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Abstract

The aim of this thesis is to investigate the problem of norm-controlled inversion in
(Y(Z,*). In the late nineties, El-Fallah, Nikolski and Zarrabi showed that the norm
of some a € ¢'(7Z,*) and a lower bound on its Fourier series are not enough to control the
norm of a~!, contrary to the weighted case where it is indeed possible to do so assuming
that the weight grows sufficiently fast. They provide a lower bound for the norm of the
inverses which implies a blowup if the condition on the Fourier series is too weak.

We generalize this lower bound by also taking the support of the involved sequences
into account. This new estimate will be applied to some weighted setting which yields a
lower bound for the growth of the inverses that does not follow from the arguments of
El-Fallah, Nikolski and Zarrabi.

Moreover, we transfer their result to the twisted convolution algebra, a structure being
very prominent in the field of time-frequency analysis. An application of this result to
the theory of Gabor analysis yields that in general the M'-norm of a dual window cannot
be controlled by the M'-norm of the window itself and the corresponding Riesz sequence
or frame bounds.
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Introduction

The problem of norm-controlled inversion is formulated in the context of Banach algebras:
Which information do we need about an element a in some Banach algebra A to get an
upper bound for the norm of its inverse? It can easily be seen that the bare norm
of a is not enough so some further information on the element is needed. El-Fallah,
Nikolski and Zarrabi investigated this problem in [1]|, mainly in the setting of Beurling-
Sobolev algebras ¢(P(Z,w). They showed that if one additionally imposes a lower bound
on the Fourier series induced by the sequence a (which, more abstractly, corresponds
to a lower bound on the spectrum of a), then norm-control is possible if the weight
grows sufficiently fast. However, in the unweighted case this method fails: If the lower
bound on the Fourier series is smaller than or equal to %, then controlling the norm of
the inverses is not possible. This is even more surprising in view of a famous result by
Wiener (Theorem 2.1.13) which says that any lower bound on the Fourier series implies
invertibility of the underlying sequence a in the (unweighted) Banach algebra ¢(Z).

In this thesis, we first recall the proof of the fact that norm-controlled inversion is
in general not possible in ¢!(Z). We then provide a more general lower estimate for the
inverses which takes the support of the involved sequences into account. A corresponding
upper estimate for the inverses is also given. These two estimates differ in their asymp-
totical behaviour and the exact growth of the inverses is still unknown to us. We also
apply these results to the weighted setting to obtain a corresponding lower bound.

Going back to the original problem, one can also view the lower bound on the Fourier
series as an upper bound on the inverse Fourier series, which allows us to formulate
the problem in the more general setting of one Banach algebra embedded into another.
Then the question is whether one can bound the norm of the inverse in the smaller
Banach algebra using the norm of the inverse in the larger Banach algebra. Using this
generalization, we transfer all the results from the ordinary convolution to the twisted
convolution, a structure very prominent in the field of time-frequency analysis. This, in
turn, yields a corresponding lower estimate in the context of Gabor frames and Gabor
Riesz sequences, which in particular shows that in general it is not possible to bound
the M'-norm of the dual window using only the M'-norm of the window itself and the
frame or Riesz sequence bounds.

In Chapter 1 we introduce some notational conventions and the necessary concepts
which will be used in the subsequent chapters.

Chapter 2 discusses the problem of norm-controlled inversion. After an introduction to
the topic, we mention the concrete results given in [1]|, which are the starting points for our
considerations (Theorems 2.1.12 and 2.1.14). Then we recall the proof of the result which
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says that, in general, norm-controlled inversion in £*(Z, ) fails (Theorem 2.1.14). Based
on that, we give an improved version of the original result by also taking the support of
the involved sequences into account (Corollary 2.3.9). To complete the picture, we also
provide a corresponding upper estimate (Proposition 2.3.10). As a byproduct, we derive
a lower estimate for the weighted case (Theorem 2.4.3).

Chapter 3 is devoted to the theory of time-frequency analysis, which is fundamental
to the developments in the subsequent chapters. We first introduce some important
operators, then discuss the symplectic group, which serves as a technical tool in Sec-
tion 4.3, and finally, we give a brief overview of modulation spaces, which are needed in
Section 5.3.

Chapter 4 concerns the twisted convolution algebra, a Banach algebra directly con-
nected to time-frequency analysis. After the initial definition, we discuss several embed-
dings of this Banach algebra into operator algebras (Sections 4.2.1 and 4.2.2). Finally, we
transfer the results from Chapter 2 to the twisted convolution algebra (Theorems 4.3.12,
4.3.13 and 4.3.14 and Corollary 4.3.15).

In Chapter 5 we first give a brief introduction into frame theory and Gabor analysis
and then apply our findings from Chapter 4 to the theory of Gabor analysis (Theorems
5.3.9 and 5.3.11).

We mention that Section 2.3, Theorems 2.4.3, 4.3.14, 5.3.9 and 5.3.11 and Corol-
lary 4.3.15 are original contributions.

The author gratefully acknowledges support from the Austrian Science Fund (FWF):
P29462 and Y1199.



1 Preliminaries

In this chapter we introduce the necessary notation, language and concepts which are
used throughout the thesis.

1.1 Notational conventions

The natural numbers N by definition include 0. Whenever d occurs without a definition it
is a natural number greater than 0 and represents the dimension of the space we consider.
The term "countable" always refers to an infinite set, i.e. a set I is countable if and only
if there exists a bijection 7: N — [I.

Furthermore, we define the following sets of matrices:
e M(d,R) is the set of all d x d-matrices with real entries
e GL(d,R) is the set of all invertible d x d-matrices with real entries.
e Sym(d,R) is the set of all symmetric d x d-matrices with real entries.
For A, B € M(d,R) their matrix product is denoted by AB where

d
(AB);j = Z Aix By
k=1

Moreover, the transpose of A is denoted by AT and A=T = (A™HT = (AT)~! whenever
A is invertible.

For a,b € R? their inner product or dot product is denoted by

d
a-b= Zakbk-
k=1

For p € [1,00) LP(R?) refers to the well-known Banach space of equivalence classes
of measurable functions f: R? — C which coincide almost everywhere and whose p-th
moment exists, i.e.

/ |f(x)|Pdr < .
Rd

L>®(R?) refers to the well-known Banach space of equivalence classes of measurable func-
tions f: R¢ — C which coincide almost everywhere and are uniformly bounded almost
everywhere.
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In the context of inequalities we sometimes use the notation
az2b3C>0:a>Ch

Whenever this will be used, the left- and right-hand side will depend on some parameter
whereas the implied constant will be independent of this parameter. We will always
mention on which parameters the implied constant can depend.

Finally, whenever we talk about a space of sequences over some index set I, we denote
the corresponding unit vectors by u;, where ¢ € I. Concretely,

L,
<ui>j={0 o

1.2 Banach algebras

Banach algebras are the framework in which the problem of norm-controlled inversion is
formulated. In the following, we provide the main definitions and some properties. The
main references for this section is Allan’s book on Banach spaces and algebras [2] and
chapter 1 of Folland’s book [3].

Definition 1.2.1. A Banach algebra is an associative algebra A over R or C endowed
with a norm || - || such that

o A is complete with respect to || - ||.
o For all a,b € A holds: ||abl| < |la|||b]l-

Definition 1.2.2. Let A be a Banach algebra.
(i) A is unital if it has a multiplicative unit.

(i) A is commutative if the multiplication is commutative.

Definition 1.2.3. An involutive Banach algebra is a Banach algebra A over C with a
mapping *: A — A (called involution) such that for all a,b € A and A € C holds:

e (') =a
o (Aa+b)" = Xa* +b*
e (ab)* =b*a*
e [[a*]| = [lal

Remark 1.2.4. Some authors define involutive Banach algebras without the property

lla*|| = |la|| (e.g. [4, p- 237] ). However, in most cases (including all examples we
encounter) the involution is isometric.

Involutive Banach algebras are the right framework to generalize concepts like self-
adjointness and unitarity which are already known for bounded operators on Hilbert
spaces.



1.2 Banach algebras

Definition 1.2.5. Let A be an involutive Banach algebra and a € A.

(i) a is self-adjoint if a* = a.

(ii) Let A be additionally unital. a is unitary if a* = a='.

The following theorem yields an example of a Banach algebra which also serves as the
"basis" for other structures we investigate later. The proof consists of some elementary
verifications which will be left to the reader.

Theorem 1.2.6. For a,b € (1(Z) we define the convolution

(a * b)k = Z albk,l

leZ

and the involution
(™), = a_k.

Then (X(Z,*,*) is a commutative, unital and involutive Banach algebra with unit given

*
by e € (1(Z) where
1, k=0
€L =
0, k40

The convolution fits also nicely into the picture for other ¢P-spaces:

Theorem 1.2.7 (Theorem 13.9, [5]). Let p € [1,00], a € ¢(Z) and b € ¢P(Z). Then
axb e P(2) and [laxbll, < lall1[b],-

Next, we define a special type of involutive Banach algebras.

Definition 1.2.8. A C*-algebra is an involutive Banach algebra A which additionally
satisfies ||a*al|| = ||a||?* for all a € A.

The following definitions and lemmata introduce the prototypical examples of C*-
algebras.

Definition 1.2.9. Let X be a non-empty Hausdorff space. Then Cy(X) is the Banach
space of all continuous functions f: X — C that vanish at infinity.

Lemma 1.2.10. Let X be a non-empty Hausdorff space. Pointwise multiplication turns
Co(X) into a Banach algebra. If X is compact, then Cy(X) = C(X) and the Banach
algebra is unital. Moreover, the operation

*: Co(X) — Co(X)

D)

turns Cy(X) into a C*-algebra.
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Proof. Obviously, pointwise multiplication of functions is compatible with the linear
structure of Cp(X) and the inequality [|fg|lcc < ||flloollglloo is also evident, so Cp(X)
forms a Banach algebra. Moreover, if X is compact, then the constant function 1 is
an element of Cp(X) = C(X) and it clearly serves as the identity with respect to the
pointwise product. Thus, we are left to show that the given involution satisfies all
needed properties to turn Cp(X) into a C*-algebra. But all these properties are trivial

observations in this context. O

Definition 1.2.11. Let H be a Hilbert space. Then B(H) is the Banach space of all
bounded, linear operators on H.

Lemma 1.2.12. Let H be a Hilbert space. The operation of composition turns B(H)
into a unital Banach algebra. Furthermore, the action of taking the adjoint A* of some

A € B(H) turns B(H) into a unital C*-algebra.

Proof. 1t is clear that the composition of operators is compatible with the linear structure
of B(H). For A,B € B(H) and f € H we have

[ABflln < 1 Allsao 1B fllx < 1Al sl Blls@ |Lf I

and thus
IAB| s < 1AlBen) 1 BllBex)-

Furthermore, the identity operator Idy, € B(H) clearly serves as the identity with respect
to composition of operators. Consequently, composition turns B(#) into a unital Banach
algebra. Finally, all properties of a C*-algebra concerning the involution are well-known
facts about adjoints (see e.g. [4, p. 31 f]). Thus, B(H) carries a unital C*-algebra
structure. O

Like in the case for bounded operators, unitary elements in unital C*-algebras auto-
matically have norm 1.

Lemma 1.2.13 (p. 269, [2]|). Let A be a unital C*-algebra with unit e and a € A unitary.
Then ||al| = 1.

In order to deal with norm-controlled inversion, we need to work with unital Banach
algebras. There we have a notion of invertibility (with respect to the multiplication) and
the following lemmas concern topological properties of the set of invertible elements. In
the following, a” := e for all a € A if A is a unital Banach algebra.

Lemma 1.2.14 (Lemma 1.3, [3]). Let A be a unital Banach algebra with unite. Ifa € A
satisfies ||al| < 1, then e — a is invertible and

(e—a)™t = Zak.

00
k=0
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In other words, the last lemma shows that we can find a neighbourhood of e which
contains only invertible elements. This can be translated to any invertible element.

Lemma 1.2.15 (Theorem 1.4, [3|). Let A be a unital Banach algebra with unit e. Then
the set of invertible elements is open. More precisely, if a € A is invertible and b € A
such that

Ja— vl < 3 ]la~!|
then b is also invertible and

la=t =7 < 2] la b

Finally, we will also introduce the concept of exponential of an element in a Banach
algebra.

Definition 1.2.16. Let A be a unital Banach algebra with unit e. For a € A we define
exp(a) = Z ok
k=0

The exponential is well-defined due to absolute convergence of the series. It also
satisfies its usual functional equation, but only if the involved elements commute.

Lemma 1.2.17 (Proposition 4.98, [2]). Let A be a unital Banach algebra with unit e.
For a,b € A with ab = ba we have exp(a + b) = exp(a) exp(b). Consequently, exp(a) is
always invertible and exp(a)~! = exp(—a).

We finish this part with another lemma about unitary elements.

Lemma 1.2.18. Let A be a unital, involutive Banach algebra and a € A be self-adjoint.
Then exp(ia) is unitary.

Proof. From Lemma 1.2.17 we know that exp(ia)~! = exp(—ia), so it suffices to show
that exp(ia)* = exp(—ia):

(S & (ke
exp(ia)* = Z X —27]{! = exp(—ia),

k=0 k=0

where the interchange of limit and involution is justified by the fact that the involution
is by definition an antilinear isometry and therefore continuous. O
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1.3 Fourier series and convolution

In this part we introduce the Fourier series operator and discuss its relation to con-
volution. We keep things condensed and focused on our needs here. For a broader
introduction into these topics we refer to [6].

Definition 1.3.1. The Fourier series operator is the linear operator
F:NZ) — C(T)
(ag) — Y ape®™ "

kEZ

We note that the continuity of the induced Fourier series is just a consequence of the
dominated convergence theorem. Moreover, the domain of this operator can be extended
to ?(Z) and yields an isometry in the corresponding setting.

Theorem 1.3.2 (Plancherel). The Fourier series operator extends to an isometric op-
erator F: (*(Z) — L*(T).

Proof. This follows from standard techniques of functional analysis because the collection
{211 c7 is an orthonormal basis of L2(T) (see e.g. [6, p. 176 f.]). O

One of the most fundamental properties of the Fourier series operator is that it turns
convolutions into pointwise multiplications.

Theorem 1.3.3. Let a,b € (1(Z). Then
Flax*b)(t) = F(a)(t)F()(t) (1.1)

for all t € T. Moreover, this holds in a similar manner for the extended version of F:
For a € (*(Z) and b € (*(Z) we have

F(axb) = F(a)F(b).
Proof. (1.1) is a straightforward calculation which can be found in e.g. [5, Theorem

13.10 (b)]. Concerning the second part, we choose a € ¢(Z) and b € ¢2(Z). Moreover,
for N € N we define the following cut-off versions of b:

F 0, otherwise

Then clearly b € £1(Z) and b — b|j2 === 0. Consequently, the first part yields

Flaxb™) = F(a)FON)

10



1.3 Fourier series and convolution

for all N € N. Taking the limit N — oo the left-hand side converges to F(a*b) in L*(T)
because

Theorem 1.3.2
1F(a*b™) = Flaxb)|2emy = |Flax O =)z 7E 22 flax (0N —b)|a
< lafl1 6N = blls =2 0,

where we used Theorem 1.2.7 in the last inequality. On the other hand, the right-hand
side converges to F(a)F(b) in L?(T) because

1F@)F®N) = F@)FO) | 20m) < 1F@) || FO = )| 12r)
= |F (@)l /I = bll2 X722 0,

where we used Theorem 1.3.2 in the last inequality. O

The preceding theorem yields a connection between Fourier series and convolution. In
the following we are going to explore the consequences of this relation.

Corollary 1.3.4. F: (*(Z) — C(T) is a homomorphism between unital, involutive Ba-
nach algebras.

Proof. Compatibility with the multiplications follows from Theorem 1.3.3. Moreover,
Flug)(t) = 2™ =1

for all t € T, so F respects the corresponding units. Finally, for a € ¢(Z) and t € T

holds:
Z— 2mikt l—*k Z— —2milt Z alegﬂzlt _ )) (t) ]

kezZ leZ leZ

Definition 1.3.5. Let a € ¢*(Z). We define the operator
F.: (*(Z) — (*(2)
b—axb

which is well-defined by Theorem 1.2.7.
Due to Theorem 1.3.3 we can easily deduce the norm of the operator F, as it is

isometrically equivalent to a multiplication operator via the Fourier series operator. To
this end, we need a basic statement about multiplication operators.

Lemma 1.3.6 (Problem 64, |7]). Let (X, p) be a o-finite measure space and a: X — C
be a bounded, measurable function. Let A: L*(X) — L%(X) be the multiplication operator
acting by multiplication of a, i.e. A is of the form

(Af)(z) = a(x) f(z)
forallx € X. Then
[Allg(z2(x)) = llalloo-

11
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Using the preceding theorem we can readily calculate the norm of Fj,, which hints
again at the connection between Fourier series and convolution.

Lemma 1.3.7. Let a € (*(Z). Then

1Fallge2(zy) = | Z akezmk”m'
kEZ

Proof. We already know from Theorem 1.3.3 that
F(a*b) = F(a)F(b)
for a € £1(Z) and b € £2(Z). Consequently, using Theorem 1.3.2, we get

1Fallpezyy = 1FFaF ™| graeryy = 17 (@ FHON sz2em,
= | F(a) gy " P 1F (@) - O

12



2 The problem of norm-controlled inversion

This chapter is devoted to the problem of norm-controlled inversion. After an intro-
duction to the topic, we recall some results from [1]. Then we give several original
contributions into this direction.

2.1 What norm-controlled inversion is

In this chapter we introduce the problem of norm-controlled inversion. We start with
a small motivation: Let A be a unital Banach algebra with unit e and let a € A be
invertible. Then the simple calculation

lell = llaa™"[l < flallla™"]
yields the lower estimate
le] -
< [la™ ]
ol

for [[a~!||. What about an upper estimate? The lower bound for |la™!|| suggests that the
only possibility to bound |la~!|| is to restrict to elements a € A with large norm. But

there is no hope, this is far from being achievable as the following theorem shows:

Theorem 2.1.1. Let A be a unital Banach algebra with unit e containing some nonzero
element which is not invertible (i.e. A is not a division algebra). Then for any M > 0

holds:
sup {[la” ! : [la]| = M} = oo.

Proof. First, notice that if (a,) € AV satisfies that [|a,| > M for all n € N and

_1H n—0o0

|la,, || —— oo, then clearly H%%H > N and
(3| =
M SN

So it suffices to show the statement just for any specific M > 0. Now let a € A\ {0} be
not invertible and consider the curve

c:[0,1] — A
t— (1—t)e+ta

13



2 The problem of norm-controlled inversion

As ¢(0) is invertible and ¢(1) is not,
s =1inf{t € [0,1] : ¢(t) is not invertible}

is well-defined and b := ¢(s) is not invertible by Lemma 1.2.15. Moreover, b # 0 because
otherwise a would be a multiple of e, contradicting the fact that a is not invertible. Thus,
we can find a sequence (b,) € A" such that b, is invertible for all n € N, b, 27 b and
without loss of generality ||b,| > [|b]|/2 for all n € N.

