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Abstract

In recent years multiple novel variants of optimal transport (OT) were introduced
such as weak optimal transport (WOT), martingale optimal transport (MOT), and
entropic optimal transport to name but a few. Even though all of these variations
are tightly connected to the original spirit of OT, the motivation behind them
could not be more diverse: Gozlan et al. [8] initiate the field of weak optimal
transport motivated by geometric inequalities; martingale optimal transport can
be used to obtain model-independent prices for options in mathematical finance
[2]; the entropic regularization of OT gained traction most notably due to Cuturi
[4] who made OT computationally tractable.

In the classical interpretation of OT, there is an initial mass distribution µ and
a terminal mass distribution ν. If transporting mass from one point x to another
point y has a given fixed cost c(x, y), then the aim is to move all mass µ to ν under
minimal cost. OT is an essentially symmetric problem in the sense that mass trans-
port can be interpreted both ways. From this perspective, MOT and WOT exhibit
a substantial difference to OT as they incorporate asymmetries by treating coordi-
nates disparately. This asymmetry leads to the necessity of introducing fitting, new
tools for studying MOT and WOT. For this reason, a change of perspective can
be fruitful: A different view on admissible transport plans π is to interpret them
as the law of 1-timestep stochastic processes (X,Y ) with marginal distributions
(µ, ν). Stochastic processes are intrinsically asymmetric due to the role of time and
information encoded in their filtrations.

The weak topology is the go-to topology in the OT setup but fails for acknowl-
edging the introduced asymmetries of WOT and MOT. A promising candidate
(particularly in the light of the stochastic process point of view) is the so-called
adapted weak topology, which embraces the most important features of the weak
topology in addition to a temporal structure.

My PhD project aims to investigate questions arising from the theory of optimal
transport and mathematical finance through the lens of the adapted weak topology.
This enables us to recover the basic fundaments of OT for WOT like the existence of
optimizers, duality, and a geometric description of optimizers. It provides adequate
tools to tackle the hitherto open question of stability in MOT which is also of
great relevance from a mathematical finance perspective. This understanding also
bears fruit in model-independent finance, where it is used to obtain robust sub- and
superhedging prices in fixed income markets, and to identify extremal models.
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Zusammenfassung

In den letzten Jahren wurden mehrere neue Varianten des optimalen Transports
(OT) eingeführt, wie z.B. optimaler schwacher Transport (WOT), optimaler Mar-
tingaltransport (MOT) und entropischer optimaler Transport, um nur einige zu
nennen. Auch wenn all diese Variationen eng mit dem ursprünglichen Geist von OT
verbunden sind, könnten die dahinterliegenden Motivationen nicht vielfältiger sein:
Gozlan et al. [8] initiieren das durch geometrische Ungleichungen motivierte Feld
des optimalen schwachen Transports; Martingaltransport kann verwendet werden,
um modellunabhängige Preise für Optionen in der Finanzmathematik zu erhalten
[2]; die entropische Regularisierung von OT gewann vor allem durch Cuturi [4] an
Zugkraft, der OT rechnerisch handhabbar machte.

In der klassischen Interpretation des OT gibt es eine initiale Massenverteilung
µ und eine terminale Massenverteilung ν. Wenn der Massentransport von einem
Punkt x zu einem anderen Punkt y mit gegebenen Kosten c(x, y) verbunden ist,
dann besteht das Ziel darin, die gesamte Masse µ mit minimalen Kosten nach ν
zu befördern. Im Wesentlichen ist OT ein symmetrisches Problem in dem Sinne,
dass der Massetransport in beide Richtungen gelesen werden kann. Aus dieser Per-
spektive weisen MOT und WOT einen wesentlichen Unterschied zu OT auf, da
sie Asymmetrien enthalten, indem sie Koordinaten unterschiedlich behandeln. Aus
dieser Asymmetrie ergibt sich die Notwendigkeit der Einführung passender, neuer
Instrumente zur Untersuchung von MOT und WOT. Aus diesem Grund kann ein
Perspektivenwechsel fruchtbar sein: Ein anderer Blickwinkel auf zulässige Trans-
portpläne π ist jene, sie als die Verteilung von stochastischen 1-Zeitschritt-Prozessen
(X,Y ) mit Randverteilungen (µ, ν) zu sehen. Stochastische Prozesse sind aufgrund
der Rolle von Zeit und Information, welche in ihrer Filtration kodiert ist, inhärent
asymmetrisch.

Die schwache Topologie ist die Go-To-Topologie im OT-Setup, welche aber
versäumt, die eingeführten Asymmetrien von WOT und MOT zu berücksichti-
gen. Ein vielversprechender Kandidat (insbesondere unter dem Gesichtspunkt von
stochastischen Prozessen) ist die so genannte adaptierte schwache Topologie, die
zusätzlich zu einer temporalen Struktur die wichtigsten Merkmale der schwachen
Topologie aufweist.

Das Dissertationsprojekt zielt darauf ab, Fragen, die sich aus der Theorie des
optimalen Transports und der Finanzmathematik ergeben, durch die Linse der
adaptierten schwachen Topologie zu untersuchen. Dies ermöglicht es uns, die ele-
mentaren Grundlagen von OT auch für WOT wiederzuerlangen, wie die Existenz
von Optimierern, Dualität und eine geometrische Beschreibung von Optimierern.
Außerdem stellt es geeignete Instrumente zur Verfügung, um die bisher offene Frage
der Stabilität von MOT zu lösen, die auch aus finanzmathematischer Sicht von
großer Relevanz ist. Dieses Sichtweise trägt auch Früchte in modelindependent
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finance, wo es Anwendung findet, um robuste Sub- und Super-Hedging-Preise in
einem Markt für festverzinsliche Wertpapiere herzuleiten und um extremale Mod-
elle zu identifizieren.
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Introduction and summary
of results

Optimal transport
The optimal transport problem was first stated by Gaspard Monge, a French math-
ematician of the 18th century. In his formulation, he considered mass distributions
µ and ν with equal mass and a function c describing the cost of moving mass from
one point to another. He was interested in finding optimal ways of moving one pile
of mass µ to another pile ν, i.e., minimizing

∫
c (x, T (x)) µ(dx),

where T is a transport map describing where the mass lying at x is carried to. T
has to satisfy the constraint that after moving the mass accordingly we end up
distributed according to ν, i.e., T (X) ∼ ν when X ∼ µ or equivalently T#µ = ν.

Unfortunately, in this formulation basic fundamentals like the existence of op-
timizers and duality are non-trivial questions. Even for very ‘well-behaved’ cost
functions c there do not necessarily exist optimizers or even an admissible candi-
date map T .

Almost 200 years later Leonid Kantorovich, a Russian mathematician, proposed
a relaxation to Monge’s original formulation which notably constitutes the starting
point of modern OT: instead of looking for transport maps T : X → Y , he admits
that mass is (infinitesimally) split and transported to different locations. We phrase
this in mathematical language. For a probability measure µ on the Polish space
X and a probability measure ν on the Polish space Y , he considers all transport
plans π which are probability measures on the product X×Y with marginals (µ, ν).
Transport plans π are also called couplings with marginals µ, ν and the set of all
such couplings is denoted by Π(µ, ν). We want to minimize

∫
c(x, y)π(dx, dy)

over all π ∈ Π(µ, ν). As a result of this subtle modification, questions that previ-
ously seemed impossible to solve became fairly easy to answer with soft arguments.
As an illustrative example consider the question of the existence of minimizers.
By Portmanteau’s theorem, the map π 7→ π(c) is lower semicontinuous w.r.t. the
weak topology when c is lower semicontinuous, and lower bounded. Further, as an
easy consequence of Prokhorov’s theorem, we find that Π(µ, ν) is weakly compact.
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. . . THROUGH THE LENS OF THE ADAPTED WEAK TOPOLOGY

Thus, any minimizing sequence admits optimal accumulation points. We proceed
to elaborate on the specific projects in more detail.

Weak optimal Transport
In Paper 1 we consider the WOT problem of Gozlan et al. [8], which permits cost
functions of form C : X × P(Y )→ R. We want to minimize

∫
C(x, πx)µ(dx) (WOT)

over all π ∈ Π(µ, ν) where (πx)x∈X denotes a regular disintegration of π w.r.t.
its first marginal. It is clear that WOT is a generalization of OT as setting
C(x, p) :=

∫
c(x, y) p(dy) for an OT cost c yields the same minimization problem.

Even though duality was already accomplished in [8] under additional assumptions,
the basic questions of existence and duality remained unanswered in the general-
ity we are used to from OT. The trick here is – in analogy to Kantorovich who
passed from transport maps to transport plans – to consider probability measures
in P(X × Y ) as elements of a larger space, namely P(X × P(Y )). A crucial prop-
erty of this embedding is that it preserves relative compactness. When C is lower
semicontinuous, lower-bounded and convex in its second argument, we can thereby
show that (WOT) is lower semicontinuous as a function of π. By the same soft line
of argument as in OT there exist optimizers.

Probably the most studied problem in OT is the Wasserstein distance W2 on
Rd where c(x, y) = |x− y|2 and | · | the euclidean distance on Rd, i.e.,

W2(µ, ν) = inf
π∈Π(µ,ν)

(∫
|x− y|2 π(dx, dy)

) 1
2

.

At the core of our understanding of the Wasserstein distance lies the Brenier the-
orem which closely knits together optimality with (gradients of) convex functions.
An appealing variation is contained in the WOT framework under the nameWasser-
stein projection in convex order:

V2(µ, ν) := inf
η≤cν

W2(µ, η) = inf
π∈Π(µ,ν)

(∫ ∣∣∣∣
∫
y − xπx(dy)

∣∣∣∣
2
µ(dx)

) 1
2

, (1)

where ≤c denotes the convex order, i.e., η ≤c ν if and only if η(f) ≤ ν(f) for
every convex f : Rd → R. The analogon of the Brenier theorem here is called the
Brenier-Strassen theorem. This theorem was introduced by Gozlan and Juillet in
[7] and it states that the minimizer η∗ of V2 is the image measure of µ under the 1-
Lipschitz gradient of a convex function. This theorem is named in conjunction with
Strassen since he discovered that there is a martingale with given marginals if and
only if the marginals are in convex order, see [11]. The particular WOT problem
displayed in (1) was studied in numerous works during the past couple of years due
to its interesting properties. Notably, it was used in a novel proof of Caffarelli’s
contraction theorem [5] and provides a convenient tool in the study of MOT, see
Paper 7. Our treatment of WOT allowed us to prove the Brenier-Strassen theorem
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Introduction and summary of results

in Paper 1 and Paper 3 without requiring that µ, ν are compactly supported, which
was assumed in an earlier version of [7].

In Paper 2 we extensively investigate the 1-dimensional Wasserstein projection.
When µ does not weight single points, the coupling π∗ given by the monotone
rearrangement F−1

ν ◦ Fµ, the concatenation of cumulative distribution function Fµ
and quantile map F−1

ν , minimizes

Wθ(µ, ν) = inf
π∈Π(µ,ν)

∫
θ(x− y)π(dx, dy),

for all convex θ : R→ R+. If θ is strictly convex and the value of Wθ(µ, ν) is finite,
π∗ is even the unique minimizer. We call a monotone, 1-Lipschitz map T : R → R
with T (µ) ≤c ν admissible. Then the weak monotone rearrangement is given by
the (unique) admissible map which is maximal in the sense that S(µ) ≤c T (µ) for
every other admissible S. Let Vθ be given by (1) where we substitute the squared
modulus with θ. For any admissible map T the coupling πT = (x, T (x))#µ is
optimal for Vθ(µ, T (µ)) and Wθ(µ, T (µ)), in particular, the values coincide. Let
T be the weak monotone rearrangement between µ and ν. Then gluing πT with
any martingale coupling πM ∈ ΠM (T (µ), ν) yields an optimizer of Vθ(µ, ν), where
the existence of such martingale measures is guaranteed by Strassen’s theorem.
If θ is strictly convex, any optimizer of Vθ(µ, ν) can be decomposed into πT and
a martingale coupling πM ∈ ΠM (T (µ), ν). Consider a process (X,Y, Z) where
(X,Y ) = (X,T (X)) ∼ πT and (Y,Z) ∼ πM . The process first starts in X ∼ µ
and tries to move optimally in convex order to ν as martingale steps are free by
the barycentric structure of the cost. From this perspective, we describe T as
the unique admissible map with the property that on those intervals where T is
strictly contracting, the process (Y,Z) remains constant. Remarkably this offers a
natural way of joining two probability measures by a deterministic process and a
martingale.

In Paper 3 we revisit several fields like the Schrödinger problem, optimal mecha-
nism design, and semimartingale transport and recast it in the framework of WOT.
Our viewpoint unifies the approaches and sometimes allows us to strengthen the
original results.

Paper 4 is roughly split into two parts. The first part deals with a topic from
mathematical finance: model-independence in a fixed-income market. The main
realization here is that given market data in the form of marginal distributions of a
process, the model-independent upper and lower bounds can be treated in the WOT
set-up. Concretely we encounter a reformulation of the bounds closely related to the
Wasserstein projection, which allows us to prove pricing-hedging dualities and to
find explicit representations of optimizers. In the second part we lay the theoretical
groundwork by investigating the derived class of problems from a WOT point of
view. There we obtain duality formulas for cost functions C : X×P(Y )→ R where
the value of C(x, p) for fixed x depends solely on the barycenter of p. A standard
assumption in WOT is the convexity of C(x, ·) for all x ∈ X, whose sole purpose
seems to be of technical nature. Let µ ∈ P(X) be continuous. We reason that for
bounded, continuous cost C : X ×P(Y )→ R the minimum of (WOT) over Π(µ, ν)
is unchanged when exchanging C with (x, p) 7→ (C(x, ·))∗∗(p), that is for fixed x
the convex hull of C(x, ·).
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. . . THROUGH THE LENS OF THE ADAPTED WEAK TOPOLOGY

Martingale Optimal Transport
As a research area MOT was kicked off in [2] by Beiglböck, Henry-Larbordère, and
Penkner, and in [6] by Galichon, Henri-Larbordère, and Touzi. For notational con-
venience we focus on the 1-step instance. They propose to consider only transport
plans π whose law is given by a 1-time step real-valued martingale, i.e., (X,Y ) ∼ π
and Eπ[Y |X] = X almost surely. The set of all transport plans satisfying this addi-
tional constraint is denoted by ΠM (µ, ν), which leads to the following constrained
version of the OT problem:

inf
π∈ΠM (µ,ν)

∫
c(x, y)π(dx, dy). (MOT)

The main motivation of studying problems of this kind can be derived from robust
mathematical finance. Martingale measures and mathematical finance are deeply
connected by the Fundamental Theorem of Asset Pricing which states that a market
is arbitrage-free if and only if there exists an equivalent martingale measure. Given
the marginal distributions (µ, ν), µ ≤c ν for a single real-valued asset (St)2

t=1 there
can exist a multitude of martingale measures π describing the dynamics of a market.
Therefore, in this setting model-independent pricing of an option c(S1, S2) leads to
the optimization problem (MOT).

Investigating the marginal dependence of the optimal value in (MOT) is of
significant importance when dealing with real-world data or to obtain a better
understanding of its numerical resulotion. The continuous dependence of value and
optimizers on marginals is called stability. The question of stability was open up
to recently and its answer required a combination of novel approaches.

Even though WOT encompasses MOT simply by setting

C(x, p) =
{∫

c(x, y) p(dy)
∫
y p(dy) = x,

+∞ else,

the hereby defined WOT cost C is usually not regular enough to handle MOT as
a special case of WOT. To achieve comparable statements in the case of MOT we
have to refine and specify the arguments with novel ideas.

In Paper 5 we show the stability of MOT and WOT by lending the notion
of cyclical monotonicity and amending it for the specific structure of MOT and
WOT. Cyclical monotonicity is a fundamental concept of OT going back at least to
Rockafellar and Rüschendorf which provides a geometric and finitistic description
of optimality of transport plans. The core idea here is to find a suitable notion
that is preserved under limits and at the same time sufficient for optimality. This
property is baptized C-monotonicity (for WOT) and martingale C-monotonicity
(for MOT) respectively.

In Paper 6 we answer the question of approximating martingale couplings by se-
quences of martingale couplings. In mathematical language, this means the follow-
ing: prescribe (µk, νk)k∈N of pairs in convex order converging in the 1-Wasserstein
distance to (µ, ν) and choose any π ∈ ΠM (µ, ν). Is there a sequence of martingale
couplings πk ∈ ΠM (µk, νk), k ∈ N converging to π at least in the 1-Wasserstein
metric? In this paper, we show that this convergence can be achieved not only
in W1 but even in the adapted weak topology. This is realized by exploiting the
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concept of potential functions – a one-dimensional tool characterizing the convex
order – and combining it with the fruitful methods set forth in Paper 1.

Natural applications of the results are discussed in the follow-up paper Paper
7: We show the stability of the WOT-adaptation of (MOT)

inf
π∈ΠM (µ,ν)

∫
C(x, πx)µ(dx).

As a special case, we find that the law of the 1-dimensional stretched Brownian
motion [1] joining a pair (µ, ν) in the convex order continuously depends on the
marginal distribution, (µ, ν). Moreover, we show continuous dependence of the
super-hedging price of VIX-options (see e.g. [10]) on the marginals. We show that
martingale C-monotonicity is a necessary and sufficient optimality criterion, which
allows us to extend existing results on finite optimality being sufficient for optimality
as in [3, 9].
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EXISTENCE, DUALITY, AND CYCLICAL MONOTONICITY FOR WEAK
TRANSPORT COSTS

J. BACKHOFF-VERAGUAS, M. BEIGLBÖCK, AND G. PAMMER

Abstract. The optimal weak transport problem has recently been introduced by Gozlan
et. al. [25]. We provide general existence and duality results for these problems on arbi-
trary Polish spaces, as well as a necessary and sufficient optimality criterion in the spirit
of cyclical monotonicity. As an application we extend the Brenier-Strassen Theorem of
Gozlan-Juillet [23] to general probability measures on Rd under minimal assumptions.

A driving idea behind our proofs is to consider the set of transport plans with a new
(‘adapted’) topology which seems better suited for the weak transport problem and allows
to carry out arguments which are close to the proofs in the classical setup.

Keywords: Optimal Transport, cyclical monotonicity, Brenier’s Theorem, Strassen’s The-
orem, weak transport costs, weak adapted topology, duality.
Mathematics Subject Classification (2010): 60G42, , 90C46, 58E30.

1. Introduction

1.1. Notation. This article is concerned with the optimal transport problem for weak
costs, as initiated by Gozlan, Roberto, Samson and Tetali in [25]. To state it (see (1.1)
below) we introduce some basic notation. We write P(Z) for the set of probability mea-
sures on a Polish space Z is and equip P(Z) with the usual weak topology. Throughout X
and Y are Polish spaces, µ ∈ P(X), and ν ∈ P(Y). We write Π(µ, ν) for the set of all cou-
plings on X × Y with marginals µ and ν. Given a coupling π on X × Y we denote a regular
disintegration with respect to the first marginal by (πx)x∈X . We consider cost functionals of
the form

C : X × P(Y)→ R ∪ {+∞};
usually it is assumed that C is lower bounded and lower semicontinuous in an appropriate
sense, and that C(x, ·) is convex. The weak transport problem is then defined as

V(µ, ν) := inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx). (1.1)

1.2. Literature. The initial works of Gozlan et al. [25, 24] are mainly motivated by ap-
plications to geometric inequalities. Indeed, particular costs of the form (1.1) were already
considered by Marton [30, 29] and Talagrand [40, 41]. Further papers directly related to
[25] include [37, 36, 38, 21, 23]. Notably the weak transport problem (1.1) also yields a
natural framework to investigate a number of related problems: it appears in the recursive
formulation of the causal transport problem [7], in [1, 2, 15, 6] it is used to investigate
martingale optimal transport problems, in [3] it is applied to prove stability of pricing and
hedging in mathematical finance, it appears in the characterization of optimal mechanism
for the multiple good monopolist [19] and motivates the investigation of linear transfers in
[17]. A more classical example is given by entropy-regularized optimal transport (i.e. the
Schrödinger problem); see [28] and the references therein.

University of Vienna. Oskar-Morgenstern-Platz 1, 1090 Vienna, Austria. MB gratefully acknowledges sup-
port by FWF-grant Y00782. GP acknowledges support from the Austrian Science Fund (FWF) through grant
number W 1245. All authors thank the anonymous referee for insightful comments that lead to a significant
improvement of the article.
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2 J. BACKHOFF-VERAGUAS, M. BEIGLBÖCK, AND G. PAMMER

1.3. Main results. We will establish analogues of three fundamental facts in optimal
transport theory: existence of optimizers, duality, and characterization of optimizers through
c-cyclical monotonicity. We make the important comment, that these concepts (in partic-
ular existence and duality) have been previously studied for the weak transport problem.
However, the results available so far may be too restrictive for certain applications.

Our goal is to establish these results at a level of generality that mimics the framework
usually considered in the optimal transport literature (i.e. lower bounded, lower semicon-
tinuous cost function). We emphasize that this extension is in fact required to treat specific
examples of interest, cf. Section 1.3.4 below.

We briefly hint at the novel viewpoint which makes this extension possible: In a nut-
shell, the technicalities of the weak transport problem appear intricate and tedious since
kernels (πx)x are notoriously ill behaved with respect to weak convergence of measures on
P(X × Y). In the present paper we circumvent this difficulty by embedding P(X × Y) into
the bigger space P(X × P(Y)). This idea is borrowed from the investigation of process
distances (cf. [33, 5, 4]) and will allow us to carry out proofs that closely resemble familiar
arguments from classical optimal transport.

1.3.1. Primal Existence. As a first contribution we will establish in Section 2 the following
basic existence results.

Theorem 1.1 (Existence I). Assume that C : X × P(Y) → R ∪ {+∞} is jointly lower semi-
continuous, bounded from below, and convex in the second argument. Then, the problem

inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx),

admits a minimizer.

Notably, Gozlan et.al. prove existence of minimizers under the assumption that π 7→∫
C(x, πx) dµ(x) is continuous on the set of all transport plans with first marginal µ, whereas

our aim is to establish existence based on properties of the function C. We also note that
Theorem 1.1 was first established by Alibert, Bouchitté, and Champion in [2] in the case
where X,Y are compact spaces.

In fact the assumptions of Theorem 1.1 may be more restrictive than they initially ap-
pear. Indeed, as the cost function defined in (1.5) below is not lower semicontinuous with
respect to weak convergence, we will need to employ a refined version of Theorem 1.1 to
carry out our application in Theorem 1.4 below.

Given a compatible metric dY on the Polish space Y and t ∈ [1,∞), we write Pt
dY

(Y)
for the set of probability measures ν ∈ P(Y) such that

∫
dY (y, y0)t ν(dy) < ∞ for some

(and then any) y0 ∈ Y and denote the t-Wasserstein metric on Pt
dY

(Y) byWt (see e.g. [42,
Chapter 7]). In the sequel we make the convention that, whenever we refer to Pt

dY
(Y), it is

assumed that this set is equipped with the topology generated byWt. On the other hand,
regarding the Polish space X, we fix from now on a compatible bounded metric dX .

Theorem 1.2 (Existence II). Assume that ν ∈ Pt
dY

(Y). Let C : X × Pt
dY

(Y)→ R ∪ {+∞} be
jointly lower semicontinuous with respect to the product topology on X ×Pt

dY
(Y), bounded

from below, and convex in the second argument. Then, the problem

inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx),

admits a minimizer.

We emphasize that Theorem 1.1 is a special case of Theorem 1.2. To see this, just take
dY to be a compatible bounded metric. We also note that if C is strictly convex in the
second argument and V(µ, ν) < ∞, then the minimizer π∗ ∈ Π(µ, ν) is unique. We report
our proofs in Section 2.
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1.3.2. Duality. We fix a compatible metric dY on Y and introduce the space

Φb,t := {ψ : Y → R continuous s.t. ∃a, b, ` ∈ R, y0 ∈ Y, ` ≤ ψ(·) ≤ a + bdY (y0, ·)t}. (1.2)

To each ψ ∈ Φb,t we associate the function

RCψ(x) := inf
p∈Pt

dY
(Y)

p(ψ) + C(x, p). (1.3)

We remark that RCψ(·) is universally measurable if C is measurable ([16, Proposition 7.47])
and so the integral µ(RCψ) is well defined for all µ ∈ P(Y) if C is lower-bounded.

Theorem 1.3. Let C : X ×Pt
dY

(Y)→ R∪ {∞} be jointly lower semicontinuous with respect
to the product topology on X × Pt

dY
(Y), bounded from below, and convex in the second

argument. Then we have for all µ ∈ P(X) and ν ∈ Pt
dY

(Y)

V(µ, ν) = sup
ψ∈Φb,t

µ(RCψ) − ν(ψ). (1.4)

The proof of Theorem 1.3 is provided in Section 3. We also refer to this section for a
comparison of earlier duality results of Gozlan, Roberto, Samson, and Tetali [25, Theorem
9.6] and Alibert, Bouchitté, and Champion [2, Theorem 4.2].

1.3.3. C-monotonicity. Besides primal existence and duality, another fundamental result
in classical optimal transport is the characterization of optimality through the notion of
cyclical monotonicity; see [35, 22] as well as the monographs [34, 42, 43]. More re-
cently, variants of this ‘monotonicity priniciple’ have been applied in transport problems
for finitely or infinitely many marginals [32, 18, 26, 11, 44], the martingale version of the
optimal transport problem [12, 31, 13], the Skorokhod embedding problem [9] and the
distribution constrained optimal stopping problem [14].

We provide in Definition 5.1 below, a concept analogous to cyclical monotonicity (which
we call C-monotonicity) for weak transport costs C. We show that every optimal transport
plan is C-monotone in a very general setup. Conversely, we have that every C-monotone
transport plan is optimal under certain regularity assumptions. See Theorems 5.3 and 5.6
respectively.

We note that related concepts already appeared in [6, Proposition 4.1] (where necessity
of a 2-step optimality condition is established) and in [23] (necessity in the case of com-
pactly supported measures and a quadratic cost criterion). To the best of our knowledge,
our sufficient criterion is the first of its kind for weak transport costs.

We remark that the 2-step monotonicity principle for weak transport costs has already
proved vital in [6] for the construction of a martingale counterpart to the Brenier theorem
and the Benamou-Brenier formula. On the other hand, we conjecture that this monotonicity
principle could be used in order to generalize [23] to non-quadratic costs.

1.3.4. A general Brenier-Strassen theorem. As an application of our abstract results we
extend the Brenier-Strassen theorem [23, Theorem 1.2] of Gozlan and Juillet to the case of
general probabilities on X = Y = Rd under the assumption that µ has finite second moment
and ν has finite first moment. We thus drop the condition in [23] that the marginals have
compact support. For this part we set

C(x, ρ) :=
∣∣∣∣∣x −

∫
yρ(dy)

∣∣∣∣∣
2

, (1.5)

and write ≤c for the convex order of probability measures.

Theorem 1.4. Let µ ∈ P2(Rd) and ν ∈ P1(Rd). There exists a unique µ∗ ≤c ν such that

W2(µ∗, µ)2 = inf
η≤cν
W2(η, µ)2 = V(µ, ν). (1.6)

Moreover, there exists a convex function ϕ : Rd → R of class C1 with ∇ϕ being 1-Lipschitz,
such that ∇ϕ(µ) = µ∗. Finally, an optimal coupling π∗ ∈ Π(µ, ν) for V(µ, ν) exists, and a
coupling π ∈ Π(µ, ν) is optimal for V(µ, ν) if and only if

∫
yπx(dy) = ∇ϕ(x) µ-a.s.
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Existence of µ∗ and the expression (1.6) were first proved by Gozlan et al [24] for
d = 1 and by Alfonsi, Corbetta, Jourdain [1] for arbitrary d ∈ N. Indeed a general version
of (1.6), appealing to Wp and probabilities µ, ν ∈ Pp(Rd) is provided in [1]. All other
statements in the above theorem were originally established by Gozlan and Juillet [23]
under the assumption of compactly supported measures µ, ν. The proof of Theorem 1.4 is
given in Section 6.

Note added in revision. In an updated version of [23], Gozlan and Juillet have also
removed the compactness assumption in Theorem 1.4. Their proof is based on duality
arguments and in particular differs from the one given here.

2. Existence of minimizers

A principal idea behind the proofs of this paper is to endow the set of transport plans
P(X×Y) with a topology that is finer than the usual weak topology and which appropriately
accounts for the asymmetric role of X and Y in the context of weak transport. This can
be formalized by embedding P(X × Y) into the bigger space P(X × P(Y)). I.e., given a
transport plan π, we will consider its disintegration (πx)x∈X (w.r.t. its first marginal) and
view it as a Monge-type coupling in the larger space P(X × P(Y)). It turns out that on this
‘extended’ space the minimization problems Theorem 1.2 and Theorem 1.1 can be handled
more efficiently.

We need to introduce additional notation: for a probability measure π ∈ P(X × Y) with
not further specified marginals, we write π(dx×Y) and π(X×dy) for its X-marginal and Y-
marginal respectively. At several instances we use the projection from a product space onto
one of its components. This map is usually denoted by proj• where the subscript describes
the component, e.g. projX : X × Y → X stands for the projection onto the X-component.
Denoting by (πx)x∈X a regular disintegration of π with respect to π(dx×Y), we consider the
measurable map

κπ : X → X × P(Y)
x 7→ (x, πx).

