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Abstract

In dieser Masterarbeit untersuchen wir die Trajektorien von zwei Arten
von Differentialgleichungen zweiter Ordnung in Verbindung mit der beschle-
unigten Gradientenmethode von Nesterov, einschliefslich konstanter Damp-
fung und asymptotisch verschwindender viskoser Dampfung. Diese Differ-
entialgleichungen werden durch eine konvexe differenzierbare Funktion F’
gesteuert, und es wurde gezeigt, dass jede Trajektorie  der Differential-
gleichung minimierende Eigenschaften hat, das heifit, dass F'(z(t)) gegen
den Minimalwert F* von F konvergiert, wenn ¢ gegen unendlich geht. In
fritheren Arbeiten wurde untersucht, wie bestimmte geometrische Eigen-
schaften von F', wie die Lojasiewicz-Eigenschaft, und die Zeitskalierung
der Differentialgleichung die Konvergenzraten von F(x(t)) zu F* beein-
flussen und verbessern. Diese wurden bisher separat untersucht, wiahrend
in dieser Arbeit beide kombiniert werden, um die bekannten Schranken
fiir F'(z(t)) — F* zu verfeinern. Um die verbesserten Konvergenzraten zu
veranschaulichen, werden die Ergebnisse numerischer Implementierungen
vorgestellt.



Abstract

In this master thesis we study the trajectories of two types of second-
order ODEs linked to the accelerated gradient method of Nesterov, in-
cluding constant damping and asymptotically vanishing viscous damping.
These ODEs are governed by a convex differentiable function F' and it was
shown that their trajectories x have minimizing properties, that means
F(z(t)) converges to the minimal value F* of F as t goes to infinity. In
previous works it was studied, how certain geometrical properties of F',
such as the Lojasiewicz property, and time scaling of the ODEs effect and
improve the convergence rates of F(z(t)) to F*. These were studied sep-
arately, whereas in this thesis both of them will be combined to refine the
known bounds on F'(z(t)) — F'*. To visualize the improved convergence
rates the results of numerical implementations will be presented.
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1 Introduction

We will start by clarifying the general mathematical setting of this thesis.

Throughout this thesis we will make the following preliminary assumptions un-
less specified:

the underlying space is R",
F :H — R is a convex differentiable function with argmin F' # 0,
B [to, +0o) — RT is a differentiable function with ¢y > 0

and o € R™ is a positive constant.

The minimal value of F' will be denoted by F'*. We will study the convergence
of the trajectories of two non-perturbed second-order ordinary differential equa-
tions as t — +o00, where we add certain geometrical assumptions on F'. The
first differential equation is

#(t) + ai(t) + BE)VF(x(t) =0, (CD)

for t > tg, where « is called the constant viscous damping coefficient and f is
referred to as the time scale parameter. We define the second one as

() + %:’c(t) + BV EF(z(t) =0, (AVD)

for t > to. Since ¢ vanishes asymptotically as ¢ — +o0o we refer to this system
as the asymptotic vanishing damping case and to the first one as the constant
damping case, hence the choice of the abbreviations [AVD] and [CD]| respectively.
Throughout the chapters z € C?(R,R") will denote the solution to the associ-
ated Cauchy problem to either or for unspecified initial conditions
(x0,v0) € R™ x R™. The existence and uniqueness of such a solution will be
assumed, but one can see, that this can be guaranteed under various circum-

stances, for example if VF is locally Lipschitz as seen in [1].

This thesis is based on the paper [2|, where, under geometrical conditions on
F around its set of minimizers, improved convergence rates of F'(x(t)) to F*
were found for the system and with no time scaling, namely 8 = 1.
The paper [3] analysed among other things the positive effects of time scaling
of on the convergence rate of F(x(t)) for general convex differentiable
functions F. Naturally the question arises, if the rates presented in [2] can be
refined by the introduction of time scaling, which will be successfully answered
as the main goal of this thesis. In the end the improvements will be underscored
by numerical results of implementations in Python.



2 The geometrical conditions

In this section we will introduce the two geometrical conditions from [2| and [4]
which on the one hand ensure that F' is not to sharp in the neighbourhood of
any of its minimizers and on the other hand require a certain magnitude of the
gradient VF around the minimizers of F.

In this paper (-,-) will be the scalar product of R” and ||-|| the induced norm.
As customary an open ball with center x € R™ and radius r > 0 will be denoted
by B(z,r). Furthermore for any set S C R" the distance of a point z € R™ to
the set S is defined by d(z, X) = inf,epn ||z — y]|.

Definition 2.1. Let F' : R® — R be a convex differentiable function with
argmin F' # () and F* = inf F. We introduce the following geometrical condi-
tions:

(i) Let v > 1. The function F satisfies the condition (H;(y)) if, for any
minimizer z* € argmin F', there exists 7 > 0 such that
1

Vo€ B(a*,n), F(z)—F" <
.

(VF(z),2 —a"). (H1(7))

(ii) Let p > 1. The function F satisfies the growth condition (Ha(p)) if for
any minimizer £* € argmin F, there exist K, > 0 and € > 0 such that

Vo € B(z*,e), K, d(z,argmin F)? < F(z) — F* (Hz2(p))

To get a better understanding on the implications of these conditions, we will
look into a few examples as seen in [4].

For example any convex differentiable function F satisfies [H; ()| with v = 1,
since

F(z)— F* <(VF(z),x — ")

holds for all x € R™. Furthermore any differentiable function for which (F'— F *)%

is convex for v > 1 satisfies [H1 ()]
The condition [H; ()| can also be interpreted in a geometrical sense. It implies

a certain type of flatness of F' around its set of minimizers, as proven in the
following Lemma.

Lemma 2.2. In the same setting as in Definition we can state that if F
satisfies |Hq(7)| for some v > 1, then the following properties hold:

(i) F satisfies H1(v') for all v € [1,7].
(i) For any minimizer z* € argmin F', there exist M > 0 and n > 0 such that

Vz € B(z*,n), F(z)—F"<M|z—z*|".

< L if v > 4/ and that any convex

Proof. For (i) we just need to recall that ~

differentiable function satisfies Hy(1).

