Iversitat

DISSERTATION / DOCTORAL THESIS

Titel der Dissertation / Title of the Doctoral Thesis

“Convergence Rate Analysis of Optimisation and Minimax
Algorithms for Machine Learning”

verfasst von / submitted by

Michael Sedlmayer, BSc MSc

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Doktor der Naturwissenschaften (Dr. rer. nat.)

Wien, 2022 / Vienna 2022

Studienkennzabhl It. Studienblatt /
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt /
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor:

Betreut von / Supervisor:

A 796 605 405

Mathematik

Univ.-Prof. Dr. Radu loan Bot

Univ.-Prof. Mag. Dr. Tara Lee Andrews






Acknowledgements

I would like to take the opportunity to thank all the people who contributed, both directly
and indirectly, to this thesis. First and foremost I want to express my deep gratitude
to my supervisor Professor Radu loan Bot, for his exceptional supervision and being a
paragon of academic sincerity and perseverance, constantly striving for excellence. Next,
I would like to thank Professor Tara Lee Andrews, who provided me with an informative
insight into the rich field of Digital Humanities. 1 am also grateful to Professors Pontus
Giselsson and Defeng Sun for agreeing to review this PhD thesis.

My research was financially supported by the University of Vienna, Research Network
Data Science and the Austrian Research Promotion Agency (FFG), project “Smart op-
eration of wind turbines under icing conditions (SOWINDIC)”. Additionally, I want to
thank the Vienna School of Mathematics and the Vienna Graduate School on Computa-
tional Optimization for all the generous resources and opportunities provided.

Furthermore, I am happy that I have been part of Professor Bot’s research group and
gladly mention my colleagues Axel, Buris, David, Dennis, Khoa, Matis, Mikhail, Robert,
Sorin and Vuong. Thank you for a positive, friendly and productive atmosphere. I would
like to extend my thankfulness also to my other colleagues from Oskar-Morgenstern-Platz
and Kolingasse. Thank you for all the lunch breaks that so often transformed into deep
conversations about the most diverse topics. I very much appreciate your professional
and personal opinions that frequently give impulse for fresh thoughts.

Especially, I want to thank you, Axel, for starting as a student mentor, being an out-
standing colleague and becoming a friend.

Last, but not least, I want to thank my family and friends for their constant support
and all the precious diversions — without you only a fraction would have been possible.
Tobias, thank you for making working from home much more enjoyable, and thank you,
Victoria, for helping me swim.

iii






Abstract

Optimisation and saddle point problems, where the minimisation is accompanied by an
inner maximisation, are well-known to be successfully treated by methods from monotone
inclusion and variational inequality theory. In this context we are particularly interested
in first order methods that are full splitting. This means that only gradient information
for smooth functions and proximal evaluations of simple convex nonsmooth functions are
used. Furthermore we require that the algorithms do not include convoluted inner loops
but evaluate the involved operators separately.

We do this on three different conceptual levels: (i) monotone inclusions that are most
general and include (ii) variational inequalities that already contain more structure and
include (iii) minimax/saddle point problems that arise from game theory or in the context
of determining primal-dual pairs of optimal solutions of constrained convex optimisation
problems. We propose full splitting, first order solution methods, establish asymptotic
convergence of the algorithm and prove convergence rates in the case of variational in-
equalities and minimax problems.

To empirically validate all considered methods we provide simple, conceptual problems
that showcase the convergence behaviour of the proposed methods. This is complemented
by more complex experiments covering relevant real-world machine learning applications
(for example in Digital Humanities), treating, among other things, Generative Adversar-
ial Nets (GANs) and Multikernel Support Vector Machines. GANs have proven to be a
powerful class of generative models that are notoriously hard to optimise by conventional
training methods, but can be cast as a minimax problem and observably benefit from
employing more principled algorithms established for this type of problem.






Zusammenfassung

Optimierungs- und Sattelpunktprobleme, bei denen die Minimierung von einer inneren
Maximierung begleitet wird, werden bekannterweise erfolgreich durch Methoden aus der
Theorie zu Monotonen Inklusionen und Variationsungleichungen gelost. In diesem Kon-
text sind wir besonders an Verfahren erster Ordnung interessiert, die ,full splitting* sind.
Das heifst, dass ausschlieflich Gradienteninformationen von glatten Funktionen und pro-
ximale Auswertungen von einfachen konvexen nichtglatten Funktionen verwendet werden.
Auferdem verlangen wir, dass die Algorithmen keine verschachtelten inneren Schleifen
beinhalten, sondern alle involvierten Operatoren separat ausgewertet werden.

Damit beschéftigen wir uns auf drei unterschiedlichen konzeptionellen Ebenen: (i) Mo-
notonen Inklusionen, die am allgemeinsten sind und (ii) Variationsungleichungen bein-
halten, die bereits mehr Struktur aufweisen und (iii) Minimax-/Sattelpunktprobleme
inkludieren, die sich in der Spieltheorie oder im Kontext der Bestimmung von primal-
dualen Paaren von optimalen Lisungen zu eingeschrinkten konvexen Optimierungspro-
blemen ergeben. Wir stellen ,full splitting“ Lésungsverfahren erster Ordnung vor, zeigen
asymptotische Konvergenz der Algorithmen und beweisen nicht-asymptotische Konver-
genzraten im Fall von Variationsungleichungen und Minimax-Problemen.

Um alle betrachteten Methoden empirisch zu validieren, stellen wir einfache, konzeptu-
elle Probleme vor, die das Konvergenzverhalten der vorgestellten Verfahren anschaulich
machen. Das wird von komplexeren Experimenten komplimentiert, die relevante reale
Anwendungen (beispielsweise in den Digitalen Geisteswissenschaften —  Digital Huma-
nities*) des Maschinellen Lernens umfassen, wo wir uns unter anderem mit ,Generati-
ve Adversarial Nets* (GANs) und ,Multikernel Support Vector Machines“ beschéftigen.
GANs haben sich als eine leistungsstarke Klasse generativer Modelle erwiesen, die mit
herkémmlichen Trainingsmethoden bekanntermafen schwer zu optimieren sind. Sie kdn-
nen jedoch als Minimax-Problem betrachtet werden und profitieren deutlich von der
Anwendung fundierter Algorithmen, die fiir diese Art von Problemen entwickelt wurden.
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1. Introduction

Optimisation and saddle point problems, where the minimisation is accompanied by an
inner maximisation, are well-known to be successfully treated by methods from monotone
inclusion and variational inequality theory. In this context we are particularly interested
in first order methods that are full splitting. This means that only gradient information
for smooth functions and proximal evaluations of simple convex nonsmooth functions are
used. Furthermore we require that the algorithms do not include convoluted inner loops
but evaluate the involved operators separately.

In the setting of minimising the sum of a smooth convex and a nonsmooth convex
function, the problem translated to monotone inclusions corresponds to finding a zero of
the sum of a monotone cocoercive and a maximal monotone operator. For this type of
problem the most basic and most established solution method is the Forward-Backward
algorithm [39191}/120], attracting constant interest for extensions and improvements |66,
131|. In particular we want to mention the idea of incorporating past iterates, for example
by inertial effects [9,[132]. If one of the two functions to be minimised is composed with a
linear operator more principled methods are necessary. One family of algorithms consists
of so-called primal-dual methods, which simultaneously solve the primal and the dual
optimisation problem. Preferably, this is achieved by splitting schemes [25,33, 44, 50,
75,[139]. One of the most prominent members of this class is given by the alternating
direction method of multipliers (ADMM) [37,148],/49,61,62,[88|, where the Lagrangian
function is augmented by an additional penalty term and partial updates on the dual
variables are used.

The Lagrangian formulation of a convex constrained minimisation problem itself gives
rise to another problem class of its own interest — so-called minimaz or saddle point
problems. Treating the equivalent inclusion problem by the FB method, we can observe
that this approach does not converge in general. This behaviour stems from the fact that
the involved single-valued operator is merely Lipschitz continuous and not necessarily
cocoercive, which can be seen even in the simple case of treating a bilinear minimax
objective. Well-known algorithms to solve this type of problem are Tseng’s Forward-
Backward-Forward (FBF) algorithm [137] and the Eztragradient (EG) method [6}85].
However, both EG and FBF require two forward evaluations per iteration to converge to
a solution, leading to a considerable increase of computational cost. A possible remedy
is to reuse previous evaluations of the involved operator. Doing so, one can reduce the
number of necessary forward evaluations to only one — similar to FB. The algorithm that
one receives by doing this for EG and FBF is a method established by Popov |123] and the
Forward-Reflected-Backward (FRB) algorithm [100], respectively. In the unconstrained
case both reduce to the same method which is usually known as Optimistic Gradient
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Descent Ascent (OGDA), a name coined by the machine learning community |54} 55].
Other methods known to converge for Lipschitz continuous operators are the projected
Reflected Gradient (RG) algorithm [98|, which can be seen as a variant of FRB where
the order of the reflection and the forward step is reversed, a shadow Douglas-Rachford
algorithm [52|, which is related to FRB as well but applies the correction term regarding
the forward evaluation after the backward step, and the Golden Ratio Algorithm [99].

In order to increase the quality of the convergence behaviour of the gradient method,
Polyak introduced the heavy ball method in his pioneering work [122|. The idea of adding
inertial effects was employed and refined in various settings — most prominently in the
context of solving smooth convex minimisation problems by Nesterov [113|, but also for
monotone inclusions 2] and nonsmooth convex minimisation problems [3|. Furthermore,
it has been shown that applying inertial effects in the case of nonconvex minimisation
problems allows the detection of different critical points |30},122]. When applied to con-
vex minimisation problems, the acceleration techniques introduced by Nesterov [113] or
those defined via asymptotically similar constructions [12}/14,/43| lead to an improved con-
vergence rate for the sequence of objective function values. When applied to monotone
inclusions, in absence of function values, the same lead to improved convergence rates
for the sequences of discrete velocities and Yosida regularisations of the governing opera-
tor [9,/10,/11]. If the monotone inclusion is governed by a variational inequality or saddle
point problem, the most common acceleration technique is related to Halpern’s algo-
rithm |74]. This anchoring technique has been applied for example to extend EG [40}140]
or RG [42], and used to propose further anchoring based algorithms [35,|135}/136]. Re-
cently, some connections between this approach and Nesterov’s acceleration [113}/115]
have been found [119,135].

Saddle point problems arise traditionally in game theory [110] or for example when
determining primal-dual pairs of optimal solutions of convex optimisation problems [17].
However, in recent years they have witnessed increased interest due to many relevant and
challenging applications in the field of machine learning, with the most prominent ones
being multi agent reinforcement learning [116], robust adversarial learning [96] and the
training of Generative Adversarial Networks (GANs) [70]. Even though the problems in
reality are often not of this form, in the classical setting the minimax objective comprises
a smooth convex-concave coupling function with Lipschitz continuous gradient and a
(potentially nonsmooth) regulariser in each variable, leading to a convex-concave objec-
tive in total. Typically, nonsmoothness is only introduced via regularisers, as usually
the coupling function is accessed through gradient evaluations. Recently there is another
development, although with the saddle point problem not being convex-concave, where
the assumption on differentiability of the coupling function in both components is weak-
ened to only one component [23/92}125]. Problems with nonsmooth but convex-concave
coupling functions, however, have not been studied so far.

In this thesis we will study the extension of existing methods or problems, provide
rigorous convergence analyses for the proposed algorithms and prove convergence rates
whenever the type of problem admits it.



1.1. Overview

1.1. Overview

In Chapter [2| we will introduce notation and relevant preliminary and auxiliary results
that are used in the subsequent chapters. We will recall basic elements from monotone
operator theory and convex analysis, and state convergence theorems of Opial type in
the discrete and continuous setting which will be particularly important to establish the
convergence of the sequence of generated iterates to a solutiomn.

This is followed by an extensive convergence analysis of (variants of) Tseng’s Forward-
Backward-Forward (FBF) method in Chapter |3 which is based on the articles [20,36];
see also [19, Chapter 5|. We will start with considerations about approaching the set
of zeros of the sum of a maximal monotone operator and a single-valued monotone and
Lipschitz continuous operator. On the one hand this will be done from a continuous-time
perspective, where we formulate a second order dynamical system that approaches the
solution set of the monotone inclusion problem to be solved. On the other hand we
investigate a relaxed inertial FBF splitting algorithm — called RIFBF — that follows by
explicit time discretisation. This is succeeded by convergence rate analysis of the “plain”
FBF method applied to general variational inequalities and convex-concave minimax
problems, both in the deterministic and the stochastic setting. We derive convergence
rates of O(1/k) and O(1/vk) in terms of the (restricted) gap function for the ergodic
iterates in the deterministic and stochastic case, respectively. The convergence behaviour
of the proposed methods is illustrated by applications to a bilinear saddle point problem.
We close this chapter with empirical improvements in the training of Wasserstein GANs
on the CIFAR-10 dataset.

Chapter [4]is dedicated to the study of a fast optimistic method for solving variational
inequalities that can be obtained from constrained minimax problems, which uses only
one gradient /operator evaluation and one projection onto the constraint set per iteration.
Our proposed algorithm achieves a convergence rate of o(1/k) in terms of the restricted gap
function as well as the natural residual for the last iterate. To complete the theoretical
results we provide a convergence guarantee for the (last) iterate to a solution of the
variational inequality. To validate our method, which we call fOGDA-VI, we investigate
a two-player matrix game with mixed strategies of the two players. Concluding, we apply
fOGDA-VI to the training of generative adversarial nets.

In Chapter [5| we aim to solve a convex-concave saddle point problem, where the
convex-concave coupling function is smooth in one variable and nonsmooth in the other.
We propose and investigate a novel algorithm under the name of OGA Proz, consisting of
an optimistic gradient ascent step in the smooth variable and a proximal step in the non-
smooth component of the coupling function. We consider the situations convex-concave,
convex-strongly concave and strongly convex-strongly concave related to the saddle point
problem under investigation. Regarding iterates we obtain (weak) convergence, a con-
vergence rate of order O(1/k) and linear convergence like O(6%) with < 1, respectively.
In terms of function values we obtain ergodic convergence rates of order O(1/k), O(1/K2)
and O(0%) with @ < 1, respectively. We validate our theoretical considerations on a
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nonsmooth-linear saddle point problem, the training of multi kernel support vector ma-
chines and a classification problem incorporating minimax group fairness. This chapter
is based on the article [32].



2. Preliminaries

For a real Hilbert space H we denote its inner product by (-, -),, with induced norm
| - |l for which HxH% = (x,x), for all x € H. As in the following it will always be
clear from the context which Hilbert space is meant, we will not mention the space
explicitly when writing the inner product (-, -) and its induced norm || - ||. Furthermore,
we denote strong convergence or convergence in norm by the symbol —, while we write
— for weak convergence. The identity operator will be denoted by Id and we define
Ry :={reR|z>0}and Ry :={zeR|z >0}
For the remainder of this chapter let H and X be real Hilbert spaces.

2.1. Monotone operator theory

In the following chapters we will work with set-valued operators. An operator A : H — 27
maps elements of H to subsets of H, i.e., for all z € H we have Az C H. We will denote
its graph by

graAd :={(z,v) e HxH |ve Az}.

The inverse operator A~ : H — 2 is given by
Al ={z e H|vec Az},

and we write zer(A) := {z € H | 0 € Az} for the set of zeros of the operator A. Moreover,
we define the multiplication of an operator A : H — 2" with a scalar A € R and the sum
of two operators A, B : H — 2™ by

(M) z :={ v |v e Az},
(A+B)z:={v+u|ve Az ue Bz}
Definition 2.1.1. A set-valued operator A : H — 2" is monotone if
(v—u,z—w) >0 VY(z,v), (w,u) € graA.

It is maximal monotone if there exists no monotone operator A H — 2M such that
graA G gra A

The following definition gives a generalisation of monotone operators.

Definition 2.1.2. A set-valued operator A : H — 2% is pseudo-monotone (on H) if for
all (z,v), (w,u) € gra A the following implication holds true,

(v,w—2)>0 = (u,w—2z)>0. (2.1)
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Let C' C H be nonempty closed convex, then A is pseudo-monotone on C' if (2.1) holds
for all (z,v), (w,u) € {(z,y) € graA |z € C}.

It is clear that every monotone operator is pseudo-monotone. However, an important
difference between monotone and pseudo-monotone operators is that the sum of two of
the latter are not necessarily pseudo-monotone any more.

The following result about maximal monotone operators will be crucial in the conver-
gence analysis of the algorithms to be investigated.

Proposition 2.1.3 (see [17, Proposition 20.33]). Let A : H — 2% be mazimal monotone.
Then the following hold:

(i) gra A is sequentially closed in the strong-weak topology of H x H, i.e., for every
sequence (z, Vg)k>0 in graA and every (z,v) € H x H, if 2, = 2z and vy, — v, then
(z,v) € gra A.

(1) gra A is sequentially closed in the weak-strong topology of H x H, i.e., for every
sequence (zg, Vg)k>0 in graA and every (z,v) € H x H, if z — z and vy, — v, then
(z,v) € gra A.

Definition 2.1.4. Let A : H — 2% be a set-valued operator. The resolvent of A is
Ja = (Id+ A~
Definition 2.1.5. Let B : H — H be a single-valued operator. It is said to be
(i) Lipschitz continuous with constant L > 0, if
|Bw— Bz|| < L|lw—z|| Yw,z € H;
(ii) nonezpansive, if
|Bw — Bz|| < |lw—z|| VYw,z € H;
(iii) cocoercive with constant 8 > 0, if

B||Bw— Bz||* < (Bw — Bz,w — 2)  Vw,z e H;
(iv) firmly nonexpansive, if
|Bw — Bz||* < (Bw — Bz,w — 2z) Yuw,z € H;

Remark 2.1.6. (i) Nonexpansiveness is the same as 1-Lipschitz continuity and firm
nonexpansiveness is the same as 1-cocoercivity.

(ii) Let B : H — H be B-cocoercive. Then B is 1/g-Lipschitz continuous by the Cauchy-
Schwarz inequality and monotone due to the norm being nonnegative. The converse,
however, is not true in general.

For the proof of the following statement please refer to |17, Proposition 23.10].

Proposition 2.1.7 (Minty Lemma). Let A : H — 2" be mazimal monotone and ~ €
Ryy. Then Jya : H — H is firmly nonexpansive and mazimal monotone.
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2.2. Convex analysis

In this section we will discuss properties of convex functions taking values in the extended
real line R := RU {+o0}. Addition and multiplication are extended in a natural way
from R to R, where we impose the following conventions:

(+0) 4 (—0) = (—0) + (+00) = +o0,
0(+00) = (+00)0 = +o0,
0(-00) = (-00)0 = 0.

Definition 2.2.1. A set C' C X is said to be convez, if \e+(1—\)y € C for all z, y € C
and all A € [0, 1].

Definition 2.2.2. Let f : X — R be an extended-real valued function. Its domain is
given by dom f = {z € X' | f(z) < +o0}.

The function f is said to be
(i) proper, if dom f # () and f(x) > —oo for all z € X;
(i

(iii) p-strongly convez (> 0), if f —n/2||-||* is convex;

)
) convez, if f(Az+(1—N)y) < Af(x)+(1—N\)f(y) for all 2, y € X and all X € [0,1];
)
)
)
)

(iv) (strongly) concave, if —f is (strongly) convex;

(v) lower semicontinuous, if liminf,_,, > f(z) for all z € &’;
(vi) upper semicontinuous, if —f is lower semicontinuous.
By induction we can prove Jensen’s inequality.

Lemma 2.2.3. Let f : X — R be conver. Let K > 1, x1,....,0x € X and A\, ..., \x € R
with Zszl A = 1. Then

K K
f (Z Ak%) <> Nef ().
k=1 k=1

Definition 2.2.4. Let f : X — R be a proper function. The convez subdifferential is
defined as

3f($)_{{UGXIf(ﬂf)+<u7y—x>§f(y) Vye X} if f(z) €R

0 otherwise.

With the notion of convex subdifferential, we can extend the necessary and sufficient
first order optimality condition.
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Lemma 2.2.5 (Fermat’s rule). Let f : X — R be a proper function. Then

¥ € argmin f(z) & 0 € df(z").
zeX

The proof of the following proposition can be derived from |17, Proposition 16.8], the
definition of the convex subdifferential and |17, Corollary 16.38 (iii)].

Proposition 2.2.6. (i) Let Xy,..., X, m > 1, be real Hilbert spaces and let f; : X; —
R be proper, convex and lower semicontinuous for 1 < i < m. Define f: X X ... X
Xy, — Rvia f(z1, .y zm) = > vy filxi). Then for all (21, ..., %) € X1 X . X Xy
we have

Of (z1,...,xm) = 0f (1) X ... x Of (xm).
(i) Let f,g: X — R be proper. Then 0f(x) + dg(z) C d(f + g)(z) for all x € X.

(iii) Let f,g : X — R be proper, conver and lower semicontinuous with dom f = X.
Then Of(z) + 0g(z) = O(f + g)(x) for all x € X.

The following prominent example connects some of the concepts we have encountered
so far.

Example 2.2.7. Let C' C X be nonempty, closed and conver. Then the indicator func-

tion s defined by
{o ifreC,
oc =

+o0o0  otherwise.

Then d¢ is proper, convezr and lower semicontinuous and

{ueX|{u,y—2) <0 Vye X} ifzeC

0 otherwise,

8¢ (z) = Ne(z) = {

where No : X — 2% denotes the normal cone of C, which is a mazimal monotone
operator if C' is nonempty, closed and convex.

Definition 2.2.8. Let f : X — R be proper, convex and lower semicontinuous. Then
we define the prozimal mapping of f by
. 1 2
prox; : X — X, prox;(z) =argmin< f(y) + 5 [ly — z[|" ¢,
yeX 2

where prox (z) is well-defined as it is the unique solution of the above strongly convex
optimisation problem.

The proof for the following statements can be found in [130] and [17, Proposition 16.34].

Proposition 2.2.9. Let f : X — R be proper, conver and lower semicontinuous. Then
the following hold:
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(i) the subdifferential Of : X — 2% is mazimal monotone;
(it) the resolvent of the subdifferential is given by Jor = ProXf;

(#ii) for x € X we have p = Prox (z) if and only if x —p € Of (p), i-e., for ally € X we
have

fy) = f(p) +(z —p,y—p).

Continuing Example we see, that the proximal operator can be understood as a
generalisation of the projection onto a set.

Example 2.2.10. Let C C X be nonempty, closed and convex. Then from Proposi-
tion [2.2.9 (i1) we obtain for all z € X

(1
e () = proxas, (x) = arg min {2 Ily — x!Q} = Fc.
yeX

In particular, from Proposition (#5i) we deduct the well-known characterisation of
the projection,

p=Po(x) = [peC and (y—p,xz—p) <0 VYyel].

In Remark (ii) we mentioned that cocoercivity implies Lipschitz continuity,
whereas the converse is not true in general. For the gradients of convex and differen-
tiable functions, however, the two properties are equivalent. The proof for the following
statement can be found for examle in [17, Corollary 18.16].

Proposition 2.2.11 (Baillon-Haddad). Let f : X — R be convexr and Fréchet differ-
entiable and let B € Ryy. Then Vf is B-Lipschitz continuous if and only iof Vf is
1/8-cocoercive.

2.3. Convergence theorems of Opial type

To show weak convergence of sequences in Hilbert spaces we will use the following so-
called Opial Lemma.

Lemma 2.3.1 (discrete Opial Lemma [117]). Let C C X' be a nonempty set and (x)k>0
a sequence in X such that the following two conditions hold:

(a) for every x* € C, limg_ oo ||z — || exists;
(b) every weak sequential cluster point of (xy)r>0 belongs to C.
Then (xy)k>0 converges weakly to an element in C.

The continuous version of the Opial Lemma reads as follows.

Lemma 2.3.2 (continuous Opial Lemma |27, Lemma 7]). Let C C X be a nonempty set
and x : [0,400) = X a given map. Assume that
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(a) for every x* € C, limg_ 1o ||x(t) — 2| ewists;
(b) every weak sequential cluster point of the map x belongs to C.

Then o, € C such that x(t) converges weakly to xo ast — +oo.

2.4. Stochastics

We want to recall basic notions from measure and probability theory which can be found
in any introductory book on this topic. To this end we partly follow [19, Section 2.4].

Definition 2.4.1. Let 2 be a set and let A be a o-algebra on Q. Then the tuple (©2,.A)
is called a measurable space.

Definition 2.4.2. Let (2, A) be a measurable space. If it is additionally equipped with
a probability measure P, then the triple (2, A, P) is called a probability space.

We call a measurable mapping from a probability space to a measurable space random
variable. Usually when talking about random variables we will omit the spaces and
sometimes even the probability measure, i.e., when talking about the expectation E[X]
of the random variable X.

Definition 2.4.3 (Expectation). For a random variable X : Q :— R on a probability
space (€, A, P) the expected value is defined as E[X] := [ X (w) dP(w).

Definition 2.4.4. For a random variable X on a probability space (£2,.4,P) with finite
expectation, its conditional expectation with respect to a sub g-algebra S of A denoted
by E[X | S], is the S-measurable random variable fulfilling

/XdP:/E[Xw}dP VA€ S.
A A

Despite the abstract nature of this definition it is a standard problem in measure theory
to show existence and uniqueness of such a random variable (in an almost sure sense). We
will use the notation E[X | Y] for two random variables X and Y, where the conditional
expectation of X is meant to be taken with respect to the o-algebra generated by Y.

The following three substantial lemmas can be found for example in [134].

Lemma 2.4.5. Let the assumptions of Definition [2.4.4] hold.
(1) If X is measurable with respect to S, then E[X |S] = X.
(11) If X is independent of S, then E[X |S] = E[X].

The two properties above are combined into the following statement.

10
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Lemma 2.4.6 (Independence lemma). Let f be a function of two arguments such that
g9(x) ;= E[f(z,Y)].
If X and Y are two independent random variables, then
9(X) =E[f(X,Y) | X].

In the stochastic setting of Section we will deal with the case where the objective
function F' : H — R for all z € H is given as E¢[F(z;¢)] for a random variable £ (with
a slight abuse of notation). We write E¢ to emphasize that £ is stochastic and not z,
but will drop the subscript later on. Typically one assumes the gradients of F'(z; &) with
respect to z to be unbiased estimates for the gradient of F, i.e., that for all z € H we
have

E¢[VE(2;€)] = VF(z).

When analysing the proposed algorithms in Section [3.4] due to use of stochastic gradients,
the iterates (zx)yso Will turn to be stochastic themselves. Thus, by Lemma we get

E[VF(2k;€) | 2] = VF(21),
as long as € is independent of the iterate zy.

Lemma 2.4.7 (Tower property). Let A and B be two sigma algebras such that A C B.
Then we have

EE[X |B]| Al =E[X | A]

In particular the above lemma implies the law of total expectation, stating that for any
sigma algebra A we have

E[E[X | A]] = E[X].

2.5. Miscellaneous

In this section we gather various helpful auxiliary results. We start with statements
regarding the existence of sequences, followed by a result related to quasi-Fejér monotone
sequences

Lemma 2.5.1 (see [3]). Let (pr)k>0, (ak)r>1, and (Yr)r>1 be sequences of nonnegative
real numbers satisfying
“+oo
Prt1 < ok + (k= Pp—1) + e VE 21, D bk < +o0,
k=1

and such that 0 < o < a <1 for all k > 1. Then the limit limg_, | o o € R exists.

11
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Lemma 2.5.2 (see 31, Lemma 21]). Let a > 1 and (qx);>1 be a bounded sequence in H
such that

k
I 2 ) ) = .
- <ka+1 + o (G Qk)> peEH
Then limg_ 100 g = P-

The following result is a particular instance of [18, Lemma 5.31].

Lemma 2.5.3. Let (ag)k>1, (bk)k>1, (di)r>1 and (di)g>1 be sequences of real num-
bers. Assume that (ak)r>1 is bounded from below, (by)r>1 and (di)k>1 are nonnegative
sequences such that Zkzl dp < 4o0. If

ap+1 < (L+dg)ag — b Vk>1, (2.2)
then the following statements are true:
(i) the sequence (bg)k>1 is summable, i.e., D 2y by < +00;
(ii) the sequence (ap)k>1 is convergent.

The following two lemmas collect some elementary results that are used several times
in the following, which will close this section.

Lemma 2.5.4. Let a,b,c,d € X. Then the following hold:

(1) “four point identity”:

(@=be=dy =3 (la=dl* = b= dI* = la— el b —|*)

N =

(1) “Young’s inequality”:

(a,8) < 5 (Ilall® + [15]) s

N— DN =

(iii) lla+b+¢|? < 3 (||a|y2 +116]% + fle])?

Lemma 2.5.5. Let a,b,c € R be such that a # 0 and b> — ac < 0. The following
statements are true:

(1) if a >0, then
allz|*+2b(z,y) +clly|* >0 Vr,yeH;

(it) if a <0, then
a HxHQ +2b(z,y) + cHyH2 <0 Vz,yeH.

12



3. FBF algorithm: extensions and
convergence rates

In this chapter we introduce a relaxed inertial forward-backward-forward (RIFBF) split-
ting algorithm for approaching the set of zeros of the sum of a maximally monotone
operator and a single-valued monotone and Lipschitz continuous operator. This en-
deavour aims to extend Tseng’s forward-backward-forward (FBF) method by both using
inertial effects and relaxation parameters. We formulate first a second order dynamical
system that approaches the solution set of the monotone inclusion problem to be solved
and provide an asymptotic analysis for its trajectories. We provide for RIFBF, which
follows by explicit time discretisation, a convergence analysis in the general monotone
case as well as when applied to the solving of pseudo-monotone variational inequalities.
This is followed by convergence analysis of the “plain” FBF method applied to minimax
problems and general variational inequalities. The derived error bounds are in terms of
the (restricted) gap function for the ergodic iterates, both for the deterministic and the
stochastic setting. Furthermore, we propose a seemingly new scheme which reuses previ-
ous gradients to mitigate the additional computational cost. In doing so we rediscover a
known method, related to Optimistic Gradient Descent Ascent (OGDA). For the deter-
ministic and the stochastic problem we show a convergence rate of O(1/k) and O(1/Vk),
respectively. We illustrate the proposed methods and their convergence behaviour by ap-
plications to a bilinear saddle point problem, in the context of which we also emphasise
the interplay between the inertial and the relaxation parameters for RIFBF and showcase
the obtained convergence rates. Our theoretical results are complemented with empirical
improvements in the training of Wasserstein GANs on the CIFAR-10 dataset.
This chapter is based on the articles [20},36]; see also [19, Chapter 5].

3.1. Introduction

3.1.1. Motivation

One of the main motivations for the investigation of monotone inclusions and variational
inequalities governed by monotone and Lipschitz continuous operators is represented by
convex-concave minimax problems. It is well-known that determining primal-dual pairs
of optimal solutions of constrained convex optimisation problems means actually solv-
ing convex-concave minimax problems [17], nevertheless, minimax problems are of own
interest. Minimax problems arise traditionally in game theory [110] and, more recently,
in robust adversarial learning [96] and the training of Generative Adversarial Networks

13
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(GANS) [69,70], as we will see in Section [3.5]

The general convex-concave minimax, or saddle point, problem is of the form

min max ¥(z,y) := f(2) + &(z,9) — 9(y), (MM)
where X and ) are real Hilbert spaces, ® : X x ) — R is a coupling function, and
f:X - RU{4o00} and g : Y — RU {+o0} are regularisers. The coupling function
® is assumed to be convex-concave, i.e., ®(-,y) : X — R is convex for all y € ) and
®(x, -): Y — Ris concave for all x € X, and differentiable with L-Lipschitz continuous
gradient (L > 0), which means that for all z, 2’ € X and all y, ¢’ € V we have

[VO(z,y) — VO, y)|| < L||(z,y) = («',¢)]| = L\/Hw — 2|+ ly —v'|I”

The regularisers f and g are assumed to be proper, convex and lower semicontinuous. A
solution of (MM) is given by a so-called saddle point (z*,y*) € X x Y, fulfilling

U(z*y) <VU(z"y") < ¥(z,y") VzelX Vye),
or, equivalently, the system of optimality conditions

0€0[U(-,y")](z*) = 0f(z") + Vo @(z*, y*),

0 € O-U(a", V") = dg(y") — Vy@(a*,y"), 3.1)

where 0f : X — 2% and 0g : ) — 2 denote the convex subdifferential of the functions
f and g, respectively. Defining

r: X xY = RU{+o0}, (2,y)— f(2)+9(y),
and

, Vi @(z,y)
F: XxXxY—=>Xx)Y, (z,y9)— (_qu) m,y))’

we see that (3.1) is equivalent to
0€or(z",y")+ F(z*,y").

Note that the assumptions stated above imply that r is proper, convex and lower semi-
continuous, while F' is monotone and L-Lipschitz continuous.

This motivates us also to investigate the following more general problem. Let H be a
real Hilbert space, let r : H — RU {400} be a proper, convex and lower semicontinuous
function, and let F' : H — H be a monotone and L-Lipschitz continuous operator (L > 0).
The goal is to find z* € H such that

0€0r(z") + F(z"). (MI-VT)

14
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Using the definition of the convex subdifferential, we see that (MIL-VI)) is equivalent to
r(2*) + (F(2%),2" —2) <r(z) VzeH. (VI-s)

This type of problem is well-established and is called Variational Inequality (VI). The for-
mulation (VI-s) is known as strong form of the VI, while its associated weak formulation
reads as follows: find z* € H such that

r(z")+ (F(z),2" —z) <r(z) VzeH. (VI-w)

Obviously, the notions of strong and weak formulation are strongly related and in the
setting stated above even equivalent.

Lemma 3.1.1. Let r : H — RU {400} be a proper, convexr and lower semicontinuous
function, and let F': H — H be a monotone operator. Then the following holds:

(i) If z* € H is a solution of (VI-s|), then it is also a solution of (VI-w));

(i1) If in addition F is continuous, then z* € H is a solution of (VI-8) if and only if it
is a solution of (VI-w]).

Proof. (i) Let z* € H be a solution for the strong formulation (VI-s). Then by mono-
tonicity of F' we have that for all z € H

r(z) > r(z") + (F(z"),2" —2) > r(z") + (F(2),2" — 2),
which is nothing else than z* being a solution for the weak formulation (VI-w]).

(ii) Let z* € H be a solution for the weak formulation (VI-w)) and z = gz* + (1 — S)w
for an arbitrary but fixed w € H and 8 € (0,1). Then

(F(B2" + (1 = Bw), (1 = B)(w — z")) + (82" + (1 = Blw) — r(z") 2 0,
and convexity of r implies
(1 =B)(F(Bz" + (1 = B)w),w — 2%) + (1 = B) (r(w) — r(z")) = 0.
Dividing the above inequality by (1 — 3) and taking the limit 3 — 1 then gives
(F(z*),w — 2*) + r(w) — r(z*) > 0.

As w € H was arbitrary, we get that z* is a solution for the strong formula-

tion (VI-s).
Ul

Problem (VI-s) and (VI-w]) is known as general strong and weak VI, respectively. For
a specific choice of the function r we obtain a prestigious problem instance of particular
interest.

15
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Example 3.1.2. Let C C H be a nonempty closed convexr set. Then for the choice
r = dc in (VI-) and (VI-w]) we obtain the classical strong and weak VI, respectively,
where the task is to find 2z* € C such that

(F(2z"),z—2") >0 VzeC, (3.2)

and

(F(2),z—2")>0 VzeC,
respectively.

A further generalisation of (MI-VI), and thus variational inequalities, is the so-called
Monotone Inclusion (MI), where we want to find z* € H such that

0 € Az* + Bz*, (MI)

with A : H — 2" being a set-valued maximal monotone operator and B : H — H being
a single-valued monotone and L-Lipschitz continuous operator (L > 0). Indeed this
is a generalisation, as the subdifferential of a proper, convex and lower semicontinuous
function is well-known to be maximal monotone.

Monotone inclusions governed by maximal monotone operators are often seen as gener-
alisations of systems of optimality conditions for convex optimisation problems, however,
shows that they can also be of own interest. In order to solve one cannot
rely on solution methods developed for optimisation problems, but needs to design and
develop specific algorithms in the framework of the theory of monotone operators. This
will be one of our goals in this chapter and in this way we will provide further evidence
for the importance of monotone operators beyond the convex optimisation setting.

Remark 3.1.3. Formulation (MM)]) is indeed sufficiently general. For example if we look
at the following saddle point problem where the regularisers are composed with linear
operators,

min max U(z,y) := f(Az) + ®(z,y) — 9(By), (3.3)

where X, Y, H, G are real Hilbert spaces, f : H - RU{+0}, g : G — RU {+o0}
are proper, convex, lower semicontinuous functions, A : X — H, B : ) — G are linear
continuous mappings and the coupling function ® : H x G — R is convex-concave and
Fréchet differentiable with Lipschitz continuous gradient. Then finding a saddle point

of (3.3]) amounts to solving

0€d(fod)(z*)+ Vi[®(-,y")](z*),
0€d(goB)(y") — Vy[®(z, )](y").