We define the embedding J : P(X × Y) → P(X × P(Y)) by setting for π ∈ P(X × Y) with
X-marginal µ(dx) = π(dx × Y)

J(π) := (κπ)#(µ). (2.1)

The map J is well-defined since κπ is π(dx × Y)-almost surely unique. Note that elements
in P(X×Y) precisely correspond to those elements of P(X×P(Y)) which are concentrated
on a graph of a measurable function from X to P(Y).

The intensity I(P) ∈ P(Y) of P ∈ P(P(Y)) is uniquely determined by

I(P)( f ) =

∫

P(Y)
p( f )P(dp) ∀ f ∈ Cb(Y). (2.2)

The set of all probability measures P ∈ P(X×P(Y)) with X-marginal µ and ‘P(Y)-marginal
intensity’ ν is denoted by

Λ(µ, ν) :=
{
P ∈ P(X × P(Y)) | projX P = µ, I(projP(Y)(P)) = ν

}
. (2.3)

Similar to (2.2), we define the intensity of P ∈ P(X × P(Y)) as the unique measure Î(P) ∈
P(X × Y) such that

∫

X×Y
f (x, y)Î(P)(dx, dy) =

∫

X×P(Y)

∫

Y
f (x, y)p(dy)P(dx, dp) ∀ f ∈ Cb(X × Y). (2.4)

Note that while J is in general not continuous (cf. Example 2.2), the mappings I and Î are
continuous.

Using (2.1) and (2.4) we find that

Λ(µ, ν) = Î−1(Π(µ, ν)) and J(Π(µ, ν)) ⊆ Λ(µ, ν).
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Also note that Î is the left-inverse of J, i.e., Î ◦ J(π) = π for π ∈ P(X×Y). We now describe
the relation between minimization problems on Π(µ, ν) and Λ(µ, ν):

Lemma 2.1. Let C : X×P(Y)→ R∪{−∞,+∞} be measurable, lower-bounded, and convex
in the second argument. Then

V(µ, ν) = V̂(µ, ν), (2.5)

where V was defined in (1.1) and

V̂(µ, ν) := inf
P∈Λ(µ,ν)

∫

X×P(Y)
C(x, p)P(dx, dp). (2.6)

Proof. For any π ∈ Π(µ, ν) we have J(π) ∈ Λ(µ, ν) and
∫

X
C(x, πx)µ(dx) =

∫

X×P(Y)
C(x, p)J(π)(dx, dp).

Thus,

inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx) ≥ inf

P∈Λ(µ,ν)

∫

X×P(Y)
C(x, p)P(dx, dp).

Now, letting P ∈ Λ(µ, ν), we easily derive from (2.4) that Î(P) ∈ Π(µ, ν) and Î(P)x =∫
P(Y) p Px(dp) for µ-a.e x. Using convexity we conclude

∫

X×P(Y)
C(x, p)P(dx, dp) =

∫

X

∫

P(Y)
C(x, p)Px(dp)µ(dx)

≥
∫

X
C(x, Î(P)x)µ(dx)

≥ inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx).

�

2.1. Existence of minimizers. The purpose of this subsection is to establish Theorem 1.2,
or more precisely, a strengthened version of it; see Theorem 2.9 below. To this end we need
a number of auxiliary results.

We start by stressing that, in general, the embedding J is not continuous. In fact:

Example 2.2. The map J is continuous if and only if X is discrete or |Y | = 1. Indeed, given
X discrete and a sequence (πk)k∈N ∈ P(X × Y)N which weakly converges to π, we have that
πk(x × Y) → π(x × Y) from which πk

x(dy) =
πk(x,dy)
πk(x×Y) converges weakly to πx(dy) =

π(x,dy)
π(x×Y) if

π(x × Y) > 0. Consequently if f ∈ Cb(X × P(Y)), then

lim
k
|J(πk)( f ) − J(π)( f )|

≤ lim sup
k

∑

x

| f (x, πk
x)(πk(x × Y) − π(x × Y))| +

∑

x

| f (x, πk
x) − f (x, πx)|π(x × Y)

= 0.

Therefore (J(πk))k∈N converges weakly to J(π). On the other hand, suppose there is a
sequence (xk)k∈N ∈ XN of distinct points converging to some x ∈ X, as well as p, q ∈ P(Y)
with p , q. For k ∈ N define a probability measure on P(X × Y) by

πk(dx, dy) :=
1
2

(δxk+1 (dx)p(dy) + δxk (dx)q(dy)).

A short computation yields

lim
k

J(πk) = lim
k

1
2

(
δ(xk+1,p) + δ(xk ,q)

)
=

1
2

(
δ(x,p) + δ(x,q)

)
,

J(lim
k
πk) = J

(1
2
δx(p + q)

)
= δ(x, 1

2 (p+q)),

which shows that J is discontinuous.
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On the bright side, J possesses a crucial feature: it maps relatively compact sets to
relatively compact sets. We prove this in Lemma 2.6 below. But first we need to digress
into the characterization of tightness on P(P(Y)) and subspaces thereof. The following can
be found in [39, p. 178, Ch. II].

Lemma 2.3. A setA ⊆ P(P(Y)) is tight if and only if the set of its intensities I(A) is tight
in P(Y).

We need to refine Lemma 2.3 for our purposes, since we equip Pt
dY

(Y) with the Wt-
topology instead of the weak topology.

Lemma 2.4. A set A ⊆ Pt
Wt

(Pt
dY

(Y)) is relatively compact if and only if the set of its
intensities I(A) is relatively compact in Pt

dY
(Y).

The proof of Lemma 2.4 heavily relies on the following lemma, for which we include a
proof for sake of completeness.

Lemma 2.5. A setA ⊆ Pt
dY

(Y) is relatively compact if and only if it is tight and

∃y′ ∈ Y ∀ε > 0 ∃R > 0: sup
µ∈A

∫

BR(y′)c
dY (y, y′)tµ(dy) < ε. (2.7)

Note that if (2.7) holds for some y′ ∈ Y it automatically holds for any y′ ∈ Y .

Proof of Lemma 2.4. Since continuous maps preserve relative compactness in Hausdorff
spaces, the first implication follows by continuity of I. To show the reverse implication, let
I(A) be relatively compact in Pt

dY
(Y). First we show for fixed y′ ∈ Y that

∀ε > 0∃Rε > 0: sup
P∈A

∫

{p : Wt(p,δy′ )t≥Rε}
Wt(p, δy′ )tP(dp) < ε. (2.8)

Fix ε > 0. There exist K > 0 and r > 0 such that for all P ∈ A
∫

Pt
dY

(Y)
Wt(p, δy′ )tP(dp) =

∫

Y
dY (y, y′)tI(P)(dy) ≤ K

∫

Pt
dY

(Y)

∫

Br(y′)c
dY (y, y′)t p(dy)P(dp) =

∫

Br(y′)c
dY (y, y′)tI(P)(dy) <

ε

2
, (2.9)

where Br(y′) = {y ∈ Y : dY (y, y′) < r}. Set Rε = 2rt K
ε

and ARε =
{
p ∈ Pt

dY
(Y) : Wt(p, δy′ )t ≥ Rε

}
,

then

sup
P∈A

P(ARε ) ≤ sup
P∈A

1
Rε

∫

ARε

Wt(p, δy′ )tP(dp) ≤ K
Rε

and

sup
P∈A

∫

ARε

∫

Br(y′)
dY (y, y′)t p(dy)P(dp) ≤ sup

P∈A
P(ARε )r

t ≤ ε

2
. (2.10)

Putting (2.9) and (2.10) together shows (2.8).
It remains to show thatA is tight in P(Pt

dY
(Y)). By Lemma 2.3 we have thatA is tight

in P(P(Y)), i.e., given ε > 0 there is a compact set Kε ⊆ P(Y) such that for all P ∈ A
we have P(Kε) ≥ 1 − ε. We will construct a set K̃ε ⊆ Kε which is compact in Pt

dY
(Y) and

satisfies P(K̃ε) ≥ 1 − 2ε in P ∈ A. To this end, take a sequence of radii (Rn)n∈N such that

sup
P∈A

P
({

p :
∫

{y : dY (y,y′)t>Rn}
dY (y, y′)t p(dy) ≥ 1

n

})
<

ε

2n ,

which is possible since

P
({

p :
∫

{y : dY (y,y′)t>Rn}
dY (y, y′)t p(dy) ≥ 1

n

})
≤ n

∫

{y : dY (y,y′)t>Rn}
dY (y, y′)tI(P)(dy),



EXISTENCE, DUALITY, AND CYCLICAL MONOTONICITY FOR WEAK TRANSPORT COSTS 7

can be chosen sufficiently small, uniformly for P ∈ A. The set

K̃ε :=
{

p ∈ Kε :
∫

{y : dY (y,y′)t>Rn}
dY (y, y′)t p(dy) ≤ 1

n
, n ∈ N

}

is compact in Pt
dY

(Y) (cf. Lemma 2.5). Finally, given P ∈ A we obtain

P(K̃ε) ≥ P(Kε) −
∑

n

P
({

p :
∫

{y : dY (y,y′)t>Rn}
dY (y, y′)p(dy) ≥ 1

n

})
≥ 1 − 2ε

as desired �

Proof of Lemma 2.5.
‘⇒’: Since the topology induced byWt on Pt

dY
(Y) is finer than the weak topology on

Pt
dY

(Y), relative compactness inWt implies relative compactness with respect to the weak
topology. Therefore, Prokhorov’s theorem yields tightness. Suppose for contradiction that
(2.7) fails, i.e. there exist y′ ∈ Y and ε > 0 such that for all N ∈ N there is µN ∈ A s.t.

∫

BN (y′)c
dY (y, y′)tµN(dy) ≥ ε.

In particular,

lim
R→∞

lim inf
N

∫

BR(y′)c
dY (y′, y)tµN(dy) ≥ ε. (2.11)

Due to relative compactness we find for any sequence in A an accumulation point. Then,
from the definition ofWt-convergence, see [43, Definition 6.8 (iii)], we deduce

lim
R→∞

lim inf
N

∫

BR(y′)c
dY (y′, y)tµN(dy) = 0,

which contradicts (2.11). Hence, (2.7) is satisfied.

‘⇐’: Let A be tight such that (2.7) holds. Then, any sequence (µk)k∈N ∈ AN has an
accumulation point µ ∈ P(Y) with respect to the weak topology. Without loss of generality
assume that µk → µ for k → ∞. By monotone convergence

∫
dY (y, y′)tµ(dy) = lim

R→∞

∫
R ∧ dY (y, y′)tµ(dy)

≤ lim
R→∞

lim inf
n→∞

∫
R ∧ dY (y, y′)tµn(dy) ≤ sup

n

∫
dY (y, y′)tµn(dy).

Hence, by (2.7) we can choose (for ε = 1, say) R > 0 such that
∫

Y
dY (y, y′)tµ(dy) ≤ sup

n

∫

BR(y′)
dY (y, y′)tµn(dy) + 1 < ∞,

which shows that µ ∈ Pt
dY

(Y).
Next, fix ε > 0. Pick R > 0 such that

∫

Y
dY (y, y′)t − Rt ∧ dY (y, y′)tµ(dy) < ε,

sup
n

∫

BR(y′)c
dY (y, y′)tµn(dy) < ε.

By weak convergence we know that

lim
k

∫

Y
Rt ∧ dY (y, y′)tµk(dy)→

∫

Y
Rt ∧ dY (y, y′)tµ(dy).

Hence we may pick k0 such that for all k ≥ k0
∣∣∣∣
∫

Y
Rt ∧ dY (y, y′)t(µk − µ)(dy)

∣∣∣∣ < ε.
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Thus we have for k ≥ k0
∣∣∣∣
∫

Y
dY (y, y′)t(µk − µ)(dy)

∣∣∣∣ < 3ε.

Since ε was arbitrary, we obtain that the t-moments are converging, which implies conver-
gence inWt. �

We recall that on Y we are usually given a compatible complete metric dY , whereas on
X we fix a compatible bounded metric dX . We thus endow the product spaces X × Y and
X × Pt

dY
(Y) with natural (product) metrices d and d̂ defined respectively by

d((x, y), (x0, y0)) = dX(x, x0) + dY (y, y0), (2.12)

d̂((x, p), (x0, p0)) = dX(x, x0) +Wt(p, p0). (2.13)

We can now state and prove the crucial property of J:

Lemma 2.6. If Π ⊆ Pt
d(X × Y) is relatively compact then J(Π) ⊆ Pt

d̂
(X × Pt

dY
(Y)) is

relatively compact. Conversely, if Λ ∈ Pt
d̂
(X × Pt

dY
(Y)) is relatively compact then Î(Λ) ⊆

Pt
d(X × Y) is relatively compact.

Proof. Since continuous maps preserve relative compactness in Hausdorff spaces, we im-
mediately deduce relative compactness of Î(Λ), and the sets ΠX ⊆ P(X) and ΠY ⊆ Pt

dY
(Y)

consisting respectively of the X- and Y-marginals of the elements in Π.
Denote now respectively by ΠX

J ⊆ P(X) and ΠY
J ⊆ Pt

Wt
(Pt

dY
(Y)) the set of X- and

P(Y)-marginals of the elements in J(Π). Clearly ΠX
J = ΠX . By Lemma 2.4, the set ΠY

J
is relatively compact in Pt

Wt
(Pt

dY
(Y)) if and only if the set I(ΠY

J ) is relatively compact in
Pt

dY
(Y). However, if m is equal to the P(Y)-marginal of J(π), then I(m) is equal to the

Y-marginal of π. It follows that I(ΠY
J ) ⊆ ΠY is relatively compact and so is ΠY

J . Since
the marginals of J(Π) are relatively compact, we conclude that J(Π) itself is relatively
compact. �

It is convenient to introduce the following assumptions, which we will often require:

Definition 2.7 (A). Given Polish spaces X, Y, we say that a function

C : X × Pt
dY

(Y)→ R ∪ {+∞}
satisfies Condition (A) if the following hold:

• C is lower semicontinuous with respect to the product topology of

(X, dX) × (Pt
dY

(Y),Wt),

• C is bounded from below.
If in addition for all x ∈ X the map p 7→ C(x, p) is convex, i.e.

p, q ∈ Pt
dY

(Y), α ∈ [0, 1]⇒ C(x, αp + (1 − α)q) ≤ αC(x, p) + (1 − α)C(x, q), (2.14)

then we say that C satisfies Condition (A+).

We now show that under Condition (A+) the cost functional defining the weak transport
problem is lower semicontinuous:

Proposition 2.8. Let C : X × Pt
dY

(Y)→ R ∪ {+∞} satisfy condition (A). Then the map

Pt
d̂
(X × Pt

dY
(Y)) 3 P 7→

∫

X×Pt
dY

(Y)
C(x, p)P(dx, dp) (2.15)

is lower semicontinuous. If C satisfies condition (A+) then the map

Pt
d(X × Y) 3 π 7→

∫

X
C(x, πx)π(dx × Y) (2.16)

is lower semicontinuous.
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Proof. Let Pk → P in Pt
d̂
(X × Pt

dY
(Y)). Similar to [20, Theorem A.3.12], we can approx-

imate C from below by d-Lipschitz functions and obtain lower semicontinuity of (2.15),
i.e.,

lim inf
k

∫

X×P(Y)
C(x, p) Pk(dx, dp) ≥

∫

X×P(Y)
C(x, p) P(dx, dp).

To show lower semicontinuity of (2.16), let πk → π in Pt
d(X×Y) and denote Pk = J(πk).

We may assume that lim infk
∫

X C(x, πk
x)πk(dx×Y) = limk

∫
X C(x, πk

x)πk(dx×Y) by selecting
a subsequence. By Lemma 2.6 we know that {Pk}k is relatively compact in Pt

d̂
(X×Pt

dY
(Y)).

Denote by P an accumulation point of {Pk}k. From now on we work along a subsequence
converging to P. Observe that

∫

X
C(x, πk

x)πk(dx × Y) =

∫

X×P(Y)
C(x, p) Pk(dx, dp).

Hence, we find by the first part that

lim inf
k

∫

X×P(Y)
C(x, p) Pk(dx, dp) ≥

∫

X×P(Y)
C(x, p) P(dx, dp).

Observe that the X-marginal of P equals the X-marginal of π, so by convexity of C(x, ·)
we then have

lim inf
k

∫

X
C(x, πk

x)πk(dx × Y) ≥
∫

X×P(Y)
C(x, p) Px(dp)π(dx × Y)

≥
∫

X
C
(
x,

∫

P(Y)
p(dy)Px(dp)

)
π(dx × Y).

Now, if f is continuous bounded on X × Y , we have
∫

X×Y
f (x, y)πk(dx, dy)→

∫

X×Y
f (x, y)π(dx, dy).

But the function F(x, p) :=
∫

Y f (x, y)p(dy) is easily seen to be continuous and bounded in
X × P(Y). Hence

∫
FdPk →

∫
FdP and by the structure of F we deduce

∫

X×Y
f (x, y)π(dx, dy) =

∫
FdP =

∫

X×P(Y)

∫

Y
f (x, y)p(dy)P(dx, dp).

This shows for the disintegration (πx)x∈X of π that πx(dy) =
∫
P(Y) p(dy) Px(dp) for π(dx×Y)-

almost every x. So we conclude

lim inf
k

∫

X
C(x, πk

x)πk(dx × Y) ≥
∫

X
C(x, πx)π(dx × Y).

�

We are finally ready to provide our main existence result:

Theorem 2.9. Let C : X×Pt
dY

(Y)→ R∪{+∞} satisfy Condition (A). If Λ ⊆ Pt
d̂
(X×Pt

dY
(Y))

is compact, then there exists a minimizer P∗ ∈ Λ of

inf
P∈Λ

∫

X×P(Y)
C(x, p)P(dx, dp).

In particular P(X) × Pt
dY

(Y) 3 (µ, ν) 7→ V̂(µ, ν) is lower semicontinuous and V̂(µ, ν) is
attained (recall (2.6)). Assume now that C fulfils Condition (A+) and Π ⊆ Pt

d(X × Y) is
compact. Then there exists a minimizer π∗ ∈ Π of

inf
π∈Π

∫

X
C(x, πx)π(dx × Y).

In particular P(X) × Pt
dY

(Y) 3 (µ, ν) 7→ V(µ, ν) is lower semicontinuous and V(µ, ν) is
attained (recall (1.1)).
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Proof. The existence of minimizers in Λ and Π are direct consequences of their compact-
ness and the lower semicontinuity of the objective functionals (Proposition 2.8).

We move to the study of V̂ . Let (µk, νk) → (µ, ν) in P(X) × (Pt
dY
,Wt). For any k ∈ N

we find an optimizer P∗k of V̂(µk, νk). Note that the set {P∗k : k ∈ N} is relatively compact in
Pt

d̂
(X × Pt

dY
(Y)). Therefore, we can find again a converging subsequence with limit point

in Π(µ, ν). Without loss of generality we assume

lim inf
k

V̂(µk, νk) = lim
k

V̂(µk, νk).

Using lower semicontinuity of the objective functional shows the assertion for V̂ . By
Lemma 2.1 the lower semicontinuity of V is immediate. �

Of course Theorems 1.1 and 1.2 are particular cases of the second half of Theorem
2.9. More generally: if A is compact in P(X) and B is compact in (Pt

dY
(Y),Wt), then

Π :=
⋃
µ∈A,ν∈B Π(µ, ν) is compact in Pt

d(X × Y) and Theorem 2.9 applies.

3. Duality

We denote by Φt the set of continuous functions on Y which satisfy the growth constraint

∃y0 ∈ Y, ∃a, b ∈ R+, ∀y ∈ Y : |ψ(y)| ≤ a + bdY (y, y0)t,

and by Φb,t the subset of functions in Φt which are bounded from below. Further, we recall
the notion of C-conjugate : The C-conjugate of a measurable function ψ : Y → R, denoted
RCψ, is given by

RCψ(x) := inf
p∈Pt

dY
(Y)

p(ψ) + C(x, p). (3.1)

We obtain Theorem 1.3 as a particular case of the following:

Theorem 3.1. Let C : X × Pt
dY

(Y)→ R ∪ {+∞} satisfy Condition (A). Then

inf
P∈Λ(µ,ν)

∫

X×P(Y)
C(x, p)P(dx, dp) = sup

ψ∈Φb,t

−ν(ψ) +

∫

X
RCψ(x)µ(dx). (3.2)

If moreover C satisfies Condition (A+), then

V(µ, ν) := inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx) = sup

ψ∈Φb,t

−ν(ψ) +

∫

X
RCψ(x)µ(dx). (3.3)

Remark 3.2. A proof of Theorem 1.3 can be obtained by means of [25, Theorem 9.6], since
we may verify the hypotheses therein thanks to our Proposition 2.8. We prefer to obtain
the slightly stronger Theorem 3.1 via self-contained arguments. The primal-dual equality
(3.3) was obtained in [2, Theorem 4.2] in the case when X,Y are compact spaces.

Proof of Theorem 3.1. Fix y0 ∈ Y . Define the auxiliary cost function C̃ : X × Pt
dY

(Y) by

C̃(x, p) := C(x, p) +Wt(p, δy0 )t

and F : Pt
dY

(Y)→ R ∪ {+∞} by

F(m) := inf
P∈Λ(µ,m)

∫

X×P(Y)
C̃(x, p)P(dx, dp)

= inf
P∈Λ(µ,m)

∫

X×P(Y)
C(x, p)P(dx, dp) +

∫

Y
dY (y, y0)tm(dy). (3.4)

Since the integrand C̃ is bounded from below and lower semicontinuous we can apply
Proposition 2.8 and find that F is lower semicontinuous on Pt

dY
(Y). Note that for any

α ∈ [0, 1] and m1,m2 ∈ Pt
dY

(Y) we have

Pi ∈ Λ(µ,mi), i = 1, 2 =⇒ αP1 + (1 − α)P2 ∈ Λ(µ, αm1 + (1 − α)m2),

and, particularly, it follows that F is convex. We can extend F to the setMt
dY

(Y) of bounded
signed measures with finited t-moment (i.e. m ∈ Mt

dY
(Y) implies

∫
Y dY (y, y0)t |m|(dy) < ∞
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for some y0) by setting F(m) = +∞ if m < Pt
dY

(Y). We equip the space Mt
dY

(Y) with
the topology induced by Φt. It follows that the extension of F is still convex and lower
semicontinuous. Now, the spaces Φt and Mt

dY
(Y) are in separating duality. Define the

convex conjugate F∗ : Φt → R ∪ {+∞} of F by

F∗(ψ) = sup
m∈Pt

dY
(Y)

m(ψ) − F(m). (3.5)

Observe that F∗(ψ) = limk→+∞ F∗(ψ ∧ k), by monotone convergence. We may apply the
Fenchel duality theorem [45, Theorem 2.3.3], and then replace Φt by Φb,t, obtaining:

F(m) = sup
ψ∈Φt

m(ψ) − F∗(ψ)

= sup
−ψ∈Φb,t

m(ψ) − F∗(ψ)

= sup
ψ∈Φb,t

m(−ψ) − F∗(−ψ).

Now we show that

F∗(−ψ) = −
∫

X
RC̃ψ(x)µ(dx). (3.6)

Rewriting (3.5) yields

F∗(−ψ) = sup
m∈Pt

dY
(Y)

m(−ψ) − inf
P∈Λ(µ,m)

∫

X×P(Y)
C̃(x, p)P(dx, dp)

= sup
m∈Pt

dY
(Y)

P∈Λ(µ,m)

−
∫

X

(∫

P(Y)
p(ψ) + C̃(x, p)Px(dp)

)
µ(dx)

= − inf
m∈Pt

dY
(Y)

P∈Λ(µ,m)

∫

X

(∫

P(Y)
p(ψ) + C̃(x, p)Px(dp)

)
µ(dx)

≤ −
∫

X
RC̃ψ(x)µ(dx).

To show the converse inequality, we assume without loss of generality that
∫

X
R̃Cψ(x)µ(dx) < +∞.

For all x ∈ X the value of RC̃ψ(x) is finite, because ψ is bounded from below. Fix ε > 0.
The map RC̃ψ(·) is lower semianalytic by [16, Proposition 7.47] and by [16, Proposition
7.50] there exists an analytically measurable probability kernel (p̃x)x∈X ∈ (Pt

dY
(Y))X such

that for all x ∈ X
px(ψ) + C̃(x, px) ≤ RC̃ψ(x) + ε.

Then, we immediately obtain
∫

X
px(ψ) + C̃(x, px)µ(dx) ≤

∫

X
RC̃ψ(x)µ(dx) + ε.

The term δpx (dp)µ(dx) uniquely defines a probability measure P̃ on X×P(Y). Since C̃ and
ψ are bounded from below, we infer that

Wt(projY Î(P̃), δy0 )t =

∫

X×P(Y)
Wt(p, δy0 )tP̃(dx, dp) < +∞,

and in particular projY Î(P̃) ∈ Pt
dY

(Y). Clearly P̃ ∈ Λ(µ, projY Î(P̃)), so

−
∫

X
R̃Cψ(x)µ(dx) ≤ projY (Î(P̃))(−ψ) −

∫

X×P(Y)
C(x, p) +Wt(p, δy0 )tP̃(dx, dp) + ε

≤ projY (Î(P̃))(−ψ) − F
(
projY Î(P̃)

)
+ ε

≤ F∗(−ψ) + ε,
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and since ε was arbitrary, we have shown (3.6).
So far, we know that

F(m) = sup
ψ∈Φb,t

−m(ψ) +

∫

X
RC̃ψ(x)µ(dx).

Define f (y) := dY (y, y0)t and note that RC(ψ + f )(x) = RC̃ψ(x) for all x ∈ X, as well as
ψ + f ∈ Φb,t for ψ ∈ Φb,t. From (3.4) we get

inf
P∈Λ(µ,m)

P(C) = F(m) −Wt(m, δy0 )t

= sup
ψ∈Φb,t

−m(ψ + f ) +

∫

X
RC̃ψ(x)µ(dx)

= sup
ψ∈Φb,t

−m(ψ) +

∫

X
RCψ(x)µ(dx),

which shows (3.2).
If for all x ∈ X the map C(x, ·) is convex, then (3.3) follows by Lemma 2.1 and (3.2). �

4. On the restriction property

The restriction property of optimal transport roughly states that if a coupling is optimal,
then the conditioning of the coupling to a subset is also optimal given its marginals. This
property fails for weak optimal transport, as we illustrate with a simple example:

Example 4.1. Let X = Y = R, µ = 1
2δ−1 + 1

2δ1, ν = 1
4δ−2 + 1

2δ0 + 1
4δ2 and C(x, ρ) =(

x −
∫

yρ(dy)
)2

. We consider the weak transport problem with these ingredients, and ob-
serve that an optimal coupling is given by

π =
1
4

[δ(1,2) + δ(1,0) + δ(−1,0) + δ(−1,−2)],

since it produces a cost equal to zero. Consider the set K = {(x, y) : y , 0} and π̃(dx, dy) =

π(dx, dy|K) the conditioning of π to the set K, i.e. π̃(S ) := π(S∩K)
π(K) . It follows that

π̃ =
1
2

[δ(1,2) + δ(1,−2)],

and denoting by µ̃ and ν̃ the first and second marginals of π̃, we have µ̃ = µ and ν̃ =
1
2δ2 + 1

2δ−2. With µ̃ and ν̃ and again the cost C as ingredients, an optimizer for the weak
transport problem is given by

π̂ =
3
8
δ(1,2) +

1
8
δ(1,−2) +

1
8
δ(−1,2) +

3
8
δ(−1,−2),

since this time this coupling produces a cost equal to zero. On the other hand the cost of π̃
is equal to 1, and so π̃ is not optimal between is marginals.

However, we can state the following positive result.1

Proposition 4.2. Suppose that π is optimal between the marginals µ and ν, V(µ, ν) < ∞,
and that C(x, ·) is convex. Let 0 ≤ µ̃ ≤ µ be a non-negative measure such that 0 . µ̃ and
define µ̂ = µ̃/µ̃(X). Then π̂(dx, dy) := µ̂(dx)πx(dy) is optimal between its marginals.

Proof. By contradiction, suppose there exists a coupling χ with the same marginals as π̂
such that ∫

C(x, χx)µ̂(dx) <
∫

C(x, π̂x)µ̂(dx).