Let us assume now that we can find C' > 0 such that ||b;}|| < C for all n € N. Then
le =05 "Il = 116, "0 — b, 0l < 16, (15 — bl| < Clbn — b} == 0

and therefore by Lemma 1.2.15 and the fact that e is invertible we get that b, b is
invertible for n sufficiently large. Consequently, b = b, (b 'b) must be invertible as a
product of invertible elements and we have a contradiction. Hence, we must have

sup {||b, ]| : n € N} = 00

and in particular,
sup {[la™"[| : [la]| > [|b]]/2} = oo -

Remark 2.1.2. The assumption that A is not a division algebra from the last theorem is
not very restrictive: Every Banach algebra which is a division algebra is isomorphic to
R, C or the quaternions H (see e.g. [10, Theorem 5.5]).

The last theorem shows that we need more information about a than just its norm
in order to have a chance to control |[a~!||. An approach to how one could tackle
this problem was given by El-Fallah, Nikolski and Zarrabi in [1]. In the following, we
summarize the initial motivation for their considerations. We start by briefly recalling
the relevant language from Gelfand theory. A comprehensive introduction into this topic
can be found in [11].

Definition 2.1.3. Let A be a commutative Banach algebra with dual space A'. A char-
acter of A is an element ¢ € A"\ {0} which is also multiplicative, i.e. ¢p(ab) = ¢(a)p(b)
for all a,b € A. The set of all characters of A will be denoted by A(A).

Remark 2.1.4. In other words, a character ¢ : A — C is a continuous, nonzero algebra
homomorphism. Moreover, it can be shown that the continuity requirement in this case
is superfluous: Every algebra homomorphism from a commutative Banach algebra into
C is automatically continuous (|11, Corollary 2.1.10]).

As A(A) ¢ A, we can endow A(A) with the subspace topology induced by the weak-
*_topology on A’. The resulting topological space is called the maximal ideal space (also
known as the structure space or the Gelfand space).

Remark 2.1.5. The name "maximal ideal space" originates from the fact that there
is a one-to-one correspondence between characters and maximal ideals of A via the
identification ¢ € A(A) — ker(¢) (see [11, Corollary 2.1.8]).

14



2.1 What norm-controlled inversion is

It can be shown that the maximal ideal space A(A) is a locally compact Hausdorff
space and if A is unital, then A(A) is compact ([11, Theorem 2.2.3]). Consequently, it
makes sense to talk about the Banach algebra Cp(A(A)) of continuous functions from
A(A) into C vanishing at infinity with the usual supremum norm (see also Lemma 1.2.10).
Next we define, generalizing the concept from bounded linear operators, the spectrum of
an element in a Banach algebra.

Definition 2.1.6. Let A be a unital Banach algebra with identity e. The resolvent set
ofa € Ais pla) ={X € C:a— Xe is invertible}. The spectrum of a is o(a) = C\ p(a).

Remark 2.1.7. From the last definition it follows readily that a € A is invertible if and
only if 0 ¢ o(a).

Finally, the next theorem defines the Gelfand transform which is the starting point for
the considerations in [1].

Theorem 2.1.8 (p. 54 f., |11]). Let A be a commutative Banach algebra with corre-
sponding mazimal ideal space A(A). Then the Gelfand transform

A — Co(A(A))
0= (6 o(a)

is a continuous algebra homomorphism. Moreover, if A is unital, then a(A(A)) = o(a).

Remark 2.1.9. To provide a connection to the preceding sections one should remark at
this point that the Gelfand transform on ¢!(Z) is actually the Fourier series operator (see
Definition 1.3.1), using a suitable identification of the set of characters with the torus T.

Now using the last theorem we are in the following situation: Starting with a com-
mutative unital Banach algebra A, the Gelfand transform yields an embedding (i.e. a
continuous Algebra homomorphism mapping the unit to the unit) of A into the Banach
algebra Cy(A(A)). For such an embedding it is always true that if a € A is invertible,
then also the corresponding element a € Cy(A(.A)) is invertible. What is special here is
that also the other direction is true: If for some a € A the corresponding a is invertible
in Co(A(A)), then 0 % a(A(A)) = o(a) by Theorem 2.1.8 and thus a is invertible in A.
This led to the idea of using similar embeddings of A into spaces of the form Cp(X)
(via transforms a — a), where X is a topological Hausdorfl space, to investigate the
problem of norm-controlled inversion. Concretely, can we control |[a~!|| using ||a| and
inf,ecx |a(x)|? This approach was used to show that norm-controlled inversion is possible
in a variety of so-called Beurling-Sobolev algebras. We are mostly interested in the case
of weighted £!.

Definition 2.1.10. Let w: Z — (0,00). Then the Beurling algebra I'(Z,w) is the set

{(zx) € CV: [zl =) |zpwy| < oo}
kEZ

together with the convolution (see Theorem 1.2.6) whenever this forms a Banach algebra.

15



2 The problem of norm-controlled inversion

Remark 2.1.11. The conditions on w needed for I1(Z,w) to be a Banach algebra can be
found in [1, Section 3.2.2].

Theorem 2.1.12 (Section 3.8.4, [1]). Let

k|, k#0
Wy =
1, k=0

and denote by a the Fourier series (see Definition 1.3.1) of some a € ¢*(Z). Then for
the following choices of o, I1(Z,w) is a Beurling algebra and norm-controlled inversion
1s possible with the given bound:

(i) a>1:

_Ca

1
-1 . 1 . . A
sup {[la™ 1w : @ € £1(Z,w) with ||al|1w < 1,;I€1Tfr\a(t)] >4} < 5 + Siat2-

(i) 1/2<a<1:

Ca

1
-1 . 1 . era 1
sup{||a 1w :a € (Z,w) with ||al]1,, < 1,%161{‘|a(t)\ > 5} < 5 + PR =)

where f=1/(2a —1).

However, in the unweighted case norm-control is not possible and this is the starting
point for this thesis. We first recall a qualitative (and actually positive) statement in
this direction which is due to Wiener.

Theorem 2.1.13 (p. 14, Lemma lle, [12]). Let a € (Y(Z) with corresponding Fourier
series a. If a(t) # 0 for all t € T then 1/a = b for some b € (Y(Z), i.e. the inverse is
also a Fourier series.

Nevertheless, the quantitative version of the above statement (i.e. norm-controlled
inversion in ¢1(Z)) fails.

Theorem 2.1.14 (Theorem 1.4.3, [1]). Let @ denote the Fourier series of a € (X(Z).
Then for % < 6 < 1 holds:

sup {||a_1||1 a € 01(Z) with ||al|; < 1,2n1:fr|d(t)| >4} >
€
In particular, no norm control is possible for 6 < 1/2.

We will transfer this counterexample to a similar Banach algebra in Chapter 4 and
apply the result to Gabor analysis in Section 5.3. However, before we can do that we need
to generalize the situation a little bit more. Due to the structure of Cy(X), it is clear that,
in the context from before, inf,cx|a(z)| = ||[a~!||>}. Consequently, we can rephrase the
problem from above in the following way: Can we control ||a~!|| using ||a|| and |a=!||?
This new formulation does not require the Banach algebra A to be embedded in a space
of the form Cy(X) but rather in any other Banach algebra. The following definitions are
taken from [13] and [14].
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2.2 A lack of norm-controlled inversion

Definition 2.1.15. Let A, B be unital Banach algebras and v: A — B be a continuous
algebra homomorphism mapping the identity of A to the identity of B.

(i) A is inverse-closed in B if a € A and 1(a) invertible in B implies that a is invertible
in A.

(i1) A admits norm-controlled inversion in B if A is inverse-closed in B and there exists
a function f: (0,00)%2 — (0,00) such that for any invertible a € A holds:

la™ "l < f (llall, lle(a) ")

Remark 2.1.16. The condition that the embedding ¢: A — B from the definition above
maps the identity of A to the identity of B is crucial (and also satisfied by the Gelfand
transform) because it ensures that for an invertible element a € A the corresponding
element ¢(a) is invertible in B.

Without going into details we refer to the following example: Let A4 be a unital Banach
algebra and A, its unitization (see e.g. [11, p. 5 f.]). Then A can be embedded naturally
into A, via a continuous Algebra homomorphism ¢ but this embedding does not map
the unit of A to the unit of A.. Moreover, ¢(a) is not invertible in A, for any a € A.
Consequently, A would trivially be inverse-closed in A.. However, this is just due to the
fact that the embedding does not respect the structure of A.

2.2 A lack of norm-controlled inversion

Before we go into the proof of Theorem 2.1.14 we start with some preliminary facts about
convolution.

Lemma 2.2.1. Let a,b € (*(Z) with real, nonnegative entries, i.e. ag,by > 0 for all
k € Z. Then ||ax*b| = |alllb]-

Proof.

las bl = "[(axb)el =Y > abet| =Y > abr

keZ kez liez keZ 1L
—k—l
=Y Y b =Yy b= alllb],
€% keZ €z nez

where the interchange of the summations is justified due to the absolute convergence. [

Lemma 2.2.2. Let a,b € (}(Z,*). Then supp(a * b) C supp(a) + supp(b), where +
denotes the sumset. Consequently, sup(aj * - -- % ap) C supp(ai) + - - - + sup(ay).

Proof. Let n € supp(a *b). Then

0% (axb)n =Y axbn .

kEZ

17



2 The problem of norm-controlled inversion

Clearly, at least one summand in the series on the right has to be nonzero. We choose
one of these and denote the corresponding index by k. Hence, 0 # a;b, _; and so clearly

aj,b, ; # 0. Consequently, n = k+(n—Fk), where k € supp(a) and (n—k) € supp(b). O

Now we follow the arguments of El-Fallah, Nikolski and Zarrabi in [1, p. 907 ff.] very
closely. As the following uses mainly Banach algebra language, we will drop * from the
notation and write ab for a*b, as usual in this context. We start with a theorem yielding
a sufficient condition for impossibility of norm-controlled inversion.

Lemma 2.2.3. Let A be a unital Banach algebra, X a compact Hausdorff space and
t: A— C(X) a homomorphism of unital Banach algebras. If for any

0<fd<l,peNand N >0 (2.1)

we can find b € A such that

i) Il > N

(i) 1e(d)]loo =1

(iti) | 25— NOF| = 0327 o AF[Ib]|F YO <A <1
then for 1 < M < 2 holds:

M
sup {Ha_lﬂ ca € A with ||a]] <1, t(a) s < M} > 5

Proof. We define an element a which depends on b (which again implicitly depends on
some choice of §, N and p) without explicitly denoting the dependence. The idea is to
use a limiting argument in the end to obtain the needed lower estimate. Denoting the

identity of A as e, we define
v (et
1+ 161l

for some 0 < p < 1. a clearly satisfies
loll = 1 e = et | < 15

al| = —— |le — p—r

1+p bl

Moreover, for x € X we have

o)) = | (0~ ) | 2 i (Mol - ) 2.

1+ p
Lo sys L
1+ N/ — M

where the last inequality holds as long as we assume that

v

1

1 .
T > 7, meaning

< M—1, (2.3)

18



2.2 A lack of norm-controlled inversion

and then choose N large enough accordingly. This implies that ¢(a) is invertible and
e(a) oo < M. As Huﬁ” < 1, it follows from Lemma 1.2.14 that a is invertible with
inverse given by

We estimate the norm of a1

k bF

la™" ] = (1 + p)
[[o]®

=+ Z’“‘ HbH’“
0 k
Z u ’ %
o

(1+p <
k=p+1

(#i7) p o0 1 — P! p+1
> (1+ p) (92//“— > u>=(1+u)<9 1f - £ )

k=p+1 i L=p

)

Hka

14 p
=20 — (04 1)u).
1—u( 0+ 1)p"™)

This converges to 2— if we first let p — oo, then 8§ — 1 and finally p - M — 1.
Consequently, we get

M

sup {[la”[| : a € A with [la]| < 1,[|e(a) oo < M} > 5

O]

In the following, we will show that ¢!(Z, ) satisfies the assumptions from Lemma 2.2.3.
To this end, we define some special elements which we will use later on.

Definition 2.2.4. For j € N we define ¢; € (X(Z, ) via

(cj)e = 3 k=43
! 0, otherwise

We collect some basic properties of these elements.

Lemma 2.2.5. For any two index sets I # J C {1,...,n} the products lcyc; and
ILjercj have disjoint supports.

Proof. Using Lemma 2.2.2 we can immediately infer that every k € supp (Hje.] cj) has

the form k = ZjeJ ;37 for some a; € {1,—1}. Consequently, in order to prove the

claim, we need to consider
Z aij € supp (H cj>

jedJ jeJ
and

Z 5j3j € supp <H cj>

jeI jeI
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2 The problem of norm-controlled inversion

satisfying

Za]?:] ZBJ ,

JjeJ jel

where «aj, 3; € {1, -1}, and show that I = J. This follows in particular if we show that

ZO(]3] ZBJ ,

where o, 5; € {1,0, -1}, implies that o;j = 8; for 1 < j < n. To this end, we assume
the above equality and add 2?21 3’/ on both sides. This yields

n n
D (o +1)37 =) (85 + 1)37
j=1 j=1

which is a triadic expansion. Consequently, we immediately get oi; = 3; for all 1 < j < n,
which finishes the proof. O

In order to construct the elements we need for Lemma 2.2.3, we will use imaginary ex-
ponentials. As we need to consider linear combinations of these elements (Lemma 2.2.3,
property (iii)), the following auxiliary lemma will be of important use. It gives an ex-
act value for the norm of a linear combination of the first-order Taylor polynomial of
imaginary exponentials.

Lemma 2.2.6. For alln,p € N, py, fr >0 (0 < k <p):

n
H e+ ifrcy)

WM@

P

‘ => (L + fo)",
k=0

where e denotes the identity of £*(Z, *).

Proof. We expand the product:

D n
ZukH(eJrikaj)‘: ZMZ imfie > 1le
k=0 7=1 m=0 Jg‘t{ﬁi-,n}jGJ
n p
= Z Z <imZMkf1§n>HCj :
m=0 Jgﬁ: n} k=0 jeg

Then using Lemma 2.2.5 we get

p p
H (imzukf;y)ncj S ¥ S| T
m= OJC{l k=0 jeJ m=0 JC{1,-- k=0 jeJ
[J|=m |J|=m
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2.2 A lack of norm-controlled inversion

Moreover, Lemma 2.2.1 yields

p n p
Z Z mzukf;gl Mol =Y > i [T el
m=0 JC{1,- k=0 jeJ m=0 JC{1,-,n} k=0 jeJ
|J|=m |J|=m

Finally, ||cj|| =1 for all 1 < j < n implies

En: > Epjukf;?”HHCjH:En: > iﬂkfl:n

m=0 JC{1, ,n} k=0 jeJ m=0 JC{1,- ,n} k=0
|J|=m |J|=m
p n n p
= m Y (o) =Yomar s 0
k=0 m=0 k=0

The preceding lemma yields the key estimate for the main construction.

Lemma 2.2.7. Forallp e N, r >0,0< 0 <1 and pp >0 (0 < k < p) we can find
a € (Y(Z, *) such that

(i) a is self-adjoint
(i) flall =1
(i) | S0 ik explibra)| > 0 5 et

Proof. We define
=25
7j=1

Then clearly |la,|| = 1 and a,, is self-adjoint for all n € N. We will show that also the
third condition is satisfied if we choose n large enough.

n

exp(ikra,) = H exp(ikrej/n) = H < 1 ;cy + Tj,k)

( zkrc]>
+ Sk
n

where 7 and s, are defined as the corresponding remainder terms which will be esti-
mated in the following: Using [|c;j|| = 1 we get

> ikr)t - r) kr r
=2

Concerning s, we first note that

IZz

175l =
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2 The problem of norm-controlled inversion

Every summand of s contains at least one factor of the form 7;; and we will estimate
the summands by the number of factors they have of the form 7, using (2.4) and (2.5):

=2 (1) (5) (- (+5)
SOE Rt ) R R )

Now we are ready to prove the third property:

1_1( H9) - s

(2.6)

P
Z wx exp(ikray)
k=0

Lemma 2.2.6 and (2.6) yield

a - tkre P
2wl (e+ ™) | = Sl
k=0

k= 7=1
d P 5 Er\"™
> T =
—Z“’f(l"' ) Zuk<e <1+n>>
k=0
k n
(o) )
‘ n
As (1 + %)n 2720 ¢k we can choose n so large that

D p

k 1 9
S (2(1+5) o) 2 S (2 o) oS e e
k=0 k=0

which concludes the proof. O

I
NE

£
I

Now we just need to put together all we have in order to prove that the assumptions
from Lemma 2.2.3 are satisfied.

Theorem 2.2.8. Let X be a compact Hausdorff space and v : (X (Z,*) — C(X) a homo-
morphism of unital, involutive Banach algebras. For all0 <8 <1, pe N and N > 0 we
can find b € (1(Z,*) such that

(i) b > N
(ii) [|le(0) ]| = 1
(i) | 3heg AFOFI| > 0 5o No[IblF Vo <A <1

Proof. Fix 6 and p. For these values and r > 0 to be determined later, we define a as in

Lemma 2.2.7 and consider
b = exp(ira).
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2.3 A support-dependent version

As
r >0, (2.8)

we can use property (iii) from Lemma 2.2.7, which yields
|lexp(ira)|| > 0" > N (2.9)

for r large enough. Moreover, as a is self-adjoint, we know that «(a) is self-adjoint
and then it follows from Lemma 1.2.18 that ¢(b) = exp(irc(a)) is unitary and thus in
particular ||¢(b)|lcc = 1 according to Lemma 1.2.13. Finally, again by property (iii) from
Lemma 2.2.7:

p
Z ek
k=0

P
Z M exp(ikra)
k=0

p
=0> \|p||".
k=0

p p
>0 Neb >0 " A exp(ira)|*
k=0 k=0

Now we are ready to formulate the main result.

Theorem 2.2.9. Let X be a compact Hausdorff space and v : (1(Z,x) — C(X) a
homomorphism of involutive Banach algebras mapping the unit to the unit. Then for
1 <M <2 holds:

M
sup {Ha‘lH s a € (NZ, %) with ||al| <1, ||e(a) oo < M} > YA

Proof. From Theorem 2.2.8 we know that the assumptions from Lemima 2.2.3 are satisfied
and application of the latter yields the claim. O

As a special case, we apply the preceding theorem to the Fourier series operator F (see
Theorem 2.1.14).

Proof of Theorem 2.1.14. This follows immediately from Theorem 2.2.9 due to Corol-
lary 1.3.4. O

2.3 A support-dependent version

The goal of this section is to give an extension of Theorem 2.1.14, where we also take
the support of the sequence into account. We start with a collection of basic inequalities
which will be used in this part.
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2 The problem of norm-controlled inversion

Lemma 2.3.1. The following inequalities hold:
(i) 1+z <e® forxeR
(1)) (1+z)¥ <e" forz>—1andy >0
(iii) (1+2)" <e® forn e N\ {0} andz >0
(i) log(z) <y (x% - 1) forxz,y >0
(w) (1+%)" > (1——) forn e N\ {0} and 0 <z <n
(vi) V2mn (2)" <n! forn € N

Proof. All these (and many more) inequalities can be found in Bullen’s book [15]:

(i) page 84 (c);

) follows from (i) by taking the y-th power;

(iii) follows from (i) inserting x/n and then taking the n-th power;
)

1
inserting log(zv) into (i) yields
1 1 1 1
1+ log (:Uy> <zv < —log(z)<zv -1
Yy
< log (z) < y(xi - 1) ;

(v) on page 86 (c);

(vi) follows from the version of Stirling’s formula on page 285.

