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Abstract

In this work we give an example of a flow with finite SRB-measure satisfy-
ing polynomial decay of correlations. To do that, we take the construction
of the geometrical Lorenz flow and proceed by changing the nature of the
saddle fixed point at the origin by a neutral fixed point. This modification is
accomplished by changing the linearised vector field in a neighbourhood of
origin for a neutral vector field. This change in the nature of the fixed point
will allow us to obtain a polynomial flow time, which will lead us ultimately
to the proof of the polynomial decay of correlations for the modified flow.
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Kurzfassung

In dieser Arbeit geben wir ein Beispiel eines Flusses mit endlichem SRB-Maß,
der den polynomialen Zerfall von Korrelationen erfüllt. Dafür nehmen wir die
Konstruktion des geometrischen Lorenzflusses und fahren fort, indem wir die
Natur des Sattelfixpunkts am Ursprung für einen neutralen Fixpunkt ändern.
Diese Modifikation wird erreicht, indem das linearisierte Vektorfeld in einer
Ursprungsumgebung für ein neutrales Vektorfeld geändert wird. Diese Än-
derung in der Natur des Fixpunkts wird es uns ermöglichen, eine polynomiale
Flusszeit zu erhalten, was uns schließlich zum Beweis des polynomischen Zer-
falls von Korrelationen für den modifizierten Fluss führen wird.
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Introduction

The study of flows in surfaces and higher-dimensional manifolds has caught
the interest of many scientists because of its numerous applications such as
Hamiltonian flows, which arise from energy-preserving dynamical systems,
billiard flows, flows from meteorological models, most notably the Lorenz
model. These flows are equipped with a natural invariant measure µ, for
instance SRB-measures, Liouville measures, Margulis entropy maximizing
measure among other measures.

The main goal is to have a better understanding of the properties of these
flows, such as hyperbolicity, ergodicity, mixing and weak mixing and, in
chaotic settings, rates of mixing; that is, we would like to investigate the
asymptotic behaviour of the correlation coefficients

ρt(v, w) =

∣∣∣∣∣
∫
M

v · w ◦ f tdµ−
∫
M

vdµ

∫
M

wdµ

∣∣∣∣∣,
where f t : M → M is a flow acting on a manifold M and µ its invariant
measure, and for observables v, w chosen from an appropriate Banach space.

Since mixing rates are one of the strongest statistical properties to have, other
statistical laws, such as the Central Limit Theorem (CLT), usually follow.
Therefore, investigate the rates of mixing is a major tool for proving other
ergodic properties. The rates of mixing are certainly connected to the type of
flow. For example, convexity of scatters in billiard maps and flows produces
hyperbolicity and over the past years, a lot of effort has been dedicated
to prove exponential mixing of such systems, see for example [14,23,50]. To
obtain sharp estimates of mixing rates in the polynomial setting, the operator
renewal theory techniques developed by Sarig [41] and Gouëzel [27] are the
only ones available.
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One of the first major successes of ergodic theory in mathematical billiards
was the proof of ergodicity of Sinai billiards in the 1970s [44]. Over the
past decades, a lot of effort has been done in proving rates of mixing con-
sidering different settings. For example, [25] proved that Anosov flows enjoy
exponential mixing.

Other example and probably the most emblematic one is the Lorenz flow. In
the mid seventies Afraimovich, Bykov and Shil’nikov [1] and Guckenheimer
and Williams [28] introduced independently the geometric Lorenz attractors
to model the original Lorenz attractors. It was not until the end of the
nineties that Tucker [47] gave a rigorous proof for the existence of the non-
uniform hyperbolic Lorenz attractor originally suggested by E. Lorenz. More
recently, Araújo and Melbourne in [8] proved that the geometrical Lorenz flow
(and hence the classical Lorenz flow), see Figure 1, also enjoys exponential
mixing.

Figure 1: The Guckenheimer-Williams geometric model of the Lorenz flow.

Among the different techniques in the literature we will use the following:
any flow can be regard as a suspension flow over a Poincaré map P : Σ → Σ
with roof function r : Σ → R+. The flow becomes now a vertical, parallel flow
f t(x, u) = (x, u + t) on Σr = {(x, u) ∈ Σ × [0, r(x)]}/ ∼, where (x, r(x)) ∼
(P (x), 0). The flow-invariant measure dµ = dµP × du, where dµP is an P -
invariant measure. If P : Σ → Σ is not hyperbolic, hyperbolicity can be
regained by looking at a return map PY = P τ : Y → Y , for some induce
time τ : Y → N, preserving a measure µY . If τ is the first return map, then
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µY and µP |Y coincide up to a multiplicative constant. The induce map has
its own suspension flow with induced roof function rY =

∑τ(x)−1
j=0 r ◦ P j(x).

Indeed the geometrical Lorenz flow can be seen as the natural extension of a
suspension flow built over a certain type of one-dimensional expanding map
f . To obtain the one-dimensional map f we first consider the cross-section Σ
which is transversal to the flow and the Poincaré map PLor : Σ → Σ given by
PLor(x) = LrLor(x)(x), where Lt : Λ → Λ and rLor(x) are the flow of the linear
system given by the Equation (3.9) and the flow (return) time to the cross-
section Σ given by Equation 5.3, respectively. To prove exponential mixing
for the geometrical Lorenz flow certain regularity in the stable foliation is
required; that is, we need the stable foliation to be C 1+α and satisfying a
uniform non-integrability condition.

We take advantage of these techniques and construct a modification of the ge-
ometrical Lorenz flow, which we will call modified geometrical neutral Lorenz
flow. This modified version is obtained by considering in a neighbourhood
of the origin, one of the vector fields give by Equation (4.1), (8.1) or (8.11)
instead of the linearised vector field. In this way, we obtained the modified
Poincaré map PNeu(x) = NrNeu(x)(x), where Nt : ΛN → ΛN and rNeu(x) are
the neutral flow given by Equation (4.7) or (8.5) and the new flow time to
the cross-section given by Equation (5.11). We prove that the stable foliation
of this modified version of the flow still fulfils the same regularity; that is,
the foliation is C 1+α and satisfies the uniform non-integrability condition.
This modification yields to a slower flow time that will ultimately allow us
to deduce the polynomial decay of correlations.
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Chapter 1

Basic concepts in continuous
dynamical systems

1.1 Toolbox for Flows
In this section we will give some of the basic notions of flows. Most of the
content of this Chapter is taken from [3], [10] and [31]. For a more detailed
exposition of the material the reader is encouraged to see the references.

1.1.1 Notation. A compact manifold M without boundary will be called
closed manifold. For the purpose of this work we will consider C 2 manifolds.

The manifold M will be endowed with some Riemannian metric ρ which
induces a distance on M and an associated Riemannian volume which we
will denote as Leb and we will take it to be normalized; that is, Leb(M) = 1.

Given a C r vector field X on M (r ≥ 1) since X is defined in all M and X
is bounded (since M is compact), then for every t ∈ R the associated global
flow (X t)t∈R is well defined. The flow (X t)t∈R (which will be denoted as X t

for simplicity) is a family of C r diffeomorphisms which satisfy the following:

1.- X0 = Id :M →M is the identity in M ;

2.- X t+s = X t ◦Xs for every t, s ∈ R;

and it is generated by the vector field X if

15



3.- d
dt
X t(q)|t=t0 = X(X t0(q)) for every q ∈M and t0 ∈ R.

Reciprocally, a C r+1 flow (X t)t∈R determines a unique C r vector field X with
associated flow (X t)t∈R.

1.1.2 Notation. The vector space of all C r vector fields on M equipped with
the C r topology will be denoted by Xr(M) and by Fr(M) the space of C r flows
with the C r topology.

The derivatives of the flow and the vector field with respect to the variable
q will be denoted by DqX

t = DX t(q) and DqX = DX(q), respectively.

1.1.3 Definition. Given a vector field X a singularity or equilibrium for
X is a point q ∈ M such that X t(q) = q for every t ∈ R which corresponds
to the zeros of X; that is, X(q) = 0. Any point p for which X(p) ̸= 0 is a
regular point for X. The set of all singularities will be denoted by S(X).

The orbit of a point q ∈M is the set OrbX(q) = {X t(q) | t ∈ R} or simply
Orb(q) if there is no confusion with the flow or vector field we are working
with. A periodic orbit is an orbit Orb(p) with XT (p) = p for a minimal
T > 0. The set of all periodic points will be denoted by Per(X).

1.1.4 Definition. A point q ∈ M will be called non-wandering for the
vector field X if for every open neighbourhood U of q and every T > 0 there
is t > T such that X t(U) ∩ U ̸= ∅. We will denote the set of non-wandering
points by Ω(X).

The omega limit set of a point q is the set of accumulation points of the
positive orbit of q ({X t | t > 0}) and will be denoted by ωX(q) or simply
ω(q) if no confusion is raised. Likewise, we define the alpha limit set of
q as the set of accumulation points of the backward orbit of q by αX(q) =
ω−X(q), where −X is the time reversed vector field X. We have the inclusion
ω(q) ∪ α(q) ⊂ Ω(X).

A subset Λ of M is called X−invariant if X t(Λ) = Λ for every t ∈ R. We
have that Ω(X), ω(q) and α(q) are X-invariant.

1.1.5 Definition. Let M be a closed manifold, X ∈ Xr(M) and Λ a compact
X-invariant subset of M . We define the stable set of Λ as

W s
X(Λ) = {q ∈M | ωX(q) ⊂ Λ}
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and the unstable set as

W u
X(Λ) = {q ∈M | αX(q) ⊂ Λ}.

When no confusion is raised we will denote them as W s(Λ) and W u(Λ) for
short.

1.1.6 Definition. Consider M a closed manifold, X ∈ Xr(M) and Λ a com-
pact X-invariant subset of M . We will say that Λ is isolated (or maximal)
if there exist a neighbourhood U of Λ such that

Λ =
⋂
t∈R

X t(U) =
⋂
t∈R

Cl(X t(U)),

where Cl(·) denotes the closure on M .

Λ will be called transitive if there is q ∈ Λ such that ωX(q) = Λ and at-
tracting if Λ(U) =

⋂
t>0X

t(U) = Λ for some neighbourhood U of Λ with
Cl(X t(U)) ⊂ U for all t > 0. U is called isolating neighbourhood of Λ.

An attractor of X is a transitive attracting set of X and a repeller will be
an attractor for −X.

We make the observation that in general Λ(U) is different from⋂
t∈RX

t(U), but for an attracting set the condition Cl(X t(U)) ⊂ U for all
t > 0 guarantees that X−t(U) ⊃ U and thus

Λ ⊃
⋂
t∈R

X t(U) =
⋂
t≤0

X t(U) ∩
⋂
t≥0

X t(U) ⊃ Λ ∩ U = Λ.

Therefore, every attracting set is isolated.

1.1.7 Definition. Let M be a closed manifold and X ∈ Xr(M). A sink of
X is a trivial attractor and a source is a trivial repeller of X.

A singularity q is called hyperbolic if the real part of the eigenvalues of DqX
are different from zero. Particularly, sources and sinks are hyperbolic since
all the eigenvalues of the former have positive real part and those of the later
are negative. A periodic orbit Orb(p) is hyperbolic if all the eigenvalues of
DT

pX : TpM → TpM , where T > 0 is the period of p, are distinct from 1.

17



The geometric interpretation of hyperbolic singularities is that their stable
and unstable sets have the structure of an embedded manifold and are called
stable and unstable manifold. This comes as a consequence of the Stable
Manifold Theorem 1.1.9. Before stating this Theorem we give the necessary
definitions. The reader can find the proof of the Stable Manifold Theorem
in Robinson’s book [40].

1.1.8 Definition. Let M be a closed manifold and X ∈ Xr(M) and Λ a
compact X−invariant subset of M . Denote m(T ) = inf∥v∥=1 ∥T (v)∥ the min-
imum norm of a linear operator T . We will say that Λ is hyperbolic if every
q ∈ Λ is a hyperbolic singularity for X. Therefore, there are λ ∈ (0, 1),
C > 0, and families of subspaces Es

q , Eu
q , E

X
q ∈ TqM with q ∈ Λ, such that,

(1) TqM = Es
q

⊕
Eu

q

⊕
EX

q , where EX
q is the subspace generated by X(q)

(2)
∥∥DqX t|Es

q
)
∥∥ ≤ C−1 e−λt for every t ≥ 0,

(3) m(DqX t|Eu
q
) ≤ C eλt for every t ≥ 0,

(4) DqX
t(Ei

q) = Ei(X t(q)) for i = s, u,X and every t ∈ R and q ∈ Λ.

The sets

W
s/u
X (q) = {p ∈M | d(X t(q), X t(p)) → 0 as t→ ∞ or −∞},

where d is the distance on M induced by the Riemannian metric ρ, are called
stable/unstable manifold. See Figure 1.1

18



Figure 1.1: The stable and unstable manifolds.

1.1.9 Theorem. Let M be a closed manifold, X ∈ Xr(M) and Λ a hyper-
bolic set. Then the (un)stable manifold W s/u

X (q) are invariant C r immersed
manifolds tangent to Es/u

q for every q ∈ Λ.

1.1.10 Definition. Let M be an m−dimensional manifold, M1 and M2 two
submanifolds of M . We say that M1 and M2 intersects transversally
and denoted by M1 ⋔ M2 if and only if for any x ∈ M1 ∩ M2 we have
TxM = TxM1

⊕
TxM2.

1.1.11 Definition. Let M be an m−manifold. An p−dimensional foli-
ation F of M is a collection {Mi}i∈I, where I is an index set, of pairwise-
disjoint, connected, immersed p−dimensional submanifolds of M , called the
leaves of the foliation, such that for every x ∈ M , there is a chart (U, ϕ)
with U homeomorphic to Rn containing x such that every leaf, Mi, meets U
in either the empty set or a countable collection of subspaces whose images
under ϕ in ϕ(Mi ∩ U) are p−dimensional affine subspaces whose first m− p
coordinates are constant.

The following theorem is a powerful tool known as the Hartman-Grobman
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Theorem and its proof can be found in any book concerning continuous
dynamical systems. For example in [31], [10] or [40].

1.1.12 Theorem. Let X ∈ Xr and p ∈ M be a hyperbolic singularity of X.
Let Y = DX0 : TpM → TpM be the linear vector field on TpM given by the
linear transformation DX0. Then there exists an open neighbourhood U of
p in M , a neighbourhood V of 0 in TpM and a homeomorphism h : U → V
such that X|U is topologically conjugate to Y |V .

1.2 Anosov and almost Anosov
diffeomorphisms and flows

In the early 60’s Stephen Smale constructed the so-called Smale horseshoe,
a structurally stable dynamical system given by a diffeomorphism of the
two-dimensional sphere and having an infinite set of periodic points giving
way to an unexpected breakthrough in the theory of dynamical systems.
With this discovery, new aspects in the problem of describing the struc-
turally stable systems emerged. Anosov met Smale in the Symposium on
non-linear oscillations at Kiev in 1961, Smale posed some difficult unsolved
problems. Particularly, the problem of geodesic flows on closed manifolds
of negative curvature and the problem of structural stability of hyperbolic
automorphisms on the torus. Anosov started working on these problems and
he solved them as particular cases in his investigation of the U-systems, now
called Anosov systems in [4]. The development on Smale’s discovery done by
Anosov marked the beginning of the ’hyperbolic revolution’ in mathematics.
After this brief introduction on Anosov diffeomorphism we proceed to give
its formal definition.

1.2.1 Definition. Let M be an m−dimensional manifold and f : M → M
be a C 1 diffeomorphism. A compact, completely invariant subset Λ ⊂ M is
called hyperbolic if there are λ ∈ (0, 1), C > 0, and families of subspaces
Es(x), Eu(x) ∈ TxM with x ∈ Λ, such that for every x ∈ Λ,

(1) TxM = Es(x)
⊕

Eu(x),

(2) ∥dfn
x (v

s)∥ ≤ Cλn ∥vs∥ for every vs ∈ Es(x) and n ≥ 0,

(3) ∥df−n
x (vu)∥ ≤ Cλn ∥vu∥ for every vu ∈ Eu(x) and n ≥ 0,
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(4) dfxE
s(x) = Es(f(x)) and dfxEu(x) = Eu(f(x)).

The subspace Es(x) (respectively, Eu(x)) is called the stable (unstable)
manifold at x, and the family {Es(x)}x∈Λ ({Eu(x)}x∈Λ) is called the stable
(unstable) distribution of f |Λ.

If M = Λ, then f is called Anosov diffeomorphism.

The simplest and most popular example of an Anosov diffeomorphism on T2

is the well-known Arnold’s cat map given in Example 1.2.2

1.2.2 Example. The cat map given by

f(x) =

(
2 1
1 1

)
· xmod 1,

the matrix has eigenvalues λ1,2 = 3±
√
5

2
, which means that f is an Anosov

map.

If instead of considering a diffeomorphism f we consider a flow ϕt :M×R →
M from a closed differentiable manifold, then we obtain the same notion for
the flow; that is, if in Definition 1.2.1 we replace f by ϕt, then we obtain the
following definition.

1.2.3 Definition. Let M be an m−dimensional closed manifold (closed here
means compact and without boundary) and ϕt : M × R → M a C 1 flow
on M . We will call the flow ϕt Anosov if there exists a continuous mutu-
ally transversal splitting of the tangent bundle TM = Ec

⊕
Es

⊕
Eu and

constants a and b such that:

(1) ∥Dϕt(vs)∥ ≤ b e−at ∥vs∥ for every vs ∈ Es(x) and t > 0,

(2) ∥Dϕt(vu)∥ ≤ b e−at ∥vu∥ for every vu ∈ Eu(x) and t < 0,

(3) DϕtEs = Es, DϕtEu = Eu and DϕtEc = Ec,

where Ec is the neutral flow direction, Es the hyperbolically stable direction
and Eu the hyperbolically unstable direction.

The concept of almost Anosov diffeomorphism was first introduced in the
work of Hu and Young [32, 33], where they worked with diffeomorphisms in
the two-dimensional torus. Their goal was to give an answer to the question,
does a system f :M →M admit and SRB-measure if hyperbolicity fails at a
fixed points?. They showed that existence of a finite or infinite SRB measure
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for an almost Anosov diffeomorphism on the two-dimensional torus depends
on the local dynamics near the neutral fixed point. We give now the formal
definition of an almost Anosov diffeomorphism.

1.2.4 Definition. [32] We will say that a diffeomorphism f :M →M from
a closed m-dimensional manifold M to itself is almost Anosov if there
exists two continuous families of non-trivial cones x → Cs

x,C
u
x such that the

following hold except for a finite set S of periodic points

(1) DfxC
u
x ⊆ Cu

f(x) and DfxCs
x ⊇ Cs

f(x),

(2) ∥Df(vs)∥ < ∥vs∥ for every 0 ̸= vs ∈ Cs
x,

(3) ∥Df(vu)∥ > ∥vu∥ for every 0 ̸= vu ∈ Cu
x.

Likewise, if in Definition 1.2.4 we substitute the diffeomorphism f by a flow
ϕt : M × R → M from a closed differentiable manifold, we get the concept
of almost Anosov flow, so we get the following:

1.2.5 Definition. We will say that a flow ϕt : M × R → M on a closed
m-dimensional manifold M is almost Anosov if there exists a continuous
splitting of the tangent bundle TM = Ec

⊕
Es

⊕
Eu (where Ec is the one di-

mension flow direction) such that the following hold except for a finite number
of periodic orbits:

(1) ∥Dϕt(vs)∥ < ∥vs∥ for every 0 ̸= vs ∈ Es(x) and t > 0,

(2) ∥Dϕt(vu)∥ > ∥vu∥ for every 0 ̸= vu ∈ Eu(x) and t > 0,

(3) DϕtEs = Es, DϕtEu = Eu and DϕtEc = Ec.

We can think of almost Anosov diffeomorphisms (flows) as locally perturbed
Anosov diffeomorphisms (flows), where the perturbation is around a finite
set S (finite periodic orbits).
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Chapter 2

Ergodic theory concepts and
results

We will take Chapter 3 from [22] since it contains all the necessary ergodic
concepts we will need through this work. Naturally, these definitions and
facts can be found in text books on ergodic theory, such as the ones by
Walters, Petersen and Boyarski & Gora, see [49], [37] and [15], respectively.

2.0.1 Definition. [22] We will call a measure µ absolutely continuous
with respect to a measure λ, if λ(A) = 0 implies µ(A) = 0 and we will denote
it by µ≪ λ. If both µ≪ λ and λ≪ µ then µ and λ are called equivalent.

2.0.2 Definition. [22] Let T : (X,A, λ) → (X ′,A′, λ′) be a measurable
function: Then T is called measurable preserving (m.p) if λ ◦ T−1 = λ′.

2.0.3 Definition. [22] (X,A, µ, T ) will be called a measure preserving
system if T is a measure preserving function from (X,A, µ) to itself and
will say that the measure µ is T -invariant

The following Theorem is known as the Radon-Nikodym theorem for a more
detailed explanation see for example [45].

2.0.4 Remark. We denote by L1(ν) the space of integrable functions with
respect to ν.

2.0.5 Theorem. If µ is a probability measure and µ ≪ ν then there is a
function h ∈ L1(ν) such that µ(A) =

∫
A
h(x)dν(x) for every measurable set
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A, h is called Radon-Nikodym density. Sometimes we use the notation
h = dµ

dν
.

Let (X,A, µ, T ) be a measure preserving system. If T−1A = A for some
A ∈ A, then T−1Ac = Ac. Thus we can split the study of T into two parts:
T |A and T |Ac . Then we have the concept of indecomposability for measure
preserving functions, so that if T has this indecomposable property then
the study of T cannot be split into separate parts. This property is called
ergodicity .

2.0.6 Definition. [22] A measure preserving transformation
T : (X,A, µ) → (X,A, µ) will be called ergodic if for any A ∈ A, such that
T−1A = A, µ(A) = 0 or µ(Ac) = 0. We define I(T ) = {A ∈ A; T−1A = A}.

The following results are well known and can be found in any book of ergodic
theory. We will not give a proof, for more details please see for example [15]
or [49]

2.0.7 Definition. [22] Let T : (X,A, µ) → (X,A, µ) be a measure preserv-
ing function. Then T is weakly mixing if for all A, B ∈ A

1

n

n−1∑
k=0

|µ(T−k(A) ∩B)− µ(A)µ(B)| → 0 as n→ ∞.

T will be called strongly mixing or mixing if for all A, B ∈ A,

µ(T−n(A) ∩B) → µ(A)µ(B) as n→ ∞.

2.0.8 Proposition. [22] Let (X,A, µ, T ) be a measure preserving dynamical
system. Then, T is mixing if and only if∫

X

v · w ◦ T ndµ→
∫
X

vdµ

∫
X

wdµ,

for every v ∈ L1(µ) and w ∈ L∞(µ).

2.0.9 Observation. [22] Mixing characterizes how the statistical correla-
tions between subsets A and B or observables v and w evolve with time.
Mixing means that the correlations decay with time; that is, they are asymp-
totically independent
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2.0.10 Definition. [22] We define the decay of correlations as

ρn(v, w) =

∣∣∣∣∣
∫
v · w ◦ T ndµ−

∫
vdµ

∫
wdµ

∣∣∣∣∣,
for discrete map T , v and w as above. For the continuous version; that is,
for a flow Tt we define it as

ρt(v, w) =

∣∣∣∣∣
∫
v · w ◦ Ttdµ−

∫
vdµ

∫
wdµ

∣∣∣∣∣,
for suitable observables v and w.

2.0.11 Definition. [22] Let T : (X,A, µ) → (X,A, µ) be a measure preserv-
ing map. Then T is exact if the tail σ-algebra T(A) =

⋂
k≥0 T

−kA consists
of the sets of measure 0 or 1; i.e., for every A ∈ T(A) we have that µ(A) = 0
or µ(Ac) = 0.

2.0.12 Proposition. [22] We have the following implications:

exact =⇒ mixing =⇒ weakly mixing =⇒ ergodic.

We now define what a Young tower is and its continuous equivalent the
suspension flow.

