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Zusammenfassung

Probleme, die sich durch das Z#hlen von ganzzahligen Punkten in Polytopen l6sen
lassen, treten in den unterschiedlichsten mathematischen Gebieten auf. Es ist das An-
liegen der vorliegenden Arbeit, einige Methoden darzustellen, mit denen diesen Abzihl-
problemen begegnet werden kann.

Die ersten Untersuchungen, die sich dezidiert mit dem Abzihlen von ganzzahligen
Punkten in Polytopen auseinandersetzen, finden sich in Arbeiten von Eugene Ehrhart
aus den 1960er Jahren. Ehrhart betrachtete Streckungen von rationalen Polytopen um
einen positiven ganzzahligen Faktor. Dabei entdeckte er, dass die Anzahl der ganz-
zahligen Punkte in diesen Streckungen durch ein Quasi-Polynom im Streckungsfaktor
berechnet werden kann. Wéahrend wir uns im ersten Kapitel mit einer kurzen Ein-
fithrung in die Polytoptheorie begniigen, die als Grundlage fiir die weiteren Betrach-
tungen dienen soll, wenden wir uns im Anschluss eingehend der Ehrhart-Theorie zu
und liefern eine Darstellung ihrer wichtigsten Resultate.

Unter einem allgemeineren Blickwinkel kann man die Anzahl der ganzzahligen Punkte
in Polytopen betrachten, die durch unabhéngige Parallelverschiebung der Randflichen
eines Polytops entstehen. Mit Hilfe der Theorie von "vector partition functions” lassen
sich die Resultate der Ehrhart-Theorie fiir diese Polytope verallgemeinern.

Vor dem Hintergrund der Arbeit von Wolfgang Dahmen und Charles A. Micchelli [6]
die im Zuge ihrer Untersuchungen von ”box splines” auf "vector partition functions”
gestoen sind, fithren wir im dritten Kapitel einen elementaren Beweis fiir eine Verall-
gemeinerung von Ehrharts Satz. Wéhrend der Ansatz von Dahmen und Micchelli auf
den Eigenschaften von splines beruht, fuit unser Beweis auf geometrischen Betrach-
tungen und macht sich die Eigenschaften von Polytopen zunutze. Mit diesen Mitteln
konnen wir schlieflich eine stirkere Version des Satzes aus [6] beweisen. Diese Variante
wurde bereits von Andras Szenes und Michele Vergne in [25] mit Hilfe von Methoden

der Komplexen Analysis gezeigt.






Abstract

Problems that may be approached by counting integral points in polytopes occur in
many mathematical fields. It is the objective of the present thesis to provide methods
that enable us to face these problems.

The first attempts that explicitly dealt with the issue of counting integral points in
polytopes were made by Eugene Ehrhart in the 1960s. Ehrhart concerned himself with
integral dilations of rational polytopes. In doing so, he discovered that the number of
integral points in these dilated polytopes may be computed by a quasi—polynomial in
the dilation factor. While we content ourselves with a short introduction to the theory
of polytopes in the first chapter we will subsequently engage in a more detailed study
on Ehrhart Theory that will provide us with a description of its most important results.

From a more general point of view, it is convenient to examine the number of integral
points in polytopes that result from independent parallel motions of the bounding
hyperplanes of a given rational polytope. By means of the theory of vector partition
functions, it is possible to generalize the results of Ehrhart Theory in order to apply
them to this type of problem.

Based on an article of Wolfgang Dahmen and Charles A. Micchelli [6] who came across
vector partition functions in the course of their investigation on box splines, we will
establish a proof of a generalization of Ehrhart’s Theorem in chapter three. While the
approach of Dahmen and Micchelli relies on properties of splines, our proof is based on
geometrical considerations and makes use of properties of polytopes.

Eventually, we may, in this wise, provide a proof of a more general version of the
theorem given in [6]. This result has already been achieved by Andras Szenes and

Michele Vergne in [25] by means of complex analysis.
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Introduction

A polytope is a bounded convex subset of R™ enclosed by a finite number of hyper-
planes. Two—dimensional convex polygons and three—dimensional convex polyhedra,
for instance a cube or a pyramid, are examples of polytopes. More precisely, a rational
polytope can be described as a set P = {& € R" : Az < b}, specified by an s x n
integer matrix A and an integer vector b € Z°*. The aim of this thesis is to investigate
the number of integer points, i.e. points with integral coordinates, inside the polytopes
which are obtained by varying the vector b in Z® while the matrix A is fixed. That is

to say, we study the counting function
DA(b) =#{z€Z": Az< b}. (0.1)

Problems that may be approached by counting integral points in polytopes occur in
various mathematical areas. Coin problems in Number Theory [1], the designation of
the number of contingency tables in Statistics [13] or the computation of Grobner bases
of toric ideals in Commutative Algebra [24] may be adduced as instances. Techniques
for counting lattice points in polytopes are also useful for precise program analysis
in Theoretical Computer Science [15], for counting integer flows in networks in Net-
work Theory [2], or for solving integer programs in the area of Operations Research
[17]. Moreover, many combinatorial structures can be counted as integral points in
rational polytopes and may therefore be considered in a unified framework. Gelfand
Patterns [20], Littlewood—Richardson coefficients [21], linear codes and combinatorial
designs [14], magic squares [22] and alternating sign matrices are a few examples of
such structures.

Astonishingly, the first and best known theory which explicitly deals with integral—
point enumeration in variable rational polytopes goes back to the work of Eugene
Ehrhart in the 1960s. Ehrhart concerned himself with integral dilations of rational
polytopes. In other words, he studied the counting function (0.1) in the case that the

vector b changes in a single integral factor, i.e. b = tw for a fixed vector v € Z° and



arbitrary non-negative integers t € Z>g. Now, a function f : Z — C is called a quasi-
polynomial if there exist a non—negative integer p and polynomials fy, fi,..., fp—1 such
that f(t) = fi(t) if t = ¢ (mod p). The minimal integer p with this property is said to
be the period of the quasi—polynomial and the degree of f is defined as the maximum
degree among the polynomials fo, f1,..., fp—1. Ehrhart’s seminal theorem states that
the number of integral points in the dilated polytopes tP = {x € R" : Az < tv}
may be computed by a quasi—polynomial in the dilation factor ¢, the so called Ehrhart
quasi—polynomial of the polytope. The degree of this quasi—polynomial equals the
dimension of the polytope while its period divides the least common multiple of the
denominators of the coordinates of the vertices of the polytope. An intriguing and
unexpected application of the Ehrhart quasi—polynomial is that it enables us to calculate
the volume of a rational polytope discretely, by counting integral points. Another
interesting fact is that the evaluation of the Ehrhart quasi—polynomial at negative
integers yields the number of the integral points in the interior of the polytope dilated
by the absolute value of this integer. This reciprocity relation had been conjectured
and proved in several special cases by Eugéne Ehrhart about a decade before I. G.
Macdonald found a general proof in 1971 [18]. There are still many open questions
related to Ehrhart quasi—polynomials and Ehrhart Theory is still an active source of

research. A number of related open problems is presented in [3].

While the Ehrhart Theory is well known by now and there are several books and
lecture notes on various topics that include chapters on this theory, it is relatively
unknown that there exist similar results for the general case considering the vector b
in (0.1) a variable in Z°. Geometrically speaking, this means we will not only consider
the number of integral points in integral dilations of a rational polytope, but also
the variation of the number of integral points when the bounding hyperplanes of a
polytope are changed by independent parallel motions. Now, from another point of
view, by introducing slack variables, one may equivalently to (0.1) consider a function
that counts the number of ways in which a variable vector b € Z® can be written as
a non—negative integral linear combination of the column vectors of an s X d matrix
A’ of full rank s < d. By means of the theory of vector partition functions, one can
prove that there exists a finite decomposition of the vector space R® into regions, called
the chambers of A, such that the function ®4(b), as defined in (0.1), agrees with
a multivariate quasi—polynomial in b € Z°® on each of these chambers. The degree
of these multivariate quasi—polynomials equals d — s which is, at the same time, the

dimension of the polytope Pa/(b) = {z € R : A’z = b}. Moreover, if we consider



neighboring chambers, the corresponding quasi—polynomials coincide along a strip near
their common boundary. This provides a generalization of Ehrhart’s Theorem and it is
the final objective of this thesis to give a basic proof of this theorem. This result and
slightly weaker assertions have already been proved by several different methods and
different approaches, c.f. [6],[23],[5],25],[8]. Nevertheless, by now, it is rather hard to
find literature on vector partition functions. Surprisingly, the only book we found that
contains a survey on this nice counting problem is entitled "Box Spiles”.

Eventually, some comments refering to the structure of the thesis at hand.

In order to keep this thesis self-contained, we start with a brief introduction to the
basics of polytope theory in the first chapter. Then, we introduce the notation of quasi—
polynomials and examine the relation between these functions and rational generating
functions. Since the material of these sections is only preliminary, it may be skipped
or can be consulted on demand.

Our second chapter provides a detailed exposition of the Ehrhart Theory. We carry
out the proof of Ehrhart’s Theorem for rational polytopes and give a basic proof of the
Ehrhart-Macdonald Reciprocity that appears in [4]. Furthermore, we study the con-
nection between the volumes of polytopes and coefficients of Ehrhart quasi—polynomials
and discuss some facts about the period of Ehrhart quasi—polynomials. As an example
for an application of Ehrhart Theory, we study the number of restricted partitions of
an integer.

Finally, the third chapter is devoted to a generalization of Ehrhart’s Theorem. By
means of vector partition functions, we may not only study the number of integral points
in integral dilations of a polytope, but also the number of such points in polytopes that
result from independent parallel motions of the facets of a given polytope. Based on
an article of Wolfgang Dahmen and Charles A. Micchelli [6], who came across vector
partition functions in the course of their investigation on box splines, we will establish
proof of a generalization of Ehrhart’s Theorem to the setting of these polytopes. It
is worth pointing out that the article [6] includes a result that can be considered as
a generalization of Ehrhart-Macdonald Reciprocity. In this context, we provide an

interpretation of the according theorem in terms of variable polytopes.



Chapter 1
Preliminaries

1.1 Basic Notation

First of all we like to clarify some notations that we use in the thesis at hand.

For a non-negative integer n € Z>o, we denote the vector space of all column vectors
of length n with real entries by R”. In the same manner, we denote by Z" the subset of
all vectors with integral entries in the vector space R™. Such vectors are called integral
points or integer vectors.

Subsequently, bold letters shall denote column vectors in R™ and represent affine
points, while italic letters stand for real numbers. Accordingly, we denote the i—th
coordinate of a vector € R™ by x;, while x; stands for the i—th element of an indexed
family of vectors. When we need to refer to the i—th coordinate of the j—th element of
an indexed family of vectors, we write (x;);. The i-th element of the standard basis of
R"™, i.e. the vector with a one in the i—th coordinate and zeros elsewhere, is denoted
by e;. Moreover, the vector with all entries zero is denoted by 0. If each coordinate of
a vector ¢ € R” is equal to or greater than the corresponding coordinate of the vector
y€R" ie. x; > y; for all 1 <i < n, we write z > y. Accordingly, we denote by RY
the set of all vectors in R” where all coordinates are given by non—negative reals.

Another basic notation that occurs frequently throughout the text is the greatest
integer—function |z, which denotes the greatest integer less than or equal to a real
x € R, and the fractional part {x} := x — |z|. As usual, we denote by |z| the absolute
value of a real number z, and sgn(z) gives the sign of the real x.

We write |J M for the union of all elements of a set M. The set theoretic difference
of two sets A and B, denoted A\B, is the set of all elements which are members of A,

but not members of B.
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1.2 A Short Lecture on Polytopes

The aim of this section is to give a brief insight in the theory of polytopes, focusing
on terms that form the bases of the upcoming chapters. As the headline suggests, the

following outlines are mainly based on Giinter Ziegler’s book [26].

1.2.1 Finite-Dimensional Real Vector Spaces

We start with a review of some basic concepts of finite-dimensional real vector spaces,

in which we will point out the analogy between linear, affine and convex subsets.

Linear Combinations and Linear Spaces

A linear combination of elements x, . .., g € R" is a vector of the form Az +. ..+ gz
for reals A1,...,Ag € R, and a family of vectors 1, ..., x4 is called linearly independent
if and only if the only possible choice of reals A1, ..., Ay € Rsuch that Ayz1+.. .+ \gzg =
Oisgiven by A1 = ... =Xy =0.

A non—empty subset L C R" is called a linear space or linear sub—space of R™ if and
only if any linear combination of vectors from L lies again in L.

Given a subset M C R", the linear hull of M or, for short, span(M), is the set of all
linear combinations of elements of M, and span(M) is the smallest linear sub—space of
R"™ containing the set M.

A linear basis of a linear sub—space L C R” is a set of linearly independent elements
x1,...,o; € L such that L = span(x,...,x). It is a well known fact that k is then
the maximum number of linearly independent elements in L. Thus, k is said to be the

dimension of L, short dim(L).

Affine Combinations and Affine Spaces

An affine combination of elements x, ..., x; € R™ is a vector A\jx; + ...+ Agxg where
A1, ..., Ag stand for reals with the property that the sum Z?:l A= 1.

A family of vectors xi,...,x; is called affinely independent if and only if the only
reals A1,...,A\g € R with Zle Ai = 0 such that Mz + ... + A\gxg = 0 are given by
Al = ... = Ag = 0. Note that the affine independence of the vectors xi,...,xyg is
equivalent to the linear independence of the family x; — @, ..., T — &, i1 — @,

.., &g — x;, for any fixed index 1 <7 < d.
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We call a non—-empty subset A C R™ an affine space or an affine sub—space of R™ if
and only if any affine combination of elements of A is also contained in A. It is easy
to see that any affine sub—space is a translate of a linear sub-space, i.e. A =x+ L for
some x € R™ and some linear sub—space L C R™. If A; and A5 are affine sub—spaces of
R™ such that A; C As, then A; is called an affine sub—space of As.

Given a non—empty subset M C R", the affine hull, aff(M), is the set of all affine
combinations of elements of M, and as such the smallest affine space containing M.

An affine basis of an affine space A C R" is a family of affinely independent vectors
x1, ..., such that A = aff (@, ..., x;). In this case it can be shown that & is the max-
imum number of affinely independent elements in 4 and the dimension of A, denoted
dim(.A), is then defined as k — 1. If an affine space A = &+ L, for a linear sub—space
of L C R™ and a vector € R", we obtain that dim(A) = dim(L). Thus, if an affine
space is actually a linear sub—space of R™, this definition agrees with the previous one.
Subsequently, by the dimension of a subset M C R™ we mean the dimension of the
affine sub-space which is spanned by M, i.e. dim(M) := dim(aff(M)).

Furthermore, we call O—dimensional affine spaces points, 1-dimensional affine spaces
lines and (n — 1)-dimensional affine sub—spaces of n—dimensional affine spaces are

hyperplanes.

Convex Combinations and Convex Sets

A convex combination of vectors xy, . .., g € R™is a vector of the form Az +. .. +\gxy,
where A1, ..., A\ stand for non—negative reals satisfying Zg:1 A= 1.

A subset C' C R" is called conver if any convex combination of vectors from C' lies
in C' as well. Observe that convex combinations are just special cases of linear resp.
affine combinations. Therefore, all linear sub—spaces and all affine sub—spaces of a finite
dimensional vector space are convex.

Given a non—empty subset M C R”™ the convex hull, denoted conv(M), is the set of all
convex combinations of its elements, and it can be shown that this is the smallest convex
set containing M. The convex hull of two points a and b € R", i.e. [a,b] := conv(a, b),
is called the line segment connecting a and b, or, the interval with endpoints a and
b. Moreover, it is easy to see that a set is convex if and only if it contains all the line
segments connecting any pair of its elements.

Up to this point the theory of convex sets could be developed in complete analogy to

the theory of linear and affine spaces. The concept of a basis has in general no analog
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for convex sets, since in general no finite set of elements of M suffices to generate
conv(M). Therefore, we define the dimension of a convex set C, for short dim(C), as
the dimension of the affine sub—space spanned by this set, i.e. dim(C) := dim(aff(C)).

If S = conv(x,..., o) for affinely independent vectors @, ..., x; € R", then each
element of the set S possesses a unique representation as convex combination of these
vectors. In this sense the family i, ..., x; is a "convex basis” for .S, and such sets are
called simplices.

A map from the vector space R™ into the vector space R given as @ +— Ax+ b, where
A denotes an n X m matrix and b a fixed vector in R™, is called an affine map. Two sets
P CR™ and Q € R™ are called affinely isomorphic, denoted by P = @), if there exists
an affine map f : R” — R™ that induces a bijection between the elements of P and Q).
Observe that an affine map maps integral points to points with integral coordinates if

and only if the matrix A as well as the vector b have solely integral entries.

Euclidean Spaces

A finite dimensional affine space whose underlying linear space is equipped with an
inner product is called an Euclidean space. Most of the sets considered in this thesis are
subsets of the n—dimensional real Euclidean space R”. In the sequel, we shall consider
the standard inner product of the vector space R™, i.e. for all pairs of vectors x and
y € R”, the inner product (x,y) := >.;-; x;¥;. An inner product exhibits positivity,
(z, ) > 0, symmetry, (z,y) = (y, z), and bilinearity, (x+ Ay, 2) = (z, 2) + A (y, 2), for
all vectors x, y, z € R™ and all reals A € R.

Observe that, denoting the row vector in (R™)* which has the same entries as the
vector & € R" by x| we obtain that the inner product (x, y) = !y, according to the
rules of matrix multiplication.

Moreover, the norm induced by the standard inner product is given by || || := /{z, ),
while the corresponding metric d(x,y) := /(x— y,z— y). The angle between two
vectors ¢ and y € R™ is defined as Z(x, y) := arccos ({(z, y) /(||| ||y]|)), and = and y
are orthogonal if and only if the inner product (x, y) = 0.

Given a linear sub-space L C R", the orthogonal complement, L', is defined as the
linear space consisting of all vectors € R™ for which the inner product (x, y) = 0,
for all elements y € L. It is a well known fact that the dimension of the orthogonal

complement of a d-dimensional linear sub—space of R" is given by n — d.
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Hyperplanes and Half-Spaces

The orthogonal complement of an (n — 1)-dimensional linear sub—space L C R” is
given by a 1-dimensional linear sub—space, i.e. there exists a vector a € R" such that
L+ = span(a). Moreover, since (L) = L, we obtain that L = {z € R" : (a, ) = 0}.

Now, recall that hyperplanes are (n — 1)—-dimensional affine sub—spaces of the vector
space R™. Accordingly, for any hyperplane H C R”™ there exists an (n — 1)—dimensional
linear sub—space L C R™ and a vector y € H such that H = y+ L. Therefore, using

the same notation as above, we obtain that the hyperplane

H=y+{zeR":(a,2) =0} ={x e R": (a,z— y) =0}
={zeR": (a,x) =c} ={xeR" :a121 + ... + apzy, = c},

(1.1)

where we set ¢ = (@, y). On the other hand, any set of this form defines, obviously, a
unique hyperplane in R™. Any hyperplane H C R™ divides the vector space R™ into

two closed half-spaces
HE ={zcR": (a,x) <c} and HZ:={zcR":(a x)>c} (1.2)

Note that the intersection of these half-spaces H= N'H= = H. Since the set {x € R" :
(a,z) =} = {x € R" : (—a, ) = —'}, any half-space can be described as H< with
an appropriate vector @ € R™ and a suitable real ¢ € R. If a hyperplane contains the
origin we call it linear and the corresponding half-spaces are called linear half-spaces.

Note that the intersection of finitely many half-spaces

ng = {:E e R": ai,1%1 =+ ... a1nTn < bl}

(1.3)
HSS ={zeR" 1 a5121+...a5n2y < bs},
agrees with the set P = {xz € R" : Az < b}, where A denotes the s x n matrix
ail o ip b
A= and b = (1.4)
as1 -+ Qgn bs
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1.2.2 Polytopes and Polyhedral Sets

In the literature one may find several different definitions of polytopes, and not all
of them yield exactly the same sets. Here, we demonstrate the equivalence of two
common approaches to define these sets. In the sequel, it will be useful to bear in
mind both definitions stated below. Moreover, we shall prove that any polytope, as
to our definition, can be triangulated into finitely many simplices. This shows that
polytopes as to our definition are also polytopes according to the definition given in
Eugene Ehrhart’s book [9].

Definition 1.1. A set which can be written as the intersection of finitely many closed
half-spaces in R™ is called an H-polyhedron. Put differently, a subset P C R" is an
H—polyhedron if and only if there exists an m x n matrix A and a vector b € R™ such
that

P =P(A,b) = {zcR": Az < b}. (1.5)

Definition 1.2. A polytope is a set which can be specified in one of the following ways.

e An H-polyhedron which is bounded, i.e. does not contain a ray {x+ Ay: A > 0},
for a non—zero vector y € R™ and an element x € R", is called an H—polytope.

We shall refer to this as the hyperplane description of a polytope.

o A V-—polytope is the convex hull of finitely many points vy, ..., v, € R”, ie.

m

P =conv(vi,...,Upn) ={ Ao +...+ At 1 A € R207Z)‘i =1}, (1.6)
i=1

and we call this the vertex description of a polytope.

Note that the constraint that a polyhedron does not contain any ray is equivalent to
the condition that it fits in a ball of finite radius, which is the definition of boundedness
for general subsets of R™. A proof of this equivalence may be found in [11], Section 2.5.

A d-dimensional polytope or, for short, a d—polytope, is the convex hull of at least
d + 1 vectors.

Definition 1.3. A d—polytope which is the convex hull of exactly d + 1 affinely indepen-

dent vectors is called a d—simplez.
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Figure 1.1: Some polytopes.

There is another class of polyhedral sets which will play an important role in our
subsequent analysis. Again we consider two different approaches towards the definition

of these sets that will turn out to be equivalent.

Definition 1.4. A polyhedral cone or, for short, a cone, is a subset of the vector space

R™ which can be described as follows.

e If an H—polyhedron is actually the intersection of finitely many linear half-spaces,

we call it an H—cone. That is, for any H—cone C C R there exists an m X n matrix

A such that
C=P(A0)={zcR": Az < 0}. (1.7)
e A V—cone is the non—negative hull of finitely many vectors vy, ..., v € R", i.e.
C =cone(vy,...,v) == { o1 + ...+ Ao 0 A € Rxo}. (1.8)

Remark 1.5. According to the upper definition, polyhedral cones are not necessarily

acute. In fact, this terminology includes infinite wedges as well as half-spaces.

Our next task is to accomplish the equivalence of the vertex and hyperplane de-
scription of polytopes. We shall give a constructive proof of this property, which uses
several methods that will recur later on during the proof of Ehrhart’s Theorem in the

next section. Our main tool is a method called Fourier—Motzkin Elimination.

Definition 1.6. Given a subset P C R", we define the projection of P in direction ey, as
projx(P) :={x—zrey :x€ P} ={xcR": 2, =0,IN € R: z+ Xey € P}. (1.9)

The projection in direction ey, is always contained in the sub-space {z € R? : z;, = 0}.

10



1.2 A Short Lecture on Polytopes

Moreover, the k* —elimination of a set P C R™ is given by

elimg(P) :={x— Ae : x€ P, X € R}. (1.10)

Remark 1.7. The k*'—elimination of P consists of all elements of the vector space R”

whose projection with respect to the k—th coordinate lies in projx(P), i.e.

I

elimy (P) projk(P) x R and (1.11)
projk(P) = elimg(P)N{xecR":xp =0}. (1.12)

x1

Theorem 1.8 (Fourier—Motzkin Elimination). Let P be the H—polyhedron P (A, b), speci-
fied by an m x n matriz A and a vector b € R™. Then, for any fized index 1 < k <n

there exists an m' x n matriz A\* and a vector b\ € R™ such that
elimg(P) = {x € R" : Az < b\F}. (1.13)

In particular, we obtain that the k-th elimination of an H-polyhedron is again an

H—polyhedron.

Proof. Denoting by a; j the k—th entry of the i—th row of the matrix A, we obtain that

a point « € P if and only if it satisfies the inequalities

a11x1 + ...+ a1 pry, < by

(1.14)

Am 121+ .o+ ATy < by

11
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We will now consider the coefficients a;j of the variable z; in this system of linear

inequalities. By setting

Ay ={ie{l,...,m}:a; >0},
Ao ={je{l,...,m}:aj, <0} and (1.15)
Ag:={le{l,....,m}:a =0}

we obtain a partition of the index set {1,...,m}.

Given an index i € A, a transformation of the corresponding inequality in (1.14)

yields an upper bound for xy, i.e.

1

a;

xp < (bZ — <0;Z‘, CL‘) + CLkak) , (1.16)
where a; denotes the i—th row vector of the matrix A. By the same manner we obtain

a lower bound for the variable xj, for any index j € A, namely

1
T > — (bj — <aj, :1:) + aj,kxk;) . (1.17)
a]7k
Note that the right—hand sides of these inequalities do not depend on zj and the
condition that every lower bound on x, is smaller than every upper bound is necessary

for the solvability of the system of inequalities in (1.14).

Now, multiplying equation (1.16) by a; 1, - (—a; ), and equation (1.17) by a; 1 - (—a;x)
yields that

IN

aik(—ajr) Tk (—ajx) (b; — (@;, ) + a; xx) and (1.18)

aLk(—aj,k)xk > (—CLU{) (bj — (a,j, :II> + aj,kxk) . (1.19)

Combining these inequalities we obtain, after some basic transformations, that the
condition "lower bound on x; below upper bound” is equivalent to the "eliminating

inequalities”
(@ira; + (—ajr)a, ) < ajrpbj + (—ajr)bi, (1.20)

for i € A. and j € A.. As these inequalities are positive combinations of the defining
inequalities of the polyhedron P, they are valid for all elements @ € P. Therefore, every

element of the k—th elimination elimy(P) satisfies all these inequalities. Conversely, if

12



1.2 A Short Lecture on Polytopes

a vector x € R™ satisfies the eliminated inequalities (1.20) for all pairs i € A. and
j € A<, and in addition all inequalities of the original system (1.14) which do not affect
Tk, it is possible to change the k—th coordinate of the vector x such that the resulting
vector @ satisfies A/ < b, i.e. the point « is then contained in the set elimy(P).

To formalize this idea, let A\¥ denote the matrix consisting of the row vectors a; for all
l € Ap and the vectors (a; pa; + (—a;)a;) for all pairs (i, j) € As x A<. Accordingly,
we denote the vector with coordinates b, for I € Ag and a; ;b; + (—a;x)b; for all pairs
(i,j) € As x A< by b\¥. Then, according to our discussion above, we have that

elimy(P) = {x e R" : AVg < p\FY, (1.21)
O

Corollary 1.9. If P C R" is an H—polyhedron then so is the set proji(P).

Proof. Observe that proji(P) = elimy(P) N {x € R™ : 2 = 0}. O]

Corollary 1.10. The k—th elimination as well as the projection in direction ey of an

H—cone are again H—cones.

Proof. Suppose that C = P(A,0) C R" is a H—cone, for an m x n matrix A. Since
every H—cone is at the same time an H-polyhedron, there exists an m’ x n matrix A\
and a vector b'\* € R™ such that elim(C) = {x € R" : A\Fz < b'\*}. In consideration
of the construction in the proof of Theorem 1.8, we obtain in the actual case that
b\F = 0, since the coordinates of the vector b\¥ are obtained as linear combinations of
coordinates of 0 € R™. Thus, the set elimy(C) = {z € R" : A"z < 0} is an H-cone
and so is the set projk(C) = elimy (C) N {x € R™ : 3, = 0}. O

Theorem 1.11. A subset P C R™ is a V—polytope, i.e.
P = conv(vy,...,v) with v; € R" for 1 <i <k, (1.22)
if and only if it is a bounded intersection of finitely many closed half-spaces of R™,
P = P(A,b) for Ac R™" and b€ R™, (1.23)

or, in other words, an H-polytope.

13
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Theorem 1.12. A subset C C R" is the non—negative hull of a finite set of elements of

R"™, that is a V—cone, i.e.
C = cone(vy, ..., v,) for some v; € R" for 1 <i<n, (1.24)
if and only if
C = P(A,0) for some A € R™™, (1.25)

or, in other words, an H-cone.

