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Abstract

Some systems of condensed matter show phase transitions which are not due to
symmetry breaking; they are topologically ordered. Such topological orders can be
described by higher categories. To account for condensation of these topological
phases of matter, the notion of categorical n-condensation was defined model inde-
pendently for weak n-categories in [GJ19]. We develop this in detail for n = 2.

We introduce 2-condensation monads in a weak 2-category B, which may or may
not condense, as categorification of idempotents in a category, which may or may
not split. If in all hom-categories of B all idempotents split, we are able to construct
its 2-Karoubi completion Kar(B) consisting of the 2-condensation monads of B and
2-condensation bimodules between them. It generalizes the Karoubi completion of
an ordinary category: all 2-condensation monads of Kar(B) condense, and B and
Kar(B) are 2-equivalent if in B already all 2-condensation monads condense.

We show that Kar(B) is 2-equivalent to the 2-category of nonunital, noncounital
A-separable Frobenius algebras, special Frobenius bimodules and bimodule maps.
We also discuss unital and counital 2-condensation monads which similarly form
a 2-category which is 2-equivalent to the well known 2-category Froba(B) of A-
separable Frobenius algebras, bimodules and bimodule maps. Finally, we show that
if in B all 1-cells have adjoints, then Kar(B) and Froba (B) are 2-equivalent.



Abriss

Manche Systeme von kondensierter Materie zeigen Phaseniibergange, die nicht auf-
grund von Symmetriebrechung passieren; sie sind topologisch geordnet. Solche
topologische Ordnungen konnen durch hohere Kategorien beschrieben werden. Um
die Kondensation dieser topologischen Materiephasen zu beschreiben, wurde in [GJ19]
der Begriff von kategorieller n-Kondensation fiir schwache n-Kategorien modellun-
abhangig eingefithrt. Wir untersuchen diesen im Detail fiir n = 2.

Wir fiihren 2-Kondensationsmonaden in einer schwachen 2-Kategorie B ein, welche
kondensieren konnen aber nicht miissen. Diese sind eine Kategorifizierung von Idem-
potenten in einer Kategorie, welche spalten konnen aber nicht miissen. Wenn in
allen hom-Kategorien von B alle Idempotenten spalten, konnen wir ihre 2-Karoubi-
Vervollstandigung Kar(B) konstruieren, bestehend aus den 2-Kondensationsmonaden
von B und deren 2-Kondensationsbimoduln. Diese verallgemeinert die Karubi-
Vervollstandigung einer normalen Kategorie: alle 2-Kondensationsmonaden von Kar(B)
kondensiern und B und Kar(B) sind 2-dquivalent, falls in B bereits alle 2-Kondensations-
monaden kondensieren.

Wir zeigen, dass Kar(B) 2-dquivalent zur 2-Kategorie nicht-unitaler, nicht-kounitaler
spezieller Frobenius-Algebren, spezieller Frobenius-Bimoduln und Bimodulabbildun-
gen ist.

Weiters besprechen wir unitale und kounitale 2-Kondensationsmonaden, die eine 2-
Kategorie bilden, welche zur bekannten 2-Kategorie Froba (B) spezieller Frobenius-
Algebren, Bimoduln und Bimodulabbildungen 2-dquivalent ist. Letztlich zeigen
wir, dass, falls in B alle 1-Morphismen Adjungierte haben, Kar(5B) und Froba (B)
2-aquivalent sind.
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1 Introduction

Ever since the emergence of physics as a scientific discipline, it has been in dynamic
interaction with mathematics. On the one hand, mathematics provides the language
and the tools used by theoretical physics, so that sometimes only new mathemati-
cal concepts enable new physical theories. On the other hand, it often is this need
for improved techniques and the questions raised by physics, that drive the devel-
opment of new mathematical fields. Amazingly, even the most abstract concepts
of pure mathematics, seemingly mere inventions in the mathematicians mind and
completely removed from material reality, end up useful to describe just that.

This work explores a concept from the mathematical field of higher category
theory, which promises to be useful to understand topological phases of matter.

1.1 Category Theory

One of the most abstract fields of modern mathematics is category theory: an
abstraction of mathematical structures themselves. Samuel Eilenberg and Saunders
MacLane founded it in [EM45] to be able to formalize relations between topology
and algebra.

Usually a mathematical theory is concerned with certain objects (e.g. vector spaces,
groups, topological spaces, ...), and relates them via structure preserving maps
(linear transformations, group homomorphisms, continuous functions, ...). There
are some very basic properties all of these have in common. Given any two such
structure preserving maps f : A — Band g : B — C (e.g. two linear transformations
between vector spaces A, B and C') they can be applied after each other to obtain
go f: A— C. Usually this is defined element-wise by (g o f)(x) := g(f(x)), hence
the notation in that order. This composition preserves the structure of our theory as
well, because both its parts, f and g, do. The resulting operation “o” of composing
two maps naturally is associative: if we compose three structure preserving maps,
it does not matter if we think about this as doing the first one followed by the
composition of second and third, or as starting with the composition of the first two
and then do the third:

(hog)of=ho(gof)

Finally, for every object X of our theory there is an identity map idx which just
leaves X as it is. Clearly, composing this identity map with any structure preserving
maps f: X — Y or g: Z — X does not change them:

fOldX:f and 1dXog:g

Category theory now takes these properties as axioms: a category is any collection
of objects and so-called morphisms between them (both completely abstract, with
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no further structure or meaning) with an associative composition operation of mor-
phisms and an identity morphism for each object which leaves any morphism as
it is when composed with it. The examples from above give rise to the categories
Vec of vector spaces and linear transformations (where usually one only considers
Vecy, the category of vector spaces over a fixed field k, as there are no linear trans-
formations between vector spaces over different fields), Grp of groups and group
homomorphisms and Top of topological spaces and continuous maps.

This might seem rather trivial: the objects are just sets with additional struc-

ture satisfying some axioms and the morphisms are functions between these sets
preserving the validity of the axioms. But category theory takes a fundamentally
different approach: it suffices to know how all the objects relate to each other. What
primarily matters is the category as a whole, not the details of its definition.
The objects of a category do not at all have to be sets with extra structure. There
is a category whose objects are logical theorems and whose morphisms are proofs.
For any group G there is the category BG which has only a single object and the
elements of G as morphisms; composition is given by group multiplication (which
by definition is associative) so that the unit of G serves as the identity morphism
for the single object. Another example are bordism categories: roughly, their ob-
jects are m-dimensional closed manifolds and morphisms are equivalence classes of
(n+ 1)-dimensional manifolds (called bordisms) which have the manifolds they map
between as boundary. They are fundamental to topological quantum field theory as
described in Section [1.2]

The idea that the relations between things matter more than the things them-
selves, applies to category theory as well. Mathematical theories do not exist in-
dependently of each other. For example, in algebraic topology, one associates to
each topological space (with chosen base point) its fundamental group. Thus for
each object in the category of (pointed) topological spaces we get an object of the
category of groups. A crucial property of this association is the following: any (base
point preserving) continuous map between two (pointed) topological spaces, induces
a group homomorphism between their fundamental groups. This furthermore hap-
pens in a way which respects the compositions and identities. We thus have a
structure preserving map between categories and those are called functors. A func-
tor ' : C — D maps the objects of a category C to the ones of D and the morphisms
of C to morphisms between the according objects in D, respecting composition:

F(go f)=F(g)o F(f)

and mapping identities to identities. Functors clearly can be composed element wise,
so we can form the category Cat which has categories as objects and functors as
morphisms.



Interestingly this is not the end of the story. One can reasonably define structure
preserving maps between functors. So reasonably in fact, that they are called natural
transformations. An example are intertwiners of group representations: a represen-
tation of a group GG on a k-vector space V is the same as a functor BG — Vecy
mapping the single object of BG to V; an intertwiner between two representations
is a natural transformation between the corresponding functors.

It was in order to understand such natural transformations in algebraic topology
that category theory was formulated by Samuel Eilenberg and Saunders MacLane
in 1945.

1.1.1 Higher Category Theory

We have seen that there are categories, functors between them and natural trans-
formations between these. Thus we may wish to again do an abstraction of this
situation and consider a category with not only objects and morphisms between
them but also morphisms between morphisms. This leads to the concept of a strict
2-category. In order to keep track of what kind of morphism we are talking about,
we refer to the morphisms between objects as 1-cells, and to the morphisms between
those as 2-cells. In an ordinary category, two morphisms can only be equal or dif-
ferent, but in a 2-category 1-cells can be related via 2-cells, for example they may
be different but isomorphic. This opens up the possibility to weaken the axioms for
a strict 2-category to arrive at the definition of a weak 2-category (or bicategory),
as given in Section Associativity of the composition for 1-cells is demanded
to hold only up to isomorphism. This isomorphism, called the associator, is then
asked to satisfy the pentagon axiom which guarantees that the resulting isomor-
phisms between compositions of more than three 1-cells are all equal. Similarly, the
composition of a 1-cell f with the identity 1-cell, is only asked to be isomorphic to
f via a unitor 2-cell which has to satisfy the triangle axiom.

An example from algebraic topology is the fundamental groupoid of a topological
space: objects are points in the space, 1-cells are paths connecting them and 2-cells
are homotopies of paths. An example from algebra (which will play an important
role in the following) is the bicategory which has algebras (vector spaces with a
linear, associative multiplication) as objects, bimodules between them as 1-cells and
their bimodule maps as 2-cells. An example from physics can be sketched as having
2-dimensional theories describing patches of spacetime as objects, defect lines sepa-
rating these patches as 1-cells and junctions of defect lines as 2-cells. We say some
more about this in Section [L.2.1l

Having started counting, there is no reason to stop: by introducing 3-cells be-
tween 2-cells and so on up to n-cells between (n — 1)-cells one readily arrives at
the notion of a strict n-category. It is however far from obvious how to weaken it.



For weak 3-categories one can replace the pentagon axiom of weak 2-categories by
introducing a pentagonator 3-cell, but the coherence axioms this has to satisfy are
already vastly more complicated. For m > 4 this becomes unfeasible. There exist
various different approaches to define weak n-categories for arbitrary n (some with
a possible generalization even to oo-categories), but it is an open problem to tell
which is the right one in which situation and how they all relate to each other.

All three examples above can be generalized to n-categories: for the fundamental
n-groupoid one can just keep considering homotopies between homotopies, algebras
can be generalized to F,-algebras (cf. [Haul7]), and for n-dimensional physical the-
ories one can take hypersurfaces separating patches of spacetime as 1-cells and so
on.

1.1.2 Categorification

When well-known concepts are generalized from set theory to category theory, or
from categories to higher categories, one speaks of categorification. In this context
sets are considered to be O-categories.

The definitions of many algebraic notions (like group or algebra) can be phrased
entirely in the language of category theory. By replacing the underlying set with an
object in any category C, these notions can be internalized to C. Considering them
internal to a higher category and weakening the defining axioms (similar to how
strict 2-categories are weakened to bicategories) one arrives at the categorification.
In this sense, considering groups internal to the 2-category of categories, functors
and natural transformations gives rise to the notion of a 2-group.

One of our main topics is to give a categorification of the notion of splitting
idempotent. An idempotent is a morphism e : X — X which stays the same when
applied multiple times, i.e. eoe = e. It splits, if thereare f : X - Y andg:Y — X
such that go f = e and f o g = idy. A classic example are projections in vector
spaces: a projection onto a k-dimensional subspace of an n-dimensional vector space,
can be split by first doing the appropriate surjective map onto the k-dimensional
vector space (viewed as a different object of Vec), and then embedding it back to
the n-dimensional vector space. Clearly, first embedding and then surjecting gives
the identity. It turns out that projections are the only idempotents in Vec, so that
all its idempotents split. This is not the case for arbitrary categories. What is
true however, is that every category C can be embedded into its so called Karoubi
completion Kar(C) in which all idempotents do split.

We will categorify idempotents to 2-condensation monads in a bicategory B (defined
in Section and find a generalization of the Karoubi completion which is equiva-
lent to the bicategory of (a certain kind of) algebras, bimodules and bimodule maps



internal to B.

1.2 Topological Quantum Field Theory

Despite their outstanding success, the methods of quantum field theory still lack
a solid mathematical foundation. In particular there is no sound definition of the
path integral.

Classical mechanics is concerned with point particles moving through space which
is described as some n-dimensional manifold. Classical field theory on the other
hand works with fields which are simultaneously defined on all of space. To be in
accordance with the theory of relativity, these fields are considered to be functions
defined on some (n + 1)-dimensional spacetime manifold. A field at a certain time
is then given by the restriction of the function to a spacelike slice of the manifold.
Quantum mechanics replaces the direct description of point particles by an analysis
of their spaces of states by the means of linear algebra. Accordingly, in quantum
field theory, we have for each spacelike slice of spacetime a Hilbert space describing
the states of the field. In both cases, time evolution is given by a linear transfor-
mation between vector spaces of states and can be described in terms of a path
integral. Actually, quantum mechanics can be interpreted as quantum field theory
for a (0 4 1)-dimensional spacetime, and only for this case has it been possible to
rigorously define the path integral.

There exist different approaches to axiomatize the ideas of quantum field the-
ory in order to give them a precise mathematical footing. The one of topological
quantum field theory (TQFT for short) can be outlined as a structure preserving
map from spacetimes to algebra, mapping spacelike slices of a spacetime to spaces
of states, and chunks between such slices to a time evolution operator. Using the
language of category theory introduced above, we can say a TQFT is a functor Z
from a category of spacetimes to some algebraic category (usually the one of com-
plex vector spaces Vecc). Given two consecutive chunks of spacetime M; and M,
so that M; is between spacial slices F; and Ey and M, is between Fy and Ej3, the
time evolution operator corresponding to the whole chunk between F; and Fj (i.e.
M; and M glued along Es) should be the same as applying first Z(M;) and then
Z(M,). Because of this locality property of the time evolution, the TQFT Z is a



functor (a symmetric monoidal one to be precise).

Y

E, — Z(Msy o My) = Z(Ms) o Z(My)

E,

It remains to define what the categories of spacetimes are supposed to be. They
are realized as bordism categories: their objects are closed n-dimensional mani-
folds (representing spacial slices of spacetime) and the morphisms between them
are bordism classes. A bordism from FE; to Fy (both n-dimensional manifolds) is
an (n + 1)-dimensional manifold M together with (sufficiently regular) embeddings
of F1 and F5 into the boundary OM of M, such that their images split M into a
disjoint union of an ingoing and an outgoing part. Two bordisms belong to the same
bordism class, if there is a diffeomorphism between them which (separately) keeps
ingoing and outgoing boundaries fixed. Due to this definition up to diffeomorphism,
possibly relevant geometric properties of the manifolds (e.g. a metric, its smooth
structure, etc.) are discarded so that bordism categories only contain topological
information. Hence the name topological quantum field theory. Restrictions on the
kinds of manifolds to be considered give rise to different flavours of bordism cate-
gories, e.g. demanding orientability gives Bordy", ; ,, which consists of closed, oriented
manifolds and oriented bordisms.

TQFT is by no means just a toy model for proper quantum field theory. On the
one hand it has various applications in different fields of pure mathematics. Fore-
most it provides a powerful framework to study topological invariants of manifolds.
It was in this vain that it was introduced, inspired by the work of Graeme Segal
on conformal field theory [Seg88] and Edward Witten, who was able to use field
theory to derive results about the topology of low dimensional manifolds [Wit88|,
by Michael Atiyah in [Ati88]. There he writes:

“The new feature of present developments is that links are
being established between quantum physics and topology. It is
no longer the purely local aspects that are involved but their
global counterparts. In a very general sense this should not be
too surprising. Both quantum theory and topology are char-
acterized by discrete phenomena emerging from a continuous
background.”[]

L[Ati88], p.175




On the other hand, there are actual, real world situations which can be described
by TQFTs, like the quantum Hall effect, as briefly discussed in Section [1.3]

1.2.1 Defect TQFT and Generalized Orbifolds

One way to increase the information contained in a TQFT is to enlarge the bordism
category it is defined on. The idea of defect TQFT, as developed in [DKR11],
is to include labelled submanifolds which correspond to domain walls separating
areas of spacetime which are described by different theories (e.g. matter in different
phases). In two dimensions, given two sets of labels D; and D,, we define the
category of bordisms with defects, Bordgfﬁf (Do, Dy) as follows. Objects are closed,
oriented, 1-dimensional manifolds (i.e. disjoint unions of circles) decorated with a
finite number of marked points, each labelled by an element of D; and an orientation
in {+,—}. The open intervals between the marked points are labelled by elements
of Dy. Morphisms between these objects are (equivalence classes of) bordisms M,
decorated with an oriented 1-dimensional submanifold consisting of non-intersecting
defect lines, each labelled by an element of Dy, such that the boundaries of the defect
lines are contained in the boundary of M and meet marked points with the same
label and matching orientation there (i.e. a defect line oriented away/towards the
boundary has to meet a marked point with orientation 4+/— on the ingoing boundary
and vice versa on the outgoing boundary). The patches between the defect lines are
labelled with elements of D, in a way that matches the Ds-labels of the boundary.

+ —_
Ty z; z3

A (symmetric monoidal) functor Bordgf’lf(Dg, D;) — Vecy, into the category of vec-
tor spaces over a field k, is called a 2-dimensional defect TQFT.

