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Abstract

This thesis considers the numerical approximation of the hyperbolic initial-boundary value
problems governed by the wave equation. Such problems typically arise in acoustics, elec-
tromagnetic and fluid dynamics.

Assume that the space variable varies in a bounded domain Ω and that time take values in
a positive interval (0, T ). A typical approach is based on a variational formulation in the
space variable only, set in a subspace of the Sobolev space H1(Ω). Then the discretization
consist of a conforming finite element method for the spatial variable and a second-order
central difference method for the temporal variable.

An alternative approach is based on a space-time variational formulation in the bounded
space-time cylinder Q = Ω× (0, T ), defined in a subspace of the Sobolev space H1(Q). Then
the discretization consist of a conforming space-time finite element method.

The aforementioned methods are compared in terms of stability properties and error esti-
mates. Numerical examples, confirming the theory, are provided.
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Zusammenfassung

Diese Arbeit befasst sich mit der numerischen Approximation der Lösungen von hyper-
bolischen Anfangsrandwertproblemen. Ein prominenter Vertreter dieser Probleme ist die
Wellengleichung und typischerweise treten solche in der Akustik, Elektromagnetik und Flu-
iddynamik auf.

Es wird angenommen, dass die Ortsvariable in einem beschränkten Gebiet Ω variiert und dass
die Zeit positive Werte aus einem Intervall (0, T ) annimmt. Der klassische Ansatz basiert auf
einer Variationsformulierung im Ort, die in einem Unterraum des Sobolevraums H1(Ω) betra-
chtet wird. Deren Diskretisierung setzt sich aus einer konformen Finite-Elemente-Methode
für die räumliche Variable und einer Finite-Differenzen-Methode für die zeitliche Variable
zusammen.

Ein alternativer Ansatz basiert auf einer Raum-Zeit-Variationsformulierung im beschränk-
ten Raum-Zeit-Zylinder Q = Ω × (0, T ), welche in einem Unterraum des Sobolevraums
H1(Q) formuliert wird. Die Diskretisierung besteht aus einer konformen Raum-Zeit-Finite-
Elemente-Methode.

Die erwähnten Methoden werden hinsichtlich ihrer Stabilitätseigenschaften und Fehlerab-
schätzungen verglichen. Abschließend werden numerische Beispiele, die die Theorie bestätigen,
bereitgestellt.
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Chapter 1

Introduction

Mathematics has always been interested in describing phenomena that are subject to changes.
One of these phenomena is the propagation of waves, which are everywhere around us, from
tsunamis to light to sound. Even particles can be modeled by waves. The solution of wave
propagation problems is important in many areas of engineering and science, such as geo-
physics (seismic imaging), aerospace (radar), telecommunication (antenna design), medicine
(medical imaging) and more.

In the past centuries, the motivation to study these problems has led to the development of
a powerful tool, in order to efficiently describe dynamical behaviour, and has become a rich
mathematical field: differential equations (DEs). More specifically, there are two types of
DEs.

The first one is described by ordinary differential equations (ODEs), which contains one or
more functions of one independent variable and the derivatives of those.

The second one is governed by partial differential equations (PDEs), which allows for si-
multaneous spatial and temporal dependencies and imposes relations between the various
partial derivatives of a multi variable function. PDEs originated from the study of surfaces in
geometry and a wide variety of problems in mechanics. Numerous famous mathematicians,
such as Jean D’Alembert (1717-1783), Leonhard Euler (1707-1783), Joseph-Louis Lagrange
(1736-1813), Piere-Simon Laplace (1749-1827) and more, became actively involved in the
investigation of problems presented by PDEs.

One of the fundamental PDEs is the wave equation. The wide range of its application has
led to the development of various computational techniques that attempts to approximate
its solution.
In this thesis, some of these techniques are discussed.

In order to approximate the solutions to the wave equation, one needs to discretize the spatial
and temporal variables. This can be done by first performing a spatial only discretization,
for example by using the finite element method (FEM). FEMs have demonstrated their
strong capability for approximate solutions to PDEs, see [32, 20]. The essential feature of
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10 CHAPTER 1. INTRODUCTION

the space discretization is to transform the partial differential equation into a set of ordinary
differential equations, which then can be discretized again on the temporal variable with
finite difference methods (FDM), one of the simplest and oldest method to solve differential
equations, see [5, 25]. These schemes are the most popular, because they generate cheap in
memory and highly scalable algorithms. Nevertheless, for stability purposes, the time step
is restricted by the spatial mesh size (CFL condition). As a consequence, the presence of
small spatial elements can make the maximal value of the time step required by the CFL
condition so small that the computational cost become prohibitive.

Another way to approximate solutions of the wave equation are the space-time methods,
which allow for discretizations in time and space simultaneously. In this approach, the
temporal variable is considered as just another spatial variable and then one addresses the
problem in one dimension higher. A simply way to do that, is to use a standard finite element
discretization in space combined with time. This leads to a discretization scheme, where the
space-time domain is decomposed by tensor-product space-time elements, see [3, 4, 12, 15].
Space-time methods have the advantage that they provide more resources for an adaptive
mesh refinement and numerical upscaling, space-time parallelisation, when the paralleliza-
tion in space gets saturated, and treatment of moving boundaries. The computational cost
is the main disadvantage, because a global linear system must be solved at once. Also, the
production of the mesh becomes much more complicated, since one needs to mesh domains
of one dimension higher.

The organization of the this thesis is as follows.

Chapter 2 introduces the essential mathematical background. Section 2.1 defines the func-
tion spaces that are used throughout the thesis, Section 2.2 states the d’Alembert method, an
elemental solution of the wave equation, Section 2.3 outlines the ”d+1” dimensional bound-
ary value problem and Section 2.4 presents the variational formulation of the wave equation.

Chapter 3 contains the methods where the spatial and temporal variables are discretized
separately. Section 3.1 shows the space discretization by using the finite element method,
Section 3.2 outlines the finite difference method and the time discretization. Section 3.3 and
Section 3.4 derive the Leapfrog and Crank-Nicolson methods respectively, and the theory of
their discrete energy, stability and error estimates.

In Chapter 4, the theory of space-time methods is introduced, where, more precisely, Sec-
tion 4.1 derives the variational formulation, Section 4.2 covers the space-time discretization
and Section 4.3 covers the Petrov-Galerkin method and its comparison with the Newmark
method.

In Chapter 5, all the numerical results for the Leapfrog, Crank-Nicolson and Petrov-Galerkin
methods are presented.

Finally, Chapter 6 summarizes the thesis and proposes some directions for future investiga-
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Chapter 2

The Wave Equation

The standard wave equation for a scalar function u = u(x1, ..., xn, t) of a time variable t ∈ R
and x = (x1, ..., xd), x ∈ Rd is

− 1

c2
∂ttu+ ∆u = 0. (2.1)

Equation (2.1) is a second-order and linear hyperbolic partial differential equation.
The coefficient c is fixed non-negative and real. Note that if c −→ ∞, then it becomes the
Laplace’s equation.

The wave equation is one of the most fundamental partial differential equation and
it arises in many physical situations. In one dimension, it models the vibration of a string.
In two dimensions, it models the vibrations of a thin membrane. In three dimensions, it
models the pressure vibration of an acoustic wave in the air. The constant c represents the
speed propagation for the vibrations.

The above are just some examples. There exist many additional applications of the
wave equation in physics, such as the study of sound and light waves, see [8, 25, 30]. In fact,
the wave equation is ubiquitous in a significant class of dynamical situation.

2.1 Elements of Function Spaces

Let a = (a1, ..., ad) ∈ Nd
0, |a| = a1 + ...+ ad and

Da = ∂a1x1 ...∂
ad
xd
. (2.2)

1) Space of continuous functions

• Suppose k ∈ N, Ω open set in Rd.
Ck(Ω) is the set of all real-valued functions defined on Ω such that Dau is con-
tinuous and bounded in Ω for all a ∈ Nd

0 with |a| ≤ k and the norm is given
by

||u||Ck(Ω) =
∑
|a|≤k

sup
x∈Ω
|Dau(x)|.

13
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• Suppose k ∈ N, Ω open bounded set in Rd.

Ck(Ω) is the set of all functions u ∈ Ck(Ω) such that Dau can be extended to a
continuous function on Ω for all a ∈ Nd

0 with |a| ≤ k and the norm is given by

||u||Ck(Ω) =
∑
|a|≤k

sup
x∈Ω
|Dau(x)|.

• Define the support of u ∈ C0(Ω): suppu = closure of {x ∈ Ω : u(x) 6= 0}.
Suppose k ∈ N, Ω open set in Rd.

Ck
0 (Ω) is the set of functions u ∈ Ck(Ω) with support bounded and contained in

Ω.

Remark 2.1.1. It holds true that for k ∈ N and Ω open set in Rd:

C∞0 (Ω) =
⋂
k≥0

Ck
0 (Ω).

2) Space of (Lebesgue-) integrable function

• Suppose p ∈ [1,∞), Ω open set in Rd.

Lp(Ω) is the set of all measurable functions defined in Ω such that
∫

Ω
|u(x)|pdx <

∞ and the norm is given by

||u||Lp(Ω) = (

∫
Ω

|u(x)|pdx)
1
p .

• L∞(Ω) is the set of all measurable functions defined in Ω such that, there exist
M > 0 : |u(x)| ≤M almost everywhere in Ω and the norm is given by

||u||L∞(Ω) = sup
x∈Ω
|u(x)|.

• Suppose Ω open set in Rd.

L1
loc(Ω) is the set of all measurable functions u ∈ L1(K) for all compact K ⊂ Ω.

Remark 2.1.2. Every Lp space is a subspace of L1
loc for all p ≥ 1.

Remark 2.1.3. It holds that for all p ∈ [1,∞], Lp(Ω) is a Banach space. Moreover
L2(Ω) is a Hilbert space.
The L2-inner product of two real functions f and g on a measure space Ω with respect
to the measure µ is given by

〈f, g〉L2(Ω) =

∫
Ω

f · gdµ.

3) Sobolev spaces

• Let Ω ⊂ Rd be a bounded Lipchitz domain, k ∈ N, 1 ≤ p ≤ ∞.

The Sobolev space W k,p(Ω) is defined to be the set of all functions f on Ω such
that for every multi-index a with |a| ≤ k, the mixed partial derivative exist in the
weak sense and in Lp(Ω):

W k,p(Ω) = {u ∈ Lp(Ω) : Dau ∈ Lp(Ω) for all |a| ≤ k}.
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The corresponding norms are given by

||u||Wk,p(Ω) = (
∑
|a|≤k

||Dau||pLp(Ω))
1
p for 1 ≤ p <∞,

||u||Wk,∞(Ω) =
∑
|a|≤k

||Dau||L∞(Ω) for p =∞.

Additionally, the seminorms are defined as

|u|Wk,p(Ω) = (
∑
|a|=k

||Dau||pLp(Ω))
1
p for 1 ≤ p <∞,

|u|Wk,p(Ω) =
∑
|a|=k

||Dau||L∞(Ω) for p =∞.

Theorem 2.1.4.
For each k ∈ N and 1 ≤ p ≤ ∞, the Sobolev space W k,p(Ω) is a Banach space.

Proof. See [1, 10].

Remark 2.1.5. Sobolev spaces with p = 2 form a Hilbert space W k,2(Ω) = Hk(Ω),
which is a vector space with inner product in terms of the L2(Ω) inner product:

〈u, v〉Hk(Ω) =
∑
|a|≤k

〈Dau,Dav〉L2(Ω) for all u, v ∈ Hk(Ω).

• The space H1
0 (Ω) is defined to be the closure of every function u ∈ C∞0 (Ω) in the

H1(Ω) norm

||u||H1(Ω) =

(∫
Ω

|u|2 + |∇u|2
) 1

2

.

In other words H1
0 (Ω) is the set of all functions u ∈ H1(Ω) such that u is the limit

in H1(Ω) of a sequence (un)n≥1 ⊂ C∞0 (Ω).

4) Bochner spaces

Let H be a separable real Hilbert space with inner product 〈·, ·〉H and let Ω1 ⊂ Rd1

and Ω2 ⊂ Rd2 be bounded Lipschitz domains with d1, d2 ∈ N.

• Consider the Bochner space L2(Ω1;H) of classes of measurable vector-valued func-
tions u : Ω1 → H, i.e. for each element u ∈ L2(Ω1;H), it holds true that

u(y) ∈ H for almost all y ∈ Ω1

such that

||u||L2(Ω1;H) =

√∫
Ω1

||u(y)||2Hdy <∞.

Remark 2.1.6. The Bochner space L2(Ω1;H) is a Hilbert space with respect to
the inner product

〈u, v〉L2(Ω1;H) =

∫
Ω1

〈u(y), v(y)〉Hdy.
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The dual space [L2(Ω1;H)]′ and the Bochner space L2(Ω1;H ′) are isometric, see
[14, Corollary 1.3.22].

• For k ∈ N0, the Bochner Sobolev space is defined by

Hk(Ω1;H) = {u ∈ L2(Ω1;H) : ∂αy u ∈ L2(Ω1;H) for |α| ≤ k},
where ∂y is the distributional derivative on Ω1 with respect to y for vector-valued
functions and α = (α1, .., αd1) is a multi-index with the inner product

〈u, v〉Hk(Ω1;H) =

∫
Ω1

〈u(y), v(y)〉Hdy +
∑
|α|≤k

∫
Ω1

〈∂αy u(y), ∂αy v(y)〉Hdy

for u, v ∈ Hk(Ω1;H).

Remark 2.1.7. The Bochner Sobolev space Hk(Ω1;H) is a Hilbert space.

Remark 2.1.8. For k = 1 and Ω1 = (0, T ), the Sobolev embedding theorem, see
[21, Proposition 2.46], holds true, i.e.