In order to prove these two theorems we demonstrate, at first, that the equivalence of
the two descriptions of polytopes can be deduced from Theorem 1.12. For this purpose
we introduce a method called ”coning over a polytope”. Subsequently, we give proof of

Theorem 1.12 by two lemmata.

Definition 1.13. Let P = conv(vi,...,v) € R"™ be a V-polytope. The cone over the
polytope is defined as

COIle('P‘l) = {)\111)1 + dows + ...+ Xpwg : A € Rzo}, (1.26)
where w; denotes the vector (v;, 1) € R™*1!, for all indices 1 < i < k.

Lemma 1.14. The equivalence of the vertex and hyperplane description of polytopes can

be deduced from the equivalence of the vertex and hyperplane description of cones.

Proof. Let P C R"™ be a V-polytope and observe that
P = cone(P|1)N{z e R" "z, =1}, (1.27)

by omitting the (n 4 1)-st coordinate of each vector. Provided that Theorem 1.12 is
valid, there is an m x (n + 1) matrix A such that cone(P|1) = {z € R""! : Az < 0}.
Let us denote the (n+ 1)-st column vector of the matrix A by b and the m x n matrix

which is obtained by removing the vector b from the matrix A by A’ . Then

Pe{zcR"™ : Az<0}n{zcR"™ 2, =1}

(1.28)
~{zeR": Az < —b},

which gives a hyperplane description of the polytope P.

14
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Conversely, suppose a non—empty polytope is given by P = {z € R" : A'x < —b} for
an m x n matrix A’ and a vector b € R™. Equivalently, we have that the polytope
P={xecR": Az+ b<0}. If we denote the m x (n + 1) matrix that is obtained by
adding the vector b as (n + 1)-st column to the matrix A" by A, we obtain that

P = {zcR"™:Az<0,2,1 >0 N{zc R 1, =1}. (1.29)

If the equivalence of the two descriptions of cones is valid, then there are vectors
wi, ..., w; € R" such that

{xeR"™: A2 < 0,2,,1 > 0} = cone(w, ..., w) =: C. (1.30)

Since the intersection of this cone with the hyperplane {z € R"*! : z,,; = 1} is, by
assumption, a non—empty polytope, and as such bounded, the coordinate x,+1 # 0 for
all elements € C\{0}. Note that, otherwise, if there was a vector y € C\{0} with
Yn+1 = 0, then for any element & € C with x,1; = 1 the ray {&+ Ay : A > 0} would
be contained in the intersection C N {x € R"* : .1 = 1} = P as well. Therefore, we
have that the (n 4+ 1)-st coordinate of all vectors wy, ..., w is non—zero. Moreover, if
we set W) := (1/(w;)nt1) wi, the (n+ 1)-st coordinate of the vectors wf,. .., w) equals
one and these vectors generate the same cone as the elements wy, ..., w, € R**!. For
1 <i < k there exists a vector v; € R" such that w) = (v;,1)7, and we obtain that

P = cone(w),...,w),)N{zc R"™ 2, =1} = conv(vy,...,v,). (1.31)

O]

The following lemma establishes the first direction of the proof of Theorem 1.12.
Lemma 1.15. Every V—-cone is an 'H—cone.

Proof. Given by, ..., b € R"™ we consider the V—cone
K =cone(by,... by) ={yibi+...+ypbp:y; >0} ={By:ye€ Rgo}. (1.32)

Here B denotes the n x k matrix with column vectors by, ..., by. Alternatively, we may

describe the cone K as the projection of the set

o = () extivzommmp={(5) erti-n 7] —0szof
y Yy Y
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to the subspace {(x, Yl e RVF .y = 0} C R™*. Here, I,, denotes the n x n identity
matrix. Obviously, the set £’ is an H-cone. Thus, by Corollary 1.10, so is projx(K').
Therefore, projecting one component of the vector y at a time yields that the V—cone
K is an H-—cone. O

For the opposite direction of our proof, we need another lemma.
Lemma 1.16. If L C R"™ is a V-cone then so is the intersection K N {x € R" : z;, = 0}.

Proof. Suppose the V—cone K is given by cone(by, ..., b;) for some vectors b; € R". We
construct a set B as follows. For all indices 1 < j < [ such that the k-th coordinate of
the vector b;, denoted by (b;), equals zero, the vector b; is an element of the set BF.
Moreover, for all pairs (4, j) of indices 1 <, j < [ such that (b;), > 0 and (b;); < 0 the
set B includes the vector (b;)xb; — (bj)xb;. Thus, the k—th coordinate of all elements

x € cone(B¥) equals zero, i.e.
cone(B¥) CKN{xcR": 2, =0}. (1.33)

Conversely, suppose a vector x is contained in the set X N {x € R" : z; = 0}, i.e.
x=Mb+...+Nband A\ (b)) +. ..+ N (b)) = 0 for non—negative reals Ay, ..., \; € R.
We set

Fi= > XNbk=— Y (b >0. (1.34)
i:(b;) >0 §:(b;)1 <0
Then we have that I' = 0 if and only if A\; = 0 for all 1 <14 <1 such that the coordinate
(bi)x > 0, and similarly A\; = 0 for all 1 < j <[ with (b;)r < 0. Then the vector
T = D ni(b)p=0 Ambm is contained in cone(B¥). Else, if the real T' is positive, we
obtain that

z= > Ambnt= (](Z A )((Z Ab)

m:(bm) =0 b;)r<0 b;)r>0
1
F(Z)\ )(Z /\b) (1.35)
(bi)k>0 3:(bj) k<0
Atby + = > Aidj (b)) bj — (b))kbi),
1:(b)) =0 (bi)k>0,j:(b]')k<0
which is, according to our construction, contained in cone(B*). O
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We may now conclude the proof of the equivalence of the vertex and the hyperplane

description of cones by the following lemma.
Lemma 1.17. Every H-cone is a V—cone.

Proof. Suppose an H—cone K is given by {x € R" : Az < 0} with an m X n matrix A.

Introducing an auxiliary variable y € R™ we obtain that

K%{<m>ER”+m:Am§y}ﬂ{<m>eR”+m:y:0}. (1.36)
y y

Moreover, the set

K = {(‘”) e R™™ . Ag < y} - {(“’) e R™™ . (A, —1I,,) (‘”) < 0} (1.37)
y y y

is an H—cone. Here II,,, denotes the m xm identity matrix. Given a vector (z, y) € R,

observe that

T T 0 d €; U 0
(0) = () (o 2 =2 ()« S v ()

d e; Ui 0

= |zl sen(x)) ( ’ ) +> (ye — (Am)y) ( ) :
et Ae;

Note that a vector (z,y) € R"™™ is an element of the H—cone K’ if and only if
yr — (Ax)p > 0 for all 1 < k < m. Hence, any vector (x,y) in the H-cone K’ is
a non-negative linear combination of vectors +(e;j, Ae;) € K’ and (0, e;) € K/, for
1<j<nand1<k<m. On the other hand, it is easy to check that any such vector
is an element of X', c.f. (1.37). This shows that the H—cone K’ is at the same time a
V-cone, and it follows by Lemma 1.16 that the set ' N {x € R"™ : 2, = 0} is a V—cone
as well. Thus, by eliminating one coordinate of the vector y at a time, it is proved that

the H—cone K is at the same time a V—cone. O
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1.2.3 Vertices, Faces and Facets
We will now discuss some basic notations of the theory of polytopes.

Definition 1.18. A hyperplane is called a supporting hyperplane of a polyhedron P C R"
if and only if P lies entirely within one of the two closed half-spaces of this hyperplane.

Definition 1.19. Suppose that H is a supporting hyperplane of a polyhedron P C R".

Then, the intersection
F:=PNH, (1.39)

is called a face of the polyhedron P.
A zero—dimensional face of a polyhedron is called a wvertex, one-dimensional faces are
referred to as edges and facets are (d—1)—dimensional faces of a d—polytope. We denote

by vert(P) the set of the vertices of a polyhedron P.

Remark 1.20. Note that the hyperplanes occurring in the hyperplane description of a
polyhedron are supporting hyperplanes. Therefore, the intersection of the polyhedron

with one of these hyperplanes is always a face.

We shall now investigate some results in connection with the faces of polytopes. To
this end, we start with a simple lemma which is well known in the in the theory of

linear programming.

Lemma 1.21 (Farkas’ Lemma). Given an m X d matrix A and a vector z € R™, there
exists either a vector x € R? such that Ax < z, or a row vector ¢ € (R™)* with ¢ > 0
such that cA = 0 and cz < 0, but not both.

Figure 1.2: A face of a polytope.
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Proof. At first, we observe that both conditions can not hold at the same time. Oth-

erwise there would be a vector € R? and a row vector ¢ € (R™)* such that

0=0z=(cA)z= c(Az) < cz< 0. (1.40)

Now, we define a polyhedron P := P(A, z) = {x € R?: Az < z}. Observe that this

polyhedron is non—empty if and only if the cone,
Q:=P((—2zA),0) = {zec R : (—z A)z < 0}, (1.41)

contains a vector & where the coordinate x; > 0. Now, we apply Fourier—-Motzkin

Elimination, Theorem 1.8, in order to construct the H — cone

(elimg(elimg(. . . (elimg+1(@))))). (1.42)

According to the proof of the Fourier—-Motzkin Elimination, we obtain that the i—th
elimination elim;(P(D, 0)) equals P(D\, 0), where the left-hand side of each inequality
in the eliminated system P(D\i, 0) is a positive combination of at most two rows of the
matrix D. Thus, the matrix D\! can be written as a product C;D, where C; denotes
a matrix with solely non—negative entries of which at most two per row are non—zero.

By repeated application of this procedure, we obtain that

P((*ZA)\d+1\d\"'\2, 0)
P(OQCg e Cd+1(—ZA), 0) (143)
P(C(—zA),0),

(elimg (elims(. . . (elimgy1(Q)))))

where C' is a non—negative matrix. The inequalities in the system C (—zA) x < 0 are

given as ;121 < 0, since all variables different from x; have been eliminated.

Suppose that the set P is empty, i.e. there exists no vector £ € R? with Az < z.
According to our previous thoughts, this is the case if and only if the cone @) lies within
the half-space {z € R : ; <0}, and

(elimy(elims(. . . (elimgy1(Q))))) C {z € R¥ : 2 < 0}. (1.44)

Thus, the system C' - (—zA)x < 0 has to contain an inequality ;121 < 0 where the real
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;1 > 0. Let ¢ be the row vector of the matrix C' that leads to this inequality. Then
¢ (—z,A) = (70,0) = c-z=—vjpp<0and c- A= 0. (1.45)

O

Corollary 1.22. Let A be an m x d matriz and z € R™ a vector. Then, there exists
either a wector x € R%o such that Az = z, or a vector ¢ € R™ with AT¢ > 0 and
(e, z) <0, but not both.

Proof. We assume there exists a vector & € R? such that Az = z and & > 0. We
can restate these conditions as Az < z, Ax > zand —x < 0. Or, in a more compact

notation, we obtain that

A z
—Alz< | -2], (1.46)
—I 0

where the constructed matrix lies in R(2m+d)xd

Therefore, by Farkas’ Lemma, Theorem 1.21, such a vector « € R? exists if and only
if there are no row vectors ¢; € (RZ)*, e2 € (RZ)" and b € (R‘éo)* such that

A z
(c1,c2,b) | —A | =0and (¢1,c2,b) | —2| <O. (1.47)
—1Iy 0

Put differently, (¢; — c2) A—b =0 and (¢; — ¢2) z < 0. Hence, if we set ¢ = (¢1 — ¢2),
the assertion is equivalent to the condition that there is no row vector ¢ € (R™)* and
no row vector b € (R%O)* such that c¢A = b > 0 and cz < 0. The assertion follows
since cA = AT¢! and cz= <cT, z>.

O]
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Theorem 1.23.

(i) Every polytope P is the convex hull of its vertices, i.e.

P = conv(vert(P)).

(ii) If a polytope P can be written as the convex hull of a finite point set V', then this

set contains all its vertices, i.e.

P = conv(V) = vert(P) C V.

Proof. Let V. ={wy,...,v5} be a set of elements of R” such that P = conv(vy, ..., vy).
Without loss of generality, we assume that none of the elements v; € V is a convex
combination of the remaining ones. Expressed in a different manner, there is no proper
subset V C V such that conv(V) = conv(V).

The first claim of the theorem is valid if we can show that every element v; € V is
a vertex of the polytope P. Let us consider V as the matrix whose column vectors
are given by the elements of the set V\{w;}. Since the number of elements of the set
V\{v;} equals d — 1, we obtain an n x (d — 1)-matrix, and a convex combination of
vectors from V can be displayed as matrix product V't for some vector t € ]Rif,l with
Itl, = Si_oti = 1. If we denote the vector in R¢~! with all coordinates e(;ual one
by 1, we obtain that [|¢|, = (1l,#) = UTt. Hence, the assertion that the vector v; is
not contained in the convex hull conv(V\{wv;}) is equivalent to the condition that there

does not exist a vector t € R4, with

(Y- (1) i

Hence, by Corollary 1.22, there exists a vector a € R"*! such that

(1I, XA/T) a> 0 and <a, <i>> < 0. (1.49)

Now, if we write the vector a as (3, —b)T, for a real 8 and an appropriate vector b € R",
(1.49) is equivalent to the condition that

U8 >VTb and 8 < (b,v;). (1.50)
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Recall that the row vectors of the matrix V7 are given by the elements ot the set V'\v;.

Thus, according to the rules of matrix multiplication, we obtain that
B > (vj, b) for all v; € V\v; while 8 < (b, v;). (1.51)

Therefore, the hyperplane H := {x € R? : (x, b) = (b, v;)} is a supporting hyperplane
of the polytope P. Since the intersection H NP = v;, we conclude that the vector v; is
a vertex of the polytope P.

Regarding the second claim of the theorem, we observe that a vertex can never be
written as a convex combination of other points of the polytope. Note that, if v is a
vertex of the polytope P, there exists a hyperplane H := {x € R? . (¢,x) = a} such
that (¢, x) < a for all elements € P\v while (¢, v) = a.

Now, suppose that v = A\1p; +. ..+ AP, for some points p; € P\v and non—negative
reals \; € R with 7", A\; = 1. Then

m m
(¢, v) = (e, M1+ -+ -+ AmPy) = Y Ai(e,pi) <D Nia=aq, (1.52)
i=1 i=1
which contradicts the assumption that (¢, v) = a.
O

Since polytopes are bounded sets, there are always hyperplanes which do not intersect
the polytope. Therefore, the empty set is a face of every polytope. Regarding the
"degenerated” hyperplane {z € R?: (0, z) = 0} = R? we say that the polytope itself is

one of its faces. Accordingly, we obtain the following theorem.

Theorem 1.24. Let P CR"™ be a polytope, F C P a face and denote the vertex set of P
by V', then the following assertions hold.

(i) The face F is a polytope as well.
(ii) The vertex set of the polytope F is given by the intersection F N vert(P).
(iii) The intersection of faces of P is again a face of P.

(iv) The faces of F are exactly the faces of P which are contained in F.
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Proof. (i) According to the definition of a face, there exists a hyperplane
Hr={zeR": (c,x) =cp} (1.53)

such that the polytope P is contained in the half-space {x € R" : (¢,x) < ¢p} and
F = PN Hg. Due to the hyperplane description of a polytope, it is obvious that the
face F is a polytope.

(73) Suppose that vert(P) = {wvy,..., v }. Since, by Theorem 1.23 (i), any polytope is
the convex hull of its vertices and any face is a subset of the polytope, we have that any
element of the face F is a convex combination of elements of the set vert(P). Hence, for
each element x € F there are non—negative reals A1, ..., A with Zle A; = 1 such that
T = Zle A;iv;. Now, let Hx be a supporting hyperplane of P such that F =P N Hg.

Then, using the same notation as in the proof of item (i), we obtain that for all z € F

k k k
co = <C, .’B) = <C,Z)\Z”Ui> = Z)\z <C, ’Ui> S <Z >\z> Co = Cp. (154)
=1 =1 =1

Thus, Zle i (e, v;) = (Zle )\i) o, or equivalently Zle i ((e,v;) —¢cp) =0.
Therefore, and since (¢, v;) < ¢ for all vertices v; € vert(P), we obtain that

((c,vi) —co) i =0, (1.55)

forall 1 <i < k. As (¢, v;) < ¢ for all vertices v; € vert(P)\F, this implies \; = 0 in
this cases. This establishes the inclusion F C conv(F N vert(P)). Moreover, since F is

a convex set, we obtain that conv(F Nvert(P)) C F, and therefore we have that
conv(F Nvert(P)) = F.

Now, item (i) of Theorem 1.23 states that any finite point set, whose convex hull equals
the polytope, contains all its vertices. Thus, we have proved the inclusion vert(F) C
(F nvert(P)). Conversely, any vertex of P which is contained in F is a vertex of
F. This is because any supporting hyperplane of the polytope P is also a supporting
hyperplane of the polytope F. We conclude that vert(F) = F N vert(P).

23



Chapter 1. Preliminaries

(731) Let F and G be faces of the polytope P. Our aim is to show that the intersection
G N F is a face of the polytope P as well.

According to the definition of faces of polytopes, there are hyperplanes
Hr ={xeR":(a,z) =ap} and Hg:={x € R": (¢, x) = o} (1.56)

such that P C H%, P C Hé, and F = PN Hg while G = P NHg. If we combine the

two inequalities defining these half-spaces, we obtain that

PC{zxeR": (a,x)+ (c,x) <ap+co} ={xeR": (a+c,x) <ap+co} and
Pn{xeR":(a,z)+ (c,x) =ap+co} =FNG,

and consequently a supporting hyperplane of the polytope P such that the correspond-

ing face is the intersection F N G.

(iv) For any face G of the polytope P, which is contained in F, a supporting hyperplane
which defines G as a face of P is at the same time a supporting hyperplane of the
polytope F which defines G as a face of F. Therefore, any face of the polytope P which

is a subset of F is also a face of this polytope.

Conversely, let G C F be a face and suppose that H; := {x € R" : (¢,z) = o} is a
supporting hyperplane of the polytope P such that P N'"H; = F while P is contained
in the half-space H:. Moreover, let Ho = {@ € R™ : (b,x) = by} be a supporting
hyperplane of F such that G = F N'He and F C H2S Note that Hso is not necessarily
a supporting hyperplane of P. We conclude our proof by constructing a supporting

hyperplane which defines G as a face of P by use of the hyperplanes H; and Ho.

Combining the inequalities of the half-spaces ’HIS and HQS, we obtain that
(b+ Ae,x) = (b,x) + \(c,x) < by + Ao, (1.57)

for any € F and any real A\. Hence, the face F is contained in the half-space {x € R™ :
(b+ Ae,x) < by + Ao} for any real A\. Moreover, the equation (b+ Ae, ) = by + Aco
holds if and only if (b, z) = by, i.e. for € G. Put differently, for any real A € R

Hy:={zeR": (b+ Ac,x) = by + Ao} (1.58)

is a supporting hyperplane of the polytope F and the corresponding face is given by G.

24
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Therefore, once we find a real A\ such that the polytope P is contained in the half-space
{x e R": (b+ Ae, @) < by + Ao}, (1.59)

the hyperplane H) will be a supporting hyperplane of the polytope P which defines G
as a face of P. Now, recall that any polytope is the convex hull of its vertices. Thus, in
order to proof that this inequality holds for all points of the polytope, it suffices to show
the according property for any vertex. Given a vertex in (vert(P)NF), equation (1.57)

holds for all reals. For a vertex v € vert(P)\F, we have the following equivalence,

(b+ Ae,v) <by+ Mg < (b,v) + A(c,v) < by+ Ao

& (b,v) —bo < A(co — (¢, v)) (1.60)
bo — <b, ’U>
TR

Thus, with

b0_<b’v>}, (1.61)

A> maXyevert(P\F) {_CO — <C ’U>

equation (1.57) holds for all vertices v € vert(P), and H) gives a supporting hyperplane
of the polytope P such that the corresponding face is G. O

Corollary 1.25. The faces of simplices are simplices and therefore given by the convex

hulls of subsets the vertex set.

Proof. Let F be a face of a simplex A. According to item (ii) of Theorem 1.24, we
have that vert(F) C vert(A) and, by Theorem 1.23, F = conv(vert(F)). Since a subset
of an affinely independent set is affinely independent, the face F is the convex hull of

an affinely independent set, i.e. a simplex. O
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1.2.4 Triangulations of Polytopes

We have already mentioned that a concept analogous to the ”basis” of a linear or affine
space exists only for a very special class of convex sets, called simplices. Therefore we

show that every polytope can be decomposed into finitely many simplices.

Definition 1.26. A triangulation of a d-polytope P is a finite set T(P) = {A1,..., An}

of d—simplices with the following properties.
(i) P=UT(P)
(ii) A;N A, is a common face of A; and Aj, for any A;, A; € T(P).

We say that a polytope P can be triangulated using no new vertices if and only if there

exists a triangulation T'(P) such that vert(P) = Un,er(p) vert(Ai).

Remark 1.27. Given a polytope P, a simplex A C P and a face F of P, the intersection
F N A is a face of the simplex A and, as such, a simplex, by Corollary 1.25.

Lemma 1.28. Suppose that T(P) is a triangulation of a d—polytope P, and let F be a
facet of P. Then the set

T(F)={ANF:AecT(P),dm(ANF)=d—1} (1.62)

provides a triangulation of the polytope F.

Proof. We have to show that T'(F) meets the two required properties of a triangulation.

First note that (JT'(F) C F, by definition. Now we will show that F\JT(F) = 0,
by means of contradiction. To this end, observe that the set |J7'(F) is a finite union of
closed sets and therefore closed. Thus, for any element & € F\ |JT'(F) there exists an
open neighborhood N of  in F with the property that N NJT(F) # (. Now suppose
there is an & € F\|UT(F) and assume, moreover, that the neighborhood N C F
contains no points of |JT'(F). This means that N consists only of points contained in
some simplices of T'(P) that meet F in a set of dimension less than d — 1. Since there
are only finitely many simplices in 7'(P) this is a contradiction to dim(N) = d — 1.
Therefore, any open neighborhood of x in F has to contain elements of some simplex
A € JT(F). But this is also impossible since |JT'(F) is closed. Therefore, such an x
may not exist, i.e. F\UT(F) = 0. This shows that [J7T'(F) satisfies the first of the

required properties of a triangulation.
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It remains to prove that for any pair of simplices A; and Ay € T'(F), the intersection
A1 N Asg is a common face of A; and As.

By the definition of T'(F), there are simplices S1, S2 € T'(P) such that A; = S1NF and
Ay = Sy N F, which implies that Aj N Ay =51 NSeNF. Since T(P) is a triangulation,
S1 NSy is a common face of S; and S3. Now, F is a face of P and S; C P. Thus,
by Remark 1.27, the intersection S; N F is a face of S;. The intersection of faces of
a polytope is again a face, by Theorem 1.24 (iii). Therefore (SN Sy) N (S1NF) =
S1NSyNF is a face of Sy. Since A; C S, the intersection (S1 N S2 NF)NA; is a face
of A1. By definition Ay = 51 NF, and we obtain that S;NSeNF = A1 NAs is a face
of the simplex Aj.

Analogously, A1 N Ay is a face of S5. O

Definition 1.29. Let @ C R"™ be a polytope and v an element of R". A facet F of Q is
called visible from v if and only if for any point « € F the half-open line segment (z, v]

is disjoint from Q.

Definition 1.30. For two points & and y € R" the line through x and y is defined as
aff(a:, y) = {)q:l)-i- Aoy i A1+ Ao = 1}. (1.63)

Theorem 1.31. Fvery polytope can be triangulated into simplices using no new vertices.

Proof. Our proof is by induction on the number of vertices of a d—polytope.

If a d-polytope P has d + 1 vertices, it is a d-simplex and T" = {P} provides a
triangulation with the desired properties.

Suppose P is a d—polytope with at least d + 2 vertices. Then, there exists a vertex
v of P such that the polytope @ defined as the convex hull of the set (vert(P)\v) is
still of dimension d. Therefore, by our induction hypothesis, the polytope @ can be
triangulated into simplices using no new vertices. By Lemma 1.28, every triangulation

T(Q) induces a triangulation of a facet F of @ given by
T(F)={ANF:AeT(Q),dm(ANF)=d—-1}. (1.64)
We denote by F,...,F, the facets of () which are visible from v and set
T :={conv(v,A) : A € T(F;) for some 1 < i < n}. (1.65)

We claim that (7T"U T(Q)) provides a triangulation of the polytope P.

27



Chapter 1. Preliminaries

First we prove that P = |J(T'UT'(Q)). To this end, we observe that P 2O J(TUT(Q)),
by definition. So it remains to show that P C J(T'U T(Q)). We consider a point x
inP. Ifxe @, then zx e JT(Q) CUT UT(Q)). For x € P\Q, we consider the line
through v and . Observe that for any point  # v in the polytope P = conv(v, Q)
there exists a point y € @ such that pv+ (1 — )y = x, for some positive real p. Hence,
Yy = ﬁw — ﬁv lies on the line through v and @, which shows that this line meets
Q. So let z be the first point in ) one meets traveling along this line from v towards
Q. Then, [v,2) N Q = 0, and it can be shown that the point z is located on a facet
F; of @ that is visible from v. Thus, the point z is contained in a simplex A in the
triangulation T'(F;). Note that the point x is contained in the line segment [v, 2|, and

therefore it is also included in the set conv(v, A) € T'.

It remains to show that for any simplices Ay and Ag € (T'UT(Q)), the intersection

A1 N As is a common face of A; and Ay. We distinguish three cases.

First, for Ay and Ay € T(Q), we have that A; N Ay is a face of both, A; and As,

since T'(Q) is a triangulation.

If A; and Ay € T, there are by definition simplices S; and Sy in T'(Q) and facets Fi
and Fs of the polytope ) which are visible from the vertex v such that the simplex
Ay = conv(v,S1 N Fp) and Ag = conv(w, So N Fz). Now, S; NSy is a common face of
S1 and Si. The intersection of faces is a face of a polytope, by Theorem 1.24 (ii).
Therefore, F; N F2 is a face of Q. Since S; and S are contained in the polytope @,
we have that 1 N JF, N S1 NSy is a common face of the simplices S1 and Ss. Faces
of a simplex are simplices given by the convex hulls of subsets of its vertex set, c.f.
Corollary 1.25. Thus, the intersection S7 N Sy N Fp N Fo is the convex hull of common
vertices of S1 N JF1 and So N Fa. By convexity,

Ay N Ay = conv(v, S1NFp) Neconv(v, Sy N Fe) = conv(v, S1 NSy NFLNFy). (1.66)

Thus, we conclude that the intersection Ay N Ag is the convex hull of common vertices

of A1 and A,, and therefore a common face of these simplices.

Finally, consider the case that Ay € T while Ay € T(Q). By definition of T, there
exists a facet F of ) which is visible from v and a simplex S € T(F) such that
A; = conv(v,S) and AjNQ = S. As to the construction of T'(F) the set S is the face
of a simplex A € T(Q). Since T(Q) is a triangulation, A N Az is a face of A and A,.
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Moreover, since As is contained in the polytope ), we have that
ATNAs=A1NEQNA=5NAy=5NANA,. (167)

Thus, SN (ANAy) is the intersection of faces of A, and, as such, a face of this simplex.
Hence, by (1.67), we obtain that A; N Ay is a face of A. Note that A; N Ay is contained
in S, and because both sets are faces of the simplex A it follows that A; N Ay is a face
of S. By our construction, the vertices of S are a subset of the vertices of the simplex
A1, whence S is a face of Aj. Since faces of a face of a polytope are also faces of the
polytope, we obtain that A; N As is a face of Aj.

Because A N A, is a face of the simplices Ay and A, this set is the convex hull of
common vertices of these simplices. In the same way, S is the convex hull of a subset
of vertices of A. Since all these sets are simplices, we get that A; N Ay is the convex
hull of vert(S) Nvert(A) Nvert(Asz). Hence, Aj N Ay is a face of Ag. O

1.2.5 The Relative Interior of a Polytope

Lemma 1.32. Let P be a polytope in a d—dimensional affine space. Then, the following

conditions are equivalent for any element y € P.

(i) The point y is not contained in a face of the polytope P of dimension smaller

than d.
(ii) If y lies on a hyperplane H, then H is not a supporting hyperplane of P.