Given such a defect TQFT Z, we can construct the corresponding bicategory
of worldsheet phases Dz. Its objects are the elements of Dy; as they are labelled
patches of spacetime they are interpreted as different worldsheet phases. The 1-cells
are given by all possible combinations of defect lines between them, which can be
composed by horizontal concatenation. The space of 2-cells between them is given
by applying Z to a single circle marked with points labelled in the same way as the
defect lines corresponding to the 1-cells they map between.
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This framework allows the generalization of the technique of orbifolding a sym-
metry, common in QFT and string theory. The starting point is a defect TQFT
Z Bordgﬁf (Dg, D1) — Vecy and a A-separable, symmetric Frobenius algebra
(a, j, A) internal to the bicategory of worldsheet phases Dz; that is a line defect a
together with a trivalent junction p with two ingoing and one outgoing a-line and
a trivalent junction A with one ingoing and two outgoing a-lines satisfying some
relations (i.e. the ones given in Section and symmetry which is compatibility
with adjoints). This orbifolding defect may (but does not have to) stem from the
action of a symmetry group on a theory, in which case the generalized orbifolding
procedure corresponds to the usual one. From (a, u, A) we can define a new TQFT
Zgrb : Bordy; — Vecy, the orbifolding of Z by a.

The details of this construction can be outlined as follows: First construct erb
which maps a disjoint union of circles to Z applied to the same number of circles
each decorated with a single point labelled by (a,+). A bordism is mapped to Z
applied to the same bordism decorated with a network consisting of a-lines and
the trivalent vertices p and A, matching the a-labelled points in the ingoing and
outgoing boundary.

~ orb

| ST

at

For any such network which is fine enough (i.e. is the Poincaré dual of a nontrivial tri-
angulation), this gives the same result (because of the relations satisfied by (a, 1, A))

and therefore erb(M ) always is an idempotent. For an object U € Bordy, we can
thus define: o
ZM(U) =im(2, (Cv))

where Cy is the cylinder over U considered as a bordism U — U. For any bordism
M U — V we define:

~ orb

ZIN(M) = fvoZ, (M)ogy
for splittings of the idempotents erb(CZ-) = g;o f;.

As this can be done for any (a, 1, A), the bicategory of A-separable, symmetric
Frobenius algebras internal to Dz describes all possible TQFT's that can be obtained
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from Z by orbifolding and is, in this context, called the orbifold completion of Dz.

The theory of generalized orbifolds was introduced in [Fro+410] and developed
as outlined here in [CR16]|. The latter work also discusses the situation where the
algebra structure of the orbifolding defect is not required to be symmetric. This way
one finds the equivariant completion which is the bicategory of internal A-separable
Frobenius algebras. It is precisely this bicategory of algebras that the bicategory of
unital and counital 2-condensation monads constructed in Section 3.6 will turn out
to be equivalent to.

1.3 Topological Phases of Matter

A third driving factor in the interplay between physics and mathematics, which has
not been addressed so far, is given by experimental and technological applications
which create the need for their theoretical description.

An ancient question of physics is to find out what different states of matter there
are. Everybody knows that some materials, like water, can be in a solid, a liquid and
a gaseous phase. But these are by no means all possible phases of matter: there are
plasmas, ferromagnets can be in a magnetized and an unmagnetized phase, solids
in different crystalline configurations are to be considered different phases and there
are more exotic phases like superconductors and superfluids. If a material changes
from one phase to another one speaks of a phase transition, everyday examples are
melting and freezing.

A successful theoretical description of such phase transitions was given by Lew
Landau in the 1930ies. The basic idea of his theory of spontaneous symmetry
breaking can be seen in the case of freezing: a material in a liquid phase is unordered
and therefore its description is rotationally symmetric. If it freezes to form a crystal
described by a specific lattice configuration (of its atoms), there are distinguished
directions breaking the rotational symmetry. Only the symmetries of the lattice
remain after the phase transition. That happens suddenly at a critical temperature
T., so one speaks of spontaneous symmetry breaking. The system is described by
an order parameter which is non-zero only below the critical temperature. After the
phase transition the ordered state breaks a symmetry of the system.

For a long time it was believed that Landau theory describes all possible phases
of matter and their transitions. It turned out that this is not the case (but it might
be possible to do so using generalized symmetries as discussed in [McG22]). An
important example occurs in the so called X-Y-model which describes the magne-
tization of a 2-dimensional magnet by the alignment of spin vectors sitting on a
2-dimensional lattice. The configuration may contain a vortex, i.e. the spin vec-
tors may rotate around a point, in the sense that if we follow a closed curve, the
directions of the spins rotate (at least) a full circle. A configuration with a vor-
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tex (i.e. with non-zero vorticity) cannot be transformed into one without a vortex
by locally changing the directions of the spins. Vorticity is a global, topological
property of the configuration, it cannot be seen from looking only at a few lattice
sites. John Kosterlitz and David Thouless describe in [KT73| a phase transition of a
2-dimensional magnet caused by the breaking up of vortex-antivortex pairs (which
have zero vorticity for macroscopic contours and can be created by thermal fluctu-
ations also at low temperatures) at a critical temperature. This transition does not
break any symmetry, the corresponding order parameter depends on a topological
property of the system so one speaks of topological order.

Of similar importance was the discovery of the quantum Hall effect: the Hall con-
ductance occurring in a 2-dimensional conductor placed in a perpendicular magnetic
field (at very low temperatures), can only take integer multiples of a constant with
an accuracy far greater than the thermal fluctuations. Mahito Kohmoto explained
in [Koh85|, that occurs because the conductance depends only on the first Chern
number (a classical topological invariant which always is an integer) of a principal
U(1)-bundle related to the state.

Since then many more such topological phases of matter have been found, in-
cluding superfluids and (high 7.) superconductors. The description of their phases
depends on global properties which were named topological order (originally in
[Wen89|) in analogy to the order parameter of Landau theory. They are impor-
tant to understand long-range entanglement (cf. [CGW10]) and promise to have
applications in quantum information theory.

More concretely, topological orders are equivalence classes of (ground states of)
gapped quantum systems. A system is gapped if it requires a non-zero amount
of energy to create exited states from the ground states (there is an energy gap
between states) and it usually has a low energy (infrared limit) effective description
by a TQFT.

Gapped phases of matter in n spacetime dimensions can be assembled into an
n-category where, similar to the bicategory of worldsheet phases described above,
objects are different phases, 1-cells are (n — 1)-dimensional topological defects (or
gapped interfaces) between them and higher cells are defects between those. In
this setting, Davide Gaiotto and Theo Johnson-Freyd give in [GJ19] the following
formalization of the concept of condensation of one phase to another. A condensation
of a phase X onto a phase Y consists of an interface f from X to Y and an interface
g from Y to X together with a condensation of the composite interface f g between
Y and Y to the trivial interface from Y to Y. For this inductive definition to
make sense one declares that the trivial interface between 1-dimensional phases is a
condensation.

This formalization includes the possibility to arbitrarily create and destroy bub-
bles of the phase X inside the phase Y, due to the topological nature of the defects.
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In two dimensions this can be depicted as follows:

Here the phase X is depicted as white area, the phase Y as cyan area and the
topological defect between them as black line. Later this equation will be interpreted
as a string diagram (cf. Section and will play a crucial role in this work,
showing that the formalization of condensation of 2-dimensional topological phases
of matter gives a categorification of splitting idempotents. Therefore a 2-category
describing 2-dimensional topological phases of matter should be 2-Karoubi complete.
What that means and how to construct the 2-Karoubi completion of a given 2-
category is the aim of this thesis.

The study of topological orders actually has applications in the construction
of fault tolerant quantum computers (cf. [Kit03]), closing the loop of fundamental
physics, abstract mathematics and potentially useful technology.

1.4 Outline and Summary of Results

In Section the notions of category, functor and natural transformation sketched
above are made precise. In Section we review the concept of splitting idem-
potent and retraction for arbitrary categories C which are to be categorified in the
following. We construct the well known Karoubi completion Kar(C) of C and show
that in Kar(C) all idempotents split and that C embeds into Kar(C) (Proposition
and that this embedding is an equivalence if in C all idempotents split. Further-
more limits and colimits are defined in Section [2.1.2] in particular the coequalizer.

In Section [2.2| we review the notion of a (weak) 2-category, as well as 2-functors,
adjunctions and internal equivalences.

The calculus of string diagrams, used extensively throughout the thesis, is intro-

duced in Section 2.2.1]

Section deals with algebras and their modules internal to a 2-category, in-
cluding nonunital cases, coalgebras and comodules. We define the new notion of a
special Frobenius module, as a module (and comodule) of an algebra (and coalge-
bra) which satisfies relations analogous to the ones defining a A-separable Frobenius
algebra. For a left module these read as follows (cf. Definition [2.38):
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For modules between A-separable Frobenius algebras (with unit) we establish
the existence of a canonical coaction which makes it a special Frobenius module

(Proposition [2.46)).

Section [3| is the main part of the thesis: we make precise the notion of n-
condensation, introduced model independently in [GJ19], in complete detail for
n = 2. In Section we define a 2-condensation in a 2-category B, the generaliza-
tion of a retract, as a functor from the walking 2-condensation #; into B (Definition
. An idempotent then corresponds to a 2-condensation monad, defined as a
functor from a full subcategory & C #5. The generalization of an idempotent that

splits, is a 2-condensation monad that condenses i.e. as a functor it can be lifted
from &, to all of #s.

Section[3.2lestablishes the notion of 2-condensation bimodule between 2-condensation
monads, which is similarly defined as a functor {, — B (in Definition . Corol-
laries |3.5] and establish the corresponding algebraic notion internal to B: a
2-condensation monad gives rise to a nonunital, noncounital A-separable Frobenius
algebra and a 2-condensation bimodule to a special Frobenius bimodule between the
corresponding algebras.

In Section [3.3|we introduce another small 2-category, the walking tensor product
of 2-condensation bimodules Oy, to define a natural composition of 2-condensation
bimodules, which indeed corresponds to the relative tensor product of the associated
bimodules (Proposition . The 2-categories #o, &y, {o and Oy are named after
the French suits of playing cardﬂ in continuation of [GJ19| and in reference to their
shapes which are summarized in Remark

In Section we then go through all details of how to assemble all of this into
the 2-category Kar(3) in order to prove the following theorem:

Theorem 3.17. Given a 2-category B for which all hom-categories B(X,Y) are
Karoubi complete (cf. Definition [2.10)), there is a 2-category Kar(B) which has the
2-condensation monads of B (cf. Definition as objects, their 2-condensation
bimodules (cf. Deﬁm’tion@) as 1-cells and the relative tensor product (cf. Definition

as horizontal composition.

2If you are familiar with playing cards, you may understand the use of the letters A, K, q, j, T
and v (in that order) for a walking 2-condensation.
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We show that the units of Kar(B) are strict in Section |3.4.1} find a natural choice
of 2-cells which corresponds to bimodule maps in Section and construct its as-
sociator in Section [3.4.3] explicitly proving its naturality and the pentagon axiom.

The hence established 2-category Kar(B) can be seen to be 2-equivalent to the
2-category of nonunital, noncounital A-separable Frobenius algebras and special
Frobenius modules between them as discussed in Remark .32

In Section we then show that Kar(B) deserves the name 2-Karoubi comple-
tion by proving the following generalizations of what holds for the usual Karoubi
completion of a 1-category:

Proposition 3.34. For a 2-category B for which all hom-categories are idempotent
complete, the canonical inclusion J : B — Kar(B) is a well-defined, strict, fully
faithful 2-functor.

Proposition 3.35. If a 2-category B, for which all hom-categories are idempotent
complete, has all condensates, then the canonical inclusion J : B — Kar(B) is a
2-equivalence.

Theorem 3.37. The 2-Karoubi completion Kar(B) of a 2-category B, all of whose
hom-categories are idempotent complete, has all condensates.

Section [3.6] introduces unital and counital 2-condensation monads by appropri-
ately adding an adjunction in #,, leading to a 2-category Kar™!(B) which is equiv-
alent to the well known 2-category of A-separable Frobenius algebras internal to
B, as explained in Remark The last theorem we prove is the following, from
which it follows that Kar™"(B) = Kar(B) if in B all 1-cells have adjoints.

Theorem 3.46. Given a 2-condensation monad M : & — B in a 2-category B for
which all hom-categories are idempotent complete, if the underlying 1-cell a :== M (e)
admits a right adjoint, then M is equivalent as an object of Kar(B) to a unital 2-
condensation monad and to a counital 2-condensation monad.

Finally Section [ briefly touches upon the general n-dimensional case and states
expectations on how to generalize what we did in Section [3|to n = 3, which happens
to be vastly more cumbersome due to the far increased complexity of 3-categories
compared to 2-categories.
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2 Preliminaries

We introduce the concepts we want to work with, giving little more than the def-
initions which are actually needed. We begin with usual categories in Section
including (co)limits and the notions of retract and Karoubi completion which we
later want to generalize to 2-categories (introduced in Section . Finally Section
defines different types of algebras internal to 2-categories and their modules.

2.1 Categories

A standard reference for category theory is [Lan78| by Saunders Mac Lane, one of
the founders of the field.

Definition 2.1 (Category). A category C consists of:
e a class Ob(C) whose elements are called objects,

e forall A, B € Ob(C) a class Hom¢(A, B) whose elements are called morphisms
(from A to B),

e for all A, B,C € Ob(C) a map
o : Home (B, C) x Home (A, B) — Home (A, C)
called composition,

e for all A € Ob(C) there is a morphism id4 € Hom¢(A, A) called identity (on
A),

such that:

e for all A,B,C,D € Ob(C) and all f € Hom¢(A, B),g € Home(B,C),h €
Hom¢(C, D) it holds that:

ho(gof)=(hog)of (2.1)

e for all A, B, B’ € Ob(C) and all f € Hom¢(A, B), f' € Home(B', A) it holds
that:

foidA:f and idAOf/If/ (22)

A morphism f € Home (A, B) is called isomorphism, if there exists g € Home(B, A)
such that go f =id4 and f o g = idp.
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Note the abuse of notation using the same symbol for all the different composi-
tion maps.

We will also refer to this usual notion of category as 1-category in the following
in order to distinguish it from the one of 2-category introduced in Section [2.2]

Remark 2.2. Categories can be described using generators and relations. For a
directed multigraph G, there is the category freely generated by G which has the
vertices of G as objects, and for each edge between two vertices a morphism between
the corresponding objects, as well as all their possible compositions (i.e. one for each
path in G) and the necessary identities. If we want some of these morphisms to
be equal, we can demand this by adding it as a relation, and construct the category
generated by generators and relations as a quotient (the details can be found in
[Lan7§]).

Example 2.3. The trivial category, denoted 1, consists of a single object Ob(1) =
{e} and a single morphism Hom; (e, ®) = {id,} with the only possible composition
ide 0id, = id,.

Example 2.4. Given two categories C and D, we can define their product category

C x D whose object and morphism classes consist of the corresponding Cartesian
products: Ob(C x D) = Ob(C) x Ob(D), Homexp((A, A'), (B, B')) = Home(A, B) x
Homp(A’, B') and composition works component wise: (g,9')o(f, f') = (gof, g of").

It turns out that categories themselves form the objects of a category. The
appropriate notion of morphism between categories is given by the one of a functor.

Definition 2.5 (Functor). A functor F' : C — D between two categories C and D
consists of:

e amap F': Ob(C) — Ob(D),
e for all A, B € Ob(C) maps F': Hom¢(A, B) — Homp(F(A), F(B))
such that:

e for all A, B,C € Ob(C) and all f € Home(A, B),g € Home(B,C) it holds
that:

F(go f)=F(g)o F(f) (2.3)

e for all A € Ob(C):
F(ida) = idp(a) (2.4)
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A functor is called full, if all maps on morphisms are surjective and faithful if they
are injective. A functor is called an embedding if it is faithful and injective on
objects.

Note the abuse of notation using the same symbol for the functor as well as all
its components.

Example 2.6. For each category C there is an identity functor, denoted always as
1d : C — C, which is the identity map on objects as well as morphisms.
For each element C € C there is the constant functor on C A¢ : D — C defined on
any category D sending all its objects to C and all morphisms to id¢.

Fixing two categories C and D, the functors between them are again objects
of a category, the morphisms between them are called natural transformations and
defined as follows. We will be able to recognize them as the 2-cells in the strict
2-category of categories, functors and natural transformations in the next section.

Definition 2.7 (Natural transformation). A natural transformation n : F — G
between two functors F,G : C — D between the same two categories C and D
consists of a morphism 14 € Homp(F'(A),G(A)) for all A € Ob(C), such that for
all A, B € Ob(C) and all f € Hom¢(A, B) the following diagram commutes:

lm l (nat.)

) —Y qB)

n is called a natural isomorphism if for all A € Ob(C), n4 is an isomorphism.

Remark 2.8. Definition[2.7 includes the concept of a commutative diagram which is
widely used in category theory. A diagram (a directed multigraph with objects at its
vertices and morphisms between them at the edges) is said to commute, if composing
the morphisms along any path between two vertices gives the same result.

For the square above, that just means:

npo F(f)=G(f)ona

2.1.1 Karoubi Completion

Definition 2.9 (Idempotent). A morphism e € Hom¢(A, A) is called idempotent if
eoe=e.
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Definition 2.10 (Retract). Given objects X, Y € Ob(C), a retract of X onto Y
consists of morphisms f € Home(X,Y) and g € Home(Y, X) such that fog =idy.
In this case we also say g is a section of f, f is a retraction of g and (f,g) is a
splitting of the idempotent e = g o f with image Y.

A category in which there is a splitting of every idempotent is called Karoubi com-
plete (or idempotent complete).

The objects and morphisms participating in a retract can be visualized in the
following commutative diagram:

Y
U
idy

The image of a splitting idempotent is unique up to isomorphism, as guaranteed
by the following proposition.

