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Abstract

This Master’s Thesis provides insight into the hitting- and return-time statistics of some dynami-
cal systems and investigates which conditions are sufficient to infer convergence to exponential limit laws.

We show that Rychlik systems admit exponential limit laws for intervals if their invariant density is
bounded away from 0. We give an example where the invariant density is not bounded away from 0
but exponential hitting- and return-time statistics still arise. Furthermore this example itself is Rychlik
but the system with respect to its invariant measure is not. This gives rise to the question, whether or
not this system still admits the same properties as a Rychlik system. For higher dimensions the family
of piecewise expanding systems admits exponential hitting- and return-time statistics for balls around
a non-periodic point x* if again the invariant density is bounded away from 0.



Zusammenfassung

Diese Master-Arbeit gibt Einblicke in das Langzeitverhalten von den Treffer- und Riickkehrzeit Verteilun-
gen von stiickweise expandierenden Systemen und wir untersuchen welche Vorausetzungen notwendig
sind um Konvergenz zu einer Exponentialverteilung herzuleiten.

Wir zeigen, dass die Treffer-und Riickkehrzeit Verteilungen von Rychlik Systemen gegen die Exponen-
tialverteilung konvergieren, falls die invariante Dichte von 0 weg beschrénkt ist. Aulerdem geben wir
ein Beispiel an, in welchem die Dichte nicht von 0 weg beschrankt ist, aber das gleiche Langzeitverhalten
aufkommt. Dieses Beispiel ist selbst Rychlik, das System beziiglich des invarianten Mafes ist jedoch
nicht Rychlik. Die Frage, ob dieses System die gleichen Eigenschaften wie ein Rychlik System hat,
kommt auf. Fiir hohere Dimensionen betrachten wir die Familie von stiickweise expandierenden Syste-
men, die wiederum fiir Bélle um einen nicht periodischen Punkt z* exponentielles Langzeitverhalten
von Treffer- und Riickkehrzeit Verteilungen aufweist, falls die invariante Dichte von 0 weg beschrankt

ist.
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1 Collection of Results from Measure and Ergodic Theory

In the following chapter we include some definitions and results from measure and ergodic theory to
then talk about the hitting- and return time statistics of different families of dynamical systems. We
start by including different notions of convergence, the connection between the space of probability

measures and the space of their densities and the fact that weak convergence is metrizable.

1.1 Convergence of measures

Definition 1.1. Let (M, dy) be a metric space endowed with the Borel o-algebra By and let v,
n > 1 and v be measures on (M, By). Furthermore let (X, .A) and (Y,C) be measure spaces, ux, fy
probability measures on (X, .A), (Y, C) respectively and (u%),>1 a sequence of probability measures on
(X, A). Let R, : X — M and R : Y — M be random elements of M.

(i) We say v, converges weakly to v (write v, = v), if for all bounded continuous functions
¢ : M — R it holds that [, ¥dv, — [;,¢dv as n — occ.

(ii) We say R,, converges in distribution to R (write R, == R), if ux o R;' = puy o R™'.

(iii) We write R, Rt pio Ryl = pyo R7L.
Remark 1.2. The following two properties are equivalent:
(i) v, = v
(ii) fM Ydv, — fM Ydv as n — oo, for all bounded Lipschitz-continuous functions ¢ : Ml — R.
If we look at the distributional convergence of random elements R,, of R, we get the following equivalence:
(i) Rn 2% R
(i) Fn(t) == pg(R, <t) — F(t) := py(R < t) as n — oo, for all continuity points ¢ of F.

In the following we will often switch between talking about a compact set of measures and the compact

set of the corresponding densities. We first introduce some notation and then argue why this is alright.

Definition 1.3. Let (X, .4, A\) be a measure space. We define the set
P(A) :={v: v is a probability measure on (X, .4, \) and v << A} to be the set of probability measures

on (X, A) absolutely continuous with respect to A.

P(A) equipped with the total variation distance dp(v,7) := 2sup |v(A) — 7(A)] is a metric space.
AeA
Furthermore we define D(A\) C L(\) to be the set of all probability densities with respect to A.

Remark 1.4. Take v, 7 € P(\) and define u := % and @ := 9. Then

dp(v,7) = 2 sup | ud)\—/ﬁd)\| Squp/|u—ﬂ\d)\§2Hu—ﬂH1 (1.1)
AcA 4 4 AEAA



and

|uw — @1 :/ufﬂd)\+ /ﬁfud)\SQSup [v(A) — D(A) (1.2)
AcA
B

BC
with B={zx e X:u—a>0}.
With these inequalities we get that for & C P()\), the set {Z—’)’\ : v €U} CD(N) is compact in L1()) iff
U is compact in P(N).

Later we are going to use that weak-convergence is metrizable, which we discuss in the next remark.

Remark 1.5. For a compact separable metric space (M, dy) we denote by M(By) the set of all finite
signed measures on the Borel o-algebra By on M. Let C(M) be the set of all continuous functions from
M to R and denote by C(M)* the set of all linear functionals on C(M). Whenever we talk about a
metric on C(M) we mean the supremum norm || - ||. By the Riesz representation Theorem we know
that C(M)* = M(Bwm).

From general theory on the weak*-topology, it follows that the weak*-topology on the closed unit ball

BB, 1s metrizable with metric Dy defined as

D(v, 7) ;:ZQ*<J+1>|/de,/*/Mdeg|,
M

Jj=1

for some dense subset {x;, j > 1} of the closed unit ball Be ).

For any such metric and for any sequence (v;);>1 and any v in %, Dy(v;,v) — 0 as | — oo iff
vy = v. (Since convergence in the weak*-topology corresponds to the weak convergence as defined in
Definition [I.1}) For more information see for example [12].

From now on, whenever we use the metric Dy, we take (x;);j>1 to be a fixed, dense sequence of

Lipschitz functions in Be -

1.2 Ergodic Dynamical Systems and their transfer operator

In the following chapter we are going to introduce and recall some basic definitions and theorems from
ergodic theory. The content can be found in the lecture notes of the course on ergodic theory given by
Roland Zweimiiller in the fall term 2021/2022 at the University of Vienna. Alternatively one can take
a look at the introductory book "A First Course in Ergodic Theory", see [5].

We start by defining a general measurable dynamical system and some often used properties of such

systems.

Definition 1.6. We call S = (X, A, A\, T) a (measurable) dynamical system, if

o (X,A, ) is a measure space

e T :X — X is measurable.



If T is null preserving, i.e. A(A) = 0 implies A\(T~1A4) =0 for all A € A, we call S a null-preserving

dynamical system.

If T is measure preserving, i.e. A(T~1A) = A\(A) for all A € A, we call S a measure-preserving

dynamical system.

If additionally A(X) = 1, we call S a probability-preserving dynamical system.

We call a measure ;i << A invariant with respect to T, if poT—! = p.

If not stated otherwise, we assume from now on that measures are finite or o-finite and the system S is

null-preserving.

For a system S we may look at the effect the map 7" has on densities with respect to the measure A via

the transfer operator (also called the Perron-Frobenius operator).

Definition 1.7. For a dynamical system S = (X, A, X\, T) we define the transfer operator 7' : L*(\) —

L'()\) as the operator, which pushes forward densities, i.e. for a signed measure v << \ with density

. dv
u = 95X we define

. dlvoT™1)
Tuy=——7—=.
B d\
In the above definition we use the Radon-Nikodym Theorem to define Tu. Every u € L'()) corresponds
to a signed measure v(A) := [ud\ and since the system S is null preserving we get that the density
A

-1
d(Lf) exists and is unique in L'()\).

Below we are going to list some important properties of the transfer operator. For further information

see Chapter 6 in [5].
Proposition 1.8. (i) T is positive and linear

(ii) T preserves the integral, i.e. [ud\ = [Tud\
X X

(iii) |7 = sup{Ieton . gy 2 0y =1

H“HLI(,\)
(iv) p << X is an invariant measure iff % = T%

(v) Take f € Loo(\) and u € Li(N), then [(foT)ud\= [ f Tud\
X X

Remark 1.9. If one knows, that the transfer operator for a system S = (X, A,\,T) is given by
T : LY(\) — L'(\), one can infer that the transfer operator
P:L'(v) — L'(v) of the system (X, A,v) for some v ~ ) is given by

Pu(z) = Tluh)(z) for v a.e. z €X,

h(z)

dv

where h := e



We need to restrict general measurable dynamical systems further to be able to derive the later needed

results. For this we define the following properties.

Definition 1.10. Let S = (X, .4, A\, T) be a dynamical system. We call a set W € A wandering for S,

if almost no point € W returns to W, i.e. AW N |J T "W) = 0.
n>1

We call a set A € A recurrent, if almost every point € A returns to 4, i.e. AC |JT ™A mod A.
n>1

Definition 1.11. Let S = (X, A4, A\, T) be a dynamical system. We call S
(i) ergodic, if T7*A = A for A € A implies 0 € {\(A), \(A°)}.
(ii) conservative, if all wandering sets W € A have measure 0.

One can show that in (i) we could exchange the condition 771 A = A implies 0 € {\(A), \(4°)} with
the (as it seems) more restricting condition 77'A = A mod X implies 0 € {\(A), A\(4°)} and would
get an equivalent definition.

Next we include an important characterization of ergodicity. The theorem and its proof can be found in
the lecture notes of the course on ergodic theory given by Roland Zweimiiller in the fall term 2021/2022

at the University of Vienna or alternatively in [16].

Theorem 1.12. Let S = (X, A\, T) be a null-preserving dynamical system. S is ergodic iff for all
n—1 _ n—1 _

probability densities u, v € D(X) it holds that ||+ > T9u— L 3 TIv||p10) — 0 as n — oo.
j=0 j=0

1.3 Asymptoticallly T-invariant sequences and their long-time behaviour

We are going to look at sequences of functions R, for which the distance d(R,,, R,, o T') converges in

measure to 0.

Definition 1.13. Let S = (X, A, A\, T) be a dynamical system, and let

R, : X — M, for n € N be measurable functions into some metrizable space (M, dy) endowed with the
Borel o-algebra. We call (R,,),>1 asymptotically T-invariant in measure or just asymptotically T-invariant,
if for all P << A and for all € > 0,

P(dy(Ry,R,0T) >¢e) = 0asn — oo.

For the following theorem recall Remark Its proof can be found in |15, pp. 17-19].

Theorem 1.14. Let S = (X, A, u, T) be an ergodic probability-preserving system, (M, dy) a compact
separable metric space endowed with the Borel o-algebra By and Ry : X — M an asymptotically
T-invariant sequence of measurable maps. Furthermore let U be a compact set in the space (P(u),dp).
Then

Dy(vo R voR ') — 0 (1.3)

as | — oo, uniformly for v,0 € U.



This implies that if R; = R for some v € U then R; =L R for all sequences (v7);>1 C U. Before we
start with the proof we include a remark which states that if a sequence of maps converges pointwise

to a constant map and the sequence is equicontinuous it converges uniformly.

Remark 1.15. Let (8&,dg) be a compact metric space and f, : 8 — & n > 1 a sequence of maps
which converges pointwise to a constant map ¢ : & — R, where ¢(z) = é for all x € & If (f,)n>1 is
equicontinuous, then f, "—% k uniformly in K.

Since R is compact, (fn)n>1 is uniformly equicontinuous. Let € > 0 be arbitrary, then there exists § > 0
such that for all , y for which dg(z,y) < d holds, da(fn (), fn(y)) < § follows for all n > 1. Since &
is compact, there exists a finite d-dense subset {z1, ..., 2} of K. Because of pointwise convergence we
find no € N such that dg(fn(z;),¢) < §, for all n > ng and for all i € {1, ..., k}.

If we now take y € K arbitrary, then there exists i € {1, ..., k} such that dg(y,z;) < ¢ and therefore
da(fn(y),€) < da(fa(y), fu(@i)) + da(fu(zi), €) < e for all n > ne.

Proof of Theorem [I.14, We are going to show that for any Lipschitz function x in Beny and every
€ > 0, there exists Iy € N, such that for all [ > [y and for all v, 0 € U

‘/XORldV—/XORleN/
X X
holds.

