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Abstract

Einstein’s field equations can be, under suitable boundary conditions, formu-
lated as an initial value problem. In this way one can see the strong relation
between Einstein’s general theory of relativity and the theory of hyperbolic
PDE’s. By the formulation of Einstein’s equation as an IVP it became clear
that the initial data cannot be chosen freely, they have to fulfill some con-
straints. This also leads to non-linear PDE’s on manifolds.

It turns out that it is not trivial to show the existence of a maximal de-
velopment due to the fact that it is not unique. To handle this problem one
has to restrict to a specific class of developments in order to get a maximal
and unique development. With given initial data, it is possible to show that
there is a unique maximal globally hyperbolic development (MGHD).

In this Master’s thesis we show how one can reduce the Cauchy problem
in General Relativity to that of solving a system of hyperbolic differential
equations. Next we prove the existence and uniqueness of a solution for
symmetric hyperbolic systems and make the connection to linear wave equa-
tions (Chapter 1). Afterwards the existence and uniqueness of a solution to
non-linear wave equations is shown (Chapter 2), which then is extended to
manifolds of Lorentzian signature. At the end there is a proof for the exis-
tence of a maximal globally hyperbolic development (Chapter 3).

I would like to thank my advisor, Univ. Prof. Michael Kunzinger for sup-
porting me and for his quick and illuminating responses to all my questions.
Furthermore I would like to thank my parents and Hanna without whose
help it would not have been possible to finish this path. Also I would like
thank Sir Henry who helped me to come to rest in some turbulent hours.
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Zusammenfassung

Die Einstein’schen Feldgleichungen der allgemeinen Relativitatstheorie konnen
unter bestimmten Umstanden als ein Anfangswertproblem formuliert werden.
Auf diese Weise wird die enge Verbindung zwischen der Allgemeinen Rela-
tivitdtstheorie und der Theorie der hyperbolischen Differentialgleichungen
sichtbar. Durch die Formulierung der Feldgleichungen als ein Cauchy Prob-
lem wird klar, dass die Anfangswerte nicht beliebig gewahlt werden konnen,
sondern gewissen Einschrankungen unterworfen sind. Am Ende stehen nicht-
lineare partielle Differentialgleichungen auf Mannigfaltigkeiten.

Es zeigt sich weiters, dass die Existenz einer maximalen Entwickung eines
Cauchy-Problems in der allgemeinen Relativitatstheorie aufgrund von Nichtein-
deutigkeiten der Losungen schwierig zu beweisen ist. So muss man sich let-
zten Endes auf eine bestimmte Klasse von Entwicklungen beschranken, um
zu einer maximalen und eindeutigen Entwicklung zu kommen. Es ist also
moglich, bei gegebenen Anfangswerten, die Existenz einer maximalen gob-
alen hyperbolischen Entwicklung zu zeigen.

In dieser Masterarbeit wird gezeigt wie man das Cauchy Problem der allge-
meinen Relativitatstheorie auf das Problem der Losung von hyperbolischen
Differentialgleichungen reduzieren kann (Kapitel 1). Danach wird die Ein-
deutigkeit /Existenz der Losung von symmetrischen hyperbolischen Systemen
bewiesen und anschliefend deren Verbindung zu linearen Wellengleichun-
gen. Danach wird die Eindeutigkeit/Existenz der Lésung von nichtlinearen
Wellengleichungen gezeigt (Kapitel 2) und dies auf Mannigfaltigkeiten mit
Lorentz-Signaltur erweitert. An Ende wird der Beweis zur Existenz einer
maximalen globalen hyperbolischen Entwicklung erlautert (Kapitel 3).
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Introduction

After Einstein published the field equations of general relativity, some ex-
plicit solution (like the one of Karl Schwarzschild) where found. Due to
the fact that some of these spacetimes have singularities, the question arose
whether these singularities are of physical relevance or only generated by a
high degree of symmetry (of the solutions). Even Einstein was of the opinion
that these singularities disappear in case of less symmetry.

If one tries to understand the Schwarzschild solution an additional prob-
lem arises due to the appearance of the r = 2M hypersurface in standard
coordinates, namely whether this hypersurface is a singularity or not. From
a cosmological viewpoint this model, called the Einstein static universe, is
not a natural model, expanding models are much more natural in general rel-
ativity (for stability reasons). Indeed the solution which Einstein suggested
was unstable and not a fensible model of the universe.

The work of Hawking and Penrose in the 50’s and 60’s gave an important
contribution to the issue of singularities. They proved, simply speaking,
that spacetimes generally exhibit singularities (the so-called ’singularity the-
orems’). Nevertheless, it is important to remark that the notion of singulati-
ties which they used in their paper is that of the incompleteness of causal
geodesics. In fact they don’t state that there are singularities where curva-
ture blow up happens, although there are examples of solutions which have
singularities in the sense of causal geodesic incompleteness, but do not have
curvature singularities. Let’s have a look on a simple example of such a
solution, the so-called flat Kasner solution

gp = —dt® + t?da® + dy* + d2*

on (0,00) x R3. This solution is past causally geodesically incomplete, and
Hawking’s theorem applies to it. Nevertheless, the Riemannian curvature
tensor of gp is identically zero and so the ¢t = 0 hypersurface cannot be con-
sidered to be a singularity. Indeed one can embed the above solution into
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Minkowski space. Due to this embedding one can extend the solution (with-
out any singularities appearing) beyond the hypersurface for ¢ = 0. One
can say that the singularity theorems are without any doubt important, but
leave some questions of interest unanswered. Within Lorentzian geometry,
the study of singularity theorems is an important area of current research.
From this perspective one has the chance to understand some of the fun-
damental solutions (such as the Schwarzschild solution) much better and in
particular the » = 2M hypersurface in Schwarzschild’s solution gets satisfac-
tory interpretation. Parallel to the Lorentz geometric perspective, the idea
of formulating Einstein’s equations as an initial value problem was developed.

In a seminal work Yvonne Choquet-Bruhat showed in 1952 that that Ein-
stein’s field equations can be formulated as an initial value problem. She
proved that, if the the initial data are given, there is a corresponding solu-
tion to the equation. The problem here was that there are infinitely many
(inequivalent) developments corresponding to a given initial data set. From
this point of view it was important to show whether there is a (initial data
associated) unique development or not. To achieve such a development, it
was necessary to introduce some form of maximality.

Despite of this maximality condition it turns out that one cannot get a unique
object in the class of all developments. But if this condition is required in the
class of globally hyperbolic developments it will work, which was proven by
Choquet-Bruhat and Robert Geroch in 1962. It should be noted that there
exist also non-extendable globally hyperbolic developments and sometimes
there are inequivalent maximal extensions of the maximal globally hyperbolic
development, which means that general relativity is not a deterministic the-
ory. There is a lack of predictability in Einstein’s general theory of relativity.

But the existing examples are very special, an observation which leads to the
strong cosmic censorship conjecture. One formulation of the strong cosmic
censorship conjecture is that for generic initial data (in the asymptotically
flat or spatially compact setting), the associated maximal globally hyperbolic
development is inextendible.

This has led to a strong focus on the initial value point of view in the study of
Einstein’s equations. The same is true for numerical studies, which are often
based on this point of view. Finally we enumerate some of the mathematical
problems associated with the Cauchy problem:
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e Stability: The models which are used in physics for the universe and
isolated systems have a high degree of symmetry. The question which
arise is whether one gets a similar solution if the corresponding initial
data vary slightly, i.e. if the solutions are stable under slightly per-
turbed initial conditions. One prominent example which is unstable
is Einstein’s static universe. From the viewpoint of isolated systems
the proof of the stability of the Kerr spacetime is also of fundamental
importance. One further topic of central significance in cosmology is
the proof of the future stability of the standard cosmological model.

e Predictability: If it turned out that the strong cosmic censorship is
not valid, it would be a drawback for the consideration of Einstein’s
equations as an initial value problem. Indeed it would no longer be
possible to describe the behavior of a system out of its initial data. So
the proof of the strong cosmic censorship is of fundamental importance.

e Singularities: As we described before, if we have a look at standard
solutions of models of isolated systems and the universe, singularities
can occur due to the high degree of symmetry. Actually singularities
are described in the sense of causal geodesic incompleteness, but it
is not clear that (if we have generic initial data) we get a blowup in
curvature in the directions of incomplete causal geodesics on the cor-
responding maximal Cauchy development.

Based on the considerations the aim is to get a proof of the strong
cosmic censorship conjecture.

e Homogenization/isotropization: If one starts working in cosmol-
ogy, one of the first assumptions which is stressed is the cosmological
principle; i.e., the assumption that the universe is spatially homoge-
neous and isotropic. For sure it would be better if one can deduce this
as a consequence of the evolution from Einstein’s field equations, than
imposing it as an assumption.

Indeed there is a conjecture (by using a positive cosmological constant),
the so-called cosmic no-hair conjecture, which states that the universe
can approach de Sitter space asymptotically (in systems with no black
holes etc.). Additionally, conjectures without cosmological constant
exist, even though they are harder to prove.

One interesting and helpful way is to compare the theoretical results
with numerical simulations. They have the benefit of delivering real
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numbers, which then can be compared with observations, something
which is not possible if one takes exclusively the analytical perspective.
It also doesn’t make sense to try to calculate mathematically the grav-
itational wave signal resulting from inspiralling black holes. For sure
there are a lot of further examples.

The drawback of this approach is that only a finite amount of solutions
can be considered and it can happen that something may be overlooked,
which would be no surprise if one has in mind that the space of initial
data is infinite dimensional. In contrast, this is no problem from the
analytic viewpoint where one can consider an infinite number of ini-
tial data simultaneously. Also the analysis of asymptotics is (at least
in some special situations) better taken from the analytic perspective.
An additional benefit of this approach is that one gets a deeper under-
standing how the entire theory works, if exact results can be proven.



Chapter 1

General Relativity

The main focus is on the development of Einstein’s field equations of general
relativity for a special matter model, the so called non-linear scalar field.
The question is whether it is possible to find out how a system /universe look
like at a given time if there are some given initial conditions, so to say the
evolution of the space-time. It would be desirable that one can formulate the
problem as an initial value problem (ivp) which is solvable in the context of
PDE-theory. To get an idea about the problem let us start with Einsteins
field equations.

1
where S is the scalar curvature of (M, g) with the energy-stress tensor
1
T dowdo - |5 (V6,90 + V(o) g (12)

where (-, ) := g, or in abstract index notation

Tia = Vai¥i6 — (377096 +V(0) ) (13)

This matter model is known as a non-linear scalar field , with a smooth
function V' : R — R which is the potential V' and a smooth function ¢ :
M — R, referred to as the scalar field. So if we want T' = G we have

dp ® d¢ — B (Vo, Vo) + V(qﬁ)} g = Ric — %Sg (1.4)
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This means (we use the signature (—, +, ..., +) for g and dim M = (n +1)):

Va(ﬁVb(b - (%vc¢vc¢ + V(‘b)) Jab = Rab - %Rccgab

1 1
= V6V - <§v0¢vc¢ + V<¢)) oy = R~ SR

2
*$6V%Ng¢—(lvwﬂa¢+v%@)gﬂl:}ra—”+13%::<y—"+1)s
2 -~ =~ 2 2
(n+1) S
:$(1—n;1)V%VMF%n+UVWQ:(1—n;1)8
"8~ (V6,96)) = (n+ DV(9) (15)

So (1.4) holds only if

Ric ™ dp o o+ 3 (5~ (V6.V6)) g~ V(o) =

1 2
=dop®do+ (Ztl — 1) V(qﬁ)g:dqﬁ@dqﬁ—i—m‘/(qﬁ)g (1.6)
Conversely, we suppose that
Ric = d¢ ® do + %V(@g (1.7)

2 2
= Ray = VadVid + ———V(d)gay = B =V OVod + —V(9)g",

S = (Vo Vo) + 20V (9) (1.9

"2 Ric - 589 =do @ do+ —V(B)g — 3 (V6. Véhg — 1V (9)g =
1 2 n+1

—do s do |5 (V0.90) + V(o) g+ 2 Vo - (2514 1) V(o

(1.9)
= (1.4).

Therefore we can write for G = T equivalently

Rm:d¢®m¢+5%7vwm



This equation together with a matter equation for ¢ constitutes our system
of interest, which we will call the:

FEinstein non-linear scalar field system.

Ric — do @ do — %V(qﬁ)g—o (1.10)

0,0 —V'(¢) =0 (1.11)

For these equations our task is to develope an initial value problem. We
will give a definition for the ivp, although we don’t know now how the initial
data should look like,i.e. what the constraint equations are. It should serve

as a place to start (for the following chapters) to avoid to lose sight of the
final goal.
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Definition 1.0.1. Initial data to the FEinstein non-linear scalar field
system

Ric — do @ dé — %V(gzﬁ)g:O (1.12)
g6 — V!(6) = 0 (1.13)
consist of:

An n-dimensional manifold 2 with a Riemannian metric gy, a covariant
2-tensor k and two functions ¢o and ¢1 on X, all assumed to be smooth
and to satisfy (the constraint equations )

r— kikV + (trk)* = ¢7 + D'¢oDigo + 2V (¢ho)
Djkij - Dl<t7' k) = ¢1Di¢0

whit D as the Levi-Civita connection of go, r is the associated scalar
curvature and indices are raised and lowered by gq.

Once the initial data are given, the initial value problem (ivp) is
that of finding

e an n+ 1 dimensional manifold M with a Lorentz metric g, a func-
tion ¢ € C®(M) such that our FEinstein non-linear scalar field
system is satisfied,

e and an embedding v : ¥ — M where i*g = go, ¢ 01 = ¢g and
if N regarded as the future directed unit normal, K the second
fundamental form of i(X), then i*K =k and (N¢) oi = ¢;.

Such a triple (M, g, ¢) is called a development of the initial data (while
we assume that an embedding i exists). If additionally i(2) is a Cauchy
hypersurface in (M, g), we say that (M, g, ¢) is a globally hyperbolic
development.

Now we want to state the main problems that we have to face.

e we have to handle the constraint equations, due to the foliation of the
space-time (M, g) into (3, go). So we need the compatibility to the
curvature in (M, g).
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e we have to derive the proper initial data, with respect to the constraint
equations.

e we have to formulate the system of field equations as a hyperbolic
differential equation (due to the fact, that the Ricci tensor in Einstein’s
field equations seen as a differential operator is not hyperbolic).

e handle the problem of proof of existence and uniqueness for linear and
nonlinear hyperbolic differential equations and transfer the whole setup
to Lorentzian manifolds.

1.1 Differentiation and Curvature on Lorentz
manifolds

An orthonormal basis for T, M is called a frame on M at p. If n = dim M
then a set Fi, ..., E, of n mutually orthogonal unit vector fields is called a
frame field, since it assigns a frame to each point. On R” the natural vector
fields 0; := % for © = 1,...n form a frame field.

We often use the notation of O’Neill [2], but in the end we want take the usual
notations as used in General Relativity. Unfortunately this differs in parts.
Therefore we define some operators, to be used in this work. We start with
the covariant derivative. If (M, g) is a Lorentz manifold, there is a unique
metric and torsion free connection, the so-called Levi-Civita connection (see
2], Theorem 11,p.61). For two vector fields X = >, X'0;, YV = 37, Y70;
on M we get for the covariant derivative of Y along X (by use of Einstein’s
summation convention)

VxY = Vyip,Y'0; = X' (V5,Y70;) = X' (0,Y70; + YV ,0;)
= X" (8;Y70; + YT},0,) = X'0;Y79; + Y/ X'T% 0, (1.14)
= (X(Y") +YIX'TY) O,
Let now be T (M) be the space of smooth tensorfield on M, covariant of

order s and contravariant of order r. If T € T(M), then the covariant
derivative is:

(Vo T200) XV Y 015,..0,5, = (VxT) (Y1, ..., Ys, 01, ....,0,)  (1.15)

aj...0
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The right hand side can be computed as follows,
(VxT) (Y1,...,Ys,01,...,0,) = X [T (Y1,...,Ys, 0q,...,6,)]
-T(VxY1,.. Y5 0,....0,)—...—T(Y1,..,Y;,01,....Vx0,),

where we used that V commutes with contractions. With respect to coordi-
nates, we get

Vo TPBr = (Vo T) (da .. d2™ Oy, .., D) =

Qaj...0s

(1.16)

= 0T — 1 T — e T+ (LIT)

aj...0 aog T pan...o aas T ajar..as—1p

+ ]_—‘61 TMﬁQ'-'BT‘ + _|_ ]_—‘/37 TﬁlﬁZ---xBT—lU

ap” ag...0 aptag..as

Let T'= VX and let us compute
(VaVs XN Y*ZP0, =Y [T(Z,0)] — T (VyZ,0) — T (Z,Vy0) =

Y [0(V2X)] =0 (Vy,2X) = Vyd (V2X) =0 (VyVzX — Vg, 2X) .
(1.18)

Because the Levi-Civita connection is torsion free we get after applying the
last calculation with twisted indices, a (1,3) tensor field on M the so called
Riemann tensor R : X(M)®> — X(M). It measures the path dependence
of parallel transport (where we use the Levi-Civita connetion) in that it can
be seen as a measure for the change of a vector to return to its start value
when parallel transported around a small loop. It is a function

(VaVsXT = ViV XY 2P0, =
9 (VYVZX - V2VyX + V[Kz]X) . (1'19>

~\~
::Ryzx

Here we have the opposite sign to that of [2] p.74. To go align with the
conventions as in [3], cf.(3.2.11), p.38,

(VoVy — VoVo) X = —R,,, ° X%, (1.20)

From the Riemann tensor we get the Ricci tensor Ric of M by the following
contraction

R =R, ¢, (1.21)
It is symmetric and relative to a frame field it is given by
Ric(X,Y) =) e (Rxp, Em,Y) (1.22)

where €, = (E,,, En).
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1.2 Constraint equations

The idea for an ivp is that given some initial data one can give a solution
to this problem at a later time, or at least say something about existence
and uniqueness of a solution. It turns out that these initial data cannot be
arbitrarily chosen (in most field theories) but have to fulfill some constraints.
To illustrate this lets begin with a simpler problem. If we start with the
fundamental equations of electrodynamics, the Maxwell equations and use
the so called scalar- and vector potentials V' and A, it is possible to write
them in the following form:

OV =0
OA=0
OV +divA =0

The first two are just wave equations, which we can solve for given initial
data. But we have to solve the whole system and the third equation, which
is the so called Lorenz gauge condition (it is used to decouple the original
system of PDE’s, where the electric and magnetic field are coupled), imposes
some conditions. As long as the initial data satisfies the constraint equation,
one can find a solution as mentioned above.

The same problem arises in General Relativity. For our ivp we construct
a foliation of the Lorentzian spacetime (M, g) into a set of 3—dim. Rieman-
nian manifolds (3, gg) which are parameterized by the time coordinate. In
this way we can rewrite Einsteins equations in terms of the induced metric
g:;(t) and the second fundamental form k;;(¢) of the 3—dim. manifolds. But
as in electrodynamics one cannot just choose an arbitrary set of initial data.
They have to fulfill also some constraint equations.

To derive the constraint equations for our system we use the GauB ([2]
thm.5, p.100) and Codazzi equations ([2] prop. 33, p.115). For this we
use temporarily the notation as in O’Neil [2], later on we change again to
the original setting. Let (M, g) a spacelike hyperplane in a time oriented
Lorentzian manifold (M,g). If we have vector fields V, W, X € X(M) which
are tangent to M C M, then the GauB equation describes tan RywX in
terms of the so-called shape tensor II(V, W) = nor Dy W (which is symmet-
ric and bilinear over smooth functions, [2] Lemma 4, p.100), whereas the
Codazzi equation analogously describes nor Ryw X .

Definition 1.2.1. Let (H,gibe a time oriented Lorentz manifold and M
a spacelike hypersurface in (M,q), furthermore let i : M — M be the em-
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bedding and N a future directed unit timelike vector field such that for every
p €M, G(Ny,v) =0 for every v € T,,M.

The second fundamental form of M is the covariant 2-tensor field k on M
defined by k(v,w) = g(D,N,w), for v,w € T,M, where D is the Levi-Civita

connection of (M,q).

Proposition 1.2.1. Let (M,g) be a time oriented Lorentz manifold and
M a spacelike hypersurface with induced metric, let i : M — M be the
embedding and N be a future directed unit timelike vector field such that for
every p € M, g(N,,w) = 0 for every w € T,M and let k be the second
fundamental form of M. Then

G(N,,N,) = % [S — kyk¥ + (tr, k)?] (1), (1.23)

6<Np,’0) == [D]l{?w — Di(tT‘g k?)] Ui, (124)

where D is the Levi-Civita connection on M, S the scalar curvature of (M, g)
and G := Ric — 157 the Einstein tensor of (M,q), p€ M, v € T,M.

