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Abstract

With its completion planned for 2027, the Extremely Large Telescope (ELT) may be used for
studies of the Initial Mass Function (IMF) near the Galactic Centre. Detailed knowledge of
the full IMF in environments significantly different to the solar neighbourhood is paramount
to enabling astronomers to better understand the formation and evolution of galaxies from the
Big-Bang right up to the present day.

The aim of this master thesis is to find the lowest mass limits for reliably determining whether
or not a star belongs to a star cluster in different galactic environments. In particular this work
aims to find where the reliability limit will be for future IMF studies in the galactic centre when
using the ELT. The results of this work will help to set expectations in the IMF community about
which open questions may realistically be answered with the next generation of extremely large
telescopes.

To achieve this goal a piece of software has been developed which is able to simulate realistic
distributions of stars in any area of the Milky Way. Using the software, mock observations
with differing cluster masses and locations from the galactic anti centre to the galactic centre
have been simulated. The resulting data has been converted into sets of observational images
representing multi-epoch observations with MICADO at the ELT. Star positions and flux has been
extracted from the images with photometric techniques provided by photutils. From these time
stamped positions the proper motion has been estimated, since the position alone is not enough
information to determine if a given star is a field star or a member of a cluster. Cluster analysis
was performed on proper motion in conjunction with positions and apparent magnitude.

Finally, the performance of the analysis was measured leveraging the ground truth set (the sim-
ulated cluster and field stars). These performance measures were evaluated for different stellar
mass ranges (low-, solar-, high-mass stars) in order to determine the reliability and completeness
of cluster memberships within a given mass range. Hence, indicating in which ranges the IMF
studies will be possible.

According to our results, the cluster membership for low mass (<1 x 10* M) clusters can be
reliably determined for masses >0.5 M, in the galactic centre, but expected to be acceptable
in all studied mass regimes including 0.5 M, to 0.08 M, for truly massive (e.g. >1 x 10* M)
clusters. Outside of the Galactic Centre (GC), the full IMF is available in all simulated young
star clusters out to 8 kpc.



Kurzfassung

Das Extremely Large Telescope (ELT), dessen Fertigstellung fiir 2027 geplant ist, kann fiir Unter-
suchungen der urspriinglichen Massenfunktion, auf Englisch Initial Mass Function (IMF), in der
Nahe des galaktischen Zentrums eingesetzt werden. Detaillierte Kenntnisse der gesamten IMF in
Umgebungen, die sich deutlich von der Sonnenumgebung unterscheiden, sind von entscheidender
Bedeutung, um den Astronomen ein besseres Verstandnis der Entstehung und Entwicklung von
Galaxien vom Urknall bis heute zu ermoglichen.

Ziel dieser Masterarbeit ist es, die untersten Massengrenzen fiir die zuverlassige Bestimmung der
Zugehorigkeit eines Sterns zu einem Sternhaufen in verschiedenen galaktischen Umgebungen zu
finden. Insbesondere soll mit dieser Arbeit herausgefunden werden, wo die Zuverlassigkeitsgrenze
fur zukinftige IMF-Studien im galaktischen Zentrum liegt, wenn das ELT verwendet wird. Die
Ergebnisse dieser Arbeit werden dazu beitragen, in der IMF-Gemeinschaft Erwartungen dartber
zu setzen, welche offenen Fragen mit der nachsten Generation von extrem groBen Teleskopen
realistisch beantwortet werden konnen.

Um dieses Ziel zu erreichen, wurde eine Software entwickelt, die in der Lage ist, realistische
Verteilungen von Sternen in einem beliebigen Gebiet der MilchstraBe zu simulieren. Mit Hilfe
der Software wurden Beobachtungen mit unterschiedlichen Sternhaufenmassen und Positionen
vom galaktischen Antizentrum bis zum galaktischen Zentrum simuliert. Die daraus resulti-
erenden Daten wurden in Satze von Beobachtungsbildern umgewandelt, die Multi-Epochen-
Beobachtungen mit MICADO am ELT darstellen. Sternpositionen und Lichtstrom wurden aus
den Bildern mit photometrischen Techniken extrahiert, die von photutils bereitgestellt wurden.
Aus diesen zeitgestempelten Positionen wurde die Eigenbewegung geschatzt, da die Position al-
lein nicht ausreicht, um zu bestimmen, ob ein bestimmter Stern ein Feldstern oder ein Mitglied
eines Haufens ist. Die Clusteranalyse wurde anhand der Eigenbewegung in Verbindung mit den
Positionen und der scheinbaren Helligkeit durchgefiihrt.

SchlieBlich wurde die Leistung der Analyse mit Hilfe der Kenntnis iiber die korrekte Zuordnung
(simulierter Sternhaufen und Feldsterne) bestimmt. Diese Leistungsbestimmungen wurden fiir
verschiedene Sternmassenbereiche (Sterne mit niedriger, solarer und hoher Masse) ausgewertet,
um die Zuverlassigkeit und Vollstandigkeit der Haufenmitgliedschaften innerhalb eines bestimmten
Massenbereichs zu bestimmen. Somit kann angegeben werden, in welchen Bereichen die IMF-
Studien moglich sind.

Nach unseren Ergebnissen kann die Cluster-Zugehdrigkeit fiir massearme (<1x10* M) Sternhaufen
fur Massen >0.5 M, im galaktischen Zentrum zuverlassig bestimmt werden, aber es wird erwar-
tet, dass sie in allen untersuchten Massenbereichen einschlieBlich 0.5 M, bis 0.08 M, fiir wirklich
massereiche ( >1 x 10* M) Haufen akzeptabel ist. AuBerhalb des galaktischen Zentrums ist die
volle IMF in allen simulierten jungen Sternhaufen bis zu 8 kpc verfiigbar.
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Chapter 1

Introduction

The ELT is currently under construction [16]. This first next generation 40m class telescope will
have the resolution and sensitivity needed to study the motions of individual stars in the GC.
These position and motions can be used to detect star clusters using some type of clustering
algorithm and consequently estimate their Initial Mass Function (IMF). The IMF describes the
mass distribution of a set of stars after the star formation process is complete, but before a star
has had the opportunity to be removed from the set by ejection or burnout. The IMF is useful in
many different scenarios, such as estimating the number of distant lower-mass stars by knowing
the number of high-mass stars, or in understanding the star formation process itself. Whether
the IMF of star clusters is universal is the subject of discussion [4] at this time. The study of
Young Massive Clusters (YMCs) [50] near the GC will hopefully give more insight into this hotly
debated topic. YMCs are tightly grouped clusters of stars, generally containing >10000 members.
All original members are still present and the IMF is well sampled in all mass regimes. These
facts combine to give a good picture of the end product of a star formation event. Knowing the
IMF allows astronomers to better understand and model the evolution of galaxies over the whole
history of the universe.

Given detected star clusters the question remains, how reliable the classification of, especially low
mass, stars is. That is, which of the discovered low-mass stars actually belong to the cluster and
which are field stars. If the true classification of the studied set of stars is known, the performance
of the clustering algorithm and hence the reliability of the results can be calculated. However,
this is generally not the case.

In this master thesis an N-body simulation containing cluster stars and field stars under the
influence of the milky way potential is performed (Chapter 2). Snapshots are taken at different
timesteps and fed to ScopeSim [37] to create mock observations. With the help of Photutils [11]
positions and apparent magnitudes are extracted (Chapter 3). The DBSCAN algorithm used to
detect cluster and field stars (Chapter 4). Finally, the reliability of the results can be determined
by comparing its results with the initially simulated stars (Chapter 5).

11



Chapter 2
Modeling The Milky Way Galaxy

Also lautet ein Beschluss:
DaB der Mensch was lernen muB. -

Wilhelm Busch, Max und Moritz [12]

The first mayor goal is to create and store data which will be observable by the ELT. This data
consists of FSs and cluster stars at consecutive points in time. A FS is any star belonging to the
milky way which is not of interest for the observation. Still, the amount, mass and velocity of
these stars should be reasonably realistic. In order to study the effects of the cluster location on its
observability, the model must be able to produce data for arbitrary view directions of the ELT. In
a typical N-body simulation all N bodies would be simulated. However, a model containing every
single star present in the MW is not a feasible option for the typical home computer. Therefore,
only stars within the field of view (FOV) of the ELT are simulated. The gravitational interaction
of stars inside and outside the field of view is modelled via a galactic potential. Hence, the
simulated FSs do not interact at all. This simplification can not be made for cluster stars due to
their proximity to each other within the cluster. Thus, cluster stars do interact with each other
gravitationally. The mass of cluster and FSs are sampled from different IMFs. The positions
and velocities of FSs are derived from the galactic potential. The positions and velocities of
cluster stars are generated using the Plummer model, resulting in an overall stationary cluster.
The circular velocity at the cluster location is derived from the galactic potential and added to
each cluster star. After this initialization is complete, the simulation is run for a set amount of
timesteps storing all relevant data in a database.

2.1 Required Methods

2.1.1 Sampling distribution functions

Space, velocity and mass distributions are sampled during various steps of the initialization using
the following two methods. For further details and alternative methods see [17].

Rejection sampling

A proposed distribution function g(x) is sampled and each resulting sample accepted with a

probability o . Is a constant ensuring f(x) < Cg(x)VT an ) the target distribution.
bability of £ C'i ing f(x) < Cg(x)Vx and f(x) th distributi

If g(z) is the probability density function (PDF) of a uniform distribution with = € [a, b]

g(z) = (2.1)



and m the maximum of f(z) within [a, b] then C' = ;™ and the acceptance criterion becomes
u< f(z) (2.2)

here w is a uniform distribution U (0, Cg(x)) = U(0,m). While Cg(z) has to be larger than f(x),
the area between them should be as small as possible to ensure a decent acceptance fraction.

Inverse transform sampling

If the cumulative distribution function (CDF) of the probability distribution f(y) is continuous and
its inverse obtainable, this method can be utilized and is more efficient than rejection sampling.
The CDF describes the probability that the random variable is smaller or equal to x

Fa) =P <a) = [ )y (2.3)

The inverse F~!(y) may be calculated via F(F~(y)) = y. With y drawn from a uniform
distribution the results of F~!(y) have the desired probability distribution f(y).

2.1.2 Integration techniques

Numerical integration is needed during initialization and simulation. Various options for time
integration have been implemented. The GNU Scientific Library (GSL) [22] is used for integrations
performed during initialization. The relevant functions are all based on QAG or QAGI, which have
been ported from the Fortran library QUADPACK [47] to C in GSL. The decision trees given on
page 79-80 in [47] help with the decision on when and how to use the respective methods.

Quadrature, Adaptive, General-purpose (QAG)

This algorithm makes use of adaptive Gauss-Kronrod quadrature to estimate the definite integral
of a given function.
Quadrature sums are defined as

Qulat] = 3" wif(e) = / w(@) f()dz (2.4)

where w; are weights, x; nodes, w(z) a weight function. The highest possible degree of precision
is 2n-1. With this maximum precision (),, is exact for polynomials of a degree smaller or equal
to 2n-1.

Using classical Gaussian quadrature formulae, error estimation, by increasing n to n+1, requires
n+1 evaluations of f(x) in addition to n evaluations from calculation of the original sum, since the
respective nodes have no common points. By doing so, the degree of precision is only increased
from 2n-1 to 2n+1. Therefore, the error estimation obtained by subtracting the two sums could
be unreliable.

Adding n+1 points to the Gauss-Legendre formula - here w(xz) = 1 and the nodes are zeros of
the Legendre polynomial - Kronrod introduced the option of increasing the precision to 3n+1,
again requiring n+1 additional evaluations of f(x) [44].

n+1

Qla.b) = wifw) + 3 wifw) = [ flada 25)

QAG makes use of this option, bisecting the interval with the largest local absolute error estimate
in each step. This division is repeated until either the absolute or relative global error estimate
is smaller than required by the caller.