(iii) The point y lies in the interior of the polytope P in the topological sense, i.e. there
is an e > 0 such that {z € R : ||z — y|| < e} C P, resp. {y+ u: |lu]| <e} CP.

w) The point y can be represented as a sum y = —— dil x; of d+ 1 affinely inde-
d+1 =1
pendent elements @i, ..., %441 of the polytope P.

(v) The point y can be represented as convexr combination y = Zfill Nix; of d+ 1
affinely independent elements a1, . .., xqy1 of the polytope P, where all coefficients
AN #Z0 foralll <i<d+1.

Proof. (i) < (i1). This equivalence is an immediate consequence of the definition of
faces of a polytope. Moreover, note that, if there exists a point y in the polytope P,
which meets the condition given in item (), then P is a d—polytope.

(tv) = (v). This follows since (iv) is a special case of (v).
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(v) = (7). Assume that the point y can be represented as a convex combination of
some elements @, ..., xz11 of the polytope P and that there exists, at the same time,
a supporting hyperplane H of P, with dim(H N P) < d, which contains y.

Suppose this hyperplane is given by H = {x € R? : (a, ) = ag}. Then

d+1 d+1
ap = (y, @) = Z Ai (@i, @) < (Z Ai)ag = ag. (1.68)
1=1 i=1

Thus, the points xi, ..., sy lie on the hyperplane H. Since the dimension of the face
H NP is by assumption less than d, the vectors i, ..., 441 are affinely dependent.

(7i) = (i4i). Consider the hyperplane description of the polytope, i.e. let A be an
m x d matrix and b a vector in R™ such that P = {x € R?: Az < b}. If the assertion
of item (47) is valid, then we have that Ay < b. Therefore, there exists an ¢ > 0 such
that all u € R? with ||u < e satisfy the inequality A(y+ u) < b.

(i7i) = (iv). Set a = ﬁ < e. Then, by item (iii), the points (y+e1), ..., (y+aeq),
(y— ae; + ...+ eq)) are contained in the polytope P, are affinely independent and

1
y:ﬁ(y—i—ael—|—...+y+aed+y—a(e1+...+ed)). (1.69)

O]

Definition 1.33. Let P be a polytope in a d—dimensional affine space. A point y € P is

called an inner point if it satisfies the conditions given in Lemma 1.32.

If the dimension of a polytope P in a d—dimensional affine space is less than d, then,

according to our definition, the set of inner points of the polytope P is empty.

Definition 1.34. We define the relative interior of a polytope P, denoted P°, as the set
of inner points of P in aff(P).

Remark 1.35. Note that, if a polytope is non—empty, then its relative interior is non—
empty. Furthermore, any polytope is the disjoint union of the relative interior of its

faces, c.f. Lemma 1.32(7), i.e.

P = U Fo. (1.70)

FCP
Face

Definition 1.36. The boundary of a polytope P is defined as the set 9P := P\ P°.
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1.3 Pointed Cones

1.3 Pointed Cones

Beside polytopes, another family of polyhedral sets will play a central role in the subse-
quent theories. The aim of this section is to give proofs for some properties of pointed
cones, which are required during the next chapters.

In order to give an exact definition of pointed cones, we start with a few observations.
First, recall that any cone can be described as the non—negative hull of a finite set of
vectors. Therefore, a cone contains with any point p the half-line {tp : t € R>¢}, for

which reason the sole point which can be a vertex of a cone is the origin.

Theorem 1.37. A polyhedral cone C C R"™ has a vertex at the origin if one of the following

equivalent conditions holds.

(i) There exists a hyperplane whose intersection with the cone contains only the ori-
gin, while all the other points of the cone lie within one of the open half-spaces of
R™ defined by this hyperplane.

(ii) Let {v1,...,vm} be a set of generators of the cone C which does not contain the

origin. Then 0 ¢ conv(vi, ..., Up).
(iii) The cone C does not contains a line {\x: A € R} for any vector x € R™\{0}.

Proof.

(i) = (ii). Let H = {z € R™ : (a,x) = 0} be the hyperplane with the property that
C\{0} C {x € R": (a,x) > 0}. Since any cone includes its generators, it follows that
the inner product (a,v;) > 0 for 1 < i < m. Now suppose, contrary to the statement
of item (éi), that the origin 0 € conv(wv,...,vy), i.e. there are non-negative reals
ALy ooy A with D077 Ay = 1 such that \jv; + ... + A\pv,, = 0. Together with our

assumption, this would imply that

0=(a,0) = (a,\ivi + ...+ A\pvp) = Z)‘i (a,v;) >0, (1.71)
i=1
which is impossible.
(73) = (). We will now consider the polytope P = conv(wvy,..., vy). By the equiva-

lence of the vertex and the hyperplane description of polytopes, there are finitely many
closed half-spaces whose intersection is P. Since we assume that the origin is not con-
tained in this polytope, at least one of these closed half-spaces does not contain the
origin. We denote the according half-space by HZ = {x € R" : (a, ) > b}, where the
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vector @ € R™ and b stands for a real. Note that the condition that the origin is not
located in the half-space H= implies that 0 = (a@,0) < b. Therefore, we observe that
the inner product (a, v;) is strictly positive for all generators v; € {vy,..., v }. As all
the elements of the cone are non—negative combinations of the generators, we obtain
that the inner product (a, ) > 0 for all points « € C\{0} while (a, 0) = 0. Accordingly,
the hyperplane H = {x € R" : (a, ) = 0} meets the desired properties.

—(7i1) = —(i7). If the cone C contains a line {Az : A € R}, for some = € R"\{0},
then x as well as the point —a are elements of the cone and, as such, non—negative
combinations of the generators. Therefore, there are non—negative reals Ay,..., A\,
with >, A; > 0 and non—negative reals \j,...\/ satisfying > 7, A} > 0 such that

= Z)‘i”i and —x = Z)\;vi. (1.72)
i=1 i=1
Setting 1 = (X7 A) 7t and p = (357, Ai)~!, we obtain that the points p12 and

—pox are contained in the polytope conv(wy, ... vy,). Therefore, the origin
0 € [z, —pox] C conv(vy,. .. vpy). (1.73)

—(i1) = —(i11). Suppose the polytope conv(wvy, ..., v,) contains the origin. Since 0 ¢
{v1,..., vy}, the origin has to be located on a line segment [z, y|° C conv(vy, ..., vy),
for some points & and y € conv(wi,...,v,). This means that there exists a real
0 < A < 1 such that 0 = Ax+ (1 — \)y, which implies that —z = (1— A)y/\. Therefore,
we obtain that the point @ as well as —x are contained in cone(vy, ..., vy,), whence this

cone contains the line {Az: A € R}. O

Definition 1.38. A pointed cone K C R™ is a set of the form
K=v+C, (1.74)

where C is a polyhedral cone with a vertex at the origin and v € R" is a vector. Note
that, according to our definition, pointed cones are not polyhedral-cones but translates

of such sets.
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If we recall the vertex description of a polyhedral-cone, we obtain that a pointed cone

is a set of the form
/C:{v+/\1w1+...+)\nwd:)\1,...,)\d20}, (175)

for some vectors v, wy, ..., wg € R™ with the property that there exists a hyperplane
H C R"™ such that K N'H = v, while the set K£\{v} lies entirely in one of the open
half-spaces of the vector space R™ defined by the hyperplane H.

As to the hyperplane description, a pointed cone is given as the intersection of finitely

many half-spaces where the corresponding hyperplanes meet in exactly one point.

Corollary 1.39. The cone over a polytope is pointed with a vertexr at the origin.

Proof. Given a polytope P = conv(vy,..., vy), the vectors {(v;,1) : 1 <7 < m} gener-
ate cone(P|1) and apparently the origin is not contained in conv((vi,1),..., (¥m,1)).
]

Definition 1.40. We call a pointed cone simplicial if and only if it possesses a set of

linearly independent generators.
Proposition 1.41. The cone over a simplex is simplicial.

Proof. Let A C R™ be a d-simplex, i.e. the convex hull of d 4+ 1 affinely independent
points vy, ..., v4+1 € R™ In order to proof that cone(A|1) is simplicial we have to show
that the vectors (vi,1),..., (v441,1) are linearly independent in R+

Therefore, observe that

Al (111> + .o 4 Ad (vd1+1> = (g) (1.76)

if and only if Zfill A = 0 and Z;lill Av; = 0. Since the vectors vy, ..., v441 are, by
assumption, affinely independent in R™, the sole solution of equation (1.76) is given by
A =...= g1 =0. 0

Similar to the concept of the triangulation of polytopes, we introduce the following

notation for pointed cones.
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Definition 1.42. A family 7 of pointed simplicial d—cones is called a triangulation of a

pointed d—cone K if and only if
(i) K=UT.

(ii) For any simplicial cones S; and Sz € 7, the intersection S; N .Ss is a face common
to bOth, Sl and 52.

We say that a pointed cone can be triangulated using no new generators if and only
if there exists a triangulation such that the generators of any simplicial cone in this

triangulation are contained in the set of generators of the original cone.
We may deduce the following result from the according property of polytopes.

Theorem 1.43. Any pointed cone can be triangulated into simplicial cones using no new

generators.

Proof. Since pointed cones are translates of polyhedral cones with an vertex at the
origin, it is sufficient to prove the theorem for pointed polyhedral cones.

Given a d—dimensional pointed polyhedral cone C, there exists a hyperplane H that
intersects this cone solely at origin, c.f. Theorem 1.37. If we consider a translate of this

hyperplane by some vector & € C\{0}, the intersection,
P=(x+H)NC, (1.77)

is a (d — 1)—polytope whose vertices provide a set of generators of the cone C. By
Theorem 1.31, there exists a triangulation of the polytope P into simplices using no
new vertices. The cone over each simplex of this triangulation is a simplicial cone whose
faces are given by the cones over the faces of this simplex. Therefore, the cones over the
simplices of the triangulation of the polytope P provide a triangulation of the pointed
cone C. [
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Rational Pointed Cones

We will now study a particular class of pointed cones more closely. The aim of this
section is to establish the fact that any rational pointed cone can be translated by a
vector, such that there are no integral points on any of the faces of the pointed cone
so obtained. This result will turn out to be quite useful at several points during the

subsequent chapters.

Definition 1.44. We call a hyperplanes H C R" rational if and only if there exists an

integral vector a € Z" and an integer b € Z such that
H={xeR":(a,z) =b}. (1.78)

Lemma 1.45. For any rational linear hyperplanes H C R™ there exists a vector v € R"
such that all integral points are located on a translate of this hyperplanes by a integral

multiple of this vector, i.e.

U (kv+H)nZ" = 7" (1.79)
keZ

Proof. As to the definition of rational hyperplanes, there exists an integral vector a €
Z" such that

H={xzecR": (a,z)=0}. (1.80)

Accordingly, the orthogonal complement H' = {\a: A € R}, and every vector y € R
has a unique representation as

a
y=A— +h (1.81)
lal

with h € ‘H and a real A € R. Note that the real A in (1.81) gives the distance between
the vector y and the hyperplanes H, which can be calculated, according to the Hessian
normal form, as (a,y) /|lal|. Furthermore, for any integral vector y € Z", the inner
product (a,y) =: k € Z and we set a/||al|* =: v. Substituting this into (1.81), we
obtain that y = kv + h, and consequently,

yeHy :={kv+h:hecH, keZ} (1.82)

O]
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Lemma 1.46. Given an integral vector a € Z" and an integer b € Z, we consider the
rational hyperplane Hy = {x € R™ : (a, ) = b}. Then, there exists a vector v € R™ such
that neither the open strip

U (Av+ Hp) nor U (—Av+Hp) (1.83)
A€(0,1) A€(0,1)

contains any integral point. Moreover, this vector v can be chosen such that

U Qv+H,) C{zxeR": (a,z) > b} and
AE(0,1)

U (—Av+Hp) C{zeR": (a, x) < b}
A€(0,1)

(1.84)

Proof. Consider the linear rational hyperplane H = {x € R" : (a,x) = 0}. Then, by
Theorem 1.45, there exists a vector v € R™ such that each integral point is located on
an affine hyperplanes Hy = kv + H, for a suitable integer k. By the proof of Theorem
1.45, the vector v = a/| al|* meets the required properties. Since the vector-space R”

equals the direct sum H @ H', we obtain that the hyperplanes
Hy ={bv+h:heH}. (1.85)
Therefore, we obtain, by Theorem 1.45, that

U Qv+Hy)nZ"= |J (b+Nv+H)NZ" =0, (1.86)
Ae(0,1) A€(0,1)

for all reals 0 < A < 1, since then (b+ A) ¢ Z. The same argument holds for all reals
—1 < A <0, and we obtain that Uye(o 1)(—Av+Hp) NZ" = 0.

To verify (1.84), observe that any element = € Uyc(o,1)(Av+ Hp) can be written as
= (b+ A)v+ h, for some h € H and 0 < A < 1. Thus,

(a,x) = (a, (b+ N+ h) = <a, (b+\)—— —|—h>

2
a
ey la (L.57)
:W<a,a>+<a,h) :b+A>b
a
The second inclusion follows along the same lines. O
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Theorem 1.47. Let I C R"™ be a rational pointed d—cone with a vertex at the origin.
Then, there exists a vector v € R™ such that the points with integral coordinates in the
shifted cone v+ K agree with the integer points of the relative interior of the cone IC,
while the points with integral coordinates located in —v + K coincide with the integral
points in K. Moreover, there are no integral points on any of the boundaries of these
shifted cones.

Proof. A rational pointed cone with a vertex at the origin is the intersection of finitely
many rational linear half-spaces. Therefore, there exists a positive integer m and linear

hyperplanes
H; ={xeR": (a;,z) =0} (1.88)

with a; € Z", for 1 <14 < m, such that the cone K is the intersection of the half-spaces
7 ={xzecR": (a;,x) >0}, for 1 <i < m. Now, by Lemma 1.46, for each of these

rational hyperplanes there exists a vector v; € R™ such that

U Qui+H,)nZ"=10 (1.89)
X:|A|€(0,1)
while the open strip
U Qwi+H) C{zeR": (a;, x) > 0}. (1.90)

A€(0,1)

Recall that, according to the construction of the proof of Theorem 1.45, the vector
v; = a;/ || a;]|* meets the required properties, for all 1 < i < m. Now, our aim is to find
a vector v € R™ such that the properties stated in (1.89) and (1.90) hold simultaneously
for all indices 1 < ¢ < m. To this end, we choose a vector s from the interior of the
cone, which is therefore an element of the open half-space {x € R" : (a;, z) > 0}, for
all 1 <4 < m. Since the vector-space R" = H; @ Hj where H;- = span(v;), we may
write s = p;v; + h; for an element h; € H; and an appropriate real pu;. Observe that

0 < (a;, s) = (@i, pivi + h) = p; (@i, vi) + (@i, b)

a;
::ui<ai’ 2>+<aiah>::u'ia
[ @il

for all 1 < ¢ < m. Now, whenever pu; < 1, the shifted hyperplanes As + H; contain no

(1.91)
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integral points, for all reals 0 < |A\| < 1, c.f. Lemma 1.46. In case that p; > 1,

1
U A—=s+H)nZ"=9. (1.92)
re(0) M
Therefore, for the vector v := )\’% 8, where p = max{p1,...., km,1} and 0 < X < 1,

the assertions of Lemma 1.46 hold simultaneously for all 1 < i < m, i.e.

Av+H)NZ = § forall0<|N\<T1, (1.93)
U M+H;) C {zeR":(a;,z) >0} =H, (1.94)
A€(0,1)
U (~Av+H) € {zeR":(a;,z) <0} =H. (1.95)
A€(0,1)

Hence, the translated cone

v+ K=w+H)C [ H =K (1.96)
=1 =1

Moreover, we obtain that the set difference,

K\(v+K) = U (Av+ 0K), (1.97)
A€(0,1)

contains no integral points. Thus, we have that
K°NnzZ"=(v+K)NnZ". (1.98)

According to the inclusion

O(v+K) CJ(v+H,), (1.99)

s

=1

there are no integral points on the boundary of the shifted cone. Similarly, we may
deduce that the cone —v + K does not contain any integral point on its boundary.
Moreover, since 'Hiz C(—v+ HZZ) for all 1 <i <m, we have  C —v+ K, and because
the difference (—v+ K)\K = Uye(,1)(Av+9K) does not contain any integral point, we
conclude that CNZ" = (—v+ K)NZ".

O
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Remark 1.48. Let K C R™ be a rational pointed d—cone a vertex at the origin and
{K1,..., K} a triangulation of the cone K into simplicial cones using no new gener-
ators. Then, there exists a vector v € R™ such that the shifted cone v + K contains
exactly the interior integral points of K while the integral points located in the pointed
cone —v+JC are precisely the integral points of JC. Moreover, the vector v can be chosen
such that there are no integral points on the boundaries of any of these shifted cones,

l.e.

v+ K;)NzZ" = 0 for0<j<m
o(—v+K;)NZ" = 0 for0<j<m
(v+K)NZ" = K°nz"

(—v+K)NzZ" = KnZ",

1.100
1.101
1.102

)
)
)
) 1.103

—~ ~~ —~
— ~— ~— ~—

where we denoted the cone IC by K.

Proof. In fact, this theorem is no more than a corollary of the previous theorem. Since
the set {Kq,...,Kn} is a triangulation of a rational pointed d—cone with no new gen-
erators, each of these cones is rational. Thus, any cone in this triangulation is the
intersection of finitely many rational half-spaces. Therefore, we may choose a vector
s € K° which is, in addition, not contained in any bounding hyperplanes of the triangu-
lation cones. Following the lines of the proof of Theorem 1.47, we may use this vector
s in order to construct a vector v € R” such that, furthermore, the translations of the
bounding hyperplanes of the triangulation cones by the vectors v and —w include no

integral points. O
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1.4 Quasi—Polynomials

We will now introduce a class of functions which is essential for theories on counting
integer points in polytopes. Quasi—polynomials provide a generalization of polynomials
in the sense that here the coefficients are replaced by periodic functions with inte-
ger period. Before we are able to state a definition of quasi—polynomials, we need a

specification of the term periodic function.

Definition 1.49. We call a function g : Z — C periodic with period p € N if and only if
g(t+p)=g(t) forallteZ. (1.104)
Definition 1.50. A quasi—polynomial is a function f : Z — C of the form
F(t) = ca@)t? + ca (B + .+ colt),

where ¢g(t), ..., cq(t) denote periodic functions. If the function c4(t) is not identically
zero, the degree of the quasi—polynomial is defined as d. A common period of the
functions co(t), ..., cq(t) is called a quasi—period, the least integer with this property is

said to be the period of the quasi—polynomial.
Equivalently, quasi—-polynomials are frequently defined as follows.

Proposition 1.51. A function f : Z — C is a quasi—polynomial if and only if there exist

a non—negative integer p and polynomials fo, fi,..., fp—1 such that
f(t) = fi(t) if t =i(modp). (1.105)

Then, the integer p is a quasi—period of the quasi—polynomial f and the minimal in-
teger with this property is the period of the quasi—polynomial. The degree of f is the

mazximum degree among the polynomsials fo, f1,..., fp—1.

Proof. Note that a periodic function with period p is constant on each residue class
modulo p. Conversely, the functions ¢ : Z — C, where ¢ () equals the coefficient of

t* of the polynomial f; if t = i(mod p) are periodic functions with period p. ]

There is another equivalent approach towards quasi—polynomials, based on the fol-

lowing observation.
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1.4 Quasi—Polynomials

Lemma 1.52. Given two non—negative integers m and p, the sum over the m—th powers

of the p—th roots of unity

p—1 iTtkm ) m
S = {p 7l (1.106)

k=0 0 else.

Proof. Suppose that p|m and let [ denote the integer such that m =1 - p. Then,

2imkm 2imkl . k-l p—1 2irkm p—!
e v =er = (H) =13 e =Y 1=p. (1.107)
k=0 k=0

If p fm, thene e # 1 and

siom (e2i2m>P7 1
() =S mmi— =0 (1.108)

O]

Lemma 1.53. A function f : Z — C is a quasi—polynomial of maximum degree d and
quasi—period p if and only if there are polynomials Py, ..., P,_1 of mazimum degree d
such that

1T t
ZPk ( * k) for all t € Z. (1.109)

Proof. Let fo, fi1,..., fp—1 be polynomials such that f(t) = f;(t) if t = i(mod p). Using

the function introduced in Lemma 1.52, we obtain that

( (Z 621;kt) n fl (i eQwrkZ(’t 1))
ot [ 1( (i eka(tP(p 1))))

B Z: (emgkyzlj (fo(t) + ) (e%;k)l + oot fpea(t) (e%fc)(pl))

ﬁs\»—k
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where we set

2imk

Pi(t) = 11) (fo(t) + fu(t) (e z )_1 Fot foa(t) (eQ?k)_(p_l)) . (1.110)

2imk
Conversely, note that the function ¢ — (e » )! is periodic with period p. ]

1.5 Rational Generating Functions

Generating functions of quasi—polynomials belong to a simple class of functions, namely
the rational functions, which we will briefly discuss in the following section. Our aim is
to provide us with conditions which enable us to decide weather or not a rational term
is the generating function of a quasi—polynomial, resp. of a polynomial. Moreover, we
shall see how to determine the degree and the period of a quasi—polynomial from the
closed form of the generating function. These considerations are essential for our proof
of Ehrhart’s Theorem and are also of interest with regard to the chapter on vector

partition functions. Our subsequent explanations are based on [22], Chapter 4.

Definition 1.54. Let f : N — C be a function. The generating function of f is defined

as the formal power series given by

F(z) =Y f(t)z". (1.111)

t>0

The generating function of a function is called rational if and only there are polynomials

P(2),Q(z) such that Yi5q f(t)2' = P(2)/Q(2).
In the next theorem we exhibit characteristics of rational generating functions.

Theorem 1.55. Let ay, o, ...,aq be a sequence of complex numbers where ag # 0 and
suppose that f : N — C is a function. Then, the following three conditions are equiva-

lent.

(i) The generating function of f(n) is rational and given by

> fln)" = o0 (1.112)

n>0

where Q(2) =14+ a1z + ...+ agz? and P(2) a polynomial of degree less than d.
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1.5 Rational Generating Functions

(i) For all non-negative integers n > 0 we have that

fn+d)+arf(n+d—1)+...+aqf(n) =0. (1.113)

(iii) Suppose 1+ iz + ...+ agz® = [, (1 —vi2)% for some non-negative integer k
and pairwise distinct complexr numbers v;, for 1 <i < k. Then, for alln > 0, the

function

k

f(n) =3 Pn)f, (1.114)
i=1
where P;(n) denotes a polynomial of degree less than d;.
Proof. We will show that (i) < (it) and (i) < (ii7).
(i) = (43). Assume that 3°, >, f(n)2" = P(2)/Q(z), where the polynomial Q(z) =
1+ aiz+... 4+ agz® and P(z) denotes a polynomial of degree less than d. Then, we
have that

Z f(n ( +oaz+...+ adzd> Z f(n)z"

n>0 n>0
=D fM"+ar Yy f)"T L ag ) f(n)
n>0 n>0 n>0

d—1
= (Z f(k) Z + oy Z f(k A+ adlf(0)2d1>
k=0
> fn+d)" M o > fn+d— 12"+ ag > f(n)"

n>0 n>0 n>0

Therefore, we obtain that

d—1 i
=> (Zakf(i— >z +> (fin+d)+ . Fagf(n) 2" (1.115)
i=0 \k=0

n>0

where we set g = 1. Since we assumed that the degree of the polynomial P(z) is less

than d, comparing coefficients on both sides of equation (1.115) yields that
f(n+d)+arf(n+d—1)+...+asf(n) =0, (1.116)

for all non—negative integers n.
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(73) = (i) Suppose that
fin+d)+arf(n+d—1)+...+aqf(n) =0, (1.117)

for all integers n > 0. We have to show that the generating function of f(n) is ratio-
nal. Now, multiplying equation (1.117) by 2"+ and summation over all non-negative

integers n yields that

0 = Zf(n+d)z”+d+oz1 Zf(n+d— l)z"+d+...+ad2f(n)z”+d

n>0 n>0 S0
= Y Doz Y O+ +aazt D] f(1)R

I>d 1>d—1 >0

d—1 d—2
= (Z UEEDS f<l>zl) + a1z (Z UFEY f(z)zl) .
>0 =0 >0 1=0
oo+ adZde(l)zl,
>0

Collecting the terms containing » ;> f ()2 and subtracting them from both sides of

the upper equation and multiplying by minus one, we obtain that

S0 (1 s+ ags) =

1>0

d—1 d—2
=Y fD a2 Y FD) g2 T(0). (1118)
=0

1=0
Observe that the right—hand side of the upper equation gives a polynomial of degree less
than d, subsequently denoted by P(z). Therefore, if we set Q(2) := 14+a12+---+aqz?,

the generating function
P
St = Qz; (1.119)

1>0
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1.5 Rational Generating Functions

(1) = (vit) Again, we assume that

> fn)e" =

o) (1.120)
n>0

where Q(2) =1+ a1z +--- + agz? and P(2) is a polynomial of degree less than d.
Due to the fundamental theorem of algebra, there exists a positive integer k such that

there are pairwise distinct complex numbers ~;, for 1 <1 < k, with

k
L+ onz+ - +age® = [J(1—ye)h (1.121)
i=1
Accordingly, by the partial fraction decomposition, there are polynomials G;(z) of de-

gree less than d; such that

gof(n)zn - T 3 _4%2)% (1.122)

For any index 1 <4 < k, the function G;(2)/(1 —7;z)®% is a finite linear combination

of terms of the form 27 /(1 — v;2)%, for j < d;. Now, observe that

2 , di—14+k\ , & di—14n—3\ i non
A —yz)t Z]'Z< d;— 1 )7"’2 _Z< -1 )i

k>0 n>0

di—14n—j

Moreover, if we fix an integer j, the expression (“";7777)y; J

is a polynomial in n of
degree d; — 1. Since a linear combination of polynomials of degree d; — 1 is again a
polynomial of degree at most d; — 1, the coefficient of 2™ in G;(2)/(1 —7;2)% equals v?
times a polynomial in n of degree at most d; — 1, denoted P;(n). Therefore, comparing

coefficients in (1.122) implies that
k
f(n) =2 Ri(n), (1.123)

i=1

which is the assertion of item (¢4i) in Theorem 1.55.
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(791) = (i) Finally, we assume that

k k
D f)" =3 Y Ry =) ) Pn)ye", (1.124)

n>0 n>0i=1 i=1n>0

where the ;s stand for pairwise distinct complex numbers while P;(n) denotes a poly-
nomial of degree less than d;, for 1 <i < k.
Put differently, for all indices 1 < ¢ < k, there are complex numbers a;p, ..., 0 d,—1
such that
Pi(n) = a0+ aian+ -+ ajg_n® (1.125)

Therefore, and since

d

l
1 g1(2)
l.n_n
Z ny 2" = (z) = , (1.126)
n>0 dz (1 - fY’LZ> (1 - %Z)H_l

for an appropriate polynomial g;(z) of degree at most [, we observe that

S Pt = i d et ain Y At a1 Y ndi=lynn

n>0 n>0 n>0 n>0
_o_ oo ciagi(®) L -1 9a-1(2)
(1 —mz)  (1—m2)? (1 —7yiz)d

where g¢;(z) stands for a polynomial of degree at most i, for 1 < i < d; — 1. Putting

this sum over a common denominator, we get that

G@(Z)

Pi(n)y'z" = —————, (1.127)
nz>0 S (1 = yz)®
for some polynomial G;(z) of degree less than d;. Finally we obtain that
k
Gi(2) P(z)
f(n)" = v : (1.128)
nzz% ; (1= yz)® (1 = yiz)d
k
where P(z) denotes a polynomial of degree less than > di, as desired. O

=1
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1.5 Rational Generating Functions

Corollary 1.56. The fraction P(x)/Q(z) in item (i) of Theorem 1.55 is written in lowest
terms if and only if equation (1.113) in item (ii) gives the homogeneous linear recurrence
with constant coefficients of least degree satisfied by the function f(n). The latter is the
case if and only if the degree of the polynomial P;(n) occurring in item (iii) equals
d; — 1, forall1 <i <k.

The relation between quasi—polynomials and particular rational function is established

by the following corollary.

