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Abstract

The main focus of this thesis is to extend the results of S. Fredenhagen’s, O.
Krüger’s and K. Mkrtchyan’s paper "Vertex-Constraints in 3D Higher Spin
Theories" [1] – which examines the Lagrangian formulation of higher-spin
gravities in three dimensions for orders N ≥ 4 [16] – to higher spin interac-
tion vertices of order N = 4 with fermions in three dimensions. The outcome
of it will further be used to describe the vertex constrains for orders N ≥ 4.

In three dimensions the additional class of Schouten-identities – alongside
Lorentz-invariance, gauge invariance and other invariances of the lagrangian
– has to be taken into account when evaluating the constraints for interaction
vertices of high order with respect to the Noether-Fronsdal program [1][3][6].
Thus, the results differ from the general form of interaction vertices in four
dimensions. In fact, Schouten-identities provide a powerful tool to simplify
the calculations and also as a result constrain the outcome immensely.

Eventually, the quartic vertices are constrained to only contain fields of spin-
1 or lower. This also translates to the generalization of the vertex constraints
for higher order vertices N ≥ 4.
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Introduction

1.1 Motivation: the AdS-CFT Correspondence

Among others, a very well known motivation for studying Higher Spin sys-
tems is given by the AdS/CFT-correspondence [1].

The AdS/CFT-correspondence is a conjecture which states that
a d-dimensional conformal field theory is dual to a gravitational
theory on a (d+1)-dimensional asymptotic anti-de-Sitter spacetime
[1][7]. It is specifically important for three-dimensional higher spin gravities
solely for the reason that two-dimensional conformal field theories yield a lot
of exact results and thus it is a very powerful tool to examine them. In this
section the correspondence will very shortly be introduced with the example
of a scalar field [1][7].

The metric of anti-de-Sitter spacetime can be written as

ds2AdS = L2

(
−(1 + r2)dt2 +

dr2

1 + r2
+ r2dΩ2

d−1

)
where dΩ2

d−1 corresponds to the (d-1)-dimensional unit sphere Sd−1[7]. It is
important to note that at r = 0 it corresponds to Minkowski-space whilst
for rising r > 0 the spacetime corresponds to a rising gravitational potential,
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which can clearly be seen by looking at V ≈
√
−g00. For massless geodesics

it is possible to reach infinity and come back in a finite amount of time.
Geodesics of massive objects will at some point get repelled and thus cannot
reach that far [7].
The full symmetry group of AdS spacetime is given through SO(2,d). This
can be seen by the fact that AdS spacetime can be described as a hyperboloid
in R2,d given through

−X2
0 −X2

1 +X2
2 + ...+X2

d = −L2

which clearly yields SO(2,d) to be the group of isometries [7].

The asymptotic boundary of AdS spacetime is given through R × Sd−1. As
a result the isometries of it act on the asymptotic boundary in a way that
points on the boundary are mapped to points on the boundary. This is the
action of the conformal group in d dimensions, which yields that the quantum
field theories that asymptotically AdS spacetimes can be dual to are given
through conformal field theories [7].

To demonstrate the way this correspondence manifests we will look at the
example of the scalar field given through the action [7]

S [ϕ] =

∫
dd+1x

√
−det(g)

(
∇µϕ∇µϕ+m2ϕ2

)
.

First of all there exists a coordinate transformation such that the line element
can be conveniently rewritten as:

ds2AdS → ds2 =
L2

z2
(
−dt2 + dz2 + ds2d−1

)
where ds2d−1 is just euclidean space in d-1 dimensions. These coordinates
are useful whenever it is necessary to look at a conformal field theory in d-

8



dimensional Minkowski-spacetime [7].

Given some fixed boundary condition ϕ(x, z)|z=ϵ = ϕ0(x)ϵ
d−∆ one finds that

the solution for ϕ at the asymptotic boundary looks as follows in Fourier
space [7]:

ϕ̃(k, z) = ϕ̃0(k)ϵ
d−∆eik(z−ϵ) z

d/2Kν(kz)

ϵd/2Kν(kϵ)

ν =

√
d2

4
+m2L2

where Kν(kz) is a modified BesselK function of the second kind. After some
more computation of the action S [ϕ] one finds a non-local contribution given
by

Snon-local = − 2νΓ(∆)

πd/2Γ(ν)
Ld−1

∫ ∫
ddxddy

ϕ0(x)ϕ0(y)

|x− y|2∆

which corresponds to the generating function regarding the correlation func-
tions for a corresponding operator in the dual conformal field theory. For a
field ϕ that corresponds to a single-trace operator O we find

ZGravity [ϕ0] = ZCFT [ϕ0] = ⟨e
∫
ddxϕ0(x)O(x)⟩

for the partition functions of the respective theories. This beautifully demon-
strates the AdS/CFT-correspondence.

As a remark it is important to note that an argument can be made that re-
sults in higher spin theory in its metric-like formulation [14][15] in Minkowski
spacetime also apply to AdS backgrounds [1][3]. This simplifies the methods
of this thesis to the framework of Minkowski spacetime, which will be used
going forward from here. According to [3] that is the case because the most
relevant obstacles that prevent it in higher dimensions are not applying in
three dimensions, which are Weinberg’s S-matrix argument [9] as well as the
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Aragone-Deser problem [10].

1.2 Construction of massless higher-spin fermionic

Fields

1.2.1 Representation Theory of the Lorentz-Group

The Lorentz-group SO(1, d− 1) is the group of linear homogeneous transfor-
mations that leave the metric of Minkowski-spacetime invariant[11].

Λµ
αηµνΛ

ν
β = ηαβ

for the metric tensor
η = diag(1,−1, ...,−1)

as well as the Lorentz-transformations Λµ
ν .

For practical reasons, in physics we exclude parity transformations as well
as transformations that reverse time. We call the resulting group the proper
orthochronous Lorentz-group SO↑

+(1, d − 1) [12]. The Lie-algebra identified
with SO↑

+(1, d− 1) is Lie(SO↑
+(1, d− 1)) := so↑+(1, d− 1), which can be con-

structed by the matrix exponential as follows:

For simplicity, let us look at the infinitesimal Lorentz-transformations (which
are sufficient for this construction)[2][11]. Start with an infinitesimal varia-
tion ρµν of the Kronecker-delta δµν , such that

Λµ
ν = δµν + ρµν

(δµα + ρµα) ηµν
(
δνβ + ρνβ

)
= ηαβ .
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Solving this for ρµν results in

ρµν = −ρνµ

which means the Lie-group has d(d−1)
2

free parameters, since ρ is antisym-
metric. Now assume that the antisymmetric part of an infinitesimal Lorentz-
transformation is generated by generators (Mαβ)

µ
ν = − (Mβα)

µ
ν with cor-

responding coefficients ωαβ = −ωβα. Specifically, a general infinitesimal
Lorentz-transformation can be written as

Λµ
ν = δµν +

1

2
ωαβ (Mαβ)

µ
ν .

We find [
exp

(
1

2
ωαβMαβ

)]µ
ν

= δµν +
1

2
ωαβ (Mαβ)

µ
ν

for the infinitesimal case. However, for appropriate ωαβ this yields that a
general Lorentz-transformation can be written as

Λµ
ν =

[
exp

(
1

2
ωαβMαβ

)]µ
ν

and thus the Lie-algebra so↑+(1, d−1) of the Lorentz-group is spanned by the
generators

Mαβ = −Mβα .

Now assume ρµν = ωµν . This results in the following equation

ωµ
ν =

1

2
ωαβ (Mαβ)

µ
ν .

It can be solved by
(Mαβ)

µ
ν = δµαηνβ − δµβηνα .
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This is a fundamental representation [19] of the Lorentz-algebra. Using
it we can compute the commutator of two arbitrary generators [11]

[Mαβ,Mγδ] = ηβγMαδ + ηαδMβγ − ηβδMαγ − ηαγMβδ

which ultimately concludes our definition of the Lorentz-algebra.

1.2.1.1 Bosonic Representations

The generators of the fundamental representation can now be used to express
Lorentz-transformations. Let us start by looking at the action of M12 for
so↑+(1, 2) on R1,2:

exp (θM12) =

1 0 0

0 cos(θ) sin(θ)
0 −sin(θ) cos(θ)


which is a rotation that obeys exp (2πM12) = 13×3. That means that the
Lorentz-transformations induced by the generators Mαβ of the fundamental
representation can be attributed to bosons [12].

A bosonic field Φ(x) can for instance be defined by the group action on
it [12]:

Φ(x) → exp
(
1

2
ωαβMαβ

)
Φ(Λ−1x) .

This is a spin-1 field. Because of the transformation-law we can easily see
that it carries a spacetime-index and can be written as

Φµ(x) → Φ′µ(x) =

[
exp

(
1

2
ωαβMαβ

)]µ
ν

Φν(Λ−1x)

The representation given by the fundamental representation and the spin-1
field, (Mαβ,Φ(x)), will from now on be denoted by R(1).
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It is possible to construct higher integer spin representations by combining
multiple spin-1 fields via a tensor product [5]. The corresponding product
space is given by:

Rs :=
s⊗

i=1

R(1)

It consists of the tensors

Φ̃(x) :=
s⊗

i=1

Φ(i)(x)

where (i) is just a dummy-index to indicate difference between the individual
fields Φ.

A spin-s field transforms as

Φ̃(x) →

[
s⊗

i=1

Λ

]
Φ̃(Λ−1x)

where Λ̃ :=
⊗s

i=1 Λ defines the way a Lorentz-transformation acts on the
product space. One immediately finds that Λ̃ is symmetric with respect to
the tensor product, so Λ̃ =

⊙s
i=1 Λ. This results in the following equation

Λ̃Φ̃(Λ−1x) =

[
s⊙

j=1

Λ

]
s⊗

i=1

Φ(i)(Λ−1x)

This suggests that the symmetric (respective antisymmetric) tensors Sym(Rs)

of Rs yield a representation of Rs. In order to get an irreducible spin-s
representation R(s) from Rs it is not only necessary that Φ̃ is symmetric
Φ̃(µ1...µs)(x) = Φ̃µ1...µs(x) but also that it is η-traceless ηµ1µ2Φ̃µ1µ2...µs = 0 as
given in [5]. The η-trace is a gauge condition that can always be achieved
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on-shell.
So we find that

R(s) =
(
Sym(Rs); η

µ1µ2Φ̃µ1µ2...µs = 0
)

is a proper way to represent a spin-s field [5].

1.2.1.2 Spin-1/2 Representations

Clifford-algebra and gamma-matrices:

The Clifford-algebra [11] Cl(R1,d−1, η) over the Minkowski-spacetime R1,d−1

with the quadratic form η(v, w) := ηµνv
µwν can be constructed with elements

γµ that obey
{γµ, γν} = 2ηµν1 .

With those generators, the full algebra can be obtained as follows [2]:

1

γµ

γµν := γ[µγν]

γµνρ := γ[µγνγρ]

...

γµ1...µd := γ[µ1 · · · γµd] .

Upon counting the number of elements, one finds that there are 2d unique
elements contained in Cl(R1,d−1, η).

One way of representing Cl(R1,d−1, η) is given by using the Pauli-matrices,
which results in the so-called γ-matrices [2][11]. They will play a big role
in constructing a fermionic theory. As an example, let us represent the first
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three γ-matrices with a choice of Pauli-matrices for d = 2k even dimension
[18]:

γ0 = σ1 ⊗

(
k−1⊗
i=1

12×2

)

γ1 = iσ2 ⊗

(
k−1⊗
i=1

12×2

)

γ2 = iσ3 ⊗ σ1 ⊗

(
k−2⊗
i=1

12×2

)

· · ·

In the case of odd dimension d = 2k+1, we can construct the matrices with
the generators of Cl(R1,d−2, η) and one additional generator, given by [18]

±γd−1 = ±(−1)k+1γ0γ1 · · · γd−2

with

(γd−1)2 =
k⊗

i=1

12×2

and
{γµ, γd−1} = 0

for µ = 0, 1, ..., d − 2, where the choice of ± in front of γd yields two non-
equivalent representations of Cl(R1,d−1, η).

It is possible to construct the generators in the following way [2]:

M̃αβ =
1

2
γαβ

15



which fulfil the commutation relations of the Lorentz-algebra and thus yield
a representation of it:[

M̃αβ, M̃γδ

]
= ηβγM̃αδ + ηαδM̃βγ − ηβδM̃αγ − ηαγM̃βδ .

In order to see how this representation acts on a corresponding vector space,
let us look at the example of so+(1, 2) acting on C2. Choose the exponential

exp
(
θM̃12

)
=

(
cos
(
θ
2

)
isin

(
θ
2

)
isin

(
θ
2

)
cos
(
θ
2

)) .

It is immediately apparent that exp
(
2πM̃12

)
= −12×2 and as a result

exp
(
4πM̃12

)
= 12×2. This means this representation is a projective rep-

resentation [19]. The Lorentz-transformations induced by the generators
M̃αβ can be attributed to Fermions.

All this leads to the definition of a spinor Ψ(x), which transforms under
this representation of the Lorentz-algebra as [12]

Ψ(x) → exp
(
1

2
ωαβM̃αβ

)
Ψ(Λ−1x) .

They form a projective representation with respect to the M̃αβ. Spinors
constructed this way are called Dirac Spinors [2][12]. Dirac Spinors carry
a so-called Spinor-index which is defined by the transformation-laws as
follows [12]:

Ψa(x) →
[
exp

(
1

2
ωαβM̃αβ

)]a
b

Ψb(Λ−1x) .