If we assume equation (|1.4)) then (1.3)) follows from the definition of Dyy.
We now want to show (1.4). Take € > 0. We want to use an approximation of

N-1 N-1
}{XORZCZV and}{XoRldﬁ by}{xoRld(% ZOVOT_j) anngoRld(% Zo 7 oT77) for some N
j= j=

<e (1.4)

large enough, which follows from the T-invariance of R;.

n—1 _
From the ergodicity of S we infer that |2 > 7Y(u—@)||; converges to 0 as n — oo, for all u, @ € D(p).
7=0

n—1
With Remark [1.4]it follows that f,,(v), where f,, : P(un) — P(u) is defined as f,(v) :=1 3 voT7,
§=0
converges to f(v) = u for every v € P(u). (The density of u € P(u) with respect to p is 1x, which is in-

A n71 A .
variant with respect to 7" since y is the invariant measure and so ||+ 3= TYu—1x||; — O for allu € D(u).)
j=0

_ n-1

The dual operator on D(u), fn(u) := 1 3 T9u, has norm equal to 1 for all n > 1, so we can use
§=0

Remarkto get that every f,, has norm less than 2 and therefore the family (f,,)n>1 is equicontinuous.

Now we can use Remark to infer that f,, converges to f uniformly in P(u) and that there exists



Ny € N such that

1 -l A 1 =t
'/XoRld<NZVoTJ) /XoRld<NZﬂoTj>‘
j=0 7j=0
N-1 1 N—1~ -
<dp NjgoyoT_j,szoz/oT_j <3 (1.5)

for all N > Ny and for all v, 7 € P(p). The first inequality follows from Remark [1.4] and from [y| < 1.

Because of Remark U is compact in P(u) iff U = g—z . v €U} is compact in L'(u). Hence U is
uniformly integrable. There exists § > 0 such that

dv €
A

for every v € U and every A € A for which p(A) < § holds.

Since R; is asymptotically T-invariant, there exists I; € N such that

pwldu (R, RioT) > (cy) 7 sv;) <6, for all 1 > Iy, where ¢, is the Lipschitz-constant of y. We infer

RioT" —yoR oTH1| > )= R —yoR oT|> —
plle BT = xo Rio T > o) = ullxo R~ xo B oT| > oo

9
0

) (1.7)

S /J(dM(Rl,Rl OT) > (CX)7187) < 57

where the first equality holds because T is measure preserving.
From Inequalities (|1.6) and (|1.7) and since ||x|/co < 1 it follows that

/lxoRon’“—xoRon’““ldv
X

€ 3e
< — RioTF —yoR oTF | dv < —— 1.8
<svt [xoRyo xo R0 | dv N, (1.8)

{IxoRioT* ~xoRioT*+1|> g

foralll >1; and all v € U4.



We infer that for any v € Y and for all [ > [y

Ngl

’/XoRldV—/XoRl ZVOTJ
X
Z

/XOR[*XOR[OTj)dV

Z/\XORZOTi—XoRloTi+1|dV
Jj= i:OX
No—1j—1

3
<Ny! —
i=0 i=0 8No

B
- 8

In the last step we use the triangle inequality and what we have shown above to get (1.4) uniformly in
v and v for all I > max{ly, 1 }:

‘/XoRldV—/XORldﬂ
X X

N-1
1 .
< ‘/XoRldV—/XORld(NZVOT_])
X X 3=0

| V-1 | V-1 | N1
Jr‘/XORld(N ZyoT’j)ffxoRld(ﬁ ‘ poT™7) +‘/X0Rld(N . ﬂOTJ)/XORle/'
Jj=0 Jj=0 X j=0 X
P
s 178 °©
This proves Equation (1.4) and concludes the proof. O

In the next theorem we are going to use the above result to get equivalent notions of convergence for
asymptotically T-invariant sequences. Later this will be useful to prove several theorems about hitting-
and return-time statistics.

Theorem 1.16. Let S = (X, A, u, T) be an ergodic probability preserving system, (M, dy) a compact
separable metric space endowed with the Borel o-algebra By and Ry : X — M an asymptotically

T-invariant sequence of measurable maps. The following are equivalent:
(i) there exists P € P(u) such that R, LR
(ii) for all P € P(p) holds that R, = R

(1ii) there exists a sequence (P);>1 in P(u) with densities (u;);>1 C &, for some compact & C D(u)
such that R; % R

(iv) for every sequence (Py);>1 in P(u) with densities (u;);>1 C R, for some compact & C D(p) such
that R, = R



for some random element R : X — M and some probability measure P on (X, A).

Proof. We first show the equivalence of (i) and (i4). The implication from (i) to (7) is clear, so let us
assume (7) holds.
Let P € P(u) be as in (i) and consider any other Q € P(u). By Remark R = Ris equivalent

to f xo R dP — f X o RdP for all bounded Lipschitz-continuous functions ¥ and the same holds for
X X

R =% R.
It therefore suffices to check that | [y o Ry dP — [ x o R;dQ| — 0 as | — oo, to get that R 2 R
X X

But for every € > 0 we can use the estimates from the proof of Theorem by taking x := IIX)\ZI ,
v =P U =Qand ¢ = =*— to show that for every & > 0 there exists I € N such that

XMoo
| [Xo R dP — [ Yo R;dQ| < ¢ for all | > ly. This proves the equivalence of (i) and (ii).
X X

Now we will show that (i) implies (iv) and (4¢i7) implies (¢). This will conclude the proof since the
implication of (iv) to (ii7) is again clear.

Assume (ii) and let (F;);>1 € P(u) be such that the densities u; of P, are contained in a compact set
K. By Remark this means that (P;);>1 is a subset of some compact set U C P(u).

For every fixed [ € N R; g R, ie. Dy(P, o Rl_l, PoR™1') = 0asl — co. This, in combination
with Theorem m gives us that Dy (P o R ', Po R™') — 0, since

Dy(Pro R\ PoR™) < Dy(Po Ry, Py o R ')+ Du(P, o R ', PoR™)
and the first term on the right hand side tends to 0 uniformly in & D (F});>1.

The only implication we still need to show is (iii) = (i).
Let (P);>1 and & be as in (iii). Then by Remark [L.4] (P);>1 € U for some compact U C P (). By
Theorem it follows that for every fixed lg the right hand side of the inequality

Dus(Py o Ry, PoR™Y) < Di(Py 0 R ' Pro RyY) + Du(Pro Ry, PoR™Y)
P
converges to 0 and therefore B, =% R. O

1.4 Hitting- and Return-time Statistics of a sequence of rare events

In the following chapters we are interested in return and hitting times of a point x into a given set
A € A. More to this content can be found in [15]. We would like to know how many times one has to

apply T if we start in a point x € X to be in A. For this we define the function ¢4 as follows:

Definition 1.17. For a dynamical system S = (X, A, \,T) and a set A € A we define p4 : X —
N:=NU {co} with pa(x) :=inf{n e N;n > 1:T"x € A}.
We call



(i) ¢4 : A — N the first return time and Ty : AN {zx € X : pa(z) < co} — A defined as

Taz = T4y the first return map.

(ii) ¢a : X — N the first hitting/ first entrance time and
Ta:{re€X:pa(r) < oo} — A defined as Tax = T%4(®)z the first entrance map.

Note that ¢4 is measurable and has some useful properties included below.
Remark 1.18. (i) For A € A and every x € T71A°, ¢4 0T(x) = pa(x) — 1 and more general
paoTi(z) =wpa(x)—jforalze{pa>j+1}.
(ii) If S is ergodic and probability-preserving and A(A) > 0, then p4(x) < co for almost every = € X.
(See Theorem 2.1.1, Corollary 2.1.1 and Proposition 2.2.2 in Chapter 2 in [5])
Furthermore we define a sequence A; of rare events as follows.

Definition 1.19. Let (A, A\) be a measure space and let (4;);>1 C A be a sequence of sets. We call
(A;)i>1 a sequence of rare events, if llim A(4;) =0and A(4;) >0 forall > 1.
—00

Later we are going to need that for a sequence (A;);>1 of rare events, the sequence (A(A4;)pa4,)i>1 is

asymptotically T-invariant in measure.

Remark 1.20. Assume we have an ergodic probability-preserving system & = (X, A, pu, T) and a
sequence of rare events (A;);>1, then we get that |p(A;)pa, — 1(Ai)pa, o T| converges in measure to 0.
Fix € > 0 arbitrary. Then there exists Iy € N such that for all I > |y we have that u(4;) < e. From
Remark [T we infer

w(|p(A)ea, — m(A)a, o T > ) < plloa, —0a, 0TI > 1) < plpa, —1# oa,0T) < u(TA) <e

where we used in the last step that p is invariant.

We conclude that (p(A;)pa,)i>1 is asymptotically T-invariant.

In the following theorems we are going to talk about weak-convergence of probability measures and
about whether or not the random elements R; := p(A4;)pa, converge in distribution to some other
random element R. We will look at the convergence with respect to the measure p and with respect to
the measures p14,, where the first one corresponds to the hitting-time statistics and the second one to
the return-time statistics. For more details on the different notions of convergence of measures and
random variables see Definition [1.1] and Chapter 1 in [2].

The following Remark is an immediate consequence of the Generalized Kac formula (see Proposition
IA.2)) which uses the correlation of the invariant measure of a system S and the corresponding induced
system S|4 (see Chapter 11.3 in [5]).

Remark 1.21. From Proposition w(pa =n)=pu(AN{ps > n}) follows by taking f = 1y,,—ny.



! -
p{pa =n}) = /X]I{QOA:"}d'u /A E : Tipa=n} oTdp
=0

pa—l wa—1
:/ > Lpaoriznydp =/ > Lpamnijpdin = (AN {pa >n})
A 4=
J J
The last equality holds since

pa—1 .
1, ifoa>n
Ly, . —prin(x) =
j;o {va n+J}( ) { 0, if pa<n

With the following lemma we will be able to prove a Theorem about convergence properties of hitting-
and return-time statistics. It will be used to prove that the hitting-time distributions converge iff the

return-time distributions do and even shows a relation between the two limit distributions.

Lemma 1.22 (Return- versus Hitting-time distribution). Let S = (X, A, u,T) be a conservative
measure preserving ergodic dynamical system and A € A such that p(A) € (0,00). Lett > 0, then

ummwAswsAﬁmmmwA>g@SummmAsw+mm. (1.9)

Here pa is defined as pa(Y) == ﬁu(Y NA).
Proof. For the proof we use Remark
[t/p(A)] [t/n(A)]
pp(Apa<t)= > plpa=i)= > p({pa>itnA)

i=1 i=1

Lt/1(A)] t/u(A)
= / p({pa > spnNAyds < / p({pa > s} N A)ds.
0 0

¢
With a change of variables r = su(A) we get that this is equal to [ pua(u(A)pa > r)dr and therefore
0

show the first inequality.

If we now switch back to s = u(A)r we get the second inequality:

Lt/1(4) )

ullpa>spndyds+ [ plfea > shnyds
[t/p(A)]

< pu(p(A)pa < t) + p(A).

10



As mentioned before, we now state the first theorem about convergence of hitting- and return-times
and show that if one converges then so does the other. Because of Kac-formula we know that

Jpadpa = %. To get convergence of the return-time distributions we thus have to normalize the
A

return-time by the factor u(A), i.e. we investigate the random variables pu(A)pa.

The following theorem and its proof can be found in [7, 3 ff].

Theorem 1.23 (Hitting- vs. Return-time Statistics). Let S = (X, A, T, 1) be an ergodic probability

preserving system, (A;);>1 a sequence of rare events in A and define Ry := p(A;)pa,. Then

R =% R, (1.10)
for some random variable R iff
RELR, (1.11)

for some random variable R.
In this case, the sub-distribution functions F(t) := Pr(R <t) and F(t) := Pr(R < t) are related by

F(t):/o (1—F(s))ds, (1.12)

for allt > 0.

Proof. From Helly’s selection Theorem it follows that there exist a subsequence (l;)x>1 and distribution
functions F, F' such that u(R;, <t) hoge F(t) for all continuity points ¢ of F and pa, (R, <1) oo
F(t) for all continuity points t of F.

Let ¢t > 0 be a continuity point of F, then by Lemma [1.22

t

(R, < 1) < / (1= a, (Ry, < 8))ds < p(Ry, < 1) + p(Ar,).
0

Since |1 — pua, (Ri < s)| <1 we can use the dominated convergence theorem and the fact that F can

only have countably many points of discontinuity, to infer that

So for each pair (F, F) of accumulation points equation holds.

If we assume , then all accumulation points F coincide, since each F is right-continuous and
therefore uniquely determined by equation . Now since all accumulation points coincide, distribu-
tional convergence as in follows.

If we conversely assume , then all accumulation points F' coincide, since F' is uniquely determined

by (1.12) and therefore (1.10]) follows. O
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Now we can easily prove the following statement about an expontential limit distribution of hitting-

and return-times.