Proof. Let {.,.) =g and X : M — TM be an M vector field on M. Let
us denote the separation of the vector field X into its normal and tangential
components by nor X and tan X respectively.

M TM

N

M

Let ¢g = N and let V' and W be vector fields on M. Extending W to a
vector field W on M which is always orthogonal to ey, we get at p € M,
<[](V7 W)v 60> = <EVI/V7 60> (1 5 )
.25
= DV <W, €0> — <Dve0, W> = —k(V, W),
the first step holds by definition, the second uses the product rule and the
last uses that <W, eo> is zero as proposed. So we get I[(V, W) = k(V, W )ey.

We wish to compute G(eg,eg) for G, the Einstein tensor of (M,g). For
this we assume that in a neighborhood of p € M, ¢;, i = 1,...,n, is an or-
thonormal basis for 7,,M. By taking the trace of the curvature tensor we
get

m(eja ej) = - <E60€j€j7 60> + Z <Eeie]-ej7 €i>

=1
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for the Ricci tensor, and by summation over j we obtain

ZRIC e, €5) Z <R606J€3, eo> + Z <Re e;€5» eZ , (1.26)

i,0=1

TV
Ric(eg,e0)

where we used the symmetry of the curvature tensor <§eoe]. €5, eo> = <}_33€]-e0 €o, ej>,
(see [2] Prop.36(4) p.75). Before the next calculation let us state the Gauss-
equation (for a proof see [2],p 100 Thm.5), which we will use. For vector
fields V, W, X, Y tangent to M, we have the so-called Gauss-equation:

RvwX,Y) = (RywX,Y) + (I(V, X), [IW,Y))

(1.27)
— (I(V,Y), (W, X))
So we get the first equation.
26(60, 60) = 2%(60, 60) + S(g)
= 2%(60, 60) + <—m(60, 60) + Zﬁ(ej, 6j)>
j=1
ni. - B (1.26) U

= Ric(eq, e9) + Z Ric(ej, e;) "= Z <Re,-ej€j, ei>

j=1 ij=1 (1.28)
(L.27) ST (Resegie) = Y (Heie;), IH(ej, )

ij=1 ij=1

+ Z (H(e;,e;), (e, e;)) = S(g) — kijk + (tr,k)?

ij=1
For the second equation we have to calculate G(eg, ¢;) = Ric(eg, e;), because

of g(eg,e;) = 0. By (1.22) we get

Ric(e;, €9) = — (Rege,€0, €0) + Z (Ree,€j,¢0)
\16_/ i1

= Z <Reiejej> 60>

j=1

(1.29)
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Let us furthermore start with the covariant derivative of the second fun-
damental form (V- I1)(X,Y). For a vector field V on M and an M vec-
tor field Z on M such that norZ = Z we have Di:Z = mnor DyZ and
(VyID(X,Y) = D [II(X,Y)] — I(DyX,Y) — II(X, DyY). With this and
V, W and X vector fields on M we can state the Codazzi equation ([2] prop.
33, p.115, note the difference in sign) as

nor Ryw X = (Vy IN(W, X) — (Vy ID(V, X) (1.30)

With (1.25) and <D‘%eo,eo> = <Dveo,eo> = %Dv (€9, e0) = 0 we can write
Vv II in terms of k:

Dy [I(X,Y)] = Dy [k(X,Y)eo) = V [k(X,Y)] o + k(X,Y) Dyeq
T/
— (Dyk)(X,Y)eo + k(Dy X, Y)eo + k(X, DyY)e, (131

(1.25)

=" (Dyk)(X,Y)eg — HI(DyX,Y) — II( X, DyY)

So we have Vi II(X,Y) = (Dyk)(X,Y)ey and from (1.29) and the Codazzi
equation (1.30), we get the second equation

n

Ric(eo, &) = Y ((De.k)(es,5)e0 — (De;k) (e, €5)eo, €0)

Jj=1

Now we have to couple the above with the non-linear scalar field. The first
equation, the so-called Hamilton constraint is the coupling with the energy
density, which follows from G (eq, eq) = T'(eg, €g) = p. Let now ¢ be a smooth
function on M. Assume that g and ¢ satisfy G = T. From (1.23) we get

1 -
G(N,N) = 3 [S = kijk" + (try k)?] = p.

To get p we start with G(N, N) = T(N, N) = p, where N = e;. We have to
calculate T'(N, N). From (1.2) we get

T(N, N) = d6(NY’ ~ | 5 (arado, sradg) + V(6) | (N, N)

= N(¢)* + % (grade, grade) + V (¢)
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For the middle term we compute

(gradg, gradg) = 3  «; {grads, e; ZW

= —Dy¢” + > Di¢ = N(¢)* + DigpD'¢
i=1
due to (grade, e;) = €;(¢) = D.,¢ = D;p. So we obtain

p= 5 [(N6) + D'6Dis] +V(9)

The second constraint equation, the so-called momentum constraint for any
v € TM can be derived by a computation of G(N,v):

G(N,v) "2V [Diky; — Ditrhk)] v =

T(N,v)
from this we use (1.2) and obtain

1.2)

T(N,0) 2 N(9) - v(9) — | - {gradé, grade) + V(6) | g(N, )

2
=0

= N(¢)-v(9)
with v(¢) = >, v'e;(¢) = >, v'Di(¢) we get finally
[D7kij = Di(trgk)] = N(6)Di(9).

1.3 Modified system of equations

If we express the system (1.12),(1.13) in local coordinates we don’t obtain
a system of non-linear wave equations. By a modification, we can under
certain circumstances get what we want. Let us start with the Ricci tensor

1 (07 «
R, = _59 Baaaﬁgfw + Vil +g Pg? [Tonul'ssr + Lanpl'sus + Do I'gus]
with
1
Lopy = 2 [0agys + 049ap — O5Ganr]

Fg'y = guﬁraﬂ’}’
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with the notation

Vl,LFV - aury - FZ[Z/FOC
1
Vi) = (V0,4 VL)

Fo =" T yow

Now the problem is that the Ricci-tensor seen as a differential operator is not
hyperbolic, which indeed we could not expect because of the diffeomorphism
invariance. The problem lies in the term V(,T",y of the latter formulation of
the Ricci tensor.

The first term itself is a hyperbolic differential operator which acts on the
metric also the last term would not make problems because it only contains
first derivatives of the metric. To overcome the problem we want to define
a new modified Ricci tensor. To get what we want we have to act on the
second term, which causes the problems. Therefore the idea is to define a
modified system of equations, where we replace the Ricci tensor by

A

1 « «
Ry = —§g Baaaﬁguv + Vi Fy+g Pg° TConul'ss0 + Larypl'gus + Loy Dgpusl

which is, if we relate it to R,

~

Ry = Ry + VD)

where
Dl/ = Fl/ - Fl/
Then the modified system of equation is
- 2
R = VuoVid — ——V(d)g =0 (1.32)
VIV, =V () =0 (1.33)

If h is a fixed Lorentz metric on M inducing a linear connection V, we can

define
AX,Y ) =0 (VxY = VxY), (1.34)

where X, Y are vector fields and 7 is a 1-form. As A is multilinear over
the functions, it is a tensor field. In index notation we get for the above
expression (1.34)

ALy = A(Oa, 0p,dat) =T 5 — FZB,
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with the Christoffel symbol on M and the fixed metric h

1

Tas = 51" (Oahpy + Opheay — Buhas)

If we apply the metric onto A we get the contraction I', for the Christoffel
symbol on M, but not for the Christoffel symbol on M because there we
have the metric h
« « aBT aBTH
9uwg BAZﬁ = Guwd ﬁrgﬁ — g 5FZ5 - FV — Guwd ﬁraﬁ

—_——
=F,

Now we get
D, = _g,ulfgaﬂAgﬁ

The benefit now is that F' only depends on the metric ¢ but not on its
derivatives, which in the end gives us the opportunity to handle the modified
system (where R acts as a differential operator on ¢) by methods of PDE
theory, which will be developed in the following chapters. Now we want show
that solving the problem (1.12),(1.13) is reduced to solving (1.32), (1.33) as
we are able find initial data for these equations in a way that D, = 0 and
VD, = 0 initially.

Assume (M, g) is a globally hyperbolic Lorentz manifold and ¥ a smooth
spacelike Cauchy hypersurface. Additionally, assume that ¢ is a smooth func-
tion on M such that both ¢ and g satisfy the modified system (1.32), (1.33).
Let h be the Lorentz metric associated to fgﬁ. First we want to show that, if
D, and VD, vanish on some subset € of ¥, then D vanishes also on D(2),
which is the union of the future and past Cauchy development DT (), resp.
D=(Q) of Q [see [1] p.109, 10.2.7 Cauchy surfaces]. To show this we need an
expression for G, — T}, = 0 in terms of our modified system. We start with

1 1
R, =R, +VyD, =R+ §VHDZ, + §V,,DM ... apply ¢g"”

v} v 1 v 1 v 1 v 1 v
gﬂ R;w - g“ Ry,z/ + ég“ V“DV + 59“ VZ,D# =R+ §VHD + 5 VVD

v—y
— R=R+V,D" (1.35)

Now we use this to change from the original to the modified system

1
R,UV + V(uDyl_a (R + VWD’Y)/g,uV - Tp,l/ = 0

Ry R
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So we have
1 1
Guv = T = =V Do) + 5V D g = =V Do) + §V5D5gw, (1.36)

by using g°g.s. The Einstein tensor is divergence free and so is T}, due to
(1.1), so we can calculate

1
0=div(Gu — 1)) =div (—V(HDV) + §v6DggW)

1 1
- —§V“VHDV - §VMVVDM

1 1
+ EV“V‘SD(;QW +§ (V(S'Dg) V”gu,, (137)
— -0

V,VDs=V,VrD,

= 0=V"V,D, + VV,D, — V,V*D,
=vVvv,D,+(V,V,-V,V,) D!
By use of the Bianchi identity ([see [1] p.103, (10.9),(10.11)]) we get

(V,V, -V, V,)D'=—-R, "D’ = R,D° = R,, D" (1.38)

nuvd

and finally
v#v,D, + R, D" =V*V,D,+ R, "D, =0 (1.39)

By a uniqueness result for tensor wave equations ([1], p.140 Cor.12.12) which
we postpone to the next chapters, we conclude that D, = 0 in D(Q2). So, g
and ¢ solve our original system (1.12), (1.13) in D(Q2). If Q = X, we get a
solution for all of M.

1.4 Initial data

Assume now we have initial data (3, go, k, ¢o, ¢1) to (1.12), (1.13). If we take
the initial data for the modified system (1.32), (1.33), we get more freedom,
what can be used to obtain D, = 0 at ¢ = 0. As mentioned in the definition
on the initial value problem, we want a globally hyperbolic development in
M that is diffeomorphic to R x 3 (see [1], p.112, Prop. 11.3). The initial data
are defined on the hypersurface 0 x ¥. Let

h = —dt* + go
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be our fixed Lorentz metric on M. Let (z',...,2"), (2% 2!, ...,2") be fixed
coordinate systems on an open subset U of ¥ resp. on R x U, where 2° = t.
We start with initial data for g,,, where the spatial part g;; is noted by go

Gijli—o = 90(0s, 05) (1.40)

Due to the splitting of M we can choose ggy and gg; in such a way as to get
0, as the future directed unit normal to the hypersurface at ¢t = 0.

gOO|t:0 = _17 gOi|t:0 =0 (141)
Then we can formulate the second fundamental form k to g as follows

symmetry of k

k(ei7€j> :g(ﬁeiemej) -
1

| _ _ P _ _
= 5 (Q(ez’,Dejeo) + g(ej, De,-eo)) = 5 (g(eineoej) +9(€j, Deoez‘)) =
1—
= §Deogij

where we used : V,es — Vgeq = [0, 03] = 0,03 — 030, = 0 for basis vectors
under the Levi-Civita connection. From this we make the definition

909ijli—g = 2ki; = 2k(0;, 0;) (1.42)

What remains are dygoo and Jygo; and we determine these objects under the
condition that D,|,_, = 0. If we have a metric g then we calculate for ¢t = 0

1
F,ulzx = 5 (augul + augul - alg,uy)

1 1
=5 (Qogor + Gogor — Org00) + 5 (0sg51 + 0594 — 019i5)
(1.43)

1

= — (200901 — O1g00) +

1
5 = (aigjl + 090 — algij)

2
1 1
= ogor — 581900 + 5 (0:91 + 039 — 019:5)
Now we calculate I'; at (¢t = 0)

y 1.41) 1,
Iy =g"Tu = —0ogor + 59 1(20,951 — 019i5)
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and also I'y at (t = 0)

1
FO = guVFMOV = g/‘”/ (5 [augy() + ayguo - 809/“,])
00 (1 0i [ 1
=g 5 [Dogoo + Gogoo — Gogoo] | + g 5 [O0gio + Digoo — Oogoil

(1 (1
+g"° (5 [0ig00 + Dogio — 309i0]) + 9" (5 0950 + D;9i0 — 3ogij])

1 (1 (1 |
= g% ( Z80g00 ) + 9%  Z0igoo ) + ¢ ( =0ig00 | =97 ( =009
g (2 0900) g (2 1900> g (2 1900) g (2 ngj)

=0 due to (1.41)

(1.42) 1 i, (a1
=" g% (530%0) — g7k = —530900 —trk
To achieve the above requirement (concerning I'y), we need

80900|t:() == _2F0|t:0 = —2tr k‘, (144)

where F,|,_, is well defined since the metric was specified for (¢ = 0) and we
need (concerning I'}), again for (¢t = 0)

1 ..
oGot|;—g = {—Fz + 59”(2@‘%‘1 — algij)] (1.45)

t=0
For our ¢, we set

¢|t=0 = oo, (8t¢)|t:0 = (1'46)

From (1.44), (1.45) we know that D, = 0 for t = 0. What is left to know is
that 9yD,, = 0 for t = 0, to conclude that D,, = 0 in our development. For the
last step, we assume that we already have a solution for the modified system
of the field equations with given initial data, at least in some coordinate
patch. What we should have in mind is first that the original initial data
must in turn be fulfill the constraint equations and second that the solution
fulfills (1.36). By contraction of (1.36) with n*X" at ¢ = 0, where X Ln,
we get zero for the left side, due to the fact that the constraint equations
are fulfilled. Furthermore the partial derivative is all what remains from
the covariant derivative, because the parts involving the Christoffel symbols
vanish on account of D, = 0 originally. What is left now is the right-hand
side

1
—5n' X" (9D, +0,D,)
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The term n*X"(0,D,,) g, = n*X,(0,D,) is zero due to X Ln. We get now
0D; =0fort=0,i=1,...,n due to the fact that X¥9,D, =0 for t = 0. In
the same way we get dyDy = 0 by contraction of (1.36) with n*n”.

So we have the modified system (which we can handle), the constraint equa-
tions (due to the geometry of the spacetime) and the initial conditions
(1.40) — (1.46) for the modified system. In the next chapter we start with
the necessary PDE theory to prove one of the main theorems, which we will
state here without proof for further motivation.

Theorem 1.4.1. Let (3, go, k, ¢o, 1) be initial data to (1.13),(1.13). then
there is a globally hyperbolic development of the data.
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Chapter 2

PDE theory

In the next chapters we will develop the necessary PDE theory to handle the
modified system of the field equations. A strategy which is often used is to
separate the existence and smoothness of a problem. So we work with weak
solutions, where existence and uniqueness can be handled more easily and
afterwards have a look about the regularity behavior of the weak solution.
Maybe it turns out that the weak solution is smooth enough to qualify as a
classical solution. Our way is as follows

Symmetric hyperbolic systems

1

Linear wave equation

!

Local existence and uniqueness for non-linear wave equations

!

Linear wave equations on globally hyperbolic Lorentz manifolds

!

Einstein non-linear scalar field setting

2.1 Symmetric hyperbolic systems

We start now with the existence and uniqueness of solutions to linear sym-
metric hyperbolic systems. For this we use energy estimates, which have
often the problem that the function we want to estimate is indeed bounded
in terms of itself. In our case Gronwall’s lemma can help, which we we will
state but not prove.

Lemma 2.1.1. (Gronwall’s lemma). Let Ty € R, T > Ty and f,k and G be
non-negative functions on [Ty, T| such that f € L>([To,T)), k € L'([Ty, T))

23
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and G is non-decreasing. Assuming

() < Gt + / K(s)f(s)ds,

To

Vit € [Ty, T), we obtain

vt € [To, 7).

Proof. For a proof see standard literature for Differential Equations.

2.2 The basic energy inequality

We begin with the definition of the symmetric hyperbolic system where we
use Einstein’s summation convention.

Definition 2.2.1. A symmetric hyperbolic system is of the form
Lu=A"0,u+ Bu=f (2.1)
u(0,.) = ug (2.2)

where A*, =0, ...,n and B are smooth N X N real matriz-valued func-
tions on Q@ C R™™ (i.e. C®(Q2, Mg(N, N))) all of whose derivatives are
bounded. Additionally A", =0, ...,n is symmetric and we have a posi-
tive definite A® which has an uniform positive lower bound (which means
that there ezists a constant ¢y > 0 where A > cq holds). Finally, u is an
RN -valued function on Q, f € C™ (Q,RN) and ug € C*(R").

Assume there is a solution u of (2.1),(2.2) on Sy = [0,7] x R™ (a so-called
slab). We also assume that u and d,u satisfy uniform Schwartz bounds, which

means that for every pair of multiindices a and 3, there exists a constant
Cy 5 such that

|z*| Haﬁu‘ + laﬁﬁouﬂ (t,x) < Cup



2.2. THE BASIC ENERGY INEQUALITY 25

on the slab. From this it follows that also f satisfies uniform Schwartz
bounds. To show existence and uniqueness of solutions and that they de-
pend continuously on initial data we use energy methods, where we use a
certain type of energy for the PDE. Now we want to derive the basic energy
inequality. Let

1
FE = 5/ ut A% dx

If we differentiate we get

o8 = | sofuat]de= [ 5 (0u) A%t Jul (0u4%) ut Ju'ADuda

1
= /n §ut (@AO) u+ u' A°Ou dz,

where we used the symmetry of A° for the last term (u! A°0yu = u!(Q,ut A®)! =
(Oput A%u)?). To handle the second term in the last expression, we use (2.1)
and split up the time and spatial components to obtain

/ ut A% udx = / [—utAi@-u —u'Bu + utf] dx.
For the first term on the right hand side of the last equation we calculate,

by use of partial integration, the properties of u due to the Schwartz bounds
and also the symmetry of A

/ wtAoyudr = —/ 0; (utAi) udx
= —/ (aiut) Aludr — / ut (@Ai) udx

which simply is
/ ut A Oudx +/ ((‘%ut) Aludr = —/ ut (@Ai) udx

If we use again the symmetry of A’ we can rewrite the first term in the last
equation as

= /n wWAOyude = %/n ut (@Ai) udz
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If we sum up the above terms we get

1 1 ,
8tE:§/ ut(atAO)uda:+§/ ut(aiAz)ud:c—/ utBudx—l—/ u'f dx

:/ ut (%8tAO+%0iAi—B)udx+/ u' f dx

[

<CFE

The first term on the right-hand side is < C'E for some constant C', because
0, A" and B have an upper bound. A° is positive definite and has a positive
lower bound. Due to the positive lower bound ¢ of A% we have: ¢ |u* <
utA%u. So we have an estimate for

(CSI) ) 1/2
[ st ([ ) s,

<c ( [ ) da:> S,

< CEY2|f(t. )l
where we used the Cauchy-Schwartz inequality (CSI). So we get
HE < CE+CE|f(t,.)],- (2.3)

C denotes a constant which can change from line to line, but should be clear
from the context. To apply Gronwall’s lemma to get a helpful estimation
for the energy, we have to take a small detour. To be able to divide the
last expression (2.3) by E'/2 we define E. = E + ¢ where £ > 0. The above

expression holds also for E. and we can divide by EE1 /% t6 obtain
QB <CE+C|f(t, ),

After integration we get (for ¢t > 0)
t t
EY2(t) < B0 +.C [ 765, llads +C [ EY(5)ds
0 0

In this setup we can now apply Gronwall’s lemma, where G := EY 2(0) +
C o l£(s,)|ly ds and k(t) = C. So we obtain

B0 < (B0 + € [5G lads)
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Letting € — 0+, we obtain

E@S(Eﬂ@+olmﬂ&mﬂ%éﬁ (2.4)

This can be used for showing the uniqueness of the solution u of (2.1),(2.2)
if one consider the difference of the energies of the two solutions.

It will turn out that we need estimations for a negative number of derivatives
of the solution to handle the nonlinear problem of our modified equations.
To achieve this we need:

Lemma 2.2.1. Consider a solution to (2.1),(2.2) under the assumptions we
mentioned above. We define

1
zﬁM:§§:/meA%%m; (2.5)
<k
Then we have the following inequality

OBy < CEy+CEY* || fll e » (2.6)

where the constants depend on the bounds on A", B and especially on c
(which is the uniform lower bound of A°).