13



Quadrature, Adaptive, General-purpose, Infinite interval (QAGI)
In case of a semi-infinite interval (a,+00), the integration variable is transformed

1—1
r=at— (2.6)

leading to

+oo 1 1—t¢
/ f(z)dr = :I:/ f <a + T) t2dt (2.7)
a 0
For an infinite interval

/_Z f(z)dz = /Ooo f(z) + f(—z)dz = /01 (f (?) +f <%)) L 29

After the transformation QAGS with the 15-point Kronrod rule is used. QAGS, in addition to the
adaptive bisection (see QAG), makes use of the Wynn e-algorithm to accelerate the convergence.

Velocity Verlet Algorithm

For cluster members the acceleration is a combination of the force resulting from the presence
of all other cluster stars (see Barens Huts Algorithm) and from the milky way potential. The
acceleration of FSs solely comes from the milky way potential. In each time step both velocity
and acceleration of each star is evaluated.

Since the velocity, v(t) changes over time, its value at the midpoint between the current (¢,)
and the next timestep ¢,,.; is intuitively a better approximation than v(t,) or v(t,+1). The same
holds true for the acceleration. This leads to [21]

Tn+l = Tp + hvn+0.5
(2.9)

Unt15 = Untos + —F(Tni1)
m

where h is the time step size h = At = t,.1 — t,, F is the sum of forces equivalent to the
negative gradient of the potential and x is the position.

Equation 2.9 is the Leapfrog algorithm. If one needs = and v at the same time, (2.9) can be split
into two half steps.

Un40.5 = Un + 2_F(xn)$n+1 =, + hvn+0.5
m (2.10)

Un41 = Ungo05 T %F<xn+1)

F(z) does not have to be calculated twice, because F'(x,.1) can be used as F(x,) in the next
timestep.

Barnes-Hut Algorithm (BH)

When determining the gravitational force acting on a star belonging to a cluster, the positions
of all other stars in that cluster have to be taken into account.

N - -
mi=c 3 mmE L) (2.11)

Calculating this force for all stars requires O(n?) operations. However, the simulated clusters
consist of ~ 10* — 10° stars. While the resulting number of calculations is possible, it is not

14



feasible for a typical desktop computer. Therefore, the Barnes-Hut algorithm (BH) has been
implemented which is of order O(nlog(n)).

The gist of the BH is to approximate a set of stars by their total mass and centre of mass (COM)
if the distance between them and the star, for which the force is to be calculated, is large enough.
The total mass and COM of a set of N stars is

N
mcom = E my
i=1

— 1 —
Tcom = E m;T;

All cluster stars are stored in an octree. An octree is a data structure where each node in the
tree has up to eight child nodes. These nodes split the space represented by their parent node
into eight cubes. External nodes are nodes without any children. Each external node contains at
most one star. Internal nodes have at least one child. They represent stars stored in their child
nodes by storing their total mass and COM. The root node contains the whole space occupied by
the cluster. Each node stores the following information: total mass, amount and center of mass
of stars contained within the cube, two points defining the volume of the cube, one point at the
center of the cube as well as links (pointers) to each child node and to the parent node. If a child
pointer is null, it does not exist yet. The seemingly redundant point at the center of the cube is
used to evaluate the child node of a star within the cube. The two points defining the volume
could be used instead but that approach would require additional floating point operations.
Stars are added recursively starting at the root node. If the current node is already an internal
node, the star is passed to the appropriate child. Mass and com of the internal node are updated.
The appropriate child is determined by comparing the position of the star with the center of the
node. If the considered node is an external node but already contains a star, both the newly added
and already present star are passed down to the appropriate child or children. Consequently, the
current node becomes an internal node. Since both stars can lie in the same octant, this can
lead to additional recursions until the stars are assigned to different child nodes. If the current
node is external and does not yet contain a star, the star is added to the node and the recursion
ends.
When calculating the gravitational force on a star, the octree is travelled through recursively
beginning with the root node. In case the distance d between the star and a node is sufficiently
large, the stars within that node are approximated by the mass and com of that node, otherwise
all child nodes within the current node are considered. Whenever the distance criterion is met,
the acceleration vector stemming from the force is calculated, added to the overall acceleration
of the star and the recursion for the considered branch stops.
Whether or not d is big enough, is determined by the quotient 6.

0= 2 < O (2.13)

with s the side length of the cube and 6,,,, a set threshold value. In the special case of 0,,,, = 0,
BH becomes a direct-sum algorithm. 6,,,, = 0.5 is a commonly chosen value.

(2.12)

2.2 Star clusters

A cluster can be characterised via a number of parameters, namely its density profile, metallicity,
binary fraction and IMF. The following sections cover methods implemented by the author.
Alternatively, cluster stars can be generated using the open source code McLuster [34] which
supports more density profiles and all other parameters mentioned above. The generated file can
then be imported into the database when starting a new simulation by setting the appropriate
parameters. Consequently McLuster has been used for all experiments presented here.
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2.2.1 |Initial Mass Function

The IMF describes the initial mass distribution of stars, that is, how many stars have which
mass in some set of stars at the start. It is subject of debate whether the IMF of star clusters
is universal [4]. The PDMF usually differs from the IMF because massive stars burn faster an
die younger. The field star PDMF represents the remnants of all star forming events that have
happen over the last 10 Gyr.

Figure 13 in [19] depicts the Salpeter IMF [54] and the PDMF of Arches. Because the Arches
cluster is still very young, it is fair to assume that the Arches PDMF has not changed much
from its theoretical IMF. Hence it may be assumed that the IMF is an adequate estimate for the
PDMF of a generic YMSC. Sampling routines for the following two IMFs have been implemented
by the author.

Salpeter IMF

- -

where p is the probability of stars having mass in range m to m + dm, dN is the number of
stars within that range, A is a constant defining the local stellar density and « is the exponent
dictating the slope of the function.

This comparatively simple and widely used ([55], [51], [25]) IMF can be sampled using inverse
transform sampling. To do so one must integrate the IMF over the mass and normalize it, yielding
the normalized cumulative distribution function (NCDF).

p(m) A (2.14)

m A
P(m) = / Avmtdin = == (o ) (2.15)

Mmin

A is defined by normalization:

—a+1
P(mmax) =1—- A= m—atl _ m_q+1 (216)
With this (2.15) becomes:
m”t —
P(m) = R (2.17)

Since Salpeter is a power-law distribution function, the inverse of the NCPF can be calculated
analytically. After some simplifications the final result reads

m —a+1 %ﬂ
1+x.(< e )] (215)
Mmin

where x is a random number in range [0,1]

Mrand = Mmin *

Broken Power Law

The Salpeter IMF is well suited for stars above 0.5 M, below this low-mass cut-off the slope of
more recent IMFs [31] flatten. Broken Power Law (BPL) is used to model these functions.

The BPL IMF has the benefit of being highly adaptable. It can be utilized to approximate any
IMF. It has been used to describe both globular cluster IMFs [5] as well as young star cluster

IMFs ([49], [33]).

16



102 ]

Count
=
o
2,
1

100 ]

T
1071 100 10!
mass [Mg]

Figure 2.1: 103 stars sampled from the Salpeter IMF. This figure was generated to demonstrate
that the author’s implementation of the sampling algorithm produces realistic results.

The following is a generalization of the equation given by [32] for n — 1 intervals.

kim— if my <m < msy
kom ™2 if <m <

gm)=a¢ ™" T S TS (2.19)
ky_1m ™ %1 ifm,_1 <m<m,

where A is a normalization constant, £(m) is the IMF, more intuitively £(m)dm is the number
of stars with mass between m and m + dm and k; is defined as

kl -
ko = m3? (2.20)
ki — ki_lm?i—ai—l

As in the case of Salpeter, random samples are drawn with inverse transform sampling.
The NCDF F(m) can be obtained by integrating {(m) over the mass interval.

F(m) = &(m)dm (2.21)
mi
Where A is defined by the normalization constraint:

1

n— Mig1
A < / o dm> . (2.22)
1

1=

Inverting the NCDF (2.21) leads to
[y 4 - a1]1—1a1
fo<y< A_’;l mbim — i
b (o ) |

{[v- et (mb= = mimn)] gz o2}
“Ly) = 1—ay I—ay
) if {1 (m% “—my al) Y < i a (mz’+1a -y a) (2.23)

1
n—2 Ak; 1—a; —Qy; l—an 1 1— Qn—1 1—ay,
{[Zz 1Y~ ica, (mz’+1 fem; Z)} Ak, T Mp1 }

1
1
n—2 Ak 1—oy 1—o; n—1 A-k; 1—o; l—a; | _
if 2051 1o, (mi—i-l femy Z) SY<Xiiia (mi—H femy 1) =1




where y is a random number in range [0,1] and F~!(y) is the inverse of the NCDF.

The Kroupa IMF [31] is a version of BPL chosen here to initialize the masses of cluster stars
using McLuster in section 2.5.1.

2.2.2 Cluster Star Density Profile

Different density profiles (King [30], Plummer [48] and Elson, Fall & Freeman [18]) have been
used ([27], [62], [26]) to simulate the physical characteristics of YMCs. The Plummer profile has
been implemented here as described in [1] to generate positions and velocities for the stars within
the cluster. At this stage the position and velocity of the center of mass is zero. In a second
step the positions are offset to the desired location given as input parameter and the the circular
velocity at that target location is added to the velocity of each star.

2.3 The Milky Way model

2.3.1 Galactic Potential

Modelling the gravitational potential of the Milky Way (MW) has been an ever evolving topic
in recent decades. A brief history is given in [3]. Here the potential is used to approximate the
force on the simulated stars and to initialize the parameters of the FSs.

The model of choice consists of four parts: black hole, bulge, disc and the dark matter halo.
The black hole is represented by a Keplerian potential:

G'Mbh
r

Dy, (1) = — (2.24)

with r being the spherical radius, with My, being the mass of the black hole, with G being the
gravitational constant and with ®;; being the gravitational potential of the black hole.
The disk can be modelled via a Miyamoto Nagai potential [42]:

G- Mdisk

DPaisr (R, 2) = — - (2.25)
\/R2 + (adisk + V22 A+ b?im)
B2 M.y, Qaisk 2 + |:adz'sk +3(2* + bﬁisk)%] [adisk (22407 i
paisk(R, z) = A= (2.26)

4

=

N )
'} e

with R being the cylindrical radius, with z being the distance to the reference plane, with a and
b being scale parameters and p being the mass density.
For the bulge the Hernquist potential [28] is used:

{R2 + [adisk + (224 %)

G - Myyige
Bppee (1) = — —bulge_ 227
bulg (T) (T 4 abulge) ( a)
MU € uLtge 1
Prutge(r) = —doe Tenlg (2.27b)

27 r (’I" + CLbulge)?)

a being the scale-length of the spheroid potential
and the Navarro—Frenk—White (NFW) potential [43] is used for the dark matter halo potential

—47Gperd In (1 + é)

r

(2.28)

(I)halo (T) =
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Parameter Value Unit
My, 4.0-10° | Mg
M i 1.0- 101 | Mg

Adisk 6.5 kpc

bdisk 0.26 kpC

Myuge | 34-10" | Mg
Qpulge 0.70 kpC
T's 16 kpc

Table 2.1: MW model hardcoded parameters. These parameters are listed here because they can
not be changed by the user.

where p; is the characteristic density and r, the scale length.
Parameters for bulge and disk were taken from [52] and the radius r, for the halo from [9]:
The gravitational potential of the MW model the sum of its components:

d (R, Z) = (I)bh (R, Z) + (I)disk: (R, Z) + (bbulge (R7 Z) + (I)halo (R, Z) (229)

ps can be determined by imposing

v (Ro, 2 = 0) =220 kms ™" (2.30)
Ry = 8kpc (2.31)

where v, is the circular velocity and R, some fixed radial distance from the GC taken from [10].

