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Zusammenfassung

Eine nichtrelativistische Theorie der reinen Supergravitation, die eine super-
symmetrische Erweiterung der Newtonschen Gravitationstheorie darstellt, wur-
de bisher nur in drei Raumzeitdimensionen konstruiert. Diese Konstruktion
wurde mithilfe eines Superalgebra-Eichprinzips durchgefiihrt, welches nicht of-
fensichtlich auf héhere Dimensionen verallgemeinert werden kann. Eine alter-
native Methode um vierdimensionale nichtrelativistische Supergravitation zu
konstruieren besteht darin, eine Kaluza-Klein Dimensionsreduktion relativis-
tischer fiinfdimensionaler Supergravitation entlang einer lichtartigen Isometrie-
richtung durchzufithren. In der Vergangenheit wurde gezeigt, dass eine solche
lichtartige Dimensionsreduktion (0-Reduktion) der Einsteinschen Feldgleichun-
gen zu einer nichtrelativistischen Gravitationstheorie fithrt. Das Ziel dieser Ar-
beit ist die Methode der 0-Reduktion auf fiinfdimensionale reine on-shell Su-
pergravitation und deren zugehorige Transformationsgleichungen auszuweiten
und die daraus abgeleitete nichtrelativistische vierdimensionale on-shell Super-
gravitation zu studieren.

Stichworter: Nichtrelativistische 4D N = 2 Supergravitation, 5D N = 2 Su-
pergravitation, Newton-Cartan Gravitation, Lichtartige Dimensionsreduktion

Abstract

A theory of non-relativistic pure supergravity that leads to a supersymmetric
generalization of Newtonian gravity in arbitrary reference frames has so far only
been constructed in three space-time dimensions. That construction was based
on the use of the method of superalgebra gauging, which can not easily be ex-
tended to higher dimensions and one thus has to resort to other methods. One
alternative option that leads to four-dimensional non-relativistic supergrav-
ity consists of performing a dimensional Kaluza-Klein reduction of relativistic
five-dimensional supergravity along a null-like isometry direction. It has been
shown in the past that applying such a dimensional null reduction of the Ein-
stein equations leads to non-relativistic gravity. The aim of this thesis is to
extend this null reduction to five-dimensional on-shell pure supergravity and
its transformation rules and investigate the non-relativistic four-dimensional
on-shell supergravity theory that it leads to.

Keywords: Non-Relativistic 4D N = 2 Supergravity, 5D N = 2 Supergravity,
Newton-Cartan Gravity, Null Reduction
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Chapter 1

Introduction

Newtonian physics has been around for more than 300 years and for a long time it
was the most successful theory for the description of gravity. Incorporating all basic
principles of Newtonian mechanics together with the notions of Euclidean space and
absolute time the central equation describing Newtonian gravity is

1

pla) = L =AD(@), (L1)

where a mass distribution p(x) gives rise to a scalar Newtonian gravitational poten-
tial ®(z), with the gravitational constant G. It can be seen from this equation that,
at the time, gravity was perceived to be a purely spatial phenomenon, often referred
to as action at a distance.

When Einstein formulated his theory of relativity about 100 years ago these
previous notions had to make way for new fundamental physical principles. Already
with the presentation of the theory of special relativity (SR) the paradigm of absolute
time and the independence of time and space were challenged and eventually replaced
with the concept of spacetime. Flat Minkowski spacetime of special relativity was
still close to the conception of flat Fuclidean space. Einstein’s general theory of
relativity (GR) brought the emancipation of spacetime with the introduction of a
general dynamical metric. This theory of gravitation describes gravity as a geometric
property of spacetime itself rather than a force. The Einsteinian field equations

1
Tun = Run — QRGMN , (1.2)

where Tjsn describes the energy content, and Rj;ny and R describe the curvature
of spacetime governed by the metric G-

At first glance these laws governing gravity (1.141.2)) do not share any similari-
ties. When considering the role of mass and energy in Newtonian- and Einsteinian

physics respectively, the left hand side of ([1.2)) can schematically be seen as the rel-
ativistic generalisation of the left hand side of (1.1). The curvature tensor terms are

1
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first order in derivatives of the connection. How this relates to the Laplacian of the
Newton potential is not obvious and will require further inspection (see sec. .
Another problem when comparing Newtonian to relativistic gravity is the formalism
of differential geometry in which general relativity is formulated. General relativity
is formulated in terms of differential geometry and has a pseudo-Riemannian man-
ifold with a metric of spacetime at its core that represents spacetime. This makes
the definition of tensors, connections and curvature possible — all concepts (except
for tensors) that do not have counterparts in the original formulation of Newtonian
gravity. A few years after the publication of general relativity Cartan presented the
mathematical framework [15], [16] in which Newtonian gravity is formulated covari-
antly and geometrically and can thus be compared to relativity. Taking the geomet-
ric formulation of relativity as an inspiration, he constructed Newtonian gravity in
a time-foliated spacetime in the language of differential geometry. The coordinate
independent formulation makes it possible to define a non-relativistic (degenerate)
metric structure together with vectors, connections and curvature. This theory is
referred to as Newton-Cartan gravity (NC). On the one hand Newton-Cartan gravity
is a non-relativistic (¢ — oo) limit of general relativity that reproduces the results
of Newtonian gravity, and on the other hand a generalisation of Newtonian gravity
to general spacetime structures.

A lot of work has been done on the topic of Newton-Cartan gravity ever since.
For a good account of the main principles see [47]. While supergravity (SUGRA), a
generalisation of general relativity including supersymmetry, i.e. a symmetry that
exchanges bosons and fermions, has been studied for approximately 50 years the
field of non-relativistic supergravity is relatively young and new terrain in many
respects. For an account of recent results in non-relativistic gravity and its matter
coupling see [11], [33]. For relativistic supergravity theories including different mat-
ter couplings see e.g. [7], [27], [62], [65]. In the field of non-relativistic supergravity
some work has been done in three dimensions, while little information exists about
higher dimensional theories and theories with higher supersymmetric extensions. A
non-relativistic 3D, N/ = 2 supergravity multiplet was constructed by [4], and in
[44] 3D non-relativistic supersymmetric wave equations were developed. There has
also been effort to find non-relativistic off-shell supergravity in three dimensions
by [|14], [42], [67]. This has not yet been generalised to higher dimensions. While
part of the interest in non-relativistic supergravity is of academic nature, there have
also been proposals for the application of such theories in other fields of physics.
For example the quantum Hall effect was described in [61] using a supersymmet-
ric model, building on work [57] in which a theory of the quantum Hall effect was
constructed in terms of Newton-Cartan geometry. Another potential field of appli-
cation of non-relativistic supergravity is localisation of supersymmetric field theories
on Newton-Cartan backgrounds. Some research on supersymmetric field theories in



non-relativistic backgrounds has been done in three dimensions by [5], [§]. Localisa-
tion techniques have previously led to exact results for relativistic field theories on
non-trivial curved supergravity backgrounds, see [46], [49]. Extending these results
to the non-relativistic regime can, however, benefit from non-relativistic off-shell
supergravity theories, which are still not well understood.

In this thesis the null reduction of pure 5-dimensional N = 2 supergravity is
performed to obtain a non-relativistic 4-dimensional ' = 2 supergravity theory. The
first two chapters, [2] and [3] serve as an introduction in which some basic principles
about relativistic- and non-relativistic gravity and supergravity are discussed, as
conceptually visualised in figure . In chaptersthe null reduction is performed
and the resulting theory is presented.

Algebra: Gauge Theory:
Barg. % NC partla‘l gauge fix Gal. grav.
contraction & |2.2.11
central extension|2.2.2]
. 213
Poin. Zauging GR
include SUSY (B.1.4
. gauging
- —_———
s.-Poin. SUGRA
central extension .
& contraction B2ZT null reduction
B.2.1]
s.-Barg. Zangng s.-NC

Figure 1.1: This figure visualises schematically the structure of the introductory chapters, [2[ about
gravity, and [3] about supergravity. The directions taken in the process of gauging algebras are
indicated, together with the corresponding sections.

In section the Vielbein formalism will be presented as an alternative to (and
inspired by) the metric formulation of general relativity. After introducing some ba-
sic concepts about gauge theory, they will be put to use to derive general relativity
in terms of the Vielbein formalism as the gauge theory of special relativity by gaug-
ing the Poincaré algebra. In section the Poincaré algebra is contracted to the
non-relativistic limit and centrally extended to produce the Bargmann algebra. The
latter is gauged to yield Newton-Cartan theory which is then partially gauge fixed to
end up with Galilean gravity. To see how the curvature term on the right hand side
of equation (L.1]) relates to the Laplacian of the Newton potential (in the massless



4 CHAPTER 1. INTRODUCTION

case) see section m Finally, the procedure of null reduction is introduced. The
following chapter extends the previous discussion to the inclusion of supersymmetry
(SUSY). First, in Section spinors and gamma matrices are introduced in general
dimensions as tools to describe fermions. To realise supersymmetry fermionic gauge
theory is discussed before repeating the gauging procedure to obtain supergravity
from gauging the super-Poincaré algebra. Since with the inclusion of supersymmetry
the gauging procedure generally does not suffice anymore to construct multiplets,
the construction of a multiplet is presented using an Ansatz. Finally in section [3.2]
the super-Bargmann algebra is retrieved as the centrally extended non-relativistic
limit of the super-Poincaré algebra and a non-relativistic multiplet is found, first
from gauging and then from null reduction.

In chapter [4] the previously constructed relativistic supergravity multiplet is pre-
sented together with an Ansatz for null reduction. Following the null reduction the
transformation rules of the reduced fields are derived in chapter [5|and the constraint
structure of the multiplet is analysed. This 4D, A/ = 2 super-Newton-Cartan (or
equivalently, non-relativistic supergravity) multiplet has not been constructed in
previous work and hence is a new result of this thesis. The final chapter [f] treats
the linearisation of this multiplet. The linearised constraint structure is discussed
and expanded by fermionic constraints and -equations of motion (EOM), which had
been omitted in the full theory.



Chapter 2

Gravity

In the first section of this chapter we will discuss relativistic gravity. Standard
references are [47], [64]. First the Vielbein formalism will be introduced and dis-
cussed, as well as (bosonic) gauge theory. The second section treats non-relativistic
gravity constructed as a non-relativistic limit of relativistic gravity as discussed in
the publications [3], [6]. The subtleties of mass and energy in non-relativistic theo-
ries are discussed before finally establishing a Vielbein formulation of non-relativistic
gravity by gauging the Bargmann algebra. The discussions in this chapter will only
treat bosonic fields and symmetries.

2.1 About Special- and General Relativity

This section will introduce the Vielbein formulation of GR, motivated by the
metric formulation. The symmetry structure of the theory will be analysed to obtain
the transformation rules of the Vielbein and the spin connection. Then (bosonic)
gauge theory will be introduced in general terms, first giving a short introduction
to relevant concepts from group theory before generalising the concepts known from
gauge theory and preparing the reader for the following section. There the Vielbein
formalism of GR is reproduced by the procedure of gauging the Poincaré algebra,
the symmetry algebra of SR. Finally, representations of the Poincaré algebra are
discussed to properly define scalars, vectors and tensors.

2.1.1 The Vielbein Formalism

Often general relativity is introduced with the metric tensor as the fundamental
field. There is, however, a different formalism in which the fundamental field is
an object that produces the metric when contracted with itself. So in some sense
one can think of it as the square root of the metric. In 4D such a field is referred
to as Vierbein or tetrad, while in general dimensions it is called D-bein or, more
commonly, Vielbein or frame field. For bosonic general relativity it is not clear at
this point what advantages are to be expected from such a formalism. Indeed, for
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bosonic theories the Vielbein formalism merely represents an alternative formulation
to general relativity built from the metric, which can simplify calculations but does
not affect results obtained from the theory. The most important reason though,
to introduce the Vielbein is to couple the theory to fermions, described by spinors.
The problem of the metric formulation of GR is that spinors cannot be expressed in
a coordinate basis, but in a local Lorentz basis (which the Vielbeine provide) this
becomes possible. While vectors and tensors have their respective transformation
behaviour under diffeomorphisms and local Lorentz transformations and one can
always simply change the basis from coordinate- to local Lorentz basis (using the
Vielbein) this is not possible for spinors, which only transform under local Lorentz
transformations but not under diffeomorphisms. For now, the formalism will be
introduced only in terms of bosonic quantities. The discussion in this chapter will,
however, be a preparation for the introduction of spinors in the next chapter and
will mostly follow the presentation of [2], [27].

The Vielbein

The metric G is a symmetric non-degenerate covariant 2-tensor. The spectral
theorem states that the metric, seen as a D x D-matrix, can be diagonalised using
an orthogonal transformation O~! = OT as

G =0DO7, (2.1)

where D = diag(—MXo,...,Ap—1) and Agq > 0 are the eigenvalues. The signs of
the eigenvalues compose the signature of the metric. In this thesis the metric of a
relativistic spacetime will always have the signatureﬂ sig(G) = (1,D — 1). For the
metric G written with indices relation is

Guyn = OMADABONB , (2.2)

and the diagonal matrix can be written asE| Dap = napAa. Now it is possible to
define a new matrix, the frame field

EMA IOMA A, (2.3)
which, contracted with itself using the Minkowski metric yields the curved metric
Gun = ExnapEn" . (2.4)

In words this relation (2.4]) states that it is possible to find coordinates for each
point on the manifold in which the spacetime metric is locally flat. This is what
gave rise to the equivalence principle of relativity in the first place.

'In more general cases of pseudo-Riemannian geometry the signature can be different.
2The underlined index indicates that the index of this letter is free and not subjected to the
Einstein summation convention.
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The metric is non-degenerate and thus invertible. Therefore the inverse metric
GMN = (G=1)MN can be diagonalised in the same fashion as the metric

GMN — oM, DABON (2.5)

where the orthogonal matrices are the same as before Oy = OM 4 and the diagonal
matrix contains the inverse eigenvalues D48 = p4B )\21. The inverse frame field is
defined analogously to the frame field; by diagonalising the inverse metric

EMA = OMA )\Al . (2.6)

It is easy to check that this is indeed the inverse of the frame field defined above
(E~H)M , = EM 4. With the Vielbein a new kind of index is introduced. The Latin
indices are referred to as tangent space- or flat indices and are contracted with the
Minkowski metric, while the Greek indices are referred to as spacetime- or curved
indices and are contracted with the spacetime metric. By construction of the Viel-
bein as an orthogonal matrix (with D(D — 1)/2 free components) times the square
root of the eigenvalues (D free components), its D(D + 1)/2 degrees of freedom
(DOF) agree with the number of free components of a symmetric tensor, i.e. of the
metric. Only when introducing an arbitrary Vielbein there seems to be a mismatch
in degrees of freedom, bringing new redundancy to the theory.

The one-forms E# introduce an orthonormal basis of the cotangent space at every
point on the manifold and can be expanded using a coordinate basis of one-forms as
EA = EMAdxM . Equivalently the vector fields F4 introduce an orthonormal basis
of the tangent space at every point on the manifold and they can be expanded as
Ejs = EM 40,,. Thereby the Vielbein introduces the ability to switch between flat
and spacetime indices at will. For example the vector V' can be expanded in flat or
spacetime components

vM = pM,vA VA= EAVM (2.7)

In addition to the familiar raising and lowering of curved indices using the metric,
one can now raise and lower flat indices with the Minkowski metric and switch
between types of indices with the Vielbein. It is, however, important to keep in
mind the difference between {0)/}, which form a coordinate basis, and {E4}, which
form a local Lorentz basis. For more information on local Lorentz bases, see [47].
A coordinate basis, i.e. a basis with commuting elements, is called holonomic.
The commutator between two elements of a local Lorentz basis generally does not
vanish. If it does vanish, there are no accelerated reference frames, hence there is
no gravitational field, hence there is no Riemann curvature as laid out in [1]. In a
theory describing gravity the commutator can therefore not vanish globally. As a
consequence the frame fields cannot be brought to the form E4 = &%, i.e. they
are not a coordinate basis. The non-commutativity of the frame fields is called
anholonomy

[Ea, Ep) = —Cap“Ec, Cap® = 2B Eg"N o En© | (2.8)
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and C4g¢ are referred to as anholonomy coefficients. They will appear again when
expressing the spin connection as a field depending on the Vielbein via the anholon-

omy coefficients (see eq. (2.23)).

Symmetries of the Vielbein

Next, the symmetry structure of the newly introduced Vielbein needs to be
studied. The transformation of the Vielbein under local Lorentz- and diffeomorphism
symmetry can be obtained from the prior knowledge of vector transformations under
said symmetries. We know that a flat vector V4 transforms under local Lorentz
transformations as

Vi=AsPVp. (2.9)

For vectors the transformation can be expanded in an antisymmetric parameter
Aapyas A AP =68 —A4P4+0(A?) and the infinitesimal transformation then becomes

Vi=Vs—AABVp — 0V =—-AAPVp. (2.10)

A curved vector however is invariant under local Lorentz transformations. Since the
Vielbein allows us to turn curved- into flat vectors and vice versa, the transformation
of the Vielbein is found from the above statements

0= 0zVar = 5 (VaEN™?) — SaEyt = —ApENT . (2.11)

The same procedure can be applied for the transformation behaviour under infinites-
imal general coordinate transformations. The curved vector field VM transforms as
a spacetime vector, whereas the flat vector field V4 transforms as a collection of
spacetime scalars

o=sVM = LoVvM = =Ngy VM — v NgyEM (2.12a)
6=VA = L=VA ==NoyvA, (2.12b)
— (5EEMA = ﬁEEMA , (2.12(})

and the Vielbein transforms as a collection of spacetime one-forms. It is now sim-
ple enough to find the transformation rules of the inverse Vielbein by varying the
constant contraction of Vielbein and inverse Vielbein. This leads to the set of trans-
formation rules

5EMA = ,CEEMA - AABEMB 5 (2.13&)
SEM 4 = L2EM 4 — AAPEMp . (2.13b)

Covariant Derivatives, the Spin Connection and Torsion

From general relativity the derivative covariant under general coordinate trans-
formationsﬂ Vs, and how it acts on vector- and tensor-fields, V' and T respectively,

3In GR this is what is referred to as covariant derivative.
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is well known:

VuVn =0V —TinVe, (2.14a)
VuVY = oy vy + 18,V (2.14Db)
VTN Nrp p, = 0T py
+ DN TN p e+ DN TN N1

X Ni...N, X Ni...N,
_FMPIT TEPQ---PS __FMPST TP1...P_127

where Ff/[ n is the affine connection. Now the formalism has to be expanded since
vectors and tensors transforming under local Lorentz transformations have entered
the theory. Explicitly this means that a new kind of derivative has to be defined that
transforms covariantly under local Lorentz transformations, which will be denoted
as Dys. With it a new gauge field Q3,7 has to be introduced that transforms with
the derivative of the local Lorentz parameter A4, This field will be referred to
as spin connection. To produce Lorentz covariant quantities, the Lorentz covariant
derivative acts on flat vector- and tensor-fields as

Dy VA =0y VA +Q,,45VE, (2.15a)
DaVa = 0mVa+ Qa"Va, (2.15D)
Dy T Ar g po=0yTh A g B,
+ QMAlcTCA2mATBl...BS ot QMATCTAl...ArfchlmBS
+ QMBlcTAl"'ATCBQ...BS + -+ QMBSCTA“‘ATBL”BS_IC .
(2.15¢)

Taking both these covariant derivatives a completely covariant derivative Dj; can
be defined that transforms covariantly under diffeomorphisms and local Lorentz
transformations. In relations (2.14)) and (2.15)) the respective covariant derivative

can be replaced by Dy, since these fields only transform under one symmetry. As
can be derived from Dy VA = D M(VN ENA), the covariant derivative of the Vielbein
takes the expected form

DMENA = 6MENA + QMABENB — FﬁNEpA . (2.16)
In general relativity metricity is postulated
VuGynp =DyGyp =0. (2.17)

Since Q3,48 is the gauge field of local Lorentz transformations, of course it is also
antisymmetric in its flat indices Q2 MAB =0 M[AB] and therefore

Dymap =0. (2.18)
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From these relations metric compatibility can be expressed in terms of the Vielbein
DyGnp =Dy (WABENAEPB) = 2ENADyEp?, (2.19)

leading to the equivalent Vielbein postulate
DyENA=0. (2.20)

By inserting this into (2.16) the connection T ]\ZN can be expressed in terms of
Vielbein and spin connection

iy = EP aDyEn? = (0nEx + QP Enp) B 4. (2.21)

In general relativity torsion is defined as twice the antisymmetric component of the
affine connection Ty n? := QFSM N] and set zero to obtain the symmetric Levi-Civita

connection that can be expressed using the metric 'Y, \; = ', (G) and is referred
to as Christoffel symbol (for the explicit form see [47]). By virtue of (2.21)) torsion
can also be expressed in terms of Vielbein and spin connection

0=Tun" =20 En* + 29 P Enp - (2.22)

This relation makes the spin connection a field depending on the Vielbein. By
lowering the frame index of torsion to a spacetime index and adding two cyclic
permutations of all indices and subtracting the third, the equation is solved for the
spin connection in terms of anholonomy coefficients (see eq. )

QMAB(E) _ _%ENAEPBEMCCNPC + EN[ACMNB]

(2.23)
= —3C*Py + CpMPL

Even though it would, in principle, be possible at this point to eliminate the spin
connection completely from the theory, it is convenient to keep it, not only for later
generalisations, but also in terms of notation and computation.

Symmetries of the Spin Connection

Now the transformation rule of the spin connection remains to be found. Since
the spin connection is a dependent field, its transformation rule could be derived
from the transformation rule of the Vielbein. A much simpler way to compute it
is, however, to require the covariant derivative of a flat vector to transform ap-
propriately under both symmetry transformations, i.e. as a curved vector under
diffeomorphisms and as a flat vector under local Lorentz transformations

SDMVA L LDy VA — A Dy VE . (2.24)
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By explicit calculation:

0=0Dy VA - L=Dy VA + A 5Dy VP
— Oy (ENaNVA — AABVB) + OB (ENanB — AgC VC) T 60,2V,
=N A AB _ a8 =N A AB
—="0N (8MV + Qs Vb> o= <8NV + Qpn VB> (2.25)
+ AAB <6MVB + QMBCVC>
= 602 Bvg — 2NN QAP VE — OuENONABYVE — Oy At gV E

— QMABABCVC + QMCBABAVC .

The transformation rule of the spin connection can be read off and it is apparent that
it transforms properly: under diffeomorphisms as a vector and under local Lorentz
transformations as a non-Abelian gauge field

5B = L2 B + 9y ALB + 20, CAAB (2.26)

Curvature

Similarly to eq. (2.22)) an antisymmetrised covariant derivative can be found for
the spin connection

2D QP = 200 + 200, QP (2.27)
The Riemann tensor, describing the curvature of spacetime, is defined as
Ryn''s = 20Tz + 2070 Uiy (2.28)

By inserting (2.21)) into the defining equation of the Riemann tensor it becomes
apparent that the antisymmetrised covariant derivative of the spin connection is
nothing but the Riemann tensor

2D NP = Ry N s EpAE¥P = Ry n?® . (2.29)

2.1.2 General Bosonic Gauge Theory

In this section concepts known from gauge theory will be discussed and gen-
eralised, mostly on an operational level. For now, purely bosonic theories will be
treated. Everything that is presented will, however, be formulated so as to make the
generalisation to fermionic symmetries, i.e. supersymmetries, as straightforward as
possible. This generalisation will be made in the next chapter in section [3.1.3] First,
different types of symmetries are distinguished, then there is a short summary of
concepts relevant for this thesis concerning Lie groups and -algebras, and finally the
procedure of gauging an algebra is introduced together with covariant derivatives
and curvatures. For a more mathematical motivation of gauge theory concepts see
e.g. |34].
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Types of Symmetries

Symmetries in physical theories are implemented by transformations of fields.
They can be defined on all classes of fields described by the theory by requiring that
they map solutions of the equations of motion of the respective fields to other solu-
tions. We will only concern ourselves with symmetry transformations that leave the
action invariant. Two symmetry transformations performed consecutively should
again yield a symmetry transformation. For every symmetry transformation there
should exist a symmetry transformation reversing it. Finally, no transformation at
all must of course also be a symmetry transformation. The criteria above lead to
the description of physical symmetries as groups. One has to distinguish between
the following different kinds of symmetries:

Discrete/Continuous

Continuous symmetries are symmetries, whose composition and inversion are
continuous maps, and whose group action is continuous. If these maps are dif-
ferentiable as well, the symmetry group is a Lie group and infinitesimal transfor-
mations are described by the corresponding Lie algebra. Discrete symmetries are
non-continuous, meaning that one transformation cannot be smoothly deformed into
another. Translations by arbitrary vectors and rotations over arbitrary angles are
examples of continuous symmetries, while parity and rotations around 27 /n, with
n € N, are discrete. In this thesis only continuous symmetries will be treated.