Corollary 1.57. Given a function f : N — C and a non—negative integer p, the following

conditions are equivalent.
(i) The function f(n) is a quasi—polynomial with period p.
(ii) The generating function of the function f(n) is given by

n_ P(2)
> fln)" = oG (1.129)

n>0

where P(z) and Q(z) are polynomials with deg(P(z)) < deg(Q(z)) and all roots
of the polynomial Q(z) are p—th roots of unity, provided that the rational function
P(2)/Q(z) has been reduced to lowest terms.

(iii) For all non-negative integers n we have that

k

f(n) =" Pinhi, (1.130)

i=1
where P;(n) is a polynomial and ¥ =1, for all 1 <i < k.
Proof. (i) < (iii) is the subject of Lemma 1.53, while (i) < (4i7) by Theorem 1.55. [

Remark 1.58. Taking Corollary 1.56 into account, we obtain the following details. Pro-
vided that the rational expression P(z)/Q(z) in item (i7) is written in lowest terms, the
degree of the polynomial P;(n) in item (7i7) is one less than the multiplicity of the root
v 1 of the polynomial Q(z) in item (7). Accordingly, the degree of the quasi-polynomial
f(n) equals one less than the maximum multiplicity of a root of the polynomial Q(z),

c.f. Lemma 1.53.

As a special case of Corollary 1.57, we may now specify the relation between generating

functions of polynomials and certain rational expressions.

47



Chapter 1. Preliminaries

Corollary 1.59. Let f : N — C be a function and d a positive integer. If one of the

following statements is valid, then so are the other two.
(i) The generating function of f(n) is rational and given as

> fln)z" = (1]_3(;)d+1, (1.131)

n>0
where P(z) denotes a polynomial of degree less than d + 1.

(ii) For all integers n > 0 we have that

d+1

Z(—l)i<dj1>f(n+d+1—i) = 0. (1.132)

1=0

(iii) The function f(n) is a polynomial of degree not exceeding d, while the polynomial
f(n) has exactly degree d if and only if P(1) # 0.

Proof. By the binomial theorem, we have that

(1—2)% = df (dj 1)(—1)%1‘ and (dg 1) = <Zj: 1) =1 (1.133)

1=0

for all non—negative integers d € Z>o. Therefore, the desired result follows by applying

Theorem 1.55 to the sequence «o; = (djl)(—l)i for 1 < i < d+ 1. Note that the

1

polynomial (1 — 2)%*! has one root of multiplicity (d 4+ 1) at v~! = 1 and the function

P(2)/(1 — 2)4*! is written in lowest terms if and only if P(1) # 0. O
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1.5 Rational Generating Functions

During the next chapter we require another lemma related to rational generating

functions.

Lemma 1.60. Let p:Z — C be a polynomial. The Laurent series, defined as

R;(z) = Zp(t)zt and R, (z) = Zp(t)zt (1.134)
>0 <0

are rational functions which add up to zero, i.e. R} (z)+ R, (z) =0.

Proof. Note that

1\' 1 z
DS <> = - —~1=0. (1.135)
>0 =0 \2 1—=z 1-—=z
Therefore, we conclude that
1 t d k d k 1 t
ot > (—t)F () = <z> > 2+ (z) > () (1.136)
>0 >0 z dz/) 1% dz) 5 \z

- (o) ()= (i) e
- iz 1—> 1-2) Va e
Now, assume that the polynomial is given by p(t) = a,t™ + an_1t" 1 + -+ + ag. If we

insert this into our definition, we obtain that

R;'(z) = ay Zt”zt + an_1 Ztn_lzt + .- +ag Zzt,

>0 >0 t>0
. " 1 3 S 1 t 1 t
B = a0 (2) s et () a3 (2)
t>0 z >0 z >0 \?

and these two formal power series add up to zero, by Equation (1.136). Moreover, since
R; (z) is the generating function of the polynomial p(¢) there are, by Corollary 1.59,
polynomials P(z) and Q(z) such that R} (z) = P(z)/Q(z). Thus, the formal power

series

R, (2) = =R, (2) = —P(2)/Q(2) (1.137)

is a rational function as well.
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Corollary 1.61. Given a quasi—polynomial q : Z — C, the Laurent series defined by

R;(z) = Zq(t)zt and R, (z):= Zq(t)zt (1.138)
>0 <0

are rational functions which sum up to zero, i.e. Rf (z) + Ry (z) = 0.

Proof. By the definition of quasi—polynomials, there exist an integer k£ and polynomials
Do, - - -, Pk—1 such that ¢(t) = p;(t) if t =i (mod k), for some 0 <i <k — 1.
Note that

Zq(t)zt = Zpo(k:l)zkl + Zpl(k:l + 1) Zpk_l(kl 4k — 1)kHk-L

t>0 >0 >0 >0
= 3 po(kl) (zk)l +23 pi(kl+1) (zk>l +...
1>0 1>0

e Y (kR - 1) ()
>0

Therefore, and since p;(kl 4 j) is a polynomial in [, the assertion follows by Lemma
1.60.
O
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1.6 Lattices

1.6 Lattices

The concept of lattices allows us to give a multivariate generalization of the definition
of quasi—polynomials that we will need in the context of vector partition functions in
Chapter 3. Here, we will also state some basic properties of lattices that we need in

the following chapters.

Definition 1.62. A lattice A is a subgroup of R® which can be generated from a basis
of the vector space by forming all linear combinations with integral coefficients. Put
differently, let {ay,..., as} be a set of linear independent vectors from R?®. The lattice

generated by this basis is defined as
A:={nia1+... + nsas :ny,...,ns € Z}. (1.139)
The standard basis of the vector space R® generates the standard lattice Z°.

Definition 1.63. We say that a lattice A; is a sub—lattice of a lattice A if and only if
A1 C A. Sub-lattices of the standard lattice Z° are called integral lattices.

Given a sub-lattice A7 C A we can define an equivalence relation on A by setting
x) = xp(modAq) if and only if @ — @ € Ay (1.140)

The equivalence classes of this relation are called the cosets of A modulo A; and we
denote the set of these cosets by A/A;.

Remark 1.64. For a given integer d, the set Ay := {z€ Z° : d|z; for all 1 <1i < s} is an
integral lattice which is generated by the basis {dey,...,des}.

Definition 1.65. Let A be a sub-lattice of Z* generated by the basis {ai,...,as}. The
half-open parallelepiped defined as

IIp = {)\1(11+...—|—)\8a5,0§>\7; < 1}, (1141)

is called the fundamental parallelepiped of the lattice.

Definition 1.66. We define the determinant of a lattice A C R*, denoted d(A), as the

number of integral points in the fundamental paralellepiped II,.
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Lemma 1.67. Suppose the set {ai,...,as} is a basis of an integral lattice A. Then, any
vector x € R® has a unique representations as € = Y ;_; \i(x)a;, with \i(x) € R for
1 < i < s. Two integral vectors ® and xy are contained in the same coset of Z°/\ if
and only if {\i(z1)} = {Ni(x2)}, for all1 <i <s.

Proof. Since

S

o —x =Y (Ai(m) — Xi(m2)) a;
i=1

. (1.142)
= (@) + { (@)} — [Nilm2) ] — {hi(m2)}) @i,
=1

the vector x; — ap is an element of the lattice A if and only if {\j(z1)} — {N\i(z2)} =0
foralll1 <i<s.

Corollary 1.68. Let I, be the fundamental parallelepiped of an integral lattice A. Then
the set Iy NZ* contains exactly one representant of each coset of Z°/A. Hence the
number of cosets, or the index, of Z°/A equals d(A).
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1.7 Multivariate Quasi-Polynomials

Definition 1.69. A multivariate polynomial is an expression of the form

lInll, <d
p(x) = Z cpx”
neZ;O
where ¢, is a complex number for all n € Z%, with [|n||, < d, where " := z" ... 27
The degree of a polynomial is defined as
deg(p(z)) := max {||n||; : cn # 0}. (1.143)
neZzO

Here ||n||; := |n1| + ... + |ng| denotes the 1-norm of a vector n in R®.

Definition 1.70. Let A be an integral lattice and suppose the set {z,..., z,} is a com-
plete set of representatives of the cosets of Z° modulo A.
A function q : Z° — C is called a quasi—polynomial with respect to the lattice A if

and only if there exist polynomials pi(x), ..., py,(2) such that
q(x) =pi(x) ifx—2z €A. (1.144)

The maximum of the degrees of the polynomials pi (), ..., pn(x) is called the degree

of the quasi—polynomial.

Remark 1.71. A sub-lattice of Z is by definition a set of the form {ka : k € Z} for some
integer a. Hence, in the one—dimensional case, this definition agrees with the one given

in Section 1.4.

Lemma 1.72. Let A1 C Ay be sub-lattices of Z°. If q : Z° — R is a quasi—polynomial
with respect to the lattice A1, then, q is a quasi—polynomial with respect to Ao as well.

Let g1 be a quasi—polynomial with respect to the lattice A1 and g2 a quasi—polynomial
with respect to the lattice Ao. Then q1 + g2 is a quasi—polynomial with respect to any

lattice which is a sub-lattice of A1 and As.
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Chapter 2

Ehrhart Theory

The beginning of the general study of integral-point enumeration in variable polytopes
goes back to the work of Eugene Ehrhart in the 1960’s, perhaps with Pick’s theorem as
an earlier particular case. Ehrhart, who did most of his research working as teacher at a
lycee in Strasbourg, France, and received his doctorate at the age of sixty!, considered
integral dilations of rational polytopes, leaving angles and proportions fixed. He discov-
ered that the number of integral points in these dilated polytopes can be counted by a
quasi—polynomial in the dilation factor. Another intriguing and unexpected application
of Ehrhart’s theory is that it enables us to calculate the volume rational polytopes by
counting integral points.

Magic squares are perhaps the most famous example of combinatorial objects which
may be counted using Ehrhart polynomials, c.f. [3], [22] and the references given there,
but there are plenty more, for further examples see [14] or [16].

The theory of Ehrhart quasi—polynomials has a strong connection to Commutative
Algebra, and much of the theory was developed initially from this point of view. For
more information on this aspect see for example [24], [10].

Our aim is to give a survey of the most important properties of Ehrhart quasi—
polynomials. We have arranged our explanations elementary, using basic notations

and avoiding advanced language.

'To read more about Eugene Ehrhart see the tribute written by Philippe Clauss http://icps.u-
strasbg.fr/~ clauss/Ehrhart.html.
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2.1 First Examples and the Main Theorem

The issue of the following chapter is to study the number of integral points in integral
dilations of rational polytopes. In order to formulate the main aspects, we need to

introduce some terms.

1P

@

Figure 2.1: Integral dilations of a polytope.

Definition 2.1. Let P C R"™ be a polytope. For a non—negative integer ¢ the t-th dilation
of the polytope is defined as

tP = {tx: x € P}. (2.1)

More general, the ¢-th dilation of a subset S C R™ is defined as tS := {tx: x € S}.

Definition 2.2. A polytope is called rational if all its vertices have rational coordinates.
The least common multiple of the denominators of the vertex coordinates is called the
denominator of the polytope. In particular, if each vertex has integral coordinates the
polytope is called integral.

Moreover, recall that any polytope P C R? can be described in hyperplane description
as P = {x c R%: Az < b},where A denotes an s x d-Matrix and b € R® a vector. This
representation is not unique, but it is easy to see that rational polytopes are exactly
those for which we may find a representation where the matrix A as well as the vector
b have only integral entries.

A cone is called rational if it has integral generators.
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Chapter 2. Ehrhart Theory

Definition 2.3. The integer—point enumerator of a polytope P C R™ is a function which

counts the integral points in the ¢t—th dilation of the polytope in dependence of ¢, i.e.
Lp(t) = #{EPNZ"). (2.2)

The generating function of the integer—point enumerator is called the Ehrhart—series

of the polytope, subsequently denoted by

Ehrp(z) :=1+ Z Lp(t)2". (2.3)

t>1

More generally, we define the integer—point enumerator of a finite set S C R™ as the
counting function Lg(t) := #(tSNZ").

Remark 2.4. Note that L£g5(0) = 1 for any non—empty finite set S C R™.

Example 2.5. Polytopes in R are closed intervals. We consider an interval with integral

boundary points a < b.

— o ¢ o o o o o & o 06 o ¢ o o
a b

Figure 2.2: Integral points in the interval [a, b].

The number of integral points located in such an interval, equals b — a + 1. Dilating
the interval by a non—negative integral factor ¢, we obtain the closed interval [ta,tb].

Accordingly,
£[a,b] (t) = #(t[a7 b] n Z) = t(b - a’) +1, (24)

which is a polynomial in ¢ of degree one. Observe that the leading term, (b — a), agrees
with the length, i.e. the volume of the interval, and that Ly, (0) = 1. Moreover, as
to the interior integral points, we obtain that # ((a,b) NZ) = (b— a) — 1. This implies

the reciprocity relation
Ligpe(t) == #(t(a,b) NZ) =t(b—a) =1 = (=1)Lg (1) (2.5)

So the evaluation of the integer—point enumerator at negative integers gives —1 times

the number of integral points in the interior of the polytope.
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2.2 A Proof of Ehrhart's Theorem

It is possible to generalize the properties established in the example given above to
the setting of rational polytopes in general finite dimension. The objective of the next
section will be to give proof of the following theorem.
Ehrhart’s Theorem. Let P C R” be a rational d—polytope, then the integer—point
enumerator Lp(t) is a quasi-polynomial in ¢ of degree d whose period divides the
denominator of the polytope P. In honor of its discoverer, we call this function the
Ehrhart quasi—polynomial, or the Ehrhart function, of the polytope.

In addition, we will give basic proofs of the following properties of Ehrhart quasi—

polynomials.

e Given a rational d-polytope in R¢, the leading coefficient of the Ehrhart quasi-

polynomial equals the volume of the polytope.

e The evaluation of the Ehrhart quasi—polynomial at negative integers gives
(—1)4m(P) times the number of the integral points in the interior of the poly-
tope dilated by the absolute value of this integer. This result is known as the
Ehrhart-Macdonald Reciprocity.

e Regarding the period of the Ehrhart quasi—polynomial, we will find that the word

divides in Ehrhart’s Theorem can not be replaced by equals.

2.2 A Proof of Ehrhart's Theorem

Here, we carry out the proof of Ehrhart’s Theorem for rational polytopes, as suggested
in the exercise section of Chapter 3 of the book [3].

The essential idea of the proof is a method called coning over a polytope, which can
be described as follows. Let P C R™ be a d—polytope. We lift the polytope into the
vector space R"*! by adding 1 as (n + 1)-st coordinate to the points of the polytope.
We consider the pointed cone which is generated by the vertices of the polytope so

obtained. Then, for any positive integer ¢, the intersection
cone(P|1)N{xec R" ™ :a, =t} =tP x {t}. (2.6)

Thus, this cone contains in a sense all positive integral dilations of the polytope. In
fact, we have already used this method in order to prove the equivalence of the vertex

and hyperplane description of polytopes, c.f. Section 1.2.2.
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Chapter 2. Ehrhart Theory

Figure 2.3: Coning over a 2—simplex.

It turns out that the integral points in rational simplicial cones have a nice description
in terms of rational functions. As to the fact that any polytope can be triangulated into
simplices using no new vertices, c.f. Theorem 1.31, and that cones over simplices are
simplicial, c.f. Proposition 1.41, we may deduce Ehrhart’s Theorem for general rational

polytopes from the case of rational simplices.

To formalize these ideas, we introduce the following multivariate generating function,

which lists the integral points in the set as a formal sum of monomials.

Definition 2.6. For an arbitrary set S C R" the integer—point transform is defined as

os(z) =o0g(21,...,2n) = Z 2™ (2.7)
meSNZn

Example 2.7. We consider the 1-dimensional cone K = [0, 00). Then

ox(z) = Z 2™ = Z 2™ = flz (2.8)

mée[0,00)NZ m>0

Lemma 2.8. If S C R" is a bounded set, then the evaluation of the integer—point trans-

form og at the point z= (1,1,...,1) € R" counts the integral points in S.

Proof. Observe that
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2.2 A Proof of Ehrhart's Theorem

Remark 2.9. Given a polytope P C R" and a non—negative integer ¢ € Z>, we recover
the t-th dilation ¢P as the intersection of cone(P|1) with the hyperplane {x € R"*! :
Zpt1 = t}. Accordingly, the integer—point transform of the dilated polytope ¢P appears
as the coefficient of 2! 41 in the integer—point transform of the cone over P. This relation
between the integer—point transform of the cone over the polytope and the integral

points contained in integral dilations of the polytope, yields that

Ucone(P|1)(Z17 ey 2my Zn—f—l) =1+ Z O'tp(zl, e Zn)ZfLJrl. (2.10)
t>1

We summarize the discussion above in the following theorem.

Theorem 2.10. The integer—point transform of cone(P|1) evaluated at (1,...,1,2) yields

the generating function of the integer—point enumerator of P, i.e.

Teone(P1)(L,---,1,2) =1+ Zﬁp(t)zt = Ehrp(2). (2.11)
t>1

Now, basic geometrical considerations will lead to a nice form of the integer—point
transform of rational simplicial cones. Recall that a rational d—cone I C R" is simplicial
if it posesses exactly d linearly independent generators. In this case, any element
of the cone posesses a unique representation as a non—negative linear combination
of the generators. Therefore, we may tile the cone with translates of the half-open
parallelepiped generated by these vectors. Since the cone is rational we may assume
that the generators are given by integral vectors. Therefore, each integral point located
in K lies in exactly one of these domains and has a unique representation as a translate
of an integral point of the fundamental parallelepiped by a positive integral combination

of the generators. We will specify these ideas during the proof of the next theorem.

Theorem 2.11. Suppose that K C R"™ is a rational simplicial d—cone with integral gen-
erators wy, ..., wg € Z"™. Then, for any vector v € R™, the integer—point transform of

the shifted cone v+ IC is given by the rational function

- zgf;_HK Ef)— 2wa)’ (2.12)

Uv+/C(Z) = (1

Here, Tl := {\w1 + ...+ A\qwg : 0 < A\p,..., \g < 1}, denotes the fundamental paral-
lelepiped of the cone K.
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Chapter 2. Ehrhart Theory

Figure 2.4: A simplicial cone generated by (1,1) and (-2, 3).

Proof. Since we assumed that K is a simplicial cone, the generators ws, ..., wy are
linearly independent. Therefore, each point m € (v+K)NZ™ has a unique representation
as m = v+ Ajw; +. ..+ A\gwy, for non—negative reals \1,..., \g. Moreover, if we denote
the real A; as | \;] + {\;}, we obtain that

m=v-+ {Al}wl + ...+ {)\d}wd + I_)‘lj w+ ...+ I.)‘dJ wy- (2.13)

Since 0 < {\;} < 1, the point p := v+ 3% {\;}w; lies within v+ IIxc, and because the
vector Zle | A\i| w; as well as the vector m are integral, we conclude that p € Z".

This shows that each point m € (v+ K) N Z™ possesses a unique representation as
m=p+ kiw + kows + ...+ kgqwyg, (2.14)

where p denotes an integral point in the parallelepiped v+ I and k1, ..., kg stand for
non-negative integers. Conversely, each point of this form is an element of (v+ /) NZ4.
With this in mind, we will now consider the left hand side of Equation (2.12).

Uv+n,c(z)
(1 —2w)(1—2w2)...(1— 2wa)

pe(v+IIc)NZn k1>0 k2>0 kq>0

= Z 2" = Z 2" = ok (2).

m=p+kjwi+...+kgwg me('u+lC)ﬂZ"
PE(vHTTc )2 ki >0

Note that this is exactly our claim. O

60



2.2 A Proof of Ehrhart's Theorem

Example 2.12. We calculate the integer—point transform of the rational cone displayed
in Figure 2.4, i.e. K = cone((1,1);(—2,3)). According to the previous theorem, the
crucial step of the computation of the integer—point transform of a simplicial cone is to
specify the integer—point transform of the fundamental parallelepiped of the cone. In
our example, Figure 2.4 displays that IIx NZ? = {(0,0), (0,1), (—1,2),(—1,3)}. Hence,

N+ 02 + o2+ 22 1+l et + oA
(1= z122) (1 = 21 223) (1= z122)(1 =21 %23)

orc(2) = (2.15)

We are now able to prove the first instance of the main theorem of this chapter.

Theorem 2.13 (Ehrhart’'s Theorem for simplices). Given a rational d-simplez A C R™
with vertices vy, ..., v44+1 and denominator p, the integer—point enumerator La(t) is a

quasi—polynomial in t of degree d whose period divides p.

Proof. By Theorem 2.10, the Ehrhart—series of a polytope is given by the integer—point
transform of the cone over the polytope evaluated at z= (1,...,1,2) € R™.

The cone over the simplex is the simplicial cone with generators (v, 1), ..., (v4y1, 1),
and since the denominator of the simplex A is given by the integer p, we obtain that
{(p-v1,p),...,(p-vgs1,p)} is a set of integral generators of cone(A|l).

Accordingly, by Theorem 2.11, the integer—point transform

O-Hcone(A\l) (Z)
(1 — z(P‘Ul,P)) . (1 — z(p'vd+1,P))7

Jcone(A\l)(‘z) - (216)

where

Meone(ajy = {1 -v1,p) + oo+ Aap1(P - vag1,p) 0 < Ar, e Aagr < 1) (2.17)

denotes the fundamental parallelepiped of cone(A|l).

The evaluation of the integer point transform o, . (2) at z=(1,...,1,2) € R"
yields a polynomial P(z), where the coefficient of z* counts the integral points in the
half-open parallelepiped Il oe(aj1) With (n + 1)-st coordinate k. This interpretation
shows that the coefficients of the polynomial P(z) are non—negative integers and the
degree of P(z) is given by the maximum value of the (n+1)—-st coordinates of the integral
points in Il,ne(af1). In particular, the degree of the polynomial P(z) is smaller than
(d+1)p, since the (n+1)-st coordinate of a point in Ieone(a1) €quals Aip+. .. +Ag1p,
for appropriate reals 0 < Ay,...,Ag+1 < 1. Therefore, and by Theorem 2.10, we have
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that

P(z)

1+ ZEA(t)Zt = Ucone(A\l)(L s L Z) = W

t>1

(2.18)

This shows that the Ehrhart—series of the simplex is rational. To decide whether or not
the integer—point enumerator is a quasi—polynomial, we look over the conditions stated
in Corollary 1.57, c.f. Section 1.5.

All zeros of the denominator polynomial in (2.18) are p—th roots of unity, and since the
value P(1) gives the number of integral points in the parallelepiped Il o,e(a[1), Which
contains at least the origin, we conclude that P(1) # 0. Therefore, at least the root
one has multiplicity d 4+ 1 in the lowest term representation of the rational function in
(2.18). Thus, by Corollary 1.57 and Remark 1.58, we conclude that the function £a ()

is a quasi—polynomial in ¢ of degree d whose period divides p. ]

Remark 2.14. Note that the leading coefficient of the Ehrhart quasi—polynomial £ (%)
is given by a non—negative periodic function. One may deduce this property by the
series expansion of the Ehrhart-series of the simplex, since the coefficient of z* in
the numerator polynomial P(z) of this rational function counts the integral points in
the half-open parallelepiped Tlone(aj1) With (n + 1)-st coordinate k. This observation

implies that all coefficients of the polynomial P(z) are given by non—negative integers.

Figure 2.5: The standard 2-simplex.

62



2.2 A Proof of Ehrhart's Theorem

Example 2.15. We consider the standard d-simplex
Ag = conv(er,...,eqq1) C RITL (2.19)

Observe that the origin is the sole integral point lying within the fundamental paral-

lelepiped of the cone over this simplex. Accordingly,

1 d .
e (1) @20

t>0

EhI‘Ad =

Hence, the Ehrhart quasi-polynomial of the standard d-simplex La,(t) = (d;“t), which

is a polynomial in ¢ of degree d.

Theorem 2.16 (Ehrhart's Theorem). Let P C R™ be a rational d—polytope. The Ehr-
hart function, Lp(t), is a quasi—polynomial in t of degree d whose period divides the

denominator of the polytope P.

Proof. According to Theorem 1.31, any polytope can be triangulated in simplices using
no new vertices, and the proper faces of a simplex are given by simplices of lower
dimension, c.f. Corollary 1.25. Therefore, we may deduce Ehrhart’s Theorem for
general rational polytopes from the according result for rational simplices as follows.
The Ehrhart quasi—polynomial of a rational simplex in a triangulation of a rational d—
polytope has degree d, and since all vertices of the simplices in a triangulation are given
by vertices of the polytope, we conclude that the denominator of P divides the period of
each of these quasi—polynomials. In order to calculate the Ehrhart quasi—polynomial of
the original polytope one has to deal with over—counting at the faces where the simplices
meet.2 An important observation at this point is that the faces, where the simplices
overlap, are given by simplices of dimension smaller than d. Therefore, the functions
which have to be subtracted, or readded, are quasi—polynomials of degree smaller than
d. Since the leading coefficient of the Ehrhart quasi—polynomial of a rational simplex
is given by a non—negative periodic function, the result is again a quasi—polynomial of

degree d whose period divides the denominator of the polytope. O

Corollary 2.17. The Ehrhart quasi—polynomial of an integral d—polytope P C R"™ is a

polynomial.

2A formula for this may be found in [22] on page 224.

63



Chapter 2. Ehrhart Theory

2.3 Further Properties of Ehrhart Quasi—Polynomials

In order to give basic proofs for some further properties of Ehrhart quasi—polynomials,
we follow the outline given in [4]. It is the resourceful idea of this paper to make use
of the fact that any rational pointed cone may be shifted by a vector such that the
translated cone contains exactly the same integral points as the original cone while
there are no integral points on any of the faces of the translated cone. We have already

proved this result in Section 1.3.

Theorem 2.18. Let K be a rational d—cone in R"™ and {Ki,...,Kn} a triangulation of
this cone into simplicial cones using no new generators. There exists a vector v € R
such that

:ZO'_U_HCJ.(Z) and  oxo(z Zam_;c . (2.21)

Proof. By Remark 1.48, there exists a vector v € R™ such that

v+ K;)NZ" = 0 for0<j<m (2.22)
I—v+K;)NnzZ" = 0 for0<j<m (2.23)
(v+K)nzZ* = K°nz" (2.24)
(—v+K)NZ" = KNz, (2.25)

where we denoted the cone K by Ky. For instance (2.24) and (2.22) mean that the
translated cone v + K contains all interior integral points of X while there are no
integral points on the boundary of any of the shifted triangulating cones.

Now, the set {—v+ Kq,...,—v+ K,,} provides a triangulation of the cone —v + K,
with the additional property that there are no integral points on the faces where these

cones overlap. This implies that

KNZ' = (—o+K)nZ" = | J(—v+K;)nZ", (2.26)
j=1

where the latter union is disjoint. Therefore, the integer—point transform

ox(z) = 0_pix(z Z vk, (2.27)
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Analogously, the set {v+ K1,...,v+ K,,} gives a triangulation of the cone v+ K
such that there are no integral points on any of the facets of the triangulating cones.
Accordingly, we have that

m
KenzZ'=(w+K)nz" = | J(w+K;) nZ", (2.28)
j=1
which is again a union of disjoint sets. Translating these observations into terms of

integer—point transforms, we obtain that

oxo(2) = opric(2) = Z ook, (2). (2.29)
i=1

O]

Remark 2.19. Note that in the translated triangulations only one simplicial cone con-
tains the origin. Thus, we may not use this method in our proof of Ehrhart’s Theorem
in order to avoid the over—counting at the faces where the simplices of the triangulations
meet. However, Theorem 2.18 may be quite useful for the computation of the Ehrhart
quasi—polynomial of a rational polytope. It is worth mentioning that this method is in
fact used in [12] in order to improve Barvinok’s Algorithm, the corresponding version

of the algorithm is implemented in the computer program ”"LattE macchiato”.

2.3.1 Ehrhart-Macdonald Reciprocity

While dilating a polytope by negative numbers does not make any sense, evaluating a
quasi—polynomial is no problem. In fact, there is a nice combinatorial interpretation for
the evaluation of Ehrhart quasi—polynomials of rational polytopes at negative integers.

Ehrhart—-Macdonald Reciprocity had been conjectured and proved in several special
cases by Eugene Ehrhart about a decade before I. G. Macdonald found a general proof
in 1971 [18]. Our goal is to give a basic proof of the following theorem at the end of

this section.

