m

e−βωn

)]}
=
∑

n>m

e−βωn . (D9)

Thus %̃M = τM(β, H̃M). To ease notation in what follows, we will write ω̃m+1 := − 1
β log

(∑
n>m e

−βωn). In the rest of the
proof, we will show that the unitary U and the HamiltonianHM can be replaced by finite-dimensional versions without changing
the quantities relevant for Landauer’s principle.

Let Ũ = UA ⊕ (1S ⊗ |m+ 1〉〈m+ 1|). We then have

Ũ (%S ⊗ %̃M) Ũ† =

[
UA(%S ⊗ %M′)U†A 0

0 e−βω̃m+1

ZM(β,HM)%S

]
(D10)

and

trM
[
Ũ (%S ⊗ %̃M) Ũ†

]
= trM′

[
UA (%S ⊗ %M′)U†A

]
+

e−βω̃m+1

ZM(β,HM)
%S (D11)

Compare this to the expression

trM
[
U(%S ⊗ %M)U†

]
= trM′

[
UA(%S ⊗ %M′)U†A 0

0 %S ⊗ %⊥M′

]
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= trM′
[
UA(%S ⊗ %M′)U†A

]
+ tr

[
%⊥M′

]
%S

= trM′
[
UA(%S ⊗ %M′)U†A

]
+

e−βω̃m+1

ZM(β,HM)
%S , (D12)

since tr
[
%⊥M′

]
= 1
ZM(β,HM)

∑
n>m e

−βωn . Thus, the final system state is the same as it would be if we replaced the full initial
machine state with %̃M; in particular, the entropy decrease of the system for any unitary that cools it is also unchanged.

The last thing we need to check is that the energy change of the machine similarly remains invariant. To that end, we have that

%̃′M = trS
[
Ũ(%S ⊗ %̃M)Ũ†

]
= trS

[
UA(%S ⊗ %M′)U†A

]
+

e−βω̃m+1

ZM(β,HM)
|m+ 1〉〈m+ 1|

%̃M = %M′ +
e−βω̃m+1

ZM(β,HM)
|m+ 1〉〈m+ 1|. (D13)

Thus, we have

tr
[
H̃M(%̃′M − %̃M)

]
= tr

{
HM

[
trS
[
UA(%S ⊗ %M′)U†A

]
− %M′

]}
, (D14)

since UA only acts on HS ⊗HM′ and H̃M|M′ = HM|M′ . In the same way, we have

trS
[
U(%S ⊗ %M)U†

]
= trS

[
UA(%S ⊗ %M′)U†A

]
+ %⊥M′

%M = %M′ + %⊥M′ . (D15)

Thus, the energy difference is also

tr
{
HM

[
trS
[
UA(%S ⊗ %M′)U†A

]
− %M′

]}
. (D16)

Hence, we have shown that we can replace (a potentially infinite-dimensional)M by some (finite) m+ 1 dimensional machine
M̃ if the joint unitary U only acts on m levels of HM. By Theorem 6 of Ref. [29], there are finite-dimensional corrections to the
Landauer bound, which then imply that it cannot be reached for finite m. Thus, the effective machine dimension, i.e., that which
is actually (nontrivially) accessed throughout the interaction, must diverge in order for cooling to be possible at the Landauer
limit. This proves Theorem 3, which implies Theorem 10.

D3. Sufficient Complexity Conditions

Having shown the necessary requirements for cooling at Landauer cost, namely a control interaction that acts nontrivially on
an infinite-dimensional (sub)space of the machine’s Hilbert space, let us now return to emphasise the properties of the machine
and cooling protocol that are sufficient to achieve perfect cooling at Landauer cost. For simplicity, we consider the case of a
qubit, which exemplifies the discussion of finite-dimensional systems. The case of infinite-dimensional systems shall be treated
independently in the next appendix.

We first consider the structural properties of the machine. The diverging-time protocol discussed in Appendix C makes use
of a diverging number N of machines. Thus, the machine begins in the thermal state τ(β,Htot

M ) of a (2N )-dimensional system
(with N eventually diverging), with energy-level structure given by the sum of the Hamiltonians in Eq. (C2), i.e.,

Htot
M =

N∑

n=1

H(n)
Mn

=
∑

n

(1 + nε)H(n)
S , (D17)

that acts on the full Hilbert space (we use the usual convention that it acts as identity on unlabelled subspaces, e.g., H(1)
M ≡

H(1)
M ⊗ 11(2)⊗ · · · ⊗ 11(N)). Let us analyse in detail the properties of this Hamiltonian. The ground state is |0〉⊗N , which is set at

zero energy. More generally, the energy eigenvalue corresponding to an eigenstate |i0, i1, . . . , iN〉 is given by ω1 multiplied by
the number of indices ik that are equal to 1, plus a sum of terms kε where k is the label of each index equal to 1. Thus, the energy
eigenvalue of the eigenstate |1, . . . , 1〉 diverges as the number of subsystems diverges. At the same time, letting the factor ε go
to zero renders all eigenstates with the same (constant) number of indices such that ik = 1 approach the same energy. Thus, in
the limit ε→ 0, one obtains subspaces of energy E(k)

M = kω1 with degeneracy given byDk =
(
N
k

)
, which also diverges for each

constant k and diverging N . Therefore, in addition to satisfying the structural conditions that are necessary for perfect cooling,
as stated in Theorem 10, the machine used here features additional properties, which are crucially important for this particular
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protocol, in particular because they are sufficient for perfect cooling at Landauer cost. As a remark, we also emphasise that for
fixed (large) N and (small) ε, the machine is finite-dimensional and has a non-degenerate Hamiltonian without any energy levels
formally at infinity.

Concerning the control complexity properties of the unitary that achieves perfect cooling in unit time, note that it is a cyclic
shift operator, which can be written as

USM = ΠN
n=1S

2
SMn

= Πn




1∑

i,jn=0

|i, j1, . . . , jn, . . . , jN〉〈jn, j1, . . . , i, . . . , jN |SM




=

1∑

i,j1...jN=0

|i, j1, . . . , jN〉〈jN , i, j1, . . . , jN−1|SM. (D18)

As it is evident from its form, this unitary acts nontrivially on all of the (divergingly many) energy levels of the machine.
The only basis vectors of the system-plus-machine Hilbert space that are left invariant are |i = 0, j1 = 0, . . . , j

N
= 0〉 and

|i = 1, j1 = 1, . . . , j
N

= 1〉.

D4. Fine-Tuned Control Conditions

Theorem 3 captures a notion of control complexity as a resource in a thermodynamically consistent manner, i.e., in line with
Nernst’s unattainability principle. However, following the discussion around Theorem 10 and that above, the protocols that we
present that achieve perfect cooling at Landauer cost make use of machines and interactions with a far more complicated structure
than suggested by the necessary condition of diverging effective dimensionality. In particular, we note that the interactions couple
the target system to a diverging number of subspaces of the machine corresponding to distinct energy gaps in a fine-tuned manner.
Moreover, there are a diverging number of energy levels of the machine both above and below the first excited level of the target.
In this section, we begin by outlining the general conditions that perfect cooling at the Landauer limit entails, before presenting
a more nuanced notion of control complexity in terms of the variety of distinct energy gaps in the machine in Appendix D5.

This suggests that an operationally meaningful quantifier of control complexity must take into account the energy-level struc-
ture of the machine that is accessed throughout any given protocol; additionally that of the target system plays a role. Indeed,
both the final temperature of the target as well as the energy cost required to achieve this depends upon how the global eigen-
values are permuted via the cooling process. First, how cool the target becomes depends on the sum of the eigenvalues that are
placed into the subspace spanned by the ground state. Second, for any fixed cooling amount, the energy cost depends on the
constrained distribution of eigenvalues within the machine. Thus, in general, the optimal permutation of eigenvalues depends
upon properties of both the target and machine.

For instance, consider an arbitrary initially thermal target qubit, whose state is given by diag(p, 1−p) and a thermal machine of
dimension dM with spectrum {λiM}i=0,...,dM−1. Now consider the decomposition of the joint Hilbert space into two orthogonal
subspaces, B0 and B1, corresponding to the ground and excited eigenspaces of the target. The initial joint state is p diag(λiB0

)⊕
(1− p) diag(λiB1

), where we have written λiBj to denote the ith machine eigenvalue in the subspace Bj . The total population in
the subspaces B0 and B1 are p and (1− p) respectively. To achieve perfect cooling one must permute the eigenvalues such that
approximately a net transfer of population (1 − p) is moved from B1 to B0. To do this, one can take any subset K of {λiB1

}
such that as dM → ∞,

∑
i∈K λ

i
B1
→ (1 − p) and a subset K ′ (with |K| = |K ′|) from {λiB0

} such that
∑
i∈K′{λiB0

} → 0

and exchange them. Although the choice of eigenvalues permuted is non-unique, the requirement must be fulfilled for some sets
to perfectly cool the target. For any pair of eigenvalues exchanged between the subspaces, demanding that the exchange costs
minimal energy amounts to a fine-tuning condition of the form λiM → pλiB0

+ (1− p)λiB1
that must be satisfied. In general, the

fine-tuned eigenvalue conditions that must be asymptotically attained depend upon target and machine eigenvalues, making it
difficult to derive a closed-form expression. However, in the restricted scenario in which the target qubit begins maximally mixed
(i.e., at infinite temperature), the machine begins thermal at some β > 0 and of dimension dM, and that the unitary implemented
is such that the target is cooled as much as possible, one can derive precise conditions in terms of the machine structure alone,
as we demonstrate below. The case for higher-dimensional target systems is similar.

This discussion highlights the importance of capturing properties beyond the effective dimensionality, e.g., those regarding the
distribution of machine (and, more generally, target system) eigenvalues, in order to meaningfully quantify control complexity
in thermodynamics. Our protocols display similar behaviour to that discussed above asymptotically. Moreover, the machines
exhibit an energy-level structure such that every possible energy gap is present, i.e., the set of machine energy gaps {ωij =
ωi − ωj} densely covers the interval [ωS ,∞), where ωS is the energy of the first excited level of the target. In Appendix D5, we
demonstrate that indeed this condition is necessary for minimal-energy cost cooling.

Before doing so, we here first derive the fine-tuned control conditions that are asymptotically required for cooling at the
Landauer limit. We begin with some general considerations before focusing on a special case for which an analytic expression
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can be derived. Furthermore, we demand that the unitary implemented is such that the target is cooled as much as possible: this
does not preclude the possibility for cooling the target system less (albeit still close to a pure state) at a cost closer to the Landauer
bound without satisfying all of the fine-tuning conditions. Nonetheless, in general there are a number of such conditions to be
satisfied, and the special case serves as a pertinent example that demonstrates how the particular set of fine-tuning conditions for
any considered scenario can be similarly derived.

Consider an arbitrary thermal target system and machine of finite dimensions, with respective spectra λS := {λ0
S , . . . , λ

dS−1
S }

and λM := {λ0
M, . . . , λ

dM−1
M }. The states begin uncorrelated, so the global spectrum of the initial joint state is λSM :=

{λ0
SM, . . . , λ

dSdM−1
SM } = {λ0

Sλ
0
M, λ

0
Sλ

1
M, . . . , λ

dS−1
S λdM−1

M }. Consider now a global unitary transformation; such a transforma-
tion cannot change the values of the spectrum, but merely permute them. In other words, the spectrum of the final global state
after any such unitary is invariant and we have equivalence of the (unordered) sets λ′SM and λSM.

The transformation that cools the target system as much as possible5 is the one that places the dM largest of the global
eigenvalues into the subspace spanned by the ground state of the target, the second dM largest into that spanned by the first
excited state of the target, and so forth, with the smallest dM global eigenvalues placed in the subspace corresponding to the
highest energy eigenstate of the target system (we prove this statement shortly). More precisely, we denote by λ↓ the non-
increasing ordering of the set λ. Since the target and machine begin thermal, the local spectra λS and λM are already ordered
in this way with respect to their energy eigenbases, which we consider to be labelled in non-decreasing order. Cooling the target
system as much as possible amounts to achieving the final reduced state of the target

%′S =

dS−1∑

i=0



dM−1∑

j=0

λ↓idM+j
SM


 |i〉〈i|S . (D19)

As a side remark, note that since each of the global eigenvalues are a product of the initial local eigenvalues (due to the initial
tensor product structure), which are in turn related to the energy-level structure of the target system and machine (as they begin as
thermal states), one can already see here that in order to approach perfect cooling, the machine must have some diverging energy
gaps, such that the (finite) sum of the global eigenvalues contributing to the ground-state population of the target approaches 1.

Of course, there is an equivalence class of unitaries that can achieve the same amount of cooling; in particular, any permutation
of the set of the dM global eigenvalues within each energy eigenspace of the target system achieves the same amount of cooling,
since it is the sum of these values that contribute to the total population in each subspace. Importantly, although such unitaries
cool the target system to the same extent, their effect on the machine differs, and therefore so too does the energy cost of the
protocol. However, demanding that such cooling is achieved at minimal energy cost amounts to a unique constraint on the global
post-transformation state, namely that it must render the machine energetically passive, leading to the form:

%′SM =

dS−1∑

i=0

dM−1∑

j=0

λ↓idM+j
SM |ij〉〈ij|SM. (D20)

We can derive the above form of the final joint state as follows. Consider the following ordering for the energy eigenbasis of
SM chosen to match the above form

{|00〉SM, |01〉SM, ..., |0, dM − 1〉SM, |10〉SM, ..., |1, dM − 1〉SM, ..., |dS − 1, 0〉SM, ..., |dS − 1, dM − 1〉SM}. (D21)

This ordering is monotonically non-decreasing primarily with respect to the energy of S, and secondarily w.r.t.M. We take the
final state ρ′SM to be expressed in this basis. To maximise the cooling in a single unitary operation, we maximise the sum of
the first k · dM diagonal elements, for each k ∈ {1, 2, ..., dS}, as each sum corresponds to the total population in the kth lowest
energy eigenstate of S . The initial state %SM is diagonal in this basis, so the vector of initial diagonal elements, which we label
θ := diag(%SM), is also the vector of eigenvalues, λSM, i.e., θ = λSM. Furthermore, since the unitary operation leaves the
set of eigenvalues invariant, we have via the Schur-Horn lemma [54] that the vector of final diagonal elements, which we label
θ′ := diag(%′SM), is majorised by the vector of initial ones, i.e., θ′ ≺ θ. It follows that the partial sums we wish to maximise
are upper bounded by the corresponding partial sums of the k · dM largest diagonal elements of the initial state. We claim that
the unitary that cools this maximal cooling amount at minimum energy cost is the one that permutes the diagonal elements to be
ordered w.r.t. the basis ordering in Eq. (D21).

More precisely, via the Schur-Horn lemma, one can always write θ′ = Dθ, with D a doubly stochastic matrix. The partial
sums of the k ·dM first elements are linear functions of the elements of θ. Thus the maximum values are obtained at the extremal

5 We take majorisation among passive states to be the measure of cooling;
this implies the highest possible ground state population and purity, and

lowest possible entropy and average energy via Schur convexity.
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points of the convex set of doubly stochastic matrices, which are the permutation matrices, via the Birkhoff-von Neumann
theorem [54]. One can see by inspection that the optimal permutation matrices are the ones that place the largest dM diagonal
elements in the first block (i.e., the ground state eigenspace of S), the next largest dM elements in the second block (i.e., the first
excited state eigenspace of S), and so on. Within each block, the ordering does not affect the cooling of the target, so there is an
equivalence class of permutations that satisfy the maximal cooling criterion. However, adding the optimisation over the energy
cost eliminates this freedom. We may consider the reduced set of stochastic matrices that satisfy maximal cooling, generated by
the permutations described above. Since the average energy of the final state is again a linear function of the diagonal elements,
here too the minimum corresponds to a permutation matrix. Clearly the permutation that minimises the average energy is the
one that orders the elements within each block to be decreasing w.r.t. the energies ofM. Thus, the unique6 stochastic matrix
D that leads to maximal cooling at the least energy cost possible is the one that permutes the energy eigenvalues to be ordered
decreasing primarily w.r.t. the system energies, and secondarily w.r.t. the machine energies. The action of the stochastic matrix
on diagonal elements of the state is related to the unitary operation on the entire quantum state by |Uij |2 = Dij , so that the
unitary operation is also a permutation (up to an energy dependent phase, which is irrelevant since the initial and final states are
diagonal).

We may understand this optimal operation through the notion of passivity, by noting that it cools at minimal energy cost by
rendering the machine into the most energetically passive reduced state in the joint unitary orbit with respect to the cooling
constraint on the target. Intuitively, one has cooled the target system maximally at the expense of heating the machine as little
as possible. The final reduced state of the machine corresponding to this energetically-optimal cooling transformation is

%′M =

dM−1∑

j=0



dS−1∑

i=0

λ↓idM+j
SM


 |j〉〈j|M. (D22)

In general, any unitary that achieves these desired conditions simultaneously depends upon the energy-level structure of both
the target system and machine, precluding a closed-form set of conditions that can be expressed only in terms of the machine.
However, for the special case of a maximally-mixed initial target state (i.e., cooling a thermal state at infinite temperature or
erasing quantum information from its most entropic state), one can deduce this ordering precisely and moreover relate it directly
to properties of the machine Hamiltonian, as we now demonstrate. In the following, we assume that dM is even; the case for odd
dM can be derived similarly.

Theorem 11. Consider the target system to begin in the maximally mixed state and a thermal machine at temperature β >
0, whose eigenvalues are labelled in non-increasing order, {λ↓iM}i=0,...,dM−1. In order to cool the target perfectly, with the
restriction that the target must be cooled as much as possible, at an energy cost that saturates the Landauer limit, the machine
eigenvalues must satisfy

dM
2 −1∑

i=0

λ↓iM → 1,

dM−1∑

i=
dM

2

λ↓iM → 0, (D23)

and

1
2

(
λ
↓b i2 c
M + λ

↓ dM2 +b i2 c
M

)

λ↓iM
→ 1 (D24)

for all i ∈ {0, . . . , dM − 1}, where b·c denotes the floor function and→ denotes that the condition is satisfied asymptotically,
i.e., as dM →∞7.