Theorem 1.24. Let S = (X, A, 1, T) be an ergodic probability-preserving dynamical system, (A;)i>1 C
A be a sequence of rare events and £ an exponentially distributed random variable with expected value
1. TFAE:

(i) Ry == &

(ii) R 22 &

(iii) There exists a random variable R with values in [0,00] such that R == R and R, LR,

Proof. The equivalence follows directly from Theorem [I.2] Theorem [I.23] and the fact that, if F :
t

[0, 00) — [0,1] is a distribution function which fulfills F(¢) = [(1 — F(s))ds, then F(t) =1—¢~'. O
0

From now on £ will always denote an exponentially distributed random variable with expected value 1.

We showed that if one of the time statistics converges to an exponential distribution then so does the

other. In the next theorem we find sufficient conditions for convergence to an exponential distribution.

Theorem 1.25. Let S = (X, A, u,T) be an ergodic probability preserving dynamical system and

(A1)i>1 C A be a sequence of rare events. If there exists a sequence (1;);>1 € N such that

(i) n(A)m =30

oo

(i) pa,(pa, <) 2F0

(iii) T”(ﬁﬂm) € & for alll > 1 and some compact set & C L' ().

Then R, == & and R, Ly

Intuitively one could explain conditions (i) and (#i7) as follows: 7; corresponds to the number of jumps
before we look at R;, i.e. we look at the convergence in distribution with respect to w4, of the random
variables Ry o T™. (it) guarantees that the mass of the points which return to A; before the 7-iteration

can be neglected and (i) ensures us that the new starting distribution 7' (ﬁ]l 4,) is in a compact
set so that we can use Theorem to get that Rj o T™ R implies R; £ R.

Remark 1.26. In the following proof we need Theorem [I.16] The assumption there is that B; maps to
a compact target space. So we want to compactify [O, oo] as follows:

We are going to consider [0, co] with the metric d(z,y) := |e™® — e7¥|. This gives us a compact space
and the trace of the corresponding Borel o-algebra Bjy ] on [0,00) coincides with the usual Borel

o-algebra on [0, 00).

Proof of Theorem[1.25. Let (F});>1 be the sequence of sub-distribution functions of R; with respect to
w and (Fz)lzl be the sequence of sub-distribution functions of R; with respect to pt4,. We use that a
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sequence (F});>1, for which every subsequence has a convergent subsequence which converges to F,
itself converges to F. Furthermore we will show that every accumulation point of the sequences F; and
Fj coincides. Then we get with Theorem that B, == & and R, =y

By Helly’s selection Theorem we can choose without loss of generality a subsequence (R;;);>1 such

that Ry, £ R and Ry, #—iﬂ R. We want to show that R 4 R.

Let € > 0, then we can compare @4, and w4, o T™ on {4, > 7} by Remark as follows:
oA, —pa, 0T =7

Now we can multiply the above equation by u(A;) and get the following estimate

pa, (R — RioT™| > ¢)
= pa,({oa, S} O{|R = RioT™| > e}) + pa,({pa, > n} N {|Ry — RioTT| > €})
< pa(pa, 7))+ pa({pa, >k 0 {p(A)n > €})

and by (7) and (é¢) the right hand side converges to 0 as | — 0.

KA.

fiay. _ tay
With the above we have that R, — R, o T | :lé 0. Therefore R, :lé R implies R;; o T :lé R.
Now we can use that by (7i7) pa,, © T~ ™ has density 7™ (ﬁl)]lmj) € R and apply Theorem [1.16
j

to get that Ry, = R.
From Theorem it follows that R 4 & and we can conclude R; =L € and Ry M:A$ E. O

2 Folklore Systems and their Hitting- and Return-time Statis-
tics

In this chapter we are going to look at a special family of dynamical systems called Folklore systems
and want to show that for some special sequences of rare events (A;);>1 the hitting and return time
statistics are exponentially distributed.

Most of the following can be found in in the lecture notes of the course on ergodic theory given by
Roland Zweimiiller in 2021/2022 at the University of Vienna. In this chapter X will always be a
bounded interval in R which is a countable union (mod ) of open intervals and A will always denote
the one-dimensional Lebesgue measure.

We start by defining what a Folklore system is.

Definition 2.1. (i) S = (X, A, \,T,¢) is called a Folklore system if S is a measurable dynamical
system, X C R is a compact interval and A is the induced Borel o-algebra on X. Moreover T'
is piecewise C?, i.e. there exists a countable partition ¢ (mod \) of X into open intervals, such

that for every Z € ¢ the map T|z : Z — TZ is invertible and T|z has a C? extension to Z.

13



Furthermore

(F1) T is uniformly expanding, i.e. in£§|T'aL‘| >1
4SS

(F2) Adler’s condition holds, i.e. Ay = SZ§|%| < 00
(F3) VZe& TZ =X

(ii) For n € N we define &, to be the set of all cylinders of degree n. If Z € &, then it is of the form
Z =20,y Zp1) =N}y T Z;, for Z; €€ =6,0<i<n-—1.

On the cylinder sets we can look at the inverse of T restricted to the cylinder set. This gives us the

possibility to write down the transfer operator explicitly.

Remark 2.2. (i) Condition (F1) is equivalent to the condition that there exists p € (0,1) such that

sup sup|vy| < p < 1, where we define vz : X — Z as (T|z) L.
zZeg xzeX

(ii) For Z = [Zo, ..., Zj—1] € Up>1&, we define vy : X — Z as (T7|z)™!. Then vz = vz, 0ovz, 0...0

vz. . and therefore
j—1

j—1 i—1 .
|U/Z| = ngo ‘UIZI o (UZi+1 0...0 ’UZJ'A) = ngo |'U/Zl‘ OV(Zit1,.0sZ5-1) < p],

where we choose p as in (i). We infer that A(Z) = [ dX = [ [vl]d\ < A(X)p™.
’Uz(X) X

(iii) Let f: X — R be in Loo(X) and u € L'(\). Then we compute 7" for the system S = (X, A, \, T, )

as follows

/(foT)udAZZ/(foT)udAzZ/f(uouz)lv’z|dA

% Zegy Zegx

= /f(Z(u ovz)|vy|)dA.

Zeg

Here we used the substitution for Lebesgue integrals in the second step and dominated convergence
to interchange sum and integral in the last step.

With the above and Remark we conclude that Tu = 3 (uow 7)|v%| is the transfer operator
ASS
with respect to A.

We start with some general properties of Folklore systems which we state without proof. It can be
found in the lecture notes of the course on ergodic theory given by Roland Zweimiiller in 2021/2022 at

the University of Vienna.
Theorem 2.3. Let S = (X, A, A\, T,€) be a Folklore system. Then the following holds:
(i) S is ergodic

(ii) S is conservative
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(iii) S has an invariant probability density h = Th € C1(X) with Rx(h) < A%.
The derivatives of the above defined functions vz have a nice property which we call finite regularity.
It will be used later to show that |J {T"(ﬁﬂz) 1 Z € &, } is contained in a compact set. First we
n>1

define what regularity means.

Definition 2.4. Let X C R be a bounded interval and u : X — (0,00) a C!-function. The

(ir-)regularity of u on X is defined as

Rx(u) := sup|U/(x)| = sup|(logu)’ ()| € [0, 0] and Rx(0) := 0.
vex U(T)  zex

For functions with regularity less than r, we get the following three estimates.

Lemma 2.5. Let X C R be a bounded interval and u : X — R a C1-function such that Rx(u) <r < oo.
Then

(i) u(z) < erl*=vlu(y), for all z,y € X

(i) ﬁ}{ud)\ < ilg)gu(x) < 67’/\(X)i1€1§u(z) < e”‘(x)ﬁxfud)\

(iii) |u(z) — u(y)| < Tem(x)tingfgu(tﬂx —y| for all z,y € X.
€
The third inequality tells us that u is Lipschitz continuous.

Proof. (i) From the Mean Value Theorem it follows, that for all z,y € X there exists a z € X such
o log(u(z)  Iog(u (1))
og(u(x)) — log(u(y
= |(logu)'(2)| = |
|z =yl u(z)

Now inequality () follows by exponentiation.

(i) The only inequality we need to show is sup u(z) < e™&) ing u(zx). From (7) we infer that for all
zeX z€
z,y €X

u(z) < e’ Hlu(y) < e Fu(y).
We now take the infimum over all y € X and the supremum over all x € X and get (i7).

(iii) For this equation we again use the Mean Value Theorem and equation (i%).

Ju(@) = u(y)| =|u'(z)| = Mu(z) < ru(z) < rsupu(t) (? re™ X infu(t)

|z — yl —u(2) pou 4 tex
O
As noted before we show that v}, has regularity less then a constant A for arbitrary cylinder sets Z.
Lemma 2.6. Let S = (X, A\, T,&) be a Folklore system and Z = [Zy, ..., Zn—1] € & for some n > 1.
Then Rx(|vy|) < AS®, with AP = AL

1=p
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Proof. We are going to use Remark 2.2} then

"

v —
lfl = |(log(v%))'| = [(log(IT}=g v, © (vz,y, © . 0 vz, )|
A
n—1 n—1 'U// O’U[Z 7 ]
_ lo /. v / < Z Z; i1y dn—1 /
‘ izo( g(rUZZ o U[Z:+17~~;Zn—1])) | = p |U/Zl ° U[Zi+1,_.,,Zn_1] ||U[Z¢+17...,Zn—1]|
n—1 "
- ‘ Vg,V Zit1,sZn 1] ||'Ul ow ol ‘
- (U,Z OV Z, 1,7 1])2 Z; (Zit1sesZn—1] [Zit1, s Zn—1]
i=0 i i1y dn—
n—1
. A
SATanfzgl T .
: —p
=0

O

The following lemma gives us information about how much of a cylinder set of degree n can hit a set A
after n iterations, relative to the size of the cylinder set and the size of A. This will be used to show
(#3) of the assumptions in Theorem while proving that hitting- and return-time distributions of
cylinder sets converge to an exponential distribution.

Lemma 2.7. Let S = (X, A, N\, T,&) be a Folklore system and p << X\ the corresponding invariant
probability measure. Then for all A € A and for all Z € &,, n > 1 the following inequality holds:

wZnTrA) < BATA).
wA)u(Z)

Proof. We are going to use (i7) from Lemma and let vz be as in Remark Let u be the density
of 1 with respect to A. By (iii) of Theorem we get that Rx(u) < A¥ and infer

(2.1)

u(T*”AﬂZ):,u(vZ(A)):/ ” ud)\:/A(uovZ)\”u'Z|d)\

W
< sup u(z) sup [vy (z)|\(A) -§ e2ATAE) inf y(z) inf |U/Z(1')|/ d\
zeX rzeX zeX zeX A

(X) pea 1 /

EQA%D)\(X),UJ(A) 1 )\(Z)SUPmeXU(x)

>

< ATAW) inf o, (2)]ju(A)
x€

1
x4

IN - >

— €2A7°?)\(X)ILL(A)

¥
[\>)

A . , .
< MTEu(A) inf w(X)A(Z) < AT u(A)u(2).

O

The next two remarks provide us with the missing arguments, such that we are able to prove our first
two statements of hitting- and return-time limits of some special sequences of rare events for Folklore
systems. We will need them to show that (ii¢) in Theorem holds with the assumptions we make
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on the rare events.

In the first remark we show that T"(ﬁ]l z) has bounded regularity for a cylinder set Z of degree n.

Remark 2.8. Let S = (X, A, A\, T, £) be a Folklore system, u << A the corresponding invariant probability
measure and take Z € &, for some n > 1. Let T denote the transfer- operator with respect to the
invariant measure s, i.e. for the system (X, A, p, T). Then Ryx (T (L~ il z) < 3A¥
Let us denote by vz the measure on A which has density 1z with respect to p. Then vy << p << A
and A << pu (see Theorem [2.3| part (ii7)). We can use the properties of Radon Nikodym derivatives to
get that almost everywhere
—n —-n
dlvzoT™™) dvzoT ™) dA Z ((dl/z

T”IL = = pe— —
z dp N dp - ax 7 ”“ZD
Z€En

= 3 (1) o vyt = (worz)luf -

Zeg,

Therefore exists a version of T”(ﬁ]l z) which is C1. Now we get that

ap L0V D' @)
vest (w0 vz)(@)|vy (0)] oy

(' 0 0.) (@)l (@)]? 7 >+mowmw¢<n<>+wﬂwwmﬂﬂwuw<ﬂ
< sup

wex (wovz)(@) vy (@)l 7

|(u” 0 vz)(2)] |07 (2)] |/ (2))|

< sup + sup -+ sup

P oz (@) 2T ) TR
< 3AF

and therefore Ry (1™ (—1~ 7L z) < 3AP.

In the next remark we are going to note that the densities T”( mes) 1) are contained in a compact set.

