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ABSTRACT

For a long time now a central goal of theoretical physics has been to find a way to accurately
describe all four fundamental interactions, preferably using one unified theory. The Standard
Model describes the electromagnetic, the weak and the strong interaction with theories of
spin one gauge bosons. However, it fails to include the gravitational interaction, and so some
look at different ways to describe those interactions, in hope of finding a theory that does
not share the same shortcomings of the Standard Model. The most famous example of such
an attempt is String Theory. In the framework of String Theory, the gravitational interaction
appears naturally, being mediated by a spin two particle called the graviton. While being
plagued by its own flaws there is hope, that String Theory might be able to describe all
fundamental interactions and be viewed as a generalization of the Standard Model one day.
Amid all of this, another field of research gains interest, among other things, questioning, if it
is true that only gauge fields of spin smaller or equal to two are significant for the physics of
fundamental interactions. Whether out of pure mathematical curiosity or the drive to further
the physical understanding of interactions, it is a goal of Higher Spin Theories to build a full
non-linear Lagrangian of gauge fields with a spin larger than two. Higher Spin Gravity tries
to extend gravity, mediated by a spin two field, by additional higher spin gauge fields [1-3].
In recent years, a connection between the tensionless limit of String Theory and Higher Spin
Gravity has been found, further reinforcing the belief, that Higher Spin Theories might be
needed to fully understand fundamental interactions.

In this light, we consider a Lagrangian of interacting massless higher spin gauge fields,
obtained by a perturbative approach called the Noether procedure. We study the constraints
of gauge variation on the Lagrangian and find new variables, such that it can be written as a
polynomial even after imposing gauge invariance. Ultimately, we wish to be able to express
such a Lagrangian as a polynomial of known variables, no matter how many of its gauge

fields we vary.
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ZUSAMMENFASSUNG

Seit geraumer Zeit ist das Finden einer akkuraten Beschreibung aller vier fundamentalen
Wechselwirkungen, bevorzugt vereint in einer Theorie, ein grundlegendes Ziel der theoretis-
chen Physik. Das Standardmodell beschreibt die elektromagnetische, die schwache und die
starke Wechselwirkung mithilfe von Spin-Eins Eichbosonen. Es ist jedoch nicht mdglich die
gravitative Wechselwirkung durch das Standardmodell zu beschreiben, weshalb man auch
nach anderen Beschreibungen dieser Wechselwirkungen sucht - in der Hoffnung eine The-
orie zu finden, die die Nachteile des Standardmodells ausmerzt. Das beriihmteste Beispiel
eines solchen Versuchs ist die Stringtheorie. In dieser erscheint die gravitative Wechsel-
wirkung ganz natiirlich und wird beschrieben durch ein Spin-Zwei Teilchen, welches man das
Graviton nennt. Wahrend diese Theorie wiederum eine Vielzahl eigener Probleme mit sich
tragt besteht dennoch die Hoffnung, dass sie eines Tages alle Wechselwirkungen beschreiben
und somit als Verallgemeinerung des Standardmodells gesehen werden kann.

Inmitten dieser Suche wachst das Interesse an einem weiteren Forschungsgebiet, welches
sich unter anderem der Frage widmet, ob es wahr ist, dass nur Eichfelder mit Spin kleiner
oder gleich zwei in die Physik der fundamentellen Wechselwirkungen einflieken. Ob aus
reinem mathematischen Interesse oder physikalischen Beweggriinden fundamentelle Wech-
selwirkungen besser zu verstehen, ist es ein Ziel der Hohere-Spin-Theorien eine komplette
nicht-lineare Lagrange-Funktion von Eichfeldern mit einem Spin groRker als zwei zu finden.
Hohere-Spin-Gravitation versucht die Gravitationstheorie, welche von einem Spin-Zwei Feld
beschrieben wird, durch zusatzliche Eichfelder héheren Spins zu erweitern [1-3]. In ver-
gangenen Jahren wurde eine potentielle Verbindung zwischen dem spannungsfreien Limes
der Stringtheorie und hoherer Spin Gravitation gefunden, was somit die Uberzeugung, dass
hohere Spin Theorien wichtig fiir das komplette Verstandnis fundamenteller Wechselwirkun-
gen sind, weiter bestarkt.

In diesem Sinne betrachten wir eine Lagrange-Funktion interagierender masseloser Eich-
felder hoheren Spins, welche wir durch einen storungstheoretischen Ansatz erhalten, der das
Noetherprogramm genannt wird. Wir studieren die Einschrankungen durch Eichvariation auf
die Lagrange-Funktion und finden neue Variablen, um diese, auch nachdem wir Eichinvar-
tanz gefordert haben, als Polynom ausdriicken zu konnen. Schlussendlich mochten wir in
der Lage sein, eine solche Lagrange-Funktion immer als Polynom uns bekannter Variablen

auszudriicken, unabhdngig davon wie viele Eichfelder wir variieren.
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INTRODUCTION

1.1 HIGHER SPIN GRAVITY

In the most general way, higher spin (HS) theories are field theories consisting of higher
spin gauge fields. Examples for gauge theories with lower spin are widely known, such as
electrodynamics, where gauge fields of spin s = 1 appear or linearized gravity that involves
gauge fields of spin s = 2. Higher spin theories, however, involve gauge fields with spins
s> 2

General relativity is a spin-2 theory described by the Einstein field equations. Higher spin
gravity tries to extend general relativity by adding massless higher spin gauge fields [1-3].
At first, this seems like a daunting task due to the existence of various no-go theorems (see
e.g. [4] for a review) that hinder interactions between massless higher spin fields, especially
in Minkowski background.

Examples are the Weinberg low-energy theorem [5], which states, that particles of higher
spin cannot couple at low energies, or the Generalized Weinberg-Witten theorem [6], which
tells us, that the energy momentum tensor of particles with a spin s > 1 cannot be Lorentz
covariant and gauge invariant [4]. Extending this theorem it can be shown, that a massless
particle with spin s > 2 cannot couple to gravity in Minkowski background (see e.g. [7]).

Despite these difficulties, studying higher spin theories and trying to find ways to work
around these problems to build interacting theories of higher spin fields is worth it. Apart
from a mathematical standpoint, higher spin theories have found their place in physics to
study quantum gravity. Similarly to string theory, a correspondence has been found between
HS theories in AdS spacetime and conformal field theories (CFTs) [8, 9]. Since there exists
an AdS/CFT correspondence for string theory as well, this property is used to relate HS
theory with the tensionless limit of string theory [10, 11].

In this thesis we build on, and wish to extend the work of [1]. The authors state, that "the aim
of this work is, in particular, to obtain restrictions for all possible independent interaction
vertices of order n > 4 for massless higher-spin fields" ([1], p.1). We study how gauge
invariance restricts vertices of order n > 4 of a Lagrangian of a higher spin theory. The goal
is, to be able to express any independent vertex that is gauge invariant under an arbitrary
number of HS gauge fields as a polynomial in known variables. To this end, we will attempt
to identify building blocks of vertices that are gauge invariant with respect to a varying
number of HS fields. Additionally, we have to prove that these vertices can be written as a
polynomial in the discovered building blocks.



1.2 METRIC-LIKE FORMULATION OF HS THEORIES

Two different approaches exist to formulate a HS theory, namely, the frame-like formulation,
e.g. used in the Vasiliev HS theory, and the metric-like formulation (for a review on both see,

e.g. [12)).
We are going to follow the latter, hence, let us start with a short introduction.

Note, that we are only going to consider massless bosonic fields in flat space.
The metric-like formulation was first introduced by Christian Fronsdal [13, 14] and can be
viewed as a generalization of linearized gravity [12].

We describe a massless field of arbitrary spin-s using a symmetric rank-s tensor ¢, u,. us-
These Fronsdal fields are gauge fields with the following gauge variation:

0 By s s = 50y i) (1.1)

where §(0) signals that the fields are non-interacting.
It is here, that we can see the connection to linearized gravity for s = 2 and even electrody-
namics for s =1 (see, e.g. [15)).

Fronsdal fields are described by an action of the same name, the Fronsdal action [13, 14]:

1 1%
5 — /\/§¢M1___Ms <FIJ,1_..IJ:S - Eg(ul o F U/J'3---/J'S)) , (12)

where F,, .. is the Fronsdal tensor. It is defined to be given by the Fronsdal equation [13,
14]:

F“l“"‘s - D¢“1---“5 o G(Mlapd)uz---us)/? + a(ulam(pm---us)iop =0. (1.3)

Note, that this is not the most general form of the Fronsdal equation, some terms are missing
due to different assumptions: Firstly, we work in flat-space, where the cosmological constant
A = 0. Secondly, we have already assumed ¢, .. to be double traceless:

&P pus s = 0. (1.4)

Double tracelessness for ¢, .. has to be imposed, such that we can use the Fronsdal
equation to describe propagating massless spin-s fields (see, e.g. [15]).

1.3 NOETHER PROCEDURE

Given the framework of the metric-like formulation we wish to build a theory of interacting
HS fields. Note, however, that as of writing this, no full non-linear Lagrangian of interacting
HS fields has been found yet [1].



The Noether procedure is a perturbative approach to construct Actions or, similarly, La-
grangians of HS theories including interactions. One starts by considering HS gauge fields,
in our case, described by ¢,  u.. These fields are described by the free (Fronsdal) action
Ss given in equation (1.2) and the free gauge variation given in equation (1.1). Then, order
by order, we expand the free action by terms involving an increasing number of fields, such
that the full non-linear Action S reads [16]:

S=S5+4+S3+...=5+)_ 5, (1.5)
n>2

The index n tells us the order of the term, and therefore, the number of fields appearing.
Additionally, the Action S has to be gauge invariant, not only under the free gauge transfor-
mation 6(9), but also an extension involving all the different possible numbers of fields. This
gauge transformation § is obtained by deforming 6(°), such that [1, 17]:

§=00 460 4 =504 Y sk (1.6)

k>1

Again, the superscript k gives the order in the fields. Imposing gauge invariance by requiring

5S =0 leads to a set of differential equations:

50s, =0,
50s, +6Ws, =0,

(1.7)
§0Ws, +6Ws, +63s, =0,

To fully know S one would have to solve this set of differential equations.
To obtain a deeper understanding for the Noether procedure it is helpful to study its appli-
cations on HS theories in three dimensions (see e.g. [5, 16-19]).

Of course, when working with the Lagrangian instead of the Action, one can proceed analo-
gously. We are going to study the constraints of gauge invariance on independent vertices
of the Lagrangian. Therefore, the set of differential equations (1.7) instead reads [1, 17]:

602, +60 2y ~0. (1.8)

Two Lagrangians that differ only by a total derivative lead to the same equations of motion,
hence, we only impose equality up to total derivatives, as marked by "~". Lastly, by imposing
the equations of motion, the term involving the free Lagrangian £, always vanishes, such that
we obtain:

§9c,~0. (1.9)

An independent vertex £, therefore, has to satisfy this equation to be gauge invariant.
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PRELIMINARIES

In this section follows an introduction to the basic mathematical concepts and notations used
throughout this thesis. Note, however, since the research in this thesis is closely tied to the
works of [1, 17] and additionally being supervised by one of the authors, the notation and
framework are going to follow [1, 17] closely.