1
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For (ii) we need to prove a simple result for a convex and differentiable function
g : R — R with 0 as one of its minimizers with g(0) = 0. If for all ¢ € [0, 1]

holds, then ¢ — ¢~ 7g(t) is monotonically increasing on [0, 1], since its derivative
(=t g(6) + 779 (1) = —t g () + g (1) = 0
for all ¢ € [0,1]. Therefore
vie 0,1, gt < g(1) (2.1)
holds. Now recall that means that for F' there exists a 7 > 0 such that

1

Vo € B(z*,n), F(z)—F*<
~y

(VF(z),z —x").

Let ' € (0,n) and o € B(x*,n’) with o # 2*. We define the following function
on [0, 1]

9:(t) = F (m +t77'_x> ~ F*,

€T
[l — |

which is convex and differentiable by construction with minimizer 0 and g,.(0) =
0. There exists an M > 0 s.t. for all x € B(z*,n') with = # z* and all ¢ € [0, 1]

gz(t) <M

holds, which is implied by the continuity of F' and since x* + tn’& stays

_ llz—=z=]]
in the compact set B(x*,n’). This constant only depends on z* and 7’. Using

property |H1 (), we see that
, " , T—xF , T—2F
g(t)=<VF(w +1n )m >
’ [l — 2| [l — 2|

Y * /x_x)k * Y
>1(F P I o I A
t( C”+7Hu—xw) ) 1970

holds for any ¢t € [0,1]. The result (2.1) and the uniform bound M yield

Vo # 2 € B(z*,n), g.(t) < g.()t7 < MtY
for all ¢ € [0,1]. Choosing t = % lz — a*||, we obtain the desired result. O

This lemma states that F is at least as flat as ||-||” in a neighbourhood of any
of its minimizers.

Conversly the condition |[Hy(p)|with p > 1 ensures that F' is sufficiently sharp in
the neighborhood of any of its minimizers z* € argmin F'. It is closely tied to
Lojasiewicz inequality, which is used in the mathematical analysis of dynamical
systems.



Definition 2.3. A differentiable function F' : R™ — R is said to have the
Lojasiewicz property with exponent 6 € [0, 1), if for any critical point 2*, there
exist ¢ > 0 and € > 0 such that

Vz € B(z*,e), ||[VF(z)|| > c¢(F(z) — F(z*))?, (2.2)
where 0° = 0 when # = 0 by convention.

In this thesis we are focused on functions F' with a unique minimizer. In fact
one can prove, that in this convex setting Hy(p) is equivalent to the Lojasiewicz
inequality with exponent § = 1 — % for functions F' with unique minimizer z*
as seen in [2].

Lemma 2.4. In the same setting as in Definition [2.1] we can state, that func-
tions F with unique minimizers satisfy the condition |Hs(p)| for some p > 1, if
and only if they satisfy Lojasiewicz inequality (2.2) with exponent 6 = 1 — % €
[0,1).

Proof. We denote x* as the unique minimizer of F' argmin F' = {«*}, therefore

d(z,argmin F') = ||z — z*||. Assume that is satisfied. Then there exist
K, > 0 and € > 0 such that

Vo € B(z*,e), K, d(z,argminF)? =K, ||z —z"|| < F(x) — F".
Since F' is convex, it holds for z € B(z*,¢)
Fa) = F* <(VF(z),x —27) <[[VF(@)]| - [ — "]

< IVFOI- (g5 (F) - 7))

Therefore for all z € B(z*,¢) with 2 # 2* and ¢ = K} > 0
_1
¢(F(z) = F*)'"7 < |VF(2)] .

If we assume that (2.2) holds for 6 € [0,1), then the following holds for all
x € B(x*,e):

1 *
“IVE@) > (F() - F). (2.3)
Choose K large enough such that for z € B(z*,&’) with x # 2* and e > &’ >0
1 i — *
SIVE@)| < K-z — 2| L (F(x) = F7).
Therefore we can further estimate (2.3))
* 1 s|—1 *
(F(z) = F*)" < —|[VF(@)| < K [lz = 2" (F(x) = F7),
= (F(z) = F)' ' < K e — 2|7,

*\1— 1 *
= (F() = F)' 2 — o — "]

1

1 1-6
= F(z) - F* > (K |z — a:*|> .



This proves [H(p)| for p := 15 and K, := 2.
For x = z* both [Hz(p)|and (2.2) are satisfied, which concludes the proof of the
equivalence. O

Strong convexity is another example for a sufficient condition that implies the
property with p = 2. For any strongly convex function F with modulus
m >0

Fz) > F(y) + (VF(y), 2 —y) + 5 o =y

holds. By setting y = x* we get

Fla) - F* > 3 o —a*|[* > Td(z, X*)?,

therefore Hy(2) holds.

In the main results of this master thesis we will look at convex differential
functions that satisfy both [H;(v)| and [H2(p)l If for any function F' both con-
ditions hold, then this would visually mean that F' has to be at least as flat as
|z —2*||” and as sharp as ||z — z*||” in a neighbourhood of its minimizer x*.
This intuitively implies the following result.

Lemma 2.5. If a convex differentiable function F with unique minimizer x*
satisfies both|H1 ()| and|Ha(p)| with v,p > 1, then necessarily p > .

Proof. This can easily be seen as|Hs(p)|implies for z € B(z*,¢)
Kyl — "I < F(z) - F*
and Lemma [2.2) implies for « € B(z*,7)
Flx)— F* <M |z —*|".
O

Compared to a general convex differentiable function F', both of the conditions
[H1(v)|and |Hs(p) on F' combined allow us to prove better convergence rates for
F' to its minimal value along the trajectories x(-), which are the solutions of
either differential equation or . These conditions imply estimations
which only hold in a certain neighbourhood of a minimizer. Therefore, if we
want to apply these in our proofs, we first need to establish that x(¢) converges
to a minimizer of F' as t goes to infinity.




3 Convergence with time scaling

In this chapter we discuss the convergence of F'(x(t))—F* as t — 400, where z(+)
is a solution of or . This will be achieved by the use of Lyapunov
functions for each system and proving that they are non-increasing or even
decreasing. This will also be the fundamental proof strategy throughout this
thesis.
As in [2] we define the functions a, by, ba, ¢ : [tg, +00) — [0, +00)

a(t) == F(z(t)) — F7,

bu(t) = 5 IAG(H) — 2°) +@(0)]* with A € [0, +00),
bg(t) :

and ¢(t) :

% IN@(t) — 2%) + t(0)]2 with A € [0, +00),

1 2

— t _ ¥ ,

> llo(t) — |

of which the energy functions will consist.

