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Abstract

Optimisation and saddle point problems, where the minimisation is accompanied by an
inner maximisation, are well-known to be successfully treated by methods from monotone
inclusion and variational inequality theory. In this context we are particularly interested
in �rst order methods that are full splitting. This means that only gradient information
for smooth functions and proximal evaluations of simple convex nonsmooth functions are
used. Furthermore we require that the algorithms do not include convoluted inner loops
but evaluate the involved operators separately.

We do this on three di�erent conceptual levels: (i) monotone inclusions that are most
general and include (ii) variational inequalities that already contain more structure and
include (iii) minimax/saddle point problems that arise from game theory or in the context
of determining primal-dual pairs of optimal solutions of constrained convex optimisation
problems. We propose full splitting, �rst order solution methods, establish asymptotic
convergence of the algorithm and prove convergence rates in the case of variational in-
equalities and minimax problems.
To empirically validate all considered methods we provide simple, conceptual problems

that showcase the convergence behaviour of the proposed methods. This is complemented
by more complex experiments covering relevant real-world machine learning applications
(for example in Digital Humanities), treating, among other things, Generative Adversar-
ial Nets (GANs) and Multikernel Support Vector Machines. GANs have proven to be a
powerful class of generative models that are notoriously hard to optimise by conventional
training methods, but can be cast as a minimax problem and observably bene�t from
employing more principled algorithms established for this type of problem.
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Zusammenfassung

Optimierungs- und Sattelpunktprobleme, bei denen die Minimierung von einer inneren
Maximierung begleitet wird, werden bekannterweise erfolgreich durch Methoden aus der
Theorie zu Monotonen Inklusionen und Variationsungleichungen gelöst. In diesem Kon-
text sind wir besonders an Verfahren erster Ordnung interessiert, die �full splitting� sind.
Das heiÿt, dass ausschlieÿlich Gradienteninformationen von glatten Funktionen und pro-
ximale Auswertungen von einfachen konvexen nichtglatten Funktionen verwendet werden.
Auÿerdem verlangen wir, dass die Algorithmen keine verschachtelten inneren Schleifen
beinhalten, sondern alle involvierten Operatoren separat ausgewertet werden.

Damit beschäftigen wir uns auf drei unterschiedlichen konzeptionellen Ebenen: (i) Mo-
notonen Inklusionen, die am allgemeinsten sind und (ii) Variationsungleichungen bein-
halten, die bereits mehr Struktur aufweisen und (iii) Minimax-/Sattelpunktprobleme
inkludieren, die sich in der Spieltheorie oder im Kontext der Bestimmung von primal-
dualen Paaren von optimalen Lösungen zu eingeschränkten konvexen Optimierungspro-
blemen ergeben. Wir stellen �full splitting� Lösungsverfahren erster Ordnung vor, zeigen
asymptotische Konvergenz der Algorithmen und beweisen nicht-asymptotische Konver-
genzraten im Fall von Variationsungleichungen und Minimax-Problemen.
Um alle betrachteten Methoden empirisch zu validieren, stellen wir einfache, konzeptu-

elle Probleme vor, die das Konvergenzverhalten der vorgestellten Verfahren anschaulich
machen. Das wird von komplexeren Experimenten komplimentiert, die relevante reale
Anwendungen (beispielsweise in den Digitalen Geisteswissenschaften � �Digital Huma-
nities�) des Maschinellen Lernens umfassen, wo wir uns unter anderem mit �Generati-
ve Adversarial Nets� (GANs) und �Multikernel Support Vector Machines� beschäftigen.
GANs haben sich als eine leistungsstarke Klasse generativer Modelle erwiesen, die mit
herkömmlichen Trainingsmethoden bekanntermaÿen schwer zu optimieren sind. Sie kön-
nen jedoch als Minimax-Problem betrachtet werden und pro�tieren deutlich von der
Anwendung fundierter Algorithmen, die für diese Art von Problemen entwickelt wurden.
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1. Introduction

Optimisation and saddle point problems, where the minimisation is accompanied by an
inner maximisation, are well-known to be successfully treated by methods from monotone
inclusion and variational inequality theory. In this context we are particularly interested
in �rst order methods that are full splitting. This means that only gradient information
for smooth functions and proximal evaluations of simple convex nonsmooth functions are
used. Furthermore we require that the algorithms do not include convoluted inner loops
but evaluate the involved operators separately.

In the setting of minimising the sum of a smooth convex and a nonsmooth convex
function, the problem translated to monotone inclusions corresponds to �nding a zero of
the sum of a monotone cocoercive and a maximal monotone operator. For this type of
problem the most basic and most established solution method is the Forward-Backward
algorithm [39,91,120], attracting constant interest for extensions and improvements [66,
131]. In particular we want to mention the idea of incorporating past iterates, for example
by inertial e�ects [9,132]. If one of the two functions to be minimised is composed with a
linear operator more principled methods are necessary. One family of algorithms consists
of so-called primal-dual methods, which simultaneously solve the primal and the dual
optimisation problem. Preferably, this is achieved by splitting schemes [25, 33, 44, 50,
75, 139]. One of the most prominent members of this class is given by the alternating
direction method of multipliers (ADMM) [37, 48, 49, 61, 62, 88], where the Lagrangian
function is augmented by an additional penalty term and partial updates on the dual
variables are used.
The Lagrangian formulation of a convex constrained minimisation problem itself gives

rise to another problem class of its own interest � so-called minimax or saddle point
problems. Treating the equivalent inclusion problem by the FB method, we can observe
that this approach does not converge in general. This behaviour stems from the fact that
the involved single-valued operator is merely Lipschitz continuous and not necessarily
cocoercive, which can be seen even in the simple case of treating a bilinear minimax
objective. Well-known algorithms to solve this type of problem are Tseng's Forward-
Backward-Forward (FBF) algorithm [137] and the Extragradient (EG) method [6, 85].
However, both EG and FBF require two forward evaluations per iteration to converge to
a solution, leading to a considerable increase of computational cost. A possible remedy
is to reuse previous evaluations of the involved operator. Doing so, one can reduce the
number of necessary forward evaluations to only one � similar to FB. The algorithm that
one receives by doing this for EG and FBF is a method established by Popov [123] and the
Forward-Re�ected-Backward (FRB) algorithm [100], respectively. In the unconstrained
case both reduce to the same method which is usually known as Optimistic Gradient

1



1. Introduction

Descent Ascent (OGDA), a name coined by the machine learning community [54, 55].
Other methods known to converge for Lipschitz continuous operators are the projected
Re�ected Gradient (RG) algorithm [98], which can be seen as a variant of FRB where
the order of the re�ection and the forward step is reversed, a shadow Douglas-Rachford
algorithm [52], which is related to FRB as well but applies the correction term regarding
the forward evaluation after the backward step, and the Golden Ratio Algorithm [99].

In order to increase the quality of the convergence behaviour of the gradient method,
Polyak introduced the heavy ball method in his pioneering work [122]. The idea of adding
inertial e�ects was employed and re�ned in various settings � most prominently in the
context of solving smooth convex minimisation problems by Nesterov [113], but also for
monotone inclusions [2] and nonsmooth convex minimisation problems [3]. Furthermore,
it has been shown that applying inertial e�ects in the case of nonconvex minimisation
problems allows the detection of di�erent critical points [30, 122]. When applied to con-
vex minimisation problems, the acceleration techniques introduced by Nesterov [113] or
those de�ned via asymptotically similar constructions [12,14,43] lead to an improved con-
vergence rate for the sequence of objective function values. When applied to monotone
inclusions, in absence of function values, the same lead to improved convergence rates
for the sequences of discrete velocities and Yosida regularisations of the governing opera-
tor [9,10,11]. If the monotone inclusion is governed by a variational inequality or saddle
point problem, the most common acceleration technique is related to Halpern's algo-
rithm [74]. This anchoring technique has been applied for example to extend EG [40,140]
or RG [42], and used to propose further anchoring based algorithms [35, 135, 136]. Re-
cently, some connections between this approach and Nesterov's acceleration [113, 115]
have been found [119,135].

Saddle point problems arise traditionally in game theory [110] or for example when
determining primal-dual pairs of optimal solutions of convex optimisation problems [17].
However, in recent years they have witnessed increased interest due to many relevant and
challenging applications in the �eld of machine learning, with the most prominent ones
being multi agent reinforcement learning [116], robust adversarial learning [96] and the
training of Generative Adversarial Networks (GANs) [70]. Even though the problems in
reality are often not of this form, in the classical setting the minimax objective comprises
a smooth convex-concave coupling function with Lipschitz continuous gradient and a
(potentially nonsmooth) regulariser in each variable, leading to a convex-concave objec-
tive in total. Typically, nonsmoothness is only introduced via regularisers, as usually
the coupling function is accessed through gradient evaluations. Recently there is another
development, although with the saddle point problem not being convex-concave, where
the assumption on di�erentiability of the coupling function in both components is weak-
ened to only one component [23,92,125]. Problems with nonsmooth but convex-concave
coupling functions, however, have not been studied so far.

In this thesis we will study the extension of existing methods or problems, provide
rigorous convergence analyses for the proposed algorithms and prove convergence rates
whenever the type of problem admits it.

2



1.1. Overview

1.1. Overview

In Chapter 2 we will introduce notation and relevant preliminary and auxiliary results
that are used in the subsequent chapters. We will recall basic elements from monotone
operator theory and convex analysis, and state convergence theorems of Opial type in
the discrete and continuous setting which will be particularly important to establish the
convergence of the sequence of generated iterates to a solution.

This is followed by an extensive convergence analysis of (variants of) Tseng's Forward-
Backward-Forward (FBF) method in Chapter 3, which is based on the articles [20,36];
see also [19, Chapter 5]. We will start with considerations about approaching the set
of zeros of the sum of a maximal monotone operator and a single-valued monotone and
Lipschitz continuous operator. On the one hand this will be done from a continuous-time
perspective, where we formulate a second order dynamical system that approaches the
solution set of the monotone inclusion problem to be solved. On the other hand we
investigate a relaxed inertial FBF splitting algorithm � called RIFBF � that follows by
explicit time discretisation. This is succeeded by convergence rate analysis of the �plain�
FBF method applied to general variational inequalities and convex-concave minimax
problems, both in the deterministic and the stochastic setting. We derive convergence
rates of O(1/k) and O(1/

√
k) in terms of the (restricted) gap function for the ergodic

iterates in the deterministic and stochastic case, respectively. The convergence behaviour
of the proposed methods is illustrated by applications to a bilinear saddle point problem.
We close this chapter with empirical improvements in the training of Wasserstein GANs
on the CIFAR-10 dataset.

Chapter 4 is dedicated to the study of a fast optimistic method for solving variational
inequalities that can be obtained from constrained minimax problems, which uses only
one gradient/operator evaluation and one projection onto the constraint set per iteration.
Our proposed algorithm achieves a convergence rate of o(1/k) in terms of the restricted gap
function as well as the natural residual for the last iterate. To complete the theoretical
results we provide a convergence guarantee for the (last) iterate to a solution of the
variational inequality. To validate our method, which we call fOGDA-VI, we investigate
a two-player matrix game with mixed strategies of the two players. Concluding, we apply
fOGDA-VI to the training of generative adversarial nets.

In Chapter 5 we aim to solve a convex-concave saddle point problem, where the
convex-concave coupling function is smooth in one variable and nonsmooth in the other.
We propose and investigate a novel algorithm under the name of OGAProx, consisting of
an optimistic gradient ascent step in the smooth variable and a proximal step in the non-
smooth component of the coupling function. We consider the situations convex-concave,
convex-strongly concave and strongly convex-strongly concave related to the saddle point
problem under investigation. Regarding iterates we obtain (weak) convergence, a con-
vergence rate of order O(1/K) and linear convergence like O(θK) with θ < 1, respectively.
In terms of function values we obtain ergodic convergence rates of order O(1/K), O(1/K2)
and O(θK) with θ < 1, respectively. We validate our theoretical considerations on a

3



1. Introduction

nonsmooth-linear saddle point problem, the training of multi kernel support vector ma-
chines and a classi�cation problem incorporating minimax group fairness. This chapter
is based on the article [32].
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2. Preliminaries

For a real Hilbert space H we denote its inner product by 〈 · , · 〉H with induced norm
‖ · ‖H, for which ‖x‖2H = 〈x, x〉H for all x ∈ H. As in the following it will always be
clear from the context which Hilbert space is meant, we will not mention the space
explicitly when writing the inner product 〈 · , · 〉 and its induced norm ‖ · ‖. Furthermore,
we denote strong convergence or convergence in norm by the symbol →, while we write
⇀ for weak convergence. The identity operator will be denoted by Id and we de�ne
R+ := {x ∈ R | x ≥ 0} and R++ := {x ∈ R | x > 0}.
For the remainder of this chapter let H and X be real Hilbert spaces.

2.1. Monotone operator theory

In the following chapters we will work with set-valued operators. An operatorA : H → 2H

maps elements of H to subsets of H, i.e., for all z ∈ H we have Az ⊆ H. We will denote
its graph by

graA := {(z, v) ∈ H ×H | v ∈ Az} .
The inverse operator A−1 : H → 2H is given by

A−1v := {z ∈ H | v ∈ Az},

and we write zer(A) := {z ∈ H | 0 ∈ Az} for the set of zeros of the operator A. Moreover,
we de�ne the multiplication of an operator A : H → 2H with a scalar λ ∈ R and the sum
of two operators A, B : H → 2H by

(λA)z := {λv | v ∈ Az},
(A+B) z := {v + u | v ∈ Az, u ∈ Bz}.

De�nition 2.1.1. A set-valued operator A : H → 2H is monotone if

〈v − u, z − w〉 ≥ 0 ∀(z, v), (w, u) ∈ graA.

It is maximal monotone if there exists no monotone operator Ã : H → 2H such that
graA $ gra Ã.

The following de�nition gives a generalisation of monotone operators.

De�nition 2.1.2. A set-valued operator A : H → 2H is pseudo-monotone (on H) if for
all (z, v), (w, u) ∈ graA the following implication holds true,

〈v, w − z〉 ≥ 0 ⇒ 〈u,w − z〉 ≥ 0. (2.1)

5



2. Preliminaries

Let C ⊆ H be nonempty closed convex, then A is pseudo-monotone on C if (2.1) holds
for all (z, v), (w, u) ∈ {(x, y) ∈ graA | x ∈ C}.
It is clear that every monotone operator is pseudo-monotone. However, an important

di�erence between monotone and pseudo-monotone operators is that the sum of two of
the latter are not necessarily pseudo-monotone any more.

The following result about maximal monotone operators will be crucial in the conver-
gence analysis of the algorithms to be investigated.

Proposition 2.1.3 (see [17, Proposition 20.33]). Let A : H → 2H be maximal monotone.
Then the following hold:

(i) graA is sequentially closed in the strong-weak topology of H × H, i.e., for every
sequence (zk, vk)k≥0 in graA and every (z, v) ∈ H×H, if zk → z and vk ⇀ v, then
(z, v) ∈ graA.

(ii) graA is sequentially closed in the weak-strong topology of H × H, i.e., for every
sequence (zk, vk)k≥0 in graA and every (z, v) ∈ H×H, if zk ⇀ z and vk → v, then
(z, v) ∈ graA.

De�nition 2.1.4. Let A : H → 2H be a set-valued operator. The resolvent of A is

JA := (Id +A)−1.

De�nition 2.1.5. Let B : H → H be a single-valued operator. It is said to be

(i) Lipschitz continuous with constant L ≥ 0, if

‖Bw −Bz‖ ≤ L ‖w − z‖ ∀w, z ∈ H;

(ii) nonexpansive, if
‖Bw −Bz‖ ≤ ‖w − z‖ ∀w, z ∈ H;

(iii) cocoercive with constant β > 0, if

β ‖Bw −Bz‖2 ≤ 〈Bw −Bz,w − z〉 ∀w, z ∈ H;

(iv) �rmly nonexpansive, if

‖Bw −Bz‖2 ≤ 〈Bw −Bz,w − z〉 ∀w, z ∈ H;

Remark 2.1.6. (i) Nonexpansiveness is the same as 1-Lipschitz continuity and �rm
nonexpansiveness is the same as 1-cocoercivity.

(ii) Let B : H → H be β-cocoercive. Then B is 1/β-Lipschitz continuous by the Cauchy-
Schwarz inequality and monotone due to the norm being nonnegative. The converse,
however, is not true in general.

For the proof of the following statement please refer to [17, Proposition 23.10].

Proposition 2.1.7 (Minty Lemma). Let A : H → 2H be maximal monotone and γ ∈
R++. Then JγA : H → H is �rmly nonexpansive and maximal monotone.

6



2.2. Convex analysis

2.2. Convex analysis

In this section we will discuss properties of convex functions taking values in the extended
real line R := R ∪ {±∞}. Addition and multiplication are extended in a natural way
from R to R, where we impose the following conventions:

(+∞) + (−∞) = (−∞) + (+∞) = +∞,
0(+∞) = (+∞)0 = +∞,
0(−∞) = (−∞)0 = 0.

De�nition 2.2.1. A set C ⊆ X is said to be convex, if λx+(1−λ)y ∈ C for all x, y ∈ C
and all λ ∈ [0, 1].

De�nition 2.2.2. Let f : X → R be an extended-real valued function. Its domain is
given by dom f = {x ∈ X | f(x) < +∞}.

The function f is said to be

(i) proper, if dom f 6= ∅ and f(x) > −∞ for all x ∈ X ;

(ii) convex, if f(λx+ (1−λ)y) ≤ λf(x) + (1−λ)f(y) for all x, y ∈ X and all λ ∈ [0, 1];

(iii) µ-strongly convex (µ > 0), if f − µ/2 ‖ · ‖2 is convex;

(iv) (strongly) concave, if −f is (strongly) convex;

(v) lower semicontinuous, if lim infy→x ≥ f(x) for all x ∈ X ;

(vi) upper semicontinuous, if −f is lower semicontinuous.

By induction we can prove Jensen's inequality.

Lemma 2.2.3. Let f : X → R be convex. Let K ≥ 1, x1, ..., xK ∈ X and λ1, ..., λK ∈ R+

with
∑K

k=1 λk = 1. Then

f

(
K∑
k=1

λkxk

)
≤

K∑
k=1

λkf(xk).

De�nition 2.2.4. Let f : X → R be a proper function. The convex subdi�erential is
de�ned as

∂f(x) =

{
{u ∈ X | f(x) + 〈u, y − x〉 ≤ f(y) ∀y ∈ X} if f(x) ∈ R
∅ otherwise.

With the notion of convex subdi�erential, we can extend the necessary and su�cient
�rst order optimality condition.

7
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Lemma 2.2.5 (Fermat's rule). Let f : X → R be a proper function. Then

x∗ ∈ arg min
x∈X

f(x)⇔ 0 ∈ ∂f(x∗).

The proof of the following proposition can be derived from [17, Proposition 16.8], the
de�nition of the convex subdi�erential and [17, Corollary 16.38 (iii)].

Proposition 2.2.6. (i) Let X1, ...,Xm, m ≥ 1, be real Hilbert spaces and let fi : Xi →
R be proper, convex and lower semicontinuous for 1 ≤ i ≤ m. De�ne f : X1 × ...×
Xm → R via f(x1, ..., xm) =

∑m
i=1 fi(xi). Then for all (x1, ..., xm) ∈ X1 × ...× Xm

we have
∂f(x1, ..., xm) = ∂f(x1)× ...× ∂f(xm).

(ii) Let f, g : X → R be proper. Then ∂f(x) + ∂g(x) ⊆ ∂(f + g)(x) for all x ∈ X .

(iii) Let f, g : X → R be proper, convex and lower semicontinuous with dom f = X .
Then ∂f(x) + ∂g(x) = ∂(f + g)(x) for all x ∈ X .

The following prominent example connects some of the concepts we have encountered
so far.

Example 2.2.7. Let C ⊆ X be nonempty, closed and convex. Then the indicator func-
tion is de�ned by

δC :=

{
0 if x ∈ C,
+∞ otherwise.

Then δC is proper, convex and lower semicontinuous and

∂δC(x) = NC(x) :=

{
{u ∈ X | 〈u, y − x〉 ≤ 0 ∀y ∈ X} if x ∈ C
∅ otherwise,

where NC : X → 2X denotes the normal cone of C, which is a maximal monotone
operator if C is nonempty, closed and convex.

De�nition 2.2.8. Let f : X → R be proper, convex and lower semicontinuous. Then
we de�ne the proximal mapping of f by

proxf : X → X , proxf (x) = arg min
y∈X

{
f(y) +

1

2
‖y − x‖2

}
,

where proxf (x) is well-de�ned as it is the unique solution of the above strongly convex
optimisation problem.

The proof for the following statements can be found in [130] and [17, Proposition 16.34].

Proposition 2.2.9. Let f : X → R be proper, convex and lower semicontinuous. Then
the following hold:

8
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(i) the subdi�erential ∂f : X → 2X is maximal monotone;

(ii) the resolvent of the subdi�erential is given by J∂f = proxf ;

(iii) for x ∈ X we have p = proxf (x) if and only if x− p ∈ ∂f(p), i.e., for all y ∈ X we
have

f(y) ≥ f(p) + 〈x− p, y − p〉 .

Continuing Example 2.2.7 we see, that the proximal operator can be understood as a
generalisation of the projection onto a set.

Example 2.2.10. Let C ⊆ X be nonempty, closed and convex. Then from Proposi-
tion 2.2.9 (ii) we obtain for all x ∈ X

JNC
(x) = prox∂δC (x) = arg min

y∈X

{
1

2
‖y − x‖2

}
= PC .

In particular, from Proposition 2.2.9 (iii) we deduct the well-known characterisation of
the projection,

p = PC(x)⇔ [p ∈ C and 〈y − p, x− p〉 ≤ 0 ∀y ∈ C] .

In Remark 2.1.6 (ii) we mentioned that cocoercivity implies Lipschitz continuity,
whereas the converse is not true in general. For the gradients of convex and di�eren-
tiable functions, however, the two properties are equivalent. The proof for the following
statement can be found for examle in [17, Corollary 18.16].

Proposition 2.2.11 (Baillon-Haddad). Let f : X → R be convex and Fréchet di�er-
entiable and let β ∈ R++. Then ∇f is β-Lipschitz continuous if and only if ∇f is
1/β-cocoercive.

2.3. Convergence theorems of Opial type

To show weak convergence of sequences in Hilbert spaces we will use the following so-
called Opial Lemma.

Lemma 2.3.1 (discrete Opial Lemma [117]). Let C ⊆ X be a nonempty set and (xk)k≥0

a sequence in X such that the following two conditions hold:

(a) for every x∗ ∈ C, limk→+∞ ‖xk − x∗‖ exists;

(b) every weak sequential cluster point of (xk)k≥0 belongs to C.

Then (xk)k≥0 converges weakly to an element in C.

The continuous version of the Opial Lemma reads as follows.

Lemma 2.3.2 (continuous Opial Lemma [27, Lemma 7]). Let C ⊆ X be a nonempty set
and x : [0,+∞)→ X a given map. Assume that

9
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(a) for every x∗ ∈ C, limk→+∞ ‖x(t)− x∗‖ exists;

(b) every weak sequential cluster point of the map x belongs to C.

Then x∞ ∈ C such that x(t) converges weakly to x∞ as t→ +∞.

2.4. Stochastics

We want to recall basic notions from measure and probability theory which can be found
in any introductory book on this topic. To this end we partly follow [19, Section 2.4].

De�nition 2.4.1. Let Ω be a set and let A be a σ-algebra on Ω. Then the tuple (Ω,A)
is called a measurable space.

De�nition 2.4.2. Let (Ω,A) be a measurable space. If it is additionally equipped with
a probability measure P, then the triple (Ω,A,P) is called a probability space.

We call a measurable mapping from a probability space to a measurable space random
variable. Usually when talking about random variables we will omit the spaces and
sometimes even the probability measure, i.e., when talking about the expectation E[X]
of the random variable X.

De�nition 2.4.3 (Expectation). For a random variable X : Ω :→ R on a probability
space (Ω,A,P) the expected value is de�ned as E[X] :=

∫
ΩX(ω) dP(ω).

De�nition 2.4.4. For a random variable X on a probability space (Ω,A,P) with �nite
expectation, its conditional expectation with respect to a sub σ-algebra S of A denoted
by E[X | S], is the S-measurable random variable ful�lling∫

A
X dP =

∫
A
E[X | S] dP ∀A ∈ S.

Despite the abstract nature of this de�nition it is a standard problem in measure theory
to show existence and uniqueness of such a random variable (in an almost sure sense). We
will use the notation E[X |Y ] for two random variables X and Y , where the conditional
expectation of X is meant to be taken with respect to the σ-algebra generated by Y .

The following three substantial lemmas can be found for example in [134].

Lemma 2.4.5. Let the assumptions of De�nition 2.4.4 hold.

(i) If X is measurable with respect to S, then E[X | S] = X.

(ii) If X is independent of S, then E[X | S] = E[X].

The two properties above are combined into the following statement.

10
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Lemma 2.4.6 (Independence lemma). Let f be a function of two arguments such that

g(x) := E[f(x, Y )].

If X and Y are two independent random variables, then

g(X) = E[f(X,Y ) |X].

In the stochastic setting of Section 3.4 we will deal with the case where the objective
function F : H → R for all z ∈ H is given as Eξ[F (z; ξ)] for a random variable ξ (with
a slight abuse of notation). We write Eξ to emphasize that ξ is stochastic and not z,
but will drop the subscript later on. Typically one assumes the gradients of F (z; ξ) with
respect to z to be unbiased estimates for the gradient of F , i.e., that for all z ∈ H we
have

Eξ[∇F (z; ξ)] = ∇F (z).

When analysing the proposed algorithms in Section 3.4, due to use of stochastic gradients,
the iterates (zk)k≥0 will turn to be stochastic themselves. Thus, by Lemma 2.4.6 we get

E[∇F (zk; ξ) | zk] = ∇F (zk),

as long as ξ is independent of the iterate zk.

Lemma 2.4.7 (Tower property). Let A and B be two sigma algebras such that A ⊆ B.
Then we have

E[E[X | B] | A] = E[X | A].

In particular the above lemma implies the law of total expectation, stating that for any
sigma algebra A we have

E[E[X | A]] = E[X].

2.5. Miscellaneous

In this section we gather various helpful auxiliary results. We start with statements
regarding the existence of sequences, followed by a result related to quasi-Fejér monotone
sequences

Lemma 2.5.1 (see [3]). Let (ϕk)k≥0, (αk)k≥1, and (ψk)k≥1 be sequences of nonnegative
real numbers satisfying

ϕk+1 ≤ ϕk + αk(ϕk − ϕk−1) + ψk ∀k ≥ 1,
+∞∑
k=1

ψk < +∞,

and such that 0 ≤ αk ≤ α < 1 for all k ≥ 1. Then the limit limk→+∞ ϕk ∈ R exists.

11
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Lemma 2.5.2 (see [31, Lemma 21]). Let a ≥ 1 and (qk)k≥1 be a bounded sequence in H
such that

lim
k→+∞

(
qk+1 +

k

a
(qk+1 − qk)

)
= p ∈ H.

Then limk→+∞ qk = p.

The following result is a particular instance of [18, Lemma 5.31].

Lemma 2.5.3. Let (ak)k≥1, (bk)k≥1, (dk)k≥1 and (dk)k≥1 be sequences of real num-
bers. Assume that (ak)k≥1 is bounded from below, (bk)k≥1 and (dk)k≥1 are nonnegative
sequences such that

∑
k≥1 dk < +∞. If

ak+1 ≤ (1 + dk) ak − bk ∀k ≥ 1, (2.2)

then the following statements are true:

(i) the sequence (bk)k≥1 is summable, i.e.,
∑

k≥1 bk < +∞;

(ii) the sequence (ak)k≥1 is convergent.

The following two lemmas collect some elementary results that are used several times
in the following, which will close this section.

Lemma 2.5.4. Let a, b, c, d ∈ X . Then the following hold:

(i) �four point identity�:

〈a− b, c− d〉 =
1

2

(
‖a− d‖2 − ‖b− d‖2 − ‖a− c‖2 ‖b− c‖2

)
;

(ii) �Young's inequality�:

〈a, b〉 ≤ 1

2

(
‖a‖2 + ‖b‖2

)
;

(iii) ‖a+ b+ c‖2 ≤ 3
(
‖a‖2 + ‖b‖2 + ‖c‖2

)
.

Lemma 2.5.5. Let a, b, c ∈ R be such that a 6= 0 and b2 − ac ≤ 0. The following
statements are true:

(i) if a > 0, then
a ‖x‖2 + 2b 〈x, y〉+ c ‖y‖2 ≥ 0 ∀x, y ∈ H;

(ii) if a < 0, then
a ‖x‖2 + 2b 〈x, y〉+ c ‖y‖2 ≤ 0 ∀x, y ∈ H.
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3. FBF algorithm: extensions and
convergence rates

In this chapter we introduce a relaxed inertial forward-backward-forward (RIFBF) split-
ting algorithm for approaching the set of zeros of the sum of a maximally monotone
operator and a single-valued monotone and Lipschitz continuous operator. This en-
deavour aims to extend Tseng's forward-backward-forward (FBF) method by both using
inertial e�ects and relaxation parameters. We formulate �rst a second order dynamical
system that approaches the solution set of the monotone inclusion problem to be solved
and provide an asymptotic analysis for its trajectories. We provide for RIFBF, which
follows by explicit time discretisation, a convergence analysis in the general monotone
case as well as when applied to the solving of pseudo-monotone variational inequalities.
This is followed by convergence analysis of the �plain� FBF method applied to minimax
problems and general variational inequalities. The derived error bounds are in terms of
the (restricted) gap function for the ergodic iterates, both for the deterministic and the
stochastic setting. Furthermore, we propose a seemingly new scheme which reuses previ-
ous gradients to mitigate the additional computational cost. In doing so we rediscover a
known method, related to Optimistic Gradient Descent Ascent (OGDA). For the deter-
ministic and the stochastic problem we show a convergence rate of O(1/k) and O(1/

√
k),

respectively. We illustrate the proposed methods and their convergence behaviour by ap-
plications to a bilinear saddle point problem, in the context of which we also emphasise
the interplay between the inertial and the relaxation parameters for RIFBF and showcase
the obtained convergence rates. Our theoretical results are complemented with empirical
improvements in the training of Wasserstein GANs on the CIFAR-10 dataset.

This chapter is based on the articles [20,36]; see also [19, Chapter 5].

3.1. Introduction

3.1.1. Motivation

One of the main motivations for the investigation of monotone inclusions and variational
inequalities governed by monotone and Lipschitz continuous operators is represented by
convex-concave minimax problems. It is well-known that determining primal-dual pairs
of optimal solutions of constrained convex optimisation problems means actually solv-
ing convex-concave minimax problems [17], nevertheless, minimax problems are of own
interest. Minimax problems arise traditionally in game theory [110] and, more recently,
in robust adversarial learning [96] and the training of Generative Adversarial Networks
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(GANs) [69,70], as we will see in Section 3.5.

The general convex-concave minimax, or saddle point, problem is of the form

min
x∈X

max
y∈Y

Ψ(x, y) := f(x) + Φ(x, y)− g(y), (MM)

where X and Y are real Hilbert spaces, Φ : X × Y → R is a coupling function, and
f : X → R ∪ {+∞} and g : Y → R ∪ {+∞} are regularisers. The coupling function
Φ is assumed to be convex-concave, i.e., Φ( · , y) : X → R is convex for all y ∈ Y and
Φ(x, · ) : Y → R is concave for all x ∈ X , and di�erentiable with L-Lipschitz continuous
gradient (L > 0), which means that for all x, x′ ∈ X and all y, y′ ∈ Y we have

∥∥∇Φ(x, y)−∇Φ(x′, y′)
∥∥ ≤ L∥∥(x, y)− (x′, y′)

∥∥ = L

√
‖x− x′‖2 + ‖y − y′‖2.

The regularisers f and g are assumed to be proper, convex and lower semicontinuous. A
solution of (MM) is given by a so-called saddle point (x∗, y∗) ∈ X × Y, ful�lling

Ψ(x∗, y) ≤ Ψ(x∗, y∗) ≤ Ψ(x, y∗) ∀x ∈ X , ∀y ∈ Y,

or, equivalently, the system of optimality conditions

0 ∈ ∂[Ψ( · , y∗)](x∗) = ∂f(x∗) +∇xΦ(x∗, y∗),

0 ∈ ∂[−Ψ(x∗, · )](y∗) = ∂g(y∗)−∇yΦ(x∗, y∗),
(3.1)

where ∂f : X → 2X and ∂g : Y → 2Y denote the convex subdi�erential of the functions
f and g, respectively. De�ning

r : X × Y → R ∪ {+∞}, (x, y) 7→ f(x) + g(y),

and

F : X × Y → X × Y, (x, y) 7→
(
∇xΦ(x, y)
−∇yΦ(x, y)

)
,

we see that (3.1) is equivalent to

0 ∈ ∂r(x∗, y∗) + F (x∗, y∗).

Note that the assumptions stated above imply that r is proper, convex and lower semi-
continuous, while F is monotone and L-Lipschitz continuous.

This motivates us also to investigate the following more general problem. Let H be a
real Hilbert space, let r : H → R∪ {+∞} be a proper, convex and lower semicontinuous
function, and let F : H → H be a monotone and L-Lipschitz continuous operator (L > 0).
The goal is to �nd z∗ ∈ H such that

0 ∈ ∂r(z∗) + F (z∗). (MI-VI)
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Using the de�nition of the convex subdi�erential, we see that (MI-VI) is equivalent to

r(z∗) + 〈F (z∗), z∗ − z〉 ≤ r(z) ∀z ∈ H. (VI-s)

This type of problem is well-established and is called Variational Inequality (VI). The for-
mulation (VI-s) is known as strong form of the VI, while its associated weak formulation
reads as follows: �nd z∗ ∈ H such that

r(z∗) + 〈F (z), z∗ − z〉 ≤ r(z) ∀z ∈ H. (VI-w)

Obviously, the notions of strong and weak formulation are strongly related and in the
setting stated above even equivalent.

Lemma 3.1.1. Let r : H → R ∪ {+∞} be a proper, convex and lower semicontinuous
function, and let F : H → H be a monotone operator. Then the following holds:

(i) If z∗ ∈ H is a solution of (VI-s), then it is also a solution of (VI-w);

(ii) If in addition F is continuous, then z∗ ∈ H is a solution of (VI-s) if and only if it
is a solution of (VI-w).

Proof. (i) Let z∗ ∈ H be a solution for the strong formulation (VI-s). Then by mono-
tonicity of F we have that for all z ∈ H

r(z) ≥ r(z∗) + 〈F (z∗), z∗ − z〉 ≥ r(z∗) + 〈F (z), z∗ − z〉 ,

which is nothing else than z∗ being a solution for the weak formulation (VI-w).

(ii) Let z∗ ∈ H be a solution for the weak formulation (VI-w) and z = βz∗ + (1− β)w
for an arbitrary but �xed w ∈ H and β ∈ (0, 1). Then

〈F (βz∗ + (1− β)w), (1− β)(w − z∗)〉+ r(βz∗ + (1− β)w)− r(z∗) ≥ 0,

and convexity of r implies

(1− β) 〈F (βz∗ + (1− β)w), w − z∗〉+ (1− β) (r(w)− r(z∗)) ≥ 0.

Dividing the above inequality by (1− β) and taking the limit β → 1 then gives

〈F (z∗), w − z∗〉+ r(w)− r(z∗) ≥ 0.

As w ∈ H was arbitrary, we get that z∗ is a solution for the strong formula-
tion (VI-s).

Problem (VI-s) and (VI-w) is known as general strong and weak VI, respectively. For
a speci�c choice of the function r we obtain a prestigious problem instance of particular
interest.
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Example 3.1.2. Let C ⊆ H be a nonempty closed convex set. Then for the choice
r = δC in (VI-s) and (VI-w) we obtain the classical strong and weak VI, respectively,
where the task is to �nd z∗ ∈ C such that

〈F (z∗), z − z∗〉 ≥ 0 ∀z ∈ C, (3.2)

and
〈F (z), z − z∗〉 ≥ 0 ∀z ∈ C,

respectively.

A further generalisation of (MI-VI), and thus variational inequalities, is the so-called
Monotone Inclusion (MI), where we want to �nd z∗ ∈ H such that

0 ∈ Az∗ +Bz∗, (MI)

with A : H → 2H being a set-valued maximal monotone operator and B : H → H being
a single-valued monotone and L-Lipschitz continuous operator (L > 0). Indeed this
is a generalisation, as the subdi�erential of a proper, convex and lower semicontinuous
function is well-known to be maximal monotone.
Monotone inclusions governed by maximal monotone operators are often seen as gener-

alisations of systems of optimality conditions for convex optimisation problems, however,
(MI) shows that they can also be of own interest. In order to solve (MI) one cannot
rely on solution methods developed for optimisation problems, but needs to design and
develop speci�c algorithms in the framework of the theory of monotone operators. This
will be one of our goals in this chapter and in this way we will provide further evidence
for the importance of monotone operators beyond the convex optimisation setting.

Remark 3.1.3. Formulation (MM) is indeed su�ciently general. For example if we look
at the following saddle point problem where the regularisers are composed with linear
operators,

min
x∈X

max
y∈Y

Ψ(x, y) := f(Ax) + Φ(x, y)− g(By), (3.3)

where X , Y, H, G are real Hilbert spaces, f : H → R ∪ {+∞}, g : G → R ∪ {+∞}
are proper, convex, lower semicontinuous functions, A : X → H, B : Y → G are linear
continuous mappings and the coupling function Φ : H × G → R is convex-concave and
Fréchet di�erentiable with Lipschitz continuous gradient. Then �nding a saddle point
of (3.3) amounts to solving

0 ∈ ∂ (f ◦A) (x∗) +∇x[Φ( · , y∗)](x∗),
0 ∈ ∂ (g ◦B) (y∗)−∇y[Φ(x∗, · )](y∗).

Under certain regularity conditions (see [17, Section 16.4]) this is equivalent to

0 ∈ A∗∂f(Ax∗) +∇xΦ(x∗, y∗),

0 ∈ B∗∂g(By∗)−∇yΦ(x∗, y∗).
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Employing [17, Theorem 16.23] we see that the above holds if and only if there exist
(u∗, v∗) ∈ H × G such that

0 ∈ ∂f∗(u∗)−Ax∗
0 = A∗u∗ +∇xΦ(x∗, y∗)

0 ∈ ∂g∗(v∗)−By∗
0 = B∗v∗ −∇yΦ(x∗, y∗),

where f∗ and g∗ denote the Fenchel conjugate of f and g, respectively. Using the de�-
nition of the subdi�erential and the convex-concave structure of the coupling function Φ
we infer that this is ful�lled if and only if for all (x, y, u, v) ∈ X × Y ×H× G

−f∗(u) + 〈u,Ax∗〉+ Φ(x∗, y) + g∗(v∗)− 〈v∗, By〉
≤ −f∗(u∗) + 〈u∗, Ax∗〉+ Φ(x∗, y∗) + g∗(v∗)− 〈v∗, By∗〉
≤ −f∗(u∗) + 〈u∗, Ax〉+ Φ(x, y∗) + g∗(v)− 〈v,By∗〉 .

Writing

Ψ̃((x, v), (y, u)) := −f∗(u) + 〈u,Ax〉+ Φ(x, y) + g∗(v)− 〈v,By〉 ,

we see that the above chain of inequalities holds if and only if for all (x, u) ∈ X ×H and
all (y, v) ∈ Y × G

Ψ̃((x∗, v∗), (y, u)) ≤ Ψ̃((x∗, v∗), (y∗, u∗)) ≤ Ψ̃((x, v), (y∗, u∗)),

which is the characterisation of a solution for the saddle point problem

min
(x,v)∈X×G

max
(y,u)∈Y×H

f̃(x, v) + Φ̃((x, v), (y, u))− g̃(y, u),

where
f̃ : (x, v) 7→ g∗(v) and g̃ : (y, u) 7→ f∗(u)

are proper, convex and lower semicontinuous functions, and

Φ̃ : ((x, v), (y, u)) 7→ 〈u,Ax〉+ Φ(x, y)− 〈v,By〉

is convex-concave and di�erentiable with Lipschitz continuous gradient � matching the
setting of (MM).

3.1.2. Related literature

Solution methods for solving (MI), when the operator B is cocoercive, have been de-
veloped intensively in the last decades [1, 9, 17, 27, 28]. The simplest method for solving
(MI), when B is cocoercive, is the forward-backward method, which for a given starting
point z0 ∈ H iterates for all k ≥ 0

zk+1 = JγA (Id− γB) zk, (3.4)
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where γ is a positive step size chosen in (0, 2/L) and JA denotes the resolvent of A. Notice
that every cocoercive operator is Lipschitz continuous and that the gradient of a convex
and Fréchet di�erentiable function is a cocoercive operator if and only if it is Lipschitz
continuous (see Remark 2.1.6 and Proposition 2.2.11). The iterative scheme (3.4) results
from time-discretisation of the following �rst order dynamical system with time step size
chosen equal to 1, {

ż(t) + z(t) = JγA (Id− γB) z(t),

z(0) = z0.