Spacetime/Internal

Spacetime symmetries act on Minkowski spacetime, while internal symmetries
only act on fields themselves. To be precise, assuming ¢‘(z) are fields of a phys-
ical theory and S = € and I = el are a spacetime- and an internal symmetry
transformation respectively, the fields transform schematically as

() = I¢'(x) , (2.30a)
¢ (z) = S~1¢'(Sx) . (2.30b)

The transformation rules under infinitesimal symmetry transformations with gener-
ators S and I respectively are given by

51gz§i(x) = Igﬁi(x) , (2.31a)
65 (x) = —S¢'(z) + SaMoy¢'(x) (2.31b)

where S and I are replaced by the appropriate representations (see eq.
and sec. under which the fields and the coordinates transform. U(1) gauge
symmetry of electro-magnetism and SU(3) gauge symmetry of quantum chromody-
namics are examples of internal symmetries. Poincaré transformations, diffeomor-
phisms and supersymmetry transformations are examples of spacetime symmetries.
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Both types of symmetries will be encountered in this thesis.
Global/Local

Global, also called rigid symmetries, are characterised by transformations that
cannot depend on spacetime coordinates in an arbitrary manner. An isometry is
an example of a global symmetry that can be coordinate dependent. Coordinate
independent symmetries are automatically global. Local, also called gauge symme-
tries, on the other hand, are characterised by a symmetry parameter that can have
an arbitrary spacetime dependence. Global symmetries can be made local by the
procedure that is called gauging the symmetry. This will be applied at a later point
in this thesis (see sec. [2.1.3] [2.2.3] [3.1.5| and [3.2.1)) for Poincaré- and supersymme-
try to obtain local Lorentz symmetry, diffeomorphisms from local translations, and

supergravity.

Lie Groups and -Algebras

In this section only some of the most fundamental properties and statements
about Lie groups and -algebras that will be relevant directly for this thesis are pre-
sented. Many details and subtleties will be omitted. For a rigorous discussion of Lie
groups and -algebras the reader is referred to [36], [58], [59].

Continuous symmetries usually form Lie groups. Since in many cases it is suf-
ficient to study infinitesimal symmetry transformations, one can work with the Lie
algebra instead of dealing with the full group. A Lie group is a group that is also
a finite-dimensional smooth manifold. In those terms the Lie algebra is the tangent
space at the origin of the manifold, i.e. at the identity element of the Lie group.
Since the Lie algebra g is a vector space one can chose a basis of Lie algebra elements
{T4} in which every element 6 of the Lie algebra can be expanded as § = 04T},.
The basis elements T4 are referred to as generators. Lie algebra elements are related
to elements of the corresponding simply connected Lie group G by exponentiation

Tacg — exp(02T4) €@, (2.32)

where 64 is a parameter. While every Lie group has a uniquely assigned Lie algebra,
a Lie algebra cannot uniquely be assigned to a Lie group. This becomes clear
when considering that the Lie algebra only encodes the group structure close to
the identity. Hence a Lie algebra is the tangent space of the Lie group at the
identity element equipped with an antisymmetric bilinear product [-,:] called Lie
bracket. This is because on the level of the Lie algebra the consecutive action of two
symmetry transformations is encoded in the commutator of two general elements of
the Lie algebra, 0 = 04T4 and 0 = 04T}y, as can be seen from the Baker-Campbell-
Hausdorff formula

exp (0) exp (0) = exp (0 + 0 + 3[0,0] + O(6%) + O(c?)) . (2.33)
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Let us assume that there is a theory with a set of symmetries generated by the set
of generators {T4}, with the associated set of parameters {#4}, and a set of fields
{¢'} that transform under these symmetries as

¢ =exp (04Ta) ' = 068 =04Tud’ +O(67) . (2.34)

How exactly fields can be acted upon by symmetry transformations will be dis-
cussed below. For now the action on the fields should be viewed as schematic. We
will only consider infinitesimal transformations, meaning that the O(6?)-term is ne-
glected. The consecutive action of two symmetry transformations is encoded in the
Lie bracket as

[61,82)¢" = [61,02)¢" = 0201 T4, Tr)¢' . (2.35)

Therefore the commutators of the generators that compose the Lie algebra are the
objects of interest. The last statement may seem trivial, but it is in fact only true
for bosonic generators and parameters. The inclusion of fermionic quantities will
demand the introduction of anti-commutators at this point, as will be discussed in
the next chapter (see sec. 3.1.3). This is why the Lie algebra is fully described by
its commutation relations

[Ta,T8) = faB“Tc (2.36)
where f4p€ are the structure constants. The Lie bracket respects the Jacobi identity
[Ta,[TB, Tcl| + [T, [Tc, Tal] + [Tc, [Ta, TB]) = 0, (2.37)

that can, via , also be expressed in terms of structure constants

faB® fep® + fec® fap® + fca® fap” = 0. (2.38)

Representations

Different fields are typically realised as objects from different vector spaces. To
realise the action of a symmetry group on different fields explicitly, one needs to
discuss the effect of group elements acting on such vector spaces. The necessary
formalism is provided by the theory of representations. A representation P of the
group G is a group homomorphism P : G — GL(V) that assigns a vector space
automorphismlﬂ P(g) : V — V to every group element g. The vector space V is
referred to as the representation space. A representation has to fullfill

P(g1)P(g2) = P(9192) ; g12€G. (2.39)

In order to implement infinitesimal symmetry transformations acting on fields explic-
itly one has to work with Lie algebra representations. A Lie algebra representation

4 An automorphism is a bijective endomorphism. An endomorphism M on the vector space V is
a linear map M : V — V.
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p of a Lie algebra g is a Lie algebra homomorphism p : g — gl(V') which assigns an
endomorphism p(g) : V' — V on the vector space V' to every Lie algebra element g.
In most cases these endomorphisms take the form of matrices. The Lie bracket is
transmitted to the space of endomorphisms as

p(lg1, 92]) = p(g1)p(92) — p(92)p(91),  q12€8. (2.40)

If a representation is injective it is called faithful. This is true for group- and algebra
representations

The fields ¢' are assumed to transform linearly under the symmetries generated
by T4 with the matrix representations t4 as

0¢' = 04T ag' = —02(ta)' ;¢ . (2.41)

We adopt the convention that generators act on the field that they are directly left
of. Note that one has to be cautious when acting with multiple generators on a field,
since this convention implies that when writing the expression in terms of matrix
representations the original order of the abstract generators is reversed, and there is
a sign for every generator. Requiring that Lie algebra representation matrices fulfill
the same commutation relations as the algebra elements, the representations have
to be introduced with a sign (see eq. ) when replacing a Lie algebra element
acting on a field. The following calculation justifies the sign

[Ta,TBl¢" = —Ta(t)';¢’ +Tn(ta)';¢/

= (tB)';(t )chbk (ta)';(tB) 8" (2.42a)
= [tA,tB]Z] ]
faBTcd’ = — faB®(te) ;¢ . (2.42b)
This ensures that
[Ta,Tg) = fa“Tc < ta,tg] = fas“tc . (2.43)

For more information on general representation theory and of the representations of
the Poincaré algebra see [36], [56] respectively.

Additionally to the above discussion of ordinary representations the more general
notion of projective representations can be introduced. A projective representation
P of group G fulfills the more general (cf. eq. (2.39))) relation

P(gy)P(gy) = 91920 P(g,g,),  g1,€G, (2.44)

where w : G X G — R is a function producing a phase. This leads to an adapted
transformation behaviour of fields (cf. eq. (2.41))), assuming that G is a spacetime
symmetry group. The transformation is then of the form

¢''(z) = €997 p(g~ 1 ¢ (g) ge @, (2.45)
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where f: G x R" — R is a function and P is an ordinary representation. For more
details on the relation between w and f, the conditions that they obey, and much
more on projective representations of groups and algebras the reader is referred to
150], [54], [60]-

Graded Lie Algebras

Lie algebras can be equipped with an extra grading structure. Graded Lie al-
gebras will be important to perform Inénii-Wigner contractions to obtain the non-
relativistic limit of the Poincaré algebra (see sec. and it will be necessary to
include fermions into the theory (see sec. .

A Lie algebra g can be graded with any Abelian group (A, +). As a vector space
it decomposes into a direct sum

g= @ Ya ; (2.46)

acA

and its Lie bracket satisfies the following relation

[a; 06 = Gatb, a,bcA. (2.47)

Elements T of the graded Lie algebra can now be labelled by their corresponding
group element 7(®) € g,. The grading of an algebra is not unique. If EI) is
fulfilled, an algebra can be graded by different groups or with different grading
structures by the same group. The Poincaré algebra can for example be graded in
different ways by the group Zs, as shown in [41]. The fundamental theorem of finite
Abelian groups states that any finite Abelian group is isomorphic to a direct sum
of cyclic groups, therefore it suffices to work with the latter. For our purposes, only
gradings with Z, will be relevant. This simplifies the notation, as the elements of
Zy, can be labelled by {0,1,...n — 1} and the Lie algebra decomposition becomes

n—1
g=P .- (2.48)
a=0

Saletan- and Inoni- Wigner Contractions

Inonii and Wigner introduced a way to generate an algebra by contraction of
a Zo-graded algebra [35]. Saletan generalised these results to contractions of Z,-
graded algebras [53], as also described by [41]. For this, every element of the Lie
algebra is multiplied by a parameter € to the power of the corresponding element of
L

T@ 5 7@ = g q=0,...n—1. (2.49)
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All commutators in terms of algebra elements T" are now expressed in terms of H and
the parameter is eliminated ¢ — 0. Since some commutators are thereby contracted
to zero, this leads to a reduction in commutation relations according to the following
relation

at+b<n: [T, (a) ] faBCT, a+b) — [Hy (a) ] fa CH(a+b), (2.50a)
a+b2n:[ﬂaﬂb] fa C’“%ﬂ”—é[Hw%HQ]:O. (2.50b)

The Jacobi identity holds for the contracted algebra by construction of the new

generators ([2.49)).

Gauge Fields and Covariant Derivatives

In a field theory one needs to take derivatives to describe kinematics. Deriva-
tives are also required to come up with actions and equations of motion and thereby
describe the dynamics of the theory. Ordinary derivatives of fields, however, gen-
erally transform with derivatives of parameters. This makes the construction of
invariant actions problematic. To cancel these unwanted terms from the derivative,
gauge fields are introduced that themselves transform with a derivative of their cor-
responding parameter. A covariant combinationlﬂ of the derivative and gauge fields,
called covariant derivative, can now be defined.

When asking how an ordinary derivative of a field transforms under the symme-
tries generated by {Ta}, it becomes apparent that there is a non-covariant term in
the transformation

500 @' = O (0T ad! + 02T 4006 . (2.51)

To remove this unwanted term a quantity needs to be introduced, which itself trans-
forms with the derivative of a parameter. Such a quantity h will be a Lie algebra
valued one-form hﬁde T4, referred to as gauge field. There will not be made any
semantic difference between the gauge fields h and its components h%, which will
also be referred to as gauge fields. The object referred to should be understood
from the context. The partial derivative together with this new quantity form a
gauge-covariant derivative

Dy = Oy — has - (2.52)

Note that the covariant gauge vector ﬁelcﬁ has is an element of the Lie algebra and
therefore generally does not commute with other elements of the Lie algebra. When
acting on a field transforming linearly under a certain matrix representation, this
representation is inserted into (2.52). The gauge field has to transform with the

5T.e. its transformation does not include any derivatives of gauge parameters.
5The notation Dy = O — dn,, can be found in other texts. This emphasises that has acting
on a field yields an infinitesimal transformation with A%, acting as the gauge parameter.
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derivative of a parameter since this is why it was introduced in the first place. One
can find the complete transformation rules of the gauge fields by simply requiring
that the covariant derivative commutes with gauge transformations

dDy¢' = —604Dyr(ta)' ;¢ . (2.53)
By explicitly going through the calculation
6D =6 (j0u + hifr(ta)’;) &/
= 000" + 6(hiy)(ta)' ;&7 + hiy(ta)' ;007
= —Ou(0)(ta)';¢) — 04(ta) ;0m ¢’
+3(hap)(ta)'; 07 — hay0® (ta)'y (tB) ;07
04Dy (ta) ;¢ = — 04(ta) ;0md — 04 hir(ta)  (tB)" ;0 (2.54D)

and by comparing the terms on the left and the right side of (2.53|) the transformation
rule of the gauge fields can be extracted

(2.54a)

Shily = 00 + 0k fec® & Shar = OO + [has, 0] (2.55)

It has not been specified so far what the objects are that covariant derivatives can
act on. Covariant derivatives can be defined on all fields that transform covariantly
themselves. Not only however can a covariant derivative be defined for covariant
fields, but also for any combination of these fields that transforms covariantly. For
example a covariant derivative of a covariant derivative can always be defined. How
to actually calculate the covariant derivative of a general covariant quantity will be
explained in detail in the generalisation of this section in the next chapter (see sec.
3.1.3).

Covariant Curvatures

There is another fundamentally covariant object at hand, called covariant cur-
vature Ryrn(T4), which exists for every generator and basically is the antisym-
metrised covariant derivative of the corresponding gauge field. In electro-magnetism
and Yang-Mills theory this quantity is called field strength, while in general rela-
tivity the curvature of local Lorentz transformations is called Riemann tensor (see
eq. ) and the curvature of local translations is referred to as torsion (see eq.
(2.22)). A covariant derivative cannot be defined for a gauge field because the lat-
ter already transforms with the derivative of a parameter. Therefore its derivative
transforms with a second-derivative on the parameter and there is no field to com-
pensate for such a term. The antisymmetrisation rids the transformation of exactly
this second-derivative term, leaving the rest of the expression covariantisable. By
examining the transformation of the antisymmetrised partial derivative of a gauge
field

0200 hiy = 200 hiy fee™ + 20 0° by fec? (2.56)
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it is obvious that the second term needs to cancel for the curvature to be covariant.
This can easily be achieved by introducing a compensating term that transforms with
derivatives on parameters just like the term above. Hence the covariant curvature
is defined as

Ryn(T4) = 20 by + hGhi fee™ - (2.57)
Since the curvature is covariant, a covariant derivative acting on it can be defined
DyRyp(T?) = 0pBRyp(TH) — G Ryp(T?) fec™ . (2.58)

It is interesting to take a closer look at the complete antisymmetrisation of this
expression

Dip Ryp)(T4) = s (hGE, fac™) + (20§ + hphR for®) h fac™
(2.59)

It is easy to see that the first and the second term cancel each other. The third term
vanishes due to the Jacobi identity for the structure constants (see eq. (2.38))). The
above relation

Dy Ryp(T4) =0, (2.60)

is valid for all covariant curvatures and is referred to as the Bianchi identity. In
electro-magnetism this is known as the homogeneous Maxwell equation.

2.1.3 From Special- to General Relativity by Gauging

While it was possible to construct the Vielbein formalism from the metric formu-
lation of general relativity, it is, however, more systematic to obtain it by so-called
gauging of the Poincaré algebra. The gauging procedure, which will be used through-
out this thesis was first used by [18] to obtain and interpret supergravity as the gauge
theory of supersymmetry. For additional elaboration on gauging, see [27]. To gauge
an algebra means that one associates a gauge field, with corresponding gauge trans-
formation rules, to every symmetry (in this case Poincaré) generator. The Vielbein,
which was previously introduced without clear motivation, will appear naturally as
the gauge field of local translations. To gauge the Poincaré algebra the concepts
and methods introduced in section [2.1.2| about gauge theory are put to use. Finally
one needs to replace local translations by diffeomorphisms. It will be discussed how
this can be achieved.

Transformation Rules and Curvature

The algebra describing the infinitesimal symmetry transformation structure of
special relativity is the Poincaré algebra

[Map, MOP) = 45 M Pl (2.61a)
[PA, MBC] = 277A[BPC} ; (261b)
[Pa, Pp] =0, (2.61c)
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containing the generators of translations P4 and of Lorentz transformations M4p.
The non-zero structure constants of the algebra are

[EF]

flaBep)™ " = 85[[5773}[055% ; fapa)” = 277A[353 - (2.62)

The first structure constant seems to be off by a factor of 2 from the algebra struc-
ture. This is because when a contracted generalised index A of generators and
structure constants is index-pair-valued A = [AB], then a factor of % needs to be
introduced to prevent over-counting. This leads to

fasMc = 3 fap“P Mcp - (2.63)

To gauge the algebra means to introduce a gauge field and a spacetime-dependent
parameter for every generator.

Generator ‘ Gauge Field ‘ Parameter
Py Ey? 24(x)
MAB QMAB AAB(x)

Table 2.1: The generators of Poincaré symmetry with their associated gauge fields and parameters.

An important attribute is the spacetime-dependence of the parameters which
promotes previously global to local symmetries. We are now dealing with local
Lorentz and local translational symmetry. The gauge fields have to transform with
a derivative of their associated parameter while the remaining part of the transfor-
mation rules is determined by inspection of the algebra (see eq. )

SEn" = 0nEY + QA PEp — AMpEy” = DyEY — M BENT (2.64a)

0 AE = 9y AP 4+ 20y AP ¢ = Dy AP (2.64b)

The derivative operator D), acting on the parameters in the transformation rules
above is in fact the local Lorentz covariant derivative, as generally defined in equation
. The gauge field part acts on the parameter in the appropriate representation
(see sec. . In section the covariant derivative was however defined as a
covariant quantity acting on ﬁeldsm The notation will make no distinction between
these different cases for convenience.

The covariant curvatures can be constructed directly from the algebra, by (2.57)),

to yield
Ryn(PY) =20 En™ + 290 P Enp (2.65a)
Ry (MAP) = 200, Q" + 20,05 (2.65b)

"Since here it is acting on parameters, although it takes the same form, it does not transform
covariantly. For this reason it should not be thought of as an actual covariant derivative.
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It can be read off that the curvature of local translations is nothing but torsion
RMN(PA) = TMNA as it was defined before in ([2.22]) while the curvature of local
Lorentz transformations is the Riemann tensor Ry (M AB) = Ryn3B (see eq.
(2.29), as expected. When not written in components but in terms of torsion- and
curvature two-forms, these relations can be expressed as

R(PY) =dEA + Q4 ANEC, (2.66a)
R(MAB) = d0AP + Q4c A QOB (2.66b)

They are then referred to as Cartan’s first- and second structure equation.

Diffeomorphisms from Local Translations

It is clear that the naive gauging of the Poincaré algebra produces local trans-
lations. This is not yet the desired diffeomorphism symmetry of general relativity.
The procedure of relating these two symmetries makes local translations (1t), and
therefore general coordinate transformations (get), special compared to the other
symmetries. Along with introducing the Vielbein in section 2.1.1] the no-torsion
condition was derived from imposing metricity. Making use of this one can trade
local translations for general coordinate transformations as follows

5EMEMA = 8MEA + QMABEB + ENRNM(PA)

= 0um (ENENA) + E.NQ(?[NEM}A + ENQNAB

(2.67a)
— £EEMA + ENQNAB
= 0z, Ent + 0B
where:  ZM = EM,Ef, AP = -_=NaytP. (2.67b)

Note that the first two terms in the first line constitute a local translation while
the third term does not contribute due to the no-torsion condition (see eq. (2.22)).
It follows that for vanishing torsion local translations can be expressed by general
coordinate transformations, i.e. diffeomorphisms, additionally to a local Lorentz
transformation. To recover the transformation rule from section [2.1.1] the transfor-
mations of the Vielbein under diffeomorphisms and local Lorentz transformations
are added

SEy? = L=Ey™ — AMBEyp . (2.68)
After this the Vielbein is no longer treated as a gauge field and the prefix covariant
will refer to local Lorentz symmetry.
2.1.4 Representations of the Poincaré Algebra

After having worked with vectors and tensors in the previous sections, this section
aims to clarify the proper introduction of scalars, vectors and tensors as irreducible
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representations of the Poincaré algebra. The Poincaré algebra consists of two types
of generators, that is translation- and Lorentz generators, P4 and Mp respec-
tively. Since only coordinates transform under translations as z4 — 2/4 = 4 — 24
and scalars, vectors and tensors do not, the treatment of this symmetry is simpler.
All fields transform equally under translations while transformation under Lorentz
symmetry depends on the type of field involved. Therefore the types of fields in the
theory will be classified by their transformation properties under Lorentz symmetry.
For notation see section

On the group level a general Poincaré transformation has the form
S(E,A) =exp(E+A), (2.69)

where A = %AABMAB and Z = Z4P,. By the BCH-formula (see eq. (2.33))) and
the fact that a Lorentz transformation and a translation commute to a transla-
tion, a redefinition of the translation parameter £ — E can bring every Poincaré
transformation to the formf|

S(Z,A) = exp(—E) exp(A) = EIA . (2.70)
Under Poincaré symmetry coordinates transform as
=8 E, Nzt = A1 B = A (e — D). (2.71)

On the algebra level the infinitesimal transformation of the coordinate has the form

oxtt = —ApaB — =4, (2.72)

(1]

=0, Lorentz Symmetry

First only the Lorentz algebra is considered to classify objects by their transfor-
mation behaviour under —A = —%AAB M 4p. Coordinates transform as

oxtt = Azt = —Apal . (2.73)
A scalar K is an object that does not transform under Lorentz transformations
K =—-AK=0. (2.74)

The scalar representation is therefore m% 5 = 0. Since the coordinate x4 is a vector,
we require the vector V4 to transform in the same fashion, i.e. as

VA = —AVA = A BVE. (2.75)

8The sign of Z is convention.
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By requiring that the contraction of a vector V4 and a covector Uy is a scalar, the
transformation rule of the covector is computed to be

oUp=—-AU4 = —AABUB . (2.76)
The vector representation can be read oﬂﬂ from these transformation rules (m} B)CD =
—2n¢| A5§]. Now that vector- and covector transformations are known, arbitrary ten-
sor representations m' 5, where the tensor indices are suppressed, can be built from
them.

The transformation of arbitrary fields ¢'(x) needs additional attention, since
fields are also functions of spacetime. General spacetime transformations of fields
have the form , where the algebra element A in first term, —A¢'(x), is re-
placed by the appropriate representation, depending on the field. The second term,
Az404¢* (), appears because the field is a function. The coordinate is however a
vector, so it transforms under the vector representation

Aa:AaAqbi(a:) = AABﬂfBaA@f)i(x)

. (2.77)
= —3AN Pl ()
where the function representation is the differential operator mf4 g =—(m} B)CD xcOp.
The complete transformation rule of a field is
56 (x) = —A (z) — AP dpdi(z) . (2.78)

A =0, Translation Symmetry

As stated before, only coordinates transform under translations = = Z4P, as

Szt =

[1]

A =24, (2.79)

where it has to be noted that the parameter =4 is introduced with a sig Scalars,
vectors and tensors do not transform, making the respective representations: p% = 0,
p% = 0, pY4y = 0. Fields do transform under translations, but only as functions of
spacetime coordinates. Like the function representation of the Lorentz algebra, the
function representation of translations is a differential operator pf4 = 04. From
the infinitesimal transformation rules of arbitrary fields can be derived

66 (x) = 24040 () . (2.80)

9Remember that whenever replacing a generator with a representation it produces an extra sign,

as explained around eq. (2.41]).