1In a preliminary version of this article the restriction property Proposition 4.2 was used to derive Theorem 1.4
from the compact version given by Gozlan and Juillet [23]. Following the insightful suggestion of the anonymous
referee, we now give a more self contained argument that does not require Proposition 4.2 / [23]. We have decided
to keep Proposition 4.2 since it might be of some independent interest.
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Now define π∗ := π + µ̃(X)[χ − π̂] = π − µ̃.πx + µ̃(X)χ. Observe that π∗ has marginals µ, ν,
and π∗(X × Y) = 1. We also have π∗ ≥ 0 since µ̃ ≤ µ, so π∗ is a probability measure. Of
course 0 ≤ dµ̃

dµ ≤ 1 and clearly π∗x =
(
1 − dµ̃

dµ (x)
)
πx +

dµ̃
dµ (x)χx. Therefore

∫
C(x, π∗x)µ(dx) =

∫
C

(
x,

(
1 − dµ̃

dµ
(x)

)
πx +

dµ̃
dµ

(x)χx

)
µ(dx)

≤
∫

C(x, πx)µ(dx) +

∫
[C(x, χx) −C(x, πx)]µ̃(dx)

<

∫
C(x, πx)µ(dx),

where we used convexity in the first inequality and that V(µ, ν) < ∞ in the second one. �

5. C-Monotonicity for weak transport costs

Cyclical monotonicity plays a crucial role in classical optimal transport [35, 22]. This
has inspired similar development for weak transport costs in [6, 23]:

Definition 5.1 (C-monotonicity). We say that a coupling π ∈ Π(µ, ν) is C-monotone if
there exists a measurable set Γ ⊆ X with µ(Γ) = 1, such that for any finite number of points
x1, . . . , xN in Γ and measures m1, . . . ,mN in P(Y) with

∑N
i=1 mi =

∑N
i=1 πxi , the following

inequality holds:
N∑

i=1

C(xi, πxi ) ≤
N∑

i=1

C(xi,mi).

We first show that C-monotonicity is necessary for optimality under minimal assump-
tions. We then provide strengthened assumptions under which C-monotonicity is sufficient.

5.1. C-monotonicity: necessity. We denote by S N the set of permutations of the set
{1, . . . ,N}. If ~z := (z1 . . . , zn) is any N-vector, and σ ∈ S N , we naturally overload the
notation by defining

σ(~z) := (zσ(1), . . . , zσ(N)).
Recall the notation (1.1) for the weak transport problem, and the following lemma,

which is employed prominently in the proof of Theorem 5.3.

Lemma 5.2 ([10, Proposition 2.1]). Let X1, . . . , Xn, n ≥ 2, be Polish spaces equipped with
probability measures µi ∈ P(Xi), i = 1, . . . , n. Then for any analytic set B ⊆ X1 × · · · × Xn

one of the following holds:
(a) For every i = 1, . . . , n there is a µi-null set Ai ⊆ Xi s.t.

B ⊆
n⋃

i=1

proj−1
Xi

(Ai).

(b) There exists a coupling π ∈ Π(µ1, . . . , µn) with π(B) > 0.

The previous lemma is originally stated only for Borel sets, but the same proof technique
also works for analytic sets.

Our main result, concerning the necessity of C-monotonicity is the following:

Theorem 5.3. Let C be jointly measurable and C(x, ·) be convex and lower semicontinuous
for all x. Assume that π∗ is optimal for V(µ, ν) and |V(µ, ν)| < ∞. Then π∗ is C-monotone.

Proof. Let N ∈ N. Then

DN :=
{
((x1, . . . , xN), (m1, . . . ,mN)) ∈ XN × P(Y)N :

N∑

i=1

π∗xi
=

N∑

i=1

mi and
N∑

i=1

C(xi, π
∗
xi

) >
N∑

i=1

C(xi,mi)
}
,
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is an analytic set. Write
DN := projXN (DN).

By Jankov-von Neumann uniformization [27, Theorem 18.1] there is an analytically mea-
surable function fN : DN → P(Y)N such that graph( fN) ⊆ DN . We can extend fN to XN

by defining it on XN \ DN as the Borel-measurable map ~x 7→ (π∗x1
, . . . , π∗xN

). Observe that
for all σ ∈ S N , we have (σ,σ)(DN) = DN . Thanks to this, and Lemma 5.4 below, we can
assume without loss of generality that fN satisfies

fN ◦ σ = σ ◦ fN ∀σ ∈ S N .

We write f i
N(~x) for the i-th element of the vector fN(~x) ∈ P(Y)N .

Assume that there exists a coupling Q ∈ Π(µN) = Π(µ, . . . , µ) such that Q(DN) > 0. We
now show that this is in conflict with optimality of π∗. We clearly may assume that Q is
symmetric, i.e. such that for all σ ∈ S N we have Q(B) = Q(σ(B)) for all B ∈ B(XN) (in
other words σ(Q) = Q). We define the possible contender π̃ of π∗ by

π̃(dx1, dy) := µ(dx1)
∫

XN−1
Qx1 (dx2, . . . , dxn) f 1

N(x1, . . . , xN)(dy), (5.1)

which is legitimate owing to all measurability precautions we have taken. We will prove
(1) π̃ ∈ Π(µ, ν),
(2)

∫
µ(dx)C(x, π∗x) >

∫
µ(dx)C(x, π̃x).

Ad (1): Evidently the first marginal of π̃ is µ. Write σi ∈ S N for the permutation that
merely interchanges the first and i-th component of a vector. By the symmetric properties
of Q and fN we find

∫

X
µ(dx1)π̃x1 (dy) =

∫

XN
Q(dx1, . . . , dxN) f 1

N(~x)(dy)

=
1
N

N∑

i=1

∫

XN
σi(Q)(dx1, . . . , dxN) f i

N(~x)(dy)

=
1
N

N∑

i=1

∫

XN
Q(dx1, . . . , dxN)π∗xi

(dy)

= ν(dy).

Ad (2): On DN holds by construction the strict inequality
N∑

i=1

C(xi, f i
N(~x)) <

N∑

i=1

C(xi, πxi ).

Using convexity of C(x, ·) and the symmetry properties of Q and fN , we find
∫

X
C(x, π̃x)µ(dx) =

∫

X
µ(dx1)C

(
x1,

∫

XN−1
Qx1 (dx2, . . . , dxN) f 1

N(~x)
)

≤
∫

XN
Q(d~x)C

(
x1, f 1

N(~x)
)

=
1
N

N∑

i=1

∫

XN
Q(d~x)C

(
xi, f i

N(~x)
)

<
1
N

N∑

i=1

∫

XN
Q(d~x)C

(
xi, πxi

)
=

∫

X
C(x, πx)µ(dx),

yielding a contradiction to the optimality of π∗.
We conclude that no measure Q with the stated properties exists. By Lemma 5.2, we

obtain that DN is contained in a set of the form
⋃N

k=1 proj−1
k (MN) where µ(MN) = 0 and

projk denotes the projection from XN to its k-th component. Since N ∈ N was arbitrary, we
can define the set Γ := (

⋃
N∈N MN)C with µ(Γ) = 1, which has the desired property. �



EXISTENCE, DUALITY, AND CYCLICAL MONOTONICITY FOR WEAK TRANSPORT COSTS 15

The missing bit in the above proof is Lemma 5.4. By [27, Theorem 7.9] there exists
for every Polish space X a closed subset F of the Baire space N := NN and a continuous
bijection hX : F → X. On the Baire space the lexicographic order naturally provides a total
order. Hence, X inherits the total order of F ⊆ N by virtue of hX and its Borel-measurable
inverse h−1

X := gX , namely:

x, y ∈ X : x ≤ y⇔ h−1
X (x) = gX(x) ≤ h−1

X (y) = gX(y).

Lemma 5.4. The set

A =
{
~x ∈ XN : x1 ≤ x2 ≤ . . . ≤ xN

}
,

is Borel-measurable. Given f : A ⊆ XN → YN an analytically measurable function, there
exists an analytically measurable extension f̂ : XN → YN such that for any σ ∈ S N

f̂ ◦ σ = σ ◦ f̂ .

Proof of Lemma 5.4. Let Â =
{
~a ∈ NN : a1 ≤ a2 ≤ . . . ≤ aN

}
, and define g : NN → S N by

g(~a) = σ where σ ∈ S N satisfies

• σ(~a) ∈ Â
• for each i, j such that 0 ≤ i < j ≤ N it holds

ai = a j =⇒ σ(i) < σ( j).

With these precautions g(~a) = σ is indeed well defined. For each σ ∈ S N we define also
Bσ ⊆ NN by

Bσ :=
{
~a ∈ NN : g(~a) = σ

}
=

{
~a ∈ NN : aσ(1) ≤1

σ aσ(2) ≤2
σ . . . ≤N−1

σ aσ(N)

}
,

where the order ≤i
σ is defined depending on σ by

≤i
σ:=


≤ σ(i) ≤ σ(i + 1),
< else.

It follows from this representation that Bσ is Borel-measurable. We introduce

XN 3 ~x 7→ gN
X (~x) := (gX(x1), gX(x2), . . . , gX(xN)) ∈ FN ⊆ NN .

Then the set
Aσ := {~x ∈ XN : g ◦ gN

X (~x) = σ} = (gN
X )−1(Bσ),

is Borel-measurable. In particular, Aid = A is Borel-measurable. Note that ∪σAσ = XN

and Aσ1 ∩ Aσ2 = ∅ if σ1 . σ2. We can apply Lemma 5.5, proving the continuity2 of

NN 3 ~a 7→ G(a) := g(~a)(~a) ∈ NN .

We define the candidate for the desired extension of f by

f̂ : XN → YN ,

~x 7→ (g ◦ gN
X (~x))−1

(
f ◦ (gN

X )−1 ◦G ◦ gN
X (~x)

)
,

which is well defined since G ◦gN
X (~x) ∈ Â, so that (gN

X )−1 ◦G ◦gN
X (~x) ∈ A. As a composition

of analytically measurable function, f̂ inherits this property. It is also clear that f̂ (~x) = f (~x)
if ~x ∈ A. Finally, for any σ ∈ S N and ~x ∈ XN , we easily find

σ−1( f̂ ◦ σ(~x)) = f̂ (~x).

�

2In fact one obtains maxi∈{1,...,N} dN (g(~a)(~a)i, g(~b)(~b)i) ≤ maxi∈{1,...,N} dN (ai, bi), for dN the metric on N that
we recall in Lemma 5.5.
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Lemma 5.5. Let each of a, b ∈ NN be increasing vectors.3 Then for any permutation
σ ∈ S N we have

max
i∈{1,...,N}

dN (ai, bi) ≤ max
i∈{1,...,N}

dN (ai, bσ(i)), (5.2)

where the metric dN on N is given by

dN (a, b) =


0 a = b

1
min{n∈N : a(n),b(n)} else.

Proof. We show the assertion by induction. For N = 1 (5.2) holds trivially. Now assume
that (5.2) holds for N = k. Given σ ∈ S k+1 and a, b ∈ Nk+1 increasing, we know that any
σ̃ ∈ S k yields

max
i∈{1,...,k}

dN (ai, bi) ≤ max
i∈{1,...,k}

dN (ai, bσ̃(i)).

If σ(k + 1) = k + 1 the assertion follows by the inductive hypothesis. So let σ(k + 1) , k + 1
and write k1 = σ(k + 1) and k2 = σ−1(k + 1). Define a permutation σ̂ ∈ S k by

σ̂(i) =


σ(i) i , k1

k2 i = k1

Since that ak2 ≤ ak+1 and bk1 ≤ bk+1, then

ak2 ≤ bk1 =⇒ ak2 ≤ bk1 ≤ bk+1 =⇒ dN (ak2 , bk1 ) ≤ dN (ak2 , bk+1),
ak2 ≥ bk1 =⇒ ak+1 ≥ ak2 ≥ bk1 =⇒ dN (ak2 , bk1 ) ≤ dN (ak+1, bk1 ),

and particularly

max
i∈{1,...,k}

dN (ai, bσ̂(i)) ≤ max
i∈{1,...,k+1}

dN (ai, bσ(i)). (5.3)

On the other hand, clearly

ak+1 ≥ bk+1 =⇒ dN (ak+1, bk+1) ≤ dN (ak+1, bk1 ),
ak+1 ≤ bk+1 =⇒ dN (ak+1, bk+1) ≤ dN (ak2 , bk+1).

This and (5.3) yield maxi∈{1,...,k+1} dN (ai, bi) ≤ maxi∈{1,...,k+1} dN (ai, bσ(i)), so concluding the
inductive step. �

5.2. C-monotonicity: sufficiency. The conditions under which Theorem 5.3 holds are
rather mild. If we assume further continuity properties of C, the next theorem establishes
that C-monotonicity is also a sufficient criterion for optimality, resembling the classical
case. For weak transport costs, we don’t know of any comparable result in the literature.

We recall that, for the given compatible complete metric dY on Y , we denote byW1 the
1-Wasserstein distance [42, Chapter 7].

Theorem 5.6. Let ν ∈ P1
dY

(Y). Assume that C : X × P1
dY

(Y) → R satisfies Condition (A+)
and isW1-Lipschitz in the second argument is the sense that for some L ≥ 0:

|C(x, p) −C(x, q)| ≤ LW1(p, q), ∀x ∈ X,∀p, q ∈ P1
dY

(Y). (5.4)

If π is C-monotone then π is an optimizer of V(µ, ν).

In the proof we will use the following auxiliary result, which we will establish subse-
quently:

Lemma 5.7. Let ν ∈ P1
dY

(Y). Assume that C : X × P1
dY

(Y) → R satisfies Condition (A+)
and isW1-Lipschitz in the sense of (5.4). Then

inf
π∈Π(µ,ν)

∫
C(x, πx) µ(dx) = sup

ϕ∈Φb,1
‖ϕ‖Lip≤L

µ(RCϕ) − ν(ϕ), (5.5)

where RCϕ is defined as in (3.1).

3A vector v = (vi)N
i=1 ∈ NN is increasing if for any 1 ≤ i < j ≤ N we have vi ≤ v j, where inequality here is

meant in the lexicographic order on N .
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Proof of Theorem 5.6. Let π be C-monotone. There is an increasing sequence (Kn)n∈N of
compact sets on Y such that ν(Kn) ↗ 1. From this we can refine the µ-full measurable set
Γ in the definition of C-monotonicity, see Definition 5.1, so that for each x ∈ Γ we have
limn πx(Kn) = 1 and πx ∈ P1

dY
(Y). Our goal is to construct a dual optimizer ϕ ∈ Φ1 to π

such that
πx(ϕ) + C(x, πx) − RCϕ(x) = 0 ∀x ∈ Γ.

When this is achieved, Theorem 1.3 and the following arguments show that π is optimal as
desired: ∫

X
C(x, πx)µ(dx) =

∫

Γ

C(x, πx)µ(dx) =

∫

Γ

[RC(ϕ)(x) − πx(ϕ)]µ(dx)

≤ lim inf
k→−∞

∫

X
[RC(ϕ ∨ k)(x) − πx(ϕ ∨ k)]µ(dx)

≤ sup
ϕ∈Φb,1

µ(RCϕ) − ν(ϕ)

≤ inf
π̃∈Π(µ,ν)

∫

X
C(x, π̃x)µ(dx),

where we used that

lim inf
k→−∞

RC(ϕ ∨ k)(x) = inf
k≤0

RC(ϕ ∨ k)(x) = RCϕ(x) ∀x ∈ X.

Let us prove the existence of a dual optimizer in Φ1. Let G ⊆ Γ be a finite subset.
By definition of C-monotonicity, we conclude that the coupling 1

|G|
∑

xi∈G δxi (dx)πxi (dy) is
optimal for the weak transport problem determined by the cost C and its first and second
marginals. We can apply Lemma 5.7 in this context and obtain

inf
‖ϕ‖Lip≤L

∑

x∈G
πx(ϕ) + C(x, πx) − RCϕ(x) = 0. (5.6)

We fix y0 ∈ K1 and, without loss of generality, find a maximizing sequence (ϕk)k∈N of (5.6)
such that for all k ∈ N the function ϕk is L-Lipschitz and ϕk(y0) = 0. Note that for all x ∈ G

πx(ϕk) + C(x, πx) − RCϕk(x)→ 0,

since by definition πx(ϕk) + C(x, πx)−RCϕk(x) ≥ 0. By the Arzelà-Ascoli theorem we find
for any n ∈ N a subsequence of (ϕk)k∈N and a L-Lipschitz continuous function ψn on Kn

such that
lim

j
ϕk j (y) = ψn(y) ∀y ∈ Kn.

Thus by a diagonalization argument we can assume without loss of generality that the
maximizing sequence converges uniformly for every Kn to a given L-Lipschitz function ψ̃
defined on

A :=
⋃

n

Kn.

We can extend ψ̃ from A to all of Y , obtaining an everywhere L-Lipschitz function, via

ψ(y) = inf
z∈A

ψ̃(z) + LdY (z, y). (5.7)

From (5.7) we find RCψ(x) = infp∈P1
dY

(A) p(ψ) + C(x, p). Indeed, by [16, Proposition 7.50]
there is for any ε > 0 an analytically measurable function Tε : Y → A with

ψ̃(Tε(y)) + LdY (Tε(y), y) ≤ ψ(y) + ε,

from which after integrating with respect to p and using the definition of the Wasserstein
distance we deduce

p(ψ)−Tε(p)(ψ)+C(x, p)−C(x,Tε(p))≥ −ε + LW1(p,Tε(p)) + C(x, p) −C(x,Tε(p)) ≥ −ε,
where we used (5.4) in the last inequality. Therefore, it is actually possible to restrict
infimum in RCψ(x) to P1

dY
(A), and we conclude

lim sup
k

RCϕk(x) ≤ inf
p∈P1

dY
(A)

p(ψ) + C(x, p) = RCψ(x). (5.8)
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By dominated convergence, and the fact that πx (A) = 1, we have

lim
k
πx(ϕk) = πx(ψ), (5.9)

which yields

0 = lim inf
k

πx(ϕk) + C(x, πx) − RCϕk(x) ≥ πx(ψ) + C(x, πx) − RCψ(x) ≥ 0, (5.10)

by definition of RCψ(x).
For G ⊆ Y define ΨG as the set of all L-Lipschitz continuous functions on A, vanishing

at the point y0, and satisfying

πx(ψ) + C(x, πx) − RCψ(x) = 0 ∀x ∈ G.

The previous arguments show that, for each finite G ⊆ Γ, the set ΨG is nonempty. We now
check that ΨG is closed in the topology of pointwise convergence: Let (ψα)α∈I be a net
in ΨG which converges pointwise to a function ϕ on A. Since A is the countable union of
compact sets, it is possible to extract a sequence (ψαk )k∈N of the net such that

ψαk → ϕ pointwise on A and uniformly on each Kn,

from which ϕ is L-Lipschitz on A and can be extended to an L-Lipschitz continuous func-
tion ψ on Y , see (5.7). By repeating previous arguments (see (5.8), (5.9) and (5.10)) we
obtain that ϕ ∈ ΨG.

Note that ΨG is a closed subset of
∏

y∈A [−Ld(y, y0), Ld(y, y0)] which is compact in the
topology of pointwise convergence by Tychonoff’s theorem. Further, the collection {ΨG :
G ⊆ Γ, |G| < ∞} satisfies the finite intersection property, since if G1, . . . ,Gn are finite then

⋂

i≤n

ΨGi ⊇ Ψ∪i≤nGi , ∅.

Therefore it is possible to find ϕ ∈ ⋂
G⊆Γ, |G|<∞ΨG. Again extend ϕ, from A to Y , by a

L-Lipschitz function as usual. Thus, we have found the desired dual optimizer. �

Proof of Lemma 5.7. By Theorem 1.3 we have

inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx) = sup

ϕ∈Φb,1

µ(RCϕ) − ν(ϕ). (5.11)

By Theorem 1.2 we find a minimizer π∗ ∈ Π(µ, ν) of V(µ, ν). Now we proceed by taking
a maximizing sequence (ϕk)k∈N for the right-hand side of (5.11). Note that we can choose
each ϕk, in addition to being below-bounded and continuous, in a way such that it attains
its infimum, i.e., there exists yk ∈ Y such that

−∞ < bk := inf
y∈Y

ϕk(y) = ϕk(yk). (5.12)

Indeed, this can be done by using e.g.ϕk ∨ (
bk + 1

k
)

instead. Then

lim
k
ν

(
ϕk − ϕk ∨

(
bk +

1
k

))
= 0, RCϕk ≤ RC

(
ϕk ∨

(
bk +

1
k

))
,

and the following computation shows that (ϕk ∨ (bk + 1
k ))k∈N is another maximizing se-

quence:

0 = lim
k

∫

X
[π∗x(ϕk) + C(x, π∗x) − RCϕk(x)]µ(dx)

≥ lim
k

∫

X

[
π∗x

(
ϕk ∨

(
bk +

1
k

))
+ C(x, π∗x) − RC

(
ϕk ∨

(
bk +

1
k

))
(x)

]
µ(dx) ≥ 0.

So let ϕk attain its infimum as in (5.12). We want to show that we can choose the
sequence to be Lipschitz with constant L. For this purpose we infer additional properties
of potential minimizers of RCϕk. Define for each function ϕk the Borel-measurable sets

Ak :=
{

y ∈ Y : sup
y,z∈Y

ϕk(y) − ϕk(z)
dY (y, z)

≤ L
}
, ∅,
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Yk := {(y, z) ∈ Y × Ak : ϕk(y) − ϕk(z) > LdY (y, z)} .
That Ak , ∅ follows since the minimizers of ϕk form a subset. We also stress that

proj1(Yk) = Ac
k.

Indeed, it is apparent that proj1(Yk) ⊆ Ac
k. To see the converse, assume y ∈ Ac

k∩proj1(Yk)c.
Define Z(z′) := {z ∈ Y : ϕk(z′) − ϕk(z) > LdY (z, z′)}. If there exists z̃ ∈ Z(y) ∩ Ak, we obtain
a contradiction to y ∈ proj1(Yk)c. Let z0 := y and inductively set zl ∈ Z(zl−1) such that

inf
z∈Z(zl−1)

ϕk(z) +
1
2l ≥ ϕk(zl). (5.13)

We have for any natural numbers 0 ≤ i < n

ϕk(zi) − ϕk(zn) =

n∑

l=i

ϕk(zl−1) − ϕk(zl) > L
n∑

l=i

dY (zl−1, zl). (5.14)

The r.h.s. is bounded from below by LdY (zi, zn) and so as before we see that zn ∈ Ak

provides a contradiction. We therefore assume for all l that zl < Ak. The above inequality
yields by lower-boundedness of ϕk that (zl)l∈N is a Cauchy sequence in Y . Writing z̄ for
its limit point, we conclude from (5.14) that ϕk(zi) − ϕk(z̄) > LdY (zi, z̄) and consequentely
Z(z̄) ⊆ Z(zi). Since then inf{ϕk(z) : z ∈ Z(zi)} ≤ inf{ϕk(z) : z ∈ Z(z̄)} and from (5.13),
we deduce inf{ϕk(z) : z ∈ Z(z̄)} ≥ ϕk(z̄). Thus Z(z̄) = ∅, implying z̄ ∈ Ak and yielding a
contradiction to y ∈ proj1(Yk)c. All in all, we have proven that Ac

k = proj1(Yk).
By Jankov-von Neumann uniformization [27, Theorem 18.1] there is an analytically

measurable selection Tk : proj1(Yk) → Ak. We set Tk on Ak = proj1(Yk)c as the identity.
Then Tk maps from Y to Ak and for any p ∈ Pt

dY
(Y) we have

C(x,Tk(p)) ≤ C(x, p) + LW1(p,Tk(p))

≤ C(x, p) + L
∫

Y
dY (y,Tk(y))p(dy)

≤ C(x, p) +

∫

Y
[ϕk(y) − ϕk(Tk(y))]p(dy)

= C(x, p) + p(ϕk) − Tk(p)(ϕk).

Therefore, we can assume that potential minimizers of RCϕk are concentrated on Ak:

RCϕk(x) = inf
p∈P1

dY
(Y)

p(ϕk) + C(x, p) = inf
p∈P1

dY
(Ak)

p(ϕk) + C(x, p). (5.15)

We introduce a family of L-Lipschitz continuous functions by

ψk(y) := inf
z∈Ak

ϕk(z) + LdY (y, z) = inf
z∈Y

ϕk(z) + LdY (y, z) ∀y ∈ Y,

where equality holds thanks to proj1(Yk) = Ac
k, since for z ∈ Ac

k we find (z, ẑ) ∈ Yk, and so

ϕk(z) + LdY (y, z) > ϕk(ẑ) + L(dY (y, z) + dY (z, ẑ)) ≥ ϕk(ẑ) + LdY (y, ẑ).

Then ϕk ≥ ψk where equality holds precisely on Ak. Similarly to before, we find a mea-
surable selection T̂k : Y → Ak such that ψk(T̂k(y)) + LdY (y, T̂k(y)) ≤ ψk(y) + ε. For any
p ∈ Pt

dY
(Y) we have

C(x, T̂k(p)) ≤ C(x, p) + L
∫

Y
dY (y, T̂k(y))p(dy) ≤ C(x, p) + p(ψk) − T̂k(p)(ψk) + ε.
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Since ε is arbitrary, by the same argument as in (5.15), we can restrict P1
dY

(Y) to P1
dY

(Ak)
in the definition of RCψk. Hence, RCϕk(x) = RCψk(x) and

∫

X
C(x, π∗x)µ(dx) = lim

k

∫

X

[−π∗x(ϕk) + RCϕk(x)
]
µ(dx)

≤ lim
k

∫

X

[−π∗x(ψk) + RCψk(x)
]
µ(dx)

≤ lim
k

∫

X

[−π∗x(ψk) + π∗x(ψk) + C(x, π∗x)
]
µ(dx)

=

∫

X
C(x, π∗x)µ(dx).

�

6. On the Brenier-Strassen Theorem of Gozlan and Juillet

In this part we take X = Y = Rd, equipped with the Euclidean metric, and

Cθ(x, ρ) := θ

(
x −

∫
yρ(dy)

)
,

where θ : Rd → R+ is convex. As usual we denote by V(·, ·) the value of the weak transport
problem with this cost functional (see (1.1)). We have

Lemma 6.1. Let µ ∈ P(Rd) and ν ∈ P1(Rd). Then

inf
η≤cν

inf
π∈Π(µ,η)

∫
θ(x − z)π(dx, dz) = V(µ, ν). (6.1)

Proof. Given π feasible for V(µ, ν), we define T (x) :=
∫

yπx(dy) and notice that T (µ) ≤c ν
by Jensen’s inequality. From this we deduce that the l.h.s. of (6.1) is smaller than the r.h.s.
For the reverse inequality, let ε > 0 and say η̄ ≤c ν is such that

inf
η≤cν

inf
π∈Π(µ,η)

∫
θ(x− z)π(dx, dz) + ε ≥ inf

π∈Π(µ,η̄)

∫
θ(x− z)π(dx, dz) ≥

∫
θ(x− z)π̄(dx, dz)− ε,

for some π̄ ∈ Π(µ, η̄). By Strassen theorem there is a martingale measure m(dz, dy) with
first marginal η̄ and second marginal ν. Define π(dx, dy) :=

∫
z π̄

z(dx)mz(dy)η̄(dz), so then π
has x-marginal µ and y-marginal ν, and furthermore

∫
yπx(dx) =

∫
zπ̄x(dx) (µ-a.s.), by the

martingale property of m. Thus, by Jensen’s inequality:
∫

θ(x−z)π̄x(dz)µ(dx) ≥
∫

θ

(
x −

∫
zπ̄x(dz)

)
µ(dx) =

∫
θ

(
x −

∫
yπx(dy)

)
µ(dx) ≥ V(µ, ν).

Taking ε→ 0 we conclude. �

We now provide the proof of Theorem 1.4, in which case θ(·) = | · |2:

Proof of Theorem 1.4. We have V(µ, ν) < ∞, since the product coupling yields a finite
cost. Lemma 6.1 established the rightmost equality in (1.6). The existence of an optimizer
π to V(µ, ν) follows from Theorem 1.2. By the necessary monotonicity principle (Theorem
5.3) there exists a measurable set Γ ⊆ X with µ(Γ) = 1 such that for any finite number
of points x1, . . . , xN in Γ and measures m1, . . . ,mN in P(Rd) with

∑N
i=1 mi =

∑N
i=1 π

xi the
following inequality holds:

N∑

i=1

∣∣∣∣∣x
i −

∫
yπxi

(dy)
∣∣∣∣∣
2

≤
N∑

i=1

∣∣∣∣∣x
i −

∫
ymi(dy)

∣∣∣∣∣
2

. (6.2)

In particular, if we let

T (x) :=
∫

yπx(dy),
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and σ is any permutation, then

∑

i

∣∣∣xi − T (xi)
∣∣∣2 ≤

N∑

i=1

∣∣∣xi − T (xσ(i))
∣∣∣2 . (6.3)

Let us introduce p(dx, dz) := µ(dx)δT (x)(dz) and observe that its z-marginal is T (µ). By
Rockafellar’s theorem ([42, Theorem 2.27]) the support of p is contained in the graph
of the subdifferential of a closed convex function. Then by the Knott-Smith optimality
criterion ([42, Theorem 2.12]) the coupling p attainsW2(µ,T (µ)). Since by Jensen clearly
T (µ) ≤c ν, this establishes the remaining equality in (1.6) and shows further that V(µ, ν) =

W2(µ,T (µ))2 and µ∗ := T (µ). The uniqueness of µ∗ follows the same argument as in the
proof of [23, Proposition 1.1].

We can use (6.2) and argue verbatim as in [23, Remark 3.1] showing that T is actually 1-
Lipschitz on Γ. We will now prove that T is (µ-a.s. equal to) the gradient of a continuously
differentiable convex function. The key remark is that the coupling p is also optimal for
V(µ,T (µ)). Indeed, we have

V(µ, ν) ≤ inf
η≤cT (µ)

W2(µ, ν)2 = V(µ,T (µ)) ≤
∫
|x − T (x)|2µ(dx) = V(µ, ν).