Theorem 2.20 (Ehrhart—Macdonald Reciprocity). The evaluation of the Ehrhart quasi—
polynomial at negative integers counts, up to a sign, the number of integral points in

the relative interior of the dilated polytope, i.e.

Lp(—t) = (=1)3™P) Lo (1). (2.30)
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Definition 2.21. The Ehrhart-series of the interior of a rational polytope P,

Ehrpo (2) := Z Lpo(t)2'. (2.31)
t>1

Lemma 2.22. Given an arbitrary subset S C R", we set —S := {—x : © € S}. The

integer—point transform of the sets S and —S are related by the equation

o s(1,. o) = 0 (11> (2.32)

Z1 Zn
Proof. According to the definition of the integer—point transform, we have that
—mi —m 1 1
0_5(21y. . y2n) = Z 2"z =g | —, ., — . (2.33)
21 Zn
meSNZd

O]

Lemma 2.23. Let K C R"™ be a rational d—cone. Then, the integer—point transform of

the translated cone omiic(z) = MoK (2), for any integral vector m € Z".

Proof. Observe that omix(2) = X sc(mii)nzn 2° = Zkeknzn 2"k = Mok (2). O

Lemma 2.24. Let wy,...,wy be linearly independent vectors in R"™ and we denote by
II° = {\w; + ... + \gqwg : 0 < Ap,...,A\g < 1} the open parallelepiped generated by

these vectors. Then, for any vector v € R™, we have that
v+11I°= —(—v+1II°) + w) + w2 + ... + wy. (2.34)
Proof. As an immediate consequence of the definitions of the according sets, we have

—(—v+1I°)+w + ...+ wg =
={v-—Aw —... = Awg+w +...+wg:0< )\ <1}
:{v+(1—Al)w1—|—(1—/\2)'w2—|—...+(1—)\d)wd:0<)\,~<1}
——— —— ——

H1 H2 Hd
= {v+ pwy + powy + ... + prgwg : 0 < p; < 1}

= v+ 1II°.
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Lemma 2.25. Let K C R"™ be a rational simplicial d—cone with integral generators
wy, ..., wy. For those vectors v € R™, which meet the condition that the boundaries
of the shifted cones v+ K and —v 4+ K contain no integral points, the integer—point

transform

1 1

—_ ( o ) (Do pixc (21 2). (2.35)
Al Zn

Proof. Note that, if neither the cone v+ IC nor —v + I contain any integral point on

their boundaries, the fundamental parallelepipeds of these cones may not include any

integral points on their boundaries as well. That is, 04 y411(2) = 0tyi110(2). Therefore,

denoting % = ( Lo 2 ), we obtain, by Theorem 2.11, that

210" S Zn

i (1> B Oy 4TI (%)
T\Z) T -z )1 -z ). (1— z )
O_piqre (2) 27 Wiz W2 27"

(1—zw)(1—zw)...(1— 2z w)

_ 0y (2) (2.36)
(201 — 1)(zw2 —1)... (2% — 1)
_ (_1)d 0 —vtTl (z)

(1 —2zw)(1—2w2)...(1— 2wa)

(—1)%—pix (2) -

The second equality in this equation holds by Lemma 2.23 and Lemma 2.24. 0

Theorem 2.26 (Stanley's Reciprocity). Suppose that KK C R"™ is a rational d-cone with a

vertex at the origin. Then,
1 d
oc|;) = (=1)%xo(2). (2.37)

Proof. Consider a triangulation of the cone K into rational simplicial cones K1, ...,y
using no new generators. According to Theorem 2.18, there exists a vector v € R”
with the property that the integer—point transform of the cone IC equals the sum of the

integer—point transforms of the triangulating cones shifted in direction —wv, i.e.

ox(z) = Zo,vﬂcj(z), and oy (2) = Zov+;gj(z). (2.38)
i=1 i=1
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Recall that oy kc; (21, ., 2n) = (—=1)%0_pix, (%, cey i) , by Lemma 2.25. After all,

we conclude that
o (L) = Do (1) = XV onk, (9= (Do (9. (230

O]

Lemma 2.27. Given a rational polytope P C R", the evaluation of the Ehrhart-series

Ehrp <1> = (=1)4™ P+ Bhrpo (2). (2.40)

z
Proof. In the same manner as we proved Theorem 2.10, we obtain that the Ehrhart—

series of the interior of a polytope can be calculated by evaluating the integer—point

transform of cone(P|1)° at (1,...,1,z). By Stanley’s Reciprocity, we conclude that

1
Ehrpo (Z) = Ucone('P|1)°(17 I Z) = (_1)d+1acone(77\1) <17 e L )

. i (2.41)
_ (_1>d’im(77)+l EhI"P () )
z

O]

Theorem 2.28 (Ehrhart—-Macdonald Reciprocity). Let P C R™ be a rational d—polytope.

The evaluation of the Ehrhart quasi—polynomial at negative integers
Lp(—t) = (=1)™P) Lo (1). (2.42)

Proof. Since the Ehrhart—series of the polytope is the generating function of the integer—

point enumerator, we obtain, by Lemma 2.27, that

S Lpo(£)2! = Ehrpo(sy = (~1)% Ehrp C) = ()Y Lp(t)et
t>1 t>0
= (=)™ Lp(—t)2" = (-1)™! <— ZLP(—t)Zt) :
t<0 t>1

Since the function Lp(t) is a quasi—polynomial, the latter equivalence follows by Corol-
lary 1.61. Comparing the coefficients in this equation provides the reciprocity theo-

rem. O
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2.4 Continuous and Discrete Volume

The number of integral points in a set .S C R? is also referred to as the discrete volume.
An interesting and rather unexpected application of Ehrhart theorie is that Ehrhart
quasi—polynomials may be used in order to calculate the volume of a large class of
rational polytopes discretely, simply by counting integral points. Here, we first give
a short survey of the relationship between the volume vol(S) and the discrete volume
#(S N Z% of a subset of RY.

Suppose that S is a d-dimensional subset of R For each integral point i contained
in the set S N Z? we consider a d-dimensional hypercube with side length 1 and center
1. These hypercubes overlap only on faces with zero volume and fill the set S with an
error on the boundary. By shrinking the lattice by a positive integral factor ¢ and using
boxes with side length 1/¢ we will obtain a sucessively better approximations of vol(.S)

as the factor ¢t grows. If the volume of the set S exists, it follows that
1 1,
vol(S) = lim — #(S N =Z%). (2.43)
t—oo ¢4 t

In fact, this is the basic idea behind the concept of volume, if we, for example, consider
the construction of the Lebesgue measure. Now, instead of shrinking the lattice we may

equivalently think of dilating the set, i.e.
1 1
#(S N ;Zd) = #(tSN7Z%) = vol(S) = Jim 585 0 79). (2.44)

Theorem 2.29. Let P be a rational d—polytope in RE. Then, the leading coefficient of the
Ehrhart quasi—polynomial of P is constant and agrees with the volume of the polytope.

Proof. Ehrhart’s Theorem states that the integer—point transform of a rational polytope

is given by a quasi—polynomial in ¢ of degree d, i.e.
#(APNZY = Lp(t) = cat)t + ...+ co(t). (2.45)
Since the volume of a polytope is well defined, our previous discussion implies that

VOI(P) = lim M = lim Cd(t)td + ...+ Co(t)

t—00 td t—00 td

= cy(t). (2.46)

O]
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Now, we give an example of a set for which the continuous and the discrete volume

coincide.

Lemma 2.30. Suppose wi, ..., wy € Z% are linearly independent integral vectors. Then,
for the half-open parallelepiped I = {\jw; + ...+ Ngwg : 0 < \; < 1} and any positive

integer t we have that
#(HII N ZY) = t? - vol(I1) = 4| det(wy, . . ., wq)|. (2.47)

Proof. Since II is a half-open parallelepiped, the t** dilation of this set, ¢II, can be tiled
by t¢ translates of II. Thus, we obtain that

Lr(t) = #(tI N 2% = #(11N 244, (2.48)

for all non-negative integers t. On the other hand, the function t — Lp(t) is a
quasi—polynomial in ¢ with leading coefficient vol(II), by Theorem 2.29, and vol(II) =
| det(wy ... wy)| by basic linear algebra. O

We like to point out that an analog property regarding the leading coefficient of the
Ehrhart quasi—polynomial does not hold for all rational d—polytopes in R" with n > d.

In order to clarify this aspect, we consider a simple example.

Example 2.31. Let P be the 1-polytope in R? given by

P = conv (C) , (‘21)) | (2.49)

We calculate the Ehrhart quasi—polynomial of this simplex according to the proof of
Theorem 2.13 and obtain that

%t +1 iftiseven
Ly(t) = o (2.50)
0 if ¢ is odd.

Hence, the leading coefficient of the Ehrhart quasi—polynomial of this polytope is not

constant and does not agree with the volume or a relative volume of the polytope.
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Figure 2.6: An 1-polytope in R2.

Anyway, for integral d—polytopes in a vector space R™ with d < n we may define
volume in a relative sense, so that we are able to show that the leading coefficient of

the Ehrhart polynomials of these polytopes agrees with this relative volume.

2.4.1 The Relative Volume of Integral Polytopes

If the dimension of a set is not identical with the dimension of the surrounding space,
its volume equals zero, according to the usual definition. Nevertheless, we may still
consider the volume of a d-dimensional set S C R"™ for d < n relative to the d-
dimensional affine space aff(S). This means that we choose an invertible affine map
® : aff(S) — R? and define the relative volume of the set S as the volume of the
image ®(S) in RY. Now, if we want to maintain the relation between the number of
integral points in a polytope and the volume, we have to choose an invertible affine
map ® : aff(S) — R? for which ®(aff(S) N Z") = Z9. Tt can be shown that such a
map exists if and only if the d-dimensional affine space aff(S) contains d + 1 affinely
independent integral points, c.f. [22], Chapter 4.6. Since the vertex set of any integral
d—polytope P contains d + 1 affinely independent integral vectors, we may define the

relative volume of integral d—polytopes as follows.

Definition 2.32. Let P be an integral d—polytope in R” for d < n. Then, there exists an
invertible affine map ® : aff(P) — R? such that ®(aff(P) N Z") = Z¢. We define the

relative volume of the polytope P as
volg (P) := vol(®(P)). (2.51)

Remark 2.33. Tt is easy to see that the relative volume is independ on the actual choice

the map ® and, thus, depends on P only, c.f. [22]. If P is an integral d—polytope in
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R?, then volgr (P) agrees with the usual volume of P, since, in this case, we may choose

® as the identity map.

Corollary 2.34. Let P be an integral d—polytope in R™. Then, the leading coefficient of
the Ehrhart quasi—polynomial of P is constant and equals the relative volume of the
polytope.

Proof. Suppose that ® : aff(P) — R? is an invertible affine map with the property
that ®(aff(P) N Z") = Z%. Then, the image ®(P) is an integral d-polytope in R? and
the number of integral points in ®(P) agrees with the number of integral points in the
polytope P. Furthermore, it is easy to see that the number of integral points in the
dilated polytope tP agrees with the number of integral points in t®(P), for all positive
integers ¢. Thus, we obtain that Lp(t) = Lo(p)(t), and our claim follows by Theorem
2.29. O

Example 2.35. The Ehrhart polynomial of the standard d-simplex, Ay C R4, is given
by La,(t) = (d;t), c.f. Example 2.15. Since the leading coefficient of this polynomial

equals 1/d! we conclude that the relative volume of the standard d—simplex is 1/d!.

2.4.2 The Second Leading Coefficient of Ehrhart Polynomials

In case of integral polytopes there is also a nice interpretation of the second leading
coefficient of the Ehrhart polynomial. We will see that this coefficient equals 1/2 times
the sum of the relative volumes of the facets of the polytope. Moreover, we will use
this result in order to deduce Pick’s Theorem from Ehrhart’s results.

To shorten notation, we agree that the letter F denotes a face of a polytope P during

the rest of this section and we set

Fh) = Y Lr(1), (2.52)
FCP
dimF=k
ie. Ff;(t) denotes the sum of the Ehrhart polynomials of the k—dimensional faces of

the polytope P.

Lemma 2.36. Let P be a rational d—polytope in R™ with Ehrhart quasi—polynomial Lp(t).
Regarding the number of integral points on the boundary of the polytope P we have that

d—1

Lop(t) = Lp(t) = Lpo(t) = (=1 Fi(~t). (2.53)
k=0
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Proof. In Section 1.2.5 we have seen that any polytope is the disjoint union of the

relative interior of its faces, i.e.

P=U 7. (2.54)
FCP
Thus, by Ehrhart—Macdonald Reciprocity, c.f. Theorem 2.28, we conclude that

d
Lp(t)= > Lr(t)=) > (=1)*Lr(-t)

FCP k=0 FCP

dim F=k (2.55)
d-1
= S (-DFEE(-0) + (~1)Lp (1),
k=0

The assertion of the lemma follows by subtracting (—1)¢Lp(—t) from both sides of this

equation. ]

Theorem 2.37. Suppose that P is an integral d—polytope with FEhrhart polynomial
Lp(t) = cqt®+cq_1tT 1 +.. . 4co. Then, the second leading coefficient of this polynomial

equals 1/2 times the sum of the relative volumes of the facets of P, i.e.

1
ca1 =7 > volg(F). (2.56)
FCP
dim F=d—1

Proof. By Ehrhart—-Macdonald Reciprocity,
ﬁpo (t) = (—l)dﬁp(—t) = Cdtd — Cdfltd_l +—... (—1)d+101t + (—l)dCO. (2.57)

Therefore, by Lemma 2.36, we have that

d—1
ST(=1)FEE(—t) = Lp(t) — Lpo(t) = 2cq1tT + 245t + ...+ 7, (2.58)
k=0
where 7 equals 2¢q if d is odd and 2c¢;t in the case that d is even.
Now, since proper faces of an integral d—polytope are integral polytopes of dimension
smaller than d, only the Ehrhart polynomials of the facets of the polytope P contribute
non-zero coefficients of t4~1 to the left hand side of this equation. Hence, this coefficient

equals the sum of the leading coefficients of the Ehrhart polynomials of the facets of
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the polytope, which, by Corollary 2.34, agrees with the sum of the relative volumes of
the facets of our polytope. O

Lemma 2.38. Given an non—empty integral polygon P, the Ehrhart polynomial

Lp(t) = vol(P)t? + % > volr(F) [ t+1. (2.59)

dim =1
Proof. Integral polygons are 2—-dimensional integral polytopes. Accordingly, the Ehr-
hart polynomial of P has degree two and period one. By Theorem 2.29, the leading
coefficient of the Ehrhart polynomial agrees with the volume of the polytope P, while
the second leading coefficient equals 1/2 times the sum of the relative volumes of the
facets of P, by Theorem 2.37. The constant term of an Ehrhart polynomial is one, for

all non—empty polytopes. O

Corollary 2.39 (Pick's Theorem). The volume of an integral polygon equals the number
of integral points in the interior of the polygon plus 1/2 times the number of integral

points on its boundary minus one, i.e.
1
vol(P) = #(P° N Z7) + S #(0p NZ%) — 1 (2.60)

Proof. The evaluation of the formula given in Lemma 2.38 at t = 1 gives

#(P°NZ% + #(0p N Z%) = #(P N Z?) = vol(P) + % ( > VOIR(]—")> +1. (2.61)
FCP

The facets of an integral polygon are line segments with integral endpoints. In order
to calculate their relative volume we have to consider closed intervals [a,b] C R for
integers a,b with a < b. The volume of the interval [a,b] is given by (b — a) and the
number of integral points #([a,b] NZ) equals (b — a) + 1, c.f. Example 2.5.

Since 0p = P\P° is a closed line segment, we obtain that

> volr(F) = #(dp N Z?). (2.62)
FCP
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2.5 The Period of Ehrhart Quasi—Polynomials

Ehrhart’s Theorem indicates that the integer—point enumerator of a rational d—polytope
is a quasi—polynomial whose period divides the least common multiple of the denomi-
nators of the vertex coordinates. Thus, we obtain in fact a polynomial, if the vertices
of a polytope have integral coordinates. The question arises if it is possible to replace
the word divides by equals in Ehrhart’s Theorem. As we will see, this conclusion can
be drawn in the case of 1—dimensional rational polytopes in R but does not hold in
higher dimensions.

As evidence for the latter claim we will give an instance of an infinite class of 2—
dimensional triangles, where any positive integer occurs as denominator, even though

the Ehrhart quasi—polynomials of all these triangles are polynomials, c.f. [19].

2.5.1 One Dimensional Rational Polytopes

Theorem 2.40. The period of the Ehrhart quasi—polynomial of a rational 1-polytope in
R is given by denominator of the polytope.

Proof. In Example 2.5, we observed that the number of integral points in the closed

interval [a, b], is given by
#([a,b]NZ)=b—a+1, (2.63)

for all non—negative integers a < b. Therefore, we obtain that the Ehrhart quasi-
polynomial of the polytope [a,b] is given by L, () = (b —a)t + 1.

Rational 1-polytopes in R are closed intervals [a/b, ¢/d] and we may assume, without
loss of generality, that a, b, ¢, d are positive integers such that, a/b < ¢/d and ged(a, b) =
ged(e,d) = 1. Observe that the number of integral points in the interval [a/b,c/d]
agrees with the number of integral points in the integral interval [[a/b], |¢/d]]. Thus,
by (2.63), we conclude that

o([53109)- - [

We rephrase the identity above in terms of fractional parts and obtain that
a c c a c a
—=|NZ|==—=-—9=(p—<¢—= 1. 2.
#([5a ) -5 {3 {3 (2.65)
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This implies that

Lieo(t) = <2—Z)t—{i‘;}—{—f}+1. (2.66)

Since we assume that the integers ¢ and d are relatively prime, ¢t — {%‘:} is a periodic
function with period d. In the same way we obtain that the function t — {—%‘1} is
periodic in ¢ with period b. Therefore, we conclude that the period of the Ehrhart
quasi—polynomial E[%’g](t) equals the lowest common multiple of the integers b and
d. O

2.5.2 Minimal Periods of Ehrhart Quasi—Polynomials in Higher Dimensions

In contrast to the previous result, we may prove the following assertion in case of

rational polytopes of dimension exceeding one.

Theorem 2.41. For any integers d > 2 and p > 1 there exist rational d—polytopes with

denominator p whose Ehrhart quasi—polynomials are polynomials.

As a proof of this theorem we specify an infinite class of 2—polytopes where any
integer occurs as denominator even though the Ehrhart functions of all these polytopes
are polynomials. Since the Ehrhart quasi—polynomial of the cartesian product of two
polytopes equals the product of the corresponding Ehrhart quasi—polynomials, it is
possible, due to this class of polytopes, to construct polytopes of arbitrary dimension,

whose Ehrhart functions are polynomials even though their denominator equals p.

Proposition 2.42. Let T be the rational triangle with vertices (0,0),(1,(p —1)/p) and
(p,0), for some integer p > 2. Then, the Ehrhart function of this polytope is given by

the polynomial

—1 1
Lrty=2"tp Py

1. 2.
5 5t (2.67)

Proof. Since triangles are simplices, we may calculate the Ehrhart—series of this poly-

tope according to the proof of Ehrhart’s Theorem for simplices, Theorem 2.13. There,

the crucial step was to specify the integer—point transform of the fundamental paral-
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lelepiped of the cone over this simplex, which is in our actual example given by

0 p p
1_[cone(’T|1) = MO +A]p—1]+A3]0]:0< A<, (268)
1 p 1

(2.69)

In order to specify the function oy 1,1, 2) we have to count the number of integral

cone(7 1) (
points 2 € Ilone(7)1) With 23 =1, for all integers 0 <1 < (p +1). Put differently, given
an integer 0 < [ < (p+ 1), our aim is to count the number of tuples (j, k) for which

there exist reals A1, Ao, A3 with 0 < \; < 1 such that

(A2 +A3)p =, (2.70)
(p—1) A=k, (2.71)
Al +pAa+ A3 =1L (2.72)

First of all, observe that equation (2.71) is equivalent to the condition that Ay = 1%‘

This implies that a suitable real 0 < A9 < 1 may only exist for integers

ke{0,1,...,(p—2)} (2.73)

Moreover, substituting the variable Ao by k/(p — 1) in equation (2.70) yields that
A3 = j/p — k/p — 1. Hence, the condition that 0 < A3 < 1 implies the estimation that
k+k/p—1<j<p+k+k/p—1. Because j,k and p denote integers and since the
constraint that 0 < Ag < 1 implies that 0 < k/p — 1 < 1, we conclude that there may
exist reals 0 < A9, A3 < 1, such that the equations (2.71) and (2.70) hold at the same

time, at the most for integers

je{l+k,...,p+k} for k # 0 and

(2.74)
j€{0,....,p—1} for k= 0.

Finally, we study the third equation, (2.72). Here, we substitute the variable As by

k/p—1 and set A3 = j/p — k/(p — 1). Then, by applying some basic transformations,

p%l (- Ey=1—k- L. Taking into account the condition

we obtain that Ay =1 —p 5 1
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0 < A1 < 1, we obtain the estimation

k+?<i<i+k+2. (2.75)
p p

If k=0then 0 <j <p—1 and the estimation % <l<1l+ % implies that

[=0for 7 =0 and
(2.76)
{=1forj>0.

In other words, there is one integral point with zz—coordinate zero, the origin, and p—1
integral points with z3—coordinate one, contained in the fundamental parallelepiped of

the cone over our triangle.

Else, for k # 0, according to our previous thoughts, the integer j has to be an element
of the set {k+1,k+2,...,k+ p}. Moreover, the estimations 0 < ]% < 2 and % <1 are
valid for all j € {k+1,...,k+ (p—k)}. Therefore, there are p — k integers j, such that
l = k+ 1, and k integers such that [ = k + 2, for a fixed integer k € {1,...,(p — 2)}.
Consequently, for I € {1,2,...,p— 1} there are p — 1 integral points in I gye(7(1) With
xg—coordinate [ and p — 2 integral points with xz3—coordinate p. The origin is the only
point with x3—coordinate 0. Summarizing, we conclude that the Ehrhart—series of our

triangle is given by

I+(p—1)(z+224+...+2P"H+(p—2)2P
(1—2)2(1 = 2P)
1+(p—-2)2)1+z+22+...+ 271

Ehry(z) =

_ 2.77
(1—=2P304z+...+2r71) 2.77)
1+ (p—2)z
o (1—2)3
Eventually, we obtain that
t+2 t+1 t+2)(t+1 t+ 1)t
cT<t>=( ' >+<p—2>< ' >=()2(>+<p—2>( s
242t +t+2 —2)(t? +t 1 -2) t -2
P22 p-DE+Y) a1t (0-2) 6+ (p-2)
2 2 2 2
p—1, p+1
= t t+ 1.
2 + 2 +
O
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Based on the previous proof, we gain a necessary condition for the fact that the
Ehrhart function of a rational simplex is actually a polynomial. This provides us with
a method to prove that the period of the Ehrhart quasi—polynomial of certain rational
simplices is strictly greater than one. To prove the subsequent Theorem, we need the

following observation.

Lemma 2.43. Let p be a positive integer and g(z) = ag + a1z + ...+ apz® a polynomial
of degree k > p — 2 with integral coefficients. If the integer p does not divide the sum of
the coefficients of the polynomial g(z), the polynomial 1+ z + 22 + ... + 2P~1 may not

be a factor of this polynomial over Z.

Proof. On the contrary, suppose that 1 + z 4+ 22 + ... + 2P~! divides the polynomial
g(z) in Z[z], i.e. there exists a polynomial ¢(z) = by + b1z + ... + by, with integral

coefficients such that

9(z) =1+ z+22+... +2"1) q(2)

) (2.78)
— 4(2) + ()2 + q(2) + ... + ()"
Summing up the coefficients on both sides of this equation yields that
k m
Zai =Dp- ij (2.79)
i=0 §=0

This shows that the integer p has to divide the sum of the coefficients of g(z) in the
case that the polynomial 1 4 z + 22 + ... 4+ 2P~! is a factor of this polynomial. O

Theorem 2.44. Let A C R? be a d—simplex with vertices vy, ..., vq41 and denote by p;
the minimal positive integer such that p;v; € 72, for all indices 1 < i < d+1. Then, if

one of the integers

pi tdet (p1v1,p1), -+ -5 (Pd4+1Vd+1,Pd+1)) » (2.80)

for 0 < i < d+ 1, we obtain that the period of the Ehrhart quasi—polynomial of the

simplex 1s strictly greater than 1.
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Proof. First of all, note that {(p1v1,p1), ..., (Pd+1Yi+1,Pa+1)} provides a set of integral
generators of the cone(A|l). Therefore, Equation (2.16), from the proof of Ehrhart’s
Theorem for simplices, implies that

1,1,...,2)

_ UHcone(A|1)(
Ehra(z) = A=) (=) (2.81)

Since the Ehrhart—series is the generating function of the Ehrhart quasi—polynomial,
we obtain, by Corollary 1.59, that the Ehrhart quasi—polynomial of our simplex is
a polynomial if and only if the denominator of the rational function Ehra(z) equals

(1 — 2)®*1if written in lowest terms. Since the polynomial
1—2Pi=(1—2)-(14z+22+.. +2Ph), (2.82)

this may only be the case if (1+ 2+ 22 +... 4+ 2Pi71) | Ol ggpe(ayy (L 15+, 2), for all 0 <
1 < d+1. A necessary condition for this property is, by Lemma 2.43, that all integers p;,
for 0 <i < d+ 1, divide the sum of the coefficients of the polynomial o, (1,1,..., 2).
1,1,...,1,2) at

z = 1. The combinatorial interpretation given in Theorem 2.11 states that the value

Note that we obtain this sum by evaluating the polynomial O e All>(

O egne(an) (1,1,...,1) corresponds with the number of integral points in the half-open

parallelepiped

Heone(al) = {MP1v1,p1) + - - + Adr1(Pa+1Va41,Pd+1) 1 0 < Aryeeny Agyr < 1} .(2.83)

By Lemma 2.30, this number equals the volume of the parallelepiped which is given by
det ((p1v1,p1), -, (Pd+1Va+1, Pa+1))- O
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2.6 Sylvester's Denumerants

An application of Ehrhart’s Theorem which emerges from the hyperplane description of
polytopes is that the number of restricted partitions 3 of a non-negative integer ¢ € Z>q

can be counted by evaluating the Ehrhart quasi—polynomial of a simplex.

Given a sequence A = (ay, ..., aq) of positive integers, we study the number of integral
solutions (z1,...,xq) € Zio of the linear diophantine equation
a121 + agxo + ...+ aqrg = t, (2.84)
i.e. the number of partitions of a positive integer ¢ into given parts aq, ..., aq.

The English mathematician James Joseph Sylvester already investigated this counting

problem in 1857 and named the function
D) := #{(z1,...,2q) € Z%O fa1xy +agxa + ...+ agrg =t} (2.85)

the denumerant, c.f. [1].

These functions, for instance, occur in the context of Knapsack-problems within the
field of combinatorial optimization and are also examined in conjunction with the Coin-
Exchange-problem of Frobenius in number theory.

To establish the connection between denumerants and Ehrhart quasi—polynomials we

consider the rational polytope given by
P = {(.%'1, - ,xd) € R%O Pa1x1 + ax2 + ... +agrg = 1}. (2.86)

This represents the hyperplane description of a rational d — 1 simplex in R?, whose

vertices are given by the points where the hyperplane {z € R? : ajz1 + ... 4+ agzqg = 1}

1

) ag eqs}. Given a positive

intersects the coordinate axis, i.e. by the points {éel, .

integer t € Zx>, the t-th dilation of this simplex
tP = {(331, - ,:L’d) S Réo Q121 + a9 + ...+ aqgTg = t}. (287)

Thus, the integral solutions of the diophantine equation (2.84) correspond with the
integral points in the ¢—th dilation of the polytope P. Moreover, the set of the integral

3A partition of a non-negative integer n is a finite, non-increasing sequence of positive integers
A1, ..., Ar such that 2;1 Xi=n
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points in the interior of the dilated simplex ¢P is given as
tP)°nzZ® = {(r1,...,xq) € Zio ta1ry + aexe + ...+ agrg =t},  (2.88)

and therefore corresponds with the partitions of the integer ¢ into given parts ay, ..., aq,
where each part actually occurs.
Summarizing, we gain the following result from Ehrhart’s Theorem and Ehrhart—

Macdonald Reciprocity.