Proposition 2.11. If an idempotent e in a category C has two different splittings
(f,g) and (f',¢") with images Y and Y’ respectively, then there is an isomorphism
in Home(Y,Y”).

Proof. By assumption we know that go f = ¢’ o f/ = e as well as f o g = idy and
f'og =1idy. From this we can show that the desired isomorphism and its inverse
are given by f'og € Home(Y,Y’) and f o ¢ € Home(Y' Y):

fogdoflog=foeog=fogofog=idyoidy =idy
Flogofod =focog = ogof o =idyoid, =id,
m

Proposition 2.12 (Karoubi Completion). For every category C, there is a Karoubi
complete category Kar(C), called its Karoubi completion, into which C embeds fully.

Proof. Kar(C) can be constructed as follows:

Ob(Kar(C)) = {(X,e), X € Ob(C),e € Hom¢(X, X)|eoe = e}
Homgar(e) (X, €), (X', €')) = {(€, f,¢), f € Home(X, X')|e'o f = f = foe}

identities are given by
idix,e) = (e, e e)
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and composition is induced from C
(€",g.€)o (e, f.e)=(e",g0 [,e)

Then clearly C — Kar(C): X — (X,idx), f — (idy, f,idx) is a full embedding (i.e.
the functor is full and an embedding according to Definition .

Now given any idempotent (e, m,e) € Homgarc)((X, €), (X, e)) we can construct the
following splitting:

(mme)( > (e;m,m) (2.5)
)

(X,m

U

(m,m,m)

which follows from the fact that in Home (X, X)) we have mom = m and moe =
m=eom. [

Using the notion of equivalence, which is the appropriate generalization of iso-
morphism between sets to categories, defined as internal equivalence in the 2-
category of categories, functors and natural definitions as defined in Definition [2.23],
we can proof the following.

Proposition 2.13. If a category C is Karoubi complete, the embedding into Kar(C)
1 an equivalence.

Proof. To prove this, we need to find for every object (X,e) € Kar(C) an isomor-
phisms to an object in the image of the embedding. From the fact that e is an
idempotent in C, which splits because C is Karoubi complete by assumption, we get
the following commutative diagram:
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From these morphisms we can now build a commutative diagram in Kar(C):

(e,e,e)

)

(X,e)

(idy ,,€) < > (e,g,idy) (2.7)

(Y,idy)

U

(idy,idy,idy)

To see that (idy, f,e) and (e, g,idy) indeed are morphisms of Kar(C) we need to
check that idy o f = f and g oidy = ¢ which is trivial, as well as foe = f and
e o g = g which follows from ([2.6)):

foe=fogof=idyof=Ff
cog=gofog=goidy =g
Commutativity of (2.7) follows from commutativity of (2.6). As the automorphisms
on the top and the bottom are both identities of Kar(C), this gives the desired

isomorphisms between (X, e) and (Y, idy) which is in the image of the embedding.
[

From this it follows that Kar(Kar(C)) is equivalent to Kar(C), justifying the
name “completion”.

2.1.2 Limits and Colimits

The dual notions of limit and colimit are of great importance in category theory.
The general definition is as follows:

Definition 2.14. Given a functor F': D — C, we call

e a pair (L, 7) consisting of an object L € Ob(C) and a natural transformation
7w Ap — F alimit of F, if for any such pair (Z, £) there is a unique morphism
h € Home(Z, L) such that

a=ma0h
for all A € Ob(D).

e a pair (C,:) consisting of an object C' € Ob(C) and a natural transformation
vt F — Ac a colimit of F, if for any such pair (Z,() there is a unique
morphism h € Home(C, Z) such that

Ca=houy

for all A € Ob(D).
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An important fact which follows directly from the definition, is that if a limit or
colimit of a functor exits, it is unique up to (a unique) isomorphism.

Example 2.15. Given a functor from the category consisting of two objects and
no non-trivial morphisms (e ) into the category of sets, its limit is the Cartesian
product of the two sets and its colimit is their disjoint union. The natural transfor-
mations in these cases consist of the projections from the product and the inclusions
into the disjoint union, respectively. Often, the limit is denoted by the object only,
suppressing the natural transformation if the context is clear.

More generally, given such a functor into any category (i.e. just picking two objects)
its limat is called a product and its colimit a coproduct, if they exist.

We will make particular use of the following two colimits, defined on e < ¢ — e
and e = e, respectively. The first is called a pushout:

Definition 2.16 (Pushout). The colimit of a functor F' defined on the category

freely generated by A Lo B, is called the pushout of F(A) and F(B) along
F(f) and F(g) and is denoted as F(A) Upcy F(B).

The latter one, called coequalizer, will be of special importance so we give an
explicit definition:

Definition 2.17 (Coequalizer). Given objects A and B of a category C and mor-
phisms f, g € Hom¢(A, B), an object C' together with a morphism ¢ € Home(B, C)
is called coequalizer of f and g, if co f = co g, and for all objects Z and morphisms
z € Home (B, Z) for which zo f = zog, there is a unique morphism h € Hom¢(C, Z)
such that z = hoec.

A coequalizer (C,c) of f and g can be visualized in the following commutative
diagram:

f
A;;B%C

\

l
Z

2.2 2-Categories

In a category as in Definition there are objects and morphisms between them.
We can add a layer of complexity by introducing morphisms between morphisms
(referred to 2-cells), giving what we will call a strict 2-category. Using these 2-cells
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to weaken the associativity of the composition of 1-cells, demanding that and
hold only up to a 2-cell isomorphism (which has to satisfy certain coherence
axioms), one is lead to the notion of a weak 2-category, also commonly known as
bicategory and simply called 2-category here and in the following.
A comprehensive reference for the theory of 2-categories is |JY20].

Definition 2.18. (2-Category) A 2-category B consists of the following:
e a class Ob(B) whose elements are called objects (or 0-cells),

e for all A,B € Ob(B) a category B(A, B), whose objects are referred to as
1-cells and whose morphisms are referred to as 2-cells,

e for all A, B,C € Ob(B) a functor
CAB,C : B(B,C) X B(A, B) — B(A, C)

denoted for a,a’ € B(A,B), b,t' € B(B,C), ¢ € Homp py(a,a’) and ¢ €
Hompp,cy (b, ') as:

(b,a) » b®a € B(A,Q)
(1, ¢) = 1 ® ¢ € Hompa,c)(b®a, b/ @ d)

e for all A € Ob(B) a functor:
14:1— B(A, A)

its image is called the unit 1-cell corresponding to A and is denoted by 1,4 as
well,

e for all A, B,C, D € Ob(B) a natural isomorphism, called the associator:

OZA’B’C’D : CA,B,D o (CB,C,D X Zd) — CA,C,D o (Zd X CA,B,C)

e for all A, B € Ob(B) natural isomorphisms, called left and right unitors:
)\A’B 1CB,AA©C (]lA X Zd) — 1d
phE caapo(idx1y) —id

such that for all A,B,C,D,E € Ob(B) and all d € B(A,B),c € B(B,C),b €
B(C,D),a € B(D, E) the following diagrams commute:
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e Pentagon identity:

(a®b) @ (c®d)

A,B,C,E A,C,D,E
aa®b,c,d Oéa,b,c@d

(a®b)®@c)®d a® (b® (c®d))
(Pen.)
aﬁfc’D’E@)idd ida®a£;§dC’D
A,B,D,E
a,b®c,d

(a®(b®c)®d a® ((b®c)®d)

e Triangle identity:

(a®1p)®b >y a® (1p ®b)

PP Eid, ida@A;C

a®b

Remark 2.19. Given A, B,C,D € Ob(B) and c € B(A,B),b € B(B,C) and a €
B(C, D) the components of the corresponding associators and unitors are 2-cells:

Qape: (@®D)@c—a® (b®c)

P @1 —a, \:1p®a—a

where we omitted the superscripts as we will do in the following.

Remark 2.20. Like 1-categories, also 2-categories can be described by generators
and relations. Given some objects, 1-cells between them, 2-cells between those and
relations for 1-cells and 2-cells, there is a 2-category consisting of these objects, 1-
cells and 2-cells as well as all their possible compositions (where all the different
bracketings of 1-cells are different if there is no relation stating that this is not the
case) and all the necessary unit 1-cells and identity, associator and unitor 2-cells.
This can be made precise using the notion of a computad (cf. [Str76]) which plays
the role of the directed multigraph in Remark [2.3,

Example 2.21. The fact that the symbol chosen for the composition of 1-cells re-
sembles the tensor product of vector spaces is no coincidence: There is a 2-category
B Vecy which has one object oy, the category of k-vector spaces as 1-cells (so that
linear transformations are 2-cells) and their tensor product as composition.
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Definition 2.22 (Adjunction). A 1-cell f € B(A, B) is called left adjoint to g €
B(B,A), denoted f 4 g, if there exist 2-cells n € Hompga,)(1a,9 ® f) and € €
Homgp,p)(f ® g, 1) such that:

)\f’fA o(e®idy)o (a?’f}A’B)*l o(idf®mn)o (p?”.B)fl =idy (2.8)

pi’.A o(idy®e€)o (a‘;’gﬁzA’B) o (n®idy) o ()\‘.4”93)_1 =id, (2.9)

in that case we also call g right adjoint to f and (f, g,n,€) an adjunction with unit
n and counit €.

Definition 2.23 (Internal equivalence). Objects A, B € Ob(B) of a 2-category B
are called equivalent, if there are 1-cells f € B(A, B) and g € B(B, A) such that
there are isomorphisms 1 € Hompa 4y(14,9 ® f) and € € Homg g (f ® g, 15).

A classic result states that if f and ¢ are part of an equivalence, one can con-
struct an adjunction between them.

The notion of functor between categories is generalized to 2-functor between
2-categories.

Definition 2.24 (2-functor). A 2-functor F : A — B, between two 2-categories A
and B consists of:

e amap F': Ob(A) — Ob(B),

e for all A, B € Ob(A) a functor Fu 5 : A(A, B) — B(F(A), F(B)), (where the
subscript is usually omitted)

e for all A, B,C € Ob(A) a natural isomorphism

¢M P cpiayrp).Fr) © (Fpe X Fap) = Facocapc

e for all A € Ob(A) a natural isomorphism ¢* : Lpay = Foly,

such that for all A, B,C, D € Ob(A) and all ¢ € A(A, B),b € A(B,C),a € A(C, D)
the following diagrams commute:
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F(a) ® F(b)) ® F(c)

F(A),F(B),F(C),F((D)

B,C,D .
XF(a),F(b),F(c) / % ®idp(e)

F(a)® (F(b) ® F(c)) Fla®b)® F(c)
idp() @6y C Sadne (Hex.)
F(a)® F(b®c) F((a®b)®c)
¢A,bC,D AA,IDB,C,D)
a,b®c a,b,c

Fla® (b®c))

1ppy ® F(a) F(a) ® 1pc)
Xy ) idp(a) @05
“¥eidri
F(1p)® F(a) F(a) F(a) ® F(1¢) (2.10)
¥ipa F(o$P)
FOLE) Rt
F(lp ® a) Fla®1p)

Remark 2.25. We can form a I-category which has 2-categories as objects and
2-functors as morphisms. There are the appropriate notions of “2-natural trans-
formation” between 2-functors advancing this to a 2-category and “modification”
between 2-natural transformations giving rise to the 3-category of 2-categories. As
2-natural transformations and modifications will not be used, their lengthy definitions
are omitted.

When applying the definitions of adjunction and internal equivalence in the 2-
category of l-categories, functors and natural transformations, one arrives at the
common notions of adjoint functors and equivalence of categories, respectively. The
Whitehead theorem for 1-categories states that two 1-categories are equivalent if
and only if there is a fully faithful functor between them which induces a bijection
on isomorphism classes of objects.

The natural generalization of the latter is the 2-equivalence of 2-categories: two
2-categories A and B are 2-equivalent if there are 2-functors F' : A — B and
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G : B — A such that both their compositions are equivalent to the appropriate
identities in the respective 2-category of 2-functors, 2-natural transformations and
modifications. Thanks to the Whitehead theorem for bicategories (|JY20, Theorem
7.4.1]), this can be equivalently defined as follows.

Definition 2.26. A 2-functor F' is called

e essentially surjective, if the map on objects induces a surjection on equivalence
classes,

o cssentially full on 1-cells, if all component functors F4 p induce surjections on
isomorphism classes,

o fully faithful on 2-cells, if all component functors F4 g are full and faithful,

e a 2-equivalence if it is essentially surjective, essentially full on 1-cells and fully
faithful on 2-cells. Accordingly two 2-categories are called 2-equivalent, or
equivalent as 2-categories, if there is a functor between them which is a 2-
equivalence.

Definition 2.27. A 2-category A is called a full subcategory of a 2-category B, if
there is a 2-functor A — B which is essentially full on 1-cells and fully faithful on
2-cells.

A main result in the theory of 2-categories is the coherence theorem: every 2-
category is 2-equivalent to a strict 2-category (|JY20, Theorem 8.4.1]). An important
consequence of this is that in every 2-category, any combination of identities, unitors
and associators between the same 1-cells have to be equal. This will be exploited
repeatedly in the following.

2.2.1 String Diagrams

To better visualize 2-cells in a 2-category we introduce string diagrams. Objects
X,Y € Ob(B) in a 2-category B are depicted as areas of different colours, 1-cells
f,g € B(X,Y) as strings separating these areas and 2-cells between these ¢ €
Homg(xv)(f, g) as junctions between the corresponding strings:

9

X2
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1-cells go from right to left and their composition is given by horizontal concate-
nation of diagrams, 2-cells go from bottom to top and their composition corresponds
to vertical concatenation. In both cases the diagrams contain no information about
the order of bracketing, i.e. associators are omitted. Unit 1-cells and identity 2-cells
are not drawn (invisible) so that unitors are omitted as well. That this leads to no
ambiguity is guaranteed by the coherence theorem.

For example, given f € B(X,Y), g € B(Y,Z), h € B(X, Z), ¢ € Hompxy)(f, f)
and ¢ € Homp(x z)(9® f, h), the 2-cell ¢po (idy®v) € Homp(x,2)(9® f, h) is depicted
as:

Two string diagrams represent the same 2-cell, if they are related by a continuous
and pointwise progressive deformation. This is a consequence of the axioms for a
2-category and greatly facilitates their application. In particular the following holds:

Proposition 2.28 (Interchange Law). For f, f' € B(X,Y), g,9' € B(Y,Z) and
Y € Hompxy)(f, f') and ¢ € Hompy,z)(g,9'):

g f g f
® ®
(p®idy)o (idy @) = = = (idy ® 1) o (¢ @idy)
® ®
g f g f

Proof. This is a consequence of the functoriality of the composition cx y.z : B(Y, Z) x
B(X,Y)— B(X,Z)
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(p®idy) o (idg ®¥) = cxv,z((0,1dy)) 0 ex v, z((idg, ¥)) =
((¢,idy) o (idg, ¥)) =
2((@oidg,idp o)) = cxyz((¢,¥)) =
= cx YZ((l 1o ¢,poidy)) =
= cxyz((idg, ¥) o (¢,idy)) =
= cxy,z((idg, ¥)) o ex v z((¢,idy)) =
= (ldy ® ) o (¢ ®idy)

]

Even though the idea of proving mathematical statements by manipulating draw-
ings may seem heuristic, it can be made perfectly precise (originally done so in
[JS91]) and even generalized to 3-categories (in [BMS18§]).

Remark 2.29. This string diagrammatic calculus can be used to express otherwise
lengthy equations elegantly. For example Equations (2.8) & (2.9), defining an ad-
Jgunction f — g, are equivalent to the so called Zorro moves:

2.3 Algebras
2.3.1 Algebras in 2-Categories

The well-known notion of an algebra, given as a k-vector space with a k-linear, as-
sociative multiplication, can be generalized to an algebra internal to any 2-category.
A usual k-algebra then is recognized as an algebra internal to the 2-category BVecy,.

Definition 2.30 (Algebra). Given a 2-category B and an object A € Ob(B3), a 1-cell
a € B(A, A) together with

e a 2-cell 4 € Hompa a)(a ® a,a) (called multiplication) such that:
po(p®idy) = po (idy ® i) © g (A1)

is called an nonunital algebra.
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e 4 as above and in addition a 2-cell 7 € Homp(a 4)(14,a) (called unit) such
that:
po(n®idy) oAt =id, = po (id, ® ) 0 p,* (2.11)

is called a (unital) algebra.
e instead a 2-cell A € Homp(a 4)(a,a ® a) (called comultiplication) such that:
(A®idg) o A=ag,,,0(id,®A) oA (A2)
is called a noncounital coalgebra.

e A as above and in addition a 2-cell € € Hompga,4)(a, 14) (called counit) such
that:
Ao (e®idy) oA =1id, = pso(id, ®€) o A (2.12)

is called a (counital) coalgebra.

Remark 2.31. The equations from Definition[2.30 can be conveniently stated using
string diagrams as introduced in Section[2.2.1], if we depict the object A as the white
background, the 1-cell a as black line and the 2-cells as:

ey ref 82

The equations from above can then be beautifully stated as follows:

PR
Akt
I
S

Definition 2.32 (Frobenius Algebra). Given (a, u, A) as above, both a nonunital
algebra and a noncounital coalgebra, we say a is:
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o Frobenius if:

(ide ® 1) © Qgaa o (A®id,) =Aop = (p®id,) o a, L, o(id, ® A) (F1)

a,a,a

o A-separable if:
pwoA =id, (S1)

Here and below we may refer to an algebra only by the 1-cell if the 2-cells and
the kind of algebra we are talking about are clear from context.