Circular Velocity

The initial circular velocity v, of a cluster around the GC is defined via

B 0P (R, 2) _

where R is the radial distance from the GC and & the total potential as given in Equation 2.29.
Therefore

2 _ 2 2 2 2
Ve = Uc,bh + Uc,disk + Uc,bulge + Uc,halo (233)

where the individual velocity components are given by the following four equations:

2
7 (R? + 22) /
GMdiskR2
Ug,disk = ; 372 (2.35)
((adisk + /b2 + z2) + R2>
U?,bulge = GMbUlg€R2 2 (236)
VR T 2 (apaye + VR £ 2)
Ve halo = - .
el (R? + 22)%? (R2 + 22) (\/Rj+z2 4 1)

The circular velocity can be used for fitting the p; model parameter [2]. Inserting the parameters
given in Table 2.3.1 and setting G ~ 4.302 x 10~ %kpc Mg ' km?s~2 results in p, ~ 4.5 x
108 Mg, kpe ™2,

Fig. 2.2 displays the velocity for the chosen model and its components.
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Figure 2.2: Galactic rotation curve derived from the model of the Milky Way used in this thesis.
The top blue curve is a combination of all component velocity curves. The actual Milky Way
rotation curve based on observational data oscillates between 200 and 250 km/s. Therefore the
galactic rotation curve used in the simulation model is within realistic observational limits.

Angular Velocity

The initial angular velocities of the disc star are obtained from the potential:
109 (R,0)

Q* (R 2.38
(R) = 224 (238)
For the total potential (2.29) this derivation yields:
G Mpuige 2Mg;ex R®
QQ(R):E{_ 9R2+ 2 1.5
(abutge + R) [(@dgisk + baisk)” + RY] (239)
2.39
R+rs
+Mbh - Arpr 4rprd In (—:fs >
R?  R?+ Rr, R?

Mass Distribution

The mass inside a volume is calculated by numerical integration of the density. For this a
GSL implementation of a Monte Carlo Integration is used. For further details refer to the GSL
documentation. FSs masses are sampled from their respective mass function until the total
sampled mass matches the total mass inside the cone of vision.

Surface Mass Density

The surface mass density X is used to estimate the vertical velocity dispersion of disc stars (2.94)
and is defined by

Y (R) = Q/Ooop(R, z)dz (2.40)

where z is the axial coordinate.
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Figure 2.3: Mass in cubes with side length 100 pc of a horizontal slice through the Milky Way
model between zgca = 1.0kpc to 1.1kpe. The displayed o4 and ygcoa are the lower bound of
the cube. The bulge (right) covers a smaller area in the xy-plane but has a much higher density
compared to the disk (left).
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Figure 2.4: The radial surface mass density profiles of the Milky Way's disc and bulge components
with increasing distance from the galactic centre. This figure shows a 1D abstraction of the 2D

profiles shown in Figure 2.3
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Figure 2.5: Transformation of the cone of vision. Trial positions for FS are generated by sampling
from the z-Axis aligned cone volume (left) using a mass density profile akin to that of the desired
observation direction within the Milky Way. A position transformation is applied to the FS sample
set leading to the positions falling within the volume of the focus F' aligned cone (right). The
focus cone corresponds to the desired observation direction within the Milky Way.

2.3.2 Field Stars

Any star which does not belong to the simulated cluster is a field star (FS) and sampled from
the disc and bulge potential described in subsection 2.3.1.

The cone of vision (COV) is defined by the angle of view «, the view distance h (height of the
cone), the view point vP (location of the observer) and the focus F' (a point along the line of
sight).

The COV is constructed by transforming a right circular cone, where the vertex is at the origin
and the circular base normal to the z axis.

Per transformation the tip of the cone is displaced from the origin to the view point vP and its
axis is rotated to align with the line of sight /. Consequently, the transformation consists of both
translation and rotation illustrated in Figure 2.5.

Rotation and translation are both isometric transformations meaning area and volume of the cone
are preserved [23] (p.175).

A unit quaternion q is used in order to construct the rotation matrix. With rotation axis b and
angle 3 the quaternion is given by

q= (cos (g) b sin (g)) (2.41)
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The rotation axis b is the normalized cross product of the original () and target (1) cone axis

-

b= Z%;H (2.42)

Ry

The angle 3 between the vectors of interest can be calculated as follows

: Zx1
[ = atan2(tan (f)) = atan2 (12((%) = atan2 %J (2.43)

Next, the quaternion is converted to the rotation matrix [36]. Using the homogeneous notation
[61] (p. 57) the matrix becomes:

G+E -G -4 —20u+20pn 20q+2¢pq 0

R — 2q1q4 + 2203 CI% - q% + CI?? - CIZ —2q1¢2 +2q3q4 0 (2.44)
—2q1q3 + 2¢2q4 20102 + 24341 G — G — @5+ q; O
0 0 0 1

The translation matrix for the translation vector ¢ reads [61] (p. 66):

1 0 0 ¢,
01 0 ¢
Ttranslation - 00 1 tz (245)
000
The transformation matrix T is the product of R and Ti;ansiation
G+6G—6G-G —20G+20e 206G+ 20pa t
_ 20044 + 20205 G — B+ G — 4G 2012 +2q3q4
T = 2 2 2 2 (2.46)
—2q1q3 + 2q2q4 212 +2q3q4 q1 —q5 —q3 +qi t.
0 0 0

The total mass M of disc and bulge stars is obtained by integrating the respective density over
the COV.
For a right circular cone

o R
2y 2.47
tan (2) h (247)
and on its surface
o T
z = %7’ (2.49)

where R is the base radius of the cone and r = /22 + y2. Hence %r <z < h. Both z and y
are bound by the base radius. Choosing |z| < R implies |y| < v/ R? — z2.

R pVRZ—22 [,k x
M:/ / / p| T |y | dzdydx (2.50)
R vz, .
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Figure 2.6: 103 stars sampled from the bulge PDMF which illustrates the difference in mass
distribution compared to disc stars in Figure 2.7. This figure is included to demonstrate the
accuracy of the author’'s implementation of the Milky Way's bulge present day stellar mass
function.

Bulge Stellar Mass Function

By rejection sampling the function based on equation (2.51), given by [14], the mass of bulge
stars is determined.

For m < 0.7Mg the log-normal distribution equation (2.51) is used. Parameters are A =
3.6-107* m. = 0.22 and 0 = 0.33. For m > 0.7 M, a Salpeter slope (2.14) with parameters
A=71-107% and z = 1.3 is chosen.

Samples are drawn until the sum of all samples M, = )" | m; is larger than the total mass M.
If Z?’:_ll m; + %= > M the last sample is removed.

Figure 2.6 show the mass distribution of a sample of bulge stars. Due to the different domains
of the function the implementation is not trivial.

Disk Stellar Mass Function

Stars belonging to the disk are given a mass by rejection sampling the PDMF as given by [14].
For m < 1 Mg the PDMF reads

dN —(log(m) —log(m.,))?

€ (log(m)) = dlog(m)) A-exp| = ] (2.51)

where £ is the probability of stars having mass in range dm and dN is the number of stars within
that range.
Equivalently (this version is sampled)

dN A —(log(m) — log(m.))

— . 2.52

&(m) dm  mln(10) exp| 202 ] (252)
For m > 1 Mg the PDMF has the form

dN
1 =———=Am™" .
or depending on m rather than log(m)
dN A e
&(m) = Im = mln(lO)m (2.54)

Figure 2.7 show the mass distribution of disk stars and confirms the correct implementation of
the function in the code.

24



102 -

Count

10° [ R R

1071 10° 101
mass [Mg]

Figure 2.7: Stars with total mass of 103M, sampled from disk PDMF showcasing the difference
to Figure 2.6

Field Star Positions

The positions of the FSs within the cone of vision are generated in two steps of rejection sampling
followed by the line-of-sight transformation (2.46).

In the first step trial positions are drawn from a uniform distribution within a cuboid containing
the cone. The boundaries of the cuboid are given by:

7| <R
ly| <R (2.55)
0<z<h
where R = h - tan (%) is the base radius , & is the height and « is the apex angle of the cone.
These trial positions are rejected in case they lie outside the boundaries of the cone. The
conditions for acceptance are:

Vai+y? <R
/22 4 2 (2.56)
> p VI

R

This method ensures that the positions are indeed homogeneously distributed, which is essential
for the second step.

The second step consists of rejection sampling the density distribution. A random number is
drawn from a uniform distribution ranging from the smallest to the largest possible density within
the cone volume. If this number is smaller than the density at the trial position generated in step
two, the trial position is accepted and rejected otherwise.

Finally, the accepted position is transformed via the transformation matrix (2.46).

Field Star Velocities

Particle Kinematics in Cylindrical Coordinates In terms of Cartesian unit vectors e,,e, and
e, cylindrical unit vectors are given by

ér = €, cos(¢) + é,sin(e)
ép = —€,sin(@) + &, cos(¢) (2.57)
€, = ¢,

where ¢ is the angle between the projection of a vector onto the xy-plane and the positive x-axis.
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Since ég depends on ¢, position vectors have the form:
The derivation by time gives the velocity:

¥ = Rép + Roéy + 2é. (2.59)

Lagrangian with axisymmetric potential Using (2.59) the Lagrangian (L)per unit mass
reads:
1

L=—
2

<R2 +R2 22> + & (R, 2) (2.60)

and using the Euler—-Lagrange equation gives the conjugate momenta:

o
pR_aR—
oL .
_OL 2.61
Do 9 ) (2.61)
_ oL _
P=="5; =~

Hamiltonian with axisymmetric potential Using the momenta in cylindrical coordinates
(2.61) the Hamiltonian per unit mass with an axisymmetric potential reads [3] (p. 278):

V(o P
H= g (vt o) +o (s (2:62)

using Hamilton's equations gives:

_ Y P Y¥ 2.63
PR="9R RS OR (2:63)

. OH o
p¢__a_¢__a_¢_o (2.64)

OH 0P
.o _oH 0% 2.65
p- 5 5 (2.65)
Since L = 7 % p and thus:

L.=R* (2.66)

Equation 2.64 signifies that, in the case of an axisymmetric potential, the z component of the
angular momentum is conserved.

The phase space distribution function (DF) A galaxy can be viewed as a number of stars in
phase space. The phase space is a six dimensional space spanned by position ¢'and momentum p.
One point in phase space can therefore be described by a six dimensional vector @ = (¢, p), the
state of a whole galaxy as a DF f(q,7,t). f(q,p,t)d>qd®p is the probability that some specific
star is inside the 6D cuboid defined by d3¢d®p at time ¢.

The conservation of probability in phase space is, similarly to the continuity equation in fluid
dynamics, given by

o > (Z}' (fub) =0 (2.67)



with & = (& ).
The right summand can be changed as follows, using Hamilton equations

ga(z;-( "):iﬂj

. 0 .
2 z,(fqi)+a—pi(fz%))

- Z (o (a) 3 (15))

(2.68)
_Z 8f8H 6’2 _Of0H 0’H
- =\ on ogop ~ opog; ! o
i: of 0H Of 0H
— \ 0q; Op; ~ Op; Og;
And therefore
of oH 0f OH
=0 2.69
Z (0% opi  Opi 8%) (2:69)
which is the collisionless Boltzmann Equation (CBE).
The zeroth moment of the DF is the number density:
= / f(& 0)d*v (2.70)
Mean velocities are given by the first moment:
L1 e
U,(7) = (@ /sz(.it,v)d U (2.71)

Jeans equations Using Einstein notation for i = 1,2,3 the CBE (2.69) is given by [3] (p.
277):
ﬁJr@f@H_@f@H_
ot~ 9q; Opi Opi 9q

(2.72)

Since the galactic potential (2.29) is axisymmetric, it is convenient to express this equation in
cylindrical coordinates.

af of  py Of of (0P P¢ af o0®of 0P Of
— —— 4 2L — ) = - — L =0 2.73
ot “PRor T R2og TP 0: “\OR T R?) opn 06 0p, - op. (2.73)
It is assumed that the galaxy is statistically in a steady state [0] i.e. BB—{ = 0. Due to this
assumption and taking (2.64) into account (2.73) simplifies to
0 0 a ob  pi\ of 090
pR—f—i—p¢ / f o _po)\ Of _0%0f (2.74)
OR  R20¢ OR R3) Opgr 0z Op.