Under certain regularity conditions (see |17}, Section 16.4]) this is equivalent to

0 € A*0f(Az*) + V. ®(z*, y"),

16
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Employing |17, Theorem 16.23] we see that the above holds if and only if there exist
(u*,v*) € H x G such that
0e€af(u*)— Az*
0=A"u"+V,®(z*, y")
0 € 9g*(v*) — By*
0= B"v"— qu)(l'*,y*),
where f* and g* denote the Fenchel conjugate of f and g, respectively. Using the defi-
nition of the subdifferential and the convex-concave structure of the coupling function ®
we infer that this is fulfilled if and only if for all (z,y,u,v) € X X Y x H X G
=fT(w) + (u, Az") + @(2",y) + g"(v*) — (v*, By)
< -f1(W) + (ut, Az") + (2%, y7) + g7 (v7) = (v°, By")
< -1 (W) + (u', Az) + (2, y7) + 97 (v) — (v, By").
Writing
U((x,0), (y,w) = —f*(u) + (u, Az) + ®(z,y) + ¢*(v) — (v, By) ,

we see that the above chain of inequalities holds if and only if for all (z,u) € X x H and
all (y,v) € Y x G

T((2",0"), (y,0) < V((@*,0%), (" u") < U((2,0), (4", u),

which is the characterisation of a solution for the saddle point problem

i a f ) + (i 9 9 9 —g 5 5
(e)EXXG (yu) eV H f(z,0) + @((z, ), (y,u)) = gy, u)

where 3
fi(zv)= g (v) and g:(y,u) = f*(u)
are proper, convex and lower semicontinuous functions, and
& ((2,0), (y,w) = (u, Az) + (z,y) — (v, By)
is convex-concave and differentiable with Lipschitz continuous gradient — matching the
setting of (MM]).
3.1.2. Related literature

Solution methods for solving , when the operator B is cocoercive, have been de-
veloped intensively in the last decades [1,9,/17,27,28|. The simplest method for solving
, when B is cocoercive, is the forward-backward method, which for a given starting
point zg € H iterates for all £ > 0

21 = Jya (Id = yB) 2, (3.4)
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where v is a positive step size chosen in (0,2/L) and J4 denotes the resolvent of A. Notice
that every cocoercive operator is Lipschitz continuous and that the gradient of a convex
and Fréchet differentiable function is a cocoercive operator if and only if it is Lipschitz
continuous (see Remark and Proposition [2.2.11)). The iterative scheme results
from time-discretisation of the following first order dynamical system with time step size
chosen equal to 1,

5(8) + 2(t) = Jya (1d — 7 B) (1),

z(0) = zo.
For more about dynamical systems of implicit type associated to monotone inclusions
and convex optimisation problems, see for example [1,7,[211[28].

Recently, the following second order dynamical system associated with the monotone

inclusion problem (MI)), when B is cocoercive,

{5(15) +o()3(t) + 7(t) [2(t) — Jya (Id — yB) 2(1)] = 0,
2(0) = z0, 2(0) = 2o,

where o, 7 : [0,400) — [0,+00), was proposed and studied in [27] (see also [2}/7,[28]).
Explicit time discretisation of this second order dynamical system gives rise to so-called
relaxed inertial forward-backward algorithms; which combine inertial effects and relax-
ation parameters.

In the last years Attouch and Cabot have promoted relaxed inertial algorithms for
monotone inclusions and convex optimisation problems in a series of papers, as they
combine the advantages of both inertial effects and relaxation techniques. More pre-
cisely, they addressed the relaxed inertial proximal method [10,[11] and the relaxed in-
ertial forward-backward method [9]. A relaxed inertial Douglas-Rachford algorithm for
monotone inclusions has been proposed by [29]. [81] investigated the influence inertial
effects and relaxation techniques have on the numerical performances of optimisation
algorithms. The interplay between relaxation and inertial parameters for relative-error
inexact under-relaxed algorithms has been addressed by [4}/5].

Relaxation techniques are essential ingredients in the formulation of algorithms for
monotone inclusions, as they provide more flexibility to the iterative schemes [17}59).
Inertial effects have been introduced in order to accelerate the convergence of the numer-
ical methods. This technique traces back to the pioneering work of Polyak [122], who
introduced the heavy ball method in order to speed up the convergence behaviour of the
gradient algorithm and allow the detection of different critical points. This idea was em-
ployed and refined in various settings — most prominently in the context of solving smooth
convex minimisation problems by Nesterov [113|, but also for monotone inclusions [2]
and nonsmooth convex minimisation problems [3]. When applied to convex minimisa-
tion problems, the acceleration techniques introduced by Nesterov [113| or those defined
via asymptotically similar constructions lead to an improved convergence rate for the
sequence of objective function values. When applied to monotone inclusions, the same
lead, as seen in [9}/10,/11] for the relaxed inertial proximal and forward-backward meth-
ods, to improved convergence rates for the sequences of discrete velocities and Yosida
regularisations of the governing operator.
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In the following we will focus on solving the monotone inclusion in the case when
B is merely monotone and Lipschitz continuous. To this end we will formulate a relaxed
inertial forward-backward-forward (RIFBF) algorithm, which we obtain through the time
discretisation of a second order dynamical system approaching the solution set of .
The forward-backward-forward (FBF) method was proposed by Tseng [137], iterating for
all k>0
wy, = Jya(ld — v, B)z,

FBF:
{ Zit1 = Yk — Ye(Byr — Bzy),

where zy € H is the starting point. The sequence (zj)r>0 converges weakly to a solution
of if the sequence of step sizes (yx)r>0 is chosen in the interval (0,1/L), where
L > 0 is the Lipschitz constant of B. An inertial version of FBF, however in the
absence of relaxation variables, was proposed by [26]. The convergence of the sequence
of generated iterates has been proved in a very restrictive setting that requires that the
inertial parameters take very small values. This is in accordance to the inertial parameters
choices in the earliest papers on inertial algorithms [2,13]. It is one of our aims to show
that relaxation parameters allow more flexibility in the choice of the inertial ones, which
leads to better convergence behaviour.

Recently, a forward-backward algorithm for solving , when B is monotone and
Lipschitz continuous, was proposed by [100]. This method requires in every iteration
only one forward step instead of two, however, the sequence of step sizes has to be
chosen constant in the interval (0,1/21), which slows the algorithm down in comparison
to FBF. A popular algorithm used to solve the variational inequality , when
B is monotone and Lipschitz continuous, is Korpelevich’s extragradient method [85].
Note that this algorithm can also be applied to the more general monotone inclusion
problem with the step sizes to be chosen in the interval (0,1/L), however, this
method requires two backward steps as well as two forward steps.

3.1.3. Outline

First, we will approach the solution set of from a continuous perspective by means
of the trajectories generated by a second order dynamical system of FBF type in Sec-
tion We will prove an existence and uniqueness result for the generated trajectories
and provide a general setting in which these converge to a zero of A + B as time goes
to infinity. In addition, we will show that explicit time discretisation of the dynamical
system gives rise to an algorithm of forward-backward-forward type with inertial and
relaxation parameters which we call RIFBF.

In Section we will discuss the convergence of RIFBF and investigate the inter-
play between the inertial and the relaxation parameters. It is of certain relevance to
notice that both the standard FBF method, the algorithm by [100] and the extragradi-
ent method require to know the Lipschitz constant of B, which is not always available.
This can be avoided by performing a line-search procedure, which usually leads to addi-
tional computation costs. On the contrary, we will use an adaptive step size rule which
does not require knowledge of the Lipschitz constant of B. We will also comment on
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the convergence of RIFBF when applied to the variational inequality problem in
the case when the operator involved is pseudo-monotone but not necessarily monotone.
Pseudo-monotone operators for example appear in the consumer theory of mathematical
economics [73]| and as gradients of pseudo-convex functions [51], such as ratios of convex
and concave functions in fractional programming [22]. To conclude this section we treat
a bilinear saddle point problem which can be understood as a two-player zero-sum con-
strained game. In this context, we emphasise the interplay between the inertial and the
relaxation parameters.

In Section we deal with statements about convergence rates for the FBF method.
We also propose a variant of FBF reusing previous gradients to reduce the computational
cost per iteration, which turns out to be a known method, related to [100]. By devel-
oping a unifying scheme that captures both FBF and this method, we reveal a hitherto
unknown connection. Using this approach we prove novel convergence rates in terms
of the minimax gap for both methods in the context of saddle point problems. In the
deterministic and stochastic setting we obtain rates of O(1/k) and O(1/vk), respectively.
Again, we treat bilinear saddle point problems to illustrate the obtained convergence
rates.

Concluding, in Section we employ variants of FBF for training Generative Adver-
sarial Networks (GANs) which constitute a powerful class of machine learning systems
where two opposing artificial neural networks compete in a zero-sum game. GANs have
achieved outstanding results for producing photorealistic pictures and are typically known
to be difficult to optimise. Using principled methods with convergence guarantees, even
though only in the monotone setting, we show empirical improvements in the training of
Wasserstein GANs on the CIFAR-10 dataset.

3.2. A second order dynamical system of FBF type

In this and the following section we aim to solve the monotone inclusion problem (MI).
Recall, we are interested in finding z* € H, with H being a real Hilbert space, such that

0€ A" + Bz", (MI)

where A : H — 2" is a maximally monotone set-valued operator, and B : H — H is a
monotone and Lipschitz continuous operator with Lipschitz constant L > 0, such that
zer(A+ B) :={z€H:0€ Az + Bz} # 0.

In this section we will for this reason focus on the study of the following dynamical
system in connection with the monotone inclusion problem (MI),
w(t) = Jya(ld — vB)z(t),
Zt)+o(t)z(t) + 7(t) [2(t) —w(t) — v (Bz(t) — Bw(t))] = 0, (3.5)
Z(O) = 20, Z(O) = 2‘:07

where 0,7 : [0,4+00) — [0,+00) are Lebesgue measurable functions, 0 < vy < 1/ and
20, 20 € H.
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We define M : H — H by
Mz =2—Jya(ld —=vyB)z —y[Bz — Bo Jys(ld — vB)z]. (3.6)
Then (3.5) can be equivalently written as

(3.7)

{é(t) +o(t)3(t) + T(H)Mz(t) =0,
Z(O) = 20, Z(O) = Z"o.

The following result collects some properties of M.

Proposition 3.2.1. Let M be defined as in (3.6). Then the following statements are
true:

(i) zer(M) = zer(A + B);
(11) M is Lipschitz continuous;

(111) for all z* € zer(M) and all z € H the following holds:

1—~L 2
5 | M=]]”.

(Mz,z—2") > A0

Proof. (i) For z € H we set w := Jya(Id —vB)z, thus Mz = z — w — v (Bz — Bw).
Using the Lipschitz continuity of B we have

(1 =7L) [z —w| < |[Mz| = ||z = w =7 (Bz = Bw)|| < (1 + L) [|z —w[[. (3.8)

Therefore, z € zer(M) if and only if 2 = w = J,4(Id — vB)z, which is further
equivalent to z € zer(A + B).

(ii) Let z, 2/ € H and w := Jya(Id — vB)z, and w’ := J,4(Id — vB)z'. The Lipschitz
continuity of B yields
|Mz— M| = ||z —w—~ (Bz— Bw) — 2’ + ' + v (Bz' — Buw')||
< (L+9L) ([lz = 2| + [l = w'[]).-
In addition, by the nonexpansiveness (Lipschitz continuity with Lipschitz con-
stant 1) of J,4 and again by the Lipschitz continuity of B we obtain
|w—w'|| = ||Jya(Id = vB)z — Jya(Id — vB)7/||

< ||Id —+B)z — (Id —vB)7|| < (1 + L) ||z — 2| -
Therefore,

|Mz— MZ|| < (1+~L)2+~L) ||z - 2

which shows that M is Lipschitz continuous with Lipschitz constant (1 +~vL)(2 +
~L) > 0.

)
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3. FBF algorithm: extensions and convergence rates

(ili) Let 2* € H be such that 0 € (A+ B)z* and z € H. We denote w := J,a(ld —vB)z
and can write (Id —yB)z € (Id + yA)w or, equivalently,

1
;(sz) — (Bz — Bw) € (A+ B)w. (3.9)
Using the monotonicity of A + B we obtain
1
<(z—w)—(Bz—Bw),w—z*> >0,
~

which is equivalent to
(z—w—7(Bz—Bw),z—2")>(z—w—v(Bz— Bw),z —w).
This means that
(Mz,z— 2" > (z —w—~(Bz — Bw),z —w) = ||z — w||* — v (Bz — Bw, z — w)
> |z — | = 7 1Bz — Bul |2 —wl > (1 — L) |12 — w]?

1—~L
> ———— | Mz|?,
(1+~L)

where the last inequality follows from (3.8)).
O

The following definition makes explicit which kind of solutions of the dynamical sys-
tem (3.5) we are looking for. We recall that a function z : [0,b] — H (where b > 0) is
said to be absolutely continuous if there exists an integrable function w : [0,b] — H such
that

2(t) = 2(0) +/0 w(s)ds Vte0,b)].

This is nothing else than z is continuous and its distributional derivative Z is Lebesgue
integrable on [0, b].

Definition 3.2.2. We say that z : [0, +00) — H is a strong global solution of (3.5) if
the following properties are satisfied:

(i) 2z, 2 : [0,4+00) — H are locally absolutely continuous, in other words, absolutely
continuous on each interval [0,b] for 0 < b < +00;

(ii) 2(t) +o(t)2(t) + 7(t)M z(t) = 0 for almost every ¢ € [0, 400);
(iii) 2(0) = zp and 2(0) = Zo.

Since M : H — H is Lipschitz continuous, the existence and uniqueness of the tra-
jectory of (3.5)) follows from the Cauchy-Lipschitz Theorem for absolutely continuous
trajectories.
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3.2. A second order dynamical system of FBF type

Theorem 3.2.3. (see [27, Theorem /) Let o, 7 : [0,400) — [0,400) be Lebesgue
measurable functions such that o,7 € L] ([0,400)) (that is o, 7 € L'([0,b]) for all

0 < b < +00). Then for each zy, 29 € H there exists a unique strong global solution of
the dynamical system (3.5)).

We will prove the convergence of the trajectories of in a setting which requires
the damping function ¢ and the relaxation function 7 to fulfil the assumptions below.
We refer to [27] for examples of functions which fulfil this assumption and want also to
emphasise that when the two functions are constant we recover the conditions from [13].

Assumption 3.2.4. 0,7 : [0, +00) — [0, +00) are locally absolutely continuous and there
exists v > 0 such that for almost every t € [0,4+00) the inequalities

(1+~L)?
1—~L

o(t) <0< 7(t) and > (1+v)

hold true.

The result which states the convergence of the trajectories is adapted from the results
by [27, Theorem 8|. However, it cannot be obtained as a direct consequence of it, since
the operator M is not cocoercive as it is required there. Nevertheless, as seen in Propo-
sition (iii), M has a property, sometimes called “cocoercive with respect to its set
of zeros”, which is by far weaker than cocoercivity, but strong enough in order to allow
us to partially apply the techniques used to prove Theorem 8 by [27].

Theorem 3.2.5. Let 0,7 : [0, +00) — [0, +00) be functions satisfying Assumption [3.2.]]
and 29,20 € H. Let z : [0,4+00) — H be the unique strong global solution of (3.5). Then
the following statements are true:

(i) the trajectory z is bounded and %, 3, Mz € L? ([0, +00); H);
(i15) z(t) converges weakly to an element in zer(A + B) as t — +o0.

Proof. Take an arbitrary z* € zer(A + B) = zer(M) and define for all ¢ € [0, +00) the
Lyapunov function h(t) = 3 [|z(t) — 2*||%. For almost every ¢ € [0, +00) we have

h(t) = (2(t) = 2*,2(1))  and  h(t) = [|Z@)I* + (=(1) — 2", 2(¢)).

Taking into account (3.7)) we obtain for almost every ¢ € [0, +o0) that

h(t) + o (t)h(t) + 7(t) (2() — 2%, M=(1)) = ||2()],
which, together with Proposition (iil), implies

() + o (Oh(t) + —— VLQT(t) IM=(0)]* < Jlz(0)]*.

(1+~L)
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3. FBF algorithm: extensions and convergence rates

From this point, we can proceed as in the proof of [27, Theorem 8] — we will show now
that from the last inequality we obtain the statements in (i) and (ii) and that the limit
lim 4o ||2(t) — 2*|| € R exists, which is the first assumption in the continuous version
of the Opial Lemma, see Lemma [2.3.2

Let us define « : (11+7 LL)2 > 0. Taking again into account (| one obtains for every

€ [0, 400)
o . K .. . 2 . 2
h(t) + o (t)h(t) + @ 12(t) + o (®)2@)[I" < [|2(2)]

or, equivalently,

. . KO /<{/O'2 K
ie) + othte) + 75 4 (12017) + (S = 1) I + 5 P <o

Combining this inequality with

2 (o) = & (22 10 - 2970,

QNPT

7(t) dt 7(t) 72(t)
and
d d
o(®(t) = L (on)1) — s (tynt) > L (am) ),
yields for every t € [0, +00)
o)+ om0 + gy (200 1601
Ko0) | 60T £ oA\ e
+ (M + e ) IO + -5 12001° <o

According to Assumption for almost every t € [0,4+00) the following inequality
holds,

o) + g om + g (2101 ) +v [0 + £ O <0, (3.0

where 7 denotes a positive upper bound for the function 7. From here we obtain that
the function t — h(t) + o(t)h(t) + m% 12(¢)]|?, which is locally absolutely continuous,
is monotonically decreasing. Hence there exists a real number N; such that

a(t)

h(t) + o (t)h(t) + =0 10| < Ny ¥t € [0, +00), (3.11)

which yields '
h(t) 4+ ch(t) < M V¥t e [0,400),

where g denotes a positive lower bound for the function o. By multiplying this inequality
with exp(ct) and then by integrating from 0 to T', where T > 0, it yields

h(T) < h(0) exp(-cT) + jzl (1 —exp(-cT)),

24



3.2. A second order dynamical system of FBF type

thus
h is bounded

and, consequently,
the trajectory z is bounded.

On the other hand, from (3.11]), it follows that for every ¢ € [0, +00)
; RO .
h(t) + — 12@®)]° < N,
hence o
(z(t) =27 2(0) + — 12> < N
This yields, since z is bounded, that

Z is bounded,

and further that .
h is bounded.

Integrating (3.10) we obtain that there exists a real number Ny € R such that for every
t € [0, +00)

. o(t) . b ko[t
h(t) + o (t)h(t) + PO 12(8)]1* + V/ 12(s)[|” ds + / 12(s)|* ds < Na,
7(t) 0 T Jo
which allows us to conclude that 2,3 € L?([0, +00); H). Finally, from (3.7) and Assump-
tion we deduce Mz € L?([0,+00); H) and the proof of statement (i) is complete.
In order to prove (ii), we notice that for every t € [0, +00) the following is true,

d (1

4 (BIOI) = (0. 20) < 5 1201 + 101

which, according to (i), leads to limy—, 1 2(t) = 0.
Further, for every t € [0, 4+00) we have

% (; !M(z(t))|2> = <M(z(t)), jt(Mz(t))>
2 2
< L) + LEEE AL sy

By using (i) again, we derive lim;_, 4 M (z(t)) = 0, while lim;_, y o 2(¢) = 0 follows from
(3.7) and Assumption [3.2.4]
Finally, we have seen that the function t — h(t) + o (t)h(t) + m% |2(¢)||* is monoton-
ically decreasing, thus from (i), (ii) and Assumption we deduce that there exists
lim o(t)h(t) € R.

t——+o00
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3. FBF algorithm: extensions and convergence rates

By taking also into account that lim; . o(t) € (0,400) exists, we finally obtain that
there exists

lim |z(¢) — 2*||* € R.
t—-+o0

In order to show that the second assumption of the Opial Lemma is fulfilled, which
means actually proving that every weak sequential cluster point of the trajectory z is a
zero of M, one cannot use the arguments from [27, Theorem 8|, since M is not max-
imal monotone. We have to use, instead, different arguments relying on the maximal
monotonicity of A + B.

Indeed, let Z be a weak sequential cluster point of z, which means that there exists a
sequence ty — +oo such that (z(tx))r>0 converges weakly to z as k — +oo. Since, ac-
cording to (ii), limy—, 4o M2(t) = limy_ 1 o [2(t) — w(t)] = 0, we conclude that (w(t;))k>0
also converges weakly to z. According to we have

(2(tr) — w(ty)) — (Bz(ty) — Bw(ty)) € (A + B)w(ty) Yk > 0. (3.12)

2=

Since B is Lipschitz continuous and limy_, o ||2(tx) — w(tx)|| = 0, the left hand side
of converges strongly to 0 as k — +oc0. Since A + B is maximal monotone, its
graph is sequentially closed with respect to the weak-strong topology of the product space
H x H. Therefore, taking the limit as ¢, — +o0 in we obtain z € zer(A + B).
Thus, the continuous Opial Lemma implies that z(t) converges weakly to an element
in zer(A+ B) as t — +o0. O

Remark 3.2.6 (explicit discretisation). Explicit time discretisation of (3.5)) with step size
sk > 0, relaxation variable 7, > 0, damping variable o5 > 0, and initial points 2y and z;
yields for all £ > 1 the following iterative scheme:

1 Ok
872 (Zk+1 — 221 + Zkfl) + g (Zk; — Zszl) + Muv, =0, (3.13)
k

where v, is an extrapolation of z; and z,_; that will be chosen later. The Lipschitz con-
tinuity of M provides a certain flexibility to this choice. We can write (3.13)) equivalently
as

(Vk>1) zpp1 =2+ (1 —oksg) (2 — 2p—1) — siTkak.

Setting ay := 1 — o%Sk, pr, := s37 and choosing vy = 2x, + ag (2 — 2,—1) for all k > 1,
we can write the above scheme as

v = 2k + (2 — 2p—1)
wy, = Jya(ld — yB)vy,
2p1 = (1 = pr)vg + pr (Wi — v(Bwy, — Buy)) ,

which is a relaxed version of the FBF algorithm with inertial effects.
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

In this section we investigate the convergence of the relaxed inertial algorithm derived
in the previous section via explicit time discretisation of the second order dynamical
system . Recall, we are still interested in solving the monotone inclusion (MI]),
where we want to find z* € H such that

0e€ Az" + Bz*,

with A : H — 2 being a set-valued maximal monotone operator and B : H — H being a
single-valued monotone and Lipschitz continuous operator with Lipschitz constant L > 0.
To this end we will address the following algorithm iterating for all k£ > 1

v = 2k + (2 — 2p—1)
RIFBF: | wy, = Jy, a(ld — v B)vy
Zpr1 = (1= pp)vk + pr (Wi — v (Bwy, — Buy,)),

where zg, 21 € H are starting points, (Vi)k>1, (px)k>1 € Ry are sequences of posi-
tive numbers, and (og)r>1 € R4 is a sequence of nonnegative numbers. The following
iterative schemes can be obtained as particular instances of RIFBF:

e pr =1 for all k£ > 1: inertial Forward-Backward-Forward algorithm

v = 2k + o (2K — 2k—1)
IFBF: | wy = Jo, A(Id — v B)vy, Vk > 1
Zp1 = W — Y (Bwy — Buy,)

e oy =0 for all k£ > 1: relaxed Forward-Backward-Forward algorithm

Wg = JWA(Id — ’ka)zk

Vk > 1
Zer1 = (1= pr)2r + pr (Wi — Wi (Bwy, — Bzy)) -

RFBF: {

o ap =0, pr =1 for all k£ > 1: Forward-Backward-Forward algorithm

Wg = Jva(Id — ”ka)Zk

Vk>1
21 = Wi — Ye(Bwy — Bzy). -

FBF: {

Step size rules: Depending on the availability of the Lipschitz constant L of B , we
have two different options for the choice of the sequence of step sizes (yx)r>1:

e constant step size: v, :=~ € (0,1/1) for all k > 1;

e adaptive step size: let u € (0,1) and 73 > 0. The step sizes for k > 1 are
adaptively updated as follows

min ,M}, if Bwy — Bv 0,
Vht1 :z{ {7’“ 1Bwi—Bu] k= Bue # (3.14)

Yks otherwise.
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3. FBF algorithm: extensions and convergence rates

If the Lipschitz constant L of B is known in advance, then a constant step size can
be chosen. Otherwise, the adaptive step size rule is highly recommended. In
the following, we provide the convergence analysis for the adaptive step size rule, as
the constant step size rule can be obtained as a particular of it by setting ~v; := + and

w=~yL.
Proposition 3.3.1. Let p € (0,1) and y1 > 0. The sequence (k) generated by (3.14)

s monincreasing and

lim ~; =~ > min {71, ﬁ} .
k—+o0 - L

In addition,
|Bwy, — Bug|| < —2— |lwp, —vil|  VE > 1. (3.15)
Yk+1

Proof. Tt is obvious from (3.14) that vx41 < ~ for all & > 1. Since B is Lipschitz
continuous with Lipschitz constant L we obtain

pllwy — vl g
= "> if Bw, — Bu, #0,
|Bwy — Bug|| — L

which together with (3.14) yields

Vk+1 = min {’71, %} vk > 1.

Thus, there exists
v:= lim 7 > min {71, %} .

k—4o00

The inequality (3.15) follows directly from (3.14)). O

Proposition 3.3.2. Let uy := wy, — v (Bwg — Bvg) and 0y := WZ_’“H for allk > 1. Then
for all z* € zer(A + B) the following holds:

= 2*|1* < floe = 2°)1* = (1 = p?67) [lwx, — ol V& > 1. (3.16)
Proof. Let k > 1. Using (3.15) we have that

ok, — 2*|* = |lvk — wk + wg — wk +up — 2|2
= [lop — wk:||2 + |lwy, — ukHQ + [Jup — Z*||2
+ 2 (v — wp, wy, — 27) + 2 (W — ug, up — 25)
= |k — wil|” — lwi — wg])® + Jur — 21> + 2 (vg — ug, wy, — 27) (3.17)
= |Jog — wl|* = 7} | Bwy — Bog||” + |Jug, — 2*||° + 2 (v — ug, wy, — 2%)
N L/ 2 2
> |lox —wi]|” — — B lwg — ol + [Ju — 2%))° 4 2 (o — wg, wi — 2%) .
1

On the other hand, since

(Id + v A)wy > (Id — v B)vg,
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

we have
v € W+ Awy + v Bug = wi, — v (Bwy, — Bug) + k(A + B)wy, = ug + v, (A + B)wy,.

Therefore,
1
— (v —ug) € (A+ B)wy,
Tk

which, together with 0 € (A + B)z* and the monotonicity of A + B, implies

(Vg — ug, w, — 2*) > 0.

Hence,
2 2 M27;3 2 *(12
v — 2%[|7 > |log — wel|” — =5 lwg — v + [Jur — 277,
ke+1
which is (3.16]). O

The following result introduces a discrete Lyapunov function for which a decreasing
property is established.

Proposition 3.3.3. Let (o)k>1 be a nondecreasing sequence of nonnegative numbers
and (pi)k>1 be such that for some k, > 1 we have

< k>k 1
let z* € zer(A+ B) and for all k > 1 define
Hy = |lze — 2*|° — o |l ze—1 — 2* |1 + 20k (ak + 1_0‘k> 2 — ze—1]l*. (3-19)
pr(1 + pbr)

Then there exists ko > k, such that for all k > kg the inequality
Hyy1 — Hi < =0 [|2041 — 212 (3.20)

holds, where
2 1-— Aft1 )
0 = (11—« —— =1 -2« « + Vk > 1.
k= ) <Pk(1 + pby) ) wH < T e (U )
Proof. From Proposition [3.3.2) with uy = wy — yx(Bwy — Buvy), we have for all k > 1

Izk1 — 2°[17 = [(1 = pr)or + prur, — 2°|?
* *\ 112
= |(1 = pr) (v — 2%) + pr(ur, — 27)||
* 112 *112 2
= (1= pi) llox — 2"[I” + pr lluk — "7 = pr(1 — p) llug — vl

< (1= pi) llow — 211> + i l|vw — 2" (3.21)
1 —px
— i (1= p267) llw — o )* — & (B
= |joy, — 2*|* = pi (1 — 263 lwi — vil|* — 241 — vk
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3. FBF algorithm: extensions and convergence rates

Using (3.15) we obtain for all £ > 1
1

o lzk1 — vkll = lug — vill < [Jug — wie|l + lw, — vill = Y | Bwg — Bug|| + [|wg, — ]|

k
< (1 4 K% ) lwi — vgl| = (1 + pby) |[wr — vkl -
Vk+1

Since limg 1o (1 — k) =1 — p > 0, there exists k1 > 1 such that
1= by >0 VEk> k.

This means that for all £ > k1, we have

1 — pby 2 2
or(L+ 16r) l2k+1 — vel® < pr (1 — p203) flwr — vg)”

We obtain from (3.21)) that for all & > ky

* * 1—M9k 1—Pk
H%H—w|2sum—¢n2—(% ; T—

(1 + pb) Pk
2

o= = (s = 1) s = ol

pr(1 + pby,)

Now we will estimate the right-hand side of (3.22). For all £ > 1 we have
low, = 217 = |z + (ke = 2-1) = 2%

= (1 + ar)(zk — =) — (21 — 29|

= (1+ap) [lze — 2*)1* — e o1 — 2*I1° + (L + o) 126 — 261,

and

241 — vkl® = | (zht1 — 28) — a2 — 251 ||

= ||zks1 — 2kl]” + o l2n — 2e—1]” — 20k (21 — 2k 2 — 20—1)

> (1— ) [l2r41 — 21> + (af — ) [l2x — 2511

(3.22)

(3.23)

(3.24)

Combining ([3.22) with (3.23) and (3.24)), together with (3.18)) and using that (oy)g>1 is

nondecreasing, we obtain for all k > ko := max{kq,k,}

l2hs1 = 2*1% = anga lzs = 2112 < Nz — 2017 — a2 — 2°1?
<lak — 21 — e [lzr—1 — 2)1* + (1 + o) |2 — 21 |

1+ puby

- <sz(2) - 1) {(1 — o) 1z — 2el” + (0f — ) 1z — 261l

1— oy
= ||Zk — Z*HZ — O sz—l — Z*HQ + QOék <Oék + > ||Zk — Zk_1||2

pi(1 + ub)

2 2

—(1—-—« — = 1| ||zg21 — 2|7,
( k) (Pk(l ) ) 2641 — 2k

which is nothing else than (3.20]).
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

In order to further proceed with the convergence analysis, we have to choose the
sequences (ag)k>1 and (pg)r>1 such that

lim inf d;, > 0.
k—+00

This is a manageable task, since we can choose for example the two sequences such that
limg 00 = a > 0, and limg 100 pr = p > 0. Recalling that limg 10 = 1, we
obtain

—1+a—2d2

. e 2\ g (e 1o ) _20-a)
e o= )<M1+m ]) ? ( +pﬂ+u0 p(1+ 1)

thus, in order to guarantee limy_,, o 0 > 0 it is sufficient to choose p such that

(1-a)?
A+p) (22 —at1)

0<p< (3.25)

Moreover, for o > 0 we have

and thus

Then there exist kg, k1 > 1 such that

<p+e VEk>k, — —e<
Pk =P = Ko 1+ 1 1+ 16,

We obtain that for all & > k, := max{ko, k1} we have

Ot 1<+_2 ) 2 L2
€= — = —¢ ,
Pl =P AT A R

hence (3.18)) is fulfilled naturally with the choice (3.25)).

Remark 3.3.4 (inertia versus relaxation). Inequality represents the necessary trade-
off between inertia and relaxation (see Figure for two particular choices of p). The
expression is similar to the one derived by [10, Remark 2.13|, the exception being an
additional factor incorporating the step size parameter p. This means that for given
0 < a < 1 the upper bound for the relaxation parameter is

2 (1—a)?
14+ u) (202 —a+1)

ﬂmMZ(

We further see that a — p(a, ) is a decreasing function on the interval [0, 1]. Hence,
the maximal value for the limit of the sequence of relaxation parameters is obtained
when a = 0 and is pmax(p) := p(0,n) = ﬁ On the other hand, when « 7 1, then
pla, ) N\ 0. In addition, the function g — pmax(p) is also decreasing on [0, 1] with

limiting values 2 as ¢ (0, and 1 as u " 1.
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Inertia ay
Inertia ay.

0 0.2 0.4 0.6 0.8 1 12 14 0 0.2 0.4 0.6 0.8 1 12
Relaxation py Relaxation py,

Figure 3.1.: Trade-off between inertia and relaxation for p = 0.5 (left) and p = 0.95
(right).

Proposition 3.3.5. Let (ag)r>1 be a nondecreasing sequence of nonnegative numbers
with 0 < a < o < 1 for all k > 1 and (pr)r>1 a sequence of positive numbers such
that holds, with the property that iminfy . 0p > 0. For z* € zer(A+ B) we
define the sequence (Hy)p>1 as in (3.19). Then the following statements are true:

(i) the sequence (2i)g>0 is bounded;
(1) there exists limg_, o Hy € R;
(i68) 3525 6k |z — 2| < oo,

Proof. (i) From (3.20) and lim infg_, o dx > 0 we can conclude that there exists ko > 1
such that the sequence (Hy)g>k, is nonincreasing. Therefore for all & > ko we have

Hiy > H > |2k — 22 — agllzn1 — 2|2 > [zt — 2*2 — allzps — 22
and, from here,

low — 2*1I* < @21 — 2"[|* + Hi,

< aF 7R ||z — 2P + Hyy (14 a + ... + oF R

1 — of—Fko

= o™ 2y — 2 |* + Hig————,

which implies that (z)r>0 is bounded and so is (Hp)g>1-
(ii) Since (Hp)k>k, is nonincreasing and bounded, it converges to a real number.

(iii) Follows from (ii) and Proposition [3.3.3]

We are now in the position to prove the main result of this section.
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

Theorem 3.3.6. Let (a;)r>1 be a nondecreasing sequence of nonnegative numbers with
0<ar<a<lforallk>1 and (pr)r>1 a sequence of positive numbers such that
holds, with the property that liminfy_, o 6 > 0. Then the sequence (zx)r>0 converges
weakly to some element in zer(A + B) as k — +o0.

Proof. The result will be a consequence of the discrete Opial Lemma. To this end we will
prove that the conditions (i) and (ii) in Lemma [2.3.1|for C' := zer(A + B) are satisfied.
Let z* € zer(A + B). Indeed, it follows from (3.22)) and (3.23) that for k large enough

2k = 2% < (14 ) |26 = 2°11° = 21 — 271° + an (1 + ) l|2x — 26 ]|

Therefore, according to Lemma and Proposition [3.3.5] (iii), limy_, 1o |2k — 2*|| ex-
ists.

Let Z be a weak limit point of (2x)r>0 and a subsequence (zj,);>0 which converges
weakly to z as | — 4o00. From Proposition [3.3.5] (iii) we have

lim § —zl?=0
. k |2k — 2| ,

which, as liminfy_, 4o 0 > 0, yields limg 1o [|2k+1 — 2k]| = 0. Recall that for £ > 1 we
have u = wy — vy, (Bwy — Buy). Since

1 1
lue = vl = — llzk41 — vkl = — 2k — 2 + w2k — ze-1)l| VE =1,
Pk Pk

we get limy_, oo ||ugp — vg|| = 0. On the other hand, for all £ > 1 we have

lur — vell = |lwr — v — e (Bwg — Bug)|| > [Jwg — vi|l — & [[ Bwr — Bog||
> (1 — pby) [Jwr, — vi| -

Since limy_, 4o (1 — pbg) = 1 —p > 0, we can conclude that ||wg — vl — 0 as k — 4o0.
Furthermore, for all £ > 1 we have vy, = 2z + ag(zr — zx—1) and since ||zx+1 — 2] — 0
as k — 400 we deduce that (vg,);>0 converges weakly to z as [ — 4o00. Combining this
with the fact that ||wy —vi| — 0 as & — 400 then shows that (wy,)i>0 and (vg,)i>o0
converges weakly to Z as [ — 400, too. The definition of (wy, );>0 gives

1

T(Ukl — wy,) + Bwy, — By, € (A+ B)wg, VI >0.
ky

Using that (%(vkl — wy,) + Bwy, — kal>l converges strongly to 0 and that the graph
l >0

of the maximal monotone operator A 4+ B is sequentially closed with respect to the

weak-strong topology of the product space H x H, we obtain 0 € (A + B)z, thus z €

zer(A + B). O

Remark 3.3.7. In the particular case of the variational inequality (3.2)), which corresponds
to the case when A is the normal cone of a nonempty closed convex subset C' of H, we
want to find z* € C such that

(Bz*,z—2")>0 VzeC.

33



3. FBF algorithm: extensions and convergence rates

Taking into account that J,n, = Pc is for all v > 0 the projection operator onto C, the
relaxed inertial FBF algorithm reads

v = 2 + o (2 — 25—1)
RIFBF-VI: | wg = Po(Id — . B) vy
Zer1 = (1 — pr)vg + pr (wp — Vi (Bwg — Bug)),

where zg, z1 € H are starting points, (7x)r>1 and (pg)r>1 are sequences of positive num-
bers, and (o )r>1 is a sequence of nonnegative numbers. Then the algorithm converges
weakly to a solution of when B is a monotone and Lipschitz continuous operator
in the hypotheses of Theorem [3.3.6]

As it has been shown in [24], it also converges when B is pseudo-monotone on H,
Lipschitz continuous, and sequentially weak-to-weak continuous, and also when H is
finite dimensional, and B is pseudo-monotone on C' and Lipschitz continuous.

Denoting wu = wg — Y(Bwy — Byg) and 0 = 7’“1 for all £ > 1, then for all

Ve+
z* € zer(N¢ + B) we get

g = 2** < llog = 217 = (1= p°67) Iy, — vel> VE > 1

which is nothing else than relation (3.16)).