2.0.13 Definition. Let f : X → X be a measurable transformation on a
metric space (X, d). We say that f can be modelled by a Young tower
if there exists Y ⊂ X possessing a good hyperbolic structure, a countable
measurable partition {Yj}j≥0 of Y and a return time τ : Y → Z+ constant on
partition elements, such that the return map F = f τ : Y → Y is uniformly
hyperbolic and smooth with invariant (SRB) measure µY . We define the
Young tower as ∆ = {(y, ℓ) ∈ Y ×Z+ | 0 ≤ ℓ < τ(x)}/ ∼, where (x, ℓ(x)) ∼
(F (x), 0). The tower map T : ∆ → ∆ is given by T (x, ℓ) = (x, ℓ + 1)
computed modulo identifications with ergodic invariant probability measure
µ = µY × count /τ̄ , where count is the counting measure and τ̄ =

∫
Y
τdµY

(provided τ ∈ L1(Y )).

2.0.14 Definition. Let (Σ, ν) be a probability space and P : Σ → Σ an
ergodic measure-preserving transformation. Let r : Σ → R+ be a measur-
able (Hölder continuous) roof function. We define the suspension space as
Σr = {(x, u) ∈ Σ × [0, r(x)]}/ ∼, where (x, r(x)) ∼ (P (x), 0). The suspen-
sion flow ft : Σ

r → Σr is given by ft(x, u) = (x, u + t) computed modulo
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identifications and the measure µ = ν × λ, where λ is the Lebesgue mea-
sure, is ergodic and ft-invariant. In the finite measure case, we normalise by
r̄ =

∫
Σ
rdµ so that µ = ν×λ

r̄
is a probability measure.

height

Figure 2.1: The suspension flow of P . Start at (x, u) following the suspension
flow we go until u+ t = r(x) then we jump to (P (x), 0).

2.0.15 Definition. Let M be an m−dimensional closed manifold, f t :M ×
R → M a C 1 flow on M and µ a flow invariant probability measure. We
define the ergodic basin of µ by

B(µ) =
{
x ∈M

∣∣∣ ∫
M

φdµ = lim
T→∞

1

T

∫ T

0

φ(f tx)dt for continuous observable

φ :M → R
}
.

A flow invariant probability measure µ is called SRB-measure (or physical)
if the ergodic basin B(µ) has positive Lebesgue measure.

2.1 Functions of bounded variation
Let [a, b] ⊂ R be a bounded interval and let λ denote Lebesgue measure on
[a, b]. For any sequence of points a = a0 < a1 < . . . < an = b, n ≥ 1, we
define a partition P = {Ii = [ai−1, ai); i = 1, . . . , n} of [a, b]. The points
{a0, . . . , an} are called endpoints of the partition P.
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2.1.1 Definition. [22] Let f : [a, b] → R and let P be a partition of [a, b].
If there exists a positive number M such that

n∑
k=1

|f(ak)− f(ak−1)| ≤M

for all partitions P, then T is said to be of bounded variation on [a, b].

If f is increasing or if it satisfies the Lipschitz condition

|f(x)− f(y)| < K|x− y|,

then it is of bounded variation.

2.1.2 Definition. [22] The number

V[a,b] f = sup
P

{ n∑
k=1

|f(ak)− f(ak−1)|
}

is called the total variation of f on [a, b], where f : [a, b] → R is a function
of bounded variation.

2.1.3 Proposition. [22] Let f be a function of bounded variation such that
∥f∥1 <∞. Then

|f(x)| ≤ V[a,b] f +
∥f∥1
b− a

for all x ∈ [a, b].

Proof. We claim that there exists y ∈ [a, b] such that |f(y)| ≤ ∥f∥1
b−a

. If not,
then for any x ∈ [a, b]

(b− a)|f(x)| > ∥f∥1 .

Hence,

∥f∥1 =
∫ b

a

|f(x)|dλ(x) >
∫ b

a

∥f∥1
b− a

dλ(x) = ∥f∥1

and we have a contradiction.
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Since |f(x)| ≤ |f(x)− f(y)|+ |f(y)| we have

|f(x)| ≤ V[a,b] f +
∥f∥1
b− a

.

We present a result due to E. Helly that we will use later. For a proof of the
theorem please see [36] page 220.

2.1.4 Theorem. Let an infinite family of functions F be defined on an in-
terval [a, b]. If all functions of the family and the variation of all functions
of the family are bounded by a single number, i.e., |f(x)| ≤ K, V[a,b] f ≤ K
for every f ∈ F, then there exists a sequence {fn}n≥1 ⊂ F that converges
pointwise to some function f ∗ of bounded variation and V[a,b] f

∗ ≤ K.

We now make the space of functions of bounded variation into a Banach
space. Let

BV([a, b]) = {f ∈ L1(λ); inf
f1=f a.e

V[a,b] f1 <∞}.

Note that the infimum is taken over all functions a.e equal to f . For example
the function

f(x) =

{
n, if x = 1

n
, n = 1, 2 . . .

0, otherwise,

clearly has infinite variation but f ∈ BV([0, 1]) since f1 = 0 is a.e equal to f
and V[0,1] f1 = 0.

We define a norm on BV([a, b]) as follows: For f ∈ BV([a, b]),

∥f∥BV = ∥f∥1 + inf
f1=f a.e.

V[a,b] f1

Without L1(λ)-norm, ∥·∥BV would not be a norm, since a function that is not
0 λ a.e. could have 0 variation. Now we give some properties of the space
BV([a, b]), all proofs can be found in [15].

2.1.5 Proposition. BV([a, b]) is dense in L1(λ).
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Proof. Since C1([a, b]) is dense in L1(λ) (Stone-Weierstrass Theorem) and
since C1([a, b]) ⊂ BV([a, b]) the result follows.

The following Theorem makes a connection between weakly convergence and
norm convergence in L1(λ).

2.1.6 Theorem. If fn → f weakly in L1(λ) and almost everywhere, then
fn → f strongly in L1(λ)

2.1.7 Proposition. A bounded set in BV([a, b]) is relatively compact in
L1(λ);i.e., every sequence in such bounded set has a convergent subsequence

Proof. If {fi}i∈I ⊂ BV([a, b]) is bounded, there is K1 <∞ such that
∥fi∥BV ≤ K1 for every i ∈ I.

From the definition of ∥·∥BV if follows that {fi}i∈I is uniformly bounded;
i.e., there is K2 < ∞ such that |fi(x)| ≤ K2 for every i ∈ I. Let K =
max(K1, K2). By Helly’s Theorem 2.1.4, there exists a subsequence {fij}
such that fij → f ∗ everywhere. Since {fi}i∈I is weakly compact (it is uni-
formly bounded) and fij → f ∗, Theorem 2.1.6 implies that fij → f ∗ in L1(λ).
Hence {fi}i∈I is strongly compact in L1(λ).

2.2 The Frobenius-Perron operator
The following definitions, results and ideas are taken from the work of Bo-
yarsky and Góra, for more details please consult [15].

We start by defining the Frobenius-Perron operator which enable us to study
the time evolution of densities in the phase space. The spectral theory for
this operator is a great tool that allow us to deduce ergodic properties of our
system such as ergodicity and mixing.

2.2.1 Definition. [22] Let (I,A, λ, T ) with λ the normalized Lebesgue mea-
sure on I. We define the Frobenius-Perron operator PT : L1(λ) → L1(λ)
as follows: For any f ∈ L1(λ), PT f is the unique (up to a.e equivalence)
function in L1(λ) such that for any A ∈ A

∫
A

PT fdλ =

∫
T−1A

fdλ.
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The validity of this definition, i.e., the existence and the uniqueness of PT f ,
follows by the Radon-Nikodym Theorem 2.0.5.

Let T(I) be the class of functions T : I → I that satisfy the following
conditions:

1 T is piecewise expanding, i.e, there exists a partition P = {Ii = [ai−1, ai]
i = 1, . . . , q} of I such that T |Ii is C1, and |T ′

i (x)| ≥ α > 1 for any i
and for all x ∈ (ai−1, ai), where Ti = T |Ii ;

2 g(x) = 1
|T ′(x)| is a function of bounded variation, where T ′(x) is the

appropriate one-sided derivative at the endpoints of P.

For each n ≥ 1, we define the partition P(n) as follows:

P(n) =
n−1∨
k=0

T−k(P) = {Ii0 ∩ T−1Ii1 ∩ · · · ∩ T−n+1Iin ; Iij ∈ P}.

It follows that T n is piecewise expanding on Pn if T is piecewise expanding
on P.

2.2.2 Example. The doubling map T : [0, 1] → [0, 1] given by Tx = 2x
mod 1. Figure 2.2 shows the graph of the doubling map.

Figure 2.2: Doubling map
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2.2.3 Theorem. Let T ∈ T(I). Then it admits an absolutely continuous
invariant measure whose density is of bounded variation.

Consider two complex Banch spaces (X, |||·|||) and (L, ∥·∥) with X ⊂ L. A
linear operator P : X → X is bounded with respect to both |||·||| and ∥·∥X,
where

∥P∥X = sup

{
∥P f∥
∥f∥X

, f ∈ X, f ̸= 0

}
.

Assume that

1) If fn ∈ X, f ∈ L, limn→∞ ∥fn − f∥ = 0, and |||fn||| ≤ C for all n, then
f ∈ X and |||f ||| ≤ C;

2) H = supn≥0 ∥Pn∥X <∞;

3) There exists k ≥ 1, 0 < r < 1, and R <∞ such that for f ∈ X,∣∣∣∣∣∣Pk f
∣∣∣∣∣∣ ≤ r|||f ||| +R ∥f∥ ; (2.1)

4) If X1 is a bounded subset of X, then the closure of Pk X1 is compact in
L.

For any complex number η, let

D(η) = {f ∈ X; P f = ηf, f ̸= 0 a.e},

that is: η is an eigenvalue of P if and only if D(η) ̸= ∅.

We state the Ionescu-Tulcea and Marinescu Theorem:

2.2.4 Theorem. Under conditions 1)− 4), the intersection of the spectrum
of P with the unit circle is a set G of eigenvalues of P of modulus 1 which has
only a finite number of elements. For each η ∈ G, D(η) is finite-dimensional.
Furthermore, there exist bounded linear operators Qη and S on X such that

Pn =
∑
η∈G

ηnQη +Sn, (2.2)

Qη Qη′ = 0 if η ̸= η′, Q2
η = Qη, (2.3)
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Qη S = SQη = 0, (2.4)

Qη X = D(η), (2.5)

ρ(S) < 1, (2.6)

where ρ(S) = limn→∞ ∥Sn∥
1
n is the spectral radius of S.

The properties (2.3)− (2.7) of P constitute one of equivalent definitions of a
quasi-compact operator.

The following Theorem (a generalization of Theorem 2.2.4) is a sufficient
criterion for quasi–compactness. For the proof please consult [29].

2.2.5 Theorem. [29] Suppose (L, |||·|||) is a Banach space and P : L → L is
a bounded linear operator with spectral radius ρ(P). Assume that there exist
a (semi)norm ∥·∥ with the following properties:

1.- Continuity. ∥·∥ is continuous in L; that is, ∥·∥ ≤ |||·|||.

2.- Pre-compactness. For any sequence fn ∈ L, if supn |||fn||| < ∞ then
there exist a subsequence (nk)k∈N and f ∈ L such that ∥P fnk

− f∥ → 0
as k → ∞.

3.- Boundness. There is M > 0 such that ∥P f∥ ≤ M ∥f∥ for every
f ∈ L.

4.- Doeblin-Fortet inequality. There are k ≥ 1, 0 < r < ρ(P) and
R > 0 such that ∣∣∣∣∣∣Pk f

∣∣∣∣∣∣ ≤ rk|||f ||| +R ∥f∥ .

Then P : L → L is quasi-compact.

We shall use Theorem 2.2.5 in the following setting: L = BV(I), |||·||| =
∥·∥BV, ∥·∥ = ∥·∥1 and P = PT is the Frobenius-Perron operator. Since we
know that the Frobenius-Perron operetor PT is ∥·∥1−continuous, then we
have the Boundness property. We also know that ∥·∥1 ≤ ∥·∥BV; that is, the
continuity property is fufilled. The pre-compactness propertie is equivalent
to prove that the unit closed ball in BV(I) is relatively compact in L1(λ)
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which follows form Proposition 2.1.7. Finally, the Doeblin-Fortet inequality
follows from Lemma 2.2.6 bellow and its proof can be found in [15].

2.2.6 Lemma. Let T ∈ T(I). Then there exists constants 0 < r < 1, C > 0
and R > 0 such that for any f ∈ BV(I) and any n ≥ 1,

∥Pn
T f∥BV ≤ Crn ∥f∥BV +R ∥f∥1 .

All together gives us the next Theorem.

2.2.7 Theorem. Let T ∈ T(I). Then the Frobenius-Perron operator PT is
quasi-compact on the space BV(I). In particular,

1) T has a finite number of ergodic absolutely continuous invariant mea-
sures: µ1 = f1λ, · · · , µn = fnλ, where f1, · · · , fn ∈ BV(I).

2) For each 1 ≤ i ≤ n, there exists a finite collection of disjoint sets
{A(i)

j }n(i)j=1 such that supµi =
⋃n(i)

k=1A
(i)
k , and such that for f (i)

j = fi1A
(i)
j

,
j = 1, 2, · · · , n(i),

PT f
(i)
j = f

(i)
j+1,

and the dynamical system (A
(i)
j , T

n(i), f
(i)
j λ) is exact.

Now we state a Theorem which connects our ergodic concepts like mixing and
erodicity with the Frobenius-Perron operator. For a proof of the Theorem
see [15]. Let D((X,A, µ)) denote the space of probability density functions
on the measure space (X,A, µ)

2.2.8 Theorem. [15] Let T : (I,A, µ) → (I,A, µ) be a measure preserving
system. Let 1 denote the constant function equal to 1 everywhere. Then,

1) T is ergodic if and only if for any f ∈ D((I,A, µ))

1

n

n−1∑
k=0

Pn
T f → 1,

weakly in L1(µ) as n→ ∞;

2) T is weakly mixing if and only if for any f ∈ D((I,A, µ))

1

n

n−1∑
k=0

|Pn
T f − 1| → 0,
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weakly in L1(µ) as n→ ∞;

3) T is mixing if and only if for any f ∈ D((I,A, µ))

Pn
T f → 1,

weakly in L1(µ) as n→ ∞;

4) T is exact if and only if for any f ∈ D((I,A, µ))

Pn
T f → 1,

in the L1(µ)-norm as n→ ∞.

34



Chapter 3

Lorenz flow

In this chapter we introduce what is probably the most famous system of all
chaotic differential equations, the Lorenz system from meteorology. It was
first formulated by Edward N. Lorenz in 1963 [35], as he was attempting
to set up a system of differential equations that could explain some of the
unpredictable weather behaviour. As a result, he obtained a simplified model
of atmospheric convection. Convection occurs when a fluid located near the
surface is heated faster than the cold fluid located higher. As a consequence
of this irregular heating, the warmer fluid rises above the cooler one that
sinks since it is heavier. This creates a large circular flow of fluid or air
which rises as it gets warmer and descends as it is cooled down. Convection
also occurs on smaller scales, for example in cups of hot coffee.

More exactly, Lorenz studied a two-dimensional fluid cell that was cooled
from above and heated from below. The systems that can describe the mo-
tion of the fluid is a system of differential equations with infinitely many
variables. Lorenz makes the assumption that all but three of these variables
remained constant. Roughly speaking, these independent variables estimate
the distortion of the vertical temperature profile from its equilibrium, the
difference in temperature between ascending and descending fluid elements
(z and y, respectively) and the rate of the circulatory fluid flow velocity (x,
clockwise if x > 0). The analysed motion leads to a three-dimensional system
of differential equations that involves three parameters: the Rayleigh number
r, the Prandtl number σ, and a parameter b which relates the physical size
of the system. By making all these simplifications, the system of differential
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equations presents only two nonlinear terms and is given by:

ẋ =
ẏ =
ż =

σ(y − x)
rx− y − xz
xy − bz

. (3.1)

All three parameters are assumed to be positive and σ > b + 1. We will
denote the vector field generated by this system as L(x, y, z).

3.1 The Lorenz flow in a nutshell
In this section we will give an analysis of the Lorenz flow and its most promi-
nent properties. For a more detailed analysis and proof of the following
results the reader is encourage to check for example [3], [31] or [10].

Clearly, the Lorenz system exhibits a symmetry. If we perform the reflec-
tion (x, y, z) → (−x,−y, z), then the equations are unchanged. Thus, if
(x(t), y(t), z(t)) is a solution then so is (−x(t),−y(t), z(t)). When x = 0 and
y = 0, we have that ẋ = 0, ẏ = 0 and ż = −bz. Therefore, the z−axis is
invariant. Thus, on the z−axis all solutions tend to the origin. As a matter
of fact, when r < 1 the solution through any point in R3 tends to the origin.

The equilibria are the origin 0̄ = (0, 0, 0) (which does not depend on the
parameters) and p± = (±

√
b(r − 1),±

√
b(r − 1), r−1). A simple calculation

shows that

D L =

 −σ σ 0
r − z −1 −x
y x −b

 . (3.2)

The eigenvalues of D0̄ L are λ1 = −b and λ± = 1
2
(−(σ + 1)±

±
√
(σ + 1)2 − 4σ(1− r)). Observe that λ± are negative for 0 ≤ r < 1

making the origin a sink. With the help of the Lyapunov function

L(x, y, z) =
1

2
(x2 + σy2 + σz2) (3.3)

36



we can see the global asymptotic stability of the origin. Moreover, we have
the following proposition (the proof can be found in [31] page 307-324).

3.1.1 Proposition. [31] Suppose r < 1. Then all solutions of the Lorenz
system tend to the origin.

As r increases through 1, the eigenvalue λ+ becomes positive and thus
the origin becomes a saddle point with 2−dimensional stable surface and
1−dimensional unstable curve. When r = 1 the new two equilibria p± are
born and giving a pitchfork bifurcation they move away from the origin as r
increases. In [31] the following property of the new equilibria is proven.

3.1.2 Proposition. [31] The equilibrium p± are sinks provided

1 < r < rH = σ
(σ + b+ 3

σ − b− 1

)
. (3.4)

A Hopf bifurcation occurs when r = rH . We remark that when r > 1, not
all solutions tend to the origin, but solutions that start far from the origin
at least move closer in. To be precise, if we consider the modified Lyapunov
function

V(x, y, z) =
1

2
(rx2 + σy2 + σ(z − 2r)2) (3.5)

and the ellipsoid centered at (0, 0, 2r)

Ev = {(x, y, z) ∈ R3 | V(x, y, z) = v, v > 0},

the following holds:

3.1.3 Proposition. [31] There exists v1 such that any solution starting
outside Ev1 eventually enters the ellipsoid and remains trapped there for all
future time.

Consequently, if we denote as Λ the set of points whose solutions remain in
the ellipsoid for all backward and forward time. Then the ω−limit set of
any solution must lie in Λ. In theory, Λ could be a big set. However, if we
take a look at the divergence of the vector field we notice that is negative as
Equation 3.6 shows.
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Div(L) = ∇ · L =
3∑

i=1

∂ Li

∂xi
= Trace(D L) = −(σ + 1 + b). (3.6)

Since the divergence measures the rate of change of volumes under the flow
Lt of the vector field L. Let B be a region with smooth boundary and write
B(t) = Lt(B), the image of the region under the flow at time t and let V (t)
denote the volume of B(t). Then Liouville’s Theorem gives

V̇ (t) =

∫
B(t)

Div(L) dx dy dz, (3.7)

which means V̇ (t) = −(σ + 1 + b)V (t) and thus by solving the differential
equation we get that V (t) = e−(σ+1+b) V (0). From this we see that volumes
shrink exponentially fast to 0. Therefore, we can conclude that the volume
of Λ is zero.

3.2 The Lorenz Attractor
The behaviour of the Lorenz system as r increases is of great interest since
it exhibits many interesting dynamical behaviours. Although the Lorenz
system has physical relevance only for values of r near to 1, we will describe
the dynamics for values bigger than 1. In this section we will fix σ = 10 and
b = 8

3
and describe the dynamics when varying r, but always taking r > 1.

The equilibria of the system for this fixed values are the origin 0̄ and p± =
(±(8(r−1)

3
)
1
2 ,±(8(r−1)

3
)
1
2 , r − 1). As shown in the previous section, the eigen-

values of D0̄ L are all real two negative and one positive. We have

λu = −11

2
+

(121 + 40(r − 1))
1
2

2

λss = −11

2
− (121 + 40(r − 1))

1
2

2

λs = −8

3
.
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Note that 0 < −λs < λu < −λss. Any singularity with eigenvalues satisfying
the above condition will be called Lorenz-like singularity

As observed earlier, the unstable manifold of the origin W u(0̄)± is
1-dimensional and has two branches (we use the symbol ± to denote the
branches of the unstable manifold). By the symmetry of the system discussed
before, the two branches are related to one another. When r takes small
values, the positive branchW u(0̄)+ remains on one side of the stable manifold
W s(0̄) and goes to p+ (See Figure 3.1). By symmetry, the negative branch
behaves in a similar way and moving to p−.

Figure 3.1: Unstable manifold of the origin for 1 < r < r0 (Image taken
from [40]).

When r takes the value r0 ≈ 13.93, the unstable manifold of the origin con-
nects with the stable manifold of the origin and giving birth to a homoclinic
loop, W u(0̄) ⊂ W s(0̄) as shown in Figure 3.2.

Figure 3.2: Unstable manifold of the origin forming an homoclinic loop when
r = r0 (Image taken from [40]).

For r > r0 each branch of the unstable manifold of the origin W u(0̄)± goes
from one side of W s(0̄) to the other side (see Figure 3.3).
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Figure 3.3: Unstable manifold of the origin forming an homoclinic loop when
r0 < r < rH (Image taken from [40]).

When r is near r0 we have that W u(0̄)+ drops into W s(p−) and W u(0̄)− into
W s(p+). For values of r greater than rH ≈ 24.74 this is no longer the case
and this will be discussed in the following paragraphs.

We will focus now on the behaviour of the equilibria p±. We are interested
in the stability type of this points. By doing some computations we can see
that the characteristic equation for p± is

p(λ) = λ3 +
41

3
λ2 +

8

3
(r + 10)λ+

160

3
(r − 1) = 0. (3.8)

By Proposition 3.1.2, we see that p± are stable for the values 1 < r < rH and
they become unstable at rH . Actually, a Hopf bifurcation takes place when
r = rH ; it is a subcritical bifurcation where two unstable periodic orbits
disappear at rH . When r < rH , the equilibria p± are sinks, while for r > rH ,
these equilibria push outward in a 2-dimensional space. Since two of the
eigenvalues are complex with positive real part, then the trajectories spiral
around in the 2-dimensional surface as they move outward. As a result of
the existence of this expanding 2-dimensional subspace the unstable manifold
W u(0̄)± is pushed away from p±. In fact, when r = 28W u(0̄)+ goes from one
side of W s(0̄) to the other and back again as shown in Figure 3.4. Lorenz
originally worked with the parameter r = 28 and the picture displayed in
Figure 3.4 it is what nowadays it is known as the Lorenz attractor. For
r = 28, the eigenvalues are λu ≈ 11.83, λss ≈ −22.83, λs ≈ −2.67 and
rH ≈ 24.74
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Figure 3.4: Unstable manifold of the origin for r = 28. The Lorenz Attractor

Figure 3.5 exhibits the local invariant manifolds and therefore the local dy-
namics near the equilibria.

Figure 3.5: Local stable and unstable manifolds near the equilipria 0̄ and p±.
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As discussed in the previous section, by Proposition 3.1.3 there exists an
ellipsoid Ev such that any solution starting outside the ellipsoid eventually
enters it and remains trapped there for all future time. Let U be the open
region bounded by this ellipsoid, then U is a trapping region for L; that is,
Lt(U) ⊂ U for all t > 0. Note that this trapping region contains only the
origin and not the other equilibria. Since Cl(U) is compact, the maximal
positively invariant set Λ =

⋂
t>0Cl(L

t(U)) is an attracting set where the
trajectories of the flow accumulate when t increases. In this way, we define
the Lorenz Attractor Λ (see Figure 3.4).

3.3 Geometric model for the Lorenz attractor
In this section we will discuss a geometric model for the Lorenz attractor
proposed independently by Guckenheimer, Williams [28] and by Afraimovich,
Bykov, Shilnikov [1,2]. The reader is also encouraged to check [3,10] and [31]
for more details.