O
We also give an estimate of the tail of the exponential series.
Lemma 2.3.2. Let x > 0 and K € N. Then
ok K
x 2T
WEORD
k=K
Proof. Notice that
ok K 0 k=K g K k—K K
e .
k! ! k! ! (k—K)! K!
k=K k=K k=K

Now we move towards our main result. The following results in this section are original
contributions. Our goal is to use the construction from Section 2.2, which gives a lower
bound for the growth of the inverses, and resolve all the dependencies on the support of
the involved sequence in order to get a lower estimate which also takes the support into
account. To this end, we first recall the set of elements for which an explicit lower bound
for their inverses is given.
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2.3 A support-dependent version

Definition 2.3.3. Let n € N\ {0} and 1 < M < 2. Using the elements ¢; from
Definition 2.2.4 and denoting the unit of (*(Z,*) as e, Dy 5 is the set of all

1+p

1 eXp<%Z?:10j)
Fatezme)

such that

(i) 0<pu<M-—1 (see (2.3));

(11) 0 <0 <1 (see (2.1));

(111) p € N (see (2.1));

(i) N,r >0 (see (2.1) and (2.8));

(v) ﬁ (1— &) >3 (see (2.2));

(vi) (1+ %)n > ek for all k € {0,...,p} (see (2.7));
(vii) fe” > N (see (2.9)).
Moreover, we define

Dy v o= sup{Ha_1H ta € Dn,M} .

First, we reduce the set of conditions to one which is easier to handle.

Lemma 2.3.4. Let u,0,p, N,r ¢ R, n € N and 1 < M < 2. The set of conditions
(i) 0<pu<M-—1
(i) 0< 0 <1
(iii) pe N
(iv) N,v >0
) (1= %) =%
(vi) (1+E0)" > ekrlE0 for all k € {0,...,p}
(vii) e” > N.
1s implied by the set of conditions
(a) 0<pu<M-—1
(b) 0<0<1
(¢) peN

2M
(d) N = Mqliu

(e) r=1log (%)
(f) r>0

2.2 1_9
(9) 5 < 557

Proof. The first three conditions are equal on both sides. N > 0 from (iv) follows from
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2 The problem of norm-controlled inversion

(d) and (a). > 0 from (iv) is exactly (f). Regarding (v), we note that
1+ p N)=M N= M M =N 210)
— N> A |
- M—l—/[/’

due to (a). Consequently, (v) is satisfied as the rightmost inequality follows from (d).
Concerning (vi), we first note that due to (g) and (b):

P42 < (1—29)" “n

Now if p?r? > 1, then pr < p?r? < n and if p?r2 < 1, then pr <1 < n. So in all cases,
pr <n (and so in particular kr < n for all k € {0,...,p}). Consequently, we can use (v)
from Lemma 2.3.1 together with the following equivalent formulation of (g),

>-7 (2.11)

to show that (vi) is satisfied:

4R n>e""” 1—k2r2 > ekr 1—73—27’2 > hr 110
n - n )~ n )~ 2’

for all k € {0,...,p}. Finally, (vii) follows immediately from (e). O

The first theorem yields a lower estimate of D), 57 in terms of the parameters n and
M.

Theorem 2.3.5. Let 1/4 <b<c<1/2. Then
1+ Mnb 1 neb
Dpy>——t20 (12 o -
MM T 2 M ( i eXp( 2 >>
forl< M <2 and
8
L (16 \T=
n .
1-2c

Proof. Let n € N\ {0} and 1 < M < 2. From the proof of Lemma 2.2.3 it follows that
taking an element of D, ps (depending on p,6,p, N and r), the norm of its inverse is
larger than

1
IJF—“ (0 — (0 + 1)pPtt). (2.12)
— K
We want to choose the element in D,, 5s in such a way that the latter expression is large.
To this end, we choose the variables u, 8 and p in such a way that they satisfy the reduced

set of conditions from Lemma 2.3.4, depending on n and M. So for b < ¢ < 1/2 we define

p = [n°|, (2.13)
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2.3 A support-dependent version

b
n 1
=M-1)—=M-1)(1- 2.14
w0 =) = 0= 1) (1 ) .11
and 1 1-0 1
0=1—- = = 5 T 5 Lz
n 4 2n" 4

It is evident that these definitions satisfy (a), (b) and (¢). Applying (d) and (e), (f) and
(g) turn into

2Mpu
1 —_ 0 2.15
oo (a1 > 219
and )
2 2Mpu
p-log | ar=1=08 —
<(M 1 M)a) < 1 9. (2.16)
n 2
Concerning (2.15), we note that
b
2M (M —1)-2 b
2Mpu _ ( )11+nb _ 2Mn o1 (2.17)

which implies (2.15). Now the only inequality left to show is (2.16). To this end, we use
(2.17) to simplify the left-hand side:

2 2
M 2 b
p2 log ((leiLMw) B I_ncJ log (2]\{071 )

n n
Assuming
4
n > 21-2
yields
2
2 b
[n°]” log (2]%” ) log (Snb)2
n = nl—2c
Using (iv) of Lemma 2.3.1 with y = 1%—1720 yields

1—2¢ 1—2c¢ 2
log (3n)* _ (407 (878075 —1)" (s’ s 1
nl=2c = (1 —2¢)?nl—2c ~ (1—2¢)?nl"2¢ — (1 —2¢)2 5

"> 16b \ 1T-2¢
1—-2¢

(2.18)

Assuming

yields

proving (2.16).
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2 The problem of norm-controlled inversion

As p, 0 and p satisfy all needed conditions, we get a lower bound for M,, by inserting
the corresponding values into (2.12). We estimate the first factor of (2.12) using (2.14):

b 1+nb+(M—1)nb
L T+ -1y HOEOn g b (M- b 14 M
l—p  1-(M-1)g He@EUe 14n?—(M-1Dn® 1+ (2-M)n®
(2.19)

Concerning the term pPt!, we first rewrite p

=M-1)|1—- <1-

and then we estimate

— 1 [n¢]+1 1 n
P+l < (1= <({1l—— .
= ( 1+nb> - < 1—|—nb>

(ii) from Lemma 2.3.1 yields

ne ncfb ncfb
<exp| —— ) =ex — <exp|— . 2.20
< p( 1+nb> p( nlb+1)_ p( 2> (2.20)

Finally, we put all estimates together to get the claimed result:

M, > iz (0 — (0 + 1P

and using the estimates 0 < 1, (2.20) and (2.19), we get

1+u 1+ Mnb 1 neb
(0—(0+1)Mp+1)21+(2_]w)nb(1—1426—2exp<— 5
n

L (16 =
"1 72 '

forall 1/4 <b<e¢<1/2and

O

We will use the last theorem to prove the following result which is in the spirit of
Theorem 2.1.14 but we additionally take the support of the corresponding sequence into
account this time.
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2.3 A support-dependent version

Theorem 2.3.6. Let F be the Fourier series operator (see Definition 1.3.1). Then for
1<M<2,1/4<b<c<1/2and

NEUA
"1 2 '

sup{ Ha—lH ca € (2, %) with ||a]| < 1, H]:(a)—lu <M,

supp(a) C [— [3beb T 10g(8%nﬂ3”, [3belHl log(8%n)13"} }

14 Mnb 1 ncb b 1 1
> - 7 (1-—— -2 - 1 — (3be?™ log(8 1) 2.
- 1+(2—M)nb< e eXp( 2 ))( (30 og(8Em) +1)

(2.21)

Proof. The idea of this proof is to use the lower estimate and sequence of Lemma 2.2.3
and cut it off to obtain a sequence of the desired support. To this end, we first recall
the needed definitions from Theorem 2.3.5, Lemma 2.2.7 and Lemma 2.2.3: Let n € N,
l<M<2and1l/4<b<c<1/2:

Pn = ULCJ )
1
HT'L = 1 — T 1 3¢
n_ 4
= —1y1- !
fin = 1+ nb
1 n
dp = — cj,
j=1
2Mn?
Ty = log ( Hn >, (2.22)

by, == exp (irndy,) ,

1 < b, )
ap = ——\|€e— ln7— |,
L 7R S T

where the elements c¢; are defined in Definition 2.2.4. We also recall that
[F(bn)lloo =1 (2.23)

due to it being a unitary element (see Theorem 2.2.8). Now Theorem 2.3.5 already gives
a lower estimate for Ha,_LIH:

1 1+ Mnb 1 neb

L (16 =z
"1 T2 '

for
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2 The problem of norm-controlled inversion

In order to get an estimate for finitely-supported sequences we define a cut-off version of
an. For K € N we define

)

1 Zk 0 Zrnkvn )

an K = € — pp =" )
" 1+Mn< " [|bn |

with Lemma 2.2.2 this yields supp (d) C [~k3", k3"] and thus

By definition of ¢; we have supp(c;) C [—37,37] and so supp(d,) C [—3",3"]. Together

supp (an, k) C [-K3", K3"]. (2.24)

Next, we estimate the difference

S . k
M (”'ndn) H
p — Qp K| = —
lan = am sl = G o ,;m K
(2.25)
Z k Lemma 2.3.2 n r 7“7[1(+1
7 en .
S TEITS [ 2 B 5 Arm)bl E+D)

Inserting the definition of r and using that ||b,|| > 6,e"™ (see Lemma 2.2.7 (iii)) we get

K+1 lo <2M"b>K+1 by K+1
Ln orn_Tn < 1 &) - 2log (8n®) (2.26)
(It pn) ool (K+DET I+ p)bp (K+1E 7 (K +1)!
and then Stirling’s approximation (Lemma 2.3.1 (v)) yields
K+1
2log (Snb)KH < 2 K+l log (Snb)K+1 B 2 eb log(8%n) i
(K+1)! ~ on(K+1) (K+DE  an(K+1) \ K+1 '
(2.27)

Now we use Lemma 1.2.15 to estimate the difference of the inverses. We first note that

o0

_ 1 +M
lJan ]| = (1+ pn) Zun < (L) Yl = 70 (2.28)

Ibal® 2z R

Using this we get
_ -~ Lemma 1.2.15 2
o a2 2o lan — i
K+1 2.2
(2'272(2'28) 9 Hafl H L+ pn 2 eb log(8%n) (2.29)
- "l = S2r(K+1) \ K +1 ’
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2.3 A support-dependent version

where we postpone the verification of the assumptions of Lemma 1.2.15 to the point
where we actually define K. Consequently, we can estimate

-1 —1
it~k

1+ pp 2 <eblog(8t1>n)>K+1

anke]| = ezt |

(2.29) B
> laz | =2 ez

" L—pn 2r(K+ 1)\ K+1 (2.30)
> oz (1 1 8 (eblog(8in)>K+l)
a — :
- L—pn \20(K+1)\ K+1
In order to further estimate this, we first note that
I 1 B 1+n? o 14nb
_ - b b _ _ b _ b
1— pp 1= (M- 1) 1+nbt—(M—-1)n® 1+(2—-M)n (2.31)

< opb = Q(Qb)log(n).

Using this we can bound the term inside the parenthesis in (2.30) assuming that log(n) <
K(n):

1 8 <eblog(8in)>K“< 16 <blog(8§n)eb+1)K+1 (232)
L—pn2r(K+1)\ K+1 T V2r(K +1) K+1 S

Now we specify K = [3beb*! log(S%n)] (which obviously satisfies log(n) < K(n)) and
insert this into the expression above:

16 (blog(8in)ebﬂ>K+l
(K + )\ K+1

16 b IOg(g%n)ebH [3bebT1 log(S%n)'H_l
\an(i3beb og(stn)] + 1) <(3bebﬂ log(87m)] + 1>

8 1\ [3be*Hlog(85n)] +1
\/T3beb 1 log(8n)] + 1 <3>

1
[3bebT 1 log(8bn)]>1

< ([3beb+1 log(8%nﬂ + 1)_% < (3be ™ 10g(8%n) +1) 2.

<

SIS

(2.33)
Combining this with (2.30) yields the desired lower estimate
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2 The problem of norm-controlled inversion

a;IKH > Ha;lﬂ < (3beb+1log(8% )+ 1)é>

1+ Mnb 1 -

(1 — (3be"* log(8+m) + 1)‘5>.

We also note at this point that the assumptions of Lemma 1.2.15 (which we applied in
(2.29)) are satisfied:

4 (221 1 8 eblog(8tn)\ K *!
lan = ank|l <
1 — pin 1 — pin 27T(K—{—1) K+1
(2.32) and (2.33) 1
< (Sbeb+1 log(S%n) +1)2<1
and thus
L= pn _ 11— e
lan = an el < =7 < 5 fH a|”
Finally,
lanxll < llanl <1
and (2.24) yields
supp (an. i) € [~K3", K3"] = [~ [3be?™ log(8m)]3", [3bet! log(8+n)]3").
Moreover,
r zrn n) (zrndn)k
Kl
k= K+1 k= K+1
and then analogously to the calculation in (2.25) we get
i (irndy)F H <o rE+L (909) 2MnP  pEHL
—_— en = .
! = ! !
Mt k! (K +1)! 0, (K+1)!
Now the same calculations as in (2.26) and (2.27) yield
2Mnb  rK+1 < 8n? <eb log(8llvn)>K+1
O (K+1D!'™ or(K+1)\ K+1
8 <blog(8in)eb“>K+1
2n(K +1) K+1
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2.3 A support-dependent version

and applying the arguments from (2.32) and gives

1oy ebt1 K+
8 (blog(8bn)e > < 8 <1 (2.34)
27(K + 1) K+1 V/3bett 1 log(n) + 1
Consequently, for all x € T we have
(irnd
1 > o nk'n
Flank) (x :’]—"< (e—un T
7 (o) @) = |F( 15 ) )@
”’ndn)
o1 <1 H]:(Zk o ol 3 ) Hoo)
= — Un
1+ pn anH
fe’e) (irndn) 00 irndn k
o1 (1 2 (Zk:K—H Fl ) oo + 17 (Zkzo (el ) Hoo)
- — Hn
L+ py, [1bn]|
(2.34) and (2.23) ] 92\ (210) 1
> < —Mn) > —
1+ pin [[bn]| M
and thus || F(an,x) e < M, which completes the argument. O

In the following, we set the free parameters b and c from the last theorem.

Corollary 2.3.7. Let F be the Fourier series operator (see Definition 1.3.1). Then for
1<M§2andn>e65

sup{HailH a € (4Z, %) a)*lH <M
and supp(a) C [—71og(40961)3", 71og(4096n)3"] }

1

1+ ML~ — 9 1
. Tog(r gl () (1 - (210g(64n) + 1) 5)
n? log(n)?
1+(2-M) Tog T
Proof. We define
__ 8log(log(n))
o 1 log(n)
c= 5 (2.35)

and

8log(log(n))
b o log(log(n)) N ) _log(log(n)) 1 5log(log(n))

log(n) 2 log(n) 2 log(n)

| 16b \TEN 816
6\ \ 12 120 B \1 020/

Then we have
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2 The problem of norm-controlled inversion
Using that b < 1/2 yields

8 166\ _ 8 8
1—2¢ B \122¢) S 12208 \1 22

and then (2.35) gives

8 8 ~ log(n) 5 log(n) o(n
5% (7750) = ot mstiony) < 207

where the last inequality follows from the fact that

< log(n)
log(log(n))

16b \ T §
1—2¢ -

Moreover, it is evident that b < ¢ < 1/2 for n > e® and choosing

) < log(log(n)),

for n > e®. Consequently,

ed

n>e

also establishes 1/4 < b. Thus we can apply Theorem 2.3.6 to our choice of b and ¢. The
claim then follows after simplifying the support condition using

3bet ! log(85m) < 7log(4096m)

and adjusting the given lower bound. To this end, we first note that

log(log(n)) log(log(n))

n log(n)  — eIOg(n)W — 610g(10g(”)) — ]0g(n>
and thus ) )
b n2 n?2
N = TSloglogmy 5
n ig(i) log(n)

Consequently, we get

1+ Mn? 1 neb b 1 -3
Y [ ——— — 1_( +100(8% 1)
1+ (2— M)nb < T exp< 5 >> ( 3be’ " log(8bn) +

1
1+ M2 1 )
= bog(n)” (1 L e <_Og<n>)> |
1+ (2 — M)-22 log(n) 2

log(n)®

N|=

(1 - <3beb+1 log(S%n) + 1)_
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2.3 A support-dependent version

Using 1/4 < b < 1/2 in the last term yields

1
14+ M2 K
e (1 g 20w (°57)) (1 (3 tsh 1))
1+ (2— M) log(n) ¥

log(n)®
1
> log(n)” (1 - - 1) (1 — (2log(64n) + 1)—%) .
1+ (2- M)log(iﬁ og(n) n2
Finally, as

2 - 1
n% log(n)?

for n > 665, we arrive at the claimed lower bound:

N

)

1—1—]\4i ( 1 2

tog(n)” ) 1- (2o
1+ (2— M)logn(i)s log(n) nz <

D=

).

1
14+ M2 2
> Og(n) _ _ -
> . <1 og > (1 (2log(64n) + 1)

1 2
1+ (2 - M)y ()

Remark 2.3.8.

o If we let n — oo in the preceding theorem we recover the original result which does

not take the support of the sequence into account (see Theorem 2.1.14).

1
e We note that, concerning the expression 1”725, which determines the asymptotical
og(n)
growth in the case M = 2, the denominator log(n)® is not chosen to be optimal. It
can be improved by altering the choice of b and ¢ in the last theorem at the expense

of the admissible range for n.

After inverting the support condition and estimating some constants, we arrive at the
following corollary.

Corollary 2.3.9. Let F be the Fourier series operator (see Definition 1.3.1). Then for
1<M§2andNZ32eeO:

sup { Ha_lH s a € 12, %) with ||a|| < 1,

f(a)_lH < M and supp(a) C [N, N] }

1
log(N)2
1+ M i fiogtvyys

1
log(N)2
+ (2~ M) gt

9
Z 10
1
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2 The problem of norm-controlled inversion

Proof. Our first goal is to invert the support condition from the previous theorem. To this
end, we note that the lower bound (2.21) is increasing with respect to n. Consequently,

the inequality
[710g(4096m)]3" < 327,

which is satisfied due to
n> e,

together with the fact that

logs (V)

N=3" — n= 5

&9
yield the inequality with inverted support condition. For 1 < M < 2 and N > 3¢ .

sup { [Ja™"|| : a € £(Z, %) with |Ja|| < 1,[|F(a)""|] < M and supp(a) C [-N, N] }

1+M \‘log%(N)J%

ST (o))

The floor function is needed because the original parameter n has to be a positive
integer. Moreover, using the inequalities
19
>
— 20

(1 (o (o1 5] ) +1)
(e ([*257]) )= 3

for all N > 32‘380, we deduce the simplified version:

F(a)~!|| £ M and supp(a) € [-N, N] }

ol

and

sup { HailH ca € 0N(Z,*) with ||la]| < 1,

{log32(N) %
1+M ——
R (S
— 10 {log3(N)J§
1+(2-M) >

=)

Finally, we note that the function
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2.3 A support-dependent version

is increasing with respect to « whenever a > b, as

, 1+bz)a — (1+ax)b a—b
ey = OF (hb;)j ) =~ G20 e azh (2.36)

As M > 2 — M, we can apply this to our last lower bound. To this end, we first collect
the estimates

r’g;(N)J < log(N) (2.37)
and
) - ) 2 () - () et

1 1
Z Togllog(vy) 8N

ed
where the last inequality follows because N > 3%¢" . Combining (2.37) and (2.38) yields
logy (V) | 2
O 2
{gz J __log()3
log Qlogz(N)D5 ~ log(log(NV))°

and due to (2.36) this proves the claim, as

1

{log%(N) 2
L+ M—5 s log(V)2
9 ee([=57)) 9 T Mgty -
10 ogs(v) |2 10 log(N)3
1+ (2— M) i L+ (2= M) gyiogiye

()

We finish this chapter by giving an upper estimate in the case M = 2, where the
blow-up occurs, using the results from Theorem 2.1.12.

