Iversitat

MASTERARBEIT / MASTER THESIS

Titel der Masterarbeit / Title of the Master Thesis

“Combinatorial Characterizations of Canjar Filters”

verfasst von / submitted by

Lukas Schembecker, B.Sc.

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc)

Wien, 2021 / Vienna, 2021

Studienkennzahl It. Studienblatt / UA 066 821
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt / Masterstudium Mathematik
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor: Ass.-Prof. Vera Fischer, Privatdoz. PhD






Abstract

Honoring Canjar’s work regarding ultrafilters whose Mathias-Prikry forcing does not add
a dominating real, this property has been named after Canjar. The broad topic of this
thesis is capturing this forcing property by equivalent combinatorial characterizations.
In particular, Canjar’s original analysis of such filters in [7] is considered to prove that
Canjar ultrafilters are necessarily P-points, which do not have rapid Rudin-Keisler pre-
decessors and to prove the existence of such an ultrafilter under the assumption of 0 = ¢.
Furthermore, the characterization of Canjar filters by Hrusdk and Minami in [12] by their
notion of P*-filters is proven to establish the equivalence of Canjar ultrafilters and strong
P-points - a notion introduced by Laflamme in [14]. Finally, using the ideas of Blass,
Verner and Hrusak in [4] a model which contains a P-point without rapid Rudin-Keisler
predecessors, which is not a strong P-point, is constructed, which witnesses that the nec-
essary condition for Canjar ultrafilters given by Canjar is consistently not sufficient.

Zusammenfassung

In Anbetracht von Canjar’s Arbeit hinsichtlich Ultrafiltern, deren Mathias-Prikry Forc-
ing keine dominierenden reellen Zahlen hinzufiigt, wurde diese Eigenschaft nach Canjar
benannt. Das umfassende Thema dieser Arbeit ist das Charakterisieren dieser Forcing
Eigenschaft durch equivalente kombinatorische Eigenschaften. Genauer wird zunéchst
Canjar’s urspriingliche Analyse solcher Filter in [7] untersucht, um zu beweisen, dass
Canjar Ultrafilter notwendigerweise P-points ohne rapid Rudin-Keisler Vorgéanger sind
und dass ein solcher Ultrafilter unter der Annahme von 0 = ¢ existiert. Des Weiteren
wird die Charakterisierung von Canjar Filtern von Hru$dk und Minami in [12] durch
P*-Filter bewiesen um eine Aquivalenz zwischen Canjar Ultrafiltern und strong P-points
herzustellen, welche von Laflamme in [14] eingefithrt wurden. Abschlieend wird nach
Blass, Verner und Hrusdk in [4] ein Modell konstruiert, welches einen P-point ohne rapid
Rudin-Keisler Vorgénger enthélt, der aber kein strong P-point ist, was beweist, dass
Canjar’s notwendige Eigenschaft fiir Canjar Ultrafilter konsistent nicht hinreichend ist.
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Introduction

The analysis of the relations between various cardinal characteristics of the continuum
has been a rich area of mathematics for a long time. Even though this subfield of set
theory has been around for a while, a lot of research is still going on in recent times
amounting to various new insights for old problems. One notable example for this is the
proof of the consistency of w1 = u < a = wy by Guzmén and Kalajdzievski in 2019 [10].
There is a long history of consistency proofs of this kind, which we will briefly mention
below, but as it turns out the Mathias-Prikry forcing can be used as a useful ingredient
for a number of these consistency proofs.

The Mathias-Prikry forcing M r is the relativation of the usual Mathias forcing M to
a filter F on w. The connection to consistency proofs of cardinal characteristics comes
from the following property: It diagonalizes the filter F, i.e. it adds a pseudointersection
of F. This means that iterating this forcing with a suitable choice of filters gives us
a natural way to increase the splitting number s or the almost disjointness number a.
However, many other forcings - for instance the Laver-Prikry forcing - also share this
property. What makes the Mathias-Prikry forcing special is the fact that unlike the
Laver-Prikry forcing it does not have to add a dominating real. Thus, it is feasible that
we do not increase the bounding number b in a suitable iteration of the Mathias-Prikry
forcing while simultaneously increasing other cardinal characteristics. This means that
with the goal of proving consistencies between cardinal invariants in mind it is certainly
interesting to study the forcing properties of the Mathias-Prikry forcing and especially
characterize when it does not add a dominating real.

In context of this connection of the Mathias-Prikry forcing and the classical cardinal
characteristics b,s and a we shall give a brief overview of the consistency results which
relate these cardinal characteristics and are of particular interest for this thesis:

The first breakthrough of consistency proofs that established new relations which do not
hold in common forcing extensions was due to Shelah. He introduced the notion of crea-
ture forcings in [16] and used a countable support iteration of them to obtain models
which satisfy the relations wi = b =a <5 = wy and w; = b < a = s = w»y, respectively.
Later, Brendle and Raghavan noticed in [5] that Shelah’s forcing is actually equivalent to
a two-step iteration, which first adds a generic ultrafilter and then uses its Mathias-Prikry
forcing to diagonalize it. It were then Guzmaén, Hrusdk and Martinez-Celis in [9], who
were able to generalize characterizations for when a Mathias-Prikry forcing adds domi-
nating reals, to prove that this two-step iteration does not add dominating reals, even in
the iteration. This means that there is indeed a suitable iteration of the Mathias-Prikry
forcing, which gives us new and more straightforward consistency proofs of b < s and
b < a, which allows us to omit the technical notion of creature forcings which Shelah
used in his original consistency results.

As already mentioned in the first paragraph, Guzméan and Kalajdzievski used some of
these ideas in [10], when they replaced the use of the Mathias forcing with a variant of
the Miller forcing to obtain the consistency of w; = u < a = w9 and to give a new proof
of the consistency of w; = u < § = wo. The latter result had already been proven in [3]
by Blass and Shelah before. However, the former result had been an open problem for
almost 20 years. Before, in [15] Shelah was able to prove the consistency of u < a under
the assumption of a measurable cardinal, which left open whether the assumption of a



measurable cardinal is necessary and whether w; = u < a is consistent.

In light of these consistency results we have seen that the following question is of partic-
ular interest and will be a focus point of this thesis:

Question 1. When does the Mathias-Prikry forcing Mr add a dominating real?

Canjar was the first one to study this question, which is why filters, whose Mathias
forcing does not add dominating reals, were named Canjar filters. In [7] he was only
concerned with ultrafilters, for which he proved that only P-points without rapid Rudin-
Keisler predecessors can be Canjar. We will refer to this necessary condition for Canjar
ultrafilters as Canjar’s condition. Furthermore, he was interested in the question:

Question 2. When is there a Canjar ultrafilter?

As a Canjar ultrafilter is necessarily a P-point, but P-points need not exist in models of
ZFC, there are models without Canjar ultrafilters, so we will need an extra assumption
to prove the existence of such an ultrafilter. What Canjar proved in [7] is the existence
of such an ultrafilter under the extra assumption of = ¢. Moreover, he asked if his
necessary condition is actually sufficient for Canjar ultrafilters:

Question 3. Is there a P-point without rapid Rudin-Keisler predecessors which is not
Canjar?

Shortly after Canjar, Laflamme became interested in these questions and in [14] intro-
duced the notion of a strong P-point for which he proved the implication of Canjar’s
condition. We will refer to his condition as Laflamme’s condition. He noted without
proof that his condition is also necessary for Canjar ultrafilters and likewise asked if his
condition is actually sufficient:

Question 4. Is there a strong P-point which is not Canjar?

Quite some time later in [12] Hrusdk and Minami were able to give a precise combinatorial
answer to the first question. As it turns out being Canjar is closely related to the
combinatorics of the associated filter F<“. They introduced the combinatorial notion of
a PT-filter and proved:

Theorem. F is Canjar iff 7<% is a PT-filter.

This combinatorial characterization allowed Blass, Verner and Hrusak to finally answer
Question 3 and 4. Indeed, they proved in [4] that for ultrafilters this combinatorial
characterization is equivalent to Laflamme’s condition:

Theorem. U<¥ is a PT-filter iff U/ is a strong P-point.

This answers Question 4 negatively as together with the other theorem this shows that
Laflamme’s condition is equivalent to being Canjar. Moreover, under the assumption
of MA (countable), i.e. Martin’s Axiom for countable partial orders, they proved the
existence of a P-point without rapid Rudin-Keisler predecessors which is not a strong
P-point. This answers Question 3 positively and shows that Laflamme’s condition is
consistently stronger than Canjar’s condition.



The goal of this thesis will be to thoroughly study and answer each of these questions
using the mentioned references. We shall now outline the main results of each section:

In the first section we will fix conventions and introduce basic definitions which are used
throughout this thesis. In particular, we will need the usual definitions associated to
filters and cardinal invariants like b and 0.

In the following section, we will analyse various ways of how we can partially order filters
over sets of arbitrary cardinality. Of particular interest will be the Rudin-Keisler order.
We will also briefly mention how the Rudin-Keisler order relates to the Katétov and
Rudin-Blass order.

In the third section we will restrict our attention from general filters of any cardinality to
ultrafilters over w. We will introduce common notions like P-points, Q-points, Ramsey
and rapid ultrafilters and prove various different characterizations of these notions.

In the fourth section we will prove some standard properties of the Mathias-Prikry forcing
and partially answer Question 1 by proving the necessity of Canjar’s condition. This
means that we consider Canjar’s original paper on Canjar ultrafilters [7] to prove that a
Canjar ultrafilter is necessarily a P-point and cannot have any rapid predecessors in the
Rudin-Keisler order.

The fifth section will be devoted to the second result of [7], which is the existence of a
Canjar ultrafilter under the assumption of 0 = ¢, which gives us a consistent setting for
Question 2. Furthermore, we will see why a naive iteration of the Mathias-Prikry forcing
of Canjar ultrafilters is not quite enough to get new consistency proofs regarding b.

Lastly, in the final section we will give a precise answer to Question 1 by proving the
combinatorial characterization of Canjar filters given by Hrusdk and Minami in [12].
Using this result we will follow the conclusion of Blass, Verner and Hrusak in [4] to answer
Question 4 by proving that for ultrafilters this combinatorial characterization is equivalent
to Laflamme’s condition. Finally, following the ideas of the second part of the same
paper we will answer the remaining Question 3 by proving that under the assumption
of MA (countable) there exists an ultrafilter which satisfies Laflamme’s condition but not
Canjar’s.



1 Preliminaries

Throughout this thesis we will work with the meta-theory ZFC, the usual axiomatisation
of set theory formulated by Zermelo and Fraenkel together with the axiom of choice.
All definitions in this section are standard notions commonly used in set theory and in
particular in the study of cardinal invariants of the continuum.

1.1 Filters and Ideals

First, we consider the definitions around filters and ideals. We will only be interested in
filters and ideals on infinite domains, so we fix an infinite set X. If the underlying set is
unambiguous from the context, then we write A® for the complement X \ A.

Definition. A subset F C P(X) is a filter on X iff 0 ¢ F and F is closed under finite
intersections and supersets. F is called free iff it contains the Fréchet filter of X

cofin(X) := {A C X | AY is finite}

Furthermore, F is an ultrafilter iff it is maximal under all filters, or equivalently iff for
every A C X we have that A € F or A® € F.

We arbitrarily choose to work predominantly with filters throughout this thesis. However,
all definitions and proofs can be carried out dually with ideals instead of filters:

Definition. A subset T C P(X) is an ideal on X iff X ¢ T and T is closed under finite
unions and subsets. I is called free iff it contains the finite ideal of X

fin(X) :={A C X | A is finite}

Furthermore, T is a maximal ideal iff it is mazimal under all ideals, or equivalently iff
for every A C X we have A € T or A € T.

The duality between filters and ideals is given by the following observation:

Remark. Let F be a filter on X and Z be an ideal on X. Then
F*:={FY|F e F}
is an ideal on X, called the dual ideal of F. Furthermore,
5 :={I° |11}
is an filter on X, called the dual filter of Z. Note that being free is compatible with
taking duals and being an ultrafilter is dual to being a maximal ideal.

Next, we consider when and how we can generate filters from subfamilies of P(X):

Definition. Let G C P(X). We say that G has the finite intersection property (FIP) iff
the intersection of finitely many elements of G is non-empty.

Definition. Let G C P(X) satisfy the FIP. We write (G) for the filter generated by G,
i.e. the smallest filter on X containing G or equivalently the intersection of all filters that
contain G.



With generated filters we can define the notion of a basis and the character of a filter:

Definition. Let F be a filter on X and let G C P(X) satisfy the FIP and be closed under
finite intersections. If F = (G), then we call G a basis of F.

Furthermore, the character of F is the least cardinality of a basis of F, denoted by x(F).

Remark. Given any G C P(X) which satisfies the FIP and F = (G) we can close G
under finite intersections to obtain a basis of F. Furthermore, if G is infinite, then this
basis will have the same cardinality as G.

Now, we introduce the concept of positive sets relative to a filter or ideal, which will be
useful for combinatorial definitions in later chapters:

Definition. For an ideal Z on X we write
It ={ACX|A¢T}
for the set of all T-positive sets. For a filter F on X we define the F-positive sets by
Fto=(FH*

Remark. Notice that for a filter 7 on X the following definitions are equivalent:
Fr={ACX|A¢ F}={ACX|VFcFANF #0}

The middle definition implies that 7 C F*. Analogously, for an ideal Z on X we have
that Z* C Z7. Furthermore, the latter definition implies that for any A € FT the set
F U{A} satisfies the FIP. Together with the ultrafilter lemma we get that

Ft= U{U C P(X) |U is an ultrafilter extending F}

so we have that F = FT iff F is an ultrafilter.

Next, we want to restrict filters and ideals to smaller domains. This will be particularly
important in the analysis of the Rudin-Keisler order in the next section.

Definition. Let F be a filter on X and A € FT. Define the restriction of F to A by
FIA={FNnA|F¢eF}

Analogously, let T be an ideal on X and A € I+. Define the restriction of T to A by
IT1A={INA|AcT}

Remark. Notice that the properties free, ultrafilter and maximal transfer to restrictions.
For filters if we choose A, B € F C F7, then also AN B € F C F' and we have

(FIA)IB=F[(ANB)
Analogously, for ideals if we choose A, B € Z* C Z™", then also ANB € I* C It and
(Z14)[B=T1(ANB)

In this case we also have that if A € F, then F | A C F as filters are closed under
intersections and if A, B € F, then B C A implies that B € F [ A.



1.2 Cardinal invariants of the continuum

We call functions f : w — w reals and write “w for the set of all reals and [w]<% for the
set of all finite subsets of w. Furthermore, we write ¢ = |“w| for the cardinality of the
continuum. Given two reals f, g € “w we say that f dominates g and write g < f iff

N <wVn >N g(n) < f(n)
or equivalently iff the set

{n<wlgn) < f(n)}

is cofinite. If f < g pointwise, then we say that f completely dominates g. We define
two important cardinal invariants of the continuum using this notion:

Definition. A family B C “w of reals is called unbounded iff we have that
VfeYwIgeBgs f

We define the bounding number to be the smallest cardinality of an unbounded family.
Similarly, we define the dominating number:

Definition. A family D C “w of reals is called dominating iff we have that
VfeYwIdgeB f<g

We define the dominating number to be the smallest cardinality of an dominating family.

Clearly, every dominating family is unbounded. Furthermore, it is not hard to prove that
b and 0 are indeed cardinal invariants of the continuum, i.e. we have that

w<b<o<c

1.3 Further conventions

Lastly, we will adhere to the following symbolic and forcing conventions:

The choice of symbols will go from small to capital to script letters the higher we go
with power sets. For example, when we will later work with a topology on P(w) we will
mostly use small letters like m and n for elements of w, capital letters like A and B for
elements of P(w) and script letter like C and K for elements of the topology on P(w).

For forcing we use will the convention that p <p ¢ stands for p extends ¢ in the forcing
notion P, i.e. p carries more information than q. We will assume that all of our forcings
have a weakest element 1p and write IFp ¢ for 1p IFp . Also, given a forcing relation IFp
we may often drop the subscript and write IF if the context is unambiguous. As usual,
in the forcing language we will identify elements of the ground model z € V with their
canonical check name & € VF. Furthermore, we will often switch from the syntactical
interpretation of the forcing relation to the semantical interpretation using the forcing
theorem. It should be clear that we do not get into trouble, when we assume the existence
of generic filters for that, see for example Jech’s [13] introduction to forcing on how to
interpret this assumption.



