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Abstract

In this present work we are going to discuss several approximation results in Complex Analysis.
Starting with the classical approximation theorems by Runge and Mergelyan we mainly investigate
approximation of CR functions on CR submanifolds in C™ by entire functions. These generalized
versions of holomorphic functions on CR, submanifolds can always be approximated locally on CR
submanifolds by entire functions. This result is covered by the Baouendi-Treves-Approximation
Theorem. More recent works treat global approximation of CR functions. We will present the

hypersurface case and discuss the situation in higher codimensions.

Zusammenfassung

In dieser Arbeit werden wir einige Approximationsresultate in der Komplexen Analysis diskutieren.
Beginnend mit den klassischen Sdtzen von Runge und Mergelyan wird hauptséchlich Approxima-
tion von CR Funktionen auf CR Teilmannigfaltigkeiten des C" durch ganze Funktionen behandelt.
Diese verallgemeinerten holomorphen Funktionen auf CR Teilmannigfaltigkeiten kénnen lokal immer
durch ganze Funktionen approximiert werden, was mit dem Satz von Baouendi-Treves bewiesen wird.
Neuere Arbeiten untersuchen globale Approximation von CR Funktionen. Hier werden wir den Fall

einer Hyperfliche und die Situation in héheren Kodimensionen betrachten.
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O Introduction and Preparations

0.1 Introduction

An interesting question in function theory is under which conditions holomorphic functions can be
approximated uniformly by entire functions.

The classical Runge’s Theorem gives a complete solution in the complex plane: The uniform
approximation of holomorphic functions in a neighbourhood of a compactum K, denoted by H(K),
by entire functions is equivalent for K being “holomorphic convex”. Now one could think of different
generalizations of this way of posing a problem. On the one hand we can replace the set H(K) by
a different function algebra A(K), which consists of functions being holomorphic in the interior of
K and continuous up to the boundary of K. The question is under which assumptions on K the
entire functions are dense in A(K'). Again the notion of “holomorphic convexity” of K turns out to be
useful and is at least sufficient solving this problem. This considerations are treated in Mergelyan’s
Theorem and both classical Theorems are presented in Chapter 1.

Another way of generalizing the problem is, if we want to approximate functions on real subman-
ifolds of C™. Here CR submanifolds proved to be useful. These objects are characterized by the
dimension of the space of antiholomorphic tangent vectors, which has to be independent of the point
p on the submanifold. The functions which we want to approximated by polynomials in this setting
are so called CR functions, that means functions, which vanish locally along the anitholomorphic
vector fields. But that means that CR functions are generalizations of holomorphic functions on CR
submanifolds. Since the corresponding one dimensional approximation results are of global character
a local result as treated in Chapter 2 in the Baouendi-Treves-Approximation Theorem is interesting,
but unsatisfactory in this approach.

More recent results investigate global approximation on CR submanifolds and seek for sufficient
conditions for which compacta such approximation processes are possible. In Chapter 3 we present
such a work from [1] in the case, where the CR submanifold is a hypersurface graph.

In higher codimensions the situation is more involved. In the case of a special global graph, a
so called “Bloom-Graham model graph”, global approximation of CR functions is possible, as can
be found in [2]. We will show, following [1], that in general in higher codimension CR functions
on compact subsets of global graphs cannot be approximated uniformly by entire functions and the

analogous statement as in the hypersurface case fails to hold.
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0.2 Strict Convexity and Pseudoconvexity

Introduction 0.1. This section is dedicated to investigate the connection between strict convexity
and strict pseudoconvexity we need in Chapter 3. We will see that strict pseudoconvexity is a
generalization of strict convexity. The notion of pseudoconvexity is of great importance in Complex
Analysis, since one can solve the d—equation on a set which is pseudoconvex and has C?-boundary.

We follow the presentation in [3].

Definition 0.2. The open set D C R"™ has a differentiable boundary bD of class C* for
1 <k < oo at the point p € bD if there is an open neighbourhood U of p and a real-valued
function » € C*(U), such that

i) UnD={z€U: r(z) <0}
(i) dry =37, %(Q:)dxj #0forx e U

hold. bD is of class C* if it is of class C* at every p € bD.

A function r € C*(U), which satisfies (i) and (ii) from above is called a local defining function for
D at p. If U is a neighbourhood of bD a function r € C¥(U), which satisfies (i) and (ii) from above
is called a global defining function for D.

Remark 0.3. As in Remark 2.3 one can show that for two local defining functions 1,7y € C¥(U)
for D at p € bD, where U is a neighbourhood of p, one can find a positive function h € C*~1(U),
such that r; = h - rq on U. Moreover the differentials fulfill dri(z) = h(x)- dra(z) for € U NbD.

Lemma 0.4. For D CC R"™ with C* boundary there exists a global defining function r for D.

Proof. We will glue local defining functions together with a partition of unity to obtain a global
defining function.

For every p € bD we obtain an open set U, and a local defining function r, € C*(U,) with all the
properties of Definition 0.2. (U,),epp is an open cover of bD and by compactness of bD we obtain
finitely many sets U;, 1 < j < N, such that bD C U C U§V=1 U;. Now we take a partition of unity
subordinate to this cover ¢; and define r := Zjvzl ©;T;-

Then r € CK(R™). Next we want to see, that dr, # 0 for all z € U’, where U’ is an appropriate
neighbourhood of bD. We begin with some = € bD, then x € U;, NU}, for 1 < j; < jo < N, where the
local defining functions r;, and r;, have the properties from Remark 0.3. Any local defining function
rj, where j # j1,j2 is zero at . Then we translate D, such that = 0 and rotate R", such that
grad r;, (z) = (0, .0, g;“ (x) > 0) for i = 1,2. Thus dr, = drj,. + drjye = >0y g;“ (x)dx,, # 0.
Since dr; is continuous, dr, # 0 holds in a small neighbourhood of bD in U;, NUj,. Hence we obtain
dr, # 0 for all x € U, where U is a neighbourhood of bD.

If zeUND, then z € U; N D and ¢;(z) > 0 for some j, thus 7(z) < ¢;(x)r;(z) < 0. Conversely, if

r(z) < 0 for z € U, then there exist some j with r;(z) < 0, hence x € U; N D C U N D. O

Remark 0.5. (i) From now on we do not distinguish between “local” and “global” defining func-

tions.

(ii) Definition 0.2 says that bDNU is a closed C* real submanifold of U of dimension n — 1 for some
neighbourhood U of p € bD. More precisely UNbD = {x € U : r(x) = 0}, thus we can define the
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tangent space as in Definition 2.4 to be T,(bD) := {5 ER™: dry(€) =37, (%"j(p)fj = 0},
which is called the tangent space T,(bD) to bD at p.

Definition 0.6. Let p € bD and r a defining function for D.
Ty (bD) := T,(bD) N 4T, (bD)

is called the complex tangent space Tz‘j(bD) to bD at p.

Remark 0.7. Compare this definition with Remark 2.10 (iii). The complex tangent space has

complex dimension n — 1 as can be seen in the following

Lemma 0.8. Let p € bD and r be a defining function for D C C™, then
. n or
Ty(bD) =t € C": Ory(t) == Z ~—(p)t; =0

Proof. Since r is real-valued it is dr,(t) = 9r,(t) + 0r,(t) = 2Re(dr,(t)) together with Re(dr,(it)) =
Re(i0r,(t)) = —Im(9ry,(t)) we obtain

TE(bD) = {t € C" : dry(t) = dry(it) = 0} = {t € C" : Re(dry(t)) = Im(dr,(t)) = 0}.

O
Definition 0.9 (strict convexity). Let p € bD and r be a defining function for D C R™.
Then D is called strictly convex at p € bD, if
dyry (& Z 8wk (p)éj&k >0 (0.2.1)

for all £ € T,,(bD) with £ # 0.

Definition 0.10 (strict pseudoconvexity). Let 7 be a real-valued C? function defined in an open set
DccCm
Then r is called strictly plurisubharmonic at p € bD, if

n

Z p)tity >0

for all ¢t € C™ with ¢ # 0.

If r is strictly plurisubharmonic at every p € bD, then r is called strictly plurisubharmonic on
D.

A bounded domain D in C" is called strictly pseudoconvex, if there is a neighbourhood U of bD
and a strictly plurisubharmonic function r € C2(U), such that

DNU={z€U: r(z) <0}
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Remark 0.11. The function r in the definition above is in general not a defining function for D,
since we do not assume that d,r # 0, hence a strictly pseudoconvex domain need not have a C?
boundary. Nevertheless we will show that a bounded, strictly convex domain with smooth boundary

is strictly pseudoconvex.

Theorem 0.12. A bounded, strictly convexr domain D CC C™ with smooth boundary (of class at

least C?) is strictly pseudoconver.

Proof. Let p € bD and let r be a defining function for D as in Lemma 0.4. First we will show that
the complex analogous of (0.2.1) holds, i. e.,

Ptk >0 (0.2.2)

for t € T7(bD) with ¢ # 0. This condition is refered as “strict Levi pseudoconvexity”. We assume
to have coordinates (zi,...,2,) for C* resp. R?" with coordinates (x1,z2,...,%2,_1,%2,), where
Taj—1 = 5(z; +%;) and @wa; = 5-(2; — ;) for 1 < j < n. Now we Taylor expand r at p in the complex
form. For t € C™ we have

r(p+t) = +Z<ar gf()f>

"o/1 8% 1 % _ 0?r - 2
+ Z (2W€(p)tjtk+2m( )t itk + az]azk( )t‘tk> +o(|t]%)

k=1

= r(p) + 2Re(Opr(t) + Qp(r,1)) + Ly(r, 1) + o([t]*),

where Q,(r,t) := 3 ZJ o1 8Z 8zk (p)tjti,. This shows that the real Hessian of r at p € R?*" from
(0.2.1) in terms of Q,(r,t) and L,(r,t) is given by

z Z 3:17 833 (p)&i&k = 2ReQy(r,t) + Ly(r, ),
j

],k 1

where t = (t1,...,t,) with ¢t; = &, _1 +i&; for 1 < j < n. This implies, by the strict convexity of D,
2ReQp(r,t) + Lp(r,t) > 0. We have Q,(r,it) = —Qp(r,t) and Ly(r,it) = Ly(r,t). Thus Ly(r,t) >0
for any ¢ € T,(bD) with ¢ # 0.

Next we need to find a defining function 7 for D on a neighbourhood U of bD, which fulfills L, (7,t) > 0
for every t € C™ with t # 0 and p € U. We will show that 7 := exp(Ar) — 1 for some appropriate
A > 0 is a correct choice.

We first show that 7 is a defining function for D. Let U denote the neighbourhood of D for r,
where all the properties of Definition 0.2 hold. Then 7(z) < 0 only for x € U N D and dii(x) =
dr(z)Aexp(Ar(z)) # 0 for all x € U. Now we compute

n

~ - 8%r 5‘r or , -
L.(F,t) = Aexp(Ar(z)) 2 5200 ————(2)t; twAJ; i gz (2

= Aexp(Ar(z)) (Lz(r, t) + A|8Zr(t)|2)
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We claim that for an appropriate choice of A, this implies L. (7,¢) > 0 for all 0 # ¢ € C™ and z € bD.
Define the compact set S := bD x {t € C" : [t| = 1}. Since L,(r,t) is continuous on S, the closed
subset K := {(z,t) € S: L,(r,t) <0} is compact. For (z,t) € K we obtain, since L,/ (r,t") > 0 for
every 0 # t' € TS (bD) by the first part of the proof, 9,r(t) # 0, i. e., |d,7(t)|* > 0 using Lemma 0.8.
By compactness C := min{|0,7(¢)|* : (z,t) € K} >0 and M := min{L,(r,t): (2,t) € S} exist.

For (z,t) € K we choose A large enough to satisfy A-C + M > 0, then we obtain

L.(7,t) = A% exp(Ar)|0.7(t)|* + Aexp(Ar)L.(r,t) > Aexp(Ar)(A-C + M) > 0.
For (z,t) € S\K, where 9,r(t) = 0, we have by Lemma 0.8 that
L.(7,t) = Aexp(Ar)L.(r,t) > 0.

In total we obtain that L,(7,t) > 0 for 0 # ¢ € C" and z € bD. We also showed that M > 0 from
above. Let t € C™ with |t| = r > 0, then we have

t
L.(7t) =L, (F, ) > Mr? = M|t|?.
r

By the continuity of the second order derivative of 7 the above statement holds for 0 < ¢ < M and
z € U, a neighbourhood of bD. O

0.3 A Sufficient Condition for Approximation by Polynomials

Introduction 0.13. In this section we want to show that holomorphic functions defined in a poly-
nomially convex set can be approximated uniformly by polynomials. The part about the polynomial
convexity is taken from [4]. The proof for the existence of a polynomial polyhedron is taken from [5]

and the rest of this chapter we follow [6].

Analogous to the definition of holomorphic convexity in Definition 1.4 we define the polynomially

convex hull. Let P denote the algebra of holomorphic polynomials on C”.
Definition 0.14. Let K C C™ be compact.

(i) The polynomially convex hull ./[.{\'p of K is defined as
Kp:={2€C": |p(2)| <plx, ¥p € P}.

(i) If K = IA(p, then K is called polynomially convex.

Remark 0.15. (i) Since polynomials are dense in the entire functions H(C") we could consider
entire functions instead of polynomials in Definition 0.14 and see, that polnomial convexity is

a special case of holomorphic convexity.

(ii) If K is polynomially convex, then it is compact. Also similarly as in the case of holomorphic

convexity we have the following

Lemma 0.16. Every compact and convez set in C" is polynomially convez.
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Proof. Let K C C™ be compact and convex and zy € CK. There exist a ball B around z, with
BN K = @. By the Hahn-Banach separation theorem there exists a continuous, C-linear functional [,
such that, Re(l(z)) > 0 for z € U and Re(I(z)) < 0 for z € K. The function f(z) := exp(l(2)) is an
entire function and has the property that

|exp(l(20))| = exp(Re(l(20))) > 1 > exp(Re(l(2))) = | exp(l(2))|, Vz € K.

Hence |f(z0)| > ||f|lx, i e., K is polynomially convex. O

Lemma 0.17. Let K be polynomially convex and U a neighbourhood of K.
Then there exist polynomials p1,...,pm, such that

KcL:={ze€C": |pj(»)|<1,1<j<m}CU.

L is called o polynomzial polyhedron, which is polynomially convez.