Remark 2.9. Let S = (X, A, A\, T, €) be a Folklore system, u << A the corresponding invariant probability
measure and define Fx(r) := {f € C*(X): f >0, Rx(f) <rand [ fdu=1}. We infer from part (ii)
X

of Lemma that

er)\(X)
sup [|flo < sup /fﬁ

FEFR(r) rerer) MX) J
1 r)\(X) /fd 1 er)\(X)
< ——— sup W= —— .
inf u(@) ferzr) AX) J inf u(z) AX)

We know from Theorem [2.3|and from Lemma [2.5| that ig% ﬁ € (0,00). Therefore Fx(r) is uniformly
bounded and by part (ziz) of Lemma equicontinuous since all f € Fx(r) have r as a Lipschitz-

constant. From the Arzela-Ascoli Theorem it follows that Fx(r) is relatively compact in C(X). Because
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p(X) is finite we conclude that Fx(r) is relatively compact in L'(p).

By Remark we have that {T"(ﬁ]lz) 1 Z € glfn} C Fx(3A%) and are now able to prove the

following theorem.

Theorem 2.10. Let S = (X, A, \, T,€) be a Folklore system, pu << X\ the corresponding invariant
probability measure and (A;)i>1 a rare sequence of events, such that for each 1 > 1 the set A; is of the
form ZL% Z mod \, where 4, :={Z € &:Z C Aj}. Then for Ry := u(A;)pa, it holds that
€8ay
(i) Ri =% &
(ii) Ry 224 ¢.

Proof. We are going to use Theorem and show that (7;);>1 = (1);>1 fulfills assumptions ()-(4i7).
With Remark [T.20] and Remark [T.26] the other assumptions in Theorem [T.25] are fulfilled.

(i) iu(A;) = p(4;) — 0 asl — oo.

(ii) For the second assumption we are going to use Lemma to get the following estimate

1
< 1)=—— ZNT A
pa(pa, <) = pa,(pa, <1) (AI)M(ZeLéAZ 1)
1 “1 B2 54%ax) 3AZA(X)
= Ay 2 MTTANZ) ST ) | u(Z) = T O
Zeta, Zeta,

where the right side converges to 0 as | — co.

(iii) We are going to show that T(ﬁﬂ&) € Fx(3A%). For this to be true we only need to show
that Ry (T(5m14,)) < 345

P ta) @) 2, o T2

M(Az)]l 4)(@) vex ZE%:A M(Az)T]lZ()
1

1 |[(T1g) ()]
2 en) TI[ZZ(w) T1z7(x)

zex S T1y(z)
=N M(Al)

23
< 3A%°

With Remark [2.9) we conclude part (éi¢) of the proof.

O

Below we state another theorem which is similar to the above, only that we now look at the cylinder

sets around a point z* as our sequence of rare events.
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Definition 2.11. For a null-preserving dynamical system (X, A, A\, T) with a partition £ of X (mod \)

into open sets and a point z* € X we denote by & (z*) € & the cylinder set of degree | containing z*

(i.e. * € §(a*)). This set exists for a.e. point z* € X.

Theorem 2.12. Let § = (X, A, N\, T,&) be a Folklore system, p << A the corresponding invariant
probability measure and suppose that x* € X is a non periodic point such that for alll > 1 &(x*) is
well-defined. Let (A;);>1 be a rare sequence of events given by Ay = &(x*) mod . Then it holds for
Ry := p(A))pa, that

(i) R =% €
(ii) R 22 €.

Proof. Again we are going to use Theorem and show that (7);>1 = ({);>1 fulfills assumptions
(1)-(441). Let u be the density of p with respect to .

(1) p(& (@) < supu(z)A(&(z*))l < supu(z)p!l and this converges to 0 as | — oc.
zeX zeX

(i) We need to show pg, (=) (g, (z+) < 1) — 0.
Since z* is not periodic we know that for any M € N fixed, each one of the points Tx*, ..., 7™ z*

is different to x*. The distance between these points is positive, i.e. min [TYz* — Tkz*| > ¢

0<j<k<M
for some € > 0. Since A(§(z*)) — 0 and T, T2, ..., TM are continuous on &y7(z*), we can choose
lp large enough such that
M
G ) n(J ) =0
j=1
for all { > ly. Then
te, () (Pey (o) S 1) = pgyn) (M < pgar) < 1)
!
1
= ——= (&™) N{pe,@v) = 7})
EER) j:%l s
1 : .
< ; p(& (@) N T (&(27))
@ 2 M
! oo
21 o0 . M+13AFN(X)
SN (g () < supula) e ——
=M1 zeX 14

and therefore fig, (z+) (@, (z+) < 1) — 0. We used in the third step that &(z*) C §;(z*) for all
Jj<l

(iii) By Remark it follows that Tl(mﬂgl(gg*)) € Fx(3A%) which is relatively compact.
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3 Rychlik Systems and their Hitting- and Return-time Statis-
tics

In this section we find a more general family of dynamical systems, for which we are able to derive
theorems about exponential hitting- and return-time statistics. In this chapter v will always denote a
regular Borel-measure on some compact set X C R.

The first way we derive exponential hitting- and return-time statistics is by using spectral theory and
finding a subspace U of L!(v) such that T': U — U is quasi-compact. It turns out that the subspace
BV (v) C LY(v) of functions with bounded variation fulfills this requirement. For this one can take a
look at |4, pp. 7-10].

The second way we do this is more elementary in the sense that we will not use advanced spectral
theory, but instead use a highly non-trivial inequality derived in [13| pp. 69-74] to verify the three
conditions in Theorem

We conclude the chapter by giving an example of a Rychlik system which does not fulfill the assumptions
of the theorems about exponential hitting- and return-time statistics but still admits exponential
hitting- and return-time limit distributions. Furthermore the given system (X,.4, A, T") in the example
itself is Rychlik but the system with respect to the absolutely continuous invariant measure p << A,
(X, A, u, T) is not Rychlik. We analyze further whether or not the properties of the system with respect
to u are similar to the properties a Rychlik system admits.

As noted before one can find most of the content of the following chapter in [13] and [4].

3.1 Rychlik Systems
We start by defining the framework we will need later.
Definition 3.1. (i) The variation of a function f on a set X C R is defined as

Vs f = sup{ﬁj1 |f(z:i) — f(zic1)] s n €N, (zg, .o, p) € X", 20 < ... < 2}

(ii) BV(v):={f € L'(v) : there exists f, s.t. f = f a.e. and ||f||BV(,,) < oo} is the subspace of
bounded variation. (BV (v), ||-[|pv(v)) is a Banach space with the norm ||| gy == |||z )+ Vi -

Remark 3.2. (i) Whenever we write Vi f for a function f € L'(v) we take Vi f to be min{Vxf :

f is a version of f}.
(ii) For u,v € BV (v) the following inequalities hold:

° [lulloo < lullBv(v)

e [wlve) < 2lullBve)llvlBy )
We define a collection of dynamical systems called the Rychlik systems. They were first introduced by
Marek Rychlik and generalize the family of dynamical systems studied by F. Hofbauer and G. Keller

in [10] greatly. Instead of the assumption that X can be split into a finite number of pieces on which
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the map T is homeomorphic to some interval, one now demands that X can be split into a countable
number of such pieces.

The Rychlik systems include the Folklore systems which we discussed in the second Chapter.

Definition 3.3. Let X C R be a set. We define the set Zx := {INX: I C is an interval} to be the
set of X-intervals.

Definition 3.4. Let X C R be compact, and let S = (X, 4,1, T, &) be a measurable dynamical system,
A the induced Borel o-algebra on X and v a regular Borel probability measure on A. We assume

that there exists a countable partition ¢ of X (mod v) into open X-intervals such that X = (J Z and
Zeg
Y =X\ (U Z) consists exactly of the endpoints of Z € €.
Zeg
We call § a Rychlik system if the following holds:

(R1) For any Z € &, T|z admits an extension to a homeomorphism from Z to some interval TZ C X

(R2) There exists a function g : X — [0, 00) such that gly = 0 and Vx g < oo and such that for the

operator 7': L'(v) — L*(v), defined as Tu(z) := . g(y)u(y), the equality [udv = [Tudv
yeT—1(z) X X
holds. This function g is called the weight function.

(R3) T is expanding, i.e. sup g(x) < 1.
reX

Remark 3.5. (i) One can show that 7" in Definition coincides with the transfer operator.

(ii) We again write &, for the set of all cylinders of degree n. Z € &, is of the form Z = [Zy, ..., Zp—1] =
NPT~ Z;, for Z; € €,0<i<n—1. In [13, p. 72] it is shown that v(Z) < ||g|, for Z € &,.

(iii) If one has a Rychlik system S = (X, A, v, T, ¢) it follows that for every z € X, v({z}) = 0.
We look at two possible cases. Either 2 € X is such that the cylinder sets &, (z) are well defined
for all n > 1 or not.
If x € X is such that &, (x) are well defined, then v({z}) < v(&,(x)) < ||g||% — 0 as n — oo.
If € X such that not all cylinder sets are well defined, it follows from the definition of Rychlik
systems that v({z}) < v(Up>oT " (X\Y)) =0, where Y = Z%gZ’ since T is null preserving (See
Theorem (3.6)).

(iv) Folklore systems S = (X, A, A, T, &) are Rychlik systems with weight function g = ITI’I on Y and
g=0onX\Y.

We need to show (R2):

We start by showing that Vg is finite. We use that for any C'-function f the equality V f =

[ |f'] dX holds. Since g|z is C* for any Z € &, we get

//
1
Vg < ZVZQ\Z +QZsup9|Z Z/ ||T’2 d)\+225up T ()]

Zee Zee® Zeey Zee *€2

(F2)
< AMX)Ar 42 sup [v(x)].

ZE§$€Z
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We are done if we show that Y sup |v7(z)| < co. This follows from Lemma [2.5] and Lemma [2.6
ZetzeZ

Lemmd2.5] AT XX) o
Z sup |v7 ()] ‘ < Q(E;W Z / [uly|dA = 2expT A < 0,

Zeg Zegy

—_——
=X(2)

From Remark [2.2 we know that Tu = 3 (wowvz)vy], but S g)uly) = 3 (uowz)|vy]
Zeg yeT 1 (x) zZeg
and therefore g is as required in (R2).

We will state some general facts about Rychlik systems. The proof of the following theorem uses

advanced functional analysis and spectral theory and we are going to omit it here. For a detailed

derivation of the Theorem including a proof see [13].

Theorem 3.6. Let S = (X, A, v, T,&) be a Rychlik system. Then the following holds:

(i) T is null preserving.

.. . . . . . ., du
(i) There exists an invariant probability measure p << v with density 55 € BV (v).

(iii) There exist only finitely many eigenvalues x1, ..., XN on the unit circle.

(iv) T : BV (v) — BV (v) admits a representation

N
T=Y xQ+R,
j=1

where QQ; : BV (v) — BV (v) is the projection onto the eigenspace corresponding to the eigenvalue
X;j- The linear map R : BV (v) — BV (v) is such that ]in%\\Rk\\ < 0 for some 0 € (0,1). Moreover
€

QjR=RQ; =0 and Q;Q; =0 for any 4,5 € {1,..,N}.

(v) If v is mizing, o(T) N S* = {1} and T = Q + R on BV (v), where Q = Q1 and R are as in (ii).

3.2 Hitting- and Return-time Statistics of Rychlik Systems

Before we are able to state and prove the theorem about exponential hitting- and return-time statistics,

we show a property of Rychlik systems inferred from [13, pp. 74-78]. Tt is called the Decay of correlations.

Theorem 3.7. If S = (X, A,v,T,&) is a Rychlik system, such that p << v is an invariant probability
measure which is mizing, i.e. p(ANT"B) — p(A)u(B) as n — oo for all A, B € A. Then there
exists a constant C > 0 and p € (0,1) such that

[wersan= [udn [ rau] < Cotlulloolave, (31)
X X X
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for allu € Li(v), f € BV(v).

Proof. Since p is mixing, T™ is ergodic for all n € N. From Theorem 1, Theorem 3 and Theorem 4
in [13] it follows that T=Q+Ron BV (v), where T is the transfer operator with respect to v, Q is
the projection on the eigenspace span(lx) corresponding to the eigenvalue 1 of T and R fulfills that
o(R) = kh—on”RkH% < 60 € (0,1). Moreover it also follows that p has a density h with respect to v, such
that h € BV (v).

