niversitat
wien

DISSERTATION / DOCTORAL THESIS

Titel der Dissertation / Title of the Doctoral Thesis

Optimal transport and mathematical finance through the
lens of the adapted weak topology

verfasst von / submitted by

Dipl.-Ing. Gudmund Pammer, BSc

angestrebter akademischer Grad / in partial fulfilment of the requirements for the
degree of

Doktor der Naturwissenschaften (Dr. rer. nat.)

Wien, 2021 / Vienna, 2021

Studienkennzabhl It. Studienblatt / UA 796 605 405
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt / Mathematik
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor: Ass.-Prof. Dr. Julio Backhoff-Veraguas
Univ.-Prof. Dr. Mathias Beiglbdck






He used often to say there
was only one Road; that it
was like a great river: its
springs were at every
doorstep, and every path was
its tributary. “It’s a dangerous
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Abstract

In recent years multiple novel variants of optimal transport (OT) were introduced
such as weak optimal transport (WOT), martingale optimal transport (MOT), and
entropic optimal transport to name but a few. Even though all of these variations
are tightly connected to the original spirit of OT, the motivation behind them
could not be more diverse: Gozlan et al. [8] initiate the field of weak optimal
transport motivated by geometric inequalities; martingale optimal transport can
be used to obtain model-independent prices for options in mathematical finance
[2]; the entropic regularization of OT gained traction most notably due to Cuturi
[4] who made OT computationally tractable.

In the classical interpretation of OT, there is an initial mass distribution u and
a terminal mass distribution v. If transporting mass from one point x to another
point y has a given fixed cost ¢(x,y), then the aim is to move all mass p to v under
minimal cost. OT is an essentially symmetric problem in the sense that mass trans-
port can be interpreted both ways. From this perspective, MOT and WOT exhibit
a substantial difference to OT as they incorporate asymmetries by treating coordi-
nates disparately. This asymmetry leads to the necessity of introducing fitting, new
tools for studying MOT and WOT. For this reason, a change of perspective can
be fruitful: A different view on admissible transport plans 7 is to interpret them
as the law of 1-timestep stochastic processes (X,Y) with marginal distributions
(u, V). Stochastic processes are intrinsically asymmetric due to the role of time and
information encoded in their filtrations.

The weak topology is the go-to topology in the OT setup but fails for acknowl-
edging the introduced asymmetries of WOT and MOT. A promising candidate
(particularly in the light of the stochastic process point of view) is the so-called
adapted weak topology, which embraces the most important features of the weak
topology in addition to a temporal structure.

My PhD project aims to investigate questions arising from the theory of optimal
transport and mathematical finance through the lens of the adapted weak topology.
This enables us to recover the basic fundaments of OT for WOT like the existence of
optimizers, duality, and a geometric description of optimizers. It provides adequate
tools to tackle the hitherto open question of stability in MOT which is also of
great relevance from a mathematical finance perspective. This understanding also
bears fruit in model-independent finance, where it is used to obtain robust sub- and
superhedging prices in fixed income markets, and to identify extremal models.



Zusammenfassung

In den letzten Jahren wurden mehrere neue Varianten des optimalen Transports
(OT) eingefiihrt, wie z.B. optimaler schwacher Transport (WOT), optimaler Mar-
tingaltransport (MOT) und entropischer optimaler Transport, um nur einige zu
nennen. Auch wenn all diese Variationen eng mit dem urspriinglichen Geist von OT
verbunden sind, kénnten die dahinterliegenden Motivationen nicht vielfiltiger sein:
Gozlan et al. [8] initiieren das durch geometrische Ungleichungen motivierte Feld
des optimalen schwachen Transports; Martingaltransport kann verwendet werden,
um modellunabhéngige Preise fiir Optionen in der Finanzmathematik zu erhalten
[2]; die entropische Regularisierung von OT gewann vor allem durch Cuturi [4] an
Zugkraft, der OT rechnerisch handhabbar machte.

In der klassischen Interpretation des OT gibt es eine initiale Massenverteilung
1 und eine terminale Massenverteilung v. Wenn der Massentransport von einem
Punkt z zu einem anderen Punkt y mit gegebenen Kosten c¢(z,y) verbunden ist,
dann besteht das Ziel darin, die gesamte Masse p mit minimalen Kosten nach v
zu beférdern. Im Wesentlichen ist OT ein symmetrisches Problem in dem Sinne,
dass der Massetransport in beide Richtungen gelesen werden kann. Aus dieser Per-
spektive weisen MOT und WOT einen wesentlichen Unterschied zu OT auf, da
sie Asymmetrien enthalten, indem sie Koordinaten unterschiedlich behandeln. Aus
dieser Asymmetrie ergibt sich die Notwendigkeit der Einfiihrung passender, neuer
Instrumente zur Untersuchung von MOT und WOT. Aus diesem Grund kann ein
Perspektivenwechsel fruchtbar sein: Ein anderer Blickwinkel auf zuléssige Trans-
portpléne 7 ist jene, sie als die Verteilung von stochastischen 1-Zeitschritt-Prozessen
(X,Y) mit Randverteilungen (u, ) zu sehen. Stochastische Prozesse sind aufgrund
der Rolle von Zeit und Information, welche in ihrer Filtration kodiert ist, inharent
asymmetrisch.

Die schwache Topologie ist die Go-To-Topologie im OT-Setup, welche aber
versdumt, die eingefiihrten Asymmetrien von WOT und MOT zu beriicksichti-
gen. Ein vielversprechender Kandidat (insbesondere unter dem Gesichtspunkt von
stochastischen Prozessen) ist die so genannte adaptierte schwache Topologie, die
zusdtzlich zu einer temporalen Struktur die wichtigsten Merkmale der schwachen
Topologie aufweist.

Das Dissertationsprojekt zielt darauf ab, Fragen, die sich aus der Theorie des
optimalen Transports und der Finanzmathematik ergeben, durch die Linse der
adaptierten schwachen Topologie zu untersuchen. Dies ermoglicht es uns, die ele-
mentaren Grundlagen von OT auch fiir WOT wiederzuerlangen, wie die Existenz
von Optimierern, Dualitdt und eine geometrische Beschreibung von Optimierern.
AuBlerdem stellt es geeignete Instrumente zur Verfiigung, um die bisher offene Frage
der Stabilitait von MOT zu I6sen, die auch aus finanzmathematischer Sicht von
grofler Relevanz ist. Dieses Sichtweise trigt auch Friichte in modelindependent

vi



finance, wo es Anwendung findet, um robuste Sub- und Super-Hedging-Preise in
einem Markt fiir festverzinsliche Wertpapiere herzuleiten und um extremale Mod-
elle zu identifizieren.
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Introduction and summary
of results

Optimal transport

The optimal transport problem was first stated by Gaspard Monge, a French math-
ematician of the 18th century. In his formulation, he considered mass distributions
p and v with equal mass and a function ¢ describing the cost of moving mass from
one point to another. He was interested in finding optimal ways of moving one pile
of mass p to another pile v, i.e., minimizing

/ (2, T(x)) p(de),

where T is a transport map describing where the mass lying at x is carried to. T
has to satisfy the constraint that after moving the mass accordingly we end up
distributed according to v, i.e., T(X) ~ v when X ~ p or equivalently Tup = v.

Unfortunately, in this formulation basic fundamentals like the existence of op-
timizers and duality are non-trivial questions. Even for very ‘well-behaved’ cost
functions ¢ there do not necessarily exist optimizers or even an admissible candi-
date map T'.

Almost 200 years later Leonid Kantorovich, a Russian mathematician, proposed
a relaxation to Monge’s original formulation which notably constitutes the starting
point of modern OT: instead of looking for transport maps 7: X — Y, he admits
that mass is (infinitesimally) split and transported to different locations. We phrase
this in mathematical language. For a probability measure p on the Polish space
X and a probability measure v on the Polish space Y, he considers all transport
plans 7 which are probability measures on the product X x Y with marginals (y, v).
Transport plans 7 are also called couplings with marginals u, v and the set of all
such couplings is denoted by II(u, ). We want to minimize

[ etw.v) (s, dy)

over all m € TI(u,v). As a result of this subtle modification, questions that previ-
ously seemed impossible to solve became fairly easy to answer with soft arguments.
As an illustrative example consider the question of the existence of minimizers.
By Portmanteau’s theorem, the map 7 — 7(c) is lower semicontinuous w.r.t. the
weak topology when c is lower semicontinuous, and lower bounded. Further, as an
easy consequence of Prokhorov’s theorem, we find that II(u, ) is weakly compact.
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Thus, any minimizing sequence admits optimal accumulation points. We proceed
to elaborate on the specific projects in more detail.

Weak optimal Transport

In Paper 1 we consider the WOT problem of Gozlan et al. [§], which permits cost
functions of form C': X x P(Y) — R. We want to minimize

/ O, ms) pldz) (WOT)

over all 7 € TI(u,v) where (m;)zex denotes a regular disintegration of 7 w.r.t.
its first marginal. It is clear that WOT is a generalization of OT as setting
C(z,p) = [ c(x,y) p(dy) for an OT cost ¢ yields the same minimization problem.
Even though duality was already accomplished in [8] under additional assumptions,
the basic questions of existence and duality remained unanswered in the general-
ity we are used to from OT. The trick here is — in analogy to Kantorovich who
passed from transport maps to transport plans — to consider probability measures
in P(X xY) as elements of a larger space, namely P(X x P(Y)). A crucial prop-
erty of this embedding is that it preserves relative compactness. When C' is lower
semicontinuous, lower-bounded and convex in its second argument, we can thereby
show that (WOT) is lower semicontinuous as a function of 7. By the same soft line
of argument as in OT there exist optimizers.

Probably the most studied problem in OT is the Wasserstein distance Wy on
R? where c(z,y) = |x — y|? and | - | the euclidean distance on R?, i.e.,

Walp,v) = inf )</|x—y|27r(dx,dy)>%

mel(p,v

At the core of our understanding of the Wasserstein distance lies the Brenier the-
orem which closely knits together optimality with (gradients of) convex functions.
An appealing variation is contained in the WOT framework under the name Wasser-
stein projection in convex order:

Nl

Vo(p,v) := inf Wa(u,n) = inf (/’/y—mz(dy)

n<ev mell(p,v)

u(dw)> (M)

where <. denotes the convex order, i.e., n <. v if and only if n(f) < v(f) for
every convex f: R* — R. The analogon of the Brenier theorem here is called the
Brenier-Strassen theorem. This theorem was introduced by Gozlan and Juillet in
[7] and it states that the minimizer n* of Vs is the image measure of x under the 1-
Lipschitz gradient of a convex function. This theorem is named in conjunction with
Strassen since he discovered that there is a martingale with given marginals if and
only if the marginals are in convex order, see [11]. The particular WOT problem
displayed in (1) was studied in numerous works during the past couple of years due
to its interesting properties. Notably, it was used in a novel proof of Caffarelli’s
contraction theorem [5] and provides a convenient tool in the study of MOT, see
Paper 7. Our treatment of WOT allowed us to prove the Brenier-Strassen theorem
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in Paper 1 and Paper 3 without requiring that u, v are compactly supported, which
was assumed in an earlier version of [7].

In Paper 2 we extensively investigate the 1-dimensional Wasserstein projection.
When p does not weight single points, the coupling 7* given by the monotone
rearrangement F,7' o F,, the concatenation of cumulative distribution function F),
and quantile map F, !, minimizes

Wy (u,v) = weli'lrbf; u)/@(az —y) w(dz, dy),

for all convex 6: R — RT. If § is strictly convex and the value of Wy(u, v) is finite,
7* is even the unique minimizer. We call a monotone, 1-Lipschitz map T: R — R
with T'(1) <. v admissible. Then the weak monotone rearrangement is given by
the (unique) admissible map which is maximal in the sense that S(u) <. T'(u) for
every other admissible S. Let Vy be given by (1) where we substitute the squared
modulus with 6. For any admissible map T the coupling 77 = (x,T(z))4xp is
optimal for Vo(u,T(n)) and Wy(u,T(p)), in particular, the values coincide. Let
T be the weak monotone rearrangement between p and v. Then gluing 77 with
any martingale coupling 7™ € I/ (T(u), v) yields an optimizer of Vj(u,v), where
the existence of such martingale measures is guaranteed by Strassen’s theorem.
If 6 is strictly convex, any optimizer of Vp(u,v) can be decomposed into 77 and
a martingale coupling 7 € My (T(u),v). Consider a process (X,Y,Z) where
(X)Y) = (X, T(X)) ~ 7T and (Y, Z) ~ 7M. The process first starts in X ~ p
and tries to move optimally in convex order to v as martingale steps are free by
the barycentric structure of the cost. From this perspective, we describe T' as
the unique admissible map with the property that on those intervals where T is
strictly contracting, the process (Y, Z) remains constant. Remarkably this offers a
natural way of joining two probability measures by a deterministic process and a
martingale.

In Paper 3 we revisit several fields like the Schréodinger problem, optimal mecha-
nism design, and semimartingale transport and recast it in the framework of WOT.
Our viewpoint unifies the approaches and sometimes allows us to strengthen the
original results.

Paper 4 is roughly split into two parts. The first part deals with a topic from
mathematical finance: model-independence in a fixed-income market. The main
realization here is that given market data in the form of marginal distributions of a
process, the model-independent upper and lower bounds can be treated in the WOT
set-up. Concretely we encounter a reformulation of the bounds closely related to the
Wasserstein projection, which allows us to prove pricing-hedging dualities and to
find explicit representations of optimizers. In the second part we lay the theoretical
groundwork by investigating the derived class of problems from a WOT point of
view. There we obtain duality formulas for cost functions C': X x P(Y') — R where
the value of C(z,p) for fixed x depends solely on the barycenter of p. A standard
assumption in WOT is the convexity of C(z,-) for all # € X, whose sole purpose
seems to be of technical nature. Let u € P(X) be continuous. We reason that for
bounded, continuous cost C': X x P(Y) — R the minimum of (WOT) over II(u, )
is unchanged when exchanging C with (z,p) — (C(z,-))**(p), that is for fixed =
the convex hull of C(z, -).
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Martingale Optimal Transport

As a research area MOT was kicked off in [2] by Beiglbock, Henry-Larbordére, and
Penkner, and in [6] by Galichon, Henri-Larbordére, and Touzi. For notational con-
venience we focus on the 1-step instance. They propose to consider only transport
plans m whose law is given by a 1-time step real-valued martingale, i.e., (X,Y) ~ 7
and E,[Y]X] = X almost surely. The set of all transport plans satisfying this addi-
tional constraint is denoted by ITps(u, v), which leads to the following constrained
version of the OT problem:

inf / c(z,y) m(dz, dy). (MOT)

m€llnr (p,v)

The main motivation of studying problems of this kind can be derived from robust
mathematical finance. Martingale measures and mathematical finance are deeply
connected by the Fundamental Theorem of Asset Pricing which states that a market
is arbitrage-free if and only if there exists an equivalent martingale measure. Given
the marginal distributions (u,v), u <. v for a single real-valued asset (S;)7_; there
can exist a multitude of martingale measures 7 describing the dynamics of a market.
Therefore, in this setting model-independent pricing of an option ¢(S1, S2) leads to
the optimization problem (MOT).

Investigating the marginal dependence of the optimal value in (MOT) is of
significant importance when dealing with real-world data or to obtain a better
understanding of its numerical resulotion. The continuous dependence of value and
optimizers on marginals is called stability. The question of stability was open up
to recently and its answer required a combination of novel approaches.

Even though WOT encompasses MOT simply by setting

_ {f c(z,y)p(dy) [yp(dy) =,
C(z,p) =
+00 else,
the hereby defined WOT cost C' is usually not regular enough to handle MOT as
a special case of WOT. To achieve comparable statements in the case of MOT we
have to refine and specify the arguments with novel ideas.

In Paper 5 we show the stability of MOT and WOT by lending the notion
of cyclical monotonicity and amending it for the specific structure of MOT and
WOT. Cyclical monotonicity is a fundamental concept of OT going back at least to
Rockafellar and Riischendorf which provides a geometric and finitistic description
of optimality of transport plans. The core idea here is to find a suitable notion
that is preserved under limits and at the same time sufficient for optimality. This
property is baptized C-monotonicity (for WOT) and martingale C-monotonicity
(for MOT) respectively.

In Paper 6 we answer the question of approximating martingale couplings by se-
quences of martingale couplings. In mathematical language, this means the follow-
ing: prescribe (u*, v*¥)en of pairs in convex order converging in the 1-Wasserstein
distance to (u, ) and choose any 7 € I (u, ). Is there a sequence of martingale
couplings 7% € Tl (u¥, V%), k € N converging to 7 at least in the 1-Wasserstein
metric? In this paper, we show that this convergence can be achieved not only
in W; but even in the adapted weak topology. This is realized by exploiting the
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concept of potential functions — a one-dimensional tool characterizing the convex
order — and combining it with the fruitful methods set forth in Paper 1.

Natural applications of the results are discussed in the follow-up paper Paper
7: We show the stability of the WOT-adaptation of (MOT)

inf / O, m0) p(dz).

mella (p,v)

As a special case, we find that the law of the 1-dimensional stretched Brownian
motion [1] joining a pair (u,v) in the convex order continuously depends on the
marginal distribution, (p,v). Moreover, we show continuous dependence of the
super-hedging price of VIX-options (see e.g. [10]) on the marginals. We show that
martingale C-monotonicity is a necessary and sufficient optimality criterion, which
allows us to extend existing results on finite optimality being sufficient for optimality
as in [3, 9].
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EXISTENCE, DUALITY, AND CYCLICAL MONOTONICITY FOR WEAK
TRANSPORT COSTS

J. BACKHOFF-VERAGUAS, M. BEIGLBOCK, AND G. PAMMER

AssTrACT. The optimal weak transport problem has recently been introduced by Gozlan
et. al. [25]. We provide general existence and duality results for these problems on arbi-
trary Polish spaces, as well as a necessary and sufficient optimality criterion in the spirit
of cyclical monotonicity. As an application we extend the Brenier-Strassen Theorem of
Gozlan-Juillet [23] to general probability measures on R¢ under minimal assumptions.

A driving idea behind our proofs is to consider the set of transport plans with a new
(‘adapted’) topology which seems better suited for the weak transport problem and allows
to carry out arguments which are close to the proofs in the classical setup.

Keywords: Optimal Transport, cyclical monotonicity, Brenier’s Theorem, Strassen’s The-
orem, weak transport costs, weak adapted topology, duality.
Mathematics Subject Classification (2010): 60G42, , 90C46, S8E30.

1. INTRODUCTION

1.1. Notation. This article is concerned with the optimal transport problem for weak
costs, as initiated by Gozlan, Roberto, Samson and Tetali in [25]. To state it (see (1.1)
below) we introduce some basic notation. We write P(Z) for the set of probability mea-
sures on a Polish space Z is and equip $(Z) with the usual weak topology. Throughout X
and Y are Polish spaces, u € P(X), and v € P(Y). We write I1(u, v) for the set of all cou-
plings on X X Y with marginals u and v. Given a coupling 7 on X X Y we denote a regular
disintegration with respect to the first marginal by (7,).cx. We consider cost functionals of
the form

C:XXxP(Y) = RU [+oo};

usually it is assumed that C is lower bounded and lower semicontinuous in an appropriate
sense, and that C(x, -) is convex. The weak transport problem is then defined as

Vu,v) = neirfl(ﬁ,v) j}; C(x, mou(dx). (1.1)

1.2. Literature. The initial works of Gozlan et al. [25, 24] are mainly motivated by ap-
plications to geometric inequalities. Indeed, particular costs of the form (1.1) were already
considered by Marton [30, 29] and Talagrand [40, 41]. Further papers directly related to
[25] include [37, 36, 38, 21, 23]. Notably the weak transport problem (1.1) also yields a
natural framework to investigate a number of related problems: it appears in the recursive
formulation of the causal transport problem [7], in [1, 2, 15, 6] it is used to investigate
martingale optimal transport problems, in [3] it is applied to prove stability of pricing and
hedging in mathematical finance, it appears in the characterization of optimal mechanism
for the multiple good monopolist [19] and motivates the investigation of linear transfers in
[17]. A more classical example is given by entropy-regularized optimal transport (i.e. the
Schrodinger problem); see [28] and the references therein.

University of Vienna. Oskar-Morgenstern-Platz 1, 1090 Vienna, Austria. MB gratefully acknowledges sup-
port by FWF-grant YO0782. GP acknowledges support from the Austrian Science Fund (FWF) through grant
number W 1245. All authors thank the anonymous referee for insightful comments that lead to a significant
improvement of the article.
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1.3. Main results. We will establish analogues of three fundamental facts in optimal
transport theory: existence of optimizers, duality, and characterization of optimizers through
c-cyclical monotonicity. We make the important comment, that these concepts (in partic-
ular existence and duality) have been previously studied for the weak transport problem.
However, the results available so far may be too restrictive for certain applications.

Our goal is to establish these results at a level of generality that mimics the framework
usually considered in the optimal transport literature (i.e. lower bounded, lower semicon-
tinuous cost function). We emphasize that this extension is in fact required to treat specific
examples of interest, cf. Section 1.3.4 below.

We briefly hint at the novel viewpoint which makes this extension possible: In a nut-
shell, the technicalities of the weak transport problem appear intricate and tedious since
kernels (r,), are notoriously ill behaved with respect to weak convergence of measures on
P(X x Y). In the present paper we circumvent this difficulty by embedding (X X Y) into
the bigger space P(X X P(Y)). This idea is borrowed from the investigation of process
distances (cf. [33, 5, 4]) and will allow us to carry out proofs that closely resemble familiar
arguments from classical optimal transport.

1.3.1. Primal Existence. As afirst contribution we will establish in Section 2 the following
basic existence results.

Theorem 1.1 (Existence I). Assume that C: X X P(Y) — R U {+o0} is jointly lower semi-
continuous, bounded from below, and convex in the second argument. Then, the problem

inf f Clx, o),
X

nmell(u,v)

admits a minimizer.

Notably, Gozlan et.al. prove existence of minimizers under the assumption that 7 —
f C(x, ) du(x) is continuous on the set of all transport plans with first marginal u, whereas
our aim is to establish existence based on properties of the function C. We also note that
Theorem 1.1 was first established by Alibert, Bouchitté, and Champion in [2] in the case
where X, Y are compact spaces.

In fact the assumptions of Theorem 1.1 may be more restrictive than they initially ap-
pear. Indeed, as the cost function defined in (1.5) below is not lower semicontinuous with
respect to weak convergence, we will need to employ a refined version of Theorem 1.1 to
carry out our application in Theorem 1.4 below.

Given a compatible metric dy on the Polish space ¥ and 1 € [1, c0), we write #}, (¥)
for the set of probability measures v € £(Y) such that f dy(y, yo)' v(dy) < oo for some
(and then any) yo € Y and denote the #-Wasserstein metric on Pfiy(Y ) by W, (see e.g. [42,
Chapter 7]). In the sequel we make the convention that, whenever we refer to Pﬁ,y(Y ), it is
assumed that this set is equipped with the topology generated by ‘W;. On the other hand,
regarding the Polish space X, we fix from now on a compatible bounded metric dx.

Theorem 1.2 (Existence II). Assume that v € Pfiy(Y). LetC: X x Pﬁ,y(Y) — R U {+00} be
Jjointly lower semicontinuous with respect to the product topology on X X Pfiy(Y ), bounded
from below, and convex in the second argument. Then, the problem

inf fC(x,ﬂx)y(dx),
X

mell(u,v)

admits a minimizer.

We emphasize that Theorem 1.1 is a special case of Theorem 1.2. To see this, just take
dy to be a compatible bounded metric. We also note that if C is strictly convex in the
second argument and V(u,v) < oo, then the minimizer 7* € II(y, v) is unique. We report
our proofs in Section 2.
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1.3.2. Duality. We fix a compatible metric dy on Y and introduce the space
@y, :={ : Y - R continuous s.t. da,b, £ € R,yp € ¥, £ < y(-) < a + bdy(yo,)'}. (1.2)
To each ¢ € @, we associate the function
Reyp(x) = pe(,ir%f(y)p(w) +C(x, p). (1.3)

We remark that Ry () is universally measurable if C is measurable ([16, Proposition 7.47])
and so the integral u(Rcy) is well defined for all u € P(Y) if C is lower-bounded.

Theorem 1.3. Let C: X X Pﬁ,y(Y) — R U {oo} be jointly lower semicontinuous with respect
to the product topology on X X P;y(Y ), bounded from below, and convex in the second
argument. Then we have for all u € P(X) and v € ?;y(Y)
V(u,v) = sup p(Reyp) — v(y). (1.4
'//6(1)17,1
The proof of Theorem 1.3 is provided in Section 3. We also refer to this section for a

comparison of earlier duality results of Gozlan, Roberto, Samson, and Tetali [25, Theorem
9.6] and Alibert, Bouchitté, and Champion [2, Theorem 4.2].

1.3.3. C-monotonicity. Besides primal existence and duality, another fundamental result
in classical optimal transport is the characterization of optimality through the notion of
cyclical monotonicity; see [35, 22] as well as the monographs [34, 42, 43]. More re-
cently, variants of this ‘monotonicity priniciple’ have been applied in transport problems
for finitely or infinitely many marginals [32, 18, 26, 11, 44], the martingale version of the
optimal transport problem [12, 31, 13], the Skorokhod embedding problem [9] and the
distribution constrained optimal stopping problem [14].

We provide in Definition 5.1 below, a concept analogous to cyclical monotonicity (which
we call C-monotonicity) for weak transport costs C. We show that every optimal transport
plan is C-monotone in a very general setup. Conversely, we have that every C-monotone
transport plan is optimal under certain regularity assumptions. See Theorems 5.3 and 5.6
respectively.

We note that related concepts already appeared in [6, Proposition 4.1] (where necessity
of a 2-step optimality condition is established) and in [23] (necessity in the case of com-
pactly supported measures and a quadratic cost criterion). To the best of our knowledge,
our sufficient criterion is the first of its kind for weak transport costs.

We remark that the 2-step monotonicity principle for weak transport costs has already
proved vital in [6] for the construction of a martingale counterpart to the Brenier theorem
and the Benamou-Brenier formula. On the other hand, we conjecture that this monotonicity
principle could be used in order to generalize [23] to non-quadratic costs.

1.3.4. A general Brenier-Strassen theorem. As an application of our abstract results we
extend the Brenier-Strassen theorem [23, Theorem 1.2] of Gozlan and Juillet to the case of
general probabilities on X = ¥ = R under the assumption that y has finite second moment
and v has finite first moment. We thus drop the condition in [23] that the marginals have

compact support. For this part we set
X - f yp(dy)

and write <, for the convex order of probability measures.

2

C(x,p) := s (1.5)

Theorem 1.4. Let i € P2(R?Y) and v € P (R?). There exists a unique * <. v such that
W', ) = inf Wan,10° = Vi, v). (1.6)
Moreover, there exists a convex function ¢ : R — R of class C' with V¢ being I-Lipschitz,

such that Vo(u) = u*. Finally, an optimal coupling n* € Il(u, v) for V(u,v) exists, and a
coupling nt € T(u, v) is optimal for V(u, v) if and only iffyﬂx(dy) = Vo(x) p-a.s.
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Existence of u* and the expression (1.6) were first proved by Gozlan et al [24] for
d = 1 and by Alfonsi, Corbetta, Jourdain [1] for arbitrary d € N. Indeed a general version
of (1.6), appealing to ‘W, and probabilities y,v € PP(R?) is provided in [1]. All other
statements in the above theorem were originally established by Gozlan and Juillet [23]
under the assumption of compactly supported measures y, v. The proof of Theorem 1.4 is
given in Section 6.

Note added in revision. In an updated version of [23], Gozlan and Juillet have also
removed the compactness assumption in Theorem 1.4. Their proof is based on duality
arguments and in particular differs from the one given here.

2. EXISTENCE OF MINIMIZERS

A principal idea behind the proofs of this paper is to endow the set of transport plans
P(XxY) with a topology that is finer than the usual weak topology and which appropriately
accounts for the asymmetric role of X and Y in the context of weak transport. This can
be formalized by embedding P(X X Y) into the bigger space P(X x P(Y)). Le., given a
transport plan 7, we will consider its disintegration (7y)ex (W.r.t. its first marginal) and
view it as a Monge-type coupling in the larger space P(X x P(Y)). It turns out that on this
‘extended’ space the minimization problems Theorem 1.2 and Theorem 1.1 can be handled
more efficiently.

We need to introduce additional notation: for a probability measure 7 € P(X X Y) with
not further specified marginals, we write m(dx X Y) and (X X dy) for its X-marginal and Y-
marginal respectively. At several instances we use the projection from a product space onto
one of its components. This map is usually denoted by proj, where the subscript describes
the component, e.g. projy: X X ¥ — X stands for the projection onto the X-component.
Denoting by (7, ).cx a regular disintegration of & with respect to m(dx X Y), we consider the
measurable map

Ke: X > X XP(Y)
X (X, 7Ty).
We define the embedding J: P(X X Y) — P(X X P(Y)) by setting for 7 € P(X x Y) with
X-marginal u(dx) = n(dx x Y)
J(m) == (kp)#(1)- 2.1

The map J is well-defined since «; is m(dx X Y)-almost surely unique. Note that elements
in P(X X Y) precisely correspond to those elements of P(X X P(Y)) which are concentrated
on a graph of a measurable function from X to P(Y).

The intensity I(P) € P(Y) of P € P(P(Y)) is uniquely determined by

I(P)(f) = fp " p(f)Pdp) VfeCpY). 2.2)

The set of all probability measures P € P(XxP(Y)) with X-marginal u and ‘P(Y)-marginal
intensity’ v is denoted by

A(,v) = {P € P(X x P(Y)) | projy P = u, I(projpy,(P)) = v}. (2.3)

Similar to (2.2), we define the intensity of P € P(X x P(Y)) as the unique measure /(P) €
P(X X Y) such that

fCWI(P)(dx, dy) = f

f S, »)pldy)P(dx,dp) VfeCuyXXY) (24)
XxP(Y) JY

XxY

Note that while J is in general not continuous (cf. Example 2.2), the mappings / and [ are
continuous.
Using (2.1) and (2.4) we find that

A, v) = "' (I, v)) and J(I1(u, v)) € Ay, v).
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Also note that [ is the left-inverse of J, i.e., [ o J() = 7 for m € P(X X Y). We now describe
the relation between minimization problems on I1(x, v) and A(u, v):

Lemma 2.1. Let C: XXP(Y) » RU{—o0, +o0} be measurable, lower-bounded, and convex
in the second argument. Then

Vi, v) = Vi, »), (2.5)
where V was defined in (1.1) and
V(u,v):= inf f C(x, p)P(dx,dp). (2.6)
(w PEAWY) JxXxP(Y) g g

Proof. For any r € T1(u, v) we have J() € A(u, v) and
f C(x, mou(dx) = f C(x, p)J(m)(dx, dp).
X XXP(Y)
Thus,

inf C(x,m)u(dx) > inf C(x, p)P(dx,dp).
Lt fx (nrou@n > il fx vy GO PP dp)

Now, letting P € A(u,v), we easily derive from (2.4) that I(P) € T(u,v) and I(P), =
fp(y) p P.(dp) for u-a.e x. Using convexity we conclude

f C(x, p)P(dx. dp) = f f Clx, pYP(dpu(d)
XxP(Y) X JPY)

> f Clx, (P u(dx)
X

> inf fC(x,ﬂx)y(dx).
X

mell(u,v)
O

2.1. Existence of minimizers. The purpose of this subsection is to establish Theorem 1.2,
or more precisely, a strengthened version of it; see Theorem 2.9 below. To this end we need
a number of auxiliary results.

We start by stressing that, in general, the embedding J is not continuous. In fact:

Example 2.2. The map J is continuous if and only if X is discrete or |Y| = 1. Indeed, given
X discrete and a sequence (m°)en € P(X x Y)Y which weakly converges to 7, we have that

7 (x x Y) = 7(x x Y) from which 7(dy) = ::E;‘Xd;; converges weakly to 7,(dy) = :Xxd;i if

m(x X Y) > 0. Consequently if f € C,(X X P(Y)), then
lim|J(x)(f) = J ()

<li A (e x Y) - Y ) — flx, 7, Y
< lmksupglﬂxn)( (xX ¥) = 7(x X ))|+Z|f(xn) Fm)lm(x X Y)

=0.

Therefore (J(m%))ien converges weakly to J(x). On the other hand, suppose there is a
sequence (X ) € X' of distinct points converging to some x € X, as well as p, g € P(Y)
with p # q. For k € N define a probability measure on P(X X Y) by

1
7 (dx, dy) 1= 5 (0, (d0)p(dy) + 6+, (d)g(dy).

A short computation yields

(6()6,17) + 6(x,q)) ,

R =

hlgn J(n*) = hlgn 3 (6(xk+|,p) + 5(xk,q)) =

1
. K\ _ —
J(h]{nn )= J(§5x(l7 + q)) = ‘5(x,%(p+q))’

which shows that J is discontinuous.
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On the bright side, J possesses a crucial feature: it maps relatively compact sets to
relatively compact sets. We prove this in Lemma 2.6 below. But first we need to digress
into the characterization of tightness on P(#(Y)) and subspaces thereof. The following can
be found in [39, p. 178, Ch. II].

Lemma 2.3. A set A C P(P(Y)) is tight if and only if the set of its intensities I1(A) is tight
in P(Y).

We need to refine Lemma 2.3 for our purposes, since we equip PZY(Y ) with the W,-
topology instead of the weak topology.

Lemma 2.4. A set A C war(SD;y(Y)) is relatively compact if and only if the set of its
intensities I(A) is relatively compact in PZY(Y)-

The proof of Lemma 2.4 heavily relies on the following lemma, for which we include a
proof for sake of completeness.

Lemma 2.5. A set A C P;y(Y) is relatively compact if and only if it is tight and
I €eYVe>03dR>0: supf dy(y,y") u(dy) < €. 2.7)
ueA JBr(yy
Note that if (2.7) holds for some y’ € Y it automatically holds for any y’ € Y.
Proof of Lemma 2.4. Since continuous maps preserve relative compactness in Hausdorff

spaces, the first implication follows by continuity of 1. To show the reverse implication, let
I(A) be relatively compact in Piiy(Y ). First we show for fixed y’ € Y that

Ye>03R, > 0: supf Wi(p,6,) P(dp) < &. (2.8)
PeA J{p: Wi(p,6y) 2R.}

Fix &£ > 0. There exist K > 0 and r > 0 such that for all P € A

W(p.5,) Pldp) = f dy(r.yYI(PYdy) < K
PL (1) Y

f f dy(v.') p(dy)P(dp) = f do P <5, 29)
P (1) B,y By

where B,() = {y € Y2 dy(y,y") < ). SetR, = ZE and Ag, = {p € P, (1): Wi(p.6,)' = Rl
then
1 . K
sup P(Ag,) < sup — Wi(p,6y) P(dp) < R.
PeA PeA Ne JAg, £

and

sup f f dy(y,y")' p(dy)P(dp) < sup P(Ag )r' < (2.10)
Ag, JB.(Y) PeA

PeA

Putting (2.9) and (2.10) together shows (2.8).

It remains to show that A is tight in P(P;y(Y)). By Lemma 2.3 we have that (A is tight
in P(P(Y)), i.e., given € > 0 there is a compact set K, € P(Y) such that for all P € A
we have P(K,) > 1 — e. We will construct a set K, C K, which is compact in Pz,y(Y) and

satisfies P(K,) > 1 — 2ein P € A. To this end, take a sequence of radii (R,,),en such that

, 1 £
SupP({p: f dy(y,y') p(dy) > —}) <
PeA v dy(vy'Y>Ra) n 2

which is possible since

’ 1 ’
P ({p: f dy(y,y")' p(dy) > —}) <n f dy(y,y") I(P)(dy),
{v: dyGoy' ) >Ra) n {v: dy(y Y >Ry)

SRRV
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can be chosen sufficiently small, uniformly for P € A. The set

_ , 1
K. = {peKS: f dy(v,y") p(dy) < =, neN}
{y: dy(Gy')>Ry) n

is compact in ng(Y) (cf. Lemma 2.5). Finally, given P € A we obtain

P(K;) > P(K,) — P({ : f
Z b {y

n tdy(n.y') >Ry}

, 1
dy(y.y )p(dy) = ;}) 12
as desired O

Proof of Lemma 2.5.

‘=": Since the topology induced by ‘W, on sz(Y ) is finer than the weak topology on
sz(Y), relative compactness in W, implies relative compactness with respect to the weak
topology. Therefore, Prokhorov’s theorem yields tightness. Suppose for contradiction that
(2.7) fails, i.e. there exist ' € Y and € > 0 such that for all N € N there is uy € A s.t.

f dy(y,y ) un(dy) = &.
Bn(Y')e
In particular,
1
R—oo

im lim inff dy(y',y) un(dy) > €. (2.11)
Br(y')*

Due to relative compactness we find for any sequence in A an accumulation point. Then,
from the definition of “W;-convergence, see [43, Definition 6.8 (iii)], we deduce

R—o0

lim lim inf f dy(y',y)'un(dy) = 0,
N IBriyry

which contradicts (2.11). Hence, (2.7) is satisfied.

‘<": Let A be tight such that (2.7) holds. Then, any sequence (u)ren € A has an
accumulation point u € P(Y) with respect to the weak topology. Without loss of generality
assume that yy — u for k — co. By monotone convergence

[ artyyutan = fim [ R ndytsyuta)

< lim lim inf f R A dy(y,y") ia(dy) < sup f dy(y,Y') pta(dy).

R—oo n—o n

Hence, by (2.7) we can choose (for € = 1, say) R > 0 such that

f dy(y,y") u(dy) < sup f dy(y,y ) pn(dy) + 1 < oo,
y n JB(y)

which shows that u € ng(Y).
Next, fix € > 0. Pick R > 0 such that

f dr 'Y = R A dy(y,y Y u(dy) < s,
Y

n

sup f dy(y,y) ua(dy) < €.
Br(Y)¢

By weak convergence we know that

lim f R' A dy(y,y") u(dy) — f R' A dy(y,y") u(dy).
Y Y

Hence we may pick kg such that for all £ > ko

| fy R A dy(y,y'Y (= p)(dy)| < &
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Thus we have for k > kg

| [ vt = oy < 36

Since € was arbitrary, we obtain that the #~-moments are converging, which implies conver-
gence in ‘W,. O

We recall that on Y we are usually given a compatible complete metric dy, whereas on
X we fix a compatible bounded metric dx. We thus endow the product spaces X X Y and
X x Pfiy(Y) with natural (product) metrices d and d defined respectively by

d((x,), (x0,y0)) = dx(x, xo) + dy(y, yo), (2.12)
d((x, p). (x0, po)) = dx(x, x0) + Wi(p. po)- (2.13)
We can now state and prove the crucial property of J:
Lemma 2.6. If I1 C P/ (X X Y) is relatively compact then J(II) C P;(X X Pfiy(Y)) is

relatively compact. Conversely, if A € P;(X X P;y(Y)) is relatively compact then I(A) C
PL(X X Y) is relatively compact.

Proof. Since continuous maps preserve relative compactness in Hausdorff spaces, we im-
mediately deduce relative compactness of I(A), and the sets IT¥ € P(X) and IT" C P;y(Y)
consisting respectively of the X- and Y-marginals of the elements in II.

Denote now respectively by H’J( C P(X) and H§ c PfWI(Pfiy(Y)) the set of X- and
P(Y)-marginals of the elements in J(IT). Clearly Iy = IT*. By Lemma 2.4, the set IT}
is relatively compact in Pﬁwl (PZY(Y )) if and only if the set / (Hf ) is relatively compact in
Pfiy(Y). However, if m is equal to the P(Y)-marginal of J(r), then I(m) is equal to the
Y-marginal of 7. It follows that I(ITY) C TI" is relatively compact and so is IT}. Since
the marginals of J(IT) are relatively compact, we conclude that J(IT) itself is relatively
compact. O

It is convenient to introduce the following assumptions, which we will often require:
Definition 2.7 (A). Given Polish spaces X, Y, we say that a function
C: X x Py (Y) = RU {+oo}
satisfies Condition (A) if the following hold:

e C is lower semicontinuous with respect to the product topology of
(X, dx) x (Py, (Y), W),
o C is bounded from below.

If in addition for all x € X the map p — C(x, p) is convex, i.e.
P:q € Py, (V),a €[0,1]= C(x,ap +(1 - a)g) <aC(x,p) + (1 —a)C(x,q), (2.14)
then we say that C satisfies Condition (A+).

We now show that under Condition (A+) the cost functional defining the weak transport
problem is lower semicontinuous:

Proposition 2.8. Ler C: X X P’dy(Y ) = R U {+00} satisfy condition (A). Then the map

P;(X X PZY(Y)) 5P f C(x, p)P(dx, dp) (2.15)
XxPy ()

is lower semicontinuous. If C satisfies condition (A+) then the map
PUXXY)d> T fC(x, m)n(dx X Y) (2.16)
X

is lower semicontinuous.
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Proof. Let P* — Pin PZ(X X ?’;y(Y )). Similar to [20, Theorem A.3.12], we can approx-
imate C from below by d-Lipschitz functions and obtain lower semicontinuity of (2.15),
ie.,

lim inf f C(x, p) PX(dx, dp) > f C(x, p) P(dx, dp).
k XxP(Y) XxP(Y)

To show lower semicontinuity of (2.16), let = min PQ(X x Y) and denote P* = J(r").
We may assume that lim inf}, fx C(x, ) (dxxY) = limy fx C(x, )" (dxx Y) by selecting
a subsequence. By Lemma 2.6 we know that (P}, is relatively compact in PZ(X xP;y(Y)).

Denote by P an accumulation point of {P*};. From now on we work along a subsequence
converging to P. Observe that

f C(x, i)k (dx x ¥) = f C(x, p) PX(dx, dp).
X XxP(Y)
Hence, we find by the first part that
lim inf f C(x, p) PX(dx, dp) > f C(x, p) P(dx, dp).
k XxP(Y) XXP(Y)
Observe that the X-marginal of P equals the X-marginal of &, so by convexity of C(x, -)

we then have

lim inf f C(x, i) (dx x ¥) > f C(x, p) P.(dp)n(dx X Y)
k X XxP(Y)

> f C(x, f p(dy)P(dp))r(dx X Y).
X P(Y)

Now, if f is continuous bounded on X X Y, we have

Fory)r(dx, dy) — fx fyntds.d).

XxY

But the function F(x, p) := fY f(x,y)p(dy) is easily seen to be continuous and bounded in
X X P(Y). Hence f FdP* — f FdP and by the structure of F' we deduce

X

f,yn(dx, dy) = f FdP = f f f(x,y)p(dy)P(dx, dp).
xY XxXP(Y) JY

This shows for the disintegration (1) ex of 7 that m,(dy) = qu(y) p(dy) P.(dp) for n(dxxY)-
almost every x. So we conclude

lim inf f C(x, )k (dx x ¥) > f C(x, m)m(dx X Y).
X X

We are finally ready to provide our main existence result:

Theorem 2.9. Let C: XxP;y(Y) — RU{+o0} satisfy Condition (A). If A C PS(XXSDQy(Y))
is compact, then there exists a minimizer P* € A of

inf f C(x, p)P(dx,dp).
XxP(Y)

PeA

In particular P(X) X Pz,y(Y) > (u,v) — ‘7(;1, v) is lower semicontinuous and V(p, V) is
attained (recall (2.6)). Assume now that C fulfils Condition (A+) and I1 € P!(X X Y) is
compact. Then there exists a minimizer n* € Il of

inf f Clx,m)n(dx X Y).
nell Jx

In particular P(X) X Pﬁiy(Y) > (u,v) — V(u,v) is lower semicontinuous and V(u,v) is
attained (recall (1.1)).



10 J. BACKHOFF-VERAGUAS, M. BEIGLBOCK, AND G. PAMMER

Proof. The existence of minimizers in A and IT are direct consequences of their compact-
ness and the lower semicontinuity of the objective functionals (Proposition 2.8).
We move to the study of V. Let (Wi, vi) = (u,v) in P(X) x (P’y,(W,). For any k e N

we find an optimizer P}, of \7(;tk, vi). Note that the set {P: k € N} is relatively compact in
PS(X X ley(Y )). Therefore, we can find again a converging subsequence with limit point
in I1(w, v). Without loss of generality we assume

lim inf Vg, vie) = lim Vg, vi).-

Using lower semicontinuity of the objective functional shows the assertion for V. By
Lemma 2.1 the lower semicontinuity of V is immediate. O

Of course Theorems 1.1 and 1.2 are particular cases of the second half of Theorem
2.9. More generally: if A is compact in P(X) and B is compact in (sz(Y),’Wt), then
IT := Upea vep I, v) is compact in (X x ¥) and Theorem 2.9 applies.

3. DuaLITY

We denote by @, the set of continuous functions on Y which satisfy the growth constraint
Avo e Y, Ja,b eRy, Yy e Y : ()| < a+bdy(y,yo),

and by ®@,,, the subset of functions in ®, which are bounded from below. Further, we recall
the notion of C-conjugate : The C-conjugate of a measurable function ¢: ¥ — R, denoted
Rcy, is given by

Rey(x) := inf  p(p) + C(x, p). (3.1
pePy, (1)

We obtain Theorem 1.3 as a particular case of the following:

Theorem 3.1. Let C: X X Pij(Y) — R U {+o0} satisfy Condition (A). Then
nf [ couppndp) = s o)+ [ Revtoudn. 62
PEAWY) Jxxp(y) Yed,, X

If moreover C satisfies Condition (A+), then

V(u,v) := inf fC(x,nx)u(dx)z sup —v(lp)+chlp(x),u(dx). 3.3)
X X

) vea,

Remark 3.2. A proof of Theorem 1.3 can be obtained by means of [25, Theorem 9.6], since
we may verify the hypotheses therein thanks to our Proposition 2.8. We prefer to obtain
the slightly stronger Theorem 3.1 via self-contained arguments. The primal-dual equality
(3.3) was obtained in [2, Theorem 4.2] in the case when X, Y are compact spaces.

Proof of Theorem 3.1. Fix yy € Y. Define the auxiliary cost function C: X% PZY(Y ) by
Clx, p) = C(x, p) + Wi(p,6,,)
and F: PZY(Y) — R U {+0o0} by

F(m) := inf Ex, P(dx,d
()=, inf fx oy, GO PIP@dp)

= inf f C(x, p)P(dx,dp) + f dy(y,y0)'m(dy). (3.4)
PEAm) Jxxp(y) Y

Since the integrand C is bounded from below and lower semicontinuous we can apply
Proposition 2.8 and find that F is lower semicontinuous on Pfiy(Y). Note that for any
a €[0,1] and my,m, € ng(Y) we have

Pie A(um), i=1,2 = aPi+ {1 —-a)P; € Alw,am; + (1 — a)my),
and, particularly, it follows that F is convex. We can extend F to the set M;y(Y) of bounded
signed measures with finited #~-moment (i.e. m € M;y(Y ) implies fY dy(y,y0)'Im|(dy) < oo
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for some yg) by setting F(m) = +oo if m ¢ ?’;y(Y ). We equip the space sz(Y ) with
the topology induced by @,. It follows that the extension of F is still convex and lower
semicontinuous. Now, the spaces @, and Mfiy(Y) are in separating duality. Define the
convex conjugate F*: ®; — R U {+co} of F by
F'() = sup m(y)— F(m). (3.5)
mep, (¥)
Observe that F* (i) = limy_,e F*( A k), by monotone convergence. We may apply the
Fenchel duality theorem [45, Theorem 2.3.3], and then replace @, by @, obtaining:

F(m) = sup m(y) — F* ()
yed,

= sup m@y) - F"(¥)

—Yedy,

= sup m(=y) = F*(=y).

Weq)h.r

Now we show that

F'(=¢)=— f Reyp(x0)u(dx). (3.6)
X
Rewriting (3.5) yields

F'(=y)= sup m(=y)— inf f 5(X,P)P(dx,dp)
mep (¥) PeA(um) Jxxp(y)

sup - f ( f p(w>+5<x,p)Px<dp>)y<dx>
X PY)

meP! (Y)
PeA(u,m)

~ inf f ( f p<w>+5<x,p)Px<dp>)u<dx)
mep dy(Y) X \JP)

PeA(u,m)

- fx R (x)p(dx).

To show the converse inequality, we assume without loss of generality that

fX Rew(0u(dx) < +oo.

For all x € X the value of Rzy(x) is finite, because y is bounded from below. Fix & > 0.
The map Rzy(-) is lower semianalytic by [16, Proposition 7.47] and by [16, Proposition
7.50] there exists an analytically measurable probability kernel (p,),ex € (Pily(Y))X such
that for all x € X

IA

PW) + Clx, py) < Ray(x) + &.
Then, we immediately obtain

fx Px@) + Clx, pu(dx) < fx R (0u(dx) + .

The term 6,, (dp)u(dx) uniquely defines a probability measure Pon XxP(Y). Since C and
 are bounded from below, we infer that

Wi(projy I(P), 6,,)" = Wi(p.,6y,) P(dx,dp) < +oo,
XxP(Y)
and in particular projy i(P)e ng(Y ). Clearly P € A(u, projy i(P)), so
- f Rew(ou(dx) < proj,(((B))(~v) - f Cx, p) + Wip. 8,,) Pldx. dp) + &
X XXP(Y)
< projy (I(P))(—) - F (projy I(P)) + &
< F'(—yY) + &,
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and since € was arbitrary, we have shown (3.6).
So far, we know that

F(m) = sup —m(y) + f Ry (x)u(dx).
Yedy, X

Define f(y) := dy(y,yo)" and note that Rc(y + f)(x) = Rz (x) for all x € X, as well as
Y+ f € @y, for y € Op,. From (3.4) we get

. _ _ t
Pe}\I(l;f,m) P(C) = F(m) = Wi(m, 6y,)

= sup —-m(W + f) + fRE'l/(X),U(dX)

WE(D[M X
_ sup —m() + f Rew(u(dx),
¢€¢)17,1 X

which shows (3.2).
If for all x € X the map C(x, -) is convex, then (3.3) follows by Lemma 2.1 and (3.2). O

4. ON THE RESTRICTION PROPERTY

The restriction property of optimal transport roughly states that if a coupling is optimal,
then the conditioning of the coupling to a subset is also optimal given its marginals. This
property fails for weak optimal transport, as we illustrate with a simple example:

Example 4.1. Let X =Y =R, u = %6_1 + %51, y = %6_2 + %60 + %62 and C(x,p) =

2
(x - f yp(dy)) . We consider the weak transport problem with these ingredients, and ob-
serve that an optimal coupling is given by

1
= 2[5(1,2) +031,0) + 0(-1,0) + O(=1,-2)],

since it produces a cost equal to zero. Consider the set K = {(x,y) : y # 0} and #(dx, dy) =
n(dx, dy|K) the conditioning of 7 to the set K, i.e. A(S) := % It follows that

1
T= 5[5(1,2) +d3,-21,

and denoting by i and ¥ the first and second marginals of 7, we have i = y and ¥ =
%62 + %6_2. With 1 and 7 and again the cost C as ingredients, an optimizer for the weak
transport problem is given by

T 36 +16 +16 +36
T=— — _ —O0(— —0(=1.-2),
3 (1,2) 3 (1,-2) 3 (-1,2) 3 (-1,-2)

since this time this coupling produces a cost equal to zero. On the other hand the cost of 7
is equal to 1, and so 7 is not optimal between is marginals.

However, we can state the following positive result.'

Proposition 4.2. Suppose that rt is optimal between the marginals u and v, V(u,v) < oo,
and that C(x, ) is convex. Let 0 < i < u be a non-negative measure such that 0 # fi and
define i = ji/fi(X). Then a(dx, dy) := j(dx)r(dy) is optimal between its marginals.

Proof. By contradiction, suppose there exists a coupling y with the same marginals as 7
such that

f Clxxid) < f Clx. AR,

Ta preliminary version of this article the restriction property Proposition 4.2 was used to derive Theorem 1.4
from the compact version given by Gozlan and Juillet [23]. Following the insightful suggestion of the anonymous
referee, we now give a more self contained argument that does not require Proposition 4.2 / [23]. We have decided
to keep Proposition 4.2 since it might be of some independent interest.
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Now define n* := m + @(X)[y — ] = m — iy + fi(X)y. Observe that 7* has marginals y, v,
and 7(X X Y) = 1. We also have " > 0 since fi < p, so " is a probability measure. Of
course 0 < Z—” < 1 and clearly ; = (1 - Z—”(x)) T+ Z—”(x)/\/x. Therefore

u m u

f Cla,pu(dx) = f C(x,(l - d—%))nﬁ d—ﬁ(x))(x)#(dx)
du du

< f Clx, mou(dx) + f [C(x, xx) = Cx, 7o) Jfa(dx)

< f e, mould),

where we used convexity in the first inequality and that V(u, v) < oo in the second one. O

5. C-MONOTONICITY FOR WEAK TRANSPORT COSTS

Cyclical monotonicity plays a crucial role in classical optimal transport [35, 22]. This
has inspired similar development for weak transport costs in [6, 23]:

Definition 5.1 (C-monotonicity). We say that a coupling © € I(u,v) is C-monotone if
there exists a measurable setI' C X with u(I') = 1, such that for any finite number of points
X1, ...,xy in I and measures my, . ..,my in P(Y) with Zfil m; = Zﬁl Ty, the following
inequality holds:

N N
Z C(xi,my,) < Z C(x;, m;).
i=1 i=1

We first show that C-monotonicity is necessary for optimality under minimal assump-
tions. We then provide strengthened assumptions under which C-monotonicity is sufficient.

5.1. C-monotonicity: necessity. We denote by Sy the set of permutations of the set
{1,....,N}. If Z := (z1...,2,) is any N-vector, and oo € Sy, we naturally overload the
notation by defining

0@ = @oys - - - » Zo))-
Recall the notation (1.1) for the weak transport problem, and the following lemma,
which is employed prominently in the proof of Theorem 5.3.

Lemma 5.2 ([10, Proposition 2.1]). Let X1, ...,X,, n > 2, be Polish spaces equipped with
probability measures u; € P(X;), i = 1,...,n. Then for any analytic set B C X; X --- X X,
one of the following holds:

(a) Foreveryi=1,...,nthereis a y;-null set A; C X; s.t.
n
B ¢ | projy (4.
i=1

(b) There exists a coupling m € Il(uy, ..., u,) with 1(B) > 0.

The previous lemma is originally stated only for Borel sets, but the same proof technique
also works for analytic sets.
Our main result, concerning the necessity of C-monotonicity is the following:

Theorem 5.3. Let C be jointly measurable and C(x, -) be convex and lower semicontinuous
for all x. Assume that n* is optimal for V(u,v) and |V(u, v)| < co. Then * is C-monotone.

Proof. Let N € N. Then
Dy := {((xl, v xn), (my, .. my) € XV x PN

N N N

i n, = ) mj;and Z C(x;, my) > Z C(x;, m;)},
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is an analytic set. Write
Dy := projyn (Dy).
By Jankov-von Neumann uniformization [27, Theorem 18.1] there is an analytically mea-

surable function fy: Dy — P(Y)V such that graph(fy) € Dy. We can extend fy to XV
by defining it on XV \ Dy as the Borel-measurable map ¥ — (7 ,... , 7y, )- Observe that

X0

for all o € Sy, we have (o, 0)(Dy) = Dy. Thanks to this, and Lemma 5.4 below, we can
assume without loss of generality that fy satisfies

fneco=0cofy VoeSy.

We write f},(%) for the i-th element of the vector fy(X) € P(Y)V.

Assume that there exists a coupling Q € TI(u") = TI(, . . ., i) such that Q(Dy) > 0. We
now show that this is in conflict with optimality of 7*. We clearly may assume that Q is
symmetric, i.e. such that for all o € Sy we have Q(B) = Q(c(B)) for all B € B(XM) (in
other words o(Q) = Q). We define the possible contender 7 of 7* by

(dxy,dy) = M(dxof O, (dxa, ..., dx,) fy(x1, ..., XN)(dy), (5.1
XN-1

which is legitimate owing to all measurability precautions we have taken. We will prove

1) 7 e Iy, ),
@) [udx)Cemy) > [udnC(x ).
Ad (1): Evidently the first marginal of 7 is . Write o; € Sy for the permutation that
merely interchanges the first and i-th component of a vector. By the symmetric properties
of Q and fy we find

f uldx)iy, (dy) = f 0dx, . .., dxy) fy(®)(dy)
X XN

1< .
=32 | .. dm i)
i=1

N
1 R
=N Z fN 0(dxy, ..., dxy)m, (dy)

i=1 VX

= v(dy).
Ad (2): On Dy holds by construction the strict inequality

N N
D Clxi, i) < D Cli ).
i=1 i=1
Using convexity of C(x, -) and the symmetry properties of Q and fy, we find
f C()C, ﬁx)ﬂ(dx) = f/l(d)(fl)c (-xl’ f QX] (dx29 R} d-xN)f]\I/('f))
X X XN-1

< f 0DC(x1. f5(D)
XN

= li f QAR)C(xi, fy(¥))
N -1 VXY o

N
< %;LN QdX)C(x;,my,) = fXC(x,ﬂx)u(dx)’

yielding a contradiction to the optimality of 7*.

We conclude that no measure Q with the stated properties exists. By Lemma 5.2, we
obtain that Dy is contained in a set of the form Uszl proj,:l(MN) where u(My) = 0 and
proj, denotes the projection from X” to its k-th component. Since N € N was arbitrary, we
can define the set " := (\yeny My)€ with u(T') = 1, which has the desired property. O
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The missing bit in the above proof is Lemma 5.4. By [27, Theorem 7.9] there exists
for every Polish space X a closed subset F of the Baire space N := N* and a continuous
bijection iy : F — X. On the Baire space the lexicographic order naturally provides a total
order. Hence, X inherits the total order of F' C N by virtue of hx and its Borel-measurable
inverse hy' := gx, namely:

xyeX: x<ye h'(x) = gx(x) < b () = gx(y).

Lemma 5.4. The set

AZ{)?EXNZX] SXQS...SXN},

is Borel-measurable. Given f: A € X" — Y an analytically measurable function, there
exists an analytically measurable extension f: XV — YV such that for any o € Sy

foo-:O'of.

Proof of Lemma 5.4. Let A = {3 eNViagi<ap<...< aN}, and define g: NV — Sy by
g(@) = o where o € S y satisfies

o (@) cA
e foreach i, jsuchthat 0 <i < j < N it holds

ai=a; = o(i) <o()).

With these precautions g(@) = o is indeed well defined. For each o~ € Sy we define also
B, € NV by

By := {c‘i e NV: g(@) = o'} = {d’ e NV:apy <! gy <2 .. <N a(r(N)},
where the order <'_is defined depending on o~ by

il {s o) < o(i + 1),
7 < else.
It follows from this representation that B, is Borel-measurable. We introduce
XV3 ¥ gN(®) = (gx(x1), gx(x2), . . ., gx(xn)) € FN € NV,
Then the set
As = (FeXV: gogy(D) = o} = (g9)7 (Bo),

is Borel-measurable. In particular, A;; = A is Borel-measurable. Note that U A, = XV
and A, N Ay, = 0if oy # 0. We can apply Lemma 5.5, proving the continuity” of

NN 3 d - Ga) := g(@) @) e NV.
We define the candidate for the desired extension of f by
f: xV - YN,
E o (gogy@) ' (fo@d) ! e Gogi(®),

which is well defined since G o g§(%) € A, so that (g)) ! 0 G o g¥ () € A. As a composition
of analytically measurable function, f inherits this property. It is also clear that /(%) = f(?)
if ¥ € A. Finally, for any o € Sy and ¥ € X", we easily find

o (f o () = (D).

(]

we recall in Lemma 5.5.
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Lemma 5.5. Let each of a,b € NV be increasing vectors.’

o € Sy we have

Then for any permutation

_max dy(a;, b)) < max dn(a;, by, (5.2)
(1N} ie(1..N}

where the metric dy on N is given by
a=>b

else.

0
dn(a,b) = { 1

min{neN: a(n)#b(n)}

Proof. We show the assertion by induction. For N = 1 (5.2) holds trivially. Now assume
that (5.2) holds for N = k. Given o € Sy, and a, b € N**! increasing, we know that any
G € Sy yields

max dy(a;, b)) < max dy(a;, bsi)).
ie(l,...k} w(ais bi) i1k} ~(@is o)

If o(k+ 1) = k+ 1 the assertion follows by the inductive hypothesis. Soleto(k+1) # k+1
and write k; = o(k + 1) and k, = o !(k + 1). Define a permutation & € S by

o o) ik
@) = .
k2 1= k]
Since that ai, < a1 and by, < b1, then
ay, < by, = ay, < by < by = dy(ak,, by,) < dy(ag,, bisr),
ar, 2 by, = agy1 2 a, 2 by, = dn(ak,, b)) < dy(agsr, by,),
and particularly

max dw(a;,bs) < max dy(a;, b)) (5.3)
i€fl,....k} iefl,...k+1}

On the other hand, clearly
k1 2 bt = dy(agsr, biet) < dy(apqr, b)),
Are1 < b1 = dn(ret1, i) < dy(apy, bisr).

This and (5.3) yield max;e,., k+1y dn(ai, byiy), so concluding the
inductive step. O

,,,,,

5.2. C-monotonicity: sufficiency. The conditions under which Theorem 5.3 holds are
rather mild. If we assume further continuity properties of C, the next theorem establishes
that C-monotonicity is also a sufficient criterion for optimality, resembling the classical
case. For weak transport costs, we don’t know of any comparable result in the literature.

We recall that, for the given compatible complete metric dy on Y, we denote by ‘W), the
1-Wasserstein distance [42, Chapter 7].