Proof. We consider a qubit for simplicity, but the generalisation to cooling an arbitrary-dimensional maximally-mixed state is
straightforward. The initial joint spectrum of the system and machine is

λSM = 1
2{λ

↓
M,λ

↓
M} = 1

2{λ↓0M, λ↓1M, . . . , λ↓dM−1
M , λ↓0M, λ

↓1
M, . . . , λ

↓dM−1
M }. (D25)

6 Note that degeneracies in energy eigenvalues would lead to sets of equal
diagonal elements, and prevent one from choosing a unique permutation.
However, as the state in such degenerate subspaces is proportional to the
identity matrix, we may take any unitary that is block diagonal w.r.t. the
degeneracies without affecting the state, and hence the final cooling or av-

erage energy change.
7 Strictly speaking, in the limit dM → ∞ the conditions in Eq. (D24) must

only be satisfied for almost all i, i.e., for all but a small subset that con-
tributes negligibly to the relative entropy, as we discuss below.
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As each λ↓iM = 1
ZM(β,HM)e

−βωi for any thermal state with Hamiltonian HM =
∑
i ωi|i〉〈i|M written with respect to non-

decreasing energy eigenvalues, it follows that the globally ordered spectrum is

λ↓SM = 1
2{λ↓0M, λ↓0M, λ↓1M, λ↓1M, . . . , λ↓dM−1

M , λ↓dM−1
M }. (D26)

Expressing the global states with respect to the product of local energy eigenbases, we have that the initial joint state is 1S
2 ⊗

τM(β,HM) = diag(λSM) [see Eq. (D25)] and the unitary that cools the target as much as possible at minimum energy cost is
the one achieving the globally passive final joint state %′SM = diag(λ↓SM). This leads to the following reduced states

%′S =




dM
2 −1∑

i=0

λ↓iM


 |0〉〈0|S +



dM−1∑

i=
dM

2

λ↓iM


 |1〉〈1|S , (D27)

%′M =
1

2

(
λ↓0M + λ↓

dM
2

M

)
|0〉〈0|M +

1

2

(
λ↓0M + λ↓

dM
2

M

)
|1〉〈1|M+

+
1

2

(
λ↓1M + λ↓

dM
2 +1

M

)
|2〉〈2|M +

1

2

(
λ↓1M + λ↓

dM
2 +1

M

)
|3〉〈3|M + . . . (D28)

Intuitively, the reduced target state has the larger half of the initial machine eigenvalues in the ground state and the smaller
half in the excited state; the reduced machine state has the sum of the largest elements from each of these halves in its ground
state, the next largest element from each half (which, in this case, is equal to the first) in its first excited state, and so forth.

Let us denote the spectrum of the final state of the machine by λ′↓M := {λ′↓0M , λ′↓1M , . . . , λ′↓dM−1
M } = 1

2{λ↓0M + λ
↓ dM2
M , λ↓0M +

λ
↓ dM2
M , . . . , λ

↓ dM2 +1
M + λ↓dM−1

M }. Importantly, by construction, the reduced state of the final machine has its local eigenvalues
in non-increasing order, i.e., it is energetically passive.

We therefore have the final reduced states of the protocol that cools the initially maximally-mixed target as much as possible
at minimal energy cost, in particular with minimal heat dissipation by the machine, given the structural resources at hand. We
can now analyse the properties that are required to saturate the Landauer limit by considering the terms on the r.h.s. of Eq. (3)
for any fixed initial inverse temperature of the machine β ≥ 0.

First note that cooling the target system by any amount fixes the change in entropy of the target system, so the first term
is irrelevant. The second term concerns the mutual information built up between the target system and machine. In general,
this is non-vanishing, although one can achieve any desired amount of cooling without generating such correlations (as per our
constructions). Furthermore, in the case where one wants to consider attaining a perfectly cool final state, as we do here, the final
reduced state of the target is approximately pure and so I(S : M)%′SM → 0. In terms of the reduced states above, this means

that
∑ dM

2 −1
i=0 λ↓iM → 1 and

∑dM−1

i=
dM

2

λ↓iM → 0, which can only occur if the largest half of energy eigenvalues of the machine, i.e.,

ωi for all i ≥ dM
2 , diverge (since the summation contains only non-negative summands).

The final term that must be minimised to saturate the Landauer limit is the relative entropy of the final with respect to the initial
machine state, D(%′M‖%M). Here one can already see that an infinite-dimensional machine is required to saturate the Landauer
bound: from Ref. [29], D(%′M‖%M) ≥ f(∆SM, dM), where f is a dimension-dependant function of the entropy difference of
the machine that exhibits non-negative correction terms that only vanish in the limit dM → ∞. The relative entropy vanishes
iff %M = %′M; moreover, by Pinsker’s inequality one has 1

2‖%M − %′M‖21 ≤ D(%M‖%′M), so one can bound the trace distance
between the initial and final state of the machine for any desired value of the relative entropy. Although %M = %′M implies a
trivial process that cannot cool the (initially thermal) target system, as our protocols that saturate the Landauer limit demonstrate,
there are processes that asymptotically display the behaviour %′M → %M and cool the target system. For the asymptotic machine
states to converge, in particular their eigenvalues must become approximately equal asymptotically. Demanding this on the
spectrum in Eq. (D28) leads to a generic term that must be asymptotically satisfied of the form:

1
2

(
λ
↓b i2 c
M + λ

↓ dM2 +b i2 c
M

)

λ↓iM
→ 1 ∀ i ∈ {0, . . . , dM − 1}. (D29)

In order to achieve perfect cooling at the Landauer limit, one thus must simultaneously satisfy the conditions outlined in

Theorem 11. In other words, to minimise the relative-entropy term with the additional constraints
∑ dM

2 −1
i=0 λ↓iM → 1 and∑dM−1

i=
dM

2

λ↓iM → 0. The first thing to note is that since the eigenvalues λ↓iM contribute to different sums depending on whether i is
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in the larger half {0, . . . , dM2 − 1} or smaller half {dM2 , . . . , dM}, one cannot have λ↓
dM

2 +b i2 c
M = λ

↓b i2 c
M ∀ i (i.e., a completely

degenerate machine), since then both summations would be over identical values and there is no way for them to converge to
distinct values. This precludes the trivial solution that satisfies the constraints of Eq. (D24) alone, namely the maximally mixed
machine state which cannot be used to perform any cooling [as, in particular, it does not satisfy the constraints of Eq. (D23)]. For
the conditions to be simultaneously satisfied, we intuitively require that, although they must be distinct, for each i both λ↓b

i
2 c

M

and λ↓
dM

2 +b i2 c
M become “close” to each other, but with a difference that decays rapidly as dM → ∞, such that in the infinite-

dimensional limit the larger “half” of the eigenvalues sum to one and the smaller “half” sum to zero. A subtle point to note is
that because the relative entropy involves the ratio of final to original eigenvalues it is not enough that the absolute difference
|λ′↓iM − λ↓iM| goes to zero, as in the infinite dM limit, it is possible for this to happen for all of the eigenvalues approaching zero
without the ratios of final to initial eigenvalues approaching unity (and hence the relative entropy not vanishing). One manner of
satisfying such a constraint, as evidenced by the construction we proceed with next, is for the ratios of final to initial eigenvalues
go to unity for all but a small number energy levels, with the population in this exceptional subspace going to zero in the infinite
dM limit (along with the ratios not diverging within said subspace).

The natural question that arises here is whether or not it is possible to satisfy these constraints concurrently. (Note that none of
the cooling protocols provided throughout this article use the max-cooling operation, so do not necessarily serve as examples.)
To this end, we now construct a family of machine HamiltoniansHM of increasing dimension that in the limit dM →∞manages
to attain both perfect cooling of a maximally-mixed qubit and the Landauer limit for the energy cost using the maximal cooling
operation discussed above. The form of the Hamiltonian is instructive regarding the complexity requirements for perfect cooling
at the Landauer limit. The construction is inspired by the infinite-dimensional Hamiltonian found in Ref. [29] (Appendix D),
therein used to perfectly cool a qubit with energy cost arbitrarily close to the Landauer limit. Their construction already begins
with infinitely many machine eigenvalues, as well as infinitely many of them corresponding to diverging energy levels. In the
following, we demonstrate that one can arbitrarily closely attain perfect cooling and the Landauer limit with finite-dimensional
Hamiltonians, and by taking the limit dM →∞, recover the result of Ref. [29].

The Hamiltonian of the machine is dM := 2N+1 dimensional,

HM =

N∑

n=0

2n∑

j=1

(
n∆|n; j〉〈n; j|M

)
+N∆|N ; 2N+1〉〈N ; 2N+1|M (D30)

Here, each energy eigenvalue labelled by n is 2n-fold degenerate. Thus the ground state is unique, the first excited state is
two-fold degenerate, the second excited state four-fold degenerate, and so on, with the degeneracy doubling every energy level.
In order to make the Hamiltonian of even dimensionality for convenience, we have added an extra degenerate state to the final
level (which makes this level (2N + 1)-fold degenerate). Also note that the Hamiltonian is equally spaced with energy gap ∆.
In the following, we use the index n to denote any one of the degenerate states in the nth energy level from n = 0 to n = N , and
the index i to denote individual energy eigenstates from i = 1 to i = 2N+1 (note that in contrast to the previous section, we are
here beginning with i = 1 in order to simplify some future notation). With these indices, the eigenvalues are related by

λ↓iM = e−β∆λ↓b
i
2 c

M ∀ i ∈ {2, . . . , dM − 1}, (D31)

λ↓nM = e−β∆λ↓n−1
M ∀ n ∈ {1, . . . , N}. (D32)

We introduce a parameter ε to express the Gibbs ratio as

e−β∆ =
1− ε

2
, (D33)

where 0 < ε < 1, and we will eventually take the limit ε→ 0 appropriately as the dimension diverges. Note that this constrains
the Gibbs ratio to be smaller than 1

2 , which in turn ensures that the total population over all of the degenerate eigenstates in the
nth level is smaller than that in the (n− 1)th level (as it has twice the number of eigenstates, but less than half the population in
each). If this constraint failed to hold, then in the asymptotic limit, all of the population would lie in energy levels that diverge.

We now consider using this machine to cool a maximally-mixed qubit target. The final ground-state population of the qubit
under the maximal cooling operation is the sum over the larger half of the eigenvalues of the machine, corresponding to the
eigenvalues from i = 1 to i = 2N (equivalently, from n = 0 to n = N − 1 plus a single eigenvalue from the n = N energy
level), and is thus given by

p′0 =
1

ZM

(
N−1∑

n=0

2n
(

1− ε
2

)n
+

(
1− ε

2

)N)
, (D34)

where ZM =
N∑

n=0

2n
(

1− ε
2

)n
+

(
1− ε

2

)N
(D35)
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is the partition function of the machine. The geometric series above evaluates to

p′0 =

(
1 +

ε(1− ε)N
1− (1− ε)N + ε(1− ε)N2−N

)−1

. (D36)

As an ansatz, supposing that ε scales inversely with N as ε := θ
N leads to the simplification (1− ε)N → e−θ as dM (and hence

N ) diverges. The asymptotic behaviour of the ground-state population is thus

p′0 = 1− 1

N

(
θ

eθ − 1

)
+O

(
1

N2

)
, (D37)

and so p′0 → 1 in the N →∞ limit.
We now move to calculate the energy cost. Rather than considering the optimal max-cooling operation described above,

we consider a slight modification in order to make the connection to the construction in Ref. [29] clear as well as to simplify
notation. Nonetheless, the energy cost of this modified protocol upper-bounds that of the max-cooling operation (for the same
achieved ground-state population), and so showing that the Landauer limit is attained for the modified protocol implies that it
would be too for the max-cooling protocol. The modification is simply to relabel the smallest eigenvalue of the machine λ2N+1

M
as λ0

M, and treat it as the ground-state eigenvalue in the max-cooling operation. For general machine states, such a switch
would lead to less cooling (if the same unitary were applied), but in this case it does not because the sum of the first half of the
machine eigenvalues, from i = 0 to i = 2N − 1, is the same as the original sum from i = 1 to i = 2N , due to the relabelling
λ0 = λ2N , since they are both eigenvalues of states corresponding the maximum excited energy level of the machine spectrum.
The spectrum of the final state of the machine is then given by

λ′↓iM =
1

2

(
λ↓b

i
2 c

M + λ↓b
i
2 c+

dM
2

M

)
∀ i ∈ {0, . . . , dM − 1}, (D38)

which leads to

λ′↓0M =
1

2

(
λ↓0M + λ↓2

N

M

)
= λ↓0M, λ′↓1M =

1

2

(
λ↓0M + λ↓2

N

M

)
= λ↓0M,

λ′↓iM =
1

2

(
λ↓b

i
2 c

M + λ↓b
i
2 c+

dM
2

M

)
∀ i ∈ {2, . . . , dM − 1}

=
1

2

(
2

1− ελ
↓i
M + λn=N

M

)
=

1

2

1

ZM

[(
1− ε

2

)n−1

+

(
1− ε

2

)N]
, (D39)

where we observe that the index b i2c +
dM
2 corresponds to the largest energy level of the machine for all i, and we have used

Eq. (D31) for the spectrum of initial eigenvalues. Using the index n instead to denote a generic eigenvalue of the nth energy
level, we have the simpler expression

λ′↓nM =
1

2

(
λ↓n−1
M + λ↓NM

)
, ∀ n ∈ {1, 2, . . . , N}. (D40)

The energy cost can now be simply calculated from the difference in the average energy of the machine state,

∆EM =

dM−1∑

i=0

(
λ′↓iM − λ↓iM

)
ωi, (D41)

where we denote the ith energy eigenvalue by ωi. λ↓0M is unchanged, and although λ↓1M does change, ω1 = 0 corresponds to the
ground state and thus this eigenvalue change does not affect the energy cost. We can thus express the energy cost in terms of the
index n instead, starting from n = 1 (corresponding to i = 2 onward), as

∆EM =
N∑

n=1

(
λ′↓nM − λ↓nM

)
ωn =

1

β

[
1− 2(1− ε)N

1− (1− ε)N + (1− 2−N )(1− ε)N ε

]
log

(
2

1− ε

)
. (D42)

As we did above, we parameterise ε = θ
N . The asymptotic behaviour of the energy cost is then

β∆EM = log(2) +
1

N

(
1− 2 log(2)

eθ − 1

)
θ +O

(
1

N2

)
, (D43)
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or in terms of the decrease in entropy of the system,

β∆EM = ∆̃SM +
logN

N

(
θ

eθ − 1

)
+O

(
1

N

)
. (D44)

Combining (D37) and (D43), we have that in the limit N →∞, which is also dM →∞, the ground state population approaches
1—corresponding to perfect cooling—and the energy cost approaches β−1 log(2), which is the Landauer limit for the perfect
erasure of a maximally-mixed qubit.

To connect this construction to the constraints of Eq. (D24), note that in the limit N →∞ (recalling that ε = θ
N ),

λ′↓n

λ↓n
= lim
N→∞

1
2

[(
1−ε

2

)n−1
+
(

1−ε
2

)N]

(
1−ε

2

)n = lim
N→∞

[
1

1− ε +
1

2N−n+1

(
e−θ

(1− ε)n
)]

= 1, (D45)

for all n ≥ 1, leaving only the ground state eigenvalue (corresponding to n = 0 and i = 1) not satisfying the condition. However
this term is actually a negative contribution to the relative entropy as this eigenvalue decreases, and in any case can be verified
independently to approach zero.

To see this, note that a necessary condition that ensures the contribution of any set of eigenvalues that do not satisfy Eq. (D24)
to the relative entropy to be negligible is that the total population of the relevant subspace is vanishingly small. Writing the
relative entropy between two states in terms of their eigenvalues, we have D(%′‖%) =

∑
n λ
′
n log

(
λ′n
λn

)
, which we split up into

two sets: S0 containing all n for which Eq. (D24) is satisfied and S± containing the all n for which Eq. (D24) is not satisfied. The
contribution of the first term to the relative entropy is asymptotically zero, so we are left with D(%′‖%) =

∑
n∈S± λ

′
n log

(
λ′n
λn

)
.

For each term in the sum here, one can write λ′n = λ(1 + ∆n) with the condition |∆n| ≥ θ > 0 for some θ, i.e., the ratio of
eigenvalues is bounded away from unity (on either side) by at least θ. This leads to the expression

D(%′‖%) = −
∑

n∈S±
λ′n log(1 + ∆n) = −N±

∑

n∈S±
pn log(1 + ∆n), (D46)

where we have renormalised the eigenvalues (which here correspond to a subnormalised probability distribution) by writing
λ′n = N±pn, with N± :=

∑
n∈S± λ

′
n being the total population of the subspace S± and {pn} here forming a probability

distribution. Note that the ratio of eigenvalues going to unity in the S0 subspace implies that the total populations of initial and
final eigenvalues in this subspace are equal, i.e.,

∑
n∈S0

λn =
∑
n∈S0

λ′n, which in turn implies that the same is true for the S±
subspace, leading to

∑
n∈S± pn∆n = 0.

We argue from the concavity of the logarithm function that

1
2 log(1 + θ) + 1

2 log(1− θ) ≥
∑

n∈S±
pn log(1 + ∆n). (D47)

Visualising the graph of the function y = log(1 + x), the latter expression above must evaluate to a point that lies within the
intersection of the convex hull of (∆n, log(1 + ∆n)) and the linear equality

∑
n∈S± pn∆n = 0, the latter of which is the line

x = 0. By the concavity of the logarithm, the aforementioned convex hull lies entirely below the line segment connecting
(1− θ, log(1− θ)) to (1 + θ, log(1 + θ)), and thus the expression is upper bounded by the intersection of this line segment with
x = 0, which is precisely the l.h.s. of the inequality above. Thus we have the inequality

D(%′‖%) ≥ −N±
[

1
2 log(1 + θ) + 1

2 log(1− θ)
]

= −N±
2

log(1− θ2) ≥ N±
2
θ2, (D48)

where we used log(1−θ2) ≤ −θ2 for all θ ∈ [−1, 1]. As θ > 0, the only way that this contribution to the relative entropy by the
eigenvalues that do not satisfy Eq. (D24) can be asymptotically negligible is if the total population of their associated subspace
N± goes to zero.

Finally note that, as mentioned in the main text, the above result pertains to the restricted setting where the target system is
cooled as much as possible. However, this is not the only way to approach perfect cooling at the Landauer cost: instead of the
largest half of global eigenvalues being placed into the ground state subspace of the target system, any amount of them such that
their sum is sufficiently close to one would suffice. Although it is complicated to derive an exact set of conditions that would
need to be satisfied in such cases (since it depends upon exactly which eigenvalues are permuted to which subspaces), the fact
that fine-tuned control over particular degrees of freedom is required remains. Lastly, note that even in the restricted setting of
cooling the target as much as possible, the situation becomes even more complicated when considering target systems that begin
at a finite temperature. Here, the choice of which global eigenvalues should be permuted to which subspaces to cool the system as
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much as possible at minimal energy cost depends on the microscopic structure of both the system and machine. This means that
one can no longer determine the final eigenvalue distributions of the reduced states in terms of the initial machine eigenvalues
alone, as we were able to do for the maximally mixed state. In turn, one can no longer derive a condition on properties of the
machine itself, independently of the target system. Nonetheless, again, the key message that cooling at minimal energy cost
requires fine-tuned control to access precisely distributed populations still holds true. We leave the further exploration of such
scenarios, for instance constructing optimal machines for particular initial target systems, to future work.

D5. Energy-Gap Variety as a Notion of Control Complexity

The insights drawn above regarding sufficient conditions for cooling a system at the Landauer limit lead us to propose a more
nuanced notion of control complexity than the preliminary effective dimension that satisfies the natural desiderata outlined in
the main text. In particular, here we will demonstrate that the energy-gap variety (see 2) provides a good measure of control
complexity, both from a theoretical, thermodynamic standpoint as well as a practical one.

Firstly, it is quite clear that coupling a system to a diverging number of distinct machine energy gaps is a difficult task to
achieve in almost any conceivable physical platform, especially when the energy gaps are closely spaced; thus, this definition
indeed corresponds to our intuitive understanding of “complex” as an operation that is inherently difficult to perform in practice.
Secondly, from all of the optimal cooling protocols that we have outlined in this article, we see that, in contrast to the effective
dimension, having a diverging energy-gap variety that densely covers an appropriate interval is sufficient for saturating the
Landauer limit, thereby making it a better quantifier of control complexity. The remaining point is to show that its divergence is
necessary to cool a system to the ground state using a single control operation with energy cost saturating the Landauer bound,
so that it is fully consistent also with Nernst’s unattainability principle. We argue that this is indeed the case below.

