Iversitat

MASTERARBEIT / MASTER’S THESIS

Titel der Masterarbeit / Title of the Master’s Thesis

“Shimura Reciprocity and Prime ldeles”

verfasst von / submitted by

Balint Rago, BSc

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc)

Wien, 2022 / Vienna, 2022

Studienkennzahl It. Studienblatt / UA 066 821
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt / Masterstudium Mathematik UG2002
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor: ao. Univ.-Prof. Dr. Joachim Mahnkopf






Abstract

The aim of this thesis is to provide an understanding of the mechanisms involved in
Shimura’s reciprocity law. The reciprocity law is a direct consequence of the theory of
complex multiplication, which essentially is class field theory for imaginary quadratic
number fields. As such, it provides a connection between the norm residue symbol, an
important component of class field theory, and the automorphism group of the modular
function field. After presenting the necessary concepts, as well as the reciprocity law
itself, we will rigorously examine its workings with a certain class of idéles, the so-called
prime idéles, and explicitly determine the resulting automorphisms and their actions on
modular functions. The benefits of examining prime idéles are twofold. They give rise to
a much larger class of idéles and are deeply connected with the Artin symbol, a prominent
map in algebraic number theory. Additionally, we will present two concrete applications
of Shimura’s reciprocity law. The determination of the higher ramification groups of
certain ray class fields and the computation of the conjugates of certain elements of ring
class fields.






Zusammenfassung

Das Ziel der vorliegenden Arbeit ist es, ein Verstdndnis der Mechanismen zu liefern, die
an Shimuras Reziprozitétsgesetz beteiligt sind. Das Reziprozitétsgesetz ist eine direkte
Konsequenz der Theorie der komplexen Multiplikation, die im Wesentlichen Klassenkér-
pertheorie fiir imagindr quadratische Zahlkérper ist. Als solches stellt es eine Verbindung
zwischen dem Normrestsymbol, einer wichtigen Komponente der Klassenkorpertheorie,
und der Automorphismengruppe des modularen Funktionenkdrpers her. Nachdem wir
die notwendigen Konzepte, sowie das Reziprozititsgesetz selbst vorgestellt haben, unter-
suchen wir griindlich seine Funktionsweise mit einer bestimmten Klasse von Idélen, den
sogenannten Primidélen, und bestimmen explizit die resultierenden Automorphismen und
ihre Wirkungen auf Modulformen. Die Untersuchung von Primidélen hat zwei Vorteile.
Sie erzeugen eine weitaus grofere Klasse von Idélen und sind eng mit dem Artin-Symbol,
einer wichtigen Abbildung in der algebraischen Zahlentheorie, verbunden. Zusétzlich
stellen wir zwei konkrete Anwendungen des Reziprozitétsgesetzes vor. Die Bestimmung
der hoheren Verzweigungsgruppen gewisser Strahlklassenkérper und die Berechnung der
Konjugierten gewisser Elemente von Ringklassenkdrpern.
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1 Concepts in Number Theory and Class Field
Theory

In this section we will revise some important concepts in algebraic number theory and
class field theory. To approach the latter, we will first focus on local class field theory by
working with p-adic number fields, where we will also summarize some properties of the
p-adic numbers and integers. Moving on to global class field theory, we will introduce
the idéle group and the norm residue map, which are integral components of Shimura’s
reciprocity law. Moreover, the alternative ideal-theoretic formulation of class field theory
will be needed to define ring class fields.

1.1 Algebraic Number Theory

A number field K is a finite extension of Q. We call the subring O C K, which contains
all x € K, that are roots of monic polynomials with coefficients in Z, the ring of integers of
K. Some important properties of the ring O are the following.

(i) Ok is a Noetherian ring

(ii) Ok is integrally closed

(iii) Every prime ideal p of Ok is a maximal ideal.

Rings satisfying (i)-(iii) are called Dedekind domains. The most important property of
Dedekind domains is the unique factorization of ideals.

Theorem 1.1. Any nonzero ideal a of Ok can be written as a product

T
a=]]p"
=1

where the p; are prime ideals in Ok and n; € N. This decomposition is unique up to
ordering.

For a proof, see [Neu99, Chapter I, Theorem 3.3]. O

This factorization does not only hold for ideals, but also for certain Og-submodules of
K, called fractional ideals. These can be written in the form za for x € K and an ideal



1 Concepts in Number Theory and Class Field Theory

aof O K-
The collection of all fractional ideals Ix forms a group under multiplication of ideals.
This means that for each b € Ik there is an inverse b~ € I for which bb~! = O.

This motivates the following

Theorem 1.2. Any fractional Ok-ideal b can be written as

T
£;
b =]
i=1
for prime ideals p; and ¢; € Z.. This decomposition is unique up to ordering.

For a proof, see [Neu99, Chapter I, Corollary 3.9]. O

For any nonzero ideal a of Ok we define its norm to be N(a) = |Og /a|. This definition
makes sense, since the quotient ring Ok /a is finite. In particular, this means that for a
prime ideal p the residue field Ok /p is a finite field.

Let K be a number field, p a prime of K, i.e. a prime ideal of O and L a finite
extension of K. Then L is a number field and pQOp, is an ideal of L. We are interested in
the decomposition

e e
pOp, = 11... gg,

where the 3;’s are primes of L, containing p.

The exponent e; is called the ramification index of p in P; and we say that p is un-
ramified in L if e; = 1 for all ¢. If e; > 1 for some ¢, we say that p ramifies in L.

For any of the primes ;, there is a finite extension of residue fields Op, /9B, / Okp and
its degree f; is called the inertial degree of p in B;. We say that p splits completely in L
ife; = fi = 1 for all ¢ and p is inert in L if g = 1 and p is unramified in L, i.e. pOr =L,
where B is the unique prime of L containing p.

The integers e;, f; and g satisfy the following equality.

Theorem 1.3. Let e;, f; and g be given as above. Then
g
Zeifi = [L . K]
i=1

For a proof, see [Neu99, Chapter I, Proposition 8.2]. O
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In the case of a Galois extension L, these results become much simpler. The Galois
group Gal(L/K) acts transitively on the primes of L, which contain p. This implies that
ei=¢€j =eand f; = f;j = f for all 4, j. The equality from Theorem 1.3. simplifies to

efg=1[L:K].
The decomposition group and inertia group of a prime B are defined as
Dy = {0 € Gal(L/K) : o(B) =B}

and
Iy ={0 € Gal(L/K) :0(o) = mod ‘P for all « € O}

and we immediately see that Iy C Dy.
Another important result is the following

Proposition 1.4. Let L/K be an extension of number fields with O = Ok[a] for an
element a € Op. Let p be a prime of K and let f(X) be the minimal polynomial of o
over K, i.e. f(X) € Okg[X]. If

f=11f" modp,
where the f; are pairwise distinct and irreducible modulo p, then we have the decomposi-
tion

g
pOL =[] %7,

i=1
where P; = (p, fi(a)) are distinct primes of L.

For a proof, see [Neu99, Chapter I, Proposition 8.3]. O

In the following we will restrict to the case of quadratic field extensions K/Q, which
can be written uniquely as K = Q(y/n) for a squarefree integer n.

Definition 1.5. The discriminant di of K = Q(y/n) is defined as

n ifn=1mod4
drg = ]
4n  otherwise

There is a concrete description of the ring of integers of a quadratic field.

ZFJFQ\/E] ifn=1 mod4

Z[\/n] else
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Finally, we are interested in the decomposition of prime numbers p in the field K. For

d
an odd prime p and d € Z, let <> denote the Legendre symbol. For p = 2 we set
p

d 0 if d =0 mod 2
<2>: 1 ifd=1,7 mod 8
—1 if d =3,5 mod 8.

We now give a complete characterisation of the decomposition of prime numbers in K.

Theorem 1.6. Let K be a quadratic field, p € Z a prime and let o € Gal(K/Q) be the
nontrivial automorphism.

d
(i) p is ramified in K, i.e. of the form pO = p? if and only if (;) =0.
d
(i) p splits completely in K, i.e. is of the form pOx = po(p) if and only if <K> =1.
p
(iii) p is inert in K, i.e. pOg 1is prime in K, if and only if (dK> =—1.
p

For a proof, see |Cox13, Proposition 5.16.]. O

1.2 Completion and p-adic numbers

In the following, we will look at completions of fields with respect to p-adic norms and
their extensions. Later on, this will lead us to the notion of idéles, which are impor-
tant tools for class field theory and consequently Shimura’s reciprocity law. We will also
summarize the main properties of the field of p-adic numbers @, and the ring of p-adic
integers Zj,.

Let K be a field. A discrete valuation is a surjective homomorphism
v:K*— 7
with the property
v(z +y) > min(v(z), v(y))
and it is customary to extend v to K by setting v(0) = oco.

Discrete valuations are closely related with discrete valuation rings, i.e. principal ideal
domains with a single prime ideal. It is easy to show that for a discrete valuation ring R
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with unique prime ideal p we have
R*=R-—p.

The generating element of p = wR is simply called prime element and every nonzero
element x of R is associate to a power w' for a nonnegative integer n. Let v(x) denote
this unique integer. FExtending to the field of fractions K of R, the map v becomes a
discrete valuation. In particular, we have

R={xe K :v(z) >0},
R*={z € K :v(z) =0},

p={zre K :v(z)>0}.

We can define an absolute value on K with respect to the discrete valuation v as follows.
For x € K*
2] = a*@,

where a is any real number in the interval (0, 1) and
0] = 0.

We are interested in the completion K with respect to the topology induced by this
absolute value, which is independent of the choice of the number a.

Proposition 1.7. Let K be a field with o discrete valuation v and valuation ring A.
Assume that K is complete in the topology induced by v. Let L/K be a finite extension
and let B be the integral closure of A in L. Then

(i) B is a discrete valuation ring with valuation w.

(ii) B is a free A-module of rank [L : K].

(iii) L is complete in the topology induced by w.
For a proof, see [Ser79, Chapter 11, §2, Proposition 3]. O

In the setting of number fields, we have the following example.

Let K be a number field and let p be a prime of K. Let x € K. Then the fractional
ideal xOk has a unique decomposition

k
2O = p" [ [ vf",
=1
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where all the p; are different from p. The map vp(x) = £ defines a discrete valuation. We
denote the completion of K with respect to this valuation by K.

Let L/K be a finite extension and B a prime of L dividing p. Let e and fy be the
ramification and inertia indices of p in P respectively. It is easy to check that for every
x € K we have

vp () = epup()
and by continuity, this holds for every x € K, by extending this relation to Ly /K,. We

say that vy extends the valuation v, with index ep and one can show that Ly /K, is a
finite extension of degree eq fiz. From Theorem 1.3. we obtain

D Ly Ky = [L: K].
PBlp

Moreover, let p and ‘fj denote the unique primes in K} and Ly respectively. Then e = op
and fgﬁ = fm

Assume that L/K is a Galois extension of number fields and let B and P’ be primes
dividing p. Then there is o € Gal(L/K) such that () = P’. Extending o continuously,
we obtain an isomorphism Lz = Lqy, which fixes K pointwise. One can even show that
every Ky-automorphism of Ly arises in such a way.

Proposition 1.8. Let L/K be a Galois extension of number fields. Let p be a prime of
K and let P and P’ be primes of L dividing p. Then Lsy is isomorphic to Ly . Moreover,
the decomposition group Dsy is isomorphic to Gal(Ly/Ky).

For a proof, see [Neul3, Chapter III, pp. 114-115]. O

We can also describe the valuation vy in terms of vy.

Proposition 1.9. For x € Ly, we have

Vp(Nry /K, (T))
vp(x) = %
RY
For a proof, see |Ser79, Chapter 11, §2, Corollary 4]. O

To conclude, we will give a short summary of the main properties of the p-adic integers
Zy and the p-adic numbers Q) for a prime number p.

Let v, denote the valuation with respect to the prime number p in Q. The field of
p-adic numbers Q,, is the completion of Q in the topology induced by v,. The ring of
p-adic integers Zj, is defined as the valuation ring of Q,. Every element of Z, can be
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uniquely written as
[ee]
Z aip27
i=0
where a; € {0,1,...,p — 1} for all i.
Since Z, is a discrete valuation ring, an element « € Z,, is a unit if and only if v,(x) = 0,
which is equivalent to ag # 0. Otherwise z is contained in the unique prime ideal pZ,.

In particular, p is the unique prime element up to associates.

Since Q,, is the field of fractions of Z,, we have for every element of Q, a unique repre-

sentation
o0
Z aipz7
i=k

where a; € {0,1,...,p — 1} for all i and k € Z, not necessarily positive.

It is possible to approximate every element of Z, arbitrarily close with integers. Indeed,

if one takes
n
Z aipz7
i=0

the difference will have an arbitrarily high valuation and thus an arbitrarily low absolute
value. The same holds for @, and rational numbers.

An equivalent definition of Z, is given by the inverse limit @Z /p"7Z. Every element
of this inverse limit can be uniquely written as

(s1,82,...) € H Z/p"Z,
n=1

where for every ¢, j with ¢ < j, we have
sj=s; mod Z/p'Z.
We have a canonical isomorphism

0Ly — @Z/p”Z

00 0 1 2
Z aip' ( Z aip', Z a;p’, Z aip’, ) .
1=0 i=0 i=0 i=0

Another important result, that we will need later on is the following
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Theorem 1.10. (Hensel’s Lemma for Qp) )
Let f € Z,|X] be a monic polynomial and let f € F,[X] be its reduction modulo p. If f

is the product of two relatively prime polynomials ¢ and I/, then f = gh such that ¢ = g
and h' = h.

For a proof, see [Gou97, Theorem 3.4.1]. O

1.3 Class Field Theory

The goal of class field theory is the classification of abelian extensions L/K with certain
properties of a given number field or local field K in terms of data intrinsic to K, for
example ideal-theoretic or topological properties of K or certain groups, which are closely
related to K. For all abelian extensions L/K with certain specific properties, one finds
in most cases surjective group homomorphisms of the form

QL/K :Gg — Gal(L/K),

where the definition of Gk is independent of L, together with an explicit description of
the kernels, which depend on L. The collection of the resulting isomorphisms is called a
"Reciprocity Law".

With the help of a reciprocity law, one can find a map

{Abelian extensions L/K with

certain specific properties

} — {Certain subgroups of GK},

which is an inclusion-preserving or reversing bijection.

Before stating the main theorems of general class field theory of abelian extensions, we
will give a concrete example of class field theory of unramified eztensions.

We call the prime ideals of a field K finite primes. A real infinite prime of K is an
embedding o : K — R and a complez infinte prime is an embedding ¢ : K — C, where
o # 7. We say that an infinite prime o ramifies in an extension L if o is real and has a
complex extension to L.

A field extension L/K is said to be unramified, if every finite and infinite prime of K
is unramified in L.