For each n € N we get

€BV(»)
n _ _ . ~ = B
‘X/uoT fdu X/ud/ix/fdu‘ 'X/uT (fh) dv X/fhdz/x/uhdy

< lull o) 1T (F1) — / fhdvh||oe < [[ull i) IT™(fR) — Q"(f1)ll By (v)
X

R , =|[R"(fh)llBv ()
=Q(fh)

< Cp"JullLr ol fll BV o)

where we used in the last inequality that there exists ng € N, such that
p:= "V|Rm| <1andfor n=kno+reN,re{0,..,ny—1}

) 1 -
IR < (BB < 7 mas [R7 = Gt

0<ro<ng

=C

holds and that

Co™||fhllpv )y < Co" || fllBv

for some C > 0. O

Hirati, Saussol and Vaienti give in their paper 'Statistics of return times: A general framework and
new applications’ sufficient conditions to get an exponential limit distribution. We will later use these
conditions to show that Rychlik maps have exponential limit law. For this we state the following lemma
without proof. A detailed proof can be found in |9, pp. 5-9].
We define ¢(A) := sgg lpalpa >n) — pl(pa > n)l.

n

Lemma 3.8. Let S = (X, A, 1, T) be a probability preserving dynamical system and A € A. Then

e(A) < inf (an(A) + by (4) + Np(A)),

where an(A) := pa(pa < N) and by (A) = gua lpa(T~NB) — u(B)|.
€

Remark 3.9. We know from Theorem that if we have a sequence of rare events A; and the

corresponding hitting- and return-time statistics admit the same law, they are exponentially distributed.
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If we do not assume that the statistics converge, but only assume that the hitting-time statistic and the
return-time statistic are close, i.e. ¢(4;) — 0 as | — oo, we still get with Helly’s selection Theorem that
the distributions converge to an exponential one. It therefore is sufficient to show that ¢(A;) converges

to 0 to get exponential hitting- and return-time statistics.

We are now able to state and prove the following theorem for Rychlik maps, which can be found in |4}
pp. 9-10].

Theorem 3.10. Let S = (X, A,v,T,€) be a Rychlik system with an invariant mizing probability
measure p << v. Let z* € X be a non periodic point such that for alll > 1 the set &(z*) is well-defined
and that (A;)i>1 is a sequence of rare events, where each Ay C X is an open ball centered at x*. Then

for p almost every x* and for Ry := u(A;) - va, it holds that
(i) Ry 2= &
(i) R 22 €.

Proof. We are going to use Lemma [3.8] and Remark [3.9] Let us first look at the quantity ay given in
Lemma 3.8

As in the Proof of Theorem [2.12] we argue, that for fixed M € N we can choose [y € N large enough,
such that 4; N (UjleTjAl) = () for all [ > lg. Since z* is not periodic we know that for any M € N
fixed, each one of the points Tx*, ..., T™x* is different to 2* and the distance between these points

is positive, i.e. min |TYx* — T*kz*| > ¢ for some & > 0. Since A; are intervals centered in z* and
0<j<k<M

v(A;) — 0 the assertion follows because T, T2, ..., TM are continuous on &/ (z*). We infer for N > M

N

an (A1) = pa, (pa, < N) = Z pa(pa =k) < Z
k=M e, k=M

)/HAL]IAl odeN
Ay

7;

-2 (o

/]lA, (L, 0 T*)dp —
w(A
X

x\

14 / La, d,u—i—u(Az))
X

~—

=M
mn & v( v(A
l
S ||11Al|\Bv<,, + Npu(4) <3C

R(Ay T —p A,
k=M

since A; is an interval and therefore ||14,||gy ) < 3.

For by we get the following estimate:

by (Ar) = sup lpa, (TN B) — u(B)|

Cytoe T e oy [t 1o
su —IgoT" du— 14 d 1pd
Den / w(A) PO Ty ) ) e

X X X
B 3 3C
< sup Cp"'v < N
o OOV = WAy’
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Alltogether we now get with Lemma [3.8] that

V(Al)ﬂ M
p(A) 1 —

e(4) < inf (

< inf + Nu(A) + ———p" + Nu(Az)>-

1(Ar)

We can now choose N = {W-‘ and get

v(A) 3C 2log(u(Ar)) 3C zestian
c(4r) < (AN 1= p 2[ og(p) —‘ (A) + M(Az)p @)
v(A) 3C y,,[2log(u(A))
S 1= ," 2[10%))} 1(Ar) + 3Cu(A).

The right hand side can be arbitrary small since M is arbitrary and for [ — oo the first term converges

for p almost every x* to 0, since Z—’lf(x*) > 0 p almost everywhere and since Z—ﬁ € BV (v) has a version

which is continuous except at countably many points, so especially u almost everywhere and we
therefore get
v(A) _v(A) 1

w(Ar) — v(Ar) essinf‘;—“
TEA; v
—_——

<5

< o0

for some 6 > 0 and [ > I for some Iy big enough. (Here essinf denotes the essential infimum.)
The other terms also converge to 0 and with this convergence of R; to the exponential distribution
follows with Remark [3.91

O

In the proof above we used Theorem (3.7, which follows from [13]. As noted before one uses spectral
theoretical properties of the transfer operator to derive these statistical properties of the system. This
is often employed, but it uses rather advanced fuctional analysis. One may ask the question, whether
or not one could simplify the arguments in the proof in the sense that one uses less (or none) spectral

theory.

3.3 Hitting- and Return-time Statistics of Rychlik Systems using Theorem
11.25]

Next we will find an alternative proof to a similar theorem as Theorem The idea is, to use
Theorem [I.25] in the same manner as we already did in the proofs of Theorem [2.10] and Theorem [2.12]
The key argument to verify (i4) in Theorem is the so called Lasota-Yorke inequality. In [13] the
inequality

Ve(P"(£)) < Fllfllia) + X"Va(F) (32)

for a Rychlik system S = (X, A, v, T,€), where P denotes the transfer operator, is proven. M. Rychlik
showed that the inequality holds for n > n* and f € BV (v) for some F > 0, x € (0,1) and n* € N.

The proof only uses elementary arguments but is nontrivial. We are going to omit the proof and use
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this inequality to show the Lasota-Yorke inequality as we need it. A proof can be found in [13][71-73].

More information on the arguments used in the following proof can be found in[3, 152 ff.].

Theorem 3.11 (Lasota-Yorke inequality). Let S = (X, A, v, T, &) be an ergodic Rychlik system with

invariant probability measure p << v with density h := % such that there exists k > 1 such that
% < h <k holds. Then there exist constants C >0, p € (0,1) and ng € N such that for the transfer

operator T : L* (1) — LY (1) with respect to the measure pu and for all n > ng

V(T f) < ClIf oy + 0" V() (3.3)

holds for every f € BV (u).

Proof. We first notice that for v € L'(y), the transfer operator 7' is given by P(;‘h), where P is

the transfer operator with respect to the measure v. Inductively the iterates of 7" are given by
Tr(u) = k)
We now take n*, F' and x as needed in Equation (3.2). For n > n* we get for f € BV
. P™(fh
V(T f) :VX( Ezf )>
2Vx(1/h)Vx(P"(fh)) + V@ /D) P™ (fR)l ) + V(P (FR)IL/ Al L (1)
2)

IA

G

2Vx(1/h) + D)(F| fhllLr )y + X" Vx(fh) + Vi (L/D)I fll 1 (w)
< @V(1/h) + D)(FN fllzr oy + X" V() Vi (h) + V(W fll 21 ) + Vx(f))
+ Vi (1/W)[ £l ()

where we used in the first and last inequality that for u € BV (u) C L'(u) and v € BV (v) C L(v) we
get

Vi (wv) < Vi(u)[|v]loo + Vi (v)[|ulloo
< 2V (u) Vi (v) + Vi (0)[Jull ) + V() vl 1 )

Vi (fh) < Vx(H)hlloo + Vx(R)||f|loo holds since for x,y € X we have that

[f(@)h(z) = F)h)] < |f(@)h(z) = fy)h(@)] + [f(y)h(z) — f(y)hy)]
< Allool £ (2) = F W) + [[flloo|A(z) = h(y)]-

The second inequality follows from || - [|oc < Vi () + || - [l£1(-
We now show that Vx(1/h) is finite. For z,y € X we have

and therefore Vi (1/h) < k?Vx(h).
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So we get from the inequalities above that there exists ¢1,co > 0 such that

V(T f) < el fllpr gy + c2x" Vi (f)

and we are done.

O

We are now able to prove an analogous theorem to Theorem [3.10] with the help of Theorem [I.25] The
following differs from Theorem [3.10]in the assumptions. We will not assume the invariant measure

to be mixing, but instead assume that the density h := Z—’: is bounded away from 0.

Theorem 3.12. Let S = (X, A,v,T,¢) be an ergodic Rychlik system and the invariant probability
measure 1 << v of S such that there exists k > 1 such that for the density h = Z—‘;, % <h<k
holds. We assume that x* € X is a non periodic point and that for alll > 1 §(x*) is well-defined.
Furthermore let (A;)i>1 be a sequence of rare events, where each A; is a non-degenerate interval such

that dist(A;, z*) — 0 and M(A;) = 0 as I — co. Then for Ry := u(A;)pa, it holds that
(i) Ry == &
(i) R 22 €.

Proof. As already mentioned we want to verify conditions (i)-(iii) from Theorem [[.25] We first want

to find a fitting sequence (73);>1.
—1 A log 2
We define 7; := max{ {( 0g (A1) + log C

J + 1, no}, where p, ng and C are taken as in Theorem

—logp
B11 Tt follows that -
n>t=n2=> _IOgM_(zii)g:)—logé
> 710g(u(141)%) < nlogp <log M
log p 2
and via exponentiation we get p" < % for all n > t;.

(iii) The set U(c) :={u € BV (u) N D(p) : u >0, Vx(u) < ¢} is compact in L*(p) for all ¢ > 0. (See
the following Remark [3.13). Take [ € N and n > ¢; arbitrary, then

V(T"( ! 1 )) < CH1 1 + p" V5 (1 1 ><C+ n 2
1 — l p 1 — p
U p(A) My T Ay (A7)
Cu(4;) 2
<C+ = 2C.
2 p(A)

We therefore get that 7' (ﬁ]l 4,) € U(2C) which is compact.
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(i) There exists Iy € N, such that 7, = ¢; for all [ > lg. We get 0 < p(4;)n < ,u(Al)L“(Al) +

—logp
2
w(Ap) ioigcp + p(4;) = 0asl — oo.

We are left to show condition (ii) from Theorem [I.25]

(ii) We argue as in Theorem [2.12] Since z* is not periodic we know that for any M € N fixed,
each one of the points Tz*, ..., T™x* is different to z*. The distance between these points is

positive, i.e.  min  |TY2* — T*x*| > ¢ for some € > 0. Since dist(4;,z*) — 0 and A(A4;) — 0
0<j<k<M

as [ — oo and since T, T2, ..., T™ are continuous on &37(2*), we can choose [y large enough such
that A; N (UL, T94;) = 0 for all I > o.

Tl Tl
1 k
palpa <m)= Y palpa =k < Y 14, 0 T*1 4, dpt
k=M+1 QN_‘T*’“A, k=M1 w(Ar) ¥
T 1 R Tl R
= > s [ tdes Y [T
W A VAT
Z J -
Tl Tl
< Z ”Tk]lAzHBV(u) = Z /Tk]lAl du+ Vx(Tk]lAl)
k=M+1 k:M+1X
EI0 T
< np(A)+ Y Cllallge + P V(la)
k=M+1

M+1

3
< (1+ O)mp(An) + =

Since we can choose M arbitrary we get that pa,(va, <7) — 0 for I — oco.

Now the statement follows with Theorem [[.25]

Remark 3.13. The sets U(c) := {u € D(u) N BV (u) : u >0, Vx < ¢} are compact in L*(p).

Take a sequence (un)n>1 € U(c), then each w, has a version which is a sum of two monotone functions
u} +uZ. By Helly’s selection Theorem there exists a pointwise convergent subsequence (uy, )x>1 such
that up, () — u(z) for some function w.

Now it follows via the Dominated Convergence Theorem, that ||u|[z:(,) = 1 and therefore u € L*(y).
With the Lemma of Fatou we infer

/lim inf(|un, | + |u| = |un, —u])dp < liminf/(|unk| + |u| = |un, — ul)du.
k—oo k—oo
X X

From this it follows that

/2|u\d,u§ 2/|u|du—limsup/|unk — uldp
k—o0
X X X
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from which we conclude L' convergence.

3.4 Example

If one knows that a system S = (X, 4,1, T,¢) is Rychlik, one does not know that the system
(X, A, 1, T,€), where p << v is the invariant probability measure, is Rychlik. (See the example

given below.)