Indeed, since wy, € C, we have (Bz*, wr — 2z*) > 0, and, further, the pseudo-mono-
tonicity of B gives (Bwg,wp —2*) > 0 for all & > 1. On the other hand, since
wy, = Po(Id — yxB)vg, we have (2* — wg, w, — v, + v Bvg) > 0 for all & > 1. The
two inequalities yield

(wp — 2", v —ug) >0 Vk>1,

which, combined with , lead as in the proof of Proposition to the conclusion.

Now, since relation (3.16)) holds, the statements in Proposition and Proposi-
tion remain true and, as seen in the proof of Theorem [3.3.6] they guarantee that
the limit limy_, 1o |2k — 2*|| € R exists, and that

lim |Jwg —wvg]| = lim ||Bwy — Bvg|| = 0.
k——+o00 k——+o0

Having that, the weak converge of (zj)r>0 to a solution of follows, by arguing as in
the proof by [24, Theorem 3.1|, when B is pseudo-monotone on #, Lipschitz-continuous
and sequentially weak-to-weak continuous, and as in the proof by [24, Theorem 3.2],
when H is finite dimensional, and B is pseudo-monotone on C and Lipschitz continuous.

3.3.1. Numerical experiments

In this subsection, we treat a bilinear saddle point problem, which is a usual deterministic
example where all the assumptions are fulfilled to guarantee convergence. We illustrate
the interplay between inertia and relaxation, for which we look at different quantities,
e.g., the minimax gap, the fixed point residual or the discrete velocity of the iterates.
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

Bilinear saddle point problem

We want to solve the following bilinear saddle-point problem

min max ®(z,y) := 27 Ay + o’z + b1y, (3.26)
zeX yey

with A € R™" ¢ € R? and b € R” and where X C R? and Y C R” are nonempty, closed
and convex sets, in the sense that we want to find * € X and y* € Y such that

D(z*,y) < (2, y") < P(x,y")

for all x € X and all y € Y. The monotone inclusion to be solved in this case is of the

form
0e NXXY(.’IJ,y) + F("Bay)v

where Nxxy is the maximal monotone normal cone operator to X x Y and

F(m,y)zM(Z)—i—(_ab),WithM:(_SlT ‘3)

is monotone and Lipschitz continuous with Lipschitz constant L = ||[M||,. Notice that
I is not cocoercive.

e = 2ull
e — 2]

100 100 107 10° 10 10 10 107 10 100 10° 10°
Number of iterations k Number of iterations k Number of iterations k

(a) uniform (b) standard normal (c) Poisson

Figure 3.2.: Behaviour of the fixed point residual ||wg — vg|| for the constrained bilinear
saddle-point problem with data drawn from different distributions (p = 0.5).

For our experiments we choose d = n = 500, and A, a and b to have entries drawn from
different random distributions; we look at the uniform distribution on the interval [0, 1],
the standard normal distribution and the 1-Poisson distribution. For the constraint sets
U and V' we take unit balls in the Euclidean norm. We use constant step size v, = v = &,
where 0 < p < 1, constant inertial parameter o = a and constant relaxation parameter
pr = p for all k > 1. We set z := (xg, yx) to fit the framework of our algorithm. The
starting point zg is initialised randomly (with entries drawn from the uniform distribution
on [0, 1] for all three settings) and we set z; = zp. We did not observe different behaviour
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3. FBF algorithm: extensions and convergence rates

for various random trials, so each time we provide the results for only one run in the
following.

In Figure we can see the development of ||wy — vg|| for problem with data
drawn from the different distributions for u = 0.5, p = 0.5 and various values of . The
quantity [lwy — vg|| is the fixed point residual of the operator J,4(Id — vB), for which
according to the convergence analysis we have that ||wyp —vg| — 0 as & — +oo. As
solutions of the problem ({3.26) are not available explicitly, we look at this meaningful
surrogate instead. Also, if we have wy = v for some k > 1 then 2341 = wi, = vg is a
solution of . We see that the behaviour of the residual is similar for most combi-
nations of parameters and all three settings. When the inertial parameter « is larger,
the algorithm takes fewer iterations for the fixed point residual to reach the considered
threshold of 107°. However, when a gets close to the limiting case the performance is
not consistently better throughout the entire run any more when the data is drawn from
the uniform or the Poisson distribution. Temporarily the residual is even worse than for
smaller a, nevertheless the algorithm still terminates in fewer iterations in the end.

» ¢ 0.01 0.10 020 030 040 050 060 070 080 090 1.00 110 120 130 132
0.00  >10000 >10,000 6493 4327 3245 2596 2166 1,860 1,629 1447 1234 1,08 1,017 941 929
0.04  >10000 >10,000 6,233 4,154 3,115 2493 2,080 1,787 1,562 1375 1,171 1,065 977 - -
0.08  >10000 >10,000 5973 3,981 2985 2380 1,995 1,713 1496 1277 1121 1,024 937 - -
012  >10,000 >10000 5713 3807 2,856 2286 1910 1635 1427 1,194 1077 984 - - -
0.6  >10,000 > 10,000 5453 3,634 2726 2,184 1,824 1,551 1,336 1,140 1,038 - - - -
020  >10,000 >10,000 5192 3461 2597 2082 1,735 1461 1231 1,099 . N . . .
0.24  >10000 9871 4932 3287 2468 1976 1,621 1,374 1,170 - - N N B B
028  >10,000 9350 4671 3114 2339 1858 1502 1282 B . - N B B} )
032  >10000 8830 4411 2943 2204 1,734 1,396 : . . - B N B} )
036 >10,000 8309 4,150 2770 2,035 1589 1327 N - B - B } B B
040  >10000 7,787 3891 2,571 1,866 1,486 - B N B - B } B} B
044  >10,000 7,266 3,633 2,351 1,730 - - N - n - B } B B
048  >10000 6,744 3340 2,149 - - . - B N - B } B B
052  >10000 6223 3012 2,000 - - - B , N ) B ) B B
0.56  >10,000 5707 2,709 . N B B, B B - ) N B} B B
0.60  >10,000 5,130 - - B N N B B N ) , B B B
0.64  >10000 4,480 . . B B - - B } _ B B B N
0.68  >10,000 3,968 - - B N N B B N ) , B B B
0.72 > 10,000 N . . B B - - B ) _ B B B B
0.76 > 10,000 - - - B B N B B B} ) B B B B
0.80 > 10,000 . . . B B - B B ) ) B} B B B
0.84 > 10,000 - - - N B . N B B ) B N B B
0.88 > 10,000 . . . B . - B B N ) B} B B B

Table 3.1.: Number of iterations necessary to achieve |lwj — v < 107° in the con-
strained bilinear saddle-point problem with data drawn from a uniform dis-
tribution (p = 0.5)

In Table 3.1 we can see the necessary number of iterations for the algorithm to achieve
lwy, — vi|| < 1072 for p = 0.5 and different choices of the parameters a and p. As the
results are very similar for all three considered distributions, here we only report the
case of data drawn from the uniform distribution on the interval [0,1]. For the tables
regarding the experiments for data drawn from the standard normal distribution and the
1-Poisson distribution please refer to Appendix [A.T]

As mentioned in Remark there is a trade-off between inertia and relaxation. The
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

parameters « and p also need to fulfil the relations

(1-a)
(1+p) (202 —a+1)

0<a<l and 0<p<

which is the reason why not every combination of a and p is valid.

N 0.01 010 020 030 040 050 060 070 0.80 090 1.00 1.04
0.00 >10,000 7,850 3,927 2,620 1,967 1,574 1,309 1,110 948 837 734 705
0.04 >10,000 7,536 3,770 2516 1,889 1,511 1,256 1,054 908 791 704 -
0.08 >10,000 7,222 3613 2411 1,810 1447 1,201 999 865 751 . .
012  >10,000 6,908 3456 2,307 1,731 1,383 1,141 946 822 y . y
0.16 >10,000 6,595 3,300 2202 1,652 1,317 1,071 893 774 - . .
0.20 > 10,000 6,281 3,143 2,098 1,572 1,248 999 843 - - - -
0.24  >10,000 50967 2,987 1,993 1491 1,170 934 - - - - -
0.28  >10,000 5653 2,830 1,887 1,405 1,083 879 - - - - -
032  >10,000 5340 2,674 1,780 1,302 1,000 . - - _ . _
0.36 > 10,000 502 2,517 1,664 1,196 - - - - . . .
0.40  >10,000 4,713 2,357 1,531 1,105 - - - _ . . _
044  >10,000 4,400 2,189 1,390 - . - - - . . .
048  >10,000 4,088 1,999 . - - - - - . . .
052  >10,000 3,773 1,789 - . - - - _ . . _
0.56 > 10,000 3,443 . . - - - _ _ . . .
0.60 > 10,000 3,077 - . - - - - - . . .
0.64 > 10,000 2,663 - § - - - . _ . . _
0.68 > 10,000 - . - - - - _ _ . . _
0.72 > 10,000 - - . - - - - _ . . .
0.76 > 10,000 . . § - - - _ _ . . .
0.80 > 10,000 - . . - - - _ _ . . _
0.84 > 10,000 - - . - - - _ _ . . .

Table 3.2.: Number of iterations necessary to achieve |lwj, — v < 107° in the con-
strained bilinear saddle-point problem with data drawn from a uniform dis-
tribution (p = 0.9)

We see that for a particular choice of the relaxation parameter the least number of
iterations is achieved when the inertial parameter is as large as possible. If, on the other
hand, we fix the inertial parameter, we observe that also larger values of p are better
and lead to fewer iterations. To get a conclusion regarding the trade-off between the two
parameters, Table suggests that the influence of the relaxation parameter is stronger
than that of the inertial parameter. Given that no numerical experiments are available
for the relaxed inertial proximal or forward-backward algorithms, we cannot say if this
is a common phenomenon of relaxed inertial methods or one that is specific to RIFBF.

Even though the possible values for a get smaller if p goes t0 pmax(p) = ﬁ, the
number of iterations gets less for o > 0. In particular, we want to point out that over-
relaxation (p > 1) seems to be highly beneficial.

Comparing the results for different choices of p in Table (= 0.9) and Table
(n = 0.1), we can observe a very interesting behaviour. Even though smaller p allows
for larger values of the relaxation parameter (see Remark , larger p leads to better
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3. FBF algorithm: extensions and convergence rates

results in general. This behaviour presumably is due to the role p plays in the definition
of the step size.

To get further insight into the convergence behaviour, we also look at the following
gap function,

G(s,t) := inf ®(x,t) —sup (s, y).
rzeX yeYy

The quantity (G(zk, yx))r>0 should be a measure to judge the performance of the iterates
(@K, Yk ) k>0, as for the optimum (z*,y*) we have ®(z*,y) < ®(z*,y*) < ®(x,y*) for all
x € X and all y € Y and hence G(z*,y*) = 0.
Because of the particular choice of a bilinear objective and the constraint sets X and Y
the expressions can be actually computed in closed form and we get

G(xk,yr) = - ||Ayi + a5 + by, — HAT.I‘k + bH2 —a’z, Vk>0.

In Figure we see the development of the absolute value of the gap |G(xg, yx)| for
problem with data drawn from the different distributions for © = 0.5, p = 0.5
and various values of a. We see that, as in the case of the residual of the fixed point
iteration, the behaviour is similar for most combinations of parameters — the larger the
inertial parameter « the better the results in general. However, in the case of the data
being drawn from the uniform or the Poisson distribution, the behaviour of the gap is not
consistently better any more when « gets close to the limiting case. In the meantime the
gap for maximal « is worst compared to all other parameter combinations, although the
algorithm still gives the best results in the end. As the theory suggests, the gap indeed
decreases and tends to zero as the number of iterations grows larger.

— p-050;a-000 10°

e

R
g,
%

|Gt Vi )|
|G usha v )|
|Gt v )|

—— p=0.50,a=000 FRA — p=0.50,a=0.00
0=0.50,a=010 Ll =050 a=010
p=0.50;a=020 i ) =050, a=0.20

—- p=0.50,2=030 N "1 —- o=0sma=030
=050, =040 il £=050; a= 040

10 10 10 10% 100 100 107 10° 100 10 107 107
Number of iteratians k Number of iterations k Number of iterations k

(a) uniform (b) standard normal (c) Poisson

Figure 3.3.: Behaviour of the gap function |G(xg, yx)| for the constrained bilinear saddle-
point problem with data drawn from different distributions (u = 0.5).

Finally, in Figure [3.4| we look at the discrete velocity of the iterates ||zx11 — 2| which
is square summable and thus vanishes for £ — +oco. Again we look at the three settings
where the data is drawn from a uniform, the standard normal and a Poisson distribution
and plot the results for u = 0.5, p = 0.5 and various values of a. Once more larger inertial
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3. FBF algorithm: extensions and convergence rates

parameters give better results, with the biggest difference to the previous instances being
an intermediate phase approximately up to iteration 100 where we do not have a clear
picture yet and which occurs for all distributions.

0 — p=050;a=000 10t —— p=0.50;a=000 0] —— p=050;a= 000
£=050,2=010
. \ p=050a=020

== p=050;a=030
N ) p=050;a=040

10 10t 10 10° 100 100 10° 10° 10° 10 107 107
Number of iteratians k Number of iterations k Number of iterations k

(a) uniform (b) standard normal (c) Poisson

Figure 3.4.: Behaviour of the discrete velocity of the iterates |zx11 — 2i|| for the con-
strained bilinear saddle-point problem with data drawn from different dis-
tributions (p = 0.5).

3.4. Convergence rates of Tseng’s FBF algorithm

In the following section we aim to establish non-asymptotic convergence rates for the
original version of the FBF algorithm [137], both in the deterministic and the stochastic
setting. Due to the lack of a more specific structure the typical measure of optimality
for the general monotone inclusion is given by the distance of the current iterate
to a solution. Usually, without stronger assumptions on the problem, one can only
show asymptotic convergence for this entity (see Section . In the case of monotone
inclusions derived from variational inequalities or minimax problems (MM),
however, it is possible to show non-asymptotic convergence rates even in the general
setting.

For this reason we will investigate the monotone inclusion corresponding to the general
variational inequality in the following. We want to remind that consists
of finding 2* € H such that

0€0r(z")+ F(z"), (MI-VT)

where we assume that F' : H — H is a monotone and L-Lipschitz continuous opera-
tor (L > 0) and r : H — R U {+oo} is a proper, convex and lower semicontinuous
function. In particular, minimax problems constitute an especially interesting
instance of . Recall, the general convex-concave minimax problem is given by

min max U(z,y) = f(z) + (z,y) — 9(y), (MM)
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3.4. Convergence rates of Tseng’s FBF algorithm

where ® : X x ) — R is convex-concave and differentiable with L-Lipschitz continuous
gradient (L > 0), and f : X - RU{4+o0} and g : Y — RU{+o0} are proper, convex and
lower semicontinuous. A solution of is given by a saddle point (z*,y*) € X x Y,
fulfilling

U(z*y) < U(z*,y*) < U(x,y*) V(r,y) € X x ). (SP)

The connection between the two problems can easily be seen when casting the optimality

conditions for (SP)) in the form of (MI-VI)) via
reXxY = RU{+oo},  (2,y) = f(2) +9(y),

and

F:XxY3XxY, (1,y)— <vvﬂ’fy(1(’1)((””56’ yy))> . (3.27)

3.4.1. Solution methods for monotone inclusion (MI-VI)

The connection between monotone inclusions and saddle point problems is of course not
new. The application of the Eztragradient method (EG) [85] to minimax problems has
been studied in the seminal paper |[112] under the name of Mirror Proz and a convergence
rate of O(1/k) in terms of the function values has been proven. Even a stochastic version
of the Mirror Prox algorithm has been studied in [82] with a convergence rate of O(1/vk).
Applied to problem (MI-VI), it iterates for all £ >0

EG- { wy = prox., . (zx — YF(2x))
Zg1 = Prox., . (2 — Y F'(wg)) -

The Forward-Backward-Forward (FBF) or Tseng’s method, introduced in [137] where
convergence of the iterates was established, has not been studied rigorously for minimax
problems in terms of function values yet, despite promising applications in [36] and its
advantage of it only requiring one projection, whereas EG needs two. For all k£ > 0 it is
given by
k1 = wi — Ye(F(wg) — F(zk)).
Both, EG and FBF, have the “disadvantage” of needing two gradient evaluations per
iteration. A possible remedy — suggested in [64] for EG under the name of eztrapolation
from the past — is to reuse previous gradients. In a similar fashion we consider for all
k>1
wy = prox.,, (zx — VeF(wg-1))
FBFp: T 3.29
P { zk1 = wi, — W(F(wg) — Fwg-1)), ( )

where we replaced F(zp) by F(wg—1) twice in (3.28)). As a matter of fact, the above
method can be written exclusively in terms of (wy)x>0 by incrementing the index £ in
the first line of (3.29)) and then substituting z;11 by the second line. This results in

Wg 41 = Prox,, . (W — Y1 F'(wi) — i [F(wg) — Fwg-1)])  Vk > 1. (3.30)
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3. FBF algorithm: extensions and convergence rates

This way we rediscover a known method which was studied in [100], where convergence of
the iterates was established for general monotone inclusions under the name of forward-
reflected-backward. 1t reduces to optimistic mirror descent [126/127] in the unconstrained
case with constant step size v = 7, giving

wir1 = wi — Y(2F (wg) — F(wg—1)) Yk >1, (3.31)

which was introduced in [123| for saddle point problems and which has been proposed for
the training of GANs under the name of Optimistic Gradient Descent Ascent (OGDA),
see [54,55,89]. Only recently a method very related to was proposed in [52| and
is characterized by applying the correction term after the projection,

Wgy1 = prox,, (wr — yF(wy)) — v(F(wg) — F(wg-1)) k> 1. (3.32)

Evidently, in the unconstrained case and for constant step size the methods , ,
(3.31) and (3.32) are all equivalent.

All of the above methods and extensions rely solely on the monotone operator formu-
lation of the saddle point problem where the two components x and y play a symmetric
role. Taking the special minimax structure into consideration, |75] showed convergence
of a method that uses an optimistic step in one component and a regular gradient
step in the other, thus requiring less storing of past gradients in comparison to .

On the downside, however, by reducing the number of required gradient evaluations per
iteration, the largest possible step size is reduced from 1/L (see [85] or Theorem [3.4.5)) to
1/2 (see [64,/98[100] or Theorem [3.4.5). To summarise, the number of required gradient
evaluations is halved, but so is the step size, resulting in no clear net gain.

3.4.2. Measure of optimality

As we have already mentioned, in order to obtain convergence rates we will look at a more
problem specific quantity than the distance to the solution set to measure the quality of
a point with respect to . If F arises from a saddle point problem , meaning
that F' has the form , we want to make use of the saddle function W, similarly to
the objective function in a pure optimisation setting. We do this via the minimaz gap,
which for a point w = (u,v) € X x Y measures the violation of w not fulfilling and
is given by

GMM(w)y = sup  W(u,y) — U(z,v) =sup ¥(u,y) — inf U(z,v). (3.33)
(z.y)€EXXY yey zeX

This minimax gap can be interpreted from a game theoretic point of view as the sum
of the maximal payoffs achievable by the two players by playing their respective best
responses, given the current strategy of the opponent.

In the more general monotone inclusion setting (MI-VI)), where no function values are
available, an appropriate generalisation of (3.33) is given for any w € H by

GVI(w) = sup (F(2),w — 2) + r(w) — (). (3.34)
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3.4. Convergence rates of Tseng’s FBF algorithm

It stems from the field of variational inequalities, where such a function is also known
as merit function [114]). With the notion of VIs in mind (see Section [3.1.1]), the above
defined gap becomes natural as it measures how much the statement of is
violated.

If r = dq is the indicator of a compact and convex set € it is clear that the supremum
is only taken over z € Q and will thus be finite for w € . Since the problem (MI-VI)
is in general unconstrained and the supremum can be infinite, we consider, as done for
example in |[114], the restricted gap instead, where the above supremum is taken over an
auxiliary compact set B C H and B C X x ), respectively, instead of the entire space.
Thus we define the restricted minimaz gap (identifying w = (u,v))

GEM(w) == sup W(u,y) — ¥(z,v), (3.35)
(z,y)€B

and the restricted merit function

G%l(w) = Elelg (F(2),w— z) +r(w) —r(z). (3.36)

In order to capture both instances at the same time, we define the following unifying gap

GYM(w) if F and 7 come from (MM])

3.37
GY%I(w)  otherwise. (3:37)

Gp(w) := {

Note that the restricted gap is in general only a reasonable measure of optimality for

elements of B. It is nonnegative on B and zero for points of B which solve (@ . Ad-

ditionally, we want to be able to conclude that if a point has zero gap it solves (MI-VIJ).

This is for example the case if it is in the interior of B, which can always be ensured if
B is chosen large enough.

The relevance of the above two quantities G% M and Ggl will be made clear by the
following statements.

Theorem 3.4.1. Let B C X x Y. A point (z*,y*) in the interior of B solves the
saddle point problem (MM) if and only if its restricted minimaz gap (3.35)) is zero, i.e.,
G%[M(;r*,y*) = 0. For all other elements of B the gap is nonnegative.

Proof. Let (z*,y*) be in the interior of B. If (z*,y*) € X x ) is a saddle point, it clearly
fulfils that sup, e xxy ¥(z*,y) —¥(z,y*) = 0. On the other hand let GYM (z*, y*) = 0.
For an arbitrary point (z,y) € X x ) we can choose 8 € (0,1) large enough such that
(u,v) := B(z*,y*) + (1 — B8)(z,y) € B. Therefore

V(2" v) = ¥(u,y") = ¥(z", By" + (1 = B)y) — ¥(fz" + (1 = B)z,y") < 0.
Using the convex-concave structure of ¥ we deduce that
BY(z",y*) + (1 - B)¥(z%,y) — f¥(z",y") — (1 - B)¥(z,y") <0,

which implies that ¥(z*,y) < ¥(z,y*). Since (z,y) € X x )Y was chosen arbitrary,
(z*,y*) is a saddle point. O
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3. FBF algorithm: extensions and convergence rates

Similarly, an analogous statement can be shown for the restricted merit function GEI .

Theorem 3.4.2. Let B C H. A point z* in the interior of B solves the monotone
inclusion (MI-VI)) if and only if its restricted merit function (3.36)) is zero, i.e., Ggl(z*) =

0. For all other elements of B the gap is nonnegative.

For the proof, recall that under the given assumptions the monotone inclusion (MI-VI]
is equivalent to the weak formulation of the variational inequality (VI-w) (see Sec-

tion [3.1.1)). That means that z* € H solves (MI-VI) if and only if
(F(2),z" = 2)+r(z")—r(z) <0 VzeH. (VI-w)
Proof. First, observe that for w € B we have

0= (F(w),w—w)+r(w)—rw) < 5161][3) (F(2),w—2) 4+ r(w) —r(z) = G5 (w).

Now, let z* be in the interior of B. If z* is a solution to the weak VI (VI-w)), then clearly
(F(2),2*—2)+7r(z")—r(z) <0 Vze B,

and thus G}!(2*) = 0.

On the other hand let GR!(2*) = 0. Since 2* is in the interior of B, for an arbitrary
z € H we can choose § € (0,1) large enough such that w := gz* + (1 — §)z € B.
Therefore

0> (F(w),z" —w) +r(z*) —r(w)
=(F(Bz" + (1= B)z), 2" = Bz" — (1 = B)z) +1(z") —r(B2" + (1 — B)z)

This implies that
(1=B)(F(B2" + (L= B)2),z = 2") + (1 = B)(r(z) — r(z7)) = 0.
Dividing by (1 — ) and then taking the limit 3 — 1 gives
(F(z*),2 = 2°) +1(2) — (%) > 0.

Since z € H was chosen arbitrary, z* solves the strong form of the VI (VI-s) and

thus (MI-VI). O

3.4.3. Convergence statements

We now present a novel unifying scheme for solving problem , which generalises
FBF and in addition recovers the method motivated in as FBFp. Let us
point out again that the latter algorithm was already introduced in [100] and corresponds
to OGDA [54]/55,[123][126] if F" stems from the minimax setting (3.27).
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3.4. Convergence rates of Tseng’s FBF algorithm

Algorithm 3.4.3 (generalised FBF). For a starting point zp € H and step sizes v > 0
we consider for all k > 0

{ wg = prox,, . (zx — 1 F(Or))
Zpt1 = w — Ve(F(wi) — F(Ox)).

For {p = 2z this reduces to the well known FBF method, whereas {; = wg_1, with the
additional initial condition w_; = z, reuses previous gradients (FBFp).

Consider the scenario where the operator F'is given only in expectation, i.e., instead
of solving problem (MI-VI)) we aim to find z* € H such that

0 € 0r(z") + EeglF (255 6)]

This means that instead of F' itself only a stochastic estimator F'(-;¢) is accessible. In
this case we adapt Algorithm in the following way.

Algorithm 3.4.4 (generalised stochastic FBF). For a starting point zp € H and step
sizes v, > 0 we consider for all £ > 0

§k ~ Q  (optionally n, ~ Q)
wy, = prox,, . (zx — F (Cr; Ak))
Zetr1 = Wi — Ve (F(wi; &) — F(Or; D).

For {p = 2z and A = n, this results in a stochastic version of FBF, whereas ¢ = wg_1
and A = &1, with the additional initial condition w_; = 2y and £&_1 = g, reuses
previous gradients (stochastic FBFp).

Even though both deterministic methods encompassed by the unifying scheme in Algo-
rithm have been studied before, the stated convergence results in the following are
new. Note that while the rate for FBF is completely new our result for FBFp provides
only a generalisation of the known rate for OGDA, see [109]. Similarly, the stochastic
version of FBF has been considered recently in [34] and rates in terms of the fixed point
residual ||z — wg|| have been obtained, but no statements for function values have been
derived. However, we want to point out that the stochastic version of FBFp has not been
considered prior to this work.

Let in the following B C H (identify % = X x Y in the case of (MM)) be the compact
set of the restricted (unifying) gap function with D := sup,, ,ep ||z — w]| denoting
its diameter. For convenience in the estimation we assume that for each of the discussed
methods we have the starting point z9 € B. Recall that L > 0 denotes the Lipschitz
constant of the operator F'. Furthermore, the averaged iterates wg for K > 1 are given
by

1 K-1
DK = ST ) Wk
> k0 Yk k=0
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While our convergence results are stated in terms of the averaged iterates, a technique
which can prove beneficial in practice [47,64], having guarantees on the last iterate
would be more in the spirit of nonconvex methods. Such results have been obtained
in [54] and [45], but are for bilinear and strongly-convex-strongly-concave problems, re-
spectively, which are known to allow for the derivation of better convergence rates. On
the other hand the works [68}[71, 93| have been able to guarantee rates of convergence for
the last iterate for convex-concave problems, but all of them only in the unconstrained
setting. Furthermore [68] uses additional smoothness assumptions, [93] employs a second-
order method and [71] uses the norm of the gradient as the measure of optimality.

First we will formulate the convergence statements for the four different methods,
which is followed by the respective convergence analysis that uses to a certain extent
unified intermediate results.

Let us start with the convergence statements for the deterministic method from Algo-

rithm 3.4.3
Theorem 3.4.5 (deterministic). Let (wy);~o be generated by Algorithm . If

(i) FBF, i.e., O = zg, with step size 0 < v, < v < 1/L, or

(i) FBFp, i.e., {p = wi—1, with step size 0 < v, <y < /2L
1s chosen, then for all K > 1 we have

D2

= 2 10 W

If we take a constant step size v, = = for all k¥ > 0 according to Theorem this
choice amounts to a convergence rate of

GB(U_JK)

D2
Gp(ug) < ——.
B(0K) < 27K
In order to derive similar convergence statements for the stochastic method from Algo-
rithm [3.4.4] we need to assume (standard) properties of the gradient estimator F(-;¢).

Assumption 3.4.6. Unbiasedness: E¢[F'(z;8)] = F'(z) Vz e H.
Assumption 3.4.7. Bounded variance: E¢|||F(2;€) — F()|*| <o® VzeH.

We want to point out that the latter assumption is weaker than the commonly used
bounded (sub)gradient hypothesis (E¢[||F'(2; &)|I?] < ¢2), which is known to conflict with
properties like strong monotonicity, see [94].

In particular, as we will see in the proofs, we actually only need the above assumption
to hold for all iterates wy. Such an hypothesis is in practice difficult to check, but could
be exploited in special cases where additional properties of the variance and boundedness
of the iterates are known a priori.
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3.4. Convergence rates of Tseng’s FBF algorithm

Assumption 3.4.8. The samples & are independent of the iterates wy, for all k > 0.
Equipped with these assumptions we are able to prove the following statement.

Theorem 3.4.9 (stochastic). Let Assumptions|5.4.0 “- 5.4.8 hold and let (w);~, be gen-
erated by Algorithm [3.4.4)

(1) If stochastic FBF is chosen, i.e., O = 2z, and DN = g, with step size 0 < vy, <
v < %, then for all K > 1 we have

1
D? 4+ 4(1 — 2L2) QZk 0 7k
Zk o Vk

E[Gp(wk)] <

(i) If stochastic FBFp is chosen, i.e., O = wi—1 and AN = &k_1, with step size
O<7k§’y<ﬁ, then for all K > 1 we have

2~2 L2
D?+6 (1 + 71%7%2) sz 0 716
Kf
Zk:()l Yk

Even though the step size in Theorem can be chosen arbitrarily close to 1/L and
1/¢2v2r) for stochastic FBF and stochastic FBFp, respectively, this does not mean it is
advisable as doing so would lead to a deteriorating constant in the estimates. Bounding
away the step sizes from the respective upper bound can be used to obtain a unified
convergence statement, similar to Theorem . On the one hand, if we take v = 1/v2L
we can conclude

E[Gp(wk)] <

4
1— 72L2
On the other hand, for v = /3L we obtain

614 20 ) g
1-8y202)

=38.

This means that with step sizes 0 < vy, < 1/v2L and 0 < v, < /30 (k > 0) in the
stochastic FBF and FBFp method, respectively, for K > 1 we get the unified estimate

D? 4 18072 Zk o yk
Zk o Vk

The above theorem exhibits a classical step size dependence [128], yielding convergence
for sequences (7x);>o that are square summable Yo7 < 400 but not summable
Y re oYk = +o0o. Additionally, if in the setting of Theorem [3.4.9) “ 9| the step size is chosen
to be v = v/Vk + 1, a convergence rate can be obtained and is given by

E[Gp(wk)] <

ElGp(wk)] = O (&) : (3.38)
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3. FBF algorithm: extensions and convergence rates

If the step size does not go to zero, the gap can usually not be expected to vanish either
due to the inherent stochastic noise. However, we can still show decrease in the gap up
to a residual stemming from the variance. In particular, for a constant step size v, =y

we have )

D
E[Gp(wr)] < w 1802. (3.39)
Furthermore, if the number of iterations K is fixed beforehand, a conclusion similar
to (3.38]) can be obtained by choosing v = 1/vK in (3.39).
3.4.4. Proofs

Preparations

Before we tackle the actual proofs of Theorem and Theorem [3.4.9] let us introduce
some notation connected to the strong formulation of the variational inequality (VI-g)
associated to the monotone inclusion (MI-VI). We define h : H x H — R U {400} via

h(w, z) == (F(w),w — z) + r(w) — r(z),

which will be used to bound the (restricted) unifying gap function , which we recall,
is given by

GYM(w) if F and r come from (MM])

GY%I(w)  otherwise.

Gp(w) = {
In a similar spirit we define
WM (w, 2) = U (u,y) - U(z,0),
where we identify w = (u,v) and z = (z,y), and
W (w, 2) = (F(2),w = 2) +r(w) = r(2),
and see that

GMM () = sup WM (w,z) and G%l(w) =sup bV (w, z).
2€B z€B

Lemma 3.4.10. Let (v)r>0 € Riy and let (wr)g>0 € H. Then for all K > 1 the
following holds,

1 K-1
sup {K_l Z ’ykh(wk,z)} > Gp(wk).

z€B k=0 '}’k k=0

Proof. We start with the case, when F'is a general monotone operator. Using its mono-
tonicity we deduce that for all w, z € H we have

(F(w),w—z) > (F(z),w — 2).
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3.4. Convergence rates of Tseng’s FBF algorithm

Adding r(w) — r(2) to the above inequality then gives
h(w, z) > hY L (w, 2). (3.40)
On the other hand, if F' and r are derived from a saddle point problem (MM)]), i.e.,
when

P = (i) md ) = £+ 9(0),

from the convex-concave structure of ® we get for (u,v), (z,y) € X x ) that
D(u,y) — (Vy@(u,v),y —v) < ®(u,v) and P(u,v)+ (VyP(u,v),z —u) < &(z,v).
By summing up the two inequalities and writing w = (u,v) and z = (x,y) we obtain

Vi@ (u,v),u—z
y®(u,v),0 —y

(F(w),w—2z) = 2 ®(u,y) — (z,v).
(5 )

On a side note, again because of the convex-concave structure of ® we further get
(F(w),w —z) > ®(u,y) — ®(z,v) > (F(2),w — z).
Adding r(w) — r(2) to the above inequality then gives

h(w, z) > hMM(w, 2). (3.41)

From (3.40) and (3.41)) and using Jensen’s inequality, as hV( -, z) and hMM (. 2) are
convex functions, we deduce

K-1 K-1 K-1
Weh(wy, 2) = ph' ! (wy, 2) (Z ’Yk) W (g, 2)

k=0

and

K-1 K-1
wh(wk,2) > Y h™M (wy, 2 <Z %) M(wg, 2),

respectively. Dividing by Zi{:iol v and then taking the supremum over z € B finally
gives the desired result. O

For all k¥ > 0 we will use the notations

to denote the error of the stochastic estimator. Furthermore, we will write E[- | U] for
the conditional expectation with respect to the random variable U.
We will also need the following lemma.
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3. FBF algorithm: extensions and convergence rates

Lemma 3.4.11. Let (pr)i~o © H be a given sequence, let z € H and let (vg)~g C H
be defined recursively for all k > 0 via vi41 := v — pr with given starting value vy € H,

then
K-1 K-1

1 1
D ok —2) < 5o — 21"+ 5 D llpll”

k=0 k=0

Proof. From Lemma [2.5.4] (i) we can conclude immediately that

1
(b 0k = 2) = (0 = g, 0 = 2) = 5 (Ilon = 21 = [[owen = 20 + ows = will)
from which the statement of the lemma follows. O

We will continue with a unified decrease result which will be the starting point for all
convergence proofs in the following.

Proposition 3.4.12. Let 5 > 0, then for all k > 0 and z € H we have

1 1 1 1
wh(wp, 2) + 3 ke = 2l < 5 ok = 207 = 5 D1z — wpll® + 51+ I [0 — wil?

9 (Wi 2 = wg) + (14 8700 (Wl + 124)2)
(3.43)

Proof. Let k > 0 and z € H be arbitrary. Using the decomposition it follows that
(Ve F (wi; &)y wie — 2) = i (Wi, we — 2) + vk (F(wg), w — 2) - (3.44)
Since prox.,, = (Id + v,0r) ! we deduce that
(z = wg, w, — 2z + WF (s D)) = e(r(wi) —7(2)). (3.45)
Adding and gives that
(v (F (wi; &) — F(Ons Ak)) + 26 — Wiy wi — 2) 2 Yo Wi, wi — 2) + yh(wg, 2),
which, using the definition of 211, is equivalent to
(z — W, 2pr1 — 2k) = Yk Wi wi — 2) + Yeh(wg, 2). (3.46)

We estimate the inner product on the left side of the inequality by using the four point
identity to deduce

(z — Wy 211 — 2k) = (2 — 2k + 2k — Wi, 21 — 2k)
(3.47)

1
= 5 (12 = 2l = llzis = 207 + Nzos1 — well® = Il — wiell”) -
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3.4. Convergence rates of Tseng’s FBF algorithm

The first two summands are fine as they will cancel by telescoping arguments, so we are
left with estimating |21 — w||>. By the definition of 241 we have that

12h41 = wil® = 72 [1F(Os Ak) = F(wps &)
=% IF(Or) = F(wi) + Zi, — Wi|?
< (1+ AREIF(OR) = Flwn)|” + (1 + 8797 125 = Wil
< (1 B2 0 — wil® + 201+ 87997 (1260 + Wil

(3.48)

where we added and subtracted F'(<{j) and F(wy) and applied Young’s inequality to
deduce the result. Adding (3.48), (3.47) and (3.46) we conclude that

1 1 1
(o, 2) 5 lowar = 2l < 3 Ml = 2l = 5 ok — wnll + (L4 BR[Ok — wil?