2 Ordering of filters

There are many different natural ways to order filters. Here we mainly consider the
Rudin-Keisler order and briefly describe its relation to the Katétov and Rudin-Blass
order. The Rudin-Keisler section is a generalization of the presentation given in [11]
from ultrafilters over w to ultrafilters over sets of arbitrary infinite cardinality.

2.1 The Rudin-Keisler order

First, we consider the Rudin-Keisler order. We restrict our attention to ultrafilters as in
this case the equivalence relation =gk induced by <gk has a nice characterization. So,
for this section, fix ultrafilters &,V and W on X,Y and Z, respectively.

Definition. Given f: X — Y we define the image of U under f by
fU)y={AcY | f A eu}

Remark. Notice that we have the following alternative definition:
JU)={ACY |3B cu fIB] C A}
so f(U) is the filter generated by the basis of all images of sets in &/ under f.

The idea of the Rudin-Keisler order will be to order ultrafilters by the ability to express
an ultrafilter as the image of another one. We begin our analysis of this image operation
by proving that it preserves ultrafilters:

Lemma 2.1.1. If f: X =Y and V = f(U), then V is also an ultrafilter. Furthermore,
V is free iff f is not constant on any set in U.

Proof.

fAlY]=X el and f10]=0¢U, thusY € Vand 0 ¢ V.

e Let AcVand BD A. Then f~'A] €U, so f1[B] D f1[A] €4 and B € V.
Let A,B € V. Then f~ANB] = f AN f Bl €U, s0o ANB e V.

Let A¢ V. Then f~1[A] ¢ U, so f~AC] = f~'[A]® €U and AC € V.

We have that f is not constant on any set in U iff for every y € Y we have that
F T {y}] ¢ U iff for every y € Y {y} ¢ V iff V is free. O

Definition. We define the Rudin-Keisler order by
V<pU <= If: X =Y fU)=V
Furthermore, we define Rudin-Keisler equivalence by
V=pxU <= U €U,V eV, f: U=V f(UIU)=V |V and fis a bijection
In the definition of =gk the restriction to sets in & and V is the price we have to pay
to allow for arbitrary cardinalities of the domain. However, we will later prove that

this restriction is not necessary in the case that X and Y have the same cardinality.
Before we can prove basic properties for <gg and =grk to prove that =gk is the induced



equivalence relation of <gk we have to examine the interplay between the image operation
of ultrafilters and the restriction of their domains:

Lemma 2.1.2. If f: X — Y and f(U) =V, then for every U € U we have that
(fTO)UTU) =V fU]
Proof. First, let A € (f1U)U[U). Then (f[U)"[A] € U U CU. As f(U) =V this

implies that f[(fU)~ [ JJ]CAeV. But AC f[U],so Ae V]| f[U].
Conversely, let A € V| f[U] C V. Then f~![A] € U, so we have that
(F1U) A= FHAINU €U U
which implies that A € (f [U)(U [ U). O

Corollary 2.1.3. If U e U,V €V and f : U — V is such that f(U[U) =V |V, then
for every U' € U with U' C U we have that

(F1oYuUIv)=viflu']
Proof. We have U' € U | U, so we can compute (f [U’)(U | U’) using the previous lemma:

(fIUHYUTU) = (fITUHYUTIUNTY)) = (FTUNUTU) U
=WVIV)IfUT=VIVnfIU]) =V IfU] O

Secondly, we need that the image operation commutes with function concatenation:

Lemma 2.14. If f : X =Y, g:Y — Z, then (go f)(U) = g(f(UU)).

Proof. We have the following equivalences:
Ac(goHU) == (gof) A€t = [y Al eU
= g Alefd) <= Aecg(fU)) O

These simple properties allow us to prove that <gx is a preorder and that =gk is an
equivalence relation:

Lemma 2.1.5.
i) <Rk 1s a preorder.

i1) =Rk 1S a equivalence relation.

Proof.
i) For the identity idx we have that idx (i) = U, so U <grk U.
Now, if W<grkV <pxU choose f : X - Y and g : Y — X with f(i4) =V and
g(V) =W. Then (go f)(U) = g(f(U)) = g(V) = W which implies that U <gx W.
ii) Again, with U =V = X and idx we get that U =gk U.
Now, if V=gxU choose U € U, V € V and a bijection f : U — V such that
fWUTU)=V V. Then f~': V — U is a bijection and f~'(V[V)=U|U as
AefIIWIV) = (YA VIV = flAleV]V
— A eUIU = AcU|U
which implies that U =gk V.



Finally, if W =gk V =rk U, then choose U € U, V1, Vo € V, W € W and bijections
f:U —= Vi,g: Vo — W such that f(U[U) = V[V] and g(V [ Vo) = W[ W.
Define V' := V4 N Vo, U’ := f~1[V'] and W’ := g[V’]. Then U’ € U,V’ € V and
W' e W, so we get that (f[UYUTU )=V [V and (g V)V IV) =W [W by
Corollary 2.1.3. Now, (g [ V") o (fTU"): U" — W' is bijective and

((gIVD o (fTUNUTIT) = (gIV)VIV)=WIW

which implies that U =gx W. ]

Next, the compatibility of <rx and =gy is given by the following theorem:

Theorem 2.1.6. =gk s induced by <Rk, i.e.
V<erU and U <y V <= V=pxU

For the proof we need the following two lemmata. The first lemma makes use of the
De Bruijn—Erdos theorem, which is also known as the compactness theorem for graph
colorings, which states that if any finite subgraph of a graph G is k-colorable, then also
G is k-colorable. One easy way to prove this theorem is to use the compactness theorem
of first-order theories.

Lemma 2.1.7. If f : X — X is such that f(U) =U, then
{reX|flx)=z}ecl

Proof. Let < be a well-ordering of X. Define the following three sets:
D:={zxeX| f(xr) <z} (decreasing)
E={rxecX| f(x)=2} (equal)
I'={z e X | f(z) =z} (increasing)
We show that D, I ¢ U so that E € U as U is an ultrafilter.
First, assume that D € U. Let f* be the application of f repeated k times. Then for

every x € D there is a least k, such that f*:(z) ¢ D as there are no infinite decreasing
chains in well-founded relations. Define

Deven :={x € D | ky is even} and Dygq :={z € D | k; is odd}
Then either Deyen € U or Dygq € U, but as f(U) = U we have that Deyen € U implies
that f[Deven] € Doqq € U and Dygq € U implies that f[Dogq] N D C Deyen € U.

Now, assume that I € U. Define an undirected graph on I by

2By <= f(x)=yor f(y)==x
We show that [ is a forest, so let x1,...,z, € I. We may assume that they are ordered
increasingly by <. Then for every k > 1 we have that 1 < z < f(xg), so 1 Fxy is only
possible if f(z1) = zj. But this shows that x; has at most one neighbour in xa, ..., z,,
so x1,...,T, cannot be a cycle.

Thus, every finite subgraph of I is 2-colorable, so by the compactness theorem for graph
colorings we can split I into Iy and I; such that they form a 2-coloring of I. Then either
In €U or I) € U, but as f(U) = U we have that Iy € U implies that f[Ip)]NI C I, €U
and I; € U implies that f[I;]N1T C Iy e U.

Hence, neither D € U nor I € U, so we get that E = {z € X | f(z) =z} € U. O



The next lemma shows that an ultrafilter is the image of another ultrafilter already if
this holds for the restriction to a large set. This allows us to arbitrarily extend functions
without disturbing the image of the ultrafilter in this case.

Lemma 2.1.8. IfU €U,V €V and f : U — V is such that fUU) =V [V, then for
every f: X — Y extending f we have that f(U) = V.

Proof. First, let A € f(U). Then f~'[A] €U, so f~Y[A]NU € U [U. But f extends f,
so we have f~1[A]NU = f~ANV]. By assumption f(U [U) = V|V, so we get that
fIf ANV CANV €V[V,s0 V|V CV implies that A € V.

Conversely, let A € V. Then ANV € V[V, so fHANV]euU. Agz}in, we have that

A~

fYHAINU = f71[ANV]. Hence, f7A]NU € U U CU. But then f~1[A] € U which

shows that A € f(U). O
Finally, we can prove the compatibility of <grg and =grk:

Proof of Theorem 2.1.6. First, assume that V <gx U and U <gkg V, so choose f: X =Y
and g : Y — X such that f(U) =V and g(V) =U. Then (go f)(U) = g(V) = U, so by
the Lemma 2.1.7 there is a U € U such that (g o f)(z) = x for every x € U. But this
means that (go f) [U is a bijection. Thus, f[U : U — f[U] is a bijection and we have
that U € U and f[U] € V. So, by Lemma 2.1.2 we get that (f [U)U [U) = V| f|U]
which shows that V =gk U.

Conversely, if V =rx U, then choose U € U and V €V and a bijection f:U — V such
that f(U [U) =V [V. Extend f to a function f : X — Y arbitrarily. Then f(U) =V
by Lemma 2.1.8, so V <gk U. The other case follows from the symmetry of =rxg. O

We finish this subsection by proving that the definition of =gk can be simplified if X
and Y have the same cardinality and by proving that this entire section has the same
dual results if we work with maximal ideals instead of ultrafilters. The assumption on
the cardinality allows us to extent partial bijections to bijections in the following way:

Lemma 2.1.9. If |X| = |[Y[, U € U,V € V and f : U = V is a bijection such that
fUTU) = VIV, then there is a U € U with U' C U and a bijection [ : X — Y
extending f | U’.

Proof. Let k= |X[ = [Y|. If [X\U|=[Y \ V|, take a bijection h: (X \U) = (Y \'V).
Then for U’ := U we have the bijection f := f U h extending f.

Otherwise, |U| = k. Split U in two sets Uy € U and U; of size k. As f is a bijection we
get that |Y'\ f[Uo]| = &, so take a bijection h : (X \Up) — (Y'\ f[Uo]). Then for U’ := Uy
we have the bijection f := f [ Uy U h extending f [ Uy. O

The desired simplification of =gk now follows from combining this lemma with our
previous restriction and extension lemmata:

Corollary 2.1.10. If | X| = |Y| then

V=pxU <= If: X =Y f(U) =V and fis a bijection
Proof. The non-trivial direction is the implication, so choose U € U, V € V and a
bijection f : U — V such that f(U[U) = VIV. By the previous lemma there is a

U’ € U with U’ C U and bijection f : X — Y extending f [U’. By Corollary 2.1.3 we
have f(U[U') =V | f[U’], so by Lemma 2.1.8 we get f(U) = V. O
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Using the duality of maximal ideals and ultrafilters we can define an analogon of the
Rudin-Keisler order for maximal ideals. So fix maximal ideals Z and J on X and Y,
respectively, and define:

Definition. Given f: X — Y we define the image of T under f by
@) ={AcY|f'[AeT}

Remark. Notice that we have the following alternative definition:
f@)={ACY |3dBeZ AC f[B]}
so f(Z) is the ideal generated by the basis of all images of sets in Z under f.

The key observation is that this definition commutes with taking duals with respect to
our previous definition of the image of an ultrafilter:

Lemma 2.1.11. We have that f(U)* = fU*) and f(Z*) = f(2)*.
Proof. We only have to prove the first equality, because then the second follows from
taking double duals. We have that
AcfU) — A%ec fU) <« [YA%eU = fHAIcU
— flAleu — Ac fUu) O

Definition. We define the Rudin-Keisler order for maximal ideals by

J<rkZ <= 3f: X =Y f(I)=J
Now, the previous lemma gives us the following theorem:

Theorem 2.1.12. We have that
J<grZ <= J " <pxZI"

Proof. We have the following equivalences:
J<RkZ <= If: X =Y fL)=T
— Jf: X =Y fT) =T
— A XY (T =T == T <ggI" O

This theorem allows us to transfer all results of the Rudin-Keisler order for ultrafilters
to the Rudin-Keisler order for maximal ideal and vice versa. In this section we have
restricted ourselves to ultrafilters, but in the following section about the Katétov order
we will see that the initial definitions of this section naturally extend to arbitrary filters,
which allows us to extend the definition of the Rudin-Keisler order to arbitrary filters.
The duality between filters and ideals works in the same way for the extended Rudin-
Keisler order.

11



2.2 The Rudin-Blass order

Next, we will consider an important strengthening of the Rudin-Keisler order by requiring
the witnessing function to be finite-to-one. Again, fix ultrafilters ¢,V and W on X,Y
and Z, respectively.
Definition. We define the Rudin-Blass order by

V<pU <= 3f: X =Y f(U) =V and [ is finite-to-one

Clearly, <gp C <grxk and we have that
Lemma 2.2.1. <gp is a preorder.

Proof. First, the identity idx is finite-to-one, so we have that U <gp U.

Secondly, if we have that W <z V <grpU, then we can choose finite-to-one functions
f:X =Y and g:Y — Z such that f(i) =V and g(V) =W. But then go f : X — Z
is finite-to-one and Lemma 2.1.4 implies that

(go N)U) =g(fUU)) =g(V) =W
which proves that W <gp U. O

Definition. We write =grp for the equivalence relation induced by <grgp.

Remark. Note that Corollary 2.1.10 implies that if |X| = |Y|, then we have that
VERBZ/{ < VERKZ/[
Finally, by combining our previous extension and restriction lemmata we get a useful

characterization for when <gk implies <rp. Notice that P-points satisfy the condition
of the following lemma:

Lemma 2.2.2. If | X| < |Y|, f: X =Y, f(U) =V and there exists U € U such that
f1U is finite-to-one, then we have that V <gpU.

Proof. By Lemma 2.1.2 we know that (f [U)(U [U) =V | flU]. As |X| <|Y]and f|U

is finite-to-one we can pick an extension f : X — Y of f [U which is finite-to-one. By
Lemma 2.1.8 we get that f(/) =V which implies V <gp U. O

2.3 The Katétov order

Finally, we will extend the Rudin-Keisler order to arbitrary filters and consider the
Katétov order. We will see that this order agrees with the Rudin-Keisler order on ultra-
filters. Fix filters F,G and ‘H on X,Y and Z, respectively.

Definition. We define the Katétov order by
G<kF = 3f: X =Y such that VA€ G f1[A € F

Remark. Note that Lemma 2.1.1, 2.1.4 and 2.1.5 i) also work if we extend the definition
of the image of an ultrafilter to arbitrary filters except for the characterization when the
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image of a filter is free in Lemma 2.1.1. Using this, we have the following alternative
definition for the Katétov order:

G<kF <= 3If: X — Y such that G C f(F) is a subfilter

This remark allows us to extend the definition of the Rudin-Keisler order to arbitrary
filters. Furthermore, the above characterization immediately implies that the Rudin-
Keisler order is a subrelation of the Katétov order:

Corollary 2.3.1. We have that <gk C <k. ]

Lemma 2.3.2. <y is a preorder.

Proof. For the identity idx we have that F = idx (F) such that F <g F.

Now, if H<gG<kg.JF choose f : X — Y and g : Y — Z such that G C f(U) and
H C g(G). Then we have that

H S g(9) S g(f(F)) = (g0 f)(F)
sogo f: X — Zis a witness for H <k F. O

Definition. We write = for the equivalence relation induced by <g.

Using the alternative definition of <k and the maximality of ultrafilters we can also prove
that the Katétov order and the Rudin-Keisler order agree if we restrict to ultrafilters:

Corollary 2.3.3. If U and V are ultrafilters on X and Y, respectively, then

V<eU <= VU

Proof. If V <x U, take f : X — Y such that V C f(U). But V is an ultrafilter, so by
maximality V = f(U) such that V <gxU. Corollary 2.3.1 yields the other direction. [
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3 Ultrafilters on w

In this section we take a closer look at special ultrafilters on w, so every ultrafilter in
this section is free and on w. Fix U and V as names for such ultrafilters. Again, the
presentation of this section extends the presentation given in [11]. We are interested in
ultrafilters which can be characterized by the following combinatorial properties:

Definition. U is called ...

i) ... Ramsey (or selective) iff for every partition (X, | n < w) of w into sets not in

U, there exists an A € U such that for every n < w |[ANX,| <1.

it) ... a P-point (or weakly selective) iff for every partition (X, | n < w) of w into
sets not in U, there exists an A € U such that for everyn < w |AN X, | < w.

iii) ... a Q-point iff for every partition (X, | n < w) of w into finite pieces, there
exists an A € U such that for everyn < w |[AN X,| < 1.