Ezample. Let X = [0,1] and X be the Lebesgue measure. If we look at the map T : [0,1] — [0,1]

defined as
T e n2(m—%+1), x € [%ﬂ’%)’ forn > 2
v 7"(”“)@ —nhy pe[nl ) forn > 2
2 n ) n 'n+t+l1/7 - =

.. . . e o 1 1 n—1 n
This is a Rychlik map with the partition £ = ng2{(n—+1, ) (= i) b

The weight function g is given by ‘T—l,l on Z € £ and by 0 else. One easily infers that g has bounded

variation: 5 .
Vxg = — 4+ — < .
9 Z n(n+1) * n2 =%

Moreover sup g(x) < 1 and the system S = ([0, 1], By,11, A, T', &) is ergodic (see Remark [3.15]).
rzeX

o=

Figure 1: The interval map T’

Next we calculate the invariant density A for this system. First we assume that an invariant density of

n ‘n+1

o0
the form h = > cn]l[ﬂ oy exists and infer what the weights ¢,, would have to be.
n=1

Let h:= % and é, = 2—’;, then T'h = h still holds and we get the following equalities:

L=h(z)= Y gWh(y)=> <n12 + n(n2+1)5”> forz € [0’ 2

—

~
—
w
=~
=

G i) = 3 g =Y e e | ) (35)

yeT 1z n=~k

for k > 2.
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From the relations above we know what the weights ¢, must look like if there exists an invariant

n—1
n n+1

a denslty exists. There are two ways to show the existence. Either (i) we prove that equations (3
and ( hold (then we know that h is the unique invariant probability density) or (i) we show that
the invariant probability density has to be piecewise continuous on the sets [”T_l, ey (and conclude
that the weights have to be as calculated in and . We are going to discuss both methods in

detail and start with the first one.

density which is piecewise constant on the sets [ . However we do not yet know that such

(i) The only equality we need to show is (3.4). After inserting the values of ¢, into (3.4]) we get

> (e (B8)) =526 (Sx)

(1 =1 1
_1—|-2nz_:2<n (Z k2> n+1<k_z:n+1k2>_(n+1)n2>

s ™ 1
=——-14+—-1-2 _
6 +6 ZnQnJrl)

27r 1 1
~1-2 - =2-1=1.
Z( n n+1>

o3,

&)

In the first and the last step we used the partial fraction decomposition of and

1 1
n(n+1) n?(n+1)
respectively. From the becond to the third line and in the last step we used properties of a

telescopic sum and that Z %2.

With this calculation we conclude that A is indeed the invariant probability density.

(ii) With the following method we want to skip the calculations in (i) by arguing why there has to
exist an invariant density h which is piecewise continuous.
As noted before, the system S is Rychlik and ergodic. It therefore has to admit an invariant
probability density h € BV (X). From the ergodicity we infer that

-0 (3.6)
L)

12
fE:Tu—h
J 1=0

as j — oo for every u € L'()\). This especially holds for u = LIRIE
Let f = Z kn1p, where B, :=[2=1 ). Then T'f = Z kn1p, for some k, and we conclude

n ’n+1

that 1 Z Tlll[o 1) is of the form Z J 1, for every j > 0 and for some k! > 0.
For each n > 1 we know from . that

[k 1p, — kg, [Lix) =0
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as j — oo. It follows that (ki1p,);>1 C L'()) is Cauchy and since A(B,,) > 0 we conclude that
(k1)j>1 C R is Cauchy.
We infer that there exists k, € R such that kJ — k, as j — oo and get

Iki1p, — knlp,

L1()\) — 0 as j — o0.

We conclude that hlp, = k,1p, for every n > 1. Therefore h is piecewise constant and the
weights have to be of the form given by (3.4) and (3.5).

With the above we now know that the invariant probability density of this system is given by

1
h=c|Top+D Q@) |

n>2 k>n

where ¢ > 0 is the normalizing constant.
The transfer operator of the new system with respect to the invariant measure p, where ?Tl/( =h, is

given by Tu(z) = 3 % and the new weight function by g(z) = (gIEZ%“};((?) (see Remark.
yeT 1z
g has unbounded variation:

B x)h(x 1
Vxg > Z esssuri (i(O)T)((;)

3
n

1 n-
nZQIe[nJA’I n>2 Z k2

=00 (3.7

We conclude that the system with respect to p is not Rychlik.

In the next paragraphs we will introduce the notion of inducing and use that some properties of the
induced system (Y, ANY,v|yna,Ty), for some Y € A transfer to the system (X, A, v, T).

From this theory we infer that the system S in the example above is ergodic and that even though
the invariant density h := ‘;—’; is not bounded away from 0, the Hitting and Return time statistics still

admit an exponential law for a sequence of rare events (A;);>1 chosen as in Theorem

Definition 3.14. Let § = (X, A4, v, T) be a null-preserving system, v a o-finite measure and ¥ € 4 a
recurrent set such that v(Y") > 0. We denote by Sy = (Y, ANY,v|yna, Ty) the induced system on Y.
We call Ty : Y — Y the induced map on Y or the first return map of Y, which is defined by

Tyx =T @)y,

Remark 3.15. Let S = ([0, 1], Bjo,1), A, T, §) be the system from the example above. As noted before we
prove that this system is ergodic.

Look at the induced system on Y = [0, 3]. The map Ty is given by

Tyo — { nQ(x—n_lirl)7 x eIy, for n > 2

2
w@—%ﬂ_(mﬁw)’ zelp, forl<k<mn,
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Wherel,?::[%H+W,%H+ﬁ%)fornel\land0§k<n.

N[

Figure 2: The induced map Ty : [0, 1] — [0, 1]

One sees easily that the system Sy is Folklore and therefore ergodic. We chose the set Y such that

XC UT™Y mod A and conclude that S is ergodic.
n>1

Assume otherwise, then there exists A € By 1) such that A(A) € (0,1), T"'A = A and T-'A° = A°.
It follows that Y N A and Y N A° are invariant with respect to Ty. We will show that 0 ¢ {A(Y' N
A%), AM(Y N A)} which is a contradiction to the ergodicity of Sy.
Assume w.l.o.g that A(Y N A) = 0. We infer Y C A° mod A and conclude our argument by noticing
that

xc |Jrry e |Jrras = A

n>1 n>1

In Theorem [3.12] we assumed that the invariant density of the system is bounded away from 0 and
inferred that the hitting- and return-time statistics admit exponential law. In the example above the
invariant probability density h = g—‘; gets arbitrarily close to 0 near 1 and we cannot use Theorem
Below we show that the limit distribution of the hitting- and return-time distributions is the exponential
distribution. We will look at the case A; := (1—¢, 1) separately, since this is where the invariant density
becomes arbitrarily small. For sets A; with dist(A;,1) > 6 for all [ > 1 we will use that the hitting-
and return-time statistics for the induced system on some Y chosen appropriately admit exponential
law and infer that the hitting- and return-time statistics for the original system are exponentially
distributed.

Remark 3.16. We look again at the system S = ([0, 1], Bg,1}, A, T', &) of the example above and p is the
corresponding invariant probability measure. Let A; := (1 — ¢;, 1) for some 0 < ¢; < % such that ;0
as | — oo and let (4;);>1 C Bio,1) be the sequence of rare events we are interested in.

By using Theorem we will show that for Ry := pu(A;)pa,

(i) R =& €

(i) R 22 ¢
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holds.

We already showed that S = ([0, 1], Bjo,1y, i1, T, &) is an ergodic probability-preserving system and we
take 7, = 1. Assertions (i) and (i7) follow immediately since (A4;);>1 is a sequence of rare events and
since T14; C [0, 3].

For (7i7) we calculate

M(Az) sl w) L
2 1 c , T € 07 m(nl+1)6
k2§+1 k(k+1) (];k J2> n(Ay) [ )
B TGEy) e m(utl) 5 1 (3.8)
" z € [5.1],

where n; > 2 is sucht that "’le <g < m"jrl and 0; := g — ”l”’ll With (3.8) we can show that
||T( Al)]lAl)HBV < K for some K > 0 and all [ > 1. It suffices to show that Vx (T (ﬁﬂfh)) <K-1
since ||7'( (AZ)]].A,)||L1(u) = 1. Since 7'( e )]lA,) is constant on a partition of [0, 1] into three intervals
it suffices to show ”T(;L(A, 14,00 < 0.

A

The transfer operator T preserves the integral and T(M(A )]1,4[)(3:) < T(H(Al)]lAl)(y) for a.e. x €

[0, Wé ) and a.e. y € [Wél, ;) and we infer that

.01

T(mﬂAl)(a)‘) S 2.

The factor pu(4;) is given by

1 1 1 1
Z ZF k(1<:+1)+ 2'7 <m(nl+1)5l)'

kel \j>k iz d

For ae. 7 € [W&l 3) we therefore get
ST 1)@
-1
-1
=2+ 2§, ];, 2) 2 2]12 k(kl_i_l) ];I;Q (nz(ml—i- 1) _5l>
<4
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In the last inequality we used §; < n; > 2 and that

1
ny(n;+1)°

1 1 1 1
2nl(nl+1) Z ]72 =2 Z ZF k(k+1)

j>ng k>n+1 \j>k
1 1 2 1 1 1 1
=2 — | < + 252 2
ni(n; + 1) jzzm 72 nng+1)  n+1 jZnZl_H 72 n+1 P/t J*
1 1
—25< - (3.9)
n; j
jzni+1

holds. One verifies (3.9)) easily for n; > 3 since the estimates %3 < +2

n; = 2 Equation (3.9) also holds true.

With the above we get that Vi (T (ﬁ]l 4,) < 6 and Remark concludes the argument.

Now let (A;);>1 € Bjo,1) be a sequence of rare events as assumed in Theorem with the additional
property that

cr +1)2 and (

llgg dist(A;, 1) > 6 for some ¢ > 0. (3.10)

We use that the induced system on a suitably chosen Y has exponential hitting- and return-time
statistics to infer the same for §. Assumption (3.10) ensures that there exists N € N such that

Alg[,NH] ;Y foralll > 1.
0 1 1
2
Figure 3: The induced map Ty for N =3
W(x—%_l), xe[n,nil] for2<n <N
Tyx =< n*(r— 35), zeln, for n > 2
BN (L ),z eI, for N < k < n,
where [, := [n%rl,%] forn <N, I, := [n}rl,nJrl + W] for n > N and
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II?::[%H"‘W?WA"‘(/C z) for n € Nand N < k < n. Since

1 n—1 9 N 9
Sy Y <
> (12 s S
the system Sy is Rychlik.

We infer from the theory about induced systems, see |1, 41 ff.] and the appendix, that the invariant
measure of Sy is given by py := ﬁﬂh’ﬂ A where p is the invariant measure of the system S and
thus bounded and bounded away from 0. We conclude the argument by using Theorem [3:12) and that
if the limit hitting- and return-time distributions of the induced system are exponentially distributed,
then so are the one of the original system (See Theorem [A.3)).

Even though we know that the system S = (X, A, 1, T, &) from the example above is not Rychlik, we
do not know if it still possesses similar properties, for example if the transfer operator T maps BV (u)
onto itself or if it still fulfills some kind of Lasota-Yorke inequality. These questions are subject of the

next remark.

Remark 3.17. We will show that the systems (X, A, u, T2, &) and (X, A, u, T3, &3) are Rychlik and infer
that
Vi(Tu) < Cllull gy + X" Vi (w)

holds for all w € BV (i) and n > n* for some n* € N.

The first observation we make is that the n-th iteration of the transfer operator is given by

D S T i) L] (3.11)

hoT
yeT—"a
It suffices to show sup %(w) < 1 (respectively sup W(m) < 1) and Vx (%) < 00
zeX zeX

(respectively Vx (W) < 00) to conclude that (X, A, u, T?, &) (respectively (X, A, u, T3, £3))
is Rychlik.

glgoT)h EeEmY)

sup ———(x) < su su nj(ﬁ_l) su

xeg hoT ( ) - nzg 2<gEn Z 52 ]>2 n n+ 2 Z k'2
k>j7

The above combined with the fact that Slelg g(z) < 1 implies that sgg W(m‘) < 1. Next we
x xT
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show that the variation is bounded.

goT
(goT)h glh ﬁ? - o ; : 1 }15
glgo k(k+1)
V = —_— — 7
X< hoT ) n? 2 4 +Zn(n+1) ZnQ k2
n>2 k>2 k=2 & i >2 i>n k>2

E>2

Since we are interested in the finiteness of the above series we only need to ﬁnd a non-negative sequence

by such that > by < 0o and 0 < hm i = ¢ < oo. Let us choose by := then

k>2

3
k2

b 1 k
i _— = — > i —_—
i (k+1) {2 2| = Zm i(i+1) !

k—oo af St
12

mw’“

lim % <1 can be obtained in a similar way. We infer finiteness of (3.12] (3:12) from the finiteness of > %
k—o0 @k k‘>2 k2

The variation of W is given by

VX( g(goT)(goT? )

hoT
—1
1 & 1
; ;21# 22:7‘ Z ]+1 ZkkJrl ZE ;72
D 1
D cesvl POE) E DO Dofe Z]+1

Using the observations from above this is again finite and we conclude that both systems are Rychlik

and inequality (3.2) holds for P € {12, 73}. One can easily derive
Vi (1) < p"Vie(w) + clull 1,

for some ¢ > 0, p € (0,1) and n > n*, for some n* € N and all u € BV ().