1090 actually —E is the parameter of translations.
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Poincaré Symmetry

Since scalars, vectors and tensors do not transform under translations, their
Lorentz transformation rules are the complete Poincaré transformation rules. A
general field transforms under Poincaré symmetry as

(z) = A1E (B Az) = Aol Azt + 2D, (2.81)

which infinitesimally reduces to the sum of Lorentz transformation rules and trans-

lation transformation rules, (2.78) and (2.80]) respectively

06! (x) = —Ag'(2) + (27 — APas) Opd' (). (2.82)
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2.2 About Galilean- and Newton-Cartan Geometry

After having studied the geometric structure and kinematics of special and gen-
eral relativity the question arises which concepts can be translated to non-relativistic
theories and how this is to be done. In the previous section the procedure of gauging
an algebra was introduced as the method to find the corresponding gauge theory;
by making the symmetries local.

By gauging the correct algebra the non-relativistic analog of Lorentzian geom-
etry, called Newton-Cartan geometry, can be found. But first, the correct non-
relativistic algebra needs to be identified. Taking the non-relativistic limit of the
Poincaré algebra yields the Galilei algebra. Note, however, that massive fields can
only appear as projective representations of the Galilei algebra. For that reason it is
more convenient to work with its central extension, the Bargmann algebra. At this
point the Bargmann algebra can be gauged to find the transformation rules of the
fields of Newton-Cartan theory. Finally it is shown that Galilean gravity can indeed
be recovered from this formulation by partial gauge fixing. In principle one could
also recover the non-relativistic Vielbein formalism from a non-relativistic metric
formulation of gravity whose fundamental objects are a degenerate temporal- and a
degenerate spatial metric that obey certain orthogonality relations as laid out in [2],
[33]. This approach is however omitted in favour of gauging the Bargmann algebra.

2.2.1 From Poincaré to Galilei by I.-W. Contraction

In section In6nii-Wigner contractions were introduced as a technique to
produce a new algebra from a known one. To do this a grading of each algebra
element is defined, which is introduced with a small parameter which is then sent
towards zero. The motivation for using an Inénii-Wigner contraction is that the
inverse speed of light % can be used as a small parameter to Zy-grade the Poincaré
algebra which shall then by contraction yield a non-relativistic limit. The Poincaré
generators are split up, with the index structure being of the form A = (0,a). The
generators corresponding to time translation and rotations are graded with ¢ and
the generators of spatial translations and boosts are graded with ¢~

GradeO‘P0—>H:P0, My — Jop = My
Grade 1 | P/ — PP = 2P | My — Go = LMy -

Table 2.2: Grading of the Poincaré algebra.

Also rotations and boosts are relabelled. It should be noted that this is not the only
possible grading of the Poincaré algebra, and therefore the Galilei algebra is not the
only possible contraction. It is, however, the correct one in that it reproduces the
non-relativistic limit. From this contraction the Galilei algebra emerges with the
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non-zero commutation relations
[Jabv ch] = 45[a[c<]d]b] ) [Jaba Gc] = _256[(ZGb] ) (2833)
[Jab, Pe] = —250[an} , [Go, H] = —P, . (2.83b)

Explicitly, the contraction removes the commutation of two boosts to a rotation and
the commutation of a boost and a spatial translation to a time translation.

2.2.2 From Galilei to Bargmann by Central Extension

The Galilei group, and hence the Galilei algebra do not yet describe the full
symmetry structure of Newtonian gravity. The problem can be made visible by
investigating massive fields. There will be two examples showing that mass in the
non-relativistic theory requires special attention. This will motivate the central ex-
tension of the Galilei- to the Bargmann algebra. Galilei symmetry can be introduced
by the transformation of the coordinates

t'=t+r, 7' = R%ab + vt + a®, (2.84)

where R € SO(3) is a rotation, v and a are constant 3-vectors and 7 is a constant.

Covariance of the Schrodinger Equation

First, the transformation of the wave function (¢, ) of a massive free particle is
derived from the condition of it obeying the Schrédinger equation. A particle that
is free for one observer is also free for all observers related to the first observer by a

Galilei transformation. Hence
2 2

%w(t,x) =id(t,z)  — ;me'(t',m’) — il (', 2") (2.85)

where
pa1/1(t,l') = —i8a¢(ta ZE) ’
oy =0y —v*RL0y, O =RL0,, 0.0 =0,0.

By inserting the transformed quantities it can be seen that is not compatible
with the wave function transforming as a scalar, i.e. ¢/(t',2') # (¢, z). Hence
the Ansatz ¢/(t',2') = e/®)y(t,z) is presented. The transformed Schrédinger
equation can be solved with this Ansatz to find that f(t,z) = mv®Rga? + mTUQt +
k, where k is an arbitrary constant. The transformation-dependent phase in the
transformation of the wave function relates to the fact that the wave function of a
massive particle transforms with a projective representation (see eq. ) of the
Galilei group. Note that the coordinate-dependent phase vanishes for a massless
field, i.e. m = 0. It can be shown (see [54]) that any projective representation
of a group corresponds to an ordinary representation of a central extension of the
group. Since it is more convenient to work with ordinary representations than with
projective representations we will work with the central extension of the Galilei
algebra which is the Bargmann algebra.

(2.86)
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Poisson Algebra of Non-Relativistic Free Particle Action

There are multiple ways (see also sec. to perform the central extension
and find the commutator structure of the Bargmann algebra. One very simple and
instructive example, presented in [3], is to calculate the Poisson bracket algebra of
the conserved charges of the non-relativistic action of a massive free particldﬂ

=1, 29 (2.87)

The conservedE charges Q(T'a) can be calculated with Noether’s theorem from the
infinitesimal transformations of the coordinates and the Lagrangian. Assuming that
the Lagrangian transforms with a total time derivative, Noether’s theorem with the
included boundary term takes the following form

BAQ(T4) = padyr® + (L — pai®)dot — / dt 602 . (2.88)

For each symmetry a corresponding conserved charge is computed

6,24 =0, St=1, 0,.4=0 — QH)=-2, (2.89a)
dgx® = a®, It =0, 0, =0 — Q(P,) = pa , (2.89D)
Gt =, Gt =0, 6L =mud® —  Q(Ga) =pat —maq, (2.89c)
Szt =N, G\t =0, 5,Z=0 = Q(Jab) = Play) - (2.89d)

As explained in [12], the Lagrangian of a free relativistic particle is invariant under
Poincaré symmetry. In (2.89c) it can be seen that the Lagrangian of a free non-
relativistic particle is not invariant under boosts, leading to a change in Noether
charges. This ultimately explains the necessity for the central extension of the
Galilei algebra that was not encountered when working with the Poincaré algebra.
At this point some redefinitions of the charges are performed to later match the
convention of the structure constants of the Galilei algebra: Q(H) — —Q(H) and
Q(Jap) — 2Q(Jap). The Poisson bracket of two phase-space functions f(z,p) and
g(x,p) is defined as

of 09 99 Of

{f,g}es = 01 Op, 0z Op,

(2.90)

The Poisson bracket displays the symmetry structure of the action. In this case the
Poisson bracket algebra of the conserved charges, additionally to the Galilei algebra,

"1n [8] Lagrangians for non-relativistic free particles in a curved background and in Newton-
Cartan theory, together with their supersymmetric extensions, are presented. These can be used to
determine the algebra structure in the respective case, similarly to what is done here.

12The expression conserved charge is referring to a quantity conserved in time, i.e. Q(Ta) =0.
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includes one other non-zero Poisson bracket

{Q(Jab), Q(Jea) yrB = 400 Q(Japy)) (2.91a)

{QUaw), Q(Ge)}pB = —204.Q(Gy) , (2.91b)

{Q(Ja), Q(FP) tp = —200,Q(Fy) , (2.91c)

{Q(Ga), Q(H)}pp = —Q(Fu) , (2.91d)

{Q(Ga), RQ(Py)}pe = —bapm . (2.91e)

The Poisson bracket of two conserved charges is of course also a conserved charge.
The new conserved charge Q(M) := m can be introduced that is the generator of

the central extension of the Galilei algebra. Since m is a constant it is clear that
the Poisson bracket {Q(M), -} = 0 vanishes. The corresponding set of commutators
describes the non-trivial central extension of the Galilei algebra, the Bargmann
algebra

[Jabv ch] = 45[a[c<]d]b] ) [Jaba Gc] = 7250[aGb] ) (292&)
[abs P = =26,y [Go, H] = —P, (2.92b)
[Ga,Pb] = _5abM- (2920)

One can also find the Bargmann algebra by modifying the redefinitions of the gen-
erators in the contraction procedure (see tab. . Since the new generator should
produce a spacetime symmetry, this symmetry has to emerge from the other gen-
erators of spacetime symmetry. The only scalar spacetime symmetry of the Galilei
algebra is the generator of time translations H, so it can be guessed that the new
scalar generator of the central extension should also emerge from Fy in the con-
traction. In fact, the generator of relativistic time translations, when interpreted
as energy, can be expanded as the sum of non-relativistic energy and mass in the
non-relativistic limit: Py — H + Mc? = Py, indicating that in a non-relativistic
theory energy and mass (or particle number) are unrelated and are both separately
conserved quantities. With the above redefinition the Poincaré algebra can be con-
tracted to the Bargmann algebra. To see how to properly reduce a direct sum of
the Poincaré algebra and an Abelian factor with a single generator to the Bargmann
algebra, see |14].

2.2.3 From Bargmann to Newton-Cartan by Gauging

Earlier the Poincaré algebra was gauged to find the transformation rules of the
Vielbein and the spin connection in general relativity (see sec. . Now the gaug-
ing procedure can be applied to the Bargmann algebra to find the transformation
rules of the fields of its gauge theory, Newton-Cartan theory. Again every generator
is associated with a gauge field and a local parameter
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Generator | Gauge Field Parameter
F, ep” ()~ I
x
" W | @
M my, o(x)
Jab wuab (1)
G, wp® A (x)

Table 2.3: The generators of Bargmann symmetry with their associated gauge fields and parameters.

By inspection of the Bargmann algebra the transformation rules of the gauge fields
can be read off

de, = 0, — wﬂ”agb —w, ¢+ eub)\b“ + 1A (2.93a)
57 = 0,C (2.93Db)
dmy = 00 — wu"Ca + €pa X, (2.93¢)
8w, ™ = 9N 4 200, (2.93d)
dwp® = A — wuAe +wu A (2.93e)

One has to take special care when raising and lowering indices at this point, because
simply going from flat to spacetime indices using the Vielbein is no longer possible,
as it was in relativity. The spatial Vielbein e, is not a square matrix, since there
is also the temporal Vielbein 7,,. There is however a way to define the exchange
of spacetime and flat indices for covectors using the inverse Vielbeine. The inverse
Vielbeine are defined by the following projective invertibility relations

e, ef'y =0y, e e’y =0 — 1,77, T, 7H =1, (2.94a)
e =0, Tueta =0. (2.94Db)

Take a spacetime covector By, a flat covector B, and a scalar By. These quantities
are by definition related by

Ba = €uaB'u y BO = TMBH s BU = €NaBa + TMBO . (295)

In this notation flat indices are raised (and lowered) using Kronecker deltas as
B® = §*By. The raising and lowering of the 0-index is not defined.

As was done in relativity, we would like to implement general coordinate trans-
formation symmetry, replacing translation symmetries. In relativity the no-torsion
condition was imposed to replace local translations with diffeomorphisms. In the
non-relativistic theory three curvature constraints

T“V(Pa) = QO[Hey]a - QW[Hbaey]b - QW[uaTy] =0 s (2.96&)
T (M) = 20;,m,) — 2w}, ey =0, (2.96D)
Tuw = Tw(H) = 20,7, =0, (2.96¢)
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are imposed to meet the same goal, to have the gauge fields transform as covectors
under diffeomorphisms. The first two constraints are referred to as conventional
constraints and the third constraint, the non-relativistic no-torsion condition, defines
the foliatiorpﬂ of the Newtonian spacetime. The latter condition makes it possible
to express the temporal Vielbein as the gradient of a function 7 that then allows for
the definition of absolute time T between two events, i.e. time that is independent
of the path C between these events

Ty =0 — Ty = OuT — T= /Cdx”Tu = /Cd’i' . (2.97)

The curvature conditions that were imposed above now allow for replacing local
translations with parameters ¢ = 7,# and (* = e,*¢, with general coordinate
transformations with parameter £&# and compensating transformations

5§=5<+5g+5)\r+(5)\b,
where: b=t (" + TH oc=—-&m
§ab af _:b C ’ a é-l/ Va7 (298)
AV = —€%w, | A= —&w, .
Note that unlike in the relativistic case different symbols are used for the parameters
of local translations and diffeomorphisms. This is because the exchange of curved-
for flat coordinates was defined for spacetime covectors only (see eq. ), and the
parameter of diffeomorphisms is a vector. It is this step of replacing local transla-
tions with diffeomorphisms in the procedure of gauging the Bargmann algebra that
yields the no-torsion condition 7, = 0. If one had only gauged the homogeneous
Bargmann algebra, i.e. all Bargmann symmetries but translations, and additionally
imposed diffeomorphism symmetry, this last no-torsion condition could be dropped,
as is done in [6]. The two conventional constraints are, however, retrieved from the
closure of the algebra. When obtaining Newton-Cartan geometry from null reduc-

tion (see sec. and ch. [5), 7, = 0 is not imposed.

The compensating transformations can be absorbed into the parameters by a
redefinition. To match the convention used later in this thesis, the temporal Vielbein
is redefined at this point 7, — —7,,. The first two curvature constraints
can be solved for the spin- and the boost connection (see app. [C]). The connections
written in terms of the remaining independent fields (and their inverse fields) take
the form

wuab — el/[acuyb} _ %ecﬂcabc — %Tﬂcab s (2993)
wu® = 500, " + peunco™ + 56, + 570 (2.99b)
C/Wa = 28[Mel/]a , Cuy = 28[Mm'/} ) (2'990)

3Frobenius’ theorem states that the minimal condition for the spacetime to foliate is however not
the no-torsion condition but instead the weaker twistless-torsion condition 7,0,7, = 0 <> 745 = 0.
In the latter case it is impossible to define absolute time.
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where the ¢, * and ¢y, are the non-relativistic anholonomy coefficients.

All this leads to the transformation rules of the independent fields

Sep® = Lee,™ — APeyy, — N7, (2.100a)
0Ty = LeTy (2.100b)
omy, = Lemy, + 0o + Nepq - (2.100c)

An interesting observation can be made from the transformation rules of this NC
gravity multiplet. While in relativistic gravity the gravity multiplet (only consisting
of the Vielbein) is an irreducible representation of the Poincaré algebraﬂ the NC
gravity multiplet is an indecomposable but reducible representation of the Bargmann
algebra, as is typical for non-relativistic theories (for more details on representations
of the Galilei- and Bargmann algebra see e.g. [45]). This can be seen from boost
behaviour of the fields — the gauge field of central charge transformations is boosted
to the spatial Vielbein, but no field is boosted to the gauge field of central charge
transformations.

2.2.4 From Newton-Cartan to Galilean Gravity
by Partial Gauge Fixing

Galilean gravity is a generalisation of Newtonian gravity. While the latter only
considers freely falling reference frames and includes a time independent Newton
potential, Galilean gravity describes freely falling- and accelerated frames with time
dependent acceleration. The inclusion of acceleration is what gives rise to a time
dependent Newton potential. For extensive elaboration on this see [20], [22]. It
is however also possible to impose stronger gauge fixing conditions to only retain
Galilei symmetries.

Now that the kinematics of Newton-Cartan gravity has been found, it is still not
obvious that this theory in fact reproduces Galilean gravity. To see this a partial
gauge fixing is performed in which a lot of fields can consistently be set to zero.
The partial gauge fixing will be given rather than derived. The motivation and the
derivation that leads to this partial gauge fixing can be found in [4]. Additionally
to the conventional constraints and the no-torsion condition (see eq. ), the
curvature of rotations is also set zero, i.e. TW(Jab) = 0, since Galilean gravity

141t may seem obvious for the Vielbein, but this fact remains true also when relativistic super-
gravity multiplets like (3.68)) that include several fields are considered. They are then irreducible
representations of the super-Poincaré algebra.
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should be recovered in flat space. The gauge fixing conditions are

Tu(z) =l (2.101a)
w, P (x) =0, (2.101D)
ei(x) = of, (2.101c)
tz) =1%x), — e%z)=—t%x), (2.101d)
oim(z) :== t;(x) + mi(z), (2.101e)
m(z) =0, (2.101f)
t9(z) =0, (2.101g)
O(x) :=my(x), (2.101h)

where the (-index of a quantity B,, indicates By = B,,—o and should not be confused
with By = 7#B,,. From the Vielbeine one can see that upon using this partial gauge
fixing one ends up with Euclidean space with an ordinary Euclidean metric. The
only field left in the theory is my(x) which is then identified as the Newton potential
®(x) = my(x). Of all connections there is only one non-trivial component left,
which is wy®(z) = —9*mgy(z) of the boost connection. The only non-zero curvature
components reside in the symmetric part of the boost curvature, whose vanishing
trace reproduces the massless Poisson equation (i.e. the Laplace equation)

T0a(G?) = —0qwp® = 0,0°®(z) = AP(z) =0. (2.102)

2.2.5 Dimensional Reduction

Dimensional reduction was first proposed by Kaluza and Klein in [39], [40] as a
tool to unify electro-magnetism with 4D gravity. By taking one spatial dimension
to be compact and small 5D gravity can be viewed as an effective 4D gravitational
theory coupled to extra degrees of freedom that emerge from the higher dimension,
among which there is a Maxwellian vector potential. Kaluza and Klein originally
considered dimensional reduction along a compact spacelike direction, one can, how-
ever, consider dimensional reduction along a compacﬁ null direction, as described
in [23], [37]. Now one may ask if it is also possible to perform a timelike dimensional
reduction to obtain a Euclidean theory. This is in fact possible and an example for
Euclidean 4D supergravity can be found in [66]. Unlike a spacelike reduction which
produces a relativistic effective theory, a null reduction leads to a non-relativistic
effective theory. This makes it a useful tool to produce non-trivial lower dimensional
non-relativistic theories by null-reducing simpler higher dimensional relativistic the-
ories. The results obtained from contraction of the Poincaré- to the Bargmann
algebra and gauging can also be obtained from direct gauging of the Poincaré alge-
bra and null reduction, e.g.:

151n fact, there are ways to not impose compactness and still receive effective lower dimensional
theories as discussed in [51]. We will, however, assume the dimensions along which the reduction
takes place to be compact.
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tr. tr. ext.
Poincaré alg. in D contr. & centr. ex Bargmann alg. in D gaugjﬂg
) NC in D
Poincaré alg. in (D + 1) ~gauging GR in (D + 1) — ul red-

Figure 2.1: Two paths to D-dimensional Newton-Cartan geometry starting from either the D- or
the (D — 1)-dimensional Poincaré algebra.

When including supersymmetry, which will happen in the next chapter, it is gen-
erally no longer possible to follow the steps illustrated in figure[2.1]at will. Especially
the naive gauging procedure will not produce the full supergravity multiplet (e.g.
see sec. . With supersymmetry included, finding Newton-Cartan supergravity
has to be treated as a separate problem in every dimension.

The dimensional reduction of general fields is non-trivial and will be discussed
later (see sec. . A D-dimensional vector for example can be reduced to a
(D — 1)-dimensional vector and a scalar. The dimensional reduction of a scalar field
as described in [48] is, however, straightforward due to the dimensionally indepen-
dent number of its components, and shall be presented as an instructive example of
dimensional reduction. The reduction of the Vielbein will be discussed subsequently.

Dimensional Reduction of the Scalar Field

The masslesﬂ scalar field K(z) in D-dimensional flat space obeys the wave
equation

OPK(z) =0, (2.103)
where OP) = n(PIMNg, §y is the d’Alembertian in D spacetime dimensions.
Spacelike Reduction

In performing a spacelike reduction one assumes that one spacelike dimension is
circular. Its coordinate will be denoted as x* while the coordinates of the remaining
(D — 1) spacetime directions are denoted by z**. Note that since the coordinate z*
is circular there is a U(1) symmetry identifying «* ~ x* + 2nwR, Vn € Z, where R
is the radius of the dimension.

The scalar field K (24, 2*) can be expanded in terms of its Fourier modes K (™ (z:4)
as

K2t 2%) = Y e K™ (a4) | (2.104)
nez

16The scalar field is chosen to be massless for convenience. If it were massive, the reduced fields
would receive a mass contribution from the mass of the original field.
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Assuming that the massless field K (x4, z*) obeys the D-dimensional wave equation
(2.103)), its Fourier modes obey an infinite number of (D — 1)-dimensional Klein-
Gordon equations

<D<D—1> - (gf) K™ (z4) =0, (2.105)

where the mass of each respective Fourier mode is m, = |%|.
Null Reduction

If the dimensional reduction is not performed along a spacelike direction but
along a lightlike (also referred to as null) direction, the fields in the lower dimensional
effective theory exhibit non-relativistic behaviour. In D spacetime dimensions define

(D —2) spacelike directions 2% and two null directions aﬂ rt = %(xo +2*), where

x* denotes a spacelike coordinate. If the null coordinate z™ is chosen to be compact
(and circular), i.e. 27 ~ 2™ + 2nwR, Vn € Z, the scalar field K(x% z~,2") can be
expanded in terms of Fourier modes as

cnat
K(z%a ,at)=> €F KM (2% 27). (2.106)
nez
The wave equation (2.103) of the higher dimensional massless scalar field reduces
to the inherently non-relativistic Laplace equation for n = 0 and the Schrédinger
equation for all other Fourier modes

AK™ (2% 27) =0 forn=0, (2.107a)

(—1'6_ + ;) KM@ z7)=0 forn#0, (2.107b)
R

where A = §%9,0, is the Laplacian, the former null direction 2~ serves as the non-
relativistic time coordinate and m,, = ]%‘ is the mass of the respective mode.

Massless Modes

The physical justification for choosing higher dimensions to be compact and small
is that they are not observablﬂ. Since a small compact dimension, i.e. R < 1, leads
to excitations with large masses it is reasonable to truncate the spectrum and only
consider the massless modes. This can equivalently be expressed as the following
condition on the field

0. K (z,2*) =0 for #* compact and small , (2.108a)
Oy K(2% x ,27) =0 for 7 compact and small, (2.108b)
1" This defines the components of the Minkowski metric to be ny_ = —1.

18 As stated before, this is a motivation for this choice, but not a necessary condition according
to [51].
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where the partial derivatives are in the respective direction of dimensional reduc-
tion. In Kaluza and Klein’s work this condition is referred to as cylinder condition.
This condition does not only apply to scalar fields but also to all other fields of a
dimensionally reduced multiplet.