By Hartman-Grobman Theorem 1.1.12, the Lorenz system is locally conju-
gate to the linear system

ẋ =
ẏ =
ż =

λ1x
−λ2y
−λ3z

, (3.9)

in a neighbourhood of the origin. Thus, we have that the flow of the linear
system is

Xt(x0, y0, z0) = (x0 e
λ1t, y0 e

λ2t, z0 e
λ3t), (3.10)

where (x0, y0, z0) ∈ R3 is an arbitrary point near to the origin. In order
to make computations simpler, we chose λ1 = λu = 2, λ2 = −λss = 4,
λ3 = −λs = 1. This eigenvalues are obtained when we take σ = 1, r = 9,
and b = 1. Note that 0 < λ3 < λ1 < λ2.

The idea is to follow the solutions as they flow from the time when z(t) is
equal to some constant z1 until x(t) equals to some constant ±x1. So we
consider Σ∗ = {(x, y, 1) ∈ R3 | |x| ≤ 1, |y| ≤ 1},
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Σ− = {(x, y, 1) ∈ Σ∗ | x < 0}, Σ+ = {(x, y, 1) ∈ Σ∗ | x > 0},

Σ = Σ+ ∪ Σ− = Σ∗ \ Γ, where Γ = {(x, y, 1) ∈ Σ∗ | x = 0, },

S±{(±1, y, z) ∈ R3} and S = S+ ∪ S−.

We assume that Σ∗ is a section transversal to the flow and every trajectory
eventually crosses Σ∗ in the direction of the negative axis z. Then for each
(x, y, 1) ∈ Σ, the time τ ′Lor such that Xτ ′Lor(x, y, 1) ∈ S is determined by
eλ1τ x = ±1. Then we have

τ ′Lor(x) = − 1

λ1
ln |x|. (3.11)

Observe that this time only depends on x ∈ Σ and is such that τ(x) → +∞
as x→ 0. Let P1 : Σ → S be the map given by

P1(x, y, 1) = Xτ ′Lor(x)(x, y, 1)

= (1, y(τ ′Lor), z(τ
′
Lor))

= (1, y|x|β, |x|α),

where α = λ3

λ1
and β = λ2

λ1
. Note that 0 < α < 1 < β (In our particular

choice of eigenvalues we have that α = 1
2

and β = 2). We could also forget
the constant entry and write P1 as a function of two variables. Moreover,
to avoid to deal later on with a contraction in the y−direction, we will just
divide by two the x variable to reduce the size of the cusps. The division by 2
is convenient for us because of the particular choice of the eigenvalues we are
working with, but dividing by any other positive number also works. Thus,
P1 is given by P1(x, y) = (y|x

2
|β, |x

2
|α). Its derivative in the first quadrant is

given by

D(x,y)P1 =

β2−βyxβ−1 2−βxβ

α2−αxα−1 0

 . (3.12)
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We make the following observations:

3.3.1 Observation. 1.- P1(Σ
±) has the shape of a cusp at (±1, 0, 0) and

(making abuse of notation) we will denote this images as S± and S =
S+ ∪ S−.

2.- If we denote by ℓv(c) = {(x, y, 1) ∈ Σ | x = c}, where c is a constant, the
vertical line segments in Σ and by by ℓh(c) = {(±1, y, z) ∈ S | z = c},
where c is a constant, the horizontal line segments in S. Then we clearly
have that P1(ℓv(c0)) = ℓh(c1); that is, the map P1 takes the vertical line
segments in Σ to the horizontal line segments in S as illustrated in
Figure 3.6.

Figure 3.6: Image of Σ under P1 (Image taken from [10]).

Since we are aiming to construct the (Poincaré map) return map to the
cross-section Σ, we have to describe the return of the cusps S back to Σ. In
other words, we have to describe the global dynamics; that is, what happens
outside the neighbourhood of the origin. We also want the global dynamics
to be as close as possible to the dynamics of the Lorenz system. This will
be accomplished by composing a suitable rotation Rθ by an angle of θ, an
expansion Ea by a factor of a and a translation T . In order to obtain the
butterfly shape for the flow, the rotation will be around W s(p±) and we
will assume that p± = (±1,∓1

2
, 1). Therefore, the rotation axis will be the

boundaries of the cross-section Σ; that is, the vertical line segments ℓv(±1)
which are parallel to the y−axis. Furthermore, we will also assume that
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the horizontal line segments ℓh(c0) are taken into the vertical ones ℓv(c1), as
depicted in Figure 3.7.

Figure 3.7: Return to Σ under P2 (Image taken from [10]).

Recall that since the origin is hyperbolic and by the Stable Manifold Theorem
(Theorem 1.1.9), the stable W s(0) and unstable W u(0) manifolds are well
defined. Also note that W u(0) \ {0} is made of two connected component
which we denote by W±u(0) and W u(0) = W+u(0) ∪ {0} ∪W−u(0).

The rotation we mentioned above will be a rotation of 270 degrees (θ = 3π
2

)
its matrix form is given by

Rθ =

 0 0 1
0 1 0
−1 0 0

 .

The expansion occurs only along the x−direction, so its matrix is
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Ea =

 a 0 0
0 1 0
0 0 1

 ,

with a < 2α+1 = 2
√
2. It is worth noting that this particular bound is

good for the case we are dealing with; that is, with the particular choice of
eigenvalues that we have and because of the contraction we did in the map
P1 by dividing by 2 the x variable. If this division were done by another
quantity this would be reflected in the bound of a.

Finally, the translation T is such that the unstable direction which starts
from the origin is sent to the boundary of Σ and the image of both cusps S
are disjoint. More precisely, we want to send the cusps points C± = (±1, 0, 0)
to A± = (∓1,∓1

2
, 1) (see Figure 3.7). Therefore the map P2 : S → Σ is given

by composing the rotation, expansion and translation mentioned above; that
is, P2 = T ◦Ea ◦Rθ. Like in the case of P1, we can express P2 as a function of
two variables in this case y and z; i.e., P2(y, z) = (az∓1, y∓ 1

2
) the minus/plus

sign depends whether we are in S+ or S−, respectively. Its derivative is given
by

D(y,z)P2 =

(
0 a
1 0

)
. (3.13)

The above construction allows us to describe for t ∈ R+ the orbit Xt(x̄) of
each x̄ ∈ Σ. The orbit will start flowing with the linear field until S± and
then it will follow the returning field back to Σ and so on. We denote by
W = {Xt(x̄) | x̄ ∈ Σ, t ∈ R+} the set where the described flow acts. The
geometric Lorenz flow is the couple (W,Xt

W ).

The return map to Σ (the Poincaré map) P : Σ → Σ will be P = P2 ◦P1 and
its expression is given by

P (x, y) =


(
a
∣∣∣x
2

∣∣∣α − 1, y
∣∣∣x
2

∣∣∣β − 1

2

)
, if x ∈ (0, 1];(

1− a
∣∣∣x
2

∣∣∣α , 1

2
− y

∣∣∣x
2

∣∣∣β ), if x ∈ [−1, 0),

(3.14)
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where we take a =
√
2. Its derivative is DP = DP2 ·DP1 and is given by

DP =

aα2−αxα−1 0

β2−βyxβ−1 2−βxβ

 . (3.15)

Observe that the first entry of P is a function that just depends on x. This
suggests that we can quotient out the stable foliation formed by the vertical
line segments ℓv(c) as we will see later. Figure 3.8 shows the images of Σ±
under the action of P .

Note that for our choice of eigenvalues and the expansion constant a =
√
2

we have the following:

P (x, y) =


(√

2
∣∣∣x
2

∣∣∣ 12 − 1, y
∣∣∣x
2

∣∣∣2 − 1

2

)
, if x ∈ (0, 1];(√

2
∣∣∣x
2

∣∣∣ 12 + 1, y
∣∣∣x
2

∣∣∣2 + 1

2

)
, if x ∈ [−1, 0),

and

DP =


1

2
√
x

0

xy

2

x2

4

 . (3.16)

The matrix DP has eigenvalues λ′1 =
1

2
√
x

and λ′2 =
x2

4
. Observe that

λ′1 → ∞ as x → 0. More precisely, we have that if 1
4
≤ |x| ≤ 1 then λ′1 ≤ 1

and if |x| < 1
4

then λ′1 > 1. For the other eigenvalue we have that λ′2 ≤ 1
4

for |x| ≤ 1. Thus we have that the Poincaré map P is hyperbolic when x
approaches the origin.
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Figure 3.8: The Poncaré map P acting on Σ±.

As we previously mentioned it, the foliation given by the vertical lines ℓv(c)
is invariant under the map P ; that is, given any leaf γ of this foliation its
image P (γ) is contained in a leaf of the same foliation (See Figure 3.8).
Therefore, we can express P as P (x, y) = (f(x), g(x, y)) for some functions
f : I \ {0} → I and g : (I \ {0})× I → I, where I = [−1, 1].

Now, to conclude this section we will state without proof some properties
of the maps f(x) and g(x, y) and how the dynamics of f determines the
dynamics of P . For a more detailed exposition of this properties the reader
could check [1], [10], [28], [40] and [31].

First, let us state the properties of g(x, y).

g1.- The map g is piecewise C 2 and for fixed x0, the map g(x0, y) is a
contraction in the y−direction. Meaning

d(g(x0, y1), g(x0, y2)) ≤ cd(y1, y2),

for 0 < c < 1.

g2.- Equation 3.15 provides the following bound on its partial derivatives:

a) For all (x, y) ∈ Σ with x > 0 we have ∂yg(x, y) = 2−βxβ. Since
β > 1 and |x| ≤ 1, there is 0 < η < 1 such that
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|∂yg(x, y)| < η,

and the same bound holds for x < 0

b) For (x, y) ∈ Σ with x ̸= 0 we have ∂xg(x, y) = β2−βyxβ−1. Since
β − 1 > 0 and |y|, |x| ≤ 1 we get that |∂xg(x, y)| <∞.

g3.- From g2.a) above, the uniform contraction of the foliation given by the
vertical lines ℓv(c) follows; in other words, there is C > 0 such that, for
any given leaf γ of the foliation and for y1, y2 ∈ γ, then

d(P n(y1), P
n(y2)) ≤ Cηnd(y1, y2),

when n→ ∞.

For p ∈ Σ we denote by γ(p) the stable leaf which contains the point p; that
is, the vertical line segment ℓv(c) which contains p. As we have mentioned
before, we have that γ(p) is taken into another such line segment γ(P (p)).
We make an equivalence class of points in Σ that lie on the same γ(p). If
we collapse equivalence classes to points, we obtain a map π : Σ → [−1, 1]
given by π(p) = x, where p = (x, y). Since P takes equivalence classes into
equivalence classes, P and π induces the map f : I \ {0} → I, whose graph
is depicted in Figure 3.9. The map f is called Lorenz map. The following
properties hold for the Lorenz map:

f1.- The symmetry of the Lorenz equations implies f(−x) = −f(x).

f2.- f has a single discontinuity at x = 0 with lateral limits limx→0− f(x) =
1 and limx→0+ f(x) = −1, since P is not defined at Γ because
Γ ⊂ W s(0̄).

f3.- f is differentiable on I \ {0} and f ′(x) ≥ σ > 1.

f4.- The lateral limits of f ′ at x = 0 are limx→0− f
′(x) = ∞ and

limx→0+ f
′(x) = −∞.
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Figure 3.9: The graph of the one dimensional map f .

The proofs of the following statements about the map f can be found in
Section 7.11.1 in [40].

3.3.2 Definition. Let I ⊂ R be an interval and f : I → I be a continuous
map. f is called locally eventually onto if for any nonempty open interval
K ⊂ I, there is an n > 0 such that fn(K) ⊃ I. If f is locally eventually
onto, then it is transitive on I.

3.3.3 Theorem. [40, Theorem 11.2] Assume that f : I \ {0} → I satisfies
assumptions f1-f4 given above. Then

a) Then f is locally eventually onto for the interval (−1, 1),

b) Therefore f is transitive on (−1, 1) and Ω(f) = [−1, 1].

3.3.4 Theorem. [40, Theorem 11.3] There is a one to one correspondence
between the periodic points of f and the periodic points of P . Let ΛP =⋂

n≥0 P
n(Σ). Then ΛP = Ω(P ).

Hence the study of the 3−dimensional flow (W,Xt
W ) can be reduced to the

study of the 2−dimensional Poincaré map P on Σ and, furthermore, the
dynamics of the later can be reduced to a 1−dimensional map f on the
interval I, since we have an invariant stable foliation which enables us to
identify two points on the same leaf.
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3.4 a.c.i.p and decay of correlations for the
Lorenz map

All the results presented in this section are given without proof and are taken
from the notes of Viana. For a complete presentation and the proofs please
refer to [48]. The main tool used in the proofs is the fact that the Frobenius-
Perron operator Pf is quasi-compact on the space of functions of bounded
variation BV(I) (Theorem 2.2.7).

In this section, f will denote a map from an interval I = [a, b] to itself. The
maps considered in [48] are required to have the following properties:

(C1) Regularity. There exists a partition P = {α = (ai−1, ai) | a = a0 <
a1 < · · · < ar = b} such that f |αi

is of class C 1 with |Df(x)| > 0 for

all x ∈ αi and all i = 1, . . . , r. Moreover, the function gαi
=

1

|Df |αi
|

has bounded variation for every i.

Particularly, f |αi
and gαi

admit continuous extensions to ᾱi = [ai−1, ai]. Since
the modification on the values of a map over a finite set of points does not
alter its statistical properties, we can assume that f is right-continuous or
left-continuous (or both) at ai for any i. We let P1 be some partition of I into
intervals α with αi ⊂ α ⊂ ᾱi for some i and f |α is continuous. Furthermore,
for m ≥ 1 we let Pm be the partition of I such that Pm(x) = Pm(y) if and
only if P1(f j(x)) = P1(f j(y)) for every 0 ≤ j < m. For α ∈ Pm, we denote

gmα =
1

|Dfm|α|
.

(C2) Expansivity. There exist constants C > 0 and 0 < λ < 1 such that
sup gmα ≤ Cλm for every α ∈ Pm and every m ≥ 1.

By Theorem 2.2.7 we know that f admits a finite number of ergodic ab-
solutely continuous invariant measures whose densities have bounded varia-
tion. In order to guarantee uniqueness of the absolutely continuous invariant
measure as well as the mixing properties we want to study, the following
assumption on the expanding map f is required:

(C3) Topological mixing. There exists an interval J ⊂ I such that f(J) =
J , every orbit fn(x) eventually goes into J , with x ∈ I, and f |J is
topologically mixing.
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3.4.1 Theorem. [48, Corollary 3.6] If f satisfies conditions (C1)-(C3) then
it admits a unique a.c.i.p. µ = φm with φ ∈ BV(I), where m denotes the
Lebesgue measure. Moreover, µ is ergodic.

By the properties of the Lorenz map f1-f4 and by Theorem 3.3.3 in the
previous section we have that the Lorenz map f fulfils the assumptions (C1)-
(C3) above. Thus, by Theorem 3.4.1 we know that f has an ergodic and
unique a.c.i.p. µ = φm with φ ∈ BV(I).

Proving the decay of correlations requires a main ingredient, namely, showing
that the spectrum of the Frobenius-Perron operator (spec(Pf )) acting on the
space of functions of bounded variation BV(I) can be decomposed

spec(Pf ) = {1} ∪ Σ0 with Σ0 contained in a disc of radius ρ < 1.

A direct consequence of quasi-compactness is that (f, µ) has exponential
decay of correlations, with rate of decay no bigger than ρ. In order to have
such decomposition exactness of the measure µ is required. Thus, we have
the following result

3.4.2 Proposition. [48, Proposition 3.13] If f is a piecewise expanding
map satisfying (C1)-(C3), then the a.c.i.p. µ is exact, and thus mixing for
f .

Exactness is the last ingredient needed to prove exponential decay of corre-
lations. Hence, we have the following result.

3.4.3 Theorem. [48, Corollary 3.10] If f is a piecewise expanding map
satisfying (C1)-(C3), then f has exponential decay of correlations; that is,
given v ∈ BV(I) and w ∈ L1(µ) there are constants C(v, w) = C > 0 and
0 < Θ < 1 such that

ρn(v, w) =

∣∣∣∣ ∫ v · w ◦ fndµ−
∫
vdµ

∫
wdµ

∣∣∣∣ ≤ Cρn ∥v∥BV ∥w∥1 .

We even have the Central Limit Theorem (CLT):
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3.4.4 Theorem. [48, Corollary 3.11] If f is a piecewise expanding map
satisfying (C1)-(C3), then f satisfies CLT; that is, given v ∈ BV(I) and
σ2 =

∫
w2dµ+ 2

∑∞
j=1

∫
w(w ◦ f j)dµ, where w = v −

∫
vdµ. Then σ is well-

defined and σ = 0 if and only if w = u ◦ f − u for some u ∈ L2(µ). If σ > 0
then for every interval A

µ({x ∈ I | 1√
n

n−1∑
j=0

w(f j(x)) ∈ A}) →
∫
A

1

σ
√
2π

e−
t2

2σ2 dt as n→ ∞.

By Proposition 3.4.2, we know that the a.c.i.p. µ of the Lorenz map f is
exact and by Theorem 3.4.3 and Theorem 3.4.4, f has exponential decay of
correlations and satisfy CLT.
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Chapter 4

Neutralizing the Lorenz origin

In this chapter we will apply local surgery in a neighbourhood of the hyper-
bolic saddle equilibrium of the geometrical Lorenz model, namely the origin,
and transform it into a neutral equilibrium. We will investigate the effects
of this change in the dynamics of the model. We do this because we aim to
slow down the time that orbits take to flow from the cross-section Σ to the
cusps S and see the changes this new motion produces in the decay of corre-
lations. The flow obtained from this modification will be an almost Anosov
flow. Existence of a finite or infinite SRB measure for two dimensional al-
most Anosov diffeomorphisms was already proven in [32,33]. A recent paper
of Hu and Zhang [34] provides polynomial mixing rates in the finite measure
setting with bounds on the exponent within a parameter range. To obtain
such rates they made use of the existence of a Markov partition, quotient dy-
namics by factoring out the stable direction, a first return inducing scheme
and renewal theory. Later, Bruin and Terhesiu in [20] proved mixing rates
in the infinite SRB measure setting for almost Anosov diffeomorphism us-
ing different methods. They used anisotropic Banach spaces of distributions
where the transfer operator of the induced map acts and established the re-
quired spectral properties to obtain optimal rates of mixing. Furthermore,
they gave more precise tail estimates for the inducing scheme. We will take
advantage of these methods and results and use them to deduce the rates of
mixing of the almost Anosov flow we will construct. Before jumping directly
to the local surgery of the geometrical Lorenz model, we will first describe
the framework we will use.
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4.1 The Framework
4.1.1 Notation. Through this Chapter we use the same notation of [17] and
write an = O(bn) or an ≪ bn if there is a constant C > 0 such that an ≤ Cbn
for all n ≥ 1, and an ∼ bn if limn→∞

an
bn

= 1.

We will begin with the set-up of [17], [20] and [21], where the starting point
is an almost Anosov flow ϕt : M × R → M on a closed 3-dimensional dif-
ferentiable manifold M (recall Definition 1.2.5), in this setting we will just
consider a single neutral periodic orbit Γ ≃ {(0, 0, 0)}, near to this orbit
the flow has the following form in local Euclidean coordinates; that is, in a
neighbourhood U of the orbit Γ the flow has the form:

 ẋ
ẏ
ż

 = F

 x
y
z

 =

 x(a0x
2 + a1y

2 + a2z
2)

−ℓy
−z(b0x2 + b1y

2 + b2z
2)

+ O(4), (4.1)

where the parameters satisfy a0, a1, a2, b0, b1, b2 ≥ 0 with ∆ := a2b0−a0b2 ̸= 0,
ℓ > 0 and a21 < 4a0a2, b21 < 4b0b2. The latter condition implies the first
component in (4.1) is non-negative and the 2nd non-positive for x, z ≥ 0,
O(4) refers to terms of order four or higher, under the condition that they
are of the form x2O(2) near the yz-plane and z2O(2) near the xy-plane. The
vector field is cubic in the transversal direction to Γ, but this is the only
source of non-hyperbolicity.

Note that the divergence Div(F ) = (3a0−b0)x2+(a1−b1)y2+(a2−3b2)z
2−ℓ.

Since we are aiming for a flow that shrinks volumes exponentially fast, like the
Lorenz flow, we need that Div(F ) = −c < 0, where c is a positive constant.
Then by Liouville’s theorem, we will have that dV

dt
=

∫
D(t)

Div(F )dxdydz,
where D(t) is a region in the Euclidean space. Therefore, V (t) = e−ct V (0)
which means that the flow shrinks volumes exponentially fast. In order to
achieve that, we let ℓ be big enough such that (3a0 − b0)x

2 + (a1 − b1)y
2 +

(a2 − 3b2)z
2 < ℓ for all x, y and z in U .

A quick computation shows that

DF |0̄ =

 0 0 0
0 −ℓ 0
0 0 0

 ,
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where 0̄ = (0, 0, 0). DF |0̄ has eigenvalues λ1,3 = 0, λ2 = −ℓ with associated
eigenvectors (1, 0, 0), (0, 1, 0) and (0, 0, 1).

If we solve for y in Equation (4.1); i.e., y(t) = y0 e
−ℓt we obtain the following

non autonomous system of differential equations:

(
ẋ
ż

)
= Fhor

(
x
z

)
=

(
x(a0x

2 + ā1 e
−2ℓt +a2z

2)
−z(b0x2 + b̄1 e

−2ℓt +b2z
2)

)
+ O(4), (4.2)

where ā1 = a1y
2
0 = b̄1 = b1y

2
0, 0̄ is the fixed point of Fhor. An easy computa-

tion shows that

DFhor|0̄ =
(
ā1 e

−2ℓt 0
0 −ā1 e−2ℓt

)
,

thus 0̄ is a hyperbolic saddle fixed point for negative values of t. When t tends
to infinity then the fixed point changes to a neutral fixed point nature since
e−2ℓt goes to zero or for values large enough of ℓ the fixed point is neutral.

We will assume that ℓ is large enough that the time-1 map fhor of the flow ϕt
hor

of Fhor is a smooth almost Anosov map with a single neutral fixed point p =
(0, 0). Since fhor is an almost Anosov map (a local perturbation of an Anosov
diffeomorphism on T2) we can suppose there exists a Markov partition {Pi}ki=0

for fhor and assume p is in the interior of P0. The vertical and horizontal
axes are the stable and unstable manifolds of p respectively. We also make
the assumption that the element P0 ⊂ U is a small rectangle such that
Cl(f−1

hor(P0) ∪ P0 ∪ fhor(P0)) ⊂ U , where U is the neighbourhood mentioned
at the beginning of this section. Due to the symmetry (x, z) → (±x,±z),
we only need to do the analysis in the first quadrant Q = [0, x0] × [0, z0] of
P0 (Figure 4.1). Without loss of generality (consult [20] Lemma 2.1) we can
regard [0, x0]×{z0} as a local unstable leaf and {x0}× [0, z0] as a local stable
leaf of the global diffeomorphism.
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Figure 4.1: First quadrant Q, with stable and unstable foliations.

We consider an induced map f̄hor = fφ
hor : Y → Y for Y = T2 \ P0, where

φ(z) = min{n ≥ 1 | fn
hor(z) /∈ P0} is the first return time to Y . We notice

that f̄hor is invertible because fhor is. In the first quadrant of U \ P0, {φ =
n} = {z ∈ f−1

hor(Q)\Q | φ(z) = n}, n ≥ 2, are vertical stripes adjacent to the
local unstable leaf [0, x0] × {z0} and converging to {0} × [z0, z1] as n → ∞.
The images f̄hor({φ = n}) are horizontal stripes adjacent to the local stable
leaf {x0} × [0, z0] and converging to [x0, x1]× {0} as n→ ∞, see Figure 4.1.

Contrary to fhor, the induced map f̄hor is uniformly hyperbolic, but only
piecewise continuous. Indeed, the continuity does not hold at the boundaries
of the stripes {φ = n}, n ≥ 2 (f̄hor is undefined on W s(p)), but these
boundaries are local unstable and stable leaves, and it is possible to create
a countable Markov partition {Pi}ki=1 of Y for f̄hor where all {φ = n} are
partition elements.
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The function f̄hor preserves an SRB-measure µ (see [33, Lemma 5.2]).