Proposition 1.11. Let L/K be a Galois extension of number fields, p a prime of K,
unramified in L and B a prime of L dividing p. There is a unique o € Gal(L/K) such
that for all a € Op,

o(a)=a¥®  mod R,

10



1.3 Class Field Theory

where N(p) = |Ok /p| is the norm of p.
For a proof, see |Cox13, Lemma 5.19.]. O

We denote this unique automorphism, called the Artin symbol, by

%)

The conjugates of the Artin symbol satisfy an important property. For any o € Gal(L/K),

we have
()=~ (5

In the case of an abelian extension, this simplifies to
(L/ K > B <L/K >
o(P) PO
()
p

is well defined and we can define the Artin symbol in terms of p. In particular, if L/K
is an unramified abelian extension, the symbol is defined for every prime p.

which means

Extending multiplicatively to all fractional ideals, we obtain the Artin map, a homomor-
phism

(L/K> : I — Gal(L/K),

where [ is the group of fractional ideals of K. An important subgroup of Ix is the
group of principal fractional ideals Pg. These are of the form aOk for « € K*. The
quotient Ix /P = C(Ok) is called the ideal class group and is a finite group.

The reciprocity law for unramified abelian extensions can now be stated with a single
isomorphism and a distinguished extension, the Hilbert class field of K, which is the maxi-
mal unramified abelian extension of K. Its existence can be proven for every number field
K. In particular, the Hilbert class field contains every unramified abelian extension of K.

Theorem 1.12. (Artin Reciprocity for the Hilbert Class Field)
Let L be the Hilbert class field of a number field K. Then the Artin map

(L/K> : I — Gal(L/K),

1s surjective and its kernel is the subgroup of principal fractional ideals Pr. Thus there
s an isomorphism

C(O) = Gal(L/K).

11
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For a proof, see [Cox13, Theorem 5.23.]. O
Applying Galois Theory we get the immediate

Corollary 1.13. There is an inclusion-reversing bijection
{Unramiﬁed abelian extensions L/K} — {Subgroups of C(OK)}.

If an extension M /K is mapped to the subgroup H, then we have an isomorphism
C(Ok)/H = Gal(M/K)
induced by the Artin map. O

Thus, it is enough to study the fractional ideals of the base field to get information on
the unramified abelian extensions.

In the case of arbitrary abelian extensions one has to work with the topology induced
by the p-adic valuations. This is done in two steps. The first is the study of abelian
extensions of p-adic number fields, called local class field theory.

A p-adic number field K is a complete field of characteristic 0, equipped with a discrete
valuation, such that the residue field Ag /p is finite, with p being the unique prime ideal
of the valuation ring Ag.

Let K be a number field or a p-adic number field and let L/K be a Galois extension.
An important component of class field theory is the norm map Ny, /x : L* — K* and its
image Nz i L*, called a norm group.

To prove the reciprocity law of local class field theory, one has to work with unramified
extensions first, similar to the example above, and then generalize to obtain the following

Theorem 1.14. (Reciprocity Law of Local Class Field Theory)
Let K be a p-adic number field. For every Galois extension L/ K we have an isomorphism

K*/Np e L* = Gal(L/K).
For a proof, see [Neul3, Chapter II, Theorem 5.9]. O

The surjective homomorphism
( ,L/K):K*— Gal(L/K),

which induces the above isomorphism, is called the norm residue symbol. By taking
projective limits, the norm residue symbols of abelian extensions induce an injective
homomorphism

( ,K):K*— Gal(K®/K),

12



1.3 Class Field Theory

where K2P is the maximal abelian extension of K.

So far, the reciprocity law only tells us that the abelian extensions are related to the
norm groups of K*, i.e. the groups of the form Ny, L* for an abelian extension L/K.
The following theorem characterises the norm groups in terms of K*, endowed with the
p-adic topology.

Theorem 1.15. (Existence Theorem of Local Class Field Theory)

The norm groups of K* are in bijection with the open subgroups of finite index. In
particular, there is an inclusion reversing bijection between the abelian extensions of K
and the open subgroups of K* of finite index, given by

L— NL/KL*v
for any abelian extension L/K.

For a proof, see |[Neul3, Chapter II, Theorem 6.1 and Theorem 6.2]. O

The second step is to establish a connection between p-adic number fields and number
fields, moving from local to global class field theory. This is achieved by the idéle group,
i.e. the restricted product
1k =[] K.
p

where p runs over all finite and infinite primes of the field K and for a tuple (z,) € Ik,
we have x, € OF  for all but finitely many p. There is a natural embedding of K™ into
the ideles. Let a € K* and consider the tuple z = (o, ,...). Then z € Ik, since only
finitely many prime ideals appear in the decomposition of aOg. Thus we can identify
K* as a subgroup of Ix. The quotient

Ckx =1x/K*
is called the idéle class group and is the main object of study in global class field theory.

Theorem 1.16. (Artin’s Reciprocity Law)
Let L/K be an extension of number fields. There is an isomorphism

01,k : Gal(L/K)™ — Ck /N Cr.
For a proof, see [Neul3, Chapter III, Theorem 6.12]. O

The map 0y, /k is called the reciprocily map and its inverse is induced by the surjective
homomorphism

( ,L/K):Cg — Gal(L/K)®,

13



1 Concepts in Number Theory and Class Field Theory

again called the norm residue symbol. By taking projective limits, we obtain the surjective
homomorphism
( ,K):Cg — CGal(K®/K),

called the universal norm residue map. As before, the groups Ny, Cyr, are called norm
groups and they are completely characterised in terms of K. Endowing Cg with a
topology assembled from the p-adic topologies of the idelic components, called the idéle
topology, we obtain the following

Theorem 1.17. (Existence Theorem of Global Class Field Theory)

The norm groups of Cg are precisely the closed subgroups of finite index. In particular,
there is an inclusion reversing bijection between the abelian extensions of K and the closed
subgroups of finite index of Cg, given by

L— NL/KCLa
for any abelian extension L/K.

For a proof, see [Neul3, Chapter III, Theorem 7.8|. O

There is an alternative approach to class field theory, omitting idéles entirely. Instead,
one relates abelian extensions L/K to so-called moduli. However, the resulting theorems
depend on the particular choice of the modulus. To conclude this section, we will quickly
summarize the main theorems using this ideal-theoretic approach.

A modulus in a field K is a formal product m = momy,, where mg is an ideal of Ok
and my is a product of distinct real infinite primes of K. Let Ix(m) be the group of all
fractional ideals, relatively prime to mg. The subgroup Pg j(m) C Ix(m) generated by
the set

{aOk :a € Og,aa=1 mod my and o(a) > 0 for every o dividing me.}

has finite index in I (m). A subgroup H C Ix(m) containing Pg i(m) is called a con-
gruence subgroup for m and the quotient Ix(m)/H is a generalized ideal class group for m.

Let L/K be an abelian extension and let all ramified primes of K divide the modulus
m. Let p be a prime of K, unramified in L. Recall that the Artin symbol

<LLK> € Gal(L/K)

is the unique automorphism such that

<LLK> (a) = o¥®  mod P

14
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for all « € O, and P dividing p. In particular, the Artin symbol is defined for every prime
p, relatively prime to mg and by extending multiplicatively, we obtain a well-defined and
surjective homomorphism

Qr/gm = <L/K> : Ix(m) — Gal(L/K),

again called the Artin map.

Theorem 1.18. (Artin Reciprocity Theorem)

Let L/K be an abelian extension. Then there is a modulus m, divisible by all rami-
fied primes of K, such that ker(CDL/K,m) is a congruence subgroup for m. We have an
isomorphism

Tie(m) er(By, g ) = Gal(L/K)
and Gal(L/K) is a generalized ideal class group for m.

For a proof, see [Jan73, Chapter V, Theorem 5.7]. O

Theorem 1.19. (Existence Theorem)

Let m be a modulus and let H be a congruence subgroup for m. There is a unique abelian
extension L/ K, with all ramified primes of K dividing m, such that H = ker(®p /g ),
yielding the isomorphism

Ix(m)/H = Gal(L/K).
For a proof, see [Jan73, Chapter V, Theorem 9.16]. O
Remark 1.20. We call the unique abelian extension Ky,/K, corresponding to the con-

gruence subgroup Pk 1(m), the ray class field for the modulus m. In particular, if m =1,
i.e. no prime divides m, then the ray class field for m is the Hilbert class field of K.

15






2 Ring Class Fields and Complex
Multiplication

In this section, we will present the main theorems of complex multiplication. To prepare
the way, we will introduce ring class fields and certain subrings of the ring of integers O
of a quadratic field K, called orders. The two are related by the ideal-theoretic version
of class field theory.

The second important component of the theory of complex multiplication are lattices
in the complex plane and their j-invariants. We will see that the j-function is a powerful
tool to generate ring class fields. Moreover, it is also related to the field of modular
functions, as we will observe in the following section.

2.1 Orders and Ring Class Fields

Throughout this subsection, let K = Q(y/n) be an imaginary quadratic number field, i.e.
n < 0 and squarefree, with discriminant

n ifn=1 mod4
drg = . .
4n  otherwise

Definition 2.1. An order O in K is a free Z-module of rank 2 and a subring of Ok,
containing 1.

It is easy to see that Ok is an order, more precisely the mazimal order of K and we can

write O = [1, wk], where
dr + Vdg

We can describe any order O in such a way. Since O and O both have rank 2, the
index f =[Ok : O] is finite and we call f the conductor of O.

Lemma 2.2. Let O be an order with conductor f. Then

For a proof, see [Cox13, Lemma 7.2.]. O

17
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Let a be a nonzero ideal of O. The norm of a is defined as N(a) = |O/a| and it can
be easily shown that it is a finite number, as we have already discussed for Ok in the
previous section. However, the lack of a crucial property makes the treatment of O more
difficult than the one of Of.

If O is a proper subring of Ok, then O is not integrally closed, since v/n ¢ O, but
X? —n € O[X]. Then O is not a Dedekind domain and we may not have unique factor-
ization of ideals. To solve this problem, we will consider ideals with the following property.

Definition 2.3. An ideal a of O is called a proper ideal, if
O={ae K:aaCa},
or in other words, if for every a € K we have
anCa <= acO.

Note that the implication @ € O = aa C a is always satisified. We can extend this
definition to fractional ideals of O. These are nonzero finitely generated O-modules,
contained in K and it can be shown that every fractional ideal of O is of the form aa for
some o € K* and an ideal a of O. We also define invertibility of fractional ideals in the
same way as we did for O.

Lemma 2.4. If K = Q(7) and aX? + bX + c is the minimal polynomial of T, with
(a,b,c) =1, then [1,7] is a proper fractional ideal for the order [1,at].

For a proof, see [Cox13, Lemma 7.5.]. O
Now we can characterise all invertible fractional ideals of O.

Proposition 2.5. A fractional ideal a of O is invertible if and only if it is proper.

For a proof, see |Cox13, Proposition 7.4.]. O
We denote the set of all proper fractional ideals of O by I(O) and Proposition 2.5. tells
us that I(Q) is a group under multiplication. It is easily checked that any principal ideal
is proper, which means the set P(O), generated by the principal ideals of O is a subgroup

of 1(0).

Definition 2.6. The ideal class group of the order O is the quotient
C(0) =1(0)/P(0)

and its cardinality is the class number
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2.1 Orders and Ring Class Fields

Unfortunately, the ideal class group is not enough to relate orders with class field the-
ory. Hence we need to introduce ideals prime to the conductor.

Definition 2.7. Let O be an order of conductor f and let k be an integer. Then a
nonzero ideal a of O is prime to k if

a+ kO =0.
In particular, a is prime to the conductor if it is prime to f.

Two important properties of such ideals are given by the following

Lemma 2.8. Let O be an order of conductor f, let a be a nonzero ideal of O and let
N(a) = |O/a| denote the norm of a. If m € N, then

(i) a s prime to m if and only if N(a) is relatively prime to m.

(ii) If a is prime to f, then it is proper.

For a proof, see [Cox13, Lemma 7.18.]. O

Lemma 2.9. Let O be an order and let a and b be two proper ideals of O. Then
N(ab) = N(a)N(b).

In particular, if a and b are prime to f, then so is ab.

For a proof, see [Cox13, Lemma 7.14. (ii)]. O

The previous results tell us that the set of ideals, which are prime to f, is contained
in I(O) and closed under multiplication. Let I(O, f) denote the subgroup of I(O), gen-
erated by this set. We also obtain the subgroup P(O, f) C I(O, f), generated by all
principal ideals, which are prime to f. These groups are closely related to the ideal class

group.
Proposition 2.10. There is an isomorphism

(O, )/ P(O, f) = C(0),
induced by the inclusion 1(O, f) — I(O).

For a proof, see [Cox13, Proposition 7.19.]. O
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2 Ring Class Fields and Complex Multiplication

Let a be an ideal of Ok and let m € N. Recall that [ is the group of fractional ideals of
Ok . By Lemma 2.8., we obtain a subgroup I (m), generated by all ideals of O, prime
to m. The following proposition describes the relation between the groups I(O, f) and

Ik (f).
Proposition 2.11. Let O be an order of conductor f. Then

(1) If a is an ideal of Ok, prime to f, then aN O is an ideal of O, also prime to f.
Furthermore N(a) = N(an O).

(ii) If a is an ideal of O, prime to f, then aOg is an ideal of Ok, also prime to f.
Furthermore N(a) = N(aOk).

(iii) The maps a— aN O and a — aOf are mutually inverse, inducing an isomorphism

For a proof, see [Cox13, Proposition 7.20.]. O

Let a be an ideal of O, prime to f. The inclusion O C Ok induces a homomorphism
¢ : O — Ok /aOk. Note that fOx C O and so fa + aOk is contained in the image of
@ for every a € Ok. But by Proposition 2.11. aOg is prime to f and so ¢ is surjective
with kernel a. From the resulting isomorphism

O/Cl = OK/QOK

we can deduce that a is a prime ideal if and only if aOf is a prime ideal. This means in
particular, that every ideal a of O, prime to f, has a unique decomposition as a product
of prime ideals, which are prime to f. The decomposition is given by the factorization
of aO K in O K-

We can now describe the ideal class group C'(O) in terms of Og. Let Pk z(f) denote
the subgroup of I (f) generated by all principal ideals aOg, where a € Og and a = a

mod fOg for an integer a € Z, relatively prime to f.

Proposition 2.12. Let O be an order of conductor f. Then there are isomorphisms

Ix(f)/Prz(f) = C(O) = 1(0, f)/P(O, ).
For a proof, see [Cox13, Proposition 7.22.]. O

One application of this proposition is the following formula for the class number of O.

Theorem 2.13. Let O be an order of conductor f. Then

h<o>=mﬂ<l— <d;<)]19).

plf
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2.2 Lattices and the j-Invariant

For a proof, see [Cox13, Theorem 7.24.]. O

We now have the necessary tools to define ring class fields. Recall the group Ix(m) of all
fractional ideals of O, relatively prime to mg for a modulus m = mgm, introduced in
the discussion preceding Theorem 1.18. and its subgroup Pk 1(m), generated by the set

{0k :a € Og,a =1 mod my and o(«a) > 0 for every o dividing me }.
If we take the modulus m = fOg, we immediately see that
Pr(fOk) € Prz(f) € Ik(f) = Ik (fOk).