Null Reduction of the Vielbein

For a theory describing gravity we can, of course, not limit ourselves to work-
ing with flat space, as was done in the previous example. To describe gravity in
D spacetime dimensions the Vielbeine Ej# are introduced. When working with
Vielbeine there are flat tangent space coordinates A, B, C, ... and curved spacetime
coordinates M, N, P,.... To perform the null reduction along x™, the set of flat

coordinates is expressed in a null basis 24 = (2% 2F = L (20 F 2*)), where the

V2
index a takes (D —2) values. The curved index #™ = (z#, 27) is split in terms of the
direction of reduction, denoted as z, and the remaining spacetime index p, taking
(D — 1) values. Since we are assuming the reduced dimension z to be small we are

only interested in the massless mode of the Vielbein, i.e.
0. Eyt=0. (2.109)

The null reduction Ansatz that will be presented follows closely the discussion of
[6]. Formally the condition (2.109) can be viewed as a Killing equation, defining an
isometry of the spacetime

. Byt = LyEy™ =0, (2.110)

expressed by a normalised Killing covector X in the direction of reduction, i.e. XM =
6M . To ensure that the direction z is a null direction, the Killing vector X is taken to
be null, i.e. RMR;; = 0. When the (super-)gravity multiplet containing the Vielbein
contains other fields as well (e.g. see eq. , they obey the similar conditions
Lx{(su-)gra multiplet} = 0 (e.g. see eq. , which are again justified by the
truncation of the spectra of the respective fields (as in eq. (2.108)). Additionally,
the partial gauge fixing condition

E.=0 (2.111)

is imposed. That, together with the Killing vector being null, requires the Killing
vector in flat coordinates to be along a flat null direction z*. Since we want to
identify the flat null direction z+ with the reduced direction we choose 84 = 5jéEZJr
and equivalently XM = E.TEM | hence E,~ = 0. It also follows that

,Ey*t=0 — E*,=0. (2.112)

Anticipating the structure of Newton-Cartan geometry found by gauging the
Bargmann algebra (see sec. [2.2.3), the Vielbein and the inverse Vielbein can be
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split in terms of lower dimensional coordinates with the following AnsatA!]

a g-1 _ o eamy
By = ( eg S Om SSmu ) : EM, = s STHT“ . (2.113)
0 S~

where at this point e,*, 7, and m, are general vector- and tensor fields, and §'is a
scalar field. These fields automatically inherit the orthogonality relations

e ey =0y, T, =1,
e, =0, Tuel'a =0, (2.114)

epe’s + T’ =6y,
from the original
EyAEMp =64,  EyAEN,=0Y. (2.115)

The notation is, however, chosen suggestively because the fields e,* and 7, can be
identified as the spatial- and the temporal Vielbeine of Newton-Cartan geometry,
and m, as the gauge field of central charge transformations. The scalar field S does
not appear in Newton-Cartan geometry derived by gauging. However, as can be
seen later, the scalar S can also be gauge fixed (e.g. see sec. .

Note that the Vielbein Ey4 and its inverse are square matrices, owing their seemingly non-
square form to the choice of index-splitting A = (a, —,+) and M = (u, z).



Chapter 3
Supergravity

In this chapter we will implement supersymmetric extension of the concepts from
the previous chapter into the theory. First the Clifford algebra and spinors are in-
troduced as the necessary tools that enable us to talk about supersymmetry. Then
supersymmetry is first defined as a global symmetry, as were all symmetries in the
last chapter, only to be made local later in the process of gauging. The concepts
of bosonic gauge theory are extended to include spinorial symmetries, and with it
spinorial algebra generators, gauge fields and gauge parameters. Then an example
is presented in which a supergravity multiplet and its transformation rules are found
by gauging the super-Poincaré algebra. When supersymmetry is part of the game,
it is generally no longer possible to find a supergravity multiplet by gauging the
super-Poincaré algebra in an arbitrary spacetime dimension D including N super-
symmetries. Therefore an example is presented of how to construct a supergravity
multiplet that cannot be found from gauging in its entirety. Finally, two different
derivations of the same non-relativistic supergravity multiplet are stated, to illus-
trate that the multiplet can be found from gauging the super-Bargmann algebraE] or
from null-reducing a higher dimensional relativistic supergravity multiplet. The lat-
ter is the method that will be utilized to find non-relativistic 4D, N’ = 2 supergravity
in chapters [4 and

3.1 About Relativistic Supersymmetry
and Supergravity

In this section Clifford algebras and spinors are introduced to be then be included
into gauge theory as the main ingredients of fermionic supersymmetry. Then two
examples of supergravity multiplets are presented.

'In this specific example the non-relativistic supergravity multiplet can be found by gauging.
This is generally not possible, neither in relativistic nor in non-relativistic settings.

37
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3.1.1 Clifford Algebras and Spinors

Gamma matrices in 4D are known from the Dirac equation, describing the evolu-
tion of a massive fermion. In the following section gamma matrices will be introduced
more formally to be able to construct and work with them in general dimensions.
Gamma matrices act on fermions, which is to say that they act on the space of
spinors. Therefore the gamma matrices will be integral to realise Lorentz transfor-
mations of spinors. Finally, they will make it possible to define a number of spinor
bilinears transforming as tensors under Lorentz symmetry. First, the mathemati-
cal structure behind gamma matrices, called Clifford algebra, is discussed. Then,
different kinds of spinors will be introduced.

Clifford Algebras

In any dimension D the Clifford algebra can be defined as a unital associative
algebr that is generated by objects ¥4 that satisfy the anticommutation relation

(v A8} =B 4By = 2B 1 (3.1)

where 748 is the Minkowski metric in D dimensions. We will always work in a
matrix representation in which 1 is the identity matrix and ¥4 are referred to as
gamma matrices. There is a simple Ansatz presented in [27] to construct gamma
matrices explicitly from tensor products of Pauli matrices for general dimensions.
The representation of gamma matrices is, however, not unique and for our purposes
any explicit construction is unnecessary since all relevant properties can be stated in
general terms. The complete Clifford algebra consist of the unit matrix, the gamma
matrices v and all products of gamma matrices (subject to (3.1))). Some important
facts on Clifford algebras are:

e We restrict ourselves to irreducible representations that are hermitian, i.e.

they obey 74T = 404440,

e For every even dimension D = 2m there is a unique equivalence class of 2"-
dimensional irreducible representations ¥4 = U~+AU~!, related by unitary
operatorsﬂ U. For every odd dimension D = 2m + 1 there are two inequivalent
2™-dimensional irreducible representations.

 The notation 4147 is used to denote completely antisymmetrised products
of gamma matrices as follows

,7A1...Ar — ,Y[Al . ‘/}/AT] . (32)

The rank r of such a Clifford algebra element refers to its number of indices.
The identity matrix has rank r = 0.

2A unital associative algebra is an algebraic structure with addition and associative multiplica-
tion, including a multiplicative unit element. It also includes scalar multiplication with elements of
a field, e.g. R.

3The operators are unitary because the representations are hermitian.
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« All Clifford algebra elements y4147 with rank r > 0 are traceless.

e In everﬁ dimensions a highest rank element v, can be defined as the product
of all single gamma matrices
= (i)™

o YY1 ---YD—1 - (3.3)

This element is of special interest because it links even and odd dimensions
(see eq. (3.7)) and it is related to the chirality of fermions (see eq. (3.18)).
It is hermitian and squares to unity. As its name suggests, it is the unique
Clifford algebra element with the highest possible rank r = D. In 4D this
matrix is usually denoted as ~s.

Basis of Clifford Algebras

Since arbitrary products of gamma matrices reduce to a linear combination of
totally antisymmetric products of gamma matrices by the defining equation ,
it suffices to only include completely antisymmetric elements (eq. ) in the basis
of a Clifford algebra. In even spacetime dimensions the unit matrix, the gamma
matrices and all completely antisymmetric products of gamma matrices compose a
basis of the algebra

FA — {1’,YA7,YA1A27...,YA1...AD} , (34)

where A is a collective index denoting sets of r indicesﬂ Similarly, denoting the
inverse basis

'y = {L’YA,’YAQAU---’YAD...AI}, (3.5)
(note the reverse order of indices) one has the following trace orthogonality relation
Tr(T4Tp) = 2" 64 , (3.6)

[A1

where 5%:_‘:?:‘ =0p, - 62;1. It is shown in [27] that the set T4 form a basis for all
2™ x 2™ matrices.

In odd spacetime dimensions D = 2m + 1 the structure of the basis is not as
obvious. To obtain it one can rearrange the Clifford algebra elements of dimension
D = 2m. First, the generating gamma matrices are constructed from the gamma
matrices of D = 2m by adding the highest rank element as (2m + 1)** element

fyﬁ = {,)/07,)/17 B ‘,Ymel’,me — j:fy*} . (37)

“In odd dimensions the product of all v* matrices is proportional to the identity
Va(D=2m+1) = *yf(D:Qm) =1, and thus does not lead to a new Clifford algebra element.
SWhere r denotes the rank of the respective Clifford algebra basis element.
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It can easily be verified that the above choice is compatible with equation .
Since in D = 2m + 1 dimensions every index A, B, ... takes one more value than in
D = 2m dimensions, there would be a lot more basis elements in a basis of the form
of and . The D = 2m-dimensional basis was, however, already a complete
basis for all 2™ x 2™ matrices. To avoid overcompleteness the basis in D = 2m + 1
spacetime dimensions only contains elements up to rank » = m. All elements with
rank r > m are related to those with rank » < m by duality relations (see app. eq.
(B.9)). By counting elements we realise that the basis of dimension D = 2m + 1 is
nothing but a reordering of the basis of dimension D = 2m.

Symmetry under Charge Conjugation

For any dimension and any representation it is possible to define a symmetry
property for all Clifford algebra elements that only depends on their rank r. This
symmetry property can be written out explicitly by using a unitary matrix C', which
is referred to as the charge conjugation matrix

T
@HWU =, 07", with

ty = +1. (3.8)

There are strong constraints on the coefficients ¢,, which can be found by inserting
the lowest rank element into (3.8]) and continuing with higher rank elements

(VA)T = tot1 C“YAC_I ;

3.9
t3 = —t1, (3.9

t’r‘+4 - t?” )

thereby determining all symmetries. While for odd dimensions C' is unique (see tab.
, there are two options C4 for even dimensions. One can switch between the two
by replacing C' with Cy,. In the table below the values of the first two coefficients
t, are listed for arbitrary dimensions.

D modS8 (to,tl) for C+ (to, tl) for C_

0 (—-1,-1) (—-1,1)
1 (—1,—1) —

2 (—1,-1) (1,—-1)
3 — (1,-1)
4 (1,1) (1,-1)
5 (1,1) —

6 (1,1) (—-1,1)
7 — (—1,1)

Table 3.1: List of symmetry properties of Clifford algebra basis elements that are fully determined
by to,1. The bold choices are better suited for supersymmetry in terms of which types of spinors
are available to work with. The information in this table is taken from [27].

Since the representation is hermitian and C is used to transpose, another unitary
matrix B can be defined from C that determines complex conjugation denoted by
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a superscript asterisk *

B =ity CH°, A = —tot; By*B7L. (3.10)

Spinors

In physical theories fermions are described by spinors. A spinor W is an element
from the complex vector space that gamma matrices act on, whose components we
take to be Grassmann-valued, i.e. anticommuting. It transforms with the spinor
representationlﬂ of the Lorentz algebra, which is defined via the rank r = 2-elements
of the Clifford algebra, i.e.

(mp)a” = —3(1a8)a” . (3.11)
The greek indices a, 3, ... are referred to as spinor indices. Spinors ¥, have sub-
script indices. The contraction of spinor indices always affects two indices that are
directly next to one another, while the first one is a superscript and the second one
is a subscript, e.g. (yA¥), = (’yA)aB\IJg. This convention is therefore known as
northwest-southeast (NW-SE) convention. Under infinitesimal Lorentz transforma-
tions spinors transform as

07To = SAABMup0, = —1A4B (445), U (3.12)
or, as we will denote more commonly, suppressing spinor indices
oAU = — 1Ay, 5T (3.13)

Although in odd dimensions D = 2m + 1 there are two inequivalent representations
of the Clifford algebra, this fact will not be of importance to us, since the generating
representations of the Lorentz algebra are equivalent

35 : S’nyil =44, however ’y*’ny’y* =48 (3.14)

There is a list of different types of spinors that have different applications. Mostly,
however, the type of spinor used in a theory depends on the spacetime dimension.

Dirac Spinors

A general 2™-complex-component spinor in spacetime dimensions D = 2m or
D = 2m + 1 is called Dirac spinor. If fermions are to be included in an action,
one needs to construct Lorentz scalars from spinors that can contribute to the La-
grangian. To find Lorentz scalars, the Dirac adjoint UP) of a spinor VU is defined
as

oP) = gig, (3.15)

5Tt can easily be verified with the commutation relations ([2.61a)) that this is in fact a represen-
tation of the Lorentz algebra.
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Wherem B =4, to obtain the Lorentz invariant spinor bilinear of two Dirac spinors
¥ and ¢

A (3.16)

This definition of the Dirac conjugate also ensures that the spinor bilinears U(2)T(") @
transform as tensors of rank r under Lorentz transformations. The conjugation su-
perscript (D) will be dropped after the introduction of Majorana conjugation in

equation (3.19).
Weyl Spinors

In even dimensions D = 2m one can always choose a Clifford algebra represen-
tation that has a 2-block-diagonal highest rank element 7, = diag(1, —1) due to
72 =1 and Tr(y.) = 0. It follows that the generating first rank elements v are
2-block-off-diagonal and the second rank elements y4p are 2-block-diagonal. This
means that the spinor representation of the Lorentz algebra is 2-block-diagonal and
therefore reducible to two irreducible subrepresentations. These irreducible rep-
resentations are called Weyl- or chiral spinors. The highest rank element is used
to project the 2™-complex-component Dirac spinor ¥ onto the two 2™ !-complex-
component Weyl spinors A and x by

A A 0

where the two orthogonal chiral projectors are

Pr=1(1+v,). (3.18)

L
R
In odd dimensions D = 2m + 1 the spinor representation of the Lorentz algebra,
constituted by the second rank Clifford algebra elements, is irreducible. Hence there
are no Weyl spinors.

(Symplectic) Majorana Spinors

The definition of (symplectic) Majorana spinors is highly dependent on the sym-
metry properties of the gamma matrices under charge conjugation, which, again, are
spacetime dimension dependent. In dimensions Wherdﬂ t; = —1 Majorana spinors
(MS) can be defined, while in dimensions whereﬂ t1 = 1 symplectic Majorana spinors
(SMS) can be defined. To state the reality conditions that (symplectic) Majorana

"The conjugation matrix 3 is found to be proportional to v° by requiring that ¥'3¥ is Lorentz
invariant. The imaginary factor is convention.

8These are dimensions D = 0,1,2,3,4 mod 8.

9These are dimensions D = 0,4,5,6,7 mod 8.
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spinors have to obey, the operations of charge conjugation ¥¢ and Majorana conju-
gation M) of a spinor 1 are defined as

wC =By, M =yTC. (3.19)

The Majorana reality condition that a MS 1 has to obey can be stated equivalently
in different versions

W=y & Y =By PO =_ypM (3.20)

where the superscripts (D) and (M) denote the Dirac- and the Majorana conjugate
respectively. These superscripts are now dropped, since from here on the bar will
always refer to Majorana conjugation. Note that a MS is generally not real in the
sense of complex conjugation, but only in the sense of charge conjugation.

Symplectic Majorana spinors 1" always come in pairs{ﬂ7 i.e. 1 =1,2. They obey
the symplectic Majorana reality condition

WHC =plei’ & (@) = Bylejt, (3.21)

where the antisymmetric matrix €;; and its inverse £ are used to raise and lower
the pairing index with the NW-SE convention ¢'e;; = v, and £Y1); = 1, with
ek’fsk] (5Z The above reality conditions reduce the number of components of

(symplectlc) Majorana spinors from 2" complex to 2™ reaﬂ components.

Given two MS % and ¢ or two SMS Y and @', one can consider the spinor
bilinears 1 ¢ and ¥i¢;. SMS pairing indices 1, j, . . . that are contracted in the NW-
SE convention may also be suppressed for bilinears ¥i¢; = ©¢. Both MS- and SMS
bilinears are Lorentz invariant since the Majorana conjugate spinors can be replaced
by Dirac conjugates. General bilinears of (symplectic) Majorana spinors satisfy the
(symplectic) Majorana flip relation

MS: YN = ¢, My | (3.22a)
SMS: T = —t,.¢ Ty, . (3.22b)

For a generalised version of this relation involving multiple gamma matrices, see
equation (B.1)). The sign in the SM flip relation comes from the index position in
the contractlon (S)MS bilinears are either completely real or completely imaginary

according to ( - -

10T he number of SMS in a theory can sometimes lead to confusion when it is unclear if it refers to
the actual number of SMS or the number of pairs. In this thesis we will always refer to the number
of actual spinors.

1Or equivalently 2™~! complex components.
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Fierz Relations

In index notation a Majorana conjugated spinor 1) is denoted with a superscript
index ¥®. A bilinear in index notation is therefore

7 NP NI (3.23)

Since the Clifford algebra basis elements provide a complete basis for the space of
2™ x 2™-matrices, an arbitrary matrix M can be expressed in this basis as

s(D)

B )
M,P = %m Z %(FAL‘.A;C)Q (FAk...Al)7 My (3.24)
k=0
wher s(D) = [ W] If confronted with a spinor that is multiplied with a
spinor bilinear

(60N tha = 9ag’T 57", (3.25)

the above formula can be used to express the matrix 1,¢” in the Clifford basis

s(D)

b6 = =5 > EETa, a, (o0 ) (3.26)

k=0

This basis expansion, which is referred to as Fierz relation, moves the spinor 1 of
equation inside bilinears, while extracting one of the other two spinors. This
is an important computational tool to manipulate spinor bilinears, which will be
used frequently in chapters [f| and [6]

Minimal Spinors

With the introduction of Weyl spinors it was demonstrated that, depending on
the dimension, Dirac spinors are not always irreducible. In even dimensions every
Dirac spinor can equivalently be expressed as a sum of two chiral Weyl spinors
that are irreducible. Similarly the introduction of (S)MS reduces the components
of Dirac spinors by half. Since SMS have to occur in pairs the reduction is in fact
only a rearrangement of Dirac spinor components. In dimensions D = 2 mod 8§,
where charge conjugation leaves the highest rank element invariant (’y*c = 7,), the
Majorana- and the Weyl conditions

W=, Ppp=v¢ or Pryp=1, (3.27)

12The bracket-function cuts off all decimal places of its argument. The function s(D) is chosen so
that the sum runs over all Clifford algebra basis elements. This means that for D = 2m — s(D) =
2m and for D =2m +1 — s(D) = m.
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are compatible. The most fundamental spinors in these dimensions are called Ma-
jorana Weyl spinors with 2™~! real components. Similarly, in dimensions D = 6
mod 8 symplectic Majorana Weyl spinors (in pairs), with 2™~! real components
each, are the most fundamental spinors. In all other dimensions (symplectic) Ma-
jorana spinors are the most fundamental spinors. In this thesis mostly dimensions
D = 5,4 will be treated, in which the most fundamental spinors are symplectic
Majorana- and Majorana spinors respectively. More detailed background informa-
tion on minimal spinors can be found in [27], [63].

3.1.2 Global Supersymmetry

In global supersymmetry (SUSY) the set of Poincaré-, and optionally internal
symmetries is extended by a symmetry relating bosonic and fermionic degrees of
freedom. Such a symmetry is called a supersymmetry. Simple supersymmetry intro-
duces one supersymmetry transformation, while extended supersymmetry includes
N distinct supersymmetry transformations. Due to the dimensional dependence of
the formulation of spinors (see sec. the description of a supersymmetric the-
ory strongly depends on the spacetime dimension D, as well as on N. The number
of supersymmetries that is usually discussed is limited to 32 spinor components —
in 4D, where Majorana spinors have 4 components, that is N’ = 8. As explained in
[62] the limit for rigid supersymmetries is in fact only 16 spinor components. This
is due to the fact that for > 16 spinor components spin—% fields, i.e. gravitini that
are gauge fields of local supersymmetry, have to be included in the theory. Conse-
quently, gravitons have to be included as well, constituting a supergravity theory.
Extensions with > 32 supersymmetry spinor components lead to fields that have
spin > g and there are no known interacting field theories involving a finite number
of such higher spin fields.

Under a supersymmetry transformation with the spinorial anticommuting pa-
rameter £ a bosonic field B transforms to a fermionic field ¥ schematically as

6eB ~EV . (3.28)

The boson B can be a scalar, a vector or a tensor and the spinor bilinear can in-
clude gamma matrices accordingly. The defining property that is required from
supersymmetry is that the consecutive action of two supersymmetry transforma-
tions with parameters £ o results in a spacetime translation with parameter =, i.e.
[0g,,0¢,] = d=. This requirement leads to the schematic transformation rule of the
spinor ¥

6e W ~ €N B (3.29)

where 4 is a Clifford algebra element whose rank depends on whether B is a scalar-,
vector- or tensor field.
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Another important consequence of this defining feature is the matching number
of bosonic- and fermionic degrees of freedom. This calculation follows the reasoning
of [27]. To show this, we operate in the Hilbert space of all particle states |pa, s, s)
for fixed momentum p4, arbitrary spin (for massive-) or helicity (for massless par-
ticles) s and spin z-component s,. The spin z-component takes 2s + 1 values for
massive states and 2 values for massless states, except for s = 0, where s, = 0 only
takes one value. We define the sign operator (—1)2* which produces a positive sign
when acting on a bosonic state and a negative sign when acting on a fermionic state.
Therefore the tracﬂ of the sign operator yields the difference between bosonic- and
fermionic degrees of freedom

Te ((_1)23) _ {ZS>0(—1)25n32 +ng  for mass%ess states , (3.30)
Seso(=1)%*ng(2s + 1)  for massive states .

In the sum there is the bosonic/fermionic sign, the number n; of states of spin/helicity
s and the number of values the z-component takes for this spin. The commutator
of fermionic transformations implies the anticommutator of fermionic generatorﬁ
{Qa,Qs} ~ P4s. The sign operator anticommutes with fermionic generators by
definition {(—1)?%,Q,} = 0. One can take the trace of both sides of this relation
together with the sign operator

Tr (1) Pa) ~ Tr ((-1)*QaQp + (-1)*Q5Qa) (3.31)
= Tr (~Qu(-1)%Qs + Qu(-1)*Q5) =0, (3:32)

where in the last line the first term is due to the anticommutation of the operators
and the second term is due to cyclicity of the trace. Since all states in the trace are
momentum eigenstates of a fixed momentum, this implies that

T ((-1)*) =0. (3.33)

Hence, in an on-shell supersymmetric theory the number of bosonic and fermionic
degrees of freedom is always equal.

For each spacetime dimension D and supersymmetric extension N there may
exist a variety of different multiplets. These multiplets can contain a number of
fields that are related in steps of :I:% in their spin (as reasoned in e.g. [24]), e.g.
there is a multipleﬁ in 4D, N' = 2 that has a field content with spins (2, %, %, 1).
Since the bosonic and fermionic degrees of freedom have to match in an on-shell
theory, i.e. after imposing equations of motion, the field combinations that can form
multiplets are limited. By counting and matching bosonic- and fermionic degrees of
freedom (DOF) one can make an Ansatz to find a multiplet (see tab. [3.2).

13The summation runs over all spins /helicities and spin z-component values for fixed momentum.
"“For more information on this structure see the next section around equation (3.36)).
15This example is the supergravity multiplet.
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Spin 0 % 1 % 9
Field K ) A U,y A
on-shell DOF | 1 2[P/2-1 p_29 (D — 3)2[D/2}—1 w

Table 3.2: List of fields that can constitute supersymmetry multiplets. K is a scalar field, ¢ is
a Majorana fermion, Ay is a gauge field, ¥y is a Majorana Rarita-Schwinger field (also called
gravitino) and Ea# is a graviton. The content of this table is taken from [27].

In off-shell theories bosonic- and fermionic degrees of freedom are counted differ-
ently. The equations of motion are not imposed and only redundancies from gauge
symmetries are taken into account when counting DOF. Hence, off-shell multiplets
can also include auxiliary fields. For details on off-shell DOF-counting see [48].

3.1.3 General Gauge Theory

Most of what is needed to discuss supersymmetric gauge theories has already
been introduced in the previous chapter in section [2.1.2] on bosonic gauge theory.
It is, however, necessary to discuss some of the relevant concepts that are related
to the inclusion of spinors. The concept of an algebra needs to be extended to in-
clude fermionic generators. Also, an explicit guide on the practical computation of
transformation rules, supercovariant derivatives and -curvatures will be provided.
Everything that was introduced in the previous chapter should be considered im-
plied, except for when the differences are made explicit in this section.