Proof. Let U be a neighbourhood of K. W. 1. o. g. we assume, that U is compact, otherwise take
a bounded neighbourhood U’ of K with U’ € U. Then bU is compact and bU N K = &. Since
K is polynomially convex, we have for every z € bU, that there exists a polynomial p,, such that
|p2(2)] > ||pz|lx- This inequality holds in a neighbourhood U, of z by continuity of the polynomials.
Next we cover bU with finitely many neighbourhoods U, ..., U, and obtain py, ..., p,, polynomials,
such that |p;(2)| > |lpjllx for z € U,; and 1 < j < m. Since K is compact we can multiply p;
with 1/||p;||x such that |[p;||x < 1 and that for any z € U; we have |p;(z)| > 1. Now we define
L:={z€U: |pj(z)] <1, 1 <j<m}. Then we have K C L and L is a compact subset of U.

Moreover L is polynomially convex. L is compact and the inclusion L C EP is always true. If
z € Lp, we have that |p;(2)| < ||lpi]|z holds for 1 < I < m. Define () := pi(2)/||lp1]|, which fulfills
[p1(2)] <1, hence z € L. O

Theorem 0.18. Let D := {z € C" : 0 < [z| < r;,1 < j < n} be an open polydisc and f €
Cooatn) (D) for p,q >0 with df = 0.

If D' CC D, then there exists u € Cora)

(D) such that Ou = f.
Proof. We prove the statement by induction over k and assume that f doesn’t involve dzy1,...,dZz,.

For k = 0, we have since f € C and ¢ + 1 > 0 that f must be the 0—form and u = 0 solves

(p,g+1) (D)
this O—equation.

For proving the induction step from k — 1 to k we reorder f and write the (p,q + 1)—form as f =
dzi AN g+ h, where g € CE;’, (D), h e C(p qul)( ) and both are independent of dz; and dzx1,...,dz,

by assumption. We write
g= Z Z Japdz® A dZP,
lel=p |B8]=¢

where we sum over increasing multi-indices 1 < a3 < ... <oy, <nand 1 < B <... < f; <k—-1
0=0f = d(dzy A g) + Oh implies that

dzk/\g Z Zzagaﬁdzj/\dzk/\dz AdzP.

la|=p|B|=q j=1
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Thus %’75’;5 =0for j > k+1,i. e, gog is analytic in 2x41,..., 2p-
Now we want to solve 852‘;‘3 = gap- Let ¢ € D(Dy) be a cut-off, which is one in the set V}, := pry(D”),

which consists of the projection of D" C D, a neighbourhood of D’, to the z;—coordinate. Let

_% C_Zk

1 Y2k — () *
o Dy C gaﬁ('z17~--azk—lvzk Cazk-‘rla"'azn)dg/\dga

Gaﬁ(z) = ! /D d)(C) gaﬁ(Zh--.7Zk_1,<,Zk+1,-.-,Zn)dg/\dg

and since z — ¥(z)gap(z) is smooth and ¢ — g,5/( is integrable in Dy, we can differentiate under

the integral sign, hence G,z is C>(D). Moreover, because ¢ — (! is integrable on any compact set

we, have
0Gas, . 1 [ 10 )
agk Z) - 278 Dy Cagk (¢(Zk _C)gaﬁ(zla-”azk—hzk‘_C72k+1a'~-7zn))dCAdC
1 1 0

=5 o Cafz(w(ogaﬁ(zlv-~,Zk—l,C,ZkH,---aZn))dC/\df

=0(2k)GaB(Z1, - s Zhy - - -5 Zn)-

The last equality follows from Pompeiu’s Formula and that 1 is compactly supported in Dj. The

. 0Gap : "
above equation means that 55 = Jap I D".

If we differentiate under the integral sign w. r. t. Z; for j > k + 1 we obtain that G is analytic in

Zk+1,- -+, 2n Dy the analyticity of g,3. Now we define

Gi= Y Y Gapdz* NdZ’,

lee|=p |Bl=q
where the sum again runs over increasing multi-indices as above. Then we have in D"

B n 8Gaﬂ B N i
8G:ZZTZjdzj/\dz N dz

a,B j=1

k—1
_ o _ 0Gog ,_ o B
— gﬁ Jopdzy A dz® A dZ° + gﬁ ;:1 5. dz; A dz* A dz°

=dzi, \ g + ha,

where h; is independent of dz,...,dZ,. Thus OG — f = h; — h and since the right-hand side is
independent of dzy, . ..,dz, and (G — f) =0 — df = 0 we use the induction hypothesis to obtain
v ey (D), such that dv = G — f. Define u := G — v, which solves Ju = f in D".

For k = n we obtain the case formulated as in the theorem. O

Definition 0.19. Let K be a compact set.
K is said to have the Cousin property, if for every open neighbourhood U of K and every f €

C?;,qul)(U) for p,q > 0 with df = 0 in U the equation Ou = f has a solution u € Cf);,q)(U)'

Remark 0.20. Theorem 0.18 says that any closed polydisc has the Cousin property.
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Lemma 0.21. Let D be an open polydisc in C™, D the closed unit disc in C and p1,...,pm polyno-
mials. Let the Oka map p be defined as

i €3z (2,p1(2), oo pm(2)) € T

and define L5 :={z € D: |p;(2)| <1, 1 <j<m}. Let U be an open neighbourhood of L.
Then for every f € C&j’,q)(U) with Of = 0 there exists F € Cf;,q)(V) with OF = 0 in a neighbourhood
V of D x D™, such that f = Fopu inU.

Proof. We prove the statement by induction over m.

For m = 11let m: C"*' 3 (2,w) — 2 € C" be the projection onto C", then 7 o 1 = idcn. Note that
Ly =p YD x D).

Let U be a neighbourhood of Lz, then for € CE’;’#)(W*lU) and for any (z9,wp) € m U it is
A(f o m)(z0,wo) = Of(20) = 0. Moreover m~'U is an open neighbourhood of u(Lp) = {(z,w) €
DxD: w=pi(2)}. Let ¢ € D(r~'U) with ¢ = 1 in a smaller neighbourhood 71U’ of ;(Lz) and
define F' := p(fom) — QG, where Q(z,w) := w—p;1(2) is an analytic function and G is a (p, ¢)—form
defined in V.

In U’ we have Fou = (pop)(fo(ron))—(QG)ou=1-f—0= f, which proves the second property
of F.

G is a correction term to obtain that OF = 0 and will be determined as follows:

In V we have 9F = 0iff 0 = 9p A (fom) + o AI(fonm) —IQG) = dp A (f om) — QIG iff
QOG = dp A (f o).

Then we have 0G = %590 A(fom) =: H. The poles of H, which appears only in u(L) get cancelled
in 771U, because Jp = 0 there. It follows H € Ciq+n(V'), where V' is a neighbourhood of D x D.
Moreover it is OH = 55%0 A(fom) =0in V'. By Theorem 0.18 the set D x D has the Cousin
property, hence there exists G € C&f)q)(V’), such that 0G = H in V.

For proving the induction step from m — 1 to m apply the first step to p,,, define the Oka map
Crtm=1 5 2 (2,pm(2)) € C™ and take L, U and V as in the theorem. O

Theorem 0.22. Let K C C™ be a polynomially convez set.
Then any f € H(K) can be approzimated by polynomials uniformly on K.

Proof. Let U denote the neighbourhood of K, where f is analytic. By Lemma 0.17 there exists a
polynomial polyhedron L such that K ¢ L ¢ U. Now we take an open polydisc D centered at 0
with K € L C D and define L:= {2z € D: [p;(2)| <1, 1 <j <m}. Applying Lemma 0.21 to L we
obtain a function F, which is analytic in a neighbourhood of D x D™ and has the property that

f(2) = F(z,p1(2), ., pm(2))

in a neighbourhood U of L. Denote as Fj(z,w) the partial sums of the power series of F', then we
have Fj, — F uniformly in D x D™. Thus

P2 Fe(z,p1(2), .., pm(2)) = F(2,p1(2), ..., pm(2)) = f(2)

uniformly in L D K. O
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Introduction 1.1. In the first part of this chapter we want to discuss a classical global approximation
result in C, called Runge’s Theorem, which answers the question which pairs (2, K) fulfill that the
restrictions to K of holomorphic functions in €2 are dense in the algebra of functions holomorphic in
a neighbourhood of K. Then an immediate consequence is that, if 2 = C, holomorphic functions in
K can be approximated uniformly by polynomials.

In the second part we want to describe the set of restrictions to K of holomorphic functions in € for

2 = C. This result is well-known as Mergelyan’s Theorem. We follow the presentation of [7] and [8].

1.1 Runge’s Theorem
Definition 1.2. Let Q C C open, K C § compact. We define
H(Q)|K = {f‘K : f S H(Q)} and
f € H(K) :<= 3 U an open set, with K C U, f is defined in U and f € H(U).
———C(K)

Remark 1.3. We have that H(Q2)|x C H(K). The question whether H(Q)|x

true is answered by Runge’s theorem.

H(K) holds

Definition 1.4. Let Q C C open, K C ) compact.

(i) The holomorphic convex hull Ko of K in Q is defined as

Ko:={z€Q: |f()| < |flx, Vf € H()}

(i) If K = I?Q, then K is called holomorphically convex in (2.

Example 1.5. To motivate the notion of holomorphic convexity, we prove that the holomorphic
convex hull of K is contained in the convex hull of K, which implies that if K is compact and convex,

then it is holomorphically convex.

Proof. The claim follows if we prove that

conv(K) = {z € C: [e**| < sup |e®|, Va € C} (1.1.1)
CEK

and for K C Q1 C Qo, §2; open sets, we have I/(\'Ql - R\—QQ N Q.
By denoting the right-hand side of (1.1.1) with K and taking z,w € K, A\, t > 0 with A+ p = 1 we
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have

O] = e e [ < suple].

CeK
hence K is convex and since K C K we obtain conv(K) C K.
For the converse direction we let zg € C(conv(K)). By the Hahn-Banach separation theorem we
obtain a straight line ¢ = {z € C| I(2) := Re((a — ib)z + ¢) = 0, for some a,b,c € R} such that
conv(K) C {w € C| l(w) < 0} and I(z9) > 0. Now we choose u = a —ib and add ¢ from the definition

of g to the inequality at the right-hand side and we obtain since K C conv(K)

1(z9) > 0 > sup I(¢) = sup Re((a — ib)¢ + ¢).
CEK CeEK

Using the equivalence |€"*| > sup;c || <= Re(uz) > sup¢ x Re(u() for u € C, we get 2o € CK,
i e, K C conv(K). Since z — e% is an entire function for all @ € C, by monotonicity of the

exponential function and by (1.1.1) we have that

Kc Ceonv(K) = [ {z€C| lp(z)| <suplle]},
pELa(C) K

where Lg(C) is the set of all real-linear maps over C.

For K C @ C Qg we have that H(2;) D H(Qg)Aand QfeH(Ql){Z € W |f(2)| < supg ||flI} €
Nyerant= € 2l 1F)] < supye £} 14, hence Ko, € Ko, N0y

In total we obtain for 1 = Q and Q5 = C

Ko € KenQ C conv(K)NQ C conv(K).

O

Remark 1.6. One can show that if K is compact in €2, then IA(Q is compact in  and that IA(Q is
the union of K and the connected components of Q\K which are relatively compact in .

Theorem 1.7 (Runge’s Theorem). Let Q C C open, K C Q compact. TFAE:
(a) Every f € H(K) is the uniform limit of functions in H(Y).
(b) The open set Q\K has no connected component which is relatively compact in (.
(¢) K is holomorphically convez in €.

Proof. We will show (a) < (b) < (¢).

() = (b) :

We assume that Q\ K has a connected component O, which is relatively compact in Q. Note that O
is the biggest set with these properties. We show that 6O C K. Assume that there exist zg € bO,
but 2o ¢ K. Since zg € O C Q, 2o ¢ bS). Hence zg € Q\ K, which is open, and we can find 7 > 0, such
that B,(z0) C Q\K. Again since zg € O, we have that B,.(29) N O # @ and thus B,(z) UO C Q\K

10



1.1 Runge’s Theorem

is a bigger connected component of Q\K than O, a contradiction. Now for every f € H(Q) the
maximum principle implies || f|la = || fllso < |||/, contradicting (c).

(a) = (b) :

As in the proof of (¢) = (b) we assume that Q\ K has a connected component O, which is relatively
compact in Q with 6O C K. For any fixed ¢ € O the function f : z — 1/(z — () is holomorphic in
a neighbourhood of K. By statement (a) there exist a sequence (fy,)n>1 each f,, in H(), such that
IIf — fallx — 0. As in the proof of (¢) = (b) we have that

”fn - fMH6 < ”fn - fm”Kv

hence (f,)n>1 converges uniformly on O to a function F € H(O). We have

0= lim sup |fn(2)(z—¢) — 1| =sup |F(z)(z —¢) — 1]
zeK

=0 2eK
= sup |F(z)(z = ¢) — 1] = sup [F(2)(z — ¢) — 1],
z€bO z€O

by the maximum principle, hence F(z)(z — () = 1 for every z € O. This gives a contradiction for

z=C.

(b) = (a) :

The idea of proving this implication is to show that every continuous functional in C'(K), which
vanishes on H(Q)|x, already vanishes on H(K). The Hahn-Banach theorem, then implies that
m = H(K), which is precisely statement (a). By the Riesz representation theorem we have
C'(K) > M(K), where M(K) is the space of Radon measures on K. To prove this implication we
show that every u € M (K) vanishing on H(Q)|x, vanishes on H(K).

Let p € C'(K) orthogonal to H(Q2)|k, i. e., [ fdu =0 for all f € H(Q)|x and define

j(¢) =~ [ A1)

s KZ*C,

which is called the Cauchy transform of p. We show that i = 0 on (K = C\K. We deal with the
unbounded and bounded connected components of CK separately.

In any bounded connected component O of CK we have that O N CQ # @, because otherwise since
bO C K C Q, it follows that O C 2 and hence O would be a relatively compact component of Q\ K,
which contradicts the assumption of (b).

Let ¢ € ONCQ, then the function z +— 1/(z — ¢) is in H(Q)|x, hence

i) = - [ Mo

T Jxk 2—C

11



1 Classical Approximation Theorems

Let ¢ > sup,cx |2| be contained in the unbounded connected component of CK. Therefore we have
for z € K that

1 2"

converges uniformly. Thus we can interchange summation and integration in the following way to

obtain

6= 23 ([ st ) pem,

n>0

But since z — 2" is in H(Q)|x for every n > 0, [} 2"du(z) = 0, hence fi = 0 in the unbounded
connected component of CK by the principle of analytic continuation.

