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Abstract

Model checking verifies whether a given model of a system ensures
a specification. In reactive synthesis the input is a specification and the
goal is to construct a correct reactive system.

We consider a variety of models: (state-transition) graphs where ver-
tices represent the states of a system and edges are the transitions from
one state to the next. Markov Decision Processes (MDPs) extend graphs
to model probabilistic systems, e.g. randomized protocols. Game graphs
extend graphs to model interactions with the environment and are a
central tool for reactive synthesis.

Objectives are sets of traces in the model and represent the specifi-
cation. The class of w-regular objectives expresses all commonly used
functional specifications for reactive systems in model checking and
synthesis. Examples for w-regular objectives we consider are reachabil-
ity objectives, Biichi objectives, bounded Biichi objectives, Streett objec-
tives and parity objectives. To model functional and efficient reactive
systems we use the combination of quantitative (mean-payoff) objec-
tives and w-regular objectives. For the verification of MDPs with w-
regular objectives, we consider computing the maximal end-component
(MEC) decomposition of MDPs.

The goal of the thesis is to leverage fast graph algorithms and mod-
ern algorithmic techniques for problems in model checking and syn-
thesis on graphs, MDPs, and game graphs. The results include symbolic
algorithms, a well-known class of algorithms in model checking that
trades limited access to the input model for an efficient representation.
In particular, we present the following results:

« Algorithms for game graphs with mean-payoff Biichi objectives
and mean-payoff coBiichi objectives which match one of the best
running time bounds for mean-payoff objectives.

+ A near-linear time randomized algorithm for Streett objectives in
graphs and MDPs.

+ A sub-cubic time algorithm for bounded Biichi objectives in graphs
and a cubic time algorithm for game graphs.

« Conditional lower bounds for queries of reachability objectives in
game graphs and MDPs. Linear and near-linear time algorithms
for sequential reachability objectives in graphs and MDPs respec-
tively.

« The first quasi-polynomial time symbolic algorithm for parity ob-
jectives in game graphs.

« We break a long-standing running time bound for MEC decompo-
sition from the ’90s by providing a sub-quadratic time symbolic
algorithm.
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Zusammenfassung

Ein Modellpriifer kontrolliert ob ein gegebenes Modell eines Sys-
tems eine Anforderung erfillt. In der reaktiven Synthese ist die Einga-
be eine Anforderung und das Ziel ist ein korrektes reaktives System
zu erzeugen. Wir betrachten folgende Modelle: (Zustand-Transition)
Graphen wo Knoten die Zustinde des Systems darstellen und Kan-
ten die Transitionen von einem Zustand zum Nichsten sind. Markow-
Entscheidungsprozesse (MEPs) erweitern Graphen um probabilistische
Systeme modellieren zu konnen, z.B. randomisierte Protokolle. Spiel-
graphen erweitern Graphen um Interaktionen mit der Umwelt zu mo-
dellieren und sind ein zentrales Werkzeug fiir die reaktive Synthese.

Zielvorgaben sind Mengen von Abldufen in einem Modell und re-
prasentieren die Anforderungen. Die Klasse der w-reguldiren Zielvorga-
ben driickt alle tiblichen funktionalen Anforderungen fiir reaktive Sys-
teme in der Modellpriifung und in der Synthese aus. Beispiele fiir -
reguldre Zielvorgaben die wir betrachten sind Erreichbarkeits-, Biichi-
, eingeschrdnkte Biichi-, Streett- und Paritdts-Zielvorgaben. Um funk-
tionale und effiziente reaktive Systeme zu modellieren benutzen wir
die Kombination von quantitativen (Mittelwert-) Zielvorgaben und w-
reguldren Zielvorgaben. Fiir die Priifung von MEPs mit w-reguldren
Zielvorgaben betrachten wir die Berechnung von der maximalen Schluss-
Komponenten (MSK) Dekomposition eines MEPs.

Das Ziel der Arbeit ist es schnelle Graphalgorithmen und moderne
algorithmische Techniken fiir Probleme in der Modellpriifung und Syn-
these in Graphen, MEPs und Spielgraphen wirksam einzusetzen. Unter
den Resultate sind auch symbolische Algorithmen, eine bekannte Klas-
se von Algorithmen in der Modellpriifung die einen begrenzten Zugang
zum Eingabemodell fiir eine effiziente Reprisentation eintauschen. Wir
stellen folgende Ergebnisse vor:

« Algorithmen fiir Spielgraphen mit Mittelwert-Biichi-Zielvorgaben
und Mittelwert-coBiichi-Zielvorgaben die einem der schnellsten
Algorithmen fiir Mittelwert-Zielvorgaben in der Laufzeit gleich-
ziehen.

+ Ein randomisierter Algorithmus fiir Streett-Zielvorgaben in Gra-
phen und MEPs in fast linearer Laufzeit.

« Ein Algorithmus fiir eingeschrankte Biichi Zielvorgaben in sub-
kubischer Laufzeit fiir Graphen und kubischer Laufzeit in Spiel-
graphen.

+ Konditionale untere Schranken fiir Anfragen von Erreichbarkeits-
Zielvorgaben in Spielgraphen und MEPs. Algorithmen fiir sequen-
zielle Erreichbarkeits-Zielvorgaben in Graphen und MEPs in je-
weils linearer Zeit und fast linearer Zeit.
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« Der erste symbolische Algorithmus fiir Paritéts-Zielvorgaben in
quasi-polynomieller Zeit.

« Wir durchbrechen eine langstehende Laufzeitschranke fiir die MSK
Dekomposition von den 90er-Jahren indem wir einen symboli-
schen Algorithmus in sub-quadratischer Laufzeit prasentieren.
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CHAPTER

Introduction

In the last decades, computer systems enriched the world in many aspects: Trans-
portation (e.g. self-driving cars), entertainment (e.g. decades of online video con-
tent) and production (e.g. enterprise resource planning) are just a few examples.
Because humans create most of the aforementioned systems, coding mistakes and
conceptual errors are frequent and hard to avoid. Overlooked side cases, misspelled
variable names and uninitialized pointers are part and parcel of the systems pro-
duced nowadays. Especially in safety-critical environments, bugs have detrimental
outcomes. For example, in 1996 the launch of the Ariane 5 rocket failed because
its navigation system tried to convert a 64-bit number to a 16-bit number without
checking if 16 bits are sufficient to hold the value [29]. Other examples of simi-
lar disasters include bugs in medical equipment, electric power transmission, and
automated trading systems which cost human lives and millions of dollars [215].

In practice, computer scientists usually write tests to avoid errors. A test suc-
ceeds if the input matches the expected output. On the upside, tests are efficient
and easy to write. On the downside, tests cannot, in general, certify the correctness
of a system. In particular, bugs in a concurrent system are notoriously hard to find
with tests: In one instance, a test of a concurrent system may pass but, on the next
instance, the same test may fail due to concurrency issues. In contrast to the testing
paradigm, the field of computer-aided verification proves that a system is correct.

Due to the undecidability of the Halting Problem [101, 220] and Rice’s Theo-
rem [199], we know that certifying if a given arbitrary system has a property is
undecidable. Even when we accept these harsh limitations and shift the focus to
systems with finitely many states where the verification of properties becomes de-
cidable, many questions in computer-aided verification are immensely difficult to
resolve due to results in complexity theory.

Despite these sobering general results, Clarke, Emerson, Sifakis and others in-
vented a practical approach to tackle the challenges in computer-aided verification
called “model checking” [106, 109, 194, 196]. Given a system and a system specifi-
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cation the “model checking workflow” is as follows: First, we compile the system
into a finite state-transition graph (modeling) and translate the system specification
into properties of the model. The model checker takes the state-transition graph and
the properties as input. The output is either (a) that the given state-transition graph
fulfills the desired properties, i.e., the system ensures the system specification or (b)
that there is a counterexample of one of the properties because, e.g., the system has
a bug or the model does not sufficiently represent the system.

In what follows, we consider reactive systems, i.e., systems that continuously
interact with the environment (other parallel processes, user input, etc.). A state of
a reactive system consists of the variable valuations at a point in time. An example
of a rudimentary reactive system is a semaphore, a reactive system that makes sure
that only one out of many parallel processes enters a critical section at each point in
time. For reactive systems terminal states are undesirable (e.g., the semaphore is in a
deadlock) and, thus, every state has a successor state. More sophisticated examples
for reactive systems are, for example, an aircraft or a flight-control systems.

Models. The standard model is a (state-transition) graph where a vertex represents a
state of the reactive system. The edges of the graph represent transitions between
states, e.g., when a variable is incremented. A play is an infinite path starting at an
initial vertex in the graph which represents the initial state of the reactive system.
A play represents a run of the reactive system. While many reactive systems can
be modeled using state-transition graphs, there are cases where graphs are not able
to express the desired properties of a reactive system: For example, if the state tran-
sition depends on the action of an adversarial actor or an uncertain environment.
When a reactive system interacts with an adversarial environment (e.g., user input),
game graphs extend the notion of graphs [2, 119]. Another prominent use-case for
game graphs is Synthesizing [36, 49]: Synthesizing is the ambitious approach to
build a reactive system from scratch given a specification [53, 100]. The process of
synthesizing is a turn-based game where the environment controls possible inputs
for the system and the system controls the output [110]. If a state transition depends
on a given probability distribution or non-deterministic behavior, Markov Decision
Processes (MDPs) extend graphs [113, 221]. Model Checking in MDPs is a key com-
ponent in establishing the correctness of randomized distributed algorithms [169],
studying biological processes [137], analyzing security protocols [189], optimizing
power management [188] and many more [23, 25, 26, 65].

Games Graphs. In game graphs, there are two players. Player 1 represents the
choices of the system and player 2 represents the environment. Player-1 vertices
and player-2 vertices partition the vertices in the graph. At the beginning of a play,
a token is placed on the vertex which represents the initial state. When the token is
on a player-1 vertex, player 1 moves the token along one of its outgoing edges and
the system goes to the next state. When the token is on a player-2 vertex, player 2
(the environment) moves the token along one of the outgoing edges.

Markov Decision Processes (MDPs). When the system interacts with a non-deterministic
or an uncertain component we model it with MDPs. That is, vertices are partitioned



into player-1 vertices and random vertices. Again, at the start of a play, we place a
token on the initial state. For player-1 vertices, the system has the choice to go to
the next state along its outgoing edges. When the token is on a random vertex, a
probability distribution determines the next vertex along one of its outgoing edges.
For the problems we consider in MDPs, we can assume without loss of generality
that the probability distribution is uniform.

Specification. The system specification defines the desired properties of a model
and is input in both model checking and reactive synthesis. An example of such
a property is the safety property where a system must not reach a set of undesired
states. Objectives define the desired properties of a reactive system as a set of plays.
Qualitative objectives, such as w-regular objectives describe the functional behavior
of a reactive system. Throughout, we consider mostly w-regular objectives which
are canonical because they express most functional requirements for model check-
ing and synthesis [181, 193]. Quantitative objectives describe desired behavior for
the performance or resource consumption of a reactive system [68] and are often
combined with qualitative objectives [37, 83]. We consider the following objectives:

Reachability and Safety objectives. Given a set of “good vertices”, a reachability objec-
tive is defined by the set of plays, which include a good vertex. Dually, given a set
of “safe vertices”, a safety objective is the set of plays, which visit only safe vertices.

Sequential Reachability objectives. Given k sets of vertices, the sequential reachability
objective is the set of plays that visit at some point in time a vertex in the first set,
then, later on, a vertex in the second set and so on until the play visits a vertex in
the kth set of vertices.

Biichi and coBiichi objectives. Given a set of “Biichi vertices”, Biichi objectives are
the set of plays which visit a Biichi vertex infinitely often. Dually, given a set of
“coBichi vertices”, coBiichi objectives describe the set of plays which visits only the
coBiichi vertices infinitely often.

Bounded Biichi and bounded coBiichi objectives. Bounded Biichi objectives and bounded
coBiichi objectives extend the Biichi and coBiichi objectives: Given an integer d and
a set of Biichi vertices a play in the bounded Biichi objective includes a Biichi vertex
every at most d steps after finitely many steps. Dually, the bounded coBiichi objec-
tives contains a play if it visits d coBiichi vertices consecutively infinitely often.

Parity objectives. For the parity objective, every vertex in the model has an integer
priority. The parity objective includes plays where the vertex with minimum prior-
ity visited infinitely often is even.

Streett objectives. Streett objectives have a set of requests and corresponding grants.
Each request and corresponding grant is a set of vertices in the model. Streett ob-
jectives include a play if it reaches for every request occurring infinitely often the
corresponding grant infinitely often.

Mean-Payoff objectives. Mean-Payoff objectives are quantitative objectives where
every edge in the model has an associated reward. The payoff of a play is the limit
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of the long-run average of the rewards in the play. Mean-payoff objectives have a
threshold and include a play if the payoff is above the threshold.

Mean-Payoff Parity objectives. Mean-payoff parity objectives combine mean-payoft
objectives and parity objectives: A play is in the mean-payoff parity objective if it
is in the parity objective and the mean-payoff objective.

Algorithmic Questions. We perform an algorithmic study of the following two ques-
tions:

« Given a model, an objective, and an initial vertex in the model we compute
whether player 1 can “force” a play in the objective (despite the non-determinism
in an MDP or the adversarial choices of player 2 in a game graph). We say that
the play ensures the objective and that the vertex is winning for player 1. A
natural extension of this question is to compute all vertices for which player 1
can ensure the given objective in the model, i.e., the winning set.

+ Given an MDP, we compute the maximal end-component (MEC) decomposition
of an MDP. Intuitively, a MEC describes a maximal (under set inclusion) set of
vertices in the MDP for which player 1 can from any vertex in the MEC “force”
to reach every other vertex in the MEC despite the probabilistic elements
of the model, i.e., it generalizes strongly connected components in graphs.
Computing the MECs of an MDP is a key component for computing winning
sets of w-regular objectives [8, 69].

Symbolic Algorithms and the state explosion problem. A state of a reactive system
consists of a valuation for each variable at a point in time. Note that this causes
huge numbers of vertices in the induced model because the number of states grow
exponentially with the number variables, e.g., for a bit array with 20 entries and
two variables with values in {0, ...,9} we have at least 2%° . 107 states. This huge
induced model is a major drawback in model-checking because the model might not
fit into the main memory. To tackle this problem, a successful approach is to express
the sets of states and transition relations implicitly instead of explicitly in terms of
BDDs [24, 51, 52, 56]. We consider a theoretical model for algorithms that works
for this implicit representation without considering specifics of the representation
called symbolic model of computation [74, 79, 94, 131, 153]. A symbolic algorithm
can use the same operations as a regular RAM algorithm, except for the access to
model: To access the input graph a symbolic algorithm must use the following two
types of symbolic operations:

1. One-step operations Pre(-) and Post(-). Given a set of vertices X, the prede-
cessor operation Pre(X) returns the set of vertices with an edge to a vertex
in X. Similarly, the successor operation Post(X) returns the set of vertices
with an edge from some vertex in X.

2. Basic set operations. Basic set operations have as input one or two sets of
vertices or edges and perform, for example, the union, intersection, and com-
plement on the set(s).

In the symbolic model, running time is defined as the number of symbolic operations.
The symbolic model defines one unit of space as one set (not the size of the set) due
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to the implicit representation as BDD. Symbolic space is the number of sets stored
simultaneously at any point of the algorithm.

Modern Graph Algorithms. We leverage the power of modern graph algorithms to
obtain faster algorithms for the algorithmic questions. We also provide negative
results called “conditional lower bounds”, i.e., we show that an improvement in run-
ning time for the algorithmic questions implies an algorithm that breaks a long-
standing running time barrier for well-studied problems like SAT. We describe
three algorithmic concepts which contributed to the results over the algorithmic
questions:

Dynamic Graph Algorithms. A dynamic graph algorithm, in contrast to a static algo-
rithm, maintains a property of a graph, e.g. strongly connected components (SCCs),
while edges of a graph are removed and added. The most naive dynamic graph algo-
rithm computes the property from scratch every time an edge is removed or added.
Finding fast dynamic algorithms is an exciting mathematical challenge because they
are relevant in practice [135] and can be used as subroutines in static algorithms,
for example, when vertices are repeatedly deleted in a static algorithm.

Hierarchical Graph Decomposition. The hierarchical graph decomposition is a tech-
nique originally introduced for dynamic graph algorithms [139] but a breakthrough
result showed that a similar technique can be used to obtain faster algorithms for
computing winning sets in game graphs with Biichi objectives [91] and other prob-
lems [81, 140] where we repeatedly remove sets of vertices. Given a model with
n vertices, the technique consists of iteratively constructing logn subgraphs with
only O(2") (1 < i < logn) edges for each vertex of the original graph (the vertices
remain unmodified in the subgraphs). The subgraph G; is defined by the edges in it-
eration i. The goal is to find a set of vertices that fulfills a given desired property and
to show that the size of this set is proportional to the number of edges in G;. We
save running time by repeatedly looking at subgraphs of the original graph with
a smaller amount of edges to find vertices with the desired property and making
sufficient progress by removing at least O(2') vertices from the graph.

Conditional Lower Bounds. Similar to reductions from an NP-hard problem, condi-
tional lower bounds give running time guarantees conditioned on the fact that there
is no significant improvement in running time over decades for certain well-studied
problems [222]. Examples for the “well-studied” problems include all-pair shortest
paths in graphs, 3-SUM and CNF-SAT. In particular, if we have a conditional lower
bound for an algorithmic question, we obtain better algorithms for a long-standing
well-studied problem if there is a substantial improvement in running time for the
algorithmic question which is highly unlikely.

1.1 Related Work

In this section, we present an overview of the results for the considered algorithmic
questions. We describe the running time of the algorithm for a model with n vertices
and m edges. For parity objectives, we consider models with d priorities and for
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mean-payoff objectives W denotes the maximum weight of an edge. For Streett
objectives, we denote with b the size of the input sets consisting of the requests and
grants.

For explicit algorithms, in graphs, the following results are known:

+ The winning set of reachability, safety, Biichi and coBiichi objectives can be
computed in linear time using depth first search and strongly connected com-
ponents [216].

« For Streett objectives, the best algorithms compute the winning set in time
O(m'?+/log n) and O(n?) [75, 138].

In MDPs:

« The MEC-decomposition can be determined in O(min(m'>, n%)) [91].

« Computing the winning set of reachability objectives can be done in time
O(m + MEC) where MEC denotes the running time of the best algorithm for
MEC-decomposition [75].

« Computing the winning set of Streett objectives can be done in time
O(m'>+/log n), O(n?) [75].

In game graphs:

« Computing the winning set of reachability and safety objectives can be done
in linear time [28, 147].

« For Biichi and coBiichi objectives, the winning set can be computed in O(n?)
time [91].

« For computing the winning set of parity objectives there is a long line of
work which improves the running time [151, 154, 208]. The most impor-
tant recent development is an algorithm in quasi-polynomial running time
(O(n'°29+%)) [59]. Since this breakthrough, many other quasi-polynomial al-
gorithms were discovered [116, 128, 152, 174, 192]. The long-standing open
question is if there is a polynomial-time algorithm for computing the winning
set of parity objectives in game graphs.

« Similarly, for computing the winning set of mean-payoff objectives it is not
known whether there exists a polynomial time algorithm. The two fastest
algorithms are O(mn2"?) [120, 161] and O(mnW) [44].

« For the intersection of mean-payoff objectives and parity objectives, i.e., mean-
payoff parity objectives the best algorithm for computing the winning set is
in O(dmn'8@/1em+245 7y 1115)].

For symbolic algorithms the following results are known:

« In MDPs, there are two results for computing the MEC-decomposition: First,
the classical symbolic algorithm which performs O(n) symbolic SCC decom-
positions which can be done in O(n) symbolic operations and O(log n) sym-
bolic space [131]. Second, an algorithm which uses O(n \/E) symbolic opera-
tions and O(\/Z) symbolic space [79].

« In game graphs, the best algorithm to compute parity objectives uses O(lg d)
symbolic space and n?'8@/1em+OM) gymbolic operations [153]. Another, older
algorithm for parity games before the first explicit quasi-polynomial algo-
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1.2

rithm [59] uses min{no(‘/;), on?*+hy) symbolic operations and O(n) sym-
bolic space [73].

Results and Outline.

In this section, we give an overview of the chapters in the thesis. The O(-) notation
hides poly-logarithmic factors.

In Chapter 2, we introduce the necessary definitions to describe the results.
In Chapter 3, we present algorithms which improve the running time for com-
puting the winning sets of mean-payoff Biichi objectives and mean-payoff co-
Biichi objectives from O(’mW) to O(nmW). Furthermore, we present an
O(n®~'mW) time algorithm for the winning set of mean-payoff parity objec-
tives.

In Chapter 4, we present near-linear algorithms, i.e., a O(m+b) time algorithm
for computing the winning set of a Streett objective in graphs and MDPs.
Towards that goal, we present O(m) time algorithms for computing the MEC
decomposition of an MDP, computing the MEC decomposition under edge
deletions, and computing the winning set of a reachability objective in MDPs.
We present the first sub-cubic time algorithm for computing the winning set
of bounded Biichi objectives in graphs in Chapter 5. For the same problem
in game graphs, we present a new O(n’d) time algorithm using hierarchical
graph decomposition.

We study reachability problems with k sets of vertices in graph games and
MDPs in Chapter 6: In particular, we present algorithms for computing the
winning set of sequential reachability objectives and the coverage problem
where, instead of one reachability objective we are given k reachability objec-
tives which must be satisfied at the same time. For computing the winning
set of sequential reachability objectives we present conditional lower bounds
for game graphs. For MDPs, we present a subcubic time algorithm which
rules out conditional lower bounds. For the coverage problem we provide
novel conditional lower bounds for game graphs and MDPs and argue why
the problem can be solved in linear time in graphs.

In Chapter 7, we shift the focus to symbolic algorithms. We present the
first symbolic algorithm for computing the winning set of parity objectives
in graph games with a quasi-polynomial number of symbolic operations and
O(d log n) symbolic space.

In Chapter 8, we present two symbolic algorithms for MDPs. The first algo-
rithm computes the MEC decomposition with a symbolic space and symbolic
operation trade-off: It requires O(n*™) symbolic operations and O(n) sym-
bolic space for 0 < € < 1/2. The second algorithm computes the winning set
of parity objectives with log d computations of the MEC decomposition and
improves the time-space product from 5(n2d ) to 5(112).






CHAPTER

Preliminaries

In this chapter, we introduce necessary definitions for the following chapters. Since
the notation and definitions are standard, we base them on similar definition sec-
tions [74, 86, 91, 178].

2.1 Models

Game Graphs. Game graphs I' = ((V, E),(V},V,)) consist of a finite set of ver-
tices V, a finite set of edges E and partitions V' into player-1 vertices V| and the
adversarial player-2 vertices V5.

Markov decision process (MDP). An MDP P=((V, E), (V,Vg), 6) has a finite set of
vertices I which we partition into player-1 vertices V| and random vertices V5, a
finite set of edges E C (V' X V'), and a probabilistic transition function 6. The proba-
bilistic transition function maps Vi to 2(V), i.e., the set of probability distributions
over the set of vertices V. There is an edge from a random vertex v to a vertex w,
ie. (v,w) € E if and only if 6(v)[w] > 0. We call an edge e = (u, v) random edge if
u € V. Otherwise it is a player-1 edge. For simplicity, we let 6(v) be the uniform
distribution over vertices u with (v,u) € E: this common technical assumption is
without loss of generality for the qualitative analysis of MDPs.

Remark 2.1.1. A standard way to define MDPs, e.g. [134], is to consider vertices
with actions to define a probabilistic transition function for every vertex and action.
In our model, the choice of actions is represented as the choice of edges at player-
1 vertices and the probabilistic transition function is represented by the random
vertices. This allows us to treat MDPs and game graphs uniformly, and graphs can
be described easily as a special case of MDPs.

We also follow the common technical assumption that vertices in game graphs
and MDPs do not have self-loops and that every vertex has an outgoing edge.
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Graphs. Graphs are the special case of MDPs with V, = @ and game graphs with
V, = @. The set Out(v) = {u € V | (v,u) € E} describes the set of successors
of v and the set In(v) = {u € V' | (u,v) € E} describes the set of predecessors of
v. When U is a set of vertices, we define E(U) to be the set of all edges incident
to the vertices in U, ie, E(U) = {(u,v) € E | u € Uorv € U}. With G[S]
we denote the subgraph of G = (V, E) induced by the set of vertices S C V, i.e,,
G[S] = (S, Eg) where Eg = {(u,v) | u,v € S}. A graph is strongly connected if
there is a path between every pair of vertices. We denote with n = |V'| the number
of vertices and with m = | E| the number of edges.

2.2 Plays and Strategies.

Plays. An infinite sequence @ = (v, Uy, U, ...) of vertices such that each (v;_;, v;) €
E foralli > 1is called play. The set of all plays is denoted with Q. A finite play V*
is a finite prefix of a play.

Strategies. We call the recipes that extend finite plays strategies and there are player-
1 strategies and player-2 strategies. A player-1 strategyisafunctions : V*-V; —» V
and maps every finite play @ € V-V, that ends in a player-1 vertex v to a successor
vertex o(w), i.e., (v, 6(w)) € E. We define player-2 strategies analogously. A player-
1 strategy is memoryless if o)(w) = o;(@") for all w,®" € V* - V; that end in the
same vertex v € V], thatis, the strategy does not depend on the entire finite play, but
only on the last vertex. We define memoryless player-2 strategies analogously. We
denote with X and IT the sets of all strategies for player 1 and player 2 respectively.

Outcome of Strategies. The outcome of strategies is a unique play starting at an initial
vertex which we define for all models: In graphs, given an initial vertex, a player-
1 strategy induces a unique play in the graph. In MDPs, given an initial vertex
v and a player-1 strategy o, we obtain a set of possible plays w(v, o) if player 1
follows o since random vertices choose their successor according to a probability
distribution. An event is a measurable subset of w(v, ¢) and the probabilities of
events are uniquely defined [221]. For a vertex v, strategy ¢ and an event &/ C €2, we
denote by Pr{ (/) the probability that a play belongs to & if the game starts at v and
player 1 follows o. In game graphs, given a starting vertex v and strategies player-1
strategy o and player-2 strategy z, the unique play w(v, o, 7) = (vy, Uy, U, ..., ) 1S
defined as vy = v and for all i > 0 if v; € V] then 6({vy, ..., v;)) = vy and if
v; € Vs, then #({vy, ..., 0;)) = U4

2.3 Objectives.

An objective @ C £ is the set of “winning plays”. The play w € €2 satisfies the
objective if @ € @. For a play @ = (vy, Uy, U, ...) define Inf(w) = {v eV | v, =
v for infinitely many i > 0} to be the set of vertices that occur infinitely often in w.
For the definitions of the following objectives let I" be an MDP or a game graph.
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1. Reachability and Safety objectives. A Reachability objective Reach(T', I') re-
quires, given a set T' of vertices, that a play visits at least one vertex in T.
Dually, for a set of vertices C, a play in the safety objective Safety(C, I') visits
only vertices in C. Formally, Reach(T', I') = {(vg, Uy, U, ...) € 2| Tk >0 :
v, € T} and Safety(C, I') = {(vg, 0y, 0,,...) € 2| Vk >0 : v;, € C}. The
two objectives are dual, i.e., Reach(T, I') = Q2 \ Safety(V' \ T, I').

2. Sequential Reachability. For a tuple of vertex sets = (T},T,,...,T}) in I
the sequential reachability objective is the set of infinite plays that contain
a vertex of T; followed by a vertex of T, and so on up to a vertex of T},

i.e., S@q(g,l—') = {<U0,U1,U2,...> € Q | ajl,jz,..._]k : Ujl S Tl’sz (S
TZ""’Ujk eTk andjl S_]z < e S-]k}

3. Biichi and coBiichi objectives. Given a set B of vertices called “Biichi vertices”,
the Biichi objective Buichi(B, I') contains all plays which visit a vertex in B
infinitely often. Dually, the coBiichi objective coBiichi(C, I') contains a play
if it visits only vertices in C infinitely often. Formally, Bichi(B, I') = {w €
Q| Inf(w) N B # @} and coBiichi(C, I') = {w € 2 | Inf(w) C C}. The two
objectives are dual, i.e., Biichi(B, I') = Q2 \ coBuchi(V \ B, TI).

4. Bounded Biichi and bounded coBiichi objectives. Given a set of “Biichi vertices”
B and an integer d > 0, the bounded Biichi objective boundedBiichi(B, d, I')
includes a play if, after visiting finitely many arbitrary vertices, the distance
between any two consecutive Biichi vertices in the play is at most d. Dually,
the bounded coBiichi objective boundedcoBiichi(C, d, I') includes a play if it
visits at least d consecutive vertices in C infinitely often.

Formally, the sets of “winning plays” are

boundedBiichi(B,d, I') = {w € 2 | 3i 2 0Vj 2 i : {v;,0;41,...,V;14-1} N B # &}
boundedcoBiichi(C,d, I') = {w € 2 | Vi 203 > i : {v;,0;4y,...,0;141} SC}.

5. Parity objectives. Given a priority function p that maps every vertex to a non-
negative integer priority, a play satisfies the parity objective if the minimum
priority vertex that appears infinitely often is even. Formally, the parity ob-
jective is the set Parity(p, I') = {w € Q | min{p(v) | v € Inf(w)} is even}.
The Biichi and coBiichi objectives are special cases of parity objectives with
two priorities: For Biichi objectives the image of p is {0, 1} and for coBiichi
objectives it is {1,2}. Given a game graph I" with parity function p, we call
(I', p) a parity game.

6. Threshold mean-payoff objectives. A weight function w : E — Z maps edges
to integers.

Mean-Payoff function. Given (I', w), the mean-payoff function MP(w,w, I')
maps a play w and a weight function w to the long-run average weight of the
play: MP(w, w, I') = liminf 1 - " w(v;, v;,)).

n—oo -
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Mean-payoff objectives. Given a threshold v € Q and a weight function w, the
threshold mean-payoff objective includes plays with a mean-payoff value of at
least v, i.e., MeanPayoff(v,w, ') = {w € Q | MP(w,w, ') > v}. When I is
a game graph, (I', w) is a mean-payoff game.

7. Threshold mean-payoff parity objectives. Given a priority function p and a
weight function w in a game graph I" we call the triple (I, p, w) a mean-payoff
parity game.

Mean-Payoff Parity function. Given (I', p, w) the mean-payoff parity function
maps every play in I” to a real-number or —oo as follows: If the play satisfies
the parity objective, then the value of the play is the mean-payoff value, else
it is —oo. Formally, for a play @ we have

MP(w,w, I') if Parity(p, I"
MPP(w.p.w.T) = (o, w, I') if o € Parity(p, I')
—00 if w & Parity(p, I).

Mean-Payoff Parity objective. Given a priority function p for I', a weight func-

tion w for I" and a threshold v, the threshold mean-payoff parity objective com-
bines parity and mean-payoff objectives, i.e., MeanPayoffParity(v, p, w, I') =
{we Q| MPP(w,p,w, ') > v}.

8. k-pair Streett objective. In the Streett objective we are given a set of k pairs
of vertex sets, i.e., {(Ly,Uy), ..., (L, Uy)} suchthat L;,,U; C V for1 <i <
k. The objective includes a play if, whenever some vertex in L; is visited
infinitely often, then also some vertex of U is visited infinitely often (for all
1 <i £ k). More formally, Streett({(L;,,U;) | 1 <i <k}, I') = {w € Q|
L,nInf(w)=@orUj(w) #@foralll <i<k}.

We sometimes omit the MDP or game graph I' from the objective when it is
obvious on which game graph the objective is defined on.

2.4 Winning Strategies, Winning Sets, Queries, and
Value Functions

Winning Strategies and Winning Sets. In MDPs, a player-1 strategy o is almost-sure
(a.s.) winning from a starting vertex v for an objective ¢ iff Pr{(¢)) = 1. The winning
set (1)), (¢p) for player 1 is the set of vertices from which player 1 has an almost-
sure winning strategy.

In game graphs, given an objective @ C £2 for player 1, a strategy 0 € X is a
winning strategy for player 1 from vertex v if for all player-2 strategies 7 € II the
play w(v, o, r) satisfies @. We define the winning strategies of player 2 analogously.
A vertex is winning for player 1 for @ if player 1 has a winning strategy from v.
Formally, the set of winning vertices for player 1 for the objective @ is W((®) =
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fveV |3oce XstVrell : w(v,o,7) € @}. We define the set of winning
vertices for player 2 with respect to the objective @ with W,(®@) = {ve V |3z €
IIst.Vo € X : w(v,0,7) € @}. Due to a seminal result by Martin [182] every
vertex in V' belongs to the winning set of player 1 or the winning set of player 2
and, thus, the two sets form a partition of V. We say that a vertex is either winning
for player 1if it is in W;(-) or winning for player 2 if it is in W, (-).

Coverage and AllCoverage. In the coverage problem the input consists of the vertex
sets Ty, ..., T} and a start vertex s. The coverage problem is not a single objective
butis a query involving several objectives. That is, for k different vertex sets, namely
T,.T,, ..., T, the coverage query Coverage(T}, ..., T)) asks whether s is a winning
vertex for player 1 for all reachability objective Reach(T;) (1 < i < k). If s is winning
for player 1 for all the reachability objectives we say that s winning for player 1
regarding the query Coverage(Ty, ..., T}). In the AllCoverage problem the input are
target sets Ty, T5, ..., T} and we determine the player-1 winning set of the coverage
problem, i.e., all vertices with a player-1 winning strategy for Coverage(Ty, ..., T}).

Value Functions. Given a payoff function f and a vertex v (such as the mean-payoff
function, or the mean-payoff parity function), the value for player 1 at v is the max-
imal payoff that she can guarantee against all strategies of player 2. Formally,

val(f)(v) = sup inf f(w(v, o, 7)).

cex nell

2.5 Basic Algorithmic Results

In this section, we introduce special subsets of vertices for the models and basic
algorithmic concepts which we need to prove the theoretical results in the following
chapters.

2.5.1 Graphs: SCCs, decremental algorithms and Graph
Reachability

For the following definitions we are given a graph G = (V, E). Strongly connected

components (SCCs), bottom SCCs and the condensation of a Graph A set of vertices
X CV forms a strongly connected subgraph (SCS) if the induced subgraph G[X] is
strongly connected. An SCS is trivial if it contains a single vertex only and all other
SCSs are non-trivial. A strongly connected component (SCCS) is a set of vertices C
such that G[C] is an SCS and C is a maximal set (under set inclusion) in V" such
that G[C] is an SCS. The SCC C is a bottom SCC if no vertex v € C has an edge
to a vertex in V' \ C. The SCC decomposition partitions the vertices of V into the
corresponding SCCs and can be determined in O(m) time [216]. The condensation
of G, denoted by CONDENSE(G) is the graph where all vertices in the same SCC in
G are contracted: We call the vertices of CONDENSE(G) nodes to distinguish them
from the vertices in G.
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Graph Reachability. Let GraphReach(S, G) be the set of vertices in G that can reach
a vertex of § C V. Depth-first search determines the set GraphReach(S,G) in
linear time [216].

Decremental Graph Algorithm. A decremental graph algorithm is a data structure
which supports the deletion of player-1 edges while it maintains the solution to a
graph problem. A decremental graph algorithm usually allows three kinds of oper-
ations: (1) preprocessing, which is computed when it receives the initial input graph,
(2) delete, which deletes a player-1 edge and updates the data structure, and (3) query,
which computes the answer to the problem. The query time is the time that the decre-
mental graph algorithm needs to compute the answer to the query. The update time
of a decremental algorithm is the running time for a single delete operation. We
sometimes refer to the delete operations as update operation. The running time of
a decremental algorithm is characterized by the total update time, i.e., the sum of
the update time over the worst-case sequence of deletions. Sometimes a decremen-
tal algorithm is randomized and the provided running time guarantees hold for an
oblivious adversary who fixes the sequence of updates in advance. When we use a
randomized decremental algorithm assuming an oblivious adversary as a subproce-
dure, the sequence of deleted edges must not depend on the random choices of the
decremental algorithm.

2.5.2 MDPs: MECs and Random Attractors
For the following definitions let P = (V, E, (V}, V), 6) be an MDP.

Maximal End-Components. An end-component is a set of vertices X C V such that
(1) P[X] strongly connected and (2) all random vertices have their outgoing edges
in X, that is, for all v € X NV and all (v,u) € E we have u € X. An end-
component is trivial if it has size one. All other end-components are non-trivial. An
end-component maximal under set inclusion is a maximal end-component (MEC).
MECs generalize SCCs in graphs and, in a MEC X, player-1 can almost-surely reach
(reach with probability 1) all vertices u € X from every vertex v € X because
random vertices do not leave X. The MEC-decomposition of an MDP is the partition
of V into MECs and the set of vertices which do not belong to any MEC. Every
bottom SCC C in (V, E) is a MEC because no vertex (and thus no random vertex)
has an outgoing edge.

Example 2.5.1 (Key difference of SCCs and MECs). In the SCC decomposition each
vertex belongs to exactly one SCC (which might be a trivial SCC just containing that
vertex) but for the MEC decompositions a non-empty set of random vertices which
do not belong to any MEC can exist (still each vertex belongs to at most one MEC).
Consequently, if we contract each MECs into a player-1 vertex, the resulting MDP is
not necessarily acyclic which is in contrast to the acyclic condensation graph that we
obtain from contracting the SCCs. In Figure 2.1 we demonstrate this key difference:
When we contract all SCCS of the graph G into player-1 vertices yields the DAG G'.
Consider the MDP P where the vertices {v|, Uy, Uy, U7} of G are random vertices and all
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Figure 2.1: A graph G and an MDP P where we contract all SCCs and MECs respec-
tively into player-1 vertices (removing self-loops) to obtain G’ and P’. The graph
G' is acyclic whereas the MDP P’ contains a cycle.

edges remain unchanged. If we contract the MECS, i.e. {{v;, vy, 03}, {Us, g, U7, U8}}
into player-1 vertices {v},v}} we obtain the MDP P' which has a cycle. Note that
this is because v, does not belong to a MEC and is strongly connected with v or v,
respectively in P' and P.

Random attractor. A random attractor attr g(T, P) of a vertex set T in P is a vertex
set. It includes all vertices (1) in T, (2) random vertices with an edge to the random
attractor and player-1 vertices with all outgoing edges in the random attractor. We
define the random attractor A = attrz(T', P) inductively as follows: Ay = T and
A=A U{veVy| Out(vynA; # 2y U{v € V] | Out(v) C A;} foralli > 0.
Due to [28, 147] we can compute the random attractor A = attrx(T, P) of aset T
in time O(};,c 4, In(v)).

Reachability in MDPs. Given a vertex set T, the set of vertices from which T can be
reached almost-surely (i.e., with probability 1) can be computed in O(m) time given
the MEC-decomposition of P [86, Theorem 4.1].

2.5.3 Game Graphs: Closed Sets, Attractors

For the following definitions, let I = (V, E, (V}, V,)) be a game graph.

Closed Sets. A set U C V of vertices is a closed set for player 1 if the following two
conditions hold.

1. For all vertices u € (U N V) we have Out(u) C U, that is, all successors of
player-1 vertices are again in U and
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2. For all u € (U n V,) we have that Out(u) N V, # @, that is, every player-2
vertex in U has a successor in U.

Player-2 closed sets are defined analogously by exchanging roles of player 1 and
player 2. Every closed set U for player x € {1,2} induces a subgame graph which
we denote I' | U.

The following proposition establishes the connection between closed sets, win-
ning for safety, reachability, and coBiichi objectives. The proof of the proposition
is straightforward and can be found in [91].

Proposition 2.5.2 ([91]). Consider a game graph I', and a closed set U for player 1.
Then, the following assertions hold:

1. Player 2 has a winning strategy for the objective Safety(U) for all vertices in U,
that is, player 2 can ensure that if the play starts in U, then the play never leaves
the set U.

2. ForallT C V \ U, we have Wi(Reach(T)) N U = @, that is, for any set T of
vertices outside U, player 1 does not have a strategy from vertices in U to ensure
toreachT.

3. IfU n B = @ (ie., there is no Biichi vertex in U ), then every vertex in U is
winning for player 2 for the coBiichi objective.

Attractors and Reachability in Game Graphs. Given a set of vertices T C V, the set of
vertices from which player x can reach T against all strategies of the other player,
is the player-x attractor of T, i.e., attr (T, I') = W (Reach(T, I')). Formally, the
player-x attractor (x € {1,2}) attr (T, I') of a given vertex set T is the limit of the
sequence Ay =T; A, = A;U{v €V, | Out(v)nA; # @}U{v € V; | Out(v) C A;}
for all i > 0. The running time for computing an attractor A = attr (T, ') is
O(m) [28, 147].
The following observation connects closed sets and attractors.

Observation 2.5.3 ([91]). For all game graphs I, all players ¢ € {1,2}, and all sets
U C V we have the following: The set V' \ attr (U, I') is a closed set for player?, i.e.,
no player ¢ vertex in V' \ attr (U, I') has an edge to attr (U, I') and every vertex of
the other player in V' \ attr (U, I') has an edge in V' \ attr, (U, I').

2.6 Symbolic Model of Computation

In the (set-based) symbolic model of computation, we store the model with implic-
itly represented sets of vertices and edges. An symbolic algorithm accesses vertices
and edges of the MDP not explicitly but with (set-based) symbolic operations. We
characterize the resources in the symbolic model of computation by the number of
(set-based) symbolic operations and (set-based) symbolic space.
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Figure 2.2: Illustration of the one-step operations.

Set-Based Symbolic Operations. A symbolic algorithm can use the same mathemati-
cal, memory, access, and logical operations as a regular RAM algorithm, except for
the access to the graph.

An input model with vertices V' and edges E can be accessed only by the fol-
lowing types of operations:

1. The algorithm can combine two sets of vertices or edges with basic set opera-
tions: U,N, C, \, X and =.

2. To obtain the predecessors/successors of a vertex set .S with regard to the
edge set E, the algorithm uses the one-step operation. The predecessor and
successor operation of a vertex set .S over a specific edge set E are:

Prep(S)y={veV | Out(v)nS # @} and
Postp(S)y={veV |In()nsS + o}

3. For a vertex set .S, the Pick(S) operation which returns an arbitrary vertex
and the cardinality operation |.S'| which returns cardinality of S.

4. When the model is a game graph, an algorithm can use the controllable prede-
cessor operation of a vertex set .S (z and Z denote the two players)

CPre,(S)={veV,| Outv)nS #@}U{veV;| Out(v) C S}.
We can express the set C'Pre,(S) using only Pre ;(-) and basic set operations.

Sometimes we omit the subscript E of the one-step operations when the edge
set is clear from the context.

Set-based Symbolic Space. The basic unit of space for a symbolic algorithm is a set [47,
73]. For example, a BDD can represent a set symbolically [51, 52, 55, 79, 105, 107,
108, 132, 211]. It is hard to correlate the size of the set with the size of the BDD: Con-
sider for example a model whose state-space consists of valuations of N-boolean
variables. The set of all vertices is simply represented as a true BDD. Also, the set
of all vertices where the kth bit is false is represented by a BDD which depending
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on the value of the kth bit chooses true or false. Again, a constant-size BDD repre-
sents this set. Therefore, even large sets of vertices can sometimes be represented
as constant-size BDDs. In general, the size of the smallest BDD representing a set
is computationally hard to determine and depends on the variable reordering [105].
We represent each set, thus, as a unit data structure to obtain a clean theoretical
model for the algorithmic analysis. It follows that the symbolic space requirements
of a symbolic algorithm, is the maximal number of sets the algorithm stores simul-
taneously.

2.7 Conjectured Lower Bounds

Many results from classical complexity are based on standard complexity-theoretic
assumptions, e.g., P # NP. Likewise, we derive polynomial lower bounds which are
based on widely believed, conjectured lower bounds on well-studied algorithmic
problems. The lower bounds we derive depend on the popular conjectures below:
We first consider the conjectures on Boolean Matrix Multiplication [228, Theo-
rem 6.1] and triangle detection in graphs [5, Conjecture 2]. A triangle in a graph is
a triple x, y, z of vertices such that (x, y), (¥, 2), (z,x) € E. In triangle detection we
the input is a graph and the question is if a triangle exists in the graph. We remove,
with linear-time preprocessing, all self-loops in instances of triangle detection exist.

Remark 2.7.1 (Combinatorial algorithm). The notion of combinatorial algorithm is
often used in the field of fine-grained complexity community [4, 45, 177], despite
the lack of a formal definition. Intuitively, combinatorial algorithms do not use
fast matrix multiplication [172, 227]. While non-combinatorial algorithms have the
matrix multiplication exponent @ in the running time. To the best of our knowledge,
all algorithms for deciding (almost-sure) winning conditions in game graphs and
MDPs are combinatorial. Therefore, lower bounds for combinatorial algorithms are
of particular interest in our setting. For more details on the notion of a combinatorial
algorithm, we direct the reader to [27, 141].

Conjecture 2.7.2 (Comb. Boolean Matrix Multiplication Conjecture (BMM)). A
O(n*>~€) time combinatorial algorithm for computing the boolean product of two n X n
matrices for any € > 0 does not exist.

Conjecture 2.7.3 (Strong Triangle Conjecture (STC)). Neither a
O(min{n®=¢, m*@/(@+h—ey) expected time nor a On*~¢) (¢ > 0) time combina-
torial algorithm that can detect whether a graph contains a triangle exist. (w < 2.373
is the matrix multiplication exponent.)