Lie Superalgebras

A Lie superalgebra is a generalisation of a Lie algebra that includes fermionic
generators. Wherever the prefix “super-” appears from now on, it will refer to the
fact that the discussed quantity has been generalised to include fermionic super-
symmetry. The respective transformation parameter of a fermionic generator is also
fermionic, i.e. an anticommuting Grassmann number. Lie superalgebra elements
can also be exponentiated to Lie supergroup elements. For a short introduction to
Lie superalgebras and Lie supergroups the reader is referred to [28]. On the level
of the Lie algebra the consecutive action of two symmetry transformations is en-
coded in the commutator of two general elements of the Lie algebra, § = 6474 and
o = 04Ty, as can be seen from the Baker-Campbell-Hausdorff formula

exp () exp (o) = exp (0 +o+3[0,0] +O(0?) + 0(02)) : (3.34)

Let us assume that there is a theory with a set of fermionic symmetries generated by
the set of fermionic generators {14}, with the associated set of fermionic parameters
{64}, and a set of fields {¢'} that schematically transform under these symmetries
as

¢t = exp(0AT )¢’ — 50" = 04T 49" + O(6%) . (3.35)
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We will only consider infinitesimal transformations, meaning that the O(6?)-term
is neglected. The consecutive action of two fermionic (or super-)symmetry trans-
formations is encoded in the commutator of transformations, or equivalently in the
anticommutator of generators as

[01,82)¢" = [61,02)¢" = 0203 {Ta, Tp}o" (3.36)

due to the sign from switching the order of Grassmann numbers 020 = —0{205.
This shows the need to generalise the antisymmetric Lie bracket to the Lie super-
bracket. Formally this is done by including an inherent Z,-grading in a superalgebra,
where bosonic generators Tflo) are of grade 0 and fermionic generators lel) are of
grade 1. The Lie superalgebra satisfies the following relation

[gaa gb]S = 9(a+b)mod2 » @, be {O) 1} ) (337)
where [, +]g is the Lie superbracket which is defined as
a b a- b a

T4 Tg")s = ()" 1) s (3.38)

The Lie superbracket obeys the super-Jacobi identity

()T 115 T sl
0y 118 T s)s (3.39)
DI TR T )s)s = 0.
Usually, when denoting the (anti-)commutation relations of a Lie superalgebra, the

notation including the Lie superbracket is omitted and replaced by antisymmetric
commutators and symmetric anticommutators

[Tf),Tg))]g = [TQO),TS))] = fABCTg)) —  [bos,bos] ~ bos, (3.40a)
T, Tg = [T, TV = fasTS = [bos, fer] ~ fer, (3.40b)
T8, T)s = TV, TP} = fas°TY =  {fer,fer} ~ bos . (3.40¢)

The structure constants also have an intrinsic grading determined by the grading of
the two generators in the Lie superbracket. Although it is not written explicitly, this
grading is what distinguishes the structure constants in and ,
of which the first two are antisymmetric in AB and the third is symmetric in AB.
For extensive information on Lie superalgebras see [25], [38].

Hard/Soft Lie Algebras

Everything discussed so far holds for hard Lie algebras, although the adjective
is usually omitted. A hard algebra has structure constants, while a soft algebra has
structure functions that can depend on fields. It is important to note that in the
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mathematical sense a soft Lie algebra is not an algebra. The name is still kept,
since a lot of knowledge can be transferred from the theory of Lie algebras. In
supersymmetry soft algebras can occur with the structure functions of two super-
symmetry transformations containing terms that depend on gauge fields A that
do not correspond to generators of the algebra. This can have the form

(1]

[0g,,08,] =0+ 0o + ..., o= — MAM. (3.41)
For more on such gauge covariant translations see [21]. Soft gauged algebras are
usually not written explicitly as a collection of commutation relations, as is the con-
vention for algebras, but instead as the set of transformation parameters resulting
from the commutator of two transformations acting on the fields. For example, see
the algebras of relativistic 5D, N' = 2 supergravity and non-relativistic 4D,

N = 2 supergravity (5.1615.20)).
Closed/Open Lie Algebras

Everything discussed so far holds for closed Lie algebras, although the adjective
is usually omitted. In an open algebra, terms appear in the commutator of two
transformations, that cannot be accounted for by the symmetries composing the
Lie algebra. These terms are constraints and equations of motion for the fields in-
volved. The equations of motion and constraints produced by the commutator can
be thought of as symmetries of the action, if there is one. In this case these symme-
tries are called zilch symmetries and when including them in the set of symmetries
of the theory, or, equivalently, when imposing equations of motion and constraints,
the algebra closes. This happens, for example, when taking the commutator of two
SUSY transformations of a gravitino, as will be discussed later (see egs. (6.8][6.9)).

Gauge Fields, Supercovariant Derivatives and Supercovariant Curvatures

There is not much to be added to the bosonic discussion of gauge fields. Analo-
gously to the bosonic generators, the fermionic generators T4 have fermionic gauge
fields hJ\A/[ assigned to them, transforming with the derivative of the respective
fermionic parameter 4. As was derived in the last chapter (see eq. ), fermionic
gauge fields transform as

Ohay = 00* + 0ChG fec® & Shar = 00 + [l 0] (3.42)

Note that the commutator remains, since the Lie superbracket was only introduced
for Lie superalgebra generators. When the covariant derivative includes fermionic
gauge fields to transform covariantly under the fermionic symmetries it will be re-
ferred to as supercovariant derivative and denoted by a hat as D

Dar =0y — hay - (3.43)
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The hat-notation will from now on always be used to denote objects transforming
covariantly under the fermionic symmetries, i.e. supercovariant objects. The same
goes for supercovariant curvatures

RMN(TA) = ZO[th/} + h%hﬁchA . (3.44)
The super-Bianchi identities for supercovariant curvatures read
Dy Ryp(T4) =0. (3.45)

Note that for all the above equations the ordeﬂ of gauge fields and parameters
matters, because the fermionic objects are Grassmann-valued.

Practical Computation of Supercovariant Quantities

In practice, covariant derivatives and curvatures need to be defined, not only for
the separate fields of the theory, but for different kinds of covariant combinations.
Due to trading local translations for diffeomorphisms, one is always working with soft
algebras in supergravity. In higher dimensional and extended (N > 1) supergravity
theories one typically needs to include extra fields in the supergravity multiplet that
cannot be interpreted as gauge fields of underlying spacetime symmetries. For that
reason it is no longer possible to straightforwardly apply the formulae and
from gauge theory. It is, in fact, simpler, as described in [43], [63], to define
supercovariant quantities by their transformation property:

Supercovariant combinations, supercovariant derivatives acting on Su-
percovariant combinations and supercovariant curvatures of gauge fields
transform without derivatives of gauge parameters.

This technique can be applied like a recipe requiring only the transformation rules of
the gauge fields involved. When discussing gauge fields and gauge transformations,
from now on Vielbeine and local translations, or equivalently general coordinate
transformations, will be excluded. The discussion following illustrates how to find
the transformation rules of supercovariant combinations of fields, how to then use
the transformation rule to define a supercovariant derivative acting on them, and
how to compute supercovariant curvatures of gauge fields in a practical way.

Finding Transformation Rules of Supercovariant Quantities

The gauge transformation of a supercovariant quantity is a supercovariant quan-
tity. This means that the transformation does not contain any derivatives of param-
eters, all derivatives appearing must be supercovariant derivatives and there cannot
be any terms containing gauge fields outside of covariant combinations. With these
restrictions in mind the following steps lead to the final transformation rule without

The order of parameters and gauge fields in the equations of section was chosen to be
consistent for the inclusion of fermions. In the purely bosonic case this order does not matter.



3.1. ABOUT REL. SUSY AND SUGRA 51

without the need to write down all terms from intermediate steps explicitly. The
example that is provided to illustrate the procedure is taken from a later point in
the thesis, see equation , and its meaning and origin will be discussed later as
they are not relevant for the following calculations.

¢ Find the explicit form of the supercovariant quantity in terms of supercovariant
quantities and gauge fields.
Example:

fuu = 28[;¢az/] - 20,(:)[#(161,]@ -2 15[—;;75701&;} + a%djﬁ’)’olﬂ; ) (346)

~ a + . . a .
where a,,, ©,* and 1, are gauge fields, a is supercovariant and e, is a super-
covariant Vielbein. The first spinor bilinear is symmetric and the second one
is antisymmetric.

e To find the transformation rules of completely supercovariant elements of the
original supercovariant object, follow the same procedure from the beginning.
Ezxzample: In this example there are no such terms.

e Sort out the terms of the supercovariant quantity that only contain one single
gauge field. The transformation rules of these gauge fields will be needed.

Example:
da, = Oy + mul?: + a/\beub + i§+75’yow; — ié‘ymol/}:[
1= 0~ (3.47)
- (IWE Y %ZJM 5
00, " = AN + k., (3.48)

where a, \* and €T are gauge parameters, l%ua consists of supercovariant quan-
tities multiplied with gauge parameters, and k is completely supercovariant.

e Insert the transformation rules of the gauge fields into the terms with a single
gauge field.
Ezample:

— 20, (8,,]a + m,,]lg: + a)\be,,]b + i?%’yow;] — ié_%yoi/};r] — a%é_’yow;])

a_, i a S 0,,— 5= ~09h~
= 200" + k") esja — 20 D157y + a5 -
(3.49)

¢ Remove all terms that include derivatives of gauge parameters. All terms with
more than one gauge field outside of supercovariant combinations are absorbed
in supercovariant combinations automatically, and should therefore be ignored.
Also, replace all derivatives with supercovariant derivatives.
Example:

— 215[” (ml,]l%) + 2)\bﬁ[u (aey]b) + 21’5‘*‘757015[”#);} — 22’5_7570]5[ij]

1 =—,. 071 — 7. a
— ZaWS 0% D[#wy} — 2aky,“eyq -

(3.50)
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e Finally, remove all terms that contain gauge fields outside of supercovariant
combinations to obtain the correct transformation rule.
Example:

(5qu = Qﬁ[um,,]ff + 2)\bb[u (ae,,]b) + 27:6_'_’75’)/ODW¢;]

- Zié_'yg,'yoﬁ[uwj] — 2a%é_'yol§[uw;] — 2al%[u“ey}a .

(3.51)

Finding Supercovariant Derivatives of Supercovariant Quantities

A supercovariant derivative of a supercovariant quantity again is a supercovari-
ant quantity. Supercovariant derivatives can be defined for all fields that transform
supercovariantly themselves. Not only, however, can a supercovariant derivative be
defined for supercovariant fields, but also for any combination of these fields that
transforms supercovariantly. For example, a supercovariant derivative of a superco-
variant derivative can always be defined. To actually calculate the supercovariant
derivative of a supercovariant quantity there is a simple recipe to follow:

e Find the transformation rule of the supercovariant quantity.
Ezample:

5fl“’ = Qﬁ[uml,]];‘ + 2)\bﬁ[u (aey]b) + 22'5'—’7570D[“1[);}

— 21’5_757015[“1/);] — 2&%5_’}/0ﬁ[u¢;] — 2a12:[u"e,,]a .

(3.52)

where all fields and parameters are the ones from the example above. For sim-
plicity we assume that the transformation rule can be simplified by removing
2Dy,my =0, 2D,e,, = 0 and —QQ%E*VOD[MI/J;] — 2ak,“e,), = 0 to become

8 fuw = 2)ve, "D yya + 2z'5+7570f)[uw;] — 21'5—7570D[M¢j} . (3.53)

e In the transformation rule replace all transformation parameters with their
associated gauge fields to obtain an expression that transforms with the same
number of derivatives of parameters as the derivative of the original transfor-
mation rule does.

Ezample:

a A a + +
AT = @, 5—>¢p,

— 2d1pbe[l,b]j)u]a + 22'1/);7570]5[“@0;] — 22'1#[77570]5)[#1/1;3 . (3:54)
o If there are terms that after replacing the transformation parameters contain
multiple gauge fields, one has to be careful not to overcount these terms. A
term containing n gauge fields (outside of supercovariant combinations) picks
up a factor 1/n.
Ezample: In this example there are no such terms.
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e To obtain the supercovariant derivative of the original supercovariant quantity
subtract the expression found above from the partial derivative.
Example:

]jpfu,, = apf/“, — Z(pre[l,b]j)u}a — 2i@Z;;"y5’yolA)[u¢lj] + 22'15;757015[#1/1;3 . (3.55)

This is also how the supercovariant derivative of any supercovariant curvature can
be computed.

Finding Supercovariant Curvatures of Gauge Fields

Gauge fields are only supercovariant up to the derivative of their associated
gauge parameter. Hence, no supercovariant derivative can be defined for them.
A fundamental derivative object that can, however, be defined for gauge fields is
the supercovariant curvaturﬂ The supercovariant curvature of a gauge field is a
supercovariant quantity. The computation is very similar to the computation of the
supercovariant derivative:

e The first step is to take the transformation rule of a gauge field and remove
the derivative of the parameter.
Ezample:

da, = O + m#l% + a)\beub + ia_"’yyyow; - ié‘fyyyow:[
a0y (3.56)
V2 Iz
e Without the derivative of the parameter a supercovariant derivative could be
defined as described above. Twice its antisymmetrisation yields the superco-
variant curvature.
Example:

fuv = 2Dy,a,) = 20,a,) — 2ay, e ), — 2i %%ry%;ﬁ (3.57)
a\%lﬁ; b, (3.58)

3.1.4 The Super-Poincaré Algebra

To extend the Poincaré algebra to include supersymmetry, N spinorial SUSY
generators Q' , also referred to as supercharges, with 1 < i < A/, are introduced.
The supercharges are chosen to be among the possible minimal irreducible spinors
in the dimension under consideration@ To state the (anti-)commutation relations
describing the super-Poincaré algebra it is convenient to use spinor indices. The

"Since the antisymmetrisation of two derivatives vanishes, the term containing the derivative of
the parameter drops out.

18F.g. in dimensions D = 3,4 the supercharges could be Majorana spinors and in D = 5
symplectic Majorana spinors.
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bosonic part of the algebra (see ) is unaltered. The Lie superbrackets that
include fermions take a form encoding the expected spinorial transformation be-
haviour of the fermionic generators under translations and Lorentz transformations,
and the commutation of two supersymmetry transformations to a translation

[Map, MEP] = 45/ M P (3.59)
[Pa, Mpc] =2napPoy (3.59b)
[Pa, Pp] =0, (3.59¢)

QL Map] = §(van)a” Qs , (3.59d)

[QL, Pal =0, (3.59)
Q). Q) = — 309(/AC N )apPa  for MS, ie. t =1, (3.59¢f)
QL. Q) = — L9y AC ) agPa for SMYT ie. t1 =1, (3.59)

where ¥ is an arbitrary completely antisymmetric matrix.

3.1.5 From 4D, N/ = 1 Supersymmetry to Supergravity by Gauging

In 4D we can work with Majorana spinors. The simplest SUSY theory is NV =1
and it can be found by gauging the super-Poincaré algebra. There also exists an
off-shell 4D, N' = 1 supergravity multiplet that, like all off-shell multiplets, cannot
be obtained from gauging, see [48]. This multiplet will, however, not be discussed
here. It is important to note that for arbitrary D and N a SUGRA theory cannot
be obtained by gauging, since the bosonic and fermionic degrees of freedom (see
tab. of the gauge fields associated with algebra generators do not match. As a
consequence, the supergravity multiplet has to contain extra fields that cannot be
interpreted as gauge fields of the super-Poincaré algebra. For 4D, N/ = 1 however
the gauging can be performed analogously to the gauging of the Poincaré algebra in

section [2.1.3] Additionally to (2.62) the non-vanishing structure constants are

fiapa” = —3(vap)a” . fag? = —2(y*CN)as . (3.60)

The SUSY generator @ is associated with a fermionic gauge field ¥, and a fermionic
gauge parameter € (see tab. .

19Tt can be seen from the anticommutator that in the case of minimal spinors being SMS, the
minimal supersymmetric extension will be referred to as ' = 2 (some authors refer to it as N' = 1).
This is compatible with the statement made earlier that SMS always have to come in pairs.
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Generator ‘ Gauge Field ‘ Parameter
Py Ey? =4(z)
Magp QMAB AAB (x>
(@)a (W) (€%(x)
Table 3.3: The generators of Poincaré supersymmetry with their associated gauge fields and pa-
rameters. The index ¢ indicates possible supersymmetric extensions.

With the structure constants the transformation rules of the gauge fields can be
computed

5EMA = DMEA — AABEMB + %E’VA\I’M , (3.61&)
6QuAB = Dy AAB (3.61b)
(5\I/M = DME — iAAB’)/AB\I/M s (3.616)

where the spin connection Q3,47 from last chapter was replaced with the super-
covariant spin connection QuAP as the gauge field of local Lorentz transforma-
tions. Hence, also the derivative Dj; acting on parameters now takes the forrﬂ
Dy = 0Oy + O wAB M4 p. The covariant curvatures can be constructed directly from

the algebra, by (3.44)), to yield

RMN(PA) = 26[MEN]A + QQ[MABEN]B — %\T/M’)/A\I/N , (362&)
Ryn(MAP) = 20, QP + 200,400 (3.62b)
\TJMN = RMN(Q) = 26[M\I/N] + %Q[MAB’)/AB\I/N] . (3620)

The relativistic no-torsion condition now takes a supercovariant form to become the
supercovariant no-torsion condition

Run(PY) =0, (3.63)

thereby defining the supercovariant spin connection as a dependent field. It can be
computed explicitly in the same fashion as was done for the covariant spin connection

(see eq. (2:222:23))

QBB ) = — 048 + Cy14P (3.64a)
Cun™ =20 Eny™* — 300y " O (3.64b)

In a supersymmetric gauge theory local translations amount to diffeomorphisms
and other gauge transformations (including SUSY transformations) modulo torsion.
These additional gauge transformations can be removed by defining supercovariant
general coordinate transformations (see [21]), which include gauge field dependent

20This derivative has a positive sign because of the negative sign in the spacetime transformation

5 = —Ag.
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terms cancelling exactly the additional terms in the transformation. This is, how-
ever, not done here. We replace local translation symmetry with parameter Z4,

with diffeomorphism symmetry with parameter 2¥ = ZAEM , for all fields
SEM = L2Ev® — M ENE + 18740y, (3.65a)
6y = L2Up + D€ — SABy 45Ty (3.65b)

Note that as a consequence of imposing the constraint (3.63)) the transformation rule
of Q748 is no longer the same as (3.61b)). To be precise, under Lorentz transforma-

tions it transforms as in (3.61b]), but now it also transforms under supersymmetry.
Stating the transformation rule explicitly can, however, be omitted because the su-
percovariant spin connection is a dependent field.

From this point on the Vielbein is not treated as a gauge field anymore and
the prefix supercovariant will refer to all symmetries but diffeomorphisms. The 4D,
N = 1 supergravity multiplet can be null-reduced (see sec. to find
non-relativistic 3D, N’ = 2 supergravity.

3.1.6 Constructing 5D, N’ = 2 Supergravity

As mentioned before, not every supergravity multiplet can be fully determined
by a gauging procedure. The fields corresponding to algebra generators of spacetime
symmetries and part of their transformations under these symmetries can be found
by gauging, but the remaining fields of the multiplet as well as their transformation
rules need to be found using an Ansatz.

Simply by counting degrees of freedom it becomes apparent that the gauge fields
associated with the algebra generators in 5D, i.e. EnA, > With @ = 1,2, do not
have matching bosonic and fermionic degrees of freedom

Ey? — 5 bosonic DOF Vs. t; — 8 fermionic DOF. (3.66)

This defect can be fixed by including an additional bosonic field in the multiplet.
By inspection of table a gauge vector field Ap; provides the correct number
of degrees of freedom (3 bosonic DOF) and is therefore a viable candidate for an
Ansatz. The Ansatz for such a multiplet has to obey some minimal conditions. The
original transformations coming from the super-Poincaré algebra should be
preserved and the new vector field should transform as a spacetime vector under
diffeomorphisms and as a gauge field under a U(1) gauge transformation@ with
parameter « leading to

SEvA = L2Ey? — A pENMP + 1640 + ... (3.67a)
0Ay = LAy +O0ya+ ..., (3.67Db)
§Why = L2V + Dy — SN BryapTi, + ..., (3.67c)

2'The vector field Ay is the only field transforming under this U(1) symmetry.
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where the i-indices are suppressed@ in the bilinears of symplectic Majorana spinors.
There will be no new terms including =™, A48 and QuAB so as not to change
the established transformation properties under diffeomorphisms and local Lorentz
symmetry. Since it is supersymmetry that demands the introduction of the vector
field, it can be assumed that any additional terms in the transformations of Ej;* and

¢/ that include the vector field Ay will be supersymmetry transformations with
parameter £. We will assume the transformation rule of the Vielbein to not include
any additional terms. The transformation rules of the gravitini can, however, include
a term of the form ~ F' (A)E, where 3 (A) is a supercovariant quantity depending on
the vector field. The schematic supersymmetry transformation of a fermion to the
derivative of a boson indicates that F'(A) is the supercovariant field strength
of Aps. The gauge vector field Ay, transforms as a vector under diffeomorphisms
and as a gauge field under its U(1) symmetry. Under supersymmetry it is assumed
to transform with ~ £¥,;. The following Ansatz, which is compatible with all the
above consideration is taken from [7] where a more general matter-coupled theory is
considered. The following transformation rules are found by setting all matter fields
of the matter-coupled theory to zero

(5EMA = ,CEEMA — AABEMB + %S’YA\I’M , (368&)
§Ay = L= Ay + Oy +iEWyy (3.68b)
SUh, = L2V, + D& — TNy T,

4 . . 4 (3.68c¢)
— 15 [EMAFBC’YABC - 4FMA7A] g,

where Fy;y is the supercovariant curvature of Ays that will also (in analogy to the
terminology of electro-magnetism) be referred to as supercovariant field strength

Fyp =20yAp —iUnTp. (3.69)

The gamma matrix structure in the transformation rule of the gravitini is the only
non-trivial combination to contract F' "1p and ("), The coefficients of the newly
added supersymmetry terms can be found from normalisation and the closure of the
algebra. They are imaginary, thus ensuring compatibility with the spinor bilinears
being imaginary (see app. for information on reality properties of spinor bilin-
ears). The computation of these coefficients will not be done explicitly but it can be
checked that with this choice of coefficients the algebra does in fact close (see sec.

)

221 e. they are contracted with the NW-SE convention.
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3.2 About Non-Relativistic Supersymmetry and
Newton-Cartan Supergravity

In this section non-relativistic 3D, A/ = 2 supergravity is derived, first, by gaug-
ing the 3D, N' = 2 super-Bargmann algebra, and then, by null reduction of rela-
tivistic 4D, AN/ = 1 supergravity. An off-shell computation of a non-relativistic 3D,
N = 2 supergravity multiplet has been done by [67], which will not be presented
here.

3.2.1 From 3D, N = 2 Super-Poincaré to Newton-Cartan
Supergravity by Contraction and Gauging

In this section the results of |4] are presented following a similar procedure as
described in sections First, the 3D, N' = 2 super-Poincaré algebra is
centrally extended and then contracted to the super-Bargmann algebra. The super-
Bargmann algebra is gauged to yield the kinematics of 3D, N/ = 2 Newton-Cartan
supergravity. It has to be noted that, contrary to the bosonic theory that was dis-
cussed in the previous chapter, both the dimension D and the extension N of the
supersymmetric theory have to be specified due to the dimensional dependence of
spinors. By no means, this procedure of gauging the super-Bargmann algebraFE] can
be performed for arbitrary D and N. For example, the multiplet of section [5.3
cannot be obtained from gauging. The choice 3D, N/ = 2 will, however, prove to be
adequate for the gauging procedure. The same theory of non-relativistic 3D, N' = 2
supergravity can also be found by null-reducing relativistic 4D, N' = 1 supergravity,
as will be presented in section

The super-Poincaré algebra is centrally extended@ by the scalar central charge Z
to obtain an additional term in the anticommutator of two Majorana SUSY charges

{QL, Q4 = =307 (yAC ™ )apPa — 367(C7V)apZ . (3.70)
The linear combinations
QF = Q' £1°Q*, (3.71)

are defined to then equip the centrally extended super-Poincaré algebra with a grad-
ing with the large parameter w:

28The same goes for the super-Poincaré algebra that can generally not be gauged to find a
multiplet.