Multiplying equation (2.74) by pr and integrating over all momenta leads to

Vs OUTRET, 2 —02 9P
P | JVURY +V<R R | (2.75)

OR 0z R OR

Equation 2.75 is significant because it is the basis for initialising the disk star velocities, as
described in section 2.3.2.
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The Epicyclic Approximation Individual stars in the disk are on nearly circular orbits. Such
orbits can be approximated by circular orbits with additional retrograde elliptical orbits around
the guiding center.

The derivation of this approximation starts with Hamilton's equations for an axisymmetric po-
tential.

Rearranging (2.62) and using (2.66) gives:
Hzl(p2 +p2)+L—2+(I>(R z) (2.76)
2 VIR T oR? ’

With the effective potential given by:

L
err (R, 2) = 525 + @ (R, 2) (2.77)
This leads to:
1
Hefr = B (ph +1?) + Pert (R, 2) (2.78)

Here 5 (p%, + p?) is the kinetic energy in the (R, z) plane or meridional plane. The angular mo-
mentum term in the effective potential is not a real potential energy even though it is sometimes
called the centrifugal potential. It really is the angular kinetic energy. The given definition of @
is only valid because L, is conserved.

Using ®esr, (2.63) and (2.65) can be written as

. a(I)eﬂ’

—— 2.79
Pr OR ( )
b, = _8§)eff (2.80)

z

These equations describe harmonic oscillations in the effective potential. The minimum of ef-
fective potential is the minimum of the real potential energy, together with a contribution from
the angular kinetic energy.

= _Z=_
OR OR R? 281
a(I)eff 0 ( ' )
0z
The first condition states that the attractive force (—%) has to balance the “centrifugal force”.

This is the condition for circular orbits with angular momentum L. The second condition is clearly
satisfied in the equatorial plane (z = 0). The coordinates of this guiding centre are defined as

(R, @g, ).
In preparation for a Taylor series expansion about the guiding centre, x is defined as

r=R—-R, (2.82)

If R = R, then = 0 and therefore the guiding centre is at (z, z) = (0, 0).

00, 00,
Pefr = Pesr( Ry, 0) + T i
OR 0z
(R970) (R970) (2 83)
1 32(I>eff 9 1 82<I>eff 9 1 (9QCI>efF 9 '
S hs Yl A rz + O(xz)
2 0R* |(g,0) 2 02% |(g,g 20207y,

The first order terms are zero (since @ is minimized at the guiding centre) as is the xz term.
The latter due to symmetry about z = 0.
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In the epicyclic approximation terms of O(xz2%) and higher are neglected.
With this approximation (2.79) and (2.80) become

0Pt PPt

. _ 2

De = ~ = T =-—-KT (2.84)
Or OR? | (g, 0

. 0Pt 0 Dest 5

D, = — ~— z2=—-Vz (2.85)
0z 022 (Ry0)

where the epicyclic frequency « is the frequency of small radial oscillations and the vertical
frequency v the frequency of small vertical oscillations.
With potential @ (R, z) Eq. (2.84) can be written as

. 02
~ oR?

3L°

K
(Ro0) T

(2.86)

The combination of (2.61) with: (2.63), given pr = 0 and by definition Q = ¢, results in the
circular angular frequency

1 0d L?
P=—-— ==
ROR |y 0~ R (2.87)
The derivative of (2.87) is:
D*® dQ?

Inserting (2.87) and (2.88) into (2.86) yields:

(2.89)

d)?
2 _ o 2
K2(R,) = <RdR +4Q>

R=R,

The variance, o, is generally given as the mean of squares minus the square of means. In the
epicyclic approximation the mean velocity in R and z is zero and therefore:

2 _ 73 2
Oy = Vg — Ug

oy =% (2.90)

2 _ 2
o, =v?

Vz

Equation 2.90 is used to initialize the velocities of FSs belonging to the disk as described in
section 2.3.2.

Disk field stars The velocity distribution of stars in the MW disk is approximated with the
help of the Jeans equations as well as relations and constraints based on observations.

For a flat rotation curve the radial velocity dispersion exponentially decreases with increasing
radius (see [60], p. 114)

(2.91)

where h in the case of the Miyamoto Nagai potential is the radial scale length a.

The relation (2.91) still requires a constant factor k, which can be determined by means of the
Toomre parameter () at some distance I,.

Q@ is the ratio between the actual and minimum velocity dispersion o, .. ([58], p. 1234)

3.36GX
O-UR min -
’ K
Q = Oyp _ ROyg (292)
Tommmn  3-36G%
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where x denotes the epicyclic frequency (2.89).
In the solar neighborhood Q. = 2.7+ 0.4 and o,, = (38 = 2)kms™" [5] (p. 497)
The constant k can therefore be approximated via

k g QO-UR,min €

Under the approximation of isothermal sheets (introduced in [60]), the vertical velocity dispersion
only depends on the surface density [59]:

R
h

(2.93)

oy, = TGX (R) 2 (2.94)

z

with 2y being the vertical scale length, b, when using the Miyamoto Nagai potential.
Combining the equation for the circular velocity (2.32) with the Jeans equation (2.75) and
multiplying by § results in:

R aV% R 81/1)57 -5 3 2
o = z _ -0 (2.95)
, OR +,/ - + R — vy g
For a razor thin disc the spatial density v can be replaced with the surface density 3 [29], which
does not depend on z. By using relations (2.90), (2.95) this simplifies to
OURU, 9

ROva;, R
> 0R 9. O

In the epicyclic approximation, azimuthal and radial dispersion have the following relation ([3] p.
170):

‘712;¢ K2
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With this relation (2.96) can be written as:
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Rearrangements lead to:
2 R 0(X02,) R Ovgvs
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Due to the exponential dependency of the surface mass density ([8] p. 325) and the radial
dispersion o, (2.91) on R, the derivation after R summand can be solved as follows:
R 0(%07,) 1 9R 0(S03,)
Yo ~ OR Yol 0ln(R) OR
1 0(%07,) 1 ( R¥oj, Roj X\ _ LR
Yoz O0ln(R) Yo?, a

(2.100)
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Under the assumption that the retrograde elliptical orbit is aligned with the coordinate axes (2.99)
becomes:
2

—2 2 2 k R

U¢ — vV, = O',UR (]_ — @ — E) (2101)
The velocity components of stars can be sampled from Gaussian distributions. Dispersions are
obtained by first evaluating the epicyclic frequency (2.89) and the surface mass density (2.40),
followed by the radial velocity dispersion (2.91) with constant factor (2.93), the vertical (2.94)
and the azimuthal velocity dispersion (2.97). As noted before, the mean velocity in R and z is

zero. For ¢ the mean velocity is calculated from (2.101), where the circular velocity v, is given
by (2.32).
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Bulge field stars For spherically symmetric distribution functions with the present approxima-
tions, the spherically symmetric Jeans equation can be used to determine the kinematic properties
of the bulge field stars [64]:

2 2
)
Neoy) | oBor 0% _ (2.102)
or r or
where [ is an indicator for anisotropy in the radial and tangential directions:
2
o
_ ¢
B=1-— = (2.103)

T

If the distribution is isotropic, as assumed here, 5 = 0 and (2.102) simplifies to:

d(pc?) 0P
r =0 2.104
or tp or ( )
and the radial dispersion can be calculated by integration:
1 [ 09
2= —d 2.105
e [ G (2105)

However, ® is the composite potential consisting of bulge, disc and halo and therefore not
spherically symmetric. As suggested in [29], contribution by the disc to the bulge dispersion may
be accounted for by spherically averaging the disc potential. This is achieved by expressing the
cylinder in spherical coordinates and integrating over the relevant angle:

1 [ p [* 0P (rsin(f),rcos(f))
2 == - ’ dod 2.106
Ur,dzsk p /T It /0' or r ( )

As neither of these integrals have an analytical solution, this calculation is computationally in-
tensive. Therefore a lookup table has been implemented in which discrete values for r and
corresponding bulge dispersion are stored.

Figure 2.8 shows a comparison of the results of simulations based on the derivations in this chapter
(lines), and observational values of the MW from [35] (dots with error bars). Color-coding (red,
green and blue) is used to differentiate between three different values for the latitude b.

These results were generated using a view distance of 7.5kpc. The other parameters are given in
Table 2.3.1. The radial velocity dispersion heavily depends on the scale parameter of the bulge
potential. With the current choice, the dispersion at small r is lower than realistic. This issue
could be solved by adding an additional potential with smaller scale radius. A multi component
bulge model has been suggested for instance by [53].

2.4 Data storage

A SQLite Database is used to store the output of simulations including all relevant model para-
meters, stars properties with their respective positions and velocities as well as data resulting from
analysis. SQLite supports both C++ and python and is therefore used in most data related parts
of the project. Generated data can be loaded and plotted directly from the database. Previously
performed simulations can be loaded from the database in order to carry out analysis like energy
vs time or average star velocity vs time.

Due to bad performance, no foreign key constraints where set for position.id star and
velocity.id_star. A multi-column index is used to improve the execution time of queries
containing both velocity.timestep and velocity.id_star. NULL values are avoided where
possible. However, at many stages during execution, some information is unknown, but cre-
ating entries is still required. Observed stars contain no information about their mass or GCA
phase space coordinates. Additionally some observationally detected stars cannot be mapped to
simulated stars, etc.
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Figure 2.8: Velocity dispersion of bulge stars at different galactic longitudes. The solid lines
represents result from simulations conducted for this thesis. The points with error bars are results
from observations [24]. This plot shows that the author's implementation of the Milky Way
potential leads to star velocity dispersions within the uncertainty estimates of observational data.
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Figure 2.9: The database model for storing kinematic data of the simulated field stars and
clusters. Generating simulated data sets is computationally expensive. Therefore the results of
simulations with various initialization parameters are stored in a database that allows them to be
efficiently recalled for future analysis.

2.4.1 Entity Relationship Diagram

When creating a database-driven application, it is advisable to start with the creation of a database
model, as this is the basis of the application. Several steps are required, such as writing a text
about the part of reality that the database represents, organising this text into entities that
contain all relevant information and defining relationships between such entities. In practice this
initial model may be a good first attempt but adjustments need to be made as the project evolves.
Fig. 2.9 depicts the current model.

& are primary keys. The tables powerLaw and timeStepAnalysis have composite primary keys.

o are nullable fields. Even star.mass is nullable since the mass of observed stars is not known.

e are not nullable fields. The simulation table exclusively contains such values since all these
fields are required input parameters for the simulation.

2.5 Simulations

A total of 25 simulations with varying positions relative to the galactic centre and cluster masses
were carried out in order to study the effects of these parameters on the performance of the cluster
detection algorithm. The galactic coordinates were set to [ = 0° and b € {0, 5, 10, 25, 180} [°]

HGP. For each longitude five cluster masses € {0.64,1.6,4.0, 10,25} [kMg] were simulated. The
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Longitude | # FS FSv | FSa, CSw
° kms™" | kms™' | kms™!
0 | 351000 254 145 150

51 67500 380 178 182
10 | 47700 307 170 204
25 | 19800 172 107 242
180 687 219 491 215

Table 2.2: Summary of the field star (FS) properties for the five different simulated fields of view
at different galactic longitudes with the Milky Way model. © is the average velocity and o, is
the velocity dispersion of the stars in each simulated data set. The circular velocity of the cluster
stars (CS) placed at 8kpc along these lines of sight in the Milky Way potential model are also
given.

lower angular steps near the GC are due to the fact that the stellar density decreases rapidly with
increasing angular distance from the galactic centre. Each simulation was repeated 10 times for
error estimation.