W) ... a semi-Q-point (or rapid) iff for every partition (X, | n < w) of w into finite
pieces, there exists an A € U such that for everyn < w |[AN X,| < n.

Theorem 3.1. An ultrafilter is Ramsey iff it is a P-point and a Q-point.

Proof. Clearly, every Ramsey ultrafilter is a P-point and a Q-point. Conversely, assume
that U is a P-point and a @Q-point and let (X, | n < w) be a partition of w into sets not
in U. U is a P-point, so choose Ay € U such that for every n < w [AgN X, | < w.

To get a partition of w into to finite pieces enumerate w\ |, ., (4o NXy) = (an | n < w)
and define Ys, := Ao N X,, and Y241 := {an}. U is a Q-point, so choose A; € U such
that for every n < w [41NY,| < 1. Then A := AgNA; € U and has the desired property.
Indeed, let n < w. Then

|AﬂXn‘:’(AoﬂXn)ﬂAl‘:’YQnﬂAﬂSl O

Remark. The existence of Ramsey ultrafilters, P-points, Q-points and rapid ultrafilters
are all independent from ZFC. However, CH or more generally p = ¢ is enough to prove
the existence of Ramsey ultrafilters. Furthermore, it is consistent with ¢ = Ny that there
are no Q-points or P-points, respectively.

We can naturally identify partitions of w and reals, so every definition above also has an
analogous definitions via reals:

Lemma 3.2. We have the following equivalences:
i) U is Ramsey iff for every real f there is an A € U such that f | A is constant or
one-to-one.
ii) U is a P-point iff for every real f there is an A € U such that f | A is constant or
finite-to-one.
iit) U is a Q-point iff for every finite-to-one real f there is an A € U such that f| A

15 one-to-one.

i) U is rapid iff for every finite-to-one real f there is an A € U such that f] A is
diagonal-to-one (i.e. for everyn <w |AN f~1[{n}]| < n).
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Proof. Given a real f define X,, := f~'[{n}] to get a partition (X, | n < w) \ {0} of w.
Conversely, given a partition (X,, | n < w) of w define a real f by f(k) :=n if k € X,,.
Notice the following equivalences for every A € U:

a) f is finite-to-one iff each X, is finite.

b) f A is constant iff there is a n < w such A C X,,.

c) f A is finite-to-one iff for all n < w |[ANX,,| < w.

d) f1Aisone-to-oneiff foralln <w [ANX,| <1
e) f[A is diagonal-to-one iff for all n < w [AN X,| < n.

Now, i) follows from b) and d), ii) follows from b) and c), iii) follows from a) and d) and
iv) follows from a) and e). O

Our previous study of the Rudin-Keisler order and this characterization of Ramsey ul-
trafilters gives us an easy proof that these filters are exactly the <gx-minimal elements
in the Rudin-Keisler order if we restrict to free ultrafilters on w:

Theorem 3.3. U is Ramsey iff U is minimal in <pg restricted to free ultrafilters on w.

Proof. Assume U is Ramsey and let V <gg U, so choose a real f such that f(U) = V.
By the previous lemma choose A € U such that f[ A is constant or one-to-one. By
assumption V is free, so by Lemma 2.1.1 f [ A cannot be constant. Hence, the restriction
fTA:A— f[A] is a bijection, A € U, f[A] € V and we have (f[A)(U[A) =V f[4]
by Lemma 2.1.2. Thus, V =rx U.

Conversely, assume that U is <ggx-minimal. Let f be a real and assume that f is not
constant on any set in . By Lemma 2.1.1 f(U) is free and f(U) <gx U, so by assumption
f(U)=rxU. By Corollary 2.1.10 we can take a bijection g € “w such that g(f(U)) =U.
By Lemma 2.1.7 there is an A € U such that (go f) | A =id4. But this shows that f [ A
is one-to-one, so by Lemma 3.2 I/ is Ramsey. O

We finish this section by proving three useful lemmata which characterize Q-points and
rapid ultrafilters by containing certain sparse sets. The first lemma will give us b < u as
a nice byproduct, where u is the ultrafilter number:

Lemma 3.4. The family {enum(A) | A € U} is unbounded.

Proof. Let f be a real, w.l.o.g. f is nowhere zero. The idea is to define increasingly big
intervals and group them alternatingly into sets X and Y such that their enumerating
functions have time to catch up with f. As I/ is an ultrafilter either X € Y or Y € U, so
the result will follow. In detail, define a strictly increasing real g by

g(0) :=0 and foralln <w  g(n+1):=g(n)+ f(g(n))
Furthermore, define interval partitions
X, :=1[9(2n),9(2n+ 1)) and Y, =[g(2n+1),9(2n + 2))
Then for X :=J,., Xn and Y :=J,,., Yn we have X UY =w. Thus, X eU or Y € U,
w.l.o.g. X € U as in the other case we would get enum(Y") £" f analogously.
We show that enum(X) £ f, so let N < w and choose n < w with g(2n 4+ 1) > N. By
definition of X} and g we have that (J;.,, Xi C [0,9(2n + 1)), hence

| Xel < g@n+1)
k<n

15



But this gives us that enum(X)(g(2n + 1)) € Uy, Xk Thus, enum(X) ¢* f as
enumn(X)(g(2n + 1)) > min(Xos1) = g(2n+2) > f(g(2n+1)) .

Corollary 3.5. b < u.

Proof. Given a basis B of U, we can strengthen the previous lemma to
The family {enum(A) | A € B} is unbounded.

as for any A € U we can pick B € B such that B C A. But then enum(A) < enum(B).
This strengthened result immediately implies that b < u. 0

Lemma 3.6. U is a Q-point iff for every real f there is an A € U such that for alln < w
f(enum(A)(n)) < enum(A)(n + 1)

Proof. First, assume U is a Q-point. Let f be a real, w.l.o.g. f is strictly increasing.

The idea is again to define increasingly big intervals, where each interval contains the

maximum value of the previous interval under f. If we pick one element in every second

interval, this sequence will satisfy the equation from above. In detail, define a strictly
increasing real g by

g(0):=0, g(1):=1 and for all k > 1 g(k+1):=max{f(n) |n<g(k)}+2

Define an interval partition of w by I := [g(k),g(k + 1)). By assumption on & choose
A € U such that for every k < w |[AN I < 1. Now, let

Ap = {enum(A)(2n) | n < w} and Ay = A\ A
Then Ag e U or A} € U, w.l.o.g. Ay € U. We claim that Ag is as desired:

Indeed, let n < w. Choose k < w such that enum(Ay)(n) € I;. By definition of I} we
have that enum(Ap)(n) < g(k + 1), so by definition of g we get

f(enum(Ao)(n)) < g(k +2)

But A intersects each I at most once, so Ag can only intersect every second [ at most
once. Together with enum(Ag)(n) € I we get that

enum(Ap)(n+1) € U I
I>k+2

which gives us enum(Ap)(n + 1) > g(k + 2) by definition of Ijs. Together, we get
f(enum(Ap)(n)) < g(k +2) < enum(Ag)(n+1)
as desired. The case A1 € U follows analogously.

Conversely, we use the characterization of Q-points via reals given by Lemma 3.2, so let
f be a finite-to-one real. Define a real g by

g9(n) :=max{k | f(k) = f(n)}
By assumption choose A € U such that for all n < w we have that
g(enum(A)(n)) < enum(A)(n + 1)

Now, assume f [ A was not one-to-one. Then take n < k < w such that

f(enum(A)(n)) = f(enum(A)(k))
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By choice of A we have that
g(enum(A)(n)) < enum(A)(n + 1) < enum(A)(k)
But by definition of g this means that
f(enum(A)(n)) # f(enum(A)(k))

which is a contradiction. O

Finally, we will most commonly use the following lemma which characterizes rapid filters
as exactly those filters which enumerating functions not only form an unbounded but a
dominating family of reals:

Lemma 3.7. U is rapid iff the family {enum(A) | A € U} is dominating.

Proof. First, assume U is rapid. Let g be a real, w.l.o.g. g is strictly increasing. Again,
the idea is to define increasingly big intervals, but this time we have to account for the
fact that our choice set A may intersect the n-th interval n times, which is where the
Gaussian sums come from. In detail, define a partition of w into finite pieces by

n n+1

i=1 i=1
Take A € U such that for every n < w |[ANI,| <n. We will show that g < enum(A), so
let n < w. Then we can write n = (Zle i) + [ for some k < w and 0 <[ < k. Now,

k k k
An{JLI =) |AnL| <D i<n
=1 =1 =1

so we get that
enum(A)(n) € U I;

i>k+1
Together, we have
k k+1
g(n) = g((Q_ i) +1) < g(D_ i) = min(lg41) < enum(A)(n)
i=1 i=1

which proves that g < enum(A).

Conversely, assume that {enum(A) | A € U} is dominating and let f be a finite-to-one
real. Define a real g by

g(n) = max(f ' [{n}])

By assumption choose A € U such that g < enum(A). U is free, so by removing finitely
many elements from A we may assume that g < enum(A). We have to show that f[ A
is diagonal-to-one:

Indeed, let n < w, then for every m > n we have that
enum(A)(m) > enum(A)(n) > g(n) = max(f~*[{n}])
Thus, f(enum(A)(m)) = n is only possible for m < n, so we get that
[Anf T {n}ll <n
By Lemma 3.2 this proves that i is rapid. ]
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4 A necessary condition for Canjar ultrafilters

In this section we will take a closer look at the Mathias-Prikry forcing and consider
the results in [7] to prove Canjar’s necessary condition for ultrafilters which have the
property that their associated Mathias-Prikry forcing does not add a dominating real.
Furthermore, for an ultrafilter & we will introduce a strengthening of this property called
A-nondominatingness and consider how this property relates to the cofinality of “w/U.

4.1 The Mathias-Prikry forcing

First, we introduce the Mathias-Prikry forcing and contemplate the properties of the
generic added by this forcing;:

Definition. Let F be a filter on w. Define the Mathias-Prikry forcing for F by
My = {(5,4) | s € [W]<*, 4 € F}
where (t,B) < (s,A) iff BC A, sCtandt\sC A.

We write Agen for the name of the generic set added by this forcing, i.e. the name
for the union of the first coordinates of the generic filter and fgen for the name of the
generic real added by this forcing, i.e. the name for the enumeration of Age,. Given a
M r-generic filter G in V[G] we write Ag for AgGen and fg for fgcin. Notice that Mr is
non-trivial exactly iff F is free, so from now on we will only consider free filters. With

this assumption we have that the set
D :={(s,A) € Mr | max(s) < min(A)}

is dense in Mz. Indeed, for any (s, A) € My we can intersect A with the cofinite set
w \ (max(s) + 1) to obtain an extension in D, so we may assume this extra condition
when picking extensions in Mz. This is beneficial as for any (s, A) € D we have that

(s,A) Ik enum(s) C fgen

as only elements greater than max(s) may be added to the generic set. First, we show
that a M r-generic filter G is completely decided by Agq:

Lemma 4.1.1. Let G be M g-generic. Then we can reconstruct G from Ag by
G=Ga, ={(s,A) | sCAg,Aec F,Ac\ s C A}

Proof. Clearly, if (s, A) € G, then s C Ag and A € F and if n € Ag \ s choose (t,B) € G

extending (s, A) such that n € t. Thenn e€t\s C A, so (s,A) € Ga,.

Conversely, we show that G4, is a filter, so let (¢, B) € G4, and (¢t,B) < (s, A). Then
s CtC Ag, A€ F and B C A, so we have that (s, A) € G4, as

Ag\s=Ag\tUt\sCBUACA

Now, let (s,A),(t,B) € Ga,. Then s,t C Ag imply sUt C Ag; A, B € F imply
ANB e Fand Ag\s C A, Ag\t C Bimply Ag\sUt C ANDB,so (sUt,ANB) € Gy4,,.
Also, (s, A),(t,B) < (sUt,AN B), because sUt\ s C Ag \ s C A and analogously we
have that sUt\t C Ag \t C B.

Now, we have that G is Mz-generic, G C G4, and G4, is a filter, so G = G 4. O
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Definition. We say that a set A C w is a F-Mathias set over V if there is a M r-generic
filter G over V' such that A = Aq. If the context is unambiguous we also just say that A
1s a Mathias set.

Proposition 4.1.2. If A is a Mathias set, then A = Ag,.

Proof. If n € A, then ({n},w) € Ga, son € Ag,. Conversely, if n € Ag, then take
(s, A) € G4 such that n € s. By definition of G 4 we have that s C A, so n € A. O

Thus, together with the previous lemma we have a one-to-one correspondence between
M z-generic filters G over V' and Mathias sets Ag over V. This one-to-one correspondence
extends to the generic real fo via range and enum of Ag. Next, we transfer the dense
set definition of generic filters to Mathias sets:

Proposition 4.1.3. A is a F-Mathias set over V iff for every dense set D € V in M
there is a condition (s, B) € D such that s C A and A\ s C B.

Proof. Assume that A = Ag for some M r-generic G and let D € V be dense in Mr.
Take (s,B) € GN D, then s C Ag and Ag \ s C B as for any extension (t,C) € G of
(s, B) we have that t\ s C B.

Conversely, let D € V be dense in M. Take (s,B) € D with s C A and A\ s C B.
Then (s, B) € G4, so G4 is M z-generic and we have that A = Ag,. O

Lastly, we note that Mathias sets are pseudointersections of their filter:

Lemma 4.1.4. The generic set added by M r is a pseudointersection of F.

Proof. Let B € F and (s, A) € Mg, then (s, AN B) € Mr extends (s, A) and forces that
(s, ANB)IF Agen C" B
as in any V[G] with (s, AN B) € G we have that Ag \ s C B. O

4.2 Proof of Canjar’s necessary condition

In this section we will consider filters whose associated Mathias-Prikry forcing does not
add a dominating real and follow Canjar’s work in [7] to prove a necessary condition for
them if we restrict to ultrafilters. More specifically, we will prove that such ultrafilters
are P-points, which do not have rapid Rudin-Keisler predecessors. As Canjar was the
first to study these type of ultrafilters they were named after him:

Definition. A filter F is called Canjar if Mlx does not add dominating reals.

An easy example for a Canjar filter is the cofin-filter. In this case M £ is forcing equivalent
to the Cohen forcing, which does not add dominating reals. Later, we will construct a
more interesting example - following Canjar’s proof in [7] we will construct a Canjar
ultrafilter under the assumption of 0 = c.

To prove that Canjar’s condition is indeed necessary for ultrafilters we will first show that
given a Mathias set for F we can construct Mathias sets for all Rudin-Keisler predecessors

of F:
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Lemma 4.2.1. Let Ag be a F-Mathias set over V and G = f(F). Then we have that
flAcg] is a G-Mathias set over V.

Proof. Let D € V' be a dense set in Mg. Define
D' :={(s,A) | 3(t,B) € D such that f[s] =t and f[A]C B} €V
flA

We show that D’ is dense in Mz, so let (s, A) € Mz. Then (f][s],
an extension (¢, B) € D. This means that

flslct,  BCf[A]  and ¢\ f[s] C f[A]
By the last property we can choose some finite u C A with ¢\ f[s] = f[u]. But then
flsUu] = fls]U flu] = fls] UL\ fls] =

t
Also, B € G = f(F), so we may choose C’ € F such that f[C'] C B,so C := ANC' € F.
Then (s Uu,C) € D" and (sUu,C) < (s, A).

Hence, D’ is dense in Mg, so as Ag is a F-Mathias set over V take (s, A) € D such
that s C Ag and Ag \ s € A. Take (t,B) € D such that f[s] =t and f[A] C B. Then
t = f[s] C f[Ag] and

flAcI\t = flAc]\ fls] € f[Ac \ s] C f[A] € B
so f[Ag] is a G-Mathias set over V. O

]) € Mg, so choose

Note that by Lemma 4.1.1 we can reconstruct the generic filter from a Mathias set, so
<grk-smaller filters give us smaller models in the following sense:

Remark 4.2.2. If G <gx F and G is a M r-generic filter, then we can choose a real f
such that f(F) = G. By the previous corollary we have that Ay := f[Ag] is a G-Mathias
set. By Lemma 4.1.1 let H be the associated Mg-generic filter of Ag. Thus, in V[G] the
generic H is definable, i.e. V[H]| C VI[G].