This implies that Px 7(f) is a congruence subgroup for the modulus fOg or in other
words, C'(O) is a generalized ideal class group for fOk.

Definition 2.14. Let O be an order of conductor f. The ring class field of O is the
unique abelian extension L/K, all of whose ramified primes divide fOf, such that

C(0) = Gal(L/K).

The existence and uniqueness of such an extension are guaranteed by Theorem 1.19.,
since C(Q) is a generalized ideal class group. Note also that in an imaginary quadratic
field, all infinite primes are unramified.

2.2 Lattices and the j-Invariant

We now turn to the second component of complex multiplication, the j-invariant of a
lattice.

Definition 2.15. A lattice L is an additive subgroup of C, generated by two complex
numbers wy, wy € C, linearly independent over R. We write L = [wy, ws).

We associate with a lattice L the Weierstrass o-function for L which is defined for any
complex number z outside of L as

@(Z,L)zéqt > <(Z_1w)2—wl2)

weL—{0}

We will just write p(z), whenever the lattice L is clear from the context.

As we will see in the following theorem, (z) is an elliptic function for L, which means
it is meromorphic on C and for all w € L and z € C — L, we have p(z +w) = p(z).
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2 Ring Class Fields and Complex Multiplication

Here are some important properties of p(z).
Theorem 2.16. Let p(z) be the Weierstrass o-function for the lattice L.
(i) p(z) is an elliptic function for L, with double poles at every w € L.

(ii) Let
and

Then ©(z) satisifes the differential equation
0'(2)? = 4p(2)° = g2(L)p(2) — g3(L).
(iii) The equality

1

"(2) — o (w 2
oz +w) = —p(Z)—p(w)+4<p()p()>

p(z) —p(w)
holds for all z,w ¢ L with z+w ¢ L.

For a proof, see [Cox13, Theorem 10.1.]. O
We can now define an equivalence relation on the set of lattices.

Definition 2.17. Two lattices L and L’ are equivalent or homothetic, if there is a nonzero
A € C, such that L' = AL.

Note that the Weierstrass g-function satisfies
p(z, L) = Np(Az, \L)

and it can be shown that for every elliptic function f(z) for L, f(A~'z) is an elliptic
function for AL.

Proposition 2.18. Let L be a lattice. Then
A(L) = g2(L)? = 27g3(L)* # 0

for the constants go(L) and gs(L), defined in Theorem 2.16. (ii).

For a proof, see [Cox13, Proposition 10.7.]. O
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2.2 Lattices and the j-Invariant

Definition 2.19. The j-Invariant j(L) of a lattice L is the number

g2(L)?

§(L) = 1728 AL

Proposition 2.18. guarantees that j(L) is defined for every lattice L. The name j-
invariant can be justified by the following fact.

Theorem 2.20. Let L and L' be two lattices. Then j(L) = j(L') if and only if L and
L’ are homothetic.

For a proof, see [Cox13, Theorem 10.9.]. O
We can now relate lattices to orders in the following way.

Proposition 2.21. Let K be an imaginary quadratic field. Then every proper fractional
ideal of an order O is a lattice and conversely, any lattice contained in K is a proper
fractional ideal of O for some order O in K.

For a proof, see [Cox13, p. 190]. O

The following theorem tells us the main idea behind complex multiplication.

Theorem 2.22. Let L be a lattice with Weierstrass p-function o(z) and let o € C — Z.
Then the following statements are equivalent.

(i) p(az) is a rational function in p(z).
(ii) aL C L.

(iii) There is an imaginary quadratic field K and an order O in K, such that o € O and
L is homothetic to a proper fractional ideal of O.

For a proof, see |Cox13, Theorem 10.14.]. O

We say that the lattice L has compler multiplication with a or equivalently with the
entire order O if the statements of Theorem 2.22. hold. To be precise, this means that
we have L C L for all @« € O and so OL = L, since 1 € O. Note also that for homothetic
lattices L and L', the statements hold for L if and only if they do for L.

For a fixed order O, any proper fractional ideal of O trivially has complex multi-
plication with O. Since multiplication of a fractional ideal with a number o« € K™ is
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2 Ring Class Fields and Complex Multiplication

equivalent with multiplication with the principal fractional ideal O, we see that two
proper fractional ideals are homothetic as lattices, if and only if their ideal classes are
equal in C(O). Thus we obtain

Corollary 2.23. Let O be an order in an imaginary quadratic field K. Then there is a
bijection between the ideal class group C(Q) and the homothety classes of lattices, having
complex multiplication with O. ]

Let h = {z € C : Im(z) > 0} be the upper half plane. For every 7 € b, the Z-module
[1,7] is a lattice and so the j-invariant of a lattice induces a map

j:h—>C
7= (1, 7)),

called the j-function.

An interesting property of the j-function is related to the action of SLo(Z) on the
upper half plane, given by the Md&bius transformation
at +b
ct+d

VT =
forrebhand vy = (Z Z) € SLa(Z).
Theorem 2.24.

(i) j(7) is holomorphic on .

(i) Let 7,7 € h. Then j(1) = j(7') if and only if T and 7' lie in the same SLa(Z)-orbit.
We say that j(7) is SLa(Z)-invariant.

(iii) The j-function is surjective.
For a proof, see [Cox13, Theorem 11.2.]. O
From the surjectivity of the j-function, we obtain the

Corollary 2.25. Let g2, g3 € C, satisfying g3 — 2793 # 0. Then there is a lattice L, such
that go(L) = g2 and g3(L) = gs.

For a proof, see [Cox13, Corollary 11.7.]. O

Before moving on to the main theorems of complex multiplication, we will give a quick de-
scription of elliptic curves over C and how they are related to the contents of this section.
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2.2 Lattices and the j-Invariant

Definition 2.26. An elliptic curve E over C is an equation of the form
y* =4’ — gox — g3,
where g2, g3 € C and g3 — 27g3 # 0. We denote the set of solutions
{(z,y) € C?: y? = 42® — gox — g3} U {0}

by E(C).

Given a lattice L, we obtain the elliptic curve
y® = 42® — go(L)x — g3(L)

and since the p-function of L satisfies the differential equation of Theorem 2.16. (ii), we
see that for any z € C — L, we have (p(2), ¢'(z)) € E(C). Due to the periodicity of the

p-function, we obtain a map
C/L — E(C),

sending 0 to oo and it can be shown that this map is a bijection.

There is a canonical way to endow E(C) with a group structure. We take oo to be
the identity element and we define additon by the addition law of the p-function given
in Theorem 2.16. (iii). Then the map

C/L — E(C)

becomes a group isomorphism.

Conversely, given an elliptic curve
y® = 4a° — gow — g3,

we know by Corollary 2.25., that there is a lattice L with go(L) = g2 and g3(L) = gs.
Given another lattice L’ with the same constants, we have j(L) = j(L') and so L and L’
are homothetic. Now, if L' = AL, a straightforward computation shows that

g2(L) = X'g2(AL)

and
gg(L) = )\693()\[/) .

Thus, homothetic lattices with the same constants have to be equal and so there is a
unique lattice L associated with FE.

This means, we can translate any property of lattices to a property of elliptic curves
over C and vice versa. For example, two elliptic curves

y? = 42° — gow — g3
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2 Ring Class Fields and Complex Multiplication

y* =da® — ghx — g
are said to be isomorphic over C if there is A € C* such that
gh = Aga

g5 = A°gs.
We immediately see that two elliptic curves F and E’ are isomorphic over C if and only

if their asscoiated lattices L and L' are homothetic and we can define the j-invariant for
elliptic curves in an obvious way.

The endomorphism ring of an elliptic curve F is the set
Endc(E) ={a e C:aL C L},

where L is the lattice, assoicated to E and we see that o € End¢(F) if and only if L has
complex multiplication with a.

2.3 The Main Theorems of Complex Multiplication

We are now ready to state the first main theorem of complex multiplication.

Theorem 2.27. (First Main Theorem of Complex Multiplication)

Let O be an order in an imaginary quadratic field K and let a be a proper fractional ideal
of O. Then j(a) is an algebraic integer and K (j(a)) is the ring class field of the order
0.

For proofs, see [Cox13, Theorem 11.1.] and [Lan87, Chapter 10, §1, Theorem 1]. O

Recall the definition of the ray class field for a modulus m. It is the unique abelian
extension Ky /K corresponding to the congruence subgroup Pk 1(m). We already saw
that for the modulus m = 1 or equivalently m = Ok, the ray class field for m is the
Hilbert class field of K. Recall the inclusions

Py 1(fOk) € Prz(f) C Ik(fOk).

By setting f = 1, we have the equality Pk 1(Ok) = Pkz(1) and we see that the ring
class field of the maximal order Of is the Hilbert class field.

Corollary 2.28. For an imaginary quadratic field K, the Hilbert class field of K is given
by K(j(Oxk))- O

We know from class field theory that any abelian extension L/K of an imaginary quadratic
field K is contained in the ray class field for some modulus m. It turns out that m does
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2.3 The Main Theorems of Complex Multiplication

not need to be complicated.

Lemma 2.29. Let K be an imaginary quadratic field and let L/K be an abelian exten-
sion. Then L is contained in the ray class field for some modulus of the form mQOg,
where m 1s a positive integer.

For a proof, see [Cox13, p. 219]. O
Hence, to describe all abelian extensions L/K, it is enough to find generators for the ray
class fields for the moduli mOp for all positive integers m and the second main theorem

of complex multiplication gives a solution for this problem.

First we need to define the Weber function h(z, L) for a lattice L. It is given by

2
B LE () =0
h(z,L) = i’g; o(z, L)3 if go(L) = 0
92 (i)(ig)(L) p(2, L) otherwise,

where A(L) = go(L)? — g3(L)?. Recall also the number

dr +Vdg
WK ==

where dg is the discriminant of the field K.

Theorem 2.30. (Second Main Theorem of Complex Multiplication)
Let K be an imaginary quadratic field with discriminant dx and let O be the order of
conductor m. Then

K(j(Ok),h(1/m,Ok)) = K(j(O), Mwk, O))
and this field is the ray class field for the modulus mQOg .

For proofs, see [Lan87, Chapter 10, §1, Theorem 2| and [Shi71, Chapter 5| or the refer-
ences in |Cox13, Theorem 11.39.]. O
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3 Modular Functions and Shimura Reciprocity

In this section we will state Shimura’s reciprocity law. To do so, we need two important
components. One of them is the universal norm residue map

( ,K):Ckg — Gal(K®/K),
which we have already seen in the first section. The other is a collection of maps
o,:Ix — Aut(F), z€ KN

relating idéles to automorphisms of modular function fields. We will define modular func-
tion fields in 3.1. and give a precise description of their automorphism groups, before
stating Shimura’s reciprocity law in 3.2..

Several of the mentioned concepts will be explained in greater detail throughout the next
section.

3.1 Modular Function Fields and their automorphisms

Definition 3.1. Let N be a positive integer. The congruence subgroup of level N,
denoted by I'y, is the group of all A € SLy(Z), satistying

A=1 mod N.
It is easy to check that 'y is a normal subgroup of SLo(Z).

— e2mT

Let f : h — C be a meromorphic function and let ¢ = ¢(7)
we have 0 < |g(7)| < 1 and there is a Laurent expansion

f(T) = Z cnq”,

n=—oo

. For every 7 € b

called the g-expansion of f(7).

Definition 3.2. A modular function of level N is a function f : h — C with the following
properties.

(i) f is meromorphic on b.
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3 Modular Functions and Shimura Reciprocity

(ii) f is invariant under I'y, i.e. f(y7) = f(7) for all v € T'y.

(iii) For every v € SLy(Z), the power series expansion of f(vy7) in the parameter ¢'/V has
only finitely many terms with negative exponents. We also say that f is meromorphic at
the cusps.

We denote by Fy ¢ the set of modular functions of level N. It is not hard to check
that Fy c is a field with respect to addition and multiplication. We call the union

oo
Fc = U Fnc
N=1

the modular function field over C.

Let f € Fyc and let v € SLy(Z). Then f(y7) is meromorphic on h. Since I'y is
normal in SLy(Z), for every a € T'y there is o/ € T'y such that ya = o’vy. Then we have

flyar) = f(a/y7) = f(y7),

implying that f(7) is I'y-invariant and by definition f(7) is meromorphic at the cusps.
Since —I acts trivially, we can think of SLo(Z)/£T"x as a group of automorphisms acting
on F ¢ with fixed field Fy ¢ and we obtain the isomorphism

SL2(Z)/ + FN = GaI(FN’C/Flg).
Note that reduction modulo N yields an injection
SLo(Z)/T'n < SLe(Z/NZ),
which is in fact an isomorphism.

We know from Theorem 2.24. that the j-function is holomorphic and SLg(Z)-invariant.
Furthermore we have the following result, proving that j(7) is a modular function of level
1.

Theorem 3.3. The q-expansion of the j-function is given by
1 oo
](T> =+ chqn’
q n=0
where every c, 1S an integer.

For a proof, see [Cox13, Theorem 11.8.]. O

It turns out that the j-function generates the modular functions of level 1.
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Theorem 3.4. We have Fy ¢ = C(j).
For a proof, see [Lan87, Chapter 6 §2, Theorem 1]. O

To find generators for F y ¢, we need the first Weber function
fo:Cxh—C

35 92 (LT)g3(LT)

(w,7) — =27 AL,

p(w,LT),

where L; = [1,7]. Now let N be a positive integer and let r, s € Z, not both divisible by

N. Then we set
rT+ S8
fr,s,N(T) = f0< N >T>'

The functions f, s n are called the Fricke Functions.

Note that if r and s are both divisible by N, then the g-function is not defined.
Moreover, due to the periodicity of the gp-function, we have f.sn = fr o n for all

r,r', s, s € Z satisfying

r=7" mod N

s=s mod N.

_ (a1 2 72
a—<a2>€(@ 7°.

fa(T) = folarT + ag, 1)

and we obtain every Fricke function in this way. Note that f,(7) depends only on the
residue class of & mod Z?, so we can assume that a € Q?/Z? and a # 0.

Then we can write

Lemma 3.5. Let N be a positive integer. The Fricke functions f, s Ny are modular func-
tions of level N.

Proof: Let f, be a Fricke function, where we view

a= (al,ag) € @2

as a row vector. We will prove that the relation

Jaa (T) = fa(aT)

holds for every a € SLy(Z) and 7 € b.
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3 Modular Functions and Shimura Reciprocity

Recall the notation L; = [1,7]. Then
J(Lr) = j(7) = jlar) = j(Lar),

since the j-function is SLy(Z) invariant, which implies that L, and L., are homothetic.
If
<a1 a2)
o= ,
a3 Oy

L; = (a37 + ay)Lor.

then the homothety is given by

Recall that for a lattice L and A € C, we have
92(L) = Ag2(AL), g3(L) = A°g3(AL) and p(z, L) = A*p(Az, AL).