Theorem 5.6. Letv € Pcljy(Y). Assume that C: X X P(;y(Y) — R satisfies Condition (A+)
and is ‘W-Lipschitz in the second argument is the sense that for some L > 0:

IC(x, p) = C(x, @)l < L'Wi(p,q), Yx € X,Vp,q € P} (Y). (5.4)
If  is C-monotone then 7 is an optimizer of V(u, v).

In the proof we will use the following auxiliary result, which we will establish subse-
quently:

Lemma 5.7. Letv € SDllly(Y). Assume that C: X X P{lly(Y) — R satisfies Condition (A+)
and is ‘W -Lipschitz in the sense of (5.4). Then

inf f Clom)uldn) = sup u(Reg) - v(e), (5.5)
mell(y) Dy
llpllLip<L

where Rcy is defined as in (3.1).

3A vector v = (v,-)ﬁ] € NV is increasing if for any 1 < i < j < N we have v; < vj, where inequality here is

meant in the lexicographic order on N.
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Proof of Theorem 5.6. Let m be C-monotone. There is an increasing sequence (K)en of
compact sets on Y such that v(K,) ' 1. From this we can refine the y-full measurable set
I' in the definition of C-monotonicity, see Definition 5.1, so that for each x € I" we have
lim, 7,(K,) = 1 and 7, € Pjiy(Y). Our goal is to construct a dual optimizer ¢ € @ to 7
such that
(@) + C(x,m,) —Rep(x) =0 Vxel.

When this is achieved, Theorem 1.3 and the following arguments show that r is optimal as
desired:

fX Clx, mou(dx) = fr Clx, mou(dx) = fr [Re(p)(x) — m(@)|u(dx)

< liminf f[RC((p V k)(x) — m (@ V k)]u(dx)
o Jx

ko

< sup w(Reep) —v(p)
PeDy, |

< inf f Clx, pu(dx),
X

rell(u,v)
where we used that
lim inf Re(p V k)(x) = }{nch(tp V k)(x) = Rep(x) VYxeX.
Let us prove the existence of a dual optimizer in @;. Let G C T be a finite subset.
By definition of C-monotonicity, we conclude that the coupling ﬁ D xieG Ox (dX)m, (dy) is

optimal for the weak transport problem determined by the cost C and its first and second
marginals. We can apply Lemma 5.7 in this context and obtain

inf . (p) + C(x, ;) — Rep(x) = 0. 5.6)
llellzip<L poere

We fix yy € K| and, without loss of generality, find a maximizing sequence (¢ )ken Of (5.6)
such that for all k € N the function ¢y is L-Lipschitz and ¢y (yo) = 0. Note that for all x € G

(i) + C(x, 7)) = Regr(x) — 0,

since by definition 7, (¢r) + C(x, m,) — Repr(x) > 0. By the Arzela-Ascoli theorem we find
for any n € N a subsequence of (¢;)reny and a L-Lipschitz continuous function ¢, on K,
such that

11;1190/«,-@) =n(y) Yy €K,

Thus by a diagonalization argument we can assume without loss of generality that the
maximizing sequence converges uniformly for every K, to a given L-Lipschitz function

defined on
A= U K,.

We can extend ¢ from A to all of Y, obtaining an everywhere L-Lipschitz function, via
Y() = inf ¥(2) + Ldy(z, ). (5.7
From (5.7) we find Rcy(x) = infpepb @) PW) + C(x, p). Indeed, by [16, Proposition 7.50]
Y
there is for any & > 0 an analytically measurable function 7T: ¥ — A with

Y(Te() + Ldy(T=(y),y) < Y () + &,

from which after integrating with respect to p and using the definition of the Wasserstein
distance we deduce

pW)=Te(P)Y)+C(x, p)—C(x, Te(p)= —€ + LWi(p, To(p)) + C(x, p) — C(x, Te(p)) 2 &,

where we used (5.4) in the last inequality. Therefore, it is actually possible to restrict
infimum in Rey(x) to P{Ly (A), and we conclude

lim sup Regi(x) < inf  p(¥) + C(x, p) = Rey(x). (5.8)
k PPl (4)
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By dominated convergence, and the fact that 7, (A) = 1, we have
lim () = m(y), (5.9)
which yields
0 = liminf 7:(pr) + C(x,7x) = Regpr(x) 2 () + C(x, 1) = Rep(x) 2 0, (5.10)
by definition of Ry (x).
For G C Y define W as the set of all L-Lipschitz continuous functions on A, vanishing
at the point yo, and satisfying
W) + C(x,m,) —Rcy(x) =0 VxeG.

The previous arguments show that, for each finite G C I, the set ¥ is nonempty. We now
check that Wg; is closed in the topology of pointwise convergence: Let (¥,).cr be a net
in W which converges pointwise to a function ¢ on A. Since A is the countable union of
compact sets, it is possible to extract a sequence (¥, Jken Of the net such that

Ya, — ¢ pointwise on A and uniformly on each K,

from which ¢ is L-Lipschitz on A and can be extended to an L-Lipschitz continuous func-
tion ¥ on Y, see (5.7). By repeating previous arguments (see (5.8), (5.9) and (5.10)) we
obtain that ¢ € Y.

Note that W is a closed subset of [],e4 [=Ld(y, Y0), Ld(y, y0)] which is compact in the
topology of pointwise convergence by Tychonoft’s theorem. Further, the collection {¥g :
G CT,|G| < oo} satisfies the finite intersection property, since if G1, ..., G, are finite then

ﬂlIIGi 2 VYu.c #0.

i<n
Therefore it is possible to find ¢ € (Nger, (61«0 Y- Again extend ¢, from A to Y, by a
L-Lipschitz function as usual. Thus, we have found the desired dual optimizer. O

Proof of Lemma 5.7. By Theorem 1.3 we have

inf fX Cx, mop(dn) = sup pu(Rew) - V(@) (5.11)

mell(uy) $eDy,

By Theorem 1.2 we find a minimizer 7* € I(y, v) of V(u, v). Now we proceed by taking
a maximizing sequence (¢ )xen for the right-hand side of (5.11). Note that we can choose
each ¢y, in addition to being below-bounded and continuous, in a way such that it attains
its infimum, i.e., there exists y; € Y such that

—00 < by 1= irgsvk(w = o) (5.12)

Indeed, this can be done by using e.g. ¢, V (b + 1) instead. Then
. 1 1
hlfnv(‘ﬁk —V (bk + E)) =0, Regr <Rc (‘Pk v (bk + Z))

and the following computation shows that (¢, V (by + %))keN is another maximizing se-
quence:

0=tim [ ritgn) + Clxm) = Repr(la(d)
X

1 1
> lim fX [nj; (¢k v (b + %)) +C(x,m}) - Re (wk v (be + %)) (x)}p(dx) > 0.

So let ¢ attain its infimum as in (5.12). We want to show that we can choose the
sequence to be Lipschitz with constant L. For this purpose we infer additional properties
of potential minimizers of Rcyy. Define for each function ¢ the Borel-measurable sets

Ay = {y cY: sup or(y) — pi(2)

<L;+#0,
yezey  dy(¥,2) }
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Y :={(,2) € Y X Ac: o) — @u(2) > Ldy(y,2)} .
That A; # 0 follows since the minimizers of ¢; form a subset. We also stress that
proj; (Yi) = A

Indeed, it is apparent that proj, (¥;) € A{. To see the converse, assume y € A{ Nproj; (Yy)°.
Define Z(7') :={z € Y: ¢i(Z') — ¢i(z) > Ldy(z,7')}. If there exists Z € Z(y) N A;, we obtain
a contradiction to y € proj, (M;)¢. Let zo := y and inductively set z; € Z(z;—;) such that

1
f — > . 5.13
zezl(lzz l)<Pk(z) + 5 = r(z1) ( )

We have for any natural numbers 0 < i <n

o) = @ran) = Y @ua) = pua) > LY dv(z, 7). (5.14)
I=i =i

The r.h.s. is bounded from below by Ldy(z;, z,) and so as before we see that z, € A
provides a contradiction. We therefore assume for all / that z; ¢ A;. The above inequality
yields by lower-boundedness of ¢y that (z;),en is a Cauchy sequence in Y. Writing Z for
its limit point, we conclude from (5.14) that ¢ (z;) — ¢x(Z) > Ldy(z;, z) and consequentely
Z(Z) € Z(z;). Since then inf{yr(z) : z € Z(z;)} < inf{er(z) : z € Z(Z)} and from (5.13),
we deduce inf{g(2) : z € Z(Z)} > ¢r(2). Thus Z(Z) = 0, implying 7 € A; and yielding a
contradiction to y € proj;(Y)°. All in all, we have proven that A{ = proj, (¥y).

By Jankov-von Neumann uniformization [27, Theorem 18.1] there is an analytically
measurable selection Ty : proj,(Yi) — Ax. We set T on Ay = proj,(Y;)¢ as the identity.
Then T} maps from Y to Ay and for any p € Pfiy(Y ) we have

Ca. Tu(p) < Cx. p) + LW (p, Te(p)
<Clep)+L fy dy(y. T p(dy)
<C(x,p) + j; [ek () — ou(Tr(»)]p(dy)

= C(x, p) + pler) — Tr(p)(@r)-

Therefore, we can assume that potential minimizers of Rc¢y are concentrated on Ag:

peP),

Regi(x) = inf  p(gr) + C(x,p) = inf  p(gp) + Clx, p). (.15)
PP, (V) Pl (A0

We introduce a family of L-Lipschitz continuous functions by
w0 1= inf (@) + Ldy(y.2) = inf ou(2) + Ldy(n,2) Yy € ¥,
€Ak
where equality holds thanks to proj; (Yx) = A{, since for z € A{ we find (z,2) € Y}, and so

@i(2) + Ldy(y,2) > @(2) + L(dy(y, 2) + dy(2,2) = or(2) + Ldy(y,2).
Then ¢; > Y where equality holds premsely on Ay. Slmllarly to before, we find a mea-

surable selection T: Y — Ay such that zﬁk(Tk(y)) + Ldy(y, Tk(y)) < Yi(y) + €. For any
pE Pty(Y) we have

Cx,Ti(p)) < Clx,p) + L fy dy(y, Tk()p(dy) < C(x, p) + p(i) — Ti(p)(W) + €.
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Since ¢ is arbitrary, by the same argument as in (5.15), we can restrict SDLliy(Y) to P;y (Ap)
in the definition of Rcy,. Hence, Regi(x) = Reyi(x) and

f C(x,ﬂi)u(dx)=li,§n f [ (@r) + Rewr(x)] p(dx)
X X
Sli]{nf[—ﬂ;(*ﬁk)+Rclﬂk(X)]/J(dx)
X
<tim [ [+ mwn) + Coxr] )
X

=fC(x,7r§)u(dx).
X

6. ON THE BRENIER-STRASSEN THEOREM OF GOZLAN AND JUILLET

In this part we take X = ¥ = R“, equipped with the Euclidean metric, and
Co(x,p) := 6 (x - f yp(dy)) ,

where 6 : R? — R, is convex. As usual we denote by V(-, -) the value of the weak transport
problem with this cost functional (see (1.1)). We have

Lemma 6.1. Let u € P(RY) and v € P'(R?). Then

inf inf f 0(x — n(dx,dz) = V(u,v). 6.1)

nSev nell(u)

Proof. Given r feasible for V(u, v), we define T'(x) := f ym*(dy) and notice that T'(u) <. v
by Jensen’s inequality. From this we deduce that the Lh.s. of (6.1) is smaller than the r.h.s.
For the reverse inequality, let € > 0 and say 77 <. v is such that

inf inf f 0(x—2)n(dx,dz) + & > inf f 0(x — n(dx, dz) > f 0(x — a(dx,dz) — &,
n<ev mell(u,n) mell(u,i)

for some 7 € Il(u,77). By Strassen theorem there is a martingale measure m(dz, dy) with
first marginal 77 and second marginal v. Define n(dx, dy) := fz m(dx)ym*(dy)i(dz), so then

has x-marginal u and y-marginal v, and furthermore f yﬂx(di) = f zr*(dx) (u-a.s.), by the
martingale property of m. Thus, by Jensen’s inequality:

f@(x—z)frx(dz),u(dx) > fﬁ(x - fzfrx(dz)) u(dx) = f@(x - fyﬂx(dy))u(dx) >V, v).

Taking € — 0 we conclude. O
We now provide the proof of Theorem 1.4, in which case 6(-) = | - |:

Proof of Theorem 1.4. We have V(u,v) < oo, since the product coupling yields a finite
cost. Lemma 6.1 established the rightmost equality in (1.6). The existence of an optimizer
mto V(u,v) follows from Theorem 1.2. By the necessary monotonicity principle (Theorem
5.3) there exists a measurable set I' € X with w(I') = 1 such that for any finite number
of points xi,...,xy in I and measures m',...,m" in PRY) with N m' = 3N 7% the

following inequality holds:
X - f ym'(dy)

P f yr* (dy)

T(x):= f yr(dy),

N

2,

i=1

2

(6.2)

2 N
<2,
i=1

In particular, if we let
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and o is any permutation, then
N
=T <) W =T 6.3)
2 -7
i i=1

Let us introduce p(dx,dz) := u(dx)dr(y(dz) and observe that its z-marginal is T'(u). By
Rockafellar’s theorem ([42, Theorem 2.27]) the support of p is contained in the graph
of the subdifferential of a closed convex function. Then by the Knott-Smith optimality
criterion ([42, Theorem 2.12]) the coupling p attains “W,(u, T'(1)). Since by Jensen clearly
T(u) <. v, this establishes the remaining equality in (1.6) and shows further that V(u,v) =
Wo(u, T(u))?> and p* := T(u). The uniqueness of u* follows the same argument as in the
proof of [23, Proposition 1.1].

We can use (6.2) and argue verbatim as in [23, Remark 3.1] showing that T is actually 1-
Lipschitz on I'. We will now prove that T is (u-a.s. equal to) the gradient of a continuously
differentiable convex function. The key remark is that the coupling p is also optimal for
V(u, T(u)). Indeed, we have

V) € inf Waln v = Vi TG0) < f I = TP () = Vi, v).
n<c

Take any “W,-approximative sequence (u¥)icy of i such that for all k € N
w < 1<,

where A denotes the d-dimensional Lebesgue measure. This can be easily achieved by
scaled convolution with a non-degenerate Gaussian kernel. By stability of the considered
weak transport problem [8, Theorem 1.5], and using the previously shown, we obtain for
each y* a 1-Lipschitz map T* defined this time everywhere in R with

W, T W)? = Ve, v),

and T*(u*) — T(u) in ‘W,. By Brenier’s theorem [42, Theorem 2.12 (ii)] we find for each
k € N some convex function ¢*: RY = R, ¢(0) = 0, and V¢*(x) = T*(x) 1-a.e. x. By
continuity of 7% we have V*(x) = T*(x) for all x € R,

We want to show that (¢*)ay is suitably relatively compact. By tightness of u* and
Tk(yk) we find compact sets K, K, C R? with

1 1
: k : ke, k
1r]:fp (Ky) > =, 1r]:f1 (/1)(K2)>—2.

In particular, the sets (TH(K)) N Ky)en are all non-empty. The compactness of K; and
K>, and the 1-Lipschitz property of each T*, imply then the existence of x € K; such
that sup, |T*(x)| < oo. Hence, (T¥);ay is pointwise bounded and uniformly 1-Lipschitz.
Thanks to Arzela-Ascoli’s theorem and a diagonalization argument, we can select a subse-
quence (T%7) jex Of (T*)gery which converges locally uniformly to some 1-Lipschitz function
T:R? — R?. Since being a gradient field is preserved under locally uniform limits, we
have that T is a gradient field, and ¢* converges pointwise to some ¢ with ¢(0) = 0 and
Vo = T. In particular ¢ is convex and of class C'(RY).
Finally, for any f € C,(R?) and & > 0, we find an index j, € N such that for all j > jy:

TS ) (f) = TN < TR W) = TP+ IT WD) - Tl < e,

where the first summand can be chosen sufficiently small for large j by locally uniform
convergence of T% to T and the second one by weak convergence of %/ to u. Allin all, we
deduce that T*(u*/) converges weakly to T(u), which must therefore match 7'(u). Further-
more, u(dx)d7(,(dy) defines an optimizer for the weak transport problem (1.1) between u
and v with cost (1.5). By uniqueness of the optimizers we conclude 7 = T p-almost surely.
In particular, T is u-almost everywhere the gradient of the convex function ¢ € C'(RY).

(]
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WEAK MONOTONE REARRANGEMENT ON THE LINE

J. BACKHOFF-VERAGUAS, M. BEIGLBOCK, AND G. PAMMER

ABSTRACT. Weak optimal transport has been recently introduced by Gozlan
et al. The original motivation stems from the theory of geometric inequalities;
further applications concern numerics of martingale optimal transport and
stability in mathematical finance.

In this note we provide a complete geometric characterization of the weak
version of the classical monotone rearrangement between measures on the real
line, complementing earlier results of Alfonsi, Corbetta, and Jourdain.

Keywords: Convex order, mass transport, martingale transport, monotone
rearrangement.
Mathematics Subject Classification (2010): 60E15, 60G42, 60J05.

1. INTRODUCTION

Recently, there has been a growing interest in weak transport problems as intro-
duced by Gozlan, Roberto, Samson and Tetali [14]. While the original motivation
mainly stems from applications to geometric inequalities (cf. Marton [16, 15] and
Talagrand [21, 22]), weak transport problems appear also in a number of further
topics, including martingale transport [2, 3, 9, 5], the causal transport problem
[6, 1], and stability in mathematical finance [4].

1.1. Framework and main results. Write II(u,v) for the set of couplings be-
tween p,v € P(RY). Starting with the seminal article of Gangbo-McCann [11]
problems of the form

WG(Ma V) = infﬂ'eﬂ(u,u) -[]RXR 9(33 - y)ﬂ'(dl‘, dy)v (11)

where #: R? — R denotes a convex function have received particular attention in
optimal transport. A related problem that is considered in the weak transport
literature is

Vo(p,v) :=infy-<., Wo(p, p*). (1.2)

Here <. denotes convex order, i.e. p <, v iff [¢du < [@dv for all convex ¢ :
R? — R.

The problem (1.2), and in particular its one dimensional version, is investigated
in [2, 14, 13, 19, 17, 20, 10, 12, 7, 4]. The main purpose of this note is to give a
complete geometric characterization of the optimizer p* in one dimension.

We write P,(RY) for the set of probability measures on RY which have finite
p-moment.

Definition 1.1. Fiz u,v € P1(R). We call a function S: R — R admissible if it
satisfies
(i) S is increasing,
(i) S is 1-Lipschitz,
(iii) S(u) <. v.

MB gratefully acknowledges support by FWF-Grant Y00782. GP acknowledges support from
the AustrianScience Fund (FWF) through Grant No. W 1245. All authors thank an anonymous
referee for insightful comments that lead to a significant improvement of the article.
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Theorem 1.2. Let u,v € Pi(R). There exists an admissible T (p-a.s. unique)
which is mazimal in the sense that S(u) <. T(u) for every other admissible S.

If 6: R — R is convex then p* := T(u) is an optimizer of (1.2). If0: R — R is
strictly conver and Vy(u,v) is finite, T'(u) is the unique optimizer of (1.2).

We call the (u-a.s. unique) map 7" in Theorem 1.2 the weak monotone rearrange-
ment.

A consequence of Theorem 1.2 is that the optimizer of (1.2) does not depend
on the choice of the convex function 6. We find this fact non-trivial as well as
remarkable and highlight that it is not new: different independent proofs were
given by Gozlan, Roberto, Samson and Tetali [14], Alfonsi, Corbetta, Jourdain [2]
and Shu [20]. For d > 1 the optimizer of (1.2) may depend on 6, see [2, Example
2.4].

The map T can be explicitly characterized in geometric terms using the notion
of irreducibility introduced in [8]: Measures n,v € P;(R) are in convex order iff
their potential functions satisfy

up(y) = [l —yln(de) < [ |z —ylv(de) =: u,(y). (1.3)

By continuity, the set U where this inequality is strict is open. Hence U = |J,, In,
where (I,,) is an at most countable family of disjoint open intervals; these intervals
I,, are called irreducible with respect to (n,v).

Theorem 1.3. The weak monotone rearrangement T of u,v € Py (R) is the unique
admissible map which has slope 1 on each interval T=1(I), where I is irreducible
w.r.t. (T(u),v).

We emphasize that [2, Proposition 4.3] yields that every optimiser p* of (1.2) is
of the form T'(u) for an admissible map 7" and thus implies a part of Theorem 1.2.
Likewise, it can be seen from [2, Proposition 4.3] that this mapping T has slope 1
on each interval T—1(T), I irreducible w.r.t. (T'(11),v). The novelty of Theorem 1.3
is that there exists only one admissible mapping with this irreducibility property.

1.2. Connection with martingale transport plans. Intuitively, the irreducible
intervals of (n,v) are the components where we need to ‘expand’ 7 in order to
transform it into v. In this sense Theorem 1.3 asserts that the mass of u can either
concentrate between p and T'(u), or it can expanded between T'(u) and v (see
Figure 1).

To make this precise, we recall from [14] that (1.2) can be reformulated as

Vo(u,v) = infﬂ'EH(,u,y) fRd 9<(£ - fRd y’frz(dy))ﬂ’(dm)v (1.4)

where (7 ),cre denotes a regular disintegration of coupling 7 w.r.t. its first marginal
fb.

The set of optimizers of (1.4) is also straightforward to express in terms of
T: Write Iy (n,v) for the set of martingale couplings (or martingale transport
plans), i.e. 7 € II(n,v) which satisfy barycenter(m,) = x, n-a.s. By Strassen’s
theorem ITps(n,v) is nonempty iff n <. v. Using this notation, 7 € II(u,v) is
optimal iff there exists a martingale coupling 7 € I, (T (1), v) such that 7 is the

concatenation of the transports described by T and 7:

(A x B) = [, ulde)xlt  (B). (15)

Any ™ € I/ (n, v) can be decomposed based on the family of irreducible intervals
(In)n: denoting F' := (U,1,)° by [8, Appendix A] we have

M=% W\J\I{mxl_ﬂ, + (Id, Id) (). (1.6)
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Plainly, (1.6) asserts that any martingale transport plan can move mass only within
the individual irreducible intervals, whereas particles x € F' have to stay put.

-~
<
*
!

FIGURE 1. The solutions to (1.2)/(1.4) and (1.7), respectively.
Blue lines depict contractive parts of the map, purple lines depict
areas with (non trivial) martingale transport.

1.3. A reverse problem. Alfonsi, Corbetta, and Jourdain [2] proved that the
same value is obtained when reversing the order of transport and convex order
relaxation in (1.2), i.e.

Vo(u,v) = inf,< - Wo(v*,v); (1.7)

moreover they find ([2, Proposition 4.3]) a monotone mapping which is optimal
between the optimizer of (1.7) and v as well as between p and the optimizer of
(1.2).

As a counterpart to Theorems 1.2 and 1.3 we establish the following result,
strengthening the connection between (1.2) and (1.7).

Theorem 1.4. Let p,v € P1(R). Then there exists a unique <.-smallest measure
v*, u <. v*, which can be pushed onto v by an increasing I1-Lipschitz mapping.
Moreover we have
(1) If 0: R — R is convex then v* is an optimizer of (1.7). If : R — R is
strictly convex and Vp(u,v) is finite, v* is the unique optimizer of (1.7).
(2) There exists a (V*-unique) increasing 1-Lipschitz mapping T which pushes
v* onto v; T has slope 1 on each interval I, where I is irreducible w.r.t.
(p, 7).
(8) T is the weak monotone rearrangement between pu and v.
As in the previous section, (1.7) could be interpreted as a concatenation of a
martingale transport with the weak monotone rearrangement.

1.4. An auxiliary result. We close this introductory section with an auxiliary
result that will be important in the proofs of our results. Since it might be of
independent interest we provide the d-dimensional version. We denote the topology
induced by the p-Wasserstein distance on the space of probability measures on R¢
by W,.
Theorem 1.5 (Stability). Let 1 < p < 00, (1*)ren € Po(RYN, (%) en € Pr(RHN
and 0: R? = R convex and such that for some constant ¢ > 0 it holds

0(z) < c(1+ |z|’) Vo e R (1.8)

Ifu* — win W, and v* — v in Wi, then limy, Vy(u*, v%) = Vy(p, v). If additionally
0 is strictly convex, we have that
(1) argmin, <_,x Wy(u*,v%) — argmin, <., Wo(p,v) in Wi,
(2) the sequence of maps T*, where T*(u) <. v and Vy(u, v*) = Wy(u, T*(1)),
converges in p-probability to T, where T' (1) <. v and Vy(u,v) = Wo(u, T(n)).
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2. C-MONOTONICITY IMPLIES GEOMETRIC CHARACTERIZATION

In this part we prove the following

Theorem 2.1. Let p,v € P1(R) and 0: R — R strictly convex. If Vo(u,v) yields
a finite value, for any optimizer m € I(u,v) of (1.4), the map

T(x) := [ yma(dy),

is independent of the specific optimizer w. This map is further admissible in the
sense of Definition 1.1 and it has slope 1 on T—1(I) if I is an irreducible interval

for (T(s),v).
To prove Theorem 2.1, we need some further properties connected to irreducibil-
ity:

Lemma 2.2. Suppose {u, < u,} =: (a,b). Then for any m € Upr(p,v), any reqular
disintegration (7;)zer w.r.t. 1 and any ¢ € (a,b) such that u((a,c)) > 0, u((c, b)) >
0, there are x € (a,c], y € [¢,b), x # y, such that the supports of m, and 7, overlap,
i.e.

int(co(supp(mz))) N co(supp(my)) U int(co(supp(my))) N co(supp(rz)) # 0. (2.1)

Proof. To show this assertion, we assume the opposite. So there exist ¢ € {u, <
uy}, m € Ips(p, v) with fixed disintegration (m;)zer w.r.t. p and

u((a,c)) >0,  p((c,b)) >0,
so that for all z,y with a < x < ¢ <y < b,  # y, we have
int(co(supp(mz))) N co(supp(m,)) U int(co(supp(my))) N co(supp(my)) = 0. (2.2)
Since 7 is a martingale coupling, and by (2.2), there exists d € (a,b) with
supp(m;) C (—o0,d] for pra.e. x <c, (2.3)
supp(my) C [d,00) for p-a.e. y > c.

Write dy for the largest and d_ for the smallest d such that (2.3) holds. Note then
that d_,dy € (a,b). We have either supp(m.) C [d—,d+] or u({c}) = 0, which in
any case implies p([c Ad—,cV dy]\ {c}) = 0. Thus, we infer

1=mn((—00,¢) x (—o0,d_) U{c} x [d—,d;] U (¢,00) x (dt,00))
=m((—o00,d_) x (—oo,d_]U{e} x [d—,d;] U (d4,0) X [d4,00)),
and we conclude by contradicting u,(d_) < u,(d_) since
il — d_lu(ds) = [y g ko — d_lpu(de) + ,_y |o— dlu(d)
= Sty Iy — d-Ima(dy)p(dz) + [i; 4y — d-|me(dy)p(dz)
= [p |z —d_|v(dx). O
Lemma 2.3. Let p,q € P1(R) have overlapping supports (cf. (2.1)). Then there
exists a continuous map [0,1] 3 @ — (Pa,ga) € P(R) x P(R) such that
Pa+da =p+¢q Vael01], (2.4)
and such that for some B € (0,1) the functions
B, 1] 3 a— [p2pa(dz), [B,1]3a— [;2qq(d2) (2.5)

are strictly increasing and decreasing, respectively.
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FIGURE 2. Sketch of usage of Lemma 2.2 and Lemma 2.3 to find
contradiction to C-monotonicity of an C-optimal coupling 7.

Proof. Let « € [0,1] and define the inverse distribution functions by
S '=1inf{z € R: F(z) > a}, t,:=inf{x e R: F,(z)> a},
where F, and F, denote the cumulative distribution functions of p and ¢, respec-
tively. Define two auxiliary measures
Pa = Pl(=00,50) T (@ = Fp(5a=))0s.1, Qo = Gl(—co,ta) T (@ = Fy(ta=))0gz,}-
We define the probability measure p, by taking the leftmost o mass of p and the
leftmost 1 — & mass of g, i.e., let p, be given by p, := Pa + G1—a. To satisfy (2.4),
we set ¢o = p + ¢ — pa, which also yields continuity of o +— (pa,qa). Since the
supports of p and ¢ are overlapping, see (2.1), we find constants ¢1,co € R with
c1 > ¢o such that
aq := p([er, +00)) > 0 and ag := g((—o0, ca]) > 0.
Let 0 < a3 < a1 A ag, then for any 1 — a3 < a < o’ <1 we have
fR ZPa’ (dz) - fR Zpoz(dz) = fR < (ﬁa’ - ﬁa)(dz) + fRz (ql—a’ - dl—a)(dz)

> fR Cl(ﬁa’ - ﬁa)(dz) - f]R CQ(ql—a - ql—a’)(dz)

= (a/ —a)(c1 —e2) >0,
and conclude that for § := 1 — a3 the maps defined in (2.5) are strictly monotone.

g

An important tool in the proof of Theorem 2.1 is C'-monotonicity, a concept
which was introduced for the weak optimal transport problem in [5, 12, 7]. In the
current setting it takes the following form:

Definition 2.4 (C-monotonicity). A coupling # € (u,v) is C-monotone (with
cost C(x,p) = 0(x— [ yp(dy))) if there exists a measurable set T C R with u(T') =1,
such that for any finite number of points x1,...,zn in I' and probability measures
my,...,my € P1(R) with Zil m; = Zivzl Tz, , we have

N N
Ei:l 0 (331 - fyﬂ'm (dy)) < Ei:l 0 (xz - fyml(dy)) .
Proof of Theorem 2.1. Let ©* and 7* be optimal for the weak optimal transport

problem (1.4). Clearly, ““2”?* constitutes another optimizer of (1.4). Strict con-
vexity of 6 yields that

Jrymi(dy) = [y y“*f’* (dy) = [py7i(dy) p-ae. x,
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showing that T is independent of the choice of the optimizer.

By the monotonicity principle [7, Theorem 5.2] 7* is C-monotone, therefore,
there exists a set I' C R with u(I") = 1 and such that for all z,y € ', p1,p2 € P1(R)
satisfying 7 + 7 = p1 + p2, we have

9(1‘ - e zwz(dy)) + 9(y - s zw;(dz)) < 9(96 - s zpl(dz)) + 9(y - s ng(dz)).
(2.6)

Let T(x) = [y ymi(dy). If 2 < y and T(y) < T(x) we would have by strict convexity

that
Oz —T(y) = 0z = T(x)) _ 0y —T(y) — 6y - T(x))
z=T(y) = (x = T(z)) y=T(y) = (y = T(x))
which then would contradict (2.6) for the choice p; = 7, and py = 7. Hence T is

p-almost surely increasing. Letting z,y € T, for any « € (0, 1] we define the convex
combination of 7 and 7y by

pi =0 —-a)m, +am,, py=ar,+(1-a)m,.

Due to T being a monotone map, we can assume that x < y and T'(z) < T(y).
Plugging py and p§ into (2.6), dividing this inequality by «, and sending a “\, 0,
yields

(0400 — T(2) — 0-0(y ~ TW)) ) (T(x) ~ T(w)) > 0, (2.7)

where 046 denotes the right-hand side derivative and 0_6 the left-hand side deriv-
ative, respectively. By convexity of 6, (2.7) is equivalent to

(2= T(2) —y+ T() ) (T(x) - T(w)) > 0,

Hence, | —y| > |T(x) — T(y)| and T is p-a.e. 1-Lipschitz.

Further, we have that T'(u) <. v and 7 := (T,id)(7*) € U (T(1),v). Since the
cost only depends on x and T(x), but not on the martingale part (i.e., the part
which transports mass from T'(x) according to 7%(dy)), it could happen that T is
constant on some set I, i.e., Vx,y € I we have

Jp 2mi(dz) = [ 2w (dz2),

but 77 and 7 do not have to match necessarily. Hence, by choosing some other
optimizer (the one which averages on I over all 7} appropriately), we may assume
that 7} is constant on I. Therefore, we assume without loss of generality 77, =
mk, p-a.e. Let (I)gen be the intervals given by the decomposition of (T'(u),v) into
irreducible intervals. Assume that there is an interval I so that on T-1(I;) the
map T does not have p-a.s. slope 1. Then Lemma 2.2 provides two points ,y in
T(I' N 1) and two corresponding points x,y € I' N I such that

r<y, T@)=2<y=T(y), z-T(x)>y-T(y),

and the overlapping condition (2.1) holds for Tr(z) = Ty, TT(y) = T,y Lemma 2.3
allows us to define measures p, and ¢, on R such that

Ty + Ty = Tr(e) + A1(y) = Pa + Ga-
For a graphical depiction compare with Figure 2. Hence,
T(x) > vg = [p2pa(dz), T(y) < wa := [; 2qa(dz),
are strictly monotone, continuous maps on [3, 1]. Therefore, we find « € (8, 1) with

r—vy=c-T@) <zt —vy<y—ws <y—T(y) =y —wi.
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By strict convexity of 6 we find
0y — wa) = 0z —T(x)) _ 0y —T(y)) — (z — va)
y—wa—z+T(x) y—T(y) —z+va
which then yields a contradiction to C-monotonicity:
9(36 - s zﬂ;(dz)) + 9(y — Jp 2Ty (dz))
=0(z =T(z))+0(y —T(y)) > 0(x — va) + 0(y — wa)

= H(x - e zpa(dz)) + H(y — e zqa(dz)).

)

3. SUFFICIENCY OF THE GEOMETRIC CHARACTERIZATION

Naturally the question arises whether any map T satisfying the properties in
Theorem 2.1 must be optimal. The aim of this section is to establish this:

Theorem 3.1. Let p,v € P1(R). Then any coupling m € I(p,v) for which T(x) :=
Jg yme(dy) is admissible (in the sense of Definition 1.1) with slope 1 on each
interval T=Y(I), where I is irreducible w.r.t. (T(,u), v), is optimal for (1.4), i.e

Vo(p,v) = [ 0(x — T(z))p(dz).

The proof is based on dual optimizers and their explicit representation. As long
as T is strictly increasing, [19, Theorem 2.1] provides dual optimizers to Vy(u, T'()).
Investigating dual optimizers further, we are able to show here Vy(u,T(un)) =
Vo(u,v). First, Lemma 3.2 helps us to carefully approximate the increasing map T'
with strictly increasing maps 7.

Lemma 3.2. Let T: R — R be an increasing map, with T — id decreasing. Then,
for any € > 0 there is a strictly increasing map T.: R — R, with T. —id decreasing,
such that

|T_T5|oo <eg,

and T is affine with slope 1 on an interval I if and only if T. is affine with slope 1
on I.

Proof. Since T is increasing we know that the pre-image of any point under T
corresponds to an interval. Therefore, we can find at most countable many, dis-
joint intervals (Ij)ren of finite length, where T'(I;) is a singleton and T is strictly
increasing on the complement, i.e., on (), I§. For any € > 0, we define g.: R = R

sy dkeN:z el
) = ¢ Ak)2* ’ 3.1
ge(z) {0 clse. (3.1)
Then the map T (x) x)+ [7_ 19 (y) A1] dy satisfies the desired properties. [

Let T: R — R be an increasing 1—L1psch1tz function. Then T' induces a unique
decomposition of R into at most countably many maximal, closed, disjoint intervals
(Ir)r and a (Gs-set) G such that for all k € N the map T'|;, is affine with slope 1 and
T|¢ is properly contractive, i.e., for any two points z,y € G we have |T'(z) T (y)| <
|z — y|. Below we call the intervals (I)y irreducible w.r.t. T.

Proof of Theorem 8.1. The convex function 6 can be approximated by an increasing
sequence of convex Lipschitz functions (6,,),en, €.8.

(1) = 0(2) 1 () + 00+ — )0 6()] 1
F10(=n) + (& + )0 0(-1)] 1 —oc -
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By monotone convergence we find!' sup,, Vg, (i1,/) = Vg(p,v). Indeed, if 7" opti-
mizes Vy, (u,v) and assuming w.l.o.g. that 7, — 7, then

lim, [0, (z — [yn2(dy)) p(dz) > lim, [0, (z — [yn2(dy)) p(dz)
> [ Om (z = [ yma(dy)) pldz),

by [7, Proposition 2.8]. Thus the claim follows by taking the supremum in m.

From this, it suffices to consider the case when 6 is Lipschitz continuous. By
Lemma 3.2 we find for any € > 0 a strictly increasing map 7., such that T, — id
is decreasing, the decompositions of T and T, match (i.e., T is affine with slope 1
on an interval I iff T, is affine with slope 1 on I), and |T, — T'|c < &. Then [19,
Theorem 2.1] provides a convex, Lipschitz continuous function f.: R — R such that
for all x € R

Rfs(x) = innyR fs(y) + H(x - y) - fs(Ts(x)) + Q(x - Ts(x)),

which is even affine on the parts where T} is affine. Write S.(z) = [*_ [9:(2) A1]dz,
where g. is defined as in (3.1) so T, = T + S.. In the following we will show that
f< is a dual optimizer (cf. the dual problem as in [14, Theorem 2.11]) to the weak
transport problem Vy between the marginals of the coupling ¢, where 7€ is defined
as the push-forward measure of 7 by the function

(z,y) = (2,9 + Sc(x)).

First, we compute the barycenters of 7¢:

Jeymi(dy) = [y + Se(2)ma(dy) = Te(x),

and T (u) <. proj,(n¢) =: v.. Given the sets (I )ren and F from the decomposition
of (T'(n),v) into irreducible intervals, we find the sets (If)xen and F. from the
decomposition of (T (i), ve) into irreducible intervals by setting

If :=1Iy+ S.(z) foranyy€ Iy and xz € T (y), F.:=,.(I5)°.

In view of the structure of martingale couplings, see [8, Theorem A.4], we find
that for p-a.e. x € T-1(If) we have supp(rs) C I and 75 = 07(y)4+5.(x) p-a.e. on
F.. Since T has slope 1 on each interval I which is irreducible w.r.t. (T'(u),v), we
infer the same for the map 7T, and the irreducible intervals of (T:(u), ). The next
computation establishes duality of the pair (7€, f.), where we use affinity of f. on
the irreducible components of (T (u), ve):

Jo 0 (x = [ yms(dy)) plde) = [0 (z = Te(2)) p(dz) = [ Rf-(z) = f(T=(2))p(dz)
= f]R Rfe(z)u(dx) — f]R fe (fR yﬂi(dy)) p(dx)
= f]R Rfe(x)ﬂ(dx) - f]R fs(y)l/s(dy)

This easily proves that #¢ is optimal for the optimal weak transport problem
Vo(u, ve). Drawing the limit for £ \, 0, we observe

Volu, ve) = [ 0(x = To(2))pu(dr) — [5 0(x — T(x))p(dz).
As 0 is Lipschitz, we can apply stability Theorem 1.5 and obtain optimality of
. O

IRecall that by [13] the optimizer of the weak transport problem does not depend on the
convex cost.
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4. GEOMETRY OF THE WEAK MONOTONE REARRANGEMENT

We can summarize Theorems 2.1 and 3.1 as follows: There exists an admissible
map T with slope 1 on T~!(I) whenever [ is an irreducible interval w.r.t. (T(u),v),
such that 7 is optimal for (1.4) iff T(z) = [ym,(dy) (u-a.s.). We now show that
this map is the weak monotone rearrangement and is therefore the maximum in
convex order of the set?

M(p,v) :={S: R = R: S is increasing and 1-Lipschitz, S(u) <. v}.

Heuristically speaking, if the maximum in convex order of the set M (u,v) is again
given by an increasing, 1-Lipschitz map, then this map is as close as possible to
a shifted identity. In turn, this is favourable when trying to find the minimum in
convex order of
{(id — S)(u): S € M(u,v)},

which gives reason to why there should exist a single optimizer to (1.4) for all
convex 6.

As preparation to establishing Theorem 1.3, we prove Lemma 4.1 and Lemma 4.2.

Lemma 4.1. Let p € P1(R), T,5: R — R be increasing maps with

fR T(x):u(dx) = fR S(x)u(dac),
then the maximum w.r.t. the convex order® of T'(p) and S(u) is given by T* () for
T* an increasing map. If in addition T,S are L-Lipschitz with L > 0, then T* is
also L-Lipschitz.

Proof. The maximum of T'(u) and S(u) w.r.t. the convex order is uniquely deter-
mined by the maximum of its potential functions, i.e. ug(,) V ur) = Usu)vr(u)-
The right-hand side derivative of the potential function can be expressed by the
cumulative distribution function, namely d;u,(x) = 2F,(x) — 1. By continuity of
the potential functions, we find a minimal partition of R into at most countably
many disjoint intervals ((Ix, 7x])ren, where up(,) = ug(u) on {lk, 7x }, and restricted
onto (I, 7] one of the following holds true:

(@) ws(l o] < U e
() ws(u)la,re] = ()l a1
Suppose w.l.o.g. (a) holds, then

Fs(uvr(w (%) = Fry(z) z € (I, ] (4.1)
By monotonicity of the maps S and T, we can define T on [l~;€, 71,) where?

I, = sup T ({lx}) Vsup S~ ({l}), 7 =supT *({rx}) Vsup S~ ({ry}),
by

. T(a:) S T_l((lk, ’I“k]) N (Z]wfk],
T (x) = ~ - 1 (4.2)
re o @€ (b, TR N T ((lk, 7))
Hence, T is an increasing map and
Er-u(x) = Prq) (@) = Froyvs (@) @ € (k)
Fre () = Fs ) () = Fr(uyvs (u) (7x)-

2We abuse terminology here, meaning maximum of {S(u) : S € M(p,v)}.

3The maximum in convex order of v,n € P1(R), denoted v Vn, satisfies v, <. vV n as well as
vVn <¢ & whenever v,n <. £. One can easily characterize it by the identity uuvy(-) = uw (-) Vg (+).
Similarly, the minimum of v and 7, denoted v A 7, is characterized by u,an being equal to the
greatest convex minorant of u, A Unp.

4We use the convention that the maximum/supremum of the empty set equals —co and the
preimage under 7" and S of +oo is +oo.
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Therefore, Frp-(,y = Fs(u)vr(u) Which is equivalent to S(u) V T'(u) being given by
the map T*. If T and S are in addition L-Lipschitz, it follows by construction that
T* is L-Lipschitz. O

Lemma 4.2. Let 1 <. 1y and To(n2) <. T1(n1), where Ty, Ty are increasing and
1-Lipschitz. Then (id —T1)(m) <. (id — Tg)( 2).

In partzcular if T and S are increasing 1-Lipschitz maps s.t. [T(z)u(dzx) =
JS(x) , and we denote by R the increasing 1-Lipschitz map with R(u ) S(p)Vv
T(u), whzch exists by Lemma 4.1, then (id — R)(p) <. (id — S)(u) A (id —T) ().

Proof. By [18, Theorem 3.A.5] we have that for any two probability measures p
and v on R the convex order, i.e., u <. v, is characterized by

Jo Frt(wydu > [ Fyl(u)du Va € [0,1], (4.3)

with equality when o = 1. For any increasing, continuous map U: R — R, any
measure g € P(R) and u € (0,1) we find

Fl}(u)( u) = inf{x € R: Fy,)(z) > u}
= inf{z € R: F,(sup Uﬁl({x})) > u}
=inf{U(y): y € R and F,(y) > u}
= U(Fu_l(u))

Now all tools are assembled to show the assertion. Note that (id —T;), i = 1,2, are

increasing maps and using the equations (4.3) and (4.4), we compute for a € [0, 1]

I F(;dl—Tl)(m (w)du = [ (id — Tl)( Hu))du = fo m ( Fi(m (u)du
> Jo Fuu( Ff(n) = Jy F, (zd ) (2 (W) - O

(4.4)

Proof of Theorem 1.3. Existence of an admissible map 7" which has slope 1 on
each interval T—1(I), where I is irreducible w.r.t. (T'(i),v), was already shown in
Theorem 2.1. Therefore, it remains to show that the map is maximal. Denote by
T the map given by Theorem 2.1 associated with an optimizer to (1.4) and some
strictly convex #: R — R. Let S be an arbitrary map in M (i, v). Then Lemma 4.2
states that
(id — R)() <. (id — T)(u),

where R is defined as the increasing, 1-Lipschitz map such that R(p) = S(u) VT (1).
Additionally to existence, strict convexity of 6 ensures p-almost sure uniqueness of
T in the sense that for any optimal coupling = we have [, ym,(dy) = T(z) p-a.s.
Thus, R(p) = T(p) and T = R p-almost surely. O

Proof of Theorem 1.2. This is a direct consequence of Theorem 2.1, which provides
existence of a map with the desired geometric properties, and Theorem 1.3, which
provides the equivalence between the geometric properties and maximality. O

5. ON THE REVERSE PROBLEM OF ALFONSI, CORBETTA, AND JOURDAIN
We aim to prove Theorem 1.4 pertaining the reverse problem (1.7).

Lemma 5.1. Let 11,12 € Pi(R) with [, ym(dy) = [pyna2(dy), and T1,T>: R — R
be increasing maps with

Ti(m) = To(n2) =
Denote the minimum in convex order of n1 and nz by 1. Then there exists an
increasing map T* such that T*(n) = v. If in addition, the maps are L-Lipschitz
with L > 0, then the same holds true for T*.
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Proof. Suppose there exist increasing maps 7; and measures 7;, ¢ = 1,2, such that
Ti(m) = v = T(n2). Then the potential function of the minimum 7 of 7; and
72 w.r.t. the convex order is given by the convex hull of u,, and u,,. The poten-
tial function u, completely specifies the cumulative distribution function through
O+uy = 2F,, — 1. Thus, we can find a partition of R into countably many, disjoint
intervals I, = [a, br) NR. For k € N we find ¢ # j € {1, 2} with u,(ar) = uy, (ar),
Uy (br) = uy, (br) such that one of the following holds

() () = uy, (2) on Iy,

(b) Fylar) = Fy(be—) = Fy, (be—) and wy(2) < ty, (2) Ay, (2) on (ax, be).
According to this decomposition, we can define an increasing map T via

T*(z) = T;(z) € I}, (a) holds,
T;(ar) x € Iy, (b) holds.
Note that T* is L-Lipschitz if T;, i = 1,2, are L-Lipschitz. Let y € R, due to the
continuity of the maps 77 and T», we can find points 1,22 € R with p = F,(y),
x1 = F; '(p) xo = F,,'(p). Assume that i = 1,5 = 2 with 2, € I. If (a) holds,
then we have Fy(z) = F;, (z) for all € I;. Now presume that (b) holds, then
Fa(bi—) = Fyay) < Fy, (21). Then
Fo,(by) =p = z2=by and F,(by) =p
Fp,(by) <p = 3l eN:xy € ;st. i =2 and (a) holds.

Hence, by monotonicity of the map 7™ we conclude Frp-(,y = F,. O

Proof of Theorem 1.4. Define v* via the weak monotone rearrangement 7" between
w and v, as p on the contraction parts of T and accordingly shifted v on the affine
(irreducible) intervals such that T(v*) = v. Let n >, p. Then for any strictly
convex 0: R — R and coupling n? € IL(n,v) we have [ . 0(y — z)n*(dy,dz) >
Jo0(y — [ zmi(dz))n(dy), with equality iff 72 is actually given by a map. Hence,
if the optimizer 72 of Wy(n,v) is not given by a map and 7t € I, (i, n), we have

Wo(n,v) > [o0(x — [3 g zma(dz)ml(dy))p(de) > Vo(u,v).

Thus, by the structure of the weak monotone rearrangement, we deduce optimality
of v* for Problem (1.7). To show uniqueness of (1.7), assume that 7 attains the
minimum of (1.7) and the optimizer of Wy(n,v) is given by the map R. For any
martingale coupling ! € I (11, 1) we define a map by

x) :fRRyﬂ'l

Then by optimality L(u) = T(u) and, in particular

Jo 0y — R(y = Jgb(z—L = Jp0(z — T(z))u(dz),
which shows L =T ,u—almost surely. By strict convexlty7 we have
y—Ry)=z—Lz)=2—-T(z) n'as.

Since 7' was arbitrary in ITps(u,n) we get that R is affine with slope 1 on I,
whenever I is an irreducible interval w.r.t. (u,n). Therefore  and v* restricted to
I coincide. Hence, n = v*.

We finally show that v* is minimal in the convex order as stated. By Lemma 5.1,
we can assume p <. n <., v* and that 1 can be pushed forward onto v via an
increasing 1-Lipschitz map S. Tt follows by Lemma 4.2 that (id — S)(n) <. (id —
T)(v"), so

Vo(p,v) < [0(z — S(2))n(de) < [6(z —T(x))v*(dz) = Va(p,v),

and by the uniqueness obtained above we deduce n = v*. U

1
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6. STABILITY OF BARYCENTRIC WEAK TRANSPORT PROBLEMS IN MULTIPLE
DIMENSIONS

The final part of the article is concerned with stability of the weak optimal
transport problem under barycentric costs, see (1.4). Unlike in the rest of the
article we work here on R?. The final aim is to prove Theorem 1.5.

One surprising aspect of this result is that we only require v* — v in W; and
not necessarily in W,. This relates to the conditional expectation in (1.4) being
‘inside of §.” We first prove an illuminating intermediate result:

Proposition 6.1. Let 1 < p < oo, (uF)ken € Po(RON, (vF)ken € Po(RHN and
0: R* — R conver and satisfying the growth condition (1.8). Suppose that u* — p
and V¥ = v in W,, and that n <. v. Then there exist nk <. vk such that

(i) 0" = in W,

(it) limy, Wo(u®, %) = Wy ().
Proof. It is well-known that (i) together with the stated convergence of the u*’s
implies (i), so we proceed to prove the former. Let 7* be an optimal coupling
attaining W, (v, v*). Let M be any martingale coupling with first marginal 1 and
second marginal v, the existence of which is guaranteed by the assumption n <. v

together with Strassen’s theorem. We convene on the notation M (dz,dy) and
m(dy, dz), and define the measure

P(dx,dy,dz) = Mw(dl‘)ﬂ']; (dz)v(dy).

This measure has 7, v and v* as first, second and third marginals. We next define
R¥(x) as the conditional expectation under P of the third variable given the first
one, namely

R:(a) = [ J 2 (d2) M (dy).
Next we introduce n* := R*(n) so by definition n* <. v*. Finally
Wo(n,n*)? < [ o — R¥(2)|Pn(dx)

- | st (+sia3) s
< [y~ [ zm(d2)]" v(dy)
< //|y—z\p7rk(dy,dz) = W, (v, V"),

by the martingale property and two applications of Jensen’s inequality. The desired
conclusion follows. O

n(dz)

(6.1)

Remark 6.2. In the context of the previous proposition, if n is supported in finitely
many atoms, then the condition that v* — v in W, can be relaxed to convergence

in Wy. To wit, if n = Ele a;0,i, one can take p =1 in (6.1) and prove
Vi< : |2t — RE(2Y)| < (min{ay }) T W (v, 07,
so taking p-power and integrating w.r.t.  we get W,(n,n*)? < K Wi (v,v*)? — 0.

The previous remark shows that we need to reduce to the finite-support setting.
We carry to this in the next two lemmas:

Lemma 6.3. Let n € Pi(R?). Then for any ¢ > 0 there is a compactly supported,
sub-probability measure 1 with

B<n ARY 21— fouen(dz) = sikn e 2ii(d2). (6.2)
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Proof. We first partition R? into countably many, disjoint d-dimensional cubes
(Q?)ren of length 6 > 0. Define an approximation 1° of 5 by

an Jog #n(dz) 1(@R) >0,
0 else.

776 = ZkeN 52,‘3, U(Qi)v Z;z = {

Note that 7° <. n and 7° — 7 in W, when § \, 0. If there exists an approxima-
tion 7° such that the assertion holds, then it is straightforward to construct the
corresponding measure for 7, which in turn satisfies the assertion with respect to
n. W.lo.g., we may assume that

{Zfil aivi: ()2 € R¥ vy, ... 09 € {x —zeR¥: e supp(n)}} =R,
where Z denotes the barycenter of 7. Then we can find § > 0 such that
{Zfﬁl ;v ()2, € Rid,vh ce ., Ug € {x —zeR4: e Supp(n‘s)}} = R4,
Let zgl, e zfm span R? in the sense above and
1’ (z,) =n(@Q,) >0 j=1,...,2d.
For any € > 0 there is a £ € (0,¢) such that
{Z3) qizn: (0i)2, € R3S a5 < e} 2 B(0),
Besides, there exists a compact set K C R? such that
(K€ < &, ’2 — [ zn‘s(dz)‘ <€

and 25 ,...,z5 € K. Therefore, we find (&;)??; € R2? with
2= [’ (d2) = 30 Qiza,y Yot G < e
If € is chosen smaller than 775(2';;”) for all i = 1,...,2d, we can define 7° via
i =0’k = Y0 @il - O

Lemma 6.4. Let pu,n € P,(R?) and 0: RY — R convex satisfying the growth
condition (1.8). Then there exists a sequence (n*)ren of finitely supported measures
with n® <c 1, n* —n in W, and We(u,n*) — We(u, n).

Proof. For any € > 0 we find a compact set K. C supp(n) such that fKC lylPn(dy) <

e. For any § > 0, the set K. can be covered by finitely many, disjoint sets (A?’é)fisf

with diameter smaller than ¢ and K. = |J, Af’é. Define the measure 75 by
00 = 8 n(KE) + i 0 on(AT°),

1=1"z;

£,0\Ne,s .
20)i—y are given by

0
ze = ey Jiee y(dy), 2% = ey faco yn(dy).

where the points z. and (z

By construction, there exists a martingale coupling between 7% and 7, thus, 7°° <,
7. Note that 0 restricted to K. is Lipschitz continuous. Then drawing the limit
0 — 0 yields

N.f-:. g, =
it 55’“7(141' 5) — k. in W,

and by convexity, |z|"n(K¢) < [4. |y|’n(dy). Choosing 6(¢) sufficiently small, we
have ’

W,(n,77°)) < 2¢ and %) — 5in W,
By the growth condition (1.8) we obtain Wy (s, 7)) — Wy(u,n). O
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We can now prove a version of Proposition 6.1 under weaker assumptions:

Lemma 6.5. Let (v)ren be a sequence in P1(R?) and let (1*)ken be a sequence
P,(RY) with vk — v in Wy, u* — puin W,, where p > 1, and let 0: R? — R be
a convex functions satisfying the growth constraint (1.8). Then for any n <. v we
find a sequence of n* <. v* such that Wy (u*,n*) — Wa(u,n) and n* — n in Wy.

Proof. W.l.o.g. assume that 6 is positive. By Lemma 6.3, we can find for any € > 0
a compactly supported i = 7j + (1 — 7j(R%))d; € P,(R?) with 7 <. n, Wi(,n) < e
and

Wo (1) < Wo(p,m) + ¢ [ga 1+ |z — 2P pu(dz) < oo,

where Z := fRd yn(dy). Using stability of classical optimal transport, see [23, The-
orem 5.20], we may assume that |Wy(u,n) — Wy(u, )| < e. By Lemma 6.4 we may
reduce to the case of finitely supported 7. We conclude the proof with Remark
6.2. O

Finally we can give the pending proof of Theorem 1.5:

Proof of Theorem 1.5. Lower-semicontinuity of the map (u,v) — Vy(u,v) follows
from [7, Theorem 1.3]. By [7, Lemma 6.1] we have

Vo(p,v) = infy <, Wo(p, ), (6.3)

where the infimum is attained for a measure n <. v. By Lemma 6.5 we find a
sequence n* <. v*, so that again using [7, Lemma 6.1] we have

Vo(p, v) = Wo(p,n) = limy W (uF, n*) > limsupy, Vo (u*, v%).

If 6 is strictly convex, the infimum in (6.3) is attained by a unique probability mea-
sure n* <. v* ® which in turn is the push-forward of ;* under a z*-uniquely defined
map T*. Moreover, the Wy-optimal transport plan 7% € II(u*, v*) is uniquely de-
termined by p*(dx)drx(,)(dy): Suppose the contrary and let T"(x) := [,, y7k(dy),
then T"(u*) <. v*¥ and we find the contradiction

Vo(uk, %) < [pa 0z = T'(2)) " (dz) < Jpayga 0z — )7 (d, dy) = Vi(u*, vF).

Hence, by convergence of the values of Vy and tightness of (7x)ren, we deduce the
convergence of the n* to the optimal n <. v in W;. Suppose that u* = u for all
k € N, then due to the uniqueness of the optimal transport maps T between T' and
T(w), we can apply Theorem [23, Corollary 5.23] and obtain convergence of the
transport maps T* to T. O
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APPLICATIONS OF WEAK TRANSPORT THEORY
J. BACKHOFF-VERAGUAS AND G. PAMMER

ABSTRACT. Motivated by applications to geometric inequalities, Gozlan,
Roberto, Samson, and Tetali [34] introduced a transport problem for
‘weak’ cost functionals. Basic results of optimal transport theory can
be extended to this setup in remarkable generality.

In this article we collect several problems from different areas that
can be recast in the framework of weak transport theory, namely: the
Schrédinger problem, the Brenier—Strassen theorem, optimal mechanism
design, linear transfers, semimartingale transport. Our viewpoint yields
a unified approach and often allows to strengthen the original results.

keywords: Schrodinger problem, Brenier—Strassen theorem, linear trans-
fers, semimartingale transport, optimal mechanism design, weak trans-
port problem, duality, cyclical monotonicity.

1. OVERVIEW

The optimal transport problem for weak costs was first introduced by
Gozlan, Roberto, Samson and Tetali [34] and has immediately generated
interest in several groups of researchers, see [45, 46, 29, 32, 1, 2] among
others. To present the basic problem we introduce some notation. Through-
out X and Y denote Polish spaces. Given probability measures u € P(X)
and v € P(Y) we write [1(u, v) for the set of all couplings on X X Y with
marginals ¢ and v. Given a coupling 7 on X X Y we denote a regular disin-
tegration with respect to the first marginal by (71,)cx-

We consider cost functionals of the form

C: XX P(Y) — RU {+o0},

where C is lower bounded and lower semicontinuous, and C(x, -) is assumed
to be convex on P(Y) for every x € X. The weak transport problem is then
to determine

Ve(u,v) = inf f C(x, mu(dx). (OWT)
X

nmell(u,v)

The classical transport problem is included via C(x, p) = f c(x,y)dp(y) for
a given cost function ¢ : X X ¥ — R U {+00}.

Fundamental results in classical optimal transport theory include exis-
tence, duality, and cyclical monotonicity of optimizers. Through a series of
contributions (see [34, 2, 32, 6]) it has been understood that these results
extend in full generality to the weak transport setup. We will recall these

results in some detail in Section 2 below.
1
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The purpose of the present article is to advertise the power and flexibility
of optimal weak transport theory through the investigation of a broad variety
of applications thereof. We will consider the following problems:

e The Schrodinger problem has recently received particular attention
since it provides a regularized version of the transport problem that
is numerically much more tractable than the classical counterpart.
On a technical level, the difference is that quadratic costs are re-
placed by the entropy wrt a reference measure. Based on mono-
tonicity for weak transport costs we give a short proof of the funda-
mental characterization of optimizers in the Schrodinger problem.
(Section 4.)

e The Brenier—Strassen Theorem of Gozlan and Juillet [32] yields that
1-Lipschitz maps that are gradients to convex functions are the op-
timizers of transport problems with barycentric costs. This result
plays a role in the probabilistic proof of the Caffarelli contraction
theorem [28]. We provide a short new derivation which is based on
monotonicity for weak transport costs and emphasizes the similarity
with the classical Brenier Theorem. (Section 5.)

e A significant problem in the economics literature is to optimize the
revenue for a multiple good monopolist. The influential article [25]
of Daskalakis, Deckelbaum, and Tzamos suggests a systematic
framework to study such problems and provides a dual character-
ization. We link the multiple good monopolist problem to optimal
weak transport and use the weak transport duality theorem to re-
cover and strengthen the results of [25]. (Section 6.)

e Bowles and Ghoussoub [18] have recently introduced the class of
linear transfers which includes many specific couplings between
probability measures. A main theorem of [18] provides the repre-
sentation of linear transfers through weak transport under the as-
sumption of compactness of the underlying spaces. We provide a
short new derivation based on weak transport duality that allows
to drop the compactness condition. In particular, this implies that
the representation result of Bowles and Ghoussoub is valid for the
important case of Euclidean space. (Section 7.)

e The semimartingale transportation problem was introduced by Tan
and Touzi [50] and extends classical optimal transport to the case
where mass is transported along the trajectories of a semimartingale.
As such, it also contains both martingale optimal transport [30, 13,
14], and the drift control framework of Mikami and Thieullen [41],
as particular cases. We show that weak transport theory can be used
to strengthen the main duality result of [50]. (Section 8.)

The paper is organized as follows. In Section 2 we give a brief overview
of previous works connected to optimal weak transport. In Section 3 we
review the basic results of optimal weak transport theory together with the
necessary notation. Then we describe the various applications announced
above in Sections 4 - 8.
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2. LITERATURE CONNECTED TO THE WEAK TRANSPORT PROBLEM

The weak transport problem was introduced by Gozlan, Roberto, Samson
and Tetali [34], and shortly afterwards by Aliberti, Bouchitte and Champion
[2]. The problem has also been designated “general transport problem” and
“non-linear transport problem” respectively.