0 (Wi 2 = wi) + (14 7097 (IRl + 1 24)1)

Deterministic methods

Now we can continue with the proofs for the deterministic methods from Section [3.4.3]

Proof of Theorem[3.4.5. For the deterministic methods we have Wy, = Z, = 0, thus we
can use 3 — 0 and (3.43)) reduces to

1 1
Wh(we, 2) + 5 2w — 2l < 5 llze — 21 - *sz_wkn + LQ’Y 10 —wil®. (3.49)

(i) FBF: We start off by plugging ¢ = zj, into (3.49) to deduce that for all £ > 0

1 2 1 2
Yeh(wr, 2) + 5 ||Zk+1 —z|* < < 5l =2l = 5 (1= L2930 [l — w1
From this it is clear that the step size is constrained by 0 < v < 1/ as stated in
the theorem. Let K > 1, then by summing up from £ = 0 to K — 1 and dividing

by Zf:iol ~r we obtain

Hzo — 2|
%h Wk Z) S OSSR
Zk 0 Yk p—o Zk —0 Yk

The claimed statement is then derived by taking the supremum in z over B and
applying Lemma [3.4.10]
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(ii) FBFp: In this case we plug <>k = wj_1 into 1D and for all £k > 0 we obtain

52

1 1
wh(wk, 2) + 5 |21 — 2|* < sz —2|* =5 sz —wi|® + 2L2’Y w1 = wi|*
(3.50)
Now we need to bound the term |Jwy_; — wy||* by ||z — wg . Since
2|2 — wil* + 2 |2k — wp1[|* > [k — wia|?, (3.51)
we have for all £k > 1
1
||Zk—wkH 5”“% 1 —wkH — ||k — wr— 1”
i (3.52)
2 5 llwr—1 —w|* = Ly wp—1 — wgs|
Whereas for k£ = 0, since w_1 = zp, we have
120 — wol|* = Jw—1 — wol|*. (3.53)

Plugging (3.53)) into (3.50) for & = 0 we get that

1 1 1
Yoh(wo, 2) + 5 21 — z||* + 5(1 — L293) lwo —w_1]* < S llzo — 2[I°. (3.54)

\V)

Plugging (3.52)) into (3.50) we get that for all & > 1

1 1/1
(g, 2) + 5 v — 2+ (2 - 72L2> o — wia |

(3.55)

1 1
< 5 Mok = 207 + SR L [lwk-1 — wi—a|*

2
From this we deduce that for all £ > 0 we need to ensure that
0 <, < L
2L
in order to be able to telescope. Now let K > 1 and sum up from k£ =1 to
K — 1, which yields

1 1/1
> awhtuns?) g o=+ 5 =) s il
L 979
< Hllen = 2P+ 232 o — w7
Adding (3.54) to the above equation, followed by dividing by ZkK:_Ol Vi gives
< Mo ==
Yih(wg, 2) < < —F71
Zk 0o Yk kzo 22 k=0 Yk

where we used that 1 —72L% > 72L? to get rid of ||wp — w_1||>. Again, the final
statement follows by taking the supremum in z over B and applying Lemma [3.4.10)
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3.4. Convergence rates of Tseng’s FBF algorithm

Stochastic methods

We finish this subsection with the proofs for the stochastic methods from Section

Proof of Theorem[3.4.9 (i) FBF: Plugging . = 2z and A = n, into (3.43)) gives for
all k>0

1 1 1
%Mwm@+§H%H—ZWSiﬂ%—zw—g(Y—@+5hﬁﬂH%—wM2
+ v (W, 2 — vk> + v (Wi, v — wg) + (1 + ,371) ’Y;% <”Wk”2 + ”ZkHQ) .

Let K > 1, then summing up this inequality from k =0 to K — 1 gives

K-1 K-1

1 1
> wh(we,2) < oz —2l* = 5 D0 (1= (14 H)RL?) [la — w]?
k=0 k=0
K-1 K—-1
+ > Wz —ok) + D e (W, v — wye)
k=0 k=0
K-1
+ (157 3 R (Il + 120) -
k=0

Applying Lemma [3.4.11| with py := -y W) and vg41 = vp — pr with vg = 29, we
deduce that

K-1 1 1 K-1
2 2 2
;) Wy o = 2) < 5 70— 2[* + 5 kZO Wl (3.56)

Let 0 < vp <~y < 1L forall k>0 and let 8> 0 such that 1 + 3 = (72L2)_1, then
for all £ > 0 we have
1—(1+p8)mL* >0

and we obtain

1

1+ = ———.

+5 1—~2L2

Together with ([3.56) this gives
K-1 K—1
Weh(wy, 2) < llzo = 21> + > Y% (Wi, v — wp)
k=0 k=0
2 = 2 2 2
ez 2k (WP +1207)

k=0

Next, we take the supremum over z € B and the expectation to obtain

K-1 K-1
-1
sup { E '-Ykh(wka Z)}] < D? + 4(1 - 72L2) 02 E '7]3;7
k=0

z€B k=0

E
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where we used that

E[(Wi, vg — wy)] = E[E[(Wh, vx — wi) | wpy, &
(3.57)
= E[(E[Wi | wyg, &), vx — wi)| =0,

with §_1) = (o, s k1) and wp = (wo, ..., w). The final statement follows by
dividing by EkK:_Ol v, and applying Lemma (3.4.10}

(ii) FBFp: By using ¢ = wi—1 and Ay = &—1 we deduce from (3.43)) for all & > 0
that

1 1 1
Wh(wg, 2) + 5 ke — 212 < 5 llzk = 20 = 5 12k — wl?

1
+ 5(1 + B)L2’y£ Hwk,1 — wkHz + Yk <Wk, z — Uk> + Yk <Wk,vk — wk) (3'58)

+ 1487 (W3l + 124 )7)

Similar to the deterministic case, we want to bound the term |jwg_1 — wy|/* by
||z — w||®. For k = 0 we have

1 1 1
5 llz0 — wol|* + 5(1 + B)L*4E |Jwo — w—q | = ~3 (1= (1+ B)L*%) lwo — w_1]*,

while for k& > 1, using (3.51)), we get

2 — wil|* > 5 [Jwk — we—1]® = l2x — we—1|?

1
2

v

1
3 wg — w1 ]|* = V21 |F(wi—1;Er—1) — Fwp_2; &—2)|)?

Y

1 2
5 ”wk - wml”
2

=392y (Wt |2+ Wil + | F (1) = Flun)]?)

where we obtained the last inequality by inserting £F(wg—1) and £F(wg_2) in
the difference of the stochastic estimators and using Lemma [2.5.4] (iii). Summing
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3.4. Convergence rates of Tseng’s FBF algorithm

up (3.58) from k& =0 to K — 1 and using the two estimates above then gives

K-1 K-1

— 1
> h(wy, 2) ino—ZH + D e Whoz —vr) + Y Y (Wi, o — wy)
k=0 k=0
K- 3K—1
L)Y 2 (Wl +126l7) + 5 D2 s (Wi + W2l
k=0 k=1
1
5(1 1+B )||wo—w 1||
K-1
1 1
k=1
| K1
t5 391 | F(wi—1) = Flwg—2)|*.
k=1

Bounding the second term on the right hand side of the above inequality via
Lemma [3.4.11] yields

Kl K-1

> wh(wy, 2) < |20 — 2° + 5 Z% Wil + > e (Wi, v — wie)
= k 0 k=0
K-1 3K—1
(87 DR (IWll? + 120) + 5 D7 221 (Wi > + [ WialP)
k=0 k=1

(1 (1+B)L )ng—w 1

1
2
K—-1
1 1
-5 (2— (1+ B)L%y )Hwk—wkﬂ]?

K-1
E|supq Y ywh(wg,2) p| < D? < +2(1+ 47 > Z’Y
z€B k=0
1
—5 1— (1+,3)L2 )EHwo—w 1”
15
2
3 (- 0+ 9L ) Bl - el
k=1
1K—1
+5 2 3L e B wp—1 — wy—2|]
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3. FBF algorithm: extensions and convergence rates

Let 0 < vy, <7 < /2v2L for all K > 0 and let 8 > 0 such that

1
V=, (3.59)
24+ B)L
then for £ > we have .
— — (14 B)L*} > 3L%}E > 0. (3.60)

2
Using telescoping arguments we obtain

K-1 K-1
E[sup{z:fykhwk, )}]<D2+61+ﬁ Yo o

2€B | =0 k=0

1
— 5 (1= (14 AL = BL298) E g — w1
1/1 2.2 2
—5 (5~ AL % ) Ellwk1 — wia|
K-1
<D*+6(1+ B o> A7,
k=0

(3.61)

where we used ([3.60) in the last inequality twice to bound the remaining terms.
Furthermore, from (3.59)) we derive

2,72L2
1—8y2L2%

Plugging this estimate into (3.61)), dividing by Z?:_ol v and applying Lemma [3.4.10
deduces the final statement.

gl =

O

3.4.5. Numerical experiments

To finish this section we look at a bilinear minimax problem to showcase the convergence
rates that we have derived for the deterministic methods, and address the limitations
of Gradient Descent Ascent (GDA) which is still used as status quo for many machine
learning applications.

Bilinear saddle point problem

Following [69,105] and others we consider the one dimensional bilinear example to il-
lustrate the cycling behaviour of (even bilinear) minimax problems. We augment this
approach by adding a nonsmooth ¢i-regulariser for one player, with x > 0, and con-
straints for the other, resulting in

5 3.62
ggﬂgr;léiﬂé{li|$’+xy —1,17(Y)- (3.62)
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Figure 3.5.:

3.4. Convergence rates of Tseng’s FBF algorithm
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Trajectories of the methods presented in Subsection converging to a
solution of problem (3.62)).

For our experiments we chose £ = 0.01 and used B = [—1,1] x [—1, 1] as the auxiliary
set to compute the restricted gap function. We compared the methods presented in
Subsection [3.4.1] with the proximal extension of GDA, called Prozimal Gradient Descent
Ascent (PGDA), which applied to problem (3.62) iterates for all £ >0

Tg+1 = ProxXy | (Tk — kYk)

PGDA.:
{ Ye+1 = Py (Ye + k) -

It is easy to see that the updates of PGDA are perpendicular to the iterates (up to the
proximal evaluation), leading to oscillatory/diverging behaviour. By “EGp” we denote
the method presented in [64] as exztrapolation from the past.

Figure 3.6.:
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Gradient queries
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Restricted gap function of the methods presented in Subsection exhibit-
ing a convergence rate of O(1/k).
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3. FBF algorithm: extensions and convergence rates

The aforementioned issue of GDA and its proximal extension PGDA - cycling around
the solution — is highlighted in Figure where we can see that it fails to converge.
The other methods, for which we display the averaged iterates, however do converge to
a solution and show a decrease in the restricted gap according to Theorem which
can be seen in Figure Interestingly, the two methods using extrapolation from the
past seem to exhibit a more monotone decrease than FBF or EG.

3.5. Generative adversarial networks (GANSs)

Generative Adversarial (Artificial Neural) Networks (GANs) [70] constitute a powerful
class of machine learning systems, where two “adversarial” networks compete in a (zero-
sum) game against each other. Given a training set, this technique aims to learn to
generate new data with the same statistics as the training set, producing for example
unseen realistic images. The generative network, called generator, tries to mimic the
original genuine data (distribution) and strives to produce samples that fool the other
network. The opposing, discriminative network, called discriminator, evaluates both true
and generated samples and tries to correctly distinguish between them. The generator’s
objective is to increase the error rate of the discriminative network by producing novel
samples that the discriminator thinks were not generated, while its opponent’s goal is
to successfully judge (with high certainty) whether the presented data is true or not.
Typically, the generator learns to map from a latent space to a data distribution which
is (hopefully) similar to the original distribution. However, one does not have access to
the distribution itself, but only random samples drawn from it. The original formulation
of GANs [70] was cast as a two-player zero sum game, i.e., a minimax problem of the

form ,

min max [E,p[log (Dy(p))] + E¢~gllog (1 = Dy(G=()))],

r€R yeR™
where z and y is the parametrisation of the generator and discriminator, respectively,
D, is the probability how certain the discriminator is that the input is real, G is the
fake sample produced by the generator, and p and ¢ is the real and some (latent) random
distribution, respectively.

Due to problems with vanishing gradients in the training of such models, a successful
alternative formulation called Wasserstein GAN (WGAN) [8] has been proposed. In
this case the minimisation tries to reduce the Wasserstein distance between the true
distribution p and the one learned by the generator ¢q. Reformulating this distance
via the Kantorovich-Rubinstein duality leads to an inner maximisation over 1-Lipschitz
functions which are then approximated via neural networks, yielding the saddle point
problem

felg}i yné%?,i EPNP[DZJ(IO)]_ECN(I[DZU(GI(C))]'
lyllLip<1

Conventionally, GANs are trained using variants of (stochastic) Gradient Descent As-
cent (GDA) which are known to exhibit oscillatory behaviour [106] and thus fail to
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Figure 3.7.: Schematic illustration of Generative Adversarial Networks

converge even for simple bilinear saddle point problems, see [69]. We therefore propose
the use of methods with provable convergence guarantees for (stochastic) convex-concave
minimax problems, even though GANs are well known to not warrant these properties.
Along similar considerations an adaptation of the Eztragradient method (EG) 85| for the
training of GANs was suggested in |64], whereas [54],55,89] studied Optimistic Gradient
Descent Ascent (OGDA) based on optimistic mirror descent [126,127]. We however in-
vestigate the Forward-Backward-Forward (FBF) method [137] from the previous sections,
which, similar to EG, uses two gradient evaluations per update in order to circumvent
the aforementioned issues but requires less projection/proximal steps per iteration.

Instead of trying to improve GAN performance with new architectures, loss functions,
etc., we want to improve their training by contributing to the study of minimax prob-
lems. While the landscape of GAN training is far from matching the rigorous setting
of monotonicity, the nonconvex-nonconcave setting remains either intractable in its full
generality [56] or other simplifying assumption or other simplifying assumptions have to
be made, for example the existence of Minty solutions [90,/103|, which are again related
to monotonicity.

We also want to point out that while extrapolation / optimistic steps are able to com-
bat some of the oscillatory behaviour of minimax problems, another set of problems arises
from the stochastic noise of the gradient evaluations which can be dealt with variance
reduction techniques [45,80|] or reducing the step size (as we do). Other considerations
have proposed to use the same sample in the for the two gradient evaluations leading
to improved empirical performance [107]. Another approach was explored in 79| to use
very different step sizes for the descent and ascent steps respectively (something that has
been observed to be very beneficial in practice as well). Known methods were outfitted
with negative momentum to improve stability in [65]. An additional technique proposed
to deal with the oscillatory behaviour of minimax problems called crossing-the-curl was
suggested in [63], whose authors used second order information to take a step perpendic-
ular to the direction of rotation.
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The aim of this section is to show how the use of methods with convergence guarantees,
albeit only in the monotone setting, can yield better training performance for different
architectures and objectives. In particular, we demonstrate that (inertial) FBF can
perform at least as good as EG although requiring less evaluations of the regularisers.
Note that in absence of any constraints or regularisation on the weights of at least one
of the two networks, EG and FBF lead to equivalent updates of the iterates.

3.5.1. Wasserstein GANs trained on CIFAR-10

We now apply the proposed techniques from monotone inclusions to the training of
Wasserstein GANs employing DCGAN |124] and ResNet |76] architectures. All models
are trained on the CIFAR-10 dataset [86] which consists of 60,000 images in 10 different
classes (with 50,000 training images and 10,000 test images) using an NVIDIA RTX
2080Ti GPU.

For the DCGAN experiments we work with the original WGAN formulation including
weight clipping, since it includes regularisers innately (the indicator of a box for the
weights of the discriminator). In addition we propose a modification of the WGAN
formulation which replaces the box constraint on the discriminator’s weights with an ¢;-
regularisation, under the name of WGAN-LI. This results in a soft thresholding operation
instead of the “harsh” clipping.

For the experiments on ResNet we use the WGAN-GP formulation |72] which penalises
the norm of the gradient of the discriminator to enforce the Lipschitz constraint, together
with spectral normalisation of the weight matrices [108| which has so far rather been
considered as part of the architecture, but could at the same time (not rigorously) be
seen as a regularisation step or as a projection onto the set of matrices with spectral
norm less than 1.

WGAN
Method IS FID

AltAdaml1 4.12+£.06 56.44+.62
APD Adam  4.204+.04 53.97+.28
Extra Adam 4.07£.05 56.67%.61
IFBF Adam 4.59+.04 45.25+.60
FBF Adam  4.54+.04 45.85+.35
Opt. Adam  4.35+£.06 50.41+.46

Table 3.4.: The best Inception Score (IS)! and Fréchet Inception Distance (FID) for the
standard formulation WGAN with weight clipping.

Given the ubiquity and dominance of Adam [84] as an optimiser for many deep learning
related training tasks, instead of using vanilla SGD we opt for Adam updates. This
results in a method we call FBF Adam. Analogous approaches have been applied in [64]
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3.5. Generative adversarial networks (GANs)

and [54] resulting in Extra Adam and Optimistic Adam, respectively. We compare the
aforementioned methods with the status-quo in GAN training, namely alternating one
Adam step for each network: AltAdami. For our experiments on the WGAN objective
with weight clipping, we additionally considered two more methods — a variant of FBF
with inertial effects, IFBF Adam (o = 0.05), as well as a primal-dual algorithm for saddle
point problems introduced by [75], APD Adam, which to the best of our knowledge has
not been used for GAN training before. In general one would need stochastic versions
of the used algorithms and which we do not provide in the case of RIFBF. A stochastic
variant of the relaxed inertial FBF algorithm has been proposed and analysed in [53],
where the convergence analysis of the stochastic numerical method massively relies on
the one carried out for RIFBF.

Our hyperparameter search was limited to the step sizes for the newly introduced
methods, while all other parameters were kept the same as in [64]. Note that we still
report different values for the IS because we used the updated implementation [16]. It
seems noteworthy that in the case of soft thresholding bigger step sizes performed better
with the only exception of AltAdaml.

WGAN-L1 WGAN-GP
Method IS FID IS FID

AltAdaml 4.43+£.03 50.86+2.17 6.01£.31 28.11+£3.65
Extra Adam 4.67+.11 47.2441.21 6.58+.08  21.40+.58
FBF Adam  4.68+.16 46.60+.76 6.57+.10 21.224+1.29
Opt. Adam  4.63£.13 47.98+1.49 6.42+.10  23.01+.95

Table 3.5.: The best Inception Score (IS)! and Fréchet Inception Distance (FID). The
column denoted by WGAN-L1 and WGAN-GP refers to our regularised im-
plementation using the 1-norm and the formulation with gradient penalty and
spectral normalisation, respectively.

The two evaluation metrics used are the Inception Score (IS, higher is better) [133]
and the Fréchet inception distance (FID, lower is better) [77], both computed on 50,000
samples. All reported values are averaged over 5 runs, where each consisted of 500,000
updates of the generator.

In Table and Table the best IS! and FID for each method are reported. FBF
Adam performs at least as good as all considered competitors with respect to both
evaluation metrics for WGAN-L1 and WGAN-GP, while in the case of the original WGAN
objective with weight clipping FBF Adam and its inertial variant clearly outperform all
other considered methods.

We see that even though we have only proved convergence for the monotone case in the
deterministic setting, the variants of RIFBF even perform well in the training of GANs.
As the theory suggests, making use of some inertial effects (regardless that Adam already

Tn the case of the IS we use the updated and corrected implementation from [16], leading to lower
reported values.
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Figure 3.8.: DCGAN performance. (a): Average and best/worst IS' on the WGAN
objective with weight clipping. (b): Average and best/worst IS on the
WGAN-L1 objective using the proximal operator (soft thresholding); The
WGAN-LI1 objective improves the IS in comparison to weight clipping and
stabilises the behavior of all considered methods during the training proce-
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Figure 3.9.: ResNet performance. Average and best/worst results regarding IS! and
FID, see (a) and (b) respectively, using ResNet architecture on the WGAN-
GP objective including spectral normalisation. (c): Samples from the gen-
erator trained with FBF Adam.

incorporates some momentum) seems to provide additional improvement of the numerical

method in practice — at least for the (from an engineering point of view) modest original
WGAN formulation.

One can also see that WGAN-L1 using the proximal operator improves the perfor-
mance of all considered methods, decreasing the absolute and relative differences. Note
that the results of the experiments with WGAN-L1 objective are comparable for the
three methods with underlying convergence guarantees in the convex-concave case. Fig-
ure 3-8 shows the training progress regarding IS for each method and both problem
formulations. The graphs suggest that making use of WGAN-L1 objective has a stabil-
ising effect during training, leading to a smoother and more consistent learning curve
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3.5. Generative adversarial networks (GANs)

WGAN-GP
Method non avg. EMA best

AltAdaml 28.11+3.65 — —

Extra Adam  21.40+.58 18.29+.26  17.86
FBF Adam  21.22+1.29 17.58+.73 16.65
Opt. Adam 23.01+£.95 21.00+£1.33 19.28

Table 3.6.: Fréchet Inception Distance (FID) of regular iterates and averaged iterates
using an exponential moving average (EMA), from training a ResNet with
WGAN-GP formulation.

— a property that only FBF Adam seems to exhibit for weight clipping. Figure [3.9] as
well as Table 3.5 show that for the WGAN-GP formulation FBF Adam maintains the
improved performance of EG compared to GDA, while only requiring half the amount of
spectral normalisations, resulting in time savings of up to 10% as reported in [108]. An
even greater improvement by using FBF can be seen in Table where we additionally
consider the averaged iterates using an exponential moving average (EMA), which has
already been observed to potentially have very positive effects [64].

In conclusion, the results suggest that employing methods that are designed to capture

the nature of a problem, in this case a constrained /regularised minimax problem, is highly
beneficial.
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4. A fast optimistic method for variational
inequalities

In this chapter we study numerical methods for solving variational inequalities that can
be obtained from constrained minimax problems. We propose a novel algorithm that
uses only one gradient/operator evaluation and one projection onto the constraint set
per iteration, which in the unconstrained setting recovers the (explicit) “fast OGDA”
(fOGDA) method [31] as a special case. It achieves a o(1/k) rate of convergence in terms
of the restricted gap function as well as the natural residual for the last iterate. To
complete the theoretical results we provide a convergence guarantee for the (last) iterate
to a solution of the variational inequality. To validate our method, which we call fOGDA-
VI, we investigate a two-player matrix game with mixed strategies of the two players.
Concluding, we show promising results regarding the application of fOGDA-VI to the
training of generative adversarial nets.

4.1. Introduction

Let H be a real Hilbert space, let F': H — H be a monotone and L-Lipschitz continuous
operator and let C' be a nonempty closed convex subset of H. Then the (strong) classical
variational inequality problem (see Example [3.1.2)) consists of finding z* € H such that

(F(z"),z—2%") >0 VzeCl. (4.1)

For the following considerations we assume that the solution set of (4.1)) is nonempty,
le, Q:={ze€C|(F(z),w—2) >0 Ywe C}#0. Denoting the normal cone of C by
Ne¢, condition ({.1)) is equivalent to

0€ F(z*) + No(2%). (4.2)

Both and its associated constrained saddle point problem are fundamental mod-
els in various fields such as optimisation, economics, game theory, and partial differential
equations. Recently, they have attracted significant attention, in particular in the area of
machine learning due to the fundamental role they play, for instance, in multi agent re-
inforcement learning [116], robust adversarial learning [96] and the training of generative
adversarial networks (GANs) [70].

The aim of this work is to introduce an accelerated first order method for solving the
constrained variational inequality problem . To this purpose, we first recall suitable
measures that are commonly used to judge the quality of prospective solutions. We
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will show that our proposed algorithm exhibits a better rate of convergence compared
to other accelerated algorithms, while still maintaining the property that the generated
sequernce converges to a solution which is not necessarily the case for other accelerated
methods [40},42,/113].

4.1.1. Convergence measures

There are several ways to measure the convergence to a solution of in the literature.
For this let us first introduce some notation that is necessary in the following.

For z € H and § > 0 we denote B(z;0) :={w e H | |Jw — z|| < 0}. We write Po(z) to
denote the projection of z onto a closed convex subset C' of H, which is uniquely defined.

Restricted gap function For z*, zp € Q and 0(29) := ||2* — 20]|, the restricted gap func-
tion [114], see also Section [3.4.2] associated with the variational inequality (4.1) is defined
via

Gap(z) := sup (F(w),z—w) > 0.
weCNB(z*;6(20))

The restriction of the supremum to a bounded set, particularly the ball B(z*;d(z0)) in
our case, is essential to avoid an infinitely large gap when C' is unbounded.

Tangent residual Another quantity that can be used to measure the quality of a candi-
date with respect to the variational inequality (4.1) is based on the observation that it
is equivalent to the monotone inclusion (4.2). The so-called tangent residual is given by

r(z):= inf F(z)+].
(2) comf I1F'(2) + <l

In a straightforward way this quantity extends the usual measure ||F(z)|| in the uncon-
strained setting of monotone equations, where the goal is to find z* € H such that

F(z*) =0, (4.3)

to variational inequalities by measuring the distance of z being a solution and satisfy-
ing (4.2). Note, if z ¢ C we have N¢(z) = 0 and thus r(z) = +o0.

To also have a meaningful measure for elements not contained in the constraint set we
can look at the following quantity.

Natural residual Another useful convergence measure is the natural residual, which in
fact is upper bounded by the tangent residual. Using the characterisation of the projec-
tion via the normal cone (see |17, Proposition 6.45]) we observe that

0€ F(z")+ No(z") < 2z"=Po[z"—F(2")].
This motivates to look at

Res(z) := ||z — Pc [z — F(2)]]],
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which is also known as fized point residual. To see that indeed Res(z) < r(z) for all
z € H, it is sufficient to only consider the case when z € C as otherwise the inequality
trivially holds. Let z € C and ( € N¢(z), then by the following equivalence (see |17,
Proposition 6.45]),

p=Pc(v) < 3¢ € Neo(p)such that v —p = (| (4.4)

we obtain that z = Po[z + (]. Since the projection onto a nonempty closed convex set is
nonexpansive, we then deduce that

Res(z) = ||z = Po[z = F(2)|l| = [Pe [z + (] = Po [z = FR)I| < [[F(2) + ¢l (45)

Since ¢ € N¢(z) was arbitrary, we conclude that Res(z) < r(z). Note, in the uncon-
strained case (4.3)) the two residuals coincide and are given by

r(z) =Res(z) = [F(z)]-

4.1.2. Related works

In this work we are interested exclusively in first order methods that are fully splitting,
i.e., algorithms that only use projections onto C' and direct evaluations of the operator
F' as main building blocks. As a general Lipschitz continuous operator is not necessarily
cocoercive, the simplest first order method that is splitting — the Forward-Backward (FB)
algorithm — can not be used to solve .

Extragradient (EG) method [6,[85] Korpelevich and Antipin proposed to take a second
forward evaluation of F' in each iteration in order to solve (4.1). This results in the
following scheme

| wk = Polzk — vF ()],
EG: { 2er1 = Po [z — vF(wy)], =0 (4.6)

which converges to a solution for 0 < y < 1/L.
It is known that EG converges with a rate of O(1/k) in terms of the restricted gap
function for the averaged, or ergodic, iterates

in both the unconstrained [109,|112|114] and the constrained case [78|, which further
seems to be optimal [118|. The best iterate convergence in terms of the tangent residual,
however, is known to yield a rate of O(1/vK) [60],85], i.e.,

. 1
12}161%11(7“(2;3) =0 <\/f> as k — 4o0.

67



4. A fast optimistic method for variational inequalities

The more desirable last iterate convergence rate for EG was derived only recently in the
unconstrained case [71] which was then extended to the constrained case as well [41]. In

fact,
1

Gap(z) = O QE) and Res(z;) < r(z) =0 (ﬁ) :

as k — +o00. The result for the restricted gap function [68] as well as for the residuals is
actually tight, meaning that the convergence rate for the averaged iterates is better than
for the last iterate. Nevertheless, we emphasize that the latter one is more appealing since
the averaged iterates might still show acceptable behaviour while the actual trajectory
of iterates cycles around the set of solutions periodically [104].

Popov’s method [123] In the saddle point setting Popov [123] introduced the following
algorithm which, when applied to (4.2)), reads

wy, = Po [z, — vF(wg—1)]
P : Vk > 0, 4.7
opov { B I St > (47)

which converges to a solution for 0 < v < 1/21. The update rule of is very similar
to but requires F' to be evaluated only once per iteration. Actually, Popov can
be obtained from EG if we replace F(zi) by F(wg_1) in the first line of ({.6). In the
unconstrained case can be written in one line, yielding a method usually known
as Optimistic Gradient Descent Ascent (OGDA), a name that was coined by works on
GAN training [54,55].

Given the close connection between EG and OGDA, it is not surprising that many
convergence rate results hold in a similar way. In terms of the restricted gap OGDA
converges like O(1/k) and O(1/vk) for averaged iterates [109] and last iterates [68], re-
spectively, where the latter one is optimal. The convergence rate in terms of the residuals
is O(1/vk) and it can not be improved in general [411/46,/67|, as seen for EG.

We have seen that both EG and Popov’s method require two projections in each
iteration. One might think that this is necessary to obtain convergent algorithms for the
variational inequality when the operator F' is merely Lipschitz continuous and not
cocoercive. This is not the case, however, and in the following we will look at algorithms
that need only one evaluation of the projection operator per iteration.

Forward-Backward-Forward (FBF) method [137] One of these single-call projection meth-
ods is the FBF method. It was proposed by Tseng [137] and applied to (4.2)) it iterates

| wk = Po [z — vF(2)]
FBF: \‘ opt = wp — (F(wg) — F(z)) Vk > 0, (4.8)

which converges to a solution for 0 < v < /L. Notice that in each iteration this iterative
scheme performs two evaluations of F' along the sequences (zx)r>0 and (wg)g>0, similar
to EG — the first line of FBF and EG is even identical. In the second line, however,
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instead of performing another projection the forward step regarding the intermediate
iterate wy is corrected by the previous update F(zx). Moreover, for the unconstrained
problem (4.3)), i.e., in the absence of projections, FBF and EG are equivalent.

Forward-Reflected-Backward (FRB) method [100] Another single-call projection method
that even requires only one evaluation of F' like the basic FB algorithm was proposed by
Malitsky and Tam [100|. The FRB algorithm is given by

FRB: | zp41 = Po [zr — 27F (2) + vF(26-1)]  Vk >0, (4.9)

and converges to a solution for 0 < v < 1/2. Note that FRB can be deducted from FBF
by reusing F(wy_1) instead of F(zy) in the first line of (4.8)), similarly to how Popov’s
method can be obtained from EG. Hence (4.9)) coincides with (4.7) and OGDA in the

unconstrained case.

Projected Reflected Gradient (RG) method [98] Before investigating FRB, Malitsky in-
troduced another similar method where the order of the reflection and the forward step
is reversed [98]. In particular, a second forward step can be avoided by evaluating F' at
an appropriate linear combination of the iterates. This gives rise to the following method

Wg = 22k — 21

Vk > 0, 410
2h+1 = Po [z — vF(wy)] - (4.10)

RG: |

which converges to a solution for 0 < v < (vV2-1)/L.

Despite the similarities in the construction and iterate convergence, nonasymptotic
convergence is less understood in the case of single-call projection methods. For exam-
ple Banert and Bot, [15] derived for Tseng’s method an ergodic O(1/k) rate in terms of
function values in the context of convex optimisation; see also [20] for an ergodic O(1/vk)
convergence result in terms of the restricted gap function in the stochastic setting. For
Malitsky’s RG algorithm convergence in terms of the gap function and residuals like
O(1/vk) for the last iterate was established recently [42].

4.1.3. Accelerated methods

An accelerated algorithm for solving that is based on EG, called Extra Anchored
Gradient (EAG) algorithm, was proposed by Yoon and Ryu [140]. It is designed by
using anchoring, a technique that can be traced back to Halpern’s algorithm [74]. This
iterative scheme exhibits a convergence rate of

1
|F(z)|| = O (k) as k — 4o0.
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These considerations have been followed by extension of EAG to the constrained set-
ting [40], where the authors consider

wy, = Po [Zk —vF(z1,) + i 1(Zo - Zk)]

EAG: vk > 0,

1
- P _~F _
Zk+1 (o} [Zk YE (wy,) + it 1(20 zk)]

with 0 < 7 < 1/v3L. One can notice that the algorithm uses two operator evaluations
and two projection steps, like EG, and in the unconstrained case it coincides with its pro-
jection free counterpart [140|, maintaining the O(1/k) convergence rate for gap function
and residuals.

Similar to the nonaccelerated methods from the previous subsection, one can also
reduce the number of necessary operator evaluations and projections to one each per
iteration. This was done by investigating an accelerated version [42]| of the projected
reflected gradient method with convergence rate O(1/k). The method is given by

wyy = 225, = 2k-1 + 1 (20 — 2k) — (20 — 2K—1)
ARG: 1 Vk > 0,
21 = Po |z — vF(wy) + T 1(2’0 - 2)

with 0 < v < 1/12L.
It is worth mentioning that for constrained EAG [40] and ARG [42| there are no guar-
antees for the iterates to converge to a solution.

Further variants of anchoring based algorithms have been proposed by Tran-Dinh [135|
and together with Luo [136], which all exhibit the same convergence rate in terms of the
operator norm HF (zk)H as EAG for (4.3). Monotone inclusions are also considered in
these works, with a more general operator than Ng, but this requires either taking a
backward step or additionally asking for cocoercivity of F. In the same spirit, an o(1/k)
rate of convergence together with convergence of iterates was shown for an accelerated
version of the Krasnosel’skii-Mann algorithm [35].

Tran-Dinh [135] as well as Park and Ryu [119] pointed out the existence of some con-
nections between the anchoring approach and Nesterov’s acceleration technique used for
the minimisation of smooth and convex functions [113}[115].

A different approach, as it appears, from the Halpern-type methods mentioned above
was investigated in [31]. An appropriate (explicit) discretisation of a second-order dy-
namical system gives rise to an accelerated algorithm related to OGDA, called fast OGDA
(fOGDA), which will constitute a starting point for our considerations in the following.
The fast OGDA algorithm [31] for solving the monotone equation is given by

(6%
Wy = 2k + (Zk: - Zk:—l) - F(wg—1)
fOGDA: kta B} bta Yk > 1,
Zht1 = Wk — 7Y <1 + k—i—a> (F(wkz) - F(wk—1)>
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which converges for 0 < 7 < 1/4L and a > 0 large enough. It was shown that fOGDA
exhibits convergence like

Gap(z) = 0 (i) and  ||F(z)]| = o (/1) as k = +o0.

4.2. Main results

In this section, we will first motivate the necessary changes how to extend fOGDA to
solve the variational inequality and introduce our newly proposed method which we
call fOGDA-VI. This is followed by formally stating the convergence results of fOGDA-VI
— convergence of the iterates to a solution as well as convergence in terms of the restricted
gap and the residuals like o(1/k) for the last iterate.

4.2.1. Extending fOGDA to the constraint case

It can be seen empirically, that incorporating one (or more) projections into fOGDA in
a naive way is not sufficient to obtain a solution method for (£.1)). Instead, the idea is
to introduce for all £ > 1 an appropriate element (j of the normal cone N¢(zy). This is
done by replacing F'(wg_1) by the sum F(wg_1) 4+ (x. One might think that because of
this the suitable choice would be to take (; € N¢o(wg—1), but this is not the case which
can be motivated as follows. For the unconstrained case, i.e., when solving the monotone
equation ([£.3), we want to find a sequence (zj)r>1 yielding ||F(z)|| — 0. However, in
the constrained case, i.e., when tackling the monotone inclusion , we aim to establish
sequences (2x)k>1, (Ck)r>1 with ¢, € Ne(zx) such that

1F(2x) + Cell = 0.

Then instead of fOGDA we have an algorithm of the form

Wk = 2k + 4 J]i - <Zk: — Zk—l) — Vki% (F(wk—1) + Ck),
Zhyl = W — Y <1 + kﬁk—;a> <F(wk) — F(w—1) + g1 — Ck)- (4.11)

At first glance this method seems to be implicit, as both 211 and (41 appear on the
same line. The expression (4.11]) can be used to formulate a projection step via (4.4)),
though.

These considerations give rise to the following algorithm.

Algorithm 4.2.1. Let o > 2. For starting points zg, wo € H, 21 € C, (1 € N¢(z1) and
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fixed step size 0 < v < 1/4L we consider for all £ > 1

we = 2%+ o _li - (Zk - Zk71> - ’Yk_i% <F<wk71) + Ck)7

fOGDA-VL: | 2,41 = Po [wk -~ (1 + k—i—ka> (F(wk) — F(wg-1) — Ck)] :

I Chy1 = m(wk - Zk:+1> - (F(wk) — F(wg-1) — Ck)-

4.2.2. Convergence statements

The first main result concerns the convergence of the sequence of iterates to an element
in Q.

Theorem 4.2.2. Let (21)r>0 be the sequence generated by Algorithm |4.2.1 Then the
sequence (zx)k>0 converges weakly to a solution of (4.1)).

The central idea for the proof is to define an appropriate nonincreasing energy function
to obtain convergence or summability of various helpful quantities. Even though we are
not able to enforce the discrete energy (G r)i>0, for suitable A > 0, to have an actual
nonincreasing property, we can at least show that for every k£ > 0

Orit1 < (1 +di)Ga g — bi, (4.12)

with some nonnegative sequences (bg)r>0, (dk)k>0. The aim is to control these two
sequences in such a way that we can still derive some beneficial asymptotic results of
(Gak)k>0- For instance, we show that there exist two constants 0 < A(a) < A(a) such
that the inequality holds with Y, o dr < +oo for every A € (A(a), A(«)). This
allows us to conclude that limg_, 4o Gy x € R exists, see Lemma for more details.

From this we can then verify that the first condition of Opial’s lemma, see Lemma 2.3.1
is fulfilled, while its second condition follows from the maximal monotonicity of F' + N¢,
see Proposition [2.1.3]

The asymptotic convergence of the iterates is complemented by statements about con-
vergence rates in terms of the restricted gap as well as the natural residual for the last
iterate.