Williams and Williams [228, Theorem 6.1] showed that the BMM is equivalent to
the combinatorial part of STC. Also, if we do not restrict ourselves to combinatorial
algorithms, STC, still gives a super-linear lower bound.

We also consider the Strong Exponential Time Hypothesis (SETH) used in [5,
Conjecture 1] and introduced by [148, 149] for the satisfiability problem of proposi-
tional logic and the Orthogonal Vector Conjecture.
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Conjecture 2.7.4 (Strong Exponential Time Hypothesis (SETH)). Fore > O there is
ak such that k-CNF-SAT on n variables and m clauses cannot be solved in 0(2(1_5)” poly(m))
time.

The Orthogonal Vectors Problem (OV). Given two sets .S}, S, of d-bit vectors with
|S|| = |S,] = N and d = w(log N), are there u € S; and v € S, such that

d —

Conjecture 2.7.5 (Orthogonal Vectors Conjecture (OVC)). A O(N 27€Y time algo-
rithm for the Orthogonal Vectors Problem for any € > O does not exist.

The SETH implies the OVC [226, Theorem 5]. An explicit reduction is given
in the survey article [222, Theorem 3.1]. Whenever a problem is provably hard
assuming OVC, is also hard when assuming SETH.

Remark 2.7.6. The conjectures make sure that no polynomial improvements over
the best-known running times are possible but do not exclude improvements by

sub-polynomial factors such as poly-logarithmic factors or factors like 2 V08",






CHAPTER

Faster Algorithms for
Mean-Payoff Parity Games

In this chapter, we consider computing the winning region for threshold mean-
payoff parity objectives, and the value function for mean-payoff parity objectives.

3.1 Introduction

Graph games in Reactive Synthesis. There has been a long history of using graph
games for modeling and synthesizing reactive processes [54, 193, 198]: a reactive
system and its environment represent the two players, whose states and transi-
tions are specified by the vertices and edges of a game graph. Consequently, graph
games provide the theoretical foundation for modeling and synthesizing reactive
processes.

Qualitative and quantitative objectives. For reactive systems, the objective is given
as a set of desired paths (such as w-regular specifications), or as a quantitative opti-
mization objective with a payoff function on the paths. The class of w-regular spec-
ifications provides a robust framework to express all commonly used specifications
for reactive systems in verification and synthesis. Parity objectives are a canonical
way to express w-regular objectives [219], where an integer priority is assigned to
every vertex, and a path satisfies the parity objective for player 1 if the minimum
priority visited infinitely often is even. One of the classical and most well-studied
quantitative objectives is the mean-payoff objective, where a reward is associated
with every edge, and the payoff of a path is the long-run average of the rewards of
the path.

Mean-payoff parity objectives. Traditionally the verification and the synthesis prob-
lems were considered with qualitative objectives. However, recently combinations
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of qualitative and quantitative objectives have received a lot of attention. Qualita-
tive objectives such as w-regular objectives specify the functional requirements of
reactive systems, whereas the quantitative objectives specify resource consumption
requirements (such as for embedded systems or power-limited systems). Combin-
ing quantitative and qualitative objectives is crucial in the design of reactive sys-
tems with both resource constraints and functional requirements [34, 41, 67, 83].
For example, mean-payoff parity objectives are relevant in the synthesis of optimal
performance lock-synchronization for programs [66], where one player is the syn-
chronizer, the opponent is the environment; the performance criteria are specified
as mean-payoff objective; and the functional requirement (e.g., data-race freedom or
liveness) as an w-regular objective. Mean-payoff parity objectives have been used
in several other applications, e.g., defining permissivity for parity games [42] and
for the robustness in synthesis [35].

Threshold and value problems. For graph games with mean-payoff and parity objec-
tives, there are two variants of the problem. First, the threshold problem, where
a threshold v is given for the mean-payoff objective and player 1 must ensure the
parity objective and that the mean-payoff is at least v. Second, the value problem,
where player 1 maximizes the mean-payoff value while ensuring the parity objec-
tive. In the sequel of this section, we will refer to graph games with mean-payoft
and parity objectives as mean-payoff parity games.

Previous results. Mean-payoff parity games were first studied in [83], and algo-
rithms for the value problem were presented. It was shown in [71] that the decision
problem for mean-payoff parity games lies in NP N coNP (similar to the status of
mean-payoff games and parity games). For game graphs with n vertices, m edges,
parity objectives with d priorities, and maximal absolute reward value W for the
mean-payoff objective, the previous known algorithmic bounds for mean-payoff
parity games are as follows: For the threshold problem, the results of [71] give an
O(n"**mdW )-time algorithm. This algorithmic bound was improved in [42] where
an O(n“*2mW )-time algorithm was presented for the value problem. The result
of [42] does not explicitly present any other better bound for the threshold prob-
lem. However, the recursive algorithm of [42] uses value mean-payoff games as a
sub-routine, and replacing value mean-payoff games with threshold mean-payoff
games gives an O(n)-factor saving, and yields an O(n?*!mW)-time algorithm for
the threshold problem for mean-payoff parity games.

Contributions. In this chapter, our main contributions are faster algorithms to solve
mean-payoff parity games. Previous and our results are summarized in Table 3.1.

1. Threshold problem. We present an O(n®~!mW )-time algorithm for the thresh-
old problem for mean-payoff parity games, improving the previous O(n?* ! mWw)
bound. The important special case of parity objectives with two priorities cor-
respond to Biichi and coBiichi objectives. Our bound for mean-payoff Biichi
games and mean-payoff coBiichi games is O(nmW’), which matches the best-
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known bound to solve the threshold problem for mean-payoff objectives [44],
and improves the previous known O(n*mW) bound [42].

2. Value problem. We present an onmw log(nW))-time algorithm for the
value problem for mean-payoff parity games, improving the previous O(n*>mWw’)
bound. Our bound for mean-payoff Biichi games and mean-payoff coBiichi
games is O(n*>mW log(nW)), which matches the bound of [44] to solve the
value problem for mean-payoff objectives, and improves the previous known
O(n*mW) bound.

Technical contributions. Our main technical contributions are as follows:

1. First, for the threshold problem, we present a decremental algorithm for mean-
payoff games that supports a sequence of vertex-set deletions along with their
player-2 reachability set. We show that the total running time is O(nmW),
which matches the best-known bound for the static algorithm to solve mean-
payoff games. We show that using our decremental algorithm we can solve
the threshold problem for mean-payoff Biichi games in time O(nmW).

2. Second, for mean-payoff coBiichi games, the decremental approach does not
work. We present a new static algorithm for threshold mean-payoff games
that identifies subsets X of the winning set for player 1, where the time com-
plexity is O(| X |mW), i.e., it replaces n with the size of the set identified. We
show that with our new static algorithm we can solve the threshold problem
for mean-payoff coBiichi games in time O(nmW).

3. Finally, we show for all mean-payoff parity objectives, given an algorithm for
the threshold problem, that the value problem can be solved in time n log(nW")
times the complexity of the threshold problem.

Related works. The problem of graph games with mean-payoff parity objectives was
first studied in [83]. The NP N coNP complexity bound was established in [71], and
an improved algorithm for the problem was given in [42]. The mean-payoff parity
objectives have also been considered in other stochastic setting such as Markov
decision processes [70, 84] and stochastic games [85]. The algorithmic approaches
for stochastic games build on the results for non-stochastic games. In this chapter,
we present faster algorithms for mean-payoff parity games.

3.2 Decremental Algorithm for Threshold Mean-Payoff
Games
In this section, we present a decremental algorithm for threshold mean-payoff games

that supports deleting a sequence of sets of vertices along with their player-2 attrac-
tors. The overall running time of the algorithm is O(nmW").
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threshold problem value problem
Previous New Previous New
MP-Biichi om’mw) O(nmW) o(n*mw) O(n*mW log(nW))
MP-coBiichi om’mw) O(nmw) o(n*mw) O’ mW log(nW))
MP-parity on™'mw)  Om*'mw) O™ mw)  O(m*mW log(nW))

Table 3.1: Algorithmic bounds for mean-payoff (MP) and parity objectives: In a
game graph I' with weight function w, n denotes the number of vertices, m denotes
the number of edges, d denotes the number of priorities of the parity function p,
and W is the maximum absolute value of the weight function w.

Key idea. A static algorithm based on the notion of progress measure for mean-
payoff games was presented in [44]. We show that the progress measure is monot-
onic with regard to the deletion of vertices and their player-2 attractors. We use an
amortized analysis to obtain the running time of our algorithm.

Mean-payoff progress measure. Let (I, w) be a mean-payoff game with threshold v.
Progress measure is a function f which maps every vertex in I" to an element of
theset Cr = {i eN|i <nW}uU{T} ie, f : V = Cpr. Let (X,Cr) be a total
order, where x < yfor x,y € Cr holdsiff x < y < nW or y = T. We define the
operation ® : Cr X Z +— Cpr forall a € Cr and b € Z as follows:

max(0,a —b) ifa#Tanda—b<nW,
a® b=

T otherwise.

A player-1 vertex v is consistent if f(v) > f(v") © w(v,v") for any v’ € Out(v). A
player-2 vertex v is consistent if f(v) > f(v") © w(v,v") for all v' € Out(v). Let
v € V,wedefine Lift(f,v) : [V = CrXV]+— [V = Cp]asLift(f,v) = g where:

S ifu#uv,
gu) ={min{f (") © w,v") | (v,v') € E} ifu=vandveV,,
max{f(v") © w(v,v") | (v,v') € E} ifu=vandv€V,.

Static Algorithm. The static algorithm by Brim et al. [44] is an iterative algorithm
that maintains and returns a progress measure f and a list L of vertices that are
not consistent. The initial progress measure of every vertex is set to zero. Also, all
the weights of all edges are subtracted by the value v, ie., w(e) <« w(e) — v for
all edges e in E. The list L is initialized with the vertices which are not consistent
considering the initial progress measure. Then the following steps are executed in
a while-loop:

1. If L is empty, return f.

2. Take out a vertex v of L.
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3. Perform the Lift-operation on the vertex, i.e., f « Lift(f, v).
4. If a vertex v’ in In(v) is not consistent, put v’ into L.

If every vertex is consistent, i.e., the list L is empty, Brim et al. show that the
winning region of player 1 is the set of vertices which are not set to T in f, ie.,
Wi (MeanPayoff(v,w, IN)={veV | f(v) #T}.

Decremental input/output. Let (I', w) be a mean-payoff game with threshold v. The
input to the decremental algorithm is a sequence of sets A;, A,, ..., A, such that
each A; is a player-2 attractor of a set X, in the game I, = I" | (V' \ Uj<l. A)).
The output requirement is the player-1 winning set after the deletion of [ J i<i A
fori =1,...,k, ie., the output requirement is the sequence Z,, Z,, ..., Z,, where
Z; = Wi(MeanPayoff(v,w, ) in I; = I | (V' \ Uj<l. Aj). In other words, we
repeatedly delete a vertex set X; along with its player-2 attractor A; from the current
game graph I, and require the winning set of player 1 for the mean-payoff objective
as an output after each deletion.

Decremental algorithm. We maintain a progress measure f;, 1 < i < k, during
the whole sequence of deletions. The initial progress measure f; for the mean-
payoff game (I", w) with threshold mean-payoff objective MeanPayoff(v, w, I') is
computed with the static algorithm of Brim et al [44].

For all edges e in E, we set w(e) < w(e) — v. In iteration i with input A;, in the
game I'; with its corresponding vertex set V; the following steps are executed:

1. Ifa vertex in the set {v € V; \ A; | I’ : v’ € Out(v)and v’ € A,} is not
consistent in f; without the set A;, put it in the list L;.

2. Delete the set A; from I to receive I';; (and thus V).

3. Execute the while-loop with steps (1) — (4) of the above described iterative
algorithm by Brim et al. [44] initialized with I, ;, L; and f; restricted to the
vertices in V| to obtain f; ;.

4. Output the set {v € V| | f(v) # T} from f; ;.

Correctness. Let (I', w) be a mean-payoff game, MeanPayoff(v, wI") be a threshold
objectiveand A, A,, ..., A; asequence of sets, such that each A, is a player-2 attrac-
torinthe game I = I' | (V\{J j<i A)). To show the correctness of the decremental
algorithm we show that the condition that the list L contains all vertices which are
not consistent is an invariant of the decremental algorithm at line 3. This property
was proved for the static algorithm in [44].

Lemma 3.2.1. The condition that L; contains all vertices which are not consistent with
the progress measure f; restricted to Vi | in I', | is an invariant of the static algorithm
called in step 3 of the decremental algorithm for1 <i <k — 1.
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Proof. The fact that the static algorithm correctly returns a progress measure with
only consistent vertices when the invariant holds was shown in [44]. It was also
shown in [44] that the invariant is maintained in the loop. It remains to show that
the condition holds when we call the static algorithm at step 3. For the base case, let
i = 1. In the initial progress measure f| and the initial game graph I'|, every vertex
is consistent. By the definition of a player-2 attractor, deleting the set A; potentially
removes edges (v, v") where vis aplayer-1vertexin V' \ A; and v’ isin A,. (Note that
v cannot be a player-2 vertex.) All of the vertices not consistent anymore are added
to L; in step 1 of the decremental algorithm. For the inductive step leti = j. By
the induction hypothesis, all vertices which were not consistent with the progress
measures fj_; restricted to V;, for 2 < h < j were added to the corresponding
lists. Thus by the correctness of the static algorithm, it correctly computes the new
progress measure f, for the game graph I'j, where every vertex is consistent. Thus
also every vertex in the progress measure f; restricted to V; is consistent. Again
the player-2 attractor is removed and vertices that are not consistent with progress
measure f; restricted to V), are put into L; by step 1 of the algorithm. O

Thus we proved that the static algorithm always correctly updates to the new
progress measure in each iteration. The winning region of player-1 is obtained by
the returned progress measure (step 4). The decremental algorithm thus correctly
computes the sequence Z, Z,, ... Z,, where Z; = W (MeanPayoff(v, w, I)).

Running Time. The calculation of the initial progress measure for the mean-payoff
game I" with threshold v is in time O(nmW). The vertices which are not consistent
anymore after the deletion of A; can be found in time O(m) (step 1). As at most
n such sets A; exist, the running time is O(mn). In step 3 the static algorithm is
executed with the current progress measure f;: Every time a vertex v is picked from
the list L; it costs O(] Out(v) + In(v)|) time to use Lift on it and to look for vertices
in In(v) which are not consistent anymore (steps 1-3 in the static algorithm). We
charge the cost for each vertex to its incident edges. Note that deleting a set of
vertices and their corresponding player-2 attractor will only potentially increase
the progress measure of some player-1 vertices. As we can increase the progress
measure of every vertex only nW times before it is set to T where it is always
consistent, we get the desired time bound of O(mnW).

Thus our decremental algorithm for threshold mean-payoff games works as desired
and we obtain the following result:

Theorem 3.2.2. Given a mean-payoffgame (I, w), a threshold mean-payoff objective
¢ and a sequence of sets Ay, A,, ..., Ay such that each A; is a player-2 attractor of a
set X; in the game I = I' | (V' '\ Uj<[ A;), the sequence Z,, Z,, ..., Z, where
Z; = W\(¢) in I; can be computed in O(nmW') time.

Remark 3.2.3. Note that the running time analysis of our decremental algorithm
crucially depends on the monotonicity property of the progress measure. If edges
are both added and deleted, then the monotonicity property does not hold. Hence



3.3. THRESHOLD MEAN-PAYOFF PARITY GAMES 27

obtaining a fully dynamic algorithm that supports both addition/deletion of ver-
tices/edges with running time O(nmW) is an interesting open problem. However,
we will show that for solving mean-payoff parity games, the decremental algorithm
plays a crucial part.

3.3 Threshold Mean-Payoff Parity Games

In this section, we present algorithms for threshold mean-payoff parity games. Our
most interesting contributions are for the base case of mean-payoff Biichi objec-
tives and mean-payoff coBiichi objectives, and the general case follows a standard
recursive argument.

3.3.1 Threshold Mean-Payoff Biichi Games

In this section, we consider threshold mean-payoff Biichi games.

Algorithm for threshold mean-payoff Biichi games. The basic algorithm is an iterative
algorithm that deletes player-2 attractors. The algorithm proceeds in iterations. In
iteration i, let D; be the set of vertices already deleted. Consider the subgame I'; =
I' | (V \ D,). Then the following steps are executed:

1. Let V' = V' \ D, and B, denote the set of Biichi vertices (or vertices with
priority 0) in I';. Compute Y; = attr{(B;, I;) the player-1 attractor to B, in
I;

2. Let X; = V' \ Y. If X, is non-empty, remove A, = attr,(X,, I'}) from I, and
proceed to the next iteration in Step 1 otherwise go to Step 3.

3. Else V' = Y;. Compute U, = W;(MeanPayoff(v, w, I})), i.e., the winning
region for the threshold mean-payoff objective in I';. Let X; = V' \ U,. If
X, is non-empty, remove A; = attr,(X;, I;) from the game graph I, and
proceed to the next iteration. If X; is empty, then the algorithm stops and all
the remaining vertices are winning for player 1 for the threshold mean-payoff
Biichi objective.

Correctness. Since the correctness argument has been used before [83], we only
present a brief sketch: The basic correctness argument shows for i > 0 that all
vertices removed from I; do not belong to the winning set for player 1. In the
end, for the remaining vertices, player 1 can ensure to reach the Biichi vertices,
and ensures the threshold mean-payoff objectives. A strategy that plays for the
threshold mean-payoff objectives longer and longer, and in between visits the Biichi
vertices, ensures that the threshold mean-payoff Biichi objective is satisfied.

Running time analysis. We observe that the total running time to compute all attrac-
tors is at most O(nm), since the algorithm runs for O(n) iterations and each attractor
computation is linear time. In step 3, the algorithm needs to compute the winning
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region for threshold mean-payoff objective. The algorithm always removes a set X;
and its player-2 attractor A;, and requires the winning set for player 1. Thus we
can use the decremental algorithm from Section 3.2, which precisely supports these
operations. Hence using Theorem 3.2.2 in the algorithm for threshold mean-payoft
Biichi games, we obtain the following result.

Theorem 3.3.1. Given a mean-payoff game graph (I',w) and a threshold mean-
payoff Biichi objective MeanPayoffiv, w, I'), the winning set W, (MeanPayoffiv, w, I'))
can be computed in O(mnW) time.

3.3.2 Threshold Mean-Payoff coBiichi Games

In this section, we will present an O(nmW)-time algorithm for threshold mean-
payoff coBiichi games. We start with the description of the basic algorithm for
threshold mean-payoff coBiichi games.

Algorithm for threshold mean-payoff coBiichi games. The basic algorithm is an itera-
tive algorithm that deletes player-1 attractors. The algorithm proceeds in iteration.
In iteration i, let D; be the set of vertices already deleted. Consider the subgame
I'; =T | (V \ D;). Then the following steps are executed:

1. Let V! = V' \ D; and C, denote the set of non coBiichi vertices (the set of
vertices player 1 must avoid to visit infinitely often, i.e., priority-1 vertices) in
I;. Compute Y; = atir,(C;, I;) the player-2 attractor to C; in I;.

2. Let X; = V' \ Y. Consider the subgame ﬁ = I, | X, and com-
pute the winning region of the threshhold mean-payoft objective Z; =
W, (MeanPayoft(v, w, ) for player 1.

3. If Z; is non-empty, remove attr|(Z;, I;) from I, and proceed to the next
iteration. Else if Z; is empty, then all remaining vertices are winning for
player 2.

Correctness argument. Consider the subgame I';. In each subgame fl of I'; all edges
of player 2 are intact since it is obtained after removing a player-2 attractor Y;. More-
over, there is no priority-1 vertex in f; Hence, ensuring the threshold mean-payoff
objective in IA“, for player 1 implies satisfying the threshold mean-payoff coBiichi ob-
jective. The set Z; and its player-1 attractor belongs to the winning set of player 1
and can be removed. Thus, all vertices removed are part of the winning region for
player 1. Upon termination, in f,-, player 1 cannot satisfy the threshold mean-payoff
condition from any vertex. Consider a player-2 strategy, where in l/“\, player 2 fal-
sifies the threshold mean-payoff condition, and in Y; plays an attractor strategy to
reach C; (the non coBiichi vertices, i.e., priority-1 vertices). Given such a strategy,
either (a) Y; is visited infinitely often, and then the coBiichi objective is violated; or
(b) from some point on the play stays in fl forever, and then the threshold mean-
payoff objective is violated. This shows the correctness of the algorithm.
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However, the running time of this algorithm is not O(nmW’). We now present
the key ideas to obtain an O(nmW )-time algorithm.

First intuition. Our first intuition is as follows. In step 2 of the above algorithm,
instead of obtaining the whole winning region W) (MeanPayoff(v, w, r )) it suffices
to identify a subset X; C Z; of the winning region (if it is non-empty) and remove
its player-1 attractor. We call this the modified algorithm for threshold mean-payoff
coBiichi games. We first describe why we cannot use the decremental approach in
the following remark.

Remark 3.3.2. Consider the subgames for which the threshold mean-payoff objective
must be solved. Consider Figure 3.1. The first player-2 attractor removal induces
subgame I |- After identifying a winning region X of I | we remove its player-1
attractor A,. After removal of A, we consider the second player-2 attractor to the
priority-1 vertices. The removal of this attractor induces r 5. We observe comparing
I, and T}, that certain vertices are removed, whereas other vertices are added. Thus
the subgames to be solved for threshold mean-payoff objectives do not satisfy the
condition of decremental or incremental algorithms (see Remark 3.2.3).

player-2 attr. of priority-1 vertices
in the second iteration induces I'y

[
— (added)

Fl priority-1

vertices

X B
A

player-2 attr. of priority-1 vertices
in the first iteration induces I'y

Figure 3.1: Pictorial illustration of threshold mean-payoff coBiichi games. The sub-
games [ and I, are shown. We observe that I’, is obtained both by addition and
deletion of game parts to I7.

Second intuition. While we cannot use the decremental algorithm, we can solve
the problem in O(nmW) time, if we have a modified static algorithm for threshold
mean-payoff games, with the following property: (a) it identifies a subset of the win-
ning region X for player 1, if the winning region is non-empty, in time O(| X |mW);
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(b) if the winning region is empty, it returns the empty set, and then it takes time
O(nmW'). With such an algorithm we analyze the running time of the above mod-
ified algorithm for threshold mean-payoft coBiichi games. The total time required
for all attractor computations is again O(nm). Otherwise, we use the modified sta-
tic algorithm to remove vertices of player-1 and to remove a set of size | X | we take
O(| X |mW) time, and thus we can charge each vertex O(mW) time. Hence the total
time required is O(nmW). In the rest of the section, we present this modified static
algorithm for threshold mean-payoff games.

Problem Statement.

Input: Mean-payoff game (I", w) with threshold v.

Question: If W|(MeanPayoff(v)) is non-empty, return a nonempty set
X C Wi (MeanPayoft(v)) in time O(| X |mW),
else return @ in time O(nmW).

Modified static algorithm for threshold mean-payoff games. The basic algorithm for
threshold mean-payoff games computes a progress measure, with a defined top ele-
ment value T. If the progress measure has the value T for a vertex, then the vertex
is declared as winning for player 2. With value T = n - W, the correct winning
region for both players can be identified. Moreover, for a given value « for T, the
progress measure algorithm requires O(« - m) time. Our modified static algorithm
is based on the following idea:

1. Consider a value @ < n - W for the top element. With this reduced value
for the top element, if a winning region is identified for player 1, then it is a
subset of the whole winning region for player 1.

2. We will iteratively double the value for the top element.

Given the above ideas our algorithm is an iterative algorithm defined as follows:
Initialize top value T, = W. The i-th iteration is as follows:

1. Run the progress measure algorithm with top value T,.
2. If a winning region X for player 1 is identified, return X.
3. Else T, = 2T, (i.e., the top value is doubled).

4. If T,;1 > 2nW, stop the algorithm and return @, else proceed to the next
iteration.

Correctness and running time analysis. The key steps of the correctness argument
and the running time analysis are as follows:
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1. The above algorithm is correct, since if it returns a set X then it is a subset of
the winning set for player 1.

2. If the algorithm returns a winning set with top value a, then the total running
time till this iteration is m - (a + @/2 + a/4 + ---), because the progress with
top value @ requires time O(am). Hence the total running time if a set X is
returned with top value a is O(a - m).

3. Let Z be a set of vertices such that no player-2 vertex in Z has an edge out
of Z, and the whole subgame I' | Z is winning for player 1. Then a winning
strategy in Z ensures that a progress measure with top value | Z|W would
identify the set Z as a winning set.

4. From above it follows that if the winning set X is identified at top value a, but
no winning set was identified with top value a/2, then the size of the winning
set is at least a/(2W).

5. It follows from above that if a set X is identified, then the total running time
to obtain set X is O(| X |mW).

6. Moreover, the total running time of the algorithm when no set X is identified
is in O(nmW), and in this case, the winning region is empty.

Thus we solved the modified static algorithm for threshold mean-payoff games as
desired and obtain the following result.

Theorem 3.3.3. Let Z = W (MeanPayoff(I', w, v))). If Z # @, then a non-empty
set X C Z can be computed in time O(|X|mW), else an empty set is returned if
Z = @, which takes time O(nmW).

Using the above algorithm to compute the winning set for player 1 in the sub-
games, we obtain an algorithm for threshold mean-payoft coBiichi games in time
O(nmW).

Theorem 3.3.4. Given a mean-payoff cobiichi game the winning set of a threshold
mean-payoff coBiichi objective, can be computed in O(nmW) time.

3.3.3 Threshold Mean-Payoff Parity Games

The algorithm for threshold mean-payoff parity games is the standard recursive
algorithm [83] (classical parity game-style algorithm) that generalizes the Biichi
and coBiichi cases (which are the base cases). The running time recurrence is as
follows: T'(n,d, m,w) = n(T'(n,d — 1, m) + O(m)) + O(nmW). Using our approach
we obtain the following result.

Theorem 3.3.5. Given a mean-payoff parity game the winning set of a threshold
mean-payoff parity objective can be computed in O(n®~'mW) time.
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3.4 Optimal Values for Mean-payoff Parity Games

In this section, we present an algorithm that computes the value function for mean-
payoff parity games. For mean-payoff games a dichotomic search approach was
presented in [44]. We show that such an approach can be generalized to mean-
payoff parity games.

Range of Values for the Dichotomic Search. To describe the algorithm we recall a
lemma about the possible range of optimal values of a mean-payoff parity game.
The lemma is an easy consequence of the characterization of [83] that the mean-
payoff parity value coincides with the mean-payoff value, and the possible range of
value for mean-payoff games.

Lemma 3.4.1 ([83, 121, 175]). Let (I', p, w) be a mean-payoff parity game. For each
vertex v, the optimal value val(MPP(-, p, w, I'))(v) is a rational number% such that
1<z<nand|y|<z-W.

By Lemma 3.4.1 the value of each vertex v € V/, is contained in the following
set of rationals

S(F’p’w)={X‘y,zEZ,lSZSnA—z-WﬁySZ-W}.
z

Definition 3.4.2. Let (I, p, w) be a mean-payoff parity game. We denote the set of
vertices v € V' such that val(MPP(-, p,w, I'))(v) o u whereo € {<,<,=,>,>} with
v

Key Observation.

Let (I' = (V,E,(V{,V;))),p, w) be a mean-payoff parity game. Let 4 €
[-W,W]. The sets V;M,VF” and VF” can be computed using any algorithm
for threshold mean-payoff parity games twice (for example using Theorem 3.3.5).
To calculate VrZ” and Vr< # use the algorithm on (I', p, w) with the mean-payoff
parity objective ¢p = Parity(p, I') N MeanPayoff(u, w, I'). Consider (I =
(V,E,(V5, Vi), p,w"), where w'(e) = —w(e) for all edges e € E and player-
1 and player-2 vertices are swapped. To calculate VFS # and Vr> # use the al-
gorithm on (I'’, p, w) with mean-payoff parity objective ¢ = Parity(p,I"’) N
MeanPayoff(—u, w’, I'"). Given the sets VFS”, VF”, VFZ” and VF” we can extract
the sets V;”, V;M and VF<”.

I',p,w)

All values ¢’ in S are of the form Z. For those values we can determine

whether v € V[Z W by applying the algorithm for threshold mean-payoff parity
games on (I = (V, E,(V,,V}))), p, w") where w'(e) = w(e) - z for all e € E with
the mean-payoff parity objectives ¢ = Parity(p, I') N MeanPayoff(y, w’, I'). Note
that in the worst case, the weight function w’ of I' is in O(nW).

Dichotomic Search. Let (I', p, w) be a mean-payoff parity game. The dichotomic
search algorithm is recursive algorithm initialized with Iy = I" and S, = S P,
In recursive call i the following steps are executed:
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1. Let r; = min(.5;) and s; = max(sS,).

2. Determine a;, the largest element in .S, less than or equal to ~ 2 4% and a,, the
smallest element in .S; greater than or equal to %

3. Determine the partitions V “ V_a1 V_a2 V * using the key observation.

4. Forallv € V “! set the value to ay, for all v € V * set the value to a, and
set the value to —oo for all vertices v which are not in any set calculated in
step 3.

5. Recurse upon [; | V; "and I; | V>a2

Correctness. Let (I', p, w) be a mean-payoff parity game. We prove that the di-
chotomic search algorithm correctly calculates val(MPP(-, p, w, I'))(v) for all v €
V. The algorithm is initialized with I" and S/*»*). By Lemma 3.4.1 the values of
the vertices v € V are in the set ST*P%). Because we perform a binary search
over the set S we can guarantee the termination of the algorithm. Notice that
we need to show that the values calculated in the subgames constructed in step 4
are identical to the values in the original game. Then correctness follows immedi-

ately by our key observation and because we perform a binary search over the set
SsUhpw)

Lemma 3.4.3. Given a mean-payoff parity game (I',p,w) and u € Q, let I'' =T |
V;” and I'" =T | Vr<”. Forallv € V", we have val(MPP(-, p,w, I'"))(v) =
val(MPP(-, p,w, T'))(v) and for all v € V*, we have val(MPP(-, p, w, I'"))(v) =
val(MPP(-, p, w, I'))(v).

Proof. Let v € V;” be arbitrary. We will prove val(MPP(-, p,w,T'")(v) =
val(MPP(., p, w, I'))(v) by showing the following two cases:

o val(MPP(-, p,w, I'"))(v) < val(MPP(-, p,w, I'))(v): Note that there can be
no player-2 vertex in VF # with an edge to VFS . Thus we cut away only
edges of player-1 vertices in I'". Consequently player-1 has less choices
in I’ than in I' at each of her vertices. Thus val(MPP(-,p, w, I'"))(v) <
val(MPP(-, p,w, I'))(v) holds.

« val(MPP(-, p,w, I'"))(v) > wval(MPP(-, p,w,I'))(v): Let 6 be an optimal
strategy for player 1 and let # be an optimal strategy for player 2 which
both exist by [83]. We will show that ¢ produces plays with vertices in VF> K
only, if it starts from v. For the sake of contradiction assume that a play
p = w(v, 0, ) contains a vertex v* € VFS #. Notice that there are no player-
2 vertices in Vr> # with edges to VFS . Thus o chose a successor vertex in
VFS . But when p ends up in VFS # the optimal player-2 strategy z can guar-
antee that MPP(p, p, w, I') < pu by the definition of VFS” . There is a strategy
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to keep the value of the play starting at v greater than u by the definition
of Vr> #. Thus any play p leading to VrS # using ¢ is not optimal which is a
contradiction to our assumption. Consequently val(MPP(-, p,w, I'"))(v) >
val(MPP(-, p, w, I'))(v) follows.
The fact that for all v € Vlf”, we have val(MPP(-,p,w,I'")(v) =
val(MPP(-, p,w, I'))(v) follows by a symmetric argument.
O

Running Time. The running time of the dichotomic search is O(n log(nW ) TH) where
TH is the running time of an algorithm for the threshold mean-payoff parity prob-
lem. The additional factor n comes from rescaling the weights of the mean-payoff
parity game I" which is described in the key observation. The factor O(log(nW)) is
from using binary search on S as |S| = O(n*W).

Theorem 3.4.4. Given a mean-payoff parity game (I', p, w) and an algorithm that
solves the threshold mean-payoff parity problem in O(TH), the value function of
(I', p, w) can be computed in time O(nlog(nW)TH).

As a corollary of the above theorem and Theorem 3.3.5, the value function for mean-
payoff parity games can be computed in O(n? - m - W - log(nW)) time.

3.5 Conclusion

In this chapter, we present faster algorithms for mean-payoff parity games. Our
most interesting results are for mean-payoff Biichi and mean-payoff coBiichi games,
which are the base cases. For threshold mean-payoff Biichi and mean-payoff coBiichi
games, our bound O(nmW’) matches the current best-known bound for mean-payoff
games. For the value problem, we show the dichotomic search approach of [44] for
mean-payoff games can be generalized to mean-payoff parity games. This gives an
additional multiplicative factor of nlog(nW’) as compared to the threshold problem.
A recent work by Comin et al. [111] shows that the value problem for mean-payoft
objective can be solved with a multiplicative factor n compared to the threshold
objective (i.e., it shaves of the log factor). An interesting question is whether the
approach of Comin et al. can be generalized to mean-payoff parity games.



CHAPTER

Near-Linear Time Algorithms
for Streett Objectives in Graphs
and MDPs

In this chapter, we present randomized near-linear time algorithms for Streett ob-
jectives in graphs and MDPs.

4.1 Introduction

In this work, we present near-linear (hence near-optimal) randomized algorithms
for the strong fairness verification in graphs and Markov Decision Processes (MDPs).
In the fundamental model-checking problem, the input is a model and a specification,
and the algorithmic verification problem is to check whether the model satisfies the
specification. We first describe the models and the specifications we consider, then
the notion of satisfaction, and then previous results followed by our contributions.

Models: Graphs and MDPs. Graphs and Markov decision processes (MDPs) are two
classical models of reactive systems. The states of a reactive system are represented
by the vertices of a graph, the transitions of the system are represented by the edges
and non-terminating trajectories of the system are represented as infinite paths of
the graph. Graphs are a classical model for reactive systems with nondeterminism,
and MDPs extend graphs with probabilistic transitions that represent reactive sys-
tems with both nondeterminism and uncertainty. Thus, graphs and MDPs are the
standard models of reactive systems with nondeterminism, and nondeterminism
with stochastic aspects, respectively [22, 105]. Moreover, MDPs are used as models
for concurrent finite-state processes [113, 221] as well as probabilistic systems in
open environments [22, 117, 168, 209].

35
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Specification: Strong fairness (aka Streett) objectives. A fundamental specification for-
malism in the analysis of reactive systems is the strong fairness condition. The strong
fairness conditions (aka Streett objectives) consist of k types of requests and corre-
sponding grants, and the requirement is that for each type if the request happens
infinitely often, then the corresponding grant must also happen infinitely often. Be-
yond safety, reachability, and liveness objectives, the most standard properties that
arise in the analysis of reactive systems are Streett objectives, and chapters of stan-
dard textbooks in verification are devoted to it (e.g., [105, Chapter 3.3], [180, Chap-
ter 3], [16, Chapters 8, 10]). Besides, w-regular objectives can be specified as Streett
objectives, e.g., LTL formulas and non-deterministic w-automata can be translated
to deterministic Streett automata [203] and efficient translations have been an ac-
tive research area [76, 126, 160]. Consequently, Streett objectives are a canonical
class of objectives that arise in verification.

Satisfaction. The notions of satisfaction for graphs and MDPs are as follows: For
graphs, the notion of satisfaction requires that there is a trajectory (infinite path)
that belongs to the set of paths specified by the Streett objective. For MDPs, the satis-
faction requires that there is a strategy to resolve the nondeterminism such that the
Streett objective is ensured almost-surely (with probability 1). Thus the algorithmic
model-checking problem of graphs and MDPs with Streett objectives is a central
problem in verification, and is at the heart of many state-of-the-art tools such as
SPIN, NuSMV for graphs [104, 145] and PRISM, LiQuor, Storm for MDPs [103, 117,
168].

Our contributions are related to the algorithmic complexity of graphs and MDPs
with Streett objectives. We first present previous results and then our contributions.

Previous results. The most basic algorithm for the problem for graphs is
based on repeated SCC (strongly connected component) computation, and infor-
mally can be described as follows: for a given SCC, (a) if for every request type that
is present in the SCC the corresponding grant type is also present in the SCC, then
the SCC is identified as “good”, (b) else vertices of each request type that have no cor-
responding grant type in the SCC are removed, and the algorithm recursively pro-
ceeds on the remaining graph. Finally, reachability to good SCCs is computed. The
algorithm for MDPs is similar where the SCC computation is replaced with maximal
end-component (MEC) computation and reachability to good SCCs is replaced with
probability 1 reachability to good MECs. The basic algorithms for graphs and MDPs
with Streett objective have been improved in several works, such as for graphs in [80,
138], for MEC computation in [77, 78, 91], and MDPs with Streett objectives in [75].
For graphs/MDPs with n vertices, m edges, and k request-grant pairs with b denot-
ing the size to describe the request grant pairs, the current best-known bound is

O(min(n?, m+y/mlogn) + blog n).

Our contributions. In this work, our main contributions are randomized
near-linear time (i.e. linear times a polylogarithmic factor) algorithms for graphs
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and MDPs with Streett objectives. In detail, our contributions are as follows:

« First, we present a near-linear time randomized algorithm for graphs with
Streett objectives where the expected running time is O(m + b), where the O
notation hides poly-log factors. Our algorithm is based on a recent random-
ized algorithm for maintaining the SCC decomposition of graphs under edge
deletions, where the expected total running time is near linear [31].

« Second, by exploiting the results of [31] we present a randomized near-linear
time algorithm for computing the MEC decomposition of an MDP where the
expected running time is O(m). We extend the results of [31] from graphs to
MDPs and present a randomized algorithm to maintain the MEC decomposi-
tion of an MDP under edge deletions, where the expected total running time
is near linear [31].

« Finally, we use the result of the above item to present a near-linear time ran-
domized algorithm for MDPs with Streett objectives where the expected run-
ning time is O(m + b).

All our algorithms are randomized and since they are near-linear in the size of the in-
put, they are optimal up to poly-log factors. An important open question is whether
there are deterministic algorithms that can improve the existing running time bound
for graphs and MDPs with Streett objectives. Our algorithms are deterministic ex-
cept for the invocation of the decremental SCC algorithm presented in [31].

Table 4.1: Summary of Results.

Problem New Running T.  Old Running T.

Streett Objectives on Graphs 5(m +b) 5(min(n2, mﬁ) + b) [81, 138]
Almost-Sure Reachability 5(m) O(m - n*) [75, 91]

MEC Decomposition 5(m) O(m - n*) [91]

Decremental MEC Decomposition 5(m) O(nm) [91]

Streett Objectives on MDPs 5(m +b) 5(min(n2, m\/n_1) + b) [75]

4.2 Decremental SCCs

We first recall the result about decremental strongly connected components mainte-
nance in [31] (cf. Theorem 4.2.1 below) and then augment the result for our purposes.

Theorem 4.2.1 (Theorem 1.1 in [31]). Given a graph G = (V, E) with m edges and
n vertices, we can maintain a data structure & that supports the operations

* DELETE(U, v): Deletes the edge (u, v) from the graph G.
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* QUERY(u, v): Returns whether u and v are in the same SCC in G,

in total expected update time O(mlog* n) and with worst-case constant query time.
The bound holds against an oblivious adversary.

The preprocessing time of the algorithm is O(m + n) using [216]. To use this
algorithm we extend the query and update operations with three new operations
described in Corollary 4.2.2.

Intuitively, the first function is available in the algorithm described in [31]. The
second function can be implemented directly from the construction of the data struc-
ture maintained in [31]. The key idea for the third function is that when an SCC
splits, we consider the new SCCs. We distinguish between the largest of them and
the others which we call small SCCs. We then consider all edges incident to the small
SCCs: Note that as the new outgoing edges in the large SCC are also incident to a
small SCC we can also determine the outgoing edges of the large SCC. Observe that
whenever an SCC splits all the small SCCs are at most half the size of the original
SCC. That is, each vertex can appear only O(log n) times in small SCCs during the
whole algorithm. As an edge is only considered if one of the incident vertices is in
a small SCC each edge is considered O(log n) times and the additional running time
is bounded by O(mlogn). Furthermore, we define T'; as the running time of the
best decremental SCC algorithm which supports the operations in Corollary 4.2.2.
Currently, T'; = O(m log4 n).

Corollary 4.2.2. Given a graph G = (V, E) with m edges and n vertices, we can
maintain a data structure & that supports the operations

 REP(u) (query-operation): Returns a reference to the SCC containing the vertex
u.

* DELETE-ANNOUNCE(E) (update-operation): Deletes the set E of edges from the
graph G. If the edge deletion creates new SCCs Cy, ..., C;, the operation returns
alistQ ={Cy,...,C,} of references to the new SCCs.

* DELETE-ANNOUNCE-NO-OUTGOING(E) (update-operation): Deletes the set E of
edges from the graph G. The operation returns a list Q = {Cy, ..., C, } of refer-
ences to all new SCCs with no outgoing edges.

in total expected update time O(mlog* n) and worst-case constant query time for the
first operation. The bound holds against an oblivious adaptive adversary.

Proof. We first recall the data structure & maintained by the algorithm of [31]. We
need the following detail about &/ to prove the second and third point. The data
structure &/ maintains a hierarchy of graphs G = {GO, e é[log n+11}:

G, = CONDENSE((V, | J E) UE,

j<i
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where the edge sets E; form a partition of E. Additionally, the top graph é[log n)+1

contains all the edges of G and the SCCs in GAUOg n)+1 are thus the same as in G [31,
P. 5]. The top level graph thus corresponds to CONDENSE(G).

+ The data structure & maintained in [31] can be extended to support the func-
tion REP(v) for some vertex u because & can in constant time identify the
node representing v in the graph G o, 41 [31, P.23].

+ The data structure & maintained in [31] can be extended to support the mod-
ified delete-operation DELETE-ANNOUNCE(E): At the beginning of the opera-
tion we initialize a new List &. For each edge e € E we do the following:
We compute &/ .DELETE(e) and when nodes in CONDENSE(G) are split due to
an edge deletion, & creates new nodes {5y, ..., s, } in CONDENSE(G) by the
fact that o/ maintains the hierarchy G. For each s; € {sq,..., s}, store the
pointer to the nodes in <. In the end we return Z. This can be done with an
additional constant effort when maintaining the graph CONDENSE(G). If an
SCC C splits which is already in & due to an edge deletion in C, we create a
new node for each new SCCs (and add it to &).

« We prove that the data structure &/ maintained in [31] can be extended to
support the modified delete operation DELETE-ANNOUNCE-NO-OUTGOING(E)
in total expected update time O(mlog* n) time: Note that the top level main-
tained in the hierarchy corresponds to CONDENSE(G). Initially, we store
the number of outgoing edges in a counter for all nodes in CONDENSE(G).
Clearly, this is in O(m + n) time, the preprocessing time of &/. These coun-
ters will be maintained throughout the entire sequence of edge-deletions, i.e.,
for each edge deleted from G. Whenever an edge e = (u,v) € E is deleted
we need to distinguish between the case (i) e is in the graph CONDENSE(G)
and (ii) e is in one of the SCCs. In case (i) the counter of the node represent-
ing u must be decremented. This is in constant time. For case (ii), when e
is inside an SCC we also distinguish between two cases. Either the SCC de-
composition does not change (CONDENSE(G) does not change) or the SCC
decomposition changes. In the first case, we leave the counters unchanged
and are done because CONDENSE(G) does not change. When the SCC de-
composition changes, new nodes are created in CONDENSE(G) because by
deleting edges we create more SCCs. Thus there is an SCC C, which is split
into new SCCs C = {C|, ..., C, } when we delete the edge e. We initialize the
counters for all new SCCs to zero (nodes created in CONDENSE(G)) except
for the largest one (i.e., C, = argmax ec |C;|) which we set to the value of
the original SCC C,. We determine the number of outgoing edges of the SCCs
in C \ {C,} by looking at the incident edges. During this process we modify
the counter of C,, which we initialized to the counter of the original SCC C,
in the following two cases:
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- Ifanedgein C\{C,} goes to an SCC not in C we decrement the counter
of Cf.

— If there is an edge going to an SCC in C we increment the counter of
C,.

Assume the counters were correct before the edge deletion, that is, in
CONDENSE(G). Let G’ be the graph without e. We prove that we count
each outgoing edge in CONDENSE(G") correctly. Let ¢’ = (u, v) be an arbi-
trary edge in CONDENSE(G"). Either ¢’ is present before the deletion of e
or ¢’ is new after the deletion of e.

— Edges present before the deletion of e are of two types, going out of
C, and not going out of C,: When the edge e’ is not going out of C,
the counter of the outgoing node is still correct because the number of
outgoing edges did not change. When the edge e’ is going out of C,
there are two cases. Either it is now going out of C, or of some other
SCCin C \ {C,}. If u = Cy, notice that C, is set to the counter of C,
and we count e’. On the other hand, ifu is in C \ {C,} and v is a node
outside of C we count e’ when we look at all edges incident to u. Note
that we also count it at C, because this edge is originally incident to C,
and but not to C,. Thus we decrement the counter of C, for each such

edge.