For more about dynamical systems of implicit type associated to monotone inclusions
and convex optimisation problems, see for example [1, 7, 21, 28].
Recently, the following second order dynamical system associated with the monotone

inclusion problem (MI), when B is cocoercive,{
z̈(t) + σ(t)ż(t) + τ(t) [z(t)− JγA (Id− γB) z(t)] = 0,

z(0) = z0, ż(0) = ż0,

where σ, τ : [0,+∞) → [0,+∞), was proposed and studied in [27] (see also [2, 7, 28]).
Explicit time discretisation of this second order dynamical system gives rise to so-called
relaxed inertial forward-backward algorithms, which combine inertial e�ects and relax-
ation parameters.
In the last years Attouch and Cabot have promoted relaxed inertial algorithms for

monotone inclusions and convex optimisation problems in a series of papers, as they
combine the advantages of both inertial e�ects and relaxation techniques. More pre-
cisely, they addressed the relaxed inertial proximal method [10, 11] and the relaxed in-
ertial forward-backward method [9]. A relaxed inertial Douglas-Rachford algorithm for
monotone inclusions has been proposed by [29]. [81] investigated the in�uence inertial
e�ects and relaxation techniques have on the numerical performances of optimisation
algorithms. The interplay between relaxation and inertial parameters for relative-error
inexact under-relaxed algorithms has been addressed by [4, 5].
Relaxation techniques are essential ingredients in the formulation of algorithms for

monotone inclusions, as they provide more �exibility to the iterative schemes [17, 59].
Inertial e�ects have been introduced in order to accelerate the convergence of the numer-
ical methods. This technique traces back to the pioneering work of Polyak [122], who
introduced the heavy ball method in order to speed up the convergence behaviour of the
gradient algorithm and allow the detection of di�erent critical points. This idea was em-
ployed and re�ned in various settings � most prominently in the context of solving smooth
convex minimisation problems by Nesterov [113], but also for monotone inclusions [2]
and nonsmooth convex minimisation problems [3]. When applied to convex minimisa-
tion problems, the acceleration techniques introduced by Nesterov [113] or those de�ned
via asymptotically similar constructions lead to an improved convergence rate for the
sequence of objective function values. When applied to monotone inclusions, the same
lead, as seen in [9, 10, 11] for the relaxed inertial proximal and forward-backward meth-
ods, to improved convergence rates for the sequences of discrete velocities and Yosida
regularisations of the governing operator.
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3.1. Introduction

In the following we will focus on solving the monotone inclusion (MI) in the case when
B is merely monotone and Lipschitz continuous. To this end we will formulate a relaxed
inertial forward-backward-forward (RIFBF) algorithm, which we obtain through the time
discretisation of a second order dynamical system approaching the solution set of (MI).
The forward-backward-forward (FBF) method was proposed by Tseng [137], iterating for
all k ≥ 0

FBF:

⌊
wk = JγkA(Id− γkB)zk,
zk+1 = yk − γk(Byk −Bzk),

where z0 ∈ H is the starting point. The sequence (zk)k≥0 converges weakly to a solution
of (MI) if the sequence of step sizes (γk)k≥0 is chosen in the interval (0, 1/L), where
L > 0 is the Lipschitz constant of B. An inertial version of FBF, however in the
absence of relaxation variables, was proposed by [26]. The convergence of the sequence
of generated iterates has been proved in a very restrictive setting that requires that the
inertial parameters take very small values. This is in accordance to the inertial parameters
choices in the earliest papers on inertial algorithms [2, 3]. It is one of our aims to show
that relaxation parameters allow more �exibility in the choice of the inertial ones, which
leads to better convergence behaviour.

Recently, a forward-backward algorithm for solving (MI), when B is monotone and
Lipschitz continuous, was proposed by [100]. This method requires in every iteration
only one forward step instead of two, however, the sequence of step sizes has to be
chosen constant in the interval (0, 1/2L), which slows the algorithm down in comparison
to FBF. A popular algorithm used to solve the variational inequality (MI-VI), when
B is monotone and Lipschitz continuous, is Korpelevich's extragradient method [85].
Note that this algorithm can also be applied to the more general monotone inclusion
problem (MI) with the step sizes to be chosen in the interval (0, 1/L), however, this
method requires two backward steps as well as two forward steps.

3.1.3. Outline

First, we will approach the solution set of (MI) from a continuous perspective by means
of the trajectories generated by a second order dynamical system of FBF type in Sec-
tion 3.2. We will prove an existence and uniqueness result for the generated trajectories
and provide a general setting in which these converge to a zero of A + B as time goes
to in�nity. In addition, we will show that explicit time discretisation of the dynamical
system gives rise to an algorithm of forward-backward-forward type with inertial and
relaxation parameters which we call RIFBF.

In Section 3.3 we will discuss the convergence of RIFBF and investigate the inter-
play between the inertial and the relaxation parameters. It is of certain relevance to
notice that both the standard FBF method, the algorithm by [100] and the extragradi-
ent method require to know the Lipschitz constant of B, which is not always available.
This can be avoided by performing a line-search procedure, which usually leads to addi-
tional computation costs. On the contrary, we will use an adaptive step size rule which
does not require knowledge of the Lipschitz constant of B. We will also comment on
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3. FBF algorithm: extensions and convergence rates

the convergence of RIFBF when applied to the variational inequality problem (3.2) in
the case when the operator involved is pseudo-monotone but not necessarily monotone.
Pseudo-monotone operators for example appear in the consumer theory of mathematical
economics [73] and as gradients of pseudo-convex functions [51], such as ratios of convex
and concave functions in fractional programming [22]. To conclude this section we treat
a bilinear saddle point problem which can be understood as a two-player zero-sum con-
strained game. In this context, we emphasise the interplay between the inertial and the
relaxation parameters.
In Section 3.4 we deal with statements about convergence rates for the FBF method.

We also propose a variant of FBF reusing previous gradients to reduce the computational
cost per iteration, which turns out to be a known method, related to [100]. By devel-
oping a unifying scheme that captures both FBF and this method, we reveal a hitherto
unknown connection. Using this approach we prove novel convergence rates in terms
of the minimax gap for both methods in the context of saddle point problems. In the
deterministic and stochastic setting we obtain rates of O(1/k) and O(1/

√
k), respectively.

Again, we treat bilinear saddle point problems to illustrate the obtained convergence
rates.
Concluding, in Section 3.5 we employ variants of FBF for training Generative Adver-

sarial Networks (GANs) which constitute a powerful class of machine learning systems
where two opposing arti�cial neural networks compete in a zero-sum game. GANs have
achieved outstanding results for producing photorealistic pictures and are typically known
to be di�cult to optimise. Using principled methods with convergence guarantees, even
though only in the monotone setting, we show empirical improvements in the training of
Wasserstein GANs on the CIFAR-10 dataset.

3.2. A second order dynamical system of FBF type

In this and the following section we aim to solve the monotone inclusion problem (MI).
Recall, we are interested in �nding z∗ ∈ H, with H being a real Hilbert space, such that

0 ∈ Az∗ +Bz∗, (MI)

where A : H → 2H is a maximally monotone set-valued operator, and B : H → H is a
monotone and Lipschitz continuous operator with Lipschitz constant L > 0, such that
zer(A+B) := {z ∈ H : 0 ∈ Az +Bz} 6= ∅.

In this section we will for this reason focus on the study of the following dynamical
system in connection with the monotone inclusion problem (MI),

w(t) = JγA(Id− γB)z(t),

z̈(t) + σ(t)ż(t) + τ(t) [z(t)− w(t)− γ (Bz(t)−Bw(t))] = 0,

z(0) = z0, ż(0) = ż0,

(3.5)

where σ, τ : [0,+∞) → [0,+∞) are Lebesgue measurable functions, 0 < γ < 1/L and
z0, ż0 ∈ H.
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3.2. A second order dynamical system of FBF type

We de�ne M : H → H by

Mz = z − JγA(Id− γB)z − γ [Bz −B ◦ JγA(Id− γB)z] . (3.6)

Then (3.5) can be equivalently written as{
z̈(t) + σ(t)ż(t) + τ(t)Mz(t) = 0,

z(0) = z0, ż(0) = ż0.
(3.7)

The following result collects some properties of M .

Proposition 3.2.1. Let M be de�ned as in (3.6). Then the following statements are
true:

(i) zer(M) = zer(A+B);

(ii) M is Lipschitz continuous;

(iii) for all z∗ ∈ zer(M) and all z ∈ H the following holds:

〈Mz, z − z∗〉 ≥ 1− γL
(1 + γL)2

‖Mz‖2 .

Proof. (i) For z ∈ H we set w := JγA(Id − γB)z, thus Mz = z − w − γ (Bz −Bw).
Using the Lipschitz continuity of B we have

(1− γL) ‖z − w‖ ≤ ‖Mz‖ = ‖z − w − γ (Bz −Bw)‖ ≤ (1 + γL) ‖z − w‖ . (3.8)

Therefore, z ∈ zer(M) if and only if z = w = JγA(Id − γB)z, which is further
equivalent to z ∈ zer(A+B).

(ii) Let z, z′ ∈ H and w := JγA(Id − γB)z, and w′ := JγA(Id − γB)z′. The Lipschitz
continuity of B yields∥∥Mz −Mz′

∥∥ =
∥∥z − w − γ (Bz −Bw)− z′ + w′ + γ

(
Bz′ −Bw′

)∥∥
≤ (1 + γL)

(∥∥z − z′∥∥+
∥∥w − w′∥∥) .

In addition, by the nonexpansiveness (Lipschitz continuity with Lipschitz con-
stant 1) of JγA and again by the Lipschitz continuity of B we obtain∥∥w − w′∥∥ =

∥∥JγA(Id− γB)z − JγA(Id− γB)z′
∥∥

≤
∥∥(Id− γB)z − (Id− γB)z′

∥∥ ≤ (1 + γL)
∥∥z − z′∥∥ .

Therefore, ∥∥Mz −Mz′
∥∥ ≤ (1 + γL)(2 + γL)

∥∥z − z′∥∥ ,
which shows that M is Lipschitz continuous with Lipschitz constant (1 + γL)(2 +
γL) > 0.
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3. FBF algorithm: extensions and convergence rates

(iii) Let z∗ ∈ H be such that 0 ∈ (A+B)z∗ and z ∈ H. We denote w := JγA(Id− γB)z
and can write (Id− γB)z ∈ (Id + γA)w or, equivalently,

1

γ
(z − w)− (Bz −Bw) ∈ (A+B)w. (3.9)

Using the monotonicity of A+B we obtain〈
1

γ
(z − w)− (Bz −Bw) , w − z∗

〉
≥ 0,

which is equivalent to

〈z − w − γ (Bz −Bw) , z − z∗〉 ≥ 〈z − w − γ (Bz −Bw) , z − w〉 .

This means that

〈Mz, z − z∗〉 ≥ 〈z − w − γ (Bz −Bw) , z − w〉 = ‖z − w‖2 − γ 〈Bz −Bw, z − w〉
≥ ‖z − w‖2 − γ ‖Bz −Bw‖ ‖z − w‖ ≥ (1− γL) ‖z − w‖2

≥ 1− γL
(1 + γL)2

‖Mz‖2 ,

where the last inequality follows from (3.8).

The following de�nition makes explicit which kind of solutions of the dynamical sys-
tem (3.5) we are looking for. We recall that a function z : [0, b] → H (where b > 0) is
said to be absolutely continuous if there exists an integrable function w : [0, b]→ H such
that

z(t) = z(0) +

∫ t

0
w(s) ds ∀t ∈ [0, b].

This is nothing else than z is continuous and its distributional derivative ż is Lebesgue
integrable on [0, b].

De�nition 3.2.2. We say that z : [0,+∞) → H is a strong global solution of (3.5) if
the following properties are satis�ed:

(i) z, ż : [0,+∞) → H are locally absolutely continuous, in other words, absolutely
continuous on each interval [0, b] for 0 < b < +∞;

(ii) z̈(t) + σ(t)ż(t) + τ(t)Mz(t) = 0 for almost every t ∈ [0,+∞);

(iii) z(0) = z0 and ż(0) = ż0.

Since M : H → H is Lipschitz continuous, the existence and uniqueness of the tra-
jectory of (3.5) follows from the Cauchy-Lipschitz Theorem for absolutely continuous
trajectories.
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3.2. A second order dynamical system of FBF type

Theorem 3.2.3. (see [27, Theorem 4]) Let σ, τ : [0,+∞) → [0,+∞) be Lebesgue
measurable functions such that σ, τ ∈ L1

loc([0,+∞)) (that is σ, τ ∈ L1([0, b]) for all
0 < b < +∞). Then for each z0, ż0 ∈ H there exists a unique strong global solution of
the dynamical system (3.5).

We will prove the convergence of the trajectories of (3.5) in a setting which requires
the damping function σ and the relaxation function τ to ful�l the assumptions below.
We refer to [27] for examples of functions which ful�l this assumption and want also to
emphasise that when the two functions are constant we recover the conditions from [13].

Assumption 3.2.4. σ, τ : [0,+∞)→ [0,+∞) are locally absolutely continuous and there
exists ν > 0 such that for almost every t ∈ [0,+∞) the inequalities

σ̇(t) ≤ 0 ≤ τ̇(t) and
σ2(t)

τ(t)
≥ (1 + ν)

(1 + γL)2

1− γL

hold true.

The result which states the convergence of the trajectories is adapted from the results
by [27, Theorem 8]. However, it cannot be obtained as a direct consequence of it, since
the operator M is not cocoercive as it is required there. Nevertheless, as seen in Propo-
sition 3.2.1 (iii), M has a property, sometimes called �cocoercive with respect to its set
of zeros�, which is by far weaker than cocoercivity, but strong enough in order to allow
us to partially apply the techniques used to prove Theorem 8 by [27].

Theorem 3.2.5. Let σ, τ : [0,+∞)→ [0,+∞) be functions satisfying Assumption 3.2.4
and z0, ż0 ∈ H. Let z : [0,+∞)→ H be the unique strong global solution of (3.5). Then
the following statements are true:

(i) the trajectory z is bounded and ż, z̈, Mz ∈ L2 ([0,+∞);H);

(ii) limt→+∞ ż(t) = limt→+∞ z̈(t) = limt→+∞Mz(t) = limt→+∞ [z(t)− w(t)] = 0;

(iii) z(t) converges weakly to an element in zer(A+B) as t→ +∞.

Proof. Take an arbitrary z∗ ∈ zer(A+B) = zer(M) and de�ne for all t ∈ [0,+∞) the
Lyapunov function h(t) = 1

2 ‖z(t)− z∗‖
2. For almost every t ∈ [0,+∞) we have

ḣ(t) = 〈z(t)− z∗, ż(t)〉 and ḧ(t) = ‖ż(t)‖2 + 〈z(t)− z∗, z̈(t)〉 .

Taking into account (3.7) we obtain for almost every t ∈ [0,+∞) that

ḧ(t) + σ(t)ḣ(t) + τ(t) 〈z(t)− z∗,Mz(t)〉 = ‖ż(t)‖2,

which, together with Proposition 3.2.1 (iii), implies

ḧ(t) + σ(t)ḣ(t) +
1− γL

(1 + γL)2
τ(t) ‖Mz(t)‖2 ≤ ‖ż(t)‖2 .
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3. FBF algorithm: extensions and convergence rates

From this point, we can proceed as in the proof of [27, Theorem 8] � we will show now
that from the last inequality we obtain the statements in (i) and (ii) and that the limit
limt→+∞ ‖z(t)− z∗‖ ∈ R exists, which is the �rst assumption in the continuous version
of the Opial Lemma, see Lemma 2.3.2.
Let us de�ne κ := 1−γL

(1+γL)2
> 0. Taking again into account (3.7) one obtains for every

t ∈ [0,+∞)

ḧ(t) + σ(t)ḣ(t) +
κ

τ(t)
‖z̈(t) + σ(t)ż(t)‖2 ≤ ‖ż(t)‖2

or, equivalently,

ḧ(t) + σ(t)ḣ(t) +
κσ(t)

τ(t)

d

dt

(
‖ż(t)‖2

)
+

(
κσ2(t)

τ(t)
− 1

)
‖ż(t)‖2 +

κ

τ(t)
‖z̈(t)‖2 ≤ 0.

Combining this inequality with

σ(t)

τ(t)

d

dt

(
‖ż(t)‖2

)
=

d

dt

(
σ(t)

τ(t)
‖ż(t)‖2

)
− σ̇(t)τ(t)− σ(t)τ̇(t)

τ2(t)
‖ż(t)‖2

and

σ(t)ḣ(t) =
d

dt
(σh)(t)− σ̇(t)h(t) ≥ d

dt
(σh)(t),

yields for every t ∈ [0,+∞)

ḧ(t) +
d

dt
(σh)(t) + κ

d

dt

(
σ(t)

τ(t)
‖ż(t)‖2

)
+

(
κσ2(t)

τ(t)
+ κ

−σ̇(t)τ(t) + σ(t)τ̇(t)

τ2(t)
− 1

)
‖ż(t)‖2 +

κ

τ(t)
‖z̈(t)‖2 ≤ 0.

According to Assumption 3.2.4 for almost every t ∈ [0,+∞) the following inequality
holds,

ḧ(t) +
d

dt
(σh)(t) + κ

d

dt

(
σ(t)

τ(t)
‖ż(t)‖2

)
+ ν ‖ż(t)‖2 +

κ

τ̄
‖z̈(t)‖2 ≤ 0, (3.10)

where τ̄ denotes a positive upper bound for the function τ . From here we obtain that
the function t 7→ ḣ(t) + σ(t)h(t) + κσ(t)

τ(t) ‖ż(t)‖
2, which is locally absolutely continuous,

is monotonically decreasing. Hence there exists a real number N1 such that

ḣ(t) + σ(t)h(t) + κ
σ(t)

τ(t)
‖ż(t)‖2 ≤ N1 ∀t ∈ [0,+∞), (3.11)

which yields
ḣ(t) + σ

	
h(t) ≤M ∀t ∈ [0,+∞),

where σ
	
denotes a positive lower bound for the function σ. By multiplying this inequality

with exp(σ
	
t) and then by integrating from 0 to T , where T > 0, it yields

h(T ) ≤ h(0) exp(−σ
	
T ) +

N1

σ
	

(1− exp(−σ
	
T )) ,
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3.2. A second order dynamical system of FBF type

thus
h is bounded

and, consequently,
the trajectory z is bounded.

On the other hand, from (3.11), it follows that for every t ∈ [0,+∞)

ḣ(t) +
κσ
	
τ̄
‖ż(t)‖2 ≤ N1,

hence
〈z(t)− z∗, ż(t)〉+

κσ
	
τ̄
‖ż(t)‖2 ≤ N1.

This yields, since z is bounded, that

ż is bounded,

and further that
ḣ is bounded.

Integrating (3.10) we obtain that there exists a real number N2 ∈ R such that for every
t ∈ [0,+∞)

ḣ(t) + σ(t)h(t) + κ
σ(t)

τ(t)
‖ż(t)‖2 + ν

∫ t

0
‖ż(s)‖2 ds+

κ

τ̄

∫ t

0
‖z̈(s)‖2 ds ≤ N2,

which allows us to conclude that ż, z̈ ∈ L2([0,+∞);H). Finally, from (3.7) and Assump-
tion 3.2.4 we deduce Mz ∈ L2([0,+∞);H) and the proof of statement (i) is complete.
In order to prove (ii), we notice that for every t ∈ [0,+∞) the following is true,

d

dt

(
1

2
‖ż(t)‖2

)
= 〈ż(t), z̈(t)〉 ≤ 1

2
‖ż(t)‖2 +

1

2
‖z̈(t)‖2 ,

which, according to (i), leads to limt→+∞ ż(t) = 0.
Further, for every t ∈ [0,+∞) we have

d

dt

(
1

2
‖M(z(t))‖2

)
=

〈
M(z(t)),

d

dt
(Mz(t))

〉
≤ 1

2
‖M(z(t))‖2 +

(1 + γL)2(2 + γL)2

2
‖ż(t)‖2 .

By using (i) again, we derive limt→+∞M(z(t)) = 0, while limt→+∞ z̈(t) = 0 follows from
(3.7) and Assumption 3.2.4.

Finally, we have seen that the function t 7→ ḣ(t) +σ(t)h(t) +κσ(t)
τ(t) ‖ż(t)‖

2 is monoton-

ically decreasing, thus from (i), (ii) and Assumption 3.2.4 we deduce that there exists

lim
t→+∞

σ(t)h(t) ∈ R.
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3. FBF algorithm: extensions and convergence rates

By taking also into account that limt→+∞ σ(t) ∈ (0,+∞) exists, we �nally obtain that
there exists

lim
t→+∞

‖z(t)− z∗‖2 ∈ R.

In order to show that the second assumption of the Opial Lemma is ful�lled, which
means actually proving that every weak sequential cluster point of the trajectory z is a
zero of M , one cannot use the arguments from [27, Theorem 8], since M is not max-
imal monotone. We have to use, instead, di�erent arguments relying on the maximal
monotonicity of A+B.

Indeed, let z̄ be a weak sequential cluster point of z, which means that there exists a
sequence tk → +∞ such that (z(tk))k≥0 converges weakly to z̄ as k → +∞. Since, ac-
cording to (ii), limt→+∞Mz(t) = limt→+∞ [z(t)− w(t)] = 0, we conclude that (w(tk))k≥0

also converges weakly to z̄. According to (3.9) we have

1

γ
(z(tk)− w(tk))− (Bz(tk)−Bw(tk)) ∈ (A+B)w(tk) ∀k ≥ 0. (3.12)

Since B is Lipschitz continuous and limk→+∞ ‖z(tk)− w(tk)‖ = 0, the left hand side
of (3.12) converges strongly to 0 as k → +∞. Since A + B is maximal monotone, its
graph is sequentially closed with respect to the weak-strong topology of the product space
H×H. Therefore, taking the limit as tk → +∞ in (3.12) we obtain z̄ ∈ zer(A+B).

Thus, the continuous Opial Lemma implies that z(t) converges weakly to an element
in zer(A+B) as t→ +∞.

Remark 3.2.6 (explicit discretisation). Explicit time discretisation of (3.5) with step size
sk > 0, relaxation variable τk > 0, damping variable σk > 0, and initial points z0 and z1

yields for all k ≥ 1 the following iterative scheme:

1

s2
k

(zk+1 − 2zk + zk−1) +
σk
sk

(zk − zk−1) + τkMvk = 0, (3.13)

where vk is an extrapolation of zk and zk−1 that will be chosen later. The Lipschitz con-
tinuity ofM provides a certain �exibility to this choice. We can write (3.13) equivalently
as

(∀k ≥ 1) zk+1 = zk + (1− σksk)(zk − zk−1)− s2
kτkMvk.

Setting αk := 1− σksk, ρk := s2
kτk and choosing vk := zk + αk(zk − zk−1) for all k ≥ 1,

we can write the above scheme as vk = zk + αk(zk − zk−1)
wk = JγA(Id− γB)vk
zk+1 = (1− ρk)vk + ρk (wk − γ(Bwk −Bvk)) ,

which is a relaxed version of the FBF algorithm with inertial e�ects.
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

In this section we investigate the convergence of the relaxed inertial algorithm derived
in the previous section via explicit time discretisation of the second order dynamical
system (3.5). Recall, we are still interested in solving the monotone inclusion (MI),
where we want to �nd z∗ ∈ H such that

0 ∈ Az∗ +Bz∗,

with A : H → 2H being a set-valued maximal monotone operator and B : H → H being a
single-valued monotone and Lipschitz continuous operator with Lipschitz constant L > 0.
To this end we will address the following algorithm iterating for all k ≥ 1

RIFBF:

 vk = zk + αk(zk − zk−1)
wk = JγkA(Id− γkB)vk
zk+1 = (1− ρk)vk + ρk (wk − γk(Bwk −Bvk)) ,

where z0, z1 ∈ H are starting points, (γk)k≥1, (ρk)k≥1 ⊆ R++ are sequences of posi-
tive numbers, and (αk)k≥1 ⊆ R+ is a sequence of nonnegative numbers. The following
iterative schemes can be obtained as particular instances of RIFBF:

� ρk = 1 for all k ≥ 1: inertial Forward-Backward-Forward algorithm

IFBF:

 vk = zk + αk(zk − zk−1)
wk = JγkA(Id− γkB)vk
zk+1 = wk − γk(Bwk −Bvk)

∀k ≥ 1

� αk = 0 for all k ≥ 1: relaxed Forward-Backward-Forward algorithm

RFBF:

⌊
wk = JγkA(Id− γkB)zk
zk+1 = (1− ρk)zk + ρk (wk − γk(Bwk −Bzk))

∀k ≥ 1

� αk = 0, ρk = 1 for all k ≥ 1: Forward-Backward-Forward algorithm

FBF:

⌊
wk = JγkA(Id− γkB)zk
zk+1 = wk − γk(Bwk −Bzk).

∀k ≥ 1

Step size rules: Depending on the availability of the Lipschitz constant L of B , we
have two di�erent options for the choice of the sequence of step sizes (γk)k≥1:

� constant step size: γk := γ ∈ (0, 1/L) for all k ≥ 1;

� adaptive step size: let µ ∈ (0, 1) and γ1 > 0. The step sizes for k ≥ 1 are
adaptively updated as follows

γk+1 :=

{
min

{
γk,

µ‖wk−vk‖
‖Bwk−Bvk‖

}
, if Bwk −Bvk 6= 0,

γk, otherwise.
(3.14)
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3. FBF algorithm: extensions and convergence rates

If the Lipschitz constant L of B is known in advance, then a constant step size can
be chosen. Otherwise, the adaptive step size rule (3.14) is highly recommended. In
the following, we provide the convergence analysis for the adaptive step size rule, as
the constant step size rule can be obtained as a particular of it by setting γ1 := γ and
µ := γL.

Proposition 3.3.1. Let µ ∈ (0, 1) and γ1 > 0. The sequence (γk)k≥1 generated by (3.14)
is nonincreasing and

lim
k→+∞

γk = γ ≥ min
{
γ1,

µ

L

}
.

In addition,

‖Bwk −Bvk‖ ≤
µ

γk+1
‖wk − vk‖ ∀k ≥ 1. (3.15)

Proof. It is obvious from (3.14) that γk+1 ≤ γk for all k ≥ 1. Since B is Lipschitz
continuous with Lipschitz constant L we obtain

µ ‖wk − vk‖
‖Bwk −Bvk‖

≥ µ

L
, if Bwk −Bvk 6= 0,

which together with (3.14) yields

γk+1 ≥ min
{
γ1,

µ

L

}
∀k ≥ 1.

Thus, there exists

γ := lim
k→+∞

γk ≥ min
{
γ1,

µ

L

}
.

The inequality (3.15) follows directly from (3.14).

Proposition 3.3.2. Let uk := wk − γk(Bwk −Bvk) and θk := γk
γk+1

for all k ≥ 1. Then

for all z∗ ∈ zer(A+B) the following holds:

‖uk − z∗‖2 ≤ ‖vk − z∗‖2 −
(
1− µ2θ2

k

)
‖wk − vk‖2 ∀k ≥ 1. (3.16)

Proof. Let k ≥ 1. Using (3.15) we have that

‖vk − z∗‖2 = ‖vk − wk + wk − uk + uk − z∗‖2

= ‖vk − wk‖2 + ‖wk − uk‖2 + ‖uk − z∗‖2

+ 2 〈vk − wk, wk − z∗〉+ 2 〈wk − uk, uk − z∗〉
= ‖vk − wk‖2 − ‖wk − uk‖2 + ‖uk − z∗‖2 + 2 〈vk − uk, wk − z∗〉
= ‖vk − wk‖2 − γ2

k ‖Bwk −Bvk‖2 + ‖uk − z∗‖2 + 2 〈vk − uk, wk − z∗〉

≥ ‖vk − wk‖2 −
µ2γ2

k

γ2
k+1

‖wk − vk‖2 + ‖uk − z∗‖2 + 2 〈vk − uk, wk − z∗〉 .

(3.17)

On the other hand, since

(Id + γkA)wk 3 (Id− γkB)vk,
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

we have

vk ∈ wk +γkAwk +γkBvk = wk−γk(Bwk−Bvk) +γk(A+B)wk = uk +γk(A+B)wk.

Therefore,
1

γk
(vk − uk) ∈ (A+B)wk,

which, together with 0 ∈ (A+B)z∗ and the monotonicity of A+B, implies

〈vk − uk, wk − z∗〉 ≥ 0.

Hence,

‖vk − z∗‖2 ≥ ‖vk − wk‖2 −
µ2γ2

k

γ2
k+1

‖wk − vk‖2 + ‖uk − z∗‖2 ,

which is (3.16).

The following result introduces a discrete Lyapunov function for which a decreasing
property is established.

Proposition 3.3.3. Let (αk)k≥1 be a nondecreasing sequence of nonnegative numbers
and (ρk)k≥1 be such that for some kρ ≥ 1 we have

0 < ρk ≤
2

1 + µθk
∀k ≥ kρ, (3.18)

let z∗ ∈ zer(A+B) and for all k ≥ 1 de�ne

Hk := ‖zk − z∗‖2 − αk ‖zk−1 − z∗‖2 + 2αk

(
αk +

1− αk
ρk(1 + µθk)

)
‖zk − zk−1‖2 . (3.19)

Then there exists k0 ≥ kρ such that for all k ≥ k0 the inequality

Hk+1 −Hk ≤ −δk ‖zk+1 − zk‖2 (3.20)

holds, where

δk := (1− αk)
(

2

ρk(1 + µθk)
− 1

)
− 2αk+1

(
αk+1 +

1− αk+1

ρk+1(1 + µθk+1)

)
∀k ≥ 1.

Proof. From Proposition 3.3.2, with uk = wk − γk(Bwk −Bvk), we have for all k ≥ 1

‖zk+1 − z∗‖2 = ‖(1− ρk)vk + ρkuk − z∗‖2

= ‖(1− ρk)(vk − z∗) + ρk(uk − z∗)‖2

= (1− ρk) ‖vk − z∗‖2 + ρk ‖uk − z∗‖2 − ρk(1− ρk) ‖uk − vk‖2

≤ (1− ρk) ‖vk − z∗‖2 + ρk ‖vk − z∗‖2

− ρk
(
1− µ2θ2

k

)
‖wk − vk‖2 −

1− ρk
ρk

‖zk+1 − vk‖2

= ‖vk − z∗‖2 − ρk
(
1− µ2θ2

k

)
‖wk − vk‖2 −

1− ρk
ρk

‖zk+1 − vk‖2 .

(3.21)

29



3. FBF algorithm: extensions and convergence rates

Using (3.15) we obtain for all k ≥ 1

1

ρk
‖zk+1 − vk‖ = ‖uk − vk‖ ≤ ‖uk − wk‖+ ‖wk − vk‖ = γk ‖Bwk −Bvk‖+ ‖wk − vk‖

≤
(

1 +
µγk
γk+1

)
‖wk − vk‖ = (1 + µθk) ‖wk − vk‖ .

Since limk→+∞ (1− µθk) = 1− µ > 0, there exists k1 ≥ 1 such that

1− µθk > 0 ∀k ≥ k1.

This means that for all k ≥ k1, we have

1− µθk
ρk(1 + µθk)

‖zk+1 − vk‖2 ≤ ρk
(
1− µ2θ2

k

)
‖wk − vk‖2 .

We obtain from (3.21) that for all k ≥ k1

‖zk+1 − z∗‖2 ≤ ‖vk − z∗‖2 −
(

1− µθk
ρk(1 + µθk)

+
1− ρk
ρk

)
‖zk+1 − vk‖2

= ‖vk − z∗‖2 −
(

2

ρk(1 + µθk)
− 1

)
‖zk+1 − vk‖2 .

(3.22)

Now we will estimate the right-hand side of (3.22). For all k ≥ 1 we have

‖vk − z∗‖2 = ‖zk + αk(zk − zk−1)− z∗‖2

= ‖(1 + αk)(zk − z∗)− αk(zk−1 − z∗)‖2

= (1 + αk) ‖zk − z∗‖2 − αk ‖zk−1 − z∗‖2 + αk(1 + αk) ‖zk − zk−1‖2 ,
(3.23)

and

‖zk+1 − vk‖2 = ‖(zk+1 − zk)− αk(zk − zk−1)‖2

= ‖zk+1 − zk‖2 + α2
k ‖zk − zk−1‖2 − 2αk 〈zk+1 − zk, zk − zk−1〉

≥ (1− αk) ‖zk+1 − zk‖2 +
(
α2
k − αk

)
‖zk − zk−1‖2 .

(3.24)

Combining (3.22) with (3.23) and (3.24), together with (3.18) and using that (αk)k≥1 is
nondecreasing, we obtain for all k ≥ k0 := max{k1, kρ}
‖zk+1 − z∗‖2 − αk+1 ‖zk − z∗‖2 ≤ ‖zk+1 − z∗‖2 − αk ‖zk − z∗‖2

≤ ‖zk − z∗‖2 − αk ‖zk−1 − z∗‖2 + αk(1 + αk) ‖zk − zk−1‖2

−
(

2

ρk(1 + µθk)
− 1

)[
(1− αk) ‖zk+1 − zk‖2 +

(
α2
k − αk

)
‖zk − zk−1‖2

]
= ‖zk − z∗‖2 − αk ‖zk−1 − z∗‖2 + 2αk

(
αk +

1− αk
ρk(1 + µθk)

)
‖zk − zk−1‖2

− (1− αk)
(

2

ρk(1 + µθk)
− 1

)
‖zk+1 − zk‖2 ,

which is nothing else than (3.20).
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

In order to further proceed with the convergence analysis, we have to choose the
sequences (αk)k≥1 and (ρk)k≥1 such that

lim inf
k→+∞

δk > 0.

This is a manageable task, since we can choose for example the two sequences such that
limk→+∞ αk = α ≥ 0, and limk→+∞ ρk = ρ > 0. Recalling that limk→+∞ θk = 1, we
obtain

lim
k→+∞

δk = (1− α)

(
2

ρ(1 + µ)
− 1

)
− 2α

(
α+

1− α
ρ(1 + µ)

)
=

2(1− α)2

ρ(1 + µ)
− 1 + α− 2α2,

thus, in order to guarantee limk→+∞ δk > 0 it is su�cient to choose ρ such that

0 < ρ <
2

(1 + µ)

(1− α)2

(2α2 − α+ 1)
. (3.25)

Moreover, for α ≥ 0 we have
(1− α)2

2α2 − α+ 1
≤ 1,

and thus

ε :=
1

2

(
2

1 + µ
− ρ
)
> 0.

Then there exist k0, k1 ≥ 1 such that

ρk ≤ ρ+ ε ∀k ≥ k0,
2

1 + µ
− ε ≤ 2

1 + µθk
∀k ≥ k1.

We obtain that for all k ≥ kρ := max{k0, k1} we have

0 < ρk ≤ ρ+ ε =
1

2

(
ρ+

2

1 + µ

)
=

2

1 + µ
− ε ≤ 2

1 + µθk
,

hence (3.18) is ful�lled naturally with the choice (3.25).

Remark 3.3.4 (inertia versus relaxation). Inequality (3.25) represents the necessary trade-
o� between inertia and relaxation (see Figure 3.1 for two particular choices of µ). The
expression is similar to the one derived by [10, Remark 2.13], the exception being an
additional factor incorporating the step size parameter µ. This means that for given
0 ≤ α < 1 the upper bound for the relaxation parameter is

ρ̄(α, µ) =
2

(1 + µ)

(1− α)2

(2α2 − α+ 1)
.

We further see that α 7→ ρ̄(α, µ) is a decreasing function on the interval [0, 1]. Hence,
the maximal value for the limit of the sequence of relaxation parameters is obtained
when α = 0 and is ρmax(µ) := ρ̄(0, µ) = 2

1+µ . On the other hand, when α ↗ 1, then
ρ̄(α, µ) ↘ 0. In addition, the function µ 7→ ρmax(µ) is also decreasing on [0, 1] with
limiting values 2 as µ↘ 0, and 1 as µ↗ 1.
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3. FBF algorithm: extensions and convergence rates
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Figure 3.1.: Trade-o� between inertia and relaxation for µ = 0.5 (left) and µ = 0.95
(right).

Proposition 3.3.5. Let (αk)k≥1 be a nondecreasing sequence of nonnegative numbers
with 0 ≤ αk ≤ α < 1 for all k ≥ 1 and (ρk)k≥1 a sequence of positive numbers such
that (3.18) holds, with the property that lim infk→+∞ δk > 0. For z∗ ∈ zer(A+B) we
de�ne the sequence (Hk)k≥1 as in (3.19). Then the following statements are true:

(i) the sequence (zk)k≥0 is bounded;

(ii) there exists limk→+∞Hk ∈ R;

(iii)
∑+∞

k=1 δk ‖zk+1 − zk‖2 < +∞.

Proof. (i) From (3.20) and lim infk→+∞ δk > 0 we can conclude that there exists k0 ≥ 1
such that the sequence (Hk)k≥k0 is nonincreasing. Therefore for all k ≥ k0 we have

Hk0 ≥ Hk ≥ ‖zk − z∗‖2 − αk ‖zk−1 − z∗‖2 ≥ ‖zk − z∗‖2 − α ‖zk−1 − z∗‖2

and, from here,

‖zk − z∗‖2 ≤ α ‖zk−1 − z∗‖2 +Hk0

≤ αk−k0 ‖zk0 − z∗‖2 +Hk0(1 + α+ ...+ αk−k0−1)

= αk−k0 ‖zk0 − z∗‖2 +Hk0

1− αk−k0
1− α ,

which implies that (zk)k≥0 is bounded and so is (Hk)k≥1.

(ii) Since (Hk)k≥k0 is nonincreasing and bounded, it converges to a real number.

(iii) Follows from (ii) and Proposition 3.3.3.

We are now in the position to prove the main result of this section.
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

Theorem 3.3.6. Let (αk)k≥1 be a nondecreasing sequence of nonnegative numbers with
0 ≤ αk ≤ α < 1 for all k ≥ 1 and (ρk)k≥1 a sequence of positive numbers such that (3.18)
holds, with the property that lim infk→+∞ δk > 0. Then the sequence (zk)k≥0 converges
weakly to some element in zer(A+B) as k → +∞.

Proof. The result will be a consequence of the discrete Opial Lemma. To this end we will
prove that the conditions (i) and (ii) in Lemma 2.3.1 for C := zer(A+B) are satis�ed.
Let z∗ ∈ zer(A+B). Indeed, it follows from (3.22) and (3.23) that for k large enough

‖zk+1 − z∗‖2 ≤ (1 + αk) ‖zk − z∗‖2 − αk ‖zk−1 − z∗‖2 + αk(1 + αk) ‖zk − zk−1‖2 .

Therefore, according to Lemma 2.5.1 and Proposition 3.3.5 (iii), limk→+∞ ‖zk − z∗‖ ex-
ists.
Let z̄ be a weak limit point of (zk)k≥0 and a subsequence (zkl)l≥0 which converges

weakly to z̄ as l→ +∞. From Proposition 3.3.5 (iii) we have

lim
k→+∞

δk ‖zk+1 − zk‖2 = 0,

which, as lim infk→+∞ δk > 0, yields limk→+∞ ‖zk+1 − zk‖ = 0. Recall that for k ≥ 1 we
have uk = wk − γk(Bwk −Bvk). Since

‖uk − vk‖ =
1

ρk
‖zk+1 − vk‖ =

1

ρk
‖zk+1 − zk + αk(zk − zk−1)‖ ∀k ≥ 1,

we get limk→+∞ ‖uk − vk‖ = 0. On the other hand, for all k ≥ 1 we have

‖uk − vk‖ = ‖wk − vk − γk(Bwk −Bvk)‖ ≥ ‖wk − vk‖ − γk ‖Bwk −Bvk‖
≥ (1− µθk) ‖wk − vk‖ .

Since limk→+∞ (1− µθk) = 1−µ > 0, we can conclude that ‖wk − vk‖ → 0 as k → +∞.
Furthermore, for all k ≥ 1 we have vk = zk + αk(zk − zk−1) and since ‖zk+1 − zk‖ → 0
as k → +∞ we deduce that (vkl)l≥0 converges weakly to z̄ as l → +∞. Combining this
with the fact that ‖wk − vk‖ → 0 as k → +∞ then shows that (wkl)l≥0 and (vkl)l≥0

converges weakly to z̄ as l→ +∞, too. The de�nition of (wkl)l≥0 gives

1

γkl
(vkl − wkl) +Bwkl −Bvkl ∈ (A+B)wkl ∀l ≥ 0.

Using that
(

1
γkl

(vkl − wkl) +Bwkl −Bvkl
)
l≥0

converges strongly to 0 and that the graph

of the maximal monotone operator A + B is sequentially closed with respect to the
weak-strong topology of the product space H × H, we obtain 0 ∈ (A + B)z̄, thus z̄ ∈
zer(A+B).

Remark 3.3.7. In the particular case of the variational inequality (3.2), which corresponds
to the case when A is the normal cone of a nonempty closed convex subset C of H, we
want to �nd z∗ ∈ C such that

〈Bz∗, z − z∗〉 ≥ 0 ∀z ∈ C.
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3. FBF algorithm: extensions and convergence rates

Taking into account that JγNC
= PC is for all γ > 0 the projection operator onto C, the

relaxed inertial FBF algorithm reads

RIFBF-VI:

 vk = zk + αk(zk − zk−1)
wk = PC(Id− γkB)vk
zk+1 = (1− ρk)vk + ρk (wk − γk(Bwk −Bvk)) ,

where z0, z1 ∈ H are starting points, (γk)k≥1 and (ρk)k≥1 are sequences of positive num-
bers, and (αk)k≥1 is a sequence of nonnegative numbers. Then the algorithm converges
weakly to a solution of (3.2) when B is a monotone and Lipschitz continuous operator
in the hypotheses of Theorem 3.3.6.

As it has been shown in [24], it also converges when B is pseudo-monotone on H,
Lipschitz continuous, and sequentially weak-to-weak continuous, and also when H is
�nite dimensional, and B is pseudo-monotone on C and Lipschitz continuous.

Denoting uk := wk − γk(Bwk − Bvk) and θk := γk
γk+1

for all k ≥ 1, then for all

z∗ ∈ zer(NC +B) we get

‖uk − z∗‖2 ≤ ‖vk − z∗‖2 −
(
1− µ2θ2

k

)
‖wk − vk‖2 ∀k ≥ 1

which is nothing else than relation (3.16).

Indeed, since wk ∈ C, we have 〈Bz∗, wk − z∗〉 ≥ 0, and, further, the pseudo-mono-
tonicity of B gives 〈Bwk, wk − z∗〉 ≥ 0 for all k ≥ 1. On the other hand, since
wk = PC(Id − γkB)vk, we have 〈z∗ − wk, wk − vk + γkBvk〉 ≥ 0 for all k ≥ 1. The
two inequalities yield

〈wk − z∗, vk − uk〉 ≥ 0 ∀k ≥ 1,

which, combined with (3.17), lead as in the proof of Proposition 3.3.2 to the conclusion.

Now, since relation (3.16) holds, the statements in Proposition 3.3.3 and Proposi-
tion 3.3.5 remain true and, as seen in the proof of Theorem 3.3.6, they guarantee that
the limit limk→+∞ ‖zk − z∗‖ ∈ R exists, and that

lim
k→+∞

‖wk − vk‖ = lim
k→+∞

‖Bwk −Bvk‖ = 0.

Having that, the weak converge of (zk)k≥0 to a solution of (3.2) follows, by arguing as in
the proof by [24, Theorem 3.1], when B is pseudo-monotone on H, Lipschitz-continuous
and sequentially weak-to-weak continuous, and as in the proof by [24, Theorem 3.2],
when H is �nite dimensional, and B is pseudo-monotone on C and Lipschitz continuous.