16



Looking at the (M̃αβ,Ψ(x)) representation’s generators of so+(1, 2)

M̃12 =
1

2

(
0 i

i 0

)
=
i

2
σ1

M̃01 =
1

2

(
1 0

0 −1

)
=

1

2
σ3

M̃02 =
1

2

(
0 −i
i 0

)
=

1

2
σ2

it quickly becomes clear that they are not simultaneously diagonizable and
thus (M̃αβ,Ψ(x)) is an irreducible representation of so+(1, 2) [19]. Without
further ado this representation will be denoted by R+(1

2
). The irreducible

representation R−(1
2
) corresponds to the choice of −γ2 as one of the gener-

ators of Cl(R1,2, η). See the appendix (A1) for the Pauli- and γ-matrices in
this setting.

1.2.2 Higher-spin fermionic Fields in three Dimensions

Now that we have constructed irreducible representations for both bosonic
spin-s fields as well as fermionic spin-1/2 fields in three dimensions, it is
possible to construct fields of arbitrary half-integer spin s = l + 1/2 (where
l ∈ N) with the tools we are already provided with. Corresponding to the
construction of spin-l bosonic fields, for fermionic spin-(l + 1/2) fields we
make an Ansatz by forming the tensor product of R(l) and R+(1

2
):

Rl+1/2 := R(l)⊗ R+

(
1

2

)
.

The fields are then given by

Ψ̃(x) := Φ̃(x)⊗Ψ(x) .

17



However, according to the Clebsch-Gordon decomposition, Rl+1/2 decom-
poses to [12]

Rl+1/2
∼= R(l + 1/2)⊕ R(l − 1/2) .

So in order to construct a proper spin-s fermionic representation R(s) for
s > 1/2 we need to divide away the s− 1 contribution in Rs. The best way
to do so is by contracting one of the Lorentz-indices with the γ-matrices,
because this equals to projecting Ψ̃(x) onto the representation R(s− 1). The
s−1 contribution is then divided out by identifying the projection with zero:

γµ1Ψ̃µ1...µl
= 0

which yields the fermionic spin-s representation R(s)

R(s) =
(
Rs; γ

µ1Ψ̃µ1...µl
= 0
)
.
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1.3 Fronsdal Field Equations for Bosons

From now on we will omit the ∼ in Φ̃(x) and only use Φ(x) in order to
describe the spin-s bosonic field. When constructing the free Lagrangian for
free massless spin-s fields it is already possible to exploit the condition of the
η-tracelessness. First of all, terms of quadratic order in a single spin-s field
have 2s indices that need to be contracted. Since a quadratic term without
derivatives would in one way or another equal a mass-term, we have to include
two derivatives into this scheme in order to construct the appropriate free
Lagrangian. Define an operator Ω(ν1...νs)α

(µ1...µs)β
without loss of generality such that

Ls = Ω
(ν1...νs)α
(µ1...µs)β

∂αΦν1...νs∂
βΦµ1...µs .

Because of the η-trace condition no contraction between two space-time in-
dices of the same field, i.e. terms like ηνiνj or ηµiµj

, are possible. This
simplifies the problem quite a lot, however let us first write down the most
general form of the operator Ω:

Ω
(ν1...νs)α
(µ1...µs)β

= ϵ1η
α(ν1ην2(µ2

· · · ηνs)µs
ηµ1)β + trace-terms of that type

+ ϵ2η
α
βη

(ν1
(µ1

· · · ηνs)µs)
+ trace-terms of that type .

This is the most general form because the equivalence class given through
total derivatives allows us to switch around the differentials up to signs that
eventually will get compensated by the ϵi ∈ R. Because the trace-terms
vanish for massless bosonic fields, we get the simple case of

Ls = ϵ1 (∂αΦµ1...µs) ∂
αΦµ1...µs + ϵ2 (∂

αΦαµ2...µs) ∂βΦ
βµ2...µs

where ϵ1 = 1/2 = −ϵ2 [5] is given through convention with the relative sign
being a result of demanding gauge invariance. Calculating the equations of
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motion this results in the so called Fronsdal tensor [5] for massless fields:

Fµ1...µs = □Φµ1...µs − ∂(µ1∂
αΦµ2...µs)α = 0 .

1.3.1 Gauge Invariance of the Fronsdal Tensor

The gauge field of the spin-s bosonic field is given by a spin-(s − 1) field.
This can beautifully be demonstrated upon analysing gauge invariance of
the Fronsdal tensor [5]. Let the gauge transformation of zeroth order in the
fields itself be given in its most general form as:

Φ → Φ + δ(0)Φ

with δ(0) yielding the gauge variation with respect to order zero in the fields.
Then, given a gauge field ξ, the following holds [5]:

δ(0)Φµ1...µs = α∂(µ1ξµ2...µs)

Per convention we can set α = 1 [5].
This results in

0 = δ(0)Fµ1...µs = −∂(µ1∂µ2∂
αξµ3...µs)α − ∂(µ1∂µ2∂µ3ξµ4...µs)α

α .

By gauge fixing via ∂µ1Φµ1µ2...µs = 0 [5] we obtain the transversality condition
for the gauge field ∂µ1ξµ1...µs−1 = 0. Combining the gauge fix with the η-trace
condition of Φ one also obtains:

ηµ1µ2ξµ1µ2...µs−1 = 0

which yields δ(0)Fµ1...µs = 0 as anticipated. Of course without loss of gen-
erality ξµ1µ2...µs−1 = ξ(µ1µ2...µs−1). For the remaining gauge field, with all
constraints imposed, we also have □ξ = 0.

20



With this the complete set of equations for the free and massless spin-s
theory is fixed.

1.3.2 Complete Set of Equations for the free massless

Theory

The complete set of equations of the free massless theory for bosonic spin-s
fields can be summed up as follows. In the first and second row we have the
conditions given through the construction of the fields. The transversality
condition in the third row is achieved by gauge fixing, which results in the
fourth row that gives the free equations of motion. The last row describes the
zeroth order gauge variation in the fields. Likewise for the second column,
in which the spin-(s− 1) gauge-field constraints are listed [5].

Φ(µ1...µs) = Φµ1...µs ξ(µ1...µs−1) = ξµ1...µs−1

ηµ1µ2Φµ1µ2...µs = 0 ηµ1µ2ξµ1µ2...µs−1 = 0

∂µ1Φµ1µ2...µs = 0 ∂µ1ξµ1µ2...µs−1 = 0

□Φ = 0 □ξ = 0

δ(0)Φµ1...µs = ∂(µ1ξµ2...µs)

21



1.4 Fang-Fronsdal Field Equations for Fermions

From now on we will also omit the ∼ in Ψ̃(x) and only use Ψ(x) to describe
the spin-(s+ 1/2) fermionic field. In order to construct the free Lagrangian
for an arbitrary spin-(s + 1/2) fermionic massless field Ψ(x) one first needs
to find its conjugate field with respect to Lorentz-invariance. Naively we
can assume that Ψ†(x) is the conjugate field of Ψ(x), however, Ψ†Ψ is not
Lorentz-invariant. The complex conjugate of Ψ(x) transforms under Lorentz-
transformations as [2]

Ψ†(x) →
([

Λ̃⊗ λ
]
Ψ(Λ−1x)

)†
= Ψ†(Λ−1x)

[
Λ̃T ⊗ λ†

]
where λ := exp

(
1
2
ωαβM̃αβ

)
. However,

Λ̃T ⊗ λ† =
(
η̃Λ̃−1η̃

)
⊗
(
γ0λ−1γ0

)
̸= Λ̃−1 ⊗ λ−1

where η̃ :=
⊙s

i=1 η. This leads to the definition of the conjugate field given
by [2]

Ψ̄(x) := Ψ†(x)
[
η̃ ⊗ γ0

]
for which the expression Ψ̄Ψ is now Lorentz-invariant. If we look at this
equation in index notation, we get

Ψ̄µ1...µs = ηµ1ν1 · · · ηµsνsΨ†
ν1...νs

γ0 .

In order to construct the free massless Lagrangian for a spin-(s+1/2) fermionic
field we make the Ansatz of introducing a tensor Γ that also contracts the
spinor indices (Ψ̄ΓΨ := Ψ̄aΓ

abΨb), to have

L(s+1/2) = Ψ̄µ1...µsΓαν1...νs
µ1...µs

∂αΨν1...νs .
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Due to the fields Ψ being totally symmetric in their spacetime indices, Γ can
also be chosen to be totally symmetric in the µi- and νj-indices. We can
expand Γ in the basis of the γ-matrices. The identity-term is zero from the
get-go, because the expression has an odd number of Lorentz-indices, and
thus if we expand Γαν1...νs

µ1...µs
with the γ-matrices, we get

Γαν1...νs
µ1...µs

=
[
Γαν1...νs
µ1...µs

]
σ
γσ .

For the same reason of the identity-term being zero, the γσ have to contract
with one of the indices of either Ψ or ∂. Then, after imposing Lorentz-
invariance one finds

Γαν1...νs
µ1...µs

= ϵ1η̃
ν1...νs
µ1...µs

γα + s · ϵ2ηα(µ1
η̃
(ν1...νs−1

µ2...µs)
γνs)

where ϵ1, ϵ2 ∈ C are complex numbers in order to ensure that the Lagrangian
is hermitian later. The Lagrangian now takes on the form:

L(s+1/2) = ϵ1Ψ̄
µ1...µsγα∂αΨµ1...µs + s · ϵ2Ψ̄µ1...µs−1αγσ∂(αΨµ1...µs−1)σ

= ϵ1Ψ̄/∂Ψ+ s · ϵ2Ψ̄µ1...µs−1α∂(α /Ψµ1...µs−1)

Imposing that the Lagrangian has to be hermitian leads to:

L(s+1/2) = i|ϵ1|Ψ̄/∂Ψ− i|ϵ2|s · Ψ̄µ1...µs−1α∂(α /Ψµ1...µs−1)

where |ϵ1| = |ϵ2| = 1, again due to convention. The relative sign between the
two terms is given through imposing gauge invariance.
This results in the Fang-Fronsdal field equations given by the Fang-
Fronsdal tensor [13][17]

Sµ1...µs = i
(
/∂Ψµ1...µs − s · ∂(µ1

/Ψµ2...µs)

)
= 0 .
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1.4.1 Gauge Invariance of the Fang-Fronsdal Tensor

Upon analysing the gauge-invariance of the Fang-Fronsdal tensor one finds
the gauge field to be of spin-(s− 1/2). In order to do so, one has to assume
a gauge transformation of Ψ given by

Ψ → Ψ+ δ(0)Ψ

where δ(0) implicates gauge variation with 0-th order in the Ψ-field itself. So
given a gauge field ϵ, δ(0)Ψ can be expressed as [5][17]

δ(0)Ψµ1...µs = α∂(µ1ϵµ2...µs) .

We can find constraints for ϵ by simply substituting this into δ(0)Sµ1...µs . This
results in

δ(0)Ψµ1...µs = s · ∂(µ1ϵµ2...µs)

γµ1ϵµ1...µs−1 = 0

The γ-trace condition also has to be imposed on the ϵ-gauge field, because
without it the Fang-Fronsdal tensor is not gauge invariant, but instead

δ(0)Sµ1...µs = −is · ∂(µ1∂µ2/ϵµ3...µs)
.

Moreover, we can make a choice of gauge fixing by

/∂δ(0)Ψµ1...µs = s · /∂∂(µ1ϵµ2...µs) = 0 ⇒ /∂ϵ = 0 .

Furthermore /∂ϵ = 0 ⇒ □ϵ = 0, which is relevant for

∂µ1δ(0)Ψµ1...µs = 0 ∧ □ϵ = 0 ⇒ ∂µ1ϵµ1...µs−1 = 0 ,

24



where we chose to gauge fix with ∂µ1δ(0)Ψµ1...µs = 0.
Last but not least, the η-trace condition of Ψ combined with ∂µ1ϵµ1...µs−1 = 0

results in
ηµ1µ2ϵµ1µ2...µs−1 = 0 .

In order to fulfil these gauge conditions, clearly

ϵ(µ1...µs−1) = ϵµ1...µs−1 .

This means the ϵ-gauge field is a representative of the irreducible spin-
(s− 1/2) representation R(s− 1/2) of so+(2, 1).

1.4.2 Complete Set of Equations for the free massless

Theory

With all the preliminary calculations, we have now arrived at combining
everything together in order to define the complete set of equations that are
necessary to describe the free theory of a massless spin-(s + 1/2) particle
[5][13][17]. The first two rows stand for the conditions a spin−s field has to
fulfil, whilst the third row represents the annihilation of the spin-(s − 1/2)

contribution of the field. The fourth row represents gauge fixing. Resulting
from that, in the fifth row are the field equations and in the last one is the
gauge-transformation of Ψ. Likewise for the second column, in which the

25



spin-(s− 1/2) gauge-field constraints are listed.

Ψ(µ1...µs) = Ψµ1...µs ϵ(µ1...µs−1) = ϵµ1...µs−1

(ηµ1µ2Ψµ1µ2...µs = 0) (ηµ1µ2ϵµ1µ2...µs−1 = 0)

γµ1Ψµ1...µs = 0 γµ1ϵµ1...µs−1 = 0

∂µ1Ψµ1...µs = 0 ∂µ1ϵµ1...µs−1 = 0

/∂Ψ = 0 /∂ϵ = 0

δ(0)Ψµ1...µs = s · ∂(µ1ϵµ2...µs)

A little remark about the η-trace condition: Because {γµ, γν} = 2ηµν1, for
any fermionic higher-spin field the condition γµ1Ψµ1...µs = 0 already implies
the η-trace condition. This means that only the γ-trace condition has to be
imposed in order to yield the result for both of them.
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1.5 The Noether-Fronsdal Program

The Noether Fronsdal program is a perturbative approach to solving La-
grangians of different orders in the fields iteratively with respect to gauge
invariance. The perturbative expansion of the Lagrangian for small parame-
ters g and gs1...sN is given as follows [1][3][4][6]

L = L(2) +
∑
N≥3

gN−2L(N)

L(N) =
∑

s1,...,sN

gs1...sNLs1...sN

where L(2) is the free Lagrangian which is quadratic in the fields and si is
the spin of the i − th field. Now let δ(i) be the gauge variation of the fields
with respect to the i− th order in the fields, then a general gauge variation
is given perturbatively through δ = δ(0) + gδ(1) + g2δ(2) + ...