21 HIGHER SPIN GAUGE FIELDS

As hinted above, we wish to study the restrictions gauge invariance imposes on an independent
vertex L, for a HS Lagrangian. Note, that throughout this work, when talking about such
an independent vertex £,, we are assuming n > 4. This Lagrangian describes an arbitrary
number of massless bosonic HS gauge fields ¢, ... We can use auxiliary vectors a* to
contract the indices of these fields ¢,, ., and express them as:

1
$)(x,a) = E(bl/vl poos (X) @1 Ak (2.1)

This has no physical consequences, but in doing so we gain the following advantages: On
the one hand, the symmetry of ¢, 4, . u, is manifest if the a#i's commute. On the other hand
it simplifies the notation due to all the indices already being contracted.

When working on-shell, hence when assuming the equations of motion to hold, one can always
find a gauge such that a field turns traceless and transverse (TT). Therefore, we can restrict
ourselves to only consider the TT part of the Lagrangian, knowing that we can expand any
obtained vertex to a unique complete vertex. By inserting fields into such a vertex, we are
going to obtain terms that are not TT themselves. From a physical standpoint, these terms
are viewed to contain the degrees of freedom.

To sum up, we restrict ourselves to the traceless and transverse, on-shell part of the La-
grangian, meaning that the fields have to satisfy the equation of motion, taking the form of
the massless Klein-Gordon equation in our case.

When expressing these constraints mathematically we can introduce another notation to en-
sure simplicity: Let P* = % and A¥ = %. Then the gauge fields have to satisfy the
following three conditions:

A2 (p(s) =0,
A- P¢(S) -0, (2.2)
P2 ¢(S) ‘free e.o.m. =0.

This set of conditions is known as the Fierz equations [20].



2.2 VERTEX GENERATING OPERATOR

Now that we have defined suitable notations for the gauge fields let us turn our attention to
the vertices. An arbitrary independent vertex £, is described by a product of various gauge
flelds and possibly derivatives acting on these fields. Therefore, we can express L, as a
product of n gauge fields as well as an operator V acting on this product that governs all
index contractions:

(2.3)

=

n
,Cn(X) =Yy <H¢/(X/, a,-))
=1 a,:O
Note, that ¢; = d)(sf) is now a function only depending on x; and a;. In the end all a; are
set to zero, such that no free indices are left after the contractions are performed and £, is
ensured to be a Lorentz scalar. Moreover, equation (2.3) only describes parity-even vertices.
Therefore, we are not considering parity-odd vertices. The reason for this will be covered in
a later section. The operator V is called the vertex generating operator and is defined as a

polynomial in the variables s;;, y;; and z;; that perform the necessary index contractions:

zjj = A Aj}lgigjgn '
yij = Ai- PJ‘K/J’@ ' (2.4)

sij=Fi- 'DJ‘K/Q@'

Note, that P,-“ = O, and Af‘ = O_u. The variables s;;, y;; and z; commute and each performs
a different kind of index contraction:

+ z;; contracts an index of the field ¢; with an index of the field ¢;.

- yjj contracts an index of the field ¢; with an index of a derivative acting on the field ¢;.

+ 5;j contracts the indices of two derivatives, one acting on ¢, and the other on ¢;.

Using this formalism shifts the focus from finding constraints on the independent vertex £, to
finding constraints on the vertex generating operator V. Additionally, due to the definitions
of sij, yij and z;; the vertex generating operator V' is guaranteed to be a Lorentz scalar.

We have already established that two Lagrangians that differ only by a total derivative may
be viewed as equivalent. Multiple such equivalence relations can be found for the vertex
generating operator V as well. We define two vertex generating operators ¥V and V' to be
equivalent (V ~ V') if they describe two equivalent Lagrangians. All transformations that
satisfy this condition lead to an equivalence relation.

2.3 EQUIVALENCE RELATIONS

Due to restricting ourselves to studying gauge invariance, not many of the known equivalence
relations come into play in this work. Therefore, let us briefly name the important results,



such that we can continue with introducing how to impose gauge invariance on the vertex
generating operator V. For a more detailed discussion on equivalence relations see, e.g. [1].

The equivalence relation we have to consider arises due to field redefinitions. Consider a
vertex generating operator V. A non-linear field redefinition transforms a gauge field ¢;, such
that

¢ = ¢i + 06, (29)

where ¢ is non-linear in the fields. Let us now introduce a second vertex generating operator
V' that only differs from V by depending on ¢’ instead of ¢;. Then it is possible for terms in
the free Lagrangian £, to contribute to the vertex £/ generated by V'. However, all these
new terms in £}, vanish when imposing the free equations of motion. From here on out, let
us assume two Lagrangians to be equivalent when they only differ by such field redefinitions.
From equation (2.3), where we expressed an independent n-point vertex £, using V, it then
follows, that we can set V to be independent of 5;; = P; - P;.

Additionally, due to requiring the fields to be traceless and divergence free, we also set V
to be independent of y;; = A;- P and z; = A; - A;. Summing up, we impose the following
equivalence relations on V:

si~0, y;~0, 2z =0. (2.6)

2.4 GAUGE INVARIANCE

We wish to study invariance of an independent interacting vertex £, under the free gauge
variation 8(%). As we have seen in the section introducing the Noether procedure, it follows
that £, has to satisfy:

59c,~0. (2.7)

Note, that the index k got introduced to differentiate between gauge variations with respect
to different gauge fields ¢y.

However, we wish to work in our newly introduced framework, hence, we have to find out
which conditions the vertex generating operator V has to satisfy to describe a gauge invariant
Vertex L. Let us begin by writing the tensor € describing the free gauge variation of the
gauge fields ¢, given in equation (1.1), in our new notation using auxiliary vectors a*:

1

6(571)(X, a) = G-

€y e o (X)L At T (2.8)

Then the free gauge variation of ¢4 reads:

5£O)¢k(Xk, ak) = dj - Pk Ek(Xk, ak) . (29)



Let us now gauge vary a vertex £, with respect to the field ¢, to find a condition for gauge
invariance for the vertex generating operator V. To this end, we are using the definition of
a vertex L, given in equation (2.3), as well as the new expression for free gauge variation
given in equation (2.9):

5I£O)En = 5I(<O) V (H ¢/(X/, a,))
=1

Xi=X
a,-:O
i#k
:Vak-Pk <ek(xk,ak) H qb,-(x,-,a,—) ’X_X%O. (210)
1<i<n 2,=0

Recall, that all the auxiliary vectors a# are getting set to zero in the end. Therefore, we may
rewrite this expression as:

i#k
6,((0)5,, =Vay- P (Ek(Xk. ak) H i (xi, 3/))

1<i<n 2=0
i#k

_ (ak . Pk V) (Gk(Xk, ak) H d),‘(X,’, a,-) —x

1<i<n 2=0

=0
ik
:[V, ak'Pk] (ek(xk,ak) d),'(X,‘,EI,')) o ~ 0. (2.11)
1<i<n 2,=0

This tells us, that, for an arbitrary vertex £, to be gauge invariant under an arbitrary gauge
transformation  the vertex generating operator V has to satisfy:

[V, ac-Pc] =0, (2.12)

where k € {1,2, ..., n}.
Instead of working with the commutator, we can also express gauge variation as a linear
first-order differential operator acting on V.



2.4 GAUGE INVARIANCE \

To derive this operator, let us begin by calculating the commutator given in equation (2.12)
for the variables s;;, y;; and z;;.

[Sij. ak-Pc] =[P+ P ax - Px]

=P+ P (ak- Pq) —ax- Pu (P - )

=ax P (Pi-PF)—ak-Pc(P-F) =0, (213)
[Yij, ak- Pl =[Ai- By, ak - Pk

= Ai- P (ak- Pe) = ai- P (Ai- )

= Aj(ak-Pc)- P —ak- Pc (Ai- Py)
= 0ikPi- P+ ax - P (A - Fy) — ak- P (A - )
= 5:kPk P = 5/k5kj (2.1 4)

[Z,'J', ak~Pk] = [A, AJ, dg - Pk]
:A,--Aj(ak-Pk)—ak-Pk(A,--AJ-)
= 0jkAi - Pc +0ikA; - Pc = djkyik + OikYjk - (2.15)

The commutator of s;; vanishes, therefore, the differential operator must not differentiate with
respect to s;;. Next, we calculate the following:

[y} ak-Pe] = [y,ﬂ-‘l Yijy ak - P ]
:yij [y/J dg - Pk]+[y,” 1, ak-Pk]y,-j

—yu 15,/(5/(]"'[_)/,'] yuyak"Dk]yij

=iy O sk Yy O sy v+ [ ac Pl

n—1 n—1

_ n—1-m m __ n—1

=) Vi Oik SkjYij = ) Yii " Oik Sk
m=0 m=0

- 8
= -y Ok sj = (W%ﬂ) Oik Skj (2.16)
1y
8
EAE (52,5’) (Ojk Yik + Ok Yk ) - (2.17)
1y

Using these expressions for n = 1, we can then write down the following linear first-order
differential operator:

D_Zn: o 9 (218

Acting with Dy on V is equivalent to taking the commutator of V with (ax - Px). Therefore,

from now on, we are testing gauge invariance of V under a field ¢, by checking if V gets
annihilated by Dy:
[V, ak- Px] =: DV =0. (2.19)

9
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Lastly, consider a vector b = (P, ..., P,, A1 ..., Ap), such that we can build the following
(2n x 2n)-matrix:

S T
B = (b - bL)|K,Le(1 ..... 2n) (y yg) ' (2.20)

where Y = (y;;) is a (n x n)-matrix, while § = (sj;) and Z = (z;) are symmetric (n x
n)-matrices [1].

This matrix is very convenient, since, among other things, it can be used to find gauge invariant
expressions easily. Take for example a submatrix M of B with rows 1 and (n+ 1) as well as

two arbitrary columns 2 and 3:
M = (512 513) . (2.21)
Y12 Y13

Then the determinant of M is gauge invariant with respect to the field ¢;. This can be shown
quickly. The determinant is given by:

det(M) = s12y13 — y12 513 - (2.22)

By acting with the differential operator D; on this expression we find:

i 0 0
Dy det(M) = (yl— + 51 —) (512 y13 — Y12 513)
J; J ale J@ylj

= 513512 — 512 513 = 0. (2.23)

More generally, the determinant of any submatrix M of B with the rows/columns k and (n+ k)
is gauge invariant with respect to the field ¢x.

2.5  PARITY-ODD VERTICES

When introducing the vertex generating operator V in equation (2.3) to express independent
vertices L, we noted that this formula does not describe parity-odd vertices, meaning vertices
that involve an epsilon tensor €,, .

To describe parity-odd vertices, we can again use equation (2.3) and simply replace V with:
V=Y Q. 4,V (2.24)

The operator V/1/d depends on the same variables as V' and contains the parity-even con-
tractions. To obtain parity-odd vertices, we contract it with the operator Q, defined as:

Qn.tg = €urpgbpt - D7, (2.25)

We have already stated, that, when classifying independent vertices £, we have to take
several equivalence relations into account. Which ones, is depending on the order n of the



vertex in relation to the dimension d of the space-time. In general, there are three different
cases:

1. The case d > 2n — 1: Due to the dimensions of the space-time being large, the only
equivalence relations one has to consider are given by field redefinitions and operators
that lead to a total derivative when acting on the Lagrangian.