The goal is to give estimates of the tails since they will give us the speed of
the decay of correlations.

µ(φ > n) = µ({z ∈ f−1
hor(Q) \Q | φ(z) > n}). (4.3)

4.2 Estimates of µ(φ > n)

We will start by considering the system given by Equation 4.2 without the
O(4) terms and we also let the exponential terms be absorbed by O(4); i.e.,
we consider

(
ẋ
ż

)
= Fhor

(
x
z

)
=

(
x(a0x

2 + a2z
2)

−z(b0x2 + b2z
2)

)
, (4.4)

where the parameters a0, a2, b0 and b2 satisfies the same restrictions as before.
The approach we will take closely follows [17], [20] and [21]. Let u, v ∈ R the
solutions of of the linear system

{
(u+ 2)a0 = vb0
(v + 2)b2 = ua2,

that is :

{
u =

2b2c0
∆

v =
2a0c2
∆

,
(4.5)

where ci = ai + bi for i ∈ {0, 2}.

Let f−1
hor(0, z0) = (0, z1). Given q = (x, z) ∈ f−1

hor(Q); that is; z ∈ [z0, z1] and
0 < x < x0, we define the exit time t(x, z) by

f
t(x,z)
hor (q) = f

t(x,z)
hor (x, z) = (x0, ω(z, t)) ∈ ∂Q, (4.6)

see Figure 4.2. For fixed z, by inverting this relation we obtain the asymptotic
behaviour of x(z, t) and ω(z, t) as t → ∞, because for integer values t = n
and t = n − 1, the curves z 7−→ x(z, t) parametrise the vertical boundaries
of the strips {φ = n}.
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Figure 4.2: The exit time of a point q = (x, z) ∈ f−1
hor(Q).

For the vector field in Equation (4.4), we want to give accurate estimates for
x(z, t) and ω(z, t). In the choice of coordinates that we are taking {x0}×[0, z0]
is a local stable leaf and thus also the curves WT := (x(z, t), z) are local stable
leaves, since f t

hor(WT ) ⊂ {1} × [0, z0].

The next proposition gives a first integral for Equation (4.4) and its proof
can be found in [17] or [20].

4.2.1 Proposition. The function

I(x, z) =


xuzu(a0

v
x2 + b2

u
z2), if ∆ > 0;

x−uz−u(a0
v
x2 + b2

u
z2)−1 if ∆ < 0;

is a first integral of (4.4).
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Bruin in [17] and [20] provides us with the following results concerning the
estimates for the tails of µ(φ > n) and the Dulac map, where the Dulac
map is the transition map from a transverse section at its stable separatrix
W s(x0, 0) to a transverse section at its unstable separatrix W u(0, y0); that
is, the Dulac map D : W u(0, y0) → W s(x0, 0) p = D(q), shown in Figure
4.3, assigns the firs intersection ϕT (x, y0) of the integral curve through (x, y0)
with the stable leaf W s(x0, 0), where x ∈ W u(0, y0) and T is the flow time;
that is, the exit time (see Equation (4.6)).

Figure 4.3: The Dulac map D : W u(0, y0) → W s(x0, 0).

4.2.2 Theorem. Consider a C 3 vector field of local form 4.4 with parameters
satisfying the same restrictions as before. Define β0 = a0+b0

2a0
and β2 = a2+b2

2b2
.

Then x(z, t) and ω(z, t) are regularly varying of order β2 and β0, respectively.
In order words, there are functions ξ0(z) and ω0(z) independent of t such that
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x(z, t) = ξ0(z)t
−β2(1 + O(t−2β2))

and

ω(z, t) = ω0(z)t
−β0(1 + O(t−2β0)).

Moreover, the Dulac map D : W u(0, z) → W s(x0, 0) has the form:

ω = D(x) = ω0(z)ξ0(z)
−β0

β2 x
β0
β2 (1 + O(x

1
2β2 )),

as x→ 0.

4.2.3 Theorem. Let β∗ = 1
2
min{1, a2

b2
, b0
a0
}, then there exist C0 > 0 constant

such that µ(φ > n) = µ({z ∈ f−1
hor(Q)\Q | φ(z) > n}) = C0n

−β2(1+O(n−β∗
)).

4.3 The Poincaré map revisited
In Section 3.3 we studied the Lorenz geometrical model and constructed the
return (Poincaré) map P to the cross-section Σ. The construction of the
map P was given by considering two maps P1 and P2. The former describes
the local dynamics in a neighbourhood of the origin by flowing points in Σ
through the linearised Lorenz flow and the later gives the global dynamics
conformed by a rotation, expansion and translation which takes the cusps S
back to Σ.

In this section, we will investigate what happens if instead of considering the
linearised Lorenz flow we consider the flow obtained from Equation (4.1).

Note that Equation (4.2) is non-autonomous and it was obtained by solving
the y−component from Equation (4.1). Since the terms involving the time
variable t in the x and z−component in Equation (4.2) decrease exponentially
fast as t increases, we will consider their contribution negligible and put them
together with the higher order terms O(4). We will make use of the estimates
of the Dulac map (See Section 4.2).

Let us denote by N t the flow obtained from Equation (4.1). By Equation
(4.6) and the estimates of the Dulac map given in Theorem 4.2.2 we get the
following expression:
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N t(x,z)(x, y, z) = (x0, y e
−ℓt(x,z), zω(z, t(x, z)) )

= (x0, y e
−ℓ|x|

− 1
β2 , |x|

β0
β2 ). (4.7)

We will take the same cross-section as in Chapter 3; that is, we will consider

Σ− = {(x, y, 1) ∈ Σ∗ | x < 0}, Σ+ = {(x, y, 1) ∈ Σ∗ | x > 0},

Σ = Σ+ ∪ Σ− = Σ∗ \ Γ, where Γ = {(x, y, 1) ∈ Σ∗ | x = 0}.

The last equality in Equation (4.7) holds true because z will be consider as a
constant, since we are taking points in Σ. Therefore, the time t(x, z) becomes
a function of the variable x and by reversing the estimates in Theorem 4.2.2
we get the result. Hence we consider the map N : Σ → S

N(x, y, 1) = Nt(x)(x, y, 1)

=
(
1, y e−ℓ|x

2
|
− 1

β2 ,
∣∣∣x
2

∣∣∣β0β2 ). (4.8)

We can assume that x0 = 1 so we can restrict the local dynamics to the unit
cube and like in the case of the map P1 (See Section 3.3) we divide x by 2
to adjust the hight of the images of Σ under N . Its derivative is given by

D(x,y)N =

 ℓ
β2
2
− 1

β2 yx
−(2+ 1

β2
)
e−ℓ(x

2
)
− 1

β2 e−ℓ(x
2
)
− 1

β2

β0

β2
2
−β0

β2 x
β0
β2

−1
0

 . (4.9)

Note that the y component of N can be written as a function of the z
component; that is, if we denote the z and y component of N by z̃ and
ỹ, respectively. Then,

ỹ(z̃) = ỹ e−ℓz̃
− 1

β0 . (4.10)

We make the following observations:
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1.- N(Σ±) has a cusp-like shape, since by Equation (4.10), N maps lines
y = c to curves of the form ỹ(z̃). Each of these image curves meets
the xy−plane perpendicularly at (1, 0, 0). The cusp-like shapes vary
as we vary 1

2
< β0 < 2. When we take 1 ≤ ℓ < 4 the shapes start to

look more like the cusps we obtained from the Lorenz flow as depicted
in Figure 4.4, but for ℓ > 4 we obtain a degenerate case namely, the
sides of the cusp collapse to a line. We will denote N(Σ±) by S± and
S = S+ ∪ S−.

We would also like to remark that what is depicted in Figures 3.6, 3.7
and 3.8 remains true since the only changes are the new map N and
the shape of the cusps which now are deformed from the original ones
but the descriptions in the images remains true.

2.- Like the map P1, the map N takes the vertical line segments in Σ to
the horizontal line segments in S, where the vertical lines in Σ are given
by making the x coordinate constant and the horizontal lines in S by
making z constant; i.e., N(ℓv(c0)) = ℓh(c1) as illustrated in Figure 3.6.

Figure 4.4: Examples of the cusp-like shapes: For a) and b) we have β0 = 3
2

and ℓ = 1 and ℓ = 2, respectively. For c and d we have β0 = 5
7

and ℓ = 1 and
ℓ = 2, respectively.

To complete the return to Σ we proceed as in Chapter 3 and use the map P2

to send the cusp-like shapes back to the cross-section. Therefore this time,
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the modified return map PNeu : Σ → Σ is given by PNeu = P2 ◦N ; that is,

PNeu(x, y) =


(
a
∣∣∣x
2

∣∣∣β0β2 − 1, y e−ℓ|x2 |
− 1

β2 −1

2

)
, if x ∈ (0, 1];

(
1− a

∣∣∣x
2

∣∣∣β0β2 , y e−ℓ|x2 |
− 1

β2
+
1

2

)
, if x ∈ [−1, 0),

(4.11)

and its derivative is DPNeu = DP2 ·DN and is given by

DPNeu =

 aβ0

β2
2
−β0

β2 x
β0
β2

−1
0

ℓ
β2
2
− 1

β2 yx
−(1+ 1

β2
)
e−ℓ(x

2
)
− 1

β2 e−ℓ(x
2
)
− 1

β2

 . (4.12)

The matrix DPNeu has eigenvalues λ1 = aβ0

β2
2
−β0

β2 x
β0
β2

−1 and λ2 = e−ℓ(x
2
)
− 1

β2 .

Note that if we let β2 > 2, then
β0
β2

< 1 (since we are taking 1
2
< β0 < 2

in order to have nice cusp shapes) and then we will have that λ1 → ∞ as
x → 0. For the other eigenvalue we have that λ2 < 1 and λ2 → 0 as x goes

to 0 since
∣∣∣x
2

∣∣∣− 1
β2 → ∞ as x goes to 0. Thus the modified Poincaré map PNeu

is hyperbolic when x approaches the origin.

Some properties we saw in Chapter 3 remain true for the modified return
map PNeu like the invariance of the stable foliation given by the vertical lines
ℓv(c) under the map PNeu. Therefore, given any leaf γ of this foliation, its
image PNeu(γ) is contained in a leaf of the same foliation (See Figure 3.8).
Hence, we can express again PNeu as PNeu(x, y) = (fNeu(x), gNeu(x, y)) for
some functions fNeu : I \ {0} → I and gNeu : (I \ {0}) × I → I, where
I = [−1, 1].

Let us state the properties of gNeu(x, y), which are similar to the properties
stated in Chapter 3.

g1.- The map gNeu is piecewise C 2 and for fixed x0, the map gNeu(x0, y) is
a contraction in the y−direction. Meaning

d(gNeu(x0, y1), gNeu(x0, y2)) ≤ cd(y1, y2),
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for 0 < c < 1.

g2.- Equation (4.12) provides the following bound on its partial derivatives:

a) For all (x, y) ∈ Σ we have ∂ygNeu(x, y) = e−ℓ(x
2
)
− 1

β2 . Since β2 > 2
and |x| ≤ 1, there is 0 < η < 1 such that

|∂ygNeu(x, y)| < η.

b) For (x, y) ∈ Σ with x ̸= 0 we have ∂xgNeu(x, y) =
ℓ
β2
2
− 1

β2 yx
−(1+ 1

β2
)

e−ℓ(x
2
)
− 1

β2 . Since 1 < 1 +
1

β2
<

3

2
and |y|, |x| ≤ 1 we get that

|∂xgNeu(x, y)| is bounded. In fact, it tends to zero exponentially
fast as x approaches the origin.

g3.- From g2.a) above follows the uniform contraction of the foliation given
by the vertical lines ℓv(c); in other words, there is C > 0 such that, for
any given leaf γ of the foliation and for y1, y2 ∈ γ, we have

d(P n
Neu(y1), P

n
Neu(y2)) ≤ Cηnd(y1, y2),

when n→ ∞.

As before, γ(p) denotes the stable leaf which contains the point p ∈ Σ and
we make again an equivalence class of points in Σ that lie on the same γ(p).
If we collapse equivalence classes to points, we obtain a map π : Σ → [−1, 1]
given by π(p) = x, where p = (x, y). Since PNeu takes equivalence classes
into equivalence classes, PNeu and π induces the map f : I \ {0} → I, whose
graph is depicted in Figure 4.5. The new map f is a slight modification of
the Lorenz map fLor obtained in Chapter 3 and all the properties mentioned
there also hold for the new version f . We will fix notation and denote this
modification of the Lorenz map by fNeu and is given by:

fNeu(x) =

ax
β − 1, if x ∈ (0, 1];

1− a|x|β, if x ∈ [−1, 0),

(4.13)

where β =
β0
β2

∈ (0, 1).
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Figure 4.5: The graph of the one dimensional map fNeu.

As we saw in Section 3.4 the one dimensional Lorenz map fLor admits a
unique exact a.c.i.p measure µLor = φLorm with φLor ∈ BV(I), where m is
the Lebesgue measure. Since fNeu has the same properties as fLor, following
the same argumentation stated in Section 3.4 we can deduce that fNeu also
admits a unique exact a.c.i.p measure µNeu = φNeum with φNeu ∈ BV(I).
Furthermore, µNeu has exponential decay of correlations for observables in
BV(I) and satisfies the CLT by Theorem 3.4.3 and Theorem 3.4.4, respec-
tively.
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Chapter 5

Stable foliation

In this chapter we will deal with the stable foliation of the neutral Lorenz
flow. In the first section we will recall the construction of the Geometrical
Lorenz flow and we will talk about its stable foliation. The main references
for this section are the books of Shub [43], Araújo and Pacifico [10] and the
work of Araujo et al. [7].

5.1 Geometrical Lorenz case
Recall that the Lorenz attractor is given by Λ =

⋂
t>0Cl(L

t(O)) (See section
3.2), where O is a trapping region for L; that is, Lt(O) ⊂ O for all t > 0. In
Section 3.3, the construction of the Geometrical model of the Lorenz attractor
was given by analysing the dynamics at the origin and then imitating the
effect of the pair of saddles in the original Lorenz flow. This was achieved
by considering the Poincaré section Σ which is transversal to the flow and
the Poincaré map PLor : Σ → Σ, where Σ = {(x, y, 1) ∈ R3 | |x|, |y| <
1 and x, y ̸= 0}. The return map PLor is decomposed in two parts. The first
one of which, denoted by P1, deals with the local behaviour near the origin
and is obtained by considering a linear system in a neighbourhood of the
origin, where Σ is also contained, and flowing points in Σ until time τ , where
τ is the time it takes a point in Σ to hit a plane S transversal to the x−axis
under the linearised flow.

More accurately, we considered the flow of the linear system given by the
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Equation (3.9); that is,

Lt(x0, y0, z0) = (x0 e
λst, y0 e

λst, z0 e
λsst), (5.1)

where the inequalities for the eigenvalues λu, λs and λss will be specified later
(see Equation (5.7)).

Then for each (x, y, 1) ∈ Σ, the time τLor such that LτLor(x, y, 1) ∈ S is
determined by

τ ′Lor(x) = −λ−1
u ln(|x|) (5.2)

and only depends on x ∈ Σ. Therefore the Poincaré map has the form
P1(x, y) = (y|x

2
|β, |x

2
|α), where α = λss

λu
and β = λs

λu
. Note that 0 < α < 1 < β.

The second one considers the return of points in S to the cross-section Σ
and simulates the random turns of a regular orbit around the origin and
describes a butterfly-like shape. It is described by an appropriate composition
of a rotation, expansion and translation denoted by P2. Note that P2 is a
diffeomorphism, therefore the hitting time τ2(x) from S to Σ is C ϵ. Thus, if
we denote by rLor(x) the full return time of the Poincaré map PLor we notice
that

rLor(x) = τ ′Lor(x) + τ2(x). (5.3)

The Poincaré map is given by

PLor(x) = P2 ◦ P1(x) =


(
a|x|α − 1, y|x|β − 1

2

)
, if x ∈ (0, 1];(

1− a|x|α, 1

2
− y|x|β

)
, if x ∈ [−1, 0).

There we saw that the vertical lines denoted by ℓv(c) in the cross-section
Σ form the stable foliation which is invariant under the return map PLor;
that is, given any leaf γ of this foliation, its image PLor(γ) is contained in
a leaf of the same foliation (See Figure 3.8). Thus by quotienting out the
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stable direction we can rewrite the Poincaré map as a skew-product; that is,
PLor(x, y) = (fLor(x), gLor(x, y)).

Before stating the results concerning the stable foliation for the Lorenz flow
we give first the necessary definitions.

5.1.1 Definition. Let Λ be a compact invariant set of X ∈ Xr(M), c > 0
and 0 < λ < 1. We say that Λ has a (c, λ)−dominated splitting if the
bundle TΛM has a DXt-invariant splitting of sub-bundles

TΛM = E1 ⊕ E2,

such that for all t > 0 and x ∈ Λ, we have

∥∥DXt|E1
x

∥∥ ·
∥∥∥DX−t|E2

Xt(x)

∥∥∥ < c · λt. (5.4)

We say that Λ is partially hyperbolic if it has a (c, λ)−dominated splitting
such that E1 is uniformly contracting; that is, for some c > 0 and all t > 0
and every x ∈ Λ it holds

∥∥DXt|E1
x

∥∥ < c · λt. (5.5)

In this case we will denote E1 by Es and we will refer to it as the contracting
direction. E2 will be denoted by Ecu and refer as the center-unstable direction.

5.1.2 Observation. 1. If the inequality in Equation (5.4) holds we will
refer it as Domination of the splitting.

2. If the inequality in Equation (5.5) holds then the splitting will be refer
as uniformly contracting.

For x ∈ Λ and t ∈ R, Jcut (x) will denote the absolute value of the determinant
of DXt|Ecu

x
: Ecu

x → Ecu
Xt(x)

. We say that Ecu
Λ is area expanding if for any

x ∈ Λ and t ≥ 0 there are constants c > 0 and 0 < λ < 1 such that

Jcut (x) ≥ c · λ−t. (5.6)

Note that this condition is weaker than the uniform expansion along the
central-unstable direction.
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5.1.3 Definition. Let Λ be a compact invariant set of X ∈ Xr(M). We say
that Λ is singular hyperbolic set for X if all the equilibria of Λ are hyper-
bolic and Λ is partially hyperbolic with area expanding central direction. If Λ
is also an attractor we will say that it is a singular hyperbolic attractor.

The following result due to [7] is a restatement of Theorem IV.1 in [43].

5.1.4 Theorem. [7, Theorem 6] Let X be a C 2 flow and Λ be a compact
X-invariant singular hyperbolic attractor having a dominated splitting

TΛM = Es ⊕ Ecu.

There are ϵ > 0 and 0 < λ < 1 such that for any x ∈ Λ there are two
embedded disks W ss

ϵ (x) and W cu
ϵ (x) tangent to Es

x and Ecu
x at x, respectively,

such that for any t > 0 the following holds:

1.- Let d(·, ·) be the distance induced by the Riemannian metric. W ss
ϵ (x)

is a C 2 embedded disk and is given by

W ss
ϵ (x) = {y ∈M | d(Xt(x), Xt(y)) ≤ ϵ and lim

t→∞

d(Xt(x), Xt(y))

λt
= 0}

2.- Xt(W
ss
ϵ (x)) ⊂ W ss

ϵ (Xt(x)).

3.- The embedding W ss
ϵ (x) varies continuously on x in the following sense:

There is a neighbourhood B of x and a continuous map Φ : B →
Emb2(I,M) such that Φ(x)(0) = x and Φ(x)(I) = W ss

ϵ (x), where
Emb2(I,M) is the set of embeddings from the unit interval I to M
endowed with the C 2 distance.

4.- Xt(W
cu
ϵ (x)) ∩ Bϵ(x) ⊂ W cu

ϵ (Xt(x)), where Bϵ(x) is the open ball of
radius ϵ centred at x.

5.- The W cu
ϵ (x) varies continuously on x as in 3. That is, there is a neigh-

bourhood B of x and a continuous map Φ : B → Emb2(D2,M) such that
Φ(x)(0) = x and Φ(x)(D2) = W ss

ϵ (x), where D2 is the 2-dimensional
unit disk.

We note that, for any x ∈ Λ, both W ss
ϵ (x) and W cu

ϵ (x) are embedded discs
and hence sub-manifolds of M , and we will call them the local strong-
stable and local center-unstable manifold, respectively. We also have
that W ss

ϵ (x) is uniquely determined since Es is uniformly contracting.
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Theorem 5.1.4 provides us with a strong-stable lamination W ss
ϵ (x) through

the points x ∈ Λ. The following result due to [7] shows us that the lamination
can be extended to an invariant foliation Fss(x) of a open neighbourhood of
Λ with C 2 leaves and whose foliated charts are C 1. Moreover, the leaves are
uniformly contracted by the action of the flow. Thus, we have the following
result due to [7].

5.1.5 Proposition. [7, Corollary 6] Let Xt be a C 2 flow. Then for any
compact Xt−invariant subset Λ which is partially hyperbolic; that is, the
conditions in Equations (5.4) and (5.5) are satisfied for the continuous
DXt−invariant splitting TΛM = Es ⊕Ecu, where Es is the one-dimensional
stable direction, there exists a neighbourhood V of Λ in M where an extension
Fss(x) of the local stable lamination {W ss

ϵ (x)}x∈Λ is defined. Fss(x) is a
locally Xt−invariant foliations whose leaves are uniformly contracted by the
action of Xt for any t > 0. Furthermore, each leaf is a C 2 one-dimensional
submanifold of M .

Now we will see how the stable foliation constructed for the cross-section
Σ, mentioned at the beginning of this section (see Section 3.3 for a full
definition), relates to the contracting foliation of the flow. We can assume
that Σ, that is, a C 2 embedded compact disk transverse to the flow Lt at
every point x ∈ Σ, is contained in the open neighbourhood V of Λ where the
contracting foliation Fss which extends the strong-stable lamination through
every point of Λ is defined.

In this way, for x ∈ Σ we define W ss(x,Σ) to be the connected component
of Fsc(x)∩Σ, where Fsc(x) =

⋃
t∈R Lt(F

ss(x)) is the center-stable leaf. Since
the flow (Lt)t∈R is C 2, W ss(x,Σ) is a C 2 one-dimensional embedded curve
for every x ∈ Σ and their leaves form a C 1 foliation Fss

Σ of Σ.

Given a pair of embedded disks D1 and D2 in Σ intersecting transversally a
set {W ss(x,Σ)}x∈Σ of stable leafs, the holonomy mapH : D1∩W ss(x,Σ) →
D2 ∩W ss(x,Σ) assigns to y ∈ D1 ∩W ss(x,Σ) the unique point in h(y) ∈
D2 ∩W ss(x,Σ), see Figure 5.1.
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Figure 5.1: The holonomy map.

From the developments in the partially hyperbolic theory by Brin-Pesin [16]
and Pugh-Shub [39] we have that the projection along leaves, also known as
holonomies, between pair of transverse surfaces to Fss have a Hölder Jacobian
with respect to Lebesgue measure. This implies a similar conclusion for the
holonomies transverse to Fcs. It follows that the holonomy between pairs
of transverse curves to Fss

Σ along the lines of Fss
Σ can be thought as interval

maps having a Hölder Jacobian. Hence these holonomies are C 1+α for some
0 < α < 1. In this setting, the leaves W ss(x,Σ), with x ∈ Σ, determine a
foliation Fss

Σ of Σ with transversal smoothness C 1+α.

Therefore, given a cross-section Σ we can assume that Σ is the image of the
unit square I × I under the action of a C 1+α diffeomorphism h, for some
0 < α < 1. Furthermore, h sends vertical lines inside the leaves of Fss

Σ .

In the construction of the geometrical model given in Section 3.3 we saw that
we have three eigenvalues satisfying

λss < λs < 0 < −λs < λu < −λss, (5.7)

which corresponds to the stable, unstable and strong stable directions. Figure
3.6 shows how the linear flow (Equation (3.10)) preserves lines in the y-
direction when we flow points from Σ to S. Thus, its derivativeDXt preserves
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planes which are orthogonal to the y−axis.