4 Hitting- and Return- time Statistics for Piecewise Expanding

Systems in higher Dimensions

In this section we are going to introduce another family of dynamical systems and again look at
the hitting- and return-time statistics and which assumptions are sufficient such that they admit
exponential limit distributions. In the preceeding chapters we only looked at systems defined on X C R,
whereas in this chapter we try to find similar results for dynamical systems where X C R"™ is compact.
We will look at a family of systems introduced by B. Saussol in |14, pp. 226-227]. The approach in this
paper is similar to the one from F. Hofbauer and G. Keller in [10], in the sense that one also uses the
theorem of Tonescu-Tulcea and Marinescu to get a spectral decomposition of the transfer operator on
some function space L C L'(rv). Whereas in the one dimensional case, one could restrict the transfer
operator to the well known BV (X) function space to get the needed properties for the transfer operator,

this is not as easy in higher dimensions.

4.1 Oscillation of a function

At the beginning of this section, we construct a function space by looking at the oscillation of a function
f: R® — R and whether it is finite. Again we denote by L'(A\") the space of L!-integrable functions
on X C R” with respect to the n-dimensional Lebesgue measure A" and by L'(R") we denote the
L'-integrable functions f : R — R with respect to A\™.

In the following definition we define the oscillation of a Lebesgue-integrable function f € L'(R"). If
we then take some f € L'(A\") defined on X C R" and talk about the oscillation of f, we mean the
oscillation of f € L*(R™) where

2 ) flx), zeX
f(x)'_{o, z e R\ X.

Definition 4.1. For 0 < a < 1 and f € L*(R™) we define for a Borel-set A C R™, the oscillation of f on A

by osc(f, A) := esssup f(x) — ess ijglf f(z), where essinf and esssup are the essential infimum and the
z€EA z€
essential supremum respectively.

The oscillation function fulfills some inequalities which can be found in |14, pp. 232-233]. We are going

to state them without proof.

Proposition 4.2. Let u, uj, v € L°(R") for j €N, v >0, >0, 2 € R" and A CR" be a Borel-set.
Then the following properties hold:

(i) osc( §1 uj, Be(z)) < io:l osc(uj, Be(z))

(@) osc(ul 4, Be(x)) < osc(u, AN Be(x))1 a(x) +2 ess suI() : lu(y) |15, (a)nB. () ()
yEANB. (z

(i) osc(uv, A) < osc(u, A) esssup v(y) + osc(v, A) essinf |u(y)|
yEA yeA
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(iv) For a, b, ¢ > 0 such that a + b < ¢, it holds that

esssup u(y) < m [ (f +osc(f, Be(+)))dA™.
yEBa(w) By (x)

One can show that the function z — osc(f, B:(x)) is measurable for £ > 0, since it is lower semi

continuous, which makes it possible to define

flo = sup e / ose(f, B.(z))d\" (x)

Rn

for g9 > 0.
One should remark that the value of |- |, depends on the choice of €y, but whether it is finite or infinite
is independent of the choice of £y, which is why we neglect g in the notation.

With the definitions above we are now able to define the space of functions with finite oscillation, which

will replace the space of functions with bounded variation, as follows:

Osco(X) == {f € L*(\") : |fla < o0}.

The space Oscq (X) with the norm || - [|o :== || - |[z1(an) + | - |a is a Banach space. For this space the
sets Oscq,c := {f € LY(A") : || f|la < ¢} are compact in L' (A™) for ¢ > 0.

Remark 4.3. In this remark we are going to show that the sets Osc,,(X) are relatively compact in
LY(\™). As noted before these sets are even compact, but for our purpose it suffices to know that they
are relatively compact. In |11, pp. 466-467] one can take a look at Lemma 1.12 which concludes the
proof of compactness of Oscg ((X).

Since we assume throughout this chapter that X C R" is compact, we find finite partitions

e = {X§, "'7X]EV€} of X, for 0 < € < gp, with the property that for each X € 7. there exists x € X
such that X C Bg (x). If we look at the operator Uy, : Osca(X) — L'(A™) defined as

Ne
then ||Ur_ ullpiany < 32 ﬁ i (f u|d)\"> Lxe dA\" = ||lul[z1(an) and the operator is bounded.
i=1 VX O\XE
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We estimate

N,
. 1 n n
lu = Ur ullpr(any :/|U—ZW(/WZ/\ M x| dA
X i=1 Xz
Ne
< — essinf Lye|dA™
< Ig ezz;gpu essin u(z))Lx:|

< [ osc(u, Be(+)) dA" < e%|u]q,

%\ %\

where the second to last inequality holds since all X € 7. are enclosed by $-balls.

If we fix § > 0 we can choose £ > 0 small such that [[u — Ur_ul p13ny < g for all u € Oscq,o(X).

Since the operator Uy_ is bounded and the set Osc,, .(X) is bounded and the image of Osc,(X) is finite
dimensional, we know that U,_(Oscq,. (X)) is relatively compact in L!(A™). This implies that there
exist {u1,...,ur} € Oscq o(X) such that

ie{ilr,l.fj,k} U u — UﬂsuiHLl()\n) < g

Alltogether we now get that for every § > 0 there exist 0 < ¢ < &g and {uq, ..., ux} chosen as above,
such that Vu € Oscq o(X)

in lu — il L1 am

< mln ||u — UﬂEuHLl any + ||U,r5u UWEUZ‘HLI()\TL) + ||U7r5ui - UiHLl()\n)

ie{l

< 0.

Since L'(A") is a complete metric space, this gives us that Osc, (X) is relatively compact. For further

information one can take a look at [6, 259 ff.]

The following proposition implies that functions in Osc, (X) are in L (A™). A proof can be found in
(4], pp. 233-234).

Proposition 4.4. Let u, v € Oscy(X), then the following two estimates hold:

(i) llulloo < s lulla

.. 2 1,68
(i) Juvlla < Fresteidlullallo]a-

4.2 Piecewise Expanding Systems

We now define the family of dynamical systems. By || - || we denote the euclidean norm on R™.

Definition 4.5. Let X C R” be a compact set such that the closure of the interior of X coincides with
X and there exists a countable partition £ = {Z; : i € N} (mod A") of X, where each Z; C X is open.
Let (X, A, A", T) be a measurable dynamical system, A the induced Borel o-algebra on X and A" the
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Lebesgue measure on A. We call a system S = (X, A, \", T, ) piecewise expanding if the following

holds for some 0 < o < 1 and for some g9 > 0 small enough:

(PE1) For every set Z; € & there exists an open set V; C R™ such that Z; C V; and such that Tz,
admits an extension to a C'-diffeomorphism T; : V; — T;(V;). Moreover T;(V;) 2 B, (T(Z;))
holds.

(PE2) There exists ¢ > 0 such that for all i € N, 0 < & < ¢eq, z € T;(V;) and z, y € B:(z) N T;(V;) the
following holds:
|det D, T, — det D, T; | < ce®|det DT, . (4.1)

(PE3) There exists 0 < s < 1 such that for all z,y € T;(V;) such that ||z — y|| < & the following holds:

T e =T Myl < sllz —yll. (4.2)

(PE4) Define G(e,e¢) := sup G(z, ¢,e9) where
reX

MT;H(B(0T(Z:))) N Bi—g)ey (2))
AB—s)eo(2)(2)) '

G(z,e,e0) := Z

ieN

(4.3)

We then define 1(8) := s* + 2 sup @50‘, and finally demand that
0<e<s

n:= sup n(d) < 1.
0<6<eo
In |14] B. Saussol derives some properties for such system. We will include the most important ones
here. For further details and proofs take a look at [14, pp. 233-238].
Theorem 4.6. Let S = (X, A, \", T, &) be a piecewise expanding system, then the following holds:

(i) The transfer operator T : LY(\") — LY(X") has only finitely many eigenvalues X1, ..., xn on the

unit circle.

(ii) T admits a representation as

N
f‘==§E:XjC9j4—}L
j=1
where Q; is the projection onto the eigenspace corresponding to the eigenvalue x; and R is some
linear operator such that R(Oscqa (X)) C Osco(X). For these operators RQ; = Q;R = 0 and
Q;Qi =0 hold for any i,j € {1,...,N}.
(i) Q;(L(A")) € Osea(X)

() 1 is an eigenvalue and there exists an invariant measure p << A" such that % € Oscqy (X).

We now start with our derivation for a result about exponential hitting- and return-time statistics of

such systems. In the proof we again want to use Theorem [1.25
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First we show a Lasota-Yorke-type inequality, which we will then use to infer (i¢) from Theorem m
An inequality similar to the one for Rychlik systems (Equation (3.2))) can be found in [14, pp. 235-237].

We will include it without proof, which consists of elementary facts but is non-trivial.

Lemma 4.7. Let S = (X, A, \",T,&) be a piecewise expanding system and P be the corresponding
transfer operator. Then there exists 0 < x < 1 and F > 0 such that for f € Osco(X) and j € N

[P fla < X[ fla + Fllfllzroam)- (4.4)

The above inequality can only be used for the transfer operator with respect to the Lebesgue measure.
We want to use it for the transfer operator T with respect to the invariant measure g << A\". That

this is possible is subject of the next theorem.

Theorem 4.8. Let S = (X, A, A", T, &) be an ergodic piecewise expanding system and let the invariant
probability measure p << A\ with density h := ddTl—asz be such that there exists k € N such that % <h<k.
Then, there exist constants C' > 0, p € (0,1) such that for the transfer operator T : L' () — L*(1) with

respect to the measure p we get
|ij|a < p]‘fla + C”fHLl(li)’ (45)
for f € Osco(X) and j > jo, for some jo € N big enough.

Proof. Let P be the transfer operator of the system S corresponding to A™. Then 19 f= L (hf ") and

we get that there exists a constant ¢; chosen according to Proposition i) and F' and x chosen as in
Lemma L7

|ij‘o< = ‘P](hfh)

[E2f444) . 1
< sup sa</osc(Pj(fh),B€(~))esssup ——d\"
o 0<e<eg a yEB(+) h(y)

+ fose (§.5.00) essint 1P P )l )

yEB: (")

]Rn
Ego . 1 : ,

S kPN (fR)la+erfo) (PP (fR)]a + 1P (fR) [ Lran))
28] - 1

< (B+cr || YO fhla + FllfhllLroamy) + e 7 £l ()
[£2(i44) _ B

< (k+ci|=| )X sup € O‘/osc(f,BE(~))esssuph(y)dA”

« 0<e<eo y€B:(")

R

. ., 1
+ sup g_a/osc(h,BE(-))yegan(lg|f(y)\d)\ )+(k+cl 5 YA+ F)| fllzr

0<e<ep «
E4o) 1 ;
S (kte|p) ) Ok +ealbla)lfla+ 0+ F+alblak)| flliw) -
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In |14, pp. 237-238] it is shown that h € Osca(X), if we show that also + € Osco(X) the result follows.

1 . / 1 . .
= sup ¢ esssup —— — essinf —
‘ o O<eser S yeBe() h(y)  veB.() h(y)
1 1
= s - - dA"
02151<p€06 / essinf h(y)  esssuph(y)
- R™ yEB:(") yEBL(")
esssup h(y) — essinf h(y)
_ y€B:(+) yE€B: (")
< sup e . d\"
0<e<eo essinf h(y) esssup h(y)
R*  YEB:(") yEB (")

It follows that + € Oscq(X) and we conclude the proof.
O

We are now going to prove a theorem about the exponential hitting- and return-time statistics of
piecewise expanding systems for a rare sequence of d;-balls. The proof will be similar to the one of
Theorem for Rychlik systems.

Theorem 4.9. Let § = (X, A, A", T,§) be an ergodic piecewise expanding system with invariant
probability measure p << A" with density h = ‘;—’; such that % < h <k for some k € N. Furthermore
let * € X be non periodic and such that &,(x*) is well defined for all n € N. If we look at a sequence
(A1)i>1 of rare events, such that each A; C X is a §;-ball and dist(A;,z*) — 0 as | — oo, then for

Ry := p(A))pa, it holds that
(i) R == &
(ii) R 22 €.