Take anyW2-approximative sequence (µk)k∈N of µ such that for all k ∈ N
µk � λ � µk,

where λ denotes the d-dimensional Lebesgue measure. This can be easily achieved by
scaled convolution with a non-degenerate Gaussian kernel. By stability of the considered
weak transport problem [8, Theorem 1.5], and using the previously shown, we obtain for
each µk a 1-Lipschitz map T k defined this time everywhere in Rd with

W2(µk,T k(µk))2 = V(µk, ν),

and T k(µk)→ T (µ) inW1. By Brenier’s theorem [42, Theorem 2.12 (ii)] we find for each
k ∈ N some convex function ϕk : Rd → R, ϕ(0) = 0, and ∇ϕk(x) = T k(x) λ-a.e. x. By
continuity of T k we have ∇ϕk(x) = T k(x) for all x ∈ Rd.

We want to show that (ϕk)k∈N is suitably relatively compact. By tightness of µk and
T k(µk) we find compact sets K1,K2 ⊆ Rd with

inf
k
µk(K1) >

1
2
, inf

k
T k(µk)(K2) >

1
2
.

In particular, the sets (T k(K1) ∩ K2)k∈N are all non-empty. The compactness of K1 and
K2, and the 1-Lipschitz property of each T k, imply then the existence of x ∈ K1 such
that supk |T k(x)| < ∞. Hence, (T k)k∈N is pointwise bounded and uniformly 1-Lipschitz.
Thanks to Arzelà-Ascoli’s theorem and a diagonalization argument, we can select a subse-
quence (T k j ) j∈N of (T k)k∈N which converges locally uniformly to some 1-Lipschitz function
T̃ : Rd → Rd. Since being a gradient field is preserved under locally uniform limits, we
have that T̃ is a gradient field, and ϕk j converges pointwise to some ϕ with ϕ(0) = 0 and
∇ϕ = T̃ . In particular ϕ is convex and of class C1(Rd).

Finally, for any f ∈ Cb(Rd) and ε > 0, we find an index j0 ∈ N such that for all j ≥ j0:

|T k j (µk j )( f ) − T̃ (µ)( f )| ≤ |T k j (µk j )( f ) − T̃ (µk j )( f )| + |T̃ (µk j )( f ) − T̃ (µ)( f )| < ε,
where the first summand can be chosen sufficiently small for large j by locally uniform
convergence of T kk to T̃ and the second one by weak convergence of µk j to µ. All in all, we
deduce that T k j (µk j ) converges weakly to T̃ (µ), which must therefore match T (µ). Further-
more, µ(dx)δT̃ (x)(dy) defines an optimizer for the weak transport problem (1.1) between µ
and ν with cost (1.5). By uniqueness of the optimizers we conclude T = T̃ µ-almost surely.
In particular, T is µ-almost everywhere the gradient of the convex function ϕ ∈ C1(Rd).

�
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[28] C. Léonard. A survey of the Schrödinger problem and some of its connections with optimal transport.

Discrete Contin. Dyn. Syst., 34(4):1533–1574, 2014.
[29] K. Marton. A measure concentration inequality for contracting markov chains. Geometric & Functional

Analysis GAFA, 6(3):556–571, 1996.
[30] K. Marton et al. Bounding d̄-distance by informational divergence: A method to prove measure concentra-

tion. The Annals of Probability, 24(2):857–866, 1996.
[31] M. Nutz and F. Stebegg. Canonical Supermartingale Couplings. Ann. Probab., to appear, Sept. 2018.
[32] B. Pass. On the local structure of optimal measures in the multi-marginal optimal transportation problem.

Calc. Var. Partial Differential Equations, 43(3-4):529–536, 2012.
[33] G. C. Pflug and A. Pichler. A distance for multistage stochastic optimization models. SIAM J. Optim.,

22(1):1–23, 2012.



EXISTENCE, DUALITY, AND CYCLICAL MONOTONICITY FOR WEAK TRANSPORT COSTS 23
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Abstract. Weak optimal transport has been recently introduced by Gozlan

et al. The original motivation stems from the theory of geometric inequalities;
further applications concern numerics of martingale optimal transport and

stability in mathematical finance.

In this note we provide a complete geometric characterization of the weak
version of the classical monotone rearrangement between measures on the real

line, complementing earlier results of Alfonsi, Corbetta, and Jourdain.
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1. Introduction

Recently, there has been a growing interest in weak transport problems as intro-
duced by Gozlan, Roberto, Samson and Tetali [14]. While the original motivation
mainly stems from applications to geometric inequalities (cf. Marton [16, 15] and
Talagrand [21, 22]), weak transport problems appear also in a number of further
topics, including martingale transport [2, 3, 9, 5], the causal transport problem
[6, 1], and stability in mathematical finance [4].

1.1. Framework and main results. Write Π(µ, ν) for the set of couplings be-
tween µ, ν ∈ P(Rd). Starting with the seminal article of Gangbo-McCann [11]
problems of the form

Wθ(µ, ν) := infπ∈Π(µ,ν)

∫
R×R θ(x− y)π(dx, dy), (1.1)

where θ : Rd → R denotes a convex function have received particular attention in
optimal transport. A related problem that is considered in the weak transport
literature is

Vθ(µ, ν) := infµ∗≤cνWθ(µ, µ
∗). (1.2)

Here ≤c denotes convex order, i.e. µ ≤c ν iff
∫
ϕdµ ≤

∫
ϕdν for all convex ϕ :

Rd → R.
The problem (1.2), and in particular its one dimensional version, is investigated

in [2, 14, 13, 19, 17, 20, 10, 12, 7, 4]. The main purpose of this note is to give a
complete geometric characterization of the optimizer µ∗ in one dimension.

We write Pρ(Rd) for the set of probability measures on Rd which have finite
ρ-moment.

Definition 1.1. Fix µ, ν ∈ P1(R). We call a function S : R → R admissible if it
satisfies

(i) S is increasing,
(ii) S is 1-Lipschitz,

(iii) S(µ) ≤c ν.

MB gratefully acknowledges support by FWF-Grant Y00782. GP acknowledges support from

the AustrianScience Fund (FWF) through Grant No. W 1245. All authors thank an anonymous
referee for insightful comments that lead to a significant improvement of the article.
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2 J. BACKHOFF-VERAGUAS, M. BEIGLBÖCK, AND G. PAMMER

Theorem 1.2. Let µ, ν ∈ P1(R). There exists an admissible T (µ-a.s. unique)
which is maximal in the sense that S(µ) ≤c T (µ) for every other admissible S.

If θ : R→ R is convex then µ∗ := T (µ) is an optimizer of (1.2). If θ : R→ R is
strictly convex and Vθ(µ, ν) is finite, T (µ) is the unique optimizer of (1.2).

We call the (µ-a.s. unique) map T in Theorem 1.2 the weak monotone rearrange-
ment.

A consequence of Theorem 1.2 is that the optimizer of (1.2) does not depend
on the choice of the convex function θ. We find this fact non-trivial as well as
remarkable and highlight that it is not new: different independent proofs were
given by Gozlan, Roberto, Samson and Tetali [14], Alfonsi, Corbetta, Jourdain [2]
and Shu [20]. For d > 1 the optimizer of (1.2) may depend on θ, see [2, Example
2.4].

The map T can be explicitly characterized in geometric terms using the notion
of irreducibility introduced in [8]: Measures η, ν ∈ P1(R) are in convex order iff
their potential functions satisfy

uη(y) :=
∫
R |x− y|η(dx) ≤

∫
R |x− y|ν(dx) =: uν(y). (1.3)

By continuity, the set U where this inequality is strict is open. Hence U =
⋃
n In,

where (In) is an at most countable family of disjoint open intervals; these intervals
In are called irreducible with respect to (η, ν).

Theorem 1.3. The weak monotone rearrangement T of µ, ν ∈ P1(R) is the unique
admissible map which has slope 1 on each interval T−1(I), where I is irreducible
w.r.t. (T (µ), ν).

We emphasize that [2, Proposition 4.3] yields that every optimiser µ∗ of (1.2) is
of the form T (µ) for an admissible map T and thus implies a part of Theorem 1.2.
Likewise, it can be seen from [2, Proposition 4.3] that this mapping T has slope 1
on each interval T−1(I), I irreducible w.r.t. (T (µ), ν). The novelty of Theorem 1.3
is that there exists only one admissible mapping with this irreducibility property.

1.2. Connection with martingale transport plans. Intuitively, the irreducible
intervals of (η, ν) are the components where we need to ‘expand’ η in order to
transform it into ν. In this sense Theorem 1.3 asserts that the mass of µ can either
concentrate between µ and T (µ), or it can expanded between T (µ) and ν (see
Figure 1).

To make this precise, we recall from [14] that (1.2) can be reformulated as

Vθ(µ, ν) = infπ∈Π(µ,ν)

∫
Rd θ

(
x−

∫
Rd yπx(dy)

)
µ(dx), (1.4)

where (πx)x∈Rd denotes a regular disintegration of coupling π w.r.t. its first marginal
µ.

The set of optimizers of (1.4) is also straightforward to express in terms of
T : Write ΠM (η, ν) for the set of martingale couplings (or martingale transport
plans), i.e. π ∈ Π(η, ν) which satisfy barycenter(πx) = x, η-a.s. By Strassen’s
theorem ΠM (η, ν) is nonempty iff η ≤c ν. Using this notation, π ∈ Π(µ, ν) is
optimal iff there exists a martingale coupling πM ∈ ΠM (T (µ), ν) such that π is the
concatenation of the transports described by T and πM :

π(A×B) =
∫
A
µ(dx)πMT (x)(B). (1.5)

Any πM ∈ ΠM (η, ν) can be decomposed based on the family of irreducible intervals
(In)n: denoting F := (∪nIn)c by [8, Appendix A] we have

πM =
∑
n π

M
|In×Īn + (Id, Id)(µ|F ). (1.6)
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Plainly, (1.6) asserts that any martingale transport plan can move mass only within
the individual irreducible intervals, whereas particles x ∈ F have to stay put.

.

'

t⇐÷i¥€⇐!¥⇐
Figure 1. The solutions to (1.2)/(1.4) and (1.7), respectively.
Blue lines depict contractive parts of the map, purple lines depict
areas with (non trivial) martingale transport.

1.3. A reverse problem. Alfonsi, Corbetta, and Jourdain [2] proved that the
same value is obtained when reversing the order of transport and convex order
relaxation in (1.2), i.e.

Vθ(µ, ν) = infµ≤cν∗Wθ(ν
∗, ν); (1.7)

moreover they find ([2, Proposition 4.3]) a monotone mapping which is optimal
between the optimizer of (1.7) and ν as well as between µ and the optimizer of
(1.2).

As a counterpart to Theorems 1.2 and 1.3 we establish the following result,
strengthening the connection between (1.2) and (1.7).

Theorem 1.4. Let µ, ν ∈ P1(R). Then there exists a unique ≤c-smallest measure
ν∗, µ ≤c ν∗, which can be pushed onto ν by an increasing 1-Lipschitz mapping.
Moreover we have

(1) If θ : R → R is convex then ν∗ is an optimizer of (1.7). If θ : R → R is
strictly convex and Vθ(µ, ν) is finite, ν∗ is the unique optimizer of (1.7).

(2) There exists a (ν∗-unique) increasing 1-Lipschitz mapping T̃ which pushes

ν∗ onto ν; T̃ has slope 1 on each interval I, where I is irreducible w.r.t.
(µ, ν∗).

(3) T̃ is the weak monotone rearrangement between µ and ν.

As in the previous section, (1.7) could be interpreted as a concatenation of a
martingale transport with the weak monotone rearrangement.

1.4. An auxiliary result. We close this introductory section with an auxiliary
result that will be important in the proofs of our results. Since it might be of
independent interest we provide the d-dimensional version. We denote the topology
induced by the ρ-Wasserstein distance on the space of probability measures on Rd
by Wρ.

Theorem 1.5 (Stability). Let 1 ≤ ρ <∞, (µk)k∈N ∈ Pρ(Rd)N, (νk)k∈N ∈ P1(Rd)N
and θ : Rd → R convex and such that for some constant c > 0 it holds

θ(x) ≤ c(1 + |x|ρ) ∀x ∈ Rd. (1.8)

If µk → µ inWρ and νk → ν inW1, then limk Vθ(µ
k, νk) = Vθ(µ, ν). If additionally

θ is strictly convex, we have that

(1) arg minη≤cνkWθ(µ
k, νk)→ arg minη≤cνWθ(µ, ν) in W1,

(2) the sequence of maps T k, where T k(µ) ≤c ν and Vθ(µ, ν
k) = Wθ(µ, T

k(µ)),
converges in µ-probability to T , where T (µ) ≤c ν and Vθ(µ, ν) = Wθ(µ, T (µ)).
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2. C -Monotonicity implies geometric characterization

In this part we prove the following

Theorem 2.1. Let µ, ν ∈ P1(R) and θ : R → R strictly convex. If Vθ(µ, ν) yields
a finite value, for any optimizer π ∈ Π(µ, ν) of (1.4), the map

T (x) :=
∫
R yπx(dy),

is independent of the specific optimizer π. This map is further admissible in the
sense of Definition 1.1 and it has slope 1 on T−1(I) if I is an irreducible interval
for (T (µ), ν).

To prove Theorem 2.1, we need some further properties connected to irreducibil-
ity:

Lemma 2.2. Suppose {uµ < uν} =: (a, b). Then for any π ∈ ΠM (µ, ν), any regular
disintegration (πx)x∈R w.r.t. µ and any c ∈ (a, b) such that µ((a, c)) > 0, µ((c, b)) >
0, there are x ∈ (a, c], y ∈ [c, b), x 6= y, such that the supports of πx and πy overlap,
i.e.

int(co(supp(πx))) ∩ co(supp(πy)) ∪ int(co(supp(πy))) ∩ co(supp(πx)) 6= ∅. (2.1)

Proof. To show this assertion, we assume the opposite. So there exist c ∈ {uµ <
uν}, π ∈ ΠM (µ, ν) with fixed disintegration (πx)x∈R w.r.t. µ and

µ((a, c)) > 0, µ((c, b)) > 0,

so that for all x, y with a < x ≤ c ≤ y < b, x 6= y, we have

int(co(supp(πx))) ∩ co(supp(πy)) ∪ int(co(supp(πy))) ∩ co(supp(πx)) = ∅. (2.2)

Since π is a martingale coupling, and by (2.2), there exists d ∈ (a, b) with

supp(πx) ⊆ (−∞, d] for µ-a.e. x < c,

supp(πy) ⊆ [d,∞) for µ-a.e. y > c.
(2.3)

Write d+ for the largest and d− for the smallest d such that (2.3) holds. Note then
that d−, d+ ∈ (a, b). We have either supp(πc) ⊆ [d−, d+] or µ({c}) = 0, which in
any case implies µ([c ∧ d−, c ∨ d+] \ {c}) = 0. Thus, we infer

1 = π((−∞, c)× (−∞, d−) ∪ {c} × [d−, d+] ∪ (c,∞)× (d+,∞))

= π((−∞, d−)× (−∞, d−] ∪ {c} × [d−, d+] ∪ (d+,∞)× [d+,∞)),

and we conclude by contradicting uµ(d−) < uν(d−) since
∫
R |x− d−|µ(dx) =

∫
(a,d−)

|x− d−|µ(dx) +
∫

[d−,b)
|x− d−|µ(dx)

=
∫

(a,d−)
|y − d−|πx(dy)µ(dx) +

∫
[d−,b)

|y − d−|πx(dy)µ(dx)

=
∫
R |x− d−|ν(dx). �

Lemma 2.3. Let p, q ∈ P1(R) have overlapping supports (cf. (2.1)). Then there
exists a continuous map [0, 1] 3 α 7→ (pα, qα) ∈ P(R)× P(R) such that

pα + qα = p+ q ∀α ∈ [0, 1], (2.4)

and such that for some β ∈ (0, 1) the functions

[β, 1] 3 α 7→
∫
R zpα(dz), [β, 1] 3 α 7→

∫
R zqα(dz) (2.5)

are strictly increasing and decreasing, respectively.
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x

y

T (x)

T (y)

wα

vα

πy

πx

qα

pα

Figure 2. Sketch of usage of Lemma 2.2 and Lemma 2.3 to find
contradiction to C-monotonicity of an C-optimal coupling π.

Proof. Let α ∈ [0, 1] and define the inverse distribution functions by

sα := inf{x ∈ R : Fp(x) ≥ α}, tα := inf{x ∈ R : Fq(x) ≥ α},
where Fp and Fq denote the cumulative distribution functions of p and q, respec-
tively. Define two auxiliary measures

p̃α := p|(−∞,sα) + (α− Fp(sα−))δ{sα}, q̃α := q|(−∞,tα) + (α− Fq(tα−))δ{tα}.

We define the probability measure pα by taking the leftmost α mass of p and the
leftmost 1− α mass of q, i.e., let pα be given by pα := p̃α + q̃1−α. To satisfy (2.4),
we set qα := p + q − pα, which also yields continuity of α 7→ (pα, qα). Since the
supports of p and q are overlapping, see (2.1), we find constants c1, c2 ∈ R with
c1 > c2 such that

α1 := p([c1,+∞)) > 0 and α2 := q((−∞, c2]) > 0.

Let 0 < α3 < α1 ∧ α2, then for any 1− α3 ≤ α < α′ ≤ 1 we have
∫
R zpα′(dz)−

∫
R zpα(dz) =

∫
R z (p̃α′ − p̃α)(dz) +

∫
R z (q̃1−α′ − q̃1−α)(dz)

≥
∫
R c1(p̃α′ − p̃α)(dz)−

∫
R c2(q̃1−α − q̃1−α′)(dz)

= (α′ − α)(c1 − c2) > 0,

and conclude that for β := 1− α3 the maps defined in (2.5) are strictly monotone.
�

An important tool in the proof of Theorem 2.1 is C-monotonicity, a concept
which was introduced for the weak optimal transport problem in [5, 12, 7]. In the
current setting it takes the following form:

Definition 2.4 (C-monotonicity). A coupling π ∈ Π(µ, ν) is C-monotone (with
cost C(x, p) = θ

(
x−
∫
yp(dy)

)
) if there exists a measurable set Γ ⊆ R with µ(Γ) = 1,

such that for any finite number of points x1, . . . , xN in Γ and probability measures

m1, . . . ,mN ∈ P1(R) with
∑N
i=1mi =

∑N
i=1 πxi , we have

∑N
i=1 θ

(
xi −

∫
y πxi(dy)

)
≤∑N

i=1 θ
(
xi −

∫
ymi(dy)

)
.

Proof of Theorem 2.1. Let π∗ and π̃∗ be optimal for the weak optimal transport
problem (1.4). Clearly, π∗+π̃∗

2 constitutes another optimizer of (1.4). Strict con-
vexity of θ yields that

∫
R yπ

∗
x(dy) =

∫
R y

π∗+π̃∗

2 (dy) =
∫
R yπ̃

∗
x(dy) µ-a.e. x,
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showing that T is independent of the choice of the optimizer.
By the monotonicity principle [7, Theorem 5.2] π∗ is C-monotone, therefore,

there exists a set Γ ⊆ R with µ(Γ) = 1 and such that for all x, y ∈ Γ, p1, p2 ∈ P1(R)
satisfying π∗x + π∗y = p1 + p2, we have

θ
(
x−

∫
R zπ

∗
x(dy)

)
+ θ
(
y −

∫
R zπ

∗
y(dz)

)
≤ θ
(
x−

∫
R zp1(dz)

)
+ θ
(
y −

∫
R zp2(dz)

)
.

(2.6)

Let T (x) =
∫
R yπ

∗
x(dy). If x < y and T (y) < T (x) we would have by strict convexity

that
θ(x− T (y))− θ(x− T (x))

x− T (y)− (x− T (x))
<
θ(y − T (y))− θ(y − T (x))

y − T (y)− (y − T (x))
,

which then would contradict (2.6) for the choice p1 = π∗y and p2 = π∗x. Hence T is
µ-almost surely increasing. Letting x, y ∈ Γ, for any α ∈ (0, 1] we define the convex
combination of π∗x and π∗y by

pα1 = (1− α)π∗x + απ∗y , pα2 = απ∗x + (1− α)π∗y .

Due to T being a monotone map, we can assume that x ≤ y and T (x) ≤ T (y).
Plugging pα1 and pα2 into (2.6), dividing this inequality by α, and sending α ↘ 0,
yields

(
∂+θ(x− T (x))− ∂−θ(y − T (y))

)
(T (x)− T (y)) ≥ 0, (2.7)

where ∂+θ denotes the right-hand side derivative and ∂−θ the left-hand side deriv-
ative, respectively. By convexity of θ, (2.7) is equivalent to

(
x− T (x)− y + T (y)

)
(T (x)− T (y)) ≥ 0.

Hence, |x− y| ≥ |T (x)− T (y)| and T is µ-a.e. 1-Lipschitz.
Further, we have that T (µ) ≤c ν and π̄ := (T, id)(π∗) ∈ ΠM (T (µ), ν). Since the

cost only depends on x and T (x), but not on the martingale part (i.e., the part
which transports mass from T (x) according to π∗x(dy)), it could happen that T is
constant on some set I, i.e., ∀x, y ∈ I we have

∫
R zπ

∗
x(dz) =

∫
R zπ

∗
y(dz),

but π∗x and π∗y do not have to match necessarily. Hence, by choosing some other
optimizer (the one which averages on I over all π∗z appropriately), we may assume
that π∗x is constant on I. Therefore, we assume without loss of generality π̄T (x) =
π∗x, µ-a.e. Let (Ik)k∈N be the intervals given by the decomposition of (T (µ), ν) into
irreducible intervals. Assume that there is an interval Ik so that on T−1(Ik) the
map T does not have µ-a.s. slope 1. Then Lemma 2.2 provides two points x̃, ỹ in
T (Γ ∩ Ik) and two corresponding points x, y ∈ Γ ∩ Ik such that

x < y, T (x) = x̃ < ỹ = T (y), x− T (x) > y − T (y),

and the overlapping condition (2.1) holds for π̄T (x) = π∗x, π̄T (y) = π∗y . Lemma 2.3
allows us to define measures pα and qα on R such that

π∗x + π∗y = π̄T (x) + π̄T (y) = pα + qα.

For a graphical depiction compare with Figure 2. Hence,

T (x) > vα :=
∫
R zpα(dz), T (y) < wα :=

∫
R zqα(dz),

are strictly monotone, continuous maps on [β, 1]. Therefore, we find α ∈ (β, 1) with

x− v1 = x− T (x) < x− vα ≤ y − wα < y − T (y) = y − w1.
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By strict convexity of θ we find

θ(y − wα)− θ(x− T (x))

y − wα − x+ T (x)
<
θ(y − T (y))− θ(x− να)

y − T (y)− x+ να
,

which then yields a contradiction to C-monotonicity:

θ
(
x−

∫
R zπ

∗
x(dz)

)
+ θ
(
y −

∫
R zπ

∗
y(dz)

)

= θ(x− T (x)) + θ(y − T (y)) > θ(x− vα) + θ(y − wα)

= θ
(
x−

∫
R zpα(dz)

)
+ θ
(
y −

∫
R zqα(dz)

)
.

�

3. Sufficiency of the geometric characterization

Naturally the question arises whether any map T satisfying the properties in
Theorem 2.1 must be optimal. The aim of this section is to establish this:

Theorem 3.1. Let µ, ν ∈ P1(R). Then any coupling π ∈ Π(µ, ν) for which T (x) :=∫
R yπx(dy) is admissible (in the sense of Definition 1.1) with slope 1 on each

interval T−1(I), where I is irreducible w.r.t. (T (µ), ν), is optimal for (1.4), i.e.,

Vθ(µ, ν) =
∫
R θ(x− T (x))µ(dx).

The proof is based on dual optimizers and their explicit representation. As long
as T is strictly increasing, [19, Theorem 2.1] provides dual optimizers to Vθ(µ, T (µ)).
Investigating dual optimizers further, we are able to show here Vθ(µ, T (µ)) =
Vθ(µ, ν). First, Lemma 3.2 helps us to carefully approximate the increasing map T
with strictly increasing maps Tε.

Lemma 3.2. Let T : R→ R be an increasing map, with T − id decreasing. Then,
for any ε > 0 there is a strictly increasing map Tε : R→ R, with Tε− id decreasing,
such that

|T − Tε|∞ ≤ ε,
and T is affine with slope 1 on an interval I if and only if Tε is affine with slope 1
on I.

Proof. Since T is increasing we know that the pre-image of any point under T
corresponds to an interval. Therefore, we can find at most countable many, dis-
joint intervals (Ik)k∈N of finite length, where T (Ik) is a singleton and T is strictly
increasing on the complement, i.e., on

⋂
k I

c
k. For any ε > 0, we define gε : R→ R

gε(x) :=

{
ε

λ(Ik)2k
∃k ∈ N : x ∈ Ik,

0 else.
(3.1)

Then the map Tε(x) := T (x)+
∫ x
−∞[gε(y)∧1] dy satisfies the desired properties. �

Let T : R → R be an increasing 1-Lipschitz function. Then T induces a unique
decomposition of R into at most countably many maximal, closed, disjoint intervals
(Ik)k and a (Gδ-set) G such that for all k ∈ N the map T |Ik is affine with slope 1 and
T |G is properly contractive, i.e., for any two points x, y ∈ G we have |T (x)−T (y)| <
|x− y|. Below we call the intervals (Ik)k irreducible w.r.t. T .

Proof of Theorem 3.1. The convex function θ can be approximated by an increasing
sequence of convex Lipschitz functions (θn)n∈N, e.g.

θn(x) := θ(x) 1[−n,n](x) + [θ(n)+(x− n)∂+θ(n)] 1(n,+∞)

+ [θ(−n) + (x+ n)∂−θ(−n)] 1(−∞,−n).
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By monotone convergence we find1 supn Vθn(µ, ν) = Vθ(µ, ν). Indeed, if πn opti-
mizes Vθn(µ, ν) and assuming w.l.o.g. that πn → π, then

limn

∫
θn
(
x−

∫
yπnx (dy)

)
µ(dx) ≥ limn

∫
θm
(
x−

∫
yπnx (dy)

)
µ(dx)

≥
∫
θm
(
x−

∫
yπx(dy)

)
µ(dx),

by [7, Proposition 2.8]. Thus the claim follows by taking the supremum in m.
From this, it suffices to consider the case when θ is Lipschitz continuous. By

Lemma 3.2 we find for any ε > 0 a strictly increasing map Tε, such that Tε − id
is decreasing, the decompositions of T and Tε match (i.e., T is affine with slope 1
on an interval I iff Tε is affine with slope 1 on I), and |Tε − T |∞ ≤ ε. Then [19,
Theorem 2.1] provides a convex, Lipschitz continuous function fε : R→ R such that
for all x ∈ R

Rfε(x) := infy∈R fε(y) + θ(x− y) = fε(Tε(x)) + θ(x− Tε(x)),

which is even affine on the parts where Tε is affine. Write Sε(x) =
∫ x
−∞[gε(z)∧1]dz,

where gε is defined as in (3.1) so Tε = T + Sε. In the following we will show that
fε is a dual optimizer (cf. the dual problem as in [14, Theorem 2.11]) to the weak
transport problem Vθ between the marginals of the coupling πε, where πε is defined
as the push-forward measure of π by the function

(x, y) 7→ (x, y + Sε(x)).

First, we compute the barycenters of πεx:

∫
R yπ

ε
x(dy) =

∫
R y + Sε(x)πx(dy) = Tε(x),

and Tε(µ) ≤c proj2(πε) =: νε. Given the sets (Ik)k∈N and F from the decomposition
of (T (µ), ν) into irreducible intervals, we find the sets (Iεk)k∈N and Fε from the
decomposition of (Tε(µ), νε) into irreducible intervals by setting

Iεk := Ik + Sε(x) for any y ∈ Ik and x ∈ T−1(y), Fε :=
⋂
k(Iεk)c.

In view of the structure of martingale couplings, see [8, Theorem A.4], we find
that for µ-a.e. x ∈ T−1

ε (Iεk) we have supp(πεx) ⊆ Īεk and πεx = δT (x)+Sε(x) µ-a.e. on
Fε. Since T has slope 1 on each interval I which is irreducible w.r.t. (T (µ), ν), we
infer the same for the map Tε and the irreducible intervals of (Tε(µ), νε). The next
computation establishes duality of the pair (πε, fε), where we use affinity of fε on
the irreducible components of (Tε(µ), νε):

∫
R θ
(
x−

∫
R yπ

ε
x(dy)

)
µ(dx) =

∫
R θ (x− Tε(x))µ(dx) =

∫
RRfε(x)− fε(Tε(x))µ(dx)

=
∫
RRfε(x)µ(dx)−

∫
R fε

(∫
R yπ

ε
x(dy)

)
µ(dx)

=
∫
RRfε(x)µ(dx)−

∫
R fε(y)νε(dy).

This easily proves that πε is optimal for the optimal weak transport problem
Vθ(µ, νε). Drawing the limit for ε↘ 0, we observe

Vθ(µ, νε) =
∫
R θ(x− Tε(x))µ(dx)→

∫
R θ(x− T (x))µ(dx).