24This is the only possible central extension. For information on other non-trivial non-central
extensions with spacetime indices see 2], [44], [63].



3.2. ABOUT NON-REL. SUSY AND NC SUGRA

The grading stated in table is equivalent to a Zs-grading (w°

Grade —2 | 2(Py+ Z) » w2H ,

Grade —1 | QT — w™'Q*,

Grade 0 P,—P,, Moy — Jap »

Grade 1 Q7 —wQ,

Grade 2 My — WG , %(PO —Z) s w'M .

Table 3.4: Grading of the centrally extended super-Poincaré algebra.

99

w™?). The

shift of powers of parameters is, however, necessary to keep the correct (anti-)
commutators in the Saletan contraction (see sec. , w — 00, to yield the fol-
lowing non-vanishing (anti-)commutation relations of the super-Bargmann algebra

[ ab7

[ abs
[Gaan

ed] =
F] =
| =

[ abaQi]
{Q;erE} = _(70

= 40 ap) »
~26,0 Py »

M

*§7abQi )

C YapH ,

[JabaGc] = _250[aGb] y
(Ga, H] = —Pa,

[Ga, Q1] = —37a0Q"
{Qa, Q51 =-("

{Q;’_v Qg} = 7%(,}/110—1)&5}7(1 .

The bosonic part of the contraction of the centrally extended 3D, N = 2 super-
Poincaré algebra produces the same result as the contraction performed in section
Note that the generators of , excluding Q*, compose an N = 1 subalge-
bra. This algebra is, however, not a conventional supersymmetry algebra in which
the supercharges anticommute to translations. In fact, this is why it is necessary to
include N/ = 2 supersymmetries in the theory: to obtain spatial- and time trans-
lations from SUSY-anticommutators in the non-relativistic algebra, as pointed out
in [4]. Now that the algebra is found it can be gauged by introducing the following
gauge fields and local parameters:

C ™ YasgM ,

Generator | Gauge Field Parameter
Py en’ ¢“(z)
i N R L
M my, o(x)
Jab a)luab )\ab( )
Ga @ A% ()
(@Q")a ()" (€1)%(2)

Table 3.5: The generators of Bargmann supersymmetry with their associated gauge fields and
parameters.

The symmetries of spatial- and time translation are replaced by diffeomorphisms,
as was already done in the relativistic theory (see eq. (2.67H2.68]) and eq. (3.65))) and
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in the non-supersymmetric non-relativistic theory (see eq. (2.98)). The following
conventional supercovariant curvature constraints and the supercovariant no-torsion
condition are therefore imposed

P (P*) =0, (3.73a)
P (M) =0, (3.73b)
T =Tuw(H) =0, (3.73¢)

of which the first two define the supercovariant spin- and boost connections as
dependent fields and the last condition ensures the foliation of spacetime. The only
novelty in the explicit computation of the supercovariant spin- and boost connections
is that they are now built from supercovariantised anholonomy coefficients (see app.
C.1)). The transformation rules of the gauge fields can be derived from the super-
Bargmann algebra. They are of the form

den” = Lee,® — Apen” — N7, + 3€ " + 38 VL (3.74a)

67y = Lemu+ 779, (3.74b)

Smy = Lemy + 00 + Myep” +& 7%, (3.74c)

S, = L, + 0™ — IAPyapty, + 30, vape™ (3.74d)
+ 327 — 39727 T, '

St = Lol + 0™ — Iyt + 10, vare™ (3.74e)

3.2.2 From 4D, N = 1 Supergravity to 3D, N = 2 Newton-Cartan
Supergravity by Null Reduction

The idea of this section is to recreate the results found in the previous section
to demonstrate the power of null reduction. A difference with the results obtained
in section [3.2.1]is, however, that null reduction does not impose the non-relativistic
supercovariant no-torsion condition 7, = 0, hence the reduced theory can gener-
ally include torsional contributions. Only after imposing the field equations the
twistless-torsion constraint, 7,, = 0, is required to hold by Frobenius’ theorem for
the spacetime to foliate. In this particular example twistless-torsion implies no-
torsion, so in fact the supercovariant no-torsion condition holds.

When introducing the procedure of null reduction in section supersymme-
try and spinors had not yet been introduced. Since a supergravity multiplet contains
gravitini, a null reduction Ansatz for spinors is required. Compared to a spinor in
D dimensions, a spinor in (D — 1) dimensions has the same number of components
if D is odd or half the number of components if D is even. Additionally, one has
to make sure that the reduced spinors are minimal spinors in (D — 1) and obey
the correct dimension-dependent conditions, like the (symplectic) Majorana- or the

Z5This is generally not the case. E.g. see ch.
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Weyl condition (see sec. [3.1.1)).

Taking the 4D, N' = 1 supergravity multiplet, which was found in section
as a starting point

6EMA — EEEMA — AABEMB + %57(4)A\PM ’ (375&)
§War = L2Wpy + D€ — 2048wy, (3.75b)

where the superscript (4) on the gamma matrices refers to the spacetime dimension,
we still need an Ansatz to properly null-reduce the fields. The Vielbein is reduced
with the Ansatz described in section 2.2.5l The Ansatz to null-reduce one 4D Ma-
jorana gravitino W, to two 3D Majorana gravitini wljf and the results that follow
from it were found in [42]. By making a partial basis choice for the Clifford algebra,
the gravitini and their parameters are reduced as

| Y —mue [ ¥ (e
we(Fmp) () () e

where the form of W, is chosen such that the 3D gravitini @fo transform properly

under 3D diffeomorphisms. The gamma matrices 71%4) decompose into lower dimen-

sional gamma matrices 763) and 7&3), where a = 1,2, as

(3) (3) (3)
@_ [ v 0 @_( 0 7 @_[ 0 377
Ya < 0 %(13) > » o ( ’yég) 0 ) » 3 ( _%()3) 0 » ( )

which when written in null coordinates yields

3, ()
(1 _ 1 0 Y En )
NN . (3.78)
RS ( 7 F ) 0

The charge conjugation matrix is reduced according to

" 0o C®
C()_<C(3) 0 | (3.79)

With these Ansétze the transformation rules of the fields from the null reduced
multiplet can be computed. The reduction being null removes one of the spinors,
T, as a constraint. The second spinor, ¢, is identified as an auxiliary field and
set to zero for the on-shell theory. Consequently, torsion vanishes as well

pt=0 2 %, =2v25 ¢, (3.80a)
“=0 X 4, =0. (3.80b)
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The following on-shell non-relativistic supergravity multiplet is derived

de, " = Lee, " — )\abeu — N7, + awu + 3¢ 'yaw (3.81a)

0y = LT+ s el (3.81D)

omy, = Lemy, + 8“0 + Mpept — %5_7 (U (3.81c¢)
S, = Ly, + O™ — 1A yapthy, + 10, Vape™

— A% + ot e (3810

51#; = ﬁgw:j + Ouet — 1)\‘”’% w+ Wu bt (3.81e)

which is equivalent to the multiplet that was found by gauging the super-
Bargmann algebra. Note that when comparing this multiplet to the results of the
upcoming chapters, i.e. the non-relativistic 4D, N' = 2 supergravity multiplet
derived by null-reducing the relativistic 5D, A/ = 2 supergravity multiplet , it
can be seen that all transformation rules are the same as when ignoring the
graviphoton field a,,.



Chapter 4

Null-Reduction of Relativistic
5D, N =2 Pure Supergravity

In this chapter relativistic 5D, N’ = 2 pure supergravity is presented as a starting
point for null reduction. Pure 5D supergravity was first developed in 1981 [19]. Since
then generalisations of the pure theory were developed by coupling it to matter in
the form of vector- (see [29], [30]), tensor- (see [31], [32]) and hyper-multiplets (see
[17]). The publication [7] by Bergshoeff et al, in which they present a relativistic
5D, N' = 2 theory of supergravity coupled to vector-, hyper- and tensor-multiplets
will be used as a starting point for the following calculations. By setting all fields in
the vector-, hyper- and tensor-multiplets to zero, the pure theory can be extracted
as was shown in section The only remaining fields { Ey2, Ay, Wi, } compose
the Poincaré-supergravity multiplet. The frame field shall be referred to as Vielbein,
the vector field as graviphoton, and the two spinor fields with a spacetime index as
gravitini.

4.1 Multiplet

The fields of the Poincaré-supergravity multiplet transform under general coordi-
nate transformations with parameter =, local Lorentz transformations with parame-
ter A, local SUSY transformations with parameter £, and U(1) gauge transformation
with parameter « as

5EMA = ﬁEEMA — AABEMB + %g’}/A\PM , (4.1&)
§AN = L2 Ay + Oy +iEV )y (4.1b)
oWl = LWl + D& — 1Ay 5T,

— & Fnp |EyaEN gEP oyAPC — 4N EP MA} gt

63
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As is characteristic for the second order formulationlﬂ of supergravity the supercovari-
ant spin connection 2 MAB is defined as the solution of the supercovariant no-torsion
condition

RMN(PA) — 28[MEN]A + 2Q[MABEN]B

4.2

:26[MEN]A+2Q[MABEN]B—%\TJM’)/A\I/N =0, ( )
making it a field depending on the Vielbein and the gravitini. Since the transforma-
tion rule of the spin connection can be derived from the others, it is not necessary
to include it in the multiplet. For the spin connection the hat notation indicates
complete covariance with respect to all symmetries except for local Lorentz trans-
formations, of which it is the gauge field. The main purpose of this notation is to
distinguish the supercovariant spin connection from the covariant spin connection
that does not include gravitino terms (see eq. (4.2))). From now on when referring to
the spin connection (or later the spin- and boost connections), we will always be the
talking about the supercovariantised fields (as will always be indicated by the hat
notation). For the explicit form of the spin connection in terms of supercovariant
anholonomy coefficients see equation .

The supercovariant field strength tensor appearing in the gravitino transforma-
tion rules is the supercovariant curvature of the graviphoton

Fyp =20yAp —iUnTp . (4.3)

The above transformation rules are similar to the ones known from pure 4D,
N =1 supergravity (see sec. , for which the null reduction was performed by
[42] to obtain non-relativistic 3D, N/ = 2 supergravity. The important distinction,
however, is the gauge vector, the graviphoton, appearing in the multiplet, due to the
fact that we are working with extended A" = 2 supersymmetry. The null reduction
of the vector is straightforward, but a new feature of this theory compared to 4D,
N = 1. In further comparison the transformation of the Vielbein is unaltered,
while the transformation rules of the gravitini are extended by the graviphoton field
strength F wvp-terms. Also, it has to be noted that now we are dealing with tw
symplectic Majorana gravitini, i.e. ¢ = 1,2, unlike the single Majorana gravitino in
4D N = 1. These differences will give rise to a different gravitino reduction Ansatz
compared to the one in the null reduction from 4D to 3D. The null reduction of the
fields from the supergravity multiplet will be discussed explicitly in section

!The term second order formalism refers to the fact that the Riemann tensor, i.e. the curvature
of local Lorentz transformations and hence the field equations are second order in derivatives for a
dependent spin connection.

2Sometimes these two two 4-real-component symplectic Majorana gravitini are referred to as only
one 8-real-component SM gravitino, which is because SMS always come in pairs, and therefore the
minimal spinor is either one 8-real-component or two 4-real-component SM spinors. The difference
is only semantic.
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4.2 Algebra Closure

Before engaging in the reduction to 4D it is interesting to check the algebra clo-
sure of the above multiplet. If the commutator of two consecutive transformations
yields a linear combination of transformations on that same field, the algebra closes
off-shell. If, additionally, equations of motion and constraints on some field must be
imposed, the algebra is said to close on-shell. One can also view the terms containing
the equations of motion as zilch symmetries of the action (see open/closed algebras
in sec. , assuming, of course, there is an action. Supersymmetry algebras
typically do not close off-shell on the fermionic fields. We will always be working
on-shell, so on-shell closure of the algebra will be the relevant concept here. For a
certain commutator of transformations, the parameters of the resulting transforma-
tions have to be the same regardless of the transformed field. The commutators of
bosonic-bosonic- and of bosonic-fermionic transformations only lead to trivial terms
and are therefore not made explicit. The calculation of the commutator of two
SUSY transformations with parameters &£, &, however, is instructive, since it in-
corporates the supercovariant no-torsion condition to close the algebra. Requiring
that the commutator is a sum of transformations, it can be expressed explicitly as
a linear combination of all possible transformations with parameters depending on
the original two parameters

[651 ) 552] ; (65 +0p + 0 + 6&) ) (4.4)

where ZM (&) 5) is the parameter of general coordinate transformations, A4P(&; o)
the parameter of local Lorentz transformations, £(&;2) the parameter of a local
SUSY transformation and «(&2) the parameter of a U(1) gauge transformation.
The commutator of two SUSY transformations on the Vielbein yields a general
transformation that should take the following form:

[551,(552] EMA = (0= + 0p + (55) EMA

_ 4.5
=Lz F A AABEMB—F%E’}/A\I’M. (4.5)
Applying the transformation rules (4.1]), one obtains the following expression
[0, 0e,) Ear® = %(527’4 (ﬁM51 — LFyp [WSNP - 4GSNVP} GMS&)
— &y (f)Mgz — = Fnp [’VSNP - 4GSN’7P] GM352)>
(4.6)

= %(5M(<§2’YA51) + Q2B (EypEL)

_ i faphy {,YASNPGMS _ 4511\\7/IESAGSP} 51)
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which is of the form , when making use of the fact that the curvature of spatial
translations has been set to zero. This relation is the previously imposed super-
covariant no-torsion condition and it can be seen here that the condition is
needed to close the algebra. It allows the theory to be symmetric under general
coordinate transformations rather than local translations which is what is required
for general relativity.

For consistency the commutator of two SUSY transformations is now applied to
the vector field

[6517552] AM = (55 + 65 + 504) AM

.5 (4.7)
=Lz Ay +iEVy + Opav.
Using the transformation rules (4.1]) one finds that
[5515552] AM - Z<(§2 (-DMgl - %FNP |:/YSNP — 4GSN’YP:| GMSgl)
(4.8)

- & (ﬁMgz — & Fnp [VSNP - 4GSN’7P] GMS&))
= 8M(z<i_'251) - 8[MAP] gQ’YP(‘:l — %@P\IJM(SQ'}/PE]_) .

By comparing (4.6) and (4.8]) it becomes visible that the resulting transformation

parameters

=M =1eMey (4.9a)
AAB — _gMQ, AB _ % [FCDEWABCD& +4FAB(§251} 7 (4.9b)
£=-2Myy,, (4.9¢)
a =i —EM Ay, (4.9d)

are independent of the transformed field. When applying a commutator of SUSY
transformation on the gravitino, the above parameters are recovered in the result.
However, additional terms appear in the computation, accounting for a set of equa-
tions of motion and constraints on the gravitino. These will appear in the form of
supercovariant gravitino curvature constraints. The explicit computation is omitted
here, but is performed for the null-reduced linearised theory in section [6.2.3]

4.3 Null Reduction of 5D Fields

For the Vielbein, the graviphoton and the gravitino we need a decomposition
Ansatz. Since the reduction is performed along a null Killing vector X it is convenient
to work in flat null coordinates with the flat 5D-coordinates split as A = (a, —, +)
and the flat metric being 7., = dqp and ny— = —1. The Killing vector N is chosen
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in z-direction (corresponding to the direction of reduction) in adapted spacetime
coordinates M = (u,z), meaning X = 0,. By definition, LxGyy = 0, the Killing
vector N describes an isometry. When speaking of a Killing vector here a vector
is meant that additionally leaves the complete field content of the supergravity
multiplet invariant under

LyEy? =0, LyAp =0, LyWh =0, (4.10)
The consequence is complete z-independence of the fields
O.Eyt=0,  9,Ay=0, 9.V, =0. (4.11)

The z-dependence of the transformation parameters can easily be found by taking
the partial z-derivative of a diffeomorphism, a local Lorentz-, a SUSY- or a U(1)
gauge transformation (4.1]) of the bosonic fields

2.2F =0, AP =0, 09.£=0, (4.12a)
0,2 = —k, , O,a=kq, (4.12Db)

where k., and k., are constants. The reduction Ansatz presented above restricts most
parameters to be completely z-independent. The two scalar parameters (4.12b)) are,

however, allowed to have a linear z-dependence and be of the form o = ko z+a(z#)+

ko (analogously for Z7), where ko is a constant irrelevant to the theory, since the

two parameters containing constants of this kind only appear with derivatives. For
now, the two rigid shift and rescaling symmetries with parameters k, and k, are
kept in the theory. They will be set to zero at a later point (see sec. .
Equipped with these relations and restrictions the dimensional reduction to 4D can
begin.

4.3.1 Vielbein

As discussed in section the null reduction Ansatz for the Vielbein and the
inverse Vielbein has the following form:

e,* S17, —Sm o Ma
Ey? = ’6 0 " g N EM = St Smy | . (4.13)
0o st

The new fields automatically inherit orthogonality relations

e ey =0y, T, 7" =1,
e, T =0, Tuel'a =0, (4.14)

a VvV v
e ey + 1TV =0,
from the original

EyAEMp =64,  Ey*EN, =00 (4.15)
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When applying the 5D transformation rule (4.1]) on the z-components of the Vielbein
Ansatz (4.13) we find that

0B = —A7S + 1640, (4.16a)
SE.” = 36770, (4.16b)
0B, T = oMo LByt — A TS+ 1841, (4.16¢)

where 4+ = %(VO +75). All but one z-component of the Vielbein vanish. Therefore
the above equations give the gauge condition

A =1571Ey My, (4.17)
the constraint coming from the null Killing vector
0=Ey" U, (4.18)
and a transformation rule for the scalar S
08 = M5 LaEy® — ATTS + 164, . (4.19)

The transformation rules for the other fields coming from the 5D Vielbein {e,*, 7,,, m }
will be discussed in chapter

Now the bosonic transformation parameters are reduced by simply relabelling
them. Note that the relabelling of the 5D parameter components of local Lorentz-
and general coordinate symmetry as

AT =)\, At =), EH =gk 2 =—0, (4.20)

is suggestive of the new symmetries emerging from the reduction. The reduction
of the fermionic parameters is a little more involved and will be discussed together
with the reduction of the gravitini in section

4.3.2 Graviphoton
The graviphoton transformation rule is obtained from (4.1))

§A, =63 Lz Ay + O + i€V, (4.21a)
6A, =MLz Ay +iET, . (4.21D)

For the reduced vector we have to take care that it transforms appropriately, as a
4D vector and a scalar under general coordinate transformations. The naive decom-
position fails, since the 5-dimensional Lie derivative produces a term which is not
accounted for by the 4-dimensional diffeomorphism (6/])/[ L=Ay = LeA, — A.0,0).
This term is identified with the gauge transformation of m, which can be used to
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cancel it for the 4D vector. Therefore, the 5-dimensional vector is decomposed into
a 4D vector and a scalar as

a, = A, +muA;, a=A4A,. (4.22)

Defining the 4D vector like this trades the privilege of loosing the unwanted deriva-
tive term J,0 for gaining two rigid shift symmetries involving ks, k, and m,, coming
from the transformation of the scalar a. This will be made explicit in the next chap-
ter.

The gauge parameter « of the vector transformation does not have to be null-
reduced as it is a scalar.

4.3.3 Gravitini

The reduction Ansatz for the gravitini was inspired by [52]. In the relativistic 5D
theory the minimal irreducible spinors we are dealing with are symplectic Majorana
spinors. This means that they obey the symplectic Majorana condition

(09)* = B®) wig;? (4.23)

with ¢,7 = 1,2. In total the pair of symplectic Majorana spinors has 8 real compo-
nents. For the gravitini, which are also spacetime vectors, this results in a total of
8 x5 = 40 real components. In 4D, however, we are dealing with minimal irreducible
Majorana spinors, which obey the Majorana condition

v*=BWy (4.24)

The charge conjugation matrices in 4 and 5 dimensions are related by C4) = C(®)~s.
Majorana spinors in 4D have 4 real components, meaning that a gravitino has
4 x 4 = 16 components. Dimensionally the highest possible number of reduced
gravitini is therefore 2, accounting for 32 components. The remaining 8 components
could be arranged into two additional Majorana spinors. We will keep this reduction
structure in mind for the following steps.

Using the chiral projectors Pr = %(]l +v5) on a 5D symplectic Majorana spinor
R

U’ the following set of chiral spinors can be defined:
Q) = P, 0", b= PpWie;". (4.25)
These already obey the Majorana-like condition in 4 dimensions
01 =BWey, (0 =BYey, (4.26)
and the sum of the two clearly composes a 4D Majorana spinor

' =0} +0Y. (4.27)
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To ensure that the reduced gravitini also transform correctly under general coordi-
nate transformations in 4 dimensions, they take the form

(¢h &) = (@], + ®Lmy, 01). (4.28)
The previous step in the reduction is reminiscent of the reduction of the graviphoton

(4.22)), and in fact follows the same reasoning. The same reduction is applied to the
5D SUSY parameters to obtain Majorana spinors

et =P &, € = Pr&lej, (4.29a)
el =¢h +eb. (4.29Db)
Taking into account Galileian boosts, we can perform yet another decomposition

and rearrange the gravitini in terms of their asymmetric boost behaviour. Their
parameters are rearranged in the same fashion

Vi = W) . et = 5P £, (4.30a)
et = %(52 + %) . (4.30b)

Already here the null Killing vector constraint (4.18]) can be made use of to eliminate
one of the spinor fields

0=¢e"y0%" — et =0. (4.31)

Since we are left with only one of the two spinors, the superscript will be dropped
from here on ¢~ = ¢. The gauge condition (4.17)) now reads

AT =TTy, (4.32)

For practicality the 5-dimensional gravitino components can be written in terms of
projections of the 4-dimensional spinors and 5D gravitino bilinears can be expressed
in terms of 4D fields. These relations are necessary to explicitly calculate the reduced
transformation rules of all 4D fields and can be looked up in appendix [B}

4.3.4 Gauge Fixing of S

One simplification remains to be exploited. After redefining some of the fields
with appropriate powers of .S,

T — ST, (4.33a)
my — S my (and 0 — So) , (4.33b)
a— S a, (4.33c)
©— Sy, (4.33d)

the transformation rules of all emerging 4D fields, i.e. {e,®, T4, my, au, a, Q/Jij, v}
decouple from .S, which leaves us with the freedom to gauge fix S = 1, thereby also
fixing the parameter

A= %é_yogo — ko . (4.34)



Chapter 5

Non-Relativistic 4D, N/ = 2 Pure
Supergravity

In this chapter the reduction Ansétze of the previous chapter are put into practice
to find the transformation rules of the reduced 4D fields. Then, constraints are
discussed, and if and how the constraints that have been imposed on the 5D level
close the 4D algebra on the 4D multiplet. Finally, the consequences for the multiplet
are stated and the multiplet is presented in its final form at the end of this chapter.

5.1 Building the Multiplet

One has to take special care when raising and lowering indices at this point,
because simply going from flat to spacetime indices using the Vielbein is no longer
possible. The new spatial Vielbein e " is not even a square matrix anymore. There is,
however, still a way to go from curved to flat indices and vice versa for covectors
and cotensors, not for vectors and contravariant tensors, using both the spatial
Vielbein e,* and the temporal Vielbein 7,. Take a spacetime covector By, a flat
vector B, and a scalar By. These quantities are by definition related by

B, = €",By, By =71"B,, B, =¢€,"B, + 1,8y . (5.1)

In this notation flat indices are raised (and lowered) using Kronecker deltas as
B® = §B,. The raising and lowering of the 0-index is not defined. This nota-
tion is applicable for fields that were defined with spacetime indices in 5D. Gamma
matrices in 5D could be defined with spacetime indices by simply raising or lowering
the flat indices with the Vielbein. This notation was, however, purposely avoided
to prevent misconceptions when dealing with 4D gamma matrices. The object 7y
appears in the 4D theory and could be confused with something like 7#+, which
it is not, because gamma matrices with spacetime indices are not defined in 4D.
However, for gamma matrices the O-index is to be understood as a linear combi-
nation of the flat null directions, as is the 5-index, i.e. 70 = %(W +~7). This

71
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index can, of course, be raised and lowered with the 5D Minkowski metric 79 = —+°.