The initial works of Gozlan et al. [34, 33] are mainly motivated by ap-
plications to geometric inequalities. Indeed, particular costs of the form
(OWT) were already considered by Marton [40, 39] and Talagrand [48, 49].
The theory for problem (OWT) has been further developed in [1, 34, 33,
45, 44, 46, 29, 32, 6, 9, 7]: Basic results of existence and duality are estab-
lished in the articles [34, 2, 6]. The notion of C-monotonicity was developed
in [4, 32, 6] as an analogue of classical c-cyclical montonicity in order to
provide a characterization of optimizers to the weak transport problem. A
weak transport analogue to the case of quadratic costs in classical optimal
transport, is the case of barycentric costs. This case has received particular
attention, and we refer to [33, 45, 44, 46, 29, 32,9, 7, 1].

The weak transport viewpoint is useful for a number of problems loosely
related to stochastic optimization: it appears in the recursive formulation of
the causal transport problem [5], in [1, 2, 15, 4, 36, 22] it is used to inves-
tigate martingale optimal transport problems, in [3] it is applied to prove
stability of pricing and hedging in mathematical finance and, as mentioned
above, it appears in the recent probabilistic proof to the Caffarelli contrac-
tion theorem [28].

3. FUNDAMENTAL RESULTS OF WEAK TRANSPORT THEORY

Fort > 1, P,(X) denotes the set of Borel probability measures with finite
t-th moment for some fixed metric dy (compatible with the topology on X),
i.e., a Borel probability measure u is in £,(X) iff for some x, € X we have

f dx(x, x0)' u(dx) < 0.
X

The set of continuous functions on X which are dominated by a multiple of
1 +dx(x, xp)', is denoted by ®,(X). We equip the set of probability measures
P.(X) with the 7-th Wasserstein topology. Specifically, a sequence (i )ren
converges to u € P(X) if w(f) = ffduk converges to u(f) for all f €
®,(X). The space P(X) itself is equipped with the usual weak topology.
The same conventions apply to Y instead of X.

We have already mentioned the basic assumptions on the function C in
the introductory section above. We recall it and make it more precise in the
following definition.

Definition 3.1 (A). We say C: X XP,(Y) — RU {+o0} satisfies property (A)
if

i) C is lower-semi continuous wrt the product topology on X X P,(Y),
ii) C is bounded from below,
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iii) the map p — C(x, p) is convex, i.e., for all x € X and p,q € P«Y)
we have

Cx,Ap+(1-2)q) <AC(x,p)+ (1 -=DC(x,q) A€]0,1].

From now on until the end of this section, the cost function C is assumed
to satisfy property (A).
We will need the following existence and continuity result from [6]:

Theorem 3.2 (Existence and semicontinuity). The infimum in (OWT) is

attained and the value V(u,v) depends in a lower semicontinuous way on
the marginals (u,v) € P(X) X P,(Y).

In optimal transport, the renowned Kantorovich duality states that for
lower semi-continuous and lower bounded cost functions c: X X Y - R U
{+o0} we have

inf f crpndand) = sup  u(H)+rg). (D)
mellwy) Jxxy feLl(}n, gEL (V)
+g<c

Here duality takes the following form, which resembles (and generalizes)
(3.1), cf. [6, Theorem 3.1]:

Theorem 3.3 (Kantorovich duality for weak transport). The weak transport
problem (OWT) admits the dual representation

inf f C(x, 1) u(dx) = sup u(f) +v(g), (3.2)

mell(u,v) X

where the supremum is taken over functions f € Li(u), g € ©,(Y), satisfying

f(0) + p(g) < C(x, p)
forx e X, p e P(Y).

We will often use Theorem 3.3 in the following (equivalent) form:

it [ Clomu@n = swp o)+ [ Reglou@n. 33
rell(wy) Jx ged,(Y) X

where Rcg(x) = inf ep,v) p(g) + C(x, p). Moreover, the right-hand supre-
mum in (3.3) can be restricted to functions in g € ®,(Y) which are bounded
from below.

We also recall a further consequence of the proof of Theorem 3.3 in [6]
that provides further insight into the dual problem. The convex conjugate
of v = V¢ (u, v) admits a rather concrete representation: For any g € @,(Y)
we have

sup v(g) = Ve(u,v) = - f Rcg(x)u(dx). (3.4)
X

vePy(Y)

The notion of c-cyclical monotonicity constitutes a necessary (and often
also sufficient) optimality criterion for transport plans in classical optimal
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transport, i.e., for any measurable cost c: X X ¥ — R U {—oo, +oo} if 1 €
I1(u, v) is an optimizer of
Vaun = ot [ ctxymandy,
nmell(u,v) XxY

where |V.(u,v)| < oo, then there exists ' € X X Y with 7*(I') = 1 such
that for all N € N and (x, y)}, in I' we have for any permutation o of
{1,..., N} that

N N
Z (X, yi) < Z (Xks Yori))-
k=1 k=1

The importance of c-cyclical monotonicity has been understood at least
since the publication of the seminal article [31]. See [52, 17, 10] for mini-
mal conditions that guarantee equivalence of optimality and c-cyclical
monotonicity. More recently, variants of this ‘monotonicity priniciple’ have
been applied in transport problems for finitely or infinitely many marginals,
the martingale version of the transport problem, the Skorokhod embedding
problem, and the distribution constrained optimal stopping problem, see
[43, 21, 35, 12, 14, 42, 53, 11] among others.

In the context of optimal weak transport the corresponding concept is C-
monotonicity. Early versions can be found in [4, 6, 32], while the following
definition as well as the subsequent result are taken from [9, Section 2].

Definition 3.4. A set I' C X X P/(Y) is called C-monotone iff for any finite
subset of points (x, pk)kl\’:1 of I we have

N N N N
D Cxpy< ) Clog) D =), e
k=1 k=1 k=1 k=1

A coupling n with first marginal u is called C-monotone iff there is a C-
monotone set I such that (idy, 6, )su is concentrated on T..

Theorem 3.5 (C-monotonicity). If (OWT) is finitely valued, then any opti-
mizer is C-monotone.

The reverse implication holds also true if C is sufficiently regular, see [9,
Theorem 2.2].

Theorem 3.6. Assume that u € P,(X), v € P(Y). If C is continuous
and |C(x, p)l < R(dx(x,x0)' + [, dy(y,y0)' p(dy)) for some R, then any C-
monotone coupling nt € Il(u, v) is optimal for (OWT).

4. STRUCTURE OF OPTIMIZERS IN THE SCHRODINGER PROBLEM

We refer the reader to [38] for a survey on the Schrodinger problem
/ entropic transport problem (cf. (4.4) below). Starting with the articles
[24, 16, 27], the Schrodinger problem has received significant attention as
a regularized, numerically tractable version of the classical transport prob-
lem.

The main goal of this section is to recover, in Corollary 4.3 below, the
characterization of entropic cost optimal transport plans through the product
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structure of their density. Given a Polish space Z, the relative entropy of
u € P(Z) wrt a ‘reference measure’ v € P(Z) is defined as

fx log (%),u(dx) u<v,
+00 else.

H(ulv) = {

Theorem 4.1. Let v be a probability measure equivalent to the product
measure u ® v for u € P(X) and v € P(Y). If the coupling n* € Il(u,v) is
optimal for the problem

ell(u,v)

inf f H(r lyp(dx) < +oo, 4.1)
X

then there is a measurable setI' C XXP(Y)withu({x € X: (x,m}) €I'}) =1
such that for all (x, ), (z,n;) € I there is a constant a > 0 so that

dn’, dﬂ': 42)
= qox— V-d.é. .
dy, dy;

Proof. The minimization problem (4.1) constitutes a weak transport prob-
lem. Therefore, there is by Theorem 3.5 a measurable set I' € X X P(Y)
such that 7* is C-monotone on I'. Moreover, we may assume w.l.o.g. that
Yx ~ viorall (x,n}) € I'and H(n}|y,) < o0. Fix (x, 7)), (z,}) € I'.

We want to show that 7}, ~ 7r7. By C-monotonicity, cf. Definition 3.4, we
have for all g,, g, € P(Y) with g, + g, = 7 + n that

H(m ly) + H(rCly:) < H(gly.) + H(g:ly.).

Then the corresponding first order optimality condition reads as

7t |log dr + 7% |log dr; < ¢q,|log dr + ¢, |log dmy . (4.3)
} dyx ‘ dy: dyx dy:

This inequality can be easily deduced by differentiation along the segment
joining 7}, with ¢, and n; with ¢, i.e., by computing

dt
where ¢' = (1 — )n* + tg.. Assume that there exists a Borel measurable
set A C Y with n{(A) > O but n7(A) = 0. Then on A we have for v-a.e.
y that %(Y) = 0. It is straightforward that one can find ¢,, ¢, such that

g« +q. = m, + ., q.(A) > 0 and g, (log(
technical details. As a consequence we find

o dn’, N o dn;
— || = —o0
qx g d’yx QZ g d’yz B

which contradicts the first order optimality criterion since the left-hand side
of (4.3) is non-negative. Hence by symmetry 7 is equivalent to 7} and as a
consequence we have n; ~ v for all (x,7}) €I

Applying Lemma 4.2 below to the pair 7}, 7 yields a contradiction to
C-monotonicity. O

; H(q'ly.) + H(lly.),
1=

dr .
d;*_)) < 400, so we omit the
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Lemma 4.2. Let p;, v;, i € {1,2} and v be equivalent probability measures
onY. If H(pily:), i = 1,2, is finite and there exists no constant @ € R such
that
dp: dp>
—_— = —
dyr  dr
then there are two probability measures q1,q, € P(Y) with g, +q> = p1+p»
and

v-a.e.,

H(pily)) + H(paly2) > H(gily)) + H(qaly2).

Proof. Since any Polish space is Borel-isomorphic to a measurable subset
of [0, 1] we may assume that Y = [0, 1]. By the inverse transform sampling
we may assume that v is the uniform distribution on [0, 1]. For i € {1,2},
define the densities

d i d i
g [0,1] = (0,+00), gi= L £:00,1] = (0, +00), f= 2L,
dy; dv

By Lusin’s theorem we find for any € > 0 a compact set K. C [0, 1] with
mass v(K;) > 1 — £ such that i := i—;: [0,1] — (0, +00) is continuous on
K.. By the assumption that g; is not a multiple of g, we find two disjoint
intervals [ay, b1], [a2, 2] C (0, +00), by < a, with

v(h™'([a1,b1]) > 0 and v(h™ ([az, b21) > 0.
Choosing € > 0 sufficiently small the closed, disjoint sets
Ay = b\ (la1,b1]) N K and A, = b ([a2, ba]) N K,

have positive mass under v. W.l.o.g. we can assume that v(A;) = v(A,) > 0.
The map

T:A — A,
X Fv_llz OFV|A1(x)

provides a measure preserving bijection. Let S: [0, 1] — [0, +0c0) be de-
fined as

min {g1(0)£i(3), 2MAD) BIMAG), 2MAD)]  yeA,
SO = {-min {21/, 822@. g1AY). ML) ¥ € 4,

0 else,

where §; = g;o T, f: = fio T and z = T~'(y). Then we define for € [-1, 1]
the probability measures p} and p), on [0, 1] by

Pi(dy) = pi(dy) + tS(V(dy),  py(dy) = pa(dy) — 1S (y)v(dy).
The respective densities are then given by

dptl_ +tS dp), tS
dy, 81 82 f

JTl’ dy, -
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Differentiation of
H(pily) + H(P5ly2)
S t S t
= | log|gi(y) +1—-() | Pi(dy) + | log|g(y) +1—(») | pa(dy)
Y fi Y f2
with respect to ¢ and evaluation at 0 yields

f S(y)log(g—l(w)v(dy): f S@)log(w)vw)w.
Y I A &g (T(y))

By strict convexity of t = H(p|y:)+H(p}ly,) we conclude that there exists
aty€[-1,1] with
H(pily) + H(paly2) > HpYy) + HpS y2).
O

Finally we obtain the main result of this section (see [23, Corollary 3.2]).

Corollary 4.3. Let u € P(X) and v € P(Y) and y € P(X X Y) a probability
measure equivalent to u @ v. Assume that the value of the corresponding
entropic optimal transport problem is finite, i.e.,

ﬂegl(ﬁv) H(nly) < oo. “4.4)

A coupling n* € I1(u, v) minimizes (4.4) if and only H(n*|y) < oo and there
exist measurable functions f and g such that
dn*
oy (&Y = f(08(y)  y-ae.
Y

Proof. We use the notation of Theorem 4.1 and rewrite

H(rly) = f H(mlyu(dx) + H(ulyo), 4.5)
X

where yy € P(X) is the X-marginal of y. Lower semicontinuity and strict
convexity of the relative entropy yield the existence of a minimizer 7* €
II(u,v) of (4.4). The identity (4.5) shows that 7* also minimizes (4.1).
By Theorem 4.1, calling I" the set with u-full X-projection therein, we fix
(z,77) € I' and define g(y) := %(y) as well as iA(x) = «a for @ as in (4.2).
Thus we have

dm, .
7 () = h(x)gly) (x,m) €l yeae.y.
Vx

Hence,

dr* d
T (xy) = “Eonge) = fg() y-ae.
dy dyo

where f is defined appropriately. Conversely, assume that we have two

couplings 7, #” with finite entropy, with marginals ¢ and v, and such that
their densities w.r.t. y are of product form. Let

L) = f0) and T (x,) = F0g'0)
Y dy
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and log(fg)fg,log(f'g")f'g € L'(y). Since the marginals of 7 and 7’ coin-
cide, we have for any h € L'(u) ® L' (v) that

”fMqug—f§WW%®0=0 4.6)

We can approximate log(fg) by elements in L'(u) @ L'(v) such that on
[log(fg) > O] we have h, > 0 and &, , log(fg) and similar applies on
[log(fg) < 0]. Hence

flog(fg)dﬂ = limfhnfgdy = limfh,,f’g’dy = flog(fg)dﬂ'.
Therefore, log(fg)f’g’ € L'(y) and log(f'g’)fg € L' (y) and

mmmﬂmﬂ:fmwwM=fmwww2me

Especially, we have shown H(n|y) = H(n'|y) since H(x|n’) is non-negative,
which implies H(z|n") and H(n’|r) vanish, so 7 = 7', O

5. BRENIER-STRASSEN THEOREM

A fundamental result in the theory of optimal transport is Brenier’s theo-
rem [19, 20] which asserts that the optimizer of the Wasserstein-2 distance
on R? between y, v is given by the gradient of a convex function ¢. Specifi-
cally, the optimal plan * € I1(u, v) is of the form (id, Vy)(u) and Vip(u) = v.
We refer to, e.g. [51, Theorem 2.12] for more details and bibliographical re-
marks.

Strassen’s theorem [47] asserts that given marginals u, v € P;(R?) there
exists a martingale (Z;);-1, with Z; ~ u,Z, ~ v provided that u <. v.
Here <. denotes the usual convex order, i.e. 4 <. v means that f pdu <.
f W dv for all convex functions ¢. Note that the condition i <. v is not only
sufficient for the existence of a martingale with these marginals but in fact
also necessary by Jensen’s inequality.

An intermediate version between the classical ‘W,-problem and Strassen’s
Theorem on the existence of martingales [47] was recently investigated in
various forms [32, 34, 33, 1, 46, 6, 7]. The following represents the weak
transport analogue of the classical “W,-distance:

Vo, v)* 1= ;gii Wau,n)’ .1

= inf X — . (d
nen@,v)fw fRdy (dy)

Note that the equality of (5.1) and (5.2) is a straightforward consequence of
Strassen’s Theorem.

The Brenier-Strassen theorem of Gozlan and Juillet [32] (see also Shu
[45] for the one-dimensional case) asserts that * <. v is optimal for (5.1) if
and only if there exists a convex function ¢ with 1-Lipschitz gradient such
that Vo(u) = n*. The proof of the if-part of the statement can be done by
showing dual attainment or more directly using C-monotonicity whereas
the only if -part was thus far only shown via duality.

2
u(dx). (5.2)
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The goal of this section is to recover the only if-clause by means of suf-
ficiency of C-monotonicity. We believe that this new proof is appealing in
that it mimics the proof of Brenier’s theorem via classical cyclical mono-
tonicity, underlining the similarity of the two results.

To provide an intuition for the proof, we recall the main idea in the clas-
sical case: Let ¢: RY — R be a convex and differentiable function. For any

finite number of points xi, ..., x, € R? it is immediate that
D (it = V() < 0. (53)
k=1

Completing the square yields
D= Vel < ) i = Vo)l (5.4)
k=1 k=1

which shows optimality for any measure supported on finitely many points
in the graph of Vy. Therefore, since cyclical monotonicity is sufficient for
optimality, the coupling (id, V¢)(w) turns out to be optimal for the quadratic
distance transport problem.

In the subsequent proof, we will use as a black box a characterization of
convex functions with 1-Lipschitz gradient in the spirit of cyclical mono-
tonicity, see [55]. This permits to draw the desired conclusion for the prob-
lem (5.1) in analogy to step from (5.3) to (5.4).

Theorem 5.1. Let u,v € P>(R?Y) where R is equipped with the standard
euclidean norm | - |. Let n* be in convex order dominated by v. Then the
following are equivalent:
(1) The values of Wy(u,n*) and V,(u,v) coincide, i.e. n* is a solution
of the optimization problem (5.1)
(2) There is a convex function ¢: RY — R such that Vo: RY — RY is
1-Lipschitz, n* = Vo(u) and (id, V)su is the unique optimizer of
(5.1).

Theorem 5.1 can be found in [32, Theorem 2.1]. A proof of the first
implication using different arguments is given in [6, Theorem 1.4].

Proof of Theorem 5.1. Here we will only show “2 = 1. To this end, we
want to verify that

[ = {(x, 6vy0) € RY X PRY): x € RY)

is C-monotone, where C(x, p) := |x - fyp(dy)|2.
Let N € N, xi,...,xy € R? with y; = Vp(x;). We have to show that if
Nimp = YN0, then T x; — yi* < IX, 1x; — [ ymi(dy)P?. Clearly we
must have m; = 27:1 a; 6y, for all i, where (a;;) € RY*" is a bistochastic
matrix. We can rewrite o = (@; ;) as a convex combination of permutation
matrices (P, ).z, Where  denotes the set of permutations on {1, ..., N}:

o= Z,B(,P(,, Z,BU =1, B,=0.

geX geX
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Note that the map F: R¥ — R

1< 2
F((Bodoes) = 5 | = D B
i=1

geX

is convex. We seek to show that

N 1 o=id,
ﬁaz{

0 else,

is a minimum on the simplex on RY'. The gradient of F at 3 has the follow-
ing form

N
VF(p) = (Z(Xi -y i — ya(i))) .
i=1 o€ex

For any permutation o € £ we compute

Z('xl yl) (yl yo-(z)) - le (yl y(r(z)) | yU'(i)lz

N
2
= Z — Xo- 1(1)) Yi— | y(r‘](i)l

IV

The last inequality above follows from [55, Lemma 4], which states that ¢
being convex and 1-Lipschitz is equivalent to

9(z) = (%) =2 Vo(x) - (z = x) + %lVQO(Z) - Vo)l Vx,zeRY,

so by summing this last inequality we get

0= Z (,D(Xg-(,)) (P(xz)

N

2

< Z '_xa'(t)) Yi— | y(r(i)l .
i=1

We conclude that VF(B) is pointwise non-negative proving optimality of 3
on the simplex by convexity of F'.

All in all, the coupling (id, Vy)su is concentrated on the C-monotone set
I'. Since both marginals are in P,(R?) we can apply Theorem 3.6 which
yields its optimality for the weak transport problem V;(u, v). O

An immediate consequence of the Brenier-Strassen Theorem 5.1, cou-
pled with the proof therein, is the following modification of the classical
Rockafellar theorem. We denote the subdifferential of a convex function ¢
at x € RY by d¢(x) and by ¢ = {(x,y): x € R?,y € d¢(x)} its graph.

Corollary 5.2 (Rockafellar-Strassen). Let L € R* and T’ € RY x R?. The
following are equivalent:
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(1) T satisfies for all' n € N, (x1,y1),...,(Xpyn) €T,
- 1
Z(XM = X)) yi+ Zlyiﬂ —yi* <o. (5.5)
i=1

(2) there exists a convex ¢ € C'(R?) with L-Lipschitz gradient such that
I' C Og.

Proof. The implication ‘2 = 1’ can be easily deduced from [55, Lemma
4]. For ‘1 = 2’: Since we can always consider [ ={(xy): (x,Ly) €T},
which sastisfies (5.5) for L = 1, we can assume w.l.o.g. that L = 1. Let u be
a probability measure on R such that

supp(u) = cl({x: Ay, (x,y) € I'}.

By (5.5), if (x,y),(x,y") € I' theny = y’. This defines amap T: proj, I' —
proj, I'. Further, for all (x,y), (x",y") € I', we have

—ly=yP = =x)-=y) = =lx=xlly-Vl,
which shows that 7" is 1-Lipschitz. The coupling © = (id, T )su is optimal
for (5.2) between its marginals ¢ and n*, by the reasoning in the proof of
Theorem 5.1 . Hence, by Theorem 5.1 there is a convex function ¢ with
1-Lipschitz gradient such that (id, Ve)su is the unique optimizer. Thus,

Vo = T (u-a.s.). Due to continuity we conclude Vo = T on proj, I' and
I' C dep. O

6. MurriPLE-GOOD MONOPOLY PROBLEM

The goal of this section is to recover the main result of Daskalakis, Deck-
elbaum, and Tzamos [25] in Corollary 6.2 below. We will not discuss
the economic interpretation and just mention that it can be interpreted as
a Kantorovich-Rubinstein Theorem for specific weak transport costs.

We will obtain Corollary 6.2 as a consequence of the more general result
Theorem 6.1. We first introduce some notation. Fix X := R and equip
it with the coordinate-wise partial order <. Let (Dﬁ”(Rd) consist of all <-
increasing, convex functions in ®,(R%). For p,v € P;(X) we write u <j., v
iff f fdu < f fdv forall f € ®F*(X). Once again, it follows from the
results of Strassen [47] that u <;., v is tantamount to the existence of a
stochastic process (Z;);-; » satisfying

Zl ~ ,Ll,Zz ~, Z] < E[ZQ|Z]]
Theorem 6.1. Let 0 € (D;,,,(Rd) be convex and denote

Coiex(x, p) = infye, , 0(x = [yq(dy)) and Rep(x) = inf < cea 9(2)+0(xy).
Then all of the following optimization problems yield the same value:
i) Infrerigy) fRd Co,icx(x, m)u(dx),
ii) infye, . infrengs [ 00 — y)n(dx, dy),
iii) inf<, gy, INfrenay) [ 00 — y)m(dx, dy),

THere (Xus1, yus1) := (x1,31).
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iv) SUP,cqiesuay ~V(@) + [ Rogp(0)u(dx).

Proof. ““i) = ii)”: For (i) > (ii) we first take m to be an (almost) opti-
mizer of (i) and by a measurable selection argument take g, to be an (al-
most) optimizer of Cy..(x, 7). Defining 7T'(x) := f vq,(dy) we remark that
T(u) <ix v, and so (i) > f 0(x — T(x))u(dx) > (ii). For the converse, take
V <iex v and P € Il(u, ¥) which are (almost) optimizers of (ii). By Strassen’s
result [47, Theorem 9] there exists a submartingale coupling 7 € I(u, v),
i.e. a coupling 7 satisfying f ydm, > x.

Next we define n(dx,dy) = f 7:(dy)P(dx, dX) which belongs to I1(u, v).
Since by definition 8(x — X) > Cy,..(x, 7z), we have by Jensen’s inequality

(ii) = f@(x - X)P(dx,dx) > fcg,,-cx(x, 7z)P(dx, dX)

> [ Chial. [ FePrtam)utan

> fCH,icx(x, ﬂx)ﬂ(dx) > (i),

where we used that Cy..(x, ) is convex if 6 is convex.
“ii) = lll)” Fix M <icx /.~l and ¥ <icx V. Let Xi <iex X2 and Y| <ix Y2 be
R¢-valued random variables on some probability space whose laws satisfy

X1~,Ll, Xz"‘,[l, Y1~17, YZ"’V.

The order <,., between random variables has to be understood in the follow-

ing sense, (where the existence of such random variables is again provided
by [47, Theorem 9])

X < Y &< E[Y|X]=X as.

Define the random variable Z = X + E[Y; — X;|X;]. Then Z is in increasing
convex order to Y5, since

Z <iex Z+ E[Xo — X11X,] = E[Y1|1X1] Siex Y1 Siex Yo
Applying Jensen’s inequality yields
E[6(X> — Y1)] 2 E[6(E[X, - Y11Xi D] = E[0(X, — Z2)] > ii).
“i) = iv)”: By duality, see Theorem 3.3, we have
= sup —v(p)+ f Re,. . p(x0)u(dx). (6.1)
pedy, (RY)

It remains to show that we can additionally restrict the infimum to convex
and increasing functions which will be accomplished using the double c-
convexification trick. To this end, we note that

Coicx(x, p) = infx—fyp(dy)ﬁz 0(z) =: é(x - fyp(dy)) >

where @ is a function on RY which is bounded from below and convex.
Further note

x - O(x — y) is increasing, y - 6(x — y) is decreasing. (6.2)
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Analogously to Gozlan et al. [33, Proof of Theorem 2.11 (2)] we find that
inf ¢(y) + 6(x = y) = Re,,,p(x) = Re,, $(x) = inf $(y) +6(x - ),
yeR4 yeR4

where ¢ denotes the convex envelope of . The inf-convolution  := R¢,, ¢
is therefore bounded from below, convex and increasing. Note that for any
p € P(RY) with barycenter f yp(dy) = z we have

Y(x) = p(@) < Y(x) - ¢2) < b(x - 2),
which allows us to @—convexify @, i.e.,
B() = supy(x) - 0(x —y),
which is in particular an increasing function by (6.2) with
¢ =2y -60) > myin Y (y) - 6(0).
Again, we find that the convex envelope of ¢
¢(z) = inf (@) (6.3)

peP(Y): z= [ yp(dy)

is increasing, convex and dominated by @, thus,

lﬁ(x) = RCH,iz‘x‘;b(x) = RCe,icx‘)_D(x) 2 lﬂ(x) = RCF),[L‘X(ID(X)'
Finally, we obtain (since ¢ < ¢ and ¥ < ) that
p@W) = v(p) < p(h) = (@),

which shows that we can replace @, (R?) with ©i*(R?) in (6.1). O

The proof of Corollary 6.2 resembles the proof of Kantorovich-Rubinstein
duality when one already knows that classical Kantorovich duality holds.

Corollary 6.2. Setting 6(x) = |x| where | - | is a norm on R%, we have

inf f inf  |x —zlu(dx) = sup p(p) — V().
R

nell(u,y) Jpd z< [ym(dy) (pECD;;(:T(Rd) and 1-Lipschitz

icx

Proof. First we show that given ¢ € CI)b’l(Rd) the inf-convolution ¢ :=
Rc,,..¢ is 1-Lipschitz: Let x, x' € R? then

RC‘.\,icx‘p(x) - RC|.\YI'CXSO(-X,) < Sup |x - yl - |x, - yl < |-x - x/l'
7<y, yeRd
By the proof of Theorem 6.1 y is additionally bounded from below, convex
and increasing. Using the notation in the proof of Theorem 6.1 the mapping
@ is increasing, bounded from below and also 1-Lipschitz. Hence, for x, x" €
R¢ the increasing, convex and lower bounded function &, see (6.3), is 1-
Lipschitz
P(x) = ¢(x') < sup Wi(p,Tv_.(p)) = Ix — x|,
pEPI(Y)

where T _, is the translation by x" — x. By the conclusion of the proof of
Theorem 6.1 we can assume w.l.o.g. that ¢ € (DZT(R") is 1-Lipschitz.
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It remains to show that R¢,, ¢ and ¢ coincide. By definition of the inf-
convolution we have ¢ > Rc, ... We find by 1-Lipschitz continuity of ¢

—(x) + @(y) + inf |x — 2] > inf —p(x) + ¢(2) + [x — 2| 2 0,
=<y z<y
which shows the reverse inequality. O

7. BACKWARD TRANSFERS

Bowles and Ghoussoub [18] suggest a notion of linear transfer between
probability measures which is more encompassing than mass transportation
but still admits important traits of the dual theory of mass transport. In
particular, they identify many examples that illustrate the scope of their
approach.

A main result of Bowles and Ghoussoub yields a representation of linear
transfers through weak transport problems, see [18, Theorem 3.1]. In this
section, we recover [18, Theorem 3.1] as an application of the weak trans-
port duality theorem. Notably, this approach extends the result of Bowles
and Ghoussoub from compact to general Polish spaces without additional
effort.

To present the notion of linear transfer, we introduce some notation. The
basic object of interest are functionals 7 : P(X) X P,(Y) —» R U {+oo}. We
will use the Legendre transform 7 ; of 7, = 7 (i, -), which is given by

7,(8) = sup v(g) =T (u,v).
veP(Y)
Since the set ®@,(Y) is in separating duality with M,(Y), the Fenchel duality
theorem [54, Theorem 2.3.3] states
T.(0) = T, () = sup v(g) - T,(). (7.1)

ge®(Y)

if 7, is proper convex, bounded from below and lower semicontinuous.

Definition 7.1. A proper, convex, bounded from below and lower semicon-
tinuous functional T : P(X) X P(Y) = R U {+oo} is called backward linear
transfer if there exists a map T from ©O,Y) to the set of universally mea-
surable functions on X bounded from below by an element in ®,(X), with
the following property: for each u € P(X) with inf,ep vy T (4, v) < oo the
Legendre transform T ; can be represented as

7.8 =uT(g) VYged(Y). (7.2)
Theorem 7.2. Let 7 : P(X) X P,(Y) > R U {+00} be such that
VxeX, dpeP(Y): T (0, p) < co. (7.3)

Then the following are equivalent
(i) T is a backward linear transfer,
2As noted on [18, page 3], the right setting for most applications of linear transfers

should be ‘... complete metric spaces, Riemannian manifolds or at least R"”.’. In this
respect the extension of [18, Theorem 3.1] beyond the compact setup seems relevant.
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(ii) there is a lower semicontinuous cost function C: X X P(Y) —
R U {400} which is bounded from below and convex in the second
argument such that for all (u,v) € P(X) X P,(Y)

T (u,v) = inf f C(x, mu(dx).
X

mell(u,v)

Proof. Evidently, if 7 is given as a backward linear transfer, the cost func-
tion C has to satisfy C(x, p) = 7 (6,, p) and T satisfies on @,(Y)

T(g)(x) =758 = sup p(g)—C(x,p)=—Rc(=g)(x).
pEPI(Y)

Hence by (7.2) and optimal weak transport duality (Theorem 3.3) we have
T(,v) =T, = sup (g) —T,(g)

8eD(Y)

sup v(g) — f Rc(=g)(x)u(dx)

g€®,(Y) X

sup —v(g) + f Rcg(x)u(dx)

8€d, X

= inf f C(x, mu(dx).
X

mell(u,v)

Conversely, if (ii) holds, then Theorem 3.3 reveals
Tu(v) = sup v(g) —u(T(g)),

ge®,(Y)

for T(g)(x) = Rc(=g)(x), and by (3.4) we have u(T'(g)) = 7,(g). 0O

8. SEMIMARTINGALE TRANSPORT DUALITY

In this part we need to set up some terminology before stating the actual
problem. Let
C = C([0, 1];RY)
denote the continuous path space equipped with the supremum norm || - ||
and its Borel o-field. With

W = (W(0)ep0,11

we denote the canonical (coordinate) process on C, defined by W(f)(w) =
w(t), so that W is a standard d-dimensional Brownian motion under the
Wiener measure W. Let & = (F,)0,1) denote the W-complete filtration
generated by W. As usual, we denote by L°(W) the space of (real-valued)
random variables quotiented with the W-a.s. identification, and by L*(W)
the essentially bounded elements of L°(W). We will likewise identify pro-
cesses that are dt x dW-almost surely equal. Finally, we denote by S? the
set of symmetric positive semi-definite matrices of size d X d. We fix from
now on a matrix norm on R,

We consider

g: [0, 1] xR xR x 8% — R U {0},
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and assume

Assumption 8.1.

(1) g is jointly measurable and lower-bounded.
(2) For eacht € [0, 1] the function

dypd Qd
RYX R x 8¢ 3 (q,a) — g(t, x,q,a),
is jointly lower semicontinuous. Furthermore

(q,a) — g(t,x,q,a)

is convex for each fixed (t, x).
(3) Either g is finite and coercive in the sense that

t’ b b
lim inf 8G59D _
lgivia—seo x  |g| + |al

00, (8.1)
or
dom(g(t, x,-,+)) :=1{(g,a) € R? x S‘i : g(t,x,q,a) < oo}

is a compact convex set which does not depend of (t, x).

For O € P(C) we denote by
M5 (Q)
the space of continuous R?-valued Q-martingales, which are started at zero,
whose quadratic variation matrix is absolutely continuous and integrable:
Namely M € M{°(Q) iff it is a Q-martingale started at zero, % exists
0-a.s. and
E2[KM)(D] < co.

This last condition is equivalent to asking

g0 [ fl d(M)(1)
0

dt
On the other hand we write £!'(Q) for the set of progressively measurable
R¢-valued processes which are integrable with respect to dt X dQ.
We can now introduce the set of semimartingale laws relevant to our
work:

‘dt] < 00,

W() = [ q%s)ds + MO(-) under Q, |

S={QePO: e Mi(Q), ¢2 € L1(Q)

We remark that for Q € S the process ¢g¢ above is uniquely determined.
Likewise, the S?-valued process
0. dM2),
' dt

is uniquely determined.

Let
a®: S — RU{+oo},
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be given by

1
a®(Q) := B¢ [ f g(t, W), ¢%(0), a®(1)) dt|. 8.2)
0
Note that @®(Q) is well-defined and takes values in RU{+o0}, as g is bounded
from below. As a final bit of notation, we introduce Il(u, v) for the set of
those Q € S with initial and final marginals equal to u and v respectively.
We further write I1(w, -) when only the inital marginal is prescribed.
For u, v € P(R?) we define’

— g
Vi v):= inf = a*(Q).

This is a stochastic mass transport problem (or optimal transport of semi-
martingales) as introduced by Tan and Touzi [50]. Specification of a# al-
low to cover classical optimal transport, martingale transport, and some in-
stances of the Schrodinger problem in this framework. We now prove a
duality result, originally obtained by the aforementioned authors, by means
of optimal weak transport:

Theorem 8.2. Under the standing assumptions, we have

Vi) = sup {u(®) —vw)f,

YeCp(RY)

where y(x) := inf perys, ) B9 [fol g(t, W), (1), a®(0)) dt + ‘I‘(Xl)].

Proof. Define C(x, p) := V(d,, p).

Remark that if Q; € I1(6,, p;) and Q, € I1(d,, p»), then for @ € [0, 1] we
have aQ; + (1 —a)Q; € [1(6,, ap; + (1 —a)p,). As we will see in Theorem
8.3, the function a3() is convex. From these facts it follows that C(x, )
is convex for each x fixed. Further, Theorem 8.3 also shows that a2(-) is
coercive and lower semicontinuous, which then implies that C(x, -) is lower
semicontinuous for each x fixed.

A standard measurable selection argument shows that

V(u,v) = inf f V(O mH)u(dx) = inf ) f C(x, m")u(dx),

neCpl(u,v) neCpl(u,y

where we wrote Cpl(u, v) for the set of measures in R? x R¢ with the given
marginals. Applying the duality (3.3) we deduce

Vi, v) = Sgp { f Rey(x)u(dx) - V(l//)},

3Equivalently, one may minimize the functional E[ fol g(t, X(1), q(t), o(t)o”’ (t))dt] over
all semimartingales dX(¢) = q(¢)dt + o(t)dB(t) on some stochastic basis, such that X(0) ~
u, X(1) ~v.
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where

Rey(x) := iI;f{p(lﬂ) + C(x, p)}

= inf E¢
Q¢€ll(6y,)

= P(x).

1
f g(t, W(1), ¢%(1), a®(0)) dt + (X))
0

For the previous result we employed:

Theorem 8.3. The functional af is convex, lower semicontinuous with re-
spect to weak convergence, and coercive in the sense that {Q : a%(Q) < c}
is weakly compact for each c € R.

In order to prove this we need the following auxiliary result first:

Lemma 8.4. Suppose (q,), is a sequence of L'([0, 11, dt; RY)-valued ran-
dom variables possibly defined in different probability spaces, and call
A, (1) = fot qn(s)ds. In the same space where q, is defined we are given
a further C-valued random variable M,, such that M, (0) = 0, M, is a mar-

tingale wrt. its completed filtration, and such that a,(t) := % exists a.s.
Finally assume the existence of ¢ > 0 such that, for all n,
t
E[f 8(t, My (1) + A, (1), qn(t),an(t))dl] <c. (8.3)
0

Then there exist an L'([0, 1], dt; RY)-valued random variable A, a C-valued
random variable M, and subsequences A, and M,, such that

(1) A, convergesin law in C to A,
(2) M,, converges in law in C to M,

(3) A(r) = fol q(s)ds, some L'([0, 1], dt; RY)-valued random variable g,
(4) (M)(t) = fot adt, some S?-valued process a with E [fol Ia(t)ldt] < o
(5) the following inequality holds:

E[ f t g(t, M(1) +A(t),q(t),a(t))dt]
0

!
< likm infE [ f g(t, M, (t) + A, (1), q,, (1), ank(t))dt] (8.4)
—00 0
In particular, the laws of (A,) and (M,,),, form tight sequences.

The following proofs follow very closely the arguments in [8]. As a small
technical improvement over [50], we observe that the coercivity condition
(3.1) assumed here, is weaker than the analogue in the cited paper.

Proof of Lemma 8.4.

We first check tightness. If the final part of Assumption 8.1(3) holds,
this is trivial. Otherwise, by (8.1), for each r > 0 we may find N > 0
such that g(t, x, g,a) > r|g| + rla| whenever |g| V |a] > N. Moreover, there
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exists b > 0 such that g(z, x, g, a) > —b. In particular, for all (¢, g) we have
lgl + la| < 2N + %(g(t, Xx,q,a) +b). Hence, for0 < s <t <1,

|An(1) = Ay(s)l Sf |gn(u0)ldu
< % f (g(u, W(u), ¢,(u), a,(w)) + b) du + 2N(t — s)

1! b
< p f g(u, W(u), g,(u), a,(u)) du + P N(t - s).
0
Hence, for any ¢, | 0, (8.3) yields

+b +b
lim sup supE|A, (7 + 8,) — A,(7)| < lim sup (c_ + N(Sn) =< ,
r r

where the sup, is over all stopping times with values in [0, 1 —9,]. Asr >0
was arbitrary, this shows that
lim sup sup E|A, (T + 3,) — A, (7)| =0,

and from Aldous’ criterion for tightness [37, Theorem 16.11] we conclude

that (A,) is tight. The Cauchy-Schwartz inequality and similar calculations
allow to conclude that

+b
E[[M,(t +8) — My(D] < A|N6 + —,
r

so as before (M,) is a tight sequence. Furthermore, (M,,) is in fact precom-
pact in the 1-Wasserstein space “W;(C) of measures on C which integrate
the supremum of the norm of the path of the canonical process. This follows
by showing that

lim supE [sup IM, (D[ 1up,_, |Mn(t)|21<] =0,

K—oo <1
which is a consequence of Cauchy-Schwartz, Doob’s inequality, and As-
sumption 8.1(3).

Passing to a subsequence and applying Skorokhod’s representation, let us
now assume that there exists continuous process A and M such that A, — A
and M, — M almost surely (in C), with all processes defined on some
common probability space (€2, ¥, P). The process M is in fact a martingale
thanks to “W,(C)-precompactness. From Assumption 8.1(3) and a standard
argument as in the de la Vallée Poisson Theorem, we conclude that {g, : n €
N} c L' := LI([0,1] X Q, dt ® dP) is uniformly integrable and thus weakly
precompact. Similarly, using further that {a, : n € N} is weakly precompact
in the Bochner space L) := L'([0, 1] X Q, dr ® dP; R**?) of matrix-valued
integrable processes if and only if {|a,| : n € N} is uniformly integrable (cf.
[26]), we deduce that {a, : n € N} is weakly precompact. By passing to a
further subsequence, we may now assume that g, — g weakly in L', that
a, — a weakly in L!, and that a is almost surely S¢-valued. Because g is
bounded from below and lower semicontinuous in its last three variables,

the map (X,g,a) — E fol g(t, X(1), g(1), a(t))dt is lower semicontinuous in
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the norm topology of C x L' x L}, by Fatou’s lemma. Because it is also
convex in the last two, this map is therefore weakly lower semicontinuous
when L' x L is given the weak topology. This yields (8.4). By dominated
convergence, it holds for each bounded random variable Z that

E[ZA(1)] = lim E[ZA, ()] = limE[Z f qn(s)ds] :E[Z f q(s)ds].
n—o0 n—eo 0 0

Hence A(r) = fol q(s)ds a.s. for each ¢, and by continuity we have A(-) =

fo. q(s)ds a.s. A similar argument shows that for each 1 < i,j < d and
0 < s <t <1 and Z measurable up to time s, we have

0=1lmE [z (M;',M,{(z) — M. Mi(s) - f a;;f(r)dr)]

n—oo

=E [z(M"Mf(t)—Mfo(s)— f ai’j(r)dr)],
from which (M)(-) = [} a(r)dr. O

Proof of Theorem 8.3.

Convexity: Let 4 € [0, 1], and fix Qp, Q1 € §. We work on the extended
probability space C X {0, 1}, and we write (W, X) to denote the identity map
on this space. We define a measure M on C X {0, 1} by requiring that the
second marginal of M be A0y + (1 — A)d;, and the conditional law of W
given X be Qx. In particular, the first marginal of M is precisely Q :=
A0 + (1 — 1)Q;. Abbreviate g; := ¢% and a; := a?. It easily follows that
the process

W(t)—qu(s)ds
0

defines an M-martingale with respect to the filtration F = (5?[),6[0,1] de-
fined by F, = 7, ® o(X) on the product space. Furthermore, the quadratic
variation of W(-) — fo. qx(s)ds has a density explicitly given by t — ax(?).
Now define the processes g = (q())ief0.1] and a = (a(t))sejo.17 respectively as
the optional projections of the processes (gx(1))eo.1] and (ax())eo,1) on the
filtration ¥ generated by W. In particular,

q(t) = EM[gx() | (Wy)s=i] = BM[1x=0q0(0) + 1x=191 () | (W),
a(t) = EY[ax(0) | (Wy)s<i] = BY [Txzoao(t) + Lxz1a1(t) | (Wy)s<i],

A few computations reveal that W(-) — fo. q(t)dt is still an M-martingale. On

the other hand, since W(-) — j; gx(s)ds has ay as the density of its quadratic
variation under M, so does W itself. But then foralli < i,j < d, if R is
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bounded and F;-measurable and 0 < 2 < 1 — ¢, we have
o o t+h
0=E" [(W’W](t +h) - WW/(1) - f a;;f(s)ds) R]
t

t+h
= EM [(W"W’(r +h) = WWI(r) - f a"’ (S)ds) R]

t+h
E2 [(Win(t+h)— WIW/(r) — f ai’j(s)ds)R],

recalling that Q is the first marginal of M. Since the M martingale W(-) —
fo. q(t)dt is F -adapted, it follows that it is a Q-martingale (when seen as liv-
ing in the filtered probability space (C, ¥, Q)) and the above display shows
that the density of its quadratic variation is precisely a. In summary, we
conclude that Q € §, and that ¢ = g2 as well as a = a?. Finally, using
Jensen’s inequality, we compute

Aa*(Qo) + (1 = V¥ (Q1)

1 1
=AE® [ f g(t, W(0), qo(), ag(t))dt | + (1 = HE? [ f g(t, W(0), q(8), ar(1))dt
0 0

1
=E" [ f g(t, W(1), gx (1), ax(f))df]
0
1
>EM [ f g(t, W(t),q(t),a(t))dt]
0

1
=E¢ [ f g(t, W(), q(t), a(t))dr]
0
=a%(Q).

Inf-compactness: Let c € R and A, := {Q : a®(Q) < c}. It is convenient
in this step and the next to define

W) := W) — f q%(s)ds, te]0,1],
0

for Q € S, noting that W€ is a Q-martingale with volatility a¢. Letting
AQ®t) = fot q®(s)ds, it follows from Lemma 8.4 that {Q o (A9)™! : Q €
A} € P(C) is tight. On the other hand, {Q o (W2)~! : Q € A} is tight as
well by the same argument. Since each marginal is tight, we deduce that
{Qo(W2,A91 . 0 € A} C P(C x C) is tight. Finally, by continuous
mapping, the set {Q o (W2 + A9)™1 : Q € A} = A, is tight.

Lower semicontinuity: Suppose {Q, : n € N} € A, with O, — Q
weakly for some Q € P(C). We must show that Q belongs to A.. Define the
continuous process

An(1) = f g% (s)ds = W(r) = W (1),
0
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for each n. As in the previous point, {Q, o (W, W2, A"~ : n € N} is
tight. Relabelling a subsequence, suppose that Q, o (W, W2, A")~! con-
verges weakly to the law of some C>-valued random variable (X, B, A). Us-
ing Lemma 8.4, we may assume also that A(f) = fot q(s)ds and a(¢) := %

satisfying

1 1
E f g(t, X(1), (1), a(t))dt < lim inf B9 f g(t, W(1), g% (1), a®(t))dt < c.
0 0

Clearly W< is a martingale in the filtration of (W, W9, A"), and hence B is
a martingale in the filtration of (X, B, A). Finally, notice that

X() = B(r) + A(t) = B(r) + f q(s)ds,
0

as the same relation holds in the pre-limit. A standard argument shows that
X - fo q(s)ds is a martingale with respect to the filtration of X, where ¢ is
the optional projection of g onto such filtration. Writing

X(t)=B(t)+f0[q(S)—’q\(S)]dS+fO’CI\(S)dS = 1§(¢)+f0?(S)ds,

we deduce that B is an X-adapted martingale with density of quadratic vari-
ation a. By convexity of g(z, x, -, -), we have

1 1
E f g(t, X(). Q). a(n)dr < E f g(t, X(1), q(1). a())dt < c.
0 0

Recalling that Q denoted the law of X, we conclude that Q € A..
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WEAK TRANSPORT FOR NON-CONVEX COSTS AND
MODEL-INDEPENDENCE IN A FIXED-INCOME MARKET

B. ACCIAIO, M. BEIGLBOCK, AND G. PAMMER

ABsTrRACT. We consider a model-independent pricing problem in a fixed-income market and show
that it leads to a weak optimal transport problem as introduced by Gozlan et al. We use this to
characterize the extremal models for the pricing of caplets on the spot rate and to establish a first
robust super-replication result that is applicable to fixed-income markets.

Notably, the weak transport problem exhibits a cost function which is non-convex and thus not
covered by the standard assumptions of the theory. In an independent section, we establish that
weak transport problems for general costs can be reduced to equivalent problems that do satisfy the
convexity assumption, extending the scope of weak transport theory. This part could be of its own
interest independent of our financial application, and is accessible to readers who are not familiar
with mathematical finance notations.

keywords: fixed-income markets, robust pricing and hedging, weak transport problem

1. INTRODUCTION

Prompted by Hobson’s seminal paper (Hobson, 1998), the field of model-independent finance
has seen a steep development. Typically the framework consists in a market where some assets
are dynamically traded, while some derivatives are statically traded at time zero. Then, without
imposing any model or underlying probability measure, one seeks for robust pricing bounds for
other derivatives. Usually the payoffs are already expressed in discounted terms, and the pricing
problem corresponds to looking for market-compatible martingale measures, that is, probability
measures on the path space such that the discounted asset prices - taken to be the canonical
processes - are martingales, and reproduce the observed marked prices.

A widely used assumptions is the availability, for static trading, of call options with maturity T
written on an asset S, for all strikes K, which determines the distribution of S 7 under the pricing
measure. However, this reasoning crucially relies on the existence of a deterministic numéraire for
discounting. This point is crucial for the use of tools from the Optimal Transport and Skorokhod
embedding, see Hobson (2011); Obtéj (2004); Beiglbock et al. (2013); Galichon et al. (2014);
Beiglbock and Juillet (2016); Dolinsky and Soner (2014); Campi et al. (2017); Beiglbock et al.
(2017); Cox et al. (2019); Cheridito et al. (2019), among many others.

In the present paper, we do not assume the existence of a deterministic bank account, or of a bank
account at all. Instead, we consider a fixed-income market, where bonds are dynamically traded,
and some options on them are statically traded. A similar setting is considered by Acciaio and
Grbac (2020), who assume finitely many call options with possibly different maturities being traded
on a bond, and investigate market consistency with absence of arbitrage. This analysis follows the
spirit of Davis and Hobson (2007), and displays in a simple market the different characteristics of
a robust framework when stochastic discounting is allowed. On the other hand, the focus of the
present paper is on robust pricing. We will use bonds as numéraires, thus the pricing measures
will be the so-called forward measures, a notion that we recall in the next paragraph.

For T > 0, we refer to a (zero coupon) bond with maturity 7 as a T-bond, and denote its price
attime r < T by p(¢t,T). A T-forward measure Qr is a probability measure on ¥ such that every

1
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traded asset expressed in units of the T-bond is a martingale. The pricing formula, at time s, for a
claim ® with maturity ¢, for s <t < T, is then given by

V(@) _ rQ o)
p(sT) — E= [p(t,T) ﬂ]- (L.1)

In particular, having the prices at time O of all call options with maturity 7 on a given asset,
identifies the distribution of that asset at time 7 under the T-forward measure.

1.1. Robust pricing setting.

Setup 1.1. We consider maturities 0 < Ty < T, < T3, and let T»- and Ts-bonds be (dynamically)
traded in the market. We also let call options with maturity T on the T»>-bond, and call options
with maturity T on the Tx-bond be (statically) traded at time zero, for every strike K, and denote
the respective prices by C(T1, T, K) and C(T,, T3, K).

A main contribution of this paper is to provide a robust superreplication theorem that applies to
general derivatives written on p(T1, T»), p(T1, T3), i.e. we will consider payoffs of the form

O(p(Ty, T2), p(T1, T3)). (1.2)

Since puts with maturity 7; on T j-bonds correspond to caplets on the spot rate F(T;, T';), our setting
in particular captures the case where 7;.; — T; = 6 months, as 6 months caplets are much more
liquid than the 12 months ones. Indeed, in this specific case we also identify the extremal models,
leading to lower and upper pricing bounds, as well as the corresponding sub- and superreplication
strategies. (see Section 2.2).

1.2. Robust superreplication theorem. In our setup it is most convenient to take the 7,-bond as
a numéraire. In particular, we consider the discounted processes

. p@iTy) . . pTTy) .
Xi=pary =01 Y=gy i=0.1.2 (1.3)

For the convenience of the reader, we detail in Section 2.1 below how to switch between undis-
counted quantities and quantities expressed in 75-bond units. In the present introductory section
we will consistently refer to quantities expressed in 75-bonds. The assumption in Setup 1.1 then
asserts that options on X; and Y, are liquidly traded. In the spirit of Breeden and Litzenberger
(1978), this amounts to the identification of probabilities u, v on R, with finite first moments, such
that for derivatives @, ¢

price(p(X1)) = [pdu, price@(Y2)) = [y dv. (1.4)
In view of the classical (in the sense of non-robust) theory of fixed-income markets, we expect
pricing functionals to arise from 7,-forward measures. A generic 7>-forward measure is compatible
with the information given by the market if (compare (1.1))

lawg,, (X1) ~ p,  lawg,, (Y2) ~ v. (1.5)

We write Q(u, v) for the class of all setups (Q, F, (777,.)1.2:0, Qr,), p(T;,T)),i < j < 3,i < 2,satisfying
the marginal constraints (1.5) and the martingale constraints

(X)iz0.1, (Yiiz012 are (Fr,)-martingales. (1.6)

We will slightly abuse notation in that we write Qr, € Q(u, v) when we really mean that we run
over all such setups. Writing d(X,, Y,) for the payoft (1.2) in terms of T»-bonds (see Section 2.1),
we arrive at the primal optimization problem

Pr:= sup E[dX, Y] (1.7
Qr,€Q(u.v)

All our results are still valid if 7,-bonds are also dynamically traded.
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We stress that problem (1.7) differs significantly from a usual martingale optimal transport problem
in that our objective functional is written on Y;, while the marginal constraint concerns Y,. We
also note that, in contrast to most problems considered in robust finance, it is delicate to pass from
(1.7) to a problem on a canonical setup, cf. Proposition 1.4.

Switching to the dual problem of (1.7), one is allowed to trade statically in vanilla payofts ¢, ¥
written on X, Y, and to trade dynamically in (Y;);=1 2. I.e. we consider superhedges of the form

(X1, Y1) < o(X1) + Y(Ya) + A(Y1)(Y2 = V). (1.8)

Since our goal is to obtain a robust hedge, we shall require that (1.8) holds for arbitrary x1,y1,y2 €
R;. According to (1.4), the costs for this strategy (in discounted terms) amount to f wdu+ f W dv.
Our main superreplication theorem is then:

Theorem 1.2. Assume that u, v are probabilities on R, with finite r-th moments, for some r > 1.
Assume that O(x,y) is upper semicontinuous and bounded from above by a multiple of |x|" + |y|".
Then we have

Pr = inf{fSOdll + [ydv: ®(xi,y1) < @(x1) + Y(n) + A2 — 1) for all xi,y1,y2 > 0},

where the infimum is taken over continuous functions ¢ and Y that are bounded in absolute terms
by a multiple of x — (1 + |x|)" and A is an arbitrary function .

Remark 1.3. It is worth noticing that the 73-bond plays no special role for our results, in the
sense that, by replacing it with a generic asset S, we would get the same superreplication result.
That is, if in Setup 1.1, instead of the 73-bond, we assume that a generic asset S is dynamically
traded and T>»-calls on it statically traded, then Theorem 1.2 holds true for any derivative of the
form ®(p(T1, 1), S 1,). In this case, from market prices we deduce the distributions under Qr, of
X1 = l/p(Tl, Tz) and OfSTz.

We note that robust versions of the superhedging duality / FTAP have seen particular focus in
robust finance, see e.g. Hobson and Neuberger (2012); Acciaio et al. (2016); Bouchard and Nutz
(2015); Burzoni et al. (2017); Cheridito et al. (2017), among many others.

1.3. Weak transport formulation. Our proof of Theorem 1.2 is based on new results in the
theory of weak optimal transport (WOT) (see Section 3). Specifically, we will show that WOT
problems for general costs can be reduced to the much better understood case of WOT problems
that satisfy convexity constraints. This reduction enables us to rewrite the pricing problem (1.7)
as a weak transport problem for barycentric costs. To formulate this, we write I1(u, v) for the set
of all couplings of the probabilities y, v, and for 7 € I1(u, v) we denote its disintegration w.r.t. u by
(7y)x. For a measure p on R that has a finite first moment we write b(p) for its barycenter. Using
these notions, it is possible to rewrite (1.7) as an optimization problem over measures on R.

Proposition 1.4. Assume that u, v are probabilities on R with finite r-th moment, for some r > 1,
and that u is continuous. Assume that ®(x,y) is continuous and has at most growth of order
|x|" + |y|". Then

Pr= sup f d(x, b(my)) du(x). (1.9)
mell(u,v)

The reformulation of the robust pricing problem given in (1.9) plays a key role in our explicit

solution of the weak transport problem in the case where @ is a put or call option (see Section 2.2).

(1.9) can also be used to formulate our superreplication theorem 1.2 in the language of optimal

In principle we could allow for the hedge A to depend also on the value of X;, but as part of our results we will
obtain that this does not change the actual value of the superhedging problem.
In fact it suffices to consider functions A which are increasing.
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transport. We state here the corresponding theorem to highlight the connection with the classical
Monge-Kantorovich duality:

Theorem 1.5. Assume that u is a continuous probability on a Polish space X and v a probability
onRY, d € N, with finite r-th moments, for some r > 1. Assume that ¢ : X X RY — R is continuous
and has at most growth of order dx(x, xo)" + |[y|" (where xq is an arbitrary fixed point in X and dx
is a compatible, complete metric on X). Then we have

sup  [c(x, b(ry)) du(x) (1.10)
mell(p,v)
=inf{[odu+ [wdv: ey < e@) +y(2) + AGDO2 =y forall xyrya} (111
= inf{fgpdp + flﬁdv ce(x,y) < o(x) +Y(y) forall x,y, ¥ convex} , (1.12)

where the infimum is taken over continuous functions ¢, that are bounded in absolute terms by a
multiple of x — (1 + dx(x, x0))", y = (1 + [y|)’, respectively, and A is measurable.

1.4. Organisation of the paper. In Section 2 we reformulate the robust pricing problem in
discounted terms (with all quantities expressed in units of 75-bonds) and illustrate in the case of
caplets our results on superreplication duality and characterization of primal and dual optimizers.
In Section 3 we formulate and prove our new results for the weak optimal transport problem, and
from these we derive the results stated in the introduction.

2. ROBUST PRICING PROBLEM

2.1. On discounting. Throughout this section, we work in the framework described in Sec-
tions 1.1-1.2, thus in particular under Setup 1.1. Recall that we discount our financial instruments
by expressing them in terms of 7>-bonds, see (1.3). In particular we consider

— 1 _ p(T ,T3) _
Xi=smmy = p(Ti,Tz)’ Yy = p(T2, T3).

Then a generic T»-forward measure is compatible with the information given by the market if for
all K > 0 (cf. (1.1))

CT. 12, K) _ par, [(P(Tl’ ) -K)*

]:E@éul—Kxow,

p(0,T>) p(T1,T2) 2.1)
C(T2,T3,K) _ 5O, (p(T2,T3) - K)* = EQ (Y, — K)* ‘
p(0,T5) g [ p(T2,T>) ] s lee =B

Therefore, by Breeden and Litzenberger (1978), from the observed call prices we can deduce the
distribution under Qr, of X and Y>, which we denoted by u and v, respectively.

We are interested in a derivative of the form ®(p(Ty, T>), p(T1, T3)), with maturity 7. In terms
of T»-bonds, its payoff equals

Q(p(T1,T2), p(T1, T3)) _ (D(i E)X
p(T1,T2) a

This justifies our notation in Section 1.2, where we denoted the discounted payoff as a function of
X 1s Yll

X, 1)), (2.2)

i.e. formally we define

. 1
O(x1,y1) = q)(—, y—l)xl. (2.3)
X1 X1
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According to a T»-forward measure Qr,, the discounted price for such a derivative is then
ar, | @21, T2), p(T1,T3)

E =B |O(Xy, 11)|.
p(T1,T2) ] [ ]
Therefore, the robust price bounds are given by optimization problems (cf. (1.7))
inf B [®0x, 1), sup B2 [D(X;, Y))]. 2.4)
Qr, €Q,v) Qr,€Q(u.v)

On the other hand, the products available for trading in the market suggest the following semi-
static hedging strategies, again expressed in discounted terms:

e(X7) + Y (Y2) + AXy, Y1) (Y2 = Y). (2.5)

Here the static parts ¢(X;), ¥(Y>) can be approximated by call options written on p(Ty, T7) and
p(T3, T3), respectively, whereas the dynamic part A(Xy, Y1)(Y2 — Y1) corresponds to rebalancing
the portfolio in 7 in a self-financing way, between T»- and 73-bonds, according to A. The quantity
in (2.5) then amounts to the value of such a portfolio at time 7. In fact, we find that it suffices to
rebalance at time 7'; only depending on the value of Y1, that is, it suffices to consider strategies of
the form A(Y) rather than A(X}, Y;), see Theorem 1.2.

2.2. Robust pricing of caplets: primal and dual optimizers. In this section we consider vanilla
derivatives of the type ® = (p(T1,T3) — K)*, and comment on their primal and dual optimizers.
W.l.o.g. we can consider K = 1. In discounted terms, this leads to considering the following
function in (2.2):

O(xy) = -2".
By Proposition 1.4, the robust pricing bounds in (2.4) can be computed via

L f (br) — )" du(0), 2.6)
sup f (b(ry) — x)" du(x), .7)
ell(u,y)

respectively. In Section 3.4 we discuss in detail the WOT for cost functions of the form C(x, p) =
6(b(p) — x), where 0 is convex or concave. In particular we will determine the primal as well as
dual optimizers and thus obtain the solutions to the problems (2.6) and (2.7):

e Lower bound. The optimizer for the lower bound (2.6) is determined by the so called weak
monotone rearrangement of u and v (see Alfonsi et al. (2020) and Backhoff-Veraguas et al.
(2020b) for details): Briefly, by using * to indicate a push-forward measure, and <. to
denote convex order between measures , the family

{T : R —» R, T is monotone, 1-Lip, T..(1) <. v}

has a unique element 7 for which the Wasserstein-1 distance “W; (i, T.(11)) is minimized.
(2.6) is then minimized if we put ¥Y; = T(X;) and couple Y; and Y, by an arbitrary

martingale coupling of T.(«) and v. In particular, in this market model, X; = m and
_ pT1.13)
Y = oI\ Ty Are comonotone.

The corresponding sub-replication strategy is determined in Example 3.13, (3.35). It
consists in the static position of being short a call on X (that is, short puts on p(7, T3)) and
holding a call on Y, (that is, holding a call on p(7T,, T3)), and on rearranging the portfolio
at time 7| (between the T» and the T3 bonds) in order to hold one unit of the T3-bond if Y;
is above a certain threshold and else investing all in the 7-bond.

Two measures V', v € P;(R?) are in convex order, denoted by v <. v, if f 0dv' < f @dy for all convex : R — R.
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e Upper bound. On the other hand, the upper bound (2.6) is obtained in a market where
Y) = Y, as. and where X1, Y; are coupled through the anticomonotone coupling. In
particular,

p(T1,T3) = p(T1, To)p(T>,T3) a.s.