Theorem 4.2.3. Let z* € Q be a solution of (4.1) and let (zx)r>0 be the sequence
generated by Algorithm[{.2.1, Then we have

1 1
Gap(zx) =0 (k‘) and Res(zp) =0 <k‘> as k — +o0.

4.3. Convergence analysis

In the following section we will establish the necessary convergence analysis to prove
Theorem and Theorem [£.2.3]
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4.3.1. Notation and preliminary considerations
In the following for all k¥ > 1 we will use the notation
v = Fwg-1) + Gk, (4.13)

which we plug into Algorithm to obtain

Wi = 2k + k_i_a(zk—ZkA) —’Ykia?% (4.14a)
k
Zhal = W — 7Y <1 + k‘+04) (’l)k+1 - vk). (4.14b)

Since 0 < v < /4L there exists 0 < & < 1 such that

1—-¢

= . 4.15
=T (4.15)

Hence, the definition of vy together with the Lipschitz continuity of F' give us

ICert + F (z11) — vkl = I1F (z11) — F ()] < L 261 — i
1-¢ 1 (4.16)
S AL [[vpg1 — vl < lvers = vrll < 7 llvwsr = ol < flven — o]
By summing up (4.14a)) and (4.14b) we find
(k4 a) (zke1 — 2x) — k (21 — 2p—1) = —ayvps1 — 29k (Vg1 — vg) - (4.17)
Let 0 <A< a—1and z* € Q. Following [31] we denote for every k > 1
% 3a— 2

uxng = 2A (2 — 2%) + 2k (2, — 25-1) + 1 Ykvg, (4.18)

1 N 2(a—2 «

Exi = 5 Nl + 20 (@ = 1= ) [l = 2+ Ey_l))«yk (2 — 2%, 0) (4.19)
oa—2 , 3a—2 2
k k
2(a—2
Q,\,k = (‘:)\,]C — (a_l)’}/k2 <Zk — Zk—1, F (Zk) —F (wk,1)> (4.20)
-2
+ Z_ 17214:\/E ((1 —e)\VEk+ oz) vk — v |2

4.3.2. Properties of the energy function

We collect the properties of the energy functions (€xx),~; and (Gx ).~ in the following
lemmas. - -
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Lemma 4.3.1. Let z* € Q and (2k)>o be the sequence generated by Algorithm |4.2.1,
For 0 <\ < a—1, the following identity holds for every k > 1

Exkt1 — Enk
= -4 (a = 2) Ay (241 — 27, Vp41)
+2A+1—a)@2k+a+1)]zes1 — 2]

2
+ 2 (4a =D+ 1- ) —a(a—2)) vk (s — 20 ver)
2
+ (20— O+ 1-a) +a—2(a=1)?)y (e — 2 ver)
2(a—2 a—2
- (7)7147 (k+ ) (zpp1 — 21, Vg1 — Uk) — ——2k (2k + @) || vpg1 — kaQ
a—1 a—1
a—2
- 172 (2(8a—2)k + 202 +a — 2) lvrsr|I?-
(4.21)
Proof. Recall that by the definition in (4.18)), we have for every k > 1
3a—2
ux g = 2 (2 — 27) + 2k (25 — 25-1) + L
Similarly,
Up g1 = 2N (21 — 27°) + 2(k + 1) (zp1 — 2) + 1 (k+ 1) vkt (4.22)
Thus, after substraction we deduce from (4.17) that
UM k+1 — UK
=2(A+1—a)(2k41 — 2) + 2(k + @) (241 — 25) — 2k (25 — 2-1)
3a—2 3a—2
o VUL vk (O — o) (4.23)
a—2(a—1)? 2—«
=2A+1—0a)(zp+1 — 2x) + #’Yvk_i_l + ——k (Vg1 — vg) -
a—1 a—1
For k£ > 1 we know that
1 2 2\ 1 2
5 Ulwngest 17 = loakll” ) = Cungerrs wnpr = wng) = 5 llurpes — wxll™ (4.24)
and that for all £ > 0
2)\a717)\(z 7,2*27272*2)
(=1 (Izxs1 = =17 = 5~ ] o

= AN (=1 = N) (zpg1 — 2% 2hg1 — 25) — 22 (@ — 1 = ) || 241 — 2|2
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We use the relations (4.22)) and (4.23) to derive for every k > 1

<u/\,k+17 UNk+1 — U,\,k>
=4ANA+1—a) (zky1 — 2%, 2641 — 2k)

(o= 2= 1)) 2 (zhe1 — 2%, vi)

+

a—1
2(a—2 .
_(a—l )/\’Yk<zk+1—z Ok — k) F 4N+ 1—a) (kB +1) ||z — 2

+ai1((3a*2)()‘+1*a)+0‘*2(o‘*1)2>’Y(k+1)<zk+1*Zk»vk+1>

2 (a—2)
a-1

+ (Oé _1 1>2 (Ol— 2(0[ — 1)2> (3a — 2) /72 (k‘—{— 1) Hvk+1H2

. _1 - (@ —2)(Ba —2)72 (k+ 1) k (Ups1, Oppt — 08) ;
(4.26)

v (k+1)k{zpr1 — 2k, Vkg1 — Uk)

and

2N+ 1— ) ||zg1 — 2|

l

——|lu

o I1tAk+1
2

] (a—2(a—1)2> A+1—0a)y (Zk+1 — 2k, Vit+1)

1 2\% o 2 (04—2)2 2.2 2
-——(a-2(a-1 v — —————=Yk" ||vg1 — v
ra 1 (@ 2@ D7) o ol = ST o — il a2
2(a—2)
a—1
a—2 2\ .2
+(a_1)2(0‘_2(0‘_1)>7 k (Uk41, Vg1 — Vk) -

A+ 1—a)vk (211 — 2k, Vi1 — Vk)

After some algebra, we see that

(Ba=20+1-a)+a-2(@-1*)k+1) - (A +1-0a) (a—2(a-1)%)
:((304—2)()\—1-1—a)+a—2(a—1)2)k+2a(a—1)()\+1—a)
+a—2(a—1)°
:((Sa—2)(A+1—a)+a—2(a—1)2+(a—2)A)k—(a—2)Ak
+20(a—1)A+1—a)+a—2(a—1)>
:(4(04*1)(“1*04 faan)k (o —

+20(a—1)(A+1—a)+a—2(a-1)>~%

(4.28)
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By plugging (4.26) and (4.27) into (4.24), and by taking into consideration the relation
(4.28), we get for every k > 1

1 *
5 (It ? = luasl®) = 40O+ 1= ) (era = 2% 201 — )
2 *
+ o_1 (a —2(a— 1)2> Ay (241 — 25, Ugt1)
2(a—2)

MYk (21 — 27, Vg1 — Vi)

+2A+1—a)2k+a+1—N\) ||lzee1 — 2

—f—%(ll(a—l)()\—l—l—a)—a(a—Z)—(a—2))\)'yk<zk+1—zk,vk+l>

2
+a_1<2a(oz—1)()\+1—a)+oz—2(oz—1)2>'y<zk+1—zk,vk+1)
2(a—2) (a—2)2 2.2 2
——— vk (k - A — — -~k —
a_1 ! (k+a = A) (k1 — 2k, Ukt — Vi) 2(0471)27 [vr41 — vk
1 2\ .2 2 2
4+ — 5 (a—2(a—1 2Ba—2)k+ 20" +a—2)|jv
e (@210 2 ) okl
a—2 o5
_ m'y E((Ba —2)k+2a (o — 1)) (Vg+1, Vk+1 — Vk) -
(4.29)
Furthermore, one can show that for every k > 1 we get
(k+1)(zkr1 — 2% vk41) — k(2K — 2%, vk)
= - *7 +k - *7 - - *7
(zkt1 — 2%, Vkt1) ((zrt1 = 2" vpg1) — (2 — 2%, 0n)) (4.30)

= (Zkr1 — 255 Vkg1) + K (21 — 25, k1 — )
— Kk (2ht1 — 20 Vkg1 — V) + B (Zha1 — 2, V1) -
and
(k+1) (Ba—2) (k+ 1) +2a(a = 1) fop | = £((3a = 2) b+ 20 (@ = 1)) o
= (2(3a —2)k+2a% + a — 2) [[vp1 |
+k(Ba =2k +2a(a = 1)) (gt I = lloell?)
= (2(3a —2)k+20% +a —2) [[vpp1 |
+ 2k((3a —2)k+ 20 (o — 1)) (Vk+1, Vk+1 — Uk)
—k((Ba =2k + 20 (a = 1)) o — vil .
(4.31)

In addition, direct computations show that

a—2(a—-1)24+a-2=-2(a—-1)(a—2)
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and
~(a=2—(a—2)Ba—2)=-4(a—2)(a—1).

Hence, multiplying (#.30]) by 2\v(@=2)/(a—1) > 0 and ([#.31)) by 7*(@=2)/2(a—1)? > 0, followed
by summing up the resulting identities with (4.25) and (4.29)), yields (4.21)) for every
k>1. O

Lemma 4.3.2. Let 2* € Q and (2;);>( be the sequence generated by Algorithm |4.2.1,
For 0 < X\ < a—1, the following statements are true:

(i) for every k > ko := max {2, {ﬁ-‘} the following holds:

(a—1)(a—2)
e(k+1)°

—4(a—2) Ay (2k1 — 27, Ger1 + F (2111))

+ 4 (nok +m1) v (Zkg1 — 2k Vkg1) + <7721€ - ffo\/E) Bk

Grk+1 — Gak < A2 zpg1 — ¥

a—2
a—1

+ 4 (ngh + £1VE) 72 o > = S5y o — vl

where

e o= (k+1) (5(k+1)+042\/k+1+(a—4))—(a—2),

= gy e - D+ 1-a)—a(@=2) <0,
nyZQQJ_D(%Ma—lMA+1—a)+a—2m—lf)<Q
mi=4(A+1-a)<0, (4.32)
ng;__z(of_”(a—g)(ga—2)<o,

ﬁozzail(a—Q)m>0,

. ::4(0[1_1)(0(—2)04>0;

(it) for every k > 1 the quantity G, fulfils

o—2 . 2(3cr — 2) 2
>_ - 2 _ _ S

Ok > 1(3a—2) H4/\ (2 — 2%) + 2k (2 — 25—1) + o1

(o —2)°

T iBa—2)(a-1)

vkvy,

4\
2 o 2 - - |2
k2 (12 — 2|2 + 2 (a 1))\<1 3a—2> e — 2°12.
(4.33)
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Proof. (i) Let k > 2 be fixed. By the definition of G j in (4.20), we have for every k > 2

Oak+1 — Gk

2(a— 2
=Evkt1 — Eng — (a—l)Fy {(k +1)% (21 — 28, F (2541) — F (wy))
_ k2 <Zk — Zr_1, F (Zk) —F (wk—l)> (4‘34)
-2
- (O‘a_i%Z [(k + 1) VE+ 1 vgsr — vl)* = kVE o — vk_1||2]
a—2)(1—=¢
P20 2 Tl 4 1) o — vl = K2 o — v 7).

By using the definition of ng,n1,7m2 and n3 in (4.32)), for every £ > 1 we deduce from

[{21) that

Expr1 — Eng
=4 (a—2) M (zkyr1 — 2%, vkr1) + <772k: +2A+1—a)(a+ 1)) [E——E
2(a—2)
+ 4 (nok +m) ¥ (2k41 — 2k Vkg1) — ﬁ’yk (k 4+ @) (zk+1 — 2k, Vk41 — Vk)
a—2 a—2
~ 022k r a2 o~ + (k= S22 20+ 0 =) ) o2 o
" 2(—2
< -4 (a = 2) Ay (g1 — 255 k1) — (_1)7’? (k + ) (k41 — 2k, Vg1 — k)

+ (4 (nok +m) ¥ (241 — 2k, V1) + 1k || 201 — zi])® + dnsky? Hvk+1H2>

a—2
Tk (2k + )7 Juks1 — ol

‘T (4.35)

where the inequality comes from the fact that 0 < A < a—1 and « > 2. Plugging (4.35)
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into (4.34) yields for every k > 2

Ori+1 — Gk
a—2

< 4@ =2) Xy (appr = 2% vprt) = o (2K + ak) ¥ ok 1 — vkl
2(a—2
2O [k 12 (s — 210 F () = F ()

—k* (zk — 26—, F (z) — F (wk_l»}

a—2)a
pla=a, [(k: + 1) VE + 1 Jopgr — vel — kVE o — uk_lﬂ

a—1
+ D02 [ 12 s — el = 82 s — w1 ]
+ (4 (m0k 1) 7 (2k1 = 2k Vi 1) + 12k |21 — 26| + 4nmshy? Hvk+1H2>
T I E—

(4.36)

Our next aim is to derive upper estimates for the first two terms on the right-hand side
of (4.36), which will eventually simplify the subsequent three terms. From the Cauchy-
Schwarz inequality and (4.16)) we have for all k > 1

—4 (= 2) My (21 — 25 vp1) = 4 (o — 2) Ay (241 — 27, Qo1 + F (wg))
=4 (a—=2) M (k41 — 2", Chr1 + F (2841))
+4 (o= 2) Ay (21 — 27, F (241) — F (wg))
< —A(a—=2) My (Zp+1 — 25, o1 + F (2541))
+4 (= 2) Ay |21 — 27| | (2141) — F (wi) |
< A(a—2) My (2kg1 — 25, Qe + F (2041))
+2 (= 2) My [|zk1 — 27 || |vg+1 — vi|

N a—1)(a—2 .
< Ao —2) My (zpg1 — 27, Ger + F (2141)) + %AQ [
e(k+1)
a—2
= 16’72 (B + 1)? luers — vell*

(4.37)

For (; € N¢ (2x) and (ry1 € Ne (zg+1), the monotonicity of No and F, together with
the relation (4.17)) and the fact that for all £ > 1

Ck + F(Zk) — Vg = F(Zk) — F(U)kfl),
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yield for every k > 1

_25;*_—12)7;? (k+ ) (21 — 2k, Vs — V%)
< 253__12)'% (k + ) (21 = 2 (Gorr + F (1) = vt ) = (G F (1) — w1 ))
— ZS‘__f)yk (k + ) <zk+1 — 2, (F (2h41) — F (U%)) - (F (zk) — F (wk—l))>
- 2(0?‘:12)7k (k+ @) (zk41 — 28, F (2hg1) — F (wy))
_ 25)‘_12)% (k + @) (21 — 25, F (21) = F (wp—1))
_ QS‘_‘f)y (k1) (551 — 20 F (2101) — F (wg)
- 2(;‘__12)71{2 (zk — 251, F (21) = F (wy,_1))
255‘__12)7((@ —2)k — 1) (zhp1 — 2k, F (2541) — F (wy))
QS‘_—f)w?k (Vks1, F (24) = F (wp_1))
N 4(5_12)72"12 (Vks1 — Vs F (24) = F (wp_1)) -
(4.38)
By Young’s inequality together with for every k > {ﬁ] we obtain
2O ) (=2 k= 1) (s — 20 F (2h1) — F ()
< 222 (V=D k=1 e — 2l
2 (2 =20k — )y (2 — 2)k — 1||[F (2p41) — F (wk)\|2>
< 22 a2kl — el
+(a—2)Va— 192 (k+ 1) VE+ L||F (zp1) — F (wy)]?
< S Vla =Dkl - 4l
+a(a—2)Va— I L2 (k+ D)VEF 1 [oper — ve)?
< O Sl 2R s — a4 (@ = 2) 0y (b ) VET T o —
(4.39)

where in the second estimate we use the fact that (o« —2)k —1 < (a — 1) (k + 1), while
in the last one we combine oo —1 < o and yL < 1/4 < 1.
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In addition, for every k > 2 we derive

25;1—_12)0‘72/9 (Ok41, F (25) = F (wp—1))
<2 : iOWQ\/E el + - : iO‘VQk\/% IF (21) = F (wi—-)|*
< 20V o + 2= 2ok ok — v P
— Z : ia’YQ\/E [ ogra||® + Z : iO‘VQ (k+ 1) VE+ 1 o1 — gl
a—2

- 10472 [(k + 1) VE+ 1 [[ogpr — vgl” = kvVE [log — ve—a %],

and, by using the Cauchy-Schwarz inequality and (4.16)),

4(a_12)72k2 (Vkt1 = op, F (21) — F (wp—1))
< 255‘__12) (1 — &) vk vkt — vil| lok — ve—1]]
<222 1= 728 (loewr = ol + lon = v )
= LLS‘__f)73Lk2 <||Uk+1 — wg)|* + fJox, — ”k—1||2>
ol 2 . 2 (4.40)

< 2O (1) o — ol — o~ v ?)

+ 8(040Z—_12)73L (k+1)% [ox 41 — vkl
= O ()2 ok — wull? — o — v )

#2022 02 (k1) o — il

a—1

where we want to recall that the first equality comes from (4.15). By plugging (4.39)
and (4.40) into (4.38)), then combining the result with (4.37)), we get after rearranging
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the terms for every k > kg

2(a—2)

o1 Vk(E+a) (zrer = 2k, Ukr — vk)

4 (o0 = 2) My (2pg1 — 2%, Vpq1) —

< 2(—2)

o [ D (gt = 21 F (o) = F ()

— K (2 — 21, F (2) — F (wp—1))

a—2
— S —ay? [(k+ ) VE+ T forsa — vell® = kv o = v ]

a—1

4(a—2
- i_l)’Y?’L [(k +1)2 |Joppr — vell® — K2 o — U,H\ﬂ (4.41)
— 4 (= 2) M (zk41 — 27, Qo1 + F (2841))

a—2

+
a_
1
(@ —2) V(@ =2)kllzp41 — 2zll* +

a—1 a

1 2
+—— —(a=1)(a—=2) N ||zke1 — 2*|7.
T e D=2 e - 7]

1 ((%2 + O‘k) - Mk) 7 |ve+1 — Uk||2

oa—2
—Z oV ok |

where we set

eSS (2k2—|—ak)—5(/<:+1)2—(a—l)a(k—i—l)ﬁ—a(k—i—l)\/m
—2(1—¢)(k+1)
—ek+1) 4+ (a—-Dk-2-®(k+1)VEk+1
= (k+1) (£(k+1)+a2\/m+a—4)—(a—2).

Finally, summing up (4.36)) and (4.41)), we obtain the desired estimate.
(ii) Observe that

(a—2)(3a—2)

2(a—2) 27.2 2
ST Nk (2 — 2,0 + k2 ||v
AL k) 217 vkl
a—2 (23a-2) Ba—2)% 5 5. o
3o —2 ( a—1 7 (o = 2" ow) + 2 (a— 1)2V o
1 1 30— 2 2
=35 (a—2) (2 H2)\ (2 — 2%) + (j_ 1 k|| — 2X% || 2% —z*]2>

By the definition of uy 4 in (4.18) and by using the identity

1
ol +lyl” = 5 (Il +yl* + 2 = yl*) v,y €A,
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4.3. Convergence analysis

we deduce that for every £ > 1

2(a—2

1 " *
£t = 1 funsl? + 23 (0= 1= W) o - 77 + 29D vk — 2 )

17 k<2(a—1) (B 2)k+a> ||kl

3a—2
— 12X (2 — 2") + 2k (2 — 21—1) + o(j

_l’_

2

Ykvg

4\
3a —

-2
+2(a—1))\(1— > |z — 2* || + 1oz72k\|ka

) 3a— 2 2
a H2)\(zk—z*)+ -
o —

+2(3a—2)

’Vkvk

2
a

. 3o —
_ 2H2A<zk—z>+2k<zk—%_1>+a

k
3o — —lfyvk

4\
3a— 2

" a—2
r2(a- 02 (1= 3225 ) o= 1+ S 2k

o —2 2

+4(30z—2
a—

+3a—2

2 (3a —2)

HZL)\ (2 — 2%) + 2k (2, — 2_1) + p—

vkvg

K|z — zi1 |-

Consequently,
2(a—2
(_l)ka (o — 21, F (21) — F (wp_1))

—2 Qk\f((l_g)\f—l—a) vk — v 1”

a—l

Gk =Ek —

a—2 2

~4(8a—-2)
a—2
3o — 2
2 (a

- Off)vkz (2 = 261, F (24) = F (wp-1))

+ 772]{\/» (4’)/L\F+ Oé) H'Uk — Vf— 1”

2(3a — 2)

k
a—1 YRUE

H4)\ (zp — 2%) + 2k (2, — 2—1) +

4\
+ k2||zk—zk_1\2+2(a—l))\<1— >\|zk—z*||2

3o — 2

Now we use relation (4.16) and apply Lemma [2.5.5| with (a,b,c) = (1/2, —2’)/,27/L) to
verify that for every k > 1

1
3 ek = 2| = 4y (2 — 201, F (1) = F (wi1)) +89°L o — v |2

1 2
>3 2k — zb—1])* — 4y (2 — z5-1, F (21) — F (wg—1)) + % |F (2x) — F (wp—1)|)?
> 0.
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4. A fast optimistic method for variational inequalities

Combining the last two estimates, for every k > k; one can easily conclude that

a—2 2 (3a —2) 2
>
Grk 2 7 a—1

_— k
(3o —2) TRk

HKL)\ (2 — 2%) + 2k (2 — 25—1) +

1 1
+(a—2 - k2 |2 — 21 |?
(o )<3a2 4(a1)> 2k = 251l

4A *12
+2(a—1)/\(1—3a_2) |z — 2"

a—2 2

T 4(Ba—2)
(a—2)°
TiBa—2@-1

2(3a — 2)

k
o—1 YRUE

H4>\ (2 — 2%) + 2k (2, — 25—1) +

AN .
= s+ 2= D (1= 222 - 7P,

which is the desired inequality. O
The following lemma will be helpful in the main proof.
Lemma 4.3.3. The following statements are true:

(i) there exist two parameters

- —2
0§2\(a)<)\(04)§3a4 ,
such that for every X satisfying A (o) < A < A («) one can find an integer ka (\) > 1
with the property that the following inequality holds for every k > ko ()

(4.42)

o — 2
2(Ba—2)

Sar — 2
4y | —/—m z(fk k‘) 2 <,
Y 3@asy? U +rVE) Jopga|® < 0;

(ii) there exists a positive integer ks such that for every k > ks we have

Ry, := (772k5 + fio\/E) 21 — z&l® + 4y (Wok + 771) (241 — 2k, Vks1)

(4.43)

€
e > 5 (k+ 1)%. (4.44)
Proof. (i) For the quadratic expression in Ry we calculate

Bk ) )

42 2 (B
S5a — 2 Sa — 2
2 2
_ i ko — — = + kVEk
5o —
+ (2 - k+n?.
( om = 5 (Ba —2) Féo’ﬂ) M
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4.3. Convergence analysis

Since (778 — %m%) k? is the dominant term in the above polynomial, it suffices to

guarantee that
2 S5a — 2

Ny — )772773 <0 (4.45)

2(3a—2
holds in order to ensure the existence of some integer ka () > 1 such that A} < 0 for
every k > ko (\) and to obtain from here, due to Lemma (i), that Ry < 0 for every
k> ko (N).

It remains to show that there exists a choice of A for which is true. We set
E:=X2+1—-a<0and get

= 5= A= (+1-0) —ala=2)
1
:m(‘l(a—l){—a(a—?)%
ngngz—ail(a—2)(3a—2)()\+1—a):—a_1(a—2)(3a—2)§.

This means that we have to guarantee that there exists a choice for £ satisfying
2 _Sa—2
1
- ((4(047 1)¢—a(a—2)2+4(5a—2)(a— 1)(a72)§)
4(a—1)
= ! 16 (v — 1)% €2 +-4 1 2) (3o — 2 2 2)?) <0
= Ty (Sl E+dla-Na=-2Ba=2i+a’a=-27) <0,

which is nothing else than
16(a—1)?+4(a—1)(a—2)Ba—2)¢+a?(a—2)%<0. (4.46)
A direct computation shows that
Ag =16 (a —1)? (a — 2)° ((3a —9)2 4a2> =16 (a—1)2 (@ —2)* (5a — 2) > 0.

Hence, in order to get (4.46]), we have to choose £ between the two roots of the quadratic
function arising in this formula, in other words

£ (a) ::m(—4(a—1)(a—2)(3a—2)—\/K§)
:_8(0}_1)(a—2)<3a—2+\/(a—2)(5a—2)>
1
<E=A+1-a<b(a) 3:32(a_1)2(_4(0—1)(04_2)(30‘_2)4‘\/&)
1
:_m(a—2)<3a—2—\/(a—2)(5a—2)).
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4. A fast optimistic method for variational inequalities

Obviously & (o) < 0 and from Vieta formula & («) - &2 () = ‘fégij))j, it follows that we
must have & (a) < 0 as well.

Therefore, going back to A, in order to be sure that 77(2) — %ngng < 0 this must be
chosen such that

a—1+&(a)<A<a—-1+&(a).
Next we will show that

o<a—1—5§(;1)(a—2)(3a—2)<?f—; (4.47)

Indeed, the inequality on the left-hand side follows immediately, since

1 1
a—l—m(a—Z)(?ya—Q):m

- s(al— ) (®+4(@=17) >0

(50% — 8a +4)

Using this relation, one can notice that the inequality on the right hand side of (4.47)
can be equivalently written as

502 —8a+4<2(a—1)Ba—-2)e0<a®—2a=a(a—2),

which is true as a > 2.
From (4.47) we immediately deduce that

0<a—-1+4+&(a) and a—-14¢& (o)< — —=.

This allows us to choose A < A, where

AMa)=a—-14+& (o)
1 1
St T e

:mm{?’:‘ ;,S(QI_ 1)024—;(@—1)4—8(@1_ 3 (a—2)\/(a—2)(5a—2)},
8(O[l_l)(>ﬂ+;(oé—1)—8(041_1)(a—z)¢(oé—2)(5a—2)>o.

Indeed, as (a—1)va—1 > (a—2)vVa—2 and 4y/a—1 > /5a —2 we can easily
deduce that

?+4(a-17>4(a-172>(a—2)(a—2) (5a—2)
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4.3. Convergence analysis

and the claim follows.
In conclusion, choosing A to satisfy A (o) < A < X (), we have

9 oo — 2

Mo — )772773 <0

2(3a—2

and therefore there exists some integer k2 (A\) > 1 such that Ry < 0 for every k > ko ().
(ii) For every k > 1 we have

Mk_%(k+1)2: k+12+2k+D)VE+1+(a—4)(k+1)— (@ —2),

| ™

and the conclusion is obvious. O

The following proposition plays a key role in proving the convergence rates in Propo-
sition which will be used to prove Theorem

Proposition 4.3.4. Let z* € Q and (2x)r>0, (Wk)k>0, (Ck)k>0 be the sequences generated
by Algorithm and let (vg)k>0 be the sequence defined by (4.13). Then the following

statements are true:

(i) the following hold:

> (o — 2%, Flak) + Gr) < +o0, (4.48a)
k>1
>k vpgr — vkl < +oo, (4.48D)
k>1
> kllzerr — zl” < 4o, (4.48c)
k>1
Z k|| F(w) + Gor]|* < +oo; (4.48d)
k>1

(i) the sequence (2k)y>q s bounded and the following hold as k — +o0:

= aall =0 (1) Mot Pl =0 (7). la+FEl=0(3).

(-Gt Fla) =0 (1), - F ) =0(3);

(ii) there exist 0 < ) (a) < A (a) < Ba=2)/4 such that for every A (a) < XA < A(a) the
sequences (Exx)psy and (Gak)ysq cOnverge.

Proof. According to Lemma there exist A (o) < A(a) such that (4.42)) holds. We
choose A (a) < A < A(«a) and get, according to the same result, an integer ko(A) > 1
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4. A fast optimistic method for variational inequalities

such that for every k > ko(\) the inequality (4.43) holds. In addition, according to
Lemma [1.3.3[(ii), we get a positive integer k3 such that (4.44) holds for every k > k.

This means that for every k > k4 (A) := max {ko, k2 (A), k3}, where ko is the positive
integer provided by Lemma (4.3.2))(i), we have

Gak+1 — Gk

a—1)(a—2)\2 N *
( 5(36(+ 1)2) l2k41 = 217 = 4 (@ = 2) My (2k41 — 2%, Gegr + F (2041))
a-2 ) 2
S —— 1 —
21" (B +1)7 logg1 — vkl
da — 2 2
1o | oa=2 _
+ ( 2(3@_2)>n2k+mo\/%] [
da — 2
1— /2972 )k k| 492 2.
! ( 2(304—2)>773 +ﬁ1f] el

Since 1m2,m3 < 0 and kg, k1 > 0, we can find some k5 large enough such that for every
k > ks we get

(a—1)(a—2)\?
e(k+1)°
—4(a=2) Ny (21 — 25 Ge1 + F (2841))

1

- 2a—1) (a—2)ey? (k+ 1) lver — vil)?

Sa — 2 2 Sa — 2 2 2
1—/—mm— k — 1—/——— |4 k .

+< Q(M_Q))ng kst — 2l +< 2(3a_2)) e
(4.49)

Oair1 <O+ 251 — 2717

In view of (4.33)), we get that Gy > 0 for every k > 1 thus the sequence (G x);~o is
bounded from below. Moreover, by setting a

1 AN\ 7H
e L (132 0) 50

we assert that

(a—l)(a—?))\Q w12 CO < 4)\) %112
P -z = 2a—-—1)A 11— 2k — 2
e == 1 = e 2a 0 (1 5 ) =
Cy
< —0 ,
_(k+1)2 Ak+1
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4.3. Convergence analysis

Under these premises, we deduce from (4.49) that for every k > ks

C
(1 - (k+01)2> Grnp+1 < Gk —4(a = 2) My (ze41 — 2% Qo1 + F (241))

a—2 9 9 )
- k+1 _
2(04—1)87 (k+ 1) [[vg1 — okl
505—2 9 5&—2 9 )
e L T L 2 DIC T _
+< 2(3&—2))772 szJrl Zk” +< 2(30[—2)) AAE HUkJrIH
(4.50)

Taking kg := max {k:5, (\/Co — ﬂ } we conclude for all £ > kg that

-1 2
1
<1— Co 2) :—(IHQ) :1+—C‘2’ >1
(k‘—|—1) (k‘—l—l) —Cy (k—l—l) —Cy
Hence, for every k > kg, the inequality (4.50) leads to
Co
Gr g < (1+>g A (=2 My (zhas — 2, et + F (2
A1 GG A — 4( ) A (k11 Cht1 (Zh41))

04—2 ) 2 2
oo (e D s =il

Sa — 2 9 5 — 2 ) ,
L=\ om—ay | mF - 1— 2 | a3k
’ ( 2(3a—2)> ok zkn = 2" + ( 2(3a_2)> Y3k o |”,

which is nothing else than the inequality (2.2)) with

ap = Gx > 0,

* oa—2
b == 4(a — 2) Ay <Zk+1 —Zz ,<k+1 +F(Zk+1)> + mg,y? (k—i— 1)2 Hkarl _ UkH2
505—2 9 50_2 5 N
(1= ke — = (1= [ | 4Pusk
( 2(30[—2))772 H2k+1 Zk” ( 2(30[—2)) /R HkarlH
>0,
C
dy = ———g—— >0,
(k+1)"=Cy

We obtain (4.48) as well as that the sequence (G x),~, converges due to Lemma [2.5.3
Since (gA7k)k>k6 converges, it is bounded, which, according to (4.33), implies that the

following estimate holds for every k > kg

2

a—2 . 2(Ba—2)
30— 2 H4)\ (Zk -z )+2]€ (Zk _Zk—l) + ﬁvkvk
(Oé-2)2 2 2 4\ *12
k — 2k— 2 —1)A |1 - —

<Gk <supGyp < +oo.
k>1
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4. A fast optimistic method for variational inequalities

From here we obtain the boundedness of the sequences

2(3a—2
<4)\ (zx — 2%) + 2k (2, — zk—1) + (a)'yk:vk) ,
a—1 k>1

(k'(zk—zk—l))kzl and (Zk)k;ZO'

In particular, for every k > kg we have

H4)\ (2 — 2°) + 2k (2 — zk—1) +

3a— 2
< ()= e sup Gy < +00,
a—2 E>1

2
kllzg — zp—1|| < Co = \/(3a —2)(a—1)supGy < +o0,
a—2 k>1

Ja— 2l < C L (o ) <+
2. — 2 = _— — Ssu 0.
k =Y\ 3a—2) Gah M

(4.51)
Using the triangle inequality, we deduce from here that for every k > kg
a—1 2 (3a — 2)
< —— |4 (21 — 27) + 2k (21 — 25— k
”’UkH = 5 Ba—2) 9k H (zx — 2 )+ (Zk 2k 1) + o1 YRV
a—1 2 (a — 1) A % C4
- - — i Sty _ < =
+(3Ct—2)"y||2k 2k 1H+(3OJ—2)’}/IC||Z H— L
where
Cy = 0‘7_1(0 +2C + 4 (a) C3) > 0
1T (Bar — 2) ! 2 3 '
The statement (4.48b|) yields
lim kg —vkl|=0 = Cs:=sup{k||vikr1 — vkl|} < +o0, (4.52)
k—+o0 k>1
which, together with (4.16)) implies that for every k > kg
[Cht1 + F (zks) | < NICk+1 + F (2r41) — vrgr | + lopsa |
(4.53)

6
< ok = vrl| + [Jopga]] < %
where

Ce:=Cy+ Cs5 > 0.

The remaining assertion follows from the fact that (; € N¢ (zr) where 2 € C by
definition, the Cauchy-Schwarz inequality and the boundedness of (zx);>(, namely, for
every k > kg we deduce

C5Cs

0= (o= 2" F () < (30 = 2", Got F () < [l = 2" Gk + F ()| < 12
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4.3. Convergence analysis

To complete the proof, we are going to show that in fact

lim &= lim Gy €R.
k—+co 7 k—+oo 7

Indeed, we already have seen that

lim (k+1 — ol = i =0,
k—1>rfoo( + 1) [[vg41 — vl k;rfw\lvk+1!\

which, by the Cauchy-Schwarz inequality and (4.16)) yields
0< lim k?|(zx — zp—1, F (z) — F (wp_1))| < Co lim k||F (z) — F (wi_1)||
k——+o0

k—+o00

< Cy lim kljvg —vk—1|| = 0.
k—4o00

From here we obtain the desired statement. O

4.3.3. Proofs of the main results

Proof of Theorem [[.2.3. Let A (a) < A («) be the parameters provided by Lemma m
such that holds and with the property that for every A (o) < A < A () there exists
an integer ka(A) > 1 such that for every k > ko() the inequality holds.

For every k > 1 we set

1

pr =5 (@ = 1) [lz — 2P 4k (ok — 2%, 2k — 2p1 + 2708) (4.54)
1 k

ae = 5 lloe — =" + 2v; 2 — 2", i) (4.55)
1=

Then one can see that for every k > 2 we have

1
gk — qk—1 = <Zk - Z*,Zk - Zk—l> - 5 sz - Zk—1”2 + 2y <Zk; - Z*,vk> )

and thus
k

. k
(=1 qp+k (g — quo1) =pr+2(a—1)7 ) (2 — 2 7Ui>_§”zk_zk—1”2-
i=1

From (4.19) and (4.18), direct computation shows that for every k > 1
2

3a— 2

1
Exk =15 HQ)\ (2 = ) + 2k (2% — 2-1) + ——vhvg|| +2X\(a—1-2) 2 — 2*|)°
2(a—2) a—2 , 1 2
—\vk -z k{ ———— —2)k
=Dkl = 0 + S50 (5o Ba =Dk a)

«
= 2X (= 1) 2k = 2" + ANk (2 — 2%, 2k — 2oy + 2y0e) + —— 00k o]

2
Pl 02 HW) .

3o — 2
a—1

k?
t3 HQ(Zkzk_1)+ YU

(4.56)
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4. A fast optimistic method for variational inequalities
Therefore, for every A (a) < A; < A2 < A () we can conclude

1 * *
5)\2,k — 5>\1,k = 4(/\2 — )\1) <2 (a — 1) sz -z ||2 + 2k <Zk -z, (Zk — Zk_1) + Svk>>
=4 (X2 — A1) pp-

Hence, according to the previous theorem, the limit limg_ o0 (Exgx — Ery k) € R exists,
which implies further that the limit

lim pi € R exists. (4.57)

k—+o00

Further, we observe that for every k > 2

k k
PRLE F (wi-1) Z\Izz—z HIEF (wi1) = F(zi)]  (4.58a)
=2

=2

1
=2
o0 1
< 2vCyCh Z (i—1) < +o0,

where (4.58a) comes from the Cauchy-Schwarz inequality, the estimate is a com-
bination of @, , and , and the constants Cs, Cy are the ones defined in
the proof of Theorem This means the series >,y (2p — 2%, F (wg—1) — F (2x)) 18
absolutely convergent, thus convergent.

By taking into consideration (4.48al), it follows from here that the limit

k
li i — 27,
Jm 2 =)
k k
:kETwZ(zi—z LG+ F () + hr_irrlooz<zi—z JF (wiz1) — F (2)) €R

1= 1=
. . ) 2
exists. In addition, thanks to (4.48¢]), we have limy_, y o k || 2k+1 — 2&||” = 0, consequently,

lim (a—1)gr+k(gx — qx—1) € R exists.
k—+o00

According to Theorem we have that (gx);>; is bounded due to the boundedness of

(2k) >0 and the fact that limy_, 4 o Zle (z; — 2", v;) € Rexists. Therefore, we can apply
Lemma to guarantee the existence of the limit limg_, 1 gr € R. By the definition

of g, in (4.55) and the fact that the sequence (Zf:_ll (z; — Z*,Ui>)k:>1 converges, we
conclude that limy_, o [|2x — 2*|| € R exists. The hypothesis (i) in the Opial Lemma

(see Lemma [2.3.1)) is fulfilled.
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4.3. Convergence analysis

Let w be a weak sequential cluster point of (2x);~(, which means that there exists a
subsequence {zj, },~( such that

Zk, — W as n — +00.
It follows from Theorem [.3.4] that
F(z,) +Ck, =0 asn — +oo.