Proposition 2.3.10. Let F be the Fourier series operator (see Definition 1.5.1). Then

F(a)7'| <2 and supp(a) C [-N,N] } S N”.

sup { HailH ca € 1N(Z, %) with ||ja|| < 1,
Proof. Let a € (Y(Z,*) with || < 1, H]:(a)_IH < 2 and supp(a) € [-N,N]. We

consider the weight
Kl k#0
Wy =
1, k=0

with corresponding norm

el

L = Y |agwgl

kEZ
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2 The problem of norm-controlled inversion

and define

1
b:= Na.

As the weight w is increasing with respect to the absolute value of its argument and
Supp(a) - [_Na N]a we get

1 1 1
[0l = 7 Nl < 5 lall, N < N =1
Moreover,
|F®) 7 =N ||F(a)7 | < 2N.
Consequently, Theorem 2.1.12 yields a constant C' > 0 such that

S Ly 1y 1 .
la™l = o7 1 < 7 107"l < (2N + CN)°) S N>, O

Remark 2.3.11. The upper bound from the last theorem grows significantly faster than
the corresponding lower bound given in Corollary 2.3.9. The exact asymptotic behavior
is unknown to us.

2.4 Application to the weighted case

We now want to briefly look into the case of weighted ¢' and apply our findings from the
last section there. We start with a preliminary lemma about the polylogarithm.

Lemma 2.4.1. Let 0 < xg <1 and s > —1. Then
o0
Zxkks > O s(1— )71
k=1
for all xo < x < 1, where the constant Cy, s is independent of x.

Proof. Both >_72, 2%k and (1 — 2)717% are well-defined and do not vanish in [zg,1).
Moreover,

lim (1 — z)*** Zxkks =I'(1+5s),

1-

where T' is the gamma function, which can be found in [16, p. 30, (12) and (14)].
Consequently, the claim follows immediately. O

We continue by recalling a result concerning ¢!(Z, w) which is outlined in the last part
of the article [1] by El-Fallah, Nikolski and Zarrabi. We also provide the proof as we
want to refer to it afterwards.
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2.4 Application to the weighted case

Theorem 2.4.2 (Section 3.8.6, [1|). Let F be the Fourier series operator (see Defini-
tion 1.8.1) and w be the weight

Ko, & #0
O {1, k=0, (2:39)

where o > 0. Then for M > 2,
sup {Ha_lHLw ta € El(Z,w) with ||a|1w <1, H.F(a)_lHOO < M} > O, M,
where Cy, > 0 is a constant depending only on «.

Proof. Let M > 2 and 0 < A < 1 whose exact value will be specified later. Denoting the
k-th unit vector by wuy, € £*(Z) we define

1
=1 )\(uo — Auyp).
Then
w=——(1 = 1.
lallw = 75 (1 +A)
Moreover,
1 . 1-A
t — 1_)\ 2mit >
F@)O] = -2 2 15
for all t € T and thus H]—"(a)*lHOo < % a)*lHoo < M can be ensured by
choosing
14+ A M—-1
1— A = AT (2:40)

Furthermore, using Lemma 1.2.14 we immediately get that a is invertible and

T =01+2N Zx\kulf
k=0

At this point we note that u’f = uy, and so we can compute the norm of a~! directly. In
the following calculation, the implied constant corresponding to the symbol 2 depends
only on a.

0o [e%e) k
. (240) 2M M—1
=1+ 0 Mo, 3
o™ M = (1 + M+ 1 (M+1 Wk

k=0 k=0
(2.39) 2M > /M —1\* * /M —1\*
= 1 “l > « 2.41
+(+ZMH )3 () e e
k=1 k=1
Lemma241 2 -1-
>M1+a. OJ
M+1 ~
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2 The problem of norm-controlled inversion

For a slightly different setting, we can apply Corollary 2.3.9 to get the following result.

Theorem 2.4.3. Let F be the Fourier series operator (see Definition 1.5.1) and w be

the weight
k|, k0
Wy =
1, k=0,
where a > 0. Then for M > 2 - 9%
1
- . _ log(M)2
sup{Ha 1H1 ta € El(Z,w) with ||a||1w < 1, H}'(a) 1HOO < M} > CaMlmg(lo(g(]\)/[))f;’

where Cy, > 0 is a constant depending only on «.

Remark 2.4.4. Note that if we apply the methods of Theorem 2.4.2 to this setting, we
get something weaker:

sup {|ja7Y||, : @ € £1(Z, w) with |al|. <

a) | S M} > Col.
Since Theorem 2.4.3 provides a better lower bound for the weaker unweighted 1-norm,

it would be interesting to see if it actually implies Theorem 2.4.2. Regrettably, this still
remains unknown to us.

Proof of Theorem 2.4.3. We first note that whenever 2 appears in this proof its implied

sl
constant depends only on .. For N > 32¢" Corollary 2.3.9 yields b € ¢1(Z) with ||b]|; < 1,
H]: 1” < 2, supp(b) C [-N, N] and

9 log(N)2
by > = (142—2 ).
157 1h = 15 ( T og(log(V))°

As the weight w is increasing with respect to the absolute value of its argument and
supp(b) C [N, N], we get

1Bl < [|blliw(N) < N

Thus, a := b satisfies [jal|1,, < 1, H]-'(a)_lHOO < 2N® = M and

_ a 9 lo N% o lo N%
o=ty > N° o (1+210g(§fg(;v))6> >N 21og<i(g(z)v s (2.42)

After noting that
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2.4 Application to the weighted case

we can express the right-hand side of (2.42) in terms of M:

log(N)? e <<g>;>é 17 los (M)
log(log(N))® og <10g ((]5) ;))6 log(log(M))®

SIS

a

This shows the claim for M € {2N*: N > 32e”’ }. For general M > 2- 326‘660, we define
the closest M which is smaller and falls into the above category:

a2

Then we conclude by noting that

sup {[la”"[|, : a € £1(Z,w) with [la]1w < 1, [[F(a)7Y]|, < M}
> sup {[|a™], 0 € (2, w) with llalh < 1, | F(@) 7, < M}

~ 1 1
log(M)2 > M log(M)2

< J\/[log(log(]\Z))6 ~ " log(log(M))5’

where the last estimate follows from

3y gy Lo

~ 5
and the fact that the lowest possible M (which is 2 - 322¢" ) still satisfies

log (2 : 32“60) > 0.
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3 Time-frequency analysis

The following section introduces some concepts of time-frequency analysis which are
fundamental for the further development. This is far from giving an exhaustive overview
of the field but rather tailored to our needs. For a more extensive introduction into this
topic we refer to the book of Grochenig [17].

3.1 Fundamental operations

We start by defining and collecting properties about some transformations playing an
essential role in the theory of time-frequency analysis. We start with the most prominent
one.

Definition 3.1.1. The Fourier transform is the linear operator
F: LY(RY) — L™(RY)

fr— f= <§ > /Rd f(t)e_%it'gdt>

Although the Fourier transform is naturally defined for L'(RY)-functions, it can be
transferred to the space L?(R?%) by a density argument. This Fourier transform then fits
nicely into the Hilbert space structure of L?(R%).

Theorem 3.1.2 (Theorem 1.1.2, [17]). The Fourier transform, restricted to the space
LY (RY) N L2(RY), extends to a unitary operator on L?(RY).

Remark 3.1.3. For another proof of Plancherel’s theorem (and an extensive introduction
into the topic of Fourier analysis) which is not motivated by time-frequency analysis we
refer to the excellent book of Constantin [6].

The next (quite simple) operators are at the heart of time-frequency analysis. They
are the main motivation for the definition of the twisted convolution (see Section 4.1)
and also play a vital role in the theory of gabor frames (see Section 5.2).

Definition 3.1.4. Let z,¢ € R?,

(i) The translation operator is
T,: L*(RY) — L*(RY)
fr—=f(—x)
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3 Time-frequency analysis

(ii) The modulation operator is
Mg: L*(RY) — L*(R%)
f — 627ri§-f
(i1i) The time-frequency shift operator is
m(z,€): LA(RY) — L*(RY)
f — Mngf
(iv) The symmetric time-frequency shift operator is
p(z,€): L*(RY) — L*(RY)
fr— M%TxM%f

We collect some properties of these operations.

Lemma 3.1.5. Let x,y,{,w € R?. Then T, T, =Tyry and McM, = M¢,,. Moreover,
T,'=T ,=T; and Mgl = M_¢ = M{. In particular, all the operators Ty, M, m(x, )
and p(z,§) are unitary.

Proof. For f € L?>(R%) and t € R? clearly holds:
LT, f(t) =Ty f(t—2) = f(t =3 —y) = Toyy f(1)
and
MM, f(t) = e M, f(t) = ™0™ f(t) = 2T EHITf (1) = Mgy f(E).

Next we also choose g € L?(R?) and calculate

Tofa) = [ Fe =gl [ fe)al+ayds = (. Toso)

and

Wet) = [ <@t = [ 5O T = (5, M-co)

Now the first observation together with the trivial fact that Ty = My = Id implies that
T, and Mg are unitary. Consequently, 7(x,&) and p(z,§) are unitary since they are a
composition of unitary operators. O

The following lemma shows that translation and modulation can be seen as two sides
of the same medal although they may look quite different. Concretely, a modulation is
just a translation on the Fourier domain and vice versa.

Lemma 3.1.6 (p. 8, [17]). Let x € R%. Then FT, = M_,F and FM, = T, F.
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3.1 Fundamental operations

Now we investigate the crucial fact that the composition of time-frequency shifts is
almost a time-frequency shift. At this point it is customary to directly consider the time-
frequency plane R?? instead of always taking x, & € R%. So in the following, whenever we
take an element X € R?? in the time-frequency plane its time component will be denoted
by A1 € R? and its frequency component by As € R%, s0 A = (A1, A2).

Lemma 3.1.7. Both types of time-frequency shifts are closed under composition up to a
phase factor. We have the following identities for \, i € R??:

(Z) T,\lM/\2 — e—27ri)\1./\2M/\2T)\1
(i1) T(N)m(p) = e 2T\ 4 p)

iAo —Ag-p

(v) pNp(p) = e ™3 p(A+ p)

Proof.
(i) For f € L?(R%) we have

To My, f(8) = ™20 f (1 = Ay) = e 2T T £ ()

and thus Ty, My, = e 2" 2\ T
(i)
W(A)W(M) = MA2T)\1MM2TM1 = eizm)\l.”zMAQMuzTMTm
= e 22 (N ).
(iii) Using part (ii) we get
T(N)m(=N) = M2 Id = 1(=\)7(N)

and thus w(\)~! = e~ 2mA Az (),
(iv)
. A

PN = Moy Ty Mg = e 27 r(),

(v)
p(N)p(p) = Moy Toy Mag Mz Ty Mz
. . A
_ e_gml-%?egmm.%M%M%TMTMM%QM%Q

Ao —Ag-
26727” 1u22 QMP(/\—FM)-
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3 Time-frequency analysis

(vi) Using part (v) we get
p(N)p(=A) =1d = p(=A)p(A)
and thus p(\)~! = p(=\).
O

Having discussed the most basic building blocks of time-frequency analysis, we can
now turn to transformations which, as opposed to the Fourier transform, try to capture
both time and frequency properties of a function at the same time.

Definition 3.1.8. Let g € L*(R?). The Short-time Fourier transform (STFT) with
window g is the operator

Vy: LP(RY) — L®(R*)
fr—= A (f,7(Ng))
The STFT is maybe the most important transform in time-frequency analysis. It is
used in the development of the theory as well as in practical applications like audio

signal processing (see e.g. [18], [19]). In our case, we mainly need the STFT to define
the modulation spaces in Section 3.3.

The second transform we discuss is the Wigner transform which was originally intro-
duced in the field of quantum mechanics by Eugene Wigner ([20]). Since then it became
a vital part of time-frequency analysis (see e.g. [21] or [22]). The Wigner transform will
play an important part in the development of Section 4.3.

Definition 3.1.9. The cross- Wigner transform is the operator

W: L2(RY) x L}(RY) — L>®(R*)

oy (@ [ g (a4 g)o (e t)ermra)

and the Wigner transform is the operator
W: L*(R?) — L®(R*)
fr—=W(ff)

We first summarize the action of the Wigner transform on time-frequency shifted
functions.

Lemma 3.1.10. Let f € L?>(RY) and \ € R*. Then
W(r(A\)f)(z,w) =W f(z — A,w — A2)

and

W(pNf) (2, w) = Wf(z = A,w = Az).
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3.2 The symplectic group

Proof. The proof of the first equality can be found in [17, Proposition 4.3.2 (c)]. The
second equality then follows immediately from Lemma 3.1.7 (iv) and the fact that for
any c € C:

W(ef) = |e*Wf.

Finally, we finish this part with the following reconstruction results.

Theorem 3.1.11 (p. 66, [17]). Let f,g € L2(R?). Then Wf = Wg <= f = cg for
some c € C.

Theorem 3.1.12. Let A, B € B(L?*(RY)) be invertible. Then W o A = W o B implies
that A = ¢B for some c € C with |c| = 1.

Proof. From Theorem 3.1.11 we know that for any f € L*(R%) holds

Af =c(f)Bf

where ¢(f) € C with |c(f)| = 1. Now let f,g € L?(R?) be linearly independent. Then

c(f+9)Bf+c(f+g9)Bg=c(f+9)B(f+g)=A(f+9g) = Af + Ag = c(f)Bf +c(g)Byg

and therefore we have

(c(f) —e(f +9))Bf + (c(g) — e(f + 9))Bg = 0.

As B is invertible we know that Bf and Bg are also linearly independent and thus
c(f) = c(f +g) = c(g). For linearly dependent f,g € L?>(R?) we can apply the argument
from above twice using an intermediate h € L?(R?) being linearly independent of f and
g. Thus, c(f) = c(g) for all f,g € L2(R?)\ {0}. Consequently, A = ¢B for some ¢ € C
with |c| = 1. O

3.2 The symplectic group

The symplectic group occurs quite frequently in the field of time-frequency analysis (see
e.g. the book by de Gosson [23]), mainly because it is closely related to the composition
of time-frequency shifts. It will be important for us in Section 4.3 where one of the fun-
damental results about the symplectic group in time-frequency analysis (Theorem 4.3.3)
is a crucial ingredient.

In order to define the symplectic group we recall one of the identities of Lemma 3.1.7:
The symmetric time-frequency shifts (see Definition 3.1.4) satisfy

i A E2 A2 1y
2

p(N)p(p) = e~ (A +p). (3.1)
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3 Time-frequency analysis

Definition 3.2.1. Let A\, u € R??. Then we denote the occurring phase-factor in (3.1)
by

Al 2 — A p
oA p) = 5 -

Lemma 3.2.2. ¢ is an antisymmetric bilinear form. In particular, for \, p € R?¢ we
have: a(X\ — p, p) = o(A, p)

Now we can define the symplectic group: These are all matrices under which o is
invariant. However, one usually uses the bilinear form 20 to define the symplectic group
and that is also what we will do now.

Definition 3.2.3.
(i) The standard symplectic form is & = 20.
(i) The symplectic group is

Sp(2d,R) == {S € M(2d,R) : VA, u € R* : 5(SA, Sp) = 6 (\, )}
(i1i) The standard symplectic matriz is
0 I
7= (% o)
where I € M(d,R) is the identity matriz.

First, we give some basic results and reformulations.

Lemma 3.2.4 (|24], Proposition 4.1).

(i) J is the matriz corresponding to the bilinear form & and
S € Sp(2d,R) «— STJS =
(i) Sp(2d,R) is indeed a group under matriz multiplication.
Lemma 3.2.5 ([24], Proposition 4.1). Sp(2d,R) is closed under transposition, i.e.
S € Sp(2d,R) <= ST € Sp(2d,R).
Next, we discuss some special examples of symplectic matrices.

Definition 3.2.6. Let I € M(d,R) be the identity matriz. We define the sets

U(24,R) == {(é f) . P Sym(d, R)}

{(é ?) :QESym(d,R)}
{(S LOT> :LeGL(d,R)}.

V(2d,R) :

D(2d,R) :
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3.3 Modulation spaces

Lemma 3.2.7 (|24], Proposition 4.9). U(2d,R), V(2d,R) and D(2d,R) are subgroups of
Sp(2d,R).

Remark 3.2.8. The importance of the subgroups from Lemma 3.2.7 lies in the fact that
they give rise to generators of the symplectic group: Both

{J}UU(2d,R) UD(2d,R)
and
{J}UV(2d,R)UD(2d,R)

generate Sp(2d,R) (see e.g. [24, Prop 4.10]). This in turn is used in the development
of the theory of metaplectic operators which is used in many areas of mathematics and
physics (see e.g. [25] and [26]), one of which is also time-frequency analysis (see e.g. [17]
or [24]).

3.3 Modulation spaces

Modulation spaces were introduced by Feichtinger in the early 1980s, but already ap-
peared implicitly in the work of Bargmann (see [27]). Since then they became an essential
part of time-frequency analysis (see e.g. the research article [28] by Feichtinger). In order
to define them, we first need some background in distribution theory. However, we cover
these things very superficially here and refer to [29] and [30] for a broader introduction.

Definition 3.3.1. a € N is called a multi-index. We introduce the following notation:
(03

01 (%)
T =T Xy
a . /] [2)
DY = 90 -

d
la| = Z ag
k=1

Definition 3.3.2. The Schwartz space S(R?) is the set of all f € C®(R%,C) such that

H:L‘ — an*Bf(x)H < 00

oo

for all multi-indices a € N, 8 € N™ and n,m € N, together with the usual addition and
scalar multiplication of functions.

It follows immediately from the definition that C¥(RY) C S(R?). An important
example for a function in S(R?) which does not have compact support is the Gaussian
—ll=l?

g(z) =e

Based on the Schwartz space we can define the space of tempered distributions.
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3 Time-frequency analysis

Definition 3.3.3. The space of tempered distributions S'(R?) is the space of all linear
functionals A: S(R?) — C which satisfy that there exists N € N and C > 0 such that for
all f € S(RY):

ApI<e Yy e a®Df (@)oo

loa|<N,IBISN

Remark 3.3.4. It is worth mentioning that the family

{f > Hx > $aDBf($)“m}a,ﬂ

of seminorms actually turns S(R?) into a Fréchet-space and &’(R?) is the corresponding
dual space.