The corresponding superreplication strategy (Example 3.13, (3.36)) consists in a static
position of holding a put on X (that is, long calls on p(T', T>)) and being short a put on Y,
(that is, short a put on p(7T5, T3)), and on rearranging the portfolio at time 7 (between the
T, and the T3 bonds) in order to be one unit short in the 7T3-bond if Y; is below a certain
threshold and else investing all in the 7>-bond.

3. WEAK OPTIMAL TRANSPORT PROBLEM

For the convenience of the reader who is potentially unfamiliar with the mathematical finance
aspect of this work, this section can be read independently of the previous sections. The optimal
transport problem for weak transport costs (WOT) was initiated by Gozlan et al. (2017) motivated
by applications in geometric inequalities. Their contribution kicked off a vivid research activity
by various groups: Gozlan et al. (2018); Alfonsi et al. (2019, 2020); Gozlan and Juillet (2020);
Alibert et al. (2019); Shu (2020); Backhoff-Veraguas et al. (2019, 2020b); Backhoff-Veraguas and
Pammer (2019, 2020).

In this section we use techniques established in WOT to prove our main results (stated in the
Introduction). On the way, we prove some auxiliary results that might be of independent interest.

Specifically, we will show in Theorem 3.7 that, for y, C continuous, the WOT transport problem
can be reduced to the case where the cost function is convex in the second argument. We prove
that

negl(/g,v) j; C(x, 7)) p(dx) = negl(;f;,v) L C™ (x, my) u(d), 3.1
where for each x, the function C**(x, -) denotes the convex hull of the function p — C(x, p). This
reduction is relevant since virtually all results obtained in WOT so far assume convexity in the
second argument.

In Subsection 3.3 we consider a particular class of WOT problems, where the cost function
is barycentric. We draw a connection of barycentric costs to a specific class of OT problems
where the second marginal is not fixed, but has to satisfy a convex order constraint. Moreover we
derive duality results for semi-continuous costs of barycentric type that closely resemble classical
Monge-Kantorovich duality.

3.1. Notation and setting. Fix r € [1, +c0). We denote by X and Y Polish spaces with compatible
metrics dy and dy. We denote by $,(X) the set of probability measures on X which finitely integrate
x = dx(x, xp)" (for some xg € X and therefore also for any), and we equip it with the Wasserstein
distance ‘W,.. For any pair of measures (i, v) € P(X) X P,(X) their distance is given by

W, (u,v)" = inf f dx(x, x") n(dx, dx).
well(u,v) XxX

The set of continuous functions which are absolutely bounded by a multiple of 1 + dx(x, xo)"

is denoted by ®.(X). For products X x Y of Polish spaces, we will consider the metric

dr((x, X)), (0, Y))" = dx(x,x') + dy(y,y’)" and the corresponding Wasserstein space P.(X X Y).

We will often use the notation u(f) to abbreviate fX f(x) u(dx).
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3.1.1. The weak optimal transport problem. We define the weak transport problem for a measur-
able cost function C: X X P(Y) — R, where we write R for the extended real line R U {#o0},
as

inf C(x, mry) pu(dx). WOT
Lt fX (x, ) u(dx) ( )

As the disintegration of a measure is measurable but by no means (weakly) continuous, we observe
an inherent asymmetry in (WOT). To be able to obtain results like existence of minimizers
and duality, additional assumptions were made about the cost function C in the literature. A
minimal assumptions to have both existence and duality is, besides lower semicontinuity and lower
boundedness of C, that

Vxe X: p+— C(x,p)is convex, (3.2)

see Backhoff-Veraguas et al. (2019). The key observation therein is that the spaces X and Y play
different roles: X is like the state space of a stochastic process at time 1 and Y like the state space
at time 2.

3.1.2. The adapted weak topology. When we regard X x Y as the path space of discrete-time
stochastic processes (with two times), it is apparent that the weak topology on P(X x ) is not fit to
account for closeness of stochastic processes as it is ignorant to the temporal information structure.
For this reason it is of interest to equip P(X x V) with a stronger topology, the so-called adapted
weak topology. A more detailed discussion of this topology can be found in Backhoff-Veraguas
et al. (2020a) and Eder (2019). In our setting, where the interest lies on a single time step, this
topology can be introduced in the style of Backhoft-Veraguas et al. (2019) by virtue of the following
embedding:

J: PX X Y) = PXXPWY)): 1+ (x,7,).(projl n), (3.3)
where proj’ stands for the projection onto the i-th component. The adapted weak topology on
P(X x Y) is then defined as the initial topology induced by J. Note that J restricted to P(X X V)
maps to P(X X P,(Y)), where (one possible candidate for) the metric on the latter space is given by
dxxp.((x,p),(x',p")) = (/dx(x, X+ W.(p, p’)". We call the initial topology of J restricted
to P (X x YY) the r-adapted Wasserstein topology which is induced by the metric

AW, (r,7') := W, (J(n), J(x')), (3.4)
where r, " € P(XxY), and W, here is the Wasserstein distance on P (XX P (Y)) W.r.t. dyxp,(v).

3.1.3. The relaxation of WOT. In light of the embedding J it seems natural to introduce a relaxed
version of (WOT). As we are interested in processes with prescribed marginals (u, v), we start by
making sense of what it means for a measure in P(X X P(Y)) to have v as its “second marginal".
To this end, consider the intensity maps [: P(X x P(Y)) —» P(X x Y) and I: P(P(Y)) — PV),
where for P € P(X x P(Y)) and Q € P(P(Y)) their intensities /(P) and I(Q) are given by the
unique measures satisfying

Kmm=f f?mwmmmmw>wc@mxw, (3.5)
XxPY) JY

K@m=f f?wmmg@>wc@wx (3.6)
PY) JY

respectively. Note that [ is the left inverse of J, i.e. I(J(x)) = n for any 7 € P(X x Y). We denote

by P(X ~» Y) the set of probability measures on X X Y concentrated on the graph of a measurable

function. Then J maps in fact into P(X ~» P(Y)), and [ restricted to P(X ~» P(Y)) is its inverse.
We define A(u, v) € P(X X P(Y)) by

A(u,v) = {P € PX x P(Y)): I(P) € T(,v)}. (3.7)
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Since proj! (I(P)) = proj! P and proj?(I(P)) = I(proj? P), we obtain

A ) = [P € PX X PY)): projt P =p, Iproj2 P) = v} = | | T, v). (3.8)
V' eP(PY))
10V)=v
Clearly, we have that J(II(u, v)) € A(u, v), but there is even more to it. As long as u is atomless,
we have by the next lemma that J(I1(u, v)) is dense in A(u, v).

Lemma 3.1. Let u € P(X) be continuous andv € P(Y). Then the set J(I1(u, v)) = Alu, vVINP(X ~>
PY)) is dense in A(u, v).

Proof. 1t is well-known that, for a continuous probability measure y on some Polish space X and
an arbitrary probability measure v on some Polish space Z, the set [T1(u, v') NP(X ~ Z) is dense
in I1(w, v'). This means here that, for each v/ € P(P(Y)), we have denseness of I1(u, v') N P(X ~»
P(Y)) in I1(u,v’). Hence, (3.8) yields denseness of

AN NPEX ~>PW) = | ] Ty)NPE ~ PWY)

V' eEPPY))
1V)=v
in A(u, v). Finally, since [ restricted to P(X ~» P(Y)) is the inverse of J, we have that J : Iy, v) —
P(X ~ P(Y)) N Ay, v) is a bijection and J(IT(, v)) = P(X ~ P(Y)) N Au, v). O

3.1.4. On the process interpretation of the relaxation. A common interpretation of probability
measures 1 € (i, v) in optimal transport is to view & as the law of a stochastic process (X, Y)
where X ~ p and Y ~ v. Due to the inherent asymmetry of (WOT), this point of view seems even
more natural in the framework of weak optimal transport. Then (WOT) is equivalent to

inf X, Z(Y|X))].
oot E[CX, Z(Y1X))]
X~u,Y~v
We can relax this problem by considering triplets (X, Y, ) where X ~ u, ¥ ~ vand ¥ 2 o(X).
The corresponding minimization problem reads as

inf E[C(X, Z(Y|F))]. 3.9
XY, 7)
X~ Y~vF 20(X)

Any such triplet (X, ¥, ¥) (on some abstract probability space) induces an element of P(X X P(Y))
via Z(X, £ (Y|F)). In the same way, elements of P(X x P(Y)) allow to be interpreted as 1-time
step stochastic processes with non-trivial filtration, which is fleshed out in the next lemma.

Lemma 3.2. Let (u,v) € P(X)XP(Y). Let X be a I-time step stochastic process (X1 = X, X, = Y)
with filtration (7‘?)?21 on an abstract probability space such that X ~ yu and Y ~ v. Then there
exists PX € A(u, v) with

E[F(X, ZYF1)] = f F(x, p) PX(dx,dp) (3.10)
XxP(Y)

for all measurable F: X x P(Y) — R for which the left-hand side in (3.10) is well-defined.
On the other hand, any P € A(u,v) induces a process X with X ~ ywand Y ~ v such that (3.10)
holds for any F where the right-hand side of (3.10) is well-defined with PX = P.

Proof. Define PX as the law of (X, . Z(Y|71)), then (3.10) is satisfied. To see that PX belongs to
A(u,v), we note that X ~ u = proj. PX. Moreover, for any f € C(Y) we find

f f £O) pldy) PX<dx,dp>=E[ f FO0) LAFD@E)| = LA,
XxPY) JY Y
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which proves that the intensity of the second marginal of PX is v, hence, PX € A(u, v) by (3.8).

Now, fix P € A(u,v). Define a filtered probability space by X x P(Y) x Y with o-algebra
F = B(X) ® B(P(Y)) ® B(Y), probability measure P(dx, dp, dy) = P(dx,dp)p(dy), and filtration
F1 = ol(x, p,y) > (x,p), F2 = F. We consider the process (X(x, p,y) = x,Y(x,p,y) = y).
Clearly, we have Z(X) = u. To see that Z(Y) = v, it suffices to show Z(Y|F1)(x, p,y) = p
P-almost surely, since then Z(Y) = E[.Z(Y|F; p P(dx,dp) = I(proji P) = v. By
P(dx,dp,dy) = P(dx,dp)p(dy) we have

)] = fXxP(y)

ZLYI|F1)(x,p,y) =Py, =p P-almost surely.

As a consequence we get Y ~ v and

f F(x, p) P(dx,dp) = f F(x, p)P(dx,dp,dy)
XxP(Y) XXP(Y)xY

=E[FX, ZXYF1))] = f F(x, p) PX(dx,dp),
XxP(Y)

for any F: X X P(Y) — R such that the left-hand side is well-defined. This equation determines
the distribution of PX, thus we conclude with P = PX, O

In Lemma 3.2 we found that for each element of A(y,v) there is a stochastic process X such
that (3.10) is satisfied and vice versa. In this sense, A(u,v) can be seen as the set of stochastic
processes X with not necessarily canonical filtration, which are at time 1 distributed according to
u and at time 2 according to v. The following result is an immediate consequence.

Corollary 3.3. The values of (3.9) and

inf C(x, p) P(dx,d WOT’
pant fX ) (x, p) P(dx, dp) ( )

coincide.

3.2. Weak transport duality for non-convex cost. The main result of this section is Theorem 3.7,
that can be seen as a justification for the convexity assumption on the cost C, in the sense of (3.2).
First we show, in Proposition 3.5, that the relaxed problem (WOT”) coincides with a weak transport
problem (WOT) when the cost C is convexified. Then in Theorem 3.7 we obtain that the values of
(WOT) and (WOT’) coincide (even without convexification of C) for continuous cost when the first
marginal i is atomless. Hence, when one is solely interested in the value of (WOT) for continuous
cost, it is of no harm to convexify C and thus work in the framework of classical WOT theory.

For the sake of completeness we include the following (slightly more general) version of the
first assertion of (Backhoff-Veraguas et al., 2019, Theorem 3.1), where we weaken the assumption
that C is bounded from below to (3.11). So far the weak transport duality was usually stated in the
form of (3.12) using an inf-convolution instead of pairs of dual functions, c.f. (Gozlan et al., 2017,
Theorem 9.6), (Alibert et al., 2019, Theorem 4.2) and (Backhoff-Veraguas et al., 2019, Theorem
3.1). Another minor contribution of the next theorem is the harmonisation of the weak transport
duality to the Kantorovich duality (known from classical optimal transport) in terms of dual pairs
instead of utilizing an inf-convolution, see (3.12) and (3.13).

Theorem 3.4 (Duality). Let (u,v) € P(X) X P (M) and C: X X P(Y) — R U {+0c0} be lower
semicontinuous such that there is a constant K > 0 and (xo,yo) € X X Y with

C(x.p) 2 =K (1 + dx(x, x0)" + Wi(p,8y)"). (3.11)
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Then
inf f Clx. p) Pdx.dp) = sup () + f Rew() p(d) 3.12)
PEA(/,[,V) weq)r(y) X
= s VW) ), 3.13)
ped,(X), yed,(Y)
@(x)+pW)<C(x,p)

where Rey(x) := inf {—p(¥) + C(x, p): p € P(Y)} and fXRcw(x) u(dx) := —co if the integral of
Rey w.r.t. uis not well-defined.

Proof. Define the auxiliary cost function C: X x P(Y) — [0, +c0) by
C(x, p) = Cx, p) + K (1 + dx(x, x0)" + Wi(p.6y,)).

where (x, p) € X X P(Y). For any P € A(u, v) we have
f 1+ dx( x0) +W,(p,6,,) P(dx, dp)
XXP(Y)
“1+ f dx(x, x0) u(dx) + f f dy(v.yo) p(dy) P(dx.dp)
X XXPY) JY

. fx (e, x0) u(dx) + fy dy(y.yo) V(dy).

and therefore

f C(x, p) P(dx,dp) = f C(x, p) P(dx, dp)
XxXP(Y) XxP(Y)

+K (1+ L dx(x, xo)" p(dx) + L dy(y,yo)’V(dy))-

For any ¢ € ©,(Y) we write

P =y + K (1 +dy(y.y0)") € 21(Y)

and we obtain the following relation between the inf-convolutions of C and C:

Rep(x) = peipnrf ) -p() + C(x, p)

inf —p@)) + C(x, p) + K(l +dx(x, x0)" + f dy(y,y0)" p(dy))
PEPH(Y) Yy

inf —pW) + C(x, p) + Kdx(x, xp)"
pelp, L pW) + C(x, p) x(x, x0)

= Rey(x) + Kdx(x, xp)".

In particular, the u-integral of Rz is well-defined if and only if the u-integral of Rci is. Since C
is bounded from below and lower semicontinuous, (Backhoff-Veraguas et al., 2019, Theorem 3.1)
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yields

nf [ Ceppandp = s o+ | Revcoun
PEAY) JxxP () Yed () X

= sup v(y)+ f Re(x) + Kdx(x, x0)" u(dx)
ved (Y) X

=K (1+ L dx(x, xo)" p(dx) + L dy(y,yo)’V(dy))

+ sup V() + f Rei(x) u(dx).
Ye@,(Y) X
Rearranging the terms and relabeling ¢ as i yields (3.12).

The next goal is to show (3.13), which resembles more closely the classical Kantorovich duality.
By the first part of the proof, we may assume w.l.0.g. that C is nonnegative. It is well-known that
for any lower semicontinuous, nonnegative function f (on a metric space), there exists a sequence
of nonnegative functions (fi)rer such that f; is k-Lipschitz continuous and absolutely bounded by
k,and fi / f.

Let (Cy)ren be such a sequence for C. Monotone convergence and existence of minimizers, see
(Backhoff-Veraguas et al., 2019, Theorem 2.9), yield

sup inf f Ci(x, p) P(dx,dp) = inf f C(x, p) P(dx,dp).
kp PEAWY) J XxP(Y) PEAY) J XxP(Y)

Assume for a moment that (3.13) holds for all £ € N, then

inf f Ce.p)Pdrdp)=sup  sup  v(d) + (@)
PEAY) J XxP(Y) k ged (X),yed, (V)
@(xX)+pW)<Cr(x,p)

< sup V() + u(p)
0ed,(X), yed(Y)
@(x)+pW)=<C(x,p)

< inf P(dx,dp).
< nt [ ey Pxap

Therefore, the inequalities are in fact equalities and (3.13) holds even for C as in the statement of
the theorem.
It is sufficient to show (3.13) for k-Lipschitz weak transport costs C, k € N. When C is
k-Lipschitz, its inf-convolution Rcy is also k-Lipschitz as the next computation shows:
IRcyp(x) = Rey(x)] < sup |C(x, p) — C(xX', p)I < kdx(x,x).
pEPH(Y)
As a consequence we have that Rcy € @,(X), and

sup )+ [ Rebu@n> s v+ ute)
Yed,(Y) X 9eD,(X), Y, (Y)

e(O)+pW)<C(x,p)
On the other hand, the reverse inequality is easy to show: Let ¢ € ®,(X) and ¢ € ®,.(Y) such that

o(x) + p(¥) < C(x, p). Then (x) < —p(Y) + C(x, p) for all (x, p) € X X P.(Y), hence,
e(x) < i;}fy) -p(W) +C(x,p) = Rcy(x) VYxeX.
D

r

The supremum in the duality of (Backhoff-Veraguas et al., 2019, Theorem 3.1) is taken over all functions y € ®,(Y)
which are bounded from above. Therefore, Rsy is bounded from below and its y-integral is well-defined. We circumvent
this by defining the u-integral of Rcyr appropriately, that is —co, whenever it is not well-defined.
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Therefore we have
VW) + u(g) < V() + fX Rew () (),

which readily shows the reverse inequality and completes the proof. O

Proposition 3.5. Let u € P(X) and v € P(Y). Assume that C: X X P(Y) — R U {+oo} is mea-
surable and bounded from below as in (3.11). For each x € X, we denote by C* the lower semi-
continuous convex envelope of C(x, ), and define C(x, p) = infoep, @,y 100)=p f C(x,q) 0(dq).
Then

nt f Clxp) Pldx.dp) =, inf f C(x. p) P(dx. dp) 1)
= f C(x 7o) p(d) (3.15)
Z pet f CY (p) P(dx, dp) (3.16)
= onf f C () pu(d). (3.17)

Moreover, if C(x,-) is lower semicontinuous for all x € X, there is equality.

Proof. Let P € A(u,v). For disintegrations (Py)yex and (my)xex of P and m w.r.t. u, respectively,
we have by definition of the intensity maps, c.f. (3.5) and (3.6), the relation

I(P,) = nm, u-almost surely.
Due to (3.18), we have

f C(x, p) P(dx,dp) > f C(x, p) P(dx,dp) = f f C(x, p) P.(dp) p(dx)
XXP(Y) XXP(Y) X JP.(Y)
> [ Cenmuan > | ey,
X X

Evidently, (3.16) is dominated by (3.17), and at the same time we have because of Jensen’s
inequality

f C2*(p) P(dx, dp) = f f 2 (p) Po(dp) p(dx) > f Co (1P u(d),
XXP.(Y) X JP.(Y) X

which proves that (3.16) and (3.17) coincide.

It remains to show that the left-hand side of (3.14) is dominated by (3.15). Pick & € Il(w, v),
and note that the map (x, p) — C(x, p) is lower semianalytic by (Bertsekas and Shreve, 1978,
Proposition 7.47). Moreover, D := {(x,p, Q) € X X P (Y) X P(P.(M)): I(Q) = p} is closed.
Therefore, by (Bertsekas and Shreve, 1978, Proposition 7.50) there is, for each £ > 0, an analytically
measurable function (x, p) — Q*” with

f C(x,q) 0*P(dg) < C(x,q) + &.
P.Y)

The intensity of P(dx,dq) := u(dx) Q*™(dq) is given by

I(P)(dx, dy) = u(dx) I(Q*™)(dy) = u(dx) mx(dy) = n(dx, dy).
Thus P € A(u,v) and

f C(x, p) P(dx,dp) = f f C(x, p) Q%" (dp) u(dx) < f Cx, my) p(dx) + .
XxP(Y) X JIP(Y) X

We see that (3.15) dominates the left-hand side of (3.14) by recalling that € > 0 was arbitrary. O
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Lemma 3.6. Under the assumption of Proposition 3.5, we have that, for all (x,p) € X X P.(Y)
and Q € PP (Y)) with I(Q) = p,

Ci(p) < C(x, p) < f

C(x,q) Q(dg). (3.18)
PLPAY))

Moreover, if C(x, ) is lower semicontinuous there is equality, that means C%*(p) = C(x, p) for all
p € PrY).

Proof. By Fenchel’s duality theorem, for all p € P,(Y) we have that

Cy(p)= sup p@)— sup q)—C(x,q)= sup p)+ Rey(x),
Yed () ) e, (V)

and C;*(p) < C(x, p). Therefore, we have for any Q € P.(P.(Y)) with I(Q) = p that

C(p) < f C** (@) O(dq) < f
Pr(Y)

Taking the infimum over all Q € P.(P,(Y)) with I(Q) = p shows the first inequality in (3.18).

To see the second inequality in (3.18), we observe that the map g — C(x,q) is by (Bert-
sekas and Shreve, 1978, Proposition 7.47) lower semianalytic, and that D = {(p, Q) € P.(Y) X
P.(P(Y)): I(Q) = p} is closed. Therefore, by (Bertsekas and Shreve, 1978, Proposition 7.50),
for each & > 0 there is an analytically measurable function g — Q9 with

: C(x,q) Odg).

'

f Clx,q) 0Udq) < Clx.q) + & Vg e PUY).
P(Y)

We now compute the intensity of Q(dq) = fp W) o7 (dg) 0(dq’):

I(Q)=f I(Qq')Q(dq’)=f q QWdq’) = 1(Q) = p.
Pr(Y) Pr(Y)
Hence,

Clx, p) < f C(x, q) Odg) < f C(x, g) 0(dg) + &,
P (Y)

r(
which proves the second inequality in (3.18) as ¢ is arbitrary.
If C(x, -) is lower semicontinuous, we have by Theorem 3.4

sup p(¥) + Rey(x) = kr(léf ” C(¥', p) P(dx',dp) = C(x, p),

Yed,(Y)
whence, C3*(p) = C(x, p) for all p € P(Y). O
Theorem 3.7. Assume that u € P(X) is continuous, v € P(Y), and C € ©.(X X P.(Y)). Then
inf C(x,m) u(dx) = inf C () u(dx). 3.19
) L ( ) u(dx) et L () p(dx) (3.19)

In particular, the minimization problems (3.14)-(3.17) yield the same value.

Proof. By Proposition 3.5 it remains to show that

inf P > inf .
patt f C(x,p) (dx,dp)_ﬂegw’v) f C(x, my) u(dx)

As u is continuous, Lemma 3.1 provides for any P € A(u, v) a sequence PX € A(u,v) N P(X ~»
P.(Y)) such that PX converges to P weakly. Since (i, v) € P(X) xP.(Y) is fixed, this convergence
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holds even in ‘W, (on P(X X P(Y))). Let 75 € TI(u, v) with J(7*) = P*, k € N. Then

inf fC(x,ﬂx)u(dx)SliminffC(x,n];),u(dx)
X k—+oo Jx

mell(u,v)
= lim C(x, p) P*(dx,dp) = f C(x, p) P(dx,dp).
ko0 Jxxp () XxP(Y)
As P was an arbitrary element of A(u, v), this concludes the proof. O

Proof of Proposition 1.4. First note that clearly the robust optimization problem in (1.7) can be
reformulated as in (3.9). Then (1.9) follows from Corollary 3.3, Proposition 3.5 and Theorem 3.7.
O

Remark 3.8. Recall the definition of C(x, -) from Proposition 3.5. Assume that C(x, -) is concave
in the following sense:

j; ) C(x,q) Q(dg) < C(x,1(Q)) YO € P(PH(Y)), (3.20)

which is satisfied as soon as C(x, -) is concave, lower/upper semicontinuous and sufficiently bounded
from above, by Lemma 3.9. It turns out that then C(x, -) is in fact linear. Indeed, let p € P.(V).
The pushforward measure Q* := (y + 6,).p clearly constitutes an element of ,.(,(Y)) where
I1(Q) = p. Consequentially we deduce

C(x,p)= inf C(x, dg) < C(x,q) Q*(dg) = | C(x,6,) p(dy). (3.21
(x, p) er:??r(y))fpr(y) (x,q) O( Q)<f7;,(y) (x,q) Q" (dq) L (x,6y) p(dy). (3.21)
1(Q)=p
On the other hand, due to (3.20) we have
f Clx.8,) pldy) = f f C(x,8,) g(dy) Q(dg) < f Cluq)0dg).  (322)
Y P,Y) JY P,(Y)

for all Q € P.(P.(Y)) with I(Q) = p. Thus the left-hand side of (3.22) is dominated by C(x, D).
By combining this with (3.21), we derive

. p) = fy C(x.8,) p(dy).

Therefore, (3.14) reduces to a classical optimal transport problem with cost c(x, y) := C(x, 6y):

inf C(x,p) P(dx,dp) = inf f c(x,y)n(dx, dy).
- fX oy CEPPUsdp) = nr [ oy

Lemma 3.9. Let F: P.(Y) - R U {+o0} be convex. Assume that one of the following holds:

(a) F is lower semicontinuous;
(b) F is upper semicontinuous and upper bounded by a multiple of p — W,.(p, po)’, where
po € Pr(Y) is fixed.

Then we have

FU(Q)) < f )F(q)Q(dq) V0 € P (PrY)).

r(

Proof. Fix Q € P.(P(Y)). If (a) is satisfied, the inequality is a simple consequence of the
representation of F via the Fenchel-Moreau theorem.
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Now assume that (b) holds. Since P,(Y) is Polish, there exists by (Kallenberg, 2002, Lemma
3.22) amap h: (0,1) - P.(Y) such that Q = h,A, where A denotes the Lebesgue measure on
(0,1). We define, for 1 <k <neN,

k

QZ(dq) = njl:l 6},([) dt.

n

- . i
It is immediate that - 7| O} = Q, and

r r
1 ¢ 1< !
W= > onons =W,|- D> & , Onr) dt
r[n; Q) Q] r{nz "fké;l h(t)dtj; h(o) J

k=1

1 4 k r
<2 [6 5 o1 f Oh(r) dz]

i3 "f, nayd " Jit
= ( Mnmhuﬂ

k=1

k

=n f Wi (h(0), h(s))" dt ds

k=1

up {f W, (h(), h(s)) x(dt,ds): y € TI(4, 2)
(0,12

1
f i ls — 1" x(dt,ds) < ;} ,
0,1

where we applied multiple times Jensen’s inequality (which is possible in this settings thanks to
the first part of this lemma). The right-hand side vanishes for n — +oo by (Eder, 2019, Lemma
2.7). Due to convexity of F, we have

IA

IS 1<
F( =F|- I0OH|< - FUI(OY)).
(1(Q)) [n ; (Qk)) <~ kZl Q)
We conclude by taking the limit superior for n — +o0, which yields by upper semicontinuity

F(I(Q)) < limsup — ZF(I(Qk))<L(y)F(q)Q(dCI)-

n—+00

O

3.3. Barycentric cost functions. A cost function C: X x P1(R¢) — R is called barycentric if, for
any x € X, p,q € Pr(Rd), we have the implication

b(p) =blg) = C(x,p) =C(x,q), (3.23)
where we recall that b(p) denotes the barycenter of p. An equivalent way of introducing a
barycentric cost function C is to select any ¢: X x RY — R and let

C(x,p) = c(x,b(p)), (x,p)€XxPi(RY).

Weak optimal transport problems where the cost function C is of barycentric-type have been
recently investigated by various authors in different contexts, see Gozlan et al. (2018, 2017);
Gozlan and Juillet (2020); Shu (2020); Alfonsi et al. (2020); Daskalakis et al. (2017); Backhoft-
Veraguas et al. (2019, 2020b); Backhoff-Veraguas and Pammer (2020). Typically in these papers,
X was also given as R? and C(x, p) = 6(b(p) — x) for some convex 6: RY — R. Motivated
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by functional inequalities, this particular problem was explored by Gozlan et al. (2017, 2018);
Shu (2020); Gozlan and Juillet (2020). On the other hand, in Fathi et al. (2020) it was used
to give a new proof to Cafarelli’s contraction theorem. In Alfonsi et al. (2020) the authors are
mainly motivated by applications in robust mathematical finance. They use the barycentric WOT
problem to construct a sampling technique preserving the convex order, which can then be used
to approximate martingale optimal transport problems. Finally, in Daskalakis et al. (2017) the
barycentric WOT problem appears in the context of revenue maximization and mechanism design
in economy. For a clearer connection of this topic to WOT we refer to Backhoff-Veraguas and
Pammer (2020).

The next proposition fleshes out the intrinsic connection of (WOT’) with barycentric C and
the convex order (and thereby convex functions). Recall that we denote by <. the convex order
between measures. For the special case when the cost C(x, p) is given by 6(b(p) — x) the results of
the next proposition can be (partially) found in Gozlan et al. (2017) and Backhoff-Veraguas et al.
(2019).

Proposition 3.10. Let u € P.(X), v € P,(RY), and C be measurable and barycentric such
f C(x, p) P(dx,dp) is well-defined for any P € A(u,v). Then

inf P(dx,dp) = inf inf 8,) n(dx, dy).
(a) pant fX - C(x, p) P(dx, dp) Jnf inf fx - C(x,6y) m(dx, dy)

(b) In addition, if C is lower semicontinuous and satisfies (3.11), then

inf C(x,p) P(dx,d
ptl fx i (x, p) P(dx, dp)

= sup {v(¥) + u(Rcy): ¥ € DLR?) and concave)
= sup {u(g) + v(Y): ¢ € O(X), concave v € DRI, p(x) +Y(y) < C(x.6,) ¥(x,y) € X x R
= sup {u(p) + v(¥): ¢ € O(X). ¥ € DR, A R! 5 R,
O(x) + ¥(2) + AY)(z - y) < C(x, 8y) Y(x,3,2) € X x R x R},
where Rei is as in Theorem 3.4.

Remark 3.11. Similar results hold for the corresponding WOT problem, c.f. (WOT), when ad-
ditional convexity/concavity is assumed. When C(x,-) permits for u-almost every x Jensen’s
inequality in the following form

C(x, f qQ(dq)) sf C(x, q) O(dg) (3.24)
P, (RY) P, (R4)

for all Q € P.(P.(R?)), then C(x,-) coincides u-almost surely with the function C(x, -) that was
defined in Proposition 3.5. So, if either (3.24) is satisfied or u is continuous, we have, additionally
to (a) of Proposition 3.10, that

inf — inf inf ) ’ ,
negl(y,v) j); C(x’ ﬂx}ﬂ(dx) vl'rslcv nellll(l,tl,v’) f); C(x’ 6) ) ﬂ(dx dy)

by (3.15) and (3.19), respectively. For the same reason, we have, additionally to (b) of Proposi-
tion 3.10, that

nf [ Comou@n= s )R,
melluy) Jx Yed, (RY), concave
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Proof of Proposition 3.10. We first show (a). Let & € I1(u, V') with v’ <. v. By Strassen’s theorem
there is a martingale coupling 7™ € Ty,(v', v), where [Ty (v', v) := {n’ € I(V/, v): b(n,) = x p-a.s.}.
Define

P dp) = ) [ o(dp mtay)

Evidently, the first marginal of P is u. Then the next line of computations establishes P € A(u, v)
thanks to (3.8):

proj, (i(P)) = L y ) n(dx, dy) = fRd Y (dy) = projy (™) = v.
X

Since C is barycentric, we find
f C(x, p) P(dx,dp) = f C(x, ny) n(dx, dy) = f C(x,6,) n(dx,dy). (3.25)
XxP1(RY) XxP1(RY) XxR4

On the other hand, any P € A(y, v) induces a measure 7 € P(X X R?) with second marginal v/ <, v,
given by 7 := ((x, p) = (x, b(p))). P, so that

[ coprandp= [ c(wonp) Paxap)
XxP(RY) XxP1(RY)
= f C(x,6y) n(dx,dy). (3.26)
XXR4
To see that proj, 7 = v’ is in convex order with v, we pick any convex 6: R¢ — R and find that
Vo= [ aepyrandps [ p@Padp) = o)
XxP(RY) XxP1(R)

by Jensen’s inequality, which means that v' <. v. Hence, item (a) follows from (3.25) and (3.26).
Now, we prove (b). Let ¢ € ®,(R%) and Y™ be the convex envelope of . For any y € RY, we
have by Jensen’s inequality
O inf  py) < inf
PEPRY), b(p)=y PEPH(RY), b(p)=y
On the other hand, the right-hand side is convex and dominated by ¢, whence the inequality is
actually an equality. Therefore,

Rey(x) = inf —p@)+ C(x, p) = inf C(x,06,) + inf —-p(Y) (3.27)
PEPH(RY) yeRd PEP,RY), b(p)=y

= )lean:f C(x,0y) + (=)™ () = Re(=(=¢)")(x). (3.28)
Note that Rcy is p-integrable with u(Rcy) € [—o0, +00). As by definition (—¢)** < —, we have
V(W) + p(Rep) < v(=(=¢)™) + u(Re(=(=¢)™)),

whenever u(Rcy) > —oo. Since —(—)** is concave and the case pu(Rcy) = —oo is here of no
interest, we have shown the first equality in item (b).

The second equality can be shown with the same arguments as in the proof of Theorem 3.4. For
the third equality, consider any pair (¢, ) € ©,(X) X ®,(R?%). On the one hand, if  is concave,
then there exists a measurable selection A: RY — R¢ of the subgradient of —. Therefore,

@©(x) + ¥(2) + Az = y) < @(x) + ¥(y),

whence (¢, ¢, A) is admissible in the last supremum whenever (g, ) is admissible in the second
supremum.
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On the other hand, if there is a measurable A: RY — R? with
e(x) + Y(z) + A(y)(z — y) < C(x, by),

then we can define a concave function /(z) := inf{C(x, 0y) —p(x) = Az —y): (x,y) € X X R4},
Since ¢ > v, we find that (¢, ) is admissible for the second supremum and (@) +v(¥) < u(@)+v()),
which concludes the proof. O

Proof of Theorem 1.2 and Theorem 1.5. As already noticed, the robust optimization problem in
(1.7) can be reformulated as in (3.9). Then Theorem 1.5 follows directly from Theorem 3.7 and
Proposition 3.10, whereas Theorem 1.2 is a consequence of Corollary 3.3 and again Proposi-
tion 3.10. O

3.4. Primal and dual optimizers for convex barycentric costs. In this section we consider costs
of the form

C(x, p) = 6(b(p) — x), (3.29)
with 6: R — R convex, and investigate primal and dual optimizers for the problems
inf f 0(b(rry) — x) u(dx), sup f 0(b(rry) — x) u(dx). (3.30)
rell(u,v) Jr rell(u,v) JR

We first consider the maximization problem in (3.30). From Remark 3.8, we have that

sup [ 0bim) = Do = sup | oy - .y,
nmell(u,y) JR nmell(u,v) JR
that is, the problem reduces to a classical transport problem. A minimizer here is the anticomono-
tone coupling between y and v.

Let us now consider the minimization problem in (3.30). If i, v € $;(R), then Proposition 3.10
gives

neli%l(;fz,v) fR O(b(mry) — x) u(dx) = ggcfv neli_[n(lft’n) L 0(y — x) n(dx, dy). (3.31)

A minimal measure on R for the right-hand side, denoted by v* <. v, is given by the image of
p under the weak monotone rearrangement 7 of u and v, see Backhoftf-Veraguas et al. (2020b).
Note that T* = F ;} o F, p-almost surely.

In what follows we provide a (semi-)explicit representation of the dual optimisers.

Corollary 3.12. Let u,v € P1(R), and 6: R — R be convex. Then we have

it [0y -nud0 = swp )+ uke), (3.32)
mell(u,v) Yed(R), concave
sup fﬂ(y - x)n(dx,dy) = inf V() + p(R). (3.33)
nell(u,v) yed(R), convex

If there exist f € L'(u), g € L'(v) such that 6(y — x) < f(x) + g(y), then (3.32) is attained by ,
see (3.39), where T (x) is the weak monotone rearrangement of i and v. B

If there exist f € L'(u), g € L'(v) such that 0(y — x) > f(x) + g(y), then (3.33) is attained by ,
see (3.42), where T(x) := F;1(1 = F,(x)).

Proof. The first part of the corollary follows from Remark 3.8, Remark 3.11, and Proposition 3.10.
The primal optimizer of the upper bound is given by the anticomonotone coupling 74 € Il(u, v). It
satisfies

m ([T(X+),T(x)]) =1 u-almost surely,
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whence ¥(y) + Rcy(y) = 6(y — x) n%-almost surely. Moreover, i is convex on its domain, since
7 z—S(z) and 8_6(z) are nondecreasing. If O(y—x) > f(x)+&(y)for f € L'(u) and g € L'(v), then
the integral of ¢ w.r.t. v and the integral of Rcys w.r.t. u are well-defined in (—co, +c0]. Therefore,
W is a dual optimizer, since

f 0~ 0 7'(dx,dy) = | $() + Rep(x) n(dx, dy) = vph) + u(Rey).
RxR RxR
By (Backhoff-Veraguas et al., 2020b, Theorem 3.1), we know that n* € I1(u, v) given by

' (dx, dy) = p(dx) 7y (dy)

minimizes (3.32), where 7" is any martingale coupling with marginals (u, v*), and T is nondecreas-

ing and 1-Lipschitz. Due to (Backhoft-Veraguas et al., 2020b, Theorem 1.3) and the accompanying
concept of irreducible components, see (Beiglbock and Juillet, 2016, Appendix A), we have that

My eR: T() —x=T(y)—y}) =1 p-almost surely. (3.34)

Since T is nondecreasing and 1-Lipschitz, the map x — 7T (x) — x is nonincreasing, thus,
{yeR: T(x)—x=T(y) -y} is a closed interval for every x € R. For every z,7 in the inte-
rior of T(R) there are minimal x,x” € R with T(x) = z and T(x") = 7’. Therefore, S(z) = z,
S(7') =x, and

<7 = 1-8S@ =T -x2TK)-x" =7 -8,
i.e. z = z—8(z) is decreasing, from which we deduce concavity of . Furthermore, ¢ restricted
to{y e R: T(y) —y = T(x) — x} is linear, whereby we find by (3.34) that p-almost sureE/

fR YO ) (dy) =y (b)) = w(T(x),

and therefore

Y(T(2) + Rey(x) = 6T (x) - x).
If 0y — x) < f(x) + g(y) for f € Ll(,u) and g € L'(v), then again the y-integral of ch and the
v-integral of y are well-defined in [-co, +00). Due to concavity of i/, we observe that its v*-integral
is well-defined in [—oo, +00), and Rcy is convex (as the infimum over a jointly convex function)

yielding Reyr € L'(u). Therefore, Y is a dual optimizer, since
[ a-vrndn = [ orw-ouan = [ uzo+Resouan

= fRth//(y) ﬂﬁ@(dy) + ch(x),u(dx) = V(%) + u(Rep).
O

Example 3.13. In the setting of Corollary 3.12, let 6 be given by y — y*, and assume that u and v
are equivalent to the Lebesgue measure restricted to some interval /. Then the left-hand derivative
of 0 satisfies

0 y<ux,

1 else.

0-6(y —x) = {

We have already seen in the proof of Corollary 3.12 thaty = y—S(y)and y — y — S(y) are
nonincreasing and nondecreasing, respectively. Therefore, there are uniquely determined points
a,a € R such that

y=8S3»>0 Vy<a and y-S(»>0 Vy>a.
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If a € R, then

Y
Yy = f lcow(@dz=(a=yo)" —(a-y",

Yo
Ry(x) = inf(a - W HO=-0"=(@a-y)" =@-x"-(a-y),

whereas if a € R, then
_ y
50) = [ Maew@dz= =0 = G0 =),

Yo

Ry(x) = SUp=(y =" + 0o =D+ = D) = (=D + (o= D"
S

Note that the constants are canceling out. Therefore, removing the constants and differentiating
yields the triplets

(e, ¥ (2), A)) 1= ((@ = x1)*, (@ — y2)*, ~0-6(a — y)), (3.35)
(B0, 2). AG)) = (= (1 =D, (02 = @), I_0(1 — @), (3.36)
for (x1,y1,y2) € R3, which are optimizers of

sup {u(@) + v(): @(x1) + ¥(y2) + Ay1)(y2 — y1) < (i —xp)" for all x1,y1,y2},
inf {u(e) + v(¥): @(x1) + ¥ (r2) + A1) (y2 — y1) = (y1 — x1)* for all xi, y1,y2},

respectively.

We remark that the construction in Lemma 3.14 is by no means novel, but it is still included for
the sake of completeness as the authors are unaware of a fitting reference. Shu constructed in an
earlier version of Shu (2020) a dual optimizer to the corresponding weak transport problem under
the assumption that 7 is strictly increasing, and remarks that the assumption is simply to avoid
technicalities.

Lemma 3.14. Let 6: R — R be convex, T: I — R a map where I C R, [a,b] = co(T(I)), and
Yo € (a, b).
(a) Assume that T is nondecreasing and define

S(y) = inf{x: T(x) 2y} y € (ab). (3.37)
v0) = f "0.0(:-S@) ds ye b (3.38)
Then y is continuous on (a, b; imd satisfies for all y' € [T(x=), T(x)] N [a, b] that
40N +60" = x) = inf —Y()+ 60 =), (3.39)
(b) Assume that T is nonincreasing and define
S(y):=supfx: T(x) 2y} y € (a,b), (3.40)
() = fyy 0-0(z-S@) dz ye(ab). (3.41)

Then :z is continuous on (a, b) and satisfies for all y’ € [T (x+), T(x)] N [a, b] that

—yO) +600 - x) = sup () + 6y — x). (3.42)
Y€la,
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Proof. Since 0 is convex, it is locally absolutely continuous, thus

5

"y
60/ - 6(y) = f 0_0() dz,
y

where we write d_6 for the left-hand derivative of 6, which is nondecreasing. For fixed x € I we
introduce

f(@) 1= =) + 6z = x) and f(2) := —(2) + 6z - ),

where z € (a,b). We have dz-almost surely on (a, b) the derivatives
d d— =
d—ZJ_‘(Z) =-0-(z—-8(2)) + 9-6(z — x) and d—zf (2) = —0-(z= S (@) +0-(z— x).
The maps S and S are nonincreasing and nondecreasing, respectively. If 7' is monotone, then for
any z € (a, b) there are x, x € I such that
T nondecreasing: x € (—oo,x]N I = T(x)<z; and x € [x,+o0) NI = T(x) > z;
T nonincreasing: x € (—oo,x]NI = T(x)>z; and x€[x,+0)N] = T(x) <z

Hence, S and S are real-valued, which also shows that ﬂ and ;Z are well-defined and continuous
on (a, b). From now on, we implicitly assume that 7" is nondecreasing when talking about f and

S, whereas we assume that 7' is nonincreasing when talking about fand S. We have
2€(T(x-),T(x) = x<S@Q<STW)<x = x=5(2),
€T+, T(X) = x25@285TX)2x & x=5()

Therefore, we obtain
d
d_zz lree-.re) =0 = flireeo),ren = f(T (X)),

d— _ —
d_zf 7)1y =0 = flires .1y = f(T(0).
It is now sufficient to show that
dﬂ <0 ddﬂ >0 dﬂ >0 dd?| <0 (3.43)
— and — ;. — >0and — <0. .
dz—(a’T(x)] = dz—[(T(x)’b) = dz (a,T(x)] dz [T(x),b)
Due to monotonicity and by definition of S and S, we find:

S@Q<STx)<x = z-S@=z-x
x<S(2) = z-S@<z-x

z€ (@ T(x) = {
(3.44)

x<8(2) = z-x>z-5(2),

SQO<STx)<x = z-x<z-S@2).

z€(T(x),b) = {
As the left-hand derivative of a convex function is nondecreasing, (3.43) follows from (3.44). O
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STABILITY OF MARTINGALE OPTIMAL TRANSPORT AND WEAK
OPTIMAL TRANSPORT

J. BACKHOFF-VERAGUAS AND G. PAMMER

AsstrAcT. Under mild regularity assumptions, the transport problem is stable in the fol-

lowing sense: if a sequence of optimal transport plans 7', 7%, ... converges weakly to a

transport plan 7, then 7 is also optimal (between its marginals).

Alfonsi, Corbetta and Jourdain [3] asked whether the same property is true for the
martingale transport problem. This question seems particularly pressing since martingale
transport is motivated by robust finance where data is naturally noisy. On a technical level,
stability in the martingale case appears more intricate than for classical transport since
martingale optimal transport plans are not characterized by a ‘monotonicity’-property of
their supports.

In this paper we give a positive answer and establish stability of the martingale transport
problem. As a particular case, this recovers the stability of the left curtain coupling estab-
lished by Juillet [35]. An important auxiliary tool is an unconventional topology which
takes the temporal structure of martingales into account. Our techniques also apply to the
the weak transport problem introduced by Gozlan, Roberto, Samson and Tetali.

Keywords: stability, martingale transport, weak transport, causal transport, weak adapted
topology, robust finance.

1. INTRODUCTION AND MAIN RESULTS

Let X and Y be Polish spaces and consider a continuous function c: X X Y — [0, o).
Given probability measures u € P(X) and v € P(Y), the classical transport problem is

inf f c(x,y) n(dx, dy), (0T)
nell(u,v) XxY

where I1(u, v) denotes the set of couplings with X-marginal u and Y-marginal v. A clas-
sical result in optimal transport asserts that & € I1(u, v) is optimal for (OT) iff its support
supp r is c-cyclically monotone [42, 43]. One useful consequence of this characterization
of optimality is the stability of (OT) with respect to the marginals y, v as well as the cost
function c¢. Indeed, the link between monotonicity and stability becomes apparent once
one realizes that the notion of monotonicity is itself stable.

In this article we consider the martingale optimal transport problem from the point of
view of monotonicity and stability. In fact, since this problem is an instance of a weak
optimal transport problem (where the cost is singular, i.e., also takes the value +o0), we will
likewise study the latter class of problems for regular cost functions from this viewpoint.

1.1. Stability of martingale optimal transport. The martingale optimal transport prob-
lem is a variant of (OT) stemming from robust mathematical finance (cf. [32, 13, 41, 23,
20, 17, 11,7, 34, 35, 38, 19, 33, 24, 30] among many others). In order to define this prob-
lem, we take X = Y = R, suppose that u, v have finite first moments, and introduce the set
IT(u, v) of martingale couplings with marginals y, v. To be precise, a transport plan 7 is a
martingale coupling iff

fyﬂx(dy) =X u-as.,
R

where {r,},cr denotes a regular disintegration of the second coordinate given the first one.
By a famous result of Strassen, the set I1y, (¢, v) is non-empty iff u is smaller than v in
1
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convex order. The martingale optimal transport problem! is given by

melly (u,v)

inf f c(x,y) n(dx, dy), (MOT)
RxR

under the convention that the infimum over the empty set is +co.
The main result of the article is the stability of (MOT). This gives a positive answer to
the question posed by Alfonsi, Corbetta and Jourdain in [3, Section 5.3] in the case d = 1.
Let r > 1. We denote by £,(R) the set of probability measures with finite 7th-moments
and by ‘W, the topology of r-Wasserstein convergence on $,(R), cf. [42].

Theorem 1.1 (MOT Stability). Let c,c;: R X R — [0,00), k € N, be continuous cost
functions such that c; converges uniformly to c. Let {y}ren, {Vitken be sequences in P1(R)
converging in ‘W to u and v, respectively. For each k € N let ¢ € Ty (g, vi) be an
optimizer of (MOT) with cost ¢ between the marginals y and vi. If c(x,y) < a(x) + b(y)
witha € L'(u), b € L'(v), and

lim sup f cr(x,y) ﬂk(dx, dy) < co,
k—o0 RxR

then any weak accumulation point of {m*\rew is an optimizer of (MOT) for the cost function
c. In particular if the latter has a unique optimizer i, then 1 — 1 weakly.

Corollary 1.2. Letc,ci: RXR — [0, ), k € N, be continuous cost functions such that cy
converges uniformly to c. Let {uy}ren, {Vihken be sequences in P.(R) converging in ‘W, to
u and v, respectively, and y. is smaller in convex order than v, k € N. Suppose that

c(x,y) < K + |« + "), for some K > 0.

Then we have

1352 zrenbank,m fR - cr(x, y) m(dx, dy) = nel'llggu,v) L - c(x,y) n(dx, dy).

We remark that Juillet has obtained in [35] the stability of the left-curtain coupling and
hence stability for martingale transport for specific costs. These results are recovered as
particular cases of our main result.

Guo and Obt6j in [28] introduce and study the convergence of a computational method
for martingale transport where the marginals are discretely approximated and the martin-
gale constraint is allowed to fail with a vanishing error.” In independent work Wiesel [44]
proved stability of the value function of the martingale optimal transport problem in 1 di-
mension by estimating the distance between an arbitrary coupling to its projection w.r.t.
the adapted Wasserstein distance. For further details on the adapted Wasserstein distance
we refer to [5].

1.2. Stability of optimal weak transport. Gozlan, Roberto, Samson and Tetali [26] pro-
posed the following non-linear generalization of (OT): Given a cost function C : X X
P(Y) — R the optimal weak transport problem is

Lt fX Clx, o) u(d). (WOT)

IThe multidimensional version of the martingale transport problem is defined analogously, although the math-
ematical finance application is less clear.

2Note that the updated version [29] (listed on arxiv.org on April 8th 2019) shows in Proposition 4.7 that the
optimal value of MOT is continuous w.r.t. (1, v) € P2(R) X P2(R) provided that P> (R) X P>(R) is equipped with
“W-convergence and c is assumed to be Lipschitz continuous.

The authors of the present article decided to post this article on arxiv.org concurrently to emphasize the
independence of our work. We also note that the main focus of [28]/[29] lies on the numerics of martingale
transport. In contrast to Theorem 1.1 the proof of [29, Proposition 4.7] is based on the dual problem rather than
stability of the optimal couplings.
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Observe that one may consider cost functions of the form

Jacey) pdy) [y pdy) = x,
+

Cu(x, p) :={ o o (1.1

and in this way (MOT) is a special case of (WOT).

While the original motivation for (WOT) mainly stems from applications to geometric
inequalities (cf. Marton [37, 36] and Talagrand [39, 40]), weak transport problems ap-
pear also in a number of further topics, including martingale transport [2, 4, 15, 7, 9], the
causal transport problem [8, 1], and stability in mathematical finance [5]. In fact, recently
some works have considered non-linear martingale transport problems for cost functionals
C: RxPi(R) — R, i.e. where the cost can also depend on the kernel as in (WOT), cf.
[7, 31, 18]. We also refer to [25, 21] for some unexpected applications of weak transport
problems in analysis and probability.

The second main contribution of the article is the stability of optimal weak transport.
Throughout the article we fix a compatible metric on Y, and for a real number r > 1 we
denote by #,(Y) the set of probability measures which integrate the function dy(yo, -)” for
some yy € Y, where dy denotes a metric on Y. We endow P,(Y) with the the r-Wasserstein
topology denoted by “W,, and denote the space of continuous functions on X by C(X).

Theorem 1.3 (WOT Stability). Let C,Cy : X X P,(Y) — [0, ), k € N, be continuous cost
functions such that Cy. converges uniformly to C, and either one of the following holds

(a) {C(x,-): x € X} C C(P.(Y)) is an equicontinuous family of convex functions,

(b) u e P.(X), and there is a constant K > 0, xo € X, yo € Y such that

Clx, p) < K (1 +dx(x, x0)" + [, dy(y,y0)" p(dy)).

Let {uiren, {(Vitken be sequences in P(X) and P,(Y), which converge weakly to u and in
W, to v, respectively. For each k € N let n* e (i, vi) be an optimizer of (WOT) with
cost function Cy between the marginals . and vy. If

lim sup f Cr(x, ﬂ’;),uk(dx) < 00,
k—o0 X

then any weak accumulation point of {n* ey is an optimizer of (WOT) for the cost function

C. In particular if the latter has a unique optimizer n, then 1 — 1 weakly.

We now describe the main idea used in the proofs of Theorems 1.1 and 1.3.

1.3. Monotonicity and the correct topology on the set of couplings. The article [9]
investigates the optimal weak transport problem by essentially enlarging the original state
space X X Y to X X P(Y). We briefly review this idea since it points to the right notion of
monotonicity which will be useful in proving the above stability results.

First we introduce the embedding map

J: PXXY) > PXXPY)),

7 b projy()(dx) S, (dp), (1.2)

in words, if (X, Y) ~ « then (X, mx) ~ J(m), and its left-inverse, the X X Y-intensity map I,

I: PXXPY)) > PXXY),

(1.3)
P p(dy) P(dx,dp).
peP(Y)

Despite the fact that J is seldom continuous, it does enjoy a key property: it preserves
the relative compactness of a set. As a consequence, one can easily obtain optimizers for
the following suitable extension of (WOT) as soon as C is lower semicontinuous:

inf C(x, p) P(dx,dp), (WOT?)
PeAGy) LXP(Y) b P
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where A(u, v) is the set of couplings P € P(X X P(Y)) with f(P) € II(u, v). When C(x,-)
is furthermore convex, the extended problem (WOT”) is equivalent to the original one, and
in addition, (WOT) can be shown to admit an optimizer by means of the natural projection
operator [ from P(X x P(Y)) onto P(X x Y).

This idea of using an embedding (which preserves relative compactness) into a larger
space can be appreciated in the following terms: On the original space P(XxY) we consider
the initial topology of J when the target space is given the weak topology. This initial
topology has been studied in [6, 5] and given the name adapted weak topology. One
immediate observation is that the cost functional of (WOT) is lower semicontinuous in this
topology if C is likewise lower semicontinuous.

Since under the stated conditions it makes no difference to work with (WOT) or (WOT’),
it helps to consider the latter simpler linear problem in order to inform our intuition. By
analogy with optimal transport we define

Definition 1.4 (C-monotonicity). A coupling n € Il(u, v) is C-monotone iff there exists a u-
full setT" C X such that for any finite number of points xi,...,xy € Uand qy,...,qn € P(Y)
with Zfil Ty, = Zﬁl qi, we have

N N
Z C(xj,my,) < Z C(xi, q:).
i=1 i=1

It was shown under mild assumptions in [9] that optimality of & for (WOT) implies
C-monotonicity in the sense of Definition 1.4 above. The reverse implication(sufficiency)
was shown to be true under the additional assumption that the cost function C is uniformly
‘Wi-Lipschitz in the second argument. In the present article we will generalize this result
(and largely simplify the arguments) in Theorem 2.2. Once we are equipped with this
necessary and sufficient criterion for optimality, the stability result Theorem 1.3 becomes
a consequence of the fact that the notion of C-monotonicity is itself stable.

Although martingale optimal transport is a particular case of optimal weak transport, in
this work we treat the two problems separately. The reason for this lies in the fact that our
approach to optimal weak transport requires regularity of the cost, which the ‘embedded
cost’” Cy, see (1.1), does not provide any longer. To deal with the singular cost C,;, we
refine the notion of C-monotonicity when it comes to martingale couplings and additionally
employ techniques which currently only work in dimension one. We define

Definition 1.5 (Martingale C-monotonicity). A coupling 1y (u, v) is martingale C-mono-
tone iff there exists a p-full set T C R? such that for any finite number of points xi, ..., xy €
Tandqi,...,qy € P1(RY) with ZZ] Ty, = Zfi, gi and |,y qi(dy) = x;, we have

N N
Z C(x;,m,) < Z C(xi, qi)-
im1 i=1

Then the key to proving Theorem 1.1 boils down to two arguments: that martingale
C-monotonicity is sufficient for optimality, and that this notion of monitonicity is itself
stable.

The idea that a monotonicity viewpoint for martingale optimal transport has to be based
on the disintegrations of a coupling, or put otherwise, that optimality cannot be read-off
from the support of a martingale coupling, goes to Juillet [35]. This author in fact showed
that for the left-curtain coupling (c.f. [14]) the support of an optimizer may contain sub-
optimal paths; see Figure 1 for an illustration. This is in stark contrast with classical
optimal transport, where for say continuous bounded cost functions c it is known that c-
cyclical monotonicity of the support is equivalent to optimality. This failure ultimately
underlies the need for our Definition 1.5.

1.4. Outline. The article is written so that the sections concerning optimal weak transport
and martingale optimal transport are largely independent. Section 2 deals with the stability
of optimal weak transport, whereas Section 3 explores the stability of martingale optimal
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Ficure 1. Left: Six possibe paths of the left-curtain coupling between
a uniform distribution on the interval [—1, 1] and the measure 1/4(6_; +
01 + 20p), c.f. [35, Example 2.11]. Right: Three paths contained in the
support of this coupling (as can be seen from the left picture after sending
& — 0). These violate the “left-curtain” condition.

transport. Section 4 studies the relationship between classical optimal transport and op-
timal weak transport. Finally Section 5 wraps up the article with a number of remarks,
followed by an appendix containing auxiliary results.

2. ON THE WEAK TRANSPORT PROBLEM

Let us complement Definition 1.4 with a more complete list of monotonicity properties:
see Remark 2.4 (a) for a comparision of these definitions.

Definition 2.1.
(1) We callT € X X P(Y) C-monotone iff for any finite number of points

N N
1 1) (v, ) €T and g, ... qy € PY) with " pi= > g

i=1 i=1

we have

N N
D Cip) < ) Cxis ).
i=1 i=1

(2) A probability measure P € P(X X P(Y)), which is concentrated on a C-monotone
set, is called C-monotone.

The next theorem greatly extends the sufficiency of C-monotonicity first obtained in [9,
Theorem 5.5]. We recall that #,(Y) denotes the space of probability measures on ¥ with
finite r-th moment, r > 1, i.e., p € P(Y) iff p € P(Y) and

f dy(y,y0)" p(dy) < oo
Y

for some yy € Y, and thus all yo € Y. It is well-known that $,(Y) equipped with the
topology of the Wasserstein metric ‘W, becomes a Polish space, where ‘W,(p, ¢) for p,q €
P.(Y) is defined via

W.(p,q)" = inf f dy(y1,y2)" n(dyy, dyr).
YxYy

nell(p.q)

Furthermore, we fix on XxXP,(Y) the metric d((x, p), (X', p’))" := dx(x, x)"+ W, (p, p’)" for
(x, p), (¥, p") € XX P.(Y), and denote by P,.(X X P,(Y)) the space of probability measures
on X X P,.(Y), which finitely integrate (x, p) — d((x, p), (x’, p’))" for given (x’, p’) € X X
P,(Y), equiped with the ‘W,-metric associated with the metric d. Similarly, we fix on P,(Y)
the Wasserstein metric ‘W,, and denote by P,.(P,(Y)), the space of probability measures
on P,.(Y), which finitely integrate p — W, (p, p’)" for given p’ € P,.(Y), equiped with
the r-th Wasserstein topology. Note that these definitions are independent of the choice of
', p") e XxP.(Y)and p’ € P.(Y), respectively.
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Recall the definition of the set A(u, v) given after (WOT’), i.e.,
Alu,v) = {P e P(X x P(Y)): I(P) € T(u, v)}. 2.1)

Theorem 2.2. Let u € P(X), ve P.(Y), C: X X P.(Y) = R measurable. Assume either of
the following conditions:

(a) {C(x,-): x € X} C C(P,(Y)) is equicontinuous continuous, i.e.
66) 1= sup {IC(x, p) = C(x, l: x € X, (p,q) € oY) 5..Wi(p, ) <},

vanishes for 6 \ 0.
(b) u € P.(X), C is jointly continuous and there is K € R, xo € X, yo € Y s.t. for all
xeX:

Cx. p) < K (1 +dx(x, xo) + [ dy(y.y0) p(dy)).
Then P € A(u,v) is optimal for (WOT’) iff P is C-monotone. Similarly, if p — C(x, p) is
convex, then nt € Il(u, v) is optimal for (WOT) iff n is C-monotone.

Remark 2.3. Note that under the assumptions of Theorem 2.2 C-monotonicity of 7 €
II(w, v) yields C-monotonicity of J(m) € A(u,v), thus, J(xr) is optimal for (WOT’) and
particularly = is optimal for (WOT). We will complete this discussion in Remark 2.4.

At the same time, we see in Section 5 Example 5.1 that convexity of p — C(x, p) is
necessary for optimal couplings being C-monotone. Example 5.2 shows that additional
regularity (to lower semicontinuity and boundedness) of the cost C is required for C-
monotonicity being a sufficient optimality criterion.

Proof. Let P be C-monotone concentrated on the C-monotone set I'. Fix P’ € A(u, v). We
argue as in [10] for classical (linear) optimal transport. Take any iid sequences (X,),en Of
X-valued random variables, and any iid sequences (Y})en, (Zy)nenw of P(Y)-valued random
variables, on some probability space (Q, P), with

(Xna Yn) ~ R (Xm Zn) ~ P

In particular by the law of large numbers, we find P-almost surely

f C(x, p)P'(dx,dp) - f C(x, p)P(dx,dp)
XxP,(Y) XXP(Y)

N
. 1
= lim Zl CXpnZy) — CX, V). (2.2)

Note that for any function g € C(Y), which is majorized by y — 1 + dy(y, )", we have
E[Y.(9)] = v(9),

where p(g) for p € P(Y) denotes the integral fy g(») p(dy). Then the law of large numbers
implies almost surely

N N
.1 .1
Jim Zl Yu(8) = () = lim 21 Z:(8).

By standard separability arguments, we find P-almost surely

N N
. 1
1\1/1330 N ; Y,=v= Al]l_IEO I ;Zn P-a.s. (2.3)

where convergence holds in ‘W,. Let w € Q be in a P-full set s.t.