The maximal monotonicity of F'+ N¢ implies that 0 € (N¢ + F') (w) and therefore shows
that the hypothesis (ii) of Lemma is also verified. The proof of the convergence of
the iterates is therefore completed. O

Before finally proving Theorem we show convergence rates of various helpful
quantities.

Proposition 4.3.5. Let z* € Q and (z;)k>0 be the sequence generated by Algorithm|4.2.1
Then, as k — 400, the following hold:

o= sl =0 () =) =0 (). (Gt Faa-)=o(5)
¢k + F(zx)|| = 0 (;) Ik + Flwg—1)|| = o (}{) .

Proof. Let A (a) < A(a) be the parameters provided by Lemma such that

holds and with the property that for every A (a) < A < A(«) there exists an integer

ka(X\) > 1 such that for every k > ko(\) the inequality holds. We fix A (a) < A <

A () and recall that according to Theorem M(iii) the sequence (€ k)k>1 converges.
We set for every k > 1

k2 3a — 2
hi = —2 <H2 (Zk — Zkfl) + YUk
o —

> (a—2)(3a—2)
1 + ﬂH)

(@ —1)°

and notice that, in view of (4.56)) and (4.54), we have

2)
1

4(a —
Exk = ANk + ———a* Yk ||vg]|” + P

Theorem F.3.4] asserts that
lim k|[jvg]? =0,
k—oo

which, together with limy_, 1 Exx € R and limy_, 4o pr € R (see also (4.57)), yields the
existence of
lim hi € R.

k—+o00

In addition, (4.48¢) and (4.48d]) in Theorem guarantee that

Ta —
S b <a Y k- mlf+ GO0 o5 < oo

k>1 k>1 ( 1) k>1

93



4. A fast optimistic method for variational inequalities

Consequently, limy_, o hx = 0, which yields

. 3a— 2
lim k:H2(zk—zk_1)+ p—

Yug|| = hm E ||lvg]| = 0.

k—o00

This immediately implies limg_, o k || 2 — 2x—1|| = 0. The fact that

i k F =0
. Gk + F (z1)]|

follows from (4.16)), (4.52)) and (4.53)), since

. o B | L,
0< tim klGe+F (a)| < lim ko — vl + Jim kol =0

Finally, using the Cauchy-Schwarz inequality and the fact that (2x);>, is bounded, we
obtain that limg_ o0 k (zx — 2%, F (21)) = limg— o0 k (21 — 2%, + F (21)) = 0. d

Now we are able to prove the convergence rates in terms of the restricted gap and the
natural gap.

Proof of Theorem[{.2.3. For every k > 1, using successively the monotonicity of F, the
fact that ¢, € N¢(zp), where 2, € C by its definition, and the Cauchy-Schwarz inequality,
we deduce that for every u € C N B(z*;0(20))

(F(u), 21 —u) < (F(2k),2x — u) < (G + F(21), 26 — u)
= (Ck + F(2k), 26 — 27) + (G + F(2x), 2" — )
(Ck + F(zk), 26 — 27) + |G + F(z) || |27 — |
(Ck + F(2k), 26 — 27) + 6(20) |k + F(z1) ] -

Therefore, it follows from Theorem that

Gap(a) = e (F(u) 5~ u) < (Gt P,z — )+ 8(z0) Gk + F(a0)

1
:O(k)’ as k — +o0.

Concluding, by (4.5 we obtain

<
<

1
Res(zx) < [|Ck + F(21)|| = o (k> , as k — +oo,

and the proof is complete. O

4.4. Numerical experiments

In this section we provide two numerical experiments to complete our theoretical results.
For the first one we want to solve a two-player zero-sum game, which amounts to solving
a bilinear saddle point problem constrained by standard simplexes. The second one
consists of application of fOGDA-VI to the training of GANs.
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4.4. Numerical experiments

4.4.1. Two-player zero-sum game

We want to solve a two-player zero-sum game with mixed strategies, which means that
we need to solve the following bilinear saddle point problem,

in max ®(z,y):= 2! Ay, 4.59
Inin, max (z,y) =" Ay (4.59)

where A € R¥™ is a given pay-off matrix and A™ = {v € RT | >, v; = 1} denotes
the m-dimensional standard simplex. Recall that a solution of (4.59) is given by a saddle
point (z*,y*) € A% x A" satisfying

O(a*,y) < B(a*,y") < B(w,y") V(r,y) € ATx A"

This leads to a monotone inclusion problem (#.2) with C' = A? x A™ and

. d n d n x 0 A T\ Ay
F:R*xR" = R* xR", <y)+—><_AT O> (y)_<—ATx>'

Notice that F' is Lipschitz continuous but not cocoercive.

< -=- O(1/k)
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Figure 4.1.: Comparison of different momentum parameters a > 2 in Algorithm in
terms of the natural residual
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4. A fast optimistic method for variational inequalities

For our experiments we choose d = n = 50 and A to have entries drawn from the
uniform distribution on the half-open interval [0,1). As the parameter o > 2 can be
chosen arbitrary, we do a comparison of different values in terms of the natural residual
in Figure to gain more insight. As it turns out, from a certain point on after a period
where all values of « perform similarly, bigger choices for a seem to give better results
with faster convergence.
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1071 Popov
—#— fOGDA-VI (a =20)
1o-10] ™ EG
—#* - EAG
- RG
10° 10t 102 103 104 10° 10°

Evaluations of F

Figure 4.2.: Comparison of different methods in terms of the natural residual

Concluding, we show a comparison of different methods that we have encountered in
Sections [£.1.2] and [.1.3] in Figure {.2] where we report results on the natural residual.
We see that fOGDA-VI clearly outperforms all other methods while only requiring one
evaluation of F' and one projection in each iteration.

4.4.2. GAN training

Generative Adversarial Networks (GANs) [70| form a powerful class of generative models
that can produce for example unseen realistic images. Originally the problem was posed
as a zero-sum game between two adversarial players called generator and discriminator
that try to minimise and maximise the same loss function, respectively. For more details

about GANs please refer to Section [3.5]
As it was shown empirically that principled methods that are used to solve variational
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inequalities [64] and monotone inclusions [20] can prove beneficial in the training process,
we will apply our proposed algorithm fOGDA-VI to train ResNet architectures on the
CIFAR-10 dataset.

For our experiments we use ResNet [76] architectures, see Appendix , with the
hinge version of the adversarial non-saturating loss [108] trained on the CIFAR-10 [86]
data set, which consists of 60,000 (32 x 32 x 3)-images in 10 classes, with 6,000 images
per class. The metrics used to evaluate the generated images are the inception score [133|
(IS; higher is better) and the Fréchet inception distance [77] (FID; lower is better), both
computed on 50,000 samples in their original implementations.

Furthermore, in our experiments instead of stochastic gradients we use the Adam opti-
mizer [84] with parameters ;1 = 0 and 2 = 0.9 that where used in recent experiments [47|
outperforming the class-dependent BigGAN [38] model on CIFAR-10. Additionally, we
keep the batch size and the ratio of discriminator and generator updates the same as
in [47].

Since we have mini batch updates for the GAN experiments instead of taking the full
gradient we perform significantly more steps to incorporate the entire gradient informa-
tion. Because of this the iterator k in Algorithm might grow too large soon, so
we experiment to update the iterator k£ only every n steps with different choices of n.
Furthermore, besides the inevitable search for the correct learning rate, we also need to
find a good choice for the momentum parameter .

FID IS

5 . 24.100 22.816

104 24.780 21.902 23.111

Good

5 ——
1004 24.370 23.304 21.639 100 A 7.268 7.256 7.509

1000 4 1000 4

Bad

Figure 4.3.: Best FID and IS for different combinations of o and n achieved on one run
with 100,000 iterations. The overall best result is indicated by an asterisk.

We performed a hyper parameter search for « = 5,10, 100, 1000 and n = 1, 10, 100, 1000,
and two learning rates v = 0.0001,0.0002 with 100,000 iterations on one run each. As
the smaller of the two learning rates achieved significantly better results in general, we
checked for selected combinations of a and n with another learning rate (v = 0.00005)
which did not lead to further improvement. In Figure f.3] we can see the best results
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4. A fast optimistic method for variational inequalities

with respect to IS and FID for the learning rate v = 0.0001. The best overall values are
indicated by an asterisk and attained by o = 100 and n = 1000. For this combination
we then conducted a run with 500,000 iterations, which can be seen in Figure [£.4a]
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Figure 4.4.: Performance of training ResNets by fOGDA-VI with respect to FID and IS
on one run with 500,000 iterations for (a) the last iterate, (b) the averaged
iterates and (c) using EMA on the iterates.

To further reduce the cycling characteristics of GAN training two commonly used
techniques in practice are the (uniform) averaging and the exponential moving averaging
(EMA) of the network weights. In Figures and [{.4c| we can see that in our case these
approaches are beneficial as well, with the largest improvement when using uniform av-
eraging.
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Figure 4.5.: Performance of training ResNets by LA-GDA with respect to FID and IS
on one run with 500,000 iterations for (a) the last iterate, (b) the averaged
iterates, (c) using EMA on the iterates and (d) using EMA on the “slow”
iterates (see [47]).

We compare the results obtained by fOGDA-VI with the best method from [47], a
variant of Gradient Descent Ascent incorporating averaging during the training which
they call “lookahead”, resulting in a method we denote by LA-GDA.

In Figure we see that even though LA-GDA gives generally better results for the
last iterate and when using EM A the best result in terms of IS is achieved by fOGDA-VI
for averaged iterates. The best FID value, however, is achieved by LA-GDA using EMA
on the “slow weights”. Note that using EMA on the “slow iterates” is only comparable
for methods using lookahead.
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5. An accelerated minimax algorithm for
convex-concave saddle point problems with
nonsmooth coupling function

In this chapter we aim to solve a convex-concave saddle point problem, where the convex-
concave coupling function is smooth in one variable and nonsmooth in the other and not
assumed to be linear in either. The problem is augmented by a nonsmooth regulariser in
the smooth component. We propose and investigate a novel algorithm under the name
of OGA Proz, consisting of an optimistic gradient ascent step in the smooth variable cou-
pled with a proximal step of the regulariser, and which is alternated with a proximal
step in the nonsmooth component of the coupling function. We consider the situations
convex-concave, convex-strongly concave and strongly convex-strongly concave related
to the saddle point problem under investigation. Regarding iterates we obtain (weak)
convergence, a convergence rate of order O(1/k) and linear convergence like O(6%) with
0 < 1, respectively. In terms of function values we obtain ergodic convergence rates of
order O(1/k), O(1/k?) and O(6%) with § < 1, respectively. We validate our theoretical
considerations on a nonsmooth-linear saddle point problem, the training of multi ker-
nel support vector machines and a classification problem incorporating minimax group
fairness.
This chapter is based on the article [32].

5.1. Introduction

Saddle point — or minimax — problems arise traditionally in game theory [110] or for ex-
ample in the context of determining primal-dual pairs of optimal solutions of convex op-
timisation problems [17]. However, in recent years they have witnessed increased interest
due to many relevant and challenging applications in the field of machine learning, with
the most prominent being the training of Generative Adversarial Networks (GANs) [70].
Even though the problems in reality are often not of this form, in the classical setting the
minimax objective comprises a smooth convex-concave coupling function with Lipschitz
continuous gradient and a (potentially nonsmooth) regulariser in each variable, leading
to a convex-concave objective in total.

One well established method in practice due to its simplicity and computational effi-
ciency is Gradient Descent Ascent (GDA), either in a simultaneous or in an alternating
variant (for a recent comparison of the convergence behaviour of the two schemes we
refer to [141]). However, naive application of GDA is known to lead to oscillatory be-
haviour or even divergence already in simple cases such as bilinear objectives. Most
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

algorithms with convergence guarantees in the general convex-concave setting make use
of the formulation of the first order optimality conditions as monotone inclusion or vari-
ational inequality, treating both components in a symmetric fashion. For example we
have the Extragradient method [85] whose application to minimax problems has been
studied in [112] under the name of Mirror Prox, and the Forward-Backward-Forward
method (FBF) [137] with application to saddle point problems in [20]. Both algorithms
have even been successfully applied to the training of GANs (see [20}64]), but, though
being single-loop methods, suffer in practice from requiring two gradient evaluations per
iteration. A possible way to avoid this is to reuse previous gradients. Doing this for FBF
— as shown in [20] — recovers the Forward-Reflected Backward method [100] which was
applied to saddle point problems under the name of Optimistic Mirror Descent and to
GAN training under the name of Optimistic Gradient Descent Ascent [54}55,89].

The first method treating general coupling functions with an asymmetric scheme is
the Accelerated Primal-Dual Algorithm (APD) by [75], involving an optimistic gradient
ascent step in one component which is followed by a gradient descent step in the other
one. In the special case of a bilinear coupling function APD recovers the Primal-Dual
Hybrid Gradient Method (PDHG) [44]. In the case of the minimax objective being
strongly convex-concave acceleration of PDHG is obtained in [44], which is also done
for APD in [75], however only under the rather limiting assumption of linearity of the
coupling function in one component.

In the following we introduce a novel algorithm OGA Proz for solving a convex-concave
saddle point problem, where the convex-concave coupling function is smooth in one
variable and nonsmooth in the other, and it is augmented by a nonsmooth regulariser
in the smooth component. OGAProx consists of an optimistic gradient ascent step in
the smooth component of the coupling function combined with a proximal step of the
regulariser, which is followed by a proximal step of the coupling function in the nonsmooth
component. We will be also able to accelerate our method in the convex-strongly concave
setting without linearity assumption on the coupling function. Furthermore, we prove
linear convergence if the problem is strongly convex-strongly concave, yielding similar
results as for PDHG [44] in the bilinear case.

So far in most works nonsmoothness is only introduced via regularisers, as the coupling
function is typically accessed through gradient evaluations. Recently there is another de-
velopment, although with the saddle point problem not being convex-concave, where the
assumption on differentiability of the coupling function in both components is weakened
to only one component [23]. As the evaluation of the proximal mapping does not re-
quire differentiability we will assume the coupling function to be smooth in only one
component, too.

The remainder of the chapter is organised as follows. Next we will introduce the precise
problem formulation and the setting we will work with, formulate the proposed algorithm
OGAProx and state our contributions. Afterwards we will discuss the properties of our
algorithm in the convex-concave and convex-strongly concave setting and state respective
convergence results in Section [5.2] After that we will investigate the convergence of
the method under the additional assumption of strong convexity-strong concavity in
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Section [5.3] The chapter will be concluded by numerical experiments in Section
where we treat a simple nonsmooth-linear saddle point problem, the training of multi
kernel support vector machines (with an application to a classification problem in the
field of Digital Humanities) and a classification problem taking into account minimax
group fairness.

5.1.1. Problem description

Consider the saddle point problem

minmax ¥(z, y) := ®(z,y) — 9(y), (5.1)
TeX yey
where X', ) are real Hilbert spaces, ® : X x J — R U {400} is a coupling function
with dom ® := {(z,y) € X x Y | ®(z,y) < 400} #0 and g : Y — RU {+o0} a regu-
lariser. Throughout this chapter (unless otherwise specified) we will make the following
assumptions:

. . . . . )

e g is proper, lower semicontinuous and convex with modulus v > 0, i.e. g — 5| -||
is convex (notice that we also allow and consider the situation v = 0, in which case
g is convex; otherwise g is strongly convex);

e for all y € domg, ®(-,y) : XY - RU{+o0} is proper, convex and lower semicon-
tinuous;

e for all z € Pry(dom®) := {u € X | Jy € ) such that (u,y) € dom P} we have
that dom ®(z, -) = Y and ®(x, -) : Y — R is concave and Fréchet differentiable.
Moreover, Pry(dom ®) is closed;

e there exist Lyz, Lyy > 0 such that for all (z,y), (2/,y') € Pry(dom ®) x dom g the
following holds:

[9,8(.) ~ V06 )| < Lye oo/ L o] G2

By convention we set +00 — (4+00) := +00. Thus, the situation can be summarised by

—00 if x € Pry(dom ®) and y ¢ dom g,
U(z,y) =< ®(z,y) —g(y) if v € Pry(domP) and y € dom g, (5.3)
+oo if z ¢ Pry(dom ®).

We are interested in finding a saddle point of (5.1)), which is a point (z*,y*) € X x Y
that fulfils the inequalities

U(z*,y) < U(z",y") < U(x,y*) V(z,y) € X x ). (5.4)

For the remainder we assume that such a saddle point exists.
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The assumptions considered above ensure that for any saddle point (z*,y*) € X x Y
we have

z* € Pry(dom®), y* €domg and V(z",y*)=d(z",y") —g(y*) € R.

Finding a saddle point of (5.1) amounts to solving the necessary and sufficient first
order optimality conditions, given by the following coupled inclusion problems

0€d[®(-,y")] (") and 0€ -V, ®(z",y")+ dg(y").

Remark 5.1.1. In case ® and g have full domain, ¥ is a convex-concave function with
full domain and the set Pry(dom ®) is obviously closed. However, in order to allow
more flexibility and to cover a wider range of problems (see also the last section with
numerical experiments), our investigations are carried out in the more general setting
given by the assumptions described above. Furthermore, these assumptions allow us to
stay in the rigorous setting of the theory of convex-concave saddle functions as described
by Rockafellar in [129] (see Definition and Proposition below).

Remark 5.1.2. Consider the nonsmooth convex optimisation with inequality constraints
min f(x)

TEH (5_5>
sit. hi(x) <0 i=1,..,m,

where f : H — R U {400} is a proper, convex and lower semicontinuous function and
hi :H—R,7=1,...,m are convex and continuous functions. The Lagrangian attached

to (5.5) reads
L:HXR™ 5 RU{+00}, L(z, A1, Am) = f(2) + > Niki().
i=1

Then the saddle point problem
min max L(x,\,...; \yy) = min max L(x, A,y Am) — O (A1, ooy An)
€H (A1, Am)ERT T€EH (A1,...;.Am )ER™ +

(5.6)
exhibits the structure of saddle point problem (5.1)). It is known that if (z*, A}, ..., A%,)
is a saddle point of , then z* is an optimal solution of the constrained convex
optimisation problem and (A}, ..., A},) is an optimal solution of its Lagrange dual.

5.1.2. Algorithm

The algorithm we investigate performs an optimistic gradient ascent step of ® followed
by an evaluation of the proximal mapping of ¢ in the variable y, while it carries out a
purely proximal step of ® in z. We will call this method Optimistic Gradient Ascent —
Proxzimal Point algorithm (OGAProx) in the following. For all k£ > 0 we define

Ykr1 = ProxX,, o (yr + ok [(1 + 0k) Vy®(@k, yi) — Ok Vy @ (21, yx-1)]) ,

OGAProx: _
k+1 = PYOXo (. i) (7x)

(5.7)
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with the conventions z_; := xp and y_; := yp for starting points z¢p € Pry(dom ®)
and yp € domg. The particular choices of the sequences (ok)r>0, (Th)k>0 € R4 and
(Or)k>0 € (0,1] will be specified later.

5.1.3. Contribution

Let us summarize the main results:

1. We introduce a novel algorithm to solve saddle point problems with nonsmooth
coupling functions, which in general is not assumed to be linear in either compo-
nent.

2. We prove for the saddle function ¥ being
a) convex-concave (see Theorem [5.2.7):

e weak convergence of the generated sequence (z, yx)r>0 to a saddle point
(x*,y*) as k — 4o0;

e convergence of the minimax gap ¥ (Z g, y*) — V¥ (z*, yx) to zero like O(1/K)
as K — 400, where (Zx)rx>1 and (Yx)x>1 are the ergodic sequences
obtained by averaging (x)r>1 and (yg)k>1, respectively;

b) convex-strongly concave (see Theorem [5.2.10)):
e strong convergence of (yx)r>o to y* like O(Y/k) as k — +o0;

e convergence of the minimax gap V(Z g, y*)—¥(z*, Jx ) to zero like O(1/K?)
as K — +o0;

c) strongly convex-strongly concave (see Theorem [5.3.3)):

e linear convergence of (zx,yk)k>0 to (z*,y*) like O(6%), with 0 < 0 < 1,
as k — 4o0;

e linear convergence of the minimax gap V(Zx,y*) — ¥(z*, yx) to zero like
O(0K) as K — +oo.

5.2. Convex-(strongly) concave setting

First we will treat the case when the coupling function @ is convex-concave and g is convex
with modulus v > 0. In the case v = 0 this corresponds to ¥(z,y) = ®(x,y) — g(y) being
convex-concave, while for v > 0 the saddle function ¥(z,y) is convex-strongly concave.

We will start with stating two assumptions on the step sizes of the algorithm which will
be needed in the convergence analysis. These will be followed by a unified preparatory
analysis for general v > 0 that will be the base to show convergence of the iterates as well
as of the minimax gap. After that we will introduce a choice of parameters that satisfy
the aforementioned assumptions. The section will be closed by convergence results for
the convex-concave (v = 0) and the convex-strongly concave (v > 0) setting.
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Assumption 5.2.1. We assume that the step sizes 1y, o and the momentum parameter
0k satisfy

Tht1 > Tk and  op11q Ik for all k > 0. (5.8)

>_ "k
Or+1 T O (1 +voy)

Furthermore, we assume that there exist 6 > 0 and (o)k>0 € Ry such that

1—-6 L 1-96
YL and
Tk Ak41 Ok

> Lyzogb + Lyy(1+6;)  for all k >0, (5.9)

where Oy := 1.

5.2.1. Preliminary considerations

In this subsection we will make some preliminary considerations that will play an impor-
tant role when proving the convergence properties of the numerical scheme given by (5.7)).
For all £ > 0 we will use the notations

gk = Vy@(zk, yp) — VyP(zr—1,yk—1) and sg := Opqr + Vy@(xk, yi)- (5.10)

We take an arbitrary (z,y) € X x ) and let & > 0 be fixed. From the first line of (5.7)

we derive

1
0 € dg(yr+1) + ;k(yk+1 —Yk) — Sk, (5.11)

and, as g is convex with modulus v, this implies

1 v
9(y) = 9(Ykr1) + (K, ¥ — Yks1) + o Uk — Yk+1,Y — Y1) + 3 ly =Ygl

1
= Q(yk+1) + <ska Y- yk+1> + H (Hyk - yk:+1||2 + ||y - yk+1||2 (5'12)

v
— lly = yil) + 5 lly = e
From the second line of (5.7) we get

0 € 0®(-,yss)(zrir) + jkmﬂ ), (5.13)

hence the convexity of ®(-,y) for y € dom g yields

1
D(x, Yrg1) = P(Tpt1, Yrs1) + — (T — Tpy1,® — Tpg1)
w (5.14)

1
= Bk vin) + 5 (lox = ol + e =zl — o —ai).
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Combining (5.12)) and (5.14)) we obtain
V(zpr1,y) — V(2 Ypt1) = @(Trr1,y) — 9(y) — (2, yut1) + 9(Yrt1)
1%
< @(xpg1,Y) — (2, Y1) + (Sks Y1 — ) — 5 Iy — yrra|?

1
5= (= o = wesa I = lly = g > + ly = vl
o

14
< P(xpt1,Y) — P(Thg1s Y1) + (Sks Y1 — Y) — 5 ly — yhsa |l

1
+o— (— |z — 2 ||? = lo — g ] + ||z — kaZ)
T

1 2 2 2
t5,- (— vk = vk ll” = 1y = vk ll” + 1y — il ) ;
Ok
which, together with the concavity of ® in the second variable and (5.10]), gives

v 2
V(zh1,y) = (2, yk1) < Ok {ar Yt = 9) = 5 11y = yera |

— (Vy@(@p+1, Y1) Y1 — ¥) + (Vy@(Th, Y)s Y1 — y)

1
+ 5= (= o = 21 ll” = o = 2| + o — 2l

Tk

1 2 2 2
5= (= e = et = ly = wesa > + lly =l

Ok

y i (5.15)
= —(Qh+15Yht1 — Y) + Ok {Qr Yk — y) — 5 |y — x|

o (=Nl — w1z = @i | + o — 2l

27
1 2 2 2
5= (= e = gt = ly = g I + iy = )
Ok
+ O (@ Yrt1 — Yi) -
By using (5.2) we can evaluate the last term in the above expression as follows

gk y = y)| < llall 1y = ynll < (Lya 1z = 2ol + Lyy llyx = yr—1l)) 1y — il

L 1 L
<= OékHy—yk”2+ — ||z —961%1”2 + -z (Hy—yk\|2+ Yk _yk71H2> ;
2 Qe 2
(5.16)

with ag > 0 chosen such that (5.9) holds.
Writing (5.16]) for y := yr4+1 and combining the resulting inequality with (5.15)) we

derive
U(xpr1,y) — V(2, ypt1) < ap(z,y) — by (2, y) — cx, (5.17)

where

1 2 1 ) Lyz 2
= — — —_— — 9 - 9 - —
ag(z,y) o, (Bl +20k ly — yell” + Ok (a, yr — v) + K 2k — zp—1]]

L
+ 91@% lye — wr_1]?,
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1

1 1
bpy1(w,y) = s— ||z — xkﬂHZ + B <0k + V) |y — Z/k+1H2 + (Qet1, Ykt1 — Y)

27

L 2
”mk+1_1’kH + = Hyk+1 ukll” s

and

1/1 L , 1/1 )
=3 (o = a2 lawa = aull 5 (o = Ly = 0L+ L) ) s = el

Now, let us define for all £ > 0

to
ty ' = ——— 5.18
NS (5.18)
and notice that
12
L
tht1
Relation (5.8) from Assumption is equivalent to
t t 1 4
ko> R and g, ( + V> > Ml (5.19)
Tk Tk+1 Ok Ok+1
which will be used in telescoping arguments in the following.
Let K > 1 and denote
| Kol | K-l
Tk = t TK = —— t = — t . 5.20
K Z ky TK Tw 2 kTk+1, T Ty — kYk+1 ( )

Multiplying both sides of (5.17) by tx > 0 as defined in ([5.18]), followed by summing up
the inequalities for £k =0,..., K — 1 gives

K-1

K-1
tre (P (Tht1,y (@, k1)) < D e (ar(@,y) — bega(2,y) — cx) -
k=0 k=0

By Jensen’s inequality, as W(-,y) — ¥(x, -) is a convex function, we obtain

K-1
TK (\II(‘%Kay) .T yK Z tk $k+17 \I/(CC, yk+1)) )
k=0
and thus
K—1
Tk (9(Zx,y) — (2, k) < Yt (ar(@,y) — bpga(@,y) — ). (5.21)
k=0
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5.2. Convex-(strongly) concave setting

Furthermore, using (5.19), we get for all £ > 0

i te [ 1
trbrsr(z,y) = o | — g |)* + B <Uk + V> ly — Yrs * + th (@rrt, Yror — )

Lye Ly, )
+ tk2 | zks1 — 2] + =y Y Nk — vkl
k1
tei1
> At |z — $k+1” +o—ly— yk+1H2 + trp 1041 (@1 Y1 — V)
2Tk 41 20k+1
L
+ 75lc+19k’+12 Y2 w1 — wll” + o101 ynrr — il
Q1 2

= tpp10p41(2, ).

Notice that by (5.9) in Assumption there exists § > 0 such that for all £ > 0
1 2 1 2
>0 i = > 0. 5.22
Ck = (27k k41 — 2| 207, lyk+1 — vl > = ( )

For the following recall that x_1 = ¢ and y_1 = yo, which implies go = 0. By using the
above two inequalities in (5.21)) and writing (5.16]) for k¥ = K we obtain

K-1
_ _ 1
Y(Zx,y) — ¥(z, Jk) < T > (trak(x,y) — terraxia(2,y))
k=0
1 1
= 7 (t0ao(w,9) — trcorc(.9) = 7= (2 llo = ol + 5= 1y = ol
TK TK
tg (1 2, 1 2>
B ek )P — |y —
o (g o= ol 4 o i -
tKQK Lyx 2 Lyy 2
(w52 o = okl + 222 o = gl
1 2, lo 2
< _ Y ey —
< 7 (52 o= aolP + 52 Iy = i)
te (1 , 1/1 )
LS (. S (= ek L - .
e (2TK o= axl 4+ 5 o = OueLusarr + L) )y =

By definition we have ¢y = 1 and by (5.9) that the last term of the above inequality is
nonpositive, hence the following estimate for the minimax gap function evaluated at the
ergodic sequences holds

1 1
U(Zr,y) — V(2 Uk) < 7 | 5 || —wol* + 5—lly —wol® ) VK >1. (5.24)
Tk 200

With these considerations at hand — in specific we want to point out (5.17)), (5.23)
and (5.24) — we will be able to obtain convergence statements for the two settings v = 0
and v > 0.

In the following definition we adjust the term proper to the saddle point setting and
refer to [129] for further considerations related to saddle functions.
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

Definition 5.2.2. A function ¥ : X x Y — R U {£o0} is called a saddle function, if
U(-,y) is convex for all y € Y and ¥(z, -) is concave for all x € Y. A saddle function
U is called proper, if there exists (z/,y’) € X x Y such that U(2/,y) < 4oo forally € Y
and —oo < U(z,y/) for all z € X.

We conclude this preliminary subsection with a useful result regarding the minimax
objective from (5.1)).

Proposition 5.2.3. The function ¥ : X x Y — RU {+oc} defined via (5.3)) is a proper

saddle function (see Deﬁnitionm} such that V(- ,y) is lower semicontinuous for each

y €Y and V(x, -) is upper semicontinuous for each x € X. Consequently, the operator
(z,y) = O[¥ (-, y)l(x) x O[-¥(z, - )](y)

15 mazimal monotone.

Proof. We choose (2/,y') € X x Y and distinguish four cases.
Firstly, we look at the case y' ¢ domg. Then
Wiz, y) = —00 ?f z € Pry(dom @),
+oo if z ¢ Pry(dom @),
thus 2 — ¥(x,7’) is convex and lower semicontinuous, since Pry(dom @) is convex and
closed. Secondly, if ¢’ € dom g, then g(y') € R and

U(x,y) =2(z,y) —gy/) Vo € X,

which means that 2 — ¥(x,y’) is convex and lower semicontinuous. This proves that
U(-,y) is convex and lower semicontinuous for all y € ).
On the other hand, if 2/ ¢ Pry(dom @), then

(', y) =400 Vy €,

which means that y — W¥(a/,y) is upper semicontinuous and concave. Finally, if 2/ €
Pry(dom @), then

q)(x/ay) € Rand — ‘I/(I‘,,y) = _q)(xlvy) +g(y) Vy € y

Hence y — —W(2/,y) is proper, convex and lower semicontinuous, and so y — ¥(z',y)
is concave and upper semicontinuous. This proves that ¥(x, -) is concave and upper
semicontinuous for all x € X.

Moreover, W is a proper saddle function. By assumption we have g(y) > —oo for all
y € Y and there exists 2’ € Pry(dom ®) # () such that dom ®(2’, -) = Y. Thus

(', y) = (' y) — g(y) < oo Vy e V.

Furthermore, by assumption there exist ¢y’ € domg C Y such that g(y') < +oo and for
all z € X we have ®(z,y’) > —oo. Hence,

U(x,y) = ®(z,y) — g(y) > —co Yz € X.

The maximal monotonicity of (z,y) — [V (-,y)]|(z) x 9[-¥(z, -)](y) follows from Corol-
lary 1 and Theorem 3 in [129} pages 248-249]. O
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5.2. Convex-(strongly) concave setting

5.2.2. Fulfilment of step size assumptions

In this subsection we will investigate a particular choice of parameters to fulfil Assump-
tion which is suitable for both cases of v =0 and v > 0.

Proposition 5.2.4. Let v > 0, co > Ly, >0, 0g = 1 and 19, 09 > 0 such that
(caLyaTo + 2Lyy) 09 < 1.

We define

1
Tk gt = Opprox for all k> 0. (5.25)

O = ——, Tpi1 =
k+1 Troor k1 Orss
Then the sequence (Ti)k>0, (0k)k>0 and (Or)k>o0 fulfil (5.8) in Assumption with

equality and (5.9) for
CaTo if k=0,
ap = (5.26)
CaTk—1 ka > ]-7
and I
5;:mm{1 ”21(%me+2Lwym}>o. (5.27)
Co
Furthermore, for (ty)k>o0 defined as in (5.18)) we have
90 Tk
th=——"—=— Vk>0. 5.28
b 0061 - - - 05 0 - ( )

Proof. First, we show that the particular choice (5.25) fulfils (5.8) in Assumption
with equality. We see that for all £k > 0

Tk

Tk+1 = 5
Or11

as well as
o O

9k+1¢ O (L4 vog)’

Okt1 = Opr101 =

follow straight forward by definition.

Next, we show that in Assumption holds for § defined in (5.27) with the
choices (5.25)) and (5.26)). The first inequality of (5.9) is equivalent to

Ly, Ly,
1-— 5 Z Y Tk — Y \V/k Z 07
AOL41 Co
which clearly is fulfilled as
6§1—LW.
Ca

On the other hand, the second inequality of (5.9)) is equivalent to

1-6> LyxakaO'k + Lyy(l + Hk)ak Yk > 0.
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

By definition of the step size parameters (5.25)) we have for all k£ >0

Tk410k+1 = T000, Okr1 <1=00, oky1 <00, Opt1Thy1 = Tk,
and thus
1 —0 > Lyza00p00 + Lyy(1+ 6p)og = caLyaT000 + 2Lyy00
> caLyalp 11041 + Lyy(1 + 03110041

= Ly2CaTkOk+10k4+1 + Lyy(1 + Op41)0k41
= Lyzp+10k+10k+1 + Lyy (1 + Op41)0%41-

This chain of inequalities holds since
6<1-— (CaLyxTO + 2Lyy) 09.
Finally, using the definition of ¢ and (5.25) we conclude that for all £ > 0

To
0o B 70 Tk

173

= = Th—1
Oobr 0 DD T T

O

Remark 5.2.5. The choice Ly, = 0 in which was considered in |75] in the convex-
strongly concave setting corresponds to the case when the coupling function @ is linear in
y. We will prove convergence also for L, positive, which makes our algorithm applicable
to a much wider range of problems, as we will see in the section with the numerical
experiments.

When the coupling function ® : X x Y — R is bilinear, that is ®(z,y) = (y, Ax) for
some nonzero continuous linear operator A : X — ) then we are in the setting of [44].
In this situation one can choose Ly, = 0 and L, = ||A||, and yields

A
§ = min {1 - u, 1- callAIIToo’o} :
Ca
with ¢o > [|A||. To guarantee 6 > 0 we fix 0 < ¢ < 1 and set
ca = (1—e)7 4]

Hence, we need to satisfy
TQU()HA||2< 1—¢,

which heavily resembles the step size condition of [44, Algorithm 2|. Since
PTOX, (.4 (r) =x—~vA%y

for all (z,y) € X x Y and all v > 0, our OGAProx scheme becomes the primal-dual
algorithm PDHG from [44].
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5.2. Convex-(strongly) concave setting

5.2.3. Convergence results

In this subsection we combine the preliminary considerations with the choice of param-

eters (5.25) from Proposition

We will start with the case v = 0 and constant step sizes, which gives weak convergence
of the iterates to a saddle point (z*,y*) and convergence of the minimax gap evaluated
at the ergodic iterates to zero like O(1/K). Afterwards we will consider the case v > 0,
which leads to an accelerated version of the algorithm with improved convergence results.
In this setting we obtain convergence of (y)r>0 to y* like O(1/k) and convergence of the
minimax gap evaluated at the ergodic iterates to zero like O(1/Kk2).

Convex-concave setting

For the following we assume that the function ¢ is convex with modulus v = 0, meaning
it is merely convex. Using the results of the previous subsection we will show that with
the choice (5.25) all the parameters are constant.

Proposition 5.2.6. Let c, > Ly, > 0 and 7, 0 > 0 such that
(caLyzm +2Lyy) o0 < 1.

If v =0, then the sequences (T)k>0, (0k)k>0 and (Or)k>0 as defined in Propositionm
are constant, in particular we have

TRk =To: =T, Op=o09:=0, 0Op,=0y=1 forallk>D0. (5.29)
Proof. As v =0, (5.25) gives for all £ >0

1 Ti
Opt1= ——==1, Thp1=7— =70, Okt1 = 0pt101 = 00.
V1+voy Or41

Next we will state and prove the convergence results in the convex-concave case.
Theorem 5.2.7. Let co > Ly, > 0 and 7, 0 > 0 such that
(caLyzm +2Lyy) 0 < 1.

Then the sequence (zk, yx)r>0 generated by OGAProx with the choice of constant param-
eters as in Proposition namely,

TRk =T0: =T, Op=09:=0, Op=0=1 foralk?>0,

converges weakly to a saddle point (x*,y*) € X x Y of (5.1). Furthermore, let K > 1 and
denote

| K1 =
TK = 77 > wkpr and gi = e > vk
k=0 k=0
Then for all K > 1 and any saddle point (x*,y*) € X x Y of (5.1) we have
\ . 1 /1, ., 1
0 < W(Zx,y") — V(" Jx) < = ( 5= 2" —2ol* + 5— lv* — woll* ) -
K 27’0 200
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

Proof. First we will show weak convergence of the sequence of iterates (z,yx)r>0 to
some saddle point (z*,y*) € X x Y of (b.1). For this we will use the Opial Lemma (see
Lemma [2.3.1]).