First, we show that we can view all LP-functions (and thus in particular all Schwartz
functions) as elements of S’

Lemma 3.3.5. Let p € [1,00] and f € LP(RY). Then f induces an element Ay € S'(RY)
via
As: SRY) — C
g—1{9:1)

Proof. 1t is clear that Ay is linear. Moreover, we get for g € S(RY) and N € N that

Ar@) =g N = [{@+1- 1) g (L1197 1)

Holder

E iy o e
T @) NH 191 | 1-40-19) 7]

where ¢ € [1,00] is such that % + % = 1. Choosing N large enough the first term on the
right-hand side becomes finite and thus

[y st 110" < e a1

for some C' > 0. As the term involving g is of the right form after expanding the power
and applying the triangle inequality we conclude that Ay is a tempered distribution. [

Next, we want to extend the short-time Fourier transform from Section 3.1 to S’(R%).

Lemma 3.3.6. Let ¢ € S(R?). Then the short-time Fourier transform with respect to
the window ¢ extends to S'(R?) wia

V,: 8'(RY) — C(R%)
A (A o A(W(A)qb))

50



3.3 Modulation spaces

Proof. As
T(N)¢ € S(RY) «— ¢ e S(RY)

the expression on the right-hand side is well-defined. The continuity of %(A) follows from
a simple calculation which can for example be found in [17, Corollary 11.2.2]. Thus, the
only thing left to check is that /V(; really extends Vj in the sense that it is compatible
with V, and the inclusion of L2(RY) into S'(R?) from Lemma 3.3.5. To this end, let
f € L*(R?) and X € R?. Then

Vo(£)N) = (f,7(Ng) = (7N, F) = Ap(r(N)@) = Vi(As)(N)
and thus V(Af) = V(f). O

After these technical preparations we are ready to define the modulation spaces.

Definition 3.3.7. Let ¢ € S(R?) and p € [1,00]. The modulation space MP(RY) is
defined via
MP(RY) = {f € S'(RY) : [Vl < oo}

For f € MP(R?) we further define
[fl[aze = [V flp-

Remark 3.3.8. Although the modulation spaces depend on the chosen window function
¢, we did not denote this dependence explicitly. There is a reason for that: One can
show that the definition of the modulation spaces is actually independent of the chosen
window (as long as it is a Schwartz function) meaning that choosing different windows
yields the same subsets of S’(R?) and equivalent norms (see [17, Proposition 11.3.2 c]).
However, we do not want to go into this and so we just implicitly assume a choice of
some window if we talk about modulation spaces. Whenever there is some dependence
on the chosen window we will denote it explicitly.

We finish this discussion by collecting some results about modulation spaces.

Theorem 3.3.9. Let p,q € [1,00] with p < q and A € R*,
(i) MP(R?) is a Banach space ([17, Theorem 11.3.5]).

(i) We have the following inclusion relation:
MP(RY) ¢ M9(RY)

([17, Theorem 12.2.2]).
(iii) M%(R?) = L2(R%) wvia the inclusion from Lemma 8.3.5 ([17, Proposition 11.3.1 b]).
(iv) MP(R?) is invariant under ©()\) and

(A fllaze = 1 £ laze
([17, Proposition 11.3.5 b]).
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3 Time-frequency analysis

There is of course much more to say about modulation spaces. They fit very well into
the theory of Gabor analysis and are ubiquitous in time-frequency analysis in general
(see e.g. chapter 11 and 12 of Gréchenig’s book [17| for more on modulation spaces).
In particular, M (R%) turned out to be a nice space for windows in Gabor analysis (see
Section 5.3) which is the main reason why we introduced the modulation spaces.
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4 The twisted convolution algebra

In this section we introduce a noncommutative structure on £*(Z%) that occurs frequently
in time-frequency analysis (see e.g. [31] or [32]), namely the twisted convolution. Fur-
thermore, we discuss embeddings of this algebra into two operator algebras. Finally, we
show that both settings do not admit norm-controlled inversion.

4.1 Definition of twisted convolution

This subsection defines the twisted convolution and all the necessary constructions asso-
ciated to it and collects some basic properties of them. The material covered here can
be found in Grochenig’s article [31] (but note that our twisted convolution is defined
differently, see Definition 4.1.7).

Definition 4.1.1. A lattice is a set of the form A = AZ? where A € GL(d,R).

We start by recalling one of the identities of Lemma 3.1.7: The symmetric time-
frequency shifts (see Definition 3.1.4) satisfy

AL H2— Ao
2

p(N)p(p) = 7™

This motivates the definition of a noncommutative version of convolution on £'(A):

p(A+ p) = e 2T p(X 4 ).

Definition 4.1.2. Let A C R?® be a lattice and a,b be two sequences on A. Then the
twisted convolution of a and b is another sequence on A defined via

—2mi — o1 Ao —pa A
(abhb)y = E aubr_pe 2mio (A=) — g auby_e 2 2 ,
HEA HEA

for all X € A, whenever this is well-defined.
We can directly transfer Young’s inequality (Theorem 1.2.7) to the twisted convolution.

Theorem 4.1.3. Let p € [1,00], a € ¢*(A) and b € (P(N). Then alb € (P(A) and
lagblly < llall1[[bllp-

Proof. For p € [1,00] and ¢ € £P(A) we define |c| € (P(A) via |¢|y = |cx|. Clearly,
lells = lllelll 5 Using this we get

(@t b)al < lapllbr—ul = (Jal *[b]).

HEA
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4 The twisted convolution algebra

Therefore, Young’s inequality (Theorem 1.2.7) yields
lagbll, < [lal[blll, < llallly 16l = llall, o], O

Remark 4.1.4. The twisted convolution actually depends crucially on the underlying
lattice. For example, if we consider the lattice A = (2Z)%?, then twisted convolution
reduces to ordinary convolution. Nevertheless, we write § instead of fj, because we do
not want to clutter up the notation. In any case, we will never consider two different
lattices at the same time so there should be no confusion and the twisted convolution
always refers to the current lattice we consider.

Taking a suitable involution turns ¢! (A, ) into an involutive Banach algebra.

Definition 4.1.5. Let A C R?? be a lattice and a € (*(A). Then a* € (*(A) is defined
via (a*), = a—y.

Theorem 4.1.6. Let A C R?? be a lattice. Then *(A,h,*) is a unital, involutive Banach

algebra.

Proof. 1t is well-known that £!(A) is a Banach space and it is also immediate that /1 (A, §)
is an algebra. In order to prove associativity let a,b,c € £1(A, f):

p=p—v
Z Z|aubu—vc>\—u| < Z|av| Z|bu—u”c||oo = Z|a,,‘ Z|bﬂ||c||oo
neEAveA veA BEA veA REA
= llallcibll1lleloo-
Thus, the interchange of summation in the following calculation is justified:

((afb)be)r =Y (afb)ucr—ye 2miomA=n

HEA

— § : § :al/bu_yef%rw'(z/,ufz/)C}\iuef27rw'(,u,)\f,u)
HEAVEA

A=p—v —2mio(v,fi —2mio(fi —v—]i
ok § :au§ :bﬂe QWZU(V,/L)CA7U7[L€ 2mio (v, \—v u).

veEA  LEA

Lemma 3.2.2 yields

§ :aV § : bﬁ672ma’(u,u)C)\iyiﬁefﬁrw(;ﬂru,)\fl/ﬁu)
veEA REA

_ Z ay Z bﬁe—QﬂiJ(u,ﬁ)C)\_V_ﬂe—Qﬂ'ia(ﬂ,)\—V—ﬂ)e—Qma(V,)\—V—,&)

veEN  LEA

_ Z ay Z bﬂe—2m'cr(zx,)\—u) C)\_V_ﬁe—%rio(ﬂ,)\—u—ﬁ)
veEA REA

=Y au(bhe)r—e AT = (ab(bhe))a,

veA
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4.1 Definition of twisted convolution

which proves associativity. Moreover, from Theorem 4.1.3 follows that ||af b1 < ||a|/1]|b]]1,
so /1(A,f) is a Banach algebra. Considering the involution *, the only nontrivial fact we
need to show is that (afb)* = b*fa*. Using Lemma 3.2.2 a few times, we get

(b* , a*))\ _ Z(b*)u(a*))\_uef%rio(,u,)\*u) - Z ali_/\b_ue—%ria()\—u,u)

pEA HEA
fi=p—A Z aﬁbi)\iﬂe—%ria(—ﬁ,)\—&—ﬁ) _ Z aﬂbi/\iﬂe—Qm‘a(ﬁ,—)\—ﬂ)
REA AEA
= (ahb)-x = ((ab)"),. m

In the article [31] the twisted convolution is defined using the ordinary time-frequency
shifts () (see Definition 3.1.4) which satisfy

T(N)m(p) = e TR (X 4 ).

Definition 4.1.7. Let A C R?*® be a lattice and a,b € (*(A).  Then we define the
asymmetric variant of the twisted convolution of a and b via afb € ¢} (A) where

(aEb),\ = Z aHbA,Me_Qmm'(’\_“)Q.
HEA

Moreover, a* € £ (A) is defined via

(CL*> . — me—%ri)q-/\g .

This variant of the twisted convolution will be important in Section 5.3. The twisted
convolution we defined at first has a symmetric phase factor and thus some calculations
are more transparent. However, in the end there is no difference between these two
structures as we see in the following lemma.

Lemma 4.1.8. Let A C R2? be a lattice. Then (*(A,5,%) is a unital, involutive Banach
algebra. Moreover, the following map is an isometric isomorphism between involutive
Banach algebras:

iAo (A,Eﬁ)
er s ()

Proof. The first part is similar to the corresponding statement for the symmetric version
of the twisted convolution (Theorem 4.1.6). The second part is a direct computation
which we skip. 0

Corollary 4.1.9. Let A C R*® be a lattice, p € [1,00], a € £*(A) and b € (P(A). Then
afbe 7(A) and [lafbll, < llafl1[|b]l-

Proof. This follows immediately from Lemma 4.1.8 after noting that the isomorphism
defined there leaves all /P-norms invariant. O
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4 The twisted convolution algebra

4.2 Embeddings into two operator algebras

In the following, we will embed ¢!(A,f) into the two operator algebras B(¢?(A)) and
B(L*(R)).

4.2.1 Embeddings into B((*(A))

Definition 4.2.1. Let A C R?? be a lattice. We consider the operator
L: 1A, ") — B(£*(4))
a— L, = (b~ apb),

whenever it is well-defined.

Lemma 4.2.2. Let A C R?? be a lattice. Then the operator L is indeed well-defined and
a homomorphism between involutive Banach algebras.

Proof. Due to Theorem 4.1.3 the mapping is well-defined and it is clear that the mapping
is compatible with the linear structure. Moreover, for aj,as € ¢*(A) and b € £2(A) we

have
LalLazb = Lal(ag ﬂ b) = a1 h(ag ﬂ b) = (a1 ﬂag)hb = LCLlh(lQb

and so Ly, Lq, = Lg, f4,- Concerning continuity, Theorem 4.1.3 yields

[Lall = sup [lagblla < sup [laf1[|b]l2 = [lal
[[bll2=1 [[b]l2=1

and so ||L|| < 1. To show compatibility with the involution, we calculate the adjoint of
Lq. For b,b € £2(A) we have (using Lemma 3.2.2 a few times)

(Lab,0) = Y (alid) \by = N abr_ e 2T BARG

AEA AEA peA
A=A—p . T —2mic(A—[ifi) A=fi—A B 7 —2mic(—A\0)
= Z ba Z ax-pbxe = Z b Z a_sb; xe
AEA  AEA AEA A

_ N —7 =27 :\,~ — - b -e—2mi 5\7~_5\
= Z b”z a,f)\bﬂi)\e mio(A\A) = Z bﬂz(a*)/\b;%)\e wio (A, i—N)

REA  NeA REA  XeA
= <b7 La* b>7

where the interchange of the summations is justified due to absolute convergence:
S S abaybal = (Jal * (Bl 13]) < llall115]21B]1
AEA peA

by Young’s inequality (Theorem 1.2.7) and Cauchy-Schwarz. Consequently, (Ly)* = Lg»
and thus L is compatible with the involution. We conclude by noting that L obviously
maps the unit of £1(A,f) to the unit of B(£2(A)). O
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4.2 Embeddings into two operator algebras

Lemma 4.2.2 shows that the embedding L fits into the framework of Definition 2.1.15.
The next theorem (which is provided without proof) yields that this embedding is actually
inverse-closed.

Theorem 4.2.3 (Theorem 2.14, [32]). Let a € £*(A) and L, be invertible on £2(A). Then
Lt = Ly for some b € {*(A).

Remark 4.2.4. Alternative proofs of Theorem 4.2.3 can be found in [33] and [34].

We finish this chapter by defining an operator similar to L which will be important in
Chapter 5 and Section 5.3.

Definition 4.2.5. Let A C R?? be a lattice. We consider the operator

R: 0Y(A,5,7) — B(£%(A))

a+— R, = (b~ bya),
whenever it is well-defined.

The following lemma is in the spirt of Lemma 4.2.2. As the proof is also very similar,
we omit it.

Lemma 4.2.6. Let A C R be q lattice. Then the operator R is indeed well-defined
and an antithomomorphism between involutive Banach algebras, i.e. RaEb = RyR, for all

a,be Y (A 5F).
Finally, we show that invertibility of R, yields invertibility of a.

Lemma 4.2.7. Let A C R?*® be a lattice and a € (O(A) such that R, is invertible as an

operator on (?(N). Then a is invertible with respect to 4.

Proof. As R, is invertible, we have

which yields that a is invertible with inverse given by Rgluo. O
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4 The twisted convolution algebra

4.2.2 Embeddings into B(L*(R?))

Definition 4.2.8. Let A C R?? be a lattice and recall the time-frequency shifts p from
Definition 3.1.4. We consider the operator

p: (A, 5,)) — B(L*(R7))
a— Z axp(A),

AEA
whenever it is well-defined.

Lemma 4.2.9. Let A C R?? be a lattice. Then the operator p is indeed well-defined and
a homomorphism between involutive Banach algebras.

Proof. p(a) € B(L?(R%)) as B(L?(R?)) is a Banach space and the sum converges abso-

lutely:
D llaxeMW =D laal oWl = > laa] = [la]| < oc.

A€A AEA AEA
Moreover, it is clear that the identification is compatible with the linear structure. Con-
cerning the multiplication, we explicitly calculate

p(a)p(b) = <Z aw@)) D bup() | =D axbup(N)p(r)

AEA HEA AEA peA
_ Z Z a)\bue—Qm'a(/\,,u)p()\ + :U')
AEA peA
u:é-Hl Z Z a)\byi)\ef%rio()\,l/f)\)p(y)
veA NeA
= (alb)up(v) = p(akp),
veA

where the interchange of the sums is justified due to absolute convergence:

> ‘‘axbue_z’”"’“”“”)p(A + M)H =3 > laxb,l

AEA peA AEA pneA
= _laal D Ibul = lallflb < oe.
AEA HEA
Furthermore,
p(a*) = axp(\) =Y axp(=A) = (Z aw(M) = p(a)".
AEA A€A AEA

To conclude, we note that p maps the unit of ¢*(A,4) to the unit of B(L?*(R%)), as
p(0) = Idp2gay- O
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4.3 A lack of norm-controlled inversion

As in Section 4.2.1, this embedding is actually inverse-closed.

Theorem 4.2.10 (Theorem 3.1, [32]). Let a € £*(A) and p(a) be invertible on L?(RY).
Then p(a)~t = p(b) for some b € £*(A).

We finish this chapter by briefly defining the corresponding operator for asymmetric
time-frequency shifts.

Definition 4.2.11. Let A C R?? be q lattice and recall the time-frequency shifts m from
Definition 3.1.4. We consider the operator

T EI(A,E,;)) — B(Lz(Rd))
ar— Y a()),

whenever it is well-defined.

Lemma 4.2.12. Let A C R be q lattice. Then the operator m is indeed well-defined
and a homomorphism between involutive Banach algebras.

Proof. Recalling the isomorphism ¢ from Lemma 4.1.8 the claim follows immediately

because m = poi L

(po i_l)(a) _ Z em‘)\l.)\ga)\p()\) Lemma 3.1.7 Z CL,\7T()\) _ 7r(a)

AEA A€A

for all a € £1(A, 1). O

4.3 A lack of norm-controlled inversion

Now we are going to carry the results from Chapter 2 over to the twisted convolution.
The important observation is that we can find a subalgebra of £!(A, i) which is isomorphic
to (X(Z, *).

Lemma 4.3.1. Let A C R* be a lattice and X € A\ {0}. Then the map

i: (42, %) — *(A,)
ag, A= kA

a) — (by) where by =
(ar) () A {O, otherwise

s an isometric homomorphism between Banach algebras.
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4 The twisted convolution algebra

Proof. 1t is clear that for a € £*(Z, x) we have ||a|| = ||i(a)|| and that i preserves the linear
structure. So it suffices to show that ¢ also preserves the multiplication: For A € ZA, say
A = [\, we have:

iAo —pg X
_orilt 22u2 1

HEA
_ Adg— >\2)\1
= Z )3 1(0)5_pxe 2kt = Zakbl k= (axb) = (i(axb));.
kez keZ

For \ ¢ 7\, we get

(i(a) (b)), = Z i(a)ui(()))\iue—m%
BEA
- Z i(a)kii(b))_kj\e”’”k% =0 = (i(axDb))x
keZ
because i(b), 5 =0forallkc€Zas\ ¢ ZX. O

Remark 4.3.2. Of course the embedding i from Lemma 4.3.1 depends on the chosen .
However, most results we prove about ¢ will be true for any A # 0 so we just implicitly
assume that we have chosen A whenever we use 7 in these cases. If the results do depend
on X, we will mention it explicitly.

The idea is now to use the result that ¢!(Z, ) does not admit norm-controlled inversion
and transfer it via the embedding i from Lemma 4.3.1 to £}(A, ). The only thing left to
show at this point is that i is also compatible with the embedding of ¢!(Z, %) into C(T)
via Fourier series (see Theorem 2.1.14) and the embedding of £1(A, ) into B(L?(R%)) or
B(£%(A)) via p or L (see Section 4.2), respectively. Concerning the first embedding p, we
need to show that

ak627rzk-

kEZ

> " arp(kX)

keZ

(4.1)

B(L?2)

o0

We investigate some special cases for specific choices of A to get some motivation on
how to tackle this problem: If \ is of the form (0,w) for w € R%, then

Zakp(kj\) = (f — Zake%ikw'f) .

kEZ kEZ

This is a multiplication operator and thus (see Lemma 1.3.6)

Z akp(ij) Za ekaw Za e2mk

keZ kEZ keZ

B(L2)
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4.3 A lack of norm-controlled inversion

Therefore, if \ contains only a frequency component, then we are done. On the other
hand, if A is of the form (z, 0) for z € RY, then using the fact that the Fourier transform is
unitary (Theorem 3.1.2) and that it converts translations into modulations (Lemma 3.1.6)
we get

Z ak.p(kj\) Z ar Tl

(g
B(L?)