Definition 3.1. For a solution z : [tg, +00) — R™ of (CDJ|) we define the energy
function cp) ¢ : [to, +00) — R as

Ecp) ¢ = Bt)a(t) + b1(t) + Ee(t), (3.1)
where £ € R is a constant.

This definition of £ ¢p),¢ is inspired by the energy functions in [3| and adapted
for the proofs in this paper. For the differential equation (AVD) the energy
function can be chosen as in [3].

Definition 3.2. For a solution z : [tg,+00) — R™ of (AVD]) we define the
energy function & avpy,e¢ : [to, +00) = R as

Eavpy ¢ == B (t)a(t) + ba(t) + Ec(t), (3.2)
where £ € R is a constant.

The choice of the constants A and £ will vary in the different proofs and will be
chosen and limited accordingly to achieve the desired results.

Since looking at the derivatives of both £cp) ¢ and Eavp),e will be crucial in
proving all of the theorems in this paper, we will calculate and simplify both
Ecpy ¢ and &€ ayp) ¢ as done in [2] and [3].

Lemma 3.3. For any solution x : [tg, +00) — R™ of (CD)) the following equality
holds for any t > tg, A € [0,+0) and £ € R

Elop)e(t) = B'(Dat) +2(A—a) (bi(t) — Ne(t)) = AB() (VF (x(t)), a(t) — z*)
+ (€= AA =) (@(1), 2(t) — 27) -



Proof. All statements throughout this proof will hold for all ¢ > t3. We will
calculate the derivative of £ cp) ¢ by looking at the derivatives of the summands:

d

S (Ba(t) = F OF((t) - F) + 80) (TF@®), #0),  (33)
Sh1(E) = () + 30 M (t) — 2°) + (1)
d . *
and @C( ) = (&(t), z(t) — z¥). (3.4)

Since z(-) is a solution to our differential equation (CDJ), we know that
A+ @(t) = (A — a)z(t) — Bt)VF(z(t))
holds. This yields

d . * .
Z01(t) = (A= a) (2(t), M= (t) - 27) + (1))

+ B) (VF(x(t)), —A(@(t) — ™) — &(t)) .
Furthermore we can rewrite
(@(8), Ma(t) — %) + (1) = (@), Ma(t) — 2%)) + [|[2(0)] .
Therefore we can write the derivative as
Eepye(t) = B'()(F(x(t) — F*) = B(t) (VF(x(t)), A(=(t) — ™))
+(E+ AN = @) (@), x(t) — %) + (A= a) l2(t)]>.
Now notice that
201 (t) = [|A(@(t) — &%) + @ (1)|]° = 2\%c(t) + 2\ (w(t) — a*, (1)) + | 2(1)|*,
which yields
Eepye(t) = B'()(F(x(t) — F*) = B(t) (VF(x(t), A(x(t) — "))
< *

(€= A — ) ((t), 2(t) — 2
—202(A — )e(t) + 202 — a)bu (1)

or, equivalently,

E(cp)e(t) = B'()a(t) +2(A =) (b1(t) — Ne(t)) = AB(t) (VF(x(t)), x(t) — «*)
+ (€= AA—a)) (@), x(t) —z7).

Lemma 3.4. For any solution x : [tg,+o0) — R™ of (AVD) the following
equality holds for any t > tg, A € [0,+00) and £ € R

Efavoye = B0 + 28/ @a(t) + "2 (1,0~ 32

— tAB() (VF(2(t), x(t) — 27) + (€ = AA —a + 1)) (&(t), x(t) — 27) .

10



Proof. This proof is structured as in the lemma before and we take ¢t > t;. We
only need to calculate the derivatives

%(tQB(t)a(t)) = (2tB(t) + £*8'(t))a(t) + £*B(t) (VF (z(t)), &(t)) (3-5)
d

abQ( ) = (A&(t) +t2(t) + 2(t), AMz(t) — ™) + ta(¢))

and the derivative of ¢ can be taken as in (3.4). Since z(-) is here a solution of

, we see that
ti(t) = —ai(t) — tB(t)VE(2(t)).
Hence

%bg(t) =t —a+ 1) &) + AX — a + 1) (@), 2(t) — z*)

— 2B(t) (VF(2(1)), &(t)) — tAB() (VF (2(t)), 2(t) — 2*) . (3.6)
We notice that

a1 + A (@ (t), 2(t) — 2*) =

= = (It n+tx>me—f»)
%(w +%a)W—@ﬂﬂAuuwﬂﬁ»—vnaw—xwﬂ
% (2ba(t) — (t(), A((t) — ) — 20%c(1)) -
Therefore
La(t) = 270D (2 (6) — (1 (0) M lh) — ) — 22%(r)

— 28(t) (VE(2(1), 2(8)) — tAB(t) (VF (2(t)),z(t) — 2) . (3.7)
By adding up , and we conclude

Elavmye = (268(0) + 28/ (1)a(t) + 227D (4,00~ x2e(n)

—AB() (VE(2(t), x(t) — 27) + (€ = AX =+ 1) (&(2), x(t) — 27) .
O

As part of the proof strategies, a variation of the Gronwall’s inequality as stated
in [5] will play an important role in converting estimations the derivative of
5£CD),§ into estimations of £cp).e-

Lemma 3.5 (Gronwall’s Inequality). Let u : [a,+00) — R be a differentiable
function. If

u'(t) < g(t)u(t)

holds for all t € [a,+00) and a continuous function g : [a,+00) — R, then
u(t) < u(a)ef: g(t)dt

for all t € [a, +00).

11



Simple integration proves this lemma.

Now we will look at the convergence of the trajectories of the two systems (CD))
and (AVD)) separately.
3.1 Constant damping

The following proof is an adapted version of the proof presented in [6], where
we added the time scaling parameter 3.

Theorem 3.6. Let o > 0, tg > 0 and z : [tg,00) — R™ be a solution of (CD).
If for all t > tg

B(t) < 5B(¢) (3.8)

a
2
holds, then F(x(t)) — F* =0 (%) as t — +o0.

Proof. We choose A = a and & = 0 reduces the result of Lemma[3.3]for all ¢ > ¢,
to

E(cp),0(t) = B'(t)a(t) — aB(t) (VF(x(t)), 2(t) — a¥).