Moreover, for Rudin-Keisler-equivalent ultrafilters we get the following result:

Corollary 4.2.3. If V=g U then My and My, are forcing equivalent.

Proof. If V =gk U we can assume that f is a bijection in the setup of the above remark.
Then we can use the same construction using f~! to define Ag = f~1[f[Ag]] = f'[AH]
in V[H]. But then V[H] = V[G]. 0

Next, we will prove that the generic real fgen added by Mz is dominating exactly iff F
is rapid. For this we will have to extend our definition of rapid to all filters:

Definition. A filter F is called rapid iff {enum(A) | A € F} is dominating.

This is a reasonable definition as Lemma 3.7 shows that this definition agrees with our
definition of rapid for ultrafilters. It should be noted that as for ultrafilters the existence
of a rapid filter is independent of ZFC.

Also note that the following lemma is a condition for every forcing which diagonalizes a
rapid filter F and not only for the Mathias-Prikry forcing. Together with the previous
remark this lemma will give us one half of Canjar’s condition, namely that a Canjar filter
cannot have rapid Rudin-Keisler predecessors:
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Lemma 4.2.4. Let F € V be a rapid filter, G be P-generic and X € V|G| be a pseu-
dointersection of F. Then enum(X) is a dominating real. Conversely for Mg, if G is
Mr-generic and fg is a dominating real, then F is rapid.

Proof. Assume F is rapid, let g € V be a real. W.l.o.g. ¢ is strictly increasing and define
a real h by h(n) := ¢g(2n). F is rapid and free, so take A € F such that h < enum(A).
But X is a pseudointersection of F, so X g* A and we can choose some N < w such that
for all n < w enum(X)(N +n) € A. Thus, for all n < w we have that

enum(X)(N 4+ n) > enum(A4)(n) > h(n) = g(2n)
Now, for all &k > 2N let n = [g] Then k£ < 2n and N +n <k, so

g(k) < g(2n) < enum(X)(N +n) < enum(X)(k)
But this shows that enum(X) <" g.

Conversely, assume that fs is a dominating real after forcing with M. So if g € V, then
we have that

Fg <" faen
so we can take (s, A) € My and N < w such that max(s) < min(A) and
(s, A)IF¥n > N g(n) < fgen(n)

Then s U A € F and we claim that g <" enum(sU A). Indeed, for n > N let ¢ be the set
of the n 4 1 smallest elements of A. Then for (s Ut, A\ t) < (s, A) we also have that

(sUt, A\t)IF¥n > N g(n) < faen(n)
But n € domain(enum(s Ut)), so we also have that
(sUt, A\ t)IF feen(n) = enum(s Ut)(n)
Together, this yields that
g(n) < enum(s Ut)(n) = enum(s U A)(n)
so we get that g <" enum(s U A) as desired. O

As the Mathias-Prikry forcing diagonalizes its filter we get the following corollary:

Corollary 4.2.5. When forcing with M x we have that fo is dominating iff F is rapid.

Now, we strengthen the definition of Canjar filters with the following definition:

Definition. A \-c.c partial order P is called A-nondominating iff for every family of reals
in V]G] of size |D| < X there is a h € V' which is not dominated by any real in D.

In case that P = Mz we also say that F is A-nondominating.
Remark. The maximum A for which there exists a A-nondominating partial order is 0.

Proof. The trivial forcing is of course d-nondominating and for A > 0, by definition of
0 the ground model already contains a family of size d which dominates all reals, so its
canonical name witnesses that the partial order cannot be A-nondominating. O

In the third subsection we will see that the existence of a d-nondominating filter is
actually consistently stronger than the existence of a Canjar filter in the sense that there
are models in which there are Canjar ultrafilters but no 9-nondominating filters.

21



Lemma 4.2.6. Assume P is c.c.c. and does not add dominating reals. Then we have
that P is b-nondominating.

Proof. Let D be a VP_name for a family of reals of size v < b. P is c.c.c., so we can
choose D = {f, | @ <~} a family of VF-names for reals which covers D, i.e.

FVYfeDIa<y f=fa
By assumption P does not add dominating reals, so for every a < v we have that
F3geV g fa ie. Do :={p|3gplFg# fo}is densein P

But P is c.c.c. so for each a < v we can choose a countable maximal antichain A, in D,,
so by choosing witnesses g for each p € A, there is a countable set of reals G, such that

F3g € Ga g fa

Thus, as w < b we know that their union G := (J,,., Ga is in V and has size |G| <y < b.
By definition of b let h be a real which bounds G. Then h has the desired property.
Indeed, as D covers D let o < ~y, then

II—ElgeGag%*fa and II—VgeGag<*h
which yields that
Fh g fo [

So as M r is clearly c.c.c., in fact o-centered, we get that being Canjar is actually equiv-
alent to being b-nondominating. The prior results of this section already give us some
structure of A-nondominating filters in the Rudin-Keisler order:

Corollary 4.2.7. Fach class of A-nondominating filters is closed downwards in the Rudin-
Keisler order.

Proof. Assume that G <gk F and that G is A-dominating. As in Remark 4.2.2 let f be
a real such that G = f(F) and let G be M r-generic and H be the associated Mg-generic
filter. Then V[H] C V[G], so any witness that G is A-dominating is also a witness that
F is A-dominating. O

This result implies the first half of Canjar’s necessary condition. Note that we proved
that the following condition holds for arbitrary filters and not only for ultrafilters as
Canjar noted in [7].

Corollary 4.2.8. If F is b-nondominating, then F has no rapid predecessors in the
Rudin-Keisler order.

Proof. This follows directly from Corollary 4.2.5, which shows that the Mathias real
added by a rapid filter G is dominating, so in particular Mg is b-dominating, and Corollary
4.2.7 by which G cannot be a <gg-predecessor of F. O

The second half of Canjar’s condition is concerned with ultrafilters, so for the rest of
this section we will restrict our attention to ultrafilters and more closely follow Canjar’s
proofs in [7]. We will show that every forcing which diagonalizes a non P-point adds a
dominating real. As the Mathias-Prikry forcing diagonalizes its filter we get that Canjar
filters are necessarily P-points:

22



Lemma 4.2.9. Let U € V not be a P-point, G be P-generic and X € V[G] be a pseu-
dointersection of U. Then P adds a dominating real.

Proof. By Lemma 3.2 we can choose a real f such that for all A € U we have that f [ A
is not constant or finite-to-one. Thus, for any k < w we have that
Ap={a| f@) >k} =w\ J FH{a}] €U
a<k
But X is a pseudointersection of U, so X C* Ay, which means that only finitely many

elements in X map to a value < k under f. Thus, we may define a real h in V[G] as the
maximum of these elements:

h(k) :== max{a € X | f(a) <k}
Then for a € X we have that h(f(a)) > a and we can define H(n) := h(Next(f(X),n)),

where Next(A,n) is the smallest element of A which is > n. We claim that H is a
dominating real.

Indeed, let g € V, w.l.o.g. g is increasing. Note that for E := {n | g(f(n)) < n} we have
that f is finite-to-one on w \ E. Indeed, let k < w. Then n € f~[{k}] N (w\ E) implies
that f(n) =k, so g(k) = g(f(n)) > n. Thus,

R N W\ B)| < g(k) +1
By our choice of f we have that E € U, so again X C" E. Thus, for almost all elements
a € X we have that ¢g(f(a)) < a. Now, the proof idea is that using that bound for
sufficiently big n we have that g(n) < g(f(a)) < a, where f(a) is the smallest element in
f(X) greater than n. But we have chosen H(n) = h(f(a)) > a, proving that g <" H.

In detail, choose N > max(X \ F) and let N' := max{f(n) | n < N}. We claim that for
all n > N’ we have that g(n) < H(n).

Indeed, let n > N’ and Next(f(X),n) = f(a) for some a € X. Then f(a) > n > N/,
so by choice of N’ we have that a > N. But then by choice of N we have that a €
such that g(f(a)) < a. But g is increasing and n < f(a), so we have g(n) < g(f(a)) < a.
Now, a € X, so by definition of H and h we have that

9(n) <a <h(f(a)) = H(n) O

Finally, if we combine the previous results we get the following necessary condition for
Canjar ultrafilters:

Corollary 4.2.10. If M, is b-nondominating, then U is a P-point and has no rapid
predecessors in the Rudin-Keisler order. O

Canjar asked in [7] if this condition is also sufficient for Canjar ultrafilters. Following
Laflamme [14] we will later introduce the notion of a strong P-point, which will turn
out to be an equivalent characterization of Canjar ultrafilters. However, we will also
prove that this notion is in fact consistently stronger than the condition we have just
considered, which answers Canjar’s question negatively.

4.3 A-nondominatingness and the cofinality of “w/U

We finish this section by studying how the A-nondominatingness of a forcing which diag-
onalizes U relates to the cofinality of (“w/U, <y7). In fact, Canjar proved in [6] that there
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is a rich connection between combinatorial properties of ¢/ and model-theoretic proper-
ties of the U-ultrapower of (w, <) and more generally the U-ultrapower of the standard
model of full arithmetic. So the following result is only a small snapshot of this type of
research. We introduce the necessary notions of interest:

Definition. We write “w/U for the U-ultrapower of (w,<), i.e. the structure which
universe is the set of all equivalence classes ||y of reals under =y together with the
linear order <y, where for f,g € “w we define

f=ug = {n<w|fin)=gn)} el
flu <u lglu = {n<w] f(n) <g(n)} el

Remark. If we define for n < w that [ny is the U-equivalence class of the constant func-
tion with value n, then by Lo§ Theorem the map n +— [n]y is an elementary embedding
of w into “w /U, so we can understand w as an initial segment of “w /U with respect to the
order <z;. With this interpretation we say that the constant functions form the standard
part in “w/U and we say that any element in “w/U which is not in the standard part is
non-standard. We write cf(“w/U) for the cofinality of “w/U with respect to <.

In the general setting, we can prove the following bounds for cf(“w/U):

Lemma 4.3.1. We have that b < cf(“w/U) <.

Proof. Let C' be cofinal in “w/U and let C' be a set which picks a representative from
every element of C'. We claim that C' is unbounded.

Indeed, assume not. Then pick an upper bound f of C. Then for every g € C' we have
that g <* f, so [glu <u [flu as U is free. But this contradicts that C’ is cofinal in “w/U.

Now, assume D is a dominating family. We claim that

C:=A{[flul f €D}
is cofinal in “w/U. Indeed, let [gly € “w/U. Take f € D such that g <" f. But U is free
so this implies that {n < w | g(n) < f(n)} € U and [glu <u [flu- O

If there is a A-nondominating forcing which diagonalizes U, then we get the following
stronger lower bound on cf(“w/U):

Lemma 4.3.2. Let P be A-nondominating, G be P-generic and X € V[G] be a pseudoin-
tersection of U € V.. Then A < cf(“w/U).
Proof. Let C be cofinal in “w/U. In V[G] define for every f € C a real hy by

hf(n):= f(Next(X,n))

We claim that this family dominates all ground model reals. Indeed, let g € V be a real,
w.l.o.g. ¢ is increasing. C is cofinal in “w/U, so choose f € C such that [gly <u [flu,
ie. A:={n<w]|gn) < f(n)} €U. By assumption on X we have that X C* A. Now,
let n > max(X \ A). Then Next(X,n) € A, so as g is increasing we have that

g(n) < g(Next(X,n)) < f(Next(X,n)) = hs(n)
which proves that g <" h i O

In case of A = 0 both bounds agree, so we get the following corollaries:
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Corollary 4.3.3. Let P be d-nondominating, G be P-generic and X € V[G] be a pseu-
dointersection of U € V. Then cf(“w/U) =, in particular 0 is reqular. O]

Corollary 4.3.4. IfU is 0-dominating, then cf(“w/U) =0, in particular 0 is reqular. [

With the proof of the existence of a b-nondominating filter under the assumption of 0 = ¢
of the next section this result implies that the existence of a 9-nondominating ultrafilter
is consistently stronger than the existence of a b-nondominating ultrafilter:

Theorem 4.3.5. There is a model in which there is a b-nondominating filter, but not a
0-nondominating filter.

Proof. Consider any model with 9 = ¢ and 0 is singular. By the previous corollary
there cannot be a 9-nondominating filter, but the theorem of the next section implies the
existence of a b-nondominating filter. O

Finally, using an easy diagonalization argument we can prove the following sufficient
condition for a partial order PP to be 9-nondominating:

Lemma 4.3.6. If there is a dense subset of P of size < 0, then P is d-nondominating.

Proof. If D is a dense subset of P, then P is forcing equivalent to D, so we may as well
just assume that P has size < 0.

Let D be a VF-name for a family of reals of size v < 0. P is 9-c.c., so we can choose a
family of VF-names for reals D := {f, | & < v} which covers D, i.e.

FYfeD3a<y f=fa

The idea is to diagonalize against all possible interpretations of the names in D. So, for
each p € P and o < v define a real g, by

gp.a(n) :==min{k | 3¢ < p qlF fa(n) =k}

By our size assumptions, we can choose a real g which is not dominated by any of these
reals. We claim that g is not dominated by D, i.e.

Va <y VN <w IF 3n > N g(n) > fa(n)

Indeed, let a < v and N < w. If p € P, we have that g ¢ 9p,a, SO we can choose n > N
such that g(n) > gpo(n). By definition of g, o(n) we can choose ¢ < p such that

glF fa(n) = Ip.a(n)
But this proves that ¢lF g(n) > fuo(n). O

Note that if B is a basis of an ultrafilter ¢, then D := {(s, A) € My | A € B} is dense in
M;,, which immediately implies the following corollary:

Corollary 4.3.7. If U has a basis of size <0, then U is 0-nondominating.

Proof. The remark gives us a dense set of size < 0 in My, which by the previous lemma
implies that PP is 9-nondominating. O

As a final remark, notice that the last corollary implies that 9-nondominating ultrafilters
exists in models which satisfy u < 0. So under this assumption the existence of a Canjar
ultrafilter is trivial. In the next section we will prove the existence of a Canjar ultrafilter
in models which satisfy 0 = ¢.
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5 Existence of a Canjar ultrafilter under 0 = ¢

This section will be devoted to the second part of [7] which proves the existence of a
Canjar ultrafilter or equivalently of a b-nondominating ultrafilter under the assumption
of 0 = ¢. The existence of such ultrafilters is interesting as this is closely connected to
proving the consistency of b < s which we want to examine briefly first.

5.1 Canjar ultrafilters and the consistency of b < s

First, we will consider how the existence of Canjar ultrafilters is a useful step into the
direction of proving the consistency of b < 5. However, we will see that the notion of
a Canjar ultrafilter is not quite enough to work well with iterations, so for the actual
consistency proof one has to work with strongly Canjar ultrafilters, which not just pre-
serve the unboundedness of the family of reals, but of every unbounded family - see [9]
for more details on the consistency proof of b < s using this ideas.

We begin by introducing the splitting number s:

Definition.

o Let A,S € [w]¥. We say that S splits A iff ANS and AN SC are infinite.
o A subset S C [w]¥ is called a splitting family iff every A € [w]* is split by an
element of S.

e 5 denotes the minimal size of a splitting family.
One natural way to add an unsplit set is to diagonalize an ultrafilter:

Lemma 5.1.1. If G is P-generic and X € V|G| is a pseudointersection of an ultrafilter
U eV, then U is not split by any set in V.

Proof. If S € V then either S € U or S¢ € U, w.lo.g. S € U. But X is a pseudointer-
section, so X CS. This implies that X N S€ is finite, so S does not split X. The case
SC¢ e U works analogously. O

This means that if we diagonalize an ultrafilter, then we destroy all splitting families, so
if we start with a model of CH, then iterating this forcing wy times yields a natural way
to increase the splitting number from N; to No. To make this more precise we make use
of the following facts of countable support iterations of proper forcings:

Fact 5.1.2. Let <Pa,(@a | @ < &) be a countable support iteration of proper forcing
notions, where cf(§) > w, then in any extension using this iteration any real is added at
a proper initial stage of the iteration.