. | RN
lim W, [N Zl V(). 21 zn<w>] =0,
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and (X,,, Y,)(w) €T for all n € N. From now on we omit the w argument. For each N € N,
we denote a ‘W ,-optimal coupling in H(% Nz, % 25:1 Y,) by xV, ie.

n=1
I A
w,[LY 7z, LYy, ifd@wﬂmwy
(N; NZ1 ] ey

We denote by {y!}.cy a regular disintegration of yV given its projection in the first coordi-
nate (marginal). Defining y"Z,(dy) := f oy Z,(dz) )(?’ (dy), we find

1 & & 1Y 1y
=Y W.ZX"Z,) < = dy@ VXN A)Z(dD) =W, | = > Z,,— > Y| .
N; (Zn, x )_N;L v(z.¥) x; (dy)Z,(dz) [an_; NZ‘

(2.4)
Moreover, ZnNzl YNz, = ZnN=1 Y,, so by C-monotonicity
&
v 2, CXuxZ,) ~ C(X,. Y,) 2 0. 2.5)
n=1

In the case of (a), we apply Lemma 6.2 and get #: R* - R*, which is continuous, concave,
and vanishing at 0, and which we rename 6 for simplicity. Hence, by Jensen’s inequality,

1Y 1YY
SQ((Wr[N;Zm;ZYn]],

n=1

u N
% Z o ((Wr(Zn,XNZn)r) <6 [% nz:; (WF(Zm)(NZn)r

n=1

which vanishes as N — +c0. Using C-monotonicity of P and uniform continuity, we obtain
P-almost surely

| &
N Z; C(Xm Zn) - C(Xny Yn)
1 & 1 &
= = XmZn - Xm Zn -~ Xm Zn - Xm Yn
N;a ) = CXu " )+N;C( XNZ,) - C(X,.. V)

1 N
- Z. Nz
> N;e(wr( XV Z))

1 & 1 &
> _9((W’(ﬁ Z:; V(). ; Zn(w))] 0. (2.6)

In the case of (b), we define the random variable P}, taking values in X X P(Y) by

1 N
P;V = N ZémeNZ”.
n=1

By (2.4) we find P-almost surely

N N N "
1 1 1
(WrPlaP/rs— (Wan, NZn S(M/r a7 Zm_ Yn s
(Py. P) N ;:1 Zns X" Zp) (N ;:1 N n; )

the right-hand side of which converges a.s. to zero as we have already seen in (2.3).> Then,
continuity and growth of C yields

f C(x, p) P'(dx, dp) — f C(x, p) Ply(dx,dp) — 0. Q2.7)
XxP,(Y) XxP,(Y)

3Here, the Wasserstein distance on the left-hand side of the equation is taken on the space X X P,(Y) w.r.t. the
metric d((x1, p1), (x2, p2))" = dx(x1, x2)" + Wi(p1, p2)".
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Hence, in both cases we have P-almost surely

f C(x, p) P'(dx,dp) — f C(x, p) P(dx,dp)
XXP,(Y) XxP,(Y)

N
o]
2 h}{}l}gf ﬁ ; C(an Zn) - C(Xn, Yn) 2 0,

where we used (2.2),(2.5), (2.6), and (2.7). m]

2.1. Stability of C-Monotonicity. Recall the embedding of (1.2)
J: PXXY) - PX XPY)),
7 = projx(m)(dx) o, (dp).

The intensity 1(Q) of some measure Q € P(P(Y)) is uniquely defined as the probability
measure /(Q) € P(Y) with

1O = f f FOIp(y) Qdp) Y f € ChY),
Py Jy
that is 1(Q)(dy) = [

ep(r) P(AY) Qdp).
Remark 2.4. In the light of this embedding it appears to be natural to consider C-mono-
tonicity on the enhanced space X X P(Y).

(a) m € II(u,v) is C-monotone iff J(rr) is C-monotone: On the one hand, if 7 is C-
monotone it is possible to find a measurable set I C X such that u(I") = 1 which
defines via

T={xp)eTxP¥): p=n,

a C-monotone set. Therefore, equivalently to Definition 2.1, we can demand that
there exists a C-monotone set ' € X X P(Y) such that (x,7,) € I' for u-almost
every x € X.

On the other hand, if J(xr) is C-montone, then there exists a C-montone set I
with

1=JmT) =u({xeX: (x,m,) €T}).

Consider the u-full, analytically measurable set {x € X: (x,7,) € I'}. As analy-
itcally measurable sets are universally measurable, it admits a Borel measurable
subset I' with u(I') = 1. Thus, 7 is C-monotone (on I') in the sense of Definition
1.4.

() If I' € X X P(Y) is C-monotone, and C: X X P(Y) — R is convex in the second
argument, i.e., forall x € X, (p,q) € P(Y)?, and @ € [0, 1]

Clx,ap + (1 - a)g) < aC(x, p) + (1 - a)C(x, q),

then the enlarged set
k

~ 1
[= {(x,%Zp,-): xeX, (x,p)el, i= 1,...,keN}

i=1
is also C-monotone. Likewise, if C(x, -) is further continuous for all x € X, then
= {(x.p) e Xx P(¥): x € X, p € co(T,)}.
is C-monotone, where co stands for the closed convex hull and I', denotes the
x-fibre of I', that is {p € P(Y): (x,p) € T'}.
(c) We observe that the set A(u,v) (see (2.1)) can be characterized by a family of
continuous functions ¥ € C(X X P,(Y)): P € A(u,v) if and only if

f £ P(dx. dp) = f FOOud) VS € CyX),
XxP(Y) X

f f 8() p(dy) P(dx,dp) = f g vdy) Vg e Cp(Y).
XxP(Y)

Y Y
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As a further observation we have the equivalence of C-monotonicity as in Defini-
tion 2.1 and C-finite optimality under the linear constraints
F = {f € CHX xP(Y)): g € Cy(X). h € Cy(Y)
s.t. f(x, p) = g(x) or f(x,p) = [, h(y) p(dy)},
which was introduced in [12, Definition 1.2].

Theorem 2.5. Let C: X X P,(Y) — [0, co] be measurable and P* € P.(X X P,(Y)) optimal
for (WOT”) with finite value. Then P* is C-monotone. In particular, if C satisfies for all
x € Xand Q € P(P(Y))

C(x, 1(0)) < f Clx. p) O(dp), 2.8)
PY)

then any optimizer n* of (WOT) with finite value is C-monotone.

Proof. The first assertion is a consequence of Remark 2.4.(c) and [12, Theorem 1.4]. To
show the second assertion, let P € A(u, v). Then I(P,) u(dx) € I1(u, v) and by (2.8)

f C(x, p) P(dx,dp) > fC(x, 1(P,)) p(dx).
XxP(Y) X

Hence, J(rr*) is optimal for (WOT’). We deduce from the first part of the proof combined
with Remark 2.4 (a) C-monotonicity of 7. O

The assumption that C is lower bounded is as a matter of fact not necessary to deduce
C-monotonicity in the classical optimal weak transport setting, cf. [9, Theorem 5.2]. Note
that (2.8) holds when C(x, -) is lower semicontinuous and convex. Indeed, by similar
approximation arguments as in Theorem 2.2 we find for any Q € P(P(Y)) a sequence of
measures {pilren € P(Y) such that

1 & . 1 &
N ; pi = 1(Q) inW,, N ; Clx,p) — j;(xm/) C(x, p) Q(dp).

Thus,

N
1
C(x,p)Q(dp) = lim — > C(x, p;)
\fXxf’(Y) Nooo N ;
N

1
> liminf C (x, N Z p,-] > C(x, 1(0)).

i=1
Lemma 2.6. Let p;,m; € P(Y),i=1,...,N, with Zfil pi = Zf\il m;, and{p’l‘, .. ,p’l‘v}, ke
N, be sequences in P,(Y) with pf.‘ — p; in ‘W,. Then there exist approximative sequences

{m’f, e m’fv}keN of competitors, i.e.,

N N
k _ k k .
p; = ) m; andm; — m;in W,.
i=1 i=1

Proof. Since Zf\; L mi = ZZ] pi» we find sub-probability measures m; ;, with the property
that m; ;(A) < min{p;(A), m;(A)} for all A measurable, and

N N
mj = § mij, pPi= E m ;.
i=1 j=1

Denote by (Xlg’i)zey a regular disintegration of a “W,-optimal transport plan y* € I1(p;, pf)
w.r.t. to its first marginal p;. Let i, j € {1,..., N} and define

N
mj (dy) := f Y)c’z"i(dy)mi,j(dz), mf ="k
ZE

=
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Since
N N )
Z (Wr(mf-fj, m,“j)r < Z f dy(z, y)r/\/lzc’l(dy) m,;j(dz)
=1 =1 YxYy

< f dy oy X5 (dy) pildz) = Wi, i
YxY

we deduce the convergence of mf‘ j tomgj, and in consequence, the convergence of mf‘ to
m; in ‘W,.. Finally observe that

N N N N N
‘)
D= mh, =Zf Xdy) pjtd = 3 ph
i=1 i=1 j=1 j=1 VzEY =1
so indeed {m}, ..., mk} are feasible competitors of {pf, ..., p&} such that fori = 1,..., N,
mk — m; in ‘W,. O

i

Lemma 2.7. Let C € C(X XP.(Y)), € >0, and N € N. Then the set

N N
Iy = {(Xi,Pi)f\i1 € (XX Pr(Y))N'le, co,my € P(Y) st Zpi = Zmi,
i=1 =1 (2.9)

N N
we have Z C(xi, pi) < Z C(xi,m;) + 8}
P =1

is a closed subset of (X X P.(Y))V.

Proof. Take any convergent sequence (x¥, p-)¥, € I'; . k € N, such that

k

. k .
x; > x;inX, p;— piinW,.

Assume that (xi,mi)f‘il is a competitor, i.e., Zﬁl pi = Zf\il m;. Lemma 2.6 provides an

approximative sequence of competitors, and by continuity of C we conclude. O

The key ingredient towards stability of (WOT) is the following result concerning stabil-
ity of the notion of C-monotonicity.

Theorem 2.8. Let C,C;, € C(X X P(Y)), k € N, and Cy converges uniformly to C. If
P, P* e P.(X x PAY)), k €N, such that

(a) for all k € N the measure P* is Cy-monotone,

(b) the sequence (PMYew converges to P,
then P is C-monotone. Moreover, if w, 7* € PuX X Y) and Cy is convex in the second
argument, k € N, such that

(a’) for all k € N the measure n* is Cy-monotone,
(b’) the sequence (Ve converges to T,

then n is C-monotone.

Proof. The aim is to construct a C-monotone set I' on which P is concentrated. So, we
write PX®N and P®V for the N-fold product measure of P¥ and P where N € N. By C;-
monotonicity and uniform convergence we find for any & > 0 a natural number ky such that
PE®N k> ko, is concentrated on %, see (2.9). Lemma 2.7 combined with the Portmanteau
theorem yield that P?V is concentrated on I3

1 = limsup P**N(%) < PPN(T%) = 1.
k

As a consequence, we find that P®V gives full measure to the closed set I'y := F?V. Sets of
the form ®f\;1 O, where O; is open in X X #,(Y) form a basis of the product topology on
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(X x P,(Y))N. Hence, we can cover the open set I, by countably many sets of the form
N 0, where 0; is open in X x P.(Y),
i=1 p

N
5 =) 0.

keN =1
In particular, we deduce for any k € N

en N e N |
0=PN () 0| = [ PO
i=1 i=1

We find open sets Ay such that

avi= | 0w PAw=0,

keNLiefl,...,N}
P(0i1)=0

N
5 € [ XX Py x Ay x (X x P,V
i=1

Since N € N was arbitrary we define the closed and C-monotone set

F::(UAN), PO =1, TVCTy.
NeN
With the taken precautions it poses no challenge to verify that P is C-monotone on I'.

To show the second assertion, we embed ¥ € P(X x Y) into P(X x P(Y)) owing to
the map J. Note that A(u,v) is a closed subset of P.(X X P,(Y)). By the same line of
argument as in [9, Lemma 2.6] we find relative compactness, thus compactness of A(u, v).
Therefore, we find an accumulation point P € P(X x P(Y)) of (J(n*))icr. Note that

udx) I(Py) =: 7 € Il(w, v),

determines a coupling, which is likewise an accumulation point of {n*};c. Since P is
concentrated on the C-monotone set I', we find for any x € X such that P,(I',) = 1 a
sequence of measures p; € I', C P(Y), i € N, with

X 1 - X s
G= Z;pi = I(Py)=ny, n—oo, inW,.
By Remark 2.4 (b) we know that (x, ¢;,) is contained in the C-monotone set I'. By closure
of I we conclude (x,7,) € I for u-a.e. x, and C-monotonicity of . O

From Theorems 2.2 and 2.8 we easily deduce the following corollary, which has Theo-
rem 1.3 in the introduction as a particular case:

Corollary 2.9. Let C,C; € C(X X P.(Y)), k € N, be non-negative cost functions such that
Cy converges uniformly to C and one of the following holds:
(a) {C(x,-): x € X} is equicontinuous,
(b) u € P.(X) and there is a constant K > 0, xo € X, yo € Y such that for all
(x,p) e X X P(X)

C(x, p) < K (1 +dx(x, x0) + [, dy(y,y0) p(dy)).

Let {ui)ren and {vijken be two sequences of probability measures on P(X) and P.(Y),
respectively, where y, converges weakly to p, and vy converges in ‘W, to v. Let P* €
Ay, vi) be optimizers of (WOT’) with cost function Cy. between the marginals . and vy.
If

lim sup PX(Cy) < o,
k

then any weak accumulation point of {P*\iay is an optimizer of (WOT”) for the cost C.
If moreover Cy(x,-) and C(x,-) are convex, then an analogous statement holds in the
case of (WOT).
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3. STABILITY OF MARTINGALE OPTIMAL TRANSPORT

In this section we consider the martingale optimal transport problem (MOT), and X =
Y = R% A generalization of c-cyclical monotonicity under additional linear constraints
were suggested by [12, 45], which also encompass (MOT). For (MOT), the set of linear
constraints F C C(R? x RY) takes the shape

Fr = {f € CR! x RY): f(x,y) = g(x)(y — x) and g € Cy(RD)}.

Definition 3.1.

(1) A measures o' € P(RY xR?) is called a Fu-competitor of a € P(RY x RY) iff their
marginals coincide and a(f) = &' (f) for all f € Fy.

(2) We callT € RY x RY (¢, Far)-monotone iff for any probability measure a, finitely
supported on T, and any competitor ', we have a(c) < a’(c).

(3) A martingale coupling nt € Ty, which is supported on a (c, Fpr)-monotone set, is
called (c, Fypr)-monotone.

Remark 3.2. Definition 3.1, Point (2), implies for any (c, ¥3,)-monotone set I that for all
sequences (X1, p1), ..., (xn, PN) € RY x P1(RY) with p; finitely supported on the fibre I'y,
that

N N
O [t < 3 [ cmain. G.1)
i=1 i=1

where g1.....qy € PIRY), TN, gi = T, prand [,y pildy) = [,y qi(dy).

On the other hand, suppose I is a set such that (3.1) holds for all N € N, and col-
lections (x1, p1)...,(xn, py) € R? x P(R?) with p; finitely supported on I',.. Given
any measure @ € P(I') supported on the finite set {(x,y1),...,(x,, y,)}, we have opti-
mality of {(x1,ax,), ..., (X, @, )} Where a,,(dy) = % over all competing sequences
as in (3.1). Therefore, @(dx,dy) := X, 6y,(dx) ay,(dy) defines an optimal coupling be-
tween its marginals under all competitors, i.e., for all y € Il(proj,(@), proj,(@)) with

Joo yy(dy) = [,y @u(dy) we have
1 n
~ D el y) = #0) < (o). (3.2)
i=1

By the duality theorem of linear programming, we find dual optimizers of the linear pro-
gram given by (3.2), i.e., maximizers of

N N N
max X))+ ) an(@+ ) Alx)- Xi — y)a,.(dy).
f(x>+g(v)+A<x)-<x—y>5c(x,y>;f( ) ; #(8) ; ) fRd( = ()

The complementary slackness condition, which reads here as

(f(xi) +g0j) + Alxy) - (i —y)a(x;,y) =0 Y1 <ij<n,

yields that optimality of the dual optimizer is independent of the definitive choice of the
measure @ — as long as suppa C supp@. Hence, we deduce (c, F))-monotonicity of
a, and I' is (¢, Fj7)-monotone. In Definition 3.3 we introduce a notion of martingale C-
monotonicity for weak transport costs which by above reasoning naturally extends (c, Fr)-
monotonicity, see Definition 3.1, to weak transport costs.

We will see in Lemma 3.7 that under given conditions (c, 7,)-monotonicity of a cou-
pling is equivalent to martingale C-monotonicity (cf. Definition 1.5).

By [12], optimizers of (MOT) are concentrated on (c, ,)-monotone sets. If ¢ is con-
tinuous, then the reverse implication was shown in one dimension by Beiglbock and Juillet
[14] and Griessler [27], but for arbitrary dimensions d € N it remains unanswered.
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Let us regard two natural generalizations of (MOT):

inf C(x, ) u(dx), MWOT
it fR (6, ) () ( )

inf C(x, p) P(dx,dp), MWOT’
poinf fR oy (O P) Pl dp ( )

where Ay (u, v) is the set of all P € A(u, v) giving full measure to
{(x, p) € RIX PR x = fdyp(dw},
R
ie., P e Ay(u,v)iff P € A(u,v) and
f f(x,p) Pdx,dp) =0 Vf € Fuy,
RIXP(RA)
where the set of martingale constraints % is given by

F = { € Co@®Rx P1(RY)): Ag € CHLPRY)), h € C,[RY)

s.t. f(x, p) = g(p)h(x) fR d(x )] p(dy)}-

Definition 3.3.

(1) We callT C R x P (RY) martingale C-monotone iff for any N € N, any collection
(xhpl), R (XN’ pN) € F) and qi,-.-,4nN € P1(]1§d) such that Zfi] pPi = Zi\il qi
and [,y pi(dy) = [, yqi(dy), we have

N N
D Clxip) < )" Clxi, g0,
i=1 i=1

(2) A probability measure P € P(R? x P1(R?)), which is supported on a martingale
C-monotone set, is then called martingale C-monotone.

(3) A probability measure © € P(R? x R?) is called martingale C-monotone if J(r) €
PR x P (RY)) is martingale C-monotone. (This is equivalent to Definition 1.5.)

Again, by [12, Theorem 1.4] we show in the following theorem that martingale C-
monotonicity is a necessary optimality criterion.

Theorem 3.4. Let C: X X P.(RY) — [0, 0o] be measurable and P* € Ay (u,v) optimal
for MWOT’) with finite value. Then P* is martingale C-monotone. — Moreover, if C
additionally satisfies for all x € X and Q € P (P,(R?))

Clx, I(Q) < f C(x, p) Q(dp), (3.3)
PRY)

then any optimizer n* of (MWOT) with finite value is martingale C-monotone.

As before (3.3) holds when C(x, -) is lower semicontinuous and convex, and in particular
for C(x, p) = f]Rd c(x,y) p(dy) when ¢: RY x RY — R is lower semicontinuous and lower
bounded.

Proof. Since (MWOT") is an optimal transport problem under additional linear constraints,
the first statement is a consequence of [12, Theorem 1.4]. To show the second assertion, we
note that any martingale coupling 7 € Il (u, v) naturally induces an element in Ay (u, v)
by the embedding J, c.f. Section 1.3. Let P € Ay (i, v), then I(P,) u(dx) € Iy (u,v) and
by (3.3)

f C(x, p) P(dx,dp) 2 f C(x, I(Py)) pu(dx).
RIXP(RY)

RIXP(RY)
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Hence, J(r*) is optimal for (MWOT’), and we deduce from the first part martingale C-
monotonicity of J(7*). Due to similar reasoning as in Remark 2.4 (a) we conclude that 7*
is also martingale C-montone. O

From here on we assume that
d=1,
but we hope that in the future a similar approach can be developed for higher dimensions.
Lemma 3.5. Let N € N and p; € P.(R) with competitor ¢; € P,(R), i =1,...,N, i.e,
N N
Z pi= Z > fypi(dy) = fyqi(dy)-
i=1 i=1 R k

Suppose there are sequences { p’f s pfv}, k € N, of measures in P.(R) with pf — piin
W.,. Then there exist approximative sequences {q’l‘, cens q’;\,}keN of competitors, i.e.,

N N
Dpi= fypf»‘(dy) = fyqf»‘(dy), and g = q; in W,.
i=1 i=1 R R

Since the proof of Lemma 3.5 is slightly demanding, we first give for convenience of
the reader a more concrete version of the argument in the simpler setting of N = 2:

Proof of Lemma 3.5 for N = 2. W.l.o.g. g1 # p1. Applying Lemma 2.6 we find a sequence
{¢"}kex Which converges to g; in ‘W, and such that 3.Y ¢¥ = 3N, p*. We may further
assume j;% y q’f (dy) < fR y p’f (dy). We can decompose the measures g1, g2, p1, p» into sub-
probability measures m; ;, 7, j € {1, 2} such that

pi=mi+mp,  qj=my;+my;.

By equality of the mean values of g; and p;, we find that

fyml,z(dy)=fymz,1(dy)~
R R

Thus, we find disjoint, open intervals /1, [, with min(m, (1), mz,1(12)) > 0 and sup(l) <
inf(Z;). Similarly, for each k € N we can decompose q’f,q’é, p’f, pg in the same manner
and obtain by the construction in Lemma 2.6 that mf‘J converges to m;; in ‘W,. When
well-defined denote by @; > 0 the constant such that

k 1 f k _ 1 f k _f k
fqul(dyHak(m,iz(ll) Ilyml,z(dy) i (D) Izymz,l(dy)]— Rypl(dy).

By ‘W,-convergence, we have on the one hand lim inf; m’f,z(l 1) > 0 and lim infy, m’il(lz) >

0, and on the other,
lim f yg§(dy) - f ypi(dy) =0,
k— o0 R R

implying that o is well-defined for & sufficiently large, and a; — 0. Therefore, there is an
index ko € N such that

i ’ E ’
m m
12y, 21y,

~k & ~k k "’§.2|,1 m;.||,2
g1 =gy + ak w @y omE () | 9 =49, — % w0y ek (b |

are both probability measures for k > kg, and {q’;, Z]’g}kzko has the desired properties. O

Proof of Lemma 3.5 General Case. Let s € R, F,: R — [0, 1] the cumulative distribution
function of p € P(R), and define

INi={ie{l,....N}: Fp(s) =1}, [P:={ie{l,....,N}: F,(s) =1}
As a preparatory step, we show that
JE{lL...NINIy = pi(-e0,5)) =0, (3.4)
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already implies that /2 = I! and
Jell... NI\ I, = ¢(=00,5)) =0. (3.5)

This is achieved by observing the barycenters: assume (3.4) and note that

0= Yien fypidy) - [ yai(dy)
= J]gy (Zie]} Di— C]i)+ (dy) - j;{y (Zielg qi = Pi)+ (dy), (3.6)

where (-)* of a signed measure denotes its positive part. Moreover, as Zﬁi, pi = Zf\;, q; we

obtain .
Z Gil(=c0,5) < Zpil(—oo,s) < Z Di>
1

iel! i= iel!
and consequently (¥, p; — g:)* is concentrated on (—oo, 5], whereas (¥;c; i — pi)* is
concentrated on [s, +00). From (3.6) follows that (Z,E,_\g pi — qi)+ = (Ziel} qi — pi)+ =0,
thus Yy pi = Yiep ¢i and I} € I2. Assume that there is j € 12\ I}. Then

N N
Z qi|(—cx7,s) = Z pil(—m,x) = Z pi|(—oo,s) = Z qi|(—oo,s)
i=1 i=1

iel! iel!
shows that g;((—co, 5)) = 0. Since j € If we have that ¢;((s, +c0)) = 0, and consequently
q; = 6,. The barycenter of p; coincides with s, but from j ¢ 1! we deduce pj((s,+00)) >0
and p;((—0, 5)) > 0, which violates (3.4). Therefore I! = I?, and (3.5) is satisfied.
Clearly, if there exists s € R such that either (3.4) or (3.5) holds, then by the preparatory
step we get I} = I7 =: Iy and ¥;e;, pi = Yiey, ¢i» and
JE{L ..., N}\[j = pj((=c0,5) =0, je{l....N}\[; = ¢;((-0,5) =0.

In this case we can split the problem into two parts: Finding sequences of competitors for

the index sets I, and {1, ..., N}\ . It is sufficient to show the existence of such a sequence
for the sub problem /;, where we also assume that s is minimal.
Thus, assume without loss of generality that s is minimal and I! = I? = {1,...,N},

N > 1. Denote the convex hull of the support of ¢; by
S;:=co(suppg;)) i=1,...,N.

We can also assume without loss of generality that (p;, g;) are pairwise different for i, j €
{1,...,N}.

Let imin, imax € {1,..., N} be such that inf§; , is minimal and sup § is maximal.
Under these assumptions, we get that p; . , gi..» Pi...» and g;,,,. cannot be concentrated on a
single point, thus,

Imax

A(S;,,,) > 0and A(S;,,) >0, (3.7)
where A is the Lebesgue measure.
Applying now Lemma 2.6 we find for every i € {1,..., N} a sequence {qf.‘}keN with

>¥,¢° =%, p* and which converges to g; in ‘W,, in particular,

tim | [ wpla - [ vabiay| =0, (3:8)
k—co | Jp R
Consider the following case. Let i, j € {1, ..., N} such that one of the following is true:
either
AS;NS)>0 or §;Cint(S)), (3.9

where int(S;) denotes the interior of S;. Then there are open intervals O} i O; I O;Fl., Oj‘.l.
such that

qi(0;;) >0, ¢;(0})>0, te{-+}

+

sup O;

; <infOj;, sup 0;

f ; <inf Oy ;.
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By weak convergence of qff to g;, the Portmanteau theorem implies

fim inf 4;(0};) >0, lim inf 4;(07;) >0,

L

liminf o5O* liminf o4O (3.10)
1]£r_1)g’1 qj(Oj’i) >0, 1]25)1 q;(0;,) > 0.

In particular, when k is sufficiently large we can by (3.8) and (3.10) replace qf? and q’jf with
the probability measures

k k k k

k. k + ak q,’ |0;j B q]'|07". + k Cli |O;fj B qle;‘.

qj T qj + k o- k o+ k o+ k o- ’
6],-( i,j) CI,( j,i) Q,( i,j) q/( j,i)

and §* := ¢f - Z]’; + q’;, where {a* };eir and {oX Lian are non-negative sequences converging

to zero, and qf and pff have the same barycenter (i.e. if the barycenter of q’; is smaller than
that of p’j‘. we set X > 0 and a* = 0, etc.). Thus, {§*}xe and {q’;}keN converge in ‘W, to g;
and g, respectively.

We will call i € {1,...,N} a pivot, if for alli e {1,...,N} with supS; < infS;, the
barycenters of qé‘ are correct (when k is sufficiently large), that means, there is ky € N such
that

k>k = fR yg;(dy) = fR Y P{(dy). G.11)

For such a pivot i, consider all j # i with (3.9). By the previous step in this proof, there
exists k; € N such that we can change qif and q’; for k > k; € N (and denote the probability

measures qf.‘ and q’; for notational convenience again by qf.‘ and q’; respectively) such that

k> = [ vaan= [ ol (3.12)
R R

There are two possible cases:
(1) (3.9) held true for all j # i with inf §; < sup S ;, which would imply that (given k
is sufficiently large), we have not only corrected the barycenter of qu‘. but also the
one of qf.‘, since

N
f yqf-‘(dy)=z f ypf(dy)—z f yg(dy) = f ypi(dy).
R =1 VR e IR R

Hence, we have found the desired sequences.

(2) There are indices k € {1, ..., N} with sup S; < inf S} < sup S. Due to minimality
of s, there is an index / € {1,..., N} with infS; < supS; < supS;. Hence (3.9)
holds and we can use {q’;}keN to fix the barycenters of {qf }kew for k sufficiently
large. Moreover, [ is a pivot: Let e {I,...,N} with supS; < inf S, then either
supS; < inf §; whereby (3.11) holds for I, or inf§; <sup§; <inf§; <sup§;. In
the latter case, we have that / satiesfies (3.9) and therefore (3.12). Notice that

supS; > supS;. (3.13)
Taking i = iy, as our initial pivot, we can iterate the above reasoning. Since there are
only finitely many elements, the procedure terminates as ensured by (3.13). O

The key ingredient of this part is the following stability result concerning the notion of
martingale C-monotonicity:

Theorem 3.6. Let C,Cy € C(R X P.(R)), k € N, and Cy converges uniformly to C. If
P, P* € P, (R X P,(R)), k € N, are such that

(a) for all k € N the measure P* is martingale Ci-monotone,
(b) the sequence (P }ien converges to P,

then P is martingale C-monotone. Moreover, if «, 7* € P.(R x R) and Cy is convex in the
second argument and such that

(a’) for all k € N the measure n* is martingale Cy-monotone,
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(b’) the sequence ("} ren converges to r,

then rt is martingale C-monotone.

Proof. The proof runs parallel to the one of Theorem 2.8: Using Lemma 3.5 we can alter
Lemma 2.7 such that for all £ > 0 and N € N the set

N N
= {(x,~,p,)Nl € R xP,R)|Vmy,....my € Pa(R) s.t. Z pi= ) miand
i i=1

fymi(dy) = fyp,-(dy) fori=1,...,N, we have Z C(x;, pi) < Z C(x;,m;) + s}

R R P

is closed. The aim is to construct a martingale C-monotone set I' on which P is concen-
trated. So, we write P“®Y and P®N for the N-fold product measure of P* resp. P where
N e N. By martingale Cy-monotonicity and uniform convergence we find for any € > 0
a natural number ko such that P*®V_ k > ko, is concentrated on ffv. As ffv is closed, the
Portmanteau theorem yields that P®V is concentrated on ff\,:

1= limksup PreN@e)y < PV = 1.

As a consequence, we find that P2V gives full measure to the closed set Ty := T’ ?v- With
the same line of argument as in the proof of Theorem 2.8, we can find from here a closed,
martingale C-monotone set I" with P(T') = 1.

To show the second assertion, we embed 7* € P,(R X R) into P,(R X P.(R)) owing to
the map J. Then, by compactness of Ay (u, v), we find an accumulation point P € P, (R X
P,(R)) of {J(7")}eeny. Note that P gives full measure to {(x, p) € RxP(R): x = k y p(dy)},
and

u(dx) 1(Py) =: 7 € Iy (1, v)
determines a martingale coupling, which is likewise a “W,-accumulation point of {7 }cy.
Since P € P(RxXP,(R)) we have y-almost surely that I(P,) € P,(R). As P is concentrated

on the martingale C-monotone set I, we find for any x € X such that P,(I',) = 1 and
I(P,) € P-(R) a sequence of measures p; € I, CP,(R), i € N, with

1 n
4y = ZZP? = I(P)=m,, n—oo, inW,.

Since C is convex in the second argument, we can reason as in Remark 2.4 (b), and find
that for g-a.e. x (x,¢") is already contained in the martingale C-monotone set I". Then by
closure of T" we conclude (x,my) € I for p-a.e. x, and by the same reasoning as in Remark
2.4 (a) martingale C-monotonicity of 7. O

Lemma 3.7. Let m € Iy (u,v), b € L'(v), c: X x Y — R be jointly measurable, and
c(x, ) be upper semicontinuous and upper bounded by a postive multiple of b for all x € R.
Then n is (c, Fy)-monotone if and only if  is martingale C-monotone (with C(x, p) :=

;e y)p(dy)).

Proof. Let [' € R xR be (¢, Fi)-monotone with 7(I") = 1. Consider the Borel measurable
set

I:= {(x, p) € XX PI(Y): p(l) = LfRyP(dy) = x,leb(y)lp(dy) < 00},

where (x,7,) € I for u-almost every x € X. Take any sequence (x1, p1),...,(xy,py) €T
with competitors gy, ...gy € P1(R), i.e.,

N N
Zpi = Z%’, f ypildy) = f Y qi(dy).
i=1 i=1 R R
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k

We find for any (x;, p;) € T, a sequence of finitely supported measures {p; }iery Where for

all k € N we have that p*([,,) = 1, ggypf(dy) = x;, and
tim [ et = [ et piay). (3.14

Him f b()| P (dy) = f IbO)I p(dy). (3.15)
—®JR R

Thus, Lemma 3.5 provides {q’f, ey q’;v}, sequences of feasible and finitely supported com-
petitors with corresponding limit points {qy, . .., gx}. Then (¢, Fj)-monotonicity yields

N N
ZﬁgmwM@hgng&mwﬁ@o
i=1 i=1

N N
<timsup Y [ ctindi@n < ) [ ety atan
i=1 VR i=1 VR

where we used (3.14) for the first equality, and upper semicontinuity of c(x, -), upper

boundedness of c(x, -) — a(x)b(-) for some a(x) > 0, and (3.15) in the last inequality. We
have shown that I' is martingale C-monotone. Since (x,m,) € I for y-a.e. x € R, we
conclude that r is martingale C-monotone.

Now, let 7 be martingale C-monotone on a Borel measurable set I' € R X P(R), that is,
J(m)() = 1. Due to the variation of Lusin’s theorem, Lemma 6.3, there is an analytically
measurable set I' C X x ¥ satisfying:

(i) For any (x, p) € I' we have that p is concentrated on the fibre I y={yeY:(x,y) e
I}, ie., p@y) = 1.

(ii) For any (x,y) € [ we find (x, p) € T and a Borel measurable set K C I, such that
(1) c restricted to the fibre {x} X K is continuous,
(2) y € supp(plg) N K and

fB( )Nk %p(d@ — c(x,y) ford 0. (3.16)
s()N

In particular, we have that  is concentrated on r by property (). To see that [is (¢, Fm)-
monotone, take a finite subset of T, i.e., G := {(x1,y1),...,(xy,yn)} C I. Let a be sup-
ported on G and 8 be a competitor, i.e.,

proj; (@) = proj;(8),  proj,(@) = proj,(B),

fyax,(dy)=fyﬁx,.(dy), i=1,...,N.
R R

By property (ii) of I we find for each (xi,y), 1 <i <N, (x4, p;) € I and sets K; such that ¢
is continuous on {x;} X K;, y; € K;, and (3.16) holds. Let

o (xi, i)
pi(KiN Bi,)
Then o converges weakly to @, and by Lemma 3.5 we find a sequence {5*}cy, where ¢

is a competitor of o, which converges weakly to 8. As c(x, -) is upper semicontinuous and
finitely valued, there exists kg € N with

N
dA(dx.dy) = ) 6,(dv) Plkos,6)(@dy). ke,
i=1

N
sup {c(x,y): ye U Bklo(y,»)} < oo (3.17)
i=1
Thus, we have

tfdmmmm=MJ'mwwmm
RxR k—co JpxR

k—o0

< liminf f c(x,y) B dx, dy) < f c(x,y) B(dx, dy),
RxR RxR
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where we obtain the first equality due to (3.16), the first inequality due to martingale C-
monotonicity, and the final inequality due to upper semicontinuity and (3.17). O

Proof of Theorem 1.1. Since ni* is optimizer of (MOT) for cost c; with marginals y and v,
7k is (cx, Far)-monotone by [12, Theorem 1.4]. By Lemma 3.7, we find that 7¥ is martingale
Cy-monotone. Then Theorem 3.6 shows that martingale monotonicity is preserved for
k — oo. Hence, 7 is martingale C-monotone and thus (c, ¥7)-monotone by Lemma 3.7.
Finally, « is optimal for (MOT) with cost ¢ by [27, Theorem 1.3]. O

Proof of Corollary 1.2. Let n* be optimal for (MOT) for the cost function c¢; and mar-
ginal measures (4, v,. We may apply Theorem 1.1 showing that every accumulation point
(with respect to weak convergence) of {7} ey is an optimizer for (MOT) for the cost func-
tion ¢ and marginal measures u,v. On R? we may choose the metric D((x,y), (X,y)) =
~/lx = X" + [y — 3I" in order to define the r-Wasserstein metric on P,(R?). Then

f D((©,0), (x,y)) 7*(dx, dy) = f () + f b vi(dy)
RxR R R

S f Il ) + f by = [ Da,0), (x, ) w(dx, dy),
R R RxR

as k tends to co for any coupling 7 with marginals g, v. It follows by [43, Definition 6.8 (i)]
that the accumulation points of {7} under the weak topology or under the ‘W,-topology
coincide. The following inequality is immediate

liminff ci(x,y) ¥ (dx,dy) > inf f c(x,y) n(dx, dy).
RxR RxR

—00 melly (u,v)

In order to prove

lim sup f cr(x,y) 7“dx, dy) < inf f c(x,y) n(dx,dy),
k= JRxR melly () Jrxr

it suffices to observe that if (for some subsequence which we do not track) 7 — 7 in
W,, then foR cx(x, y)r*(dx, dy) — foR c(x,y) n(dx, dy), since 7 must be optimal for the
r.h.s. But this is clear since ¢; — ¢ uniformly and ¢ is dominated by a positive multiple of
(x,y) = 1+ D((0,0), (x,y))". O

4. THE RELATION OF OT axD WOT

In this part we explore the relationship between (classical) c-cyclical monotonicity
in optimal transport, and C-monotonicity in optimal weak transport, in the case when
C(x,p) = fY c(x,y)p(dy). We recall the notion of c-cyclical monotonicity, cf. [43, Defi-
nition 5.1]:

Definition 4.1 (c-cyclical monotonicity). Letc: X XY — R.

(1) A set ' € X X Y is called c-cyclically monotone iff for any N € N, and any
collection (x1,¥1),...,(xn,yn) €T, we have

N N

Z c(xi, yi) < Z (X, Yit1)s

i=1 i=1
with the convention yy+1 = Y.

(2) A probability measure 1 € P(X X Y), which is concentrated on a c-cyclically
monotone set, is then called c-cyclically monotone.

Our main result of this section is:

Theorem 4.2. Let 7 € Il(u,v), b € L'(v), ¢c: XxY — Rbe Jjointly measurable, and c(x, -)
be upper semicontinuous and upper bounded by a positive multiple of b for all x € X. Then
7 is c-cyclically monotone if and only if nt is C-monotone (with C(x, p) := fy c(x,y) p(dy)).
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Lemma 4.3. Let c: X X Y — R be jointly measurable. Let 1 € (i, v) be C-monotone
with C(x, p) := fY c(x,y) p(dy) and c(x,-) € L'(rr,) for u-almost every x € X. Then for all
A € B(X X Y) the restriction of T to A, i.e., 7t|a, is also C-monotone.

Proof. Letxy,...,xy eI'Nn{xe X: n,(A;) >0}, N € N, where I is a C-monotone subset
and A, :={y € Y: (x,y) € A}. To shorten notation we write

1 .
—pi, i=1,.
PilA)"

Without loss of generality we can assume that restricting and disintegrating commutes,

Di = (mla)y, foralli =1,...,N. Letn > 1 be a natural number with reciprocal value
smaller than min; p;(A,,). Define the probability measures

Pii=Tygla,, Pi= ..,N.

r="2"Plepy), i=1,..,N,
n—1

which by linearity of p — C(x, p) satisty
N N

n Y Clximy) = Y Clxi, )+ (n = DC(xi, 7). (1)
i=1 i=1

To show C-monotonicity of x|4, let g1, ...,gy € P(Y) with Z[ 1 Gi = Zfil pi. Define

qi ’=19 .
qi,,'Z:{ql J . l=1,...,N,
’ ri ZS]SH,

whence, ¢; := Z j=14i.j € PY),i=1,...,N, define competitors of (r,);, since

th DWWIE Enx,

i=1 j=1
From C-monotonicity of 7 we derive that
N

nZN]C<xi,nxi)SniC(xi,q, =3 .
i=1 i=1 i=1 i=1

which is by (4.1) equivalent to

N N
Db < Y Clxin ).
i=1 i=1

The next proposition has Theorem 4.2 as an immediate corollary:

Proposition 4.4. Let c: X X Y — R be jointly measurable, b: Y — R be measurable, and
c(x, ) be upper semicontinuous and dominated by a positive multiple of b for each x € X. If
I' C X X P(Y) is a C-monotone analytic set (where C(x, p) := fY c(x,y)p(dy)), then the set
[’ € X X Y from Lemma 6.3 is c-cyclically monotone. Conversely, if a c-cyclical monotone
setl CXXVYis given, then

I:={0np) € XxPY): p) = 1.b e L'(p))
is C-monotone.

Proof Suppose that I" is C-monotone. Let a finite number of points (xq,y1),. .., (Xy,VN)
in I be given. We find (x;, p;) € I’ with pl(l"x) = 1 as in Lemma 6.3. This means that for
each y; there is a Borel measurable set K; C Y with y; € supp(pilx,), clix;xk; 1S continuous,
and

pi= ;pilBF(y,-)nK,-’ f _dwd) p(dz) = c(x;,y0).
pi(Bs(y) N Ky~ kB, PUKi N Be(yi)
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The measure % Zf\i 1 Ox,Pi 18 by construction C-monotone. By the restriction property of
Lemma 4.3, the measure % Zf; 1 05, P? 1s likewise C-monotone. Then by upper semiconti-
nuity of c(x, -) and (3.17) (which is here applicable), we conclude (with the convention that
N+1=1):
N N N N

; C(Xz,)’z) EI\I‘I(I) ; C(xh Pi ) = H‘?\%lp ; C(xl’ P,+1) = ; C(xz,}’m)
Now let " be a c-cyclical monotone set. Recall that c(x, -) is dominated by b and b € Ll(p)
for all (x, p) € I'. Therefore, by the law of large numbers, we have for an iid sequence
(Y))ien distributed according to p that almost surely

1y 15

tim =) e ¥y = [ etunpa@n. fim 3 bl = [ bolplay)
Thus, we can approximate p by discrete measures concentrated on I" and thereby ob-
tain C-monotonicity of I': Let (x1, p1),...,(xn,py) € T and qi,...,qgv € P(Y) with
Zﬁ\;l pi = Zﬁl g;. We find by discretely approximating py,..., py on I', and then using
c-cyclical monotonicity, the sequence of competitors constructed in Lemma 2.6, and upper
semicontinuity of ¢(x, -) and upper boundedness of c(x, -) — a(x)b(-) for some a(x) > 0 that

N N n N N
1 o )
; C(xi, pi) = ,}g?o - Z Z c(xi,y)) < hmnsup ; fyc(xi,y) qi(dy) < ; C(xi, i)

i=1 j=1

5. EPILOGUE

Convexity is a natural assumption in the setting of weak transport. It is known that
convexity of C(x, ) is necessary to obtain general existence of minimizers in the space of
couplings, see [4, Example 3.2]. Similarly, convexity is required for C-monotonicity to be
a necessary optimality criterion:

Example 5.1. Let X = {0}, Y ={0, 1}, u =69, v = %(60 +d), and
C(x, p) = min(p({0}), p({1})).

Then C is continuous and concave on X X P(Y), but the only (and therefore optimal)
coupling ¢ ® v € I1(y, v) is not C-monotone. Indeed,

2C(0,v) =1> 0= C(0,60) + C(0,06y).

In the classical optimal transport setting c-cyclical monotonicity implies optimality al-
ready when the cost function c is bounded from below and real valued, see [10]. A similar
conclusion cannot be drawn in optimal weak transport as C-monotonicity does not even
imply optimality when C is lower continuous:

Example 5.2. Let X =[0,1], Y = [0, 1] and C(x, p) := pss,([0, 1]) = p([0, 1]\ {x}), which
is a measurable cost function (c.f. Proposition 6.5) and lower semicontinuous for fixed
x € [0, 1]: Given a weakly convergent sequence py — p € P(Y), the Portmanteau theorem
yields

liminf C(x, pe) = liminf pi([0, 11\ {x}) 2 p([0, 1]\ {x}) = C(x, ).

The product coupling 7 := A®A € I1(4, 1) where A denotes the uniform distribution on [0, 1]
is in fact C-monotone: Since 7, = A (1-almost surely), we have for any xy, ..., xy € [0, 1]

and qi,...,qy € P(Y) with
N N
QM =NA= ) g
i=1 i=1



22 J. BACKHOFF-VERAGUAS AND G. PAMMER

that g; is absolutely continuous to 4, hence,

N N
D Cimy) =N =) Cxi g0,
i=1 i=1

But the unique optimizer of (WOT) with cost C is given by n*(dx, dy) := A(dx)d.(dy) and

f Clx,m)Adx)=0<1= f C(x,my) A(dx).
[0,1] [0,1]

Even when C is given as the integral with respect to some c: X X ¥ — R, we cannot
hope that C-monotonicity implies optimality and/or c-cyclical monotonicity, as the next
example shows.

Example 5.3. Let X = [0,1], Y = [0,1] and C(x, p) = IIO,II c(x,y)p(dy) with c(x,y) =
1iy(). As in the previous example, the product coupling 7 = A ® A is C-monotone,
but not optimal, whereas n*(dx, dy) = A(dx)d,(dy) is optimal and in particular c-cyclical
monotone.

The failure of C-monotonicity to provide optimality in these simple settings (the cost
function C is even bounded and lower semicontinuous) is caused by the manner it varies
over ‘X X Y’: The variation over X is pointwise (similar to c-cyclical monotonicity),
whereas over Y variations are taken in a weak sense, i.e., we require that the Y-intensities
of the two competing sequences to agree. Here, C-monotonicity is unable to detect the
jump from 1 to O at x, and we could argue that C-monotonicity yields optimality of 7 un-
der all couplings y in I1(4, 2) such that y, <« A for A-almost all x € [0, 1]. To be able to
compare with all competing couplings, more regularity of C in ‘Y-direction’ is necessary,
e.g., upper semicontinuity as in Theorem 4.2 or uniform equicontinuity as in Theorem 2.2,
but the question remains open precisely how much regularity is required. The authors con-
jecture that C being upper Carathéodory, i.e., C: X X P(Y) — R is jointly measurable and
for fixed x € X the map p — C(x, p) is upper semicontinuous, is required for sufficiency
of C-monotonicity as optimality criterion.

Notably, Example 5.2, when taking C := —C as cost, provides an upper semicontinuous
cost function which is convex (in fact linear) in the following sense: Let O € P(P([0, 1])),
then

[ eamoun=c(x [ pouap). 5.
P((0,1]) (10,1

Therefore, C being lower semicontinuous and convex is a strictly stronger assumption
than the convexity property stated in (5.1) together with measurability, as demanded in
Theorem 2.5.

6. APPENDIX

The existence of a concave modulus of continuity was employed in the proof of Theo-
rem 2.2. We split the argument into a general part, and a part optimized for the setting of
the paper.

Lemma 6.1. Letr (Y,d) be a metric space, r > 1, and f: X X Y — R be d-uniformly
continuous uniformly in x € X, i.e. such that

0(6) := sup{|f(x,a) — f(x,b)|: x€ X, a,be Y s.t.d(a,b) <6},
vanishes for 6 \, 0. Assume additionally that

Ve > 0: sup w<m

abeY: diab)ze, d(a, by
xeX

Then there is 0 : [0, 00) — [0, 00] concave such that lims\ o 6(6) = 0 and

|f(x, @) = f(x,b)] < G(d(a,b)).
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Proof. Fixing € > 0, there is J, such that [f(x,a) — f(x,b)| < g if d(a,b) < 6. If on the
other hand d(a, b) > 6, then
_3 a) — _3 E
fa) - fb)l <daby  sup  LEDZSEDN_ e bk

abey: d@b)=s., d(a, by
xeX

Hence overall |f(x,a) — f(x,b)| < € + d(a, b)" K and in particular
0(0) < € + 0K,

and K, < co. Denoting by 6 the concave envelope of 6, i.e. the infimum over all affine
functions majorizing 6, we conclude 8(6) < & + 6K,, and so lims_ () = 0, as & was
arbitrary. Finally remark that |f(x, a) — f(x, b)| < 6(d(a, b)) < O(d(a, b)").

O

Lemma 6.2. Let C: X X P.(Y) — R and suppose that C(x, -) is ‘W -uniformly continuous
uniformly in x € X, i.e. such that

6(9) := sup {lC(x, p)—-Clx,9l: xeX,(p,q) € SD,(Y)2 s.t. W, (p,q) < 6},

vanishes for 6 \, 0. Then there is 6 : [0, 00) — [0, 0] concave such that lims\ o 66) =0
and

IC(x, p) = C(x, )l < O(W,(p,q)).
Proof. We apply Lemma 6.1. It suffices to show that for any ¢ > 0

C(x, p) — C(x,
sup Kop-Cougl ., ©6.1)
paeP, 0 W,payze WP, q)
To this end choose 0 < ¢ < 5 such that 6(6) < co. For any p,q € P(Y) with W.(p,q)" > ¢
there is N > 2 such that

(N-1)6 <W,(p,q) < N6.
Denoting [p,gl, = (1 — @)p + aq, by convexity of optimal transport we have* for all
a,B€0,1]
W, (p.4qle. [P, qlp)" <la = BW.(p.q)"
Hence,

N
IC(x, p) = Cx, @)l < D [CCx [P, gli-1yw) = CCx [P, glign)|
k=1

& (Wip.q) oW, (p.q)' N 6(6)
< 9(’—’) < NO(©B) < ——2 2 <2W,(p,q) —.
kz_; N O(N —-1) 0

and we conclude that the left-hand side of (6.1) is bounded by @ < oo, O

The following lemma can be viewed as a measurable version of Lusin’s theorem. It is
applied in Section 3 and 4 to connect martingale C-monontone respectively C-monotone
sets I with (c, 37)-monotone respectively c-cyclically monotone sets I. Namely this is
done in Lemma 3.7 and Proposition 4.4.

Lemma 6.3. LetT" C XXP(Y) be analytic, and c: XXY — RU{xo0} be Borel measurable.
Then there exists an analytic set I' C X X Y with the following properties:

(i) Forany (x, p) € I we have that p is concentrated on the fibre I = fyeY: (x,y)€e
I}, ie, pfy) =1L

(ii) For any (x,y) € I' we find (x, p) € I and a Borel measurable set K C I'y such that
(a) c restricted to the fibre {x} X K is continuous,

p—a

1-a

4Indeed, if B > a we write [p,qlg := %[p, qla + q and first deduce W, ([p.qlo.[p.qlp)" <
p-a

= W:([p, qlas@)", by convexity of optimal transport with respect to marginals. Iterating the argument we find
W}"([p’ Q]a, [Ps 4]/3)' < (ﬁ - Q)(Wr(P, Q)r~
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(b) y € supp(p) N K and

c(x,2)
fl;,)(y)ﬂK 2 (By) N K) p(dz) = c(x,y) foro ™\ 0.
Proof. Without loss of generality, we can assume that ¢ is bounded. We follow similar
ideas as [22].

To illustrate the idea, let for a moment K C Y be any measurable set, and write c,(y) :=
c(x,y). Continuity of cyl(xxx means that for any open set O C R the preimage c;l(O) NnK
is open in the trace topology on ¥ N K. For any radius @ > 0 and open set O C R, we can
consider an @-doughnut around c;l (0),1.e.,

A@) :={yeY:Ize ' (0) st.dy(y.2) < af\ ¢;(0).

Clearly, A(@) U ¢;'(0) is open and ¢;'(0) = (A(@) U ¢;'(0)) N A%(@), thus, c;'(0) is a
relatively open subset of A°(a). Note that for any p € P(Y), we have by outer regularity
that p(A(a)) vanishes with a.

Next, we generalize the above reasoning adequately to the product space X X Y and
countably many open sets. Denote by {U,},en a countable basis of the topology on R. In
analogy to A, we define for any sequence of radii in Y-direction @ = (@,)nen € ]1@}, a, >0
for all n € N, the B(X X Y)-measurable set

Ala) := U {y) € Xx Y1 Ax,2) € (U st dy(y.2) < auf \ ¢ (U).
neN
We see likewise that ¢™'(U,) N A(@)° N {x} x Y is relatively open in A(a)° N {x} X Y. As
{U,}nen forms a basis of the topology on R, we find for any open set O C R a subset N € N
with ey Uy = O, thus,

O NA@  N{xtx Y = U N U) NA@F N {x}x Y,
neN

is also relatively open in A(a)“ N {x} X Y, and consequently c|a()n(xxy 1S continuous for
all x € X.

Let (x, p,@) € X xP(Y)xRY and @, > O forall n € N, K := proj,(A(a)° N {x} X ¥). We
have shown for any y € supp(p|x) that 6 \, 0 implies

1
p(K N Bs(y)
Since ¢ is bounded and continuous on {x} X K, we have for § \, 0

PlknBsyy — 0y InP(Y).

c(x,2)
———p(dz) —» . Y). 6.2
j[;ﬂBg(y) p(K N Bs(y)) p(dz) = c(x.y) 62)

For any (x, p) € X XP(Y) we have by outer regularity of p that for any n € Nand § \, 0
p(yev: Tect' W) st dy(y,2) <)) > p(c'(Un).

Therefore, for any € > 0 there is @ € RE’ with @, > 0,n € N such that

p(lyey: Je ' U) stdy(pn2) < ) \ ;' (U) < zi
whence
s;ep@A@) <Y p(frer: e U st dr(v,0 <)) <e.
neN
The set
M* := {(x, p.@) € X x P(Y) X R!: 6, ® p(A(e)) < &
satisfies that projy,py, M* = X X P(Y).

We claim that (x, p,@) = 6x ® pla) and M?® are both Borel measurable: Evidently,
a — A(a) meets the requirements of Lemma 6.4 below, and consequently the function
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(x,y,a) = fa(x,y,a) := Lye)(x,y) is Borel measurable. From here, we deduce Borel
measurability of

(x,p,a) = 6, ® p({x} X B\ A(a)) = fBll = falx, y, )| p(dy),

for every B € B(Y), which yields our claim.
Finally, we are in a position to define [': Since I' is analytic and M? is Borel measurable,
the set Mf := M*NT X RY is yet again analytic. Consider the analytic set

O = {(x, p,a,y) € XX P(Y)xRY x Y: Ax, p,@) € ME s.t.y € supp(p), Law(x,y) = 0}
=MpN {(x, p,a,y) € X XP(Y) X RE‘ X Y:yesupp(p), falx,y, @) = 0},
where we used that Y admits a countable basis (Oy)ien of its topology, whereby
y € supp(p) & Vk € N: either p(Oy) > 0ory ¢ Ox.

Since ®? is analytic, its X X Y-projection is analytic too. Thus,

- . 1
I':= U Projyxy OF
keN

is analytic. Recall that for any (x,p) € ' and k € N there is o € (0,00)N with 6, ®
P(A(@")) < 1. As for every k € N we have

p(C) =6, ® p(f' N X x supp(p)) = 6, ® p(lx} x {y € Y: fa(x,y,a") = 0})
= 1-6,®p(A@h) > 1 - %

we derive that [ satisfies item ).

On the other hand, if (x,y) € I, then there is k € N and (x, p,@) € M{ with (x, p,a,y) €
Ot. Set K := projy(A(a@) N {x} X Y) N supp(p) and note that {x} X {p} X {@} X K C @%,
that means K C ['. Recall (6.2). By the paragraph preceding (6.2), we have continuity of
clixjxx» and conclude that item (ii) is satisfied. |

Lemma 6.4. Let A: RY — B(X X Y) be given s.1.

(a) for any’ a,f € RY, a < 8 we have A(a) C A(B),

(b) for any (@ Yen C le with a"fl /" ap,n € Nand @ = (@y)yen € le, we have

A(@®) /' Aa).
Then the function
fa: XX Y XRY - R: (x,y,@) = Ty (x,y)
is Borel measurable.
Proof. The function f4 is the indicator function of the set
A= {(xy.@) e Xx Y xR (x,y) € A@)} = U Aa) x {a).
a€eRN

We show that A coincides with the Borel measurable set A’

A =A@ x R)lga ).

qeQ neN

where Q = {a € QT: dn € Ns.t. ay = 0 Vk > n}. From property (a) of A we deduce
AD A Now let (x,y, @) € A, then we find a sequence {¢*}raw € Q with ¢* @, and by
(), there exists an index ky € N such that (x, y) € A(¢*) for all k > k. Thus,

(x,y, @) € A[d") x (X)Ig}, 00) € A,
neN

and A € A’. Therefore A is a Borel measurable set and f4 a Borel measurable function.
O

3In this part we write @ < 8 & «; <, forall i.
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We conclude this section by showing the following measurable variant of the Lebesgue
decomposition theorem, quoted in Example 5.2.

Proposition 6.5. Let M, (X) the space of all finite measures on X be equipped with the
topology of weak convergence of measures. Then the map

T: My (X) X M (X) = M,(X) X M (X),
(p,9) = (Gac,p>Gs.p)s
where T (p, q) is the unique Lebesgue decomposition of g w.r.t. p, i.e.,

Gacp Y 9sp = 4>  YGacp < D5 qsp L D,

is measurable.

Proof. Essentially we are defining a family of measurable functions: for any 6 > 0 and
A€ B(X) let

Fsa: Mi(X) X M (X) X B(X) = R,

( B) q(A\ B) p(B) <o, (6.3)
q(A) else.

In turn, this allows us to define T'(p, ¢)(A) as a the limit of countable infima of measurable
functions. Since X is Polish there exists a countable family O of open sets on X such
that o(O) = B(X). Denote by R(O) the set-theoretic ring generated by O, which is again
countable. Then, for any £ > 0, A € B(X) and p € P(X) there is a set A, € R(O) such that

PA\A UA\ A) < & (6.4)

Using the classical Lebesgue decomposition theorem, for any pair (p, g) € M (X)X M, (X)
there is a set B C X with p(B) = 0and

Gacp(A) = g(A\ B) VA € B(X).
By [16, Proposition 4.5.3] we have

lim sup Gacp(B) =0
N0 BeB(X): p(B)<6 “op

whence,

A) = inf A\ B
qacp( ) 6\OB€B(X) p(B)< (sQacp( \ )

= lim Bes<;}>‘?f,,<3><5 Gucs(A\ (BU B)) + 45, (A\ (BU B))

= lim B
N0 BeB(X) p(B) 5q( \B)

=li f A\ B),
61{‘% BeR(Ol)I:1 p(B)<d C]( \ )

where we used for the last equality the approximation property (6.4).
Thus Fa: My (X) X M,(X) — R defined by

Fa(p: @) = qacp(A) = ;g_f) (Bes( Xl)nfp <) q(A\ B) = kh_{g Ber}(fO F14(p.q, B) (6.5)

is Borel measurable, and as A € B(X) was arbitrary we conclude that 7' is measurable. O
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Approximation of martingale couplings on the line in the weak
adapted topology

M. Beiglbock* B. Jourdain' W. Margheriti' ¥ G. Pammer* $

Abstract

Our main result is to establish stability of martingale couplings: suppose that 7 is a martingale
coupling with marginals u,v. Then, given approximating marginal measures ji ~ u, 7 ~ v in convex
order, we show that there exists an approximating martingale coupling 7 &~ 7 with marginals fi, 7.

In mathematical finance, prices of European call / put option yield information on the marginal
measures of the arbitrage free pricing measures. The above result asserts that small variations of
call / put prices lead only to small variations on the level of arbitrage free pricing measures.

While these facts have been anticipated for some time, the actual proof requires somewhat in-
tricate stability results for the adapted Wasserstein distance. Notably the result has consequences
for a several related problems. Specifically, it is relevant for numerical approximations, it leads to a
new proof of the monotonicity principle of martingale optimal transport and it implies stability of
weak martingale optimal transport as well as optimal Skorokhod embedding. On the mathematical
finance side this yields continuity of the robust pricing problem for exotic options and VIX options
with respect to market data. These applications will be detailed in two companion papers.

Keywords: Martingale Optimal Transport, Adapted Wasserstein distance, Robust finance, Convex
order, Martingale couplings.

1 Introduction

Subsequently we will carefully explain all required notation and describe relevant literature in some
detail. Before going into this, we provide here a first description of our main result and its relevance for
martingale transport theory.

In brief, while classical transport theory is concerned with couplings II(u, v) of probability measures
1, v, the martingale variant restricts the problem to the set of couplings which also satisfy the martingale
constraint, in symbols ITps(u,v). Already in the simple (and most relevant) case where p, v are proba-
bilities on the real line, many arguments and result appear significantly more involved in the martingale
context. A basic explanation lies the rigidity of the martingale condition that makes classically simple
approximation results quite intricate. Specifically, the martingale theory has been missing a counterpart
to the following straightforward fact of classical transport theory:

Fact 1.1 (Stability of Couplings). Let 7 € II(u,v) and assume that pu*,v*, k € N, are probabilities that
converge weakly to p and v. Then there exist couplings 7% € TI(u*,v*), k € N converging weakly to .

This is so basic and straightforward that its implicit use is easily overlooked. Note however that it
plays a crucial role in a number of instances, e.g. for stability of optimal transport, providing numerical
approximations, or in the characterisation of optimality through cyclical monotonicity.

The main result of this article is to establish the martingale counterpart of Fact 1.1, see Theorem
2.5 below. This closes a gap in the theory of martingale transport. It yields basic fundamental results
in a unified fashion that it is much closer to the classical theory and it allows to address questions in
Martingale optimal transport, optimal Skorokhod embedding and robust finance that have previously
remained open. We will consider these applications systematically in two accompanying articles.
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1.1 The Martingale Optimal Transport problem

Let (X,dx), (Y,dy) be Polish spaces and C' : X x Y — R, be a nonnegative measurable function.
Denote by P(X) the set of probability measures on X. For p € P(X) and v € P(Y), the classical
Optimal Transport problem consists in minimising

inf / C(z,y) (dzx, dy), (0OT)
mell(p,v) XXY

where TI(p, v) denotes the set of probability measures in P(X x Y') with first marginal p and second
marginal v. When X =Y and C = d% for some r > 1, (OT) corresponds to the well-known Wasserstein
distance with index r to the power r, denoted W (i, v), see [4, 42, 44, 45] for a study in depth.