Claim: In order to cool %S 7→ |0〉〈0| with a thermal machine τM(β,HM) at Landauer energy cost with a single control
operation, the global unitary U must couple the system to a diverging number of distinct energy gaps that densely cover the
interval [ω0,∞), where ω0 is the smallest energy gap of the target system.

Proof: First of all, note that how cold the final system state can be made is bounded by the inequality:

λmin(%′S) ≥ e−β ωmax
M λmin(%S), (D49)

where λmin denotes the minimal eigenvalue. For a pure final system state, the l.h.s. of the above equation goes to 0; thus, for
any non-trivial initial system state (i.e., such that λmin(%S) > 0) and finite temperature β <∞, we must have ωmax

M →∞. This
determines the upper limit of the required interval of energy gaps. The lower limit of the required interval comes from the fact
that the only subspaces of the machine that are relevant for cooling the target system are those associated to energy gaps that are
at least as large as the smallest energy gap of the target, ω0 [38].

Next, recall the equality form of the Landauer limit, which holds true for any global unitary transformation with a thermal
machine:

β∆EM = ∆̃SS + I(S :M)%′SM +D(%′M‖%M), (D50)

Cooling the target system to a pure state necessitates that the final system and machine are uncorrelated and we therefore have
I(S :M)%′SM = 0 for the optimal process. We thus need to focus on minimising the relative-entropy term, which we do in the
following steps.

Consider for simplicity the target system to be a qubit initially in the maximally mixed state. A generic cooling machine
should be able to cool any system state, include the maximally mixed one; therefore the following insights pertaining to this
special case apply generically. In this case, the initial joint spectrum of the system and machine is given by Eq. (D25). Cooling
the target system to the ground state necessitates taking a subset A of these global eigenvalues such that

∑
i∈A λ

↓i
M = 1 − ε

for arbitrarily small ε and placing these into the ground-state subspace of the target, with the remaining (small) ε amount of
population only contributing to any higher-energy eigenstates [this is essentially a generalisation of the conditions put forth in
Eqs. (D23), accounting for an arbitrarily small cooling error].

As discussed previously, there are many possible ways to achieve such a configuration, but there is a unique one that minimises
the total energy cost of doing so: namely, that in which the reduced final state of the machine is rendered passive. This is because
if one compares two protocols achieving the same cooling for the target system, one in which the final machine is passive and any
other in which it is not, then the former protocol has the smaller energy cost since a positive amount of energy can be (unitarily)
extracted from the latter machine in order to render it passive.

Thus, for any protocol saturating the Landauer limit, the final machine state must be arbitrarily close to a passive state, which
implies that it must be approximately diagonal in the local machine energy eigenbasis with the globally ordered spectrum as per
Eq. (D26). Moreover, in order to minimise the relative-entropy term and therefore saturate the Landauer limit, the final machine
state must be arbitrarily close to the initial (i.e., thermal) machine state; following the argumentation put forth in the previous
appendix, this leads to the set of conditions outlined in Eq. (D29), which must be satisfied up to arbitrary precision.
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Since we have the exact relationship between the initial and final machine eigenvalues, the contribution to the energy cost
from the relative-entropy term can be calculated explicitly, i.e., D(%′‖%) =

∑
n λ
′
n log

(
λ′n
λn

)
. Following the argumentation

from Eq. (D46) until Eq. (D48) in the previous appendix, we see that by assuming a finite deviation from any of the conditions
of Eq. (D29), i.e., writing λ′n = λn(1 + ∆n) with |∆n| ≥ θ > 0 for some θ, one can derive a lower bound on the relative
entropy:

D(%′‖%) ≥ N±
2
θ2, (D51)

where N± is the total population of the subspaces corresponding to the terms in the sum such that λ
′
n

λn
differs from unity by at

least θ. In other words, these are the relevant additional contributions to the energy cost; wheneverN± is non-zero, the Landauer
bound cannot be approached arbitrarily closely.

The final piece is to relate the machine eigenvalues to its energy-gap spectrum, which can be done straightforwardly due to
the initial thermality of the machine, i.e., λ↓iM = e−βωi/ZM(β,HM). We now argue that if there is ever a finite “jump” in the
energy-gap structure of the machine, then one cannot achieve both a ground-state population of the target that is arbitrarily close
to unity and have N± be arbitrarily close to zero concurrently. Suppose now that one has a machine with a dense energy-gap
structure from ω0 up until some (finite) ωa, followed by a finite jump until the energy level ωa+Ω (for some strictly finite Ω > 0),
and then again a dense set of energy gaps throughout the interval [ωa + Ω,∞). Then, one can utilise the energy-gap structure
in the “lower band” [ω0, ωa) in an optimal fashion in order to cool the target system to a minimum temperature (set by ωa) at
Landauer energy cost [38, 42]. However, assuming that the jump in the energy-gap structure begins at some finite ωa, then there
is always a finite amount of population in the machine that is supported on the energy levels corresponding to the “upper band”
[ωa + Ω,∞). To cool the target to arbitrarily close to the ground state, one must therefore access this population and transfer
it to the ground-state subspace of the target; this precisely corresponds to the N± that contributes to the excess energy cost in a
non-negligible manner for finite population exchanges. In particular, we have the bound N± ≥ min( e−βωa

1+e−βωa ,
1

1+e−βωa ). Thus,
whenever ωa takes a finite value, N± is a strictly positive number. The only way that the relative-entropy term can vanish then
is if θ vanishes; however, this can only occur if Ω → 0, because for any finite Ω, the ratio λ′n

λn
for at least one value of n differs

from 1 by a finite amount as argued above, which finally leads to a non-zero lower bound in Eq. (D51) and implies that the
Landauer limit cannot be saturated. In other words, the endpoints of the lower and upper energy gap intervals considered above
must coincide (upto arbitrary precision) in order to saturate the Landauer bound. This implies that the energy-gap variety must
diverge and moreover, since the above logic holds for arbitrary ωα which can be smoothly varied as a parameter, it follows that
the diverging number of energy gaps must additionally approximately densely cover the interval in question.

Appendix E: Diverging-Time / Control Complexity Cooling Protocols for Harmonic Oscillators

We now analyse the case of cooling infinite-dimensional quantum systems in detail. More specifically, we consider ensembles
of harmonic oscillators. For the sake of completeness, we first briefly present some key concepts that will become relevant
throughout this analysis. Following this, in Appendix E2a, we construct a protocol that achieves perfect cooling at the Landauer
limit using a diverging number of Gaussian operations. Although such operations are typically considered to be relatively
“simple” both when it comes to experimental implementation and theoretical description, according to the effective dimension
notion of control complexity that we have shown must necessarily diverge to cool at the Landauer limit [see Eq. (6)], such
Gaussian operations have infinite control complexity. Subsequently, in Appendix E2b, we consider the task of perfect cooling
with diverging time but restricting the individual operations to be of finite control complexity. In particular, note that such
operations are non-Gaussian in general. Here, we present a protocol that approaches perfect cooling of the target system as the
number of operations diverges, with finite energy cost—albeit not at the Landauer limit. Whether or not a similar protocol exists
that also saturates the Landauer bound remains an open question. Finally, in Appendix E3, we reconsider the protocol from
Appendix E2b in terms of a single transformation, i.e., unit time. By explicitly constructing the joint unitary transformation that
is applied throughout the entire protocol, we show this to be a multi-mode Gaussian operation acting on a diverging number of
harmonic oscillators. The key message to be taken away from these protocols is that, while the distinction between Gaussian
and non-Gaussian operations is a significant one in terms of experimental feasibility, and it certainly plays a role regarding the
task of cooling—in particular, the energy cost incurred—these concepts alone cannot be used to characterise a notion of control
complexity that must diverge to approach perfect cooling at the Landauer limit. On the other hand, the effective dimension of
the machine used does precisely that; however, in a manner that is far from sufficient (for the case of harmonic oscillators), as
even a single two-mode swap, which cannot cool perfectly at Landauer cost, would have infinite control complexity. Indeed, a
more nuanced characterisation of control complexity in the infinite-dimensional setting, which takes more structure regarding
the operations and energy levels into account, remains an open problem to be addressed.
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E1. Preliminaries

We consider ensembles of N harmonic oscillators (i.e., infinite-dimensional systems consisting of N bosonic modes), which
are associated to a tensor product Hilbert space Htot =

⊗N
j=1Hj and (resp: lowering, raising) mode operators {ak , a†k}

satisfying the bosonic commutation relations:

[ak, a
†
k′ ] = δkk′ , [ak, ak′ ] = 0, ∀ k, k′ = 1, 2, . . . , N. (E1)

The free Hamiltonian of any such system can be written asHtot =
∑N
k=1 ωka

†
kak, where ωk represents the energy gap of the k-th

mode (in units where ~ = 1). Position- and momentum-like operators for each mode can be defined as follows (for simplicity,
we use the rescaled version below where the ωk are omitted from the pre-factors)

qk :=
1√
2

(ak + a†k), pk :=
1

i
√

2
(ak − a†k). (E2)

As a consequence of the commutation relations in Eq. (E1), the generalised position and momentum operators satisfy the
canonical commutation relations

[qk, pl] = iδkl. (E3)

To simplify notation, one may further introduce the vector of quadrature operators X := (q1, p1, . . . , qN , pN ); then, the
commutation relations can be expressed succinctly as

[Xk, Xl] = iΩkl, (E4)

where the Ωkl are the components of the symplectic form

Ω =
N⊕

j=1

Ωj , Ωj =

[
0 1

−1 0

]
. (E5)

The density operator associated to N harmonic oscillators can be written in the so-called phase-space representation as

% =
1

(2π)N

∫
χ(Ωξ)W(−Ωξ) d2Nξ, (E6)

whereW(ξ) := eiξ
TX is the Weyl operator and χ(ξ) := tr [%W(ξ)] is called the characteristic function.

Throughout our analysis, we will see that a particular class of states and operations, namely those that are known as Gaussian,
are of particular importance. A Gaussian state is one for which the characteristic function is Gaussian

χ(ξ) = e−
1
4 ξ
TΓξ+iX

T
ξ. (E7)

Here,X := 〈X〉% is the displacement vector or vector of first moments, and Γ is a real symmetric matrix that collects the second
statistical moments of the quadratures, which is known as the covariance matrix. Its entries are given by

Γmn := 〈XmXn +XnXm〉% − 2 〈Xn〉% 〈Xm〉% . (E8)

We see that any Gaussian state is thus uniquely determined by its first and second moments. As an example of specific interest
here, we recall that any thermal state τ of a harmonic oscillator with frequency ω is a Gaussian state and has vanishing first
moments, X = 0. Here and throughout this article, we are assuming that the infinite-dimensional thermal state is well-defined
(see, e.g., Ref. [55] for discussion). The covariance matrix of a thermal state is proportional to the 2 × 2 identity, and given by
Γ[τ(β,H)] = coth

(
βω
2

)
112.

Gaussian operations are transformations that map the set of Gaussian states onto itself. Such operations, which include, e.g.,
beam-splitting and phase-space displacement, are generally considered to be relatively easily implementable in the laboratory.
Although non-unitary Gaussian operations exist as well, all of the examples mentioned above are Gaussian unitaries. Such
Gaussian unitaries are generated by Hamiltonians that are at most quadratic in the raising and lowering operators. Conversely,
any Hamiltonian that can be expressed as a polynomial of at most second order in the mode operators generates a Gaussian
unitary. Any unitary Gaussian transformation can be represented by an affine map (M,κ),

X 7→MX+ κ, (E9)
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where κ ∈ R2N is a displacement vector in the phase-space representation and M is a symplectic 2N × 2N matrix that leaves
the symplectic form Ω invariant, i.e.,

M ΩMT = Ω. (E10)

Under such a mapping, the first and second moments transform according to

X 7→MX+ κ, Γ 7→MΓMT . (E11)

Lastly, note that the energy of a Gaussian state %G with respect to its free Hamiltonian H =
∑
k ωka

†
kak can be calculated in

terms of the first and second moments as follows [22]

E(%G) =
∑

k

ωk

(
1

4
tr
[
Γ(k) − 2

]
+

1

2
||X(k)||2

)
, (E12)

where ‖ ·‖ denotes the Euclidean norm. Here, Γ(k) indicates the (2×2)-submatrix of the full covariance matrix Γ corresponding

to the reduced state of the kth mode. Similarly X
(k)

denotes the two-component subvector of first moments for the kth mode of
the displacement vectorX.

E2. Diverging-Time Cooling Protocol for Harmonic Oscillators

E2a. Diverging-Time Protocol using Gaussian Operations (with Diverging Control Complexity)

We now consider a simple protocol for lowering the temperature of a single-mode system within the coherent-control paradigm
using a single harmonic oscillator machine. This protocol will form the basic step of a protocol for achieving perfect cooling at
the Landauer limit using diverging time, which we subsequently present.

In the situation we consider here, the target system S to be cooled is a harmonic oscillator with frequency ωS interacting with
a harmonic oscillator machineM at frequency ωM ≥ ωS via a (non-energy-conserving) unitary acting on the joint system SM
initialised as a tensor product of thermal states τS(β,HS) ⊗ τM(β,HM) at inverse temperature β with respect to their local
Hamiltonians HS and HM, respectively. The joint covariance matrix of the system and machine modes is block-diagonal since
the initial state is of product form, i.e.,

Γ[τS(β,HS)⊗ τM(β,HM)] = Γ[τS(β,HS)]⊕ Γ[τM(β,HM)], (E13)

and the 2× 2 blocks of the individual modes are also diagonal, with the explicit expression Γ[τX(β,HX )] = coth
(
βωX

2

)
112.

In this setting, it has been shown that the minimum reachable temperature of the target system is given by Tmin = ωS
ωM

T (for
the case ωM ≥ ωS) [38]. The non-energy-conserving unitary transformation that achieves this is of the form

U = e−i
π
2 (a†b+ ab†), (E14)

where the operators a (a†) and b (b†) denote the annihilation (creation) operators of the target system and machine, respectively.
This beam-splitter-like unitary acts as a swap with a relative phase factor imparted on the resultant state; nonetheless, this
phase is irrelevant at the level of the covariance matrix, which fully characterises the (Gaussian) thermal states considered, and
transforms it according to a standard swapping of the systems. After acting with such a swap operator, which is a Gaussian
operation, the first moment remains vanishing and the covariance matrix transforms as [see Eq. (E11)]


coth

(
βωS

2

)
112 0

0 coth
(
βωM

2

)
112


 SWAP7−→


coth

(
βωM

2

)
112 0

0 coth
(
βωS

2

)
112


 . (E15)

This means that both the output target system and machine are thermal states at different temperatures T ′S = ωS
ωM

T and T ′M =
ωM
ωS

T . Making use of Eq. (E12), we can calculate the energy change for the system and machine as

∆ES = E

[
τS

(
ωM
ωS

β,HS

)]
− E [τS(β,HS)] =

ωS
2

[
coth

(
βωM

2

)
− coth

(
βωS

2

)]
,
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∆EM = E

[
τM

(
ωS
ωM

β,HM

)]
− E [τM(β,HM)] =

ωM
2

[
coth

(
βωS

2

)
− coth

(
βωM

2

)]
. (E16)

The total energy cost associated to such a swap operation is thus

∆ESM = ∆ES + ∆EM =
(ωM − ωS)

2

[
coth

(
βωS

2

)
− coth

(
βωM

2

)]
= (ωM − ωS)

e−βωS (1− e−β(ωM−ωS))

(1− e−βωS )(1− e−βωM)
.

(E17)

Note that this form is similar to that for finite-dimensional systems with equally spaced Hamiltonian [cf., Eq. (C19)]; the
dimension-dependent term vanishes as d→∞, simplifying the expression in the infinite-dimensional case.

With this simple protocol for lowering the temperature of a harmonic oscillator target using a single harmonic oscillator
machine at hand, we are now in a position to describe an energy-optimal (in the sense of saturating the Landauer bound) cooling
protocol when a diverging number of operations, i.e., diverging time, is permitted. In other words, we now show how to achieve
perfect cooling with minimal energy at the expense of requiring diverging time, i.e., infinitely many steps of finite duration.
As mentioned above, in this specific protocol, the control complexity as per Eq. (6) is infinite in each of these infinitely many
steps. As we will argue after having presented the protocol, this is an artefact of the simple structure of the Gaussian operations
used. Indeed, we will later present a non-Gaussian diverging-time protocol for cooling a single harmonic oscillator to the ground
state using finite control complexity in each of the infinitely many steps, and at an overall finite (albeit not minimal, i.e., not at
the Landauer limit) energy cost. Before presenting this non-Gaussian protocol, let us now discuss the details of the Gaussian
diverging-time protocol for cooling at the Landauer limit.

We consider a harmonic oscillator with the frequency ωS as the target system and the machine to comprise N harmonic
oscillators, where the nth oscillator has frequency ωMn

= ωS + n ε. In addition, we assume that all modes are initially
uncorrelated and in thermal states at the same inverse temperature β with respect to their free Hamiltonians, i.e., the target
system is τS(β,HS) and the multi-mode thermal machine is τM(β,HM) =

⊗N
n=1 τMn

(β,HMn
).

In this case, the cooling process is divided into N time steps. During each step, there is an interaction between the target
system and one of the harmonic oscillators in the machine. Here, we assume that at the nth time step, the target system interacts
only with the nth harmonic oscillator, which has frequency ωS + n ε. To obtain the minimum temperature for the target system,
we perform the previously outlined cooling process at each step, which is given by swapping the corresponding two modes.
Using Eq. (E15), the covariance matrix transformation of the two-mode process at the first time step takes the form

Γ(1)(τS(β)⊗ τM1
(β)) =


coth

(
βωS

2

)
112 0

0 coth
(
β(ωS+ε)

2

)
112


 SWAP7−→ Γ

(1)
opt =


coth

(
β(ωS+ε)

2

)
112 0

0 coth
(
βωS

2

)
112


 .