Proposition 2.45. Given a finite sequence of positive integers A = (a1, ...,aq), the de-
numerant ®4(t) is a quasi—polynomial of degree d — 1 whose period divides the lowest
common multiple of the integers ay, ...,aq. Moreover, evaluating this quasi—polynomial
at —t gives (—1)4"1 times the number of partitions of the integer t into given parts

(a1,...,aq) where each part actually occurs.

Now, we may obtain the same result by a different approach, using Theorem 1.55,
which represents actually the one dimensional case of the method we will use in the
next chapter in order to prove a multivariate generalization of Ehrhart’s Theorem.

To this end, observe that

_ riail r2a1 Tqal
(1—2‘”)..(1—2%)_22 2 2z
— Z Z Zm1a1+...+xdad — Z(I)A(t)zt-
120 zq>0 t>0

This shows that the generating function of the denumerant is rational. Moreover, all
roots of the polynomial (1—2z%)...(1—z%) are lem(ay,...,aq) —th roots of unity with
multiplicity no greater then d, and at least the root 1 occurs with multiplicity d. There-
fore, by Corollary 1.57, it follows that the function ® 4(¢) is a quasi—polynomial of degree
d — 1 whose period divides the lowest common multiple of the integers (aq,...,aq).

Since we used here only the hyperplane description, while our proof of Ehrhart’s
Theorem was based on the vertex description of the polytope, the observation above
constitutes a different approach to the problem of counting the integral points in the
rational simplex (2.87) in dependence of the dilation factor t € Z>.

Another interesting aspect regarding this approach arises when we consider item (i7)
of the equivalent assertions stated in Theorem 1.55.

Denoting the sum of the elements of a sub—sequence S = (a;,,...,a;) C (a1,...,aq) =

A by ag and writing A\S for the sequence obtained by removing the terms of the sub—
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sequence S from the sequence A, we obtain that the product

d

[TG% —1) = > (—1)l4Slz0e, (2.90)

i=1 SCA

Accordingly, Theorem 1.55 (i7) implies that

ST (=)@ 4 (n+ as —as) =0, (2.91)
SCA

for all integers n > 0. This shows that the function ® 4 satisfies a homogeneous linear
difference equation. Moreover, we may substitute the variable n in (2.91) by b — a4,

and gain that

oa0)= > (-1D)MDy(b - ag), (2.92)
SCA,S4£0

for all integers b > a4. This recurrence relation allows us to calculate the function
value @ 4(b) recursively from the according function values on the integral points in the
interval [b — a4,b). Hence, all values of the function ®4 can be calculated recursively
from given initial values on the integral points in the interval [0,a4).

With regard to later considerations we observe that the interval [0, a4] = {3 % Aia; :
0 < \; <1} =: B(A). Thus, given an integer b € Z, the integral points in the interval
[b — aa,b) can be described as (b + u — B(A)) N Z for some real u € (0,1). Although

the statement may seem rather involved, it is precisely what we shall need later.
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We may gain a generalization of Ehrhart’s Theorem by examining a multivariate gen-
eralization of the example analyzed in the previous section. In order to formulate the
according result we need to elaborate the relation between rational polytopes and sets

of non—negative solutions of systems of linear equations with integral coefficients.

3.1 Another Perspective on Polytopes

In the context of vector partition functions polytopes are often introduced as bounded

sets
P={zecR%, : Az= b}, (3.1)

specified by an s x d matrix A and a vector b € R*. We will now briefly work out that
any polytope is affinely isomorph to a set as described in (3.1).

The fact that (3.1) specifies a polytope is an immediate consequence of the hyperplane
description of polytopes. On the other hand, we will now show that one may obtain
any polytope as a translation of a projection of such a set. Moreover, we will be
able to find such an affine map which maps integral points bijective to points with
integral coordinates, for every rational polytope. To study the number of integral
points contained in rational polytopes we may therefore restrict our considerations to

sets as given in (3.1).
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Example 3.1. We consider the polytope P C R? given by
P = {(z,y) eR*: 20 +3y<l,z>-1,y> -1} (3.2)

At first, we translate the polytope P by the integer vector w = (1,1)7 into the non-

negative orthant ]R%O and obtain the equivalent polytope

w+P={<z>eR§0:(2 3) <z>§6} (3.3)

which contains the same number of integral points as P. Furthermore, note that the
inequality 2z 4 3y < 6 is valid if and only if the real z := 6 — 2z — 3y is non—negative. If
both, z and y are integers, then so is z. Hence, a point (z,y) € R? lies in the polytope
w+ P if and only if there exists a non—negative real z such that 2z + 3y + z = 6 holds.

Therefore, introducing an auxiliary variable z in (3.3) yields that

x
P = y GR:;O:(2 3 1)

z

6%, (3.4)

IS
Il

where the latter set contains the same number of integral points as the polytope P.
Conversely, we may retrieve the polytope w+ P by canceling the z—coordinates of the

points in the polytope (3.4).

e o o o o o o o ° e .
2vrdy=
L] L] L] L] L] L[] L]
L] L] L] L] L] L] L]
° ° o ° o e o -
e o ° e o o o
L] L] L] L]

Figure 3.1: Introducing slack variables.
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By the same method as illustrated in the upper example, we obtain a general result.

To this end, suppose that P is a polytope in R™. Since we are dealing with a bounded
set, there exists an integral vector v € Z" such that the translated polytope v + P
lies within the non-negative orthant R%,. Consequently, as to the number of integral
points, there is no loss of generality if we assume that the polytope P is located in RZ,,.

Thus, we consider polytopes given as
P = {zecRY): Az < b}, (3.5)

where A stands for an s x n matrix and b is a vector in R®. Denoting the j—th entry
of the i—th row of the matrix A by a; j, we obtain that a point = (z1,...,2,) € RY,

lies within the polytope P if and only if the inequality
a; 121 + aipTa + ...+ ajpTy < by, (3.6)

holds for all indices 1 < ¢ < s. Subtracting b; from both sides of the above equation

leads to the conclusion that this inequality holds for a point = € R, if and only if
Ln+i = bi — @11 — ;272 — ... — Aj nTn, (3.7)

is non—negative, for all 1 <+ < s. Note that then b; = a; 121 +0a; 202+ . .+ nTp+ Ty
Therefore, introducing an auxiliary slack—variable x,4; for each of these inequalities

gives that
P={xeRy": Ax= b} (3.8)

where A" = (A I;). Conversely, we regain the polytope P by canceling the last s
coordinates of the points of the set (3.8). Note that the corresponding affine maps are

given by an inclusion map and a projection, respectively.

Given a rational polytope P, we may moreover assume that the entries of the matrix
A as well as the entries of the vector b in (3.5) are integers. It then follows by equation
(3.7) that the slack variables {x,4; : 0 < ¢ < s} are integers for any integral point
x € PNZ". Therefore, in case of a rational polytope, our affine maps induce a bijection

between the integral points in both sets. Thus,

#PNZ") = # ({m R : Am=b}nZ""). (3.9)
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This points out that as to the number of integral points in rational polytopes we may
just as well count the integral points in the set on the right hand side of (3.9).

We proceed by stating a necessary and sufficient condition under which a polyhedron
P={xze Réo : Ax = b}, specified by an s x d matrix A and a vectorb € R®, is actually
a polytope.

Lemma 3.2. The condition that the non—empty polyhedron P = {x € R%o : Az = b} is
bounded is equivalent to the condition that the only solution of Ay = 0 contained in the

non—negative orthant R‘éo 1s given by the zero vector.

Proof. Recall that a polyhedron is not bounded if and only if it contains a half-line.
Now suppose, contrary to our claim, that there exists a vector y € R‘éo\{ﬂ} satisfying
Ay = 0. Then, the polyhedron contains with any point € P :;lso the half-line
{z+ Ay : X € R>p}. Conversely, assume there exists a point € P and a vector y # 0
such that the half-line {z+ Ay : A € R>¢} lies within the polyhedron P. This implies
that y € R%O\{O}. Then we have that A(x + Ay) = b for all non—negative reals A,
which implies that Ay = 0. O

We summarize the discussion above in the following theorem.

Theorem 3.3. Let P be a polytope in R%. Then there exists a vector b € R* and a
(d 4+ s) x s matriz A, with the property that the only solution of Ay = 0 in the non—

negative orthant R%O s given by the zero vector, such that
P = {xe R : Az = b}, (3.10)

and any such polyhedron is actually a polytope. The affine maps that establish (3.10)

are given by an inclusion map and a projection, respectively.
Given a rational polytope P C R, we may moreover assume that the matriz A as well

as the vector b have solely integral entries, in which case we have that
#(PNZ") = # ({w € RL* : A= b} NZ") . (3.11)

By omitting redundant equations, we may assume, without loss of generality, that the

matriz A has full rank.
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Remark 3.4. In the sequel we refer to a finite sequence of vectors from R?® as a list
and indicate by X the list of the column vectors of a matrix A. Moreover, by abuse
of notation we denote by X\Y the list that is obtained by removing the elements of a
sublist Y C X from the list X.

Now, we may restate the condition that the only solution of Ay = 0 located in R‘éo
is given by the zero vector, by requiring that 0 ¢ conv(X). Note that the convex hull
conv(X) = {Az: ¢ € RL,, |z, = 1}. By Theorem 1.37, we may therefore equivalently
demand that cone(A) = cone(X) a pointed cone with a vertex at the origin. Thus,
another way of stating Lemma 3.2 is to say that a polyhedron P = {x € R%O : Az = b}

is bounded if and only if cone(X) is a pointed cone with vertex at the origin.

Regarding the theorem above, integral dilations of a polytope P = {x € R? : Az = b},

as studied in the context of the Ehrhart Theory, are given as
tP = {xcR?: Az = tb}. (3.12)

In fact, this is the family of polytopes which can be represented with a fixed matrix
A while the vector on the right hand side varies in a single integral dilation factor
t € Z>o. An obvious question which arises at this point is weather we may obtain a
result similar to Ehrhart’s Theorem when we consider the vector b on the right hand

side as a variable in Z°.

Convention. In the remainder of this section we assume A to be an s X d integer matrix
of full rank s < d which meets the condition that cone(A) is a pointed cone. Moreover,

we assume that X denotes the list of the column vectors of the matrix A.

3.2 Variable Polytopes and Vector Partition Functions

Our aim is, geometrically spoken, to count the number of integral points in the family of
rational polytopes that are obtained from a rational polytope by independent parallel
motions of the facets, in dependence of the distance of the supporting hyperplanes to
the origin. Taking our previous explanations into account, we consider the following

objects.
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Definition 3.5. For any vector b € Z° we may define a polytope by setting
Pa(b) == {ze RL,: Az = b}. (3.13)

We call P4(b) the variable polytope associated with the matrix A and the vector b.

In the literature these polytopes appear under various names, for example as partition
polytopes in [25]. We take the name variable polytope from [7], where one may also

find a proof of the following elementary properties.

e If the vector b lies in the interior of cone(A), then P4(b) is a d — s dimensional

polytope in R

e The vertices of the polytope P4(b) are given by the non—empty sets Pg(b), where

B stands for an arbitrary s x s sub—matrix of A which has full rank.

Definition 3.6. We define the vector partition function associated with the matrix A as
y:Z° - N, Du(b):=#{zecZly: Az = b}. (3.14)

The function ® 4(b) counts the number of integral points in the rational polytope P4 (b)
in dependence of a variable vector b € Z°. From another point of view, we may say
that this function counts the number of ways in which a vector b € Z* can be written
as a non—negative integral linear combination of the column vectors of the matrix A
and this is actually the reason for the name vector partition function. In this context

it is sometimes convenient to consider lists rather than matrices, and we set

Dy (b) :=#{z €Ll w1041 + ... + T4aq = b}. (3.15)

Remark 3.7. Note that the values of the vector partition function are indeed well defined
integers, since we are working under the assumption that cone(X) is a pointed cone.
Vector partition functions appear incidentally as the multivariate discrete truncated

power in the field of numerical analysis, cf.[6].

Before studying further properties of these functions, we examine a simple example.

Example 3.8. Let A be the 2 x 3 matrix
1 0 1
A= . (3.16)
0 1 1
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Chapter 3. Vector Partition Functions

The the cone generated by the list of the column vectors of the matrix A agrees with the
positive orthant RQZO. Therefore, the function ®4(b) vanishes if one of the coordinates
of the vector b € Z? is smaller than zero. It remains to specify the function ® 4(b) for
vectors b € 2220- Observe that

w() ()00 (Yoo ea). o

for all integers a € Z. Now, the right side of equation (3.17) gives a representation of
the vector b = (b1, by) as a linear combination of the column vectors of the matrix A,
where the coefficients are non—negative integers as long as 0 < a < min{by,ba}. Since
we obtain any such representation in this way, the vector partition function is given by
®4(b) = by + 1 whenever 0 < by < by and P4(b) = ba + 1 if 0 < by < by, c.f. Figure
3.2.

Figure 3.2

In the previous example we have observed that the vector partition function restricted
to certain polyhedral cones agrees with (quasi—)polynomials. Moreover, the degrees of
these polynomials are all one and equal the dimension of the variable polytope P4(b),
for all integral vectors b € cone(A) NZ*.

Our aim is to show that these observations are due to general properties of vector
partition functions, which will provide a generalization of Ehrhart’s Theorem to the
setting of variable polytopes. The concepts needed to state the according theorem
arise naturally from some properties of vector partition functions, which are immediate

consequences of the definition.

Proposition 3.9. The vector partition function ®x (b) vanishes at all points b € Z° which
do not belong to cone(X) NZ*.
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3.2 Variable Polytopes and Vector Partition Functions

Proposition 3.10. Let a; be an element of the list X. Then the vector partition function
®x satisfies

(I)X(b) - (I)X(b_ a'z) = q)X\{aﬂ;}(b)a (318)
at all points b € Z°.

Proof. Given a representation of the vector b € Z® as a non—negative linear combination
of the elements of the list X, we study the coefficient of the element a; € X.

If this coefficient is strictly positive, we may obtain the same representation by adding
a; to a unique representation of the vector b — a; as a non—negative linear combination
of the elements of the list X. Else, we have a representation of the vector b as a non—
negative integral linear combination of the elements of the list X\{a;}. This means

that the vector partition function
Px(b) = Px(b— @) + Px\(4;3 (). (3.19)
Subtracting ®x (b — a;) from both sides establishes (3.18). O

In order to deduce further properties of vector partition functions from the previous

results, we need the following terminology.

Definition 3.11. Given an integral vector a € Z° we define the backwards difference

operator V, by setting

Vaf(b) := f(b) = f(b—a), (3.20)
for any function f : Z®* — C, at all points b € Z°. Accordingly, we may define the
difference operator associated with a list Y = (ay,..., ag) of integral vectors as

d
Vy f(0) == [[Va () = Vay(Vas_, (- (Va f(B)) ...)). (3.21)
i=1

Note that V4(Vef(b)) = V(Vaf(b)) for all integral vectors a and ¢ € Z*. Therefore,
the operator Vy does not depend on the order in which the elements of the list Y

appear.

Using this notation we may now deduce the following result from Proposition 3.10.
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Chapter 3. Vector Partition Functions

Proposition 3.12. Let Y C X be a sublist. Then the vector partition function satisfies

the multivariate homogeneous linear difference equation
Vy®x(b) =0 in all points b € Z°\ cone(X\Y'). (3.22)

Proof. In the notation of backwards difference operators Proposition 3.10 states that
Vo, ®x = Px\(q;) for any element a; € X. Repeated application of this result estab-
lishes that Vy®x = ® x\y. The assertion follows as the latter function vanishes outside
cone(X\Y'), by Proposition 3.9. O

Definition 3.13. We call a minimal sublist Y C X with the property that the list X\Y
does not span the vector space R® a cocircuit of the list X. We denote the set of all
cocircuits of the list X by Y(X).

Definition 3.14. We say that a point & € R?® is strongly reqular with respect to the list
X if and only if it is not contained in any cone of dimension less than s generated by a
sublist of X. Using the notation of cocircuits, we can describe the set of regular points

with respect to the list X as

reg(X) := R%\ U cone(X\Y). (3.23)
YeY(X)

The connected components of the set of strongly regular points are called the chambers
associated with the list X, or short the chambers of X.

Remark 3.15. It can be shown that if the points by and by € Z° are contained in the
same chamber associated with the list X, the variable polytopes P4(b;) and Pa(bs)
are combinatorial equivalent, i.e. there exists a bijection between the sets of faces of
the polytopes P4(b1) and P4(b2), which preserves dimension and inclusion. For more
details on this see [7].

Equivalently, one may define the chamber complex of X as the polyhedral subdivision
of the cone(X), defined as the common refinement of the simplicial cones generated by
bases of X, c.f. [23].

We illustrate these notations by a simple example.
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3.2 Variable Polytopes and Vector Partition Functions

Example 3.16. Consider the 3 x 6 matrix given by

N

Il
S O =
oS = O
= O O
S = =
= = O
— =

where we denote the list of column vectors by X = (a1, ag, as, asas, ag). The maximal
sublists of X which do not span the vector space R?, i.e. the lists X\Y where Y is a
cocircuit of the list X, are then given by (a1, a2, a4), (a1, a3), (a2, a3, as), (a1, as, ag),
(a3, a4, ag), (a4, as) and (ag, ag). We display the chambers of X in Figure 3.3, where the

right picture represents a 2-dimensional slice of the chamber decomposition of cone(X).

Figure 3.3: The chambers of cone(X)

Theorem 3.17. Suppose that b € Z° is a strongly regular point with respect to the list X .
Then the vector partition function satisfies the homogeneous linear difference equation
Vy®x(b) =0 for all cocircuits Y € Y(X).

The remainder of this chapter will be devoted to the proof of the following generali-

sation of Ehrhart’s Theorem.

Theorem 3.18. The restriction of the vector partition function ®x to a chamber of the

list X agrees with a quasi-polynomial of total degree d — s.
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3.3 The space DM(X)

The previous theorem shows that the restriction of the vector partition function ®x to
a chamber of X is a solution for certain difference equations. This suggests to study

the following solution space of multivariate linear homogeneous difference equations.

Definition 3.19. We set
DM(X):={f:72° - C|Vyf=0, forall Y € Y(X)}. (3.24)

Note that the condition that Vy f = 0 for all cocircuits Y € Y(X) implies also that
Vy f = 0 for all sublists Y/ C X such that span(X\Y”’) # R®, since any such sublist

has to contain a cocircuit.

The functions in the space DM(X) are quasi-polynomials which are uniquely deter-
mined by the function values on certain sets, cf. [8] or [6]. Here, we give another basic
proof for these properties. To this end, we first observe that the difference equations
that appear in the definition of the space DM(X) lead to certain recurrence relations.
Geometric considerations regarding the points involved in these recurrence relations
allow us then to specify sets with the property that arbitrary function values assigned
to the elements of such a set lead to a unique continuation to a function in the space
DM(X). The method we use to prove this property, will furthermore allow us to show
that the restriction of the vector partition ® x to a chamber of X agrees with a unique
function in the space DM(X). Altogether, these results will provide us with a proof of

an even stronger version of Theorem 3.18.

3.3.1 Recurrence Relations and Multivariate Difference Equations
Our starting point is the following observation.

Lemma 3.20. Let f : Z° — C be a function and Y = (aq,...,a,) a list of integral
vectors a; € 7.°. Then

Vyf(b) = > (-1)I5If(b— ay), (3.25)
SCY

where the vector ag denotes the sum of the elements of the sublist S CY.

Proof. We argue by induction on the number of elements of the list Y. In the base case,

i.e. for Y = (a), the assertion agrees with the definition of the backwards difference
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operator. For the induction step, we assume that (3.25) holds for all lists having less

than n elements and conclude that then

Vyf(b) = va(vY\{a}f(w):va( > (—1)'S'f(b—as))

SCY'\{a}
= > ()b —as) - Y (—D)Ff(b—as—a)
SCY\{a} SCY\{a}
= Y (-1)¥f(b - ag).
SCY

O]

Now we may deduce the following result, which turns out to be quite useful in the
context of the functions in the space DM(X).

Corollary 3.21. Suppose that the function f : Z° — C solves the difference equation
Vy f(b) =0 at a point b € Z°, and let 8" CY be a sublist. Then the function value
f(b—ag) is uniquely determined by the values the function f takes at the points in the
set {b—ag:SCY,S#S5'} and can be calculated as

fb—ag)= > (Db — ag). (3.26)

SCY,S#S

Example 3.22. Suppose that X = (2,3). Since the sole cocircuit of this list is given by
the list itself, we obtain that DM(2,3) = {f : Z — C : V(23 f(b) = 0 for all b € Z}.

Now observe that

Ve f(b) = f(b) = f(b—2) = f(b—=3) + f(b-5), (3.27)

and the equation V(9 3y f(b) = 0 implies that f(b) = f(b—2)+ f(b—3) — f(b—5). This
shows that a function f € DM(2,3) is uniquely determined by the function values on
a single set (a + [0,5)) NZ for some integer a € Z, and an arbitrary choice of function
values on such a set enables us to calculate recursively all values of a unique function in
the space DM(X). With regard to the generalization to arbitrary dimensions, observe

that we may describe the integral points in the half-open interval [0,5) as well as
[0,5)NZ = (u—B(2,3))NZ (3.28)

where B(2,3) := {\2+ X23,0 < \; <1} =[0,5] and u € (4,5).
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As to the difference equations in the definition of the space DM(X), Lemma 3.20
suggests to study the set {b— ag : S C Y}, where Y denotes a cocircuit of the list X

and b € Z° an integral vector. In this context, the following observation is crucial.

Proposition 3.23. There is a bijective correspondence between cocircuits Y € Y(X) and
the linear hyperplanes spanned by sublists of X. Namely, if H C R?® is a hyperplane
spanned by a sublist of X, the sublist X\H has to be a cocircuit. On the other hand,
a sublist Y C X is a cocircuit if and only if the elements of the list X\Y generate a
hyperplane, subsequently denoted Hy-e.

Definition 3.24. The hyperplanes spanned by sublists of X are rational, since we as-
sumed the elements of the list X to be integer vectors. Therefore, given a cocircuit
Y € Y(X) we may choose an integral vector hy. € Z*® such that the corresponding
hyperplane Hye. = {x € R® : (hyc,x) = 0}. We define the essential hyperplane ar-

rangement related to the list X as
C(X):={Hy:Y e Y(X)}. (3.29)

Remark 3.25. The actual choice of the vectors hy. is not important, we just need to
specify these vectors to distinguish the half-spaces Hy. := {& € R® : (hyc, ) > 0} and
Hy.:={xzeR*: (hye, x) < 0}.

Definition 3.26. Given a cocircuit Y C X, we partition the elements of the list X into
three sublists, according to their location relative to the hyperplane Hy.. That is, we

define sublists

Yi:={a€ X : (hyc,a) >0},
Y_:={a€ X : (hyc,a) <0} and (3.30)
Y¢:=Hy.NX=X\Y.
Thus, Y5 denotes the sublist of the elements of the list X which lie on the same side of
the hyperplane Hy- as the vector hyc, the sublist Y_ consists of the those list elements

which are located in the opposite half-space, and the sublist Y¢ includes all elements

of the list X which lie on the hyperplane Hy-.
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Accordingly we define three vectors related to a sublist S C X and a cocircuit Y C X
by setting

® asny, ‘= Y gesny, @ with the property that (asny,,hye) >0,
® asny =Y aesny. @ satisfying (asny ,hye) <0, and
® agnyc ‘= ZaESﬂYC a, with <G,SmYc’ hy¢> = 0.

For any sublist S C X we have that as = asny, + asny_ + asnye.

Example 3.27. We consider the list X = ((1,0),(0,1),(1,1),(—1,1)). Then the sublist
Y = ((1,0),(0,1),(—1,1)) is a cocircuit. The corresponding hyperplane is given by
Hye = span((1,1)). Choosing the vector hye = (—2,2), we obtain that the sublist
Y, =((0,1),(—1,1)) while Y_ = ((1,0)). Moreover, for the sublist S = ((—1,1),(1,0))
the vector asny, = (—1,1) and asry_ = (1,0). Therefore, ag = (0,1).

Using this notation, we gain the following results regarding the location of the points

that appear in our recurrence relations.

Lemma 3.28. Let Y C X be a cocircuit and b € Z° an integral vector. For any sublist
S CY we have that the vector b — ag lies in the closed strip between the hyperplanes
b— ay, + Hyc and b— ay_ + Hye, i.c.

{(b—as:SCY}C (b—ay, +Hz)N(b— ay +HS.). (3.31)

Proof. Given a sublist S C Y we have to show that the inner product <b —ay,, hyc> <
(b— ag, hye) < (b— ay_,hye). To this end observe that the inner product

(as, hye) = (asny, + asny_ + asnye, hye)

= (asny,, hye) + (asny_, hye) + (asnye, hye) . (3.32)

>0 <0 =0

Thus7 <a'Y+a hYC> > <aSﬂY+a h’YC> > <GS, hYC> > <a’Sﬂy_a hYC> > <aY_, hYC> ) and we
obtain our result by the bilinarity of the inner product. O
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Definition 3.29. We call the set

B(X):={) Xea:0< A, <1}, (3.33)
acX

the zonotope associated with the list X.

Remark 3.30. If the elements of the list X form a basis of R*, the zonotope B(X) is
actually a parallelepiped.

Our interest in these sets is based on the following property.

Lemma 3.31. The zonotope B(X) is a polytope with hyperplane description

B(X)= (] ((av, + Hy) N (ay + H7.)) . (3.34)
Yey(X)

Moreover, the facets of the polytope B(X), that are parallel to the hyperplane Hy-<, are
given by the translated zonotopes ay, + B(Y ) and ay_ + B(Y*°), and all facets of this

polytope are obtained in this way.

Proof. Given a point & € B(X), there are, by definition, reals 0 < p1,..., g < 1 such
that ¢ = Zle wia;. Now, let Y C X be a cocircuit. Then the inner product

(z, hy<) = Z wi {a;, hye) + Z g <aj,hyc>+ Z g (ag, hye)

a; €Yy a;cy_ ap€eYe
= Z i { @, hyc> + Z 12 <aj, hy<) +0. (3.35)
a; €Yy ajGY,
>0 <0

Moreover, note that

0< Z Wi {a;, hyc) < Z (@i, hye) = (ay, , hye) and

ai€Y+ ai€Y+ (3 36)
0> > pilai, hye) > > (ai, hye) = (ay_, hye).
a;€Y_ a;€Y_

Combining (3.35) and (3.36) we obtain the estimation

(ay_ hye) < Y pi{as, hye) < (x hye) < Y pi{as, hye) < (ay,,hye), (3.37)
a;€Y_ a; €Yy
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for all points € B(X) and all cocircuits Y C X. Our assertion follows since, further-

more, the intersections with the hyperplanes

B(X) N (ay, + Hy<) = (ay, + B(Y®)) and (3.38)
B(X)N (ay. + Hye) = (ay_ + B(Y®)) (3.39)

are non—empty sets of dimension d — 1. To verify the assertion (3.38), first note that
(ay, + B(Y°)) C (ay, + B(Y°)), by definition. Moreover, suppose that the point
p € B(X)N (ay, + Hyc). That is, there exist a vector h € Hye and a; € B(Yy), a2 €
B(Y_), a3 € B(Y*°) respectively, such that

ay, +h=p=a+ a + a3. (3.40)

Subtracting ay, from both sides of this equation yields that
h=a| + a; + a3, (3.41)

for some @) € —B(Y,). Now, we consider the inner product

<h, hyc> = <a’1, hYc> =+ <a2, h,ya) =+ <a3, hYc)

0= <a/1,h,Yc>+<G,2,h,yc> (342)
—_——— T/
<0 S

This implies that @] = a2 = 0 and we obtain that h = a3. Hence, we have that
p € ay + B(Y°). Equation (3.39) follows along the same lines.
O

Corollary 3.32. Let b € Z*® be an integral vector. Then

N ((b-av, + H)n(b—ay +H)) = b— B(X), (3.43)
YeY(X)

Let b € Z° be an integral vector and ¥ C X a cocircuit. Then observe that the
translated zonotope b — B(X) contains all points in the set {b—ag: S C Y}.