By the definition of convexity a(t) = F(x) — F* < (VF(x),x — 2*) holds for all
z € R™ and we can deduce

Elepyot) < (B'(t) — aB(t))a(t) Yt > to.
The assumption on 3 implies f'(t) — af(t) < —§B(t) and combined with
Ecpy,o = B(t)a(t) + ba(t) > B(t)a(t), we get

«
Elepyo(t) < — 55(01)),0(75)

for all ¢ > to. Grénwall’s inequality yields Ecp),o(t) = O(e~%?t). Therefore by
Definition [3.1| we conclude F(z(t)) — F* = a(t) < Eepyo®) O

B(1)
3.2 Asymptotically vanishing damping

The proof of convergence for the system with asymptotically vanishing damping
is structured as in [3], where we leave out the Hessian damping parameter.

Theorem 3.7. Let o > 1, 19 > 0 and x : [tg,00) — R™ be a solution of (AVD).
If for all t > tg

t/(t) < (o — 3)(1) (3.9)

12



Proof. We choose A = a—1, £ = 0 and t > to. By Lemma 3.4 we obtain for the
derivative of the energy function the following:

Elavpyo(t) = 2tB() + 26 (1)alt) — tla — DBE) (VF(2()), x(t) — =) .
(3.10)

Again by convexity a(t) > (VF(z),z* — z(t)) holds. By using this property

(3.10) becomes
Elavpyo(t) < (3 —a)tB(t) +1°6'(t))a(t).
For 3(-) the inequality (3.9) holds, hence E{AVD%O(t) < 0. Consequently £ avp),0
is non-increasing and Eavp),0(t) < Eavpy,o(to) for all £ > to. Therefore
1 .
2B (F(x(t) — F*) + 3 lla=1)(z(t) —2%) + ti(t)[|* < Eavp).o(to),
B (F(x(t) — F*) < Eavpy,olto),

which concludes that F(z(t)) — F* = O (%)
O

We have established that F(z(t)) — F* and we will see how these initial con-
vergence rates can be refined by adding the geometrical conditions on F. This
will be done in the following two chapters, where we first leave out time scaling,
in other words choose § = 1.

13



4 Convergence under geometrical conditions

In this chapter we will prove the main results of [2|, where time scaling is not
considered.

First of all we choose 8 = 1. We will look at functions that satisfy H;(y) with
v € [1,2] and Hy(p) with p = 2 and assume that F' has a unique minimizer which
we denote by z*. The latter has certain practical implications. The theorems
in the previous chapter imply that F(x(t)) converges to F* as t — +oo for
solutions of either or , because 5 = 1 fulfills the required differential
inequalities and . Since F is convex and the minimizer is unique, we
can deduce that z(t) converges to z* as t — 4o0o0. This means that ¢ can be
chosen large enough for z(¢) to be in any neighbourhood of z*, so that the
definitions of Hp(y) and Hy(2) apply. Lastly we notice that d(z,argmin F')
reduces to || — 2*||. These observations prove the following lemma:

Lemma 4.1. Let x : [tg,+00) — R™ be a solution of either (CD) or (AVD)

and B8 = 1. If F admits a unique minimizer x*, then x(t) converges to x* as
t — 4o00. Furthermore if there exists a v < 2 such that F fulfills the conditions
and Hy(2), then there exists a t; > to such that

1
g
Ky - |la(t) — 2" < F(a(t)) - F*

Fa(t) = F* < —(VF(z(1)),2(t) — 27)

hold for all t > t;.

This lemma makes it possible to use the geometrical conditions on F' for esti-
mating. We can even rewrite the inequalities of Lemma [£.1] with the definitions
of a and c as follows:

VF(a(t)), 2(t) — =) (4.1)
a(t) (4.2)
for t > t;. These estimates play a central role in proving the convergence rates

of F(x(t)) — F* in the following proofs in this thesis. First we look at the
trajectories of the system (CD)) and derive the convergence rate as done in [2].

4.1 Constant damping

Theorem 4.2. Let v € [1,2] and let x : [ty, +00) = R™ be a solution of (CD)
with B = 1. If F satisfies Hi(y) and H3(2) with a real constant Ky > 0 and
admits a unique minimizer x*, then for any

(om0 525)
m ,min | 1, —————
Y(v 4+ 2) K>

F(l‘(t)) _Fr=0 (e—m(l—m)’Y (f(2 t)

we have

ast — +o00.

14



Proof. Under our assumptions on F and 3, Lemma [£.1] implies the existence of
a t; > tog such that (4.1) and (4.2) hold for all ¢ > ¢;. In this proof we take
t>1.

We restrict A < a for now and set £ = A(A — «), where we notice that £ < 0
holds. With the result of Lemma and the facts that 8 =1 and 8/ = 0 we
get

Elopy(t) = 200 — )by (1) — 26Xe(t) — A (VE (2 (1)), 2(t) — a*) .
By we see that
Elepy e(t) < 2(N = a)bi(t) — 26Xc(t) — Mya(t).
Furthermore applying (4.2)) yields

S{CD),g(t) <2(A—a)bi(t) — Ay (1 + %) a(t), (4.3)

219
«

since £ is negative. From now on we choose A = m™=2 where m € (0, 1) has to

be chosen small enough for

§

1+—=—>1-m>0, 4.4
Koy 44

and 2(\ — o) < =Xy (4.5)
to hold. The second inequality is equivalent to A < —25a, which ensures A < «,

7+2
and furthermore implies that m has to satisfy

0 < m < mi (1 207 >
m<min (1, —— | .
(v +2)7K>

Inserting (4.4) and (4.5) in (4.3) we get
Elepye(t) < =Mbi(t) = Ay (1 —m)a(t),

= \(1=m) (a(t)+ ! bl(t)>~

1—-m

Since ¢ is negative we know that a(t) + ==b1(t) > a(t) + b1(t) > Eccpye(t)
holds. Hence we obtain

Elepy () < —(1 —=m)MyEcp) e(t).
By Gronwall’s inequality we conclude
Ecp () = O (e7mt).
Since by the definition of m and
Ecp) g(t) = a(t) + bu(t) + c(t) = (1 —m)a(t) + bi(t) = (1 —m)a(t)

holds, F(z(t)) — F* = a(t) < 12-Ecn)¢(t) yields the desired result. O

15



2a°

The question arises for which m € (0, min (17 STeEEyces

)) the presented conver-

gence rate is optimal.
Remark 4.3. Consider the case, where

202

1
2 <506 12K, (4.6)

holds. This can occur if K is rather small or « is large. Then the optimal rate

is achieved for m = %, because then m(1 —m) = } is maximal at this point.
Furthermore (4.6]) implies
1 202 2K,
° Tz <«

- < =

2 V2K, 4o
Therefore we can notice that in this case the lower bound of the presented
convergence rate is

2
efm(lfm)%t —at

>e
P 2

For 1 > v(ﬁ% > m one can notice that m(1 — m)”TKzt gets larger if m

increases. This means that m has to be chosen in the interval as large as

possible to achieve the best convergence rate.