One can use this fact to prove a similar result for sets of reals of size Nj:
Fact 5.1.3. Let <IP’a,Qa | @ < wy) be a countable support iteration of proper forcing

notions, then in any extension using this iteration every set of reals of size Xy is added
at a proper initial stage of the iteration.
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Theorem 5.1.4. There is a model where s = N,

Proof. Let V be a model of CH and (P, Q, | o < ws) be the countable support iteration
with P, IF Q, = My, for some ultrafilter /. Then in the extension s = Xy holds, as by the
previous fact any set of reals S of size N; is added at a proper initial stage of the iteration.
But by the first lemma in the next iterand S cannot be a splitting family anymore. [

Now, if we had a Canjar ultrafilter available in every step of the iteration, then a naive
idea to prove the consistency of b < s would be to do the above iteration with Canjar
ultrafilters at each step. However, this naive approach is doomed to fail due to the
following observation:

Fact 5.1.5. If P does not add dominating reals and lFp "Q does not add domating reals”,
then P x Q might still add dominating reals.

Thus, the above approach does not guarantee that b = w; holds in the extension. In
more detail, if G is P-generic over V and H is Q-generic over V[G], then by assumption
on P we have that (“w)"" is unbounded in V[G]. However, the assumption on Q gives us
that (“w)"[¢] is unbounded in V[G][H], but does not guarantee the same for (“w)". As
described in [1] we can give an example where this situation occurs:

Lemma 5.1.6. Let P be the forcing which adds wy-Cohen reals and Q be the canonical
VP_name for the Hechler forcing over V. Then IFp "Q does not add domating reals”.

Proof. Let G be P-generic over V and f be a V[G]%-name for a real. If we view [P as an
iteration of length wy a similar fact to Fact 5.1.2 gives us a a < wy such that f € V[G [ a].
Let g be the Cohen-real added in V|G [(a + 1)]. We claim that

Fog# f
So let N < w and p € Q. Define a subset of the Cohen forcing C in V[G | a] by
D:={s€C|3n>N3¢<pqlrgsn) > f(n)} € V|G a]
We show that D is dense in C, so let s € C. Choose n > N such that n ¢ domain(s).
Choose ¢ < p and k < w such that ¢l-g f(n) =k. Then t :=sU{(n,k+1)} € D as
qlFot(n) =k+1> f(n)

Now, in V[G] we have that g is a Cohen real over V[G [ ], so choose s € D with s C g.
Then we can choose n > N and ¢ < p such that

qlFqg(n) = s(n) > f(n)
This proves that IFg g " f. O

Now, P does not add dominating reals and the Hechler forcing adds a dominating real,
so we have that P x Q adds a dominating real. Thus, the situation in the above lemma
is indeed an example for Fact 5.1.5.

To remedy this problem one not only has to preserve the unboundedness of the family
of reals, but of every unbounded family. As shown in [9] this idea can be made precise
to give a proof of the consistency of b < s using strongly Canjar ultrafilters.
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5.2 Proof of the existence of a Canjar ultrafilter under 0 = ¢

Next, we will follow Canjar’s proof in [7] and show that every model of ZFC satisfying
0 = ¢ has a Canjar ultrafilter. In particular this result will give us the existence of
Canjar ultrafilters in models satisfying CH or more generally Martin’s axiom. Note that
we proved in the last section that Canjar ultrafilters are necessarily P-points, so in general
the existence of a Canjar ultrafilter is independent of ZFC as it is the case for P-points,
which is why we need an extra assumption.

5.2.1 Idea of the construction

The general idea of the construction of the Canjar ultrafilter is to construct an increasing

chain of filters (F, | @ < 0) and reals (h, | @ < 0) such that for any ultrafilter U

extending this chain we have that for any My-name 7 for a real there is an o < ? with
Fu hat T

Then any U extending (F, | @ < 9) will be a Canjar ultrafilter. However, in the con-
struction of the chain of filters we do not know how our final ultrafilter will look like, so
it does not make sense to talk about M;,-names for reals, so we have to consider some
kind of general Mathias names for reals which are decoupled from any specific filter.

Certainly, we want that for any ultrafilter U every Mj;-name 7 of a real has a represen-
tation as such a general name for a real. We will have 0-many of these general names for
a real, so the idea for the construction of the above chain of filters will be to handle one
of these general names for a real in each step of the iteration and to use the assumption
of 0 = ¢ to be able to pick a suitable h,,.

With these ideas in mind we call such general names for a real preterms and define the
representation of a My-name 7 for a real as a preterm as follows:

Definition.
o We call a partial function from [wW]<¥ X w to w a preterm.

o IfU is an ultrafilter and T is a My -name for a real, then we define the associated
preterm T of T by

7(s,n) =k <= JAclU (s,A)lry7t(n) =k

So intuitively, 7 captures the information of how an initial segment s of the generic real
decides the real 7. The crucial idea is that this information is already enough to construct
a real h such that My, forces h not to be dominated by 7. Hence, it is enough to iterate
over all preterms and add such a witness h for every preterm.

Remark. Note the associated preterm is indeed a partial function, for if there are k,!
and A, B € U such that

(s, A)lFyT(n) =k and (s,B)lkyym(n) =1
Then (s, AN B) extends both (s, A) and (s, B) and we have that
(s, ANB)lkyyk=7(n)=1
which implies that k = [.
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Also, notice that in the construction of the chain of filters and reals we only really have
to handle preterms which can still appear as the associated preterm of a My-name of a
real for an ultrafilter &/ which extends the current chain of the construction. We show
that such preterms satisfy the following completeness condition:

Definition. We call a preterm 7 complete over the set A, iff for every partition of A
into finitely many sets (A; | i <) there is some i <1 such that

Vs € w|Vn<wIt<(s,4) Fk<w7(t,n) =k

We say 7 is complete over a family of sets A iff T is complete over every element of A.

Lemma 5.2.1. If U is an ultrafilter and T is a My;-name for a real, then T is complete
over U and thus also complete over every subfilter F of U.

Proof. Let A € U and (A; | i < l) be a partition of A into finitely many sets. U is an
ultrafilter, so we can choose ¢ < [ such that A; € U. We claim that A; is as desired, so
let s € [w]<¥ and n < w be given. Deciding the value of 7 at n is dense, so we can choose
(t,B) < (s, 4;) and k < w such that

(t,B) IFy 7(n) =k
Then by definition of 7 we have that 7(t,n) = k and t < (s, 4;). O

5.2.2 The topology of P(w)

Before we further dive into the proof, first we consider how P(w) inherits a topology from
“2, how the open sets look like and state a few basic topological properties.

As usual we consider the product topology on “2. By Tychonoff’s theorem “2 is compact
in this topology, so we do not have to differentiate between compact and closed subsets
of “2. For a partial function s : w — 2 with finite domain we define its basic open set by

O(s)={fe“2|sC [}
By definition of the product topology these O(s) form a basis of the topology. Now, we
can transfer this topology to P(w) with the usual bijection “2 — P(w) defined by

o
Note that if we define for finite disjoint subsets s,t C w the basic open set
O(s,t) == {AePw)|sCAtC A%} and O(s) :=O(s,0)
then these basic open sets are exactly the images of the basic open sets of “2 under the

above bijection, so they form a basis of the induced topology on P(w).

Furthermore, by swapping 1’s and 0’s we can define an involution ~: ¥2 — ¥2

f~ f where f(n) =1— f(n)

Note that this is actually an homeomorphism as O(s) = O(S) and that the induced
homeomorphism ~ on P(w) is the complement function, i.e. for all A C w we have that
A = A®. In particular we have that O(s,t) = O(t,s) in P(w).

We can also define a metric on “2 as follows

d(f,g) = Z 27" G f(n),g(n)

n>0
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It is not hard to prove that the topology induced by this metric agrees with the product
definition we chose. Thus, “2 and P(w) are in fact compact, metric spaces.

We need to consider one more topological technicality as the extension lemma only works
for filters that are the union of less than 0 many compact sets. The restriction to compact
sets will be useful as it allows us to pick finite sets of witnesses for various existential
properties. We will see an example of this idea in the proof of the subsequent lemma.

Definition. For a cardinal o > w we call a family of subsets of w K« iff it is the union
of less than o many compact sets.

We want to prove that a filter is K iff it has a K« generating set, so we need to consider
how we can close compact sets under finite intersections:

Lemma 5.2.2. Let K := K(© be compact. Then for every n < w we have that

K™ :={ACw|3B,y,...,B, €K (] B; C A}
i=0
18 compact.
Proof. By induction on n, so assume K is compact. We have that
KD —{ACw|3Bek™ 3Ce K BNC C A}

Let A € P(w)\KM™ ), We will use a double compactness argument to prove the existence
of an open set O which satisfies A € O C P(w) \ K™+, First, we show that

VB e K™ 3 finite ty C B\AYC e KtpNC#0 (%)
So let B € K™ . We claim that
K< |J o{r}
kEB\A

is an open covering of K. Indeed, let C € K. By assumption on A we have that
(BNC) ¢ A, so we can choose k € (BN C)\ A. But then k € B\ A and C € O({k}).

Now, by compactness of K we can choose a finite tg C B\ A such that

K< [J odry

ketp

But this shows (%) as for all C' € K there is a k € tp such that C € O({k}), i.e. we have
that k € tg N C which implies that tg N C # (.

Secondly, we consider the set T := {t C A® finite | VC' € K t N C # 0} and claim that
K™ cJow
teT

is an open covering of K. Indeed, let B € K. Then by (%) there is a finite tg C B\ A
such that tp € T. But then B € O(t¢p).

Now, by compactness of K™ we can choose a finite Ty C T such that

K™ c | Jow

teTo

Finally, we can get the finite s := UteTO t C A® which has the desired property that
Ae O, s) CPw)\Lm+Y
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Indeed, let D € O((,s). Then s € D¢. Assume that D € K1 so choose B € K™
and C € K such that BN C C D. By definition of Ty we can choose t € Ty such that
B € O(t). By definition of T' we can choose a k € tNC. But ¢t C s, so we get that k € s.
On the other hand, we have that k € t C B and k € C. Thus, k € BNC C D. But then
by our assumption on D we have that k ¢ s, which is a contradiction. O

Corollary 5.2.3. If a > w, then F is a Ka-filter iff F has a Ka-generating set.

Proof. The implication is trivial, so let F = (G) for some Ka-generating set G and choose
compact sets (K | 8 < v < a) such that G = (s, K. Note that with the notion of
the previous lemma we can write F as a union of 7 < o many sets:

F=@= U Jra"

Seg[y]<w BeS
n<w

Note that for each S € [y]<* and n < w we have that the finite union of compact sets
U ses KCs is compact, so by the previous lemma also (| ges ng)(”) is compact. O

Remark 5.2.4. We have that cofin(w) is a Kw;-filter. Indeed, we have |cofin(w)| = w
and every singleton set in P(w) is compact, so we can write

cofin(w) = U {A}

A€cofin(w)

5.2.3 Proof using the Extension Lemma

Now, in this topological setting we are able to formulate the extension lemma which
allows us to prove the existence of a Canjar filter using the construction we described in
the first section.

Lemma 5.2.5 (Extension Lemma). If F is a Ka-filter for w < a <0 and 7 is a preterm
which is complete over F, then there exists a Ka-filter F' extending F and a real h such
that for any ultrafilter U extending F' and any My-name 7 for a real whose associated
preterm is T we have that

by he T

Theorem 5.2.6. If 0 = ¢, then there exists a Canjar ultrafilter.

Proof. Asd = ¢ we can enumerate all preterms by (7, | & < 9). Using the previous lemma
we can construct a chain of filters (F, | @ < 0) and a sequence of reals (hq | @ < ) such
that we have the following properties:

1. Fyis K[(la| +w)T].
2. If B < a, then Fg C F,.

3. If 7, is complete over F, and U is any ultrafilter extending F,y1 and 7 is any
M;;-name for a real which associated preterm is 7, then

o ho 27
Indeed, by Remark 5.2.4 we can set Fy := cofin(w) and for limit ordinals oz we can set

For=|J{Fs|8<a}
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At successor stages o + 1 we do nothing if 7, is not complete over F, and otherwise we
can apply the Extension Lemma to F, and 7, to obtain an extension F,; of F, and a
real h,, satisfying properties 1 to 3.

Now, let U be any ultrafilter extending the chain we constructed. We claim that U/ is a
Canjar ultrafilter, so let 7 be a M;-name for a real. Then we can choose o < 0 such that
7 = 7. By Lemma 5.2.1 7, is complete over the subfilter F,, thus F,11 and h, were
constructed with the Extension Lemma and we get

oy ha & T
which proves that U is a Canjar ultrafilter. O

5.2.4 Proof of the Extension Lemma

Finally, it remains to prove that the Extension Lemma holds. For the rest of this section
we fix some preterm 7. First, we will discuss what it means for a real h to satisfy the
property of the Extension Lemma, which will motivate the upcoming definitions of good
and bad subsets of w:

Discussion. In the context of the Extension Lemma let 7 be a My-name for a real. We
want to construct a real h such that -, h 76* T, i.e.

VYm < w V(s, A) € My In > m 3(t,B) < (s, A) (t,B) Iy h(n) > 7(n)

Now, if we try to translate the latter part of this statement for the preterm 7 we get the
following definition:

Definition. Let s € [w]<* and n,k < w. Then we say that A C w is (s,n, k)-Good iff
Jdt < (s,A) I <k 7(t,n)=1

Otherwise we say that A is (s,n,k)-Bad. We write Good(s,n,k) for all (s,n,k)-Good
sets and Bad(s,n,k) for all (s,n,k)-Bad sets.

Discussion. So intuitively, if A is (s, n, k)-Good, then below (s, A) it is possible that 7
is decided as a value < k at place n. Thus, in the above context we have to construct
a real h such that given m < w and (s, A) € My we can find a n > m such that A
is (s,m,h(n))-Good. This suggests that we want to extend the given filter F by the
complements of all sets which do not satisfy this property, i.e. the complements of all
sets A C w such that

Js € [w]*¥ Im < w Vn >m Ais (s,n, h(n))-Bad (%)

We will see in the next proof, that this choice of an extension F’ works, but the tricky
part left to show is that we can choose the real h in such a way that we do not have to
add too many sets to F, i.e. that the described generating set of F' satisfies the FIP,
which guarantees that we obtain a filter. Thus, we will use the following lemma to prove
the Extension Lemma. Note that I(h) is exactly defined by property (x):

Lemma 5.2.7. Let F be a Ka-filter with w < o < 0. Then there is a real h so that for
I(h)y:={ACw|3s€[w]™ Im<wVn>m A is (s,n,h(n))-Bad}
the set FU{AC | A€ I(h)} generates a Ko filter.
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Proof of the Extension Lemma. Using this lemma we can choose a real h such that the
family F U {BY | B € I(h)} generates a Ka filter 7'. We claim that these choices of F’
and h satisfy the properties of the Extension Lemma, so let I be an ultrafilter extending
F' and 7 be a My;-name for a real which associated preterm is 7. We have to show that

by he T
So let m < w. As U extends F' if we are given (s, A) € My, then we have that A ¢ I(h).

Thus, we can find n > m such that A is (s,n,h(n))-good. So choose t < (s,A) and
i < h(n) such that 7(¢,n) = i. By definition of 7 we can choose B € U such that

(t,B) IFy 7(n) =1
But then (t, AN B) < (s, A) and we have that
(t,ANB) Iy 7(n) =i < h(n) O

It is left to show that for some real h we have that F U {AY | A € I(h)} has the FIP,
which means that we will have to work with finite unions of bad sets as F' is defined via
complement from elements of I(h), so it will be useful to introduce a notion for that.

From now on fix an enumeration (s; | i < w) of [w]<* and define:

Definition. Given n,k < w we say that a set A C w is (n,k)-UBad iff A = ,,,, Bm.
where for each m < n there is an i < n such that B, is (s;,n,k)-Bad. We write
UBad(n, k) for the set of all (n,k)-Bad sets.

First, we consider some topological properties of the families of Good and Bad sets.
Clearly, we have that Good(s,n, k) is closed under supersets, so Bad(s,n, k) is closed
under subsets. Furthermore, we have that:

Lemma 5.2.8. Let s € [w]<“ and n,k < w. Then the family Good(s,n, k) is open. Thus,
the families Bad(s,n,k) and UBad(n, k) are compact.