Summarizing we found that i = 0 in CK and now we show that this implies ; vanishing on H(K).
Let f € H(K), i. e., f € H(U) for some open neighbourhood U of K and ¢ € D(U), such that ¢ =1
in a compact neighbourhood of K contained in U. Define K; := supp (%). For z € K we obtain
by Theorem 1.10 that

1) = 9(11G) = 5 [ 1020 Lacnac

Since K N K; = @ we obtain that the function (z,¢{) — f(¢) 8‘2(50 Ciz is continuous on K x K; and

we can apply Fubini’s theorem. Thus we have

[ = [ (o5 [ 10258 dcnac) aue)

_ 1 9p(Q) - 5
=5 |, 1070 w0 nd=o
since K; C CK.

(b) = (o) :

Let z € Q\K and L := B,(z) C Q\K. The connected components of Q\(K U L) are the same as
those of Q\ K, except the one, where we take away L. Our assumption (b) is equivalent that every
connected component of Q\K gets arbitrarily near 9€2, hence the statement in (b) stays the same if
we replace K by K U L. Now we use the implication (b) = (a) and apply it to (2, K U L). Since
KN L =2 we choose U; an open neighbourhood of K and Us an open neighbourhood of L, such
that U; N Uz = @ and define the function f with f =0 on U; and f =1 on U,. Then f belongs to
H(K U L), hence there exist a sequence (f,),>1 in H(£2), which approximates f uniformly in K U L.

If n is chosen to be big enough we obtain || fn|x < 3 and || f,||L > %. Hence

a2 3 > Il

12



1.2 Mergelyan’s Theorem

Corollary 1.8. Every function holomorphic in a neighbourhood of a compact set K can be approxi-

mated uniformly on K by polynomials if and only if CK is connected.

Proof. Apply Runge’s Theorem with 2 = C and use that polynomials are dense in H(C). O

1.2 Mergelyan’s Theorem

Definition 1.9. Let Q C C open, K C 2 compact, and K = I?Q We define
AK):={f €C(K): feHK)}

In the proof of Mergelyan’s Theorem we need the following generalization of Cauchy’s formula:

Theorem 1.10 (Pompeiu’s Formula, Inhomogeneous Cauchy Integralformula). Let G be a domain
in C, bounded with piecewise smooth and regular boundary and f € CY(U), where U is an open
neighbourhood of G.

Then we have for every z € G:

_ 1 f(Q) 1 of 1 *
f(z)_ﬁi/acc—zdg—’—% G&(C)deéh/\d(

Proof. Let G. := {( € G : |z — (| > ¢}, where 0 < £ < d(z,0G). We apply Stoke’s formula to the
1-form gd{ and the open set G, whose boundary is piecewise smooth and regular. bG. consists
of the positively orientated boundary of G and the negatively orientated boundary of B.(z). bB:(z)
is parametrized by (0,27] 3 6 +— z + ce®® € bB.(z). Since

d (md() = _ﬂ(g)M

(—= ¢~z
we obtain
[ Of dACAdS [ f(Q) [T i0
.. 05(6) = _/bGszdC i f(z +ee'®)dp. (1.2.1)

Since for § > 0

1 1 S 2 1
/ —dzNdz = —2i/ —dx Ndy = —Qi/ / —rdfdr = —4mid
Bs (o) E Bs (o) ] oJo T

the function ¢ — g—g(c )g%z is integrable on G. Therefore the left-handside of (1.2.1) converges to
the integral over G as € — 0.

The second term at the right-handside of (1.2.1) converges to —27if(z) as ¢ — 0. O

Theorem 1.11 (Mergelyan’s Theorem 1). Let K be holomorphically convez in C. Then

Observation 1.12. (i) The closure in Mergelyan’s Theorem is taken with respect to C(K). A(K)
is a subalgebra of C(K).

13



1 Classical Approximation Theorems

(if) By Runge’s Theorem we have that H(Q)|x = H(K) C A(K) for every Q2 C C open.
(iii) We can now use Corollary 1.8 to give an equivalent formulation of Mergelyan’s Theorem con-

sidering the previous remark:

Theorem 1.13 (Mergelyan’s Theorem 2). Let K be a compact set.
If CK is connected, then every f € A(K) can be approzimated uniformly by polynomials.

(iv) The idea of the proof is, that we first construct a function s, which is holomorphic and in fact
coincides with f € A(K) in a big subset of Io(, denoted by Q5. Then we have to take care of
the terms outside of 5. For this purpose we rewrite s by the inhomogeneous Cauchy integral
formula. With a Lemma which uses Koebe’s One-Quarter Theorem we obtain functions in
‘H(K) which approximate 5. Then Runge’s Theorem gives the approximation by polynomials
on K.

Proof of Theorem 1.13. We start with some observations to simplify the setting:

(a) A given function f € C(K) can always be extended to a continuous function on C by the Tietze
extension theorem. Then we multiply this f € C(C) by a test function ¢ € D(C) satisfying
¢ =1 in a neighbourhood of K to obtain f € C.(C).

(b) If we assume that f € A(Bs(z0)) and k(z) = k(|2|) € C.(B5(0)) with [, k(z)dz A dZ = 1, then

) & p2m
f(z0) = 27T/0 f(z0)k(r)rdr = /0 /0 f(zo —re')dt k(r)rdr = / f(z0 — 2)k(2)dz N dz.

B5(0)
(1.2.2)

(c) We will use the notion of the modulus of continuity w(d), which is defined as

w(d):= sup [f(z) = f(w)].

0<|z—w|<é8
Note that f € C.(C) is uniformly continuous, hence w(d) — 0 for 6 — 0.
Let f € A(K). By observation (a) we can assume f € C.(C) and let w be the modulus of continuity

of f. We define k € C!(C) with k(z) = k(|z|) as in observation (b):

(1—12/*)? for0<|z| <1

3
T
0 for |z| > 1.

Then [ k(z)dz Adz = 1. Now fix any 0 < § < 1 and let ks(z) := 6 2k(z/4). Hence supp ks = Bs(0)
and [ ks(z)dz A dzZ = 1. Now we consider

pa(z) = /C £z = Oks(C)dC A dE.

14



1.2 Mergelyan’s Theorem

Step 1: Approximation of f € A(K) by ¢s

By the uniform continuity we obtain
[03(2) = £ < [ 17 = Q) = FIR(Q)G A dG < (0) [ Ks(QNC N 0 (50,
C C
Thus s approximates f uniformly.

Step 2: Properties of 5 and %Lp(;

Since g is a convolution of a continuous and a continuously differentiable, both compactly supported,
function, we get s € C1(C). Hence we obtain %(pg(z) =—Joflz— C)a%k:g(g“)dc AdC.

Let Qs .= {z € K : d(z,0K) > 6} and S := supp (%cp(;). Then Qs C K, thus ws = [ in Qs by
(1.2.2) in observation (b), hence SN Qs = @.

Step 3: Existence of &5 € H(K)

Lemma 1.14. Let E be a compact, connected set with diam E > r > 0, CE connected and B an
open disk with radius r such that £ C B.
Then there exists a function Q € H(S?*\E), 3 € C and c1, ca € RT such that

R(¢,2) = Q(2) + (¢ = B)(Q(2))

satisfies

R < S and [RGa) - ] < 20

< -
¢S C—ap
for all z € CF and ¢ € B.

Proof. W. 1. 0. g. we assume B to be B,.(0), if we translate £ and B by the center of B denoted by
Co- The right-hand side of the inequalities are independent of {y, and only f is affected.
By a Corollary of Koebe’s One-Quarter Theorem we have a biholomorphic mapping

F:B(0) — S*\F

2= F(w) :%+ijwj, where a >
Jj=0

>3

Now we define

Q:S*\E — B1(0)
w=Q(z):= 2F‘1(z),

wF (w)
a

and since Q(o0) = 0 we have lim, .. 2Q(z) = 1. Moreover for any fixed ¢ it still holds that
lim, (2 — ¢)Q(2) = 1. Since CF is connected and E C B,.(0), we have that CB,.(0) C S?\E, where

which is again a biholomorphic mapping. For z = F(w) we have a@Q(z) = w. Hence 2Q(z) =

15
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S2\E is simply connected, and therefore we can expand @ in the following way

Q(2) 7+—+Zaﬂz

7>3
for all z € CB,.(0). The coefficient 3 is given by

1
— 2Q(z)dz, where r < p < c0.
" 2mi S,

We have [Q(2)| < 1 < 2 for 2 € CE, thus |3| < 4r if we take p = r in the above integral.
The first claimed estimate

, 84

|R(¢, 2)| < Q)| + (IK] + 18D1Q(2)]” < —

then holds for |¢| < r and 2 € CE.
For the second estimate we fix any ¢ € B,.(0) and expand @ into its Laurent series for |z — | > 2r

Q :Z— +Zc—] _7

j>2
where the coefficient ¢_5 is given by
L[ 00 = o Oz - == [ Q)az=p—¢
C_ -_— z — z)jaz = — z z)az — z)az = — Q.
2T 2mi |z|=3r 2mi |z|=3r 2m |z|=3r

Hence the following representations of

Q) =+ gt L e =0

=T e-op =
and
(Q(2))? = +Zd_327 )~
>3

hold. Then the function

2 (o= 0F (R0 - =)

is holomorphic for |z — ¢| > 2r. For z € CE the possible pole for z = ( gets cancelled by the factor
(2 — ¢)3, hence the above mapping is holomorphic in S?\E.

By the maximum principle we only need to find an upper bound for (S%\E) N B,.(0) to obtain an
upper bound for S?\E. Indeed for z € B,.(0) we have |z — (| < 2r and

(= 0F (Ric.) = 2 )| < 1= OFIRIC Pl + 12 = 2 < o767

by the first estimate. O

16



1.2 Mergelyan’s Theorem

We want to construct such sets as £ and B in Lemma 1.14 for S = supp (Z¢s). Since ; is
compactly supported we cover S with finitely many By, ..., B,,, each with radius 26 and such that
the centers M lie in CK. Since K is compact, S?\K is connected. Thus we can define a path r;
starting at the point {oo} € S? and passing M;, such that S?\T'; is connected. Now we perturb T';
a little bit near M; to gain a new path, denoted by f f should stay inside Bj, starting near the
point in bB;, where I'; intersects with bB;. Then SQ\I‘J is still connected. Within I'; and I‘ we
define a compact, connected set E; C Bj, diam E; > 2§, S*\E; connected and E; N K = @.

Figure 1.1: Construction of E;

Every E; together with B; and r = 2§ fulfill the assumptions of Lemma 1.14, which gives us
functions R;(¢,2) = Q;(2) + (¢ — 5;)(Q,(2))? satisfying the estimates stated in Lemma 1.14.
Using Step 2 we obtain by Pompeiu’s Formula

o L[ e dC/\dC Z /am d¢ n dg
palz) = 21 e 8< 211 —z

Where S; := B;\U/_} Sy are disjoint Borel-measurable sets, S = U; S; and S; C B; for every
1 < j <m. Now we define

3<P5
Z oo / ,2)d¢C A dC.

This is a linear combination of ); and Q?, which are holomorphic in S?\E; and hence in Q :=
SA\U ; Ej, which is an open neighbourhood of K by the construction of the Ej’s. That means
®; € H(K) and since by assumption CK is connected we apply the Corollary of Runge’s Theorem,

17
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thus @5 can be approximated uniformly by polynomials on K.

Step 4: Approximation of 5 by P,

We want to approximate ¢s uniformly by &5 € H(K). Therefore we need an uniform estimate for
|®5 — @s|| k- For this purpose we use the estimates from Lemma 1.14 and require an upper bound
for %(pg.

From the very beginning of the proof we recall ks and obtain by Stoke’s Theorem and due to the
compact support of ks that f(c 2 ks(¢)d¢ A dC = 0. Using the formula for %@5(7;) of Step 2 we

rewrite

0 0 bl _
5ot = = [5G = O ZhQandE = = [ (1= ) = 7o) sty n
Since
0 1| dk (| elel (, 1¢P
\ac’““)’ =5 |dlc] (5)\ - (%)
we have
0 w(d
£<P6(Z) < 6T()

for 0 < |¢] < § and zero otherwise.
Let 2 € Q2 be a fixed point. We split each S; into the disjoint subsets S} := {( : [z — (| < 30} N S
and 57 := S;\S}. We write ¢ = z + pe'? for the points in S.

For ¢ € S}, we have
1 1(35)271' / 1 (97T01 ) ,
d¢ < —— + d¢ =19 + 67 | = .
C‘ 20 Foroy |2 — €] 2

Where we used the first inequality of Lemma 1.14 for |R;((, 2)|.

For ¢ € S7 we have
j=1 /.9'

Where we used the second inequality of Lemma 1.14 for |R;({, z) —

1 0045202
R;(¢, 2 ‘dgg%/ dp = c"s.
1(6:2) z—=G 3 P? g

=d
z—C "

Finally we consider for any z € Q

0[R2~ 2| de < 2w 5 = e

0
|B5(2) — ps(2 “"5

271'

Step 5: Approximation of f € A(K) by polynomials

Using Step 1 we obtain ||f — ®5||x < cw(d), where ¢ is an independent constant. For given € > 0
we choose § > 0 such that cw(é) < e/2. Then applying the Corollary of Runge’s Theorem and
considering Step 3 we approximate ®s in K by a polynomial p such that ||®s — p||x < /2. Finally

18
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If = pllx<e. O
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2 Local Approximation of Continuous

Functions on CR Submanifolds

Introduction 2.1. Starting with this chapter we leave the one dimensional setting and deal with
real submanifolds in C". A natural question again is if continuous functions can be approximated
uniformly by polynomials on a compact subset of a real submanifold. In this chapter we deal with
local approximation and give an answer for so called “CR functions”, which vanish locally along certain
vector fields. The main result will be that every continuous “CR functions” can be approximated
locally by polynomials. We follow the presentation in [9] resp. [10] for the original proof of the
Baouendi-Treves-Approximation Theorem.

2.1 Real Submanifolds and their Tangent Spaces

Definition 2.2. A (smooth) real submanifold M of C" of codimension d is a subset of C",
such that for every py € M there exists a neighbourhood U of py and a (smooth) real-valued function
p=(p1,.-.,pa) defined in U such that

MNU={z€U: p(z,2) =0}

Additionally the differentials dpy, ..., dpg have to be linearly independent in U.
A real submanifold of codimension 1 is called a real hypersurface.

p is called a local defining function for M near p,.

Remark 2.3. (i) After an affine transformation we can assume that py = 0. By defining new
coordinates near 0, again denoted by (z1,...,%2,) € R?", where x; := p;, for 1 <i < d, M is

given by z; = ... = x4 = 0 in a neighbourhood of 0.