Furthermore, by the way the flow from S to Σ was constructed (Figure 3.7)
we notice that horizontal lines in S; that is, parallel to the y−axis, are taken
to parallel lines to the same axis in Σ. In other words, the flow from S to
Σ preserves parallel lines to the y−axis. Since this flow is a composition of
rotation, expansion and translation we can deduce that the derivative of the
flow also preserves planes orthogonal to the y−axis. From this we can deduce
that the splitting R3 = E⊕F , where E = {0}×R×{0} and F = R×{0}×R,
is preserved by the flow; i.e., DXt(E) = E and DXt(F ) = F for any t.

We observe that ∥DXt|Ex∥ ≤ eλsst and since λss < 0 it follows that E is
uniformly contracting, and it will be called stable direction. Notice also that

∥DXt|Ex∥ ·
∥∥∥DX−t|FXt(x)

∥∥∥ ≤ eλss−λst .

Since λss−λs < 0 we see that the contraction along the F direction is weaker
than the one along the E direction. This is true for any point x ∈ Λ. Since
domination of the splitting and uniform contraction are satisfied (See Def-
inition 5.1.1) we can conclude that Λ is partially hyperbolic. Furthermore,
since Jcut (x) = e(λu+λs)t then the flow expands area along the F direction and
hence Λ is a singular hyperbolic attractor (See Definition 5.1.3). The exis-
tence of the strong-stable W ss(x) and center-unstable W cu(x) manifolds and
the strong-stable foliation Fss(x) follows from Theorem 5.1.4 and Proposition
5.1.5, respectively. Furthermore, the strong stable foliation Fss(x) is C 1.

The next step is to prove that the strong stable foliation Fss(x) is not only
C 1 but also C 1+α, for some 0 < α < 1. This is done in the work of Araújo,
Melbourne and Varandas [9], stated as Lemma 2.2. This result is a conse-
quence of domination of the splitting (Equation 5.4), uniform contraction
along the stable direction (Equation 5.5) and strong dissipativity (Definition
5.1.6 below).

5.1.6 Definition. Let G be a C∞ vector field on R3 with a Lorenz-like equi-
librium; that is, the eigenvalues of DGp are real and satisfy the inequalities
in Equation 5.7. We say that G is strongly dissipative if the divergence
of the vector field G is strictly negative; that is, there is c > 0 such that
Div(G)(x) ≤ −c for any x and the eigenvalues of the singularity at p satisfy
the constraint
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λu + λss < λs. (5.8)

The usual parameter choice of the Lorenz model (λss ≈ −22.83, λs = −8
3

and λu ≈ 11.83) and also the particular choice of eigenvalues taken for the
construction of the geometrical model in Section 3.3 (λss = −4, λs = −1
and λu = 2) satisfy the strong dissipative condition. In fact, from Section
3.1 we know that λs = −b, λss = 1

2
(−(σ + 1)−

√
(σ + 1)2 − 4σ(1− r)) and

λu = 1
2
(−(σ + 1) +

√
(σ + 1)2 − 4σ(1− r)). Therefore Equation (5.8) holds

true if

−(σ + 1) < −b. (5.9)

In this way, we have shown that the strong stable foliation Fss(x) of the
geometrical Lorenz flow is C 1+α.

5.2 Neutral geometrical Lorenz case
In this section we will study the properties of the strong stable foliation Fss

for the neutralized geometrical Lorenz model we built in Section 4.3. Let us
first recall the construction of the model.

For the modified geometrical model of the Lorenz attractor, denoted by ΛN,
we consider the Lorenz attractor Λ as we did in previous section, but in
an open neighbourhood U of the origin instead of considering the linearised
vector field (Equation (3.9)) we consider the vector field given by Equation
(4.1). More precisely, we take an open neighbourhood U in which the cross-
section Σ, constructed for the geometrical Lorenz Model (see Section 3.3), is
contained. Then the flow we consider from Σ to S has the form;

N(x, y, 1) = NτNeu(x)(x, y, 1)

=
(
1, y e−ℓ|x

2
|
− 1

β2 ,
∣∣∣x
2

∣∣∣β0β2 ).
This modification yields to a different flow time form the cross-section Σ
to S, in the original construction we had a logarithmic time (see Equation
(5.2)): for the new flow we have a polynomial time

76



τ ′Neu(x) = |x|−
1
β2 . (5.10)

Nevertheless, the rest of the construction remains unchanged; that is, the
flow constructed from S to Σ made by a composition of expansion, rotation
and translation. Therefore we have the same hitting time τ2(x) and thus the
full return time for the modified Poincaré map PNeu is given by

rNeu(x) = τ ′Neu(x) + τ2(x). (5.11)

The neutralized Poincaré map PNeu : Σ → Σ is given by

PNeu(x, y) =


(
a|x|

β0
β2 − 1, y e−ℓ|x|

− 1
β2 −1

2

)
, if x ∈ (0, 1];(

a|x|
β0
β2 + 1, y e−ℓ|x|

− 1
β2 +

1

2

)
, if x ∈ [−1, 0).

(5.12)

Despite the slight modification done in the construction of the geometrical
Lorenz model, the new return map PNeu : Σ → Σ preserves the same stable
foliation as before; i.e., the foliation conformed by the vertical lines ℓv(c) in
the cross-section Σ thus what is shown in Figure 3.8 remains true. Once
again by quotienting out the stable direction we can rewrite the modified
Poincaré map as a skew-product; that is, PNeu(x, y) = (fNeu(x), gNeu(x, y))
where fNeu behaves in the same manner as fLor.

We want to proceed as in the previous case. Notice that for any point x in
U \ {0̄}, where 0̄ denotes the origin, the eigenvalues of DF |x (where F is
the vector field in Equation (4.1)) behave in the same fashion as the ones
of the Lorenz vector field; that is, we have the situation of Equation (5.7).
The origin is the only point where we have λss = −ℓ, λs = 0 and λu = 0.
Nevertheless, we can still consider the same splitting as before; i.e., R3 =
E ⊕ F , where E = {0} × R × {0} and F = R × {0} × R, once again this
splitting is preserved by the flow (DNt(E) = E and DNt(F ) = F for any
t, where Nt is the flow obtained from Equation 4.1). Since we have uniform
contraction along E (∥DXt|Ex∥ ≤ eλsst with λss = −ℓ < 0 for every x ∈ U)
and domination of the splitting (∥DXt|Ex∥ ·

∥∥∥DX−t|FXt(x)

∥∥∥ ≤ eλss−λst with
λss−λs < 0 for every x ∈ U) we can conclude that U is partially hyperbolic.
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It is worth noticing that the origin is the only point that spoils the singular
hyperbolicity condition since J cu

t (0̄) = e(λu+λs)t = 1 (recall λs = 0 = λu);
that is, we do not possess the area expansion along the subbundle F . Hence,
ΛN is a partially hyperbolic attractor.

The existence of the strong-stable W ss(x) and center unstable W cu(x) man-
ifolds and the strong-stable foliation Fss(x) follows from the same argument
as in the previous case for every x ∈ U \ {0̄}. The situation for the ori-
gin is slightly different, since the splitting of the tangent bundle is given by
a one dimensional strong-stable direction Es and a two dimensional center
direction Ec. However, we are only concerned about the existence of the
strong-stable manifold W ss(0̄), which follows from the theory of partial hy-
perbolicity (see [38] or [24]); that is, the part concerning W ss(x) in Theorem
5.1.4 can be restated by considering a compact partially hyperbolic invariant
set instead of a singular hyperbolic set. Therefore, using the same argumenta-
tion as in previous paragraphs, we get a C 1 strong-stable foliation Fss(x) for
the flow and strong-stable foliation Fss

Σ for the modified return map whose
transversal smoothness is C 1+α, with 0 < α < 1. Furthermore, Equation
(5.8) remains true for the origin since we have −ℓ = λss+λu < λs = 0, hence
strong dissipativity holds true. Therefore, we can conclude as before that
the strong-stable foliation Fss(x) is C 1+α, for some 0 < α < 1.
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Chapter 6

Uniformly nonintegrability
condition (UNI)

The main goal of this chapter is to show that the stable and unstable mani-
folds of the modified geometrical model are jointly nonintegrable. From the
work of Araújo, Butterley and Varandas [6], we know that the joint noninte-
grability of the stable and unstable manifolds is equivalent to the uniformly
nonintegrability condition. Therefore, in this chapter we will aim to prove
the UNI condition.

In [5] and [9] Araújo et al. prove the UNI condition by exploiting the proper-
ties obtained by using hyperbolic times. Therefore, in the first section we will
give all the relevant definitions and properties concerning hyperbolic times.
In the second section, we will see without proof that the geometrical Lorenz
flow satisfies the UNI condition by following the work of Araújo, Melbourne
and Varandas [9] and the work of Araújo and Melbourne [8]. Finally, the
third section will be devoted to prove the UNI condition for the modified
geometrical Lorenz flow.

6.1 Hyperbolic times
In this section, we will give the concept of hyperbolic times that we will
use in the next sections. We start by giving the definition of an exceptional
set. Throughout this section f : M → M will denote a continuous map
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defined on a compact Riemannian manifold M with induced distance d and
a normalized Riemannian volume form m which we call Lebesgue measure.

The map f is assumed to be a local diffeomorphism inM except for a compact
submanifold S ⊂M satisfying some non-degeneracy conditions.

6.1.1 Definition. S ⊂ M will be called non-degenerate exceptional set
for the map f if the following holds:

1.- f behaves like a power of the distance to S; that is, there are constants
C > 1 and β > 0 such that for any x ∈M \ S and any v ∈ TxM

C−1d(x, S)β ≤ ∥Df(x)v∥
∥v∥

≤ Cd(x, S)−β.

Furthermore, for every x, y ∈M \ S with d(x, y) < d(x,S)
2

2.- ∣∣log ∥∥Df(x)−1
∥∥ − log

∥∥Df(y)−1
∥∥∣∣ ≤ C

d(x, S)β
d(x, y)

3.-

| log | detDf(x)| − log | detDf(y)|| ≤ C

d(x, S)β
d(x, y)

The set S can be formed by critical points of the map f or points where
f is not differentiable. The next definition make use of the δ-truncated
distance from x to S given by

dδ(x, S) =

{
d(x, S), if d(x, S) ≤ δ

1, otherwise.
(6.1)

6.1.2 Definition. We take β as in the previous definition and fix c > 0
such that c < min{1

2
, 1
4β
}. Given 0 < σ < 1 and δ > 0, we say that n is a

(σ, δ)-hyperbolic time for x ∈M if for any 1 ≤ k ≤ n,

n−1∏
j=n−k

∥∥Df(f j(x))−1
∥∥ ≤ σk and dδ(f

n−k(x), S) ≥ σck. (6.2)
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6.1.3 Observation. Condition 6.2 in Definition 6.1.2 implies the dynamical
property ∥∥Dfk(fn−k(x))−1

∥∥ ≤ σk for 1 ≤ k ≤ n, (6.3)

which means that at any intermediate time k we have exponential stretching
by iteration of the map f .

The following Lemma gives us some bounds for the distortion when using
hyperbolic times.

6.1.4 Lemma. [5, Lemma 4.1] Given 0 < σ < 1 and δ > 0, there exist
δ1, c1 and κ > 0, which depend only on σ, δ and f such that if for any x ∈M
and n ≥ 1 a (σ, δ)-hyperbolic time for x, then there exist a neighbourhood
V (x) for which

1.- fn maps V (x) diffeomorphically onto the ball Bδ1(f
n(x)).

2.- For 1 ≤ k ≤ n and y, z ∈ V (x),

d(fn−k(y), fn−k(z)) ≤ σkd(fn(y), fn(z)).

3.- For all y, z ∈ V (x),∣∣∣∣detDfn(y)

detDfn(z)
− 1

∣∣∣∣ ≤ c1d(f
n(y), fn(z)).

4.- V (x) ⊂ Bκn(x).

6.2 UNI condition for the geometrical Lorenz
model

Let I = [−1, 1] and fLor : I → I be the one-dimensional Lorenz map obtained
from the geometrical model (see Section 3.3). We notice that the set {0} is
an nondegenerate exceptional set for fLor. The next Theorem will give us
the existence of an induce uniformly expanding Markov map and it can be
found in [5].
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6.2.1 Theorem. [5, Theorem 4.3] There exist a neighbourhood X̃ = (−a, a)
⊂ I of the singularity 0, for some 0 < a < 1, a countable Lebesgue modulo
zero partition Q̃ of X̃ into subintervals, a function τ : X̃ → Z+ constant
on elements of Q̃, and constants c > 0, κ > 1 such that for any Q̃ ∈ Q̃

and τ = τ(Q̃), the map F̃ = f τ
Lor : Q̃ → X̃ is a C 2 uniformly expanding

diffeomorphism with bounded distortion; that is, for every x, y ∈ Q̃∣∣∣∣∣DF̃ (x)DF̃ (y)
− 1

∣∣∣∣∣ ≤ c|F̃ (x)− F̃ (y)| and |F̃ (x)− F̃ (y)| > κ|x− y|.

Moreover, for every Q̃ ∈ Q̃ there is 0 < k ≤ N such that n = τ(Q̃) − k is
a (σ, δ)-hyperbolic time for each x ∈ Q̃ ⊂ V (x) and f j(Q̃) ⊂ I \ X̃ for any
n ≤ j ≤ τ(Q̃).

We make now some observations regarding the induce map F̃ obtained from
the previous Theorem.

6.2.2 Observation. The map F̃ is obtained by inducing fLor on the interval
X̃, the inducing time is given by the sum of a hyperbolic time with a non-
negative integer bounded by N , where N is such that

⋃N
i=1(f

i)−1({0}) is 2δ-
dense in X̃. Furthermore, F̃ is a full branch Markov map since 0 has dense
preimages under fLor.

In addition to the bounded distortion and uniform expansion of F̃ , we have
the following inequalities for fLor as a consequence of hyperbolic times. Given
σ ∈ (0, 1) and c > 0 as in Definition 6.1.2, there is a constant b > 0 such
that:

1.- (Backward contraction) Let Q̃(x) denotes the element of the partition
Q̃ containing x, for y ∈ Q̃(x)

|f i
Lor(y)− f i

Lor(x)| ≤ bστ(x)−i|F̃ (y)− F̃ (x)|, i = 0, . . . , τ(x)− 1.

2.- (Slow recurrence to the singular point)

|f i
Lor(x)| ≤ σc(τ(x)−i), i = 0, . . . , τ(y)− 1.

Following [9], our next step is to construct a piecewise uniformly hyperbolic
map F with infinitely many branches, which covers F̃ . First, let W ss

PLor
(x)

denote the stable leaf under the Poincaré map PLor containing the point x
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(see Section 5.1), π : Σ → I the projection map (see Section 3.3). We define
X =

⋃
{W ss

PLor
(x) | x ∈ X̃} as the union of stable leaves along X̃. We also

extend the induce time τ from Theorem 6.2.1 to a function on X denoted
also by τ and given by τ(x) = τ(π(x)). Now, we construct F : X → X

the Poincaré map by setting F (x) = P
τ(π(x))
Lor (x) for x ∈ X. Furthermore,

let Q be the measurable partition of X by taking
⋃
{W ss

PLor
(x) | x ∈ Q̃} as

its elements, with Q̃ ∈ Q̃. We will make use of X and F when making the
model of the geometrical Lorenz flow by a suspension flow.

It is standard that the map F̃ has a unique a.c.i.p measure µX̃ on X̃, see
Section 4.4. Furthermore, rLor ∈ L1(µX̃) and it is well-known that there
exists a unique invariant measure µX for F , µΣ for PLor and µI for fLor (see [5]
and Section 3.4 for more details) satisfying π∗(µX) = µX̃ , π∗(µΣ) = µI , µΣ =∑

n≥1

∑n−1
i=0 (P

i
Lor)∗(µX |{τ ◦π = n}) and also µI =

∑
n≥1

∑n−1
i=0 (f

i
Lor)∗(µX̃ |{τ ◦

π = n}). Moreover, µX ≪ µΣ and µX(X) = 1, thus µΣ(X) > 0.

Now we take the induced roof function R : X → R+ given by R(x) =∑τ(x)−1
k=0 rLor(P

k
Lor(x)). Notice that R is constant along stable leaves because

rLor is constant along stable leaves, we also call R the quotient induced roof
function R : X̃ → R+.

6.2.1 Local product structure

In this subsection we present the results of [9] concerning the local product
structure for the induced hyperbolic map F : X → X. In Section 5.1, we
saw that the Poincaré map PLor : Σ → Σ has a strong stable foliation. To
avoid confusion, it will be denoted by Fss

PLor
. We note that the leaves of this

foliation cross Σ, hence the induced map F has a strong stable manifold
W ss

F (x) = W ss
PLor

(x) that cross X. The next result will give us local unstable
manifolds of uniform size for F and defined almost everywhere. For more
details consult [9].

6.2.3 Proposition. [9, Proposition 2.4] There is a local unstable manifold
W u

F (x) ⊂ W u
ϵ,PLor

(x) that crosses X, for µX-almost every x ∈ X. Particu-
larly, π(W u

F (x)) = X̃ for µX-almost every x.

Using the geometric structure provided by Proposition 6.2.3 above, we get
the local product structure stated in the next Proposition.

6.2.4 Proposition. [9, Proposition 2.5] The induced map F : X → X
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has local product structure; that is, for Q ∈ Q there is a measurable map
[·, ·] : X × Q → Q defined for all y ∈ Q and µX-almost every x ∈ X such
that,

[x, y] ∈ W u
F (x) ⋔ W s

F (y)

consists of a unique point (see Figure 6.1). Furthermore, the map [·, ·] is
constant along unstable manifolds in the first coordinate and in the second
coordinate is constant along stable manifolds. Moreover, [·, ·] is C 1+α in the
second coordinate.

Figure 6.1: Local product structure for F .

6.2.2 Uniform bound of the derivative

In this section we give an important result that will be needed to prove
the UNI condition for the geometrical Lorenz flow. For the proof and more
details of these results consult [9].

6.2.5 Proposition. [9, Section 2.5] Let Q ∈ Q0 and F̃ : Q → X̃ as in
Theorem 6.2.1. Denote by H the set of all inverse branches of F̃ . Then we
have

sup
h∈H

sup
x∈X̃

|D(R ◦ h)(x)| <∞.

For x, y ∈ X̃ define the separation time s(x, y) as the least integer n ≥ 0
such that F̃ n(x) and F̃ n(y) are in different partition elements of Q0. For
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given 0 < η < 1 define the symbolic metric on X̃ as dη(x, y) = ηs(x,y).
Denote r(k)Lor(x) =

∑k−1
i=0 rLor(P

i
Lor(x)).

6.2.6 Proposition. [9, Lemma 2.9] There exists B > 0 such that for all
x, y ∈ X̃ with s(x, y) ≥ 1 and 0 ≤ k ≤ τ(x) = τ(y) we have,

|r(k)Lor(x)− r
(k)
Lor(y)| ≤ B|F̃ (x)− F̃ (y)|ϵ.

Consequently, there is η ∈ (0, 1) such that |R|η <∞, where
|R|η = supx ̸=y

|R(x)−R(y)|
dη(x,y)

denotes the Lipschitz constant of the quotient in-
duced roof function R : X̃ → R+ with respect to dη. Moreover,
|F̃ (x)− F̃ (y)| ≤ B · dη(x, y).

6.2.3 Temporal distortion function

The geometrical Lorenz flow can be modelled as a suspension flow St :
ΣrLor → ΣrLor over the Poincaré section Σ and with roof function rLor. Recall
from Section 6.2 that we constructed X by first taking X̃ ⊂ I, the domain
where the induced map F̃ is defined, then taking the union of stable leaves
along X̃; i.e., X =

⋃
{W ss

PLor
(x) | x ∈ X̃}. However, by shrinking Σ to X and

taking the induced roof function R, which does not need to be the first hitting
time, we get an alternative model for the geometrical Lorenz flow now as the
suspension flow St : X

R → XR over a uniformly hyperbolic map F : X → X
and an integrable but unbounded return time R : X → R+. The suspension
flow is given by St(x, s) = (x, s + t) computed modulo identifications with
St−invariant probability measure µ = µX ×m/R̄, where m is the Lebesgue
measure and R̄ =

∫
RdµX (recall Definition 2.0.14).

Analogously, we have the quotient suspension semiflow S̃t : X̃
R → X̃R with

invariant probability measure µ = µX̃ ×m/R̄, where R̄ =
∫
RdµX̃ .

Let Q ∈ Q be a partition elements for F . The temporal distortion func-
tion T : Q×Q→ R is defined almost everywhere by
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T (x, y) =
∞∑

i=−∞

[rLor(P
i
Lor(x))− rLor(P

i
Lor([x, y]))− rLor(P

i
Lor([y, x]))

+ rLor(P
i
Lor)(y)]

=
−1∑

i=−∞

[rLor(P
i
Lor(x))− rLor(P

i
Lor([x, y]))− rLor(P

i
Lor([y, x]))

+ rLor(P
i
Lor(y))], (6.4)

where [x, y] is the local product of x and y (see Figure 6.2). The second
inequality follows from the property of rLor of being constant along stable
leaves.

Figure 6.2: Definition of temporal distortion function T .

Now, for every x, y ∈ X in the same unstable manifold for F : X → X we
define

T0(x, y) =
∞∑
i=1

[rLor(P
−i
Lor(x))− rLor(P

−i
Lor(y))]. (6.5)
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The continuity and other properties of T0 are stated in the following Propo-
sition taken from [9].

6.2.7 Proposition. [9, Lemma 3.1]The function T0 is measurable and
T0(x, y) is finite µX-almost every x and every y ∈ W u

F (x). Furthermore,
T0 is continuous; that is, assume T0(x, y) is well-defined and ϵ > 0 is given.
Then, there is δ > 0 such that |T0(x′, y′) − T0(x, y)| < ϵ for any pair (x′, y′)
satisfying:

1. T0(x′, y′) is well-defined.

2. |x′ − x| < δ and |y′ − y| < δ.

3. dη(x′, x) < δ and dη(y′, y) < δ.

6.2.8 Observation. We can rewrite the temporal distortion function T (x, y)
in terms of T0; that is,

T (x, y) = T0(x, [x, y]) + T0(y, [y, x]).

The principal result in [9] concerning the temporal distortion function is the
following Theorem, which establishes the jointly nonintegrability of the stable
and unstable foliations for the flow.

6.2.9 Theorem. [9, Theorem 3.4]For any geometric Lorenz flow the tem-
poral distortion function T is not identically zero; that is, there is Q ∈ Q and
x, y ∈ Q such that T (x, y) ̸= 0.

Proposition 6.2.10 will be of great help for the proof of Theorem 6.2.11 below.

6.2.10 Proposition. [11, Proposition 7.4]Let G : Y → Y be a uniformly
expanding Markov map with partition {Y (i)}i≥0, r : Y → R be a C 1 function
on each Y (i) with suph∈H ∥D(r ◦ h)∥C 0 < ∞, where H denotes the set of
inverse branches of F as before. Then the following are equivalent:

1.- There exists D > 0 such that there is an arbitrary large n, there exist
h, g ∈ Hn, where Hn denotes the set of inverse branches of F n, there
is a continuous unitary vector field x 7→ y(x), such that for any x ∈ Y ,

|D(r(n) ◦ h)(x) · y(x)−D(r(n) ◦ g)(x) · y(x)| > D. (6.6)

2.- There exists D > 0 such that there is an arbitrary large n, there exist
h, g ∈ Hn, where Hn denotes the set of inverse branches of F n, there
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are x ∈ X and y ∈ TxX with ∥y∥ = 1 such that

|D(r(n) ◦ h)(x) · y −D(r(n) ◦ g)(x) · y| > D. (6.7)

3.- It is not possible to write r = ψ + (ϕ ◦ F ) − ϕ on
⋃

i≥0 Y
(i), where

ψ : Y → R is constant on each Y (i) and ϕ ∈ C 1(Y ).

4.- It is not possible to write r = ψ+(ϕ ◦F )−ϕ almost everywhere, where
ψ : Y → R is constant on each Y (i) and ϕ : Y → R is measurable.

Finally, the UNI condition for the geometrical Lorenz flow is stated in the
following Theorem. For a better understanding, we give a sketch of the proof.