3.3.1. Numerical experiments

In this subsection, we treat a bilinear saddle point problem, which is a usual deterministic
example where all the assumptions are ful�lled to guarantee convergence. We illustrate
the interplay between inertia and relaxation, for which we look at di�erent quantities,
e.g., the minimax gap, the �xed point residual or the discrete velocity of the iterates.
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

Bilinear saddle point problem

We want to solve the following bilinear saddle-point problem

min
x∈X

max
y∈Y

Φ(x, y) := xTAy + aTx+ bT y, (3.26)

with A ∈ Rd×n, a ∈ Rd and b ∈ Rn and where X ⊆ Rd and Y ⊆ Rn are nonempty, closed
and convex sets, in the sense that we want to �nd x∗ ∈ X and y∗ ∈ Y such that

Φ(x∗, y) ≤ Φ(x∗, y∗) ≤ Φ(x, y∗)

for all x ∈ X and all y ∈ Y . The monotone inclusion to be solved in this case is of the
form

0 ∈ NX×Y (x, y) + F (x, y),

where NX×Y is the maximal monotone normal cone operator to X × Y and

F (x, y) = M

(
x
y

)
+

(
a
−b

)
, with M =

(
0 A
−AT 0

)
,

is monotone and Lipschitz continuous with Lipschitz constant L = ‖M‖2. Notice that
F is not cocoercive.

(a) uniform (b) standard normal (c) Poisson

Figure 3.2.: Behaviour of the �xed point residual ‖wk − vk‖ for the constrained bilinear
saddle-point problem with data drawn from di�erent distributions (µ = 0.5).

For our experiments we choose d = n = 500, and A, a and b to have entries drawn from
di�erent random distributions; we look at the uniform distribution on the interval [0, 1],
the standard normal distribution and the 1-Poisson distribution. For the constraint sets
U and V we take unit balls in the Euclidean norm. We use constant step size γk = γ = µ

L ,
where 0 < µ < 1, constant inertial parameter αk = α and constant relaxation parameter
ρk = ρ for all k ≥ 1. We set zk := (xk, yk) to �t the framework of our algorithm. The
starting point z0 is initialised randomly (with entries drawn from the uniform distribution
on [0, 1] for all three settings) and we set z1 = z0. We did not observe di�erent behaviour
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3. FBF algorithm: extensions and convergence rates

for various random trials, so each time we provide the results for only one run in the
following.

In Figure 3.2 we can see the development of ‖wk − vk‖ for problem (3.26) with data
drawn from the di�erent distributions for µ = 0.5, ρ = 0.5 and various values of α. The
quantity ‖wk − vk‖ is the �xed point residual of the operator JγA(Id − γB), for which
according to the convergence analysis we have that ‖wk − vk‖ → 0 as k → +∞. As
solutions of the problem (3.26) are not available explicitly, we look at this meaningful
surrogate instead. Also, if we have wk = vk for some k ≥ 1 then zk+1 = wk = vk is a
solution of (3.26). We see that the behaviour of the residual is similar for most combi-
nations of parameters and all three settings. When the inertial parameter α is larger,
the algorithm takes fewer iterations for the �xed point residual to reach the considered
threshold of 10−5. However, when α gets close to the limiting case the performance is
not consistently better throughout the entire run any more when the data is drawn from
the uniform or the Poisson distribution. Temporarily the residual is even worse than for
smaller α, nevertheless the algorithm still terminates in fewer iterations in the end.

α
ρ

0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20 1.30 1.32

0.00 ≥ 10,000 ≥ 10,000 6,493 4,327 3,245 2,596 2,166 1,860 1,629 1,447 1,234 1,108 1,017 941 929
0.04 ≥ 10,000 ≥ 10,000 6,233 4,154 3,115 2,493 2,080 1,787 1,562 1,375 1,171 1,065 977 - -
0.08 ≥ 10,000 ≥ 10,000 5,973 3,981 2,985 2,389 1,995 1,713 1,496 1,277 1,121 1,024 937 - -
0.12 ≥ 10,000 ≥ 10,000 5,713 3,807 2,856 2,286 1,910 1,635 1,427 1,194 1,077 984 - - -
0.16 ≥ 10,000 ≥ 10,000 5,453 3,634 2,726 2,184 1,824 1,551 1,336 1,140 1,038 - - - -
0.20 ≥ 10,000 ≥ 10,000 5,192 3,461 2,597 2,082 1,735 1,461 1,231 1,099 - - - - -
0.24 ≥ 10,000 9,871 4,932 3,287 2,468 1,976 1,621 1,374 1,170 - - - - - -
0.28 ≥ 10,000 9,350 4,671 3,114 2,339 1,858 1,502 1,282 - - - - - - -
0.32 ≥ 10,000 8,830 4,411 2,943 2,204 1,734 1,396 - - - - - - - -
0.36 ≥ 10,000 8,309 4,150 2,770 2,035 1,589 1,327 - - - - - - - -
0.40 ≥ 10,000 7,787 3,891 2,571 1,866 1,486 - - - - - - - - -
0.44 ≥ 10,000 7,266 3,633 2,351 1,730 - - - - - - - - - -
0.48 ≥ 10,000 6,744 3,340 2,149 - - - - - - - - - - -
0.52 ≥ 10,000 6,223 3,012 2,000 - - - - - - - - - - -
0.56 ≥ 10,000 5,707 2,709 - - - - - - - - - - - -
0.60 ≥ 10,000 5,130 - - - - - - - - - - - - -
0.64 ≥ 10,000 4,480 - - - - - - - - - - - - -
0.68 ≥ 10,000 3,968 - - - - - - - - - - - - -
0.72 ≥ 10,000 - - - - - - - - - - - - - -
0.76 ≥ 10,000 - - - - - - - - - - - - - -
0.80 ≥ 10,000 - - - - - - - - - - - - - -
0.84 ≥ 10,000 - - - - - - - - - - - - - -
0.88 ≥ 10,000 - - - - - - - - - - - - - -

Table 3.1.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from a uniform dis-
tribution (µ = 0.5)

In Table 3.1 we can see the necessary number of iterations for the algorithm to achieve
‖wk − vk‖ ≤ 10−5 for µ = 0.5 and di�erent choices of the parameters α and ρ. As the
results are very similar for all three considered distributions, here we only report the
case of data drawn from the uniform distribution on the interval [0, 1]. For the tables
regarding the experiments for data drawn from the standard normal distribution and the
1-Poisson distribution please refer to Appendix A.1.

As mentioned in Remark 3.3.4, there is a trade-o� between inertia and relaxation. The
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm

parameters α and ρ also need to ful�l the relations

0 ≤ α < 1 and 0 < ρ <
2

(1 + µ)

(1− α)2

(2α2 − α+ 1)
,

which is the reason why not every combination of α and ρ is valid.

α
ρ

0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.04

0.00 ≥ 10,000 7,850 3,927 2,620 1,967 1,574 1,309 1,110 948 837 734 705
0.04 ≥ 10,000 7,536 3,770 2,516 1,889 1,511 1,256 1,054 908 791 704 -
0.08 ≥ 10,000 7,222 3,613 2,411 1,810 1,447 1,201 999 865 751 - -
0.12 ≥ 10,000 6,908 3,456 2,307 1,731 1,383 1,141 946 822 - - -
0.16 ≥ 10,000 6,595 3,300 2,202 1,652 1,317 1,071 893 774 - - -
0.20 ≥ 10,000 6,281 3,143 2,098 1,572 1,248 999 843 - - - -
0.24 ≥ 10,000 5,967 2,987 1,993 1,491 1,170 934 - - - - -
0.28 ≥ 10,000 5,653 2,830 1,887 1,405 1,083 879 - - - - -
0.32 ≥ 10,000 5,340 2,674 1,780 1,302 1,000 - - - - - -
0.36 ≥ 10,000 5,026 2,517 1,664 1,196 - - - - - - -
0.40 ≥ 10,000 4,713 2,357 1,531 1,105 - - - - - - -
0.44 ≥ 10,000 4,400 2,189 1,390 - - - - - - - -
0.48 ≥ 10,000 4,088 1,999 - - - - - - - - -
0.52 ≥ 10,000 3,773 1,789 - - - - - - - - -
0.56 ≥ 10,000 3,443 - - - - - - - - - -
0.60 ≥ 10,000 3,077 - - - - - - - - - -
0.64 ≥ 10,000 2,663 - - - - - - - - - -
0.68 ≥ 10,000 - - - - - - - - - - -
0.72 ≥ 10,000 - - - - - - - - - - -
0.76 ≥ 10,000 - - - - - - - - - - -
0.80 ≥ 10,000 - - - - - - - - - - -
0.84 ≥ 10,000 - - - - - - - - - - -

Table 3.2.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from a uniform dis-
tribution (µ = 0.9)

We see that for a particular choice of the relaxation parameter the least number of
iterations is achieved when the inertial parameter is as large as possible. If, on the other
hand, we �x the inertial parameter, we observe that also larger values of ρ are better
and lead to fewer iterations. To get a conclusion regarding the trade-o� between the two
parameters, Table 3.1 suggests that the in�uence of the relaxation parameter is stronger
than that of the inertial parameter. Given that no numerical experiments are available
for the relaxed inertial proximal or forward-backward algorithms, we cannot say if this
is a common phenomenon of relaxed inertial methods or one that is speci�c to RIFBF.

Even though the possible values for α get smaller if ρ goes to ρmax(µ) = 2
1+µ , the

number of iterations gets less for α > 0. In particular, we want to point out that over-
relaxation (ρ > 1) seems to be highly bene�cial.

Comparing the results for di�erent choices of µ in Table 3.2 (µ = 0.9) and Table 3.3
(µ = 0.1), we can observe a very interesting behaviour. Even though smaller µ allows
for larger values of the relaxation parameter (see Remark 3.3.4), larger µ leads to better
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3. FBF algorithm: extensions and convergence rates

results in general. This behaviour presumably is due to the role µ plays in the de�nition
of the step size.

To get further insight into the convergence behaviour, we also look at the following
gap function,

G(s, t) := inf
x∈X

Φ(x, t)− sup
y∈Y

Φ(s, y).

The quantity (G(xk, yk))k≥0 should be a measure to judge the performance of the iterates
(xk, yk)k≥0, as for the optimum (x∗, y∗) we have Φ(x∗, y) ≤ Φ(x∗, y∗) ≤ Φ(x, y∗) for all
x ∈ X and all y ∈ Y and hence G(x∗, y∗) = 0.
Because of the particular choice of a bilinear objective and the constraint sets X and Y
the expressions can be actually computed in closed form and we get

G(xk, yk) = − ‖Ayk + a‖2 + bT yk −
∥∥ATxk + b

∥∥
2
− aTxk ∀k ≥ 0.

In Figure 3.3 we see the development of the absolute value of the gap |G(xk, yk)| for
problem (3.26) with data drawn from the di�erent distributions for µ = 0.5, ρ = 0.5
and various values of α. We see that, as in the case of the residual of the �xed point
iteration, the behaviour is similar for most combinations of parameters � the larger the
inertial parameter α the better the results in general. However, in the case of the data
being drawn from the uniform or the Poisson distribution, the behaviour of the gap is not
consistently better any more when α gets close to the limiting case. In the meantime the
gap for maximal α is worst compared to all other parameter combinations, although the
algorithm still gives the best results in the end. As the theory suggests, the gap indeed
decreases and tends to zero as the number of iterations grows larger.

(a) uniform (b) standard normal (c) Poisson

Figure 3.3.: Behaviour of the gap function |G(xk, yk)| for the constrained bilinear saddle-
point problem with data drawn from di�erent distributions (µ = 0.5).

Finally, in Figure 3.4 we look at the discrete velocity of the iterates ‖zk+1 − zk‖ which
is square summable and thus vanishes for k → +∞. Again we look at the three settings
where the data is drawn from a uniform, the standard normal and a Poisson distribution
and plot the results for µ = 0.5, ρ = 0.5 and various values of α. Once more larger inertial
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3.3. Asymptotic convergence of a relaxed inertial FBF algorithm
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Table 3.3.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from a uniform dis-
tribution (µ = 0.1)
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3. FBF algorithm: extensions and convergence rates

parameters give better results, with the biggest di�erence to the previous instances being
an intermediate phase approximately up to iteration 100 where we do not have a clear
picture yet and which occurs for all distributions.

(a) uniform (b) standard normal (c) Poisson

Figure 3.4.: Behaviour of the discrete velocity of the iterates ‖zk+1 − zk‖ for the con-
strained bilinear saddle-point problem with data drawn from di�erent dis-
tributions (µ = 0.5).

3.4. Convergence rates of Tseng’s FBF algorithm

In the following section we aim to establish non-asymptotic convergence rates for the
original version of the FBF algorithm [137], both in the deterministic and the stochastic
setting. Due to the lack of a more speci�c structure the typical measure of optimality
for the general monotone inclusion (MI) is given by the distance of the current iterate
to a solution. Usually, without stronger assumptions on the problem, one can only
show asymptotic convergence for this entity (see Section 3.3). In the case of monotone
inclusions derived from variational inequalities (MI-VI) or minimax problems (MM),
however, it is possible to show non-asymptotic convergence rates even in the general
setting.

For this reason we will investigate the monotone inclusion corresponding to the general
variational inequality (MI-VI) in the following. We want to remind that (MI-VI) consists
of �nding z∗ ∈ H such that

0 ∈ ∂r(z∗) + F (z∗), (MI-VI)

where we assume that F : H → H is a monotone and L-Lipschitz continuous opera-
tor (L > 0) and r : H → R ∪ {+∞} is a proper, convex and lower semicontinuous
function. In particular, minimax problems (MM) constitute an especially interesting
instance of (MI-VI). Recall, the general convex-concave minimax problem is given by

min
x∈X

max
y∈Y

Ψ(x, y) := f(x) + Φ(x, y)− g(y), (MM)
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3.4. Convergence rates of Tseng's FBF algorithm

where Φ : X × Y → R is convex-concave and di�erentiable with L-Lipschitz continuous
gradient (L > 0), and f : X → R∪{+∞} and g : Y → R∪{+∞} are proper, convex and
lower semicontinuous. A solution of (MM) is given by a saddle point (x∗, y∗) ∈ X × Y,
ful�lling

Ψ(x∗, y) ≤ Ψ(x∗, y∗) ≤ Ψ(x, y∗) ∀(x, y) ∈ X × Y. (SP)

The connection between the two problems can easily be seen when casting the optimality
conditions for (SP) in the form of (MI-VI) via

r : X × Y → R ∪ {+∞}, (x, y) 7→ f(x) + g(y),

and

F : X × Y → X × Y, (x, y) 7→
(
∇xΦ(x, y)
−∇yΦ(x, y)

)
. (3.27)

3.4.1. Solution methods for monotone inclusion (MI-VI)

The connection between monotone inclusions and saddle point problems is of course not
new. The application of the Extragradient method (EG) [85] to minimax problems has
been studied in the seminal paper [112] under the name ofMirror Prox and a convergence
rate of O(1/k) in terms of the function values has been proven. Even a stochastic version
of the Mirror Prox algorithm has been studied in [82] with a convergence rate of O(1/

√
k).

Applied to problem (MI-VI), it iterates for all k ≥ 0

EG:

⌊
wk = proxγkr (zk − γkF (zk))

zk+1 = proxγkr (zk − γkF (wk)) .

The Forward-Backward-Forward (FBF) or Tseng's method, introduced in [137] where
convergence of the iterates was established, has not been studied rigorously for minimax
problems in terms of function values yet, despite promising applications in [36] and its
advantage of it only requiring one projection, whereas EG needs two. For all k ≥ 0 it is
given by

FBF:

⌊
wk = proxγkr (zk − γkF (zk))

zk+1 = wk − γk(F (wk)− F (zk)).
(3.28)

Both, EG and FBF, have the �disadvantage� of needing two gradient evaluations per
iteration. A possible remedy � suggested in [64] for EG under the name of extrapolation
from the past � is to reuse previous gradients. In a similar fashion we consider for all
k ≥ 1

FBFp:

⌊
wk = proxγkr (zk − γkF (wk−1))

zk+1 = wk − γk(F (wk)− F (wk−1)),
(3.29)

where we replaced F (zk) by F (wk−1) twice in (3.28). As a matter of fact, the above
method can be written exclusively in terms of (wk)k≥0 by incrementing the index k in
the �rst line of (3.29) and then substituting zk+1 by the second line. This results in

wk+1 = proxγkr (wk − γk+1F (wk)− γk [F (wk)− F (wk−1)]) ∀k ≥ 1. (3.30)
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3. FBF algorithm: extensions and convergence rates

This way we rediscover a known method which was studied in [100], where convergence of
the iterates was established for general monotone inclusions under the name of forward-
re�ected-backward. It reduces to optimistic mirror descent [126,127] in the unconstrained
case with constant step size γk = γ, giving

wk+1 = wk − γ(2F (wk)− F (wk−1)) ∀k ≥ 1, (3.31)

which was introduced in [123] for saddle point problems and which has been proposed for
the training of GANs under the name of Optimistic Gradient Descent Ascent (OGDA),
see [54, 55, 89]. Only recently a method very related to (3.30) was proposed in [52] and
is characterized by applying the correction term after the projection,

wk+1 = proxγr (wk − γF (wk))− γ(F (wk)− F (wk−1)) ∀k ≥ 1. (3.32)

Evidently, in the unconstrained case and for constant step size the methods (3.29), (3.30),
(3.31) and (3.32) are all equivalent.
All of the above methods and extensions rely solely on the monotone operator formu-

lation of the saddle point problem where the two components x and y play a symmetric
role. Taking the special minimax structure into consideration, [75] showed convergence
of a method that uses an optimistic step (3.31) in one component and a regular gradient
step in the other, thus requiring less storing of past gradients in comparison to (3.30).
On the downside, however, by reducing the number of required gradient evaluations per

iteration, the largest possible step size is reduced from 1/L (see [85] or Theorem 3.4.5) to
1/2L (see [64,98,100] or Theorem 3.4.5). To summarise, the number of required gradient
evaluations is halved, but so is the step size, resulting in no clear net gain.

3.4.2. Measure of optimality

As we have already mentioned, in order to obtain convergence rates we will look at a more
problem speci�c quantity than the distance to the solution set to measure the quality of
a point with respect to (MI-VI). If F arises from a saddle point problem (MM), meaning
that F has the form (3.27), we want to make use of the saddle function Ψ, similarly to
the objective function in a pure optimisation setting. We do this via the minimax gap,
which for a point w = (u, v) ∈ X ×Y measures the violation of w not ful�lling (SP) and
is given by

GMM (w) = sup
(x,y)∈X×Y

Ψ(u, y)−Ψ(x, v) = sup
y∈Y

Ψ(u, y)− inf
x∈X

Ψ(x, v). (3.33)

This minimax gap can be interpreted from a game theoretic point of view as the sum
of the maximal payo�s achievable by the two players by playing their respective best
responses, given the current strategy of the opponent.
In the more general monotone inclusion setting (MI-VI), where no function values are

available, an appropriate generalisation of (3.33) is given for any w ∈ H by

GV I(w) = sup
z∈H
〈F (z), w − z〉+ r(w)− r(z). (3.34)
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3.4. Convergence rates of Tseng's FBF algorithm

It stems from the �eld of variational inequalities, where such a function is also known
as merit function [114]. With the notion of VIs in mind (see Section 3.1.1), the above
de�ned gap (3.34) becomes natural as it measures how much the statement of (VI-w) is
violated.
If r = δΩ is the indicator of a compact and convex set Ω it is clear that the supremum

is only taken over z ∈ Ω and will thus be �nite for w ∈ Ω. Since the problem (MI-VI)
is in general unconstrained and the supremum can be in�nite, we consider, as done for
example in [114], the restricted gap instead, where the above supremum is taken over an
auxiliary compact set B ⊆ H and B ⊆ X × Y, respectively, instead of the entire space.
Thus we de�ne the restricted minimax gap (identifying w = (u, v))

GMM
B (w) := sup

(x,y)∈B
Ψ(u, y)−Ψ(x, v), (3.35)

and the restricted merit function

GV IB (w) := sup
z∈B
〈F (z), w − z〉+ r(w)− r(z). (3.36)

In order to capture both instances at the same time, we de�ne the following unifying gap

GB(w) :=

{
GMM
B (w) if F and r come from (MM)

GV IB (w) otherwise.
(3.37)

Note that the restricted gap is in general only a reasonable measure of optimality for
elements of B. It is nonnegative on B and zero for points of B which solve (MI-VI). Ad-
ditionally, we want to be able to conclude that if a point has zero gap it solves (MI-VI).
This is for example the case if it is in the interior of B, which can always be ensured if
B is chosen large enough.

The relevance of the above two quantities GMM
B and GV IB will be made clear by the

following statements.

Theorem 3.4.1. Let B ⊆ X × Y. A point (x∗, y∗) in the interior of B solves the
saddle point problem (MM) if and only if its restricted minimax gap (3.35) is zero, i.e.,
GMM
B (x∗, y∗) = 0. For all other elements of B the gap is nonnegative.

Proof. Let (x∗, y∗) be in the interior of B. If (x∗, y∗) ∈ X ×Y is a saddle point, it clearly
ful�ls that sup(x,y)∈X×Y Ψ(x∗, y)−Ψ(x, y∗) = 0. On the other hand let GMM

B (x∗, y∗) = 0.
For an arbitrary point (x, y) ∈ X × Y we can choose β ∈ (0, 1) large enough such that
(u, v) := β(x∗, y∗) + (1− β)(x, y) ∈ B. Therefore

Ψ(x∗, v)−Ψ(u, y∗) = Ψ(x∗, βy∗ + (1− β)y)−Ψ(βx∗ + (1− β)x, y∗) ≤ 0.

Using the convex-concave structure of Ψ we deduce that

βΨ(x∗, y∗) + (1− β)Ψ(x∗, y)− βΨ(x∗, y∗)− (1− β)Ψ(x, y∗) ≤ 0,

which implies that Ψ(x∗, y) ≤ Ψ(x, y∗). Since (x, y) ∈ X × Y was chosen arbitrary,
(x∗, y∗) is a saddle point.
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Similarly, an analogous statement can be shown for the restricted merit function GV IB .

Theorem 3.4.2. Let B ⊆ H. A point z∗ in the interior of B solves the monotone
inclusion (MI-VI) if and only if its restricted merit function (3.36) is zero, i.e., GV IB (z∗) =
0. For all other elements of B the gap is nonnegative.

For the proof, recall that under the given assumptions the monotone inclusion (MI-VI)
is equivalent to the weak formulation of the variational inequality (VI-w) (see Sec-
tion 3.1.1). That means that z∗ ∈ H solves (MI-VI) if and only if

〈F (z), z∗ − z〉+ r(z∗)− r(z) ≤ 0 ∀z ∈ H. (VI-w)

Proof. First, observe that for w ∈ B we have

0 = 〈F (w), w − w〉+ r(w)− r(w) ≤ sup
z∈B
〈F (z), w − z〉+ r(w)− r(z) = GV IB (w).

Now, let z∗ be in the interior of B. If z∗ is a solution to the weak VI (VI-w), then clearly

〈F (z), z∗ − z〉+ r(z∗)− r(z) ≤ 0 ∀z ∈ B,

and thus GV IB (z∗) = 0.

On the other hand let GV IB (z∗) = 0. Since z∗ is in the interior of B, for an arbitrary
z ∈ H we can choose β ∈ (0, 1) large enough such that w := βz∗ + (1 − β)z ∈ B.
Therefore

0 ≥ 〈F (w), z∗ − w〉+ r(z∗)− r(w)

= 〈F (βz∗ + (1− β)z), z∗ − βz∗ − (1− β)z〉+ r(z∗)− r(βz∗ + (1− β)z)

This implies that

(1− β) 〈F (βz∗ + (1− β)z), z − z∗〉+ (1− β)(r(z)− r(z∗)) ≥ 0.

Dividing by (1− β) and then taking the limit β → 1 gives

〈F (z∗), z − z∗〉+ r(z)− r(z∗) ≥ 0.

Since z ∈ H was chosen arbitrary, z∗ solves the strong form of the VI (VI-s) and
thus (MI-VI).

3.4.3. Convergence statements

We now present a novel unifying scheme for solving problem (MI-VI), which generalises
FBF (3.28) and in addition recovers the method motivated in (3.29) as FBFp. Let us
point out again that the latter algorithm was already introduced in [100] and corresponds
to OGDA [54,55,123,126] if F stems from the minimax setting (3.27).
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3.4. Convergence rates of Tseng's FBF algorithm

Algorithm 3.4.3 (generalised FBF). For a starting point z0 ∈ H and step sizes γk > 0
we consider for all k ≥ 0 ⌊

wk = proxγkr (zk − γkF (♦k))
zk+1 = wk − γk(F (wk)− F (♦k)).

For ♦k = zk this reduces to the well known FBF method, whereas ♦k = wk−1, with the
additional initial condition w−1 = z0, reuses previous gradients (FBFp).

Consider the scenario where the operator F is given only in expectation, i.e., instead
of solving problem (MI-VI) we aim to �nd z∗ ∈ H such that

0 ∈ ∂r(z∗) + Eξ∼Q[F (z∗; ξ)]

This means that instead of F itself only a stochastic estimator F ( · ; ξ) is accessible. In
this case we adapt Algorithm 3.4.3 in the following way.

Algorithm 3.4.4 (generalised stochastic FBF). For a starting point z0 ∈ H and step
sizes γk > 0 we consider for all k ≥ 0 ξk ∼ Q (optionally ηk ∼ Q)

wk = proxγkr (zk − γkF (♦k;4k))

zk+1 = wk − γk(F (wk; ξk)− F (♦k;4k)).

For ♦k = zk and 4k = ηk this results in a stochastic version of FBF, whereas ♦k = wk−1

and 4k = ξk−1, with the additional initial condition w−1 = z0 and ξ−1 = η0, reuses
previous gradients (stochastic FBFp).

Even though both deterministic methods encompassed by the unifying scheme in Algo-
rithm 3.4.3 have been studied before, the stated convergence results in the following are
new. Note that while the rate for FBF is completely new our result for FBFp provides
only a generalisation of the known rate for OGDA, see [109]. Similarly, the stochastic
version of FBF has been considered recently in [34] and rates in terms of the �xed point
residual ‖zk − wk‖ have been obtained, but no statements for function values have been
derived. However, we want to point out that the stochastic version of FBFp has not been
considered prior to this work.

Let in the following B ⊆ H (identify H ≡ X ×Y in the case of (MM)) be the compact
set of the restricted (unifying) gap function (3.37) with D := supw,z∈B ‖z − w‖ denoting
its diameter. For convenience in the estimation we assume that for each of the discussed
methods we have the starting point z0 ∈ B. Recall that L > 0 denotes the Lipschitz
constant of the operator F . Furthermore, the averaged iterates w̄K for K ≥ 1 are given
by

w̄K :=
1∑K−1

k=0 γk

K−1∑
k=0

γkwk.

45



3. FBF algorithm: extensions and convergence rates

While our convergence results are stated in terms of the averaged iterates, a technique
which can prove bene�cial in practice [47, 64], having guarantees on the last iterate
would be more in the spirit of nonconvex methods. Such results have been obtained
in [54] and [45], but are for bilinear and strongly-convex-strongly-concave problems, re-
spectively, which are known to allow for the derivation of better convergence rates. On
the other hand the works [68,71,93] have been able to guarantee rates of convergence for
the last iterate for convex-concave problems, but all of them only in the unconstrained
setting. Furthermore [68] uses additional smoothness assumptions, [93] employs a second-
order method and [71] uses the norm of the gradient as the measure of optimality.

First we will formulate the convergence statements for the four di�erent methods,
which is followed by the respective convergence analysis that uses to a certain extent
uni�ed intermediate results.
Let us start with the convergence statements for the deterministic method from Algo-

rithm 3.4.3.

Theorem 3.4.5 (deterministic). Let (wk)k≥0 be generated by Algorithm 3.4.3. If

(i) FBF, i.e., ♦k = zk, with step size 0 < γk ≤ γ ≤ 1/L, or

(ii) FBFp, i.e., ♦k = wk−1, with step size 0 < γk ≤ γ ≤ 1/2L

is chosen, then for all K ≥ 1 we have

GB(w̄K) ≤ D2

2
∑K−1

k=0 γk
.

If we take a constant step size γk = γ for all k ≥ 0 according to Theorem 3.4.5, this
choice amounts to a convergence rate of

GB(w̄K) ≤ D2

2γK
.

In order to derive similar convergence statements for the stochastic method from Algo-
rithm 3.4.4, we need to assume (standard) properties of the gradient estimator F ( · ; ξ).

Assumption 3.4.6. Unbiasedness: Eξ[F (z; ξ)] = F (z) ∀z ∈ H.

Assumption 3.4.7. Bounded variance: Eξ
[
‖F (z; ξ)− F (z)‖2

]
≤ σ2 ∀z ∈ H.

We want to point out that the latter assumption is weaker than the commonly used
bounded (sub)gradient hypothesis (Eξ[‖F (z; ξ)‖2] ≤ σ2), which is known to con�ict with
properties like strong monotonicity, see [94].
In particular, as we will see in the proofs, we actually only need the above assumption

to hold for all iterates wk. Such an hypothesis is in practice di�cult to check, but could
be exploited in special cases where additional properties of the variance and boundedness
of the iterates are known a priori.
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3.4. Convergence rates of Tseng's FBF algorithm

Assumption 3.4.8. The samples ξk are independent of the iterates wk, for all k ≥ 0.

Equipped with these assumptions we are able to prove the following statement.

Theorem 3.4.9 (stochastic). Let Assumptions 3.4.6�3.4.8 hold and let (wk)k≥0 be gen-
erated by Algorithm 3.4.4.

(i) If stochastic FBF is chosen, i.e., ♦k = zk and 4k = ηk, with step size 0 < γk ≤
γ < 1

L , then for all K ≥ 1 we have

E[GB(w̄K)] ≤ D2 + 4(1− γ2L2)
−1
σ2
∑K−1

k=0 γ2
k∑K−1

k=0 γk
.

(ii) If stochastic FBFp is chosen, i.e., ♦k = wk−1 and 4k = ξk−1, with step size
0 < γk ≤ γ < 1

2
√

2L
, then for all K ≥ 1 we have

E[GB(w̄K)] ≤
D2 + 6

(
1 + 2γ2L2

1−8γ2L2

)
σ2
∑K−1

k=0 γ2
k∑K−1

k=0 γk
.

Even though the step size in Theorem 3.4.9 can be chosen arbitrarily close to 1/L and
1/(2
√

2L) for stochastic FBF and stochastic FBFp, respectively, this does not mean it is
advisable as doing so would lead to a deteriorating constant in the estimates. Bounding
away the step sizes from the respective upper bound can be used to obtain a uni�ed
convergence statement, similar to Theorem 3.4.5. On the one hand, if we take γ = 1/

√
2L

we can conclude
4

1− γ2L2
= 8.

On the other hand, for γ = 1/3L we obtain

6

(
1 +

2γ2L2

1− 8γ2L2

)
= 18.

This means that with step sizes 0 < γk ≤ 1/
√

2L and 0 < γk ≤ 1/3L (k ≥ 0) in the
stochastic FBF and FBFp method, respectively, for K ≥ 1 we get the uni�ed estimate

E[GB(w̄K)] ≤ D2 + 18σ2
∑K−1

k=0 γ2
k∑K−1

k=0 γk
.

The above theorem exhibits a classical step size dependence [128], yielding convergence
for sequences (γk)k≥0 that are square summable

∑∞
k=0 γ

2
k < +∞ but not summable∑∞

k=0 γk = +∞. Additionally, if in the setting of Theorem 3.4.9 the step size is chosen
to be γk = γ/

√
k + 1, a convergence rate can be obtained and is given by

E[GB(w̄K)] = O
(

1√
K

)
. (3.38)
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If the step size does not go to zero, the gap can usually not be expected to vanish either
due to the inherent stochastic noise. However, we can still show decrease in the gap up
to a residual stemming from the variance. In particular, for a constant step size γk = γ
we have

E[GB(w̄K)] ≤ D2

γK
+ 18σ2γ. (3.39)

Furthermore, if the number of iterations K is �xed beforehand, a conclusion similar
to (3.38) can be obtained by choosing γ = 1/

√
K in (3.39).

3.4.4. Proofs

Preparations

Before we tackle the actual proofs of Theorem 3.4.5 and Theorem 3.4.9, let us introduce
some notation connected to the strong formulation of the variational inequality (VI-s)
associated to the monotone inclusion (MI-VI). We de�ne h : H×H → R ∪ {+∞} via

h(w, z) := 〈F (w), w − z〉+ r(w)− r(z),

which will be used to bound the (restricted) unifying gap function (3.37), which we recall,
is given by

GB(w) =

{
GMM
B (w) if F and r come from (MM)

GV IB (w) otherwise.

In a similar spirit we de�ne

hMM (w, z) := Ψ(u, y)−Ψ(x, v),

where we identify w = (u, v) and z = (x, y), and

hV I(w, z) := 〈F (z), w − z〉+ r(w)− r(z),

and see that

GMM
B (w) = sup

z∈B
hMM (w, z) and GV IB (w) = sup

z∈B
hV I(w, z).

Lemma 3.4.10. Let (γk)k≥0 ⊆ R++ and let (wk)k≥0 ⊆ H. Then for all K ≥ 1 the
following holds,

sup
z∈B

{
1∑K−1

k=0 γk

K−1∑
k=0

γkh(wk, z)

}
≥ GB(w̄K).

Proof. We start with the case, when F is a general monotone operator. Using its mono-
tonicity we deduce that for all w, z ∈ H we have

〈F (w), w − z〉 ≥ 〈F (z), w − z〉 .
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3.4. Convergence rates of Tseng's FBF algorithm

Adding r(w)− r(z) to the above inequality then gives

h(w, z) ≥ hV I(w, z). (3.40)

On the other hand, if F and r are derived from a saddle point problem (MM), i.e.,
when

F (x, y) =

(
∇xΦ(x, y)
−∇yΦ(x, y)

)
and r(x, y) = f(x) + g(y),

from the convex-concave structure of Φ we get for (u, v), (x, y) ∈ X × Y that

Φ(u, y)− 〈∇yΦ(u, v), y − v〉 ≤ Φ(u, v) and Φ(u, v) + 〈∇xΦ(u, v), x− u〉 ≤ Φ(x, v).

By summing up the two inequalities and writing w = (u, v) and z = (x, y) we obtain

〈F (w), w − z〉 =

〈
∇xΦ(u, v), u− x
−∇yΦ(u, v), v − y

〉
≥ Φ(u, y)− Φ(x, v).

On a side note, again because of the convex-concave structure of Φ we further get

〈F (w), w − z〉 ≥ Φ(u, y)− Φ(x, v) ≥ 〈F (z), w − z〉 .

Adding r(w)− r(z) to the above inequality then gives

h(w, z) ≥ hMM (w, z). (3.41)

From (3.40) and (3.41) and using Jensen's inequality, as hV I( · , z) and hMM ( · , z) are
convex functions, we deduce

K−1∑
k=0

γkh(wk, z) ≥
K−1∑
k=0

γkh
V I(wk, z) ≥

(
K−1∑
k=0

γk

)
hV I(w̄K , z)

and
K−1∑
k=0

γkh(wk, z) ≥
K−1∑
k=0

γkh
MM (wk, z) ≥

(
K−1∑
k=0

γk

)
hMM (w̄K , z),

respectively. Dividing by
∑K−1

k=0 γk and then taking the supremum over z ∈ B �nally
gives the desired result.

For all k ≥ 0 we will use the notations

Zk := F (♦k;4k)− F (♦k) and Wk := F (wk; ξk)− F (wk). (3.42)

to denote the error of the stochastic estimator. Furthermore, we will write E[ · |U ] for
the conditional expectation with respect to the random variable U .

We will also need the following lemma.
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3. FBF algorithm: extensions and convergence rates

Lemma 3.4.11. Let (pk)k≥0 ⊆ H be a given sequence, let z ∈ H and let (vk)k≥0 ⊆ H
be de�ned recursively for all k ≥ 0 via vk+1 := vk − pk with given starting value v0 ∈ H,
then

K−1∑
k=0

〈pk, vk − z〉 ≤
1

2
‖v0 − z‖2 +

1

2

K−1∑
k=0

‖pk‖2 .

Proof. From Lemma 2.5.4 (i) we can conclude immediately that

〈pk, vk − z〉 = 〈vk − vk+1, vk − z〉 =
1

2

(
‖vk − z‖2 − ‖vk+1 − z‖2 + ‖vk+1 − vk‖2

)
,

from which the statement of the lemma follows.

We will continue with a uni�ed decrease result which will be the starting point for all
convergence proofs in the following.

Proposition 3.4.12. Let β > 0, then for all k ≥ 0 and z ∈ H we have

γkh(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2 −

1

2
‖zk − wk‖2 +

1

2
(1 + β)L2γ2

k ‖♦k − wk‖2

+ γk 〈Wk, z − wk〉+ (1 + β−1)γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
.

(3.43)

Proof. Let k ≥ 0 and z ∈ H be arbitrary. Using the decomposition (3.42) it follows that

〈γkF (wk; ξk), wk − z〉 = γk 〈Wk, wk − z〉+ γk 〈F (wk), wk − z〉 . (3.44)

Since proxγkr = (Id + γk∂r)
−1 we deduce that

〈z − wk, wk − zk + γkF (♦k;4k)〉 ≥ γk(r(wk)− r(z)). (3.45)

Adding (3.44) and (3.45) gives that

〈γk(F (wk; ξk)− F (♦k;4k)) + zk − wk, wk − z〉 ≥ γk 〈Wk, wk − z〉+ γkh(wk, z),

which, using the de�nition of zk+1, is equivalent to

〈z − wk, zk+1 − zk〉 ≥ γk 〈Wk, wk − z〉+ γkh(wk, z). (3.46)

We estimate the inner product on the left side of the inequality by using the four point
identity to deduce

〈z − wk, zk+1 − zk〉 = 〈z − zk + zk − wk, zk+1 − zk〉

=
1

2

(
‖z − zk‖2 − ‖zk+1 − z‖2 + ‖zk+1 − wk‖2 − ‖zk − wk‖2

)
.

(3.47)
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3.4. Convergence rates of Tseng's FBF algorithm

The �rst two summands are �ne as they will cancel by telescoping arguments, so we are
left with estimating ‖zk+1 − wk‖2. By the de�nition of zk+1 we have that

‖zk+1 − wk‖2 = γ2
k ‖F (♦k;4k)− F (wk; ξk)‖2

= γ2
k ‖F (♦k)− F (wk) + Zk −Wk‖2

≤ (1 + β)γ2
k ‖F (♦k)− F (wk)‖2 + (1 + β−1)γ2

k ‖Zk −Wk‖2

≤ (1 + β)γ2
kL

2 ‖♦k − wk‖2 + 2(1 + β−1)γ2
k

(
‖Zk‖2 + ‖Wk‖2

)
,

(3.48)

where we added and subtracted F (♦k) and F (wk) and applied Young's inequality to
deduce the result. Adding (3.48), (3.47) and (3.46) we conclude that

γkh(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2 −

1

2
‖zk − wk‖2 +

1

2
(1 + β)L2γ2

k ‖♦k − wk‖2

+ γk 〈Wk, z − wk〉+ (1 + β−1)γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
.

Deterministic methods

Now we can continue with the proofs for the deterministic methods from Section 3.4.3.

Proof of Theorem 3.4.5. For the deterministic methods we have Wk = Zk = 0, thus we
can use β → 0 and (3.43) reduces to

γkh(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2 −

1

2
‖zk − wk‖2 +

1

2
L2γ2

k ‖♦k − wk‖2 . (3.49)

(i) FBF: We start o� by plugging ♦k = zk into (3.49) to deduce that for all k ≥ 0

γkh(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2 −

1

2
(1− L2γ2

k) ‖zk − wk‖2 .

From this it is clear that the step size is constrained by 0 < γ ≤ 1/L as stated in
the theorem. Let K ≥ 1, then by summing up from k = 0 to K − 1 and dividing
by
∑K−1

k=0 γk we obtain

1∑K−1
k=0 γk

K−1∑
k=0

γkh(wk, z) ≤
‖z0 − z‖2

2
∑K−1

k=0 γk
.

The claimed statement is then derived by taking the supremum in z over B and
applying Lemma 3.4.10.
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(ii) FBFp: In this case we plug ♦k = wk−1 into (3.49) and for all k ≥ 0 we obtain

γkh(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2 −

1

2
‖zk − wk‖2 +

1

2
L2γ2

k ‖wk−1 − wk‖2 .
(3.50)

Now we need to bound the term ‖wk−1 − wk‖2 by ‖zk − wk‖2. Since
2 ‖zk − wk‖2 + 2 ‖zk − wk−1‖2 ≥ ‖wk − wk−1‖2 , (3.51)

we have for all k ≥ 1

‖zk − wk‖2 ≥
1

2
‖wk−1 − wk‖2 − ‖zk − wk−1‖2

≥ 1

2
‖wk−1 − wk‖2 − L2γ2

k−1 ‖wk−1 − wk−2‖2 .
(3.52)

Whereas for k = 0, since w−1 = z0, we have

‖z0 − w0‖2 = ‖w−1 − w0‖2 . (3.53)

Plugging (3.53) into (3.50) for k = 0 we get that

γ0h(w0, z) +
1

2
‖z1 − z‖2 +

1

2
(1− L2γ2

0) ‖w0 − w−1‖2 ≤
1

2
‖z0 − z‖2 . (3.54)

Plugging (3.52) into (3.50) we get that for all k ≥ 1

γkh(wk, z) +
1

2
‖zk+1 − z‖2 +

1

2

(
1

2
− γ2

kL
2

)
‖wk − wk−1‖2

≤ 1

2
‖zk − z‖2 +

1

2
γ2
k−1L

2 ‖wk−1 − wk−2‖2 .
(3.55)

From this we deduce that for all k ≥ 0 we need to ensure that

0 < γk ≤
1

2L

in order to be able to telescope. Now let K ≥ 1 and sum up (3.55) from k = 1 to
K − 1, which yields

K−1∑
k=1

γkh(wk, z) +
1

2
‖zk − z‖2 +

1

2

(
1

2
− γ2

K−1L
2

)
‖wK−1 − wK−2‖2

≤ 1

2
‖z1 − z‖2 +

1

2
γ2

0L
2 ‖w0 − w−1‖2 .