2. The case d < n: The dimension is now smaller than the order n of the vertex. Therefore,
besides the equivalence relations named in the previous case, one also has to think
about equivalence due to over-antisymmetrizing of space-time indices. These dimension-
dependent identities are known as Schouten identities.

3. The case 2n—2 > d > n: This is an intermediate case, where one also has to allow
for Schouten identities to appear, though, to a lesser degree.

Since we are only interested in studying the constraints of gauge invariance, we are working
in the first case, where no Schouten identities appear.

This is important, since parity-odd vertices are also affected by relation of d and n. For
d > 2n—1 we only have to consider two different cases:

1. d = 2n: If the space-time dimension is larger than or equal to twice the order of the
vertex, we always find Q/,. ;, = 0, since the indices of the vector b are only independent
up to (2n —1). Therefore, we find, that no parity-odd vertices can exist in this case.

2. d = 2n—1: As mentioned above, b only has (2n—1) independent variables. Therefore,
we find one possible parity-odd vertex for d = 2n — 1. It is given by:

Q1. 2n—1 = €y, o PIY . PP AR AT (2.26)

2.6  APPROACH

At last, this concludes the preliminaries of this thesis.

Recall, that our aim is to study gauge invariance under a varying number of fields ¢;. We
are trying to find all possible building blocks of the vertex generating operator V), such that
it satisfies equation (2.19). Additionally, we impose that it must be possible to write )V as a
polynomial in these building blocks.

Building blocks of a gauge invariant vertex have already been found in [1], however, in these
variables the vertex generating operator V can contain inverse powers of the s;;.

Therefore, the motivation of this thesis is to find new building blocks and prove, that any
gauge invariant V can be written as a polynomial in these new variables.

The approach is as follows:
We start by imposing gauge invariance with respect to one field ¢;:

DV =0. (2.27)

11
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After finding the necessary building blocks and proving that any V satisfying (2.27) can be
written as a polynomial in them, we are going to impose gauge invariance with respect to
two or more fields ¢;, ¢;, ..., Ok:

|

DYV=DV=..=DV=0. (2.28)

Again it has to be proven that V can be written as a polynomial. Lastly, we also strive to
find a solution for gauge invariance under all fields ¢1, @2, . . ., bn.

Two different ways on how to achieve this come to mind:

1. Take the straight forward approach and assume V to depend on the variables s;;, y;;
and z;; as discussed in the beginning, such that the differential operators D) are given
by equation (2.18).

2. Recall that s;;, y;; and z;; are built using the variables A; and P;. Therefore, we can
also take V, as well as Dy, to directly depend on A; and P,.

Both of these approaches have different advantages and disadvantages, which are going to
be covered in their respective sections.



FIRST APPROACH: V (s, yij., zi;)

Let both the vertex generating operator V and the differential operators D) depend on the
variables s;;, y;; and zj;.

We assume, that all gauge invariant building blocks of V' can be expressed as determinants
of submatrices of the matrix B. Hence, we assume that it is possible to find all the needed
building blocks studying submatrices of 5.

Therefore, introduce the following notation:

Let M be a submatrix of B with the rows 1 and (n+ 1) and the columns i and (n+j). We
are then expressing the determinant of M as:

det(M) = [11,i]]. (3.1)

The entries before the comma tell us the rows of M and the entries after the comma tell us
its columns. Additionally, we use the bars to shorten (n+ 1) to I.

3.1 GAUGE VARYING ONE FIELD

We start by imposing gauge invariance under a single gauge transformation. Hence, without
loss of generality, we can choose the transformation 61 under which ¢; transforms at leading
order. Then, the vertex generating operator V, which is defined as a polynomial:

V= P(S,‘J', Yij Z,‘J'), (3.2)
has to satisfy the following equation:
|

n 0 0 !
D1V :J; <yjl aZM + Sljay1j> P(S/J',y/j, Zij) = 0. (33)

We start by solving this differential equation to get a better idea on which building blocks
we might need. Using the method of characteristics we assume:

P(o) = P(ski(0), yki(o), zki(0)) (3.4)

with k # /, since we imposed the Fierz equations as well as equivalence due to field redefi-
nitions as given in (2.6).

Hence, it follows:
dP(U) o oP dSk/ oP dyk/ oP de/

do a ask, do 6yk/ do azk, do

(3.5)

13
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Comparing this to (3.3), we find:

. %:511 and%:yjl forj€{2,3,..., n},
'%:O,%:,%:Ofork,je{l ..... n}and i€ {2, ..., n},
dP _
9 =0

Due to the last point, we know that P is a function that does not directly depend on o.
Therefore, it also does not directly depend on y;; and z;;, since:

ylj- = Slj -0+ dlj (36)
71j = Yj1 -0 + kij,

where dy, ki are constants.
However, we can combine these expressions in three different ways to get rid of the o depen-

dence.

1. Combining z;; and 7,
Express o in (3.7) explicitly and insert it into the expression of z;4:

Z1k = Yk1 ' 0 + Kik

z1j — Kkyj (3.8)
= Yk1- u + kik
j1
By rewriting this equation we find:
Yk1kiyy — YiiKik = Yk1Z1j — ZikYjn =: Q. (3.9)
2. Combining z;; and y;
We proceed analogously to before to obtain:
Yik = Sik -0 + dik (3.10)
S VT (3.11)
Vi1

such that we find:

sikkij — Yj1dik = z1jS16 — YjiYik =: Bjk- (3.12)



3. Combining y;; and y;
The last possibility is to combine two y;;'s. In this case, we have:

Yik = Sik -0 + dik (3.13)
—o, MW g (3.14)
Slj
Then, we end up with:
s1dik — S1kd1j = Y1kS1j — SikYij =: Vjk- (3.15)

Therefore, for P to satisfy equation (3.3), it has to be a function in the following variables:

P (3.16)

= f(o‘u"zg,j@' 6’j‘2</,j<n’ 'Yff‘2</,1<n' S'J‘1<i<1<n' y'ﬂfgig' Zij ‘2</<J<n) '
For clarity, recall that these new variables are given by:

Qjj = Z1i¥j1 — Yi1Z1j,
Bij = z1iS1j — YY1 (3.17)
Yij = Sy T Y1isy-

Note, that these building blocks are determinants of submatrices of B. In this case, they are
2x2 submatrices, such that:

Ot,‘j = [11,_77],
Bij=[11.ji], (3.18)
Yij = [11,/]].

These are all the building blocks we need to be able to express P as a polynomial. Hence,
we are going to prove the following proposition’:

Proposition 3.1.1. Let D =} 4 u,-a%/. Then every polynomial P(uj, v;) that satisfies DP =
O can be written as a polynomial in the variables u; and c;; = u;v; — u;v;.

Proof. The differential operator D does not change the degree of the polynomial, meaning
that we can consider P to be a homogeneous polynomial of degree m.

We prove by induction over m.

The case m=0: For this case the problem is trivial.

Assume that every polynomial of degree smaller or equal m for which DP = 0 can be written
as a polynomial in ¢;; and u;.

The case m+1: Let P,4+1 be a homogeneous polynomial of degree m + 1 that satisfies

1 This proof is based on arguments by Stefan Fredenhagen.

15
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Define: p; = a%Perl-
p; is a polynomial of degree m that satisfies:

1. Dp; =0,

0 0
2. a_vjpi = 3P
3. 27:1 U,'p,' - O .

Next, we define two operators N, and N, that count the degrees in v and v:

0
N, = = 3.19
u I_Zl Ul 6”, ' ( )
0
N, = . 3.20
v ,_21 VI@V,' ( )
Note, that D lowers the degree in v by one, therefore, N,D = D(N, — 1).
We consider the object P' = N, (X7, v;p;) and act on it with 6%-' such that:
0 0 L
—P' =_—N,*! D
6\/J avj v (I; VI p/)
= (N +1)*1i i P
- v aVJ L VI pl
=1
0
— n n
= (N, +1)7t (Z,-Zl ojjpi + Z/:1 Vi g, pi)
\\J,--/
—2n
1 n 0
=N+ 1) (pr+ )iy Vig, Pr)
I
= (Ny+1)7" - (ps+ Nu )
0
Consequently, we have:
9 (Prr—P)=0. (3.22)
v
This tells us that Py,41 can be written as:
Pmi1 =P +Q(u), (3.23)

where Q(u;) is a polynomial in v;.
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Hence, if P/ is a polynomial in the desired variables, so is Ppy1. To show that P’ satisfies
our proposition, we start by applying a%j to Y uip;:

0
= 8_uj (Z uj P/)

0
= Z&j/?/ +ZU/'—P/
0
_pj+zul p/+ZU/ j_zul'a_pj
i
0 0
We can rewrite this to obtain:
0 0
Pj (Ny+1) ;U/ <8uj pi e pj>' (3.25)
which we can insert into the definition of P’:
n
' Z Vi Pi
i=1
_ _N_l(/\/u + 1)—1 i V,Z U <ip _ ip)
[ I
v = haj ™) ou; J 8UJ'

_ _ 1 0 0
= —/\/Vl(/\/u+l) 12[_’]5(%' LIJ'—VJ'LI,') (8—ij—8—%p,) . (326)

C_jj ~\~

Lastly, if we act with D on (x), we find:
5] o 0 o 0
dCt D A CEN )
5] o o)
= u; (Z ukﬁ_vkpj> - ;5/(/6_\/kpj
Z kg P + Z kj 9 pi
auj ! Tov, !

0 0 8 0
—pi——p;j | =0. 3.27
~a, 2" Dpj B Dp, ( P p,) 0 (3.27)

= -~

() is a polynomial of degree (m — 1) that gets annihilated by D, therefore, due to our
assumption, it can be written as a polynomial in ¢j; and u;. Consequently, also P" and P41
can be written as polynomials in these variables. O]
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3.2 GAUGE VARYING TWO FIELDS

We now impose gauge invariance of ¥ with respect to two fields ¢; and ¢o. Hence, V has to
satisfy the condition:

D1V =DV =0. (3.28)

In the prior section we have already solved D1V = 0 and know which building blocks arise
from that. So, we start by additionally solving:

0

8
D2V = Z (yjza 2 T yy ) P(sij, yij. zij) = 0. (3.29)

Jj=1
Using the method of characteristics it follows that a polynomial P(sj;, yjj, zj;) has to be a

function:

P = f .U'/J|l<lj<r7 U/j‘1<lj<l’) IOU‘1</J</7 ’J|1</<J<n ylj‘1<lj<n Z/j|l</<J<n)v (3'30)
1J#2 1J#2 1Jj#2 I1#2 1Jj#2

to satisfy equation (3.29). The new variables are defined as:

[\_)I

Wij = 22iYj2 — YinZoj = [22,]1],
Vij = 2iSoj — YioYoj = [22,J1], (3-31)
Pij = SaiYoj — YoiSoj = [22,1]].