2.5.1 Parameters

The following parameters remained unchanged between the simulations.

General simulation parameters

e FOV angle: 54 arcsec
Chosen large enough to cover most of the cluster stars. See v in Fig. 2.5. The upper limit
is dictated by the available computer hardware. This choice still results in ~3.5 x 10° FS
with view direction towards the GC.

e View distance: 9kpc
The height of the COV or line of sight distance reaching behind the GC when looking
towards it.

e Cluster distance: 8kpc
The distance between the observer and the cluster. When looking straight at the GC the
distance between the cluster and the GC is 300 pc
The mean cluster velocity is set to the circular velocity at this location.

e View point: (X,Y,Z) = (8300,0,27)pc
The position of the observer in GCA.

e Timestep: 28d

Amount of time between the two recorded snapshots. The time per integration is 7d.
Therefore, snapshots are taken every 4 integrations. Setting the timestep size to one day
results in an average CS velocity of ~1 x 10 *arcsecd™!. Since the diffraction limit of
the ELT is 8 x 1073 arcsec px ! this timestep would be too small to register movement.
The chosen timestep results in an average CS velocity of ~2.2 x 1073 arcsecd ™!, which is
still below the diffraction limit. However, the velocity has to be small enough to limit the
number of wrong assignments during velocity estimation. That is, the displacement of one
star between the two images should be small enough that it is not wrongfully matched to a
nearby star moving in the opposite direction. Tests with a timestep size of 42d did not lead
to a significant increase in wrong assignments but at the same time did not improve the
velocity estimation to a significant degree. After all the accuracy of the velocity estimation
only matters in regards to differentiating between CS and FS.
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Figure 2.10: A simulated cluster 300 pc from the GC. Left: a point cloud showing the distribution
of ~ 17000 stars in a 10 kMg young stellar cluster. Right: Projection of the points onto the xy-
plane colored by point density.

Cluster specific parameters (McLuster)

(P) Profile: 0 Plummer density profile

(R) Radius: -1
With this setting the radius is calculated by McLuster via a mass to half-mass radius relation
as described in [38]

(Q) Virial ratio: 0.5
The cluster is in virial equilibrium.

(f) IMF: 1

Kroupa ranging from 0.08 [Mg] to 100 [Mg]

While this upper limit is realistic, it is also at the lower end of the expected upper limit and
could be increased up to at least 120 [My] [19]. Since the detectability of low mass stars
is of particular interest, the lower limit has been set as low as the method of converting
mass to apparent magnitude allows, which is dictated by the Pickles catalogue [46]. For
more information see subsection 3.2.1

(C) Output: 3
The resulting mass, position and velocity for each star is written into a file.

2.5.2 Snapshots

Figure 2.10 depicts a 10kM, cluster near the GC. Stars outside the COV have been removed
after the integration in preparation for FITS image creation. As a result the density along the x
axis is slightly elongated compared to the y axis since the x axis is parallel to the line of sight.
With a FOV angle of 45° and an unusual location of the observer Figure 2.11 displays FS sampled
at the GC. These parameters were chosen to test the code for this extreme case but also because
FS of a realistic simulation cannot be nicely represented in a 3D plot.
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Figure 2.11: Left: A point cloud of the field stars with a mass of 47 kMg which includes the
galactic centre at (x, y)=(0,0). Right: projection of the points onto the xy-plane colored by point
density.

2.6 Summary of Part |

Masses, positions and velocities of cluster and FSs are generated within the volume of a cone
representing the space visible with the ELT and stored in a database. With each timestep all of
these positions and velocities are updated. Every set amount of timesteps the data is stored in the
database. FSs are only influenced by the galactic potential but CSs influence each other. Hence,
the Barnes—Hut algorithm has been implemented to allow for the internal motions of reasonably
large clusters to be simulated with limited hardware. Many parameters can be set by the user
such as position of the observer, view angle, view distance, location of the cluster, time step size
and amount of time steps between observations.

Table 2.2 displays aggregate data for all five fields of view, where v is the average velocity
and o, is the velocity dispersion. o, for CS is omitted as it is not correlated with the cluster
location. However, it is directly correlated with the cluster mass and ranges from 1.35kms™ to
6.32kms™!,
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Chapter 3
Observing The Milky Way Galaxy

The goal of this part is to turn the simulated data into images observed by the ELT. The main
part of this task is done by ScopeSim [37], a package written in Python that creates images
in FITS format from given star coordinates and spectra. These coordinates are relative to the
observer, whereas so far they have been simulated relative to the centre of the Milky Way. The
spectra are based on mass, age, metallicity and distance from the observer.

The content of these images are star clusters of different masses at different positions in the
Milky Way. These will ultimately be used to investigate the influence of the field star density
and velocity on the detectability and the reliability of cluster membership determination for the
cluster stars in different mass ranges.

3.1 Coordinate Systems

In the simulated cluster models, locations and velocities of stars are stored in galactocentric
cartesian coordinates (GCA). However, the observer/ScopeSim expect heliocentric equatorial
polar coordinates. Moreover, observational data is usually given in heliocentric galactic polar
coordinates. This data is used for initial cluster positions within the Milky Way model and to
compare results. The implementation of transformations is therefore inevitable. The code has
been adapted from GalPot [40].

3.1.1 Galactocentric Cartesian (GCA)

GCA is a right-handed coordinate system with the galactic center in its origin. The projection
of the unit-vector é, onto the galactic equator (or midplane) points to the initial location of the
sun and é, towards the galactic north pole. Therefore, the direction of galactic rotation at the
location of the sun is the negative y axis.

3.1.2 Galactocentric Polar (GCP)

GCP is a spherical coordinate system and similar to GCA. The GC is at the origin O. A point P
in GCP is described by its distance p to the the GC, the angle 6 between the line segment OP
and €, cca and the angle ¢ between —é, ¢ca and the projection of OP onto the midplane.
Position and velocity transformation between the two systems goes as follows.

p=\at+y?+ 22 (3.1)

f = atan2(y, z) (3.2)

. Z
© = arcsin <\/m> (3.3)
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3.1.3 Local Standard of Rest (LSR)

Like GCA, LSR is a right-handed coordinate system. The origin of positions is the location of
the sun and the origin of velocity is the velocity of a star on a circular orbit with mean velocity of
stars in the solar neighborhood. ¢, points towards the galactic center, ¢, towards the direction
of galactic rotation and ¢, approximately towards the galactic north pole.

The location of the sun is given by ([41], [7]):

fsun,GC’A = (8207 Oa 0014)kpc (37)
and the mean velocity [41]
77mean,GCA = (0, —232.8, O)km/s (38)

Since the sun is generally not in the galactic midplane, there is an angle between the planes
spanned by (z,y)cca and (z,y)rsr. This angle can be expressed as

. Zsun,GCA

sin(a) = ———= 3.9
(@) = St (3.9)

cos(ar) = LounGOA (3.10)

Va2
The transformation of position and velocity vectors from GCA to LSR has to contain a rotation
by —« about the y axis.

rrsr = €o8(@)(Tsun,coa — Taoa) — sin(a)(zaoa — Zsun,coa) (3.11)
YLsr = —Yaca (3.12)

zrsr = SIn(@)(Tsun.coa — Taoa) + cos(a)(zaoa — Zsun.coa) (3.13)
ursr = — cos(a)ugeoa — sin(@)waea (3.14)

VLSR = Usun,GCA — VGCA (3.15)

wrsp = — sin(@)ugea + cos(a)waea (3.16)

3.1.4 Heliocentric Cartesian (HCA)

The only distinction between HCA and LSR is the origin of the velocity. In HCA the origin is the
velocity of the sun. The difference between the average velocity in the solar neighborhood and
the sun itself, also called the peculiar motion of the sun, is given by [56]:

Toun.Lsr = (11.1,12.24,7.25)km /s (3.17)

Transformation from LSR to HCA can be written as:

Troa = TLsR (3.18)

UncA = ULSR — Usun,LSR (3.19)
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3.1.5 Heliocentric Galactic Polar (HGP)

HGP is a spherical coordinate system with origins for position and velocity identical to those
defined in HCA. Coordinates given in this system are often called galactic coordinates. The
galactic longitude [ is the angular distance in the galactic midplane with [ = 0° towards the
galactic center. The galactic latitude b denotes the angle below and above the galactic midplane
ranging from —90° to 90° and r the radial distance.

The transformation from HCA to HGP is identical to the transformation from GCA to GCP (3.1)
withl=¢p, b=0andp=r

3.1.6 Heliocentric Equatorial Polar (HEQ)

The following positions and the transformation between HGP and HEQ are described in [13]
(p. 1044-1047), the transformation between different epochs in [57] (p 95-105). The latter is
dated. The international celestial reference system (ICRS) should be preferred if highest possible
accuracy is of concern.

HEQ), like HGP, is a spherical coordinate system having the same origins for position and velocity.
However, angles are given in, and normal to, the celestial equator which is not parallel to the
galactic midplane. The right ascension (a) is the angular distance in the equator with a = 0°
towards the northward equinox. The equinox is the intersection of the ecliptic - the plane in which
the earth orbits the sun - and the celestial equator. The declination (d) is the angular distance
above or below in the equator.

Since the ecliptic and the equator are in motion, a reference frame is needed. A reference frame
consists of quantities defining the coordinate system at a specific time as well as methods to
calculate those quantities for any other date. A commonly used reference frame is defined for
the J2000.0 epoch (&).

In order to transform between HCA and HEQ at ¢j, the direction of the north Galactic pole
(NGP) and the galactic center (GC) are needed in both basis.

In HCA the NGP is simply Zygprca = (0,0,1). In HGP, since the direction is normal to the
fundamental plane, b = 90¢,c yop- In HEQ at €y the direction is

ayap = 12"51M26.28°

3.20
dygp = 27°7'41.7" (320)

The GC defines the x axis of HCA: Z¢c mca = (1,0,0). In GC the same direction is
age.npo = 17"45™40.0409° (3.21)

deonpg = —29°0'28.118" '
To express these basis vectors in HCA basis, they can to be transformed as follows

rca = cos(d) cos(a) (3.22)
yrca = cos(d) sin(a) (3.23)
ZHCA — sm(d) (324)

The third basis vector is the cross product of Zngp and Zge. With these basis vectors the change
of basis matrix is

M = [é,,é,,¢é.] (3.25)

The full transformation from HCA to HEQ consists of the two steps: the multiplication with M
followed by the transformation from Cartesian to spherical as given in (3.1).
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For the transformation between HGP and HEQ the direction of the north celestial pole (NCP) is
required. NCP is perpendicular to the celestial equator, hence dygp = 90°. In HGP at ¢;, NCP
is

Incp = 123°55'55.2"

bycep = 27°7'41.7" (3:26)
Using NGP and NCP the transformation from HGP to HEQ at ¢ is
sin(d) = sin(dygp) sin(b) + cos(dngp) cos(b) cos(Iycp — 1) (3.27)
cos(d) sin(a — angp) = cos(b) sin(Iycp — 1) (3.28)
cos(d) cos(a — aygp) = cos(dygp)sin(b) — sin(dygp) cos(b) cos(Ingp — 1) (3.29)

Three angles, z,60, & describing the precession of both planes are needed in order to transform
between epochs €5 and €p.

2 = (2306.2181 + 1.39656T — 0.00013972)t + (1.09468 + 0.0000667)¢> 4 0.018203¢> (3.30)

6 = (2004.3109 — 0.853307 — 0.00021772)t + (—0.42665 — 0.000217T)t> — 0.041833t (3.31)
¢ = (2306.2181 + 1.39656T — 0.00013972)t + (0.30188 — 0.000344T)t + 0.017998¢* (3.32)

where t and T are time differences given in units of Julian century.