H1(0, T ;H) ⊂ C([0, T ];H)

with a continuous embedding. Therefore, see [33, Section 2.4],

H1
0,(0, T ;H) = {v ∈ H1(0, T ;H) : v(0) = 0 in H},

H1
,0(0, T ;H) = {v ∈ H1(0, T ;H) : v(T ) = 0 in H}

are closed subspaces of H1(0, T ;H).

• The anisotropic Sobolev spaces are defined for 0 ≤ r ∈ R, 0 ≤ s ∈ R as

Hr,s(Ω2 × Ω1) = L2(Ω1;Hr(Ω2)) ∩ L2(Ω2;Hs(Ω1)) ⊂ L2(Ω2 × Ω1),

where L2(Ω2 × Ω1) ' L2(Ω1;L2(Ω2)) ' L2(Ω2;L2(Ω1)), see [27, Theorem II.10],
with the inner product

〈u, v〉Hr,s(Ω2×Ω1) =

∫
Ω1

〈u(·, y), v(·, y)〉Hr(Ω2)dy +

∫
Ω2

〈u(x, ·), v(x, ·)〉Hs(Ω1)dx.

2.2 d’Alembert’s Method

The one dimensional wave equation

∂ttu = c2∂xxu (2.3)

where u = u(x, t), x ∈ R, t ∈ (0, T ) and c constant, was solved exactly by d’Alembert
(1717-1783), see [23, 5]. To illustrate the idea, introduce the coordinates (ξ, η) using the
transformation:

ξ = x− ct, η = x+ ct. (2.4)

Now write

∂xxu = ∂ξξu+ 2∂ξηu+ ∂ηηu,
1

c2
∂ttu = ∂ξξu− 2∂ξηu+ ∂ηηu.

So equation (2.3) becomes

∂ξ∂ηu = 0. (2.5)
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This means that u stays constant along the curves (2.4). Also, the derivative ∂u
∂ξ

does not depend on η, i.e.

∂η∂ξ = 0⇔ ∂ξ = f(ξ),

where f is an arbitrary function.

After integrating with respect to ξ

u(ξ, η) = F (ξ) +G(η),

where F is the primitive function of f and G is the integration ”constant”.

So by turning back, one can obtain the general solution of (2.3)

u(x, t) = F (x− ct) +G(x+ ct). (2.6)

2.3 The Initial and Boundary Value Problem

A boundary condition expresses the behaviour of the solution of the partial differential
equation at the limit of the domain that the equation is defined, see [23].
Three most commonly used boundary conditions

• Dirichlet boundary condition:
It determines the value of the solution u on the boundary. For example, a string
fastened at two ends x = 0 and x = L (Figure 2.1).

Figure 2.1

The boundary conditions are

u(0, t) = a(t),

u(L, t) = b(t).

• Neumann boundary condition:

It determines the derivative of the solution u on the boundary. For example, a string
that both ends can move freely in axis y (Figure 2.2 ).

The boundary conditions are

∂xu(0, t) = a(t),

∂xu(L, t) = b(t).
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Figure 2.2

Figure 2.3

• Robin boundary condition:

It constitutes the combination of the two above. For example, both ends of the strings
are fastened at springs (Figure 2.3).

The boundary conditions (as determined by the tension of the string and Hooke’s Law)
are

T∂xu(0, T ) = ku(0, T ),

T∂xu(L, t) = ku(L, t).

The partial differential equations problems can be categorized according to the
conditions, to initial value problem or Cauchy problem, boundary value problem and initial
boundary value problem.

Perhaps the most famous well-posed problem for the wave equation is the global
Cauchy problem in d+ 1 space-time dimension:

−∂ttu(x, t) + c2∆u(x, t) = 0, (x, t) ∈ Rd × R, (2.7)

u(x, 0) = f(x), x ∈ Rd, (2.7a)

∂tu(x, 0) = g(x), x ∈ Rd, (2.7b)

where f and g are the given initial data and the constant c > 0 is the given wave speed. For



2.3. THE INITIAL AND BOUNDARY VALUE PROBLEM 19

d = 1, the solution of the Cauchy problem

∂ttu(x, t) = c2∂xxu(x, t), (x, t) ∈ R× R, (2.8)

u(x, 0) = f(x), x ∈ R, (2.8a)

∂tu(x, 0) = g(x), x ∈ R. (2.8b)

is derived. For this purpose, it needs to express the arbitrary functions F and G from (2.6)
in terms of the initial data f, g. Using the relation

∂tF (x− ct) = −cF ′(x− ct),
where F ′(x− ct) = ∂ξF (ξ), the initial conditions give

u(x, 0) = F (x) +G(x) = f(x), (2.9)

∂tu(x, 0) = c(−F ′(x) +G′(x)) = g(x). (2.10)

By solving in terms of F ′(x) and G′(x), it follows that

F ′(x) =
1

2
(f ′(x)− 1

c
g(x)),

G′(x) =
1

2
(f ′(x) +

1

c
g(x)).

Hence,

F (x) =
1

2
f(x)− 1

2c

∫ x

0

g(y)dy + c1,

G(x) =
1

2
f(x) +

1

2c

∫ x

0

g(y)dy − c1,

where c1 is the integration constant chosen such that (2.9) holds.

Theorem 2.3.1. (d’Almbert’s formula)
Assume that f ∈ C2(R) and g ∈ C1(R). Then the unique solution u(x, t) to (2.8) with
(2.8a),(2.8b) satisfies u ∈ C2([0,∞)× R) and is represented by d’Alembert’s formula:

u(x, t) =
1

2
(f(x+ ct) + f(x− ct)) +

1

2

∫ x+ct

x−ct
g(z)dz. (2.11)

Remark 2.3.2. Equation (2.11) illustrates the finite speed propagation property associated
to the wave equation, see [23]. More precisely, the value of the solution at (x,t) is only
influenced by the ”initial data interval” {(0, y)| x − t ≤ y ≤ x + t}. That means that any
changes to the initial data (2.8a)-(2.8b) outside of this interval have no effect on the solution
at (x, t).

Theorem 2.3.1 can be extended to the following initial and homogeneous Dirichlet
boundary conditions. Let c = 1:

Corollary 2.3.3.
Let f ∈ C2([0,∞)), g ∈ C1([0,∞)), and assume that f(0) = g(0) = 0. Then the unique
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solution to the following ”1+1” dimensional initial boundary value problem

−∂ttu(x, t) + ∂xxu(x, t) = 0, (x, t) ∈ (0,∞)× (0,∞), (2.12)

u(0, t) = 0, t ∈ [0,∞), (2.12a)

u(x, 0) = f(x), x ∈ (0,∞), (2.12b)

∂tu(x, 0) = g(x), x ∈ (0,∞), (2.12c)

satisfies u ∈ C2([0,∞)× [0,∞)). Furthermore, it can be represented as

u(x, t) =

{
1
2
(f(x+ t) + f(x− t) + 1

2

∫ z=x+t

z=|x−t| g(z)dz, if 0 ≤ t ≤ x
1
2
(f(x+ t)− f(t− x)) + 1

2

∫ z=x+t

z=|x−t| g(z)dz, if 0 ≤ x ≤ t.
(2.13)

Proof. The idea is to extend u to be odd in x and reduce the problem to the case of Theorem
2.3.1. Define

ū(x, t) =

{
u(x, t) if t ≥ 0, x ≥ 0,

−u(−x, t) if t ≥ 0, x < 0,
(2.14)

f̄(x) =

{
f(x) if x ≥ 0,

−f(−x) if x < 0,

ḡ(x) =

{
g(x) if x ≥ 0,

−g(−x) if x < 0.

(2.15)

Since u(x, t) solves (2.12), it follows that ū(x, t) is a solution to (2.8) for c = 1 and (x, t) ∈
R× R with initial data

ū(x, 0) = f̄(x), ∂tū(x, 0) = ḡ(x).

Thus, by (2.11)

ū(x, t) =
1

2
(f̄(x+ t) + f̄(x− t)) +

1

2

∫ z=x+t

z=x−t
ḡ(z)dz. (2.16)

The expression (2.13) easily follows from considering (2.17) separately in the space-time
regions {(x, t)| 0 ≤ t ≤ x} and {(x, t)| 0 ≤ x ≤ t} and from definitions (2.14), (2.15).
Note that in the case {(x, t)| 0 ≤ t ≤ x}, since ḡ is odd, the part of the integral from
x − t to t − x cancels and thus the only contribution comes from the integration interval
[|x− t|, x+ t].

2.4 Variational Formulation

Let Ω ⊂ Rd be a bounded Lipschitz domain and T > 0 be a given terminal time. Consider
the initial boundary value problem for the wave equation

∂ttu(x, t)− c(x)2∆u(x, t) = f(x, t), (x, t) ∈ Ω× (0, T ), (2.17)

u(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ], (2.17a)

u(x, 0) = u0(x), x ∈ Ω, (2.17b)

∂tu(x, 0) = u1(x), x ∈ Ω, (2.17c)
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where the function u : Ω × (0, T ) → R is sought, the right-hand side f : Ω × (0, T ) → R is
given, u0, u1 : Ω→ R are the given initial conditions and c : Ω→ R is the given wave speed.
Define V = H1

0 (Ω) and
Lu(x, t) := −c(x)2∆u(x, t). (2.18)

The operator L is formally self-adjoint. The variational setting of (2.17) with (2.17a)-(2.17c),
see [16, 23], is

∂ttu+ Lu = f in V ′, a. e. in (0, T ), (2.19)

u = 0 on ∂Ω, a.e. in (0, T ), (2.19a)

u(0) = u0 in Ω, (2.19b)

∂tu(0) = u1 in Ω. (2.19c)

In order to formulate a definition of a weak solution, let a : H1
0 (Ω) ×H1

0 (Ω) → R
be the bilinear form associated with (2.18) given by

a(u, v) =

∫
Ω

c(x)2∇xu(x) · ∇xv(x)dx (2.20)

for u, v ∈ H1
0 (Ω).

Assumptions 2.4.1.
The following holds true:

• The wave speed c(x) satisfies
c ∈ C∞(Ω)

and ∃c0 > 0 : ∀x ∈ Ω : c0 ≤ c(x).

• The set Ω ⊆ Rd is bounded Lipschitz domain, T > 0, f ∈ L2(0, T ;L2(Ω)), u0 ∈ H1
0 (Ω)

and u1 ∈ L2(Ω).

Lemma 2.4.2.
The following holds true:

• a(u, v) = a(v, u) is a symmetric bilinear form on H1
0 (Ω).

• There exist constants C > 0 and β > 0 such that, for all u, v ∈ H1
0 (Ω), a : H1

0 (Ω) ×
H1

0 (Ω)→ R is continuous

|a(u, v)| ≤ C||u||H1(Ω)||v||H1(Ω)

and it is coercive
β||u||2H1(Ω) ≤ a(u, u).

Proof. See [16, 8].

Definition 2.4.3.
A function u : [0, T ]→ H1

0 (Ω) is a weak solution of (2.19) with (2.19a)-(2.19c) if:

1. u has weak derivatives ∂tu and ∂ttu and

u ∈ C([0, T ];H1
0 (Ω)), ∂tu ∈ C([0, T ];L2(Ω)), ∂ttu ∈ L2(0, T ; [H1

0 (Ω)]′).
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2. For every v ∈ H1
0 (Ω)

〈∂ttu(t), v〉Ω + a(u(t), v) = 〈f(t), v〉L2(Ω)

for t almost everywhere in [0, T ] and a(·, ·) as defined in (2.20), where 〈·, ·〉Ω is the
duality pairing on V ′ × V.

3. u(0) = u0 and ∂tu(0) = u1.

Existence of a weak solution for the wave equation can be proved via the Galerkin
Method, see [8, 34, 28, 9].

Theorem 2.4.4.
For a given right-hand side and initial conditions, there exists a unique u that solves the
variational formulation (2.19) with (2.19a)-(2.19c). Moreover the solution satisfies:

u ∈ L2(0, T ;H1
0 (Ω)) ∩ C([0, T ];H1

0 (Ω)),

∂tu ∈ L2(0, T ;L2(Ω)) ∩ C([0, T ];L2(Ω)),

∂ttu ∈ L2(0, T ; [H1
0 (Ω)]′).

The stability estimate of the unique solution is:√
||u||2

L2(0,T ;H1
0 (Ω))

+ ||∂tu||2L2(0,T ;L2(Ω)) ≤ C(|u0|H1(Ω) + ||u1||L2(Ω) + ||f ||L2(0,T ;L2(Ω))),

with a constant C > 0.
The energy equality with t1 < t2, t1, t2 ∈ (0, T ):

E(t2)− E(t1) =

∫ t2

t1

〈f(s), ∂tu(s)〉L2(Ω)ds,

where the total energy is given by:

E(t) =
1

2
||∂tu(t)||2L2(Ω) +

1

2
||a(u(t), u(t))||2L2(Ω)

with t ∈ [0, T ].

Proof. For the existence and uniqueness, see [8, 34, 28, 9]. For the regularity and energy
equality, see

• [28, Korollar 12.6],

• [9, Lemma 7].



Chapter 3

Method of Lines for the Wave
Equation

The analytical solution of the solution of the differential equations, by which various technical
problems are described, is possible only in some special cases, where noises and geometrical
shapes are too simple. To solve the more complex ones, approximate methods are needed
and the method of finite element is one of them.

Finite Elements Methods (FEM) are computational methods for the purpose of
calculation of approximate solutions to natural phenomena described through partial differ-
ential equations. It is based on the idea, that constructions are complex objects that can be
separated and be broken down into smaller parts and the approximated equations can be
solved more easily, see [32, 20]. Although it is an approximated method, it gives dependably
results and it has the advantage that it can be used in most problems. The disadvantage
is the increased computing power requirements, especially when applied to complex models,
something that has been mostly overcome the last years.