Certain variables satisfy (3.28), where we imposed gauge invariance under both fields. An
example would be:

Q34 = Z13 Ya1 — Y31 Z14- (3.32)
We know that o34 satisfies D1V = 0 since it is part of its solution. Additionally, all its
components z13, z14, y31 and ya1, satisfy D>V = 0 and, therefore, the same is true for aza.

Hence, V may depend directly on these kinds of variables after we imposed gauge invariance
under 91 and 9».

After checking all possible variables, we find, that V depends on the following building blocks:

x1: S/j‘1</'<j<n’ yu|33<n Z"J'|3</<j<n'
2x2 0 ol o, iil3<i<n, TIPS 22,
7] ‘3</<_/<FI Bij |§2§Z Vij ‘2</<J<” h (3.33)

Bijlacicicn  Vij|3<i<n:  Pij|1<i<j<n-
/J|3</<J<n ullégg i Sigfsn
j#2
Note, that (n x n) describes the size of the submatrix the variables stem from. In this case
we have variables that can be written as determinants of (1x1)- and (2x2)-submatrices of B.
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Therefore, we discarded the variables:

aijl o o Bij| iz2 o wij] =1 vig] et (3.34)
3gy<n 3gy<n 3gy<n 3gy<n

However, we do not yet know if the building blocks in (3.33) are all we need. We have to

check, if all the gauge invariant building blocks of size (3x3) or larger can be expressed using

these variables.

Start by calculating the determinants of all possible (3x3)-submatrices that give expressions
that are gauge invariant with respect to both ¢; and ¢o:

Aijlo<icn =1 [1i1,22]] = yo; Bjp — s2i ajo — ¥ji B2, (3.35)
1<y<n
J#2
Bijlo<icn =1 [117,22]] = 2j Bz — 22 Bjo + Yio o, (3.36)
1<y<n
J#2
Cijlacicn =:[1i1,22] = 5;jBo2 + y2iVj2 — si2 B2j, (3.37)
1<y<n
J#2
Dijlo<icn =: [117,252] = yin Boj — ¥ij B2 — Zip Vjo- (3.38)
1<y<n
J#2
Coloured red are all the variables that V must not directly depend on. Hence, these (3x3)
building blocks cannot be expressed by the variables of V given in (3.33). Therefore, we have

found, that V additionally has to directly depend on the variables A;;, B;;, C;; and D;;.

We continue by calculating the possible (4x4)-submatrices, to check if we have to add further
building blocks:

[1ij1,2k12] = 5 Cix — sjk Ci = i1 Cjk + ik Cji + Si1 Sjk B2 — Sik Sji B2 + pij Vxi,
[1ij1,2k21) =y Cik — yij Ci + Sik Aj1 — Sk Air + Sik ¥1j 822 — Sik ¥1i B22 — Bk pij
[1ij1,22kT] = —yj; Aik + Yij Ail + Vi Ajk + Yii Ajt + Vi Yij B2 + Yii Y1 B2 + ik pij.
[1i1/,2k12] = yji Cik = Yjk Cit + Sit Djk — Sik Dji + Yjk it B22 — Sik ¥j1 B2 + Vi Vji,
[1i1,2k27]) = —yjk Ail — 2j1 Cix — sik Bji — vii Djk + Sik ZjiB22 — ¥ii Yik B22 — Bik Vii.
[1i1/,22KkT] = zj Air = Zji Aik + Yki Bji = Y1i Bjk + Zjk ¥1i B2 — Yxi 2j1 Boz + cu i,
[117),2k12] =y Djk — Yik Dj1 — ¥j1 Dik + Yjk Dii — Yj1 Yik B2 + Yik Yi1 B22 + Y1 Wi,
[117j,2k21] = zjy Dik — zi Dji + Yjk Bir — Yik Bj1 = Yjk Zit B22 + Yik 21 B22 — Bik ji,
[117J,22k1) = zj Bix — Zjx Bit — zi1 Bjk + zix Bji + zi1 Zjk Bo2 — Zik Zj1 Bo2 + ok ji,

where 1, j, k, 1€ {3,..., n}.
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All these determinants can be expressed using the building blocks of V as seen above. There-
fore, we assume, that these (1x1), (2x2) and (3x3) building blocks suffice to express all the
other gauge invariant expressions.

Furthermore, we show that any polynomial in s;;, y;; and z; that is annihilated by both D;
and D, can be written as a polynomial in these building blocks.

Proposition 3.2.1. Let Dy = Zle (yj;(%#—s/g%) for k = 1,2. Every polynomial
P(sij. vij, zij) that satisfies:

Di1P = DyP =0, (3.39)
can be written as a polynomial in the following variables:

1x1:

5/j‘1<i<j<n’ Yijlai<n Z’j‘3<"<f<”'

1gy<sn
220 ajil. . Biilaci S 5
: j ' ijl3isny  Yij , 22,
‘3</<J<n |2<j<n ‘2</<J<n
Wiflseicjen Villasicn. pilicicjcn, (3.40)
S 1<y<n i j#2
J#2
3x3: Ij|2<l<f'l BIJ‘2<I<H Cu}2</<n Du|2</<n .
1@\ 1\,/\ 1\]\ \/\n
J#2 J#2 J#2 J#2

Proof. Assume that P(sj;, yij, zij) gets annihilated by D;. Then P can be written as a poly-
nomial:

P= P(O‘U‘Ki,jgn'ﬁf]‘zg/,jgn'fylj‘zgf,jgn'5U‘1<i<j<n'ylj|%§(<g'Z"J|2</<J<n)' (3.41)
Therefore, it suffices to proof that any polynomial P that gets annihilated by D> can be
written as a polynomial in the variables given in (3.40).

To this end, we rewrite the differential operator:

D—Zn: P (3.42)
2T =\ Pz T oy ) '

such that it directly depends on the variables of P. We find:

2 2 5 a vl 2%2 85 T Zyjz 2 2 3o aa 3 (3-43)
—: D, = Dg ::VDZ Y
=Dy + Dg+ Dy + Dy . (3.44)

This way, D> is given by a sum of differential operators of the form:

0
D, = ;u,-a—w, . (3.45)
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We have already proven, that a polynomial P’(u;, v;) that satisfies D,P" = 0 can be written

as a polynomial in u; and ¢;; = u;v; — u;v;.

Hence, it suffices to show that all the possible combinations of the form ¢;; that arise from D,,
D;, Dy and Dg can be expressed using only the variables given in (3.40) to prove proposition

3.2.1:

52iY2j — S2j Y2i = p/j|1</<j<n '
ij#2

Yi2 22) = Yj2 22; = Hyji ’3<,-<J<n ,
Yi2 Baj — V2 Boi = (517 Y12 — Y1i S12) (212 S1j — Y21 1))

- (511 Y12 = Vi s12)(Z12 51/ — Y21 Y11)
= (z12 512 — Y21 Y12) (517 Y1 — Y1i S1/)
= B22 ry’j{2<i<j<n '

—Bio anj + Bjp coj = — (21 512 — Vi1 12) (212 Yj1 — Y21 Z1j)

+ (z1) 512 — Yj1 Y12) (Z12 Yin — Y21 1))
= —(212 S12 — Y21 y12)(21,- Yii—VYi1 le)

— .622 O‘-ji’3<i<j<n )

i Boj — Yo yoi = — (Cij — 57 822) |1<i<n »
2<y<n
521 2oj — Yje Yoi = Vj/|3<j<n,
1<ign
)
i aoj + Bjo voi = (Ajj + i B22) | 1<i<n

3gy<n

Yi2 22j — )/1252/ = _(Dj/ + Yji ﬁzz) ‘ 2<i<n
3gy<n

Yiz Qaj + Bj2 Boi = (S1i Y12 — Y1i S12) (Z12 Yj1 — Yo1 21)
+ (z1) 512 — Yj1 Y12) (212 S1j — Y21 Yii)
= (212 S12 — Y21 J/12) (le S1i — Y1 }/1/)

= B2 5j/|2</<n :
3gy<n

Yio 0+ Bjo 20j = —(Bjj — zjj B22) \3@-,]@ :

(3.46)

(3.47)

(3.48)

(3.54)

(3.55)

We have found that all possible combinations can be expressed using the variables given in
(3.40). Therefore, P can be written as a polynomial in these variables and, furthermore, also

any polynomial P(sj;, yj;, zj;) that gets annihilated by D; and D».

]
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| 3 FIRST APPROACH: V(sj}, Yij, Zjj)

3.3 GAUGE VARYING THREE FIELDS

Let us now impose gauge invariance of 1V with respect to the three fields ¢1, ¢o and ¢s3,
meaning V has to satisfy:

D1V = DoV = D3V =0. (3.56)

Introduce the following notation:
Bijk = [kk.ji], (3.58)
Yijk = [kk,ij]. (3.59)

This simplifies the variables V depends on, since, e.q. a;; = aj;1 and u;; = a;; o are now
described by the same variable.

In this case, we wish to find a generalization to be able to also solve the case of gauge
invariance under an arbitrary number of gauge transformations 9;.

Start by assuming that V satisfies D1V = D>V = 0. Then, V can be written as a polynomial
in the variables:

1x1 : 5/..} o y..‘ . z
©2Uligi<ggn y13<sisns Ul3gi<j<n
1<i<ygn 1<jen 3<i<y<n

2x2: oj|a<icj<n.  Bijk|a<i<n . Vijk|i<icj<n. Bo21 =Bz,
1<k<2 1<j<n 1<k<2

1<k<2 ij#k (3.60)
J#k
3x3: Aij‘zgign ' Bij‘Qgign ' C/j|2<i<n . D/j‘zgign .
1gygn 1ygn 1gysn 1gysn
J#2 J#2 J#2 J#2

By solving D3 P(sj;, yij. zij) = 0, we know that P has to be a function:

P = f(a/j,s\1</J<nﬁu,3}1</,j<n.%j,3|1</,j<n,Slj\1<,-<j<,,,.y/j|1</,j<n. Zijlicj<n) - (3.61)
iJj#3 iJj#3 iJ#3 S I#3 iJj#3
We now have to find out which building blocks we have to add and which we have to get rid
off, so that V vanishes when acted on by all three differential operators. To this end, express
D3 such that it directly depends on the variables given in (3.60):
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n
0
D3 =) _ y3 + 835 —
_Z; / a ) .Iay@
rl-x 3 3 3555
= B3,k + ) Vizk + ) Y3 +).S3
o\ ST o 5 T 6B =70z H7Y oy
J#k
L 0 L 0 1 0 i 0
~Y Cas Djs —— Agi—— — Y Cayj o (3.62)
EQ 12 0A; Jzé > 0B;3 J; ’ 0B3; J; 0D,
J#2 J#2

Therefore, we have expressed D3 as a sum of differential operators of the form:
D, =) 2 (3.63)
v F ’Gvf '

as in the previous case. Using this, we can write down all the combinations of the form
¢j = u;v; — u;v; and express them using determinants that are gauge invariant with respect
to the fields ¢1, ¢> and ¢3. These are then all the building blocks we need to consider.

There are many different combinations, so we divide them into different types.