Then imposing δL = 0 yields the following system of equations with respect
to the corresponding orders in g:

δ(0)L(2) = 0 (1.1)

δ(1)L(2) + δ(0)L(3) = 0 (1.2)

δ(2)L(2) + δ(1)L(3) + δ(0)L(4) = 0 (1.3)

· · · (1.4)

In this thesis this system will be approached with a very specific set of as-
sumptions that need to be stated in the following. First of all, as previously
derived it will be assumed that for massless fermionic as well as bosonic fields
the free equations of motion are given. As a result this will yield on-shell
solutions to the system of equations. Moreover, δ(0) is thus assumed to be
solved through gauge invariance of the free system combined with the fact
that we constructed the fields to be traceless, which yields the condition
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that they also are transversal (so all the fields are "TT-fields"=traceless-
transverse-fields [1][3][4]).

Another aspect that needs to be analysed is the equivalences that leave the
action and as a result the equations of motion unchanged, given we assume
TT-fields. With gauge invariance of the free system, one of them was already
implemented. However, there are three more that occur in this setting [1]:

1) If one adds a total derivative to the Lagrangian, the corresponding ac-
tion remains unchanged because the total derivative does not contribute. So
even though the Lagrangian changes by a non-zero term, the resulting system
does not change. This yields that a Lagrangian L̃ = L + ∂µf

µ is equivalent
to L with respect to the equivalence class given through total derivatives [1].

2) It is possible to redefine the fields Φ(i), Ψ(i) with appropriate differen-
tial operators ∆i and ∆̃i as follows

Φ̃(i) = Φ(i) + g∆1Φ
(i) + g2∆2Φ

(i) + ...

Ψ̃(i) = Ψ(i) + g∆̃1Ψ
(i) + g2∆̃2Ψ

(i) + ...

which yields a change of L(N) only by terms that are proportional to the
terms occurring in the free equations of motion. In this case this will yield
the identification of operators ηµν ∂

∂xµ
∂

∂xν ≈F 0 (as an example for the massless
bosonic fields), where ≈F is to be understood as an equivalence relation [1][3].

3) Last but not least, the Schouten identities [1], which are a class of
equivalences that become relevant for vertices with lower orders in three di-
mensions than in four dimensions. They are given through antisymmetriza-
tion followed up by contraction of a number of space-time indices larger than
the dimension of the spacetime. In three dimensions they start to contribute
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at lower orders in the fields and thus are very significant for finding the cor-
rect solutions to our system of equations given through the Noether-Fronsdal
program.

A more precise description of 1) - 3) will be given in the next section, because
it is necessary to define a little bit more precisely how the Lagrangians L(N)

are going to be constructed in order to define the correct equivalence rela-
tions. For now assume that ≈ is an equivalence relation that takes everything
that was mentioned into account. Then clearly

δ(0)L(2) ≈ 0 (1.5)

δ(1)L(2) + δ(0)L(3) ≈ 0 (1.6)

δ(2)L(2) + δ(1)L(3) + δ(0)L(4) ≈ 0 (1.7)

· · · (1.8)

Because of imposing the free equations of motions with respect to ≈ we also
know δ(1)L(2) ≈ 0 and thus find that (1.6) reduces to finding a L(3) that
solves L(3) ≈ 0.

The next step is to solve equation (1.7) by finding a solution to the equation
δ(1)L(3) + δ(0)L(4) ≈ 0 due to δ(2)L(2) ≈ 0 already being given through im-
posing the equations of motion. In order to find the most general solution of
(1.7), one first needs to find the homogeneous equation δ(0)L(4) ≈ 0 whenever
the equations of motion are imposed.

This procedure can iteratively be continued to any order, getting exceed-
ingly more elaborate order by order. In this thesis the focus will be on
solving δ(0)L(4) ≈ 0 specifically under the assumption that the free equations
of motion are imposed [1].
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1.6 Properties of massless fermionic Fields in

the Bulk Theory

The solutions of the fields far away from the asymptotic boundary of a given
spacetime are called solutions of the bulk theory [1][7]. In this section I
will specifically look at the quantization of the spin-1/2 as well as spin-3/2
fields in three-dimensional Minkowski spacetime and draw a conclusion after
having discussed the latter. This will yield a useful insight to the behaviour of
the fields in three spacetime dimensions that intends to complete the picture
a little bit more.

1.6.1 Quantization of the Spin-1/2 Field

The case for spin-1/2 is particularly simple, because it is just the usual Dirac-
field only in 3 dimensions. In classical field theory, the solutions to the Klein-
Gordon equation are sums of plane waves [2]. This can be used to find the
quantized solutions of the field equations by expanding them in a basis of
plane-wave solutions combined with the corresponding quantized operators.
Given the Lorentz-invariant measure dµ(p) = d2p

2E(p⃗)
(see Appendix (A3)), one

can make the following Ansatz for the Dirac-field [2]:

Ψ(x) =

∫
dµ(p)

(2π)2
[
apu(p⃗)e

−ip·x + b†pv(p⃗)e
ip·x]

with

{ap, a†p′} = {bp, b†p′} = f(p⃗)δ(2)(p⃗− p⃗′)

{ap, ap′} = {bp, bp′} = {ap, bp′} = {ap, b†p′} = 0

where f(p⃗) has to be determined, and the conditions for the spinors are

/pu(p⃗) = /pv(p⃗) = 0 .
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In 3 spacetime dimensions this equation needs to be treated very cautiously.
Not only because of the massless set-up, but also because it therefore is
a Weyl-equation. To demonstrate this, let us first look at u. Following
the derivation in [2], it is appropriate to start off with assuming the frame
(pµ) = (p0, p1, 0)T for which clearly p0 = p1. This immediately results in

u(p⃗) = ζ

(
1

0

)

where ζ is going to be to be determined shortly. With this solution for u
the general solution can be obtained by boosting along p2, which is given
through applying λ = eηM02 :

u(p⃗) → u′(p⃗′) = λu(Λ−1
I p⃗) = ζ

(
cosh(η/2)

i sinh(η/2)

)

where Λ−1
I is the induced Lorentz-transformation on p⃗ and η can be de-

termined by the transformation of pµ → p′µ = Λµ
νp

ν , which is given by

/p′ = λ/pλ−1. Because we only boost along p2, in the new coordinates this
results in p′1 = p1 which yields

η(p⃗) = arcsinh
(
p2
p1

)

⇒ u(p⃗) =
ζ√
2

√1 + E(p⃗)
p1

i
√

E(p⃗)
p1

− 1


as the solution.
After some more calculation one finds

u(p⃗)ū(p⃗) =
ζζ∗

2p1
/p

ū(p⃗)u(p⃗) = 0
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from which ζ =
√
2p1 follows without loss of generality. So

u(p⃗) =

(√
E(p⃗) + p1

i
√
E(p⃗)− p1

)
.

Clearly, because this solution has no more degrees of freedom except for a
global phase-factor it also yields that v(p⃗) = eiφu(p⃗) (where φ ∈ [0, 2π))
which simplifies the field to

Ψ(x) =

∫
dµ(p)

(2π)2
[
ape

−ip·x + eiφb†pe
ip·x]u(p⃗) .

The fact that u(p⃗) = eiφv(p⃗) is actually very intuitive if we compare this case
to the massive field. In the field equations for the massive field the minus
sign generated when differentiating creates a difference in the equations for
the two spinors, but when m = 0 this sign is just a global factor that simply
cancels out. This yields the following if we take f(p⃗) = (2π)2E(p⃗)

{Ψ1(x),Ψ
†
2(y)}

∣∣
x0=y0

= −i
∫
d2p

2
p2
[
eip⃗·(x⃗−y⃗) + e−ip⃗·(x⃗−y⃗)

]
= −{Ψ2(x),Ψ

†
1(y)}

∣∣
x0=y0

{Ψa(x),Ψ
†
a(y)}

∣∣
x0=y0

= δ(2)(x⃗− y⃗) + (−1)a+1

∫
d2p

2
p1
[
eip⃗·(x⃗−y⃗) + e−ip⃗·(x⃗−y⃗)

]
.

The integrands in the anticommutators are odd functions in either p1 or p2,
so they vanish and we end up with the desired result:

{Ψa(x),Ψ
†
b(y)}

∣∣
x0=y0

= δabδ
(2)(x⃗− y⃗)

⇒ {Ψa(x),Πb(y)}
∣∣
x0=y0

= iδabδ
(2)(x⃗− y⃗) .
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1.6.2 Quantization of the Spin-3/2 Field

Because of the field equations /∂Ψµ = 0 it is immediately clear that the spin-
3/2 field admits Dirac-spinor solutions component-wise. Thus we can again
follow the solutions for the Dirac field in [2]. The additional conditions that
need to be watched out for are given by

γµΨµ = 0

∂µΨµ = 0

{Ψµa(x),Πνb(y)}
∣∣
x0=y0

= iηµνδabδ
(2)(x⃗− y⃗) .

(1.9)

Each component will have the same form as the previously derived spin-1/2
field. The big difference is given through the one spacetime index for which
it is necessary to analyse the quantization process in a little bit more detail.
In that sense constructing the one-particle Hilbert-space from scratch will be
necessary.

Since it is already specified how the field transforms
(Ψµ(x) → Λµ

νλ(Λ)Ψ
ν(Λ−1x)), the only objects inheriting the spacetime index

can be ap⃗ → aµp⃗ as well as bp⃗ → bµp⃗ , because the spinor already transforms
with λ(Λ) and has per construction (corresponding to the spin-1/2 solution)
no degree of freedom left other than a global phase-factor. It can easily be
seen that the only solution would be the trivial one if the spinor would be en-
dowed with spacetime indices, because otherwise (1.9) would not be fulfilled.
The instance regarding the raising/lowering operators isn’t very trivial, so
following up the Hilbert-space will be constructed more specifically.
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Assume a vacuum state given by |Ω⟩, ⟨Ω|Ω⟩ = 1, such that :

aµp |Ω⟩ = bµp |Ω⟩ = 0

|p, µ,+⟩ :=
√
2bµ†p |Ω⟩

|p, µ,−⟩ :=
√
2aµ†p |Ω⟩

|p1, µ1,−; p2, µ2,+⟩ := 2aµ1†
p1
bµ2†
p2

|Ω⟩ = |p1, µ1,−⟩ ∧ |p2, µ2,+⟩

· · · (1.10)

So because of the anticommutators the annihilation and creation operators
clearly yield a Hilbert-/Fock-space with respect to the structure of an exterior
algebra. Take the momentum states |p, µ,±⟩ to be normalised as follows:

⟨p, µ,±|q, ν,±⟩ = 2E(p⃗)(2π)2ηµνδ(2)(p⃗− q⃗)

(See appendix (A2) for Lorentz-invariance of the delta distribution). The
generating states for Ψµ should then be constructed such that component-
wise for the spinor

⟨p, µ,+|Ψ, ν,+⟩ = ηµνΨ+(p)

where Ψµ(p) = Ψ−(p)a
µ
p +Ψ+(p)b

µ†
p . This can be achieved by the following

|Ψ, µ,+⟩ :=
∫
dµ(p)

(2π)2
Ψµ(p) |Ω⟩ =

∫
dµ(p)

(2π)2
Ψ+(p) |p, µ,+⟩

which results in

|Ψ, ν,+⟩ =
∑
µ

∫
dµ(p)

(2π)2
⟨p, µ,+|Ψ, ν,+⟩ |p, µ,+⟩
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and thus yields the completeness relation for the Hilbert-space generated
through b†µp given through

1H+ =
∑
µ

∫
dµ(p)

(2π)2
|p, µ,+⟩ ⟨p, µ,+| .

The space H+ is the one-particle Hilbert-space with respect to the generators
b†µp . If H− is defined as the space generated by the aµ†p , then we find that the
multi-particle spaces can be constructed via the appropriate exterior prod-
ucts of those two spaces.

If one now analyses the behaviour of Ψµ(x) → Λµ
νλ(Λ)Ψ

ν(Λ−1x) under
Lorentz-transformations the following holds:

Λµ
νλ(Λ)Ψ

ν(Λ−1x) =

= Λµ
νλ(Λ)

∫
dµ(p)

(2π)2

[
aνpe

−ip·(Λ−1x) + eiφbν†p e
ip·(Λ−1x)

]
u(p⃗)

= Λµ
νλ(Λ)

∫
dµ(p)

(2π)2

[
aνΛ−1pe

−ip·x + eiφbν†Λ−1pe
ip·x
]
u(Λ−1

I p⃗)

⇒ Ψµ(p) →
(
λ(Λ)Ψ−(Λ

−1p)
) (

Λµ
νa

ν†
Λ−1p

)
+
(
λ(Λ)Ψ+(Λ

−1p)
) (

Λµ
νb

ν†
Λ−1p

)
.

And because of that ⟨p, µ,+|Ψ, ν,+⟩ → ⟨q, µ,+| (
∑

α Λ
ν
αλ(Λ)) |Ψ, α,+⟩ such

that

|p, µ,+⟩ Λ→
∑
ν

Λµ
ν

∣∣Λ−1p, ν,+
〉
.

With exactly the same procedure one could do the calculation for the aµ†p -
sector and end up with the corresponding result. Thus with this we found
a set of Hilbert-spaces and the corresponding transformation rules with re-
spect to Lorentz-transformations in order to describe the spin-3/2 field with
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quantized operators that carry a spacetime index. This yields a complete
description of the representation. In order to make it irreducible (1.9) has to
be imposed. It basically translates to(

−ia2pu1(p⃗) + (a0p + a1p)u2(p⃗)

(a0p − a1p)u1(p⃗) + ia2pu2(p⃗)

)
= 0

(
−ib2†p u1(p⃗) + (b0†p + b1†p )u2(p⃗)

(b0†p − b1†p )u1(p⃗) + ib2†p u2(p⃗)

)
= 0 .