B(L2) a

kezZ keZ kezZ B(L?)
= Z ap M-y = Z are®™™ ||,
kEZ B(L?) kez s

where the last inequality follows from the calculation before. So the Fourier transform
turned the translation into a modulation and then we are again in the first case and
we are done. Looking at the coordinates of A we can use the picture that the Fourier
transform corresponds to a rotation by —7 in the time-frequency plane, thus it converts
the symmetric time-frequency shift (z,0) into (0, —x). Consequently, in the case of a
general A we need to find a unitary operator which maps A to an element of the form
(0,w) for some w € RZ. At the very heart of the argument we use the following theorem
from the theory of metaplectic operators (see also Remark 3.2.8) which we supply without
a proof.

Theorem 4.3.3 (Prop 4.28, [24]). For any S € Sp(2d,R) there exists a unitary operator
Fs: LA(R*) — L*(R*)

such that
W(Fs(M))(x,w) = W(f)(5(z,w)),
where W is the Wigner transform from Definition 3.1.9.

Remark 4.3.4. The reference for Theorem 4.3.3 actually shows that for S € Sp(2d,R)
there exists a unitary operator

u(S) : L*(R*) — L2(R*)

such that
W (u(S) () (z,w) = W(f) (ST (z,w)),
but together with Lemma 3.2.5 this immediately implies the claim from Theorem 4.3.3.

The identification of S with Fg given by Theorem 4.3.3 is almost compatible with
taking inverses.

Lemma 4.3.5. Let S € Sp(2d,R). Using the notation of Theorem 4.3.3, we have Fg~* =
cFg-1 for some ¢ € C with |c| = 1.
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4 The twisted convolution algebra

Proof. Let z,w € R Then Theorem 4.3.3 yields
W (Fs 1 Fsf)(,w) = W(Fs)(S ™ (@,w)) = WSS (@) = W(f)(z,w).
Consequently, Theorem 3.1.12 yields
Fg-1Fg =cld
for some ¢ € C with |¢| = 1. Thus,

Fg-1 = C]:S_l. O

Using Theorem 4.3.3 the interpretation of unitary operators as linear maps on the
time-frequency plane becomes very concrete: If we assume that S~'\ = (0,&) for some
& € R4, we get, using Lemma 3.1.10, Theorem 4.3.3 and Lemma 4.3.5,

W((Fsop(N) o Fg ) (M), w) = W((p(A) o Fg")())(S(z,w))

= W(Fg! (f))( ( )—(5\1,5\2))

= aW(f)((zw) =57 (A1, X))
=aW(f)(z,w (0 w)) = W(aa Mg f)(z,w),

where ¢; € C with |c;| = 1 comes from the application of Lemma 4.3.5. The reconstruc-
tion result for the Wigner transform, Theorem 3.1.12, then yields

(x,w
(x,w

Fsop(\)oFgh =cM;

for some ¢ € C with |¢| = 1, which is basically what we wanted.

We are now going to carry out these arguments in detail: First, we need to be able to
map an arbitrary point of the time-frequency plane to a point without time component
by a symplectic matrix.

Lemma 4.3.6. For any z,w € R? with w # 0 we can find S € Sp(2d,R) such that
S(z,w) = (0,w).

Proof. We show that there exists S € U(2d,R) C Sp(2d,R) satisfying our claim (see
Definition 3.2.6 and Lemma 3.2.7). To this end, let

=3 )

where P € Sym(d,R). Then the condition S(z,w) = (0,w) is equivalent to the condition
Pw = —z. To show the latter, we first note that as w # 0 we can find 1 < k£ < d such
that wg # 0. Then we define P in the following way: If w; # 0, then Pj; :== —% and if
w; =0, then Py, = Py; = —i—;. Otherwise, the entries of P are defined to be 0. Then

d d
(Pw)i = Z Pjiwj = Piiw; + Z Pjw; = —x; + Z Pjwj = —x;
=1 =

7=1
J#i .775'5 P]ﬁ’éo
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4.3 A lack of norm-controlled inversion

Now for 1 <i < d such that w; # 0 we have

d d d
(Pw); = Z Pjw; = Pyw; + Z Pjw; = —x; + Z Pjw; = —x;
Jj=1 Jj=1 J=1
J#i J#1,P5i#0

where the last equality follows because if Pj; # 0, then w; = 0 by definition of P. On
the other hand, for 1 < i < d such that w; = 0 we have

d
(Pw)i =Y Pjiw; = Priwy = —;
j=1

where the second-but-last equality follows from the fact that only Pi; # 0 in the sum
as an offdiagonal nonzero entry of P must have row or column index k and i # k.
Consequently, Pw = —x and the claim follows from the remark at the beginning. O

The next theorem already supplies us with the needed unitary operator. The proof is
mainly putting together all the things we have.

Theorem 4.3.7. Let A € R??. Then there exists a unitary operator
Fr: LA(RY) — L*(RY)
and ¢ € C with |c| = 1 such that
Frop(A) o Fyt =M
for some & € R%. More concretely, if Ao # 0 then € = Mo and otherwise &€ = —)\y.

Proof. For S € Sp(2d,R) we denote the corresponding unitary operator from Theo-
rem 4.3.3 by Fg. Then, as we already calculated,

W((Fsop(N) o Fs)(N)(@,w) =W((p(\) o Fg)())(S(x,w))
= W(F5 (H))(S(z,w) — (M1, A2))
= aW(/f)((x,w) = 57 (A1, A2)),

where ¢; € C with |¢| = 1. Now we distinguish two cases:

0 I S .
7 0), which is symplectic.

e )y #0: We choose S~! according to Lemma 4.3.6 such that S™1(\1, A2) = (0, A2).

In both cases we get

e )y =0: We choose S~ =J = (

W(f)((x7w) - Sil(/\h)\Q)) = W(f)((wi) - (075)) - W(Mg(f))(.%’,w)
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4 The twisted convolution algebra

for some ¢ € R%, which in total means that
WoFsop(h)oFgh=Woe M
and then Theorem 3.1.12 yields
Fsop(A)oFg' =cM
for ¢ € C with |¢| = 1. O
Finally, we are ready to show the compatibility condition (4.1):

Theorem 4.3.8. Let (ay) € (*(Z,*) and i be the embedding from Lemma 4.5.1. Then

S| = et

A€A keZ

l(i(a)ls(z2) =

= [lalloq

L2)

Proof. We denote the unitary operator corresponding to A (being implicitly defined via 4,
see Remark 4.3.2), which we get from Theorem 4.3.7, by F5. Then, using Lemma 3.1.7,

> (i(a)ap(N) =) arp(kN) =|[> arp(M)* (4.2)
AEA keZ B(L?) keZ B(L?)
Using Theorem 4.3.7 and then unitarity of .7-"{ L and J5 we get
Zakp(j\)k Zak};lcka]:~ ZakckMk
kEZ B(L?) kEZ Lg) kEZ B(L?)
(4.3)
Z apcte2 ke ||
keZ

[e.e]

where the last equality follows from the fact that the operator
5wt
keZ

is a multiplication operator acting by multiplication of a bounded, continuous function
and Lemma 1.3.6. Now taking s € R such that ¢ = > we get

Z akckME Z ape?mk(TE) (4.4)
kEZ kEZ
and clearly the function on the right-hand side has the same image as
Z ak627rik-.
keZ

Consequently, the result follows from combining (4.2), (4.3) and (4.4). O
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4.3 A lack of norm-controlled inversion

Concerning the second embedding L: ¢1(A,5,*) — B(¢£?(A)) from Definition 4.2.1, we
use a similar strategy. As before, we embed ¢(Z, ¥) into 1 (A, }) via the mapping i from
Lemma 4.3.1 and again, the only thing left to show is that for a € ¢}(Z) we have

§ :akeQﬂ'zk-

kEZ

|Zs (4.5)

(a) HB(L2)

o0

We are going to show (4.5) by using the corresponding result for the embedding p we
just obtained. We first note that the upper inequality from (4.5) can be shown directly
from what we already have.

Lemma 4.3.9. Let A C R?? be a lattice and a € (*(Z). Then

Z ake27rik:-

kEZ

Iz

i(a) HB(Z2 (A)) >

o0

Proof. This is just a consequence of Lemma 4.3.1 and Lemma 1.3.7:

Z ak62ﬂ‘ik- Lemm:a 1.3.7 Sup ”Fa(b)H2 = Sup Ha *k b”2
keZ 00 lloll=1 llb]|=1
Lemma 4.3.1 . . .
2450 Sup ifa) 50, = sup |[Zia (i)
llol=1 6] =1
Lemm<a 4.3.1 HL (b)H HL H -
> sup i(a = i(a .
ez @l @ llB(e2(a))
llell=1

Finally, we need another theorem from the theory of C*-algebras.

Theorem 4.3.10 (Theorem 1.3.2, [35]). Let A,B be C*-algebras and ¢: A — B be
an injective homomorphism between C*-algebras. Then ¢ is automatically isometric,

meaning ||¢(a)|| = ||al| for all a € A.

Using the last theorem we are ready to prove the equality (4.5). The following proof
is closely related to [32, p. 13 f.|, where Grochenig and Leinert proved this statement as
an auxiliary result.

Theorem 4.3.11. Let A C R?*? be a lattice and a € £*(Z). Then

Z akeQﬂ'ik-

kEZ

HLi(a)HB(lz(A)) = Hp(i(a))HB(Lz(Rd)) =

o0

Proof. We already showed the second equality in Theorem 4.3.8 so it suffices to show the
first one. To this end, we consider

c* ({Lz(a) ac El(Z)})
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4 The twisted convolution algebra

and
" ({p(i(a)) : a € €'(2)})

which are the C*-algebras generated by the corresponding sets. As both generating sets
are already algebras closed under the involution, they form dense subsets of the generated
C*-algebras. Now we consider the following mapping;:

¢: {Li(q) s a € L1(2)} — {p(i(a)) : a € £"(Z)}
Liay = pl(i(a))

¢ is clearly well-defined and compatible with the algebra and involutive structure (com-
pare with Lemma 4.2.2 and Lemma 4.2.9). Moreover,

Z ake27rik-

kEZ

Lemma 4.3.9
<

16 (L) || = Notita)) | = | Ligw]

o0

which shows that g?) is bounded. Consequently, (;3 extends to a homomorphism

¢: C* ({Li(a) ta € €1(Z)}) — O ({p(z(a)) ta € 61(Z)})

between C*-algebras. Our goal is to invoke Theorem 4.3.10 so we are just left to show that
¢ is injective. To this end, we assume that ¢(L) = 0 for some L € C* ({L;(q) : a € £*(Z)}).
By density we can find (™) € ¢*(Z)N such that

n—oo

0

2= L)
and then our assumption ¢(L) = 0 translates to

e () o 4 e (0]

Next, we use Plancherel’s theorem (Theorem 1.3.2) to show that the /2-norm of (™ also
tends to 0 for n — oo:

Ha(m

=17 @) oy =7 ()] =0

Now we consider for some fixed ;1 € A the unit mass u* € £2(A) defined via

o L A=p
A .
0, otherwise

and apply it to Li(a(”)):
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4.3 A lack of norm-controlled inversion

2

2
‘ Li(aw))(UH)HQ =>

(n), u —2mio (kXA A—kN)
Zak Ur—in®

AeA ' kez
2
< <2
_ (n), u —2mio (kA utIA—kX) _Z (n) —2mio(I\,u)
_Z Zak u;L—}—lS\—kS\e o a €
leZ ' kel IEZ
2
%
:‘a(") nooo
2
As
n—oo
= Zigany | =0

this implies that L(u*) = 0 for all u € A. Consequently, L = 0 and this shows injectivity.
Therefore, Theorem 4.3.10 yields that ¢ is actually an isometry and this means exactly
that

HLi(a)HB(ZQ(A)) = ”p(i(a))HB(LQ(Rd))a

which was to be shown. ]

Having prepared everything carefully, we are ready to transfer the results from Chap-
ter 2 to the twisted convolution.

Theorem 4.3.12. Let A C R?? be a lattice and ¢ be either the embedding p from Defini-
tion 4.2.8 or the embedding L from Definition 4.2.1. Then for 1 < M < 2 holds:

M
2- M’

sup {Jla™"[|: a € ' (A ) with la]| < 1, ()7} < M} >

Proof. This follows immediately from embedding ¢!(Z,*) into ¢}(A,f) via i and the
corresponding result for ¢!(Z, ) (Theorem 2.1.14) due to Lemma 4.3.1, Theorem 4.3.8
and Theorem 4.3.11. O

Theorem 4.3.13. Let A C R?? be a lattice. Then for 1 < M < 2 holds:

sup{HailH ca € ('(A, ) with ||a|| <1, ‘ R! ‘ < M} > M

—2-M

where Rq is the operator from Definition 4.2.5.
Proof. We first show that the claimed result holds for the operator
b—bha

on ¢?(A). In order to do this, we define the matrix
0 1
=7 o)
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4 The twisted convolution algebra

where I € M(d,R) is the identity matrix and consider the lattice A :== MA. To every
sequence c on A we assign a sequence ¢ on A via éyry = ¢y and we investigate the operator
Lg, which acts on sequences on the lattice A. For b € £2(A,f) and A € A this operators
satisfies

T 7 (AT _ ~ 7 =27
- - abarae
(Lab)arx = (atb)an = Y apbara—pe

f1-(MX)g—jig-(MX)q
2

peA
—M-15 . o (Mp)g-(MA)g— (Mp)g-(MA)]
I z 2 ZaMubM/\—Mue 271 5
HEA
. _271_1.;1,2-/\1—;1,1-/\2
= Z ayby_ e 2
BEA
v=\— _ - (A=v)o- A1 —(A—v)1-Ag . .v1-Ag—vg-Aq
= E byay_,e 2™ 2 = E byay_,e 2™ 2 = (bfa)x.
veEA veA
. . . . ~ ~ N
Thus, the identification from above yields ||a||; = ||al|1, (&)~ = (a~!) and

‘ga =|a
| i B2y = |l

Consequently, we can transfer Theorem 4.3.12 to the operator which acts by convolution
from the right. Now the only thing left to show is that we can replace the twisted
convolution by its asymmetric variant. To this end, let ¢ be the isomorphism from
Lemma 4.1.8. Then for a € ¢1(A,f) we clearly have ||a|| = ||i(a)]], [la=}| = [|i(a)~!|| and

sup [[i(b)§i(a)| = sup |[li(bha)|= sup [byal = sup [bhal.
li(b)1=1 li(b)I=1 li(b)=1 Ibll=1

So we can transfer the result also to the asymmetric variant via the identification given
by ¢ and this finishes the proof. O

The following two results are original contributions.

Theorem 4.3.14. Let A C R?? be a lattice, i.e. A = AZ*? for some A € GL(2d,R) and ¢
be either the embedding p from Definition 4.2.8 or the embedding L from Definition 4.2.1.

Then for 1 <M <2 and N > 32660 :
sup{ HailH ta € El(A,h) with ||al] <1, HL(CL)71H < M and supp(a) C A[—N, N]Qd}

1
log(N) 2
1+ Moy

1
log(N)2
+ (2 = M) giagthe

9
10
1

Proof. This follows immediately from embedding 0Y(Z, %) into £*(A, ) via i, where we
explicitly choose A := Auj, where uy is the first unit vector, (see Lemma 4.3.1), and
Corollary 2.3.9 due to Lemma 4.3.1, Theorem 4.3.8 and Theorem 4.3.11. O
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4.3 A lack of norm-controlled inversion

Corollary 4.3.15. Let A C R?? be a lattice, i.e. A = AZ*? for some A € GL(2d,R) and
~ 5
R be the embedding from Definition 4.2.5. Then for 1 < M <2 and N > 3% .

sup { [|a™| s a € £*(A, ) with ||al| < 1, ||R;*

‘ < M and supp(a) C A[—N, N]Qd}

1
log(N)2
1+ M g flogvyy0

1
log(N) 2
1+ (2 = M) gy

> 9
— 10

Proof. This follows from Theorem 4.3.14 and the proof of Theorem 4.3.13 because the
identification given there, which transfers the corresponding result from the operator L,
to the operator R, preserves the support of the involved sequences. ]
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5 Gabor analysis

Gabor analysis was proposed by Dennis Gabor in his paper [36]. It uses the methods
of frame theory to reconstruct functions. The frame in this case consists of a family of
time-frequency shifts of a fixed function g (the so-called window). The reconstruction is
by means of the dual window g (see Definition 5.2.7) corresponding to g. In this chapter
we first give a quick introduction into frame theory and Gabor analysis and then apply
the results from Section 4.3 to show that the norm of the dual window ¢ cannot be
controlled using the norm of the window g itself and the corresponding frame or Riesz
sequence bounds (see Definition 5.1.9 and Definition 5.1.18).

5.1 Frame theory

In this section we give an introduction into frame theory in order to define the necessary
concepts and language we need later. For a comprehensive introduction into the field of
frames and Riesz sequences we refer to the book by Christensen [37]. We supply most
proofs in this section because in contrast to the given reference we want to focus on the
duality between these concepts.

5.1.1 Frames

The term "frame" was introduced by Duffin and Schaeffer in their paper [38], initially in
the context of Fourier series. We motivate the concept by considering a separable Hilbert
space H with orthonormal basis {eg}ren. There it is well-known that for any f € H we
have

F=> (fren)er. (5.1)
k=0

In other words, we can reconstruct f from the measurements ((f,er))ren. In frame
theory we try to get reconstruction formulas for f like the one before without having to
assume that {ej }ren is an orthonormal basis. In this case it is often natural to index the
measurements not over N but over other sets (as we will see for example in Section 5.2)
which have no natural ordering. To avoid artificial orderings, we work with the concept
of unconditional convergence.

Definition 5.1.1. Let I be a countable index set, B a Banach space, (a;) € B! and a € B.
Y icr @i converges unconditionally to a if for any bijection m: N — I : 37 Ar(k) = Q-
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5 Gabor analysis

In the following, whenever an infinite series over some unordered index set appears, we
automatically assume that it converges unconditionally without mentioning it explicitly.

Motivated by the formula f = Y77 (f, ex)ex, we split the whole process into two parts
and define the corresponding operators: One which calculates the coefficients for a given
f and one which constructs an element in the Hilbert space from a given sequence:

Definition 5.1.2. Let I be a countable index set, H a Hilbert space and (€;)ic; € HT.
The analysis (or coefficient) operator C' is

C:H — 2(I)
[ — ((f, €i>)iel
and the synthesis operator D is
D:*(I) —H
(¢;) —> Z cie;
i€l
whenever they are well-defined.

Next, we look into conditions under which these operators are well-defined and list
some properties of them.

Theorem 5.1.3 (Lemma 3.2.1, [37]). Let I be a countable index set, H a Hilbert space
and (e;)icr € H! such that for any (c;)ic; € (2(I) the sum Y ic1 Ci€i COnverges uncon-
ditionally. Then C: H — (2(I) and D: (>(I) — H are well-defined, bounded and
linear operators, which are adjoint to each other, so D* = C. In particular, we have the
estimate

> lKfenl” < IDIPIFIP.

iel

The condition in the last theorem that ), ;cje; converges unconditionally for any
(c;) € £*(I) is of course a little bit artificial. Luckily, this is actually equivalent to the
analysis operator being bounded.