Let £ > 0 and (z*,y*) € X x Y be an arbitrary but fixed saddle point. From (5.17)
together with the choice of constant parameters 0, = 1, 7. = 7, 0, = o and
o, = o we obtain

0 < W(zpt1,y") — V(@5 yrer) < ar(e”,y7) — by (27, 47) — e

- . 4 (5.30)
:ak(ﬂf ay)_ak-i-l(x 7y)_cka
since
ar(2*,y") = — llo* =zl + = lIy* = well® + (@ v — ¥°) + 22 o — 2pa |1
L * * .
+ % Hyk - yk—1||2 = bk('r Y )a
and
1/1 L , 1/1 )
=g (5= 2 o —anl? + 5 (5 = Ly = (Bon L)) B = il
We see that (5.31)), writing (5.16]) with y = y* and (5.8)) in Assumption yield
1 1
ag(2®,y") 2 o llz” — w® + 25 (1= 0(Lyacr + Lyy)) lly” — yell* > 0. (5.32)
Furthermore, from (5.30) and (5.22)) we deduce
(", 9) > aa(a ") 46 (o | P+ oo | &
ay(x ag41(x — ||z — — - .
EXHY ) Z k1T, Y o Tkl k % Ye+1 — Yk
Telescoping this inequality and taking into account (5.32)) give
li — = li — =0 5.33
L (Trer —ag) = Hm (g —y) =0, (5.33)

as well as the existence of the limit limy_, 1 o ax(2*,y*) € R.
From (5.32) we get that (x)r>0 and (yx)r>0 are bounded sequences. Moreover, by

using (5.2) and (5.33)) in definition (5.10) we obtain that

(gr) k>0 converges strongly to 0. (5.34)

From the definition of ax(z*,y*) in (5.31)), (5.33) and (5.34)) we derive that

. 1 9 1 2
I lim [ — ||z — 2 — Ay, — v R.
i (27 |2k — 2™||” + 5, e — v ) €

k——+o0

Since this is true for an arbitrary saddle point (z*,3*) € X x Y, we have that the first
statement of the Opial Lemma holds.
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5.2. Convex-(strongly) concave setting

Next we will show that all weak cluster points of (zx, yx)r>0 are in fact saddle points
of (5.1). Assume that (xy,)n>0 converges weakly to z* € X and (yg,)n>0 converges

weakly to y* € Y as n — +o0. From (5.13)), (5.10) and (5.11)) we have

(ykn - ykn+1) + qkn - qkn+1)

S

1

€ 0[P(, Ykn+1)](@h,41) X (=VyP(Thy415 Ykn+1) + 09 (Ykp+1)) (5.35)
=0

(W Ykt 1) (k1) X OV (k115 )] (Y1)

where we used that for all £ > 0 we have z;, € Pry(dom ®) and y; € dom g. The sequence
on the left hand side of the inclusion (5.35) converges strongly to (0,0) as n — +oo

(according to (5.33) and (5.34)). Notice that the operator (z,y) — 9[¥(-,y)](z) %
O[-¥(z, -)](y) is maximal monotone (see Proposition , hence its graph is sequen-

tially closed with respect to the strong x weak topology. From here we deduce
(0,0) € A[W(-,y")l(z") x O[-W(a™, -)}(y"),

from which we easily derive that (x*,y*) is a saddle point as it satisfies . This
means that also the second statement of the Opial Lemma is fulfilled and we have weak
convergence of (zx, yx)r>0 to a saddle point (z*,y*).

The remaining part is to show the convergence rate of the minimax gap of the ergodic
sequences. Let K > 1 and (z*,y*) € X x Y be an arbitrary but fixed saddle point.

Writing (5.24)) for (z*,y*) yields

_ N . 1 1 1 N
0 < oy~ W) < 7 (5 e =l 4 o Iy = ).

Tk \ 27
with
K—1 | Kl | Kl
Tk = kzo tk, Tk = T 1;) tkTktr1, Yk = T kZ—O Tk Yk+1

K1 = | K=l
TK:Ztk—K, fK:?Zxk—&-la QK:?Z?JI@—H.
k=0 k=0 k=0

Finally we derive for all K > 1

_ _ 1 9 1 2
< U(Eg,yt) — U, gx) < = (= ||lz* — |y — .
0<V(Zg,y") (2%, 9K) < % (27 |z* — @ol|” + 5 lly™ — yol| )
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

Convex-strongly concave setting

For the remainder of this section we assume that the function g is convex with modulus
v > 0, meaning it is v-strongly convex. In this case the choice (5.25) leads to adaptive
parameters and accelerated convergence.

Proposition 5.2.8. Let ¢, > Ly, > 0, 0p =1 and 19, 09 > 0 such that
(caLlyzmo + 2Lyy) 09 < 1.

If v > 0 then (Tk)k>0, (0k)k>0 and (8x)k>0 as defined in Proposition are adaptive,
in particular we have

1 Tr
Op1=———=x<1, Tpp1=-—>Tk, Opr1=0110<0 or all k > 0.
S e b= g 2 Te Okl = 1ok < 0% f
(5.36)
Proof. The statements follow directly from Proposition for v > 0. O

To obtain statements regarding the (accelerated) convergence rates in the convex-
strongly concave setting, we look at the behaviour of the sequences of step size parameters
(Tk) k>0 and (o%)k>o for k — 4o00.

Proposition 5.2.9. Let 6y =1, 19 > 0,

0 < op < 9+3\/13’
2v
and for all k > 0 denote
-
Yk = Ly
O

Then with the choice of adaptive parameters (5.36)) we have for all k > 0

1/27'00'0

VTnO,|
™= g k2 and T, > 2270

k,
and for all k> 1
<2
k= Dk
Proof. By (5.25)) we conclude that for all k£ > 0

Vi1 = k(1 +vog),

Ok+1 = 0k Tk
1= [ 1k

V41
which, applied recursively, gives

Y0 1
O = 0p — = \/T000)———-
Yk vV Vk

and further
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5.2. Convex-(strongly) concave setting

We obtain
Vi1 = V(L +vok) = v + v/T000v/ Yk,
which we will use to show by induction that for all kK > 0

2
2 gk (5.37)
For k = 0 the statement trivially holds, whereas for £ = 1 we need to verify that
2
i v TH0
Y1 = Y0 + U\/To00\/ :(7(())(14—1/00)2 ; 0,

which is equivalent to the following quadratic inequality

2 9
05— —00——5 <0
0 v 2 )

and guaranteed to hold by our initial choice of o9 > 0. Now let k¥ > 1 and assume
that (5.37)) holds. Then

V2100, V2190, V2190,
Ve+1 = Yk + V/T000/ Tk = 90 k2 + ; %k > 90 2
This shows the validity of (5.37) for all & > 0.
Now we can use inequality (5.37)) to deduce the convergence behaviour of the sequences
(Tk) k>0 and (op)g>o for k — +oo. We get for all k£ > 0

(k+1)2

VTpoQ

Tk = OkVk = /T000\/ Tk = 3 k, (5.38)

which, combined with
TkOk = — = 7000,
Yk

gives for all k > 1
<31
Ok < 7
O]

Now we are ready to prove the convergence results in the convex-strongly concave
setting.

Theorem 5.2.10. Let ¢ > Ly, > 0, 0p =1 and 19, 09 > 0 such that

9+ 3v13
(CaLya:TO + 2Lyy) o<1l and 0<og< ;
14

Let (z*,y*) € X x Y be a saddle point of (5.1)). Then for (zk,yr)k>0 being the sequence
generated by OGAProz with the choice of adaptive parameters

1
Opy1 = ———
k1 \/1+V0'k

Tk
<1, Tp41= K > T,  Okg1 = Okr10r < 0 forall k >0,
_l’_
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

we have for all K > 1

l
* C1 1
R o e e

with ¢y := /5, where § > 0 is defined in (5.27). Furthermore, for K > 1, denote

K-1 | K | K
Tk = Z g, Tk = Tr Z eTk+1, YK = Tr Z UeYk+1,
k=0 k=0 k=0

where tj, = 7 for all k > 0 (see also (5.28)). Then for all K > 2 we get

_ C2 1 " 1
0 < Wawy) = W) < 5 (g " =l + 5o " = wl?)

12

with cg 1= e

Proof. Let K > 1 and let (z*,y*) € X x ) be an arbitrary but fixed saddle point. First
we will prove the convergence rate of the sequence of iterates (yk)k>0- Plugging the
particular choice of parameters (5.36]) into (5.23) for (z*,y*), we obtain

*

1
+ 5—ly" — woll
o
1 * 2 TK 1 * 2
> — 2" =2k + — (1 = oxOx (Lyaar + Lyy)) 5— v — yx||
0 OK 279
> e ly* — i
_’YKQTO Yy YK|l

where we use (5.9) in Assumption for the last inequality. Combining this with (5.37)

we derive

* 2! 1 * 2 1 * 22
— < = — — - —

4 . /_18
with Cl = m

Next we will show the convergence rate of the minimax gap at the ergodic sequences.
Writing (5.24) for (z*,y*), we obtain

_ _ 1 1 2, 1 2
< v N —U(x* < — | —||z* — — ly* — . .
0 Wawy) - W x) < o (g "~ anl 5 - wl?) . (539

Plugging the particular choice of ¢, = 75 for all k¥ > 0 from (5.28) into the definition of
Tk, together with ( - yields

1 & voy R vo
0
- = 3 E )
k=0 k=0
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5.3. Strongly convex-strongly concave setting

Combining this inequality with (5.39)), we obtain for all K > 2

_ % * — (6] 1 * 2 1 * 2
0< U(zr,y") — U(a*, gr) < -2 [ — |]=* — |yt — ,
< Vo')W, ) < 25 (5 et = ol + o 0"~

with co 1= %, which concludes the proof. O

5.3. Strongly convex-strongly concave setting

For this section we assume that the function g is convex with modulus v > 0, meaning
it is v-strongly convex. In addition to the assumptions we had until now, for this section
we also assume that for all y € dom g the function ®(-,y) : X - RU{+o00} is p-strongly
convex with modulus g > 0. This means that the saddle function (x,y) — ¥(z,y) is
strongly convex-strongly concave.

As in the previous section we will state two step size assumptions that will be needed
for the convergence analysis. These again will be followed by preparatory observations
and a result to guarantee the validity of the stated assumptions. The section will be
closed with the formulation and proof of convergence results.

Assumption 5.3.1. We assume that the step sizes 7, o and the momentum parameter
0;. are constant

O,=00=:0, 7o=19=:7, op=09=:0 Vk>0,

and salisfy

1 1
1+/,L7—:§, 1+I/O':§, (540)
with
0<6<1. (5.41)

Furthermore, we assume that there exists a > 0 such that

Ly < 1’ Ly, < 1 —0o(aLy, + Lyy)7 (5.42)
Qo T o
with
1 —0o(aLys + Lyy) > 0. (5.43)

5.3.1. Preliminary considerations

We take an arbitrary (x,y) € X x Y and let kK > 0. Following similar considerations
along (5.12))-(5.14)), additionally taking into account the p-strong convexity of ®(-,y) for
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

y € dom g, instead of (5.15]) we derive

U(zit1,y) — V(@ Ukt1) < 0k, Yk — ¥) — (Qht1: Yk1 — V)
i v
-5 [ - 3 ly — v * + 0 (ar Y1 — k)

1
+ 5= (= llow = 2iall” = o = @i | + o — 2l

21
1
+ 5 (= o = et = lly =y I + lly = )
1 2 1 2
< — ||z — —ly — 0 -
<50 |z — xkl]” + o ly —yll” + 0 (qr yr — v)
Lror, -1ty 12— )
— r—x — — — —
or k+1 9% Y —Yk+1 qk+1,Yk+1 — Y
0L 1
+ 2ayx g — 2y ||* — > [Er—
0L 1 — 0o (aLy, + Ly,)
+ % lye — yk—lH2 - 2;:): L Y41 — Z/k||2-

By (5.40) in Assumption and for o > 0 fulfilling (5.42))-(5.43), we obtain

1 1
V(zri1,y) — (2, yp41) < > | — x]|* + o ly — yiell” + 0 (qr, ye — ¥)

Ll -1y 12— ¢ )
o0 0 k+1 9% 0 Y~ Yr+1 dk+1,Yk+1 — Y
0Lt — | — L s — o
2c 2T
0L 1 — 00(aLys + Lyy)
+ ny Nk — yr_1l]* — 20” I Nyesr — vl s

which together with (5.42) and (5.43)) gives

1 1
¥ons9) = Planen) < o (o= ol = g e = o)

1 1
+5 <||y —yill® - gl - yk+1ll2> +0(qk; Y = Y) — (Gh+15 ka1 — Y)
o (0 — w2~ s — 2ill?) + 5= (01— a1 — lwsr — )
2T 20
(5.44)

where

o
g

T 1—00(aLly, + Ly,)
Let K > 1 and as in (5.20) denote

K—1 | K2 | K2
Tk = Z oo Tr =75 ) kil UK = ) Welktl
k=0 K k=0 k=0
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5.3. Strongly convex-strongly concave setting

with ¢ > 0 defined as in (5.18)), in other words
th=0"% Vk>o0.

Multiplying both sides of (5.44) by t; > 0 yields

1 1 /1 , 1 )
e (Vo) ~ Vo)) < 5 (g o= aul® = g o — awaal’?
1 /1 , 1 )
T o (9’“ ly — yel” — oFrT 1y = yrr1 | >
1 1
+ g1 (@, yk —y) — ok (T+1> Ykr1 — Y)
1/ 1 , 1 )
+ 5 (i o = 2uall = g s — )
1/ 1 , 1 )
T o5 <9k_1 ke — Y1l oF lYk+1 — yell ) .
Summing up the above inequality for £ = 0,..., K — 1 and taking into account Jensen’s
inequality for the convex function ¥(-,y) — ¥(z, -) give
K—1
1
Ti (¥ (Zr,y) — (2, 9x)) < Y gk (P(@rs1,y) = V(2 Ypr1))
k=0
1 2 1 2 1 2 1 2
< g (o= a0l? = g llo =l ) + 5 (1= 0l = g Iy =

1 1 1 9 1 1 9
T pK-1 (ar, Yk —y) — oK1 9, |z — 2 1l|” — 9195 lyr — yx—1ll

1 2 1 2 1 o 1 2
< _ |y — _ _ B | P
< 5 (1o = 20l® = g llo =) + 5 (1=l = g Iy =

2
1 Ly (1 9 9 1 1 5
gEk—1 9 (a ek —zx—1l]” + allyx —ylI” ) — 9K 19, ok —zx—1]
1 1 1

Ly, 2 2) 2
+ o2 (i =y + v = 9l1*) = 535 Iy — i

1 2 1 2
=5 |z — xol|” + % ly — yoll

11 o 1 1—00(aLyy + Ly,) 2
i (5= B ) ok a5 L ) v — v P
29[{71 T o 29K71 6’ vy

where in the second inequality we use (5.16]). Omitting the last two terms which are non
positive by (5.42)), we obtain for all K > 1

_ _ 1 1
T (¥ (Zk,y) — U(z,JK)) + o |z — xKH2 + 2% lly — yKHz
(5.45)
k(1 9 1 2
<O% | o= lo—xoll” + 5= lly —woll” | »
2T 20
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

which we will use to obtain our convergence results in the following.

5.3.2. Fulfilment of step size assumptions

In this subsection we will investigate a particular choice of parameters 7, o and 6 such
that Assumption holds.

Proposition 5.3.2. For a > 0 define

~ L L 2L
0 := max{ L Oy + 2oy } . (5.46)
op+ Lys v+ alyy + 2Ly,

Let 0 > 0 such that .
0<0<6<1, (5.47)

and set
T=——— and o= (5.48)

Then 7, o and 0 fulfil Assumption|5.5.1]

Proof. It L, = Ly, = 0, then the conclusion follows immediately. Assume that L, +
Ly, > 0. It is easy to verify that definition (5.46)) yields

0<f<1

and that (5.48)) is equivalent to (5.40) where (5.41)) is ensured by (5.47). Furthermore,
plugging the specific form of the step sizes (5.48)) into (5.42) we obtain for the first

inequality of (5.42))

@ < o ,
a ~1-6
which is equivalent to
Ly,
ot + Ly,
Note that by (5.47) we have
L ~
< Y <fh<f<1
o+ Lyg

Similarly, the second inequality of (5.42)) is equivalent to the following quadratic inequal-
ity

oLy, —v Ly, >0

0° — — >
oLy + Ly, aLyy + Lyy

The non negative solution of the associated quadratic equation reads

2
. 1 [ aly —v N < aLy, —v > N AL, > 0.
2 \ aLy; + Ly, Ly, + Ly, oLy, + Ly,
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5.3. Strongly convex-strongly concave setting

Since
oLys + 2Ly,

V+ Ly + 2Ly,
the second inequality of (5.42)) is also fulfilled. In order to see that

0<p< <f<h<1,

oLy, + 2Ly,
v+ aLy, + 2Ly,

p <

we notice that this inequality is equivalent to

aLy, —v \? ALy _ (¥ + 2Ly + (alye +2Ly)°)°
aLyg + Ly, aLys + Ly, (v 4 aLy; + 2Ly,)?(aLyy + Lyy)?’

which holds if and only if

((aLys — v)? + ALyy(aLyz + Lyy)) (v + oLy, + 2Lyy)2
< (V4 20Lyy)? + 2(% + 2Ly, ) (@Lyy + 2Ly,)% + (aLys + 2Ly,)*

or, equivalently,
0 < 4v*(Lyz + Lyy)*.

For the remaining condition (5.43) to hold we need to ensure

oLy, + Lyy — v

0 >
oLy + Lyy

For this we observe that

p>1 aLy, —v N <ozLyx+2Lyy—1/)2
T 2\ aLy; + Ly, aLyy + Lyy

S laLyI — v+ aly, + 2Ly, — v aly, + Ly, —V.

-2 oLy, + Ly, oLy, + Ly,

In conclusion, we obtain the following chain of inequalities

aLyI+Lyy—y§p< oLyy + 2Ly, §0~<9<1’
Ly, + Ly, v+ oLy, + 2Ly,
which is satisfied by (5.47). O

5.3.3. Convergence results

Now we can combine the previous results and prove the convergence statements in the
strongly convex-strongly concave setting.
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

Theorem 5.3.3. Let (z*,y*) € X x Y be a saddle point of (5.1). Then for (, yr)k>0
being the sequence generated by OGAProx with the choice of parameters

11-86 11-46 =
T=""— o=——-— 0<6<0<1,
7! 9 14 0
with
é:max{ Lys aLys + 2Ly, }
ap+ Ly v+ aLys + 2Ly, |’

for a > 0, we denote for K > 1
K-1 1 K-1 1 K-1
_ —k = —k = —k
— Ze ) xK_ﬁZH Tr+1, yK_ﬁze Yk+1,
k=0 k=0 k=0

for which the following holds
— * * = 1 * 2 1 * 2
0<0(Y(Tk,y") — ¥ (=" Ux)) + o~ 27 — 2k I” + o= Iy — yx|
2T 20
1 1
< GK . * 2 - * 2
<68 (5l = ol + 5 Iy = ).

< o
where ¢ := T=o(alyaTlyy)

Proof. Let K > 1 and (2*,y*) € X x ) be an arbitrary but fixed saddle point of (5.1)).
Writing (5.45)) for (z*,y*) we get

OSTK9K(‘P(:?K,y*)—\P(w*,z?K)H*Hx — x| + 5z Hy — ykl®
1, . 1,
< 0% [ —llz* — zol* + = lly* — wol* ) -
2T 20
Using

L1 1 1-6K 1
07:9K—1 =g = gk

MN

Tk =

i

0

finally we obtain for all K > 1

. . 1, 1
0<0(¥(zx,y") — V(" 9x)) + 5 [la" — e+ == lly* — x|
T 20
<o (L lz* — @ol)* + L ly* = yol)?
- 27 0 20 0 ’

with 0 < 6 <1 as defined in (5.47). O
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5.4. Numerical experiments

5.4. Numerical experiments

In this section we will treat three numerical applications of our method. The first one
is of rather simple structure and has the purpose to highlight the convergence rates
we obtained in the previous sections. The second one concerns multi kernel support
vector machines to validate OGAProx on a more relevant application in practice, even
though there are no theoretical guarantees for the “metric” reported there. The third
numerical application addresses a classification problem incorporating minimax group
fairness, which traces back to the solving of a minimax problem with nonsmooth coupling
function.

5.4.1. Nonsmooth-linear problem

The first application we treat is to showcase the convergence rates we obtained in the pre-
vious sections and make a simple proof of concept. We look at the following nonsmooth-
linear saddle point problem

. L B v 2
min max ¥(e,9) = (2l Ay) — (5o) + 3 o). (5.49)

with v > 0 and A € R¥", [-], being the component-wise positive part,
d
[z]+ = (max{0,z;});_,
and C being the following convex polytope
C:={yeR"| Ay 2 0}.

For u = (u;)&, v = (v;)%; € R? the relation u = v denotes component-wise inequalities,
namely,
uzv & ou > forl <i<d.

Then ¢ : R" — R U {+o0} with
v 2
9(y) = dc(y) + 3 llyl
is proper, lower semicontinuous and convex with modulus v > 0 and dom g = C'. More-
over, ® : R4 x R” — R with

d
D(a,y) = max{0,;} (Ay),
=1

has full domain, for all z € R? we have that ®(x, -) is linear and for all y € domg = C
the function ®(-,y) is convex and continuous.
Furthermore, we obtain for all (x,%), (2/,y') € R? x dom g

9,8 (.) - ¥, 00" 3/) | = 47 (i) — ()| < 1Al [lo o

?
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

hence (5.2) holds with L, = ||A|| and Ly, = 0.
The algorithm (j5.7)) iterates for k > 0

Op = Yk + 0k [(1+ k) Vy@(k, yi) — O VyP(z—1,yk—1)]
=y + ok AT ((1 4 0k) [2]4 — Oklze—1]4),

Yk+1 = Prox,, , (vp) = Po (%kak) ;

Tlt+1 = PIOXL &(. y41) (z1),

where the calculation of the orthogonal projection on the set C' is a simple quadratic

program and
d

PIOX g ) () = (meﬂAy)i max{0, } (f”i)) 1’

=1

where, for i = 1,...,d,

ZT; if z; < 0,
PTOX, (4, max{0, } (Ti) = { 0 it 0 <z < 7(Ay);,
x; —1(Ay); i z; > 7(Ay);.

By writing the first order optimality conditions and using Lagrange duality we obtain
the following characterisation.

0€0(([ )+ Ay") = do(y") - 5 1y I1?) (+*)

00 (- (AT, ) +00() + 51 1) )

- { 0e YL, (Ay*)i dmax{0, - }(a})

ATa*]s —vy* € No(y*)

Vi=1,...,d: ((Ay*); > 0 and z} <0) or
((Ay*); = 0 and z} € R)

(AT ]y — vy y*) =0

vy* — AT[z*]; € AT (R%)

(Vi=1,...,d: ((Ay*); > 0 and z} <0) or
((Ay*); = 0 and z} € R)

vyl = (AT[2"] 4, y7) = {[&"]+, Ay*) = 0

vy* € AT ([z*]1 + R).

(z*,y") is a saddle point of (5.49) <

This means, that for v = 0 we obtain

Vi=1,...,d: ((Ay*); > 0 and z} <0) or
(z*,y*) is a saddle point of (5.49) < ((Ay*); = 0 and =} € R)
0e A" ([z*]4 + RY)
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5.4. Numerical experiments

whereas for v > 0

(z*,y") is a saddle point of (5.49)) < {

Y=
0e AT ([z*]+ +RY)
If A e R has full row rank the inclusion

0e AT ([1'*]4_ + Ri)

is equivalent to

8
*

A

o

Ergodic convergence of the saddle point gap

105 4~ === O(1/k)

10* 4

Uk)

10° 4

10% 4

10" 4

Y(ay) — U(a*,

10° 4

1071 4

10° 10! 10% 10% 10* 10°
Iterations k

Figure 5.1.: Convergence of the minimax gap like O(1/k) for v = 0.

For the experiments we choose dimensions d = 250 and n = 350. For easier validation
of the solution z* we ensure that the matrix A € R¥*™ with entries drawn from a uniform
distribution on the interval [-3, 3] has full row rank. The starting points zo = r_; € R?
and yp € R™ have entries drawn from a uniform distribution on the interval [-5, 5].

In the case v = 0, i.e., the regulariser g being merely convex, we proved weak asymp-
totic convergence of the iterates to some saddle point (x*,y*) and convergence of the
minimax gap at the ergodic sequences to zero like O(1/k) for any saddle point. The
latter is illustrated in Figure for (z*,5*) € R? x R™ with 2* < 0 and y* € C with
y* # 0 for a single random initialisation.

Let (z*,y*) € R? x R" be a saddle point. In the case v > 0, i.e., the regulariser g
being v-strongly convex, we proved strong non-asymptotic convergence of the sequence
(yk)k>0 — y* like O(1/K) and convergence of the minimax gap at the ergodic sequences
to zero like O(1/k2). The numerical behaviour of our method validating the theoretical
claims for v > 0 is highlighted in Figure [5.2] The plots shown are for a single random
initialisation and with the choice v = 13—0.

5.4.2. Multi kernel support vector machine

The second application to test our method in practice is to learn a combined kernel matrix
for a multi kernel support vector machine (SVM). We have a set of labelled training data

Sp = {(a1,b1), ..., (an,bp)} CR™ x {~1,1},
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

Ergodic convergence of the saddle point gap Convergence of the iterate in norm

10° 4
M ——- O(1/k) Meo -== 0(1/k)

- 10 4
1074 BN

k)

10° 4 S~ 1024

lye =l
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10" A

10-14 1072 4
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Figure 5.2.: Convergence of the minimax gap like O() and of the sequence (yi)r>0 in
norm like O(3) for v > 0.

where we call b = (b;)!"_;, and a set of unlabelled test data
T, = {afTH—la s >an+l} CR™

We consider embeddings of the data according to a kernel function x : R™ x R™ — R
with the corresponding symmetric and positive semidefinite kernel matrix

’Ctr ,Ctr,t
K= ( ctir Kt ) ’
where Cj; = k(aj,a;) fordi, j=1,...,n,n+1,...,n+1.

In the following e is a vector of appropriate size consisting of ones. According to [87]
the problem of interest is

1 v
. T T tr 2
. ~ —aTG(ka Y 5.50
ket ofazc © 2" (KD =3 llads. (550)
trace(K)=c (q,p)=0

where K is the model class of kernel matrices, ¢ € (0, +00), C' € (0, +oc] and v € [0, 4+00)
are model parameters and we define G(K!") := diag(b)K!" diag(b).
The set K is restricted to be the set of positive semidefinite matrices that can be

written as a non negative linear combination of kernel matrices K1, ..., Ky, i.e.,
d
I{/CGST szlci,mZOfOIZ':L...,d}.
i=1

With this choice (5.50]) becomes

1%
' a — = GIKMa — = ||a|?, 5.51
min max ale Zm =5 llall (5.51)
n20  {a,b)=0
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5.4. Numerical experiments

where 1 = (9;,)%_; and r = (r;)%_; with r; = trace(K;) for i = 1,...,d. Assume (n*,a*) €
R? x R™ to be a saddle point of (5.51)) and write

d
j=1

Following the considerations of 75| we compute for a € Ty with k € {n+1,...,n+ 1},
L(ay —sgn(Zba K1k+7>—sgn ZZba n] D T (5.52)
i=1 j=1

with

’V:bjo Zba*lcjjoz o (1 — v _Zzba Uo

=1 j=1
for some jo € {1,...,n} such that 0 < o, <C.

After writing z; = "I for i = 1,...,d and augmenting the objective with an additional
(strongly) convex penalisation term, we obtain

d
min max 9 (2) + § [l - ;nyTMy e (v + 5 II%). (559
where > 0 and M; := %G(IC';’”) fori=1,...,d,

A={zeR! |20, (z,e) =1}
is the d-dimensional unit simplex and

Vi={yeR"[0=y=C, (y,b) =0}

is the intersection of a box and a hyperplane.
In the notation of (5.1) we have ® : R x R — R U {+o0} defined by

d
1
®(r.y) = dale) + g ol = 5 3 Miy -y,

and g : R" — R U {+o0} given by

9(y) = oy (v) + 5 Iyl

We see that ® and g satisfy the assumptions considered for problem (j5.1)).
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

The algorithm (5.7)) iterates as follows for k£ > 0

v = Yk + or (14 0k)Vy®(zr, yr) — 0 VyP(Tr—1,ye—1)],
sy () 7 ().

Thtl = PIOXra(- 1) () = Pa (ﬁ(‘rk - Tkgykﬂ)) )

where

d d
1
Vy@(z,y) = - (22:9U1(MZ —i—MlT)> y+e=- (Z:):ZM1> y+e for (z,y) € AxR"
i=1 i=1

and
1 5 d
&Y= <2y Miy> :
=1

To determine the correct step sizes and momentum parameter, we need to find Lipschitz
constants for V,®, i.e., Ly, Ly, > 0 such that (5.2) holds. Recall, that we require for
all (z,y), (¢/,y') € Pry(dom ®) x dom g

[Vy®(2,y) = Vy@(z',y)|| < Lya [Jo — || + Lyy [ly = /|,
with Pry(dom ®) = A and domg =Y.

Let (z,y), (¢',y) € A x Y. Then

d d
d d d d
Z xi My — Z My + Z i My’ — Z xi Mgy’
i=1 i=1 i=1 i=1
d d
> e
i=1

> (@i — ) My
d d
<Yl 1Ml |y = o[ + D s — 2| 1Ml |||

=1
=1 =1
< (el s 1050 s =o' + (1) s, 105 ) o — '
< (el e 1350) 1y =o'+ (111 v s 101 ) =)

1<i<d

IA

_|_

As z € A, we have ||z|; =1 and since ' € Y we get [|y/|| < C'y/n. Thus we obtain

9% (2.) = V(') < Ly [fo =]+ Luy ly = o']
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with
Lys = OVidn masx [ M. Ly, = max |4

For our experiments we use four different data sets from the “UCI Machine Learning
Repository” [58]: the (original) Wisconsin breast cancer dataset [101] (699 total obser-
vations including 16 incomplete examples; 9 features), the Statlog heart disease data set
(270 observations; 13 features), the lonosphere data set (351 observations; 33 features)
and the Connectionist Bench Sonar data set (208 observations; 60 features). All the data
sets are normalised such that each feature column has zero mean and standard deviation
equal to one.

Furthermore, we take d = 3 given kernel functions, namely a polynomial kernel func-
tion ki(a,a’) = (14 a”a’)? of degree 2 for Ky, a Gaussian kernel function ks(a,a’) =
exp(-3(a —a')T(a — a’)/15) for K2 and a linear kernel function k3(a,a’) = a’d’ for Ks.
The resulting kernel matrices are normalised according to [87, Section 4.8], giving

ri = trace(kC;) =n+ 1.

The model parameter ¢ > 0 is chosen to be

d

c= Zri =d(n+1),
i=1

and we set C = 1.

On this application we test the three proposed versions of OGAProx. We refer to
the version of OGAProx with constant parameters from Section as OGAProx-Cl,
to the one with adaptive parameters from Section as OGAProx-A and to the one
from Section [5.3.3] giving linear convergence with constant parameters as OGAProx-C2.
The results are compared with those obtained by APD1 and APD2 from [75|. In their
experiments on multi kernel SVMs they showed superiority of their method compared to
Mirror Prox by [112] in terms of accuracy, runtime and relative error. They also argued
that with APD they are able to obtain decent approximations of solutions of by
interior point methods such as MOSEK [111] taking about the same amount of runtime.

The main difference between APD and our method OGAProx is that for the first a
gradient step in the first component is employed whereas for the latter a purely proximal
step is used. To be able to employ APD2 with adaptive parameters for v > 0, the roles
of x and y in have to be switched, giving a different method than OGAProx-A.
The runtime of both methods however is still very similar as both use the same number
of gradient computations/storages and projections per iteration.

All algorithms are initialised with

1
To=T_1 = ge, Yo =y—1 =0.

Each data set is randomly partitioned into 80 % training and 20 % test set. The test set
is used to judge the quality of the obtained model by predicting the labels via (5.52) and
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

computing the resulting test set accuracy (TSA). Note that the TSA is not guaranteed to
converge or increase at all by our theoretical considerations, which only state convergence
of the iterates and in terms of function values. The reported TSA values are the average
over 10 random partitions. Due to occasionally occurring rather dramatic deflections of
the TSA we actually compute 12 runs, but remove minimum and maximum values before
calculating the mean.

1-norm soft margin classifier

For yp = v = 0 the formulation realises the so-called 1-norm soft margin classifier.
In this case ¢ is merely convex and we can only use the constant parameter choice from
Section with the name OGAProx-C1l. We compare the results with those obtained
by APD1 from [75].

TSA at iteration k

Method Data set k=250 k=500 k£=1000 £ =1500 £k = 2000
Breast cancer 97.15 97.37 97.08 93.94 97.45
Heart disease 74.63 74.07 80.00 81.30 82.78

OGAProx-CL 0 osphere 70.85 85.35 90.28 87.46 93.24
Sonar 70.00 75.24 83.81 84.52 85.95
Breast cancer 97.23 97.37 97.45 94.01 97.45

APD1 Heart disease 74.63 72.59 81.85 80.74 82.41
Tonosphere 70.85 85.35 85.49 88.73 92.68
Sonar 70.00 74.76 81.67 84.76 84.52

Table 5.1.: TSA of 1-norm soft margin classifier (u = 0, v = 0, C = 1) trained with
OGAProx-Cl and APD1, averaged over 10 random partitions.

In the case of 1-norm soft margin classifier the results reported in Table paint a
clear picture. OGAProx outperforms APD on three out of four data sets and ties on one
data set, achieving maximum TSA values of 97.45 %, 82.78 %, 93.24 % and 85.95 % on
Breast cancer, Heart disease, lonosphere and Sonar, respectively.

2-norm soft margin classifier

For p = 0 and v > 0 from we obtain the so-called 2-norm soft margin classifier
with C' = 1. In this case g is v-strongly convex and we can use both parameter choices
from Section and the one from Section [5.2.3] giving OGAProx-C1 and OGAProx-A,
respectively. This time we compare the results with those obtained by APD1 as well as
APD2 from [75].

We see in Table that the situation for the 2-norm soft margin classifier is more
diverse than previously with the 1-norm soft margin classifier. Comparing the two con-
stant methods — OGAProx-C1 and APD1 — with each other, as well as the two adaptive
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TSA at iteration k

Method Data set k=250 k=500 k=1000 £k=1500 & = 2000
Breast cancer 97.15 97.37 97.15 97.45 97.15
Heart disease 75.19 75.00 77.78 83.52 83.52
OGAProx-ClL 1 sphere 70.99 85.35 89.86 87.89 91.27
Sonar 70.71 77.86 81.90 85.71 86.19
Breast cancer 97.23 97.37 97.30 97.37 97.37
APDI1 Heart disease 75.37 67.78 80.74 82.22 84.81
Ionosphere 71.27 85.35 88.87 89.72 92.39
Sonar 70.48 76.43 83.33 84.76 85.71
Breast cancer 97.15 97.37 97.37 97.45 97.45
Heart disease 76.11 73.70 83.70 81.30 84.26
OGAProx-A 1 osphere 70.85 85.21 86.34 90.42 93.52
Sonar 70.48 76.90 83.33 82.62 84.76
Breast cancer 97.23 97.37 97.59 97.01 96.72
APD? Heart disease 76.11 71.30 81.48 78.70 83.15
Tonosphere 71.13 85.35 84.79 84.93 90.42
Sonar 70.24 75.95 84.05 84.52 86.19

Table 5.2.: TSA of 2-norm soft margin classifier (u = 0, v = %, C = 1) trained with
OGAProx-Cl, OGAProx-A, APD1 and APD2, averaged over 10 random par-

titions.

methods — OGAProx-A and APD2 — we see that in both cases two out of four times
OGAProx is better than APD and vice versa. Notice that the two data sets with in gen-
eral lower TSA, namely Heart disease and Sonar, seem to benefit from the regularising
effect of v > 0, while those with already very good results on the other hand do not,
compared to the results of the 1-norm soft margin classifier with v = 0. In addition note
that the adaptive variant OGAProx-A improves on the result of OGAProx-C1 on three
out of four data sets.

Regularised 2-norm soft margin classifier

For 4 > 0 and v > 0 from we again obtain the so-called 2-norm soft margin classi-
fier with C' = 1, this time, however, in a regularised version. Now not only g is strongly
convex, but also ®(-,y) and we can use all our parameter choices from Section
Section and Section yielding OGAProx-C1, OGAProx-A and OGAProx-C2,
respectively. Once more we compare the results with those obtained by APD1 as well as
APD2 from [75], pointing out that that OGAProx-C2 has no APD counterpart harnessing
the additional strong convexity of the problem.