4.2 Asymptotically vanishing damping

In the case with vanishing damping we need a slightly different ansatz to prove
the convergence rate. As presented in [2] we will show that F(z(t)) — F* is
bounded by a polynomial multiplied with a function G : [tg, +00) — R, which
will turn out to be bounded.

Theorem 4.4. Let v € [1,2] and let x : [tg, +00) — R™ be a solution of (AVD)
with B = 1. If F satisfies Hi(y) and Hy(2) with a real constant Ky > 0 and
admits a unique minimizer x*, and if a > 1+ % we have

F(z(t) — F* = O <1>

to+2
ast — +oo.

Proof. Under our assumptions on F and 3, Lemma [£.1] implies the existence of
a t; > to such that (4.1) and (4.2) hold for all ¢ > ¢;. In this proof we take
t>1.

We define G(t) = tPE(t) for p > 0. Recall that by Lemma [3.4] with (¢) = 1

2NE

POt D 1) - 2 efr) — 1A (VP (D). 2(0) — 27)

E(avpy e = 2ta(t) + ;

holds, where we limit A < a — 1 and chose £ = A(A — a4+ 1) < 0. By applying
(1) we get

20 —a+1)
E(avpye < (2= M)ta(t) + -

16



This implies for the derivative G'(t) = p - tP~1E(t) + tPE'(1):
G'(t) <t (p+2— Mat) + P (p+2(A — a+ 1))ba(t) + P71 (p — 2X0)Ec(t).

Choosing p = % —2and A = % leads to the coefficients of a(t) and b (t)

being zero. This leaves
G'(t) < Ep — 20t Le(t).
Now we apply the second geometrical property (4.2))

g(p B 2)\) tp—la

9 =35,

), (4.7)

since £(p — 2)) is positive by definition. On the other hand £ < 0 holds and we
get

() > 0(Pa(t) + €c(0) = 7 (14 75 )l

by applying (4.2) again. Choosing t large enough yields
1
G(t) > 5tl’”a(t) > 0. (4.8)

Combining (4.7) and (4.8]) results in

g<c- 20

for t and C' > 0 large enough. Gronwall’s inequality implies
Git) <O (e*%z)

and therefore G is bounded for ¢ large enough. We denote the bound by M.
With (4.8]) we conclude

t) < M
alt) < sy

which proves the desired rate, since p + 2 = PR

O

We notice that since v € [1, 2] the exponent of the convergence rate % lies in
the interval [%m a]. Therefore the best possible rate can be achieved for v = 2.

17



5 Convergence under geometric conditions and
time scaling

We have looked at the convergence rates of F(z(t)) — F* for solutions to both
systems either with time scaling or under the geometrical conditions as shown
in previous works. In this chapter we analyse the combined effect of time scaling
and the geometrical properties of F on the convergence rates. As seen in Chapter
3 there are certain assumptions we need to make for £ in order to be able to
make the right estimations.

5.1 Constant damping

For the system with constant damping the time scale parameter 8 needs to
be increasing and unbounded in order to have an effect on the convergence rate.
This assumption will also make the convergence rate independent of the factor
K5 in Hy(2) compared to Theorem Additionally we want the differential
inequality

B'(t) < C-B(t)

to be satisfied for ¢ large enough and for a certain C' > 0. By Gronwall’s
inequality one can see that this means that 8 can be chosen as large as an
exponential function.

Theorem 5.1. Let vy € [1,2] and to > 0. Let x(-) be the solution of with
a > 0. Assume that F' satisfies and Hy(2) with a real constant Ko > 0
and admits a unique minimizer x*. If B : [tg,00) = (0,400) is an increasing
function with lim;_, 4 o B(t) = 400 and there exist a constant C1 € (0,a7y] and
a ty > tg such that

B'(t) < C18(t) (5.1)

fort > to, then for any

AE (Cl +2a,a}
247
we have
. 672(047)\)15

ast — +o00.

Proof. Under our assumptions on F' and 8, Lemma implies the existence of

a t; > tg such that (4.1) and (4.2) hold for all ¢ > ¢;. In this proof we take
t > max{t1,t2} so that (5.1)) holds as well.

We recall the derivative of the energy function in Lemma |3.3

Elcpyet) = B (Da(t)+2(A—a) (bi(t) = Ne(t)) = AB(t) (VF (x(t)), a(t) — z7)
+ (€= AA =) (@(1), 2(t) — 27) -

18



We limit A < o and choose &€ = A(A — a):
E(cpye(t) = B'(H)a(t) + 2(X — )b (t) — 2AEe(t) — AB(E) (VF(2(1)), z(t) — ™).
Using the implication of Hy(2) yields

E(cp) ¢(t) < B'(t)a(t) —yAB(H)a(t) + 2(A — a)bi(t) — 2AEc(?)
and with we deduce
2.

Ecpy,e(t) < (B'(t) —yAB())a(t) +2(A — a)bi(t) — X (t).
By and the fact that £ is non-positive we obtain
Elomyet) < (€1~ yNBMalt) + 20— b (D) + 2ola). (6.2
K>

As seen in the proofs before, we want the energy function &cp)¢ to be non-
increasing, therefore the derivative needs to be non-positive. To achieve this
it will be important to choose A\ appropriately, which requires to distinguish
between two cases.

First case: C] < av:

We restrict A to the interval (%, a], which is non-empty in this case. By this
choice C7 — Ay is negative. Rewriting (5.2)) yields

, A
Elem ) = (1+ ga g ) (€~ WB@a0) + 20— (o).