— Edges new after the deletion of e are also of two types: Going out of C,
and going out of an SCC in C \ {C,}. Note that all edges have their
endpoints in C. If uis in C \ {C,} we count e’ correctly because we
looked at all edges incident to u. If u = C, we need to increment the
counter of u. This is done when we look at all the incident edges of

C\ {Cy).

For each edge, we have a constant amount of work: An edge can be in the
smaller part of the partition at most O(log n) times because it is only con-
sidered when the corresponding original SCC halves. When we execute the
operation DELETE-ANNOUNCE-NO-OUTGOING(E) while deleting edges and we
find that an SCC has no outgoing edges, i.e., the stored counter is zero, we
add it to a list and return this list. O

4.3 Graphs with Streett Objectives

In this section, we present an algorithm which computes the winning regions for
graphs with Streett objectives. The input is a directed graph G = (V, E) and k
Streett pairs (L;,U;) for j = 1, ..., k. The size of the input is measured in terms of

m=|E|,n=|V| kandb=Y*_ (Ll +|U;|) < 2nk.
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Algorithm Street and good component detection. Let C be an SCC of
G. In the good component detection problem, we compute (a) a non-trivial SCS
G[X] C C induced by the set of vertices X, such that for all 1 < j < k either
L,nX =g@orU;nX # @ or (b) that no such SCS exists. In the first case, there
exists an infinite path that eventually stays in X and satisfies the Streett objective,
while in the latter case, there exists no path which satisfies the Streett objective in C.
From the results of [16, Chapter 9, Proposition 9.4] the following algorithm, called
Algorithm Street, suffices for the winning set computation:

1. Compute the SCC decomposition of the graph;

2. For each SCC C for which the good component detection returns an SCS, label
the SCC C as satisfying.

3. Output the set of vertices that can reach a satisfying SCC as the winning set.

Since the first and last step are computable in linear time, the running time of Al-
gorithm Street is dominated by the detection of good components in SCCs. In the
following, we assume that the input graph is strongly connected and focus on good
component detection.

Bad vertices. A vertex is bad if there is some 1 < j < k such that the vertex is in
L; but it is not strongly connected to any vertex of U;. All other vertices are good.
Note that a good vertex might become bad if a vertex deletion disconnects an SCS
or a vertex of a set U;. A good component is a non-trivial SCS that contains only
good vertices.

Decremental strongly connected components. Throughout the algorithm, we use the
algorithm described in Section 4.2 to maintain the SCCs of a graph when deleting
edges. In particular, we use Corollary 4.2.2 to obtain a list of the new SCCs which
are created by removing bad vertices. Note that we can ‘remove’ a vertex by deleting
all its incident edges. Because the decremental SCC algorithm assumes an oblivi-
ous adversary we sort the list of the new SCCs as, otherwise, the edge deletions
performed by our algorithm would depend on the random choices of the decremen-
tal SCC algorithm.

Data structure. During the algorithm, we maintain a decomposition of the vertices
in G = (V, E): We maintain a list O of certain sets .§ C V' such that every SCC of
G is contained in some S stored in Q.

The list O provides two operations: Q.ADD(X) enqueues X to Q; and Q.PULL()
dequeues an arbitrary element X from Q. For each set S in the decomposition, we
store a data structure D(S) in the list Q. This data structure D(S) supports the
following operations

1. coNSTRUCT(S): initializes the data structure for the set S

2. REMOVE(S, B) updates S to .S \ B for a set B C V and returns D(S) for the
new set S.
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3. BAD(S) returns a reference to the set {v € S |Jjwithv € L;and U; n S =
@}

4. D-sccs(S) returns the set of SCCs currently in G[.S]. We implement D-sccs(.S)
as a balanced binary search tree which allows logarithmic and updates and
deletions.

In [138] an implementation of this data structure with functions (1)-(3) is described
that achieves the following running times. For a set of vertices S C V, let bits(.S)
be defined as zj.‘ (SN L +1SnU;).

Lemma 4.3.1 (Lemma 2.1 in [138]). After a one-time preprocessing of time O(k), the
data structure D(.S) can be implemented in time O(bits(S) + |S|) for coNsTRUCT(S),
time O(bits(B) + | B|) for REMOVE(S, B) and constant running time for BAD(.S).

We augment the data structure with the function p-sccs(S) which runs in total
time of a decremental SCC algorithm supporting the first function in Corollary 4.2.2.

Algorithm Description. The key idea is that the algorithm maintains the list O of
data structures D(S) as described above when deleting bad vertices. Initially, we
enqueue the data structure returned by consTrUCT(V) to Q. As long as Q is non-
empty, the algorithm repeatedly pulls a set .S from Q and identifies and deletes bad
vertices from G[S]. If no edge is contained in G[S], the set .S is removed as it can
only induce trivial SCCs. Otherwise, the subgraph G[S] is either determined to be
strongly connected and output as a good component or we identify and remove an
SCC with at most half of the vertices in G[.S]. Consider Figure 4.1 for an illustration
of an example run of Algorithm 4.1.
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Figure 4.1: Illustration of one run of Algorithm 4.1: The vertex in the set L, is a bad
vertex and we remove it from the SCC yielding four new SCCs. First, we look in
the SCC containing L;. The vertex in L3 is a bad vertex because there is no vertex
in U; in this SCC. Again two SCCs are created after its removal. The next SCC we
process is the SCC containing L. It is a good component because the vertex in L
has a vertex in U, in the same SCC. No bad vertices are removed and the whole
SCC is identified as a good component.

Outline correctness and running time. In the following, when we talk about the in-
put graph G we mean the unmodified, strongly connected graph which we use to
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Algorithm 4.1: Algorithm GoopCowmp
Input: Strongly connected graph G = (V, E) and Streett pairs (L;, U;) for
j=1...,k
Output: a good component in G if one exists
1 Invoke an instance & of the decremental SCC algorithm; Initialize Q as a new list.
2 D(V') « consTrRUCT(V); D(V).D-sccs(V) « {&/.REP(x)} for some x € V'
3 Q.ApD(D(V))
4 while Q is not empty do

5 D(S) <« Q.ruLL()

6 while D(S).BaD(S) is not empty do

7 B < D(S).BAD(S); D(S) « D(S).REMOVE(S, B)
// obtain SCCs after deleting bad vertices from S
D(S).p-sces(S) < D(S).0-sces(S) \ (Upep{ < -RER(D)})

9 D(SS).p-sccs(S) « D(S).n-sccs(.S) U & .DELETE-ANNOUNCE(E(B))

10 if G[S] contains at least one edge then

11 Initialize K as a new list

12 for X « D(S).n-sccs(S) do

13 if X = S then output G[S]; // good component found

14 L if | X| <5l then K.apD(X);

15 Sort the SCCs in K by vertex id (look at all the vertices in each SCC of K)

16 R <« @ // Build D(X) for scCs X in K and remove X from .S, D(S)

and D-sccs(sS)

17 for X « K.rurL() do

18 R <« RU X; D(X) < CONSTRUCT(X)

19 D(X).p-sccs(X) < {<.ReP(x)} for some x € X

20 D(S).p-sccs(S) < D(S).n-sccs(S) \ {<.REP(x)} for some x € X

21 0.App(D(X))

22 if D(S).n-sccs(S) # @ then Q.ApD(D(S).REMOVE(S, R))

23 return No good component exists.

initialize Algorithm 4.1. In contrast, with the current graph G we refer to the graph
where we already deleted vertices and their incident edges in the course of finding
a good component. For the correctness of Algorithm 4.1, we show that if a good
component exists, then there is a set .S stored in list O which contains all vertices
of this good component.

To obtain the running time bound of Algorithm 4.1, we use the fact that we
can maintain the SCC decomposition under deletions in O(T';) total time. With the
properties of the data structure described in Lemma 4.3.1 we get a running time of
5(}1 + b) for the maintenance of the data structure and identification of bad vertices
over the whole algorithm. Combined, these ideas lead to a total running time of
5( T; + n+ b) which is 5(m + b) using Corollary 4.2.2.

Lemma 4.3.2. Algorithm 4.1 runs in expected time 5(m + b).

Proof. The preprocessing and initialization of the data structure D and the removal
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of bad vertices in the whole algorithm takes time O(m + k + b) using Lemma 4.3.1.
Since each vertex is deleted at most once, the data structure can be constructed and
maintained in total time O(m). Announcing the new SCCs after deleting the bad
vertices at Line 9 is in O(T,) = 5(m) total time by Corollary 4.2.2. Consider an
iteration of the while loop at Line 4: A set .S is removed from Q. Let us denote by
n’ the number of vertices of S. If G[S] does not contain any edge after the removal
of bad vertices, then S is not considered further by the algorithm. Otherwise, the
for-loop at Line 12 considers all new SCCs. We can implement the for-loop in a
lockstep fashion: In each step for each SCC we access the i-th vertex and as soon as
all of the vertices of an SCC are accessed we add it to the list K. When only one SCC
is left we compute its size using the original set .S and the sizes of the other SCCs.
If its size is at most |.S|/2 we add it to K. Note that this can be done in time propor-
tional to the number of vertices in the SCCs in S of size at most |.S|/2. The sorting
operation at Line 15 takes time O(|K|log|K|) plus the size of all the SCCs in K,
that is ZK,EK |K;|. Note that O(|K|log |K|) = O((ZK,EK |Ki|)log(ZKieK |K;])).
Let K; € K be an SCC stored in K. Note that during the algorithm each vertex can
appear at most log(n) times in the list K. This is by the fact that K only contains
SCCs that are at most half the size of the original set .S. We obtain a running time
bound of O(n(log n)?) for Lines 12-15.

Consider the second for-loop at Line 17: Let |X| = n;. The operations REMOVE(:)
and coNsTRUCT(:) are called once per found SCC G[X] with X # .S and take by
Lemma 4.3.1 O(| X | + bits(X)) time. Whenever a vertex is in X, the size of the
set in Q containing v originally is reduced by at least a factor of two due to the
fact that |X| = n; < n'/2. This happens at most [logn]| times. By charging
O(1) to the vertices in X and, respectively, to bits(X), the total running time for
Lines 21 & 22 can be bounded by O((n + b)logn) as each vertex and bit is only
charged O(log n) times. Combining all parts yields the claimed running time bound
of O(T,; + blogn + nlog? n) = O(m + b). O

The correctness of the algorithm is similar to the analysis given in [81, Lem-
mas 3.6 & 3.7] except that we additionally have to prove that p-sccs(S) holds the
SCCs of G[S]. Lemma 4.3.3 shows that we maintain D-sccs(.S) properly for all the
data structures in Q.

Lemma 4.3.3. After each iteration of the outer while-loop every non-trivial SCC of the
current graph is contained in one of the subgraphs G[.S] for which the data structure
D(S) is maintained in Q and D-sccs(.S) stores a list of all SCCs contained in S.

Proof. Initially, p-sccs(V') stores the whole input graph as one SCC. Thus, by the
assumption that the input is a strongly connected graph the claim is true before
the first iteration of the while loop. Thus let us assume the statement is true before
an iteration of the loop. We will show that then it also holds after the iteration.
First, the SCCs of a set .S stored in the data structure are only modified when we
remove bad vertices at Lines 6-8. Consider such bad vertex b € B: If new SCCs
are created due to the deletion of b, the representative SCC of b splits into multiple
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SCCs and p-sccs(SS) is correctly updated in Lines 8 and 9. Moreover, for each new
non-trivial SCC X that we remove from S, the algorithm adds a new set to Q in
Lines 21 & 22. Also, we update the corresponding set b-sccs(X) at Line 19 and the
old set p-sccs(sS) at Line 20. O

We prove the next Lemma by showing that we never remove edges of vertices
of good components.

Lemma 4.3.4. After each iteration of the outer while-loop every good component of
the input graph is contained in one of the subgraphs G[.S] for which the data structure
D(S) is maintained in the list Q.

Proof. We first show that Algorithm 4.1 never removes edges or vertices that belong
to a good component. Consider an arbitrary iteration of the outer while loop at
Line 4. Let D(S) be the data structure pulled from the list Q in that iteration. Edges
are only removed in Line 9 of the algorithm where bad vertices and incident edges
are removed from S. As bad vertices cannot be part of any good component in
S the algorithm does not delete any edge in a good component. That is, every
good component of the initial graph stays strongly connected in the modified graph
during the whole algorithm and the claim follows from Lemma 4.3.3. O

Proposition 4.3.5. Algorithm 4.1 outputs a good component if one exists, otherwise
the algorithm reports that no such component exists.

Proof. First consider the case where Algorithm 4.1 outputs a subgraph G[.S]. We
show that G[S] is a good component: Line 10 ensures only non-trivial SCSs are
considered. After the removal of bad vertices from .S in Lines 6-9, we know that for
all 1 <j < k that U;n S#gifSn L; # @. Due to Line 13 there is only one SCC
in G[.S] and thus G[.S] is a good component. Second, if Algorithm 4.1 terminates
without a good component, by Lemma 4.3.4, we have that the initial graph has no
good component and thus the result is correct as well. O

The running time bounds for the decremental SCC algorithm of [31] (cf. Corol-
lary 4.2.2) only hold against an oblivious adversary. Thus we have to show that
in our algorithm the sequence of edge deletions does not depend on the random
choices of the decremental SCC algorithm. The key observation is that only the or-
der of the computed SCCs depends on the random choices of the decremental SCC
and we eliminate this effect by sorting the SCCs.

Proposition 4.3.6. The sequence of deleted edges does not depend on the random
choices of the decremental SCC Algorithm but only on the given instance.

Proof. Note that we only delete edges at Line 9. We prove that the claim holds for
every iteration of the while loop: Initially, there is only one element in Q at Line 4.
Thus the claim holds initially. Assume that the claim holds before the while-loop.
Thus, the S we pull from Q does not depend on the random choices of the decre-
mental SCC algorithm &/. Note, that when we remove vertices at Line 9 the newly
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created SCCs are returned to K are determined by the input instance and do not
depend on the random choices of the algorithm. Only the order in which the SCCs
are returned depends on the random choices of the decremental SCC algorithm
g. When we look at the set .S of vertices which contains all of the new SCCs at
Line 12-21 we add all SCCs with at most |.S|/2 vertices to a list. We sort this list by
the minimum vertex id of each SCC and add them according to this order to our list
data structure Q (if there is an SCC with more than |.S|/2 vertices it is at the end of
Q). Thus, again the order in which SCCs are dequeued from Q is fixed and does not
depend on the random choices of . O

Due to Lemma 4.3.2, Lemma 4.3.5 and Proposition 4.3.6 we obtain the following
result.

Theorem 4.3.7. In a graph, the winning set for a k-pair Streett objective can be com-
puted in O(m + b) expected time.

4.4 Algorithms for MDPs

In this section, we present expected near-linear time algorithms for computing a
MEC decomposition, deciding almost-sure reachability and maintaining a MEC de-
composition in a decremental setting. In the last section, we present an algorithm
for MDPs with Streett objectives by using the new algorithm for the decremental
MEC decomposition.

4.4.1 Maximal End-Component Decomposition

In this section, we present an expected near linear time algorithm for MEC decom-
position. Our algorithm is an efficient implementation of the static algorithm pre-
sented in [91, p. 29]: The difference is that the bottom SCCs are computed with a
dynamic SCC algorithm instead of recomputing the static SCC algorithm. A similar
algorithm was independently proposed in an unpublished extended version of [98].

Algorithm Description. The MEC algorithm described in Algorithm 4.2 repeatedly
removes bottom SCCs and the corresponding random attractor. After removing
bottom SCCs the new SCC decomposition with its bottom SCCs is computed using
a dynamic SCC algorithm.

Correctness follows because our algorithm just removes attractors of bottom
SCCs and marks bottom SCCs as MECs. This is precisely the second static algorithm
presented in [91, p. 29] except that the bottom SCCs are computed using a dynamic
data structure. By using the decremental SCC algorithm described in Subsection 4.2
we obtain the following lemma.

Lemma 4.4.1. Algorithm 4.2 returns the MEC-decomposition of an MDP P in expected
time O(m).
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Algorithm 4.2: MEC Algorithm
Input: MDP P = (V, E, (V}, V), 6), decremental SCC algorithm &

1 Invoke an instance & of the decremental SCC algorithm

2 Compute the SCC-decomposition of G = (V, E): C = {C,...,C,}

3 Let M = @; 0 « {C; € C| C, has no outgoing edges}

4 while Q is not empty do

5 C«@

6 forC,eQdo C<CUC; M <« MU{C,}

7 A < attrx(C, P)

8 Q < 9/ .DELETE-ANNOUNCE-NO-OUTGOING(E(A))// remove A from P
9

10 return M

Proof. The running time of algorithm & is in total time O(T,;) = O(m) by The-
orem 4.2.1 and Corollary 4.2.2. Initially, computing the SCC decomposition and
determining the SCCs with no outgoing edges takes time O(m + n) by using [216].
Each time we compute the attractor of a bottom SCC C, at Line 7 we remove it
from the graph by deleting all its edges and never process these edges and vertices
again. Since we can compute the attractor A at Line 7 in time O(ZUe 4 In(A)), we
need O(m + n) total time for computing the attractors of all bottom SCCs. Hence,
the running time is dominated by the decremental SCC algorithm &, which is
O(T,) = O(m). O

The algorithm uses O(m + n) space because the decremental SCC algorithm &
uses O(m + n) space and Q only contains vertices.

Theorem 4.4.2. Given an MDP the MEC-decomposition can be computed in O(m)
expected time. The algorithm uses O(m + n) space.

Note that we can use the decremental SCC Algorithm & of [31] even though
this algorithm only works against an oblivious adversary as the sequence of deleted
edges does not depend on the random choices of the decremental SCC Algorithm.

4.4.2 Almost-Sure Reachability

In this section, we present an expected near linear-time algorithm for the almost-
sure reachability problem. In the almost-sure reachability problem, we are given
an MDP P and a target set T and we ask for which vertices player 1 has a strategy
to reach T almost surely, i.e., (1)), , (Reach(T')). Due to [75, Theorem 4.1] we can
determine the set (1)), ; (Reach(T")) in time O(m+MEC) where MEC is the running
time of the fastest MEC algorithm. We use Theorem 4.4.2 to compute the MEC
decomposition and obtain the following theorem.

Theorem 4.4.3. We can compute (1)), ; (Reach(T)) in 5(m) expected time.
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4.4.3 Decremental Maximal End-Component Decomposition

We present an expected near-linear time algorithm for the MEC-decomposition
which supports player-1 edge deletions and a query that answers if two vertices
are in the same MEC. We need the following lemma from [78] to prove the correct-
ness of our algorithm. Given an SCC C we consider the set U of the random vertices
in C with edges leaving C. The lemma states that for all non-trivial MECs X in P
the intersection with U is empty, i.e., attrxg(U, P)N X = @.

Lemma 4.4.4 (Lemma 2.1(1), [78]). Let C be an SCC in P. Let U = {v € Cn
Ve | E)n(V \ C) # @} be the random vertices in C with edges leaving C. Let
Z = attrg(U, P) N C. Then, for all non-trivial MECs X in P we have Z N X = @
and for any edge (u, v) withu € X and v € Z, u must belong to V.

The pure MDP graph P of an MDP P = (V, E, (V;, V), 6) is the graph which
contains only edges in non-trivial MECs of P. More formally, the pure MDP graph
PP is defined as follows: Let M, ... M, be the set of MECs of P. Then we define
the MDP P = (VP EF (VP V), 67) where VP = V. VP = V,V{ = Vg,
E" = U {w,v) € En(M; x M)} and for each v € Vj: 57 (v) the uniform
distribution over vertices u with (v,u) € E*.

Throughout the algorithm, we maintain the pure MDP graph P¥ for an input
MDP P. Note that every non-trivial SCC in P¥ is also a MEC due to the fact that
there are only edges inside of MECs. Moreover, a trivial SCC {v} isa MECiffv € V.
Note furthermore that when a player-1 edge of an MDP P is deleted, existing MECs
might split up into several MECs but no new vertices are added to existing MECs.

Initially, we compute the MEC-decomposition in O(m) expected time using the
algorithm described in Section 4.4.1. Then we remove every edge that is not in a
MEC. The resulting graph is the pure MDP graph P”. Additionally, we invoke a
decremental SCC algorithm &/ which can (1) announce new SCCs under edge dele-
tions and return a list of their vertices and (2) can answer queries that ask whether
two vertices v, u belong to the same SCC. When an edge (i, v) is deleted, we know
that (i) the MEC-decomposition stays the same or (ii) one MEC splits up into new
MECs and the rest of the decomposition stays the same. We first check if u and v are
in the same MEC, i.e., if it exists in P*. If not, we are done. Otherwise, u and v are in
the same MEC C and either (1) the MEC C does not split or (2) the MEC C splits. In
the case of (1) the SCCs of the pure MDP graph P” remain intact and nothing needs
to be done. In the case of (2) we need to identify the new SCCs Cy, ...,C, in P?
using the decremental SCC algorithm &. Let, w.l.o.g., C| be the SCC with the most
vertices. We iterate through every edge of the vertices in the SCCs C,, ..., C,. By
considering all the edges, we identify all SCCs (including C;) which are also MECs.
We remove all edges (y, z) where y and z are not in the same SCC to maintain the
pure MDP graph PP, For the SCCs that are not MECs let U be the set of random
vertices with edges leaving its SCC. We compute and remove A = attrx(U, PF)
(these vertices belong to no MEC due to Lemma 4.4.4) and recursively start the pro-
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Figure 4.2: We delete an edge which splits the MEC into two new SCCs C; and C,.
The SCC C, is not a MEC. We thus compute and remove the attractor of U, and the
resulting SCC is a MEC.

Algorithm 4.3: Decremental MEC-update
Input: Player-1 Edge e = (u, v)
if o/ .QUERY(u, v) = true then

1

2 List K « {</ .DELETE-ANNOUNCE((u, v))}

3 while K # @ do

4 pull alist J of SCCs from K and let C; be the largest SCC

5 {C,,...C,} < Sort all SCCs in J except C; by the smallest vertex id.
6 MECE = true, U, <« @

7 fori=2;i<k;i++do

8 MECS = true, U <o

9 for e = (s,1) wheree € E(C,;) do

10 if (s € C) V (¢t ¢ C,) then o/ .DELETE(e)

11 if (s € Vg At ¢ C)) then MECY = false; U, < U, U {s}
12 if (s € Vi As € C)) then MEC“' = false; U, < U, U (s}
13 if MEC“ = false then

14 A « attrx(U,, PP)n C,

15 J « o DELETE-ANNOUNCE(E(A)) \ (U e, & -REP(a))

16 if J # @then K « KU {J}

17 if MEC“ = false then

18 A « attrx(U,, PP)n C,

19 J < o DELETE-ANNOUNCE(E(A)) \ (U, & -REP(a))
20 if J # @then K « KU {J}

cedure on the new SCCs generated by the deletion of the attractor. The algorithm
is illustrated in Figure 4.2.

Lemma 4.4.5 describes the key invariants of the while-loop at Line 3. We prove it
with a straightforward induction on the number of iterations of the while-loop and
apply Lemma 4.4.4.

Lemma 4.4.5. Assume that of maintains the pure MDP graph PY before the deletion
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of e = (u, v) then the while-loop at Line 3 maintains the following invariants:

1. For the graph stored in & and all lists of SCCs {Cy,...,C,} in K there are
only edges inside the SCCs or between the SCCs in the list, i.e., for each (x,y) €

?:0 E[C;] we havex,y € U;?:O C;.

2. If a non-trivial SCC of the graph in & is not a MEC of the current MDP it is in
K.

3. If M is a MEC of the current MDP then we do not delete an edge of M in the
while-loop.

Proof. Initially, &/ contains the SCCs of the pure MDP graph P¥. If the deletion of
e does not change the SCCs the while loop is not executed and the three invariants
hold. Thus in the remainder of the proof we consider the case where deletion of e
splits a SCC and the newly created SCCs Cy, ... C;, are added to K.

1. Initially, the invariant holds because we assume that we maintain the pure
MDP graph in &/. Assume the invariant holds before an iteration of the the
while-loop. Let C; be an arbitrary SCC in the list {C|, ..., C;}. Due to the
for-loop at Lines 9-12 we remove all edges going into or out of C; (Line 10.
Thus all outgoing edges of C; are removed. Note that because we delete edges
between SCCs no new SCCs are created due to this removal. If i # 1 then, we
remove edges inside of C; at Line 15 which might split up C; into new SCCs
which are added to K. But notice that C; does not have any outgoing edges
and thus the newly created SCCs have only edges inside the SCCs or between
them which proves our claim. The same argument holds for i = 1 but now
edges are removed at Line 19.

2. Initially the invariant holds since we put any potential new SCCs after delet-
ing the input edge e into K at Line 2. Assume the invariant holds before an
iteration of the while-loop. We prove that the invariant also holds after this
iteration of the while-loop. We only create potential new SCCs when we re-
move edges in E(attrg(U;,N)C;) where U; = {fv € C;nVxz | E@)N (V' \ C))}
for all 1 <i < k. The other edge deletions between SCCs cannot create new
SCCs. Consider the removal of any E(attrz(U;, N)C;): If the removal creates
SCCs we put them into the set J and add them to K (Lines 13-16 and Lines 17-
20). On the other hand, if the removal of E(attrgx(U;,N)C;) does not create
new SCCs, U, is empty and thus C; has no outgoing random edge. Thus C; is a
MEC. If K is now empty each SCC is a MEC due to the fact that the invariant
is true at the end of the last iteration of the while-loop. As we do not remove
elements from K, the condition holds for the remaining SCCs in K due to the
assumption that the invariant was true before the while-loop.

3. The while loop deletes edges between SCCs at Line 10 and if we delete edges
between SCCs we do not remove edges inside any MEC because a MEC is
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contained in the SCCs of the graph. If we delete attractors of random ver-
tices with edges leaving their corresponding SCCs (Line 15 and 19), we do
not remove edges of any nontrivial MEC due to Lemma 4.4.4.

O]

Proposition 4.4.6. Algorithm 4.3 maintains the pure MDP graph P* in the data
structure o under player-1 edge deletions.

Proof. We show that after deleting an edge using Algorithm 4.3 (i) every non-trivial
SCC is a MEC and vice-versa, and (ii) there are no edges going from one MEC to
another. Initially, we compute the pure MDP graph and both conditions are fulfilled.

When we delete an edge and the while-loop at Line 3 terminates (i) is true due
to Lemma 4.4.5(2,3). That is, as we never delete edges within MECs they are still
strongly connected and when the while-loop terminates, K = @ which means that
all SCCs are MECs.

For (ii) notice that each SCC is once processed as a List J. Consider an arbitrary
SCC C; and the corresponding list of SCCs J = {Cy,...,C,} of the iteration in
which C; was identified as a MEC. By Lemma 4.4.5(1) there are no edges to SCCs
not in the list. Additionally, due to Line 10 we remove all edges from C; to other
SCCsin J. O

Now that we maintain the pure MDP graph P’ in o/, we can answer MEC
queries of the form: QUERY(u, v): Returns whether u and v are in the same MEC in
P, by an SCC query <f .QUERY(u, v) on the pure MDP graph P?.

The key idea for the running time of Algorithm 4.3 is that we do not look at
edges of the largest SCCs but the new SCC decomposition by inspecting the edges
of the smaller SCCs. Note that we identify the largest SCC by processing the SCCs in
a lockstep manner. This can only happen [log n] times for each edge. Additionally,
when we sort the SCCs, we only look at the vertex ids of the smaller SCCs and when
we charge this cost to the vertices we need O(nlog? n) additional time.

Proposition 4.4.7. Algorithm 4.3 maintains the MEC-decomposition of P under
player-1 edge deletions in expected total time O(m). Algorithm 4.3 answers queries
that ask whether two vertices v, u belong to the same MEC in O(1). The algorithm uses
O(m + n) space.

Proof. Initialization, i.e., the initial MEC-decomposition can be done in 5(m) ex-
pected time as shown in Section 4.4.1. We will prove that the while loop at Line 3
can also be computed in total time O(T; + m log? n). When the algorithm detects
new SCCs, say Cy, C,, ..., C;, we consider all vertices of the new SCCs except the
vertices in the largest SCC, i.e., w.l.o.g., C;. Considering all the edges of the vertices
in C,; for i € [2, k] we identify all the SCCs which are also MECs and the set U, i.e.,
the set of random vertices with edges leaving C;. This can be achieved with one
pass through the edges in C;. When an SCC C falls apart, an edge can be in the part
with at most |C|/2 vertices only [log ] times. As this event can happen only [log n]
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times for each edge and we only perform a constant amount of work for each such
edge, we obtain a running time of O(m log n). Also, we sort the newly creates SCCs
at Line 5. As we do this only for the smaller SCCs, we can again bound the total
running time by nlog? n: Every vertex can only be in the smaller SCC [log n] times
and sorting the SCCs costs O(1 +log n) (we need to go through the SCCs except for
the largest and check for the smallest vertex id) for each vertex which yields a total
running time of O(n log2 n).

Computing the attractor at Line 14 or Line 18 only costs total O(m) time as we
either delete the edges of the vertices in the attractor or, for the edges we do not
delete, we charge the constant amount of work to the edges in the smaller half of
the C/2 vertices. This results in a running time of O(7'; + m) or expected running
time O(m). Finally, the query operation can be implemented by &/.QUERY(u, v) and
takes time O(1). ]

Due to the fact that the decremental SCC algorithm we use in Corollary 4.2.2
only works for an oblivious adversary, we prove the following proposition. The key
idea is that we sort SCCs returned by the decremental SCC Algorithm. Thus, the
order in which new SCCs are returned does only depend on the given instance.

Proposition 4.4.8. The sequence of deleted edges does not depend on the random
choices of the decremental SCC Algorithm but only on the given instance.

Proof. Note that we only delete edges at Lines 2, 10, 15 and 19. The initial edge
deletion at Line 2 does not depend on the decremental SCC algorithm.

We will prove that the claim holds for every iteration of the while-loop at Line 3:
Initially, there is only one element in K. Thus the claim holds initially.

Assume that the claim holds before the while-loop. Thus, the list of SCCs we pull
from K does not depend on the random choices of the decremental SCC algorithm
. The edges we remove at Line 10 does not create new SCCs because they are
not in any SCCs. Note, that when we remove vertices at Lines 15 and 19 the newly
created SCCs are returned to J in a order depending on the random choices of the
decremental SCC algorithm &/. Thus, we sort the SCCs in J by the minimum vertex
id and add them according to this order to our list data structure K (the largest is
put at the end of the list). Thus, again, the order in which SCCs are processed from
Q is fixed and does not depend on the random choices of & . O

The algorithm presented in [31] fulfills all the conditions of Proposition 4.4.7
due to Corollary 4.2.2. Therefore we obtain the following theorem due to Proposi-
tion 4.4.6 and Proposition 4.4.7.

Theorem 4.4.9. Given an MDP with n vertices and m edges, the MEC-decomposition
can be maintained under the deletion of O(m) player-1 edges in total expected time
O(m) and we can answer queries that ask whether two vertices v, u belong to the same
MEC in O(1) time. The algorithm uses O(m + n) space. The bound holds against an
oblivious adversary.



4.4. ALGORITHMS FOR MDPS 53

4.4.4 MDPs with Streett Objectives

Similar to graphs we compute the winning region of Streett objectives with k pairs
(L;,U;) (for 1 <i < k) for an MDP P as follows:

1. We compute the MEC-decomposition of P.

2. For each MEC, we find good end-components, i.e., end-components where
LnX=gorU;NnX # @forall 1 <i< k and label the MEC as satisfying.

3. We output the set of vertices that can almost-surely reach a satisfying MECs.

For 2., we find good end-components similar to how we find good components as
in Section 4.3. The key idea is to use the decremental MEC-Algorithm described in
Section 4.4.3 instead of the decremental SCC Algorithm. We modify the Algorithm
presented in Section 4.3 as follows to detect good end-components: First, we use the
decremental MEC-algorithm instead of the decremental SCC Algorithm. Towards
this goal, we augment the decremental MEC-algorithm with a function to return
a list of references to the new MECs when we delete a set of edges. Second, the
decremental MEC-algorithm does not allow the deletion of arbitrary edges, but only
player-1 edges. To overcome this obstacle, we create an equivalent instance where
we remove player-1 edges when we remove ‘bad’ vertices.

Lemma 4.4.10. Given an MDP P = (V, E,(V},Vy),6) with m edges and n vertices,
we can maintain a data structure that supports the operation

* DELETE-ANNOUNCE(E): Deletes the set of E of player-1 edges (u,v) from the
MDP P. If the edge deletion creates new MECs Cy, ..., C; the operation returns
alist Q = {Cy,...,C,} of references to the new non-trivial MECs.

in total expected update time O(m). The bound holds against an oblivious adaptive
adversary.

Proof. The data structure &/ maintained in Section 4.4.3 can be extended to support
the modified delete operation DELETE-ANNOUNCE(E). To this end, we maintain a list
Z of references to the SCCs in P¥ that correspond to the new MECs in the current
MDP. Whenever we identify a new MEC in Line 13 or Line 17 in Algorithm 4.3.
we test whether it is non-trivial and add a reference to that MEC to the list &.
Whenever a MEC in the List splits due to another edge update we remove the old
identifier from the list and add the new non-trivial MECs (if any). O

Deleting bad vertices. As the decremental MEC-algorithm only allows deletion of
player-1 edges, we first modify the original instance P = (V, E,(V|,VR),6) to a
new instance P’ = (V', E',(V/,V),8") such that we can remove bad vertices by
deleting player-1 edges only. In P’ each vertex v € V, for x € {1, R} is split into
two vertices v;, € V| and v,,, € V; such that E' = {(u,,.v;,) | (u,v) € E} U
{(Vip V) lVEVYand L] = {v;, € V' |ve L;}and U/ = {v,, € V' | v e U;}

out
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for all 1 < i < k. The new probability distribution is &' (v,,,)[w;,] = §(v)[w] for
v € Vg and w € Out(v). Note that for each v € Vj the corresponding vertex
Uy € Vg has the same probabilities to reach the representation v, of a vertex as v.
The described reduction allows us to remove bad vertices from MECs by removing
the player-1 edge (v;,,, Uyyr)-

The key idea for the following lemma is that for each original vertex v € V
either both v;, and v, are part of a good end-component or none of them. Note
that the only way that v,, and v, are strongly connected is when the other vertex is
also in the strongly connected component because v;, (v,,,) has only one outgoing

(incoming) edges to v,,, (from v;,).

Lemma 4.4.11. There is a good end-component in the modified instance P’ iff there
is a good component in the original instance P.

Proof. We show the ”if” and the “only if” parts separately.

« (if) Assume there is a good end-component X' in the modified instance P’.
Thus, LN X = @orU/ nX' # @foralll <i < kand X' is strongly
connected. Note that for each vertex v;, in X', v,,, must also be in X’ (and

vice versa) as otherwise X' is not strongly connected.

Let X = {v eV |v, € X'}). Weprove it is a good end-component in P.
First we prove that X is strongly connected. Let v,u € X be arbitrary. Note
that v;, € X'. There is a path from v;,, to u;, because X" is strongly connected.
Thus there is a path from v to u because v posesses all incoming and outgoing
edges of v;, and v, respectively (the same holds for u and u;,, u,,, and the
respective vertices on the path). Moreover, there is no random edge out of X
as the random edges in X’ only go to vertices v;, in X' and we include each
corresponding v in X. Thus X is a end-component in P.

It remains to show that X is also a good end-component. Let i € [1,k]. In
the first case, L) N X’ = @. But then, by the definition of L, we know that
L;n X = @. In the second case, U/ N X' # @, i.e, there is some v,,, € U/
in X'. But then the corresponding vertex v € U, is in X because v;, € X'
due to the fact that X' is otherwise not strongly connected (v,,, has only one
incoming edge: v;,). Hence, X is a good end-component in P.

« (only if) Assume there is a good component X in the original instance P.
Thus, L,NX = @orU;NnX" # @foralll <i<k Let X' ={v,, eV’ :
ve XU {v,, €V'|ve X}. Wefirst prove that X’ is strongly connected:
Let v;,u, € X' for j,£ € {in, out} be arbitrary. By the definition of X',
v,u € X and there is a path from v to u in X. But then there is a path from
v;, to u,,, due to the fact that for each z on the path from v to u each z;,
(z,,;) on this path contains all incoming edges of z (outgoing edges of z) and
Zins Zows € E' which proves the claim. Moreover, there is no random edge out
of X' the random edges in X only go to vertices v in X and we include v;, in
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X'. Thus X' is a end-component in P’. We prove it is a good end-component
in P’. Leti € [1, k]. In the first case, L; N X = @. But then, by the definition
of L], we know that L; N X = @. In the second case, U;N X # @, i.e,, there is
some v € U; in X. Then the corresponding vertex v,,, € U/ is in X' by the
definition of X . O

On the modified instance P’ the algorithm for MDPs is identical to Algorithm 4.1
except that we use a dynamic MEC algorithm instead of a dynamic SCC algorithm.

Theorem 4.4.12. In an MDP the winning set for a k-pair Street objectives can be
computed in O(m + b) expected time.






CHAPTER

Faster Algorithms for Bounded
Liveness in Graphs and Game
Graphs

In this chapter, we consider algorithms for computing the winning set of bounded
Biichi objectives in graphs and MDPs.

5.1 Introduction

Graphs and games on graphs. Graphs and two-player games played on graphs pro-
vide a general mathematical framework for a wide range of problems in computer
science: in particular, for the analysis of reactive systems, where the vertices of the
graph represent the states of a reactive system and the edges represent the transi-
tions between the states. The classical synthesis problem (the problem of Church)
asks for the construction of a winning strategy in a game played on the graph [100,
193, 197] and the fundamental model-checking problem is an algorithmic graph
problem [110].

Omega-regular specifications: strength and weakness. In the analysis of reactive sys-
tems, the desired temporal properties that the system should satisfy constitute the
specification. The class of w-regular languages provides a robust specification for-
malism [181, 193]. Every w-regular objective can be decomposed into a safety part
and a liveness part [14]. The safety part ensures that the system will not do any-
thing “bad” (such as violating an invariant) within any finite number of transitions.
The liveness part ensures that the system will do something “good” (such as proceed
or respond) in the long-run. Liveness can be violated only in the limit, by infinite
sequences of transitions, as no bound is specified on when a “good” event must
happen. This infinitary formulation has several strengths, such as robustness and
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simplicity [181, 219]. However, there is also a weakness of the classical definition
of liveness: it can be satisfied by systems that are unsatisfactory because no bound
can be put between the occurrence of desired events.

Stronger notion of liveness. For the weakness of the infinitary formulation of live-
ness, alternative and stronger formulations of liveness have been proposed. The
first formulation is bounded liveness which ensures, given a bound d, that eventu-
ally, good events happen within d transitions. The second formulation is finitary
liveness which requires the existence of a bound such that, eventually, good events
happen within the bound. Finitary liveness was proposed in [18] and has been
widely studied; e.g., games on graphs with finitary w-regular objectives [96], and
logics such as PromptLTL based on finitary liveness [166]. The notion of bounded
liveness has also been investigated in many contexts, such as MSO with bounding
quantifiers [38], bounded model-checking [33], and “bounded until” in logics such
as RTCTL [124].

Algorithmic questions for bounded liveness. In this work, we consider graphs and
games on graphs with bounded liveness objectives. Consider a graph with »n ver-
tices, m edges, and a bounded liveness objective with bound d. A basic algorithmic
approach is to reduce the bounded liveness objective to a liveness objective on a
larger graph (that we call the auxiliary graph) that explicitly keeps track of the num-
ber of transitions since the last good event. This basic approach yields the following
bounds: (a) an O(dm)-time algorithm for graphs (applying the linear-time algorithm
for liveness objectives on graphs), and (b) an O(n*d?)-time algorithm for games on
graphs (applying the current best-known O(n?)-time algorithm for games on graphs
with liveness objectives [91]). A fundamental algorithmic question is whether the
above bounds can be improved.

Our contributions. In this work, our main contributions are improved algorithmic
bounds for bounded liveness on graphs and games on graphs.

« In graphs, there are two relevant semantics: (a) an existential semantic that
asks whether there exists a path to satisfy the objective, and (b) a universal
semantic that asks whether all paths satisfy the objective. The answer to the
universal semantics with bounded liveness is “Yes” if and only if the answer
is “No” for existential semantics with the complementary bounded coliveness
objective. We consider graphs with the existential semantics and bounded
liveness and bounded coliveness objectives. For bounded liveness objectives,
all previous algorithmic approaches yield an O(n®) worst-case time-bound
(where d = O(n)) and we present a randomized algorithm with one-sided
error whose worst-case time-bound is O(nz'5 log n). For bounded coliveness
objectives, we present a deterministic linear-time algorithm.

« For games on graphs with bounded liveness objectives, we present an O(n’d)-
time algorithm that improves the previous O(n*d?)-time algorithm.

Significance of the contributions. On the technical front, it is threefold.
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1. To break the O(n?)-time barrier for graphs, we exploit randomization to es-
timate for all pairs of good events how far they are from each other. Using
this information along with a suitably modified auxiliary graph results in the
faster O(n? log n)-time algorithm.

To get the improved time bound of O(n*d) for game graphs:

2. we construct an auxiliary game graph (similar to the graph case) and make
a crucial observation that this game graph after each iteration has a lot of
structure, a property we call induced symmetry;

3. we strategically introduce as many “layover” vertices as there are good events;
in combination with induced symmetry, this enables us to prove that a signif-
icant chunk of the auxiliary game graph is deleted after each iteration.

Furthermore, there are several important implications of our contributions. First,
for graphs with bounded liveness objectives, the previous worst-case time-bound is
O(n3). In recent years, many such algorithmic problems with O(n3) bound are con-
ditionally optimal with a reduction from classical problems such as BMM (boolean
matrix multiplication) [3, 6, 72, 75, 87, 222]. Our new algorithm breaks the O(n3)
barrier and shows that such conditional lower bound approaches do not apply for
bounded liveness in graphs. Second, for graphs with bounded coliveness objectives
our linear-time bound shows that there is a very efficient algorithm for the comple-
ment of the bounded liveness objectives. Finally, we show that the basic algorithmic
approach for games on graphs can also be improved. Given our results improve the
bounds for graphs and games on graphs with bounded liveness objectives, there are
several interesting questions for future work. Whether the bounds can be further
improved or a deterministic sub-cubic time algorithm can be obtained for graphs
with bounded liveness objectives are the most interesting algorithmic open ques-
tions.

5.2 Algorithms for Graphs

Graphs are a special case of game graphs with V, = @. Hereon, we will call this “the
graph case” as opposed to “the game graph case” (where V| # @ and V, # @). The
objectives we consider are prefix independent, i.e., if ® € €2, then any play obtained
by adding or removing a finite prefix to or from w is also in £2. Hence, with respect
to computing winning vertices, it is enough to focus on strongly connected graphs.
The reasoning is as follows.

In the input graph, we call a strongly connected component (SCC) .S good if the
graph restricted to S has a winning vertex. Due to prefix independence, all vertices
in a good SCC and those from which you can reach a good SCC are winning. We
will prove that such vertices are exactly the winning vertices, and that this set can
be computed by the following procedure:
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« Compute the SCCs of the input graph (can be done in linear time [216]).
» Determine for each SCC if it is good (this step depends on the objective).

« Consider the set of all vertices belonging to a good SCC. Perform reachability
to this set. (This can also be done in linear time.)

Lemma 5.2.1. A vertex v is a winning vertex if and only if it there is path from v to
some vertex in a good SCC.

Proof. As mentioned before, due to prefix independence, if v has a path to some
vertex in a good SCC, then it is winning. Next, we show the converse.

If v is winning, then there is a winning play w starting at v. Since SCCs them-
selves form a directed acyclic graph (DAG), @ must eventually enter an SCC S and
stay there. Again, due to prefix independence, the vertices visited by @ in .S are also
winning, i.e., S is a good SCC. O

By Lemma 5.2.1 and the procedure described above it, the problem of computing
the winning vertices is reduced to determining, given a strongly-connected graph,
whether there is a winning vertex or not. More formally, we get the following
lemma.

Lemma 5.2.2. Let S|, S,, ... be SCCs of the graph G = (V, E). WhenV, = @, i.e,
in the graph case, for a prefix independent objective, the set of winning vertices can be
computed in time O(m + Y, 1(S;)) time, where m = | E| and t(S}) is the time required
to compute whether S; is a good SCC or not.

In this chapter, we consider bounded Biichi and bounded coBiichi objectives.

5.2.1 The Bounded Biichi Objective

We are given a graph G = (V, E), a set B of Biichi vertices, and a positive integer
d. A cyclic-walk in G is a walk (v, v,, ..., V) such that v; = v,. We say that a
cyclic-walk C is feasible if it has at least one Biichi vertex and the number of edges
in C between any two consecutive Biichi vertices is at most d. We assume that G
is strongly connected, and our goal is to determine if there is a winning vertex in
G. Then, using Lemma 5.2.2, we generalize the result to a graph that might not be
strongly connected. The following lemma reduces this problem to finding a feasible
cyclic-walk in G.

Lemma 5.2.3. The strongly-connected input graph G has a winning vertex with re-
spect to the bounded Biichi objective if and only if it has a feasible cyclic-walk.