Thus, a function f € DM(X) can not take arbitrary values on the integral points in
the translated zonotope b— B(X), because, in general, at least the difference equations

Vy f(b) = 0 would not be valid, c.f Corollary 3.21. It turns out that we obtain a set

with the property that an arbitrary choice of function values on the integer points in
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this set does not contradict any of the difference equations Vy f(z) = 0, if we shift the
zonotopes b— B(X) by a vector u € R® such that the translated zonotope u+b— B(X)

e contains all interior integral points of the polytope b — B(X),

e includes for each cocircuit Y C X at most the integral points of one of the facets
of b — B(X) which is parallel to the hyperplane Hy-,

e and there are no integral points on the boundary of the translated zonotope.

Example 3.33. We display the zonotope —B(X) and the shifted set u — B(X) in the
case when the list X = ((1,0),(0,1),(1,1)) and v = (1/4,1/2) in Figure 3.4.

Figure 3.4: —B(X) and u— B(X), Y = (1,0),(0,1))

To formalize the previous discussion, we introduce the following notion.

Definition 3.34. Consider the hyperplanes obtained by translating the elements of the
essential hyperplane arrangement of the list X by integral vectors z € Z°.

We call a maximal connected subset

¢cCR\ |J (2+Hye) (3.44)

z€ZLS
Hyc€C(X)

an X —region. Furthermore, we call an X-region ¢ C R? initial if and only if its closure,

¢, contains the origin.
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Remark 3.35. Note that the translated set ¢ — z is again an X-region, for any X-region

¢ C R?® and all integral vectors z € Z°.

Example 3.36. We display the X-regions of the list X = ((1,0),(0,1),(1,1)) in Figure

3.5. Initial X-regions are shades in gray.

Figure 3.5: X— regions

Definition 3.37. Given a vector u € R® we denote the set of the integral points in the

translated zonotope u — B(X) by

S(uX) = (u—B(X))NZ ={z€Z°: (u—2) € B(X)}. (3.45)

Lemma 3.38. Let ¢ C R® be an X —region. Then §(u1|X) = §(uz|X) for all elements wy

and uy € c.

Proof. Assuming the contrary, there exists a point z € (u1|X)\d(uz|X), i.e. the point
u; — z € B(X) while ug — z ¢ B(X). This implies that the points u; — z and uy — 2
lie on opposite sides of a supporting hyperplane of the zonotope B(X). Since all these
hyperplanes are integral translates of elements of the essential hyperplane arrangement

of the list X, the points u; and wus cannot lie within the same X-region. ]

This justifies the following definition.
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Definition 3.39. Given an X-region ¢ C R® we set d(c|X) := 0(u|X), for u € c.

Now, we note some basic properties of these sets, which are more or less immediate

consequences of the definition.
Lemma 3.40. Let ¢ C R?® be an X —region and a € Z° an integral vector.
e For the X —region ¢ — a the set 6(¢c — a|X) = §(¢c|X) — a.
o The set 0(c|X) contains the origin if and only if the X —region ¢ lies in B(X).

o An integral point z € Z° is an element of the set §(c|X) if and only if the translated
X —region ¢ — z lies within the zonotope B(X).

Proof. In order to verify the first assertion, note that the condition that a point z € Z°
lies in the set §(u — a|X) is, by definition, that the point u— a— z € B(X). This is at
the same time the criterion that the point a+ z € 6(u|X). In the same way we obtain
that the origin 0 € §(¢|X) if and only if w— 0 € B(X) for all u € ¢. The third item is

now no more than a corollary of the previous two. O

3.3.2 Wall Crossing

In a next step we specify a method which enables us to calculate all values of a function
in the space DM (X)) recursively from the function values on a set §(¢|X) associated with

an X-region c.

Definition 3.41. We call two X-regions ¢ and g C R® adjacent if and only if their closures
intersect in an (s — 1)—dimensional face. Moreover, given adjacent X-regions ¢ and g
there exists a unique hyperplane Hyc € C(X) and a unique integral vector a € Z*® such
that f := (¢Ng)° C a+ Hyec. Then, we call the X-regions ¢ and g Y —separated.

Proposition 3.42. Let ¢ and g C R® be two adjacent, Y —separated X —regions. We as-
sume, without loss of generality, that the X —region ¢ lies in the half-space a + Hy.
while g is contained in the opposite half-space a + Hy.. Then we have the following
result regarding the differences of the sets §(g|X) and §(c|X). If a point

z€ 0(g|X)\0(¢|X) then z+ (asny, — asny_) € 6(c|X), and for

(3.46)
z€ 0(c|X)\d(g|X) we have that z— (asny, — asny_) € d(g|X).

for all non—empty sublists S C Y.
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Proof. We carry out the proof of the first statement, the second follows mostly along
the same lines. To this end, note that §(h|X) = §(h — 2| X) + z for any X-region h C R*®
and all integral vectors z € Z%, by Lemma 3.40. Thus, we obtain that

2€ 6(g|X)\0(c|X) < 0 € d(g— 2/ X)\d(c — 2| X) =: 6(g'| X))\ (/| X). (3.47)

This equivalence implies that it is sufficient for our purpose to show that for all non—
empty sublists S C Y the point (asny, — as,y—) is an element of the set §(¢'|X). Now,

recall that the zonotope

B(X)= () ((av, + H3) N (ay + H7.)) . (3.48)
YeY(X)

By Lemma 3.40, the origin is an element of the set difference §(g'|X)\d(¢/|X) if and
only if the X-region g’ lies within the polytope B(X) while the intersection ¢’ N B(X)
is empty. Therefore, and by the definition of ¢/ and g’, we obtain that the X-regions
g C ay, + Hy. while ¢ C ay, + Hy.. Thus, the set § := (¢’ N g’)° has to lie on the
facet of the zonotope B(X) given by ay, + B(Y©). This implies, for all z € {', alle > 0
and all non-empty sublist S C Y, that the point &+ e(asny, — asny_) lies outside
B(X). We may furthermore choose 1 > € > 0 such that y:= z + e(asny, — asny_) is

an element of the X-region ¢’. Now observe that

y— (asrny, —asny.) = z—(1—¢)(asny, — asny.)
= (z— ay,)+ ay, — asny, + asny_ +<(asny, — asny.)
= (z—ay, )+ ay, \s + (1 —¢)asny_ + casny,

€ B9+ ay,\s + (1 —€)asny_ +casny, C B(X).

Since this is exactly the criterion that the point (asny, — asny-) lies in the set 6(¢'| X),
the proof is complete. O

Proposition 3.43. Let ¢ and g C R® be two adjacent, Y —separated X —regions and § :=
(cNg)°. Again we assume that the X —region ¢ lies in the half-space a+ Hy . while g is
contained in the opposite half-space a+ Hs.. Then

S(g|X)\o(c|X) =6(f]Y°) — ay;. € a+ Hyec — ay, and

(3.49)
(c[X)\d(g|X) = 8(f]Y°) — ay_ C a+ Hye — ay._.
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Proof. We start with a basic observation. Assume that the point z € Z° lies in the
union §(g|X) U d(c|X). Then, as a consequence of Lemma 3.40, the origin has to be
contained in the union (g — 2|.X) U d(c — 2/X). Therefore, we obtain, by Lemma 3.40,
that at least one of the X—regions ¢ — z and g — z lies within the polytope B(X). This
implies, moreover, that f — 2 C B(X).

Now, the set f — z lies in the interior of B(X) if and only if both X-regions, ¢ — z as
well as g — z, are subsets of the zonotope B(X). This can only be the case if the point
z is an element of the intersection 6(g|X) N d(¢|X), c.f. Lemma 3.40.

If z € d(g|X)\0(c|X), the X—region g — z lies within the zonotope B(X) while the
intersection (¢ — z) N B(X) is empty. Consequently, ((¢ — 2) N (g — 2))° = f — z lies on

a facet of the polytope B(X). By our assumption on the positions of the X-regions ¢
and g, we obtain that the set f — z is then located on the facet B(Y“) + ay, . Then, the
set f — z— ay, lies in the zonotope B(Y“), which is exactly the criterion that the point
z+ ay, is an element of the set 6(f[Y). This means that z € §(f|Y°) — ay,, i.e. we
have the inclusion §(g|X)\d(¢|X) C 6(f|Y¢) — ay,. On the other hand, suppose that
z2€ 0(f|Y°) — ay, . That is,

f—2z€B(Y)+ ay, C B(X) C Hy. + ay,, (3.50)

for some f € f. Hence, we may choose a vector u € R® with (u, hy<) < 0 such that the
point f+u— z € B(X) and f+ u € g, according to our assumption on the positions of
the X-regions ¢ and g. Therefore, we conclude that z € §(g|X).

Given a point z € §(¢|X)\d(g|X), the X-region ¢ — z lies within the zonotope B(X)
while (g — 2) N B(X) = 0. Then, we have that the set f — z is located on the face
B(Y®) 4+ ay_, which implies that z € §(f|Y°) — ay . O

Theorem 3.44 (Wall crossing formula). Given two adjacent, Y —separated X —regions ¢ and
g C R®, such that the X —region ¢ lies within the half-space a+ Hy'. while g is located in
the opposite half-space a+ Hy.. Moreover, suppose that a function f : Z® — C solves
the difference equation Vy f(b) = 0 at all integral points b € 6(f|Y°).

Then we can uniquely calculate the values the function f takes on the points in the

set 6(g|X) from the corresponding function values on the set §(¢|X), and vice versa.
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Proof. Our proof relies on the previous two propositions. We specify how the function
values on the set 6(g|X) can be calculated from the values the function f takes on
0(¢|X). The proof of the corresponding assertion for the set d(¢|X) follows along the

same lines and is omitted here. By Proposition 3.43, we have that
(gl X)\S (e[ X) = 6(f[Y°) — ay, . (3.51)

This shows that the point z + ay, lies in the set §(f|Y¢), for all z € §(g|X)\d(c|X).

Thus, we obtain, by our assumptions on the function f, that then

0=Vyf(z+ay,)= > (-)¥lf(z+ ay, — as), (3.52)
SCY

which can be rephrased as

f= > (-1 r(z 4 ey, — ag). (3.53)
SCY,S#Y,

Therefore, it remains to show that the point z+ ay, — ag is an element of §(¢|X), for
any sublist S C Y with S # Y. Observe that

z+ay, —as = z+ ay, — asny, — Gsny. = 2+ Gy, \s — Asny_- (3.54)

Recall that any sublist S C Y equals the disjoint union S = (SNYy) U (SNY_), and
we set S’ := Y, \(SNY_), which is a sublist of Y. The sublist S’ is non—empty as long
as S # Y. Moreover, the vector agny, = ay,\g and aginy. = asny_. Accordingly,

z+ay, —as = z+ agny, — asny._ . (3.55)

Therefore, by Proposition 3.42, the set {z+ ay, —ags: S CY,S # Y, } is a subset of
d(c|X), for any element z € §(g|X)\d(¢|X).
]

Theorem 3.45. Let ¢ C R® be an X —region. Then any function f € DM(X) is uniquely
determined by the function values on the set 6(c|X).

Proof. Given an integral point z € Z°, there exists at least one X-region g C R such
that z € d(g|X). Moreover, starting in ¢ C R® we can reach any X-region of R® by

crossing a finite number of hyperplanes a; + Hy, where a; € Z* denotes an appropriate
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integral vector and Y; C X a cocircuit. Thus, there exists a finite sequence of X-regions,
starting with go = ¢ and ending with gq = g, where consecutive sequence elements are
adjacent X-regions. Note that a function f € DM(X) solves the difference equation
Vy, f(b) = 0 at all points b € Z*, for all cocircuits Y; C X. Therefore, we can calculate
the value f(z) successively from the function values at the elements of §(¢c|X) by the

wall crossing formula, Theorem 3.44. O

3.3.3 The Functions in the Space DM(X)

We need to prove two more properties of the space DM(X). On the one hand, we will
show that the functions in this space are given by quasi—polynomials, on the other hand
we need to prove that any complex valued function on a set d(¢|X) possesses a unique
continuation to a function in the space DM(X).

Recall that a quasi—polynomial agrees with a polynomial on the cosets of some sub—
lattice of Z°, cf. Section 1.6. Here, we define a lattice which works just fine for our
needs, but it is in general not the finest sub—lattice of Z* for which one may prove the

according property.

Definition 3.46. We define the bases of the list X as the elements of the set
B(X):={ZC X :|Z| =s,span(Z) = R°}. (3.56)

Furthermore, the determinant of a basis is the absolute value of the determinant of the

matrix whose column vectors are given by the element of this sublist.

Definition 3.47. We define the basic lattice associated with the list X, subsequently
denoted by A X, as the sub—lattice of Z® consisting of all integer vectors whose coordi-
nates, with respect to the standard basis of R?, are all divisible by the product of the
determinants of all the bases of the list X.

Definition 3.48. If the elements of the list Z = (aj,, ..., a;,) of integral vectors form a
basis of R, we denote by Az the sub—lattice of Z° which is generated by this basis.

Proposition 3.49. Suppose the integral vectors a;,, ..., a;, generate the lattice A C Z°.
We denote by Z the integral s X s matriz with these vectors as its columns. The matrix Z
is invertible, whence there exists an s x s integer matriz C such that Z~1 = C/det(2).

Denoting by ci,...,cs the row vectors of this matriz C, we obtain that any vector
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x € R has a unique representation as
=M z(x) @, + Az(®) @i, + ...+ A5 2(@) a;,, (3.57)
where the real \j z(x) = (¢j,x )/det(Z), for 1 < j <s.

Using this notations, we may now state some properties of the basic lattice A x, which

are essential for our proof of the quasi-—polynomiality of the functions in DM(X).

Lemma 3.50. The basic lattice Ax is a sub-lattice of all lattices generated by bases of
the list X.

Proof. Suppose that the sublist Z = (a;,, ..., a;,) C X is a basis of X, and let « be an
element of the basic lattice Ax. Since det(Z) divides each coordinate of the vector x,
the reals A\; z(x), as introduced in Proposition 3.49, are integers, for 1 < ¢ < s. This

shows that all elements x € A x are contained in the lattice Az. ]

Corollary 3.51. Suppose that the sublist Z = (aj,,...,a;,) C X is a basis of X. Given

an index 1 < j < s, the function x — {\; z(x)} is constant on each coset of 75 /Ax.

Proof. Lemma 1.67 states that the function x — {\; z(x)} is constant on each coset of
Z°/Az. Now, recall that two points 2z; and 2z € Z° lie in the same coset of Z°/ Ay if
and only if the point 23 — 2 € AX. Since AX C Az we obtain that z; and 2z are in

this case also contained in the same coset of Z°/A. O]

Lemma 3.52. Let the sublist Z = (ai,, ..., a;,) C X be a basis of X, suppose that x € Ax
and let a;; be a fized element of the list Z. Then, the integer vector \p, z(%)a;,,, as
introduced in Proposition 3.49, is an element the basic lattice related to the list X\{a;, },
foralll <m <s.

Proof. Our aim is to show is that each coordinate of the vector A\, z(z)a;,, is divisible
by the product of the determinants of all bases of the list X\{a;;}. To this end, note
that the sublist Z = (a;;,...,a;,) € B(X) can not be a basis of the list X\{a;,}.
Therefore, we obtain that the coordinates of the vector (1/det(Z))x are still divisible
by the product of the determinants of all bases in B(X\{a;,}) and conclude that this

product divides the real A\, z(x) = (cpm, x )/ det(Z). O
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Lemma 3.53. Let{z,...,2q;)} be a complete set of coset representatives onS/AX\{aj}.
Then, for any vector a € Z°, the function iq:Z — {1,...,d(j)}

io(k) =1 if ka—2z € Ax\(a) (3.58)
is a periodic function in k with period P;j := [[zep(x\{q,}) | d€t(Z)].

Proof. First, note that the vectors Pjeq,..., Pjes generate the lattice AX\{aj} and

ai Qs
a= EPjel—l—...%—Fijes. (3.59)

Now suppose k =i (mod P;). Then we have that ka —ia= (k —i)a € AX\{aj}. O

To avoid case distinctions during the proof of our next theorem, we introduce the

following generalization of the summation symbol.
m—1

Convention. In the sequel, we set Y ;" b(i) == — i) b(j) for m > n, while the
sum 7L b(i) = 0.

Lemma 3.54. Let f : Z° — C be a function and suppose that a € Z°. As to our

generalized summation rule we have that
k
f(m):f(a:—ka)—l—zvaf(m—ka—i-ja), (3.60)
j=1

for all integers k € Z.

Proof. Given a positive integer k, repeated application of the backwards difference

operator V, yields that

f(x) = f(z— a) + Vauf(z)

= f(—2a) + Vaf(x—a) + Vaf(2) = ...
k—1

= f(x—ka)+ Y Vaf(z—ia) (3.61)
=0
k
= f(x—ka)+ > _ Vaif(z—ka+ ja).
j=1
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For an integer £ < 0 we obtain, by our extended summation rule, that

fle) = f(x+a)—Vaf(zx+a)=...

k|1
= f(z+kla)— ) Vaf(z+|kla—ja)
j=0
0 (3.62)
= f(x—ka) — Z Vaof(x—ka+ma)
m=k-+1
k
= fx—ka)+ > _ Vaif(x—ka+ ja).
j=1
O

Lemma 3.55. Let k be an integer and | a non—negative integer. Then
" [k r+1 1
= — 3.63
z§<l> <l+1> <l+1>’ (3.63)

Proof. This identity is a well known result for non—negative integers r. Therefore, it

for all integers r.

remains to verify the formula for negative integers according to our extended definition

of the summation symbol. To this end, let » < 0 be an integer. Then

502 (0 (2. 60)-(45) -6 -(1)

Lemma 3.56. Let p be a polynomial-function in the variable z € Z° of degree d and

u, vy, ..., Vs given vectors from Z°. The function
S
q:7Z—C, k—p (Z v + k:u) (3.64)
i=1

s a polynomial—function in k of degree no greater than d, where the coefficient of k™ is

given by a multivariate polynomial in € = (x1,...,xs) of degree no greater than d —m.

Proof. 1t is not difficult to verify this statement straight forward, by basic, but rather

messy, computations. We, therefore, omit details. O
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Theorem 3.57. The functions in the space DM(X) are quasi—polynomials with respect

to the basic lattice Ax of degree mo greater than d — s.

Proof. Our aim is to prove that any function f € DM(X) agrees with a polynomial
restricted to a coset T+ Ax of Z* / Ax. We proceed by induction on the number of
elements of the list X. First there are a few general observations to make. Since the
order of the elements of the list X is not of importance for the space DM(X), we may
assume, without loss of generality, that the sublist Z = (a4, ..., as) C X forms a basis

of R®. Thus, each vector € R® possesses a unique representation as
x=Az(®) a1 + N z(x) ax + ...+ X5 z(T) as, (3.65)

c.f. Proposition 3.49. By repeated application of Lemma 3.54, we obtain that

L/\l,Z(m)J
f@=f(z—|[Mz@a)+ Y Vaf(@—|[Az(x)]a+ka)

k=1

=/ (m = iz(=)] ai)
i=1

(3.66)

s [Niz(@] j
+> > Vol (m— S Niz(@)] @i+ lmj) :
k=1

j=1 = i=1

for any function f:7Z° — C and all points x € Z°. Now, observe that the function
z— f (w— > iz(2) ai) =f (Z {Xiz ()} ai) (3.67)
i=1 i=1

is constant on each coset of Z*/Ax, since the map @ — {\; z(x)} is constant on the
cosets of ZS/AX, for all 1 <14 < s, by Corollary 3.51.

If span(X\{a;}) # R®, then V,, f = 0 for all functions f € DM(X), according to the
definition of the space DM(X). Thus, we have that the sum of functions on the right
hand side of (3.66) vanishes in the base case of our induction, i.e. for d = s. In this
case equation (3.67) implies that the restriction of any function f € DM(X) to a coset
of Z°/ Ax agrees with a polynomial of degree zero.

In general, i.e. for d > s, it remains to be shown that the sum of functions on the

right hand side of (3.66) is a quasi—polynomial with respect to the lattice Ax.
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First note that the function V,, f € DM (X\{a;}) for all f € DM(X). Therefore, we
can apply our induction hypothesis to the function Vg, f and obtain that this function
is a quasi— polynomial of degree d — 1 — s with respect to the lattice A X\{a;}- Hence,
if {Zjl, el d )} is a complete set of coset representatives of Z° /AX\{a }, there are

polynomials p{, P d() of degree no greater than d — 1 — s, such that the function
Vajf(z) = p{(z), if z— EZ € /A\X\{aj}. (3.68)

Thus, we examine the function

g5( =xz— Z i z(x)] a; + ka;
} (3.69)
Z } a; + Z )\m Z a’m + kaj
=1 m=j+1

occurring as argument of the functions in the sum on the right hand side of (3.66).
Again, we make use of the fact that the function x +— {\; z(x)} is constant on a coset
of ZS/AX, for all 1 <i < s, c.f. Corollary 3.51. Hence, for each coset T+ Ax € ZS//A\X
there exists a vector u% € Z# such that Y7, a; {\iz(2)} = u%, for all & € T+ Ax.
Moreover, given x; and x; € T+ A x the difference

Y dmz@)an— D Amz(@)an = D Anz(m —x2)am, (3.70)
m=j+1 m=j+1 m=j+1

where (z; — 23) € Ax. Thus, the vector 3% _ —j+1Am(T — @)@y, is an element of the
basic lattice A X\{q;}» Py Lemma 3.52. This shows that the coset of the vector g;(z, k)
in 2%/ A X\{a;} Varies only by the coset of the vector ka; in Z* / A X\{a;}» Provided that

the variable x is restricted to a coset T + /A\X. Hence, by Lemma 3.53, the function
ij: Z—{1,...,d(j)}

Zj(k) =1, if gj($7 k) - E{ € [\X\{aj}v (371)
is periodic with period P; = [[zep(x\(q;}) | det(Z)], and we have that

vajf(gj(w’ k)) = p]"

]

(1 (93, K)): (3.72)
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Now, the functions k — p; (gj(=,k)), for 1 < i < d(j) are univariate polynomials in
k of degree no greater than d — 1 — s, by Lemma 3.56. The coefficient of k! in these
polynomials is a multivariate polynomial in & of degree no greater than d — 1 — s — [.
Consider these polynomials in k& expanded in the basis ((%))120. Summing over the

integers in a equivalence class modulo P;, we observe that

k—n k—n k—n
1<k N 7 ()] l 1<k N, 7 ()] [+1 [+1

k=n (mod Pj) k=n (modP-) (373)
L ] Z(z) ’71?—‘
- ( l+—1 ) <Z—+ >

)\j,Z(.’IZ);j)\j,Z(w) _ )‘j,Z(;;_m) _ <;J]’dmetzza;> (3.74)

by Lemma 3.55. Note that

is an integer, for all x € T+ AX, since © — T € AX. Thus, the function

)\-,Z(:I:)—n . A‘7z(m)*)\"z(§) A Z( ) n
mHVPj J_J ij Jﬂj J (3.75)

8

N

is a polynomial in & of degree one, on &+ Ax. Therefore, provided that the variable x
is restricted to the coset T+ A X, the expression in (3.73) is a polynomial in  of degree

[+ 1. In summery, we conclude that, restricted to a coset Z+ A x, the function

i ()]

T Y. vajf( Za.L +k:a]) (3.76)
k=1

is again a polynomial in x of degree no greater than d — s for all 1 < j <'s. Since the
sum of polynomials of degree no greater than d — s is again a polynomial of degree no

greater than d — s, we conclude that the function

s (@) j
T — Z Z Vo, f (a: - Z a; | Niz(x)| + kaj> (3.77)
i=1

j=1 k=1

agrees with a polynomial of degree no greater than d — s, on each coset in ZS\A X-
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In addition, we may now state a condition on a list under which all functions in the

space DM(X) are polynomials.

Definition 3.58. We call a list X wunimodular, if and only if |det(Z)| = 1 for all bases
Z € B(X).

Corollary 3.59. Suppose the list X is unimodular, then the functions in the space DM(X)

are actually polynomials.

Proof. Note that the basic lattice Ax related to an unimodular list is Z°. O

Our next objective is to finally prove that there exists indeed a function f € DM(X)
for any given ”initial” values assigned to the points in a set §(¢|X), for an arbitrary

X-region ¢ C R®. In order to achieve this goal, we need the following observations.

Lemma 3.60. Let Z be a list of s linearly independent vectors in Z° such that cone(Z)

1s a pointed cone. Then there exists an Z—region ¢, C R® such that
§(ei|Z) =TIz N 77, (3.78)

where Il z stands for the fundamental parallelepiped of the lattice Az. Consequently, the

set 0(ci|Z) contains exactly one representative of each coset of Z° /A .

Proof. First recall that the set of the integral points located in the fundamental paral-
lelepiped of the lattice Az, given by

HZOZS:{/\lal+...+/\Sa5:Og)\i<1}ﬂZS, (379)

contains exactly one representative of each coset of Z°/Az, cf. Corollary 1.68. Further-
more, we have the inclusion that the set IIz; C B(Z) =7, a; — B(Z).

Now, since the elements of the list Z form a basis of R®, the cocircuits of this list are
given by the singleton sublists. Thus, the essential hyperplane arrangement associated

with the list Z is given by
C(Z) ={H(qg) : a; € Z}. (3.80)

Without loss of generality, we suppose that the vector h4,)c € R® meets the condition
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that the inner product (h(q,), @;) = 1 and obtain that

B(Z) = () ((a+H,)NHE,.) and (3.81)
a,€Z
;=) ((a,t- + HG )N H(Za)) : (3.82)
a; €72

By analogy to the construction in the proof of Theorem 1.47, we can now translate
the zonotope B(Z) by a vector v € R®, with the property that —1 < (h4,)e, v) < 0, for
all 1 <17 < s, such that

(v+ B(Z))NZ* =1 NZ° (3.83)

The vector w:= v+ Y_;_; a@; is then contained in a unique Z-region ¢, C R*® with the
property that 6(c.|Z) =1z NZ*. O

Lemma 3.61. Suppose that the sublist Z := (aq, ..., as) C X forms a basis of R®. Then,
for any point p € B(X)\B(Z) there exists an element a; € Z such that either the point
p— a; or p+ a; lies within the zonotope B(X).

Proof. We review some properties of the polytope B(Z). Due to the fact that the
elements of the list Z form a basis of R®, the cocircuits of this list are the singleton
sublists, and the essential hyperplane arrangement associated with the list Z is given
by C(Z) = {Hq)c : @i € Z}. Again, we choose the vector h(,). € R® such that
(M(a,), @) = 1. Accordingly,

B(Z)= () ((a+HG, )NHE.). (3.84)
a; €72

The facets of the polytope B(Z) are given by the translated zonotopes B(Z\(a;)) and
a; + B(Z\(a;)) for 1 <i <'s, cf. Lemma 3.31. Moreover, according to the definition of
the zonotope associated with the list X, a point p lies within B(X) if and only if

P=p101 + ...+ Qs+ flop1Gs1 + ... F [Laaqg, (3.85)

=Pz =Px\z

for some reals 0 < py,...,uq < 1. Note that the vector p, lies within the polytope
B(Z), while px\z € B(X\Z). If p € B(X)\B(Z), then we have that px\; # 0, for all

such representations of p.
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In order to prove our claim, we need a few more considerations. Since the elements of
the list Z form a basis of R®, there are uniquely determined reals )\If, e )\lj such that
a, = /\’fal 4+ ...+ )\ls“a,s, for all s+ 1 < k < d. Thus, we have that

d
Px\z = Z ik (/\’fal +...+ )\fas)
k=s+1
J J (3.86)
= Z ,uk/\’f a+ ...+ Z ,U«]J\’SC as.
k=s+1 k=s+1

Hence, there exists a maximal non—negative real M such that the point p), := p, +
Mpx\z € B(Z). Note that 0 < M < 1, for all p € B(X)\B(Z). That is, there is at
least one 1 <4 < s such that either

d

wi + K ( Z uk)\f) > 1 in case that <h(ai)c,p> >1or
k=

o (3.87)

d
wi + K ( Z uk)\f) < 0 in case that <h(ai)c, p> <0,
k=s+1

for all K > M. Therefore, there are non—negative reals 0 < pf,..., . < 1 such that
P, = piar + ...+ plas, where pi) equals either 0 or 1. Takeing (3.87) into account, we
obtain that

p+a;=py+a;+(1— M)px\z € B(X) if (hg),p) <0, while

) (3.88)
p—a;=pz—a+(1-M)px\z € BX) for <h(m)c,p> > 1.
O
Theorem 3.62. Let ¢ C R® be an X —region and suppose that
95(c|X) (5(C|X) —C (389)

s an arbitrary complex valued function. Then there exists a unique determined function
f € DM(X) such that the restriction of f to the set 0(c|X) agrees with gs(|x)-

Proof. We already proved that a function f € DM(X) is uniquely determined by the
values on the set 0(c|X), cf. Theorem 3.45. What is left to prove is the existence of a
continuation of the function g x) into Z* which lies in the space DM(X).
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We use the same notation as in the proof of Theorem 3.57, and proceed once more
by induction on the number of elements in the list X. Without loss of generality, we
assume again that the sublist Z := (a4, ..., as) C X forms a basis of R*. We carry out
the proof for the X-region ¢, C R® which meets the condition that IIz NZ* = §(¢.|2),
cf. Lemma 3.60. Then, the general statement follows by the wall crossing formula,
Theorem 3.44.