Since (C; — Ay)B(t) = —oo as t — 0o, we deduce that

Al¢l )
1+ 1l ast— oo.
(1 e ) 7
Choose A > 2‘51? = ﬁa + ﬁ%, which lies in (%, a]. This is equivalent

to 0 > 2(\ — a) > Cy — yA. Therefore we can choose ¢ large enough such that

Mg 2\ — a)
b (” K> (Cy —’M)B(ﬂ) .

This implies for the derivative

Elome(t) < M(a —ANB®alt) + 2 — a)b (1)
— 202 — a) (B(t)a(t) + bu(1)).

Since by definition Ecpy ¢ (t) = B(t)a(t) + bi(t) + Ec(t) < B(t)a(t) + bi(t) this
reduces to

Elepye(t) < 2(\ — a)€cp) £ (1)

Gronwall’s inequality yields

Eemye(t) <O <e2(>‘—a)t> _

19



Since by (t) > 0 and the geometrical property (4.2) hold, we can estimate

Eicmye(t) = Bl)alt) +bi () + € c(t) > <B(t) - AKf') aft).

Therefore from the last two equations we can conclude

62()\7a)t
Fz(t) - F* <O ——+—
)= <0 (S
as t — +oo0.
Second case: () = an.

We choose A = o which implies that £ = A(A — @) = 0 and therefore by (5.2)
EéCD) 5(t) < 0 holds. This means that £ cp),¢ is decreasing and we get

Eep).e(t) < Ecepye(ty)
for ¢ > ¢1. This concludes

Ecp)e(tr)
B(t)

for t > max{ty,t2} O

F(z(t)) — F* <

Now the question arises if this rate is truly better than in the case without time
scaling. For small o > 0 the rates are difficult to compare, since the constants
Ky and C4 can vary for different choices of F' and . But if « is large enough
for to be fulfilled, the best possible convergence rate of F(xz(t)) — F* for
solutions = of with no time scaling is e~ (PK2/40)t 35t 5 400 as seen
in Remark Increasing o any further makes the rate worse. However by
the addition of time scaling the exponent of e=2(®=M* decreases linearly and j3
can be a faster growing function, if we choose a to be larger. Both boost the
convergence rate of F'(z(t)) — F* as t — +o0.

Especially for the choice 8(t) = c-e®?* for all £ > ¢y one can see the improvement
of the rate. The inequality (5.1 is satisfied with equality for C; = . This
implies that A has to be equal to o and the convergence rate is

B(b)

as t — 400, since v > 1. In Remark we saw that for solutions of (CDJ) the
rate proven in Theorem cannot be better than e~* for small K, or large a.

Fla(t)) - F* <O (ﬂl ) — 0 (™) <O (), (5.3)

Without the geometrical conditions the convergence rate in the constant damp-
ing case with time scaling was in Theorem shown to be

F(a(t)) — F* < O (eﬂ_(f;) (5.4)

for § satisfying 8'(t) < §6(t) for ¢ large enough. One can see that the best
possible rate, which is achieved for (t) = et is still not better than (5.3 and
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only equal for v = 1. If we choose 5 to be a polynomial then the differential
inequality (5.1) is fulfilled for arbitrarily small C; > 0 if ¢ is large enough. Bi
5.1

choosing A = %ﬂ%a + ¢ for small € > 0, we can rewrite the rate of Theorem
as
o e
Flz(t) —-F*<0O
(a(1) S
as t — +o0. Since % € [%, 1] and both C7 and e can be chosen arbitrar-

ily small, we see that even for polynomial time scaling the convergence rate
improves compared to (5.4)) by adding the geometrical assumptions on F'.

5.2 Asymptotically vanishing damping
For the system (AVD)|) the time scaling parameter § will be required to satisfy
t-B'(t) < C-B(t)
for certain C' > 0 and t large enough in order to prove the convergence rate,
which can be attained under the geometrical conditions. This means the func-
tion cannot grow faster than a polynomial of a certain degree. For asymptot-
ically vanishing damping S does not need to be increasing nor unbounded for
the convergence rate to hold.
Theorem 5.2. Let v € [1,2], a > 1 + % and to > 0. Let z(-) be the solution
of the (AVD)). Assume that for B : [tg,00) — (0,+00) there exist a constant
Cy € (0,ya — (y+2)] s.t.
t-B(t) < C2B(t) (5.5)
for t large enough. If F satisfies|Hy ()| and Ha(2) with a real constant Ko > 0

and admits a unique minimizer x*, then

Fuw»4”=0<»mi2>
5 ()

as t — +oo.

Proof. Under our assumptions on F and 3, Lemma implies the existence of

a t; > to such that (4.1) and (4.2) hold for all ¢ > ¢;. In this proof we take
t > max{ty,t2} so that (5.1)) holds as well.

By the result of Lemma [3:4] we know that

Elavye = A0 + £28/(1)a(t) + ZACFY (1,0) — s2eqr)

— tAB() (VF (2(1)), 2(t) — %) + (£ = AA — a + 1) (&(1), 2(t) — 27)

holds. By choosing £ = A(A + 1 — «), which is non-positive for A < a — 1,
and by applying (4.1)) we see that

Elpvoylt) < (2= 2)es(0) + 28/ @) a0+ (225 Y ot

- (?) gc(t). (5.6)
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We define G(t) = tPE(t). For the derivative
g/(t) = ptp_lg(AVD)yi(t) + tpgéAVD),g (t)

holds. By summing up the coefficients of a(t), ba(t) and ¢(¢) in and
we can see that
g'(t) < (pt"*1B(t) + (2 — MNPHIB(E) + T2 (1)) alt)
+ (ptPt 2N — o+ 1)tP ) ba(t)
+ (ptP~t =202 ) Ee(t),
G'(t) < ((p+2 = M)B(L) + 6 (1) " a(t)
+(p+2(N—a+ 1)t thy(t)

+ (p— 2X\) €77 Le(t). (5.7)
We notice that 2$izc < 2°‘+7f;:2(7+2) = a — 1 holds, since C' < ya — (v + 2).
Defining p = 27;):220 —2and A = 231'20 yields that the coefficient of tP~1by(t)
in (5.7) becomes zero, since