The theory of OT goes back to Gaspard Monge [37] and, resp. Kantorovich [32] in its modern formula-
tion. It was rediscovered many times under various forms and has an impressive scope of applications. A
variant of OT that is suitable for applications in mathematical finance, in particular model-independent
pricing was introduced in [11] in a discrete time setting and in [22] in a continuous time setting. Com-
pared to usual OT, the difference is that one requires an additional martingale constraint to (OT) which
reflects the condition for a financial market to be free of arbritrage.

In detail, the Martingale Optimal Transport (MOT) problem is formulated as follows: given 7 €
P(X xY), we denote by (m,).cx its disintegration with respect to its first marginal ;. We then write
m(dx,dy) = p(dz) 7, (dy), or with a slight abuse of notation, 7 = u x 7, if the context is not ambiguous.
Let C: R xR — R, be a nonnegative measurable function and pu, v be two probability distributions on
the real line with finite first moment. Then the MOT problem consists in minimising

inf C(z,y) m(dz, dy), (MOT)
melln (1,v) JRxR

where I3 (u, v) denotes the set of martingale couplings between p and v, that is

My (p,v) = {77 =p x my € (p,v) | p(de)-almost everywhere, / Yy (dy) = 1:} .
R

According to Strassen’s theorem [43], the existence of a martingale coupling between two probability
measures [,V € P(Rd) with finite first moment is equivalent to pu <. v, where <. denotes the convex
order. We recall that two finite positive measures y, v on R? with finite first moment and are said to be
in the convex order iff we have

[ tautdn) < [ i)

for every convex function f : R — R. Note that there holds equality for all affine functions, from which
we deduce that p and v have equal mass and satisfy [, @ pu(dr) = [p.yv(dy).

For adaptations of classical optimal transport theory to the MOT problem, we refer to Henry-
Labordeére, Tan and Touzi [28] and Henry-Labordére and Touzi [29]. Concerning duality results, we
refer to Beiglbock, Nutz and Touzi [14], Beiglbéck, Lim and Obléj [13] and De March [18]. We also refer
to De March [17] and De March and Touzi [19] for the multi-dimensional case.

Concerning the numerical resolution of the MOT problem, we refer to the articles of Alfonsi, Corbetta
and Jourdain [2, 3], De March [16], Guo and Obl1éj [25] and Henry-Labordére [27]. When p and v are
finitely supported, then the MOT problem amounts to linear programming. In the general case, once the
MOT problem is discretised by approximating p and v by probability measures with finite support and
in the convex order, Alfonsi, Corbetta and Jourdain raised the question of the convergence of optimal
costs of the discretised problem towards the costs of the original problem. A first partial result was
obtained by Juillet [31] who established stability of left-curtain coupling. Guo and Obléj [25] establish
the result under moment conditions. More recently, Backhoff-Veraguas and Pammer [10] and Wiesel [46]
independently gave a definite positive answer.

1.2 The Adapted Wasserstein distance

The stability result shown by Backhoff-Veraguas and Pammer involves Wasserstein convergence. More
precisely, let pF,v* € P(R), k € N be in the convex order and respectively converge to p and v in



W,. Under mild assumption, for all k& € N there exists 7 € (¥, v*), optimal for (MOT), and any
accumulation point of (7%)en with respect to the WW,-convergence is a martingale coupling between
and v optimal for (MOT).

However, it turns out that the usual weak topology / Wasserstein distance is not wellsuited in setups
where accumulation of information plays a distinct role, e.g. in mathematical finance. Indeed, the
symmetry of this distance does not take into account the temporal structure of stochastic processes.
It is easy to convince oneself that two stochastic processes very close in Wasserstein distance can yield
radically unalike information, as illustrated in [5, Figure 1]. Therefore, one needs to strengthen, the
usual topology of weak convergence accordingly. Over time numerous researchers haven independently
introduced refinements of the weak topology, we mention Hellwig’s information topology [26], Aldous’s
extended weak topology [1], the nested distance / adapted Wasserstein distance of Plug-Pichler [38]
and the optimal stopping topology [6]. Strikingly, all those seemingly different definitions lead to same
topology in present discrete time [6, Theorem 1.1] framework. We refer to this topology as the adapted
weak topology. A natural compatible metric is given by the adapted Wasserstein distance, see [38, 39, 40,
41, 36, 15] among others.

Fix o € X and r > 1. We denote the set of all probability measures on X with finite r-th moment
by P,(X), i.e.

PT<X>={peP<X>| /. dgc(l‘,xo)p(dx)<+oo}.

Similarly, we denote by M(X) (resp. M,-(X)) the set of all finite positive measures (resp. with finite
r-th moment). The sets M(X) and M,.(X), resp. are equipped with the weak topology induced by the
set Cp(X) of all real-valued absolutely bounded continuous functions on X and, resp., the set ®,(X) of
all real-valued continuous functions on X, C(X), which satisfy the growth constraint

O, (X)={feCX)|Fa>0, Vze X, |f(x)] <a(l+dx(x,x0))}.
A sequence (p*)gen converges in M,.(X) to p iff

Ve ®.(X), pf(f) — ulf) (1.1)

k—+o00

If moreover p and p*, k € N, have equal mass, then the convergence (1.1) can be equivalently
formulated in terms of the Wasserstein distance with index r:

7

We(p®, 1) :=  inf (/XXXdS((x,y)ﬂ(dx,dy)> — 0.

meIl(pk,p) k—+o00

Given mg > 0, we can then equip the set of finite positive measures in M,.(X xY") with mass mg with
the Wasserstein topology. However, we can also equip it with a stronger topology, namely the adapted
Wasserstein topology. It is induced by the metric AW, defined for all 7,7’ € M, (X x Y) such that
T(X xY)=7"(X xY)=mg by

Slm

AW, (r, ') =  inf (/Xxx (d (z,2") + Wi (70, 7hr)) x(dx,d:c’)) , (1.2)

XETI(p,p")

where p, resp. p' is the first marginal of 7 resp. «’. It is easy to check that W, < AW,., and therefore
AW, indeed induces a stronger topology than W,. Another useful point of view is the following: let
J: M(X XY)—= M(X x P(Y)) be the inclusion map defined for all 7 = p x 7, € M(X xY) by

J(m)(dz,dp) = p(dz) or, (dp).
For all 7,7’ € M,.(X xY) with equal mass, their adapted Wasserstein distance coincides with
AW, (7, 7") = W,.(J(m), J(7")). (1.3)

Therefore, the topology induced by AW, coincides with the initial topology w.r.t. J.
Finally, let us mention the interpretation of adapted Wasserstein distance in terms of bicausal cou-
plings as done in [7]. Let m, 7" € P.(X xY). Let Z1,Zs, 21, Z} be random variables such that the



distribution of (71, Zs, Z1, Z}) is a W,-optimal coupling between 7 and 7/. In many cases, there exists
a Monge transport map 7' : X x Y — X x Y such that (7], Z) = T(Z1, Z3). As mentioned in [5], the
temporal structure of stochastic processes is then not taken into account since the present value Z1 is de-
termined from the future value Zs. Therefore, it is more suitable to restrict to couplings (21, Zs, Z1, Z4)
between 7 and 7’ such that the conditional distribution of Z; (resp. Z) given (Z1, Z3) (vesp. (Z1, Z5))
is equal to the conditional distribution of Z] (resp. Z) given Z; (resp. Z}).

Let 4 and g/ denote the respective first marginal distributions of 7 and ' and let n € II(m, 7’) be
a coupling between 7 and 7', Let x(dx,dz’) = f(y,y’)GYXY n(dx, dy,dz’,dy’) € TI(u, 1'). With a slight
abuse of notation we write x(dz, dz’) = p(dz) x.(dz’") = p'(dz’") xor(dz). Then n is called bicausal iff

/ n(dz,dy,dz’, dy') = w(dz, dy) x»(dz’) and / n(dz, dy,dz’,dy’) = «'(dz', dy') xar (d).
y' ey yey

We denote by Iy (m, 7') the set of bicausal couplings between 7 and 7', Let (V3,2 (dy, dY')) (2,0 ex x x
be a probability kernel such that n(dz,dy, dz’, dy') = x(dx,dx") vz . (dy,dy’). Another useful charac-
terisation is 7 is bicausal iff x(dx, d2’)-almost everywhere, vy .\ (dy, dy') € II(7,, 7). Then the adapted
Wasserstein distance coincides with

T

AW, () = it (/ (@ () + dy (4,9)) n(dad%dz’,dy'))
n€lle(m,m') \Jxxy

One of the objectives of the present paper is to prove that some well-known stability results for the
W,.-convergence also hold for the AW,-convergence. More details are given in Section 2.

1.3 Outline

Section 2 presents the main result of this article, namely Theorem 2.5 below. We give an explanation of
how the conclusion of this theorem was expectable. Moreover, we give a sketch of its proof in order to
help seeing through the technical details.

Section 3 deals with technical lemmas which allow us to deal with difficulties specific to the adapted
Wasserstein distance with more ease. They mainly explore properties about approximations and when
addition (in a sense explained below) is continuous.

Section 4 focuses on the convex order. It deals with potential functions which are a convenient tool to
address the convex order in dimension one. Moreover, it contains the proof of a key result which allows
us to see that the main theorem needs only to be proved for irreducible pairs of marginals.

Section 5 is as the name suggests devoted to the proof of the main theorem. Before entering its
technical proof, we prove that is is enough to prove AW;-convergence for irreducible pairs of marginals.

2 Main result

Our main result is Theorem 2.5 below. Before, we state a proposition which enlightens us about why the
conclusion of the theorem should be expected (or at least hoped for). We also state the generalisation
of this proposition to Polish spaces. Then, we state a proposition which is a key result to argue that the
theorem needs only to be proved when the limit pair is irreducible. Next, we state the theorem with a
sketch of its proof. It is understood that (X,dx) and (Y, dy) denote any Polish spaces, and (zg, yo) is a
fixed element of X x Y.

As already mentioned above, it is well-known (and easy to show) that when one considers conver-
gent sequences of marginals (1*)ren, (V¥)ren all with equal mass respectively to pu,v € M,.(X), then,
informally speaking, there holds

M(pk, vF) — T(p,v) in W, (2.1)
k—+oco

i.e., any sequence with convergent marginals has accumulation points in II(y, v), and for any = € TI(p, v)
there holds

peenh o W (%) < W (™) + W (v, 1h) — 0 22)



Indeed, let % € TI(u*, 1), resp. 7% € I(v, v*) be optimal for W,.(u*, i), resp. W, (v, v*) and set
k(g.k kY _
ot gt = | o (da* do) ., (dy) 75 ().
(z y)€X><Y

The next two propositions establish (2.1) with respect to AW, for finite positive measures with
common mass. The first one is formulated for X = Y = R and provides under mild assumptions
an estimate of inf e 5y AWy (m, @) with respect to the marginals as in (2.2). Its proof relies
on unidimensional tools, which we recall here. For n a probability distribution on R, we denote by
F, : & = n((—00,z]) its cumulative distribution function, and by F, ' : (0,1) — R its quantile function
defined for all u € (0,1) by

Fn_l(u) =inf{z e R | F,(z) > u}.
The following properties are standard results (see for instance [30, Section 6] for proofs):
(a) F,is cadlag, F, ! is caglad ;

(b) For all (x,u) € R x (0,1),

Fn_l(u)gac = u < Fy(x), (2.3)
which implies
Fylz—) <u< Fy(r) = x= Fn_l(u)7 (2.4)

and  F,(F; ' (u)-) < u < Fy(F;  (u);

(¢) For p(dx)-almost every z € R,
0< Fy(x), Fy(r—)<1 and Fn_l(Fn(x)) = x;

(d) The image of the Lebesgue measure on (0,1) by F,"! is 7.
The property (d) is referred to as inverse transform sampling.

Proposition 2.1. Let p, u¥,v,v% € M,.(R), k € N, be with equal mass such that u* (resp. v*) converges
to p (resp. v) in W,.. Let m € II(u,v). Then:

(a) There exists a sequence ©% € TI(u*,v*), k € N, converging to 7 in AW,.;
(b) If for all x € R and k € N with u*({x}) > 0, there exists ' € R such that
p((=o0,a")) < p*((—o0,2)) < p*((—00,2]) < p((—o0,2')),
which is for instance always satisfied when p* is non-atomic, then

AW (%) < W (1, 1) + W (1, 0%). (2.6)

Remark 2.2. If 7 is a martingale coupling, i.e. [,y mp(dy’) = 2’, pu(da’)-almost everywhere, then for
x* € TI(p*, 1) an optimal coupling for AW,.(7*, 7), we have

[]r= [omtan| u’%dx):/m v [umiia

| T

T

X" (dz, dz’)

v [ bt ) i)
7) x"(dz, dz")

X
|z —a'|" + ’/y T (dy') /Ryﬂ’;(dy)

|x —

e
(

||
=

< ort (|lz — 2"+ Wy (mk Ty ) X" (dz, dx’)
xR
< 2T AW () — 0.
k——+oo

In that sense, 7%, k € N is almost a sequence of martingale couplings.



In the setting of Proposition 2.1, if x* and v* are also in the convex order and 7 is a martingale
coupling, then in view of Remark 2.2 one would naturally expect that 7% can be slightly modified into a
martingale coupling and still converge to 7 in AW,.. This actually requires a considerable amount of work
and is the main message of Theorem 2.5 below. We mention that the previous proposition generalises
to any Polish spaces X and Y, as the next proposition states, but unfortunately without providing an
estimate.

Proposition 2.3. Let u,u* € M. (X),v,v* € M.(Y), k € N, all with equal mass and such that p*
(resp. v*) converges to pu (resp. v) in W,.. Let m € Il(u,v). Then there exists a sequence ™ € (¥, V%),
k € N, converging to m in AW,..

The next proposition is a key ingredient which allows us to reduce the proof of Theorem 2.5 below to
the case of irreducible pairs of marginals. For p € M;(R), we denote by wu,, its potential function, that
is the map defined for all y € R by u,(y) = [ |y — | u(dx) (see Section 4 for more details). We recall
that a pair (u,v) of finite positive measures in convex order is called irreducible if I = {u, < u,} is an

interval and, u(I) = p(R) and v(I) = v(R). If a € R is such that v([a, +00)) = 0, then the convex order
implies p([a,4+00)) = 0, hence

wlo) =a— [ anda) =a= [ yviay) = uta),

so a ¢ I. Similarly, v((—00,a]) =0 = a ¢ I. We deduce that v must assign positive mass to any
neighbourhood of each of the boundaries of I.

According to [12, Theorem A.4], for any pair (u,v) of probability measures in convex order, there
exist N C N and a sequence (i, Vn)nen of irreducible pairs of sub-probability measures in convex order
such that

p=n+> i, v=n+) vn and {u, <w}=J {u, <w,},

neN neN neN

where the union is disjoint and 1 = p[(y,—y, - The sequence (i, Vs )nen is unique up to rearrangement
of the pairs and is called the decomposition of (u, v) into irreducible components. Moreover, for any mar-
tingale coupling 7 € IIj; (i, v), there exists a unique sequence of martingale couplings 7, € s (un, vn),

n € N such that
™= X + Z ﬂ-na
neN

where x = (id, id).n and * denotes the pushforward operation. This sequence satisfies
VneN, my(dz,dy) = pn(dz) m(dy). (2.7)

Proposition 2.4. Let (¥, v¥)ren be a sequence of pairs of probability measures on the real line in convex
order which converge to (u,v) in Wi. Let (fin, Vn)nen be the decomposition of (u,v) into irreducible
components and n = u|{uM:uy}, Then there exists for any k € N a decomposition of (u*,v*) into pairs
of sub-probability measures (uF,v¥)en, (0¥, vF) which are in convex order such that

D k=t P Y Tk =0k ke, (2.8)
neN nenN
: k . k . k . k .
i rf =l e s w29

We can now state our main result, namely Theorem 2.5 below. Any martingale coupling whose
marginals are approximated by probability measures in convex order can be approximated by martingale
couplings with respect to the adapated Wasserstein distance.

Theorem 2.5. Let ¥, vF € P.(R), k € N, be in conver order and respectively converge to p and v in
W,. Let m € Tp(u,v). Then there exists a sequence of martingale couplings 7% € My (u¥, V%), k € N
converging to ™ in AW,..



Sketch of the proof. We will first argue that it is enough to consider the case r = 1. Thanks to Proposition
2.4, we can also reduce the proof to the case of irreducible pairs of marginals (u,v), whose single
irreducible component is denoted (I,7) = I.

Step 1. Fix any martingale coupling m € IIjs(u,v). When directly approximating © we would face
technical obstacles. First, for K a compact subset of I, p|x X 7, is not necessarily compactly supported.
Moreover, v may put mass on the boundary of I. To overcome this, the kernel 7, is first compactified
to a compact set [—R, R], where R > 0, and then pushed forward by the map y — «a(y — x) + x, where
a € (0,1). This yields a martingale coupling 7/ close to 7 and easier to approximate, between u and
a probability measure v® dominated by v in the convex order. We find compact sets K, L C I such
that the restriction 7%|g«r is compactly supported on K x L and concentrated on K x I°/, where L
denotes the interior of L. Since, by irreducibility, ¥ puts mass to any neighbourhood of the boundary of
I, v assigns positive mass to two open sets L_, L, on both sides of K with positive distance to K.
This is summarised in Figure 1, where J denotes a compact subset of I large enough.

J
l \ 1 ;{ ‘\l

L_ K L,

Figure 1: Intervals involved in the proof. The boundaries of the closed intervals are vertical bars and
those of the open intervals are parenthesis.

Step 2. Tt is possible to find an approximative sequence (7% = fi¥ x #%);cy of the sub-probability
martingale coupling 7| «r from step 1. Unfortunately #* is not necessarily a martingale coupling.
Therefore, we free up some mass, and use the one available on the left and right of K in L_ and Ly to
adjust the barycentres of the kernels 7%. Hence we find a sequence (7% = fi¥ x %)<y of sub-probability
martingale couplings approximating 7|k «r.

Step 3. By construction, up to multiplication by a factor smaller than and close to 1, the first
marginal of 7% satisfies ¥ < pu*. Moreover, its second marginal denoted #* is such that there exists a
probability measure v** which satisfies 7¥ < v**¥ < ¥ Then by using the uniform convergence of
potential functions, we show that for k sufficiently large there exist sub-probability martingale couplings
n* € My (uF — ¥, vk — 7F) o that the sum ¥ +7* is a martingale coupling in I (u*, vT%*) where
the second marginal is dominated by * in the convex order.

Step 4. In the last step, we use the inverse-transform martingale coupling between v and V¥, see
[30], to change n* + #* to a martingale coupling 7% € ITI(u*, v*). Finally, we estimate the AW;-distance
of 7 to 7". O

R,a,k

3 On the weak adapted topology

We begin this section with a lemma on uniform integrability which will prove very handy throughout the
paper. We formulate it for finite positive measures on X, but it is understood that (X, zp) is replaced
with (Y, o) for measures on Y.

Lemma 3.1. Let r > 1 and p € M, (X). Fore >0, let

IZ(p) := sup / d% (z,xo) T(dx). (3.1)
TEM(X) X
T<p, T(X)<e

(a) IT is monotone in u, i.e., p < p' € M, (X) implies that IT(p) < IZ(1).
(b) The value of IT(u) vanishes as € — 0.
(¢) For any u' € M, (X) such that u(X) = ' (X) we have

I2 (i) < 27 (I2() + Wi s ). (3.2)



(d) Let p, i € M.(X), k € N be with equal mass such that i* converges weakly to u. Then

Wr(pF, p) — 0 < supI’(u*) — 0 and sup [ di(z,x0)p"(dr) < +oo.
k=400 kEN e—0 keNJx

(e) Finally, if X = R% and p <. v with v € My (R?), then I} (n) < IX(v).
Remark 3.2. If 4(X) < e, then I7(u) is simply the r-th moment of p.

Proof. The first point (a) is an easy consequence of the definition of IT.
Next we check (b). Let u € M, (X) be such that p(X) > 0. Since

I2(0) = (X (M[‘X)) , (3.3)

to check convergence of I7(u) to 0 as € — 0, we may suppose that u € P.(X). Let ¢ € (0,1). For
n € M,(X), we denote by 7 the image of n under the map x — d% (x,zo). It is then enough to show

that
1

IZ(p) = /1 Fil(u) du. (3.4)

—€

Indeed, since p € Pr(X) we have [, dx(z,20)" p(dz) = fol Fﬁ_l(u) du < 400, so we conclude by
dominated convergence that I (u) vanishes as € — 0. Of course an appropriate upper bound would be
sufficient, but (3.4) will come in handy for the proof of the last part. Let 7% € M(X) be such that 7* is
the right-most measure dominated by & with mass equal to &, namely

Falye) = (1 =€)

500 tas),

T (dx) = <]lA€ (x) +
where
Ye = Fﬁ_l(l —¢), A.={zxeR|dx(z,x0) >y} and B, ={zeR|dx(z,z0) =y},

and the second summand of the right-hand side is zero if p(B.) = 0. By (2.5) and definition of y., we

have
Fﬁ(yé“_) <1- &, (35)

hence p(B:) = i({ye}) > Fu(y:) — (1 — €) and therefore 7% < p. Moreover,
T*(R) = M(AE) + Fﬁ(ye) - (1 - 5) = ﬁ((ysv —l—OO)) - (1 - Fﬁ(@k)) +e=¢.
Let us show that .
/ 5 (2, 30) 7 (dar) = / = () du. (3.6)
X 1—¢

According to (3.5), (1 — ¢, Fu(ye)] C (Fa(ye—), Fu(ye)], so by (2.4), for all u € (1 — ¢, Fz(y.)],

Fﬁ 1(u) = y.. Then, using the inverse transform sampling and (2.3) for the second equality, we get

/X 0 (2, 20) 7 (d) = / YLy ooy () i) + (Fr(e) — (1 €))e

1 _1 Fﬁ(ys) 1
:/ F2H(u) du+/ F2 o (u) du

Fﬁ(ye) 1—e

hence (3.6) holds.
Let 7 € M(X) be such that 7 < pand 0 < 7(X) < e. In view of (3.6), it is enough in order to prove

(3.4) to show that
1

/X d% (x, ) T(dz) < / F(u) du. (3.7)

1—e



Since 7 < p, we have 7 < 1. Using (2.5) for the last inequality, we get for all u € (0,1)

?((Ffl(l—T(X)U)HrOO))<ﬁ((F§1(1—T(X)U),+OO))<u
7(X) - 7(X) -

1= Fz/r(x) (Fgl(l - T(X)u)) =

hence F?/T(X)(Fgl(l —7(X)u)) > 1 —wu and by (2.3), F;/T(X)( —u) < Fgl(l — 7(X)u). Using the
inverse transform sampling, we deduce

[ ooy rtan) = 3) [t =) [y 1 =)
gT(X)/O FH 1 = 7(X)u )du—/ Frt(u)du < F(u) du,

1-7(X) l1—¢
hence (3.7) holds.
To see (¢), fix ' € M(X) with pu(X) = p/(X). We denote by 7w (dx,dz’) = p(dx) mp(dz') € T(p, 1)
a W,-optimal coupling. Let 7 € M(X) be such that 7 <y and 7(X) < e. Let 7/ € M(X) be defined by

7'(dz') = /eX 7. (dx") T(dz).

Since 7 is element of II(u, 1), we find 7" < p/ and 7(X) = 7/(X). Then

/ &5 (2, 20) (da) < 271 / (5 (2!, 20) + D (2, 27)) s (da) 7(de)
X XxX

<ot (Ig(u’) +/ d (z,z") W(dm,dm’)) ,
XxX

which shows by optimality of 7 the assertion.

We now show (d). Let u,p* € M, (X) be with equal mass such that p* converges weakly to p.
According to (3.3), we may suppose that u, u* € P,.(X).

Suppose that W, (u*, 1) vanishes as k goes to 4+00. Then the sequence of the r-th moments of p*,
k € N is bounded since it converges to the r-th moment of p. Let n > 0. Let kg € N be such that for all
k > ko, W& (u¥, 1) < n. Then (c) yields for € > 0

sup I7 (u ZIT )+ sup I (p ZIT )+ 27 I () 4 7).
keN k<ko k>ko k<ko

According to (b) we then get
lim sup sup I7 (u*) < 27~ 1.
e—0  keN

Since n > 0 is arbitrary, we deduce that sup,cy I7(#*) vanishes with e.

Conversely, suppose that sup,ey I7 (1) vanishes with e and the sequence of the r-th moments of ¥,
k € N is bounded. By Skorokhod’s representation theorem, there exist random variables X and X%
k € N, defined on a common probability space such that X, resp. X* is distributed according to y, resp.

p* and X* converges almost surely to X. Then for all M > 0,
Wrr(llk»/l) < E[d}(X’“, X)| = IE[dTX(X’“, X)]l{d;(xk,x)<M}] + E[d;((kaX)]l{dTX(Xk,X)ZJVI}]'
By the dominated convergence theorem, we deduce

lim sup W7 (1%, 1) < limsup E[d% (X* X)L ar (x+ x)>m3)-

k—+o0 k——+o0

Let us then prove that the right-hand side vanished as M goes to +o00. Let n > 0. Let € > 0 be such
that I (1) + supgey 17 (1%) < n. By Markov’s inequality, we have

E[d% (X*, X or—1 -
supIE[]l{dr (x*,x)>Mm}] < sup [ X(M ) < i sup/ d% (z,zo) (,u’C + w)(dz),
keN keN keNJx



where the right-hand side vanishes as M goes to +00. Therefore, there exists My > 0 such that for all
ke Nand M > M,

Edy (X*, X)L gy (x5 x)500y) <277 (E[d}(X’“,xO) Liar (xk,x)y>my] + E[d;((xO»X)]l{d;((X’f,X)zM}])
<27 (IL(Wh) + I () <27 M.
Therefore, for all M > My,

lim sup E[d% (X", X)W gar, (xk,x)=m3] <277 1.
k—400
Since 7 is arbitrary, this proves the assertion.
Finally, we want to show (e). Let X = R¢ and p <. v with v € M;(R%). According to (3.3), we may
suppose that p, v € P;(R?). Again, we write i and 7 for the pushforward measures of 4 and v under the
map (z — |z — x¢|"). First, we note that & is dominated by 7 in the increasing convex order. Indeed, let

f € C(X) be convex and nondecreasing, then x — f(|Jz —x|") constitutes a convex, continuous function.
Thus,

[ fratdn = [ fo—aol)utdo) < [ 5o = anl)vide) = [ ) wta).

The convex increasing order is characterised by the following family of inequalities (see for instance
[[2], Theorem 2.4]): for all 0 <e <1,

/11 Fﬂ_l(y)dyé/1 F;(y) dy.

—& 1—¢
The identity (3.4) concludes the proof. O

We now prove Proposition 2.1. A handy tool in the construction of the approximative sequence
(7*)ren are copulas. Recall that a two-dimensional copula is an element C of II(A, \) where ) is the
uniform distribution on (0,1). A coupling 7 is an element of II(u, v) if and only if it can be written as
the push-forward of a copula C under the quantile map (F, !, F;'): (0,1) x (0,1) = R x R. Clearly, if
C is a copula then 7 = (F, !, F,;!).C is contained in II(y, ). Contrary, when 7 € II(y, v) is given, we
can construct a copula C by

C(du, dv) = 19,1y (u) du Cy(dv),

where C, is given by
Cu = (g w) = By (y=) + wr({y}).(mp 1) X A)- (3.8)

In particular, we have that u — C, is constant on the jumps on F,. By the inverse transform
sampling, showing that m = (F L F 1,0 amounts to showing that the second marginal distribution
of C is indeed uniformly distributed on (0, 1), which is a direct consequence of the inverse transform
sampling and the well-known result (see for instance [30, Lemma 6.6] for a proof) that for any n € P(R),

((z,w) = Fy(z=) + wn({z}))«(n X A) = A (3.9)

Moreover, we have by (2.4) that F,1(F,(y—) +wv({y})) = y for all (y,w) € R x (0, 1], hence for all
u € (0,1),
TEt () = (F;H,.C,. (3.10)

Proof of Proposition 2.1. Because of homogeneity of the AW,.- and W,.-distances, we can suppose w.l.0.g.
that p, p*, v, V% and 7 are probability measures. Let C be the copula defined by C(du, dv) = Lo,y (u) duCy(dv),
where C,, is given by (3.8).

In order to define 7%, we construct associated copulas C* where u — Cff is constant on the jumps of
Eﬁ.Lﬁ

Or: R x (0,1) = (0,1), (z,w) — Fe(z—) + wp*({x}),
1
k V)= v w
Culdv) /w:o Cek- (F,j,j(u),w) (dv) dw,
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k= (F&l,FI;,l)*Ck = (FJ},FI;I)*(]I(OJ)(U) du C¥ (dv)).

The fact that C* is a copula, and therefore 7% € II(u*,v*), is a direct consequence of (3.9) and
the inverse transform sampling. Since u + C, and u — C¥ are constant on the jumps of F wand Fjx
respectively, reasoning like in the derivation of (3.10), we have for du-almost every u in (0, 1)

WF}_I(u) = (Flj_l)*ciu

L

(Fh..Cp.

k
/g =
F
e (@)

Moreover, since (u — (F, ' (u), Fl;cl (1))« is a coupling between ; and 1%, namely the comonotonous
coupling, we have

1
AWL () < /0 (Fﬂl(u) — Fol(u)|" + W:(ngl(u),wggkl(u))> du

. (3.11)
= WE o)+ [ W (). (B31).CF)
0
By Minkowski’s inequality we have
1 % 1 %
(/ W ((F, 1) Cus (FH)CF) du) < (/ W ((F, 1) Cus (F1)CF) du)
0 0 (3.12)

-

1
+ (/ Wi (B 1)CLs (F0)-Cr) du)
0
Since for any 7 € P(R) the map F, ' o FC_,,Q1 is non-decreasing, we have (see for instance [3, Lemma
A.3]) that for dw-almost every w € (0, 1),

Hence, we deduce
[ oWl ey du= [ B )~ E (Fgl ) dw du
(0,1) (0,1) J(0,1) u “
= / / |E (v) — F;kl(v)|r C*(dv) du (3.13)
(0,1) J(0,1)
= [ ) - B de = W) 0
(0,1)

where we used inverse transform sampling in the second equality. At this stage, we can already show
(b). Indeed, the assumption made in (b) ensures that any jump of F,, is included in a jump of F,. We
already noted that u — C,, is constant on the jumps of F), and therefore also constant on the jumps
of F,x. This yields for all u,w € (0,1) that C’ek(kal(u)’w) = C, and particularly C* = C,,, which lets

i

vanish the first term in the right-hand side of (3.12). Then the estimate (2.6) follows immediately from
(3.11), (3.12) and (3.13).
To obtain (a) and in view of (3.11), (3.12) and (3.13), it is sufficient to show

1
| (. (57).08) du 0
0

This is achieved in two steps: First, we show for du-almost every u € (0,1) that
Wi ((F, 1) Oy, (F7H..CF) — 0. (3.14)

Second, we prove that
w—= WI(FY.Cu, (E7Y.CF) kK eN, (3.15)

is uniformly integrable on (0, 1) with respect to A.

11



To show (3.14), note that W,-convergence is already determined by a countable family ¢ C @,(R)
(see [21, Theorem 4.5.(b)]). For this reason, it is sufficient to show that for all f € C, for du-almost every
u € (0,1),

o) FE () Cl(dv) = g(u) = o) FF7H(v) Culdv), & — oo, (3.16)

where the integrals are du-almost everywhere well defined because of the inverse transform sampling, the
fact that f € ®.(R) and v € P.(R). For u € (0,1), let z, = F,,; ! (u) and 2} = FJ}(U) Let & C (0,1) be
the set of continuity points of F~ I and define

U.={u e U | F, is continuous at z,} and Ug={ueclU\U.|u € (F,(xu—), Fulzu))}

By monotonicity of £~ ! the complement of I in (0, 1) is at most countable, and since p has countably
many atoms, the complement of U, in U\U, is also at most countable. We deduce that it is sufficient to
show (3.16) for du-almost all u € U, UUj.

Let then u € U. If p*({z%}) = 0, then C* = C, and

FF;H(v)) Cl(dv) = g(u).
(0,1)

From now on and until (3.16) is proved, we suppose w.l.o.g. that ;*({z%}) > 0 for all K € N. Then

F\(0)) CH(dv) = — R d 3.17
[ JE @ = s [ gt (317)

I

Define l), = inf,, > z}; and ry = sup,,>, z3;. Since u € U we find I}, / x, and ry 7, when k goes
to +00. Due to right continuity of F}, and left continuity of  — F,(x—) we have

Fu(z,—) = lizr)n F,(l,—) and lizr)n Fou(rp) = Fu(xy).
By Portmanteau’s theorem and monotonicity of cumulative distribution functions we have

F.(l,—) < limkinf Fe(l,—) < limkinf Fi( k_) <limsup F» (z¥) < limsup Foe(rp) < Fu(rp).
k k
By taking the limit p — +o00, we find

Fu(zy,—) < limkinf Fi( ¥ ) < limsup F» (2F) < F(x4). (3.18)
k

u

By (2.5), the interval [Fj.(zk—), F,x(x%)] contains u, and if u € U,, then (3.18) implies that its
length 1% ({2F}) vanishes when k goes to +oo. Consequently, (3.17) and the Lebesgue differentiation
theorem yield that for du-almost every u € U,,

FOF (0)) Co(dv) — g(u).
(0,1)

Suppose now u € U, and define
ar = Fo (a2 =)V F(z,—), b= Fue(2f) A Fu(zy).

Note that on the interval (ag,by) the function g is constant equal to g(u), so (3.17) writes

Fuk(xf;) by ar
JE () CR(dv) = ( / g(w) dw + / g(u) dw + / 4(w) dw> |

(0,1) wF({zi}) \ o, ak Foe(zh—)
According to (3.18),

ar — F(2f—) -0 and Fue(zk) —b, =0, k— +oo. (3.19)

12



Moreover, it is clear with (2.5) in mind that

F,uk (qut_) <ap = ,uk({xﬁ}) >u— Fﬂ(xu_)’

; o (3.20)
and by < Fue(2y;) = p"({z5}) > Fu(zu) — u.
Using the latter fact and the equality
b — ar = pr({ag}) = (Fu (28) = bi) — (ar — Fy, (25-)),
we get
1 — P (z8) —br  ap — Fu (zh-) < b —a
Fu(wu) —u  u—Fu(zy—) ~— p({al}) ~
Hence by (3.19) we have % — 1 as k goes to +oo, which implies that #k({lxk}) f u)dw —
g(u) as k — +o00. Therefore, we just have to show that
1 Fuk(:cﬁ) ak
—_ g(w) dw —i—/ gw)dw | =0, k— +oo. (3.21)
pr({h}) /bk F i (eh—)

Note that we can assume w.l.o.g. that for all k € N either F,x(zk—) < aj or by < F.(z%). Let
d=(u—Fy(ry—)) N (F,(xy) — u), which is positive since u € Uy. Then we have by (3.20)

Fuk(fﬁ) ak
[ swdes [T gy
b Foe(zh—)

F k(i ) ak
/ g(w) dw+/ g(w)dw| .
Fe(@i-)

By the inverse transform sampling and the facts that f € ®,.(R) and v € P,.(R), we have fol lg(w)| dw =
Jo |f ()| v(dy) < +oc. Then (3.21) is a direct consequence of (3.22), (3.19) and the dominated conver-
gence theorem. Hence (3.14) is proved for du-almost every u € (0,1).

Next, we show uniform integrability of (3.15). We can estimate

-
pr{})

(3.22)

<!
=4

)

WE((FY)uCon (Fy1)uCK) < 271 (/(Ol)m,l( )" Culd) + / Ful(v)lTCL“(dv))-

Since by inverse transform sampling we have

/0 N /0 N Clu(dv) du_/R\yry(dy) <,

it is enough to show uniform integrability of u f(o D |F Y (v)|" CE(dv), k € N.
On the one hand, using the inverse transform sampling and v € P,.(R), we have

sup/ / v)|"C*(dv) du—/\yr (dy) < 4o0.
(0,1) /(0,1)

On the other hand, let € > 0 and A be a measurable subset of (0,1) such that A(A) < e. We have

/ / )" Ctdv) du= [ 1ol (B ().

where 7% (dv) = fl A(du) C¥(dv) du. Note that 7% < X, (F;1).7% < vand (F;1).7*[R) = 7%((0,1)) =
A(A). Therefore,

sup sup/ / (v)|" C*(dv) du < I7 (v),
AeB (0,1)), 0,1)
A)<a

where I7(v) is defined by (3.1). By Lemma 3.1, the right-hand side converges to 0 with ¢ — 0. This
yields uniform integrability of (3.15), which completes the proof. O
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As mentioned in Section 2, Proposition 2.1 generalises to Polish spaces. Unsurprisingly, the proof of
Proposition 2.3 requires radically different tools from its unidimensional equivalent. In particular, we
need to recall the so called Weak Optimal Transport (WOT) problem introduced by Gozlan, Roberto,
Samson and Tetali [24] and studied in [23], formulated according to our needs. Let C': X x P.(Y) — Ry
be nonnegative, continuous, strictly convex in the second argument and such that there exists a constant
K > 0 which satisfies

V(z,p) € X xP.(Y), C(z,p) <K (1+d3<(fc,xo) +/Yd’§z(y,yo)p(dy))- (3.23)

Then the WOT problem consists in minimising

Ve(uw)i=_int [ Clam) (). (WOT)

In view of the definition (1.3) of the adapted Wasserstein distance which involves measures on the
extended space X x P(Y'), it is natural to consider an extension of (WOT) which also involves this space.
Hence we also consider the extended problem

Veuw)i= nt [ Clap) Plds.dp) (WOT)
PeA(p,v) XxP(Y)

where A(p,v) is the set of couplings between p and any measure on P(Y') with mean v, that is

Ap,v) = {P eEPX xPY)) | 8 (dz) p(dy) P(dx’, dp) € H(M,y)} . (3.24)

(2",p)EXXP(Y)

Remark 3.3. We gather here useful results on weak transport problems which hold under the assumption
we made on C":

(a) (WOT) admits a unique minimiser 7* [9, Theorem 1.2];

(b) As a consequence of the necessary optimality criterion [10, Theorem 2.2] and [10, Remark 2.3.(a)],
J(m*) is the only minimiser of (WOT”)

(¢) V(u,v) =V'(p,v) [9, Lemma 2.1];

(d) Stability of (WOT) and (WOT"): Let u* € P.(X),v* € P.(Y), k € N converge respectively to
p € Pr(X) and v € P.(Y) in W,.. For k € N, let 7% € I(1*, V%) be optimal for V(u*,v*). Then
7%, resp. J(m¥), converges to the unique minimiser 7*, resp. J(7*), in W, [10, Theorem 1.3 and
Corollary 2.8]. In particular, this shows that 7% converges to 7* even in AW,..

Proof of Proposition 2.3. Let € > 0 and yo € Y. Define for R > 0 the W,-open ball By of radius R'/"
and centre d,, and the set

Ap={x€ X |m, € Br} = {xGX ‘ / dy (y,yo) 7 (dy) <R}.
Y

Since v € Pr(R), [y [y % (y,v0) ma(dy) p(dx) = [, dy (y,y0) v(dy) < +o0, hence p is concentrated
on |Jpso Ar and we can choose R large enough such that

w(X\AR) <e.
By Lusin’s theorem, there exists a closed set F' C Ag such that
wW(X\F) <e and =z~ 7, restricted to F is continuous.

Let MVT(Y) be the linear space of all finite signed measures on Y, the positive and negative parts
of which are contained in M.,.(Y), equipped with the weak topology induced by ®,.(Y). Since weak
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topologies are locally convex, an extension of Tietze’s theorem [20, Theorem 4.1] yields the existence of
a continuous map x — 7, defined on X with values in M,.(Y) such that 7, = m, for all z € F' and

{Tx |z € X} Cco{my |z € F} C Bp,

where co denotes the convex hull.

Next, we define a nonnegative, continuous, strictly convex in the second argument function which
satisfies a condition of the form (3.23) in order to use the results on weak transport problems detailed
in Remark 3.3. Let {gx | k € N} C ®1(Y) be a family of 1-Lipschitz continuous functions and absolutely
bounded by 1, which separates P(Y) (see [21, Theorem 4.5.(a)]). We have for any pair p,p’ € P(Y),
p # p’ that there is [ € N such that

/ a(y) p(dy) # / () p(dy). (3.25)
Y Y

Define C': X x P.(Y) — R4 for all (z,p) € X x P.(Y) by

2

_ 1
C(x,p) = p(Tap) + Y oF
keN

)

/Y 0(y) T (dy) — /Y 9k(v) p(dy)

where p: P(Y) x P(Y) — [0,1] is defined for all p,p’ € P(Y) by

p(p,p') = inf / (dy (y,9") A1) x(dy, dy').
X€(p,p’) Jy xy

Since p can be interpreted as a Wasserstein distance with respect to a bounded distance, it is imme-
diate that it is a metric on P(Y") which induces the weak convergence topology. On the one hand, the
map (z,p) — p(T,p) is continuous by continuity of = + 7,. On the other hand, by Kantorovich and
Rubinstein’s duality theorem and Jensen’s inequality, we have for all (z,p), (/,p") € X x P,(Y)

1
D o

2 2

/Y 0 (y) T (dy) — /Y g (y) p(dy) /Y 0(y) T (dy) — /Y gx(y) P'(dy)

keN
1 o _ /
=5 g ||t [+ [ o meian - [ oo
| [t metan) ~ [ artorstan) ~ [ sty motin + [ gk<y>p’<dy>\

<35 (| somian - [owmein| « | sptin) - [ aorpian))

<8 (Wl (famﬁw’) + W (pvpl)) <8 (WT'(ﬁmﬁz’) + W7'(p7pl)) ’

where the right-hand side vanishes when (2/,p) converges to (z, p) by continuity of 2 — 7,. We deduce
that C is continuous.

Note that p is convex in the second argument. Therefore, to obtain strict convexity of C(z,-) in the
second argument, it is sufficient to verify that

Fo) =Y o

keN

2

/Y gx(y) p(dy)

is strictly convex. Let p,p’ € P(Y), p # p’ and | € N such that (3.25) holds. Hence, strict convexity of
the square proves

2 2

<«

+(1-a)

)

o / a(®) p(dy) + (1 - ) / a(y) P (dy)
Y Y

/ a1(y) pldy) / ()P (dy)
Y Y

which yields strict convexity of F on P(Y).
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Moreover, we have for all (z,p) € X xP,.(Y), C(z,p) < 148 =9, hence C satisfies (3.23). Remember
the definitions of Vi and V given in (WOT) and (WOT’). Since for all x € F, C(z,7,) = C(z,7,) =0,
we have

Vel(u,v) < C(z,m5) p(dx) < 9e.
X\F

Let 7*¢ € II(u, v) be optimal for Vo (i, v). For P, P’ € P(X x P(Y)), let

p(P,P')= inf

/ (dx (z,2") + p(p,p")) A1) x(dz, dp, dz’, dp’).
X€N(P,P") JXxP(Y)x X xP(Y)

Since p(dx) dx, (dp) 6,(dx") 6.+ (dp’) is a coupling between J(r) and J(7*¢), we can estimate

PI(m), (7)) < /X o 75%) i(de)

< /F P 5% p(de) + /X " /Y (dy (4, 90) A1) (s + 72)(dy) p(d)

<Ve(p,v)+2e < 1le.

For k € N, let 7%¢ € II(u*, v*) be optimal for Vo (u®, v*). Then J(7*) is optimal for V£ (u”, v¥) by
Remark 3.3 (b), and converges to J(7*¢) in W, and therefore weakly by Remark 3.3 (d). Then we get

limsup p(J(7%°), J(r)) < limsup (p(J(7%°), J (7)) + p(J (7*%), J (7)) < 1le. (3.26)

k— o0 k—+oo

So far € > 0 was arbitrary. Therefore, there exists a strictly increasing sequence (ky)yen+ of positive
integers such that

YN eN', Vk>ky, p(JEH2 "), J(m) <12.277N,

For k € N, let N, = max{N € N | k > ky}, where the maximum of the empty set is defined as 0.
Since kp is strictly increasing, we find that Ny — 400 as k — +0c0. Then the sequence of couplings

= k2 e Tk Vb), ke N

is such that p(J(7"), J(m)) vanishes as k goes to +oo, and therefore J(7*) converges weakly to J(m).
Moreover, since W,-convergence is equivalent to weak convergence coupled with convergence of the r-
moments, we have that the r-moments of ;¥ and v* respectively converge to the r-moments of 1 and v,
which implies

[ Wb T dmdp) = [ W8, o) = [ (a0 )
X xP(Y) X Y

s | o) vdy) = / WE(p,3,,) J () (d, dp).
k=+oo Jy XxP(Y)

We deduce that J(7"*) converges to J(7) in W, as k — +oo. According to (1.3), 7% converges to
¢ in AW,., which concludes the proof. O

In the proof of Theorem 2.5 we need to be able to confine approximative sequences of couplings to
certain sets. The next result provides all necessary tools for this.

Lemma 3.4. Let u, ¥ € M,.(X), v,v* € M,.(Y), k € N all with equal mass and 7% € T(u*, V%), k € N,
converge to m € M(u,v) in AW,.

(i) Let A C X be measurable and B D A be open. There are ji* < p¥|p and ¢, > 0, k € N such that

7k = iF x wk satisfies

Awr(ﬁk,(lf€k)ﬂ|,4xy)+€k — 0.
k—+oco
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(i) Let C C X be an open set on which v is concentrated. There are p* < ji*,
(4%, o) concentrated on B x C and €}, > 0, k € N such that
AWL(E*, (1= )7l axy) +/ Wy (7, ) i (do) + ), — 0.
X

Proof. Both assertions are trivial if u(A4) = 0. So assume that u(A) > 0.

(i) Let x* € T(u*, 1) be optimal for AW,.(7*, ) and x = (id, id). -
Since x*(dzy,dzs) O(ws,20)(dx3, dxy) defines a coupling in I(x*, x), we find

WE (X", x) S/ (dx (21,23)" + dx (22, 4)") X" (dw1, d22) O(1y 2y)(da3, day)

X4
/ dX($1,$2)TXk(d$1,d$2) §AW;(7rk,7r) —0, k— +oo
XxX

Further, let P: P.(X x X) — P(X x X) be the homeomorphism given by
14+d "+d ")Yn(dxy,d

P(y)(dey, drs) — 1+ X(xlax/(]) + X(xzanlo) ) n(dwy, Ixz) .

fxxx(l +dx (5517 mO)T +dx (x27 xO)T) n(dxh de)

for n € Pr(X x X). Recall (1.1), then it is easily deductible that P(n’) — P(n) weakly if and only if
n' — 1 in W,.. In particular, we find P(x*) — P(x) weakly as k goes to +oo. Let f € ®,.(X x X) and
Lxxa(zy,z2)f(z1,22)
X x X , — .
4 (z1,22) 1 +dx(w1,20)" + dx (w2, 70)"

Then ¢ is a bounded measurable map which is continuous w.r.t. the first component. As a consequence
of [35, Lemma 2.1], we find

/ (1, 72) POCK) (e, diry) —
XxX XxX

o(x1,12) P(x)(dr1,dxs), Kk — +o00,

which amounts to

/ f(w1, 22) X*|xxa(dey, dag) —
XxX XxX

fz1,22) X|xxa(dxy, dzs), Kk — 4o00.

Therefore (1.1) yields W,-convergence of x*|xxa to x|xxa. By Portmanteau’s theorem, we have
Xk(B x A) < p(A) = x|xxa(B x B) < liminka|XXA(B x B) = liminka(B x A),
k—4oc0 k—-+o0

k
X (BXA), k € N is a null sequence of nonnegative real numbers. Denote by ji*, resp. ji*

hence ¢, :=1 — (A
the first resp. second, marginal of x*|px 4, k € N. Note that

~k

A7 (X)

1-— Ek = . 3.27
W) (327
We want to show that
(3.28)

AW, (3% x 7k (1 = ep)pla x m2) = 0.

On the one hand, note that
AW (iF x mk oF < m,) < / (d% (z,2') + WL (7k 720)) X¥| B a(dz, d2’)
XxX
< [ (o) + Wi m) o da) (3.29)
XxX
= AW (%, 1) =0, k— 4oo0.
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On the other hand, let

=1 —epula, F=pFApF and oy = pF(X) - M(X) = P (X) - F(X).

Let X" € II(a* — ¢k, i* —¢*) be optimal for AW, (% —CF) x 7, (i —¢¥) x 7). Since ((id, id).¢*+x")
is a coupling between ¥ and ji*, we find

Awr(ﬂk X erﬁk X Wr) S /

(d (, x/) + Wy (0, Tar)) yk(d% d:cl)
X

= AW (" = ¢*) x e, (1F = ¢*) x o)
< AWT((ﬁk - Ck) X T, O4165(1:0,,7;0)) + _AWT((/]’“ - Ck) X 7T$>O‘k5(xo,yo))-

In the next estimates we use (3.1). Note that the first marginal of (i* — ¢*) x 7, is dominated by
(v whereas its second marginal is dominated by v. Thus, denoting 7%(dy) = [ 7, (dy) (2" — ¢*)(dz), we
find

AWL((* = CF) % 7oy a(ag,0)) = /X (d’ (2, 20) + WY (s, 0y,)) (B = ¢*)(da)

= [ o) (7 = o) + [ (30) ()
< T, () + 15, (v).
Similarly, we find
AWL((R* = ¢F) % 7oy tb(an,0)) < T (1) + I, (0)-
If we can show that «y vanishes for kK — 400, then we find by Lemma 3.1 (b) that
AWT(ﬁk X 1, f1F % ) — 0,

k—+00 (3:30)
and the triangle inequality with (3.29) and (3.30) yield the assertion, (3.28).

di” <
s dia S 1.

~k
Since ji*, i* < p|a, the respective densities of ji¥ and i* with respect to u|4 satisfy %
Then

0 =00 = [ (= Y Y e
o =3 = 3 = [ (f0) - @) i < [ (12 P )
= (4) ~ #(4) = exp(4) 0

which is conclusive.

ii) To show the last assertion, we denote by #* and # the second marginal of i* x 7% and u|s x 7
K P H

respectively. Since we have to remove mass outside of C' from #¥ and the corresponding kernels, we
consider the W,-optimal couplings

XP ek, (1 —ep)p) and X* € I(F*(C)7, 9(C)i*| ).

~k
From now on, we denote by i* = ii* Zké)c()) < [i*. Using the couplings x* and {* we define the kernels

w5 (dz) = ok (dz) k an #k =
(d) /nyw) E(dy) and 7k (dt) /

Y

X5 (dt) 7y (dz).

Let then #% := ¥ x #% whose second marginal denoted 7% satisfies

= [ [ [ ke =) i) 2t
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) o5 ).

P(O) (1 —ex) i
p lc(dt) =
i (X) n(A)
So ©* is concentrated on C. Moreover, we have 7*|c < v* and since v is concentrated on C
7(C) =0(Y) = pla(X) = pu(A), hence o* = v¥|c < v*. For k € N, let &} € R be such that
(9
1—¢), = . 3.31
F= ) (331

For k € N, using (3.27), we have 7*(C) < ji*(X) = (1 — ex)u(A) < u(A), hence £}, is nonnegative
(3.32)

— 0.
k—+oo

Then it remains to show that
AW, 5, (1 = L) + [ WEGE 7)) + 4

Since we have
mo(dy) Xy (dz) € M(my, 75), 5 (dz) XE(dt) € TL(7), 7y),
~k C)
1 (da) 7 (dy) 5 (d2) = 29 Sk (ay, d2),
[ ) ) ) = Z . )
Ak o k ok _ (M —er) g
Hw (dI) 7T.L(dz) Xz(dt) -~k X (dz,dt),
reX M( )
we find plugging the expressions (3.27) and (3.31) that
AW x iy, g% x 7
< [ Wtk ab ptas)
<2t [ (Wi A + Wk ) 2¥de)
X
<ot [ ([ dnarmbian i+ [ ) i) dhan) ) i)
X Y XY Y XY
(1 _876) r k
dy (2, 1) X" (dz, dt)
Y XY

~k

r—1 v (O)/ T o k
= - dy (y,2) X" (dy, dz) + —
(5o 00200+ s

1—¢ 1

—9or-1 Eyr > = Wk oy ~k .
(T2W¥. (1= 209) + WO (O )
To see convergence to 0, note that since AW, dominates W,., we find by continuity of the projection

on the second marginal that (3.28) implies
(1—ep)p) =0, k— +oo.

W, (7%,

Using Portmanteau’s theorem and the fact that (1 — &) — 1 as k goes to 400, we have for all

nonnegative function f € ®,.(Y)
limsup 7% (1¢ f) < limsup 7% (f) = &(f) = #(1of) < liminf 7* (1o f),
k—r+4o00 k—+o00 k—-+oo
hence
PFle(f) = o(f), k= +oo. (3.33)
i 7*(C) — 7(C) = u(A) as k goes to +0oo, hence &}, vanishes

Moreover, (3.33) applied with f = 1 yields

as k goes to +oo and
W,(7F(CYo, 9(C)oF|c) = 0, k — +oo.

We deduce that
AW bl 7)< [ WGk #5) ) 5 0, ks oo
X
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On the other hand, by (3.27) and (3.31) we have * = Z;(X)ﬂk = t?}: ¥, hence

) 1-
AW, (F x i, (1= ef)pla x ) = 1= AW (A" x 7y, (1= ex)ula x m2),

where the right-hand side vanishes as k goes to +00 by the first part. Then (3.32) follows by triangle
inequality and the latter convergences, which completes the proof. O

The addition of measures is continuous with respect to the weak and Wasserstein topology. More
precisely, we have the estimate

Wi+ v +v") S () + Wi (', V')

for all measures p, ¢/, v, € P.(X) such that g and v, resp. 1/ and v/ have equal mass.
When considering the adapted weak topology, the next example disproves a comparable statement.

Example 3.5. Let X =Y =R, and 7* = (5(% 1) Xk = 6(_% —1) k € N. Then both sequences are
convergent in AW, but

2
AWy (% + X, 80,1y +0(0,—1)) = T +2

does not vanish.

However, we show in the next Lemma that the addition of measures with respect to the weak adapted
topology could still be somehow considered continuous if one of the limits has mass significantly smaller
than the other.

Lemma 3.6. Let fi, i*, 0, 0% € M,.(Y ) € N be with equal mass and fi, ji*, v, 7% € M, (Y), k € N
with equal mass smaller than . Let 7% € H( pk,ok), 7k e TH(p*, oF), k e N, #
Let uy=p+fandv=0+0. Then

(a) We have for all k € N
AW (7% + 7k 7 4 7)
< AWL(RF, &)+ 27 (I0(R) + IL(EF) + I2(0) + I (9 )+2[’”(D)+2]§(z§’“))
< AWL(FR, &) 4 (27712 (WS, 1) + W) (08, 0) + 20 (0%, D))
+ 27 2 () +3- 27 (12 1)I (v),

(3.34)

where I7(-) is defined by (3.1).

(b) If (7%)ren converges to & in AW, and (u* = o* + i¥)ren, resp. (V¥ = 0F + 0%)pen, converges to
W, resp. v, in W, then
limsup AWT(7F + 7% & + 7) < C(I7(p) + I7(v)), (3.35)

k— oo
where C' > 0 depends only on .
Proof. The second inequality of (3.34) is easily deduced from the first one, (3.2) and the fact that

1) < L2 (p), I2(7) < IZ(v) and IZ(0) < IZ(v).
To see (b), assume for a moment that the first inequality of (3.34) holds true and suppose

k

s ain AW,, pF=pF+p" - p and =0+ 58 5 vin W,

as k — 4o00. Using Lemma 3.1 (a) and then (3.2), we get

limsup AW} (7% + &%, & + 7) < O limsup (I7(p*) + IZ(WVF) + IZ(p) + IZ (v))

k—+oo k—+oco

< Climsup (W (", p) + WEWF, v) + IZ(n) + IZ(v))

k— o0

= O () + 12 (),
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where C,C’" > 0 depend only on r. Hence (b) is proved.
To conclude the proof, it remains to show the first inequality in (3.34). Let p* € II(*, i) be optimal
for AW,.(#%, #) and p* € II(#*, i) be arbitrary. We write p* = p* + p*. Then

AW (4 75 5+ 7) < / (% (,2") + WI((F* + 7)., (54 7)ar) 9 (da, da). (3.36)
XxX

a ~k
Let p = Z—Z and pF = ZZ—,C. Notice that p and p* take values in [0, 1]. The identities

(4 7)(de,da') = () (p() o (da’) + (1~ () 7o (de)),
(7% + 74 (da, da’) = it (da) (B () 7 (da’) + (1 = 5 (@) 7 (d')),
provide representations for the disintegrations of (# + #) and (#* + #*) respectively for p(dz)- and
p¥ (dr)-almost every x:
(F+7)e = p@) e + (1= pla))Te, (7% +7%), = p(a) 75 + (1 — " (2)) 75

Thus, we have when letting o (z,2") = (p*(z) —p(2')) T, ¥ (z,2") = (p*(z) —p(2’))~ and B*(z,2’) =
PF(x) A p(z') that

WI((7F + 7).z, (B + 7)ar)
<SWL(B" (,2") 7y, B (0, 2') )
Wy (0 (2 7+ (1= 5(2) 75, 0F (2,2) o+ (1= pla")) 7 ) (3.37)
< B8 (, & YWE(RE ) + 271 (o (o, )WL (55, 8,) + (1 — 9 (@) WE(7E, 6y,
ok (2,2 YW, (Far, 8y0) + (1= P& )W (7, 6,)) -

Since *(z,2") = p*(z) A p(2') < 1, we deduce from (3.36), (3.37) and AW ,.-optimality of p*

AW (7% + 7k 7 4 7) gAwi(fr’f,fr)Jr/ dx (z,2")" p*(dzx, dz")
XxX

T2 [ @)W 6y,) P (ded)
XX

+ 21 P YWE (Fur, 8y ) pF (e, da’)
XX

+277 ol (z, YW (7], 6,) p (de, da’) (3.38)
x X

+2r7 (1= " (@)W (75, by,) p" (der, da’)

>

X

4 21‘71

P (z, 2 YW (7, 6,0 ) p (da, d’)
xX

fort / (1= P )W (Far b0 * (d, d).
XxX
Recall that §* has marginals #i* and ji with total mass smaller than e. By (3.1) we find
| dxteay ptdedet) <2 (I + ) (3.39)
XxX

Concerning the marginals of p*(x) p(dx,dz’) and p(z’) p(dz,dx’), we find the relation

" (2) 3*(dz) = (1 - p*(2)) p*(dx), p(a’) p(da’) = (1 - p(a’)) p(da’).
Again by (3.1), we find since p* € II(i*, i), 7% € TI(@*, 0%) and # € TI(f1, ©) that
/ P (@)W (75, by, ) p* (da, da’) = (1= P (@)W (7, by,) i (d) < IZ(D"), (3.40)
XxX XxX
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/ D YW (Fgr, 8y ) p¥(da, d’) :/ (1 — p(2" )WL (Frar, 60 ) fi(da’) < IZ(D). (3.41)
XxX XxX

We deduce from (3.38) and (3.39)-(3.41) that it is sufficient to show

[ ok Wik b,) oo, da) < 2P (3.42)
XxX
[ s ek 6, e, ') < 120, (3.43)
XxX
[ ot a W d,) o, da') < 129), (3.44)
XxX
[ QW R ) (') < I2(0). (3.45)
XxX

To see (3.43) and (3.45), note that
(1 —p*(2)) p*(de) = @*(dzr) and (1 —p(2')) u(de’) = f(dz’). (3.46)
As a consequence, the first marginal of (1 — p¥(x)) p¥(dw, dz’) is fi*, whereas the second marginal of
(1 —p(2")) p*(dx,dz’) coincides with fi. Hence, as the mass of ji* and ji does not exceed ¢, we have
[ QB @)W b,) e de') = [ W8, i (dn) = WE,8,,) = 12,
XxX b
[ = W o B) P da') = [ WE o) ) = WE(5.8) = 129,
X

Next, we show (3.42) and (3.44). To this end, denoting with a slight abuse of notation p*(dz, dz’) =
pF(dx) pk(da’) = p(da') p*, (dz), we have

R dji*
o (z,a) pM(da, da’) < p*(2) p*(de, da') = ﬁ
ot (z,2") p*(de, da') < pla’) p*(de, da') = ZM () p(da”) ply/ () = pu(da’) plys (dar).
n

() p* (dx) py(da’) = i (dz) pli(da”),

In particular, the first marginal of aﬁ(m,x') p¥(dz,dz"), denoted here by 7, is dominated by ",
whereas the second marginal of o (x,z') p*(dz, dz'), denoted here by 7/, is dominated by /1. Concerning
the mass of 7 and 7/, remember (3.46), ai(m,x') <1-p(2') and o (z,2") < 1 — p¥(x), thus,

(X) = /X ok (o) e de) < /X (1 - p(a")) plda’) = 5(X) < e,

(X) = /X ot e’ < /X (1 - p*(x)) w*(d) = 7*(X) <.

Using (3.1), we conclude with
/ off (z, 2" YW, (75, by,) p* (dz, dz') = / WL (@5, 8y,) T(dx) < IZ(D"),
XxX X

/ alf(:v,x')Wf,(frx/,5y0)pk(dx7dx’) = / WY (frgr, 8yy) T (d) < IZ(D).
XxX X
O

The addition on M,.(X x Y) is continuous with respect to the adapted weak topology provided the
limits have singular first marginal distributions. We recall that two positive measures pu,v are called
singular iff there exists a measurable set A C X such that u(AC) = 0 = v(A).