Proof. First we make an useful estimation, which we will also use for later
proofs. A° has a positive lower bound ¢y which led to 2tA% > ¢ |z|* Vz €
R™. Furthermore we can use this also for 0%u, i.e from (2.5) we get due to
the positive lower bound ¢, of A°:

% Z 0%u|? dz < By, [0%u]
|0¢‘§kj Rn
and from this, we obtain for some C' > 0:

0°ull, < CEY? [0°u).

Because of (2.3) which is 0,E < CE + CEY2||f(t,.)||, we get (2.6) for E =
Ey. To derive the inequality as desired, we note that due to (2.1) we have

Lo"u = 0°f + [L, 0" u.

If we use the (desired) inequality (2.6) for £ = 0 and the new expression for
LO%u, we get

0,E [0°u] < CE[0°u] + CEV2[0°u] |0°f + [L, 0% ul,  (2.7)
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Let us make an estimation for the last term ||[L, 0%] ul|, on the right side of
(2.7) . For |a| < k, we can calculate

[L,0%u = A*0,0% + BO“u — 0* (A*0,u + Bu)
= A*0,0% + BO®u — A*0“0,u — (0°A*) O,u — (0“B) u — BO®u
= —(0“A") 9,u — (0°B)u

Due to the fact that all the derivatives of A* and B are bounded, we can
write

1L, 0°Tul < C | Jul + Y [0l

|al=1

From this by using the estimations for |u|> and |0*u|* at the beginning of
the proof, we estimate

(L, 0% ul* < C <|u|2 + Z |8ﬂu|2> <C (utAou + Z(ﬁﬂu)tA08#u>
pu=0 n=0

If we integrate and take the square root we get on the left hand side the
||.||,-norm. On the right hand side, if we keep the definition of Ej in mind,
we get Fj[u]:

I[L, 0% ull, < CE*[4]

and for the higher order of Ej, i.e. Ej for £ > 1 we obtain due to the
positivity of the additional terms

CE*[u] < CE[u]
Now we put the last results into (2.7) to get:

OElul < C Y 0, (E[0"u))

la| <k
< CEu] + CE*[u] | f|| e + CE 1] | [L, 8] ull,
N’
<CE,*[u]

< CEu] + CEY*[u] || £ v

which yields the desired inequality. 0
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Corollary 2.2.1. . Consider a solution to (2.1),(2.2) again under the as-
sumptions mentioned above. Fort € [0, T] we obtain

B0 < |B0) /Wf e s (28)

Where the constants C depend on k, the bounds on A", B and on T.

Proof. Let &, = e “*E}, + ¢, where the constant C' appears at first on the
right-hand side of (2.6) and € > 0. Then by differentiating & we get also one
term containing 0, E). Here we can use (2.6) for a further estimation. Then
we get through a direct calculation

0, < CeC2EL | fll

Since we allow that C' depend on T' on the right hand side of (2.8), we can

bound e“*/? by a constant. As we have done before, we divide by S,i/ 2 (which
is allowed due to & > ¢ > 0 and integrate, we get

t
$W036W®+Clﬂﬂ&Wm®'

For ¢ — 0, we obtain the appropriate outcome, because there is only a
constant factor between Ei. and &, due to the fact that the constants allowed
to depend on 7. Il

Lemma 2.2.2. Assume u is a solution to (2.1), where we use the same
setting as before, and k € Z. Fort € [0,T] we then have

Jutt, gy <€ |0, /Hf i) (29)

Proof. We know that (2.9) holds if £ > 0. Therefore we assume now that
k is a negative integer. Let U(t,.) = (1 — A)*u(t,.) Vt € [0,T]. Here we use
U because this function is in the dual of H® (for more information see [1],
p.39, Def.5.13). This leads to the fact that although we use negative integers
for k, we can use for U our formulas which we have derived for positive
integers. Because of our setup we know that U fulfills the uniform Schwartz
bounds. So we get, by using (2.8):

lut, Mgy = Uy < CELON(E)

<C {CEU;[U](O) + / t LU (s, )l ds]
< 0 0.y + [ 1UGs s
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Finally we have to estimate the last term on the right side. Therefore we
formulate the equation in the following form

f=Lu=(1-A)* LU+ [L (1-A)F*]U
2.10
= (1-A)"LU=f—-[L,(1-A)*U (210)

If we take the ||. | ;)-norm we get
|1 = D) LU ) g = [If = [£, (= 2) T U )
< Ml + L, @ = 2)TF U] -

Now we use the fact that ||(1— t/2u|| = |lul|, and for s = k and
t =2k we get [|(1 — A)kuH(_k) = [lull 4y, also a correspondence between H y,
and its dual space H_y). So we have

LU My < Wl + 1L (1= 2) U ),

To estimate the last term [L, (1-— A)"ﬂ, we split up the operator L =
Ar9, + B into its time (A[)@o) and spatial (A79;), j =1,...,n components.

[A705, (1= 2) U
= ”(1_ [Ajaw(l_ } H
= [|(1 = A)F (49;(1 - A) UL, .)) AU )|, (2.11)

= || Ay — ABEAET] + P(0)(0,(1 — A) U .>>u(,k)

<Cll(1-A)" = ClUE )

k

U, .|| ®
for the last estimate we used ([1], Corollary 5.19, p42) about estimations of
partial derivatives in Sobolev spaces. To use this corollary we used in the
last calculations that (1 —A)*(f-g) = ((1 = A)*f) - g+ P(9)(f), (for f and
g proper differentiable) where the order of P(9) is 2k — 1. To get this we can
use the Leibniz rule where we see that there is only one term on which the
highest order derivative acts on f, in all other cases at least one derivative
acts on g. So ord(P(0)) < 2k — 1 together with 0, we have the final order of
< 2k. In the same way we proceed with the time derivative.

I[A4%:, (1 = 2)7 T U, |y = [P@O)@:(1 - A Nl

< C H 1 — katU t; . H(k*l) = C ||atU(t7 ~)H(,k,1)
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The term [B, (1-— A)_k} U can be estimated by a constant due to the bound-
edness of B and its derivatives. So we will take account of this and put this
into the final constant of the estimation

12, (= 25 Uy < C [0y + 100 ] -
To get an estimate for the last term |Q;U(t,.)[|__,), we define Lou =
(A7 Lu which means Lou = Ou + (A°)"'A'Q;u + (Ag)"'Bu and obtain
(similar to (2.10))
(A" f = Lou= (1—A)"LoU(t,.) + [Lo, (1 — A)*] U(L,.).  (2.12)
Due to (Lo — &) = (A°)7tA9, + B, we can apply ([1], p.40 Lemma 5.14)
(and our duality property) to get

(0= 2)* (Lo =) Uty < CIVE My (213)
Additionally we get for our new Lg out of (2.11) the following useful estimate.
(Lo, (1= A)*U(, )]

= \[(9,5, (1-— A)_k} Ult, -)/— [(AO)_lAiaia (1— A)_k} Uft,.) (2.14)

-~

=0
= [|[Lo, (1 = AU, )] ||, S CHIUE iy
:(Lo—?i)U(t,.)

Due to (1-A)*9,U(t,.) = (A°)Lf—(1-A)*((A°)TAQ,U(t,.) + BU(t,.))—
[Lo, (1 —A)~ ]U,Whmh we get directly from (2.12) we can make the following
estimation

HatU(t> ')H(fkfl) = ”(1 - A)ikatU(t ')“(kfl)
< H(AorlfH(k—n + H(l - A)_k@o - at)U(t’ ')H(k—l)
+ ||[Lo, (1 = A) Ut

Moy
< Ol gy +CNUE )y +CNUE ) iy

([1], p-41, Lemma 5.17) (2 13) (2.14)

< CNFE M gemry + CNUE I 2y

If we subsume the last calculation we get, again by use of our duality
property the following inequality

[ult, g < C [|IU(07-)||(;€) +/O (s, Mgy + 155 )l gy s

This gives the final result, by using Gronwall’s lemma. U
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Corollary 2.2.2. Assume that u is a solution of (2.1) with the same assum-
tions as in definition 2.1, furthermore let k € N. Then, fort € [0,T],

T
[ult, g < C {HU(T,-)H(;C) +/t 1F (55 M ey dé} : (2.15)
Proof. see [1], p.63

Proposition 2.2.1. (Uniqueness) For xo € R",r > 0,50 > 0 and Ty <
0 < T5, we define

r
Ca;o,r,so,Tl,Tg = {(t,l’) - [Tl,TQ} x R™ : |t| < S—,CC - Br_50|t|<$0)} . (216)
0

Assume A", B to be maps from R to the set of real values N x N matrices
Mg(N, N), with A* symmetric and C*, B in C°. Furthermore A° is positive
definite on [Ty, Ts] x R™ (where [Ty, Ts] is compact) with constant positive
lower bound and the matrices A* are all bounded on the same set and [ €
C(R™1, RN,

Assume we have two C*-solutions uy, ug to (2.1), (2.2), defined on (a,b) xR
with a < 0 < b and corresponding to the initial data ug; and ugs.

Let [Ty, T3] be a compact subinterval of (a,b) with Ty < 0 < Ty, then there
is an so > 0, which depends on the lower bound of A° and the upper bound
of A' in [Ty, Ty] such that if ug(x) = ugz(x) for x € B,(xg), then ui(t,x) =
us(t, ) for (t,x) € Cuprsorimy- Similarly, assume u to be a C*-solution to
(2.1), (2.2) on [T1,Ts] x R™, ug(x) = 0 for x € B.(xo) and f(t,z) = 0 for
(t,x) € Cryrsom1ns then u(t,x) =0 for (t,x) € Coyrsory.1n-

Remark. If the data coincide, then it follows from the proposition that
also the solutions coincide where they are defined. Also if uy has compact
support and for any [T7,T5], there is a compact set K where f(t,z) = 0 for
t € [T1,T3] and = ¢ K, then there is a compact set K; such that u(t,z) =0
for t € [T1, T3] and x ¢ K.

Proof. We get the first statement from the second if we consider u; — us. Let



2.2. THE BASIC ENERGY INEQUALITY 33

us start with the following equation
Oale ™ ul A%u] = Op(e ™ Mul) A% + e ' 0, A% + et A0 u
= —ke Myt A% + e M Ogut Au e M 8jutAju
———

——

ut A99pu ut AJ 9u
+ e M9, A% + e Ful (— Bu + f)
= —ke Myt A% + e MUt A0 u
——
=—Bu+f
+ e Mut9, A% + e Ful (—Bu + f)

= e Pyt [~k A% 4 (0,A%) — 2BJu + 2"l f,

with & a constant. If we integrate this expression over D := Cy , 5,01, and
use Stokes’theorem (see [1], p. 100, Lemma 10.8)

[N
/ZWd €€M /BM <N7N>€8M

(with the Euclidean metric on R"™!), we get (by using for N the outwards
pointing normal vector n; to the respective plane)

/aa[e_ktutAo‘u] EDZ/ <6_ktutAaU7ni> €oD
D oD

:/ no - e Mut A%ueop + E
oD

n
— ek / no - ut A egp + E / n; - Ut A%uesp
oD — Jop

Depending on the dimension we get at the end two or three terms. The part
of the integrals over 9D at t = 0 vanishes. Now we can adjust the shape of
D by choosing sq to be sufficiently large, such that the outward normal n,, of
the remaining surfaces guarantees that n,A* is positive definite. Note that
we can choose sg in this way, because it depends only on a lower bound of
A% and an upper bound of A on [T, T3] x R™. Let us now have a look on
D to visualize this. We start with an sy and increase afterwards sg to an s,
with sp < sj. Now we fix this new sp, then the boundary integrals are all
non-negative. Assuming that, f = 0 is in D. On the other hand, the integral
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on the right hand side of the above equation can be estimated by

/ e Myl [—kA + (0,A%) — 2BJu + 2¢ Ful f dx < —co/ e Mty du
D D

where ¢y > 0 is a constant and choosing k large enough which can be done due
to the fact that the positive definite matrix A° has a positive uniform lower
bound, whereas the other matrices have a uniform upper bound, because the
region is bounded and the involved terms are continuous. So we have in our
equation one non-negative and one non-positive term, which as a result gives
that in fact both sides have to be zero. So we obtain that u is zero in D. If
we reverse the time, we get the argument for negative times. 0

Theorem 2.2.1. (Existence) Let Sy = [0,T] x R", with T > 0. Con-
sider the initial value problem (2.1), (2.2), where uy € C(R",RY), f €
C (R RY), A#) B € C°(R™, Mg(N, N)), all of whose derivatives are
bounded, with A* symmetric and A° positive definite with a uniform posi-
tive lower bound. Then there is a unique u € C([0,T) x R",RY) solving
(2.1), (2.2) and a compact set K C R™ such that u(t,z) = 0 fort € [0,T]
and x ¢ K.
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Proof. The adjoint operator for L is

L* = —Aoatu — Ajaju + (—@AO — @Aj + Bt)u
= —0;(A%) — 9;(A’u) + B'u.

which we get by integration by part as follows:

//Lu¢@mx=/7QM@w+m@u+B@.¢ﬁm

— [[ atrs) - o,w06) + o) udis

-~

L*¢

We want to use the estimate (2.15) for an arbitrary ¢ € Cg°(R™"!, CV) where
o(t,x) =0 Vit > T. Because —L* is of the same type as L we can write by
using (2.15)

1ot gy < C/t (L") (s, Iy ds (2.17)

Vt € [0, T]. The first term of the right side of (2.15) vanishes due to the re-
quirements made for ¢. As a consequence it follows that ¢(¢,.) = ¥(t,.) Vt €
[0,T] if ¢, € C°(R™™, CN) both vanish for ¢ > T and L*¢ = L*1 holds.
This is important for the next definition, where it guarantees that the func-

tional only depends on L*¢ but not on ¢ itself. Given a ¢ as before and an
f e {L0,T], Huy(R",CV)}, we define

F(L*¢) = {f.6) = / (6(0), (1))t
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For more information see ([1], p 44, Proposition 5.21). Now we use (2.17):

i} T n),pa2 T
W@¢HS£I@@J®thS Auwmkmummmt
SOAL[HFM&MHMﬂﬂMWﬁ
T T
SCALAHUMxWMMﬂﬂmmﬁ

T T
gCéHﬁMwNMM&AHHMWﬁ

J/

TV
<const

T
<c [ el

which we can do because we change the lower integral boundary from ¢ to 0,
which isn’t a problem (maybe the integral is bigger, but this doesn’t matter).
We can consider L*¢ € X := L' {[0,T], H_)(R",CN)}. Let M be the sub-
space of X which is spanned by L*¢ for ¢ as before. Then we can consider
I as a linear functional on M which is bounded.

What we have done so far was to prepare a setting which allows us now
to use the Hahn-Banach theorem, which gives an extension of the bounded
linear functional F' to the whole space X (where ||L*¢||| = || L*¢|||,,) and
guarantees that the dual space is not empty. By the above duality statement
(see ([1], p 44, Proposition 5.21)) we get a u € L> {[0,T], H,(R",C")}
such that

tAmewmw:A<mwnw@mﬁ

holds for all ¢ as above. This equation supplies the idea for the existence of
a weak solution and so we get a hint for the needed next steps. As a first
step let us take an f € C5°(R™™ RY), such that f(¢,.) =0 V¢ <0. Then u
can be considered as an element of L™ {(—oco, T], Hyy)(R",CV)} if it is zero
for t < 0. So we get

/ (o(t), f(2)) r2dt = / (L*(t,.), u(t)) 2dt

—0o0 —00

Vo € C(R™ CN) with ¢(t,.) =0 Vt > T. Now we can apply ([1], p.271
Lemma A.5), which gives us for our u € L™ a k-times weakly differentiable
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U e L? (I xR",CV) where all the derivatives are also in L? _such that
loc

loc
T N T -
/ qb-fd:cdt:/ /L*gb-dedt (2.18)
—00 Rn —00 n

Vo € C°[(—o0,T) x R*,CN]. So the lemma shifts the focus of the time
variable ¢ only of u € L>[(—o0,T], Hyy(R",CN)] to U € L}, (I x R",CV)
which evens out so to say, the significance of ¢ and .

What we want in the end is a smooth w, but up to now we only know
there are weak spatial derivatives, we don’t know whether u has also weak
time derivatives. Therefore we make an assumption by induction that for
jtla| <kand j <I<k-—1,thereisaU;, € L} .((—o0,T) x R",C") such
that

T T
/ ¢ Ujo dxdt = (—1)7F1 / / 0% - U duadt
—o00 JR" —00 n

Vo € C[(—o0,T) x R*,CN] and &/0°U = Uj,. For I = 0, the inductive
statement is true (as we know from before). Because we want an additional
time derivative (from [ to [ + 1), we reformulate (2.18) into a convenient
expression. For this we define v = A% and g = (A°)~'[f — A79,U — BU].
Every ¢ € Cg°[(—o0,T) x R",C¥] can be written in this way, where ¢ and
1 are in the same class. So we get:

T T .
/ - g dudt = —/ O - U dadt. (2.19)

—oo JR™ —o0 JR™

This is indeed the same as (2.18). First for the expression under the left
integral we have

V-g=1"g=(A")"g=9¢"(A")g=0¢"A7.
If we use now our definition for g, we get
¢ A% = ¢" AV (AV)N[f - A0;U = BU] = 6" f = 6" AO;U — &' BU

Now we put this into the following integral:
T pa— . — —_—
/ ¢-f—o¢-A0;U —¢-BU dzxdt
—00 R'I’L

T
(2;8)/ / L*U—gbAj@j-U—ébB'dedt
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By using the term for L*U, the symmetry of the A7 and partial integration
we can cancel out the terms up to dy¢p which gives us at the end (2.19).

Let a be a multiindex and j be a non-negative integer with |a| +j <k —1
and j < . Then there exists the weak derivative 9*6?¢g and is contained
in L2 [(—oo,T) x R",CN]. Therefore we can replace v (for any « with
la| < k—1—1) with &/0%. The integral on the left side can be re-
placed by an integral of the scalar product of ¢ with a function, say h €

L2 [(—o00,T) x R",CV].

loc
T
/ (1, h) 2 dt = / / 9 - U dadt.

So the induction from [ — [+ 1 holds and we obtain that U is k times weakly
differentiable with respect to x and t in (—oo,7) x R™. From ([1], p.50,
Lemma 6.7), which says for a u € L*(Q) (where € is open in R™) which is
[ times weakly differentiable and the weak derivatives are in L} (), that
u € CHQ) if | > k +n/2, we see that U is also continuously differentiable.
So (2.18) implies that LU = f. In addition, U = 0 for ¢ < 0 holds. Up
to now we only know that for each k there is a U but not that these U’s
coincide. That this is indeed the case is a result of the uniqueness result
(Proposition 2.1), as long the U’s are in C* and so for large enough k (which
we can choose freely) we have a unique U. So we get a smooth solution.

Let now relax the conditions to f € C§°(R"™™ RY) in so far as we no
longer require f to vanish for ¢ < 0. For this we take a smooth function
n e C®(R,R) whith 0 <7 <1, n(t) =0 for all t <0 and n(¢t) = 1 for all
t > 0. We define f.(t,xz) = n(t/e)f(t,z). So we get for every € > 0 a smooth
solution wu, for Lu. = f. with u. = 0 V¢t < 0. Again from our uniqueness
result we get a compact set K such that u.(t,z) =0forx ¢ K andt < T
and Ve > 0. From the inequality (2.9) we get

ey = uey ) (& )l gy < C/O [n(s/e1) = nls/e)l 1F (s, )y ds

So for any t € [0,T] the solution u.(t,.) converges in any H"*-norm and for
e — 0+ also in any C*-norm (by the Sobolev embedding theorem). By using
the equation in a recursive way, we obtain also convergence of any number
of time derivatives (as long we are away from ¢ = 0) and became a solution
u on (0,7) x R™ which is smooth. As stated in the theorem we have to
extend now to t = 0. We define u(0,.) = 0 and again out of this, the higher
derivatives are given recursively by the equation. If 0,u converges, what
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should it converge to for ¢ — 0+7 If we use again the inequality (2.9), we
get

t t
()t Mgy < € / 1£(5, )y ds < C / 152l gy ds.

This shows that due to the independence from e on the right side, the in-
equality holds also for u. If we now choose k large enough (which we can do
freely) and the H*-norm dominates (by the Sobolev embedding theorem) the

C%-norm, we obtain that u(t,.) “29%* 0 in C° and also in every C*-norm. So
Oyu converges properly in any H*-norm and also for all higher time deriva-
tives(which we get again recursively).