Remark 2.33. The equations defining a A-separable Frobenius algebra can be stated
as string diagrams (using the same notation as in Remark as follows:

2.3.2 Modules

The notion of a module on which an algebra acts can be generalized to arbitrary
2-categories as well.

Definition 2.34 (Module). Given a nonunital algebra (a, ) in B(A, A),

e a l-cell m € B(B, A) together with a 2-cell I,,, € Hompp ay(a ® m,m) (called
the left action of a on m), is a left a-module if:

lm o (idy ® 1) © g am = lim 0 (1 ® id,y,) (2.13)

e a l-cell n € B(A,C) together with a 2-cell r, € Hompa,cy(n ® a,n) (called
the right action of a on n), is a right a-module if:

T o (1, ®idg) 0 o}, = 1 0 (id, ® 1) (2.14)

e if for a 1-cell m € B(B,C), (m,l,) is a left c-module and (m,r,,) is a right
b-module for two nonunital algebras ¢ € B(C,C) and b € B(B, B), (m, Ly, Tm)
is a c-b-bimodule if:

T'm © (lm ®1dp) = Ly, 0 (ide ® 7)) © Qe (2.15)
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e If we instead consider a unital algebra (a, u,n), we additionally require that

the actions respect the units, i.e. for a left module:
Lo (n®idy,)o\,! =id,,
and for a right module:

T'n © (1dn ®77) © P;l =id,

(2.16)

(2.17)

Remark 2.35. As string diagrams, depicting the objects A as white, B as blue and
C' as magenta backgrounds, the algebras a, b and c as black, m as blue and n as

magenta lines and the 2-cells as:

zm:A, o = +\

the equations from Definition [2.3]) take the following form:

//t ;
L\
J\

1
|

P-13)

@-15)

Just as the equations defining a coalgebra are the upside down versions of the
ones defining an algebra, we get the notion of a comodule by turning all above string

diagrams upside-down.



Definition 2.36 (Comodule). Given a noncounital coalgebra (a, A) in B(A, A),

e a l-cell m € B(B, A) together with a 2-cell I,, € Homp(g_1)(m,a @ m) (called
the left coaction of a on m), is a left a-comodule if:

ot 0(idg ® 1) 0l = (A ®idy) ol (2.18)

a,a,m

e a l-cell n € B(A,C) together with a 2-cell 7, € Hompa,cy(n,n ® a) (called
the right coaction of a on n), is a right a-comodule if:

Op a,a © (7van & ida) o fn = (ldn ® A) o 7’” (219)

o if for a l-cell m € B(B,C), (m,l,) is a left c-comodule and (m,7y,) is a
right b-module for two noncounital coalgebras b € B(B, B) and ¢ € B(C,C),
(m, Ly, Ty is an c-b-bicomodule if:

(lm @ idy) 0 7y = L 0 (ide @ Fp) © Iy (2.20)

c,m,b

e If we instead consider a counital coalgebra (a, A, €), we require that the actions
respect the units, i.e. for a left comodule:

Am 0 (e ®1d,,) o l,, = idy, (2.21)
and for a right module:

pn o (id, ® €) o 7, = id,, (2.22)

Remark 2.37. As string diagrams, depicting the objects A as white, B as blue and
C' as magenta backgrounds, the algebras a, b and ¢ as black, m as blue and n as
magenta lines and the 2-cells as:

s

the equations from Definition [2.36 take the following form:

34



Definition 2.38 (Frobenius Module). Given a nonunital algebra (a, 1) and a non-
counital coalgebra (a, A) in B(A, A),

e we call (m, Ly, l,) such that (m,l,) is a left a-module and (m,l,,) is a left
a-comodule, a left Frobenius module if:

(L ®@idy) ooy s, o (ide @) =Ly o ly = (ide ® L) © Agam o (A®idy) (F2)

e furthermore it is called special if:

I, ol =id,, (52)

e Analogously we call (n,r,,7,) such that (n,r,) is a right a-module and (n, 7-,)
is a right a-comodule, a right Frobenius module if:

(id, ® ) © Apga © (Fp ®id,) =7y 07, = (1, ®idy) 0 ;L o (id, @ A) (F3)

n,a,a

e and special if:

ry, 0Ty = id,, (S3)

° (m,lm,rm,zm,i“m) is called a special Frobenius bimodule, if (m, Ly, ) s a

bimodule and (m, l,;,, 7p,) is & bicomodule such that (m, l,,,, [,,) is a special left
Frobenius module and (m, r,,, 7,) is a special right Frobenius module.
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Remark 2.39. Using the notation introduced above, the conditions of being a special
Frobenius bimodule can be expressed elegantly as follows:

NS
B A

Definition 2.40 (Module Map). Given an algebra (or nonunital algebra) a in
B(A, A) and

e parallel left a-modules (m,[,,) and (n,[,), a 2-cell ¢ € Hompp ay(m,n) is a
module map if:

¢ 0ly = 1,0 (idy ® ¢) (2.23)

e parallel right a-modules (m,r,,) and (n,7,), a 2-cell 1) € Hompga,c)(m,n) is a
module map if:
Yory,=r,0 (¥ ®id,) (2.24)

e The subset of module maps inside Hompg 4)(m,n) is denoted Hom, (m,n).
e For another algebra b € B(B, B), given two parallel a-b-bimodules (m, l,,,, )

and (n, Iy, ry), a 2-cell ¢ € Homp(p, 4)(m,n) is a bimodule map if it is a module
map for both the corresponding left and right module structures.

Again we can define the notion of comodule map analogously:

Definition 2.41 (Comodule Map). Given a coalgebra (or noncounital coalgebra) a
in B(A, A) and
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o parallel left a-comodules (m,l,,) and (n,1,,), a 2-cell ¢ € Homp(p 4)(m,n) is a
comodule map if:

lhod=(idy ® @) ol (2.25)

e parallel right a-modules (m,ry,) and (n,7,), a 2-cell ¢ € Homga,c)(m,n) is a
comodule map if:
Footh = (b ®idy) 0 (2.26)

e For another coalgebra b € B (B, B), given two parallel a-b-bicomodules (m, L, 7-n,)
and (n, [y, 7y,), a 2-cell ¢ € Hompp,a)(m,n) is a bicomodule map if it is a co-
module map for both the corresponding left and right comodule structures.

Remark 2.42. As before it is most convenient to express the equations of the pre-
vious two definitions in terms of string diagrams:

-/

™
[\
L=

<
Il
N
[\
=

v
0 \J¥
v

|
™
DO
=

b =

Remark 2.43. From the string diagrammatic equations above, it is obvious that the
property of being a module map 1is preserved by composition of 2-cells. Thus, given
algebras a € B(A, A) and b € B(B, B), there is a 1-category which has a-b-bimodules
as objects and their bimodule maps as morphism, with the same composition as in
B(B,A).

Similarly there is a 1-category of a-b-bicomodules and their comodule maps.

Modules between A-separable Frobenius algebras have some useful properties.
Firstly, there is the following description of module maps between them.

Proposition 2.44. Given an algebra (a, pu,n) in B(A, A) and left a-modules (m, l,,)
and (n,l,), if a is A-separable Frobenius then the map m, : Hompp ay(m,n) —
Homg (g, 4)(m, n)
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Tyt O

is an idempotent and has Hom,(X,Y') as its image if it splits.

Its proof is can be done by manipulating string diagrams and can be found like
that for example in [CR16, Lemma 2.2].
Secondly, for modules of A-separable Frobenius algebras, every module structure
naturally also gives a comodule structure.

Proposition 2.45. Given a A-separable Frobenius algebra (a, p, A,n,€), and a left
a-module (m,l,,), the canonical coaction defined by:

ycan

L, (idy ® b)) 0 agam © ((Aon) ®idy,) o )\;11 = (2.27)

makes (m,l..") a left a-comodule.
Similarly for a right a-module (n,r, ), the canonical coaction defined by:

= (r ®@ida) 0 ag g, 0 (idy @ (Aom)) o p, ! = (2.28)
makes (n,7") a right a-comodule.

Proof. We prove the statement for the left module, the version for the right module
follows analogously by mirroring all the sting diagrams. We first show compatibility
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with the comultiplication, using the compatibility of action and multiplication:

> >
_ (1) @11

: 'Mﬂ

It remains to show the compatibility with the counit:

e

Proposition 2.46. Let (a,u, A, n,€) be a A-separable Frobenius algebra, (m,l,,) a
left a-module and (n,r,) a right a-module. Together with their canonical coactions,

(m,lm,Z:;m) forms a special left Frobenius module and (n,r,,7S") forms a special

right Frobenius module.

Proof. To prove this we need to check the equations from Definition We do
this for the left module, for the right module they follow analogously by mirroring
all the sting diagrams. We start with the Frobenius property, first the right-hand

equality in :

Y e

and then show that also the left-hand side is equal to that:

Ao

]

IE
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The speciality of the module follows from the A-separability of the algebra:

(2.13) (1) (2.16)

2.3.3 Tensor Products

In classical algebra, a left a-module n and a right a-module m can be combined
to their relative tensor product over a (or a-balanced product) m ®, n. As this is
defined via a universal property, it can be directly generalized to modules between

algebras internal to arbitrary 2-categories, using the notion of coequalizer introduced
in Definition 2.17.

Definition 2.47 (Relative Tensor Product). Given a € B(A, A), m € B(A,C) and
n € B(B,A), let (a,p,n) be an algebra, (m,r,,) a right a-module and (n,[,) a left
a-module. The coequalizer of r := 1, ® id,, and [ := (id,, @ ;) © Ay, is called the
tensor product of m and n over a and denoted (m ®, n,0), if it exits.

(m®a)®ni§m®n#m®an
l

|
\EC
z

Proposition 2.48. Given a € B(A, A) which is a nonunital algebra as well as a
noncounital coalgebra, the relative tensor product of a right special Frobenius module

(m, ', 7o) on m € B(A,C) and a left special Frobenius module (n,l,,l,) onn €
B(B,A), m®,n ezists if the idempotent

k" = (idy, ® 1n) 0 Qupan © (T ®1dy,) € Hompp,oy(m @ n,m @ n)
splits, and can be written as its image in that case.

Proof. 'To see that k"™ indeed is an idempotent, we write it as a string diagram
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and calculate:

I

> >
(2.13) (£3)
KPR = H e 2 =

Assume it splits. That means there are 2-cells ¢ € Homp,p)(m ® n,i) and 1 €
Homp(c,p)(i,m ® n) such that ¢ o 0 = £7»" and 0 o ¢) = id;, where we denoted the
image of k™" by 4. To see that i = m ®, n, we first need to check that ol =0or
(for r and [ as in Definition [2.47)). This follows from 7" ol = K" o (by post-
composing with § and applying both splitting properties) which can be shown using
again the Frobenius module property:

)
=i
&)
[E

Now we need to check the coequalizer property. For any z € B(B,C) and ( €
Hompgp,cy(m ® n, z) such that (or = (ol let (' := ( o1). Then we have:

C’oQ:Cog[;o@:(on:c’olof:goro%:(

because r o 7 = id,,gp by .
Finally, to show uniqueness of ¢, let (" € Homgp,c)(4, 2) be another 2-cell such

that (" 0 6 = ( to see:
('=Cotp=("0b0rp=("
because 6 o ¢ = id; by the splitting property. O]

The more common version of this, for modules between A-separable Frobenius
algebras, is a direct consequence.

Proposition 2.49. Given a A-separable Frobenius algebra (a,p, A,n,€), the rela-
tive tensor product of a right a-module (m,r,,) and a left a module (n,l,), m ®q,n
exists if the idempotent

41



T = (idy, ® 1) 0 A © (1 ®1d,) © oz;:aﬂ o(id, ® (Aoe))o pfnl) ®id,) =

= € Hompp,c)(m ®@n,m @n)

splits, and can be written as its image.

Proof. This follows directly from Proposition [2.48 by noting that
mp" = (idp, ® 1) © Qman © (Frn" @ idy,)

is actually equal to x]"" using the canonical coaction from Proposition [2.45 and

the fact that these are indeed special Frobenius as proven in Proposition [2.46 [

2.3.4 2-Categories of Algebras

Given a 2-category B where in all hom-categories B(a,b) all idempotents split (i.e.
are Karoubi complete), we can define the following 2-categories which have algebras
internal to B as objects.

Sketch 2.50. Given a 2-category B for which all hom-categories B(a,b) are Karoubi
complete, we can define the following 2-category of nonunital, noncounital A-separable

Frobenius algebras internal to B and their special Frobenius bimodules, Frobkk(l?) :

e Objects are the nonunital, noncounital A-separable Frobenius algebras (a, p, A)

of B,

o Froka(B)((a, w, A, (a1, A)) is the category of special Frobenius bimodules
between ' and a and the 2-cells of B which are both bimodule maps and bico-
module maps between those,

e composition of bimodules is given by their relative tensor product,

e the unit on (a,pu, A) is a as an a-a-bimodule (with u as left and right action
and A as left and right coaction).

In order to have units which are indeed special Frobenius modules it is necessary
to consider only nonunital, noncounital A-separable Frobenius algebras. That the
composition of 1-cells is well-defined is guaranteed by Proposition Similarly,
Proposition [2.49) enables the following definition.
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Sketch 2.51. Given a 2-category B for which all hom-categories B(a, b) are Karoubi
complete, we can define the following 2-category of A-separable Frobenius algebras
internal to B, Froba(B):

o Objects are A-separable Frobenius algebras (a, p, A,n,€) of B,

e Froba(B)((a, u, A, n,€), (a', 1/, A1/ €")) is the category of a’-a-bimodules and
their bimodule maps,

e composition of bimodules is given by their relative tensor product,

e the unit on (a, p, A,n,€) is a as an a-a-bimodule (with p both as left and right
action).

The 2-category Froba(B) is discussed in [CR16| Section 4] and referred to as the
“equivariant completion” B, there.
How the remaining details of the above 2-categories should look like will become
clear from Section [3.4l
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3 Condensation

The notions of condensation and condensation monad are an approach to generalize
the concepts of retract and idempotent (cf. Definition to higher categories and
was introduced by Davide Gaiotto and Theo Johnson-Freyd in [GJ19]. It can be
defined for n-categories inductively where one considers equality a 0-condensation
and a retract a 1-condensation.

In this section we develop the theory of condensation in 2-categories. Starting with
the definition of 2-condensation monads in Section 3.1l and their 2-condensation bi-
modules in Section [3.2] we establish in Section the existence of a 2-category of
2-condensation monads and 2-condensation bimodules between them, where com-
position is given by their relative tensor product (introduced in Section . The
justifications that it appropriately generalizes the Karoubi completion of 1-categories
is given in Section [3.5] Finally Section introduces unital condensations.

3.1 Condensation Monads

The notion of condensation in a higher category is a formalization of condensation
of topological phases of matter and consists of a categorification of retraction in a
1-category.

Definition 3.1 (2-Condensation). Given objects X,Y € Ob(B) in a 2-category B,
a 2-condensation of X onto Y is given by l-cells f € B(X,Y) and g € B(Y, X)
and a retract of f ® g onto 1y in B(Y,Y), i.e. 2-cells v € Hompy vy (f ® g, 1y) and
o€ HOIHB(y,y)(ﬂy, f ® g) such that yod = id;, .

Following |GJ19], we introduce the walking 2-condensation é#9 such that a 2-
condensation in a 2-category B is equivalent to a 2-functor éy — B.

Definition 3.2 (# and &). The 2-category # is generated by two objects A and K,
two 1-cells ¢ € #2(A, K) and j € #(K, A) and two 2-cells 7 € Homg, (k) (¢®7, 1 k)
and v € Homg,xx)(1x,q ® j) satisfying the relation 7 o v = idy,. The full
subcategory on the object A of #, is denoted &s.

The 2-category #: can be depicted as the following diagram which is not com-
mutative as ¢ ® j is not equal to idg.

A
q< >J‘
T K 174
U
Tk
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Note that (A, K, ¢, j,T,v) constitutes a 2-condensation in #, according to Defi-
nition 3.1

Definition 3.3 (2-Condensation Monad). A 2-condensation monad in a 2-category
B is a 2-functor &y — B. We say a 2-condensation monad (M,¢) : &y — B
condenses onto Y € Ob(B), if M can be lifted to a 2-functor #; — B with M (K) =
Y. If all 2-condensation monads of B do condensate, we say B has all condensates.

An idempotent which splits in a 1-category then corresponds to a 2-condensation

monad which condenses in a 2-category.

The word monad usually describes an algebra internal to a category of endo-
functors of a given 1-category or more generally any endomorphism category. Its
use here is therefore justified by the following two results (even though the common
sense of the word would require a unital algebra structure).

Proposition 3.4. In the 2-category &, (e, p, A) where
e:=)®q

o= (id‘ ® (Ago (T®idy) 0 O‘;;,q)) O Qjq,j®q
A= aj, o (id; ® (agjq0 (¥ ®@idy) o )‘;1»

g, q i®q
has the structure of a nonunital, noncounital A-separable Frobenius algebra.

Proof. As & is a full subcategory of #5 we can equivalently prove the statement on
(e, i, A) inside o using string diagrams where we depict A as the white background,

K as cyan and:
Joa I3 q

\./

Making repeated use of the interchange law ( Prop051t10n 2 we can prove:

e Associativity:

AN A



e (Coassociativity:

Ny

A M
AN

e A-separability:

T

/,LOAI Q —

14

id,

where we used 7 o v = idy,. from Definition [3.1]
[l

Corollary 3.5. For a 2-condensation monad (M, ) : & — B in a 2-category B,
with:
A= X, e—a, pu— Mp), A~ M(A)

(a, M(p1)0¢ee, oz a0 M(A)) has the structure of a nonunital, noncounital A-separable
Frobenius algebra.