(E18)

By repeating this process on each of the harmonic oscillators in the machine, after the (n−1)th step, the 2×2-block corresponding
to the target system S in the covariance matrix is given by coth

(
β(ωS+(n−1)ε)

2

)
112. Therefore, one can show inductively that

the covariance matrix transformation associated to the nth interaction is given by

Γ(n)(τS(β)⊗ τMn
(β)) =


coth

(
β(ωS+(n−1)ε)

2

)
112 0

0 coth
(
β(ωS+nε)

2

)
112




SWAP7−→ Γ
(n)
opt =


coth

(
β(ωS+nε)

2

)
112 0

0 coth
(
β(ωS+(n−1)ε)

2

)
112


 . (E19)

Based on this process, afterN steps (i.e., after the system has interacted with allN harmonic oscillators), the minimal achievable
temperature of the target system is T (N)

min = ωS
ωS+NεT . Moreover, by using Eq. (E16), one can calculate the energy changes of

the target system and the machine at each time step as

∆E(n)
S =

ωS
2

[
coth

(
β(ωS + nε)

2

)
− coth

(
β(ωS + (n− 1)ε)

2

)]
,

∆E(n)
Mn

=
(ωS + nε)

2

[
coth

(
β(ωS + (n− 1)ε)

2

)
− coth

(
β(ωS + nε)

2

)]
. (E20)

The total energy change for the target system during the overall process (i.e., throughout the N steps) is thus given by

∆ES =
N∑

n=1

∆E(n)
S =

N∑

n=1

ωS
2

[
coth

(
β(ωS + nε)

2

)
− coth

(
β(ωS + (n− 1)ε)

2

)]
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=
ωS
2

[
coth

(
β(ωS +Nε)

2

)
− coth

(
βωS

2

)]
= ωS

[
e−β(ωS+Nε)

1− e−β(ωS+Nε)
− e−βωS

1− e−βωS
]
. (E21)

Here, we have written coth (x) = 1 + (2e−2x)/(1 − e−2x). Similarly, one can obtain the total energy change of the overall
machine

∆EM =
N∑

n=1

∆E(n)
Mn

=
N∑

n=1

ωS + nε

2

[
coth

(
β(ωS + (n− 1)ε)

2

)
− coth

(
β(ωS + nε)

2

)]

=

N∑

n=1

(ωS + nε)

[
e−β(ωS+(n−1)ε)

1− e−β(ωS+(n−1)ε)
− e−β(ωS+nε)

1− e−β(ωS+nε)

]
. (E22)

It is straightforward to check that the total energy change, i.e., the sum of Eqs. (E21) and (E22), is equal to the energy cost
obtained in Eq. (C19) with d→∞. In particular, this can be seen by considering the second line of Eq. (C19), where the second
term in round parenthesis vanishes as d → ∞ for any value of N . Thus, when the number of operations diverges N → ∞ and
ε = (ωmax−ωS)/N → 0, where ωmax := βmax

β ωS is the maximum frequency of the machines, the heat dissipated by the machines
throughout the process saturates the Landauer bound and is therefore energetically optimal. Moreover, by taking ωmax →∞ one
approaches perfect cooling.

At this point, a comment on the notion of control complexity is in order. According to Eq. (6), the effective dimension of the
machine in the protocol we consider here diverges in addition to time. Indeed, the notion of control complexity thusly defined
diverges for any Gaussian operation acting on the machine, in particular, it diverges for any single one of the infinitely many
steps of the protocol, as each operation is a two-mode Gaussian operation. At first glance, this appears to be in contrast to the
common conception that Gaussian operations are typically easily implementable (cf. Refs. [22, 37]). However, an alternative
way of interpreting this protocol is that, exactly because of the simple structure of Gaussian operations, reaching the ground state
at finite energy cost requires a diverging number of two-mode Gaussian unitaries, and thus divergingly many modes on which
to act (see also Appendix E3). In fact, if non-Gaussian unitaries are employed, then the ground state can be approached at finite
energy cost using just a single harmonic oscillator machine, as we now show.

E2b. Diverging-Time Protocol using Non-Gaussian Operations (with Finite Control Complexity)

We now consider a protocol for cooling a single harmonic oscillator at frequency ωS to the ground state using a diverging
amount of time, but requiring only a finite overall energy input as well as finite control complexity in each of the diverging
number of steps of the protocol. In this protocol, the machine M is also represented by a single harmonic oscillator whose
frequency matches that of the target oscillator that is to be cooled, ωM = ωS =: ω. The initial states of both the target system S
and machineM are assumed to be thermal at the same inverse temperature β, and are hence both described by thermal states of
the form

τ(β) =
e−βH

tr [e−βH ]
=
∞∑

n=0

e−βωn(1− e−βω) |n〉〈n| =
∞∑

n=0

pn |n〉〈n|SM, (E23)

where the Hamiltonian H is given by H =
∑∞
n=0 nω |n〉〈n| and the pn = e−βωn(1− e−βω) are the eigenvalues of τ . The joint

initial state is a product state that we can then write as

τS(β)⊗ τM(β) =

∞∑

m,n=0

pmpn |m〉〈m|S ⊗ |n〉〈n|M =

∞∑

m,n=0

p̃m+n |m,n〉〈m,n|, (E24)

where we have defined p̃k := e−βωk(1− e−βω)2. We then note that the eigenvalues p̃k of the joint initial state have degeneracy
k + 1. For instance, the largest value p̃0 = p0p0, corresponding to both the system and machine being in the ground state, is the
single largest eigenvalue, but there are two eigenstates, |0, 1〉 and |1, 0〉, corresponding to the second largest eigenvalue p̃1, three
states, |0, 2〉, |1, 1〉, and |2, 0〉 for the third largest eigenvalue p̃2, and so forth. Obviously, not all of these eigenvalues correspond
to eigenstates for which the target system is in the ground state.

In order to increase the ground-state population of the target system oscillator, we can now apply a sequence of ‘two-level’
unitaries, i.e., unitaries that act only on a subspace spanned by two particular eigenstates and exchange their respective popula-
tions. The two-dimensional subspaces are chosen such that one of the two eigenstates corresponds to the system S being in the
ground state, |0, k〉, while the other eigenstate corresponds to S being in an excited state, |i 6= 0, j〉. In addition, these pairs of
levels are selected such that, at the time the unitary operation is to be performed, the population of |0, k〉 is smaller than that of
|i 6= 0, j〉, such that the two-level exchange increases the ground-state population of S at each step.
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More specifically, at the kth step of this sequence, the joint system SM is in the state %(k)

SM and one determines the set Ωk of
index pairs (i 6= 0, j) such that p̃k < 〈i, j|%(k)

SM|i, j〉, i.e., the set of eigenstates for which S is not in the ground state and which
have a larger associated population (at the beginning of the kth step) than |0, k〉. One then determines an index pair (mk, nk) for
which this population is maximal, i.e., 〈mk, nk|%(k)

SM|mk, nk〉 = max{〈i, j|%(k)

SM|i, j〉|(i, j) ∈ Ωk}, and performs the unitary

U (k)
SM = 11SM − |0, k〉〈0, k| − |mk, nk〉〈mk, nk|+

(
|0, k〉〈mk, nk|+ |mk, nk〉〈0, k|

)
. (E25)

If there is no larger population that is not already in the subspace of the ground state of the target system, i.e., when Ωk = ∅,
which is only the case for the first step (k = 1), then no unitary is performed. After the kth step, the joint state %(k + 1)

SM is still
diagonal in the energy eigenbasis, and the subspace of the joint Hilbert spaces for which S is in the ground state is populated with
the k+1 largest eigenvalues p̃i in non-increasing order with respect to non-decreasing energy eigenvalues of the subspace’s basis
vectors |0, i〉. That is, for all i ∈ {0, 1, 2, . . . , k} and for all j ∈ N with j > i, we have 〈0, i|%(k + 1)

SM |0, i〉 ≥ 〈0, j|%(k + 1)

SM |0, j〉.
Since the Hilbert spaces of both S and M are infinite-dimensional, we can continue with such a sequence of two-level

exchanges indefinitely, starting with k = 1 and continuing step-by-step as k →∞. Here we note that the choice of (mk, nk) is
generally not unique at the k-th step, but as k →∞, the resulting final state is independent of the particular choices of (mk, nk)
made along the way. In particular, in a fashion that is reminiscent of the famed Hilbert hotel paradox (see, e.g., Ref. [56, p. 17]),
this sequence places all of the infinitely many eigenvalues p̃k of the joint state of SM (which must hence sum to one) into the
subspace where S is in the ground state. In other words, in the limit of infinitely many steps, the population of the ground-state
subspace evaluates to

∞∑

k=0

(k + 1)p̃k =
∞∑

k=0

(k + 1) e−βωk (1− e−βω)2 = 1, (E26)

where we have taken into account the (k + 1)-fold degeneracy of the kth eigenvalue p̃k. We thus have limk→∞ trM
[
%(k)

SM

]
=

|0〉〈0|S , the reduced state of the system is asymptotically the pure state |0〉S .
As per our requirement on the structural complexity (see Appendix D), the Hilbert space of the machine required to achieve

this is infinite-dimensional, and since each step of the protocol is assumed to take a finite amount of time, the overall time for
reaching the ground state diverges. At the same time, the control complexity for each individual step is finite, since each Uk acts
nontrivially only on a two-dimensional subspace. To see that also the energy cost for this protocol is finite, we first note that
the protocol results in a final state of the machine that is diagonal in the energy eigenbasis |n〉M, with probability weights p̃k
decreasing (but not strictly) with increasing energy. Due to the degeneracy of the eigenvalues p̃k, each one appears (k+ 1) times
on the diagonal (w.r.t. the energy eigenbasis) of the resulting machine state, populating adjacent energy levels. The label n(k)
of the lowest energy level that is populated by a particular value p̃k can be calculated as

ñ(k) :=

k−1∑

n=0

(n+ 1) = 1
2k(k + 1), (E27)

while the largest energy populated by p̃k is given by ñ(k + 1) − 1. With this, we calculate the energy of the machine after the
protocol, which evaluates to

Efinal
M

ω
=
∞∑

k=1

e−βωk (1− e−βω)2

ñ(k+1)−1∑

n=ñ(k)

n =
∞∑

k=1

e−βωk (1− e−βω)2 1
2k(k + 1)(k + 2) = 3

4 cosech2
(
βω
2

)
. (E28)

Since the energy of the initial thermal state is given by

E [τ(β)]

ω
=

∞∑

n=0

n e−βωn (1− e−βω) =
e−βω

1− e−βω , (E29)

we thus arrive at the energy cost

∆EM
ω

=
Efinal
M − E [τ(β)]

ω
=

e−βω(2 + e−βω)

(1− e−βω)2
. (E30)

We thus see that this energy cost is finite for all finite initial temperatures (although note that the energy cost diverges when
β → 0).
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However, as we shall show next, the energy cost for attaining the ground state is not minimal, i.e., the protocol achieves perfect
cooling (with finite energy and control complexity, but infinite time) but not at the Landauer limit. To see this, we first observe
that the entropy of the final pure state of the system S vanishes, such that ∆̃SS = S [τ(β)]. Evaluating this entropy, one obtains

S [τ(β)] = −tr [τ log(τ)] = −
∞∑

n=0

e−βωn(1− e−βω) log
[
e−βωn(1− e−βω)

]
= −

∞∑

n=0

e−βωn(1− e−βω)
[
−βωn+ log(1− e−βω)

]

=
βωe−βω

1− e−βω + βω + log
( e−βω

1− e−βω
)

=
βω

1− e−βω + log
( e−βω

1− e−βω
)
. (E31)

Using the results from Eqs. (E30) and (E31), we can thus compare the expressions for β∆EM and ∆̃SS , and we find that
β∆EM − ∆̃SS > 0 for all nonzero initial temperatures. The origin of this difference is easily identified: Although the protocol
results in an uncorrelated final state because the system is left in a pure state, that is, I(S :M)%′SM = 0, the last termD(%′M‖τM)
in Eq. (3) is nonvanishing for nonzero temperatures because the protocol does not result in a thermal state of the machine.

With this, we have thus shown that perfect cooling is indeed possible using a finite energy cost and a finite control complexity
in every one of infinitely many steps (thus using diverging time). As we have seen, the structural requirement of an infinite-
dimensional effective machine Hilbert space can be met by realisingM as a single harmonic oscillator. Although the presented
protocol does not minimise the energy cost to saturate the Landauer bound, we cannot at this point conclusively say that it is not
possible to do so in this setting. However, we suspect that a more complicated energy-level structure of the machine is necessary.

Finally, let us comment again on the notion of control complexity in terms of effective machine dimension as opposed to the
notion of complexity that is often (loosely) associated with the distinction between Gaussian and non-Gaussian operations. As
we see from the protocols presented here, the concept of control complexity based on the nontrivially accessed Hilbert-space
dimension of the machine indeed captures the resource that must diverge in order to reach the ground state, while the intuition
of complexity associated with (non)-Gaussian operations, albeit valid as a characterisation of a certain practical difficulty in
realising such operations, seems to be irrelevant for determining if the ground state can be reached. In the protocol presented in
this section, non-Gaussian operations with finite control complexity are used in each step to reach the ground state. Infinitely
many steps (i.e., diverging time) could then be traded for a single (also non-Gaussian) operation of infinite control complexity,
performed in unit time. In the previous protocol based on Gaussian operations (Appendix E2a), the control complexity diverges
in every single step of the cooling protocol, but only when there are infinitely many such steps (diverging time) or one operation
in unit time on infinitely many modes (see below), can we reach the ground state. However, in the latter case, the operation,
although acting on a diverging number of harmonic oscillators, remains Gaussian, as we now show explicitly.

E3. Diverging Control Complexity Cooling Protocol for Harmonic Oscillators

Here we give a protocol for perfectly cooling a harmonic oscillator in unit time and with the minimum energy cost, but with
diverging control complexity. In accordance with Theorem 3, the machines used to cool the target system will likewise be
harmonic oscillators. Let the operators a (a†) and bk (b†k) respectively denote the annihilation (creation) operators of the target
system and a machine subsystem labelled k. We then consider the the unitary transformation in Eq. (E14), namely

Uk := ei
π
2 (a†bk+ab†k). (E32)

One can then apply the diverging-time cooling protocol from Appendix E2a to cool the system to the ground state at the Landauer
limit via the total unitary transformation

Utot := lim
N→∞

U(N), with U(N) :=
N∏

k=1

Uk. (E33)

We now seek the Hamiltonian that generates Utot. First note that U(N)aU
†
(N) = ib1 and

U(N)bkU
†
(N) =





−bk+1, for k < N

ia, for k = N

bk, for k > N

, (E34)

which can be proven by induction. In contrast with Appendix E2a, here we use the complex representation of the sym-
plectic group to describe the transformation, i.e., the set of matrices S satisfying SKS† = K, where K := 11N ⊕
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(−11N ). Gathering the raising and lowering operators of the target system and the first N machines into the vector ~ξ :=(
a b1 b2 . . . bN a† b†1 b†2 . . . b†N

)T
, we can write the transformation above as U(N)

~ξ U†(N) = ST~ξ [57], where

S =

(
α(N) 0

0 α(N)

)
, with α(N) :=




0 0 0 . . . 0 i

i 0 0 . . . 0 0

0 −1 0 . . . 0 0

0 0 −1 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . −1 0




. (E35)

Now, defining the matrix of Hamiltonian coefficients h(N) implicitly by U(N) =: exp(−i~ξ † · h(N) · ~ξ), we have that S =

exp(−iKh(N)) [57], i.e., h(N) = iK log(ST) = iK log(S)T, where we take the principal logarithm. To calculate this, we must
diagonalise the matrix α(N) in Eq. (E35). The eigenvalues of α(N) are

λk := −e−iπ 2k−1
N+1 , with k ∈ {1, 2, . . . , N + 1}, (E36)

i.e., the negative of the (N + 1)th roots of −1, and it is diagonalised by the unitary matrix V constructed from the eigenvectors
~vk:

V :=
(
~v1 ~v2 ~v3 . . . ~vN+1

)
with ~vk :=

−1√
N + 1




i(−λk)−1

(−λk)−2

(−λk)−3

...

(−λk)−(N+1)



. (E37)

Specifically, α(N) = V DV †, where D := diag(λ1, λ2, . . . , λN+1), and thus

hT
(N) = iK log

(
V DV † 0

0 V DV †

)
= iK

(
V 0

0 W

)(
log(D) 0

0 log(D)

)(
V † 0

0 V †

)
=:

(
A 0

0 −A

)
(E38)

for some matrix A. By direct calculation, one finds that

Ajk = iδj1iδk1
π

(N + 1)2

N+1∑

p=1

(2p− 2−N)e−iπ
2p−1
N+1 (j−k). (E39)

Now, considering the identity

N+1∑

p=1

eiθp =
eiθ(N+1) − 1

1− eiθ (E40)

for θ ∈ R, as well as its derivative with respect to θ, one can calculate the sum in Eq. (E39). We then have

lim
N→∞

Ajk =

{
0, for j = k

iiδj1iδk1 1
j−k , for j 6= k

. (E41)

Then, finally, we have that Utot = e−iHtot , where Htot = limN→∞
(
~v † · h(N) · ~v

)
, i.e.,

Htot = −
∞∑

j=2

(
1

j − 1
b†ja+ H.c.

)
+

∞∑

j,k=1; j 6=k

i

j − k b
†
jbk. (E42)

Thus, the system is cooled to the ground state at an energy cost saturating the Landauer bound, and in unit time, but via a
procedure that implements a multi-mode Gaussian unitary on a diverging number of modes.
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Appendix F: Cooling Protocols in the Incoherent-Control Paradigm

In this section, we investigate the required resources to cool the target system within the incoherent-control paradigm. For
simplicity, we consider only the finite-dimensional setting. Here, we have a qudit target system S interacting resonantly (i.e.,
in an energy-conserving manner) with a qudit machine M, which is partitioned into one part, C, in thermal contact with the
ambient environment at inverse temperature β and another part,H, in contact with a hot bath at inverse temperature β

H
< β. The

Hamiltonians for each subsystem are HX =
∑dX−1
n=0 nωX |n〉〈n|X ; the energy resonance condition enforces that ωH = ωC − ωS .

For the most part in this section, we focus on equally spaced Hamiltonians for simplicity; we comment specifically whenever
we consider otherwise.

In order to cool the target system, we aim to compress as much population as possible into the its lowest energy eigenstates
via interactions that are restricted to the energy-degenerate subspaces of the joint SCH system. Thus we are restricted to global
energy-conserving unitaries UEC that satisfy

[HS +HC +HH, UEC] = 0. (F1)

In Ref. [38], it was shown that for the case where all three subsystems are qubits, the optimal global unitary in this setting
(inasmuch as they render the target system in the coldest state possible given the restrictions) is

UEC = |0, 1, 0〉〈1, 0, 1|SCH + |1, 0, 1〉〈0, 1, 0|SCH + 1̄1, (F2)

where 1̄1 denotes the identity matrix on all subspaces that are not energy-degenerate. Considering the generalisation to qudit
subsystems, it is straightforward to see that, for equally spaced Hamiltonians, the optimal global unitaries must be of the form

UEC =

[
d−2∑

m,n,l=0

|m,n+ 1, l〉〈m+ 1, n, l + 1|SCH + |m+ 1, n, l + 1〉〈m,n+ 1, l|SCH

]
+ 1̄1. (F3)

For the most general case where the Hamiltonians of each subsystem are arbitrary, it is not possible to write down a generic
form of the optimal unitary, since the energy-resonant transitions that lead to cooling the target now depend on the microscopic
details of the energetic structure. Nonetheless, in Appendix G, we provide a protocol (i.e., not the unitary per se, but a sequence
of steps) in this setting that attains perfect cooling and saturates the Carnot-Landauer limit.

Intuitively, the above types of unitaries simply reshuffle populations that are accessible through resonant transitions. For the
purpose of cooling, one wishes to do this in such a way that the largest population is placed in the lowest energy eigenstate of
the target system, the second largest in the second lowest energy eigenstate, and so on (in line with the optimal unitaries in the
coherent-control setting); indeed, on the energy-degenerate subspaces accessible, such unitaries act precisely in this way. It is
straightforward to show that interactions of this form satisfy Eq. (F1).