Type I: (1x1)-(1x1)

Vizz3j — Vjazsi = iz = [33,77 ][, i< (3.64)

Ssiysj = 53y = Yij3 = [33.14]| 1o, e, (3.65)

YVizya3j — 53 23 = —Bijz = —[33.J7]|a<i<n (3.66)
1<y<n

We see that we have to add the building blocks a; 3, Bj;3 and «y;; 3 to our solution. It is
quickly checked that these variables get annihilated by all three differential operators.

Type IlI: (2x2)-(2x2)

—Biz i @z + Bz k Azik = Baak jik = [kk,33] - [kk,1]]|a<ij<n (3.67)

1<kL2

Yiz.k Bajk — Vi3 k B3ik = BazkVijk = [ kk,33]-[kk, /'J'ngikjgn (3.68)
1<k<2
o

—BizkBajk — Vjzk ¥3ik = —BaaxBijk = —[ kk,33]-[kk,ji]|aci<n (3.69)

1<y<n

1<k<2

J#k
Combinations of this type can also be expressed using only (2x2) building blocks. The only
new building blocks we find here are 3113 and (22 3.

23
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Type IlI: (2x2)-(1x1)

kk]) |a<ij<n (3.70)

1<k<2
—Biz.k ¥aj — 53j 03ik = Zik [33.7 k] — yik [33.5 k]
= —([337, kjk] +y;[33, kk]) |aci<n (3.71)

Yiz.k 23j — ¥j3Baik = Ski[33. kj] — yki [33. kJ]
= —([3i3, kkj]+y;i[33, kk])|1<i<n (3.72)

4<j<n
1<k<2
) J#k
Yis.k Yaj — 53jB3ik = Yki [33,J k] —ski [33,J k]
= ([3i3,kjk] —s;[33,kk]) |1<ij<n (3.73)
1<k<2
i#k
Here, we need (1x1), (2x2) and (3x3) building blocks to express the combinations in form of
gauge invariant determinants. The (1x1) and (2x2) building blocks we already know, how-
ever, the (3x3) building blocks are new. They are of a similar form to A; = [1/1,22/],
Bj=1[11122)],Cj=[1i1,2j2] and D;; =[11/,2;2].

Type IV: (3x3)-(1x1)
It is when studying these types of combinations that problems arise. Consider the combina-
tion:

—C,-323J-—yJ-3A,-3 = [33, 1]] : [221_] + [33, 1]] : [22, 1/]
—[11,22]-[33,iJ]
=([2323,1i1)]+y3[11,232] +s3;[11,,223]
+[22,i7]-[33,11] = [22,11]-[33,i]])|o<i<n- (3.74)
4<y<n
The terms in red do not get annihilated by either one or more differential operators. This

happens analogously for other combinations of this type.
Take a closer look at the expression:

E=[33.1]]-[22,i1]+[33.1]] [22,1i]. (3.75)

When gauge varying with respect to the field ¢1, we change 1 to 1 and vice versa. However,
by doing so for =, the red terms take the form of the black terms and the other way around.
Hence, it is not possible to get rid of the problematic terms.

Therefore, we cannot express these combinations using determinants of submatrices of B5.
Moreover, this shows, that the assumption, that all gauge invariant terms could be expressed
using only determinants, is not correct.
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It follows, that, to find the necessary building blocks, one needs to characterize E, since the
other term in equation (3.74) is already gauge invariant.
We try to achieve this using immanants, which are generalizations of the determinant. How-
ever, trying all possible immanants applicable to this problem led to no correct characteriza-

tion of E.

As of yet, we have not found a way to express these combinations using gauge invariant
building blocks. Therefore, we cannot proceed further in this case.
However, what we have found, are generalizations for the (1x1) and (2x2) building blocks. Let
V be gauge invariant with respect to m out of n fields ¢, ..., ¢m. Then its (1x1) and (2x2)
building blocks are given by:

(1x1):

(2x2):

5/'J"1</<j<n ' yU'|m1+<1].<<",§” ' Z”J"m+1</<j<n '

a/j,k|m+1</<j<n , 6/j,k’m+1<i<n ' 'Y/j,k|1<i<j<n ' 5//’,/(} 1<i<m -

1<ksm 1<y<n 1<k<m 1<ksm
1<ksm iJj#£k i£k
J#k

(3.76)
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SECOND APPROACH: V(A;, P;)

The variables s;;, y;; and z;; themselves depend on the variables A; and F;. Therefore, instead
of taking V to be a polynomial in s;;, y;; and z;;, we can also express it as a polynomial in A,
and P,. The same can be done for the differential operators D,.

Hence, let V = FB(AﬂK/@, Pﬂlg/gn) be a polynomial. Using A; and P, the differential
operators take the form:

D =P — . (4.1)

Using s;;, y;j and z; had the advantage, that the resulting expression was always guaranteed
to be a Lorentz tensor, since all indices were already contracted in the definition of the
variables.

Changing to A; and P, now, this is no longer the case. However, we can still determine
building blocks for a polynomial and assume that all the indices get contracted by some
tensor afterwards.

4.1 GAUGE VARYING ONE FIELD

Analogously to the first approach, start by imposing gauge invariance of ¥ with respect to
one arbitrary field ¢;. Then V has to satisfy:

Dy =pr-2 p )= 0. (4.2)

I L
i aA,;J (Ai ’1</<n'Pi ’1</<n

By solving this equation, using the method of characteristics, we find, that P has to be a
function of the following variables:

P =f(CI" Afligicn, Pﬁyl«n) . (4.3)
J#I
The new variable C; is an antisymmetric combination of A; and P; defined as:
CH = AR A PE. (44

Next we are going to prove that P can always be written as a polynomial in these variables.

For this, it suffices to slightly change the arguments of the proof of proposition (3.1.1), where
gauge invariance under a single gauge transformation was imposed as well.
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Proposition 4.1.1. Let D; = Pf‘%. Then every polynomial /5(Aj-‘|1<j<n, PJ'M‘KKn) satisfy-

ing D;P = 0 can be written as a polynomial in Pﬂl Aﬂlg_f_n and C* = APV — AVPH.
i

s’

Proof. D; does not change the degree of the polynomial, so one can consider P to be a
homogeneous polynomial of degree m.
We prove by induction over m.

The case m=0: For m = 0 the problem is trivial.

Assume that every polynomial of degree smaller or equal m for which D;P = 0 can be written

ol in PH ml. v
as a polynomial in P llgjgn' AJ. ‘1%5_,, and Cj.
JEI

The case m+1: Let P11 be a homogeneous polynomial of degree m + 1 that satisfies
D,Pm_|_1 — O. 5
Define: a;, = a%\‘."o’”“'

These are polgnolmials of degree m satisfying:

1. D,-a,-p:O,

o ., _ 0o ..

3. Pl»p dip = 0.
The first point holds, since:

8
' 9AP

- 0 -
Pm+1 = =—5DjPm+1 =0. (4.5)

D
AP

Next, define Ny and Np to be the operators counting the degrees in A; and F;:

0
Ny=A°—
AT oA
0
Np = PP— .

D; lowers the A; degree by 1, therefore, we find that NgyD; = Dj(Na — 1).
Now introduce: P' = N ' (A% (a;),).
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Then:
oP' o
o = o Mat (A (@)
QAP pAP A TR

= (Na+1)7" ap A (@)

_ 0
= (Na+1)7H (88 (@) + A = 5 (a))
%/_/
a#Zy (ai)o
— (Na+ )7 (a)p + A 2o (a),)
/ aAM
= (Ng+1)7 - (14 Na) - (a),
= (ai)p
0
= oa Prt1. (4.6)
Consequently, we have:
0
— (Ppy1—P) =0. (4.7)
AP
This shows, that F~’m+1 can be written as:
Pri1 =P +Q(P| i, Aj’\lﬁw . (4.8)
where Q is a polynomial in P/ and A?.
Now apply % to P¥ (aj), = 0:
0
0= -5 (P (ai)u)
)
0 0 0
= (aj)p + 'D,u PP (ai)u + 'D,u HpE (ai)p — P,‘“ Y (ai)p
) N 1 I
Np
— (Np+1) (a)o+ P (25 () — 25 (20) (4.9
- apP? opr e ) ‘

Using this, the following expression for (a;), can be found:

0 0
(a)p=—(Np+1)"" P! (W (@)u — 558 (a/)P) ' (4.10)
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Plugging (4.10) into P’ gives:
P = Nyt AP (a),

_ _ o 0
:—/\/AlAf(Np+1) 1/31,“ —p(a,)u—w(a,-)p)
)

_ 1 1 0
= =Ny (Ne+1)70 -5 (AP PF =AY PP) (— (a/)ﬂ—ww,')p) SN
N ]

Lastly, it has to be checked if (*) vanishes when acted on with D;:

0 0 0 0 0
Di (a_Plp (@) — 6_P,“ (a,-)p) =P’ A (a_Plp (ai)u — a_Plp, (3/)p>

= 357 (77 32 (30u) ~ 375 (a0

!

0 0 0
- W (P/J A7 (3i)p> t3AE (ai)p

!

0 0 0 0
= a_P’_p Dj(ai)y _W &(3/);7 - <8_Af (ai)u — 6_/47, (a,')p)
=0 =0 N -~ _
=0
—0. (4.12)

(%) is a polynomial of degree m — 1 and gets annihilated by Dj, as shown above. Therefore,

(%) can be written as a polynomial in PJ-“ Aﬂlggn and C*. Consequently, also P’

1<j<n’
SIS0 J#

and /5m+1 can be written as polynomials in these variables. O

4.2 GAUGE VARYING MULTIPLE FIELDS

Let V be gauge invariant under the transformation §;. Then, V can be written as the polyno-
mial:

V= P(Ct (4.13)

' Aﬂzg/gn' 'Diu|1</<n) '

We now wish to impose gauge invariance with respect to the field ¢> as well. Hence, V has
to satisfy:

0\ s !
D>V = (P; a_Ag) P(CH A | icn P licicn) = 0. (4.14)

All variables P depends on, except A, get annihilated by D-.
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Therefore, if we solve this equation using the method of characteristics, we find that P has
to be a function of the following variables:

P =rf(Cc* (4.15)

‘1</<2 AM‘3</<H PM‘1</<H)'

Let us assume that we impose gauge invariance of V under an increasing number of gauge
transformations &; step by step. Each time, P will lose dependence on an A; while gaining
dependence on the corresponding C;.

This statement holds up until having imposed gauge invariance with respect to n — 1 out of
n fields ¢;.

So, let us require the polynomial ¥V = F~’(Aﬂ1<i<n, Pl-“|1<,.<n) to satisfy:
DiP=DP=...=DP=0, (4.16)

for k €e{1,2,..., n—1}
Then, P has to take the form:

P =r(ct (4.17)

7 pH
}1</<k A |k—|—1</<n |1</<n)'
To prove that P can also be written as a polynomial in these variables, we can use a proof
analogous to the one of Proposition (4.1.1) above.