Proof. This follows from Proposition by a straightforward application of the
naturality of the coherence isomorphism ¢ (nat.), the hexagon axiom (Hex| and
functoriality of M, writing m := M(p) 0 ¢c. and d := ¢} o M(A).
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e Associativity:

M (1) © Pee © (M () ®ida) 0 (e ®idg) =

(o (p®ide)) © Pegee © (Pee ® id,) B4

(10 (ide ® 1) © Qo) © Pesere © (Pee @ idy) =
(

M) © M<1d€ ® lu) © gbe,e@e © (ida & ¢e,e) O Qg.a,a Hiﬂ
M) © ¢e,e © (ida ® M(:U’)) © (ida ® ¢e,e) O lg.q,a =
o (idg ® M) 0 Ag a4

o (m®id,)

M
M
M
M
m

The various applications of the naturality of the coherence isomorphism ¢ are sum-
marized in the following diagram, where only the individual squares commute:

Me®e) @ Me) ™ M ey @ Me)" MM Y pr(e) @ Me ® e)
Pe®e,e ¢e,e @s,e@e
M(p®ide) ~ M (ide®p)

M((e®e)®e) M(e®e) Me® (e®e))

A M(A®id.) N M(id.@A)
¢e®e,e ¢e,e
I(ide)@M(A)
M(e®e)®M(e)Mme)M( e) ® M(e ) ey M(e)® M(e®e)

e Coassociativity:

(d®id,) od

(671 ®idy) o (M(A) ®id,) 0 ¢t o M(A)
<¢;i®ida>o¢g®eeoM<A®ld>oM<A>
(67 @idy) 0 6l 0 M(az}, o (id. ® A) o A)
am <1d ®¢ee> ee@eomd @A)oM(A

(1d ® d) od

nat.
eE

1at.

) -
)=

aaaa
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e Frobenius:
(ide ® m) 0 Qg a4 0 (d®id,) =
= (idy ® M(1)) 0 (idy ® Ge) © Qgaa 0 (671 @idy) 0 (M(A) @ id,) T
= (ida ® M (1)) © ¢ Lge © M(ee) © Gesere 0 (M(A) @idy) ™
= 67t o M(ide @ 1) 0 M(reee) © Pegee © (M(A) ®id,) =
Lo M((ide ® 1) 0 Qeee 0 (A ®ide)) 0 boe 2yt 0 M(A 0 1) 0 e =

=dom =
= e o M((p®id)oa;], o (ide ® A)) o g =
= (M(p) ®id,) 0 bz 0 M(agy,) 0 M(ide ® A) 0 e =
= (M(p) ®id) 0 pte, 0 M(0; L) 0 b 0 (idy ® M(A)) =
= (M(p) ®id,) o wm®uuoa¢a o (id, ® ¢,1) o (id, @ M(A)) =
= (m®id,) o a,,, o (id, ® d)

e A-separability:
mod=M(u)o ..ot o MA) = M(uoA)E M(id,) = id,

3.2 Condensation Bimodules

In the construction of the Karoubi completion Kar(C) of a 1-category C in Proposi-
tion [2.12] we had idempotents of C as objects and morphisms f of C satistying

dof=f=foc

as morphisms between idempotents e and €.

As generalization of these, we introduce the notion of a 2-condensation bimodule
between 2-condensation monads and see that they deserve their name, again follow-
ing |GJ19].

This can be thought of as replacing the equality signs above with “l1-condensation
onto”, consisting of actions and coactions.

Definition 3.6 (2-Condensation Bimodule). Define the 2-category 5 to be gen-
erated by two copies of #s, (A1, K1,q1,71,71,v1) and (Ag, Ka, @2, j2, T2, Vo), a single
1-cell n : K9 — K7 and their relations induced from #,. The full subcategory on
the objects A; and As is the walking 2-condensation bimodule {>o. A 2-condensation
bimodule in a 2-category B is a 2-functor {o — B.
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The 2-category €5 can be depicted as follows, introducing the 1-cell

= (J1®n)®q

€1 €2

f M

A1<LA2

{3 [}

Kl A E— KQ
Proposition 3.7. In the walking 2-condensation bimodule {3, the 1-cells:
eri=51Qq, e:i=j®qp, m:=(18n)Qq¢

together with the 2-cells 1, A1, pg, Ao from the two copies of &y (cf. Proposition

as well as:

L =0 g © (05 © (idj, @ 71) © @y g1 51) @ idnss) © gy mss © ([jioar @ Qyngs)
T'm ':<idj1®n ® <)‘ (T2 ® 1dtI2) q21]2 qg)) O 1 @n,q2,j2®q2
lm =(idj,04 ® O‘gl n qz) O 1 ®q1,51,n®@q2 © ((O‘j_l}ql,jl © (idjl ® 1) 0 pj_ll) ® idnwg,) © Wy g

(1dj1®n & (O‘q27j27<I2 © (VQ & idfm) © )\;21»

:aj1®n,fI2,j2®QQ
satisfy the relations making (e1, p1, A1) and (ea, 2, Ag) nonunital, noncounital A-

separable Frobenius algebras and (m, Ly, T, L, m) @ special Frobenius bimodule.

Proof. As the full subcategories of {», on the objects A; and A are isomorphic to s,
the statements about (eq, p1,Ay) and (eg, g, Ag) follow directly from Proposition
3.4 The other equalities are proven inside the bigger category 45, using string
diagrammatic notation where A; is represented by dotted, K; by red, A, by dashed
and K5 by green background:

o o o

J1 q1 Ji q1

o o =

Ji @ 1imn g J1 MG J2 G
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i @ n g J1n G J2 G

making again repeated use of Proposition [2.28]

e m is a left e;-module:

//a N

e m is a right e;-module:

T2

e m is a bimodule:

A

The comodule property follows by mirroring the string diagrams proving the module
property upside down. Note that the sting diagrams for the module and comodule
properties are obtained from the ones for associativity and coassociativity in Propo-
sition by just changing the backgrounds and adding a bar on one side. Doing the
same to the diagrams showing A-separability and the Frobenius property in Propo-
sition [3.4] one proves that m satisfies the relations making it a special Frobenius
bimodule. O]

Corollary 3.8. For a 2-condensation bimodule (B, ¢) : {o — B,
(B(m), B(lm) © $eyms B(rm) © dm.es Qﬁ;l,m © B(zm>> ;;eg o B("m))
is a (B(e1), B(p1) © ¢ey.e,)-(Ble2), B(pta) © Geyeq) special Frobenius bimodule.

Proof. This is analogous to the proof of Corollary , writing for i € {1,2} b :=
B(m), a; :== B(e;), m; == B(l1;) 0 ¢, e; lb := B(l) 0 Peym and 1y, := B(rs,) © Py
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e b is a left a;-module:

lb © (ml ® 1db) = B<lm> © ¢61,m ° (B(:u’l) ® 1db> © (¢61,61 ® 1db) n%t.
(Im) o B(p1 ®id,y,) © Gey@er,m © <¢el,e1 ® idy) 2
(I o (ide, ® I) © O‘e1,61,m) O Pey@er,m © (¢e1,61 ® idy
at.

(Im) 0 B(ide, ® I,y,) © Per,erom © (1day @ Geym) © Qayarb =
Im) © Geym © (ida, ® B(ly)) o (ide, ® ¢el,m) © Qqy,a1,b =
- lb o (idal X lb) O Ugy,a1,b

) e

e b is a right as-module:

at.

B(T1) © e, © (idp @ B(pa)) 0 (idy ® Beyen) =
() © Blidm @ f12) © S caoes © (idy @ by ) =

(rm 0 (rm @ ide,) 0 A, ) © Dimcae, © (dp @ ey )
(

(

Ty © (ldb ®m2)

[Hex
nat

Tm) © B(Tm ®ide,) © Grmges,er © (P, ® iday,) © Oéb_,;z,az =

Tm) © Omies © (B(rm) ®idy,) o (¢m,ez ®id,,) o ab_,iQ,aQ =

1
a2,a2

T T T W

=10 (rp ®1idg,) 0 oy,

e ) is a bimodule:

B(rm) © mey © (B(ln) @ iday) © (¢e;m @ ida,) =
) . B
© (B(lmldez) © ¢8®m,62 © ((bm,m ® 1da2) -

Ty O (lb X ida2) (

(

(Im o (ide, ® 1) © ae1,m762) O Peyomeq © (gbehm ® idg,)

( nat.
(

'm

)
)

e

Im) o B(ide, ® 1y,) © Ger mees © (ida, ® gbmez) © Qqq,b,a0 =
Im) © Geym © (ida, ® B(rm)) o (ida, ® ¢m,ez) O Qqy bay =
lb o (ida1 ® Tb) o aa1,b,a2

B
B
B
B

The proof of the module property has precisely the same structure as the proof of
associativity in Corollary [3.5] Similarly, comodule properties and special Frobenius
relations follow completely analogously to coassociativity and A-separable Frobenius
relations in Corollary O

Remark 3.9. From now on we will state equations exclusively in the form of string
diagrams whenever convenient. To do so we will use the following notation:
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BlUa)o6em = A Blwome = b
o Bl =Y. Gk oBOw =
B(1) © Geye = /i\ B(pt2) © Geyer = /i\
;1{61 o B(A) :\\T/’ (;5;2{62 o B(Ay) :\\T/.

The statement from Corollary[3.8, that the bimodule b is special Frobenius then
takes the following form:

= | = (S4)

S B

3.3 Relative Tensor Product of Condensation Bimodules

Having established that 2-condensation monads and 2-condensation bimodules have
underlying algebras and bimodules between them, we look for a natural way to find
a 2-condensation bimodule which corresponds to the relative tensor product of the
underlying bimodules. Thus we want to find a way to combine two condensation
bimodules, which have a condensation monad in common, into a new condensation
bimodule. We start by gluing two copies of 4, along #-, i.e. taking the pushout (cf.
in the 1-category of 2-categories and 2-functors.

Definition 3.10 (¥, and ©5). Define ¥ to be the pushout of two copies of #,
along the two different canonical inclusions of #y, ¥ := €, s, ®2 (schematically
depicted below) and Oy to be the full subcategory on the objects A, A; and A,
therein.

In Q5 the tensor product of condensation bimodules is defined to be:

(J1 ®n1) ® (N2 ® g2) = N1 & Ny

where Ny := 71 ® nq and Ny := ny ® gs.
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To summarize we have the following four different condensation bimodules {5 —
(Oy: the two canonical inclusions mapping m — mq and m — ms, their naive
combination mapping m — m; ® mq and their relative tensor product defined above
m +— N1 ® N,. Note that the latter two are not equal, but rather that we have a
1-condensation from m; ® mo onto Ny ® Ns, as the following lemma shows.

Lemma 3.11. In Oy(As, A1), N1 ® Ny is the image of the splitting idempotent

ki=al o ((ay, 40 (idw ® (VoT)) 0 ay, q5) ®idy,) 00

— ! i
where a := a5 n, 0 (idim, ® Qg )-

Proof. Note that m; @ my = ((j1 ® 11) ® ¢) ® ((j ® ng) ® g2) by definition. As a
string diagram we can write:

)
-
J1m q J N2 g2

In the bigger category ¥5 we thus see that we can write k = 1) o § with:

- - P

Denoting j; ® n; = N; and ny ® ¢o = Ny by a single line here and in the following
(note that this is an abuse of notation as ny and ¢y are not bracketed together in
the domain of k which is m; ® ma).



Then, because of 7 o v = id; ., we find:

0o ¢ = = = idN1®NQ

Note that while N; and N, on their own exist only in ¥5, N; ® Ny as well as 6 and
1 do also exist in O,. O

Now we are ready to see that the tensor product of condensation bimodules
defined in Definition [3.10] actually deserves its name and is equal to the relative
tensor product from Definition of my and my with their bimodule structures as
described in Proposition [3.7

Proposition 3.12. In Oy, (N; ® Ny, 0) is the relative tensor product of my and my
over e, mi Qe My.

Proof. Writing the maps [ := (idy, ® liny) © Qg emy and 7 1= 7, ®1id,,, = as string
diagrams:

: \,/
l= /’\ v

Nig j q J N

=<
I

we can see, using the interchange law (Proposition [2.28)), that

()

is equal to k"2, The result now follows from Proposition because m; and
my are special Frobenius modules as was proven in Proposition [3.7] O

Next we want to use the tensor product of condensation bimodules in ¢y from
Definition to construct a new 2-condensation bimodule from two given ones
which are composable. Two 2-condensation bimodules By, By : {3 — B are com-
posable if Bi(As) = By(A;), Bi(es) = Ba(e1) = a and they give the same alge-
bra structure on a. Put differently that means B; restricted to A, is the same
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2-condensation monad as B» restricted to A;. Thus B; and B, are composable if
they can be combined to a single 2-functor B : {9 g, {2 — B where $g Lg, O is
the pushout (in the 1-category of 2-categories and 2-functors) of two copies of {5
along the two canonical inclusions of &y mapping A — A; and A — A, respectively.

Remark 3.13. So far we have considered the following small 2-categories:

e

(1
A

MQA . ;
NI DT
&,

V)

1k
(1 (1 Ay < A

o= A +—— Ay C ‘22111(/,53'1 ngjp

K1<TK2

N N o N N
<>2 |—|&2 <>2:A1< A« AQ C QQQZAl A AQ
m1®ema2

n o n

A, L mp >~ A L my T~ A,
‘Z1</ >Jl q2< />j2

C Y= K a J Ko

K

Remark 3.14. While &y and ¥, are given in terms of generators and relations,
this is not the case for &y and .

One may think that & is generated by A, e, p and A defined in Proposition
and the relations making it a nonunital, noncounital A-separable Frobenius algebra,
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but that is only almost the case. While in the latter 2-category, the only 1-cells are
powers of e = (j ® q), o contains also other bracketings of combinations of j ® q,
for example j® ((q®7)®q) which is not the same as e®e = (jRq)R(j®q). But as
those are just rebracketings of 1-cells which are powers of e, they are all isomorphic
via suitable combinations of associators. Thus it is clear that &y (while not equal
too) is equivalent as a 2-category to the one generated by A, e, p and A and the
relations making it a nonunital, noncounital A-separable Frobenius algebra.
Completely analogously one sees that o is equivalent as a 2-category to the one
generated by Ay, As, ey, ea, m, pu1, Ay, po, Do, T, Ty I and l,, and the relations
making (e1, p1, A1), (€2, 2, Ag) nonunital, noncounital A-separable Frobenius alge-
bras and (M, T, P, s L) @ special Frobenius bimodule.

Thus, if we want to define a 2-condensation monad or a 2-condensation bimodule, it
suffices to suitably (i.e. so that they satisfy the relations) assign images to the gener-
ators named above. This is possible as follows: map all 1-cells which are isomorphic
via a combination of associators, to the same fived bracketing (e.g. all brackets to
the right) of the images of the appropriate generators. The images of said associ-
ators then all are the identity, and the hexagon axiom can be satisfied by defining
the coherence isomorphism of the 2-functor to be the appropriate combination of
associators of the codomain category.

For example, after choosing a nonunital, noncounital A-separable Frobenius alge-
bra a € B(A, A) we can define a 2-condensation monad M : &y — B which maps
(1((®))®q))®(®q) aswellase® (e ®e) and (e®e) Ve to a® (a® a).
This will be used repeatedly when 2-condensation monads and 2-condensation bi-
modules are constructed explicitly.

Similar arguments apply to Qg if we add to the three algebras and the two bimodules
from the overlapping copies of {o the 1-cell my ®, mag, the 2-cells 0 and v and the
relations so that this indeed constitutes the relative tensor product of my and my
over e.

The generators discussed here are precisely the ones depicted in the diagrams, e.g.
m Remark above (where 2-cells are omitted in the bigger diagrams).

Definition 3.15 (Tensor Product of Condensation Bimodules). Let By and By be
two composable 2-condensation bimodules, combined to a single 2-functor (B, ¢) :
o Ug, $Oo — B. Consider

[:= (idbl ® (B(lmz) © Qbe,mz)) O Xy ,a,bs and ©:= ( ;nll,e © B(f’ml)) ® ide

to form the idempotent € := [o t.
If € splits, its image is defined to be the relative tensor product by ®,by of by := B(m;)
and by := B(my) over a := B(e).
In this case B can be extended to a 2-functor on Oy via B(N; ® Ny) := by ®, b,
the restriction of which along the appropriate inclusion {5 — O (which maps
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m +— N1® Ns) gives the corresponding 2-condensation bimodule B1®y; By : o — B,
where the 2-condensation monad Bjlg, = Bsla, is denoted by M.

Proposition 3.16. The tensor product of Definition |3.19 is well-defined and equal
to the relative tensor product of the corresponding modules as in Definition
(with module structure as in Corollary[3.8).