Now let us apply this to the vacuum states ⟨Ω| and |Ω⟩ to understand how
to solve these equations efficiently(

⟨p, 2,−| (−iu1(p⃗)) + (⟨p, 0,−|+ ⟨p, 1,−|)u2(p⃗)
(⟨p, 0,−| − ⟨p, 1,−|)u1(p⃗) + ⟨p, 2,−| iu2(p⃗)

)
= 0

(
−iu1(p⃗) |p, 2,+⟩+ u2(p⃗)(|p, 0,+⟩+ |p, 1,+⟩)
u1(p⃗)(|p, 0,+⟩ − |p, 1,+⟩) + iu2(p⃗) |p, 2,+⟩

)
= 0 .

This is clearly problematic. By the completeness of H+ and H− it yields that
because of the orthogonality of the states |p, µ,±⟩

|p, 0,±⟩ = |p, 1,±⟩ = |p, 2,±⟩ = 0

which as a result is a contradiction to the construction of H+ as well as H−

and thus it is only possible that

H+ = H− = ∅

aµp = bµp = 0 ∀µ

⇒ Ψµ = 0 ∀µ .
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Ψµ = 0 means that the spin-3/2 field does not have any propagating degrees
of freedom in the bulk theory. Looking at the process of the calculation one
might already see that the fact that fields with fermionic spin higher than 3/2
are even more restricted due to having more spacetime indices hints at them
also not having propagating degrees of freedom. In fact, according to [1] this
is the case for any field with spin higher than 2 for bosons. With respect
to that we find that any higher spin field with s ≥ 3/2 has no propagating
degrees of freedom in the bulk theory.
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Constraints for quartic Vertices

2.1 Fierz System for Bosons and Fermions

If we introduce auxiliary vector variables {aµi}, it is possible to conveniently
rewrite the fields as [1]

Φ(s)(x, a) =
1

s!
Φµ1,...,µs(x)a

µ1 · · · aµs

Ψ(s)(x, a) =
1

s!
Ψµ1,...,µs(x)a

µ1 · · · aµs .

In writing the fields that way, we gain a new way to represent the free equa-
tions of motion as well as the conditions for bosonic fields and the equations
we derived from gauge invariance at 0-th order.

First of all we define the operators [1]:

Aµ :=
∂

∂aµ

Pµ :=
∂

∂xµ

as well as
B ·D := BµD

µ .
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This yields the Fierz-system for bosons [1]:

P · PΦ(s) = 0

A · AΦ(s) = 0

A · PΦ(s) = 0 ,

as well as for fermions:

P · PΨ(s) = 0

A · AΨ(s) = 0

A · PΨ(s) = 0

γ · PΨ(s) = 0

γ · AΨ(s) = 0 .

Throughout this thesis this will be a powerful tool to simplify the computa-
tion of the different cases of vertices. For further simplicity the fields will be
denoted as Φ(si)(xi, ai) = Φi(xi, ai) from now on.

The first part of the analysis of the vertices will focus on higher-spin fields and
their gauge fields exclusively (3.2 - 3.5). Afterwards the case differentiations
for Spin-0, Spin-1/2 and Spin-1 fields will be calculated in 3.7.

2.2 Vertices with four HS Bosons (even parity)

The simplest possible quartic vertex consists of four bosonic fields. Strictly
bosonic vertices in particular are much simpler than fermionic vertices be-
cause contractions of spinor-indices make the calculations a little bit more
complicated as more case differentiations have to be accounted for. A vertex
with four bosons and s4 ≥ s3 ≥ s2 ≥ s1 ≥ 1 can generally be written as
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follows [1]

Ls1,s2,s3,s4 = Vs1,s2,s3,s4

(
4∏

i=1

Φi(xi, ai)

)∣∣∣∣xi=x
ai=0

where the vertex operator Vs1,s2,s3,s4 is a polynomial in Ai · Aj, Pi · Pj and
Ai · Pj. All of those operators commute with each other. Also, each of them
contracts two Lorentz-indices. For convenience, let us define matrices of the
operators by [1]

sij = Pi · Pj

yij = Ai · Pj

zij = Ai · Aj .

Because of the Fierz system we can set

sii ≈F 0

yii ≈F 0

zii ≈F 0

because neither of them contributes to the vertex operator. We define ≈F

as an equivalence relation with respect to the Fierz system. Furthermore,
because sij = sji and zij = zji, we find that

Vs1,s2,s3,s4 ∈ R [sij|i<j, zij|i<j, yij|i ̸=j] .

The conditions given by the Fierz system are called the traceless and trans-
verse (TT) conditions of the fields [1]. They are are the initial conditions we
impose on the system. However, looking at the symmetries of the Lagrangian
we can find another condition that has to be imposed on the vertex. A La-
grangian of the form L̃ = L+∂µf

µ does not change the theory. In that sense
we call the two Lagrangians equivalent L̃ ≈ L. This means that we can
define an equivalence relation such that ∂µfµ ≈D 0. Imposing this relation
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on our operators of our Fierz system we find

4∑
j=1

sij ≈D 0

4∑
j=1

yij ≈D 0 .

These two equivalence relations are the generators of an ideal we henceforth
denote by ID [1].

If we look at the expression A[µBνCδDσ]E
µF νGδHσ in 3 spacetime dimen-

sions we quickly find that it has to be zero due to over-antisymmetrization.
This relation produces the Schouten-identities, which form another class of
equivalence relations that need to be accounted for in the construction of the
vertex operator. These identities generate an ideal IS [1]. With both the
ideals IS and ID to be divided out of the polynomial ring, the vertex is an
element of [1]:

Vs1,s2,s3,s4 ∈
R [sij|i<j, zij|i<j, yij|i ̸=j]

IS + ID

.

To be more precise, the vertex is a representative of a whole equivalence class
of vertices [Vs1,s2,s3,s4 ] that lead to the same theory.

The Schouten identities can be calculated as follows.
We first define b⃗T := (P1, P2, P3, P4, A1, A2, A3, A4) and then construct the
matrix

B = b⃗ · b⃗T =

[
S YT

Y Z

]
.

B is a 8x8-matrix. If we take the determinants of all 4x4-minors and set
them equal to zero, we find the complete set of Schouten identities for the
used operators [1].
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Because using the Schouten identities to calculate the vertex operator is
very complicated, in order to simplify the computation of it we introduce an
appropriate product of Mandelstan variables sij with ∆(sij) [1] and apply it
on Vs1,s2,s3,s4 . This will simplify the process of finding a proper representative
a lot.

The vertex operator can be expanded with respect to its degree in the Pi

as follows

Vs1,s2,s3,s4(Pi, Ai) =
M∑
j=0

(
Vs1,s2,s3,s4(Pi, Ai)

∣∣∣∣
degP (Vs1,s2,s3,s4 )=j

)
.

If we define L̃s1,s2,s3,s4 to be the vertex operator Vs1,s2,s3,s4(Pi, Ai) applied to
the fields without setting xi = x as well as ai = 0 for i = 1, 2, 3, 4, the
Fourier transformation (with an appropriate choice of fields as well as space
of integration) of ∆(sij)L̃s1,s2,s3,s4(Pi, Ai) can be written as follows:

F
[
∆(sij)L̃s1,s2,s3,s4

]
(kl) =∆(−ki · kj)

×
M∑
t=0

(
(i)tVs1,s2,s3,s4(kj, Aj)

∣∣∣∣
degk(Vs1,s2,s3,s4 )=t

)

×F

[
4∏

r=1

Φr(xr, ar)

]
(kl) .

Now assume ∆(sij)Vs1,s2,s3,s4(Pi, Ai) ≈ 0 , which means that it is equivalent
to a trivial vertex operator [1]. In Fourier space ∆(−ki·kj) is not equal to zero
on the subvariety ki ·ki = 0 and

∑N
i=1 ki = 0 almost everywhere [1]. However,

since ∆(sij)Vs1,s2,s3,s4(Pi, Ai) ≈ 0 applied to the fields vanishes, this yields

that
∑M

l=0

(
(i)lVs1,s2,s3,s4(kj, Aj)

∣∣∣∣
degk(Vs1,s2,s3,s4 )=l

)
vanishes in Fourier space

almost everywhere [1]. Because trivially Vs1,s2,s3,s4 ≈ 0 implies ∆Vs1,s2,s3,s4 ≈
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0, we conclude [1]:

∆Vs1,s2,s3,s4 ≈ 0 ⇔ Vs1,s2,s3,s4 ≈ 0 . (2.1)

This relation will become especially useful when imposing gauge invariance
on the vertex operator.

Following [1] there is another way to simplify ∆Vs1,s2,s3,s4 according to three
steps that can be done:

(1) Take a 4x4-submatrix of B consisting of its first three rows as well as
columns and also take the (4 + i)-th row and (4 + j)-th column such that
i ̸= j. The Schouten identity that results from that 4x4 submatrix M is
given by det(M) = 0 and it yields that we can replace zij by both ymn and
smn. Doing this for all possible cases where i ̸= j shows that ∆Vs1,s2,s3,s4 is
completely independent of the zij.

(2) Another set of variables can be substituted by others by taking the
columns i (mod 4), i + 1 (mod 4), i + 2 (mod 4) as well as 4 + i such
that 4 + i contains yii, yii+1 and yii+2 as well as for example yij. The corre-
sponding Schouten identity can now be used to replace yij by yii+1, yii+2 and
a set of Mandelstan variables.

(3) Finally, we make a change of variables and replace yii+2 with a linear
combination of Yi := sii+2yii+1 − sii+1yii+2 as well as yii+1. Because of the
Schouten identities we have Y 2

i ≈S 0.

Applying those steps to ∆Vs1,s2,s3,s4 leads to the conclusion that for any vertex
operator Vs1,s2,s3,s4 there exists a polynomial QVs1,s2,s3,s4

(yii+1, Yi, sij) which is
at most linear in each of the Yi such that ∆Vs1,s2,s3,s4 = QVs1,s2,s3,s4

(yii+1, Yi, sij)
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[1]. Define IR to be the remaining set of equivalence classes [1]. Then

[
QVs1,s2,s3,s4

(yii+1, Yi, sij)
]
∈ R[yii+1, Yi, sij]

IR + ⟨Y 2
i ⟩

. (2.2)

2.2.1 Constraints from Gauge Invariance

Another important class of constraints stems from the gauge invariance im-
posed on the Lagrangian via the Noether-Fronsdal program [1][6]. If we
demand δ(0)L4 = 0, new conditions emerge for the vertex operators V . In
order to find them for the strictly bosonic vertex, first of all we have to trans-
late the gauge field of the bosonic field into the system of auxiliary vector
variables. Let ξj := ξ(sj−1) be the bosonic gauge field for Φj. Then

δ
(0)
l Φj = δljsj(aj · Pj)ξj

if δ(0)k acts on the k-th bosonic field. Without loss of generality choose δ(0)1 .
This yields

δ
(0)
1 Ls1,s2,s3,s4 = s1Vs1,s2,s3,s4(a1 · P1)ξ1(x1, a1)

(
4∏

i=2

Φi(xi, ai)

)∣∣∣∣xi=x
ai=0

.

Since each of the gauge transformations for the fields are independent of one
another, this results in [1]

[Vs1,s2,s3,s4 , ai · Pi] ≈ 0

for i = 1, 2, 3, 4.
Because of [∆(sij), ai · Pi] ≈ 0 we find

[∆Vs1,s2,s3,s4 , ai · Pi] ≈ 0

⇒
[
QVs1,s2,s3,s4

, ai · Pi

]
≈ 0 . (2.3)
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In order to compute the commutator in (2.3) we first need to look at the
commutators of yii+1 and Yi with ak · Pk:

[yii+1, ak · Pk] = δikskk+1

and thus
[Yi, ak · Pk] = sii+2δikskk+1 − sii+1δikskk+2 = 0 .

This result means that Yi has to be treated as an independent variable[1].
Now assume we expand QVs1,s2,s3,s4

in ykk+1 with coefficient operators
an(yii+1|i ̸=k, Yi, sij)

QVs1,s2,s3,s4
=

M∑
n=0

an(yii+1|i ̸=k, Yi, sij)y
n
kk+1 .

Plugging this expansion into (2.3) immediately yields:

[
QVs1,s2,s3,s4

, ak · Pk

]
=

M∑
n=0

an(yii+1|i ̸=k, Yi, sij)
[
ynkk+1, ak · Pk

]
=skk+1

M∑
n=1

nan(yii+1|i ̸=k, Yi, sij)y
n−1
kk+1

=skk+1

∂QVs1,s2,s3,s4

∂ykk+1

≈0 .

This is true for all k which leads us to the conclusion that we can choose
QVs1,s2,s3,s4

to be completely independent of all ykk+1 [1].

⇒ ∆Vs1,s2,s3,s4 = QVs1,s2,s3,s4
(Yi, sij) . (2.4)
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2.2.2 Summary of the Constraints

In (2.4) we found a very constrained polynomial QVs1,s2,s3,s4
(Yi, sij) that de-

pends on sij and linearly on each Yi (terms with YiYj for i ̸= j and higher
orders of that type are still possible). Since sij does not depend on any Ai,
this yields that ∆Vs1,s2,s3,s4 does not include terms with Ai ·Aj or Aµ

i A
ν
i . Be-

cause of (2.1), Vs1,s2,s3,s4 inherits those characteristics of QVs1,s2,s3,s4
and we

can come to the conclusion that the vertex depends only on fields
with spin less or equal to one [1].