Proof. If G has a winning vertex, say v, then there is a winning play w that starts at
v. Letw = (vy = v, Uy, Uy, ...); so by the definition of winning play, 3i > 1 such that
Vjizi:{v;,0j41. s Vjpq-1 1N B # @. Consider the set Inf(w) of vertices that ap-
pear infinitely often in w. Since w is winning, Inf(w)N B # @. Thus, we can choose
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aj' > isuchthatv;, € Inf(w)n B. Since v}, appears infinitely often, for some j” >
j', we have that Vjm =0jr. Thus Wjr,Vjrgps s Ujr = Ujr)isa feasible cyclic-walk
because j' > i and, as mentioned earlier, Vj > i : {Uj, Ujpls e s Uj+d—1} NB#Q@.
In the other direction, if G has a feasible cyclic-walk, then we can keep travers-
ing it to construct a winning play, which means G has a winning vertex. O

An O(dm)-time algorithm for bounded Biichi

Next, we recall the basic O(dm)-time algorithm to determine if there is a feasible
cyclic-walk. This algorithm tries to trace a feasible cycle by maintaining a counter
with each possible non-Biichi vertex denoting how far away we are from the last
visit to a Biichi vertex. We construct a (d+1)-layered auxiliary graph G* = (V*, E*),
where V* = (BXx {0}) U ((V \ B) X {1,...,d}). We define a more general graph
here that we also use in Section 5.3. We illustrate an example in Figure 5.1. So,
for (v,£) € V¥, the integer £ corresponds to the aforementioned counter. We call
the vertices in B X {0} Biichi vertices and the vertices in (V' \ B) X {1,...,d} non-
Biichi vertices. The edge set E* is constructed by Algorithm 5.1. The last layer of
the auxiliary graph is actually not needed for the graph case but is needed for the
game graph case later. Observe that the auxiliary graph is also a game graph. (The
ownership of the vertices will be defined later in a natural way.)

Layer 0 Layer 1 Layer 7 Layer d
B-vertices V' \ B vertices V' \ B vertices V \ B vertices

Figure 5.1: An illustration of how the auxiliary layered graph is constructed. If G

contains the edges (b;, b;), (b;,v;), (v, b)), and (v;, v;), then the auxiliary layered

graph G* will have shown edges.
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Algorithm 5.1: Construction of the auxiliary graph G* from G, B, and d. It
is easy to see that the running time of this algorithm is O(dm) and G* has at
most dm edges.

1 Procedure CONSTRUCTAUXILIARYGRAPH(G = (V, E), BC V,d)

2 V¥« (Bx{0DU(@ \B)x{l,....d})and E* « &

3 for (u,v) € E such that v € B (add counter-incrementing edges) do
4 if u ¢ B then

5 forie{l,...,d—1} do

6 L Add ((u, i), (v, i+1)) to E*.

7 Add ((u, d), (v, d)) to E* (edges in the last layer to V' \ B stay in the last
layer).

8 else

9 | Add (,0), (v, 1)) to E*.

10 for (u,v) € E such that v € B (add counter-resetting edges) do

11 if u ¢ B then

12 forie{l,...,d} do

13 L Add ((u, i), (v,0)) to E*.

14 else

15 | Add ((1,0), (v,0)) to E*.

16 return G* = (V*, E¥)

17 Procedure AUXILIARYGRAPH-D-LAYERS(G = (V, E), BC V,d)
18 G* < COoNSTRUCTAUXILIARYGRAPH(G = (V,E),BC V,d)
19 | Return the graph resulted by removing layer-d from G*, called G' = (V', E").

Lemma 5.2.4. The running time of the procedures CONSTRUCTAUXILIARYGRAPH(+)
and AUXILIARYGRAPH-D-LAYERS(-) in Algorithm 5.1 is O(dm).

Proof. In CoNSTRUCTAUXILIARYGRAPH(+), each of the outer for loop runs for at
most m iterations, and each of the inner for loops runs for at most d iterations.
AUXILIARYGRAPH-D-LAYERS(-) just calls CONSTRUCTAUXILIARYGRAPH(-) and removes
the last layer, which takes O(dm) time. ]

For the graph case, we are interested in G* induced on layers-{0, 1, ...,d—1}.
Let G’ denote this graph.

Lemma 5.2.5. The strongly-connected input graph G has a feasible cyclic-walk if and
only if G’ has a cycle.

Proof. Let C = (bl’ Ul,l’ ceey Ulafl . bz, U2,1’ ceey UZ,/Q’ b3, ooy bl)’ where each bi S B,
eachv;; € V' \ B, and each Z; < d — 1, be a feasible cyclic-walk in G. There is a
corresponding cyclic-walk C’ in G”:

« for each (b;,v; ) € C, the edge ((b;,0), (v; 1, 1)) € E’,
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« for each (v; ;,v; ;11) € C, the edge ((v; ;, /), (V; j41,J+1)) € E',

ijo

« for each (Uifj, b;;1) € C, the edge ((Ui,fj’ £),(b;11,0)) € E', and
« for the final edge (U,-fj, b)) € C, the edge ((U,-fj, £:),(b,0)) € E".

If C’ consists of union of cycles can be short-cut to get a cycle in G'.

In the other direction, consider a cycle in G'. A projection of this cycle on the
first coordinate of the vertices, by construction, gives a feasible cyclic-walk in G,
because the number of edges between consecutive Biichi vertices is at most d. [

Thus, by Lemmas 5.2.3 and 5.2.5, we get Algorithm 5.2.

Algorithm 5.2: This algorithm determines if the strongly-connected input
graph has a winning vertex with respect to the bounded Biichi objective.

1 Procedure BounpeDBUCHI(G = (V,E),BC V,d)
G’ <« AUXILIARYGRAPH-D-LAYERS(G, B, d)
Run depth-first search on G’ to determine if it has a cycle.
if G’ has a cycle then
L return ‘G has a winning vertex.”

g e W N

else
L return “G does not have a winning vertex.”

N

Lemma 5.2.6. Algorithm 5.2 determines if the strongly-connected input graph G has
a winning vertex with respect to the bounded Biichi objective in O(dm) time.

Proof. By Lemmas 5.2.3 and 5.2.5, G has a winning vertex if and only if G’ has a
cycle. Since a depth-first search finds if there is a cycle in G’, the correctness of
the algorithm is established. By Lemma 5.2.4, AUXILIARYGRAPH-D-LAYERS(-) takes
O(dm) time, and a depth-first search on G’ takes time O(dm), because the number
of edges in G’ is O(dm). O

Thus, by Lemma 5.2.2, we get the following theorem.

Theorem 5.2.7. The set of winning vertices for the bounded Biichi objective in the
graph case can be computed in time O(dm).

Proof. Let S|, S,, ... be SCCs of the input graph G = (V, E). Let m;, m,, ... be the
number of edges in the SCCs S, S5, .... Then, by Lemma 5.2.6, for i = 1,2, ..., we
can determine in time O(dm;) whether S; is good. Since m > ), m;, the proof is
complete by Lemma 5.2.2. O
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An O(| B|m)-time algorithm for bounded Biichi

Now, we briefly discuss an O(| B|m)-time algorithm for bounded Biichi. Given G =
(V, E) and B, consider the graph G’ = (B, E’) such that (b,b") € E’ if the distance
from b to b" in G is at most d. We allow self loops in G'. It is easy to see that G has
a feasible-cyclic walk if and only if G’ has a cycle. To construct G’, we perform | B|
breadth-first searches, one starting from each vertex in B. This takes time O(| B|m).
Then, by a similar argument as in the proof of Theorem 5.2.7, we get the following
theorem.

Theorem 5.2.8. The set of winning vertices for the bounded Biichi objective in the
graph case can be computed in time O(| B|m).

Remark 5.2.9. Note that both algorithms that we have seen so far can take O(n’) time
ifm= @(nz) and B and d are ©(n). The next algorithm we see is combinatorial and
has running time O(n*>? log n) for the worst setting of the parameters and breaks
the cubic barrier. This also rules out any conditional lower bound approaches to get
an 2(n’) lower bound for combinatorial algorithms.

An O((m + |B|2)\/Z log n)-time algorithm for bounded Biichi

In this section, we present an O((m + |B|2)\/E log n)-time algorithm for bounded
Biichi in the graph case. This is one of our main contributions. Here, we give a
procedure that computes distances between all pairs of Biichi vertices if the distance
is at least \/N ,where N > |V'| is a parameter that we will fix later. This information
can be used to reduce the number of layers in the auxiliary graph to \/F . By dist,
we denote the distance function for G. For any u,v € V, if u # v, then dist(u, v)
denotes the length of a shortest path from u to v, and for any u € V, dist(u, u)
denotes the length of a shortest cycle through u.

Lemma 5.2.10. Let N > |V|. Algorithm 5.3 determines with probability at least
1 — 1/N? if the strongly-connected input graph G has a winning vertex with respect to
the bounded Biichi objective in O((m + |B|2)W10g N) time. It never returns a false
positive, i.e., if it outputs that G has a winning vertex, then it is correct with probability

1. Its running time is O((m + |B|2)\/ N log N).

Proof. Ifd < \/ﬁ , then we are done by Lemma 5.2.6. Thus, we assume for the rest
of the proof that d > W

For any b,b’ € B, by T(b,b"), we denote a fixed shortest cycle through b if
b = b’ or a fixed shortest path from b to b’ otherwise. Let the event that a vertex
v(b,b") € T(b,b")is sampled into S be denoted by &(b, b"). Since v(b, b") € T(b,b"),
we have that dist(b, ") = dist(b, v(b,b")) + dist(v(b,b"),b"). This implies that if
&(b,b") occurs, then dist(b, v(b, b")) and dist(v(b, b"), b") are computed by the algo-
rithm using the incoming and outgoing BFS at v(b, b'), and hence dist™ (b, b") =
dist(b,b"). Let &°(b,b") be the complement of & (b, b"). Now, Pr[&°(b,b")] = (1 —
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Algorithm 5.3: This algorithm determines if the strongly-connected input
graph has a winning vertex with respect to the bounded Biichi objective.

1 Procedure RANDBOUNDEDBUCHI(G = (V,E), BCV,d, N)

2 ifd < \/N then

3 L return BouNpEDBUCHI(G = (V, E), BC V, d)

4 Sample 4\/N In N vertices uniformly at random, independently, and with
replacement.

5 S « the set of sampled vertices.

6 for s € .S do

7 Perform incoming and outgoing breadth-first search (BFS) to and from s.

Compute distances dist(b, s) and dist(s, b) for each b € B during the BFSs.

8 G’ < AUXILIARYGRAPH-D-LAYERS(G, B,/ N — 1) for b € B do
9 for b’ € B do

10 distS(b,b') « o0

11 for s € S do

12 | distS(b,b") < min{dist®(b, b"), dist(b, 5) + dist(s, b')}

13 if distS(b,b') < d then

14 | Add ((b,0),(b",0)) to E’ (this would be a self-loop if b = b").
15 Run depth-first search on G’ to determine if it has a cycle.

16 if G’ has a cycle then

17 L return ‘G has a winning vertex.”

18 else

19 L return ‘G does not have a winning vertex.”

dist(b, b’)/|V|)4\/ﬁln N because 1 — dist(b, b')/|V| is the probability that a fixed
sample does not contain a vertex of T'(b,b") and we draw 44/ N In N independent
samples.

Forany b, b’ € B, wheredist(b,b") > 4/ N, we denote the event that distS(b,b") =
dist(b, b') by &' (b, b"). As noted earlier, dist™ (b, b') = dist(b, b") if E(b, b’) occurs,
hence:

Pr[&’(b,b")] > Pr[&(b, b")] &(b,b") is a subevent of &' (b, b"),
=1-Pr[&°(b,b))]

dist(b, ')\ VNN .

=1-(1- T by the argument earlier,

>4\/ﬁln N

>1-(1- L because dist(b, b")/|V| > 1/V/ N,

(5

>1- % by well-known fact (1 — 1/x)* < 1/e.
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Since N > |B|, by the union bound, we have Pr[V(b,b’) € BX B : &'(b,b")] >
1 — 1/N2. Let us condition on the event that for all (b, ') € BX B : &'(b,b"), and
let G’ be the auxiliary graph constructed by the algorithm.

Suppose G has a winning vertex. By Lemma 5.2.3, there is a feasible cyclic-walk
C in G. Then for any consecutive Biichi vertices b and b’ in C, either dist(b, b") >
\/N, in which case there is an edge ((b,0), (b’,0)) or dist(b,b") < \/N, in which
case there exists a cycle ((b,0), (u, 1), (uy,2), ..., (uy, ¢),(b',0)) in G', where ¢ <
W — 1. Thus, C induces a cycle in G'.

On the other hand, if there is a cycle C’ in G’, then a projection of C’ on the first
coordinate of the vertices, by construction of G’, gives a feasible cyclic-walk in G
after replacing all edges in C” of the form ((b,0), (', 0)) by corresponding paths of
length at most d that certify dist®(b, ). By Lemma 5.2.3, G has a winning vertex.

Also, if the algorithm does return that G has a winning vertex, then G’ has a
cycle, and the existence of a feasible cyclic-walk in G can be shown in the same way
as above. This shows that the algorithm never returns a false positive.

Running time Incoming and outgoing BFSs from the vertices in .S take time
O(m\/ﬁ log N). AUXILIARYGRAPH-D-LAYERS(-) takes O(m\/ﬁ ) time. Computing
dist® takes time O(| Blzﬁlog N). DFS on G’ takes time O(| B|2+m\/ﬁ). In total,
Algorithm 5.3 has running time O((m + |B|2)\/ﬁlog N). O

Finally, we use Lemma 5.2.2 to generalize the above to a graph that may not be
strongly connected. Fix N to be #n in Algorithm 5.3 when running it for each SCC.
Then, by a similar argument as in the proof of Theorem 5.2.7, we get the following
theorem.

Theorem 5.2.11. The set of winning vertices for the bounded Biichi objective can be
computed with probability at least 1 — 1/n in time O((m + |B|2)\/Zlog n) which is
O(n* log n). Moreover, the algorithm never returns a false positive, i.e., each vertex in
the set it outputs is a winning vertex with probability 1.

Proof. Let S|, S5, ... be SCCs of the input graph G = (V, E). Let m|, m,, ... be the
number of edges and by f,, f,, ..., be the number of Biichi vertices in the SCCs
S1,.5,, ..., respectively. Then, by Lemma 5.2.10, for i = 1,2,..., the algorithm
outputs in time O((m; + ﬂ?)\/ﬁlog n) whether S; is good. Since m > ). m; and
|B|> = Qs £ > > ﬁl.z, the running time bound is proved.

The probability bound is obtained by a union bound over at most n SCCs. More-
over, the algorithm never returns a false positive by Lemma 5.2.10. O

5.2.2 The Bounded coBiichi Objective

Given a graph G = (V, E), a set C of vertices, and a positive integer d, a walk W
is called a feasible walk if W C C and the number of vertices in W is at least d.
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We assume that G is strongly connected, and our goal is to determine if there
is a winning vertex in G for the bounded coBiichi objective. The following lemma
reduces this problem to finding a feasible walk in G.

Lemma 5.2.12. The strongly-connected input graph G with a set C of vertices has a
winning vertex with for the bounded coBiichi objective if and only if it has a feasible
walk.

Proof. If G has a winning vertex, say v, then there is a winning play w that starts at
v. Let w = (vg = v, v}, U, ...); so by the definition of winning play, Vi > 0,3 > i :
{v,0j415 -5 Vj14-1} € C. Any such walk v;, 0,41, ..., 044 is a feasible walk.

In the other direction, say G has a feasible walk U’l, U’z, e U;, where 7 > d and
v; € Cfori € {1,...,£}. Now, consider the cyclic walk v}, v3, ..., U;,_l, U;, U{’j_l, UL
We keep traversing it to construct a winning play. The existence of a winning play

implies that G has a winning vertex. O

Now we give an O(m)-time algorithm to determine if the strongly-connected
input graph G has a feasible walk.

Algorithm 5.4: This algorithm determines if the strongly-connected input
graph has a winning vertex with respect to the bounded coBiichi objective.

1 Procedure BounpEDpCcOBUCHI(G = (V, E),C CV,d)
G’ < G induced on C

2
3 Perform DFS on G'; if there is a cycle, return “G has a winning vertex.”
4 if LoNGESTPATH(G') > d then

5 L return ‘G has a winning vertex.”

6 else

7 L return ‘G does not have a winning vertex.”

Algorithm 5.5: An algorithm to compute the length of a longest path in a
directed acyclic graph.

Procedure LONGESTPATH(G = (V, E))
Compute the topological ordering T’ of G.

1
2

3 L « integer array of size |V, initialized to all zeros.
4 M <0
5

6

7

for vertex v in order of T do
for incoming edges (u, v) do
L L[v] « max{L[v], L[u] + 1}

8 M <« max{M, L[v]}

9 return M
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Lemma 5.2.13. Algorithm 5.4 determines if the strongly-connected input graph G
has a winning vertex with respect to the bounded coBiichi objective in O(m) time.

Proof. If G' has a cycle, then this cycle can be repeated to get a feasible walk in G,
which, by Lemma 5.2.12, means that G has a winning vertex.

If G' is acyclic and has the length of longest path at least d, then there is a
feasible walk in G, which, by Lemma 5.2.12, means that G has a winning vertex.
Conversely, if G’ is acyclic and the length of longest path in G’ is less than d then
G cannot contain a feasible walk, which, by Lemma 5.2.12, means that G does not
have a winning vertex.

The calls to DFS on G’ and LONGESTPATH(G') take time O(m); hence, the run-
ning time of Algorithm 5.4 is O(m). O

By a similar argument as in the proof of Theorem 5.2.7, we get the following
theorem.

Theorem 5.2.14. The set of winning vertices for the bounded coBiichi objective in the
graph case can be computed in time O(m).

5.3 Algorithms for Game Graphs

In this section, we present algorithms for the bounded Biichi objective in game
graphs. We first introduce the auxiliary game graph similar to the auxiliary graph
defined earlier. We then show that we can compute in O(n*d?) time the winning
set of a given bounded Biichi objective on game graphs by computing the winning
set of a coBiichi objective on the auxiliary game graph. Finally, we show how to
improve the running time to O(n>d) by using structural properties of the auxiliary
game graph and adapting a known technique for solving Biichi Games [91].

The Auxiliary Game Graph. Given a game graph I' = (V, E,(V}, V,)) with n ver-
tices, m edges and a bounded Biichi objective boundedBiichi(B, d), we first con-
struct the auxiliary graph by calling CoNsTRUCTAUXILIARYGRAPH((V, E), B,d) in
Algorithm 5.1 and additionally partition the vertices of the auxiliary graph V™ into
player-1 vertices V|* and player-2 vertices V', i.., for each (v,£) € V* we get
(v,¢) € Vi ifv € Vy and (v,¢) € V' if v € V,. The auxiliary game graph has
O(nd) = O(n*) vertices and O(md) = O(mn) edges. We say that a vertex (v,¢) € V™
is a layer-¢ vertex and v is its first component.

For any play 4, we denote by A, the kth vertex of the play. If a play has a
superscript, it denotes the starting vertex of the play, e.g ¥ means that the play 4
starts at v. By 4] we refer to the kth vertex of the play A” which starts at v. Given
a finite feasible play AW in r* starting at (w, £), we define Proj(A“?) to be the
projection of A*%) on the first component of the vertices in it; by definition, this
finite play starts at w and is feasible in I'. Analogously, given a finite feasible play
A in I', we define Lift(4", £) to be the unique finite feasible play in I'* starting at
(w, ) such that the first component of Lift(1", ), is the same as /11”:’. For (u, v) in
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E such that (u, j) € V* define (the appropriate next layer number if you followed
the copy of (u, v) starting in layer j)

j+lifj<dandv & B
NxtLyr(u,v,j) =<qdifj=dandv ¢ B
OifveB.

Now, define Lift(1",¢); = (w,?), and for k > 1, given Lift(1“,¢),_; = (/l]i”_l,j)
define Lift(1", ), = (4;/,NxtLyr(4,” |, 4", j)). Similarly, given the finite feasible
play A% in I'*, we define Shift(A“?), #') to be the finite play that starts at (w, £")
in I'* such that, for any k, the first components of /lgcw’f) and Shif t(/l(“’f), ¢'), are the
same. By construction of I'* the finite play Shift(A“?), ') is well-defined because
(1) edges going from layer-i vertices to layer-(i + 1) vertices (1 < i < d — 1) exist
in all layers with the same respective first components except in layer-d where
these edges go again to layer-d, (2) edges going to layer-0 vertices exist in all layers
(1 € i < d) and (3) because edges originating from layer-0 vertices implies that
both plays are currently visiting the same layer-0 vertex.

In comparison, the goal of the two operations Proj(:) and Lift(-) is to map finite
plays between I'* and I" such that the finite play in I'* has, for all vertices, the same
first component as the corresponding finite play in I" and vice versa. In contrast,
Shift(A“9, #") maps a finite play in I'* to a finite play also in I'* which has the
same first component but a “shifted” starting vertex.

5.3.1 An O(n*d?)-time Algorithm for Bounded Biichi in Games

In this section, we show that we can compute the winning set of a given bounded
Biichi objective on game graphs by computing the winning set of a coBiichi ob-
jective on the auxiliary game graph. Then we apply the best-known algorithm
for computing the winning set of a Biichi objective on the auxiliary game graph
to get the desired result. In the following lemma, we prove that computing
W, (boundedBiichi(B, d, I')) is the same as computing W, (coBiichi(C*, I'*)) where
C* are the vertices in layers-{0,1,...,d—1}. Intuitively, when a play ¢ in
coBiichi(C*, I'*) stays in layers-{0, 1, ...,d—1}, it reaches a vertex in layer 0 every
at most d steps by construction of I'*. The layer-0 vertices correspond to the ver-
tices in B which means that a play ¢’ in I" defined as the projection on the first
component of the vertices in ¢ visits a vertex in B every at most d steps which
implies that ¢’ € boundedBiichi(B, d, I'). On the other hand, when player 1 has a
strategy in I to visit a vertex in B every at most d steps, a similar strategy which
visits the same vertices in the first component in I'* allows player 1 to stay in the
first d layers of the auxiliary graph.

Lemma 5.3.1. Let I' = (V, E,(V},V,)) be a game graph with bounded Biichi ob-
Jjective boundedBiichi(B, d), let I'* = (V*, E*,(V, Vz*>) be the corresponding aux-
iliary game graph, and let C* be the vertices in the first d layers of the auxiliary
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W (coBiichi(C*, I'")), for some0 < i < d} = W;(boundedBiichi(B,d, I')).

graph, ie, C* = {(v,i) € V* | 0 < i < d—1}. Then {w | (w,i) €

Proof. We first prove that {w | (w,i) € Wj(coBichi(C*, I'*)), for some 0 < i <
d} C W;(boundedBiichi(B, d, I')). Let (w, i) € W (coBiichi(C*, I'*)). Then player 1
has a winning strategy ¢ in I'* such that for all player-2 strategies 7", we have that
w((w,i),c”, x*) € coBiichi(C*, I'*).

Whenever player 1 makes a move in I'*, we define the corresponding move in
I as follows: For any finite play A" in I" that ends in a player-1 vertex, define ¢(4%)
to be the first component of ¢*(Lift(4%, i)). (It does not matter how we define ¢ for
plays that do not start at w.)

Next, we argue why o is a winning player-1 strategy for boundedBiichi(B, d, I')
starting at w. Let z be an arbitrary player-2 strategy in I". We define a correspond-
ing player-2 strategy z* in I'*: for A that ends in a player-2 vertex (u, ), let
v = z(Proj(A**")) and define 7*(A“*)) = (v, NxtLyr(u, v, j)).

Now, it is straightforward to show that the first component of w((w, i), 6™, 7*),
is equal to w(w, o, ), by induction on k.

Since the play w((w,i),c*, ") € coBiichi(C*, I'*), it stays in C* after a finite
number of steps. Note that to stay in C* means to visit a layer-0 vertex after every
at most d steps because there are only d layers in C* and each step that does not
go to a layer-0 vertex increases the layer counter. Since the first component of each
layer-0 vertex is in B, the play w(w, o, 7) visits a vertex in B every at most d steps
after a finite number of steps and is in boundedBiichi(B, d, I').

The other direction, ie., Wj(boundedBichi(B,d,I')) C {w | (w,i) €
W, (coBiichi(C*, I'")), for some 0 < i < d} can be shown with a similar argument.

Let w € Wj(boundedBiichi(B,d,I')). Then player 1 has a winning strat-
egy o in I' such that for all player-2 strategies #, we have that w(w,o,7) €
boundedBuchi(B, d, I').

Whenever player 1 makes a move in I', we define the corresponding move in
I'* as follows: Let 0 < i < d be arbitrary such that (w, i) € V*. For any finite play
A@D in I that ends in a player-1 vertex (u, j), let v = 6(Proj(A“*))) and define
o* (AW = (v, NxtLyr(u, v, j)).

Next, we argue why ¢™ is a winning player-1 strategy for coBiichi(C*, I'*) start-
ing at (w, i). Let £* be an arbitrary player-2 strategy in I'*. We define a correspond-
ing player-2 strategy = in I': For the finite play A" that ends in a player-2 vertex
u, let 7(4") be the first component of z*(Lift(4",)) (it does not matter how we
define z for plays that do not start at w).

Now it is straightforward to show by induction on k that the first component
of w((w, i), 6™, 7*), is equal to w(w, o, 7).

Since the play w(w, o, 7) € boundedBuchi(B, d, I'), it visits a vertex in B every
at most d steps after a finite number of steps. Thus, the play w((w, i), c*, z*) vis-
its a layer-0 vertex every at most d steps after a finite number of steps. Hence,
o((w,i),c*, ") stays in C* as the play increments the layer counter to at most
d — 1 and is in coBiichi(C*, I'’™). d
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To compute W;(coBiichi(C*)) in I'*, we observe that, by the duality of Biichi
objectives, W (coBiuchi(C*)) = V*\ W, (Buchi(V*\C*)) = V*\ W, (Bichi({(v,d) €
V*})). Since, traditionally, we always compute the player-1 winning set of a given
objective, we swap player-1 and player-2 vertices in I'*. Then we compute W =
W, (Biichi({(v,d) € V*})) using the algorithm of Chatterjee and Henzinger [91],
which is the fastest algorithm for Biichi games known, and project V* \ W on the
first coordinate. We illustrate the details in Algorithm 5.6.

Algorithm 5.6: Determine W, (boundedBiichi(B, d)), given a game graphl”

1 Procedure BounpEDBUCHIGAMES(I” = (V, E, (V},V;)), B, d)
2 (V*, E*) « CoNSTRUCTAUXILIARYGRAPH((V, E))

3 | VelwpeV lven V) «{wiheV |vel,)
4 I'* « (V*E* V! V) B« {(v,d)eV*|veV \ B}
5
6

W « BUcHIGAMESFAST(I™ = (V*, E*,(V,", V|")), B) ([91], Algorithm 5.7)
return {x | (x,i) € V*\ W forsome0 <i < d}

The correctness of Algorithm 5.6 is due to the correctness of the fast Biichi games
algorithm [91, Theorem 2.14], the argument above, and Lemma 5.3.1. The argument
for the running time of Algorithm 5.6 is as follows. We first construct I'* in O(md)
time and then compute the winning set of coBiichi(C*) in time O(|V* 12) [91, Theo-
rem 2.14]. As |V*| = O(nd) and d = O(n), we get the following theorem.

Theorem 5.3.2. The set of winning vertices for the bounded Biichi objectives in games
can be computed in time O(nzdz) = O(n4).

5.3.2 An O(n’d)-time Algorithm for Bounded Biichi in Games

In this section, we give a refined running time analysis of Algorithm 5.6 giving us
an O(n*d)-time algorithm for bounded Biichi games. We first describe the fastest
algorithm for Biichi Games [91] for completeness. Then, we identify key ideas of
the refined running time analysis when the input is an auxiliary game graph and
prove the improved running time formally.

The Biichi Games Algorithm of [91]

Given a game graph I = (V, E,(V},V,)) and a set B of Biichi vertices’, we fix an
order on the edges. In this fixed order, the edges (1, v) where u is a non-Biichi player-
2 vertex, ie., u € (V,\ B), come before all other edges. We call them priority-1 edges.
All the other edges are priority-0 edges.

Definition 5.3.3. GivenagamegraphI’ = (V,E,(V|,V,)),letI; = (V, E;,(V},V>))
for1 <i <logn be a subgraph of I' which we define as follows: For allu € V', the set
E,; contains the following edges:

'not to be confused with the input for the bounded Biichi problem in the previous and later
sections
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1. If the outdegree of u in E is at most 2', E; contains all edges of the form (u, v),
ie, if |Out(u)| <2' then the set {(u,v) | v € Out(u)} C E,.

2. Ifthe edge (v, u) belongs to the first 2" inedges of vertexu in E, we have (v, u) €
E; (“first” means with respect to to the fixed order we specified above).

Note that E;_; C E; since the order of the edges is fixed. We form a partition of V in
I; by giving each vertex a color:

* Blue: A player-1 vertex v in T’ is blue if the outdegree of v is greater than 2'.
* Red: A player-2 vertex u in T} is red if it has no outedge in E, *
e All other vertices are white.

Thus, if a player-1 vertex is white then all its outedges are in E;, and if a player-2
vertex is white then it has at least one outgoing edge in E;.

Algorithm description. The input of Algorithm 5.7 is a game graph I" and a set
of Biichi vertices B. Recall that every vertex in a player-1 closed set .S without
Biichi vertices cannot be in the player-1 winning set of the given Biichi objective
W, (Biichi(B)) (Proposition 2.5.2 (2)). We repeatedly find such a set .S by removing
from V the player-1 attractor of the set B (Proposition 2.5.3) and forming S from
all the remaining vertices. Then we remove the player-2 attractor of .S. In the algo-
rithm, we identify such a set .S ; at Line 10 and remove the attractor at Line 14. Note
that a naive algorithm would take O(nm) time, as the attractor of S could always
be of size 1 and computing the attractor is in O(m) time. To obtain a quadratic-time
(in the number of vertices) algorithm, the improved algorithm of Chatterjee and
Henzinger constructs, for i = 1, ...,log n, the graph I'; which has at most 2’ edges.
Due to the properties of I, it can be shown that the set .S, has size of at least 21
In this way, the attractor computation takes time proportional to the removed ver-
tices. Since player-1 vertices with missing outgoing edges or player-2 vertices with
no outgoing edge in I'", i.e., non-white vertices might still be able to reach a vertex
in B, we compute the player-1 attractor of the non-white vertices combined with
the vertices in B. We illustrate the details in Algorithm 5.7.

The removal of player-1 closed sets in I'; now includes vertices which are blue,
red, and white. The definition of a separating cut further refines the definition of
the winning regions for player 2 in this regard.

Separating cut. A set .S of vertices induces a separating cut in a game graph I; or
Fl.J in Algorithm 5.7 if

1. the only edges from S to V' \ .S come from player-2 vertices in S

2. every player-2 vertex in .S has an edge to another vertex in .S

*In the algorithm of Chatterjee and Henzinger [91] red vertices are player-2 vertices where an
edge of E is missing. We change this definition slightly, i.e., without changing their algorithm or
correctness argument, by saying that player-2 vertices are red if they do not have any outedges in E,.
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Algorithm 5.7: Determine W/ (Biichi(B)), given a game graph I" [91]
Procedure BucHIGAMESFasT(I" = (V, E, (V},V,)), B)

1

2 Letj « O; U <« @; Yy < attr (B, I'); Sy < V\Y; Dy « attry(Sy, I'); I'<r
3 j < Jj+1;while D, | # @ do

4 Remove the vertices in D;_; from I to obtain I'V;and U < U U D,_,
5 i1

6 repeat »

7 Construct Fij from I'V as described in Definition 5.3.3.

8 Let Zl.j be the vertices of V7 that are either red or blue

9 Yij «— attrl(Bj U ZI.J,FI.J)

10 S; <« V! \Y/

11 i—i+1

12 until S; is nonempty ori > 1 +logn

13 if S, # 0D then

14 L D; < atiry(S;, I'')

15 else

16 L return V \ U

17 | jej+1

3. every player-1 vertex in S is white and
4. BNnS =0.

Thus, a separating cut S is a player-1 closed set where (i) player-1 vertices are white
and which (ii) does not contain a vertex in B.

The following lemmas are needed to establish the improved running time guar-
antees in the next section. Detailed proofs can be found in the paper by Chatterjee
and Henzinger [91].

Lemma 5.3.4 below says that the set S JRE indeed a separating cut in I" J (not
only in I'/) and that due to the careful construction of I' from the game graph I/
in iteration j, §; does not include a vertex of the player-1 attractor of the Biichi
vertices in I/,

Lemma 5.3.4 ([91], Lemma 2.9). Let S; be the non-empty set computed by Al-
gorithm 5.7 in iteration j. Then, (1) S; is a separating cut in I'’; and (2) S; N
attr((B/, T7) = @.

Lemma 5.3.5 establishes that the separating cut found in Fij is indeed the maxi-
mum separating cut in [; /. Also, if Fl.j contains a separating cut, Algorithm 5.7 finds
it.

Lemma 5.3.5 ([91], Lemma 2.11). Let I"ZJ be the game graph in iteration j of the outer
loop and iteration i of the inner loop. If S induces a separating cut in FI.J, then S C ;.



74  CHAPTER 5. FASTER ALGS. FOR B. LIVENESS IN GRAPHS & GAME GRAPHS

Lemma 5.3.6 says that the set .S is a separating cut in Flj This does not follow

from Lemma 5.3.4(1) because Flj might have less edges than I'/ and separating cuts
are not preserved if we only consider a subset of edges in I'/ (property 2 might be
violated).

Lemma 5.3.6 ([91], Lemma 2.12). Consider an iteration j of the outer loop of Al-
gorithm 5.7 such that the algorithm stops the inner loop at value i and identifies a
non-empty set S;. Then, S; is a separating cut in Fl.j.

Faster Algorithm for Bounded Biichi Games

In this section, we give the refined running time analysis of Algorithm 5.6. We
note that I'* gets redefined to be (V*, E*,(V,",V|")) in Algorithm 5.6 on Line 5.
Therefore, from here on, when we say player 1 (respectively player 2), we mean the
player controlling the vertices in V" (respectively, those in V/").

Distinct vertices. We call a set of vertices S in I'* distinct if, for each pair of vertices
0,%),',¢")e .S, wehavev # V.

Copies of a vertex. Let Copies(v) denote the set of “copies” of a vertex v € V¥, i.e.,
for a layer-0 vertex (v, 0) we have that Copies((v,0)) = {(v,0)} and for a vertex
(v,?), where £ > 0, we have Copies((v,?)) = {(v,1),...,(v,d)}.

The improved running time guarantee is due to two key ideas.

Key idea 1. When there is a vertex (v, £) in D; then Copies((v,¢)) C D;, i.e., all its
copies are in D;.

On a very high level, the argument is that if there is a player-2 strategy to go
froma vertex to S, then there exists a player-2 strategy from all copies of that vertex
to §;. While the idea is simple to state, complicated machinery is needed to prove
it formally. We prove the key idea in Claim 5.3.12 building on Definition 5.3.10 and
Claim 5.3.11.

Now, if we follow the original running-time argument [91], then we can only
claim that we remove 2°~! vertices in total if the inner loop at Line 12 stops at
iteration i, but the second key idea states something stronger.

Key idea 2. If the inner loop at Line 12 stops at iteration i*, we remove 21 distinct
vertices.

Combining the key ideas, we remove from the game graph in iteration j all
copies of those distinct vertices. The ith iteration of the loop at Lines 12-12 takes
time O(2'nd) for constructing the auxiliary version of (I'*), and performing the at-
tractor computations. The iterations of the loop in Lines 12-12 before i’ < i amount
to a total running time of O(2'nd). Thus, we charge the 2/~ removed distinct ver-
tices the cost of the iteration and the iterations before, i.e., each such removed orig-
inal vertex is charged O(nd). As we can remove only n distinct vertices since they
correspond to the vertices in the game graph I', we have a total cost of O(n*d).

For the second key idea to work, we must modify the original bounded Biichi
instance (I', B, d) carefully. For every vertex in v € B we add a player-2 vertex v’
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which is not in B and an edge (v', v). Then we redirect all edges which go to v in
the original instance and make them go to v’ instead, i.e., for all v € B we have
V, < Vou{v'}and E « (EU{(V',0)}U{(u, ") | (w,v) € E})\ {(4,v) € E}. Also,
we increase d by one, as we increase the distance to all vertices in B by one. Note
that this simple modification allows us to assume, without loss of generality, that
all vertices in B have incoming edges from player-2 vertices only. Since we swap
the player-1 vertices with player-2 vertices in Algorithm 5.6 we can assume that all
incoming edges to a layer-0 vertex are from player-1 vertices. This adds at most n
vertices and edges to I

Observation 5.3.7. We can assume, without loss of generality, that all layer-0 vertices
v € V* of the auxiliary game graph I'* created at Line 2 in Algorithm 5.6 have no
incoming edges from player-2 vertices, i.e., if (v,0) € V* then In((v,0) N V" = @.

With the above observation, we can prove the following proposition which is
the crux of this section.

Proposition 5.3.8. Algorithm 5.6 runs in time O(nzd) = O(n3).

Proof. In this proof we denote by (I'*, B*) the input of Algorithm 5.7 at Line 5
of Algorithm 5.6. The input to Algorithm 5.6 is (I, B, d). If we can show that the
running time of the call to Algorithm 5.7 at Line 5 is in O(nzd )= O(n3) we are done,
as the rest of the operations of Algorithm 5.6 are in O(md). This entails constructing
(I'*, B*) and going through W. We therefore prove the following lemma.

Lemma 5.3.9. The total time Algorithm 5.6 spends in Algorithm 5.7 is O(n*d) =
o).

Every vertex v in I'* has only O(n) out-edges by the definition of the auxiliary
game graph. Thus, when we consider the graphs (I'*); of Definition 5.3.3 for 1 <
i < logn, we have (I'"),o,, = I'". The construction of (I'"*); (1 < i < logn) takes
time O(nd - 2°).

We split the running time argument into two parts. In the first part, we bound
the running time of all except the last iteration of the while loop at Line 3. In the
second part of the analysis, we bound the running time of the last iteration of the
same loop.

Running time bound for all iterations of the while loop except the last. Consider iter-
ation j, and assume that Algorithm 5.7 stops the repeat-until loop at Line 12 with
value i* and it is not the last iteration of the while loop at Line 3. Thus, S y is not

empty. By Lemma 5.3.6, the set .S is a separating cut in (I" *){* We make a detour
to set up some claims.

We need the following definition because it helps us translate plays and strate-
gies from a vertex to its copies.

Definition 5.3.10. If I is an induced subgraph of I'* such that for all (u,?,) in
I'y we have that Copies((u,£)) are also in 'y, then we say that I'; has the induced-
symmetry property or that it is symmetrically induced.
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The following claim is about the translation of a strategy from a vertex to its
copy.

Claim 5.3.11. Suppose I'; is symmetrically induced. Then, in I}, if a player has a
strategy to reach a copy of w from a copy of u, then from all copies of u, she has a
strategy to reach some copy of w. More formally, in I';', if player p has a strategy
to reach (w, ¢ ;) from (u, ), then for all copies (u,¢"), she also has a strategy =’ to

reach (w, ")) for some ¢',.

Proof. We define n’. Consider a finite feasible play A5 that ends in a player-p ver-
tex (0, j). Let z(Shift(A%/>), £,)) = (y, p). Define z'(A®*)) = (y, NxtLyr(v, y, j)).
Now, the play Shift(4“* D¢ ;) is feasible and the strategy z’ is well defined because
I'; is symmetrically induced.

We argue why player p can reach a copy of w using z’. Let 6" be an arbitrary
strategy for the other player, i.e., player (3 — p). For any finite feasible play A(’s)
that ends in a player-(3 — p) vertex (v, j), let ¢’ (Shift(A®*s), #')) = (y, p). Define
o(A%7)y = (y,NxtLyr(v, y, j)). Again, Shift(ﬂ(“’fs),f;) is feasible and o is well
defined because I';" is symmetrically induced.

Now, it is straightforward to show by induction on k that the first compo-
nents of w((u,?,), 0, ), and w((u,?%),c’,x"), are the same. This means that if
o((u, ), 0, m), reaches (w, %), then o((u,£5),0’, x"), reaches (w, ) for some
.

O]

The following claim is a formal version of the first key idea.

Claim 5.3.12. If a vertex (v,?) is in D, then Copies((v,£)) C D;; and, (I'*Y has
induced symmetry.

Proof. We prove the claim by induction on j.

Base case, j = 0. If (v, £) € Dy, then there is a player-2 strategy x; to reach (w, p) €
So- The set Sy = V \ attr;(B*, I'*) is a player-1 closed set by Observation 2.5.3:
This means that there is a player-2 strategy r, to stay inside .S,. By construction of
I'*, any edge from a non-layer-d vertex goes to the next layer or to layer-0. Then,
since S, N B* = @@, that is, since .S, does not contain any layer-d vertices, any
(infinite) play that stays inside .S, must eventually return to layer-0. Thus, player 2
can first use 7| to reach (w, p) € S, from (v, ¢), then use r, to reach (x,0) € S,
from (w, p); effectively, this gives a player-2 strategy to go to (x,0) € .S, from (v, ©).
Then, by Claim 5.3.11, player 2 has a strategy to reach a copy of (x,0) from (v, £")
for any £’ because I'* itself has induced symmetry. Now, (x,0) does not have any
other copy, this means player 2 has a strategy to reach (x,0) € S, from (v,£"). By
induced symmetry of I'* again, we have that all copies of (v, ©), i.e., Copies((v, £))
are in I'*; moreover, by the above argument, for each of these copies, there is a
player-2 strategy to reach S, which implies that Copies((v, ¢)) C D,. Noting that
(I'*)? = I'* has induced symmetry finishes the base case.
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Induction step, j > 1. By induction hypothesis, (I'*)~! has induced symmetry, and
if a vertex (v,¢) is in D;_j, then Copies((v,¢)) C D;_,. This implies that deleting
D;_, from (I )1 to. get (I'*)/ means deleting all copies of a vertex being deleted.
Therefore, since (I'*)~! has induced symmetry, (I'*) also has induced symmetry.

Since S is a separating cut (by Lemma 5.3.4), it is a player-1 closed set. Thus,
by the same argument as in the base case that uses the induced symmetry of (I"*)/,
if (v, %) is in D, then Copies((v,¢)) C D;. This completes the induction step and
the proof. O

The following claim is the formal proof of the second key idea.

Claim 5.3.13. The set Sj contains at least 2"~ distinct vertices.

Proof. The proof is similar to the proof of [91, Lemma 2.13] except that we must
now argue that all of the 2° ~! vertices are distinct. Consider the set S ; in the game

graph of the iteration before, i.e., we argue about S; in (I'* {*_1. Note that we have
the following two cases.

« In the first case, .S; contains a player-1 vertex (x,7) for 1 < ¢ < d that is
blue in (F*){*_l. Thus, (x, ¢) has outdegree at least 27"~ in (F*){* and none
of these edges go to vertices in ¥/ \ S ;in (I *)f* Thus, S; contains at least

2""~! vertices. Note that vertex (x,#) can only have edges to vertices which
are distinct to (x, ?), i.e., for all ((x,?), (y,¢’)) € E* we have x # y because
the game graph I" does not have self loops.

« Inthe second case, all player-1 vertices in S ; are white in (I'* {*_ i Thus, their
outedges in (I'™*), and (I'*),_, are identical. We now argue, why a player-2
vertex in .S; exists: Assume for contradiction that no player-2 vertex in S
exists. Hence, .S is a separating cut only consisting of player-1 vertices. As

S; is a separating cut in (F*){* we have S; N B = @. Thus, S, is also a sep-
arating cut in (I *)f*_l. But then, by Lemma 5.3.5, the algorithm would have

terminated in iteration i* — 1 which is a contradiction because it terminated
in iteration i*.
Note that repeat-until loop at Lines 12-12 would have stopped in iteration
i*—1in (I *){*_l as all player-1 vertices in .S; are white.
Consider a player-2 vertex u in S;. Note that u must have an edge (u,v) €
(E*){ with v € S; because S is a separating cut in (F*)f* (Lemma 5.3.6).
Again, there are two possibilities:
- For all player-2 vertices u € ; there exists a vertex v € §; with
(u,v) € (E*)f*_l. But then S| would be a separating cut in (F*)?*_1
as the outedges of player 1 are identical in (I'*)), and (I'*)/ By

i1
Lemma 5.3.5, the separating cut would have been found in iteration i*—1

of the repeat-until loop at Line 12, which is a contradiction.
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— Therefore, there exists a player-2 vertex u € .§; that has an edge (u,v) €
1 This
can only happen if v has at least 2"~ other inedges in (E* )f _,- Note
that u is a player-2 vertex not in (B*)’ (because all vertices of (B*Y
belong to Y”/), and hence the edge (u, v) has priority 1 and recall that
by the fixed inorder of edges priority-1 edges come before all priority-0
edges. Thus, it follows that since the edge (u, v) is not in (I'* )j* ;> all

inedges of v that are in (I'* )i*—l must have priority 1 by the fixed order

(E *)J to a vertex v € .S but this edge is not contalned in (E*)

of inedges, that is, all the inedges of v in (I *){*_1 are from non-Biichi
player-2 vertices. Note that v € §; and since S is a separating cut
and, thus, a closed set, all player-2 vertices which are not in B* with an
edge to v are also in .S;. Since v has at least 21 inedges from player-
2 vertices which are not in B*, the set .S ; must contain at Jeast 2/ 1
vertices.