_ JD(er) — JD(eo)

T )

36525 (3.33)
JD(ED) - JD(EF)
t = 3.34
36525 ( )
With these three rotations, a precession matrix P as well as its inverse can be formalized.
cz-ch-c& —sz-86 —cz-cl-sE—sz-c& —cz- sl

P(ep,ep) = |sz-cl-cE+cz-sE —sz-ch-sE+cz-c€ —sz-s0 (3.35)

s6 - c& —s6 - s& ct

where cz = cos(z), sz = sin(z), cf = cos(0), s = sin(f), c€ = cos(§) and s& = sin(§).
Before multiplication with P, the target vector has to be expressed in Cartesian coordinates.

3.1.7 Heliocentric Telescope Polar (HTP)

This coordinate system aims to describe positions as they are observed with a telescope. As with
HEQ the right ascension a describes the angular distance in and the declination d the angular
distance below and above the midplane. The origin, however is defined by the line of sight vector,
that is 105 = [r,a,d] = [1,0,0]grp. Hence one image, taken with a telescope, is a circle in the
ad-plane.

It may seem as if the transformation from HGP to HTP and vice versa simply consists of a shift
by 7;,s in HGP basis. However for any line of sight vector with b # 0, the result would be an
ellipse rather than a circle. Casually speaking, the cone of vision in any spherical coordinate
system is a circle when projected onto the unit sphere. While this circle always covers the same
range in b, the range in [ depends on the distance (b) between the circle and the midplane. With
increasing absolute value of b the circles around the unit sphere described by [ decrease in size.

While there may be a solution for this issue, a different transformation was devised. Positions
can be transformed from HCA to HTP by aligning 0,5 with the x axis & using a rotation matrix
generated as described in (2.46) with the rotation axis defined by [1,0,0]gca and Vs mea
Subsequent transformation from Cartesian to polar coordinates as described in the section GCP
above completes the transformation.
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3.2 Mock Observations with ScopeSim

Images of stars are generated using ScopeSim [37] with the MICADO _Sci instrument, the ELT
telescope and the Armazones location package. Parameters differing from default values are:

1.

2.

SIM.sub_pixel.flag - Initial tests indicated the necessity of integrating sub pixel shifts

DET.width and DET .height - Width and height of the detector plane in pix are set ensuring
the image contains the whole COV. The pixel scale of MICADO is 0.004 acrseconds per
pixel

OBS.dit - The exposure time is adjusted to one hour.

. scao_const_psf.convolve_mode = “same” - an internal scipy parameter to avoid increasing

the simulated field of view outside the limits set by the detector

. scao_const_psf.rotational_blur_angle - to reflect the rotation of the point spread function

(PSF) occurring during one hour, this angle is set to 15 degrees. However, with the
approach discussed in section 3.3.1 this will have little to no impact on the results.

For each simulation two images, one for ¢ = 0 and one for t = dt, are stored as FITS files.

3.2.1 Creating Source Objects

ScopeSim requires one source object for each simulated star. Source objects contain spatial
and spectral information. The spatial information consists of x and y in arcsec relative to the
FOV axis, here generated by a chain of transformations from GCA to HTP and stored in the
appropriate database table.

The spectral information is acquired using multiple functions from the ScopeSim Templates library
involving the following steps:

1.

The spectral type of a star is determined by looking up the closest spectral type from the
Mamajek stellar spectral type look-up table [45] given its mass.

. The spectrum is taken from Pickles catalogue [46] requiring metallicity in range 0.5 - 2

solar and age of about 5 Gyr.
That spectrum is scaled such that it has 0 apparent Vega mag in the V filter.

The absolute magnitude My, of the star in the V filter is determined from its mass using
[45] with linear interpolation.

The apparent magnitude my is obtained from my = My + 5logy, (d) — 5

. The interstellar extinction e is taken into account using [39]

. The weight w of the spectrum s is used by ScopeSim to scale the final star photon flux, F’

F(z,y)=sxw (3.36)

w is calculated calculated from the above quantities thusly:

F
w = FO — 10040mo—(mv+e)) _ 1(—0-4(mv+e) (3_37)
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Figure 3.1: Image of a 10kM star cluster and field stars near the GC. The field of view
represented in each panel is: 4" (left), 0.2" (middle), 0.064" (right). For context, the current
Seeing limit of non-adaptive optic driven telescopes is 0.5". Without the adaptive optics systems
on the ELT, atmospheric turbulence would blur all stars in the middle and right panels into a
single blob.

3.2.2 Snapshots

The generated images as displayed in Figure 3.1 already show some upcoming difficulties. Dif-
fraction spikes of bright stars obscure nearby stars with lower luminosity. Worse, these artifacts
are sometimes indistinguishable from real stars. Figure 3.2 displays a star cluster of identical
mass but opposite direction for comparison.

3.3 Data Reduction with Photutils

With the help of Photutils [11] the 2D HTP positions and fluxes of stars are detected from the
FITS files generated during observation. In a first step, all stars are stored in the database, each
having exactly one location corresponding to the timestep of the FITS file.

The following method, while yielding decent results, is certainly not optimal. Due to hardware
and time constraints, options such as Image Segmentation were not feasible. Moreover, the
parameters of the chosen method were not optimized beyond some spot checks.

3.3.1 Detecting Stars
Background

Testing FITS files generated with no input sources still yield some amount of detected sources.
With the parameters described in subsection 2.5.1 used for the 25 simulations, 125 sources were
detected against an empty background. The FITS files contain a raster of 64 images, sometimes
overlapping and sometimes separated by one pixel due to rounding. This leads to wrong detections
at the corners. However, this effect only explains a fraction of the detections.

Masking bright stars

The diffraction spikes and sections of the halos of bright stars due to the ELT's strongly segmented
PSFs were wrongfully detected as stars. Increasing the detection threshold would have meant
not detecting real faint stars in different areas. Hence the decision was made to mask square
areas around bright stars leading to only one detection within those areas.
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Figure 3.2: Similar to Figure 3.1. Image of a 10 kM, star cluster and field stars at the galactic
anti-centre. The lower ambient background flux due to the vastly lower field star density is
apparent when compared to all panels in Figure 3.1. Additionally the optical artefacts of the
ELTs segmented PSF are also visible in the diffraction spikes and AO-halos seen around bright
stars (right panel).

The side length [; of the square depends on the flux F; of the stars: [; = f(F}).
To find the appropriate function, FITS image files for single stars at a given distance and with
varying mass were generated, the sources in each file detected, using DAOStarFinder, and their
flux and maximum distance between the correct and any wrong sources calculated. A linear fit
of the resulting dataset Appendix A lead to the “empirical” function
i:{ 0if Fi <100 (3.38)
0.01 * F; + 28 if F; > 100

The DAOStarFinder method is called twice:

1. To find the bright stars and generate the mask. The resulting table contains one row for
each source.
This table is sorted by the flux column in descending order and iterated from top to bottom
until the current entry has F; < 100.
Elements of the mask - a 2D Boolean array with the same size as the image - are updated.
All elements inside the box with side length (3.38) are set to true and the current table
entry stored in a new table if located outside a masked area.

2. For passing the mask parameter generated in the previous step and returning sources outside
the masked areas.

Both the bright sources recorded after the first and the faint sources returned from the second
call are stored in the database.

3.3.2 Extracted positions

As indicated in relation to Figure 3.1, diffraction spikes of bright stars are problematic. The star
was masked in the consequence that none of the other stars were recognised in its vicinity as can
be seen in Figure 3.3. More elaborate algorithms should be developed to improve this process.
An alternative method provided by photutils, namely image segmentation, was tested. While the
results with smaller test images were promising, the size of the full images reached the limits of
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Figure 3.3: 2D HTP positions (green) extracted from an image of a star cluster and field stars
near the GC. The zones void of green circles (middle) illustrate how areas around the brightest
stars are discarded by the detection algorithm. This is done to avoid false positives resulting
from the segmented nature of the PSF diffraction spikes created by the ELT. The field of view
represented in each panel is: 4" (left), 0.2" (middle), 0.064 " (right).

the hardware available to the author. Splitting the image into sub-sections would be an option
to consider.

Comparison of the simulated and extracted star positions displayed in Figure 3.4 makes clear how
many stars are not detected, especially in the vicinity of bright stars.

This image is based on a total of 368127 simulated stars and from this image a total of 243657
stars or =66 % relative to the simulated stars were extracted.

3.4 Summary of Part Il

Positions of CS and FS at two time stamps are transformed from galactocentric cartesian to
heliocentric polar coordinates. Masses and distances to the observer are used to calculate the
apparent magnitudes while extinction is also taken into account. From this data images are
generated using ScopeSim to simulate observation with the ELT.

2D heliocentric polar coordinates of stars and associated fluxes are extracted from these images
using photutils and stored in the database.

This concludes the observations. What remains is to analyse the observed data and determine
with how much certainty it is possible to determine which stars are cluster stars and which are
field stars.
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Full Image

-----._ gmulate_l

Figure 3.4: Similar to Figure 3.3. Simulated HTP positions marked with cyan crosses and
extracted HTP position market with green circles of a star cluster and field stars near the GC.
The cyan crosses illustrate the shear number of simulated low mass stars that are undetectable
due to the high ambient flux at the galactic centre. The field of view represented in each panel

is: 4" (left), 0.2" (middle), 0.064" (right).
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Chapter 4

Interpreting The Milky Way Galaxy

After a considerable amount of simulated and observed data has been created, the database has
a size of about 13 GB, the goal to determine if and with what accuracy IMFs can be determined
close to the GC is within reach.

There is still one essential component missing, and that is to classify the observed stars, to
determine whether they are CSs or FSs. For this purpose, a clustering algorithm is used and its
performance is determined. This performance can only be determined because the simulated data
and thus the correct positions and assignments exist and are known. It defines the certainty with
which assignments of stars are correct and can be used as an indicator for future observations.

4.1 Velocity approximation

The proper motion of a star can be approximated from its position at two different timestamps
via first order Taylor expansion

vy — x; (t+ dt) — z; (t) (4.1)
dt

However, this is only possible if the positions at two different timesteps can be accurately asso-
ciated with the same star s;. The assumption that Z(¢ + dt) belongs to the same star as Z(¢)
if their Euclidian distance is smaller than the distance of Z(t) to any other Z(t + dt), only hold
true for small dt. However, due to the discreteness of images, dt has to be large enough so that
the change in position is detectable between timesteps. The pixel scale - the ratio of arcsec to
pixel - dictates a lower bound for dt.
Since the data results from a simulation, it is trivial to verify whether or not the attribution of
the two positions is indeed correct. In fact, tests using only the Euclidian distance as a metric
with dt = 1d lead to a small but significant amount of wrong assignments.
An additional condition was introduced. Stars at Z(¢) and Z(t + dt) have to have a similar
apparent magnitude m to be considered the same star.

Tt dn)|

Em (4.2)

where ¢, is the maximum relative difference in apparent magnitude. With this constraint, all
positions where correctly assigned during further tests when using the exact positions.

Table 4.1 shows the relative number of incorrect assignments during the velocity estimation.
It should be noted that the mapping between observed and simulated stars on which these
calculations are based is itself subject to error, and that incorrect mappings for field stars are
usually irrelevant, since they only distort the results if they happen to be assigned a velocity that
identifies them as a cluster star.

As depicted in Figure 4.1 the proper motion of stars is well suited to distinguish between cluster
stars and field stars. The position on the other side is so unsuitable that cluster and field stars
would hardly be distinguishable in a 2D HTP position plot.