Adding (3.54) to the above equation, followed by dividing by
∑K−1

k=0 γk gives

1∑K−1
k=0 γk

K−1∑
k=0

γkh(wk, z) ≤
‖z0 − z‖2

2
∑K−1

k=0 γk
,

where we used that 1 − γ2
0L

2 ≥ γ2
0L

2 to get rid of ‖w0 − w−1‖2. Again, the �nal
statement follows by taking the supremum in z over B and applying Lemma 3.4.10.
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Stochastic methods

We �nish this subsection with the proofs for the stochastic methods from Section 3.4.3.

Proof of Theorem 3.4.9. (i) FBF: Plugging ♦k = zk and 4k = ηk into (3.43) gives for
all k ≥ 0

γkh(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2 −

1

2

(
1− (1 + β)γ2

kL
2
)
‖zk − wk‖2

+ γk 〈Wk, z − vk〉+ γk 〈Wk, vk − wk〉+
(
1 + β−1

)
γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
.

Let K ≥ 1, then summing up this inequality from k = 0 to K − 1 gives

K−1∑
k=0

γkh(wk, z) ≤
1

2
‖z0 − z‖2 −

1

2

K−1∑
k=0

(
1− (1 + β)γ2

kL
2
)
‖zk − wk‖2

+

K−1∑
k=0

γk 〈Wk, z − vk〉+

K−1∑
k=0

γk 〈Wk, vk − wk〉

+
(
1 + β−1

)K−1∑
k=0

γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
.

Applying Lemma 3.4.11 with pk := −γkWk and vk+1 = vk − pk with v0 = z0, we
deduce that

K−1∑
k=0

〈−γkWk, vk − z〉 ≤
1

2
‖z0 − z‖2 +

1

2

K−1∑
k=0

γ2
k ‖Wk‖2 . (3.56)

Let 0 < γk ≤ γ < 1/L for all k ≥ 0 and let β > 0 such that 1 + β = (γ2L2)
−1
, then

for all k ≥ 0 we have
1− (1 + β)γ2

kL
2 ≥ 0

and we obtain

1 + β−1 =
1

1− γ2L2
.

Together with (3.56) this gives

K−1∑
k=0

γkh(wk, z) ≤ ‖z0 − z‖2 +
K−1∑
k=0

γk 〈Wk, vk − wk〉

+
2

1− γ2L2

K−1∑
k=0

γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
.

Next, we take the supremum over z ∈ B and the expectation to obtain

E

[
sup
z∈B

{
K−1∑
k=0

γkh(wk, z)

}]
≤ D2 + 4(1− γ2L2)

−1
σ2

K−1∑
k=0

γ2
k ,
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where we used that

E[〈Wk, vk − wk〉] = E
[
E
[
〈Wk, vk − wk〉

∣∣w[k], ξ[k−1]

]]
= E

[〈
E
[
Wk

∣∣w[k], ξ[k−1]

]
, vk − wk

〉]
= 0,

(3.57)

with ξ[k−1] = (ξ0, ..., ξk−1) and w[k] = (w0, ..., wk). The �nal statement follows by

dividing by
∑K−1

k=0 γk and applying Lemma 3.4.10.

(ii) FBFp: By using ♦k = wk−1 and 4k = ξk−1 we deduce from (3.43) for all k ≥ 0
that

γkh(wk, z) +
1

2
‖zk+1 − z‖2 ≤

1

2
‖zk − z‖2 −

1

2
‖zk − wk‖2

+
1

2
(1 + β)L2γ2

k ‖wk−1 − wk‖2 + γk 〈Wk, z − vk〉+ γk 〈Wk, vk − wk〉

+ (1 + β−1)γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
.

(3.58)

Similar to the deterministic case, we want to bound the term ‖wk−1 − wk‖2 by
‖zk − wk‖2. For k = 0 we have

−1

2
‖z0 − w0‖2 +

1

2
(1 + β)L2γ2

0 ‖w0 − w−1‖2 = −1

2

(
1− (1 + β)L2γ2

0

)
‖w0 − w−1‖2 ,

while for k ≥ 1, using (3.51), we get

‖zk − wk‖2 ≥
1

2
‖wk − wk−1‖2 − ‖zk − wk−1‖2

≥ 1

2
‖wk − wk−1‖2 − γ2

k−1 ‖F (wk−1; ξk−1)− F (wk−2; ξk−2)‖2

≥ 1

2
‖wk − wk−1‖2

− 3γ2
k−1

(
‖Wk−1‖2 + ‖Wk−2‖2 + ‖F (wk−1)− F (wk−2)‖2

)
,

where we obtained the last inequality by inserting ±F (wk−1) and ±F (wk−2) in
the di�erence of the stochastic estimators and using Lemma 2.5.4 (iii). Summing
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up (3.58) from k = 0 to K − 1 and using the two estimates above then gives

K−1∑
k=0

γkh(wk, z) ≤
1

2
‖z0 − z‖2 +

K−1∑
k=0

γk 〈Wk, z − vk〉+
K−1∑
k=0

γk 〈Wk, vk − wk〉

+ (1 + β−1)

K−1∑
k=0

γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
+

3

2

K−1∑
k=1

γ2
k−1

(
‖Wk−1‖2 + ‖Wk−2‖2

)
− 1

2

(
1− (1 + β)L2γ2

0

)
‖w0 − w−1‖2

− 1

2

K−1∑
k=1

(
1

2
− (1 + β)L2γ2

k

)
‖wk − wk−1‖2

+
1

2

K−1∑
k=1

3γ2
k−1 ‖F (wk−1)− F (wk−2)‖2 .

Bounding the second term on the right hand side of the above inequality via
Lemma 3.4.11 yields

K−1∑
k=0

γkh(wk, z) ≤ ‖z0 − z‖2 +
1

2

K−1∑
k=0

γ2
k ‖Wk‖2 +

K−1∑
k=0

γk 〈Wk, vk − wk〉

+ (1 + β−1)
K−1∑
k=0

γ2
k

(
‖Wk‖2 + ‖Zk‖2

)
+

3

2

K−1∑
k=1

γ2
k−1

(
‖Wk−1‖2 + ‖Wk−2‖2

)
− 1

2

(
1− (1 + β)L2γ2

0

)
‖w0 − w−1‖2

− 1

2

K−1∑
k=1

(
1

2
− (1 + β)L2γ2

k

)
‖wk − wk−1‖2

+
1

2

K−1∑
k=1

3γ2
k−1 ‖F (wk−1)− F (wk−2)‖2 .

After taking the supremum over z ∈ B and expectation, facilitating (3.57) we derive

E

[
sup
z∈B

{
K−1∑
k=0

γkh(wk, z)

}]
≤ D2 +

(
1

2
+ 2(1 + β−1) + 3

)
σ2
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γ2
k

− 1

2

(
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0

)
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− 1
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(
1

2
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k

)
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+
1

2
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3L2γ2
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55



3. FBF algorithm: extensions and convergence rates

Let 0 < γk ≤ γ < 1/2
√

2L for all k ≥ 0 and let β > 0 such that

γ =
1√

2(4 + β)L
, (3.59)

then for k ≥ we have
1

2
− (1 + β)L2γ2

k ≥ 3L2γ2
k > 0. (3.60)

Using telescoping arguments we obtain

E

[
sup
z∈B

{
K−1∑
k=0

γkh(wk, z)

}]
≤ D2 + 6(1 + β−1)σ2

K−1∑
k=0

γ2
k

− 1

2

(
1− (1 + β)L2γ2

0 − 3L2γ2
0

)
E ‖w0 − w−1‖2

− 1

2

(
1

2
− (1 + β)L2γ2

K−1

)
E ‖wK−1 − wK−2‖2

≤ D2 + 6(1 + β−1)σ2
K−1∑
k=0

γ2
k ,

(3.61)

where we used (3.60) in the last inequality twice to bound the remaining terms.
Furthermore, from (3.59) we derive

β−1 =
2γ2L2

1− 8γ2L2
.

Plugging this estimate into (3.61), dividing by
∑K−1

k=0 γk and applying Lemma 3.4.10
deduces the �nal statement.

3.4.5. Numerical experiments

To �nish this section we look at a bilinear minimax problem to showcase the convergence
rates that we have derived for the deterministic methods, and address the limitations
of Gradient Descent Ascent (GDA) which is still used as status quo for many machine
learning applications.

Bilinear saddle point problem

Following [69, 105] and others we consider the one dimensional bilinear example to il-
lustrate the cycling behaviour of (even bilinear) minimax problems. We augment this
approach by adding a nonsmooth `1-regulariser for one player, with κ > 0, and con-
straints for the other, resulting in

min
x∈R

max
y∈R

κ |x|+ xy − δ[−1,1](y). (3.62)
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Figure 3.5.: Trajectories of the methods presented in Subsection 3.4.1 converging to a
solution of problem (3.62).

For our experiments we chose κ = 0.01 and used B = [−1, 1]× [−1, 1] as the auxiliary
set to compute the restricted gap function. We compared the methods presented in
Subsection 3.4.1 with the proximal extension of GDA, called Proximal Gradient Descent
Ascent (PGDA), which applied to problem (3.62) iterates for all k ≥ 0

PGDA:

⌊
xk+1 = proxκ| · | (xk − γkyk)
yk+1 = P[−1,1] (yk + γkxk) .

It is easy to see that the updates of PGDA are perpendicular to the iterates (up to the
proximal evaluation), leading to oscillatory/diverging behaviour. By �EGp� we denote
the method presented in [64] as extrapolation from the past.
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Figure 3.6.: Restricted gap function of the methods presented in Subsection 3.4.1 exhibit-
ing a convergence rate of O(1/k).
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The aforementioned issue of GDA and its proximal extension PGDA � cycling around
the solution � is highlighted in Figure 3.5 where we can see that it fails to converge.
The other methods, for which we display the averaged iterates, however do converge to
a solution and show a decrease in the restricted gap according to Theorem 3.4.5 which
can be seen in Figure 3.6. Interestingly, the two methods using extrapolation from the
past seem to exhibit a more monotone decrease than FBF or EG.

3.5. Generative adversarial networks (GANs)

Generative Adversarial (Arti�cial Neural) Networks (GANs) [70] constitute a powerful
class of machine learning systems, where two �adversarial� networks compete in a (zero-
sum) game against each other. Given a training set, this technique aims to learn to
generate new data with the same statistics as the training set, producing for example
unseen realistic images. The generative network, called generator, tries to mimic the
original genuine data (distribution) and strives to produce samples that fool the other
network. The opposing, discriminative network, called discriminator, evaluates both true
and generated samples and tries to correctly distinguish between them. The generator's
objective is to increase the error rate of the discriminative network by producing novel
samples that the discriminator thinks were not generated, while its opponent's goal is
to successfully judge (with high certainty) whether the presented data is true or not.
Typically, the generator learns to map from a latent space to a data distribution which
is (hopefully) similar to the original distribution. However, one does not have access to
the distribution itself, but only random samples drawn from it. The original formulation
of GANs [70] was cast as a two-player zero sum game, i.e., a minimax problem of the
form (MM),

min
x∈Rd

max
y∈Rn

Eρ∼p[log (Dy(ρ))] + Eζ∼q[log (1−Dy(Gx(ζ)))],

where x and y is the parametrisation of the generator and discriminator, respectively,
Dy is the probability how certain the discriminator is that the input is real, Gx is the
fake sample produced by the generator, and p and q is the real and some (latent) random
distribution, respectively.
Due to problems with vanishing gradients in the training of such models, a successful

alternative formulation called Wasserstein GAN (WGAN) [8] has been proposed. In
this case the minimisation tries to reduce the Wasserstein distance between the true
distribution p and the one learned by the generator q. Reformulating this distance
via the Kantorovich-Rubinstein duality leads to an inner maximisation over 1-Lipschitz
functions which are then approximated via neural networks, yielding the saddle point
problem

min
x∈Rd

max
y∈Rn

‖y‖Lip≤1

Eρ∼p[Dy(ρ)]− Eζ∼q[Dy(Gx(ζ))].

Conventionally, GANs are trained using variants of (stochastic) Gradient Descent As-
cent (GDA) which are known to exhibit oscillatory behaviour [106] and thus fail to
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Figure 3.7.: Schematic illustration of Generative Adversarial Networks

converge even for simple bilinear saddle point problems, see [69]. We therefore propose
the use of methods with provable convergence guarantees for (stochastic) convex-concave
minimax problems, even though GANs are well known to not warrant these properties.
Along similar considerations an adaptation of the Extragradient method (EG) [85] for the
training of GANs was suggested in [64], whereas [54,55,89] studied Optimistic Gradient
Descent Ascent (OGDA) based on optimistic mirror descent [126, 127]. We however in-
vestigate the Forward-Backward-Forward (FBF) method [137] from the previous sections,
which, similar to EG, uses two gradient evaluations per update in order to circumvent
the aforementioned issues but requires less projection/proximal steps per iteration.

Instead of trying to improve GAN performance with new architectures, loss functions,
etc., we want to improve their training by contributing to the study of minimax prob-
lems. While the landscape of GAN training is far from matching the rigorous setting
of monotonicity, the nonconvex-nonconcave setting remains either intractable in its full
generality [56] or other simplifying assumption or other simplifying assumptions have to
be made, for example the existence of Minty solutions [90, 103], which are again related
to monotonicity.

We also want to point out that while extrapolation / optimistic steps are able to com-
bat some of the oscillatory behaviour of minimax problems, another set of problems arises
from the stochastic noise of the gradient evaluations which can be dealt with variance
reduction techniques [45, 80] or reducing the step size (as we do). Other considerations
have proposed to use the same sample in the for the two gradient evaluations leading
to improved empirical performance [107]. Another approach was explored in [79] to use
very di�erent step sizes for the descent and ascent steps respectively (something that has
been observed to be very bene�cial in practice as well). Known methods were out�tted
with negative momentum to improve stability in [65]. An additional technique proposed
to deal with the oscillatory behaviour of minimax problems called crossing-the-curl was
suggested in [63], whose authors used second order information to take a step perpendic-
ular to the direction of rotation.
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The aim of this section is to show how the use of methods with convergence guarantees,
albeit only in the monotone setting, can yield better training performance for di�erent
architectures and objectives. In particular, we demonstrate that (inertial) FBF can
perform at least as good as EG although requiring less evaluations of the regularisers.
Note that in absence of any constraints or regularisation on the weights of at least one
of the two networks, EG and FBF lead to equivalent updates of the iterates.

3.5.1. Wasserstein GANs trained on CIFAR-10

We now apply the proposed techniques from monotone inclusions to the training of
Wasserstein GANs employing DCGAN [124] and ResNet [76] architectures. All models
are trained on the CIFAR-10 dataset [86] which consists of 60,000 images in 10 di�erent
classes (with 50,000 training images and 10,000 test images) using an NVIDIA RTX
2080Ti GPU.

For the DCGAN experiments we work with the original WGAN formulation including
weight clipping, since it includes regularisers innately (the indicator of a box for the
weights of the discriminator). In addition we propose a modi�cation of the WGAN
formulation which replaces the box constraint on the discriminator's weights with an `1-
regularisation, under the name ofWGAN-L1. This results in a soft thresholding operation
instead of the �harsh� clipping.

For the experiments on ResNet we use the WGAN-GP formulation [72] which penalises
the norm of the gradient of the discriminator to enforce the Lipschitz constraint, together
with spectral normalisation of the weight matrices [108] which has so far rather been
considered as part of the architecture, but could at the same time (not rigorously) be
seen as a regularisation step or as a projection onto the set of matrices with spectral
norm less than 1.

WGAN

Method IS FID

AltAdam1 4.12±.06 56.44±.62
APD Adam 4.20±.04 53.97±.28
Extra Adam 4.07±.05 56.67±.61
IFBF Adam 4.59±.04 45.25±.60
FBF Adam 4.54±.04 45.85±.35
Opt. Adam 4.35±.06 50.41±.46

Table 3.4.: The best Inception Score (IS)1 and Fréchet Inception Distance (FID) for the
standard formulation WGAN with weight clipping.

Given the ubiquity and dominance of Adam [84] as an optimiser for many deep learning
related training tasks, instead of using vanilla SGD we opt for Adam updates. This
results in a method we call FBF Adam. Analogous approaches have been applied in [64]
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and [54] resulting in Extra Adam and Optimistic Adam, respectively. We compare the
aforementioned methods with the status-quo in GAN training, namely alternating one
Adam step for each network: AltAdam1. For our experiments on the WGAN objective
with weight clipping, we additionally considered two more methods � a variant of FBF
with inertial e�ects, IFBF Adam (α = 0.05), as well as a primal-dual algorithm for saddle
point problems introduced by [75], APD Adam, which to the best of our knowledge has
not been used for GAN training before. In general one would need stochastic versions
of the used algorithms and which we do not provide in the case of RIFBF. A stochastic
variant of the relaxed inertial FBF algorithm has been proposed and analysed in [53],
where the convergence analysis of the stochastic numerical method massively relies on
the one carried out for RIFBF.
Our hyperparameter search was limited to the step sizes for the newly introduced

methods, while all other parameters were kept the same as in [64]. Note that we still
report di�erent values for the IS because we used the updated implementation [16]. It
seems noteworthy that in the case of soft thresholding bigger step sizes performed better
with the only exception of AltAdam1.

WGAN-L1 WGAN-GP

Method IS FID IS FID

AltAdam1 4.43±.03 50.86±2.17 6.01±.31 28.11±3.65
Extra Adam 4.67±.11 47.24±1.21 6.58±.08 21.40±.58
FBF Adam 4.68±.16 46.60±.76 6.57±.10 21.22±1.29
Opt. Adam 4.63±.13 47.98±1.49 6.42±.10 23.01±.95

Table 3.5.: The best Inception Score (IS)1 and Fréchet Inception Distance (FID). The
column denoted by WGAN-L1 and WGAN-GP refers to our regularised im-
plementation using the 1-norm and the formulation with gradient penalty and
spectral normalisation, respectively.

The two evaluation metrics used are the Inception Score (IS, higher is better) [133]
and the Fréchet inception distance (FID, lower is better) [77], both computed on 50,000
samples. All reported values are averaged over 5 runs, where each consisted of 500,000
updates of the generator.
In Table 3.4 and Table 3.5 the best IS1 and FID for each method are reported. FBF

Adam performs at least as good as all considered competitors with respect to both
evaluation metrics for WGAN-L1 andWGAN-GP, while in the case of the original WGAN
objective with weight clipping FBF Adam and its inertial variant clearly outperform all
other considered methods.
We see that even though we have only proved convergence for the monotone case in the

deterministic setting, the variants of RIFBF even perform well in the training of GANs.
As the theory suggests, making use of some inertial e�ects (regardless that Adam already

1In the case of the IS we use the updated and corrected implementation from [16], leading to lower
reported values.
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(a) IS for WGAN (weight clipping). (b) IS for WGAN-L1 (proximal operator).

Figure 3.8.: DCGAN performance. (a): Average and best/worst IS1 on the WGAN
objective with weight clipping. (b): Average and best/worst IS on the
WGAN-L1 objective using the proximal operator (soft thresholding); The
WGAN-L1 objective improves the IS in comparison to weight clipping and
stabilises the behavior of all considered methods during the training proce-
dure.

(a) Inception Score. (b) Generator sample. (c) FID.

Figure 3.9.: ResNet performance. Average and best/worst results regarding IS1 and
FID, see (a) and (b) respectively, using ResNet architecture on the WGAN-
GP objective including spectral normalisation. (c): Samples from the gen-
erator trained with FBF Adam.

incorporates some momentum) seems to provide additional improvement of the numerical
method in practice � at least for the (from an engineering point of view) modest original
WGAN formulation.

One can also see that WGAN-L1 using the proximal operator improves the perfor-
mance of all considered methods, decreasing the absolute and relative di�erences. Note
that the results of the experiments with WGAN-L1 objective are comparable for the
three methods with underlying convergence guarantees in the convex-concave case. Fig-
ure 3.8 shows the training progress regarding IS for each method and both problem
formulations. The graphs suggest that making use of WGAN-L1 objective has a stabil-
ising e�ect during training, leading to a smoother and more consistent learning curve
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WGAN-GP

Method non avg. EMA best

AltAdam1 28.11±3.65 � �
Extra Adam 21.40±.58 18.29±.26 17.86
FBF Adam 21.22±1.29 17.58±.73 16.65

Opt. Adam 23.01±.95 21.00±1.33 19.28

Table 3.6.: Fréchet Inception Distance (FID) of regular iterates and averaged iterates
using an exponential moving average (EMA), from training a ResNet with
WGAN-GP formulation.

� a property that only FBF Adam seems to exhibit for weight clipping. Figure 3.9 as
well as Table 3.5 show that for the WGAN-GP formulation FBF Adam maintains the
improved performance of EG compared to GDA, while only requiring half the amount of
spectral normalisations, resulting in time savings of up to 10% as reported in [108]. An
even greater improvement by using FBF can be seen in Table 3.6 where we additionally
consider the averaged iterates using an exponential moving average (EMA), which has
already been observed to potentially have very positive e�ects [64].

In conclusion, the results suggest that employing methods that are designed to capture
the nature of a problem, in this case a constrained/regularised minimax problem, is highly
bene�cial.
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4. A fast optimistic method for variational
inequalities

In this chapter we study numerical methods for solving variational inequalities that can
be obtained from constrained minimax problems. We propose a novel algorithm that
uses only one gradient/operator evaluation and one projection onto the constraint set
per iteration, which in the unconstrained setting recovers the (explicit) �fast OGDA�
(fOGDA) method [31] as a special case. It achieves a o(1/k) rate of convergence in terms
of the restricted gap function as well as the natural residual for the last iterate. To
complete the theoretical results we provide a convergence guarantee for the (last) iterate
to a solution of the variational inequality. To validate our method, which we call fOGDA-
VI, we investigate a two-player matrix game with mixed strategies of the two players.
Concluding, we show promising results regarding the application of fOGDA-VI to the
training of generative adversarial nets.

4.1. Introduction

Let H be a real Hilbert space, let F : H → H be a monotone and L-Lipschitz continuous
operator and let C be a nonempty closed convex subset of H. Then the (strong) classical
variational inequality problem (see Example 3.1.2) consists of �nding z∗ ∈ H such that

〈F (z∗), z − z∗〉 ≥ 0 ∀z ∈ C. (4.1)

For the following considerations we assume that the solution set of (4.1) is nonempty,
i.e., Ω := {z ∈ C | 〈F (z), w − z〉 ≥ 0 ∀w ∈ C} 6= ∅. Denoting the normal cone of C by
NC , condition (4.1) is equivalent to

0 ∈ F (z∗) +NC(z∗). (4.2)

Both (4.1) and its associated constrained saddle point problem are fundamental mod-
els in various �elds such as optimisation, economics, game theory, and partial di�erential
equations. Recently, they have attracted signi�cant attention, in particular in the area of
machine learning due to the fundamental role they play, for instance, in multi agent re-
inforcement learning [116], robust adversarial learning [96] and the training of generative
adversarial networks (GANs) [70].

The aim of this work is to introduce an accelerated �rst order method for solving the
constrained variational inequality problem (4.1). To this purpose, we �rst recall suitable
measures that are commonly used to judge the quality of prospective solutions. We
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will show that our proposed algorithm exhibits a better rate of convergence compared
to other accelerated algorithms, while still maintaining the property that the generated
sequence converges to a solution which is not necessarily the case for other accelerated
methods [40,42,113].

4.1.1. Convergence measures

There are several ways to measure the convergence to a solution of (4.1) in the literature.
For this let us �rst introduce some notation that is necessary in the following.
For z ∈ H and δ > 0 we denote B(z; δ) := {w ∈ H | ‖w − z‖ ≤ δ}. We write PC(z) to

denote the projection of z onto a closed convex subset C of H, which is uniquely de�ned.

Restricted gap function For z∗, z0 ∈ Ω and δ(z0) := ‖z∗ − z0‖, the restricted gap func-
tion [114], see also Section 3.4.2, associated with the variational inequality (4.1) is de�ned
via

Gap(z) := sup
w∈C∩B(z∗;δ(z0))

〈F (w), z − w〉 ≥ 0.

The restriction of the supremum to a bounded set, particularly the ball B(z∗; δ(z0)) in
our case, is essential to avoid an in�nitely large gap when C is unbounded.

Tangent residual Another quantity that can be used to measure the quality of a candi-
date with respect to the variational inequality (4.1) is based on the observation that it
is equivalent to the monotone inclusion (4.2). The so-called tangent residual is given by

r(z) := inf
ζ∈NC(z)

‖F (z) + ζ‖ .

In a straightforward way this quantity extends the usual measure ‖F (z)‖ in the uncon-
strained setting of monotone equations, where the goal is to �nd z∗ ∈ H such that

F (z∗) = 0, (4.3)

to variational inequalities by measuring the distance of z being a solution and satisfy-
ing (4.2). Note, if z /∈ C we have NC(z) = ∅ and thus r(z) = +∞.

To also have a meaningful measure for elements not contained in the constraint set we
can look at the following quantity.

Natural residual Another useful convergence measure is the natural residual, which in
fact is upper bounded by the tangent residual. Using the characterisation of the projec-
tion via the normal cone (see [17, Proposition 6.45]) we observe that

0 ∈ F (z∗) +NC(z∗) ⇔ z∗ = PC [z∗ − F (z∗)] .

This motivates to look at

Res(z) := ‖z − PC [z − F (z)]‖ ,
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which is also known as �xed point residual. To see that indeed Res(z) ≤ r(z) for all
z ∈ H, it is su�cient to only consider the case when z ∈ C as otherwise the inequality
trivially holds. Let z ∈ C and ζ ∈ NC(z), then by the following equivalence (see [17,
Proposition 6.45]),

p = PC(v) ⇔ ∃ζ ∈ NC(p) such that v − p = ζ, (4.4)

we obtain that z = PC [z+ ζ]. Since the projection onto a nonempty closed convex set is
nonexpansive, we then deduce that

Res(z) = ‖z − PC [z − F (z)]‖ = ‖PC [z + ζ]− PC [z − F (z)]‖ ≤ ‖F (z) + ζ‖ . (4.5)

Since ζ ∈ NC(z) was arbitrary, we conclude that Res(z) ≤ r(z). Note, in the uncon-
strained case (4.3) the two residuals coincide and are given by

r(z) = Res(z) = ‖F (z)‖ .

4.1.2. Related works

In this work we are interested exclusively in �rst order methods that are fully splitting,
i.e., algorithms that only use projections onto C and direct evaluations of the operator
F as main building blocks. As a general Lipschitz continuous operator is not necessarily
cocoercive, the simplest �rst order method that is splitting � the Forward-Backward (FB)
algorithm � can not be used to solve (4.1).

Extragradient (EG) method [6, 85] Korpelevich and Antipin proposed to take a second
forward evaluation of F in each iteration in order to solve (4.1). This results in the
following scheme

EG:

⌊
wk = PC [zk − γF (zk)] ,
zk+1 = PC [zk − γF (wk)] ,

∀k ≥ 0 (4.6)

which converges to a solution for 0 < γ < 1/L.

It is known that EG converges with a rate of O(1/K) in terms of the restricted gap
function for the averaged, or ergodic, iterates

w̄K :=
1

K

K∑
k=1

wk

in both the unconstrained [109, 112, 114] and the constrained case [78], which further
seems to be optimal [118]. The best iterate convergence in terms of the tangent residual,
however, is known to yield a rate of O(1/

√
K) [60, 85], i.e.,

min
1≤k≤K

r(zk) = O
(

1√
K

)
as k → +∞.

67



4. A fast optimistic method for variational inequalities

The more desirable last iterate convergence rate for EG was derived only recently in the
unconstrained case [71] which was then extended to the constrained case as well [41]. In
fact,

Gap(zk) = O
(

1√
k

)
and Res(zk) ≤ r(zk) = O

(
1√
k

)
,

as k → +∞. The result for the restricted gap function [68] as well as for the residuals is
actually tight, meaning that the convergence rate for the averaged iterates is better than
for the last iterate. Nevertheless, we emphasize that the latter one is more appealing since
the averaged iterates might still show acceptable behaviour while the actual trajectory
of iterates cycles around the set of solutions periodically [104].

Popov’s method [123] In the saddle point setting Popov [123] introduced the following
algorithm which, when applied to (4.2), reads

Popov:

⌊
wk = PC [zk − γF (wk−1)]
zk+1 = PC [zk − γF (wk)]

∀k ≥ 0, (4.7)

which converges to a solution for 0 < γ < 1/2L. The update rule of (4.7) is very similar
to (4.6) but requires F to be evaluated only once per iteration. Actually, Popov can
be obtained from EG if we replace F (zk) by F (wk−1) in the �rst line of (4.6). In the
unconstrained case (4.7) can be written in one line, yielding a method usually known
as Optimistic Gradient Descent Ascent (OGDA), a name that was coined by works on
GAN training [54,55].
Given the close connection between EG and OGDA, it is not surprising that many

convergence rate results hold in a similar way. In terms of the restricted gap OGDA
converges like O(1/k) and O(1/

√
k) for averaged iterates [109] and last iterates [68], re-

spectively, where the latter one is optimal. The convergence rate in terms of the residuals
is O(1/

√
k) and it can not be improved in general [41,46,67], as seen for EG.

We have seen that both EG and Popov's method require two projections in each
iteration. One might think that this is necessary to obtain convergent algorithms for the
variational inequality (4.2) when the operator F is merely Lipschitz continuous and not
cocoercive. This is not the case, however, and in the following we will look at algorithms
that need only one evaluation of the projection operator per iteration.

Forward-Backward-Forward (FBF) method [137] One of these single-call projection meth-
ods is the FBF method. It was proposed by Tseng [137] and applied to (4.2) it iterates

FBF:

⌊
wk = PC [zk − γF (zk)]
zk+1 = wk − γ (F (wk)− F (zk))

∀k ≥ 0, (4.8)

which converges to a solution for 0 < γ < 1/L. Notice that in each iteration this iterative
scheme performs two evaluations of F along the sequences (zk)k≥0 and (wk)k≥0, similar
to EG � the �rst line of FBF and EG is even identical. In the second line, however,
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instead of performing another projection the forward step regarding the intermediate
iterate wk is corrected by the previous update F (zk). Moreover, for the unconstrained
problem (4.3), i.e., in the absence of projections, FBF and EG are equivalent.

Forward-Reflected-Backward (FRB) method [100] Another single-call projection method
that even requires only one evaluation of F like the basic FB algorithm was proposed by
Malitsky and Tam [100]. The FRB algorithm is given by

FRB:
⌊
zk+1 = PC [zk − 2γF (zk) + γF (zk−1)] ∀k ≥ 0, (4.9)

and converges to a solution for 0 < γ < 1/2L. Note that FRB can be deducted from FBF
by reusing F (wk−1) instead of F (zk) in the �rst line of (4.8), similarly to how Popov's
method can be obtained from EG. Hence (4.9) coincides with (4.7) and OGDA in the
unconstrained case.

Projected Reflected Gradient (RG) method [98] Before investigating FRB, Malitsky in-
troduced another similar method where the order of the re�ection and the forward step
is reversed [98]. In particular, a second forward step can be avoided by evaluating F at
an appropriate linear combination of the iterates. This gives rise to the following method

RG:

⌊
wk = 2zk − zk−1

zk+1 = PC [zk − γF (wk)]
∀k ≥ 0, (4.10)

which converges to a solution for 0 < γ < (
√

2−1)/L.

Despite the similarities in the construction and iterate convergence, nonasymptotic
convergence is less understood in the case of single-call projection methods. For exam-
ple Banert and Boµ [15] derived for Tseng's method an ergodic O(1/k) rate in terms of
function values in the context of convex optimisation; see also [20] for an ergodic O(1/

√
k)

convergence result in terms of the restricted gap function in the stochastic setting. For
Malitsky's RG algorithm convergence in terms of the gap function and residuals like
O(1/

√
k) for the last iterate was established recently [42].

4.1.3. Accelerated methods

An accelerated algorithm for solving (4.3) that is based on EG, called Extra Anchored
Gradient (EAG) algorithm, was proposed by Yoon and Ryu [140]. It is designed by
using anchoring, a technique that can be traced back to Halpern's algorithm [74]. This
iterative scheme exhibits a convergence rate of

‖F (zk)‖ = O
(

1

k

)
as k → +∞.
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These considerations have been followed by extension of EAG to the constrained set-
ting [40], where the authors consider

EAG:

 wk = PC

[
zk − γF (zk) +

1

k + 1
(z0 − zk)

]
zk+1 = PC

[
zk − γF (wk) +

1

k + 1
(z0 − zk)

] ∀k ≥ 0,

with 0 < γ < 1/
√

3L. One can notice that the algorithm uses two operator evaluations
and two projection steps, like EG, and in the unconstrained case it coincides with its pro-
jection free counterpart [140], maintaining the O(1/k) convergence rate for gap function
and residuals.
Similar to the nonaccelerated methods from the previous subsection, one can also

reduce the number of necessary operator evaluations and projections to one each per
iteration. This was done by investigating an accelerated version [42] of the projected
re�ected gradient method (4.10) with convergence rate O(1/k). The method is given by

ARG:

 wk = 2zk − zk−1 +
1

k + 1
(z0 − zk)− 1

k (z0 − zk−1)

zk+1 = PC

[
zk − γF (wk) +

1

k + 1
(z0 − zk)

] ∀k ≥ 0,

with 0 < γ ≤ 1/12L.
It is worth mentioning that for constrained EAG [40] and ARG [42] there are no guar-

antees for the iterates to converge to a solution.

Further variants of anchoring based algorithms have been proposed by Tran-Dinh [135]
and together with Luo [136], which all exhibit the same convergence rate in terms of the
operator norm

∥∥F (zk)
∥∥ as EAG for (4.3). Monotone inclusions are also considered in

these works, with a more general operator than NC , but this requires either taking a
backward step or additionally asking for cocoercivity of F . In the same spirit, an o(1/k)
rate of convergence together with convergence of iterates was shown for an accelerated
version of the Krasnosel'ski��-Mann algorithm [35].
Tran-Dinh [135] as well as Park and Ryu [119] pointed out the existence of some con-

nections between the anchoring approach and Nesterov's acceleration technique used for
the minimisation of smooth and convex functions [113,115].

A di�erent approach, as it appears, from the Halpern-type methods mentioned above
was investigated in [31]. An appropriate (explicit) discretisation of a second-order dy-
namical system gives rise to an accelerated algorithm related to OGDA, called fast OGDA
(fOGDA), which will constitute a starting point for our considerations in the following.
The fast OGDA algorithm [31] for solving the monotone equation (4.3) is given by

fOGDA:

 wk = zk +
k

k + α

(
zk − zk−1

)
− γ α

k + α
F (wk−1)

zk+1 = wk − γ
(

1 +
k

k + α

)(
F (wk)− F (wk−1)

) ∀k ≥ 1,
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which converges for 0 < γ < 1/4L and α > 0 large enough. It was shown that fOGDA
exhibits convergence like

Gap(zk) = o

(
1

k

)
and ‖F (zk)‖ = o

(
1

k

)
as k → +∞.

4.2. Main results

In this section, we will �rst motivate the necessary changes how to extend fOGDA to
solve the variational inequality (4.1) and introduce our newly proposed method which we
call fOGDA-VI. This is followed by formally stating the convergence results of fOGDA-VI
� convergence of the iterates to a solution as well as convergence in terms of the restricted
gap and the residuals like o(1/k) for the last iterate.

4.2.1. Extending fOGDA to the constraint case

It can be seen empirically, that incorporating one (or more) projections into fOGDA in
a naive way is not su�cient to obtain a solution method for (4.1). Instead, the idea is
to introduce for all k ≥ 1 an appropriate element ζk of the normal cone NC(zk). This is
done by replacing F (wk−1) by the sum F (wk−1) + ζk. One might think that because of
this the suitable choice would be to take ζk ∈ NC(wk−1), but this is not the case which
can be motivated as follows. For the unconstrained case, i.e., when solving the monotone
equation (4.3), we want to �nd a sequence (zk)k≥1 yielding ‖F (zk)‖ → 0. However, in
the constrained case, i.e., when tackling the monotone inclusion (4.2), we aim to establish
sequences (zk)k≥1, (ζk)k≥1 with ζk ∈ NC(zk) such that

‖F (zk) + ζk‖ → 0.

Then instead of fOGDA we have an algorithm of the form

wk = zk +
k

k + α

(
zk − zk−1

)
− γ α

k + α

(
F (wk−1) + ζk

)
,

zk+1 = wk − γ
(

1 +
k

k + α

)(
F (wk)− F (wk−1) + ζk+1 − ζk

)
. (4.11)

At �rst glance this method seems to be implicit, as both zk+1 and ζk+1 appear on the
same line. The expression (4.11) can be used to formulate a projection step via (4.4),
though.

These considerations give rise to the following algorithm.

Algorithm 4.2.1. Let α > 2. For starting points z0, w0 ∈ H, z1 ∈ C, ζ1 ∈ NC(z1) and
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�xed step size 0 < γ < 1/4L we consider for all k ≥ 1

fOGDA-VI:


wk = zk +

k

k + α

(
zk − zk−1

)
− γ α

k + α

(
F (wk−1) + ζk

)
,

zk+1 = PC

[
wk − γ

(
1 +

k

k + α

)(
F (wk)− F (wk−1)− ζk

)]
,

ζk+1 =
k + α

γ(2k + α)

(
wk − zk+1

)
−
(
F (wk)− F (wk−1)− ζk

)
.

4.2.2. Convergence statements

The �rst main result concerns the convergence of the sequence of iterates to an element
in Ω.

Theorem 4.2.2. Let (zk)k≥0 be the sequence generated by Algorithm 4.2.1. Then the
sequence (zk)k≥0 converges weakly to a solution of (4.1).

The central idea for the proof is to de�ne an appropriate nonincreasing energy function
to obtain convergence or summability of various helpful quantities. Even though we are
not able to enforce the discrete energy (Gλ,k)k≥0, for suitable λ ≥ 0, to have an actual
nonincreasing property, we can at least show that for every k ≥ 0

Gλ,k+1 ≤ (1 + dk)Gλ,k − bk, (4.12)

with some nonnegative sequences (bk)k≥0, (dk)k≥0. The aim is to control these two
sequences in such a way that we can still derive some bene�cial asymptotic results of
(Gλ,k)k≥0. For instance, we show that there exist two constants 0 ≤ λ

	
(α) < λ̄(α) such

that the inequality (4.12) holds with
∑

k≥0 dk < +∞ for every λ ∈ (λ
	
(α), λ̄(α)). This

allows us to conclude that limk→+∞ Gλ,k ∈ R exists, see Lemma 2.5.3 for more details.
From this we can then verify that the �rst condition of Opial's lemma, see Lemma 2.3.1,

is ful�lled, while its second condition follows from the maximal monotonicity of F +NC ,
see Proposition 2.1.3.

The asymptotic convergence of the iterates is complemented by statements about con-
vergence rates in terms of the restricted gap as well as the natural residual for the last
iterate.

Theorem 4.2.3. Let z∗ ∈ Ω be a solution of (4.1) and let (zk)k≥0 be the sequence
generated by Algorithm 4.2.1. Then we have

Gap(zk) = o

(
1

k

)
and Res(zk) = o

(
1

k

)
as k → +∞.

4.3. Convergence analysis

In the following section we will establish the necessary convergence analysis to prove
Theorem 4.2.2 and Theorem 4.2.3.
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4.3.1. Notation and preliminary considerations

In the following for all k ≥ 1 we will use the notation

vk := F (wk−1) + ζk, (4.13)

which we plug into Algorithm 4.2.1 to obtain

wk = zk +
k

k + α

(
zk − zk−1

)
− γ α

k + α
vk, (4.14a)

zk+1 = wk − γ
(

1 +
k

k + α

)(
vk+1 − vk

)
. (4.14b)

Since 0 < γ < 1/4L there exists 0 < ε < 1 such that

γ =
1− ε
4L

. (4.15)

Hence, the de�nition of vk together with the Lipschitz continuity of F give us

‖ζk+1 + F (zk+1)− vk+1‖ = ‖F (zk+1)− F (wk)‖ ≤ L ‖zk+1 − wk‖

≤ γL ‖vk+1 − vk‖ ≤
1− ε

4
‖vk+1 − vk‖ ≤

1

4
‖vk+1 − vk‖ ≤ ‖vk+1 − vk‖ .

(4.16)

By summing up (4.14a) and (4.14b) we �nd

(k + α) (zk+1 − zk)− k (zk − zk−1) = −αγvk+1 − 2γk (vk+1 − vk) . (4.17)

Let 0 ≤ λ ≤ α− 1 and z∗ ∈ Ω. Following [31] we denote for every k ≥ 1

uλ,k := 2λ (zk − z∗) + 2k (zk − zk−1) +
3α− 2

α− 1
γkvk, (4.18)

Eλ,k :=
1

2
‖uλ,k‖2 + 2λ (α− 1− λ) ‖zk − z∗‖2 +

2 (α− 2)

α− 1
λγk 〈zk − z∗, vk〉 (4.19)

+
α− 2

α− 1
γ2k

(
3α− 2

2 (α− 1)
k + α

)
‖vk‖2 ,

Gλ,k := Eλ,k −
2 (α− 2)

α− 1
γk2 〈zk − zk−1, F (zk)− F (wk−1)〉 (4.20)

+
α− 2

α− 1
γ2k
√
k
(

(1− ε)
√
k + α

)
‖vk − vk−1‖2 .

4.3.2. Properties of the energy function

We collect the properties of the energy functions (Eλ,k)k≥1 and (Gλ,k)k≥1 in the following
lemmas.
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Lemma 4.3.1. Let z∗ ∈ Ω and (zk)k≥0 be the sequence generated by Algorithm 4.2.1.
For 0 ≤ λ ≤ α− 1, the following identity holds for every k ≥ 1

Eλ,k+1 − Eλ,k
= −4 (α− 2)λγ 〈zk+1 − z∗, vk+1〉

+ 2 (λ+ 1− α) (2k + α+ 1) ‖zk+1 − zk‖2

+
2

α− 1

(
4 (α− 1) (λ+ 1− α)− α (α− 2)

)
γk 〈zk+1 − zk, vk+1〉

+
2

α− 1

(
2α (α− 1) (λ+ 1− α) + α− 2 (α− 1)2

)
γ 〈zk+1 − zk, vk+1〉

− 2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, vk+1 − vk〉 −

α− 2

α− 1
γ2k (2k + α) ‖vk+1 − vk‖2

− α− 2

α− 1
γ2
(
2 (3α− 2) k + 2α2 + α− 2

)
‖vk+1‖2 .