Proof. Let A be (s,n,k)-Good. Then choose t < (s, A) and ¢ < k such that 7(¢t,n) = 1.
We have t \'s C A, so A € O(t\ s). We claim that O(t \ s) € Good(s,n, k), so let
BeO(t\s). Thent\ s C B, sot < (s,B) which shows that B is (s, n, k)-Good. O

The heart of the construction is the following lemma which shows that if 7 satisfies the
completeness condition, then for every n we can find a k such that A is not (n, k)-UBad:

Lemma 5.2.9. For each n < w and A C w such that 7 is complete over A, there is a
k < w such that A is not (n, k)-UBad.

Proof. Unraveling the definition of (n, k)-UBad, we have to show that there exists k < w
such that for all partitions of A into n sets A = (A; | i < n) there is an ¢ < n such that
A; is (sj,n,k)-Good for all j < n. We call a partition of a finite initial segment of A a
finite partition of A and all of the following partitions will be into n sets.

The idea will be to assign a k(B) < w to each finite partition B = (B; | i < n) of A such
that for every partition A of A extending B there is an i < w such that A; is (sj,n,k)-
Good for all j < n. In particular, if ) denotes the empty partition, then this k() will
be the desired k, because every partition A of A extends the empty partition. Thus, the
k(B) will act like approximations to the final k := k(0).
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Now, in detail consider the tree T' of all finite partitions of A ordered by extension. We
can find the k(B) < w using the following two rules:

1. For all B € T which already have some B; € B such that for every j < n there is
an k; < w such that B; is (s;,n, kj)-Good we can define k(B) := max{k; | j < n}.
Then for every partition A of A extending B we have that A; extends B;, so A; is
also (sj,n, k(B))-Good for every j < n.

2. If all immediate successors (C; | j < n) of some B € T have been assigned a value
k(C;) we can set k(B) := max{k(C;) | j < n}. Clearly, this satisfies the above
condition as any partition A of A extending B will extend one of the C;.

We claim that we exhaust T if we assign values to B € T using these two rules. For
convenience, we say that B is definite iff k(B) is defined, so it is left to show that @ € T
is definite. We will see that the completeness assumption exactly gives us this property.

Assume () is not definite, then by rule 2 one of its immediate successors is not definite.
Iterating this argument yields a non-definite path P : w — T through 7. Then their
union (A; | i < n) is a partition of A. By completeness of 7, choose A; such that

Vs € [w]s Vn <w 3t < (s,4;) Tk <w7(t,n) =k

Thus, for all j < n we can choose t; < (sj, 4;) and k; < w such that 7(¢;,n) = k;. But
now, let t = (J;_,,(¢; \ s;). Then ¢ is a finite subset of A4;, so there is some B € T on P
such that ¢ C B;. But then B; is (s, n, kj)-Good for every j < n which contradicts that
B is not definite. O

A simple compactness argument extends this result to compact sets. This will allow us
to define our desired real h:

Lemma 5.2.10. For each n < w and compact set K such that 7 is complete over I,
there is a k < w such that no A € K is (n, k)-UBad.

Proof. For k < w define Oy := {A C w | Aisnot (n,k)-UBad}. We know that
UBad(n, k) is compact, so each O is open. Thus, by the previous lemma the Oy’s
are an open covering of K. Furthermore, the O’s are increasing, so by compactness
there is a single k < w such that K = O. O

Finally, we can prove the remaining Lemma 5.2.7 to conclude this section:

Lemma. Let F be a Ka-filter with w < o < 0. Then there is a real h so that for
I(h):={ACw|3Is€[w] Im<wVn>m A is (s,n,h(n))-Bad}
the set FU{AC | A € I(h)} generates a Ko filter.
Proof. Let F = |J{Ks | # < A} be the union of A < a many compact sets. By the
previous lemma for each 8 < A we can choose a real hg such that
VA € Kg Vn <w A is not (n,hg(n))-UBad

As A < a <0 we can choose a real h which is not dominated by any hg. We have to
show that F U {A® | A € I(h)} generates a Ko filter.

As F is Ka to show that the generated filter is a by Corollary 5.2.3 it suffices to show
that {A® | A € I(h)} is Ka. Note that we can write

I(h) = U U ﬂBad(s,n,h(n))

sE [w] <wm<w n>m
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so I(h) is a countable union of compact sets. Under the complement homeomorphism
discussed in Section 5.2.2 we get that {A® | A € I(h)} is a countable union of compact
sets, i.e. {AY | A€ I(h)}is Kwi.

It remains to show that F U {A® | A € I(h)} satisfies the FIP. Assume that this was
not the case. As F is closed under finite intersections we can choose a single A € F and
{Bi | k < N} C I(h) such that AN (Nyey BY) = AN (Ugeny Be)® =0, so by possibly
extending A we may assume that A = J,_y Bx-

By definition of I(h) for each k < N choose iy, and my, such that for all n > mj we have
that By, is (si,,n, h(n))-Bad. Let 8 be such that A € g and pick n such that

1. h(n) > hg(n)

2. n>N

3. For all k < N we have that n > my,
4. For all k < N we have that n > i

We can choose such n as h £~ hg, so 1. holds for infinitely many n whereas 2. to 4. hold for
cofinitely many n. But by 1. and 3., for all k£ < N we have By, is (s;,,n, hg(n))-Bad, thus
by 2. and 4. their union A is (n, hg(n))-UBad, which contradicts our choice of hg. O

Unraveling the results of this section we have seen that this lemma allows us to prove
the Extension Lemma. Furthermore, we have seen that the Extension Lemma gives as a
straightforward iterative construction of a Canjar filter or equivalently a b-nondominating
filter under the assumption of 0 = ¢.

As a final note, Canjar also proved in [7] that under the assumption that the set of ’all
collections of preterms of size < 0’ has size ? the proof we have described can be modified
to give an explicit construction of a d-nondominating ultrafilter. The main idea is to
adapt the extension lemma not to add a suitable real for a single preterm as we did in
our construction, but to add a suitable real for every < 0 sized collection of preterms.
This real will then witness that the family of reals described by these preterms will not
be dominating in the same way the real we added witnessed that a single real is not
dominating.
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6 Characterizations of Canjar filters

In this final section we want to prove a combinatorial characterization for Canjar filters.
As it turns out, for a filter F to be Canjar is closely related to the combinatorial properties
of the associated filter F<¢. Hrusdk and Minami analysed this connection in [12] and
the first subsection will be devoted to this characterization. As Blass, Hrusdk and Verner
concluded in [4] we can use this result to prove that for ultrafilters this combinatorial
property is equivalent to the notion of a strong P-point, which Laflamme introduced
quite some time earlier in [14].

Remember, that in Section 4 we have seen that Canjar’s condition of being a P-point
and not having rapid Rudin-Keisler predecessors is necessary for Canjar ultrafilters. So
in the last subsection, we will take a look at the construction given in [4] to prove that
Laflamme’s condition of being a strong P-point is consistently stronger than Canjar’s
condition, answering Canjar’s question whether his condition is sufficient negatively.

6.1 Characterization by P'-filters

In this first subsection we will introduce for a filter F on w its associated filter F<%,
define the notion of a P*-filter and prove that a filter F is Canjar iff <% is a P"-filter.
Although this result was first proved in [12] we will comply with [4] as the original proof
worked predominantly with ideals whereas the latter paper uses filters as we do.

Definition. If F is a filter on w, then we define a filter F<“ on [w]<¥ \ {0} by
F=i=({[A™\{0} | A€ F})

Remark. Note that for A, B € F we have ANB € F and [ANB|<¥ = [A]<“N[B]<¥, so
the generating set of F< is closed under finite intersections. In particular, the generating
set is a basis of the filter F<%.

The point of this definition will become more clear with the following proofs, but the
general idea will be that S C [w]<“\ {0} will be families of finite subsets s C w which will
contain a witness for a desired property defined by .S. This intuition as sets of witnesses
justifies the exclusion of the empty set. We have already seen an example of this idea in
the proof of Lemma 5.2.2, where we had to find finite subsets such that every element
of a compact set had non-trivial intersection with it. As in that proof in the second
subsection we will use compactness to prove the existence of such finite witness sets.
This interpretation also gives some justification for the definition of F<“, because we
can interpret F<“-positive sets as follows:

Remark. Let S C [w]<“ \ {0} be F<“-positive. Then for every A € F we have that
[A]<¥ N S # (. In the above interpretation this means that the property defined by S
is general enough such that for every A € F there is a witness set s € S which consists
entirely of elements of A.

Definition. We say a filter F on a countable set X is a PT-filter iff for every decreasing

sequence (S, | n < w) from F*T there is a S € F* such that for every n < w we have
that SC*S,,.
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In other words a filter is P iff for every decreasing sequence of positive sets, there is a
positive pseudointersection. We will use this notion exclusively for F<%“, i.e. for filters
on [w]<¥\ {0}. In case we have that F = U is an ultrafilter the following lemma is a
useful characterization of the U <“-positive elements:

Lemma 6.1.1. Let U be an ultrafilter. Then S C [w]<“\ {0} is U<“-positive iff for every
ACw withVse S sNA+#D we have that A € U.

Proof. First, let S C [w]<¥ \ {0} be U<¥-positive and let A C w with Vs € S sN A # 0.
We show that A € UT = U as U is an ultrafilter, so let B € U, then [B]<“ \ {0} € U=¥,
so by positivity of S we can choose s € SN [B]<“\ {#}. Now, by assumption on A we
have sN A # (), so s C B implies AN B # (), which proves that S € U*.

Conversely, assume that for some S C [w]<“ \ {#} we have that for every A C w with
Vs € S sN A # () we have that A € . We show that S is U<“-positive, so let B € U.
Then B¢ ¢ U, so we can choose s € S with sN B¢ = (). Thus, s C B which shows that
SN[B]<Y # 0, ie. S is US“-positive. O

Before we can prove our main theorem we need to prove that every dominating family
which is split into countably many pieces has a dominating subfamily:

Lemma 6.1.2. Let F' =, Fr, € “w be a dominating family. Then there exists n < w
such that F,, is a dominating family.

Proof. Assume not, then for each n < w we can choose g, ¢ F,. We claim that the
family {g, | » < w} is unbounded in contradiction to b > w. Let h € “w, then we can
choose f,, € F, such that h <" f,. But g,, " f,, such that g, £ h. O

Theorem 6.1.3. The following are equivalent:
i) F is a Canjar filter.
i) F<¥ is a P -filter.
Proof. First, assume that F is not a PT-filter, so we can choose a decreasing sequence

of F<“-positive sets (S, | n < w) without a F<“-positive pseudointersection. Let G be
M £-generic, we will show that V[G] contains a dominating real:

First, notice that for every n < w we have that [Ag \ n]<“ N S, # 0, where Ag is the
generic set added by Mz. Indeed, assume that [Ag \ n]<“ N S, = 0. Then we can pick
(s, A) € G such that

(s,A) I+ [Agen \n]<“NnS, =10

But S, is F<“-positive and A\ n € F, so we can choose ¢t € [A\ n]<“ N S,. Then we
have that (sUt, A) < (s, A), so we get

(sUt, A) IF t € [Agen \ n]<“ N S,
which contradicts our assumption.
Thus, for every n < w we can choose s, € [Ag \ n]<* NS, and define a real f by
f(n) := max(sy,) + 1

We claim that f is the desired dominating real, so assume we have a real h which is not
dominated by f. Then we can define

S:= [Jnn)]=n s,

n<w
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As each [h(n)]<¥ is finite and (S, | n < w) is decreasing we have that S is a pseudoint-
ersection of (S, | n < w). Note that if h(n) > f(n), then we have that h(n) > max(sy),
so we get s, € [h(n)]<Y NS, € S. As h¢" f this happens for infinitely many n < w.

We claim that S is F<¢-positive. Indeed, if A € F we have Ac C" A, so we can choose
n < w such that Ag \ n C A. Now, choose m > n such that s, € S, then we have

Sm CAg\mCAg\nC A
which shows that [A]<¥ NS # 0.

But by our choice of (S, | n < w) we get that S cannot be an element of the ground
model. Hence, also h cannot be an element of the ground model, which proves that f is
a dominating real.

Conversely, assume that F<“ is a P*-filter and assume that Mz adds a dominating real.
Choose a M z-name ¢ for a dominating real, then we have for every real f € “w that

IF 3N <wVn >N f(n) < g(n)
Thus, we can choose (5, Ay) € My and Ny < w such that

(tr, Ay) |- ¥n> Ny f(n) < g(n)
By the previous lemma we can choose ¢ and N such that

F:={fe“w|ty=tand Ny = N}
is a dominating family. Next, for n < w we define
S i={se[tIY|IAec FIk>nIi<w (tUs, A) IF gk) =i}
which are all extensions of ¢ which decide a value of ¢ above n. The density of deciding
¢ yields that every S’ is F<“-positive. Indeed, if B € F we have that BNtY € F, so we
can choose s C BNtY, A€ F and i < w such that (tUs, A) < (t, BNtY) and
(tus,A) IF g(n) =1

But this shows that s € S, N [B]<¥.
Thus, (S), | n < w) is a decreasing sequence of F<“-positive sets. We will need to make

this sequence vanishing, i.e. the intersection of the sequence should be empty. We do this
by removing the non-vanishing part 7' := [ S! , which are all extension of ¢ which

nw ~n
decide infinitely many values of ¢ and define a vanishing decreasing sequence by
Sp =S \T

We will need to prove that T is not F<“-positive to conclude that this is still a decreasing
sequence of F<“-positive sets. Indeed, assume that T is F<“-positive. Then for every
s € T we can choose a maximal function fs : Ny — w with respect to inclusion of a
possible decision of ¢, i.e. for all n € N there is a A7 € F such that

(tUs, A7) |- g(n) = fs(n)
By definition of T each N, is infinite. Extend f, to a real by mapping N¢ to 0. Now,

as b < w the set {fs | s € T'} is bounded, so we can choose a real f € F such that f
dominates {f; | s € T'}. By definition of ¢ and N we can pick Ay € F such that

(t,Af) IF ¥n > Nf(n) < g(n)

But by assumption 7' is F<“-positive, so we can choose s € T'N[Af]<“. As N, is infinite
and f, <" f we can pick a n € N, such that n > N and fy(n) < f(n). But then we have
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that (tUs, Ar N AY) < (t,Ay), (tUs, AY) which gives us the contradiction
(tUs, AN AY) IF g(n) = fs(n) < f(n) < g(n)
Thus, T' is not F<“-positive which implies that (S, | n < w) is a vanishing decreasing

sequence of F<“-positive sets. By assumption we can choose a F<“-positive pseudoint-
ersection S of (S, | n < w). This allows us to define a real f by

f(n):=max({i|Is € S\ Spy1 JAE F (tUs, A) IF g(n) =1i})

so f(n) is the maximal value ¢(n) can be decided as by an extension of ¢ by an ele-
ment of S\ S,+1. Note that this is well-defined, because S\ S,+1 is finite as S is a
pseudointersection and if for some A, B € F we have that

(tus,A) IF g(n) =1 and (tUs,B) IF g(n) =17

then i = j as (tUs, A) and (tUs, B) are compatible. As SC" Sy and S is F<“-positive,
also SN Sy is F<“-positive, so we may assume that S C Sy. Then the vanishing property
allows us to conclude that for every s € S there is a maximal ng such that s € .Sy, .

Finally, we get a contradiction as follows. As F' is dominating we can choose h € F
such that f <" h. Then we can pick n > N such that f(m) < h(m) for all m > n. As
SC*S, and S is F<¥-positive also S NS, is F<¥-positive, which allows us to choose a
s € SN S, N[AL]<“. By the previous discussion we can choose a maximal ng such that
s € Spy- As s € S, we have n <ng and s € S\ Sp,+1, so by definition of f and S, we
can choose an A € F and i < f(ng) such that

(tUs,A) IF g(ng) =1

But then we have that (tUs, AN Ap) < (¢,Ap), (tUs, A) and f(ng) < h(ng) which gives
us the desired contradiction

(tUs, AN Ap) I g(no) =14 < f(no) < h(no) < g(no) O

Summing up this result, we have seen that the purely forcing theoretic statement of F
being a Canjar filter can be characterized by a purely combinatorial property of F<¢.
Remarkably, one can also prove that there is actually another equivalent characterization
called the Menger property, which is a purely topological statement. A proof of this fact
is given in [8].