46



cluster mass [kM]
0.64 1.60 4.00 10.00 25.00
180 | 06 | 0.8 | 1.4 1.2 0.8
256 1 08|09 |11 1.3 1.7
angle[] 10 | 1.1 | 1.1 | 12 | 13 | 21
5 1515 | 16 1.9 2.6
0 3.7 | 3.7 | 3.8 3.8 4.1

Table 4.1: Percentage of stars with observationally detected velocities matching the velocity
from the star's simulation input data. Even in the densest cluster at the galactic centre the
reliability of the detected star velocities is around 96 %

Vy, H1p [@arcsec/dt]

—-1.5 —ll.D —{]I.S D.IO D.IS 1.0 1.5
Vx, uTpP [arcsec/dt] le=2

Figure 4.1: 2D HTP velocity approximation for CS (green, inset) of a 1 x 10* kM, cluster near
the GC and FS (blue) along the line of sight. The time between observations (dt) is 28d.
Given the extremely small region of the velocity parameter space occupied by the cluster-stars,
cluster membership could be assigned to stars found in this space, based solely on a stars velocity
characteristics.

47



4.2 Cluster Membership Detection

4.2.1 DBSCAN Algorithm

The clustering algorithm of choice is DBSCAN since it is density based and able to detect clusters
of arbitrary shape. Additionally and contrary to other algorithms the amount of clusters to find
is not a parameter. DBSCAN detects any clusters present in the data based on two parameters:

1. e: the maximum distance between points to be considered neighbors

2. nPoints: the minimum amount of neighbors for a point to be classified as core point.
During execution all data points are classified as one of the following:

1. core point: a point with at least nPoints within e:
2. border point: a point having at least one core point but less than nPoints within e:

3. noise/outlier: any other point

The implementation of DBSCAN can be summarized as follows: Iterate the list of points. If the
current point is not already classified, check if it meets the requirements to be classified as core
point. Once a core point has been found, the neighboring points of that point are tested. If they
too have enough neighbors the recursion continues until all neighbors are classified as either core
or border points.

In a naive implementation, the distance of each point to every other point is checked. The time
complexity of such an implementation is O(n?). Moreover, for large datasets the recursion can
lead to stack overflow.

R*-tree or similar data structures can be used to improve the performance to an average of
O(nlogn) [20]. The library mlpack [15] was used, which includes an implementation of DBSCAN
supporting R*-tree and many other trees.

Initially and in addition to the standard condition €, for the spatial distance between points a
supplementary condition ¢, was introduced. The difference in velocity between two stars has to
be smaller than ¢, for them to be classified as neighbors:

|0 — 2|, < € (4.3)

Large ¢, lead to more accurate membership detection. It turned out, the spatial distance condition
does not benefit the results at all and it was dropped. For larger areas than used here, constraining
the spatial distance, for instance via subdivision, should be beneficial.

4.2.2 Parameter optimization

The quality of the cluster analysis with DBSCAN depends on the choice of its parameters.
Figure 4.2 depicts the precision for a 1 kM, cluster 300 pc from the GC. Decreasing ¢ leads to
a higher precission until it is too small, at which point multiple clusters are detected. Based on
this observation € was set to 1.1 - 10~° and nPoints to 200 for all simulations. Not optimising
these parameters would result in more FS being incorrectly classified as CS.

This optimization is only possible because the ground truth set, which consists of the simulated
CS and FS, is known. This is arguably an unfair advantage, as this is not normally the case.
However, simulations like these can be used for this very reason. Creating a model that is as
close as possible to the real observations and determining the parameters based on this model
should provide useful parameters for running clustering algorithms on observed data sets.
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DBSCAN parameter space
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Figure 4.2: Precision of the DBSCAN algorithm for a 1 kM, cluster 300 pc from the GC depending
on the DBSCAN parameters. In our case, nPoints is the minimum number of stars with a velocity
within range ¢ from each other. Together these parameters can be interpreted as minimum
velocity density.

4.3 Membership reliability indicator

Observed stars are mapped to simulated stars via their proximity in order to measure the per-
formance. If a star is not the closest observed star to any simulated star it remains not mapped.
Not mapped stars exist due to section 3.3.1 and parts of the PSFs of bright stars being detected
as stars. Observed stars can then be attributed one of the following types:

1. True Positive (TP): correctly classified as cluster star.

2. False Positive (FP): wrongly classified as cluster star.

3. True Negative (TN): correctly classified as field star.

4. False Negative (FN): wrongly classified as field star.

5. Unconfirmed Positive (UP): not mapped star classified as cluster star. Treated as FP.

6. Unconfirmed Negative (UN): not mapped star classified as field star. Not taken into account

since FN is unlikely.

4.3.1 Accuracy
B TP+TN
 TP+TN+FP+FN

With a large amount of field stars relative to cluster stars, this metric is not ideal as it will give
a good rating even if most cluster stars are FN.

(4.4)

4.3.2 Precision and Recall
When FPs are more problematic than FNs, the precision P should be high

P TP
- TP+ FP+UP

(4.5)
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On the flip side, if FNs are a big concern, but FPs tolerable, the recall R is a good metric

TP

R— 4.6
TP+ FN (4.6)
4.3.3 F1 Score
This metric is a balance between P and R. Contrary to A TN is not taken into account.
_y P-R TP (47)
'"""P+R TP+05(FP+UP+FN) '

When studying IMFs classifying FSs as CSs is arguably just as problematic as classifying CSs as
FSs because both lead to errors in the mass distribution approximated on the basis of the data.
The F1 score has a range from 0 to 1. The closer to 1, the more reliable are the results of the
classification.

4.3.4 Limitations

Because of the unmapped stars, especially UPs, the indicator will never be exact. However, since
UPs are treated like FPs, the indicator is a worst-case estimate in this respect, and the true
reliability is probably higher.

The indicator is used to measure the performance of DBSCAN for varying regimes of the cluster
mass distribution (high-mass, solar-mass, low-mass stars). Since more massive stars can be
classified more reliably, more massive stars within a mass region increase the reliability of that
region. A star with 0.1 Mg, is less likely to be TP than a star with 0.5 Mg.

Most importantly, the indicator is based on data generated by a simulation. Therefore, the
indicator is only as realistic as the underlying model.
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Chapter 5

Results and discussion

Depending on the total cluster mass the amount of simulated cluster stars (SCSs) ranges from
1.3 x 10% to 40.4 x 10® stars while the amount of mapped cluster stars (MCSs) lies between
1.0 x 103 and 16.4 x 103 stars. The decrease in detectability of CSs is due to increasing CS density
and has no direct impact on the clustering performance. The difference between observed stars
(OSs) and mapped stars (MSs) is negligible, in fact the absolute amount of not mapped stars
decreases with increasing number of SCSs. This is due to the higher simulated stellar density in
2D HTP. Observed stars are assigned to the closest simulated star within a small radius. If there
is no simulated star within the radius, they are not mapped.

While the number of simulated field stars (SFSs) remains constant, the number of mapped field
stars (MFSs) decreases with increasing number of CSs because bright CSs hide FSs as depicted
in Figure 5.1. This inverse relationship does impact the clustering performance to some degree,
less MFS means less potential FPs as well as TNs, the latter are not relevant for Precision and
F1 score.

Figure 5.2 displays the precision using the velocity of OSs and Figure 5.3 for the velocity of
simulated stars (SSs). The only relevant difference between simulated and observed HTP proper
motion is the accuracy of position and consequently of velocity. While both figures show the same
relationships, the drop in overall performance due to inaccuracies introduced during observation
and source detection are painfully apparent. Techniques must therefore be developed to increase
the accuracy of star centroiding if the theoretical accuracy limit is to be achieved.

A comparison of Figure 5.4 with Figure 5.2 shows significant deviations. When it comes to
determining the IMF of a cluster, the F1 score is more relevant as both FPs and FNs are taken
into account. Nevertheless, it is worth paying attention to the precision. As the values here are
consistently better, the clustering parameters may have been chosen too strictly. In fact, the
parameters were optimised on the basis of the precision. It would be interesting to investigate
what changes would occur if the parameters were optimised according to F1.

As is discernable in Figure 5.2 and Figure 5.3 the precision, with one exception, is correlated with
the angle. Curiously for the same cluster mass the precision is lower at 10° than at 5°. The same
phenomenon, but with a lesser degree of intensity, can be seen in Table 5.1 for the F1 score.
Figure 5.5 provides the explanation for this outlier. At 10° the average field star velocity is closer
to the average cluster star velocity than at any other angle, making it harder to differentiate
between cluster and noise from the field stars.

The bigger the cluster mass, the higher the cluster star velocity density, which implies the second
correlation - precision as well as F1 score with cluster mass - presented in Figure 5.2 and Table 5.1.
Figure 5.6 displays examples for the 2D HTP velocity space of two simulated clusters near the
GC. In this example the 0.64 kM, cluster only has 1143 stars inside the circle while the 10 kM,
cluster has 3158. In both cases statistically the same amount of FSs fall within that area, leading
to a higher ratio of FPs and therefore a lower precision for the lower mass cluster.

When studying the low-mass regime of the IMF at large galactic distances ~8 kpc, due to the
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Figure 5.1: Number of simulated (light) versus detected (dark) stars in the cluster (blue) and
field (black) populations at a galactic longitude of 10° for different cluster masses. The relative
fraction of mapped stars decreases significantly as the 2D HTP star density increases.
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Figure 5.2: Precision - a metric indicating the reliability with which observed cluster stars are
actually simulated cluster stars - for different mass bins, angles and cluster masses
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Angle ° | Mass kM, | % Found | F1 Score
180 0.64 34 0.63
180 1.60 37 0.81
180 4.00 28 0.85
180 10.00 30 0.93
180 25.00 33 0.94

25 0.64 36 0.62
25 1.60 40 0.75
25 4.00 34 0.81
25 10.00 34 0.87
25 25.00 33 0.92
10 0.64 29 0.45
10 1.60 39 0.62
10 4.00 39 0.72
10 10.00 35 0.80
10 25.00 32 0.87
5 0.64 18 0.34
5 1.60 25 0.49
5 4.00 28 0.61
5 10.00 30 0.72
5 25.00 26 0.81
0 0.64 41 0.39
0 1.60 40 0.52
0 4.00 40 0.62
0 10.00 35 0.71
0 25.00 28 0.76

Table 5.1: Mass range: 0.08 M to 0.5 M. Percentage of found cluster stars relative to simulated
cluster stars and detection reliability (F1) score for such. Regardless of the angular distance from
the galactic centre, on average only ~30% of a clusters low mass stars will be detected and
attributed membership for clusters at a distance of 8 kpc from the Earth. Similar tables for the

solar- and high-mass ranges are included in the appendix.
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Figure 5.3: Precision using accurate velocities generated by using the simulated rather than
the observed positions. This represents an ideal world where the telescope has close to infinite
resolution and image extraction is possible without error. This figure illustrates how important it
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is to be able to make accurate position measurements.
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Figure 5.4: F1 score for different mass bins, angles and cluster masses. This is the measure
of the reliability of the determination of cluster membership. A high F1 score is a mandatory
prerequisite for IMF studies based on the classified set of detectred stars.
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Figure 5.5: Average cluster and field star velocity at different angles. The clustering algorithm
performs relatively poorly at galactic longitudes around 10° for cluster at a distance of 8kpc.
This is due to the average velocity of field stars being very similar to the circular velocity at this
position in the galaxy.
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Figure 5.6: 2D HTP velocity of simulated clusters. The higher relative FS density in case of the
0.64 kM, cluster (left) leads to a lower membership precision when compared to the 10 kMg,
cluster (right).

direct correlation between the reliability of classification of stars and cluster mass, the cluster
should be massive indeed. This is especially true near the GC. In addition, the mass range
dependent detection rate has to be taken into account (Table 5.1), since only ~30 % of the stars
in the mass range 0.08 M to 0.5 Mg, are detected.
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Chapter 6

Conclusions

The primary goal of this project was to determine how reliable the cluster membership data
obtained with the ELT will be for future studies of the initial mass function in distant young star
clusters, for example at the galactic centre.