By setting A\ = as7 + a4 and appplying these equalities to the definition of f,(a7), we
obtain our desired result.

If o € I'y and f, corresponds to the function f, ; n, then it is easy to see that f, = fon
and by the relation we just proved, f, s n is I'y invariant.

It is proven in [Lan87, Chapter 4, Proposition 5 and p. 64| that the Fricke functions
are holomorphic and meromorphic at the cusps. Furthermore, it is also shown that the
coefficients of the g-expansion of f, s n are contained in the field Q(¢x), where (y is a
primitive N-th root of unity. O

We can now describe the field extension Fy c/Fi c.

Theorem 3.6. Let N be a positive integer. Then we have
Fyc = Fic(frsN)rs
for all r,s € Z/NZ, not both zero. The Galois group is given by
Gal(Fyc/Fic) =2 SLa(Z)) £ T'n = SLo(Z/NZ)/ £1,

where the matriz v € SLa(Z) corresponds to the automorphism

[ [, where f1(1) = f(y7)
for f e Fnc.
Proof: We already know that

Gal(Fyc/Fic) = SLa(Z)/ = T'n.
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We also have shown in Lemma 3.5. that Fyc(f, s n)rs is contained in Fy ¢ and that
SLy(Z) permutes the Fricke functions f, s n for fixed N.

Hence SLo(Z)/T'n acts as a finite group of automorphisms on F; ¢(frs,n)rs. Let now
v € SLa(Z), acting trivially on Fy c(frs.n)rs. We will use the fact, proven in [Cox13,
Lemma 10.4.], that for an arbitrary lattice L, we have

o(z,L) = p(w, L) if and only if 2 = +w mod L

and the relation

faa(T) = fa(aT)
to obtain

flon = frion,

foin = forin

and consequently
v=2I mod N,

since det(y) = 1. Since —I acts trivially, we obtain an embedding

SLQ(Z)/ + FN — Gal(Fl,(C(fr,s,N)r,s/Fl,(C)

with fixed field Fy ¢ and by Galois theory, this embedding becomes an isomorphism. [

Definition 3.7. Let N be a positive integer. The modular function field of level N is
the field

FN - Q(]v fr.s.N)r,57

for all r, s € Z/N7Z, not both zero. Similar to above, the union

oo
F=|]JFy
N=1
is called the modular function field.

We are again interested in the Galois group of Fy over F; = Q(j). Note that we can
write any element o € GL2(Z/NZ) as

o= (é deto(a)> ;, (3.1.1)

where v € SLa(Z/NZ) is uniquely determined. Recall also that the coefficients of the
g-expaunsions of the Fricke functions f, s n are contained in Q((n).

Theorem 3.8. Let N be a positive integer and let (n be a primitive N-th root of unity.

Then
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3 Modular Functions and Shimura Reciprocity

For o € GLo(Z/NZ), the induced automorphism acts by

(N C}j\lfet(a)

on the coefficients of the q-expansion of f € ¥ and by the action of v, given by Theorem
3.6., where v € SLo(Z/NZ) is the matriz from (3.1.1).

Proof: Let o4 € Gal(Q(¢x)/Q) be the automorphism mapping (x to (%. We can extend
o4 to the map

oa = QW) (")) — QU¢V)((a"™))

i arg''N i aa(ar)g"/~

k=—00 k=—o00

between the fields of formal power series in the variable ¢'/N. It is proven in |Lan87,
Chapter 4 §2] that the only exponents of (x in the g-expansion of the Fricke function
frs,N(7) are £s and 2s. This implies that o4 maps f.sn to frq4s n. Hence o4 can be
represented by the matrix
10
(o 3)

In particular, o4 fixes the j-function, since by Theorem 3.3., its g-expansion is contained
in Q((¢*/N)) and so we can view oq as an element of Gal(Fy/F;).

We know that SLo(Z) permutes the Fricke functions and by repeating the arguments in
the proof of Theorem 3.6., it is easy to see that SLo(Z/NZ)/ £ 1 is contained in the
Galois group, and so we obtain an embedding

GL2(Z/NZ)/ £ 1 < Gal(Fy/F).

We know that the fixed field of SLo(Z/N7Z) /%1 is contained in Fy ¢ = C(j). Similarly, the
collection of all o4’s fixes Q((¢'/)). This implies that the fixed field of GLo(Z/NZ)/+1

Q((¢""™)) N C(j) = Q) = Fu,

which yields the desired isomorphism.

It is also clear that the action of an element o € GL2(Z/NZ) on Fy is exactly as
predicted, since o4 corresponds to the matrix

(o 4)
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We need one more Galois group for the formulation of Shimura’s reciprocity law, the
automorphism group of the modular function field

Aut(F) = Gal(F/Q).
Recall the ring of p-adic integers Z, and the field of p-adic numbers Q,,.

Definition 3.9. The finite adelic group of GLo, denoted by GLo(A), is given as the
restricted product

GLy(A) = [] GL2(Q).

p prime

where all but finitely many components of an element are contained in GLy(Z,).

Let x € Q*. Then x is a unit in Z, for all but finitely many primes p and so the tuple
(x1,...,xI) is contained in GLg(A). Thus, we obtain an embedding Q* < GLy(A). Our
goal is to show that Aut(F) = GL2(A)/Q*.

We denote by U the projective limit

lim GLo(Z/NZ) = ] GL2(Z
N p prime

and by GL2(Q)™" the subgroup of GL2(Q) of all matrices with positive determinant. The
first important property of GLa(A) is that every element has a decomposition into ele-
ments of these two groups.

Proposition 3.10. We have

GLy(A) = GL2(Q)*U.

Proof: Let K be a field. We will use the fact that SLa(K) is generated by the matrices

X(a) = <(1) i‘) and Y (a) = <61L (1)> acK.

Let © = (2p,, Tpy, -..) € GL2(A) and take x, such that x, ¢ GL2(Z,) with det(x),) = p'e,
where r € Z and ¢ a unit in Z,. Let

1 0 1 0
A () im0,

Then Ax,B € SL2(Q)) and so we can write

AxpB = Z(al)...Z(ak),
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3 Modular Functions and Shimura Reciprocity

where Z(a;) is either X (a;) or Y (a;) for a; € Q,. By approximating the p-adic expansions
of every a;, we obtain a matrix

C = Z(d)...Z(a) € SLy(Q),

such that [ = C~1Ax,B is arbitrarily close to the unit matrix in SLy(Q,), which means
that for a sufficiently strong approximation, we have I € SLy(Z,). We now have the
decomposition

T = (Tpys Tpyy ooy Tpy ) = ALO(C™ Ay, C Ay, ., IBTE L.

Since the only primes appearing in the denominators of the entries of C~'A are powers
of p, and det(C~1A) = p~", we have C~* A € GLy(Z,) for every prime g # p. We further
have B € GL2(Z,) and A71C € GL2(Q)™.

By repeating this for all of the finitely many components x,, ¢ GL2(Z,,), we obtain our
desired decomposition. O

Using this decomposition, we can assign every element au € GLo(A), where o € GLo(Q)*
and u € U, to an automorphism of F. For any positive integer N, there is a canonical
homomorphism

U — GLo(Z/NZ)
u— u,
which we will explicitly describe in section 4. If the Fricke function f, corresponds to

fr.s,n, we will denote fuq by fau-

Proposition 3.11. Let f, be the Fricke functions. For every u € U there is o, €
Gal(F/F1), such that

for =1
a — Jau

for all nonzero a € Q?/7Z? and the map
U= oy
mduces an injective homomorphism
U/ +1— Gal(F/Fy).

Proof: We have already seen that permuting the Fricke functions yields an automor-
phism of the modular function field and that —1I is contained in the kernel. If u € U acts
trivially, it is easy to see that the induced matrix @ € GLo(Z/NZ) equals £ for every
N andsou==+linU. 0

In particular, the action of u € U on Fy is given by the action of 4 € GL2(Z/NZ)
described in Theorem 3.8..
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3.1 Modular Function Fields and their automorphisms

For o € GL2(Q) ™, we define the automorphism o, simply by
fo«(r) = f(ar) (3.1.2)
for any f € F. We obtain an injective homomorphism
GL2(Q)"/Q* — Aut(F),

since the kernel of the map « +— o, is the subgroup of scalar matrices.

Note that the decompositon of elements of GL2(A) is not unique, since
UNGL2(Q)" = SLy(Z).

However, this does not cause any problems for the corresponding automorphisms.

Lemma 3.12. The maps u — o, and o +— o4 from Proposition 3.11. and (3.1.2)
coincide on SLa(7Z).

Proof: This immediately follows from the definitions of o, and o, the relation

faa(T) = folaT), a € SLy(Z)
for the Fricke functions, proven in Lemma 3.5., and the fact that the Fricke functions

generate F together with the j-function, which is SLg(Z)-invariant. O

Theorem 3.13. Let o, /., € GLo(Q)" and let u,u’,v € U such that au = o'u’ = vf3.
Then 040, = 0o/ 0y = 0,03.

Proof: Let au = o/u/. Then we have
u'~! = a7 la! € SLy(Z).

By setting § = uu/~!

, we obtain by multiplicativity
Oo/ Oyl = Oos05-1y, = Oa0805-10y = 00y

For the second equality, see [Lan87, Chapter 7 §2, Theorem 4| and [Shi71, Proposition
6.22.]. O

Hence, we obtain a well-defined map
GL2(A) — Aut(F)

QU — To 0y,

which does not depend on the chosen decomposition au. We can now describe the group

Aut(F).

37



3 Modular Functions and Shimura Reciprocity

Theorem 3.14. (Shimura Exact Sequence)

The sequence
0— Q" — GL2(A) — Aut(F) — 0

is exact. In particular, every automorphism of F can be written as 0,0, for a € GLy(Q)™T
and u e U.

For proofs, see [Lan87, Chapter 7 §3, Theorem 6] and [Shi71, Theorem 6.23.]. O

3.2 Shimura’s Reciprocity Law

Let K = Q(y/n) be an imaginary quadratic field for a negative integer n. For a prime
number p, we denote by K, the tensor product

Kp = Qp ®@ K.
We will see later that
Ky = H K
plpZ

so that we can identify the idéle group Ix with the restricted product of all K.

Let now z € K N'h. We need the well-defined map

qz K*— GLQ(Q)+,

@ (7) = (%)

given by the relation

for £ € K*.

We can extend ¢, to
Qp : K, — GL2(Qy)

by continuity and then extend it further to a mapping of idéles
q» : Ix — GLo(A).

Recall the automorphism of F given by o = 0,0, for au € GLy(A). For every z € K Nh
we obtain a map
o, Ix — Aut(F)

given by 0.(s) = 0(q.(s)) for an idele s.

We are now ready to state Shimura’s reciprocity law.
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3.2 Shimura’s Reciprocity Law

Theorem 3.15. (Shimura’s Reciprocity Law)
Let s€lIg,z€ KNhandlet ( ,K) denote the universal norm residue map. Then for
every f € F, defined at z, we have f(z) € K* and

(sTLK)f(2) = f7=9(2).

Sketch of Proof: The fact that f(z) € K for every f € F is a direct consequence of the
second theorem of complex multiplication.

Let q.(s) = ua, where u € U and o € GL2(Q)". Then we have

7 O(r) = (777 () = j°(7) = j(ar),

since the j-function is U-invariant. By the idelic version of complex multiplication, one
can show that we have

(s™', K)j(r) = j(ar)
and so
(s K)j(r) = j7¢)(r).

The same can be shown for the Fricke functions by an argument involving elliptic curves.

To show that this holds for any f € F, consider the ring K[j]. The Kronecker-Weber
theorem tells us that K is contained in a cyclotomic field, and so K[j] C F, since every
root of unity can be viewed as a constant modular function. Let R be the integral closure
of K[j] in F and let m and 97 be the kernels of the homomorphism

f=f(2), feF,

in K[j] and R respectively. By showing that j7* is integral over K|[j], one can deduce
that o,(s) and o, induce automorphisms of R. Since we have

jlaz) = (s7 K)j(2),

it is trivial to check that
ga(m) CM

and so o, 1(9M) and 9 are both maximal ideals, containing m. This implies the existence
of an element ¢ € Gal(F/K(j)), such that

or equivalently

Ta (M) = M.

There is a surjective homomorphism from the decomposition group Doy C Gal(F/K(j))
onto the Galois group of the extension of residue fields R/9/K[j]/m, where K[j]/m =
K(j(2)), so we can take A € Dy, such that

oot = (s K)
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3 Modular Functions and Shimura Reciprocity

for the corresponding maps on the residue fields. By taking p = Ao,¢, we see that p €
Aut(F) maps 9 onto itself, which means that p is indeed defined. p coincides with o, (s)
on the field K(j) and consequently also on F; = Q(j). Hence p~to.(s) € Gal(F/Fy)
and

£ (2) = ful2)

for the Fricke functions f,. By [Lan87, Chapter 9 §3, Theorems 2’ and 3’|, this implies
that

f7(z) = $7-0()
for all f € F. Since we further have
p=(s"K)

on R/IM, i.e.
fP(z) = (s K) f(2)
for all f € R, the desired result follows by passing to the quotient field.

For complete proofs, see |Lan87, Chapter 11 §1, Theorem 1| and [Shi71, Theorem
6.31.]. O

Remark 3.16. Note that it is not enough to prove the Reciprocity Law for the j-function
and the Fricke functions f,, which generate the field F. Let f € F and z € K Nh. If we

write
f — g1 (.77 fa)
g?(ju fa)

for polynomials g; and g, it may happen that g2(7, fo)(2) = 0, but f is still defined at
z.
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4 Shimura Reciprocity and Prime Ideles

Let K = Q(y/n) be an imaginary quadratic number field and let n, = (1,..., @y, ..., 1)
with @, at position p, be an idéle, where wy is a prime element in K,. We say that n,
is a prime idéle. Recall the universal norm residue map

( ,K):Cg — Gal(K*/K),
which we can view as a surjective homomorphism
( ,K):Ig — Gal(K*/K).

Given z € K Nh, our goal in this section is to describe the action of (np_l, K) on f(z) for
an arbitrary f € F, such that f(z) € K2 is defined. By Shimura’s reciprocity law, this
amounts to computing the automorphism o(n,) € Aut(F), since we have

(ny ! K) f(2) = f72 (™) (2).