(4.21)

Proof. Recall that by the de�nition in (4.18), we have for every k ≥ 1

uλ,k = 2λ (zk − z∗) + 2k (zk − zk−1) +
3α− 2

α− 1
γkvk

Similarly,

uλ,k+1 = 2λ (zk+1 − z∗) + 2 (k + 1) (zk+1 − zk) +
3α− 2

α− 1
γ (k + 1) vk+1. (4.22)

Thus, after substraction we deduce from (4.17) that

uλ,k+1 − uλ,k
= 2 (λ+ 1− α) (zk+1 − zk) + 2 (k + α) (zk+1 − zk)− 2k (zk − zk−1)

+
3α− 2

α− 1
γvk+1 +

3α− 2

α− 1
γk (vk+1 − vk)

= 2 (λ+ 1− α) (zk+1 − zk) +
α− 2 (α− 1)2

α− 1
γvk+1 +

2− α
α− 1

γk (vk+1 − vk) .

(4.23)

For k ≥ 1 we know that

1

2

(
‖uλ,k+1‖2 − ‖uλ,k‖2

)
= 〈uλ,k+1, uλ,k+1 − uλ,k〉 −

1

2
‖uλ,k+1 − uλ,k‖2 , (4.24)

and that for all k ≥ 0

2λ (α− 1− λ)
(
‖zk+1 − z∗‖2 − ‖zk − z∗‖2

)
= 4λ (α− 1− λ) 〈zk+1 − z∗, zk+1 − zk〉 − 2λ (α− 1− λ) ‖zk+1 − zk‖2 .

(4.25)
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We use the relations (4.22) and (4.23) to derive for every k ≥ 1

〈uλ,k+1, uλ,k+1 − uλ,k〉
= 4λ (λ+ 1− α) 〈zk+1 − z∗, zk+1 − zk〉

+
2

α− 1

(
α− 2 (α− 1)2

)
λγ 〈zk+1 − z∗, vk+1〉

− 2 (α− 2)

α− 1
λγk 〈zk+1 − z∗, vk+1 − vk〉+ 4 (λ+ 1− α) (k + 1) ‖zk+1 − zk‖2

+
2

α− 1

(
(3α− 2) (λ+ 1− α) + α− 2 (α− 1)2

)
γ (k + 1) 〈zk+1 − zk, vk+1〉

− 2 (α− 2)

α− 1
γ (k + 1) k 〈zk+1 − zk, vk+1 − vk〉

+
1

(α− 1)2

(
α− 2 (α− 1)2

)
(3α− 2) γ2 (k + 1) ‖vk+1‖2

− 1

(α− 1)2 (α− 2) (3α− 2) γ2 (k + 1) k 〈vk+1, vk+1 − vk〉 ,

(4.26)

and

−1

2
‖uλ,k+1 − uλ,k‖2 = −2 (λ+ 1− α)2 ‖zk+1 − zk‖2

− 2

α− 1

(
α− 2 (α− 1)2

)
(λ+ 1− α) γ 〈zk+1 − zk, vk+1〉

− 1

2 (α− 1)2

(
α− 2 (α− 1)2

)2
γ2 ‖vk+1‖2 −

(α− 2)2

2 (α− 1)2γ
2k2 ‖vk+1 − vk‖2

+
2(α− 2)

α− 1
(λ+ 1− α) γk 〈zk+1 − zk, vk+1 − vk〉

+
α− 2

(α− 1)2

(
α− 2 (α− 1)2

)
γ2k 〈vk+1, vk+1 − vk〉 .

(4.27)

After some algebra, we see that(
(3α− 2) (λ+ 1− α) + α− 2 (α− 1)2

)
(k + 1)− (λ+ 1− α)

(
α− 2 (α− 1)2

)
=
(

(3α− 2) (λ+ 1− α) + α− 2 (α− 1)2
)
k + 2α (α− 1) (λ+ 1− α)

+ α− 2 (α− 1)2

=
(

(3α− 2) (λ+ 1− α) + α− 2 (α− 1)2 + (α− 2)λ
)
k − (α− 2)λk

+ 2α (α− 1) (λ+ 1− α) + α− 2 (α− 1)2

=
(

4 (α− 1) (λ+ 1− α)− α (α− 2)
)
k − (α− 2)λk

+ 2α (α− 1) (λ+ 1− α) + α− 2 (α− 1)2 .

(4.28)
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By plugging (4.26) and (4.27) into (4.24), and by taking into consideration the relation
(4.28), we get for every k ≥ 1

1

2

(
‖uλ,k+1‖2 − ‖uλ,k‖2

)
= 4λ (λ+ 1− α) 〈zk+1 − z∗, zk+1 − zk〉

+
2

α− 1

(
α− 2 (α− 1)2

)
λγ 〈zk+1 − z∗, vk+1〉

− 2 (α− 2)

α− 1
λγk 〈zk+1 − z∗, vk+1 − vk〉

+ 2 (λ+ 1− α) (2k + α+ 1− λ) ‖zk+1 − zk‖2

+
2

α− 1

(
4 (α− 1) (λ+ 1− α)− α (α− 2)− (α− 2)λ

)
γk 〈zk+1 − zk, vk+1〉

+
2

α− 1

(
2α (α− 1) (λ+ 1− α) + α− 2 (α− 1)2

)
γ 〈zk+1 − zk, vk+1〉

− 2 (α− 2)

α− 1
γk (k + α− λ) 〈zk+1 − zk, vk+1 − vk〉 −

(α− 2)2

2 (α− 1)2γ
2k2 ‖vk+1 − vk‖2

+
1

2 (α− 1)2

(
α− 2 (α− 1)2

)
γ2
(
2 (3α− 2) k + 2α2 + α− 2

)
‖vk+1‖2

− α− 2

(α− 1)2γ
2k((3α− 2) k + 2α (α− 1)) 〈vk+1, vk+1 − vk〉 .

(4.29)

Furthermore, one can show that for every k ≥ 1 we get

(k + 1) 〈zk+1 − z∗, vk+1〉 − k 〈zk − z∗, vk〉
= 〈zk+1 − z∗, vk+1〉+ k (〈zk+1 − z∗, vk+1〉 − 〈zk − z∗, vk〉)
= 〈zk+1 − z∗, vk+1〉+ k 〈zk+1 − z∗, vk+1 − vk〉
− k 〈zk+1 − zk, vk+1 − vk〉+ k 〈zk+1 − zk, vk+1〉 .

(4.30)

and

(k + 1)
(

(3α− 2) (k + 1) + 2α (α− 1)
)
‖vk+1‖2 − k

(
(3α− 2) k + 2α (α− 1)

)
‖vk‖2

=
(
2 (3α− 2) k + 2α2 + α− 2

)
‖vk+1‖2

+ k
(

(3α− 2) k + 2α (α− 1)
)(
‖vk+1‖2 − ‖vk‖2

)
=
(
2 (3α− 2) k + 2α2 + α− 2

)
‖vk+1‖2

+ 2k
(

(3α− 2) k + 2α (α− 1)
)
〈vk+1, vk+1 − vk〉

− k
(

(3α− 2) k + 2α (α− 1)
)
‖vk+1 − vk‖2 .

(4.31)

In addition, direct computations show that

α− 2 (α− 1)2 + α− 2 = −2 (α− 1) (α− 2)
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and

− (α− 2)2 − (α− 2) (3α− 2) = −4 (α− 2) (α− 1) .

Hence, multiplying (4.30) by 2λγ(α−2)/(α−1) ≥ 0 and (4.31) by γ2(α−2)/2(α−1)2 > 0, followed
by summing up the resulting identities with (4.25) and (4.29), yields (4.21) for every
k ≥ 1.

Lemma 4.3.2. Let z∗ ∈ Ω and (zk)k≥0 be the sequence generated by Algorithm 4.2.1.
For 0 ≤ λ ≤ α− 1, the following statements are true:

(i) for every k ≥ k0 := max
{

2,
⌈

1
α−2

⌉}
the following holds:

Gλ,k+1 − Gλ,k ≤
(α− 1) (α− 2)

ε (k + 1)2 λ2 ‖zk+1 − z∗‖2

− 4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉
+ 4 (η0k + η1) γ 〈zk+1 − zk, vk+1〉+

(
η2k + κ0

√
k
)
‖zk+1 − zk‖2

+ 4
(
η3k + κ1

√
k
)
γ2 ‖vk+1‖2 −

α− 2

α− 1
µkγ

2 ‖vk+1 − vk‖2 ,

where

µk := (k + 1)
(
ε(k + 1) + α2

√
k + 1 + (α− 4)

)
− (α− 2),

η0 :=
1

2 (α− 1)
(4 (α− 1) (λ+ 1− α)− α (α− 2)) < 0,

η1 :=
1

2 (α− 1)

(
2α (α− 1) (λ+ 1− α) + α− 2 (α− 1)2

)
< 0,

η2 := 4 (λ+ 1− α) ≤ 0,

η3 := − 1

2 (α− 1)
(α− 2) (3α− 2) < 0,

κ0 :=
1

α− 1
(α− 2)

√
α− 2 > 0,

κ1 :=
1

4 (α− 1)
(α− 2)α > 0;

(4.32)

(ii) for every k ≥ 1 the quantity Gλ,k ful�ls

Gλ,k ≥
α− 2

4 (3α− 2)

∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2(3α− 2)

α− 1
γkvk

∥∥∥∥2

+
(α− 2)2

4 (3α− 2) (α− 1)
k2 ‖zk − zk−1‖2 + 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2 .

(4.33)
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Proof. (i) Let k ≥ 2 be �xed. By the de�nition of Gλ,k in (4.20), we have for every k ≥ 2

Gλ,k+1 − Gλ,k

= Eλ,k+1 − Eλ,k −
2 (α− 2)

α− 1
γ
[
(k + 1)2 〈zk+1 − zk, F (zk+1)− F (wk)〉

− k2 〈zk − zk−1, F (zk)− F (wk−1)〉
]

+
(α− 2)α

α− 1
γ2
[
(k + 1)

√
k + 1 ‖vk+1 − vk‖2 − k

√
k ‖vk − vk−1‖2

]
+

(α− 2) (1− ε)
α− 1

γ2
[
(k + 1)2 ‖vk+1 − vk‖2 − k2 ‖vk − vk−1‖2

]
.

(4.34)

By using the de�nition of η0, η1, η2 and η3 in (4.32), for every k ≥ 1 we deduce from
(4.21) that

Eλ,k+1 − Eλ,k
= −4 (α− 2)λγ 〈zk+1 − z∗, vk+1〉+

(
η2k + 2 (λ+ 1− α) (α+ 1)

)
‖zk+1 − zk‖2

+ 4 (η0k + η1) γ 〈zk+1 − zk, vk+1〉 −
2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, vk+1 − vk〉

− α− 2

α− 1
k (2k + α) γ2 ‖vk+1 − vk‖2 +

(
4η3k −

α− 2

α− 1

(
2α2 + α− 2

))
γ2 ‖vk+1‖2

≤ −4 (α− 2)λγ 〈zk+1 − z∗, vk+1〉 −
2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, vk+1 − vk〉

+
(

4 (η0k + η1) γ 〈zk+1 − zk, vk+1〉+ η2k ‖zk+1 − zk‖2 + 4η3kγ
2 ‖vk+1‖2

)
− α− 2

α− 1
k (2k + α) γ2 ‖vk+1 − vk‖2 ,

(4.35)

where the inequality comes from the fact that 0 ≤ λ ≤ α− 1 and α > 2. Plugging (4.35)
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into (4.34) yields for every k ≥ 2

Gλ,k+1 − Gλ,k
≤ −4 (α− 2)λγ 〈zk+1 − z∗, vk+1〉 −

α− 2

α− 1

(
2k2 + αk

)
γ2 ‖vk+1 − vk‖2

− 2 (α− 2)

α− 1
γ
[
(k + 1)2 〈zk+1 − zk, F (zk+1)− F (wk)〉

− k2 〈zk − zk−1, F (zk)− F (wk−1)〉
]

+
(α− 2)α

α− 1
γ2
[
(k + 1)

√
k + 1 ‖vk+1 − vk‖2 − k

√
k ‖vk − vk−1‖2

]
+

(α− 2) (1− ε)
α− 1

γ2
[
(k + 1)2 ‖vk+1 − vk‖2 − k2 ‖vk − vk−1‖2

]
+
(

4 (η0k + η1) γ 〈zk+1 − zk, vk+1〉+ η2k ‖zk+1 − zk‖2 + 4η3kγ
2 ‖vk+1‖2

)
− 2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, vk+1 − vk〉 .

(4.36)

Our next aim is to derive upper estimates for the �rst two terms on the right-hand side
of (4.36), which will eventually simplify the subsequent three terms. From the Cauchy-
Schwarz inequality and (4.16) we have for all k ≥ 1

−4 (α− 2)λγ 〈zk+1 − z∗, vk+1〉 = −4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (wk)〉
= −4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

+ 4 (α− 2)λγ 〈zk+1 − z∗, F (zk+1)− F (wk)〉
≤ −4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

+ 4 (α− 2)λγ ‖zk+1 − z∗‖ ‖F (zk+1)− F (wk)‖
≤ −4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

+ 2 (α− 2)λγ ‖zk+1 − z∗‖ ‖vk+1 − vk‖

≤ −4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉+
(α− 1) (α− 2)

ε (k + 1)2 λ2 ‖zk+1 − z∗‖2

+
α− 2

α− 1
εγ2 (k + 1)2 ‖vk+1 − vk‖2 .

(4.37)

For ζk ∈ NC (zk) and ζk+1 ∈ NC (zk+1), the monotonicity of NC and F , together with
the relation (4.17) and the fact that for all k ≥ 1

ζk + F (zk)− vk = F (zk)− F (wk−1),
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yield for every k ≥ 1

−2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, vk+1 − vk〉

≤ 2 (α− 2)

α− 1
γk (k + α)

〈
zk+1 − zk,

(
ζk+1 + F (zk+1)− vk+1

)
−
(
ζk + F (zk)− vk

)〉
=

2 (α− 2)

α− 1
γk (k + α)

〈
zk+1 − zk,

(
F (zk+1)− F (wk)

)
−
(
F (zk)− F (wk−1)

)〉
=

2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, F (zk+1)− F (wk)〉

− 2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, F (zk)− F (wk−1)〉

=
2 (α− 2)

α− 1
γ (k + 1)2 〈zk+1 − zk, F (zk+1)− F (wk)〉

− 2 (α− 2)

α− 1
γk2 〈zk − zk−1, F (zk)− F (wk−1)〉

+
2 (α− 2)

α− 1
γ((α− 2) k − 1) 〈zk+1 − zk, F (zk+1)− F (wk)〉

+
2 (α− 2)

α− 1
αγ2k 〈vk+1, F (zk)− F (wk−1)〉

+
4 (α− 2)

α− 1
γ2k2 〈vk+1 − vk, F (zk)− F (wk−1)〉 .

(4.38)

By Young's inequality together with (4.16) for every k ≥
⌈

1
α−2

⌉
we obtain

2 (α− 2)

α− 1
γ((α− 2) k − 1) 〈zk+1 − zk, F (zk+1)− F (wk)〉

≤ α− 2

α− 1

(√
(α− 2) k − 1 ‖zk+1 − zk‖2

+γ2((α− 2) k − 1)
√

(α− 2) k − 1 ‖F (zk+1)− F (wk)‖2
)

≤ α− 2

α− 1

√
(α− 2) k ‖zk+1 − zk‖2

+ (α− 2)
√
α− 1γ2 (k + 1)

√
k + 1 ‖F (zk+1)− F (wk)‖2

≤ α− 2

α− 1

√
(α− 2) k ‖zk+1 − zk‖2

+ 4 (α− 2)
√
α− 1γ4L2 (k + 1)

√
k + 1 ‖vk+1 − vk‖2

≤ α− 2

α− 1

√
(α− 2) k ‖zk+1 − zk‖2 + (α− 2)αγ2 (k + 1)

√
k + 1 ‖vk+1 − vk‖2 ,

(4.39)

where in the second estimate we use the fact that (α− 2) k − 1 ≤ (α− 1) (k + 1), while
in the last one we combine

√
α− 1 ≤ α and γL < 1/4 < 1.
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In addition, for every k ≥ 2 we derive

2 (α− 2)

α− 1
αγ2k 〈vk+1, F (zk)− F (wk−1)〉

≤ α− 2

α− 1
αγ2
√
k ‖vk+1‖2 +

α− 2

α− 1
αγ2k

√
k ‖F (zk)− F (wk−1)‖2

≤ α− 2

α− 1
αγ2
√
k ‖vk+1‖2 +

α− 2

α− 1
αγ2k

√
k ‖vk − vk−1‖2

=
α− 2

α− 1
αγ2
√
k ‖vk+1‖2 +

α− 2

α− 1
αγ2 (k + 1)

√
k + 1 ‖vk+1 − vk‖2

− α− 2

α− 1
αγ2

[
(k + 1)

√
k + 1 ‖vk+1 − vk‖2 − k

√
k ‖vk − vk−1‖2

]
,

and, by using the Cauchy-Schwarz inequality and (4.16),

4 (α− 2)

α− 1
γ2k2 〈vk+1 − vk, F (zk)− F (wk−1)〉

≤ 2 (α− 2)

α− 1
(1− ε) γ2k2 ‖vk+1 − vk‖ ‖vk − vk−1‖

≤ α− 2

α− 1
(1− ε) γ2k2

(
‖vk+1 − vk‖2 + ‖vk − vk−1‖2

)
=

4 (α− 2)

α− 1
γ3Lk2

(
‖vk+1 − vk‖2 + ‖vk − vk−1‖2

)
≤ −4 (α− 2)

α− 1
γ3L

(
(k + 1)2 ‖vk+1 − vk‖2 − k2 ‖vk − vk−1‖2

)
+

8 (α− 2)

α− 1
γ3L (k + 1)2 ‖vk+1 − vk‖2

= −4 (α− 2)

α− 1
γ3L

(
(k + 1)2 ‖vk+1 − vk‖2 − k2 ‖vk − vk−1‖2

)
+

2 (α− 2)

α− 1
(1− ε) γ2 (k + 1)2 ‖vk+1 − vk‖2 ,

(4.40)

where we want to recall that the �rst equality comes from (4.15). By plugging (4.39)
and (4.40) into (4.38), then combining the result with (4.37), we get after rearranging
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the terms for every k ≥ k0

−4 (α− 2)λγ 〈zk+1 − z∗, vk+1〉 −
2 (α− 2)

α− 1
γk (k + α) 〈zk+1 − zk, vk+1 − vk〉

≤ 2 (α− 2)

α− 1
γ
[
(k + 1)2 〈zk+1 − zk, F (zk+1)− F (wk)〉

− k2 〈zk − zk−1, F (zk)− F (wk−1)〉
]

− α− 2

α− 1
αγ2

[
(k + 1)

√
k + 1 ‖vk+1 − vk‖2 − k

√
k ‖vk − vk−1‖2

]
− 4 (α− 2)

α− 1
γ3L

[
(k + 1)2 ‖vk+1 − vk‖2 − k2 ‖vk − vk−1‖2

]
− 4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

+
α− 2

α− 1

((
2k2 + αk

)
− µk

)
γ2 ‖vk+1 − vk‖2

+
1

α− 1
(α− 2)

√
(α− 2) k ‖zk+1 − zk‖2 +

α− 2

α− 1
αγ2
√
k ‖vk+1‖2

+
1

ε (k + 1)2 (α− 1) (α− 2)λ2 ‖zk+1 − z∗‖2 ,

(4.41)

where we set

µk :=
(
2k2 + αk

)
− ε (k + 1)2 − (α− 1)α (k + 1)

√
k + 1− α (k + 1)

√
k + 1

− 2 (1− ε) (k + 1)2

= ε (k + 1)2 + (α− 4) k − 2− α2 (k + 1)
√
k + 1

= (k + 1)
(
ε (k + 1) + α2

√
k + 1 + α− 4

)
− (α− 2) .

Finally, summing up (4.36) and (4.41), we obtain the desired estimate.

(ii) Observe that

2 (α− 2)

α− 1
λγk 〈zk − z∗, vk〉+

(α− 2) (3α− 2)

2 (α− 1)2 γ2k2 ‖vk‖2

=
α− 2

3α− 2

(
2 (3α− 2)

α− 1
λγk 〈zk − z∗, vk〉+

(3α− 2)2

2 (α− 1)2γ
2k2 ‖vk‖2

)

=
1

3α− 2
(α− 2)

(
1

2

∥∥∥∥2λ (zk − z∗) +
3α− 2

α− 1
γkvk

∥∥∥∥2

− 2λ2 ‖zk − z∗‖2
)

By the de�nition of uλ,k in (4.18) and by using the identity

‖x‖2 + ‖y‖2 =
1

2

(
‖x+ y‖2 + ‖x− y‖2

)
∀x, y ∈ H,
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we deduce that for every k ≥ 1

Eλ,k =
1

2
‖uλ,k‖2 + 2λ (α− 1− λ) ‖zk − z∗‖2 +

2 (α− 2)

α− 1
λγk 〈zk − z∗, vk〉

+
α− 2

α− 1
γ2k

(
1

2 (α− 1)
(3α− 2) k + α

)
‖vk‖2

=
1

2

∥∥∥∥2λ (zk − z∗) + 2k (zk − zk−1) +
3α− 2

α− 1
γkvk

∥∥∥∥2

+ 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2 +

α− 2

α− 1
αγ2k ‖vk‖2

+
α− 2

2 (3α− 2)

∥∥∥∥2λ (zk − z∗) +
3α− 2

α− 1
γkvk

∥∥∥∥2

=
α

3α− 2

∥∥∥∥2λ (zk − z∗) + 2k (zk − zk−1) +
3α− 2

α− 1
γkvk

∥∥∥∥2

+ 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2 +

α− 2

α− 1
αγ2k ‖vk‖2

+
α− 2

4 (3α− 2)

∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2 (3α− 2)

α− 1
γkvk

∥∥∥∥2

+
α− 2

3α− 2
k2 ‖zk − zk−1‖2 .

Consequently,

Gλ,k = Eλ,k −
2 (α− 2)

α− 1
γk2 〈zk − zk−1, F (zk)− F (wk−1)〉

+
α− 2

α− 1
γ2k
√
k
(

(1− ε)
√
k + α

)
‖vk − vk−1‖2

≥ α− 2

4 (3α− 2)

∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2 (3α− 2)

α− 1
γkvk

∥∥∥∥2

+
α− 2

3α− 2
k2 ‖zk − zk−1‖2 + 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2

− 2 (α− 2)

α− 1
γk2 〈zk − zk−1, F (zk)− F (wk−1)〉

+
α− 2

α− 1
γ2k
√
k
(

4γL
√
k + α

)
‖vk − vk−1‖2 .

Now we use relation (4.16) and apply Lemma 2.5.5 with (a, b, c) :=
(

1/2,−2γ, 2γ/L
)
to

verify that for every k ≥ 1

1

2
‖zk − zk−1‖2 − 4γ 〈zk − zk−1, F (zk)− F (wk−1)〉+ 8γ3L ‖vk − vk−1‖2

≥ 1

2
‖zk − zk−1‖2 − 4γ 〈zk − zk−1, F (zk)− F (wk−1)〉+

2γ

L
‖F (zk)− F (wk−1)‖2

≥ 0.
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Combining the last two estimates, for every k ≥ k1 one can easily conclude that

Gλ,k ≥
α− 2

4 (3α− 2)

∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2 (3α− 2)

α− 1
γkvk

∥∥∥∥2

+ (α− 2)

(
1

3α− 2
− 1

4 (α− 1)

)
k2 ‖zk − zk−1‖2

+ 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2

=
α− 2

4 (3α− 2)

∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2 (3α− 2)

α− 1
γkvk

∥∥∥∥2

+
(α− 2)2

4 (3α− 2) (α− 1)
k2 ‖zk − zk−1‖2 + 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2 ,

which is the desired inequality.

The following lemma will be helpful in the main proof.

Lemma 4.3.3. The following statements are true:

(i) there exist two parameters

0 ≤ λ
	

(α) < λ̄ (α) ≤ 3α− 2

4
, (4.42)

such that for every λ satisfying λ
	

(α) < λ < λ̄ (α) one can �nd an integer k2 (λ) ≥ 1
with the property that the following inequality holds for every k ≥ k2 (λ)

Rk :=

√
5α− 2

2 (3α− 2)

(
η2k + κ0

√
k
)
‖zk+1 − zk‖2 + 4γ

(
η0k + η1

)
〈zk+1 − zk, vk+1〉

+ 4

√
5α− 2

2 (3α− 2)
γ2
(
η3k + κ1

√
k
)
‖vk+1‖2 ≤ 0;

(4.43)

(ii) there exists a positive integer k3 such that for every k ≥ k3 we have

µk ≥
ε

2
(k + 1)2 . (4.44)

Proof. (i) For the quadratic expression in Rk we calculate

∆′k
4γ2

:= (η0k + η1)2 − 5α− 2

2 (3α− 2)
k
(
η2

√
k + κ0

)(
η3

√
k + κ1

)
=

(
η2

0 −
5α− 2

2 (3α− 2)
η2η3

)
k2 − 5α− 2

2 (3α− 2)
(η2κ1 + κ0η3) k

√
k

+

(
2η0η1 −

5α− 2

2 (3α− 2)
κ0κ1

)
k + η2

1.
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Since
(
η2

0 − 5α−2
2(3α−2)η2η3

)
k2 is the dominant term in the above polynomial, it su�ces to

guarantee that

η2
0 −

5α− 2

2 (3α− 2)
η2η3 < 0 (4.45)

holds in order to ensure the existence of some integer k2 (λ) ≥ 1 such that ∆′k ≤ 0 for
every k ≥ k2 (λ) and to obtain from here, due to Lemma 2.5.5 (ii), that Rk ≤ 0 for every
k ≥ k2 (λ).
It remains to show that there exists a choice of λ for which (4.45) is true. We set

ξ := λ+ 1− α ≤ 0 and get

η0 =
1

2 (α− 1)
(4 (α− 1) (λ+ 1− α)− α (α− 2))

=
1

2 (α− 1)
(4 (α− 1) ξ − α (α− 2)) ,

η2η3 = − 2

α− 1
(α− 2) (3α− 2) (λ+ 1− α) = − 2

α− 1
(α− 2) (3α− 2) ξ.

This means that we have to guarantee that there exists a choice for ξ satisfying

η2
0 −

5α− 2

2 (3α− 2)
η2η3

=
1

4 (α− 1)2

(
(4 (α− 1) ξ − α (α− 2))2 + 4 (5α− 2) (α− 1) (α− 2) ξ

)
=

1

4 (α− 1)2

(
16 (α− 1)2 ξ2 + 4 (α− 1) (α− 2) (3α− 2) ξ + α2 (α− 2)2

)
< 0,

which is nothing else than

16 (α− 1)2 ξ2 + 4 (α− 1) (α− 2) (3α− 2) ξ + α2 (α− 2)2 < 0. (4.46)

A direct computation shows that

∆ξ := 16 (α− 1)2 (α− 2)2
(

(3α− 2)2 − 4α2
)

= 16 (α− 1)2 (α− 2)3 (5α− 2) > 0.

Hence, in order to get (4.46), we have to choose ξ between the two roots of the quadratic
function arising in this formula, in other words

ξ1 (α) :=
1

32 (α− 1)2

(
−4 (α− 1) (α− 2) (3α− 2)−

√
∆ξ

)
= − 1

8 (α− 1)
(α− 2)

(
3α− 2 +

√
(α− 2) (5α− 2)

)
< ξ = λ+ 1− α < ξ2 (α) :=

1

32 (α− 1)2

(
−4 (α− 1) (α− 2) (3α− 2) +

√
∆ξ

)
= − 1

8 (α− 1)
(α− 2)

(
3α− 2−

√
(α− 2) (5α− 2)

)
.
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Obviously ξ1 (α) < 0 and from Vieta formula ξ1 (α) · ξ2 (α) = α2(α−2)2

16(α−1)2
, it follows that we

must have ξ2 (α) < 0 as well.

Therefore, going back to λ, in order to be sure that η2
0 − 5α−2

2(3α−2)η2η3 < 0 this must be
chosen such that

α− 1 + ξ1 (α) < λ < α− 1 + ξ2 (α) .

Next we will show that

0 < α− 1− 1

8 (α− 1)
(α− 2) (3α− 2) <

3α

4
− 1

2
. (4.47)

Indeed, the inequality on the left-hand side follows immediately, since

α− 1− 1

8 (α− 1)
(α− 2) (3α− 2) =

1

8 (α− 1)

(
5α2 − 8α+ 4

)
=

1

8 (α− 1)

(
α2 + 4 (α− 1)2

)
> 0.

Using this relation, one can notice that the inequality on the right hand side of (4.47)
can be equivalently written as

5α2 − 8α+ 4 < 2 (α− 1) (3α− 2)⇔ 0 < α2 − 2α = α (α− 2) ,

which is true as α > 2.

From (4.47) we immediately deduce that

0 < α− 1 + ξ2 (α) and α− 1 + ξ1 (α) <
3α

4
− 1

2
.

This allows us to choose λ
	
< λ̄, where

λ
	

(α) := α− 1 + ξ1 (α)

=
1

8 (α− 1)
α2 +

1

2
(α− 1)− 1

8 (α− 1)
(α− 2)

√
(α− 2) (5α− 2)

λ̄ (α) := min

{
3α

4
− 1

2
, α− 1 + ξ2 (α)

}
= min

{
3α

4
− 1

2
,

1

8 (α− 1)
α2 +

1

2
(α− 1) +

1

8 (α− 1)
(α− 2)

√
(α− 2) (5α− 2)

}
,

since
1

8 (α− 1)
α2 +

1

2
(α− 1)− 1

8 (α− 1)
(α− 2)

√
(α− 2) (5α− 2) > 0.

Indeed, as (α− 1)
√
α− 1 > (α− 2)

√
α− 2 and 4

√
α− 1 >

√
5α− 2 we can easily

deduce that

α2 + 4 (α− 1)2 > 4 (α− 1)2 > (α− 2)
√

(α− 2) (5α− 2)
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and the claim follows.

In conclusion, choosing λ to satisfy λ
	

(α) < λ < λ̄ (α), we have

η2
0 −

5α− 2

2 (3α− 2)
η2η3 < 0

and therefore there exists some integer k2 (λ) ≥ 1 such that Rk ≤ 0 for every k ≥ k2 (λ).

(ii) For every k ≥ 1 we have

µk −
ε

2
(k + 1)2 =

ε

2
(k + 1)2 + α2 (k + 1)

√
k + 1 + (α− 4) (k + 1)− (α− 2) ,

and the conclusion is obvious.

The following proposition plays a key role in proving the convergence rates in Propo-
sition 4.3.5 which will be used to prove Theorem 4.2.2.

Proposition 4.3.4. Let z∗ ∈ Ω and (zk)k≥0, (wk)k≥0, (ζk)k≥0 be the sequences generated
by Algorithm 4.2.1 and let (vk)k≥0 be the sequence de�ned by (4.13). Then the following
statements are true:

(i) the following hold: ∑
k≥1

〈zk − z∗, F (zk) + ζk〉 < +∞, (4.48a)

∑
k≥1

k2 ‖vk+1 − vk‖2 < +∞, (4.48b)

∑
k≥1

k ‖zk+1 − zk‖2 < +∞, (4.48c)

∑
k≥1

k ‖F (wk) + ζk+1‖2 < +∞; (4.48d)

(ii) the sequence (zk)k≥0 is bounded and the following hold as k → +∞:

‖zk − zk−1‖ = O
(

1

k

)
, ‖ζk + F (wk−1)‖ = O

(
1

k

)
, ‖ζk + F (zk)‖ = O

(
1

k

)
,

〈zk − z∗, ζk + F (zk)〉 = O
(

1

k

)
, 〈zk − z∗, F (zk)〉 = O

(
1

k

)
;

(iii) there exist 0 ≤ λ
	

(α) < λ̄ (α) ≤ (3α−2)/4 such that for every λ
	

(α) < λ < λ̄ (α) the
sequences (Eλ,k)k≥1 and (Gλ,k)k≥2 converge.

Proof. According to Lemma 4.3.3 there exist λ
	

(α) < λ̄ (α) such that (4.42) holds. We
choose λ

	
(α) < λ < λ̄ (α) and get, according to the same result, an integer k2(λ) ≥ 1
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such that for every k ≥ k2(λ) the inequality (4.43) holds. In addition, according to
Lemma 4.3.3(ii), we get a positive integer k3 such that (4.44) holds for every k ≥ k3.

This means that for every k ≥ k4 (λ) := max {k0, k2 (λ) , k3}, where k0 is the positive
integer provided by Lemma (4.3.2)(i), we have

Gλ,k+1 − Gλ,k

≤ (α− 1) (α− 2)λ2

ε (k + 1)2 ‖zk+1 − z∗‖2 − 4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

− α− 2

2 (α− 1)
εγ2 (k + 1)2 ‖vk+1 − vk‖2

+

[(
1−

√
5α− 2

2 (3α− 2)

)
η2k + κ0

√
k

]
‖zk+1 − zk‖2

+

[(
1−

√
5α− 2

2 (3α− 2)

)
η3k + κ1

√
k

]
4γ2 ‖vk+1‖2 .

Since η2, η3 < 0 and κ0, κ1 ≥ 0, we can �nd some k5 large enough such that for every
k ≥ k5 we get

Gλ,k+1 ≤ Gλ,k +
(α− 1) (α− 2)λ2

ε (k + 1)2 ‖zk+1 − z∗‖2

− 4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

− 1

2 (α− 1)
(α− 2) εγ2 (k + 1)2 ‖vk+1 − vk‖2

+

(
1−

√
5α− 2

2 (3α− 2)

)
η2k ‖zk+1 − zk‖2 +

(
1−

√
5α− 2

2 (3α− 2)

)
4γ2η3k ‖vk+1‖2 .

(4.49)

In view of (4.33), we get that Gλ,k ≥ 0 for every k ≥ 1 thus the sequence (Gλ,k)k≥2 is
bounded from below. Moreover, by setting

C0 :=
1

2ε
(α− 2)λ

(
1− 4λ

3α− 2

)−1

> 0,

we assert that

(α− 1) (α− 2)λ2

ε (k + 1)2 ‖zk+1 − z∗‖2 =
C0

(k + 1)2 · 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2

≤ C0

(k + 1)2Gλ,k+1,
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4.3. Convergence analysis

Under these premises, we deduce from (4.49) that for every k ≥ k5(
1− C0

(k + 1)2

)
Gλ,k+1 ≤ Gλ,k − 4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

− α− 2

2 (α− 1)
εγ2 (k + 1)2 ‖vk+1 − vk‖2

+

(
1−

√
5α− 2

2 (3α− 2)

)
η2k ‖zk+1 − zk‖2 +

(
1−

√
5α− 2

2 (3α− 2)

)
4γ2η3k ‖vk+1‖2 .

(4.50)

Taking k6 := max
{
k5,
⌈√

C0 − 1
⌉}

we conclude for all k ≥ k6 that(
1− C0

(k + 1)2

)−1

=
(k + 1)2

(k + 1)2 − C0

= 1 +
C0

(k + 1)2 − C0

> 1.

Hence, for every k ≥ k6, the inequality (4.50) leads to

Gλ,k+1 ≤
(

1 +
C0

(k + 1)2 − C0

)
Gλ,k − 4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉

− α− 2

2 (α− 1)
εγ2 (k + 1)2 ‖vk+1 − vk‖2

+

(
1−

√
5α− 2

2 (3α− 2)

)
η2k ‖zk+1 − zk‖2 +

(
1−

√
5α− 2

2 (3α− 2)

)
4γ2η3k ‖vk+1‖2 ,

which is nothing else than the inequality (2.2) with

ak := Gλ,k ≥ 0,

bk := 4 (α− 2)λγ 〈zk+1 − z∗, ζk+1 + F (zk+1)〉+
α− 2

2 (α− 1)
εγ2 (k + 1)2 ‖vk+1 − vk‖2

−
(

1−
√

5α− 2

2 (3α− 2)

)
η2k ‖zk+1 − zk‖2 −

(
1−

√
5α− 2

2 (3α− 2)

)
4γ2η3k ‖vk+1‖2

≥ 0,

dk :=
C0

(k + 1)2 − C0

> 0.

We obtain (4.48) as well as that the sequence (Gλ,k)k≥1 converges due to Lemma 2.5.3.
Since (Gλ,k)k≥k6 converges, it is bounded, which, according to (4.33), implies that the

following estimate holds for every k ≥ k6

α− 2

3α− 2

∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2 (3α− 2)

α− 1
γkvk

∥∥∥∥2

+
(α− 2)2

4 (3α− 2) (α− 1)
k2 ‖zk − zk−1‖2 + 2 (α− 1)λ

(
1− 4λ

3α− 2

)
‖zk − z∗‖2

≤ Gλ,k ≤ sup
k≥1
Gλ,k < +∞.
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4. A fast optimistic method for variational inequalities

From here we obtain the boundedness of the sequences(
4λ (zk − z∗) + 2k (zk − zk−1) +

2 (3α− 2)

α− 1
γkvk

)
k≥1

,

(k (zk − zk−1))k≥1 and (zk)k≥0 .

In particular, for every k ≥ k6 we have∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2(3α− 2)

α− 1
γkvk

∥∥∥∥ ≤ C1 :=

√
3α− 2

α− 2
sup
k≥1
Gλ,k < +∞,

k ‖zk − zk−1‖ ≤ C2 :=
2

α− 2

√
(3α− 2) (α− 1) sup

k≥1
Gλ,k < +∞,

‖zk − z∗‖ ≤ C3 :=

√
1

2 (α− 1)λ

(
1− 4λ

3α− 2

)−1

sup
k≥1
Gλ,k < +∞.

(4.51)
Using the triangle inequality, we deduce from here that for every k ≥ k6

‖vk‖ ≤
α− 1

2 (3α− 2) γk

∥∥∥∥4λ (zk − z∗) + 2k (zk − zk−1) +
2 (3α− 2)

α− 1
γkvk

∥∥∥∥
+

α− 1

(3α− 2) γ
‖zk − zk−1‖+

2 (α− 1)λ

(3α− 2) γk
‖zk − z∗‖ ≤

C4

k
,

where

C4 :=
α− 1

2 (3α− 2) γ

(
C1 + 2C2 + 4λ̄ (α)C3

)
> 0.

The statement (4.48b) yields

lim
k→+∞

k ‖vk+1 − vk‖ = 0 ⇒ C5 := sup
k≥1
{k ‖vk+1 − vk‖} < +∞, (4.52)

which, together with (4.16) implies that for every k ≥ k6

‖ζk+1 + F (zk+1)‖ ≤ ‖ζk+1 + F (zk+1)− vk+1‖+ ‖vk+1‖

≤ ‖vk+1 − vk‖+ ‖vk+1‖ ≤
C6

k
,

(4.53)

where

C6 := C4 + C5 > 0.

The remaining assertion follows from the fact that ζk ∈ NC (zk) where zk ∈ C by
de�nition, the Cauchy-Schwarz inequality and the boundedness of (zk)k≥0, namely, for
every k ≥ k6 we deduce

0 ≤ 〈zk − z∗, F (zk)〉 ≤ 〈zk − z∗, ζk + F (zk)〉 ≤ ‖zk − z∗‖ ‖ζk + F (zk)‖ ≤
C3C6

k − 1
.
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To complete the proof, we are going to show that in fact

lim
k→+∞

Eλ,k = lim
k→+∞

Gλ,k ∈ R.

Indeed, we already have seen that

lim
k→+∞

(k + 1) ‖vk+1 − vk‖ = lim
k→+∞

‖vk+1‖ = 0,

which, by the Cauchy-Schwarz inequality and (4.16) yields

0 ≤ lim
k→+∞

k2 |〈zk − zk−1, F (zk)− F (wk−1)〉| ≤ C2 lim
k→+∞

k ‖F (zk)− F (wk−1)‖

≤ C2 lim
k→+∞

k ‖vk − vk−1‖ = 0.

From here we obtain the desired statement.

4.3.3. Proofs of the main results

Proof of Theorem 4.2.2. Let λ
	

(α) < λ̄ (α) be the parameters provided by Lemma 4.3.3
such that (4.42) holds and with the property that for every λ

	
(α) < λ < λ̄ (α) there exists

an integer k2(λ) ≥ 1 such that for every k ≥ k2(λ) the inequality (4.43) holds.
For every k ≥ 1 we set

pk :=
1

2
(α− 1) ‖zk − z∗‖2 + k 〈zk − z∗, zk − zk−1 + 2γvk〉 , (4.54)

qk :=
1

2
‖zk − z∗‖2 + 2γ

k∑
i=1

〈zi − z∗, vi〉 . (4.55)

Then one can see that for every k ≥ 2 we have

qk − qk−1 = 〈zk − z∗, zk − zk−1〉 −
1

2
‖zk − zk−1‖2 + 2γ 〈zk − z∗, vk〉 ,

and thus

(α− 1) qk + k (qk − qk−1) = pk + 2 (α− 1) γ

k∑
i=1

〈zi − z∗, vi〉 −
k

2
‖zk − zk−1‖2 .

From (4.19) and (4.18), direct computation shows that for every k ≥ 1

Eλ,k =
1

2

∥∥∥∥2λ (zk − z∗) + 2k (zk − zk−1) +
3α− 2

α− 1
γkvk

∥∥∥∥2

+ 2λ (α− 1− λ) ‖zk − z∗‖2

+
2 (α− 2)

α− 1
λγk 〈zk − z∗, vk〉+

α− 2

α− 1
γ2k

(
1

2 (α− 1)
(3α− 2) k + α

)
‖vk‖2

= 2λ (α− 1) ‖zk − z∗‖2 + 4λk 〈zk − z∗, zk − zk−1 + 2γvk〉+
α− 2

α− 1
αγ2k ‖vk‖2

+
k2

2

(∥∥∥∥2 (zk − zk−1) +
3α− 2

α− 1
γvk

∥∥∥∥2

+
(α− 2) (3α− 2)

(α− 1)2 γ2 ‖vk‖2
)
.

(4.56)
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Therefore, for every λ
	

(α) < λ1 < λ2 < λ̄ (α) we can conclude

Eλ2,k − Eλ1,k = 4 (λ2 − λ1)

(
1

2
(α− 1) ‖zk − z∗‖2 + 2k 〈zk − z∗, (zk − zk−1) + svk〉

)
= 4 (λ2 − λ1) pk.