6.2 Characterization by strong P-points

In this section we examine the notion of a strong P-point, which Laflamme introduced
n [14]. We will prove that this notion implies Canjar’s necessary condition from section
4 and use the result of the previous section to prove that it is actually an equivalent
characterization of Canjar ultrafilters, which answers one of the questions Laflamme
posed in his work about strong P-points.

6.2.1 Strong P-points

We fix an ultrafilter I« on w throughout this section. The notion of a strong P-point
originates from Laflamme’s study of forcing with F,-filters. In this context Laflamme
worked with a different equivalent characterization of P-points, so we begin by prov-
ing that his and our definition of P-points coincide. Laflamme worked with the fourth
characterization for P-points in the following lemma:
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Lemma 6.2.1.1. The following are equivalent:
i) U is a P-point, i.e. for every partition (X, | n < w) of w into sets not from U
there exists an A € U such that for every n < w we have that |AN X,| < w.

ii) For every sequence (X, | n < w) not from U there is an A € U such that for every
n < w we have that |AN X,| < w.

ii1) For every sequence (A, | n < w) from U there is an A € U such that for every
n < w we have that AC" A,,.

iv) For every sequence (Ay | n < w) from U there is an interval partition (I, | n < w)

of w such that U, . ,(An N 1,) €U.

Proof. Clearly, ii) = i). For i) = ii) let (X,, | » < w) be a sequence not from U.
Disjointify the X,, by recursively defining
X, =X\ | X},
m<n

X! by {an | n <w) and define a partition (Y, | n < w) of w by
Yo, := X, and Yont1 := {an}

Enumerate w \ |J,,-,,

Now, by assumption choose A € U such that for every n < w we have that |[ANY,| < w.
We claim that the same holds for the X,,, so let n < w. Then we have that

AnX, < AN ([ X =1 [ @ANYan)| < D AN Vo] <w
m<n m<n m<n

For ii) = iii) let (4, | n < w) be a sequence from U. Then X, := AS is a sequence
not from Y. By assumption choose A € U such that for every n < w we have that
AN X,| =|AN AS| < w. But this implies that AC" A, for every n < w.

For iii) = ii) let (X, | » < w) be a sequence not from Y. Then A, = X¢ is a
sequence from U. By assumption choose A € U such that for every n < w we have that
AC" A, = X¢. But this implies that |A N X,| < w for every n < w.

For iii) = iv) let (4,, | n < w) be a sequence from Y. By assumption choose A € U such
that for every n < w we have that AC" A,. Thus, we can choose a strictly increasing
real f such that A\ f(n) C A,,. Define an interval partition (I, | n < w) of w by
Iy := [0, f(1)) and for n > 1 I, :=[f(n), f(n+1))
We claim that
ANF) € | Ann )

n<w

solet k€ A\ f(1). Choose n < w such that k € I,,. We have k > f(1), so n > 1. Then
min(I,) = f(n) < k, so we have that k € A\ f(n) C A,. But this shows that k € A4,,N1I,.

Now, together with A € ¢/ this implies that |J, (A, N 1,) € U as U is free.

Finally, for iv) = iii) let (4, | n < w) be a sequence from U. Define a decreasing
sequence (Al | n < w) from U by

Al = ﬂ A,
m<n
By assumption choose an interval partition (I, | n < w) of w such that

A= |J@A,nL)eu

nw
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We claim that A is as desired, so let n < w. By definition of the A/, we have for m > n
that A/, C A, ie. A" NAY =(. Thus,

AnAS| =] @, nL,nAD) =1 | A, N InnAD)| <w

m<w m<n

which proves that AC" A,,. O

Note that with the argument for the last implication we get that ii), iii) and iv) are
equivalent to their restrictions to decreasing sequences. Now, using the same topology
on P(w) as introduced in section 5.2.2 Laflamme generalized the fourth property of the
above lemma to sequences of compact subsets of & with the following definition:

Definition. U is called a strong P-point iff for every sequence of compact subsets of U
(Kn | n < w) there is an interval partition (I, | n < w) of w such that for all choices

A, € K,, we have that {J, _ (A, N1,) €U.

nw

So the notion of a strong P-point claims that we can choose a common witness for the
fourth property of the previous lemma for sequences of compact subsets of . First, we
consider how this new definition relates to our other combinatorial notions of rapid filters
and P-points. Of course, a strong P-point is a P-point:

Lemma 6.2.1.2. IfU is a strong P-point, then U is a P-point.

Proof. Let (A, | n < w) be a sequence of sets from U. In the topology of P(w) the
singletons IC,, := {4, } C U are compact, so as U is a strong P-point we can choose an
interval partition (I, | n < w) of w such that | J, ., (A,N1I,) € U. By the previous lemma
U is a P-point. O

Lemma 6.2.1.3. IfU is a strong P-point, then U is not rapid.

Proof. For n < w we define

Kn:={ACw]||A% <n}
We claim that K, is compact, so let A € P(w) \ K,. Then we can choose s C A® such
that |s| =n + 1. But then A € O(0,s) C P(w) \ K.

Furthermore, as U is free we have that cofin(w) C U, so K, C U for every n < w. Now,
by assumption on U choose an interval partition (I,, | n < w) of w such that for all choices
A, € Ky, we have that (J,, (A, N 1,) € U.

Assume U is rapid. Then we can choose A € U such that for every n < w we have that
|ANI,| <n. Thus, we can define A, := (AN 1,)¢ € K,, so for every n < w we get

A,NI,=(ANL)° NI, =A°N1,
But then by choice of (I, | n < w) we get that
A= J@AnL) = |JAnnT) U

n<w n<w

which contradicts that A € U. O
Next, we want to prove that being a strong P-point transfers downwards in the Rudin-

Keisler order. For this we isolate a restricted characterization of strong P-points similar
to the one for P-points remarked above, which simplifies a few of the upcoming proofs:
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Lemma 6.2.1.4. The following are equivalent:
i) U is a strong P-point.

ii) For every increasing sequence of compact subsets (IC, | n < w) of U there is an
interval partition (I, | n < w) of w such that for all decreasing choices A, € K,
we have that J,,,(An N 1,) €U.

Proof. The non-trivial direction is ii) = i), so let (), | n < w) be sequence of compact

subsets of U. Following the notation of Lemma 5.2.2 we define an increasing sequence of

compact subsets of U by
= ( U K ) )

m<n

By assumption we can choose an interval partition (I, | n < w) of w such that for all

decreasing choices A, € C,, we have that J,,. (4, N 1,) €U.
Now, let B,, € K,, for every n < w. Then we can define decreasing choices A,, € C, by
= () Bn€Cn

m<n

By choice of (I, | n < w) we have that J
that A,, C B, so we get |

new(AnN1y) € U. But for every n < w we have
B, N1I,) €U as desired. O

n<w(

For the next lemma we also need the simple topological observation, which claims that
the preimage function of any real f is continuous.

Lemma 6.2.1.5. Let f be a real. Then f~!: P(w) — P(w) is continuous.

Proof. Let A € (f~1)71[O(s,t)]. We show that A € O(f[s], f[t]) C (f~1)7LO(s,1)]:
First, f~ [] O(s t)unphessCf 1Al and t C f~1A]%, so f[s] € f[f'[A]] € A and
fIt] C fIFYA]C] = fIfHAY)) € AC, so we have that A € O(f[s], f[t]).

Secondly, for B € O(f[s], f[t]) we have that f[s] C B and f[] C B®. Thus, we get
that s C f~f[s]] € f~'[B] and t C f'[f[t]] € f~YBC] = f~[B]%, i.e. we have that
f7YB] € O(s,t), which implies that O(f[s], f[t]) C (f~1)~ O ( t)]. O

Now, we can combine the previous two results to prove that strong P-points are preserved
downwards in the Rudin-Keisler order restricted to free ultrafilters:

Lemma 6.2.1.6. If U is a strong P-point and f € “w is not constant on any set in U,
then f(U) is a strong P-point.

Proof. We use Lemma 6.2.1.4, so let (K, | n < w) be an increasing sequence of compact
subsets of f(U). By the previous lemma f~!: P(w) — P(w) is continuous, so we get a
sequence (Cp, | n < w) of compact subsets of U, where C, := {f~1[A] | A € K,,}.

Now, choose an interval partition (I, | n < w) of w witnessing that U is a strong P-point.
Define a strictly increasing real h by

h(n) := max(f[I,] Urange(h [n)) + 1
and an interval partition (J,, | n < w) by

Jo := 1[0, h(0)) and for n > 1 Jp = [h(n — 1), h(n))
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Then by definition of J,, for every k € I, we have that f(k) < h(n), so f[In] € U,,<, Jn-
Finally, let A,, € K,, be decreasing choices. Then for every n < w we have f~1[A,] € C,,
so by choice of (I, | n < w) we have that

A= (AN I) el
n<w
But as f[A] € f(U), essentially applying f to this equation gives us the desired conclusion:
fIAIC | (Ann ) € F)
n<w

To see that this holds, let k € A. Then we can choose n < w such that k € f~1[A,] N I,.
By the previous observation choose m < n such that f(k) € J,. We also have that
f(k) € f[f~'An]] C A, C A, as the A,,’s are decreasing. Hence, f(k) € AN Jp. O

In particular, Lemma 6.2.1.2, Lemma 6.2.1.3 and Lemma 6.2.1.6 show that Laflamme’s
condition implies Canjar’s condition for Canjar ultrafilters:

Corollary 6.2.1.7. IfU is a strong P-point, then U is a P-point and does not have any
rapid predecessors in the Rudin-Keisler order. O

6.2.2 Proof of Laflamme’s condition

Finally, using the combinatorial characterization of Canjar filters from the previous sec-
tion we use Lemma 6.2.1.4 to simplify the proof of Blass, Hrusdk and Verner given in [4],
which shows that Laflamme’s condition is indeed a characterization of Canjar ultrafilters.
One should note that Laflamme already mentioned in [14] that his condition is necessary
and asked whether it was sufficient, but did not publish a proof of this result.

Theorem 6.2.2.1. The following are equivalent:
i) UY is a Pt-filter.
ii) U 1is a strong P-point.

Proof. First, assume that <% is a PT-filter, but not a strong P-point. Choose an

increasing sequence (IC, | n < w) of compact subsets of U according to Lemma 6.2.1.4

which witnesses the failure of this property. For n < w we define
Spi={s€w]|VAeK, sNnA#0D}

As (KC), | n < w) is increasing we have that (S, | n < w) is decreasing. We claim that for
every n < w we have that S, is U<“-positive, so let B € Y. Then

K. < |J ok}
keB

is an open covering of IC,,. Indeed, let A € I, C U. U is a filter, so we can choose
k € AN B, which shows that A € O({k}).

Now, K, is compact, so we can choose s € [B]<“ such that
Kn < |JO{k})
kes

But this shows that for every A € K,, we have that sN A # 0, so s € S, N [B]<* which
yields that S, is U<“-positive.
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By assumption on U<“ we can choose a U <“-positive pseudointersection of (S, | n < w).
Now, define a strictly increasing real h by
h(n) := max({max(s) | s € S\ S} Urange(h [n)) + 1

and an interval partition (I, | n < w) of w by

Iy :=10,h(1)) and for n > 1 I, :=[h(n),h(n+1))
By choice of (K, | n < w) we can choose 4,, € K,, decreasingly such that

A= JAunT) ¢U
n<w
To get a contradiction we show that A € U using Lemma 6.1.1, so fix s € S, then we
have to show that s N A # (). Define
no = max{n < w | sNI, #0}

Assume s ¢ S,,,. Then by definition of h we have that min(Z,,) = h(ng) > max(s), which
contradicts that s N I, # 0. Thus, s € S,,. We have that A,, € K, so by definition
of S, we have that s N A, # 0, so choose k € sN A,,. By choice of ng we have that
s C Um§n0 I, so choose m < ng such that k € I,,,. As the A,’s are decreasing we get
that k € A,, NI, so k € sN A.

Thus, we get A € U which is a contradiction.

For the other direction, assume U is a strong P-point and let (S, | n < w) be a decreasing
sequence of U<“-positive sets. Lemma 6.1.1 suggests the following definition of a sequence
(Kp | n < w) of compact subsets of U:

Kn:={A|VseS, sNA#0D}
Indeed, K, is compact, for if B € P(w) \ K,, we can choose s € S,, such that s N B = ().
But then s C B, so B € O(0),s5) C P(w) \ K.

By assumption on U we can choose an interval partition (I, | n < w) of w such that for
all choices A, € KC;, we have that (J,, ., (A, N 1,) € U. Now, define

S:= | (SnnP(In))

Every P(1,,) is finite and (S, | n < w) is decreasing, so S is a pseudointersection, i.e.
for every n < w we have that S C"S,. It remains to show that S is U <“-positive, so let
A € U. We have to show that S N[A]<¥ # (), so assume that for all n < w we have that

S, N P(I) N [A]< = 0

We construct choices of K,, by A, := (AN1,)¢. Then we have that A NI, = A, N I,.
To see that A, € K, let s € S,,. If s ¢ P(I,,) we can choose k € s NI and if s € P(I,,)
by assumption s ¢ [A]<“, so we can choose k € s N A®. In both cases k witnesses that
we have s N A, # 0.

Finally, note that by choice of the interval partition (I,, | n < w) we get that
A= J@AnL) = |JAanT) U

n<w n<w

which contradicts that A € U. O
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6.3 A consistent counterexample to Canjar’s condition

In our final section, we complete our study of Canjar ultrafilters by proving that Can-
jar’s condition is consistently not a sufficient condition for Canjar ultrafilters. We will
establish this result following the second part of Blass, Verner and Hrusdk in [4] by con-
structing an ultrafilter satisfying Canjar’s condition but not Laflamme’s condition under
the assumption of MA (countable), i.e. Martins Axiom for countable partial orders. With
the result from the previous section this proves that such an ultrafilter is not Canjar. As
is proven in [2] the assumption MA (countable) is equivalent to cov(M) = c.

6.3.1 Summable Ideals and rapid ultrafilters

For the construction in the last subsection we will introduce the notion of summable
ideals and use them to prove an alternative characterization of rapid ultrafilters first
observed by Vojtas in [17].

Definition. Let g : w — RZ0 be a function. Then we call

Ig::{A§w|Zg(n)<oo}

neA

the summable ideal associated to g. If for an ideal T on w there is a g : w — RZ0 such
that T =1,, then we call T a summable ideal.

Remark. Note that 7, need not be a proper ideal as 7, = P(w) iff >, . g(n) < occ.

Lemma 6.3.1.1. Let g : w — R0 be a function. Then 1, is an free ideal on w.

Proof. First, note that if A, B € 7, , then

S g < 3 gn) + 3 gln) < o

ncAUB neA neB
so AU B € Z,. Furthermore, if A C B € Z,, then

S g < 3 gn) <

neA neB
so A € Z,. Finally, for every A € [w]<* clearly we have that ), g(n) < oco. O]

Thus, our definition of summable ideals is well-defined. Next, we prove that tall summable
ideals are exactly those summable ideals whose generating function g converges to 0:

Definition. An ideal Z on w is tall iff for all B € [w]* there is an A € T with |ANB| = w.

Lemma 6.3.1.2. Let g : w — R20 be a function. Then I is tall iff lim, o g(n) = 0.

Proof. Assume 7, is tall and let e > 0. We have to show that
B:={n<w]|g(n)>e}

is finite. Assume that B is infinite. As Z, is tall we can take A € Z, such that AN B is
infinite. But then we get a contradiction as

ZQ(H)Z Z g(n) > Z € =00

neA neANB neANB
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Conversely, assume that lim,_,o g(n) = 0 and let B € [w]*. Then we can recursively

choose a strictly increasing sequence a,, € B such that g(a,) < 27", because B is infinite
and for every n < w the set

{a <wlgla) <277}

is cofinite as lim,_,o g(n) = 0. Now, set A := {a,, | n <w}. Then AN B = A is infinite
and we have that A € Z, as

Sogm) =Y gla) <Y 2" =2<00

neA n<w n<w O

Now, following Vojt4s result in [17] we can prove the following equivalent characterization
of rapid filters in terms of summable ideals:

Theorem 6.3.1.3. An ultrafilter U is rapid iff it intersects every tall summable ideal.