To see why (n, 1K) is an interesting object to study, recall that the universal norm
residue map is induced by the global norm residue symbols

( ,L/K):1Ix — Gal(L/K),
for abelian extensions L/K. For an idéle s with components s,, the automorphism
(s,L/K) is defined as

(S7L/K) = H (SpaL‘B/Kp),

p prime

where the maps on the right-hand side are the local norm residue symbols
(,Ly/K,): K — Gal(Lg/Ky)™

for a prime P dividing p. By Proposition 1.8., we know that the particular choice of
B has no effect on (s, L/K) and that Gal(Ly/K,) is isomorphic to the decomposition
group Dy, which means it can be viewed as a subgroup of Gal(L/K). Since Gal(L/K)
is abelian, we have

Gal(Ly/K,) = Gal(Lg/Ky)?.
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4 Shimura Reciprocity and Prime Idéles

Let us assume that p is unramified in L and let K, and fqg denote the residue fields
of Kj and Ly respectively. Then Lg/K) is an unramified extension of degree [Lo : K]
and there is a canonical isomorphism

Gal(ng/Kp) = Gal(Z(p/fp)
induced by ) R
Gz +P) =o(x) +B, x€OL,y,

where ‘i? is the prime ideal in Lg. The Frobenius automorphism is the map ¢ <
Gal(Ly/K,), with the property

where ¢ = |K,|. Via the isomorphisms

Gal(Ly/Ky) = Gal(Ly/Kp) = Dy,
we obtain elements ¢ € Gal(Ly/K,) and ¢ € Gal(L/K), also called Frobenius auto-
morphisms. The map ¢y does not depend on the choice of 3 and coincides with the

which is defined by the relation in Proposition 1.11..

The automorphisms ¢ and ¢ generate their respective Galois groups and we have the
following result.

Lemma 4.1. Let a € K and let vy be the valuation in Ky for a prime p, unramified in
L. Then

(a, Ly /Ky) = (@),
For a proof, see |[Neul3, Chapter 11, Theorem 4.8|. O

Assume that L/K is a finite abelian extension of number fields. It is a known fact that
only finitely many primes p ramify in L and we see that (s, L/K) is well-defined, since
all but finitely many components s, of the idéle s are units in O, with (sp, Ly /K,) = 1.
By taking projective limits, (s, L/K) is then well-defined for any abelian extension L/K.

Let n, = (1,...,@p, ..., 1) be a prime idéle. Lemma 4.1. tells us that
L/K>
p

for every abelian extension L/K, in which p does not ramify. Taking the projective limit
with respect to these extensions, we obtain the maximal Artin symbol

(),

(o /5) = (
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4.1 The Automorphism o,

where KP2b is the maximal abelian extension of K, in which p does not ramify.

This means in particular, that (n;l,K) € Gal(K?"/K) is an automorphism, of which

the restriction onto KP2P ig
< JCPab / K> -1
p

and this result does not depend on the choice of the prime element y, determining n,.

By Shimura’s reciprocity law, we then obtain the relation

(vaab /K

~1
> f(T) — faz(“p)(T)
p
for f € F and 7 € K N b such that f(7) € KPP

In particular, let a be an ideal of Ok with prime decomposition

k
i
a=]]»;
=1

and let
k

o=]]o:(np).

i=1
Then by repeatedly applying the reciprocity law, we obtain

(L/ K >_1f(7) — r7(r)

a

for any abelian extension L/K, in which every p; is unramified and for 7 € K N b such
that f(7) € L. We will see this again in 4.6..

4.1 The Automorphism o,
We now need a better understanding of the automorphism
o, Ix — Aut(F)
and an explicit description of its action on modular functions.

The simplest component of ¢, is the map

¢ K* — GLy(Q)™,
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4 Shimura Reciprocity and Prime Idéles

o) (6)

A straightforward computation yields the following

given by

Lemma 4.2. Let{ =a+byn € K* and z=x+ y/n € KNh. Then

with determinant Ny o(§) = a* — nb*. O

Note that the matrix is defined, since y # 0 and a quick computation shows that
q-(§)z = z, where ¢,(§) acts on z via Mébius transformation.

To understand the continuous extension
Qzp : K; — GLQ(Qp)

and the resulting map
q» : Ix — GLo(A),

we need to relate the tensor product

Kp = Qp ®Q K
to the completion K, where the prime ideal p divides pZ.
Note that we have an embedding

K — Q,®q K

given by
a—1®ao.

If we write @ = & + y/n with z,y € Q, we have

r+yvn= 1@ (@ +yvn)=z(1®1)+y(1®vn),

or alternatively
T+ yvn— x+yyn,
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4.1 The Automorphism o,

where \/n denotes the element

1®+vne€Q,®q K,

which is the image of v/n € K under the embedding. The ring Qp[\/n] is then defined
as the subring of Q, ®g K, generated by y/n.

Let f(X) = X2 —n be the minimal polynomial of \/n. Then we have

Qp ®g K = Qp ®g QX]/(f) = Qp[X]/(f)

and the elements 1® 1 and 1® /n = /n correspond to the elements 1+ (f) and X + (f)
respectively. In particular, every element of Q, ®qg K can be uniquely written as

a(1®1) +b(1 ®/n),

or simply as
a+byn
with a,b € Q, and we obtain an isomorphism of Q,-algebras

Qp ®Q K = Qp[\m]

We now need to consider two cases.

(1) If f(X) splits into linear factors over Qp, say
X2 —n=(X—Vn,)(X+vn,),
then we obtain the homomorphisms
M1, 12 - Qp ®Q K — Qp7

mapping an element a + by/n to
a+ b\/ﬁp
and

a—b\/ﬁp

respectively. Since the topology on Q, ®q K is equivalent to the product topology on
12), it is clear that p; and po are continuous.

Thus we obtain the continuous isomorphism of Q,-algebras

Ml@/m:(@p@(@[(—)@p@(@p-

The injectivity is easy to show and since we have a linear map between two Q,-vector
spaces of the same dimension, the surjectivity follows as well.
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4 Shimura Reciprocity and Prime Idéles

We can now describe the completions K, for the primes p dividing pZ.

Proposition 4.3. Let K = Q(\/n) be an imaginary quadratic number field and let p be
a prime number. Then

(i) p splits completely in K, i.e. pOx = pp, if and only if f(X) = X% — n splits into
linear factors over Q.

(ii) If p splits completely in K, there are isomorphisms K, = Q, = Ky, where p and p
are the prime ideals, dividing pZ. In particular, the map

U1 D 2 :@p®QK—>@p@Qp
induces isomorphisms
Kp:Qp@@Kg@p@@p%Kp@Kﬁ'

Proof: (i) Let p be odd. By Theorem 1.6., we know that pOg = pp if and only if the
discriminant dg is a square modulo p. This is equivalent to n being a square modulo p,
since the possible values of di are n and 4n and p is odd. So we have to show that n is
a square modulo p if and only if n is a square in Q.

If f(X) splits into distinct linear factors modulo p, then by Hensel’s lemma, f(X) splits
into linear factors over Q,. Conversely, if n is a square in Q,,, we see that \/ﬁp € Zp, since
2vp(v/n,) = vp(n) and vy(n) > 0. If we take p-adic expansions and reduce the equation

2
v/n,” =n modulo p, we are done.

Again by Theorem 1.6., we know that the prime 2 splits completely in K, if and only if
dg =1 mod 8. By the definition of the discriminant, this is equivalent ton =1 mod 8.

Let n = 8a + 1 with a € Z and consider the polynomial
g(X) = X?+ X — 2a € Zy[X].

We have
gX)=X’4+X=X(X+1) mod?2

and so, by Hensel’s lemma, g(X) has two roots in Zs. Let a be one of these roots. Then
o +a= 2a,

which implies
1 +4a+ 402 = 8a + 1,

or equivalently
(1+22)* =n,
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4.1 The Automorphism o,

proving that n is a square in Q.

Conversely, if n is a square in Qg, then 0 < v9(n) < 1, since n is squarefree and con-
sequently va(y/n,) = 0. Taking 2-adic expansions, a straightforward computation shows
that n =1 mod 8 and we are done.

(ii) Let v, and v, denote the p-adic valuations in Q and Q, respectively. We have a
canonical embedding
K — Qp XQ K

and hence, by restricting the maps p; from above to K, continuous homomorphisms
pilg : K — Qyp, i=1,2.

Let a,b € Q nonzero and a = a + by/n € K. Then p;(a) = 0 if and only if

a
\/ﬁp = :l:ga

which is impossible, since \/ﬁp is not rational and we see that the u;|x are injective.

The canonical embedding of Q in Q) factors through
Hi
Q—= K — Q.

By continuity, we see that the restriction vg,|x = v; with respect to the embedding p;
defines a discrete valuation in K, extending the valuation v,. Since Q, is complete with
respect to vg,, it is the completion of K with respect to v;, i.e. Ky, = Qp.

To identify the valuation v;, we need to determine the prime ideals
pi ={x € K :vi(x) > 1},

corresponding to v;. Since vg,(p) = 1, we have v;(p) = 1 as well. This means that p;
contains pOg but p? does not.

Let \/ﬁp = ng mod p with ng € Z. Since n is a unit in Z,, so is n, and we have
ng # 0. Then

vg, (no — v/n,) = v, (—no +vn,) > 1,
which implies
v1(—no + v/n) = va(ng + vn) > 1,
so that p; contains the ideal (p,/n — ng) and py contains (p, v/n + ng).
Assume n # 1 mod 4. Then Ox = Z[/n] and as we have seen in the proof of (i), p is

odd. Then
X2 —n=(X—-ng)(X +no) modp
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4 Shimura Reciprocity and Prime Idéles

and by Proposition 1.4., we have
POk = pp,

where p = (p,v/n —np) and p = (p, v/n + ng), which shows that
P1=p="p2

and
K, =K, =Q, = K,, = K;.

If n=1 mod 4, we have O = Z[a], where

2
with minimal polynomial
-1
g(X)=X2 - X — ”4
A straightforward computation shows that
n—n n+n
gi(a) = Vi —no and go(a) = Qj

2 2

where g1 and g9 are the linear factors of ¢ modulo p, i.e. g = g1g2 mod p. If p is odd,
then 2 is a unit in Z,, so the denominator does not change the valuations.

If p=2, then n =1 mod 8 and it is easy to check that \/n, = 1 mod 4 and so the
valuation of
vn—1

2
is still positive. By applying these arguments to p; and po, we see again that

p Cprand p C po

and consequently
p1=p = po.

O
(2) If f(X) is irreducible over Q;,, we have a field extension Qp(y/n)/Q, of degree 2 inside
the algebraic closure @, and we obtain the continuous isomorphism

Q@ ®g K = Qp(vn) — Qp(v/n),

mapping v/n to y/n, where we have the product topology on QZ on both sides and the
obvious embedding

K = Q(vn) = Qy(v/n).
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4.1 The Automorphism o,

Proposition 4.4. Let K = Q(\/n) be an imaginary quadratic number field and let p be
a prime number. Assume that f(X) = X? —n is irreducible over Q,. Then there is only
one prime ideal p dividing pZ and there are isomorphisms

Kp = @p(\/ﬁ) = Kp:
nduced by
K Qp ®Q K — Qp(\/ﬁ)

Proof: We know by Proposition 4.3. that p does not split completely in K and so there
is a unique prime ideal p dividing pZ. Again, we have an embedding

Q‘%KAQ;D(\/E)

and by continuity, we obtain a discrete valuation v = V,( \/ﬁ)’ K in K, extending v, with
index 1 or 2. Either way, we see that v(p) > 0 and so the prime ideal p,, associated with
the valuation v contains the ideal pOg. But we already know that p is the unique prime
ideal containing pOk and so

Pv=9p
and
K, = K, = Qy(vn),
since Qp(y/n) is a complete field by Proposition 1.7.. O

From Propositions 4.3. and 4.4., we obtain the immediate

Corollary 4.5. There are isomorphisms

K, =[] K»
plpZ
and
M= I &
p prime p prime ideal

In particular, we can identify the idéle group I with the restricted product of the K, ’s.
O

Alternatively, one could show the general result, that for a Galois extension of number
fields L/K and a prime p of K there is an isomorphism

Ky @k L] Ly
PBlp

For proofs, see [Ser79, Chapter II, §3, Theorem 1 (iii)] and [CasFro67, Theorem, p. 57|.
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We can now describe the map
Qzp - K; — GL2(Qy),

where K = (Q, ®g K)* and GL2(Qp) are necessarily endowed with the product

topology on QIQ, and Q;‘, respectively. This follows from the fact that any topology on
a finite dimensional vector space over QQ, is equivalent to the product topology. For a
proof, see [Gou97, Theorem 5.2.1].

Let

{=a+by/ne (Q,aqK)
with a,b € Q). We can approximate a and b with rational sequences ay, b, € Q respec-
tively to obtain ag + bg/n, which corresponds to the element

& = ag + bk\/’ﬁ e K
via the canonical embedding and we obtain

- bz b(ny? — z?)
Y Y
b bx

) Y

qz#’(&) = klggo q,z(gk) = S GLQ(QP).

We will see this in more detail later on in sections 4.2-4.4.

It is then clear that the map
q. : Ix — GLy(A)

is the componentwise extension of the ¢, ,’s. However, we still need to check that ¢ is
well-defined.

Proposition 4.6. The map
q : IK — GLQ(A)

is well-defined, i.e. q,(s) € GLa(A) for every idéle s.

Proof: Let
s = (Sp,;Spy,---) € Ik,

We need to show that all but finitely many components of ¢.(s) are contained in GL2(Z,).
We can ignore the finitely many sy, where sy is not a unit in O, .

Furthermore, by Theorem 1.6., we see that a prime number p ramifies in K if and only
if it divides the discriminant dg . Since there are only finitely many such p, we can ignore
them as well.
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4.1 The Automorphism o,

Assume that pOg = pp for an odd prime p and that s, and sy are units in Ok, and OKF

respectively. Since
Ky = Qp = Ky,

the pair (sp, s5) corresponds to an element

(o, 8) € Qp & Qp,

where o and § are units in Z,. By taking the inverse of (a, §) under p; @ po, we obtain

the element L5 5
o o —
&= y " 2v/n,,

ﬁEQp(@QK.

By setting
a= ot f and b= a—ﬁ’
2 2\/ﬁp
we obtain again the matrix
br  b(ny? — z?)
Y Y
G=p(&) =
o b b
Z 4 — —
Yy Yy

with unit determinant a®> — nb> = af. Now, x and y are both units in Zy, for all but
finitely many p, so it is enough to show that a,b € Z,, but this is clear since \/ﬁp is a
unit in Z,.

If pOk = p for an odd prime p and sy is a unit in Of,, then s, corresponds under u to
an element

§=a+byn e Qyvn) = Qy(vn)

of valuation 0. By Proposition 1.9., we have the formula

Ny ( ¢
g, (vin) (&) = ol @p<?>/@p)( )7

where f is the inertia index of the extension Q,(1/n)/Q, and we see that &
is a unit in Q,(y/n) if and only if det(g.,(£)) = a® — nb? is a unit in Z,.

By Theorem 1.6., we know that p fn, so that n is a unit in Z,, and that n is not a square
modulo p. By the properties of discrete valuations, we have

0 = v,(a® — nb*) > min(v,(a?), v,(—nb?)) = 2 min(v,(a),v,(b))

and it is easy to check that we have equality if v,(a) # v, (D).
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Assume that v,(a) = v,(b) = m < 0 and let a,,, by, and ng be the first nonzero coefficients
of the p-adic expansions of a,b and n respectively. Then we have

a2, = ngb?, mod p,

which is impossible since n is not a square modulo p. This proves that a,b € Z, and
consequently g, (&) € GLa(Z,). O

The next step is to understand the map
o : GLa(A) — Aut(F).