(ii) If we have two defining functions p’, p for M, there is a smooth, invertible real-valued d x d-
Matrix a, such that p’ = ap. Indeed, if we assume the coordinate system given by p in (i), then
p'(0,2') = 0, where 2’ € R?"~?, Let 1 <i < d, then we have

p;(gjh cee 71'd7x/) :P;(I’l, B 5Id7x/) - p;(07x/) = p;(xlv cee 7Idaxl) - p;(O,IQ, cee 7Idax,)+
ph(0, 29, ... wg, @) — ... — pi(0, 4, 2") + pi(0, 24, 2") — p}(0,2)
1 1
:/ Dipi(tzy, xo, ..., xq, o dt + ...+ / Dapl(0,tzg, ')z qdt.
0 0
We write Zk a;rxy for the last sum, thus p’ = ap, where a is smooth and real-valued. To

see that a is invertible, we differentiate the above equation and obtain Dp’ = aDp. Since the

differentials of p’ and p are linearly independent, the matrix a must be of full rank.

21



2 Local Approximation of Continuous Functions on CR Submanifolds

Definition 2.4. Let p € C™.

(9

T,C" = X = Zaa a ,aj7bjeIR< (2.1.1)

is called the real tangent space T,C™ of C™ at p. The complexified tangent space CT,,C™ of
C™ at p is defined by allowing the coefficients a;, b; € C in (2.1.1).

For p e M and X € T,C" resp. CT,,C", then X is tangent to M at p if Xp; = 0 for every p; of a
defining function p = (p1,..., pa) of M near p.

The real tangent space T, M of M at p is the set of all real tangent vectors X € T,,C", which are
tangent to M at p. The complexified tangent space CI,M to M is the set of all X € CT,,C",
which are tangent to M at p.

The real tangent bundle TM of M is defined by TM := HpeM T,M. The complexified
tangent bundle CT'M of M is defined by CT M := HpeM CT,M.

Remark 2.5. (i) The definition of 7,,C" is independent of the choice of the defining funtion p. If
p is another local defining function of M, then by 2.3 (ii) we have that Xp' = (Xa)p+aXp =0

near p.
(ii) Every X € CT,C" can be uniquely written as

X = Za]a—

8

for a;,b; € C. Hence the following definition is obvious.

Definition 2.6. Let p € C™.
The space of holomorphic tangent vectors T;’O(C" at p resp. the space of antiholomorphic

tangent vectors T."'C™ at p is defined by

,bjeC

T;vo(c =<{ X = Zaj 5| a;j € C 5 resp. TI?’I(C =< X = ij FEN
Jj=1 Zilp j= K

A tangent vector X € CT,C" is called holomorphic or of type (1,0) resp. antiholomorphic or
of type (0,1) if X € TI}’OC" resp. X € TISMC".
V, = Tg’l(C" N CT,M is called the space of antiholomorphic vectors tangent V, to M at p.

Remark 2.7. (i) The above definition is independent of the choice of holomorphic coordinates
in C". If we take Z} := f;(Z1,...,Zy), where f; are holomorphic functions, then X =

¢ 0z
>k akﬁgk = Z (Zk ak azk> ag, = Zj aj ag, is again a holomorphic tangent vector near
p. Analogous for antlholomorphlc tangent vectors

(ii) Applying the Rank-Nullity Theorem to the matrix given by the entries (%(p, 15)) forl1 <k<d
and 1 < j < n we obtain

. T Ipx _ _ Ipx _
dimc¢ V), = dimc ker <azj(p,p)> rhed n — rankc (%(p,p) ke’

1553 1<j<n
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2.1 Real Submanifolds and their Tangent Spaces

As above dimc V, is independent of the choice of the defining function p and holomorphic
coordinates for C".

dimc¢ V, is in general not constant with respect to p € M as can be seen in the following

Example 2.8. (i) Consider p;(z1, 22) := Imzy and pa(21,22) := Reza + |21]? and M as the subset

(i)

of C? where p; and p, vanish. Then M is a real submanifold of codimension 2 and dim¢ V, = 0

for z; = 0 and 1 otherwise.

Nevertheless there are real submanifolds where dimc V, doesn’t vary with p € M, e. g., the
real submanifold M C C? of codimension 2 given by p1(21,22) := Rezy and pa(21, 22) := Imzy
describes C as a subset of C? and has dimc V), = 1 for all p € M. Real submanifolds where
dim¢ V), is constant with respect to p € M will be our main objects of study in the following

chapters. Thus we introduce the following

Definition 2.9. A real submanifold M of C" is called CR submanifold M of C™ if dimc V), is
constant for p € M.

For M a CR submanifold of C", dimc V, is called the CR dimension of M.

CR submanifolds with CR dimension 0 are called totally real.

The CR bundle V of M is defined as the complex subbundle V C CT'M, whose fiber at p € M is

V,.

Remark 2.10. (i) Examples for totally real submanifolds are submanifolds given as a graph over

(i)

the imaginary axes. Let h = (hy,...,h,) : R® — R™ be a smooth function and C™ given
by the coordinates z = (21 = @1 + iy1,...,2n = Tp + iyn). Let M := {z € C" : x =
hi(y1,---yYn), 1 <k < n}. The codimension is n, since the defining functions are given by
pi(2) = @k — hi(y1, ... yn) for 1 <k < n.

For n = 1 we have the defining function p(z) = z — h(y) and % = 1(1 — ik (y)), which can
never be 0, hence dim¢ V), = 0 for all p € M.

Forn = 2 let p € M C C2. We denote by Dh the Jacobian of h at p with real entries
hij := 2 (p) for 4,j € {1,2}. Then we have that rkc (%(p))

is strictly less than 2, if

Oy; 1<I<2
1<K<2
det(Io — iDh) = 0. The last condition says that det Dh = 1 and hgs = —hy;. Since both hqo
2
and ho; cannot be 0 by the first equation, we obtain hyy = —IZ&. Transforming R? to new

~ 72
coordinates (91, 92) := (y1,y2/€) for any £ > 0 we get hoy = —¢ (%) Thus hoy = 0, which
12
implies, that 1 = det Dh = —h2; < 0 by the reality of h;1, a contradiction. Hence we have
dimeV, =2 —2=0.

For the case n > 3 the procedure is analogous as for n = 2.

Let h: R x C"! — R be a smooth function and C" given by the coordinates (2 = z + iy, w =
u+iv) € Cx C" 1. Then M = {(z,w) e CxC"': 2 =h(y,w), y € R, we C" 1} is called
hypersurface graph M of h. The codimension is 1, since the defining function is given by
p(z,w) =z — h(y,w).

For n = 1 we are in the business of (i) above, which says, that M is a totally real submanifold
of C.

For n = 2 the CR~dimension of M is 1, since rk¢ (%, %) =rke (—2 + 2ihy, hy + th,) =1 at
every p € M C C2.

For n > 3 we have that the CR-dimension of M is n — 1 analogously to the above case.
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2 Local Approximation of Continuous Functions on CR Submanifolds

(iii) A different approach to V, is the following. Via introducing a complex structure J on T,,C™,
which has the property that J? = —id, one can show that V, = {X € CT,M| J(X) € T,M}.
Motivated by this characterization of V, one could think of totally real submanifolds as sub-

manifolds with “no complex directions” in their tangent spaces.

2.2 CR Functions and CR Vector Fields

Definition 2.11. Let M be a real submanifold of C".
A complex vector field X on M is a smooth mapping X, which has the property that X(p) €
CT, M for every p € M.

Remark 2.12. Hence a vector field X on M can be written as
1o} 0
X(z,2) = Z)— +b Z)—
(2,2) kzgln ak(z,2) o + k(z’z>82’

where ay(z, z), br(z, Z) are smooth and complex valued functions defined on M such that

for every defining function p of M.

Definition 2.13. Let M be a CR submanifold of C™ and V the CR bundle of M.
A vector field L on M is called a CR vector field L on M, if L(p) € V, for every p € M.

This definition leads us to the main object of our studies.

Definition 2.14. Let M be a CR submanifold of C™.

f € CF(M) for k > 1 is called a CR function f on M if Lf = 0 for every CR vector field on M.
g € D'(M) is called a CR distribution g on M if Lg = 0 in the sense of distributions for every
CR vector field on M.

Example 2.15. (i) Any holomorphic function defined in an open neighbourhood U of a CR sub-
manifold M restricted to M is a CR function.

(ii) If M is a totally real submanifold, then any function defined on M is a CR function.

(iii) A product of CR functions is again a CR function by the product rule.

2.3 Baouendi-Treves-Approximation Theorem

Theorem 2.16. Let M be a CR submanifold of C™ of codimension d and py € M.
Then there exist smooth, complez-valued CR functions Z = (Z1,...,Zy,) defined in an open neigh-
bourhood of pg and a compact neighbourhood K of pg in M, such that for any continuous CR function

f on M, there is a sequence of polynomials p, with

sup | f(u) — p,(Z(u))| — 0 for v — cc.
ueK
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2.3 Baouendi-Treves-Approximation Theorem

Moreover the functions Z, ..., Z, vanish at py and have the property that their differentials are

C-linearly independent.

Remark 2.17. (i) Theorem 2.16 can be shown for “integrable structures”, which are certain sub-
bundles V of CT M, instead of CR submanifolds. The set Z1,..., Z,, which occur in Theorem
2.16 are then called “basic solutions” and have to vanish on every section of the subbundle V.
f from above is called “solution”. With this generalizations the statement stays the same, but

the beginning of the proof has to be modified slightly.

(ii) The idea of the proof is to first choose appropriate coordinates near pg, which basically are
the functions Z; and to find a sequence of entire functions, which are given by an integral
representation. Then the compact set K can be defined to assure that the integral kernels can

be estimated properly and approximate f uniformly on K.

Proof of Theorem 2.16. Lett M be a CR submanifold of C" of codimension d with local defining
functions py,...,pq, po € M and let r be the rank of dpy,...,0pq. After reordering we may assume
that the first r are C-linearly independent. Let f be a CR function on M, for which we assume that

f € C*(M) and afterwards we will discuss the continuous case.

Step 1: Regular coordinates of M near pq

After a holomorphic linear translation we may assume that po = 0 and that we have given coordinates
C" 3 (21, ey 2n) (2,04, ... 2h,yh) € R?™

Now we expand every p; into its Taylor series. Since p;(0) = 0 and by defining a;; := % and
1
bj = %”} we obtain
1

n
pi(@',y') = Z ajix; + bjiy; + higher order terms vanishing at 0.
1=1

Since p; is real valued, so is every a;; and b;;. Now we define w; := Z?Zl cjiz1, where cj; := bj; +1iaj
and 2z = ) + iy, for 1 < j <.

By definition (z,w) = (21,.. ., 2Zn—r, W1, ..., w,) € C" vanish at 0. To see that (z,w) are coordinates
of M near 0 we will show that (z,w) is obtained by applying an invertible matrix A’ to the coordinates
(#1,...,2n) from the very first line of Step 1.

For 1 < j < r the rows of the r x n matrix C' with entries ¢j; = 2@'2—2 for 1 <1 < n are assumed to
be C-linearly independent. Hence the matrix C has rank 7, so we choose a matrix A” € C™™ with
rank r, which is of the form (0,C") € C"™*"~" x C"*", where C" is invertible. Then there exist an

invertible » x r matrix B and an invertible n x n matrix D such that BCD = A”. So we assume

that the coordinates w are given by A”z and depend only on (z,—r41,...,2,). Now define
PO
0o
which is an invertible n x n matrix and transforms (z1, ..., z,) into (z1,..., 2Zn—p, w1, ..., w,). Hence

(z,w) € C™ are coordinates of M in a neighbourhood U of 0.
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2 Local Approximation of Continuous Functions on CR Submanifolds

Step 2: Defining Z1,...,2Z,,

Define m .= n—d+1r, k := n —r and Zj = zjfor 1 < j <n-—rand Zj+n,T = w; for
1 < j <2r—d. Then every Zj vanishes on all CR vector fields on M by definition and dZ1, . ..,dZ,
are C-linearly independent by Step 1. If we restrict every Zj to M NU, then Zj is a function of
(@4, ... 2, vt ..., yh) € R™TF and still has the properties from above.

So we have found coordinate functions Z = (Zy,..., Z,,) with the same properties as claimed for

the Z; in the theorem, now we want to transform Z into a more convenient shape for the remaining

[0z
A= <8x; (0)> A
1<5,l<m

is invertible, one has to proceed analogously to Step 1. Then we set x := Re(Aflz(x’,y’)) e R™
and y; := y, for 1 <1 < k. Then define ®(z,y) := Im(A~'Z(2',y')) € R™ and Z := 2 + i®(z,y),
which is a linear transformation, so the properties of Z are passed on to Z. Moreover ® has the

proof. To see that the matrix

properties that ®(0) = 0, ®,(0) = 0, it’s real valued and smooth in a neighbourhood of 0. From now

on we assume the coordinates (z,y) € R™** for M near 0, which vanish at 0.

Rm

Figure 2.1: Sets involved in the proof

Step 3: Introducing the approximating sequence

For j =1,2let r;, d; € RT\{0}, which we will determine in the course of the proof, and ¢ € D(R™),
such that ¢(z) =1 for |z| < % and |z| > r;. Then we define the set

r
Ki={(ey) e M: ol <l <d;f,
a compact neighbourhood of 0. Now set dZ(z,y) := dZi(z,y)A...ANdZy,(x,y) and define the m-form
v\ 7 9
a(e,9.2) 1= (2) 7 exp (~v(z = Z(2.9))) ¢(@)f (@,y)dZ(z,y)

for 2 € C™, v € N and for a vector v = (v1,...,v,) € C™ we denote v? := 3"  v?

j=1Y5
Now we fix a y € R* with 0 < |y| < d; and define

Dy = {(@,y) eR™F: | <rj, o =ty, t€(0,1)}
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2.3 Baouendi-Treves-Approximation Theorem

a (m + 1)-real submanifold of R™** with boundary given by 9D, = {(2/,0) € R™** . |2/| <
ritU{(a’,y) € R™TF |2/l < ryU{(2,y) e R (2| =7, o =ty, t €[0,1]}. Hence we use

Stoke’s Theorem to obtain

[ s = [ o
= (97 [ e (- 26 0)P) ol S )i 200 0)

- (K)m / exp (—v(z — Z(2',0))?) (') f (', 0)dy Z (', 0)

™

= ﬂu(f, Z) - HII(Z)

|

since p(2’) = 0 for |2’| > r;. We have that d Z(2',y) = det(Z,/ (2, y))dz".
For every v € N the functions H,(z) are entire in C™. Now we replace z in the above equation by

Z(x,y) to obtain

/D day(2',y', Z(2,y)) = Bu(f, Z(z,y)) — H,(Z(z,y)). (2.3.1)

Y

We will show that the left-hand side of (2.3.1) converges to 0 uniformly in K as v — oo and that
Bu(f, Z(x,y)) — f(x,y) uniformly in K as v — oc.