Lemma 3.7. Let m,x € M, (X xY) be such that their respective first marginals are singular. Let
7 xF € M(X xY), k €N converge to © and x respectively in AW,.. Then

™ +xF — w4 x i AW,
k— 400
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Proof. Let ju1, pi2, ¥ and p% denote the respective first marginals of 7, x, 7 and x*. Due to singularity,
there is a measurable set A C X such that p;(AC) = 0 = ua(A).

Suppose first that for all k € N, p#¥(AC) = 0 = pk(A). Let pb € TI(u¥, py), resp. p§ € I(uh, us), be
an optimal coupling for AW,.(7*, ), resp. AW,.(x*, x). Since almost surely

(7 + X" = Da(@) 7h + Lug(@)xs and (74 X)e = La(@) m0 + Lag(z) X
we have

Awuﬂ+w&w+x>§/ (d(@,a’) + W + XY, (74 0)) (0 + o) (de, o)
XxX
::L/“ (d (2, ') + Wk, m0)) ph(de, da)
XxX

[ @)+ Wido) e, de)
XxX
= AW (7F, ) + AWE(X*, x) = 0, k — +oo.
Let us now go back to the general case. Since X is a Polish space, u; and ps are inner regular, so
there exist two compact sets K1 C A and Ko C AC such that
,U,l(K1C) <e and /JQ(KQC) <e

Since X is Polish, it is normal, hence we can separate the closed, disjoint sets Ky and Ks by open,
disjoint sets f{l and f(g where K7 C f(l and Ky C K'g. Then Lemma 3.4 (i) provides sequences
(% x ™) ken and (715 x x¥)ren with values in M(X x V) and null sequences (i )ren and (1x)xen with
values in [0, 1], such that @f < uf|z,, i < pb|z, and

AWL(EE x 7 (1= ep)m o sy ) + AWE(EE < X%, (1= mi)x|kaxy) = 0,k — +oo.

To apply Lemma 3.6 (b), let 0 < &’ < e be such that &’(u1 (K1) + p2(K2)) < e. Let k be sufficiently
large such that € A n* < &’. We consider the sequences

1-—
ik = gk JrX — 7k, T=m+4+x—T,

. 1—¢"
7rk—1 ku’fxw-l—

~

e
77k'u2 X sz T = (1 —5/) (W\ley +X\K2xy)7

where ¥ is well-defined in M,.(X x Y) since e* < &’ and n* < ¢’. Note that as k — 400,

- 1-¢ 1- T
AW, (k'ul X 7y (1—5)7T|K1Xy) T1- AW (Y x 73, (1= eMmlic xv) = 0,
awr (1= g 1-¢ —1€A’"~ 1— g
W’I‘ 1*7]]@/’&2 XX:IZ’( E)X|K2XY 1— nk w (M2 XXQJ’( )X|K2XY>_)O.

Since the first marginal distributions of i} x 7% and (1 —ex)7|x, xv, resp. ik x x* and (1—n%) x| Ky xv,
are concentrated on K71, resp. Ko, and since K and K5 are disjoint, we have according to the preceding
part that

AWL(#* 7)) =0, k — 4oo.

Due to AW,-convergence of (7%)ren and (x*)ren, we obtain W,-convergence of the marginals of
7% 4+ x* to the marginals of 7 + x. Furthermore, we have

THX % Y) = 7(X X Y) < (K5 + po(K5) + €' (11 (K1) + pa (k) < 3e.
Then (3.35) yields
lim sup AW (7% + X%, 7 4 x) = lim sup AW" (7% + 7%, 7 + 7)
k—+o0 k—+o0

< O Lz (pa + p2) + I (11 +12))

where 11 and v denote the respective second marginals of 7 and y, and the constant C only depends
on r. Therefore, the right-hand side vanishes as ¢ — 0 according to Lemma 3.1 (b), which concludes the
proof. O
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4 Auxiliary results on the convex order in dimension one

We recall that the convex order on M (R) is defined by
w<.v <= Vf:R—Rconvex, u(f)<v(f).

The following assertions can be found in [12, Section 4]: for all (mg, m;) € R} x R, there is a one-to-
one correspondence between finite positive measures € M (R) with mass mg such that [, y u(dy) = my
and the set of functions u: R — R which satisfy

(i) w is convex;
(if) u(y) — moly — m1| goes to 0 as |y| tends to +oo.

Any function which suffices (i) and (ii) is then called a potential function. The potential function of
1 is denoted by

un(y) = / ly — | ().

A sequence (1*)gen of finite positive measures with equal mass on the line converges in W to p iff
the sequence of potential functions (u,x)ren converges pointwise to u,. In that case, since for all y € R
the map x — |y — | is Lipschitz continuous with constant 1, we have by Kantorovich and Rubinstein’s
duality theorem that

sup i (y) = wu(y)| < W (u¥, ) = 0, k = +oo,
hence we even have uniform convergence on R of potential functions.

In dimension one, for all m; € R, the set of all finite positive measures with mean m; is a lattice
[33, Proposition 1.6], and even a complete lattice [34]. Then all u,v € M;(R) with mean m; have a
supremum, denoted u V. v, and an infimum, denoted u A v, with respect to the convex order. In that
context it is convenient to work with potential functions since they provide simple characterisations of
those bounds:

i Ve v is defined as the measure with potential function u, V u,,

i A v is defined as the measure with potential function co(u, A u,),
where co is the convex hull.

Lemma 4.1. Let (u*)en, (vF)ren be two sequences of Mi(R) converging respectively to i and v in
Wi. Suppose that there exists (mg,m1) € R x R such that p*(R) = v¥(R) = mqo and [,z p*(dz) =
Jryv*(dy) = my for all k € N. Then

lim Wl(uk Ver* uve v)=0 and lim Wl(uk Ne V¥, 1 Ao v) =0.

k— 400 k— 400

Proof. Convergence in W, is equivalent to pointwise convergence of the potential functions. Thus, the
convergence of ¥V .v* to uV.v in W is a consequence of the pointwise convergence of Uy gk = Uk VUyk
to Uy V Uy = Uy -

To show convergence of u* A, ¥ to p A v in Wy, it is sufficient to show for all z € R

Uy ok (2) = co(uyn Auyn)(x) = co(uy Auy)(x) = upn (), kK — 4o00. (4.1)

Since wu,x and u,x converge uniformly on R to u, and u, respectively, we have uniform convergence
of w,x Auyk to uy Auy. Let € >0 and ko € N be such that for all & > ko,

sup [(wr Ay )(x) — (uy Auy)(z)] < e.
z€R

For all k > kg, we find

co(uy ANuy) —e < (uy Auy) — € < uye Ay,

co(upr Ayr) — & < (Uuyn Auyr) —e < uy Ay,
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Thus, as the convex hull is the supremum over all dominated, convex functions, this yields
co(uy Auy) — € < co(tyr Auyr) < co(uy Auy) + ¢,
which establishes (4.1) and completes the proof. O

We now provide the key argument to see that it is enough to prove Theorem 2.5 for irreducible pairs
of marginals.

Proof of Proposition 2.4. To construct the desired decomposition, pick for all k € N a coupling 7% €
pr(u*, ). Let I,, and 7, denote the left and right boundary of the open interval {u,, < u,, } on which
Ly is concentrated, and set

ey = [ ) du, A = [ b )
o (dx :/ Op—1y(dz) du, v, (dy :/ Ty dy) du.
u=F, () Ee () u=F,(In) Fl )
These are the respective marginals of 7% on R? given by
& F/L(Tn*) &
mo(dx, dy) = / 5F7k1(u) (dx) Tp=1(u) (dy) du. (4.2)
u=F,(ln) H w
Since 7* is a martingale coupling, we have u* <. v*. Finally define

7 =101\ {J (Fulla), Fulra)),

nenN

and set

uk

n*(dx) :/ =1y (dx) du, vk (dy) :/ ﬂ';,kl(u)(dy) du.
ueJ ued n

These are the respective marginals of 7% defined by

7 (dx, dy) = /

ue.

, 5F7k1(u) (dz) W;,kl(u) (dy) du,

which is again a martingale coupling with marginals (n*,v*), thus, n* <. v*.
Using inverse transform sampling for the second equality, we find

1
(ﬁk + Z wﬁ) (dz,dy) = /u:O 6F;k1(u) (dx) ﬁf;,gkl(u) (dy) du = /:zkeR Sk (dz) T (dy) " (da™)

neN

= pF(dx) 7 (dy) = 7" (dx, dy).
Concerning the marginals, we deduce

nk+z,ufl:uk and Uk+ZV7]::Vk.

nenN neN
For all (7,u,l,r) € P1(R) x (0,1) x R x R, we have by (2.3):
E()<u<F(r-) = I<F'u) <r = F.() <u<F(r-). (4.3)
Since pn(dr) = 1, ) () p(dr), using (4.3) for the second equality we find
Fu(rn—)
tn(dx) = / 0z (dx) p(dx) = / Op=1(y (dz) du.
@' €(ln,Tn) w=F,(,) "

We deduce that

n(dx) = (M - Z Mn) (dx) = /:0 5F;1(u)(d$) du — Z

neN neN

Fy (rn—)
/ 6F;1(u)(dx) du
“:Fur(ln)
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= / 051 (y)(dz) du.
ued "

Since the monotone rearrangement gives an optimal coupling, we have

1
Wi(n*,n) + ZV\A(M’E,;M):/ [Ft (w) = F (w) du = Wi (i, ),
neN 0

hence
lim Wi(n*,n) =0= lim Wi(u*, p,), VneN.
k—-+o0 k— 400

Since the marginals of 7% converge weakly, the sequences (1*)ren and (vF)ey are tight, and so
is (7%)pen. For any n € N, wF is dominated by 7%, hence (7¥)iey is tight and therefore relatively
compact. Moreover, by Wi-convergence of (1*)xen and (v*)gen, the sequences ([, | pu*(dx)),  and
ren and
(Ja lylv)i(dy)), o are bounded as well and admit convergent subsequences. Since the Wj-convergence
is equivalent to the weak convergence and the convergence of the first moments, we deduce that the
sequence (7F)ren is relatively compact in WW;. There are subsequences (Wﬁj )jen converging in W to a
measure 7,,, where 7, < m. The first marginal of 7,, coincides with p,, due to continuity of the projection,
thus,

(Jg lylv* (dy))keN are convergent and therefore bounded. Hence the sequences ([, || 1 (dx))

7T"n S 7T|In><]R = Tp.

As 7 (R x R) = 1, (I,) = 7, (R x R), there must hold equality, i.e., 7, = m,. In particular, (7%)zen
has only a single accumulation point and is therefore W;-convergent. Due to continuity of the projection,
(vF)ken converges in W to v, for each n € N. Analogously, we find that (v*)ren converges to 7. O

The next two lemmas explore certain scaling and restrictions of measure on condition that the trans-
formed measures are in convex order.

Lemma 4.2. Let v > 1 and p € M, (R?) be a finite positive measure. Let my = [, x p(dz) and p®,
a € Ry be the image of p by y — a(y —mq) +my. Then for all o, € Ry,

1
7‘

W) =18~ al ([ o=l utan)) (4.4

Moreover, (1®)acr+ constitutes a peacock, i.e., a < 3 € Ry implies u® <. uP.

Remark 4.3. Let 19,71 € M,(R?) be with equal mass and v be an optimal coupling for W,.(ng, n1).
For all ¢ € [0,1], let n; be the image of v by (y,2) — (1 — t)y + tz. It is well known that the curve
[0,1] ¢ — n; is a constant speed geodesic for W,. connecting 79 to 1. Moreover, for all 0 < s <t < 1,
the image of v by ((1 — s)y + sz, (1 — t)y + tz) is an optimal coupling for W, (ns, n:).

In particular for o < 8 € Ry, 19 = 6,,, and 171 = p, we have y(dy,dz) = 6,(dy) u”(dz) and for
t = G, m = p®. Therefore, the image of v by (y,2) — ((1 — t)y + tz,2), that is the image of p by
y+— (a(y —z) +z,B8(y — ) + z), is an optimal coupling for W, (u®, u?), hence (4.4) is proved.

Since the proof is brief, we add it here for the sake of completeness.

Proof of Lemma 4.2. Let a < € R;. We have by the triangle inequality for W, that

</]R | —ma | uﬁ(d$)> = Wr (s 1) < Wi (bmy s 1) + Wi (1, 17)

- (/R o — mlwa(dx)) W ).

Thus,



=(B-a) (/Rd|x—m1|r,u(dx))i.

Since the image of u by x + (a(z —my) +my, B(y —m1) +my) is a coupling between p® and 1®, we
also have the reverse inequality

1

W) < =) ([ o=l utan))

which proves (4.4).
To see that (u®)aer+ is a peacock, we fix again o < 3 € R, and any convex function f on R%. Due
to convexity, we have

p(F) = [ Flaw—m) +m) pla)

< [ (516t —m)+m+ (1-2) o)) wlae) < 2.

Lemma 4.4. For all p € P1(R) with barycentre m; € R and R > 0, let p® be defined by

R—m R+m
R R—m R+m T
P P Ne ( °R 5—R+ °R 5R> Zf R > |T7’L1|7

and pf = §,,, otherwise. Then
(a) For all R >0, pr <.p, and if R > |my|, then p® is concentrated on [~R, R).
(b) We have
Wl (pR7p) — 0.

R—+oc0o

Proof. Let p € P1(R) be with barycentre m; € R. For all R > |m4], let nf* = Rgig” O_p+ R;ri};“ OR, SO

that pf* = p Ac n®. If R < |my| then pf* = 6,,, so we clearly have pf* <. p. Else, p® <. p still holds by
definition of the convex infimum. Moreover, since 7% is concentrated on [ R, R], so is p®* by domination
in the convex order, hence (a) is proved.

To show (b), we show that for all y € R,

Upanr (Y) = co(up N uyr)(y) — up(y), R — +oo. (4.5)
Let € > 0. Since u,(y) — |y — ma1| vanishes as |y| — +oo, there exists M > 0 such that
VyeR, [yl >M = up(y) <[y —m|+e.

Let Ro = |ma| + supyc(_ar,ar up(y) and R > Ry. The map u,r is a piecewise affine function which
changes slope at —R and R and such that w,r(y) — 400 as |y| — +o0. It therefore attains its minimum
either at —R where it is equal to R+ my or at R where it is equal to R —m;, and this minimum is equal
to R — |my|. We deduce that for all y € R, u,r(y) > R — |my|. Moreover, d,,, <. u,r, hence we also
have u,(y) > |y — mq| for all y € R. Let y € R. If |y| < M, then

up(y) < sup up = Ro — [my| < R—m1 < uyr(y).
[_M’M]

Else if |y| > M and u,r(y) < u,(y), then
up(y) < ly —mal +e <upr(y) +e

We deduce that for all y € R and R > Ry, u,(y) — € < (up Auyr)(y). Thus, as the convex hull is the
supremum over all dominated, convex functions, this yields

up — & < co(up A uyr) < up,

which proves (4.5) and completes the proof. O
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5 Proof of the main theorem

We consider the setting of Theorem 2.5. Before entering its technical proof, we argue that it is sufficient
to consider the case r = 1 and that we can consider without loss of generality that (u,v) is irreducible.

When considering a sequence of couplings (7*)geny which converges in AW, to 7 € II(u,v), whose
sequence of marginal distributions (u*, v%)gey is converging in W,., one can deduce AW,.-convergence for
the sequence of couplings. This is due to (1.3), and W,-convergence being equivalent to weak convergence
coupled with convergence of the m-moments. To see the latter, we find, when equipping X x P,.(Y) with
the product metric ((x,p), (z',p")) > (d% (z,2") + WI(p,p')/",

/ (d (2, 0) + Wy (p, 8y,)) J (") (dz, dp) = Wy (1*, 60) + W (VF, 6y)
X xPr(Y)
(5.1)
— W, 0ag) + Wi, 0y,) :/ (dx (z,2z0) + Wy (p,dy,)) J(m)(dz, dp).
k—r+o00 X xPp(Y)
A direct consequence is the following lemma, according to which proving Theorem 2.5 for r = 1 is
sufficient.

Lemma 5.1. In the setting of Theorem 2.5, assume that there exists a sequence of martingale couplings
7* € Ty (u*, vF), k € N converging to m in AW;. Then this sequence also converges to m in AW,..

Next, Proposition 2.4 is the key ingredient to show that it is enough to prove Theorem 2.5 when
(w, v) is irreducible.

Lemma 5.2. If the conclusion of Theorem 2.5 holds for r = 1 and for any irreducible pair of marginals
(1, V), then it holds for r =1 and for any pair (p,v) in the convex order.

Proof. In the setting of Theorem 2.5, fix © € Iy (p,v). Denote by (un, vn)nen the decomposition of
(4, v) into irreducible components with

p=n+ Y pn V=04 > vn

neN neN

By Proposition 2.4, we can find sub-probability measures (7*, v*)en, (Mﬁ)(k,n)eNxN, (Vﬁ)(k,n)eNxN
such that

n* <o, py <cvl V(k,n) €NXN,

" —=n oF =0, /J,,Z—)/J,n7 V,]f—>un in Wi, k— +4oc.

For k € N, let x* € I/ (n*,v*) be any martingale coupling between 7* and v*. Since the marginals
both converge to 1 in Wy, (x*)ren is tight and any accumulation point with respect to the weak topology
belongs to IT5/(n,n). Since x := (id, id),n is the only martingale coupling between 1 and itself, (x*)ren
converges weakly to x as k goes to +0o and even in W, according to (5.1). We can show that this

convergence also holds in AW;. Indeed, according to Proposition 2.1, there exists a sequence Y* €
I(n*,v*), k € N, converging to x in AW;. Then

AW (x*, X" < /]R Wi(xz, Xe) " (dw) < /R W1 (x5 82) + Wa (02, X2)) 1" (de)
— [ 12— al 0+ ) i) = [ 1= al (6 + ) d, o),
R JR R
Since (z,2") = |2’ — x| € ®1(R?) and x* and ¥* converge to x in Wi, we deduce using (1.1) that
/ Iz’ — x| (x* + ¥*)(dz, dz’) — 2/ |z" — x| x(dx,dz") =0, k — +oo,
R R

hence,
AW (xF, x) < AW (F, 1F) + AW (¥, x) = 0,k — +oc.
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By assumption, we can find for any n € N a sequence (7%)ren of martingale couplings between *

and v*, k € N, which converges in AW to 7, as k goes to +0o, where 7, denotes 7 restricted to the
n-th irreducible component given by (2.7). By Lemma 3.7, we have for all p € N that

F -+ Z wﬁ—>x+ Z m, in AW, k— 4o0.

neN, n<p neN, n<p

Moreover, the respective marginals of x* + 3, .y 7%, namely p* and v*, converge in Wi to the
respective marginals of x + ), n 7n, namely p and v. Therefore, according to Lemma 3.6 (b), there
exists a constant C' > 0 such that

lim sup AW; (Xk + Z ™ x + Z 7rn> <C <I€1p(u) + Islp(u)> ,
k

neN neN

where £, = >°, x>, Hn(R) where by convention the sum over an empty set is 0. Clearly, (,)pen is
a null sequence, thus Lemma 3.1 (b) reveals that the right-hand side vanishes as p goes to sup N. This
proves that 78 = x* + 3> 7k € Iy (uF, v*) converges in AWy tom=x+ 3, oy 7 € ar(p,v). O

Proof of Theorem 2.5. Step 1. Due to Lemma 5.1 and Lemma 5.2, we may suppose without loss of
generality that » = 1 and (u,v) is irreducible with component I = (I,7), ] € RU{—00}, r € RU {+o0}.
Next, we define auxiliary martingale couplings close to m which will be easier to approximate in the limit.
We define them with the same first marginal distribution whereby the second marginal distribution is
smaller with respect to the convex order. These auxiliary couplings will satisfy two key properties: first,
their second marginal distribution must be concentrated on a compact subset of I when the first marginal
distribution is itself concentrated on a certain compact subset K of I. Second, it is essential that their
second marginal distribution has positive mass on two compact subsets of I on both sides of K.
Fix ¢ € (0, 3). Choose a compact subset K = [a,b] of I with

u(KC) < e. (5.2)

Instead of directly approximating 7, we initially consider the martingale coupling 7*® whose defini-
tion is given below. For any R > 0, let (7%),cr be the probability kernel obtained by virtue of Lemma
4.4. By Lemma 4.4 (a) we have for all z € R that 7* <. m,. Therefore,

Wi(nf 7)< 2 / Iyl 7o (dy),

where the right-hand side is a p-integrable function of z. By Lemma 4.4 (b) we find 7% — 7, in W, as
R — +o00. Let 7% := pu x 7% then dominated convergence yields

AW, (7t 7)) < / Wi (7, m,) p(dx) =0, R — 4oo0.
R
Denote by % the second marginal of 7%. Consequently, v converges to v for the W,-distance and

vB <. v forall R > 0. Let @ and b be real numbers such that a € (I,a) and be (b, r), for instance

V(a—1) andi):(b—kl)/\b—gr.

l+a
2

a:

Since (u,v) is irreducible on I, v assigns positive mass to any neighbourhood of the endpoints [ and
r of I. From now on, we use the notational convention that for all ¢ € R U {+o00},

[~0,0)={zeR|z<c}, (c,+x]={reR|c<z} and [—oo0,+oc]=R.

In particular, T = [I,7] C R. Then [[,a) and (b, 7] are relatively open on the common support I of
the probability measures ¥ and v, so Portmanteau’s theorem yields

lim inf R ([1, @) = v([1,a) > 0, lmint v (F,r) 2 w((F,7]) > 0.
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Thus, we deduce that we can choose R > 0 such that

R > (—a) Vb, /]RW1(7T577T1) pw(dz) <e, vR(l,a))>0, and vT((b,7]) > 0. (5.3)
Let 72 be the image of 72 by y — a(y — z) + = when a € (0,1). Then 7% := y x 7% satisfies
by Lemma 4.2
AWi(em+ (1 —e)m / Wi (emp + (1 — e)nft 7,) u(de)
(1-¢ /W1 ) p(dx)

< / Wi (r2, 7 R) p(dr) + / Wi (n, m,) pu(d)

=(=a) [ [ le=slmlan) ude) + [ Wik m) o)
<o) ([ iutan + [ wlvian) + [ Wik )

where the right-hand side converges to [ Wi (nf, m,) u(dz) < e for o — 1. Note that 25=2-8 b;b’j:;%f €
(0,1), so we can choose « € (0,1) such that

2R—a—a _b+b+2R
2R —2a 20+ 2R
Let L be a compact subset of I such that the interior L of L satisfies

AW (em 4+ (1 =)™ 1) <e and o> (5.4)

[(=R) V (al 4+ (1 — a)a), RA (ar + (1 — a)b)] C L.

Because R > (—a) Vb and thereby [a,b] = K C [—R, R], we have that u|x x ' is concentrated on
x ([=R, R|NI). Furthermore, for any (z,y) € K x ([-=R, RJN 1), we find ay + (1 — )z € L. Hence,
|K x whe is concentrated on K x L.

Denote the second marginal of 7% by v, Since

(,y) € (LR x[l,a) = I<(l—a)r+ay<R—a(R—a) <

we have that

phe << ‘H“)) :/Rzll esa) R’O‘(dx,dy):/RQ]l(l)%a)(aer(l—a)x)wR(dx,dy)

/ L1y (9) 7, dy) = / 7((~00,d)) u(dz).
R2 (I,R)

Y

If x € [R,+), then 72 = §, and since R > &, mf((—oc0,d)) = 0. Added to the fact that u is
concentrated on I, we obtal

/ 7 ((~o00,)) p(de) = / 7 (—o0,d)) uldi) = v ((—00,d)) = V(L)) > 0.
(L,R) R

We deduce that

i b+b
pRa ((z a ; “>) > 0, and similarly, v7° (< ; r)> > 0. (5.5)

To summarise, we have constructed a martingale coupling 7% € T/ (u, v%) close to 7 with respect
to the AW;-distance, whose restriction 79| g is compactly supported on K x L and concentrated
on K x L. Moreover, the second marginal distribution v is dominated by v in the convex order and
assigns positive mass on both sides of K.
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Step 2. In the next step we construct a sequence of sub-probability martingale couplings supported
on a compact cube J x J (K C J C I) converging to 7%%| g «g.
Our first goal is to find a sequence v** k € N, such that p* <. v** <. v* and

Wy (VBek pRey 500 k= oo (5.6)

Defining v** by
VR,a,k — Uk Ae (Nk Ve Tk(VR’a)),

where T}, denotes the translation by the difference between the common barycentre of ;¥ and v* and the
common barycentre of v and v, ie., [ yv*(dy) — [pyvr™(dy), fulfils these requirements. Indeed

Wl (Tk(I/R’a), I/R’a) _

/Ryuwdw—/ﬂeyu(dy)‘ < Wi, 0) 0,

as k goes to +00. Then Lemma 4.1 provides v#*F — v A, (uV, %) = v in W as k goes to +o0o. By
Proposition 2.1 we can approximate 7/%® with couplings 7% € II(1*, v®**) in AW,. Unfortunately
the sequence ¥k € N does not have to consist of solely martingale couplings. Therefore, we have to
adjust the barycentres of its disintegrations, (7%*) to obtain martingale kernels and thereby martingale
couplings. Due to (5.5) and inner regularity of % we find compact sets

a+a b+b
L_ = L 2z
C (l, 2 ), +C ( 2 77‘)

with v/ *-positive measure. Let [,7 € I, be such that [ < inf(LUL—) and sup(LU L) < 7. Then define

. ~a+a - b+b _ - 3a+a 3b+b
L_<l, 5 ), L+< 5 ,r) and K< 2 ,4>, (5.7)

so that L_, E+ and K are bounded and open intervals covering respectively L_, L; and K and such
that the distance e between L_ U L, and K is positive:

= = ~ —a —b
e:mHW—yH@mﬁe@_ULng}za4aA—Zf>O
Denoting J = [ZN, 7], Figure 2 summarises the construction.
I a J b 7
P I I R
AN = NS
a
L_ ( K ;o L
L_ K ¢ Ly

Figure 2: Points and intervals involved in the proof. The boundaries of the closed intervals are vertical
bars and those of the open intervals are parenthesis.

The respective restrictions of v to L_ and Z+ are denoted by v* and Vf_, respectively. Since L_
and L, are open, Portmanteau’s theorem ensures that eventually (for k sufficiently large) v* and Vi
each have more total mass than some constant § > 0.

By Lemma 3.4 (ii) there are gF < p, oF < pRek a2k — ok« 7k ¢ TI(p*, DF) concentrated on K x L,
and g > 0 such that

AWl(’ka, (1 — Ek)’ITR7a|K><]R) +éer—0, k— +oo. (58)

The following procedure shows that there are for /i (dz)-almost every z unique constants c* (z), % (z) €
[0, 4+00) and d*¥(z) € [1,+00) such that

P o e € L el ) 7l
’ d*(z)

T

€ P(R), Ayﬁumza & (@) Ak (2) = 0.
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Note that the constraint ¢* (z) A ¢k (z) = 0 provides

/yfr];(dy) <z = & () =0, /yﬁ’;(dy) >z = cﬁ_(w) = 0. (5.9)
R R
We require #¥ to be a probability measure with mean z, thus,
1+ ck (2)h (R) + & (2)vF (R) = dF (), (5.10)
/ y ¥ (dy) + c’i(z) / yy_";(dy) +c* (z) / yv¥ (dy) = zd®(z). (5.11)
R R R
Combining (5.9) with (5.10) and (5.11) yields

& (z) = Ju v el dy)_x Vo e [0, ‘x_fRyﬁﬁ(dy)‘],

Je(z —y) vE(dy) evk (R)
() = £ Jmy () |z — [pyE(dy)|
) = Jely —Rx ) vV (dy) Ve lo, efﬁ(R) ] ’
d*(z) =1+ cF ()" (R) + L (2)h(R) € 1,1+ |z — fRZﬁI;(dy)’] .

Remember from (5.7) that LU L_ UL, C [I,7] C I. Then we obtain for /i¥(dz)-almost every x the
estimate

. c()Wwh +cF (o) dR () -1 d*(z) -1 -
_ e =y by

e

|7 —1].

Hence, the adapted Wasserstein distance between #* and 7% = ¥ x &% satisfies

—1
AW1 , /Wlmz dxgr ‘/

SuA

r— [ vt dy>| # (d)

Wi (7F, (1 — i) m ™ g xr),

where we used Remark 2.2 in the last inequality. The triangle inequality and (5.8) then yield

hglAwl(frk, (1 — &) gxr) = 0, Kk — o0. (5.12)

Next we bound the total mass which we require to fix the barycentres. We find that
¢ (2) + k() 1

. T (B /:r—/ fr’;d‘*dx

| S i) orE oy L L) i)

- AW1 (7%, (1 — ep) ™|k )
- e(vh (R) AvE(R))

=0, k— +oo,

where we used Remark 2.2 again for the last inequality and the fact that v* (R) A v% (R) > § for k large
enough for the limit. Consequently, when 7* denotes the second marginal of 7%, we have for k sufficiently
large that

(1 —2e) 0" < (1 —2e)p" 4 (1 —2¢)(vF + yﬁ)/ W PF(de) < (1 — )Rk,
R X

Step 3. In this step, we complement the martingale coupling (1 —2¢)#* to a martingale coupling with
marginals ;% and ev® 4 (1—¢)v % for k sufficiently large. Recall that #% € T/ (7%, 7%) and 7

32



R«

s (p| e, 70), where ¥ is the second marginal distribution of 7%%|x g, are concentrated on the

compact cube J x J and
AW (7F, (1 = )7t g wr) = 0, k — +oo0.
Furthermore, since (1 — )7 — (1 — 2¢)7f®| kxR is a martingale coupling with marginals

(1—e)u—(1-28)ulg and (1 —e)B> — (1 -2,

we deduce by irreducibility of the pair (i, v) on I irreducibility of the pair of sub-probability measures

e+ (1 —e)p—(1-20)pulxg and ev+ (1 —e)* — (1 - 2e)pf>

whose potential functions satisfy

0 <upy —ua—20)ux < Uevp(l-e)pRa — U(1_2e)pRa ON L.

Since those potential functions are continuous, there exists 7 > 0 such that they have distance greater
7 on J. By uniform convergence of potential functions, for & € N sufficiently large we have

T
0 S Uuk — u(l*?&)ﬂk + 5 S ’U,El,k+(1,5)VR,a,k — ’U/(1,26)17k on J

On the complement of J we have wu_g.)4r = U(1—_20)p+ since both measures are concentrated on .J

and satisfy (1 — 2¢) [ z A% (dz) = (1 — 2¢) [ y 7 (dy). Therefore,
0 S Uuk — u(l*?E)ﬂk S Usuk+(1,€)VR,a,k — u(l*QE)Dk on JC.

By Strassen’s theorem [43], there exists 7 € Ilas (i — (1 = 2¢) %, ev® + (1 — ek — (1 — 2¢)5%).
Finally, we write
fk — nk + (1 — 2€)ﬁk c HM(/.Lk,EVk + (1 _ €)VR,a,k)_

Step 4. In the last step, we show that the sequence constructed in this way is eventually close to the
original martingale coupling 7 in adapted Wasserstein distance.
The marginals of 7" are converging in W, to (u,ev+(1—e)v%) as k goes to +00. We have according
to (5.12) that
(1 —2e) AW, (7%, (1 — g)n™*) = 0, k — oo.

Since u(K) > 1—¢, (1 —2¢)(1 —¢) > 1 — 3¢, and ¢, vanishes as k goes to +oo, we have for k € N
large enough
n*(R?) = (em + (1 —e)n™* — (1 = 2)(1 — &)™k xr) (R?)
— 11— (1 20)(1 - ) p(K)
< 3g,
hence (3.35) writes

lim sup AW, (7F, em + (1 — &)a®?) < C(Iso(p) 4 Ise(ev + (1 — e)v9)),
k

where C' depends only on the exponent 7 = 1. Since v* <, v, then ev + (1 — e)v™* <. v, so using
Lemma 3.1 (e), the triangle inequality and (5.4), we get

lim sup AW (7%, 7) < limsup (AW1 (7", em + (1 — &)™) + AW, (emr + (1 — e)n™, 7))
k k

S O(se(p) + Ise(v)) + &

Since the right-hand side only depends on ¢ and vanishes as € goes to 0, we can reason like in the
proof of Proposition 2.3 (from (3.26)) to find a null sequence (&g)ken, two sequences (Ry)ken, (k)ken
with values respectively in R* and (0, 1), and martingale couplings

7?('k EH]\/[(/,Lk,&:kvk+<1—§k)VRk’ak’k), keN
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such that

the

AW, (7% 1) =0, k — 4oo0. (5.13)

In particular, the W;-distance of their second marginal distributions vanishes as k goes to +o00, hence
triangle inequality yields

Wl(ékvk +(1- ék)uR’“ak’k, yk) < Wl(ékvk +(1- ék)vR’“’ak’k, v)+ Wi (v, Vk) -0, k— +oco.

Remember that v%xaxk < 1% hence &,0F + (1 — &,)vBeaxk < vF Then by [30, Theorem 2.11],

there exist martingale couplings M* € Ty (&xv* + (1 — & )vfaxk L)k € N such that

/R . |z — y| M¥(dz, dy) < 2W) (EpvF + (1 — & )pBeemk LRy 50,k — 4oo. (5.14)
x
Let then 7% be the joint distribution of the first and third marginals of #*@M¥, that is
o (do.dy) = o) [ M) () € T, ),
z€

Using the fact that for u*(dz)-almost every z, 7% (dz) M¥(dy) € TL(#F, 7¥), we get

AW (et 7)< [ Witk i) i) < [ gl o) M) ()

RXRXR

- / |z — | M*(dy, d2),
RxR

where the right-hand side vanishes by (5.14) as k goes to +0co. Then (5.13) and the triangle inequality
yield

AW, (78 ) < AWy (7, 7%) + AWy (7F 1) = 0, k= +oo,

which concludes the proof. O
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Monotonicity and stability of the Weak Martingale Optimal
Transport problem

M. Beiglbock* B. Jourdainf W. Margheritif * G. Pammer* $
October 24, 2020

Abstract

Motivated by the study of the concentration of measure phenomenon and their connection with
transport-entropy inequalities, Gozlan, Roberto, Samson and Tetali [20] introduced a general notion
of transport cost problem called the Optimal Weak Transport (WOT) problem. Backhoff-Veraguas,
Beiglbock and Pammer [6] and Backhoff-Veraguas and Pammer [7] proved that under some regularity
assumption on the cost function, existence, uniqueness and stability hold for the WOT problem. Thanks
to a result proved in the companion paper [10], we recover those result in a different way.

Because the martingale constraint reflects the condition for a financial market to be arbritrage free,
it is natural in the context of mathematical finance to consider the martingale counterpart of the WOT
problem, namely the Martingale Optimal Weak Transport (WMOT) problem. Thanks to the main
theorem of the companion paper, we prove the existence, the uniqueness and most importantly the
stability of the WMOT problem under mild regularity assumption of the cost function.

We also prove that martingale C-monotonicity is sufficient for optimality of the WMOT problem,
that the so called Wasserstein projections are Lipschitz continuous in dimension 1 and finally we es-
tablish the convergence in a space of extended martingale couplings. We discuss a consequence on the
superreplication bound for VIX futures.

Keywords: Martingale Optimal Transport, Adapted Wasserstein distance, Robust finance, Weak trans-
port, Stability, Convex order, Martingale couplings.

1 Introduction and motivations

1.1 The Weak Optimal Transport problem

Motivated by the study of the concentration of measure phenomenon and their connection with transport-
entropy inequalities, whose extensive study can be found in [25, 18, 14], Gozlan, Roberto, Samson and Tetali
[20] introduced a general notion of transport cost problem called the Optimal Weak Transport (WOT)
problem, which they studied with Shu in [19]. In order to define it we introduce some notation. Let X and
Y be two Polish spaces respectively endowed with the compatible and complete metrics dx and dy. Let p
be in the set P(X) of probability measures on X, v € P(Y) and C : X x P(Y) — Ry be a nonnegative
measurable function. We denote by II(u,v) the set of couplings between p and v, that is 7 € I(u,v)
ifft # € P(X xY) is such that for any measurable subsets A C X and B C Y, (A x Y) = u(A) and
m(X x B) = v(B). Then the WOT problem consists in the minimisation

Ve(u,v) :=  inf AC(x,ﬂz)ﬂ(dI), (WOT)

m€ll(p,v)
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where for all 7 € II(u,v), (7,)zcr denotes a disintegration of 7w with respect to its first marginal, which
we write w(dx,dy) = p(dz) 7, (dy), or with a slight abuse of notation, 7 = p x m, if the context is not
ambiguous. Note that for a measurable map ¢ : X x Y — Ry, the WOT problem with the cost function
C: (z,p) — [y c(x,y) p(dy) amounts to the classical Optimal Transport (OT) problem already discussed in
the companion paper [10]. In particular it was mentioned that the OT theory covers an impressive range of
applications. This particularity seems to be shared with the WOT problem, which benefits of high flexibility.
One could for instance see the recent work of Backhoff-Veraguas and Pammer [8] and the references inside
for an investigation of a connection of the WOT problem with the Schrédinger problem, the Brenier-Strassen
Theorem, optimal mechanism design, linear transfers and semimartingale transport.

In order to gain some insight on the WOT problem, we recall some results of paramount importance,
namely existence, uniqueness and stability. To formulate those results we need to introduce a more specific
setting. From now on, we fix r > 1 and zq, yo two arbitrary elements of X and Y respectively, their specific
value having no impact on our study. Let P"(X) denote the set of all probability measures on X with finite
r-th moment, i.e.

P(X) = {p e P(X) | /XdTX(:z:,xo)p(dx) < +oo}. (1.1)

Let C(X) denote the set of all real-valued continuous functions on X. The set P"(X) is equipped with
the weak topology induced by

P"(X)={feC(X)|Fa>0, Vz e X, |f(z)| < a(l +d%(z,z0))}.

Then a sequence (p*)ren converges in P"(X) to p iff

V€ ¥ (X), 1(0) = [ o@)p ) = plo) = [ gla)pida).

It is well known that the latter is equivalent to

1
k L s r
wtn= it ([ aearanan)” - o
where W, is the Wasserstein distance with index r, which is a metric on P"(X) compatible with its topology,
turning P"(X) into a complete separable metric space, see [3, 26, 28, 29] for much more details.

Back to the WOT problem, consider a cost function C' : X x P"(Y) — Ry being lower semicontinu-
ous and convex in its second argument. Backhoff-Veraguas, Beiglbock and Pammer [6] prove that for all
(1,v) € P(X) x P"(Y), the infimum Ve (u,v) is attained. Moreover, the map (u,v) — Ve (u,v) is lower
semicontinuous. Backhoff-Veraguas and Pammer [7] also prove the stability of the WOT problem: suppose
that C' € ®"(X x P"(Y)) and let u* € P(X),v* € P"(Y), k € N converge respectively weakly to u € P(X)
and in W, to v € P"(Y) as k goes to +oo. For k € N, let 7% € II(u*,v*) be optimal for V(u*,v*). Then
any accumulation point of (7%)pen for the weak convergence topology is a minimiser of Vo (u,v). If the
latter has a unique minimiser 7*, which happens for instance if C' is strictly convex in its second argument,
then 7% converges weakly to 7* as k goes to +oo. In the latter case, when u*, u belong to P"(X) and the
convergence of ;¥ to p holds in W,., then one can easily show that

7 — 7 in W,. (1.2)
k—+o00

However, the topology induced by the Wasserstein distance in not always well suited for any setting,
especially in mathematical finance, since its symmetry does not take into account the temporal structure of
martingales. As explained in the companion paper [10], it is sometimes necessary to strengthen the usual
topology and therefore consider the adapted Wasserstein distance AW, of index r defined for all couplings
T=uXm,,m =y xnl, e P(X XY) by

awim) = it ([ o) W, w) xdonda))
XxX

XEIL(p,p")



It will prove important to observe that
AW, (7, 7") = W, (I (m), T (7)), (1.3)
where J is the trivial embedding map from P(X x Y) to P(X x P(Y)), namely
J:PX xY)dm=pxm— pldx)dr, (dp) € P(X x P(Y)). (1.4)

There exist other ways to adapt the usual weak topoly: Hellwig’s information topology [23], Aldous’s
extended weak topology [1] or the optimal stopping topology [4]. But we do not lose generality by using
the topology induced by the adapted Wasserstein distance since strikingly, all those apparently independent
topologies are actually equal, at least in discrete time [4, Theorem 1.1]. By the connection Backhoff-Veraguas
and Pammer establish between the WOT problem and an extended version of it, in the setting of (1.2) when
C is strictly convex in its second argument, we can derive the convergence of J(7*) to J(7*) in W, as k
goes to 400, which by (1.3) is equivalent to the convergence of the minimiser 7% of Vi (u*, v¥) to the only
minimiser 7* of Vo (u, v) in AW,..

In the companion paper we prove that any coupling whose marginals are approximated by probability
measures can be approximated by couplings with respect to the adapted Wasserstein distance (see Proposition
2.3 below). We show in the present paper that this result allows us to recover the existence, uniqueness and
most importantly the stability of the WOT problem under less regularity assumption on the cost function.

1.2 The Martingale Weak Optimal Transport problem

The classical OT theory is not sufficient to solve some major problems raised by the field of mathematical
finance, such as robust model-independent pricing. Indeed, Beiglbock, Henry-Labordére and Penkner [9]
showed in a discrete time setting and Galichon, Henry- Labordére and Touzi [17] in a continuous time
setting that one would need an additional martingale constraint to the OT problem in order to get model-
free bounds of an option price. This martingale constraint reflects the condition for a financial market to be
arbritrage free. This leads to the formulation of the Martingale Optimal Transport (MOT) problem recalled
in the companion paper [10]. With regard to this, it is natural to study a martingale counterpart of the
WOT problem.

Let d € N*, C : R? x P(R?) — Ry and u,v € P}(R?). Then the Martingale Optimal Weak Transport
(WMOT) problem consists in the minimisation

VA (u,v) :=  inf C(x, ) p(dz), (WMOT)
w€lln (p1,v) JRd

where I/ (u, v) denotes the set of martingale couplings between p and v, that is

Mps(p,v) = {71' = u X m, € II(p,v) | pu(dx)-almost everywhere, / y g (dy) = x} .
R

According to Strassen’s theorem [27], the existence of a martingale coupling between two probability
measures u,v € PY(R?) is equivalent to p <. v, where <, denotes the convex order. We recall that two
finite positive measures y, v on R? with finite first moment are said to be in the convex order iff we have

/ F() p(d) < / £(y) v(dy),
Rd Rd

for every convex function f : R? — R. Note that by evaluating this inequality for the constant function
equal to 1, the identity function and their opposites, we have that p and v have equal mass and satisfy
Jga @ p(dr) = [payv(dy). For a measurable map ¢ : X x Y — R, the WMOT problem with the cost
function C' : (2,p) — [, c(z,y)p(dy) amounts to the MOT problem already discussed in the companion
paper [10].



The main result of the companion paper is that any martingale coupling whose marginals are approx-
imated by probability measures in the convex order can be approximated by martingale couplings with
respect to the adapted Wasserstein distance, see Theorem 2.4 below. Similarly as for the WOT problem, we
prove in the present paper thanks to the latter theorem the existence, the uniqueness and most importantly
the stability of the WMOT problem under reasonable regularity assumptions on the cost function.

In particular we recover the stability of the MOT problem proved by Backhoff-Veraguas and Pammer
[7]. To do so, they used the tool of martingale C-monotonicity by proving that it was a stable necessary
optimality criterion. However the question remained open whether any martingale coupling satisfying this
condition is optimal. We show here that it is indeed the case under mild regularity assumptions on the cost
function.

1.3 Outline

We state in Section 2 the main results of the present paper, namely the stability of the WOT and the
WMOT problems, the sufficient optimality criterion of martingale C-monotonicity for the WMOT problem,
the Lipschitz continuity of the so called Wasserstein projections and the convergence of an extended space of
martingale couplings. We also connect this work with an application on the superreplication bound for VIX
futures. Those results have their own devoted section. Section 3 consists of the unified proof of the stability
of the WOT and the WMOT problems. Section 4 consists in showing that martingale C-monotonicity is
sufficient for optimality for the WMOT problem. Finally Section 5 is an appendix which gathers the proofs
of useful lemmas.

2 Main results

2.1 An extension of the weak and adapted topologies

For r > 1, the Wasserstein distance W, is widely used to measure the distance between two probability
measures with finite r-th moment. In order to measure the distance between two couplings, one could also
use the stronger adapted Wasserstein distance for reasons discussed above. Despite being very handy, those
distances sometimes lack topological convenience. For example, the W,-balls {p € P"(X) | W (p, d»,) < R},
R > 0, are not compact for the W,-distance topology. This observation is not without consequences since
it stood in the way of our proof that martingale C-monotonicity is a sufficient optimality criterion for the
WMOT problem (see Section 2.4 below).

In order to overcome that hurdle, we choose in the present paper to work in a finer topology which
benefits of more convenient and flexible properties. We give the definition here as well as some insight to
understand its basic properties. All proofs and technical details are deferred to Section 5.1 below.

Definition 2.1. Let f: X — [1,400) be continuous. We consider the space
Pi(X) = {p € P(X) [ p(f) < +oo}.

We equip P;(X) with the topology induced by the following convergence: a sequence (py)ken € Pr(X)N
converges in Py(X) to p iff one of the two following assertions is satisfied:

(f)-

(i) pr(h) N p(h) forall h € ®¢(X) :={h e C(X)|3a >0, Yz € X, |h(z)| < af(z)}.

(i) px oo, Pin P(X) and pk(f) LT P

Unless explicitly stated otherwise, P(X) is endowed with the weak convergence topology; for r > 1,
P"(X) is endowed with the W,-distance topology; for f : X — [1,+00) continuous, Pf(X) is endowed with
the topology induced by the convergence (2.1). When f is the map x — 1+d’ (z, %), then P(X) = P"(X)
and the two topologies match. Hence the reader who is not willing to consider this extension may completely
disregard it and consistently view Py(X) as the usual Wasserstein space P"(X).



We will mainly address convergences of probability measures in terms of topology. However it will
sometimes prove useful to consider the metric Wy defined on P¢(X) by

Vp.a € Pr(X), Wilp.a):=  sup  (p(fh) —a(fh)), (2.1)
h: X—[-1,1],
h is 1-Lipschitz

which is a complete metric compatible with the topology on Ps(X).
A continuous function g : ¥ — [1,400) can naturally be lifted to a continuous function § : Py(Y) —
[1,400) by setting
Vp e Ps(Y), 4(p) = pl9)- (22)

We will often consider probability measures on P(Y). A very convenient aspect of the extended topology
is that the spaces P;(P(Y)) and Py(P4(Y)) and their respective topologies, a priori different, are actually
equal. If moreover P,(Y) is endowed with the metric Wg, then those topological spaces are also equal to
PL(P,(Y)), whose definition is given by (1.1) with (1,P,(Y), W,) replacing (r, X,dx). Therefore one can
freely switch between the topological spaces Py (P(Y)), Py(P,(Y)) and PL(P,(Y)).

It is also possible to extend the adapted weak topology, in the spirit of (1.3). Recall the map J defined
by (1.4) which embeds P(X x Y) into P(X x P(Y)). For two real-valued functions f and g respectively
defined on X and Y, we denote by f @ g the map X xY 3 (z,y) — f(z) + g(v).

Definition 2.2. Let f: X — [1,400) and g : Y — [1,+00) be continuous. For k € N, let u*, u € Pp(X),
v v € Py(Y), nF € I(p*, v*) and 7 € TI(p, v). We say that (7%)ren converges in AW ;g to 7 if one of the
two following equivalent assertions is satisfied:

(i) J(7F) — J(7) in Pray(X x P(Y)).

k—+o0
(i) J() — () in POX x PYV)), i ()~ plf) and #¥(g) —> ul9)

There also holds the convenient fact that Prgs(X X P(Y)) and Prgs(X X Py(Y)) and their respective
topologies are equal, hence we can rephrase (i) as J(7*) i J(m) in Prgg(X x Py(Y)). When f and g
—4o0

are respectively the maps z — 1+ d% (z,z0) and y — 1+ d%-(y, o), then (7*)ren converges in AWyg, to
7 iff it converges in AW,. Once again, the reader may skip this extension and consider as he wishes that
convergences in AW g, mean convergences in AW,.

2.2 Stability

The stability of the WOT and WMOT problems, or more generally of any optimal transport problem, with
respect to their marginals, are of paramount importance. Indeed, those problems are often computationally
solvable when the marginals are finitely supported. It is therefore natural to discretise the marginals and
solve the discretised problem, but this approach works only if we know that the discretised cost converges to
the original one, which is assured when the stability holds. Another issue is that the marginals often derive
from noisy data. In that context, if the stability of the cost function with respect to the marginals does not
hold, then solving it is meaningless.

The proof of the stability of the WOT problem relies on the following extension to the finer topology of
the approximation of couplings on the line in the weak adapted topology proved in the companion paper
[10, Proposition 2.3]. This extension is an easy consequence of the equivalence stated in Definition 2.2.

Proposition 2.3. Let f: X — [1,+00) and g: Y — [1,400) be continuous. Let uF € P;(R), v* € P,(R),
k € N, respectively converge to p and v in P¢(R) and Py(R) respectively. Then there is for any m € I(u, v)
a sequence of couplings 7% € TI(u*, %), k € N converging to m in AW a;.

In the martingale setting, we recall the main theorem of the companion paper, namely that any mar-
tingale couplings whose marginals are approximated by probability measures in the convex order can be



approximated by martingale couplings with respect to the adapted Wasserstein distance. We state it in the
setting of our extended topology, which is also a direct consequence of the equivalence stated in Definition
2.2. For r > 1, we denote by F"(X) the set of continuous functions f : X — [1,+00) which dominate
x> 14+ d%(z, ), that is

Vee X, f(x)>1+d%(z, ). (2.3)

Theorem 2.4. Let f € FY(R) and g € F*(R). Let u* € P¢(R) and v* € Py(R), k € N, be in convex order
and respectively converge to p and v in Pr(R) and Py(R). Let m € Ilpr(u,v). Then there exists a sequence
of martingale couplings 7 € Ty (u*,v*), k € N converging to 7 in AW yg;.

We recall that a sequence (u*)gen of probability measures on X is said to converge strongly to some
p € P(X) iff for any measurable subset A C X, u*(A) converges to u(A) as k goes to +oc.

Theorem 2.5. Let f: X — [1,400) and g : Y — [1,400) be continuous. Let X and Y be Polish spaces,
C: X xPy(Y) = R be convez in the second argument, lower semicontinuous and such that there exists a
constant K > 0 which satisfies for all (x,p) € X x Py(Y)

Clepl <& (1) + [ atwptan). (2.4

For k € N, let p* € Pp(X) and v* € Py(Y) converge in Ps(X) and Py(Y) as k — +oo to p and v
respectively. Then

(a) Existence: there exists 7* € II(u,v) which minimises Vo (p,v).
(b) Stability of the cost function: suppose that one of the following holds true:

(A) C is continuous.

(B) C is continuous in the second argument and pu* converges strongly to pu as k — 4oc.

Then there holds
Vo(u*,v*) — Ve(u,v). (25)
k—+o00

(c) Stability of the minimisers: suppose that (2.5) holds. For k € N let 7%* € TI(u*,v*) be a minimiser of
Ve (pk, v*). Then any accumulation point of (7%*)en for the weak convergence topology is a minimiser
of Ve(u, v). If the latter has a unique minimiser ©*, then

7B 1 in Prag(X x V). (2.6)

k—+oco

(d) Uniqueness: if C is strictly convexr in the second argument, then the minimisers are unique and the
convergence (2.6) holds in AW g .

Note that the WMOT problem is in fact a particular case of the WOT problem. Indeed, the resolution
of the WMOT problem between pu,v € PYH(R?) for a cost function C' : R? x P(R?) — R, amounts to the
resolution of the WOT problem between the same marginals and the cost function

5 d d C(z,p) if [,yp(dy) ==
C:R*x P(RY) > (z,p) — { Yoo elseY € Ry U{+oo}.

Since infinite-valued cost functions are not admissible in the setting of Theorem 2.5, the case of the
stability of the WMOT problem requires its own statement.



Theorem 2.6. Let f € FY(RY) and g € F*(R?). Let C : R? x P,(RY) — RU {+oc} be convezr in the
second argument, lower semicontinuous and such that there exists a constant K > 0 which satisfies for all
(z,p) € R? x Py(R?)

Clepl <& (1) + [ atwptan). (2.7

For k € N, let pu* € Pr(R?) and v* € Py(R?) be such that u* <. vk and p*, resp. v*, converges to p in
Pt(RY), resp. v in Py(R?) as k — +oo. Then

(a’) Ezistence: there exists 7 € Iy (u, v) which minimises VA (p,v).
(b’) Stability of the cost function in dimension 1: suppose that d = 1 and one of the following holds true:

(A) C is continuous.

(B) C is continuous in the second argument and u* converges strongly to u as k — +oc.

Then there holds
VA (E R — V(). (2.8)
k—+o0
(c’) Stability of the minimisers: suppose that (2.8) holds. For k € N let 7%* € Ty (¥, v¥) be a minimiser
of VA (uk,v%).  Then any accumulation point of (7%*)ren for the weak convergence topology is a
minimiser of VA (u,v). If the latter has a unique minimiser ™, then
T 1 in Preg(RY x RY). (2.9)

k—+oco

(d’) Uniqueness: if C is strictly convez in the second argument, then the minimisers are unique and the
convergence (2.9) holds in AW g .

Remark 2.7. We actually show that (a’), (b’), (¢’) and (d’) are still valid when there exist two Polish
subspaces X and Y of R? such that f is defined on X, g on Y, (2.7) holds for all (z,p) € X x Py(Y) such
that [o. yp(dy) =z, u* € Pp(X) converges in Py(X) to p € Pr(X) and v* € P(Y) converges in Ps(Y) to
vePyY) as k — +oo.

We can exhibit a strong connection betwen the (WMOT) problem and a Benamou-Brenier type formu-
lation of the MOT problem suggested by [5]. In dimension one, this problem consists for two probability
measures (i, v in the convex order in maximising

MT(u,v) :=supE [/01 o dt] (MBB)

over all filtered probability spaces (€2, (Ft):e0,1], P), real-valued (F;)¢cjo,1)-progressive process (0¢)¢cjo,1) and
real-valued (F3);e[o,1-Brownian motions (Bj).c[0,1] such that the process

¢
(Mt)te[o,l] = (Mo +/ O st>
0 tef0,1]

is a continuous martingale which satisfies My ~ p and M; ~ v. When the second moment of v is finite, then
(MBB) has a unique maximiser (M;");co,1] [5, Theorem 1.5] called the stretched Brownian motion from s
to v, since it is the martingale subject to the constraints Mj ~ p and M| ~ v which correlates the most
with the Brownian motion.

Let Co : R x P2(R) — R be defined for all (z,p) € R x P2(R) by Co(z,p) = W3(p,N(0,1)), where
N(0,1) denotes the unidimensional standard normal distribution. Let u,v € P2(R) be in the convex order
and VA (u,v) be the value function given by (WMOT) for the cost function Cy. Let 7* € Ilp(p,v) be
optimal for ch‘g (1, v) and M* be the stretched Brownian motion from g to v. Then Remark 2.1, Theorem
2.2 and Remark 2.3 from [5] imply that



(a) MT(u,v) =5 (14 [p lyl* v(dy) — VA (p,v));

(b) 7* is the joint probability distribution of (Mg, M7), and conversely

vee (0,1, My =E[F (Fxon(BO)IX, (Boosss (2.10)
where X ~ p is a random variable independent of the Brownian motion (By):c[o,1], and Fy;, resp. Fr 1
denotes the cumulative distribution function, resp. the quantile function of a probability distribution
n € P(R).

As a consequence of Theorem 2.6, for r > 2, the stretched Brownian motion between converging marginals
in W, converges in AW, to the stretched Brownian motion between the limits. Because of the martingale
structure, we even have an estimate of the AW,.-distance between the joint probability distributions of the
initial position and the whole trajectory.

Corollary 2.8 (Stability of the unidimensional stretched Brownian motion). Let r > 2 and p*,v* u,v €
PT(R), k € N be such that for all k € N, u* <. v* and p¥, resp. v*, converges to u, resp. v, in W,.

For k € N, let M* be the stretched Brownian motion from u* to v* and M* be the stretched Brownian
motion from u to v. Equipping C([0,1]) with the supremum distance and denoting by L(Z) the law of any
random variable Z, we have the estimate

I * * T " s c * *
AW (L0, (MEetoa) L0085 (M he)) < (- ) AWE (€M M), 20085, 007)

and the right-hand side vanishes as k goes to 4oc0.

2.3 Stability of the superreplication bound for VIX futures

The Volatility Index (VIX), often referred to as the Fear Index, is a popular measure to determine market
sentiment. When investors expect the market to move vigorously, they typically tend to purchase more
options, which has an impact on implied volatility levels. The VIX is by definition the implied volatility
calculated on a 30 days horizon on the S&P 500. The more the VIX increases, the more demand is expressed
for options, which become more expensive. In that case the market is described as volatile. Conversely,
a decreasing VIX often means less demand and therefore decreasing option prices, hence the market is
perceived as calm.

We consider a financial market composed of two financial assets: the risk-free asset and the S&P 500
(St)teqr,, 15}, tradable at dates Ty and Ty = T+ 30 days. We suppose known the market price of call options
for any strike K > 0, so that by the Breeden-Litzenberger formula [15] we get the respective probability
distributions p and v of S, and Sz,. We allow trading at time 0 in vanilla options with maturities 77 and
Ty, and trading at time 77 in the S&P 500 and the forward-starting log-contract, that is the option with

payoff Tz__QTl In g% at Ty. In this setting, Guyon, Menegaux and Nutz [22] derive the model-independent
1

arbitrage-free upper bound for the VIX future expiring at T3, given by the smallest superreplication price
at time 0

Pouper (1, v) = inf (/((Hoo) uy () p(d) + /((Hoo) uz(y) l/(dy)> ; (2.11)

where the infimum is taken over all (uy,u2) € L*(u) x L'(v) and measurable maps A, A such that for all
(,9,0) € (0,4+00)* x [0, +00),

w1 () + ua(y) + AS(z,0)(y — ) + AE(z,v) <— T i T ln% - v2> —v (2.12)



is nonnegative. Similarly, the model-independent arbritrage-free lower bound for the VIX future expiring at
T3 is given by the largest subreplication price at time 0

Pow (i1, v) = sup (/((Hw) ui () p(dz) + /((HOO) uz(y) V(dy)> )

where the supremum is taken over all (u1,uz) € L'(1) x L'(v) and measurable maps A°, A such that for
all (z,y,v) € (0,4+00)? x [0, +00), (2.12) is nonpositive.

Note that the primal problem Pyyper (4, v) involves in (2.12) three variables z, y, s, which stand respectively
for the S&P 500 at time 77, the S&P 500 at time 75, and the VIX at time 77. We would then naturally
expect the dual formulation to involve three marginals. Strikingly, the dual side of the superreplication of
the VIX takes the form of a WMOT problem with 2 marginals only thanks to concavity of the square root,
see [22, Proposition 4.10].

Proposition 2.9 (Guyon, Menegaux, Nutz, 2017). Let 0 < Ty < T5 and f: [1,400) — R4 be given by
f(z) =|In(z)|+ |x|. Let p,v € Pr((0,+00)) be in the convex order, then the dual problem Dgyper consists of

Dsuper(ﬂa v) = sup / Cvrx(x,m,) p(dr), (2.13)
m€llns (p,v) J(0,4-00)

when Cyrx: (0,+00) X Pr((0,+00)), (z,p) — \/fﬁ f(07+oo) In (%) p(dy). The values of Psyper(p, v) and
D guper(pt, V) coincide.
The fact that p and v are defined on (0,400) motivated Remark 2.7, that is the consideration of the

stability of the WMOT problem in the setting of Polish subspaces of R?. Note that Cy;x is indeed an
admissible weak transport cost: on {(z,p) € (0,400) x P¢((0,+00)) | f(o +00) yp(dy) = x} it is well-defined

and continuous, and the map p — Cyrx(z,p) is concave on {p € Ps((0,+00)) | [pyp(dy) = x} for fixed
x € (0,400). Hence, we can apply Theorem 2.6 and find that the robust superreplication bound for VIX
futures depends continuously on the marginals:

Corollary 2.10. In the setting of Proposition 2.9, let the pairs p*, vk € P¢((0,400)), k € N, be in convex
order and converge in Py(R) to p and v respectively. Then there exist mazimisers ©%* € Iy (uk, vF),

lim Dsuper(ﬂk» Vk) = Dsuper(:u7 V):

k—+oco

and any weak accumulation point of (7%*)ken mazimises Dgyper (11, 1/).

2.4 Martingale monotonicity

A remarkable tool in the theory of optimal transport is cyclical monotonicity. It allows to determine opti-
mality of a coupling only by knowing its support. In its spirit the notion of finite optimality was developed
in context of martingale optimal transport in [11] and [21].

Definition 2.11 (Competitor). Let a = pux a, € PHRxR). We call o = p/ x o, € P1(RxR) a competitor
of o, if

pw=p and / yal(dy) = / y o (dy), p(dx)-almost everywhere.
R R

Definition 2.12 (Finite optimality). Let ¢: RxR — R be a cost function. We say that a Borel set I' C RxR
is finitely optimal for c if for every probability measure o« € P(R x R) finitely supported on I', we have

/RX[RC(Ly)a(dwydy) S/ c(z,y) o (dz, dy),

RxR

for every competitor o’ of .