Because the ideal IR is gauge invariant, its representatives can also be cho-
sen to not depend on the ykk+1. However, if we want to calculate an explicit
expression for Vs1,s2,s3,s4 up to some degree, we still need to evaluate all re-
maining equivalences in IR and impose them on the polynomial expansion
of the vertex operator.
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2.3 Vertices with two HS Bosons and two HS

Fermions

Introducing fermions to the big picture makes the circumstances a lot more
complicated. Fermions always come in pairs due to the necessity to covari-
antly contract the spinor-indices of the fermionic fields [2]. This means the
simplest quartic fermionic vertex consists of a pair of fermions as well as
bosons. Generally, a vertex of this type will be constructed by the following
two cases: Either the Spinor indices are contracted by δab -which will be
called Type I- or the γ-matrices (γµ)ab -which will be called Type II-. For-
tunately, beyond that it is possible to compute the vertex constraints very
analogously to the bosonic case when it comes to differentiating the parities
of the vertices. The method for parity even purely bosonic vertices results in
a parity odd type I and a parity even type II vertex. Later, when applying
the method of extending to parity odd vertices for bosons, it will result in a
parity even type I as well as parity odd type II vertex, which will yield all
possible cases.

LTypeI

s1,s2,s3+
1
2
,s4+

1
2

=

VTypeI

s1,s2,s3+
1
2
,s4+

1
2

(
Φ1(x1, a1)Φ2(x2, a2)Ψ̄3(x3, a3)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ c.c.

LTypeII

s1,s2,s3+
1
2
,s4+

1
2

=

cVTypeII

s1,s2,s3+
1
2
,s4+

1
2

(
Φ1(x1, a1)Φ2(x2, a2)Ψ̄3(x3, a3)γ(a5)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ c.c.

where c ∈ C is an appropriate complex constant to ensure that the La-
grangian is real. The reason for the γ-matrices only appearing linearly in the
vertices is given by γµγν = ηµν1 + iϵµνργρ, which yields that every product
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of γ-matrices can always be reduced to a linear combination of the identity
and the γ-matrices themselves. For example, if we choose to put a quadratic
expression with γ-matrices in-between a pair of fermionic fields, the vertex
can also be described by a linear combination of a type I and a type II vertex.

Here, we introduce γ(a5) := γµa
µ
5 . Contracting the γ-matrices with yet an-

other auxiliary vector variable is very convenient for computing the Schouten
identities later on and a result of trial and error attempts of finding them in
other ways.

2.3.1 Type I Vertices

In case of a contraction with δab the vertex operator simply corresponds to
the vertex operator for the quartic vertex with four bosons. We find that the
vertex class can easily be constructed by a representative of the vertex class
[Vs1,s2,s3,s4 ] in the following way

[VTypeI

s1,s2,s3+
1
2
,s4+

1
2

] = [Vs1,s2,s3,s4 ]
∗ .

The definition of [· · ·] → [· · ·]∗ is given in appendix (A3).
In the same way we found QVs1,s2,s3,s4

for Vs1,s2,s3,s4 we can now find
QTypeI

V
s1,s2,s3+

1
1 ,s4+

1
2

for Vs1,s2,s3+
1
1
,s4+

1
2
, which results in [1]

∆Vs1,s2,s3+
1
1
,s4+

1
2
= QTypeI

V
s1,s2,s3+

1
1 ,s4+

1
2

= QVs1,s2,s3,s4
. (2.5)

Furthermore, following the same three steps that lead to (2.2), we find that

[
QTypeI

V
s1,s2,s3+

1
1 ,s4+

1
2

(yii+1, Yi, sij)

]
∈ R[yii+1, Yi, sij]

IR + ⟨Y 2
i ⟩

as well as obviously (2.1) is also true for VTypeI

s1,s2,s3+
1
1
,s4+

1
2

. Combined with the
constraints from gauge invariance this will eventually lead to a very similar
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result like in 2.2.2 [1].

2.3.2 Type II Vertices

The type II vertex is defined by a contraction of the spinor indices via the
γ-matrices. Since the bosonic fields do not obey any equation with the op-
erators γ · Pi and γ · Ai (i = 1, 2), they can be used on the bosonic part of
the Lagrangian in order to contract the spinor indices. Translated for the
introduction of γ(a5), the operators γ · Pi and γ · Ai become

γ · Pi(Φi(xi, ai)) = A5 · Pi(γ(a5)Φi(xi, ai))

γ · Ai(Φi(xi, ai)) = A5 · Ai(γ(a5)Φi(xi, ai)) .

Because of the Fierz system and the invariance of the theory under total
derivatives we find

γ · (P1 + P2 + P3 + P4) ≈D 0

and γ · (P3 + P4) ≈F 0

⇒ γ · P1 ≈D −γ · P2

which yields
y′51 := A5 · P1 ≈D −A5 · P2 =: −y′52 .

Furthermore, we also have

z′53 := A5 · A3 ≈F 0

z′54 := A5 · A4 ≈F 0

y′53 := A5 · P3 ≈F 0

y′54 := A5 · P4 ≈F 0 .
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Because γ(a5) only depends linearly on a5, we can define A5 · A5 = 0. This
yields the definition of b⃗′T := (P1, P2, P3, P4, A1, A2, A3, A4, A5) [1], where

B′ = b⃗′ · b⃗′T =

[
S ′ Y ′T

Y ′ Z ′

]

which is a 9x9-matrix that will be used to compute the Schouten identities.
The principle is the same as before: take all 4x4-minors of B′ and set their
determinants equal to zero in order to retrieve the complete set of Schouten
identities for the system.

Because γ(a5) is only linear in a5, the vertex operator only contributes to the
vertex if it is linear in y′5i and z′5i for i = 1, 2. Thus there exists an expansion
in those variables given by

VTypeII

s1,s2,s3+
1
2
,4+

1
2

≈
2∑

i=1

(
VTypeII

s1,s2,s3+
1
2
,s4+

1
2

∣∣∣∣
O(y′5i)

+ VTypeII

s1,s2,s3+
1
2
,s4+

1
2

∣∣∣∣
O(z′5i)

)
.

When looking a little bit more closely at the Schouten identities one finds
the following: Take the second to fifth row and the second to fourth column.
Then, taking the 9th column we created a matrix M whose determinant only
depends on y52 ≈D −y51, z51 and the Mandelstan variables in the following
way:

det(M) = y′51q1(y
′
1i, s

′
ij) + z′51q2(s

′
ij) = 0

where the qi are appropriate polynomials in the corresponding Mandelstan
variables. Likewise, instead of the fifth row take the sixth row to find:

det(M) = y′51q3(y
′
2i, s

′
ij) + z′52q4(s

′
ij) = 0 .
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Using this one gets

q2(smn)

(
VTypeII

s1,s2,s3+
1
2
,s4+

1
2

∣∣∣∣
O(z′51)

)
≈S −q1(smn)

(
VTypeII

s1,s2,s3+
1
2
,s4+

1
2

∣∣∣∣
O(z′51)

)∣∣∣∣
z′51=1

y′51

q4(smn)

(
VTypeII

s1,s2,s3+
1
2
,s4+

1
2

∣∣∣∣
O(z′52)

)
≈S −q3(smn)

(
VTypeII

s1,s2,s3+
1
2
,s4+

1
2

∣∣∣∣
O(z′52)

)∣∣∣∣
z′52=1

y′51 .

This yields that the vertex operator VTypeII

s1,s2,s3+
1
2
,s4+

1
2

can be chosen to be com-
pletely independent of z′51 and z′52.

Now take a 4x4-submatrix of B′ consisting of its first three rows as well
as columns and also take the (4 + i)-th row and (4 + j)-th column such that
i ̸= j and 4 + i ̸= 9 as well as 4 + j ̸= 9. The Schouten identity that results
from that 4x4 submatrix M yields that we can replace z′ij (i ̸= 5) by both y′mn

and s′mn. Doing this for all possible cases where i ̸= j shows that ∆Vs1,s2,s3,s4

is completely independent of the z′ij.

With this the vertex operator can be chosen to be completely independent of
all z′ij. Because it also has to be linear in y′51 we conclude that the remaining
vertex can be represented by a Type I vertex, which yields

VTypeII

s1,s2,s3+
1
2
,s4+

1
2

≈ y′51V
TypeI

s1,s2,s3+
1
2
,s4+

1
2

. (2.6)

2.3.3 Constraints from Gauge Invariance

First of all, let us take a look at the combined quartic Lagrangian for the
case of two bosons and two fermions:

Ls1,s2,s3+
1
2
,s4+

1
2
= LTypeI

s1,s2,s3+
1
2
,s4+

1
2

+ LTypeII

s1,s2,s3+
1
2
,s4+

1
2

.
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Acting with a gauge transformation with respect to the k-th field yields two
case differentiations, one for the bosonic and one for the fermionic fields. But
first of all, we will translate the gauge field for the fermionic fields according
to our formalism. Let ϵi := ϵ(si−1) be the fermions gauge field for Ψi. Then

δ
(0)
k Ψi = δkisi(ai · Pi)ϵi

Without loss of generality choose δ(0)1 and δ(0)4 . This yields

0 =δ
(0)
4 Ls1,s2,s3+

1
2
,s4+

1
2
=

=s4VTypeI

s1,s2,s3+
1
2
,s4+

1
2

(a4 · P4)
(
Φ1(x1, a1)Φ2(x2, a2)Ψ̄3(x3, a3)ϵ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ s4cVTypeII

s1,s2,s3+
1
2
,s4+

1
2

(a4 · P4)
(
Φ1(x1, a1)Φ2(x2, a2)Ψ̄3(x3, a3)γ(a5)ϵ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ c.c.

as well as

0 =δ
(0)
1 Ls1,s2,s3+

1
2
,s4+

1
2
=

=s1VTypeI

s1,s2,s3+
1
2
,s4+

1
2

(a1 · P1)
(
ξ1(x1, a1)Φ2(x2, a2)Ψ̄3(x3, a3)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ s1cVTypeII

s1,s2,s3+
1
2
,s4+

1
2

(a1 · P1)
(
ξ1(x1, a1)Φ2(x2, a2)Ψ̄3(x3, a3)γ(a5)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ c.c.

which for i = 1, 2, 3, 4 immediately implies [1][
VTypeI

s1,s2,s3+
1
2
,s4+

1
2

, ai · Pi

]
≈ 0[

VTypeII

s1,s2,s3+
1
2
,s4+

1
2

, ai · Pi

]
≈ 0 .
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Because VTypeII

s1,s2,s3+
1
2
,s4+

1
2

≈ y′51V
TypeI

s1,s2,s3+
1
2
,s4+

1
2

and the fact that [y′51, ai · Pi] = 0

the problem reduces completely to gauge constraining a type I vertex. For
appropriate ∆ the vertex ∆VTypeI

s1,s2,s3+
1
2
,s4+

1
2

obeys (2.5) and thus we get the
same results for it as in (2.4):

∆VTypeI

s1,s2,s3+
1
2
,s4+

1
2

= QVs1,s2,s3,s4
(Yi, sij) (2.7)

⇒ V typeII

s1,s2,s3+
1
2
,s4+

1
2

only depends on sij, linearly on y′51 and at most linearly
on Yi [1].

2.3.4 Summary of the Constraints

In (2.7) we found that VTypeI

s1,s2,s3+
1
2
,s4+

1
2

only depends on the variables Yi and sij
if (2.1) is applied [1]. For the vertex type II vertex operator we also conclude
that because of it not depending on terms with Ai ·Aj or Aµ

i ·Aν
i it can only

depend on fields with spin less or equal to 3/2.
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2.4 Vertices with four HS Fermions

A vertex with four fermions consists of two pairs of fermions. This results in
even more case differentiations compared to the last section, as we now have
two contractions of spinor indices. The possible vertices can be classified as
follows. Again, Type I consists purely of contractions with δab, Type II has
one contraction with the γ-matrices and Type III is purely contracted with
γ-matrices.

LTypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

=

VTypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

(
Ψ̄1(x1, a1)Ψ2(x2, a2)Ψ̄3(x3, a3)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ c.c.

LTypeII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

=

c1VTypeII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

(
Ψ̄1(x1, a1)Ψ2(x2, a2)Ψ̄3(x3, a3)γ(a5)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ c.c.

LTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

=

c2VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

(
Ψ̄1(x1, a1)γ(a6)Ψ2(x2, a2)Ψ̄3(x3, a3)γ(a5)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

+ c.c.

where c1, c2 ∈ C are appropriate complex constants to ensure that the La-
grangian is real.

2.4.1 Type I Vertices

As before, if all fermionic spinor indices are contracted with δab the vertex
operator directly corresponds to the purely bosonic quartic vertex operator.
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We again take a representative of [Vs1,s2,s3,s4 ] and find

[VTypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

] = [Vs1,s2,s3,s4 ]
∗ .

2.4.2 Type II Vertices

If two fermions are contracted with δab in terms of the vertex operator they
can be calculated with as if they were bosonic fields. This yields that the
Type II vertex operator with four fermions is related to the Type II vertex
with two fermions and two bosons. Thus because of (2.6)

[VTypeII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

] = [VTypeII

s1,s2,s3+
1
2
,s4+

1
2

]∗ . (2.8)

2.4.3 Type III Vertices

The only new case differentiation is given by the type III vertices. Although it
is quite similar to what we have done for the type II vertices, some new equiv-
alences arise as well as the computation of the Schouten identities changes
significantly. Again, because of the Fierz equations only A5 · Ai and A5 · Pi

for i = 1, 2 as well as A6 ·Aj and A6 ·Pj for j = 3, 4 contribute to the vertex
operator. Thus we now have the two conditions

y′′51 := A5 · P1 ≈D −A5 · P2 =: −y′′52
y′′63 := A6 · P3 ≈D −A6 · P4 =: −y′′64

55



and also

z′′53 := A5 · A3 ≈F 0

z′′54 := A5 · A4 ≈F 0

y′′53 := A5 · P3 ≈F 0

y′′54 := A5 · P4 ≈F 0

z′′61 := A6 · A1 ≈F 0

z′′62 := A6 · A2 ≈F 0

y′′61 := A6 · P1 ≈F 0

y′′62 := A6 · P2 ≈F 0 .