2va —2C 2a—-C  aly+2)
+2A—a+1)= —— —2+42 — +1) =0,
P ( ) v+2 <’y+2 v+ 2

and also that the coefficient of ¢(t) is (p — 2X) £ > —2£ > 0, since p — 2\ < —2.
Furthermore notice that p + 2 — Ay = —C. Therefore we obtain

G'(t) < (=Cap(t) +18'(1) " alt) + (p — 20)E7 " c(t).
By the differential inequality —CaB(t) +t08'(t) < 0 and thus
G'(t) < (p—20)&" " e(t)
holds. The condition Hz(2) implies which yields

g'(t) < %t”’la(t). (5.8)

By the definition of G(¢) and since ba(t) > 0 we can see that

G(t) = t7(£2B(t)alt) + (1))
Applying condition Hy(2) yields

2 £
G(t) > ? <t B(t) + 2K2) a(t). (5.9)
Combining and results in
/ (p - 2)‘)5 1 1

We can find a constant C' > 0 for ¢ large enough such that G’(t) < Ct=3G(t).
By Gronwall’s inequality G(t) < O (e_tfz) holds. Therefore H is bounded and
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we can find a positive constant M > 0 such that G(¢) < M. This leads with

ED) to

M 1
o) < Greae 1 i =0 (ﬂ’”ﬁ(t))

for ¢ large enough. Since a(t) = F(xz(t)) — F* we conclude

Fla(t)) - F* = O (w;ﬁ(t)) ,

which proves the result by our choice of p = 273% —2. O

In the paper [2] as seen in Theorem [4.4] the rate

Pla(t)) - F* = O (1> (5.10)

VRE=]

as t — 400 was proven with the geometrical assumptions on F' but without time
scaling under the same conditions on vy and «. Our condition on the function
implies by Gronwall’s inequality that

B(t) < O (1)

as t — +oo. If we choose §(t) = t“2 with Cy < ya — (v + 2), then (5.5) holds
with equality. Inserting this 3 in the proven convergence rate of [5.2] we get

Fla(t) - F* =0 (tl) (5.11)

as t — +o0o, which is cleary an improvement of (5.10). We see that the best
possible convergence rate occurs in the case of Cy = ya— (y+2) and B(t) = t%2:

F(z(t) - F* =0 (ﬂj_,y)

as t — +o0o. If we only apply time scaling the convergence rate was proven in
Theorem to be O (%) for § satistying t5'(t) < (o — 3)5(t) for ¢ large
enough. Since ya — (v + 2) € [a — 3,2a — 4] the additions of the geometrical

conditions allow us to choose polynomials of larger degree for 5. Furthermore
one can easily see that the convergence rate for the latter is better.
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6 Numerical comparison

The aim of this chapter is to visualize the effects of different choices for time
scaling on the convergence rates compared to no time scaling. Since a function
either satisfies or does not satisfy the geometrical conditions, and because the
comparison of the trajectories of two completely different functions would not be
conclusive, we will only focus on functions F' that fulfill both conditions Hi ()
and Hy(2). The Cauchy-problems were solved in Python using the solver odeint
of the package scipy.integrate. All figures in this chapter were generated in
Python by the files presented in the appendix.

6.1 First example

2

Let FF': R — R, F(z) := %. Clearly F is convex and has the mimizer z* = 0
with F'(z*) = 0. On the one hand one can easily see that

1 1

Z Q¢ .x == (F' — *
5 =5 2t-e=5(F(z)r-a7)
and therefore F fulfills H;(2). On the other hand

et
2

Sl — F(z) - F(z")

and therefore H»(2) holds with Ky = 1. For each system we choose @ = 8 and
we will look at three different options for 3. The first one is the case = 1 with
no time scaling and the second one is 3(t) = t for all ¢ > t,. For we choose
B(t) = et for all t > tg and for B(t) = t3 for all t > t4 as a third, since
they fulfill the differential inequalities and respectively. The starting
value is set as (xg, v9) = (0.5,0). The plots show the function value F(z(t)), the

left one if x is a solution of (CD)) and the right one for a solution of (AVD).

012 —— Mo time-scaling 012 —— Mo time-scaling
—— Time-scaling with git)=t —— Time-scaling with git)=t
010 —— Time-scaling with Bit)=2* 010 —— Time-scaling with Sit)=t?

0.08

0.06

Fix(t))

0.04

0.02

0.00

Accordingly to the results in the previous chapter we see improvements of the
convergence rates by adding time scaling, especially for the constant damp-
ing case, where we saw in Chapter 5 that the rate significantly improves if

2
W > % holds. We also are able to notice the positive effect of choosing
faster growing time scaling parameter 3.
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6.2 Second example

Let F:R — R, F(z) := —e~* 4 22 Again F is convex and has the minimizer
z* =0 with F(z*) = —1. We can check that

1

1
F(x)— F(z*) = —e 42?4 1< 3 (2I267I2 + 2172) =5 (F'(z),x — %)

holds for z large enough and therefore F' fulfills H;(2). Furthermore

1,2

T2

1
gle—a'P =% <=+’ +1=F(z) - F(a")

holds for x large enough and therefore Hy(2) holds with K3 = . The choices for
a, B(t) and the starting value will remain the same as in the previous example.
The plots show the function value F(z(t)), the left one if x is a solution of (CD)
and the right one for a solution of (AVD)).

— No time-scaling
— Time-scaling with §(t)=t

—— Mo time-scaling

— Time-scaling with Bt)=t

— Time-scaling with g{t)=e* — Time-scaling with gt)=t>

Fix(t))

2 3 ! 5 & 7 8 3 200 225 250 275 300 325 350 375 400
t t

Again the same improvements of the convergence rates for both systems are
visible. We notice that 8(t) = t> has some slight oscillations.
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7 Conclusion and outlook

As expected the combination of the geometrical conditions on F' and the intro-
duction of time scaling to both systems and improved the conver-
gence rates of F(z(t)) — F* as t — +oo significantly. We showed in the proofs
what the largest possible choices for 8 are, but we also saw that it is sufficient
for 8 to be increasing and unbounded to achieve faster results compared to no
time scaling. The numerical results of the implementation in Python were able
support our established improvements.