6.2.11 Theorem. [8, Corollary 4.3] The UNI condition holds for the geo-
metrical Lorenz flow.

Proof. LetQ ∈ Q, x, y ∈ Q. By Observation 6.2.8, we can write the temporal
distortion function as T (x, y) = T0(x, [x, y]) + T0(y, [y, x]). Proposition 6.2.7
gives us a sequence of partition elements Qi ∈ Q and points xi, yi ∈ Qi with
x = x0, y = y0 and xi−1 = F (xi), yi−1 = F (yi) for i ≥ 1 , such that

T0(x, y) =
∞∑
i=1

[R(xi)−R(yi)].

Observe that the last equality holds since the points xi and yi are a sort of
backwards iteration under the map F .

Now assume, by contradiction, that the UNI condition fails. By Proposition
6.2.10, there exists a locally constant function ψ : X → R, constant on each
element Q ∈ Q, and a C 1(X) function ϕ such that R = ψ + (ϕ ◦ F ) − ϕ.
Moreover, it follows that ϕ is constant along stable manifolds since R is
constant along stable manifolds and ϕ =

∑n−1
j=0 ψ◦F j+ϕ◦F n−

∑n−1
j=0 R◦F j.

Substituting into the formulas for T and T0, we get T0(x, y) = ϕ(x) − ϕ(y)
and

T (x, y) = ϕ(x)− ϕ([x, y]) + ϕ(y)− ϕ([y, x]) = 0.

Thus, the temporal distortion function T is identically zero, a contradiction
to Theorem 6.2.9. Therefore, the UNI condition holds for the geometrical
Lorenz flow.
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6.3 UNI condition for the modified geometrical
Lorenz model

This section will be devoted to proving the UNI condition for the modified
geometrical Lorenz flow. The strategy is the same presented in Section 6.2.
Although some of the results stated in the previous section still hold true for
the modified version, others need to be adjusted for our situation.

We keep the same notation as in Section 6.2. Let I = [−1, 1] and fNeu :
I → I be the one-dimensional Lorenz-like map obtained from the modified
geometrical model, see Section 4.3. We make the observation that fNeu is
essentially the same function as fLor, the only difference they have is the
dependence of their exponents. Although both exponents are in (0, 1), for
fLor the exponent is α = λs

λu
, where λu and λs are the eigenvalues of the

unstable and stable directions, respectively. Therefore, α depends on those
eigenvalues (see Section 3.3), whereas for fNeu the exponent β = β0

β2
, where

β0 and β2 depends on the coefficients of vector field in Equation (4.4), see
Section 4.2. Observe that {0} is also a nondegenerate1 exceptional set for
fNeu. Applying Theorem 6.2.1 to fNeu, we know there are X̃ a neighbourhood
of the singularity 0, a countable partition Q̃ of X̃ Lebesgue modulo zero into
subintervals, a function τ : X̃ → Z+ constant on partition elements and
the induced map F̃ = f τ

Neu : Q̃ → X̃ which is a C 2 uniformly expanding
diffeomorphism with bounded distortion for any Q̃ ∈ Q̃. Furthermore, the
properties and inequalities stated in Observation 6.2.2 hold true for the new
induced map by replacing fNeu for fLor in the statements.

Following Section 6.2, we construct now a piecewise uniformly hyperbolic
map F with infinitely many branches, which covers F̃ . As before, letW ss

PNeu
(x)

denote the stable leaf under the modified Poincaré map PNeu containing
the point x (see Section 5.2), π : Σ → I the projection map. Let X =⋃
{W ss

PNeu
(x) | x ∈ X̃} be the union of stable leaves along X̃. We also extend

the induce time τ from Theorem 6.2.1 to a function on X denoted also by τ
and given by τ(x) = τ(π(x)). Now, F : X → X is the Poincaré map given
by F (x) = P

τ(π(x))
Neu (x) for x ∈ X. Furthermore, let Q be the measurable

partition of X by taking
⋃
{W ss

PNeu
(x) | x ∈ Q̃} as its elements, with Q̃ ∈ Q̃.

1Nondegenerate here is meant for the derivative of the one dimensional map fNeu and
shouldn’t be confused with the degeneracy at the singularity 0 concerning the eigenvalues
being zero.
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Let µX̃ be the unique a.c.i.p measure for F̃ on X̃. Furthermore, rNeu ∈ L1(µX̃)
and there exists a unique invariant measure µX for F , µΣ for PNeu and µI for
fNeu satisfying π∗(µX) = µX̃ , π∗(µΣ) = µI , µΣ =

∑
n≥1

∑n−1
i=0 (P

i
Neu)∗

(µX |{τ ◦ π = n}) and also µI =
∑

n≥1

∑n−1
i=0 (f

i
Neu)∗(µX̃ |{τ ◦ π = n}). More-

over, µX ≪ µΣ and µX(X) = 1, thus µΣ(X) > 0. We take the induced roof
function R : X → R+ given by R(x) =

∑τ(x)−1
k=0 rNeu(P

k
Neu(x)). Notice that R

is constant along stable leaves because rneu is constants along stable leaves.
We also call R the quotient induced roof function R : X̃ → R+.

The local product structure discussed in Section 6.2.1 remains true for the
new version of the induced uniformly hyperbolic map F : X → X. From
Section 5.2, we know that the modified Poincaré map PNeu : Σ → Σ has
a strong stable foliation which will be denoted in this section by Fss

PNeu
and

whose leaves cross the Poincaré section Σ and hence F has strong stable
manifolds W ss

F (x) = W ss
PNeu

(x) that cross X. The existence of local unstable
manifolds of uniform sizes for the new F is given by Proposition 6.2.3, since its
proof remains true for our modified version of the model because it relies on
the partial hyperbolicity of the attractor and the domination of the splitting
on the attractor, properties that are still true for our modified model, see
Section 5.2. Moreover, the local product structure of F is obtained from
Proposition 6.2.4, since the proof is the same for our case because it uses
Proposition 6.2.3, partial hyperbolicity of the attractor and the construction
of the geometrical model.

6.3.1 Uniform bound of the derivative

Although most of the results stated in Section 6.2 are still true for the mod-
ified version of the model, the statements in Section 6.2.2 need some care.
The main difference we have is the flow times; that is, recall from Section 5.1
that rLor(x) = −λ−1

u ln |x| + τ2(x), where τ2 ∈ C ϵ(Σ), whereas the modified
flow time is rNeu(x) = |x|−

1
β2 + τ2(x). In order to prove Proposition 6.2.5 and

Proposition 6.2.6, we need to adjust the proofs for the modified flow time as
we show next.

6.3.1 Proposition. Let Q̃ ∈ Q̃ and F̃ : Q̃ → X̃ as above. Denote by H the
set of all inverse branches of F̃ . Then we have

sup
h∈H

sup
x∈X̃

|D(R ◦ h)(x)| <∞.
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Proof. Let Q̃ ∈ Q̃ and h ∈ H; that is, h : X̃ → Q̃ be an inverse branch of F̃
with inducing time τ = τ(Q̃) ≥ 1 and fix x ∈ Q̃. We first observe that

|D(R ◦ h)(x)| = |DR(h(x))| · |Dh(x)| = |DR(h(x))|
|DF̃ (h(x))|

=

∣∣∣∣∣
τ−1∑
i=0

(DrNeu ◦ f i
Neu) ·Df i

Neu

DF̃
◦ h(x)

∣∣∣∣∣ .
From the construction of the inducing partition using hyperbolic times, we
have that backward contraction and slow recurrence to the singular point,
see Observation 6.2.2; that is, there are constants σ ∈ (0, 1), b0 > 0 and
0 < c ≤ 1

2
such that

1.- (Backward contraction) For y ∈ Q̃(x)

|f i
Neu(y)− f i

Neu(x)| ≤ b0σ
τ−i|F̃ (y)− F̃ (x)|, i = 0, . . . , τ − 1.

2.- (Slow recurrence to the singular point)

|f i
Neu(x)| ≤ σc(τ−i), i = 0, . . . , τ − 1.

Notice that

∣∣∣∣Df i
Neu

DF̃
◦ h(x)

∣∣∣∣ = ∣∣∣∣ 1

Df τ−i
Neu ◦ f i

Neu

◦ h(x)
∣∣∣∣ ≤ b0σ

τ−i i = 0, . . . , τ − 1, (6.8)

where the inequality follows from the backward contraction.

Moreover, from the slow recurrence to the singularity we also get the following
inequality;

|(DrNeu ◦ f i
Neu) ◦ h(x)| ≤ b1σ

−c(1+ 1
β2

)(τ−i)
i = 0, . . . , τ − 1, (6.9)

for some constant b1 > 0. Altogether, Equations (6.8) and (6.9) imply that

|D(R ◦ h)(x)| ≤ b

τ−1∑
i=0

σsi, (6.10)
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where s = 1 − c(1 + 1
β2
). Since 0 < c ≤ 1

2
and β2 > 2, we have s < 1.

Therefore the sum converges, and we have that

sup
h∈H

sup
x∈X̃

|D(R ◦ h)(x)| <∞.

Recall that for x, y ∈ X̃ we defined the separation time s(x, y) as the least
integer n ≥ 0 such that F̃ n(x) and F̃ n(y) are in different partition elements
of Q0. For given 0 < η < 1 the symbolic metric was defined on X̃ as
dη(x, y) = ηs(x,y). Finally, r(k)Neu(x) =

∑k−1
i=0 rNeu(P

i
Neu(x))

6.3.2 Proposition. There exists B > 0 such that for all x, y ∈ X̃ with
s(x, y) ≥ 1 and 0 ≤ k ≤ τ(x) = τ(y) we have |r(k)Neu(x) − r

(k)
Neu(y)| ≤

B|F̃ (x) − F̃ (y)|ϵ. Consequently, there is η ∈ (0, 1) such that |R|η < ∞,
where |R|η = supx ̸=y

|R(x)−R(y)|
dη(x,y)

denotes the Lipschitz constant of the quo-
tient induced roof function R : X̃ → R+ with respect to dη. Moreover,
|F̃ (x)− F̃ (y)| ≤ Bdη(x, y).

Proof. For convenience, in this proof f will denote fNeu. Let x, y ∈ X̃ such
that s(x, y) = n ≥ 1 and 0 ≤ k ≤ τ(x) = τ(y). Thus y ∈ Q̃n(x), where

Q̃n(x) =
n−1∨
i=0

(F̃ i)−1(Q̃(x)) is the nth refinement of Q̃(x), and so τ(F̃ i(x)) =

τ(F̃ i(y)) for i = 0, . . . , n − 1. Hence, by the choice of the cross-section,
assuring that rNeu is constant along stable leaves, and because rNeu(x) =

|x|−
1
β2 + τ2(x) we can write

|R(x)−R(y)| ≤
τ(x)−1∑
i=0

|rNeu(f
i(x))− rNeu(f

i(y))|

≤
τ(x)−1∑
i=0

∣∣∣|f i(x)|−
1
β2 − |f i(y)|−

1
β2

∣∣∣+ |τ2(f i(x)− τ2(f
i(y))|.

Now observe that
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∣∣∣|f i(x)|−
1
β2 − |f i(y)|−

1
β2

∣∣∣ = |f i(x)|−
1
β2

∣∣∣∣∣1−
(
|f i(y)|
|f i(x)|

)− 1
β2

∣∣∣∣∣
= |f i(x)|−

1
β2

∣∣∣∣∣1−
(
1 +

|f i(y)− f i(x)|
|f i(x)|

)− 1
β2

∣∣∣∣∣
≤ |f i(x)|−

1
β2C0

1

β2

|f i(y)− f i(x)|
|f i(x)|

=
C0

β2
|f i(x)|−(1+ 1

β2
)|f i(y)− f i(x)|

≤ C0

β2
σ
1−c(1+ 1

β2
)(τ(x)−i)

∣∣∣F̃ (y)− F̃ (x)
∣∣∣ ,

where C > 0 and 0 < c ≤ 1
2
. Also notice that

∣∣τ2(f i(y))− τ2(f
i(x))

∣∣ ≤ ∥τ2∥ϵ
∣∣f i(y)− f i(x)

∣∣ϵ
≤ σϵ(τ(x)−i) ∥τ2∥ϵ

∣∣∣F̃ i(y)− F̃ i(x)
∣∣∣ϵ .

All these estimates lead us to

|R(x)−R(y)| ≤ C

τ(x)−1∑
i=0

[σs(τ(x)−i)|F̃ (y)− F̃ (x)|

+σϵ(τ(x)−i) ∥τ2∥ϵ |F̃
i(y)− F̃ i(x)|ϵ]

≤ B|F̃ i(y)− F̃ i(x)|ϵ,

where s = 1− c(1 + 1
β2
) and some constant B > 0. As in the previous proof,

the sum converges since β2 > 2, 0 < c ≤ 1
2

and hence s < 1. This establishes
what we were aiming to prove.
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6.3.2 Temporal distortion function

As mentioned in Section 6.2.3, the geometrical Lorenz model can be modelled
via a suspension flow. We will proceed in the same fashion for the modified
version of the geometrical Lorenz model. The main difference will be the
roof function, for the geometrical Lorenz model the roof function was given
by rLor, whereas for the modified version the roof function will be given
by rNeu; that is, we take the suspension flow St : ΣrNeu → ΣrNeu over the
Poincaré section Σ and with roof function rNeu. However, by shrinking Σ to
X and taking the induced roof function R, we get an alternative model for
the modified geometrical Lorenz flow now as the suspension flow St : X

R →
XR over a uniformly hyperbolic map F : X → X and an integrable but
unbounded return time R : X → R+. Recall Definition 2.0.14 the suspension
flow is given by St(x, s) = (x, s + t) computed modulo identifications with
St−invariant probability measure µ = µX ×m/R̄, where m is the Lebesgue
measure and R̄ =

∫
Rdµ.

Likewise, we have the quotient suspension semiflow S̃t : X̃R → X̃R with
invariant probability measure µ̃ = µX̃ ×m/R̄, where R̄ =

∫
Rdµ.

Let Q ∈ Q be a partition elements for F . The temporal distortion function
T : Q×Q→ R is defined almost everywhere as before by

T (x, y) =
∞∑

i=−∞

[rNeu(P
i
Neu(x))− rNeu(P

i
Neu([x, y]))− rNeu(P

i
Neu([y, x]))

+ rNeu(P
i
Neu)(y)]

=
−1∑

i=−∞

[rNeu(P
i
Neu(x))− rNeu(P

i
Neu([x, y]))− rNeu(P

i
Neu([y, x]))

+ rNeu(P
i
Neu(y))], (6.11)

where [x, y] is the local product of x and y (see Figure 6.2). The second
inequality follows from the property of rNeu of being constant along stable
leaves. Now, for every x, y ∈ X in the same unstable manifold for F : X →
X we define

94



T0(x, y) =
∞∑
i=1

[rNeu(P
−i
Neu(x))− rNeu(P

−i
Neu(y))]. (6.12)

The continuity and other properties of T0 are stated in Proposition 6.2.7 taken
from [9]. Furthermore, by Observation 6.2.8 we can rewrite the temporal
distortion function T (x, y) in terms of T0; that is,

T (x, y) = T0(x, [x, y]) + T0(y, [y, x]).

The main result in [9] concerning the temporal distortion function, and stated
in Section 6.2.3, is Theorem 6.2.9, which establishes the joint nonintegrability
of the stable and unstable foliations for the flow by proving that the temporal
distortion function T is not identically zero, that is, there is Q ∈ Q and
x, y ∈ Q such that T (x, y) ̸= 0.

In Section 6.3.1, we adjusted the proof of the uniform bound of the derivative
for the modified model since we want to apply Proposition 6.2.10 in order to
use the same proof in Theorem 6.2.11. Thus, we get the UNI condition for
the modified geometrical Lorenz flow. For completeness we state it in the
following Theorem.

6.3.3 Theorem. The UNI condition holds for the geometrical neutral Lorenz
flow.

For fixed x ∈ X, we define the map h : W u
F (x) → R given by

h(y) = T (x, y) = T0(x, [x, y]) + T0(y, [y, x]),

the map h is C 1. Furthermore, there exists a nonempty open set U ⊂ W u
F (x)

such that h|U is a C 1 diffeomorphism. For the proves of the properties of the
map h see Proposition 3.6 and Corollary 4.7 in [9].

The next result will be of great help in proving the decay of correlations for
the modified geometrical Lorenz flow. Before stating the result we give the
necessary definitions.

6.3.4 Definition. Let X, and F be as in the beginning of Section 6.3. A
subset Z0 ⊂ X is called a fine subsystem of X if Z0 =

⋂
n≥0 F

−nZ, where
Z is the union of finitely many partition elements of X.
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Let Q1 and Q2 ∈ Q be to partition elements and consider Q = Q1 ∪Q2. We
define the finite subsystem Q0 =

⋂
n≥0 F

−nQ, then we have the following:

6.3.5 Proposition. [9, Proposition 3.8]For the finite subsystem Q0, the set
T (Q0 ×Q0) has positive lower box dimension.
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Chapter 7

Decay of correlations

Araújo and Melbourne proved in [8] that the geometrical Lorenz model, and
hence the typical Lorenz model, has exponential decay of correlations. In this
chapter, we prove that the modified geometrical Lorenz model we constructed
has polynomial decay of correlations.

We will give in the first two Sections all the definitions and results that we
will need to prove the polynomial decay of correlations for the modified model
that we state in Section 3.

7.1 Gibbs-Markov semiflows and flows
All the results and the set-up of this Section are taken from [12]. Let us
first describe the framework where the polynomial decay of correlations is
proven. We first give the definitions of Gibbs-Markov map, semiflow and
flow so we can define the concept of nonuniformly hyperbolic flow. Then we
will see that under suitable conditions, nonuniformly hyperbolic flows can
be modelled by Gibbs-Markov flows. Last but not least, we state the result
concerning the decay of correlations

Assume that (X̃, µX̃) is a probability space with measure preserving trans-
formation F̃ : X̃ → X̃ and countable measurable partition Q̃ = {Q̃i}i≥1.
Recall from Section 6.3.1, that a function v : X̃ → R is dθ−Lipschitz if
|v|θ <∞, where |v|θ = supx ̸=y |v(x)− v(y)|/dθ(x, y) and dθ(x, y) is the sym-
bolic metric. We will denote the Banach space of Lipschitz functions on X̃
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by Fθ(X̃) equipped with the norm ∥v∥θ = |v|∞+|v|θ. We say that v : X̃ → R
is piecewise dθ−Lipschitz if

|1Q̃i
v|θ = sup

x,y∈Q̃i
x ̸=y

|v(x)−v(y)|
dθ(x,y)

<∞,

for every i.

7.1.1 Definition. A measure preserving transformation F̃ : X̃ → X̃ as
above, will be called (full branched) Gibbs-Markov map if

1.- F̃ |Q̃i
: Q̃i → X̃ is a measurable bijection for every i.

2.- Let ν = dµx̃

dµX̃◦F̃ : X̃ → R. There are constants C > 0 and 0 < θ < 1

such that
| log ν(x)− log ν(y)| ≤ Cdθ(x, y)

for every x, y ∈ Q̃, with Q̃ ∈ Q̃.

As result of the second statement we have that there is a constant C > 0 such
that

ν(x) ≤ CµX̃(Q̃), |ν(x)− ν(y)| ≤ CµX̃(Q̃)

for every x, y ∈ Q̃, and Q̃ ∈ Q̃.

7.1.2 Definition. Let φ : X̃ → R+ be an integrable roof function with
inf φ > 0. The suspension semiflow (see Definition 2.0.14) F̃t : X̃φ →
X̃φ with ergodic invariant probability measure µ̃φ is called Gibbs-Markov
semiflow if it is built over a Gibbs-Markov map F̃ : X̃ → X̃ and there are
constants C > 0 and θ ∈ (0, 1) such that,

|1Q̃i
φ|θ ≤ C inf

Q̃i

φ for all i ≥ 1. (7.1)

Let b ∈ R, we define the the operator Mb : L
∞(X̃) → L∞(X̃) by

Mb(v) = eibφ v ◦ F̃ ,

where F̃ and φ are as above. Note that L∞(X) in this context denotes the
complex-valued essentially bounded measurable functions on X̃.
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7.1.3 Definition. We will say that Mb has approximate eigenfunctions
on a subsystem Z0 ⊂ X (see Definition 6.3.4) if for any β0 > 0 there are
constants β, a > β0, C > 0, and sequences bk ∈ R with |bk| → ∞, φk ∈
(0, 2π], uk ∈ Fθ(X̃) with |uk| ≡ 1 and |uk|θ ≤ C|bk|, such that if we set
nk = a ln |bk| we have,

|(Mnk
bk
uk)(x)− eiφk uk(x)| ≤ C|bk|−β, (7.2)

for every x ∈ Z0 and k ≥ 1.

When we state "assume absence of approximate eigenfunctions" we will as-
sume the existence of at least one finite subsystem Z0 such that Mb does not
have approximate eigenfunctions on Z0.

Let (X, d) be a metric space with diam(X) ≤ 1, F : X → X be a piecewise
continuous map, and µX the F−invariant probability measure. Let Fs be a
cover by disjoint measurable subsets of X, which we call stable leaves. We
also need that for every x ∈ X F (W s(x)) ⊂ W s(F (x)).

We quotient out X by Fs and denote X̃ the quotient space, and π1 : X → X̃
the natural projection. Suppose that the quotient map F̃ : X̃ → X̃ is
Gibbs-Markov with partition Q̃ = {Q̃}i≥1, and ergodic invariant probability
measure µX̃ = (π1)∗µX̃ . By taking Qi = π−1

1 (Q̃i) we can form a partition
of X, where each Qi is the union of stable leaves. Furthermore, we assume
there is a measurable subset Y ⊂ X such that for any x ∈ X there exists a
unique point y ∈ Y ∩W s(x) with associated projection π2 : X → Y given
by π2(x) = y. We also assume there are constants C ≥ 1 and γ ∈ (0, 1) such
that for every n ≥ 0,

d(F n(x), F n(y)) ≤ Cγn for any x, y ∈ X with y ∈ W s(x) (7.3)

d(F n(x), F n(y)) ≤ Cγs(x,y)−n for any x, y ∈ Y. (7.4)

For every x ∈ X we define

χ(x) =
∞∑
k=0

(φ(F k(π2(x)))− φ(F k(x))), (7.5)

such that the series converges absolutely.

99



(H) a) The series in Equation (7.5) converges almost surely on X and
χ ∈ L∞(X),

b) there are constants C ≥ 1 and 0 < γ < 1 such that for any x,
y ∈ X

|χ(x)− χ(y)| ≤ C(d(x, y) + γs(x,y)).

7.1.4 Definition. Let φ : X → R+ be an integrable roof function with
inf φ > 0. Let Ft : X

φ → Xφ be the suspension flow built over F : X → X
as above with ergodic invariant probability measure µφ. Furthermore, we
assume that φ is constant along stable leaves, so it projects to a roof function
φ : X̃ → R+. Thus the suspension flow Ft projects to a quotient suspension
semiflow F̃t : X̃

φ → X̃φ and suppose it is a Gibbs-Markov semiflow. Then we
call the suspension flow Ft a skew product Gibbs-Markov flow. We say
that Ft has approximate eigenfunctions if F̃t has approximate eigenfunctions

Notice that by increasing γ if necessary, the inequality in (7.1) holds now as,

|φ(x)− φ(y)| ≤ Cγs(x,y) inf
Qi

φ for all x, y ∈ Q̃i, i ≥ 1. (7.6)

Bálint et al. studied in [12] an enlarged class of Gibbs-Markov flows by as-
suming that the roof function φ is not constant on stable leaves. This class
can be reduced to the class of skew product Gibbs-Markov flows by assum-
ing the condition (H). Since the flow time rNeu we work with is constant on
stable leaves it is sufficient for us to work with the class of skew product
Gibbs-Markov flows. Hence we will not give the details for this general class
of Gibbs-Markov flows. However, we like to remark that every skew product
Gibbs-Markov flow is a Gibbs-Markov flow since it satisfies the criteria estab-
lished in [12]. Therefore in this work we will make no distinction between the
two classes but we make the warning that the class of Gibbs-Markov flows is
more general than we state here.