At this point we have proven the theorem for uy = 0. To get it for uy # 0
we only have to do a small modification. By considering the equation for
u—ugtp, with a ¢» € C§°(R), such that ¢(t) = 1 for t € [-1,T + 1], we obtain
a smooth solution, as far we additionally (to the assumptions for f) demand
that uy € Cg°(R™, RY). O

Corollary 2.2.3. . Let ug € C®(R*,RY), f e C°(R"" RY) and A*, B €
C>(R™ Mg(N, N)). Assume that A" are symmetric and that for any com-
pact interval [T1, T»), there are constants ag, by > 0 with A° > ag and || A*]] <
bo on [T1,Ty] x R™. Then there exists a unique solution u € C*® (R RN),
to the initial value problem (2.1),(2.2).

Proof. see [1], p.67

2.3 Linear wave equations
In the actual chapter we pay attention to the following equation
g 0,0,u + a"Ou + bu = f (2.20)

where g € C®(R"™!, Symmpg(n + 1,n + 1)) such that g% < 0 and ¢” are
the components of a positive definite matrix. Additionally let be a*,b €
C®(R"™ Mg(N,N)) and f € C®°(R" RY). Assume that the solution to
the equation is v € C°°(R""!,RY) with the property that for a compact
interval I C R, there exists a compact set K; C R™ such that u(t,xz) = 0 if
t € I and x ¢ K;. With these conditions we can define the energy by

e~ [ o0l + g0 0ju+ fufld (221)
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Lemma 2.3.1. By the conditions fixed above, let g"”, its first derivatives,
a* and b all have uniform bounds. Let ¢°° have a uniform negative upper
bound and g¥ a uniform positive lower bound. Then there exists a constant
C', which depends on the bounds, such that fort > 0, the energy from (2.21)
satisfies

EV2(t) < (51/2(0) + C/Ot Hf(s,.)”zds) et (2.22)

Remark. By the lemma we obtain that two solutions of (2.20) satisfying
the above conditions coincide for all ¢ > 0 as far the initial data of these
solutions also coincide at ¢ = 0, by considering the inequality obtained for
the difference of the two solutions.

Proof. Let us first differentiate (2.21) with respect to time:

0,E(t) = / {_%(atgm) |Opul* — g0, - O u
1 (2.23)
+§(8tgij)8iu - 0ju+ g0 - (0;05u) + u - atu] dx

The first, third and fifth terms can be bounded in terms of the energy. Due to
the respective bounds for ¢ and ¢g” we get a uniform constant C' (which can
for convenience change from line to line) such that the following inequality

/n {—%(&5900) |0ul® + %(&g”)@u Ojutu- at“} de <C&  (2.24)

holds. For the remaining terms, we have
/ g7 0;u - (9;0pu)dx
= / [0;(9"7 0w - Byu) — (9;97)Osu - Byu — g% D;05u - Oyu)da

= _/ [(8;97)05u - Dyu + g7 005w - Dyu]da

Now in this form we can estimate the integrand of the last line as in (2.24).
If we combine these estimates and subtract the remaining terms, resp. what
is left of these, then we get

0,E < CE — / (g0 + gij&-@ju) O dx.

n
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If we have all the entries of ¢ in mind, we see that there is a missing part,
namely the entries for ¢g%. So we have also to take the term —2¢%0;0,u - O;u
(the factor 2 comes from the symmetry of ¢*”) into account.

/ 29%0,00u - Qyudx = / 9% 0,(|0pul”) dx = — / (9:™) |0vu]” d

n

Here we used integration by parts and due to the boundedness of the first
derivatives of the metric we can again estimate the right-side by C'E. Now
we are able to merge the different parts of the metric and get

€ <CE — / g""0,0,u - Oudx.

n

From this point we can use the equation and reformulate it to ¢*90,0,u =
—a"0,u—bu+ f. We assume that a* and b are bounded and so we can insert
the estimate for —(a*d,u+bu)-dyu into the term CE and the remaining part
f - Oyu can also be estimated due to the negative upper bound of ¢"°. So we
have: ¢% |d,u|* < (9yu)'¢®du and (take care of the minus) get

(CSI) ) 1/2
O flde < ( ol dx) T

R™ R7

<C </ (0ru)' g™ Opu) dﬁ) - £t Il

< CEV2|f(t, )y -
Therefore we get
OE < CE+ CE2| f(t, )],

To get a more convenient form we introduce & = & + ¢ (for € > 0) because
we want to divide by v/&.. Indeed we get the same estimate for £ and can
now divide by /&, to arrive at

OEV? < CER+Cf (),
By integration (fundamental theorem) we obtain, for ¢ > 0

t t
E12(1) < £12(0) + C / 15 ), ds + C / £1/2(s) ds
0 0

By using Gronwall’s lemma, we get the form

) < (£2°0)+.C [ 156 lads )
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We obtain the final statement by letting ¢ — 0+. O

In our case it is natural to use a Lorentz metric, which in turn entails certain
restriction on the different entries ¢*”. In the end we will consider compo-
nents of the inverse of a Lorentz metric. In the following we are concerned
with this topic, respective the properties of such an inverse.

2.4 Some Linear Algebra

Let g € Symmg(n+ 1) with components g,,,, p, v =0, ...,n. Let the subma-
trix of g be g, € Mg(n) with components g;;, ¢, j = 1,...,n. If g is invertible,
the components of the inverse are denoted by ¢*” and the components for
the inverse of g, (which we call g¥) are g¥/. The vector with components go;
shall be denoted by v[g].

For a symmetric, positive definite n x n-matrix £ and an n-dim. vector
v, we write

In this sense it follows that |v| = |v|; with §;; the Kronecker delta.

If A € Mg(n+ 1,n+ 1) (not required to be symmetric), we denote the
(n+1) x (n+1)—dimensional matrix as M, with the components (M4)g0 = 1
and (Ma)oi, (M4)i0 = 0 where the remaining ij components are given by A.

1 0---0
—| 0
0
If now p € Symmg(n + 1) has one negative eigenvalue and n positive ones,
we say that it is a Lorentz matrix.

Lemma 2.4.1. Let p € Symmg(n + 1). Assume that poy < 0 and p, is
positive definite. Then p is a Lorentz matriz.

Proof. Pick A € O(n) which diagonalizes the submatrix p,. Furthermore
let h = M'pMy,. Then the components hoy = pog < 0, which can easily be
calculated and h, = A'p, A is a diagonal submatrix which have positive entries
A;. Furthermore the eigenvalues of p and h are the same. Now we want to
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calculate the determinant of A — A\l with the diagonal submatrix h, = A’p, A.
To do this we use the determinant expansion theorem of Laplace, where we
in turn can use the nice properties of the diagonal matrices. For

hoo -+ hon
h = : hy
hnO
we get
h2 h?
A) = A== = A=A (A =N,
p) = (= A= 10— = 0= ) O =)
=70
For f(\) we obtain
h?2 h?2
"‘N=-1-— O
J') (A — )2 (A — A)?
Note that due to the positive definiteness all A{,..., A\, are positive. Let us

define the smallest \; := \in. Now we look at the interval (—o0o, Anin) (Amin
is not an argument of f(\)). In this interval f'(A) < 0 holds. Due to the
continuity of f(\), because of f(—o0) = 0o and f(0) < 0 and the fact that
f(X) is strongly decreasing, we see that there is a unique negative value of
A, let us call it \g, for which f(\) = 0. This is also an eigenvalue of p. By
differentiating p(A) (product rule to p(A) = f(A)(A1 —A) ... (A, — A) and set
A = Xg) we get p'(Ag) # 0 (remember that pgy < 0).

Therefore \g is a root with multiplicity one of the polynomial p(A) = 0 and so
we have only one eigenvalue within (—oo, A, ). The remaining n eigenvalues
are positive, because of p is a symmetric matrix and therefore has only real
eigenvalues. U

Definition 2.4.1. A canonical Lorentz matriz is a symmetric (n+1)x (n+1)-
dimensional real-valued matriz g with components g,, such that goo < 0 and
g» > 0. C,, denotes the set of (n+ 1) X (n+ 1)-dimensional canonical Lorentz
matrices. Let ay,as,a3 € R and a = (ay, a2, a3), then we define C,, o (which
is a subset of C,) to consist of all matrices g with

n
Joo < —ai, g, = as, Z 9| < ag
p,v=0

By a > 0, we mean that a contains only strictly positive components.
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Lemma 2.4.2. Let g € C,,. Then g is a Lorentz matriz,

1
g% = - (2.25)

where d = \v[g]|g;1, g* is positive definite, with

Joo 2
— (2 |w|g[

< wl? < |w|§;1 (2.26)

for any w € R™ and

v[g™] = g, ‘vlg). (2.27)

Note that ¢g"° < 0 since gog < 0 and that there is an upper bound which

depends only on goy and d. Especially g=' € C,.

Proof. That g is a Lorentz matrix follow from the last lemma. Assume

A=1/g, ! which is positive definite and symmetric. Then we have

t t
Athz(VQﬁ) S Gy gb‘l:(\/gb‘l-gb) A9 =99, =1d

Therefore we get for the h which we defined in the last proof hgy = goo,
h, = Id and v[h] = A'v[g]. Now we choose a B € O(n) in such a way that
the following holds: B'A'v[g] = |A'v[g]| €1, with e; = (1,0, ...,0)". For d we
get

d = [olgll,r = |A%lg)]

If we now define p = MEMYgMsMpg, we get again poy = goo, p» = Id
and v[h] = dey, due to the special structure of our matrices (M4, Mp and
Atg, A = Id) which ensures the work with proper submatrices. Note that the
matrices preserve especially the 00-component.

The inverse of the 2 x 2-matrix with components p,, (1, v =0,1) is

1 (1 —d)
goo—d>\ —d go )’

and we can directly read off the ¢° component due to

g = MaMpp ' MM},
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and the fact that M, and Mpg preserve the 00-component, which was our
claim for (2.25). From the form of the My, Mp matrices we get for the
inverse components of the n x n-matrix ¢ the expression g¢ = ABpfB!A".
To get an estimate as we have in (2.26), we look for w # 0 at

‘w‘zu (g™ w) (p* Bt Atw, Bt Atw)

|w|371 (Aw, Aw) — (BtAtw, BtAtw) ’
b

where we have first used the definition for |w|, and the definition for A* = g,° !
and secondly that B is orthogonal and A is symmetric. Now, after this we
have to examine p'. p' is diagonal and as we can see from above for the
inverse the 11-component is goo/(goo — d?) < 1, whereas the ii-components
are one for 7 > 1. With this we directly get (2.26).

Again from the inverse and the explanation from the orthogonal matrix B
we get the expression for

d
1=c d dBe, = Av]g].
v[p~Y prer L €1 v[g]
So we get (2.27) by
v[p~'] = ABv[p™'] = — ! S A%ulg] = R 59, 'vlgl.
goo — d goo — d



46 CHAPTER 2. PDE THEORY

2.5 Existence of solutions to linear wave equa-
tions

The idea here is to formulate linear wave equation in a very general form
and sort the respective parts (which turns out to be possible due to our pre-
vious linear algebra considerations) in such a manner that at the end we get
a symmetric hyperbolic system, which as we know have a unique solution.
To begin with we have to do some sorting work to bring our objects into a
convenient shape.

Let g € C*(R"™,C,), I =1, ..., N (also a Lorentz matrix-valued function),
with components g7, (usefully the components of the inverse are denoted by
g7"). Let a = (a1,a2,a3), with a; > 0, i = 1,2, 3 constants for any compact
interval [T, T3], in such a way that g;(¢,x) € C,, for all (¢,x) in the slab
[T}, Ty] x R™. Assume that bJ*, ch, fI € C®(R"!) with J = 1,..., N and
a =0, ...,n. Furthermore ul, u! € C*(R"). Now we define the initial value
problem which we are interested in:

g¥ 0, 0,u" + b 0uu’ + chu’ = 1 (2.28)
u'(0,.) = u} (2.29)
o (0,.) = ul, (2.30)

where we sum over all indices except I. From the linear algebra consideration
we know now that g# is positive definite and g% < 0. Additionally we have
a constant vector b = (by, by, b3) , where the components b; > 0,i = 1,2,3
for any compact interval [T, T3], such that g;' € C,, for all (¢, z) in the slab
[T}, T3] x R". When convenient, we divide (2.28) by —g% to get g% = —1.
Assume

ol = (O, . 0T ot ) = (v, vl ). (2.31)

Let us now define the following (n+2) x (n+2) symmetric matrices A°, A%,
For A0 with

10 __ ij 10 __7l0 _
Aij =yg; and An+1,n+1 = An+2,n+2 =1
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and the remaining components are zero we get

10 10 10
All ce Al,n+1 Al,n+2
AIO —
10 10 10
An+1,1 e An+1,n+1 An+l,n+2
10 10 10
An+2,1 e An+2,n+1 An+2,n+2
0 O
]
1 0
0 0 0 1

And for A™ with
Agil,i = AMH = gék and A111k+1,n+1 = QQ?k

i,m

and the remaining components are zero we get

Azl,]iH—l
1
Ik Ik Ik
Ay Al,n+1 Al,n+2
AIk —
. Ik Ik Ik
Atk | AV s A A e
Ik Ik Ik
An+2,1 e An+2,n+1 An+2,n+2
Af,’%ﬂ
0 ... g* 0
. 1k 0k
A{]ﬁ»lyi—) g[ e 291 0
0o ... 0 0
Furthermore let
I _ Ii I _ 10
dJnJrl,i - _bJ7 d]n+1,n+1 - _bJ )

I _ I I _ 1 I _ I
dJn+1,n+2 = —Cy dJn+2,n+1 - _5J7 thrl - _f
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and the remaining components are zero. So we get

1 1 1
dJl,l cet dJl,n—H dJl,n+2
I _
d; =
I 1 1 1
A= | gnsin - Qg dJn+1,n+2
1 1 I
dJn+2,1 et dJn+2,n+1 dJn+2,n+2
0 0 0
11 10 I
d.IIn+1,'L'*> _bJ e _bJ _CJ
1

So d% is a smooth function into the set of (n + 2) x (n + 2)-matrices and h!

is also a smooth function into R™*2. Assume u satisfies (2.28) and v is given
by (2.31), then we have

Ao" — Ao’ +3 " div? = bl (2.32)
J

If all indexed v’ are put into one vector v and if we have a look at the struc-
ture of the matrices A% and A® (symmetric, positive definite), we see that
the equation is symmetric hyperbolic. Additionally if we put all A’® into one
matrix AY, we see that for every compact interval [T, T3] there is a lower
constant bound, i.e. A° > ag on [T}, Ty] x R™. This also holds for the A* on
the same slab.

Let u! be a solutions to (2.28) — (2.30). If v! is defined as in (2.31), we
get a solution for the symmetric hyperbolic system (2.32) in such a way that
the initial data are

Ok 5(0,.) =/ (0,.) (2.33)

for © = 1,...,n, which we get by differentiating the relevant component in
(2.31). If we have a solution to (2.32) which is smooth and where the initial
data (2.33) are satisfied we get from (2.31)
ol = 9,0.u! = 9,0,u’ = 0-v£ 1
J J J J " n+ (234)
Outpyp = O’ = vy,
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and from (2.32) we get d;u’(0,.) = v!(0,.). By using (2.34), we get
ol (t, /88t0n+27.1:

=v/(0,.) + /Oﬁtvi(T,:U)d = v} (t, 7).

and from this it follows that v! is of the form of (2.32). So u! constitutes
a solution for (2.28) — (2.30) with v/(0,2) = v],,(0,z) and Ju!(0,z) =
ol (0, 2). O

From Proposition 2.2.1 and the Remark following it and from Corollary 2.2.3,
we get now (under consideration of the above) the next theorem.

Theorem 2.5.1. Assume J, I =1,.... N,a=0,...,nandi=1,2,3. Letg; €
C>=(R"*,C,), with components gr,,. Assume that for every compact interval
(11, T3], there are positive constants a;, such that g;(t,z) € C,q, with a =
(ay,a9,a3), ¥(t,x) € [Th, To]) xR™. The components of the inverse are denoted
by gt”. Assume that b ch, f1 € C®(R™) and that ul,ul € C®(R").
Then we have an unique solution uw € C®(R™™ RYN) for (2.28) — (2.30). If
the initial data have compact support and fI(t,x) =0 fort € [Ty, Ty (where
Ty <0< Ty)and x ¢ Ky (where Ky is compact), then there is a compact set
K such that u(t,x) =0 fort € [I1,T,] ifv ¢ K.

We also have an uniqueness statement of greater generality, which follows
from Proposition 2.2.1.

Proposition 2.5.1. Assume J,I =1,...N, a=0,...n andi1=1,2,3. Let
gr € CHR",C,), with components gr,,. Assume that for every compact
interval [Ty, T5], there are constants a; > 0, such that g;(t,z) € Cp a4, with
a = (a1, as,a3), V(t,x) € [T1,Ty] x R™. The components of the inverse are
denoted by ¢7". Assume that b, 4, f1 € C(R™') and that ul,ui € C*(R").
Then, given a compact interval [Ty, Ts] (with Ty < 0 < Ty), there exists an
sg > 0 such that the following holds: if v € C? is a solution of (2.28), the
initial data vanish inside B,(zo) and f'(t,z) = 0 for (t,x) € CuyrsoTiTss
then u(t,z) =0 in Cyy 501115 -
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2.6 Local existence, non-linear wave equations

We start with some definitions, which we will later frequently use.

Definition 2.6.1. Let 1 < m,n € Z. A function h : R"! — R™ is said to
be of locally z-compact support if for any compact interval [Ty, Ts] there is a
compact set K C R™, such that h(t,z) =0 ift € [T\, Ty] and x ¢ K.

This notion is important because a smooth function of locally x-compact
support u : R™™ — R can be viewed as an element of C'(R, H*(R™ R™))
for any k,l and that is why we will use this concept often later on. Note
that this is not the case if we consider a function u € C* where u(t,.) has
compact support for every fixed t.

Definition 2.6.2. Let 1 < n,N € Z and 0 < k € Z or k = oco. Let
g c Ck(RnN+2N+n+1,Cn) and f c Ck(RnN+2N+n+1,RN). If

e for every multiindex o« = (v, ..., pN 12N +nt1) Such that || < k+1, and
compact interval I = [T, Ty|, there are increasing functions h}w h%a €

C(R,R) such that

(0% ) (t, 2, )] < Dy, (I€]) (2.35)
(0 F)(t,2,6)] < 7, (I€]) (2.36)
Vu,v=0,...,n,t €I, x €R" and £ € RNV and

e for every I, there is an a = (ay,a9,a3), a; > 0,9 = 1,2,3 such that
g(t,x,€) € Cpq for every (t,z,&) € I x RN +2N+n

e the function f, defined by fy(t,x) = f(t,2,0), has locally x-compact
support,

we call g a C* — N, n-admissible metric (third point not needed) respectively
f a C* — N,n-admissible non-linearity (second point not needed).

If g is a C° — N, n-admissible metric, then by applying Lemma 2.4.1 we
know that ¢ is a Lorentz matrix. From the assumptions made before and
Lemma 2.4.2, there are for every compact interval I, constants b;,7 =1,2,3
with b = (b1, b, b3), such that g~'(t,z,£) € Cpyp V(t,z,£) € I x RMNT2N+1,
Let u : Q — RY for some 2 C R"! be a differentiable function, then we
define g[u] to be a function on 2 as

glul(t,z) = g {t,x,u(t,x), Ou(t,z), ..., Ou(t,z)},
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and analogously for f[u]. We additionally need some further terminology
for the proof of the local existence of solutions, concerning constants and
functions which depend on the metric and non-linearity.

Definition 2.6.3. Let 1 < N,n € Z. Let be g a C* — N,n-admissible
metric and f a C®— N, n-admissible non-linearity and I = [T, T3] a compact
interval.

e A map k which associates to every g, f a function kr[g, f] € C(R™, Rsq)
such that kr,[g, f] < kplg, f] for I C Iy is called a C* — N,n-
admissible majorizer .

e A map C which associates to every g, f a real number Cy[g, f] > 0 such
that Cr,lg, f] < Crlg, f] for I C Iy is called a C* — N, n-admissible
constant .

Remark. We often will omit the argument [g, f] and write x;, C7 when it
is clear from the context. We also use, for brevity the same notation xy, C;
for all N, n-admissible majorizer and constants, which can change their val-
ues from line to line.

Now we want to pay attention to the initial value problem

guyﬁuauu = f; (237)
U(TO, ) = U07 (238)
8tU(T0, ) = Ul, (239)

where Ty € R, g = g[u] and f = f[u]. All the assumptions hold if we divide,
for convenience (to get ¢g°° = —1), the equation by —g°.

Lemma 2.6.1. Let 1 < N,n € Z, let g be a C' — N, n-admissible metric
and f be a C' — N, n-admissible non-linearity. Examine two C? solutions u
and v to (2.37) on [Ty, T) x R™, where we do not require the initial data to
have compact support. If the initial data coincide at t = Ty, then u = v on
[To,T) x R™. The statement in the opposite time direction is similar.