In order to find the generating matrix for the Schouten identities we define
b⃗′′T := (P1, P2, P3, P4, A1, A2, A3, A4, A5, A6) [1] in order to construct

B′′ = b⃗′′ · b⃗′′T =

[
S ′′ Y ′′T

Y ′′ Z ′′

]
.

Moreover the choice of z′′55 = z′′66 = 0 is made, due to γ(ai) being only linear
in the corresponding ai.

The vertex operator has to contract aµ5aν6 and thus an expansion of it can be
made according to all possible combinations of {z′′51, z′′52, y′′51} multiplied with
{z′′63, z′′64, y′′63} as well as z56. Let Z := ({z′′51, z′′52, y′′51} × {z′′63, z′′64, y′′63})∪{z56},
then

VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

=
∑
a∈Z

VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

∣∣∣∣
O(a)

.

With regards to this expansion one needs to examine three different types of
terms in VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

: y′′ijy′′kl, y′′ijz′′kl and z′′ijz′′kl.

For every expansion term that is at least linear in either z′′5i or z′′6i we can
find qi(s

′′
ij) such that the following is true: Again take the second to fifth
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row (resp. 2nd − 4th and 6th) and the second to fourth as well as the 9th

column. Repeat the process for the second to fourth as well as sixth (resp.
7th) row and second to fourth as well as 10th column. The determinants of
those matrices yield the following Schouten identities:

y′′51q5(y
′′
1i, s

′′
ij) + z′′51q6(s

′′
ij) = 0

y′′51q7(y
′′
2i, s

′′
ij) + z′′52q8(s

′′
ij) = 0

y′′63q9(y
′′
3i, s

′′
ij) + z′′63q10(s

′′
ij) = 0

y′′63q11(y
′′
4i, s

′′
ij) + z′′64q12(s

′′
ij) = 0 .

Which as before allows us to find a product of Mandelstan variables ∆ =

q6q8q10q12 such that

∆VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

= y′′51y
′′
63Q̃V(sij, yij) + ∆VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

∣∣∣∣
O(z56)

(2.9)
In the same manner as before there exist Schouten identities that replace z56
with the yij. Take the 1st, 2nd, 4th and 9th row as well as 2nd − 4th and 10th

column to find
y′′51y

′′
63q13(s

′′
ij) + z56q14(s

′′
ij) = 0

and thus combined with (2.9) results in

VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

≈ y′′51y
′′
63V

TypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

.
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2.4.4 Constraints from Gauge Invariance

The computation of the constraints does not differ much from the last two
times and it simply yields [1][

VTypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

, ai · Pi

]
≈ 0[

VTypeII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

, ai · Pi

]
≈ 0[

VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

, ai · Pi

]
≈ 0

for i = 1, 2, 3, 4. Generally speaking, because of the structure of the bosonic
as well as fermionic gauge field the constraints from gauging will always re-
sult in the commutator of ai ·Pi with the corresponding linearly independent
vertex operators of a particular order. The exact generalization of that state-
ment will be covered at a later point in this thesis.

The equations for VTypeII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

and VTypeIII

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

again reduce
to the problem for a type I vertex because both y′′51 and y′′63 are gauge invari-
ant. Moreover, similar to the way we derived it for the last section, because
∆VTypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

obeys (2.5), we get the same results for it as in (2.4)
[1]:

∆VTypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

= QVs1,s2,s3,s4
(Yi, sij) (2.10)

⇒ VTypeI

s1+
1
2
,s2+

1
2
,s3+

1
2
,s4+

1
2

only depends on sij and at most linearly Yi. Thus the
same applies for the type I part of the type II and type III vertices.

2.4.5 Summary of the Constraints

For the type I vertex we find (2.10)[1] and thus it does not depend on Ai ·Aj

or Aµ
i A

ν
j which yields that the type II and type III vertices can only

depend on fields with spin less or equal to 3/2.
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2.5 Vertex Constraints for the remaining Cases

of Parity

According to [1] there is a very simple way to extend the bosonic vertex op-
erator for TT-fields from even parity to odd parity for any order higher or
equal to four. Take the class of operators given through BIJK := ϵαβγb

α
I b

β
Jb

γ
K .

Then, as already hinted, the remaining cases of parities for the vertex opera-
tors can be constructed by taking a representative of the preceding operators
and taking the linear combination

Vs1,...,s4 =
8∑

I,J,K=1

cIJKVs1,...,s4 ·BIJK

where the cIJK ∈ R are constants. Then, when taking the matrix consisting
of the first three rows and columns of S, one finds according to [1] after
using a property of the product of two triple products that det(M) = (B123)

2

applied to BIJK yields

det(M) ·BIJK =
1

6
(B1IB2JB3J ± 5 terms) ·B123 .

This property yields that there exists a product of Mandelstan variables
∆(sij) for which the vertex operator of odd parity can be simplified as follows:

∆(sij)Vs1,...,s4 ≈ QV4(Yi, sij) ·B123

where QV4 is an appropriate polynomial as described in (2.4).

While this immediately applies to the type I vertices of any of the above
case differentiations, type II and type III need a little bit closer inspection.
Firstly, assuming the same Ansatz as for the type I vertices for type II of
the case with two bosons and two fermions, we want to examine if B′

IJK has
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to include b′9 or if the problem simplifies. Assuming that b′9 can possibly be
included in B′

IJK yields the case differentiations where it is and where it is
not. In the second case the problem reduces to simply extending a type I
vertex due to y′51 commuting with everything else. However, in case of B′

IJ9

the vertex to be extended can only be a type I vertex per default since y′51 is
not allowed in it ((y′51)

2 would yield 0 in the end). We find

det(M)B′
IJ9 =

B123

6
(B′

1IB′
2JB′

39 − B′
1JB′

2IB′
39

+ B′
1JB′

29B′
3I − B′

1IB′
29B′

3J

+ B′
19B′

2IB′
3J − B′

19B′
2JB′

3I)

≈F
B123B′

19

6
(B′

1IB′
3J − B′

1JB′
3I + B′

2IB′
3J − B′

2JB′
3I)

where I ̸= 9 and J ̸= 9 and B′
19 = y′51. Since this result is an even expression

except for the B123 part (with respect to bosonic vertices), without calcu-
lating further one can immediately conclude that it is zero or yields B123

multiplied with a representative of the even vertex operators. Thus, without
loss of generality one can extend the type II vertex with the same procedure
that is used for the type I vertices to achieve the opposite parity. This result
can easily be extended to the case of a vertex with four fermions, for which
the vertex operator can also be extended through this trick.

This yields a product of Mandelstan variables such that each type of ver-
tex with opposite parity can be constructed by a respective counterpart of
the initial vertices. Moreover, because the product of Mandelstan variables
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is gauge invariant we conclude that for those vertices the following holds:

∆(sij)VTypeI
s1,...,s4

≈ Q1(Yi, sij) ·B123

∆(sij)VTypeII
s1,...,s4

≈ y′51Q2(Yi, sij) ·B123

∆(sij)VTypeIII
s1,...,s4

≈ y′′51y
′′
63Q3(Yi, sij) ·B123
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2.6 Vertices with Spin-0 and Spin-1/2 Fields

While the first part of the vertex constraints discussion strictly followed the
procedure of [1], the second part will follow the solutions given by [3], because
including scalar (spin-0) and pseudo-scalar (spin-1/2) fields yields a reduction
in Lorentz-indices in the vertex. In this part I follow a much more brute force
approach of solving the constraints in order to verify that the results of the
previous sections indeed hold when including spin-0 as well as spin-1/2 fields
in the vertices. This part will start off with the simple case were no field with
spin greater than 1/2 as well as no γ-matrices are included. Afterwards we
will proceed with type I vertices and finish off the discussion by making an
argument how the results of this translate to type II and type III vertices.

2.6.1 Type I Vertices with only Spin-0 and Spin-1/2

Fields

There are three different cases for quartic vertices with only (pseudo) scalar
fields as well as no γ-matrices in them:

L0,0,0,0 = V0,0,0,0 (Φ1(x1)Φ2(x2)Φ3(x3)Φ4(x4))

∣∣∣∣
xi=x

LTypeI

0,0, 1
2
, 1
2

= VTypeI

0,0, 1
2
, 1
2

(
Φ1(x1)Φ2(x2)Ψ̄3(x3)Ψ4(x4)

) ∣∣∣∣
xi=x

+ c.c.

LTypeI
1
2
, 1
2
, 1
2
, 1
2

= VTypeI
1
2
, 1
2
, 1
2
, 1
2

(
Ψ̄1(x1)Ψ2(x2)Ψ̄3(x3)Ψ4(x4)

) ∣∣∣∣
xi=x

+ c.c.

For the case that corresponds to even parity in the purely bosonic setting
all of them can only depend on the Mandelstan variables sij. So whenever
s1, s2, s3, s4 ∈ {0, 1

2
} the vertex operator is a polynomial in the sij that is

only restricted by the Schouten identities given through the ideal IS as well
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as the ideal ID with respect to total derivatives [1][3]:

[Vs1,s2,s3,s4 ] ∈
R[sij|i<j]

IS + ID

In this case the ideal IS is particularly simple and given through the equation

s214s
2
23 + s213s

2
24 + s212s

2
34 − 2 [s13s14s23s24 + s12s14s23s34 + s12s13s24s34] = 0 .

(2.11)
This equation does not allow the elimination of the dependence on a single
variable, it only provides another rule to exchange variables besides the ones
implied by the total derivatives given through

4∑
i=1

sij ≈D 0 .

Vertices of opposite parity can be achieved by applying ϵµνρ ∂
∂xµ

i

∂
∂xν

j

∂
∂xρ

k
to the

initial vertices and combining them linearly [1].

2.6.2 Type I Vertices with arbitrary HS Fields and at

least one Spin-0 or Spin-1/2 Field

Because an interaction term with Ψ̄Ψ contributes the same way as two spin-
0 fields Φ2, there is a direct analogy between vertices of type Vs1,s2,

1
2
, 1
2

and
Vs1,s2,0,0. So the problem reduces to describing vertices Vs1,s2,s3,0 with bosonic
spins s1 ≥ s2 ≥ s3 ≥ 0 and si ≥ 1 for at least one of them. For simplicity,
let’s first focus on vertex operators that correspond to the even cases of the
bosonic setting. That way one can construct the Schouten identities the same
way as in the previous sections and directly apply them to the vertices.

Let’s first look at the case Vs1,0,0,0. With three scalar fields the most general
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Ansatz for the even parity vertex operator is given by

Vs1,0,0,0 =

s1∑
k=0

αky
k
13y

s1−k
14

where αk ∈ R[sij ]
IS+ID

. For this vertex the gauge invariance given through
[Vs1,0,0,0, a1 · P1] = 0 [1] yields that:

αk+1(k + 1)s13 + αk(s1 − k)s14 = 0

∀k : 0 ≤ k ≤ s1 − 1 .

Because there is none of the y1j to be eliminated through the one contribut-
ing Schouten identity for them (ID already does the job), the solutions for
the condition on gauge invariance are not restricted any further and thus it
admits an infinite set of solutions. Solving the recursion relation is very diffi-
cult, because assuming an appropriately fixed α0 yields that one has to apply
the Schouten identity (2.11) at every step of the iteration. This problem will
be adressed shortly.

Additionaly, clearly it is true that[
VTypeI

s1,0,
1
2
, 1
2

]
= [Vs1,0,0,0]

∗[
VTypeI

s1+
1
2
, 1
2
,0,0

]
= [Vs1,0,0,0]

∗ .

The big difference for this class of vertices is that because of one more field
it is a two-derivative vertex opposed to the one-derivative solutions in [3].

As an example let us take a look at the case for s1 = 1. For any combi-
nation of ∆ and ∆̃ such that (2.11) yields ∆s13 ≈S ∆̃s14 we find that

V1,0,0,0 = ∆̃y14 −∆y13 .
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Because ∆s13 ≈S ∆̃s14 ⇒ ∆y13 ≈S ∆̃y14 the only possible solutions are
∆ = αs14 and ∆̃ = αs13. Thus V1,0,0,0 = α (s13y14 − s14y13). One might
recognize that this looks very similar to the Yi from before. However, one
needs to redefine them a little bit in this case. Take Ỹi = sii+2yii+3−sii+3yii+2

with every index (mod 4). In fact Ỹi ≈D Yi. Then

V1,0,0,0 = αỸ1 .

However, things are different when solving the recursion relation for s2 = 2.
For the vertex with coupling to gravity whenever ∆s13 ≈ ∆̃s14 one finds

α2s13 ≈S ∆s14 .

There is only one way to properly solve this, which is given through: ∆ →
αs13s14 with α arbitrary. Then ∆̃ → αs213 and thus

α2s13 ≈ αs13s
2
14

yields α2 = αs214. All this results for arbitrary s1 ≥ 2 in

αk = (−1)k
sk1
k!
αss1−k

13 sk14 = (−1)k
(
s1
k

)
αss1−k

13 sk14

⇒ Vs1,0,0,0 = α (s13y14 − s14y13)
s1 = αỸ s1

1

Because of the Schouten-identities we know Ỹ 2
i ≈S 0 so it is clear that for

s1 ≥ 2 we have Vs1,0,0,0 = αỸ s1
1 ≈S 0 and thus

[Vs1,0,0,0] = [0] .