Proposition 4.2.1. Let P(AY| _._  P¥| _._ ) be a polynomial and let D; = P’ af\p for
1<i<n.
Assume P satisfies:

DiP=DP=.. =DP=0, (4.18)

fork € {1,2,..., n—1}. Then P can be written as a polynomial in the variables CMU}1</<k’

7 m
A ‘k+1</<n and F; }1</<n'

Proof. Start by assuming k = 2. Demanding that P satisfies D1P = D,P = 0 is similar to
requiring:

DaP(CY A seicp P licicn) = 0. (4.19)
Then, follow the proof for gauge invariance under a single transformation of proposition (4.1.1),
for i = k. We arrive at an equation similar to equation (4.7), that reads:

o -
——(Ppi1—P)=0. (4.20)
oA

In this case, we can conclude, that I5m+1 can be written as:

P = P’+Q(C§“’,Aﬂ3 .“\1

<g<n' T

(4.21)

<J<n) '
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where Q is a polynomial in C{", A%|, Afterwards, we can again follow

w
<<n and PJ ‘Kjgn'

the proof of proposition (4.1.1) and find that P can be written as a polynomial in CJHU‘1Q<2'

W n
Ao, and PE[
This recipe can be repeated an arbitrary number of times to prove thatfor k € {1,2, ..., n—1}
5 ; o in CHY W i
P can be written as a polynomial in CJ- ‘1<j<k' Aj {k+1<j<n and P; |1</<n. O]

4.3 GAUGE VARYING ALL FIELDS

Lastly, we wish to study the case of gauge invariance with respect to all n fields ¢;. In this
case V has to satisfy:

DiV=DV=..=DV=0. (4.22)

A new difficulty arises due to momentum conservation. Momentum conservation has to hold,
meaning that:

Pit Pt Pt ... +P=0. (4.23)

Therefore, since we have chosen P*

i |1<i<n_1 to be arbitrary momenta, we now have to require
P} to satisfy:

n—1
PE=—Y P (4.24)
=1

Consequently, the differential operator D, now takes the form:

8 =, 0
D, = PP S PP _ 4.25
T 8AS E " 9A (4.23)
If V is gauge invariant under the first n — 1 transformations 91, . . ., O0p—1 it can be written as
a polynomial V = P(Af, C#U‘léiénfl’ 'D/H‘Kignﬂ)'
Knowing this to be true, we start by solving the differential equation:
n—1 ) b »
— > 7 —
DpV = — Z‘i P BAP P(AL. G |1</<n—1’ P |1</<n—1) =0. (4.26)
|=
Using the method of characteristics we find that P has to take the form:
P = f(D*, C;“’\K,.@il, Pf‘}l«nil) . (4.27)
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The new building block D*¥ is an antisymmetric combination of A, and 27:—11 Pi:
n—1 n—1 n—1
DW= AE Y PV AY Y PR =2 Al Y P (4.28)
=1 i=1 =1

However, we find that such an antisymmetric combination can also be constructed in a different
. 92

way making use of the dependence on the C;™'s.

Consider the following:

A ciav cpiave vl - gl g picpizve gl

n—1
= 2AP A (Y P PSP Y Chee Ll
i=1 ”

~
=0, due to antisymmetry

n—1
— oAl A Y pricre kel (4.29)

i=1
Therefore, such an expression leads to antisymmetric combinations of A, and 27;11 P as well.
Note, however, that P must not directly depend on A/‘1<i<n—1’ hence, we cannot view this

as a term of the form DHY.
It follows, that we have to add such combinations to our solution:

Ep,ul VieWn-1 AILU« CiLll/l Cé’»zt/z o C’l;iflﬂ/nfl} _ (4'30)

Moreover, we now have to prove, that P can be written as a polynomial in these variables.

Proposition 4.3.1. Let P(Al, C/W‘lgign—l' P,.“"K/_gn_l) be a polynomial and let D, = — Y"1 P 82%'

If D,P = 0 holds, P can be written as a polynomial in the variables D*’, EMF1V1-Vn-1,
and where:

wy w
G ’1</<n—1 P ‘K/gn—l’

pH — Al 2/’:11 PiU] '

(4.31)
EHB1VLVn-1 — A,[f'Cf‘lul nglb o C//;f'ifllunfll _

4.3.1  Proof of Proposition 4.3.1

Due to the partial derivative with respect to A% all terms of P not containing A% fulfill the
proposition trivially. Therefore, it suffices to show that A% can only appear as part of either

DHY or EHHLVL-Yn-1 {or D,P = 0 to hold.

1. Step: P linear in A#
Begin by showing this for P being linear in A%. Consider how D, acts on a single term

m = Ay ’Dp/c(cillgign—l' Pi‘lg/gn—l) of P

(A!f# PLIJ»(C"‘lgign—l' 'D/‘lgign—l)) ’ (4'32)

n—1 b
Dym =— Y P*
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Here, P’(C,"1<I.<n71, P,v|1<,.<n71) is an arbitrary product of the C;'s and Pj’s. Require now

that this expression vanishes:
n—1
— o s pl (. ) —
2 P da PM(C’|1</<n—1’ ’D'|1</<n—1) -
=

n—1
1
- ; P/M P;/L(C"|1</<n—1' ’Df|1</<n—1) =0. (4.33)

!

Rather than directly trying to find which P} satisfies equation (4.33) it turns out to be bene-
ficial to view this as the task of finding all vectors orthogonal to — Z,’-’;ll P

Orthogonal vectors of Y./—1 P*
We know that — 27:_11 P/-“ is a lightlike vector, since

Pt =—P!—P}—. . =P,
and furthermore
Pt Pru=0
Define the following vector:
n—1
W, = €pupo (— )3 P,-”) XPY7 (4.34)
i=1

It can be quickly shown, that W, is orthogonal to —Z?;ll P,-“, since:

n—1 n—1 n—1
=Y PEWL =€ | — Y P | = )P XPY? =0. (4.35)
=1 i=1 =1

1 1

~0

Next, we are going to show, that all vectors that are orthogonal to — 27:_11 P* can be expressed
in the form of (4.34).
Let us consider an orthonormal basis (ep, €1, €2, e3) with the following base vectors:

e = (4.36)

O O O
o = O O
R O O O



Without loss of generality we may fix <— 27;11 P,-“) to be any lightlike vector. Let us choose
the following:

(4.37)

|
)
=
I
= O O =

We have shown W, to be orthogonal to (— Yol P,“) Therefore, we know that, W, has to
be either a lightlike or a spacelike vector.

Firstly, by taking X := e; and Y := e, we find W, to be a lightlike vector:

(4.38)

n—1
_ v PO __
Wy = €uvpo <_ZPI>6162 =
i=1

|—lOO|
|_l

WH = n W, = (4.39)

= O O =

It can be quickly shown, that any two orthogonal lightlike vectors are always multiples of
each other, meaning:

WH = k- <_ E Pf“) ' (4.40)
=1

where k is a constant. It directly follows, that all lightlike vectors that are orthogonal to
<— yol P,-“) can be expressed by WH.
Secondly, W* can also be a spacelike vector. However, we have to change our choices for X
and Y to achieve this, since there can only exist two spacelike vectors that are orthogonal
to each other as well as to a given lightlike vector. Therefore, let us choose X := e; and
Y := L, where L is the following vector:

(4.41)

SO = =
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Note, that this is not the only possible choice for L to find a spacelike WH*.
It follows that W, is then given by:

n—1
W, = €upo (— ) P,") efLe. (4.42)
i=1

Both sides of equation (4.42) transform under Lorentz transformations, so it follows that we
can transform W, to reach any other spacelike vector that is orthogonal to (— 27;11 Pf‘).

To sum up, we have found that any vector orthogonal to (— 27;11 P/“) can be expressed using

a vector W* of the form given in equation (4.34).

Polynomial Structure
We have shown that, if we take (— yl P,-“) to be a lightlike vector in Minkowski spacetime,

all vectors orthogonal to it can be expressed in terms of a vector W given in (4.34). However,
we wish to prove the general case and do not want to restrict ourselves to a solution that
only works if we can assign vector values to the Pj's and A/'s.

Therefore, let us assume P’ to take the following form:

n—1
Pl = (— ; P,”) UM (4.43)

Here T is an arbitrary tensor that is antisymmetric in its indices p and v. Such an expression
is the generalization of the vector W given above. Recall, that we are searching for an
expression that describes all P’ that satisfy:

n—1
<_ Zi 'D/M> PA/L(C/’K/gn—lv P/|1</<n_1) =0. (4.44)
1=

It seems almost certain that all possible solutions can be expressed using (4.43). Only two
other possible solutions for the equation above come to mind. The first option would be:

n—1
P, = (— ; F’m) . (4.45)

In that case the term m; we assumed D, to act on in the beginning, would involve an expression
of the form AL <— 27;11 Piu)- However, we assumed all fields to be divergence free, meaning

that 1 would be zero by definition. It follows that solutions of this type cannot appear.
The second option would be the following:

n—1
P, = <— Y. P,-”) Ouv - (4.46)
=1



Such a solution, however, leads to a similar expression as the first option and so we cannot
consider these as well.

Despite being convinced that this assumption is correct, we have not yet been able to formally
prove this. Therefore, until a formal proof has been found, let us assume going forward, that
all P;’L that solve equation (4.44) can be described by the following expression:

( Z P”) Tiuw) - (4.47)

Antisymmetric Combinations

Then, it can be concluded that antisymmetrical expressions of A, and — 27;11 P; are needed,

such that (4.32) vanishes. Now, we have to prove that all these antisymmetric combinations
can be expressed using only D*¥ and EFH1VL-Yn-1,

We start with the most general form: AL“ 27:_11 P,-U] Q.

1. Case: () = £(P,‘1</<n_1, C,‘1</.<n_1)
If Q) is a product depending only on P's and C's, the expression is already in the form of D*¥.

2. Case: () = A/'E(Pj|1<j<n—1' CJ’Kjgn—l)

In this case, we assume that one C; "lost" its 's to build expressions of the type AL“ 27:—11 P,—V],
such that the A;’s can no longer be recombined into a C;.
Hence, we have a term Z of the form:

A el 16,0

[x1
| |

B (P4 4 Pyy)Y Xl L AR (P C)). (4.48)

Here X%k is an aribtrary tensor that is used as a placeholder and £(P;, C;) is an aribtrary
product of P's and Cj's.
We know that an isolated A; always has to have been part of a C; prior to using the P; to
build an antisymmetric combination. There are two ways this A; can gain a F;. Firstly, the P;
can stem from £(P;, C;). However, this simply leads to the case discussed above. Secondly,
the P, can be taken from (P 4 ...+ P,—_1)" in the antisymmetric combination of (4.48). Take
i =1, then we can conclude, that (P> + ...+ P,_1)” has to cancel.
To this end, X*1-%k has to be a product in Pj's and C;'s such that each Pilj‘zgign—l appears
exactly once either independently or as part of a C;. Assume for now, that X'*1-%k consists
only of Cj's:
X0k — Cgclocz o C,?filak
= Ch?2 . Chn it (4.49)
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Inserting this into &, we obtain:
B=Alprcrr  ctl A0 (P C) (4.50)

To be able to bring this P; and A; back into the form of a C; we know that we have to
antisymmetrize over A; as well. Therefore & has to be of the form:

B = Al pyppcpove ol g(pocy (4.51)

Lastly, we need to subtract a similar term with only v and p switched, such that we obtain a

Cf”. Hence, we found, that a term of the form Al Yol pyxoaal AR €(Py, C)), can only
arise from a term of the form:

E = At chonl (4.52)

which is of the form E#HK1Y1--Vn-1

Note, by instead assuming X to be a product that also includes independent Fj's does not

change the argument. The only difference is, that in the end, we would find a term of the
form D*¥ instead of EHH1V1--Vn-1,

3. Case: Q= A;- A;-&( Pk|1<k<n Ck‘lgkgn—l)
Now we assume, that two different C 's "lost" their respective F;'s such that an antisymmetric
combination can be formed. This means that we start with the following expression:

- LZ el a8 42 ¢(P, )
1=

= AL (P + Py 4 Py)Y XL AP AZ £ (P C). (4.53)

[z

Analogously to before the part (Ps+ ...+ P,—1)” has to vanish. Therefore, let us again
assume X%k to be a product in the corresponding C;’s, such that & reads:

- A[IJ: P P UCu3l/3 C:“«n—l’/n—l] _AP AO’ . P. C

E=An (PL+P) G Gy 1 A - €(Pk Cr)

= APy Che L clin A8 A E(Pu, C)
+ AR Py Chs il AR A (P, C) (454)

It follows, that for each of those two terms given in equation (4.54) it is only possible to
include one of the two A;’'s in an antisymmetric combination, while the other has to vanish.