Proof. That the image of £, if it exists, indeed is the relative tensor product is given
by Proposition [2.48] To see that we get a well-defined 2-condensation monad, we

need to check that ¢ and B(k) are suitably compatible. This is a calculation using
the naturality of the coherence isomorphism ¢ (nat.) and the hexagon axiom (Hex.):

E=lot= (idln ® (B<lm2) © ¢6,m2)) © Qpy,a,by © (( ;111,6 © B<7vnm1)) ® ide) =
= (idb1 ® B(lm2)) © (idb1 ® ¢6,m2) O Qpy,a,by © (Qb;zll,e ® id—bg) © (B<7vam1) ® idbg) =
= Qb;zll,mg 0 B(idpm; @ limy) © Gy eoms © (1db; @ P my )0
Hex]

O Oy ,a,be © (Qs;@ll,e ® idbz) © ¢1:111®e,m2 © B(%ml ® idm2) © ¢m1,m2 =
= ;111,m2 o B(idm1 ® lmz) © B(amhe,mQ) © B(hm ® idmz) © ¢m1,m2 =

= ;111,m2 o B(K) © $mym,

Now assume ¢ splits along some © and ¥ so that £ = WoO and call its image b ®, bs.
Then we can extend B to a functor on Oy by defining B(N; ® Ny) := by ®, b,
B(0) :== © 0 ¢,! .. and B(Y) := ¢m,m, © ¥. This is sufficient as explained in

my,m2

Remark [3.14] 0

3.4 2-Karoubi Completion

The goal of this section is to establish the existence of a 2-category Kar(B), which
will turn out to be the appropriate generalization of the ordinary Karoubi completion
described in Proposition [2.12

Theorem 3.17. Given a 2-category B for which all hom-categories B(X,Y) are
Karoubi complete (cf. Definition [2.10)), there is a 2-category Kar(B) which has the
2-condensation monads of B (cf. Definition as objects, their 2-condensation
bimodules (cf. Deﬁm’tion@) as 1-cells and the relative tensor product (cf. Definition
as horizontal composition.

Because of this definition, assume from now on that B is a 2-category for which
all hom-categories B(X,Y") are Karoubi complete.
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3.4.1 Units

The relative tensor product of 2-condensation bimodules is defined only up to unique
isomorphism and it turns out to be useful and possible to make the choice so that
Kar(B) possesses strict units.

Lemma 3.18. Given a 2-condensation monad M : &y — B with M(A) = X,
M(e) = a, there is a 2-condensation bimodule 1y : $o — B with 1y (Ay) =
Iy (A2) = X and 1py(e1) = 1py(ea) = Ty (m) = a which acts as a strict unit
for the relative tensor product.

Proof. By Remark it suffices to specify the multiplication and comultiplication
on 1y/(e1) and 1p/(ez) and the left and right actions and coactions on 1,,(m). But
all of those can trivially be chosen to be the multiplication and comultiplication on
a given by M.

Given now any 2-condensation bimodule B : {»y — B such that its restriction to
Ay agrees with M as well (i.e. 1), and B are composable) and denoting B(m) = b,
we want to compute a ®q b. As 1y (7,) = M(A) = B(A;) we can write the crucial
idempotent ¢ (cf. Definition as follows and compute:

t :(ida ® (B<lm> © ¢el,m)) O Qgab © (( e_ll,el o B(A1>> X idb) =
=(id, ® B(l;)) o (idg ® ¢ey.m) © Qaap © ( ;11761 ® idy) o (B(A1) ®idy) nat-

- ell,m © B(idel ® lm) © ¢617€1®m © (ida ® gbel,m) O Qg,a,b0
_ . _ . [Hex]
(¢611761 ® 1db) © ¢e1l®el,m © B(Al ® 1dm) © ¢e1,m =

:¢_1 o B(ide, ® I;n) 0 B<O‘el,e1,m) o B(A; ®idy,) o Geym =

e1,m

:¢71 © B(Zm © lm) O Peym = o © B(zm) © B(lm) O Py m IB;ﬂzb oly

€1,m €1,m

It is easy to see that this indeed gives a splitting €, by Proposition [3.7}

lyoly = B(lm) © ey © Gl © B(ly) = B(ly, 0 l,,) = id,

We see it has image b and we thus get that a ®, b = b. Completely analogously one
can show that b ®, a = b. (]

3.4.2 2-Cells

To find the appropriate notion of 2-cell between two parallel 2-condensation bimod-
ules B and B’, we assume by analogy to the 1-dimensional case, that they are 2-cells
B(m) — B'(m) in B fulfilling a certain property.

A natural way to define horizontal composition of 2-cells then is the following:
given composable 2-condensation bimodules B; and B, as well as B} and B, (com-
bining By and B, as well as B} and B} to functors B and B’ defined on ©,) we
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denote

by by b R4 b
U= ¢;111,m2 © B(¢) = Kﬁ ) o = B/(e) © ¢;n1,m2 = /R
by @, by by by

where in these string diagrams the black lines denote the 1-cells by := B(my), by :=
B(my), by := B'(my), b, :== B'(my) and a := B(e) = B’(e) and the backgrounds
denote the objects: B(A;) = B'(A;) in magenta, B(A) = B’(A) in white and
B(As) = B'(A3) in blue.

Then we can define for

+w1 € Homp(p, (4,),8: (1)) (B1(m), By (m))

Wa + € Homp(p,(42),Bs(41)) (B2(m), By(m))

the following horizontal composition:

W) Qg wp =00 (w; Quwy) oV = Wi W (3.1)

As the property which the 2-cells need to fulfil we now demand that this is
well-defined.

Inside the category %, it can be proven that this condition is equivalent to
the usual property of bimodule maps by creating, destroying and moving around
bubbles. The consequences of these moves are captured by the equations resembling
a nonunital, noncounital A-separable Frobenius algebra (Lemma and those get
carried over to the target category due to functoriality (Corollary .

Lemma 3.19. In O, denoting 0 and 1) defined in the proof of Lemma and

Lings Uiy s Tmy and T, inherited from $o (see Propositionm) as:

-5, o e
rml_%7 ijml_ﬁ/a
by



they satisfy the following properties resembling those of a nonunital, noncounital A-
separable Frobenius algebra:

4.
-

1dm1®5m2 (85)

Proof. Using the graphical calculus inside %5, completely analogous to the proof of
Proposition by just adding the appropriate backgrounds on the left and right of
all diagrams. O]

Corollary 3.20. Let By and By be two composable 2-condensation bimodules so
that their relative tensor product exists and they thus lift to a functor B : Oy — B
with coherence isomorphism ¢. Denoting:

@:B(e)o@nl,mz = 2\7 ‘Il ¢m1 mz H/
Ty, = B(Tml) © gbml,e = (%’ 7:51 = 7:11 e H)
l _B( ) ¢€m2:%7 szz ;mg Y

they satisfy the following properties resembling those of a nonunital, noncounital A-
separable Frobenius algebra:

£ kil -
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= - idb1®ab2 (86)

Proof. As the structure of the equations is the same as in Corollary this can
be proven completely analogous by replacing M by B, p by O, 1, or I, and A by
W, i, or Iy, appropriately. The occurring associator a. .. has to be replaced with

[]

am17€7m2 .

The essential part about the well-definedness of (3.1)) concerns id, ®, w. By
naturality of the unitors (ignoring for a second that they are identities) the following
square needs to commute:

.da®a
4R, b —22 s 4R,V

J//\b J/)\b/
b ———— ¥V
As we have chosen the units to be strict (Lemma [3.18)), the unitors are in fact

identities and this reads id,®,w = w, and similar using the right unitor w®,id, = w.
As string diagrams we thus have:

W o= ew w = w (3.2)
Here and in the following note the change of colour when referring to the left and
right module structure respectively.

As we are dealing with the unit bimodule, we can use the following facts which
we saw in the proof of Lemma [3.18}

I = K% = 2\ =0 (3.3)
[ = H} = H/ = (3.4)

and similar for a right module structure.
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Proposition 3.21. Given two 2-condensation bimodules between the same 2-condensation
monads, a 2-cell w between the corresponding bimodules satisfies property if
and only if it is a bimodule map, i.e.:

e e

Proof. Assuming property . ) holds, by Corollary m we can compute:

Dk 1 Mo

Analogously (by mirroring) one proves the property for the right module structure.

Assuming (Mod | m ) holds, we obtain (3.2]) simply by pre-composing with

by

respectively and popping the resulting bubble on the left-hand side according to
Corollary [3.20] O

Remark 3.22. By turning all diagrams in the above proof upside down, one proofs
that property and therefore also property 15 equivalent to the statement
that w is a bicomodule map, meaning that:

A B e

Proposition 3.23. The property ( implies that the above defined horizontal
composition is functorial in the sense that:

- (3.6)

Wi %)
Wi %)
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Proof. This also is an application of Corollary [3.20] and property (3.2)):

w} wh wh w) wh
(F9) E3) w, @
w1 %)
/
w
2 / /
W2 T w Wo

Finally, that the horizontal composition is well-defined in the sense that for
bimodule maps w; and ws, wi ®, wo is a bimodule map as well, as string diagram:

@wz _ w1;5w2 (3.7)

follows easily from Lemma [3.27] for the proof of which we need the following:

I
&
€
(&)

[]

Lemma 3.24. Given two composable 2-condensation bimodules By and By so that

their relative tensor product ewists, using the notation defined in Corollary it
holds that:

AR
> I o
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Proof. As described in Definition [3.15], By ®, B is given by first lifting the combina-
tion of By and Bs to a 2-functor B on ¢y and then restricting it along the inclusion
L <>2 — @2.

In ¥, (cf. Remark we can do the following computation, denoting A; dotted,
K, red, A white, K cyan, Ay dashed and K, green:

w-4- a4 || - 90l - ¢

q1 1 M1n2 g2 J1 g ;1 N2

and similarly:

o-b- TR - MO, - o

jppan2q g, 42 1 N2 q2 g

That these relations are preserved by B follows analogously to the proofs of Corollary
and Proposition [3.16]

The second pair of equalities follows in the same way by flipping everything upside
down and switching the roles of taus and nus accordingly. O]

3.4.3 Associator

The final ingredient to our desired 2-category is its associator. To find it consider
three composable 2-condensation bimodules b; between 2-condensation monads a;
in the following diagram:

01,2®id
(b1 ® by) @ by ——*(by Ra, ba) @ by 122, % (b @, 192) Ra, s

aBl oKar(B)
+

by ® (by ® b3). i aels b1 @ (by ®ay bs) —5—> b1 Qay (b2 Qa, bs)

As all the occurring horizontal arrows have right inverses we can use these to move
through the diagram counter-clockwise from the top right to the bottom right and
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define of*®B) that way:

aKar(B) — B

Remark 3.25. As we are dealing with associators explicitly, here and in the rest
of this subsection we are extra careful and include in all string diagrams associators
aB as horizontal lines, and inverse associators as horizontal lines with “—17 next
to them. Note that these are usually omitted as described in Section [2.2.1. Once
bracketings for the 1-cells corresponding to ingoing and outgoing strings are chosen,
the appropriate associators can be added to the string diagram. This can be done
unambiguously: any combination of associators matching the same bracketings need
to be equal by the coherence theorem. This fact will be crucial to the proofs of this

subsection.
Another essential step is to note the following:

Remark 3.26. The associator of of the original 2-category B is a natural transfor-
mation. That means for all 1-cells a,a’, b, V', c,d and all 2-cells f :a —a’, g: b —V
and h : ¢ — ¢ the following diagram commutes:

(a®b)®cM> (V)

B B
laa,b,c laa,’b/’c,

a® (b®c) Jalh), ad®bed)

In particular for the projection on the relative tensor product © : by ® by —

by @q, bs that means:

idbl ®@)®idb4
—_

(
(b1 ® (b2 ®b3)) ® by (b1 ® (b2 ®ay b3)) @ by

B B
lab1,b2®b3,b4 lab1vb2®ag b3,by

id O®id
by @ ((by ® bs) @ bs) 2oy @ (b @ay bs) ® ba)

which as a string diagram reads:

r ﬁ = ? q (Nat.)
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where the brackets indicate that the associator on the right-hand side indeed s
()szth@)bS’b4 which otherwise might be confused with ab317b2’b3®b4 or a,ﬁ@b%bgm, but are
usually omitted in the following.

The analogous relations clearly also hold for the projections by @ by — by ®g, by and
b3 @by — b3 @4, by and the appropriate bracketings. Furthermore, replacing © with ¥
or any of the possible actions and coactions, one finds that in our notation all triva-
lent vertices can be “pulled through” the associator lines as long as the bracketings
fit. The same holds for the inverse associator. In the proofs below steps applying

this will be labeld by {Nat]”.

To prove the pentagon axiom in Kar(B), we first of all have to see that the above
defined associator indeed is a 2-cell of Kar(B), i.e. a module map. To do so we need
the following lemma about the action on a relative tensor product, which resemble
associativity and Frobenius laws.

Lemma 3.27. Let (By, ¢') and (By, $*) be two composable 2-condensation bimodules
such that their relative tensor product (By ®. Ba, ¢®) exists and they thus lift to a
functor (B, ¢) : Oy — B. Denoting:

6 = B0) o b = A V=03l 0BW =
lbl = B(lm1) © ¢€1,m1 = K%? Zb1 = ;11,m1 © B(Zﬂn) = %)7
Ty, = B(TmQ) © ¢m2,€2 = K% ) fb2 = ;112,62 © B<7:m2) :H) )

b = (Br 8. Bo)(in) 06 = A
o = (68,)™ 0 (B0, Bl = Y7
s = (B @ B 0 65 =
Forgabs = (Porey) " © (B @ Ba) () = H)

the actions | and r commute with the projection © onto the relative tensor product
and the coactions | and 7 commute with the inclusion U of the relative tensor product,
i the following sense:

1 K -



o
i

]

Similarly also the coactions | and i commute with the projection © onto the relative
tensor product and the actions | and r commute with the inclusion U of the relative

tensor product, in the following sense:
= % = % (F7)
X

Proof. We only prove the first equality each, as the other ones follow analogously
(they are just mirrored horizontally, vertically or both, respectively).

Nl

67



g
L

IE

[

| |
15

v

s

b
g

{

g

Note that after the first step there is an extra line for an inverse associator which
was omitted in equation but is included now as described in Remark .
The step labelled “Bim.” is the bimodule property of b; proved in Corollary the
step labelled ‘Pen] is due the pentagon axiom of the original 2-category B. One
can see this as follows: the rebracketing on the left-hand side is the following long
path through the pentagon:

(a1 @b1)® (a®@by) »a1 ® (b ®(a®by)) = a1 @ ((b ®a) @ by) —
—>(a1 & (b1 &® CL)) ® by — ((a1 ® b1) ® CL) ® by

which by the pentagon axiom is the same as following through the pentagon in the
other direction:
(a1 ®b1) ® (a®@by) = ((a1 ®b1) ®a) @ by

The proof of the second statement is quite similar:
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where in the step labelled ‘{Pen] the equality of two different paths through the
pentagon was used. O]

Lemma 3.28. The associator of*B) s ¢ bimodule map, i.e. it commutes with the
left action:

= (3.10)

69



as well as with the right action:

Proof.

I3

J 10

)

<

<

|
-

3]

N

l

R

B

>
r
~—
-
~—

This is a calculation using string diagrams and what we have seen so far:

where the last step, labelled ‘Pen], is an application of the pentagon axiom of the

original 2-category B.

That it commutes with the right action as well can be seen analogously by mirroring

all the string diagrams above.
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Note that we have already shown in Remark that this implies that a%*(5)
is also a bicomodule map:

3an

Kar(B)

Proposition 3.29. The associator « 1S an 1somorphism with inverse:

(&Kar(B))_l — —il

Proof. This is a direct calculation using what we found so far, o/f#"8) o (qKar(8))~1
is equal to:
J
a o @
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That (aXarB))~1oXa1(B) i5 the identity as well can be seen by rotating the above
proof upside—down. n

Kar(B)

Proposition 3.30. The associator o satisfies the pentagon identity:

Kar(B) Kar(B) s Kar(B) Kar(B) Kar(B)
b1,b2,b3®q3 b4 © &b1®a1 ba,bg,ba T (ldbl Qay Xby b, b4) b1,b2®aqb3,ba (abl b2,b3 ag 1db4)

B
Qs b3,ba

B
Xb1,b2,b3®abs

B
— abl,b2®a2 b3,b4

B
Qp, ®aq b2,b3,b4

B
Q1 ,b2,b3
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Proof. We bring the associators together in order to argue by the coherence theorem
for the original 2-category B. For the left-hand side this is easy:

thA

The right-hand side is more involved, mostly performing the same move in the upper
and in the lower half at the same time:

§ 313
g Jd
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Which is equal to what we had before due to coherence in B. In the step labelled
(x) we first apply the pentagon axiom of B to write the combinations of four associa-
tors o as only one, which we then pull out of the yellow (respectively green) bubble
by naturality (cf. Remark and finally pop the now empty bubble according to
59). =
Proposition 3.31. The associator o) is a natural transformation, i.e. for bi-
module maps wy, wy and ws it holds that:

w1 w3

w1 w3
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Proof. We can calculate:

o W3

o W3

/

-

o W9

o W1

W3

o W1

w3

I

o W3

-

w3

oW1

™
oW1 e CUQ‘ o W3

w3

w1

o o e
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Where in (%) we use the naturality of the associator of B to bring the two pairs
of associator and its inverse together, and then applying . To complete the
proof, note that up to colours and labels, the left- and right-hand side of the desired
equality are 180 degree rotations of each other. As all the relations used above have
rotated counterparts, by virtually the same computation we find:

Finally this is equal to what we had before precisely due to the naturality of the
associator in the original 2-category B. [

This completes the proof of Theorem |3.17]

Remark 3.32. Having established the ezistence of the 2-category Kar(B) of conden-
sation monads and their bimodules, we might want to compare it to the 2-categories
of algebras described in Section |2.3.4}. It turns out that Kar(B) is actually equiva-

lent to Frobyk(B), the 2-category of nonunital, noncounital A-separable Frobenius

algebras internal to B. We find a 2-functor Kar(B) — Frob\y(‘(l?) which is essen-
tially surjective on objects, essentially full on 1-cells, and fully faithful on 2-cells, as
follows:

on objects, map a given 2-condensation monad to the algebra described in Corollary
. This is actually surjective as for a given object (a,m,d) in Frob\yi([)’), we find
the 2-condensation monad given by the functor described in Remark [3.14), mapping
e a, p—m and A~ d. Similarly by Corollary[3.8§ we can map a 2-condensation
bimodule between two 2-condensation monads to the underlying special Frobenius bi-
module between the corresponding algebras. Fully faithfulness on 2-cells follows by
Proposition |3.21).
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3.5 Completeness

Having established the existence of the 2-category Kar(B) of 2-condensation monads
and their bimodules, we now want to see that it deserves to be called the 2-Karoubi
completion of B. That is the case if Kar(B) has all condensates and we can find a
fully faithful 2-functor J : B — Kar(B) which is an equivalence if B already has all
condensates. The 2-functor in question is easily constructed.