Furthermore, all incoming edges are from distinct vertices: Note that v
cannot be a layer 0 vertex of I'*, because by Observation 5.3.7 all vertices
in B of the given bounded Biichi objective have no incoming edges from
aplayer-2 vertex. Also, layer-d vertices cannot be in S as they are in B*

and would be in the player-1 attractor Yj computed at Line 9. All other
Vertlces in I'* have incoming edges only from distinct vertices. Thus, all
2" =1 such vertices are distinct. O

Due to Claim 5.3.13, .S ; contains at least 2 ~! distinct vertices, and since .S ; C
Dj, the set DJ- also contains all copies of all vertices in Sj due to Claim 5.3.12.
All of D; is deleted. We resume from the detour. The time spent in all graphs
r *)j s, (IF )l*, i.e., the time spent in the repeat-until loop at Line 12 for the graph
construction and the attractor computations, sums up to 02" - nd). We charge
O(nd) work to each distinct vertex. This accounts for all the running time except
for the last iteration of the outer loop. Since we always remove all copies of a ver-
tex v € S}, the algorithm deletes at most n distinct vertices throughout a run of the
algorithm. Thus, the total time spent over the whole algorithm other than the last
iteration is O(nzd ).

The last iteration of the outer loop. In the last iteration j* of the outer loop, when
no vertex is deleted, the algorlthm works on all logn game graphs, spending time
O(n-2") on game graph (I'* )j Since each graph (I" *)J has at most nd - 2'*! edges
and there are log n graphs, the total number of edges worked in the last iteration is

logn logn
Z nd - 2! = 4nd Z 271 = 4pd (28" — 1) = 4nd(n — 1) = O(n2d).

i=1 i=1
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Theorem 5.3.14. The set of winning vertices for the bounded Biichi objective and
bounded coBiichi objectives in game graphs can be computed in time O(n*d) = O(n*).






CHAPTER

Algorithms and Conditional
Lower Bounds for Planning
Problems

In this chapter, we consider queries of reachability objectives and sequential reach-
ability objectives in graphs, MDPs, and game graphs.

6.1 Introduction

One of the basic and fundamental algorithmic problems in artificial intelligence is
the planning problem [171, 200]. The most basic planning problem is the discrete
feasible planning problem [171]. The problem has a finite state space and a finite
amount of actions for each state. Starting from an initial state, the planner repeatedly
chooses an available action at the current state which, as a result, produces a new
current state as described by a state transition function. The question is if the planner
can produce a state which is in a certain subset of the state space called goal or
target'.

Planning models. We study this problem in the following classical models:

+ Graphs. Discrete Feasible Planning can be directly translated into a graph
search problem: The vertices in the graph describe the state space and for
every action in a state, there is an edge to the vertex which corresponds to
the new state given by the state transition function [171, 200].

"This chapter includes results originally intended for the planning community and thus we use
planning-specific language and motivate the problems from a “planning perspective”.
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« MDPs. In the presence of interaction with nature, the graph model is extended
with probabilities or stochastic transitions, which gives rise to Markov Deci-
sion Processes (MDPs) [129, 134, 146, 191, 195].

« Games on graphs. In the presence of interaction with an adversarial environ-
ment, the graph model is extended to game graphs (or AND-OR graphs) [136,
179].

Planning problems. The planner tries to solve a planning problem given one of
the above described planning models. The starting position is not restricted to the
vertices controlled by the planner but can be any kind of vertex in the considered
model. We consider the following basic planning problems:

« Reachability. Given a set T' of target vertices the goal is to determine if some
target vertex from the starting position is reachable.

« Coverage. In the coverage problem we are given k different target sets, namely,
Ty, ..., T}, and a starting vertex. The coverage problem asks whether we can
achieve reachability for all target sets 7; where 1 < i < k. Coverage mod-
els the following scenarios: Consider a robot stationed in an outpost and k
different locations of interest. If an event or an attack happens in one of the
locations, then that location must be reached. However, the location of the
event or the attack is not known in advance and the robot must be prepared
that the target set could be any of the k target sets.

« AllCoverage. In the AllCoverage problem there are again k different target
sets T, ..., T} but in contrast to Coverage we want to determine all starting
positions where Coverage with T}, ..., T holds. This corresponds to finding
a viable outpost for the above described robot.

« Sequential reachability. In the sequential reachability problem we are given k
different target sets, namely, 77, T>, ..., T} and a starting position. The goal is
to output whether we can first reach 77, then T, and so on up to T} from the
starting position. This represents the scenario that the tasks must be achieved
in a sequence by the planner.

The above are natural planning problems and have been studied widely in the liter-
ature, e.g., in robot planning [99, 163, 170].

Basic Planning Questions. For the above problems the basic planning questions
are as follows: (a) for graphs, the question is whether there exists a plan (or a path)
such that the planning problem is solved; (b) for MDPs, the basic question is whether
there exists a strategy such that the planning problems is satisfied almost-surely
(i.e., with probability 1); and (c) for games on graphs, the basic question is whether
there exists a strategy that solves the planning problem irrespective of the choices
of the adversary. The almost-sure satisfaction for MDPs is also known as the strong
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Graphs MDPs Games
Objectives  Upper B. Lower B. Upper B. Lower B. Upper B. Lower B.
Reachability O(m) O(m) O(m)
Coverage om+ Yk |11, O(k - m) Q(k - m) O(k-m) Q(k-m)
(Thm. 6.2.1) (Thm. 6.2.8)
AllCoverage O(k - m) Q(k - m) O(k - m) Q(k - m) Ok -m)y Q(k-m)
(Thm. 6.3.1) (Thm. 6.3.1) (Thm. 6.3.1)
Sequential  O(m+ Y |T}]) O(m+ Yk 1T Ok -m) Q(k-m)
(Thm. 6.4.6) (Thm. 6.4.12) (Thm. 6.4.13)

Table 6.1: Algorithmic bounds where n and m are the number of vertices and edges
of the underlying model, and k denotes the number of different target sets. The
(") bounds are conditional lower bounds (CLBs) under the BMM conjecture and
SETH. They establish that polynomial improvements over the given bound are not
possible, however, polylogarithmic improvements are not excluded. Note that CLBs
are quadratic for k = ©(n). The new results are highlighted in boldface.

cyclic planning in the planning literature [1], and games on graphs question repre-
sent planning in the presence of a worst-case adversary [136, 179] (aka adversarial
planning, strong planning [201], or conformant/contingent planning [40, 144, 190]).

Algorithmic study. In this chapter, we study the planning problems for graphs,

MDPs, and games on graphs algorithmically. For all the above questions, polynomial-
time algorithms exist. When polynomial-time algorithms exist, proving an uncon-
ditional lower bound is extremely rare. A new approach in complexity theory aims

to establish a conditional lower bound (CLB) based on a well-known conjecture.
Two standard conjectures for CLBs are as follows: The (a) Boolean matrix multipli-
cation (BMM) conjecture states that there is no sub-cubic combinatorial algorithm

for boolean matrix multiplication; and the (b) Strong exponential-time hypothesis

(SETH) states that there is no sub-exponential time algorithm for the k-SAT prob-
lem when k grows to infinity. Many CLBs have been established based on the above

conjectures, e.g., for dynamic graph algorithms and string matching [5, 46].

Previous results and our contributions. We denote by n and m the number of
vertices and edges of the underlying model, and k denotes the number of different
target sets. The O notation hides poly-log factors, e.g. O(m(log ) = 5(m). We
call a running time near-linear if it is linear in the input but has some additional
polylogarithmic factor, e.g. O(m(logn)*). For the reachability problem, while the
graphs and games on graphs problem can be solved in linear time [28, 147], the
current best-known bound for MDPs is 5(m) [89, Theorem 12]. For the coverage
and sequential reachability, an O(k - m) upper bound follows for graphs and games
on graphs, and an O(k - m) upper bound follows for MDPs. Our contributions are
as follows:

1. Coverage problem: First, we present an O(m + fozl |T;|) time algorithm for
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graphs; second, we present an 2(k - m) lower bound for MDPs and games on
graphs, both under the BMM conjecture and the SETH. Note that for graphs
our upper bound is in linear time, however, if each |T}| is constant and k =
0(n), for MDPs and games on graphs the CLB is quadratic.

2. Sequential reachability problem: First, we present an O(m + Zf‘:l |T;|) time
algorithm for graphs; second, we present an O(m+ Zf.‘zl |T;]) time algorithm
for MDPs; and third, we present an 2(k - m) lower bound for games on graphs,
both under the BMM conjecture and the SETH.

The summary of the results is presented in Table 6.1. The most interesting results
are the conditional lower bounds for MDPs and game graphs for the coverage prob-
lem, the sub-quadratic algorithm for MDPs with sequential reachability objectives,
and the conditional lower bound for game graphs with sequential reachability ob-
jectives.

Practical Significance. The sequential reachability and coverage problems we con-
sider are the tasks defined in [163], where the problems have been studied for games
on graphs and mentioned as future work for MDPs. The applications of these prob-
lems have been demonstrated in robotics applications. We present a complete algo-
rithmic picture for games on graphs and MDPs, settling open questions related to
games and future work mentioned in [163].

Theoretical Significance. Our results present a very interesting algorithmic pic-
ture for the natural planning questions in the fundamental models.

1. First, we establish results showing that some models are harder than others.
More precisely,

« for the reachability problem, the MDP model seems harder than graphs
and games on graphs (linear-time algorithm for graphs and games on
graphs, and only near-linear time algorithms are known for MDPs);

« for the coverage problem, MDPs, and games on graphs are harder than
graphs (linear-time algorithm for graphs and quadratic CLBs for MDPs
and games on graphs);

« for the sequential reachability problem, games on graphs are harder
than MDPs and graphs (linear-time upper bound for graphs and sub-
quadratic upper bound for MDPs, whereas quadratic CLB for games on
graphs).

In summary, we establish model-separation results with CLBs: For the cov-
erage problem, MDPs and games on graphs are algorithmically harder than
graphs; and for the sequential reachability problem, games on graphs are al-
gorithmically harder than MDPs and graphs.
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2. Second, we also establish problem-separation results. For the model of MDPs
consider the different problems: Both for reachability and sequential reacha-
bility the upper bound is sub-quadratic and in contrast to the coverage prob-
lem we establish a quadratic CLB.

Further Related Work In this chapter, our focus lies on the algorithmic complex-
ity of fundamental planning problems and we consider explicit state-space graphs,
MDPs, and game graphs, where the complexities are polynomial. The explicit model
and algorithms for it are widely considered: For example, in LTL Synthesis [60-62,
163], Probabilistic Planning [63, 157, 159, 218], Nondeterministic Planning [13, 64,
130, 183, 187], Contingent Planning [39, 186] and Verification [91]. In factored mod-
els such as STRIPS and SAS+ the complexities are higher (PSPACE-complete and
NP-complete [20, 58]), and then heuristics are the focus (e.g., [136]) rather than the
exact algorithmic complexity. Notable exceptions are

1. the work on parameterized complexity of planning problems (e.g., [165]),

2. conditional lower bounds based on the ETH [148] showing that certain gen-
eral propositional planning problems (e.g., propositional STRIPS with nega-
tive goals (PSN)) do not admit algorithms with running times of the form 2Pl
for instance size | P| and concrete constants ¢ > 0 [7, 19],

3. conditional lower bounds based on the SETH of the form 20+ . poly(| P|)
where v is the number of variables and € > 0 for very large subclasses PSN [19],

4. conditional lower bounds based on the graph colourability problem of the
form 22 - poly(v),

5. conditional lower bounds based on the ETH showing that the minimum con-
straint removal problem, a well-studied problem in both robotic motion plan-
ning, does not admit algorithms with running times of the form 2°” [122].

6.2 Coverage Problem

In this section, we consider the coverage query problem in graphs, MDPs and game
graphs. We are given a starting vertex v and a coverage query. Our goal is to check
if a set of player-1 strategies exist such that the resulting plays achieve the given
coverage query when starting at v.

First, we present a linear-time algorithm for graphs and quadratic algorithms
for MDPs and game graphs. Then we focus on the conditional lower bounds for
MDPs and game graphs, which establish that there is no subquadratic algorithm for
the coverage problem when one assumes the STC and OV conjectures.
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6.2.1 Algorithms

The results below present the upper bound for graphs, MDPs and game graphs of
the second row of Table 6.1.

Coverage Problem in Graphs. For the coverage problem in graphs we are given a
graph G = (V, E), a coverage query Coverage(Ty, ..., T}) and a start vertex s €
V. The algorithmic problem is to find out if starting from an initial vertex v the
reachability, i.e., Reach(T}), can be achieved for all 1 < i < k. The algorithmic
solution is as follows: Initially, mark each v € T} for 1 <i < k with i. Compute the
BEFS tree starting from s and check if all the targets are contained in the resulting
BFS tree. This instantly gives an algorithm with running time O(m + 2?:0 |T;]).
Note that the running time is linear and thus we cannot hope to find any quadratic
lower bounds.

Coverage Problem in MDPs and game graphs. We determine in MDPs and game
graphs whether there exists a set of strategies for a given coverage query with k
reachability objectives and start vertex v, by applying the reachability algorithm
of the respective model k times, i.e., once for each of the target sets. This yields
a solution in O(km) time for MDPs and O(km) time for game graphs respectively.
Notice that for k € @(n) the running time is quadratic in the input size.

6.2.2 Conditional Lower Bounds

We present conditional lower bounds for the coverage problem in MDPs and game
graphs (i.e., the CLBs of the second row of Table 6.1). For MDPs and game graphs the
conditional lower bounds complement the quadratic algorithms from the previous
subsection. Notice that we cannot provide a quadratic lower bound for graphs as
a linear-time algorithm exists. The conditional lower bounds are due to reductions
from OV and triangle detection.

MDPs.

We present the following conditional lower bounds for MDPs:

Theorem 6.2.1. For all € > 0, checking if a vertex has a set of a.s. winning strategies
for the coverage problem in MDPs does not admit:

1. an O(mz_e) algorithm under Conjecture 2.7.5,
2. an O((k - m)'=) algorithm under Conjecture 2.7.5,
3. a combinatorial O(n>~¢) algorithm under Conjecture 2.7.3 and

4. a combinatorial O((k - nz)l_s) algorithm under Conjecture 2.7.3.

Using the OV-Conjecture. Below we prove the results 1-2 of Theorem 6.2.1. We
reduce the OV problem to Coverage in MDPs. By applying Conjecture 2.7.5 we
infer the result.
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Figure 6.1: An example reduction from OV to Coverage in MDPs.

Reduction 6.2.2. Given two sets S|, .S, of d-dimensional vectors, we build the MDP
P as follows.

e The vertices V' of the MDP are given by a start vertex s, sets of vertices S| and S,
representing the sets of vectors and vertices C = {c; | 1 < i < d} representing
the coordinates of the vectors in the OVC instance.

e The edges E of P are defined as follows: The start vertex s has an edge to every
vertex of Sy. Furthermore for each x; € S| there is an edge to c; € C iff
x;[j1 =1 and for each y; € S, there is an edge from ¢; € S, to y; iff y;[j1 = 1.

Also, the y; have self-loops so that every vertex has an outgoing edge.

* The set of vertices is partitioned into player-1 vertices V| = S, UC U S, and
random vertices Vg = {s}.

Example 6.2.3 (Example: Reduction from OV to Coverage). Let the OV instance be
S, ={(1,1,0),(1,0,1),(0,1, 1)}, S, = {(1,0,1),(1,1,0),(0,1,0)}. Notice that the
second vector in S| and the third vector in .S, are orthogonal. Due to the fact that s
is a random vertex, there is a nonzero probability that x, is the successor. There is no
path from x, to y;. AsTz = {y3}, there is no a.s. winning strategy from s for the given
instance of coverage. We illustrate the example of the reduction in Figure 6.1.

Notice that for orthogonal vectors x; and y; we have that for each ¢, € C either
x; is not connected to ¢, or y; is not connected to c,. Thus there is no path from
X; to y;. Starting from s there is a non-zero probability to end in x; and thus also
a non-zero probability to fail reaching the target set T; = {y;} no matter of player
1’s strategy o;.

Lemma 6.2.4. Let P = (V, E,(V},Vy), 6) be the MDP given by Reduction 6.2.2 and
T; = {y;} for1 < i < N. There exist orthogonal vectors x € S|,y € S, iff s is not
winning for Coverage({T; |1 <i < N}).

Proof. The MDP P is constructed in such a way that there is no path between vertex
x; and y; iff the corresponding vectors are orthogonal in the OV instance: If x; is
orthogonal to y;, the outgoing edges lead to no vertex which has an incoming edge
to y; as either x;[k] = 0 or yj[k] = 0. On the other hand, if there is no path
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from x; to y; we again have by the construction of the underlying graph that for all
1 <k<d:xlkl=0oryk] =0. This is the definition of orthogonality for x;
and y;. When starting from s the token is randomly moved to one of the vertices x;
and thus player 1 can reach each y; almost surely from s iff it can reach each y; from
each x;. Thus, we have that there is an a.s. winning player 1 strategy for Reach(T})
iff y; has. Hence, S, has no orthogonal vector in .S iff each Reach(7}) has an a.s.
winning player 1 strategy. O

The MDP P has only O(/N) many vertices and Reduction 6.2.2 can be performed
in O(N - d) time (recall that d = w(log N)). The number of edges m is O(N - d) and
the number of target sets k € O(N). Thus the points 1-2 of Theorem 6.2.1 follow.

Using the ST-conjecture. Towards the results 3—4 in Theorem 6.2.1 we reduce the
triangle detection problem to Coverage problem in MDPs. By applying Conjec-
ture 2.7.3 we infer the result.

Reduction 6.2.5. Given an instance of triangle detection, i.e., a graph G = (V, E),
we build the following MDP P = (V', E',(V{,V}).6).

o The vertices V' are given as four copies V|,V,,V3,V, of V and a start vertex s.

e Theedges E' of P are defined as follows: There is an edge from s to everyv,; € V;
fori =1...n. Inaddition for 1 < j < 4 there is an edge from v;; to v ;1 iff
(v;,vy) € E. Finally, vy; fori =1...n has a self-loop.

* The set of vertices V' is partitioned into player-1 vertices V| = @ and random
vertices Vi = {s} UV UV, U V3 UV,

Notice that all the vertices of the constructed MDP are random vertices.

Example 6.2.6 (Reducing triangle detection to Coverage.). Let G be the graph given
in Figure 6.2. We construct the MDP P as in Reduction 6.2.5. Notice that G has the
triangle (vy, Uy, U3) and the constructed MDP P has a nonzero chance to take the path
marked by the fat edges that correspond to this triangle, i.e., player-1 does not have a
winning strategy from s for the coverage objective given in the reduction because he
cannot satisfy T|. The example is illustrated in Figure 6.2.

Figure 6.2: Reduction from Triangle to Coverage



6.2. COVERAGE PROBLEM 89

Lemma 6.2.7. Let P be the MDP given by Reduction 6.2.5 when applied to a graph G
andletT; = V| \ {v;} UV, \ {vy;} fori = 1...n be target sets. The graph G has a
triangle iff s is not winning for Coverage({T; | 1 <i < N}) in P.

Proof. First, s is not winning for Coverage(T, ..., Ty) iff there is a T; such that
player-1 has no of a.s. winning strategies from s for Reach(7;). Second, there is a
triangle in the graph G iff there is a path from some vertex vy; in the first copy
of G to the same vertex in the fourth copy of G, v,;. Finally, notice that player 1
does not control any vertex and thus the strategy of player 1 does not matter and
each possible path is played with non-zero probability. If G has a triangle con-
taining vertex v; then the corresponding play from v,; to v,; has non-zero prob-
ability and is not in Reach(7}). That is, s is not winning for and thus not win-
ning for Coverage({T; | 1 < i < N}). Now assume that s is not winning for
Coverage({T; | 1 < i £ N}) and thus not winning for Reach(T;). Then there is a
path from v}; to v,; and thus a triangle in G. O]

Moreover, the size and the construction time of the MDP P are linear in the size
of the original graph G and we have k = 6(n) target sets. Thus 3-4 of Theorem 6.2.1
follow.

Game Graphs.

Next, we describe how the results for MDPs can be extended to game graphs. We
prove the following theorem which states multiple specific lower bounds for check-
ing if a vertex has a set of winning strategies for a coverage query.

Theorem 6.2.8. For all € > 0, checking if a vertex has a set of winning strategies for
a coverage query in game graphs does not admit:

1. an O(mz_g) algorithm under Conjecture 2.7.5,
2. an O((k - m)'=) algorithm under Conjecture 2.7.5,

3. a combinatorial O(n>~°) algorithm under Conjecture 2.7.3 and

4. a combinatorial O((k - nz)l_e) algorithm under Conjecture 2.7.3.

Using the OV-Conjecture. Below we prove the results 1-2 of Theorem 6.2.8. We
reduce the OV problem to Coverage in game graphs. By applying Conjecture 2.7.5
we infer the result. In Reduction 6.2.9 we change the random starting vertex of
Reduction 6.2.2 to a player-2 vertex. The rest of the reduction stays the same. The
proof then proceeds as before with the adversary now overtaking the role of the
random choices.

Reduction 6.2.9. Given two sets S|, .S, of d-dimensional vectors, we build the follow-
ing game graph I’ = (V, E,(V|,V3)).
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e The vertices V and edges E are defined as before in Reduction 6.2.2

« The set of vertices is now partitioned into player-1 vertices V| = S UC U .S,
and player-2 vertices V, = {s}.

Lemma 6.2.10. Let I" be the game graph given by Reduction 6.2.9 with a coverage
query Coverage({T; | 1 < i < n}) whereT; = {y;} fori = 1... N. There exist
orthogonal vectors x € S, y € .S, iff there is no set of winning strategies from start
vertex s for the coverage query.

The game graph I' has only O(N) many vertices and Reduction 6.2.9 can be
performed in O(N - d) time (recall that d = w(log N)). The number of edges m is
O(N - d) and the number of target sets k € O(N). Thus the points 1-2 in Theo-
rem 6.2.8 follow.

Using the STC conjecture. Below we prove the results 3—4 in Theorem 6.2.8. We
reduce the triangle detection problem to Coverage in game graphs. By applying
Conjecture 2.7.3 we infer the result. In Reduction 6.2.11 we change the random
vertices of Reduction 6.2.5 to player-2 vertices. Notice that the resulting game graph
consists of only player-2 vertices. Again, if there is a path starting from s which
violates a reachability objectives in the given coverage query then player 2 wins.
As the reachability objectives are defined such that they rule out the triangles of the
reduction, player 1 only wins iff there is no such path, i.e., there is no triangle in the
original graph.

Reduction 6.2.11. Given an instance of triangle detection, i.e., a graph G = (V, E),
we build the following game graph I' = (V', E',(V/,V,)).

e The vertices V' and Edges E' are the same as in Reduction 6.2.5.

* The set of vertices V' is partitioned into player-1 vertices V| = @ and player-2
vertices V), = {s} UV UV, UV; UV,

Lemma 6.2.12. Let I" be the game graph given by Reduction 6.2.11 when applied to a
graph G and letT; = Vi \ {v;} UV, \ {vy;} fori =1...n. The graph G has a triangle
iff s is winning for Coverage({T; | 1 <i <n})inT.

Moreover, the size and the construction time of game graph I' are linear in
the size of the original graph G and we have k = 6(n) target sets. Thus 3—4 in
Theorem 6.2.8 follow.

6.3 AllCoverage Problem

In this section, we consider the AllCoverage problem. First, we present simple al-
gorithms for all models based on the standard reachability problems of the models.
Notice that the respective algorithms can also be used to solve the corresponding
Coverage Problem. Then we present a conditional lower bound for graphs which
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establishes that the existing algorithm cannot be polynomially improved under the
STC and OV conjectures.

6.3.1 Algorithms

We present quadratic algorithms for MDPs, games and graphs. The results present
the upper bounds for graphs, MDPs and Games third row of Table 6.1.

Given the query Coverage({T; | 1 <i < k}) for graphs, MDPs and game graphs,
we propose an algorithm which first solves the k reachability objectives using the
basic results detailed in Section 2.5. Notice that the result of the algorithms for
solving the reachability objective is a set of vertices that have a strategy to achieve
the objective. Then we take the intersection of the resulting sets. (1) For graphs
using BFS which is in O(m) time we obtain an O(k - m) time algorithm. (2) For
game graphs, using the O(m)-time attractor computation, we have an O(k - m) time
algorithm. (3) For MDPs, the MEC-decomposition followed by k many O(m)-time
almost-sure reachability computation, gives an O(k - m + MEc) time algorithm.

6.3.2 Conditional Lower Bounds

In this section, we present conditional lower bounds for the AllCoverage problem
in graphs (i.e., the CLBs of the third row of Table 6.1). For MDPs and game graphs
the conditional lower bounds follow from Section 6.2 because the Coverage problem
can be trivially reduced to the AllCoverage problem, i.e., once we have computed
all the vertices that can reach a target it is easy to check whether a specific vertex
can reach that target. The conditional lower bounds are due to reductions from OV
and the triangle detection problem.

Theorem 6.3.1. For all e > 0, computing the solution of the AllCoverage problem in
graphs does not admit

. an O(m*™) algorithm under Conjecture 2.7.5,

~

2. an O((k - m)'=©) algorithm under Conjecture 2.7.5,
3. a combinatorial O(n3_€) algorithm under Conjecture 2.7.3 and

4. a combinatorial O((k - nz)l_e) algorithm under Conjecture 2.7.3.

Using the OV-Conjecture. In this section we prove the results 1-2 in Theorem 6.3.1.
We reduce the OV problem to the AllCoverage problem in graphs. By applying
Conjecture 2.7.5 we infer the result.

Reduction 6.3.2. Given two sets Sy, S, of d-dimensional vectors, we build the graph
G as follows.

e The construction of the graph is the same as in Reduction 6.2.2 except the we do
not have a vertex s.
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Example 6.3.3 (Reducing AllCoverage to OV). Let the instance of OV be given by
S = {(1,1,0),(1,0,1),(0,1,1)},S, = {(1,0,1),(1,1,0),(0,1,0)}. Notice that the
second vector in S| and the third vector in S, are orthogonal. We construct G with
Reduction 6.3.2. There is no path from x, to y;. AsT; = {y3}, X, is not in the winning
set of Coverage({T, T,,T;}) The reduction is illustrated in Figure 6.3.

)

D
1O,

Figure 6.3: Reduction from OV to AllCoverage

Lemma 6.3.4. Let G = (V, E) be the graph given by Reduction 6.3.2 with target sets
T =|{T; | T; = {y;} fori =1... N ). Avectorx; € S is orthogonal to some vector
in S, iff the vertex x; is not in the winning set of Coverage(J).

Proof. The graph P is constructed in such a way that there is no path between
vertex x; and y; iff the corresponding vectors are orthogonal in the OV instance: If
x; is orthogonal to y;, the outgoing edges lead to no vertex which has an incoming
edge to y; as either x;[k] = 0 or y;lkl = 0. On the other hand, if there is no path
from x; to y; we again have by the construction of the underlying graph that for all
1<k<d:xlk]=0or yj[k] = 0. This is the definition of orthogonality for x;
and y;. Thus, x; is in the winning set of Coverage(J) iff x; is orthogonal to some
vector in .S,. O

Notice that we solve the given instance of OV with our reduction as we compute
all vectors in .§| which are orthogonal to some vector in S,. The Graph G has only
O(N) many vertices and Reduction 6.2.2 can be performed in O(N - d) time (recall
that d = w(log N)). The number of edges m is O(N - d) and the number of target
sets k € O(N). Thus the points 1-2 in Theorem 6.3.1 follow.

Using the ST-Conjecture. Below we prove 3-4 in Theorem 6.3.1. We reduce the trian-
gle detection problem to the AllCoverage problem in graphs. By applying Conjec-
ture 2.7.3 we infer the result.

Reduction 6.3.5. Given an instance of triangle detection, i.e., a graph G = (V, E),
we build the following graph G = (V', E"). The vertices and edges are the same as in
Reduction 6.2.5 except that we have player-1 vertices instead of random vertices and
there is no start vertex s.

Example 6.3.6 (Reducing Triangle to AllCoverage). Consider G in Figure 6.4. Notice
that G has the triangle (v, vy, v3) and there is a path from v tov, in the constructed
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MDP P illustrated by the strong edges corresponding to this triangle. The winning set
of Coverage(T|,T,,T3,T,)

contains vy by using the strategy which uses the path from v, to vy, : First we achieve
trivially, Reach(T,), Reach(T3), Reach(Ty) with this strategy by starting from v,,. Then
Reach(T)) is achieved by arriving at vy;.

G: P:

@.-" )

Figure 6.4: Reduction from Triangle to AllCoverage

Lemma 6.3.7. Let G be the graph given by Reduction 6.3.5 with n target set T, =
Vi\{v;}Ulvy ) fori =1...n. Agraph G has a triangle with vertex v; iff the vertex
vy; is in the winning set of the query Coverage(Ty, ..., T,).

Proof. Notice that there is a triangle in the graph G iff there is a path from some
vertex vy; in the first copy of G to the same vertex in the fourth copy of G, v,;. Also,
a path o starting in vy; for 1 <i < n is a viable strategy in the Coverage query for
all Reach(T;) 1 < i < n objectives iff it is able to visit v,;: By definition, T} includes
vj; for 1 < j < nandj # i. Thus o achieves all Reach(T}) for j # i. To achieve
Reach(T;), there must be a path from vy; to v,;. Thus, there is a triangle with vertex
v; iff vy; is in the winning set of the query Coverage(J). t

Note that we solve the given instance of the triangle detection problem if we
know all vertices which are in triangles. Moreover, the size and the construction
time of the MDP P are linear in the size of the original graph G and we have k = 8(n)
target sets. Thus 3—-4 in Theorem 6.3.1 follow.

6.4 Sequential Reachability Problem

We consider the sequential reachability problem in all models. In contrast to the
quadratic CLB for the coverage problem, quite surprisingly there is a subquadratic
algorithm for MDPs. We first present an algorithm for graphs and then build upon
that to present the algorithm for MDPs. For games, we present a quadratic algorithm
and a quadratic CLB.
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6.4.1 Algorithms

The results below present the upper bounds of the fourth row of Table 6.1.

Algorithm for Graphs.

Given a graph G = (V, E) and the sequential reachability objective Seq(T}, ..., T}),
we compute the strongly connected components, contract each strongly connected
component to a single vertex and remove multi edges. This results in a directed
acyclic graph (DAG). Additionally, the vertex v” which represents an SCC C in the
resulting DAG D, is in all target sets of its members, i.e., v’ € T; if there exists a
vertexu € C suchthatu € T} forall 1 <i < k. Notice that this step does not change
the reachability conditions of the resulting acyclic graph: Every vertex in an SCC
can be reached starting from every other vertex in the same SCC. Thus, it suffices
to give an algorithm for DAGs. Given a DAG D = (V, E), we maintain (a) a set of
unprocessed vertices S, which is initialized with V and (b) a queue Q containing the
vertices which are not processed but where all successors are processed, initialized
with all vertices with no outgoing edges. Notice that the queue is initially non-
empty because the bottom SCCs of G are now vertices without outgoing edges in
D. Additionally, for each vertex v, we maintain the values count,, £, and best,. The
variable count, counts the number of vertices in Qut(v) which are not processed
yet. The label £, is such that vertex v has a winning strategy for the objective
Seq(T,,) where I, = (Ty , ..., T}). In other words, there is a strategy to win from
v if we already visited the targets sets 7y, ... 7, _;. The variable best, is used to
store the minimum label of the already processed successors of v. The algorithm
proceeds as follows. While the queue Q is not empty, we take a vertex v from the
queue and call PROCESSVERTEX(+). The function computes the label £, of the vertex
v using best, and the target sets where v is in. Then, it removes v from S and
updates the variables best,, and count,, of its predecessors w. In particular, we set
best,, = min(best,,, Z,) and decrement count,, by one. When the queue is empty,
all vertices are processed and the algorithm terminates. We show that the described
algorithm for DAGs has a linear running time, i.e., O(m + }_, |T;|) and the details
are presented in Algorithm 6.1.

Proposition 6.4.1 (Correctness). Given a DAG D = (V, E) and a sequential reach-
ability objective Seq(J") with target sets I = {Ty, ..., T} }, Algorithm 6.1 returns the
set of all start vertices with a path for the objective Seq(J).

Observation 6.4.2. The input graph has one or more vertices v with Out(v) = @ and
thus Q is non-empty after the initialization.

Proof. Note that there is always a vertex v € V where Out(v) = @ because we
assumed that D is a DAG. O
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The invariants below state that (a) the variables (best,, count,, £,) have the in-
tended meaning, (b) O contains all the unprocessed vertices whose successors are
already processed and (c) that the queue contains vertices as long as S is not empty.

Lemma 6.4.3. The following statements are invariants of the while loop at Line 7.

~

. count, = |Out(v) N S|
2veQiffveSandal Outlv)nS =@.

3. If S is not empty then the queue Q is not empty.
4. best,=k+1 forallv € V with Out(v) = @.
5. If v € Q then best,, # null.

6. Ifv eV \ S then?, # null

7. best, = minyeoypy\s Cws for allv € V with Out(v) \ S # @.

Algorithm 6.1: Sequential Reachability in Graphs
Input: DAG D = (V, E), targets 7 = (T}, ..., T},)

1 S«V

2 Ly« {ilveT, :i=1..k} forveV

3 count, < |Out(v)| forveV

k+1 if Out(v) =
4 best, « t 1 if Ou (I.J) @ forveV
null  otherwise

5 £, < null forveV
6 O« {v]| Out(v) = @}
7 while S # @ do
8 v =0.pop()
9 PROCESSVERTEX(V)

10 return {v eV | £, =1}

]

11 function PROCESSVERTEX(Vertex v)
12 ¢, < best,

13 whileZ, -1 € L, do

14 L O, 0,—1

15 S« S\ {v}

16 for w € In(v) do

17 best,, < min(best,,, )
18 count,, « count,, — 1

19 if count,, = 0 then

20 L 0O.push(w)
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Proof. 1. The counters count, are initialized as |Out(v)| and S is initialized as V.
Thus the claim holds when first entering the while loop.

Assume the claim holds at the beginning of the iteration where vertex u is
processed. The set .S is only changed in Line 15. There u is removed from
the set. The counters are only changed in Line 18: All counters of vertices w
with u € Out(w) are decreased by one. Consequently count, = | Qut(v) N S|
holds for all v € V" also after this iteration of the loop and the claim follows.

2. In the initial phase S is set to V and Q is set to {v € V' | Out(v) = @}. Thus
the claim holds when first entering the while loop.

Assume the claim holds at the beginning of the iteration where vertex v is
processed. The set .S is only changed in Line 15 where v is removed.

First consider a vertex w € Q \ {v}. As w is not removed from the set .S and
no vertex is added to .S the claim is still true for w. Now consider a vertex w
that might be added during the iteration of the loop. This can only happen
in Line 20 and the if conditions ensure that w € S and Out(v) N S = @
(by the previous invariant) and thus the claim also holds for the newly added
vertices.

3. Due to Observation 6.4.2 the claim holds when first entering the while loop.

Assume the claim holds at the beginning of the iteration, where vertex v is
processed. The vertex v is removed from § in Line 15 and if the set .S is empty
now, the claim follows trivially. On the other hand, if .S’ is non-empty and Q
is also non-empty the claim follows again. In the third case S is non-empty
and Q is empty. Assume for contradiction that no vertex is added at line 20.
By invariant (2), every vertex v € S has a successor in S as otherwise, v
would be in Q. That implies that there exists a cycle which is a contradiction
with D being a DAG.

4. For v € V with Out(v) = @ the variables best, are initialized with k + 1
(Line 4) and best,, is only changed in Line 17 when a successor of the vertex is
processed. As v has no successor, best,, is not changed during the algorithm.

5. If v € Q initially, it must be due to the initialization and we have best, = k+1.
The claim holds when first entering the while loop. Assume the claim holds
at the beginning of the iteration where v is processed. The only time we add
a vertex w to Q is at Line 20. Notice that we set best,, before at Line 17.

6. Initially, every vertex is in .S, thus the claim holds before the first iteration
of the while loop. Assume the claim holds at the beginning of the iteration
where v is processed. The only time we remove a vertex from .S is at Line 15,
i.e, in PROCESSVERTEX(v). Notice that we set £, in Line 12 to best, which
cannot be null due to Lemma 6.4.3 (5).
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7. Initially, V' is .S, and for all v € V we set £, best,, to null. Notice that best,
with Out(v) # @ are not changed at Line 4. Thus the claim holds when the
algorithm enters the loop.

Now consider the iteration of vertex v and assume the claim is true at the
beginning. The set .S is only changed in Line 15 where v is removed. Let .S,
be the set at the beginning of the iteration and S,,,,, = S, \ {v} the updated
set. Due to Lemma 6.4.3 (6) £, # null. For a vertex w € In(v), the value
best,, is updated to min(best,,, £,) (Line 17) which by assumption is equal to
MiNy e Out(w)\S, )00} £ x = MDye(Out()\S,,,) ¢ x> I-€-» the equation holds. For
vertices w & In(v) both best,, as well as the right hand side of the equation
are unchanged. Hence, the claim holds also after the iteration.

O]

From the following invariants, we obtain the correctness of our algorithm.

Lemma 6.4.4. The following statements are invariants of the while loop at Line 7 for
alve V\ S:

1. There exists a path p, € Seq(T, ).

2. There exists no path p, € Seq(T, _y).
where T, ={T,,.... Ty} or¢, > k.

Proof. As S is initialized with the set of vertices V' the two statements trivially hold
after the initialization.

Now consider the iteration where vertex v is processed and assume the invariants
hold at the beginning of the iteration. Let be(v) = min, e o) - By Lemma 6.4.3 (2)
we have Out(v) NS = @ and by Lemma 6.4.3 (6) also Z,, # null for all w € Out(v).
Thus by Lemma 6.4.3 (7) we have be(v) = best, and £, can be computed. The
while loop in Line 13 decrements ¢, which is initialized to best, — 1 as long has
best,— 1€ L,. L, contains Z,, ..., best, — 1 but does not contain £, — 1.

1. We next show that there is a path p, in Seq(gfv): Let w = be(v). A path for
vertex w where p,, € Seq(J, ), exists by induction hypothesis. The targets
{Ty,....T,, _ }arevisited by lgtarting from v. The path is obtained as follows:
P, = U, p,,, which proves the claim.

2. We next show that there is no path p, in Seq(J, _;). The current vertex v is
not in the set T, _; and no successor w has a path p,, with p,, € Seq(7, _,)
because £, — 1 < ¢, < ¢, (Lines 12-14). Thus there is also no path p, €
Seq(7,, 1) which concludes the proof.

O]

Proposition 6.4.5. Algorithm 6.1 has running time O(m + Zf‘;l |T;1).
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Proof. We first argue that the initialization takes O(m + Zf.;l |T;|) time. Initializ-
ing the sets L, can be done by first initializing the set L, as @ (in O(n)) and then
iterate over all set 7; and for each v € T; add i to L, (in O(Zf.;l |T;])). The other
variables can be initialized by iterating over all vertices and for each vertex con-
sider all outgoing edges. That is in O(n + m) = O(m) time. Now consider the main
part of the algorithm. In the while loop we process each vertex v € V once (recall
that D is a DAG) and call the function PROCESSVERTEX(v) at Line 9 In the function
call PROCESSVERTEX(v), we iterate over the set L, (Lines 13-14) and all incoming
edges of v (Lines 16-20). If we sum over all the vertices we obtain a running time
of Om+ Y oy L) = O(m+ Y7 |T;]). O

Theorem 6.4.6. Given a graph G = (V, E), a sequential reachability objective and
a vertex s € V' we can decide whether s is winning for Seq(J) in O(m + Zf.‘zl |T;1)
time.

Algorithm for MDPs.

The algorithm for MDPs builds on to of the algorithm for graphs. The first differ-
ence is that instead of computing an SCC decomposition and contracting SCCs for
MDPs ws compute a MEC-decomposition and contract MECs into player-1 vertices:
Given an MDP P = (V, E,(V}, Vy), 6) with the sequential reachability objective
Seq(Ty, ..., T}), we compute the MEC-decomposition of the MDP. Then, each MEC
M is contracted into a player-1 vertex v’ without self-loops. The resulting MDP is
P’. The target sets of P’ are as follows: The vertex v’ is in all the target sets of
the corresponding vertices in M, ie., v’ € T; if there exists a vertex u € M such
thatu € T; for all 1 <i < k. Notice that this step does not change the reachability
conditions of the resulting MDP: Every vertex in the MEC can be reached almost
surely starting from every other vertex in the same MEC, regardless of their type
(player-1, random). Thus it suffices to give an algorithm for MEC-free MDPs.

Key Challenge. When computing a MEC-decomposition and contracting the MECs
we get an MDP that may still contain cycles. Thus our MDP algorithm has to deal
with cycles which are in contrast to the graph setting where we only had to deal
with DAGs, i.e., in Algorithm 6.1 we maintained a Queue Q which contained all un-
processed vertices where all successors are processed. In each iteration, we process
one such vertex. Notice that when the queue is the only mechanism to process the
vertices, we need the fact (which we also show in Lemma 6.4.3 (3)) that there ei-
ther exists a vertex where all successors have been processed or all vertices have
been processed and the algorithm can terminate. When running the algorithm on
MEC-free MDPs there might be a situation where the Queue Q is empty and some
vertices have not been processed yet. We illustrate such a situation in Example 6.5.
Thus, we need an additional mechanism to process vertices in this situation.

Example 6.4.7 (Queue empty but Graph not processed). Consider the MDP P given
in Figure 6.5: Contracting the MECs of P into player-1 vertices, we obtain P’. Notice
that P’ still contains a cycle. Using only the queue to obtain the next vertex to process
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Figure 6.5: Key difficulty when computing Sequential Reachability in MDPs.

we have the following problem: After v} is processed, the queue Q is empty because v,

has still has an unprocessed succesor, namely v|. Notice that v’, and v| have not been
processed yet.

Algorithm Description. The algorithm for MEC-free MDPs maintains the set of un-
processed vertices .S and a queue Q, the values count,, £, and best,, for each vertex
v. The value count,, as in Algorithm 6.1, stores the number of vertices in Out(v)
which are not processed yet. The label £, for v is now such that v has an almost-
sure winning strategy for the objective Seq(7, ) where 7, = (Ty ,...,T}). Ran-
dom vertices might choose the worst possible successor with nonzero probability,
i.e., the vertex with highest £, whereas player-1 vertices always choose the vertex
with the lowest ;. We reflect this fact as follows in the variable best,: The variable
best,, stores the maximum (for v € V) / minimum (for v € V}) label of the already
processed successors of v. The set S is initialized with V, and, initially, all vertices
with no outgoing edges are added to the queue Q. Notice that the bottom MECs of P
are now vertices without outgoing edges in P’ and thus Q is initially non-empty. If
the queue Q is non-empty, a vertex from the queue is processed as in Algorithm 6.1.
When Q is empty, the algorithm has to process a vertex where some successors
are not processed yet. In that case, we consider all the random vertices for which
at least one successor is processed and choose the random vertex with maximum
best, to process next. We show that, as the graph has no MECs, whenever Q is
empty (and .S is not) there exists such a random vertex. Moreover, whenever Q is
empty, all vertices in the set of unprocessed vertices .S have a strategy that satisfies
Seq(7,) for m = max ey, g best,: Intuitively, this is due to the fact that all vertices
in S can reach a vertex v (which is possibly different to v = argmax ¢y, g best,)
in the set of already processed vertices and in the worst case £, = m, i.e., they can
satisfy Seq(Z7,,). For the vertex v = arg max ey, s best,, all successors w without
a label are in .S and are going to obtain a label £, of at most m. The current value
of best, is m, i.e., v has a successor w with £, = m. As v is in V the final value of
best,, must be m. Hence, one can process v without knowing the exact label of all
the successors. We present the details in Algorithm 6.2 and prove a running time
which is in O(mlog n+ Z{-{:o |T;]). Notice that the running is near-linear time, linear
up to a log n factor.



100

CHAPTER 6. ALGS. AND CLBS FOR PLANNING PROBLEMS

Algorithm 6.2: Sequential Reachability for MEC-free MDPs.

11
12

13

14

15
16
17
18

19
20
21
22
23
24

25
26
27

Input: MEC-free MDP P = (V, E,(V;, V), 6), targets T = (T}, ...

Output: All vertices with a strategy for Seq(J).
SV
L,«<{i|lveT,:i=1..k} forveV
count, < |Out(v)| forveV
k+1 if Out(v) =
best,, < o u(.v) @ forveV
null  otherwise
£, < null forveV
0 < {v]| Out(v) = @}
while S # @ do
if O # @ then
v =Q.pop()
PROCESSVERTEX(V)

else

U argmax,cy s best,
PROCESSVERTEX(V)

return{v eV | ¢, =1}

function PrRoCESSVERTEx(Vertex v)
£, < best,
whileZ, -1 € L, do

L ,«<¢,—1
S < S\ {v}
forw e {w : (w,v) € E} do
if w € V| then

| best,, < min(best,,,Z,)
else

L best,, < max(best,,?,)

count,, « count,, — 1
if count,, = 0 A w € S then
‘ O.push(w)

1Tk)
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Proposition 6.4.8 (Correctness). Given an MDP P and a sequential reachability
objective Seq(T") with targets T = (T, ..., T}), Algorithm 6.2 returns the set of all
start vertices with a player-1 strategy for the objective Seq(J).