This procedure can beautifully be continued to the vertex operator with two
arbitrary higher-spins Vs1,s2,0,0. The problem that has to be solved specifically
is how to cope with the additional z12 terms that occur in the most general
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form of the vertex operator, which is given through:

Vs1,s2,0,0 =

s1∑
k=0

s2∑
m=0

αkmy
k
13y

s1−k
14 ym21y

s2−m
24 +

min(s1,s2)∑
A(n,l,r,s)=0

(
All possible combinations in y13, y14, y21 and y24
such that the sum of exponents = s1 + s2 − A

)
× zA12 .

The Schouten-identities yield that there exists a ∆ such that

∆Vs1,s2,0,0 ≈S

s1∑
k=0

s2∑
m=0

α̃kmy
k
13y

s1−k
14 ym21y

s2−m
24

for some redefinition αkm → α̃km. As previously done, it is now necessary to
analyse how gauge invariance constrains ∆Vs1,s2,0,0. [∆Vs1,s2,0,0, ai · Pi] ≈ 0

for i = 1, 2 results in the following system of equations:

α̃k+1m(k + 1)s13 + α̃km(s1 − k)s14 ≈ 0

∀k : 0 ≤ k ≤ s1 − 1

α̃km+1(m+ 1)s12 + α̃km(s2 −m)s24 ≈ 0

∀m : 0 ≤ m ≤ s2 − 1 .

Like before it is useful to look at what happens at s1 = s2 = 1. In this
case the coefficient matrix α̃ can be solved for any ∆i and ∆̃i (i = 1, 2) with
∆1s13 ≈ ∆̃1s14 and ∆2s12 ≈ ∆̃2s24 as follows:

α̃ =

(
∆̃1∆̃2 −∆̃1∆2

−∆1∆̃2 ∆1∆2

)
.

This time around, for the purpose of completeness, we will not neglect the
z12 as a choice of representative which is why it is necessary to again analyse
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the constraints from gauge invariance for the following general Ansatz:

V1,1,0,0 = α00y14y24 + α01y14y21 + α10y13y24 + α11y13y21 + βz12

The βz12 adds an extra ±β to three of the four equations stemming from the
commutator with ai · Pi:

α10s13 + α00s14 ≈ 0

α11s13 + α01s14 + β ≈ 0

αk1s21 + αk0s24 − β ≈ 0 .

The simplest one is whenever β ≈ 0, then:

V1,1,0,0 = ∆̃1∆̃2y14y24 − ∆̃1∆2y14y21 −∆1∆̃2y13y24 +∆1∆2y13y21 = αỸ1Ỹ2 .

If β ̸= 0 one finds for some α′s12 ≈ β:

V1,1,0,0 = −α′y12y21 + βz12 ≈ α′ (s12z12 − y12y21)

which because of [V1,1,0,0]
∗ =

[
VTypeI

1,1, 1
2
, 1
2

]
also gives a solution for the fermionic

vertex with two spin-1 fields. Those are the only two solutions up to equiv-
alences. Of course, the complete vertex is the superposition of those two
vertices. A very interesting observation that can be made here is that the
solution for the system with z12 yields a gauge invariant quantity Zij :=

sijzij − yijyji. Moreover it is clear by now that one finds for s2 ≥ s1 ≥ 2

∆Vs1,s2,0,0 = α̃Ỹ s1
1 Ỹ s2

2 ≈ 0

⇒ [Vs1,s2,0,0] = [0]

and for s1 = s2 = 1

V1,1,0,0 = αỸ1Ỹ2 + α′Z12 .
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However, gauge invariance does not imply that the restriction
V1,1,0,0 → ∆V1,1,0,0 ≈ α̃Ỹ1Ỹ2 holds for all possible Schouten-identities com-
bined with ID, as they might change something that is gauge invariant into
something else that is not. It turns out to be a key feature of IS + ID that
it does not necessarily preserve gauge invariance. As a side note, the gauge
variation of a Schouten identity is zero up to Schouten identities. Applying
∆ to the vertex operator results in:

∆V1,1,0,0 = α∆Ỹ1Ỹ2 + α′∆Z12 ≈ α̃Ỹ1Ỹ2 .

(after implementing gauge invariance) which can only be true for all α′ when-
ever ∆Z12 ≈ ∆̃Ỹ1Ỹ2 for every possible ∆ such that ∆z12 ≈S q(sij, yij). How-
ever, it turns out that there are Schouten-identities such that this is not true,
which yields that the only possible solution is given by α = α̃ and α′ = 0,
which ultimately contradicts the assumption that β ̸= 0. Another way to
see this is to specifically analyse how the β changes the αkm to α̃km (before
implementing gauge invariance). Upon solving the equations for the α̃km one
finds that they only admit a solution whenever β = 0. Thus the α′Z12 term
cannot contribute. Generally speaking this is true for any Zij, which puts a
big restriction on the vertices. In retrospective it is also the reason why the
vertex operators in 3.2-3.5 can be chosen to be independent of the zij after
changing them to yij-terms with the Schouten-identities.

⇒ V1,1,0,0 = αỸ1Ỹ2 .

After having calculated the vertices with one and two arbitrary higher spins,
it is clear that the same strategy will be effective to solve the vertex Vs1,s2,s3,0.
The assumption is that only V1,1,1,0 will survive. Thus we again start by
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writing down the most general Ansatz for the parity even vertex operator

Vs1,s2,s3,0 =

s1∑
k=0

s2∑
m=0

s3∑
l=0

αkmly
k
13y

s1−k
14 ym23y

s2−m
24 yl32y

s3−l
34 +

min(s1,s2)∑
A=1

min(s1,s3)∑
B=1

min(s2,s3)∑
C=1

βABC(sij, yij)z
A
12z

B
13z

C
23

where A,B and C can depend on several indices of summation and βABC = 0

whenever A + B > s1, A + C > s2 or B + C > s3. Similar to the case with
two arbitrary higher spins, we can find a Schouten identity for each of the
zij terms such that there exists a ∆ for which

∆Vs1,s2,s3,0 =

s1∑
k=0

s2∑
m=0

s3∑
l=0

α̃kmly
k
13y

s1−k
14 ym23y

s2−m
24 yl32y

s3−l
34 .

Imposing the condition of gauge invariance this yields the following system
of equations

α̃k+1ml(k + 1)s13 + α̃kml(s1 − k)s14 ≈ 0

∀k : 0 ≤ k ≤ s1 − 1

α̃km+1l(m+ 1)s23 + α̃kml(s2 −m)s24 ≈ 0

∀m : 0 ≤ m ≤ s2 − 1

α̃kml+1(l + 1)s32 + α̃kml(s2 − l)s34 ≈ 0

∀l : 0 ≤ m ≤ s3 − 1 .
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The solution to this can analogously to the previous two cases be calcu-
lated for s1 = s2 = s3 = 1 whenever ∆1s13 ≈ ∆̃1s14, ∆2s23 ≈ ∆̃2s24 and
∆3s32 ≈ ∆̃3s34:

(α̃km0) =

(
∆̃1∆̃2∆̃3 −∆̃1∆2∆̃3

−∆1∆̃2∆̃3 ∆1∆2∆̃3

)

(α̃km1) =

(
−∆̃1∆̃2∆3 ∆̃1∆2∆3

∆1∆̃2∆3 −∆1∆2∆3

)
.

Again there is no solution other than the trivial one whenever at least one
si ≥ 2. However, the zij-terms are a little bit more complicated for the
V1,1,1,0 vertex. The system of equations gets very large (15 equations that
need to be solved simultaneously) which makes it very hard to solve keeping
the Schouten-identities as well as ID in mind. However, the vertex includes
only a sum over zijykm. Previously, gauge invariant correspondents to the yij
and zij were found through Ỹi as well as Zij. Therefore

1

2

∑
σ∈S3

β̃σ(1)σ(2)σ(3)Zσ(1)σ(2)Ỹσ(3)

is the only possible term that can be added [3] to the homogeneous solution
in α. Here, clearly β̃ijk = β̃jik can be assumed without loss of generality.
However, since the Ỹi are all linearly independent of one another it can only
be that βijk = 0 ∀i, j, k. Thus one finds

V1,1,1,0 = αỸ1Ỹ2Ỹ3

[Vs1,s2,s3,0] = [0] ∀s3 ≥ s2 ≥ s1 ≥ 2
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Finally, clearly the same approach as used in the previous section 3.5
with respect to [1] in order to find a simplified expression of the parity odd
vertices through the parity even ones holds in the scenario of vertices with
spin-0 and spin-1/2 fields.

2.6.3 Type II and Type III Vertices

In case of the Type II and Type III vertices everything simplifies to solv-
ing the type I vertices just as it happened in 3.3 and 3.4. For type I ver-
tices due to ID we find that the vertices always linearly depend on y′51

such that VTypeII
s1,...,sN

≈ y′51VTypeI
s1,...,sN

and for type II vertices z′′56 can be re-
placed by a product of y′′51 and y′′63 due to the Schouten identities such that
VTypeIII
s1,...,sN

≈ y′′51y
′′
63VTypeI

s1,...,sN
. Because y′51, y′′51 and y′′63 (as well as z′′56) are gauge

invariant, every calculation in 3.6.3 applies to the two higher type vertices.

The result of all this is that everything that was found in 3.1 - 3.5 is al-
ready the general solution for the vertex constraints and thus can be applied
whenever necessary [1].
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Generalization of the Vertex Con-
straints

3.1 Overview of the general Constraints for bosonic

Fields

In [1] S. Fredenhagen, O. Krüger and K. Mkrtchyan use the Ansatz that
was as a result used for the vertex operator with four bosons in order to
find generalized vertex constraints for bosonic vertices of any order N ≥ 4.
They assume free massless transverse and traceless Fronsdal fields and the
remaining conditions on the fields given in section 2.3.2 in order to construct
the vertex with

Ls1,...,sN = Vs1,...,sN

(
N∏
i=1

Φ(xi, ai)

)∣∣∣∣xi=x
ai=0

.

The problem of finding the generalized vertex operator simplifies when first
investigating vertices of even order and then using a mathematical trick to
derive the parity odd vertices from the preceding even vertices. Assuming
N ≥ 4, using the same procedure as for the N = 4 vertex by imposing the
equivalence relations given through the ideals IS and ID as well as gauge
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invariance δ(0)LN = 0 there exists a polynomial QV(Yi, sij) such that

[QV ] ∈
R[Yi, sij]
IR + ⟨Y 2

i ⟩

yields a representative of the vertex operator equivalence class [Vs1,...,sN ] due
to Vs1,...,sN inheriting all features of QV . [1]

Following up with the vertices with odd parity, there exists an extension
to the vertex of even parity given through a linear combination of Vs1,...,sN

with a class of operators for I, J,K = 1, ..., 2N defined by

BIJK := ϵαβγb
α
I b

β
Jb

γ
K

(where ϵαβγ is the Levi-Civita symbol) such that

Vs1,...,sN =
2N∑

I,J,K=1

cIJKVs1,...,sN ·BIJK

for some appropriate constants cIJK ∈ R. Now define a matrix M consisting
of the first 3 rows and columns of S such that det(M) = 2s12s13s23. Then
according to [1] this applied to BIJK yields

det(M) ·BIJK =
1

6
(B1IB2JB3K ± 5 terms) ·B123 .

Using the technique of applying products of Mandelstan variables to the
vertex operator it can be shown that for the correct choice of ∆(sij) the
following is true:

∆(sij)Vs1,...,sN ≈ QVN
(Yi, sij) ·B123

where clearly B123 is gauge invariant such that the statement holds.
Ultimately this yields that the vertices for N ≥ 4 do not contain any mass-
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less higher-spin field with spin greater than s = 1. When comparing this
to the result that there are no massless higher-spin fields with spin higher
than s = 3/2 in the vertices of quartic order that include fermions this re-
sult is not surprising. Because of the linearity in the Yi, clearly only ever
one space-time index per individual quantum field can be contracted which
strongly restricts the allowed spins. This result will later also be generalized
to arbitrary higher order in the fermionic vertices.

3.2 Overview of the general Constraints for Ver-

tices including fermionic Fields

Following up the generalization of the vertex constraints for strictly bosonic
vertices [1], we will now generalize the fermionic vertices. Again, this will
be done assuming free massless transverse and traceless Fronsdal fields as
well as the additional conditions given in section 2.4.2. For order N ≥ 4 the
general form of the Lagrangian with 2p ≥ 2 fermions is as follows:

L2p fermions
s1,...,sN

=
∑

i∈{2k}k≤p

ciL
Type i

2
+1

s1,...,sN =

∑
i∈{2k}k≤p

ciV
Type i

2
+1

s1,...,sN

(
N−2p∏
l=1

Φ(xl, al)

)
· Ψ̄(xN−2p+1, aN−2p+1)Ψ(xN−2p+2, aN−2p+2)·

· · · Ψ̄(xN−2p+i+1, aN−2p+i+1)γ(aN+1)Ψ(xN−2p+i+2, aN−2p+i+2) · ··

Ψ̄(xN−1, aN−1)γ(aN+i)Ψ(xN , aN)

∣∣∣∣xj=x
aj=0
∀j

+ c.c.

where ci ∈ C are appropriate complex coefficients to ensure that the La-
grangian is real.
In accordance with the preceding calculations the problem of finding the
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general set of constraints for the vertices is given by dividing them into the
different types and calculating each of them separately. Using the same pro-
cedure as used for the N = 4 vertex types one can find through imposing
the equivalence relations given through the ideals IS and ID as well as gauge
invariance that each type k + 1 vertex reduces to polynomials

QType k+1
V (y(N+1)i, ..., y(N+k)i, Yi, sij) ∈

R[Yi, sij, y(N+1)i, ..., y(N+k)i]

IR + ⟨Y 2
i ⟩+

〈
y(N+1)iy(N+1)j

〉
+ ...+

〈
y(N+k)iy(N+k)j

〉 (3.1)

To demonstrate this I will provide a short example for an N = 5 type III
vertex. The simplest way to find a representative for its equivalence class is
given through

(y61 + y64 + y65)(y71 + y72 + y73) ≈D 0 .