As θ is Lipschitz, we can apply stability Theorem 1.5 and obtain optimality of
π. �

1Recall that by [13] the optimizer of the weak transport problem does not depend on the
convex cost.
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4. Geometry of the weak monotone rearrangement

We can summarize Theorems 2.1 and 3.1 as follows: There exists an admissible
map T with slope 1 on T−1(I) whenever I is an irreducible interval w.r.t. (T (µ), ν),
such that π is optimal for (1.4) iff T (x) =

∫
yπx(dy) (µ-a.s.). We now show that

this map is the weak monotone rearrangement and is therefore the maximum in
convex order of the set2

M(µ, ν) := {S : R→ R : S is increasing and 1-Lipschitz, S(µ) ≤c ν} .
Heuristically speaking, if the maximum in convex order of the set M(µ, ν) is again
given by an increasing, 1-Lipschitz map, then this map is as close as possible to
a shifted identity. In turn, this is favourable when trying to find the minimum in
convex order of

{(id− S)(µ) : S ∈M(µ, ν)} ,
which gives reason to why there should exist a single optimizer to (1.4) for all
convex θ.

As preparation to establishing Theorem 1.3, we prove Lemma 4.1 and Lemma 4.2.

Lemma 4.1. Let µ ∈ P1(R), T, S : R→ R be increasing maps with
∫
R T (x)µ(dx) =

∫
R S(x)µ(dx),

then the maximum w.r.t. the convex order3 of T (µ) and S(µ) is given by T ∗(µ) for
T ∗ an increasing map. If in addition T, S are L-Lipschitz with L > 0, then T ∗ is
also L-Lipschitz.

Proof. The maximum of T (µ) and S(µ) w.r.t. the convex order is uniquely deter-
mined by the maximum of its potential functions, i.e. uS(µ) ∨ uT (µ) = uS(µ)∨T (µ).
The right-hand side derivative of the potential function can be expressed by the
cumulative distribution function, namely ∂+uµ(x) = 2Fµ(x) − 1. By continuity of
the potential functions, we find a minimal partition of R into at most countably
many disjoint intervals ((lk, rk])k∈N, where uT (µ) = uS(µ) on {lk, rk}, and restricted
onto (lk, rk] one of the following holds true:

(a) uS(µ)|(lk,rk] ≤ uT (µ)|(lk,rk],
(b) uS(µ)|(lk,rk] ≥ uT (µ)|(lk,rk].

Suppose w.l.o.g. (a) holds, then

FS(µ)∨T (µ)(x) = FT (µ)(x) x ∈ (lk, rk]. (4.1)

By monotonicity of the maps S and T , we can define T ∗ on [l̃k, r̃k) where4

l̃k = supT−1({lk}) ∨ supS−1({lk}), r̃k = supT−1({rk}) ∨ supS−1({rk}),
by

T ∗(x) =

{
T (x) x ∈ T−1((lk, rk]) ∩ (l̃k, r̃k],

rk x ∈ (l̃k, r̃k] \ T−1((lk, rk]).
(4.2)

Hence, T ∗ is an increasing map and

FT∗(µ)(x) = FT (µ)(x) = FT (µ)∨S(µ)(x) x ∈ (lk, rk),

FT∗(µ)(rk) = FS(µ)(rk) = FT (µ)∨S(µ)(rk).

2We abuse terminology here, meaning maximum of {S(µ) : S ∈M(µ, ν)}.
3The maximum in convex order of ν, η ∈ P1(R), denoted ν ∨ η, satisfies ν, η ≤c ν ∨ η as well as

ν∨η ≤c ξ whenever ν, η ≤c ξ. One can easily characterize it by the identity uν∨η(·) = uν(·)∨uη(·).
Similarly, the minimum of ν and η, denoted ν ∧ η, is characterized by uν∧η being equal to the

greatest convex minorant of uν ∧ uη .
4We use the convention that the maximum/supremum of the empty set equals −∞ and the

preimage under T and S of ±∞ is ±∞.
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Therefore, FT∗(µ) = FS(µ)∨T (µ) which is equivalent to S(µ) ∨ T (µ) being given by
the map T ∗. If T and S are in addition L-Lipschitz, it follows by construction that
T ∗ is L-Lipschitz. �

Lemma 4.2. Let η1 ≤c η2 and T2(η2) ≤c T1(η1), where T1, T2 are increasing and
1-Lipschitz. Then (id− T1)(η1) ≤c (id− T2)(η2).

In particular, if T and S are increasing 1-Lipschitz maps s.t.
∫
T (x)µ(dx) =∫

S(x)µ(dx), and we denote by R the increasing 1-Lipschitz map with R(µ) = S(µ)∨
T (µ), which exists by Lemma 4.1, then (id−R)(µ) ≤c (id− S)(µ) ∧ (id− T )(µ).

Proof. By [18, Theorem 3.A.5] we have that for any two probability measures µ
and ν on R the convex order, i.e., µ ≤c ν, is characterized by

∫ α
0
F−1
µ (u)du ≥

∫ α
0
F−1
ν (u)du ∀α ∈ [0, 1], (4.3)

with equality when α = 1. For any increasing, continuous map U : R → R, any
measure µ ∈ P(R) and u ∈ (0, 1) we find

F−1
U(µ)(u) = inf{x ∈ R : FU(µ)(x) ≥ u}

= inf{x ∈ R : Fµ(supU−1({x})) ≥ u}
= inf{U(y) : y ∈ R and Fµ(y) ≥ u}
= U(F−1

µ (u)).

(4.4)

Now all tools are assembled to show the assertion. Note that (id−Ti), i = 1, 2, are
increasing maps and using the equations (4.3) and (4.4), we compute for α ∈ [0, 1]

∫ α
0
F−1

(id−T1)(η1)(u)du =
∫ α

0
(id− T1)(F−1

η1 (u))du =
∫ α

0
Fη1(u)− F−1

T1(η1)(u)du

≥
∫ α

0
Fη2(u)− F−1

T2(η2)(u)du =
∫ α

0
F−1

(id−T2)(η2)(u)du. �

Proof of Theorem 1.3. Existence of an admissible map T which has slope 1 on
each interval T−1(I), where I is irreducible w.r.t. (T (µ), ν), was already shown in
Theorem 2.1. Therefore, it remains to show that the map is maximal. Denote by
T the map given by Theorem 2.1 associated with an optimizer to (1.4) and some
strictly convex θ : R→ R. Let S be an arbitrary map in M(µ, ν). Then Lemma 4.2
states that

(id−R)(µ) ≤c (id− T )(µ),

where R is defined as the increasing, 1-Lipschitz map such that R(µ) = S(µ)∨T (µ).
Additionally to existence, strict convexity of θ ensures µ-almost sure uniqueness of
T in the sense that for any optimal coupling π we have

∫
R yπx(dy) = T (x) µ-a.s.

Thus, R(µ) = T (µ) and T = R µ-almost surely. �

Proof of Theorem 1.2. This is a direct consequence of Theorem 2.1, which provides
existence of a map with the desired geometric properties, and Theorem 1.3, which
provides the equivalence between the geometric properties and maximality. �

5. On the reverse problem of Alfonsi, Corbetta, and Jourdain

We aim to prove Theorem 1.4 pertaining the reverse problem (1.7).

Lemma 5.1. Let η1, η2 ∈ P1(R) with
∫
R yη1(dy) =

∫
R yη2(dy), and T1, T2 : R→ R

be increasing maps with

T1(η1) = T2(η2) =: ν.

Denote the minimum in convex order of η1 and η2 by η. Then there exists an
increasing map T ∗ such that T ∗(η) = ν. If in addition, the maps are L-Lipschitz
with L > 0, then the same holds true for T ∗.
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Proof. Suppose there exist increasing maps Ti and measures ηi, i = 1, 2, such that
T1(η1) = ν = T (η2). Then the potential function of the minimum η of η1 and
η2 w.r.t. the convex order is given by the convex hull of uη1 and uη2 . The poten-
tial function uη completely specifies the cumulative distribution function through
∂+uη = 2Fη − 1. Thus, we can find a partition of R into countably many, disjoint
intervals Ik = [ak, bk) ∩ R. For k ∈ N we find i 6= j ∈ {1, 2} with uη(ak) = uηi(ak),
uη(bk) = uηj (bk) such that one of the following holds

(a) uη(x) = uηi(x) on Ik,
(b) Fη(ak) = Fη(bk−) = Fηj (bk−) and uη(x) < uη1(x) ∧ uη2(x) on (ak, bk).

According to this decomposition, we can define an increasing map T ∗ via

T ∗(x) =

{
Ti(x) x ∈ Ik, (a) holds,

Ti(ak) x ∈ Ik, (b) holds.

Note that T ∗ is L-Lipschitz if Ti, i = 1, 2, are L-Lipschitz. Let y ∈ R, due to the
continuity of the maps T1 and T2, we can find points x1, x2 ∈ R with p = Fν(y),
x1 = F−1

η1 (p) x2 = F−1
η2 (p). Assume that i = 1, j = 2 with x1 ∈ Ik. If (a) holds,

then we have Fη(x) = Fη1(x) for all x ∈ Ik. Now presume that (b) holds, then
Fη2(bk−) = Fη(ak) ≤ Fη1(x1). Then

Fη2(bk) = p =⇒ x2 = bk and Fη(bk) = p,

Fη2(bk) < p =⇒ ∃l ∈ N : x2 ∈ Il s.t. i = 2 and (a) holds.

Hence, by monotonicity of the map T ∗ we conclude FT∗(η) = Fν . �

Proof of Theorem 1.4. Define ν∗ via the weak monotone rearrangement T between
µ and ν, as µ on the contraction parts of T and accordingly shifted ν on the affine
(irreducible) intervals such that T̃ (ν∗) = ν. Let η ≥c µ. Then for any strictly
convex θ : R → R and coupling π2 ∈ Π(η, ν) we have

∫
R×R θ(y − z)π2(dy, dz) ≥∫

R θ(y −
∫
R zπ

2
y(dz))η(dy), with equality iff π2 is actually given by a map. Hence,

if the optimizer π2 of Wθ(η, ν) is not given by a map and π1 ∈ ΠM (µ, η), we have

Wθ(η, ν) >
∫
R θ(x−

∫
R
∫
R zπ

2
y(dz)π1

x(dy))µ(dx) ≥ Vθ(µ, ν).

Thus, by the structure of the weak monotone rearrangement, we deduce optimality
of ν∗ for Problem (1.7). To show uniqueness of (1.7), assume that η attains the
minimum of (1.7) and the optimizer of Wθ(η, ν) is given by the map R. For any
martingale coupling π1 ∈ ΠM (µ, η) we define a map by

L(x) :=
∫
RR(y)π1

x(dy).

Then by optimality L(µ) = T (µ) and, in particular,
∫
R θ(y −R(y))η(dy) =

∫
R θ(x− L(x))µ(dx) =

∫
R θ(x− T (x))µ(dx),

which shows L = T µ-almost surely. By strict convexity, we have

y −R(y) = x− L(x) = x− T (x) π1-a.s.

Since π1 was arbitrary in ΠM (µ, η) we get that R is affine with slope 1 on I,
whenever I is an irreducible interval w.r.t. (µ, η). Therefore η and ν∗ restricted to
I coincide. Hence, η = ν∗.

We finally show that ν∗ is minimal in the convex order as stated. By Lemma 5.1,
we can assume µ ≤c η ≤c ν∗ and that η can be pushed forward onto ν via an
increasing 1-Lipschitz map S. It follows by Lemma 4.2 that (id − S)(η) ≤c (id −
T̃ )(ν∗), so

Vθ(µ, ν) ≤
∫
θ(x− S(x))η(dx) ≤

∫
θ(x− T̃ (x))ν∗(dx) = Vθ(µ, ν),

and by the uniqueness obtained above we deduce η = ν∗. �
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6. Stability of barycentric weak transport problems in multiple
dimensions

The final part of the article is concerned with stability of the weak optimal
transport problem under barycentric costs, see (1.4). Unlike in the rest of the
article we work here on Rd. The final aim is to prove Theorem 1.5.

One surprising aspect of this result is that we only require νk → ν in W1 and
not necessarily in Wρ. This relates to the conditional expectation in (1.4) being
‘inside of θ.’ We first prove an illuminating intermediate result:

Proposition 6.1. Let 1 ≤ ρ < ∞, (µk)k∈N ∈ Pρ(Rd)N, (νk)k∈N ∈ Pρ(Rd)N and
θ : Rd → R convex and satisfying the growth condition (1.8). Suppose that µk → µ
and νk → ν in Wρ, and that η ≤c ν. Then there exist ηk ≤c νk such that

(i) ηk → η in Wρ,
(ii) limkWθ(µ

k, ηk) = Wθ(µ, η).

Proof. It is well-known that (i) together with the stated convergence of the µk’s
implies (ii), so we proceed to prove the former. Let πk be an optimal coupling
attaining Wρ(ν, ν

k). Let M be any martingale coupling with first marginal η and
second marginal ν, the existence of which is guaranteed by the assumption η ≤c ν
together with Strassen’s theorem. We convene on the notation M(dx, dy) and
π(dy, dz), and define the measure

P (dx, dy, dz) = Mx(dx)πky (dz)ν(dy).

This measure has η, ν and νk as first, second and third marginals. We next define
Rk(x) as the conditional expectation under P of the third variable given the first
one, namely

Rk(x) =
∫ ∫

z πky (dz)Mx(dy).

Next we introduce ηk := Rk(η) so by definition ηk ≤c νk. Finally

Wρ(η, η
k)ρ ≤

∫
|x−Rk(x)|ρη(dx)

=

∫ ∣∣∣∣
∫
yMx(dy)−

∫ (∫
z πky (dz)

)
Mx(dy)

∣∣∣∣
ρ

η(dx)

≤
∫ ∣∣y −

∫
z πky (dz)

∣∣ρ ν(dy)

≤
∫ ∫

|y − z|ρπk(dy, dz) = Wρ(ν, ν
k)ρ,

(6.1)

by the martingale property and two applications of Jensen’s inequality. The desired
conclusion follows. �

Remark 6.2. In the context of the previous proposition, if η is supported in finitely
many atoms, then the condition that νk → ν in Wρ can be relaxed to convergence

in W1. To wit, if η =
∑`
i=1 αiδxi , one can take ρ = 1 in (6.1) and prove

∀i ≤ ` : |xi −Rk(xi)| ≤ (min{αj})−1W1(ν, νk),

so taking ρ-power and integrating w.r.t. η we get Wρ(η, η
k)ρ ≤ KW1(ν, νk)ρ → 0.

The previous remark shows that we need to reduce to the finite-support setting.
We carry to this in the next two lemmas:

Lemma 6.3. Let η ∈ P1(Rd). Then for any ε > 0 there is a compactly supported,
sub-probability measure η̃ with

η̃ ≤ η, η̃(Rd) ≥ 1− ε,
∫
Rd zη(dz) = 1

η̃(Rd)

∫
Rd zη̃(dz). (6.2)
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Proof. We first partition Rd into countably many, disjoint d-dimensional cubes
(Qδk)k∈N of length δ > 0. Define an approximation ηδ of η by

ηδ :=
∑
k∈N δzδk η(Qδk), zδk :=

{
1

η(Qδk)

∫
Qδk
zη(dz) η(Qδk) > 0,

0 else.

Note that ηδ ≤c η and ηδ → η in W1 when δ ↘ 0. If there exists an approxima-
tion ηδ such that the assertion holds, then it is straightforward to construct the
corresponding measure for η, which in turn satisfies the assertion with respect to
η. W.l.o.g., we may assume that
{∑2d

i=1 αivi : (αi)
2d
i=1 ∈ R2d

+ , v1, . . . , v2d ∈
{
x− z̄ ∈ Rd : x ∈ supp(η)

}}
= Rd,

where z̄ denotes the barycenter of η. Then we can find δ > 0 such that
{∑2d

i=1 αivi : (αi)
2d
i=1 ∈ R2d

+ , v1, . . . , v2d ∈
{
x− z̄ ∈ Rd : x ∈ supp(ηδ)

}}
= Rd.

Let zδn1
, . . . , zδn2d

span Rd in the sense above and

ηδ(zδnj ) = η(Qδnj ) > 0 j = 1, . . . , 2d.

For any ε > 0 there is a ε̃ ∈ (0, ε) such that
{∑2d

i=1 αizni : (αi)
2d
i=1 ∈ R2d

+ ,
∑2d
i=1 αi < ε

}
⊇ Bε̃(0).

Besides, there exists a compact set K ⊆ Rd such that

ηδ(Kc) < ε̃,
∣∣z̄ −

∫
K
zηδ(dz)

∣∣ < ε̃

and zδn1
, . . . , zδn2d

∈ K. Therefore, we find (α̃i)
2d
i=1 ∈ R2d

+ with

z̄ −
∫
K
zηδ(dz) =

∑2d
i=1 α̃izni ,

∑2d
i=1 α̃i < ε.

If ε is chosen smaller than ηδ(zδni) for all i = 1, . . . , 2d, we can define η̃δ via

η̃δ := ηδ�K −
∑2d
i=1 α̃iδzni . �

Lemma 6.4. Let µ, η ∈ Pρ(Rd) and θ : Rd → R convex satisfying the growth
condition (1.8). Then there exists a sequence (ηk)k∈N of finitely supported measures
with ηk ≤c η, ηk → η in Wρ and Wθ(µ, η

k)→Wθ(µ, η).

Proof. For any ε > 0 we find a compact set Kε ⊆ supp(η) such that
∫
Kc
ε
|y|ρη(dy) <

ε. For any δ > 0, the set Kε can be covered by finitely many, disjoint sets (Aε,δi )
Nε,δ
i=1

with diameter smaller than δ and Kε =
⋃
iA

ε,δ
i . Define the measure ηε,δ by

ηε,δ = δzεη(Kc
ε) +

∑Nδ
i=1 δzε,δi

η(Aε,δi ),

where the points zε and (zε,δi )
Nε,δ
i=1 are given by

zε := 1
η(Kc

ε)

∫
Kc
ε
yη(dy), zε,δi := 1

η(Aε,δi )

∫
Aε,δi

yη(dy).

By construction, there exists a martingale coupling between ηε,δ and η, thus, ηε,δ ≤c
η. Note that θ restricted to Kε is Lipschitz continuous. Then drawing the limit
δ → 0 yields

∑Nε,δ
i=1 δzε,δi

η(Aε,δi )→ η|Kε in Wρ,

and by convexity, |zε|ρη(Kc
ε) ≤

∫
Kc
ε
|y|ρη(dy). Choosing δ(ε) sufficiently small, we

have
Wρ(η, η

ε,δ(ε)) ≤ 2ε and ηε,δ(ε) → η in Wρ.

By the growth condition (1.8) we obtain Wθ(µ, η
ε,δ(ε))→Wθ(µ, η). �
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We can now prove a version of Proposition 6.1 under weaker assumptions:

Lemma 6.5. Let (νk)k∈N be a sequence in P1(Rd) and let (µk)k∈N be a sequence
Pρ(Rd) with νk → ν in W1, µk → µ in Wρ, where ρ ≥ 1, and let θ : Rd → R be
a convex functions satisfying the growth constraint (1.8). Then for any η ≤c ν we
find a sequence of ηk ≤c νk such that Wθ(µ

k, ηk)→Wθ(µ, η) and ηk → η in W1.

Proof. W.l.o.g. assume that θ is positive. By Lemma 6.3, we can find for any ε > 0
a compactly supported η̂ = η̃ + (1− η̃(Rd))δz̄ ∈ Pρ(Rd) with η̂ ≤c η, W1(η̂, η) < ε
and

Wθ(µ, η̂) ≤Wθ(µ, η) + c
∫
Rd 1 + |x− z̄|ρµ(dx) <∞,

where z̄ :=
∫
Rd yη(dy). Using stability of classical optimal transport, see [23, The-

orem 5.20], we may assume that |Wθ(µ, η̂)−Wθ(µ, η)| < ε. By Lemma 6.4 we may
reduce to the case of finitely supported η̂. We conclude the proof with Remark
6.2. �

Finally we can give the pending proof of Theorem 1.5:

Proof of Theorem 1.5. Lower-semicontinuity of the map (µ, ν) 7→ Vθ(µ, ν) follows
from [7, Theorem 1.3]. By [7, Lemma 6.1] we have

Vθ(µ, ν) = infη≤cνWθ(µ, η), (6.3)

where the infimum is attained for a measure η ≤c ν. By Lemma 6.5 we find a
sequence ηk ≤c νk, so that again using [7, Lemma 6.1] we have

Vθ(µ, ν) = Wθ(µ, η) = limkWθ(µ
k, ηk) ≥ lim supk Vθ(µ

k, νk).

If θ is strictly convex, the infimum in (6.3) is attained by a unique probability mea-
sure ηk ≤c νk,5 which in turn is the push-forward of µk under a µk-uniquely defined
map T k. Moreover, the Wθ-optimal transport plan πk ∈ Π(µk, νk) is uniquely de-
termined by µk(dx)δTk(x)(dy): Suppose the contrary and let T ′(x) :=

∫
Rd yπ

k
x(dy),

then T ′(µk) ≤c νk and we find the contradiction

Vθ(µ
k, νk) ≤

∫
Rd θ(x− T ′(x))µk(dx) <

∫
Rd×Rd θ(x− y)πk(dx, dy) = Vθ(µ

k, νk).

Hence, by convergence of the values of Vθ and tightness of (ηk)k∈N, we deduce the
convergence of the ηk to the optimal η ≤c ν in W1. Suppose that µk = µ for all
k ∈ N, then due to the uniqueness of the optimal transport maps T between T and
T (µ), we can apply Theorem [23, Corollary 5.23] and obtain convergence of the
transport maps T k to T . �
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APPLICATIONS OF WEAK TRANSPORT THEORY

J. BACKHOFF-VERAGUAS AND G. PAMMER

Abstract. Motivated by applications to geometric inequalities, Gozlan,
Roberto, Samson, and Tetali [34] introduced a transport problem for
‘weak’ cost functionals. Basic results of optimal transport theory can
be extended to this setup in remarkable generality.

In this article we collect several problems from different areas that
can be recast in the framework of weak transport theory, namely: the
Schrödinger problem, the Brenier–Strassen theorem, optimal mechanism
design, linear transfers, semimartingale transport. Our viewpoint yields
a unified approach and often allows to strengthen the original results.

keywords: Schrödinger problem, Brenier–Strassen theorem, linear trans-
fers, semimartingale transport, optimal mechanism design, weak trans-
port problem, duality, cyclical monotonicity.

1. Overview

The optimal transport problem for weak costs was first introduced by
Gozlan, Roberto, Samson and Tetali [34] and has immediately generated
interest in several groups of researchers, see [45, 46, 29, 32, 1, 2] among
others. To present the basic problem we introduce some notation. Through-
out X and Y denote Polish spaces. Given probability measures µ ∈ P(X)
and ν ∈ P(Y) we write Π(µ, ν) for the set of all couplings on X × Y with
marginals µ and ν. Given a coupling π on X × Y we denote a regular disin-
tegration with respect to the first marginal by (πx)x∈X.

We consider cost functionals of the form

C : X × P(Y)→ R ∪ {+∞},
where C is lower bounded and lower semicontinuous, and C(x, ·) is assumed
to be convex on P(Y) for every x ∈ X. The weak transport problem is then
to determine

VC(µ, ν) = inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx). (OWT)

The classical transport problem is included via C(x, p) =
∫

c(x, y) dp(y) for
a given cost function c : X × Y → R ∪ {+∞}.

Fundamental results in classical optimal transport theory include exis-
tence, duality, and cyclical monotonicity of optimizers. Through a series of
contributions (see [34, 2, 32, 6]) it has been understood that these results
extend in full generality to the weak transport setup. We will recall these
results in some detail in Section 2 below.

1



2 J. BACKHOFF-VERAGUAS AND G. PAMMER

The purpose of the present article is to advertise the power and flexibility
of optimal weak transport theory through the investigation of a broad variety
of applications thereof. We will consider the following problems:

• The Schrödinger problem has recently received particular attention
since it provides a regularized version of the transport problem that
is numerically much more tractable than the classical counterpart.
On a technical level, the difference is that quadratic costs are re-
placed by the entropy wrt a reference measure. Based on mono-
tonicity for weak transport costs we give a short proof of the funda-
mental characterization of optimizers in the Schrödinger problem.
(Section 4.)
• The Brenier–Strassen Theorem of Gozlan and Juillet [32] yields that

1-Lipschitz maps that are gradients to convex functions are the op-
timizers of transport problems with barycentric costs. This result
plays a role in the probabilistic proof of the Caffarelli contraction
theorem [28]. We provide a short new derivation which is based on
monotonicity for weak transport costs and emphasizes the similarity
with the classical Brenier Theorem. (Section 5.)
• A significant problem in the economics literature is to optimize the

revenue for a multiple good monopolist. The influential article [25]
of Daskalakis, Deckelbaum, and Tzamos suggests a systematic
framework to study such problems and provides a dual character-
ization. We link the multiple good monopolist problem to optimal
weak transport and use the weak transport duality theorem to re-
cover and strengthen the results of [25]. (Section 6.)
• Bowles and Ghoussoub [18] have recently introduced the class of

linear transfers which includes many specific couplings between
probability measures. A main theorem of [18] provides the repre-
sentation of linear transfers through weak transport under the as-
sumption of compactness of the underlying spaces. We provide a
short new derivation based on weak transport duality that allows
to drop the compactness condition. In particular, this implies that
the representation result of Bowles and Ghoussoub is valid for the
important case of Euclidean space. (Section 7.)
• The semimartingale transportation problem was introduced by Tan

and Touzi [50] and extends classical optimal transport to the case
where mass is transported along the trajectories of a semimartingale.
As such, it also contains both martingale optimal transport [30, 13,
14], and the drift control framework of Mikami and Thieullen [41],
as particular cases. We show that weak transport theory can be used
to strengthen the main duality result of [50]. (Section 8.)

The paper is organized as follows. In Section 2 we give a brief overview
of previous works connected to optimal weak transport. In Section 3 we
review the basic results of optimal weak transport theory together with the
necessary notation. Then we describe the various applications announced
above in Sections 4 - 8.
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2. Literature connected to the weak transport problem

The weak transport problem was introduced by Gozlan, Roberto, Samson
and Tetali [34], and shortly afterwards by Aliberti, Bouchitte and Champion
[2]. The problem has also been designated “general transport problem” and
“non-linear transport problem” respectively.

The initial works of Gozlan et al. [34, 33] are mainly motivated by ap-
plications to geometric inequalities. Indeed, particular costs of the form
(OWT) were already considered by Marton [40, 39] and Talagrand [48, 49].
The theory for problem (OWT) has been further developed in [1, 34, 33,
45, 44, 46, 29, 32, 6, 9, 7]: Basic results of existence and duality are estab-
lished in the articles [34, 2, 6]. The notion of C-monotonicity was developed
in [4, 32, 6] as an analogue of classical c-cyclical montonicity in order to
provide a characterization of optimizers to the weak transport problem. A
weak transport analogue to the case of quadratic costs in classical optimal
transport, is the case of barycentric costs. This case has received particular
attention, and we refer to [33, 45, 44, 46, 29, 32, 9, 7, 1].

The weak transport viewpoint is useful for a number of problems loosely
related to stochastic optimization: it appears in the recursive formulation of
the causal transport problem [5], in [1, 2, 15, 4, 36, 22] it is used to inves-
tigate martingale optimal transport problems, in [3] it is applied to prove
stability of pricing and hedging in mathematical finance and, as mentioned
above, it appears in the recent probabilistic proof to the Caffarelli contrac-
tion theorem [28].

3. Fundamental results of weak transport theory

For t ≥ 1, Pt(X) denotes the set of Borel probability measures with finite
t-th moment for some fixed metric dX (compatible with the topology on X),
i.e., a Borel probability measure µ is in Pt(X) iff for some x0 ∈ X we have

∫

X
dX(x, x0)tµ(dx) < ∞.

The set of continuous functions on X which are dominated by a multiple of
1+dX(x, x0)t, is denoted by Φt(X). We equip the set of probability measures
Pt(X) with the t-th Wasserstein topology. Specifically, a sequence (µk)k∈N
converges to µ ∈ Pt(X) if µk( f ) :=

∫
f dµk converges to µ( f ) for all f ∈

Φt(X). The space P(X) itself is equipped with the usual weak topology.
The same conventions apply to Y instead of X.

We have already mentioned the basic assumptions on the function C in
the introductory section above. We recall it and make it more precise in the
following definition.

Definition 3.1 (A). We say C : X×Pt(Y)→ R∪{+∞} satisfies property (A)
iff

i) C is lower-semi continuous wrt the product topology on X ×Pt(Y),
ii) C is bounded from below,
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iii) the map p 7→ C(x, p) is convex, i.e., for all x ∈ X and p, q ∈ Pt(Y)
we have

C(x, λp + (1 − λ)q) ≤ λC(x, p) + (1 − λ)C(x, q) λ ∈ [0, 1].

From now on until the end of this section, the cost function C is assumed
to satisfy property (A).

We will need the following existence and continuity result from [6]:

Theorem 3.2 (Existence and semicontinuity). The infimum in (OWT) is
attained and the value VC(µ, ν) depends in a lower semicontinuous way on
the marginals (µ, ν) ∈ P(X) × Pt(Y).