For the sake of simplicity, we now focus on the case where all systems are qubits, although the results generalise to the qudit
setting. Consider the initial joint state %SCH =

∑1
m,n,l=0 pmnl|m,n, l〉〈m,n, l|SCH. By applying a unitary UEC of the form given

in Eq. (F3), the post-transformation joint state is

%′SCH = UEC%SCHU
†
EC

= %SCH + ∆p |0, 1, 0〉〈0, 1, 0|SCH −∆p |1, 0, 1〉〈1, 0, 1|SCH, (F4)

where ∆p := p101−p010 indicates the amount of population that has been transferred from the excited state of the target system
to the ground state throughout the interaction. Naturally, in order to cool the target system, ∆p ≥ 0, i.e., the initial population
p101 must be at least as large as p010.

Due to the energy-conserving nature of the global interaction, the energy exchanged between the subsystems throughout a
single such interaction, ∆EX = tr

[
HX (%′X − %X )

]
, can be calculated via

∆ES = −ωS∆p, ∆EC = ωC∆p, ∆EH = −ωH∆p. (F5)

Thus, for a fixed energy-level structure of all subsystems (i.e., given the local Hamiltonians), one only requires knowledge of the
pre- and post-transformation state of any one of the subsystems to calculate the energy change for all of them.

F1. Diverging Energy: Proof of Theorem 5

The first thing to note is that in the incoherent-control paradigm, even when one allows for the energy cost, i.e., the heat
drawn from the hot bath, to be diverging, it is not possible to perfectly cool the target system, as presented in Theorem 5. The
intuition behind this result is that the target system can only interact with energy-degenerate subspaces of the hot and cold
machine subsystems. The optimal transformation that one can do here to achieve cooling is to transfer the highest populations
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of any such subspace to the lowest energy eigenstate of the target system; however, any such subspace has population strictly
less than one for any 0 ≤ βH ≤ β < ∞ independently of the energy structure. Moreover, the difference from one can be
bounded by a finite amount that does not vanish independent of the energy level structure of any machine of finite dimension.
This makes it impossible to attain a subspace population of one even as the energy cost diverges for any fixed and finite control
complexity. It follows that the ground-state population of the target system can never reach unity in a single operation of finite
control complexity and hence perfect cooling cannot be achieved.

Precisely, we show the following. Let S be a finite-dimensional system of dimension dS with associated Hamiltonian with
finite but otherwise arbitrary energy gaps HS =

∑dS−1
i=0 ωiS |i〉〈i|S , and let dC and dH be integers denoting the dimensions of the

cold and hot parts of the machine respectively. Then it is impossible to cool the system S in the incoherent-control paradigm, i.e.,
using energy-conserving unitaries involving C and H at some initial inverse temperatures β, β

H
respectively, arbitrarily close to

the ground state. Note that, in particular, this result holds irrespective of the energy level structure of C andH and no matter how
much energy is drawn from the hot bath as a resource.

In order to set notation for the following, we assume ωiX ≥ ωjX for i ≥ j and ω0
X = 0, where ωiX denotes the ith energy

eigenvalue of system X with X ∈ {S, C,H}. We also assume the initial states on S and C to be thermal at inverse temperature
β, andH is assumed to be initially in a thermal state at inverse temperature β

H
≤ β. We denote by piX the ith population of system

X in a given state, i.e., piX = 〈i|%X |i〉, where |i〉 denotes the ith energy eigenstate of %X . We will also write pijk := piSp
j
Cp
k
H.

The intuition behind the proof is as follows. The global ground state level of the joint hot-and-cold machine has some non-zero
initial population for any finite-dimensional machine; in particular it can always be lower-bounded by 1

dCdH
for any Hamiltonians

and initial temperatures, which is strictly greater than zero as long as the dimensions remain finite. Fixing the control complexity
of any protocol considered here to be finite in value thus implies a lower bound on the initial ground state population of the total
machine that is larger than zero by a finite amount. Depending on the energy level structure of the hot and cold parts of the
machine, there may be other non-zero initial populations, but in order to cool the target system S perfectly, at least all of the
previously mentioned populations must be transferred into spaces spanned by energy eigenstates of the form |0jk〉SCH. This
intuition is formalised via Lemma 2, where we show that independent of the energy structure of C and H, one must be able to
make such transfers of population in order to perfectly cool S. However, in order to make such transfers in an energy conserving
manner, all energy eigenstates of the form |i00〉SCH must be degenerate with some of the form |0jk〉SCH. This degeneracy
condition, in turn, also implies that every energy eigenstate of the form |0jk〉SCH has an associated initial population p0jk that is
non-vanishing for all machines of finite dimension (i.e., for all protocols with finite control complexity). Thus, upon transferring
some population pi00 into the subspace spanned by |0jk〉SCH, i.e., one of a relevant form for the population to contribute to
the final ground state population of the target, one inevitably transfers some finite amount of population away from the relevant
space and into |i00〉SCH, which does not contribute to the final ground state population of the target. We formalise this intuition
in the discussion following Lemma 2. In this way, no matter what one does, there is always a finite amount of population, which
is lower-bounded by some strictly positive number due to the constraint on control complexity, that does not contribute to the
final ground state population of the target, implying that perfect cooling is not possible.

The formal proof occurs in two steps. We first show that some specific degeneracies in the joint SCH system must be present in
order to be able to even potentially cool S arbitrarily close to the ground state. We then prove that, given the above degeneracies,
one cannot cool the system S beyond a fixed ground-state population that is independent of the energy structure of C and H; in
particular, one can draw as much energy from the hot bath as they like and still do no better. We begin with the following lemma.

Lemma 2. Given S, dC and dH as above, one can reach a final ground-state population of the system S arbitrarily close to one
in the incoherent-control setting only if each |i00〉SCH, where i ∈ {1, . . . , dS − 1}, energy eigenstate is degenerate with at least
one |0jk〉SCH energy eigenstate, where j ∈ {0, . . . dC − 1}, k ∈ {0, . . . dH − 1}.

Proof. Suppose that there exists an i∗ ∈ {1, . . . , dS − 1} such that |i∗00〉SCH is not degenerate with any |0jk〉SCH, where
j ∈ {0, . . . dC − 1}, k ∈ {0, . . . dH − 1}. We show that, then, one cannot cool S arbitrarily close to zero.

Let Bi denote the degenerate subspace of the total Hamiltonian HS + HC + HH, where HX denotes the Hamiltonian of
system X ∈ {S, C,H}, that contains the eigenvector |i00〉SCH. Then, any energy conserving unitary UEC used to cool the system
in the incoherent-control paradigm must act within such Bi subspaces, i.e., UEC =

⊕
i UBi (this is a direct consequence of

[UEC, HS + HC + HH] = 0, see, e.g., Lemma 5 of Ref. [30]). This means in particular that the initial population of |i∗00〉SCH
can only be distributed within Bi∗ , and as no eigenvector of the form |0jk〉SCH is contained in Bi∗ by assumption, it can never
contribute to the final ground state population of S, which we denote p̃0

S . So we have

p̃0
S ≤ 1− pi∗00. (F6)

Now, as for X ∈ {C,H}, with any {ωiX} such that each ωiX ≥ 0 with ω0
X = 0 and any inverse temperature β ≥ 0, we have for

the partition function ZS that

ZX = 1 + e−βω
1
X + · · ·+ e−βω

dX−1

X ≤ dX , (F7)
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and so we have the following bound on the initial populations associated to each eigenvector |i00〉SCH

pi00 =
e−βω

i
S

ZSZCZH
≥ e−βω

i
S

ZSdCdH
> 0 ∀ i ∈ {1, . . . , dS − 1}. (F8)

Combining the above, we have that

p̃0
S ≤ 1− e−βω

i∗
S

ZSdCdH
< 1. (F9)

So as desired, we have shown that one cannot cool beyond 1− e−βω
i∗
S

ZSdCdH , a bound strictly smaller than 1 for any finite-dimensional
machine (i.e., for any protocol using only finite control complexity) and independent of the energies of C andH.

We can now proceed to the second step of the proof of Theorem 5.

Proof. To this end, consider any i∗ ∈ {1, . . . , dS − 1}. If |i∗00〉SCH is not degenerate with any |0jk〉SCH, our assertion is proven
by Lemma 2. On the other hand, if there is a j∗ ∈ {0, . . . , dC − 1} and a k∗ ∈ {0, . . . , dH − 1} for which |i∗00〉SCH and
|0j∗k∗〉SCH are degenerate, then Bi∗ , the degenerate subspace containing |i∗00〉SCH, also contains |0j∗k∗〉. Now Bi∗ may also
contain other eigenvectors of the form |0jk〉SCH, i.e., some other |0j′k′〉SCH with j′ ∈ {0, . . . , dC − 1}, k′ ∈ {0, . . . , dH − 1}.
Crucially, each such eigenvector in Bi∗ must have an associated minimal amount of initial population as long as the machine
is finite-dimensional. Indeed, for any such |0j∗k∗〉SCH in Bi∗ , we have the condition ωj

∗
C + ωk

∗
H = ωi

∗
S and so ωj

∗
C ≤ ωi

∗
S ,

ωk
∗
H ≤ ωi

∗
S , implying that βωj

∗
C ≤ βωi

∗
S and βHωk

∗
H ≤ βωi

∗
S . Thus we have the bound

p0j∗k∗ =
e−βω

j∗
C e−βHω

k∗
H

ZSZCZH
≥ e−2βωi

∗
S

ZSZCZH
≥ e−2βωi

∗
S

ZSdCdH
=: qi∗ . (F10)

Now, take any particular i∗ ∈ {1, . . . , dS − 1} and let πi∗ be the dimension of Bi∗ , µ the number of energy eigenstates of the
form |0jk〉SCH that Bi∗ contains and ν = π − µ the number of energy eigenstates of the form |ijk〉SCH, where i 6= 0, that Bi∗
contains. So

Bi∗ = span{|0jk〉, |0j2k2〉, . . . , |0jµkµ〉, |i∗00〉, |i2`2m2〉, . . . , |iν`νmν〉}. (F11)

Let v = {p0jk, p0j2l2 , . . . , p0jµkµ , pi∗00, pi2`2m2
, . . . , piν`νmν} be the vector of initial populations associated to the eigenvectors

of Bi∗ , and v↑ be the vector whose components are those of v arranged in non-decreasing order. Using Schur’s theorem [54],
we know that after applying any unitary transformation UBi∗ on the relevant energy-degenerate subspace, then the vector of
transformed populations, ṽ, is majorised by v. In particular, labelling the vector elements by vα, we have

p̃i∗00 +
ν∑

α=2

p̃iα`αmα ≥
ν∑

α=1

v↑α. (F12)

We now claim that
∑ν
α=1 v

↑
α ≥ qi∗ from Eq. (F10). Indeed, as v has at most ν − 1 elements that do not belong to the set

A := {p0jk, p0j2k2
, . . . , p0jµkµ , pi∗00}, at least one element of A must contribute to the sum

∑ν
α=1 v

↑
α. Let x be that element.

As v↑α ≥ 0 for all α = 1, . . . , π = µ+ ν, we have
ν∑

α=1

v↑α ≥ x. (F13)

Now as p0jγkγ ≥ qi∗ for all γ = 2, . . . , µ, we have

x ≥ min(qi∗ , pi∗00) = qi∗ , (F14)

where pi∗00 ≥ qi∗ can be seen from Eq. (F10), as claimed.
As the l.h.s. of Eq. (F12) represents the amount of population in the subspace Bi∗ that does not contribute to the final

ground-state population of the target system, we have

p̃0
S ≤ 1−

(
p̃i∗00 +

ν∑

α=2

p̃iα`αmα

)
≤ 1− qi∗ = 1− e−2βωi

∗
S

ZSdCdH
. (F15)

So, for any finite-dimensional machine, one cannot cool the system S beyond 1 − e−βω
i∗
S

ZSdCdH , a bound strictly smaller than 1 and
independent of the energy structure of C andH, as desired.
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As a concrete example, consider the case where all systems are qubits. The initial joint state is

%(0)
SCH =

(|0〉〈0|+ e−βωS |1〉〈1|)S ⊗ (|0〉〈0|+ e−βωC |1〉〈1|)C ⊗ (|0〉〈0|+ e−βHωH |1〉〈1|)H
ZS(β, ωS)ZC(β, ωC)ZH(β

H
, ωH)

. (F16)

The only energy-conserving unitary interaction that is relevant for cooling is the one that exchanges the populations in the lev-
els spanned by |010〉 and |101〉, which have initial populations e−βωC

ZS(β,ωS)ZC(β,ωC)ZH(βH ,ωH) and e−βωS e−βHωH
ZS(β,ωS)ZC(β,ωC)ZH(βH ,ωH)

respectively, which are both strictly less than one. The necessary condition for any cooling to be possible implies that
e−βωSe−βHωH ≥ e−βωC ; now, performing the optimal cooling unitary leads to the final ground-state population of the tar-
get system

p′S(0) = 〈0| trCH
[
U%(0)
SCHU

†
]
|0〉S =

1 + e−βHωH(1 + e−βωS + e−βωC )
ZS(β, ωS)ZC(β, ωC)ZH(β

H
, ωH)

< 1. (F17)

Indeed, using e−βωSe−βHωH ≥ e−βωC ,

p′S(0) ≤ 1 + e−βHωHe−βωS

ZS(β, ωS)ZC(β, ωC)
≤ 1

ZC(β, ωC)
≤ 1. (F18)

The second inequality is strict unless βH = 0 or ωH = 0. In the both cases, for equality in the first inequality, we need
βωS = βωC. If β = 0, then ZC(β, ωC) = 2 and the last inequality is strict. If ωS = ωC, no cooling is possible; hence
p′S(0) = pS(0) < 1.

F2. Diverging Time / Control Complexity

We now move to analyse the case where diverging time is allowed, where we wish to minimise the energy cost and control
complexity throughout the protocol over a diverging number of energy-conserving interactions between the target system and the
hot and cold subsystems of the machine. We again consider all three systems to be qubits, but the results generalise to arbitrary
(finite) dimensions. Here, the machines and ancillas begin as thermal states with initial inverse temperatures β and β

H
≤ β

respectively. Just as in the diverging time cooling protocol in the coherent-control setting presented in Appendix C, we will
consider a diverging number of machines, with slightly increasing energy gaps, in a configuration such that the target system
interacts with the nth machine at time step n. Suppose that after n steps of the protocol, the target qubit has been cooled to some
inverse temperature βn > β; equivalently, this can be expressed as a thermal state with corresponding energy gap ωn = βn

β ωS .
We now wish to interact the target system τS(βn, ωS) with a machineMn+1 with slightly increased energy gaps with respect to
the most recent oneMn, i.e., we increase the energy gaps of the cold subsystem C from ωn to ωn+1 = ωn + εn; the resonance
condition enforces the energy gap of the hot subsystem H to be similarly increased to ωn + εn − ωS . Thus, the next step of the
protocol is a unitary acting on the global state

%(n)
SCH = τS(βn, ωS)⊗ τC(β, ωn + εn)⊗ τH(βH , ωn + εn − ωS). (F19)

In order to cool the target system via said unitary, we must have that p101 ≥ p010 for the state in Eq. (F19), which implies that
εn must satisfy the following condition:

e−βωn−βH(ωn+εn−ωS) ≥ e−β(ωn+εn) ⇒ εn ≥ γ(ωn − ωS) where γ :=
βH

β − β
H

. (F20)

This condition is crucial. It means that if the hot subsystem H is coupled to a heat bath at any finite temperature, i.e., βH > 0,
εn depends linearly on the inverse temperature of the target system at the previous step βn, and can thus not be taken to be
arbitrarily small. As we will now show, this condition prohibits the ability to perfectly cool the target system at the Landauer
limit for the energy cost whenever the heat bath is at finite temperature.

On the other hand, for infinite-temperature heat baths, perfect cooling at the Landauer limit is seemingly achievable; here,
β
H
→ 0 and so γ → 0, leading to the trivial constraint εn ≥ 0 which allows it to be arbitrarily small, as is required. Nonetheless,

the explicit construction of any protocol doing so in the incoherent-control setting is a priori unclear, as the restriction of energy
conservation makes for a fundamentally different setting from the coherent-control paradigm. We now explicitly derive the
optimal diverging-time protocol to perfectly cool at the Landauer limit for an infinite-temperature heat bath, thereby proving
Theorem 6.
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F3. Saturating the Landauer Limit with an Infinite-Temperature Heat Bath

Before calculating the energy cost, we briefly discuss the attainability of the optimally cool target state. We begin with all
subsystems as qubits, for the sake of simplicity, but the logic generalises to higher dimensions. In the incoherent paradigm, the
target system S interacts with a virtual qubit of the total machine M = CH that consists of the energy eigenstates |0, 1〉CH
and |1, 0〉CH, with populations p0C1H and p1C0H respectively. Suppose that at step n + 1 the cold subsystem involved in the
interaction has energy gap ωn + εn. In Ref. [38], it is shown that by repeating the incoherent cooling process (i.e., implementing
the unitary in Eq. (F3)) and taking the limit of infinite cycles, this scenario equivalently corresponds to the general (coherent)
setting where arbitrary unitaries are permitted and the target system interacts with a virtual qubit machine with effective energy
gap ωeff

n given by

e−βω
eff
n :=

p1C0H

p0C1H

= e−β(ωn+εn) eβH(ωn+εn−ωS) ⇒ ωeff
n = ωn + εn −

β
H

β
(ωn + εn − ωS). (F21)

It is clear that for finite-temperature heat baths, i.e., β
H
> 0, the effective energy gap ωeff

n is always smaller than the energy gap
of the machine at any given step, i.e., ωeff

n ≤ ωn+ εn; on the other hand, equality holds iff the heat bath is at infinite temperature,
i.e., βH → 0. Thus, in the infinite-temperature case, given a target system beginning at some step of the protocol in the state
%∗S(β, ωn), it is possible to get close to the asymptotic state %∗S(β, ωn + εn); if the temperature is finite, however, this state is
not attainable (even asymptotically). Following the arguments in Appendix C, i.e., considering a diverging number of machines,
each of which having the part connected to the cold bath with energy gap ωCn = ωn + εn and taking the limit of εn → 0, which
one can only do if the hot bath temperature is infinite, allows one to cool perfectly in diverging time in the incoherent paradigm
at the Landauer limit.