It can be said that finite element method have had its origins in the work of Euler, as
early in the 16th century. However, the earliest mathematical papers on it can be found in the
works of Schellbach [1851] and Courant [1943]. This method was independently developed
by engineers to address structural problems related to aerospace and civil engineering. The
developments began in the mid-1950s with the papers of Turner, Clough, Martin and Topp
[1956], John Argyris [1957], and Babuska and Aziz [1972]. The books by Zienkiewicz [1971]
and Strang, and Fix [1973] also laid the foundations for future development in FEM.

3.1 Space Discretization: Finite Element Method

The finite element method is based on the assumption that each continuous function within
its definition field can be approximated by a sequence of functions, that are defined on a
finite number of small pieces, which all together they can cover the definition field. Inside
one of these pieces the unknown function is approached in a systematic way with the help
of predecided reference functions, see [20, 5, 30, 25].

Let Ω ⊂ Rd, d = 1, 2, 3, be a bounded Lipschitz domain. In addition Ω is an interval

23
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for d = 1, polygonal for d = 2 or polyhedral for d = 3.

Definition 3.1.1.
A mesh T = {ωi}Ni=1 of the domain Ω is a collection of nonoverlaping cells {ωi}Ni=1 such
that

1. ω̊i 6= ∅

2. ω̊i ∩ ω̊j = ∅ for i 6= j

3. ∪Ni=1ωi = Ω

4. Set F = ωi ∩ ωj for i 6= j. One of the following is satisfied:

(a) F = ∅.
(b) F is a node for d = 1.

(c) F is a vertex or an entire edge shared by ωi and ωj for d = 2, 3.

where N is the spatial discretization parameter.
The local mesh size is given as

hωi
=

(∫
ωi

dx

) 1
d

for i = 1, ..., N.

In addition,
h = max

i=1,...,N
hωi

and hmin = min
i=1,...,N

hωi

are the global mesh size and minimal mesh size respectively.

Remark 3.1.2. An ordering of the vertices is useful, to the interior vertices {xi}Mi=1 ⊂ Ω
and the boundary vertices {xi}M̄M+1, where M̄ is the number of vertices of the decomposition
T .

Meshes are a crucial building block in the design of the finite dimensional trial and
test space, used in the finite element method and provide subdomains for integration in order
to build the system matrix and vector of the right hand side of the equation, see [13].

Moreover, the orientation of geometric objects of the mesh is important for defining
high orders basis function. For an edge, needs to define its direction and for a face (d = 3)
needs to specify an ordering of the edges along the boundary.
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Figure 3.1: (a) Two-dimensional mesh and the set of edges (red) and nodes (blue). (b) A
geometrical node is not a topological node. (c) A triangulation that is not conforming and
possesses two hanging nodes.

Figure 3.2: Examples of triangular and quadrilateral grids in two dimensions.

Reference Element K̂

• For triangle: reference triangle with nodes (0, 0), (1, 0), (1, 1),

• for quadrilateral: reference quad [0, 1]2 or [−1, 1]2,

• for tetrahedra: reference tetrahedron with nodes (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 1, 0),

• for prism: reference prism = reference triangle ×[0, 1],

• for pyramid: reference pyramid with nodes (0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1, 0) and
(0.5, 0.5, 1),

• for hexahedra: reference hexahedron [0, 1]3.

In meshes with diffrent cell types, they can be more than one reference cell.

Figure 3.3: Cell types in 2D and 3D.
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Definition 3.1.3.
Let K be the ”physical” cell and K̂ the reference cell. Then, there exist an affine mapping,
linear and bijective from K to K̂:

Φ : K̂ → K, ξ → fξ + µ, f ∈ Rd×d regular , µ ∈ Rd.

Basis function
Instead of searching for a solution u ∈ H1

0 (Ω) such that, for all test functions v in H1
0 (Ω)

holds, one can search in a finite dimensional subspace of H1(Ω). This space will consist of
those functions in H1(Ω) which are piecewise linear continuous.

Ansatz 3.1.4.
Let the space

S1
h(Ω) = span{ψi}M̄i=1 ⊂ H1(Ω),

where ψi are the nodal basis function satisfying

ψi(xk) = δik, i, k = 1, ..., M̄

and δik be the Kronecker delta.
Further, let

S1
h,0(Ω) := span{ψi}Mi=1 = S1

h(Ω) ∩H1
0 (Ω).

Any function uh ∈ S1
h,0(Ω) admits a representation

uh(x) =
M∑
i=1

aiψi(x)

for x ∈ Ω and the coefficients ai ∈ R.

Example 3.1.5. Take the acoustic wave equation

∂ttu− c2∂xxu = f in [0, 1]× (0, T ), (3.1)

where c ∈ R, c > 0, is the wave speed.
Create the mesh T = {ωi}Ni=1 of the domain (0, 1), and multiply (3.1) by an arbitrary test
basis function ψj ∈ S1

h,0(0, 1), j = 1, ...,M and integrate over the whole domain. After
doing partial integration, it gives∫ 1

0

∂ttuψjdx+ c2

∫ 1

0

∂xu∂xψjdx =

∫ 1

0

fψjdx. (3.2)

An approximation by using the basis function

u(x, t) ≈ uh(x, t) =
M∑
i=1

ai(t)ψi(x), (3.3)

∂ttu(x, t) ≈ ∂ttuh(x, t) = ∂tt

M∑
i=1

ai(t)ψi(x). (3.4)

Merging together (3.2),(3.3),(3.4) gives[
M∑
i=1

∂ttai(t)

∫ 1

0

ψiψjdx

]
+ c2

[
M∑
i=1

ai(t)

∫ 1

0

∂xψi∂xψjdx

]
=

∫ 1

0

fψjdx.
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Define the mass matrix Mh with entries Mh[j, i] =
∫ 1

0
ψiψjdx for i, j = 1, ...,M ,

the stiffness matrix Ah with entries A[j, i] =
∫ 1

0
∂xψi∂xψjdx for i, j = 1, ...,M ,

and the vector of the right-hand side f(t) with entries f(t)[j] =
∫ 1

0
f(., t)ψjdx for j = 1, ...,M .

So now the problem can be written in the Matrix form:

Mh∂tta(t) + c2Aha(t) = f(t).

How to solve this time-dependent problem?

Let T = {ωi}Ni=1 be a mesh of Ω. Consider a sequence

(Tν)ν∈N = {Tν : ν ∈ N}
of decompositions of Ω.

Definition 3.1.6.
The sequence (Tν)ν∈N is called shape-regular (or regular or quasi-uniform), if there exist a
constant cf > 0 such that

∀ν ∈ N : ∀ω ∈ Tν : sup
x,y∈ω

|x− y| ≤ cfrω,

where rω is the radius of the largest ball that can be inscribed in the spatial element ω ∈ Tν.

The sequence (Tν)ν∈N is called globally quasi-uniform, if there exist a constant cg ≥ 1 such
that

∀ν ∈ N :
hmax(Tν)
hmin(Tν)

≤ cg.

Lemma 3.1.7.
Let the sequence (Tν)ν∈N of decomposition of Ω be admissible, shape-regular and globally
quasi-uniform. The inverse inequality

∀vh ∈ S1
h(Ω) : |vh|2H1(Ω) ≤ cinvh

−2||vh||2L2(Ω)

holds true for a constant cinv > 0.

Proof. See [31, Lemma 9.8].

For the one dimensional case, d = 1, consider a function v ∈ S1
h(ωi) and

v(x) = v(xωi
+ ξhωi

) = ṽ(ξ) for ξ ∈ (0, 1)

and obtain for the local norms of v and ṽ

||∂xv||2L2(ωi)
= h−1||∂ξṽ||2L2(0,1). (3.5)

Let ωi ∈ Rd be a finite element of a shape regular and admissible decomposition T . If v is
sufficiently smooth then

||∂xv||L2(ωi) ≤ ch−1
ωi
||∂ξṽ||2L2(0,1).

To compute the gradient of the linear function

ṽ(ξ) =
2∑

k=1

vkψk(ξ),

one obtains
∂ξṽ = v2 − v1
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and therefore

||∂ξṽ||2L2(T ) = (v2 − v1)2 ≤ 2[v2
1 + v2

2] ≤ 12h−1||v||2L2(ωi)
. (3.6)

If the decomposition T is globally quasi-uniform, the (3.5) and (3.6) becomes

||∂xv||2L2(T ≤ 12h−1||v||2L2(T ),

see [31, (9.4), Theorem 9.3, Lemma 9.4, (9.19), pages 205-217].

So, for the one dimensional case d = 1, the inverse inequality constant is cinv=12.

3.2 Time Discretization: Finite Difference Method

The classical finite difference approach approximates the differential operator constituting
the field equation locally.

The derivatives of the partial differential equation are approximated by linear combinations
of function values at the structured grid points, see [5, 25].
The following definition is for the derivatives on time.

Definition 3.2.1. Let t ∈ (0, T ), Nt ∈ N, Nt ≥ 2 be the time discretization parameter. The
constant time step size is τ = T

Nt
∈ (0, T

2
) and the corresponding time steps are tk = kτ for

k = 0, ..., Nt.

• For a function u : Ω× [0, T ]→ R, define

– the continuous first-order forward operator:

D+
τ u(x, t) =

u(x, t+ τ)− u(x, t)

τ
, x ∈ Ω, t ∈ [0, T − τ ],

– the continuous first-order backward operator:

D−τ u(x, t) =
u(x, t)− u(x, t− τ)

τ
, x ∈ Ω, t ∈ [τ, T ],

– the continuous second-order central difference operator:

D2
τu(x, t) =

u(x, t+ τ)− 2u(x, t) + u(x, t− τ)

τ 2
, x ∈ Ω, t ∈ [τ, T − τ ].

• For a sequence of functions V k : Ω→ R, k = 0, ..., Nt define:

– the discrete first-order forward operator:

D+
τ V

k(x) =
V k+1(x)− V k(x)

τ
, x ∈ Ω, k ∈ {0, 1, ..., Nt − 1},

– the discrete first-order backward operator:

D−τ V
k(x) =

V k(x)− V k−1(x)

τ
, x ∈ Ω, k ∈ {1, ..., Nt},

– the discrete second-order central difference operator:

D2
τV

k(x) =
V k+1(x)− 2V k(x) + V k−1(x)

τ 2
, x ∈ Ω, k ∈ {1, 2, ..., Nt − 1}.
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Moreover, define the function uk : Ω→ R and u : Ω× [0, T ]→ R such that:

uk(x) = u(x, tk), x ∈ Ω, k ∈ {0, 1, ..., Nt}.
So the equalities

D+
τ u(x, tk) = (D+

τ u)k(x) = D+
τ u

k(x), x ∈ Ω, k ∈ {0, 1, ..., Nt − 1},
D−τ u(x, tk) = (D−τ u)k(x) = D−τ u

k(x), x ∈ Ω, k ∈ {1, ..., Nt},
D2
τu(x, tk) = (D2

τu)k(x) = D2
τu

k(x), x ∈ Ω, k ∈ {1, 2, ..., Nt − 1},
hold true.

Example 3.2.2. The time-dependent problem from the Example 3.1.5:

Mh∂tta(t) + c2Aha(t) = f(t) for t ∈ (0, T ).

By using the second-order central difference approximation for the time derivative, it becomes:

Mh
ak+1 − 2ak + ak−1

τ 2
+ c2Aha

k+1 = fk,

where ak(t) = a(tk), fk = f(tk) with tk be the corresponding time steps.

This leads to the solution at time tk+1, with tk, tk−1 known:

ak+1 =
[
Mh + c2τ 2Ah

]−1
(fkτ 2 +Mh(2a

k − ak−1)),

which is easier to solve than the original equation (3.1).

3.3 Leapfrog Method for the Wave Equation

Let the wave speed of (2.17) be c(x) = 1 for all x ∈ Ω. Let the sequence (Tν)ν∈N be admissible,
shape-regular and globally quasi-uniform, f ∈ C([0, T ];L2(Ω)) be the given right-hand side
of (2.17), and Nt ∈ N, Nt ≥ 2 such that τ = T

Nt
∈ [0, T

2
] be the constant step size with the

corresponding time steps tk given.

Applying the Leapfrog method on the equation (2.17) with (2.17a)-(2.17c), consider the
approximation on the spatial variable as in Ansatz 3.1.4:

Uk(x) =
M∑
i=1

akiψi(x) ≈ u(x, tk) for x ∈ Ω, k = {0, 1, ..., Nt}

and afterwards apply the discrete second-order central difference operator for the temporal
variable, see [32, 19, 2].

Find a function Uk ∈ S1
h,0(Ω) for k = 0, 1, ..., Nt such that

U0 = u0,h, U1 = u1,h, (3.7)

where u0,h and u1,h are approximations of the initial conditions (2.17b) and (2.17c):

u(·, 0) = u0 ≈ u0,h ∈ S1
h,0(Ω), u(·, t1) ≈ u1,h ∈ S1

h.0(Ω).

For k = 1, ..., Nt − 1, take a test function vh ∈ S1
h,0(Ω) multiply and integrate on the

approximated wave equation (as is being done in Example 3.1.5) and together with the
second-order central difference operator on (2.17) gives:

1

τ 2
〈Uk+1 − 2Uk + Uk−1, vh〉L2(Ω) + 〈∇xU

k,∇xvh〉L2(Ω) = 〈fk, vh〉L2(Ω), (3.8)
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where fk(x) = f(x, tk) for x ∈ Ω is the right-hand side f .
By changing vh = ψj, j = 1, ...,M , the discrete variational formulation (3.8) is equivalent to
solving the linear system:

Mha
k+1 = τ 2(fk − Ahak) +Mh(2a

k − ak−1) (3.9)

for k = 1, ..., Nt − 1, where ak =

 ak1
...
akM

 is the unknown coefficient vector, the mass matrix

Mh ∈ RM×M and stiffness matrix Ah ∈ RM×M :

Mh[j, i] = 〈ψi, ψj〉L2(Ω), Ah[j, i] = 〈∇xψi,∇xψj〉L2(Ω), (3.10)

and fk =

 〈fk, ψ1〉L2(Ω)

...
〈fk, ψM〉L2(Ω)

 .