This means it is only possible to decompose one C; to obtain an antisymmetric expression,
which is exactly the second case.



The same arguments can be used for all cases with more than two A;’s as well, which means

that it is indeed true, that all combinations of the form AL“ 27;11 P,-U} can be expressed using
only D*¥ and E¥H1VL--Vn-1,

Therefore, we have successfully proven our Proposition in the case of P being linear in A,

As a next step, we need to show that the Proposition also holds true if we allow P to involve
terms that are quadratic in Aj.

2. Step: Treating the quadratic case

Let us now assume D, acts on a single term n, = Al AY P C,-}1<,.<n_1, Pi‘l<i<n—1> of P:
n—1 o
_ a v pl/ . )
Dpmo = — Z{ A A (A% An P C"1<i<n—1' P"léién—l)) : (4.55)
|=
Once again, we require this expression to vanish:
Z i OAOL n P;iu C/‘lgign—l’ Pi’lgign—l)) -
— !
—2- Ay (Z ’D/U> PIQU(C"‘lgignfl’ P/’K/gnq)) =0. (4.56)
i=1

Similarly to the first step, we now have to find the most general P, that satisfies this

expression. As we have already solved the linear case, we know that we can express F},, by:

(Z P"1> o1 ] (4.57)

Note, that we can assume P, to be symmetric in its indices, as its antisymmetric part would
not contribute to M. Therefore, we have to find a P[w that satisfies:

(E Pf‘) Plw (Z P“’) P, =0. (4.58)
=1

By inserting our current expression for £, given in (4.57) it follows that the first equation

vanishes already:
n—1 n—1 n—1
Y P Pw={ P L P Tiwew =0 (4.59)
=1 =1 =1

It remains to find an expression for P, that also satisfies the second equation, which is given
by:

n—1 n—1 |
<Z Pﬂ) (Z Pfl) Tivpyu =0 (4.60)
=1

=1
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We are going to solve this equation in two steps.
(: We begin by solving:

(Z Pm) S{up] =0 (4.61)

From the linear case, we already know, that S has to take the following form such that this
equation vanishes:

o (£ 7

@: For any such S we now solve:

(Z P ) Tlvorlu = Sivpr] - (4.63)

This is an inhomogeneous equation for T, whose general solution is given by a combination
of a special solution, as well as the general solution of the homogeneous equation. Therefore,
let us now find these two solutions.

General solution to the homogeneous equation
We obtain this solution by solving the following equation:

n—1
(; P,“) Tiupyu =0 (4.64)

Recall, that we have already solved such an equation in the linear case, hence, we know that
T has to be expressed in the following way for it to be satisfied:

n—1
Tvp u = (Z 'D/pQ) Qlupy][up2] - (4.65)

=1

Special solution
To complete our solution, we now have to find a special solution to equation (4.63). By
inserting S we change the equation to:

<Z Pu) 1/01 = S['/pl]
(Z PA) (o] (4.66)

It follows, that a possible special solution is given by:

Tiverln = Rivou] - (4.67)



Therefore, the general solution to equation (4.63) takes the form:

’/Pl (Z sz) [vor] (o] T R[I/plu] (4.68)

Inserting this result back into our definition of /), we obtain:

n—1 n—1
= (; Pf”) ((; Pf”) Q[Vpﬂ[upz]—'_R[Upm]) : (4.69)

We have now found the most general expression for ), that satisfies (4.60). However, recall,
that there is another condition that has to be met, namely, that P, has to be symmetric in
w and v, meaning that:

Pl =P, (4.70)

Looking at the our solution it follows that we have to set R = 0 to satisfy this equation. This
leaves us with the following expression for P,,:

n—1
= (Z F)/_Pl) (Z PP2> (o1 ] [von] - (4.71)
i=1

This tells us, that both A,'s have to appear as part of antisymmetric expressions with
<Z,r-’;11 P,-). From this statement it directly follows that both A,'s may only appear as D*¥
or EMHIYL--Vn-1" a5 one can show using the same arguments as in the linear case.

3. Step: Treating the case of 3 A,'s
Let us now treat the case of D, acting on a term m3 of P that involves three A,'s before
generalizing to an arbitrary number of A,’s. Here we have to show, that:

/
Dn'r)3 = Z i aAa Aul ANQ AM3 PM1M2M3 Ci‘lgign—l' Pf‘lg/én—l))

NN

n—1
!
=—3- A AP <Z; P,‘p’3> Puspons ( Ci}1</<n—1' Pilicicn-1)) = 0. (4.72)
=

Again, we have to find the most general P, , . that is symmetric in all its indices and
satisfies the equation above. Having worked through the quadratic case beforehand, we may

already assume P, , . to take the following form:

n—1 n—1
Pillluzue» - (Z Pipl> (; P’pz) T[Mlpl] [u2p2] K3 (4-73)

i=1
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Due to its symmetry, a P, has to be found such that these three equations vanish:

K123

n—1 n—1 n—1
!
(Z; Pim) PL1M2M3 - (Z; Piu2> PIIJJ1M2M3 - (Z; P’.”’3> PIIL1M2M3 =0. (4-74)
1= 1= 1=

The expression for P[Ll ,us We have chosen in (4.73) already satisfies the first two equations,
such that the only equation left to be solved is the following:

n—1 n—1 n—1 |
(Zl 'Di%) <Zl ij) (Zl Pip2) T[Mlpl] [wop2 s — 0. (4.75)

As in the previous case, we are going to solve this equation in two steps.
(: First off, we solve:

n—1
() (557 S om0

Similarly to the previous cases, we have to express S in the following way to satisfy this
equation:

S[ulpl] [u202] (Z Px) (1o ] [H2p2X] - (4.77)

@: Next, for any such S, we solve:

n—1
(Z Pl%) T[Mlm] [p2p2]us — S[mm} [u202] - (4.78)

=1

Again, we have to find a special solution and the general solution to the homogeneous equa-
tion to obtain the general solution for this equation.

General solution to the homogeneous equation
The homogeneous equation is given by:

n—1

(21 'D/'M) T[Mml] [op2 3 — 0. (4.79)

|=

We already know from the previous cases that the solution to such an equation is given by:
n—1

T[ulpl] (w202 s — (2 'Dip3> Q[ulpl} (w202 ] [m3p3] - (4.80)

i=1
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Special solution
To find a special solution we insert our solution for S into equation (4.78):

(Z 'DM) T[ulpl ] [p2p2 s — 5[u1p1][uzpz]

(Z Px) [w1p1] [p2p2] - (4.81)

As we only need to find one solution we may choose the most obvious one, which is given by:

Tluipr] [u2p2] s = Rlpipr] [uapoua] - (4.82)
This leads us to the following general solution for equation (4.78):
UrTsIrTar (Z Pp3) Qlurpr] [ap2] [u3ps] T Rluer] [wapons] (4.83)
Inserting this expression for T back into our definition for P, , . we obtain:

2 n—1 n—1
PLIL1M2M3 - H (Z 'Dipj> ((; Pip3> Quipr] [papa] [usps] T Rluor] [u2P2u3]> . (4.84)

J=1 \U=1

Similarly to the quadratic case, we have to set R = 0 such that the symmetry condition of

P\ ops 1S not violated. Therefore, the most general expression for P, . is given by:

3 n—1
Pl/L1M2M3 = ]._[ (Z 'D/pj> Q[Mlpl] [p2p2][13p3] - (4'85)

J=1 \U=1

The argument that all antisymmetric combinations of A,'s with (Z?:_ll P,-)'s can be expressed

by DH¥ or EMH1V1--Yn-1 from the linear case also applies here. As we have shown that all
three A,'s have to appear as part of such expressions we have proven the Proposition for this
case. Seeing that all the arguments of the quadratic case can be applied to this case without
problems we will generalize this for a case considering an arbitrary number of A,'s next.
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4. Step: Arbitrary Number of A,'s

As a last step, it remains to be shown, that the Proposition also holds true for an arbitrary
number of A,'s. Let P be of order m in A,. Let us now consider a term 7, of P and act on
it with D,. Then we have:

Dn"]m = Z i aAa AMl All'lll2 Aﬂm Pl»ll«lﬂQ -Hm Ci’lg/gn—l' Pf‘léignfl))

n—1

_ Hm— m L

=—m-AR AT (21 Pl > Pusbi.oim C/‘léiénfl’ P/‘lgignﬂ)) =0. (480)
1=

Assume, that we have already worked through the previous m — 1 cases using the arguments

given in step 2 and 3. Then, we may choose the following form for P, , -

m—1
PllllllJ'Q bm < H (Z ij)) [wip1] [m202] . [m—10m—1] tm (4.87)

Jj=1
As in the cases before, we assume P, ., to be symmetric in all its indices. Again we
have to find the most general P, that solves the following m equations:

n—1 n-1
(Zl Pim> P/»/HNQ Mm T (Z Pu2> PlillJQ Mm cee T (Zl P/Hm> PlillJQ Mm " (4-88)
1= 1=

One can already see, that we can work through this case analogously to the previous cases.

By inserting (4.87) one can check that P, already satisfies the first m — 1 conditions.

This means that the only equation left to solve is the following:

n—1 m—=1 (n-1 |
(Z; P,-“'”) ( H (Z% P’PJ>> T[Mpl] [mop2]. . [m—10m—1] tbm =0. (4.89)

J=1

To solve this equation we proceed similarly to the previous cases.
(D: We begin by solving:

m—1 (n—1
< H (Z PIPJ)) Sluer] [apo ] [m-1om1] = 0 (4.90)

Jj=1 \\=1

The solution for S then takes the form:

5[#1P1][#2P2]---[Mm710m 1) (Z PA) (w101 ] [pop2 ] [m—10m—1A] (4.9)

(@: As the second step, we set up the following equation for any such S:

n—1
(Z‘i ’Dium) T[ulpl] [w2p2 ][ m—10m—1]em — S[ulpl} [w2o2].. . [bm—10m-1] (4.92)



4.3 GAUGE VARYING ALL FIELDS \

To obtain a general solution for 7 we again have to find a special solution as well as the
general solution to the homogeneous equation.