Definition 3.33. For a 2-category B, there is a canonical 2-functor J : B — Kar(B)
given by:
Ob(B)> X = MX : & — B
A— X
er— 1y
1 Ay, A Apl
BX,Y)>f—=DB :$, =B
A=Y Ay— X
m— f,ep = 1y, eg = 1y

f1 = Auy, Ay AL pe = Ay, Ag = ALy

1x

b 7 Apy b = A7 T = ppy P > pf
Homp(xy(f,9) D ¢ — ¢ € Homgsyarx av (B, BY)

Proposition 3.34. For a 2-category B for which all hom-categories are idempotent
complete, the canonical inclusion J : B — Kar(B) is a well-defined, strict, fully
faithful 2-functor.

Proof. First of all note that the information given about M* and B is sufficient to
construct well-defined elements in Ob(Kar(B)) and Kar(B)(M*, MY), respectively,
according to Remark as long as the given 2-cells in B obey the relations of
a nonunital, noncounital, A-separable Frobenius algebra and a special Frobenius
bimodule respectively. That these indeed are satisfied follows directly from the
triangle axiom and the fact that for all X € Ob(B) it holds that Ay, = p1.
This fact follows from the coherence theorem, a direct proof is given in [Koc05),
Lemma 1.5].

To see that any ¢ € Homg(x,y)(f,g) is indeed a bimodule map between BY(m)
and BY(m), note that by Definition that is the case if:

QbO/\f:/\goOdlly@QS)

and
popr=pgo(p®@idyy)
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This follows directly from the naturality of left and right unitors in B:

id1Y®q5 P®id 1x

Iy ® f Iy ®g¢ fR1x —— g®1x
lAf l)\g lpf lpg
¢ )
f———y f——m—y

Next let f € B(X,Y) and h € B(Y, Z) in order to compare J(h ® f) = B"®/ with
J(h) @) J(f) = B"®pv Bf = h®y, f. The latter is by Definition mthe image
of the splitting idempotent

t=(idy @A) 0 anay p o (p, ®idy)
but due to the triangle axiom ((Tri.)) of B:

An, 1y, f

(h@ly)® f ®(1y ® f)
phm mAf
h® f

this is equal to the identity on h ® f, € = idygs = idpgs 0 idpgy. Thus € splits
with image h ® f so that B" ®,,v Bf = B"®/ and we see that J strictly preserves
composition.

It also strictly preserves units: J(ly) = B'* is 1x as a 1x-1y-bimodule and
agrees with the unit 1,,x on M*X = J(X) described in Lemma , again using
that )\ﬂX = P1x-

It remains to show that J is fully faithful, i.e. it is essentially full on 1-cells:

for all X,Y € Ob(B) and all 2-condensation bimodules B between M* and MY,
there is an f € B(X,Y) such that B = B/; and it is fully faithful on 2-cells: for all
f,9 € B(X,Y) there is a one-to-one correspondence between Homp(xy)(f,g) and
HOl’nKar(B)(MX7MY)(Bf, Bg)
That J is fully faithful on 2-cells is clear as it is just the identity map. To show
fullness on 1-cells let (B, ¢) : {2 — B be any 2-condensation bimodule between
MX and MY with underlying 1-cell B(m) =: b € B(X,Y). According to Corollary
3.8, it comes with a left action I, := B(l,,) 0 ¢¢;.m : Ly ® b — b and analogously a
left coaction I := ¢! L o B(ly) : b — 1y ®b. A natural candidate for the desired
isomorphism is [, o )\ from B’ to B, as a string diagram:

by

lb o )\b_l = |
Ay
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We first note that this has a right inverse given by A, o ly:

ly
Nt b
(oAb o (Ayoly) = - (] 9 (3.11)
)\b lb
Iy

But instead of showing that these are proper inverses of each other, using the above
relation we see that [, o A\, ' actually is the identity:

Iy lp ly Iy
P At At P
b B11) A (1) Ao E13) Ao [Nat] Ao )
At - ly - E . Iy o
ly e A b
P At At At

The third picture contains an unlabelled vertex which refers to the multiplication in
1y, and is followed by an application of the left module property of B°. The second
to last step is the naturality of \,.

As )y is an isomorphism it follows that [, = A\, and I, = )\gl. The analogous result
for the right actions follows in precisely the same manner. Thus we see that the only
possible 1 x-1y-bimodule structure is given by the unitors and is therefore equal to
the one of B’ which completes the proof. m

Proposition 3.35. If a 2-category B, for which all hom-categories are idempotent
complete, has all condensates, then the canonical inclusion J : B — Kar(B) is a
2-equivalence.

Proof. As we already showed in Proposition that J is always fully faithful, it
remains to show that it is essentially surjective on objects.

To this end let (M,¢) : & — B be any object of Kar(B), a 2-condensation
monad on M(A) =: X with underlying 1-cell M(e) =: a. As by assumption all 2-
condensation monads condensate, so does M. That means that M lifts to a 2-functor
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defined on #, or explicitly that there is Y € Ob(B), f € B(X,Y), g € B(Y, X),
v € Hompryyy(f ® g,1y) and § € Hompy,yy(ly, f ® g) forming a 2-condensation
according to Definition such that ¢;, : ¢ ® f = a. We now claim J(Y) = MY
is the desired object in the image of J equivalent to M. To witness the equivalence
define a 1y-a-bimodule with underlying 1-cell f and the following actions:

ly = Ay
rpi=Apo (Y ®@idy)oagy o (idf ® )
Iy = A7

Pri=(df ®¢;q)0ar,r0(0® idf) o )\]71

as well as an a-1y-bimodule with ¢ as underlying 1-cell and analogous actions:

ly:=pgo(idy, ®7y)oay g0 (qﬁj’; ® idy)

Ty = Py
ly = (@4 ®1dg) o a;},g o (idg ®9) o P;l
Tri= pg_l

That these indeed satisfy the relations of a special Frobenius bimodule can be seen
by expressing them in terms of string diagrams once the following fact has been
established: the multiplication on a given by M, which by definition is given by:

M((id; ® (A\go (T ®idy) 0 }.)) © Qg jog) © Pee

t;j,q
can be written as:
¢jq0 (dy @ (A\fo(y®idy)o a;’;f)) O Oy fgaf © (qﬁj_; ® gb]_ql)

(and the analogue for the comultiplication) which follows from a lengthy but straight-
forward calculation applying naturality of the occurring isomorphisms and twice the
hexagon axiom (similar to the calculations occurring in the proof of Corollary .

Next note that also MY condenses onto some Z € Ob(B) along some h € B(Y, Z)
and ¢ € B(Z,Y). Everything then fits into a ¥s-shaped diagram:

Y X Y

hm hm

Z f 9 Z
Y



from which we can read off, according to Definition the relative tensor product

[Rag=>G0Rh @(ERh) 21y @1y = 1y (3.12)

which is thus isomorphic the unit on MY . That the relevant 2-cell isomorphisms are
indeed 2-cells of Kar(B) is trivial as is the condition to be a 1y-1y-bimodule map
according to the proof of Proposition [3.34]
In that proof we furthermore saw that the relative tensor product over 1y is
trivial so that we have:
g®1, f=9g® f=a (3.13)

which is the unit on M according to Lemma [3.18] That the isomorphism ¢, is a
2-cell of Kar(B) can also be seen using string diagrams exploiting the fact stated
above. O

Having the associator of Kar(B) and the relative tensor product of condensation
bimodules at hand, we can now prove the following analogue of Proposition [2.11]

Proposition 3.36. Assume a given 2-condensation monad condenses in two differ-
ent ways, M, M’ : @4y — B onto Y := M(K) and onto Y’ := M'(K). ThenY and

Y’ are equivalent in B.

Proof. This works along the lines of the proof of Proposition .11l We denote
M(q) =:f, M(j)=:g9, M'(q) =: f', M'(j) =: ¢ and M(e) = M'(e) = a. As we are
dealing with condensations and not just condensation monads, we can define four
different condensation bimodules which have f as underlying 1y-a-bimodule, [’ as
underlying 1y--a-bimodule, g as underlying a-1y-bimodule and ¢’ as underlying a-
1y-bimodule, in the same way as in the proof of Proposition [3.35. Using these we
can construct the desired 1-cells as (f ®,¢') and (f’ ®, g). That they constitute an
equivalence can then be checked as follows:

aKar(B)

(f 20 d) @ (f @0 g) = (f @00 @F)) g (fRaa)Rug=fCag™1ly

where of*(B) stands for the appropriate rebracketing, and can be applied because

the composition of 1-cells in B is the same as calculating the relative tensor product
over Ly as we have seen in the proof of Proposition[3.34] ¢ stands for the application
of the coherence isomorphism of M’. The second to last equality holds because a
acts as a strict unit for the relative tensor product over a, which can be seen along
the lines of Lemma [3.18| Finally, the last isomorphism holds according to Equation

(3.12) in the proof of Proposition m
That (f' ®q9) ® (f ®q g') Zidy,, follows in exactly the same manner. O

Theorem 3.37. The 2-Karoubi completion Kar(B) of a 2-category B, all of whose
hom-categories are idempotent complete, has all condensates.
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Proof. The idea of the proof is the same as for the 1-dimensional case in Proposition
Let (M, ¢) : &y — Kar(B) be any condensation monad of Kar(B) so that M(A) =
M : & — B is a condensation monad on M(A) = X € Ob(B) with underlying
1-cell M(e) = a, and M(e) = E : {» — B is an a-a-condensation bimodule. The key
to the proof is to construct a condensation monad with underlying 1-cell b := E(m),
which will be the desired object of Kar(B) onto which M condenses.

To this end consider uy := M(p) o ¢ and Ay := ¢, o M(A) which are 2-cells in
Homp(x,x)(b ®q b,b) and Homp(x x)(b,b ®q b), respectlvely Here, b ®, b is defined
(in Definition as the image of an idempotent, which splits (by the assumption
of Karoubi completeness of all hom-categories of B) along some © € Homp(x,x)(b®
b,b®,b) and ¥ € Homp(x x)(b ®, b,b ® b). We can thus use all of the above to
construct:

b
Vi
ub::MMogz A
b b
b b
AbZ:\I/OAM: %M
b

We now want to see that these turn b into a nonunital, noncounital A-separable

Frobenius algebra. To show associativity of y;, we are going to use the associativity
of

pa © (s ®a idy) = fung 0 (idy R4 fua) © Ay

in the following form:
@Kar (3.14)
Qbbb

b®a ®ab b®a a

where in the string diagrams (here as well as in the rest of the proof) are in B and
the white background corresponds to X, dashed lines to a and solid lines to b or
relative tensor products over a of b with itself. Then we can compute:

%51

. [3)
o o (fy ®1idy) =y =
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Where the step labelled {Mod] is due to the fact that zuy is not only a 2-ell of B but
a 2-cell of Kar(B) and thus a module map. The step labelled () is a combination
of Equation , the module map property of uy and Equation (A4)).
Coassociativity of Ay is shown in exactly the same way just by mirroring the above
proof upside-down.

For the Frobenius property of u, and A, we similarly use the Frobenius property of
pyr and Ay

(idp @4 p11a) 0 g g™ 0 (Ap ©4dy) = A0 g = (s D icly) 0 (™) ™ o (idy @ Ara)
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expressed as string diagrams in B:

Kar(B)
Qppp = =

(cv
Ay @EI9) H Kar(B
Ay oy = Y ab,b,b( ) =

bbb )~ (3.15)

and calculate:

UM @ ]
) IR ¥ %5 UM
' .
_ 1) Mad] @ ED
) ]
' JANY X J0 Apm
 WANY, ¢
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] L J

KM

= (idb®ub)oab,b,bo(Ab®idb)

The other equality to check for the Frobenius property is proven in the same way,

by mirroring the above from left to right, using the other equality in (3.15) and

noting that as a string diagram (afgrb(s))_l indeed is the appropriate mirror image

of Oéif; '5) according to Proposition [3.29

A-separability follows easily from the A-separability of uy and Ay

MM MM

JUSSRAVES = = id,

Thus (according to Remark we can construct a condensation monad N : &y —
B with N(A) = X and N(e) = b. To see that M condenses onto N, define F': {o —
B to be b as a b-a-bimodule where the left action and coaction are just p, and A,
and the right action and coaction are the ones given by FE, and vice versa define
G : s — B to be b as an a-b-bimodule. All of this then fits into the following
diagram, displayed on the left-hand side in Kar(B) with their corresponding cells of
B on the right-hand side:
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v O\
N A

r < > ¢

N

v

I U
To prove that M actually condenses onto N, it remains to show that the above
actually fits into a #o-shaped diagram, that is on the one hand we need to check that
G®nF = E and on the other hand we need to find v € Homgars)(v,nv) (FRpG, 1)
and 0y € HomKar(B)(N’N)(]lN, F®g G) such that g o oy = id]lN-
G ®p F' corresponds to b®;b as an a-a-bimodule and is given according to Definition
as the image of the splitting idempotent:

t = (idy ® wp) 0 appp 0 (Ap ®1dy)

but precisely due to the Frobenius property of u, and A, which we showed above,
we see that the desired splitting is given by &€ = A, o y, which indeed has b as an
a-a-bimodule (i.e. F) as its image.

As the underlying 1-cells of 1y and F' ®g G are b and b ®, b respectively, we might
define dy; := Ay and yyp = g so that the desired equality Yo oy = pg o Ay = id,,
follows from A-separability. But uy and Ay are by definition only maps of a-a-
bimodules; it remains to show that they are also maps of b-b-bimodules.

We start with Ay:

Am
] kb S i
Apm Ay MM
Ay

where the step labelled “Frob.” is an application of the Frobenius property of u,
and A, which we showed above. Analogously for the right action using the other
Frobenius equality. Turning the above proof upside down and switching the roles of
pand A, one shows that py commutes with the coaction, which suffices as explained
in Remark [3.22] O

Together with Proposition [3.35], Theorem [3.37] implies the following:

Corollary 3.38. For a 2-category B where all hom-categories are idempotent com-
plete, its 2-Karoubi completion Kar(B) and the 2-Karoubi completion of its 2-Karoubi
completion Kar(Kar(B)) are 2-equivalent.
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3.6 Unital Condensations

The notion of condensation introduced in Definition has led us to a 2-category
of condensation monads which is equivalent to the 2-category of nonunital, non-
counital, A-separable Frobenius algebras. In order to drop the “nonunital” and
“noncounital”, we need to ask an extra property of the condensation and will end
up with a 2-category of unital and counital condensation monads which is equivalent
to the usual 2-category of A-separable Frobenius algebras.

Definition 3.39 (Unital and Counital 2-Condensation). Given a 2-condensation
(X,Y, f,g,7,0) in a 2-category B, we say that

o (X,Y, f,9,7,0) is a unital 2-condensation, if v € Hompyy)(f ® g, Ly) is the
counit of an adjunction f = g, i.e. if there is a 2-cell n € Homp(x, x)(1x, 9 ® f)
such that:

/\fo(7®idf)oaiz’fo(idf(}@n)op;l =idy (3.16)
Pg © (idg ® 7)o Qg,f.g © (n® idg) © )\;1 = idy (3.17)

o (X,Y, f,9,7,0) is a counital 2-condensation if 6 € Hompy,y)(Ly, f ® g) is the
unit of an adjunction g - f, i.e. if there is a 2-cell ¢ € Homp(x, x)(9 ® f, 1x)

such that:
Ag o (e®idy) o a;},g o (idy ® 0) 0 p, ' =1id, (3.18)
,ofo(idf@e)oaf,g,fo((5®idf)0)\]71 = idy (3.19)

We can then define the notions of unital and counital condensation monads along
the lines of Section [3.11

Definition 3.40. (Unital and Counital 2-Condensation Monads).

e Define the 2-category #J by adding a 2-cell n: 14 — j ® ¢ to the generators
of #, and analogues of & to its relations so that (A, K, q, j, 7, V)
becomes a unital 2-condensation. Denoting the full subcategory on the object
A of &% as &l a 2-functor from &i to a 2-category B is called a wunital
condensation monad in B.

e Define the 2-category #) by adding a 2-cell € : j ® ¢ — 14 to the generators

of #; and analogies of (3.18) & (3.19) to its relations so that (A, K, q, j, 7, V)
becomes a counital 2-condensation. Denoting the full subcategory on the

object A of #) as &), a 2-functor from &) to a 2-category B is called a
counital condensation monad in B.
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It turns out that these actually deserve their names so that unital condensation
monads give rise to unital algebras and counital condensation monads to counital
algebras.

Proposition 3.41. Consider a 2-condensation monad (M, ) : &y — B and the
corresponding nonunital, noncounital A-separable Frobenius algebra (a,m,d).

o If (M, ) lifts to a 2-functor & — B, the 2-cell ny = M(n) o ¢ makes

(a,m,mp) a unital algebra.

o If (M,¢) lifts to a 2-functor &S — B, the 2-cell epr = (¢?)~1 o M(e) makes

(a,d,epr) a counital coalgebra.