We next state invariants of the while loop (see Line 7) that will enable us to show
the correctness of the algorithm. The invariants state that (a) the variables best, and
count, have the meaning as described in the algorithm description for all v € V, (b)
O contains all the unprocessed vertices whose successors are already processed, and
(c) that the function argmax is well-defined whenever called, i.e., there is a random
vertex where best,, is not null.

Lemma 6.4.9. The following statements are invariants of the while loop in Line 7.

~

. count, = |Out(v) N S|;

22 veQiffveSand Out(v)n S = I;

3. best,=k+1, forallv € V with Out(v) = @.
4. If v € O we have best,, # null.

5 IfveV \S wehave ¢, # null

i 4 %
6. Forallv € V with Out(v) \ S # @: best, = {mmweom(”)\s w VS

MaxX e outw\s Cw U € VR

7. If S # @ and Q = @ thereisav € S N Vg such that best,, # null.

Proof. The proofs of (1) — (5) proceed as the proofs of the corresponding statements
in the proof of Lemma 6.4.3.

6. Initially S = V" and for all v € V' we set 7, best,, to null. Also, best, with
Out(v) # @ are not changed at Line 4 and the claim holds when the algorithm
enters the loop.

Now consider the iteration of vertex v and assume the claim is true at the
beginning. The set .S is only changed in Line 19 where v is removed. Let
S,14 be the set at the beginning of the iteration and .S,,,, = S,;; \ {v} the
updated set. First notice that best, # null as v is either chosen by (a) as el-
ement of Q or (b) by argmax. In the former case we apply Lemma 6.4.9 (4)
and in the latter case best, # null by the definition of argmax. For a vertex
w € In(v) N V] the value best,, is updated to min(best,,, £,) (Line 22) which
by assumption is equal to min e i\ s, Huiv) Cx = Milie(Out@)\S,,,,) & x>
i.e,, the equation holds. For a vertex w € In(v) N Vi the value best,,
is updated to max(best,,,?,) (Line 24) which by assumption is equal to
MAX e Out(w\S,)u(v) Cx = MAXxe(Out(w)\S,e,) £ x> 1-€-» the equation holds.
For vertices w ¢ In(v) best,, remains unchanged. Hence, the claim holds
for w by the assumption that the invariant is true before the iteration.
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7. Initially the statement is true as each MEC-free MDP has a vertex v with
Out(v) = @ and thus Q is non-empty (otherwise there would be an SCC with
no outgoing edge which thus would be a MEC).

Now consider the iteration processing vertex v and assume the claim is true
at the beginning and Q = @. Notice that best,, is set for vertices as soon as
one vertex in Qut(w) was processed. Towards a contradiction assume that
all vertices w € S N Vi have best,, = null, i.e., no vertex w € S N Vj has
a successor in ¥V \ .S. Note that .S contains only the vertices which are not
processed yet. Each w € S has at least one successor in S as otherwise,
w would be in Q. Thus § is either empty which would make the statement
trivially true or has again a bottom SCC (on the induced subgraph Gp) with
more than one vertex that has no random outgoing edges. Again such an SCC
would be a MEC and we obtain our desired contradiction. O

From the following invariant, we obtain the correctness of our algorithm.

Lemma 6.4.10. The following statements are invariants of the while loop in Line 7
forallve V' \ S:

1. there exists a player 1 strategy o s.t. Prj(Seq(J,)) = 1; and
2. there is no player 1 strategy o s.t. Pry(Seq(T, 1)) = 1.
where T, ={T, ..., Ty} ort, > k.

Proof. As S is initialized as set V' the two statements hold after the initialization.

Now consider the iteration where vertex v is processed and assume the invari-
ants hold at the beginning of the iteration. Notice that we do not change £}, for any
other vertex v’ # v and the invariant holds trivially for v’. We first introduce the
following notation

be(v) = minWEOut(v) fw v e Vl
max,,couw) Cw U E VR

We distinguish the case where Q is non-empty and the case where Q is empty.

« Case Q # @: By Lemma 6.4.9 (2) we have Out(v) N .S = &. Because we only
remove vertices from S if we process them, all w € Out(v) are processed
and thus £, # null. Thus by Lemma 6.4.9 (6) we have be(v) = best,. By the
while-loop in Line 17 we have L, 2 {£,, ..., best, — 1} but does not contain
‘,—lLie,f,—1¢&¢L,.

(1) Thus we can easily obtain a strategy o with Pr{(Seq(7, fu)) = 1 as follows.

If v € V| pick the vertex w that corresponds to be(v) and then player 1 can
follow the existing strategy ¢’ for vertex w. Because the invariant holds for

. !’
w, there exists a strategy ¢’ such that Pry, (Seq(p,(,)) = 1.
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If v € Vg let vertex w € Out(v) be the randomly chosen vertex. By the
invariant which holds during the iteration, w has a strategy ¢ such that
Pr7,(Seq(Tpe(ry))) = 1. Combined with L,, this is the desired strategy, i.e.,
Pr‘,j(Seq(&}U)) =1

(2) We next show that there is no strategy for Seq(9, _;). By Line 17 we
have v & T, _;. If v € V¥ no successor w € Out(v) has a strategy o with
Pr?,(Seq(J, _;)) = 1 as the invariant holds also for w. Thus there is also no
strategy o for v such that Pry(Seq(7, ¢,-1)) = L. If v € V there is at least one
successor w (because the invariant holds also for w) which has no strategy
o such that Prj,(Seq(7, _1)) = 1. Consequently there is no strategy o for
v with Pr{ (Seq(7, fv_l)) = 1 as there is a non-zero chance that a vertex w is
picked that, by the fact that the invariant holds at the current iteration, cannot
reachanodein7) _;.

+ Case Q = @: Due to Lemma 6.4.9 (7) there is at least one vertex in Vx N S
such that best,, # null. Let best ., = maX, ey ns best,.

(1) As we have no MEC (in .S), there is a strategy o, so that the play almost
surely leaves S by using one of the outgoing edges of a random node: Note
that for all random nodes between .S and V' \ S we have a strategy which
achieves at least Seq(J.,; ). The strategy o can be arbitrary, except that for
aplayer-1vertexx € S with an edge (x, y) where y € V'\ S we choose 6(x) €
S (which must exist as x would be in Q otherwise). As there are no MECs (in
S) the strategy o, will eventually lead to a vertex in V' \ .S using a random
node. This implies that from each vertex in .S player 1 has a strategy to reach
avertex in '\ S coming from a random vertex. Because the invariant holds at
the current iteration each successor of a random vertex v’ where best,, # null
has a strategy to satisfy Seq(J.,; ). Thus it follows that from each vertex in
S player 1 has a strategy to satistm}?xSeq(g pest ). Now consider the random
vertex v that was chosen by the algorithm asmaxrgmaxUeVRm g best,. Because
v’ is a random vertex, all successors have a strategy to satisfy Seq(Tp.; )
almost-surely. As L, contains ¢, ..., best, — 1 but does not contain £, =
we obtain a strategy o with Pr{(Seq(7, 2) =1L

(2) By the choice of v there is also a successor (that is chosen with non-
zero probability) that, by assumption, has no strategy for Seq(J,,; _;) and,
moreover, L, does not contain £, — 1. Thus, when starting in v eacrﬁxstrategy
will fail to satisfy Seq(F;,.,; _;) with non-zero probability, i.e., there is no
strategy o for Prf(Seq(7, fu_n;% = 1.

O

Proposition 6.4.11 (Running Time). Algorithm 6.2 runs in O(mlogn + Zf:o IT;|)
time.

Proof. Initializing the algorithm takes O(m + Zf:o |T;|) time and calling the func-
tion PROCESSVERTEX(v) takes time O(|In(v)| + |L,|) (cf. proof of Proposition 6.4.5).
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Consider the main while-loop at Line 7 where every vertex is processed once (re-
call that either Q is nonempty or there exists a v € .S N Vi such that best, # null
due to Lemma 6.4.9). The costly operations are the calls to the PROCESSVERTEX(-)
function and the evaluation of the argmax function. Summing up over all vertices
we obtain a O(m + Zf:o |T;]) bound for the calls to PROCESSVERTEX(+). To com-
pute argmax efficiently we have to maintain a priority queue containing all not yet
processed random vertices. As we have O(m) updates this costs only O(m log n) for
one of the standard implementations of priority queues. Summing up this yields a
O(mlogn + Zf;o |T;]) running time for Algorithm 6.2. O

By considering also the time MEc for the MEC decomposition we obtain the
desired bound and the following theorem.

Theorem 6.4.12. Given an MDP P, a start vertex s and a sequential reachability
objective Seq(J "), we can compute whether there is a player-1 strategy o, at s for
Seq(T) in O(MEC+ mlogn + Zf-{:o |T;]) time.

Algorithm for Games.

Given a game graph I' with sequential reachability objectives Seq(J) where I =
Ty, ..., T), the basic algorithm (stated as Algorithm 6.3) performs k player-1 at-
tractor computations. It starts with computing the attractor S, = attr (T}, I') of
Ty, and then iteratively computes the sets S, = attr|(Sy,,. N T, I') for 1 <7 <k,
and finally returns the set .S as the start vertices from which player 1 can reach all
the target sets in the given order. This gives an O(k - m)-time algorithm. Note that
for k = ©(n) the running time is quadratic in the input size.

Algorithm 6.3: Sequential Reachability for Games.
Input: Game graph I' = ((V, E), (V. V,)) and
target sets T = (T}, ..., T})

Sir1 <V
C—k
while 7 > 0 do

S, < attr (T, NSy, 1)
L £ —7¢—1

6 return S,

G s W N

6.4.2 Conditional Lower Bounds

We present CLBs for game graphs based on the conjectures STC and OVC which
establish the CLBs for the fourth row of Table 6.1. Notice that we cannot provide
conditional lower bounds for graphs and MDPs as linear time algorithms for these
two models exist.

Theorem 6.4.13. For all e > 0, checking if a vertex has a winning strategy for the
sequential reachability problem in game graphs does not admit
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1. an O(m*™°) algorithm under Conjecture 2.7.5,
2. an O((k - m)'=) algorithm under Conjecture 2.7.5,
3. a combinatorial O(n>~¢) algorithm under Conjecture 2.7.3 and

4. a combinatorial O((k - nz)l_e) algorithm under Conjecture 2.7.3.

Using the OV-Conjecture. Below we prove (1-2) of Theorem 6.4.13 by reducing the
OV problem to the sequential reachability problem in game graphs. The reduction
is an extension of Reduction 6.2.2, where we (a) produce a player-2 vertex instead
of a random vertex and (b) also every vertex of .S, has an edge back to s.

Example 6.4.14. Let the OV instange be given by S| = {(1,1,0),(1,0, 1), (0, 1, 1)},
S, = {(1,0,1),(1,1,0),(0,1,0)}. Notice that the second vector in S| and the third
vector in .S, are orthogonal. Due to the fact that s is a player-2 vertex, it can choose
X, as the successor. There is no path from x, to y;. As Ty = {y3}, there is no winning
strategy for player 1 from s for the given sequential reachability objective. We illustrate
the reduction in Figure 6.6.

Reduction 6.4.15. Given two sets S, S, of d-dimensional vectors, we build the fol-
lowing game graph I.

e The vertices V' of the game graph are given by a start vertex s, sets of vertices
S| and S, representing the sets of vectors and vertices C = {c¢; | 1 <i < d}
representing the coordinates of the vectors in the OVC instance.

 The edges E of I' are defined as follows: the start vertex s has an edge to every
vertex of S| and every vertex of S, has an edge back to s; furthermore for each
Xx; € S| there is an edge toc; € C iff x;[j] = 1 and for each y; € S, there is an
edge fromc; € S, toy iff y;[j1 = 1.

e The set of vertices is partitioned into player-1 vertices V| = S, U C U S, and
player-2 vertices V, = {s}.

Figure 6.6: Reduction from OV to Sequential Reachability.
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Lemma 6.4.16. Let I' be the game graph given by Reduction 6.4.15 with a sequential
objective Seq(T) where I = (Ty,...,T}) and T, = {y;} fori = 1... N. There exist
orthogonal vectorsx; € S, y; € S, iff s has no player-1 strategy o, to ensure winning
for the objective Seq(T).

Proof. Notice that the game graph I' is constructed in such a way that there is no
path between x; and y; iff they are orthogonal in the OV instance. Notice that each
play starting at s revisits s every four steps and if there is no path between x; and
y; then player 2 can disrupt player 1 from visiting a target 7; by moving the token
to x; whenever the token is in s. However, if there is no such x; and y i player 2
cannot disrupt player 1 from s because no matter which vertex x; player 2 chooses,
player 1 has a strategy to reach the next target set. If s has no player-1 strategy o
to ensure winning for the objective Seq(J) there must be a target player 1 cannot
reach. This must be due to the fact that there is no path between some x; and y;
and player 2 always chooses x;. O

The number of vertices in I', constructed by Reduction 6.2.2 is O(N) and the
construction can be performed in O(N log N) time (recall that (d = w(log N))).
The number of edges m is O(N log N) and the number of target sets k € O(N) =
0(m/log N). Thus (1-2) in Theorem 6.4.13 follow.

Using the ST-Conjecture. In this section we prove the results 3—4 in Theorem 6.4.13.
We reduce the triangle detection problem to the sequential reachability problem in
game graphs. The reduction extends Reduction 6.2.5, where we (a) produce player-2
vertices instead of random vertices and (b) every vertex in the fourth copy has an
edge back to s.

Reduction 6.4.17. Given an instance of triangle detection, i.e., a graph G = (V, E),
we build the following game graph I' = (V', E' (V| V,')).

o The vertices V' are given as four copies V|,V,,V3,V, of V and a start vertex s.

e The edges E' are defined as follows: There is an edge from s to every v,; € V;
where i = 1...n. In addition for 1 < j <3 there is an edge from v;; t0 U(j 41y
iff (v;,vy) € E. Furthermore there are edges from every vy; € V) to the start
vertex s.

* The set of vertices V' is partitioned into player-1 vertices V| = @ and player-2
vertices V, = {s} UV UV, UV;UV,.

Example 6.4.18 (Reduction triangle detection to sequential reach. in games). Con-
sider the graph G given in Figure 6.7. The vertices of G are player-2 vertices in I' and
the graph is copied four times. The edges of I' go to the same target but to next copy of
the graph. Notice that G has the triangle (v, v, U3) and the constructed game graph
I' enables player-2 to take the path marked by the fat edges, i.e., player-1 does not
have a winning strategy from s for the sequential reachability objective given in the
reduction because he cannot satisfy T,. We illustrate the example of the reduction in
Figure 6.7.
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G:

Figure 6.7: Reduction from Triangle to Sequential Reachability

Lemma 6.4.19. Let I’ be the game graphs given by Reduction 6.4.17 with Seq(J) as
follows: T = (T, T,, ..., T}) where T; = V| \ {v;} UV, \ {vy;} fori=1...k. The
graph G has a triangle iff there is no strategy o to ensure winning for the objective
Seq(T) from start vertex s.

Proof. For the correctness of the reduction notice that there is a triangle in the graph
G iff there is a path from some vertex vy; in the first copy of G to the same vertex
in the fourth copy of G, vy; in P. Player 2 then has a strategy to always visit only
vy; from the first copy and only v,; from the fourth copy which prevents player 1
from visiting target 7. O

The size and the construction time of graph I', given by Reduction 6.2.5, are
linear in the size of the original graph G and we have k = ©(n) target sets. Thus
(3-4) in Theorem 6.4.13 follow.

6.5 Discussion and Conclusion

In this chapter, we presented lower bound results for planning objectives in an ex-
plicit state space. We next discuss implications from these results for the same
planning objectives in factored models and then end this chapter with concluding
remarks.

6.5.1 Implications for factored models

Here we relate our results for the explicit state space to factored models, like
STRIPS [200]. For the reachability problem different conditional lower bounds were
established in [7, 19]. In the following, we discuss to which extent our conditional
lower bounds provide lower bounds for the corresponding problems in the factored
models. We use the AllCoverage problem on graphs as an example but similar ar-
guments apply to the other planning problems as well. A planning instance of the
AllCoverage problem for graphs in a factored model is given by variables V', the
domain of the variables D, the actions A and a set of conditions defining the target
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sets 5, ..., 8g,. A state is a function that specifies a value in D to every variable
in V. The planner can go from one state to another by applying the actions defined
in the function A. A is a mapping from an input state to an output state, i.e., the
possible transitions between states are defined by the actions. The goal of the plan-
ner is to output all states which can reach all sets s (1 < i < k) using the actions
described in A. We next investigate how our graph based lower bounds can be in-
terpreted in the factored model. To obtain lower bounds similar to Theorem 6.3.1
we aim to encode the graphs computed by our reductions (see e.g. Reduction 6.3.2
and Reduction 6.3.5) in the factored model. A naive encoding that simply num-
bers the vertices and then uses a binary encoding of these numbers can represent n
states with v = log, n variables. This encoding would give lower bounds w.r.t. the
number of variables v (and thus the state space) that exclude O(k - 2U=92  poly(v))
algorithms for the AllCoverage problem in the factored planning model. However,
these lower bounds are only w.r.t. the number of variables and not w.r.t. the total
size of the problem instance which, in particular, also includes the number of ac-
tions. The naive encoding requires as many actions as there are edges in the graph,
i.e., the size of the problem instance is dominated by the number of actions. Thus,
using this naive encoding we do not get interesting lower bounds w.r.t. the instance
size. To obtain lower bounds w.r.t. the instance size we have to encode the vertices
of the graph in a way that also allows us to encode the edges of the graphs com-
pactly. For our reductions from triangle detection, i.e., Reduction 6.3.5, the edge
relation can be rather arbitrary and, thus, the reduction is unlikely to allow for a
compact representation in the factored model (without making additional assump-
tions). In contrast, our reductions from the OV-problem, i.e., Reduction 6.3.2, are
well-suited for such a compact encoding as the resulting graphs are sparse and the
edge relation is defined systematically based on the content of the vertices. Thus,
if one uses the binary vectors as a basis for the encoding of the vertices in the fac-
tored model then the transitions can be represented with a relatively low number
of actions. However, the details of such an encoding and the corresponding lower
bounds depend on the actual factored model. Investigating such encodings for con-
crete factored models is beyond the scope of this chapter and we thus leave it open
as an interesting direction for future research.

6.5.2 Concluding Remarks

In this chapter, we study several natural planning problems in graphs, MDPs, and
game graphs, which are basic algorithmic problems in artificial intelligence. Our
main contributions are a sub-quadratic algorithm for sequential reachability in MDPs,
and quadratic conditional lower bounds. Note that graphs are a special case of both
MDPs and game graphs, and the algorithmic problems are simplest for graphs, and
in all cases except for AllCoverage, we have linear-time upper bounds. The key
highlight of our results is an interesting separation of MDPs and game graphs: for
reachability, MDPs are harder than game graphs; for the coverage problem, both
MDPs and game graphs are hard (quadratic CLBs); for sequential reachability, game
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graphs are harder than MDPs.

In this chapter, we clarified the algorithmic landscape of basic planning prob-
lems with CLBs and better algorithms. An interesting direction of future work
would be to consider CLBs for other polynomial-time problems in planning and
Al in general. For MDPs with sequential reachability objectives, we establish sub-
quadratic upper bounds, and hence the techniques of the chapter that establish qua-
dratic CLBs are not applicable. Other CLB techniques for this problem are an inter-
esting topic to investigate as future work.






CHAPTER

Quasipolynomial Set-Based
Symbolic Algorithms for Parity
Games

In this chapter, we present the first quasi-polynomial symbolic algorithm for parity
games.

7.1 Introduction

We present new contributions related to algorithms for parity games in the set-based
symbolic model of computation.

Parity games. Games on graphs are central in many applications in computer sci-
ence, especially, in the formal analysis of reactive systems. The vertices of the graph
represent states of the system, the edges represent transitions of the system, the in-
finite paths of the graph represent traces of the system and the players represent
the interacting agents. The reactive synthesis problem (Church’s problem [100]) is
equivalent to constructing a winning strategy in a graph game [54, 193, 198]. Besides
reactive synthesis, the game graph problem has been used in many other applica-
tions, such as (1) verification of branching-time properties [125], (2) verification
of open systems [15], (3) simulation and refinement between reactive systems [17,
142, 185]; (4) compatibility checking [11], (5) program repair [150], (6) synthesis
of programs [66]; to name a few. Game graphs with parity winning conditions are
particularly important since all w-regular winning conditions (such as safety, reach-
ability, liveness, fairness) as well as all Linear-time Temporal Logic (LTL) winning
conditions can be translated into parity conditions [202, 203]. In a parity game,
every vertex of the game graph is assigned a non-negative integer priority from
{0,1,...,d — 1}, and a play is winning if the minimum priority visited infinitely of-
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ten is even. Game graphs with parity conditions can model all the applications men-
tioned above and are also equivalent to the modal u-calculus [162] model-checking
problem [125]. Thus the parity games problem is a core algorithmic problem in for-
mal methods, and has received wide attention over the decades [47, 59, 125, 151, 152,
154, 208, 210, 224].

Models of computation: Explicit and symbolic algorithms. For the algorithmic analy-
sis of parity games, two models of computation are relevant. First, the standard
model of explicit algorithms, where the algorithms operate on the explicit repre-
sentation of the game graph. Second, the model of implicit or symbolic algorithms,
where the algorithms do not explicitly access the game graph but operate with a
set of predefined operations. For parity games, the most relevant class of symbolic
algorithms are called set-based symbolic algorithms, where the allowed symbolic op-
erations are: (a) basic set operations such as union, intersection, complement, and
inclusion; and (b) one step predecessor (Pre) operations (see [12, 105, 143]).

Significance of set-based symbolic algorithms. We describe the two most significant
aspects of set-based symbolic algorithms.

1. Consider large-scale finite-state systems, e.g., hardware circuits, or programs
with many Boolean variables or bounded-domain integer variables. While
the underlying game graph is described implicitly (such as program code),
the explicit game graph representation is huge (e.g., exponential in the num-
ber of variables). The implicit representation and symbolic algorithms often
do not incur the exponential blow-up, which is inevitable for algorithms that
require the explicit representation of the game graph. Data-structures such
as Binary Decision Diagrams (BDDs) [51] (with well-established tools e.g.
CuDD ([212]) support symbolic algorithms that are used in verification tools
such as NuSMV [104].

2. In several domains of formal analysis of infinite-state systems, such as games
of hybrid automata or timed automata, the underlying state space is infinite,
but there is a finite quotient. Symbolic algorithms provide a practical and
scalable approach for the analysis of such systems: For many applications,
the winning set is characterized by pu-calculus formulas with one-step pre-
decessor operations which immediately give the desired set-based symbolic
algorithms [10, 12]. Thus, the set-based symbolic model of computation is
an equally important theoretical model of computation to be studied as the
explicit model.

Symbolic resources. In the explicit model of computation, the two important re-
sources are time and space. Similarly, in the symbolic model of computation, the
two important resources are the number of symbolic operations and the symbolic
space.

« Symbolic operations: Since a symbolic algorithm uses a set of predefined oper-
ations, instead of time complexity, the first efficiency measure for a symbolic
algorithm is the number of symbolic operations required. Note that basic set
operations (that only involve variables of the current state) are less resource
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intensive compared to the predecessor operations (that involve both variables
of the current and of the next state). Thus, in our analysis, we will distinguish
between the number of basic set operations and the number of predecessor
operations.

« Symbolic space: We refer to the number of sets stored by a set-based symbolic
algorithm as the symbolic space for the following reason: A set that contains
all vertices, or a set that contains all vertices where the first variable is true,
represent each ©(n) vertices, but can be represented as BDD of constant size.
While the size of a set and the size of its symbolic representation is notoriously
hard to characterize (e.g., for BDDs it can depend on the variable reordering),
the symbolic model of computation counts every set as unit symbolic space,
and the symbolic space requirement is thus the maximum number of sets
required by a symbolic algorithm.

The goal is to find algorithms that minimize the symbolic space (ideally poly-

logarithmic) and the symbolic operations.

Previous results. We summarize the main previous results for parity games on graphs
with n vertices, m edges, and d priorities. To be concise in the following discussion,
we ignore denominators in d in the bounds.

« Explicit algorithms. The classical algorithm for parity games requires O(n® ! -
m) time and linear space [184, 229], which was then improved by the small
progress measure algorithm that requires O(n?’> - m) time and O(d - n)
space [151]. Many improvements have been achieved since then, such as
the big-step algorithm [208], the sub-exponential time algorithm [154], an
improved algorithm for dense graphs [80], and the strategy-improvement al-
gorithm [224], but the most important breakthrough was achieved last year
where a quasi-polynomial time O(nl'o2d1+6) algorithm was obtained [59].
While the original algorithm of [59] required quasi-polynomial time and
space, a succinct small progress measure based algorithm [152] and value-
iteration based approach [128] achieve the quasi-polynomial time bound with
quasi-linear space. However, all of the above algorithms are inherently ex-
plicit algorithms.

« Set-based symbolic algorithms. The basic set-based symbolic algorithm (based
on the direct evaluation of the nested fixed point of the y-calculus formula)
requires O(n?) symbolic operations and O(d) space [123]. In a breakthrough
result [47] presented a set-based symbolic algorithm that requires O(n4/>*1)
symbolic operations and O(n?**!) symbolic space (for a simplified exposition
see [210]). In recent work [73], a new set-based symbolic algorithm was pre-
sented that requires O(n?**1) symbolic operations and O(n) symbolic space,
where the symbolic space requirement is O(n) even with a constant number
of priorities.

Open questions. Despite the wealth of results for parity games, many fundamen-
tal algorithmic questions are still open. Besides the major and long-standing open
question of the existence of a polynomial-time algorithm for parity games, two im-
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Table 7.1: Set-Based Symbolic Algorithms for Parity Games.

reference symbolic operations symbolic space
[123, 229] o(n?) o(d)

[47, 210] O(nd/2+1) O(nd/2+1)
[73] o) O(n)
Thm. 7.4.2,7.5.4 nOlogd) O(d log n)

portant open questions about set-based symbolic algorithms are as follows:

» Question 1. Does there exist a set-based symbolic algorithm that requires only
quasi-polynomially many symbolic operations?

« Question 2. Given the O(d) symbolic space requirement of the basic algorithm,
whereas all other algorithms require at least O(n) space (even for a constant
number of priorities) an important question is: Does there exist a set-based
symbolic algorithm that requires O(d) symbolic space (note that O hides poly-
logarithmic factors), but beats the number of symbolic operations of the basic
algorithm? This question is especially relevant since in many applications
the number of priorities is small, e.g., in determinization of w-automata, the
number of priorities is logarithmic in the size of the automata [203].

Our contributions. In this work, we not only answer the above open questions (Ques-
tion 1 and Question 2) in the affirmative but also show that both can be achieved
by the same algorithm:

« First, we present a black-box set-based symbolic algorithm based on explicit
progress measure algorithm for parity games that use O(n) symbolic space
and n%1°¢® symbolic operations. There are two important consequences of
our algorithm: (a) First, given the ordered progress measure algorithm (which
is an explicit algorithm), as a consequence of our black-box algorithm, we
obtain a set-based symbolic algorithm for parity games that requires quasi-
polynomially many symbolic operations and O(#n) symbolic space. (b) Second,
any future improvement in progress measure based explicit algorithm (such
as polynomial-time progress measure algorithm) would immediately imply
the same improvement for set-based symbolic algorithms. Thus we answer
Question 1 in the affirmative and also show that improvements in explicit
progress measure algorithms carry over to symbolic algorithms.

« Second, we present a set-based symbolic algorithm that requires quasi-
polynomially many symbolic operations and O(d - logn) = O(d) symbolic
space. Thus we not only answer Question 2 in affirmative, we also match
the number of symbolic operations with the current best-known bounds for
explicit algorithms. Moreover, for the important case of d < logn, our algo-
rithm requires polynomially many symbolic operations and poly-logarithmic
symbolic space.
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We compare our main results with previous set-based symbolic algorithms in Ta-
ble 7.1.

Symbolic Implementations. Recently, symbolic algorithms for parity games received
attention from a practical perspective: First, three explicit algorithms (Zielonka’s
recursive algorithm, Priority Promotion [30] and Fixpoint-Iteration [48]) were con-
verted to symbolic implementations [204]. The symbolic solvers had a huge perfor-
mance gain compared to the corresponding explicit solvers on several of practical
instances. Second, four symbolic algorithms to solve parity games were compared
to their explicit versions (Zielonka’s recursive algorithm, small progress measure,
and an automata-based algorithm [167, 213]) [214]. For the symbolic versions of the
small progress measure, two implementations were considered: (i) Symbolic Small
Progress Measure using Algebraic Decision Diagrams [57] and (ii) the Set-Based
Symbolic Small Progress Measure [73]. The symbolic algorithms were shown to
perform better in several structured instances.

Other related works. Besides the discussed theoretical results on parity games, there
are several practical approaches for parity games, such as, (a) accelerated progress
measure [9], (b) quasi-dominion [30], (c) identifying winning cores [223], (d) BDD-
based approaches [155, 156], and (e) an extensive comparison of various solvers [118].
A straightforward symbolic implementation (not set-based) of small progress mea-
sure was done in [57] using Algebraic Decision Diagrams (ADDs) and BDDs. Unfor-
tunately, the running time is not comparable with our results as using ADDs breaks
the boundaries of the Set-Based Symbolic Model: ADDs can be seen as BDDs which
allow the use of a finite domain at the leaves [21]. Recently, a novel approach for
solving parity games in quasi-polynomial time which uses the register-index was
introduced [173]. Moreover, [173] presents a u-calculus formula describing the win-
ning regions of the parity game with alternation depth based on the register-index.
The existence of such a p-calculus formula does not immediately imply a quasi-
polynomial set-based symbolic algorithm due to constructing the formula using the
register-index.

Our work considers the theoretical model of symbolic computation and presents
a black-box algorithm as well as a quasi-polynomial algorithm, matching the best-
known bounds of explicit algorithms. Thus our work makes a significant contri-
bution towards the theoretical understanding of symbolic computation for parity
games.

7.2 'The Progress Measure Algorithm

High-level intuition. Let * = (V, E,(V/,V;),p) be a parity game and let (7', <)
be a finite total order with a maximal element T and a minimal element min. Let
C = {1,...,d — 1} be the set of all priorities. A ranking function is a function f
which maps every vertex in V' to a value in 7. The value of a vertex v concerning
the ranking function f is called rank of v. The rank f(v) of a vertex v determines
how “close” the vertex is to being in W, the winning set of a fixed player z. Initially,
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the rank of every vertex is the minimal value of 7". The progress measure algorithm
iteratively increases the rank of a vertex v with an operator called Lift with respect
to the successors of v and another function called “lift”. The algorithm terminates
when the rank of no vertex can be increased any further, i.e., the least fixed point
of Lift is reached. We call the least simultaneous fixed point of all Lift-operators
progress measure. When the rank of a vertex is the maximal element of the total or-
der it is declared winning for player z. The rest of the vertices are declared winning
for the adversarial player Z.

Ranking Function. Let 7" be a total order with a minimal element min and maximal
element T. A ranking function is a function f : V = %".

The best function. The best function represents the ability of player z, to choose the
vertex in Out(v) with the minimal ranking function. Analogously, it constitutes the
ability of player Z to choose the vertex in Out(v) with the maximal ranking function.
Formally, the function best is defined for a vertex v and a ranking function f as
follows:
best(f.v) = {mjclx{f(w) | we Out(v)} ifvel;
min{ f(w) | w € Out(v)} ifveV,

The lift-function. The function lift : #" X C — % defines how the rank of a vertex
v is increased according to the rank r of a successor vertex, and the priority p(v) of
v. The lift function needs to be monotonic in the first argument. Notice that we do
not need information about the graph to compute the lift function. In all known
progress measures, the lift function is computable in constant time.

The Lift-operation. The Lift-operation potentially increases the rank of a vertex v
according to its priority p(v) and the rank of all its successors in the graph.

) lift(best(f,v), p(v)) ifu=v
Lift(f, v)w) = .
f(u) otherwise
A ranking function is a progress measure if it is the least simultaneous fixed point of
all Lift(-, v)-operators.

The Progress Measure Algorithm. The progress measure algorithm initializes the
ranking function f with the minimum element of 7. Then, the Lift(-, v)-operator
is computed in an arbitrary order regarding the vertices. The winning set of player
z can be obtained from a progress measure by selecting those vertices whose rank
is T. Notice that we need to define the total order (#Z', <) and a function lift to
initialize the algorithm.

For example, the following instantiations of the progress measure algorithm
determine the winning set of a parity game: (i) Small Progress Measure [151], (ii)
Succinct Progress Measure [152] and the (iii) The Ordered Approach [128]. The

!'Notice that in the original definition [151] the lift function is applied to all successors and the
best of them is chosen subsequently. As the lift is monotone in the first argument the two definitions
are equivalent.
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running time is dominated by the size of 7. For a discussion on the state-of-the-
art size of 7" we refer the reader to Remark 7.4.3.

7.3 Set-Based Symbolic Black Box Progress Measure
Algorithm

In the symbolic setting, a parity game (I, p) is given by a game graph I' and V; =
{fveV |pw) =i}lfori e C={l,...,d —1}. In this section, we briefly present
a basic version of a set-based symbolic progress measure algorithm. The key idea
is to compute the Lift-operation with a set-based symbolic algorithm. Then, we im-
prove the basic version to obtain our black box set-based symbolic progress measure
algorithm. Finally, we prove its correctness and analyze the symbolic resources.

Basic black box Algorithm. Throughout the algorithm, we maintain the family S of
sets of vertices, which contains a set for every elementin 7, i.e., S = {S, | r € #'}.
Intuitively, a vertex v € S, has rank f(v) = r. Initially, we put each vertex into the
set with the minimal value of 7', i.e., S,,;,.
empty sets S, € S: The algorithm checks if the ranking function of the predecessors
of the vertices in .S, must be increased, i.e. Lift(f,v)(v) > f(v) where v € Pre(S,),
and if so, performs the Lift-operator for the predecessors. We repeat this step until
the algorithm arrives at a fixed point.

In each iteration, we consider all non-

Performing a Lift operation. To compute the Lift-operation in the set-based symbolic
setting we need to compute two functions for the predecessors of .S,: (1) the lift-
function and (2) the best-function. By definition, the lift-function does not access
the game graph or vertices thereof. Thus, we can compute the lift-function without
the use of symbolic operations. To compute the best-function we need access to
the game graph. It turns out it is simpler to compute the vertices with best(f,v) >
r rather than the vertices with best(f,v) = r. Thus, we lift all vertices v with
best(f,v) > r to the rank lift(r, p(v)). To this end, we first compute the set S,, =
U,s, S; of vertices with rank > r. Then, we compute P = CPre_(S,.,) and, hence,
the set P comprises the vertices v € P with best(f,v) > r. Finally, to compute
Lift(f,v), for each ¢ € C, we consider the vertices of P with priority c, i.e., the
set (P NV,), and add them to the set Sy, ). Notice that we lift each vertex v to
lift(r, p(v)) where r = best(f,v) as we consider all non-empty sets S, € S. No
vertex v will be lifted to a set higher than lift(r, p(v)) where r = best(f,v) due
to the monotonicity of the lift function in the first argument. If after an iteration
of the algorithm a vertex appears in several sets of S we only keep it in the set
corresponding to the largest rank and remove it from all the other sets.

7.3.1 Improving the Basic Algorithm

In this section, we improve the basic Algorithm by (a) reducing the symbolic space
from O(|7’|) to O(n) and (b) by reducing the number of symbolic operations re-
quired to compute the fixed point.
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Key Idea. The naive algorithm considers each non-empty set S, in iteration i+1
again no matter if .S, has been changed in iteration i or not. Notice that we only
need to consider the predecessors of the set .S, again when the set S, in iteration
i+1 contains additional vertices compared to the set S, in iteration i. To overcome
this weakness, we propose Algorithm 7.1. In this algorithm, we introduce a data
structure called D. In the data structure D we keep track of the sets .S, instead
of the sets S,. The set S, contains all vertices with a rank greater than or equal
to r. Furthermore, we separately keep track of the elements r € 7" where the set
S, changed since the last time .S, was selected to be processed. These elements
of 7" are called active. Moreover, if we have two sets S,, = S, with r < r/
there is no need to process the set S, because lift(r', ¢) > lift(r, c) holds due to
the monotonicity of the lift function. To summarize, we precisely store a set S,
if there is no ' with » < " and S,, = S,,/. Notice, that this instantly gives us a
bound on the symbolic space of O(n).

Algorithm Description. In Algorithm 7.1 we use the data structure D to manage
the active r € 7 and in each iteration of the outer while-loop we process the
corresponding set Sy, of such an r € 7". We first compute P = CPre,(S,,), then,
for each ¢ € C we compute ' = lift(r, c) and update the set S,,, by adding PN V.
The inner while-loop ensures that PNV, is also added to all the sets .S, withr’ < r
and the properties of the data structure are maintained, i.e., (a) all active elements
are in the active list, and (b) exactly those r € %" with S, D S,
stored in D.

» for r < r' are

Active Elements. Intuitively, an element r € % is active if S,, D S/, for all r
where r < r’ and S, has been changed since the last time S, was selected at
Line 3 of Algorithm 7.1. We define active elements more formally later.

Datastructure 7.3.1. Our algorithm relies on a data structure D, which supports the
following operations:

e D.popActiveSet() returns an element r € W marked as active and makes it
inactive. If all elements are inactive, returns false.
D.getSet(r) returns the set S,.,.
D.getNext(r) returns the smallest r' with Sy, D S,,.
* D.get Previous(r) returns the largest r' where S, C S,..r.
e D.removeSet(r) marks r as inactive.
D.activate(r) marks r as active.
D.update(r, S) updates the set Sy, to S, i.e, D.getSet(r) returns S. Moreover,
all sets Sy, withr' <r and S, = S, beforehand are updated to S as well.
We initialize D with D.update(min, V') and D.update(T, D).

We can define active elements formally now as the definition depends on D.

Definition 7.3.2. Let Sgr = D.getSet(r) be the set stored in D for S, after the
initialization of D, and let S;r = D.getSet(r) be the set stored in D for S, after the
i-th iteration of the while-loop at Line 3. An element r € W is active after the i-th
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Algorithm 7.1: Black Box Set-Based Symbolic Progress Measure
input :Parity Game &

1 Initialize data structure D

2 D.activate(min)

3 while r « D.popActiveSet() do

4 S, < D.getSet(r)

5 P < CPre(S,,)

6 forc € C do

7

8

9

r' < lift(r, c)
S, < D.getSet(r')
while PNV, £ S, do

0 S, S, U(PAV.)
1 S, pexirry < D-getSet(D.getNext(r'))
12 if ' =T or Sy, DSy, then

L // S, is a superset of S n and we save it

>next(r
13 D.update(r', S..,.); D.activate(r")

14 S prevrry < D.getSet(D.get Previous(r'))
15 if S, = Sy prevey U (P NV,) then
L // We only keep sets which are different

16 D.removeSet(D.get Previous(r'))

17 r' « D.getPrevious(r')
18 S, < D.getSet(r')

19 return S;

iteration of the while-loop if (i) for all¥' € W wherer < r' we have S;r D Sir, and

(ii) thereis a j < i such thatS;r D Sir and forall j < j' < i the set S, is not selected
in Line 3 in the j'-th iteration. Additionally, we consider r = min as active before the
first iteration. An element r € W' is inactive if it is not active.

Notice that, in Algorithm 7.1 an r € %’ is active iff r is marked as active in D.
The algorithm ensures this in a very direct way. At the beginning, only min € W is
active, which is also set active in D in the initial phase of the algorithm. Whenever
some vertices are added to a set S, it is tested whether S, is larger than its suc-
cessor and if so r is activated (Lines 12-13). On the other hand, if something is added
to the successor of S, in the data structure D then the algorithm tests whether the
two sets are equal and if so r is rendered inactive (Lines 15-16).

Implementation of the data structure D. The data structure uses an AVL-tree and a
doubly linked list called “active list” that keeps track of the active elements. The
nodes of the tree contain a pointer to the corresponding set .S, and to the corre-
sponding element in the active list.
« Initialization of the data structure D: Create the AVL tree with the elements
min and T. The former points to the set of all vertices and the latter to the
empty set. Create the doubly linked list called “active list” as an empty list.
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o D.popActiveSet(): Return the first element from the active list and remove it
from the active list. If the list is empty, return false.

« D.getSet(r): Searches the AVL tree for r or for the next greater element (w.r.t.
>). Then we return the set by using the pointer we stored at the node.

o D.get Next(r): First performs D.getSet(r) and then computes the inorder suc-
cessor in the AVL-tree. This corresponds to the next greater node w.r.t. >.

o D.get Previous(r): First performs D.getSet(r) and then computes the inorder
predecessor in the AVL-tree. This corresponds to the next smaller node w.r.t.
>.

« D.removeSet(r): This operation needs the element r to be stored in the AVL
tree. Search the AVL tree for r. Remove the corresponding element from the
active list and the AVL Tree.

« D.activate(r): This operation needs the element r to be stored in the AVL tree.
Add r to the active list and add pointers to the AVL-tree. The element in the
active list contains a pointer to the tree element and vice versa.

« D.update(r,S) : Perform Sy, < D.getSet(r): If r is contained in the AVL
tree then update S, to S. Otherwise, insert r as a new element and let the
element point to S.

We initialize the data structure D with min € # and T € % . Thus, whenever

we query D for a value r € 7 we find it or there exists an r’ > r which is in D.

Analysis of the data structure D.

The data structure can be implemented with an AVL-tree and a doubly linked list
called “active list” that keeps track of the active elements such that all of the oper-
ations can be performed in O(log n): when the algorithm computes D.update(r, S)
we store r and a pointer to the set S as a node in the AVL tree. By construction, the
algorithm only stores pointers to different sets and when we additionally preserve
anti-monotonicity among the sets we only store < n sets. Therefore, the AVL tree
has only < n nodes with pointers to the corresponding sets and searching for a set
with the operation D.getSet(r) only adds a factor of log n to the non-symbolic op-
erations when we store r as key with a pointer to .S, in the AVL-tree. Moreover,
we maintain pointers between the elements of the active list and the corresponding
vertices in the AVL tree.

Remark 7.3.3. The described algorithm is based on a data structure D which keeps
track of the sets that will be processed at some point later in time. Note that this data
structure does not access the game graph but only stores pointers to sets that the
Algorithm 7.1 maintains. The size of the AVL tree implementing D is proportional
to the symbolic space of the algorithm.

7.3.2 Correctness

To prove the correctness of Algorithm 7.1 we tacitly assume that the algorithm ter-
minates. An upper bound on the running time is then shown in Proposition 7.3.10.
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Proposition 7.3.4 (Correctness.). Let & be a parity game. Given a finite total order
(W', <) with minimum element min, a maximum element T and a monotonic function
lift : W X C — W Algorithm 7.1 computes the least simultaneous fixed point of all
Lift(-, v)-operators.

To prove the correctness of Algorithm 7.1, we prove that when Algorithm 7.1
terminates, the function p(v) = max{r € #" | v € S} is equal to the least simul-
taneous fixed point of all Lift(-, v)-operators. We show that when the properties
described in Invariant 7.3.5 hold, the function p is equal to the least fixed point at
the termination of the algorithm. Then, we prove that we maintain the properties
of Invariant 7.3.5.

Invariant 7.3.5. Let j be the least simultaneous fixed point of Lift(-,v) and p(v) =
max{r € 7" | v € S, } be the ranking function w.r.t. the sets S, that are maintained
by the algorithm.
1. Before each iteration of the while-loop at Line 3 we have S, C S, forall
r| = r, (anti-monotonicity).
2. Throughout Algorithm 7.1 we have p(v) > p(v) forallv € V.
3. Forallr € W': (a)r is active or (b) for allv € CPre(S,) :
if best(p, v) = r, then p(v) = Lift(p, v)(v).

In the following paragraph, we describe the intuition of Invariant 7.3.5. Then,
we show that the properties of Invariant 7.3.5 are sufficient to obtain the correctness
of Algorithm 7.1. Finally, we prove that each property holds during the while-loop
at Line 3.

Intuitive Description. The intuitive description is as follows:
1. Ensures that the sets .S, contain the correct elements. Having the sets ..,
allows computing best(f, v) > r as discussed at the beginning of the section.
2. Guarantees that p is a lower bound on p throughout the algorithm.
3. When an r € % is not active, the rank of no vertex can be increased by
applying lift to the vertices which have best(p, v) = r.
When the algorithm terminates, all r € %" are inactive and p is a fixed point of all
Lift(p, v) by condition (3b). The next lemma proves that Algorithm 7.1 computes
the least simultaneous fixed point of all Lift(-, v) operators for a parity game.

Lemma 7.3.6 (The Invariant is sufficient). Let the lift function be monotonic in the
first argument and (W', <) be a total order. The ranking function p at termination of
Algorithm 7.1 is equal to the least simultaneous fixed point of all Lift(-, v)-operators
for the given parity game P.