Step 4: Left-hand side of (2.3.1)

To compute doy, (¢, y', Z(x,y)) we characterize CR functions by their behaviour under the action of

the total derivative.

Lemma 2.18. Let Q C R™* be open and Zi, ..., Z,, defined as above. Then we have
fis a CR function in Q <= d(fdZ;) =0 in Q for every 1 < j < m.

Proof. Since 2n — d = dim¢ CT, M = dim¢ V), + dim¢ V;- =n—r+m, we have that m =n —d+r,
so we use Z1,...,Zy, as a basis for VPL. Now the following equivalence holds

fis a CR function in Q@ <= VYpe Q: df(p) € Vs
<~ VpeQ: df(p) € span{dZi(p),...,dZm(p)}.

If necessary we scale down €2 to use Step 2 and obtain that the set {dZ1,...,dZ,,dy1,...,dy;} is a

basis of (CT(*;’y)Q for every (z,y) € Q, i. e., there exist R; for 1 <i <m and S; for 1 <1 < k vector

fields, such that

m k
df =) RifdZi+_ Sifdy. (2.3.2)

i=1 =1

Then 0 = d(fdZ;) =df NdZ; = Zle Sifdy, N dZ; if and only if S;f = 0 for every 1 <1 < k. Hence
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2 Local Approximation of Continuous Functions on CR Submanifolds

we have the following last equivalence

fis a CR function in Q@ <= VpeQ: S;f(p)=0forevery 1 <l <k
<~ d(fdZ;)=0in Q,

which completes the proof of this Lemma. O

Since exp(—v(Z(x,y)—Z(2',y'))?) is a holomorphic function of the Z;(z’,y’), hence a CR function,
and by Example 2.15 and applying Lemma 2.18 we obtain that

m

da (&', Z(w,y) = (2) 7 exp(—v(Z(a.y) = 2"y D)@y )dpla) A dZ(y)

Now we will estimate the above expression to apply the Dominated Convergence Theorem, which is
done in the following

Lemma 2.19. For any CR function f in Q there exist ro and do positive, real numbers, such that

)’

uniformly for (x,y) € K as v — oo.

/D exp(—v(Z(z,y) — Z(2',y')*) f(2',y)dp(z")dZ (z",y') — 0

Proof. Since dp(2') = 0 for |2/| < % and |2/| > r; the integral in Lemma 2.19 is evaluated over

the set D) := {(2/,y') € R™™F : Z < |2/| <rj;, ¢ =ty, t € (0,1)}. From Step 2 we use the
representation of Z(.,.) to obtain

lexp(—v(Z(x,y) — Z(a',/))?)| = exp(~vRe (Z(z,y) — Z(z'y'))°)
=exp(—v ((z —2')* — (B(x,y) — (', ¥))?)).

Since the ®,(.,.) are smooth we apply the Mean Value Theorem for
[@(z,y) — @(", y)] < |@(z,y) — (2", y)| + (2", y) — ©(2",y)] < Cujlz — 2'[ + Cojly — ¥/,
where

Cyj:= sup [P, (2',y)| and Co; := sup |®,(2',y)].
|| <r; |z’ <rj
ly'|<d; ly'|<d;
In Step 2 we had that ®,/(0) = 0, hence we can find 1 and d;, such that C1; < % and obtain Cs;.
Then we choose dy := min (:’,;Tlnvdl)' Setting ro := r; we obtain that Cio < é and dy < 3;7222

Hence if we take j = 2 in K in the beginning of Step 3 we have that

1 1 T2 7’/“2 )
P — o2 YN < =lz -2 |+ C — ’<f(—+ )—l—C 2dy < — < —.
‘ (x,y) (x’y)|_8|$ x\ 22|3/ y|_ s \2 T2 22402 S 32 < 1
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2.3 Baouendi-Treves-Approximation Theorem

The term |z — 2’| is bounded from below by %2. Thus

2 4972 15ur2
(2 _ 7 a'N2)) < _Q 2 — _ 2
exp(z/( (z—2) 4+ (®(z,y) — (2", y")) )) < exp (u( 16 + 1024)> exp( 1094 ) ,

which is a uniform upper bound for the exponential in D, and (z,y) € K. We estimate the integrand

in Lemma 2.19 and have that

m 1 2
(Z) ’ exp( 5V742>sup|f|| —0asv— o0

© 1024 ) p

/
Yy

by L’Hépital’s rule. Thus we can find an L € R, such that for every v € N the integrand in Lemma
2.19 is bounded by L, and since D;I is bounded, Dominated Convergence gives the claim. O

Step 5: 3, approximates the identity

We will show the remaining part of (2.3.1), which is formulated in the following
Lemma 2.20. For any CR function f in Q and ro, do from Lemma 2.19 we have that

v

(%)° / exp(—v(Z(a,y) - 2 y)) (@ y)pla’) det(Zo (@' y))da’ — f(z.y)

™
uniformly for (z,y) € K as v — oo.

Proof. The integral in the claim is evaluated over the bounded set D,/ := {2’ € R™ : 2 < |2/| < rp}.
Then we make a change of variables and define £ := \/v(z’ — x) to obtain

ﬁy<f7z(x,y>>=ﬂi%/mexp <_ (5+W(¢ <x+\%y> _@(w)»?)

£ £ £
— —— | det | D1 Z — dg.
f(x+ﬁ,y v x+ﬁ ¢ ' az+ﬁ,y ¢
Considering D, in the new coordinates implies that || < ry. From the proof of Lemma 2.19 in Step

4 we use the constant Cig < % to obtain that

oo o)-wes] s %

Then we have
oo (et (o (e ) )Y
v (s {oer o) o) oo e o) o))

2 4172
< exp (2|£2+2|5|\/’741|f|ﬁ+y|1%1/> exp< 122>7

which is an uniform upper bound for every v € N and (z,y) € K. Since D, is bounded dominated
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2 Local Approximation of Continuous Functions on CR Submanifolds

convergence gives

Jim (. Zw) = g [ exp (< €+ 10,0,)0)°) £o0) det(Zuo, ),

where we used that

m ((I) (H %y> _q)(m)) - i <I>(x+€h,}yl) —P(z,y) _ B, (2, y)E.

Now we note that & 4+ i®,(z,y)¢ =: A(x,y)§ =: A€ with the properties from Step 2, hence we may

apply the following

Lemma 2.21. For every invertible matriz A = I,,, +iB, where B is a real m x m matriz with entries

arbitrarily near 0, we have that

det A

m
T2

/m exp (—(A€)?) d¢ = 1.

Proof. We are going to show that for any € > 0 and the matrices A and B as in the Lemma we can

find an appropriate § > 0 with

im / exp (—(Af)Q) d¢ € Bs(1) and det A € Bs(1)

2

to obtain d:% Jgm €xD (—(A§)2) d¢ € B.(1), which proves the Lemma.
We think of A as a matrix, which is nearly the idendity matrix up to a perturbation matrix B, which
has entries arbitrarily near 0 by Step 2. The compact set K from Step 3 is a neighbourhood of 0,
so we may shrink K to obtain the claimed §. Denoting b = > opey bik€k, where the by, are entries of
B we have
(A8)? = (& +ib;)* = =D& -2 D bikbinrn + 205> birée
j j= k k=1

j=1 Jj=1 =1 1<k<n<m =

Now we split up the above sum into terms which involve &, and the rest of the sum denoted by
B,,,—1, which only depends on &1, ...,&,,—1. Hence we have

m—1
k=1

=: By + fmam - 2§mam—1a

where a,, is a non-zero complex number and a,,_; only depends on &1,...,&,_1. We write

[ e (- (ae?) de = /R ep(-By) /R (i + Loty )l . . dE1.
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2.3 Baouendi-Treves-Approximation Theorem

We calculate the inner integral w. r. t. &, as follows

2 2
/ eXp(—f,Zn’dm * 2§mam_1)dfm = / exp <_am (gm - a:n—l) + a:,n_1> dfm
* R am (077

2 2
ceol82) oo (52 )

—oxp (a?nl) VT
am \/am

The exponential function involving a,,—; has to be taken into account when the integral w. r. t.

&m—1 is evaluated. Repeating this computations till £&; we obtain

1

o1 b?

where a; = 1 — b3, + 2iby; — % and 51 consists of sums of products of components of B. Now we
shrink K such that the right-hand side of the above equation is contained in the J-ball around 1,
where § = /1 4+e—1>0.

Since det A = det I,;, + det(¢B) = 1 4+ sums of products of entries of B, which again is contained
in Bs(1) by shrinking K if necessary. In total the product of det A and Wi% Jgm €xp (—(A{)z) d¢ is

contained in the e-ball around 1. O
This completes Step 5. O

Summing up, we obtained a sequence of entire functions H, (Z(z,y)), which approximates f(z,y)
uniformly in K. Using the fact that polynomials are dense in H(C™) we conclude the proof of the
Theorem. O

Remark 2.22. (i) For a function f € C(M) one has to consider Lemma 2.18 resp. formula (2.3.2)
in the sense of distributions. The integrands on both sides of (2.3.1) are continuous, hence
integrable and the Baouendi-Treves-Theorem holds for this class of functions.

(ii) In the case where M is totally real, the Baouendi-Treves-Theorem says, that any continuous

function defined on M can be approximated locally by polynomials.
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3 Global Approximation of Continuous

Functions on Hypersurface Graphs

Introduction 3.1. As we have seen in the previous chapter local approximation of CR functions on
CR manifolds by polynomials is always possible. One could ask, whether a similar global statement
holds true, i. e., if a CR function, which is defined on a given compacta, can be approximated
uniformly by polynomials. Here we will deal with the special case of graphed hypersurfaces and
give a positive answer, if we assume certain convexity properties. We will also see, that in higher
codimension global approximation is in general not possible. We follow the work by [1]. The part
about the strictly convex exhaustion of convex sets is taken from [11].

3.1 Mergelyan’'s Theorem Revisited

Using the methods of the proof in C™ first we show a special case of Mergelyan’s Theorem in C.

Theorem 3.2 (Mergelyan’s Theorem 3 - A special case). Let h: R — R be a smooth function and
M be given as a graph over the imaginary azis, i. e., M:={z=x+iy € C: x=h(y)}.
Then every continuous function f on M can be approzimated uniformly on every compact subset of

M by entire functions.

Remark 3.3. (i) Since M in Theorem 3.2 is totally real by Remark 2.10, we omit the CR property
and show the Theorem for continuous functions.
For K a compact subset of M we have K = @, hence A(K) from Definition 1.9 consists of the

continuous functions on K. That means Theorem 3.2 is a special case of Mergelyan’s Theorem.

(ii) The idea of the proof is to define a certain Gaufl/Laplacian kernel, which fulfills the approx-
imation identity. To obtain a negative exponent of the Gauf/Laplacian kernel we integrate
the kernel w. r. t. a certain angle. Then with a partition of unity we glue all those “local”
approximations together and show the approximation on the given compacta.

Proof. Let f € C(M) and K be a compact subset of M.

W. L. 0. g. we assume that f has compact support in a neighbourhood of K in M, otherwise we
multiply it with a cut-off function. Let K’ be a compact subset of M, which contains the support of
f. Since we want to show the Theorem for K we multiply the graphing function h of M with a cut-off
function and assume that h(y) = 0 for y € CK”, where K" is a compact subset of M containing K.
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

Step 1: Introducing the approximating sequence

We denote for s,y € R, z = h(y) + iy and ¢ = h(s) + is as points on M, o € C and p > 2, € > 0 real

numbers. Then we define the integral kernel as

erc 0 o (H52) ).

The approximating sequence is defined as

FP(f)(z) o= 2 | " EP(C, 2 0) f(Oadad,

€

where C), is a normalizing constant, such that Cpy/7 [~ exp(—af)da = 1.

Step 2: Kernel estimates

The main idea to get a negative exponent in the integral kernel can be seen in the following

Observation 3.4. For z = re € C with 0 < |f| < 7 one can always find o = /¢’ € C with
|0'| < %, such that Re((az)?) < 0.

Proof. For 0 < 6 < mtakee. g. ac:=exp (i (5 — %)), then I < Arg(az) < 3%, Hence Re((az)?) < 0.
If -7 <60 <0 takee. g. a::exp(fi(§+g)). O

Since M is graphed over the imaginary axis, we have that 0 < |Arg(¢ — z)| < 7 for ¢ # z two
fixed points in M and we may apply Observation 3.4. The chosen o, will depend on ¢ and z, but
the same «¢ will work even for points E, z with EE U¢, where U is a small neighbourhood of ¢
in M. Tt follows that Re((ac(¢ — 2))2) < 0 for ¢ € U;. Moreover we can find some § > 0, such
that Re((ag(z— 2))?) < —5\ag\2|z— 2|2 for ¢ € Ue, since § < |Arg(ag(g— 2))?)] < 3% and hence
cos(ag(E* 2))?) < =8 < 0.
|Arg(a¢)| < 7§ implies that for p > 2 we have Re((a¢)?) > 0. And again we can find some § > 0,
such that Re((a)P) > d]alP.

Since the statement in Observation 3.4 doesn’t depend on the absolute value of «, the estimate holds
for any complex number in the set I'c := {a = rexp(iArg(ac)) : r > 0}.
Summing up we obtained for z € M that

~ 217 12
E2(C, 2 a0)] < exp (5'a<"§' - M) (3.11)

for ZE Uc a small neighbourhood of ( € M and a¢ € I'¢ chosen according to Observation 3.4.

Step 3: FP(1)(z') = 1

Let 2/ = 2’ + iy’ € C. We deform the domain of integration in FP(1)(z') from M to M, = {z €
C: Rez = Rez’} by Cauchy’s Theorem. The horizontal parts of the integration path, which connect
M and M, are going to vanish. For example assume we want to handle the path v(t) := tRez’ + iR
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3.1 Mergelyan’s Theorem Revisited

for t € [0,1] and R > 0 big enough, such that Br(0) D K”. Then we have

i 00 1 2 o / . o )2
‘ le/ aexp(—a”)/ exp (a ((t —1)Rez’ + i(R — Imz’)) > Re2/|dtdo
0 0

€ g2

/ 00 ~Imz')\ 2 1 1 N\ 2
SC’,,\Rez | / oexp (_ <a(R mz )) B ap> / exp ((a(t JRez ) dtda
€ 0 € 0 €
’ 00 ~Imz')\ 2 7\ 2
SC’p\Rez | / oexp (_ (a(R mz )) N (aRez ) B ap> o
€ 0 € 5

M%Imz/), which gives

Cp|Rez'le [ 9 Rez’ \° £ P
(R —Imz")? /0 bexp (1 + R —Imz' f R —TImz dt

For R big enough, the first expression in the exponential is negative and bounded by 1. Then we set

Now we set ¢ :=

s:= —— and obtain
R-Imz’

CplRez' e [* ,
<P —sP)d
_(Rflmz’)Q/O s exp(—s”)ds,

where the last integral is bounded, hence for R — oo the integral over v vanishes.