7.2 Nonuniformly hyperbolic flows
In this subsection we will also follow the framework of [12], and give the
concept of nonuniformly hyperbolic flow. We consider a measurable trans-
formation f : I → I on a metric space (I, d), where diam(I) ≤ 1. We assume
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that f is nonuniformly hyperbolic meaning it can be modelled by a Young
tower, see Definition 2.0.13. We will also assume the following:

Product structure; that is, let X ⊂ I be a measurable subset, Fs and Fu

be a collection of disjoint measurable subsets of X called stable leaves and
unstable leaves, respectively such that each of them covers X. For x ∈ X
given, we denote the stable and unstable leaves containing the point x by
W s(x) and W u(x), respectively. For each x, y ∈ X we have that z =
W s(x) ∩W u(y) is unique and z ∈ X. We also suppose that there is C ≥ 1
such that for all x, y ∈ X, z = W s(x) ∩W u(y) we have,

d(x, z) ≤ Cd(x, y). (7.7)

Induced map Let {Xj}j≥1 be a countable measurable partition of X such
that X = ∪x∈Xj

W s(x) ∩ X for all j ≥ 1 and τ : X → Z+ constant on
partition elements such that f τ(x)(x) ∈ X for every x ∈ X. We define the
induced map as the usual way f τ = F : X → X with ergodic invariant
probability measure µX and we will also assume that τ ∈ L1(X). As in
the previous section F (W s(x)) ⊂ W s(F (x)) for very x ∈ X and denote by
X̃ the space obtained form X after quotienting the stable leaves Fs with
projection π1 : X → X̃. The quotient map F̃ : X̃ → X̃ will be assumed to
be Gibbs-Markov with ergodic invariant probability measure µX̃ = (π1)∗µX .

Contraction/expansion We suppose that there are constants C ≥ 1 and
0 < γ < 1 such that for any n ≥ 0 and all x, y ∈ X we have,

d(F n(x), F n(y)) ≤ Cγλn(x)d(x, y) for all y ∈ W s(x), (7.8)

d(F n(x), F n(y)) ≤ Cγs(x,y)−λn(x) for all y ∈ W u(x), (7.9)

where λn(x) = #{i = 1, . . . , n | F i(x) ∈ X} is the number of returns to X
by time n.

Now let (M,d) be a metric space with diam(M) ≤ 1 and define a flow
Tt : M → M on M . We fix η ∈ (0, 1] and for a given observable v : M → R
we define

|v|Cη = sup
x ̸=y

|v(x)− v(y)|
d(x, y)η

,
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and the norm ∥v∥Cη = |v|∞ + |v|Cη . We define the Banach space of Hölder
functions on M by Cη(M); i.e.,

Cη(M) = {v :M → R | ∥v∥Cη <∞}.

Furthermore, let

|v|C0,η = sup
x∈M
t>0

|v(Tt(x))− v(x)|
tη

and define ∥v∥C0,η = |v|∞+|v|C0,η . We denote the space of Hölder observables
in the flow direction by

C0,η(M) = {v :M → R | ∥v∥C0,η <∞}.

We will say that an observable w : M → R is differentiable in the flow
direction if

∂tw = lim
t→0

w ◦ Tt − w

t

exist pointwise. Let ∥w∥Cη,m =
∑m

k=0

∥∥∂kt w∥∥Cη . We will denote the space of
observables that are m-times differentiable in the flow direction by

Cη,m(M) = {w :M → R | ∥w∥Cη,m <∞}.

For X ⊂ M Borel subset we define Cη(X) as above by using the restriction
of the metric d to X.

7.2.1 Definition. Let (M,d) be a metric space, Σ ⊂ M be a Borel subset,
let Tt : M → M be a flow defined on M and fix η ∈ (0, 1]. We will call
Tt a nonuniformy hyperbolic flow if there is a return time h : Σ → R+

with h ∈ Cη(Σ) and inf h > 0 such that Th(x)(x) ∈ Σ for every x ∈ Σ, and
the map f : Σ → Σ given by f(x) = Th(x)(x) is nonuniformly hyperbolic as
defined above.

7.2.2 Observation. Typically, the map f : Σ → Σ in Definition 7.2.1 will be
the Poincaré map over a cross-section Σ. Notice that since f is nonuniformly
hyperbolic, then it can be modelled by a Young tower over a induced map
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F = f τ : X → X, where X ⊂ Σ with induce time τ : X → Z+ and all the
other properties described before.

We define the new induced roof function φ : X → R+ given by φ(x) =∑τ(x)
k=0 h(f

k(x)). Observe that h(x) ≤ φ(x) ≤ τ(x)|h(x)|∞, hence φ ∈ L1(X)
and inf φ > 0. Thus, we define the suspension flow Ft : X

φ → Xφ as in the
Definition 2.0.14.

Under suitable conditions, namely condition (H) it can be shown that the
suspension flow Ft described in Observation 7.2.2 is a Gibbs-Markov flow,
see [12] for more details. Therefore, the rates of mixing for nonuniformly hy-
perbolic flows are deduced from the corresponding results for Gibbs-Markov
flows. Thus we have the following Theorem, the detailed proof can be found
as Corollary 8.1 in [12].

7.2.3 Theorem. [12, Corollary 8.1] Let (M,d) be a metric space with
diam(M) ≤ 1 and Tt : M → M be a nonuniformly hyperbolic flow as in
Definition 7.2.1. Assume that condition (H) holds. Then

a) Ft : X
φ → Xφ is a Gibbs-Markov flow.

b) Assume absence of approximate eigenfunctions for Ft and suppose that
µX(φ > t) = O(t−β) for some β > 1. Then there exist m ≥ 1 and
C > 0 such that,

|ρt(v, w)| ≤ C(∥v∥Cη + ∥v∥C0,η) ∥w∥Cη,m t
−(β−1),

for every v ∈ Cη(M) ∩ C0,η(M), w ∈ Cη,m(M), t > 1.

7.3 Modified geometrical Lorenz model
In this Section we will state the main result concerning the decay of correla-
tions for the modified geometrical Lorenz model we constructed throughout
this work. Let us begin by summarizing what we have so far.

We started by considering the construction of the geometrical Lorenz model
and the geometric Lorenz flow. Roughly speaking, a geometric Lorenz flow
is the natural extension of a suspension flow built over a certain type of
one-dimensional expanding map f . To obtain the one-dimensional map f
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we first considered the cross-section Σ which is transversal to the flow and
the Poincaré map PLor : Σ → Σ given by PLor(x) = LrLor(x)(x), where Lt :
Λ → Λ and rLor(x) are the flow of the linear system given by the Equation
(3.9) and the flow (return) time to the cross-section Σ given by Equation
5.3, respectively. The modified version was obtained by considering in a
neighbourhood of the origin the vector field give by Equation (4.1) instead of
the linearised vector field given by Equation (3.9), in this way we obtained
the modified Poincaré map PNeu(x) = NrNeu(x)(x), where Nt : ΛN → ΛN and
rNeu(x) are the neutral flow given by Equation (4.7) and the new flow time
to the cross-section given by Equation (5.11). This modification yields to a
slower flow time that will ultimately allow us to deduce the polynomial decay
of correlations.

In Section 5.2 we saw that the modified Poincaré return map PNeu and
modified geometrical Lorenz flow Nt, have an invariant stable foliation Fs

with C 1+α leaves with α ∈ (0, 1). By quotienting out the stable direc-
tion we wrote the modified Poincaré map as a skew-product PNeu(x, y) =
(fNeu(x), gNeu(x, y)), thus we obtained the one-dimensional nonuniformly hy-
perbolic map fNeu : I → I, where I = [−1, 1]. In Section 6.2, we saw that
there exists an inducing scheme for fNeu; that is, there are X̃ ⊂ I a neigh-
bourhood of the singularity 0 , a countable Lebesgue modulo zero partition
Q̃ = {Q̃i}i≥0 into subintervals, a function τ : X̃ → Z+ constant on partition
elements and the induced map F̃ = f τ

Neu : Q̃i → X̃ which is Gibbs-Markov
as in Definition 7.1.1.

Then we constructed a subset X ⊂ Σ with nice hyperbolic structure (see
Section 6.2.1) by taking the union of stable leaves along X̃; that is, X =⋃
{W ss

PNeu
(x) | x ∈ X̃} with projection map along stable leaves π1 : Σ → I.

By taking
⋃
{W ss

PNeu
(x) | x ∈ Q̃} with Q̃ ∈ Q̃ we got a measurable partition

Q of X, and we extended the induce time τ form above to τ : X → Z+ given
by τ(x) = τ(π1(x)) for x ∈ X. Then a Gibbs-Markov map F : X → X with
infinitely many branches, which covers F̃ was obtained by taking F (x) =

P
τ(π(x))
Neu (x) for x ∈ X.

We also obtained unique invariant probability measures µΣ and µI for PNeu

and fNeu, respectively, satisfying (π1)∗(µΣ) = µI . Additionally, we got
µX̃ and µX the unique a.c.i.p measures for F̃ and F with µX̃ ≪ µI and
µX ≪ µΣ, respectively, fulfilling (π1)∗(µX) = µX̃ . Moreover, we have µΣ =∑

n≥1

∑n−1
i=0 (P

i
Neu)∗(µX |{τ ◦ π1 = n}) and also
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µI =
∑

n≥1

∑n−1
i=0 (f

i
Neu)∗(µX̃ |{τ ◦π1 = n}). We make the following important

observation.

7.3.1 Observation. The tails of the return time τ and the extended version
also denoted by τ are exponential; i.e., there exists a constant c > 0 such that
µX̃(τ > n) = O(e−cn) and µX(τ > n) = O(e−cn).

The neutral geometrical Lorenz flow can be modelled as a suspension flow
over the Poincaré map PNeu with base the cross-section Σ and roof function
rNeu. However, we will use an alternative model so that we can use the results
of Sections 7.1 and 7.2 to deduce the decay of correlation. The alternative
model is given by taking X instead of Σ as the cross-section to the flow with
induced roof function R : X → R+ given by R(x) =

∑τ(x)−1
k=0 rNeu(P

k
Neu(x)).

Then the suspension flow over F ; that is, Ft : X
R → XR is identical to the

suspension flow St : Σ
rNeu → ΣrNeu , thus Ft is an extension of the underlying

flow, namely the neutral geometrical Lorenz flow. For observables v and w
let ρt(v, w) denote the decay of correlations of the geometrical Lorenz neutral
flow; that is,

ρt(v, w) =

∫
v · w ◦Ntdµ−

∫
vdµ

∫
wdµ, (7.10)

where µ is the SRB measure of Nt. The above summary leads us to our
conclusive result,

7.3.2 Theorem. Let ΛN, Nt : ΛN → ΛN and µ be the geometrical Lorenz
neutral attractor, the geometrical Lorenz neutral flow constructed in Chap-
ter 4 and its SRB measure, respectively. Then Nt has polynomial decay of
correlations; that is, there exist m ≥ 1 and constant C > 0 such that for
observables v ∈ Cη(M) ∩ C0,η(M), w ∈ Cη,m(M), and time t > 1 we have

ρt(v, w) ≤C(∥v∥Cη + ∥v∥C0,η) ∥w∥Cη,m t
−β2 .

Proof. By the brief summary given at the beginning of this Section, we know
that Nt : ΛN → ΛN can be written as the suspension flow Ft : X

R → XR

with roof function R(x) =
∑τ(x)−1

k=0 rNeu(P
k
Neu(x)), where X has the properties

described in Section 7.2. Furthermore, since R is constant along stable leaves
it projects to a quotient roof function also denoted by R. Hence the suspen-
sion flow Ft also projects to a quotient suspension semiflow F̃t : X̃

R → X̃R,
where X̃ is the quotient space obtained from X after quotienting out the

105



stable leaves. Recall that F̃ : X̃ → X̃ is a Gibbs-Markov map. Proposi-
tion 6.3.2 ensures that Inequality (7.1) holds. Therefore, we have that F̃t

is a Gibbs-Markov semiflow and it follows that Ft is a Gibbs-Markov flow.
We have ultimately shown that Nt is a nonuniformly hyperbolic flow as in
Definition 7.2.1. Then the conclusion follows from Theorem 7.2.3.

There are still four details concerning the hypothesis in Theorem 7.2.3 that we
have not mentioned yet. The first one is regarding condition (H), for us this
condition holds automatically since R is constant along stable leaves. The
second, concerns the absence of approximate eigenfunctions for Ft. Bálint et
al. gave in [12] sufficient conditions for the absence of approximate eigen-
functions, namely the existence of a finite subsystem with positive lower box
dimension. Hence, it follows from Proposition 6.3.5 and Lemma 8.9 in [12]
that Ft has absence of approximate eigenfunctions.

The third concerns the tails of R; that is, we want to estimate µX(R > t).
From Observation 7.3.1 we know that µX(τ > n) has exponential tails; i.e.,
there exists a constant c0 > 0 such that µX(τ > n) = O(e−c0n). Moreover, by
Theorem 4.2.3 we have that µX(rNeu > t) has polynomial tails; that is, there
is a constant c1 > 0 such that µX(rNeu > t) = O(c1t

−β2), where β2 = a2+b2
2b2

.
Then by Proposition 5.1 in [19] we have that µX(R > t) = O((ln t)β2t−β2).

The fourth and last detail concerns how to improve the estimates for µX(R >
t) and remove the logarithmic term. For this, we make use of Lemma 4.1
in [13]. There the settings is made for infinite horizon planar periodic Lorentz
gases, for that setting the tails of the flow time (in this work denoted by rNeu)
is of order O(t−2). By replacing in Lemma 4.1 the order of the tails from
O(t−2) to O(c1t

−β2) we can use the same proof to remove the logarithmic
term. Hence, we have that µX(R > t) = O(t−β2). With this we conclude our
proof.
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Chapter 8

Alternative neutral forms

The goal of this chapter is to generalize the neutral form we used to construct
the neutral Lorenz flow. So far, the local form near the periodic orbit Γ = {0̄}
was a product where the y component was independent from the x and
z component. Now, we will generalize this local form by allowing the y
component to depend on the x and z component, and investigate the effects
of this dependence on the construction of the neutral Lorenz flow.

8.1 First modified neutral form
In this section, instead of considering Equation (4.1) we will take the following
neutral form, which we refer as Neutral model 2 to avoid confusion:

 ẋ
ẏ
ż

 = G

 x
y
z

 =

 x(a0x
2 + a2z

2)
−ℓy(1 + c0x

2 + c2z
2)

−z(b0x2 + b2z
2)

+ O(4). (8.1)

Since we want to exploit the results of [17] and [20]; i.e., we want to make
use of the asymptotics given in Section 4.2, we let a0, a2, b0 and b2 satisfy
the same properties stated in Section 4.1 and let c0 and c2 > 0. Recall that
Γ = {(0, 0, 0)} is the only neutral periodic orbit and in a neighbourhood U
of Γ the flow has the form of Equation (8.1). Note as before that the vector
field is cubic in the transversal direction to Γ, but this is the only source of
non-hyperbolicity.
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If x = 0 and z = 0, then we see that ẋ = 0, ẏ = −ℓy and ż = 0. Hence,
the y−axis is invariant and all solutions tend to the origin as in the previous
model. Moreover, since ẋ and ż are decoupled from y then we have Equation
(4.4) and all the asymptotic of Section 4.2 will follow. We also have that
Div(F ) = (3a0−ℓc1−b0)x2+(a2−ℓc2−3b2)z

2−ℓ. Since we want a flow that
shrinks volumes exponentially fast as before, we need that Div(F ) = −c < 0,
where c is some positive constant. Thus, we let ℓ to be big enough such that
(3a0−b0)x2+(a2−3b2)z2

1+c0x2+c2z2
< ℓ for all x and z.

As in Section 4.1, we have that

DG|0̄ =

 0 0 0
0 −ℓ 0
0 0 0

 ,

where 0̄ = (0, 0, 0). DG|0̄ has eigenvalues λ1,3 = 0, λ2 = −ℓ with associated
eigenvectors (1, 0, 0), (0, 1, 0) and (0, 0, 1).

As in Section 4.3, we will consider the same cross-section Σ and we will
proceed to construct the Poincaré map in the same way. First, let us state
an auxiliary result, known as Grönwall’s Lemma, that will help us to find
an explicit expression for the Poincaré map. Its proof can be found in [46,
Theorem 1.12]

8.1.1 Theorem. Let u : [a, b] → R+ be non-negative and differentiable.
Moreover, assume the following differential inequality holds for u:

u̇ ≤ ψ(t)u(t)

for almost every t ∈ [a, b], where ψ : [a, b] → R+ is continuous and non-
negative. Then we have that

u(t) ≤ u(t0) exp(

∫ t

a

ψ(s) ds)

for every t ∈ [a, b].

Let us denote byN t the flow obtained from Equation (8.1); that is, N t(x, y, z)
= (x(t), y(t), z(t)). By Equation (4.6) we get the following form for the flow,
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N t(x,z)(x, y, z) = (x0, y(t(x, z)), ω(z, t(x, z)). (8.2)

Note that ẏ = y(−ℓ(1 + c0x
2 + c2z

2)). By taking u(t) = y(t) and ψ(t) =
−ℓ(1 + c0x

2 + c2z
2) and applying Theorem 8.1.1 we get,

y(t) = y0 exp(−ℓ
∫ t

0

(1 + c0x
2 + c2z

2)ds)

= y0 e
−ℓt exp(−ℓ

∫ t

0

(c0x
2 + c2z

2)ds). (8.3)

By the estimates of the Dulac map given in Theorem 4.2.2 and since z ∈ Σ,
we obtain that the time t(x, z) becomes a function of the variable x and the
integral

∫ t

0
(c0x

2 + c2z
2)ds can be expressed as a function of the variable x

which we denote by q(x). Observe that q(x) > 0 for every x. Therefore we
get that,

y(t) = y0 e
−ℓt e−ℓq(x) . (8.4)

Hence y(t) decreases exponentially fast as before but with a faster rate. All
together, we get that the map N : Σ → S is given by

N(x, y, 1) = Nt(x)(x, y, 1)

=
(
1, y e−ℓ(|x|

− 1
β2 +q(x)), |x|β), (8.5)

where β = β0

β2
, compare this with Equation (4.8). Its derivative is given by

D(x,y)N =

ℓy( 1
β2
x
−(1+ 1

β2
) − q′(x)) e−ℓ(x

− 1
β2 +q(x)) e−ℓ(x

− 1
β2 +q(x))

βxβ−1 0

 . (8.6)
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Note that the y component of N can be written as a function of the z
component; that is, if we denote the z and y component of N by z̃ and
ỹ, respectively. Then,

ỹ(z̃) = ỹ e−ℓ(z̃
− 1

β0 +q(z̃
1
β )) . (8.7)

We have the same observations stated in Section 4.3; that is:

1.- N(Σ±) has a cusp-like shape, since by Equation (8.7), N maps lines
y = c to curves of the form ỹ(z̃). Each of these image curves meets the
xy−plane perpendicularly at (1, 0, 0). The cusp-like shapes vary as we
vary 1

2
< β0 < 2 and β ∈ (0, 1). The shapes we obtain in this case are

similar to the ones depicted in Figure 4.4. We will denote N(Σ±) by
S± and S = S+ ∪ S−.

2.- The map N takes again the vertical line segments in Σ to the horizontal
line segments in S, where the vertical lines in Σ are given by making
the x coordinate constant and the horizontal lines in S by making z
constant; i.e., N(ℓv(c0)) = ℓh(c1) as illustrated in Figure 3.6.

To complete the return to Σ we proceed as before and use the map P2 to
send the cusp-like shapes back to the cross-section. Therefore, the modified
return map PNeu : Σ → Σ is given by PNeu = P2 ◦N ; that is,

PNeu(x, y) =


axβ − 1, y e−ℓ(x

− 1
β2 +q(x))−1

2
, if x ∈ (0, 1];

1− a|x|β, y e−ℓ(|x|
− 1

β2 +q(x))+
1

2
, if x ∈ [−1, 0),

(8.8)

where β = β0

β2
∈ (0, 1). Its derivative is DPNeu = DP2 ·DN and is given by

DPNeu =

 aβxβ−1 0

ℓy( 1
β2
x
−(1+ 1

β2
) − q′(x)) e−ℓ(x

− 1
β2 +q(x)) e−ℓ(x

− 1
β2 +q(x))

 . (8.9)

The matrix DPNeu has eigenvalues λ1 = aβxβ−1 and λ2 = e−ℓ(x
− 1

β2 +q(x)).
Since β ∈ (0, 1) we have that λ1 → ∞ as x → 0. For the other eigenvalue
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we have that λ2 < 1 and λ2 → 0 as x goes to 0 since (|x|−
1
β2 + q(x)) → ∞

as x goes to 0. Thus the modified Poincaré map PNeu is hyperbolic when x
approaches the origin.

The properties stated in Chapter 4 remain true for this new modified return
map PNeu like the invariance of the stable foliation given by the vertical lines
ℓv(c) under the map PNeu (See Figure 3.8). Hence, we can express again PNeu

as PNeu(x, y) = (fNeu(x), gNeu(x, y)) for some functions fNeu : I \{0} → I and
gNeu : (I \ {0})× I → I, where I = [−1, 1].

The properties of gNeu(x, y) are the same as the ones we stated in Section
4.3. We just make the warning that the constants used in Section 4.3 will
be different for the new version of gNeu(x, y), since in this new case we have
the extra term q(x), which makes the rate of contraction on the y direction
stronger than the case studied in Chapter 4.

As before, γ(p) denotes the invariant stable leaf which contains the point
p ∈ Σ and we make an equivalence class of points in Σ that lie on the
same γ(p). If we collapse equivalence classes to points, we obtain a map
π : Σ → [−1, 1] given by π(p) = x, where p = (x, y). Since PNeu takes
equivalence classes into equivalence classes, PNeu and π induces the map
f : I \ {0} → I, whose graph is depicted in Figure 4.5. The new map f is
a slight modification of the Lorenz map fLor obtained in Chapter 3 and all
the properties mentioned there also hold for the new version f . We will fix
notation and denote this modification of the Lorenz map by fNeu and is given
by:

fNeu(x) =

ax
β − 1, if x ∈ (0, 1];

1− a|x|β, if x ∈ [−1, 0),

(8.10)

where β =
β0
β2

∈ (0, 1).

As we saw in Chapter 4 the one-dimensional map fNeu also admits a unique
exact a.c.i.p measure µNeu = φNeum with φNeu ∈ BV(I). Furthermore, µNeu

has exponential decay of correlations for observables in BV(I) and satisfies
the CLT by Theorem 3.4.3 and Theorem 3.4.4, respectively.

In Section 5.2 we saw that the modified geometrical Lorenz attractor ΛN is a
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partially hyperbolic attractor, the existence of a C 1+α strong-stable foliation
Fss for the flow, where 0 < α < 1, and the existence of a strong-stable foli-
ation Fss

Σ for the modified return map whose transversal smoothness is also
C 1+α. Following the same arguments, we can arrive to the same conclusions
for the case considered in this section since we have the same properties,
namely λss = −ℓ, λs = 0, λu = 0, strong dissipativity and partially hyper-
bolicity of the attractor ΛN .

The return time for the modified Poincaré map PNeu, considered in this sec-
tion, is the same we obtained before, see Equation (5.11); that is, we still have
a polynomial return time. Moreover, the UNI condition for this new modifi-
cation of the geometrical Lorenz flow can be deduced in the same way we did
for the case studied in Section 6.3, since we have the same one-dimensional
map fNeu and we can obtain the same inducing schemes we needed to prove
the UNI condition.

Finally, the polynomial decay of correlations for the case study of this section
follows in the same manner as that shown in Section 7.3. For completeness,
we state it as Theorem 8.1.2 and its proof is the same as that of Theorem
7.3.2

8.1.2 Theorem. Let ΛN, Nt : ΛN → ΛN be the geometrical Lorenz neutral
attractor, the geometrical Lorenz neutral flow obtained from the neutral form
given by Equation (8.1), respectively, and µ its SRB measure. Then Nt has
polynomial decay of correlations; that is, there exist m ≥ 1 and constant
C > 0 such that for observables v ∈ Cη(M) ∩ C0,η(M), w ∈ Cη,m(M), and
time t > 1 we have

ρt(v, w) ≤C(∥v∥Cη + ∥v∥C0,η) ∥w∥Cη,m t
−β2 .