In optimal transport, the renowned Kantorovich duality states that for
lower semi-continuous and lower bounded cost functions c : X × Y → R ∪
{+∞} we have

inf
π∈Π(µ,ν)

∫

X×Y
c(x, y) π(dx, dy) = sup

f∈L1(µ), g∈L1(ν),
f +g≤c

µ( f ) + ν(g). (3.1)

Here duality takes the following form, which resembles (and generalizes)
(3.1), cf. [6, Theorem 3.1]:

Theorem 3.3 (Kantorovich duality for weak transport). The weak transport
problem (OWT) admits the dual representation

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx) = sup µ( f ) + ν(g), (3.2)

where the supremum is taken over functions f ∈ L1(µ), g ∈ Φt(Y), satisfying

f (x) + p(g) ≤ C(x, p)

for x ∈ X, p ∈ Pt(Y).

We will often use Theorem 3.3 in the following (equivalent) form:

inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx) = sup

g∈Φt(Y)
−ν(g) +

∫

X
RCg(x)µ(dx), (3.3)

where RCg(x) = inf p∈Pt(Y) p(g) + C(x, p). Moreover, the right-hand supre-
mum in (3.3) can be restricted to functions in g ∈ Φt(Y) which are bounded
from below.

We also recall a further consequence of the proof of Theorem 3.3 in [6]
that provides further insight into the dual problem. The convex conjugate
of ν 7→ VC(µ, ν) admits a rather concrete representation: For any g ∈ Φt(Y)
we have

sup
ν∈Pt(Y)

ν(g) − VC(µ, ν) = −
∫

X
RCg(x)µ(dx). (3.4)

The notion of c-cyclical monotonicity constitutes a necessary (and often
also sufficient) optimality criterion for transport plans in classical optimal
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transport, i.e., for any measurable cost c : X × Y → R ∪ {−∞,+∞} if π∗ ∈
Π(µ, ν) is an optimizer of

Vc(µ, ν) = inf
π∈Π(µ,ν)

∫

X×Y
c(x, y)π(dx, dy),

where |Vc(µ, ν)| < ∞, then there exists Γ ⊆ X × Y with π∗(Γ) = 1 such
that for all N ∈ N and (xk, yk)N

k=1 in Γ we have for any permutation σ of
{1, . . . ,N} that

N∑

k=1

c(xk, yk) ≤
N∑

k=1

c(xk, yσ(k)).

The importance of c-cyclical monotonicity has been understood at least
since the publication of the seminal article [31]. See [52, 17, 10] for mini-
mal conditions that guarantee equivalence of optimality and c-cyclical
monotonicity. More recently, variants of this ‘monotonicity priniciple’ have
been applied in transport problems for finitely or infinitely many marginals,
the martingale version of the transport problem, the Skorokhod embedding
problem, and the distribution constrained optimal stopping problem, see
[43, 21, 35, 12, 14, 42, 53, 11] among others.

In the context of optimal weak transport the corresponding concept is C-
monotonicity. Early versions can be found in [4, 6, 32], while the following
definition as well as the subsequent result are taken from [9, Section 2].

Definition 3.4. A set Γ ⊆ X × Pt(Y) is called C-monotone iff for any finite
subset of points (xk, pk)N

k=1 of Γ we have
N∑

k=1

C(x, pk) ≤
N∑

k=1

C(x, qk)
N∑

k=1

qk =

N∑

k=1

pk.

A coupling π with first marginal µ is called C-monotone iff there is a C-
monotone set Γ such that (idX, δπx)#µ is concentrated on Γ.

Theorem 3.5 (C-monotonicity). If (OWT) is finitely valued, then any opti-
mizer is C-monotone.

The reverse implication holds also true if C is sufficiently regular, see [9,
Theorem 2.2].

Theorem 3.6. Assume that µ ∈ Pt(X), ν ∈ Pt(Y). If C is continuous
and |C(x, p)| ≤ R (dX(x, x0)t +

∫
Y

dY(y, y0)t p(dy)) for some R, then any C-
monotone coupling π ∈ Π(µ, ν) is optimal for (OWT).

4. Structure of optimizers in the Schrödinger problem

We refer the reader to [38] for a survey on the Schrödinger problem
/ entropic transport problem (cf. (4.4) below). Starting with the articles
[24, 16, 27], the Schrödinger problem has received significant attention as
a regularized, numerically tractable version of the classical transport prob-
lem.

The main goal of this section is to recover, in Corollary 4.3 below, the
characterization of entropic cost optimal transport plans through the product
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structure of their density. Given a Polish space Z, the relative entropy of
µ ∈ P(Z) wrt a ‘reference measure’ ν ∈ P(Z) is defined as

H(µ|ν) =



∫
X

log
(

dµ
dν

)
µ(dx) µ � ν,

+∞ else.

Theorem 4.1. Let γ be a probability measure equivalent to the product
measure µ ⊗ ν for µ ∈ P(X) and ν ∈ P(Y). If the coupling π∗ ∈ Π(µ, ν) is
optimal for the problem

inf
π∈Π(µ,ν)

∫

X
H(πx|γx)µ(dx) < +∞, (4.1)

then there is a measurable set Γ ⊆ X×P(Y) with µ({x ∈ X : (x, π∗x) ∈ Γ}) = 1
such that for all (x, π∗x), (z, π

∗
z) ∈ Γ there is a constant α > 0 so that

dπ∗x
dγx

= α
dπ∗z
dγz

ν-a.e. (4.2)

Proof. The minimization problem (4.1) constitutes a weak transport prob-
lem. Therefore, there is by Theorem 3.5 a measurable set Γ ⊆ X × P(Y)
such that π∗ is C-monotone on Γ. Moreover, we may assume w.l.o.g. that
γx ∼ ν for all (x, π∗x) ∈ Γ and H(π∗x|γx) < ∞. Fix (x, π∗x), (z, π

∗
z) ∈ Γ.

We want to show that π∗x ∼ π∗z . By C-monotonicity, cf. Definition 3.4, we
have for all qx, qz ∈ P(Y) with qx + qz = π∗x + π∗z that

H(π∗x|γx) + H(π∗z |γz) ≤ H(qx|γx) + H(qz|γz).

Then the corresponding first order optimality condition reads as

π∗x

(
log

(
dπ∗x
dγx

))
+ π∗z

(
log

(
dπ∗z
dγz

))
≤ qx

(
log

(
dπ∗x
dγx

))
+ qz

(
log

(
dπ∗z
dγz

))
. (4.3)

This inequality can be easily deduced by differentiation along the segment
joining π∗x with qx and π∗z with qz, i.e., by computing

d
dt

∣∣∣∣∣
t=0

H(qt
x|γx) + H(qt

z|γz),

where qt
· = (1 − t)π∗· + tq·. Assume that there exists a Borel measurable

set A ⊆ Y with π∗x(A) > 0 but π∗z(A) = 0. Then on A we have for ν-a.e.
y that dπ∗z

dγz
(y) = 0. It is straightforward that one can find qx, qz such that

qx + qz = π∗x + π∗z , qz(A) > 0 and qx

(
log

(
dπ∗x
dγx

))
< +∞, so we omit the

technical details. As a consequence we find

qx

(
log

(
dπ∗x
dγx

))
+ qz

(
log

(
dπ∗z
dγz

))
= −∞,

which contradicts the first order optimality criterion since the left-hand side
of (4.3) is non-negative. Hence by symmetry π∗x is equivalent to π∗z and as a
consequence we have π∗x ∼ ν for all (x, π∗x) ∈ Γ.

Applying Lemma 4.2 below to the pair π∗x, π
∗
z yields a contradiction to

C-monotonicity. �
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Lemma 4.2. Let pi, γi, i ∈ {1, 2} and ν be equivalent probability measures
on Y. If H(pi|γi), i = 1, 2, is finite and there exists no constant α ∈ R such
that

dp1

dγ1
= α

dp2

dγ2
ν-a.e.,

then there are two probability measures q1, q2 ∈ P(Y) with q1 +q2 = p1 + p2

and

H(p1|γ1) + H(p2|γ2) > H(q1|γ1) + H(q2|γ2).

Proof. Since any Polish space is Borel-isomorphic to a measurable subset
of [0, 1] we may assume that Y = [0, 1]. By the inverse transform sampling
we may assume that ν is the uniform distribution on [0, 1]. For i ∈ {1, 2},
define the densities

gi : [0, 1]→ (0,+∞), gi =
dpi

dγi
; fi : [0, 1]→ (0,+∞), fi =

dγi

dν
.

By Lusin’s theorem we find for any ε > 0 a compact set Kε ⊆ [0, 1] with
mass ν(Kε) ≥ 1 − ε such that h := g1

g2
: [0, 1] → (0,+∞) is continuous on

Kε. By the assumption that g1 is not a multiple of g2 we find two disjoint
intervals [a1, b1], [a2, b2] ⊆ (0,+∞), b1 < a2 with

ν(h−1([a1, b1])) > 0 and ν(h−1([a2, b2])) > 0.

Choosing ε > 0 sufficiently small the closed, disjoint sets

A1 = h−1([a1, b1]) ∩ Kε and A2 = h−1([a2, b2]) ∩ Kε

have positive mass under ν. W.l.o.g. we can assume that ν(A1) = ν(A2) > 0.
The map

T : A1 → A2

x 7→ F−1
ν|A2
◦ Fν|A1

(x)

provides a measure preserving bijection. Let S : [0, 1] → [0,+∞) be de-
fined as

S (y) =



min
{
g1(y) f1(y), g2(y) f2(y), ĝ1(y) f̂1(y), ĝ2(y) f̂2(y)

}
y ∈ A1,

−min
{
g1(z) f1(z), g2(z) f2(z), g1(y) f1(y), g2(y) f2(y)

}
y ∈ A2,

0 else,

where ĝi = gi ◦ T , f̂i = fi ◦ T and z = T−1(y). Then we define for t ∈ [−1, 1]
the probability measures pt

1 and pt
2 on [0, 1] by

pt
1(dy) = p1(dy) + tS (y)ν(dy), pt

2(dy) = p2(dy) − tS (y)ν(dy).

The respective densities are then given by

dpt
1

dγ1
= g1 + t

S
f1
,

dpt
2

dγ2
= g2 − t

S
f2
.
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Differentiation of

H(pt
1|γ1) + H(pt

2|γ2)

=

∫

Y
log

(
g1(y) + t

S
f1

(y)
)

pt
1(dy) +

∫

Y
log

(
g2(y) + t

S
f2

(y)
)

pt
2(dy)

with respect to t and evaluation at 0 yields
∫

Y
S (y) log

(
g1

g2
(y)

)
ν(dy) =

∫

A1

S (y) log
(
g1(y)g2(T (y))
g2(y)g1(T (y))

)
ν(dy) < 0.

By strict convexity of t 7→ H(pt
1|γ1)+H(pt

2|γ2) we conclude that there exists
a t0 ∈ [−1, 1] with

H(p1|γ1) + H(p2|γ2) > H(pt0
1 |γ1) + H(pt0

2 |γ2).

�

Finally we obtain the main result of this section (see [23, Corollary 3.2]).

Corollary 4.3. Let µ ∈ P(X) and ν ∈ P(Y) and γ ∈ P(X × Y) a probability
measure equivalent to µ ⊗ ν. Assume that the value of the corresponding
entropic optimal transport problem is finite, i.e.,

inf
π∈Π(µ,ν)

H(π|γ) < ∞. (4.4)

A coupling π∗ ∈ Π(µ, ν) minimizes (4.4) if and only H(π∗|γ) < ∞ and there
exist measurable functions f and g such that

dπ∗

dγ
(x, y) = f (x)g(y) γ-a.e.

Proof. We use the notation of Theorem 4.1 and rewrite

H(π|γ) =

∫

X
H(πx|γx)µ(dx) + H(µ|γ0), (4.5)

where γ0 ∈ P(X) is the X-marginal of γ. Lower semicontinuity and strict
convexity of the relative entropy yield the existence of a minimizer π∗ ∈
Π(µ, ν) of (4.4). The identity (4.5) shows that π∗ also minimizes (4.1).
By Theorem 4.1, calling Γ the set with µ-full X-projection therein, we fix
(z, π∗z) ∈ Γ and define g(y) := dπ∗z

dγz
(y) as well as h(x) = α for α as in (4.2).

Thus we have
dπ∗x
dγx

(y) = h(x)g(y) (x, π∗x) ∈ Γ, γx-a.e. y.

Hence,
dπ∗

dγ
(x, y) =

dµ
dγ0

(x)h(x)g(y) = f (x)g(y) γ-a.e.,

where f is defined appropriately. Conversely, assume that we have two
couplings π, π′ with finite entropy, with marginals µ and ν, and such that
their densities w.r.t. γ are of product form. Let

dπ
dγ

(x, y) = f (x)g(y) and
dπ′

dγ
(x, y) = f ′(x)g′(y)
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and log( f g) f g, log( f ′g′) f ′g′ ∈ L1(γ). Since the marginals of π and π′ coin-
cide, we have for any h ∈ L1(µ) ⊕ L1(ν) that∫

h(x, y)( f g − f ′g′)γ(dx, dy) = 0. (4.6)

We can approximate log( f g) by elements in L1(µ) ⊕ L1(ν) such that on
[log( f g) ≥ 0] we have hn ≥ 0 and hn ↗ log( f g) and similar applies on
[log( f g) ≤ 0]. Hence∫

log( f g)dπ = lim
n

∫
hn f gdγ = lim

n

∫
hn f ′g′dγ =

∫
log( f g)dπ′.

Therefore, log( f g) f ′g′ ∈ L1(γ) and log( f ′g′) f g ∈ L1(γ) and

H(π|γ) − H(π|π′) =

∫
log( f ′g′)dπ =

∫
log( f ′g′)dπ′ = H(π′|γ).

Especially, we have shown H(π|γ) = H(π′|γ) since H(π|π′) is non-negative,
which implies H(π|π′) and H(π′|π) vanish, so π = π′. �

5. Brenier-Strassen Theorem

A fundamental result in the theory of optimal transport is Brenier’s theo-
rem [19, 20] which asserts that the optimizer of the Wasserstein-2 distance
on Rd between µ, ν is given by the gradient of a convex function ϕ. Specifi-
cally, the optimal plan π∗ ∈ Π(µ, ν) is of the form (id,∇ϕ)(µ) and ∇ϕ(µ) = ν.
We refer to, e.g. [51, Theorem 2.12] for more details and bibliographical re-
marks.

Strassen’s theorem [47] asserts that given marginals µ, ν ∈ P1(Rd) there
exists a martingale (Zi)i=1,2 with Z1 ∼ µ,Z2 ∼ ν provided that µ ≤c ν.
Here ≤c denotes the usual convex order, i.e. µ ≤c ν means that

∫
ϕ dµ ≤c∫

ψ dν for all convex functions ϕ. Note that the condition µ ≤c ν is not only
sufficient for the existence of a martingale with these marginals but in fact
also necessary by Jensen’s inequality.

An intermediate version between the classicalW2-problem and Strassen’s
Theorem on the existence of martingales [47] was recently investigated in
various forms [32, 34, 33, 1, 46, 6, 7]. The following represents the weak
transport analogue of the classicalW2-distance:

V2(µ, ν)2 := inf
η≤cν
W2(µ, η)2 (5.1)

= inf
π∈Π(µ,ν)

∫

Rd

∣∣∣∣∣x −
∫

Rd
yπx(dy)

∣∣∣∣∣
2

µ(dx). (5.2)

Note that the equality of (5.1) and (5.2) is a straightforward consequence of
Strassen’s Theorem.

The Brenier-Strassen theorem of Gozlan and Juillet [32] (see also Shu
[45] for the one-dimensional case) asserts that η∗ ≤c ν is optimal for (5.1) if
and only if there exists a convex function ϕ with 1-Lipschitz gradient such
that ∇ϕ(µ) = η∗. The proof of the if -part of the statement can be done by
showing dual attainment or more directly using C-monotonicity whereas
the only if -part was thus far only shown via duality.
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The goal of this section is to recover the only if -clause by means of suf-
ficiency of C-monotonicity. We believe that this new proof is appealing in
that it mimics the proof of Brenier’s theorem via classical cyclical mono-
tonicity, underlining the similarity of the two results.

To provide an intuition for the proof, we recall the main idea in the clas-
sical case: Let ϕ : Rd → R be a convex and differentiable function. For any
finite number of points x1, . . . , xn ∈ Rd it is immediate that

n∑

k=1

〈xi+1 − xi,∇ϕ(xi)〉 ≤ 0. (5.3)

Completing the square yields
n∑

k=1

|xi − ∇ϕ(xi)|2 ≤
n∑

k=1

|xi+1 − ∇ϕ(xi)|2, (5.4)

which shows optimality for any measure supported on finitely many points
in the graph of ∇ϕ. Therefore, since cyclical monotonicity is sufficient for
optimality, the coupling (id,∇ϕ)(µ) turns out to be optimal for the quadratic
distance transport problem.

In the subsequent proof, we will use as a black box a characterization of
convex functions with 1-Lipschitz gradient in the spirit of cyclical mono-
tonicity, see [55]. This permits to draw the desired conclusion for the prob-
lem (5.1) in analogy to step from (5.3) to (5.4).

Theorem 5.1. Let µ, ν ∈ P2(Rd) where Rd is equipped with the standard
euclidean norm | · |. Let η∗ be in convex order dominated by ν. Then the
following are equivalent:

(1) The values of W2(µ, η∗) and V2(µ, ν) coincide, i.e. η∗ is a solution
of the optimization problem (5.1)

(2) There is a convex function ϕ : Rd → R such that ∇ϕ : Rd → Rd is
1-Lipschitz, η∗ = ∇ϕ(µ) and (id,∇ϕ)#µ is the unique optimizer of
(5.1).

Theorem 5.1 can be found in [32, Theorem 2.1]. A proof of the first
implication using different arguments is given in [6, Theorem 1.4].

Proof of Theorem 5.1. Here we will only show “2 =⇒ 1”. To this end, we
want to verify that

Γ :=
{
(x, δ∇ϕ(x)) ∈ Rd × P(Rd) : x ∈ Rd

}

is C-monotone, where C(x, p) :=
∣∣∣x −

∫
yp(dy)

∣∣∣2.
Let N ∈ N, x1, . . . , xN ∈ Rd with yi = ∇ϕ(xi). We have to show that if∑N

i=1 mi =
∑N

i=1 δyi then
∑N

i=1 |xi − yi|2 ≤ ∑N
i=1 |xi −

∫
ymi(dy)|2. Clearly we

must have mi =
∑N

j=1 αi, jδy j for all i, where (αi, j) ∈ RN×N
+ is a bistochastic

matrix. We can rewrite α = (αi, j) as a convex combination of permutation
matrices (Pσ)σ∈Σ, where Σ denotes the set of permutations on {1, . . . ,N}:

α =
∑

σ∈Σ
βσPσ,

∑

σ∈Σ
βσ = 1, βσ ≥ 0.
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Note that the map F : RN! → R

F((βσ)σ∈Σ) =
1
2

N∑

i=1

∣∣∣∣xi −
∑

σ∈Σ
βσyσ(i)

∣∣∣∣
2

is convex. We seek to show that

β̂σ =


1 σ = id,
0 else,

is a minimum on the simplex on RN!. The gradient of F at β̂ has the follow-
ing form

∇F(β̂) =


N∑

i=1

(xi − yi) · (yi − yσ(i))


σ∈Σ

.

For any permutation σ ∈ Σ we compute
N∑

i=1

(xi − yi) · (yi − yσ(i)) =

N∑

i=1

xi · (yi − yσ(i)) − 1
2
|yi − yσ(i)|2

=

N∑

i=1

(xi − xσ−1(i)) · yi − 1
2
|yi − yσ−1(i)|2

≥ 0.

The last inequality above follows from [55, Lemma 4], which states that ϕ
being convex and 1-Lipschitz is equivalent to

ϕ(z) − ϕ(x) ≥ ∇ϕ(x) · (z − x) +
1
2
|∇ϕ(z) − ∇ϕ(x)|2 ∀x, z ∈ Rd,

so by summing this last inequality we get

0 =

N∑

i=1

ϕ(xσ(i)) − ϕ(xi)

≤
N∑

i=1

(xi − xσ(i)) · yi − 1
2
|yi − yσ(i)|2.

We conclude that ∇F(β̂) is pointwise non-negative proving optimality of β̂
on the simplex by convexity of F.

All in all, the coupling (id,∇ϕ)#µ is concentrated on the C-monotone set
Γ. Since both marginals are in P2(Rd) we can apply Theorem 3.6 which
yields its optimality for the weak transport problem V2(µ, ν). �

An immediate consequence of the Brenier-Strassen Theorem 5.1, cou-
pled with the proof therein, is the following modification of the classical
Rockafellar theorem. We denote the subdifferential of a convex function ϕ
at x ∈ Rd by ∂ϕ(x) and by ∂ϕ = {(x, y) : x ∈ Rd, y ∈ ∂ϕ(x)} its graph.

Corollary 5.2 (Rockafellar-Strassen). Let L ∈ R+ and Γ ⊆ Rd × Rd. The
following are equivalent:
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(1) Γ satisfies for all1 n ∈ N, ((x1, y1), . . . , (xn, yn)) ∈ Γ,
n∑

i=1

(xi+1 − xi) · yi +
1

2L
|yi+1 − yi|2 ≤ 0. (5.5)

(2) there exists a convex ϕ ∈ C1(Rd) with L-Lipschitz gradient such that
Γ ⊆ ∂ϕ.

Proof. The implication ‘2 =⇒ 1’ can be easily deduced from [55, Lemma
4]. For ‘1 =⇒ 2’: Since we can always consider Γ̃ = {(x, y) : (x, Ly) ∈ Γ},
which sastisfies (5.5) for L = 1, we can assume w.l.o.g. that L = 1. Let µ be
a probability measure on Rd such that

supp(µ) = cl({x : ∃y, (x, y) ∈ Γ}).
By (5.5), if (x, y), (x, y′) ∈ Γ then y = y′. This defines a map T : proj1 Γ →
proj2 Γ. Further, for all (x, y), (x′, y′) ∈ Γ, we have

−|y − y′|2 ≥ (x − x′) · (y − y′) ≥ −|x − x′||y − y′|,
which shows that T is 1-Lipschitz. The coupling π = (id,T )#µ is optimal
for (5.2) between its marginals µ and η∗, by the reasoning in the proof of
Theorem 5.1 . Hence, by Theorem 5.1 there is a convex function ϕ with
1-Lipschitz gradient such that (id,∇ϕ)#µ is the unique optimizer. Thus,
∇ϕ = T (µ-a.s.). Due to continuity we conclude ∇ϕ = T on proj1 Γ and
Γ ⊆ ∂ϕ. �

6. Multiple-Good monopoly problem

The goal of this section is to recover the main result of Daskalakis, Deck-
elbaum, and Tzamos [25] in Corollary 6.2 below. We will not discuss
the economic interpretation and just mention that it can be interpreted as
a Kantorovich-Rubinstein Theorem for specific weak transport costs.

We will obtain Corollary 6.2 as a consequence of the more general result
Theorem 6.1. We first introduce some notation. Fix X := Rd and equip
it with the coordinate-wise partial order ≤. Let Φicx

t (Rd) consist of all ≤-
increasing, convex functions in Φt(Rd). For µ, ν ∈ P1(X) we write µ ≤icx ν
iff

∫
f dµ ≤

∫
f dν for all f ∈ Φicx

1 (X). Once again, it follows from the
results of Strassen [47] that µ ≤icx ν is tantamount to the existence of a
stochastic process (Zi)i=1,2 satisfying

Z1 ∼ µ,Z2 ∼ ν,Z1 ≤ E[Z2|Z1].

Theorem 6.1. Let θ ∈ Φb,t(Rd) be convex and denote

Cθ,icx(x, p) := infq≤icx p θ
(
x −

∫
yq(dy)

)
and Rθϕ(x) := infy≤z,z∈Rd ϕ(z)+θ(x−y).

Then all of the following optimization problems yield the same value:
i) infπ∈Π(µ,ν)

∫
Rd Cθ,icx(x, πx)µ(dx),

ii) inf ν̃≤icxν infπ∈Π(µ,ν̃)

∫
θ(x − y)π(dx, dy),

iii) infµ≤icxµ̃,ν̃≤icxν infπ∈Π(µ̃,ν̃)

∫
θ(x − y)π(dx, dy),

1Here (xn+1, yn+1) := (x1, y1).
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iv) supϕ∈Φicx
t (Rd) −ν(ϕ) +

∫
Rθϕ(x)µ(dx).

Proof. “i) = ii)”: For (i) ≥ (ii) we first take π to be an (almost) opti-
mizer of (i) and by a measurable selection argument take qx to be an (al-
most) optimizer of Cθ,icx(x, πx). Defining T (x) :=

∫
yqx(dy) we remark that

T (µ) ≤icx ν, and so (i) ≥
∫
θ(x − T (x))µ(dx) ≥ (ii). For the converse, take

ν̃ ≤icx ν and P ∈ Π(µ, ν̃) which are (almost) optimizers of (ii). By Strassen’s
result [47, Theorem 9] there exists a submartingale coupling π̃ ∈ Π(µ, ν),
i.e. a coupling π satisfying

∫
y dπx ≥ x.

Next we define π(dx, dy) =
∫
π̃x̃(dy)P(dx, dx̃) which belongs to Π(µ, ν).

Since by definition θ(x − x̃) ≥ Cθ,icx(x, π̃x̃), we have by Jensen’s inequality

(ii) =

∫
θ(x − x̃)P(dx, dx̃) ≥

∫
Cθ,icx(x, π̃x̃)P(dx, dx̃)

≥
∫

Cθ,icx

(
x,

∫
π̃x̃Px(dx̃)

)
µ(dx)

≥
∫

Cθ,icx(x, πx)µ(dx) ≥ (i),

where we used that Cθ,icx(x, ·) is convex if θ is convex.
“ii) = iii)”: Fix µ ≤icx µ̃ and ν̃ ≤icx ν. Let X1 ≤icx X2 and Y1 ≤icx Y2 be
Rd-valued random variables on some probability space whose laws satisfy

X1 ∼ µ, X2 ∼ µ̃, Y1 ∼ ν̃, Y2 ∼ ν.
The order ≤icx between random variables has to be understood in the follow-
ing sense, (where the existence of such random variables is again provided
by [47, Theorem 9])

X ≤icx Y ⇐⇒ E[Y |X] ≥ X a.s.

Define the random variable Z = X1 +E[Y1 − X2|X1]. Then Z is in increasing
convex order to Y2, since

Z ≤icx Z + E[X2 − X1|X1] = E[Y1|X1] ≤icx Y1 ≤icx Y2.

Applying Jensen’s inequality yields

E[θ(X2 − Y1)] ≥ E[θ(E[X2 − Y1|X1])] = E[θ(X1 − Z)] ≥ ii).

“i) = iv)”: By duality, see Theorem 3.3, we have

i) = sup
ϕ∈Φb,t(Rd)

−ν(ϕ) +

∫
RCθ,icxϕ(x)µ(dx). (6.1)

It remains to show that we can additionally restrict the infimum to convex
and increasing functions which will be accomplished using the double c-
convexification trick. To this end, we note that

Cθ,icx(x, p) = infx−
∫

yp(dy)≤z θ(z) =: θ̂
(
x −

∫
yp(dy)

)
,

where θ̂ is a function on Rd which is bounded from below and convex.
Further note

x 7→ θ̂(x − y) is increasing, y 7→ θ̂(x − y) is decreasing. (6.2)
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Analogously to Gozlan et al. [33, Proof of Theorem 2.11 (2)] we find that

inf
y∈Rd

ϕ(y) + θ̂(x − y) = RCθ,icxϕ(x) = RCθ,icxϕ̂(x) = inf
y∈Rd

ϕ̂(y) + θ̂(x − y),

where ϕ̂ denotes the convex envelope of ϕ. The inf-convolution ψ := RCθ,icxϕ̂
is therefore bounded from below, convex and increasing. Note that for any
p ∈ P(Rd) with barycenter

∫
yp(dy) = z we have

ψ(x) − p(ϕ̂) ≤ ψ(x) − ϕ̂(z) ≤ θ̂(x − z),

which allows us to θ̂-convexify ϕ̂, i.e.,

ϕ̄(y) = sup
x
ψ(x) − θ̂(x − y),

which is in particular an increasing function by (6.2) with

ϕ̂ ≥ ϕ̄ ≥ ψ(y) − θ̂(0) ≥ min
y
ψ(y) − θ̂(0).

Again, we find that the convex envelope of ϕ̄

ϕ̃(z) = inf
p∈Pt(Y) : z=

∫
yp(dy)

p(ϕ̄) (6.3)

is increasing, convex and dominated by ϕ̄, thus,

ψ̃(x) := RCθ,icxϕ̃(x) = RCθ,icxϕ̄(x) ≥ ψ(x) = RCθ,icxϕ(x).

Finally, we obtain (since ϕ̃ ≤ ϕ and ψ ≤ ψ̃) that

µ(ψ) − ν(ϕ) ≤ µ(ψ̃) − ν(ϕ̃),

which shows that we can replace Φb,t(Rd) with Φicx
b,t (Rd) in (6.1). �

The proof of Corollary 6.2 resembles the proof of Kantorovich-Rubinstein
duality when one already knows that classical Kantorovich duality holds.