General solution to the homogeneous equation
To find this solution we have to solve:

(Z PMm) u1p1 [NQPQ]---[IJ'mflefl],U«m =0. (4'93)

Having worked through all the previous cases already, we know that the solution is given by:

Tlwior] 1202 ][ m10m-1] (Z Ppm) [w1p1] [w2p2]. [ m-10m—1] [mom] - (4.94)

Special solution
Following the same steps as before, we insert our expression for S into equation (4.92):

n—1
(Z‘i Pi“m> T[mpl][uzpz] Ttm—10m—1]tm 5 [w1p1] [m202]... [ hm—1Pm—1]
=

HM|

)R[uml][uzpz] [m1pmr] - (49)

As a special solution we then choose:

T[mm] (oo .. [m—10m—1] tm wio1] [Mop2 ] . [ m—10m—1tm] - (4.96)

Similarly to the previous cases, we find, that we have to set R = 0 after inserting our solution
for T into our definition for P/ to preserve its symmetry condition. Then, we obtain the

M1...hm
/
following expression for £, =

m n—1
Pﬁlmu Bm <H <Z PIPJ>> Q[mpl] [uo2p2 |..[km—1Pm-1] [mom] - (4.97)

Jj=1 \i=1

Therefore, we have found, that even in the general case all A,'s have to appear as part of
antisymmetric combinations with <Zf’:—11 P,-). Then as a last step one can follow the arguments

made in the linear case, to show that all such combinations can be expressed using D*" and
ERELL--Yn-1 “which proves the Proposition. O
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DISCUSSION

5.1 SUMMARY

Our aim was to find building blocks such that we can express an arbitrary independent
interaction vertex that is gauge invariant with respect to a varying number of gauge fields as
a polynomial. We used two different approaches to this problem. Let us now summarize what
we have achieved with each approach.

5.1.1  First Approach

We were successful in finding building blocks for the cases of gauge invariance under either
one or two gauge transformations. When studying the case of imposing gauge invariance
with respect to three fields, building blocks appeared that could not be expressed using
determinants of submatrices of 3. This went against our assumption, that all possible gauge
invariant building blocks could be expressed in determinants of this form.

Therefore, we were only able to give a generalization of the (1x1) and (2x2) building blocks

that would appear when imposing gauge invariance under m out of n gauge fields ¢1, .. ., Om,
for m < n:

(1x1): sijl . Vii - Zjj .

. 1y , yim+1<isn 1 ,
|1</<J<n } 1<j<n |m+1</<]<n
(2x2):  ojju|mi1<icjcn.  Bijk|mii<icn.  Yijkli<ici<n.  Biik|i<i<m - (5.1)
1<k<m 1<y<n 1<k<m 1<ksm
1<k<m ik i#k
J7#k

5.1.2 Second Approach

Using this approach, we were able to fully generalize the solution. Hence, we are able to
express any vertex as a polynomial in known variables such that it is gauge invariant under
an arbitrary number of gauge transformations.
In particular, by imposing the vertex generating operator V to be gauge invariant with respect
to m out of all possible n gauge fields, it can be expressed as a polynomial:

v=PpP(Cr Al (52)

L
‘lgiém’ m+1<i<n’ Pl }léién) !

for m < n.
On the other hand, by requiring V to be gauge invariant with respect to all n gauge fields,
we find:

V — P(D/JV, E/J,/J:l U]...l/n_lv CI}J,U (53)

|1</<n71’ ’Diu|1</<n71) :
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5.2 CONCLUSION

Recall, that we can study three distinct cases when classifying independent n-point vertices
L, depending on the relation of the space-time dimension d and the order n of the vertex.

Let us look into the case d > 2n— 1 in more detail:

Here, only two types of equivalence relations need to be taken into account. On the one hand,
we have equivalence due to field redefinitions. We have already considered this, by assuming
sii = 0. On the other hand, another equivalence relation arises due to total derivatives, which
we have not yet discussed.

If two Lagrangians £ and £’ only differ by a total derivative, they lead to the same equations of
motion and are therefore considered to be equal. Consider now the differential operator D* =
Y"1 P¥. We defined an independent vertex £, in equation (2.3) as the vertex generating
operator V acting on a product of the different fields ¢,.

If we act with D* on the product (IT/_; ¢i(x;, a;)) in the definition of £, we get a total
derivative. Therefore, two additional equivalence relations have to be imposed, namely [1]:

n
Ai-D=Y y;~0, (5:4)
=1

n
P,"D: ZSU'%O' (55)
=1

However, recall, that we assumed the momentum conservation to hold, meaning that )/ ; P, =
0. Hence, the operator D* = 0, and we have:

A-D=P D=0, (5.6)

meaning that the equivalence relations A;- D ~ 0 and F; - D ~ 0 were naturally taken into
account in our solution.

Summing up, we have therefore fully classified all independent interacting n-point vertices
L, for massless bosonic fields with arbitrary spin s for the case d > 2n — 1, by finding that
all gauge invariant vertex generating operators V' can be expressed as the polynomials given
in equations (5.2) and (5.3) above.

Note, that for the other two possible cases n > d and 2n—2 > d > n one has to consider
additional equivalence relations in the form of dimensionally dependent identities when work-
ing with the variables s;;, y;; and z;.

Recall the (2n x 2n) matrix B that was used in the first approach to find gauge invariant

building blocks. It was given by:
(s VT
o= (S ) o



In case the Fierz equations are imposed, it follows that the diagonal elements of the blocks
S, Y and Z vanish. Let us assume a vertex generating operator V that takes the form of
the determinant of a (d+1 x d+1) submatrix of B. Acting on the product of fields ¢; as in
equation (2.3) then leads to a Lagrangian with over-antisymmetrised indices, and hence, to
zero. It follows that there exist expressions of V' that lead to a vanishing Lagrangian without
being zero themselves. The set of all these Schouten identities is given by the set of all (d+1
x d+1) submatrices of B [1].

In our second approach we were directly working with the A;’s and P;'s. The reason Schouten
identities have to be considered is, because they are non-zero terms that lead to a vanishing
Lagrangian, as discussed above. However, in the framework of the A;'s and P;’s these terms
vanish themselves already.

Therefore, it is expected that our results for the second approach, given in (5.2) and (5.3), also
satisfy the cases n > d and 2n—2 > d > n. Hence, we have fully classified all independent
interacting n-point vertices £, for massless bosonic fields with arbitrary spin s with n > 4
for all dimensions d.

In [1] a different classification in the same framework has been found. For the case d > 2n—1
the authors find a generalization of the vertex generating operator VV as a polynomial of gauge
invariant building blocks multiplied by M1, where M is the set of all products of the variables
Sjj-

When comparing the expressions for V found in this thesis ((5.2),(5.3)), with the one in [1]
two advantages come to mind:

1. In general, vertices can contain terms whose gauge variations only vanish, once the
equations of motion are imposed. Such terms give rise to deformations of gauge trans-
formations. In [1] it is speculated that gauge invariant vertices do not induce defor-
mations, however, strictly speaking, they can only show this after multiplying with an
appropriate product of s;'s. By expressing V fully as a polynomial of gauge invariant
building blocks, there cannot be any non-trivial terms after gauge varying. Therefore,
it can be confidently stated, that no gauge invariant vertex £, that is expressed using
either equation (5.2) or (5.3) induces deformations.

2. Vertices L, described using equations (5.2) and (5.3) are gquaranteed to be local,
whereas one loses locality when dividing by Mandelstam variables s;;.

5.2.1 Traceless and Transverse Condition

As stated in the preliminaries, we have decided to only consider traceless and transverse
vertices. ldeally, we would wish to obtain a full off-shell Lagrangian, however, such a La-
grangian is always going to involve terms that do not satisfy the Fierz equations given in
(2.2). These equations involved the traceless and transverse conditions as well as the free
equation of motion. Let us now shortly comment on the difficulties that arise by lifting the
TT Condition.
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Recall, that we described massless bosonic HS gauge fields in the following way:

1
) (x, a) = Ed)“l ppps (X) @ ke (5.8)

In general we find, that:

1 0
- 125
(5= 1)1 g Powabs @

1

A-Pol)(x, a) = 2 ats, (5.9)

A-Ap)(x,a) = a3 ats (5.10)
Considering these two expressions are no longer zero, the free equation of motion, given by
the Fronsdal equation, no longer takes the form of the massless Klein-Gordon equation, but
rather the following:

P2¢\)(x,a) —a-PA-P ¢5)(x,a) + (a- P)2 A% ¢(9)(x,a) = 0. (5.11)

The equation of motion now has two terms that directly involve the a's. These a's do not
commute with the A's. Clearly, this makes the task of finding a classification more difficult
and challenging.

One way to simplify a possible classification without requiring the gauge fields to be traceless
and transverse is to use the deDonder gauge. The deDonder gauge is allowed off-shell and
sets a combination of the divergence and the traceless part to be zero. It is given by:

1
07 B 510 = 50us Pz.pss )0’ =0 (5.12)

5.3 OUTLOOK

5.3.1 First Approach

The progress on the first approach came to a halt, since we were unable to characterize a
certain type of terms, as the one given in (3.75). It is probable, that this characterization
is one of only a few missing pieces left to find the generalization of a vertex that is gauge
invariant under an arbitrary amount of gauge fields. It might be interesting to look back into
this despite the second approach giving better results at this moment. One reason for this is
that other works in higher spin theories, for example [1, 17, 21], use variables similar to s;;,
yij and z;;, so our results could be compared and applied to these works in the framework of
our first approach more easily.

Solving this problem would lead to a classification for the case d > 2n— 1. To obtain
a classification for all possible dimensions one would have to study the cases n > d and
2n—2 > d = n as well. Contrary to the second approach, when working with s;;, y;; and z;;
Schouten identities have to be considered as they do not vanish directly.



Let us assume, that no new vertices arise when taking Schouten identities into account, as
argued in ([1], p. 13). Then our solution gets simplified due to a large number of possible
Schouten identities for the case n > d. Therefore, one has to find which building blocks can
be described by a Schouten identity and set to zero. There exists an overwhelming amount
of Schouten identities for the case n > d, so a possible first step is to find a smaller set of
Schouten identities from which all other Schouten identities can be generated, similarly to
what is done in [22] for d = 3 and [1] for general dimensions. Then, this set of generators
can be compared to our set of building blocks to obtain the possible simplifications [1].
Note, that only certain levels of Schouten identities appear in the case 2n—2 > d > n, so
the set of generators is going to be different and has to be handeled separately.

5.3.2 AdS Spacetime

As briefly mentioned in the introduction, there exists a correspondence between HS theories
on (d+1)-dimensional Anti-de-Sitter spaces and d-dimensional conformal field theories. The
AdS/CFT correspondence is a famous example for holographic duality. Studying it seems
essential to further our understanding on Quantum Gravity as it connects gravitational and
quantum theories.

In our classification we have considered all gauge fields to be massless and living in Minkowski
spacetime. Therefore, it would be interesting to figure out if our results can be carried over
to AdS spacetime.
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