Hence, according to the previous theorem, the limit limk→+∞ (Eλ2,k − Eλ1,k) ∈ R exists,
which implies further that the limit

lim
k→+∞

pk ∈ R exists. (4.57)

Further, we observe that for every k ≥ 2

k∑
i=2

|〈zi − z∗, F (wi−1)− F (zi)〉| ≤
k∑
i=2

‖zi − z∗‖ ‖F (wi−1)− F (zi)‖ (4.58a)

≤ 2γC4C5

k∑
i=2

1

i (i− 1)
(4.58b)

≤ 2γC4C5

+∞∑
i=2

1

i (i− 1)
< +∞,

where (4.58a) comes from the Cauchy-Schwarz inequality, the estimate (4.58b) is a com-
bination of (4.16), (4.51), and (4.52), and the constants C3, C4 are the ones de�ned in
the proof of Theorem 4.3.4. This means the series

∑
k≥2 〈zk − z∗, F (wk−1)− F (zk)〉 is

absolutely convergent, thus convergent.
By taking into consideration (4.48a), it follows from here that the limit

lim
k→+∞

k∑
i=1

〈zi − z∗, vi〉

= lim
k→+∞

k∑
i=1

〈zi − z∗, ζi + F (zi)〉+ lim
k→+∞

k∑
i=1

〈zi − z∗, F (wi−1)− F (zi)〉 ∈ R

exists. In addition, thanks to (4.48c), we have limk→+∞ k ‖zk+1 − zk‖2 = 0, consequently,

lim
k→+∞

(α− 1) qk + k (qk − qk−1) ∈ R exists.

According to Theorem 4.3.4, we have that (qk)k≥1 is bounded due to the boundedness of

(zk)k≥0 and the fact that limk→+∞
∑k

i=1 〈zi − z∗, vi〉 ∈ R exists. Therefore, we can apply
Lemma 2.5.2 to guarantee the existence of the limit limk→+∞ qk ∈ R. By the de�nition

of qk in (4.55) and the fact that the sequence
(∑k−1

i=1 〈zi − z∗, vi〉
)
k≥1

converges, we

conclude that limk→+∞ ‖zk − z∗‖ ∈ R exists. The hypothesis (i) in the Opial Lemma
(see Lemma 2.3.1) is ful�lled.
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Let w be a weak sequential cluster point of (zk)k≥0, which means that there exists a
subsequence {zkn}n≥0 such that

zkn ⇀ w as n→ +∞.

It follows from Theorem 4.3.4 that

F (zkn) + ζkn → 0 as n→ +∞.

The maximal monotonicity of F+NC implies that 0 ∈ (NC + F ) (w) and therefore shows
that the hypothesis (ii) of Lemma 2.3.1 is also veri�ed. The proof of the convergence of
the iterates is therefore completed.

Before �nally proving Theorem 4.3.5 we show convergence rates of various helpful
quantities.

Proposition 4.3.5. Let z∗ ∈ Ω and (zk)k≥0 be the sequence generated by Algorithm 4.2.1.
Then, as k → +∞, the following hold:

‖zk − zk−1‖ = o

(
1

k

)
, 〈F (zk), zk − z∗〉 = o

(
1

k

)
, 〈ζk + F (zk), zk − z∗〉 = o

(
1

k

)
‖ζk + F (zk)‖ = o

(
1

k

)
, ‖ζk + F (wk−1)‖ = o

(
1

k

)
.

Proof. Let λ
	

(α) < λ̄ (α) be the parameters provided by Lemma 4.3.3 such that (4.42)
holds and with the property that for every λ

	
(α) < λ < λ̄ (α) there exists an integer

k2(λ) ≥ 1 such that for every k ≥ k2(λ) the inequality (4.43) holds. We �x λ
	

(α) < λ <
λ̄ (α) and recall that according to Theorem 4.3.4(iii) the sequence (Eλ,k)k≥1 converges.
We set for every k ≥ 1

hk :=
k2

2

(∥∥∥∥2 (zk − zk−1) +
3α− 2

α− 1
γvk

∥∥∥∥2

+
(α− 2) (3α− 2)

(α− 1)2 γ2 ‖vk‖2
)
,

and notice that, in view of (4.56) and (4.54), we have

Eλ,k = 4λpk +
4 (α− 2)

α− 1
αγ2γ2k ‖vk‖2 + hk.

Theorem 4.3.4 asserts that
lim
k→∞

k ‖vk‖2 = 0,

which, together with limk→+∞ Eλ,k ∈ R and limk→+∞ pk ∈ R (see also (4.57)), yields the
existence of

lim
k→+∞

hk ∈ R.

In addition, (4.48c) and (4.48d) in Theorem 4.3.4 guarantee that∑
k≥1

1

k
hk ≤ 4

∑
k≥1

k ‖zk − zk−1‖2 +
(3α− 2) (7α− 6)

2 (α− 1)2 γ2
∑
k≥1

k ‖vk‖2 < +∞.
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Consequently, limk→+∞ hk = 0, which yields

lim
k→∞

k

∥∥∥∥2 (zk − zk−1) +
3α− 2

α− 1
γvk

∥∥∥∥ = lim
k→∞

k ‖vk‖ = 0.

This immediately implies limk→+∞ k ‖zk − zk−1‖ = 0. The fact that

lim
k→+∞

k ‖ζk + F (zk)‖ = 0

follows from (4.16), (4.52) and (4.53), since

0 ≤ lim
k→+∞

k ‖ζk + F (zk)‖ ≤ lim
k→+∞

k ‖vk − vk−1‖+ lim
k→+∞

k ‖vk‖ = 0.

Finally, using the Cauchy-Schwarz inequality and the fact that (zk)k≥0 is bounded, we
obtain that limk→+∞ k 〈zk − z∗, F (zk)〉 = limk→+∞ k 〈zk − z∗, ζk + F (zk)〉 = 0.

Now we are able to prove the convergence rates in terms of the restricted gap and the
natural gap.

Proof of Theorem 4.2.3. For every k ≥ 1, using successively the monotonicity of F , the
fact that ζk ∈ NC(zk), where zk ∈ C by its de�nition, and the Cauchy-Schwarz inequality,
we deduce that for every u ∈ C ∩ B(z∗; δ(z0))

〈F (u), zk − u〉 ≤ 〈F (zk), zk − u〉 ≤ 〈ζk + F (zk), zk − u〉
= 〈ζk + F (zk), zk − z∗〉+ 〈ζk + F (zk), z

∗ − u〉
≤ 〈ζk + F (zk), zk − z∗〉+ ‖ζk + F (zk)‖ ‖z∗ − u‖
≤ 〈ζk + F (zk), zk − z∗〉+ δ(z0) ‖ζk + F (zk)‖ .

Therefore, it follows from Theorem 4.3.5 that

Gap(zk) = max
u∈C∩B(z∗;δ(z0))

〈F (u), zk − u〉 ≤ 〈ζk + F (zk), zk − z∗〉+ δ(z0) ‖ζk + F (zk)‖

= o

(
1

k

)
, as k → +∞.

Concluding, by (4.5) we obtain

Res(zk) ≤ ‖ζk + F (zk)‖ = o

(
1

k

)
, as k → +∞,

and the proof is complete.

4.4. Numerical experiments

In this section we provide two numerical experiments to complete our theoretical results.
For the �rst one we want to solve a two-player zero-sum game, which amounts to solving
a bilinear saddle point problem constrained by standard simplexes. The second one
consists of application of fOGDA-VI to the training of GANs.
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4.4.1. Two-player zero-sum game

We want to solve a two-player zero-sum game with mixed strategies, which means that
we need to solve the following bilinear saddle point problem,

min
x∈∆d

max
y∈∆n

Φ(x, y) := xTAy, (4.59)

where A ∈ Rd×n is a given pay-o� matrix and ∆m = {v ∈ Rm+ |
∑m

i=1 vi = 1} denotes
the m-dimensional standard simplex. Recall that a solution of (4.59) is given by a saddle
point (x∗, y∗) ∈ ∆d ×∆n satisfying

Φ(x∗, y) ≤ Φ(x∗, y∗) ≤ Φ(x, y∗) ∀(x, y) ∈ ∆d ×∆n.

This leads to a monotone inclusion problem (4.2) with C = ∆d ×∆n and

F : Rd × Rn → Rd × Rn,
(
x
y

)
7→
(

0 A
−AT 0

)(
x
y

)
=

(
Ay
−ATx

)
.

Notice that F is Lipschitz continuous but not cocoercive.

Figure 4.1.: Comparison of di�erent momentum parameters α > 2 in Algorithm 4.2.1 in
terms of the natural residual
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For our experiments we choose d = n = 50 and A to have entries drawn from the
uniform distribution on the half-open interval [0, 1). As the parameter α > 2 can be
chosen arbitrary, we do a comparison of di�erent values in terms of the natural residual
in Figure 4.1 to gain more insight. As it turns out, from a certain point on after a period
where all values of α perform similarly, bigger choices for α seem to give better results
with faster convergence.

Figure 4.2.: Comparison of di�erent methods in terms of the natural residual

Concluding, we show a comparison of di�erent methods that we have encountered in
Sections 4.1.2 and 4.1.3 in Figure 4.2 where we report results on the natural residual.
We see that fOGDA-VI clearly outperforms all other methods while only requiring one
evaluation of F and one projection in each iteration.

4.4.2. GAN training

Generative Adversarial Networks (GANs) [70] form a powerful class of generative models
that can produce for example unseen realistic images. Originally the problem was posed
as a zero-sum game between two adversarial players called generator and discriminator
that try to minimise and maximise the same loss function, respectively. For more details
about GANs please refer to Section 3.5.
As it was shown empirically that principled methods that are used to solve variational
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inequalities [64] and monotone inclusions [20] can prove bene�cial in the training process,
we will apply our proposed algorithm fOGDA-VI to train ResNet architectures on the
CIFAR-10 dataset.

For our experiments we use ResNet [76] architectures, see Appendix A.2.2, with the
hinge version of the adversarial non-saturating loss [108] trained on the CIFAR-10 [86]
data set, which consists of 60,000 (32 × 32 × 3)-images in 10 classes, with 6,000 images
per class. The metrics used to evaluate the generated images are the inception score [133]
(IS; higher is better) and the Fréchet inception distance [77] (FID; lower is better), both
computed on 50,000 samples in their original implementations.

Furthermore, in our experiments instead of stochastic gradients we use the Adam opti-
mizer [84] with parameters β1 = 0 and β2 = 0.9 that where used in recent experiments [47]
outperforming the class-dependent BigGAN [38] model on CIFAR-10. Additionally, we
keep the batch size and the ratio of discriminator and generator updates the same as
in [47].

Since we have mini batch updates for the GAN experiments instead of taking the full
gradient we perform signi�cantly more steps to incorporate the entire gradient informa-
tion. Because of this the iterator k in Algorithm 4.2.1 might grow too large soon, so
we experiment to update the iterator k only every n steps with di�erent choices of n.
Furthermore, besides the inevitable search for the correct learning rate, we also need to
�nd a good choice for the momentum parameter α.

Figure 4.3.: Best FID and IS for di�erent combinations of α and n achieved on one run
with 100,000 iterations. The overall best result is indicated by an asterisk.

We performed a hyper parameter search for α = 5, 10, 100, 1000 and n = 1, 10, 100, 1000,
and two learning rates γ = 0.0001, 0.0002 with 100,000 iterations on one run each. As
the smaller of the two learning rates achieved signi�cantly better results in general, we
checked for selected combinations of α and n with another learning rate (γ = 0.00005)
which did not lead to further improvement. In Figure 4.3 we can see the best results
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with respect to IS and FID for the learning rate γ = 0.0001. The best overall values are
indicated by an asterisk and attained by α = 100 and n = 1000. For this combination
we then conducted a run with 500,000 iterations, which can be seen in Figure 4.4a.

(a) last (b) averaged

(c) EMA

Figure 4.4.: Performance of training ResNets by fOGDA-VI with respect to FID and IS
on one run with 500,000 iterations for (a) the last iterate, (b) the averaged
iterates and (c) using EMA on the iterates.

To further reduce the cycling characteristics of GAN training two commonly used
techniques in practice are the (uniform) averaging and the exponential moving averaging
(EMA) of the network weights. In Figures 4.4b and 4.4c we can see that in our case these
approaches are bene�cial as well, with the largest improvement when using uniform av-
eraging.
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(a) last (b) averaged

(c) EMA (d) EMA slow

Figure 4.5.: Performance of training ResNets by LA-GDA with respect to FID and IS
on one run with 500,000 iterations for (a) the last iterate, (b) the averaged
iterates, (c) using EMA on the iterates and (d) using EMA on the �slow�
iterates (see [47]).

We compare the results obtained by fOGDA-VI with the best method from [47], a
variant of Gradient Descent Ascent incorporating averaging during the training which
they call �lookahead�, resulting in a method we denote by LA-GDA.
In Figure 4.5 we see that even though LA-GDA gives generally better results for the

last iterate and when using EMA, the best result in terms of IS is achieved by fOGDA-VI
for averaged iterates. The best FID value, however, is achieved by LA-GDA using EMA
on the �slow weights�. Note that using EMA on the �slow iterates� is only comparable
for methods using lookahead.
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5. An accelerated minimax algorithm for
convex-concave saddle point problems with
nonsmooth coupling function

In this chapter we aim to solve a convex-concave saddle point problem, where the convex-
concave coupling function is smooth in one variable and nonsmooth in the other and not
assumed to be linear in either. The problem is augmented by a nonsmooth regulariser in
the smooth component. We propose and investigate a novel algorithm under the name
of OGAProx, consisting of an optimistic gradient ascent step in the smooth variable cou-
pled with a proximal step of the regulariser, and which is alternated with a proximal
step in the nonsmooth component of the coupling function. We consider the situations
convex-concave, convex-strongly concave and strongly convex-strongly concave related
to the saddle point problem under investigation. Regarding iterates we obtain (weak)
convergence, a convergence rate of order O(1/K) and linear convergence like O(θK) with
θ < 1, respectively. In terms of function values we obtain ergodic convergence rates of
order O(1/K), O(1/K2) and O(θK) with θ < 1, respectively. We validate our theoretical
considerations on a nonsmooth-linear saddle point problem, the training of multi ker-
nel support vector machines and a classi�cation problem incorporating minimax group
fairness.
This chapter is based on the article [32].

5.1. Introduction

Saddle point � or minimax � problems arise traditionally in game theory [110] or for ex-
ample in the context of determining primal-dual pairs of optimal solutions of convex op-
timisation problems [17]. However, in recent years they have witnessed increased interest
due to many relevant and challenging applications in the �eld of machine learning, with
the most prominent being the training of Generative Adversarial Networks (GANs) [70].
Even though the problems in reality are often not of this form, in the classical setting the
minimax objective comprises a smooth convex-concave coupling function with Lipschitz
continuous gradient and a (potentially nonsmooth) regulariser in each variable, leading
to a convex-concave objective in total.
One well established method in practice due to its simplicity and computational e�-

ciency is Gradient Descent Ascent (GDA), either in a simultaneous or in an alternating
variant (for a recent comparison of the convergence behaviour of the two schemes we
refer to [141]). However, naive application of GDA is known to lead to oscillatory be-
haviour or even divergence already in simple cases such as bilinear objectives. Most
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algorithms with convergence guarantees in the general convex-concave setting make use
of the formulation of the �rst order optimality conditions as monotone inclusion or vari-
ational inequality, treating both components in a symmetric fashion. For example we
have the Extragradient method [85] whose application to minimax problems has been
studied in [112] under the name of Mirror Prox, and the Forward-Backward-Forward
method (FBF) [137] with application to saddle point problems in [20]. Both algorithms
have even been successfully applied to the training of GANs (see [20, 64]), but, though
being single-loop methods, su�er in practice from requiring two gradient evaluations per
iteration. A possible way to avoid this is to reuse previous gradients. Doing this for FBF
� as shown in [20] � recovers the Forward-Re�ected Backward method [100] which was
applied to saddle point problems under the name of Optimistic Mirror Descent and to
GAN training under the name of Optimistic Gradient Descent Ascent [54,55,89].

The �rst method treating general coupling functions with an asymmetric scheme is
the Accelerated Primal-Dual Algorithm (APD) by [75], involving an optimistic gradient
ascent step in one component which is followed by a gradient descent step in the other
one. In the special case of a bilinear coupling function APD recovers the Primal-Dual
Hybrid Gradient Method (PDHG) [44]. In the case of the minimax objective being
strongly convex-concave acceleration of PDHG is obtained in [44], which is also done
for APD in [75], however only under the rather limiting assumption of linearity of the
coupling function in one component.

In the following we introduce a novel algorithm OGAProx for solving a convex-concave
saddle point problem, where the convex-concave coupling function is smooth in one
variable and nonsmooth in the other, and it is augmented by a nonsmooth regulariser
in the smooth component. OGAProx consists of an optimistic gradient ascent step in
the smooth component of the coupling function combined with a proximal step of the
regulariser, which is followed by a proximal step of the coupling function in the nonsmooth
component. We will be also able to accelerate our method in the convex-strongly concave
setting without linearity assumption on the coupling function. Furthermore, we prove
linear convergence if the problem is strongly convex-strongly concave, yielding similar
results as for PDHG [44] in the bilinear case.

So far in most works nonsmoothness is only introduced via regularisers, as the coupling
function is typically accessed through gradient evaluations. Recently there is another de-
velopment, although with the saddle point problem not being convex-concave, where the
assumption on di�erentiability of the coupling function in both components is weakened
to only one component [23]. As the evaluation of the proximal mapping does not re-
quire di�erentiability we will assume the coupling function to be smooth in only one
component, too.

The remainder of the chapter is organised as follows. Next we will introduce the precise
problem formulation and the setting we will work with, formulate the proposed algorithm
OGAProx and state our contributions. Afterwards we will discuss the properties of our
algorithm in the convex-concave and convex-strongly concave setting and state respective
convergence results in Section 5.2. After that we will investigate the convergence of
the method under the additional assumption of strong convexity-strong concavity in
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Section 5.3. The chapter will be concluded by numerical experiments in Section 5.4,
where we treat a simple nonsmooth-linear saddle point problem, the training of multi
kernel support vector machines (with an application to a classi�cation problem in the
�eld of Digital Humanities) and a classi�cation problem taking into account minimax
group fairness.

5.1.1. Problem description

Consider the saddle point problem

min
x∈X

max
y∈Y

Ψ(x, y) := Φ(x, y)− g(y), (5.1)

where X , Y are real Hilbert spaces, Φ : X × Y → R ∪ {+∞} is a coupling function
with dom Φ := {(x, y) ∈ X × Y | Φ(x, y) < +∞} 6= ∅ and g : Y → R ∪ {+∞} a regu-
lariser. Throughout this chapter (unless otherwise speci�ed) we will make the following
assumptions:

� g is proper, lower semicontinuous and convex with modulus ν ≥ 0, i.e. g − ν
2 ‖ · ‖

2

is convex (notice that we also allow and consider the situation ν = 0, in which case
g is convex; otherwise g is strongly convex);

� for all y ∈ dom g, Φ( · , y) : X → R ∪ {+∞} is proper, convex and lower semicon-
tinuous;

� for all x ∈ PrX (dom Φ) := {u ∈ X | ∃y ∈ Y such that (u, y) ∈ dom Φ} we have
that dom Φ(x, · ) = Y and Φ(x, · ) : Y → R is concave and Fréchet di�erentiable.
Moreover, PrX (dom Φ) is closed;

� there exist Lyx, Lyy ≥ 0 such that for all (x, y), (x′, y′) ∈ PrX (dom Φ)× dom g the
following holds:∥∥∇yΦ(x, y)−∇yΦ(x′, y′)

∥∥ ≤ Lyx ∥∥x− x′∥∥+ Lyy
∥∥y − y′∥∥ . (5.2)

By convention we set +∞− (+∞) := +∞. Thus, the situation can be summarised by

Ψ(x, y) =


−∞ if x ∈ PrX (dom Φ) and y /∈ dom g,

Φ(x, y)− g(y) if x ∈ PrX (dom Φ) and y ∈ dom g,

+∞ if x /∈ PrX (dom Φ).

(5.3)

We are interested in �nding a saddle point of (5.1), which is a point (x∗, y∗) ∈ X × Y
that ful�ls the inequalities

Ψ(x∗, y) ≤ Ψ(x∗, y∗) ≤ Ψ(x, y∗) ∀(x, y) ∈ X × Y. (5.4)

For the remainder we assume that such a saddle point exists.
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The assumptions considered above ensure that for any saddle point (x∗, y∗) ∈ X × Y
we have

x∗ ∈ PrX (dom Φ), y∗ ∈ dom g and Ψ(x∗, y∗) = Φ(x∗, y∗)− g(y∗) ∈ R.

Finding a saddle point of (5.1) amounts to solving the necessary and su�cient �rst
order optimality conditions, given by the following coupled inclusion problems

0 ∈ ∂ [Φ( · , y∗)] (x∗) and 0 ∈ −∇yΦ(x∗, y∗) + ∂g(y∗).

Remark 5.1.1. In case Φ and g have full domain, Ψ is a convex-concave function with
full domain and the set PrX (dom Φ) is obviously closed. However, in order to allow
more �exibility and to cover a wider range of problems (see also the last section with
numerical experiments), our investigations are carried out in the more general setting
given by the assumptions described above. Furthermore, these assumptions allow us to
stay in the rigorous setting of the theory of convex-concave saddle functions as described
by Rockafellar in [129] (see De�nition 5.2.2 and Proposition 5.2.3 below).

Remark 5.1.2. Consider the nonsmooth convex optimisation with inequality constraints

min
x∈H

f(x)

s.t. hi(x) ≤ 0 i = 1, ...,m,
(5.5)

where f : H → R ∪ {+∞} is a proper, convex and lower semicontinuous function and
hi : H → R, i = 1, ...,m are convex and continuous functions. The Lagrangian attached
to (5.5) reads

L : H× Rm → R ∪ {+∞}, L(x, λ1, ..., λm) = f(x) +
m∑
i=1

λihi(x).

Then the saddle point problem

min
x∈H

max
(λ1,...,λm)∈Rm

+

L(x, λ1, ..., λm) = min
x∈H

max
(λ1,...,λm)∈Rm

L(x, λ1, ..., λm)− δRm
+

(λ1, ..., λm)

(5.6)
exhibits the structure of saddle point problem (5.1). It is known that if (x∗, λ∗1, ..., λ

∗
m)

is a saddle point of (5.6), then x∗ is an optimal solution of the constrained convex
optimisation problem (5.5) and (λ∗1, ..., λ

∗
m) is an optimal solution of its Lagrange dual.

5.1.2. Algorithm

The algorithm we investigate performs an optimistic gradient ascent step of Φ followed
by an evaluation of the proximal mapping of g in the variable y, while it carries out a
purely proximal step of Φ in x. We will call this method Optimistic Gradient Ascent �
Proximal Point algorithm (OGAProx) in the following. For all k ≥ 0 we de�ne

OGAProx:

⌊
yk+1 = proxσkg (yk + σk [(1 + θk)∇yΦ(xk, yk)− θk∇yΦ(xk−1, yk−1)]) ,

xk+1 = proxτkΦ( · ,yk+1) (xk) ,

(5.7)
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with the conventions x−1 := x0 and y−1 := y0 for starting points x0 ∈ PrX (dom Φ)
and y0 ∈ dom g. The particular choices of the sequences (σk)k≥0, (τk)k≥0 ⊆ R++ and
(θk)k≥0 ⊆ (0, 1] will be speci�ed later.

5.1.3. Contribution

Let us summarize the main results:

1. We introduce a novel algorithm to solve saddle point problems with nonsmooth
coupling functions, which in general is not assumed to be linear in either compo-
nent.

2. We prove for the saddle function Ψ being

a) convex-concave (see Theorem 5.2.7):

� weak convergence of the generated sequence (xk, yk)k≥0 to a saddle point
(x∗, y∗) as k → +∞;

� convergence of the minimax gap Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) to zero like O(1/K)

as K → +∞, where (x̄K)K≥1 and (ȳK)K≥1 are the ergodic sequences
obtained by averaging (xk)k≥1 and (yk)k≥1, respectively;

b) convex-strongly concave (see Theorem 5.2.10):

� strong convergence of (yk)k≥0 to y∗ like O(1/k) as k → +∞;

� convergence of the minimax gap Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) to zero likeO(1/K2)

as K → +∞;

c) strongly convex-strongly concave (see Theorem 5.3.3):

� linear convergence of (xk, yk)k≥0 to (x∗, y∗) like O(θk), with 0 < θ < 1,
as k → +∞;

� linear convergence of the minimax gap Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) to zero like

O(θK) as K → +∞.

5.2. Convex-(strongly) concave setting

First we will treat the case when the coupling function Φ is convex-concave and g is convex
with modulus ν ≥ 0. In the case ν = 0 this corresponds to Ψ(x, y) = Φ(x, y)−g(y) being
convex-concave, while for ν > 0 the saddle function Ψ(x, y) is convex-strongly concave.

We will start with stating two assumptions on the step sizes of the algorithm which will
be needed in the convergence analysis. These will be followed by a uni�ed preparatory
analysis for general ν ≥ 0 that will be the base to show convergence of the iterates as well
as of the minimax gap. After that we will introduce a choice of parameters that satisfy
the aforementioned assumptions. The section will be closed by convergence results for
the convex-concave (ν = 0) and the convex-strongly concave (ν > 0) setting.
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Assumption 5.2.1. We assume that the step sizes τk, σk and the momentum parameter
θk satisfy

τk+1 ≥
τk
θk+1

and σk+1 ≥
σk

θk+1(1 + νσk)
for all k ≥ 0. (5.8)

Furthermore, we assume that there exist δ > 0 and (αk)k≥0 ⊆ R++ such that

1− δ
τk
≥ Lyx
αk+1

and
1− δ
σk

≥ Lyxαkθk + Lyy(1 + θk) for all k ≥ 0, (5.9)

where θ0 := 1.

5.2.1. Preliminary considerations

In this subsection we will make some preliminary considerations that will play an impor-
tant role when proving the convergence properties of the numerical scheme given by (5.7).
For all k ≥ 0 we will use the notations

qk := ∇yΦ(xk, yk)−∇yΦ(xk−1, yk−1) and sk := θkqk +∇yΦ(xk, yk). (5.10)

We take an arbitrary (x, y) ∈ X × Y and let k ≥ 0 be �xed. From the �rst line of (5.7)
we derive

0 ∈ ∂g(yk+1) +
1

σk
(yk+1 − yk)− sk, (5.11)

and, as g is convex with modulus ν, this implies

g(y) ≥ g(yk+1) + 〈sk, y − yk+1〉+
1

σk
〈yk − yk+1, y − yk+1〉+

ν

2
‖y − yk+1‖2

= g(yk+1) + 〈sk, y − yk+1〉+
1

2σk

(
‖yk − yk+1‖2 + ‖y − yk+1‖2

− ‖y − yk‖2
)

+
ν

2
‖y − yk+1‖2 .

(5.12)

From the second line of (5.7) we get

0 ∈ ∂[Φ( · , yk+1)](xk+1) +
1

τk
(xk+1 − xk), (5.13)

hence the convexity of Φ( · , y) for y ∈ dom g yields

Φ(x, yk+1) ≥ Φ(xk+1, yk+1) +
1

τk
〈xk − xk+1, x− xk+1〉

= Φ(xk+1, yk+1) +
1

2τk

(
‖xk − xk+1‖2 + ‖x− xk+1‖2 − ‖x− xk‖2

)
.

(5.14)
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Combining (5.12) and (5.14) we obtain

Ψ(xk+1, y)−Ψ(x, yk+1) = Φ(xk+1, y)− g(y)− Φ(x, yk+1) + g(yk+1)

≤ Φ(xk+1, y)− Φ(x, yk+1) + 〈sk, yk+1 − y〉 −
ν

2
‖y − yk+1‖2

+
1

2σk

(
− ‖yk − yk+1‖2 − ‖y − yk+1‖2 + ‖y − yk‖2

)
≤ Φ(xk+1, y)− Φ(xk+1, yk+1) + 〈sk, yk+1 − y〉 −

ν

2
‖y − yk+1‖2

+
1

2τk

(
− ‖xk − xk+1‖2 − ‖x− xk+1‖2 + ‖x− xk‖2

)
+

1

2σk

(
− ‖yk − yk+1‖2 − ‖y − yk+1‖2 + ‖y − yk‖2

)
,

which, together with the concavity of Φ in the second variable and (5.10), gives

Ψ(xk+1, y)−Ψ(x, yk+1) ≤ θk 〈qk, yk+1 − y〉 −
ν

2
‖y − yk+1‖2

− 〈∇yΦ(xk+1, yk+1), yk+1 − y〉+ 〈∇yΦ(xk, yk), yk+1 − y〉

+
1

2τk

(
− ‖xk − xk+1‖2 − ‖x− xk+1‖2 + ‖x− xk‖2

)
+

1

2σk

(
− ‖yk − yk+1‖2 − ‖y − yk+1‖2 + ‖y − yk‖2

)
= − 〈qk+1, yk+1 − y〉+ θk 〈qk, yk − y〉 −

ν

2
‖y − yk+1‖2

+
1

2τk

(
− ‖xk − xk+1‖2 − ‖x− xk+1‖2 + ‖x− xk‖2

)
+

1

2σk

(
− ‖yk − yk+1‖2 − ‖y − yk+1‖2 + ‖y − yk‖2

)
+ θk 〈qk, yk+1 − yk〉 .

(5.15)

By using (5.2) we can evaluate the last term in the above expression as follows

|〈qk, y − yk〉| ≤ ‖qk‖ ‖y − yk‖ ≤ (Lyx ‖xk − xk−1‖+ Lyy ‖yk − yk−1‖) ‖y − yk‖

≤ Lyx
2

(
αk ‖y − yk‖2 +

1

αk
‖xk − xk−1‖2

)
+
Lyy
2

(
‖y − yk‖2 + ‖yk − yk−1‖2

)
,

(5.16)

with αk > 0 chosen such that (5.9) holds.
Writing (5.16) for y := yk+1 and combining the resulting inequality with (5.15) we

derive
Ψ(xk+1, y)−Ψ(x, yk+1) ≤ ak(x, y)− bk+1(x, y)− ck, (5.17)

where

ak(x, y) :=
1

2τk
‖x− xk‖2 +

1

2σk
‖y − yk‖2 + θk 〈qk, yk − y〉+ θk

Lyx
2αk
‖xk − xk−1‖2

+ θk
Lyy
2
‖yk − yk−1‖2 ,
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bk+1(x, y) :=
1

2τk
‖x− xk+1‖2 +

1

2

(
1

σk
+ ν

)
‖y − yk+1‖2 + 〈qk+1, yk+1 − y〉

+
Lyx

2αk+1
‖xk+1 − xk‖2 +

Lyy
2
‖yk+1 − yk‖2 ,

and

ck :=
1

2

(
1

τk
− Lyx
αk+1

)
‖xk+1 − xk‖2 +

1

2

(
1

σk
− Lyy − θk(Lyxαk + Lyy)

)
‖yk+1 − yk‖2 .

Now, let us de�ne for all k ≥ 0

tk :=
θ0

θ0θ1 · · · θk
(5.18)

and notice that
tk
tk+1

= θk+1.

Relation (5.8) from Assumption 5.2.1 is equivalent to

tk
τk
≥ tk+1

τk+1
and tk

(
1

σk
+ ν

)
≥ tk+1

σk+1
, (5.19)

which will be used in telescoping arguments in the following.

Let K ≥ 1 and denote

TK :=

K−1∑
k=0

tk, x̄K :=
1

TK

K−1∑
k=0

tkxk+1, ȳK :=
1

TK

K−1∑
k=0

tkyk+1. (5.20)

Multiplying both sides of (5.17) by tk > 0 as de�ned in (5.18), followed by summing up
the inequalities for k = 0, . . . ,K − 1 gives

K−1∑
k=0

tk (Ψ(xk+1, y)−Ψ(x, yk+1)) ≤
K−1∑
k=0

tk (ak(x, y)− bk+1(x, y)− ck) .

By Jensen's inequality, as Ψ( · , y)−Ψ(x, · ) is a convex function, we obtain

TK (Ψ(x̄K , y)−Ψ(x, ȳK)) ≤
K−1∑
k=0

tk (Ψ(xk+1, y)−Ψ(x, yk+1)) ,

and thus

TK (Ψ(x̄K , y)−Ψ(x, ȳK)) ≤
K−1∑
k=0

tk (ak(x, y)− bk+1(x, y)− ck) . (5.21)
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5.2. Convex-(strongly) concave setting

Furthermore, using (5.19), we get for all k ≥ 0

tkbk+1(x, y) =
tk

2τk
‖x− xk+1‖2 +

tk
2

(
1

σk
+ ν

)
‖y − yk+1‖2 + tk 〈qk+1, yk+1 − y〉

+ tk
Lyx

2αk+1
‖xk+1 − xk‖2 + tk

Lyy
2
‖yk+1 − yk‖2

≥ tk+1

2τk+1
‖x− xk+1‖2 +

tk+1

2σk+1
‖y − yk+1‖2 + tk+1θk+1 〈qk+1, yk+1 − y〉

+ tk+1θk+1
Lyx

2αk+1
‖xk+1 − xk‖2 + tk+1θk+1

Lyy
2
‖yk+1 − yk‖2

= tk+1ak+1(x, y).

Notice that by (5.9) in Assumption 5.2.1 there exists δ > 0 such that for all k ≥ 0

ck ≥ δ
(

1

2τk
‖xk+1 − xk‖2 +

1

2σk
‖yk+1 − yk‖2

)
≥ 0. (5.22)

For the following recall that x−1 = x0 and y−1 = y0, which implies q0 = 0. By using the
above two inequalities in (5.21) and writing (5.16) for k = K we obtain

Ψ(x̄K , y)−Ψ(x, ȳK) ≤ 1

TK

K−1∑
k=0

(tkak(x, y)− tk+1ak+1(x, y))

=
1

TK
(t0a0(x, y)− tKaK(x, y)) =

1

TK

(
t0

2τ0
‖x− x0‖2 +

t0
2σ0
‖y − y0‖2

)
− tK
TK

(
1

2τK
‖x− xK‖2 +

1

2σK
‖y − yK‖2

)
− tKθK

TK

(
〈qK , yK − y〉+

Lyx
2αK

‖xK − xK−1‖2 +
Lyy
2
‖yK − yK−1‖2

)
≤ 1

TK

(
t0

2τ0
‖x− x0‖2 +

t0
2σ0
‖y − y0‖2

)
− tK
TK

(
1

2τK
‖x− xK‖2 +

1

2

(
1

σK
− θK(LyxαK + Lyy)

)
‖y − yK‖2

)
.

(5.23)

By de�nition we have t0 = 1 and by (5.9) that the last term of the above inequality is
nonpositive, hence the following estimate for the minimax gap function evaluated at the
ergodic sequences holds

Ψ(x̄K , y)−Ψ(x, ȳK) ≤ 1

TK

(
1

2τ0
‖x− x0‖2 +

1

2σ0
‖y − y0‖2

)
∀K ≥ 1. (5.24)

With these considerations at hand � in speci�c we want to point out (5.17), (5.23)
and (5.24) � we will be able to obtain convergence statements for the two settings ν = 0
and ν > 0.

In the following de�nition we adjust the term proper to the saddle point setting and
refer to [129] for further considerations related to saddle functions.
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

De�nition 5.2.2. A function Ψ : X × Y → R ∪ {±∞} is called a saddle function, if
Ψ( · , y) is convex for all y ∈ Y and Ψ(x, · ) is concave for all x ∈ Y. A saddle function
Ψ is called proper, if there exists (x′, y′) ∈ X × Y such that Ψ(x′, y) < +∞ for all y ∈ Y
and −∞ < Ψ(x, y′) for all x ∈ X .
We conclude this preliminary subsection with a useful result regarding the minimax

objective from (5.1).

Proposition 5.2.3. The function Ψ : X × Y → R ∪ {±∞} de�ned via (5.3) is a proper
saddle function (see De�nition 5.2.2) such that Ψ( · , y) is lower semicontinuous for each
y ∈ Y and Ψ(x, · ) is upper semicontinuous for each x ∈ X . Consequently, the operator

(x, y) 7→ ∂[Ψ( · , y)](x)× ∂[−Ψ(x, · )](y)

is maximal monotone.

Proof. We choose (x′, y′) ∈ X × Y and distinguish four cases.
Firstly, we look at the case y′ /∈ dom g. Then

Ψ(x, y′) =

{
−∞ if x ∈ PrX (dom Φ),

+∞ if x /∈ PrX (dom Φ),

thus x 7→ Ψ(x, y′) is convex and lower semicontinuous, since PrX (dom Φ) is convex and
closed. Secondly, if y′ ∈ dom g, then g(y′) ∈ R and

Ψ(x, y′) = Φ(x, y′)− g(y′) ∀x ∈ X ,
which means that x 7→ Ψ(x, y′) is convex and lower semicontinuous. This proves that
Ψ( · , y) is convex and lower semicontinuous for all y ∈ Y.
On the other hand, if x′ /∈ PrX (dom Φ), then

Ψ(x′, y) = +∞ ∀y ∈ Y,
which means that y 7→ Ψ(x′, y) is upper semicontinuous and concave. Finally, if x′ ∈
PrX (dom Φ), then

Φ(x′, y) ∈ R and −Ψ(x′, y) = −Φ(x′, y) + g(y) ∀y ∈ Y.
Hence y 7→ −Ψ(x′, y) is proper, convex and lower semicontinuous, and so y 7→ Ψ(x′, y)
is concave and upper semicontinuous. This proves that Ψ(x, · ) is concave and upper
semicontinuous for all x ∈ X .
Moreover, Ψ is a proper saddle function. By assumption we have g(y) > −∞ for all

y ∈ Y and there exists x′ ∈ PrX (dom Φ) 6= ∅ such that dom Φ(x′, · ) = Y. Thus
Ψ(x′, y) = Φ(x′, y)− g(y) < +∞ ∀y ∈ Y.

Furthermore, by assumption there exist y′ ∈ dom g ⊆ Y such that g(y′) < +∞ and for
all x ∈ X we have Φ(x, y′) > −∞. Hence,

Ψ(x, y′) = Φ(x, y′)− g(y′) > −∞ ∀x ∈ X .
The maximal monotonicity of (x, y) 7→ ∂[Ψ( · , y)](x)×∂[−Ψ(x, · )](y) follows from Corol-
lary 1 and Theorem 3 in [129, pages 248-249].
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5.2. Convex-(strongly) concave setting

5.2.2. Fulfilment of step size assumptions

In this subsection we will investigate a particular choice of parameters to ful�l Assump-
tion 5.2.1 which is suitable for both cases of ν = 0 and ν > 0.

Proposition 5.2.4. Let ν ≥ 0, cα > Lyx ≥ 0, θ0 = 1 and τ0, σ0 > 0 such that

(cαLyxτ0 + 2Lyy)σ0 < 1.

We de�ne

θk+1 :=
1√

1 + νσk
, τk+1 :=

τk
θk+1

, σk+1 := θk+1σk for all k ≥ 0. (5.25)

Then the sequence (τk)k≥0, (σk)k≥0 and (θk)k≥0 ful�l (5.8) in Assumption 5.2.1 with
equality and (5.9) for

αk :=

{
cατ0 if k = 0,

cατk−1 if k ≥ 1,
(5.26)

and

δ := min

{
1− Lyx

cα
, 1− (cαLyxτ0 + 2Lyy)σ0

}
> 0. (5.27)

Furthermore, for (tk)k≥0 de�ned as in (5.18) we have

tk =
θ0

θ0θ1 · · · θk
=
τk
τ0

∀k ≥ 0. (5.28)

Proof. First, we show that the particular choice (5.25) ful�ls (5.8) in Assumption 5.2.1
with equality. We see that for all k ≥ 0

τk+1 =
τk
θk+1

,

as well as
σk+1 = θk+1σk =

σk

θk+1
1

θ2k+1

=
σk

θk+1(1 + νσk)
,

follow straight forward by de�nition.
Next, we show that (5.9) in Assumption 5.2.1 holds for δ de�ned in (5.27) with the

choices (5.25) and (5.26). The �rst inequality of (5.9) is equivalent to

1− δ ≥ Lyx
αk+1

τk =
Lyx
cα

∀k ≥ 0,

which clearly is ful�lled as

δ ≤ 1− Lyx
cα

.

On the other hand, the second inequality of (5.9) is equivalent to

1− δ ≥ Lyxαkθkσk + Lyy(1 + θk)σk ∀k ≥ 0.
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

By de�nition of the step size parameters (5.25) we have for all k ≥ 0

τk+1σk+1 = τ0σ0, θk+1 ≤ 1 = θ0, σk+1 ≤ σ0, θk+1τk+1 = τk,

and thus

1− δ ≥ Lyxα0θ0σ0 + Lyy(1 + θ0)σ0 = cαLyxτ0σ0 + 2Lyyσ0

≥ cαLyxθ2
k+1τk+1σk+1 + Lyy(1 + θk+1)σk+1

= Lyxcατkθk+1σk+1 + Lyy(1 + θk+1)σk+1

= Lyxαk+1θk+1σk+1 + Lyy(1 + θk+1)σk+1.

This chain of inequalities holds since

δ ≤ 1− (cαLyxτ0 + 2Lyy)σ0.

Finally, using the de�nition of tk and (5.25) we conclude that for all k ≥ 0

tk =
θ0

θ0θ1 · · · θk
=

τ0
τ0

τ0
τ0
τ0
τ1
· · · τk−1

τk

=
τk
τ0
.

Remark 5.2.5. The choice Lyy = 0 in (5.2) which was considered in [75] in the convex-
strongly concave setting corresponds to the case when the coupling function Φ is linear in
y. We will prove convergence also for Lyy positive, which makes our algorithm applicable
to a much wider range of problems, as we will see in the section with the numerical
experiments.
When the coupling function Φ : X × Y → R is bilinear, that is Φ(x, y) = 〈y,Ax〉 for

some nonzero continuous linear operator A : X → Y then we are in the setting of [44].
In this situation one can choose Lyy = 0 and Lyx = ‖A‖, and (5.27) yields

δ = min

{
1− ‖A‖

cα
, 1− cα‖A‖τ0σ0

}
,

with cα > ‖A‖. To guarantee δ > 0 we �x 0 < ε < 1 and set

cα = (1− ε)−1‖A‖.