We know from Proposition 3.10. that we can write any element x € GLy(A) as x = au,
with
a€GLy(Q)" and u e U = H GL2(Zp).

p prime

Then
o(x) =o(au) = o40y

and the action on a modular function f € Aut(F) is given by
fO'(CE) — fUaC"u — (fa'a)a'u.

Here, o, acts on f by
fo(r) = flar),
for 7 € b, such that f(ar) is defined.

Let now f € F. To understand the action of o, on f, we need to extract a matrix o €
GL2(Z/NZ) from w in a canonical way, since by Theorem 3.8., we have an isomorphism

Gal(Fn/F1) = GLo(Z/NZ)/ + 1.
Let N = p?...p;l. First of all, we have the obvious isomorphism
U= ] GLa(Zy) = GLQ( 11 Zq>.
q prime q prime

Recall that we can identify Z, with a subring of

[[z/az,

reN

yielding the maps

I] Graz,) — GLg(HZ/g’”Z) — GLy (Z/p?Z X ... X Z/p;"lz>,

q prime q,r
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4.1 The Automorphism o,

where the last map is the projection onto the components Z/p;‘Z. By the chinese re-
mainder theorem, we get a well-defined element @ € GLy(Z/NZ). If u has components
up, then we can characterise @ by

@ =wup, modp; foralli=1,..,1. (4.1.1)

K3

Let

[e.9]
S N

k=—o00

be the g-expansion of f(7) with ¢ = ¢*™" and a; € Q((x) for a primitive N-th root of
unity (n. Let us write ax = gr({n) for polynomials g € Q[X]. From Theorem 3.8., we
know that @ acts on the coefficients a; by

G (CN) = gr(Cay.

To extract the determinant, we can decompose 4 as

. 1 0).
‘e <o d> v
with d = det (@) and 7 € SLo(Z/NZ). Since we have an isomorphism
SL2(Z)/T'n = SLo(Z/NZ),
we can lift the matrix 4 to v € SLa(Z) such that
v=4 mod N (4.1.2)

and the action of v on f(7) is then given by f(v7). To summarize these results, we have
the following

Proposition 4.7. Let f € Fy with g-expansion

oo

Z gk(CN)(e27riT)k/N

k=—o0

and let u, @ and v be as in (4.1.1) and (4.1.2). Then the action of o, on f is given by

o0

fJ“(T): Z gk(gj(ifet(ﬁ))((fQWmT)k/N.

k=—o0

O

Let f € Fy. To finally assemble the action (f7)7*, we still need to determine the
level of f?*(7) = f(ar). Since multiplying o with a scalar matrix does not change its
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action on h, we can take any multiple of o with integer entries. If & is such a matrix,
then we have

foo(r) = flar) = f(ar) = f(r).
Lemma 4.8. Let & be a matrix with integer entries and positive determinant d and let
f€Fpn. Then fd € Fyn.

Proof: Let v € I'gny. Then we can write v = I + dN§, where § has integer entries. The
matrix
aya~' =T +dNasa!

has unit determinant and since da~! has integer entries, we see that aya~' € I'y. So
for every v € I'gn there is 4 € 'y, such that &y = & and we obtain

fo(vr) = flayr) = f(Far) = f(ar) = f(r),
showing that f® is invariant under T'ypy.

Let now 7 € SLa(Z). We need to show that f7(r) = f(&97) has a g-expansion in
¢'/4N with only finitely many terms with negative exponents. It is easy to check that a
matrix with integer entries and determinant d can be written in the form

a b
"o ¢
with v € SLa(Z) and a,b,c € Z, satisfying ac = d. Since &7 is such a matrix, we can

write @y = ya/, where
o — a b
- \0 ¢

and we have f(ay7) = f(ya/7T). Let

be the g-expansion of f(y7), having only finitely many terms with negative exponents.

Now
; atr +b a’t + ab

ot =
c d

and

1 k/N , bk i a?
(€2mo/7') / (eQTrz/dN)a (627rz7')a k/dN _ agank/dN'

Qg = ag

Since a? and d are positive, we have only finitely many terms with negative exponents
and since f¢ is clearly meromorphic on b, we are done. ]

We can now summarize as follows.
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4.2 The Case pOg = pp

Corollary 4.9. Let f € Fy and © = au € GLa(A). Let & be a scalar multiple of o with
integer entries and determinant d and let U € GLo(Z/dNZ) be the matriz induced by u,
as in (4.1.1) with v € SLa(Z) as in Proposition 4.7.. If

o0

> ar(Cw)g N

k=—00

is the q-expansion of f(1) with g € Q[X] and

o0

£ = flar) = 30 a@n)@ )N = 37 GilCan)dt N

k=—00 k=—o00

1s the g-expansion of f°, then we have

o

(f7)7 (1) = Y Gr(Can ™) (2™7)

k=—o00

k/dN

O]

We now have the necessary tools to explicitly describe 0. (ny), wheren, = (1, ..., @y, ..., 1).
Let K = Q(y/n) be an imaginary quadratic number field, let p be a prime number and
let z =z + yy/n € KNh. There are three cases to consider.

4.2 The Case pOx = pp

If p splits completely in K, the polynomial X2 — n splits into linear factors over Qp by
Proposition 4.3. and we have isomorphisms

K,=Q,0q K=Q,®Q, = K, ® Kj.

The element

can then be identified with an element of the form

(p57 1) € Qp @ Qp7

where € is a unit in Z,,.

This element maps to

_pe+1  pe—1 _pe+1
2 2\/ﬁpﬁ_ 2

via the inverse of the isomorphism g @ po given by

(1®1)+p€_1(1®\/ﬁ)e@p®@f(

a1 + agyn = (a1 + ag\/ny, a1 — aav/n,),
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4 Shimura Reciprocity and Prime Idéles

where \/n,, is a root of X% —nin Q,.

We can now approximate e, \/ﬁp € Zjy by sequences e, B € Z respectively, such that for
all k € N, we have
ep =¢ mod pF
B = \/ﬁp mod pF.

This can be easily achieved by taking the p-adic expansions of € and \/ﬁp. If p is odd

and n =1 mod p, we can even take the p-adic binomial expansion of \/ﬁp, given by

(L+np)?=>" <1é2> n'p,

=0

where

<1/2> C1/2(1/2-1)..(1/2 - 1+1)
1) !

1/2
l
Lemma 4.5.11 and Corollary 4.5.12]) and we can approximate by setting

Br = i <142> 'y

=0

If we set n = "le, then 7, < € Zp, the series converges (for a proof, see [Gou97,

We then obtain the sequence

:pek+1+p€k—

&k 5 2

1
Vne K CQ,®qK.

From Lemma 4.2. we obtain

pert 1 (pex— Do (pek —1)(ny® — o?)

2 2 2
QZ(gk) = uP YPk S GLQ(Q)+.

per — 1 pep+1  (pey — Dz
2y B 2 2yPr

and by taking limits, we get the following

Lemma 4.10. We have

pe+1 n (pe — Dz (pe — 1)(ny? — 2?)

2 2y\/n. 2y\/n.
z == 1 z = P P € GL
¢zp(§) = Hm q:(&) pe 1 petl (-1 2(Qp)
2yv/n, 2 2yv/n,
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4.2 The Case pOg = pp

with
det(g:.p(€)) = pe.
O

1
0 ?) on the left

We normalize the determinant by multiplying the matrix with A = <
p

and with B = ([1) ?) on the right. Note that A € GLy(Z,) for all prime numbers p # ¢

[

and B € GL2(Zy). In the setting of idéles, we have
() = (1, oy Qo (€)oo I) = AN, o Aqu p(E) B, ., 1) (A, ..., B ., A) € GLa(A),
with ¢, (&) at position p, where
(I,...,Aq: p(§)B, ...,I) € SLa(A)

and
(A,..,B7 . A)eU= ][] GLaAZ,).
q

prime

X(a) = <(1) ?) and Y (a) = (i (1)>

We have the following decomposition

Let

pe+1  (pe—1Dx (pe—1)(ny® —2?)

_|_
B 2 2yv/n,, 2ye/n,, B
Agzp(€) B = pe—1 pe+1l  (pe—1)z
2ypv/n,, 2pe  2ypey/n,

s (o (2) -

pe —1 ) Zp
— X(pz,))Y X(=22),
e (o )x(- 2
where 2, = z + yy/n, = p1(2).

By taking p-adic expansions we may rewrite this as

[e.@] [e.e] o
X(X e )y (3w )x( 3 )
i=—k i=—k i=—k
for a;, b;, ¢; € Z and a sufficiently large positive integer k and we can approximate with

C = X( i az‘pi>Y< i bipi>X< i Cz’Pi) € SL2(Q),

i=—k i=—k i=—k
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for a sufficiently large positive integer m, say m > 4k — 1, so that we have
I =C""Aq,,B € SLy(Z,).
This yields our final decomposition
p) = (I, .y @z p(€), s I) = au = AT'C(CT'A,C7 A, .., IB, ....C7 1 A,C71 4),
where a = A71C € GLy(Q)" and
u=(C'A,CA,..,IB7Y, ... .C7TA,C1A) e U,
since p is the only prime appearing in the denominators of the entries of C.

Let f € F ey, where p does not divide N = pi*...p;". Since p3*a has integer entries, we
have
o € Fyry with 1 = 6k + £ + 1. (4.2.1)

We obtain the induced matrix
i = (IB~',C7'A...,C7'A) € GLy(Z/p"Z) x GLa(Z/p}'Z) x ... x GLo(Z/p]'Z)
or equivalently
@ = (IB7',C7'A) € GLo(Z/p"Z) x GL2(Z/NZ). (4.2.2)

We will see in the discussion following Example 4.12., that we can choose an approxi-
mating matrix C, such that 3
I'=1 modp" (4.2.3)

and so we may assume that
= (B, CA) € GLo(Z/p'Z) x GLo(Z/NZ)

with determinant

(&.p7") € (Z/p'L)* x (L/NZ)",

yielding the decomposition

(606 ) e

for a matrix ¥ € SLo(Z/NZ). We can lift 4 to v € T'pr, satisfying
v=4 mod N. (4.2.4)

Then the action of 4 is given by the usual action of v and by (,r @ and (ny — (El

in Q(CPT'N)-
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4.2 The Case pOg = pp

Theorem 4.11. Let K be an imaginary quadratic number field, = € K Nbh, n, =
(1,...,pe, ..., 1) a prime idéle with pOx = pp and let f and @ be as in (4.2.1) and (4.2.2).
If

o0

3" gulGr VE PN g € QIX, Y]

k=—00
s the q-expansion of f°¢, then

oo

(Tlp_l,K)f(Z) = Z gk(cgr,ijif—l)(ewriqw)k/p"]\[’

k=—o00

for any matriz v € T'yr, satisfying (4.2.4) and for any approzimation, sufficiently strong
to guarantee 3
I=1 modyp"

as in (4.2.8). O
Example 4.12. Let p=3,n=—-2,e =1 and z = v/—2.

Then B =1 and

=
ta@=| g | =XV (g ) X (- VR
3v=2; 3

We have the following 3-adic expansions
3V—23=0+1-34+1-94 ..,

1 1
—1-242+41-34..,
3v =2, 3

V=23 =24+1-34+0-9+ ...

and we will approximate these values up to the 1-st power, i.e. m = 1. We get

17 88 17 88
C= and o =

16 83

3 3 16 33

with det(a) = 3. Let us take f € F1, so that f7 € F3 and a straightforward computation

shows that
= (0 1
I = <2 2) mod 3.
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Since det(7) = 1 mod 3, we need to lift to a matrix % € SLo(Z) such that & = I mod 3.

An obvious choice is
- (0 1
u={_1 4/

Let 7 € h. The action of 0,0, can now be described as

(f7)7(1) = f(aar),
where
887+ 71
T T 8367

However, since f is SLo(Z)-invariant, this can be reduced to

T—1

3
50 =53
v = <—83 38 ) S SLQ(Z).

In particular, the action on z = +/—2 is given by

YouT =

via the matrix

vV=2-1
youy —2 = —3

and by Shimura’s reciprocity law, we obtain

ot 007D - (Y1),

where ny is the prime idéele (1,...,3,...,1), with 3 at position p and p can be chosen as

either (3,v/=2+1) or (3,/=2—1).

In terms of lattices, we have the homothety

(V—241) {1‘/_2_1] =[V=2+1,-1] =[1,V-2]

and so

/D) :j(“‘z‘l>

for the j-function. Since j generates the field F1, we see that

rv= = p (Y5
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4.2 The Case pOg = pp

and so we have

for every f € Fy.

This is not surprising, since we have j(v/—2) = 8000 (for a proof, see [Cox13, pp. 194-
195]) and so any Galois automorphism of the extension K?°/K will act as the identity

on f(V-2).

Remark 4.13. The case f € F; does not seem to be very interesting, however, the
methods used in the example can be easily generalized to any f € Fy, as we will see in
4.3..

In Example 4.12. we had I # +1 mod 3 because our approximation was too weak. If
we have the matrix

o0 o0

Aq. (&) = X< Z aipi>Y< i bipi)X< Z Cipi>, (4.2.5)

i=—k i=—k i=—k

assuming ¢ = 1, and approximate with

m m m
C = X< Z aipi>Y< Z b,»pi>X< Z cipi), (4.2.6)
i=—k i=—k i=—k
then by explicitly computing
I= C_lqu,p(é—),

we see by the properties of discrete valuations that taking any m > 4k — 1 guarantees
that I € SLy(Zy), as already mentioned above. Moreover, taking any m > 4k + ¢ — 1
yields

I=1 modjp.

A similar argument for the matrix o = A~'C shows that & = p**« has integer entries
with det(&) = 6k + 1. For f € Fr, we then have f°« € F or4r+1 and by approximating
with m > 10k+7, we only have to compute the matrix «, since u € U acts as the identity.

Note also that it is computationally efficient to take m = 10k + r, since the automor-
phism o, does not depend on the decomposition au. To summarize, we have the following

Lemma 4.14. Let f € Fpr and let A and q.,(§) be as in (4.2.5). Ifn, =(1,...,p, ..., 1),
then

(n, ', K)f(2) = f(az),
where « is obtained by taking m > 10k + r in (4.2.6). O
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Of course, this bound may be relaxed if one of the elements to be approximated has
valuation greater than —k. In Example 4.12. we had

v3(3v/=23) = 1, v3((3v/—23)"!) = —1 and v3(—v/—23) =0

and so k = 1. Let f € Fgr. A straightforward computation shows that taking any
m > 2+ r = 2k + r is sufficient to guarantee that u acts as the identity.