Now if we calculate FP(1)(z") after deforming the domain of integration to M., we obtain

) == [Tavateor) [ o (- (M) o

:Cp/ exp(—ap)da/exp(—tQ)dt: 1,
0 R

where we transformed the integral w. r. t. s to an integral over R setting ¢ := O‘(%y/)
Step 4: FP approximates the identity on M
Let z = h(y) + iy € K. By Step 3 we write
p —iGyp Oo P
F2(H)(2) = fz) =—— ) EE (€; 2, a)(f(C) — f(2))adadC. (3.1.2)
0

Now we fix R > 0, such that Bg(0) D K” and h(y) < §'|s — y| for some 0 < ¢’ < 1 and |s| > R.
Then we divide up the integral over M into the set K := {¢ € M : |Im{| < R} and its complement.
On CKp we have that Re( = 0, hence the right-hand side of (3.1.2), integrated over CKg, can be
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

estimated by

<20l [7 o exp-at) [~ exp (jj(—(s — 0+ ) ) dsda

€ 0 R
2 ele] ere] 2 _ 2
S%/ aexp(—ap)/ exp (_045(323/)> dsdo
g 0 R g

—2C ||f||oof/ exp( ap)/ exp(—t2)dtda,

’

where R’ := w and § =1 — 46" > 0. The function g.(a) := fR, exp(—t?)dt is bounded by
@ and converges to 0 as ¢ — 0. Since exp(—a?)g.(«) is 1ntegrable on R* for every € > 0, the

Dominated Convergence Theorem shows that

oo o0
/ exp(—ozp)/ exp(—t?)dtda — 0
0 ,
for ¢ — 0. And the analogous computation for (—oo, —R) C CKr gives that the right-hand side of
(3.1.2) vanishes over [Kg.

Now we have to deal with the integral over the compact set Kr. To this end we cover K with
finitely many of the sets U, say Uy, ...,Up, given in Step 2. Then we take a partition of unity v;
subordinate to the cover U; and we deform the integral over o from RT to an integral over the ray
I'; := {a=rexp(ib;) : r >0} by Cauchy’s Theorem to obtain

—iC)p

/KR/ E2(C, z,a)(f(C) — f(2))adad(

— Z [ L 0B 501~ s @dac

The integral over the arc v;(t) := Rexp(it) for ¢ € [0, ;] connecting the real line and the ray I'; with

angle 0; vanishes as can be seen as follows

0; 2 2t 2

3 R — . .

/ exp (65(52) - R”e“’t> Re' Rdt
0

6;
<R? / exp(CR?* — 6RP)dt — 0
0
as R — oo, where we used p > 2 together with |0;| < T and hence Rea” > d|a|P for some 6 > 0.

Now we split up every integral over U; into the part, where |s — y| < v and its complement in U; for
v > 0. Parametrizing M > { = ((s) = h(s) + is, we estimate the integral over U; and |s —y| < v as
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3.2 The General Case

follows
S e (o (R k) ) 6156 - Sl s
<Gl [ /| e (0P ) et )~ S
<Chell¢'lloe /O r exp(—617) /R exp(—0r212)dtdr

:ngHC’OO\/?/O exp(—or?P)dr

where we used the uniform continuity of f on Kg, the estimate in (3.1.1) and the last integral is
bounded. Hence this term gets arbitrarily small, if we choose v > 0 small enough.

The terms in the integral over U;, where |s — y| > v are treated as follows

*/ /| y>yeXp< g ('a i Il))zbj(snf(s)f<y>||a|</<s>dsd|a|
C Hf”OOVOl( ‘)HCIHOO/O exp (—5 (ilj —rp)>rd7°

—eC/ exp(—d(s°v? + ePsP))sds

§€C/ exp(—d0v?s?)sds,
0

where the last integral is bounded, hence the integral over the set {( € U; : |s —y| > v}, gets
arbitrarily small.

The preceding computations can be done for every Uj;, hence in total we obtained, for any ¢ > 0,
that |F.(f)(z) — f(2)| < € for every z € K. O

Remark 3.5. (i) The nice thing about the one dimensional case is that the approximating se-
quence FP is an entire function. This stands in contrast to the higher dimensional case, where

the initial approximating sequence is not holomorphic at all.

(ii) The term o” in the integral kernel plays an essential role in the convergence of FP, especially

when we integrated over the set {( € U; : |s —y| < v}

(iii) Another important property of the integral kernel is its approximation identity. This means,
that if the kernel E? is integrated e. g. over M then it sums up to 1, c. f. Step 3, and that

the volume outside of a small neighbourhood of 0 gets arbitrarily small as ¢ — 0.

3.2 The General Case

Recall from Remark 2.10 the notion of hypersurface graphs.

Definition 3.6. Let M be a hypersurface graph of h.
An open set w C M is called CR-Runge in C", if every continuous CR function on w can be

approximated uniformly by entire functions on any compact subset of w.
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

Theorem 3.7. Let M be a hypersurface graph of h and w C M an open set, which is given as the
graph of h over a conver set W', i. e., w = {x = h(y,w): (y,w) € w TR x C" 1},
Then w is CR-Runge in C™.

Remark 3.8. (i) From now on we will deal with the case of n > 2.

(ii) The notion of convexity in Theorem 3.7 is the real euclidean convexity in R?"~1 i, e., v’ C
R2?"~1 is said to be convex, if for any two points z,y € w’ the straight line connecting = and y

is contained in w’.

(iii) The idea of the proof is to first show “local approximation” of f of the non-holomorphic initial
approximation sequence on “slices” of M, then by the CR property of f we can show that
the “local approximation” is independent of the slice up to a small error term. With a parti-
tion of unity we glue the “local approximations” together to a global approximaton sequence
on the given compact set and solve a d—equation to obtain a resulting holomorphic global

approximation sequence.

Proof. We write z =2 +iy € C and w = u +iv € C" 1.

Let w be given as in the Theorem and K be any compact subset of w. Then we assume w. 1. o. g.
that f has compact support in w C M, otherwise we multiply it with a cut-off function, which is
one on K. And as in the one dimensional case we assume that h(y,u + iv) = 0, for large |y| or |v],
outside of the compact set K, where we want to approximate. Moreover we assume that f € C1(M)

and discuss the continuous case afterwards.

Step 1: Introducing the approximation sequence

We denote (z,w), ((,n) € CxC" !, a € C,e > 0and p > 2 real numbers and A > 0 a large
constant.

Then we define the integral kernel to be

A Ca 2(C—% 2 o (M—w 2
Esm(Cﬂ?,va,Oé) ::geXp o — + A — —ao? |,

where C) is normalizing constant, such that

C’A/ / exp(—r?x? — Ariy? — rP)rd(z,y)dr = 1, (3.2.1)
O n

for A > 1 to be chosen in Step 2. Now we define the initial approximation sequence

FE(f) (2, w) = /M /O FGmEM (¢, 2w, a)a"dad(C, ),

where u = Rew and M, := {(¢,n) € M : Ren = u}. This means M, is a totally real, n real
dimensional slice of M, where we fix the real part of n at u. The term d(¢,n) denotes d¢ A dmy A
... Ndnp—1, a (n,0)—form. The term F is finite for any A,e > 0, since f has compact support and
p>2.

Note that F* is not holomorphic, since the domain of integration depends on u = Rew.
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3.2 The General Case

Step 2: Kernel estimates

As above let C" 1 xC 3 (¢,n) = (h(s,u/,t)+is, v’ +it) € M and (z,w) = (h(y,u,v)+q+iy, u+iv) €
C x C"!, where ¢ € R. Then we have ((,n) € M, iff ' = u and (z,w) € M iff ¢ = 0. We have the

following

Lemma 3.9. Let L be a compact subset of C" and d > 0.

Then there exist constants p > 2, §,C,Ag > 0 depending only on K and d, such that the following
hold for A > Ay:

For any (z9,wo) € L and ((o,m0) € L N M there exist neighbourhoods @ and Q' of (20, wo) and
(Co,mo) in C™, both with diameter less than %, and an angle 0y with |phy| < § — 0, such that for all
(z,w) = (h(y,u,v) + g + iy, u +iv) € Q, (¢,n) = (h(s, v, t) +is,u' +it) € Q' N M and a € Ty, :=
{rexp(itp) : r >0} we have

1. if |so — yo| < d, then

2
t_
‘Eé\7p(<-777uzaw7a)| < €xXp <_6 <|a2 +A‘Oé|2 7’0

s~y
€

2
+ |a|p>

u—u'|? q\2
‘ +Cla (1)),
5 5

+AC|a?

and

2. if |so — yo| > d, then

t—

N
Jr|Cv|p>

2
+A\a|2

"

Proof. First we fix (z0,wo) € L and ({p,10) € L N M and choose a smooth function ¢ : R — [0, 1]
with (s —y) =0 for [s —y| < ¢ and (s —y) = 1 for |s — y| > 4. Then we write

|E2P(Cn, 2w, @)| < exp (5 (Ia2

5y
5

uUu—u

+AC|a?

C_ z :h<57ul?t) - h(y,u,v) _q+2(5 _y)

_ h(S,’U,, ”U) B h(y,u,’u) . 90(5 - y)q i 5 —
( s—y sy +>( y)

(3.2.2)

+ (h(s,u',v) — h(s,u,v)) + (h(s,u’,t) — h(s,u',v)) — (1 — (s — y))q

Since h is smooth and ¢(s —y) = 0 for |s — y| < % the real part of W is bounded on K x K
and the imaginary part is positive, hence |[ArgW| > 0. We will apply the ideas of Observation 3.4
in this setting. This gives us some ¢ > 0, depending only on L, an angle 6y with |6y] < § —

and neighbourhoods Q' and @ of ({y,n0) and (zo, wp), both with diameter less than g, such that if

((,n) € @' N M and (z,w) € Q we have

Re(e*®W?) < —5|W)2. (3.2.3)
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

Using (3.2.2) we obtain

Re(e® (¢ — 2)?) =Re (e*®(W?(s — y)® + (h(s,u’,v) — h(s,u,v))?

Iy / 2 _N2,2 (3.2.4)
+(h(s,u',t) — h(s,u',v))* + (1 — ¢)*¢®) + cross terms).

The terms |h(s,u’,v) —h(s,u,v)| resp. |h(s,u',t) —h(s,u’,v)| are bounded by C|u' — u| resp. C|t —v]
for some C > 0 depending only on L.

The cross terms are estimated as follows. For example the term |(h(s,u’,t) — h(s, v, v))(1 — ¢)q| <
3(C?[t — v + [¢[?) or

0 4 0
Wis =)= 2hal = | S1Ws = by 311 = pllal < Siwle = o +

and the term £[W|?|s — y|? gets absorbed by —3|W|?|s — y|? from (3.2.4) resp. (3.2.3). We are going
to write § again for this slightly smaller §. The other term %qQ becomes C’q? for some constant
C’ > 0 depending on L and d. In total we obtain

Re (2% (¢ — 2)2) < —0|W *[s — y|2 + C(lu — u')? + |t — v|?) + C"¢%. (3.2.5)

Now we want to estimate the (n — w)—terms.
Since [20p] < § — 20 it is

Re(e?? (n —w)?) = Re (e 200 () — 4+ i(t — v)) %)
< (u' —u)? — cos(2600) (t — v)? + 2sin(20) [u/ — ul|t — v|

< (W —u)®—68(t—v) +2\f|u—uf|t_v| (3.2.6)
5 2

< %12 4 r2

< 2\t v|—|—<1+5>u ul

for any n, w € C*~ L.
Take some p with 2 < p < =5 and since |6y| < T — & we have |0y| < 7. Hence there exists some
0" > 0, such that

for a = re?®, with 7 > 0, then Re(a?) > §'rP. (3.2.7)

If we are in the case, where |sg —do| < d, we use (3.2.5), (3.2.6) and (3.2.7) to obtain, since |W|? > 1,

with a = ret? for + > 0

Re <a2 (CZ)2+A042 <77w)2 oz”)
€ €
2

2) vor (1) (3.2.8)
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3.2 The General Case

Take A > 1 big enough, such that C—A% < —6A and set C := max(C’,C+A (1+ 2)) and we obtain
the first part of the Lemma.

In the second case, where |sg — yo| > d, then we have |s — y| > % for all ({,n) € Q" and (z,w) € Q
and ¢(s —y) = 1. Hence from (3.2.5) we obtain since (1 — ¢)g =10

Re(e% (¢ - 2)%) < 0| W[2[s — yl? + Clu— /> + [t — v]?). (3.2.9)

Then we proceed as in the first case using the estimates from (3.2.9), (3.2.6) and (3.2.7) to complete
the proof. O

We will need an application of the previous Lemma, where (¢, ) lies near the boundary of w and
(z,w) in a compact subset of w’.
Define H(y,u,v) := h(y,u,v) + iy,u + iv. To prove Theorem 3.7 we have to show that for every
wj CC ' any continuous CR function on w = H(w’) can be approximated by entire functions on
H(w}). Now we are going to apply the following

Theorem 3.10. Let Q C R™ be an open and convez set.

Then 2 can be exhausted by a sequence of strictly convex sets with smooth boundary, i. e., there
exist o sequence €); of strictly convex sets with smooth boundary, such that Q; CC Q;41 CC 2 and
U;’;l Q; = Q.

Proof. e. g. [11], Corollary 2. O

Remark 3.11. Let 2 C R™ be a convex set with smooth boundary and local defining function w,
then for § > 0 the function ji(z) := () + &|z|? is strictly convex. To see this we check (0.2.1) for fi,
so let p € bQ and 0 # & € T,,(b2). We obtain

dofip(§) = dopy(§) +26 Y & > 26[¢)* > 0,

k=1

thus [ is strictly convex. A natural choice for p would be the signed distance function, which is
defined as

—d(z,bQ) for z € Q

() = _
d(xz,bQ)  for x & Q,

where d(.,.) is the euclidean distance of R™. Then we have to see, that the signed distance function
is convex and one has to consider a smoothed version of x. Then we could take the level sets of &
with a sufficiently small § > 0 as exhaustion sequence for the convex set ).