We see in Table that for the regularised 2-norm soft margin classifier the situation
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TSA at iteration k

Method Data set k=250 k=500 k=1000 k=1500 Kk = 2000
Breast cancer 97.15 97.37 97.15 97.52 97.45
Heart disease 75.19 73.52 77.22 83.15 83.70
OGAProx-CL 0 osphere 70.99 85.35 87.89 91.41 91.97
Sonar 70.48 78.81 83.33 84.76 85.95
Breast cancer 97.23 97.37 97.37 97.01 97.30
APDI1 Heart disease 75.19 68.89 75.56 79.81 84.07
Ionosphere 71.27 85.35 86.06 89.15 91.69
Sonar 70.71 76.43 83.10 85.48 85.48
Breast cancer 97.15 97.37 97.45 97.37 97.30
Heart disease 76.11 70.93 82.78 80.74 83.52
OGAProx-A 1 osphere 70.85 85.21 85.92 89.86 93.38
Sonar 70.24 76.43 82.86 86.19 86.19
Breast cancer 97.23 97.37 97.45 94.53 97.52
APD?2 Heart disease 76.11 71.67 80.00 79.26 83.52
Tonosphere 71.13 85.35 86.90 92.39 91.13
Sonar 70.24 75.00 82.62 84.52 86.43
Breast cancer 97.15 97.45 97.59 97.15 96.57
Heart disease 74.07 78.52 76.11 82.22 83.70
OGAProx-C2 | osphere 70.42 84.37 86.48 90.85 92.25
Sonar 69.05 74.29 85.24 85.71 86.19

Table 5.3.: TSA of regularised 2-norm soft margin classifier (u = 1, v = %, cC =1
trained with OGAProx-C1, OGAProx-A, OGAProx-C2, APD1 and APD2,
averaged over 10 random partitions.

is similar to the version without additional regulariser. This time for the constant meth-
ods, OGAProx-C1 and APD1, OGAProx is better than APD on three data sets while
APD is better than OGAProx on only one. On the contrary, for the adaptive methods,
OGAProx-A and APD2, it is the other way round. APD performs better than APD on
three data sets while OGAProx is better than APD on only one. For the second version
of OGAProx with constant parameter choice exhibiting linear convergence in both iter-
ates and function values, there is no APD counterpart. When we compare the results
for OGAProx-C2 to those of OGAProx-C1, then we see that the TSA values become
better in general with improvements on three out of four data sets and one draw. On the
Breast cancer data set OGAProx-C2 even delivers the maximum TSA over all considered
methods.
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Classification of ancient Armenian manuscripts

Another interesting application where we used SVMs for classification purposes was lo-
cated in the field of Digital Humanities, a research field at the intersection of digital re-
sources and computational methods, and the disciplines of the humanities. In our partic-
ular case we worked on a digital palaeography project for ancient Armenian manuscripts.
Palaeography is the study of historic writing systems and historical manuscripts, includ-
ing the analysis of historic handwriting or dating of manuscripts, and is concerned with
the forms and processes of writing — not the textual content of documents.

The starting point of the project was an index of digitised manuscripts available on-
line [138]. Some libraries provided direct access to the images to be downloaded and
worked on, while others only granted online access to look at them on their homepage.
Because of the nature of our experiments we had to restrict ourselves to the former.
A huge difference between libraries was observable regarding properties concerning the
quality of the images like their size or resolution, or whether they were available in
greyscale or colour.

As rigorous web-scraping was out of scope, we worked with manuscripts from one
single library (amounting to 49 manuscripts with a total of 24,307 pages) where both
accessibility and quality were satisfactory. Palaeographers are interested in various at-
tributes of a manuscript, especially in the precise date/year(s) when the manuscript was
finished /written, the script used in the folio or the hand/scribe responsible for the pro-
duction/text. To successfully apply machine learning to a task it is of utter importance
to have an extensive and complete data set available for training and evaluation. In
particular, when doing classification we are in need of a target variable, the label. The
meta data of the 49 manuscripts considered, however, were not complete at all. Out of
the 49 manuscripts we had 35 (with a total of 9,851 pages) with a given year but very un-
evenly distributed over several centuries, leading to an unbalanced data set not suitable
for classification of the scripts. The hand or scribe of the manuscripts was only known in
19 cases with only single occurrences of each of the persons, rendering classification with
respect to this target variable impossible. Regarding scripts we had 30 manuscripts (with
a total of 18,401 pages) with data about script type. Out of the four Armenian scripts
— Erkata’gir, Sla’gir, Bolor’gir and Notr’gir — only one, namely Erkata’gir, was missing
in this subset of the data. This was the reason we decided to do classification regarding
the script type of the manuscripts. Out of the 30 folios 23 consisted entirely of one script
type each, which where used for the final analysis. To summarise, for Bolor’gir, Notr’gir
and Sla’gir we had 7, 15, and 1 manuscript(s), respectively. A brief overview about the
historical background of Armenian calligraphy can be found at [97], including sample
images of the four Armenian script types.

To carry out the task of classification using images of the manuscripts, not looking
into the textual content of the pages, we chose a similar approach to [83|, where they
worked on digital palaeography on medieval Latin manuscripts.

To this end we used a “bag of (visual) words” model, which is well-established in com-
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puter vision and originated in automated text classification. The strategy for this is to
extract local feature descriptors (“visual words”) from the image, followed by encoding
these local descriptors into a global descriptor which is then used for classification. For
the first step, the identification of the local features, we used the scale-invariant feature
transform (SIFT) [95]. This computer-vision algorithm is robust to image transforma-
tions like changes in scale, rotation, brightness or contrast. Because in alphabets letters
might be derived by rotation of other letters, we disabled the rotation-invariance of the
obtained SIFT key points.

The next step was to encode the local descriptors to form a global feature descriptor
for each page. As a first simple approach we used the average of all local descriptors.
In [83] more elaborate techniques were used involving clustering of the local descriptors,
followed by employing so-called i-vectors, a tool from spoken language classification. As
our results with simple averaging were already reasonably good, we did not try more
sophisticated formulations.

The final step consisted of classifying the global descriptor into the correct script type
class for which one can easily use (multikernel) SVMs. In [83] linear SVMs for binary
one-vs-rest classification were used, i.e., for each script type a separate SVM was trained
with all the instances of this script as positive example and all other as negative ones.
In the test phase all SVMs were queried to rank the different predictions to determine
the final class.

Training Set Test Set
Script Precision Recall F1  Support Precision Recall F1  Support
Bolor’gir 0.83 1.00 0.91 10 0.73 091 0.81 170
Notr’gir 1.00 1.00  1.00 10 0.93 0.89 0.91 170
Sla’gir 1.00 0.80  0.89 10 0.94 0.75  0.83 170

Table 5.4.: Performance of DH1 in training and test phase with respect to precision, recall
and fl-score.

Training Set Test Set
Script Precision Recall F1  Support Precision Recall F1  Support
Bolor’gir 1.00 0.89 0.94 45 1.00 0.94 0.97 136
Notr’gir 0.94 0.98 0.96 45 0.96 0.99 0.97 136
Sla’gir 0.90 0.96 0.92 45 0.96 0.98  0.97 136

Table 5.5.: Performance of DH2 in training and test phase with respect to precision, recall
and fl-score.

We considered three different scenarios, denoted by DH1, DH2 and DH3. For the

training phase of DH1 we randomly chose 5 pages from two manuscripts written in
Bolor’gir and Notr'gir each. Since only one manuscript written in Sla’gir (with 181
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pages) was available for our experiments, hence we took 10 pages of this folio. For the
test phase we took 170 out of the remaining 171 pages of the Sla’gir manuscript, while
we took 34 pages of 5 manuscripts each for the other two script types. For the training
of DH2 and DH3 we selected 15 pages of 3 manuscripts and 25 pages of 5 manuscripts
each, respectively, and chose the test sets accordingly.

Training Set Test Set
Script Precision Recall F1 Support Precision Recall F1  Support
Bolor’gir 0.99 0.98 0.99 125 1.00 0.93 0.96 56
Notr’gir 0.98 0.99  0.99 125 0.98 0.96 0.97 56
Sla’gir 0.98 0.98 0.98 125 0.92 1.00  0.96 56

Table 5.6.: Performance of DH3 in training and test phase with respect to precision, recall
and fl-score.

In Tables we see the performance of our model in the three different scenarios,
both on the training and the test set. We observe that DH2 seems to be most robust,
requiring relatively few training samples but still performing best on a relatively big test
set which is the case for all three script types. This behaviour is confirmed in terms of

the accuracy which can be found in Table [5.7]

Training Set Test Set
Accuracy Support Accuracy Support
DH1 0.93 30 0.85 510
DH2 0.94 135 0.97 408
DH2 0.99 375 0.96 168

Table 5.7.: Accuracy of our model for the considered scenarios.

5.4.3. Classification incorporating minimax group fairness

We want to classify labelled data (aj, b;)7_; C R?x {+1}, additionally taking into account
so-called minimazx group fairness [57102]. The data is divided into m groups Gy, ..., G,
such that for i € [m] := {1,...,m} we have G; = (a;;, b;;);L; C (aj,bj)j_; with n; == |G|
and i; € [n] for all ¢ € [m] and all j € [n;]. Fairness is measured by worst-case outcomes
across the considered groups. Hence we consider the following problem,

min max f;(z), (5.54)

z€RA i€[m]

with
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where h; is a function parametrised by z, mapping features to predicted labels, and L
is a loss function measuring the error between the predicted and true labels.
It is easy to see that (5.54) is equivalent to

m
min max Z ; x
T R 2 yifi(x),

where Ay, == {(v1,...,0m) € R™ | 37 v, = 1, v; > 0fori = 1,...,m} denotes the
probability simplex in R™. We will work with a linear (affine) predictor h, : R — R
given by

ho(a) = a’x,

with 2 € R? and L : R x R — R being the hinge loss, i.e.,
L(r,s) = max{0,1 — sr},

for r, s € R.
Combining all of the above we get

min max ®(z,y) — g(y), (5.55)
reRd yeR™

with @ : R¢ x R™ — R defined by
O(z,y) = Z yi; Z max{0,1 — bi].az;x},
i=1 ' j=1

and g : R™ — R U {+oo} given by

9(y) = 6a,,(y)-

The function g is proper, lower semicontinuous and convex (with modulus v = 0). Fur-
thermore, we observe that ®(-,y) : R? — R is proper, convex and lower semicontinuous
for all y € domg = A,, and for all z € Prga(dom ®) = R? we have dom ®(z,-) = R™
and ®(x,-) : R™ — R is concave and Fréchet differentiable. However, note that ® is not
differentiable in its first component.

Moreover the Lipschitz condition on the gradient is fulfilled as well. Indeed, for
(z,y), (z/,y) € R% x A, we have

Hqu)(wi - Vy@(-%"ay’)H < Lys Hx - ac’” + Ly, Hy - y/H )

with

m 1 n; )
Ly, = Zn—ZZHaZJH and Ly, = 0.
i=1 " j=1
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Group S1 Group S2 Overall

with  without  with  without  with  without
L fairness fairness fairness fairness fairness fairness

100  95.78 95.78 80.68 80.84 85.56 85.56
500  95.78 95.78 81.15 80.28 85.93 85.19
1000  95.78 95.78 81.15 80.28 85.93 85.19

Table 5.8.: TSA of the affine classifier after k iterations of OGAProx for the groups
according to “sex”, averaged over 5 random partitions.

Additionally, with 7 > 0 and y € dom g, we have for 2 € R?
S P 1
PToX_ g, (¥) = argmin ¢ 7 Zyz— Z max{0,1 — bijag;u} + 3 | — z|?
u€R? = Mo

By introducing slack variables for the pointwise maximum, we see that the above min-
imisation problem is equivalent to the following quadratic program

m  n;

, 1 1 )
min Tzzyz‘*rij+*||u_$“
u€R?, —1 i—1 n; 2
ri; ER, =I=

st 1y >0 Vie [m], Vje€ [TLZ]
Tij —}—bijag;u >1 Vie[m],Vj € [n]

For our practical applications we consider the Statlog heart disease data set (270
observations; 13 features) from the “UCI Machine Learning Repository” [58] and consider
two different groupings; one consisting of the sex of the patients, while the other one
is regarding the patients’ age. For “sex” we have two groups, that is female patients
(Group S1) and male patients (Group S2), whereas for “age” we consider three groups,
that is patients that are younger than 50 years old (Group A1), patients that are younger
than 60 but at least 50 years old (Group A2), and patients that are 60 years of age or
older (Group A3). The data set is randomly partitioned into 80 % training data and
20 % test data. The results in Table and Table are the values of the achieved
test set accuracy (TSA) averaged over 5 random partitions. For each considered group
we state the intragroup TSA together with the overall TSA for the entire test set.

Every time we report the results obtained by iterates of OGAProx governed by solving
the minimax problem taking into account the considered groups (“with fairness”),
as well as the results obtained by not taking into account minimax group fairness (“with-
out fairness”), i.e., solving the problem for a single extensive group G1 = (ay, bj)}—; with
n1 = n, yielding the minimisation of the average loss over the whole population and
leading to an “ordinary” minimisation problem.
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Group Al Group A2 Group A3 Overall

with  without  with  without  with  without  with  without
L fairness fairness fairness fairness fairness fairness fairness fairness

100  87.76 86.48 82.97 82.97 86.93 86.93 85.93 85.56
500  88.71 85.53 83.84 82.97 86.93 86.93 86.67 85.19
1000 88.71 85.53 83.84 82.97 86.93 86.93 86.67 85.19

Table 5.9.: TSA of the affine classifier after & iterations of OGAProx for the groups
according to “age”, averaged over 5 random partitions.

We see in Table and Table that taking into account the groups regarding “sex”
and “age”, respectively, is beneficial for training the affine classifier. In both cases “with
fairness” achieves the highest TSA for each group and at the same time the highest overall
TSA as well.
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6. Conclusion

Starting from the monotone inclusion problem governed by a set-valued maximal mono-
tone operator and a single-valued monotone and Lipschitz continuous operator we inves-
tigated a second order dynamical system of FBF type and a relaxed inertial FBF algo-
rithm, called RIFBF, obtained as discretised counterpart of it, for which we were able
to prove asymptotic convergence in both continuous and discrete case. These theoreti-
cal considerations were accompanied by applications to a bilinear saddle point problem,
in the context of which we also emphasised the interplay between the inertial and the
relaxation parameters.

After that we shifted our focus to general monotone variational inequalities and convex-
concave saddle point problems. Our method of choice remained the FBF algorithm, but
this time we were interested in results about convergence rates. We derived rates of
O(1/k) and O(1/vk) in terms of the (restricted) gap function for the ergodic iterates in
the deterministic and stochastic case, respectively. The obtained convergence rates were
validated in practice on a simple bilinear minimax problem. Our theoretical results re-
garding (RI)FBF were complemented with empirical improvements in the training of
Wasserstein GANs on the CIFAR-10 dataset.

This was followed by considerations regarding the classical (constrained) variational
inequality that can be obtained from constrained saddle point problems. We investigated
an accelerated method, which we call fOGDA-VI, with asymptotic convergence and con-
vergence rates of o(1/k) in terms of the restricted gap function as well as the natural
residual for the last iterate. To validate the derived guarantees we treated a two-player
matrix game with mixed strategies of the two players. Finally, we showed the beneficial
effects of applying fOGDA-VI to the training of generative adversarial nets.

Concluding, we investigated a convex-concave saddle point problem, where the convex-
concave coupling function is smooth in one variable and nonsmooth in the other. To solve
this type of problem we proposed a novel algorithm under the name of OGAProx and
considered the cases of the saddle function to be convex-concave, convex-strongly con-
cave and strongly convex-strongly concave. Regarding iterates we established asymptotic
convergence, a convergence rate of order O(1/k) and linear convergence like O(6%), re-
spectively, while in terms of function values we obtained ergodic convergence rates of
order O(Y/k), O(1/k?) and O(6*), respectively. We validated our theoretical considera-
tions on a nonsmooth-linear saddle point problem, the training of multi kernel support
vector machines (including an application to a classification problem in the field of Digital
Humanities) and a classification problem incorporating minimax group fairness.
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A. Appendix

A.1. Additional tables

In the following we report additional tables regarding the experiments from Section
for the standard normal and the 1-Poisson distribution.

A.1.1. Standard normal distribution

Table A.1.:

N 0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.04
0.00 >10,000 4,217 2,110 1,407 1,056 845 705 604 529 471 424 400
0.04 >10,000 4,049 2,025 1,351 1,014 811 677 580 508 452 399 -
0.08 >10,000 3,880 1,941 1,295 972 778 648 556 487 433 - -
0.12 >10,000 3,711 1,857 1,238 929 744 620 532 466 - - -
0.16 > 10,000 3,543 1,772 1,182 887 710 592 508 441 - - -
0.20 >10,000 3,374 1,688 1,126 845 677 564 481 - - - -
0.24 > 10,000 3,206 1,604 1,070 803 643 533 - - - - -
0.28 >10,000 3,037 1,520 1,014 761 607 498 - - - - -
0.32 > 10,000 2,868 1,435 958 7 564 - - - - - -
0.36 >10,000 2,700 1,351 901 668 - - - - - - -
0.40 > 10,000 2,531 1,267 841 610 - - - - - - -
0.44 > 10,000 2,363 1,182 770 - - - - - - - -
0.48 > 10,000 2,194 1,093 - - - - - - - - -
0.52 > 10,000 2,026 986 - - - - - - - - -
0.56 > 10,000 1,857 - - - - - - - - - -
0.60 > 10,000 1,679 - - - - - - - - - -
0.64 > 10,000 1,459 - - - - - - - - - -
0.68 > 10,000 - - - - - - - - - - -
0.72 > 10,000 - - - - - - - - - - -
0.76 > 10,000 - - - - - - - - - - -
0.80 8,437 - - - - - - - - - - -
0.84 6,747 - - - - - - - - - - -

Number of iterations necessary to achieve |Jwy — vi|| < 1075 in the con-
strained bilinear saddle-point problem with data drawn from the standard
normal distribution (u = 0.9)
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o ¢ 0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 090 1.00 110 120 130 1.32
0.00 > 10,000 7,127 3,565 2,378 1,785 1,429 1,191 1,022 894 795 716 614 600 537 522
0.04 > 10,000 6,842 3,423 2283 1,713 1,372 1,144 981 859 764 668 623 572 - -
0.08 >10,000 6,557 3,281 2,188 1,642 1,315 1,096 940 823 731 615 604 542 - -
0.12 > 10,000 6,272 3,138 2,093 1,571 1,258 1,049 900 87 693 623 578 - - -
0.16 > 10,000 5,988 2,996 1,999 1,500 1,201 1,001 858 744 626 607 - - - -
0.20 >10,000 5,703 2,853 1,904 1429 1,144 953 813 695 621 - - - - -
0.24 >10,000 5,418 2,711 1,809 1,358 1,087 900 751 642 - - - - - -
0.28 > 10,000 5,133 2,569 1,714 1,286 1,025 841 682 - - - - - - -
0.32 > 10,000 4,848 2,427 1,619 1,212 952 758 - - - - - - - -
0.36 >10,000 4,564 2,284 1,524 1,128 861 725 - - - - - - - -
0.40 >10,000 4,279 2,142 1421 1,028 795 - - - - - - - - -
0.44 > 10,000 3,995 1,999 1,299 925 - - - - - - - - - -
0.48 > 10,000 3,710 1,847 1,148 - - - - - - - - - - -
0.52 >10,000 3,426 1,663 1,102 - - - - - - - - - - -
0.56 >10,000 3,141 1,449 - - - - - - - - - - - -
0.60 > 10,000 2,839 - - - - - - - - - - - - -
0.64 > 10,000 2,458 - - - - - - - - - - - - -
0.68 >10,000 2,172 - - - - - - - - - - - - -
0.72 > 10,000 - - - - - - - - - - - - - -
0.76 > 10,000 - - - - - - - - - - - - - -
0.80 > 10,000 - - - - - - - - - - - - - -
0.84 > 10,000 - - - - - - - - - - - - - _
0.88 8,066 - - - - - - - - - - - - - -

Table A.2.: Number of iterations necessary to achieve ||wy —vg]| < 107° in the con-
strained bilinear saddle-point problem with data drawn from the standard
normal distribution (u = 0.5)

144



.1. Additional tables

- - - - - - - - - - - - - - - - - - 000°0T < 880
- - - - - - - - - - - - - - - - - - 00001 < ¥8°0
- - - - - - - - - - - - - - - - - - 000°0T < 080
- - - - - - - - - - - - - - - - - - 000°0T < 920
- - - - - - - - - - - - - - - - - €088 000°0T < L0
- - - - - - - - - - - - - - - - - 0898 000°0T < 890
- - - - - - - - - - - - - - - - - 6186 00001 < ¥9°0
- - - - - - - - - - - - - - - - 612G 000°0T < 000°0T < 090
- - - - - - - - - - - - - - - 86CF 8FL'G 000°0T < 000°0T < 990
- - - - - - - - - - - - - - 8I¢'e  9TV'¥ 80,0 000°0T < 000°0T < 290
- - - - - - - - - - - - - 6F0'e  FeL'e €98 L0G°L 000°0T < 000°0T < 8F0
- - - - - - - - - - - - LeL'T  6IC'E  L99°€  9VT'C 6€T°8 000°0T < 000°0T < ¥¥°0
- - - - - - - - - - - 0c6'c  SPI'€ 8TV GLL'G €TL'8 000°0T < 000°0T < 0F0
- - - - - - - - - - are'T 768  6EV'E  89SF 109 F0€°6 000°0T < 000°0T < 9€0
- - - - - - - - - vie'e  06V'C VIO'E  LPR'E€ 66T T6S'9 a88°6 000°0T < 000°0T < Z€0
- - - - - - - - e SYP'T 96€'¢  G9T'F  GET'C  6L6'9 00001 < 000°0T < 000°0T <  8T0
- - - - - - - €20'C €LV 199T €99'c  6TP'F  98S°¢  99€°L  0000T < 000°0T < 00001 <  ¥&°0
- - - - - G6LT  TGLT  0€TC a8¥'c  96L°C 9.8'¢  ¥G9v 918G FGLL  0000T <  0000T < 000°0T <  0T0
- - - - 8L9°T 0987 €681  L€0°C 09%'z  VI0'E €L0F  L88F  L0T'9  TPI'® 00001 < 00001 < 00001 < 910
- - - TLS'T  9T8'T  698'T  FROT  €7ET °08'c  86T'E 2927 6IT'G L6€'9 824’8  000°0T <  000°0T <  0000T <  &I'0
- - G89°T 09T  9T6°T €987  981°C  8¥F'¢C 0L6'c  9re'e 09F'F  TSE'C 8899 916'®  000°0T <  000°0T < 00001 < 800
- 88G'T  9T9T 88T 66T 186'T 91€C  GI¢T VOT'e  T6h'E PSO'F  PRG'G 8L6'9  €0€'6  000°0T < 000°0T <  0000T <  ¥00
6S7°'T  969°T  TOL'T  €P6'T  8L8'T  TIT'C  FEV'C 9TF'C  016'C  €€5'€  L€9'€  9STT  8¥8FT  9I8'G  69T°L 0696 000°0T <  000°0T <  000°0T< 000
08°T 0LT 09°T 08T or'T 0e'T 0z'T OrT 00T 060 080  0L0 090 00  OF0  0£0 020 1X0] 10°0 %

< 107° in the con-
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A.1.2. 1-Poisson distribution

10,000 - - - - - - - - - - -
E 10,000 - - - - - - - - - - -
0.84 9,852 - - - - - - - - - - -

N 0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70  0.80 090 1.00 1.04
0.00 > 10,000 6,183 3,093 2,063 1,549 1,241 1,036 888 769 675 589 565
0.04 > 10,000 5,936 2,969 1,981 1,487 1,192 995 851 733 638 564 -
0.08 > 10,000 5,689 2,846 1,899 1,426 1,143 953 812 698 603 - -
0.12 >10,000 5,441 2,722 1816 1,365 1,094 911 768 662 - - -
0.16 > 10,000 5,194 2,598 1,734 1,304 1,044 866 723 623 - - -
0.20 > 10,000 4,947 2475 1,653 1,242 993 814 679 - - - -
0.24 > 10,000 4,700 2,352 1,571 1,180 941 756 - - - - -
0.28 > 10,000 4,452 2,229 1,490 1,117 882 706 - - - - -
0.32 > 10,000 4,205 2,106 1,407 1,046 810 - - - - - -
0.36 > 10,000 3,958 1,984 1,321 967 - - - - - - -
0.40 > 10,000 3,711 1,861 1,224 888 - - - - - - -
0.44 > 10,000 3,465 1,733 1,125 - - - - - - - -
0.48 > 10,000 3,219 1,592 - - - - = - - - -
0.52 >10,000 2,975 1,441 - - - - - - - - -
0.56 > 10,000 2,724 - - - - - - - - - -
0.60 > 10,000 2,444 - - - - - - - - - -
0.64 > 10,000 2,145 - - - - - - - - - -
0.68 > 10,000 - - - - - - - - - - -
0.72 > 10,000 - - - - - - - - - - -
>
>

Table A.4.: Number of iterations necessary to achieve ||wy —vg| < 1075 in the con-

strained bilinear saddle-point problem with data drawn from a Poisson dis-
tribution (p = 0.9)

N 0.01 0.10 020 030 040 050 060 070 080 090 100 110 120 130 1.32
0.00 >10,000 >10,000 5149 3432 2573 2,059 1,717 1474 1,293 1,153 998 894 822 763 753
0.04 > 10,000 9,888 4943 3294 2470 1,977 1,648 1416 1,242 1,103 944 861 791 - -
0.08 > 10,000 9,476 4,737 3,157 2,368 1,895 1,580 1,359 1,190 1,037 904 829 762 - -
012 > 10,000 9,064 4530 3,019 2264 1812 1513 1,300 1,138 964 871 799 - - -
0.6 > 10,000 8,651 4324 2882 2162 1,731 1,446 1,237 1,080 919 842 - - - -
0.20 > 10,000 8,239 4,118 2,744 2,059 1650 1,379 1,164 996 888 - - - - -
0.24 > 10,000 7,827 3,911 2,607 1,956 1,568 1296 1,093 942 - - - - . -
0.28 > 10,000 7,414 3,705 2469 1,855 1,477 1202 1,031 - . - - - . N
0.32 > 10,000 7,002 3498 2332 1,751 1381 1,119 - - - , - . . ,
0.36 > 10,000 6,589 3292 2197 1624 1273 1,067 - - , - - , , ,
0.40 > 10,000 6,176 3,085 2,049 1,490 1,196 - - . - - . - - }
0.44 > 10,000 5,762 2881 1,874 1,386 - - - - - . - . . ,
048 > 10,000 5,349 2,658 1,714 - - - - , , - . . , ,
052 > 10,000 4,935 2404 1,611 - - - - , - - , , , ,
0.56 > 10,000 4,524 2,169 - - . - . . . - - - _ _
0.60 > 10,000 4,085 - - - - . . - _ . , , , B
0.64 > 10,000 3,576 - - - - - - , - . . . , ,
0.68 > 10,000 3,198 - - - - , , , - - - , , ,
0.72 > 10,000 - - . - - . . - . _ _ _ _ _
0.76 > 10,000 - - . - - - - _ _ , , , , ,
0.80 > 10,000 - - - , - , - , . , , , , ,
0.84 > 10,000 - - - - - , , , - - , , , R
0.88 > 10,000 - - - - - . . . . - _ _ _ _

Table A.5.: Number of iterations necessary to achieve ||wy —vg| < 1075 in the con-
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A.2. Architectures

For our experiments we used the architectures proposed in [64].

A.2.1. DCGAN

Generator
Input: z € R12% ~ N(0,1)
Linear 128 — 512 x4 x 4
Batch Normalization
ReLU
transposed conv. (kernel: 4 x 4, 512 — 256, stride: 2, pad: 1)
Batch Normalization
ReLU
transposed conv. (kernel: 4 x 4, 256 — 128, stride: 2, pad: 1)
Batch Normalization
ReLLU
transposed conv. (kernel: 4 x 4, 128 — 3, stride: 2, pad: 1)
tanh( )
Discriminator
[nput: = R3><32><32
conv. (kernel: 4 x 4, 1 — 64, stride: 2, pad: 1)
LeakyReLU (negative slope: 0.2)
conv. (kernel: 4 x 4, 64 — 128, stride: 2, pad: 1)
Batch Normalization
LeakyReLU (negative slope: 0.2)
conv. (kernel: 4 x 4, 128 — 256, stride: 2, pad: 1)
Batch Normalization
LeakyReLU (negative slope: 0.2)
Linear 128 x 4 x4 x4 — 1

Table A.7.: DCGAN architecture used for the CIFAR-10 experiments.
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A.2.2. ResNet

Generator

Input: z € R ~ N(0,1)
Linear 128 — 128 x 4 x 4
ResBlock 128 — 128
ResBlock 128 — 128
ResBlock 128 — 128
ReLU
transposed conv. (kernel: 3x3, 128 — 3, stride: 1, pad: 1)
tanh( )

Discriminator
R3%32x32

Input: x €
ResBlock 3 — 128
ResBlock 128 — 128
ResBlock 128 — 128
ResBlock 128 — 128
Linear 128 — 1

Table A.8.: ResNet architecture used for the CIFAR-10 experiments.

A.3. Hyperparameters

(DCGAN) WGAN Hyperparameters

Batch size =64

Number of generator updates = 500, 000

Adam S =0.5

Adam S =09

Discriminator weight clipping = 0.01

Learning rate for discriminator = 5 x 1074 (Extra Adam)

= 2x 107* (AltAdaml,
FBF Adam, Optim. Adam)
Learning rate for generator = 5 x 107° (Extra Adam)
=2 x107° (AltAdaml1,
FBF Adam, Optim. Adam)

Table A.9.: Hyperparameters used for the WGAN formulation (with weight clipping).

For the WGAN formulation with weight clipping, see Table[A.9] we used the extensively
tuned hyperparameters from [64] for ExtraAdam, Adaml and OptimisticAdam. Note
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that our values of the Inception Score (IS) differ from the ones reported in [64] as we use
the newer implementation of the IS proposed in [16]. For FBF Adam we tuned the step
size and kept all other hyperparameters equal.

(DCGAN) WGAN-L1 Hyperparameters

Batch size = 64

Number of generator updates = 500,000

Adam g, =0.5

Adam Sy =0.9

Discriminator ¢1-regularisation = 1 x 10~

Learning rate for discriminator — 1 x 1072 (FBF Adam, Extra Adam)
=5 x 107* (Optim. Adam)
= 2 x 107* (AltAdam1)

Learning rate for generator = 1 x10~* (FBF Adam, Extra Adam)
=5 x 107° (Optim. Adam)
=2 x 1075 (AltAdam1)

Table A.10.: Hyperparameters used for the WGAN-L1 formulation (with soft threshold-
ing).

For our newly proposed WGAN-L1 formulation using 1-Norm regularisation, see Ta-
ble [A.I0, we limited the hyperparameter search to the step sizes, with the values in
Table as initial guesses. We chose the value performing the best in terms of IS and
FID for a sample seed. All other parameters were kept the same as in [64].

(ResNet) WGAN-GP Hyperparameters

Batch size = 64

Number of generator updates = 250,000

Adam 54 =0.5

Adam fs =09

Gradient penalty =10

Power iterations for SN =1

Learning rate for discriminator = 5 x 10~* (FBF Adam,

Extra Adam, Optim. Adam)

= 2 x 107° (AltAdaml)

Learning rate for generator = 5x 10~ (FBF Adam,
Extra Adam, Optim. Adam)

=2 x 107° (AltAdam1)

Table A.11.: Hyperparameters used for the WGAN-GP formulation (with spectral nor-
malization (SN)).

For the experiments based on the WGAN-GP formulation including spectral normal-
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ization (SN) we limited the hyperparameter search to the step sizes, with the values
recommended in [64] as initial guesses. We used a single power iteration for the SN as
suggested in [108] and reduced the number of generator updates by a factor of two to
ease the computational burden.

A.4. PyTorch codes

The codes below were written in the PyTorch [121] framework for the GAN experiments
in Section B.5 and Section .42

A.4.1. FBF

from torch.optim import Optimizer

class FBF(Optimizer):
"""Base class for optimizers with Forward-Backward-Forward steps.

Arguments:

params (iterable): an iterable of :class:‘torch.Tensor‘ s or
:class:‘dict‘ s. Specifies what Tensors should be optimized.

defaults: (dict): a dict containing default values of optimization
options (used when a parameter group doesn’t specify them).

inertia (float, optional): value for inertial FBF method
nnn

def __init__(self, params, defaults, inertia):
super (FBF, self).__init__(params, defaults)
self .updates_copy = []
self.old_params_copy = []
if inertia < 0.0:
raise ("Invalid inertia value: {}".format (inertia))
self.inertia = inertia

def update(self, p, group):
raise NotImplementedError

def extrapolation(self):
"""Performs the extrapolation step and saves a copy of the
current update for the actual FBF step.
nnn
# Check if a copy of a previous update
is_empty = len(self.updates_copy) == 0
for group in self.param_groups:
for p in group["params"]:
u = self.update(p, group)
Save the current update for the FBF step. Several
auxiliary extrapolation steps can be made before the
actual step but only the update from the first
extrapolation is saved.

was already made.

H R OB B
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if u is None:
if is_empty:
self .updates_copy.append(None)
continue
else:
if is_empty:
self .updates_copy.append(u.data.clone())
# Do a gradient step
p-data.add_ (u)

def step(self, closure=None):
"""Performs the actual FBF step.

Arguments:
closure (callable, optional): A closure that reevaluates the
model and returns the loss.
nnn
if len(self.updates_copy) == O:
raise RuntimeError ("Need to call extrapolation before calling
step.")

loss = None
if closure is not None:
loss = closure ()

have_inertia = self.inertia > 0.0
no_old = len(self.old_params_copy) == 0
i= -1
for group in self.param_groups:
for p in group["params"]:
i +=1
u = self.update(p, group)
if u is None:
continue
# Do another gradient step
p-data.add_(u)
v = self.updates_copy[il]
if v is None:
continue
Update the parameters using the update saved during
extrapolation
.data.add_(-v)
In case of inertial FBF do convex combination with

# # 0 ®

previous iterate and store the current one
if have_inertia:
if no_old:
# Only in very first iteration
self.old_params_copy.append(p.data.clone())
else:
p-data, self.old_params_copyl[i] = (
(1 + self.inertia) * p.data
- self.inertia * self.old_params_copyl[il,
p.data,
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# Free the old update
self .updates_copy = []
return loss

A.4.2. fOGDA-VI

from torch.optim import Optimizer

class fOGDA (Optimizer):

def

def

__init__(self, optimizer, alpha=100, increment_iterator_everys=
1000) :
print(
f"Using fOGDA (alpha={alphal;"
f"increment iterator every {increment_iterator_every} step(s)
)‘II
)
self.optimizer = optimizer
self.defaults = self.optimizer.defaults
self.param_groups = self.optimizer.param_groups
self.state = self.optimizer.state
# fOGDA parameters
self.alpha = alpha
self.increment_iterator_every = increment_iterator_every
self.iteration = 0
self .k = 2

self .params_copy = []
self.old_params_copy = []

self .updates = []

self.old_updates = []
self.old_difference_of_updates = []

step(self, closure=WNone):

loss = None

if closure is not None:
loss = closure ()

no_old_params = len(self.old_params_copy =0

no_old_updates = len(self.old_updates) =

I~

0
no_old_difference_of_updates = len(self.old_difference_of_updates
=0

)

# initialise (old) parameters
if len(self.params_copy) > O:
raise RuntimeError ("Something bad happend here...")
for group in self.param_groups:
for p in group["params"]:
self .params_copy.append(p.data.clone())
if no_old_params:
self.old_params_copy.append(p.data.clone())
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# reverse engineer update from optimizer step
self.optimizer.step ()

i= -1

if len(self.updates) > 0:
raise RuntimeError ("Something bad happend here...")

for group in
for p in

i +=

self

self .param_groups:
group ["params"]:

1

.updates.append(self.params_copy[i] - p.data)

# initialise old updates and difference of updates
if (not no_old_updates and no_old_difference_of_updates) or (
not no_old_difference_of_updates and no_old_updates

)

raise RuntimeError ("Something bad happend here...")
if no_old_updates and mno_old_difference_of_updates:

for p in self.updates:

self.old_updates.append(p.clone())

self.old_difference_of_updates.append(torch.zeros_like (p)

# compute fOGDA coefficients

)

theta_p = self.alpha / (self.alpha + self.k + 1)
theta = self.alpha / (self.alpha + self.k)
theta_m = self.alpha / (self.alpha + self.k - 1)

# compute new weights with fOGDA update

i= -1
for group in
for p in
i +=

(

self.iteration +=

self .param_groups:
group ["params"]:

1

self.old_params_copy[il,
self.old_updates[i],
self.old_difference_of_updates[i],
p.-data,

(

self
self
self
self

.params_copy [i],
.updates[i],
.updates [i]

- self.old_updates[il,

.params_copy [i]
+ (1 - theta_p)

* (self.params_copy[i] - self.old_params_copyl[il)
- theta_p * self.updates[il]

- (2

* + * *

1

theta)

(2 - theta_p)
(self .updates[i] -
(2 - theta_m) * (1 - theta_p)
self.old_difference_of_updates[i],

self.old_updates[i])
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94 if self.iteration ), self.increment_iterator_every == O:
# update iterator k
96 self .k += 1
98 # free parameters
self .params_copy = []
100 self .updates = []
102 return loss
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