Starting with the reduced fields found in the last chapter, it is a computational
matter to derive their transformation rules from the 5D multiplet . Not only are
there more fields compared to the 5-dimensional theory, but the symmetry struc-
ture of the multiplet has changed from gauged super-Poincaré- to gauged super-
Bargmann symmetry.

5.1.1 Vielbein

Taking the remaining transformation relations of the 5D Vielbein

O, = 6,64 LaBx™ — A€, G + A0Smy, — AY*S™ 7, + 16970, (5.2a)
OB~ = 0,6, L=Bar — A¢, bap + AT S 4 58T, (5.2b)
OB, " = )16 LB — AT, 00y + A Smy, + 56470, (5.2¢)

the 4D transformation rules of {e,*, 7,,,m,} are found. This is achieved by inserting

the null reduced Vielbein (4.13)), the redefined parameters (4.20} 4.32)), the reduced
spinor bilinears and the gauge fixing of S (4.34). The following set of 4D
transformation rules is thereby obtained from the 5D Vielbein

de, = Lee,* — A%enl — X0, + %§+’y“¢; + %577‘11&: , (5.3a)
0y = LTy — 3eua €% + 5E YL + 51 1% (5.3b)
dmy, = Lemy, + 0,0 + e’ — %E_fyow; . (5.3¢)

By looking at the symmetry structure of these fields one can recognise general co-
ordinate transformations with parameter £#, rotations with parameter A%, Galilean
boosts with parameter A%, a central charge transformation with parameter o and
two local SUSY transformations with parameters . If they were rigid, these sym-
metries would compose the super-Bargmann algebra.

From these equations it is possible to derive completely supercovariant curvatures
(transforming covariantly under rotations, Galilean boosts and SUSY transforma-
tions). Replacing the parameters in a transformation rule by their corresponding
gauge fields and antisymmetrising, one obtains expressions that under a general
variation behave like the variation of the antisymmetrised partial derivative of the
gauge field. By subtracting these expressions from one another, covariant quantities
called covariant curvatures emerge as was explained in the end of section [3.1.3

ﬂw(Pa) = 28[M6V}a + 2@[Mabe,,}b + QQ[MGTV} — '(Z[—;’yaw;] , (5.4a)
%NV = f,U«V(H) = Qa[MTII] - eaWZjﬂaSO + \ET[MZ;]VOSD - %&:/}/Odjj ) (54b)
P (M) = 20),m,) — 20, %€, + J50u YUy - (5.4c)
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The curvature of time translations #,, (H) will also be referred to as torsion, denoted
Tuv, as is usually done in the literature. Its exphclt transformation rule can be found
in appendix l At this point the meaning of @, b and w,* does not exceed them
being the supercovariantised gauge fields of rotations and Galilean boosts, meaning
that they transform with derivatives of the parameters A% and A* respectively.
They will be referred to as spin- and boost connection respectively. As is the 5D
spin connection, these two fields are actually dependent. Their relation to the 5D
spin connection and their dependent structure coming from the null reduction of
the 5D supercovariant no-torsion condition will be discussed in section when
analysing constraints.

5.1.2 Graviphoton

The transformation rules of the reduced graviphoton mostly inherit the structure
of , with some additional terms coming from due to the 4D vector GCT
transformation correction. As stated in the previous section [5.1.1] the 5D parameters
are relabelled, S is gauge fixed to 1 and the gravitino bilinears are reexpressed in a
4-dimensional fashion to obtain the final form

da = Lea+ ko — aks + i§+’y5’yo<p , (5.5a)

day = Leay + o+ my (ko — aky) + alpe,”
b 0 — = 0+ 1 =0, — (5.5b)
TAETYEY Y I8 sy Wy —amE Yy
The scalar a has picked up two strange symmetries from the null reduction of the 5D
diffeomorphism and the U(1) gauge transformation — a constant shift symmetry and
a constant scaling respectively. These symmetries also appear in the transformation
of the 4D vector coming from the part containing the scalar a.

At this point it is necessary to also have a look at the supercovariant field strength
f,u, of a,, and the supercovariant derivative of a. This is because the 5D supercovari—
ant field strength of Ajs occurs in the transformation rule of the 5D gravitini (4
Its 4D counterpart f,w and the supercovariant derivative Dua therefore appear in
the reduction process. Following the steps described in the end of section [3.1.3] the
supercovariant quantities are found

f;w = 28[;#11/] - 2aw[uaeu]a -2 @Jﬂw%;] + a%&;70¢u_ ) (5.6&)
D,a = d,a — i&:'yyyogo : (5.6b)
Since the transformation rules of the gravitini contain the 5D field strength, it is

convenient to write the 5D quantity in terms of covariant 4D quantities. The com-
ponents of Fjsn can be split into two expressions

Eyp = fup — aiyp(M) +2m, D, a, (5.7a)
E,.=Dya. (5.7b)

The explicit transformation rule of f;w can be found in appendix .
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5.1.3 Gravitini

Using the reduction Ansatz of section the 5-dimensional gravitino trans-
formation rules imply 4-dimensional transformation rules for the gravitini wljf and
the spinor in z-direction ¢. Since the 5D transformation rules contain the super-
covariant spin connection QA8 and the supercovariant field strength Fy ~, these
quantities also have to be null-reduced in order to deal with 4-dimensional quanti-
ties in the reduced transformation rules. The contributions of the spin connection
will not be added explicitly just yet, but only after discussing the relation between
the 5D spin connection and 4D connections together with the 5D supercovariant
no-torsion condition in section The field strength terms, however, can already
be made explicit, as shown in the previous section (see eq. ) The reduced
transformation rule of the spinor is

S = Lep — 2kgp — TNy — 2\[(5 700) 4 Q-terms

i [97), (aba 0 — 4 be > + (58)
-1 [2Dba7 157%™ + V2 ((fbc — afp(M))y* — 4Doa> y5€ } ,

where D, = e“aﬁu and Dy = T“f)u. The complete transformation rule of ¢ can be
found in appendix [C] The transformation rules for the gravitini read

Sy, = Ley, + $koth;, — mukow + O™ + €uar 0 — IAPYapth;,
— AW — 55 (E 0 — J5(E " )@ + Q-terms
% {((fup - arup(M))(euaeybepc’Ya ‘- 27_“7_1/6;)&7(1 - 45Zepa7a) (5.9&)
- QGWIA)OCW(I)’YWO%?_
+ ﬂfyp(—QeMae”pr*yab + 4(5}17”)756% ,
5¢: =L ¢+ - lkaw+ + 8,u5+ - i/\ab’}/abw:
— 555 E 011 Y + 515 (E )Y
+ 5usmu(EN )17 e — gmyutan e + Q-terms
; 7 . v v v 5.9b
16 K(f”p — atyp(M))(—epqe pel oy — 27,77 ey + 46, €7 ay") ( )
_ Qe“aﬁoa’y“ + GliA)aa’ya)fyg)'yong
+ \/5( — Tu(fab — afab(M))vab + Qeua]jba'y“b — 4ﬁua)’y55_} )
Note that here also the constant scaling symmetry, first seen in the transformation
of the graviphoton, takes part in the transformation of all three fields. In the last
transformation rule (5.9b)), the variation 6™ (all terms multiplied by m,,) appears,
preventing the definition of a curvature that transforms covariantly under central

charge transformations (one can define a supercovariant curvature transforming co-
variantly under Galilean boosts, rotations and SUSY transformations). Only upon
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setting d¢o™ = 0, as will be done when talking about the constraints in section
this becomes possible.

5.2 Constraints

Now we already have a set of transformation rules for the 4D fields, but a few
questions remain open:

« How are Q and the &’s related and what constraints are inherited from the 5D
supercovariant no-torsion condition Ry N(PA) =07

e Does the reduced algebra close properly and does the closure produce addi-
tional constraints?

o What constraints are produced by Bianchi identities?
e Do further constraint arise from the reduction Killing vector being null?
e How does the field content of the theory change after imposing constraints?

These questions will will be addressed in this section.

5.2.1 Conventional Constraints

It has already been established by imposing the conventional curvature con-
straint in 5D (the supercovariant no-torsion condition) that the spin connection is
a dependent field. In fact, this is how the supercovariant spin connection is defined
(see eq. ) Therefore, it is not necessary to null-reduce the 5D spin connection
using its original form in terms of 5D Vielbein and gravitini, but the reduction can
be performed using a shortcut. By simply viewing the supercovariant no-torsion
condition as a geometric constraint on an independent field and inserting the null
reduced Vielbein, a set of equations emerges, relating components of Q. To make
the calculation simpler yet, it suffices to consider bosonic terms only, i.e. to neglect
gravitini. From the discussion of the parameters we deduce that the compo-
nents QZAB are not gauge fields, but rather completely supercovariant objects. As
for Q#_“ and QM_JF the compensating transformations from fixing their parameters
must be included. These lead to the only gravitini contributions to the
spin connection, which had been ignored in the process before. Then, two 4D su-
percovariant objects are introduced, transforming as gauge fields with derivatives of
X% and A* respectively, which will be referred to as spin connection d)u“b and boost
connection @,. Finally, the 5D quantities have to be adapted to transform as 4D
vectors under GCT using the standard method, i.e. QMAB + mMQZAB transforms as
a 4D vector, hence

A ab
Q

A +a _
QM =

00— Lm0 (5.10a)

u = 3mutto . (5.10b)

|
ISN

&
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The z-components of the 5D supercovariant no-torsion condition set some compo-
nents of the spin connection to zero and relates others

Q.= 0, (5.11a)
. =0, (5.11b)
Qlfa = Qzabe“b + QZ+‘ITH + ¢p*-terms , (5.11c)
Q= 0. %,q + vF-terms (5.11d)

while the p-components together with the knowledge about the transformation prop-
erties of the spin connection yields

P (P7) =0, (5.12a)
Fu(M) =0, (5.12b)
Q, %= - 3T+ 30 %, (5.12¢)
0t = §h0 + 50 e (5.12d)

The emerging curvature constraints are reminiscent of the 5D supercovariant no-
torsion condition. These are referred to as conventional constraints of Newton-
Cartan theory. Similarly to the situation in 5D these constraints define the the
connections as dependent fields (depending on e %, 7, m,, wff) Solving the con-
ventional constraints for the connections is a little more advanced than it was in the
relativistic case. For more details on this calculation see appendix |B| The equations

(5.12al [5.12bf) when solved for the connections yield

o, = eloe, W — Le 0t — Lyt (5.13a)

G =380,  + Lewo™ + 36, + $muco” (5.13b)

E® = 200" = Yp "y (5.13¢)

Euw = 20),m,,) + %&;v%; , (5.13d)

where ¢,,,* and ¢, are the non-relativistic supercovariant anholonomy coefficients.

Now there are several ways to find the transformation rules of the spin- and boost
connection. One relatively simple option is to consider the variation of the con-
ventional constraints and to then solve for the variations of the con-
nections completely analogously to the computation of the connections themselves.
The explicit transformation rules of the spin- and boost connections and the explicit
supercovariant curvatures f,, (J%) of rotations and 7, (G?) of Galilean boosts can
be found in appendix [C]

5.2.2 Algebra Closure

The procedure of checking the closure of the algebra on bosons is analogous to
the one performed in 5 dimensions in section [4.2

[61,62) = 8¢ + Ox, + 6, + O + 6o + 6.4 + 6. . (5.14)
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Performing the commutator transformation [0s,,ds,] on the fields a,, and 9, gives
a term that is not of the form . This is an indication that the constant scaling
symmetry with parameter k, needs to be removed for the algebra to close. Therefore
the constant is set zero from now on

ke =0. (5.15)

The same argument can, however, not be made to get rid of the constant shift sym-
metry with parameter k.. This symmetry is well-behaved in terms of algebra closure.

Since the 5D supercovariant no-torsion condition, which has appeared in the 5D
algebra closure, has produced the 4D conventional constraints found in the previous
section, no new bosonic constraints are expected. Indeed, the algebra closes on the
bosons and produces the following parameters for certain sets of commutators of
transformations, at least one of which is a SUSY transformation:

The commutator of a general SUSY transformation (¢; = €] +¢7 ) and a rotation
is trivial

[55175)\7"] = 0t ,
gt = ety . (5.16)

The commutator of a SUSY transformation and a boost is less trivial

[56175)\5] = 6>\r + 5)\b + 55—:— 5

2\ = —/\[aéffyb]q) , (5.17a)
N\ = %A%ﬁ% : (5.17b)
e” = —%Xléffya’yo . (5.17¢)

The commutators of SUSY transformations can be treated separately as (+,+),
(+,—) and (—, —)-parts. The (4,+)-commutator produces the following parameters

[68T7663_] = 55 + 5>\r + 6/\1; + 05 + 0o + 6€i ’

K = 5&fq% (5.18a)
& =K1¥, (5.18D)
AP = — 0," — e f K (5.18¢)
A= —£V0,0 (5.184)
o= —&m,, (5.18e)
a=—¢a,, (5.18f)
S (5.18g)
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The (—, —)-commutator produces the following parameters

6.6 ]JATMA,]H 460 + 0.

51’ €q
A% — %Js“bc]j)ca lJAab (5.19b)
A= = Lgebef, — L5, (5.19¢)
o= —J, (5.19d)
a=—Ja, (5.19¢)
& = 15[ (G ) @™ - 3(537°%7)¢

— 365 e )P + (63 Y0u7 )27 (5.19f)
= 55| (E7°0)E — (&7°9)er — 2(637%1)9]

The (4, —)-commutator produces the following parameters

[5+,5€]—5£+5>\T+5)\b+5 + 04 +68++5

K% :=1e, %7, (5.20a)
L = ig5 4 yse7 (5.20D)
£V =e" K, (5.20c)
A = — €0, + 1Dgac™ K, + 1L (5.20d)
AT = — €0, + e fo Ko + 1L 1%, (5.20e)
o= —&m,, (5.20f)
a=—¢a, +1L, (5.20g)

= -y + [(82 eD)@’ + (B2 7)™ + (837%])@
— 2557 567 )5 + (53156 ) 757" (5.20h)

= - &9} + 355G + (E 9G]

=&y (5.20i)

As expected, the bosonic part of the algebra closes under supersymmetry without
requiring additional constraints. When acting on fermions the algebra closes modulo
fermionic equations of motion and possibly other fermionic constraints. If there is
an action, these constraints can in fact be thought of as zilch symmetries of the
action (see open/closed algebras in sec. [3.1.3)), i.e. symmetries with vanishing
transformation rules for fields satisfying the equations of motion. The fermionic
equations of motion and other fermionic constraints are not computed explicitly for
the full theory, but will be found and discussed for the linearised theory in the next
chapter in section by checking the algebra closure on the fermions.



5.2. CONSTRAINTS 79

5.2.3 Bianchi Identities

The following Bianchi identities lead to a set of bosonic equations of motion and
constraints for the connections. From

Dyt (M) =0, (5.21)
we get the constraints
Pan(Ga) =0, 7oa(Gy) =0, (5.22)
from the Bianchi identity
Dyt (P*) =0, (5.23)
we get
Plab(Jga) =0, 2700 (Jeje) — Pan(Ge) = 0. (5.24)

Combining the above we additionally get
f()[a(']bc]) =0 > 'Fa()(t]bc) - fbc(Ga) =0. (525)

Note that even though the conventional constraints have been imposed before in
section [5.2.1] their Bianchi identities give rise to new constraints on the curvatures
of rotations and boosts. These constraints could, of course, be varied once more
to see if new constraints emerge. The next generation of constraints will be one
order higher in derivatives and is expected to be a linear combination of derivatives
of constraints. The same argument holds for the Bianchi identities that have not
been mentioned. Of course one can write such an identity for every supercovariant
curvature, which will produce higher order derivative constraints. This shall not be
made explicit here.

5.2.4 Constraints from Null Killing Vector R

The first constraint coming from the null Killing vector along which the reduc-
tion was performed was already imposed in the end of chapter 4| (see eq. )
This constraint, however, needs to be varied to possibly yield further constraints. As
already mentioned, after deriving the gravitino transformation rule of 1/;:[ the varia-
tion 6T appears and prevents us from successfully defining a covariant curvature.
Imposing

0 =0p" = —51=(E""0)7a"0 + §7ar ™™ + T Daary 57 e™ (5.26)

rids us of this problem and additionally produces two constraints. One eliminates
the spinor ¢, while the other one relates torsion and the covariant derivative of the
scalar a. This can be seen by analysing the gamma matrix structure of the equation.
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To make this structure visible, the first terms is split using Fierz relations (3.26) to
pull the parameter out of the spinor bilinear, and the second and third terms need
to be rewritten using gamma duality relations . By varying the constraints,
more constraints can be found as is shown in figure [5.1}

900/+0
AN

A 1_bcf ~ 1 » A~ _ _ 3 3
Ta0 = z€a “foe Tab = §5abcha Tab = *§5ab0Dca

ﬁaCLIO %ab:O
ﬁﬂazauazo ( @/A);rsz
v v

Figure 5.1: The evolution of constraints is made visible here. In this diagram, line n has all
constraints of lines < n imposed. Each thick arrow stands for a variation on the constraint it comes
from. The thin arrows point to constraints coming from linear combinations of other constraints.
The dotted arrows at the end indicate the higher order derivative constraints that could be obtained
by further varying the gravitino curvatures. Gray shading highlights the constraints that are useful
to simplify the multiplet.

In figure [5.1] the grey constraints simplify the transformation rules of most fields

obtained in the previous section and allow us to eliminate 7,, and 1&7[1, from the

theory completely, replacing them by f;w and 1&;” An interesting observation can
be made here, distinguishing this theory from the results obtained from the reduction
4D — 3D: Torsion is not entirely set to zero, but only its spatial components. This
constraint is referred to as twistless-torsion in the literature and it is the minimal
requirement for a spacetime to foliate according to Frobenius’ theorem. It is also
noteworthy that the covariant derivative of the scalar a is reduced to the simple
partial derivative by setting the spinor ¢ to zero. This makes a a constant.
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5.2.5 Removing the Remaining Constant Shift Symmetry

As announced before the constant shift symmetry with parameter k., is also
removed from the theory

fia=0. (5.27)

This however is a choice and not a direct consequence of the null reduction or a
condition necessary to close the algebra. This choice is convenient and the symmetry
is presumed to not have a deeper meaning than being a relic from the null reduction
of a 5D U(1) gauge transformation. Since the symmetry is constant it cannot appear
in any supercovariant curvatures or derivatives. Therefore, it also does not appear in
the constraints presented above. In fact, it does not appear anywhere in the theory
except for the transformation rules of a, and a, the 5D graviphoton descendent
fields. These are some of the motivating reasons to remove this symmetry.

5.3 Final Multiplet

After including the constraints from the last section, the multiplet is now pre-
sented in its reduced form

de,* = Lee,* — )\abeub — N7, + %6_"7“1#; + %E_vaw:[ , (5.28a)
07y = Letu+ S50, (5.28D)
omy = Lemy, + 0,0 + )\beub — %5_70111; , (5.28c¢)

da, = Leay + 0o+ adpe,”

- o o (5.284)
+iE 570, — 18957 Y — agsE Yy
Sy = Letb, + 0™ — ANy, + 50, P yae”
- \%)‘a')’a'yolb:{ + %@ua’Ya’YOEJF
(5.28¢)

- % [fz/p <euaeyb6pc7abc — 77 el — 25Z€pa7a) 75705_
+ \@f,,p( — euae”bT”vab + 25Z7'p)’y55+} ,
St = Lot + 0pe™ — Iyl + 10, vt
—% [fyp( — ea”ye Y — TuT e 0 + 2556%7“)75708* (5.28f)
— \/§Tufab’7ab755_:| :
As stated before, the constraints were used to eliminate 7, in favour of f,ﬂ,. Also, it
is interesting to note that the scalar a now only appears as a constant in the trans-

formation rule of the graviphoton. The explicit supercovariant gravitino curvatures
fW(Qi) = @Di, can be found in appendix



Chapter 6

Linearised Non-Relativistic 4D,
N =2 Pure Supergravity

An interesting addition to the multiplet presented at the end of the previous
chapter is the set of equations of motion and constraints for the gravitini. In principle
these could be found by calculating commutators of symmetry transformations on
the gravitini and seeing what has to hold, on top of the regular symmetries, to have
algebra closure. These computations are, however, long and cumbersome due to a
large amount of terms coming from Fierz relations. The computation becomes more
managable in the linearised theory. The linearised theory simply produces non-
relativistic rigid 4D, N’ = 2 supersymmetry in which some of the calculations of last
chapter will be repeated, additionally to the expansion of the constraint structure
seen before in the full theory in section

6.1 Linearised Multiplet

The fields are expanded in powers of a small parameter K < 1

e, =0," +rh," + O(K?), (6.1a)
Ty = 00 + K7y + O(K) (6.1b)
my, = ki, + O(K?), (6.1c)
ay, = ki, + O(k?), (6.1d)
Y, = mz; + O(K?), (6.1e)
Ut = kit + O(K?) . (6.1f)

All transformation parameters p are expanded in a similar fashion as p = p(® +
kpM) +O(k?), and the following statements hold when inserting the parameter- and
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field decomposition into the transformations rules ([5.28)

0¥ — const | (6.2a)
A@ab — (6.2b)
AO0a — (6.2¢)
o© = const , (6.2d)
o = const, (6.2¢)
et = const, (6.2f)
e = const . (6.2g)

The linearisation leads to the above set of rigid symmetries. There are no rigid
rotations and boosts because when inserting the linearised quantities into the trans-
formation rules of the full theory, rotations and boosts produce terms of order O(x")
that are linear in A(0% and A9 The other rigid symmetries exist because in these
cases only the derivatives of the respective parameters appear in the terms of order
O(k°) that need to vanish. The extracted transformation rules of the linearised
fields take the form

Sh = €O¥g, 1,0 1 §,eMa _ \Vabg  \Dag o (6.32)

+ 1Oy 4 e Ot (6.3b)

67 = £V 0,7, + 0,610 + 000k (6.3¢)

I N R . R A (6.3d)

da, = f(o)l’&,&# + aﬂa(l) + i?(o)%yoﬁg - 7;5_(0)’75’)/0121: , (6.3¢)
0 = &0 0+ 0,7 + 30 yane ™ + J5uan e

-4 <—35u0]§a07a075 + 08 0 fre + 25fjfawb°75) e=© (6.3f)

+ V204 (—fbo’yab + 2fao) 75€+(0)} ,
5t = €Y% 1 9,etM 4 15, b+ O
-4 [ (%ofaovao% — £, fre — 25ﬁfawb075) et (6.3g)

- \/§5uofab’7ab’75€_(0)} ;

where
G = 26”1900, h,) " — 6,01 h"e — 5,00 | (6.4a)
Gp = Oohyy® + 60" Oohuy” + 6“0y + 8,00" D1y (6.4b)
fuy = 28[Mdy] . (64C)

The explicit transformation rules of the linearised spin- and boost connections and
the linearised supercovariant field strength can be found in appendix [C} It can
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be seen here explicitly that the richness of symmetry transformations of the full
theory reduces to simple U(1) gauge symmetries for the first order components of
diffeomorphisms and supersymmetry transformations. The symmetries of rotations
and boosts also becomes trivial, since the fields do not rotate or boost to themselves
anymore. Diffeomorphisms simply become rigid translations and the only interesting
transformation structure that remains is supersymmetry, which also becomes rigid.

6.2 Linearised Constraints

In this section linearised constraints will be discussed. The constraints found in
the previous chapter in section [5.2]are not reproduced here, but are to be understood
as already imposed. It is necessary to repeat the computation of the parameters
produced by a commutator of transformations in the linearised version to find the
equations of motion and constraints on the gravitini. Then the previously found
gravitino curvature constraints are varied to yield new constraints before the newly
found gravitino equations of motion and constraints are also varied.