Proof. For what follows we write g, = g[v] and analogously for the other
related objects. If there are two solutions w,v to (2.37) we get from the
difference

gql;wauauv - gq’jyauauu = fv - fu
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by adding g4”0,0,v on both sides the following
9o OO0V + fu = fo = 9,000 = ¢, 0u0,u — ¢, 0,00
which is
g 0,0,(u —v) = (gt — ¢2")0,0,v + fu — fo- (2.40)
Let us now introduce the following concept.
Let hy, = hlu] = h(t,z, u(t, z), dyu(t, ), ..., Opu(t, z)) then
hy(t,x) — hy(t,z) =

1
= / %h (t,x, Mu(t, z) + (1 = No(t,x), Aou(t, ) + (1 — X)Opv(t, ), ...) dA
O N ~" g

*

= /01 Ouh(*)(u — v) + i Oa;uh(*)(95u — Ojv)dA

=:hi(u—v)+ Zhéaj(u —0)

J=0

where we used first the fundamental theorem of calculus and afterwards the
chain rule. This can be written in short as

h(u) — h(v) = /0 ' (Au+ (1= Nv)d\ - (u—v) (2.41)

So we have continuous functions f; and f}' such that

fu—fo=fi-(w—v)+ f - 0u(u—w). (2.42)

We get an similar expression for g — g'” and by inserting this into (2.40),
we have (together with our assumptions) the conditions of Proposition 2.5.1
applied to (2.37) which concludes the proof. O

Before we start with the next lemma, we introduce some helpful notation,
which will be afterwards frequently used. Let ,

Mylo](t) = [[o(t, )l grer + 100 (E, )l g (2.43)
mlv](t) = Z ms;lﬂg |80‘8£v(t,x)|, (2.44)

o +5<2
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supposing that the right-hand sides are defined. Additionally note that
Mv] = My[v].

The main use of the next lemma is for the proof that the elements of our
sequence (which we use for proving the existence of local solutions) are uni-
formly bounded on a suitable time interval.

Lemma 2.6.2. Let 1 < N ,n € Z. Then there are N, n-admissible majorizers
K1, ko and N,n-admissible constants C4,Cy, C3 such that the following holds.
Assume g is a C'°-N,n-admissible metric, f a C*°-N,n-admissible non-
linearity, Uy, Uy € C°(R™,RY) and assume v € C®(R"™ RYN) is of locally
z-compact support. Let I = [To,Th] with Ty < Ty. Additionally we write
gu = g[v], fo = flv]. Let furthermore u be a solution of

gﬁya,uauu = f; (245)
U(To, ) = U(), (246)
atU<T0, ) = Ul. (247)
Ift €1, then
My [u](t) < Ch M [ul(To)
t (2.48)
+ | Coyr+ k1 mfv] {(1 + mlu]) Mg[v] + M[u]} ds.

To

If f, =0 (with fy(t,x) = f(t,2,0)), we can in the integral omit the constant
term. If

1 iy
Efv,u) = 5 > /R n[—ggo 0°0yul® + g7 0“0 - 9°0;u + |0%u|’)dx.  (2.49)

|la|<k
we have the inequality
OrEx[v,u] < Cs1 + Ko r(mlu], mv])(ME[v] + Exlv, u)). (2.50)

Remark: For (2.45)-(2.47) there is a unique solution u € C*®(R""! RY)
by Theorem 2.5.1. The solution is also of locally x-compact support. In the
expression for the energy Ej the term ¢%° = —1. Nevertheless we write it
as above to assure that we don’t run into a problem if this condition is not
satisfied.
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Proof: Due to the assumptions regarding g, there exists an N, n-admissible
constant C' for ¢ € I = [T}, Ty] such that,

O%Em[ w](t) < Mylw](t) < CrE/[v,w](0), (2.51)

where w is such that all involved objects are defined. For convenience we
write for Ej[v,u] now Ej and for Ey we write E. By differentiating we get

1
OE = 0, [5/ — g% 10uul® + g9 0ud;u + |ul d| =

1
=3 [ o) ol” 2000t

+ / Q(Gtgv )Oudu + g7 (9,0;u)Ou dr+

—1—/ |u| Opu dz.

Now we have (by additionally using p, v indices)
9" 9,0,u - Opu — 292 0,0;u - Oyu = g 9,;0;u - Opu + g2 Ofu - yu

and also by using partial integration
/ 970 - 0;0;udr = —/ 9;(9" 0pu) - Opu dx

/ 29% 0,05 - Otudx——/ 9; (%) |Oyu)? du,

we get the following expression

8tE:/ [ 0,01 - Oy — Os(g") |Opul? ——(8tg ) 16,
(2.52)
—(0:9)05u - Opu + = (8tg”)8u Oiu+u - 8tu} dr.

The first term of (2.52) can be estimated by the use of (2.37), the Cauchy-
Schwarz 1nequahty and the expression of Ej, for k = 0. Because 9,g%° =

and all 9;9%,9;g% and 0,9 are bounded due to the fact that we used an
admissible metric (by this also its entries g are bounded on the interval I),
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we can estimate the residual terms by xr, m[v](f) and the energy term E. So
we get

O.E < ry(mp))E + C || fu(t, )|, BV, (2.53)

where the constant C' is a number and x is an N, n-admissible majorizer.
Now to obtain such an estimate for Ej, we use that 0%u fulfill the following
equation (by using (2.45))

gt"0,0,0%u = 0° f,, + (94" 0,0, 0”] u.
If we now increase from Ej to Ey we get from (2.53) and (2.49)
OBk < ki (m[U) B+ C | foll e B 4+ C 3 gk 00, 0% lly B,
lal<k

where we have taken the higher order of derivatives into account, which leads
to an additional term (the last summation) and we get the ||.|| ;x-norm (where
we had for k = 0 the ||.|[,-norm). Note that the H*-norm covers only the
x-variables.

If we consider the term [¢4”0,0,,0% u, we can write this up to constant
factors (and keeping in mind that we use Einstein’s summation convention)
as

(858ig5”) 070,0,u, (2.54)
with 8] + |7| = || — 1. We can assume that there is at most one of p, v
equal zero, due to the fact that ¢%° = —1 and we differentiate with respect

to z'. Now we can write, by defining gy = g[0]:
(090, 070, 0,u = [0°8,(g™ — )] 8", D,u + (9 Digh™ )58, Dy,

If we look at the sup norm of the first factor of the second term over [Ty, T'| x
R™ in the last equation, we see that it depends only on the interval I. If we
estimate now this second term in L?, we can put this first factor into the sup
norm and get

H (aﬁaiggu)mauauu‘}z < kr(mlv]) My [u]

For the first term, we use ([1] Lemma 6.16, p.54) and get for order |o| = (k—1)
by using ¢1 = 0;i(gh” — g5 ) and ¢2 = 9,0 u:

10761 - 0" a|, < C([D*ou ], lloall o + 01l [[D*62],)

<mlu] <kr(m]) <My
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and for the first term in the last estimation we get
D oull, = gy = 96" lin < Clloll - 0l e = w2 (m]) Mi[v]
where we used ([1] Lemma 6.17, p.55) with ||gh” — g§" ||« = F(t,z,.) and

(2.35) from the definition of the C* N, n-admissible metric for the estimation.

If we sum up the last estimation we get finally

U (8ﬁal.géw) GVau&,uH% < kr(m[v])(Mg[u] + m]u] My [v])

~\~

ot 20 Ju]]

The last estimation is for f, in H* where we use again ([1] Lemma 6.17,
p.55) to obtain

1 foll g < Cr + Kr(mlo]) M [v]

Here we get the constant term from f;, (which is f,(¢,2) = f(t,2,0)). A final
summation yields

O by, <
. (2.55)
kr(m[v)) B + (Cr + sy (m[v]) (Mi[v] + My[u] + m[u] Mi[v])) B/,

If we apply Young’s inequality and use (2.51) we get (2.50).

To be able also to differentiate at zero, we use instead of Ej the term
E, = E, + ¢ and obtain now

O E = Cr + wi(mv])(My[u] + m[u] My[v] + My[u).
By integration and letting e — 0 we get, by using (2.51) finally (2.48). O

Lemma 2.6.3. Let 1 < N,n € Z. Then there are N, n-admissible majorizers
k3, k4 and an N, n-admissible constant Cy such that the following holds. Let
g, f be a C°° — N, n-admissible metric resp. non-linearity. Let Ty < T; € R,
Uoi, Ui € CPR™,RY) and assume v; € C(R" RY) be functions with
locally x-compact support, where i = 1,2. Let g; = glv|, fi = flvi] and u; be
solutions to

géwauauui = fi;
ui(T07 ) = Uo,i,
8tui(T0, ) = Ul,i-
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For u=1uy —uy, v=vy—vy and t € I = [T, T1] we get

M{u](t) < Cuy exp ( / t m,l(m[w])ds)

To

(vt + g (mfea], mfoa], o) 011l

To
where Mu] = Mo[u].
Proof: We define the energy by

=L [ ol ol + g0 D+

and note that (as can be easily calculated)

ggyauauu = (gllty - géw)auauul + f2 - fl-

By differentiating £ with respect to ¢ (which is (2.52) due to &€ = Ej from
(2.49)) we get

v 7 1
o = [ (C00mon— (0g2) 10w~ 5 (0¥) ol (256)
n N——" ~——
<rr(mlva]) <kr(mlva])
3 1 3
— (0,95) Ojudu+ = (0rg3) Oyudju + udyu dx (2.57)
N—— 2 ~——
<kg(mlva]) <kr(mlva])
< / (—g5")0,0,u10;u — Kr(m[va]) M[u]2 dx (2.58)
" <C€
>Ur

The remaining part is the first term in the integral, which we estimate by:

/ (91" — 95")0,0,u10pu d + / (fo — f1)0udx
n Rn

=0, — ) 0undu — (6 — g5 ) D BiDu + (fo — f1)Opu da

Rn

v

(2ﬁ1) % uvd
= a' (vy — vg) OyurOyu + b Js(v1 — v2)0,u10pu

+ (v — v2)0,u1 0,0, u + d””585(111 — 09) 0, u1 Oy

+ e(vy — v2)0pu + h°0s(vy — v9)Opu dx
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where a*v b*° c*, d"0 e, h® are suitable functions (see proof of Lemma
2.6.1). Now let us do a first estimation of one of the above terms in the
last integral. This should be done exemplary in a way that can be applied
in the same way to all other terms.

/ 6505 [v] B, 1Oy d < ry(mfu]) 91|, | (V0] - Oyl de
R~ o

< wi(mlw]) o). M) Mlu]

——

<wr(mlo]mivz)) <c#2

where the estimation M[u] < C&Y/? comes from (2.51) and the estimation
for ||b*]|, is due to the property of the N,n-admissible metric and the
dependency on the functions v; and v, from Lemma 2.6.1. If we summarize
this and include also the estimates (2.58) from the beginning, we get finally

€ < kr(mlvg])E + /ﬁ[(m[ul],m[vl],m[UQ])M[v]Sl/Q)

In short, for the main point we applied (2.41) to get this result. This leads
by using the fundamental theorem of calculus to

EV2(t) < EVH(TY) + /T {kr(m[va])EY? + kr(mlus), m[vi], m[vs]) M[v] } ds.
By applying Gronwall’s lemma, we obtain
EV2(t)
< (51/2(T0) +/ /ﬁ(m[ul],m[vl],m[vz])M[U]ds) exp (/ m(m[m])ds) .

To To

From this we get the lemma. 0
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2.6.1 Local existence

Proposition 2.6.1. Let 1 < N,n € Z. Then there is an N,n-admissible
magorizer k and an N,n-admissible constant C' such that the following holds.
Assume g, f is a C*° — N, n-admissible metric resp. non-linearity. Further-
more let k > n/2+1, Uy € HFLY(R™",RY), U, € HFR™,RY) and I = [T}, T3]
a compact interval. Then there is a T > 0, depending continuously on the
H*_norm of Uy, on the H*-norm of Uy and on I, such that if Ty € [T}, Ts],
then there exists a unique solution u € CZ([Ty, Ty + T] x R™, RY) to (2.37)-
(2.39). Furthermore,

ue C{[Ty, Ty + T), H*"'(R*,R")}

c‘%u e’ {[T07T0 + T]7 Hk(Rn,RN)} (259)
and fort € [Ty, Ty + T]
Elt) < [64(To) +Ci - (1 = To) exp (/ “f<m[u]>d7) . (2060)

where E(t) = Exlu, u)(t) and Ex[v,u](t) is as in (2.49). One can also assume
that the bound on Ex(t) fort € [Ty, To+T] depends only on I, an upper bound
on the H**'-norm of Uy and an upper bound on the H*-norm of U;.

Remark. This result does not show immediately the existence of local
smooth solutions if one has smooth initial data because the time where the
solution exists could depend on the degree of regularity of the initial data.

k+1
Proof: Let Uy, Uiy € C’(‘]’O(R",RN) be sequences with Uy, I£> Uy and
k
Uy, AN U,. Furthermore let Cy = ||Us|| guss + ||Urll gr, and [[Uoyl| grsr +
| Uvll e < Co 4+ 1. We get the inequality if the sequence is chosen suitable.

Next we define wy by wy(t,z) = Upo(z) and if w; has been defined (with
x-compact support), that ;.1 = g[w,;] and analogously f;.1 = flw]. The el-
ement w; of the sequence should be a solution to the following system, which
is also part of an ongoing iteration

g;ﬂflauauwl-i—l = fl—i—la (261)
wi1(To) = U1, (2.62)
Oywit1(To) = Uy 41, (2.63)
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From Theorem 2.5.1 we know that there is a solution w;; € C*°(R"*! RY)
which is unique with x-compact support solving (2.61) — (2.63).

Boundedness. First we prove the boundedness of the sequence in
C*{[Ty, Ty + T}, H*"'(R*,R") } n C* { [Ty, Ty + T), H*(R"*,R") }
We do this by induction and start with the assumption
My [w;1](t) < M (2.64)

for Tp <t <Ty+ T and a constant M. By our assumtion at the beginning
it is clear that the case [ = 1 is valid for any T" and M depending only on
Cp. If we now assume the validity for [ and [ + 1 then we get

mlw](t) < k(M) {1+ Mp[wi](t)} < r1(M)

by the equation and Sobolev embedding on the interval [Ty, Ty + 1] with
T < 1. By splitting up the terms of m[w;|(t) we see that we need for the first
estimate for [ only (2.64) (the 1 in the middle comes from the estimate for
the (splitted-)part 9?w; ) and we also use the equation. Because the function
w; and its derivatives are bounded (which we know from the equation resp.
the properties of f and g) the sup norm can be controlled by the ||.||;r+:
norm and a constant, resp. a majorizer. And here (2.64) acts in the desired
way.

By using the equation we only need to control the sup norm of the derivatives
of order 0 and 1 for w;_; (which we get by (2.64)). For the next step, which
is w; we have to control the sup norm of the second derivatives of w;, which
again is given by (2.64) if we replace [ by [+ 1 and assuming that we have at
least one spatial derivative. Due to the boundedness of m[wy] we don’t need
to know something about w_; for the induction from [ = 1 to [ = 2, which
one can see below. If now (2.64) holds for [ = 1 or for [ and [ — 1 then we
have mfw;_1] < k(M) and

mlw](t) < k(M) {1+ Mi[wi]()}

By applying this to the estimation (2.64) which we get from Lemma 2.6.2

Mifur®) < Cr (Milul(T) + 5:(00) [ ay Mifu)ds ).

To

If we use Gronwall’s lemma, we obtain

Mylw](t) < Cr [My[w](To) + w1 (M)(t = To)] exp[(t — To) k1 (M)].
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For M = 4C)(Cy + 1) we get M > 4C, My[w|(Tp) for all . If now T is
chosen small enough, depending only on M (resp. () and I, the induction
is completed and (2.64) holds for all [.

Convergence in the low norm. In this section we have to prove that
the sequence converges in

C{ 1o, Ty + T), H' (R*,RM) } n C* { [Ty, Tp + T, L*(R",R™) } .

First we verify whether the iterations contained in the right space. To do this
we use Lemma 2.6.3 and do the following replacements: vy = u; = w;, vy =
wy_1,us = wiy1. Then we define

ap= sup Mwy1 —wyl.
To<t<To+T

Letting 7" small enough, such that it depends only on Cj and I. Furthermore
we choose the initial data sequence in such a way that the following holds

204, Mwip1 — w)](Ty) <27,

then we get from the following estimation

Lemma?2.6.3
Mwis1 — wy] <
To+T
< Cyrexp (/ m4,1(m[wl])ds) .
To

To+T
—i—/ k3 1 (mlwy), m{w,_1]) M[w, — w;—1]ds
To

To+T
< exp (/ ka1 (mlw )ds) .
To

~
—1 for T—0,s0 <2 for T small

| #ttores -
|

To+T
27 / k3,1 (mlwi], m{wi1]) M{w; — wii]ds -Cyp - a1-1]
To

J/

~~
—1 for T—Ty

To+T
<2.27"t4 9. Cur- / ks 1(mlw], m[w;_1]) M[w; — w;_1]ds -a;—y
To

(.

~
<1/2 for T small
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1
<27' 4 —q
< + 5 -1
the inequality for A; as
1
a <27+ -1

and from this we get

-1 1

(05} < —+ Wal'

This already works because of the uniform boundedness of k4 (m[w;]) and
k3.1 (mlw], m{w;_1]), which follows from the first part of the proof. Because
a; is summable, we have the convergence in the right space.

Convergence in higher norms. Now we prove the boundedness of the
sequence and that it is also a Cauchy sequence in

C*{[Ty, To + T, Hisy1)(R", RN} N C* {[T0, Ty + T, His)(R*,RY) }

Let 0 < s < k and apply ([1], Lemma 5.20, p.42) with a,, bs € (0,1) and
as + by = 1 such that

as

(2)

bs
Jwi(t,.) — wi(t, -)||(s+1) < flwi(t,.) — wn(t, -)||(k+1) Nwi(ts ) — wa(t, )

J/

-~

-
bounded for To<t<Ty+T —0

So we see that w; is a Cauchy sequence in C° {[Ty, Ty + T, Hyy1 (R™, RY) }
and by a similar conclusion also in C* {[Ty, Ty + T, H,(R",RY)}.

Let us assume that & > n/2 + 1. By use of the equation, where we al-
ways get a relation between the solution respectively the second derivative
of the solutions and the admissible non-linearity (also keep in mind the ad-
missible metric and the properties which are connected to these entities), we
can use Sobolev embedding to show that || leCbl < C||fill - From this and

the above we get that w; converges in CZ([Ty, Ty + T] x R, RY) and so we
have a C2-solution of the equation, which we will hence forth call w.

Now we have to show that u(t,.) is in H**' and that du(t,.) is in H*.
If 0 < s <k we have u(t,.) € Hs41) and Qyu(t,.) € H(s and also

[u(t, -)||(s+1) + [[Orult, -)”(5) = llggo[llwz(t, ‘)H(s—‘,—l) + [[Ovwi(t, ')H(s)] <M.
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The right hand side does not depend on s and we have monotone convergence
(lull s,y < llull,) for s1 < s5). By this the Lebesgue’s monotone convergence

theorem is applicable to deduce that u(t,.) € H*™ and du(t,.) € H*. In
this way one sees that the defining integrals for the (s)-norms converge to
the integral which defines the k-norm. Additionally we have

||U,(t, ')||H’€+1 + ||atu(t> >||Hk < CM.
Weak continuity. Now we want to show that (2.59) holds. Let us begin
to show that the solution is weakly continuous. Assume that f is in the dual

space of Hyy1)(R",RY). So we know that there is a ¢ € H_;_1)(R",R")
such that

flw) = [ ae)- ()i

Vw € Hq)(R™,RY). If now ¢; is a sequence of Schwartz functions which
converges to ¢ in H(_;_1), we get (see also [1], p.43)

[flult, )] = flwi(t, )] < CM ¢ = dsll

+

[ 10006 — (e, 601 3,010 .

where we write for simplicity (¢, €) for the Fourier transform of u(t,.) at &.
If j is large enough, the first term on the right is less or equal /2, due to
the convergence in H(_;_1). Additionally by choosing I large enough (which
depends on j) also the second term is less or equal £/2. So the left-hand side
is less than € and therefore flw;(t,.)] converges uniformly to f[u(t,.)] which
means that the past function is continuous and so w is weakly continuous.
Analogously one can show this for dyu.

Deriving a Bound. If we substitute v — w;, Uy — Up;41 and Uy —
U141 then we can apply Lemma 2.6.2, with w;y; as the corresponding solu-
tion. If we further use the inequality (2.50) with the fundamental theorem
of calculus we get for [Ty, Ty + T7:

By [wy, wi1](t) < By wy, wia](To)

+ /T [Cr 4 wr(mlw], m{wia]) (Mg [w)] + Bglwy, wiga]))ds.
i (2.65)
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Now let us analyse the various terms inside the integral. Note that for ¢ €
[To, To + T7,

lim [Ey[wy, wi](t) — Ek[u, wi(2)] = 0,

l—00

again since w; converges to u with respect to the C2-norm and the bounded-
ness of My [w;] due to (2.64). Furthermore we have MZ[w;|(t) < CrE[u, w;](t).
If we now insert this into (2.65), we obtain

t

Exlu,w](t) < Exlu,w](To) + Cr(t — To) —I—/ Crer(mlu], mw]) Ex[u, w]ds.