Remark 3.3.1. In every iteration, a linear system with the mass matrix has to be solved
for ak+1, when ak and ak−1 are known. Since the mass matrix is positive definite, (3.9) is
uniquely solvable, hence (3.8) has a unique solution Uk+1 ∈ S1

h,0(Ω) for k = 1, ..., Nt − 1,

when Uk, Uk−1 are known.

Lemma 3.3.2.
The mass matrix Mh and the stiffness matrix Ah are positive definite. Furthermore, β1Mh +
β2Ah is positive definite for β1 > 0, β2 > 0.

Proof. Let wh(x) ∈ S1
h,0(Ω), admits a represantation

wh(x) =
M∑
i=1

wiψi(x)

for x ∈ Ω and wi ∈ R. Setting w = (w1, ..., wM)> yields that

w>Mhw =
M∑
i=1

M∑
j=1

wi

∫
Ω

ψi(x) · ψj(x)dx wj =

∫
Ω

M∑
i=1

wiψi(x) ·
M∑
j=1

wjψj(x) dx

=

∫
Ω

|wh(x)|2 ≥ 0

with equality if and only if wh=0. Furthermore,

w>Ahw =
M∑
i=1

M∑
j=1

wi

∫
Ω

∇ψi(x) · ∇ψj(x)dx wj =

∫
Ω

M∑
i=1

∇(wiψi(x)) ·
M∑
j=1

∇(wjψj(x)) dx

=

∫
Ω

|∇wh(x)|2 ≥ 0

with equality if and only if ∇wh(x) = 0, that is, if wh is constant. Since wh is zero on the
boundary by definition, it follows that the constant must be zero.
Therefore, the above expressions are equal to zero when wh(x) = 0, that is, when w = 0. So,
Mh and Ah are positive definite.
For β1 > 0, β2 > 0 it holds true that

w>(β1Mh)w > 0, w>(β2Mh)w > 0
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for w 6= 0. So, it holds

w>(β1Mh + β2Ah)w = w>(β1Mh)w + w>(β2Ah)w > 0.

Therefore, β1Mh + β2Ah is positive definite for β1 > 0, β2 > 0.

Definition 3.3.3.
Let Uk ∈ S1

h,0(Ω) be the solution of (3.7),(3.8) for time step tk, k = 0, ..., Nt. The discrete
energy of the Leapfrog method (3.7),(3.8) is defined by

EkLF =
1

2
||D+

τ U
k||L2(Ω) +

1

2
〈∇xU

k,∇xU
k+1〉L2(Ω),

for k = 0, 1, ..., Nt − 1.

In general, ELF is not a non-negative. For the stability, it needs to determine a condition in
order to be non-negative. This is called the CFL condition.

Lemma 3.3.4.
Assume that there exists λ ∈ (0, 2) such that the CFL condition

cinv
τ 2

h2
≤ 2− λ (3.11)

is satisfied, where cinv is the constant from Lemma 3.1.7.
Then the inequality

EkLF ≥
λ

4
||D+

τ U
k||2L2(Ω) +

1

4
|Uk+1|2H1(Ω) +

1

4
|Uk|2H1(Ω)

holds true for k = 0, ..., Nt − 1.

Proof. Let k ∈ {0, ..., Nt− 1}.. Begin by rewriting the second term from the discrete energy
on Definition 3.3.3 in terms of symmetric arguments, before applying the inverse inequality
(Lemma 3.1.7) since D+

τ U
k ∈ S1

h(Ω):

2〈∇xU
k,∇xU

k+1〉L2(Ω) = 〈∇xU
k+1,∇xU

k+1〉L2(Ω) + 〈∇xU
k,∇xU

k〉L2(Ω)

− 〈∇xU
k+1 −∇xU

k,∇xU
k+1 −∇xU

k〉L2(Ω)

= |Uk+1|2H1(Ω) + |Uk|2H1(Ω) − τ 2|D+
τ U

k|2H1(Ω)

≥ |Uk+1|2H1(Ω) + |Uk|2H1(Ω) − cinv
τ 2

h2
||D+

τ U
k||2L2(Ω),

Inserting it to the discrete energy EkLF gives:

EkLF ≥
1

2

(
1− cinv

τ 2

2h2

)
||D+

τ U
k||2L2(Ω) +

1

4
|Uk+1|2H1(Ω) +

1

4
|Uk|2H1(Ω)

≥ λ

4
||D+

τ U
k||2L2(Ω) +

1

4
|Uk+1|H1(Ω) +

1

4
|Uk|2H1(Ω).

Theorem 3.3.5.
Let f ∈ C([0, T ];L2(Ω)) be the given right-hand side of (2.17), the sequence (Tν)ν∈N of
decompositions of Ω be admissible, shape-regular and globally quasi uniform and the constant
time step size τ ∈ (0, T

2
] be given. Assume that there exists λ ∈ (0, 2) such that the CFL

condition holds true. Then
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• Energy conservation

– for f = 0, the Leapfrog method (3.7),(3.8) conserves energy in the sense that

EkLF = E0
LF for k = 1, ..., Nt − 1

– for f 6= 0, the relation√
EkLF ≤

√
E0

LF +
k∑
j=1

τ√
λ
||f j||L2(Ω) for k = 1, ..., Nt − 1

holds true, where f j(x) = f(x, tj), x ∈ Ω.

• Stability The Leapfrog method (3.7),(3.8) is stable in the sense that

||D+
τ U

k||L2(Ω) + |Uk+1|H1(Ω) ≤
(

1√
λ

+ 1

)
[
√

2||D+
T U

0||L2(Ω) + |U0|H1(Ω) + |U1|H1(Ω)+

k∑
j=1

2τ√
λ
||f j||L2(Ω)]

for k = 1, ..., Nt − 1.

Proof. For the Energy Conservation: Let k ∈ {1, ..., Nt − 1} be fixed. For j ∈ {1, ..., k}
choose

vh = U j+1 − U j−1 = (U j+1 − U j) + (U j − U j−1) ∈ S1
h,0(Ω).

By plugging it into the variational formulation (3.8), together with Lemma 3.3.4 and the
Cauchy-Schwarz inequality, the relations follows, see [19, Theorem 3.2.5]).
For the stability: Estimate the norms of the left-hand side by the discrete energy, see [19,
Theorem 3.2.6].

Theorem 3.3.6.
Let f ∈ C([0, T ];L2(Ω)) be the given right-hand side of (2.17), the sequence (Tν)ν∈N of de-
compositions of Ω be admissible, shape-regular and globally quasi uniform and the constant
time step size τ ∈ (0, T

2
] be given. Assume that there exist λ ∈ (0, 2) such that the CFL condi-

tion holds true. In addition, let the unique solution u of (2.19) satisfy u ∈ C4([0, T ];H1
0 (Ω)).

Then, the Leapfrog method (3.7),(3.8) fullfils:

• the L2(Ω) error estimate

max
k=2,...,Nt

||Uk − u(·, tk)||L2(Ω) ≤ CP

(
1√
λ

+ 1

)[√
2||D+

τ (U0 −Q1
hu(·, t0))||L2(Ω)

+ |U0 −Q1
hu0|H1(Ω) + |U1 −Q1

hu(·, t1)|H1(Ω) +
2T√
λ
||Q1

h∂ttu− ∂ttu||C([0,T ];L2(Ω))

+
τ 2CPT

2
√
λ
||∂4

t u||C([0,T ];H1
0 (Ω))

]
+ ||Q1

hu− u||C([0,T ];L2(Ω)),
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• the H1
0 (Ω) error estimate

max
k=2,...,Nt

|Uk − u(·, tk)|H1(Ω) ≤
(

1√
λ

+ 1

)[√
2||D+

τ (U0 −Q1
hu(·, t0))||L2(Ω)

+ |U0 −Q1
hu0|H1(Ω) + |U1 −Q1

hu(·, t1)|H1(Ω) +
2T√
λ
||Q1

h∂ttu− ∂ttu||C([0,T ];L2(Ω))

+
τ 2CPT

2
√
λ
||∂4

t u||C([0,T ];H1
0 (Ω))

]
+ ||Q1

hu− u||C([0,T ];H1
0 (Ω)),

• the L2(Ω) error estimate of the discrete time derivative

max
k=1,...,Nt−1

||D+
τ (Uk − u(·, tk))||L2(Ω) ≤

(
1√
λ

+ 1

)[√
2||D+

τ (U0 −Q1
hu(·, t0))||L2(Ω)

+ |U0 −Q1
hu0|H1(Ω) + |U1 −Q1

hu(·, t1)|H1(Ω) +
2T√
λ
||Q1

h∂ttu− ∂ttu||C([0,T ];L2(Ω))

+
τ 2CPT

2
√
λ
||∂4

t u||C([0,T ];H1
0 (Ω))

]
+ ||Q1

h∂tu− ∂tu||C([0,T ];L2(Ω)) +
τ

2
||Q1

h∂ttu− ∂ttu||C([0,T ];L2(Ω)),

where Q1
h : H1

0 (Ω)→ S1
h,0(Ω) is the projection for v ∈ H1

0 (Ω):

∀wh ∈ S1
h,0(Ω) : 〈∇xQ

1
hv,∇xwh〉L2(Ω) = 〈∇xv,∇xwh〉L2(Ω).

Proof. See [19, Theorem 3.2.7].

Remark 3.3.7. An energy conservation, stability and error estimate analogous to the ones
in Theorem 3.3.5 and Theorem 3.3.6 holds true, if the weaker CFL condition:

∃λ̄ ∈ (0, 4) such that cinv
τ

h2
≤ 4− λ̄,

is satisfied, see [2, 19].

3.4 Crank-Nicolson Method for the Wave Equation

Let the wave speed of (2.17) be c(x) = 1 for all x ∈ Ω. Let the sequence (Tν)ν∈N of
decompositions of Ω be admissible, shape-regular, f ∈ C([0, T ];L2(Ω)) be the given right-
hand side of (2.17), and Nt ∈ N, Nt ≥ 2 such that τ = T

Nt
∈ [0, T

2
] be the constant step size

with the corresponding time tk given.

Applying the Crank-Nicolson method on the equation (2.17) with (2.17a)-(2.17c), consider
the approximation on the spatial variable as in Ansatz 3.1.4:

Uk(x) =
M∑
i=1

akiψi(x) ≈ u(x, tk) for x ∈ Ω, k = {0, 1, ..., Nt},

afterwards apply the second-order central difference operator for the temporal variable, and
replace

∇xu(x, tk) ≈ 1

4
(∇xU

k+1(x) + 2∇xU
k(x) +∇xU

k−1(x)), x ∈ Ω, (3.12)
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and

f(x, tk) ≈ 1

4
(f(x, tk+1) + 2f(x, tk) + f(x, tk−1)), x ∈ Ω, (3.13)

see [2, 19, 32, 8].

Find a function Uk ∈ S1
h,0(Ω) for k = 0, 1, ..., Nt such that

U0 = u0,h, U1 = u1,h

where u0,h and u1,h are approximations of the initial conditions (2.17b) and (2.17c):

u(·, 0) = u0 ≈ u0,h ∈ S1
h,0(Ω), u(·, t1) ≈ u1,h ∈ S1

h.0(Ω). (3.14)

For k = 1, 2, ..., Nt − 1, take test function vh ∈ S1
h,0(Ω) multiply and integrate on the

approximated wave equation (as is being done in Example 3.1.5) and together with the
second-order central difference operator and (3.12),(3.13) on (2.17) gives:

1

τ 2
〈Uk+1 − 2Uk + Uk−1, vh〉L2(Ω) +

1

4
〈∇xU

k+1 + 2∇xU
k +∇xU

k−1,∇xvh〉L2(Ω) =

1

4
〈fk+1 + 2fk + fk−1, vh〉L2(Ω) (3.15)

with fk(x) = f(x, tk) for x ∈ Ω.
By changing vh = ψj, j = 1, ...,M , the discrete variational formulation (3.15) is equivalent
to solving the linear system

1

τ 2
Mh(a

k+1 − 2ak + ak−1) +
1

4
Ah(a

k+1 + 2ak + ak−1) =
1

4
(fk+1 + 2fk + fk−1)

⇔ (Mh +
τ 2

4
Ah)a

k+1 =
τ 2

4
(fk+1 + 2fk + fk−1)− τ 2

4
Ah(2a

k + ak−1) +Mh(2a
k − ak−1)

(3.16)

for k = 1, ..., Nt − 1, where ak =

 ak1
...
akM

 ∈ RM , k = 0, ..., Nt is the unknown coefficient

vector , Mh, Ah are the mass and stiffness matrix given in (3.10) and fk =

 〈fk, ψ1〉L2(Ω)

...
〈fk, ψM〉L2(Ω)

,

k = 0, ..., Nt.

Remark 3.4.1. In every iteration, a linear system with the system matrix Mh + τ2

4
Ah has

to be solved for ak+1, when ak, ak−1 are known. Since the mass and stiffness matrices are
positive definite, see Lemma 3.3.2, (3.16) is uniquely solvable, hence (3.15) has a unique
solution Uk+1 ∈ S1

h,0(Ω) for k = 1, ..., Nt − 1 when Uk, Uk−1 are known.