Since w’ is open and convex, it can be exhausted by strictly convex sets with smooth boundary,
hence we assume w] to be strictly convex and has smooth boundary. Then we choose another strictly
convex set wh, such that wj CC w) CC w’ and denote the distance from w/| to bw) by 3d. Let I C R
be an interval, such that w = H(w’) is contained in I x w’. Define L := I x w’, which is a compact

and convex set.
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

Lemma 3.12. Let w| CC wh CC ' and L as above.
Then there exist constants p > 2, 6,C, A, d > 0, such that if (yo, uo,v0) € wi and (so,up, o) € w'\wh
with |ug — ug| < d, then there exist neighbourhoods Q1 of H(yo,uo,v0) + (¢,0) € L and Q) of
H(so,ug,to) € LN M and an angle 0 with |pd| < § — 5, such that
2
)

Proof. The preparations preceding the Lemma imply that (yo,uo,v0) and (sg,ug,to) are separated

u—u

2
B¢, 0,0)] < exp (—wzg (%) +actar

for all H(y,u,v) + (¢,0) € Q1 and H(s,u',t) € Q) N M and o € Ty.

by a distance of 3d. Since |ug — up| < d we obtain the case, where |sg — yo| > d or the case, where
[to — vo| > d and |sg — yo| < d.

By Lemma 3.9 we obtain neighbourhoods Q" of (z9,wo) = H(yo,uo,v0) + (¢,0) € L and @ of
(€o,m0) = H(s0,up,to) € LN M, both with diameter less than % and two possible estimates for the
integral kernel.

If |so — yo| > d we obtain by the second case of Lemma 3.9 and because |s — y| > g on Q' and Q,

that
2)
for all ({,n) € @' N M, (z,w) € Q and o € Ty,.
In the second case, where |ty — vo| > d and |so — yo| < d, we apply the first case of Lemma 3.9 and

u—u

2
|E2P(¢,m, 2, w, )| < exp (—5 <0é|2 (;5) + Iap> + AC|af

since |t —v| > % on ' and @, we have

u—u

2
B¢,z 0,0)]| < exp (—5 (AaF (3) + w) +AClol?

2 2
cour (1)),

for all ({,n) € @' N M, (z,w) € Q and « € Ty,.
Now we choose A > 1 big enough and depending only on K, C and d, to obtain

d\? 2 _ 4§ d\> _ ¢ d\?
—5A|a)? | — (L) <—=AlfP (=) <—=|a)?* | =
OAfal <2g> +Clal (g) < Al (25) <~k (25) ’
for any ¢ € R, such that (z,w) = H(y,u,v) + (¢,0) € L.
Finally we obtain p > 2 and 6 from Lemma 3.9 and set ; := Q and Q] := Q'. O

Step 3: EA9P fulfills the approximation identity

For s € R, t € R* ! and r > 0 we define

AS Ca n 2 (5)° 2 (1)
EX%P(s,t,r):= —r"exp | —0 | r (7> +Are (=) +7P ).
en € €
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Lemma 3.13. 1. Let § > 0 be fized, then for any € > 0 we have

/ / Eﬁ’é’p(s,t,r)d(s,t)dr = (s,
O n

where Cs only depends on 6.

2. Let v > 0 be fized, then

lim / / EMOP (s t,m)d(s,t)dr | =0
=0\Jo Jrm\B,(0)

Proof. 1. We transform the integral by setting x := £ and y := é Then using the property of Cy
1

from (3.2.1) we obtain by another variable transformation Cs =

3
S

2. We transform the integral as above to obtain

C’A/ exp(férp)/ exp(—6(z? 4+ Ay?)d(z,y) dr
0 R™\Bnr,. . (0)

=G (T)

where R,.. := ™. For every r > 0 g.(r) is uniformly bounded, hence exp(—dr?)g.(r) is an
integrable function on R*. Since for any » > 0 g.(r) goes to 0 as ¢ — 0, we apply the

Dominated Convergence Theorem and the Lemma is proved.

O
Step 4: F approximates the identity on M,
Similar to the one dimensional case, c.f. Theorem 3.2, we have the following
Lemma 3.14. Let (z,w) € M,, then F*(f)(z,w) — f(z,w) as € — 0.
Proof. First we will show
[ [ Bz a)atdadicon <1 (32.10)
M, Jo

for every (z,w) € C". Here we deform the (—integral from M, := {(h(s,u +it) + is,u +it) : s €
R, t € R" !} to M? := {(Rez +is,u+it) : s € R, t € R""'} by Cauchy’s Theorem and since
h(y,u + it) = 0 for |y| large enough, hence we can show as in Step 4 of the one-dimensional case,

that the horizontal terms vanishes. We obtain

C b s—y\> t—v\?
e (_T2 (22) -a (22) _Tp) s, )
g™ Jo n € €

:CA/ / exp(—r?z? — Ar?y® — rP)r"d(x, y)dr = 1,
O n
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due to the presence of the constant Cy from (3.2.1). Hence using (3.2.10) we obtain

R = ) = [T [ () = ) B 2w a)a”d(C )

where ((,n) = H(s,u,t) = (h(s,u,t)+is,u+it) and (z,w) = H(y,u,v) with s,y € Rand t,v € R"~L.
Then we split up the integral over M, into the part, where CMF := {(¢,n) € M, : |[s—y|?>+|t—v|* >
R?} and its complement.

The integral over CME is treated as follows. If R > 0 is large enough, such that Re¢ = h(s,u,t) =0
and |h(y,u,v)| < &'|s — y| for some 0 < ¢’ < 1 and ¢ € CME. Then we have by setting 5 := s — y
and t:=t—v

- 2
Ca r" exp(—rp)/ If(¢,n) — f(z,w)|exp | 72 (W) — Ar? <t> d(3,t)dr
0 CME

gn g2

< QC’AHfHOO/ r’ exp(frp)/ exp(75r252 - Ar2gjz)d(f,@dr,
0 R =1\ Bg/(0)

where we transformed the integral from s to ¥ := g resp. from ¢ to j := g and we set § :=1— ¢’ and
R = g. By Lemma 3.13, part 2 the above integral converges to 0 as ¢ — 0.

Now we want to show that the integral over M also tends to 0 as ¢ — 0. Here we apply Lemma 3.9
to the compact set M[* and some d > 0 to obtain finitely many neighbourhoods Q; covering M.
Moreover we get for every @ aray I'; to which we transform the integral over the positive real axis by
Cauchy’s Theorem,where the boundary terms vanishes as in the one-dimensional case in Step 4. Now
we take a partition of unity 1; subordinate to the cover Q; and write Zj fo frj i (Cm(f(¢,m) —
f(z,w)EMP(Cm, 2, w, @)a™dad(C, n) for the integral over M.

For any (¢,n) € ME we apply Lemma 3.9 with ¢ = 0 and «/ = u. Then we split up every integral
over M into MY = {(¢,n) € M : |s—y|*> + |t — v|*> < ¥?} and its complement in M][?, denoted

by MYR = {(¢,n) € ME: v? <|s —y|? + |t — v|? < R%}, where v > 0. In the first case we obtain

/ G5 CMCn) = £z w) EEP(Cn, 2w, 0)a" dad ()

<5/ /Vexp< <|a|23‘y

§5/ EMOPd(s, t)dr = eCs,
0o Jre

t—v 2

2
‘ + |a?A ’

+ Ialp>> || ded(C, )

where v > 0 is taken small enough, using the uniform continuity of f and the first part of Lemma
3.13.

In the second case we have

[ [ e = few) EX G, 2w a)ar dad(G.n)
M, r;

<2l [ [ S exp< <|a2

which tends to 0 as € — 0 by the second part of Lemma 3.13.

s — y2 t—wv
. ‘ +|a|2A‘

2
+ Ial‘">> | dad(C,n),
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This completes the proof of the Lemma. O

Remark 3.15. The proof shows, that the convergence of Lemma 3.14 is uniform in w, if u is contained

in a compact subset of R*~1.

Step 5: F is locally independent of u up to an arbitrarily small error term

In this section we will use the CR-property of f to obtain a lower bound of the point (z,w), where
we want to approximate, and the domain of integration, denoted by integration coordinates ({,7).
We recall the sets w] CC w) CC ' from Lemma 3.12. Then we multiply f with a cut-off function,
which is one in a neighbourhood of H(w}) and denote the resulting function again by f.

The function f is CR on H(w}) C M, hence it can be extended to a function, again denoted by f,
in a neighbourhood V of H(w}) in C", which fulfills df = 0 in V. This technique is called “almost
holomorphic extension”.

Thus we can assume, that df has compact support in H(w’)\ H (w}) and define the compact, convex

set Ly :=1 X 071, where [ is the real interval from Step 2, defined above Lemma 3.12.

Lemma 3.16. Let f be a continuous, compactly supported function in w with supp(0f) C w\H (wb).
Then there exists some di > 0 and a constant C > 0, depending on Ly, such that if |lu — uo| < di,
then |F*(f)(z,w) — F*(f)(z,w)| < Ce for all (z,w) € Ly.

Remark 3.17. Lemma 3.16 says, that F° approximates the identity on M, if |ug — u| < d.

Proof. We need an object MWU to be a real submanifold, where the boundary of ]\A/I/WO is given by
M, and M,,. We connect u and ug by a real line segment ,,, and define RZ"~! := {(Im(,n) €
R x R?"—2; Ren = ug}, which is a n—dimensional subspace of R27—1. Then we define Muun CcCM
as the graph of h over spang{~uu,, RZ"~'}, which is a real (n + 1)—dimensional real submanifold of
R27,

With Stoke’s Theorem we write

fT‘E”(f)(Zﬂﬂ)—Fé“’(J“‘)(ZﬂU)Z/J\7 /OOO3f(<7n)E?’p(C»n,Z,waa)a”dad(Cm% (3.2.11)

uug

because applying the exterior derivative d , to f(¢,1n)E>P((,n, z, w, a)a™ the —terms vanish, since
d(¢,m) is a (n,0)—form, and the kernel EXP(¢,n, z,w, @) is holomorphic in (¢, 7).

Since (z,w) = H(y,u,v)+(q,0) € Ly, 1. e., (y,u,v) € wi, and (¢,n) = H(s,u',t) € (w\H(wé))ﬂMwo,
i e (s,u,t) € w\wh, hence |u —u'| < dy, if |u — ug| < dy, and if we choose dy < d, we can apply
Lemma 3.12. Since the domain of integration, i. e. supp(9f), is compact, we obtain a finite, open

cover @} of supp(df). Choosing a partition of unity ¢; subordinate to the cover @}, we can write

FE) ) = F DG =3 [ [ 0 Cmdr B . a)adad G,

uug

where I'; is the ray given in Lemma 3.12. The integral is deformed from R* to I'; by Cauchy’s
Theorem, again as in the one-dimensional case in Step 4 the horizontal terms vanish. Every integrand
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

2
— 6|a|P>

for the given (z,w) € Ly, ({,n) € Q;ﬂﬁuuo and « € I';. Taking d; even smaller, to fulfill ACd? < 6%

we obtain,

of the above integrals is bounded by

u—u

2
|EXP(C,m, 2, w, )| < exp (—IQIQg (j) + AC|a)?

§ (d\®
\Eﬁm«ymznchISexp<—ﬁ12u3(5) -—&ap>,

hence

oo 2
|wmmm—wwmmwé0/ew<ﬁ(6>WM:&’
e” Jo 16 \ e
where C' depends on d,d and L. O

Step 6: Globalization and making the approximation sequence holomorphic

In the last step we define a approximation sequence, which approximates the CR function f on H(w/)
and is holomorphic in a strictly convex, compact neighbourhood of H(wj).

We cover the compact, convex set L; with finitely many open sets of the form I; x N;, where I; is
d

5
Nj is an open set in R"*!, Then we choose for each j a point u; € I; and a partition of unity 1;

an open set in R®~! with diameter less than where d; is chosen according to Lemma 3.16, and

subordinate to the open cover I; x N; of L;. We define
FE(f)(Zv ’LU) = Z wj(z7 w)Fau7 (f)(Z, w) - UE(Zv ’U)),
J

where v. will be an error term with arbitrarily small sup-norm, which makes F. holomorphic.
In the following we want to find a strictly convex set inside of L; = I x w to be able to solve
a O—equation on L;. First we choose an exhaustion sequence of L;, where every member of the
sequence is of the form L} := I’ x w + a, where I’ C I is a real interval, w} CC w} a strictly convex
set and a € R™. Moreover we assume that L) N M # @&. Then we want to apply the following

Theorem 3.18. Let 2 C R" be a bounded, open and convex set and K C 2 a compact and convex
subset.

Then there exists a strictly convex set D with smooth boundary, such that K C D C ().
Proof. e. g. [11], Theorem 2. O

Setting Q := Ly and K := L} we obtain a strictly convex set D = Dy with L} € D; CC Ly and
DiNM+2.

Lemma 3.19. Let (z,w) € D;.
Then there exists v, € C*° (D), with sup |ve|p, = O(g), such that F.(f) € H(D1) and F.(f)(z,w) —
f(z,w) ase — 0.
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3.2 The General Case

Proof. 1f F.(f) is holomorphic in D; we have

e (2, w) Z% zw)FH (f)(zw) | = Zé(wj(z,W))Ffj(f)(sz)

_Z'(/Jl 2 w 1/’] z w))Fu](f)<Z’w>7

since F.7 is locally independent of u; by Lemma 3.16, hence holomorphic in I; x N;. The terms
Y0¢; are non-zero iff I; N I; # @, which is the case iff |u; — u;| < d;. Lemma 3.16 implies

e (2,w) sz (2, w)O(; (2, w)) F* () (2, w) + O(e)

:Zzpl (z,w)FX(f)(z,w) Zé(z/)j(zgw)) + O(g) = O(e),
l J

since Y Oy = O (Z 1/1]) = 01 = 0. Now we want to solve the equation

v (z,w) Zw] 2, w)F2 (f)(z,w) | . (3.2.12)

Excursus: d-bar-Equation with Estimates

For D C C" let L; (D) denote the space of (p,q)—forms with coefficients in L*(D) for 1 < s < oo.
Analogously we define C; , the space of (p, g)—forms with coefficients in C*(D) for 1 < s < oo.

Theorem 3.20. Let D CC C" be a strictly pseudoconvex set with boundary of class C>.
For 1 < q <n there exist linear integral operators S, : L§ (D) — L , (D) and a constant C > 0,
such that the following properties hold:

(i) If f € Ccl,’q(D) ﬁLéyq(D) and Of = 0, then O(S,f) = f, i. e. S, solves the O—equation du = f.
(i1) For 1 <s < oo we have that if f € C§ (D) N Ly (D), then Sqf € C§ ,_1(D).

(iii) We have the sup-norm estimate for the solution || S, f| 1= p) < C||fl|L(D)

Proof. e. g. [3], Chapter VII., Theorem 5.6. O

We have that D; is bounded and strictly convex with smooth boundary, which is strictly pseudo-
convex, by Theorem 0.12. The term on the right-hand side of the d—equation in (3.2.12) vanishes,
if we apply O once again and the sup-norm is O(e). Hence we may apply Theorem 3.20 with s = co
and ¢ = 1 and obtain a smooth function v, on Dy, which fulfills sup |v.|p, = O(g). This computation
shows that F. € H(D).