Whenever the sum on the left is completely split up, upon adding up terms of
it in combination with some polynomials Qk(Yi, sij) such that the sum is not
equivalent to zero due to the equivalence relation given through total deriva-
tives (or any other condition from IR that applies), we get a representative
of the corresponding vertex class. For example

VTypeIII
s1,...,s5

= y61y72Q1(Yi, sij) + y64y73Q2(Yi, sij)

is a permitted vertex operator in this case for appropriate Q1 and Q2.

As already discussed for N = 4, there exists a way of extending those ver-
tices to vertices of opposite parity that is similar to the procedure given for
bosonic operators [1]. The fact that including the terms bN+i for any type-
(k + 1) vertex in BIJK does not change the structure of the resulting vertex
with respect to the corresponding y(N+i)j holds for any given order and type
of vertex. Setting any of the indices equal to N + i and applying the product
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of Mandelstan variables det(M) to it yields terms with y(N+i)j times a parity
odd polynomial (parity odd with respect to a purely bosonic vertex) in the
other operators. This means that for a given such vertex we can find an ap-
propriate polynomial QType k+1

V (y(N+1)i, ..., y(N+k)i, Yi, sij) such that applying
the correct product of Mandelstan variables yields

∆(sij)VType k+1
s1,...,sN

≈ QType k+1
V (y(N+1)i, ..., y(N+k)i, Yi, sij) ·B123

Again, due to B123 being gauge invariant this provides us with a very defined
class of polynomials that can be used to construct the vertices. Eventually,
one comes to the conclusion that vertices of order N ≥ 4 can not contain
any massless higher spin fields with spin greater than s = 3/2, which stems
from the fact that a given operator Yi is only allowed at most linearly in the
vertex operators.
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3.3 Further Constraints and the Spin-3/2 Con-

tribution

Whilst we already found the general constraints for the vertices, following
the procedures of [1] there is one more relation that will be discussed here
shortly and will significantly contribute to the conclusion. With respect to
[1], the contribution of spin-3/2 fields is expected to not occur in higher order
interaction vertices. This will be addressed in the following few passages. As
already used when defining the different possible types of fermionic vertices,
γµ1ψµ1...µs = 0 as well as γµγν = ηµν1 + iϵµνργρ reduce the possibilities with
respect to the placement of γ-matrices immensely.

Due to γαγµ1Ψµ1...µs ≈F 0 and γµγν = ηµν1 + iϵµνργρ we find

Ψα
µ2...µs

+ iϵαµ1ργρΨµ1...µs ≈F 0

⇒ Ψα
µ2...µs

≈F −iϵαµ1ργρΨµ1...µs .
(3.2)

As a side note, this means that any type I vertex with fields that have spin
higher or equal to 3/2 can always be turned into a type II vertex. In fact,
this relation can be applied as often as we like starting from any given type of
vertex with at least one pair of fermions in it. Going the direction of creating
higher type vertices from lower type vertices, for a vertex with k ≥ 1 pairs of
spin-3/2 fields, at most type k+1 can be reached with respect to those fields.

From this we deduce that for a vertex with k pairs of fermionic fields, which
all have s ≥ 3/2, the problem of describing all possibilities for this scenario re-
duces to describing the class of type k+1 vertices with respect to those fields.

A question that needs to be asked is whether or not it is possible to go
from higher type vertices to those of lower type. Since not every vertex of
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type k ≥ 2 will have −iϵαµ1ργρΨµ1...µs as a part of it, it is necessary to exam-
ine what kinds of vertices can be reduced to one of lower type.

At first, let us look at ways to reduce the Levi-Civita symbol down to some
sort of convenient linear combination of Kronecker deltas. The first equation
that comes to mind is ϵαβγϵαωρ = δωβ δ

ρ
γ − δρβδ

ω
γ , which results in

−iϵαβδϵαµ1ργρΨµ1...µs = −iγβΨδµ2...µs + iγδΨβµ2...µs

⇒ −iγβΨδµ2...µs + iγδΨβµ2...µs ≈F ϵαβδΨ
α
µ2...µs

.

This means type II vertices with −iγβΨδµ2...µs + iγδΨβµ2...µs are equivalent to
a specific class of type I vertices. In general, reducing vertices of higher type
to those of lower type would be a complicated process, but exploring it will
not be necessary due to the next consequence resulting from (3.2).

It is very important to note that this discussion does not apply
to spin-1/2 fields, since (3.2) cannot be applied to them.

Equation (3.2) and the previous paragraph hint that finding further con-
straints might have something to do with antisymmetry. Starting with the
generalized constraints for the vertex operators, there is specifically with re-
spect to spin-3/2 one set of operators remaining that are closely correlated
to antisymmetric terms: {Yi}.
First of all, (3.2) yields the following:

ϵµνρ∂
µΨν ≈F ϵµνρ∂

µ
(
−iϵναβγαΨβ

)
= i
(
δαµδ

β
ρ − δβµδ

α
ρ

)
γα∂

µΨβ

= i/∂Ψρ − iγρ∂
µΨµ

≈F 0
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which implies ∂[µΨν] ≈ 0. In order to see how this correlates to the Yi, let
us look at the example of the following simple type I vertex with two spin-0
bosons as well as two spin-3/2 fermions:

LTypeI

0,0, 3
2
, 3
2

= Y3Y4
(
Φ1(x1)Φ2(x2)Ψ̄3(x3, a3)Ψ4(x4, a4)

) ∣∣∣∣xi=x
ai=0

= (∂µΦ)(∂αΦ)(∂β∂[µΨ̄ν])(∂
ν∂[αΨβ])

≈ 0 .

This implies that applying the Yi to the fields will result in terms involving
∂[αΨβ] ≈ 0, which leads to the vertex vanishing. As a result the Yi can be
identified with zero for all fermions

Y fermion
i ≈ 0 .

Thus, fields with spin-3/2 cannot contribute to vertices of order
N ≥ 4. Generalizing this statement for any field we observe that
no field with spin s > 1 can contribute in vertices of order N ≥ 4.

Looking back at equation (3.1) the only expression that changes is ⟨Y 2
i ⟩,

which now only includes the operators with respect to bosonic fields. With
regards to spin-1/2 fields there do not seem to be any further constraints
than already established.
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Conclusion

In this thesis we have shown that in three dimensions the higher order in-
teractions of massless higher-spin fields are severely constrained by gauge
invariance as well as the Schouten-identities and the equivalence relations
given through total derivatives. For that reason fields with spin s ≥ 3/2

can not occur in interaction vertices of order N ≥ 4. This result is meeting
the expectations with respect to a speculation in [1] that states the following:

"...the HS fields are known to admit a Chern- Simons description in three
dimensions, in a first-order formulation. The findings of this paper imply
that all the fields that do not carry bulk propagating d.o.f., cannot participate
in independent higher-order interactions. This is consistent with the state-
ment on the absence of higher-order self-interactions of Chern-Simons fields
[8] and may indicate an exact equivalence of the Chern- Simons and metric
descriptions of HS fields in the gauge sector. It is therefore tempting to spec-
ulate that any nonlinear action of massless HS fields without matter can be
written in a Chern-Simons form." ([1]; p.4)

In fact, in 2.6.2 we have stated that fermionic fields of spin s ≥ 3/2 do
not carry bulk propagating degrees of freedom, which supports the specula-
tion with respect to fermions.
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For the remaining vertices with spin s ∈ {0; 1/2; 1} fields we have found
a simple formulation for constructing interaction vertices of arbitrary order
N ≥ 4, following the procedures of [1] and in accordance with the resulting
constraints.
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Appendix

5.1 Mathematical Additions

(A1) Pauli- and Gamma-matrices

The set of Pauli-matrices looks as follows [2]:

σ1 =

(
0 1

1 0

)

σ2 =

(
0 −i
i 0

)

σ3 =

(
1 0

0 −1

)
.

The γ-matrices where constructed with respect to the R+(1
2
)-representation

regarding Cl(R1,2, η):

γ0 = σ1

γ1 = iσ2

γ2 = −iσ3 .
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A very useful result from this is

/p =

(
−ip2 p0 + p1

p0 − p1 ip2

)
.

(A2) Lorentz-invariant integral measure and delta distribution

The Lorentz-invariant integral measure dµ(p) is a result of the conditions
on the four-momenta of massless particles. They are given by pµpµ = 0 and
p0 > 0. These are the conditions that yield the future oriented part of the
mass-shell (minus the point pµ = 0, which has to be added in order to close
the set). Whenever one integrates an integrable scalar function f : R1,2 → R,
it is necessary to do so on-shell. For θ(x) being the Heaviside function and
E(p⃗) = |p⃗|, this yields the following [11]:∫
d3pf(p)θ(p0)δ(pµp

µ) =

∫
d3pf(p)θ(p0)δ((p0)2 − p⃗ · p⃗)

=

∫
d3pf(p)θ(p0)

1

2|p0|
[
δ(p0 + E(p⃗)) + δ(p0 − E(p⃗))

]
=

∫
d2p

2E(p⃗)
f(p) =:

∫
dµ(p)f(p)

and so one recovers the Lorentz-invariant integral measure dµ(p) = d2p
2E(p⃗)

,
which is invariant because

∫
d3pf(p)θ(p0)δ(pµp

µ) is invariant. This can easily
be seen by the fact that the measure d3p does not change under proper
orthochronous Lorentz-transformations:

d3(Λp) = |det(Λ)|d3p = d3p .

It is also useful to analyse how δ(2)(p⃗−q⃗) transforms under Lorentz-transformations.
In [2] an Ansatz is made where the spatial momenta is directed along one
axis to simplify the calculation. Therefore, without loss of generality pµ =
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(p, p, 0)T . For p′ = Λp one finds that dp′1
dp1

=
p′0
p0

= E′(p⃗)
E(p⃗)

, which yields:

δ(2)(p⃗′ − q⃗′) =
E

E ′ δ
(2)(p⃗− q⃗)

⇒ E ′δ(2)(p⃗′ − q⃗′) = Eδ(2)(p⃗− q⃗)

which is the reason why the coefficient E(p⃗) was chosen in the anti-commutator
relations.

(A3) Correlation between bosonic and fermionic vertex classes

At several points throughout this thesis [·]∗ was used to describe an ex-
tension of the bosonic vertices to the corresponding fermionic vertices. In
the following, this extension will be defined more rigorously. Because Type I
vertices with at least two spin-(si+ 1

2
) fields are the only non-trivial fermionic

vertices, the vertex operators can be described by the vertex operators that
correspond to a purely bosonic system with spin-si replacing the spin-(si+ 1

2
).

The reason is that the Fierz-equations involving γ-matrices do not contribute
to type I vertex operators.

First of all we will classify the bosonic Schouten ideal for a set of bosonic
fields with spins {s1, ..., sN} as well as ideal of total derivatives as Ib

S and
Ib
D. Then clearly it will be useful to denote the fermionic ideals correspond-

ing to the fermionic counterpart {s1 + 1
2
, ..., s2k +

1
2
, s2k+1, ..., sN} as If

S and
If
D. Because there are more Fierz-equations for fermions than there are for

bosons it is true that Ib
S ⊆ If

S and Ib
D ⊆ If

D. This leads to the definition of
the additional set of identifications given through:

IA
S :=

If
S

Ib
S

IA
D :=

If
D

Ib
D

.
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Then whenever [Vs1,...,sN ] ∈ R[sij ,yij ,zij ]
Ib
S+Ib

D
we define [·]∗ through dividing out

IA
S + IA

D:

[Vs1,...,sN ] →
[
Vs1+

1
2
,...,s2k+

1
2
,s2k+1,...,sN

]∗
∈ R[sij, yij, zij]

Ib
S + Ib

D + IA
S + IA

D

where the representatives for the vertex classes are identical in R[sij ,yij ,zij ]
Ib
S+Ib

D

Vs1,...,sN = Vs1+
1
2
,...,s2k+

1
2
,s2k+1,...,sN

.
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5.2 Zusammenfassung (Abstract in German)

Der Fokus dieser Arbeit liegt darin auf S. Fredenhagens, O. Krügers und
K. Mkrtchyans Paper "Vertex-Constraints in 3D Higher Spin Theories" [1]
– welches die Lagrange Formulierung von höheren Spin Gravitationstheo-
rien in drei Dimensionen in den Ordnungen N ≥ 4 untersucht [16] – auf zu
bauen und dessen Ergebnisse auf Interaktions-Vertices der Ordnung N = 4

mit Fermionen in drei Dimensionen zu erweitern. Das daraus resultierende
Ergebnis wird weiterhin benutzt um Einschränkungen an Vertices der Ord-
nung N ≥ 4 zu erörtern.

Beim Erarbeiten der Einschränkungen an die Interaktions-Vertices höherer
Ordnung müssen in drei Dimensionen die Schouten-Identitäten – neben Lorentz-
Invarianz, Eichinvarianz und anderen Invarianzen der Lagrangian – in Be-
tracht gezogen werden, was gemäß des sogenannten Noether-Fronsdal Pro-
gramms [1][3][6] bewerkstelligt wird. In diesem Sinne weichen die Resultate
von der Form der entsprechenden Interaktionsvertices in vier Dimensionen
ab, da die Schouten Identitäten ein sehr starkes Werkzeug zum Vereinfachen
der Berechnungen sowie zum Einschränken der Ergebnisse darstellen.

Letztendlich stellt sich heraus, dass die quartischen Vertices nur Felder mit
Spin-1 oder niedriger beinhalten können. Dieses Ergebnis lässt sich ebenso
auf die Vertices der Ordnungen N ≥ 4 erweitern.
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