It is further possible to study the introduction of Hessian driven damping to the
systems and with time scaling under the geometrical conditions
of F. In the paper [3] was shown that adding Hessian driven damping attenu-
ates possible oscillations of F(x(¢)) in time, which we noticed in our numerical
example, and enjoys further favorable convergence properties. It would be of
interest to study if those can be enhanced if the geometrical conditions on F' are
added. During the writing of this thesis the question arose, if further geomet-
rical assumptions on F' can be found, that would make it possible to establish
better convergence rates and allow for faster growing time scale parameters 5.

In the literature the differential equations and are commonly dis-
cretized into iterative schemes. The converges rates of the iterates generated
by these algorithms are similar to those of the continuous systems. It would be
interesting to analyse how the results of this thesis translate to the discretized
schemes.
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8 Appendix
The .py - file for the first example in chapter 6

from scipy.integrate import odeint
import numpy as np
import matplotlib.pyplot as plt

mnn ||Define F mnn
def F(x): return x**2/2

"""Define the differential equations as first order systems"""

nnn nnn

eql denotes CD with different time scaling
def eql(y,t,alpha):

u,v=y

dydt= [v,-alphax*v-u]

return dydt

def eqltsc(y,t,alpha):
u,v=y
dydt= [v,-alpha*v-t*u]
return dydt

def eqltsc2(y,t,alpha):
u,v=y
dydt= [v,-alpha*v-np.exp(t)*ul
return dydt

""" eq2 denotes AVD with different time scaling """

def eq2(y,t,alpha):
u,v=y
dydt= [v,-alpha/t*v-ul
return dydt

def eq2tsc(y,t,alpha):
u,v=y
dydt= [v,-alpha/t*v-t*u]
return dydt

def eq2tsc2(y,t,alpha):
u,v=y

dydt= [v,-alpha/t*v-t**3%*u]
return dydt

"""The values of F(u(t)) as t gets bigger"""

alpha=8
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y0=[0.5,0]

""" Plot for different alphas

tmax=20
n=10000

t=np.linspace (2, tmax,n)
sol=odeint (eql,y0,t, args=(alpha,))

sol2=odeint (eqltsc,y0,t,

sol3=odeint (eqltsc2,y0,t,

plt.plot(t, F(sol[:, 01),

plt.plot(t, F(sol2[:,
plt.plot(t, F(sol3[:,
plt.legend(loc=’best’)
plt.xlabel(’t?)
plt.ylabel (’F(x(t))?)
plt.grid()

plt.show()

01,
01,

7r”
)g],
3b),

" Plot for different alphas !

tmax=7
n=10000

t=np.linspace (2, tmax,n)
sol=odeint (eq2,y0,t, args=(alpha,))

sol2=odeint (eq2tsc,y0,t,

sol3=odeint (eq2tsc2,y0,t,

plt.plot(t, F(soll[:, 01),

plt.plot(t, F(sol2[:,
plt.plot(t, F(sol3[:,
plt.legend(loc=’best’)
plt.xlabel (’t?)
plt.ylabel (’F(x(t))’)
plt.grid ()

plt.show ()

01),
o1y,

)r,,
3g3,
)b)

B

args=(alpha,))
args=(alpha,))

label=’No time-scaling?’)
label=r’Time-scaling with $\beta$(t)=t’)
label=r’Time-scaling with $\beta$(t)=$e~{t}$’)

args=(alpha,))
args=(alpha,))

label=’No time-scaling?’)
label=r’Time-scaling with $\beta$(t)=t’)
label=r’Time-scaling with $\beta$(t)=$t~3%’)

The .py - file for the second example in chapter 6

from scipy.integrate import odeint

import numpy as np

import matplotlib.pyplot as plt

"nnnpefine F o""M

def F(x): return -np.exp(-x**2)+x**2

def grad(x): return 2*x*np.exp(-x**2)*abs(x)+2*x

"""Define the differential equations as first order systems"""
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""" eql denotes CD with different time scaling """

def eql(y,t,alpha):
u,v=y

dydt= [v,-alphax*v-grad(u)]

return dydt

def eqltsc(y,t,alpha):
u,v=y

dydt= [v,-alpha*v-txgrad(u)l]

return dydt

def eqltsc2(y,t,alpha):
u,v=y

dydt= [v,-alpha*v-np.exp(t)*grad(u)l

return dydt

""" eq2 denotes AVD with different time scaling """

def eq2(y,t,alpha):
u,v=y

dydt= [v,-alpha/t*v-grad(u)l]

return dydt

def eq2tsc(y,t,alpha):
u,v=y

dydt= [v,-alpha/t*v-txgrad(u)]

return dydt

def eq2tsc2(y,t,alpha):
u,v=y

dydt= [v,-alpha/t*v-t**3*grad(u)]

return dydt

"""The values of F(u(t)) as t gets bigger

alpha=8

y0=[0.5,0]

" Plot for different alphas
tmax=9

n=10000

t=np.linspace (2, tmax,n)

nun

sol=odeint (eql,y0,t, args=(alpha,))
sol2=odeint (eqltsc,y0,t, args=(alpha,))
sol3=odeint (eqltsc2,y0,t, args=(alpha,))

plt.plot(t, F(sol[:, 01), ’r’,
plt.plot(t, F(sol2[:, 01), ’g’,
plt.plot(t, F(sol3[:, 0]), ’b’,

label=’No time-scaling?’)

label=r’Time-scaling with $\beta$(t)=t’)
label=r’Time-scaling with $\beta$(t)=$e~{t}$°’)
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plt.legend(loc=’best’)
plt.xlabel(’t?)
plt.ylabel (’F(x(t))’)
plt.grid()

plt.show()

""" Plot for different alphas """
tmax=4
n=10000

t=np.linspace (2, tmax,n)

sol=odeint (eq2,y0,t, args=(alpha,))
sol2=odeint (eq2tsc,y0,t, args=(alpha,))
sol3=odeint (eq2tsc2,y0,t, args=(alpha,))

plt.plot(t, F(sol[:, 0]), ’r’, label=’No time-scaling’)

plt.plot(t, F(sol2[:, 0]), ’g’, label=r’Time-scaling with $\beta$(t)=t’)
plt.plot(t, F(sol3[:, 0]), ’b’, label=r’Time-scaling with $\beta$(t)=$t~3%’)
plt.legend(loc=’best’)

plt.xlabel (’t’)

plt.ylabel (’F(x(t))?)

plt.grid()

plt.show()
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