Hence, we need to satisfy
τ0σ0‖A‖2< 1− ε,

which heavily resembles the step size condition of [44, Algorithm 2]. Since

proxγΦ(·,y) (x) = x− γA∗y

for all (x, y) ∈ X × Y and all γ > 0, our OGAProx scheme becomes the primal-dual
algorithm PDHG from [44].
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5.2. Convex-(strongly) concave setting

5.2.3. Convergence results

In this subsection we combine the preliminary considerations with the choice of param-
eters (5.25) from Proposition 5.2.4.
We will start with the case ν = 0 and constant step sizes, which gives weak convergence

of the iterates to a saddle point (x∗, y∗) and convergence of the minimax gap evaluated
at the ergodic iterates to zero like O(1/K). Afterwards we will consider the case ν > 0,
which leads to an accelerated version of the algorithm with improved convergence results.
In this setting we obtain convergence of (yk)k≥0 to y

∗ like O(1/K) and convergence of the
minimax gap evaluated at the ergodic iterates to zero like O(1/K2).

Convex-concave setting

For the following we assume that the function g is convex with modulus ν = 0, meaning
it is merely convex. Using the results of the previous subsection we will show that with
the choice (5.25) all the parameters are constant.

Proposition 5.2.6. Let cα > Lyx ≥ 0 and τ, σ > 0 such that

(cαLyxτ + 2Lyy)σ < 1.

If ν = 0, then the sequences (τk)k≥0, (σk)k≥0 and (θk)k≥0 as de�ned in Proposition 5.2.4
are constant, in particular we have

τk = τ0 := τ, σk = σ0 := σ, θk = θ0 = 1 for all k ≥ 0. (5.29)

Proof. As ν = 0, (5.25) gives for all k ≥ 0

θk+1 =
1√

1 + νσk
= 1, τk+1 =

τk
θk+1

= τ0, σk+1 = θk+1σk = σ0.

Next we will state and prove the convergence results in the convex-concave case.

Theorem 5.2.7. Let cα > Lyx ≥ 0 and τ, σ > 0 such that

(cαLyxτ + 2Lyy)σ < 1.

Then the sequence (xk, yk)k≥0 generated by OGAProx with the choice of constant param-
eters as in Proposition 5.2.6, namely,

τk = τ0 := τ, σk = σ0 := σ, θk = θ0 = 1 for all k ≥ 0,

converges weakly to a saddle point (x∗, y∗) ∈ X ×Y of (5.1). Furthermore, let K ≥ 1 and
denote

x̄K =
1

K

K−1∑
k=0

xk+1 and ȳK =
1

K

K−1∑
k=0

yk+1.

Then for all K ≥ 1 and any saddle point (x∗, y∗) ∈ X × Y of (5.1) we have

0 ≤ Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) ≤ 1

K

(
1

2τ0
‖x∗ − x0‖2 +

1

2σ0
‖y∗ − y0‖2

)
.
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

Proof. First we will show weak convergence of the sequence of iterates (xk, yk)k≥0 to
some saddle point (x∗, y∗) ∈ X × Y of (5.1). For this we will use the Opial Lemma (see
Lemma 2.3.1).
Let k ≥ 0 and (x∗, y∗) ∈ X × Y be an arbitrary but �xed saddle point. From (5.17)

together with the choice (5.29) of constant parameters θk = 1, τk = τ , σk = σ and
αk = α we obtain

0 ≤ Ψ(xk+1, y
∗)−Ψ(x∗, yk+1) ≤ ak(x∗, y∗)− bk+1(x∗, y∗)− ck

= ak(x
∗, y∗)− ak+1(x∗, y∗)− ck,

(5.30)

since

ak(x
∗, y∗) =

1

2τ
‖x∗ − xk‖2 +

1

2σ
‖y∗ − yk‖2 + 〈qk, yk − y∗〉+

Lyx
2α
‖xk − xk−1‖2

+
Lyy
2
‖yk − yk−1‖2 = bk(x

∗, y∗),

(5.31)

and

ck =
1

2

(
1

τ
− Lyx

α

)
‖xk+1 − xk‖2 +

1

2

(
1

σ
− Lyy − (Lyxα+ Lyy)

)
‖yk+1 − yk‖2 .

We see that (5.31), writing (5.16) with y = y∗ and (5.8) in Assumption 5.2.1 yield

ak(x
∗, y∗) ≥ 1

2τ
‖x∗ − xk‖2 +

1

2σ
(1− σ(Lyxα+ Lyy)) ‖y∗ − yk‖2 ≥ 0. (5.32)

Furthermore, from (5.30) and (5.22) we deduce

ak(x
∗, y∗) ≥ ak+1(x∗, y∗) + δ

(
1

2τ
‖xk+1 − xk‖2 +

1

2σ
‖yk+1 − yk‖2

)
.

Telescoping this inequality and taking into account (5.32) give

lim
k→+∞

(xk+1 − xk) = lim
k→+∞

(yk+1 − yk) = 0, (5.33)

as well as the existence of the limit limk→+∞ ak(x
∗, y∗) ∈ R.

From (5.32) we get that (xk)k≥0 and (yk)k≥0 are bounded sequences. Moreover, by
using (5.2) and (5.33) in de�nition (5.10) we obtain that

(qk)k≥0 converges strongly to 0. (5.34)

From the de�nition of ak(x
∗, y∗) in (5.31), (5.33) and (5.34) we derive that

∃ lim
k→+∞

(
1

2τ
‖xk − x∗‖2 +

1

2σ
‖yk − y∗‖2

)
∈ R.

Since this is true for an arbitrary saddle point (x∗, y∗) ∈ X × Y, we have that the �rst
statement of the Opial Lemma holds.
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5.2. Convex-(strongly) concave setting

Next we will show that all weak cluster points of (xk, yk)k≥0 are in fact saddle points
of (5.1). Assume that (xkn)n≥0 converges weakly to x∗ ∈ X and (ykn)n≥0 converges
weakly to y∗ ∈ Y as n→ +∞. From (5.13), (5.10) and (5.11) we have(

1

τ
(xkn − xkn+1),

1

σ
(ykn − ykn+1) + qkn − qkn+1

)
∈ ∂[Φ( · , ykn+1)](xkn+1)× (−∇yΦ(xkn+1, ykn+1) + ∂g(ykn+1))

= ∂[Ψ( · , ykn+1)](xkn+1)× ∂[−Ψ(xkn+1, · )](ykn+1),

(5.35)

where we used that for all k ≥ 0 we have xk ∈ PrX (dom Φ) and yk ∈ dom g. The sequence
on the left hand side of the inclusion (5.35) converges strongly to (0, 0) as n → +∞
(according to (5.33) and (5.34)). Notice that the operator (x, y) 7→ ∂[Ψ( · , y)](x) ×
∂[−Ψ(x, · )](y) is maximal monotone (see Proposition 5.2.3), hence its graph is sequen-
tially closed with respect to the strong × weak topology. From here we deduce

(0, 0) ∈ ∂[Ψ( · , y∗)](x∗)× ∂[−Ψ(x∗, · )](y∗),

from which we easily derive that (x∗, y∗) is a saddle point as it satis�es (5.4). This
means that also the second statement of the Opial Lemma is ful�lled and we have weak
convergence of (xk, yk)k≥0 to a saddle point (x∗, y∗).

The remaining part is to show the convergence rate of the minimax gap of the ergodic
sequences. Let K ≥ 1 and (x∗, y∗) ∈ X × Y be an arbitrary but �xed saddle point.
Writing (5.24) for (x∗, y∗) yields

0 ≤ Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) ≤ 1

TK

(
1

2τ
‖x∗ − x0‖2 +

1

2σ
‖y∗ − y0‖2

)
,

with

TK =

K−1∑
k=0

tk, x̄K =
1

TK

K−1∑
k=0

tkxk+1, ȳK =
1

TK

K−1∑
k=0

tkyk+1.

Using (5.28) to get tk = 1 for all k ≥ 0 in the above expressions gives

TK =

K−1∑
k=0

tk = K, x̄K =
1

K

K−1∑
k=0

xk+1, ȳK =
1

K

K−1∑
k=0

yk+1.

Finally we derive for all K ≥ 1

0 ≤ Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) ≤ 1

K

(
1

2τ
‖x∗ − x0‖2 +

1

2σ
‖y∗ − y0‖2

)
.
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Convex-strongly concave setting

For the remainder of this section we assume that the function g is convex with modulus
ν > 0, meaning it is ν-strongly convex. In this case the choice (5.25) leads to adaptive
parameters and accelerated convergence.

Proposition 5.2.8. Let cα > Lyx ≥ 0, θ0 = 1 and τ0, σ0 > 0 such that

(cαLyxτ0 + 2Lyy)σ0 < 1.

If ν > 0 then (τk)k≥0, (σk)k≥0 and (θk)k≥0 as de�ned in Proposition 5.2.4 are adaptive,
in particular we have

θk+1 =
1√

1 + νσk
< 1, τk+1 =

τk
θk+1

> τk, σk+1 = θk+1σk < σk for all k ≥ 0.

(5.36)

Proof. The statements follow directly from Proposition 5.2.4 for ν > 0.

To obtain statements regarding the (accelerated) convergence rates in the convex-
strongly concave setting, we look at the behaviour of the sequences of step size parameters
(τk)k≥0 and (σk)k≥0 for k → +∞.

Proposition 5.2.9. Let θ0 = 1, τ0 > 0,

0 < σ0 ≤
9 + 3

√
13

2ν
,

and for all k ≥ 0 denote

γk :=
τk
σk
.

Then with the choice of adaptive parameters (5.36) we have for all k ≥ 0

γk ≥
ν2τ0σ0

9
k2 and τk ≥

ντ0σ0

3
k,

and for all k ≥ 1

σk ≤
3

ν

1

k
.

Proof. By (5.25) we conclude that for all k ≥ 0

γk+1 = γk(1 + νσk),

and further

σk+1 = σk

√
γk
γk+1

,

which, applied recursively, gives

σk = σ0

√
γ0

γk
=
√
τ0σ0

1√
γk
.
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5.2. Convex-(strongly) concave setting

We obtain
γk+1 = γk(1 + νσk) = γk + ν

√
τ0σ0
√
γk,

which we will use to show by induction that for all k ≥ 0

γk ≥
ν2τ0σ0

9
k2. (5.37)

For k = 0 the statement trivially holds, whereas for k = 1 we need to verify that

γ1 = γ0 + ν
√
τ0σ0
√
γ0 =

τ0

σ0
(1 + νσ0) ≥ ν2τ0σ0

9
,

which is equivalent to the following quadratic inequality

σ2
0 −

9

ν
σ0 −

9

ν2
≤ 0,

and guaranteed to hold by our initial choice of σ0 > 0. Now let k ≥ 1 and assume
that (5.37) holds. Then

γk+1 = γk + ν
√
τ0σ0
√
γk ≥

ν2τ0σ0

9
k2 +

ν2τ0σ0

3
k ≥ ν2τ0σ0

9
(k + 1)2.

This shows the validity of (5.37) for all k ≥ 0.
Now we can use inequality (5.37) to deduce the convergence behaviour of the sequences

(τk)k≥0 and (σk)k≥0 for k → +∞. We get for all k ≥ 0

τk = σkγk =
√
τ0σ0
√
γk ≥

ντ0σ0

3
k, (5.38)

which, combined with

τkσk =
τ2
k

γk
= τ0σ0,

gives for all k ≥ 1

σk ≤
3

ν

1

k
.

Now we are ready to prove the convergence results in the convex-strongly concave
setting.

Theorem 5.2.10. Let cα > Lyx ≥ 0, θ0 = 1 and τ0, σ0 > 0 such that

(cαLyxτ0 + 2Lyy)σ0 < 1 and 0 < σ0 ≤
9 + 3

√
13

2ν
.

Let (x∗, y∗) ∈ X × Y be a saddle point of (5.1). Then for (xk, yk)k≥0 being the sequence
generated by OGAProx with the choice of adaptive parameters

θk+1 =
1√

1 + νσk
< 1, τk+1 =

τk
θk+1

> τk, σk+1 = θk+1σk < σk for all k ≥ 0,
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we have for all K ≥ 1

‖y∗ − yK‖ ≤
c1

K

(
1

2τ0
‖x∗ − x0‖2 +

1

2σ0
‖y∗ − y0‖2

) 1
2

,

with c1 :=
√

18
ν2σ0δ

, where δ > 0 is de�ned in (5.27). Furthermore, for K ≥ 1, denote

TK =
K−1∑
k=0

tk, x̄K =
1

TK

K−1∑
k=0

tkxk+1, ȳK =
1

TK

K−1∑
k=0

tkyk+1,

where tk = τk
τ0

for all k ≥ 0 (see also (5.28)). Then for all K ≥ 2 we get

0 ≤ Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) ≤ c2

K2

(
1

2τ0
‖x∗ − x0‖2 +

1

2σ0
‖y∗ − y0‖2

)
,

with c2 := 12
νσ0

.

Proof. Let K ≥ 1 and let (x∗, y∗) ∈ X × Y be an arbitrary but �xed saddle point. First
we will prove the convergence rate of the sequence of iterates (yk)k≥0. Plugging the
particular choice of parameters (5.36) into (5.23) for (x∗, y∗), we obtain

1

2τ0
‖x∗ − x0‖2 +

1

2σ0
‖y∗ − y0‖2

≥ 1

2τ0
‖x∗ − xK‖2 +

τK
σK

(1− σKθK(LyxαK + Lyy))
1

2τ0
‖y∗ − yK‖2

≥ γK
δ

2τ0
‖y∗ − yK‖2 ,

where we use (5.9) in Assumption 5.2.1 for the last inequality. Combining this with (5.37)
we derive

‖y∗ − yK‖ ≤
c1

K

(
1

2τ0
‖x∗ − x0‖2 +

1

2σ0
‖y∗ − y0‖2

) 1
2

,

with c1 :=
√

18
ν2σ0δ

.

Next we will show the convergence rate of the minimax gap at the ergodic sequences.
Writing (5.24) for (x∗, y∗), we obtain

0 ≤ Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) ≤ 1

TK

(
1

2τ0
‖x∗ − x0‖2 +

1

2σ0
‖y∗ − y0‖2

)
. (5.39)

Plugging the particular choice of tk = τk
τ0

for all k ≥ 0 from (5.28) into the de�nition of
TK , together with (5.38) yields

TK =
1

τ0

K−1∑
k=0

τk ≥
νσ0

3

K−1∑
k=0

k =
νσ0

6
K(K − 1).
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Combining this inequality with (5.39), we obtain for all K ≥ 2

0 ≤ Ψ(x̄K , y
∗)−Ψ(x∗, ȳK) ≤ c2

K2

(
1

2τ0
‖x∗ − x0‖2 +

1

2σ0
‖y∗ − y0‖2

)
,

with c2 := 12
νσ0

, which concludes the proof.

5.3. Strongly convex-strongly concave setting

For this section we assume that the function g is convex with modulus ν > 0, meaning
it is ν-strongly convex. In addition to the assumptions we had until now, for this section
we also assume that for all y ∈ dom g the function Φ( · , y) : X → R∪{+∞} is µ-strongly
convex with modulus µ > 0. This means that the saddle function (x, y) 7→ Ψ(x, y) is
strongly convex-strongly concave.

As in the previous section we will state two step size assumptions that will be needed
for the convergence analysis. These again will be followed by preparatory observations
and a result to guarantee the validity of the stated assumptions. The section will be
closed with the formulation and proof of convergence results.

Assumption 5.3.1. We assume that the step sizes τk, σk and the momentum parameter
θk are constant

θk = θ0 =: θ, τk = τ0 =: τ, σk = σ0 =: σ ∀k ≥ 0,

and satisfy

1 + µτ =
1

θ
, 1 + νσ =

1

θ
, (5.40)

with

0 < θ < 1. (5.41)

Furthermore, we assume that there exists α > 0 such that

Lyx
α
≤ 1

τ
, Lyy ≤

1− θσ(αLyx + Lyy)

σ
, (5.42)

with

1− θσ(αLyx + Lyy) > 0. (5.43)

5.3.1. Preliminary considerations

We take an arbitrary (x, y) ∈ X × Y and let k ≥ 0. Following similar considerations
along (5.12)-(5.14), additionally taking into account the µ-strong convexity of Φ( · , y) for
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

y ∈ dom g, instead of (5.15) we derive

Ψ(xk+1, y)−Ψ(x, yk+1) ≤ θ 〈qk, yk − y〉 − 〈qk+1, yk+1 − y〉
− µ

2
‖x− xk+1‖2 −

ν

2
‖y − yk+1‖2 + θ 〈qk, yk+1 − yk〉

+
1

2τ

(
−‖xk − xk+1‖2 − ‖x− xk+1‖2 + ‖x− xk‖2

)
+

1

2σ

(
−‖yk − yk+1‖2 − ‖y − yk+1‖2 + ‖y − yk‖2

)
≤ 1

2τ
‖x− xk‖2 +

1

2σ
‖y − yk‖2 + θ 〈qk, yk − y〉

− 1 + µτ

2τ
‖x− xk+1‖2 −

1 + νσ

2σ
‖y − yk+1‖2 − 〈qk+1, yk+1 − y〉

+
θLyx
2α
‖xk − xk−1‖2 −

1

2τ
‖xk+1 − xk‖2

+
θLyy

2
‖yk − yk−1‖2 −

1− θσ(αLyx + Lyy)

2σ
‖yk+1 − yk‖2 .

By (5.40) in Assumption 5.3.1 and for α > 0 ful�lling (5.42)-(5.43), we obtain

Ψ(xk+1, y)−Ψ(x, yk+1) ≤ 1

2τ
‖x− xk‖2 +

1

2σ
‖y − yk‖2 + θ 〈qk, yk − y〉

− 1

2τ

1

θ
‖x− xk+1‖2 −

1

2σ

1

θ
‖y − yk+1‖2 − 〈qk+1, yk+1 − y〉

+
θLyx
2α
‖xk − xk−1‖2 −

1

2τ
‖xk+1 − xk‖2

+
θLyy

2
‖yk − yk−1‖2 −

1− θσ(αLyx + Lyy)

2σ
‖yk+1 − yk‖2 ,

which together with (5.42) and (5.43) gives

Ψ(xk+1, y)−Ψ(x, yk+1) ≤ 1

2τ

(
‖x− xk‖2 −

1

θ
‖x− xk+1‖2

)
+

1

2σ

(
‖y − yk‖2 −

1

θ
‖y − yk+1‖2

)
+ θ 〈qk, yk − y〉 − 〈qk+1, yk+1 − y〉

+
1

2τ

(
θ ‖xk − xk−1‖2 − ‖xk+1 − xk‖2

)
+

1

2σ̃

(
θ ‖yk − yk−1‖2 − ‖yk+1 − yk‖2

)
,

(5.44)

where
σ̃ :=

σ

1− θσ(αLyx + Lyy)
.

Let K ≥ 1 and as in (5.20) denote

TK =

K−1∑
k=0

tk, x̄K =
1

TK

K−1∑
k=0

tkxk+1, ȳK =
1

TK

K−1∑
k=0

tkyk+1.
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with tk > 0 de�ned as in (5.18), in other words

tk = θ−k ∀k ≥ 0.

Multiplying both sides of (5.44) by tk > 0 yields

1

θk
(Ψ(xk+1, y)−Ψ(x, yk+1)) ≤ 1

2τ

(
1

θk
‖x− xk‖2 −

1

θk+1
‖x− xk+1‖2

)
+

1

2σ

(
1

θk
‖y − yk‖2 −

1

θk+1
‖y − yk+1‖2

)
+

1

θk−1
〈qk, yk − y〉 −

1

θk
〈qk+1, yk+1 − y〉

+
1

2τ

(
1

θk−1
‖xk − xk−1‖2 −

1

θk
‖xk+1 − xk‖2

)
+

1

2σ̃

(
1

θk−1
‖yk − yk−1‖2 −

1

θk
‖yk+1 − yk‖2

)
.

Summing up the above inequality for k = 0, . . . ,K − 1 and taking into account Jensen's
inequality for the convex function Ψ( · , y)−Ψ(x, · ) give

TK (Ψ(x̄K , y)−Ψ(x, ȳK)) ≤
K−1∑
k=0

1

θk
(Ψ(xk+1, y)−Ψ(x, yk+1))

≤ 1

2τ

(
‖x− x0‖2 −

1

θK
‖x− xK‖2

)
+

1

2σ

(
‖y − y0‖2 −

1

θK
‖y − yK‖2

)
− 1

θK−1
〈qK , yK − y〉 −

1

θK−1

1

2τ
‖xK − xK−1‖2 −

1

θK−1

1

2σ̃
‖yK − yK−1‖2

≤ 1

2τ

(
‖x− x0‖2 −

1

θK
‖x− xK‖2

)
+

1

2σ

(
‖y − y0‖2 −

1

θK
‖y − yK‖2

)
+

1

θK−1

Lyx
2

(
1

α
‖xK − xK−1‖2 + α ‖yK − y‖2

)
− 1

θK−1

1

2τ
‖xK − xK−1‖2

+
1

θK−1

Lyy
2

(
‖yK − yK−1‖2 + ‖yK − y‖2

)
− 1

θK−1

1

2σ̃
‖yK − yK−1‖2

=
1

2τ
‖x− x0‖2 +

1

2σ
‖y − y0‖2

− 1

θK
1

2τ
‖x− xK‖2 −

1

θK
1− θσ(αLyx + Lyy)

2σ
‖y − yK‖2

− 1

2θK−1

(
1

τ
− Lyx

α

)
‖xK − xK−1‖2 −

1

2θK−1

(
1

σ̃
− Lyy

)
‖yK − yK−1‖2 ,

where in the second inequality we use (5.16). Omitting the last two terms which are non
positive by (5.42), we obtain for all K ≥ 1

TKθ
K(Ψ(x̄K , y)−Ψ(x, ȳK)) +

1

2τ
‖x− xK‖2 +

1

2σ̃
‖y − yK‖2

≤ θK
(

1

2τ
‖x− x0‖2 +

1

2σ
‖y − y0‖2

)
,

(5.45)
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which we will use to obtain our convergence results in the following.

5.3.2. Fulfilment of step size assumptions

In this subsection we will investigate a particular choice of parameters τ , σ and θ such
that Assumption 5.3.1 holds.

Proposition 5.3.2. For α > 0 de�ne

θ̃ := max

{
Lyx

αµ+ Lyx
,

αLyx + 2Lyy
ν + αLyx + 2Lyy

}
. (5.46)

Let θ > 0 such that
0 ≤ θ̃ < θ < 1, (5.47)

and set

τ =
1

µ

1− θ
θ

and σ =
1

ν

1− θ
θ

. (5.48)

Then τ , σ and θ ful�l Assumption 5.3.1.

Proof. If Lyx = Lyy = 0, then the conclusion follows immediately. Assume that Lyx +
Lyy > 0. It is easy to verify that de�nition (5.46) yields

0 < θ̃ < 1

and that (5.48) is equivalent to (5.40) where (5.41) is ensured by (5.47). Furthermore,
plugging the speci�c form of the step sizes (5.48) into (5.42) we obtain for the �rst
inequality of (5.42)

Lyx
α
≤ µθ

1− θ ,

which is equivalent to

θ ≥ Lyx
αµ+ Lyx

.

Note that by (5.47) we have

0 ≤ Lyx
αµ+ Lyx

≤ θ̃ < θ < 1.

Similarly, the second inequality of (5.42) is equivalent to the following quadratic inequal-
ity

θ2 − αLyx − ν
αLyx + Lyy

θ − Lyy
αLyx + Lyy

≥ 0.

The non negative solution of the associated quadratic equation reads

ρ :=
1

2

 αLyx − ν
αLyx + Lyy

+

√(
αLyx − ν
αLyx + Lyy

)2

+
4Lyy

αLyx + Lyy

 ≥ 0.
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Since

0 ≤ ρ < αLyx + 2Lyy
ν + αLyx + 2Lyy

≤ θ̃ < θ < 1,

the second inequality of (5.42) is also ful�lled. In order to see that

ρ <
αLyx + 2Lyy

ν + αLyx + 2Lyy
,

we notice that this inequality is equivalent to(
αLyx − ν
αLyx + Lyy

)2

+
4Lyy

αLyx + Lyy
<

(ν2 + 2νLyy + (αLyx + 2Lyy)
2)2

(ν + αLyx + 2Lyy)2(αLyx + Lyy)2
,

which holds if and only if

((αLyx − ν)2 + 4Lyy(αLyx + Lyy))(ν + αLyx + 2Lyy)
2

< (ν2 + 2νLyy)
2 + 2(ν2 + 2νLyy)(αLyx + 2Lyy)

2 + (αLyx + 2Lyy)
4

or, equivalently,

0 < 4ν2(αLyx + Lyy)
2.

For the remaining condition (5.43) to hold we need to ensure

θ >
αLyx + Lyy − ν
αLyx + Lyy

.

For this we observe that

ρ ≥ 1

2

 αLyx − ν
αLyx + Lyy

+

√(
αLyx + 2Lyy − ν
αLyx + Lyy

)2


≥ 1

2

αLyx − ν + αLyx + 2Lyy − ν
αLyx + Lyy

=
αLyx + Lyy − ν
αLyx + Lyy

.

In conclusion, we obtain the following chain of inequalities

αLyx + Lyy − ν
αLyx + Lyy

≤ ρ < αLyx + 2Lyy
ν + αLyx + 2Lyy

≤ θ̃ < θ < 1,

which is satis�ed by (5.47).

5.3.3. Convergence results

Now we can combine the previous results and prove the convergence statements in the
strongly convex-strongly concave setting.
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5. An accelerated minimax algorithm for nonsmooth saddle point problems

Theorem 5.3.3. Let (x∗, y∗) ∈ X × Y be a saddle point of (5.1). Then for (xk, yk)k≥0

being the sequence generated by OGAProx with the choice of parameters

τ =
1

µ

1− θ
θ

, σ =
1

ν

1− θ
θ

, 0 ≤ θ̃ < θ < 1,

with

θ̃ = max

{
Lyx

αµ+ Lyx
,

αLyx + 2Lyy
ν + αLyx + 2Lyy

}
,

for α > 0, we denote for K ≥ 1

TK =
K−1∑
k=0

θ−k, x̄K =
1

TK

K−1∑
k=0

θ−kxk+1, ȳK =
1

TK

K−1∑
k=0

θ−kyk+1,

for which the following holds

0 ≤ θ(Ψ(x̄K , y
∗)−Ψ(x∗, ȳK)) +

1

2τ
‖x∗ − xK‖2 +

1

2σ̃
‖y∗ − yK‖2

≤ θK
(

1

2τ
‖x∗ − x0‖2 +

1

2σ
‖y∗ − y0‖2

)
,

where σ̃ := σ
1−θσ(αLyx+Lyy) .

Proof. Let K ≥ 1 and (x∗, y∗) ∈ X × Y be an arbitrary but �xed saddle point of (5.1).
Writing (5.45) for (x∗, y∗) we get

0 ≤ TKθ
K(Ψ(x̄K , y

∗)−Ψ(x∗, ȳK)) +
1

2τ
‖x∗ − xK‖2 +

1

2σ̃
‖y∗ − yK‖2

≤ θK
(

1

2τ
‖x∗ − x0‖2 +

1

2σ
‖y∗ − y0‖2

)
.

Using

TK =
K−1∑
k=0

1

θk
=

1

θK−1

1− θK
1− θ ≥

1

θK−1
,

�nally we obtain for all K ≥ 1

0 ≤ θ(Ψ(x̄K , y
∗)−Ψ(x∗, ȳK)) +

1

2τ
‖x∗ − xK‖2 +

1

2σ̃
‖y∗ − yK‖2

≤ θK
(

1

2τ
‖x∗ − x0‖2 +

1

2σ
‖y∗ − y0‖2

)
,

with 0 < θ < 1 as de�ned in (5.47).
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5.4. Numerical experiments

In this section we will treat three numerical applications of our method. The �rst one
is of rather simple structure and has the purpose to highlight the convergence rates
we obtained in the previous sections. The second one concerns multi kernel support
vector machines to validate OGAProx on a more relevant application in practice, even
though there are no theoretical guarantees for the �metric� reported there. The third
numerical application addresses a classi�cation problem incorporating minimax group
fairness, which traces back to the solving of a minimax problem with nonsmooth coupling
function.

5.4.1. Nonsmooth-linear problem

The �rst application we treat is to showcase the convergence rates we obtained in the pre-
vious sections and make a simple proof of concept. We look at the following nonsmooth-
linear saddle point problem

min
x∈Rd

max
y∈Rn

Ψ(x, y) := 〈[x]+, Ay〉 −
(
δC(y) +

ν

2
‖y‖2

)
, (5.49)

with ν ≥ 0 and A ∈ Rd×n, [ · ]+ being the component-wise positive part,

[x]+ = ( max{0, xi})di=1,

and C being the following convex polytope

C := {y ∈ Rn | Ay = 0}.

For u = (ui)
d
i=1, v = (vi)

d
i=1 ∈ Rd the relation u = v denotes component-wise inequalities,

namely,
u = v ⇔ ui ≥ vi for 1 ≤ i ≤ d.

Then g : Rn → R ∪ {+∞} with

g(y) := δC(y) +
ν

2
‖y‖2

is proper, lower semicontinuous and convex with modulus ν ≥ 0 and dom g = C. More-
over, Φ : Rd × Rn → R with

Φ(x, y) =

d∑
i=1

max{0, xi}(Ay)i

has full domain, for all x ∈ Rd we have that Φ(x, · ) is linear and for all y ∈ dom g = C
the function Φ( · , y) is convex and continuous.
Furthermore, we obtain for all (x, y), (x′, y′) ∈ Rd × dom g∥∥∇yΦ(x, y)−∇yΦ(x′, y′)

∥∥ =
∥∥AT ([x]+ − [x′]+

)∥∥ ≤ ‖A‖∥∥x− x′∥∥ ,
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hence (5.2) holds with Lyx = ‖A‖ and Lyy = 0.
The algorithm (5.7) iterates for k ≥ 0

vk = yk + σk [(1 + θk)∇yΦ(xk, yk)− θk∇yΦ(xk−1, yk−1)]

= yk + σkA
T ((1 + θk)[xk]+ − θk[xk−1]+),

yk+1 = proxσkg (vk) = PC

(
1

1+νσk
vk

)
,

xk+1 = proxτkΦ( · ,yk+1) (xk) ,

where the calculation of the orthogonal projection on the set C is a simple quadratic
program and

proxτΦ( · ,y) (x) =
(

proxτ(Ay)i max{0, · } (xi)
)d
i=1

,

where, for i = 1, ..., d,

proxτ(Ay)i max{0, · } (xi) =


xi if xi ≤ 0,

0 if 0 < xi ≤ τ(Ay)i,

xi − τ(Ay)i if xi > τ(Ay)i.

By writing the �rst order optimality conditions and using Lagrange duality we obtain
the following characterisation.

(x∗, y∗) is a saddle point of (5.49)⇔

 0 ∈ ∂
(
〈[ · ]+, Ay∗〉 − δC(y∗)− ν

2 ‖y∗‖
2
)

(x∗)

0 ∈ ∂
(
−
〈
AT [x∗]+, ·

〉
+ δC( · ) + ν

2 ‖ · ‖
2
)

(y∗)

⇔
{

0 ∈∑d
i=1(Ay∗)i ∂max{0, · }(x∗i )

AT [x∗]+ − νy∗ ∈ NC(y∗)

⇔


∀i = 1, . . . , d : ((Ay∗)i > 0 and x∗i ≤ 0) or

((Ay∗)i = 0 and x∗i ∈ R)〈
AT [x∗]+ − νy∗, y∗

〉
= 0

νy∗ −AT [x∗]+ ∈ AT
(
Rd+
)

⇔


∀i = 1, . . . , d : ((Ay∗)i > 0 and x∗i ≤ 0) or

((Ay∗)i = 0 and x∗i ∈ R)

ν ‖y∗‖2 =
〈
AT [x∗]+, y

∗〉 = 〈[x∗]+, Ay∗〉 = 0

νy∗ ∈ AT
(
[x∗]+ + Rd+

)
.

This means, that for ν = 0 we obtain

(x∗, y∗) is a saddle point of (5.49)⇔


∀i = 1, . . . , d : ((Ay∗)i > 0 and x∗i ≤ 0) or

((Ay∗)i = 0 and x∗i ∈ R)

0 ∈ AT
(
[x∗]+ + Rd+

) ,
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whereas for ν > 0

(x∗, y∗) is a saddle point of (5.49)⇔
{
y∗ = 0

0 ∈ AT
(
[x∗]+ + Rd+

) .
If A ∈ Rd×n has full row rank the inclusion

0 ∈ AT
(

[x∗]+ + Rd+
)

is equivalent to
x∗ 5 0.
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Figure 5.1.: Convergence of the minimax gap like O(1/K) for ν = 0.

For the experiments we choose dimensions d = 250 and n = 350. For easier validation
of the solution x∗ we ensure that the matrix A ∈ Rd×n with entries drawn from a uniform
distribution on the interval [−3, 3] has full row rank. The starting points x0 = x−1 ∈ Rd
and y0 ∈ Rn have entries drawn from a uniform distribution on the interval [−5, 5].
In the case ν = 0, i.e., the regulariser g being merely convex, we proved weak asymp-

totic convergence of the iterates to some saddle point (x∗, y∗) and convergence of the
minimax gap at the ergodic sequences to zero like O(1/K) for any saddle point. The
latter is illustrated in Figure 5.1 for (x∗, y∗) ∈ Rd × Rn with x∗ 5 0 and y∗ ∈ C with
y∗ 6= 0 for a single random initialisation.
Let (x∗, y∗) ∈ Rd × Rn be a saddle point. In the case ν > 0, i.e., the regulariser g

being ν-strongly convex, we proved strong non-asymptotic convergence of the sequence
(yk)k≥0 → y∗ like O(1/K) and convergence of the minimax gap at the ergodic sequences
to zero like O(1/K2). The numerical behaviour of our method validating the theoretical
claims for ν > 0 is highlighted in Figure 5.2. The plots shown are for a single random
initialisation and with the choice ν = 3

10 .

5.4.2. Multi kernel support vector machine

The second application to test our method in practice is to learn a combined kernel matrix
for a multi kernel support vector machine (SVM). We have a set of labelled training data

Sn = {(a1, b1), . . . , (an, bn)} ⊆ Rm × {−1, 1},
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Figure 5.2.: Convergence of the minimax gap like O( 1
K2 ) and of the sequence (yk)k≥0 in

norm like O( 1
K ) for ν > 0.

where we call b = (bi)
n
i=1, and a set of unlabelled test data

Tl = {an+1, . . . , an+l} ⊆ Rm.

We consider embeddings of the data according to a kernel function κ : Rm × Rm → R
with the corresponding symmetric and positive semide�nite kernel matrix

K =

(
Ktr Ktr,t
Kt,tr Kt

)
,

where Kij = κ(ai, aj) for i, j = 1, . . . , n, n+ 1, . . . , n+ l.

In the following e is a vector of appropriate size consisting of ones. According to [87]
the problem of interest is

min
K∈K

trace(K)=c

max
05α5C
〈α,b〉=0

αT e− 1

2
αTG(Ktr)α− ν

2
‖α‖22 , (5.50)

where K is the model class of kernel matrices, c ∈ (0,+∞), C ∈ (0,+∞] and ν ∈ [0,+∞)
are model parameters and we de�ne G(Ktr) := diag(b)Ktr diag(b).

The set K is restricted to be the set of positive semide�nite matrices that can be
written as a non negative linear combination of kernel matrices K1, . . . ,Kd, i.e.,

K =

{
K ∈ Sm+

∣∣∣∣ K =
d∑
i=1

ηiKi, ηi ≥ 0 for i = 1, ..., d

}
.

With this choice (5.50) becomes

min
〈η,r〉=c
η=0

max
05α5C
〈α,b〉=0

αT e− 1

2

d∑
i=1

ηiα
TG(Ktri )α− ν

2
‖α‖2 , (5.51)
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where η = (ηi)
d
i=1 and r = (ri)

d
i=1 with ri = trace(Ki) for i = 1, ..., d. Assume (η∗, α∗) ∈

Rd × Rn to be a saddle point of (5.51) and write

K∗ =

d∑
j=1

η∗jKj .

Following the considerations of [75] we compute for ak ∈ Tl with k ∈ {n+ 1, . . . , n+ l},

L(ak) = sgn

(
n∑
i=1

biα
∗
iK∗ik + γ

)
= sgn

 n∑
i=1

d∑
j=1

biα
∗
i η
∗
j (Kj)ik + γ

 , (5.52)

with

γ = bj0(1− να∗j0)−
n∑
i=1

biα
∗
iK∗ij0 = bj0(1− να∗j0)−

n∑
i=1

d∑
j=1

biα
∗
i η
∗
j (Kj)ij0 ,

for some j0 ∈ {1, . . . , n} such that 0 < α∗j0 < C.

After writing xi = riηi
c for i = 1, ..., d and augmenting the objective with an additional

(strongly) convex penalisation term, we obtain

min
x∈Rd

max
y∈Rn

δ∆(x) +
µ

2
‖x‖2 − 1

2

d∑
i=1

xiy
TMiy + yT e−

(
δY (y) +

ν

2
‖y‖2

)
, (5.53)

where µ ≥ 0 and Mi := c
ri
G(Ktri ) for i = 1, ..., d,

∆ := {x ∈ Rd | x = 0, 〈x, e〉 = 1}

is the d-dimensional unit simplex and

Y := {y ∈ Rn | 0 5 y 5 C, 〈y, b〉 = 0}

is the intersection of a box and a hyperplane.

In the notation of (5.1) we have Φ : Rd × Rn → R ∪ {+∞} de�ned by

Φ(x, y) = δ∆(x) +
µ

2
‖x‖2 − 1

2

d∑
i=1

xiy
TMiy + yT e,

and g : Rn → R ∪ {+∞} given by

g(y) = δY (y) +
ν

2
‖y‖2 .

We see that Φ and g satisfy the assumptions considered for problem (5.1).
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The algorithm (5.7) iterates as follows for k ≥ 0
vk = yk + σk [(1 + θk)∇yΦ(xk, yk)− θk∇yΦ(xk−1, yk−1)] ,

yk+1 = proxσkg (vk) = PY

(
1

1+νσk
vk

)
,

xk+1 = proxτkΦ( · ,yk+1) (xk) = P∆

(
1

1+µτk
(xk + τkξ

yk+1)
)
,

where

∇yΦ(x, y) = −
(

1

2

d∑
i=1

xi(Mi +MT
i )

)
y+ e = −

(
d∑
i=1

xiMi

)
y+ e for (x, y) ∈ ∆×Rn

and

ξy :=

(
1

2
yTMiy

)d
i=1

.

To determine the correct step sizes and momentum parameter, we need to �nd Lipschitz
constants for ∇yΦ, i.e., Lyx, Lyy ≥ 0 such that (5.2) holds. Recall, that we require for
all (x, y), (x′, y′) ∈ PrX (dom Φ)× dom g∥∥∇yΦ(x, y)−∇yΦ(x′, y′)

∥∥ ≤ Lyx ∥∥x− x′∥∥+ Lyy
∥∥y − y′∥∥ ,

with PrX (dom Φ) = ∆ and dom g = Y .

Let (x, y), (x′, y′) ∈ ∆× Y . Then

∥∥∇yΦ(x, y)−∇yΦ(x′, y′)
∥∥ =

∥∥∥∥∥−
d∑
i=1

xiMiy + e+
d∑
i=1

x′iMiy
′ − e

∥∥∥∥∥
=

∥∥∥∥∥
d∑
i=1

xiMiy
′ −

d∑
i=1

xiMiy +

d∑
i=1

x′iMiy
′ −

d∑
i=1

xiMiy
′

∥∥∥∥∥
≤
∥∥∥∥∥

d∑
i=1

xiMi(y − y′)
∥∥∥∥∥+

∥∥∥∥∥
d∑
i=1

(xi − x′i)Miy
′

∥∥∥∥∥
≤

d∑
i=1

|xi| ‖Mi‖
∥∥y − y′∥∥+

d∑
i=1

∣∣xi − x′i∣∣ ‖Mi‖
∥∥y′∥∥

≤
(
‖x‖1 max

1≤i≤d
‖Mi‖

)∥∥y − y′∥∥+

(∥∥y′∥∥ max
1≤i≤d

‖Mi‖
)∥∥x− x′∥∥

1

≤
(
‖x‖1 max

1≤i≤d
‖Mi‖

)∥∥y − y′∥∥+

(∥∥y′∥∥√d max
1≤i≤d

‖Mi‖
)∥∥x− x′∥∥ .

As x ∈ ∆, we have ‖x‖1 = 1 and since y′ ∈ Y we get ‖y′‖ ≤ C√n. Thus we obtain∥∥∇yΦ(x, y)−∇yΦ(x′, y′)
∥∥ ≤ Lyx ∥∥x− x′∥∥+ Lyy

∥∥y − y′∥∥ ,
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with

Lyx = C
√
dn max

1≤i≤d
‖Mi‖ , Lyy = max

1≤i≤d
‖Mi‖ .

For our experiments we use four di�erent data sets from the �UCI Machine Learning
Repository� [58]: the (original) Wisconsin breast cancer dataset [101] (699 total obser-
vations including 16 incomplete examples; 9 features), the Statlog heart disease data set
(270 observations; 13 features), the Ionosphere data set (351 observations; 33 features)
and the Connectionist Bench Sonar data set (208 observations; 60 features). All the data
sets are normalised such that each feature column has zero mean and standard deviation
equal to one.
Furthermore, we take d = 3 given kernel functions, namely a polynomial kernel func-

tion k1(a, a′) = (1 + aTa′)2 of degree 2 for K1, a Gaussian kernel function k2(a, a′) =
exp(−1

2(a− a′)T (a− a′)/ 1
10) for K2 and a linear kernel function k3(a, a′) = aTa′ for K3.

The resulting kernel matrices are normalised according to [87, Section 4.8], giving

ri = trace(Ki) = n+ l.