Definition 3.4.2.
Let Uk ∈ S1

h,0(Ω) be the solution of (3.14),(3.15) for the time steps tk, k = 0, 1, ..., Nt. The
discrete energy of the Crank-Nicolson method (3.14),(3.15) is defined by

EkCN =
1

2
||D+

τ U
k||2L2(Ω) +

1

2
〈∇xU

k+ 1
2 ,∇xU

k+ 1
2 〉L2(Ω)

for k = 0, 1, ..., Nt − 1 with the average

Uk+ 1
2 =

1

2
(Uk+1 + Uk).
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Because EkCN is non-negative, there is not required the CFL condition for the stability analysis
on the contrary to the Leapfrog method.

Theorem 3.4.3. Let f ∈ C([0, T ];L2(Ω)) be a given right-hand side of (3.9), the sequence
of decompositions of Ω be admissible, shape-regular and not necessarily quasi-uniform, and
the constant time step size τ ∈ (0, T

2
] be given. Then

• Energy Conservation

– for f = 0, the Crank-Nicolson method (3.14),(3.15) conserves energy in the sense
that

EkCN = E0
CN for k = 1, ..., Nt − 1,

– for f 6= 0, the relation√
EkCN ≤

√
E0

CN +
k∑
j=1

τ

4
√

2
||f j+1 + 2f j + f j−1||L2(Ω), for k = 1, ..., Nt − 1.

• Stability The Crank-Nicolson method (3.15),(3.16) is stable in the sense that

||D+
τ U

k||L2(Ω) + |Uk+ 1
2 |H1(Ω) ≤ 2||D+

τ U
0||L2(Ω) + 2|U

1
2 |H1(Ω)

+
k∑
j=1

τ

2
||f j+1 + 2f j + f j−1||L2(Ω)

for k = 1, ..., Nt − 1.

Proof. For the Energy Conservation: Let k ∈ {1, ..., Nt − 1} be fixed. For j ∈ {1, ..., k}
choose

vh = U j+1 − U j−1 = (U j+1 − U j) + (U j − U j−1) = (U j+1 + U j)− (U j + U j−1) ∈ S1
h,0(Ω).

By plugging it into the variational formulation (3.15), together with the discrete energy and
the Cauchy-Schwarz inequality, the relations follows, see [19, Theorem 3.3.4].
For the Stability:
Let k ∈ {1, ..., Nt − 1} be fixed. By using the energy conservation from above and the
definition of the discrete energy it yields:

||D+
τ U

k||L2(Ω) + |Uk+ 1
2 |H1(Ω) ≤ 2

√
2
[√1

2
||D+

τ U
0||2L2(Ω) +

1

2
|U |

1
2

H1(Ω)

+
k∑
j=1

τ

4
√

2
||f j+1 + 2f j + f j−1||L2(Ω)

]
So, the assertion follows, see [19, Theorem 3.3.5].

Remark 3.4.4. The stability analysis only estimates the H1 norm of the average of two
consecutive time steps, which is in some sense slightly weaker than the Leapfrog method.

Theorem 3.4.5.
Let f ∈ C([0, T ];L2(Ω)) be a given right-hand side of (3.9), the sequence of decompositions
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of Ω be admissible, shape-regular and not necessarily quasi-uniform, and the constant time
step size τ ∈ (0, T

2
] be given. In addition, let the unique solution u of (2.19) satisfy u ∈

C4([0, T ];H1
0 (Ω)). Then, the Crank-Nicolson method (3.15),(3.16) fulfils:

• the L2(Ω) error estimate

max
k=1,...,Nt−1

||Uk+ 1
2 − u(·, tk+ 1

2 )||L2(Ω) ≤ CP
[
2||D+

τ (U0 −Q1
hu(·, t0))||L2(Ω)

+ |U0 −Q1
hu0|H1(Ω) + |U1 −Q1

hu(·, t1)|H1(Ω) + τ 2CPT ||∂4
t u||C([0,T ];H1

0 (Ω))

+ 2T ||∂ttu−Q1
h∂ttu||C([0,T ];L2(Ω))

]
+ ||Q1

hu− u||C([0,T ];L2(Ω)) +
τ 2

8
||∂ttu||C([0,T ];L2(Ω)),

• the H1
0 (Ω) error estimate

max
k=1,...,Nt−1

|Uk+ 1
2 − u(·, tk+ 1

2 )|H1(Ω) ≤ 2||D+
τ (U0 −Q1

hu(·, t0))||L2(Ω)

+ |U0 −Q1
hu0|H1(Ω) + |U1 −Q1

hu(·, t1)|H1(Ω) + τ 2CPT ||∂4
t u||C([0,T ];H1

0 (Ω))

+ 2T ||∂ttu−Q1
h∂ttu||C([0,T ];L2(Ω)) + ||Q1

hu− u||C([0,T ];H1
0 (Ω)) +

τ 2

8
||∂ttu||C([0,T ];H1

0 (Ω)),

• the L2(Ω) error estimate of the discrete time derivative

max
k=1,...,Nt−1

||D+
τ (Uk − u(·, tk))||L2(Ω) ≤ 2||D+

τ (U0 −Q1
hu(·, t0))||L2(Ω)

+ |U0 −Q1
hu0|H1(Ω) + |U1 −Q1

hu(·, t1)|H1(Ω)

+ τ 2CPT ||∂4
t u||C([0,T ];H1

0 (Ω)) + 2T ||∂ttu−Q1
h∂ttu||C([0,T ];L2(Ω))

+ ||Q1
h∂tu− ∂tu||C([0,T ];L2(Ω)) +

τ

2
||Q1

h∂ttu− ∂ttu||C([0,T ];L2(Ω)),

where Q1
h : H1

0 (Ω)→ S1
h,0(Ω) is the projection for v ∈ H1

0 (Ω):

∀wh ∈ S1
h,0(Ω) : 〈∇xQ

1
hv,∇xwh〉L2(Ω) = 〈∇xv,∇xwh〉L2(Ω),

and

tk+ 1
2 =

tk+1 + tk

2
= tk +

τ

2
, k = 0, ..., Nt − 1.



Chapter 4

Space-Time Methods for the Wave
Equation

Space-time methods are an alternative discretization of a time-dependent problem by treating
the time t just as another variable and address the problem in one dimension higher. Meaning
that the time variable is considered as an additional spatial variable. This ansatz may lead to
structured decompositions, i.e. tensor-product approaches, see [3, 4, 12, 15], or unstructured
decompositions, see [11, 22, 29], of the space-time domain Q.

4.1 Variational Formulation

Consider the homogeneous Dirichlet problem for the wave equation

∂ttu(x, t)−∆xu(x, t) = f(x, t), (x, t) ∈ Q = Ω× (0, T ), (4.1)

u(x, t) = 0, (x, t) ∈ Σ = ∂Ω× [0, T ], (4.1a)

u(x, 0) = ∂tu(x, 0) = 0, x ∈ Ω, (4.1b)

where Ω ⊂ Rd, d = 1, 2, 3, is a bounded domain with Lipschitz boundary ∂Ω, T > 0 is the
terminal time and f is the given right-hand side.
Define the Sobolev spaces

H1,1
0;0,(Q) = H1

0,(0, T ;L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)) ⊂ H1(Q)

and
H1,1

0;,0(Q) = H1
,0(0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω)) ⊂ H1(Q),

which are endowed with the inner product

〈u, v〉H1,1
0; (Q) =

∫ T

0

∫
Ω

(∂tu(x, t)∂tv(x, t) +∇xu(x, t) · ∇xv(x, t))dxdt

and the induced norm

|u|H1(Q) =
√
〈u, u〉H1,1

0; (Q) =

{∫ T

0

∫
Ω

(|∂tu(x, t)|2 +
d∑

m=1

|∂xmu(x, t)|2)dxdt

} 1
2

with the subspaces

H1
0,(0, T ;L2(Ω)) = {v ∈ H1(0, T ;L2(Ω)): v(·, 0) = 0 in L2(Ω)} ⊂ C([0, T ];L2(Ω))

37
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and

H1
,0(0, T ;L2(Ω)) = {v ∈ H1(0, T ;L2(Ω)): v(·, T ) = 0 in L2(Ω)} ⊂ C([0, T ];L2(Ω)).

Remark 4.1.1. Note that in H1,1
0;0,(Q) and H1,1

0;,0(Q), the seminorm | · |H1(Q) is a || · ||H1(Q)

equivalent norm due to the Poincaré inequality.

To derive a variational formulation of (4.1) with (4.1a), (4.1b) in subspaces of H1(Q) consider∫ T

0

∫
Ω

∂ttu(x, t)v(x, t)dxdt+

∫ T

0

∫
Ω

∇xu(x, t) · ∇xv(x, t)dxdt =

∫ T

0

∫
Ω

f(x, t)v(x, t)dxdt

(4.2)
where v(x, t) is sufficiently smooth with v(x, T ) = 0 and f ∈ L2(Q) is given.

The first part of the left-hand side of (4.2) is the second-order time derivative ∂ttu(x, t),
multiplied by the function v(x, t) ∈ H1,1

0;,0(Q) and integrated via the space-time cylinder Q.
Integration by parts on that gives∫ T

0

∫
Ω

∂ttu(x, t)v(x, t)dxdt = −
∫ T

0

∫
Ω

∂tu(x, t)∂tv(x, t)dxdt+

∫
Ω

∂tu(x, T )v(x, T )dx

−
∫

Ω

∂tu(x, 0)v(x, 0)dx

and further, ∫ T

0

∫
Ω

∂ttu(x, t)v(x, t)dxdt = −
∫ T

0

∫
Ω

∂tu(x, t)∂tv(x, t)dxdt

because v(x, T ) = 0 by definition and ∂tu(x, 0) = 0 by (4.1b).

So, one can define the bilinear form a(·, ·) : H1,1
0;0,(Q)×H1,1

0;,0(Q)→ R,

a(u, v) = −〈∂tu, ∂tv〉L2(Q) + 〈∇xu,∇xv〉L2(Q), u ∈ H1,1
0;0,(Q), v ∈ H1,1

0;,0(Q). (4.3)

Lemma 4.1.2.
The bilinear form a(·, ·) : H1,1

0;0,(Q)×H1,1
0;,0(Q)→ R is bounded, i.e.

|a(u, v)| ≤ |u|H1(Q)|v|H1(Q)

for all u ∈ H1,1
0;0,(Q), v ∈ H1,1

0;,0(Q).

Proof. The assertion follows immediately from the Cauchy-Schwarz inequality.

So, the variational formulation of (4.1) with (4.1a), (4.1b) is to find u ∈ H1,1
0;0,(Q) such that

a(u, v) = 〈f, v〉L2(Q) for all v ∈ H1,1
0;,0(Q), (4.4)

where the right-hand side f ∈ L2(Q) is given. Note that, the initial condition u(·, 0) = 0 is
considered in the strong sense and ∂tu(·, 0) = 0 is incorporated in a weak sense.

Theorem 4.1.3.
Let f ∈ L2(Q) be given. Then, there exists a unique solution u ∈ H1,1

0;0,(Q) of (4.4), satisfying

|u|H1(Q) ≤
1√
2
T ||f ||L2(Q).
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Proof. For the variational formulation (4.4), there exists a unique solution u ∈ H1,1
0;0,(Q), see

[18, Chapter IV, Theorem 3.1 and Theorem 3.2]. The estimate follows by a Fourier series
ansatz as in [18, Section 7, Chapter IV], see [33, Theorem 4.2.23].

4.2 Space-Time Discretization: Finite Element Method

Let Ω ⊂ Rd, d = 1, 2, 3, be a bounded Lipschitz domain. Define the decomposition of the
time interval (0, T )

0 =< t0 < t1 < t2 < · · · < tNt−1 < tNt = T

where Nt ∈ N, Nt ≥ 2, is the time discretization parameter.

So, every time interval τl = (tl−1, tl) ⊂ R, has the mesh size

ht,l = tl − tl−1 for l = 1, ..., Nt.

In addition,

ht = ht,max = max
l
ht,l, ht,min = min

l
ht,l

are, with respect to time, the global and minimal mesh sizes respectively.

For the spatial domain Ω, consider a shape-regular sequence (Tν)ν∈N of admissible decompo-
sitions of Ω

Tν = {ωi ⊂ Rd : i = 1, ..., Nx}

into finite elements ωi ⊂ Rd with mesh size hx,i, as defined in Definition 3.1.1 for hωi
= hx,i,

N = Nx. For d = 1, the spatial elements ωi are intervals, for d = 2 triangles or quadrilaterals
and for d = 3 tetrahedra or hexahedra.

Consider, for a tensor-product ansatz, admissible decompositions

Q = Ω× [0, T ] = ∪Nx
i=1ωi × ∪

Nt
l=1τl

with N = Nx ·Nt space-time elements.
Define the spaces of continuous piecewise multilinear functions

V 1
hx,0(Ω) = span{ψj}Mx

j=1 ⊂ H1
0 (Ω), S1

ht(0, T ) = span{φl}Nt
l=0 ⊂ H1

0 (0, T )

where Mx is the number of interior vertices of the decomposition of Ω, Mx = dimVhx,0(Ω).
The space S1

ht
(0, T ) is defined as in Ansatz 3.1.4. The space V 1

hx,0
(Ω) is either S1

hx
(Ω)∩H1

0 (Ω)
of piecewise linear continuous functions on intervals, triangles and tetrahedra for d = 1, 2, 3
respectively. Or V 1

hx,0
(Ω) is the space Q1

hx
(Ω) ∩H1

0 (Ω) of piecewise linear/bilinear/trilinear
continuous functions on intervals, quadrilaterals and hexahedra for d = 1, 2, 3 respectively.