Under the assumption that ¢ is continuous and sufficiently integrable, there was shown in [11, Lemma
A.2] and [21, Theorem 1.3] that a martingale coupling is optimal if it is concentrated on a finitely optimal
set.

Recently the notion of martingale C-monotonicity, c.f. [7], was introduced for martingale optimal weak
transport (WMOT), which was therein used to show stability of the martingale optimal transport problem.

Definition 2.13 (Martingale C-monotonicity). We say that a Borel set I' C R x PY(R) is martingale C-
monotone iff for any N € N, any collection (z1,p1),...,(xn,pn) € T and qi,...,qy € PL(R) such that

SN =N g and [,ypi(dy) = [,y ai(dy), we have

N N
D Claip) < Clai,q).
i=1 i=1

So far, it was known that martingale C'-monotonicity is a necessary optimality criterion in the following
sense, c.f. [7, Theorem 3.4]: let 7* € II5;(p,v) be a martingale coupling which minimises (WMOT), then
J(m*) is concentrated on a martingale C-monotone set. This means explicitly that there is a martingale
C-monotone set I' with

(z,7:) €T for p(dx)-almost every z. (2.14)

Remark 2.14. Conversely, if m € I (s, v) is a finitely supported coupling of the form % Zivzl 0z, (dx) pi(dy)
forz; < -+ <z, € Rand p1,--- ,pn € PYR) and satisfies (2.14), then it is optimal. Indeed, in that
case (r1,p1), - ,(xn,pn) € T and any martingale coupling n’ € I (u,v) is of the form 7'(dx,dy) =
% Zivzl 8z, (dx) qi(dy), where q1,- - -, qn € P(R) are such that Zf\il p; = vazl g; and for alli € {1,--- , N},
Jr ypi(dy) = i = [y qi(dy). By definition of martingale C-monotonicity, we get

1 & 1 &
Cla,m) pldr) = ZC(mi,pi) <% ZC(Z'Z”QZ‘) = /R C(z, ;) p(dz),

RxR

hence 7 is optimal.

However, the question remained open if any martingale coupling satisfying (2.14) is optimal. The stability
result, Theorem 2.6, allows us to confirm that this is indeed the case.

Theorem 2.15 (Sufficiency). Let f: R — [1,400) and g: R — [1,400) be continuous. Let p € P¢(R) and
v € Py(R) be in convex order, and C: R x Py(R) — R be a measurable cost function, continuous in the
second argument and such that there exists a constant K > 0 which satisfies

V(z.p) €R x Py(R), C(z,p) < K <f(:r) + o) p(dy>) ,

Let T' be martingale C-monotone and m € Iy (p,v) be such that we have (2.14). Then © is optimal for
(WMOT).

In turn Theorem 2.15 allows us to strengthen [11, Lemma A.2] and [21, Theorem 1.3] by assuming less
continuity of the cost function.

Corollary 2.16. Let f: R — [1,400) and g: R — [1,+00) be continuous. Let i € Py(R) and v € Py(R) be
in convex order, c: R x R — R be measurable and y — c(x,y) be continuous for all x € R. Furthermore, let
K > 0 be a constant such that

c(z,y) < K(f(z) +9(y), V(z,y) eRxR.

Then m € Uy (p, v) is finitely optimal if and only if 7 is optimal for the MOT problem.

10



3 Stability

This section is devoted to the proof of Theorem 2.5 and Theorem 2.6 about the stability of (WOT) and
(WMOT), and the corollary on the stability of the stretched Brownian motion in dimension one.

Proof of Theorem 2.5 and Theorem 2.6. First, we prove (a) and (a’). Let I(u,v) = H(u7 v) and Vo (p,v) =
Ve (p, v) in the setting of Theorem 2.5, and TI(y, v) = My (p,v) and Vo (u, v) = VA (u,v) in the setting of
Theorem 2.6.

Let (7™)nen € I(p, )N be such that Jx C(x, ) p(dx) converges to Ve(u, v) as n — +oo. By tightness
of p and v we deduce the existence of a subsequence (7™ );cn of (7™),en Which converges to some 7* €
f[(,u, v) with respect to the weak convergence topology and therefore the topology of Prgge(X X Y) since
7 (f ®g)=p(f)+v(f) =7"(f ®g) for all | € N. By Proposition 5.8 (b) below we then have

Vc(ﬂ,y)g/ Cl(x,m}) dx)<hm1nf/ C(x, ™) p(dz) = Ve (u, v),
b's

which shows that 7* is a minimiser for Vi (u, v) and proves (a) and (a’).
We now show that the convergence

Vo (i, %) T Vo (u, v) (3.1)

holds under either Assumption (A) or Assumption (B) in the setting of Theorem 2.5, and in the setting
of Theorem 2.6 as soon as d = 1, which will prove (b) and (b’). Let 7* be a minimiser of Vo (u,v). By
Proposition 2.3 in the setting of Theorem 2.5 and Theorem 2.4 in the setting of Theorem 2.6 if d = 1, there
exists a sequence wF € ﬂ(;ﬂ“7 v*), k € N, which converges to 7* in AW g4, which is equivalent to J(7%)
converging to J(m*) in Prge(X x P(Y)).

Under Assumption (A), we then have by Lemma 5.12 (b) that

/ C(z,p) J(ﬂ'k)(dx dp) — C(z,p) J(n*)(dz, dp). (3.2)
X xPgy(Y) k=400 Jxxpy(v)

Under Assumption (B), the strong convergence of (u*)ren to 1 and the weak convergence of (J(7%))ren
to J(7*) imply by Lemma 5.11 (b) that (J(7*))ren converges stably to J(m*), hence (3.2) still holds by
Lemma 5.12 (d).

Using (3.2) for the second equality, we then have

lim sup Ve (p®, vF) < limsup/ C(x, 7% p* (dx)
b'e

k—+oco k—+oco

= lim sup/ C(z,p) J(x*)(dx, dp)
XXPg(Y)

k—+oco
=/ C(z,p) J(r*)(dz, dp)
X XPy(Y)
= VC(,“’? V)'
Let (Ve (%, %)) 1en be a subsequence of (Vo (u¥, %)) ren converging to liminfy_, o Ve (u*, vF). Let
7 € (u,v) be an accumulation point of (7%*);cy with respect to the weak convergence topology, which

exists by tightness of the marginals. Note that in the martingale case, the fact that 7 is a martingale coupling
is guaranteed by the W;-convergence of the marginals. Then by Proposition 5.8 (b) below, we find that

lkim}_nf Ve(u®, vF) = lim / C(x, wke*) pki (de) > / C(x, Ty) p(dx) > Vo (u, v).
—+00 X

11



With (3.3), we conclude that limy_, 1 oo Vc(uk,uk) = Vc(u, v), which proves (3.1).

Let us now prove (c) and (c), assuming that (3.1) holds. For k € N, let 7%* € II(1*, %) be a minimiser
of Vo (¥, v*). For any subsequence (mki*) jen of (7%*)ken converging weakly to some 7, Proposition 5.8 (b)
below ensures that

Vo(u,v) = lim Vo(uki,vk) = lim Oz, mh ) u(de) > | Cx,7) pldz) > Velp,v),
J—+oo Jj—+oo X D'

so 7 is a minimiser of Vc(u,y). In particular if VC(M, v) has a unique minimiser 7*, it is the unique
accumulation point with respect to the weak convergence topology of the tight sequence (7%*)xen, which
therefore converges to m* weakly and even in Prgq(X x Y') since its marginals converge in Py (X) and Py(Y)
respectively. Hence (c¢) and (c¢’) are proved.

Finally, let us show (d) and (d’). The strict convexity of C(z,-) for all x € X yields uniqueness of
the minimisers. Indeed when w7 € II(u,v) then im+7) € II(1,v). When, moreover, ® # 7, then
pn({z € X | mp # 72 }) > 0 and since C(z, 3 (7, + 7)) < 3(C(z, mp) + C(x, 7)) with strict inequality when

Ty F# T,
/X C (x, Mo ;r %m> p(dz) < % </X C(x,my) u(dz) + /X C(x,ﬁﬁu(d:p)) . (3.4)

Let then 7* be the only minimiser of VC(M, v). To conclude the proof, it is enough to show that J(7**)
converges to J(m*) in Pray(X x P(Y)) as k goes to +00. Let P* € Prgys(X x P(Y)) be an accumulation
point of (J(7**))ken, which exists by Lemma 5.7.

To conclude, it suffices to show that P* = J(m*), which is achieved in three steps. Let A(y, v) = A(u, v)
(see the definition (5.3) below) in the setting of Theorem 2.5 and A(y, v) = A (1, v) (see the definition (5.5)
below) in the setting of Theorem 2.6. First we show that

P* e Au,v). (3.5)

Next, we show that J(7*) and P* both minimise

Volp,v) := inf / C(z,p) P(dz,dp).
PeA(p,v) J X XPy(Y)

Finally, we show the uniqueness of minimisers of Vc(u, V).
Let (J(m%*)),en be a subsequence converging to P* in Pgy(X x P(Y)). By Lemma 5.9 below we have

/ p(dy) J(x**) (dz, dp) —> p(dy) P*(dz, dp),
(z,p)EXXP,(Y) l=+00 J(z,p)ex xPy(Y)

where the convergence holds in Pygy(X xY') as [ goes to +00. Since the left-hand side is ¥, which converges
to v in W, and therefore in the weak topology, we deduce by uniqueness of the limit that the right-hand
side is v, hence P* € A(u,v). In the setting of Theorem 2.6, since, as f,g € F1(RY), X x Py(Y) > (z,p) —
|a: -y yp(dy)| € Prgy(X X Py(Y)), we have that

0 |
X xPy(Y)

hence P* € Ap(p, v).

Let us show that J(7*) and P* both minimise Ve (y, ). Note that since P* € A(y, v), we have P*(X x
Py(Y)) = 1. Since (J(7F1*)),en converges to P* in Prag(X x P(Y)), we find with Lemma 5.12 like in the
derivation of (3.2) that

x—/yyp(dy)‘ P*(dz, dp),

o | yp(dw\ I (da, dp) —
Y I=too Jxxp,(Y)

/ C,p) J (7 (d, dp) — C(x,p) P*(dx, dp). (3.6)
XxPy(Y) =400 JX %Py (Y)

12



Then (3.6), the definition of 7*** and last (a), resp. (a’), yield
[ Clow) Pdsdp) = 1im Ce,p) I(aH) i, dp)
XxPg(Y) 12400 J X %Py (V)

= lim Vg (ukt, oo
i o(p,v™)

= VC(.U‘vy)

- / C(a,p) I (n*)(dz, dp).
X XPg(Y)

Let P(dx,dp) = p(dz) Py(dp) € A(u,v). Then p(dz) fp (dy) P,(dp) € TI(u,v), so by Proposition

5.10 below for the last inequality,

er,() P

[ cpdadedn) = [ Clanuldo)
X xPs(Y) X

:VC(M7V)

3.7
< / c<x, / o P Pz(dm) u(d) 37

< /X /P C(x,p) Py (dp) p(dz),

7(Y)

which proves that J(7*) minimises Ve (u, v), and so does P*.
_ We now prove that J(7*) is the only minimiser of V(u, v). To do so, we first prove that any minimiser of
Ve (p,v) is in the image of J. Let then P be such a minimiser. For z € X, let 7, (dy) = [

pEPs(Y) p(dy) P$ (dp)
and 7 (dx, dy) = p(dx) 7, (dy). Then J(7) € A(u,v) and Proposition 5.10 below yields
|t s@dndn) = [ Cwintdn < [ [ Clp) Puld) o).
XxPs(Y) X x JPp(v)
By optimality of P, this inequality is an equality, hence for u(dz)-almost every z € X we have
Clais) = [ Clap) Pald),
Pp(Y)

and therefore P, = 0z, by the equality case of Proposition 5.10 below, or equivalently P = J(#). Therefore
any minimiser of Ve (p, ) is contained in J(II(y, v)).
Recall that for all = € II(u, v) we have

/ O, my) () = / Ca,p) J () (de, dp).
X XXPQ(Y)

_ With (3.7), we deduce that P € Ay, v) is a minimiser of Vo (u,v) iff P is the image of a minimiser of
Vo(u,v) by J. By (3.4) the minimiser of Vio(u,v) is unique. This shows the uniqueness of minimisers of
Ve (u,v), and therefore the uniqueness of accumulation points of (J(7%*))xen, which is conclusive. O

The proof of Corollary 2.8 relies on the following Lemma.

Lemma 3.1. Letp > 1, and C,, : RxPP(R) — R be defined for all (x,p) € RxP?(R) by C,(x,p) = W-(p,7),
where v € PP(R) does not weight points. Let Vé‘f be the value function given by (WMOT) for the cost function
C,.
Let r > p and p*, vk € P"(R), k € N be in convex order and converge respectively to p and v in W;.
Then limy,_, oo VAL (u*, %) = VA (11, v) and the optimisers are converging in AW,.
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Proof. By Theorem 2.6 it is sufficient to show that p — W2 (v, p) is strictly convex. Since v does not weight
points, the unique W,-optimal coupling between v and p € P,(R) is the comonotonous coupling x? given
by the map = — F;'(F,(z)) i.e. the image of v by x +— (x, F, '(Fy(x))). For ¢ € P,(R) and X € (0,1) the
coupling x = (1 — A)x? + Ax? between v and (1 — A\)p + Ag is not given by a map unless F, ' (u) = F, " (u)
for all uw € (0,1) i.e. p =¢q. Therefore, when p # ¢,

(1= NWE(r.p) + AWE(7, ) = / & — yl? x(d, dy) > WO, (1 - \)p+ Ag).

We can now prove the stability of the unidimensional stretched Brownian motion.

Proof of Corollary 2.8. Let v = N(0,1) be the unidimensional standard normal distribution and Cy : R X
P?(R) — R be defined for all (z,p) € R x P*(R) by Ca(z,p) = W3(p,7). Let VA! be the value function
given by (WMOT) for the cost function Cs.

In the setting of Corollary 2.8, let ©* € Il (u, v), resp. 7% € (¥, v*) be optimal for Vé‘;[(,u, V), Tesp.
VA (u* v%). For (x,b) € R x R let B = (By);e[0,1) be a Brownian motion and

GH(x,b) = (]E [F;;(F,Y(Bl — B+ bt))D and G*(z,b) = (IE {F;;;(R(B1 — B+ bt))D

te[0,1] tef0,1]

According to (2.10), (M§, (M{)ej0,1)) and (Mg, (M )iej0,1)) are respectively distributed according to

where W denotes the Wiener measure on C([0,1]). Let x* € II(¢*, ) be optimal for AW,.(7*, 7). Then

AWy < [ (o= WG ) WGl ).0)) X ),

RxR

According to (2.10), for p*(dz)-almost every z € R, G¥(z, B) is the stretched Brownian motion from
8, to mF, hence it is a continuous (Ft)tejo,1j-martingale, where (F¢)c[o,1] is the natural filtration associated
to B. Similarly, for u(dz')-almost every 2 € R, G*(z', B) is a continuous (F;)scjo,1]-martingale. Therefore,
for x*(dx,da’)-almost every (z,2’) € R x R, G*(z, B) — G*(a/, B) is a continuous (F¢).c[o,1j-martingale.
Using Doob’s martingale inequality for the second inequality, the fact that F,(By) is uniformly distributed
on (0,1) for the first equality and the fact that the comonotonous coupling between 7% and 7%, is optimal
for W,.(7k, 7*,) for the second equality, we get for x*(dz, dz’)-almost every (z,2') € R x R

W:(Gk('%.? )*VVa G(xl7 )*W) < E sup |Gk(x7B)t - G*(xlaB)tr

t€(0,1]

(-15) EI6* @B -6 B

r—1

IN

<r - 1> E[|F, (Fy(B1) = Fre (Fy(B1)[']

r( _k *
<7‘— 1) Wr(ﬂ—w77r$’)'

=

We deduce that

r
r—1

AW (k%) < <T> / (Jo —2'|" + WE(ak, 72)) xF(dz,da’) = ( ) AW (k%)
RxR

r—1

where the right-hand side vanishes as k goes to +o00 in virtue of Lemma 3.1. O
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4 Martingale monotonicity

In this section we prove the claim that martingale C-monotonicity is sufficient for optimality for (WMOT).
For g : Y — [1,4+00) continuous, we denote

FoY):={f:Y — [1,+00) continuous |Vy €Y, f(y) > g(y)}. (4.1)
When Y = R? for some d € N*, we denote

}'ng(IRd) = {f € Fy(RY) | 3h: Ry — [1,+00), @ S Too and f = hog}. (4.2)

Proof of Theorem 2.15. Let h € F4(R) be such that v(h) < 400, whose purpose will be revealed later in
the proof. To demonstrate the main idea without further technical details, we assume for now that u is
concentrated on a Polish subset K C R and the restriction C| R xPp(r) 18 continuous. Let Xy, : & — R,
n € N be independent random variables identically distributed according to g and G C @f44(R x P(R)) be
a countable family which determines the convergence in Prgs(R x P(R)) (see [16, Theorem 4.5.(b)]). By
the law of large numbers, almost surely, for all ¢ € G,

n

1 / 1 <
- ¢$ap 5 ™ d%,dp = — ¢X , T
n}; . (@, D) 6(xymx,) ) n}; (Xk, 7x,.)

— E[(X1,7x,)]

n—4oo

(4.3)
— [ w72 ()
R
= [ b I dp),
RxP(R)
Moreover, almost surely, for all n € N,
(X mx,) € D (K x Py(R)), (4.4)
and by the law of large numbers again, we have almost surely
1 n
S () 2 Bl () = [ m () (o) = v(h) (45)
n = n—-+o0o R

Let then w € Q be such that (4.3), (4.4) and (4.5) hold when evaluated at w and set z, = X,,(w) and
7 (dx,dy) = L > 0q, (dx) my, (dy) for n € N. Then 7" has first marginal " = L 377" 6, and second
marginal " = me]R 7 (dy) p'*(dz). We deduce that 7" is a martingale C-monotone coupling between p™
and v™ which satisfies

n 1 . : %
J(’/T ) = E kz_:lé(mk’ﬂzk) n%_+)00 J(ﬂ') mn Pf@@(K X P(R))7

Thus 7™ converges to m in AWy, as n goes to +-00. In particular we have convergence of the marginals in
P¢(R) and P4(R) respectively, and even convergence in Py, (R) of the second marginals since v™(h) converges
to v(h) as n — +o0o, consequence of (4.5) evaluated at w. Note that due to martingale C-monotonicity of
7", we have according to Remark 2.14 that

VA () = /R O, ) u (),
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where we recall that the value function V2! is defined in (WMOT). Since u™, resp. v™ converges to i, resp. v
in P¢(R), resp. Pn(R), by Theorem 2.6 we have convergence of the optimal values V2 (u", v™) — V3 (u,v)
as n goes to +00. By convergence of (v™(h))nen to v(h), the convergence J(n™) — J(m) is not only in
Prag(K x P(R)), but even in Pf@,;(f( x P(R)) (see Definition 2.2) and therefore Pf®ﬁ(12 x Pn(R)) by

Lemma 5.2 (b) below. In that context, C| g, p, &) € @f@h(f( x Pr(R)), so

/ O, m0) p(de) = / C,p) J () (dz, dp)
R

KXPy, (]R)

= lim C(z,p) J(«"™)(dx,dp
Jim [ Gl I dp

= lim C(z, ) p™(dx)

n—+0oo Jp

_ . M n n
—REI_{_IOCVC ('u i )

=V (u,v),

hence 7 is optimal for V2 (u,v).

Next, we drop the additional joint-continuity assumption on C'. Since v(g) < 400, there exists by the de
La Vallée Poussin theorem h € F;7 (R) such that v(h) < 4-c0. For N € N*, let By = {p € Py(R) | p(h) < N},
which is a compact subset of Py(R) by Lemma 5.6 below, and C(By) be the set of continuous functions
from By to R, endowed with the topology of uniform convergence. The map ¢~ : R — C(By) given by
¢ (x) = C(xz,-)|y is Borel measurable due to [2, Theorem 4.55]. Let ¢ € (0,1). By Lusin’s theorem there is
for every N € N* a compact set KV C R such that the restriction ¢™¥ |~ is continuous and p(KN) > 1— 5.

We have
N Nye €
u( N K >>1— dou(EM)=1- 3 cr=1-c
NeN~ NeN* NeN-

Let K¢ = (Nyen- K™, then for all N € N* the restriction ¢™ |- is continuous. We claim that Clg=xPn(r)
is continuous w.r.t. the product topology of R x Pn(R). To this end, take any sequence (xp,pr)ren €
(K¢ x Pp(R))N with limit point (z,p) € K¢ x Pp(R). Since py — p in P, (R) as k goes to +oo, the sequence
(pr(h))ken is convergent and therefore bounded so there exists N € N such that p,p, € By for all k € N.
As ¢N () converges uniformly to ¢~ (z), we have

C(zr,pr) = ™ (k) (pr) P N (z,p) = C(x,p).

Therefore, C|g-xp,r) is continuous.

Let u® = ﬁ/},l[(s, T = puf X my = ﬁﬂ'h{sxﬂ{ and v© be the second marginal of 7¢. Obviously u° is
concentrated on K¢. Since u(K®)u® < pand 75 = 7, 7° is martingale C-monotone and satisfies (z,75) € T
for pif(dx)-almost every x. Finally, u(K°)v°(h) = [. me(h)p(dz) < v(h) < 400, hence v° € Pp(R).
Therefore the reasoning of the first part applied with (K¢, u,v¢, 7¢) replacing (K, i, v, 7) proves that 7° is
optimal for VA (uf,v®).

Next, we convince ourselves that J(7¢) converges to J(m) stably in Pf@;l(R x P(R)): let ¢: R x P(R)
be measurable and absolutely dominated by a positive multiple of f & il, then

1

Jﬂ'sl/):/wx,ﬂ'x,uedl‘: /wx,ww,udx—>/¢x,7rzudx=J7r ),
()()R( )()N(KE)KE( )()HOR( ) uldx) = J(m)(1))
where we employed dominated convergence and that 1 —e < p(K¢) < 1. In particular, the marginals (uf)e>o
converge to p in P¢(R) and strongly, whereas the marginals (v°)cso converge to v in Pp(R) for ¢ \, 0. Using
item (d) of Lemma 5.12 yields

lim VM ('™, vt = lim C(z,p) J(x™)(dx, dp
im v )=t [ O I )
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- / O, p) J () (der, dp) = / C (e, my) ().
RxPp (R) R

The marginal sequences (u'/™),en+ and (1Y), en- satisfy the assumptions of Theorem 2.6. Hence, by
item (b’) with (B) of the very same theorem we have that

V() = lim VA0 = [ o) o),

proving optimality of . O

5 Appendix

The adapted weak topology is defined as the initial topology under the trivial embedding map J from
P(X xY) to P(X x P(Y)), namely

J:PX xY)dm=pxmy— pldx)dr, (dp) € P(X x P(Y)). (5.1)

Conversely, it is widely known that we can associate to a probability measure P € P(P(Y)) its intensity
I(P)(dy) = fpep(y)p(dy) P(dp) € P(Y). For the extended space P(X x P(Y)) we naturally define the

extended intensity I by

I:P(XxP(Y))>Pr / p(dy) P(dz,dp) € P(X xY), (5.2)
peEP(Y)
which associates to each P € P(X x P(Y)) a coupling [(P) € P(X x Y). We note that I is the left-inverse
of J.
For (u,v) € P(X) x P(Y), we define the set of extended couplings A(u, v) between p and v as the set of
probability measures on P(X x P(Y)) whose extended intensity is a coupling between p and v, that is

Alp,v) = {P =pux Py e P(X xP(Y)) | p(dy) P(dz,dp) = V(dy)} ~ (5.3)

(z,p)EXXP(Y)

If f: X -5 R" and g: Y — R™ are measurable functions, then any P € A(u,v) satisfies

[ s pan = [ ) ua,
XxP(Y) < o
and AXP(Y)Lg(y)p(dy)P(dx,dp)—/ g(y) v(dy).

Y
For pu,v € PY(R?), we define the martingale counterpart A (u,v) of A(u,v) as the set of probability
measures on P(R? x P(R?)), whose extended intensity is a martingale coupling between p and v, that is

Ay (p,v) = {P € Ap,v) | / yp(dy) = z, P(dz,dp)-almost everywhere} . (5.5)
Rd

5.1 Extension from P" to P;.

We recall that unless explicitly stated otherwise, P(Y') is endowed with the weak convergence topology, and
for any continuous map f : Y — [1,+00) we endow the space Pr(Y) = {p € P(Y) | p(f) < +oo} with the
topology induced by the following convergence: a sequence (py)ken € Pf(Y)N converges in Pr(Y) to p iff py
converges weakly to p and py(f) converges to p(f) as k — +oo.

As mentioned in Section 2, this extension emerged from the need to overcome the inconvenience of the
non-compacity of the W,-balls {p € P"(Y) | Wy (p,dy,) < R}, R > 0 for the W,-distance topology. All the
following lemmas together show that this extension enjoys nearly the same flexibility as the usual Wasserstein
distance topology and most importantly benefits of a helpful compacity result, see Lemma 5.6 below.

17



Remark 5.1. We continue with some remarks on the structure of P¢(Y):

(1) Convergence in P;(Y") can be described differently: let (pi)ren converge to pin Pr(Y'), and let g € C(Y)
be such that 0 < g < f. By Portmanteau’s theorem we have p(¢g) < liminfy_ 4o pr(g) and p(f)—p(g) =

p(f —g) <liminfy o pr(f —g) = p(f) — limsup,_,, . pr(g), hence limsup,,_, , . pr(g) < p(g). We
deduce that

pe, S pin Pr(Y) <= pe(g) — plg), Yge @p(Y), (5.6)

k—+o0
when @;(Y) := {g € C(Y) | g is absolutely dominated by a positive multiple of f}.

It is immediate that for r > 1, this topology is finer than the one induced by W, on P;(Y) if f
belongs to the set F"(Y") of real-valued continuous functions defined on Y and bounded from below by

(2) The set P¢(Y) is naturally embedded into the set M4 (Y") of all bounded positive Borel measures on
Y, endowed with the weak topology, via the following continuous injection

L PrY) =5 ML(Y), up)(dy) = f(y) p(dy).

Clearly, the topology on Pf(Y) coincides with the initial topology under ¢. Even more, the set
L(Pr(Y)) ={me M_(Y): m(%) = 1} is a closed subset of M (Y") since % is continuous and bounded.
As such, we deduce that P;(Y') is a Polish space.

(3) By [12, Theorem 8.3.2 and the preceding discussion|, we have that the weak topology on M, (Y) is
induced by the norm

[m1 —mallo := sup (m1(g) —ma(g)).
g: Y—=[-1,1]
g is 1-Lipschitz

This permits us to define a metric on Pr(Y") via

We(p,q):=  sup  (p(fg) —a(fg)) = lle(p) — ¢(q)llo- (5.7)
g: Y—=[-1,1],
g is 1-Lipschitz

Thus, Wf is a complete metric compatible with the topology on Pf(Y).

From now on, we equip P¢(Y) with W¢. A continuous function f:Y — [1,+00) can naturally be lifted
to a continuous function f: Pr(Y) — [1,4+00) by setting

fo) =n(f). (5:8)

Let us recall some notation. For any probability P € P(P(Y)) we denote its intensity I(P) € P(Y),

defined by I(P)(dy) = fp(y)p(dy) P(dp). Then we have P(f) = I(P)(f). For two maps f : X — R and
g:Y >R wedenote fdg: X xY > (z,y) — f(z)+ g(y).

As we are solely interested in topological properties, the next lemma shows that we can freely switch
between the spaces Ps(P(Y)), P;(Pr(Y)), and PL(P;(Y)), the latter’s definition being given by (1.1) with

(1, P#(Y),Wy) replacing (r, X, dx).
Lemma 5.2. (a) Let f:Y — [1,+00) be continuous. Then
Pi(P(Y)) = P;(Ps(Y)), (5.9)

and their topologies are equal. If moreover one endows Py(Y) with the metric Wf defined by (2.1),
then
Pi(P(Y)) = Ps(Ps(Y)) = P (Ps(Y)), (5.10)

and their topologies are equal.
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(b) Let f : X = [1,400) and g : Y — [1,+00) be continuous. Then
Pras(X X P(Y)) = Prag(X x Py(Y)), (5.11)
and their topologies are equal.

Remark 5.3. The equalities (5.9), (5.10) and (5.11) are to be understood up to an identification, namely we
consider that for two measurable sets Z’ C Z, a probability measure p € P(Z) belongs to P(Z') if p(Z') = 1,
the underlying identification being of course between p € P(Z) and the probability measure p’ € P(Z’)
defined for any measurable subset A C Z' by p'(A) =p(AN Z').

Proof. Let us prove (a). The inclusion Pz(P(Y)) > Pp(Ps(Y)) is straightforward. Conversely, let P €
P#(P(Y)). Then by definition,

P(f) = /P P Pldn) < o

which can only hold if p(f) is P(dp)-almost everywhere finite, or equivalently P(Pf(Y)) = 1, hence
Ps(P(Y)) C P(Ps(Y)) and therefore we have equality. To see that the two topologies match, let us
show that

Pk el P in Py(Ps(Y)) <= P* Nl P in Py(P(Y)).

Since the topology on P¢(Y) is finer than the weak topology on P(Y), we have C(P(Y)) C C(P¢(Y)),
so the direct implication is trivial. Conversely, suppose that P* converges in Pf(P(Y)) to P as k goes
to 400. Let h € C(Y) be bounded. Then h € C(P(Y)) is bounded, and I(P*)(h) = P¥(h) converges to
P(h) = I(P)(h) as k goes to 4+00. Moreover I(P*)(f) = P*(f) converges to P(f) = I(P)(f). This shows
that (I(P*))ken converges in Pf(Y) to I(P). Therefore {I(P*) | k € N} is relatively compact in Pf(Y).
We deduce by Lemma 5.4 below that {P* | k& € N} is relatively compact in Ps(Ps(Y)). Let Q be an
accumulation point of (P*)gey in P f(Pf(Y)). In particular @ is by the direct implication shown above an
accumulation point of (P*)gey in P f(P(Y)), hence Q = P by uniqueness of the limit since the topology is
metrisable and therefore Hausdorff.

Let us now prove the second part of (a). We endow Pf(Y) with the metric Wy. To see that the sets
P(Ps(Y)) and P'(Ps(Y)) are the same, we find

P(f) < 400 < p(f) P(dp) < +00 = Wi (p,8y,) Pdp) < 400,
PY) P(Y)

which is an easy consequence, as well as the equality of the topologies, of

Vp e Py(Y), p(f) = f(yo) < Wi(p,dy,) < p(f) + f(yo)-

Let us now prove (b). We derive the equality Prgq(X x P(Y)) = Prag(X x Py(Y)) as in (a) since
PE@d) = [ (1) +ple)) Pldedp) <+
XXP(Y)

which can only hold if the second marginal of P is concentrated on Py(Y"). To see that the topologies are equal,
the only nontrivial part is, as in (a), to show that if (P*),cn converges in Prgy(X x P(Y)), then {P* | k € N}
is relatively compact in Prag(X x Py (Y)). Let then (P¥)en converge in Prgy(X x P(Y)) to some P. Recall
moreover the definition of the extended intensity I given by (5.2). Let hy : X - Rand hy : Y — R be
two continuous and bounded maps. Then the map H : X x P(Y) 3 (z,p) — [, hi(x)ha(y) p(dy) is
continuous and bounded. Denoting h : (z,y) — hi(x)ha(y), we deduce that I(P¥)(h) = P*(H) converges
to P(H) = I(P)(h) as k goes to +0o. Hence (I(P*))ren converges weakly to I(P). Then by continuity of
the projections the first marginal p*, resp. the second marginal v* of I (P*) converges weakly to the first
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marginal u, resp. the second marginal v off(P). Since the maps f@0 : (z,p) — f(z) and 08§ : (z,p) — §(p)
belong to C(X x P(Y)) and are dominated by f @ §, we also have that

1 (f) = P*(f ®0) kij(f€B0)=u(f) and v*(g) = P*(0 & g) T PO0@9) =v(g),

which shows that (u*, %) sen converges in Py (X ) xP,(Y) to (1, v). Therefore (I(P*))en is tight in P(X xY)
and both projections {¢* | k € N} and {v* | k € N} are relatively compact respectively in P(X) and P¢(Y),
so by Lemma 5.7 below { P¥ | k € N} is relatively compact in Pya(X x P,(Y)), which proves the claim. [

Lemma 5.4. A set A C P;(Ps(Y)) is relatively compact if and only if the set of its intensities I(A) C Py(Y')
is relatively compact.

Proof. The first implication follows as in [6, Lemma 2.4] by continuity of I, c¢.f. Lemma 5.9 below. The
reverse implication can be shown by pursuing the same idea as in [6, Lemma 2.4] with slight modification:
instead of considering the map y — dy (y,y’)" we use y — f(y). O

Lemma 5.5. A set A C Ps(Y) is relatively compact if and only if it is tight and

Ve >0, dR>0, sup

/ f(y) u(dy) <e.
neAJ{yeY|f(y)>R}

Proof. The proof of this lemma runs along the lines of [6, Lemma 2.5] when replacing y — dy (y,4’)t by
y= fy) O

For g : R* — [1,+00), recall the definition (4.2) of the set F, (R?).

Lemma 5.6. Let d € N* and R? be endowed with a norm |- |, and let g: R? — [1,+00) be continuous. Then
for all f € Ff(R?), the set Br := {p € P(R) | p(f) < R} is a compact subset of Pg(R?).

Proof. Let R > 0, (pn)nen be a sequence in BY and & > 0. There exists 7 > 0 such that for all z € R,
|z| > r implies f(z) > £. Let K = {z € R? | |z| < r}. For all n € N, we have R > p,(f) > po(RN\K)Z,
hence p,(RIN\K) < &. So (pn)nen is tight, and by Prokhorov’s theorem there exists a subsequence, still
denoted (py)nen for notational simplicity, which converges weakly to p € P(R). Since f is continuous and
nonnegative, we have by Portmanteau’s theorem

p(f) < liminfp,(f) <R,

n——+oo

so p(f) € Br. It remains to show that this convergence also holds in W,. By Skorokhod’s representation
theorem, there exists for all n € N a random variable Z,, ~ p,,, such that (Z,,)nen converges almost surely
to a random variable Z ~ p. For all n € N we have

pn(9) = Elg(Zn)] < E[f(Zn)] = pn(f) < R,

so by the de La Vallée Poussin theorem, (¢(Z,))nen is uniformly integrable. We deduce by

lim p,(9) = p(9)

n—+oo
and (5.6) that (p,)nen converges in Py(R?) to p, so By is compact. O

For a probability measure 7 € P(X X Y), we denote by projy(m) and projy () its X-marginal and
Y-marginal, respectively. Recall moreover the definition of the extended intensity I given by (5.2).

Lemma 5.7. Let f: X = [1,400) and g: Y — [1,400) be continuous. The following are equivalent:
(a) A set I1 C P(X xY) is tight and both projections, projx(Il) C Py(X) and projy (II) C Py(Y), are

relatively compact.

20



(b) J(IT) as a subset of Prag(X x Py(Y)) is relatively compact.
Conversely, the following are equivalent:
(a’) A C Pray(X x Py(Y)) is relatively compact.
(b’) I(A) C P(X xY) is tight, and both projections, projx (I(A)) € Ps(X) and projy (I(A)) C P,(Y), are
relatively compact.

Proof. For this lemma works the same proof as in [6, Lemma 2.6] when using Lemma 5.4, the characterisation
of relative compactness given in Lemma 5.5 and continuity of /, see Lemma 5.9. O

Proposition 5.8. Let f: X — [1,400) and g: Y — [1,+00) be continuous functions, and C: X x Py(Y) —
R U {400} be lower semicontinuous and bounded from below by a negative multiple of f & §. Then

(a) The map

Praog(X x Py(Y)) > P — C(z,p) P(dx,dp) (5.12)
X xPy(Y)

is lower semicontinuous.

(b) Suppose in addition that for all x € X, the map p — C(x,p) is convex. Then

Prog(X xY) > 71— /X Oz, m) p(dz), (5.13)

where 1 denotes the X -marginal of m, is lower semicontinuous.

Proof. Lower semicontinuity of (5.12) is obtained by standard arguments. To see (5.13), let (mg)ken €
Prag(X x Y)N converge in Prg,(X x Y) to some . We find by the first part of Lemma 5.7 an accumulation
point P € Pay(X x P(Y)) of (J(7*))ken. By possibly passing to a subsequence we can assume that
P* .= J(7*) converges to P in Pyagy(X x P(Y)) as k goes to +00. Write ¥, k € N and p for the X-marginal
of 7% and 7, respectively. Due to (5.12), we obtain

liminf [ C(z,7%) p*(dx) = lim inf C(z,p) P*(dx, dp)
k—+o0 b'e k—+o0 XXPf(Y)

> /X oy, Gl Pl )
> /X C (2, 1(P,)) p(dz)
_ /X C(x,f(P)z) u(dz),

where we used Proposition 5.10 below for the last inequality. Since I is continuous by Lemma 5.9 below, we
find that 7% :AI(P’C) — I(P) and I(P*) = 7% — 7 as k — +o0. But the weak topology is Hausdorff and
therefore m = I(P) yielding

liminf/X C’(z,ﬂ'];)uk(dx)Z/XC’(x,ﬂ'x),u(dx),

k—+o00
and thus (5.13). O
Lemma 5.9. Let f: X — [1,4+0) and g: Y — [1,4+00) be continuous. The maps
PP = Pu¥), 1P = [ pldy) ), (514)
f: Pf@.@(X X P(Y)) - Pf@g(X X Y)7 f(P)(dI,dy) = /X PY) p(dy) P(d$7dp)7 (515)
X

are continuous.
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Proof. Let (P*),en be a sequence in Py (P(Y)) with limit point P. Let h € Cy(Y'), then h € Cy(P(Y')). Thus,

im I(PR)() = T PH(R) = P(R) = 1(P)(h),
Jim 1(PM)(g) = lm_P*(9) = P(g) = I(P)(g).

which shows by (5.6) continuity of I.
Next, let (P¥)ren be a sequence in Prgy(X x P(Y)) converging to P. Let h € Cp(X x Y), then
h(z,p) := [y h(z,y) p(dy) is contained in Cp(X x P(Y)). Again, we find

lim I(P*)(h) = lim P"(h) = P(h) = I(P)(h),

k—+oo

lim I(P*)(f@g)= lim PXf®g)=P(feg)=I1(P)fsy),

k—+o0
whereby we derive continuity of I by virtue of (5.6). O

Proposition 5.10. Let f: X — [1,400) be continuous, C : P¢(Y) — R be convex, lower semicontinuous
and lower bounded by a negative multiple of f. Then for all Q € Pf(’P(Y)) holds

CIQ) < / C(p) Qdp). (5.16)

Pp(Y)
If moreover C'is strictly conver, then (5.16) is an equality iff Q = d1(q)-

Proof. Let Q@ € Ps(P(Y)), P, : @ — P(Y), n € N be independent random variables identically distributed
according to @ and G C ®;(P(Y)) be a countable family which determines the convergence in P;(P(Y))
(see [16, Theorem 4.5.(b)]). By the law of large numbers, almost surely, for all ¥ € G,

n

1 I
- ;wpk) W E(P)] = Q) and ,; C(Py)  —2. E[C(P)] = Q(O). (5.17)

Let w € Q be such that (5.17) holds when evaluated at w and set p, = P,(w) for n € N*. Then
(& X k=10py ),y CODVerges in P;(P(Y)) to Q. By Lemma 5.9, & 370, px converges to I(Q) as n — +oo.
By lower semicontinuity of C for the first inequality, convexity of C' for the second one and (5.17) evaluated
at w for the equality, we get

1 O I
<limi — < liminf — = . .
C(I(Q)) < liminfC (n ;pk> < liminf ; C(pr) = Q(C) (5.18)

If Q = d;(g) we have trivially equality in (5.16). So, assume that @ is not concentrated on a single point,
and that C is strictly convex. There are h € ®;(Y") and b € R such that A = {p € P¢(Y) | p(h) < b} satisfies

Q(A) > 0 and Q(A°) > 0. (5.19)

Indeed, pick any points pi,p2 € Pr(Y), p1 # p2 in the support of @, then the Hahn-Banach separation
theorem provides h € ®¢(Y) and b € R such that p;(h) < b < pa(h). As both points lie in the support of @,
and {p € P;(Y) | p(f) < b} and {p € Ps(Y) | p(f) > b} are open subsets containing p; and ps, respectively,
we obtain (5.19). Write Q1(dp) := 14 %((‘Z))) and Q2(dp) = 1 ac g((i’i)). By the definition of A, we have that
I(Q1)(h) < b < I(Q2)(h) and especially I(Q1) # I(Q2). By (5.16) we find

/P | COIQ) 2 @) and / C(p) Qaldp) > CI(Q)).

Ps(Y)
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Hence, as @ = Q(A)Q1 + (1 — Q(A))Q2 we get

/ C(p) QUdp) = / C(p)Q(A) Qu(dp) + / C(P)Q(A®) Qs (dp)
Pr(Y) Pr(Y)

Pr(Y)
> Q(A)C(I(Q1)) + (1 = Q(A)C(I(Q2))
> C(QA)(Q1) + (1= Q(A)I(Q2)) = CI(Q)),

where we used I(Q1) # I(Q2) and strict convexity for the last inequality. O

5.2 A Pormanteau-like theorem for Carathéodory maps

Let (7%)zen be a sequence of probability measures defined on X x Y converging in Prag(X xY) tow, and
¢: XxY — R bea (lower) Carathéodory map, that is a measurable function which is (lower semi-)continuous
in its second argument. The goal of the present section is to determine in which situation we can connect
the asymptotic behaviour of [y c(z,y) 7" (dz,dy) and [y c(x,y) 7(dz, dy). We recall that (7%)ren is
said to converge stably to « iff for every bounded measurable map g : X — R and bounded continuous map
h:Y =R

/X @) #H(da.dy) — o(2)h(y) 7 (dz, dy). (5.20)

k—+oo Jxxy

We say that a sequence (u*)gen of probability measures on P(X) K-converges in total variation to ju iff
for every subsequence (p*);en we have

L~ g, . -
fE ukl — p in total variation.
n 7 n—+oo

im

Lemma 5.11. Let m,7% € P(X xY), k € N be with respective first marginal u, p*. All of the following
statements are equivalent:

(a) (mF)ren converges to T stably.
(b) (7*)ren converges to m weakly and (u*)ken converges strongly to pu.

(c) (TF)ren converges to ™ weakly and every subsequence of (u*)ren has an in total variation K -convergent
sub-subsequence with limit p.

Proof. We prove “(a) = (b)”. The definition of stable convergence given by (5.20) is in the Polish set-up
by [13, Theorem 8.10.65 (ii)] equivalent to

/ c(z,y) 7*(dx,dy) —> c(z,y) m(dz, dy)
XXY k—=+oo Jxxy

for all c: X x Y — R which are bounded and Carathéodory. Thus, stable convergence is stronger than weak
convergence. For all measurable subsets A C X, we find by setting ¢ = 14 and A =1 in (5.20) that
k
A A).
pr(A) o nl4)

Next we show “(b) = (c¢)”.

Let p(dx) = p*(z) p(dz) + n*(dz) be the Lebesgue decomposition of p* w.r.t. g. Since n* is singular
to p there is N*¥ € B(X) such that n*(N*) = *(X) and u(N*) = 0. Define N = J, oy N* € B(X), then
n*(N) =n*(X) for all k € N and p(N) vanishes as a countable union of null sets. Thus, n*(X) = p*(N) —
w(N) = 0 as k — +oo. Since (p*)ren is bounded in L'(u) there is by Komlés theorem a K-convergent
subsequence to some limiting function p € L'(u). We have

n

1
pr’” — p, p-a.s.
n = n—-+o00
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By [12, Corollary 4.5.7] the above convergence even holds in L!(;). We find for any measurable subset
AcCcX

—+o0

1 n
[t @ntde) — [ ple)utds) = u(a),
AN " A
Hence, p(x) = 1, p(dx)-almost surely and
v %mz p =77’“(X)+/ lZn:ﬂ’“l(oc) ~1
[t ’ X |

Finally we show “(c) = (a)”. If (7*)ren does not converge stably to m, then there is a bounded
Carathéodory function ¢: X x Y — R, such that

w(dx) R 0.

lim sup ‘/ c(z,y) 7" (dx, dy) — / c(z,y) w(dx,dy)' > 0.
XXY XXY

k—+oco

Hence, w.lo.g. there is a subsequence (7%7);cn such that 7%i(c) > 7(c) +  for some § > 0. Especially,
we have for any sub-subsequence (7% );en of (7%7);en that

%iﬂ-k” (c) > m(c) + 6, (5.21)

whereby the Cesaro-means of the sub-subsequence are not stably convergent. By assumption there exists a
subsequence (u" );en of (u%)jen which K-converges in total variation to p. For n € N* define

I I
ot =— E pFi and A" == E ki,
"= "=

We will show that (7™),en+ converges stably to 7, which will contradict (5.21) and end the proof. Let
A" (dx) = 7™ (x) p(dx) + 7™ (dx) be the Lebesgue decomposition of 4™ w.r.t. u. Define the auxiliary sequence

7" (dx, dy) = (1A p"(@)) 77 (dy) + (1= p"(2)) " ma(dy)) p(d).
Let ¢: X x Y — R be Carathéodory and absolutely bounded by K, then

] [ eten iy [ etw) fr"(dx,dw]
XxXY XxY

<k ([ 10@-1n @l + [ 0@ )+ i) .

<K ( [ 16" 1] utas) + Qﬁ"(X))
<2KTV(i", 1) —s O.

n—-+oo

In particular, we have found that (7™),ecn+ converges to m weakly. Note that the first marginal 7" is p,
and therefore [24, Lemma 2.1] yields stable convergence of @™ to m as n — +o0o. By (5.22), we find that
(") nen= also stably converges to . O

Lemma 5.12. Let f: X — [1,+00) and g: Y — [1,+00) be continuous, and let (7%)ren converge to m in
Pf@g(X X Y)

(a) If c: X XY — RU{+o0} is lower semicontinuous and bounded from below by a negative multiple of
g @ h, then

lim inf/ c(z,y) 7*(dx, dy) > / c(z,y) w(dz, dy).
XxY

k—4o00 XxY
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(b) If c: X XY — R is continuous and absolutely bounded by positive multiple of g & h, then

lim /X Yc(x,y)wk(dx,dy)z/ c(z,y) w(dz, dy).

k—4o00 XxY

(¢c) If c: X xY — RU {+o0} is lower Carathéodory and bounded from below by a megative multiple of
g @ h, and T converges to m stably, then

liminf/ c(z,y) 7*(dzx, dy) 2/ c(z,y) w(dz, dy).
k=00 Jxxy XxY

(d) If c: X x Y — R is Carathéodory and absolutely bounded by a positive multiple of g @ h, and m*
converges to w stably, then

lim c(x,y) % (dz, dy) = /

c(z,y) m(dz,dy).
k=+oo Jx xy XxY

Proof. These results are well-known. Note that by [12, Theorem 8.10.65] we have for every bounded lower
Carathéodory map c that 7 — 7(c) is lower semicontinuous w.r.t. the topology of stable convergence. O

5.3 On the continuity of the marginal distributions of the stretched Brownian
motion

The following Lemma shows that the stretched Brownian motion provides a convenient tool to approximate
two probability measures in the convex order with atomless ones still in the convex order.

Lemma 5.13. Let pu,v € P%(R) be such that u <. v and (u,v) consists of a single irreducible component
I=(l,r). Let (M{)ic(0,1) be the unidimensional stretched Brownian motion from p to v. Then

(a) For each t € (0,1) the distribution vy of M} is atomless.
(b) For all s,t € [0,1] such that s < t, (vs,vy) consists of the single irreducible component I.

Proof. Let us first prove (a). Let t € (0,1) and y € R. Let v = N(0,1) be the unidimensional standard
normal distribution and Cy : R x P?(R) — R be defined for all (x,p) € R x P?(R) by Ca(x,p) = W2(p,7).
Let Vé\f be the value function given by (WMOT) for the cost function Cy and 7* € IIjs(u, v) be optimal for
VA (p,v). According to (2.10),

M = ei(X, By),

where X ~ p is a random variable independent of the Brownian motion (Bs)scjo,1] and ¢; : R x R — R is
defined for all (x,b) € R? by

0i(x,b) = /RF;;1 (Fy (V1 —ty+10)) v(dy). (5.23)

In order to prove that P({M; = y}) = 0, it clearly suffices to show that for p(dz)-almost every z € R,

P({pe(x, Bt) =y}) = 0. (5.24)
The map T' = F." o F,, is nondecreasing. Let b > b’ and assume that T'(v/1 — ty +b) = T'(v/1 — ty + b')
for all y € R. By monotonicity of T" we deduce that T has to be constant on all intervals of R of length b — b’

and therefore on R. So assume that T is not constant. Then there exists y € R such that T'(v/1 — ty + b) >
T(vV1—ty+1?b). As F, is continuous and F,r_;;1 is left-continuous, we find an € > 0 such that

Vy' € (y—e,y), THW1—1ty +b)>TH1—-ty +¥),
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hence @;(x,b) > @i(z,b"). We deduce that b — ¢;(x,b) is increasing and therefore one-to-one, hence the
equation p:(x,b) = y has at most one solution b*. Denoting by b* any real number if the latter equation has
no solution, we then have

P({¢e(z, Bt) = y}) <P({By =0b"}) = 0.

In order to prove (5.24) and conclude the proof, it remains to show that for u(dz)-almost every z € R,
the map F. + o F, is not constant. Since 7y is the unidimensional standard normal distribution and 77 is a
martingale kernel it is equivalent to show that for u(dx)-almost every x € R, 7% # 6,. This is done ublng
the WMOT monotonicity principle. By (2.14) there exists a martingale Co-monotone set I' C R x P1(R)
such that (z,7%) € T for all  in a p-full set A C R. This implies that for all z,2” € A and p,p’ € P*(R)
such that 7} + 7% = p+p', [yp(dy) =z and [, yp'(dy) = 2, we have

W35 9) + Wi ) < Wip,7) + Wi, )- (5.25)
Let 2 € A. To conclude, it suffices to show that 7% # d,. Note that if (p,p’) is admissible for (5.25), so is

(3(72+p), 3(7% +p')). In the proof of Lemma 3.1 we show that ¢ — W3(q,7) is strictly convex. Therefore,
if p # 7wk or p’ # 7k, then

* 1 1 *
WE(rz,7) + Wi w><w2< (nz+ ) + 03 (52 +2).9)
. 1 1 . 1
< §W§(%v) + 5 Ws () + el ) + W (),

and the inequality (5.25) is strict. To show that 7% # §,, and thereby end the proof, we deduce that it suffices
to find 2’ € A and two measures p,p’ € P1(R) such that

0o+ =p+7, / yp(dy) = , / yp'(dy) =2', p# s, (5.26)
R R
and  W3(p,7) + W5 (0',7) < Wi(rh,v) + W; (02,7). (5.27)
Suppose that
p({z" € (La] | 7 ((2,r)) > 0}) + p({z" € (z,r) | 75 ((I,x)) > 0}) = 0. (5.28)

Then for p(dz’)-almost every 2’ € (I, r), the sign of y — x is 7% (dy)-almost everywhere constant equal to
the sign of &’ — x, so using the martingale property of 7%, in the third equality, we get that

0= [ lv-sistay - [ ( JURE dy>) u(d')
—/W] /}Ryﬂ;/(dy)*x u(dx’H/(m’r) /RWZZ/(dy)*I

= [ = sl ') = (),
R

pu(dz’)

which contradicts the irreducibility of (u, ). We deduce that (5.28) does not hold, hence there exists 2’ € A
such that 2’ < x and 7% ((x,7)) > 0, or 2’ > x and 7%, ((I,z)) > 0. Since 7, has mean ', we can find in
both cases T < x < § such that 7%, ((Z,z)) > 0 and 7, ((z,9)) > 0, which implies

0< Frr (=) < Frx () < 1. (5.29)
Define for o, 8 € [0,1]

a 1
Do = / Op-1 () du, qg= Op-1 () du.
0 Tl 1-8 T
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Fﬂ_*/(xf) B 1 B .
Let ¢ = <f0 K (z —Fﬂ*l(u)) du) A (fF :/(I)(szf(x)(u) —z)du). Since for all u € (0,1), u
Fr () <= F.. (u)>xandu<F (z—) = Fﬁl(u)<x = u < Fr- (z—), the maps o —
Jo (z—FL. 1(u)) du and 3 +— fl 5 1(u) — ) du are nondecreasing respectively on [0, Fr- (z—)] and [0,1—

Fre, (x)] Moreover those two maps are continuous, so we deduce the existence of o € (O Frx, (z—)] and
B € (0,1 — Fr+ (x)] such that they both equal ¢ respectively at a = o’ and 3 = ', hence

’

|t -y | B (P ) =) du= [ ypwlan) + [ vasldn) - (@' +F)o =0,

Note that (5.29) implies that o/ + 8’ € (0,1]. Then the measures p = (1 — o/ — )0, + por + s and
p = (a/ + B)0s + 7k — par — qp satisty (5.26). Let x € II(n%,,~) be the Wh-optimal coupling and denote
by ﬁ = 71';, — Do’ — qp and ﬁ = Do’ + qp’- Then

(ﬁ(dy) Xy(dz) + 6 (dy) /t o xt(dz) ﬁ(dt)> € I(p, v),

(ﬁ(dy) )+ 6.(dy) | va(d2) ﬁ(dt)> e Ty ),

teR
hence

W2(p.) < /R = =P (), )+ / & — 22 p(dt) xe(d),

RxR

W) < / =P pdn) o) + / o= =) i),

X
Combining these inequalities yields

W2(p,7) + W2 ) < / =P G A x ) + / & — 22 (5 + 5)(dt) xe(dz)

RxR
- / ly — 22 x(dy, dz) + / & — 22 (d2)
RxR R
= W22(7T;/77) +W22(6xa’7)7

which proves (5.27) and completes the proof.
Let us now prove (b). Let s,t € [0,1] be such that s < ¢t. Since p <. vs <. v <. v, we have

Uy < Uy, < Uy, < Uy, hence u,, = u,, on I®. Let z € I. Then
uy, (2) = E[|M] — 2|] = E[[E[M — 2| X, (Bu)ue[,s]ll]

]E[IEHM: - ZHXv (Bu)ue[o,s]] = E”Mt* — ZH = uyt(z). (530)

Let us show that the inequality above is strict. This is equivalent to show that given X and (By)ue[o,s],
the sign of M, — z is not almost surely constant. Suppose that P(M} < z) > 0, the case P(M} > z) > 0
being treated symmetrically. Then it suffices to find a Borel subset A C R such that

P(M; >z, X €A M <z) >0, (5.31)

since the martingale property would then imply that P(M; < z, X € A, M} < z) is positive as well. The
pair (u, V) being irreducible, we have that

p(A = {z € (=00, 2] | m((2, +00)) > 0}) > 0
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For fixed z,y € R, themap b — T%  (b) = F,." (F,(v/1 — ty+b)) is non-decreasing where lim,_, o 7%, (b) =
lim,, F;Tl(u) Recall that y — T}, (b) and y — T} , are y-integrable, therefore we have due to monotone
convergence

. RT t s 1
bEIfoo gOt(.'l'7 b) - blgl»loo RTw,y(b) fY(dy) - }}/ml Fﬂ‘: (U),

——00

. o s — i L
¢ (z,b) = lim RTz,y(b)v(dy) = lim Fry (),

and, in particular,
Vee A, lim ¢i(x,b) >z and lim ¢s(z,b) < z.
b—+o0 b——o0

Again, recall that z — ¢¢(z,b) and z — @4(z,b) are p-integrable, therefore we find due to monotone
convergence

tim_ [ g b)utde) = [ |l oo b) p(de) > z(A),
A Ab—>+oo

b—+o00
tim [ (b (o) = [ tim g (o.0) p(dn) < z(A).
b——o0 A Ab—>—oo

Hence, there are by,b; € R and A’ C A, u(A’) > 0, such that
oi(x,b) > z and @,(x, V) < z,
for every x € A’, b > by and b’ < b;. Then

P(M) >2,X €A, M <2)>P(B; >by, X € A, M} < 2)
=P(B; > by, X € A, B; <by) >0,

which proves (5.31). Hence the inequality in (5.30) is strict and wu,, < u,, on I. O

Corollary 5.14. Let i, v € PYH(R) be such that u <. v and (u,v) is irreducible with component I. Lete > 0,
then there is an atomless 7 € PL(R) such that

Wi(o,v) <e, pu<.9<.v and (u,v) is irreducible with component I.

Proof. Tt is clear that whenever two measures (u,v) have finite second moment, the stretched Brownian
motion provides by Corollary 2.8 and Lemma 5.13 (a) a continuous interpolation (¢)¢e[o,1], Where po =
and p1 = v, such that u; is atomless for ¢ € (0,1). We are going to extend such an interpolation to a case
where only first moments are finite. To work around this issue, assume for a moment that we can introduce
an intermediary measure v with u <. 7 <. v, where the decomposition into irreducible components (I,)nen
of (7,v) consists only of bounded intervals, and v(.J) =0 for J = R\ |J,,cy In- For all n € N, let (v[1,,vn)
be the irreducible pair associated with I,, in the decomposition of (7,v). Since I,, is bounded, v,, € P?(R)
so we can consider the stretched Brownian motion (M{*);co,1] from ﬁﬁhn to ﬁun Since ¢t — M}* is
almost surely continuous on [0, 1] and I,, is bounded, we find by dominated convergence that the law of M}
converges in W to ﬁzxn as t tends to 1. Therefore we find for each I, a time ¢,, € (0,1) such that for

each n € N the distribution D(}, )Dn of M satisfies

€

W1 (Un, V) < o1’

In particular, v, is atomless by Lemma 5.13 (a). We set

U= E Up,.

neN
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Thus,
- €
Wl(V,l/) < Z W <e.
neN
Moreover there holds

p < up = Z Up), < Z Up, = Uy < Z Uy, = Uy, (5.32)

neN neN neN

which implies 4 <. 7 <, v. For all n € N, (v|;,,V,) is irreducible by Lemma 5.13 (b), so the second
inequality in (5.32) is strict on |J, ¢y In- Since u, < u, = up on I\, ¢y In, we deduce that u, < uz on
I. On I%, we have u,, = u,, which implies u,, = uz. Therefore {u, < uz} = I and (y, 7) is irreducible with
component I. It remains to show that there is a measure ¥ with the above mentioned properties.

If v ¢ P2(R), then I has to be unbounded. For simplicity, we assume that I = R, since if I = (—o0,b) or
I = (a,+00) with a,b € R the construction below also works in these cases with the obvious modifications.

To this end, we define iteratively ul = 1 = ud, and for n € N*, we choose u}*" € (0, 7+ A uf) and
us™ e (1 — 52+) Vub, 1) such that
e eR|Fy(z) € (ui™ uf))} >1 and [{z € R| F(2) € ((ug,uz™))} > 1, (5.33)

which is possible as v((—oo, R)) A v((R,+00)) > 0 for all R € R. We have that lim,_, . u} = 0 and
limy,, 400 uy =1, and set

D= Z (ul —uPt)s

+ (ungl — Uy )5 nt1 ,

= I wer B ) Jo o et
which entails us to define v := ¥ V., u. For all z € R we have by inverse transform sampling for the last
equality
ug,+1
up () = Z ( Hu) — x) du| + / (F; Y (u) —2) du )
EN~ uy

n+1

) </ IFJl(U)—x\dU+/2 FJI(U)—IIdU>
untt un

neN* 2

/01 IF ) — ] du =, (@),

IN

where the inequality is strict iff there exists n € N* such that F, ! — z is not constant on (u"+1 ul) or

(uf,uy™™). By monotonicity of F, ' the strict inequality is equivalent to = € (F, '(u}™), F, ' (u})) or
(F; Y (ug), Fy (uy ™)) for some n € N*. We deduce that # <. v and therefore u <, 7 <. v, and the
irreducible components of (¥, v) are given by the intervals

L= (F N ™), Fot(ug)) and I = (F7 N (ug), Fy (ug ™)), ne N7, (5.34)
which are indeed nonempty by (5.33) and bounded. In particular for all n € N* we have
up (F (u})) = wy (B () and oy ()7 (uy) = (B (ug)). (5.35)

Since up < wuy, Vuy = up <, and (g, v) is irreducible, (5.34) is also the decomposition into irreducible
components of (,v), which consists solely of bounded intervals.
To conclude, it remains to show that

(R\ U aurn) ) =v({F, ' (u}) | neN}U{F, " (u}) | neN*}) =0. (5.36)

neN*
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For each n € N* and bounded neighbourhood of F,; ! (u}), there is by irreducibility of (1, ) and continuity
of potential functions a 6 > 0 such that u, + ¢ < u, on this neighbourhood. Thus, for y close enough to
FY(uf), we have u,(y) < us(y) due to (5.35), hence

up(y) = up(y) Vuu(y) = us(y), for y close enough to F, ' (uf). (5.37)

For each n € N*| it is clear from the definition of # that its restriction to the closure of I} is concentrated
on a single point in I} and therefore does not charges the boundaries of I}. We recall the easy fact that the
potential function of a probability measure is linear on an open intervall iff this measure does not charge
this interval. We deduce, with use of (5.37), that we can find an open neighbourhood of F,(ul) such that
up and therefore u; is linear, which implies that 7 does not put mass on {F, *(u}) | n € N*}. Analogously,
we find that 7 does not charge {F, *(u}) | n € N*}, which proves (5.36). O
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