To

Because of m[w;] — m[u], due to the fact that w; converges to u with respect
to the C%-norm and that Ej|w;, w;1](Ty) — Exlu,u](Ty), we get from the
above and the assumptions about the initial data Uy; and U;; we get by
applying Fatou’s lemma

t

@k(t) S 5k(Tg) -+ C[(t — To) +/ /'i[(m[u])ék(T)dT,

To

where E(t) = Exlu,u|(t) and E(t) = limsup,_ . Exlu, w](t). If we use
Gronwall’s lemma, we get

Er(t) < [E(Th) + Cr(t — Tp)] exp (/T: m(m[u])dT) .

HFFL HF .
Because of the weak convergence w; — wu and dyw; — Oyu, we obtain

& =lm=Y / (0%Dyu) - (9°Dyun) + gl (9°Dyu) - (9°Dyuwy) + 0w - Dy

l—o00
jaj<k B

< 5;/2 lim sup E;/Q[u, wy,

l—0o0

and so we have & (t) < €(t) and (2.60) holds.

Strong continuity. Now we want to show that w and J,u are right
continuous at Ty so we have to prove that

lim (fJu(t,.) = w(To, )l grss + [[9pult, ) = Ou(To, )l ) = 0, (2.66)

t—To+
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First we define, by using h¥ (z) = ¢“[u](Ty, z) an inner product on H***(R" RY)
by
((v1,02), (w, ws)) =
1 .
= = Z / [(8“1}2) : (3”7112) + hY (8a8tvl) . (8a8tw1) + (8“1)1)(80‘101)] dx.

la|<k
By direct computation, we get

((u(t,.) — Uy, Oyu(t,.) — Uy), (u(t,.) — Uy, Owu(t,.) — Uy)) =
= ((u(t,.), Owul(t,.)), (u(t,.), Qu(t,.)))

2.67
= 2(ult, ), Bailt, ), Vo, U)) + (U0, 1), W 1)) 207
——2&(Tv), by W::rak continuity of u = :rTo)

This can easily verified by inserting both sides into the formula of the inner
product, split the term up and shorten both sides. So we see that the detour
over the inner product gives us a split into terms which can in turn be
estimated by known relations which we have derived earlier. Because of
(2.60) we have

lim sup & (t) < Ex(Th),

t—To+

and from the continuity and boundedness of u we get

lm ((u(t,.), Owu(t,.)), (u(t,.), Oul(t,.))) — E(TH) =0,
t—To+
With these observations we see that all terms are cancelled, so that we get
(2.66). Furthermore one can set up an iteration which converges in a neigh-
borhood of ¢ € [Ty, Ty + 1. For this one has to use the above arguments
together with the uniqueness property to show that u and Jd,u as functions
from [Ty, Ty + t] to H**' resp. H* are right continuous at t. One gets in

addition left continuity by time reversal and both together imply continuity.
O

Summary of the proof: We showed that we have 1.) locally a unique
solution v € C?, which is also 2.) continuous from a time interval into some
Sobolev spaces and which 3.) fulfills an energy inequality. Therefore we split
the proof into several parts. Mainly we showed that an iteration of solutions
w; for the local linear problem converges to the solution for the local non-
linear problem. For 1.) we showed the boundedness of the sequence, the
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convergence in the low norm and the convergence in the higher norms. For
2.) we showed the weak continuity and the strong continuity and for 3.) we
found the relevant part in the section for the bound.

Lemma 2.6.4. Let 1 < N,n € Z, g be a C>* — N,n-admissible metric
and f be a C™ — N,n-admissible non-linearity and Ty € R. Assume that
u € C*([Ty, Ty + T) x R*,RY) (for some T € (0,00)) is a solution to the
equations (2.37) — (2.39) with initial conditions Uy € H*' and U, € HF
for some k > n/2 + 1. Then u satisfies (2.59) and (2.60) (here the k,C
are an N,n-admissible majorizer, and constant, respectively). We write I =
[To, To + T and let Ty, (independent from the k above) be the supremum of
times T such that there is a C* solution on [Ty, To+T] x R™ satisfying (2.59).
Then either T}, = oo or

lim sup mful(t) = oco. (2.68)

t—T— To<r<t

Proof: Let u be a C? solution with the initial data in H**' x H*. Al-

though we know that the estimate (2.60) holds on the time interval stated in
Proposition 2.6.1, we don’t know whether it is valid on the interval claimed
in this lemma. Let T, € [T, Ty + €] and A the set of all T}, for which (2.59)
and the estimate (2.60) is valid on the interval [T}, 7.]. From Proposition
2.6.1 we know that A contains an open neighborhood of Tj and therefore it
is non-empty. To prove the statement in the lemma we have to show that A
is open and closed.
Openness: Let T, € A. Proposition 2.6.1 guarantees a solution on [T}, T} + €]
for some € > 0 and we get directly (2.59) on [Ty, T + ¢]. For the estimate
(2.60) on [Ty, T, + €] we split up the interval. For [Tp, 7] it holds by as-
sumption and for the interval [T, T, + €] we use again Proposition 2.6.1 to
get

t
Ep(t) < [E(Ty) +Cr- (t =T4)] - exp (/ m(m[u])dT)
and if we replace in the estimate (2.60) t with T, we get

E(T) < [Eu(To) + Cp - (T, — Ty)] - exp < / " /ﬁ(m[u])d7>

To
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and by combining this we obtain

Eult) < {[&(TO) 4O (T, — b)) - eap (/T m(m[u})df) Ly (- T*)}

- exp (/t m(m[u])dT)

< [6u() + - (=T -exp ([ t (i

To

Closedness: Let T, be in the closure of A. If we now take a T,, < T,
the estimate (2.60) holds on [Tp, T..]. From this we can deduce a uniform
bound on wu(t,.) in Hyyq and Qu(t,.) in Hy, for t € [Ty, T,). The time T in
Proposition 2.6.1 for which the solution exists, only depends on the compact
interval in which the initial data are defined and the magnitude of the initial
data. From this we get a solution which is beyond T, and also (2.59) (by
the proposition itself) and (2.60) (due to continuity) holds.

Let T; < oo and assume that (2.68) does not hold. Then m[u] is bounded on
[Ty, Ty) and the inequality (2.60) provides a universal bound on this interval
for &. The local existence result would then give a solution beyond T}, which
contradicts the definition of T},. O

Corollary 2.6.1. Let 1 < N.n € Z, g be a C*° — N, n-admissible metric and
f be a C* — N,n-admissible non-linearity. Assume Uy, U; € C§°(R",RY)
and Ty € R. Then there are Ty < Ty < Ty and an unique solution u €
C>[(T}, Ty) x R",RN] to the equations (2.37) — (2.39). The solution is of
locally x-compact support and either Ty = oo or lim; 7, supg, <<, m[ul(t) =
00. An analogous statement holds for T .

2.6.1.1 Stability

Assume u is a background solution for Einstein’s equations on (7,7 ). If
we have two points Ty, 77 € (7-,T4) and a sequence of initial data (indexed
by 1) which converges to the initial data of u at Tp, then

e the associated solution u; exists until 77 (for [ large enough)
e the initial data of u; at T} converges to the initial data of u at T7.

Proposition 2.6.2. Let 1 < N,n € Z, g be a C*° — N, n-admissible metric
and f be a C° — N, n-admissible non-linearity. The initial value problem is
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as follows:
9" 0, 0u = f, (2.69)
W(Ty,.) = Uy, (2.70)
Owu(Ty,.) = Uy, (2.71)

with the (assumed) solution u € C®°[(T_,T,) x R", RY] corresponding to the
initial data Uy, Uy € CP(R™,RYN). Assume that there exists a sequence of
functions Uy, Uy € C3°(R™, RY) such that

llir?o["UO,l - UOHHk+1 + ”Ul,l - UIHHk] =0

for some k >n/2+ 1. Let w, € C®[(T;_,T; 1) x R",RY] be the solution to
(2.69)-(2.71) (where Uy, Uy are replaced by Uy, Uyy). Let Ty € (T-,TY), then
there is an ly such that for 1 > ly we get Ty € (T, -, 1) +). Additionally,

lliglo[HUI(Th ) — U(Tl, ')HH’“‘H + Hatul(Tla ) - 8tu(T17 )HH’“] =0

We assume that for the solution the existence intervals (7, 7' Jand (77—, T} 1)
are maximal.

Proof: We can assume that Ty < T; and that T} is in the interior of a
fixed compact subset of (7T_,T.). Let g = glu], f = flu],qs = g/[w] and
fi = filw]. We write the difference of the respective equations for u and v,
as

g;“/a,uauvl = Ev

where we set v; = v, —u and F} = (¢" — ¢/")0,0,u + fi — f. There exists
a function G € C®[(T_,Ty) x R"WT2N+n RN for which the first condition
of a U — N, n-admissible non-linearity is valid if we restrict to compact
subintervals of (7,7 ), such that G(t,x,0) = 0 for (t,z) € (T-,7}) x R"
and that Fi(t,z) = G{t,z,u(t,z), ..., 0 (t, z)}.

A similar statement which can found in ([1] lemma. 6.17, p.55) states for a
compact subinterval I of T, T that

IE(E ) e < ar(mlo)[lonE, D] s + [t )] ]

vVt € I. Here o has the role of an N, n-admissible majorizer, which depends
on f,g and (additional) on w and the intervals I where olg, f, u] is defined
on compact subintervals of (7,7, ) (for convenience we use the notation o
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also for different objects with the same properties, but this should be clear
from the respective context). Define

Z / 0019%gvy|* + g 905wy - 0“0, + |0%vy|*] da
Ia\<3

Due to our assumptions on g, & ; is equivalent to [|v(t, .)|| i+ +||Ocvi(t, )| g
We also write & = &p. Now if we differentiate and carry out estimations
analogous to Lemma 2.6.2 we get

y . 1
0= [ |-t0,00 -0~ sl ol = 505l 0w

(&gl )8 Uy - at?]l + = (atgl )8 Uy - 81}1 + v - at’l}l

< C|Et, ), & + or(mlu])& < or(mlu))&,

where ¢ € I, I is a compact subset of (7,7, ) and all derivatives of u are
bounded on compact subsets of (T_, 7). Due to the fact that 0%v, satisfies

g/ 0,0, 0, = [g]" 0,0, 0%|v; + O F,

which can be verified by a direct calculation, we obtain the same estimate for
0% if we take 0°F; + [0%, g;V0,0,]v; instead of F;. By summing the above
we get

0&ry < or(mlu)&;+C Y 10, 91" 0,0, ul, &1

|| <j

We observe that, again analogously as in the proof of Lemma 2.6.2, [0%, /0,0, v
is up to a factor, with |8| 4+ |v| = |a| — 1, a sum of terms of the form

(0°0i9/")070,,0,v, = [0°0:(g)" — g")]970,.0,v1 + (90°0;g" )07 0,0, 1.
Due to g?° = ¢ = —1 we get from ([1],Lemma.6.16, p.54)
1(0°0,91)978,0,u|, < or(m[u])& 1.

l,j
So we get
8t5l,j < O'[( Ul glj +C Z H ,gl ”8 8 vl”g 1/2.

oo <j

~- g (2.72)

<or(mlu))&?

<or(mu])Er;
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Now we define a set A as follows

A = {t S [To,Tl] : Elll such that Vs € [To,t],l 2 ll it holds
t < T+ and Mglwl(s) < My[ul(s) +1}.

The set A is non-empty because Ty € A. Let t € A. Then there is an [, such
that [To,t] C (T;-,T;+) and

Myilw](s) < My[u](s) +1 (2.73)

where s € [Ty, t] and | > [;. Due to Proposition 2.6.1 the existence time
depends only on the norm of the data and therefore there exists an ¢ > 0
such that u; can be extended to an interval of length € beyond ¢ for all [ > [;.
Additionally we get a bound on Mj[w;](s) which is uniform in [ for [ > [, and
s € [Ty, t + €] and from the formula we get also a uniform bound on m/[v;](s)
for s € [Ty, t+¢] and [ > [3. From (2.72) we see that (2.73) holds on [T}, t +¢|
if [ is large enough. Thus A is open.

Assume that ¢; € A where t; — T. Now we want to show that 7" € A.
Because A is connected and Ty € A, T > t; holds. Suppose also that for a
suitable {; (2.73) holds on [T}, t;] for I > I;. From Proposition 2.6.1 we get an
e > 0 such that by specifying the initial data w;(¢;,.), Oyu(t;,.) at t; (where
[ > l;), we obtain existence up to t; + ¢ and for s € [Tp,t; + €| a bound
on My[w]|(s) independent of [ > [;. Now we fix an 7 in such a way that
T —t; < ¢e/2. Then we get for [ > l;, [Ty, T +¢/2] C (1;—,T;+) and a uni-
form bound on M[w](s) and also on m[w](s) for I > I; and s € [Ty, T +¢/2].
From (2.72), we get for large enough [, that (2.73) on [Ty, T + /2] holds.
Therefore A is a non-empty, open and closed subset of [Ty, 71| and so T} € A.

Again by using the equation, we see that there exists an [; such that m[v;](s)
is uniformly bounded for s € [Ty, 71| and [ > [;. By inserting this into (2.72),
integration and letting [ — oo the result follows. 0



Chapter 3

Developments

One problem with general Lorentz manifolds (M, g) is the occurence of
pathologies, such as closed timelike curves on compact Lorentz manifolds.
Therefore we want to restrict the manifolds in such a way that we can ex-
clude such pathologies. At first we say a Lorentz manifold (M, g) which does
not allows closed timelike curves satisfies the chronology condition . Fur-
thermore, if there is for any neighborhood U of p € M a neighborhood of p
with V' C U such that every causal curve with endpoints in V' lies completely
in U, then we say that the strong causality condition holds at p.

Let be p,q € M, then the relation p < ¢ means that there exists a fu-
ture pointing timelike curve from p to q. The pair p < g means the existence
of a future pointing causal curve in M from p to g whereas p < ¢ means

p<qorp=gq.

A Lorentz manifold (M, g) is called globally hyperbolic if it fulfills for
all p € M the strong causality condition and that for every pair p < q the
set J(p,q) = JT(p) N J(q) is compact, with

JH(A)={pe M :q<pfor some q€ A},

where A is a subset of M and analogously we get J~(A).There are also sets
It(A), I~ (A) which we get by taking future/ past pointing timelike curves
instead of causal curves.

If we have a subset A of a Lorentz manifold (M, g) such that there is no
pair of points p,q € A which can be connected by a timelike/causal curve it
is called achronal/acausal . Suppose we have an achronal subset A of M,
then we define the future Cauchy development of A as

D*(A) = {p € M : every past inextendible causal curve through p meets A}

71
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Analogously we define the past Cauchy development and define the Cauchy
development as D(A) = DT(A)U D~ (A). Let v:[0,a) — M be a piecewise
smooth curve. If it has a continuous extension 7 : [0,a] — M it is called
extendible, otherwise inextendible (casually speaking inextendible means
that the curve goes on forever and does not end at a finite point). If a subset
S C M is met exactly once by every inextendible timelike curve in M we
call S a Cauchy (hyper)surface . Note that a Cauchy hypersurface is a
closed achronal topological hypersurface which is met exactly once by every
inextendible causal curve. Additionally if M has a Cauchy hypersurface then
it is globally hyperbolic see ([2], Lemma 29, p.415 ).

3.1 Characterization of global hyperbolicity

(see [1], Ch.11) Here we briefly note some facts without proving. It should
serve as a collection of statements which we will use later.

— Existence of a Cauchy hypersurface. Here we note some facts
from ([1], Ch.11.1). Main statement: A globally hyperbolic Lorentz man-
ifold (M, g) has a smooth spacelike Cauchy hypersurface S and (M, g) is
diffeomorphic to R x S.

Proposition 3.1.1. Suppose there is a connected, time oriented Lorentz
manifold (M, g) and let S be a Cauchy hypersurface. Then it follows that
S is a topological manifold and M is homeomorphic to R x S.

If additionally S is a smooth, spacelike Cauchy hypersurface and S" another
smooth, spacelike Cauchy hypersurface, then M is diffeomorphic to R x §
and S and S’ are diffeomorphic.

Proof. see ([1], Proposition 11.3, p.112)

Theorem 3.1.1. Assume (M, g) is an oriented and time oriented Lorentz
manifold which is globally hyperbolic. Then there is a surjective continuous
function T : M — R which along any causal curve is strictly increasing. If
we have an inextendible causal curve v : (t_,ty) — M, then we get T[y(t)] —
+00 as ty — +oo. Especially, 77(a) is an acausal Cauchy hypersurface for
every a € R. (Similar statements are true for past and future inextendible
causal curves.)

Sketch of proof. see ([1], Theorem 11.6, p.114). Here one constructs
first a Lebesgue measure p and a Borel-o algebra on subsets of the manifold
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(M, g). This is done by the use of a partition of the unitiy on M (see [1],
Lemma 10.3, p.96) which gives smooth functions ¢ to define

m; = /gbi\vdeth dzt A A dz"

Hh

where h is a Riemannian metric on M (see [2], Lemma 25, p.140).This can
now used to define a smooth n-form w in M by

If we now use this to define a linear functional

M) = [ fe

on the C-valued functions with compact support, we can use the Riesz rep-
resentation theorem, which gives us the upper positive measure p and the
Borel-o algebra. So we get the the correlation

/fduz/Mfw

for all f € C.(M). One shows now that u(U) > 0 for a non-empty open
set U and that p(C)) = 0 where Cf = J*(p) — I (p) with p € M. This
can be done by the help of the exponential map, where one maps a causal
geodesic curve from N (the future directed null vectors in T,M) to M. If
all the image points of expp‘ N are critical points, the conditions of Sard’s
theorem are fulfilled and we get measure zero. The properties of the function
7: M — R,

L -)
I+ (p)

which consists of two continuous functions fi(p) = p[J*(p)] are shown
by measure theoretic arguments. It should be noted that the function f_
is strictly increasing and f, strictly decreasing along causal curves and if
v :]0,a) — M is a future inextendible causal curve, we get f, oy(t) — 0
as t — a—. Analogously f_o~(t) — 0 as t — b+ for past inextendible
causal curves. Now 7 is along causal curves stricly increasing, which gives
together with an inextendible causal curve the convergence to oo in the case
of t - a— and —o0 in the case of t — b+.

7(p) =1
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— Smooth time functions. Here we briefly note some facts from ([1],
Ch.11.2/3). Main statement: Every globally hyperbolic Lorentz manifold
has a temporal function whose level sets are Cauchy hypersurfaces.

Assume that (M, g) is a Lorentz manifold. A time function on (M, g) is a
function which is strictly increasing along any causal curve and a temporal
function 7 is a smooth function where V7 is timelike and past directed.

Definition 3.1.1. Assume t_ < t, <t <t, <ty and define Sy = S;, and
S =5, =71t). A temporal step function around t, compatible with
the outer extremes t_,t, and inner extremes t,,tp is a function o : M — R

which fulfills
e Vo is timelike and past pointing in V = {p € M : Vo(p) # 0}
e o(p) e [-1,1]Vpe M

—1...pe J(5)
e o(p) = { _,_1___1]36 JH(Sy)

e Sy CV WVt e (Zfa,tb).

Theorem 3.1.2. Assume (M, g) is an oriented, time oriented and connected
globally hyperbolic Lorentz manifold. Then there exists a temporal function
T : M — R and for each inextendible causal curve 7 : (t_,ty) — M we have
Tly(t)] — oo ast — tLF. Especially each hypersurface T(t) is a smooth
spacelike Cauchy hypersurface.

Sketch of proof. (see [1], Theorem 11.18, p.123). This proof contains
the construction of a convenient function which fulfills the necessary proper-
ties of a temporal function. One starts by designing a map h ([1], Proposition
11.10, p.119) which has the properties w.r.t support and gradient (which is
timelike and past pointing). This function is then modified into two functions
h*t,h~ ([1], Lemma 11.12/13, p.121,122) in which also the sets I, I, J~ and
JT are involved while preserving the old properties of h. The next step is
the construction of a function o ([1], Proposition 11.14, p.121) where also
the Cauchy hypersurface S; is contained in the set of points of M where
Vo(p) # 0. In ([1], Corollary 11.15, p.122) one finds o in such a way that
there are compact subsets K in the Cauchy hypersufaces from an interval of
771, Now we have smooth functions o; on compact sets K;. If one now sum
up all these functions and shows convergence one can additionally build out



3.2. UNIQUENESS/EXISTENCE FOR LINEAR WAVE EQUATIONS 75

of these functions the desired function 7T .