8.2 Second modified neutral Form
In this section, we will go a step further form Section 8.1 and let the x and z
component also depend on the y component; that is, instead of considering
Equation (8.1) we will take the following neutral form, which will be referred
as the Neutral model 3 to avoid confusion.
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 ẋ
ẏ
ż

 = G

 x
y
z

 =

 x(a0x
2 + a1y

2 + a2z
2)

−ℓy(1 + c0x
2 + c2z

2)
−z(b0x2 + b1y

2 + b2z
2)

+ O(4). (8.11)

We want to use the results of [17] and [20]. Specifically, we want to make
use of the asymptotic given in Section 4.2. For that, we let a0, a2, b0 and b2
satisfy the same properties stated in Section 4.1 and let a?1, c0 and c2 > 0
as before. Recall that Γ = {(0, 0, 0)} is the only neutral periodic orbit and
in a neighbourhood U of Γ the flow has the form of Equation (8.11). Note
as before that the vector field is cubic in the transversal direction to Γ, but
this is the only source of non-hyperbolicity.

If x = 0 and z = 0, then we see that ẋ = 0, ẏ = −ℓy and ż = 0. Hence,
the y−axis is invariant and all solutions tend to the origin as in the previous
model. Now, we have that Div(F ) = (3a0 − ℓc1 − b0)x

2 + (a1 − b1)y
2 + (a2 −

ℓc2−3b2)z
2−ℓ. Since we want a flow that shrinks volumes exponentially fast,

we need that Div(F ) = −c < 0, where c is some positive constant. Thus, we
let ℓ to be big enough such that (3a0−b0)x2+(a1−b1)y2+(a2−3b2)z2

1+c0x2+c2z2
< ℓ for all x, y

and z.

As in the previous models, we have that

DG|0̄ =

 0 0 0
0 −ℓ 0
0 0 0

 ,

where 0̄ = (0, 0, 0). DG|0̄ has eigenvalues λ1,3 = 0, λ2 = −ℓ with associated
eigenvectors (1, 0, 0), (0, 1, 0) and (0, 0, 1).

The next step is to construct the Poincaré map PNeu : Σ → Σ, where Σ
is the cross-section previously considered. First, we note that for values
of y small enough, the dependence of the x and z components on the y
component in Equation (8.11) will be small enough that it can be considered
negligible. Hence, we will be in the situation considered in the previous
section. Therefore, following the analysis given in Section 8.1 we can give an
explicit formula for the Poincaré map and the results therein will hold.

Unfortunately, for bigger values of y finding an explicit solution for the dif-
ferential equation on the y component, and hence an explicit formula for the
Poincaré map, is not straightforward as in the previous cases. Now, the way
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we will proceed for this case is the following: We will analyse and compare,
with numerical methods, the limit behaviour of the Dulac maps obtained
in [17] and [20] and adapted to our framework. More precisely, we will anal-
yse the limit behaviour of the map N : Σ → S (see Equation (8.5) and
Equation (4.7)). This is sufficient since the Poincaré maps considered in this
work are given by PNeu = P2 ◦N , where P2 is a diffeomorphism (see Section
3.3) and the map N is the flow map from the cross-section Σ to the cusps
S, which depends on the differential equation being considered. Therefore,
the behavioural changes exhibited by the map PNeu are represented by the
changes of the map N .

8.2.1 Numerics of the 2−dimensional case

We will start the numerical analysis in the 2−dimensional case; that is, we
consider the framework of [17] and [20]. There, the following neutral form
was considered:

(
ẋ
ẏ

)
= F

(
x
y

)
=

(
x(a0x

κ + a2z
κ)

−y(b0xκ + b2y
κ)

)
+ O(4), (8.12)

where a0, a2, b0 and b2 > 0 and ∆ := a2b0 − a0b2 ̸= 0. For simplicity we let
κ = 2. For the analysis of the Dulac map close to the neutral equilibrium of
Equation (8.12), recall Section 4.2, we take an unstable leaf W u(0, y0) and
a stable leaf W s(x0, 0), then the Dulac map D : W u(0, y0) → W s(x0, 0),
shown in Figure 8.1, assigns the firs intersection ϕT (x, y0) of the integral
curve through (x, y0) with the stable leaf W s(x0, 0), where x ∈ W u(0, y0)
and T is the flow time; that is, the exit time (see Equation (4.6)). Recall
that the estimates for the map D given in [20] and stated in Theorem 4.2.2
are:

ω = D(x) = c(y0)x
β(1 + O(x

1
2β2 )), (8.13)

where β = β0

β2
, β0 = a0+b0

2a0
and β2 = a2+b2

2b2
.
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Figure 8.1: The Dulac map D : W u(0, y0) → W s(x0, 0).

For the setting considered in this work, we will perform the numerical exper-
iments with x0 = 1. In order to corroborate the estimates of the Dulac map
given by Equation (8.13), we expect the numerical experiments to show us
that

β ≈ ln(y)

ln(x)
. (8.14)

We actually will see that

β =
ln(y)

ln(x)
− ln(c(y0))

ln(x)
+ O

( 1

ln(x)

)
. (8.15)
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From [17] and [20] we know that the constants c(y0) are given by a specific
formula which is not easy to compute. For this reason, I decided to use the
least-squares method to calculate the constants.

For the numerical experiments we will take different values of β and 250
points in different unstable leaves W u(0, y0); that is, we will take 250 points
x ∈ [1.0 × 10−5, 1.0 × 10−4] and y0 ∈ {0.5, 1.0}. The integration method
we will use for the numerical experiments concerning this work is the so
called Radau quadrature method. Since integration methods are out of the
scope of this work, we encourage the reader to consult any book in numerical
analysis for a detailed exposition of the Radau method, for example see
[30]. Figure 8.2 a) and b) show us the approximation of β (the red graph),
the adjusted approximation of β (green graph), and the theoretical value
of β (blue graph). The approximation of beta is done by taking the last y
value of each integral curve and divide it by the x value ranging in [1.0 ×
10−5, 1.0 × 10−4], the adjusted beta is calculated by using Equation (8.15).
The points-axis corresponds to the 250 x values we considered starting from
1.0 × 10−4 and ending in 1.0 × 10−5; that is, point 0 corresponds to the
value x = 1.0× 10−4 and point 250 corresponds to the value x = 1.0× 10−5.
The x points are taken from the unstable leaf at y0 = 1.0 and the constant
c(y0) = 1.2 ln(1.1) for the adjusted approximation correspond to Figure 8.2
a), while the values taken from the unstable leaf at y0 = 0.5 and the constant
c(y0) = ln(0.7) correspond to Figure 8.2 b). The approximations show an
error that tends to decrease as we get closer to x = 0 as depicted in the
both graphs. The value β = 0.40 is obtained by taking a0 = 15.0, a2 = 5.0,
b0 = 1.0 and b2 = 3.0 in the vector field from Equation (8.12).
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Figure 8.2: Numerical experimentation for β = 0.40

Figure 8.3 shows the same numerics performed for the value β = 0.266666,
which is obtained by taking a0 = 15.0, a2 = 6.0, b0 = 1.0 and b2 = 2.0 in the
vector field from Equation (8.12). For this beta value the constants for the
adjusted approximations are c(y0) = ln(0.8) and c(y0) = ln(0.61) for Figure
8.3 a) and Figure 8.3 b), respectively. From the approximations we see, as
before, that the error decreases as we approach to x = 0.
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Figure 8.3: Numerical experimentation for β = 0.266666

Figure 8.4 shows the same numerics performed for the value β = 0.741743,
which is obtained by taking the parameter values a0 =

√
3, a2 = 6.0, b0 = 3.0

and b2 =
√
5. For this case the constants for the adjusted approximations

are c(y0) = ln(1.32) and c(y0) = ln(0.33) for Figure 8.4 a) and Figure 8.4
b), respectively. From the approximations we see, as before, that the error
decreases as we approach to x = 0.
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Figure 8.4: Numerical experimentation for β = 0.741743

Figure 8.5 shows the same numerics performed for the value β = 0.741743,
which is obtained by taking a0 = 1.0, a2 = 5.5, b0 = 2.5 and b2 = 2.0 in the
vector field from Equation (8.12). For this beta value the constants for the
adjusted approximations are c(y0) = ln(1.83) and c(y0) = ln(0.31) for Figure
8.5 a) and Figure 8.5 b), respectively. From the approximations we see, as
before, that the error decreases as we approach to x = 0.
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Figure 8.5: Numerical experimentation for β = 0.933333

8.2.2 Numerics of the 3−dimensional case

In this subsection we will perform the numeric experiments for the
3−dimensional models. We will start with the first Neutral model; that is,
the one studied in Chapter 4, which we will refer as Neutral model. Recall
that the Neutral model was given by

 ẋ
ẏ
ż

 = N

 x
y
z

 =

 x(a0x
2 + a1y

2 + a2z
2)

−ℓy
−z(b0x2 + b1y

2 + b2z
2)

+ O(4), (8.16)

where a0, a1, a2, b0, b1, b2 and ℓ > 0 and ∆ := a2b0 − a0b2 ̸= 0. For the
analysis of the Dulac map close to the neutral equilibrium of Equation (8.16),
we will perform the numerical analysis on N : Σ → S. For the purpose of
this work, we want to show with the numeric experimentation that the x
and z components behaves like the 2−dimensional model from the previous
subsection regardless of the y value. To perform the numerical analysis we
will take different unstable leaves W u(x, y0, z0) and a stable leaf W s(1, 0, 0),
where y0 ∈ {1.0, 0.5} and z0 = 1.0. We will just consider one value of
z0; that is, we consider just one cross-section since we want to show that
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the approximation of beta does not have radical changes when considering
different values of y. Hence, like in the 2−dimensional analysis we expect
the numerical experiments to show us that

β ≈ ln(z)

ln(x)
, (8.17)

where z is the last value of the integral curve with initial condition (x, y0, z0)
for x ∈ [1.0× 10−5, 1.0× 10−4]. Again, we will actually show that

β =
ln(z)

ln(x)
− ln(c(z0))

ln(x)
+ O

( 1

ln(x)

)
. (8.18)

As before, we will use the Radau quadrature method and take 250 points
for the values of x starting from 1.0× 10−4 and ending with 1.0× 10−5; that
is, point 0 and point 250 correspond to x = 1.0 × 10−4 and x = 1.0 × 10−5,
respectively. We will consider the same values of β we considered in the
previous subsection. The approximation of beta, corresponding to the red
line in all figures, is done by taking the last z value of each integral curve
with initial condition (x, y0, z0) and divide it by the x value ranging in [1.0×
10−5, 1.0×10−4], the adjusted beta, ploted in green in all figures, is calculated
by using Equation (8.18), and the theoretical value of β, corresponding to
the blue graph in all figures, is obtained from the parameters a0, a2, b0 and
b2.
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Figure 8.6: Numerical experimentation for the Neutral model with β = 0.40

Figure 8.6 a) and b) show us the the numerical approximations of the Neutral
model with β = 0.40 for y0 = 1.0 and y0 = 0.5, respectively. We can
observe in both plots, as before, that the beta approximation (red plot)
approaches to the theoretical values of beta as we let x approach to 0; that
is, the error made by the numerical methods tend to decrease as we get
closer to the origin. Furthermore, we notice once again that the adjusted
approximation of beta with constants c(z0) = ln(1.1) and c(z0) = ln(1.12)
shown in Figure 8.6 a) and b), respectively, agrees with Equation (8.18).
Moreover, the constant c(z0) is not affected drastically by the changes of
the y values, which we expected to see since the y component decreases
exponentially fast. In addition, we observe that the constants c(z0) and c(y0)
from Equation (8.18) and Equation (8.15), respectively, are almost equal;
that is, the x and z components of the 3−dimensional model behaves like
the x and y component of the 2−dimensional model.
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Figure 8.7: Numerical experimentation for the Neutral model with β =
0.2666

Figure 8.7 a) and b) show us the numerical results obtained for the case
β = 0.2666 with y0 = 1.0 and y0 = 0.5, respectively. The results for this case
are similar to the ones of the previous case. The constants for the adjusted
beta approximation are c(z0) = ln(1.06) and c(z0) = ln(1.08) for Figure 8.7
a and b, respectively. Once again, the constants c(z0) of the 3−dimensional
model and c(y0) of the 2−dimensional model are almost equal and c(z0) is
not drastically affected when y changes.
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Figure 8.8: Numerical experimentation for the Neutral model with β =
0.741743

Figure 8.8 a) and b) show us the numerical results obtained for the case
β = 0.741743 with y0 = 1.0 and y0 = 0.5, respectively. The results for
this case and the ones of the previous cases are alike. The constants for the
adjusted beta approximation are c(z0) = ln(1.26) and c(z0) = ln(1.3) for
Figure 8.7 a and b, respectively. As before, the constants c(z0) and c(y0) of
the 3−dimensional and the 2−dimensional model, respectively, are almost
equal. Moreover, c(z0) is not drastically affected by the changes of y value.
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Figure 8.9: Numerical experimentation for the Neutral model with β =
0.741743

Figure 8.9 a) and b) display the numerical results obtained for the case β =
0.933 with y0 = 1.0 and y0 = 0.5, respectively. Once more, the results for
this case and the ones of the previous cases are similar. The constants for
the adjusted beta approximation are c(z0) = ln(1.7) and c(z0) = ln(1.78)
for Figure 8.7 a and b, respectively. The constants c(z0) and c(y0) of the
3−dimensional and the 2−dimensional model, respectively, are again almost
equal. Furthermore, c(z0) is not drastically affected by the changes of y value.

We will consider now the Neutral model 2 given by Equation (8.1) and present
the numerical results obtained by performing the same experiments we did
for the Neutral model 1. We start considering the case for β = 0.40. Figure
8.10 a) and b) show us the the numerical approximations of the Neutral
model 2 for y0 = 1.0 and y0 = 0.5, respectively. We notice that the adjusted
approximation of beta with constant c(z0) = ln(1.12) for both Figure 8.10
a) and b) agrees with Equation (8.18). Moreover, observe that the constant
c(z0) is the same for both cases y0 = 1.0 and y0 = 0.5, this was expected
since the x and z component are independent of the y component. Once
more, we observe that the constants c(z0) and c(y0) from Equation (8.18)
and Equation (8.15), respectively, are almost equal; that is, the x and z
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components of the 3−dimensional model behaves like the x and y component
of the 2−dimensional model.

Figure 8.10: Numerical experimentation for the Neutral model 2 with β =
0.40

Figure 8.11 a) and b) show us the numerical results obtained for the case
β = 0.2666 with y0 = 1.0 and y0 = 0.5, respectively. The results for this case
are similar to the case β = 0.40. The constants for the adjusted beta approx-
imation are c(z0) = ln(1.08) for both Figure 8.11 a and b. Once again, the
constants c(z0) of the 3−dimensional model and c(y0) of the 2−dimensional
model are almost equal.
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Figure 8.11: Numerical experimentation for the Neutral model 2 with β =
0.2666

Figure 8.12 a) and b) show us the numerical results obtained for the case
β = 0.741743 with y0 = 1.0 and y0 = 0.5, respectively. The results for this
case are similar to the ones of the previous cases. The constants for the
adjusted beta approximation are c(z0) = ln(1.31) for both Figure 8.12 a and
b. Once again, the constants c(z0) of the 3−dimensional model and c(y0) of
the 2−dimensional model are almost equal.
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Figure 8.12: Numerical experimentation for the Neutral model 2 with β =
0.741743

Figure 8.13 a) and b) show us the numerical results obtained for the case
β = 0.933 with y0 = 1.0 and y0 = 0.5, respectively. The results for this case
and the ones of the previous cases are alike. As before, the constants for the
adjusted beta approximation are c(z0) = ln(1.8) for both Figure 8.13 a and b.
The constants c(z0) and c(y0) of the 3−dimensional and the 2−dimensional
model, respectively, are again almost equal.
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Figure 8.13: Numerical experimentation for the Neutral model 2 with β =
0.933

Until now we have performed the numerical experiments for the Neutral
model 1 and 2 corresponding to the normal forms given by Equation (8.16)
and (8.1), respectively. We saw there that for both models, the asymptotic
behaviour of the x and z components are the same as the x and y component
of the 2−dimensional model studied in the previous subsection. Recall that
for this two models we had explicit formulas for the map N : Σ → S and
hence for the modified Poincaré map PNeu : Σ → Σ. Our goal is to see that
the asymptotic behaviour of the Neutral model 3 given by Equation (8.11)
is similar to the other two models. Therefore, the numerical results obtained
for the Neutral models 1 and 2 will be our reference and we will compare
them to the numerical results obtained for the third model.

We start considering the case for β = 0.40. Figure 8.14 a) and b) display
the the numerical approximations of the Neutral model 3 for y0 = 1.0 and
y0 = 0.5, respectively. We notice that the adjusted approximation of beta
with constant c(z0) = ln(1.12) for both Figure 8.14 a) and b) agrees again
with Equation (8.18). Moreover, observe that the constant c(z0) is the same
for both cases y0 = 1.0 and y0 = 0.5, it is worth to recall that for this model
the x and z component are not independent from the y component. Like
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in the previous models, we observe that the constants c(z0) and c(y0) from
Equation (8.18) and Equation (8.15), respectively, are almost equal; that is,
the x and z components of the 3−dimensional model behaves like the x and
y component of the 2−dimensional model.

Figure 8.14: Numerical experimentation for the Neutral model 3 with β =
0.40

Figure 8.15 a) and b) show us the numerical results obtained for the case
β = 0.2666 with y0 = 1.0 and y0 = 0.5, respectively. The results for this case
are similar to the case β = 0.40. The constants for the adjusted beta approx-
imation are c(z0) = ln(1.07) for both Figure 8.15 a and b. Once again, the
constants c(z0) of the 3−dimensional model and c(y0) of the 2−dimensional
model are almost equal.
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Figure 8.15: Numerical experimentation for the Neutral model 3 with β =
0.2666

Figure 8.16 a) and b) show us the numerical results obtained for the case
β = 0.741743 with y0 = 1.0 and y0 = 0.5, respectively. The results for this
case are similar to the ones of the previous cases. The constants for the
adjusted beta approximation are c(z0) = ln(1.3) for both Figure 8.16 a and
b. Once again, the constants c(z0) of the 3−dimensional model and c(y0) of
the 2−dimensional model are almost equal.
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Figure 8.16: Numerical experimentation for the Neutral model 3 with β =
0.741743

Figure 8.17 a) and b) show us the numerical results obtained for the case
β = 0.933 with y0 = 1.0 and y0 = 0.5, respectively. The results for this case
and the ones of the previous cases are alike. As before, the constants for the
adjusted beta approximation are c(z0) = ln(1.8) for both Figure 8.17 a and b.
The constants c(z0) and c(y0) of the 3−dimensional and the 2−dimensional
model, respectively, are again almost equal.
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Figure 8.17: Numerical experimentation for the Neutral model 3 with β =
0.933

8.2.3 Numerics of the tails of the return map in the
3−dimensional case

In this subsection, we will perform the numeric experiments for the
3−dimensional models and see the approximations for the exponent of the
decay of correlations; that is, for the exponent β2. The general Neutral model
or Neutral model 3 is given by

 ẋ
ẏ
ż

 = N

 x
y
z

 =

 x(a0x
2 + a1y

2 + a2z
2)

−ℓy(1 + c0x
2 + c2z

2)
−z(b0x2 + b1y

2 + b2z
2)

+ O(4), (8.19)

where a0, a1, a2, b0, b1, b2, c0, c2 and ℓ > 0 and ∆ := a2b0 − a0b2 ̸= 0.
Note that the Neutral model 1 and the Neutral model 2 are obtained from
the general Neutral model if we let c0, c2 = 0 and if we let a1, b1 = 0,
respectively.

In the previous subsection we saw the numerical analysis on N : Σ → S and
showed, with the numeric experimentation, that the x and z components
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behaves like the 2−dimensional model regardless of the y value. For the
numerical analysis we are about to perform, we will take an unstable leaf
W u(x, y0, z0) and a stable leaf W s(1, 0, 0), where y0 = 1.0 and z0 = 1.0.
From the estimates obtained in Theorem 4.2.2 we can see that

β2 ≈ − ln(x)

ln(t)
, (8.20)

where t is the flow time that it takes a point from the unstable leaf to hit
the stable leaf and x ∈ [1.0× 10−5, 1.0× 10−4]. We will actually show that

β2 =
ln(c(z0))

ln(t)
− ln(x)

ln(t)
+ O

( 1

ln(t)

)
. (8.21)

As before, we will use the Radau quadrature method and take 50 points for
the values of x starting from 1.0 × 10−4 and ending with 1.0 × 10−5; that
is, point 0 and point 50 correspond to x = 1.0 × 10−4 and x = 1.0 × 10−5,
respectively. We will consider the same values of β we considered in the
previous subsection except for the value β = 9333. The approximation of
β2, corresponding to the red line in all figures, is done by taking the x value,
ranging in [1.0×10−5, 1.0×10−4], of each integral curve with initial condition
(x, y0, z0) and divide it by the flow time t, the adjusted approximation of β2,
shown in green in all figures, is calculated by using Equation (8.21), and
the theoretical value of β2, corresponding to the blue graph in all figures, is
obtained from the parameters a2 and b2; that is β2 = a2+b2

2b2
.

We start considering the Neutral model 1. Figure 8.18 a) shows the ap-
proximation for β2 = 1.333 which corresponds to the case β = 0.40, for
the adjusted approximation the constant is ln(c(z0)) = 0.06, b) displays the
approximation for β2 = 2.0 corresponding to the case β = 0.266 with ad-
justment constant ln(c(z0)) = 0.05 and in c) we can see the approximation
for β2 = 1.84 with corresponding β = 0.741743 and adjustment constant
ln(c(z0)) = 0.2
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Figure 8.18: Numerical experimentation for β2 approximation for the Neutral
model 1

Next, we consider the Neutral model 2. Figure 8.19 a) shows the approxima-
tion for β2 = 1.333 which corresponds to the case β = 0.40, for the adjusted
approximation the constant is ln(c(z0)) = 0.06, b) displays the approximation
for β2 = 2.0 corresponding to the case β = 0.266 with adjustment constant
ln(c(z0)) = 0.04 and in c) we can see the approximation for β2 = 1.84 with
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corresponding β = 0.741743 and adjustment constant ln(c(z0)) = 0.18

Figure 8.19: Numerical experimentation for β2 approximation for the Neutral
model 2

Last but not least, we consider the Neutral model 3. Figure 8.20 a) shows
the approximation for β2 = 1.333 which corresponds to the case β = 0.40,
for the adjusted approximation the constant is ln(c(z0)) = 0.06, b) displays
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the approximation for β2 = 2.0 corresponding to the case β = 0.266 with
adjustment constant ln(c(z0)) = 0.04 and in c) we can see the approximation
for β2 = 1.84 with corresponding β = 0.741743 and adjustment constant
ln(c(z0)) = 0.19

Figure 8.20: Numerical experimentation for β2 approximation for the Neutral
model 3
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From these numerical results we can see that the asymptotic behaviour of all
three Neutral models are similar. Thus, we can conclude that for the Neutral
model 3 the image of the cross-section Σ under the map N : Σ → S will still
have the cusp-shape as we saw in Chapter 4. Therefore, the Poincaré map of
the modified Lorenz neutral model obtained by considering the Neutral model
3 will have the same properties we saw for the cases when we considered
the Neutral model 1 and 2. Furthermore, the numerics showed us a good
approximation of the exponent of the decay of correlations for the 3 Neutral
models. From this we can deduce the same results concerning the decay of
correlations. For completeness, we compress the results of this work in the
following theorem.

8.2.1 Theorem. Let ΛN, Nt : ΛN → ΛN be the geometrical Lorenz neu-
tral attractor, the geometrical Lorenz neutral flow obtained from the neutral
form given by Equation (8.16), (8.1) and (8.11), respectively, and µ its SRB
measure. Then Nt has polynomial decay of correlations; that is, there exist
m ≥ 1 and a constant C > 0 such that for observables v ∈ Cη(M)∩C0,η(M),
w ∈ Cη,m(M), and time t > 1 we have

ρt(v, w) ≤C(∥v∥Cη + ∥v∥C0,η) ∥w∥Cη,m t
−β2 .
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