First suppose the list X contains s vectors. Then, we have Z = X and the cocircuits
are given by singleton sublists. Consequently, we obtain that a function f : Z° — C lies
in the space DM(X) if and only if V4, f =0 for all @; € X. In other words, a function
f € DM(X) if and only if it takes constant values on each coset of Z*/Az. Since
0(es|X) =TIz NZ?, this set contains exactly one representative of each coset of Z°/A .
Therefore, we may conclude that there exists indeed a unique function f € DM(X)

which agrees with the function gs(.,|x) on the set d(c.|X).

In order to perform our induction step, we need the following observations. The
sets 9(cx|X\{@a;}) and 0(cs|X\{a;}) — a; are subsets of d(cs|X). Moreover, for any
point z € (c,|X) the vector z — a; is an element of the set 6(c.|X) if and only if
z € 0(cs| X \{a;}). Therefore, the function

Va;95(c.1x) () = g5(c,1x)(B) = G5(c.x) (b — @) (3.90)

is only determined for all points in the set d(c.|X\{@;}). Hence, by our induction hy-
pothesis, there exists a uniquely determined continuation of Vg, gs(c,|x)(b) to a function
in the space DM(X\{a;}).

We assumed that the sublist Z C X forms a basis of R®. Thus, any integral point

b € 7Z° has a unique representation as
b= {)\12(1))} a +...+ {)\572(1))} as + LAI,Z(b)J a + ...+ |_)\37z(b)J ag, (3.91)

c.f. Proposition 3.49. Note that the vector {1 z(b)} a1 + ... + {Xs2z(b)} as is located
in the set §(c4|Z), for all b € Z°. We claim that the function f € DM(X), defined by

f() = g5(e.1x) <ZS: {Xiz(b)} ai)
=1
s [iz)] ; (3.92)
+ Va;95(c.|X) (b = ai|Xiz(b)] + kaj) ,
k=1 i=

7=1 =1
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agrees with the function gs,|x) at all points in the set d(c.|X). The fact that this
function is contained in the space DM (X)) follows since, on the one hand, any cocitcuit
of the list X contains at least one element a; € Z, since Z € B(X), and the function
Va;95(c. | x) (Xiz1 {Ai(b)} @;) = 0 for all a; € Z, on the other hand, we have the inclu-
sion DM(X\{a;}) € DM(X) for 1 < j <s. Now note that Vy (g + h) = Vyg + Vyh,
for all functions g, h : Z° — C and all lists Y.

To prove our assertion (3.92) we proceed by induction on S(b) := >>7_; |[Ai(d)]|. Now
S(b) =0 if and only if b € §(¢x|Z) C (x| X), and in this case we have that

f() = gs(c.1x) (B). (3.93)

Now suppose that b € §(c.| X)\d(cs|Z), i.e. u—b e B(X)\B(Z) for u € c,. Then, by
Lemma 3.61, there exists an index 1 < 7 < s such that either the point w— b — a; or
u — b+ a; lies within the zonotope B(X). In order to apply our induction hypothesis,
we have to show that u— b— a; € B(X) if \; z(b) > 0 and that u — b+ a; € B(X) in
case that \; z(b) < 0. Using the notation of the proof of Lemma 3.61, we have that

<h'(ai)67 u— b> — <h(ai)c7 u> — <h(ai)ca b> = <h(ai)ca u> — )\i,Z(b)- (3.94)

As pointed out in the proof of Lemma 3.60, we have that u = v+ > 7_; a; where
—1 < (h(q)e, v) < 0. Recall that (h(q,)e, >o7—; @) = (B(q,)e, @) = 1, by our assumptions

on the vector h(4)c. Thus, we have that

<h(a1;)c7 u> — Ai,Z(b) <0&0< <h(ai)c, ’U> +1< )\z(b)7 and (3.95)

<h(ai)cv U> — )\i,Z(b) >10> <h(ai)c, ’U> > )‘i7Z(b)' (3.96)

Hence, if [A; z(b)] < 0 Lemma 3.61 implies that the point b+ a; lies within 0(c.|X)
while the point b— a; is located in the set §(¢,|X) in case that | \; z(b)] > 1. This shows
that for each point b € §(c.|X) there exists an index 1 < ¢ < s such that the point

b—sgn(\i(b))a; is also an element of §(c,|X). Note that S(b) := S(b—sgn(Xi(b))a;)+1.

Therefore, our induction hypothesis implies that

f(b—sgn(Xi(b))ai) = gs(c.|x) (b — sgn(Ai(b)) a). (3.97)
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After all, we conclude that
f(b) = f(b—a;)+ Vaf(b) = g5, 1x)(b— @) + Va, g5, x)(b) = gs(c,1x)(b),
in case that sgn(\;(b)) > 0, or

f(b) = f(b+ az) + va«;f(bjL a'L) = .g<5(c*|X)(b7L az) + va«;.gé(c*\X)(b+ az)
= gé(c*|X)(b)v

if sgn(A;(b)) < 0, for all integral points b € §(ci|X).

118



3.4 Vector Partition Functions and the Space DM(X)

3.4 Vector Partition Functions and the Space DM(X)

Applying the wall crossing formula, we may now conclude that the restriction of the
vector partition function ® x to chamber of X agrees with a unique function from the
space DM(X). Furthermore, in case of adjacent chambers we obtain that the according
functions agree on a strip containing their common boundary. We deduce our proof
from an analog result for a certain refinement of the chamber subdivision of R?, defined

as follows.

Definition 3.63. We call a maximal connected subset
CC{zxeR°:x¢ Hye, forall Y € Y(X)}, (3.98)

i.e. a pointed, polyhedral cone bounded by hyperplanes spanned by sublists of X, an

X —cone.

Remark 3.64. The elements of an X—cone are regular points of R® with respect to the

list X but the chambers of X are in general bigger sets.

Example 3.65. We consider once more the list of the column vectors of the 3 x 6 matrix

(3.99)

S = O
— o O
O =
_ = O
— =

c.f. Example 3.16. The chamber subdivision of cone(X) is displayed in Figure 3.6. Fig-
ure 3.7 shows a 2-dimensional slice of cone(X'), where the different chambers are shaded
in distinct colors. The gray lines picture the hyperplane-arrangement {span(X\Y) :
Y € Y(X)}, the points located in 2—-dimensional cones generated by sublists of X are
highlighted in black. Note that that the bottommost chamber is decomposed into two

X-regions.

Comparing the upper definition with the notion of X-regions, we observe that any

X-region is located within a unique X—cone. Vice versa, we gain the following result.
Lemma 3.66. Every X —cone € C R® contains a unique initial X —region ¢y C R.

Proof. The closure of an X—cone equals the union of the closures of the X-regions

contained within this cone. Therefore, and since the origin lies in the closure of every
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Figure 3.6: The cone(X) Figure 3.7: The X -regions

X—cone, the cone € contains at least one initial X-region. However, because X—cones
are regions of R® which do not include any element of the hyperplane arrangement
C(X), the X—cone € C R® can not contain another initial X-region. O

To show that the vector partition function ®x agrees on each X—cone € C cone(X)
with a given function fe € DM(X), we need another lemma. To achieve the needed

result, we introduce the following notation.

Definition 3.67. We set
A}’;— = {n1a1+...—|—ndad:n1,...,ndGZZO}. (3100)

Note that supp(®x) = A% C cone(X)

Definition 3.68. To shorten notation, let

= := cone(X)\ U (z+ cone(X)). (3.101)
2N\ {0}

For any integral vector z € AX\{0} there exists a list-element a; € X such that
z = a; + y for some point y € A}. Thus, we may alternatively say that the set
E = cone(X)\ Uy, ex (@i +cone(X)). It emerges from this description and the definition
of the zonotope B(X) that the set = lies within the zonotope. Furthermore, note that
= is a non—empty set, since we assumed cone(X) to be pointed. The importance of this

notation is emphasized by the following lemma.
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Lemma 3.69. Given an element u € cone(X), we have that
S(uX)NAL ={0} s uec= (3.102)

Proof. Since 2 C B(X), the set 6(u|X) includes the origin if u € Z, by Lemma 3.40.
On the other hand, if u € cone(X)\ZE, there are non—negative reals a;,...,aq such
that v = aqa1,...,aqaq and «; > 1 for at least one 1 < ¢ < d. Thus, the point
zi=u— ({ar}ar + ...+ {aqd} ag) € 6(u|X) N AL\{0}.

Now, recall that an integral vector z € d(u|X) if and only if u € z+ B(X) C
z+ cone(X). Therefore, we conclude that a vector u € cone(X) can not be an element
of the set = in case that the set 6(u/X) contains an integral point z € A% \{0}. O

Corollary 3.70. Let ¢y C cone(X) be an initial X —region. Then the intersection
8(co|X) N AL = {0}. (3.103)

Proof. Observe that the set = includes all initial X-regions within cone(X). O

Proposition 3.71. Suppose that € C cone(X) is an X —cone, and denote by ¢y the unique
initial X —region in €. Moreover, let fe € DM(X) be the function which is uniquely
determined by the condition that

1 ifb=0
fe(b) = { ‘ (3.104)
0 if be d(co)X)\{0}.

Then the vector partition function ®x agrees with the function fe on (€ — B(X))NZ®.

Proof. At first recall that the vector partition function ®x(b) vanishes at all integral
points b ¢ A% and that ®x(0) = 1. Therefore, and since 6(co|X) N A% = {0}, we have
that the vector partition function ®x agrees with the function f¢ on the set d(co|X).

Now, the vector partition function solves the difference equation
Vy®x(b) =0 at all points b ¢ cone(X\Y)NZ* C Hye. (3.105)

Hence, if ¢; and ¢;41 are adjacent X-regions, separated by a hyperplane a; —l—Hyjc, with
a; € Z°\{0} and Y; C X a cocircuit, we can apply the wall crossing formula, Theorem
3.44, to calculate the values that the vector partition function ®x takes on the points

in the set 0(c;j11|X) from the function values on the set §(c;|X).
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Since the function f¢ lies in the space DM (X)), we may calculate the values of fe on
d(cj+1|X) in the same way from the values the function fe¢ takes on 6(¢c;|.X). Thus, both
functions take the same values on 6(cj41|X), provided they agree on the set ¢(¢;|X).

Now, suppose that zis an integral point in (€—B(X))NZ?®. Then, there exists at least
one X-region ¢ C € with z € §(¢|X). Thus, we may conclude our proof by showing
that there exists a finite sequence of X-regions, starting with ¢y and ending with c,
where consecutive sequence elements are adjacent X-regions which are separated by
affine hyperplanes a; + Hy¢, where the integral vector a; € Z°\{0}.

To this end, observe that X—cones are convex sets. Therefore, given arbitrary points
u € ¢ and uy € cg, the line segment [u, ug| lies entirely within the X—cone €. Traveling
from wy toward w along this line segment, we meet finitely many distinct X-regions
€,¢1,...,¢, = ¢, all of them located within €. In between the X-regions ¢;_; and ¢;,
the line segment [u, ug] has to cross at least one hyperplane a; —|—Hyi?1, where the vector
a;1 € Z°\{0}, since both X~ regions, ¢;_; and ¢;, lie in the interior of the X—cone €,
foralll1 <i<n.

Assume that the set [u, ug)N(c; N¢;_1) intersects the affine hyperplanes a; 1+H Yoo
a;m + HYfm' That is, the X-regions ¢;_1 and ¢; lie on opposite sides of each of the
hyperplane;s a;;+ Hy;j, for 1 < 7 < m. So starting in ¢; and crossing one of these hy-
perplanes at a time, we obtain again a sequence of adjacent X-regions (¢;, ¢ 1, ..., Cim),
ending with ¢; ,, = ¢;41. Furthermore, all of these X-regions lie within the X—cone €,
since we did not cross any of the linear hyperplanes spanned by a sublist of X.

Assembling these sequences, in ascending order starting with ¢ = 1, we obtain a finite
sequence of X-regions starting with ¢y and ending with ¢ = ¢y + z. Moreover, all X—
regions in this sequence are contained within the X—cone € and consecutive sequence
elements are given by adjacent X-regions, separated by affine hyperplanes a; + Hyy,
where the integral vector a; € Z*\{0}. O

Theorem 3.72. Let C C cone(X) be a chamber of X and ¢ an initial X —region in C.
Then the vector partition function ®x(b) agrees with the function fe € DM(X) which

18 uniquely determined by the condition that

1 ifb=0
fe(b) = { | (3.106)
0 ifbed(eco|X)\{0}

at all integral points b€ (C — B(X))NZ*.
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Proof. At first, we briefly review some facts about the chambers of a list X. A chamber
is defined as a maximal connected subset of cone(X), that consists solely of points which
are regular with respect to the list X. Any regular point contained in cone(X) is either
located in an X-—cone or they lie in an set given as (Hyg N cone(X))\ cone(Y;?), where
Y; denotes a cocircuit of the list X. We have that C = Ue;gc ¢;, where the ¢;’s denote
the X—cones located within the chamber C.

Now, let €y C C be the X—cone containing the initial X-region ¢g, and fg, € DM(X)
the uniquely determined function which agrees with the vector partition function ®x
on the set (€9 — B(X)) NZ*, cf. Proposition 3.71. Thus, in order to finish our proof,
we have to show that ®x(b) = fe,(b), for all integral points

be(C-BX)NZ = |J (¢;—B(X))NZ. (3.107)
¢, CC

Now, if the chamber C does not contain any X-region besides €y, there is nothing
left to prove. Else, let € C C denote an X—cone different from €. In this case there
exists a finite sequence of pairwise distinct X—cones &y, €q,...,&,_1,&, = €, each of
them contained in the chamber C, with the property that consecutive elements of this

sequence meet the condition that
€1 N & C (Hye Ncone(X))\ cone(Y;), (3.108)

where Y; denotes an appropriate cocircuit of X. The existence of such a sequence

follows from the fact that chambers of X are convex sets and that C = Ug,c¢ C;-

We may now conclude our proof by induction with respect to the length n of the
sequence, once more by applying the wall crossing formula, Theorem 3.44. The initial
step of our induction follows by Proposition 3.71, as already mentioned above. For the
induction step, we assume that the vector partition function ®x(b) agrees with the
function fg,(b) on all points b € (€; — B(X))NZ?, for 0 <i <n—1, and demonstrate
that this implies that ®x(b) = fe,(b) for all integral points b € (&, — B(X)) NZ*. To
this end, we need the following observation.

The set €,_; N ¢, C Hye is an s — 1 dimensional cone. Thus, there are s — 1
linearly independent points ci, ..., cs_1 contained in &,_1 N ¢,. Now, let P C Hy
be an (s — 1)-polytope with vertices vy, ..., v,. Then, each of these vertices has a
unique representation as v; = \j1¢1 + ... + A\js—1¢s—1, for some reals A;1,..., \is—1.
Setting p; = maxi<j<m{0,|Nij| : Xi; < 0} for all 1 < j < s — 1, we obtain that
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p+P
1<y
p € €,_1 NE,, such that the resulting set z+ P is located in the cone &,_; N ¢,.

C ¢,_1NC, for all points p = vic; + ... + Vi s—1Cs—1 With v; > p; for all
<

s — 1. Hence, any polytope P C Hyc can be translated by some vector

Now let ¢p,—1 and ¢g, be the unique initial X-regions in the X-—cones €,,_; and
¢, respectively. Note that (3.108) implies that ¢,—1 and ¢p, are adjacent and Y,
separated. Hence, we have that the set fo, := (Co,n—1 N Coxn)° is located on the hy-
perplane Hyec. According to our previous considerations there exists an integral vector
p € €,_1 N ¢, such that the translated polytope p + fo, — B(Y,S) is located in the
set €,_1 N C,. Setting ¢,_1 = €o,n—1 + p and ¢, := ¢, + p we obtain two adjacent

X-regions ¢,—1 € €,_7 and ¢, C &, with the property that

(fnlYy) = (fn — B(Y,;)) NZ° C (Hye Ncone(X))\ cone(Y,;), (3.109)

where we set f,, = p+fo,,. Since the latter set contains solely regular points of cone(X),

the vector partition function solves the difference equation
Vyﬁ@x(b) =0 forall be (S<fn’Ync) (3.110)

Therefore, we may apply the wall crossing formula to calculate the values of the function
&y on 0(c,|X) from the according function values on the set d(c,—1|X). Now, by our
induction hypothesis, we have that the vector partition function ®x agrees with the
function fg, € DM(X) at all points in d(cp,—1|X). Therefore, by the wall crossing
formula, we may calculate the function values of fg, on the set 6(c,|X) from the same
values. Thus we get that ®x(b) = fg,(b) for all points b € 0(c,|X). On the other
hand, by Proposition 3.71, there exists a unique function fg, € DM(X) such that

By (b) = fe, (b) for all be (€, — B(X))NZ°. (3.111)

Since the functions in the space DM(X) are uniquely determined by the function values
on a set 0(c|X), we conclude that fg, (b) = fe,(b) for all b € Z°. Therefore, and by
Proposition 3.71, we conclude that the vector partition function ®x agrees also with
the function fg, on the set b € (€, — B(X))NZ*. O

Summarizing, we may formulate the following result as a corollary of the previous

theorem and the properties of the functions in DM(X).
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Theorem 3.73. There exists a finite decomposition of R® into chambers such that the
vector partition function ® 4 agrees with a multivariate quasi—polynomial in b € Z° on
each of these chambers. The degree of these quasi—polynomials equals d — s which gives
at the same time the dimension of the polytope Po(b) = {x € R : Ax = b}. Moreover,
for meighboring chambers the corresponding quasi—polynomials coincide along a strip

near their common boundary.

Remark 3.74. The specific functions in the space DM(X) which agree, by Theorem
3.72, with the vector partition function ®x on particular chambers of cone(X), satisfy
a remarkable recurrence relation.

In fact, suppose that ¢y C cone(X) is an initial X-region. The function f,, € DM(X),
determined by the condition that

{1 ifb=0
feo(b) = (3.112)
0 if be 8(co|X)\{0},

satisfies the relation
(=1)4%foo (=b) = fe, (b — ax) for all b€ Z°. (3.113)

A simple proof of this fact may be found in [6]. To enlighten the meaning of this relation
with regard to the number integral points in rational polytopes, we make the following
observation.

Let A be the s x d matrix whose column vectors are given by the elements of the
list X and b € Z® an integral vector. Then, the integral points in the interior of the

polytope P(b) are given by

Pa(b)°NZ ={xc 2% :z1a1 +... + 24900 = b} (3.114)
:{wGZ‘éO:xlal+...+xdad:b—ax}. .

Now, if the vector b € Z° lies in the chamber C, then b — ax € (C — B(X)) N Z°.
Thus, the vector partition function ®x agrees with the function fr € DM(X) at the
point b as well as at the point b — ax, cf. Theorem 3.72. Therefore, we conclude from
(3.113) and (3.114), that the evaluation of the function fec € DM(X) at the point —b

dim(P4(b)) times the number of integral points in the interior of the polytope

gives —(1)
P4(b). Note that this result generalizes the Ehrhart—Macdonald Reciprocity of Ehrhart

quasi—polynomials, cf. Theorem 2.28.
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as ............. the sum of the elements of a list .S, page 102

aff(M) ......... the affine hull of a set M C R", page 14

UM ............ the union of all elements of a set M, page 12

cone(P|1) ...... the cone over the polytope P, page 22

cone(vy,...,v,) the non—negative or conical hull of the vectors vy, ..., vy, page 18
conv(M) ....... the convex hull of a set M C R", page 15

dim(C) ......... the dimension of the affine hull of a set C' C R", page 15

€ the i—th basis vector of the standard basis of R", page 12
Ehrpo(z) ....... the Ehrhart—series of the interior of a rational polytope P, page 74
Ehrp(z) ........ the Ehrhart—series of a polytope P, page 64

Lp(t) «oooviit. the integer—point enumerator of a polytope P, page 64
Ao a lattice, page 59

A}L( ............. the support of the function ®x, page 128

[a,b] ..o the interval with endpoints a and b, conv(a, b), page 15

(€% 7) the inner product of the vectors x and y € R", page 15

x| oo the floor function, page 12

{z} oo the fractional part, page 12

Ly oot the m x m identity matrix, page 25

B(X) ..ooooiit. the set of bases of the list X, page 114

V(X)) oo the set of all cocircuits of the list X, page 100

Va covviien.. the backwards difference operator associated with a € Z°, page 99
Vy oo the backwards difference operator associated with a list Y, page 99
elimg(P) ....... the k" —elimination of a set P C R", page 19
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projx(P) ....... the projection in direction e of a set P C R"™, page 19

reg(X) ......... the set of regular points with respect to the list X, page 100

P the relative interior of a polytope P, page 38

OP oo the boundary of a polytope P, page 38

Du(b) ool the vector partition function of a matrix A, page 97

| the fundamental parallelepiped of the cone IC, page 67

| the fundamental parallelepiped of the lattice A, page 59

R .............. the set of real numbers, page 12

R™ ... the n—dimensional real vector space, page 12

RY oo the non—negative orthant of R”, page 12

05(2) coiiiiiin the integer—point transform of a set S C R", page 66

span(M) ....... the linear span of a set M C R", page 13

vert(P) ......... the vertex set of a polytope P, page 26

1B the Euclidian norm of the vector € R", page 15

1B P the 1-norm of a vector & € R®, ||z||1 := >_;_; |zi|, page 30

vol(S) .......... the volume of the set .S, page 77

volg(P) «.one... the relative volume of a polytope P, page 80

7" . the set of integral points in R", page 12

L>g «ovoinnnn.. the set of non—negative integers, page 12

B(X) .......... the zonotope associated with the list X, page 106

d-polytope ..... a d—dimensional polytope, page 18

Hye ............ the hyperplane related to a cocircuit Y € Y(X), page 104

LeM ......... direct sum of two disjoint sets L and M, page 44

Lt oo the orthogonal complement of a linear sub—space L C R™, page 16

P =P(A,b) .... the H—polyhedron specified by the matrix A and the vector b, page 17

P=Q .......... affinely isomorphic sets P C R™ and Q C R™, page 15

Py(b) ..o the variable polytope related to the matrix A and the vector b,
page 97

tS the t-th dilation of a subset S C R™, page 63

127



Bibliography

1]

[10]

[11]

128

Jorge L. Ramirez Alfonsin, The diophantine frobenius problem, Oxford University
Press, 2005.

Welleda Baldoni-Silva, Jestis A. De Loera, and Michele Vergne, Counting integer
flows in networks, Found. Comput. Math. 4 (2004), no. 3, 277-314.

Matthias Beck and Sinai Robins, Computing the continous discretly, 1st ed.,
Springer, 2007.

Matthias Beck and Frank Sottile, Irrational proofs for three theorems of Stanley,
European Journal of Combinatorics 28 (2007), 403-409.

Michel Brion and Michele Vergne, Residue formulae, vector partition functions and
lattice points in rational polytopes, J. Amer. Math. Soc. 10 (1997), no. 4, 797-833.

Wolfgang Dahmen and Charles A. Micchelli, The number of solutions to linear dio-
phantine equations and multivariate splines, Trans. Amer. Math. Soc. 308 (1988),
no. 2, 509-532.

Corrado DeConcini and Claudio Procesi, Topics in hyperplane arrangements, poly-
topes and boz—splines, Forthcoming book, 2008, http://www.mat.uniromal.it/
“procesi/dida.html.

Corrado DeConcini, Claudio Procesi, and Michele Vergne, Vector partition func-

tion and generalized Dahmen—Micchelli spaces, 2008, arXiv.org:0805.2907.

Eugene Ehrhart, Polynomes arithmétiques et méthode des polyedres en combina-
toire, 1st ed., Birkhauser, 1977.

Ginter Ewald, Combinatorial convexity and algebraic geometrie, 1st ed., Springer,
1996.

Branko Griinbaum, Convex polytopes, 2nd ed., Springer, 2003.



Bibliography

[12]

[13]

[20]

Matthias Koppe, A primal Barvinok algorithm based on irrational decompositions,
SIAM J. on Discr. Math. 30 (2007), 220-236.

Dominique Lepelley, Ahmed Louichi, and Hatem Smaoui, On FEhrhart polynomials
and probability calculations in voting theory, Social Choice and Welfare 28 (2008),
no. 3, 363-383.

Petr Lisonek, Combinatorial families enumerated by quasi—polynomials, J. Comb.
Theory Ser. A 114 (2007), no. 4, 619-630.

Vincent Loechner, Benoit Meister, and Philippe Clauss, Precise data locality opti-
mization of nested loops, J. Supercomput. 21 (2002), no. 1, 37-76.

Jests A. De Loera, The many aspects of counting lattice points in polytopes, Math-
ematische Semesterberichte 52 (2005), no. 2, 175-195.

Jesus A. De Loera, Raymond Hemmecke, Jeremiah Tauzer, and Ruriko Yoshida,
Effective lattice point counting in rational convex polytopes, J. Symbolic Comput.
38 (2004), no. 4, 1273-1302.

Tan G. Macdonald, Polynomials associated with finite cell-complezxes, J. London
Math. Soc. 4 (1971), no. 2, 181-192.

Tyrrell B. McAllister and Kevin M. Woods, The minimum period of the ehrhart
quasi—polynomial of a rational polytope, J. Comb. Theory Ser. A 109 (2005), no. 2,
345-352.

Etienne Rassart, Geometric approaches to computing kostka numbers and
littlewood—richardson coefficients, Ph.D. thesis, Massachusetts Insitiute of Tech-
nology, 2004.

, A polynomiality property for littlewood—richardson coefficients, J. Comb.
Theory Ser. A 107 (2004), no. 2, 161-179.

Richard P. Stanley, Enummerative combinatorics 1, 1st ed., Wadsworth and Brooks
Cole, 1986.

Bernd Sturmfels, On vector partition functions, J. Comb. Theory Ser. A 72 (1995),
no. 2, 302-309.

129



[24] Bernd Sturmfels and Ezra Miller, Combinatorial commutative algebra, 1st ed.,
Springer, 2004.

[25] Andrds Szenes and Michele Vergne, Residue formulae for vector partitions and
euler-maclaurin sums, Adv. Appl. Math. 30 (2003), no. 1/2, 295-342.

[26] Giinter M. Ziegler, Lectures on polytopes, 1st ed., Springer, 1995.

130



131



132

Curriculum Vitae

Name
Date of Birth
Place of Birth

since 10/2000
1993-1997
1991-1993
1989-1991
1986-1989

1998-2000

Summer 2004,
2005, 2006

since 3/2007

2003-2005

2003-2004
2005-2007

Personal Data
Liselotte Tschepen
May 17, 1979.

Vienna, Austria.

Education

Studies in Mathematics, University of Vienna.
Bundesoberstufenrealgymnasium, Feldkirch, Matura.
Musikhauptschule, Gétzis.

Musikhauptschule, Laa an der Thaya.

Volksschule, Hagenberg.

Experience

Vocational

Postman, Postamt, Frastanz.
Two Month Internship, Neutrik, Schaan.

Project Collaborator, Women’s Advancement Project, Faculty of Mathematics
at the University of Vienna.

Work as Student Representative

Chairman, Students Council of the Faculty of Natural and Theoretical Sciences
at the University of Vienna, OH Uni Wien, Vienna.

Student Representative, Senate of the University of Vienna.

Chairman, Students Council of the Faculty of Mathematics at the University of
Vienna, OH Uni Wien, Vienna.