Proof. Consider the ranking function p(v) = max{r € 7" | v € S,} computed by
Algorithm 7.1. By Invariant 7.3.5(2) we have p(v) > p(v) forallv € V. We next show
that p(v) is a fixed point of Lift(p, v) for all v € V. When the algorithm terminates,
no r € % is active. Consider an arbitrary v and let r = best(p, v). Now, as the set r
is not active, by Invariant 7.3.5(3b), we have p(v) = Lift(p, v)(v). Thus p(v) is a fixed
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point of Lift(p, v) for all vertices in V. Therefore, as p is a simultaneous fixed point
of all Lift(-, v)-operators and j is the least such fixed point, we obtain p(v) > 5(v)
for all v € V. Hence we have p(v) = p(v) forallv € V. [

The following lemmas prove each part of the invariant separately. The first
part of the invariant describes the anti-monotonicity property which is needed to
compute the best function with the C'Pre, operator.

Lemma 7.3.7. Invariant 7.3.5(1) holds: Letr,,r, € W andr; < r,. Before each
iteration of the while-loop at Line 3 we have that if a vertex v is in a set S, then it is
alsoin Sy, (anti-monotonicity).

Proof. We prove the claim by induction over the iterations of the while-loop. Ini-
tially, the claim is satisfied as the only non-empty set is .S,,;,. It remains to show
that when the claim is valid at the beginning of an iteration, then the claim also
holds in the next iteration. By the induction hypothesis, the claim holds for the sets
at the beginning of the while-loop. In the trivial case, the algorithm terminates and
the claim holds by the induction hypothesis. Otherwise, the sets are only modified
at Line 10 and stored at Line 13. First, the vertices PNV, are added into the set S.,/.
Let r” = D.get Previous(r'). Notice that after activating r’ all r with r” < r < r’
refer to the same set as ' and thus we add P NV, implicitly to all r. In the next iter-
ation the while-loop then adds P NV, also to the set S, .». As this done iteratively
until a set Sy, with PNV, C S, . is reached (Lines 9-17), the algorithm ensures
that PNV, is contained in all set S, .» with r < r’. By induction hypothesis we know
that the invariant holds for all 7, > r’ (S, is unchanged), and as the algorithm
added P NV, to all set S,,.» with r” <7’ the claim holds for all |, r, < r'. O

The second part of the invariant shows that the fixed point Algorithm 7.1 com-
putes is always smaller or equal to the least fixed point. In particular, the fixed point
computed by the algorithm is defined as p(v) = max{r € # | v € S,} and we de-
note the least fixed point with j. The proof is by induction: In the beginning, every
vertex is initialized with the minimum element which suffices for the claim. When
we apply the lift function to vertices, we observe that by the induction hypothesis
the current value of a vertex is below or equal to the fixed point. Additionally, we
obtain a rank that is also smaller or equal to the lifted value of j for every vertex as
lift is a monotonic function.

Lemma 7.3.8. Invariant 7.3.5(2) holds: Throughout Algorithm 7.1 we have p(v) >
p(v) forallve V.

Proof. Before the while-loop at Line 3 the claim is obviously satisfied as §(v) > min
for all v € V. We prove the claim by induction over the iterations of the while-loop:
Assume we have p(v) < §(v) for all v € V before an iteration of the while-loop. The
function p(-) is only changed at Line 10 and stored at Line 13 where the set (PN V)
is added to S, ,,. For v € P NV, we have that v is a priority ¢ vertex and either v
is a player-z vertex with a successor in S, or a player-Z vertex with all successors
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in S,.,. Thus, r < best(p, v) for v € P. At Line 7 we compute the lift-operation for
ranking r with priority ¢ which results in the ranking r’ for the first iteration of the
while-loop. By the monotonicity of the lift operation and the induction hypothesis
we have that r' = lift(r, c)(v) < lift(best(p, v),c)(v) < lift(best(p,v),c) = p(v)
for v € P NV, and thus adding v to S, maintains the invariant (if p(v) > r’
beforehand it is not changed and otherwise it is lifted to r’ < j(v)). In the later
iterations of the while-loop P NV, is added to sets with smaller r’, which does not
affect p, as these vertices already appear in sets with larger rank. O

The following lemma proves the third part of Invariant 7.3.5: Either there is
an active r € %/, i.e., the set S, needs to be processed, or p(v) is a fixed point.
We prove the property again by induction: Initially, the set min € % is active
and every other set is empty which trivially fulfills the property. Then, in every
iteration when we change a set with value r we either activate it, or there is a set
with a value r’ > r where S,/ subsumes S,. In the former case, the condition is
instantly fulfilled. In the latter case, there is no vertex v where best(p, v) = r which
renders S, irrelevant by definition of p.

Lemma 7.3.9. Invariant 7.3.5(3) holds: For allr € W :
1. S, is active or,
2. Yv € CPre(S,,) : if best(p,v) = r, then p(v) = Lift(p, v)(v)

Proof. We prove this invariant by induction over the iterations of the while-loop:
Before the while-loop at Line 3 the claim is obviously satisfied as we activate min
which contains all vertices; for all other r € 7" the set S, is empty and thus
condition (2) is trivially satisfied.

Assume the condition holds at the beginning of the loop. We can, therefore,
assume by the induction hypothesis that the condition holds for all the sets. If
there is no active r € 7', the algorithm terminates and the condition holds by the
induction hypothesis. The condition for a set .S, can be violated only if either the
set Sy, is changed or the set S, is deactivated. That is either at Line 3, Line 10 or
Line 16 of the algorithm.

Let us first consider the changes made in the while-loop. If a set S, is changed
in Line 10, then the algorithm either activates r (Line 13) and thus satisfies (1) or
Sonext(ry = S», Which implies that best(p,v) # r and thus (2) is fulfilled trivially.
At Line 16 there is no vertex v with best(p,v) = r (as there is no vertex w with
p(w) = r) and thus (2) is satisfied (and it is safe to remove/deactivate the set in
Line 16).

Now consider the case where we remove the set S, and make r inactive at
Line 3. If the set S, is unchanged during the iteration of the outer while-loop
then S, satisfies condition (2) after the iteration. This is because for all v with
best(p, v) = r and p(v) = ¢ we have that if v is not already contained in S ¢y, the
algorithm adds it to the set Sy ji(. ) in Line 10 in the first iteration of the while-loop
when processing c. This is equivalent to applying Lift(p, v)(v) = lift(r,c). If the
set S, is changed during the iteration then this happens in the inner while-loop.
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As argued above, then either r is activated and thus satisfies (1) or Sy /() = S,
holds. Thus, there is no vertex v with best(p, v) = r, i.e., (2) is satisfied. O

Symbolic Resources

In the following, we discuss the symbolic resources Algorithm 7.1 needs. We deter-
mine the number of symbolic one-step operations, the number of basic set opera-
tions, and the symbolic space consumption.

Proposition 7.3.10. The number of symbolic one-step operations in Algorithm 7.1 is
inOm - |%)).

Proof. Each iteration of the while-loop at Line 3 processes an active r. That means,
that the set S, was changed in a prior iteration. We use a symbolic one-step op-
eration at Line 5 for each active S.,. It, therefore, suffices to count the number of
possibly active sets throughout the execution of the algorithm. Initially only S,
is active. After extracting an active set out of the data structure D, it is deactivated
at Line 3. We only activate a set S, when a new vertex is added to it at Line 13.
Because there can only be n vertices with ranking > x for all x € 7 the size of each
set | S, .| is smaller or equal to n. In the worst case, we eventually put every vertex
into every set S, where x € %". Thus we activate n - |%'| sets which is equal to
the number of symbolic one-step operations. O

A similar argument works for analysing the number of basic set operations.

Proposition 7.3.11. The number of basic set operations in Algorithm 7.1 is in O(d -
n-|vY)).

Proof of Proposition 7.3.11. As proven in Proposition 7.3.10, there are O(n - |%')) it-
erations of the outer while-loop and thus O(n - |%"|) iterations of the for-loop. Thus
the inner while-loop is started O(dn - |%'|) times. The test whether the while-loop
is started only requires two basic set operations and the overall costs are bound by
O(dn-|%']). We bound the overall costs for the iterations of the inner while-loop by
an amortized analysis. First, notice that each iteration just requires 8 basic set opera-
tions (including testing the while condition afterward). In each iteration for a value
r" € W we charge the r’ for the involved basic set operations. Notice, that in each
such iteration new vertices are added to the set .S, and thus " is processed at most
n times. Thus each ' € 7 is charged for at most 8n basic set operations Therefore,
the number of basic set operationsis O(d -n- |# |)+On-|#'|) = Od -n-|%|). O

Due to Proposition 7.3.4, Proposition 7.3.10, Proposition 7.3.11 and the fact that
we use < n sets in the data structure D, we obtain Theorem 7.3.12.

Theorem 7.3.12. Given a parity game, a finite total order (% ,>) and a monoto-
nic function lift we can compute the least fixed point of all Lift(-, v) operators with
O(n - |W'|) symbolic one-step operations, O(d - n- |W’|) basic set operations, and O(n)
symbolic space.
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7.4 Implementing the Ordered Progress Measure

In this section, we plug the ordered approach to progress measure (OPM) described
by Fearnley et al. [128] into Algorithm 7.1. To do this, we recall the witnesses they
use in their algorithm and encode it with a specially-tailored technique to obtain
an algorithm with a sublinear amount of symbolic space. Finally, we argue that the
function lift : # X C — % and the total order (7, <) described in [128] can be
used to fully implement Algorithm 7.1.

The Ordered Progress Measure. To implement the ordered progress measure algo-
rithm we argue that the lift-operation is monotonic in the first argument and the
order (7', <) is a total finite order to fulfill the conditions of Algorithm 7.1. Let &
be a parity game and C = {0, ...,d — 1} be the set of priorities in 9. The set #
in the ordered progress measure consists of tuples of priorities of length k, where
k € O(logn). Each element in the tuple is an element of C_ = C U {_}, i.e, it is
either a priority or ”_”. The set C_ has a total order (C_, <) such that _ is the small-
est element, odd priorities are ordered descending and are considered smaller than
even priorities which are ordered ascending. The order (%, <) is then obtained by
extending the order (C_, <) lexicographically to the tuples r € #".

For the details of the lift function, we refer the reader to the work of Fearnley
et al. [128]. An implementation of the lift operation can be found at the GitHub
repository of the Oink system [118].

By the results in [128] the order (7, <) and lift meet the requirements of our
algorithms.

Lemma 7.4.1. The following holds: (1) The functionlift : %" X C — %  is monotonic
in the first parameter [128, p.6]. (2) The order (W', <) is a total finite order [128, p.3]. (3)
Let p be the least simultaneous fixed point of all Lift(-, v) operators. Then p(v) = T iff
player & has a strategy to win the parity game 9 when starting from v [128, Lemma
7.3, Lemma 7.4].

Theorem 7.3.12 together with Lemma 7.4.1 imply the following theorem.

Theorem 7.4.2. Algorithm 7.1 implemented with the OPM computes the winning set
of a parity game with O(n - |%'|) symbolic one-step operations, O(d - n - |#'|) basic
set operations, and O(n) symbolic space.

Remark 7.4.3. (Bounds for |#'|). We now discuss the bounds on |7%"|. The break-
through result of [59] shows that |%'| is quasi-polynomial (n°1°29) in general
and polynomial when d < logn. Using the refined analysis of [128], we obtain
the following bound on |%|: in general, min(n - log(n)?~!, h - 145102y where
c145 = logy(e) < 1.45 and h = [1 + d/log(n)]; and if d < logn, then |%"| is poly-
nomial due to [59, Theorem 2.8] and [128, Corollary 8.8]. Note that O (n2'45 +1°g2(d))
gives a naive upper bound on |7"| in general. Plugging the bounds in Theorem 7.4.2
we obtain a set-based symbolic algorithm that requires quasi-polynomially many
symbolic one-step and basic set operations and O(n) symbolic space. The algorithm
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requires only polynomially many symbolic one-step and basic set operations when
d <logn.

7.5 Reducing the Number of Sets for the OPM

In this section, we tailor a data structure for the OPM to only use O(d - log n) sets.
While each progress measure can be encoded by log(|%"|) many sets, the challenge
is to provide a representation that also allows to efficiently compute the sets S.,,.
Such a representation has been provided for the small progress measure [73] and in
the following, we adapt their techniques for the OPM.

Key Idea. The key idea of the symbolic space reduction is that we encode the value
of each coordinate of the rank r separately. A set no longer just stores the vertices
with specific rank r = b; ... b, but instead stores all vertices where, say, the first
coordinate b, is equal to a specific value in C_. This encoding enables us to use only
a polylogarithmic amount of symbolic space under the assumption that the number
of priorities in the game graph is polylogarithmic in the number of vertices.
Symbolic Space Reduction. Let the rank of v be r = by ... b;. Vertex v is in the set C%
iff the ith coordinate of the rank of v is x and a vertex v is in the set Cr iff the rank
of vis T. Thus O(log(n) - d) sets suffice to encode all r € 7. We demonstrate this
encoding of the sets in Example 7.5.1.

Example 7.5.1. Let & be a parity game containing the vertices vy, U,, U3. Assume the
following ranking function: f(v,) = 65433, f(v,) = 75422, f(v;) = ___32. Using the
definition of our encoding, we have that: {v3} C C_l, {v,} C C61, {v,} C C71, {v3} €
C2 {v},0,} € C2,{v3} € C* {v,0,} C C}.{vy} € Cy,{vy. 03} € Cy,{v)} C
C3. {vy. 03} CC).

Computing the set S, from C'.. We obtain the set S, for rank r = b, ... b, with an
intersection of the sets f.‘=1 C, = S,. To acquire the set S, we first consider sets
where the first i elements are the equal to by, ... b; but the i+1th element x is > b; .

s.,={)¢,n J (7.1)

1<j<i x>biy)
To construct the set S, we apply the following union operations:

k—1
S, =JsLus,ucy (7.2)
i=1

That is, we can compute the set .S, with O(d - log n) set operations and four ad-
ditional sets. Notice that there is no need to store all sets S;r as we can immediately
add them to the final set when we have computed them. The number of U-operations
is immediately bounded by O(d - k) = O(d - log n) by the above definitions. In order
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to bound the number of N-operations by O(logn), we do the following. To com-
pute the sets S we introduce an additional set T* = [, C, . We have that
- - = J

S, =T'n
to compute the next set Si";l. Moreover, we have that .S, = T* and thus can be

computed with just one N operation. In total, this amounts to 2k — 2 = O(log n)
many N-operations.

Updating the set S, to S_ . Assume that the set S, is the old set that is saved
within the sets C.. The new set, S, is an updated set, which is also a superset.
First, compute the difference .S, = S;r \ S,,. Intuitively, the algorithm increased
the rank of the vertices in .S,. We delete their old values by updating C. = C.\ S,
foralli = 0... k and each x € {0,...d — 1}. Then we add the vertices to the set
Cﬁi = C;i US, foralli =0... k. In total there are O(d log n) many \-operations
and O(k) = O(log n) many U-operations.

i+1 i+1 _ i i+l . . .
x>biyy ClHandT'™" =T'n Cb,-+1’ i.e., we just need two N operation

7.5.1 Algorithmic Details for the Reduced Symbolic Space
Algorithm 1

In this section we present the algorithmic details for the reduced symbolic space
algorithm.

Data Structure. The new data structure D supports all functions of Data Struc-
ture 7.3.1 but the nodes of the AVL tree no longer store a pointer to a set (but only
the value r). The data structure D stores d logn + 1 sets as described in Section 7.5,
and overrides the D.update(r, S)-operation.

« D.update(r,S): Updates the set S, to be S. Every set S, with ' < ris
updated to S, U S.

Implementation of the data structure D.

« D.getSet(r): This function computes the set .S, as described in Section 7.5
and returns it.

« D.update(r,S): Computes the update of the set S, with S as described in Sec-
tion 7.5. Precondition: S, CS.

Notice that Algorithm 7.2 only differs from Algorithm 7.1 in (a) the way the
D.getSet (r) method is implemented and (b) and how we update the sets, i.e.,
the overridden D.update(r,S) method. Hence, to establish the correctness of
Algorithm 7.2, it suffices to show that these two methods do the same as the corre-
sponding operations in Algorithm 7.1. The correctness then directly follows from
Proposition 7.3.4.

Proposition 7.5.2 (Correctness). Given a parity game & Algorithm 7.2 computes
the corresponding winning set.
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Algorithm 7.2: Parity Algorithm with reduced sets

input :Parity Game &

Initialize C' « V for0 <i <k

Initialize CZ —@gfor0<i<kceC

D.activate(min)

while r « D.popActiveSet() do

S,, < D.getSet(r)

D.deactivate(r)

P « CPre,(S,,)

for c € C do

r’ < lift(r, c)

S,, < D.getSet(r")

rold < r'

Srold “ SZr’ U (P N VL)

while PNV, £ S, do

Sy < S, U(PNV)

S pexirry < D-getSet(D.next(r'))

if r' =T or Sy, DSy, then
L D.activate(r', S.,/)

18 Sy prevrry < D.getSet(D.get Previous(r'))

19 if SZ", = SZpreU(r’) U (P n I/c) then
20 L D.removeSet(D.get Previous(r'))

O 0N AR W N

btk e ek e e e
[ - T N R R )

21 r' « D.getPrevious(r')
22 S, < D.getSet(r')

23 | D.update(rold, S,,,)

24 return St

Proof. We show that the D.getSet(r) method (in the interplay with the
D.update(r,S) method) in Algorithm 7.2 returns the sames set as the
D.getSet (r) method in Algorithm 7.1. The correctness then directly follows from
Proposition 7.3.4.

The proof is by induction. Consider the base case after the initialization of the
data structure D and its sets C'. In Algorithm 7.1 we have that D.getSet(min) would
return V' and D.getSet(r) would return the empty set for min < r. In Algorithm 7.2,
by the initialization in Line 1, we have that D.getSef(min) would return V' and by
the initialization in Line 2 we have D.getSet(r) would return the empty set for
min < r. Therefore, the base case is satisfied.

Notice that the data structures both in Algorithm 7.1 and Algorithm 7.2 are only
changed in the for-loop. Assume the claim holds before an iteration of the for-loop.
Let 7 be the element of 7 currently processed by the outer while-loop, and let 7’
the r’ currently processed by the for-loop. Consider some r € 7. By induction
hypothesis, D.getSet(r) coincides in both algorithms beforehand. If r > 7’ then
D.getSet(r) is not affected by the changes in both algorithms and thus D.getSet(r)
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coincides in both algorithms after the iteration of the for loop. If r < 7’ then Algo-
rithm 7.1 updates the data structure such that P UV, is added to the set .S, (the set
returned by D.getSet(r)). Now consider Algorithm 7.2. Here the algorithm adds
the set P U V, to the set C. that correspond to 7. As r < 7' there is an i > 0 such
that r and 7’ coincide on the first i elements and the set P UV, is then contained in
the set Sir. That means that the set returned by D.getSet(r) contains the set PUV,.
Moreover, as only vertices in P U V, are affected by the update, all the vertices that
were previously contained in D.getSet(r) are still contained in the set. In other
words, Algorithm 7.2 adds P UV, to the set S,.,. That is, the two D.getSet(r) meth-
ods coincide also after the iteration of the for-loop for all » € 7. Thus, we have that
D.getSet(r) coincides in the two algorithms and the correctness of Algorithm 7.1
extends to Algorithm 7.2. O

Proposition 7.5.3 (Symbolic operations). Algorithm 7.2 uses O(d log n) sets with
On|W'|) symbolic one-step operations and O(d*n| %' | log n) basic set operations.

Proof. There are O(n-|%'|) iterations if the while-loop at Line 4 (cf. Proposition 7.3.10).
Therefore, the number of symbolic one-step operations is O(n - |#'|). In each iter-
ation of the while-loop, the for-loop at Line 8 has d iterations. The basic set oper-
ations at Line 10, Line 13, Line 12 and at Line 23 occur O(d - n - |#'|) times. This
sums up to a total of O(d? - n - || log n) basic set operations (as each getSet (r)
requires O(d log n) basic set operations). By the same amortized argument as in the
proof of Proposition 7.3.10, we obtain that the total number of basic set-operations
in executions of the inner while-loop is in O(n|%"|d log n). The number of basic set
operations is, thus, in od*n|7| logn)+O(dn|% | logn) = od’n- W | logn). O

Due to Proposition 7.5.2 and Proposition 7.5.3 and the fact that we use only
O(d log n) symbolic space in the modified data structure D, we obtain Theorem 7.5.4.

Theorem 7.5.4. The winning set of a parity game can be computed in O(n - |W'|)
symbolic one-step operations, od*n- || -log n) basic set operations, and O(d -log n)
symbolic space.

Remark 7.5.5. Note that Theorem 7.5.4 achieves bounds similar to Theorem 7.3.12
with a factor d - log n increase in basic set operations, however, the symbolic space
requirement decreases from O(n) to O(d - logn). In particular, using the bounds
as mentioned in Remark 7.4.3, we obtain a set-based symbolic algorithm that re-
quires quasi-polynomially many symbolic one-step and basic set operations, and
O(d - logn) symbolic space, and moreover, when d < logn, then the algorithm
requires polynomially many symbolic one-step and basic set operations and only
poly-logarithmic O(log? n) symbolic space.

Remark 7.5.6. Recall that our AVL-tree data structure potentially requires O(n) non-
symbolic space (cf. Remark 7.3.3) in the worst case. The algorithm above reduces the
symbolic space requirement to O(d - log n). We now argue how to reduce the non-
symbolic space to the same bound. The main purpose of our AVL-tree data structure
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is to (a) avoid storing all sets explicitly and (b) efficiently maintain pointers to the
active sets. As we now have a succinct representation of all sets we are only left
with (b). For the price of a higher number of basic set operations, we can rid our
black box algorithm of the AVL-tree in the implementation of the data structure:
We can explicitly compute the active sets in each iteration of the while loop. This
increases the number of basic set operations to O(d - n - |%" |2 log n) while the other
symbolic resource consumption stays the same.

We give the algorithmic details of Remark 7.5.6 in the next section.

7.6 Algorithmic Details for the Reduced Symbolic
Space Algorithm 2

In this section, we present a black box parity algorithm that only uses O(d - log n)
symbolic space. In return, the algorithm needs a factor |7%'| more basic set opera-
tions.

Definition 7.6.1. An elementr € W is active if (i) Sy, D Sy,s, forr < r'" and (ii) if
the set S, has changed since the last time r was selected at Line 4 of Algorithm 7.3.

Key Intuition. Algorithm 7.2 uses the AVL tree to keep track of the r € 7 that
need to be potentially processed in the future, i.e., the active r in %". Algorithm 7.3
initializes d log n + 1 additional sets, to determine if the set S, was changed since
the last time we chose r at Line 4. We call the additional d logn + 1 sets the data
structure O. In each iteration of Line 4 we update O by copying the content the
current set S, to the corresponding set T, in O. Then we do our usual lifting like
in Algorithm 7.2 with the set .S,.,. To determine the next active r, we iterate from
the minimum element in % to the maximum element. To check condition (ii) in
the iteration r, we determine the set S, and T, using the data structures C for
S, and O for T, respectively. Notice that when S, # T, we changed the set
S, since the last time r was picked in the while-loop at Line 4. To check condition
(i) we need to check whether S, # @ which would mean that there is no set with
higher rank r’ > r which already contains all elements of S, ie, Sy, = S,./. If
both conditions are satisfied we return the active set.

In Subsection 7.6.1 we detail the data structure which is used for C and O in
Algorithm 7.3. The proofs of Subsection 7.6.2 and Subsection 7.6.3 yield the theorem
detailed below.

Theorem 7.6.2. The winning set of a parity game can be computed without the us-
age of nonsymbolic space with O(d log n) symbolic space, O(dn|%'|* log n) basic set
operations and O(n|W'|) symbolic one-step operations.

7.6.1 Data Structure.

The new data structure which is used by D and O supports the following functions
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Algorithm 7.3: Parity Algorithm with reduced sets

input :Parity Game 2, finite total order (7, <), monotone function lift(-), a
player z € {&, 5}
Initialize C with C' « V for0<i <k
Initialize C with CZ —gfor0<Li<k,ceC
Initialize O with O. « @for0 <i<k,c€CuU{_}
while r « GETMINACTIVESET() do
S,, < D.getSet(r)
O.update(r, S,,)
P < CPre/S,,)
forc € C do
r' < lift(r, c)
10 S, « C.getSet(r')

11 C.update(r', S, U(PNV,))

e X NG e W N

12 return S;

13 function GETMINACTIVESET()

14 S, <V

15 T., < O.getSet(min)

16 for r = min, min+1, ..., T do

17 S, « C.getSet2(r)

18 if S, # @ andS,, DT,, then
19 L return r;

20 T, « O.getSet2(r)

21 S>r « S>r \ Sr

22 T;r « T;r \T,

23 return false

- getSet(r): returns the set S,.
+ getSet2(r): returns the set S,.

« update(r,S): Updates the set S, tobe S. Every set S, with " < ris updated
to Szr/ usS.

Implementation of the data structure.

» getSet(r): This function computes the set .S, as described in Section 7.5 and
returns it.

« getSet2(r,S): This function computes the set S, as described in Section 7.5 and
returns it.

« update(r,S): Computes the update of the set Sy, with § C V" as described in
Section 7.5. Precondition: S, is a subset of .
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7.6.2 Correctness

In this section, we prove the correctness of Algorithm 7.3.
Proposition 7.6.3. Given a parity game 9, Algorithm 7.3 computes the winning set.

The only difference in Algorithm 7.2 and Algorithm 7.3 is how active r € %~
are obtained. That is, in order to prove the correctness of Algorithm 7.3 it suffices
to show that the function GETMINACTIVESET(-) returns the set of an active r € #"
whenever there exist one, and false otherwise. The function GETMINACTIVESET(-)
returns the minimal® r € % that satisfies (i) Sy, D Sy, for r < r’ (by the anti-
monotonicity of the set it suffices to test this for the direct successor) and (ii) 7, C S,.
The next lemma shows that these sets are actually the active r € 7.

Lemma 7.6.4. An elementr € W is active iff (i) Sy, D Sy, forr < r' and (ii)

Proof. We show the claim by induction. C is initialized such that only min is active
and all the other » € % correspond to the empty set and thus all, but min and T
violate (i). Now as all the sets of O are empty (ii) holds for min but does not hold
for T. Hence, the statement is true when first entering the loop.

Now consider an iteration of the loop where 7 is processed and assume the claim
is true beforehand. By induction hypothesis 7 is the minimal active r € 7%". Notice
that the claim is only affected by update operations on O and C. First, we argue
that the claim is preserved in Line 6. This operation only affects r’ < 7. Notice that
F is no longer active: We process 7 and violate condition (ii) as we set T,.; = S;
at Line 6. Let ' < F. As F is the minimal active r € %" we have that r’ is inactive.
Then, by the induction hypothesis, we have T.,,, = S, beforehand and by the
anti-monotonicity of the sets in C also after the execution of Line 6. That is, ' is
inactive and (ii) is still violated. Second, we show that also the update in Line 11
preserves the claim. Let 7 € %" be the value computed by the lift function at Line 9.
Again, this operation only affects ¥’ < 7. If the update violates condition (i) for a
r',ie. Sy = S,; for r’ < 7 then this ' also becomes inactive by the definition
of active. Let us assume (i) is not violated and r’ was active beforehand. Then, by
the induction hypothesis, we have T, C S,/ beforehand, and as only vertices are
added to S, the condition (ii) still holds. Let us assume (i) is not violated and r’
was inactive beforehand. Then by the induction hypothesis T, = S, beforehand,
and as (ii) is satisfied afterwards iff (PN V,) ¢ S,,/. Notice thatif (PN V) ¢ S,/
then r’ is changed and r’ is active because condition (i) is satisfied by assumption.
If (PnV,) C S, then we do not change the set and it stays inactive. Hence, we
have that (2) is satisfied iff ¥’ becomes active. O

“Notice that the fact that GETMINACTIVESET(-) returns the minimal active 7 is only used to con-
sistently maintain the data structure O.
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Thus, we have that GETMINACTIVESET(:) returns an active set whenever there
exist one, and false otherwise and consequently Algorithm 7.3 computes the win-
ning set of &.

7.6.3 Symbolic Resource consumption

In this subsection, we present the symbolic resource consumption of Algorithm 7.3.
First, we present the bounds for basic set operations, symbolic one-step operations,
and finally, symbolic space.

Proposition 7.6.5. Algorithm 7.3 needs O(dn|W’ |2 log n) basic set operations, O(n|%'|)
symbolic one-step operations and O(d log n) symbolic space.

Proof. For the n|%"| symbolic one-step operations bound, notice that we increase
the rank of at least one vertex in each iteration of Algorithm 7.3 by adding the
vertex to a set with a higher rank. We can only do this until every vertex has a rank
|7 |. Therefore the while-loop of Algorithm 7.3 has O(n - |#'|) iterations. In each
iteration, we perform exactly one CPre, operation.

For the O(dn|%'|? log n) basic set operations bound, recall that the while loop at
Line 4 is called O(n%") times. First, the call to the getActiveSet () function re-
quires O(|%’| log n) basic set operations. There is one update operation in Line 6
and d update operations in the for-loop at Line 11, i.e., each iteration requires
O(d? log n) basic set operations for updates. Therefore, we get the bound O(n| %] -
(|17 | log n + d*log n) = O(dn|%'|* log n) (using |%'| > d).

For the O(d logn) symbolic space bound, notice that we use the data structures
O and C, both of them use dlogn + 1 symbolic space, and a constant number of
additional sets. O

7.7 Conclusion

In this work, we present improved set-based symbolic algorithms for parity games.
There are several interesting directions for future work. On the practical side, practi-
cal implementation and experiments with case studies, especially for the algorithm
presented in Section 7.3 instantiated with either the ordered approach or the suc-
cinct progress measure, is an interesting direction. On the theoretical side, recent
work [74] has established lower bounds for symbolic algorithms for graphs, and
whether lower bounds can be established for symbolic algorithms for parity games
is another interesting direction for future work.






CHAPTER

Symbolic Time and Space
Tradeoffs for Probabilistic
Verification

In this chapter, we present improved symbolic algorithms for the MEC decomposi-
tion of an MDP and parity objectives in MDPs.

8.1 Introduction

The verification of probabilistic systems, e.g., randomized protocols, or agents in
uncertain environments like robot planning is a fundamental problem in formal
methods. We study a classical graph algorithmic problem that arises in the verifi-
cation of probabilistic systems and present a faster symbolic algorithm for it. We
start with the description of the graph problem and its applications, then describe
the symbolic model of computation, then previous results, and finally our contribu-
tions.

Applications. In verification of probabilistic systems, the classical model is called
Markov decision processes (MDPs) [146], where there are two types of vertices. The
vertices in V) are the regular vertices in a graph algorithmic setting and the ver-
tices in Vy represent random vertices. MDPs are used to model and solve control
problems in systems such as stochastic systems [129], concurrent probabilistic sys-
tems [113], planning problems in artificial intelligence [195], and many problems in
the verification of probabilistic systems [22]. The MEC decomposition problem is
a central algorithmic problem in the verification of probabilistic systems [22, 113]
and it is a core component in all leading tools of probabilistic verification [117, 168].
Some key applications are as follows: (a) the almost-sure reachability problem can
be solved in linear time given the MEC decomposition [75]; (b) verification of MDPs
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wrt w-regular properties requires MEC decomposition [22, 78, 112, 113]; (c) algo-
rithmic analysis of MDPs with quantitative objectives as well as the combination
of w-regular and quantitative objectives requires MEC decomposition [43, 82, 97];
and (d) applying learning algorithms to verification requires MEC decomposition
computation [114, 164].

Symbolic model and algorithms. In verification, a system consists of variables, and
a state of the system corresponds to a set of valuations, one for each variable. This
naturally induces a directed graph: vertices represent states and the directed edges
represent state transitions. However, as the transition systems are huge they are
usually not explicitly represented during their analysis. Instead they are implicitly
represented using e.g., binary-decision diagrams (BDDs) [51, 52]. An elegant the-
oretical model for algorithms that works on this implicit representation, without
considering the specifics of the representation and implementation, has been devel-
oped, called symbolic algorithms (see e.g. [55, 79, 105, 107, 108, 132, 211]). A symbolic
algorithm is allowed to use the same mathematical, logical, and memory access op-
erations as a regular RAM algorithm, except for the access to the input graph: It is
not given access to the input graph through an adjacency list or adjacency matrix
representation but instead only through two types of symbolic operations:

1. One-step operations Pre and Post: Each predecessor PRE (resp., successor POST)
operation is given a set X of vertices and returns the set of vertices Y with
an edge to (resp., edge from) some vertex of X.

2. Basic set operations: Each basic set operation is given one or two sets of ver-
tices or edges and performs a union, intersection, or complement on these
sets.

Symbolic operations are more expensive than the non-symbolic operations and thus
symbolic time is defined as the number of symbolic operations of a symbolic algo-
rithm. One unit of space is defined as one set (not the size of the set) due to the
implicit representation as a BDD. We define symbolic space of a symbolic algorithm
as the maximal number of sets stored simultaneously. Moreover, as the symbolic
model is motivated by the compact representation of huge graphs, we aim for sym-
bolic algorithms that require sub-linear space.

Previous results and main open question. We summarize the previous results and the
main open question. We denote by |V | = n and |E| = m the number of vertices
and edges, respectively.

« Standard RAM model algorithms. The computation of the MEC (aka control-
lable recurrent set in early works) decomposition problem has been a central
problem since the work of [8, 112, 113]. The classical algorithm for this prob-
lem requires O(n) SCC decomposition calls, and the running time is O(nm).
The above bound was improved to (a) O(mﬁ) in [78] and (b) O(n?) in [91].
While the above algorithms are deterministic, a randomized algorithm with
expected almost-linear O(m) running time has been presented in [89].

« Symbolic algorithms. The symbolic version of the classical algorithm for MEC
decomposition requires O(n) symbolic SCC computation. Given the O(n)
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symbolic operations SCC computation algorithm from [133], we obtain an
O(n%) symbolic operations MEC decomposition algorithm, which requires
O(log n) symbolic space. A symbolic algorithm, based on the algorithm of [78],
was presented in [79], which requires O(n \/E) symbolic operations and O(ﬁ)
symbolic space.
The classical algorithm from the 1990s with the linear symbolic-operations SCC
decomposition algorithm from 2003 gives the O(n?) symbolic operations bound, and
since then the main open question for the MEC decomposition problem has been
whether the worst-case O(n?) symbolic operations bound can be beaten.

Our contributions.

1. In this work we answer the open question in the affirmative. Our main result
presents a symbolic operation and symbolic space trade-off algorithm that for
any 0 < e < 1/2 requires O(n*) symbolic operations and O(ne) symbolic
space. In particular, our algorithm for ¢ = 1/2 requires O(n'?) symbolic
operations and 5(\/;) symbolic space, which improves both the symbolic
operations and symbolic space of [79].

2. We also show that our techniques extend beyond MEC computation and is
also applicable to almost-sure winning (probability-1 winning) of w-regular
objectives for MDPs. We consider parity objectives which are cannonical
form to express w-regular objectives. For parity objectives with d priorities
the previous symbolic algorithms require O(d) calls to MEC decomposition;
thus leading to bounds such as (a) on® - d) symbolic operations and O(log n)
symbolic space; or (b) O(n\/_ d) symbolic operations and O(\/_ ) symbolic
space. In contrast we present an approach that requires O(log d) calls to MEC
decomposition, and thus our algorithm requires O(n*°) symbolic operations
and O(n®) symbolic space, for all 0 < e < 1/2. Thus we improve the time-
space product from O(nzd ) to O(nz)

Technical contribution. Our main technical contributions are as follows: (1) We use a
separator technique for the decremental SCC algorithm from [98]. However, while
previous MEC decomposition algorithms for the standard RAM model (e.g. [89]) use
ideas from decremental SCC algorithms, data-structures used in decremental SCC
algorithms of [31, 98] such as Even-Shiloach trees [127] have no symbolic repre-
sentation. A key novelty of our algorithm is that instead of basing our algorithm
on a decremental algorithm we use the incremental MEC decomposition algorithm
of [78] along with the separator technique. Moreover, the algorithms for decremen-
tal SCC of [31, 98] are randomized algorithms, in contrast, our symbolic algorithm
is deterministic. (2) Since our algorithm is based on an incremental algorithm ap-
proach, we need to support an operation of collapsing ECs even though we do not
have access to the graph directly (e.g. through an adjacency list representation), but
only have access to the graph through symbolic operations. (3) All MEC algorithms
in the classic model first decompose the graph into its SCCs and then run on each
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SCC. However, to achieve sub-linear space we cannot store all SCCs, and we show
that our algorithm has a tail-recursive property that can be utilized to achieve sub-
linear space. With the combination of the above ideas, we beat the long-standing
O(n?) symbolic operations barrier for the MEC decomposition problem, along with
sub-linear symbolic space.

Implications. Given that MEC decomposition is a central algorithmic problem for
MDPs, our result has several implications. The two most notable examples in prob-
abilistic verification are: (a) almost-sure reachability objectives in MDPs can be
solved with O(n'") symbolic operations, improving the previous known O(n\/E)
symbolic operations bound; and (b) almost-sure winning sets for canonical w-regular
objectives such as parity and Rabin objectives with d-colors can be solved with O(d)
calls to the MEC decomposition followed by a call to almost-sure reachability [8, 69],
and hence our result gives an O(dn'”) symbolic operations bound improving the
previous known O(dn ﬁ) bound.

8.2 Algorithmic Tools

In this section, we present various algorithmic tools that we use in our algorithms.

8.2.1 Symbolic SCCs Algorithm

In [133] and [74] symbolic algorithms and lower bounds for computing the SCC-
decomposition are presented. Let D be the diameter of G and let D be the diameter
of the SCC C. The set SCCs(G) is a family of sets, where each set contains one SCC
of G. The upper bounds are summarized in Theorem 8.2.1.

Theorem 8.2.1 ([74, 133]). The SCCs can be cor@uted in ©®(min(n, D|SCCs(G)],
ZCESCCS(G)(DC + 1))) symbolic operations and O(1) symbolic space.

Note that the SCC algorithm of [133] can be easily adapted to accept a starting
vertex which specifies the SCC computed first. Also, SCCs are output when they
are detected by the algorithm and can be processed before the remaining SCCs of
the graph are computed.

We write SCCFIND(V', 5, P) when we refer to the above described algorithm for
computing the SCCs of the subgraph with vertices V' C V and using s € V as the
starting vertex for the algorithm in the MDP P = (V, E, (V}, V), 6).

8.2.2 Symbolic Random Attractors

Given a set of vertices T' in an MDP P, the random attractor Attrﬁ(T) is a set of
vertices consisting of (1) T, (2) random vertices with an edge to some vertex in
Attrg(T), (3) player-1 vertices with all outgoing edges in Attrg(T ). Formally, given
an MDP P = (V, E,(V{,Vg), ), let T be a set of vertices. The random attractor
Attrg(T) of T is defined as: Attrllz(T) = U;s0 A; where Ay = T and A, = A; U
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(Preg(A)\ (V1 N Preg(V'\ A)))) for all i > 0. We sometimes refer to A, as the i-th
level of the attractor.

Lemma 8.2.2 ([93]). The random attractor Attrz(T) can be computed with at most
O(|Attr£(T) \ T'| + 1) many symbolic operations.

The lemma below establishes that the random attractor of random vertices with
edges out of a strongly connected set is not included in any end-component and
that it can be removed without affecting the ECs of the remaining graph. Hence,
we use the lemma to identify vertices that do not belong to any EC. The proof is
analogous to the proof in Lemma 2.1 of [78].

Lemma 8.2.3 ([78]). Let P = (V, E,(V|,Vg),6) be an MDP. Let C be a strongly
connected subset of V. LetU = {v e CNVyx | Out(v)n (V' \ C) # @} be the random
vertices in C with edges out of C. Let Z = Attrg(U) N C. Then, for all non-trivial
ECs, XCCinPwehave ZNX = Q.

8.2.3 Separators

Given a strongly connected set of vertices X with |X| = n, a separator is a non-
empty set T C X such that the size of the SCC in the graph induced by X \ T is
small. More formally, we call T C X a g-separator if each SCC in the subgraph
induced by X \ T has at most n — g - |T'| vertices. For example, if we compute a
q = \/;-separator, the SCCs in the subgraph induced by X \ T have size < \/;
as |T| is non-empty. In [98], the authors present an algorithm that computes a g-
separator when the diameter of X is large. We briefly sketch the symbolic version
of this algorithm.

The procedure SEPARATOR(X, y) computes a ¢ = | y/(2log n)|-separator T when
X has diameter at least y:

1. Let g « |y/(2logn)].

2. Try to compute a BFS tree K of either X or the reversed graph of X of depth
at least y with an arbitrary vertex v € X as root. In the symbolic algorithm,
we build the BFS trees with Pre(:) and Post(-) operations.

3. If the BFS trees of both X and the reversed graph X with root v have less than
y levels then return @. Note that the diameter of X is then < 2y.

4. Let layer L; of K be the set of vertices L; C X with distance i from v. Due
to [98, Lemma 6], there is a certain layer L, of the BFS tree K which is a ¢-
separator. Intuitively, they argue that removing the layer L; of K separates
X into two parts: (a) |J i Lj and (b) il which cannot be strongly con-
nected anymore due to the fact that K is a BFS tree. They show that one can
always efficiently find a layer L; such that both part (a) and part (b) are small.

5. We efficiently find the layer L; while building K.
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The detailed symbolic implementation of SEPARATOR(X , y) is illustrated in Algo-
rithm 17. The following lemmas summarize useful properties of SEPARATOR(X, ).

Algorithm 8.1: Computing the separator

1 Procedure SEPARATOR(X,¥)

2 q < |y/Qlogn)|, v « Pick(X),i « 0, K « {v}, c«< 0, L <« @, R« @
3 while (Post ;(K) N X) € K do

4 if ¢ <i <y/2 then

5 L Z « Postp(K)\KnX

6 if L=@and|Z| <2" 'then L« Z

7 if y/2 <i <y —qthen

8 Z<—P05tE(K)\KﬂX

9 if | Z] <2% a1 then R « Z

10 if i <y/2then ¢ « c+ |Postg(K)\ Kn X|
11 K < KU (Postg(K)n X)

12 i—i+1

13 if i < y then

14 i«0, K< {v},c«<0, L3, R«

15 while i <y and (Pre (K)n X) £ K do

16 if ¢ <i <y/2 then

17 Z « Preg(K)\KnX

18 if L=@and|Z| <2" 'then L « Z
19 if y/2 <i <y — qthen

20 Z <« Preg(K)\KnX

21 if | Z| <204 then R « Z

22 ifi <y/2then ¢ « c+ |Preg(K)\ K n X|
23 K « KU (Preg(K)n X)

24 | i<+l

25 if i < y then

26 | return@; // diam(X) <2y

27 if ¢ < |X|/2 then return L
28 else return R

Observation 8.2.4 ([98]). A g-separator S of a graph G with |V | = n vertices con-
tains at most% vertices, i.e., |.S| < g.

Lemma 8.2.5 ([98]). Let X be a strongly connected set of vertices with | X| = k, let
r € X, and lety be an integer such that g = |y/(2log k)| > 1. Then SEPARATOR(X, )
computes a |y/(21og k)| -separator if there exists a vertex v € X where the distance
between r and v is at least y. If no such vertex v exists, then SEPARATOR(X , y) returns
the empty set.

The following lemma bounds the symbolic resources of the algorithm.
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Lemma 8.2.6. Algorithm 17 runs in O(| X |) symbolic operations and uses O(1) sym-
bolic space.

Proof. The bound on the symbolic operations of the while loop at Line 3 is clearly in
O(] X |) because we perform Post ;(K)N X operations until the set K fully contains
X or Post(K)Nn X is fully contained in K. Note that we only perform a constant
amount of symbolic work in the body of the while-loop. As each Posty(K) N X
operation adds at least one vertex to X until termination, we perform O(] X |) many
operations in total. A similar argument holds for the while-loop at Line 15. Note
that we use a constant amount of sets in Algorithm 17 which implies O(1) symbolic
space. O

8.3 Symbolic MEC decomposition

In this section, we first define how we collapse end-components. Then we present
the algorithm for the symbolic MEC decomposition.

8.3.1 Collapsing End-components

A key concept in our algorithm is to collapse a detected EC X C V of an MDP
P = (V,E,(V},Vg),0) to a single player-1 vertex v € X in order to speed up
the computation of end-components that contain X. Notice that we do not have
access to the graph directly, but only have access to the graph through symbolic
operations.

We define the collapsing (see Algorithm 18) of an EC X as picking a player-1
vertex v € X, directing all the incoming edges X to v, directing the outgoing edges
of X from v and removing all edges to and from vertices in X \ v. Also, we do
not include edges going from X to v. For vertices not in X, we have that they are
in a non-trivial MEC in the modified MDP iff they are in a non-trivial MEC in the
original MDP. We denote with EC(P) the set of sets with all end-components in P.
The following lemma summarizes the property as observed in [78].

Algorithm 8.2: Collapse an EC X into single vertex

1 Procedure CorLaPSEEC(X, P)

2 if X NV, # @ then

3 v« Pick(X nV))

4 E <« EuU (((PreE(X) \ X)X {v}h) U({v} X (Postg(X) \ X))); // U gets
edges of X

5 E«E\N(VX(X\v)U(X\v)xV));// Remove all other edges

of X

6 return {v}

7 | else E < E\(XXX)// Remove all edges of X
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Lemma 8.3.1. For MDP P = (V, E,(V},Vy),6) with X € EC(P) and the MDP P’
that results from collapsing X tov € X with CoLLAPSEEC(X, P) we have: (a) for
D CV\ X wehave D € EC(P) iff D € EC(P'); (b) for D € EC(P) with DN X # &
we have (D \ X) U {v} € EC(P’); and (c) for D € EC(P') withv € D we have
DU X € EC(P).