To achieve this goal a piece of software has been created to model the Milky Way potential
as well as observable distribution of stars in the Milky Way. The software has been utilized to
observe scenes for various parts of the Milky Way. Young stellar clusters, ranging in mass from
640 Mg, to 25000 My, were added to each of these scenes in order to mimic the observational
conditions that are to be expected with the ELT. The software could be used as a background
for future observation simulations with, but not limited to, ScopeSim.

These scenes were converted to images, the astrometric velocity data of all detected stars ex-
tracted from these images, cluster analysis performed on this data, and the performance of the
clustering algorithm measured to show which mass ranges will be reliably available to future stud-
ies of the IMF with the ELT. A star cluster membership reliability indicator for the three main
sections of the IMF for each of the cases (from massive/tiny clusters in the galactic centre to
tiny/massive clusters at the galactic anti-centre) has been determined.

According to this indicator, the reliability of cluster membership determinations in the

galactic centre is restricted to masses >0.5 M, for low mass (<1 x 10? M) clusters, but
potentially acceptable in all studied mass regimes including 0.5 M to 0.08 M, for truly
massive (e.g. >1 x 10* M) clusters. Outside of the GC, the full IMF was available in
all simulated young star clusters out to 8 kpc.

The results presented, particularly Figure 5.2 and Table 5.1, indicate that data gathered with the
ELT will indeed be accurate enough to study the high- and solar-mass regions of the IMFs in
YMCs near the GC. However, it remains questionable if this is still the case for stars with masses
less than 0.08 M. Information about this mass regime is sparse. There is no generally accepted
IMF for the MW stars covering this mass regime. Furthermore, Pickles catalogue [46] does not
contain spectra below M9, while these stars would have spectral type L or even T. Moreover, the
membership attribution precision obtained for clusters in the galactic centre in the mass range
0.5Mg to 0.08 M, is already quite low. That is not to say it will not be possible to study the
low mass range of the IMF in the crowded environment of the galactic centre, but that improved
astrometric and star detection techniques should be developed to address this challenging task.

For any future works that are based on the results presented here, the following implementation
improvements are recommended:

1. A more accurate bulge model, for example [63]

2. Additional observation epoch snapshots to recover temporarily hidden stars and get a more
accurate velocity estimation.
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3. A sophisticated method for extracting positional data like point spread function fitting.

4. Accurate determination of the ideal time step size based on cluster location and kinematics.

The code, including some inline documentation, and a link to an external documentation is pub-
licly available on GitHub in the form of two visual studio solutions. N_Body.sln contains a C4+
project and implements the simulation and cluster analysis while Photometry.sln is a collection
of python scripts used for image generation and extraction. The data, small enough to be hosted
on GiHub, can be found here.

Finally, a word of advice to students: Make sure you know what you are getting into. As wonderful

and exciting as a project may sound, ask yourself if it is doable in a reasonable time frame and
do not fall into delusions of grandeur.
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https://github.com/CasualCoder91/N_Body
https://github.com/CasualCoder91/N_Body/blob/master/Output
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Appendix

Appendix

A

flux

box_size

dist

mass

927146.1955

254.3559872

127.1779936

10

890635.019

254.3417547

127.1708773

9.9

857036.8725

254.341936

127.170968

9.8

823955.0858

254.3421943

127.1710971

9.7

793135.9042

254.3424033

127.1712017

9.6

762592.0798

254.3426546

127.1713273

9.5

734504.8423

254.3429091

127.1714545

9.4

707751.1254

254.3431486

127.1715743

9.3

681256.1109

254.3434061

127.1717031

9.2

656346.0444

254.3436538

127.1718269

9.1

633104.9017

254.3439632

127.1719816

©09936.5628

254.3442026

127.1721013

8.9

587640.2069

254.3445212

127.1722606

8.8

566233.046

254.3448084

127.1724042

8.7

545639.6678

254.3451645

127.1725822

8.6

525443.3219

254.3454953

127.1727477

8.5

506252.3011

254.4948138

127.2474069

8.4

487489.4659

254.3462375

127.1731188

8.3

470008.9293

254.3465892

127.1732946

8.2

462754.3324

254.3470858

127.1735429

8.1

445797.2677

254.5130792

127.2565396

429456.9678

254.347868

127.173934

7.9

413760.4129

254.3482648

127.1741324

7.8

398652.2024

254.3487825

127.1743912

7.7

384123.4617

254.4173555

127.2086778

7.6

370111.5523

253.8093122

126.9046561

7.5

356487.63

254.4810594

127.2405297

7.4

343530.5029

255.0658948

127.5329474

7.3

316316.5998

247.8349505

123.9174752

7.2

309163.7247

254.4288941

127.2144471

7.1

302130.3778

254.4303415

127.2151707

295295.4188

254.5012123

127.2506062

6.9

288627.7467

254.433333

127.2166665

6.8

282129.2052

254.4345462

127.2172731

6.7

275630.1016

254.436262

127.218131

6.6

269416.7466

254.4377591

127.2188795

6.5

59




263376.811

247.9665145

123.9832573

6.4

257390.5638

247.9972751

123.9986376

6.3

251577.0397

252.6213071

126.3106536

6.2

245854.0065

248.0135846

124.0067923

6.1

236400.0465

248.0575239

124.0287619

227300.7517

252.618173

126.3090865

59

218570.2985

252.6201478

126.3100739

5.8

210129.5831

247.9292325

123.9646163

57

202041.5421

247.85708

123.92854

5.6

194255.2774

252.6363119

126.318156

55

186750.9496

252.6021078

126.3010539

54

182535.794

247.9673489

123.9836745

53

178401.698

248.0481722

124.0240861

5.2

174325.8134

252.6377075

126.3188537

5.1

170400.5422

252.6334207

126.3167103

248519.9168

247.7858731

123.8929365

4.9

242908.6771

247.9706455

123.9853228

4.8

237403.2487

248.0166034

124.0083017

47

232060.6523

247.9419667

123.9709833

4.6

218259.9677

254.6442946

127.3221473

4.5

205273.3003

247.9794943

123.9897472

4.4

193150.6701

250.4719141

125.2359571

4.3

181724.6168

252.6310455

126.3155227

4.2

170942.9686

252.6333644

126.3166822

4.1

160789.262

252.6181038

126.3090519

168811.5177

247.8041635

123.9020817

3.9

162697.5008

252.6385607

126.3192803

3.8

156860.6692

252.6179306

126.3089653

3.7

151196.1118

247.8991699

123.949585

3.6

145724.8797

248.360639

124.1803195

35

150293.5107

248.072207

124.0361035

3.4

130973.0674

255.4786549

127.7393274

3.3

114105.3359

252.5656424

126.2828212

3.2

99358.44939

248.5393443

124.2696721

3.1

86537.23392

251.6269223

125.8134612

75357.58044

251.6432071

125.8216036

2.9

65650.99523

251.6614012

125.8307006

2.8

63683.16206

251.6658441

125.8329221

2.7

61750.32575

251.67074

125.83537

2.6

59884.23739

252.6195792

126.3097896

2.5

57772.09156

251.6814637

125.8407319

2.4

50097.62697

253.4222927

126.7111463

2.3

43479.65427

216.2939201

108.14696

2.2

33899.676

248.6107083

124.3053542

2.1

29960.07512

248.6307907

124.3153953

24613.56833

150.7541002

75.37705012

1.9

36933.09895

198.6613702

99.3306851

1.8

29129.77414

199.0091892

99.50459462

1.7

27120.64332

216.4733782

108.2366891

1.6

20229.98476

170.1296746

85.00483729

1.5
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19179.36077

179.7883487

89.89417436

1.4

15120.70563

151.6853158

75.84265791

1.3

11210.70479

86.37067622

43.18533811

1.2

7990.562518

62.34638126

31.17319063

1.1

6367.416643

103.8925506

51.94627529

1

4117.980781

51.12273987

25.56136994

0.9

3939.712223

52.55001005

26.27500503

0.8

2698.416769

51.4333436

25.7166718

0.7

1046.477108

27.12953968

13.56476984

0.6

727.6929275

27.40087693

13.70043846

0.5

537.6169065

21.17919258

10.58959629

0.4

201.0127308

20.96270907

10.48135453

0.3

96.41247775

0

0

0.2

26.95062209

0

0

0.1

Table A.1: Dataset for "empirical” mask function. The
mask function hides stars within a range of a bright star
from detection during data extraction using photutils. Since
this function was developed by the author, the raw data is
included here so that the reader can check the validity of
the function.
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Angle ° | Mass kM, | % Found | F1 Score
180 0.64 41 0.73
180 1.60 49 0.91
180 4.00 35 0.92
180 10.00 34 0.95
180 25.00 40 0.96

25 0.64 61 0.81
25 1.60 58 0.89
25 4.00 49 0.94
25 10.00 45 0.95
25 25.00 43 0.95
10 0.64 61 0.75
10 1.60 73 0.87
10 4.00 63 0.91
10 10.00 52 0.93
10 25.00 47 0.95
5 0.64 61 0.78
5 1.60 66 0.87
5 4.00 64 0.92
5 10.00 55 0.94
5 25.00 47 0.95
0 0.64 81 0.79
0 1.60 80 0.83
0 4.00 76 0.88
0 10.00 63 0.90
0 25.00 54 0.92

Table A.2: Similar data to Table 5.1 but for solar-mass stars (0.5 My, to 2M). Percentages of
found cluster stars relative to simulated cluster stars and cluster membership attribution reliability
score of those findings in the solar-mass range.
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Angle ° | Mass kM, | % Found | F1 Score
180 0.64 47 0.70
180 1.60 71 0.94
180 4.00 61 0.91
180 10.00 50 0.93
180 25.00 48 0.95

25 0.64 73 0.90
25 1.60 72 0.92
25 4.00 61 0.93
25 10.00 57 0.95
25 25.00 52 0.96
10 0.64 54 0.74
10 1.60 78 0.94
10 4.00 75 0.95
10 10.00 62 0.96
10 25.00 54 0.97
5 0.64 68 0.84
5 1.60 71 0.91
5 4.00 76 0.94
5 10.00 62 0.96
5 25.00 56 0.97
0 0.64 78 0.93
0 1.60 78 0.96
0 4.00 77 0.95
0 10.00 66 0.96
0 25.00 57 0.97

Table A.3: Similar data to Table 5.1 but for high-mass stars (>2M). Percentages of found
cluster stars relative to simulated cluster stars and cluster membership attribution reliability score
of those findings in the high-mass range.
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Acronyms

BPL Broken Power Law 16, 18

CBE collisionless Boltzmann Equation 27
CDF cumulative distribution function 13
COM centre of mass 15

COV cone of vision 22, 23, 34, 35

CS cluster star 9, 34, 36, 44, 46-48, 50, 51
ELT Extremely Large Telescope 2, 3, 11, 12, 34, 36, 44, 56

FN False Negative 49-51
FOV field of view 12, 34, 35
FP False Positive 49-51

FS field star 9, 10, 12, 14, 18, 20, 22, 25, 29, 34-36, 44, 46-48, 50, 51, 55

GC Galactic Centre 2, 8, 9, 11, 19, 34, 35, 37, 42, 44-49, 51, 55, 56
GSL GNU Scientific Library 13, 20

HTP Heliocentric Telescope Polar 9, 10, 40-42, 44, 45, 51, 55
IMF Initial Mass Function 2, 3, 8, 11, 12, 15-18, 46, 50, 51, 56

MCS mapped cluster star 51
MFS mapped field star 51

MS mapped star 51

MW Milky Way 18, 19, 29, 31, 56

NCDF normalized cumulative distribution function 16-18

NFW Navarro—Frenk—White 18
OS observed star 51

PDF probability density function 12

PDMF present day mass function 8, 16, 24, 25
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PSF point spread function 41, 42, 49

SCS simulated cluster star 51
SFS simulated field star 51

SS simulated star 51

TN True Negative 49, 51

TP True Positive 49, 50

UN Unconfirmed Negative 49

UP Unconfirmed Positive 49, 50

YMC Young Massive Cluster 11, 18, 56
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