4.3 The Case pOx =p

4.3.1 The general Case

If p is inert in K, the polynomial X2 —n is irreducible over Qp and we have isomorphisms
Kp = Qp(vn) = Ky

by Propositions 4.3. and 4.4..

Let wy, = ¢ = a+ by/n € Qu(y/n) and denote by v, and v, the discrete valuations in
Qp and Q,(1/n) respectively. We know from Proposition 1.9. that

Up(No, (vm)/a,(§)
f Y
where f is the inertia index of the extension Q,(v/n)/Qp. This yields

vp(§) =

vp(a? — nb?)

vp(§) = 9

and so £ is a prime element if and only if
vp(a? —nb®) =2

. o a2—mb? - o . .
or in other words, if 2= is a unit in Z,. Similar to the first case, we can approximate

a and b with sequences ay, by € Q respectively to obtain

& = ap + bpv/n € K C Qp(v/n)

and the matrix

b bi(ny? — a?)
Yy

bk bkl'
- ap — ——

S GLQ(Q)+.
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Lemma 4.15. We have

a+ —
. Yy Yy
¢z p(§) = lim q:(&) = . € GLa(Qy)
2 a2t
Y Y
with det(g,(£)) = a® — nb?. O

We obtain
@) = (I, .cy@op(€), 1) = AN, .y Aqe p () B, .., T) (A, ..., B7Y L A),

where
a? — nb?

We have A € GLy(Z,) for every prime ¢ # p and B € GLa(Z,). Assuming b # 0, we
have the following decomposition

b bp*(ny® — a?)
y  yla® —nb?)
b ay — bx

%y y(a? — nb?)

PP )

_x (pZ(fEb +bya —y) > v <pl;y> x (pZ(ya —bi/égi—nfblf;) — ab) )

Similar to the first case, we can approximate with the matrix C' by using p-adic expansions
to obtain I = C~1Agq, ,(£)B and the final decomposition

q-(ny) = au = A~lc(cA, ., IB7' . c~14).

The action of (n, ', K) on f(2) can then be described as in Theorem 4.11..
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4.3.2 The special Case @, = p

If b =0, we have the much simpler matrix

a 0
Ag:p(€)B = (0 1>-

If we now take w, = p, then we have B = I,

p
AQZ,p(g) = 0

NI~ Oo

and we can approximate by simply taking C' = Agq. ,(§). We further have oo = pI and

u = <p11,...,1,...,p11>

and so o, is the identity. Note that this decomposition is independent of the choice of z.

Similar to above, if f € F,rn, where p does not divide N, we obtain the induced matrix
U= <I,p1I> € GLo(Z/p"Z) x GLo(Z/NZ) = GLo(Z/p"NZ)

with determinant (1,p2) € (Z/p"Z)* x (Z/NZ)* and we have the decomposition

(6 ) (60 )

We can now lift the matrix

(1, (p(_)l g)) € SLy(Z/p'Z) % SLa(Z/NZ) = SLy(Z/p' NZ)

to a matrix .

v € I'yr satisfying v = <p0 2) mod N.

This matrix will act in the usual way and the determinant (T,p~2) will act on the coeffi-

——2
cients of the g-expansion by (y +— (X, and by leaving ¢, fixed. Hence we can summarize
as follows.

Theorem 4.16. Let K be an imaginary quadratic field, pOg = p andn, = (1,...,p, ..., 1).
If feFyn with g-expansion

oo

Z gk’(gpraCN)(e%riT)k/prN? gk € Q[Xv Y]a

k=—o0
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where p and N are relatively prime, then

o0

LK) f(r) = Y gl (R (™)

k=—o00

k/p"N

for any T € KNb, where f(7) is defined and any matriz v € I'yr, satisfying the congruence

——1 ~
(P Y
'y_<0 p) mod N.

In particular, if f € Fyr, we have

(ng ', K) (1) = f(7).

Example 4.17. Let p =5 and f € Fi7640. We have 17640 = 2332572 and

1
£=140-24 14+ . inZy,

=2+4+0-3+..in Zs,

=3+1-7+..in Z;

G| = O

and we obtain the element
(5,2,1,10) € Z/8Z x Z/9Z x 7./5Z x Z]A9Z

and thus the matrix

_ /12701 0
u—( 5 12701) € GLy(Z,/176407)

with determinant —2399 and so we have

(1D 12701 0
—\0 —2399)\ 0 7061)°

12701 0
0 7061

=41

We can lift the matrix

to
12701 17640
7= (—521 17640 —724 - 17640 + 7061) € SLs(2).
Let .
rir\ k/17640
Z gr(Cr7610) (€2 )/
k=—o00
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be the g-expansion of f(7) and let n, = (1,...,5,...,1). Then we have

o0

(LK) (1) = > gr(Crreao 229)(e2™77)

k=—o00

k /17640

for every 7 € K Nh, where f(7) is defined.

4.4 The Case pOy = p°

If p is ramified in K, we have an isomorphism

K, = Q,(vn),

again by Proposition 4.4.. The main difference between the ramified and the inert case
is the valuation in Q,(v/n).

For wyp = { = a + by/n € Qy(y/n) we have
0p(€) = vp(a — nb?),
since now the inertia index equals 1 and so £ is a prime element if and only if
vp(a® —nb®) =1,

or in other words if =22 is a unit in Z,. Repeating the approximation and decompo-
sition steps shown in case 2, we obtain by Lemma 4.15.
br  b(ny? — z?)

ge (&) = Y yb € GLy(Q))

and the decomposition

Agop(€)B = X<p($b+ya - y)>Y< b >X<p(ya —y(a® —nb®) — xb))j

b Y b(a? — nb?)
where
10 <1 0 )
A= 1] and B = p
0 P 0 a? — nb?

are normalizing the determinant. By approximating with the matrix C' we obtain again
the decomposition

¢:(np) =au=A"'C(C'A,..,IB7,...C"1A),
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where I = C~1Aq. ,(£)B and we have the analogue of Theorem 4.11. for the action of
(ny ', K) on f(z).

Note that b # 0, since v,(a?) = 1 is impossible for a € Q,. This means we cannot
choose w, = p and so the general result from Theorem 4.16. does not hold. We can
simplify by choosing w, = \/n to obtain

Agzp(§)B = X <p(w - y)>Y<p1y)X <p(x;ny)>

Note however, that there is an exceptional case where the prime elements are charac-
terised differently. If p = 2 and n =3 mod 4, then 2 is ramified in K, but n is odd and
hence a unit in Zg. This means in particular that \/n is not a prime element in Qz(y/n)
and we can choose wy, = 1+ y/n to obtain

Agen(6)B = X (220)Y <21>X (2("9_:”)> .

Y 1—n

Example 4.18. Let p=7,n = —35,w, = v/—35 and 2z = /=35 V2_35 Then

1 —18
and we have the decomposition

Agr(6)B = Y@)X < - 158>

Since 18
f€:2+2-7+...inZ7,
we have
1 16
C = g @
7T 7

by approximating up to the 1-st power. Then

14 (1 16
a=A C—<2 39>,

[B' = C ' Ag.r(6) = (1 ‘98)

0 5
and
01 H 1
7 7 1 —98 7 7
u: PR ) 9
21 0 5 221
7 7
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Let now f € Fag. Then fo» € Fogy, since det(a) = 7. We have 252 = 22327,

16
7 71 _[(1 0

5 . :<2 3> mod 4,
77

316

7 71 (3 -1

5 ) :(1 4) mod 9
¢

and

1 =98\ (1 0
(O 5>:<0 5) mod 7.

These congruences correspond to the matrix

~ <57 —28

i= (g 103>€GL2(Z/25QZ),

which can be decomposed as
1 0 57 —28
0 103)\70 1

57 —28
70 1

and the matrix
) € SLy(Z/2527)

can be lifted to
—-1959 —-28
= ( 70 1 ) S SLQ(Z).

To be able to compute f7«(7) explicitly, we first need to transform f(7).

We have o = do’, where

(10 , (116
5-(2 1)ESL2(Z)anda—<0 7>

14 /=
and we will give the action of (ngl, K)on f <+235> in terms of the g-expansion of
Py =10m) =Y grl(Ge)(e™)H*
k=—00
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for 7 € b, polynomials g € Q[X] and n, = (1,...,/—35,...1) with p = (7, (7++/—35)/2).
We have

£ (r) = flam) = £(00r) = F(a/T) = 37 gulCae) (€27 /5 ey 2
k=—00
and consequently
(fcra )cru (7_) — Z gk (C36103) (627ri)34k/63(627riw7—)k/252.
k=—0c0

In particular, we obtain

(np_l,K)f<1 + \2/—35> _ Z o (Ca 103 (€270 )5F 27V =35tk

where
1363171 dt 1
§=——————andt= 4————.
23.32.44171 23.32.44171

Of course, we first had to transform our modular function with the matrix J, to obtain
a satisfying formula. One way to relate f(7) to f2(7) is given by the identity

fa(0T) = fas(7), a € Q?

for the Fricke functions f, = f;s36. Then ¢ induces an automorphism of Fgz¢, given by
fr.s,36 7 fri2s,s,36 and j — j on the generators of Fag.

4.5 Application for Higher Ramification Groups

We will now show, how Shimura’s reciprocity law can be used to describe the higher
ramification groups of prime ideals in abelian extensions of imaginary quadratic number
fields, which are generated by singular values of certain modular functions. For this, we
will consider the ray class fields Ky for moduli of the form NOg, where N € N and
K = Q(y/n) is an imaginary quadratic number field with n < 0.

The second theorem of complex multiplication describes these ray class fields and by
the properties of the Weber function, one can deduce that there is a suitable z € K N b,
such that the ray class field Ky is generated over K by all defined values f(z), where
f € Fn. This is proven in |Lan87, Chapter 10 §1, Corollary]|.

From now on, we will assume that n # 1 mod 4, so that Ox = Z[\/n]. In this case,
again by [Lan87, Chapter 10 §1, Corollary|, we can take z = y/n and we have

Ky = K(](\/ﬁ% fr,s,N(\/ﬁ»T,s-
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4 Shimura Reciprocity and Prime Idéles

We will now define higher ramification groups and see, how they can be related to
Shimura’s reciprocity law.

Definition 4.19. Let L/M be a finite extension of p-adic number fields. For any s €
[—1,00), the s-th ramification group of the extension L/M is the subgroup of Gal(L/M),
given by

Gs={oe€Gal(L/M) :vp(o(a) —a) > s+ 1forall a € Op}.

However, for our purposes we need an alternative definition of the groups Gs.

Definition 4.20. Let ¢t € [—1,00). The t-th ramification group in the upper numbering
G' is given by G4 = G*, where
‘ /S dz
0 (GO . Gx) .

If x <0, we set (Go:Gy) = 1.
Let now M be a p-adic number field with prime ideal p.

Definition 4.21. Let k be a positive integer. The k-th group of higher units U is the
subgroup of M*, given by
U* =1+ pk.

If K =0, we set U0:OX4.

We can now relate the higher ramification groups in the upper numbering with the higher
unit groups via the norm residue symbol as follows.

Proposition 4.22. Let L/M be a finite abelian extension of p-adic number fields and
let
( ,L/M): M*— Gal(L/M)

be the norm residue symbol. Then
(U*, L/M) = GF
for any nonnegative integer k.

For a proof, see [Neu99, Chapter V, Theorem 6.2]. O

To make use of this Proposition, we can take a prime p in K and a prime P in Ky,
such that 3 divides p and pass to the completions with respect to these primes. Recall
that we have an isomorphism Gal(Kpny/Ky) = Dy, so that we can view the G*s as
subgroups of Gal(Ky/K). There is also a definition of higher global ramification groups,
which coincides with these subgroups. To apply Shimura’s reciprocity law, we still need
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4.5 Application for Higher Ramification Groups

to know, how we can relate the higher ramification groups to the global norm residue
map. Let
< > : K; — Ix

be the map, sending x € K, to the idele (1,..,z,...,1), with z in position p.

Proposition 4.23. The diagram

( 7KNs /KP)
K} id Gal(Kn, /K,)
( >J JDmgGal(KN\n/Kp)
commutes.
For a proof, see [Neu99, Chapter VI, Proposition 5.6]. O

To now determine G¥ C Gal(Ky/K) means to determine the values

o (frsn(vn)) and o(j(v/n))

for every o € G* and r,s € Z/NZ, it is sufficient to compute

(1), KN /K) frs,n(Vn) and (1), Kn/K)j(v/n)

for every t € U*. By Shimura’s reciprocity law, this is equivalent to computing the action
of the automorphism o 5 ((t)) on the Fricke functions and the j-invariant.

Remark 4.24. It is also possible to determine the groups G* without using Shimura’s
reciprocity law. Let K, be the ray class field for the modulus

m= H pr.

p prime
By the global reciprocity law, Gal( Ky /K) is isomorphic to Cx /C¥, where Cx = I /K*
is the idele class group and C% is the congruence subgroup mod m. The latter is defined
as I - K*/K*, where
R= 11 o
p

prime

for the higher unit groups U,? P C Kp. Recall that the ray class field K; for the mod-
ulus Ok, which is a subfield of K, is simply the Hilbert class field of K. We have
Gal(K;/K) = Cg/C}) and since every prime p of K is unramified in K7, the higher
ramification groups G’; C Gal(Kw/K) are all contained in the subgroup

Gal(Ky/K;) = ClL/C%.
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4 Shimura Reciprocity and Prime Idéles

We have
Ck/Ch =1 K*/K*/T} - K*/K* 2 1} - K* /T - K* 2 1 /T - (I N K*)

with

1= [ U

p prime
and
I NK* =0 ={1,-1}

for all imaginary quadratic number fields K, other than Q(:) and Q(v/—3). Hence we
obtain

Ck/Ck =[] Up/ £T;".
plm

If, for example, p is inert in K and we take the modulus m = p’Og = p’, we obtain
Ck/Ch = U,/ U,
and by Propositions 4.22. and 4.23. we have the isomorphism
Gy = U /UL ({£1}nUY),

for the k—th higher ramification group G{j. Now, Uf does not contain —1 if £k > 1 and
S0
k ~ 77k /770
G, =2U;/Uy.

For a classification of the higher unit groups, see [Has69, Chapter 15].

Although this method allows us to obtain the higher ramification groups in an abstract
way, it does not describe their explicit action on the ray class field.

We already mentioned that the G*’s are determined by their action on singular values
of the Fricke functions and the j-function and we will now present an alternative inter-
pretation of this action. Consider the lattice L = [1,+/n]. Recall from section 2 that this
lattice can be identified with an elliptic curve E. Then the set of solutions E(C) consists
of all points of the form (p(2), ©'(2)) and oo, where p(z) = p(z, L) and z € C/L. Points

of the form
(o(25) o (25)) eme

are called points of N—th order, since r\/n+ s is contained in L and therefore maps to oo
under the canonical isomorphism. We denote the set of these points by En and we can
identify them with the values f, s n(y/n) due to the way the Fricke functions are defined.