Remark 3.17 and the sup-norm estimate of v. gives
’LU) = ZQ/JJ‘(Z, w)FE - ve('sz) - Zl/)j(Z,UJ)f(Z, w) = f(Z,’LU)
J J

for (z,w) € Dy. O
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

To obtain an entire approximation sequence, we apply Runge’s Theorem 0.22 in C™, since the
compact, strictly convex set D; is polynomially convex by Lemma 0.16. And since L} was arbitrary

member of an exhaustion sequence of L; this completes the proof of Theorem 3.7. O

Remark 3.21. In the case where f € C(M) one has to read the support of f at the beginning of
Step 5 in the sense of distributions and since both sides of (3.2.11) in the proof of Lemma 3.16 are

continuous the proof of Theorem 3.7 is true for continuous CR functions as well.

3.3 Counterexamples in Higher Codimensions

Motivation 3.22. In the previous section we have seen, that uniform global approximation of CR
functions on hypersurfaces is possible, if we assume certain convexity properties of the set, where we
want to approximate. In higher codimensions it is possible to construct a totally real submanifold
M and to find a compact set of M, denoted by K, and a continuous function f, where f cannot
be approximated uniformly by entire functions. The tool for constructing such a K is to attach an
analytic discs A to M.

Definition 3.23. An analytic disc A in C" is a continous mapping A : C D B;(0) — C", which is
holomorphic in B4 (0).
An analytic disc is attached to a subset M C C™, if A(S’l) C M.

Recall the definition of a totally real submanifold M, which is given as a graph over the imaginary
axes from Remark 2.10 (i). Here only the case for n = 2 is discussed, the higher dimensional case is

similar.

Theorem 3.24. There exists a totally real C*-submanifold M in C? of codimension 2, which is the
graph over the imaginary axes, i. e. M = {(z1, 22) = (w1 +iy1, w2 +iy2) € C?: 21 = h1(y1,92), T2 =
ha(y1,v2)}, where h = (hy,hs) is a C*—function, a compact set K and a continuous CR-function
f, defined in a neighbourhood of K, such that f cannot be approximated uniformly on K by entire

functions.

Proof. First we assume, that we already attached the following analytic disc A to M, and show, that
this implies the claim in the Theorem.

Let A be defined as A : B;(0) — C2, A(¢) = (i¢, ¢), which is analytic in its components, hence an
analytic disc. The image of A is given by imA = {(—ya2 + iy1, 91 +iy2) : ¥5 +y3 < 1}.

Define K := {z = x + iy = (z1,22) +i(y1,y2) € M : y} +y3 < 1}. Since A is attached to M, we
have that the boundary of A, denoted by bA, agrees with the boundary of K in M, denoted by bK,

and both A and K are graphed over the set U = {(y1,92) € R? : 4% +y3 < 1}.
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3.3 Counterexamples in Higher Codimensions

R2

bA = bK
imA

Figure 3.2: Attaching the analytic disc A to M

As in Remark 2.10 (i) we have det(Dh(y) +il2) # 0 for y € U, where Dh denotes the Jacobimatrix
of h, hence f(z) := (det(Dh(y)+ils)~! for 2 = z+iy € M is a continuous function in a neighbourhood
of K.

Now we suppose, that f can be approximated by a sequence F;, of entire functions on K.

Then we have

/ f(z)dz1 Adzy = lim F,(z)dz1 A dzs. (3.3.1)
K N JK

Define € to be set in C2, such that K and imA form the boundary of . For every n € N we write
by Stoke’s Theorem

0= [ dF,(2)dz1 Ndze = | Fo(2)dz1 ANdze = / Fo(2)dzy Ndza — | Fu(2)dz A dz,
Q Q K ima

since d(F,(z)dz; A dze) = 0, because F,, is holomorphic and F,,(z)dz; A dzs is a (2,0)—form. The
integral over im A vanishes, since the form dz; A dzs pulled back to a form A*(dz; A dzs2) over By(0)
gives 0. Hence we obtain [}, f(z)dz; A dzp = 0 from (3.3.1).

If we compute the same integral by pulling back K to U via the parametrization ¢ : U — K,
o(y) = z = h(y) + iy, then the form dz; A dzs becomes det(Dh(y) + il2)dy; A dys. Hence we have
that

0:/ f(z)dzl/\d,zQZ/dyl Adys # 0,
K U

since U is the unit ball in R?, which has positive measure, a contradiction. Hence f cannot be
approximated by entire functions on K.

Now we are going to construct M, such that bA is contained in M.

Since we used in the above proof, that K and A are graphed over U and bK = bA, we want
hi(y) +iy1 = i¢ and ha(y) + iy2 = ¢ on bU. This implies hy(y1,y2) = —y2 and ha(y1,y2) = y1 on
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3 Global Approximation of Continuous Functions on Hypersurface Graphs

bU. If we transform U into polar coordinates, writing y; = rcost and y3 = rsint for 0 < r < 1 and
0 <t < 27, the equation means that

hi(r=1,t) = —sint and hao(r = 1,t) = cost. (3.3.2)

Now we make the following ansatz and write

h1 (7", t)
hQ(T, t)

o(r)cost — (r)sint

@(r)sint 4+ (r) cost (3.3.3)

for ¢ and 1 real valued C'-functions and denote H(r,t) := (hy(r,t), ha(r,t)). Hence ¢(1) = 0 and
(1) = 1 to fulfill the condition on A in (3.3.2).

Transforming the ansatz of H(r,t) into cartesian coordinates, we see that the first derivative of & is
continuous at the origin, only if ¢ and i together with their first derivatives vanish at 0.

Another condition h has to satisfy is that det(Dh(y) + ilz) # 0 for y € U. First we compute
det(Dh(y) + il2) in polar coordinates.

Lemma 3.25. det(Dh(y) +ils) = L [p(r)¢'(r) + ()¢ (r) — 7 +i(r¢’ (r) + o(r))].

=:B(r)

Proof. We define H : [0, 1] x [0,27) — C? by

H(r,t) == A(?) ( olr) +ir ) , where A(t) := ( cost —sint > '

sint  cost

If we transform h(y) + ¢y from cartesian into polar coordinates, we obtain H(r,t) from (3.3.3) and
since the determinant of the Jacobimatrix of the transformation from cartesian to polar coordinates
is 1, we only need to show, det D,.,H(r,t) = B(r).

Using the property of A(t), that A'(t)(x,y) = A(t)(—y,z) we obtain

Dy H(r,1) = A() (
Thus L det(D, H(r,t)) is established as claimed in the Lemma, since det A(t) = 1. O

To sum up h = (hq, he) given by the ansatz in (3.3.3) has to fulfill

©(0) = ¢(1) = (0) =0 and (1) =1
¢'(0) =4'(0) =0
det(Dh(y) + ily) = ~ det(DH(r, 1)) £ 0,

(3.3.4)

for 0 <y?+y3 <lresp. 0<r<1.

Define e. g. ¢(r) :=r? and ¢(r) := 4r? for r € [0, 3] and ¢(r) := —4(r — 1)2 for r € [$,1]. Both are
C! in [0,1] and satisfy the conditions given in (3.3.4), since the imaginary part and the real part of
1 det(D,..H (r,t)) do not vanish simultaneously. O
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4 Appendix

4.1 Koebe’'s One-Quarter Theorem

In order to fill the gap in the proof of Mergelyan’s Theorem we will prove Koebe’s One-Quarter
Theorem, which gives us the minimal size of the image of certain holomorphic functions on the unit
disc in C. Then we will prove the precise statement which was used in the proof of Mergelyan’s

Theorem. We follow the presentation in [7].

Lemma 4.1 (Area Theorem). Let g(z) = z+ ., bnz™" be holomorphic and injective in {z €
C: 1< 2| < oo}, then 3, 5y nlbu|* < 1.

Proof. Since g is holomorphic in the open set T':= {z € C: 1 < |z| < 0o} the set im(g(7T)) is open.
Let E := C(im(g(T))). Since g is injective, the set im(g({z € C: |z| = r > 1})) is a simple, closed
curve and the interior E,. contains F, hence FE is compact. The area of F, can be computed as follows

area(E,) = /Er dx N dy = ;i/];rdw/\dw — 21i~/bErwdw _ 2% ‘z|zrg*(wdw)
= % i 9(2)g' (z)dz = ;/0% re " 4+ ,LZZ%BH ezzg 1— gnbn(f;::l)e e’ do
- ;/0277 r’ _ggm_k):?wbkbnk do = ;/0277 r? — kzzorljkbkbk do
=7 |r?— T%\bn\?
n>1

Now we let » — 1 to obtain

0 < area(F) < lim area(E,) =n | 1 — Z n|by|?

T
n>1

O
Definition 4.2. S := {f € H(B1(0)) : f injective, f(0) =0, f'(0) =1}
Remark 4.3. Any f € S is given by a power series developement f(z) = z + Zn22 anz2".
Proposition 4.4. For every f € S we have |az| < 2.
Proof. We want to see that we can extract a square root of f, denoted by the symbol h(w) := \/ f(w?).
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4 Appendix

It is

f(w?) =w? + Z anw?™ =w? | 14 Z anw?Y

n>2 n>2

The function f(w) := 1+ D2 anw?™ 1) is holomorphic in B;(0) and since f is injective, f(w?)
only vanishes at w = 0, hence f can never vanish. So \/f(w) := exp(3 log(f(w))) makes sense and

is a holomorphic square root, which takes the value 1 at w = 0. The function h(w) = w1/ f(w) is
holomorphic in B;(0) and vanishes only for w = 0.

In fact h € S, since h(0) = 0, A'(0) = 1 and we have to check the injectivity. If h(w1) = h(ws)
for wy, wy € B1(0), then f(w?) = f(w3). Therefore w? = w? and in the unrequested case, where
wy # wa it is wy = —wy, but h(ws) = h(—wy1) = —h(wy). This can only happen if h(w;) = 0, which
only occurs for w; = 0. The same for wy implies w; = 0 = ws.

Let g(z) := 1/h(1/%), which is holomorphic and injective in the set {z € C: 1 < |z| < oo} and we

have the power series expansion

z z az 1 3
9(2) = = —- 2l o),
The assumptions of the Area Theorem are fulfilled and we obtain for by = —%2, that |by| < 1. O

Theorem 4.5 (Koebe’s One-Quarter Theorem). Let f € S, then B1(0) C f(B1(0)).

Proof. Let ¢ ¢ f(B1(0)) and define
¢f(z) ( 1) 2 3
F(z)i=—"—~=z+ a2+ =) 27+ 0(2°).
B= e 2hg)eroE)
Since F' € S we obtain by Proposition 4.4 |ag+1/{| < 2. Together with |az| < 2 we get |1/¢] <4. O

Corollary 4.6. Let K be a compact, connected set in C with diam(K) > r > 0 and CK is connected.
Then there exist a biholomorphic mapping F : B1(0) — S*\ K such that

F(z) = % + 3 byz"

n>0

Proof. The assumptions imply that S?\ K is simply connected, hence there exist a biholomorphic
mapping F : B;(0) — S*\ K by the Riemann mapping theorem. Since {co} € S?\ K, we assume
F(0) = oo, hence the coefficient of 27! is a > 0. For wy € K we define

)= —=——=2— bojfwof +0(2%).

© is holomorphic in B;(0) and a biholomorphism, because it is a composition of a Moebiustransfor-
mation ¢ : S? — S?, (w) = 2 - and the biholomorphism F. It follows that ¢ € S. For any

w —w,

wy € K it is ¥(w1) ¢ ¢(B1(0)), since im(F) C K. Applying Koebe’s One-Quarter-Theorem to ¢,
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we obtain that

and hence a > 1|w; — wo|. The diameter of K was at least r, which implies that a > %.

53



54



Bibliography

[1]

2]

3]

[4]
5]

[6]
7]

18]
[9]

[10]

[11]

Albert Boggess, Roman Dwilewicz, and Daniel Jupiter. CR Runge Sets on Hypersurface Graphs.
Journal of Geometric Analysis, 18(4):980-1001, 2008.

Albert Boggess and Daniel Jupiter. Global Approximation of CR Functions on Bloom-Graham
model graphs in C™. Proc. Amer. Math. Soc., 134:723-730, 2006.

R. Michael Range. Holomorphic Functions and Integral Representations in Several Complex

Variables. Springer-Verlag New York Inc., 1986.

Edgar Lee Stout. Polynomial Convexity. Birkhduser, 2007.

Hugo Rossi. Holomorphically Convex Sets in Several Complex Variables. Ann. of Math. (2),
74:470-493, 1961.

Lars Héormander. An Introduction to Complex Analysis in Several Variables. Amsterdam, 1990.

Carlos A. Berenstein and Roger Gay. Complex Variables - An Introduction. Springer-Verlag
New York Inc., 1991.

Friedrich Haslinger. Komplexe Analysis (lecture notes). 2008.

M. Salah Baouendi, Peter Ebenfelt, and Linda Preiss Rothschild. Real Submanifolds in Complex
Space and their Mappings. Princeton University Press, 1999.

M. Salah Baouendi and J. Frangois Treves. A Property of the Functions and Distributions
Annihilated by a Locally Integrable System of Complex Vector Fields. Ann. of Math. (2),
113:387-421, 1981.

Leoni Dalla and Telemachos Hatziafratis. Strict Convexity of Sets in Analytic Terms. Journal
of the Australian Mathematical Society, 81(1):49-62, 2006.

55



56



CURRICULUM VITAE

Name Michael Reiter

Date of Birth 21st of July 1985 in Wels, Austria

Studies
Since 10/2005 Mathematics at the Faculty of Mathematics, University of Vienna

03/2006 - 09/2007 Physics at the Faculty of Physics, University of Vienna

2004 - 2005 Civilian Service at Caritas Q0

28th June 2004 Matura at the Secondary College for Food Technology, Wels



	Introduction and Preparations
	Introduction
	Strict Convexity and Pseudoconvexity
	A Sufficient Condition for Approximation by Polynomials

	Classical Approximation Theorems
	Runge's Theorem
	Mergelyan's Theorem

	Local Approximation of Continuous Functions on CR Submanifolds
	Real Submanifolds and their Tangent Spaces
	CR Functions and CR Vector Fields
	Baouendi-Treves-Approximation Theorem

	Global Approximation of Continuous Functions on Hypersurface Graphs
	Mergelyan's Theorem Revisited
	The General Case
	Counterexamples in Higher Codimensions

	Appendix
	Koebe's One-Quarter Theorem

	Bibliography