Definition 5.1.4. Let I be a countable index set and H a Hilbert space. (e;) € H! is
called a Bessel sequence if there exists B > 0 such that

Y [f.enl? < BIfIP
i€l
forall f € H.
Lemma 5.1.5 (Corollaries 3.2.4 and 3.2.5, [37]). Let I be a countable index set and

H a Hilbert space. (e;) € H' is a Bessel sequence if and only if >
unconditionally for any (c;) € £2(I).

se1 Ci€i converges
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5.1 Frame theory

Now we return to our original goal: Motivated by the reconstruction formula for or-
thonormal bases (5.1) we consider the composition of the coefficient and synthesis oper-
ator:

Definition 5.1.6. Let I be a countable index set, H a Hilbert space and (e;) € H!. Then

the frame operator S is
S:H—H

f — Z<f7 ei>ei7
i€l

whenever this is well-defined.

We first give an exact criterion for when the frame operator is well-defined and collect
some properties of it.

Lemma 5.1.7. Let I be a countable index set, H a Hilbert space and (e;) € H!. Then
the frame operator S corresponding to (e;) is well-defined if and only if (e;) is a Bessel
sequence. Moreover, under these conditions S = DC, where C' and D are the analysis
and synthesis operator, respectively, and it is a positive operator satisfying

(Sf, 1) =D |(fre)l

el

forall feH.

Proof. = : Assuming that S is well-defined as a bounded operator on H, we first note
that for f e H

(SE 1)Y= (D (frenei £y = (frelei f) =D _|{f e (5.2)

el el iel

Consequently,
ISIIANZ = (SF, ) =Y 1K Frel?,

i€l
which readily shows that (e;) is a Bessel sequence.

<= : As (e;) is a Bessel sequence, it follows from Theorem 5.1.3 and Lemma 5.1.5
that C' and D are well-defined and then it is evident that S = DC. O

In the case of an orthonormal basis the reconstruction formula (5.1) yields that the
corresponding frame operator is just the identity operator. If we substitute orthonormal
bases by a more general concept this will of course be no longer the case but this is not a
problem. Our goal is reconstruction and as long as the frame operator is invertible this
is (at least theoretically) possible. So we need to find a condition for (e;);cr such that
the corresponding frame operator is invertible. Clearly, being a Bessel sequence is not
sufficient:
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5 Gabor analysis

Ezample 5.1.8. Let ‘H be a Hilbert space with orthonormal basis (e, )nen. If we remove
eo from (ep,)nen the resulting sequence will still be Bessel because for f € H we get

S fen? <> el = 1117
n=1 n=0

But obviously the frame operator corresponding to the reduced sequence is not injective
because due to orthogonality we have

o0

Seg = Z<€0,€n>€n =0.

n=1
In order for the frame operator to be invertible, we for sure need that the analysis

operator C is injective. This motivates the following definition.

Definition 5.1.9. Let I be a countable index set and H a Hilbert space. (e;) € H! is
called a frame if there exist A, B > 0 such that

AIFIP <D I Fenl < BIFIP (5.3)
icl
for all f € H. The optimal frame bounds are the lowest possible B and the highest possible
A which satisfy (5.3). A frame is called tight if the bounds coincide, i.e. A= B.
We start by giving some examples for frames and their properties.
Ezample 5.1.10. Let (e,) € HY be an orthonormal basis of H. Then
1P =1 fsen)?
neN

for all f € H and so (ey,) is a tight frame with optimal frame bounds A = B = 1. If we
now consider (e,)nen,kefo,1}, i-e- the same elements but every element is contained twice
in the sequence, then this still forms a frame as

2/1P= D Kfren)
neN,ke{0,1}

This example shows that frames can be overcomplete. On the other hand, if we consider
(en) € HN which is not a generating system of , i.e.

Span{en}nEN 7é H

then this can never be a frame: In this case we can find

0#fe€ {en}f{eN
and then clearly

Y I feen) =0

neN

and so no lower frame bound can exist.
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5.1 Frame theory

Next, we show that the concept of frame is the one we searched for: The corresponding
frame operator is invertible. Moreover, the inverse gives rise to another frame and the
optimal frame bounds can be expressed in terms of the norm of the frame operator and
its inverse. In order to prove this, we need the existence of a square root of positive
operators.

Theorem 5.1.11 (Korollar VII.1.16., [39]). Let H be a Hilbert space and S: H — H a
positive operator. Then there exists a positive T: H — H such that T?> = S.

Theorem 5.1.12. Let H be a Hilbert space and S: H — H a self-adjoint operator
satisfying
AllfFIZ <SS ) < BILFI™ (5.4)

Then S is invertible on H and S~ satisfies

1 2 -1 1 2
=712 < (572, ) < U1 (5.5)

Moreover, the optimal upper bound in (5.4) is ||S|| and the optimal lower bound is
IS~

Proof. Let f € H such that Sf = 0. Then by (5.4) A||f||> =0 and so f = 0. Therefore,
S is injective. Furthermore,

ker(S) = im(5)*

due to the self-adjointness of S and thus by injectivity im(S) is dense in H. Closedness
of im(S) follows directly from the lower estimate in (5.4): Let (f,) € HY such that (Sf,)
is Cauchy. Then

and so
Allfn = Fnll S NS(fr = f)l
which shows that (f,) is Cauchy and thus converges to some f € H. Then by continuity

n—oo

of S, Sf, == Sf and therefore im(S) is closed. All in all, S™': H — H exists and
boundedness of S~! follows again from the lower inequality of (5.4) applied to S~!f:

AISTHP < (SSTHESTH < LISl
implies that
1
LA < =If)L-
157111 < 411

Concerning the frame inequality (5.5), we first note that the upper bound follows imme-
diately:

1
(ST < ISTHINAN I
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For the lower inequality we invoke Theorem 5.1.11 which yields a positive operator
T:H — H such that 72 = S. Then self-adjointness of T and (5.4) yield

£ = (SS71f, 887 f) = (1281 f, 7281 f) = (STSLf, TS71f)
< B||TST'f|I? = B(TS £, TS™" f) = B(ST'f, f).

Consequently,
1 2 -1
— < .
7= {571 1)

In order to show the last claim regarding the optimal bounds, we first note that

ISl = sup (Sf, f)
Ifl=1

as S is a self-adjoint operator (see e.g. [39, Satz V.5.7]). Thus, we can consider the upper
inequality from (5.4),

(Sf, 1) < BIfI%
and taking the supremum over all f € H with ||f|| = 1 on both sides yields

IS < B.

Therefore, every upper bound of (5.4) is at least as large as ||S]|. On the other hand,

(S£, £ < ISFIFI < ISIAI2

and so ||S|| is actually a possible bound. Consequently, ||.S|| has to be the optimal upper
bound. As S~! is also a self-adjoint operator the same argument yields that the optimal
upper bound in (5.5) is ||[S7!||. Then we conclude using our first observation: We know
that for each pair of possible bounds A, B > 0 for S we get a pair %, % of bounds for the
corresponding inequality for S~! and from this it follows immediately that if we choose
the optimal bounds for one operator we automatically get the optimal bounds for the
inverse operator. Therefore, the optimal lower bound in (5.4) is exactly the inverse of
the optimal upper bound in (5.5), which is [|S~!|| 71, as claimed. O

It is not a coincidence that S~! satisfies the same type of inequality as the frame
operator S. Indeed, S~ is also a frame operator as the following theorem shows.

Corollary 5.1.13. Let I be a countable index set, H a Hilbert space, (e;) € H a
frame and S its corresponding frame operator. Then (S~'e;) is also a frame and its

corresponding frame operator is S~'. Furthermore, we have the following reconstruction
formulas for f € H.:

F=Y (£, e =D (fe)S e

iel 1€l
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Proof. Let A, B > 0 be frame bounds for (e;). Then for f € H we have
_ _ _ (5.2) _ _
(ST =(STHSSTHY =Y ST e P =D (ST
i€l iel
Consequently, Theorem 5.1.12 yields that
AP < SIS e < 1P
el

and so (S~le;) constitutes a frame. Moreover, as

sSlf=5"185"f =57 <Z<Slf, >> =D (5 e)s e

iel el

=> (£,57 " e)S e,

i€l

it follows that S~! is the frame operator corresponding to (S~ 'e;). Finally,
=887 = (ST foeei =D (f, 5 eies
el i€l

and

f=8"15f=5" (ZU, 61')61‘) = (fre)S e

iel icl
O

Definition 5.1.14. Let I be a countable index set, H a Hilbert space, (e;) € H! a frame
and S its corresponding frame operator. Then (S~'e;) is called the canonical dual frame

to (eZ)

Remark 5.1.15. The term "dual frame" from Definition 5.1.14 originates from the concept
of dual basis from linear algebra: For a basis {v1,---,v,} of some finite-dimensional
vector space V' we consider the corresponding dual basis {v],--- ,v5} C V* defined by
5 (vg) = djx, where d is the Kronecker delta. This yields the expansion

v=">Y v (v)v; (5.6)
=1

for any v € V. In the context of a Hilbert space H we know that H = H* via
v = (-, v).

Consequently, in this case the expansion (5.6) reduces to

n

v = Z(U,wi)vi

=1
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for some specific w; € H which are independent of v € H. This is exactly the type of
expansion we also get if we use a frame and its canonical dual (see Corollary 5.1.13),
which motivated the name dual frame. However, note that despite the similarities a
frame and its canonical dual frame do not form a pair of dual bases as a frame does not
even have to be a basis itself (it could be overcomplete, see Example 5.1.10).

5.1.2 Riesz sequences

The whole theory about the frame operator was motivated by the problem of recon-
structing functions. If we put this motivation aside and just view the frame operator
as a mathematical object it would be equally reasonable to consider the operator which
consists of first taking the synthesis operator and then the analysis operator (i.e. invert
the order of the operators). This yields a similar but in some way complementary theory.

Definition 5.1.16. Let I be a countable index set, H a Hilbert space and (e;) € HE.
Then the Gramian operator G is

(ci) — << ch6j7€i>>a
JeI
whenever this is well-defined.

We again start with an exact criterion for when the Gramian operator is well-defined
and collect some properties of it.

Lemma 5.1.17. Let I be a countable index set, H a Hilbert space and (e;) € H!. Then
the Gramian operator G corresponding to (e;) is well-defined if and only if (e;) is a Bessel
sequence. Moreover, under these conditions G = CD, where C and D are the analysis
and synthesis operator, respectively, and it is a positive operator satisfying

(Ge,c) = H ZcieiHQ
i€l

for all ¢ € £3(I).

Proof. = : As (G is assumed to be well-defined and bounded, we have, in particular,
that Zjel cje; converges unconditionally for any ¢ € ¢2(I). Thus, Lemma 5.1.5 implies
that (e;) is a Bessel sequence.

<= : As (e;) is a Bessel sequence, it follows from Theorem 5.1.3 and Lemma 5.1.5
that C and D are well-defined and then it is evident that G = C'D.

Concerning the last claim, we note that for ¢ € £2(I):

(Ge,c) = (D*De, ¢) = (De, Dc) = || De||* = H Zciein. (5.7)
i€l
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5.1 Frame theory

As in the case for frames, we need an additional condition on the Bessel sequence (e;)
to guarantee that the corresponding Gramian operator is invertible. This condition is
quite similar to the frame condition (5.3).

Definition 5.1.18. Let I be a countable index set and H a Hilbert space. (e;) € H' is
colled a Riesz sequence if there exist A, B > 0 such that

Allel? < ||Y- cies||” < Blle|? (5.8)
=y

for all c € (2(I). The optimal bounds are the lowest possible B and the highest possible A
which satisfy (5.8). A Riesz sequence is called tight if the bounds coincide, i.e. A = B.

Again, we start with some examples for Riesz sequences which already hint at the
duality between the concepts.

Ezample 5.1.19. Let (e,) € HY be an orthonormal basis of H. Then

1 cnenl” =3 lenenl® =D leal? = llel®

neN neN neN

for all ¢ € £2(N) and so (e,) is a tight Riesz sequence with optimal bounds A = B = 1.
If we now consider (e,)5 ;, i.e. the same sequence without the first element, then this
still forms a Riesz sequence as still

> 2
1> enenl|” = llel?
n=1

for all ¢ € £2(N'\ {0}) by the same reasoning as above. This example shows that Riesz
sequences do not have to generate 7. On the other hand, if we consider (e,) € HY which

is overcomplete, i.e.
Z cnen =0
neN
for some 0 # ¢ € 3(N), then this can never be a Riesz sequence because
2
|3 el =0
neN

for this specific choice of ¢ and so no lower bound can exist. This is exactly contrary to
the situation for frames (see Example 5.1.10).

We can now formulate results about the Gramian operator and its inverse completely
parallel to the ones concerning the frame operator. At this point we can reuse the theory
we developed in Section 5.1.1 which makes the proofs quite short.
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Theorem 5.1.20. Let I be a countable index set, H a Hilbert space and (e;) € H' a
Riesz sequence with bounds A, B > 0, i.e.

Alle]]* < (Ge,c) < Blle[” (5.9)

for all ¢ € £2(I), with corresponding Gramian G. Then G is invertible on ¢(*(I) with G~*
satisfying

1 _ 1
Slel? < (G7le,e) < el (5.10)

for all ¢ € (?(I). Moreover, the optimal upper bound in (5.9) is |G| and the optimal
lower bound is |G|~

Proof. This follows immediately from Lemma 5.1.17 and Theorem 5.1.12. O

There is also a reconstruction result in the spirit of Corollary 5.1.13. In the following,
we denote the i-th unit vector of £2(I) by u;.

Theorem 5.1.21. Let I be a countable index set, H a Hilbert space, (e;) € H! a Riesz
sequence, G its corresponding Gramian operator and D its corresponding synthesis oper-
ator. Then (DG~'w;) is also a Riesz sequence and its corresponding Gramian operator
is G~1. Furthermore, we have the biorthogonality condition

<€i,DG71Uj> = 5ij (5.11)

where 4,7 € I and 6 1s the Kronecker della. Finally, we can reconsiruct any f €
span{e; }ier via:
f= Z(fv DG u)e; = Z<f, e;)) DG 1w,
icl iel
Proof. Let A, B > 0 be bounds for the Riesz sequence (e;). Then Theorem 5.1.20 implies
that . ,
Bl <(G7e.c) < el (5.12)

for all ¢ € ¢2(I). Moreover, we have

H ZCiDG_luin = <Z ciDG_lui, Z cZ-DG_lui> = <DG_1C,DG_1C>

i€l el el
fheoran 513 (g-1e, DG~ e) = (Gle, GG Le) = (G e,c).

Together with (5.12) this yields

ICHQ < —lel?

e

Z ¢; DGy,

el
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5.1 Frame theory

and thus (DG~ 'u;) is a Riesz sequence. Denoting its corresponding Gramian by G, we
get

(éC)Z = <chDG*1uj,DG*1ui> = <DG*1(:, DGilui>
jel
Theorem 513 (G-l DG w;) = (G e, GG~ M) = (G e, wi) = (G ')
for all i € I and ¢ € £2(I). Consequently,
G=aG"" (5.13)

Concerning the biorthogonality condition (5.11) we calculate for 4,5 € I:

<€Z', DG_I’LL]'> = <DUZ, DG_IUJ'> TheO’/‘e:m 513 <ui, CDG_IUJ'>
= <UZ‘,GG71UJ‘> = <ui,uj> = 5ij~

Now the only thing left to show are the reconstruction formulas. To this end, we first
show that

span{ei}ig = SpaH{DGflui}z'eL

By construction,
DG 'u; € span{e; }icr

for all j € I and thus

span{ DG~ u;}icr C span{e; }bier-

Concerning the other inclusion, we note that

Z(Gui)jDG_luj = DG_IG’LLZ' = €4,
Jjel

where the first sum is well-defined as Gu; € ¢?(I) for all i € I. Consequently,

span{e; }icr € span{ DG u; }ier.
Now in order to simplify the notation we define
gi = DGl
for i € I. Finally, for f € span{e;}ic;r and i € I we have
(F=SUF aesg) = (.90 = S (Frg)eseg) P2 (Fr0) — (frg0) =0
jeI jel

and as

Span{ei}iel = Span{gi}iel
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this yields

i€l
Analogously,
(F=S(fregpen = (e = S (Freggen "2 (fre) = (frer) = 0
Jjel jeI
and thus

[= Z<fv ei>gi' O

i€l

Definition 5.1.22. Let I be a countable index set, H a Hilbert space, (e;) € H a
Riesz sequence, G its corresponding Gramian operator and D 1its corresponding synthesis
operator. Then (DG~ 'w;) is called the canonical dual Riesz sequence to (e;).

Remark 5.1.23. At this point we should again compare the last result with the corre-
sponding result for frames: In the case of frames, the reconstruction formula holds for
the whole Hilbert space, in the case of Riesz sequences, it only holds for the Hilbert space
generated by the Riesz sequence (which is in general not the whole Hilbert space as we
have seen for example in Example 5.1.19). On the other hand, a Riesz sequence and
its canonical dual satisfy the biorthogonality conditions (5.11) (see also the discussion in
Remark 5.1.15) which is not necessarily the case for frames.

Remark 5.1.24. In the picture of the preceding comparison between frames and Riesz
bases, we want to look again at the case of orthonormal bases: Every orthonormal basis
is a frame with corresponding bounds A = B = 1. However, there are examples of frames
with bounds A = B = 1 where the frame elements are not orthogonal to each other (see
[37, Example 5.1.4 (ii)]). On the other hand, it is also true that every orthonormal basis
forms a Riesz sequence with bounds A = B = 1. Still, a Riesz sequence with bounds
A = B = 1 does not have to be an orthonormal basis because there is no guarantee
that it spans the space (see Example 5.1.19). But in this case, the elements form an
orthonormal system, i.e. (e;, e;) = d;; for ¢, j € I. This follows immediately as (e;) is the
image of (u;) (which is an orthonormal basis) under the synthesis operator D and in the
case A =B =1, D is an isometry.

A Riesz sequence satisfies a strong form of linear independence, which follows imme-
diately from (5.8). Consequently, if a Riesz sequence is also a generating system, i.e.
span{e; }ier = H, it forms a (Schauder) basis. This motivates the following:

Definition 5.1.25. Let I be a countable index sel, H a Hilbert space and (e;) € H! a
Riesz sequence. If (e;) is a generating system of H, then (e;) is called a Riesz basis.

We close this chapter with the result that the invertibility of the Gramian operator
implies being a Riesz sequence.

82



5.2 Gabor systems

Lemma 5.1.26. Let H be a Hilbert space and S: H — H a positive operator which is
wnwertible on H. Then for all f € H holds:

15717 A1 < (S5 £) < IS (5.14)

Proof. The upper inequality follows immediately from

(S < ISFILLN < NSIIFIZ. (5.15)

For the lower inequality we use the same arguments as in Theorem 5.1.12, replacing S~}
by S: Theorem 5.1.11 yields a positive operator T: H — H such that 72 = S~!. Then
self-adjointness of T and (5.15) applied to S~ yield

IFI* = (ST'Sf,87ISf) = (T°Sf, TS f) = (ST'TSf,TSf)
<|[STHNTAZ = |STHTSFTSF) = ||STH|(SF, £)-

Consequently,
IS~ AP < (S5, 0

Theorem 5.1.27. Let I be a countable index set, H a Hilbert space and (e;)icr € H!
a Bessel sequence. If the Gramian operator G corresponding to (e;) is invertible on H,
then (e;) is a Riesz sequence.