We will see in the proof of Proposition 4.25. that the j-function is invariant under the
action of the higher ramification groups. Hence the G¥’s are essentially subgroups of the
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4.5 Application for Higher Ramification Groups

permutation group of all f, ; y(y/n), which we then can view as the automorphism group
Aut(Ey). Hence we have an embedding

GF < Gal(Ky/K(j(v/n))) = Aut(Ey) = GLo(Z/NZ)/ + 1

and a matrix acts on a point

<@<N?V+S> p’<r\/ﬁN+S>> € E(C)

as ordinary matrix multiplication with the row vector

(v )
N NJ°
Let p be the prime number contained in p. We will now examine the following special case.

Proposition 4.25. Let K, be the ray class field for the modulus p'Ox for an odd prime

p and k > 1 and let G* be the k-th higher ramification group of the extension Ky /K
with respect to the prime ideal p.

(i) If p splits completely in K and k > ¢, then G* is trivial. If k < (, then G* is
isomorphic to the cyclic group of order p*=*. An element a € Z/péikZ corresponds to
the matriz

pFa  pFan

14+ —
2 2\/ﬁp
k k
s, T
v,
which can be identified as an element of Aut(Epz) via ordinary multiplication with the
row vectors

r s
(v )
(ii) If p is inert in K and k > £, then G* is trivial. If k < £, then G* is isomorphic to

an abelian group of order p>t=%) with (Z/pZ*kZ)2 as its underlying set. More precisely,
if 2k > £, we have

e GLo(Z/p'Z),

Gk = (2/p"* 7, +)°.

An element (a,b) corresponds to the matrix
1+pfa  pFbn
€ GLy(Z/p'Z),
pFb 1+pka

which can be identified as an element of Aut(E,) as in (i).
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(iii) If p is ramified in K and k > 20, then G* is trivial. If k < 2¢, then G* is isomorphic
to an abelian group of order p*'=*. More precisely, if k > ¢, we have

GF = (Z/p" "7, +)?

if k is even and
Gk ~ (Z/pff(kfl)/Q,_i_) % (Z/pff(k+1)/27 +)

if k is odd. An element (a,b) corresponds to the matrices

1+n*2q  nk2pp
€ GLo(Z/p'7)
nk/2p 1+ nk/2q

and
14+ nED2pp  pB=D/2gp
€ GL2(Z/p'Z)
nk=1/2q 1+ ntk=1/2pp

respectively. These can be identified as elements of Aut(Ey,) as in (i).

Proof: (i) If p splits completely in K, then by Proposition 4.3., we know that K, = Q,
and we can write t € U¥ as t = 1+ pFa for some a € Z,. We can now apply the methods
used in 4.2. The fact that ¢ is a unit and not a prime element is not problematic, it
makes things even easier. The element

(1+4p*a,1) €Q, @ Q,

maps to
k k
pa pa
=14+—+ — € K
=1+ +2\/ﬁpﬁ Qp ®0
and by Lemma 4.10., we obtain the matrix
2 2\/ﬁp
4ymp(€) = Pra - oka
2v/n,, 2

Since we assume that p is odd, the denominators are all units in Z;, and so the matrix is
contained in GLy(Z,). Hence no further decomposing is needed and we obtain

w=(I,...qm,&),...]) €U =] GL2(Z,).
p

Since we are working with modular functions of level p¢, the induced matrix satisfies

]

qymp(€) mod p'.
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If £ > ¢, we have
=1 mod p’

for every a € Z,, which proves that G* is the trivial group. Assume that k < /.

Since the j-function is U-invariant, we only need to determine the action of 4 on the
Fricke functions f, ;. By Proposition 3.11. it is clear that the Fricke functions are

permuted under 4 and we see that f, . ¢ is mapped to f; ; ¢, where

k
N pa
(Vn,r +s) and 5= s+ %(nr + V/n,8)

or in other words, (r,s) € (Z/p’Z)? is mapped to (7,5) € (Z/p’Z)?. This yields the
desired action, when we view @ as an element of Aut([E).

k
~ pa
rT=r+_—
+2\/ﬁp

We also have
k

k
pta  pTan
1 -
(1,0)»—)( + 5 2\/ﬁp>
k k
pha pta
1 -
(0’1>H<2\/ﬁp’ + 2)

and we see that the action of 4 depends only on the image of (0,1). Recall from the
proof of Theorem 3.6. that

o(z,L) = p(w, L) if and only if 2 = +w mod L

for the Weierstrass p-function. This implies that for a,b € Zj,, the action of the induced
matrices u, and 4, are equal, if and only if

k k k k
pa P°b ¢ pa P°b ¢
1+— =1+"~— mod p® and = mod p°,
2 2 2v/n,  2y/n,
since 3 3
b
1+]%E— —% mod p°

is impossible if p is odd and £ > 1. Since p splits completely in K, it does not divide n
. . g .
and so 2 and \/n,, are units in Z/p"Z. Hence we obtain
a=b modp*
and so we can view G* as an abelian group with Z/p‘~*Z as its underlying set. Note
that the action of @, is the identity, if and only if @ = 0 mod p’~*. This means that the

kernel of the surjection
Uk — Gk
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consists of all elements of the form
1 +pk+(£_k)a, a € Ly,
i.e. of all elements contained in U¢. Hence we have an isomorphism
Uk Ut = G*.

Let us define
a*b::a—i—b—i—pkab

for a,b € Z/p*~*F7Z. The map
UF — (z/p"*2, %)

1+ pk a—a
is then a surjective homomorphism with kernel U and we have isomorphisms
GF = UR Ut =~ (2)p** 7, %).

Clearly, the operation * is simply addition if 2k > £. Tf 2k < £, we have 1x1 = 1+ (1+pF)
and by induction we obtain

pé—k—l_l
Lsdls..xlxl= Y (1+p""
| S —
pt=k=1 times i=0

Note that 1 + p* generates a cyclic subgroup of order p*=2* of the multiplicative group

(Z/p*~*7)*, which consists of all elements of the form 1 4 pFc for ¢ € Z/p*~*Z. This
means we have

p£—2k71 p£—2k71 (p272k B 1)p@,1
Tals..xlxl=pr! 1apFi) = pl—k—14 2k—1 kel
N B p Z (1+p%i) =p +p Z i=p + 5
pf=*=1 times =0 i=0
and since
p1=0 mod p*,
we obtain

Tsls..xlxl=pF 1Ly,
—_—

pt=k=1 times

which means that 1 € (Z/p*~*Z, *) has order p*~* and so (Z/p'~*Z, x) = G* is cyclic.

(ii) If p is inert in K, we have K, = Q,(y/n) by Proposition 4.4. Note that the ring
of nonnegatively valued elements of Qp(y/n) is simply Z,[y/n|, due to the formula in
Proposition 1.9. and the fact that n is not a square modulo p. This means, we can write
any t € UF as

t =14 p*(a+byv/n),
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where a,b € Z,. By Lemma 4.15., we obtain

1+pka  pFbn
Qymp(t) = € GLa(Zp)
v kb 1+pka

and

w= (I, qmp(t), ... T) € U =[] GL2(Z,).
p

Again, if k > £, we obtain
=1 modp’

and so G¥ is trivial.

Similarly to (i), we need to determine the action of this matrix on the Fricke functions
for k < £. We immediately see that (r, s) gets mapped to

(r+pF(ra+sb), s+ pF(ron+ sa))

and we have
(0,1) = (b, 1 + p*a).

If we have elements
t1=1 +pk(a1 —l—bl\/ﬁ) € Uk

and
to = 14 p*(az + bav/n) € U,

then ¢; and t, map to the same automorphism in G* if and only if
pkbl = pkbg mod pz and 1 —{—pkal =1 —l—pkag mod pe,
which is equivalent to

{—k (—k

b1 =by mod p and a1 =az mod p

Note that
1+pFa; = —-1—pFay mod p’

is again impossible. It is also clear that the kernel of the surjection
Uk — G*
is again U, so there is an isomorphism
Ukt = Gk,
We now define a group structure on (Z/pé*kZ)% Let ay,as,by,by € Z/p**7Z. Then let

(a1,b1) o (ag,b2) := (a1 + az + p*(araz + biban), by + by + p¥(arby + agby)).
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The map
U* — (Z/p"7"2)",0)
1+ p*(a+by/n) = (a,b)

is then a surjective group homomorphism with kernel U¥, i.e. we have an isomorphism
2
G* = ((Z/p"*2)",0).
In particular, if 2k > £, the operation o is simply componentwise addition.

(iii) If p is ramified in K, p is no longer a prime element in Q,(y/n) = K, and we have
to take y/n to obtain

t=1+vn"(a+byn).

Again, we can assume that a,b € Z,. We obtain

1+ nk2a  nk/2pn
qmp(t) =
VP nk/2p 1+ nk/2q

if k£ is even and
1+ nt=012pp  pk=D72qp
Qymp(t) =
v D12 1 4 (D2,

if k is odd.
The rest works analogously to (i) and (ii), by using the fact that p divides n. O

If n =1 mod 4, we have a similar version of Proposition 4.25.. The G*’s have the same
structure as groups, only their action on E is different. The proof works in the same

way, by taking z = #

4.6 Application for Ring Class Fields
In the following, we will show how one can apply the results of this section to find the

conjugates of certain singular values of modular functions that lie in the ring class field
of an order O in K.

Let Lo denote the ring class field of O. Recall that by class field theory, we have an

isomorphism

C(0) = Gal(Lo/K),
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where C'(O) is the ideal class group of O and this isomorphism is induced by the surjective
homomorphism
L
- (5%0)
aO K

where a is an ideal in O, prime to the conductor f.

Let a now be a proper fractional ideal in O. We know from the first main theorem of
complex multiplication that j(a) generates Lo over K. If b is another proper fractional
ideal, contained in a different ideal class, then one can show that j(a) and j(b) are con-
jugate over K with the help of the following

Theorem 4.26. Let b be a proper fractional ideal in O and let p be a prime of K. Then

(L@p/K

For proofs, see [Lan87, Chapter 10 §1 Theorem 1] and [Shi71, p. 122, (5.4.1)]. O

)j(b) — j(FrOb).

It is now easy to show that there is an isomorphism
C(0) = Gal(Lp/K)

a+— og,

where o, is defined by the relation

a(j(b)) = j(ab)

for a proper fractional ideal b in O and from this, one can deduce that j(a) and j(b) are
indeed conjugates.

For arbitrary modular functions f € F, this is not so easy, since we first need to deter-
mine whether the value f(7) is contained in Lo. For this, we need to introduce extended
ring class fields.

We denote by Pk gz n(fN) the subgroup of Ix(fN) generated by the principal ideals
aOg, where

a €Ok and a=a mod fNOg for some a € Z with a =1 mod N.

This subgroup is a congruence subgroup for the modulus fNOg and by class field theory,
we obtain an extension Lo ny/Lo. The field Lo y is called the extended ring class field
of level N.

We can describe the Galois group in the following way.
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Lemma 4.27. There is an exact sequence
0" — (O/NO)" — Gal(Lo.n/Lo),
where the second map is induced by
a— a0k

for a € O, relatively prime to fN.
For proofs, see [Cox13, Lemma 15.13.] and [GeeSte98|. O

Let 7 € K Nh be a root of the polynomial aX? + bX + ¢, where a, b, ¢ are relatively
prime integers with a > 0. Then ar € Ok and O = [1, ar] is an order in K. From now
on, we will assume that 7 and O are of this form.

An important property of extended ring class fields is given by the following

Theorem 4.28. Let 7 and O be as above and let f € Fy, such that f(7) is defined.
Then f(1) € Lo n-

For proofs, see [Cox13, Theorem 15.16.] and [GeeSte98]. O

The theorem tells us that it is sufficient to compute o (f(7)) for every o € Gal(Lo n/Lo)
to determine if f(7) € Lp. This can be achieved by the following modified version of
Shimura’s reciprocity law.

Let u € (O/NO)* and let g,(u) € GL2(Z/NZ) be given by the relation

o) -+

The matrix g,(u) is the analogue of the matrix ¢,(§) in the classical formulation of the
reciprocity law. Let o, € Gal(Lo n/Lo) denote the automorphism corresponding to u
via the exact sequence from Lemma 4.27..

Theorem 4.29. (Shimura Reciprocity for Lo v)
Let 7 and O be as above and let f € ¥ such that f(7) is defined. Then

o1 (F(7) = f (7).
For proofs, see [Cox13, Theorem 15.17.] and [GeeSte98|. O

It is obvious that f(7) € Lo if and only if o, (f(7)) = f(7) for every u € (O/NO)* and
Theorem 4.29. makes it possible to explicitly compute these values.
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Remark 4.30. If we now have f(7) € Lo, we want to compute its conjugate o,(f(7))
for every ideal class [a] € C(O). Recall that if a is an ideal in O, prime to the conductor,

then o, is given by
Lo/K
ClOK ’
It is not hard to check that a and @ lie in inverse ideal classes and so we have
()
Oq = )
a(’)K

(5

i.e. we want to compute

ClOK

As we already mentioned in the beginning of this section, this amounts to repeatedly
applying Shimura’s reciprocity law for the prime idéles ny,, for every p; that appears in
the factorization of a and by the results of this section, one can explicitly compute the
conjugates of f(7) over K.

81






Bibliography

[Cox13] David A. Cox. Primes of the form z? + ny®: Fermat, class field theory, and
compler multiplication. Wiley, Hoboken, second edition, 2013.

[Lan87] Serge Lang. Elliptic Functions. Springer-Verlag, New York, second edition, 1987.
[Ser79] Jean-Pierre Serre. Local Fields. Springer Science, New York, 1979.

[Neul3| Jiirgen Neukirch. Class Field Theory -The Bonn Lectures- Edited by Alezander
Schmidt. Springer-Verlag Berlin Heidelberg, 2013

[Neu99| Jiirgen Neukirch. Algebraic Number Theory. Springer-Verlag, Berlin, 1999.

[CasFro67] JW.S. Cassels, A. Frohlich. Algebraic number theory. Academic Press, Lon-
don, 1967.

[Gou97] Fernando O. Gouvéa. p-adic Numbers, an Introduction. Springer, Berlin, second
edition, 1997.

[Shi71] Goro Shimura. Introduction to the Arithmetic Theory of Automorphic Functions.
Princeton University Press, Princeton, 1971.

[Ste01] Peter Stevenhagen. Hilbert’s 12th Problem, Complex Multiplication and Shimura
Reciprocity. Advanced Studies in Pure Mathematics 30, 2001, pp. 161-176.

[GeeSte98] Alice Gee, Peter Stevenhagen. Generating Class Fields Using Shimura Reci-
procity. Lecture Notes in Cornput. Sci. 1423, Springer-Verlag, Berlin, 1998, pp.
441-453.

[Jan73] G. Janusz. Algebraic Number Fields. Academic Press, New York, 1973.

[Has69] Helmut Hasse. Number Theory. Akademie-Verlag, Berlin, 1969.

83