We now calculate the energy cost explicitly for the infinite-temperature heat bath case, precisely demonstrating attainability
of the Landauer limit. We use a similar approach to that described in Appendix C: We have a diverging number of cold
machines for each energy gap ωn, with which the target system at the n − 1th time step interacts; for an infinite-temperature
heat bath, i.e., H is in the maximally mixed state independent of its energy structure, the state of the target system at each step
%∗S(β, ωn−1) is achievable. From Eq. (F5), the energy change between all subsystems for a given step of the protocol, i.e., taking
%∗S(β, ωn−1)→ %∗S(β, ωn), can be calculated as

∆E(n)
S = tr

[
HS(ωS)(%∗S(β, ωn)− %∗S(β, ωn−1)

]

∆E(n)
C = −tr

[
HC(ωn)(%∗S(β, ωn)− %∗S(β, ωn−1)

]

∆E(n)
H = tr

[
HH(ωn − ωS)(%∗S(β, ωn)− %∗S(β, ωn−1)

]
(F22)

In general, i.e., for finite-temperature heat baths, we would have ωn = ωn−1 + εn−1, with a lower bound on εn−1 for cooling
to be possible [in accordance with Eq. (F20)]. However, for infinite-temperature heat baths, this lower bound trivialises since
the energy structure of the hot machine subsystem plays no role in its state; thus we can choose the energy gap structure for the
machines as {ωn = ωS + nε}Nn=1 with ε arbitrarily small. Taking the limit ε→ 0, the diverging time limit N →∞, and writing
ω
N

= ωmax for the maximum energy gap of the cold machine subsystems, the energy exchanged throughout the entire cooling
protocol here is given by

∆ES = lim
N→∞

N∑

n=1

∆E(n)
S = tr

[
HS(ωS)(%∗S(β, ωmax)− %∗S(β, ωS)

]

∆EC = lim
N→∞

N∑

n=1

∆E(n)
C =

1

β

{
S[%∗S(β, ωS)]− S[%∗S(β, ωmax)]

}
=

1

β
∆̃SS

∆EH = lim
N→∞

N∑

n=1

∆E(n)
H = −∆ES −∆EC. (F23)

Here, the expression for ∆EC can be derived using the same arguments as presented in Appendix C1. In particular, the heat
dissipated by the cold part of the machine, which is naturally connected to the heat sink in the incoherent setting as an infinite-
temperature heat-bath can be considered a work source since any energy drawn comes with no entropy change, is in accordance
with the Landauer limit. It is straightforward to obtain the same result for qudit systems. Lastly, in a similar way to the other
protocols we have presented, one could compress all of the diverging number of operations into a single one whose control
complexity diverges, thereby trading off between time and control complexity.
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F4. An Analysis of Finite-Temperature Heat Baths

We now return to the more general consideration of finite-temperature heat baths, i.e., 0 < β
H
≤ β. In the case where

β
H

= β, from Eq. (F21), it is straightforward to see that for any machine energy gap ωn, the effective gap ωeff
n is equal to the

gap of the target system, which means that no cooling can be achieved in the incoherent paradigm. Nonetheless, for any H
subsystem coupled to a heat bath of inverse temperature β

H
< β, cooling is possible. We first provide more detail regarding

why cooling at the Landauer limit is not possible in this setting, before deriving the minimal energy cost in accordance with the
Carnot-Landauer limit presented in Theorem 4; in Appendix G, we provide explicit protocols that saturate this bound for any
finite-temperature heat bath and arbitrary finite-dimensional systems and machines.

Suppose that at some step n one has the initial joint state of Eq. (F19), where εn = γ(ωn −ωS) + ε and ωn = ωS + nε. Here,
γ is as in Eq. (F20). We now wish to cool the target system to %∗S(β, ωn + ε). For cooling to be possible in the incoherent setting
here, we need the cold machine subsystem to have an energy gap of at least ωn + εn; moreover, with a finite-temperature heat
bath, this energy gap is insufficient to achieve the desired transformation [see Eq. (F20)]. Based on Eq. (F5), we can see that
nonetheless, if we calculate the hypothetical energy change in this scenario if it were possible, we can derive a lower bound for
the actual energy cost incurred. Employing Eq. (F22), we have

∆E(n+1)
C ≥ −tr{HC(ωn + εn)[%∗S(β, ωn + ε)− %∗S(β, ωn)]}

= −tr{HC[(γ + 1)ωn − γωS + ε][%∗S(β, ωn + ε)− %∗S(β, ωn)]}
= −tr{HC[(γ + 1)ωn − γωS + ε+ γε− γε][%∗S(β, ωn + ε)− %∗S(β, ωn)]}
= −(γ + 1)tr{HC(ωn + ε)[%∗S(β, ωn + ε)− %∗S(β, ωn)]}+ γtr{HC(ωS + ε)[%∗S(β, ωn + ε)− %∗S(β, ωn)]}
= (γ + 1)∆E∗(n+1)

C + γ∆E∗(n+1)
S + γtr{HC(ε)[%∗S(β, ωn + ε)− %∗S(β, ωn)]}, (F24)

where we have made use of the fact that for equally spaced Hamiltonians, the structure of the Hamiltonians on each subsystem
take the same form [i.e., we can write, with slight abuse of notation, HC(ω + ωS) = HC(ω) + HS(ωS)]. We use the star in
∆E∗A to denote the idealised energy cost [i.e., that corresponding to what would be achievable in the infinite-temperature setting;
see Eq. (F22)] and the energy costs without the star to represent those for when the temperature of the heat bath is finite. The
additional term tr{H(γε)[%∗S(β, ωn + ε)− %∗S(β, ωn)]} vanishes for ε→ 0.

Summing up these contributions for a diverging number of steps gives the lower bound for the heat dissipated throughout the
entire protocol for cooling an initial state τS(β, ωS) to some final τS(βmax, ωS) is given by

∆EC = lim
N→∞

N∑

n=1

∆E(n+1)
C

≥ (γ + 1)
1

β
∆̃SS + γ∆ES

=
1

β
∆̃SS + γ

(
∆ES +

1

β
∆̃SS

)
. (F25)

Note that for infinite-temperature heat baths, γ → 0 and the usual Landauer limit is recovered; nonetheless, for finite-temperature
heat baths, γ > 0 and there is an additional energy contribution, implying that the Landauer limit cannot be achieved. Moreover,
note that the expression inside the parenthesis in the second term above is always non-negative, as it is the free energy difference
of the system during the cooling process. Lastly, it is straightforward to show that this lower bound is equivalent to the Carnot-
Landauer limit in Eq. (A14), which was derived in a protocol-independent manner as the ultimate limit in the incoherent-control
setting. We now present explicit protocols that saturate this bound.

Appendix G: Perfect Cooling at the Carnot-Landauer Limit in the Incoherent-Control Paradigm

The precise statement that we wish to prove regarding saturation of the Carnot-Landauer limit is the following:

Lemma 3. For any β∗ ≥ β > βH and ε1,2 > 0, there exists a cooling protocol in the incoherent-control setting comprising a
number of unitaries of finite control complexity which, when the number of operations diverges, cools to some final temperature
β′ that is arbitrarily close to the ideal temperature value β∗, i.e.,

|β′ − β∗| < ε1, (G1)

with an energy cost, measured as heat drawn from the hot bath, that is arbitrarily close to the ideal Carnot-Landauer limit, i.e.,
∣∣∣∆EH − η−1∆̃F (β)

S

∣∣∣ < ε2, (G2)
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where η = 1− βH/β and ∆F (β)
S = Fβ(%′S)− Fβ(%S) is the free energy difference between the initial %S = τS(β,HS) and final

%′S = τS(β∗, HS) system states (w.r.t. inverse temperature β).

We begin by presenting the diverging-time protocol that saturates the Carnot-Landauer limit when all three subsystems S, C,H
are qubits. The simplicity of this special case allows us to calculate precisely bounds on the number of operations required to
reach any chosen error threshold. Building on this intuition, we then present the generalisation to the case where all systems
are qudits. The protocols with diverging control complexity follow directly via the same line of reasoning presented in the main
text.

G1. Qubit Case

We begin with setting some notation and intuition for the proof, before expanding on mathematical details.
Sketch of Protocol.—The protocol consists of the following. There are N stages, each labelled by n ∈ {1, 2, ..., N}. Each

stage proceeds as follows:

• A qubit with energy gap ωS+nθ is taken from the cold part of the machine, and a qubit with energy gap nθ is taken from the
hot part (see below). The initial state of the machine at the beginning of the nth stage is thus τC(β, ωS+nθ)⊗ τH(β

H
, nθ).

• The energy-preserving three qubit unitary cycle in the {010, 101}SCH subspace is performed [see Eq. (F3)], after which
the cold and hot qubits are rethermalised to their respective initial temperatures.

• The above steps are repeated mn times.

The energy increment θ is defined as

θ :=
ωS
N

(
β∗ − β
β − βH

)
, (G3)

while the number of repetitions within each stage is given by

mn =

⌈
log(δ)

log(1−N (n)
V )

⌉
. (G4)

d·e is the ceiling function, and N (n)
V

is the sum of the initial thermal populations in the {01, 10}CH subspace of the machine, i.e.,

N (n)
V

:= 〈01|τC(β, ωS + nθ)⊗ τH(β
H
, nθ)|01〉+ 〈10|τC(β, ωS + nθ)⊗ τH(β

H
, nθ)|10〉. (G5)

The parameter δ will be chosen appropriately to complete the proof (δ = 1/N2 works).
The intuition for the proof is as follows. We first consider how the populations of the target system changes in the idealised

protocol where mn → ∞, so that in each stage, the system reaches the virtual temperature determined by the CH qubits. We
can use this ideal setting to find expressions for the final temperature and energy cost, which serves as a baseline that we wish to
attain to within arbitrary precision. We then consider the protocol as constructed above with a finite number of repetitions mn

in each stage, and show that its expressions for temperature and work cost are close (w.r.t. 1/N ) to the original expressions, and
by taking N to be sufficiently large but still finite (i.e., in the diverging time limit), we prove that the protocol can be arbitrarily
close in temperature and energy cost to the ideal values.

Proof. We label the population in the excited state of the target system at the end of stage n as pn. Thus p0 is the initial population
and p

N
is the final population in the excited level of the target system qubit, i.e., that spanned by |1〉〈1|S . We also label by qn

what the corresponding population pn would hypothetically be in the limit mn →∞. This value can be calculated by matching
the temperature of the target system qubit to the temperature of the {01, 10}CH virtual qubit within the machine (see Appendix
G in Ref. [38]). Thus qn is defined via the Gibbs ratio

qn
1− qn

= e−β(ωS+nθ)e+βHnθ = e−βωSe−(β−βH)nθ. (G6)

Note that

1. {pn}, {qn} are both monotonically decreasing sequences, as each stage cools the target qubit further.

2. pn > qn for all n, as more repetitions within each stage keep cooling the target qubit further.
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To keep track of the energetic resource cost, which we will take here to be the total heat drawn from the hot bath, we must
sum the energetic contribution from each time the hot qubit is rethermalised to βH after the application of the three-party cycle
unitary. Due to the fact that the only manner in which the population of the hot qubit changes is due to the {010, 101}SCH
exchange, it follows that any population change in the hot qubit is identical to the population change in the target system qubit.

Focusing on a single stage, where the machine qubits are fixed in energy gap, the total population change in the hot qubit that
must be restored by the hot bath is therefore equal to the population change in the target system throughout that stage. The heat
drawn from the hot bath throughout the entire stage is therefore

∆̃E(n)
H = ω

(n)
H (pn−1 − pn) = nθ(pn−1 − pn). (G7)

With these expressions derived, we can study the properties of the abstract protocol where the number of repetitions within each
stage goes to infinity: mn →∞. First, the final temperature asymptotically achieved here is given by finding the temperature β̃
associated with the qubit with excited state population q

N

qN
1− q

N

= e−β̃ωS ⇒ e−βωSe−(β−βH)Nθ = e−β̃ωS ⇒ β̃ = β∗, (G8)

where we have made use of the definition of θ in Eq. (G3). We can thus identify qN = q∗, since it is the population associated
with the ideal final temperature β∗.

We also have the following expression for the total energetic cost of the ideal protocol after N stages

∆̃E∗H =
N∑

n=1

nθ(qn−1 − qn), (G9)

which can alternatively be expressed as

∆̃E∗H =

N∑

n=1

[(n− 1)θ(qn−1 − qn)] + θ(q0 − qN) (G10)

The sums appearing in the two alternate expressions are the left and right Riemann sums of the integral of the variable y = nθ
integrated with respect to the variable q, i.e.,

I :=−
∫ q∗

q0

y dq,

where
q(y)

1− q(y)
=e−βωSe−(β−βH)y, (G11)

from Eq. (G6). For y > 0, q(y) is monotonically decreasing and so the converse is also true, i.e., y is monotonically decreasing
w.r.t. q(y). This implies that the integral is bounded by the left and right Riemann sums, so we have

N∑

n=1

(n− 1)θ(qn−1 − qn) ≤
∫ q∗

q0

y dq ≤
N∑

n=1

nθ(qn−1 − qn), (G12)

from which we can deduce that the value of ∆E∗H is itself is bounded both ways from Eqs. (G9) and (G10):

∫ q∗

q0

y dq ≤ ∆̃E∗H ≤
∫ q∗

q0

y dq + θ(q0 − q∗). (G13)

The integral itself can by expressed in terms of the free energy of the qubit target system with respect to the environment inverse
temperature β. Expressing the free energy as a function of the excited state population q and differentiating w.r.t. q gives

F (q) = 〈E〉(q)− S(q)

β
= q ωS +

1

β
[q log(q) + (1− q) log(1− q)] . (G14)

∂F

∂q
= ωS +

1

β
log

(
q

1− q

)
=

(
ωS +

1

β
(−βωS − (β − β

H
)y)

)
= −β − βH

β
y. (G15)

Using the above expression, the definite integral in Eq. (G11) amounts to

I =
1

η
[F (q∗)− F (q0)] =:

1

η
(F ∗ − F0) , (G16)
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where we have identified the Carnot efficiency η = 1 − βH/β and for ease of notation written F ∗ := F (q∗) and F0 := F (q0).
Thus we can bound ∆̃E∗H on both sides

1

η
(F ∗ − F0) ≤ ∆̃E∗H ≤

1

η
(F ∗ − F0) + θ(q0 − q∗) ≤

1

η
(F ∗ − F0) +

ωS
N

(
β∗ − β
β − βH

)
, (G17)

where the inequality in the second line follows from the fact that {qn} forms a decreasing sequence.
We now proceed to consider the cooling protocol with a finite number of repetitions mn within each stage. We first bound

the difference between pn and qn. Using the properties of the exchange unitary under repetitions [38, 58] (in particular, see
Appendix G in Ref. [38]), we have that in each stage

pn − qn
pn−1 − qn

=
(

1−N (n)
V

)mn
. (G18)

Thus, the population difference to the asymptotically achievable population given by the virtual temperature shrinks as a power
law w.r.t. the number of repetitions. Since 0 < N (n)

V
< 1 (all strict inequalities), three points follow: First, the population qn

can never be attained with a finite number of steps within the stage n; Second, that every repetition cools the system further by
some finite amount; Third, that one can get arbitrarily close to qn by taking mn sufficiently large. In fact, by our definition of
mn, we have that

pn − qn
pn−1 − qn

≤ δ. (G19)

From this, we can prove that

pn − qn ≤ δnq0 − δqn + (1− δ)δ
n−1∑

j=1

δn−j−1qj . (G20)

The proof is by induction. For n = 0, p0 = q0 (initial state), and for n = 1, using Eq. (G19)

p1 − q1 ≤ δ(p0 − q1)

= δ(q0 − q1). (G21)

Suppose that the above statement holds true for pk. Then from Eq. (G19)

pk+1 − qk+1 ≤ δ(pk − qk+1)

= δ(pk − qk + qk − qk+1)

...

≤ δk+1q0 − δqk+1(1− δ)δ +

(k+1)−1∑

j=1

δ(k+1)−j−1qj . (G22)

With this result, we can now bound the difference between the energy cost of this finite-repetition protocol and that of the
idealised one. We now proceed to prove that

∆̃EH − ∆̃E∗H =
N∑

n=1

nθ(pn−1 − pn)−
N∑

n=1

nθ(qn−1 − qn) ≤ θ


q0

N−1∑

j=1

δN−j −
N−1∑

j=1

δN−jqj


 . (G23)

We again use proof by induction. First note that we can rewrite

N∑

n=1

nθ(fn−1 − fn) = θ

(
N∑

n=1

fn−1

)
−NθfN , (G24)

for fn ∈ {pn, qn}. Therefore, we can rewrite the difference

∆̃EH − ∆̃E∗H = θ
N∑

n=1

(pn−1 − qn−1)−Nθ(p
N
− q

N
) ≤ θ

(
N∑

n=1

(pn−1 − qn−1)

)
, (G25)
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since the last subtracted term is always strictly positive. Consider now the partial sum

Ek =
k∑

n=1

(pn−1 − qn−1) . (G26)

For k = 1, E1 = 0, since p0 = q0. For k = 2, we have

E1 = (p1 − q1) ≤ δ(q0 − q1) =


q0

1∑

j=1

δ2−j −
1∑

j=1

δ2−jqj


 , (G27)

which matches the hypothesis of Eq. (G23). Assuming that the same holds true for Ek, then for Ek+1, we have

Ek+1 = Ek + (pk − qk)

≤


q0

k−1∑

j=1

δk−j −
k−1∑

j=1

δk−jqj


+


δkq0 + (1− δ)δ

k−1∑

j=1

δk−j−1qj − δqk




...

= q0

k∑

j=1

δk+1−j −
k∑

j=1

δk+1−jqj . (G28)

Then, by dropping the second sum, which is a strictly positive quantity, the difference in Eq. (G23) can be further simplified to

∆̃EH − ∆̃E∗H ≤ θq0

N−1∑

j=1

δN−j = θq0 δ

N−2∑

k=0

δk < θq0 δ(N − 1) < θq0 δN < ωS

(
β∗ − β
β − β

H

)
δ, (G29)

where we have used that δ < 1. Finally, to upper bound the number of operations required in the protocol, we bound the number
of repetitions within each stage by bounding the total population of the virtual qubit spanned by the levels {01, 10}CH as follows:

N (n)
V

= 〈01|τC(β, ωS + nθ)⊗ τH(β
H
, nθ)|01〉+ 〈10|τC(β, ωS + nθ)⊗ τH(β

H
, nθ)|10〉

=
e−βHnθ + e−β(ωS+nθ)

(1 + e−βHnθ)(1 + e−β(ωS+nθ))

>
e−β(ωS+nθ)

4
.

⇒ log
[
1−N (n)

V

]
< log

[
1− e−β(ωS+nθ)

4

]

< −e
−β(ωS+nθ)

4
if x ∈ (0, 1) ⇒ log(1− x) < −x.

⇒ − 1

log
[
1−N (n)

V

] < 4e+β(ωS+nθ) (G30)

Thus we can bound the number of repetitions in each stage from Eq. (G4). Noting that log(δ) < 0, we have

mn < 4 log (1/δ) e+β(ωS+nθ) + 1. (G31)

For a crude bound, we can replace n by its maximum value N , and sum over all the stages to find an upper bound on the total
number of three-qubit exchange unitaries implemented throughout the entire protocol, which gives

M =
N∑

n=1

mn < N
[
4 log (1/δ) e+β(ωS+Nθ) + 1

]
= N

[
4 log (1/δ) eωS(β∗−βH)/η + 1

]
. (G32)

Also, note that limδ→0 pN = q
N

= q∗. More precisely, using Eq. (G20), we have

p
N
− q∗ < δ


δN−1q0 + (1− δ)

N−1∑

j=1

δn−j−1qj − qN



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< δ (1 + (1− δ)(N − 1)) < δN. (G33)

In summary, we have the following bounds on the protocol in which each stage consists of a finite number of steps

p
N
− q∗ < δN

∆̃EH <
1

η
(F ∗ − F0) + ωS

(
β∗ − β
β − β

H

)(
1

N
+ δ

)
, (G34)

where we have combined Eqs. (G17) and (G29) for the second expression. For simplicity, we choose δ = 1/N2, so that

p
N
− q∗ < 1

N

∆̃EH <
1

η
(F ∗ − F0) + ωS

(
β∗ − β
β − β

H

)(
2

N

)
. (G35)

Thus, given any final temperature (encoded by the population q∗), and allowed errors ε1 and ε2 for the final population and energy
cost respectively, one can always choose N large enough so that both quantities are within the error threshold. Specifically,
choosing N as

N =

⌈
max

{
ε−1
1 , 2ωS

(
β∗ − β
β − βH

)
ε−1
2

}⌉
, (G36)

we automatically have that p
N
− q∗ < ε1 and ∆EH < (F ∗−F0)/η+ ε2. The total number of unitary operations (each of which

is followed by rethermalisation of the machine) is then bounded by Eq. (G32)

M < N
(

8 log[N ]eωS(β∗−βH)/η + 1
)
. (G37)

We can see from Theorem 9 that the protocol is asymptotically optimal with respect to the energy extracted from the hot bath.