Proof. As G is positive due to Lemma 5.1.17, we can apply Lemma 5.1.26 and together
with (5.7) this yields that (e;) is a Riesz sequence. O

5.2 Gabor systems

We now turn to a specific class of frames and Riesz sequences. Namely those which
consist of a function and some time-frequency shifts of it. This provides the connection
between frame theory and Chapter 4.

Definition 5.2.1. Let A C R?? be a lattice and g € L*(R?). Then
G(g,A) = {m(A)g}rea
1s called the Gabor system associated to g.
Remark 5.2.2. One should remark at this point that there is also a theory of Gabor
systems over any countable set A C R2? (not necessarily a lattice) (see e.g. [40, Chapter

5]). Such Gabor systems are usually called irregular Gabor systems. However, we will
only consider Gabor systems over lattices.
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5 Gabor analysis

Definition 5.2.3. Let A C R?? be a lattice and g € L*(R%).

e IfG(g,A) is a Bessel sequence, we denote the corresponding operators C, D, S and
G (see Section 5.1) by Cy, Dy, Sg and G,.

e G(g,A) is called a Gabor frame if it is a frame.

e G(g,A) is called a Gabor Riesz sequence if it is a Riesz sequence.

Remark 5.2.4. In the context of above, the analysis operator C; can be expressed using
the STFT (see Definition 3.1.8):

(Cof)x = (Fim(N)g) = Vo f (V)
for all A € A and f € L?(RY).

The first thing we want to show is that Gabor systems fit nicely into the context of
frames and Riesz sequences: If we have a Gabor frame then the canonical dual frame is
also a Gabor frame and the same happens for Riesz sequences. However, before we prove
this we need an auxiliary result concerning the Gramian operator. This actually yields
the first direct connection to Chapter 4.

Lemma 5.2.5. Let A C R?? be a lattice and g € L?(RY). We consider the sequence a
defined as

ax = (g,m(\)g)-
Then G4 = Ra, where Ry is the operator from Definition 4.2.5, as bounded operators on

I12(A) as soon as one of them is well-defined. In particular, if Gy 1is invertible, then a is
wnvertible.

Proof. Let ¢ € (?(A). Then

(Gyo)n = (D eum(m)g, 7(Ng) = culm(p)g, m(N)g)

HEA HEA
_ Z C#<g, e_%i‘“'“Q?T(—,u)W()\)g) — Z Cu<97 e—zmﬂl'lﬂe%ml')\%r()\ —1)g)
HEA HEA
=D cue PO (g (N — p)g) = D cuar- e TR TR) < (cha),
HEA BEA

(),

A
which yields the first claim. The last claim then follows immediately from Lemma 4.2.7.
O

Theorem 5.2.6. Let A C R2? be a lattice and g € L*(RY).

(i) IfG(g, ) is a Gabor frame with corresponding frame operator Sy then its canonical
dual frame is given by Q(Sg_lg,A).

(i1) If G(g,A) is a Gabor Riesz sequence with corresponding Gramian operator G4 and
synthesis operator D, then its canonical dual Riesz sequence is given by Q(DgGgluo, A).
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5.2 Gabor systems

Proof.
(i) By definition the canonical dual frame is given by
-1
(Sy ' m(N)g) yen s

so if we can show that S, ! commutes with time-frequency shifts from the lattice,
we are done. To this end, let A € A and f € L*(R%). Then

W(S\)ilsgﬂ(j\)f = 77(;\)71 Z <7T(5\)f, T(N)g)m(N)g

AEA
=N (7 (V) £ aNg)m(A) " r (Vg
AEA
Lemma 3.1.5 Z <f, 7[‘(5\)_17T()\)9>7T(5\)_17T()\)g
AEA
Lemm:a 3.1.7 Z <f, 6_27”'5\15\271'( N S\)W(A)g>e—2m:\1'5\2ﬂ-( _ 5\)71'()\)9
A€EA
= Z (f,m(— ;\)ﬂ()\)g>7r( - S\)F(/\)g
AEA
Lemm:a 3.1.7 Z <f; 627r7i5\1-)\27r(/\ _ 5\)9>e27ri;\1-)\27r()\ _ 5\)9
AEA
=" (fin(A = Ng)m(A — N)g
AEA
PENT(f o ()g) w(1)g = Sof.
HEA

which shows that S, commutes with time-frequency shifts from the lattice and so
does S L

(ii) By Definition 5.1.22 the canonical dual Riesz sequence is given by
-1 —1
(DgGg UA))\ = (Z (Gg UA)MW(“)Q)/\GA‘
BEA
We show that this sequence coincides with G(DyG  ug, A): For A € A we have
(N DyGylug = w(A) Y (G;luo)ﬂ(ﬂ)g =Y (Gg_luo)uﬂ'()\)w(,u)g

BEA BEA

= 3 (G5 ), e + g
HEA

ﬂ:é"mu« Z (Gg_luo)[h)\ e—Qﬂiz\l-(ﬂ—/\)zﬂ_('&/)g‘
e

So if we can show that

(Gy ur)y = (G ug)u—re 22z
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for all 4 € A, then

W(A)DgGg_lUO = Z(G;UA)MW(N)Q = DgGg_I“A'

HEA
To this end, we use Lemma 5.2.5: As G is well-defined and invertible, a~! exists
and G;l = R,-1, where a is the sequence from Lemma 5.2.5. Consequently,
(G;IUA)N = (Ra—luk)# = (uk s a_l)u = a;i/\e—%”‘)\l'(u—kh
= (Ra—luo)u,Ae‘zﬁiAl'(“_A)Q _ (Gg—luo)u%e_zmxl-(u—m. 0

Definition 5.2.7. Let A C R?? be a lattice and g € L2(R?) such that G(g,A) is a Gabor
frame. Then g = S;lg s called the dual window corresponding to g. Analogously,
if G(g,A) is a Gabor Riesz sequence, then § = DgGg_lug s called the dual window
corresponding to g.

In the context of Gabor systems, there is a duality between frames and Riesz sequences.

Definition 5.2.8. Let A C R?? be a lattice, i.e. A = AZ*? for some A € GL(2d,R).

e The volume of A is
vol(A) == |det(A)].

e The density of A is
§(A) = vol(A)~t.

e The adjoint lattice A° of A is
A° = JAiTZQd,
where J is the standard symplectic matriz (see Definition 3.2.3).

Theorem 5.2.9. Let A C R?? be a lattice and g € L2(R?). Then G(g,A) is a frame with
frame bounds A, B if and only if G(g,A°) is a Riesz sequence with corresponding bounds
vol(A)A, vol(A)B.

There were several people involved in the development of the duality theory (e.g.
Wexler and Raz [41] or Ron and Shen [42]). The version for general lattices as formulated
above was first proven by Feichtinger and Kozek in [43].

5.3 Applications to Gabor analysis

In this section we apply the counterexamples concerning norm-controlled inversion we
constructed in Chapter 4 to the theory of Gabor frames and Gabor Riesz sequences. The
windows we consider here are taken from the space M'(R?), which is not a problem as

MY (R?) ¢ M*(R?) = L*(RY)
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by Theorem 3.3.9 and so we can apply the theory from Chapter 5. Throughout this
section we assume that the involved modulation spaces are defined using a fixed window
¢ € S(R?) and mention any dependence explicitly. We start by collecting some theorems
which show that M!(R?) is a reasonable space for choosing windows in Gabor analysis.
The first one shows that all the operators from Gabor analysis are automatically bounded
if the window is in M (R?).

Theorem 5.3.1 (Lemma 2.4, [31]). Let A C R?? be a lattice and g € MY (RY). There
exists Ky 4 > 0 (independent of g) such that the analysis operator Cy and the synthesis
operator Dy corresponding to G(g, ) satisfy

1Cfllr < Kngllglar |l fllan

and

[1Dgallarn < Kagllgllan el

for all f € MY(R?) and a € £*(A). In particular, Cy: M (RY) — £1(A) and Dy: £1(A) —
MY(R?) are bounded.

The next theorem is part of a result by Gréchenig which gives several criteria for the
invertibility of the Gabor frame operator for M!-windows.

Theorem 5.3.2 (Lemma 3.1, [31]). Let A C R?? be a lattice and g € M (RY). Then the
following are equivalent:

e G(g,A) is a frame

e S, is invertible on L*(RY)
e S, is invertible on M (R?)
G(g,A°) is a Riesz sequence
o Gy is invertible on (?(A°)

o Gy is invertible on (1 (A°)

Moreover, we need an existence result for orthonormal Gabor systems. To this end,
we refer to a recent existence result for frames.

Definition 5.3.3. Let A C R?? be a lattice, i.e. A = AZ*? for some A € GL(2d,R). A
1s called rational if

o(Au;, Auj) € Q

for alli,5 € {1,...2d} with i # j where o is the symplectic form from Definition 3.2.1.
Otherwise, A is called non-rational.

Theorem 5.3.4 (Theorem 5.4, [44]). Let A C R?? be a non-rational lattice with vol(A) <
1. Then there exists f € M'(R?) such that G(f,A) is a tight Gabor frame.

Using this result, we can easily deduce an existence result for orthonormal Gabor
systems.
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Corollary 5.3.5. Let A C R?? be a non-rational lattice with vol(A) > 1. Then there
exists f € MY (RY) such that G(f,\) is an orthonormal system.

Proof. As
vol(A°) = ’det (JA_T)’ = vol(A)~?

we get vol(A°) < 1 and thus by Theorem 5.3.4 we can find g € M*'(R?) such that G(g, A°)
is a tight Gabor frame with some frame bound A > 0. Consequently, G(vol(A)/2A=1/2g, A°)
is a tight frame with frame bound vol(A). But then the duality theorem Theorem 5.2.9
yields that G(vol(A)/24=1/2g A) is a tight Riesz sequence with bound 1, which is an
orthonormal system by Remark 5.1.24. O

Now we are ready for the final results. We show that in general it is not possible
to control the M!'-norm of a dual window § with the M!-norm of the window g itself
and the Riesz sequence or frame bounds. We start with the corresponding qualitative
statement, which is indeed true.

Theorem 5.3.6. Let A C R?? be a lattice and g € M (RY) such that G(g,\) is a Gabor
frame or a Gabor Riesz sequence. Then, in either case, the corresponding dual window
g€ MY (RY).

Proof. First, assume that G(g,A) is a frame. Then, due to Theorem 5.3.2, the corre-
sponding frame operator Sy is invertible on M L(R%). Consequently, § = Sy lg € MY (RY).
Second, if G(g,A) is a Riesz sequence, then, due to Theorem 5.3.2, the corresponding
Gramian operator G, is invertible on ¢'(A). Moreover, Theorem 5.3.1 implies that the
synthesis operator D, maps from ¢(A) to M*(R?). Thus, § = DyG lug € MY(RY). O

Remark 5.3.7. Theorem 5.3.6 was a famous conjecture which originally has been proven

by Grochenig and Leinert in [32, Theorem 4.2].

However, as already mentioned above, the quantitative statement is wrong. The fol-
lowing two results are original contributions.

Definition 5.3.8. Let A C R?? be a lattice and A, B > 0. R(A, B,\) denotes the set
of all g € MY (R?) such that G(g,A) is a Riesz sequence with (not necessarily optimal)
bounds A and B.

In the following two theorems we use the notation Ay = A[—N, N]?¢ whenever A C
R?? is a lattice with generating matrix A € GL(2d,R), i.e. A = AZ?? and N € N.
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Theorem 5.3.9. Let A C R?*? be a non-rational lattice with vol(A) > 1 and generating
matriz A € GL(2d,R) and f € MY (R?) be such that G(f,A) is an orthonormal system

sl
(see Corollary 5.3.5). Then for ||Vuflpn < M < 2|Vyfllz1 and N > 3%

1 1
sup { Vil 1 - m(A)f:geR(,,A),
Va2 M2 Ve £,

AEA
1Vagllzr <1 and supp(a) C Ay}
lo. (N)2
9 < L+ [T Toalon(hTe )
1+

>
10K (2 M > log(N) 2
Vo flip1 ) log(log(NV))8

where Ky ¢ > 0 is the constant we get from Theorem 5.5.1.

Proof. The central idea is to use Corollary 4.3.15. To this end, we need to identify an
invertible a € ¢1(A,h) satisfying |jall1 < 1 with a window h € M*(R?) constituting a
Gabor Riesz sequence. We do this by defining

a)f =Y axt(N)f

In order to show that G(h, A) is a Riesz sequence we use Theorem 5.1.27 and Lemma 5.2.5
according to which it suffices to show that the operator R, where b is given by by =
(h,m(A)R), is bounded and invertible on £2(A).

by = (b (V) = (Y aurn(p)f. ) avr(Na(w)f) = Z Za@ (m(w) f,m (N7 () f)
12 v
=22 au@(n(p)f.e TN (A + ) Z Z @@y e ™ () f (A + v) f)

Using orthonormality we get

Z Z aume%ri)\yl& <7T(M)f7 7T()\ + I/)f> = Z aﬂiau_AeQTri)\l-(u—Ah
uwoov

m

and then the definition of the involution * (see Definition 4.1.7) yields

Zaumegm‘xl.(u—x)z _ Zau (a*)A 2TiA—)1-(A=p)2 27iA1 - (=N)2
H M

=S (), et — (aFa,
u

So b=afa* and as a € £1(A) is invertible it follows that b € ?Y(A) and b is invertible as
a product of invertible elements. Consequently, R is bounded and invertible on £2(A)
by Lemma 4.2.6 and thus G(h,A) is a Riesz sequence with corresponding Gramian

Gh = Ry. (5.16)
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Moreover, we know from Theorem 5.2.6 that the dual window A is given by
h = DyGyug = m(Gy  ug)h = (Rbfluo) h=rb")h
=m((@®) ' Fa (@) f T 1 (@) ) (o) r(a)
= (@) £ =3 (@m0,

AEA

Using the bound |[ja|| < 1, we get

> CWT()\)f‘

A€A

Th 3.3.9
<Y laallm ) fllae 7 el Flla < 1l
M1 AEA

1l a1 =

Furthermore, orthonormality immediately implies that

(Crhs = (RN f) =3 (7)) (w(u) £ (N f) = (a1,

HEA

and hence Theorem 5.3.1 yields

la = || (@I, = [[Crhl, < Kagllfllar [Blla.

Thus
’ la=s

Kpgllfllan

Finally, the Riesz sequence bounds are given by

2l arr >

Th 5.1.20 (5.16) || 5 L 426 11/ \* 5
B, = Gl = HRaEaI B(¢2) = H(Ra) RGHB(EQ)
52
- HRaHB(p) <alf <1
and analogously
Th 5.1.20 —11-1 ~o\—1—2
Ay T Gy M52y = | (Ra) HB(@)'
Thus, a normalized version
1
9= h
11l
satisfies ||g||yn <1, 1
. lla™ "1y
Jalhe = T
and the corresponding Riesz-sequence bounds are given by
1
B, <
FiT
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5.3 Applications to Gabor analysis

and

Ag = (|(Ra) ™ | Fllar) 2

Consequently, an application of Corollary 4.3.15 immediately yields

sup {[Vidlls - S axm(N)f =g € R ( ! ! ,A),

NeA IV flI2 02 Ve fli7s
IVsgllr <1 and supp(a) C Ay}

1
~ log(N)2
> J ( 1+M10g(zlgog(N))6 )
~ 10K ~ o 5
MM+ 2= M)ty

- 5 -
forl< M <2 amd~ N > 3%2¢° | The claimed result then follows from renormalizing M
via M = ||V fll 1 M. O

Using the duality theorem (Theorem 5.2.9) we immediately obtain the corresponding
statement for frames.

Definition 5.3.10. Let A C R?? be a lattice and A, B > 0. F(A, B,A) denotes the set

of all g € MY (RY) such that G(g,\) is a frame with (not necessarily optimal) bounds A
and B.

Theorem 5.3.11. Let A C R?? be a non-rational lattice with vol(A) < 1 and gener-
ating matrizv A € GL(2d,R) and f € M*(R?) be such that G(f,\) is an orthonormal

system (see Corollary 5.3.5). Then for \/vol(A)||[Vsf|p1 < M < 24/vol(A)||Vyfllpr and
5
N > 326e

1 1
Sup{HV¢gH aym(A f—ge]—"(,,A),
i) 2 VN[V T2,
IVsgllLr <1 and supp(a) C AN}

log(INV) 2 b

S 9 < \/vol \V¢f||L1 log(log(IV))°®
- 10KA7¢ M ]og(N)%
]. + (2 \/VO] HV(Pf”LI ) lOg(lOg(N))b'

where Ky ¢ > 0 is the constant we get from Theorem 5.5.1.

Proof. As vol(A) < 1 we have vol(A°) > 1 and thus we can apply Theorem 5.3.9.
Moreover, Theorem 5.2.9 yields that

1 1 1 1
geR< AO><:>ge]-"< — ,A).
2 Ve fI2, vol(A) M2 vol(A)[|[Vefl17.
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5 Gabor analysis

These two statements immediately yield

1 1
sup 1 ||Vsdl| 1 : axt(\)f=g€F =L A
p {1 AZ; N =9 <vol(A)M2 vol(A)[[Va £12, >

1
M log(N)?2
.9 ( L VT, TogtlostN)®
B 1OKA,¢ M log(N)%

1+ (2_ HV¢f||L1)

log(log(NV))®

for [[Vofllp < M < 2||[Vsfllr and N > 32¢° The claim then follows by renormalizing
M via M = \/vol(A)M. O
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Zusammenfassung

Ziel dieser Arbeit ist es, das Problem von Inversion mit Normkontrolle in ¢*(Z, ) zu
beleuchten. In den spaten Neunzigerjahren zeigten El-Fallah, Nikolski und Zarrabi, dass
die Norm einer Folge a € ¢!(Z, *) und eine untere Abschitzung der dazugehdrigen Fouri-
erreihe nicht genug sind, um die Norm von a~! zu kontrollieren. Selbiges funktioniert
jedoch, wenn man die Norm mit einem geniigend schnell wachsenden Gewicht versieht.
Im ungewichteten Fall bewiesen El-Fallah, Nikolski und Zarrabi eine untere Schranke
fiir das Wachstum der Inversen, welche beliebig grof wird, wenn die Anforderung an die
zugehorige Fourierreihe zu schwach ist.

Wir verallgemeinern diese untere Schranke, indem wir auch den Trager der involvierten
Folge beriicksichtigen. Eine Anwendung dieser neuen Abschitzung liefert eine untere
Schranke fiir das Wachstum der Inversen in einem gewichteten Fall, die nicht aus den
Argumenten von El-Fallah, Nikolski and Zarrabi folgt.

Weiters transferieren wir die Resultate zur verdrehter Faltung, einer Struktur, die
fiir das Gebiet der Zeit-Frequenz-Analyse von grofer Bedeutung ist. Damit kénnen wir
unsere Resultate auch auf die Theorie der Gabor-Analyse anwenden. Wir zeigen dort,
dass es im Allgemeinen nicht méglich ist, die M'-Norm eines dualen Fensters mit der
M'-Norm des urspriinglichen Fensters und den Schranken des aufgespannten Frames
beziehungsweise der aufgespannten Riesz-Folge zu kontrollieren.
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