Proof. First, assume that U/ is rapid. Using the previous lemma we have to consider a
function g : w — R0 with lim, .~ g(n) = 0 and show that &/ N Z, is non-empty. Define
areal f € Yw by

f(n) :=min{k <w |[VI>Fkg(l) <27"}
As g tends to 0 this is well-defined. Now, by assumption on U choose A € U such that

f < enum(A), i.e. by definition of f for all n < w we have that g(enum(A)(n)) < 27"
Thus, we get that A € U NI, as

Y gm) =" glenm(A)(n) < Y 27 =2 < o

neA n<w n<w

Conversely, assume that U intersects every tall summable ideal and let f € “w be a
strictly increasing real. Define a function g : w — RZ0 by

)= {1 k€ [0, £(0)]
A % ke (f(n—1), f(n)] for some n > 1
log(n+1)

Note that lim, o g(n) = 0 as lim, 0 o1~ = 0. Thus, by the previous lemma 7,
is a tall summable ideal and by assumption we can choose A € U NZ,; and claim that
< enum(A), proving that ¢/ is rapid.

Indeed, assume the contrary. Then we have that

> g(n) =" glenum(4)(n)) > lim log(n +1) = oc

neA n<w
contradicting that A € Z,.

To see that the inequality holds, let n < w. By assumption we can choose N > n, 3 such
that f(N) > enum(A)(N). But this means that we can pick {ao,...,an} € [0, f(IN)]NA.
Note that N > 3 implies monotonicity of g, i.e. that g(k) > g(f(IV)) for all £ < f(N), so

by definition of g we get for every a; that g(a;) > g(f(N)) = % which shows that

N
log(N +1)
7;ug(enum(fl)(n)) > gg(ai) > (N + 1)N7+1 =log(N +1) -
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6.3.2 Construction of the counterexample

At last, we consider the construction of an ultrafilter which is not a strong P-point, but
a P-point, which does not have rapid Rudin-Keisler predecessors under the assumption
of MA(countable) given by Blass, Verner and Hrusdk in [4], where MA(countable) is
the assumption of Martin’s Axiom for all countable partial orders. This will settle the
question whether Canjar’s condition is consistently weaker as Laflamme’s condition.

Before we dive into the construction, we give an overview of the construction, fix some
definitions and prove four extension lemmata which are the crucial ingredients needed
for our construction.

Theorem 6.3.2.1. Under MA(countable) there is an ultrafilter U which is not a strong
P-point, but a P-point which does not have rapid predecessors in the Rudin-Keisler order.

Proof sketch. The basic structure of the construction is to iteratively build an increasing
chain of filters (F, | a < ¢), such that their union U is our desired ultrafilter. For that
in successor steps, we will use MA (countable) to find subsets A C w, which when added
to our chain, will witness that

1. ...we added enough sets to U, such that & will be an ultrafilter.

2. ...we Kkilled a potential witness for strong P-pointedness.
3. ...we added a pseudointersection for some instance of P-pointedness.
4. ...we killed a potential witness for a rapid Rudin-Keisler predecessor.

For this, we introduce the following measure on w by

pA) =3

neA

Clearly, this is a countably additive measure on w, which satisfies that p(w) = oo as
this yields the harmonic series. One of the main ideas is to restrict our construction to
p-infinite filters, i.e. filters F such that for all A € F we have that p(A) = oco. In this
case we can use the following characterization, for when a generated filter is p-infinite:

If we have a p-infinite filter F and a subset A C w, then the filter generated by F U {A}
is p-infinite iff for every B € F we have that u(A N B) = co.

Furthermore, we will construct the witnesses for 2. with respect to the sequence of com-
pact subsets (Cy, | n < w) of P(w) defined by

Cni={ACw|pu(A% <n+1}

i.e. of all subsets of w whose complement has small measure with respect to p. Clearly
this defines a compact subset of P(w), for if A € P(w) \ Cy,, then pu(A®) > n + 1. Thus,
we can take a finite s C A such that u(s) > n+ 1. But then A € O(0, s) C P(w) \ Cy,
because for every B € O(0), s) we have that u(BY) > u(s) > n + 1.

Finally, in 4. we only have to consider Rudin-Blass instead of Rudin-Keisler predecessors
of U, because by 1. and 3. our final filter ¢ will be a P-point, for which the following
lemma states that all Rudin-Keisler predecessors will be Rudin-Blass predecessors:

Lemma 6.3.2.2. Let V <gxU and U be a P-point. Then V <gpU.

Proof. Let f € “w be a real witnessing that f(U/) = V. By Lemma 3.2 choose A € U
such that f [ A is finite-to-one. Then V <gpg U by Lemma 2.2.2. O
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The first extension lemma already follows from the measure properties of 1 and does not
need the assumption of MA (countable):

Lemma 6.3.2.3. Let F be a p-infinite filter and A C w. Then we have that either
FU{A} or FU{A®Y generates a p-infinite filter.

Proof. Assume that there is a B € F such that u(AN B) < co. As u(B) = oo we have
that u(A° N B) = co. Now, let C € F. Then uy(ANBNC) < u(ANB) < co. But
BNC € F,so u(BNC) = oo implies that u(A° N BN C) = co. Thus, we get that
(AN BNC) < pu(A° NC) = oo, so FU{AY} generates a p-infinite filter.

Otherwise, we have that u(AN B) = oo for all B € F, so F U {A} generates a p-infinite
filter. O

For the other three extension lemmata we will use MA (countable) to prove the existence
of a subset of w with desirable properties. The second extension lemma proves that we
can kill a possible witness to strong P-pointedness:

Lemma 6.3.2.4. Let F be a p-infinite filter with x(F) < ¢ and (I, | n < w) an interval
partition of w. Then there is an A C w and choices A, € Cy, such that F U{A} generates
a p-infinite filter and AN, ., (An N 1,) = 0.
Proof. Define a countable forcing notion by

Pi={sew|Vn<wu(sNnl,) <n+1}
ordered by reversed inclusion. As x(F) < ¢ we can choose a basis B of F with |B| < c.
Now, for every B € B and k < w the set

D ={secP|u(snB)>k}

is dense. Indeed, let s € P, and define N := max({n < w | sN I, # 0} U {k}). Now,
pu(B) = oo as F is p-infinite, so we can choose a finite ¢ C B \ (max(Iy) + 1) such that
pu(t) € [k, k+1]. But then sUt < s is as desired as u((sUt)NB) > u(t) > k, so sUt € DE,.
Note that sUt € P, because for all n < w we have u((sUt)NI,) < n+1since for n < N

we get that
u((sut)yNly,) =u(snl,) <n+1

whereas for n > N > k we have that
(U N L) = p(tN L) < p(t) <k +1<n+1

By MA (countable) there is a generic G for these less than ¢ many dense sets. We claim
that A :=(JG is as desired. Indeed, for every k < w and B € B there is a s € D% N G.
Hence, we have that

w(ANB) > u(sNB) >k

ie. w(ANB) =o00,s0 FU{A} generates a p-infinite filter. Furthermore, if we define

Ap = (ANT1,)°
we have that A, € C,, because G is directed, so we can use continuity of y to prove
p(ANIy) UGHI U(sﬂ[n)):supu(sﬁln)gn—l—l
s seG

Finally, we have that
AnJManL)=An A N1,) =0

n<w n<w D
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The third extension lemma proves that we can add a pseudointersection for a sequence
of sets from our filter, such that P-pointedness is satisfied for this instance:

Lemma 6.3.2.5. Let F be a p-infinite filter with x(F) < ¢ and (A, | n < w) a sequence
of sets from F. Then there is an A C w such that F U {A} generates a p-infinite filter
and A is a pseudointersection of (Ap | n < w).

Proof. Define a countable forcing notion by
P:={(s,1)]s,I € [w]~“}
and the ordering of (s, I),(t,J) € P by
(t,J) < (s,I) <= sCt,IC Jandt\sC ﬂAn
nel

Again, as x(F) < ¢ we can choose a basis B of F with |B| < ¢. Now, for every B € B
and k < w the set
D= {(s,1) € P| u(sN B) > k}

is dense. Indeed, let (s,I) € P, then BN (), ,c; An € F, 50 (BN ),c; An) = 00 as F is
p-infinite. Hence, we can choose a finite t € B N (), o; A, such that p(t) > k. But then
we have that (sUt,I) < (s,1) and (sUt,I) € D% as

w((sUt) N B) > plt) > k
Furthermore, for every n < w the set

D, :={(s,I) eP|nel}
is clearly dense. By MA (countable) there is a generic G for these less than ¢ many dense

sets. We claim that A := (J{s | 3T € [w]<¥ (s,I) € G} is as desired. Indeed, for every
k <w and B € B there is a (s,I) € D% N G. Hence,

w(ANB) > u(sNB) >k

ie. w(ANB) =00, so FU{A} generates a p-infinite filter. It is left to show that A is
a pseudointersection of (A,, | n < w), so let n < w. Then there is a (s,I) € D, NG, i.e.
n € I. Thus, we have that A\ A, C s, because for every k € A\ s we can choose some
(t,J) € G with (t,J) < (s,I) and k € t. But then by definition of the extension relation
and n € I we get that k € A,,. O

The fourth extension lemma proves that we can kill a possible witness for a rapid Rudin-
Blass predecessor:

Lemma 6.3.2.6. Let F be a p-infinite filter with x(F) < ¢ and f a finite-to-one real.
Then there is an A C w and a function g : w — RZ% with lim, o g(n) = 0 such that
FU{A} generates a p-infinite filter and for all B € I, we have that u(AN f~[B]) < cc.

Proof. For n < w we define b, := f~'[{n}] € [w]<¥ and for s € [wW]<* we define
N(s) :=max{n <w|sNby #0}
Furthermore, we define a countable forcing notion by
P:={(s,p) | s € [w]~,p € Q}
and the ordering of (s, p), (t,q) € P by
(t,q) < (s,p) <= sCt,q<pVn < N(s)tNb,=sNb,
and Vn > N(s) p(tNb,) <p
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i.e. s and t agree on the first N(s) b,’s and on every other b, the elements added have
small measure. Again, as x(F) < ¢ we can choose a basis B of F with |B| < ¢. Now, for
every B € B and k < w the set

Dk = {(s.p) € | u(s "\ B) > k}

is dense. Indeed, if (s,p) € P, then let N > N(s) be big enough such that for all n
we have that p({min(b,)}) = mm(b j < p. Note that this implies that if p(b, N B) > &
then we can choose ¢t C b, N B such that u(t) € [5,p]. Let I :== {n> N | u(b,NB) > §},
then we have to consider the following two cases:

>N
>

First, if I is infinite, then let Iy be the first p elements of I and for each n € Iy choose
some t, C b, N B with u(t,) € [5,p]. Now, set t := Uner, tns then (sUt,p) < (s,p),
because by construction of ¢ we have for every n > N(s) that

u(ty) ifn el
. <p
0 otherwise

p((sUt) Nbn) = p(t Nbn) = {

Furthermore, we have that (s Ut,p) € D% as

2k p
(Ut B) > u(t) = p( | ) = 3 puta) > H Py
D 2
nelp n€lp

Otherwise, assume that I is finite. Then (|, c; x5 (0n N B)) < 00, but u(B) = oo, so we
have that 1(U,,¢ o n(bn N B)) = co. But this means that there is a finite Jo C (I U N)©
such that u(U,e s, (bn N B)) > k. Now, set t := J,c s, (bn N B), then (s Ut,p) < (s,p),
because by definition of I we have for every n > N(s) that

if y/
une 0}<p

— <
otherwise| — 2 — b

(s UL) N bn) = p(t N by) = {g(bn N B) :

Furthermore, we have that (sUt,p) € D% as
W((sUt) N B) > () = u( | (a1 B) = k

neJo
Also, note that for every r € Q the set D, := {(s,p) € P | p < r} is clearly dense. By
MA (countable) there is a generic G for these less than ¢ many dense sets. We claim that
A:={s|Ip € Q (s,p) € G} is as desired. Indeed, for every k < w and B € B there is
a (s,p) € D% N G. Hence,
w(ANB) > u(sNB) >k

ie. w(ANB) = o0, so F U{A} generates a p-infinite filter. Furthermore, if we define a
function g : w — R=Y by g(n) := u(ANb,), then we have that lim,,_,, g(n) = 0.

Indeed, if > 0, then there is a (s,p) € D, NG, i.e. p <r. But then for every n > N(s)
we can choose some (t,q) € G with (¢,q) < (s,p) and N(¢) > n. By definition of the
extension relation we get that A Nb, =t Nb,. Hence,

g(n) = p(ANby) =p(tNb,) <p<r
Finally, let B € Z,. Then we have that

AN FHBY) = pAn | {0} = u(| (Anbn))
neB neB
= Zu(Aﬁbn) = Zg(n) < o0
neB neB O
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Finally, we can use these extension lemmata to iteratively construct an ultrafilter satis-
fying our desired properties:

Proof of Theorem 6.3.2.1. We have to enumerate all of the following objects for our con-
struction:
1) Choose an enumeration (4, | a < ¢) of P(w).
2) Choose an enumeration ((I% | n < w) | a < ¢) of all interval partitions of w.
3) Choose an enumeration ((A% | n < w) | @ < ¢) of all countable sequences of
subsets of w, where each sequence appears cofinally often.
4) Choose an enumeration (f, | a < ¢) of all finite-to-one reals.

Now, we iteratively construct an increasing chain of p-infinite filters (F, | o < ¢) such
that the following conditions hold for all « < ¢:

i) X(Fa) < la+wl.
) Either A, € Foy1 or AS € Forr.
iii) There are A € Fo41 and choices A, € Cy, such that AN, (A, NIT) = 0.
) If (A% | n < w) is a sequence of sets from F, then there is a pseudointersection
A € Foqq for (AS | n < w).
v) There is a function g : w — RZ0 with lim,, .o g(n) = 0 and an A € F, 1 such
that for all B € Z, we have that u(A N f;1[B]) < oc.

If we succeed with such a construction then the p-infinite filter U = |J, . Fa is as
desired. Indeed, ii) implies that U is an ultrafilter. Together with p-infiniteness of I this
implies that &/ contains all y-cofinite sets, i.e. all A C w such that u(A%) < oc.

We have that U/ is not a strong P-point, because the C,, are subsets of i/ as U contains
all u-cofinite sets. Now, every interval partition of w occurs in 2. as some (I | n < w),
so iii) gives us an A € U and choices A,, € C,, such that AN A, NI,) =0 which
implies that | A,NI,) ¢ U.

Furthermore, U is a P-point for if (4,, | n < w) is a sequence of sets from U, then by
Konig’s theorem this sequence occurs in 3. as some (AS | n < w), so by iv) there is a
pseudointersection of (A | n < w) in U.

( n<w(
n<w

Finally, U does not have rapid Rudin-Keisler predecessors, for if V <gx U, then we get
from Lemma 6.3.2.2 that V <gpU. Let f be a finite-to-one real such that f(U) =V, so f
occurs in 3. as some f,. Now, by v) choose a function g : w — R2? with lim,, . g(n) = 0
and an A € U such that for all B € Z, we have that u(AnN f;[B]) < .

We show that Z,NV = 0), so let B € Z,. Then u(AN f;'[B]) < oo, so (AN f31[B)¢ eU
as U contains all p-cofinite sets. But then AN (AN f71[B])¢ = An f7'[B]¢ € U, which
implies that B ¢ f,(U) = V. Thus, by Theorem 6.3.1.3 we get that ) is not rapid.

Now, for the construction we start with Fy := cofin(w) which clearly satisfies x(Fp) = w
and is p-infinite. At limit a’s we take the union of our current chain of p-infinite filters
to obtain a p-infinite filter which satisfies i).

Finally, for the successor case assume that we have defined a u-infinite filter F,. Then
we apply Lemma 6.3.2.3, Lemma 6.3.2.4, Lemma 6.3.2.5 and then Lemma 6.3.2.6 after
one another to F, to obtain a filter F,41 with x(Fa+1) = x(Fa) and which contains
witnesses for properties ii), iii), iv) and v) for the current «, respectively. O
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