The model parameter c > 0 is chosen to be

c =

d∑
i=1

ri = d(n+ l),

and we set C = 1.
On this application we test the three proposed versions of OGAProx. We refer to

the version of OGAProx with constant parameters from Section 5.2.3 as OGAProx-C1,
to the one with adaptive parameters from Section 5.2.3 as OGAProx-A and to the one
from Section 5.3.3 giving linear convergence with constant parameters as OGAProx-C2.
The results are compared with those obtained by APD1 and APD2 from [75]. In their
experiments on multi kernel SVMs they showed superiority of their method compared to
Mirror Prox by [112] in terms of accuracy, runtime and relative error. They also argued
that with APD they are able to obtain decent approximations of solutions of (5.51) by
interior point methods such as MOSEK [111] taking about the same amount of runtime.
The main di�erence between APD and our method OGAProx is that for the �rst a

gradient step in the �rst component is employed whereas for the latter a purely proximal
step is used. To be able to employ APD2 with adaptive parameters for ν > 0, the roles
of x and y in (5.53) have to be switched, giving a di�erent method than OGAProx-A.
The runtime of both methods however is still very similar as both use the same number
of gradient computations/storages and projections per iteration.
All algorithms are initialised with

x0 = x−1 =
1

d
e, y0 = y−1 = 0.

Each data set is randomly partitioned into 80 % training and 20 % test set. The test set
is used to judge the quality of the obtained model by predicting the labels via (5.52) and
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computing the resulting test set accuracy (TSA). Note that the TSA is not guaranteed to
converge or increase at all by our theoretical considerations, which only state convergence
of the iterates and in terms of function values. The reported TSA values are the average
over 10 random partitions. Due to occasionally occurring rather dramatic de�ections of
the TSA we actually compute 12 runs, but remove minimum and maximum values before
calculating the mean.

1-norm soft margin classifier

For µ = ν = 0 the formulation (5.51) realises the so-called 1-norm soft margin classi�er.
In this case g is merely convex and we can only use the constant parameter choice from
Section 5.2.3 with the name OGAProx-C1. We compare the results with those obtained
by APD1 from [75].

TSA at iteration k
Method Data set k = 250 k = 500 k = 1000 k = 1500 k = 2000

OGAProx-C1

Breast cancer 97.15 97.37 97.08 93.94 97.45

Heart disease 74.63 74.07 80.00 81.30 82.78

Ionosphere 70.85 85.35 90.28 87.46 93.24

Sonar 70.00 75.24 83.81 84.52 85.95

APD1

Breast cancer 97.23 97.37 97.45 94.01 97.45

Heart disease 74.63 72.59 81.85 80.74 82.41
Ionosphere 70.85 85.35 85.49 88.73 92.68
Sonar 70.00 74.76 81.67 84.76 84.52

Table 5.1.: TSA of 1-norm soft margin classi�er (µ = 0, ν = 0, C = 1) trained with
OGAProx-C1 and APD1, averaged over 10 random partitions.

In the case of 1-norm soft margin classi�er the results reported in Table 5.1 paint a
clear picture. OGAProx outperforms APD on three out of four data sets and ties on one
data set, achieving maximum TSA values of 97.45 %, 82.78 %, 93.24 % and 85.95 % on
Breast cancer, Heart disease, Ionosphere and Sonar, respectively.

2-norm soft margin classifier

For µ = 0 and ν > 0 from (5.51) we obtain the so-called 2-norm soft margin classi�er
with C = 1. In this case g is ν-strongly convex and we can use both parameter choices
from Section 5.2.3 and the one from Section 5.2.3 giving OGAProx-C1 and OGAProx-A,
respectively. This time we compare the results with those obtained by APD1 as well as
APD2 from [75].
We see in Table 5.2 that the situation for the 2-norm soft margin classi�er is more

diverse than previously with the 1-norm soft margin classi�er. Comparing the two con-
stant methods � OGAProx-C1 and APD1 � with each other, as well as the two adaptive
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TSA at iteration k
Method Data set k = 250 k = 500 k = 1000 k = 1500 k = 2000

OGAProx-C1

Breast cancer 97.15 97.37 97.15 97.45 97.15
Heart disease 75.19 75.00 77.78 83.52 83.52
Ionosphere 70.99 85.35 89.86 87.89 91.27
Sonar 70.71 77.86 81.90 85.71 86.19

APD1

Breast cancer 97.23 97.37 97.30 97.37 97.37
Heart disease 75.37 67.78 80.74 82.22 84.81

Ionosphere 71.27 85.35 88.87 89.72 92.39

Sonar 70.48 76.43 83.33 84.76 85.71

OGAProx-A

Breast cancer 97.15 97.37 97.37 97.45 97.45
Heart disease 76.11 73.70 83.70 81.30 84.26

Ionosphere 70.85 85.21 86.34 90.42 93.52

Sonar 70.48 76.90 83.33 82.62 84.76

APD2

Breast cancer 97.23 97.37 97.59 97.01 96.72
Heart disease 76.11 71.30 81.48 78.70 83.15
Ionosphere 71.13 85.35 84.79 84.93 90.42
Sonar 70.24 75.95 84.05 84.52 86.19

Table 5.2.: TSA of 2-norm soft margin classi�er (µ = 0, ν = 1
2 , C = 1) trained with

OGAProx-C1, OGAProx-A, APD1 and APD2, averaged over 10 random par-
titions.

methods � OGAProx-A and APD2 � we see that in both cases two out of four times
OGAProx is better than APD and vice versa. Notice that the two data sets with in gen-
eral lower TSA, namely Heart disease and Sonar, seem to bene�t from the regularising
e�ect of ν > 0, while those with already very good results on the other hand do not,
compared to the results of the 1-norm soft margin classi�er with ν = 0. In addition note
that the adaptive variant OGAProx-A improves on the result of OGAProx-C1 on three
out of four data sets.

Regularised 2-norm soft margin classifier

For µ > 0 and ν > 0 from (5.51) we again obtain the so-called 2-norm soft margin classi-
�er with C = 1, this time, however, in a regularised version. Now not only g is strongly
convex, but also Φ( · , y) and we can use all our parameter choices from Section 5.2.3,
Section 5.2.3 and Section 5.3.3 yielding OGAProx-C1, OGAProx-A and OGAProx-C2,
respectively. Once more we compare the results with those obtained by APD1 as well as
APD2 from [75], pointing out that that OGAProx-C2 has no APD counterpart harnessing
the additional strong convexity of the problem.

We see in Table 5.3 that for the regularised 2-norm soft margin classi�er the situation
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TSA at iteration k
Method Data set k = 250 k = 500 k = 1000 k = 1500 k = 2000

OGAProx-C1

Breast cancer 97.15 97.37 97.15 97.52 97.45
Heart disease 75.19 73.52 77.22 83.15 83.70
Ionosphere 70.99 85.35 87.89 91.41 91.97

Sonar 70.48 78.81 83.33 84.76 85.95

APD1

Breast cancer 97.23 97.37 97.37 97.01 97.30
Heart disease 75.19 68.89 75.56 79.81 84.07

Ionosphere 71.27 85.35 86.06 89.15 91.69
Sonar 70.71 76.43 83.10 85.48 85.48

OGAProx-A

Breast cancer 97.15 97.37 97.45 97.37 97.30
Heart disease 76.11 70.93 82.78 80.74 83.52
Ionosphere 70.85 85.21 85.92 89.86 93.38

Sonar 70.24 76.43 82.86 86.19 86.19

APD2

Breast cancer 97.23 97.37 97.45 94.53 97.52

Heart disease 76.11 71.67 80.00 79.26 83.52

Ionosphere 71.13 85.35 86.90 92.39 91.13
Sonar 70.24 75.00 82.62 84.52 86.43

OGAProx-C2

Breast cancer 97.15 97.45 97.59 97.15 96.57
Heart disease 74.07 78.52 76.11 82.22 83.70

Ionosphere 70.42 84.37 86.48 90.85 92.25

Sonar 69.05 74.29 85.24 85.71 86.19

Table 5.3.: TSA of regularised 2-norm soft margin classi�er (µ = 1, ν = 1
2 , C = 1)

trained with OGAProx-C1, OGAProx-A, OGAProx-C2, APD1 and APD2,
averaged over 10 random partitions.

is similar to the version without additional regulariser. This time for the constant meth-
ods, OGAProx-C1 and APD1, OGAProx is better than APD on three data sets while
APD is better than OGAProx on only one. On the contrary, for the adaptive methods,
OGAProx-A and APD2, it is the other way round. APD performs better than APD on
three data sets while OGAProx is better than APD on only one. For the second version
of OGAProx with constant parameter choice exhibiting linear convergence in both iter-
ates and function values, there is no APD counterpart. When we compare the results
for OGAProx-C2 to those of OGAProx-C1, then we see that the TSA values become
better in general with improvements on three out of four data sets and one draw. On the
Breast cancer data set OGAProx-C2 even delivers the maximum TSA over all considered
methods.
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Classification of ancient Armenian manuscripts

Another interesting application where we used SVMs for classi�cation purposes was lo-
cated in the �eld of Digital Humanities, a research �eld at the intersection of digital re-
sources and computational methods, and the disciplines of the humanities. In our partic-
ular case we worked on a digital palaeography project for ancient Armenian manuscripts.
Palaeography is the study of historic writing systems and historical manuscripts, includ-
ing the analysis of historic handwriting or dating of manuscripts, and is concerned with
the forms and processes of writing � not the textual content of documents.

The starting point of the project was an index of digitised manuscripts available on-
line [138]. Some libraries provided direct access to the images to be downloaded and
worked on, while others only granted online access to look at them on their homepage.
Because of the nature of our experiments we had to restrict ourselves to the former.
A huge di�erence between libraries was observable regarding properties concerning the
quality of the images like their size or resolution, or whether they were available in
greyscale or colour.

As rigorous web-scraping was out of scope, we worked with manuscripts from one
single library (amounting to 49 manuscripts with a total of 24,307 pages) where both
accessibility and quality were satisfactory. Palaeographers are interested in various at-
tributes of a manuscript, especially in the precise date/year(s) when the manuscript was
�nished/written, the script used in the folio or the hand/scribe responsible for the pro-
duction/text. To successfully apply machine learning to a task it is of utter importance
to have an extensive and complete data set available for training and evaluation. In
particular, when doing classi�cation we are in need of a target variable, the label. The
meta data of the 49 manuscripts considered, however, were not complete at all. Out of
the 49 manuscripts we had 35 (with a total of 9,851 pages) with a given year but very un-
evenly distributed over several centuries, leading to an unbalanced data set not suitable
for classi�cation of the scripts. The hand or scribe of the manuscripts was only known in
19 cases with only single occurrences of each of the persons, rendering classi�cation with
respect to this target variable impossible. Regarding scripts we had 30 manuscripts (with
a total of 18,401 pages) with data about script type. Out of the four Armenian scripts
� Erkata'gir, Sla'gir, Bolor'gir and Notr'gir � only one, namely Erkata'gir, was missing
in this subset of the data. This was the reason we decided to do classi�cation regarding
the script type of the manuscripts. Out of the 30 folios 23 consisted entirely of one script
type each, which where used for the �nal analysis. To summarise, for Bolor'gir, Notr'gir
and Sla'gir we had 7, 15, and 1 manuscript(s), respectively. A brief overview about the
historical background of Armenian calligraphy can be found at [97], including sample
images of the four Armenian script types.

To carry out the task of classi�cation using images of the manuscripts, not looking
into the textual content of the pages, we chose a similar approach to [83], where they
worked on digital palaeography on medieval Latin manuscripts.

To this end we used a �bag of (visual) words� model, which is well-established in com-
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puter vision and originated in automated text classi�cation. The strategy for this is to
extract local feature descriptors (�visual words�) from the image, followed by encoding
these local descriptors into a global descriptor which is then used for classi�cation. For
the �rst step, the identi�cation of the local features, we used the scale-invariant feature
transform (SIFT) [95]. This computer-vision algorithm is robust to image transforma-
tions like changes in scale, rotation, brightness or contrast. Because in alphabets letters
might be derived by rotation of other letters, we disabled the rotation-invariance of the
obtained SIFT key points.
The next step was to encode the local descriptors to form a global feature descriptor

for each page. As a �rst simple approach we used the average of all local descriptors.
In [83] more elaborate techniques were used involving clustering of the local descriptors,
followed by employing so-called i-vectors, a tool from spoken language classi�cation. As
our results with simple averaging were already reasonably good, we did not try more
sophisticated formulations.
The �nal step consisted of classifying the global descriptor into the correct script type

class for which one can easily use (multikernel) SVMs. In [83] linear SVMs for binary
one-vs-rest classi�cation were used, i.e., for each script type a separate SVM was trained
with all the instances of this script as positive example and all other as negative ones.
In the test phase all SVMs were queried to rank the di�erent predictions to determine
the �nal class.

Training Set Test Set

Script Precision Recall F1 Support Precision Recall F1 Support

Bolor'gir 0.83 1.00 0.91 10 0.73 0.91 0.81 170
Notr'gir 1.00 1.00 1.00 10 0.93 0.89 0.91 170
Sla'gir 1.00 0.80 0.89 10 0.94 0.75 0.83 170

Table 5.4.: Performance of DH1 in training and test phase with respect to precision, recall
and f1-score.

Training Set Test Set

Script Precision Recall F1 Support Precision Recall F1 Support

Bolor'gir 1.00 0.89 0.94 45 1.00 0.94 0.97 136
Notr'gir 0.94 0.98 0.96 45 0.96 0.99 0.97 136
Sla'gir 0.90 0.96 0.92 45 0.96 0.98 0.97 136

Table 5.5.: Performance of DH2 in training and test phase with respect to precision, recall
and f1-score.

We considered three di�erent scenarios, denoted by DH1, DH2 and DH3. For the
training phase of DH1 we randomly chose 5 pages from two manuscripts written in
Bolor'gir and Notr'gir each. Since only one manuscript written in Sla'gir (with 181
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pages) was available for our experiments, hence we took 10 pages of this folio. For the
test phase we took 170 out of the remaining 171 pages of the Sla'gir manuscript, while
we took 34 pages of 5 manuscripts each for the other two script types. For the training
of DH2 and DH3 we selected 15 pages of 3 manuscripts and 25 pages of 5 manuscripts
each, respectively, and chose the test sets accordingly.

Training Set Test Set

Script Precision Recall F1 Support Precision Recall F1 Support

Bolor'gir 0.99 0.98 0.99 125 1.00 0.93 0.96 56
Notr'gir 0.98 0.99 0.99 125 0.98 0.96 0.97 56
Sla'gir 0.98 0.98 0.98 125 0.92 1.00 0.96 56

Table 5.6.: Performance of DH3 in training and test phase with respect to precision, recall
and f1-score.

In Tables 5.4-5.6 we see the performance of our model in the three di�erent scenarios,
both on the training and the test set. We observe that DH2 seems to be most robust,
requiring relatively few training samples but still performing best on a relatively big test
set which is the case for all three script types. This behaviour is con�rmed in terms of
the accuracy which can be found in Table 5.7.

Training Set Test Set

Accuracy Support Accuracy Support

DH1 0.93 30 0.85 510
DH2 0.94 135 0.97 408
DH2 0.99 375 0.96 168

Table 5.7.: Accuracy of our model for the considered scenarios.

5.4.3. Classification incorporating minimax group fairness

We want to classify labelled data (aj , bj)
n
j=1 ⊆ Rd×{±1}, additionally taking into account

so-called minimax group fairness [57,102]. The data is divided into m groups G1, ..., Gm,
such that for i ∈ [m] := {1, ...,m} we have Gi = (aij , bij )

ni
j=1 ⊆ (aj , bj)

n
j=1 with ni := |Gi|

and ij ∈ [n] for all i ∈ [m] and all j ∈ [ni]. Fairness is measured by worst-case outcomes
across the considered groups. Hence we consider the following problem,

min
x∈Rd

max
i∈[m]

fi(x), (5.54)

with

fi(x) =
1

ni

ni∑
j=1

L(hx(aij ), bij ),
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where hx is a function parametrised by x, mapping features to predicted labels, and L
is a loss function measuring the error between the predicted and true labels.

It is easy to see that (5.54) is equivalent to

min
x∈Rd

max
y∈∆m

m∑
i=1

yifi(x),

where ∆m := {(v1, ..., vm) ∈ Rm | ∑m
i=1 vi = 1, vi ≥ 0 for i = 1, ...,m} denotes the

probability simplex in Rm. We will work with a linear (a�ne) predictor hx : Rd → R
given by

hx(a) = aTx,

with x ∈ Rd and L : R× R→ R being the hinge loss, i.e.,

L(r, s) = max{0, 1− sr},

for r, s ∈ R.
Combining all of the above we get

min
x∈Rd

max
y∈Rm

Φ(x, y)− g(y), (5.55)

with Φ : Rd × Rm → R de�ned by

Φ(x, y) =
m∑
i=1

yi
1

ni

ni∑
j=1

max{0, 1− bijaTijx},

and g : Rm → R ∪ {+∞} given by

g(y) = δ∆m(y).

The function g is proper, lower semicontinuous and convex (with modulus ν = 0). Fur-
thermore, we observe that Φ(·, y) : Rd → R is proper, convex and lower semicontinuous
for all y ∈ dom g = ∆m and for all x ∈ PrRd(dom Φ) = Rd we have dom Φ(x, ·) = Rm
and Φ(x, ·) : Rm → R is concave and Fréchet di�erentiable. However, note that Φ is not
di�erentiable in its �rst component.

Moreover the Lipschitz condition on the gradient is ful�lled as well. Indeed, for
(x, y), (x′, y′) ∈ Rd ×∆m we have∥∥∇yΦ(x, y)−∇yΦ(x′, y′)

∥∥ ≤ Lyx ∥∥x− x′∥∥+ Lyy
∥∥y − y′∥∥ ,

with

Lyx =

√√√√ m∑
i=1

1

ni

ni∑
j=1

∥∥aij∥∥2
and Lyy = 0.
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5.4. Numerical experiments

Group S1 Group S2 Overall

with
fairness

without
fairness

with
fairness

without
fairness

with
fairness

without
fairnessk

100 95.78 95.78 80.68 80.84 85.56 85.56
500 95.78 95.78 81.15 80.28 85.93 85.19
1000 95.78 95.78 81.15 80.28 85.93 85.19

Table 5.8.: TSA of the a�ne classi�er after k iterations of OGAProx for the groups
according to �sex�, averaged over 5 random partitions.

Additionally, with τ > 0 and y ∈ dom g, we have for x ∈ Rd

proxτΦ(·,y) (x) = arg min
u∈Rd

τ
m∑
i=1

yi
1

ni

ni∑
j=1

max{0, 1− bijaTiju}+
1

2
‖u− x‖2

 .

By introducing slack variables for the pointwise maximum, we see that the above min-
imisation problem is equivalent to the following quadratic program

min
u∈Rd,
rij∈R,

i∈[m], j∈[ni]

τ
m∑
i=1

ni∑
j=1

yi
1

ni
rij +

1

2
‖u− x‖2

 .

s.t. rij ≥ 0 ∀ i ∈ [m], ∀ j ∈ [ni]

rij + bija
T
iju ≥ 1 ∀ i ∈ [m], ∀ j ∈ [ni]

For our practical applications we consider the Statlog heart disease data set (270
observations; 13 features) from the �UCI Machine Learning Repository� [58] and consider
two di�erent groupings; one consisting of the sex of the patients, while the other one
is regarding the patients' age. For �sex� we have two groups, that is female patients
(Group S1) and male patients (Group S2), whereas for �age� we consider three groups,
that is patients that are younger than 50 years old (Group A1), patients that are younger
than 60 but at least 50 years old (Group A2), and patients that are 60 years of age or
older (Group A3). The data set is randomly partitioned into 80 % training data and
20 % test data. The results in Table 5.8 and Table 5.9 are the values of the achieved
test set accuracy (TSA) averaged over 5 random partitions. For each considered group
we state the intragroup TSA together with the overall TSA for the entire test set.
Every time we report the results obtained by iterates of OGAProx governed by solving

the minimax problem (5.55) taking into account the considered groups (�with fairness�),
as well as the results obtained by not taking into account minimax group fairness (�with-
out fairness�), i.e., solving the problem for a single extensive group G1 = (aj , bj)

n
j=1 with

n1 = n, yielding the minimisation of the average loss over the whole population and
leading to an �ordinary� minimisation problem.
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Group A1 Group A2 Group A3 Overall

with
fairness

without
fairness

with
fairness

without
fairness

with
fairness

without
fairness

with
fairness

without
fairnessk

100 87.76 86.48 82.97 82.97 86.93 86.93 85.93 85.56
500 88.71 85.53 83.84 82.97 86.93 86.93 86.67 85.19
1000 88.71 85.53 83.84 82.97 86.93 86.93 86.67 85.19

Table 5.9.: TSA of the a�ne classi�er after k iterations of OGAProx for the groups
according to �age�, averaged over 5 random partitions.

We see in Table 5.8 and Table 5.9 that taking into account the groups regarding �sex�
and �age�, respectively, is bene�cial for training the a�ne classi�er. In both cases �with
fairness� achieves the highest TSA for each group and at the same time the highest overall
TSA as well.
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6. Conclusion

Starting from the monotone inclusion problem governed by a set-valued maximal mono-
tone operator and a single-valued monotone and Lipschitz continuous operator we inves-
tigated a second order dynamical system of FBF type and a relaxed inertial FBF algo-
rithm, called RIFBF, obtained as discretised counterpart of it, for which we were able
to prove asymptotic convergence in both continuous and discrete case. These theoreti-
cal considerations were accompanied by applications to a bilinear saddle point problem,
in the context of which we also emphasised the interplay between the inertial and the
relaxation parameters.
After that we shifted our focus to general monotone variational inequalities and convex-

concave saddle point problems. Our method of choice remained the FBF algorithm, but
this time we were interested in results about convergence rates. We derived rates of
O(1/k) and O(1/

√
k) in terms of the (restricted) gap function for the ergodic iterates in

the deterministic and stochastic case, respectively. The obtained convergence rates were
validated in practice on a simple bilinear minimax problem. Our theoretical results re-
garding (RI)FBF were complemented with empirical improvements in the training of
Wasserstein GANs on the CIFAR-10 dataset.

This was followed by considerations regarding the classical (constrained) variational
inequality that can be obtained from constrained saddle point problems. We investigated
an accelerated method, which we call fOGDA-VI, with asymptotic convergence and con-
vergence rates of o(1/k) in terms of the restricted gap function as well as the natural
residual for the last iterate. To validate the derived guarantees we treated a two-player
matrix game with mixed strategies of the two players. Finally, we showed the bene�cial
e�ects of applying fOGDA-VI to the training of generative adversarial nets.

Concluding, we investigated a convex-concave saddle point problem, where the convex-
concave coupling function is smooth in one variable and nonsmooth in the other. To solve
this type of problem we proposed a novel algorithm under the name of OGAProx and
considered the cases of the saddle function to be convex-concave, convex-strongly con-
cave and strongly convex-strongly concave. Regarding iterates we established asymptotic
convergence, a convergence rate of order O(1/k) and linear convergence like O(θk), re-
spectively, while in terms of function values we obtained ergodic convergence rates of
order O(1/k), O(1/k2) and O(θk), respectively. We validated our theoretical considera-
tions on a nonsmooth-linear saddle point problem, the training of multi kernel support
vector machines (including an application to a classi�cation problem in the �eld of Digital
Humanities) and a classi�cation problem incorporating minimax group fairness.
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A. Appendix

A.1. Additional tables

In the following we report additional tables regarding the experiments from Section 3.3.1
for the standard normal and the 1-Poisson distribution.

A.1.1. Standard normal distribution

α
ρ

0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.04

0.00 ≥ 10,000 4,217 2,110 1,407 1,056 845 705 604 529 471 424 400
0.04 ≥ 10,000 4,049 2,025 1,351 1,014 811 677 580 508 452 399 -
0.08 ≥ 10,000 3,880 1,941 1,295 972 778 648 556 487 433 - -
0.12 ≥ 10,000 3,711 1,857 1,238 929 744 620 532 466 - - -
0.16 ≥ 10,000 3,543 1,772 1,182 887 710 592 508 441 - - -
0.20 ≥ 10,000 3,374 1,688 1,126 845 677 564 481 - - - -
0.24 ≥ 10,000 3,206 1,604 1,070 803 643 533 - - - - -
0.28 ≥ 10,000 3,037 1,520 1,014 761 607 498 - - - - -
0.32 ≥ 10,000 2,868 1,435 958 717 564 - - - - - -
0.36 ≥ 10,000 2,700 1,351 901 668 - - - - - - -
0.40 ≥ 10,000 2,531 1,267 841 610 - - - - - - -
0.44 ≥ 10,000 2,363 1,182 770 - - - - - - - -
0.48 ≥ 10,000 2,194 1,093 - - - - - - - - -
0.52 ≥ 10,000 2,026 986 - - - - - - - - -
0.56 ≥ 10,000 1,857 - - - - - - - - - -
0.60 ≥ 10,000 1,679 - - - - - - - - - -
0.64 ≥ 10,000 1,459 - - - - - - - - - -
0.68 ≥ 10,000 - - - - - - - - - - -
0.72 ≥ 10,000 - - - - - - - - - - -
0.76 ≥ 10,000 - - - - - - - - - - -
0.80 8,437 - - - - - - - - - - -
0.84 6,747 - - - - - - - - - - -

Table A.1.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from the standard
normal distribution (µ = 0.9)
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α
ρ

0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20 1.30 1.32

0.00 ≥ 10,000 7,127 3,565 2,378 1,785 1,429 1,191 1,022 894 795 716 614 600 537 522
0.04 ≥ 10,000 6,842 3,423 2,283 1,713 1,372 1,144 981 859 764 668 623 572 - -
0.08 ≥ 10,000 6,557 3,281 2,188 1,642 1,315 1,096 940 823 731 615 604 542 - -
0.12 ≥ 10,000 6,272 3,138 2,093 1,571 1,258 1,049 900 787 693 623 578 - - -
0.16 ≥ 10,000 5,988 2,996 1,999 1,500 1,201 1,001 858 744 626 607 - - - -
0.20 ≥ 10,000 5,703 2,853 1,904 1,429 1,144 953 813 695 621 - - - - -
0.24 ≥ 10,000 5,418 2,711 1,809 1,358 1,087 900 751 642 - - - - - -
0.28 ≥ 10,000 5,133 2,569 1,714 1,286 1,025 841 682 - - - - - - -
0.32 ≥ 10,000 4,848 2,427 1,619 1,212 952 758 - - - - - - - -
0.36 ≥ 10,000 4,564 2,284 1,524 1,128 861 725 - - - - - - - -
0.40 ≥ 10,000 4,279 2,142 1,421 1,028 795 - - - - - - - - -
0.44 ≥ 10,000 3,995 1,999 1,299 925 - - - - - - - - - -
0.48 ≥ 10,000 3,710 1,847 1,148 - - - - - - - - - - -
0.52 ≥ 10,000 3,426 1,663 1,102 - - - - - - - - - - -
0.56 ≥ 10,000 3,141 1,449 - - - - - - - - - - - -
0.60 ≥ 10,000 2,839 - - - - - - - - - - - - -
0.64 ≥ 10,000 2,458 - - - - - - - - - - - - -
0.68 ≥ 10,000 2,172 - - - - - - - - - - - - -
0.72 ≥ 10,000 - - - - - - - - - - - - - -
0.76 ≥ 10,000 - - - - - - - - - - - - - -
0.80 ≥ 10,000 - - - - - - - - - - - - - -
0.84 ≥ 10,000 - - - - - - - - - - - - - -
0.88 8,066 - - - - - - - - - - - - - -

Table A.2.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from the standard
normal distribution (µ = 0.5)
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Table A.3.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from the standard
normal distribution (µ = 0.1)
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A.1.2. 1-Poisson distribution

α
ρ

0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.04

0.00 ≥ 10,000 6,183 3,093 2,063 1,549 1,241 1,036 888 769 675 589 565
0.04 ≥ 10,000 5,936 2,969 1,981 1,487 1,192 995 851 733 638 564 -
0.08 ≥ 10,000 5,689 2,846 1,899 1,426 1,143 953 812 698 603 - -
0.12 ≥ 10,000 5,441 2,722 1,816 1,365 1,094 911 768 662 - - -
0.16 ≥ 10,000 5,194 2,598 1,734 1,304 1,044 866 723 623 - - -
0.20 ≥ 10,000 4,947 2,475 1,653 1,242 993 814 679 - - - -
0.24 ≥ 10,000 4,700 2,352 1,571 1,180 941 756 - - - - -
0.28 ≥ 10,000 4,452 2,229 1,490 1,117 882 706 - - - - -
0.32 ≥ 10,000 4,205 2,106 1,407 1,046 810 - - - - - -
0.36 ≥ 10,000 3,958 1,984 1,321 967 - - - - - - -
0.40 ≥ 10,000 3,711 1,861 1,224 888 - - - - - - -
0.44 ≥ 10,000 3,465 1,733 1,125 - - - - - - - -
0.48 ≥ 10,000 3,219 1,592 - - - - - - - - -
0.52 ≥ 10,000 2,975 1,441 - - - - - - - - -
0.56 ≥ 10,000 2,724 - - - - - - - - - -
0.60 ≥ 10,000 2,444 - - - - - - - - - -
0.64 ≥ 10,000 2,145 - - - - - - - - - -
0.68 ≥ 10,000 - - - - - - - - - - -
0.72 ≥ 10,000 - - - - - - - - - - -
0.76 ≥ 10,000 - - - - - - - - - - -
0.80 ≥ 10,000 - - - - - - - - - - -
0.84 9,852 - - - - - - - - - - -

Table A.4.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from a Poisson dis-
tribution (µ = 0.9)

α
ρ

0.01 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20 1.30 1.32

0.00 ≥ 10,000 ≥ 10,000 5,149 3,432 2,573 2,059 1,717 1,474 1,293 1,153 998 894 822 763 753
0.04 ≥ 10,000 9,888 4,943 3,294 2,470 1,977 1,648 1,416 1,242 1,103 944 861 791 - -
0.08 ≥ 10,000 9,476 4,737 3,157 2,368 1,895 1,580 1,359 1,190 1,037 904 829 762 - -
0.12 ≥ 10,000 9,064 4,530 3,019 2,264 1,812 1,513 1,300 1,138 964 871 799 - - -
0.16 ≥ 10,000 8,651 4,324 2,882 2,162 1,731 1,446 1,237 1,080 919 842 - - - -
0.20 ≥ 10,000 8,239 4,118 2,744 2,059 1,650 1,379 1,164 996 888 - - - - -
0.24 ≥ 10,000 7,827 3,911 2,607 1,956 1,568 1,296 1,093 942 - - - - - -
0.28 ≥ 10,000 7,414 3,705 2,469 1,855 1,477 1,202 1,031 - - - - - - -
0.32 ≥ 10,000 7,002 3,498 2,332 1,751 1,381 1,119 - - - - - - - -
0.36 ≥ 10,000 6,589 3,292 2,197 1,624 1,273 1,067 - - - - - - - -
0.40 ≥ 10,000 6,176 3,085 2,049 1,490 1,196 - - - - - - - - -
0.44 ≥ 10,000 5,762 2,881 1,874 1,386 - - - - - - - - - -
0.48 ≥ 10,000 5,349 2,658 1,714 - - - - - - - - - - -
0.52 ≥ 10,000 4,935 2,404 1,611 - - - - - - - - - - -
0.56 ≥ 10,000 4,524 2,169 - - - - - - - - - - - -
0.60 ≥ 10,000 4,085 - - - - - - - - - - - - -
0.64 ≥ 10,000 3,576 - - - - - - - - - - - - -
0.68 ≥ 10,000 3,198 - - - - - - - - - - - - -
0.72 ≥ 10,000 - - - - - - - - - - - - - -
0.76 ≥ 10,000 - - - - - - - - - - - - - -
0.80 ≥ 10,000 - - - - - - - - - - - - - -
0.84 ≥ 10,000 - - - - - - - - - - - - - -
0.88 ≥ 10,000 - - - - - - - - - - - - - -

Table A.5.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from a Poisson dis-
tribution (µ = 0.5)
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Table A.6.: Number of iterations necessary to achieve ‖wk − vk‖ ≤ 10−5 in the con-
strained bilinear saddle-point problem with data drawn from a Poisson dis-
tribution (µ = 0.1)
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A.2. Architectures

For our experiments we used the architectures proposed in [64].

A.2.1. DCGAN

Generator

Input: z ∈ R128 ∼ N (0, I)
Linear 128→ 512× 4× 4
Batch Normalization

ReLU
transposed conv. (kernel: 4× 4, 512→ 256, stride: 2, pad: 1)

Batch Normalization
ReLU

transposed conv. (kernel: 4× 4, 256→ 128, stride: 2, pad: 1)
Batch Normalization

ReLU
transposed conv. (kernel: 4× 4, 128→ 3, stride: 2, pad: 1)

tanh( · )
Discriminator

Input: x ∈ R3×32×32

conv. (kernel: 4× 4, 1→ 64, stride: 2, pad: 1)
LeakyReLU (negative slope: 0.2)

conv. (kernel: 4× 4, 64→ 128, stride: 2, pad: 1)
Batch Normalization

LeakyReLU (negative slope: 0.2)
conv. (kernel: 4× 4, 128→ 256, stride: 2, pad: 1)

Batch Normalization
LeakyReLU (negative slope: 0.2)

Linear 128× 4× 4× 4→ 1

Table A.7.: DCGAN architecture used for the CIFAR-10 experiments.
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A.2.2. ResNet

Generator

Input: z ∈ R128 ∼ N (0, I)
Linear 128→ 128× 4× 4

ResBlock 128→ 128
ResBlock 128→ 128
ResBlock 128→ 128

ReLU
transposed conv. (kernel: 3×3, 128→ 3, stride: 1, pad: 1)

tanh( · )
Discriminator

Input: x ∈ R3×32×32

ResBlock 3→ 128
ResBlock 128→ 128
ResBlock 128→ 128
ResBlock 128→ 128

Linear 128→ 1

Table A.8.: ResNet architecture used for the CIFAR-10 experiments.

A.3. Hyperparameters

(DCGAN) WGAN Hyperparameters

Batch size = 64
Number of generator updates = 500, 000
Adam β1 = 0.5
Adam β2 = 0.9
Discriminator weight clipping = 0.01
Learning rate for discriminator = 5× 10−4 (Extra Adam)

= 2× 10−4 (AltAdam1,
FBF Adam, Optim. Adam)

Learning rate for generator = 5× 10−5 (Extra Adam)
= 2× 10−5 (AltAdam1,

FBF Adam, Optim. Adam)

Table A.9.: Hyperparameters used for the WGAN formulation (with weight clipping).

For the WGAN formulation with weight clipping, see Table A.9, we used the extensively
tuned hyperparameters from [64] for ExtraAdam, Adam1 and OptimisticAdam. Note
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that our values of the Inception Score (IS) di�er from the ones reported in [64] as we use
the newer implementation of the IS proposed in [16]. For FBF Adam we tuned the step
size and kept all other hyperparameters equal.

(DCGAN) WGAN-L1 Hyperparameters

Batch size = 64
Number of generator updates = 500, 000
Adam β1 = 0.5
Adam β2 = 0.9
Discriminator `1-regularisation = 1× 10−4

Learning rate for discriminator = 1× 10−3 (FBF Adam, Extra Adam)
= 5× 10−4 (Optim. Adam)
= 2× 10−4 (AltAdam1)

Learning rate for generator = 1× 10−4 (FBF Adam, Extra Adam)
= 5× 10−5 (Optim. Adam)
= 2× 10−5 (AltAdam1)

Table A.10.: Hyperparameters used for the WGAN-L1 formulation (with soft threshold-
ing).

For our newly proposed WGAN-L1 formulation using 1-Norm regularisation, see Ta-
ble A.10, we limited the hyperparameter search to the step sizes, with the values in
Table A.9 as initial guesses. We chose the value performing the best in terms of IS and
FID for a sample seed. All other parameters were kept the same as in [64].

(ResNet) WGAN-GP Hyperparameters

Batch size = 64
Number of generator updates = 250, 000
Adam β1 = 0.5
Adam β2 = 0.9
Gradient penalty = 10
Power iterations for SN = 1
Learning rate for discriminator = 5× 10−4 (FBF Adam,

Extra Adam, Optim. Adam)
= 2× 10−5 (AltAdam1)

Learning rate for generator = 5× 10−4 (FBF Adam,
Extra Adam, Optim. Adam)

= 2× 10−5 (AltAdam1)

Table A.11.: Hyperparameters used for the WGAN-GP formulation (with spectral nor-
malization (SN)).

For the experiments based on the WGAN-GP formulation including spectral normal-
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ization (SN) we limited the hyperparameter search to the step sizes, with the values
recommended in [64] as initial guesses. We used a single power iteration for the SN as
suggested in [108] and reduced the number of generator updates by a factor of two to
ease the computational burden.

A.4. PyTorch codes

The codes below were written in the PyTorch [121] framework for the GAN experiments
in Section 3.5 and Section 4.4.2.

A.4.1. FBF

from torch.optim import Optimizer

2

4 class FBF(Optimizer):

""" Base class for optimizers with Forward -Backward -Forward steps.

6
Arguments:

8 params (iterable): an iterable of :class:`torch.Tensor ` s or

:class:`dict ` s. Specifies what Tensors should be optimized.

10 defaults: (dict): a dict containing default values of optimization

options (used when a parameter group doesn 't specify them).

12 inertia (float , optional): value for inertial FBF method

"""

14
def __init__(self , params , defaults , inertia):

16 super(FBF , self).__init__(params , defaults)

self.updates_copy = []

18 self.old_params_copy = []

if inertia < 0.0:

20 raise ValueError("Invalid inertia value: {}".format(inertia))

self.inertia = inertia

22
def update(self , p, group):

24 raise NotImplementedError

26 def extrapolation(self):

""" Performs the extrapolation step and saves a copy of the

28 current update for the actual FBF step.

"""

30 # Check if a copy of a previous update was already made.

is_empty = len(self.updates_copy) == 0

32 for group in self.param_groups:

for p in group["params"]:

34 u = self.update(p, group)

# Save the current update for the FBF step. Several

36 # auxiliary extrapolation steps can be made before the

# actual step but only the update from the first

38 # extrapolation is saved.
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if u is None:

40 if is_empty:

self.updates_copy.append(None)

42 continue

else:

44 if is_empty:

self.updates_copy.append(u.data.clone())

46 # Do a gradient step

p.data.add_(u)

48
def step(self , closure=None):

50 """ Performs the actual FBF step.

52 Arguments:

closure (callable , optional): A closure that reevaluates the

54 model and returns the loss.

"""

56 if len(self.updates_copy) == 0:

raise RuntimeError("Need to call extrapolation before calling

step.")

58
loss = None

60 if closure is not None:

loss = closure ()

62
have_inertia = self.inertia > 0.0

64 no_old = len(self.old_params_copy) == 0

i = -1

66 for group in self.param_groups:

for p in group["params"]:

68 i += 1

u = self.update(p, group)

70 if u is None:

continue

72 # Do another gradient step

p.data.add_(u)

74 v = self.updates_copy[i]

if v is None:

76 continue

# Update the parameters using the update saved during

78 # extrapolation

p.data.add_(-v)

80 # In case of inertial FBF do convex combination with

# previous iterate and store the current one

82 if have_inertia:

if no_old:

84 # Only in very first iteration

self.old_params_copy.append(p.data.clone())

86 else:

p.data , self.old_params_copy[i] = (

88 (1 + self.inertia) * p.data

- self.inertia * self.old_params_copy[i],

90 p.data ,

152



A.4. PyTorch codes

)

92
# Free the old update

94 self.updates_copy = []

return loss

A.4.2. fOGDA-VI

from torch.optim import Optimizer

2

4 class fOGDA(Optimizer):

def __init__(self , optimizer , alpha=100 , increment_iterator_every=

1000):

6 print(

f"Using fOGDA (alpha={alpha};"

8 f"increment iterator every {increment_iterator_every} step(s)

)."

)

10 self.optimizer = optimizer

self.defaults = self.optimizer.defaults

12 self.param_groups = self.optimizer.param_groups

self.state = self.optimizer.state

14 # fOGDA parameters

self.alpha = alpha

16 self.increment_iterator_every = increment_iterator_every

self.iteration = 0

18 self.k = 2

self.params_copy = []

20 self.old_params_copy = []

self.updates = []

22 self.old_updates = []

self.old_difference_of_updates = []

24
def step(self , closure=None):

26 loss = None

if closure is not None:

28 loss = closure ()

30 no_old_params = len(self.old_params_copy) == 0

no_old_updates = len(self.old_updates) == 0

32 no_old_difference_of_updates = len(self.old_difference_of_updates

) == 0

34 # initialise (old) parameters

if len(self.params_copy) > 0:

36 raise RuntimeError("Something bad happend here ...")

for group in self.param_groups:

38 for p in group["params"]:

self.params_copy.append(p.data.clone())

40 if no_old_params:

self.old_params_copy.append(p.data.clone())
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42
# reverse engineer update from optimizer step

44 self.optimizer.step()

i = -1

46 if len(self.updates) > 0:

raise RuntimeError("Something bad happend here ...")

48 for group in self.param_groups:

for p in group["params"]:

50 i += 1

self.updates.append(self.params_copy[i] - p.data)

52
# initialise old updates and difference of updates

54 if (not no_old_updates and no_old_difference_of_updates) or (

not no_old_difference_of_updates and no_old_updates

56 ):

raise RuntimeError("Something bad happend here ...")

58 if no_old_updates and no_old_difference_of_updates:

for p in self.updates:

60 self.old_updates.append(p.clone ())

self.old_difference_of_updates.append(torch.zeros_like(p)

)

62
# compute fOGDA coefficients

64 theta_p = self.alpha / (self.alpha + self.k + 1)

theta = self.alpha / (self.alpha + self.k)

66 theta_m = self.alpha / (self.alpha + self.k - 1)

68 # compute new weights with fOGDA update

i = -1

70 for group in self.param_groups:

for p in group["params"]:

72 i += 1

(

74 self.old_params_copy[i],

self.old_updates[i],

76 self.old_difference_of_updates[i],

p.data ,

78 ) = (

self.params_copy[i],

80 self.updates[i],

self.updates[i] - self.old_updates[i],

82 self.params_copy[i]

+ (1 - theta_p)

84 * (self.params_copy[i] - self.old_params_copy[i])

- theta_p * self.updates[i]

86 - (2 - theta)

* (2 - theta_p)

88 * (self.updates[i] - self.old_updates[i])

+ (2 - theta_m) * (1 - theta_p)

90 * self.old_difference_of_updates[i],

)

92
self.iteration += 1
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94 if self.iteration % self.increment_iterator_every == 0:

# update iterator k

96 self.k += 1

98 # free parameters

self.params_copy = []

100 self.updates = []

102 return loss
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