Proof. We first show that 7 is a unit for the algebra structure (e, 1) given in Propo-
sition [3.4] (for the subcategory &y C &J). This can be done using string diagrams in
the bigger category #3, using the relations (3.16|) and (3.17) which can be expressed

there as follows:

= (3.20)

= (3.21)
J J
The left-hand side of the desired unitality condition (| then is immediate from
the so called Zorro move j above

€20 - (3.22)

Similarly the right-hand side follows frorn

For the first case it remains to show that thls is persevered by the 2-functor (M, ¢),
so that M(n) o ¢* indeed is a unit for (M(e), M(p) o ¢e.). This is a calculation
similar to the proof of Corollary [3.5] using the compatibility with the unitors instead
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of the hexagon axiom:

M(p1) © Gee 0 (M(n) @id,) o (¢ @id,) 0 A,
M () 0 dee 0 (M(n) @ida) 0 by, , 0 M(X
M(p) o M(n®id,) o M(A\SY) =
Muo (n@id,) o 37" B2 w(id,) = id,

par © (ar @1idg) 0 At =

I
ol

And similar for the right-hand side of (2.11]).
The statement about the counit is proven completely analogously, using the upside-
down versions of the string diagrams. O]

We can describe categories of unital and counital condensation monads as full
subcategories of the category of all condensation monads Kar(B) established in

Section [3.4]

Definition 3.42. Given a 2-category B where all hom-categories are idempotent
complete, we define the following subcategories of Kar(B):

e the full subcategory of Kar(B) that contains only those objects which are
unital 2-condensation monads is denoted Kar!(B),

e the full subcategory of Kar(B) that contains only those objects which are
counital 2-condensation monads is denoted Kar®(B),

e the full subcategory of Kar(3) that contains only those objects which are both
unital and counital 2-condensation monads is denoted Kar':"(B).

What remains to show in order to see that Kar''(B) and Froba(B) are equiva-
lent, is the following.

Proposition 3.43. Given a 2-condensation bimodule (B,¢) : {2 — B between
two objects, M and N, of Kar*(B), which has (b,ly, 73,1y, 7) as underlying special
Frobenius bimodule between the A-separable Frobenius algebras (apr, pear, Anr, M, €ar)
and (ay, i, An, 1N, €x), the bimodule (b, 1y, 7y, 1y, 7) is compatible with thecazémtal

and coumtal structures and its coactions equal the canonical coactions: Iy =1I, = and

Proof. The fact that left- and right-action are compatible with the units, i.e. Equa-
tions & hold, follows completely analogous to the proof of Proposition
by changing the the background colour on the right-hand side in the string
diagrams of and noting that the equations have precisely the same structure
so the fact that they are persevered by a 2-functor can be shown in the same way.
The statement that the coactions are compatible with the counits is just the upside
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down version of that and thus follows similarly.

As the 2-condensation bimodule under consideration maps between two 2-conden-
sation monads which both are unital and counital, it lifts to a 2-functor defined on
the category 0]21’][ which is obtained from #, by adding 2-cells 1y, 12, €; and €3 so
that the two canonical inclusions of &s become unital and counital 2-condensation
monads. Inside 0121’1 we can calculate, using the same notation as in the proof of

Proposition

Z:sn — " Lﬂ w
(3.23)

Which is equal to I,,, as given in the proof of Proposition E It remains to see that
this equality is preserved by the 2-functor B. We need to show that

=1, o=l o B(l,)

elm

We bring the isomorphism to the other side and calculate:

ycan

¢e1 m © lb _¢e1,m © (idCLM & lb) O Qapr,aps,b © ((AM ° 77M) ® ldb) © )‘(;1 =

=Gern © (Blidey) ® B(l)) © (Blidey) ® ey in) © Qg a0

(6%, 0 B(AL o)) ® Bidyn)) o (¢4 @ idy) 0 A,
=B(ide, ® Iim) © Ge;er0m © (iday, @ Gepm) © Aappian b©

(6L, 0 B(A om)) @ Blidy)) o (6™ @idy) 0 A7
=B(ide, ® Iim) © Geyer0m © (iday, @ erm) © Aappian v©

(671, 0 B(Ayom)) ® Blid,)) 0 67, 0 B, =
=B(1del ® lin) © Gererem © (iday @ Germ) © Vapgans b°

(6, ® Blid)) © $er o © B((Ay 0 m1) ®1id,,) 0 BA,H) =

=B(ide, ® ly) © B(tey ;.m) © B((A1 om1) ®1d,,) 0 BN, =
—B((idey ® L) 0 ey oy 0 (A 01) @ i) 0 A1) = B €2 B(l,,)

The statement about 7{*" follows analogously. O

Remark 3.44. Using Proposition[3.41 and Proposition[3.43 we can find a 2-equiva-
lence between Kar''(B) and Froba(B) analogously to the one constructed in Remark
[3.33. We can send a unital and counital 2-condensation monad to its underlying
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algebra (which is in Froba(B) by Proposition and a 2-condensation bimodule
to its underlying bimodule, forgetting the comodule structure. This forgetting causes
no problem as for every bimodule between objects of Froba(B) there is a canonical
comodule structure making it a special Frobenius module (and thus it is in the image
of the proposed equivalence) by Proposition and there are no other comodule
structures occurring in the image by Proposition [2.46

Lemma 3.45. Let (X,Y, f,q,7,0) be a 2-condensation in B. If f admits a right
adjoint f%, there is a unital 2-condensation (X,Y, f, 1,7, <~5) Simalarly, if g admits
a right adjoint g%, g and g% participate in a counital 2-condensation, if f admits a
left adjoint f&, f and fL participate in a counital 2-condensation and if g admits a
left adjoint g*, g and g* participate in a unital 2-condensation.

Proof. For the first statement, let n € Homy x(lx, f® ® f) and ¢ € Homy x(f ®
fE, 1x) be the unit and counit of the adjunction f - fE. Defining 7 := ¢ we need
to find 0 so that 7o =id;, . We can define it al follows:

5= (idy ® (pyr o (idgn ®7) 0 g gy 0 (N@idy) 0 Ay 1)) 08

Which can be drawn as a string diagram as follows, denoting Y by the white back-
ground and X by blue:

in order to calculate:

€ Y
7
N Y
)
) )

The other statements can be shown similarly by using the upside-down and/or left-
right mirror images of the string diagrams. O

Theorem 3.46. Given a 2-condensation monad M : & — B in a 2-category B for
which all hom-categories are idempotent complete, if the underlying 1-cell a :== M (e)
admits a right adjoint, then M is equivalent as an object of Kar(B) to a unital 2-
condensation monad and to a counital 2-condensation monad.
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Proof. Let X := M(A) be the underlying object of M and consider MX, the 2-
condensation monad with underlying 1-cell 1x (as in Definition . Define the
following 2-condensation bimodules between them: F' with a as an a-1 x-bimodule
as underlying 1-cell and G with a as a 1x-a-bimodule as underlying 1-cell. Then
(M*, M, F,G, ptq, Ag) is a condensation of M* onto M in Kar(B), where we can use
the multiplication and comultiplication given by M, p, and A,, because F' ®y, G
has a ® a as underlying 1-cell. That u, and A, are 2-cells of Kar(B) follows from
(co)associativity, that they constitute a condensation from A-separability.

We claim to be done once we can construct right adjoints for /' and G. This
can be seen as follows: from a right adjoint F¥ for F, by Lemma we can
construct a unital 2-condensation of M*X onto M. This gives rise to a unital 2-
condensation monad M with underlying 1-cell (in Kar(B)) F® @) F on M which
by construction condenses onto M. The underlying 1-cell (in B) @ of F® @y F
in turn, as the inclusion J : B — Kar(B) is fully faithful, gives rise to a unital
2-condensation monad M in B. Taking 2-condensation bimodules F' with & as a
1y-a-bimodule and G with @ as an a-1 x-bimodule as underlying 1-cell, we get a
condensation (M, M.,F,G, ta, Ag) for the same reasons as above. So we see that
M condenses both onto M and onto M, so these must be equivalent objects of
Kar(B) by Proposition [3.36] Similarly from a right adjoint for G we can show that
M is equivalent to a counital condensation monad (again by Lemma , proving
the claim.

It remains to construct right adjoints for /' and G. Denote the unit and counit
of the adjunction a 4 a® by:

R

a’ a
€= 4 qf and n= U
so that their Zorro relations read:
= and = (3.24)
a a a® alt

Define the underlying 1-cell, f¥, of F'¥ as the image of the following idempotent
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where here and in the following the vertices marked with a small dot denote the
multiplication and comultiplication on a given by M. First of all we need to see
that this indeed is an idempotent:

o — B2 (A1), (42) 1

I

K (3.25)

By the assumption on B we know that it splits; so there are 2-cells © € Homp,,q) (a®®
a, ff) and ¥ € Homp(qq)(f7, a® ® a) which we denote by:

e a a
0 = H—‘ and ¥ = HJ
a a fr
such that:
VoO= | =k (3.26)
OoV¥ =| |=idr (3.27)

Using them we can express the fact that £ commutes with the multiplication p; on
a given by M as follows:

NN T

Now we can define a right action on f%:

TfR =
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where the trivalent vertex is just the multiplication py, (which also is the right action
of a on a as a 1x-a-bimodule) and see that this indeed makes f# a right a-module:

N N

Here 7¢r is denoted by the trivalent vertex marked with a bigger dot (analogous
notation is used in the following). As according to Remark it follows from
(3-28) that x also commutes with the comultiplication Ay, (which is the coaction
of a on a as a 1x-a-bimodule), we can similarly make f# a right a-comodule by

defining:
TfR = ’{E/

Then, by applying (3.28]), we get that these make f% a special Frobenius bimodule
(the left actions of ]1 x are trivially given by unitors):

% Eogelh -y e
Y o @iol)!

o)

3.

3)

@
¥

= (3.31)

_ B3 i] _B20 (3.32)

Therefore we get a 2-condensation bimodule F* between M and M with underlying
1-cell f2. To see that it actually is a right adjoint of F', we need to find a unit ep €
Homgars)(v,n0) (F @urx FE 1) and a counit np € Homg, ) arx arx) (Lagx, FR @y

F'). We define their corresponding 2-cells in Homp(x x)(a® f¥, a) and Homp(x x)(1x, f7)
respectively, as follows:

€p = and np = (3.33)
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As the relative tensor product over 1y is just the composition of 1-cells in B, the
projection and inclusion ©y, and Wy, are both the identity. In order to keep track
of this, here and in the following we denote them with the usual trivalent vertex
drawn dotted. Before checking the Zorro moves, we need to make sure that this unit
and counit indeed are 2-cells of Kar(B). For ng this is clear, because being a map
of 1x-1x-bimodules is trivial, as we have seen in the proof of Proposition [3.35 For
er we need to check that it commutes white the left action:

omitting the dotted vertex which is just the identity. And that it commutes with
the right action:

MR H

Now we can check that ng and ep are unit and counit of the desired adjunction
F + FE. To do so, we express the Zorro moves in Kar(B) as string diagrams in B,
using the associator as introduced in Section [3.4.3] and the horizontal composition
of 2-cells of Kar(B) as given in Section [3.4.2] To check equation we need to
see that the following is equal to the identity 2-cell on f# (omitting both unitors as
they are identities in Kar(B)):

Kar(B)

(ide Rq EF) o) afR,a,fR 9 (7’]F ®]1X ide) = (334)

This string diagram can be simplified by noting that the dotted vertices are just
identities, and that the other occurring projections and inclusions of relative tensor
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products, concern relative tensor products with a over a so that these are just the
appropriate actions and coactions, which can be seen analogously to Lemma [3.18|
Furthermore we use Lemma when denoting the action on a tensor product.

Then we can calculate:
E T
L
@ @ _ (3-28),(51),(3.27) j

(3-28),(3.27)
Similarly, equality [2.9]in this case reads:

ES

Il
OO

S

I

(€ ®qidy) 0 (g fre) " o (idy ® nr) = id, (3.35)
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and is checked as follows:

Completely analogously we find a right adjoint for G which has the image of the
following idempotent, given by rotating the string diagram defining s by 180 degrees:

as underlying 1-cell. This can be verified by accordingly rotating all the string
diagrams above and interchanging the roles of € and 7. This completes the proof. [

From this we see that if in B all 1-cells have adjoints, all objects of Kar(B) are
equivalent to objects of Kar®'!(B), so as Kar®"»!(B) is a full subcategory of Kar(B)
we immediately get the following.

Corollary 3.47. If in a 2-category B all hom-categories are idempotent complete
and all 1-cells admit right adjoints, then Kar(B) and Kar''(B) are 2-equivalent.
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4 Qutlook towards Higher Condensation

Having established 2-condensation as a categorification of retraction, it is natural to
ask how to further categorify this to higher categories. As this is beyond the scope
of this work we can only give the basic idea for general n-dimensional condensation
and state possible approaches and expectations for the case n = 3.

4.1 n-Condensation

As mentioned in Section of the introduction, the notion of condensations in
higher categories was introduced to describe actual condensation between topolog-
ical phases of matter for arbitrary dimension. The definition of n-condensation
in a weak m-category can be given inductively, where sets are considered to be 0-
categories. The concepts of condensation monad, condensation bimodule and their
relative tensor product can then be generalized accordingly.

Definition 4.1. Given a weak n-category D, an n-condensation of an object X
onto an object Y consists of 1-cells f € D(X,Y) and g € D(Y, X) and an (n — 1)-
condensation of f ® g onto 1y. 0-condensation is defined to be equality of elements
of a set.

In order to use this definition without referring to a specific realization of weak
n-categories, the authors of [GJ19] take the following, model independent, inductive
point of view: in a weak n-category, two k-cells do not have a unique composition
but a weak (n — k)-category of compositions which is required to be contractible
(i.e. equivalent to the trivial (n — k)-category which has just one object and only
identity cells). In this way they are able to inductively prove the following (omitting
the model dependent details), for a weak n-category D in which all hom-(n — 1)-
categories have all condensates:

e the n-category of possible n-condensations of an n-condensation monad in D
is either empty or contractible (generalizing Proposition [3.36]),

e there is an n-category Kar(D) of n-condensation monads and n-condensation
bimodules with their relative tensor product (generalizing Theorem [3.17)),

e there is a fully faithful n-functor D — Kar(D) which is an n-equivalence if D
has all condensates (generalizing Proposition |3.35)),

e Kar(D) has all condensates (generalizing Theorem [3.37)),

e if the underlying 1-cell of an n-condensation monad M : &, — D admits
a right adjoint, then M is equivalent as an object of Kar(D) to a unital n-
condensation monad as well as to a counital n-condensation monad (general-

izing Theorem |3.46)).
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4.2 3-Condensation

For n = 3, Definition can be unravelled as follows: a 3-condensation of an ob-
ject X onto an object Y is given by l-cells f : X — Y and g : Y — X, 2-cells
v: flg — 1y and 0 : 1y — fUOg and 3-cells': y® 9 = 13, and A : 13, > 7y®9
such that I'o A =id;, .

For weak 3-categories there is the well established model of tricategories (intro-
duced in [GPS95]), which can be stated explicitly, even though it is notably more
complicated than the one of bicategories (given in Section . Thus the above can
be made precise in a way where the composition of 1-cells, denoted by “[J”, is a
2-functor between 2-categories of 1-cells, 2-cells and 3-cells.

In the derivation of our results on 2-condensation, the use of string diagrams
was hugely beneficial. Therefore we expect that a similar diagrammatic calculus
for tricategories is necessary to enable a generalization. Such a calculus, using 3-
dimensional diagrams where 3-dimensional regions correspond to objects, surfaces
between them to 1-cells, lines between those to 2-cells and junctions of lines to 3-
cells, can be made precise for Gray categories (as introduced in [BMS18]). A Gray
category is a tricategory where all compositions are strictly associative, but the in-
terchange law (cf. Proposition for the [J-composition of 1-cells only holds up
to a 3-cell isomorphism called the tensorator. Fortunately it turns out that every
tricategory is triequivalent to a Gray category (this was shown in [GPS95|, general-
izing the coherence theorem which states that every bicategory is biequivalent to a
strict 2-category).

Thus, in a Gray category, the data making up a 3-condensation can be visualized
as follows, where [J-composition goes horizontally from right to left, ®-composition
in depth from front to back and o-composition vertically from bottom to top:
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id,

ids =

N |

idygs then is expressed by putting the latter two diagrams together in a way that
creates a cube with a tunnel from top to bottom. I' and A can then be visualized
as a cup and a cap, closing this tunnel from above and from below respectively:

&

- TE

/’»ﬁ . - N\
( —
——i

From this we see that the relation I'o A = idy, , corresponds to the fact that
bubbles may be created and destroyed:

T'oA=

\ o [
:E/
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quite like in the 2-dimensional case (cf. Proposition .

From the diagrams describing the 2-cells, it can be seen that gl1f, the underlying
1-cell of the corresponding 3-condensation monad, carries a structure, generalizing
the one of an algebra, where associativity of the multiplication holds only up to an
isomorphism which in this case is given by the tensorator of the Gray category.

Further investigation is needed to describe the relative tensor product of 3-
condensation bimodules, but it is expected to be closely related to the balanced
tensor product of module categories described in [DSS19].

Due to the more complicated nature of tricategories, establishing the existence
of a 3-Karoubi completion is notably harder than what we did for bicategories in
Section[3.4] Nevertheless it might be worth to do so considering possible applications
in condensed matter physics and topological quantum computation.
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