— Smooth temporal functions comply to Cauchy hypersurfaces.
Here we briefly note some facts from ([1], Ch.11.4). Main statement: For a
spacelike Cauchy hypersurface S, there exists a smooth temporal function T
whose properties are noted in the last subsection. The main theorem in this
subsection is

Theorem 3.1.3. Assume (M, g) is an oriented, time oriented and connected
globally hyperbolic Lorentz manifold and S is a smooth spacelike Cauchy hy-
persurface. Then there exists a smooth function T : M — R which

e has a past directed timelike gradient for all p € M
e 7Yt) is a Cauchy hypersurface for every t € R
e 7T°H0)=2S

o for every inextendible causal curve v : (t_,t,) — M the following holds
Ty(t)] — +oo ast — toF .

Sketch of proof. see ([1], Theorem 11.27, p.127). The design of the
function T again precedes in several step by using the concept of a normal
neighborhood of submanifolds ([2], p.197-200) and also by using the expo-
nential map.

3.2 Uniqueness/Existence for linear wave equa-
tions

(See [1], Ch.12) Here we briefly note some facts without proving them. It
should serve as a collection of statements which we will use later. This section
deals with the uniqueness of linear wave equations on a globally hyperbolic
Lorentz manifold from a geometric viewpoint. The point is, if we have two
solutions w1 and wuy for the linear wave equation and these solutions and also
their normal derivatives coincide on the initial hypersurface €2 they can be
extended to the future (past) domain D(Q2) and we get u; = uy on D(S).
It should be noted that the equations only required to be satisfied on the
respective sets (J~(p) N JT(S), DT(2)) and the statements hold also for
negative time by similar arguments.
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Lemma 3.2.1. Let (M, g) be an (n + 1)-dimensional Lorentz manifold and
S a smooth spacelike Cauchy hypersurface. Assume that p is a point to the
future of S and (V, @) are geodesic normal coordinates centered at p such that
the set J~(p) N JT(S) is in V and compact.

1.) Letu:V — R! be a solution to
Ogu + Xu+ ku =0

with X an | x l-matrix of smooth vector fields on V and k an | x l-matrix
matriz-valued function on V. If now w, Vu vanish on J~(p) NS it follows
that u, Vu vanish in J~(p) N JH(S).

2.) If A € T/(M), B € T/r*" (M) and C € T }5(M) (smooth tensor
fields on M ) solves
(D A)m Oér_,_BOq QYL %+1v A51 Oy C«al 57;11 6%’451 Sro—

..Bs01... Y2.. 'Y+1 Y1---Ys

and A, VA vanish on J~(p) NS then u, Vu vanish in J~(p) N JH(S).

Sketch of proof. see ([1], Lemma 12.8/Corollary 12.10, p.135-140). The
geometrical formulation of uniqueness is to show that for an open subset (2
of a spacelike Cauchy hypersurface ¥ and a solution u of Uyu+ Xu+ ru = 0
which vanishes on () and also its normal derivative vanishes on €) we get that

u=0on D(Q).

Let us start with a 2-dim. Minkowski space on ¥ (base line, red) the
initial data are zero and we want to show that in the triangle the solution
also vanishes. Now we take the auxiliary set ). which we get by considering
the points ¢ in the past of p and note all the points for which the timelike
vector ¢ — p has squared length ¢ < 0. Then we have D, = J~(Q.) N J*(X).
The point is now that UC <oDe = D. So one proves the vanishing of the
solution any D.. This can be done by constructing a smooth vector field &
over D, and integrating the divergence of the vector field by using

: _ (§,N)
/de{eM—/aM (N,N>€8M

where €)/,e5) are volume forms. Now one concludes that the boundary
terms are vanish and so we have u = 0 on D,.. If we have a general Lorentz
manifold this equation does not apply due to the fact that the region is not a
manifold with boundary. To make this working one can subtract where the
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t p € D7(Q)
! A
SN -
09r /f }/ J (P)
s
08t / \
Q(' /// l‘\
07t / . N\
e \
06t / \. D. = J*(Q{.)ﬂj*(z)
/
05+ / \
7 \,
// / \‘\
04t i N\
// // WY
03t /// O\
/ AN
ozt // NN
4 AN
otl // N\
T // \
/ N
0 : i X

hyperbola with the t = 0 hypersurface intersects from the region of interest
to get a convenient region. An additional problem is that the vector field
cannot be assumed to have compact support and therefore one has to apply
a proper cut-off function (this can be done by using a tubular neighborhood
of the above intersection ([1], Section 12.1, p.131-135)). So in the setting of
a general Lorentz manifold it is more challenging, but nevertheless the idea
is the same.

Corollary 3.2.1. Assume (M, g) is a oriented, time-oriented and connected
globally hyperbolic (n + 1)-dimensional Lorentz manifold, S a smooth space-
like Cauchy hypersurface and 2 C S.

1) If A e T'(M), B € T./FT (M) and C € T 3(M) (smooth tensor
fields on M ) solves

.. ar Q1.0 V1. 75+1 61...0p Q1 Qr Y1-Ys AO1...0r __
(DA) +B .Bs 01 V A’Yz ’Y+1+O 65616"471 ’79_0

and A, V A vanish on Q then u, Vu vanish in D (Q).

2.) Assume that D*(Q) C U with U open and u : V — R! satisfy
Ogu + Xu+ ru =0

with X an [ X1 matrixz of smooth vector fields on U and k an [ x| matriz-valued
function on U. If u, Vu vanish on Q then u, Vu vanish in D' ().

Proof. see ([1], Corollary 12.12/12.14, p.140-141).
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Theorem 3.2.1. Assume (M, g) is a oriented, time-oriented and connected
globally hyperbolic (n+1)-dimensional Lorentz manifold, S a smooth spacelike
Cauchy hypersurface and t a temporal function as in Theorem 3.1.3 where
S = t74(0) and we write Sy, = t~1(to) for to € R. Let B € T,/ 5 (M),
CeT (M) and E € T](M). Given smooth tensor fields Ay, Ay € T (M),
there exists a smooth tensor field A € T (M) which solves the initial value
problem
(O, A)505, + Ba G d o Va ALY

Q1...Qp Y1-0-Ys AO01...0p __ TNO...0pr
+C;, 5 s s AL = EglgT

A(p) = Ao(p)
VnA(p) = Ai(p)

(3.1)

Vp € S and N is the future directed unit normal vector to S; which is N =
—Vt
Vil

Sketch of proof. See ([1], Theorem 12.17/12.19, p.142-144). The idea is
that one apply Theorem 2.5.1 from which one gets the existence for a global
solution. To use this theorem it is important to take a viewpoint on this
equation as an equation on R"*!. Therefore one have to find the right set of
charts (here it is important that the necessary causal structures are compact
and in the respective charts). After applying Theorem 2.5.1 one have to go
the way back to the manifold level and show the validity of the solution.

3.3 Existence of a globally hyperbolic devel-
opment

(See [1], Ch.14.3). Here we continue the work from the first chapter (Gen-
eral Relativity) and show the existence of a globally hyperbolic development
(ghd). The functions ¢, metrics g,,, etc. are defined there. Since we have
now collected the necessary know-how in the field of non-linear PDE’s we
can use them for the next theorem.

Theorem 3.3.1. Let (X, go, k, ¢o, ¢1) be initial data to
. 2

Oy — V'(9) = 0.

Then there is a globally hyperbolic development (ghd) of the data.
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Sketch of proof. (See [1], Theorem 14.2, p.156-158). First a convenient
matrix A, is constructed by suitable choosing (w.r.t. bounds) Ay = goo,
Api = go; and A;; = g;; the latter one to be everywhere positive definite
also with appropriate bounds. The bounds are chosen w.r.t the necessary
conditions which we get from the PDE theory for our problem. After this
the ivp would be modified in that the g"” are substituted by A*” and the
modified Ricci tensor is multiplied by a mollifier and so are the initial data.
The resulting equation can now be considered as an equation on R™*! and
Corollary 2.6.1 is applicable, from which we obtain a local smooth solution.
From the smoothness one get neighborhoods W, of p € R x ¥ (or take two
points p,q € R x ¥ with W, N W, # (), which can at the end be used to
build up the manifold M by union of all the W,.

Now one has to design a suitable metric on M. This works due to the
closures of the W;s being contained in open sets (e.g. W; and W, for the
sets W, and W,) which we can, when endowed with with coordinates, con-
sider as charts for the manifold. Assume u to be the vector which assembles
¢ and g, for p,v = 0,..n. From the structure of the initial value prob-
lem and the constructed (but permissible) modification we made, one can
show that w;, or more exactly the respective ¢; and g;,, (with ¢ as an in-
dex for the different points) are solutions of the ivp and if the initial data
coincide the resulting solutions also coincide (on W, N W, for two points
p,q € Rx ). In the end one obtains the manifold as the union of all the WV,
and the embedding ¢ : ¥ — M as the inclusion i(p) = (0,p). Furthermore
i*g = go, 1" K = k,i*¢ = ¢ and i*(N¢) = ¢1. Finally it turns out that ¥ is
a Cauchy hypersurface.

Theorem 3.3.2. (Two developments are extensions of a common develop-
ment) Let (X, go, k, ¢o, ¢1) be initial data to (3.2). If we have two develop-
ments (Mg, ga, o) and (My, gy, ¢p) with the respective embeddings, then we
have a globally hyperbolic development (M, g, $) with corresponding embed-
ding v : X — M and smooth maps v, : M — M, and 1y, : M — M, which
are time orientation preserving. These maps are diffeomorphisms onto their
image s.t. Vrg, = g, Yudg = ¢, Ypgp = g and Yy = ¢. Furthermore we
have ¥, 0t =1, and Yy 01 = 1.

Proof. see ([1], Theorem 14.3, p.158-163).
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3.4 Cauchy stability

(See [1], Ch.15). Here we briefly note some facts without proving them. It
should serve as a collection of statements which we will use later.

Definition 3.4.1. (Sobolev spaces on manifolds) Let M be a compact
n-dimensional manifold and ¢;,1 =1, ..., a finite partition of unity such that
¢; C U; where the U; are open sets. Assume that (x;,U;) are coordinates. Let
be T € T (M) then we define the norm as follows:

mle={> ¥ X 2 PG v

i=1 j1,....4r=11i1,...,is=1|a|<k ’ %

1/2

2
-1 1 n
)ox; dz;...dz]

Here T)"" are the components of T' relative to the coordinates ;.

If we use different partitions of unity we get for sure different norms, but
the next lemma shows that they are equivalent and so, if we have a sequence
T; — T with respect to one norm (say |.|;), then we get also T; — T" with
respect to the other norm (say |.|| ;). Therefore one can say Tj — T in H*
without referring to the partition of unity.

Lemma 3.4.1. (Equivalent norms). Assume that (¢;,U;), i =1,...,1 and
also (¥, U;), i = 1,...,m are partitions of unity which satisfying the properties
as fixed in the previous definition. Furthermore the corresponding norms are
l.ll 7 and |.| g as in the previous definition. Then the norms are equivalent,
i.e. there are C;p > 0,1 = 1,2, depending on k,r,s and on the partitions of
unity, such that

Cr [Tl < NT Nl < Coe T g
VT e T (M).
Proof. see ([1], Theorem 15.3, p.165).

Definition 3.4.2. (Canonical foliation) Let (@ g) be an (n+1)-dimens-
ional Lorentz manifold. A canonical foliation of (M, g) is a diffeomorphism

Y:RxM—M

for a smooth n-dimensional manifold M, where O, is timelike and the hyper-
surfaces {t} x M are spacelike with respect to x*g.



3.4. CAUCHY STABILITY 81

Note. A Lorentz manifold does not necessary admit canonical foliations.

Proposition 3.4.1. Assume (M, g) is an oriented, time oriented, connected
and globally hyperbolic Lorentz manifold. Then (M, g) has a canonical folia-
tion. If My is a spacelike Cauchy hypersurface, then the n-dimensional man-
ifold M from Definition 3.4.2 can be chosen to be My and the diffeomorphism
x(0,p) = p. If in contrast (M, g) has a canonical foliation x : R x M — M
with M compact, then (M, g) is globally hyperbolic.

To give a precise statement about stability, we have to introduce the
notion of a background solution.

Definition 3.4.3. (Background solutions) Assume M to be a compact
n-dim. manifold and g a smooth Lorentz metric on I x M, with I an open
interval. Assume t to be the function t(1,p) = 7, g(0,0:) = goo < 0 and
the hypersurfaces ,{T} x M (with T € 1) are spacelike with respect to g. If
¢: I x M — R is a smooth function, which together with g, fulfills

Ric—d¢®dgb—%V(¢)g:0 33)

0,6 — V!(6) = 0.
then we call (I x M, g,¢) a background solution .

Definition 3.4.4. (Induced initial data) Assume g is a Lorentz metric
and ¢ a smooth function on (T_,Ty) x M with T € (T_,T). Furthermore,
{1} X M should be spacelike with respect to g and i : M — R x M be defined
by i(p) = (7,p). Assume go to be the Riemannian metric on M which we
get by pulling back the Riemannian metric induced on {1} x M by g through
1 and also let ko be the covariant 2-tensor which we get by pulling back the
second fundamental form induced on {1} x M by g through i. Finally, let
¢o = ¢poi and ¢1 = (N¢@) oi, where N is the future directed unit normal to
{T} x M.

Then we call (go, ko, ¢o, 1) the initial data induced on {1} x M by (g, ), or
simply the initial data induced on {1} x M if it is clear from the context.

Theorem 3.4.1. (Cauchy stability in general relativity) Assume that
(I x M, g,9) is a background solution and (gy, ko, ¢o, ¢1) the initial data in-
duced on {0} x M by (g,¢). Let p; be a sequence of Riemannian metrics
on M, K; a sequence of covariant 2-tensors and let 1 ;,11 ; be sequences of
functions which are smooth such that

;= . —k
Pi g0 in H™H and g O\ in H',
Yoj  — o Py — ¢
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where | > n/2+1. Assume that (pj, k;, 0.5, V1,;) satisfy the constraint equa-
tions from Definition 1.0.1

r— kik" + (tr k)* = ¢7 + D'¢oDido + 2V (¢hg)

Djkij - Di(“" k) = ¢1D;¢g

with (go, ko, o, 1) replaced by (pj, ki, o5, 915). Then

1.) there are T, T;_ € R, a Lorentz metric h; on M; = (T;_,Tj.) x M
and a smooth function ¢; on M, such that (h;, ¢;) satisfy (3.3) on M.

2.) the initial data induced on {0} x M by (hj, ;) are (pj, Kj, %o, %1;), O
is timelike with respect to h; and {1} x M is a spacelike Cauchy hypersurface
with respect to h; for all T € (T;-,T; ).

3.) ifT'el, thenT € (T;_,T;+) for j large enough and the initial data
induced on {T'} x M by (h;,1;) converge to the corresponding initial data of
(9, ).

Sketch of proof. see ([1], Theorem 15.10, p.167-175). We search for
a set (p;, k;,%0,4,%1,;) & Lorentz metric h and a smooth function ¢ which
satisfy

. 2
R = VoV — —=V(d)g =0 (3.4)
VIV, —V'(¢) =0 (3.5)
First we have to construct the initial data for all the components of h and also

their time derivatives. this can be done by using the initial data for the spatial
components (Rin|,_o = p;j(0;, On)) and for the residual components one uses

the connection to the unit normal N on {0} x M. Although h,, = v
in H**! some care is required due to the fact that neither g nor hy,, are
intrinsic to {0} x M. If we conversely regard g, as

e a Riemannian metric g;;,

e a one form gy; and

e a function gg

then we can interpret g,,|,_, as consisting of three objects which are intrin-
sic to {0} x M. To obtain 0;h,,|,_, one uses the properties of the second
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fundamental form. From this (by additionally checking existence and tensor
properties) one gets the expression:

gw,|t:0 = 8mhzo — @hmo + % [lij (81, 3m) — 81(N0)h0m — <v(9iX, (9m>]
with X defined by N = N°), + X. TFor the remaining time derivatives
Oihool,_y and Oyhgi|,_, we demand that D,|,_, = 0. Here some work on the
Christoffel symbol, respectively on its contraction is necessary, to see the
right behavior of the respective terms (and to extract dihgy) at t = 0 and
to the independence of the choice of coordinates on M. From this (mainly
technically) work one gets the right behavior and the convergence from h; to
g for j — oo. Finally one gets 1|,_, from the initial data and the derivative

again with the help of the unit normal N. From this we also get the conver-
gence of the ¢ and 9,1 to the ¢ and 9,¢ in H*!' and H' for j — oo.

Geometric setup. Finally we want prove that

e If T € I then it is in the existence interval of (h;, ;) as long as j is
large enough.

e The initial data induced on {T'} x M converges to the initial data of
(9, 9)-

Due to the fact that the manifold we have is compact, we may argue
in coordinate charts. If we now have a look at the Riemannian metrices
which are induced by g on {7} x M and we split them again up the into the
corresponding metric on M, which we will call g,(7) and a 1-form on each
hypersurface {7} x M we find arguments for constant boundaries (Cy, Cy and
C3) for the respective parts of the metric (with respect to a fixed Riemannian
metric p on M).

If there is a causal curve v with respect to g and the projection onto M
is denoted by 7, such that v = (7°,,) we get a constant C' > 0 for a causal
curve v : [a,b] — I x M, with respect to g such that

(1) < C [y (0)] = thy(a)])

where [,(7,) is the length of v, with respect to a fixed Riemannian metric
on M and t oy takes values in a proper interval. We obtain this after some
calculations, where the expressions in local coordinates are used and the con-
stant restriction for the different parts is taken into account. The constant
C depends only on the constants C4,Cy and C5 for the metric parts. So we
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get for all families of metrics for which such bounds hold, such an estimate
with a constant that is regardless of the choice of the Lorentz metric in the
considered family.

Local existence. Let B, be a covering of M and consider equations (3.4), (3.5)
onV; =1 x B,. Let 2!, ..., 2" be normal coordinates on the elements of the
covering on V. In the following we focus our attention to the set V; on which
the above coordinates are defined. All objects which are used are defined in
terms of the specified coordinates. Let A be a smooth function which maps
Lorentz matrices to Lorentz matrices, which is also in the range of positive
definite n x n.matrices. The different parts of the matrix have to be specified
in suitable compact sets. Now we replace h*” in (3.4), (3.5) by A" and mod-
ify also F), in an admissible way. Building on this setup we can use the local
existence result. Finally there are some additional technical tasks (modifying
the initial data by a mollifier) to apply Corollary 2.5.1, from which we get a
local smooth solution wu.

Patching together. Due to the fact that it is not enough to start always
at 7 = 0, but to start at any 7 € [0, 7] there is still some work left. Now let
Ppvliers Othywl,_,, and 2[,__, Opp|,_. be the initial data (now at 7). As in
the last paragraph we interpret 0;h,,|,__as a metric consisting of different
parts. Additionally, as before, we assume that the initial data are such that
they satisfy the constraint equations and also D,|,__ = 0.

We start at {7} X B,.(p), where B,(p) is the set of points in M, which have a
distance strictly less than r from p, where the distance is measured w.r.t. p.
We use again the matrix A and demand that y is a cutoff function. To patch
the solutions together we have to cut the initial data in a proper way and
pull them back to R™ (same for the initial data of g, and ¢) and then solve
the modified equations. In this way we get solutions u; and w. It should be
mentioned that all this happens in the proper Sobolev spaces. In this way we
get for the solutionalso an existence time. After this one has to show that,
on a suitable set, the solution u coincides with (g, ¢). To this end, global
hyperbolicity and the use of suitable Cauchy hypersurfaces are necessary to
formulate an equation regarding the difference of the two solutions (u;,u).
After this is done one has to compare h;; -, 1;; . (which is now a solution on
a specific set for the original equations) for two different i's, say i1, 45. This
also turns out to be working properly and can be iterated for i = 1 to N. So
we get convergence of the perturbed initial data on, say, 7/ € (7 — g, 7 + £¢)
to the initial data of the background solution.
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3.5 Existence of a MGHD

In this chapter the main result is proven. An important point in the proof
is the axiom of choice, so below we provide a short reminder on this topic.

3.5.1 Set theory reminder

Definition 3.5.1. (partial ordering, partially ordered set) A partial
ordering on a set X s a relation < on X which is

o Reflerive: a < a, Va € X
o Antisymmetric: a <b andb<a=a=>b, Va,b e X
e Transitive: a <bandb<c=a<c¢, Va,bce X
We call set together with a partial ordering a partially ordered set .

Definition 3.5.2. (totally ordered) We call a partially ordered set totally
ordered if a,b € X implies a < b orb < a.

Definition 3.5.3. (upper bound, maximal element) If (X, <) is a par-
tially ordered set and A C X, then x € X is an upper bound for A if a € A
implies a < x. A mazximal element of X is an © € X such that 2’ € X
implies x’ < x.