G2. Qudit Case

The extension of the proof above to the case of qudits is nontrivial. This is because, while for qubits there is only one
energy-resonant subspace that leads to cooling and hence a unique protocol [see Eq. (F3)] that asymptotically attains perfect
cooling at the Carnot-Landauer bound, this is no longer the case for higher-dimensional systems; here, there can be a number
of energy-resonant subspaces that cool the target and the question of optimality hinges crucially on the complex energy-level
structure of all systems involved. Hence, it is not possible to provide a unique unitary that generates the optimal protocol
independently of the subsystem Hamiltonians. Nonetheless, we slightly modify the protocol for the qubit case above to be
implemented on a number of particular three-qubit subspaces of the three-qudit global state such that, at the end of each stage,
the state of the target system is arbitrarily close to the (known) state which would be achieved in an abstract protocol in the
diverging-time limit. This asymptotically-attainable state is precisely that which would be achieved in the coherent-control
paradigm with a machine the same dimension as the joint hot-cold qudits. Thus, we will first begin by presenting the necessary
steps for the proof in the coherent-control setting, which we will then adapt as appropriate for the incoherent setting control.
Finally, summing the overall energy cost of said protocol over all stages saturates the Carnot-Landauer bound, as required.

Proof. An idealised sequence of temperatures and system states. We construct the incoherent protocol in the following
manner. We will seek to take the system through a sequence of thermal states starting at inverse temperature β and ending at
inverse temperature β∗ with N equally spaced intermediary steps, i.e.,

βn = β + nθ (β − βH) , (G38)

θ =
1

N

(
β∗ − β
β − βH

)
, (G39)

so that β
N

= β∗ by construction. This corresponds to taking the system through the following sequence of thermal states

%(n)
S =

e−βnHS

ZS(HS , βn)
. (G40)
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Note that, in contrast to the coherent protocol where such a sequence can be traversed by simply swapping the target system
with a sequence of appropriate machines, in the incoherent setting such a protocol is generally not possible as such swaps are not
energy conserving. Nonetheless, we will develop a modified protocol that is energy conserving and mimics this idealised one.

Corresponding to each step in the sequence, we define the following quantity, which we will eventually show to be related to
the heat drawn from the hot bath:

G(n) = −nθ∆E(n)
S = −nθ tr

[
HS

(
%(n)
S − %(n−1)

S

)]
. (G41)

We proceed to show that the total
∑
nG

(n) that we label the idealised heat cost ∆̃E∗H is close to the free energy difference over
the entire sequence. We have

∆̃E∗H =
N∑

n=1

G(n)

=

N∑

n=1

nθ tr
[
HS

(
%(n−1)
S − %(n)

S

)]
(G42)

=

{
N∑

n=1

(n− 1)θ tr
[
HS

(
%(n−1)
S − %(n)

S

)]}
+ θ tr

[
HS

(
%(0)
S − %(N)

S

)]
. (G43)

The sums on the second and third lines above, (G42) and (G43) respectively, are the right and left Riemann sums corresponding
to the following integral:

I =

∫ qf

qi

q (−dx) =

∫ qi

qf

q dx,

where nθ → q,

x = tr [HS%S(q)] ,

%S(q) =
e−[β+q(β−βH)]HS

tr
[
e−[β+q(β−βH)]HS

] . (G44)

We observe that x is the average energy of the thermal state of temperature β + q(β − βH), and thus x and q are strictly
monotonically decreasing w.r.t. each other (which explains why the left and right sums are switched). It follows that the
Riemann sums bound the integral

N∑

n=1

(n− 1)θ tr
[
HS

(
%(n−1)
S − %(n)

S

)]
≤
∫ qi

qf

q dx ≤
N∑

n=1

nθ tr
[
HS

(
%(n−1)
S − %(n)

S

)]
. (G45)

We can thus bound the idealised heat cost in both directions via

I ≤ ∆̃E∗H ≤ I + θ tr
[
HS

(
%(0)
S − %(N)

S

)]
. (G46)

The integral in Eq. (G44) can be shown to be equal to the change in free energy of the target system (w.r.t. inverse temperature
β)

F
β
[%S(q)] = tr [HS%S(q)] +

1

β
tr [%S(q) log %S(q)] ,

d
dq
F
β
[%S(q)] = tr

[(
HS +

1S + log %S(q)

β

)
d%S(q)

dq

]
. (G47)

Note that %S(q) and d%S(q) are both always diagonal in HS and full rank for all q ∈ R, so we have no problems with
log %S(q), and all of the operators in the expression are well-defined and commute. Proceeding, we repeatedly use tr [d%S(q)] =
d tr [%S(q)] = 0 and label the partition function Z(q) := tr

[
e−[β+q(β−βH)]HS

]
to obtain

d
dq
F
β
[%S(q)] = tr

[(
HS +

log %S(q)

β

)
d%S(q)

dq

]

= tr

[(
HS −

β + q(β − βH)

β
HS − 1S

logZ(q)

β

)
d%S(q)

dq

]
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= −q
(

1− βH
β

)
d
dq

tr [HS%S(q)] = −qη dx
dq
, (G48)

where we have identified the Carnot efficiency η for an engine operating between β and βH. The integral thus simplifies to

I = η−1
(
F
β
[%S(qf )]− F

β
[%S(qi)]

)
=: η−1∆F (β)

S . (G49)

The idealised heat cost is thus bounded by

η−1∆F (β)
S ≤ ∆̃E∗H ≤ η−1∆F (β)

S + θ tr
[
HS
(
%(0)
S − %(N)

S

)]
. (G50)

The left inequality is Landauer’s bound applied to cooling a target system with Hamiltonian HS (see Theorem 4), and the error
term on the right can be bounded quite easily; for instance, for β > 0, we have

tr
[
HS
(
%(0)
S − %(N)

S

)]
= tr

[(
HS − Emin

S 1S

) (
%(0)
S − %(N)

S

)]

≤ tr
[(
HS − Emin

S 1S

)
%(0)
S

]
sinceHS − Emin

S 1S is a positive operator,

≤ tr

[(
HS − Emin

S 1S

) 1S
dS

]
≤ ωmax

S

dS
, (G51)

where ωmax
S := Emax

S − Emin
S is the largest energy gap in the target system Hamiltonian and dS is the system dimension. We

have used the fact that since ρ(0)
S is a thermal state of positive temperature, its average energy is less than that of the infinite

temperature thermal state, 1S/dS . Since θ ∝ 1/N , it follows that one can always find an N large enough such that the error is
smaller than a given value, thereby saturating the Landauer bound.

A sequence of machine Hamiltonians to mimic the idealised sequence. Next we construct a protocol that mimics the above
sequence and obeys the global energy conservation condition imposed in the incoherent-control setting. The protocol is split
into N stages (like above). In each stage, the Hamiltonian of the machine is fixed. The machine here comprises to two parts:
The “cold” part and the “hot” part. The cold part is chosen to begin in a thermal state at temperature β of the Hamiltonian

HC = (1 + nθ)HS (G52)

At this point we note that this sequence of cold machine states is exactly the same as in the coherent protocol, which would
proceed by simply swapping the full state of target system and machine in each stage. However, that is not possible here since
this is not an energy preserving operation. To allow for energy preserving operations, the hot part of the machine consists of
dS(dS − 1)/2 qubits, each corresponding to a pair of levels (i, j) of the target system (henceforth we take i < j to avoid double-
counting), whose energy gap is equal to the difference in energies of the target and cold qubit subspaces (hence rendering the
desired exchange energy-resonant)

H(ij)
H = [ωi + (1 + nθ)ωj − (ωj + (1 + nθ)ωi)] |1〉〈1|(ij)H = nθ (ωj − ωi) |1〉〈1|(ij)H , (G53)

where we have labelled the energy eigenvalues of HS by {ωi}. Each of these hot qubits begins at inverse temperature β
H

. After
every unitary operation, the cold and hot parts of the machine are rethermalised to their respective initial temperatures.

To understand the choice of machine Hamiltonians, consider the following two energy eigenstates of the machine: |i〉C⊗|1〉(ij)H
and |j〉C ⊗ |0〉(ij)H . The energy difference is

∆(ij) = ωj(1 + nθ)− ωi(1 + nθ)− nθ(ωj − ωi) = ωj − ωi, (G54)

matching the energy difference between the corresponding pair of energy eigenstates of the target system. Furthermore, calcu-
lating the ratio of populations of the two levels we find

g(ij) =
e−βωj(1+nθ)

e−βωi(1+nθ)e−βHnθ(ωj−ωi)
= e−(ωj−ωi)(β+nθ(β−βH)). (G55)

This corresponds to the Gibbs ratio of a qubit at the temperature β + nθ(β − βH), which is the temperature that defines stage n
[see Eq. (G38)]. In summary, we have constructed a machine featuring dS(dS − 1)/2 qubit subspaces (or virtual qubits), each of
the same energy gap as one pair of energy eigenstates of the system, and all of which have a Gibbs ratio (or virtual temperature)
corresponding the nth temperature of our desired sequence.
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A single step of the protocol: The max-exchange. Within each stage of the protocol, a single step consists of a unitary
operation on SCH, followed by the rethermalisation of the machine parts to their respective initial temperatures. We construct
the unitary operation as follows: For every pair (i, j) of system energy levels, one can calculate the absolute value of the
difference in populations of the following two degenerate eigenstates |i〉S |j〉C|0〉(ij)H and |j〉S |i〉C|1〉(ij)H . This value corresponds
to the amount of population that would move under an exchange |i〉S |j〉C|0〉(ij)H ↔ |j〉S |i〉C|1〉(ij)H . We then choose the pair with
the largest absolute value of this difference and perform that exchange, with an identity operation applied to all other subspaces.
We call this unitary operation the max-exchange. We proceed to prove two statements about the max-exchange operation. First,
that the heat extracted from the hot bath is proportional to the change in average energy of the system; and second, that system
state under repetition of said operation converges to the thermal state of the temperature that defines the stage n.

Consider the change in average energy of the target system under the exchange unitary. The only two populations that change
are those of the |i〉S and |j〉S . We label the increase in the population of |i〉S as δp. Then, we have

∆ES = tr
[
HS
(
%′S − %S

)]
= −δp (ωj − ωi) . (G56)

On the other hand, the populations of the corresponding hot qubit (i.e., tracing out the target system and cold machine) change
by the same amount, i.e., there is a move of δp from |1〉(ij)H to |0〉(ij)H . In order to rethermalise the hot qubit, the heat drawn from
the hot bath is thus

∆̃EH = δp nθ(ωj − ωi) = −nθ∆ES . (G57)

This is an expression conveniently independent of the pair (i, j) that applies after an arbitrary number of repetitions of the
max-exchange operation (which will use different pairs in general).

Convergence of the max-exchange protocol to the virtual temperature. To show that the max-exchange protocol indeed
converges to the desired system state in each stage of the protocol, we first prove a rather general statement: Given a state %
diagonal in the energy eigenbasis, if we exchange any qubit subspace within this system with a virtual qubit of a particular virtual
temperature, then the relative entropy of the target system w.r.t. the thermal state of that (virtual) temperature decreases.

To this end, consider the relative entropy of a state % that is diagonal in the energy eigenbasis to a thermal state τ . Labelling
the populations of % as pi and those of τ as qi, this can be expressed as

D(%||τ) =
∑

k

pk log

(
pk
qk

)
. (G58)

We now focus on a single qubit subspace labelled by {i, j}, which leads to

D(%||τ) = pi log

(
pi
qi

)
+ pj log

(
pj
qj

)
+

∑

k/∈{i,j}
pk log

(
pk
qk

)

= (pi + pj)

[
pi

pi + pj
log

( pi
pi+pj
qi

qi+qj

pi + pj
qi + qj

)
+

pj
pi + pj

log

( pj
pi+pj
qj

qi+qj

pi + pj
qi + qj

)]
+

∑

k/∈{i,j}
pk log

(
pk
qk

)

= N

(
p̄i log

p̄i
q̄i

+ p̄j log
p̄j
q̄j

+ log
N

NV

)
+

∑

k/∈{i,j}
pk log

pk
qk
. (G59)

In the last line we have renormalised the populations within the qubit subspace and labelled the total populations of the system
and thermal state qubit subspaces of interest by N and N

V
respectively. Labelling the normalised states within these subspaces

as %
V

and τ
V

respectively, we have

D(%||τ) = N

[
D(%

V
||τ

V
) + log

(
N

N
V

)]
+

∑

k/∈{i,j}
pk log

(
pk
qk

)
. (G60)

Suppose now that this qubit subspace of the target system is exchanged with a qubit subspace of any machine that has the same
temperature as the thermal state above. The only object that changes in the the above expression is %

V
, since the normN remains

the same. In addition, %
V

always gets closer to τ
V

under such an exchange [38, 58], implying that the relative entropy always
strictly decreases under such an operation.

Returning to the max-exchange protocol, note that by construction, every virtual qubit in the machine that is exchanged with
the qubit subspace {i, j} of the target system in a given stage n has the same virtual temperature, βn = β+nθ(β−βH). Thus the
relative entropy of the system to the thermal state at this temperature always decreases under this operation, unless the operation

133



59

does not shift any population, which only happens at the unique fixed point where every qubit subspace of the system is already
at the virtual temperature βn. By monotone convergence, the relative entropy must converge, and moreover converge to the value
that it has at the fixed point of the operation, which is the thermal state at inverse temperature βn. Note that rather than choosing
the qubit subspace with maximum population difference to exchange we could also have picked at random from among the pairs
{i, j} and convergence would still hold; the max-exchange protocol simply ensured the fastest rate of convergence among these
choices.

Choosing a large enough number of repetitions in each stage so that the overall heat cost is close to the idealised heat
cost. Given that the max-exchange protocol in stage n converges to the thermal state that we label %(n)

S , given any error δ
E

, we
choose a number of repetitions mn that is large enough so that the difference between the average energy of the actual final state
of this stage, which we label %̃(n)

S , and that of the ideal state %(n)
S is less than δ

E
. In this case, the total heat cost over all stages is

close to the idealised heat cost

∣∣∣∆̃EH − ∆̃E∗H

∣∣∣ =

∣∣∣∣∣
N∑

n=1

{
−nθ tr

[
HS

(
%̃(n)
S − %̃(n−1)

S

)]}
−

N∑

n=1

{
−nθ tr

[
HS

(
%(n)
S − %(n−1)

S

)]}∣∣∣∣∣

=

∣∣∣∣∣
N−1∑

n=0

θ tr
[
HS

(
%̃(n)
S − %(n)

S

)]
−Nθ

(
%̃(N)
S − %(N)

S

)∣∣∣∣∣

≤ 2NθδE = 2

(
β∗ − β
β − βH

)
δE . (G61)

The number of repetitions in each stage mn required depends only upon the initial choice of β∗ and N .

Completing the proof. Finally, suppose that one is given any target temperature β∗ and two arbitrarily small errors, ε
β

for
the cooling and ε

E
for the heat cost, and asked to cool incoherently in such a way that achieves

|β′ − β∗| ≤ εβ, (G62)∣∣∣∆̃EH − η−1∆F (β)
S

∣∣∣ ≤ εE. (G63)

We proceed by first choosing a number of stages N so that the idealised heat cost ∆̃E∗H is within εE
2 to the Carnot-Landauer

bound above. The idealised sequence of temperatures satisfies βN = β∗ by construction. Once N is fixed, for each stage from
n = 1 to N − 1 we choose a number of repetitions for each stage mn such that the actual heat cost is within εE

2 of the idealised
heat cost, as discussed above. This ensures that the total heat cost is within εE of the bound. Finally, we check that the number
of repetitions of the last stage mN is large enough for us to be within εβ of β∗. If not, we increase the number of repetitions (this
can only decrease the error in the heat cost anyway) until we are close enough, as required.

Appendix H: Comparison of Cooling Paradigms and Resources for Imperfect Cooling

Although we have looked at a number of cooling protocols throughout to demonstrate the ability for perfect cooling in the
asymptotic limit, here we focus on imperfect cooling behaviour, i.e., when all resources are restricted to be finite and thus a
perfectly pure state cannot be attained. We have three main goals in doing so:

1. to illustrate the finite trade-offs between the trinity of resources (energy, time, control complexity),

2. to compare the behaviour of different constructions of the cooling unitary for machines of the same size (i.e., analysing
the energy-time trade-off for for fixed control complexity),

3. to demonstrate the increase in resources required for cooling in the thermodynamically self-contained paradigm of energy-
preserving unitaries (i.e., incoherent control), as compared to coherently-driven unitaries.

H1. Rates of Resource Divergence for Linear Qubit Machine Sequence

Consider cooling a qubit target system with energy gap ωS by swapping it sequentially with a sequence of N machine qubits
of linearly increasing energy gaps. In Appendix G1, we derived the deviation from the idealised heat dissipation in the incoherent
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control setting for a sequence of N machines [see Eq. (G17)], which we repeat below:

1

η
(F ∗ − F0) ≤ ∆̃E∗H ≤

1

η
(F ∗ − F0) +

ωS
N

(
β∗ − β
β − β

H

)
. (H1)

We can immediately adapt this result to the paradigm of coherent control by taking βH = 0 and replacing the heat by work,
which yields

∆FS ≤W ≤ ∆FS +
ωS
N

(
β∗

β
− 1

)
. (H2)

Since the above inequalities are derived from the left and right Riemann sums of an integral, asN becomes large, one can expect
that W lies roughly halfway between both extremes; we can thus cast the scaling in the approximate form

[
W −∆F

ωS

]
N ∼ 1

2

(
β∗

β
− 1

)
. (H3)

Thus, we see that the relevant quantifier of the energy resource here is the extra work cost above the Landauer limit relative to
the system energy. Additionally, the quantifier of how much said resource is required (per machine qubit) is β∗/β − 1, which,
for cold enough final temperatures, is approximately the ratio β∗/β.