6.2.1 Algebra Closure

First, the parameters produced by acting with the commutators of rigid su-
persymmetry transformations on the fields are presented. Since the procedure is
equivalent to the computation in the full theory, it will not be discussed further
here. At first glance it may seem unnecessary to repeat the computation of these
parameters, but since the symmetry structure has changed due to the linearisation,
the simplest way to obtain the parameters is to repeat the calculation of commu-
tators using the linearised transformation rules. It is not possible to obtain the
correct parameters from naively linearising the parameters (5.1845.20) of the full
theory. For the computation of the commutator of transformations on the gravitini
to find equations of motion and constraints it is vital to have the correct linearised
parameters at hand.
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Calculating the SUSY-transformation commutators, one finds that the (+,+)-
commutator produces the following non-zero parameters

[0,401,0+@] = 00) + 6y + 8,0y + 8,00 + 050 + da) + 020

€2
KO .— %8—;(0)70&\?(0) 7 (6.5a)
O — g©O)g0 (6.5b)
¢Wa = _ ¢Opp a (6.5¢)
¢ = — ¢Ovg, | (6.5d)
)\(l)ab _ _ g(O)V(f}Vab o igabcfcoK(O) ’ (658)
ADe — _ Oy o (6.5f)
oW = —¢Ovg, (6.5g)
at) = — Oy (6.5h)
et = _ Oyt (6.51)

The (—, —)-commutator only produces a boost
[0, -0, @] =0,
J(U) = %5;(0)’}/0617(0) ’ (66&)
AV — 10 abef, (6.6D)
The (4, —)-commutator produces the following parameters
[5€r(0) , 582—(0)] = 55(0) + 55(1) + 5)\9) + 5)\5)1) + 50(1) + 5a(1) + 5€i(1) ,

KOa . %gg(O)VCLEIF(O) 7 (6.7a)
LO = 2-52—(0)70755#0) , (6.7b)
O — gOagy (6.7¢)
gWe = — O, (6.7d)
g0 = — Oz, | (6.7¢)
A(l)ab - _ é(o)y(fjuab + %L(O)fab ’ (67f)
ADe — O 0 | doabe £ ) | 110) fa (6.78)
o = — O (6.7h)
oM = — O, (6.71)
e = —Orgp (6.7)

The difference at this point, as can be guessed from the inclusion of the parameters
e=(M is that the commutator was also calculated on the gravitini. The commutator
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of transformations acting on a fermion does not only produce symmetry transfor-
mations of the transformation rule of the respective fermion. It additionally yields
terms that vanish when fermionic equations of motion and constraints are imposed

|
(01, 02) = ¢y + (5>\£1) + 5>\z(;1> +9,0) + 0,0 + 020 (6.8)

+ 0¢0) + 02(0) + {fermionic EOM & -constraints} .

If there is an action, these terms can be seen as zilch symmetries of this action, so in
this case the statement “The commutator of two symmetry transformations is equal
to a linear combination of symmetry transformations of the theory”, still holds. It
is this calculation that we will get the following fermionic equations of motion and
constraints from

M)y =0 = A% =0, (6.92)

The first equation will be referred to as the fermionic equation of motion because it
includes a time derivative on the gravitino, while the second one is a geometric con-
straint. In each line, the second equations are obtained by contracting the respective
first equation with gamma matrices.

6.2.2 Further Constraints from Null Killing Vector X

Now the constraint structure of the previous chapter will be expanded by the
variations of the gravitino curvatures that were at the very end of the constraint
structure in figure In the following process all constraints from the previous
chapter, section [5.2] are imposed in their linearised versions. Relations coming from
Bianchi identities (see sec. are used frequently to eliminate or reorganise terms
produced by the variations. Additionally, the linearised Bianchi identity

a[ufup] =0, (610)

is needed for simplifications in the following figure [6.1}
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d+(0)

%ab(JCd) - a[af:b]e‘€6de =0

L

ey fea = 0

A;_o = _ﬁgabc’}ﬂfﬂzj_bc
3o frc + 20 g0 =0 A frr =0
1)

e

\(O)

aCL]ZE(IO =0 %a[b(‘]c ]) =0

Figure 6.1: The evolution of the vanishing gravitino curvature constraint and the constraint relating
gravitino curvatures is made visible here. Each thick arrow stands for a variation on the constraint
it comes from. All constraints introduced in the previous chapter and the previous section (sec.
are imposed additionally to the ones from previous lines. Bianchi identities are used to
simplify expressions. Gray shading highlights final constraints, while a white background marks
constraints that become redundant after all constraints have been imposed.

6.2.3 Gravitino Equations of Motion and Constraints

In section the equations of motion and constraints on the gravitini
were computed using the closure of the algebra. Now they will be varied to produce
new constraints which is illustrated in the following figure [6.2
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Alabh=dy =0
do+00) (D)
f0a(G*) =0 Ppo(J7) + €abcabfco =0
f}/[a"lz;_bc] = O
0.+(0) d.—0)
7ab(G) = 0 Pefa( ) = 0
3[afb]o =0 Fap(J®) =0

Figure 6.2: The evolution of the gravitino equations of motion and constraints is made visible here.
Each thick arrow stands for a variation on the constraint it comes from. All constraints introduced

in the previous chapter and the previous sections (sec. are imposed additionally
to the ones from previous lines. Bianchi identities are used to simplify expressions. Gray shading
highlights final constraints, while a white background marks constraints that become redundant
after all constraints have been imposed.

Combining constraints of figures [6.1] and [6.2] two further constraints
80fab =0, %bo(Jba) =0, (6.11)

are obtained by linear combination.



Chapter 7

Conclusion and Outlook

In this thesis the method of gauging an algebra was introduced to motivate
the Vielbein formalism of general relativity and Newton-Cartan gravity, as well as
their supersymmetric generalisations, supergravity and non-relativistic supergrav-
ity respectively. The mathematical tools to obtain non-relativistic physics from the
non-relativistic limit of a relativistic theory were discussed. Moreover null reduc-
tion, the fundamental ingredient for the results of this thesis, was introduced and
then put to use to derive a 4-dimensional non-relativistic N' = 2 pure supergravity
multiplet and its transformation rules from 5-dimensional relativistic A’ = 2 pure
supergravity. This theory had not been constructed before. It however shares a
lot of similarity with the 3-dimensional non-relativistic N/ = 2 supergravity multi-
plet, that similarly was derived by null-reducing 4-dimensional relativistic N’ = 1
supergravity [42], or equivalently by gauging the super-Poincaré algebra [4]. When
removing the non-relativistic graviphoton field a, = 0, the transformation rules of
the 4D multiplet are the same as the ones known from the 3D multiplet. The in-
clusion of the graviphoton really is the novelty of the results obtained in this thesis.
To work with a complete relativistic on-shell multiplet in 5D, N/ = 2 it is necessary
to include the relativistic graviphoton to even out the unequal bosonic (Vielbein)
and fermionic (gravitini) degrees of freedom of the gauge fields corresponding to
spacetime symmetries. A difference to previous results obtained in 3D is the non-
vanishing torsional contribution of the field strength of the graviphoton. In 3D the
twistless-torsion constraint implies no-torsion by variation, thereby also removing
the gravitino curvature 1/AJW = 0, while in the 4D theory the rich constraint struc-
ture discussed in section does put restrictions on the gravitino curvatures, on
the graviphoton field strength and on torsion but does not set any of them to zero.
After imposing twistless-torsion the remaining torsional components can be related
to the field strength, as is the case for the remaining components of the gravitino
curvature 1&5{0 that can be related to components of zﬁ;y, thereby eliminating 7,

and @ZA)IJ[V in favour of fm, and @ZA);V respectively from the theory. It can be assumed
that beyond the graviphoton the gauge fields, which do not correspond to a space-
time symmetry, of higher dimensional or extended supergravity can also produce
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torsional contributions.

Since non-relativistic supergravity theories are still in their infancy, there are a
lot of directions that possible future research could take. The calculation of partially
gauge fixing the non-relativistic 4D, N/ = 2 supergravity multiplet to obtain an ana-
logue of Galilean supergravity, including a graviphoton contribution, was omitted in
this thesis. Finding such a partial gauge fix, similarly to what was done in [4], could
provide further insight into the gauge fixing structure of higher dimensional super-
gravity. Another interesting extension of the work in this thesis would be to derive
a non-relativistic 4D off-shell multiplet, as has been worked on in three dimension
by [14], [42], [67]. Also higher supersymmetric extensions could be considered for
null reduction in different dimensions to obtain higher supersymmetric extensions
of non-relativistic supergravity. Since in this thesis only pure supergravity was ever
discussed an obvious generalisation would be to consider relativistic supersymmet-
ric matter-coupled theories to derive non-relativistic counterparts. Another possible
direction for further work is to consider gauge theories of different algebras than the
super-Bargmann algebra, like the super-Carroll algebra (describing ultra-relativistic
supersymmetry) or the superconformal algebra (extending super-Poincaré symme-
try by dilatations and special conformal symmetry) for which one could attempt the
reduction to the non-relativistic super-Schrédinger algebra.



Appendix A

Conventions

A.1 General Conventions

o The mostly plus signature (—, +,+,...) is used for the metric.

o (Anti-)symmetrisation is defined as

1
Al o] = ] Z sgn(a)A%(l)_,,%(n> , (A.1)
' oeSy
1
A(m--‘#n) = n! ZS Auau)---ug(n) ) (A.2)
[ASIor

where .S, is the symmetric group of degree n, i.e. containing all permutations
of n objects and sgn(n) gives a positive sign for even- and a negative sign for
odd permutations. The complete (anti-)symmetrisation is performed with a
total weight of 1.

o The Levi-Civita symbol in D = (D — 1,1) spacetime dimensions is defined as:
€0l..D-1 =1, EOlmDil =-1, (A3)
e.g. in 5D: g®0 = gabe (A.4)
e The highest rank element in D = 4 is denoted by ~s.

¢ FEinstein summation convention: Indices appearing twice in a product, once
as sub- and once as superscript, are summed over, e.g. AM Bj;. Underlined
indices indicate an exception and are not to be summed over, e.g. AM By.

o Hats are used to indicate supercovariant(-ised) objects, e.g. Rp;ny denotes
supercovariant curvatures.

e Tildes are used to indicate the first order terms in the linearisation of fields,
e.g. a, is the linearised gravi-photon.

o The bracket function [-] cuts off all decimal places of its argument.
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A.2 Indices

e M,N,P ¥, ... denote spacetime (curved) indices on a relativistic spacetime.

o A, B,C,D,... denote local frame (flat) indices on a relativistic spacetime.

e v, p,0,... denote spacetime (curved) indices on a non-relativistic spacetime.

e a,b,c,d,... denote local spatial frame (flat) indices on a non-relativistic space-
time.

o 0 denotes a local temporal frame (flat) index on a non-relativistic spacetime,
except when on a Clifford algebra element. It is only defined as a subscript
index.

e 5,0 denotes a fixed index A = 5,0 when on a Clifford algebra element.
e «,f,7,6,... denote spinor indices.

e 1,7, k,... denote the numbering of spinors in supersymmetric extensions 1 <
i < N when on a gravitino, and denote abstract representation indices when
on abstract representation matrices and respective abstract fields transforming
with them.

« A B,C,D,... denote algebra indices, i.e. # = §4T, is an algebra element,
where T4 are the generators of the algebra.

o () denotes the fixed index p = 0. This notation is used for partial gauge fixing.
In the linearised theory the notation becomes redundant () = 0.

o (r,D,n) denotes the rank of a Clifford algebra basis element when on a capital
gamma, denotes the spacetime dimension when on the charge conjugation
matrix, a gamma matrix, the Minkowski metric or the d’Alembertian, denotes
the Fourier mode when on an expanded field, denotes the order of the term of
a parameter in the linearised theory, and denotes the grading when on algebra
generators. It only appears as superscript.

e R, L denote the chirality of a spinor or the respective chiral projector.

In the process of null reduction (see sec. |4.3)) indices are split up as

e A= (a,—,+), where a = 1,...D — 2 and F = %(O?LD— 1). Hence the

Minkowski metric in null coordinates has elements n;_ = —1.

o M= (u,z).
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A.3 Capitalisation

o Capital letters are used to denote relativistic fields, parameters, curvatures
and indices.

o Lower case letters are used to denote non-relativistic fields, parameters, cur-
vatures and indices.

o Capital bold letters are used to denote group elements and algebra indices.
o Capital letters are used to denote algebra generators.

o Lower case letters are used to denote algebra representations.

For the largest part of this thesis the the convention upper- vs. lower case quantities
— relativistic- vs. non-relativistic theory coincides with 5D vs. 4D.

A.4 Abbreviations
e SR and GR: special relativity and general relativity,
e NC: Newton-Cartan,
e (non-)rel.: (non-)relativistic,
e SUSY and SUGRA: supersymmetry and supergravity,

o gct and lt: general coordinate transformations and local translations (not
Lorentz transformations),

e (S)MS: (symplectic) Majorana spinors,
« EOM: equations of motion,
e DOF: degrees of freedom,

e ch., sec., app., tab. and eq.: chapter, section, appendix, table and equation.

A.5 Parameters of Infinitesimal Transformations

General coordinate transformations act on coordinates 2, a vector field AM ()
and a spinor field ¥(x) as follows

ozaM = =M (1), (A.5a)
o=AM (z) = L=AM (z), (A.5D)
0=¥(z) =0 (A.5¢)
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Local Lorentz transformations act on coordinates 2, a vector field AM(z) and
a spinor field ¥(zx) as follows

Spzt = A p(x)z? (A.6a)
SaAM (z) = —Ap(x)AB (), (A.6b)

SpU(2) = — 1A (2)yap0(2) . (A.6c)



Appendix B

Calculating with Spinors and
Gamma Matrices

Some additional relations concerning spinors and gamma matrices that aid the
explicit computations in chapters are presented.

B.1 Calculating with Spinors

In this section some helpful properties of spinor bilinears are denoted. Also, the
explicit null reduction of relativistic 5D SMS to non-relativistic 4D MS, and spinor
bilinears, are presented.

Symmetry Properties

The following generalisation of the (symplectic) Majorana flip relation allows for
a more general gamma matrix structure inside the bilinear

MS: Yo T = (80)" ey, oty D) Ty (B.1a)
SMS: T T = —(t) ity Ly, D) Ty, (B.1b)

Reality Properties

Spinor bilinears of (symplectic) Majorana spinors depending on rank r of the
gamma-matrix involved are either purely real or imaginary, according to

(9re)" = (—toty)" 1 Ire . (B.2)

This means that, depending on the product tgt1, either all spinor bilinears are real
or every other one (in terms of rank r) is imaginary, as is the case in D = 5.
Additionally, in even dimensions the reality property of the (S)MS spinor bilinear,
including the highest rank element, can be determined

(T9@)" = (~tot) (1) P2 W@ (B.3)
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Some Explicit Relations between 5D and 4D Gravitini

In section the non-relativistic 4D Majorana gravitini were expressed in terms
of relativistic 5D symplectic Majorana gravitini. For actual computations it is prac-
tical to also have the expression of 5D gravitini in terms of 4D gravitini. This can
be obtained by using the projectors Py = %(1 + 757°)

V), = S5 [P (1= (1)) (W —mup) + Po(1+ (=1)"1°)uf] (B.4a)
V= 5P (- (-1)")e, (B.4b)
Uy, = S5l = mu@)(1+ (=195 P- + (1= (=1)'%)5P4] . (Bido)
Ul = Lo(14 (1)) P, (B.4d)

where the barred spinors are conjugated in the respective dimension, using the ap-
propriate conjugation matrix. The composition of 5D SUSY parameters £ in terms
of 4D parameters ¥ is analogous. In the above relation the spinor ¢* does not
appear because it has already been set to zero, as the null reduction demands.

The following lists of 5D gravitino bilinear and bilinears of parameters and gravi-
tini in terms of 4D quantities (again ¢+ = 0) are used for the explicit null reduction:

0,0, = 20759 (v, = ) (B.5a)

U, =970, (B.5b)
Uy, = 200" (v = mue) | (B.5¢)
U, =i, (B.5d)
Uy, = V2 (6,70, +2mpd, ) | (B.5e)
U,y T, = V20,4%, (B.5f)
Uy, = V24 (B.5g)
U,y Vv, =0, (B.5h)



B.2. CALCULATING WITH GAMMA MATRICES 97

EW, = 57" (0 —mup) — & 37°0 (B.Ga)

EV, =7 0, (B.6b)
EN, = E MYl + a0 (1/1,3 - mmp) , (B.6c)
ENT, =%, (B.6d)
Evt, = V2 (w,: — muw) ; (B.6e)
EvTU, = V25 4%, (B.6f)
Ev U, = V2Tt (B.6g)
Ey V¥, =0. (B.6h)

B.2 Calculating with Gamma Matrices

This section provides some relations including the highest rank element, duality
relations between different rank Clifford algebra elements and finally some explicit
non-relativistic 4D gamma matrix relations.

Relations between v, and ()

The highest rank element v, commutes with even rank Clifford algebra elements
and and anticommutes with odd rank elements

[, T =0 for  r=2n, (B.7a)

{7, T} =0 for r=2n+1, (B.7b)

for n € N.

In even spacetime dimensions D = 2m there is a duality relation between rank
r elements and rank (D — r) elements via the highest rank element

A, D)™ ABLB, B
fy fY* - (D - 7’)' € fYBl...BD—r . ( 8)

In odd spacetime dimension D = 2m + 1 there is no independent highest rank
element, which is why the rank r elements are linked with the duality relation to
the rank (D — r) elements

‘m—+1

Al A L A Ap £
R R (B.9)

This is why the Clifford algebra basis in D = 2m + 1 only consists of elements of
rank r < m.
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Gamma Matrices in 4D Newton-Cartan Theory

In the following discussion some explicit relations for non-relativistic 4D gamma
matrix structures are presented, which are used mainly when working with Fierz re-
lations (see eq. . The difference between the following non-relativistic gamma
matrix relations and working with relativistic 4D gamma matrices is the inherent
split of the space- and time-indices, a,b,c,... and 0 respectively. The temporal
gamma matrix vy anticommutes with +,. The spatial v, are hermitian, which is
why one cannot just take them to be relativistic 3D gamma matrices.

Some non-relativistic 4D gamma matrix combinations:

b = _nbaa 4 95ab — ~ab y gab (B.10a)
e — Abeaa 4 ggalbad  — yabe | ggalbael (B.10D)
HPAC — e _ ggclantl  — yabe _ggeland] (B.10¢)
Y ea = Yeav™ — 80107 g = 47100 + 301 (B.10d)
e = 67[ab[65% 4 67[(15%35% . (B.10e)
Some non-relativistic 4D gamma matrix contractions:

e g0 = 260069 | (B.11a)
£ pa = 205, (B.11b)
APy = 29, | (B.11c¢)
Y Yeb = ¥y + 203, (B.11d)
Yy = —6 . (B.11e)

Some non-relativistic 4D gamma matrix duality relations:
V5 = EePrape? (B.12a)
Yo = Ee®pen?, (B.12b)
8y = —ig®Cy A0 | (B.12¢)
beye — _jgaben0 (B.12d)
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Derived Quantities

In this section some explicit results are presented that were not included in the
chapters before. They include derived quantities like connections and curvatures.

C.1 Non-Relativistic 4D, N = 2 Quantities

Spinor
The transformation rule of the spinor emerging from the null reduction is

8p = Lew — 1A a0 — 55(E 1 0)w
+ 57 vae ™ + 557 %00a7 e

— % {Zf)bafyb%’yos’ +v2 (fbc’ybc - 4150@) ’Y5E+} .

(C.1a)

The spinor is set to zero from here on ¢ = 0.

(Supercovariant) Spin- and Boost Connections

The computation of the spin- and boost connections and of the supercovariant
spin- and boost connections is structurally equivalent. The supercovariant compu-
tation will be presented below. For the computation of the non-supercovariant spin-
and boost connections simply ignore all gravitino terms.

The supercovariant spin- and boost connections can be computed from the con-
ventional supercovariant curvature constraints

Fu(P*) =0, Pu(M) =0. (C.2)

For the explicit curvatures see equation (2.96)). First define the supercovariant an-
holonomy coefficients

é,ul/a = 28[;Aey]a - &iyaw;] ) é;w = 28[;Lmu} + %@E;W%}y_ . (03)
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The supercovariant spin connection djuab can be found in two steps. The second

constraint is contracted with Vielbeine to yield
0— ﬁuy(M)euaeub N Ct)[ab] _ %éab , (04)

an expression that is needed for the second step. By adding and subtracting cyclic
permutations of the first conventional constraint

0= 7 (P")epq + Tpu(P*)eva — Tup(P)epa (C.5a)
N wuab _ eu[aéuyb] _ %eucéabc _ %Tuéab ’ (C5b)

the spin connection is determined.

a

Similarly the supercovariant boost connection @,* is computed by contracting

the constraints with one spatial- and one temporal Vielbein

0=7fu (M)’  — &

The complete boost connection is

ISN)

1= €@ + Tul” (C.7a)

a__1a a 1 ~ ab 14 a 1 A Q
o = 5C0u +§€#b00 +§CM +§TMCO . (C?b)

&

_>
The transformation rules of the spin- and boost connections are

&Duab _ ££@Mab + alu)\ab _ %H[a)\b] + %gl—,y[qu;a] + %g—,y[b,lzjlj—a}
- ieuc§+’701/;7ab + 2%/577157701;7% )

00, = L + 0N — eufo "N — FLoey 0 — 15T, (C.8b)
— iéf’yalﬁ:o + iepb5+7b1ﬁo_a + ieub577b¢3a - 27\1@7”5*701[,0—@ ; |

(C.8a)

and the curvatures of the spin- and boost connections are

P (T1) = 20,0, — 261,12, + it 1o + i yleg )

+ %e[uci:a%ﬂ;_ab + %e[ucijlj]lyclz—’—ab - %T[MZMWO@_@ >
P G) = 20" = 200, e ™0 + J500 "0y + 30
+ %1/;[;’7 ?/A),f}o - %e[y%j]%?z)&a - %e[ybiﬁ;ﬂblﬁa (C.9b)

+ I o
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Other Curvatures

The explicit gravitino curvatures are

Auv = 28[#%7] + %d’[uab%b%j] + \/5@[“‘1%70?,/);
- ﬂfap <€Ub€pc'7abce[ua — 77l oy — 2e”a6@7“)7570¢;] (C.10a)
+V2fop (—e”prfyabe[#“ + 27-”5[%) 751/1;3} :

b, =20 Wy + %@[uab%bw,f]

— 1 [fcrp< — e7yel e e, — 7 T + 2epa5&7a)7570¢j] (C.10b)

- ﬂfabT[M’Yab%?ﬂ;ﬂ :
The transformation rules of torsion and field strength are
0T = LeTuw + \1[5 ’yO@DW , (C.11a)
6f;w - £ff/.ly + 27—[” y] )\bDO(l + 25 V57 wuy — 1€ 75/7017Z);4V . (Cllb)

C.2 Non-Relativistic 4D, A/ = 2 Linearised Quantities

Linearised Transformation Rules

The linearised transformation rules of the connections and the field strength are

55)Hab _ 5(0)V0y7 ab + 8 A(l)ab _ %5“c§+(0),ycqz—ab + %5“0?(0)7[a7’2—b]0

0050 (C.12a)
4\f5u05 @ZJ
X a_ +0vg X a (l)a ()cdab
0w, =&Y 0,0, + 3u:‘ b 4\f OubE ’Y5ﬂ’cd i . (C.12b)
_ %dubg_k(o)’y(albi )0 + %6 057 ’}/ Qbia 2\/— ubé_'i (0) 1/1 @
5fuv = 5(0)’)8pr” + i5z655+(0 Y5y wab + 216[H<51,]05+( )75’7 1/};0 (C.120)
.12¢

+ %5ﬁl(su]05abcgi(o)70wibc :

Linearised Curvatures

All linearised curvatures are reduced to antisymmetrised partial derivatives of
the corresponding gauge fields, e.g.

ﬁw(Jab) = 26[@”}“” , ;HZ,(GG) = 26[,@”]” , 1’2;‘:” = 26“”,;1:5 . (C.13)
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