Theorem 3.5.1. We have an equivalence between the next statements

e (Mazimality principle) Assume that X has a partially ordering in
that way that every totally ordered subset has an upper bound, then
there exists a maximal element in X .

e (Axiom of choice) If {S, : a € A} is an indezed family of nonempty
sets S, then there is a function f: A — |J S, such that f(a) € S, for
alla € A.

3.5.2 Existence of a maximal ghd

As remarked before, we call a development (M, g,®) of the initial data
(3, 9o, k, ¢o, ¢1) to (3.3) such that i(X) is a Cauchy hypersurface in M a
globally hyperbolic development of the initial data.
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Definition 3.5.4. (maximal globally hyperbolic development)  Let
(3, g0, k, ¢o, @1) be initial data to (3.3). We call a globally hyperbolic develop-
ment (M, g, @), with an associated embedding i : > — M, a maximal globally
hyperbolic development of the initial data if there is for every other globally
hyperbolic development (M’,q', ¢') with an associated embedding i’ : ¥ — M’
a function ¢ : M' — M which is a time orientation preserving diffeomor-
phism onto its image in that way that the following holds V*g = ¢', V*¢ = ¢’
and 1 o' = 1.

If we have two maximal globally hyperbolic developments, (M, g, ¢) and
(M',g',¢), of the same initial data and the respective maps ¢ : M — M’
and ¢’ : M" — M, then we have (¢’ 01)*g = g and ¢’ 01} is the identity map
on i(X). Assume that p € J~[i(X)] and v is a future directed inextendible
timelike geodesic with v(0) = p, then there is an sy > 0 such that we have

v(s0) € i(2).

and so 1)’ o1 oy(sg) = v(sp). Additionally, ¢/’ o ¢ maps a tangent vector for
q € i(X) to itself and due to the fact that it is a time orientation preserving
isometry, it maps also the future directed unit normal on itself, that is (¢/"0%)).
is the identity on the tangent space T,M for ¢ € i(X). From this we get
(¥ 0 % 0 7)(s0) = 7/(s0) s0 that ¢/ o0y = 7 and ¢/ 0 ¥(p) = p. An
analogous argument holds for the inverse time direction (i.e. p € JT[i(X)] )
and so we finally conclude that

Y o) = Id and similarly v o’ = Id.

From this we see that M and M’ are diffeomorphic with a diffeomorphism
¥ : M — M’ such that ¢*¢ = g, V*¢' = ¢ and ¥ oi =4i'. So we can say the
above developments are isometric. This means that the diffeomorphism is
indeed an isometry and it preserves the scalar fields (which is the same thing
as Y*¢ = ¢ in Definition 3.5.4) and respects also the embedding. So we can
say that:

"Up to isometry we can say that a maximal globally hyperbolic develop-
ment is unique.”

If we are given initial data (3, go, k, @0, ¢1) to the system (3.3), we denote
the family of all globally hyperbolic developments by M. Due to the fact
that a globally hyperbolic development (M, g, ¢) has the property that M =
R x i(3) (where = signifies the existence of a diffeomorphism) and because i
is a diffeomorphism from ¥ to i(X) we get M = R x ¥. From this viewpoint
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we can look at M as a subset of pairs (g, ¢) on R x 3, where g is the Lorentz
metric and ¢ a smooth function. Next we are interested in the collection of
equivalence classes of globally hyperbolic developments in which the isometry
is the inherent equivalence relation.

Theorem 3.5.2. Let (X, go, k, ¢, 1) be initial data to
2

0,6 — V'(¢) = 0.

Then there exists a mazimal globally hyperbolic development of the initial
data which is up to isometry unique.

Proof. From Theorem 3.3.1 we know that M # (). Let N,N' € M (we
write briefly N instead of (N, g,¢).) Now we look at N and get from Theo-
rem 3.3.2 that there is an open subset U of N and we have a time orientation
preserving isometry ¢ from U onto an open subset of N’. Additionally U
is a globally hyperbolic development of the initial data and 1 respects the
embedding.

Let C(N, N') be the collection of the pairs (U, 1), where

e U is an open subset which contains (%), with i(3) a Cauchy hyper-
surface in U.

e 1) is an isometry from U to an open subset of N’ such that ¢ o' = i.

Note. We remark that there is an error in [1]. The idea, which came from [7]
was wrongly continued and leads to the error about the statement of upper
limits under the given conditions. Afterwards we will describe the idea and
do some modifications (as described in [6]) to handle this difficulty. Indeed
there is a more elegant way to perform this proof (see [6]). The idea from
[7] was to find a point p’ € H* (where p € N,p’ € N’ are points, that can’t
be openly separated and H™ is the set of this points and is also restricted to
J*(i(X))) and a spacelike hypersurface S, in N such that S\ {p'} C U. Given
such a point with such a hypersurface one can argue that (S \ {p'}) Up is
a spacelike hypersurface in N, which we will call S’. Additionally 1 can be
extended to a smooth map (S — S’) which maps the initial data induced on
S (by (g,¢)) to the initial data induced on S” (by (¢’,¢’)). It can then be
shown (see [6]) that ¢ can be extended. But this would be a contradiction
to the statement that (U,) is maximal. So if one can prove that H™ is
non-empty, there exists such a point p and the above spacelike hypersurface
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with the respective properties. We will refer later (above the definition of )
to this.

Additionally (for later use, definition of ¢) we will introduce further con-
ditions on U. We say that U has a spacelike boundary at an appropriate
point, say p', if for p’ € OU, there is a spacelike hypersurface S C N, such
that p’ € S and S\ {p'} C U. If U, U’ are two globally hyperbolic develop-
ments in N, where both have spacelike boundaries at an appropriate point,
then U U U’ is also a globally hyperbolic development with spacelike bound-
ary at an appropriate point.

Now we will show that there is a globally hyperbolic development U C N
with spacelike boundary. Let U C N be a globally hyperbolic development
whose boundary need not to be spacelike. Suppose that ¢ : ¥ — N is the
corresponding embedding to N. If now ¢ € i(X), we can assume that there
is a neighbourhood O, C U of ¢ such that O, is globally hyperbolic with
Cauchy hypersurface O, Ni(X). By the help of Lemma 12.5 (see [1], p.135,
where local coordinates were constructed) we can design O, in that way way
that the boundary is spacelike. By taking the union of all the O, we get
finally the wanted development, which we will call U.

Let us have a look at two of them, namely (U, 1) and (U, 1/;) and suppose fur-
thermore that p € UNU. Assume that 7 is an inextendible timelike geodesic
in UNU. Due to UNU being globally hyperbolic we get v(sq) € i(%) for
some sg. Similarly to the introductory arguments before the Theorem, we
have 9 o (sg) = 1 o v(so) and analogously for the first derivative and so
Y o~ =1 o~ so that we can conclude w(p) = &(p) As a consequence,there
is an isometry from U U U into N’ and (see above) U U U is globally hyper-
bolic with spacelike boundary. Now we apply Theorem 3.5.1 to deduce that
C(N, N’) has a maximal element (U, 1)), which by the last argument is also
unique.

If U =N we write N < N’. Because the maximal elements of C(N,N’)
are unique, the relation < induces a partial ordering on M, where two el-
ements are identical if they are isometric. Assume that {N,}, o € A is
a totally ordered subset of M. In case of N, < Npg, there exists a map
Vga * No — N with the properties as above. Let

K= H N,
acA

be the disjoint union of the IV, and let us establish the following equivalence
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relation on K by stating that the two elements p, € N, and pg € Ng are
equivalent (p, ~ pg), if one of the following statements are true:

Na S N,B? wﬁa(pa) :pﬁ or Nﬁ § Na? waﬁ(pﬁ) = Pa

We denote by @ the quotient (K/ ~) of K with respect to this equivalence
relation.

Q@ 1s a topological Hausdorff space: Let be p, € N,, then we define

m: K —Q
T(pa) = [Pa]

and write for the resulting equivalence class ¢ = [p,]. The open sets for the
topology on @ are defined to be the union of finite intersections of sets of the
form 7(U,), where U, C N,, with U, open. Thus @ is a topological space.
For the Hausdorff property assume ¢i, g2 € @ such that ¢; # ¢» and p, € ¢;
and rg € go. Without loss of generality we assume N, < Ng. Then it
follows that [¢sa(pa)] = @1 and [Ysa(pa)] # rs and we have disjoint open
neighborhoods U and Vj of 3, (pa) respective rg. Finally m(Ug) and 7(Vjp)
are disjoint open neighborhoods containing ¢; and ¢y, respectively, and so )
is Hausdorff.

Q@ has a differentiable structure: Assume ¢ € @), then there is a p, € q. Let
U, be an open neighborhood of p, with coordinates x,. We are able to define
an injective map y, on 7(U,) by

Ya([ga]) = Ta(da)

due to the fact that given any ¢ € (U, ), there exists a unique ¢, € U, with
7(ga) = q. Because we want the y, to establish coordinate charts, we have
first to show that the y, are homeomorphisms. Because y; (W) = [z (W)]
for an open set W, we conclude the continuity of y,. Because of

7(Ua) N7 (Us) = 7[Ua Ntas(Us)] or @(Us) N7 (Us) = w[Ua N to35(Us)],

any open subset of m(U,) can be written as 7(V,) for some open subset
V, C U,. Out of this it follows that ¥, is a homeomorphism, because it takes
open sets to open sets. Let yg be similarly defined on 7(Us) and suppose
that 7(U,) N 7(Usg) # 0. Again let N, < Ng, without loss of generality.
Then we get ys oy, ! = x5 01p, 0 2, where ygoy,' and y, o y;,l are both
smooth. Finally [y,, 7(U,)] constitutes an atlas. This atlas can be extended
to a maximal atlas.
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Existence of a Lorentz metric on (Q: First we define a map
T : Ny — Q
Wa(poz) = [ a]

which is injective and because of y, o 7, o ;! = id, if defined, we see that
T, is a diffeomorphism onto its image.

Assume p € Q, X,Y € T,Q and let p, be such that p = [p,] and let
X, Y, € T, N, such that m,,X, = X and analogously for Y. Due to 7,
being a diffeomorphism, X, and Y, are unique. Now we define

9(X7 Y) = ga<Xaa Ya)'

In the following we have to show that this definition makes sense. Let [ps] = p
and define Xj3,Ys as X,,Y, before. Furthermore assume (without loss of
generality) that N, < Ng. Because of uniqueness we have ¢g..X, = Xp
(and similarly for Yj3) and get

gﬁ(Xﬁa Yﬂ) = gﬁ(wb’a*Xom wﬁa*Ya) = ¢Ea9ﬁ(Xaa Yoz) = ga(Xom Ya)-

Due to

g(ayg‘p’ ayloi

p) = 9a(Datlrry Ol ),

g is smooth. The proof that we can define a smooth function ¢ on @ is
simple. Furthermore we see that all relevant relations will be valid by defining
an embedding ¢ : ¥ — Q. If we assume that all maps ,s preserve the
time orientation and also the orientation, we can suppose that () is also time
oriented and oriented. Additionally the embedding () is a spacelike Cauchy
hypersurface in ). If we demand that > is connected, we get that @) is also
connected.

Q is second countable: By using the present geometric structures we prove
the second countability of (). For this we define on T'Q) a vector field GG in a
way that the projection m : T() — (@ results in a correspondence which is
one-to-one between the integral curves of the vector field G and geodesics in
Q, see ([2], Proposition 28, p.70). Let be v, the geodesic with 7,(0) = m(v)
and 7, (0) = v. For v € TQ we get G, then by the initial velocity of 7, (s). By
(2], Proposition 28, p.70) there exists an open subset D C R xT'Q) containing
{0} x TQ and a smooth flow o : D — TQ (i.e. o' (t,v) = Gar0)). So we have
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with the latter notation 7, o a(t,v) and a(t,v) =, (t). Let C,Q denote the
set of all timelike vectors in 7,,() and define

E= |J RxGQND.

pEi(Y)

Because of the second countability of 3 we see that E is also second countable.
If ¥ has dimension n, the manifold £ is 2n 4+ 2 dimensional.

Assume now that W; is a countable basis for the topology of the manifold £
and let be O; = m o (). Then we want to show that the O, constitute a
basis for the topology of Q). Let ¢ € () be contained in an open neighborhood
U. Because i(X) is a Cauchy hypersurface, we have a (t,v) € E with m o
a(t,v) = g. Due to the continuity of 7 o a there exists a W in such a way
that (t,v) € W; and m oa(W;) C U. The remaining question is whether the
O, are open or not. Before treating this problem let us note the following.
If v € TQ is timelike, assume 7, to be the geodesic with initial velocity v.
Due to the fact that i(X) is a Cauchy hypersurface, there exists a unique
sy € R such that v,(s,) € i(X). As a result we get a map 0 : 7 — R
defined by o(v) = s,. Here T C T'Q) is the set of timelike vectors.We have to
show that the map o is continuous. Assume v is future directed and v; — v,
furthermore suppose o(v;) < o(v) — ¢ for some € > 0. Then we have

Yo [0 (0i)] < o (v) — g] < Yo (v)]

if 7 is large enough and we can choose € so small that 7,,[0(v) — €] is well
defined. The strict inequality on the right side of the estimation is due to
the fact that ~,,[0(v) — €] converges to 7,[o(v) — €. Because 7,,[o(v;)] and
Ywlo(v)] belong to i(X) we obtain a timelike curve with endpoints in i(X).
Therefore i(X) cannot be a Cauchy hypersurface, which is a contradiction to
the initial statements. Analogously we cannot have o(v;) > o(v) + ¢. From
this we conclude that o is continuous.

Assume now that ¢ € O;, then there exists a (t,v) € E with m o a(t,v) =
qg. Let O C TQ be an open neighborhood of w = «(t,v), which is small
enough that it only contains timelike vectors. Note that m1(O) is an open
neighborhood of ¢ and «a(o(u),u) converges to a(o(w),w) = v and o(u)
converges to —t as O shrinks, with v € O. From this we get the convergence

[—o(u),a(o(u)),u] = (t,v). (3.6)

If O, is small enough (3.6) is contained in W; and m;(O) contained in O,
which is open. Consequently @) is second countable.
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Ezistence of a mazimal element: Due to the fact that () is a development
and we have N, < @, Ya € A, @ is an upper bound for {N,}, a € A. So,
each totally ordered subset of M has an upper bound. out of this we draw
the conclusion that M has a maximal element M. The only extension of M
is M itself (up to isometry). That M it is an extension of every development
is the final step.

The maximal element is a globally hyperbolic development. Let
M, M’ be two different developments of the same initial data. Let (U, 1)) be
the maximal element of the partially ordered set C'(M’, M). Let us design
an equivalence relation on M [[ M’ by q ~ q Vq

q~Y(q) for g€ U and ¥(q) ~qforqe U

Setting M=M [ M’/ ~, we have a topological space and we call 75 the pro-
jection from M [ M’ to M. In this space there is a differentiable structure
and it is also second countable. M would be a manifold if it turned out that it
is additionally Hausdorff and then it follows immediately that it is a globally
hyperbolic development of the initial data. Since M is an extension of M we
deduce that U = M’, due to the fact that M is the only extension of M itself.

Note. If we can show that M is Hausdorff, one can argue that (M, g, @)
is a globally hyperbolic development of the data and also an extension of
(M,g,p) and (M',¢',¢"). Because of the fact that the isometry class of
(M, g,¢) is a maximal element of M, it can be shown that one can embed
(M, 4, ") isometrically into (M, g, ). From this it is clear that the central
problem is to show that M is Hausdorff.

Fundamental consequences of non-Hausdorffness. We prove that M is
Hausdorff, by contradiction. Assume M is not Hausdorff, then we have
elements p,p’ € M such that for every pair V,V’ (open neighborhoods of
p,p’ respectively) we have V NV’ 2 (). Without loss of generality we can
assume that

pedunJt (i (X),M") and pe€ dp(U)NJ(i(X), M)
Note that
I"(p, M) N J*(i(X), M) € ¥ (U)
I~(p,MYNnJ @ (X),M") CU
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The reason for the latter statement is that if
pel (p,M)nJ"@(X), M)

for instance and ¢’ ¢ U, then the set I (¢, M') and its projection to M are
open neighborhoods of p’ which belong to the complement of U. Otherwise
we could construct an inextendible timelike geodesic in U where the inter-
section with ¢/(X) is empty. Therefore we get the required contradiction to
p' € OU. In the same way one proves the first inclusion above.

Let us write H for the set of all points of U which are “non-separable”
(as described above). If we assume that H # () we get a contradiction and
so as H is empty, we get the Hausdorffness of M. Due to the fact that H is
certainly open in OU and given any null geodesic in H, its endpoint in OU
must also be in H. Then the corresponding null geodesic in 9(¢»(U)) must
have an endpoint in M. Using these two properties of H one can find a point
p' € H and a spacelike surface T through p’ such that 7"\ p’ € U. This
motivates the term spacelike boundary at an appropriate point.

Assume that ¢’ < p/, then we have that I*(¢/, M’) and its projection to M
are open neighborhoods of p’ in M’ and M respectively. If now ¢ € M is such
that p < ¢, then I~ (g, M) and its projection to M are open neighborhoods of
p. Due to the fact that the intersection of these neighborhoods has to be non-
empty, we obtain that 1(¢') < g. Because M is globally hyperbolic, we have
¥(q') < p since the relation < is closed on M. But in the case ¢ < p’ there
exists a ¢” such that ¢ < ¢ < p’ such that ¥(¢"”) < p and so ¢¥(¢') < p.
Similarly, if ¢ < p and ¢ € ¥(U), then it follows that ¢¥~!(q) < p’. Let
now v be a future directed timelike curve in M’ such that (0) = p’ holds
and assume r < p. Then ¢ ~'(r) < p’ so that ¥ ~!(r) < v(¢) for ¢ close
enough to 0. Consequently there is an € > 0 such that r < 1 o y(t) < p for
t € (—&,0). Because, for every neighborhood V' of p there exists an r < p
such that (J*(r, M)NJ (p, M)) CV (because M is globally hyperbolic), it
follows that ¢ o y(t) — p for t — 0—.

Definition of p. Because the boundary of U is spacelike at p’, there exists
a smooth spacelike hypersurface S such that p’ € S and S\ {p'} C U. We
define ¢ : S — M by

©(q) = ¥(q) for g € S\ {p'} and p(p') = p.
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© is smooth. This is clear in every point except p’. Assume that n is the
future directed unit normal vector to S. There exists a neighborhood V' of
p in S and an € > 0 such that geodesics with starting point ¢ € V and
initial velocity n, are defined on (—e&,¢). The map from V to T'M taking
q — Y, (—€/2) is smooth due to reasons mentioned above. If £ is small
enough 7, (—/2) belongs to J*[i(X)] and therefore also to U. Otherwise
one could construct an inextendible timelike geodesic in U which can not
intersect ¢'(3). In this way, the map n(q) = .7, (—¢/2) from V to TM is
smooth.

Now we want to evaluate v;, at (—/2), however is is not clear whether this
is defined. Because of the existence of the isometry it is defined for g # p/,
since

V() (8) = ¥ 0 Y, (s — %)

with ¢ # p’. The statement at the end of the paragraph on the consequences
of not being Hausdorff ensures that it is defined in the case of ¢ = p’. Due
to the fact that 7,(¢/2) is a smooth map of v on the open set where it is
defined, we see that 7, (/2) is a smooth function of ¢ € V. Consequently,
¢ is smooth because 7, (¢/2) coincides with ¢ on V.

w 1s an embedding. Assume that e;,7 = 1,...,n is an orthonormal basis of
TS in a neighborhood of p’. Then we have in this neighborhood for ¢ # p/,

0ij = g'(eily s e5l,) = ¥7gleily, 1)) = g(waeily, uesly)-

The same equality is valid for ¢ = p’ by continuity. Therefore we get that ¢,
restricted to T},S is injective and so we can say that ¢ is an immersion. By
the help of ([2], p.19) we can ensure that ¢ (by restriction to S if necessary)
is an embedding and the pullback of the initial data which is induced on
©(S) by (g,¢) under ¢ correspond with the initial data which are induced
on S by (¢',¢') since 1 is an isometry and ¢ is smooth.

M and M’ are both developments of S, which is a consequence of the exis-
tence of the embedding . By the help of Theorem 3.3.2 we see that there
is an open neighborhood D of S in such a way that D is globally hyperbolic
with respect to the metric ¢’ and S is a Cauchy hypersurface. Additionally
there is an isometry x : D — M such that x = ¢ when restricted to S. We
suppose that D has a spacelike boundary. We also have y = ¢ on D NU
by a uniqueness argument (we have done this several times). Additionally
we have that DU U is a globally hyperbolic development of ¥ with spacelike
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boundary.

From this we are able to extend v to a larger domain, but this contradicts
the maximality of (U, ), so that we can deduce that M is indeed Hausdorft,
such that M is an extension of M. Consequently U = M’ by the maximality
of M, so we finally arrive at M’ < M. O
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