4.3 Petrov-Galerkin Method for the Wave Equation

Let the decompositions of Q be admissible and f ∈ L2(Q) be the given right-hand side of
(4.1).
Applying the Petrov-Galerkin method on the equation (4.1) with (4.1a),(4.1b), consider the
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approximation uh ∈ Q1
h(Q) ∩H1,1

0;0,(Q)

uh(x, t) =
Nt∑
l=1

Mx∑
j=1

uljψj(x)φl(t) =
Mx∑
j=1

Uht,j(t)ψj(x), Uht,j(t) =
Nt∑
l=1

uljφl(t)

for (x, t) ∈ Q, where φl is piecewise linear continuous nodal basis function with respect
to time and ψj is a piecewise linear/bilinear/trilinear continuous nodal basis function with
respect to space. Furthermore, Uht,j ∈ S1

ht
(0, T ) for j = 1, ...,Mx, see [33, Section 2.8] .

Take a test function vh ∈ Q1
h(Q)∩H1,1

0;,0(Q), multiply and integrate on the approximate wave
equation, gives

a(uh, vh) = 〈f, vh〉L2(Q) for all vh ∈ Q1
h(Q) ∩H1,1

0;,0(Q), (4.5)

where uh ∈ Q1
h(Q) ∩H1,1

0;0,(Q) is sought and the right-hand side f ∈ L2(Q) is given.

The discrete variational formulation (4.5) is equivalent to the global linear system

Khu = F (4.6)

with the system matrix

Kh = −Aht ⊗Mhx +Mht ⊗ Ahx ∈ RNt·Mx×Nt·Mx ,

where Mhx ∈ RMx×Mx and Ahx ∈ RMx×Mx denote the spatial mass and stiffness matrices of
(3.10), the temporal stiffness matrix

Aht =


− 1
ht,1

1
ht,1

+ 1
ht,2

− 1
ht,2

− 1
ht,2

1
ht,2

+ 1
ht,3

− 1
ht,3

. . . . . . . . .

− 1
ht,Nt−1

1
ht,Nt−1

+ 1
ht,Nt

− 1
ht,Nt

 ∈ RNt×Nt ,

the temporal mass matrix

Mht =
1

6


ht,1

2ht,1 + 2ht,2 ht,2
ht,2 2ht,2 + 2ht,3 ht,3

. . . . . . . . .

ht,Nt−1 2ht,Nt−1 + 2ht,Nt ht,Nt

 ∈ RNt×Nt

and the corresponding vector F ∈ RNt·Mx of the right-hand side.

Remark 4.3.1. The Petrov-Galerkin finite element discretization (4.5) can be realised as a
two-step method.

Define u = (U1, U2, ..., UNt)> the vector of the unknowns, where the vector U I = (uI1, u
I
2, ..., u

I
Mx

)>

for I = 1, ..., Nt corresponds to the time step tI . Furthermore F = (f 0, ..., fNt−1)> is the

given right-hand side, where f I = (〈f, ψ1φ
I〉L2(Q), 〈f, ψ2, φ

I〉L2(Q), · · · , 〈f, ψMxφ
I〉L2(Q))

> for
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I = 0, ..., Nt − 1 corresponds to the time step tI . The global linear system (4.6) becomes

1
ht,1

Mhx + ht,1
6
Ahx

−
(

1
ht,1

+ 1
ht,2

)
Mhx + ht,1+ht,2

3
Ahx

1
ht,2

Mhx + ht,2
6
Ahx

B3 C3 D3

. . . . . . . . .

BNt CNt DNt

·

U1

U2

U3

· · ·
UNt

 =


f 0

f 1

f 2

· · ·
fNt−1

 ,

where

Bl =
1

ht,l−1

Mhx +
ht,l−1

6
Ahx ,

Cl = −
( 1

ht,l−1

+
1

ht,l

)
Mhx +

ht,l−1 + ht,l
3

Ahx ,

Dl =
1

ht,l
Mhx +

ht,l
6
Ahx

for l = 3, . . . , Nt. In the first two iteration, the linear systems[
1

ht,1
Mhx +

ht,1
6
Ahx

]
U1 = f 0 (4.7)[

1

ht,2
Mhx +

ht,2
6
Ahx

]
U2 = f 1 +

[( 1

ht,1
+

1

ht,2

)
Mhx −

ht,1 + ht,2
3

Ahx

]
U1 (4.8)

has to be solved in order to compute U1 and U2.
Then, in every iteration a linear system[

1

ht,l+1

Mhx +
ht,l+1

6
Ahx

]
U l+1 = f l −

[
1

ht,l
Mhx +

ht,l
6
Ahx

]
U l−1

+

[(
1

ht,l
+

1

ht,l+1

)
Mhx −

ht,l + ht,l+1

3
Ahx

]
U l (4.9)

has to be solved for U l+1, when U l, U l−1 are known for l = 2, ..., Nt − 1.

Remark 4.3.2. Since the mass matrix Mhx and the stiffness matrix Ahx are positive definite,
see Lemma 3.3.2, the linear systems (4.7), (4.8) and (4.9) are uniquely solvable, thus the
global linear system (4.6) is uniquely solvable, hence (4.5) has a unique solution uh ∈ Q1

h(Q)∩
H1,1

0;0,(Q).

Remark 4.3.3. Let a uniform time mesh size ht > 0. In order to prove, in a certain sense,
stability and relate error estimates of (4.5), see [33, page 156-158], it needs to determine the
CFL condition

ht <

√
12

cinv
hx (4.10)

with the inverse inequality constant cinv with respect to the spatial mesh, see Lemma 3.1.7.

Example 4.3.4. For the one-dimensional case, it holds true that cinv = 12, see page 23-24,
so the stability of (4.5) follows for the CFL condition

ht < hx.
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Remark 4.3.5. Let Ω = (0, L1) × · · · × (0, Ld) with uniform mesh sizes hx1 , ..., hxd. So,
Vhx,0 ⊂ H1

0 (Ω) is of tensor-product structure

Vhx,0(Ω) = (Shx1 (0, L1)⊗ · · · ⊗ Shxd (0, Ld)) ∩H1
0 (Ω).

Then, one concludes that cinv = 12d.
Therefore, the stability holds for the CFL condition

ht <
hx,min√

d
.

4.3.1 Comparison of the Petrov-Galerkin Method with the New-
mark Method

Let the pointwise in time variational formulation of (4.1) with (4.1a), (4.1b) as in Theorem
2.4.4 of Section 2.4, i.e. for almost all t ∈ (0, T ), there is

∀v ∈ H1
0 (Ω) : 〈∂ttu(·, t), v〉Ω + 〈∇xu(·, t),∇xv〉L2(Ω) = 〈f(·, t), v〉L2(Ω), (4.11)

u(x, 0) = ∂tu(x, 0) = 0 for x ∈ Ω (4.11a)

with the unique solution u ∈ C0([0, T ];H1
0 (Ω))∩C1([0, T ];L2(Ω)) for a given right-hand side

f ∈ C([0, T ];L2(Ω)).

Consider a discretisation of a tensor-product type as in Section 4.2 with the finite-dimensional
space Q1

h(Q) = V 1
hx,0

(Ω)⊗ S1
ht

(0, T ). Therefore, introduce for x ∈ Ω the approximations

uh(x, t) =
Nt∑
l=1

Mx∑
j=1

uljψj(x)φl(t) =
Nt∑
l=1

Uhx,l(x)φl(t) ' u(x, t),

ûh(x, t) =
Nt∑
l=1

Mx∑
j=1

ûljψj(x)φl(t) =
Nt∑
l=1

Ûhx,l(x)φl(t) ' ∂tu(x, t),

with

Uhx,l(x) =
Mx∑
j=1

uljψj(x) ' u(x, tl),

Ûhx,l(x) =
Mx∑
j=1

ûljψj(x) ' ∂tu(x, tl),

where ulj, û
l
j are the unknown coefficients of Uhx,l, Ûhx,l ∈ V 1

hx,0
(Ω) for l ∈ {0, ..., Nt}.

A semi-discrete approximation as in Section 3.1 can be defined as follows. For each t ∈ [0, T ]
look for a function uh(·, t) ∈ V 1

hx,0
(Ω) that satisfies

∀vhx ∈ V 1
hx,0(Ω) : 〈∂ttuh(·, t), vhx〉Ω + 〈∇xuh(·, t),∇xvhx〉L2(Ω) = 〈f(·, t), vhx〉L2(Ω), (4.12)

uh(x, 0) = ∂tuh(x, 0) = 0 for x ∈ Ω. (4.12a)

Ansatz 4.3.6.



4.3. PETROV-GALERKIN METHOD FOR THE WAVE EQUATION 43

Consider the simple ordinary differention equation of second-order in time

y′′(t) = g(t, y(t), y′(t)), t ∈ (0, T ),

y(0) = 0,

y′(0) = 0,

where g : [0, T ] → R × R × R is a continuous functions. Divide [0,T] as in Section 4.2.
Denote yn the approximation of y(tn), the Newmark method generates the sequence: set
y0 = 0, z0 = 0 and compute

yn+1 = yn + ht,nz
n + (ht,n)2[βgn+1 + (

1

2
− β)gn], (4.13)

zn+1 = zn + ht,n[γgn+1 + (1− γ)gn] (4.13a)

for n = 0, ..., Nt− 1, where β and γ are non-negative parameters, and gn = g(tn, y
n, zn) with

zn is an approximation of y′(tn).

The condition γ ≥ 1
2

is necessary for the stability of the method. Moreover, if β = 1
4

and γ = 1
2

the Newmark method is unconditionally stable. For long time integration, it is

preferable to use the condition β ≥ (γ+ 1
2

)2

4
for suitable γ ≥ 1

2
, see [26, Section 8.6/8.7].

For the pointwise in time variational formulation (4.11) with (4.11a), a conforming discretiza-
tion in space with Vhx,0(Ω) ⊂ H1

0 (Ω) in combination with the Newmark scheme as in Ansatz

4.3.6 leads to find the functions Uhx,l, Ûhx,l ∈ V 1
hx,0

(Ω) for l ∈ {0, ..., Nt} such that

Uhx,0 = 0, Ûhx,0 = 0 (4.14)

and for l = 1, ..., Nt

1

h2
t,l

〈Uhx,l − Uhx,l−1 − ht,lÛhx,l−1, vhx〉L2(Ω) + 〈β∇xUhx,l + (
1

2
− β)∇xUhx,l−1,∇xvhx〉L2(Ω)

= 〈βf l + (
1

2
− β)f l−1, vhx〉L2(Ω) (4.15)

for all vhx ∈ V 1
hx,0

(Ω) and

1

ht,l
〈Ûhx,l − Ûhx,l−1, v̂hx〉L2(Ω) + 〈γ∇xUhx,l + (1− γ)∇xUhx,l−1,∇xv̂hx〉L2(Ω)

= 〈γf l + (1− γ)f l−1, v̂hx〉L2(Ω) (4.16)

for all v̂hx ∈ V 1
hx,0

(Ω), where f l ∈ L2(Ω), f l(x) = f(x, tl), see [26, 6, 7, 17].

The Newmark method (4.14),(4.15), (4.16) is equivalent to the linear systems

U0 = 0, Û
0

= 0 (4.17)

and for all l = 1, ..., Nt

1

h2
t,l

Mhx [U l − U l−1 − ht,lÛ
l−1

] + Ahx [βU l + (
1

2
− β)U l−1] = βf l + (

1

2
− β)f l−1 (4.18)

1

ht,l
Mhx [Û

l
− Û

l−1
] + Ahx [γU l + (1− γ)U l−1] = γf l + (1− γ)f l−1 (4.19)

where Mhx ∈ RMx×Mx and Ahx ∈ RMx×Mx denote the spatial mass and stiffness matrices

of (3.10), u = (U1, ..., UNt)>, û = (Û
1
, ..., Û

Nt
)> are the vectors of the unknowns and F =

(f 0, ..., fNt−1)> is the given right-hand side as defined in page 36.
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To transfer the Newmark method (4.18), (4.19) with two unknowns into a scheme with only
one unknown, it needs to compute (4.18) in time l + 1 and l

1

ht,l+1

Mhx [U l+1 − U l]−MhxÛ
l
+ ht,l+1Ahx [βU l+1 + (

1

2
− β)U l] = ht,l+1βf

l+1

+ ht,l+1(
1

2
− β)f l (4.20)

1

ht,l
Mhx [U l−U l−1]−MhxÛ

l−1
+ht,lAhx [βU l+(

1

2
−β)U l−1] = ht,lβf

l+ht,l(
1

2
−β)f l−1. (4.20a)

By subtracting (4.20a) from (4.20) together with (4.19) gives

Mhx

[
1

ht,l+1

U l+1 − (
1

ht,l+1

+
1

ht,l
)U l +

1

ht,l
U l−1

]
+ Ahx

[
ht,l+1βU

l+1 + (
ht,l+1

2
− ht,l+1β − ht,lβ + ht,lγ)U l + (ht,lβ −

ht,l
2

+ ht,l − ht,lγ)U l−1

]
=

ht,l+1βf
l+1 + (

ht,l+1

2
− ht,l+1β − ht,lβ + ht,lγ)f l + (ht,lβ −

ht,l
2

+ ht,l − ht,lγ)f l−1 (4.21)

for l = 1, ..., Nt − 1, and
1

h2
t,1

MhxU
1 + AhxβU

1 = βf 1 + (
1

2
− β)f 0. (4.22)

Then, in every iteration the linear system[
1

ht,l+1

Mhx + ht,l+1βAhx

]
U l+1 =

ht,l+1βf
l+1 + (

ht,l+1

2
− ht,l+1β − ht,lβ + ht,lγ)f l + (ht,lβ −

ht,l
2

+ ht,l − ht,lγ)f l−1+[
(

1

ht,l+1

+
1

ht,l
)Mhx − (

ht,l+1

2
− ht,l+1β − ht,lβ + ht,lγ)Ahx ]U l−[

1

ht,l
Mhx + (ht,lβ −

ht,l
2

+ ht,l − ht,lγ)Ahx

]
U l−1 (4.23)

has to be solved for U l+1, when U l, U l−1 are known for l = 1, ..., Nt − 1.