Corollary 6.2. Setting θ(x) = |x| where | · | is a norm on Rd, we have

inf
π∈Π(µ,ν)

∫

Rd
inf

z≤
∫

yπx(dy)
|x − z|µ(dx) = sup

ϕ∈Φicx
b,1(Rd) and 1-Lipschitz

µ(ϕ) − ν(ϕ).

Proof. First we show that given ϕ ∈ Φicx
b,1(Rd) the inf-convolution ψ :=

RC|·|,icxϕ is 1-Lipschitz: Let x, x′ ∈ Rd then

RC|·|,icxϕ(x) − RC|·|,icxϕ(x′) ≤ sup
z≤y, y∈Rd

|x − y| − |x′ − y| ≤ |x − x′|.

By the proof of Theorem 6.1 ψ is additionally bounded from below, convex
and increasing. Using the notation in the proof of Theorem 6.1 the mapping
ϕ̄ is increasing, bounded from below and also 1-Lipschitz. Hence, for x, x′ ∈
Rd the increasing, convex and lower bounded function ϕ̃, see (6.3), is 1-
Lipschitz

ϕ̃(x) − ϕ̃(x′) ≤ sup
p∈P1(Y)

W1(p,Tx′−x(p)) = |x − x′|,

where Tx′−x is the translation by x′ − x. By the conclusion of the proof of
Theorem 6.1 we can assume w.l.o.g. that ϕ ∈ Φicx

b,1(Rd) is 1-Lipschitz.
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It remains to show that RC|·|,icxϕ and ϕ coincide. By definition of the inf-
convolution we have ϕ ≥ RC|·|,icx . We find by 1-Lipschitz continuity of ϕ

−ϕ(x) + ϕ(y) + inf
z≤y
|x − z| ≥ inf

z≤y
−ϕ(x) + ϕ(z) + |x − z| ≥ 0,

which shows the reverse inequality. �

7. Backward transfers

Bowles and Ghoussoub [18] suggest a notion of linear transfer between
probability measures which is more encompassing than mass transportation
but still admits important traits of the dual theory of mass transport. In
particular, they identify many examples that illustrate the scope of their
approach.

A main result of Bowles and Ghoussoub yields a representation of linear
transfers through weak transport problems, see [18, Theorem 3.1]. In this
section, we recover [18, Theorem 3.1] as an application of the weak trans-
port duality theorem. Notably, this approach extends the result of Bowles
and Ghoussoub from compact to general Polish spaces without additional
effort.2

To present the notion of linear transfer, we introduce some notation. The
basic object of interest are functionals T : P(X) × Pt(Y) → R ∪ {+∞}. We
will use the Legendre transform T ∗µ of Tµ = T (µ, ·), which is given by

T ∗µ (g) = sup
ν∈Pt(Y)

ν(g) − T (µ, ν).

Since the set Φt(Y) is in separating duality withMt(Y), the Fenchel duality
theorem [54, Theorem 2.3.3] states

Tµ(ν) = T ∗∗µ (ν) = sup
g∈Φt(Y)

ν(g) − T ∗µ (g), (7.1)

if Tµ is proper convex, bounded from below and lower semicontinuous.

Definition 7.1. A proper, convex, bounded from below and lower semicon-
tinuous functional T : P(X)×Pt(Y)→ R∪ {+∞} is called backward linear
transfer if there exists a map T from Φt(Y) to the set of universally mea-
surable functions on X bounded from below by an element in Φt(X), with
the following property: for each µ ∈ P(X) with infν∈Pt(Y) T (µ, ν) < ∞ the
Legendre transform T ∗µ can be represented as

T ∗µ (g) = µ(T (g)) ∀g ∈ Φt(Y). (7.2)

Theorem 7.2. Let T : P(X) × Pt(Y)→ R ∪ {+∞} be such that

∀x ∈ X, ∃p ∈ Pt(Y) : T (δx, p) < ∞. (7.3)

Then the following are equivalent
(i) T is a backward linear transfer,

2As noted on [18, page 3], the right setting for most applications of linear transfers
should be ‘. . . complete metric spaces, Riemannian manifolds or at least Rn.’. In this
respect the extension of [18, Theorem 3.1] beyond the compact setup seems relevant.
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(ii) there is a lower semicontinuous cost function C : X × Pt(Y) →
R ∪ {+∞} which is bounded from below and convex in the second
argument such that for all (µ, ν) ∈ P(X) × Pt(Y)

T (µ, ν) = inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx).

Proof. Evidently, if T is given as a backward linear transfer, the cost func-
tion C has to satisfy C(x, p) = T (δx, p) and T satisfies on Φt(Y)

T (g)(x) = T ∗δx
g = sup

p∈Pt(Y)
p(g) −C(x, p) = −RC(−g)(x).

Hence by (7.2) and optimal weak transport duality (Theorem 3.3) we have

T (µ, ν) = Tµ(ν) = sup
g∈Φt(Y)

ν(g) − T ∗µ (g)

= sup
g∈Φt(Y)

ν(g) −
∫

X
RC(−g)(x)µ(dx)

= sup
g∈Φt

−ν(g) +

∫

X
RCg(x)µ(dx)

= inf
π∈Π(µ,ν)

∫

X
C(x, πx)µ(dx).

Conversely, if (ii) holds, then Theorem 3.3 reveals

Tµ(ν) = sup
g∈Φt(Y)

ν(g) − µ(T (g)),

for T (g)(x) = RC(−g)(x), and by (3.4) we have µ(T (g)) = T ∗µ (g). �

8. Semimartingale Transport Duality

In this part we need to set up some terminology before stating the actual
problem. Let

C = C([0, 1];Rd)
denote the continuous path space equipped with the supremum norm ‖ · ‖∞
and its Borel σ-field. With

W = (W(t))t∈[0,1]

we denote the canonical (coordinate) process on C, defined by W(t)(ω) =

ω(t), so that W is a standard d-dimensional Brownian motion under the
Wiener measure W. Let F = (Ft)t∈[0,1] denote the W-complete filtration
generated by W. As usual, we denote by L0(W) the space of (real-valued)
random variables quotiented with the W-a.s. identification, and by L∞(W)
the essentially bounded elements of L0(W). We will likewise identify pro-
cesses that are dt × dW-almost surely equal. Finally, we denote by Sd

+ the
set of symmetric positive semi-definite matrices of size d × d. We fix from
now on a matrix norm on Rd×d.

We consider

g : [0, 1] × Rd × Rd × Sd
+ → R ∪ {∞},
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and assume

Assumption 8.1.
(1) g is jointly measurable and lower-bounded.
(2) For each t ∈ [0, 1] the function

Rd × Rd × Sd
+ 3 (q, a) 7→ g(t, x, q, a),

is jointly lower semicontinuous. Furthermore

(q, a) 7→ g(t, x, q, a)

is convex for each fixed (t, x).
(3) Either g is finite and coercive in the sense that

lim
|q|∨|a|→∞

inf
t,x

g(t, x, q, a)
|q| + |a| = +∞, (8.1)

or

dom(g(t, x, ·, ·)) := {(q, a) ∈ Rd × Sd
+ : g(t, x, q, a) < ∞}

is a compact convex set which does not depend of (t, x).

For Q ∈ P(C) we denote by

Mac
0 (Q)

the space of continuous Rd-valued Q-martingales, which are started at zero,
whose quadratic variation matrix is absolutely continuous and integrable:
Namely M ∈ Mac

0 (Q) iff it is a Q-martingale started at zero, d〈M〉t
dt exists

Q-a.s. and
EQ[|〈M〉(1)|] < ∞.

This last condition is equivalent to asking

EQ

[∫ 1

0

∣∣∣∣∣
d〈M〉(t)

dt

∣∣∣∣∣ dt
]
< ∞.

On the other hand we write L1(Q) for the set of progressively measurable
Rd-valued processes which are integrable with respect to dt × dQ.

We can now introduce the set of semimartingale laws relevant to our
work:

S :=
{
Q ∈ P(C) :

W(·) =
∫ ·

0
qQ(s)ds + MQ(·) under Q,

for some MQ ∈ Mac
0 (Q), qQ ∈ L1(Q)

}

We remark that for Q ∈ S the process qQ above is uniquely determined.
Likewise, the Sd

+-valued process

aQ :=
d〈MQ〉t

dt
is uniquely determined.

Let

αg : S → R ∪ {+∞},
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be given by

αg(Q) := EQ

[∫ 1

0
g(t,W(t), qQ(t), aQ(t)) dt

]
. (8.2)

Note that αg(Q) is well-defined and takes values inR∪{+∞}, as g is bounded
from below. As a final bit of notation, we introduce Π(µ, ν) for the set of
those Q ∈ S with initial and final marginals equal to µ and ν respectively.
We further write Π(µ, ·) when only the inital marginal is prescribed.

For µ, ν ∈ P(Rd) we define3

V(µ, ν) := inf
Q∈Π(µ,ν)

αg(Q).

This is a stochastic mass transport problem (or optimal transport of semi-
martingales) as introduced by Tan and Touzi [50]. Specification of αg al-
low to cover classical optimal transport, martingale transport, and some in-
stances of the Schrödinger problem in this framework. We now prove a
duality result, originally obtained by the aforementioned authors, by means
of optimal weak transport:

Theorem 8.2. Under the standing assumptions, we have

V(µ, ν) = sup
ψ∈Cb(Rd)

{
µ(Ψ̃) − ν(ψ)

}
,

where ψ̃(x) := infQ∈Π(δx,·) E
Q
[∫ 1

0
g(t,W(t), qQ(t), aQ(t)) dt + Ψ(X1)

]
.

Proof. Define C(x, p) := V(δx, p).
Remark that if Q1 ∈ Π(δx, p1) and Q2 ∈ Π(δx, p2), then for α ∈ [0, 1] we

have αQ1 + (1− α)Q2 ∈ Π(δx, αp1 + (1− α)p2). As we will see in Theorem
8.3, the function αg(·) is convex. From these facts it follows that C(x, ·)
is convex for each x fixed. Further, Theorem 8.3 also shows that αg(·) is
coercive and lower semicontinuous, which then implies that C(x, ·) is lower
semicontinuous for each x fixed.

A standard measurable selection argument shows that

V(µ, ν) = inf
π∈Cpl(µ,ν)

∫
V(δx, π

x)µ(dx) = inf
π∈Cpl(µ,ν)

∫
C(x, πx)µ(dx),

where we wrote Cpl(µ, ν) for the set of measures in Rd × Rd with the given
marginals. Applying the duality (3.3) we deduce

V(µ, ν) = sup
ψ

{∫
RCψ(x)µ(dx) − ν(ψ)

}
,

3Equivalently, one may minimize the functional E[
∫ 1

0 g(t, X(t), q(t), σ(t)σ′(t))dt] over
all semimartingales dX(t) = q(t)dt + σ(t)dB(t) on some stochastic basis, such that X(0) ∼
µ, X(1) ∼ ν.
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where

RCψ(x) := inf
p
{p(ψ) + C(x, p)}

= inf
Q∈Π(δx,·)

EQ

[∫ 1

0
g(t,W(t), qQ(t), aQ(t)) dt + Ψ(X1)

]

= ψ̃(x).

�

For the previous result we employed:

Theorem 8.3. The functional αg is convex, lower semicontinuous with re-
spect to weak convergence, and coercive in the sense that {Q : αg(Q) ≤ c}
is weakly compact for each c ∈ R.

In order to prove this we need the following auxiliary result first:

Lemma 8.4. Suppose (qn)n is a sequence of L1([0, 1], dt;Rd)-valued ran-
dom variables possibly defined in different probability spaces, and call
An(t) :=

∫ t

0
qn(s)ds. In the same space where qn is defined we are given

a further C-valued random variable Mn such that Mn(0) = 0, Mn is a mar-
tingale wrt. its completed filtration, and such that an(t) := 〈Mn〉(t)

dt exists a.s.
Finally assume the existence of c > 0 such that, for all n,

E

[∫ t

0
g(t,Mn(t) + An(t), qn(t), an(t))dt

]
≤ c. (8.3)

Then there exist an L1([0, 1], dt;Rd)-valued random variable A, a C-valued
random variable M, and subsequences Ank and Mnk such that

(1) Ank converges in law in C to A,
(2) Mnk converges in law in C to M,
(3) A(t) =

∫ t

0
q(s)ds, some L1([0, 1], dt;Rd)-valued random variable q,

(4) 〈M〉(t) =
∫ t

0
adt, some Sd

+-valued process a with E
[∫ 1

0
|a(t)|dt

]
< ∞

(5) the following inequality holds:

E

[∫ t

0
g(t,M(t) + A(t), q(t), a(t))dt

]

≤ lim inf
k→∞

E

[∫ t

0
g(t,Mnk(t) + Ank(t), qnk(t), ank(t))dt

]
(8.4)

In particular, the laws of (An) and (Mn)n form tight sequences.

The following proofs follow very closely the arguments in [8]. As a small
technical improvement over [50], we observe that the coercivity condition
(3.1) assumed here, is weaker than the analogue in the cited paper.

Proof of Lemma 8.4.
We first check tightness. If the final part of Assumption 8.1(3) holds,

this is trivial. Otherwise, by (8.1), for each r > 0 we may find N > 0
such that g(t, x, q, a) ≥ r|q| + r|a| whenever |q| ∨ |a| ≥ N. Moreover, there
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exists b ≥ 0 such that g(t, x, q, a) ≥ −b. In particular, for all (t, q) we have
|q| + |a| ≤ 2N + 1

r (g(t, x, q, a) + b). Hence, for 0 ≤ s < t ≤ 1,

|An(t) − An(s)| ≤
∫ t

s
|qn(u)|du

≤ 1
r

∫ t

s
(g(u,W(u), qn(u), an(u)) + b) du + 2N(t − s)

≤ 1
r

∫ 1

0
g(u,W(u), qn(u), an(u)) du +

b
r

+ N(t − s).

Hence, for any δn ↓ 0, (8.3) yields

lim sup
n→∞

sup
τ

E|An(τ + δn) − An(τ)| ≤ lim sup
n→∞

(
c + b

r
+ Nδn

)
=

c + b
r

,

where the supτ is over all stopping times with values in [0, 1− δn]. As r > 0
was arbitrary, this shows that

lim sup
n→∞

sup
τ

E|An(τ + δn) − An(τ)| = 0,

and from Aldous’ criterion for tightness [37, Theorem 16.11] we conclude
that (An) is tight. The Cauchy-Schwartz inequality and similar calculations
allow to conclude that

E[|Mn(τ + δ) − Mn(τ)|] ≤
√

Nδ +
c + b

r
,

so as before (Mn) is a tight sequence. Furthermore, (Mn) is in fact precom-
pact in the 1-Wasserstein space W1(C) of measures on C which integrate
the supremum of the norm of the path of the canonical process. This follows
by showing that

lim
K→∞

sup
n
E

[
sup
t≤1
|Mn(t)|1supt≤1 |Mn(t)|≥K

]
= 0,

which is a consequence of Cauchy-Schwartz, Doob’s inequality, and As-
sumption 8.1(3).

Passing to a subsequence and applying Skorokhod’s representation, let us
now assume that there exists continuous process A and M such that An → A
and Mn → M almost surely (in C), with all processes defined on some
common probability space (Ω,F ,P). The process M is in fact a martingale
thanks toW1(C)-precompactness. From Assumption 8.1(3) and a standard
argument as in the de la Vallée Poisson Theorem, we conclude that {qn : n ∈
N} ⊆ L1 := L1([0, 1] × Ω, dt ⊗ dP) is uniformly integrable and thus weakly
precompact. Similarly, using further that {an : n ∈ N} is weakly precompact
in the Bochner space L1

d := L1([0, 1] × Ω, dt ⊗ dP;Rd×d) of matrix-valued
integrable processes if and only if {|an| : n ∈ N} is uniformly integrable (cf.
[26]), we deduce that {an : n ∈ N} is weakly precompact. By passing to a
further subsequence, we may now assume that qn → q weakly in L1, that
an → a weakly in L1

d, and that a is almost surely Sd
+-valued. Because g is

bounded from below and lower semicontinuous in its last three variables,
the map (X̄, q̄, ā) 7→ E

∫ 1

0
g(t, X̄(t), q̄(t), ā(t))dt is lower semicontinuous in
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the norm topology of C × L1 × L1
d, by Fatou’s lemma. Because it is also

convex in the last two, this map is therefore weakly lower semicontinuous
when L1 × L1

d is given the weak topology. This yields (8.4). By dominated
convergence, it holds for each bounded random variable Z that

E[ZA(t)] = lim
n→∞
E[ZAn(t)] = lim

n→∞
E

[
Z

∫ t

0
qn(s)ds

]
= E

[
Z

∫ t

0
q(s)ds

]
.

Hence A(t) =
∫ t

0
q(s)ds a.s. for each t, and by continuity we have A(·) =∫ ·

0
q(s)ds a.s. A similar argument shows that for each 1 ≤ i, j ≤ d and

0 ≤ s ≤ t ≤ 1 and Z measurable up to time s, we have

0 = lim
n→∞
E

[
Z

(
Mi

nM j
n(t) − Mi

nM j
n(s) −

∫ t

s
ai, j

n (r)dr
)]

=E

[
Z

(
MiM j(t) − MiM j(s) −

∫ t

s
ai, j(r)dr

)]
,

from which 〈M〉(·) =
∫ ·

0
a(r)dr. �

Proof of Theorem 8.3.
Convexity: Let λ ∈ [0, 1], and fix Q0,Q1 ∈ S . We work on the extended

probability space C × {0, 1}, and we write (W, X) to denote the identity map
on this space. We define a measure M on C × {0, 1} by requiring that the
second marginal of M be λδ0 + (1 − λ)δ1, and the conditional law of W
given X be QX. In particular, the first marginal of M is precisely Q :=
λQ0 + (1 − λ)Q1. Abbreviate qi := qQi and ai := aQi . It easily follows that
the process

W(t) −
∫ t

0
qX(s)ds

defines an M-martingale with respect to the filtration F = (F t)t∈[0,1] de-
fined by F t = Ft ⊗ σ(X) on the product space. Furthermore, the quadratic
variation of W(·) −

∫ ·
0

qX(s)ds has a density explicitly given by t 7→ aX(t).
Now define the processes q = (q(t))t∈[0,1] and a = (a(t))t∈[0,1] respectively as
the optional projections of the processes (qX(t))t∈[0,1] and (aX(t))t∈[0,1] on the
filtration F generated by W. In particular,

q(t) = EM[qX(t) | (Ws)s≤t] = EM[1X=0q0(t) + 1X=1q1(t) | (Ws)s≤t],

a(t) = EM[aX(t) | (Ws)s≤t] = EM[1X=0a0(t) + 1X=1a1(t) | (Ws)s≤t],

A few computations reveal that W(·)−
∫ ·

0
q(t)dt is still an M-martingale. On

the other hand, since W(·)−
∫ ·

0
qX(s)ds has aX as the density of its quadratic

variation under M, so does W itself. But then for all i ≤ i, j ≤ d, if R is
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bounded and Ft-measurable and 0 ≤ h ≤ 1 − t, we have

0 = EM

[(
W iW j(t + h) −W iW j(t) −

∫ t+h

t
ai, j

X (s)ds
)

R
]

= EM

[(
W iW j(t + h) −W iW j(t) −

∫ t+h

t
ai, j(s)ds

)
R
]

= EQ

[(
W iW j(t + h) −W iW j(t) −

∫ t+h

t
ai, j(s)ds

)
R
]
,

recalling that Q is the first marginal of M. Since the M martingale W(·) −∫ ·
0

q(t)dt is F -adapted, it follows that it is a Q-martingale (when seen as liv-
ing in the filtered probability space (C,F ,Q)) and the above display shows
that the density of its quadratic variation is precisely a. In summary, we
conclude that Q ∈ S , and that q = qQ as well as a = aQ. Finally, using
Jensen’s inequality, we compute

λαg(Q0) + (1 − λ)αg(Q1)

=λEQ0

[∫ 1

0
g(t,W(t), q0(t), a0(t))dt

]
+ (1 − λ)EQ1

[∫ 1

0
g(t,W(t), q1(t), a1(t))dt

]

=EM

[∫ 1

0
g(t,W(t), qX(t), aX(t))dt

]

≥EM

[∫ 1

0
g(t,W(t), q(t), a(t))dt

]

=EQ

[∫ 1

0
g(t,W(t), q(t), a(t))dt

]

=αg(Q).

Inf-compactness: Let c ∈ R and Λc := {Q : αg(Q) ≤ c}. It is convenient
in this step and the next to define

WQ(t) := W(t) −
∫ t

0
qQ(s)ds, t ∈ [0, 1],

for Q ∈ S , noting that WQ is a Q-martingale with volatility aQ. Letting
AQ(t) :=

∫ t

0
qQ(s)ds, it follows from Lemma 8.4 that {Q ◦ (AQ)−1 : Q ∈

Λc} ⊆ P(C) is tight. On the other hand, {Q ◦ (WQ)−1 : Q ∈ Λc} is tight as
well by the same argument. Since each marginal is tight, we deduce that
{Q ◦ (WQ, AQ)−1 : Q ∈ Λc} ⊆ P(C × C) is tight. Finally, by continuous
mapping, the set {Q ◦ (WQ + AQ)−1 : Q ∈ Λc} = Λc is tight.

Lower semicontinuity: Suppose {Qn : n ∈ N} ⊆ Λc with Qn → Q
weakly for some Q ∈ P(C). We must show that Q belongs to Λc. Define the
continuous process

An(t) :=
∫ t

0
qQn(s)ds = W(t) −WQn(t),



APPLICATIONS OF WEAK TRANSPORT THEORY 23

for each n. As in the previous point, {Qn ◦ (W,WQn , An)−1 : n ∈ N} is
tight. Relabelling a subsequence, suppose that Qn ◦ (W,WQn , An)−1 con-
verges weakly to the law of some C3-valued random variable (X, B, A). Us-
ing Lemma 8.4, we may assume also that A(t) =

∫ t

0
q(s)ds and a(t) := 〈B〉(t)

dt
satisfying

E

∫ 1

0
g(t, X(t), q(t), a(t))dt ≤ lim inf EQn

∫ 1

0
g(t,W(t), qQn(t), aQn(t))dt ≤ c.

Clearly WQn is a martingale in the filtration of (W,WQn , An), and hence B is
a martingale in the filtration of (X, B, A). Finally, notice that

X(t) = B(t) + A(t) = B(t) +

∫ t

0
q(s)ds,

as the same relation holds in the pre-limit. A standard argument shows that
X −

∫ ·
0

q̂(s)ds is a martingale with respect to the filtration of X, where q̂ is
the optional projection of q onto such filtration. Writing

X(t) = B(t) +

∫ t

0
[q(s) − q̂(s)]ds +

∫ t

0
q̂(s)ds =: B̃(t) +

∫ t

0
q̂(s)ds,

we deduce that B̃ is an X-adapted martingale with density of quadratic vari-
ation a. By convexity of g(t, x, ·, ·), we have

E

∫ 1

0
g(t, X(t), q̂(t), a(t))dt ≤ E

∫ 1

0
g(t, X(t), q(t), a(t))dt ≤ c.

Recalling that Q denoted the law of X, we conclude that Q ∈ Λc.
�
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[6] J. Backhoff-Veraguas, M. Beiglböck, and G. Pammer. Existence, duality, and cyclical
monotonicity for weak transport costs. Calculus of Variations and Partial Differential
Equations, 58(6):203, 2019.
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WEAK TRANSPORT FOR NON-CONVEX COSTS AND
MODEL-INDEPENDENCE IN A FIXED-INCOME MARKET

B. ACCIAIO, M. BEIGLBÖCK, AND G. PAMMER

Abstract. We consider a model-independent pricing problem in a fixed-income market and show
that it leads to a weak optimal transport problem as introduced by Gozlan et al. We use this to
characterize the extremal models for the pricing of caplets on the spot rate and to establish a first
robust super-replication result that is applicable to fixed-income markets.

Notably, the weak transport problem exhibits a cost function which is non-convex and thus not
covered by the standard assumptions of the theory. In an independent section, we establish that
weak transport problems for general costs can be reduced to equivalent problems that do satisfy the
convexity assumption, extending the scope of weak transport theory. This part could be of its own
interest independent of our financial application, and is accessible to readers who are not familiar
with mathematical finance notations.
keywords: fixed-income markets, robust pricing and hedging, weak transport problem

1. Introduction

Prompted by Hobson’s seminal paper (Hobson, 1998), the field of model-independent finance
has seen a steep development. Typically the framework consists in a market where some assets
are dynamically traded, while some derivatives are statically traded at time zero. Then, without
imposing any model or underlying probability measure, one seeks for robust pricing bounds for
other derivatives. Usually the payoffs are already expressed in discounted terms, and the pricing
problem corresponds to looking for market-compatible martingale measures, that is, probability
measures on the path space such that the discounted asset prices - taken to be the canonical
processes - are martingales, and reproduce the observed marked prices.

A widely used assumptions is the availability, for static trading, of call options with maturity T
written on an asset S , for all strikes K, which determines the distribution of S T under the pricing
measure. However, this reasoning crucially relies on the existence of a deterministic numéraire for
discounting. This point is crucial for the use of tools from the Optimal Transport and Skorokhod
embedding, see Hobson (2011); Obłój (2004); Beiglböck et al. (2013); Galichon et al. (2014);
Beiglböck and Juillet (2016); Dolinsky and Soner (2014); Campi et al. (2017); Beiglböck et al.
(2017); Cox et al. (2019); Cheridito et al. (2019), among many others.

In the present paper, we do not assume the existence of a deterministic bank account, or of a bank
account at all. Instead, we consider a fixed-income market, where bonds are dynamically traded,
and some options on them are statically traded. A similar setting is considered by Acciaio and
Grbac (2020), who assume finitely many call options with possibly different maturities being traded
on a bond, and investigate market consistency with absence of arbitrage. This analysis follows the
spirit of Davis and Hobson (2007), and displays in a simple market the different characteristics of
a robust framework when stochastic discounting is allowed. On the other hand, the focus of the
present paper is on robust pricing. We will use bonds as numéraires, thus the pricing measures
will be the so-called forward measures, a notion that we recall in the next paragraph.

For T > 0, we refer to a (zero coupon) bond with maturity T as a T -bond, and denote its price
at time t ≤ T by p(t,T ). A T -forward measure QT is a probability measure on FT such that every

1
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traded asset expressed in units of the T -bond is a martingale. The pricing formula, at time s, for a
claim Φ with maturity t, for s ≤ t ≤ T , is then given by

Vs(Φ)
p(s,T ) = EQT

[
Φ

p(t,T )

∣∣∣∣Fs

]
. (1.1)

In particular, having the prices at time 0 of all call options with maturity T on a given asset,
identifies the distribution of that asset at time T under the T -forward measure.

1.1. Robust pricing setting.
Setup 1.1. We consider maturities 0 < T1 < T2 < T3, and let T2- and T3-bonds be (dynamically)
traded in the market.1 We also let call options with maturity T1 on the T2-bond, and call options
with maturity T2 on the T3-bond be (statically) traded at time zero, for every strike K, and denote
the respective prices by C(T1,T2,K) and C(T2,T3,K).

A main contribution of this paper is to provide a robust superreplication theorem that applies to
general derivatives written on p(T1,T2), p(T1,T3), i.e. we will consider payoffs of the form

Φ(p(T1,T2), p(T1,T3)). (1.2)
Since puts with maturity Ti on T j-bonds correspond to caplets on the spot rate F(Ti,T j), our setting
in particular captures the case where Ti+1 − Ti = 6 months, as 6 months caplets are much more
liquid than the 12 months ones. Indeed, in this specific case we also identify the extremal models,
leading to lower and upper pricing bounds, as well as the corresponding sub- and superreplication
strategies. (see Section 2.2).

1.2. Robust superreplication theorem. In our setup it is most convenient to take the T2-bond as
a numéraire. In particular, we consider the discounted processes

Xi := p(Ti,T1)
p(Ti,T2) , i = 0, 1, Yi := p(Ti,T3)

p(Ti,T2) , i = 0, 1, 2. (1.3)

For the convenience of the reader, we detail in Section 2.1 below how to switch between undis-
counted quantities and quantities expressed in T2-bond units. In the present introductory section
we will consistently refer to quantities expressed in T2-bonds. The assumption in Setup 1.1 then
asserts that options on X1 and Y2 are liquidly traded. In the spirit of Breeden and Litzenberger
(1978), this amounts to the identification of probabilities µ, ν on R+ with finite first moments, such
that for derivatives ϕ, ψ

price(ϕ(X1)) =
∫
ϕ dµ, price(ψ(Y2)) =

∫
ψ dν. (1.4)

In view of the classical (in the sense of non-robust) theory of fixed-income markets, we expect
pricing functionals to arise fromT2-forwardmeasures. A genericT2-forwardmeasure is compatible
with the information given by the market if (compare (1.1))

lawQT2
(X1) ∼ µ, lawQT2

(Y2) ∼ ν. (1.5)

WewriteQ(µ, ν) for the class of all setups (Ω,F , (FTi)
2
i=0,QT2), p(Ti,T j), i ≤ j ≤ 3, i ≤ 2, satisfying

the marginal constraints (1.5) and the martingale constraints
(Xi)i=0,1, (Yi)i=0,1,2 are (FTi)-martingales. (1.6)

We will slightly abuse notation in that we write QT2 ∈ Q(µ, ν) when we really mean that we run
over all such setups. Writing Φ̂(X1,Y2) for the payoff (1.2) in terms of T2-bonds (see Section 2.1),
we arrive at the primal optimization problem

P̂F := sup
QT2∈Q(µ,ν)

EQT2 [Φ̂(X1,Y1)]. (1.7)

1All our results are still valid if T1-bonds are also dynamically traded.
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We stress that problem (1.7) differs significantly from a usual martingale optimal transport problem
in that our objective functional is written on Y1, while the marginal constraint concerns Y2. We
also note that, in contrast to most problems considered in robust finance, it is delicate to pass from
(1.7) to a problem on a canonical setup, cf. Proposition 1.4.