Returning to the incoherent control paradigm, analysing the scaling behaviour between energy and time is more complicated.
On the one hand, the expression above is only slightly modified, with the work being replaced by the heat dissipated multiplied
by the Carnot factor:

[
η ∆EH −∆F

ωS

]
N ∼ 1

2

(
β∗

β
− 1

)
, (H4)

which is consistent with the work-to-heat efficiency of a Carnot engine. However, in the case of incoherent control, since the
population swap only takes place within a subspace of the two-qubit machine, the total population is not completely exchanged
in a single operation (in contrast to that in the coherent control setting). Thus the number of operations here required to transfer
a desired amount of population to the ground state of the target is greater than the number of machine qubits N . To make a
fair comparison, one could either compare the same number of machine qubits but swap repeatedly (with rethermalisation of the
machine in between operations)—thereby fixing the control complexity at the expense of longer time—or one could increase the
number of machine qubits and count time by the number of two-level swaps—thereby fixing time to be equal at the expense of
increased control complexity overall. We investigate both methods in the coming section.

H2. Comparison of Coherent and Incoherent Control

Intuitively, the incoherent control paradigm requires the utilisation of a greater amount of resources (albeit less overall control
in general) than the coherent control counterpart because of two distinct disadvantages. First, the temperature of the baths plays
a substantial role in cooling performance. Consider the example of a swap between a system and machine qubit: In the coherent
control case, this operation transforms the target system to the state of the thermal machine qubit, characterised by the Gibbs
ratio of ground-state to excited-state population. In the incoherent control case, one requires the addition of a thermal qubit from
the hot bath to render said operation energy-preserving; as a result, the Gibbs ratio of the virtual qubit that the target system
swaps with is, in general, worse than that of the coherent control setting, and only becomes equal in the limit of an infinite
temperature hot bath. This is the first disadvantage. The second disadvantage is that in the incoherent control setting, the target
system swaps with only a subspace of the machine rather than the entire one, i.e., it is swapped with a virtual qubit. Thus, the
exchange of population is only partial as compared to the coherent control case: In the limiting case of an infinite temperature
hot bath, said factor goes to 1

2 for all relevant two-level subspaces. This implies that a greater number of operations, and thus
time, is required in the incoherent control paradigm in order to achieve a similar result as its coherent control counterpart.

We illustrate this behaviour via the following example. The system is a degenerate qubit (beginning in the maximally mixed
state), and we fix the final target ground-state population (p = 0.99, corresponding to ε = 1 − p = 0.01). Even in this simple
case, the optimal finite-resource protocols with coherent and incoherent control are not known; we therefore compare protocols
from each setting that make use of machines of a similar structure, namely swapping with machine qubits (virtual ones, in the
incoherent control setting) of linearly increasing energy gaps.

More specifically, the coherent control cooling protocol employed is that of a sequence of swaps with machine qubits of
linearly increasing energy gaps, and for the fixed target population, we can calculate the surplus work cost over the Landauer
limit as a function of the number N of operations (which corresponds in this case to the number of machine qubits). In the
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incoherent control case, we take the hot bath to be at infinite temperature, allowing for the potential saturation of the Landauer
limit as in the coherent case. In this way we isolate the disadvantage that arises due to working in degenerate subspaces in
our analysis. Here too we take a linear sequence of energy gaps for the cold (and hot) baths, with a single operation step
corresponding to a three-level energy-conserving exchange involving the qubit taken from each of the hot and cold parts of
the machine, i.e., |1〉S |0〉C|0〉H ↔ |0〉S |1〉C|1〉H. As mentioned previously, for an incoherent control protocol of fixed overall
machine size, there are essentially two extremal methods of implementation. The first is to identifyN two-level subspaces of the
total machine with distinct energy gaps and perform the sequence of virtual swaps between them and the target; in the language
of Appendix G, we therefore have N different stages with a single step within each stage (no repetitions) before moving on
to the next stage. The second is to take N/m two-level subspaces and swap the target with each virtual qubit m times before
moving on to the next; i.e., we here have N/m different stages with m steps (repetitions) within each stage. For the same
fixed ground-state population, we plot the surplus work cost (energy drawn from the hot bath in the case of incoherent control)
against the total machine size / number of two-level unitary swaps, as characterised by N , for both of these incoherent control
adaptations, comparing them to the coherent control paradigm in Fig. 4.

In both control paradigms, we see that the deviation of the energy cost above the Landauer limit scales inversely with the
number of operations [as expected from Eqs. (H3) and (H4)], but the proportionality constant is worse in the case of incoherent
control. Moreover, the incoherent control paradigm with no repetitions within stages outperforms that with multiple repetitions,
as intuitively expected since the former protocol corresponds to one for which the spacing between distinct energy gaps that are
utilised is smaller, allowing us to stay closer to the reversible limit in each step. In our example, the no repetition incoherent
control protocol is around 3 times worse than the coherent control protocol and the incoherent control protocol with m = 5
repetitions is around 5.3 times worse, implying that one would require that many times the number of operations (i.e., that much
more time) to achieve the same performance with incoherent control paradigm as with coherent control.

FIG. 4. Imperfect Cooling with Coherent and Incoherent Control. We compare the performance of coherent and incoherent control protocols
for cooling a degenerate qubit target by swapping it with machine qubits with linearly increasing energy. The final ground-state population is
fixed to be 0.99. The inverse of the surplus work cost W − β∆̃SS (with β = 1) is plotted (in units of the smallest machine energy gap, ωmin

M )
against the total number of unitary operations, with the temperature of the hot bath in the incoherent control protocols set to βH =∞ in order
to make meaningful comparison to the coherent control case. We see that the coherent control protocol (blue) outperforms the two incoherent
ones (purple, red) at any given time. As discussed in the text, there are two choices for how to implement an incoherent control protocol of this
type with fixed control complexity: The red line corresponds to a protocol in which a machine (subspace) with the same energy gap is reused 5
times before moving on to the next; on the other hand, the purple line depicts the case where there are no repetitions within each stage defined
by a distinct energy gap in the machine. By inspection, the single-use incoherent protocol (purple) requires∼3 times more unitaries to achieve
the same efficiency as the coherent one (blue), whereas the 5-repetition incoherent protocol (red) requires ∼5.3 times as many unitaries as the
coherent one.
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Chapter V

Conclusion

This thesis represents a collection of the scientific contributions I made during my time as a

PhD student in the form of a cumulative thesis. In my research I investigated the role that con-

trol plays in the achievability of a variety of tasks in physics, as well as elucidating the notion of

control itself. As control is a notion that is used in a wide array of areas in physics, and science

in general, investigating it with too narrow a focus can only lead to highly specialised notions

and understanding that bares no fundamental relevance. To avoid such pitfalls in my investiga-

tions I incorporated a diverse set of tasks and settings that elucidate different aspects of control

which together paint a richer picture than each of them alone. To that end I distinguishing

between two fundamentally different notions of control, i.e. temporal control and structural

control, and analyse their interplay. In Chapter III I establish the intricate connection between

these two notions of control by analysing the fundamental limitations of clocks as constrained

by the structural control that can be exerted over them, thus establishing the resources that are

fundamentally required to maintain temporal control. Going beyond this, I establish the fun-

damental limitations clocks have to abide by, irrespective of the amount of structural control,

thus presenting limitations to the amount of temporal control that are in principle achievable.

Restrictions on our ability to keep track of time furthermore also impact our ability to carry

out other tasks, as the implementation of many operations requires precise timing [86]. While

it is hard to derive a general quantifier for control, which is why we have to rely on proxies

for the most part, narrowing down the number of potential candidates which might qualify as

good complexity quantifiers is a challenge that becomes more tractable if we focus on specific

tasks. In Chapter IV we focus on the paradigmatic task of ground-state cooling. Despite this

narrow focus on only one specific task, this setting allows us to draw rather general conclu-

sions about specific properties any notion of control has to fulfill due to the thermodynamic

and resource-theoretic value that comes with zero-temperature states. By identifying control
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complexity as a quantity whose divergence enables ground-state cooling in finite time and with

finite energy cost we not only expand and make more precise expand the third law of thermo-

dynamics, but also highlight the long-neglected role of control as a resource that fundamentally

alters the achievabiltiy of certain tasks. While the achievability of many tasks relies on our

ability to control physical systems to a high degree, some physical processes, such as spon-

taneous processes, rely on descriptions that fundamentally exclude the ability of an agent to

exert control. Finally, in Chapter II we analyse the role that control plays and is allowed to play

when modelling the process of measurements. By formulating the Measurement-Equilibration

Hypothesis, stating that measurements need to feature an equilibration process, we are able to

develop a first version of a thermodynamically consistent model of measurements, while mak-

ing realistic assumptions on the amount of control that can be exerted throughout this process.

While this thesis represents a first step towards a deeper understanding of the intricate re-

lationship between the laws of thermodynamics, control and the ability of agents to obtain

information about the world, many questions remain. As science is an endeavour that is fun-

damentally social and relies on discourse and exchange of ideas of a diverse set of individuals

it is my hope that this thesis, and in particular the individual research topics that it touches on

and develops in each of its constituting publications further this endeavour by inspiring fruitful

discussion, providing new perspectives and sparking unique ideas.
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[25] L. Szilard. “über die Entropieverminderung in einem thermodynamischen System bei

Eingriffen intelligenter Wesen”. In: Zeitschrift für Physik 53.11 (1929-11), pp. 840–856.

ISSN: 0044-3328. DOI: 10.1007/BF01341281.

[26] R. Landauer. “Irreversibility and Heat Generation in the Computing Process”. In: IBM

Journal of Research and Development 5.3 (1961-07), pp. 183–191. ISSN: 0018-8646.

DOI: 10.1147/rd.53.0183.

[27] Meir Hemmo and Orly R. Shenker. Maxwell’s Demon in Quantum Mechanics. Entropy.

2020-02-05. URL: http://philsci-archive.pitt.edu/19566/ (visited on

2022-12-30).

[28] Charles H. Bennett. “The Thermodynamics of Computation—a Review”. In: Interna-

tional Journal of Theoretical Physics 21.12 (1982-12), pp. 905–940. ISSN: 1572-9575.

DOI: 10.1007/BF02084158.

https://doi.org/10.1088/1367-2630/16/9/095006
https://doi.org/10.1103/PhysRevLett.2.262
https://doi.org/10.1103/PhysRevLett.2.262
https://doi.org/10.1103/PhysRev.156.343
https://doi.org/10.1103/PhysRev.156.343
https://doi.org/10.1088/0305-4470/12/5/007
https://doi.org/10.1007/BF01341281
https://doi.org/10.1147/rd.53.0183
http://philsci-archive.pitt.edu/19566/
https://doi.org/10.1007/BF02084158


142 BIBLIOGRAPHY

[29] Thomas M. Cover and Joy A. Thomas. Elements of Information Theory. 1st ed. Wiley,

2005-09-16. ISBN: 978-0-471-24195-9 978-0-471-74882-3. DOI: 10.1002/047174882X.

URL: https://onlinelibrary.wiley.com/doi/book/10.1002/047174882X

(visited on 2022-12-31).

[30] Rolf Landauer. “Information Is Physical”. In: Physics Today 44.5 (1991-05), pp. 23–29.

ISSN: 0031-9228. DOI: 10.1063/1.881299.

[31] Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and Quantum Infor-

mation. 2010. ISBN: 9781107002173.

[32] Anthony J Short. “Equilibration of Quantum Systems and Subsystems”. In: New Journal

of Physics 13.5 (2011-05), p. 053009. ISSN: 1367-2630. DOI: 10.1088/1367-2630/

13/5/053009.

[33] Anthony J Short and Terence C Farrelly. “Quantum Equilibration in Finite Time”. In:

New Journal of Physics 14.1 (2012-01), p. 013063. ISSN: 1367-2630. DOI: 10.1088/

1367-2630/14/1/013063.

[34] Pedro Figueroa-Romero. “Equilibration and Typicality in Quantum Processes”. In: arXiv:2102.02289

[quant-ph] (2021), 1773554 Bytes. DOI: 10.26180/13684795.v1. arXiv: 2102.

02289 [quant-ph].

[35] Yelena Guryanova, Nicolai Friis, and Marcus Huber. “Ideal Projective Measurements

Have Infinite Resource Costs”. In: Quantum 4 (2020), p. 222. DOI: 10.22331/q-

2020- 01- 13- 222. arXiv: 1805.11899. URL: https://doi.org/10.

22331/q-2020-01-13-222.

[36] P. W. Bridgman. The Logic of Modern Physics. Three Centuries of Science in America.

New York: Arno Press, 1980. ISBN: 978-0-405-12594-2.

[37] Anna N. Pearson, Yelena Guryanova, Paul Erker, Edward A. Laird, G. Andrew Davidson

Briggs, Marcus Huber, and Natalia Ares. Measuring the thermodynamic cost of time-

keeping. 2020. arXiv: 2006.08670 [quant-ph].

[38] Samuel L. Braunstein, Carlton M. Caves, and G. J. Milburn. “Generalized Uncertainty

Relations: Theory, Examples, and Lorentz Invariance”. In: Annals of Physics 247.1 (1996-

04), pp. 135–173. ISSN: 00034916. DOI: 10.1006/aphy.1996.0040. arXiv:

quant-ph/9507004.

[39] G. J. Milburn. “The thermodynamics of clocks”. In: Contemp. Phys. 61.2 (2020), pp. 69–

95. DOI: 10.1080/00107514.2020.1837471. arXiv: 2007.02217.

https://doi.org/10.1002/047174882X
https://onlinelibrary.wiley.com/doi/book/10.1002/047174882X
https://doi.org/10.1063/1.881299
https://doi.org/10.1088/1367-2630/13/5/053009
https://doi.org/10.1088/1367-2630/13/5/053009
https://doi.org/10.1088/1367-2630/14/1/013063
https://doi.org/10.1088/1367-2630/14/1/013063
https://doi.org/10.26180/13684795.v1
https://arxiv.org/abs/2102.02289
https://arxiv.org/abs/2102.02289
https://doi.org/10.22331/q-2020-01-13-222
https://doi.org/10.22331/q-2020-01-13-222
https://arxiv.org/abs/1805.11899
https://doi.org/10.22331/q-2020-01-13-222
https://doi.org/10.22331/q-2020-01-13-222
https://arxiv.org/abs/2006.08670
https://doi.org/10.1006/aphy.1996.0040
https://arxiv.org/abs/quant-ph/9507004
https://doi.org/10.1080/00107514.2020.1837471
https://arxiv.org/abs/2007.02217


BIBLIOGRAPHY 143

[40] Paul Erker. “The Quantum Hourglass - Approaching time measurement with quantum

information theory”. MA thesis. ETH Zurich, 2014. DOI: 10.3929/ethz-a-010514644.

URL: https://doi.org/10.3929/ethz-a-010514644.

[41] Carlo Rovelli, Erica Segre, and Simon Carnell. The Order of Time. First American edi-

tion. New York: Riverhead Books, 2018. ISBN: 978-0-7352-1610-5.

[42] Massimiliano Esposito, Upendra Harbola, and Shaul Mukamel. “Nonequilibrium Fluctu-

ations, Fluctuation Theorems, and Counting Statistics in Quantum Systems”. In: Reviews

of Modern Physics 81.4 (2009-12), pp. 1665–1702. DOI: 10.1103/RevModPhys.

81.1665.

[43] Michele Campisi, Peter Hänggi, and Peter Talkner. “Colloquium. Quantum Fluctuation

Relations: Foundations and Applications”. In: Reviews of Modern Physics 83.3 (2011-

07), pp. 771–791. ISSN: 0034-6861, 1539-0756. DOI: 10.1103/RevModPhys.83.

771. arXiv: 1012.2268.

[44] Udo Seifert. “Stochastic Thermodynamics, Fluctuation Theorems and Molecular Ma-

chines”. In: Reports on Progress in Physics 75.12 (2012-11), p. 126001. ISSN: 0034-

4885. DOI: 10.1088/0034-4885/75/12/126001.

[45] D.W. Allan. “Statistics of Atomic Frequency Standards”. In: Proceedings of the IEEE

54.2 (1966-02), pp. 221–230. ISSN: 1558-2256. DOI: 10.1109/PROC.1966.4634.

[46] David W. Allan, Neil Ashby, and Clifford C. Hodge. The Science of Timekeeping Appli-

cation Note 1289. Packard Application Note 1289. Hewlett Packard. 1997. URL: http:

//www.allanstime.com/Publications/DWA/Science_Timekeeping/

index.html.

[47] William Riley and David Howe. Handbook of Frequency Stability Analysis. 2008-07.

URL: https://tsapps.nist.gov/publication/get_pdf.cfm?pub_

id=50505.

[48] Norman Margolus and Lev B. Levitin. “The maximum speed of dynamical evolution”.

In: Physica D 120 (1998), pp. 188–195. DOI: 10.1016/S0167-2789(98)00054-

2. arXiv: quant-ph/9710043. URL: https://doi.org/10.1016/S0167-

2789(98)00054-2.

[49] L. Mandelstam and Ig. Tamm. “The Uncertainty Relation Between Energy and Time in

Non-relativistic Quantum Mechanics”. In: Selected Papers. Ed. by Boris M. Bolotovskii,

Victor Ya. Frenkel, and Rudolf Peierls. Berlin, Heidelberg: Springer Berlin Heidelberg,

https://doi.org/10.3929/ethz-a-010514644
https://doi.org/10.3929/ethz-a-010514644
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/RevModPhys.83.771
https://doi.org/10.1103/RevModPhys.83.771
https://arxiv.org/abs/1012.2268
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1109/PROC.1966.4634
http://www.allanstime.com/Publications/DWA/Science_Timekeeping/index.html
http://www.allanstime.com/Publications/DWA/Science_Timekeeping/index.html
http://www.allanstime.com/Publications/DWA/Science_Timekeeping/index.html
https://tsapps.nist.gov/publication/get_pdf.cfm?pub_id=50505
https://tsapps.nist.gov/publication/get_pdf.cfm?pub_id=50505
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1016/S0167-2789(98)00054-2
https://arxiv.org/abs/quant-ph/9710043
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1016/S0167-2789(98)00054-2


144 BIBLIOGRAPHY

1991, pp. 115–123. ISBN: 978-3-642-74628-4 978-3-642-74626-0. DOI: 10.1007/

978-3-642-74626-0_8.

[50] Sebastian Deffner and Steve Campbell. “Quantum Speed Limits: From Heisenberg’s

Uncertainty Principle to Optimal Quantum Control”. In: Journal of Physics A: Mathe-

matical and Theoretical 50.45 (2017-11), p. 453001. ISSN: 1751-8113, 1751-8121. DOI:

10.1088/1751-8121/aa86c6. arXiv: 1705.08023.
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[62] Rafal Demkowicz-Dobrzański, Marcin Jarzyna, and Jan Kołodyński. “Chapter Four -

Quantum Limits in Optical Interferometry”. In: Progress in Optics. Ed. by E. Wolf.

Vol. 60. Elsevier, 2015-01, pp. 345–435. DOI: 10.1016/bs.po.2015.02.003.

[63] John Preskill. “Fault-Tolerant Quantum Computation”. In: Introduction to Quantum Com-

putation and Information. WORLD SCIENTIFIC, 1998-10, pp. 213–269. ISBN: 978-

981-02-3399-0. DOI: 10.1142/9789812385253_0008.

[64] John Preskill. “Quantum Computing in the NISQ Era and Beyond”. In: Quantum 2

(2018-08), p. 79. DOI: 10.22331/q-2018-08-06-79.
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