Theorem 4.3.7. By choosing the Newmark parameters β = 1
6

and γ = 1
2
, the linear systems

of Petrov-Galerkin method (4.9) and Newmark method (4.20) are the same, when ignoring
the terms with the right-hand side f .

Remark 4.3.8. By choosing the Newmark parameters β = 0, γ = 1
2

and uniform time mesh
size, the linear system (4.23) becomes

MhxU
l+1 = h2

t,lf
l + [2Mhx − Ahxh2

t,l]U
l −MhxU

l−1 (4.24)

for l = 1, · · · , Nt − 1 with

U0 = 0, (4.24a)

MhxU
1 =

h2
t,1

2
f 0. (4.24b)

The method (4.24), (4.24a),(4.24b) is the Leapfrog Method of Section 3.3, see (3.9).
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The matrix Mhx is positive definite, see Lemma 3.3.2, and hence the linear systems (4.24),
(4.24b) are uniquely solvable for all l = 1, ..., Nt− 1. Stability, error estimates and a conser-
vation of a discrete energy holds true with a CFL condition, see Theorem 3.3.5 and Theorem
3.3.6

Remark 4.3.9. By choosing the Newmark parameters β = 1
4
, γ = 1

2
and uniform time mesh

size, the linear system (4.23) becomes[
Mhx +

h2
t,l

4
Ahx
]
U l+1 =

[
2Mhx −

h2
t,l

2
Ahx
]
U l −

[
Mhx +

h2
t,l

4
Ahx
]
U l−1

+
h2
t,l

2

(f l+1

2
+ f l +

f l−1

2

)
(4.25)

for l = 1, · · · , Nt − 1 with

U0 = 0 (4.25a)[
Mhx +

h2
t,1

4
Ahx
]
U1 =

h2
t,1

4

(
f 1 − f 0

)
. (4.25b)

The method (4.25), (4.25a),(4.25b) is the Crank-Nicolson Method of Section 3.4, see (3.16).

The matrix Mhx +
h2t,l
4
Ahx is positive definite, see Lemma 3.3.2, and hence the linear systems

(4.25), (4.25b) are uniquely solvable for all l = 1, ..., Nt − 1. Stability of (4.18),(4.19) for
β = 1

4
, γ = 1

2
holds true without any CFL condition because it is unconditionally stable,

see Theorem 3.4.3 and [26]. Error estimates of ||u(·, tl) − Uhx,l||L2(Ω) for each l = 0, ..., Nt

are of optimal order O(h2
t + h2

x), see Theorem 3.4.5 and [26, 6, 7]. The scheme fulfils a
conservation of a discrete energy, see Theorem 3.4.3 and [26].
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Chapter 5

Numerical Results

In this Chapter the results of the numerical tests will be presented. The methods are
implemented in MATLAB.

For the spatial domain mesh, DistMesh - A Simple Mesh Generator in MATLAB is used
(Figure 5.1), see [24].

Figure 5.1: A globally quasi-uniform mesh on the square (−1, 1)2 with uniform mesh size
h = 2−5.

5.1 Numerical Results for the Leapfrog Method

As a spatial domain and time interval

Ω = (−1, 1)× (−1, 1) and (0, T ) = (0, 10)

47
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are used for the numerical examples with exact solution

uA(x, y, t) = (1− x2)(1− y2) sin(xyt)t,

uB(x, y, t) = (1− x2)(1− y2) sin(xt) sin(yt), (5.1)

the corresponding right-hand sides fA, fB and homogeneous Dirichlet boundary conditions.

The uniform spatial mesh size and the constant time step is given by

hx =
1

Cx
, Cx ∈ N and τ =

10

Nt

, Nt ∈ N.

In Table 5.1, Table 5.2, Table 5.3 and Table 5.4, the L2-error and H1-error for the solutions
uA, uB are given for the Leapfrog method (3.7), (3.8) with initialization (5.1) when a re-
finement strategy is applied for the temporal and spatial discretizations, i.e. Cx and Nt are
doubled in every refinement step. Furthermore, all the appearing integrals that are needed
to compute the initialization (5.1) and the right-hand sides are calculated with higher-order
quadrature rules.

In Table 5.1 and Table 5.3, one observers that the ratio between the spatial mesh size hx
and time step size τ is

τ

hx
= 0.5656,

the error in L2 is decreasing by the factor 1
4
, i.e. quadratic convergence, and the error in H1

is decreasing by the factor 1
2
, i.e. linear convergence. Hence, the Leapfrog method is stable

for these cases and the error estimates of Theorem 3.3.6 are confirmed, (Figure 5.3, Figure
5.6). Additionally, in Figure 5.2 and Figure 5.5, there are the plots of the solutions in time
t = 10 for the last refinement step.

In Table 5.2 and Table 5.4, one observes that the error in L2 and the error in H1 are
increasing, instead of decreasing. This is happening due to the violation of the CFL condition
(3.11), where the ratio between the spatial and temporal mesh size is

τ

hx
= 1.2567,

(Figure 5.4 and Figure 5.7).

Hence, the Leapfrog method is not stable for these cases.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.1 4.1710 - 36.6267 -
0.0854 0.05 1.5336 1.3761 21.8924 0.7078
0.0422 0.025 0.4029 1.8939 11.3852 0.9264
0.0210 0.0125 0.1001 1.9948 5.7039 0.9902
0.0104 0.0063 0.0245 1.9998 2.8247 0.9986
0.0052 0.0031 0.0060 2.0038 1.4035 1.0015

Table 5.1: Numerical results for the Leapfrog method (3.7), (3.8) with refinement for the
solution uA, where the CFL condition ( τ

hx
= 0.5656) is satisfied.
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h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.2222 4.1714 - 36.6265 -
0.0854 0.1111 1.5333 1.3764 21.8923 0.7078
0.0422 0.0556 5.2220e+37 -122.4510 1.9627e+39 -123.8224
0.0210 0.0278 1.1668e+103 -215.5708 8.9443e+104 -216.5919
0.0104 0.0139 Inf -Inf Inf -Inf

Table 5.2: Numerical results for the Leapfrog method (3.7), (3.8) with refinement for the
solution uA, where the CFL condition ( τ

hx
= 1.2567) is violated.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.1 0.5169 - 7.9225 -
0.0854 0.05 0.3958 0.3671 6.1433 0.3498
0.0422 0.025 0.1205 1.6854 3.4728 0.8082
0.0210 0.0125 0.0311 1.9397 1.7796 0.9579
0.0104 0.0063 0.0076 1.9975 0.8841 0.9940
0.0052 0.0031 0.0019 2.0067 0.4398 1

Table 5.3: Numerical results for the Leapfrog method (3.7), (3.8) with refinement for the
solution uB, where the CFL condition ( τ

hx
= 0.5656) is satisfied.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.2222 0.5167 - 7.9231 -
0.0854 0.1111 0.3958 0.3665 6.1433 0.3499
0.0422 0.0556 5.2312e+37 -124.3723 1.9661e+39 -125.6255
0.0210 0.0278 1.1673e+103 -215.5689 8.9482e+104 -216.5900
0.0104 0.0139 Inf -Inf Inf -Inf

Table 5.4: Numerical results for the Leapfrog method (3.7), (3.8) with refinement for the
solution uB, where the CFL condition ( τ

hx
= 1.2567) is violated.
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Figure 5.2: Plot of the solution uA in time t = 10 for the last refinement step, i.e. hx =
0, 0052.

Figure 5.3: Plot of the L2-error and H1-error for the solution uA, where the CFL condition
( τ
hx

= 0.5656) is satisfied.
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Figure 5.4: Plot of the L2-error and H1-error for the solution uA, where the CFL condition
( τ
hx

= 1.2567) is violated.

Figure 5.5: Plot of the solution uB in time t = 10 for the last refinement step, i.e. hx =
0, 0052.



52 CHAPTER 5. NUMERICAL RESULTS

Figure 5.6: Plot of the L2-error and H1-error for the solution uB, where the CFL condition
( τ
hx

= 0.5656) is satisfied.

Figure 5.7: Plot of the L2-error and H1-error for the solution uB, where the CFL condition
( τ
hx

= 1.2567) is violated.
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5.2 Numerical Results for the Crank-Nicolson Method.

The same numerical examples as for the Leapfrog method in Section 5.1 are investigated.

As a spatial domain and time interval

Ω = (−1, 1)× (−1, 1) and (0, T ) = (0, 10)

are used for the numerical examples with exact solution

uA(x, y, t) = (1− x2)(1− y2) sin(xyt)t,

uB(x, y, t) = (1− x2)(1− y2) sin(xt) sin(yt), (5.1)

the corresponding right-hand sides fA, fB and homogeneous Dirichlet boundary conditions.

The uniform spatial mesh size and the constant time step is given by

hx =
1

Cx
, Cx ∈ N and τ =

10

Nt

, Nt ∈ N.

In Table 5.5, Table 5.6, Table 5.7 and Table 5.8, the L2-error and H1-error for the solutions
uA, uB are given for the Crank-Nicolson method (3.15), (3.16) with initialization (5.1) when a
refinement strategy is applied for the temporal and spatial descretizations, i.e. Cx and Nt are
doubled in every refinement step. Furthermore, all the appearing integrals that are needed
to compute the initialization (5.1) and the right-hand sides are calculated with higher-order
quadrature rules.

In Table 5.5 and Table 5.7, one observes that the ratio between the spatial mesh size hx and
time step size τ is

τ

hx
= 0.5656,

the error in L2 is decreasing by the factor 1
4
, i.e. quadratic convergence, and the error in H1

is decreasing by the factor 1
2
, i.e. linear convergence. Hence, the Crank-Nicolson method

is stable and the error estimates of Theorem 3.4.5 are confirmed, (Figure 5.9, Figure 5.12).
Additionally, in Figure 5.8 and Figure 5.11 there are the plots of the solutions in time t = 10
for the last refinement step.

In Table 5.6 and Table 5.8, one observes that the ratio between the spatial mesh size hx and
time step size τ is

τ

hx
= 1.2567,

the error in L2 is decreasing by the factor 1
4
, i.e. quadratic convergence, and the error in H1

is decreasing by the factor 1
2
, i.e. linear convergence. Hence, the Crank-Nicolson method is

stable even on the same cases where the Leapfrog method is not (Figure 5.10, Figure 5.13),
see Table 5.2, Table 5.4, Figure 5.4 and Figure 5.7.
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h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.1 4.1708 - 36.6269 -
0.0854 0.05 1.5336 1.3760 21.8924 0.7078
0.0422 0.025 0.4029 1.8939 11.3852 0.9264
0.0210 0.0125 0.1001 1.9948 5.7039 0.9902
0.0104 0.0063 0.0245 1.9998 2.8247 0.9986
0.0052 0.0031 0.0060 2.0038 1.4035 1.0015

Table 5.5: Numerical results for the Crank-Nicolson method (3.15), (3.16) with refinement
for the solution uA with ratio τ

hx
= 0.5656.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.2222 4.1710 - 36.6268 -
0.0854 0.1111 1.5337 1.3759 21.8924 0.7078
0.0422 0.0556 0.4029 1.8941 11.3852 0.9264
0.0210 0.0278 0.1001 1.9948 5.7039 0.9902
0.0104 0.0139 0.0245 1.9998 2.8247 0.9986
0.0052 0.0069 0.0060 2.0038 1.4035 1.0015

Table 5.6: Numerical results for the Crank-Nicolson method (3.15), (3.16) with refinement
for the solution uA with ratio τ

hx
= 1.2567.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.1 0.5171 - 7.9223 -
0.0854 0.05 0.3958 0.3676 6.1433 0.3498
0.0422 0.025 0.1205 1.6854 3.4728 0.8082
0.0210 0.0125 0.0311 1.9397 1.7796 0.9579
0.0104 0.0063 0.0076 1.9975 0.8841 0.9940
0.0052 0.0031 0.0019 2.0067 0.4398 1

Table 5.7: Numerical results for the Crank-Nicolson method (3.15), (3.16) with refinement
for the solution uB with ratio τ

hx
= 0.5656.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.2222 0.5171 - 7.9230 -
0.0854 0.1111 0.3958 0.3675 6.1433 0.3499
0.0422 0.0556 0.1205 1.6854 3.4728 0.8082
0.0210 0.0278 0.0311 1.9397 1.7796 0.9579
0.0104 0.0139 0.0076 1.9975 0.8841 0.9940
0.0052 0.0069 0.0019 2.0067 0.4398 1

Table 5.8: Numerical results for the Crank-Nicolson method (3.15), (3.16) with refinement
for the solution uB with ratio τ

hx
= 1.2567.
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Figure 5.8: Plot of the solution uA in time t = 10 for the last refinement step, i.e. hx =
0, 0052.

Figure 5.9: Plot of the L2-error and H1-error for the solution uA with ratio τ
hx

= 0.5656.
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Figure 5.10: Plot of the L2-error and H1-error for the solution uA with ratio τ
hx

= 1.2567.

Figure 5.11: Plot of the solution uB in time t = 10 for the last refinement step, i.e. hx =
0, 0052.
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Figure 5.12: Plot of the L2-error and H1-error for the solution uB with ratio τ
hx

= 0.5656.

Figure 5.13: Plot of the L2-error and H1-error for the solution uB with ratio τ
hx

= 1.2567.
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5.3 Numerical Results for the Petrov-Galerkin Method

The same numerical examples as for the Leapfrog method in Section 5.1 and the Crank-
Nicolson method in Section 5.2 are investigated.

As a spatial domain and time interval

Ω = (−1, 1)× (−1, 1) and (0, T ) = (0, 10)

are used for the numerical examples with exact solution

uA(x, y, t) = (1− x2)(1− y2) sin(xyt)t,

uB(x, y, t) = (1− x2)(1− y2) sin(xt) sin(yt), (5.1)

the corresponding right-hand sides fA, fB and homogeneous Dirichlet boundary conditions.