Proof. We are going to use Theorem and verify that (7)-(ié¢) hold. We start by choosing a fitting
sequence T;.

We define ¢ := sup d; < oo and
leN

_ T (1-a) n (25-2) sn—(2j—1) 2" €0
Ki=— E 2 gn—(2i-1) 2 =0
T2+ 1) max { & (2j _ 1> o ,

E(X
j=1 0

—log u(A) + log £

We will choose 77 := max { J +1, jo p, where p, jo and C are as in Theorem |4.8

=:1
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Then it follows that

-1 A + log &
og u(A;) +log & -

jzti=j=>
—logp
1 A& Cu(A
o log(n(A) %) & jlogp < log (A1)
log p K
and via exponentiation we get
. A

P < % for all j > ;. (4.6)

(iii) As mentioned before the sets Osc,, (X) are compact in L!(A?). It therefore suffices to show that
|Tﬁﬁ1A,\a < ¢ for some ¢ > 0 and all [ € N.
We first need to show that |14,/ < K.

[14,] = sup E_O‘/esssup 14, — essinf 14, d\"(z)

0<e<eo B y€B: () y€B:(x)
@ (61 9" gy — (max{0.0— )" o
= sup € )" ——— — (max —c
O<EI§)50 : F(% + 1) :
] ]
<max{ sup —————((& +¢&)" — (& —¢)"), sup “TE D 5l+5"}
{0<£<5l € F(§ +1 )(( : ) ( : ) ) §<e<eq € el § )( )

L 23 ]

n
2

™ (=) ( ) (2§-2) gn—(2j-1) (2e0)"
———— max 2¢e 1)
L(Z+1) ; 2j — 1 e

IA

At the beginning we used that the volume of a n-dimensional ball with radius r has size F(Ziil)r”.
2

In the last step we used the Binomial theorem and that ¢ < eq:

(Bite)" = (6 —e)" = =(3 @ 51 (I 4 (i),

j=1
By our choice of 7; we have that
()l S o+ O
AL VAL > A a A 1
(A (A < ) e
Cu(A) 1
=2C
K p(A)

is true for all j > 7;. In the last inequality, we used that |1 4,], < K and (4.6]).

(i) There exists Iy € N such that for all [ > I it holds that 7, = ;. We get

log %

OB ¢ (a2 4 ()

—logp

0 < pu(A)7n < pu(Ar)

and the right hand side converges to 0 as [ — oc.

43



(ii) We argue similarly as in Theorem x* is not periodic, therefore for fixed M € N each of the
points z*, ..., TMz* is different to each other and they have at least distance 1 > 0 to each other.
Since dist(A;,2*) — 0 as | — oo and T, T2, ...,TM are continuous on &;(x*) we choose Iy large
enough such that A4; N (Ujj‘ilTjAl) = () for all [ > ly. With this we get

Tl Tl

) 1 ;
MAz(QOAz < Tl) = Z :UAL(@Az = .7) < Z (A ) /(]lAz OT])HAL dp
=ML ot e M

Tl Tl

1 A W
= Y o [P s 3 1P
X

j=M+1 j=M+1

Tl

Tl
< Y alfitafe= Y al / TILp, AN + (T4, ])

J=M+1 j=M+1 %
3 i ;
< ea(nkp(A)+ D CllallLgy +07114,la)
J=M+1
K M+1
<c (k' + C)TZM(AZ) + 1p_7p

for all [ > [y. Here we used that % < jT“n < k. Since M is arbitrary the left hand side converges

to 0 as [ — oo and we conclude the proof.

O

It is also possible to get exponential hitting- and return-time statistics if we look at a rare sequence
(A;)i>1 of n-dimensional intervals. In this case we have to assume that the intervals are contained in
d;-balls which get close to a non periodic point x* as | — oo and such that §; — 0 as [ — co. We need
that the intervals are close to z* as whole so we can use the continuity of T, .., T™ around z*, which is

why we make the assumption that they are contained in d;-balls.

Theorem 4.10. Let S = (X, A, \",T,&) be an ergodic piecewise expanding system with invariant
probability measure p << A" with density h := g—’; such that % < h <k for some k € N. Furthermore
let z* € X be non periodic and such that &, (x*) is well defined for all n € N. If we look al a sequence
(A1)i>1 of rare events, such that each A; € A is a non-degenerate n-dimensional interval which is
contained in a 6;-ball Bs, such that §; — 0 and dist(Bs,,z*) — 0 as | — oo, then for Ry := u(A;)pa, it
holds that

(i) R = &

(i) R 22 €.
The proof of this theorem is to great extent similar to the one of Theorem which is why we will
omit parts of it. We still need to show, that |14,|, < K for some K >0 and all [ € N.

Proof. We start by defining § := sup §; < oo and
leN

—log K
K = 45(1)_0%2"_1(50 +6)" ! and choosing 7; := max { {%J +1 ,jo}, where p, jo and C'
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are as in Theorem [£.8] As mentioned before we are going to omit most of the proof. We will only show
that |14,|o < K. Assume that 4; = X [a;, b;] and define
i=1

m—1 n

AP = ( X [ai—abi—i—s}) X ([am — &, am + €]) U [by — €,bm + €]) X < X [ai—s,bi—l—s]). We
i=1 i=m+1

infer

[14,] = sup E_a/esssup 14, — essinf 1,4, d\"(z)
0<e<eo yE B (x) yEB(x)

R

n
< sup & ¢ Z Lpzm dX™

0<e<eo

R’IL m:1
n n
< sup e @ Z (4¢) H (b; + 2¢ — a;)
0<e<eg m=1 i=1,i#m

<dehn2" (g 4+ 0)" L

n
The first inequality holds since for every x € 94; and for all ¢ > 0 we get that B.(z) € |J A"
m=1
and the oscillation of the indicator function 14, can be greater than zero only on this set. In the last

inequality we used that A; C By, (y) C Bs(y) for some y € X.

A Induced Systems

In this appendix we are going to include some theory about induced systems. We recall Definition [3.14]
and assume that (X, .4, v,T) is a probability-preserving dynamical system and Y € A a recurrent set
with v(Y) > 0. For a set A € ANY we denote by ¢ the first return time for the induced system on
Y.

Our goal is to prove that if the hitting time distributions for the induced system Sy converge to some
distribution R, one can deduce that the hitting time statistic of the original system S is given by R if
the system S is ergodic.. We used this in the discussion of the example in Chapter 3, Remark
Before this we include the proof of Proposition [A22] which we omitted before. It is the immediate
consequence of the relation of the invariant probability measure of the induced system Sy and the

invariant probability measure of the original system S, if S is conservative and ergodic.

Theorem A.1l. Let S = (X, A, v, T) be a null-preserving system and Y € A a recurrent set such that
v(Y) > 0. If the induced system Sy has an invariant probability measure p¥ << vy then S has

u(A) = Z ,uY(Y N{py >n}NT"A) = Z MY|{¢y>n}ﬁY o T "™(A),

n>0 n>0

for A € A as an invariant measure p << v.
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Proof. Take A € A, we want to show that u(A) = u(T~1A).

W(T1A) = SRV (Y A {py > n}n T 4

n>0
=Y W n{ey =n+13nT A £ Y (Y 0 {py >n+ 130T 4)
n>0 n>0
=31 oy =n+ 1} N Tyt A) + p(A) — ¥ (Y 0 A)

n>0

= u" (Ty ' A) + u(A) = u¥ (A) = p(A).

We used the invariance of ;¥ in the last step. O
Now the Generalized Kac-formula easily follows.

Proposition A.2 (Generalized Kac formula). Let S = (X, A, u,T) be an ergodic conservative measure-
preserving dynamical system. Then for all A € A for which 0 < pu(A) < oo holds and for all measurable
f:X—1[0,00]

pa—1
/Z foTjdu:/fdp (A1)
j=0 X

A
holds.

Proof. We look at the induced system S4 and know that u|a is a finite invariant measure for the

induced system. From Theorem |A.1{ we know that i = > p AN{pa>k}NA© T—F is an invariant measure
k>0

of the original system, which coincides on A N A with L| 4. We will now show that [i is o-finite and

infer that g = fi. The sets X, := {p4 = n} are such that X = |J X,, mod pu since S is conservative.
n>1
Moreover we get that for n € N

D tlangeasky o TF(X0) <Y plangeasey({pa <k} U{pa =k +n})
E>0 E>0

< ZMlAﬂ{L,OA>k}({SOA =k+n}) < pla(A) < oco.

k>0

S is ergodic and we infer that there is only one (up to scalar multiples) invariant measure and since
pw=pon ANA we get = fi on A.

Now take some f > 0 measurable.

[an=[ 103 taneimiy 0T =3 [ FoT dulanioron
X X

k>0 k>0 %
pa—1
— [ Yot = [ 3 fotd
oy k>0 4 k=0
where we used the monotone convergence Theorem to interchange the sum and integral. O
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The next theorem is about the connection between the hitting-time statistic for the induced system

and the one for the original system. It can be found in [8, pp. 167-168].

Theorem A.3. Let S = (X, A, 1, T) be an ergodic probability-preserving system and 'Y € A such that
w(Y) > 0. We denote py = ﬁ,uhf Toke a sequence of rare events (A;);>1 € ANY such that

py (e, £ R.

Then also
M(Al)(pAz é R.

Remark A.4. We only need the implication that when an induced system admits expontential hitting-
time statistics then so does the original system, but an even stronger version of the above theorem
holds with the same assumptions. One gets that one of these hitting-time distributions converges to R

iff the other one does so as well.

Proof. From Theorem we infer that pu(A;)pa, == R iff u(A))pa, £ R and with Remark it

suffices to look at the convergence

py ((A)pa, <t) 2% F(2),

for all continuity points ¢ € [0,00) of F', where F' is the subdistribution function of R.
Take some continuity point ¢ > 0 and some € > 0. Then we find 6 > 0 such that

€ s s €

F(t)—z < F(e™°t) < F(t) < F(e°t) <F(t)+1.

We assume w.l.o.g that e~%t and et are continuity points of F' (monotone functions have at most

countable many points of disontinuity).
From the ergodicity of the system S we infer that Sy is ergodic (see Remark |A.5)) and we know that

n—1
]‘ n o0
n Z py o T§ =53 /QDYd/Ly a.e. on'Y.
=0 3

From the Generalized Kac-formula (the system S is conservative since it is probability-preserving)
we infer with f = 1x that

1 et 1
(pyd,u,y = 7/ ]lx Ode,u = —
Y/ ny)J kzzo n(Y)

We define sets

n—1
En = {Z oy oT{i > e*‘s% foralln > N} (A.2)
I
k=0
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N—oco

which are increasing and such that uy(ES) — 0 with the above. We fix N € N such that

py (ES) < § and define sets

FN .= {@XZ > N} forl > 1. (A.3)

N—-1 N-1

Then FN =Y N () Ty "A§ and we infer that uy (FN)) < 3 uy(Ty"A;) = Nuy (A;) since Ty
k=1 k=1

preserves py. The right hand side converges to 0 as | — oo since (A4;);>1 is asymptotically rare. Now

we can choose Iy € N such that py ((F/Y)¢) < £ and py (py (Ar)e), < te’) < F(te®) + £ for all | > .

The relation between 4, and @Y is given by

o, 1
k
YA, = Z py oTy onY.
k=0

On FN N Ex we thus get
-5

e Y
> — . A.
@Al—-M(Y)¢AL ( 4)

We assumed that py (py (4r)el, < t) — F(t) as | — oo and infer

(o, < 0 < o (AEh < 000 ) 4 i ((FP)) 4 (5

13 g 13
Flte®) + -+ -+ = < F(t )
< (e)+4+4+4< (t)+e

u()

py (u(Ar)pa, <t)in a similar way and since € > 0 was arbitrary we conclude the proof. O

n—1
By defining Exy := {3 ¢y o TF < e’-"- forall n > N} one obtains the estimate F(t) — e <
k=0

Remark A.5. Let S = (X, A, u, T) be an ergodic probability-preserving system and Y € A such that
w(Y) > 0. Then Sy is ergodic. Assume otherwise, then there exists A € ANY with 0 < py(A4) <1
such that

T, 'A = A (A.5)
Define A := |J T~"A. We know from (A.5) that
n>0
Ac|JT7A
n>1

and therefore T-'A = A. From the ergodicity of S it follows that A = X mod p and we infer that

Y = UT*"AOY: UT;”A:A mod p

n>0 n>0

which is a contradiction to the assumption py (A4) < 1.
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