Algorithm 8.3: Computing the MEC decomposition of an MDP

1 Procedure SyMBoLICMEC((P' = (V', E',(V/',V¢),6"), 7))

2 M « @, MECs « @, P « P’

3 while C <« SCCFinp(V, @, P')do // compute vertices in
non-trivial MECs of C

4 L M <« M USYMMEC(C,y, P)// uses P instead of P'
5 while C « SCCFIND(M, &, P')do // compute non-trivial MECs
6 | MECs « MECs U {C}

7 return MECs

Remark 8.3.2. Note that we modify the set of edges E of P using basic set operations
only and that such operations are supported by all standard symbolic tools like
BDDs. After the update, we then use the new set E for all subsequent Pre(.) and
Post(.) operations.

8.3.2 Algorithm Description

The input to our algorithm is an MDP P’ = (V', E',(V/, V), 8"). In the first stage,
we compute the set M C V of all vertices that are in a non-trivial MEC, and then,
in the second stage, we use this set M to compute the MECs with an SCC algorithm
(see Algorithm 8.3).

In the first stage, we iteratively compute the SCCs Cy, ...,C, of P’ and im-
mediately apply SYMMEC(-) (cf. Algorithm 8.4) to C; to compute the vertices M,
of C; that are in a non-trivial MEC. The set M is the union over these sets, i.e.,
M = J,;<, M;. SYMMEC(:) applies collapsing operations and thus modifies the
edge set of the MDP. We thus hand a copy P of the original MDP P’ to SYMMEC(:).
Finally, to obtain all non-trivial MECs in P’ we restrict the graph to the vertices in
M and compute the SCCs which correspond to the MECs. Note that trivial MECs
are player-1 vertices that are not contained in any non-trivial MEC and thus can be
simply computed by iterating over the vertices of V| \ M.

In the following we focus on the function SYMMEC(-) which is the core of our
algorithm. To this end, we introduce the operation ROut(S) = Preg(V\ S)N(SN
V&), that computes the set of random vertices in .S with edges to V' \ S.

The function SYMMEC(-). SYMMEC(:) works recursively: The input is a set .S of
strongly connected vertices and a parameter y for separator computations that is
fixed over all recursive calls. The main idea is to compute a separator to divide
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the original graph into smaller SCCs, recursively compute the vertices which are
in MECs of the smaller SCCs, and then compute the MECs of the original graph by
incrementally adding the vertices of the separator back into the recursively com-
puted MEC decomposition. In each recursive call, we first check whether the given
set § is larger than one (if not it cannot be a non-trivial MEC) and then if S is a
non-trivial EC by checking if ROut(S) = @. If S is a non-trivial EC we collapse §
by calling Algorithm 18 and the algorithm then returns M = S. If ROut(S) # @,
S is not a non-trivial EC but it may contain nontrivial ECs of C. We then try to
compute a balanced separator T of S which is nonempty only if the diameter of .S
is large enough (> 2y). We further distinguish between the two cases: In the first
case, we succeed to compute the balanced separator and we recurse on the strongly
connected components in SCCs(S'\ Attrﬁ(T)). After computing and collapsing the
ECs in SCCs(S \ Attrg(T)) we incrementally add vertices of T' to .S and compute
the ECs of S\ T until T is empty. In each incremental step, we add one vertex v
to S\ T and find the SCC of vin .S \ T. If the random attractor of ROut(S’) (note
that this computation now considers all vertices in P) does not contain the whole
SCC S’ we are able to prove that we can identify a new EC of C.

Otherwise, the vertex v does not create a new EC in S’ \ T'. In the second case
where we fail to compute the balanced separator we know that the diameter of .S
is small (< 2y). We remove the random attractor X of ROut(S) (this set cannot
contain ECs due to Lemma 8.2.3), recompute the strongly connected components in
the set S\ X and recurse on each of them one after the other.

Figure 8.3.2 illustrates one recursive call of the SYMMEC(S, y, P) function: In
the first step, we compute that ROut(sS) is nonempty, i.e., S cannot be a MEC. We
then successfully compute a separator T with parameter y of the strongly connected
graph .S and recurse on the SCCs of S\ Attrﬁ(T) (orange dottet circles). In the
second step, we recursively identify two nontrivial MECs and add them to M. Next,
we perform the incremental iterations for all vertices in T to identify the MECs
containing the vertices in Attrﬁ(T), (i.e., also in T). In step three, we pick w € T,
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remove it from T and compute its SCC S’ = S \ T. In step four, we compute the
random attractor of ROut(S’), i.e., Attrllz(ROut(S’)) = {w}. Because it contains w,
there is no new MEC containing w. In step five, we remove x from T and compute
its SCC S’. This time, the random attractor of ROut(S’), i.e., Attrg(ROut(S’)),
does not contain x and the SCC S’ of x without /—\ttrII;(ROut(S’)) has size greater
one. We add the vertices in S’ \ Attrﬁ(ROut(S ")) to M. In step six, we do the last
incremental iteration, identify no new nontrivial MECs and return M.
Algorithm 8.4 illustrates the pseudocode of SYMMEC(S, 7, P).

Remark 8.3.3. Note that our symbolic algorithm does not require randomization
which is in contrast to the best known MEC decomposition algorithms for the stan-
dard RAM model [31]. The latter algorithms rely on decremental SCCs algorithms
that are randomized as they maintain ES-trees [127] from randomly chosen centers.
Instead, our symbolic algorithm relies on a deterministic incremental approach.

8.3.3 Correctness

We first consider the correctness of Algorithm 8.4 which will then imply the cor-
rectness of Algorithm 8.3. To this end, consider an MDP P = (V, E,(V;,VR),0)
and an SCC C of P. The non-trivial end-components of a subset .S of V" are given
by EC(S) and the set of vertices that appear in non-trivial (maximal) ECs of C are
denoted by M = Jpegc(c) @-

We first observe that in all calls to SYMMEC(S, y, P) (see Algorithm 8.4.) the set
S is strongly connected.

Lemma 8.3.4. For a strongly connected set S C C we have that in the computation of
SYMMEC(S, v, P) for all the calls SY(MMEC(S;, v, P) the set \S; is strongly connected
and S; C S.

Proof. If |S| = 1 or ROut(S) = @ there are no recursive calls the statement is true.
Now consider the case where T # @. At Line 11, we consider S ) which is an SCC
in the graph S\ (T" U A), obviously a subset of .S and strongly connected. Now
consider the case where T = @. At Line 27 we consider S; which is an SCC of
S\ X, obviously a subset of .S’ and strongly connected. O

Let M be the set returned by SYMMEC(S, y, P). Note that the ultimate goal of
Algorithm 8.4 is to compute M- for a given SCC C of P’. The next lemma shows
that every call of Algorithm 8.4 with a strongly connected set S returns the set
Mg = UQeEC(S) O and collapses all ECs Q € EC(S) in P.

Lemma 8.3.5. Let S be a strongly connected set of vertices and M be the set returned
by SYMMEC(S, v, P), then for all non-trivial ECs Q € EC(S) in P’ we have Q C M
and Q is collapsed in P.

Proof. Let Q € EC(C) with O C .S. We prove the statement by induction on the size
of S. For the base case, i.e., if .S is empty or contains only one vertex, Algorithm 8.4
returns the empty-set at Line 3 and thus the condition holds.
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Algorithm 8.4: Compute the ECs of an SCS recursively

1 Procedure SYMMEC(S,y, P)

2 M <@

3 if |.S| < 1 then return M

4 if ROut(S)= @ then // check if S is an EC
5

6

CorraprseEC(S, P)
return M U S
7 (T ={vy,...,0,}) « SEPARATOR(S, ¥)
8 ifT#@then// T #@ if diam(S) > 2y
9 A< Attrb(T)n S
10 while §; < SCCFiND(S' \ A, @, P) do
1 | M < M USYMMEC(S,,7, P)
12 while T # @ do // incremental EC detection for veE€T
13 v « Pick(T)
14 T «T\{v}
15 S’ < SCCFIND(S \ T, {v}, P)
16 if |S’| = 1 then continue // EC is trivial
17 Z « Attrg(ROut(S')); // consider vertices in P
18 S~ S'"\Z
19 if S’ # @then // S’ contains a non-trivial EC
20 U « SCCFinD(S’, {v}, P)
21 CorrarseEC(U, P)
22 M—MUU
23 return M
24 else // T =@ and thus diam(S) < 2y
25 X < Attrh(ROut(S))
26 while Sj « SCCFinD(S \ X, @, P) do
27 | M < M USYMMEC(S,,7, P)
28 return M

For the inductive step, let |S| > 1. If O = S, we detect it at Line 4 and return
S at Line 6. Then we collapse the set of vertices at Line 5. Thus, M contains Q
and the claim holds. We distinguish two cases concerning 7" at Line 7: First if
we have non-empty T also the random attractor A of T at Line 9 is non-empty.
Thus the SCCs of S \ A are strictly smaller than .S. Thus, we can use the induction
hypothesis to stipulate that if O is contained in one of the SCCs computed at Line 10
we have O C M after the while-loop at Lines 10-11. Additionally, by the induction
hypothesis, they are collapsed into a player-1 vertex. Also, if O contains a subset
Q' C Q that is a non-trivial EC and contained in one of the SCCs of S\ A, we have
that Q" C M after the while-loop at Lines 10-11. Again, by induction hypothesis,
Q' is collapsed into a player-1 vertex. We proceed by proving that the separator T
must contain one of the vertices of Q.
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Claim 8.3.6. For any non-trivial EC Q € EC(S) which is not fully contained in one
of the SCCs computed at Line 10 we have T N Q # @.

Proof. Let Q be an arbitrary EC in EC(S). Observe that if Q is not fully contained
in an SCC of S\ A (computed at Line 10), we have O N A # @&. We now show that
ONT # @: Assume the contrary, i.e, O NT = @. Consequently, Q is a strongly
connected set in S\ T and not fully contained in an SCC of S \ A. Also, O contains
avertexof A\ T. Letv € QN (A\T) such that there is no v’ € QN (A \ T) which
is on a lower level of the attractor A. If v € V|, by the definition of the attractor and
the above assumption, all its outing edges leave the set O, which is in contradiction
to QO being strongly connected. Thus we have v € V} and, by the definition of the
attractor, it must have an edge to a smaller level and by the above assumption the
target vertex is not in Q. That is O has an outgoing random edge which contradicts
the assumption that Q is an EC. O

The following claim shows an invariant for the while-loop at Line 12.

Claim 8.3.7. For iteration j > 0 of the while-loop at Line 12 holds: There are no
non-trivial ECs EC S\ T in P.

Proof. The induction base j = 0 holds for the following reasons: A \ T cannot
include Q due to Claim 8.3.6. S \ A cannot contain Q due to the fact that Q must
contain a vertex in T and that we collapsed the ECs contained in SCCs computed at
Line 10. For the induction step, assume that there are no non-trivial ECs in S \ T
before iteration j = £. When we include one vertex v of T into .S at Line 13 there can
only be one new non-trivial EC Q,, in S, i.e., the one including v, as the remaining
graph is unchanged. We argue that if such an EC Q, exists it is removed before
iteration £ + 1 of the while-loop at Line 12: The EC O, must be strongly connected,
and thus it is contained in the SCC S’ of v at Line 15. Note, that if |S’| = 1, the
new EC is trivial, which concludes the proof. Otherwise, we compute Z at Line 17,
which does not contain a vertex of Q, by Lemma 8.2.3 and remove it from S’. If S’
is non-empty, it contains exactly one non-trivial SCC as we argued above. That is
the SCC Q,, and we thus add Q, to M and collapse it. As a consequence there is no
non-trivial EC in .S’ \ T left. Thus the claim holds. O

It remains to show that Algorithm 8.4 finds the EC Q which contains vertices
in S\ M. Consider the first iteration where Q C S\ T. We show that O\ M = @
after this iteration: Because Q might contain non-trivial ECs Q; that were already
collapsed due to the recursive call, or due to prior iteration of the while-loop at
Line 12, it follows from Lemma 8.3.1 that there exists an EC Q' C Q in P such
that Q" D (Q \ M) and Q' contains one or more vertices corresponding to the
collapsed sub-ECs of Q. Due to Claim 8.3.7 we have that Q' is collapsed in the
current iteration and thus Q' is added to M, i.e., we have that Q C M and that Q
is collapsed.

Now consider the case T = @ (i.e., diam(S) < 2y). As ROut(S) # @ we have
that the set X computed at Line 25 is non-empty. Note that O cannot contain a
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vertex in X by Lemma 8.2.3 and the fact that .S is strongly connected by Lemma 8.3.4.
Consequently, Q is contained in one of the SCCs of .S\ X. Note that each such SCC
has size strictly smaller than S due to the fact that X is non-empty. The claim then
holds by the induction hypothesis. This completes the proof of Lemma 8.3.5. O

By the above lemma, we have that the algorithm finds all ECs. We next show
that all vertices added to M are contained in some EC.

Lemma 8.3.8. The set M is a subset of Mg, i.e, M C UQeEC(S) 0.

Proof. We show the claim by induction over the size of .S. For the base case, i.e.,
|S| < 1 the claim holds trivially because we return the empty set at Line 3 and any
set of size less than two only contains trivial ECs. For the inductive step, let |.S| > 1.
For the return statement at Line 6 we argue as follows: Because .S has no random
vertices with edges out of .S (considering P’, Line 4), S is a non-trivial EC. Thus, in
Line 6 we correctly return S.

For the case T # @ we argue as follows: Let T, A be the separator and its
attractor as computed in Line 7 and Line 9. Note that for all SCCs .S in the graph
S\ A we have |S;| < |S| because |A| > 0. Thus, by induction hypothesis, all
vertices added in the recursive call at Line 11 are in My. We claim that for each
iteration of the while loop in Line 12 we add only non-trivial ECs to M: Note that
by Claim 8.3.7 there is no non-trivial EC at the start of the while loop in Line 12.
Let v be the vertex we choose to remove from T at Line 13. Let .S, be the SCC of v
computed at Line 15. If |.S,| = 1 we continue to the next iteration without adding
anything to M and the claim holds. Otherwise, there are two cases based on the
computation of the attractor Z of random vertices with edges out of .S, at Line 17:
If Z contains S, we do not add vertices to M and the claim holds. If S, \ Z # @
we add the SCC S} of v in S, \ Z to M. It remains to show that the non-trivial
SCC S, as computed at Line 18 is a non-trivial EC: Note that for all v € .S, N V] we
have Out(v) NS}, # @, otherwise v € Z. Also, for all u € S, N Vx we must have
Out(u) C S,, otherwise u € Z. Thus, .S, is an EC.

For the case T = @& note that each SCC found at Line 26 must be of size strictly
less than |.S| because | X | > 1. Thus, by induction hypothesis, the vertices added at
Line 27 are in M. O

Lemma 8.3.5 and Lemma 8.3.8 imply the correctness of Algorithm 8.4 and Algo-
rithm 8.3.

Proposition 8.3.9 (Correctness). Given an SCC S of an MDP, Algorithm 8.4 returns
the set M- = UQeEC(C) O, i.e, the set of vertices that are contained in a non-trivial
MEC of S.

Proposition 8.3.10 (Correctness). Given an MDP P’', Algorithm 8.3 returns the set
of non-trivial MECs of P'.
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Proof. Due to Proposition 8.3.9 M contains all vertices in nontrivial ECs. It remains
to show that the nontrivial MECs are the SCCs of ¥ N M. By definition, each non-
trivial EC is strongly connected. Towards a contradiction assume that a nontrivial
MEC Q is not an SCC but part of some larger SCC C of V' N M (there is an SCC
which is not a MEC). But then, by the definition of M, we have that C is the union of
several MECs, i.e., it is strongly connected and has no random outgoing edges and
thus C is an EC. This is in contradiction to O being a MEC. Thus, each nontrivial
MEC is an SCC and, by the definition of M, the union of the MECs covers M. Thus
there are no further SCCs. O

8.3.4 Symbolic Operations Analysis

We first bound the total number of symbolic operations for computing the separator
T at Line 7, recursing upon the SCCs § \ T at Line 11 and adding the vertices
in T back to compute the rest of the ECs of S at Lines 12-23 during all calls to
Algorithm 8.4.

Lemma 8.3.11. The total number of symbolic operations of Lines 7-23 in all calls to
Algorithm 8.4 is in O <W)

Proof. In Lemma 8.2.6 we proved that computing the separator at Line 7 takes O(|.S|)
symbolic operations. The same holds for computing the attractor at Line 9 due to
Lemma 8.2.2 and computing the SCCs at Line 10. Each iteration of the while-loop
at Line 12 takes O(|.S|) symbolic operations: Computing the SCC of v twice can be
done in O(|S|) symbolic operations due to Theorem 8.2.1. Similarly, computing the
random attractor at Line 17 is in O(|.S|) symbolic operations due to Lemma 8.2.2.
The remaining lines can be done in a constant amount of symbolic operations. It
remains to bound the symbolic operations of the while-loop at Line 10 where we
call Algorithm 8.4 recursively at Line 11 for each SCC in .S\ A. Note that the size of
T determines the number of iterations the while-loop at Line 12 has, and how big
the SCCs in S \ A are. We obtain that |T'| is of size at most m combining
Observation 8.2.4 and Lemma 8.2.5. Due to the argument above the following equa-
tion bounds the running time of Lines 7-23 for some constant ¢ which is greater
than the number of constant symbolic operations in SYMMEC(C, y, P) if |S| > 7.

F(S)ZIT|-|S]|-c+ max Z F(Sy)
ITI=1. o S;€SCCs(S\T)

If |S| < y we only have the costs for computing the separator and thus F(S) <
¢ - |S|. Next, we prove the bound in Claim 8.3.12.

: ISP )
Claim 8.3.12. F(S) € O (oSl +151),

Proof. We prove the inequality by induction on the size of S. That is we show
F(S) < %c’ where Z = |y/(2log|S])] for some ¢’ > ¢. Obviously the inequality
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is true for |.S| < 7, i.e., the base case is true. For the inductive step, consider F(S) <
2
%c’ for |.S| > y. Note that

Y FSH< ) JUSPKlri@log S + 1S <

S,€8CCs(S\T) S,ESCCs(S\T)
SIS+ DY JISIHZ IS+ Y IS US| - ITI2)/Z <
S,€SCCs(S\T) S,€SCCs(S\T)

ISI+ S =1TDAS| =TI Z) Z

The first inequality is due to the induction hypothesis and the third inequality is due
to the fact that we have a Z-separator and Lemma 8.2.5. It remains to add |.S||T |c:

F(S) <'|S|+ /(S| = ITDUS| = IT1Z)Z + |SIT|c <
¢'|S|+¢1Z(S)? = ISIITI = ITIISIZ + |TIS) +S||Tle =

S2
¢ISI+ ISPz~ ISITle’ +ISIITle < /|| + 12’

The first inequality is due to the fact that |T| < |S|/Z (Observation 8.2.4). This
concludes our proof by induction of F(S) < ¢’ - (% +|S)D. O

Now using that claim and |S| < » we obtain a O (nz/ ly/2logn)| + n) bound
which can further be simplified to O (n2/ ly/(2logn)]) by using y < n. O

The second part of our analysis bounds the symbolic operations of the case when
diam(S) < 2y at Lines 25-27 and the work done from Line 2 to Line 6.

Lemma 8.3.13. The total number of symbolic operations of Lines 25-27 in all calls to

Algorithm 8.4 isinO(n -y + Lr/(2logn)] »

Proof. If a vertex is in the set X at Line 25 it is not recursed upon or ever looked
at again, thus we charge the symbolic operations of all attractor computations to
the vertices in the attractor. This adds up to a total of O(n) symbolic operations by
Lemma 8.2.2. Additionally, note that | X | is non-empty, as otherwise |.§| is declared
as EC in the if-condition at Line 4. Thus, Lines 25-27 occur at most n times. The
number of symbolic operations for computing SCCs is in time O(ZCESCCS(G)(DC +
1)) due to Theorem 8.2.1. We can distribute the costs the SCCs according to the
diameters of the SCCs. We provide separate arguments for counting the costs for
SCCs §; with diam(Sj) < 2y and SCCs S with diam(Sj) > 2y. First, we consider
the costs for SCCs .S; with diam(S;) < 2y. Computing the SCC S; costs O(y)
operations and the algorithm either terminates in the next step or at least one vertex
is removed from the SCC via a separator or attractor. That is we have at most n such
SCCs computations and thus an overall cost of O(ny). Now we consider the costs
for SCCs §; with diam(S;) > 2y. Whenever computing such an SCC, we simply
charge all its vertices for the costs of computing the SCC, i.e., O(1) for each vertex.
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For such an SCC the algorithm either terminates in the next step or a separator is
computed and removed. We thus have that each vertex is charged again after at
least |y/(21og |S])] many nodes are removed from its SCC. In total, each vertex is

S i IS
charged at most G log STy many times. We get an O(|S| G Ioa 15T ) upper bound
for the SCCs with large diameter, O

Putting Lemma 8.3.11 and Lemma 8.3.13 together, we obtain the O(n-y+ W(z”l—igm)
bound for Algorithm 8.4 which also applies to Algorithm 8.3 as the SCC-computations

only require O(n) operations.

Proposition 8.3.14. Algorithm 8.4 and Algorithm 8.3 both have O(n -y +

symbolic operations.

nz
Tatogm])

8.3.5 Symbolic Space

Symbolic space usage counted as the maximum number of sets (and not their size)
at any point in time is a crucial metric and limiting factor of symbolic computation
in practice [105]. In this section, we consider the symbolic space usage of Algo-
rithm 8.4, highlight a key issue, and present a solution to the issue.

Key Issue. Even though Algorithm 8.3 beats the current best symbolic Algorithm for
computing the MEC decomposition in the number of symbolic operations (current
best: O(nﬁ), space: O(\/Z) [93]), without further improvements, Algorithm 8.4
requires O(n) symbolic space as we discuss in the following. First, note that each call
of SYMMEC(S, 7, P), when excluding the sets stored by recursive calls, only stores
a constant number of sets and requires a logarithmic number of sets to execute
SCCFinD(-). That is, the recursion depth is the crucial factor here. As we show
below, by the |y/(21og n)|-separator property, the recursion depth due to the case
T # @is O (n/|y/(2logn)|). However, the case T = @ might lead to a recursion
depth of O(n) when in each iteration only a constant number of vertices is removed
and the diameter of the resulting SCC is still smaller than 2y. As Algorithm 8.4 uses
a constant amount of sets for each recursive call, it uses 5(n) space in total.

Reducing the symbolic space. We resolve the above space issue by modifying Algo-
rithm 8.4 for the case T = @ (see Algorithm 8.5.): At the while loop at Line 26 we
first consider the SCCs .S; with less than |.§'|/2 vertices and recurse on them. If there
is an SCC S’ with more than |.S|/2 vertices we process it at the end, i.e., we use one
additional set to store that SCC until the SCC algorithm terminates. As now all the
computations of the current call to SYMMEC(S, y, P) are done we can simply reuse
the sets of the current calls to start the computation for S’. We do so by setting S
to S’ and continuing in the Line 1 of Algorithm 8.4. Using that we only recurse on
sets which are of size < |.§5]/2 and thus get a recursion depth of O(log n) for this
case. Moreover, the modified algorithm has the same computation operations as
the original one and thus the bounds for the number of symbolic operations apply
as well.
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Algorithm 8.5: Reduced Space Version of Algorithm 8.4

23 else // T =@ and thus diam(S) <2y

24 X < Attrp(ROut(S)); S, = @

25 while S; « SCCFinD(S \ X, @, P) do
26 L if S, > |S|/2 and|S;| > 1 then S,

M < M USYMMEC(S;, M,y, P)
28 if S, # @ then S « S, : goto Line 3
29 return M

mp < 5 continue

27

Lemma 8.3.15. The maximum recursion depth of the modified algorithm is in

O(—Ly/(Z ;’Og ml + log n).

Proof. Consider the recursion occurring due to Line 11. Because T isa |y/(2logn) |-
separator, an SCC in .S\ T contains at most n— |y/(2logn)| - |T| < n— |y/(2logn)|
vertices as |T| > 1. We determine how often we can remove |y/(2logn)| from
n until there are no vertices left which gives the recursion depth k. It follows that
k= WO?W' Now consider the recursion occurring due to Line 27. In the modified
version we have that [.S;| < |.§|/2 and thus this kind of recursion is bounded by
O(log n). O

Algorithm 8.4 has O(ny + n?/ ly/(2log n)|) many symbolic operations due to
Lemma 8.3.11 and Lemma 8.3.13 and the number of sets is in O(n/|y/(2logn)| +
log n) due to Lemma 8.3.15. In symbolic algorithms it is of particular interest to
optimize symbolic space resources. Note that we obtain a space-time trade-off when
setting the parameter y such that (2\/; +2)logn <y <(2n+ 1)logn.

For the symbolic space of Algorithm 8.3 notice that the SCC algorithms are in
logarithmic symbolic space and the algorithm itself only needs to stores the set M
and the current SCC. Thus, when we immediately output the computed MECs it
only requires O(log n) additional space.

Theorem 8.3.16. The MEC decomposition of an MDP can be computed in O (nz_e log n)
symbolic operations and with symbolic space O (ne log n) for0 < e <0.5.

By setting ¢ = 0.5 we obtain that the MEC decomposition of an MDP can be
computed in O(n \/Z) symbolic operations and with symbolic space O(\/ﬁ).

8.4 Symbolic Qualitative Analysis of Parity Objectives

In this section, we present symbolic algorithms for the qualitative analysis of parity
objectives.

Theorem 8.4.1 ([8, 113]). For all MDPs P, and all parity objectives Parity(p), there
exists a memoryless strategy o such that for all v € (1)), (Parity(p)) we have
Pr? (Parity(p)) = 1.
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8.4.1 Almost-sure Reachability.

In this section, we present a symbolic algorithm that computes reachability objec-
tives Reach(T") in an MDP. The algorithm is a symbolic version of [75, Theorem
41].

Symbolic Graph Reachability. For a graph G = (V, E) and a set of vertices S, the
set GraphReach(S, G) is the set of vertices V' that can reach a vertex of .S within G.
We compute it by repeatedly calling S < Preg(.S) until we reach a fixed point. In
the worst case, we add one vertex in each such call and need | GraphReach(S, G) \
S| + 1 = O(n) many Pre g(-) operations to reach a fixed point.

Algorithm Description. Given an MDP P we compute the set (1)), ; (Reach(T', P)) as
follows: First, if player 1 can reach one vertex of a MEC he can reach all the vertices
of a MEC and thus we can collapse each MEC M to a player-1 vertex. If M contains
a vertex of T', we include the collapsed vertex into T. P’ = (V', E',(V{,V}),6") is
the MDP where the MECs of P are collapsed as described above. Next, we compute
the set of vertices .S which can reach T in the graph induced by P’. A vertex in
V' \ S cannot reach T almost-surely because there is no path to T'. Note that a play
starting from a vertex in the random attractor A of ¥V’ \ S might also end up in
V' \ S. We thus remove A from V' to obtain the set R, where vertices can almost-
surely reach T in P’. Finally, to transfer the result back to P we include all MECs
with a vertex in R.

We implement Algorithm 8.3 to compute the MEC decomposition of P but note
that we could use any symbolic MEC algorithm. To minimize the extra space usage
we also assume that the algorithm that computes the MEC decomposition outputs
one MECs after the other instead of all MECs at once. Note that we can easily modify
Algorithm 8.3 to output one MEC after the other by iteratively returning each SCC
found at Line 5. Moreover, we only require logarithmic space to maintain the state
of the SCC algorithm [74].

Algorithm 8.6: Symbolic Almost-Sure Reachability

Input: An MDP P = (V, E,(V},V%).6) and a target set T C V'
Output: (1)), (Reach(T, P))

1 Procedure SYMASREACH(T ,y, P)

2 VI «V,E « EV] «V,Vg < Vg, 86 <6

3 P/=(V/,E/,<V/,Vlé>,5/)

4 for M <« ComputeMECs(P) do

5 C < CoLLapPSEEC(M, P’)

6 LianT#@thenThTUC

7 S < GraphReach(T,P'); A « Attrg/(V’ \S; R<V'\A
for M <~ ComputeMECs(P) do

9 ifMNR#gthen R~ RUM // 1f vE M can reach T, M can
reach T.
10 return R

We prove the following two propositions for Algorithm 8.6. Let P be an MDP,
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T a set of vertices and MEC be the number of symbolic operations we need to
compute the MEC decomposition. Let space(MEC) denote the space of computing
the MEC decomposition.

Proposition 8.4.2 (Correctness [74]). Algorithm 8.6 computes the set
(1) .5.(Reach(T)).

Proposition 8.4.3 (Running time and Space). The total number of symbolic opera-
tions of Algorithm 8.6 is OOMEC +n). Algorithm 8.6 uses O(space(MEC)) symbolic
space.

Proposition 8.4.3 and Proposition 8.4.2 together with Theorem 8.3.16 yield the
following theorem.

Theorem 8.4.4. The set (( 1)>a.5.’(VReach(T)) of an MDP can be computed with 5(n2-€)
many symbolic operations and O(n®) symbolic space for 0 < ¢ < 0.5.

8.4.2 Parity Objectives.

In this section, we consider the qualitative analysis of MDPs with parity objectives.
We present an algorithm for computing the winning region which is based on the
algorithms we present in the previous sections and the algorithm presented in [78,
Section 5]. The algorithm presented in [78, Section 5] draws ideas from a hierar-
chical clustering technique [158, 217]. Without loss of generality, we consider the
parity objectives Parity(p) where p : V' — {0,1,...,2d}. In the symbolic setting,
instead of p, we get the sets %, = {v € V | p(v) > i} where (1 < i < 2d) as
part of the input. We abbreviate the family {A; | 1 <i <2d} as (% )1<x<2q- Let
Pem =V \ Ry and &# = A, \ XA,11- Given an MDP P, let P; denote the
MDP obtained by removing Attrg(g’s,-_l ), the set of vertices with priority less than
i and its random attractor. A MEC M is a winning MEC in P, if there exists a vertex
u € M such that p(u) = i and i is even, i.e., the smallest priority in the MEC is
even. Let WE; be the union of vertices of winning maximal end-components in P,
and let WE = | J ., <o, WE;. Lemma 8.4.5 says that computing (1)), ; (Parity(p)) is
equivalent to computing almost-sure reachability of WE. Intuitively, player 1 can
infinitely often satisfy the parity condition after reaching an end-component which
satisfies the parity condition.

Lemma 8.4.5 ([78]). We have (1)), , (Parity(p)) = (1)), ,.(Reach(WE)).

Thus, we describe in Algorithm 8.7 how to compute WE symbolically.

Algorithm Description.

The algorithm uses a key idea which we describe first. Recall that P; denotes the
MDP obtained by removing Attrﬁ(g"gi_l), i.e., the set of vertices with priority less
than i/ and its random attractor.
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Key Idea. If u,v are in a MEC in P, then they are in the same MEC in P,_;. The
key idea implies that if a vertex is in a winning MEC of P, it is also in a winning
MEC of P,_,. Intuitively, this holds due to the following two facts: (1) Because P,_,
contains all edges and vertices of P, the MECs P, are still strongly connected in P;_;.
(2) Because Attrllz(g’S ;—1) makes sure that no MEC M in P, has a random vertex with
an edge leaving P, in M, the same is true for the set M in P,_;.

We next present the recursive algorithm WINPARITYEC(P, (%)) <k<24- 15 J)
which, for a MDP P, computes the set |, ; WE; of winning MEC:s for priorities
between i and j.

1. Base Case: If j < i, return @.
2. Compute m « [(i + j)/2].

3. Compute the MECs of P,, = V' \ Attrb(%,,_,) and for each MEC M € P,
compute the minimal priority min among all vertices in that MEC.

4. For each MEC M:

o If min is even then add M to the set W of vertices in winning MECs.

« If minis odd we recursively call WINPARITYEC(PY, (A, )1 <x<2q> Min + 1, j)
where P" is the sub-MDP containing only vertices and edges inside M.
This call applies the key idea and refines the MECs of P,, and computes
the set | J WE,.

min+1<6<j

5. Call WINPARITYEC(P?, (A ) 1<k<2q- i m — 1) where P? is the MDP where all
MECs in P,, are collapsed into a single vertex and thus only the edges outside
the MECs of P, are considered. This call computes the set | J;<;<,—; WE-

We initialize WINPARITYEC(P, (A 1)1 <k<2d b J) with
WINPARITYEC(P, (% 1)1 <k <245 0, 2d).
Algorithm 8.7 is the formal version of the sketched algorithm.

Correctness and Number of Symbolic Steps.

In this section, we argue that Algorithm 8.7 is correct and bound the number of
symbolic steps and the symbolic space usage. A key difference in the analysis of
Algorithm 8.7 and [78] is that we aim for a symbolic step bound that is independent
of the number of edges in P and, thus, we cannot use the argument from [78] which
charges the cost of each recursive call to the edges of P. The key argument in [78] is
that the sets of edges in the different branches of the recursions do not overlap. For
vertices, it is not that simple, as we do not entirely remove vertices that appear in
a MEC but merge the MEC and represent it by a single vertex. That is, a vertex can
appear in both P? and in P corresponding to the MEC. To accomplish our symbolic
step bound we adjusted the algorithm. At Line 13 we always remove the minimum
priority vertices instead of removing the vertices with priority m to ensure that we
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Algorithm 8.7: Compute WE of an MDP P
1 Procedure WINPARITYEC(P, () <i<2q> s J)

Input: P = (V, E,(V}, V), 6), (Rp)ickcras IsJ

2 W« @

3 if j < i then return W

4 m <« [(i+ j)/2]

5 X, < /—\ttrﬁ(g’Sm_l)

6 Z,<V\X,E,<En(Z,xZ,)

7 P~ (Z,E,VinZ,,VanNZ,),5)

8 for M < ComputeMECs(P’) do

9 min < minPriority(M)

10 if min is even then

1 | WewWuM

12 else

13 V'« M\ Attrg(P,,)

14 P V', (VEXVYNE(V NV VN V"), 6)

15 W < W U WINPARITYEC(PY, (R, )1 <k<24- Min + 1, j)
/* MDP with MECs collapsed is P’ in the text */

16 for M < ComputeMECs(P’) do CorLapSEEC(M, P)

17 W « W U WINPARITYEC(P, (R }) 1 <k<2d»i-m — 1)

18 return W -

remove at least one vertex. Intuitively, by always removing at least one vertex from
a MEC we ensure that the total number of vertices processed at each recursion
level does not grow. Note that these changes of the algorithm do not affect the
correctness argument of [78] as we always compute the same sets WE,, but avoid
calls to WINPARITYEC(:) with no progress on some MECs.

Proposition 8.4.6 (Correctness). Algorithm 8.7 returns the set of winning end-
components WE.

Proof. The correctness of the algorithm is by induction on j — i for the induction
hypothesis (J;.,; WE, € WINPARITYEC(P, (% 1)1 <k <24+ 1> J) € U <p<20 WE,-

First consider the induction base cases: If j > i, the algorithm correctly returns
the empty set. Next, consider the induction step. Assume that the results hold for
j —i < k,and we consider j —i = k + 1. If m is even, then

J WEc=we,u | we,u | WE,

i<k<j i<k<m—1 m+1<k<j

otherwise (m is odd), then

U we= J wecu | WE,

i<k<j i<k<m—1 m+1<k<;

Consider an arbitrary winning MEC M), in Py, i.e., the lowest even priority is k. We
consider the following cases.
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1. For all k > m we have that M, is contained in a MEC M,, of P,. Addi-
tionally, no random vertex in M,, can have an edge leaving M,, and thus no
random vertex in M, can have a random edge leaving M,,. Moreover, for
the minimum priority min of M,, we have k > min > m. If min is even then
M, is itself winning and thus M; C WINPARITYEC(P, (%) <k<24- > Jj) and
M,, € U <pcrqg WE, (note that it might be that min > j).

If min is odd M is a winning MEC of P iff it is a winning MEC of P* and thus
by the induction hypothesis M; € WINPARITYEC(P", (%1 )1<k<2q> Min + 1, j).
It follows that also M; € WINPARITYEC(P, (A1) <k<2d> > J)-

2. For k < m consider a MEC M, in P,. If M, contains a vertex v that belongs
toa MEC M,, of P,, then M,, C M, (ie., all vertices of the MEC in P,, of
v also belong to M and M, has at least one additional vertex with priority
< m). We thus have that for k < m the winning MECs M|, in P, are in one-to-
one correspondence with the winning MECs M| of the modified MDP where
all MECs of P,, are collapsed. From the induction hypothesis it follows that
Ui<k<m1 WEx = WINPARITYEC(P, (%) 1 <k <24- i1 — 1)

Hence, |J;;; WE, © WINPARITYEC(P, (%) 1<k<2d-isJ) € Uj<peng WE.-
The statements follows from setting i = 0 and j = 2d. O

Proposition 8.4.7 (Symbolic Steps). The total number of symbolic operations for
Algorithm 8.7 is OIMMEC - logd) for0 < e <0.5.

Proof. Given an MDP P with n vertices and d priorities, let us denote by T'(n, x)
the number of symbolic steps of Algorithm 8.7 at recursion depth x and with T, (n)
the number of symbolic steps incurred by the symbolic MEC Algorithm. As shown
in [78], note that the recursion depth of Algorithm 8.7 is in O(log d) because we
recursively consider either (min + 1, j) or (i,m — 1) where min > m = [(i + j/2)]
until j > i, where j = 2d initially. First, we argue why there exists ¢ > 0 such that

T(n,x)§c~TM(n)+( Z T(nl-,x— 1)>

+T<n—< Z ni>+t,x—1> ifx>1
i=1,...t

Tn,0)<c.

The attractors computed at Line 5 and Line 13 can be done in O(n) symbolic steps
as the set of vertices in the attractors are all disjunct. Clearly, this is cheaper than
computing the MEC decomposition. To extract the minimum priority of a set of
nodes X C V we apply a binary search procedure which takes O(log d) symbolic
steps at Line 9. Note that when logd > n we cannot charge the cost to computing
the MEC decomposition. Thus, we argue in Claim 8.4.8 that the total number of
symbolic steps for Line 9 in Algorithm 8.7 is less than O(nlogd). The rest of the
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symbolic steps in Algorithm 8.7, (except the recursive calls and computing the MEC
decomposition) in Algorithm 8.7 can be done in a constant amount of symbolic
steps.

Note that when x = 0, i.e., in the case j < i, we only need a constant amount of
symbolic steps.

Let 7 be the number of MECS in P’. When x > 0, consider the following argu-
mentation for the number of symbolic steps of the recursive calls:

« WINPARITYEC(PY, (A1) 1<k <24 Min, j): We perform the recursive call for each
MEC M; € P’ (1 <i < t) where the vertex with minimum priority is odd.
The total cost incurred by all such recursive callsis },,_, , T'(n;, x—1) where
n; < |M;| — 1 because we always remove the vertices with minimum priority
at Line 13.

« WINPARITYEC(P?, (R <k<aq»im—1): P? consists of the vertices repre-
senting the collapsed MECs, the vertices not in P’ and the vertices which
are not in a MEC of P’. The number of vertices in P’ is thus n, = n —
Yi-1;IM;| + 1 and we obtain T'(n,, x — 1).

Note that },_; . n; +n, < n. We choose ¢ such that ¢T),(n) is greater than
the number of symbolic steps for computing the MECs twice and the rest of the
work in the current iteration of Algorithm 8.7. It is straightforward to show that
T(n,d) = O(Ty;(n)logd).

The following claim shows that the total number of symbolic steps incurred by
Line 9 for all calls to WINPARITYEC(:) is only O(nlog d).

.....

Claim 8.4.8. The total amount of symbolic steps used by Line 9 is in O(nlogd).

Proof. To obtain the set of vertices with minimum priority from a set of vertices X C
V' the function MinPriority X) performs a binary search using the sets (% ;)| <x<24-
This can be done in O(log d) many symbolic steps. To prove that the number of
symbolic steps used by Line 9 in total is in O(#n log d) note that each time the function
is performed we either: (i) Remove all vertices in M, and we never perform the
function on the vertices in M again. We charge the cost to an arbitrary vertex in
M. (ii) Remove at least one vertex at Line 13 and we never perform the function on
a MEC containing this vertex again. We charge the cost to this vertex. As there are
only n vertices we obtain that the total amount of symbolic steps used by Line 9 is
in O(nlogd). ]

Using Claim 8.4.8 we conclude the proof for the symbolic step bound of Algo-
rithm 8.7. O

Proposition 8.4.9. Algorithm 8.7 uses O(space(MEC) + log nlog d) space.

Proof. Let P be an MDP n vertices and a parity objective with d priorities. We de-
note with space(MEC) the symbolic space used by the algorithm that computes
the MEC decomposition. Observe that all computation steps in Algorithm 8.7 need
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constant space except for the recursions and computing the MEC decomposition.
Both at Line 8 and Line 16 we first compute the MEC decomposition and then, to
minimize extra space, we output one MEC after the other by returning each SCC
found given the set of vertices in nontrivial MECs. Note that we only require log-
arithmic space to maintain the state of the SCC algorithm [74]. As argued in [78]
the recursion depth of Algorithm 8.7 is O(log d). Thus, we need O(log nlog d) space
for maintaining the state of the SCC algorithm at Line 5 until we reach a leaf of the
recursion tree. At each recursive call, we need additive O(space(MEC)) space to
compute the MEC decomposition of P. This yields the claimed space bound. O

Given an MDP, we first compute the set WE with Algorithm 8.7 which is cor-
rect due to Proposition 8.4.6. We instantiate MEC and space(MEC) in Propo-
sition 8.4.7 and Proposition 8.4.9 respectively with Theorem 8.3.16 and thus need
O(n*=lognlogd) symbolic steps and O(n€ logn + log nlog d) (where 0 < € < 0.5)
symbolic space for computing WE. Then, we compute almost-sure reachability of
WE with Theorem 8.4.4. Finally, using Lemma 8.4.5 we obtain the following theo-
rem.

Theorem 8.4.10. The set (1)), (Parity(p)) of an MDP P can be computed with
O(n*™) many symbolic operations and O(n) symbolic space for0 < e <0.5.

8.5 Conclusion

We present a faster symbolic algorithm for the MEC decomposition. Furthermore,
we improve the fastest symbolic algorithm for verifying MDPs with w-regular prop-
erties. There are several interesting directions for future work. On the practical side,
implementations and experiments with case studies is an interesting direction. On
the theoretical side, improving upon the O(n'®) bound for MECs is an interesting
open question which would also, using our work, improve the presented algorithm
for verifying w-regular properties of MDPs.
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Conclusion

In the thesis, we examine instances of central problems in model-checking and re-
active synthesis. Chapters 3-6 provide explicit algorithms for problems with widely-
considered objectives like mean-payoff parity objectives, Streett objectives, bounded
liveness objectives and variants of reachability objectives. Chapters 7-8 provide
symbolic algorithms for problems with parity objectives in game graphs and MDPs.
The careful transfer of sophisticated modern graph algorithmic techniques to in-
stances of these central problems provides the new improved algorithms.
We conclude with concrete ideas for follow-up work.

Implementation and Experiments. Even though the discovery of improved theoreti-
cal algorithms is an important problem-solving challenge we must also implement
them: The implementation of a theoretic algorithm removes semantic gaps between
code and pseudocode and meaningful experiments offer valuable insights into how
an algorithm performs in the real world [206].

« For Streett objectives in graphs and MDPs and parity objectives in games
implementations of explicit algorithms [50, 118] and symbolic algorithms [93,
176, 205] exist. An interesting direction for future work is to implement the
algorithms for parity objectives in MDPs introduced in Chapter 8.

« For problems with mean-payoff parity objectives in games our theoretical re-
sult in Chapter 3 is improved to a pseudo-quasi-polynomial running time [115]
and it is important future work to determines which algorithms perform best
in practice in both the explicit model and the symbolic model of computation.

« For bounded liveness objectives, implementations of the algorithms is future
work.

+ For the MEC-decomposition in MDPs implementations for explicit algorithm
exist [225] but for symbolic algorithms it is important future work.

Theoretical follow-up question. Recently, a breakthrough for deterministic dynamic
algorithms [32, 102, 207] yielded faster deterministic dynamic algorithms for many

159
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central graph-theoretic problems and it is an important open question if the tech-
niques are useful for improved deterministic algorithms for MEC decomposition in
MDPs or Streett objectives in graphs. For symbolic algorithms improving upon
the O(n'~) bound for MEC decomposition is an interesting open question. For ex-
plicit algorithms any improvement upon the O(n*?) time algorithm in graphs and
the O(n*d) time algorithms in games for bounded Biichi objectives is interesting.
Sub-cubic time deterministic algorithm for bounded Biichi objectives in graphs dis-
cussed in Chapter 5 are interesting future work. Additionally, any conditional lower
bounds for bounded Biichi objectives in games would separate the objectives from
Biichi objectives. Any improvement upon the long-standing deterministic O(mn*?)
time algorithm for MEC decomposition [91] is interesting. Finally, providing a poly-
nomial time algorithm for computing the winning set of parity or mean-payoff ob-
jectives in games is a major theoretical open problem and a formidable task for
future work.
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