The uniform spatial mesh size and the constant time step is given by

hx =
1

Cx
, Cx ∈ N and τ =

10

Nt

, Nt ∈ N.

In Table 5.9, Table 5.10, Table 5.11, Table 5.12, Table 5.13 and Table 5.14, the L2-error and
H1-error for the solutions uA, uB are given for the Petrov-Galerkin method (4.7), (4.8), (4.9)
with initialization (5.1) when a refinement strategy is applied for the temporal and spatial
descretizations, i.e. Cx and Nt are doubled in every refinement step. Furthermore, all the
appearing integrals that are needed to compute the initialization (5.1) and the right-hand
sides are calculated with higher-order quadrature rules.

In Table 5.9 and Table 5.12, one observes that the ratio between the spatial mesh size hx
and time step size τ is

τ

hx
= 0.5656,

the error in L2 is decreasing by the factor 1
4
, i.e. quadratic convergence, and the error in H1

is decreasing by the factor 1
2
, i.e. linear convergence. Hence, the Petrov-Galerkin method

is stable (Figure 5.15, Figure 5.19), in the same sense as in Leapfrog and Crank-Nicolson
methods, see Table 5.1, Table 5.3, Table 5.5 and Table 5.7. Additionally, in Figure 5.14 and
Figure 5.18 there are the plots of the solutions in time t = 10 for the last refinement step.

In Table 5.10 and Table 5.13, one observes that the ratio between the spatial mesh size hx
and time step size τ is

τ

hx
= 1.2567,

the error in L2 is decreasing by the factor 1
4
, i.e. quadratic convergence, and the error in H1

is decreasing by the factor 1
2
, i.e. linear convergence. Hence, the Petrov-Galerkin method is

stable (Figure 5.16, Figure 5.20), in the same sense as in the Crank-Nicolson method, see
Table 5.5, Table 5.7, Figure 5.9 and Figure 5.12. In these cases, the Leapfrog method is not
stable, see Table 5.2, Table 5.4, Figure 5.4 and Figure 5.7.

In Table 5.11 and Table 5.14, one observes that the error in L2 and the error in H1 is
increasing, instead of decreasing. This is happening due to the violation of the CFL condition
(4.10), where the ratio between the spatial and temporal mesh size is

τ

hx
= 2.2624,
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(Figure 5.17 and Figure 5.21).

Hence, the Petrov-Galerkin method is not stable for these cases.

Remark 5.3.1. One can observe that the Petrov-Galerkin method is stable even when the
time step size is larger, i.e. less computational cost, than required for the Leapfrog method.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.1 4.1707 - 36.6269 -
0.0854 0.05 1.5336 1.3759 21.8924 0.7078
0.0422 0.025 0.4029 1.8940 11.3852 0.9264
0.0210 0.0125 0.1001 1.9948 5.7039 0.9902
0.0104 0.0063 0.0245 1.9998 2.8247 0.9986
0.0052 0.0031 0.0060 2.0038 1.4035 1.0015

Table 5.9: Numerical results for the Petrov-Galerkin method (4.7), (4.8), (4.9) with refine-
ment for the solution uA where the CFL condition ( τ

hx
= 0.5656) is satisfied.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.2222 4.1713 - 36.6265 -
0.0854 0.1111 1.5335 1.3762 21.8924 0.7078
0.0422 0.0556 0.4029 1.8939 11.3852 0.9264
0.0210 0.0278 0.1001 1.9948 5.7039 0.9902
0.0104 0.0139 0.0245 1.9998 2.8247 0.9986
0.0052 0.0069 0.0060 2.0038 1.4035 1.0015

Table 5.10: Numerical results for the Petrov-Galerkin method (4.7), (4.8), (4.9) with refine-
ment for the solution uA where the CFL condition ( τ

hx
= 1.2567) is satisfied.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.4 4.1706 - 36.6269 -
0.0854 0.2 1.5691 1.3440 22.6129 0.6633
0.0422 0.1 2.7641e+11 -36.6904 1.0389e+13 -38.0486
0.0210 0.05 1.996e+35 -77.9742 9.1955e+36 -78.9953
0.0104 0.025 2.2428e+83 -157.9345 3.4891e+85 -158.9403
0.0052 0.0125 Inf -Inf Inf -Inf

Table 5.11: Numerical results for the Petrov-Galerkin method (4.7), (4.8), (4.9) with refine-
ment for the solution uA where the CFL condition ( τ

hx
= 2, 2624) is violated.
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h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.1 0.5172 - 7.9220 -
0.0854 0.05 0.3958 0.3677 6.1433 0.3497
0.0422 0.025 0.1205 1.6854 3.4728 0.8082
0.0210 0.0125 0.0311 1.9397 1.7796 0.9579
0.0104 0.0063 0.0076 1.9975 0.8841 0.9940
0.0052 0.0031 0.0019 2.0067 0.4398 1

Table 5.12: Numerical results for the Petrov-Galerkin method (4.7), (4.8), (4.9) with refine-
ment for the solution uB where the CFL condition ( τ

hx
= 0.5656) is satisfied.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.2222 0.5169 - 7.9238 -
0.0854 0.1111 0.3958 0.3670 6.1433 0.350
0.0422 0.0556 0.1205 1.6854 3.4728 0.8082
0.0210 0.0278 0.0311 1.9397 1.7796 0.9579
0.0104 0.0139 0.0076 1.9975 0.8841 0.9940
0.0052 0.0069 0.0019 2.0067 0.4398 1

Table 5.13: Numerical results for the Petrov-Galerkin method (4.7), (4.8), (4.9) with refine-
ment for the solution uB where the CFL condition ( τ

hx
= 1.2567) is satisfied.

h τ maxk || · ||L2(Ω) eoc maxk || · ||H1(Ω) eoc

0.1768 0.4 0.5172 - 7.9220 -
0.0854 0.2 0.5069 0.0278 8.2240 -0.0514
0.0422 0.1 2.7790e+11 -38.2992 1.0445e+13 -39.4894
0.0210 0.05 1.1996e+35 -77.9666 9.1958e+36 -78.9876
0.0104 0.025 2.2428e+83 -157.9345 3.4892e+85 -158.9403
0.0052 0.0125 Inf -Inf Inf -Inf

Table 5.14: Numerical results for the Petrov-Galerkin method (4.7), (4.8), (4.9) with refine-
ment for the solution uB where the CFL condition ( τ

hx
= 2.2624) is violated.
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Figure 5.14: Plot of the solution uA in time t = 10 for the last refinement step, i.e. hx =
0, 0052.

Figure 5.15: Plot of the L2-error and H1-error for the solution uA, where the CFL condition
( τ
hx

= 0.5656) is satisfied.
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Figure 5.16: Plot of the L2-error and H1-error for the solution uA, where the CFL condition
( τ
hx

= 1.2567) is satisfied.

Figure 5.17: Plot of the L2-error and H1-error for the solution uA, where the CFL condition
( τ
hx

= 2.2624) is violated.
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Figure 5.18: Plot of the solution uB in time t = 10 for the last refinement step, i.e. hx =
0, 0052.

Figure 5.19: Plot of the L2-error and H1-error for the solution uB, where the CFL condition
( τ
hx

= 0.5656) is satisfied.
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Figure 5.20: Plot of the L2-error and H1-error for the solution uB, where the CFL condition
( τ
hx

= 1.2567) is satisfied.

Figure 5.21: Plot of the L2-error and H1-error for the solution uB, where the CFL condition
ratio ( τ

hx
= 2.2624) is violated.
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5.4 Comparison of the Numerical Results

The numerical results of the previous sections show that the Newmark scheme (4.22), (4.23)
can be used to recast different methods to approximate solutions of the wave equation,
i.e. Leapfrog, Crank-Nicolson, Petrov-Galerkin, according to the different choices of the
Newmark parameters.

The decomposition of the spatial domain Ω = (−1, 1)× (−1, 1) is admissible, shape-regular
and quasi-uniform and a constant time step size τ ∈ (0, T

2
] is being used, when T = (0, 10).

The exact solutions (5.1) with the corresponding right-hand sides fA ∈ C([0, T ];L2(Ω)), fB ∈
C([0, T ];L2(Ω)) and homogeneous Dirichlet boundary conditions have been investigated.

Remark 5.4.1. The Crank-Nicolson method does not require a CFL condition for stability
on the contrary to Leapfrog and Petrov-Galerkin methods, see Section 3.4.

For the case, when the ration between the spatial mesh size hx and the time step size τ is
τ

hx
= 0.5656,

the CFL conditions (3.11) of Leapfrog and (4.10) of Petrov-Galerkin methods are satisfied,
meaning that both are stable. The Crank-Nicolson method is unconditionally stable, see
Remark 5.4.1. Thus, in this case, all three methods are converging and producing the same
absolute L2-errors and H1-errors, see Table 5.1, Table 5.3, Table 5.5, Table 5.7, Table 5.9
and Table 5.12.

For the case, when the ratio is
τ

hx
= 1, 2567,

the CFL condition (3.11) of the Leapfrog method is violated, thus it is not stable. The
absolute errors are increasing and the method is not converging, see Table 5.2 and Table
5.4. The CFL condition (4.10) of the Petrov-Galerkin method is satisfied, meaning that it is
stable. The Crank-Nicolson method is unconditionally stable, see Remark 5.4.1. Hence, two
of the methods are converging and producing the same absolute L2-errors and H1-errors, see
Table 5.6, Table 5.8, Table 5.10 and Table 5.13.

Remark 5.4.2. The Petrov-Galerkin method is stable for larger time step sizes, i.e. less
computational cost, than required for the Leapfrog method.

For the Petrov-Galerkin method, the case when the ratio is
τ

hx
= 2.2624,

has also been investigated. The CFL condition (4.10) is violated, thus it is not stable. The
absolute errors are increasing and the method is not converging, see Table 5.11 and Table
5.14.

In this case, the Leapfrog method would not converge either, since its CFL condition (3.11)
would be violated.

On the contrary, the Crank-Nicolson method would be stable, see Remark 5.4.1. Thus, it
would converge.
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Chapter 6

Conclusion & Outlook

In this thesis, a second-order linear hyperbolic initial boundary value problem with variable
wave speed, that depends on spatial variables in a continuous way, has been considered. For
the purpose of the thesis, the theory of function spaces, and initial and boundary conditions
have been introduced.

First, the general solution of the one-dimensional wave equation, by using d’Alembert’s
method, is derived. Furthermore, the variational formulation of the initial boundary value
problem for the wave equation (2.17) with (2.17a), (2.17b), (2.17c) has been derived and
ensured that the continuous problem (2.19) with (2.19a), (2.19b), (2.19c) is well-posed, by
showing that it has indeed a unique solution in C([0, T ];H1

0 (Ω)), see Theorem 2.4.4.

Thereafter, a spatial discretization by applying the finite element method, in the finite di-
mensional space S1

h,0(Ω) ⊂ H1
0 (Ω) and a temporal discretization by applying the second-order

central difference operator is used. The use of the Leapfrog method, for the discretizations
of the initial boundary value problem leads to a conditionally stable method, where a CFL
condition is required for stability, and the use of Crank-Nicolson method leads to an uncon-
ditionally stable method.

The discretization of the Laplace operator and of the temporal variable on the right-hand
side f ∈ C([0, T ];L2(Ω)) is what differentiate the two methods. The reason why the Crank-
Nicolson method does not require a CFL condition for its stability, on the contrary with the
Leapfrog method, is because it leads to a non-negative discrete energy. But this stability is
only in terms of the H1 norm of the average of two consecutive time steps, which in some
sense is slightly weaker than the stability of the Leapfrog method.

Furthermore, a space-time variational formulation of the homogeneous Dirichlet problem for
the wave equation (4.1) with (4.1a), (4.1b) has been derived and well-posedness is ensured
by showing that the model (4.4) has a unique solution in a subspace of the Sobolev space
H1(Q).

A tensor-product discretization in the space-time domain Q, by applying a space-time finite
element method in the finite dimensional subspace Qh(Q) = V 1

hx,0
(Ω) × S1

ht
(0, T ) ⊂ H1

0 (Q)

67
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is derived. The use of it on the presented space-time variational formulation leads to a con-
ditionally stable method where a CFL condition is required.

In addition, a pointwise in time variational formulation of (4.1) with (4.1a), (4.1b) as in
Section 2.4 and a tensor-product type discretization, as in Section 4.2, in combination with
the Newmark scheme, leads to the scheme (4.22), (4.23), that can describe all the above-
mentioned methods by choosing the correct Newmark parameters β and γ, when ignoring
the terms corresponding to the right-hand side f .

By implementing the Newmark scheme (4.22), (4.23) in MATLAB, numerical results for all
the aforementioned methods, i.e. Leapfrog, Crank-Nicolson, Petrov-Galerkin, on a spatial
domain Ω ⊂ R2 were presented in Chapter 5. By comparing the results, one can see that
the CFL of the Petrov-Galerkin method is weaker than Leapfrog method’s one, whereas
the Crank-Nicolson method remain stable for any given time step τ ∈ (0, T

2
]. Further, all

methods, on their stable cases, are producing the same absolute L2 and H1 errors.

As a perspective, a first goal would be to perform numerical experiments for the Petrov-
Galerkin method on not necessarily uniform meshes in time. This would be important, for
instance, in case of exact solution with limited regularity. It would also be interesting to run
the simulations presented above in a 3D spatial domain and compare the stability results.

A major achievement would be to develop an a posteriori error estimator, which then would
allow to use adaptive mesh refinement, leading to a space-time Adaptive Finite Element
Method (AFEM). Other future goals would be to extend the obtained results to other prob-
lems, for instance to a non-linear hyperbolic problems and eddy current problems, which
arises in physics and engineering.
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