Switching to the dual problem of (1.7), one is allowed to trade statically in vanilla payoffs ϕ, ψ
written on X1, Y2 and to trade dynamically in (Yi)i=1,2. I.e. we consider superhedges of the form2

Φ̂(X1,Y1) ≤ ϕ(X1) + ψ(Y2) + ∆(Y1)(Y2 − Y1). (1.8)
Since our goal is to obtain a robust hedge, we shall require that (1.8) holds for arbitrary x1, y1, y2 ∈
R+. According to (1.4), the costs for this strategy (in discounted terms) amount to

∫
ϕ dµ +

∫
ψ dν.

Our main superreplication theorem is then:

Theorem 1.2. Assume that µ, ν are probabilities on R+ with finite r-th moments, for some r ≥ 1.
Assume that Φ̂(x, y) is upper semicontinuous and bounded from above by a multiple of |x|r + |y|r.
Then we have

P̂F = inf
{∫
ϕ dµ +

∫
ψ dν : Φ̂(x1, y1) ≤ ϕ(x1) + ψ(y2) + ∆(y1)(y2 − y1) for all x1, y1, y2 ≥ 0

}
,

where the infimum is taken over continuous functions ϕ and ψ that are bounded in absolute terms
by a multiple of x 7→ (1 + |x|)r and ∆ is an arbitrary function3.

Remark 1.3. It is worth noticing that the T3-bond plays no special role for our results, in the
sense that, by replacing it with a generic asset S , we would get the same superreplication result.
That is, if in Setup 1.1, instead of the T3-bond, we assume that a generic asset S is dynamically
traded and T2-calls on it statically traded, then Theorem 1.2 holds true for any derivative of the
form Φ(p(T1,T2), S T1). In this case, from market prices we deduce the distributions under QT2 of
X1 = 1/p(T1,T2) and of S T2 .

We note that robust versions of the superhedging duality / FTAP have seen particular focus in
robust finance, see e.g. Hobson and Neuberger (2012); Acciaio et al. (2016); Bouchard and Nutz
(2015); Burzoni et al. (2017); Cheridito et al. (2017), among many others.

1.3. Weak transport formulation. Our proof of Theorem 1.2 is based on new results in the
theory of weak optimal transport (WOT) (see Section 3). Specifically, we will show that WOT
problems for general costs can be reduced to the much better understood case of WOT problems
that satisfy convexity constraints. This reduction enables us to rewrite the pricing problem (1.7)
as a weak transport problem for barycentric costs. To formulate this, we write Π(µ, ν) for the set
of all couplings of the probabilities µ, ν, and for π ∈ Π(µ, ν) we denote its disintegration w.r.t. µ by
(πx)x. For a measure p on R that has a finite first moment we write b(p) for its barycenter. Using
these notions, it is possible to rewrite (1.7) as an optimization problem over measures on R2.

Proposition 1.4. Assume that µ, ν are probabilities on R+ with finite r-th moment, for some r ≥ 1,
and that µ is continuous. Assume that Φ̂(x, y) is continuous and has at most growth of order
|x|r + |y|r. Then

P̂F = sup
π∈Π(µ,ν)

∫
Φ̂(x, b(πx)) dµ(x). (1.9)

The reformulation of the robust pricing problem given in (1.9) plays a key role in our explicit
solution of the weak transport problem in the case where Φ is a put or call option (see Section 2.2).
(1.9) can also be used to formulate our superreplication theorem 1.2 in the language of optimal

2In principle we could allow for the hedge ∆ to depend also on the value of X1, but as part of our results we will
obtain that this does not change the actual value of the superhedging problem.

3In fact it suffices to consider functions ∆ which are increasing.
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transport. We state here the corresponding theorem to highlight the connection with the classical
Monge-Kantorovich duality:

Theorem 1.5. Assume that µ is a continuous probability on a Polish space X and ν a probability
on Rd, d ∈ N, with finite r-th moments, for some r ≥ 1. Assume that c : X×Rd → R is continuous
and has at most growth of order dX(x, x0)r + |y|r (where x0 is an arbitrary fixed point in X and dX
is a compatible, complete metric on X). Then we have

sup
π∈Π(µ,ν)

∫
c(x, b(πx)) dµ(x) (1.10)

= inf
{∫
ϕ dµ +

∫
ψ dν : c(x, y1) ≤ ϕ(x) + ψ(y2) + ∆(y1)(y2 − y1) for all x, y1, y2

}
(1.11)

= inf
{∫
ϕ dµ +

∫
ψ dν : c(x, y) ≤ ϕ(x) + ψ(y) for all x, y, ψ convex

}
, (1.12)

where the infimum is taken over continuous functions ϕ, ψ that are bounded in absolute terms by a
multiple of x 7→ (1 + dX(x, x0))r, y 7→ (1 + |y|)r, respectively, and ∆ is measurable.

1.4. Organisation of the paper. In Section 2 we reformulate the robust pricing problem in
discounted terms (with all quantities expressed in units of T2-bonds) and illustrate in the case of
caplets our results on superreplication duality and characterization of primal and dual optimizers.
In Section 3 we formulate and prove our new results for the weak optimal transport problem, and
from these we derive the results stated in the introduction.

2. Robust pricing problem

2.1. On discounting. Throughout this section, we work in the framework described in Sec-
tions 1.1-1.2, thus in particular under Setup 1.1. Recall that we discount our financial instruments
by expressing them in terms of T2-bonds, see (1.3). In particular we consider

X1 = 1
p(T1,T2) , Y1 =

p(T1,T3)
p(T1,T2) , Y2 = p(T2,T3).

Then a generic T2-forward measure is compatible with the information given by the market if for
all K ≥ 0 (cf. (1.1))

C(T1,T2,K)
p(0,T2)

= EQT2

[
(p(T1,T2) − K)+

p(T1,T2)

]
= EQT2

[
(1 − KX1)+] ,

C(T2,T3,K)
p(0,T2)

= EQT2

[
(p(T2,T3) − K)+

p(T2,T2)

]
= EQT2

[
(Y2 − K)+] .

(2.1)

Therefore, by Breeden and Litzenberger (1978), from the observed call prices we can deduce the
distribution under QT2 of X1 and Y2, which we denoted by µ and ν, respectively.

We are interested in a derivative of the form Φ(p(T1,T2), p(T1,T3)), with maturity T1. In terms
of T2-bonds, its payoff equals

Φ(p(T1,T2), p(T1,T3))
p(T1,T2)

= Φ

(
1
X1
,

Y1

X1

)
X1.

This justifies our notation in Section 1.2, where we denoted the discounted payoff as a function of
X1,Y1:

Φ̂(X1,Y1), (2.2)
i.e. formally we define

Φ̂(x1, y1) := Φ

(
1
x1
,

y1

x1

)
x1. (2.3)
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According to a T2-forward measure QT2 , the discounted price for such a derivative is then

EQT2

[
Φ(p(T1,T2), p(T1,T3))

p(T1,T2)

]
= EQT2

[
Φ̂(X1,Y1)

]
.

Therefore, the robust price bounds are given by optimization problems (cf. (1.7))

inf
QT2∈Q(µ,ν)

EQT2 [Φ̂(X1,Y1)], sup
QT2∈Q(µ,ν)

EQT2 [Φ̂(X1,Y1)]. (2.4)

On the other hand, the products available for trading in the market suggest the following semi-
static hedging strategies, again expressed in discounted terms:

ϕ(X1) + ψ(Y2) + ∆(X1,Y1)(Y2 − Y1). (2.5)
Here the static parts ϕ(X1), ψ(Y2) can be approximated by call options written on p(T1,T2) and
p(T2,T3), respectively, whereas the dynamic part ∆(X1,Y1)(Y2 − Y1) corresponds to rebalancing
the portfolio in T1 in a self-financing way, between T2- and T3-bonds, according to ∆. The quantity
in (2.5) then amounts to the value of such a portfolio at time T2. In fact, we find that it suffices to
rebalance at time T1 only depending on the value of Y1, that is, it suffices to consider strategies of
the form ∆(Y1) rather than ∆(X1,Y1), see Theorem 1.2.

2.2. Robust pricing of caplets: primal and dual optimizers. In this section we consider vanilla
derivatives of the type Φ = (p(T1,T3) − K)+, and comment on their primal and dual optimizers.
W.l.o.g. we can consider K = 1. In discounted terms, this leads to considering the following
function in (2.2):

Φ̂(x, y) = (y − x)+.

By Proposition 1.4, the robust pricing bounds in (2.4) can be computed via

inf
π∈Π(µ,ν)

∫
(b(πx) − x)+ dµ(x), (2.6)

sup
π∈Π(µ,ν)

∫
(b(πx) − x)+ dµ(x), (2.7)

respectively. In Section 3.4 we discuss in detail the WOT for cost functions of the form C(x, p) =

θ(b(p) − x), where θ is convex or concave. In particular we will determine the primal as well as
dual optimizers and thus obtain the solutions to the problems (2.6) and (2.7):

• Lower bound. The optimizer for the lower bound (2.6) is determined by the so called weak
monotone rearrangement of µ and ν (see Alfonsi et al. (2020) and Backhoff-Veraguas et al.
(2020b) for details): Briefly, by using ∗ to indicate a push-forward measure, and ≤c to
denote convex order between measures4, the family

{T : R→ R,T is monotone, 1-Lip,T∗(µ) ≤c ν}
has a unique element T̂ for which the Wasserstein-1 distanceW1(µ, T̂∗(µ)) is minimized.
(2.6) is then minimized if we put Y1 = T̂ (X1) and couple Y1 and Y2 by an arbitrary
martingale coupling of T∗(µ) and ν. In particular, in this market model, X1 = 1

p(T1,T2) and
Y1 =

p(T1,T3)
p(T1,T2) are comonotone.

The corresponding sub-replication strategy is determined in Example 3.13, (3.35). It
consists in the static position of being short a call on X1 (that is, short puts on p(T1,T2)) and
holding a call on Y2 (that is, holding a call on p(T2,T3)), and on rearranging the portfolio
at time T1 (between the T2 and the T3 bonds) in order to hold one unit of the T3-bond if Y1
is above a certain threshold and else investing all in the T2-bond.

4Two measures ν′, ν ∈ P1(Rd) are in convex order, denoted by ν′ ≤c ν, if
∫
θdν′ ≤

∫
θdν for all convex θ : Rd → R.
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• Upper bound. On the other hand, the upper bound (2.6) is obtained in a market where
Y1 = Y2 a.s. and where X1,Y1 are coupled through the anticomonotone coupling. In
particular,

p(T1,T3) = p(T1,T2)p(T2,T3) a.s.

The corresponding superreplication strategy (Example 3.13, (3.36)) consists in a static
position of holding a put on X1 (that is, long calls on p(T1,T2)) and being short a put on Y2
(that is, short a put on p(T2,T3)), and on rearranging the portfolio at time T1 (between the
T2 and the T3 bonds) in order to be one unit short in the T3-bond if Y1 is below a certain
threshold and else investing all in the T2-bond.

3. Weak Optimal Transport problem

For the convenience of the reader who is potentially unfamiliar with the mathematical finance
aspect of this work, this section can be read independently of the previous sections. The optimal
transport problem for weak transport costs (WOT) was initiated by Gozlan et al. (2017) motivated
by applications in geometric inequalities. Their contribution kicked off a vivid research activity
by various groups: Gozlan et al. (2018); Alfonsi et al. (2019, 2020); Gozlan and Juillet (2020);
Alibert et al. (2019); Shu (2020); Backhoff-Veraguas et al. (2019, 2020b); Backhoff-Veraguas and
Pammer (2019, 2020).

In this section we use techniques established in WOT to prove our main results (stated in the
Introduction). On the way, we prove some auxiliary results that might be of independent interest.

Specifically, we will show in Theorem 3.7 that, for µ,C continuous, the WOT transport problem
can be reduced to the case where the cost function is convex in the second argument. We prove
that

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx) = inf

π∈Π(µ,ν)

∫

X
C∗∗(x, πx) µ(dx), (3.1)

where for each x, the function C∗∗(x, ·) denotes the convex hull of the function p 7→ C(x, p). This
reduction is relevant since virtually all results obtained in WOT so far assume convexity in the
second argument.

In Subsection 3.3 we consider a particular class of WOT problems, where the cost function
is barycentric. We draw a connection of barycentric costs to a specific class of OT problems
where the second marginal is not fixed, but has to satisfy a convex order constraint. Moreover we
derive duality results for semi-continuous costs of barycentric type that closely resemble classical
Monge-Kantorovich duality.

3.1. Notation and setting. Fix r ∈ [1,+∞). We denote byX andY Polish spaces with compatible
metrics dX and dY. We denote byPr(X) the set of probabilitymeasures onXwhich finitely integrate
x 7→ dX(x, x0)r (for some x0 ∈ X and therefore also for any), and we equip it with the Wasserstein
distanceWr. For any pair of measures (µ, ν) ∈ Pr(X) × Pr(X) their distance is given by

Wr(µ, ν)r = inf
π∈Π(µ,ν)

∫

X×X
dX(x, x′)r π(dx, dx′).

The set of continuous functions which are absolutely bounded by a multiple of 1 + dX(x, x0)r

is denoted by Φr(X). For products X × Y of Polish spaces, we will consider the metric
dr((x, x′), (y, y′))r = dX(x, x′)r + dY(y, y′)r and the corresponding Wasserstein space Pr(X × Y).
We will often use the notation µ( f ) to abbreviate

∫
X f (x) µ(dx).
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3.1.1. The weak optimal transport problem. We define the weak transport problem for a measur-
able cost function C : X × P(Y) → R, where we write R for the extended real line R ∪ {±∞},
as

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx). (WOT)

As the disintegration of a measure is measurable but by no means (weakly) continuous, we observe
an inherent asymmetry in (WOT). To be able to obtain results like existence of minimizers
and duality, additional assumptions were made about the cost function C in the literature. A
minimal assumptions to have both existence and duality is, besides lower semicontinuity and lower
boundedness of C, that

∀x ∈ X : p 7→ C(x, p) is convex, (3.2)
see Backhoff-Veraguas et al. (2019). The key observation therein is that the spaces X and Y play
different roles: X is like the state space of a stochastic process at time 1 and Y like the state space
at time 2.

3.1.2. The adapted weak topology. When we regard X × Y as the path space of discrete-time
stochastic processes (with two times), it is apparent that the weak topology onP(X×Y) is not fit to
account for closeness of stochastic processes as it is ignorant to the temporal information structure.
For this reason it is of interest to equip P(X × Y) with a stronger topology, the so-called adapted
weak topology. A more detailed discussion of this topology can be found in Backhoff-Veraguas
et al. (2020a) and Eder (2019). In our setting, where the interest lies on a single time step, this
topology can be introduced in the style of Backhoff-Veraguas et al. (2019) by virtue of the following
embedding:

J : P(X ×Y)→ P(X × P(Y)) : π 7→ (x, πx)∗(proj1∗ π), (3.3)
where proji stands for the projection onto the i-th component. The adapted weak topology on
P(X ×Y) is then defined as the initial topology induced by J. Note that J restricted to Pr(X ×Y)
maps toPr(X×Pr(Y)), where (one possible candidate for) the metric on the latter space is given by
dX×Pr(Y)((x, p), (x′, p′)) := r

√
dX(x, x′)r +Wr(p, p′)r. We call the initial topology of J restricted

to Pr(X ×Y) the r-adapted Wasserstein topology which is induced by the metric
AWr(π, π′) :=Wr(J(π), J(π′)), (3.4)

where π, π′ ∈ Pr(X×Y), andWr here is theWasserstein distance onPr(X×Pr(Y))w.r.t. dX×Pr(Y).

3.1.3. The relaxation of WOT. In light of the embedding J it seems natural to introduce a relaxed
version of (WOT). As we are interested in processes with prescribed marginals (µ, ν), we start by
making sense of what it means for a measure in P(X × P(Y)) to have ν as its “second marginal".
To this end, consider the intensity maps Î : P(X × P(Y)) → P(X × Y) and I : P(P(Y)) → P(Y),
where for P ∈ P(X × P(Y)) and Q ∈ P(P(Y)) their intensities Î(P) and I(Q) are given by the
unique measures satisfying

Î(P)( f ) =

∫

X×P(Y)

∫

Y
f (x, y) p(dy) P(dx, dp) ∀ f ∈ Cb(X ×Y), (3.5)

I(Q)( f ) =

∫

P(Y)

∫

Y
f (y) p(dy) Q(dp) ∀ f ∈ Cb(Y), (3.6)

respectively. Note that Î is the left inverse of J, i.e. Î(J(π)) = π for any π ∈ P(X × Y). We denote
by P(X{ Y) the set of probability measures onX×Y concentrated on the graph of a measurable
function. Then J maps in fact into P(X{ P(Y)), and Î restricted to P(X{ P(Y)) is its inverse.

We define Λ(µ, ν) ⊆ P(X × P(Y)) by

Λ(µ, ν) :=
{
P ∈ P(X × P(Y)) : Î(P) ∈ Π(µ, ν)

}
. (3.7)
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Since proj1∗(Î(P)) = proj1∗ P and proj2∗(Î(P)) = I(proj2∗ P), we obtain

Λ(µ, ν) =
{
P ∈ P(X × P(Y)) : proj1∗ P = µ, I(proj2∗ P) = ν

}
=

⋃

ν′∈P(P(Y))
I(ν′)=ν

Π(µ, ν′). (3.8)

Clearly, we have that J(Π(µ, ν)) ⊆ Λ(µ, ν), but there is even more to it. As long as µ is atomless,
we have by the next lemma that J(Π(µ, ν)) is dense in Λ(µ, ν).

Lemma 3.1. Let µ ∈ P(X) be continuous and ν ∈ P(Y). Then the set J(Π(µ, ν)) = Λ(µ, ν)∩P(X{
P(Y)) is dense in Λ(µ, ν).

Proof. It is well-known that, for a continuous probability measure µ on some Polish space X and
an arbitrary probability measure ν′ on some Polish spaceZ, the set Π(µ, ν′)∩P(X{ Z) is dense
in Π(µ, ν′). This means here that, for each ν′ ∈ P(P(Y)), we have denseness of Π(µ, ν′) ∩ P(X{
P(Y)) in Π(µ, ν′). Hence, (3.8) yields denseness of

Λ(µ, ν) ∩ P(X{ P(Y)) =
⋃

ν′∈P(P(Y))
I(ν′)=ν

Π(µ, ν′) ∩ P(X{ P(Y))

inΛ(µ, ν). Finally, since Î restricted toP(X{ P(Y)) is the inverse of J, we have that J : Π(µ, ν)→
P(X{ P(Y)) ∩ Λ(µ, ν) is a bijection and J(Π(µ, ν)) = P(X{ P(Y)) ∩ Λ(µ, ν). �

3.1.4. On the process interpretation of the relaxation. A common interpretation of probability
measures π ∈ Π(µ, ν) in optimal transport is to view π as the law of a stochastic process (X,Y)
where X ∼ µ and Y ∼ ν. Due to the inherent asymmetry of (WOT), this point of view seems even
more natural in the framework of weak optimal transport. Then (WOT) is equivalent to

inf
(X,Y)

X∼µ,Y∼ν
E[C(X,L (Y |X))].

We can relax this problem by considering triplets (X,Y,F ) where X ∼ µ, Y ∼ ν and F ⊇ σ(X).
The corresponding minimization problem reads as

inf
(X,Y,F )

X∼µ,Y∼ν,F⊇σ(X)

E[C(X,L (Y |F ))]. (3.9)

Any such triplet (X,Y,F ) (on some abstract probability space) induces an element of P(X×P(Y))
via L (X,L (Y |F )). In the same way, elements of P(X × P(Y)) allow to be interpreted as 1-time
step stochastic processes with non-trivial filtration, which is fleshed out in the next lemma.

Lemma 3.2. Let (µ, ν) ∈ P(X)×P(Y). Let X be a 1-time step stochastic process (X1 = X, X2 = Y)
with filtration (Ft)2

t=1 on an abstract probability space such that X ∼ µ and Y ∼ ν. Then there
exists PX ∈ Λ(µ, ν) with

E [F(X,L (Y |F1))] =

∫

X×P(Y)
F(x, p) PX(dx, dp) (3.10)

for all measurable F : X × P(Y)→ R for which the left-hand side in (3.10) is well-defined.
On the other hand, any P ∈ Λ(µ, ν) induces a process X with X ∼ µ and Y ∼ ν such that (3.10)

holds for any F where the right-hand side of (3.10) is well-defined with PX = P.

Proof. Define PX as the law of (X,L (Y |F1)), then (3.10) is satisfied. To see that PX belongs to
Λ(µ, ν), we note that X ∼ µ = proj1∗ PX. Moreover, for any f ∈ Cb(Y) we find

∫

X×P(Y)

∫

Y
f (y) p(dy) PX(dx, dp) = E

[∫

Y
f (y) L (Y |F1)(dy)

]
= E

[
f (Y)

]
,
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which proves that the intensity of the second marginal of PX is ν, hence, PX ∈ Λ(µ, ν) by (3.8).
Now, fix P ∈ Λ(µ, ν). Define a filtered probability space by X × P(Y) × Y with σ-algebra

F = B(X) ⊗ B(P(Y)) ⊗ B(Y), probability measure P(dx, dp, dy) = P(dx, dp)p(dy), and filtration
F1 = σ((x, p, y) 7→ (x, p)), F2 = F . We consider the process (X(x, p, y) = x,Y(x, p, y) = y).
Clearly, we have L (X) = µ. To see that L (Y) = ν, it suffices to show L (Y |F1)(x, p, y) = p
P-almost surely, since then L (Y) = E[L (Y |F1)] =

∫
X×P(Y) p P(dx, dp) = I(proj2∗ P) = ν. By

P(dx, dp, dy) = P(dx, dp)p(dy) we have

L (Y |F1)(x, p, y) = Px,p = p P-almost surely.

As a consequence we get Y ∼ ν and
∫

X×P(Y)
F(x, p) P(dx, dp) =

∫

X×P(Y)×Y
F(x, p)P(dx, dp, dy)

= E [F(X,L (Y |F1))] =

∫

X×P(Y)
F(x, p) PX(dx, dp),

for any F : X × P(Y) → R such that the left-hand side is well-defined. This equation determines
the distribution of PX, thus we conclude with P = PX. �

In Lemma 3.2 we found that for each element of Λ(µ, ν) there is a stochastic process X such
that (3.10) is satisfied and vice versa. In this sense, Λ(µ, ν) can be seen as the set of stochastic
processes X with not necessarily canonical filtration, which are at time 1 distributed according to
µ and at time 2 according to ν. The following result is an immediate consequence.

Corollary 3.3. The values of (3.9) and

inf
P∈Λ(µ,ν)

∫

X×P(Y)
C(x, p) P(dx, dp) (WOT’)

coincide.

3.2. Weak transport duality for non-convex cost. Themain result of this section is Theorem 3.7,
that can be seen as a justification for the convexity assumption on the cost C, in the sense of (3.2).
First we show, in Proposition 3.5, that the relaxed problem (WOT’) coincides with a weak transport
problem (WOT) when the cost C is convexified. Then in Theorem 3.7 we obtain that the values of
(WOT) and (WOT’) coincide (even without convexification ofC) for continuous cost when the first
marginal µ is atomless. Hence, when one is solely interested in the value of (WOT) for continuous
cost, it is of no harm to convexify C and thus work in the framework of classical WOT theory.

For the sake of completeness we include the following (slightly more general) version of the
first assertion of (Backhoff-Veraguas et al., 2019, Theorem 3.1), where we weaken the assumption
that C is bounded from below to (3.11). So far the weak transport duality was usually stated in the
form of (3.12) using an inf-convolution instead of pairs of dual functions, c.f. (Gozlan et al., 2017,
Theorem 9.6), (Alibert et al., 2019, Theorem 4.2) and (Backhoff-Veraguas et al., 2019, Theorem
3.1). Another minor contribution of the next theorem is the harmonisation of the weak transport
duality to the Kantorovich duality (known from classical optimal transport) in terms of dual pairs
instead of utilizing an inf-convolution, see (3.12) and (3.13).

Theorem 3.4 (Duality). Let (µ, ν) ∈ Pr(X) × Pr(Y) and C : X × Pr(Y) → R ∪ {+∞} be lower
semicontinuous such that there is a constant K > 0 and (x0, y0) ∈ X × Y with

C(x, p) ≥ −K
(
1 + dX(x, x0)r +Wr(p, δy0)r

)
. (3.11)
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Then

inf
P∈Λ(µ,ν)

∫
C(x, p) P(dx, dp) = sup

ψ∈Φr(Y)
ν(ψ) +

∫

X
RCψ(x) µ(dx) (3.12)

= sup
ϕ∈Φr(X), ψ∈Φr(Y)
ϕ(x)+p(ψ)≤C(x,p)

ν(ψ) + µ(ψ), (3.13)

where RCψ(x) := inf {−p(ψ) + C(x, p) : p ∈ Pr(Y)} and
∫
X RCψ(x) µ(dx) := −∞ if the integral of

RCψ w.r.t. µ is not well-defined.

Proof. Define the auxiliary cost function C̃ : X × P(Y)→ [0,+∞) by

C̃(x, p) := C(x, p) + K
(
1 + dX(x, x0)r +Wr(p, δy0)r

)
,

where (x, p) ∈ X × P(Y). For any P ∈ Λ(µ, ν) we have
∫

X×P(Y)
1 + dX(x, x0)r +Wr(p, δy0)r P(dx, dp)

= 1 +

∫

X
dX(x, x0)r µ(dx) +

∫

X×P(Y)

∫

Y
dY(y, y0)r p(dy) P(dx, dp)

= 1 +

∫

X
dX(x, x0)r µ(dx) +

∫

Y
dY(y, y0)r ν(dy),

and therefore

∫

X×P(Y)
C̃(x, p) P(dx, dp) =

∫

X×P(Y)
C(x, p) P(dx, dp)

+ K
(
1 +

∫

X
dX(x, x0)r µ(dx) +

∫

Y
dY(y, y0)r ν(dy)

)
.

For any ψ ∈ Φr(Y) we write

ψ̃(y) := ψ(y) + K
(
1 + dY(y, y0)r) ∈ Φr(Y)

and we obtain the following relation between the inf-convolutions of C and C̃:

RC̃ψ(x) = inf
p∈Pr(Y)

−p(ψ) + C̃(x, p)

= inf
p∈Pr(Y)

−p(ψ) + C(x, p) + K
(
1 + dX(x, x0)r +

∫

Y
dY(y, y0)r p(dy)

)

= inf
p∈Pr(Y)

−p(ψ̃) + C(x, p) + KdX(x, x0)r

= RCψ̃(x) + KdX(x, x0)r.

In particular, the µ-integral of RC̃ψ is well-defined if and only if the µ-integral of RCψ̃ is. Since C̃
is bounded from below and lower semicontinuous, (Backhoff-Veraguas et al., 2019, Theorem 3.1)
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yields 5

inf
P∈Λ(µ,ν)

∫

X×P(Y)
C̃(x, p) P(dx, dp) = sup

ψ∈Φr(Y)
ν(ψ) +

∫

X
RC̃ψ(x) µ(dx)

= sup
ψ∈Φr(Y)

ν(ψ) +

∫

X
RCψ̃(x) + KdX(x, x0)r µ(dx)

= K
(
1 +

∫

X
dX(x, x0)r µ(dx) +

∫

Y
dY(y, y0)r ν(dy)

)

+ sup
ψ∈Φr(Y)

ν(ψ̃) +

∫

X
RCψ̃(x) µ(dx).

Rearranging the terms and relabeling ψ̃ as ψ yields (3.12).
The next goal is to show (3.13), which resembles more closely the classical Kantorovich duality.

By the first part of the proof, we may assume w.l.o.g. that C is nonnegative. It is well-known that
for any lower semicontinuous, nonnegative function f (on a metric space), there exists a sequence
of nonnegative functions ( fk)k∈N such that fk is k-Lipschitz continuous and absolutely bounded by
k, and fk ↗ f .

Let (Ck)k∈N be such a sequence for C. Monotone convergence and existence of minimizers, see
(Backhoff-Veraguas et al., 2019, Theorem 2.9), yield

sup
k

inf
P∈Λ(µ,ν)

∫

X×P(Y)
Ck(x, p) P(dx, dp) = inf

P∈Λ(µ,ν)

∫

X×P(Y)
C(x, p) P(dx, dp).

Assume for a moment that (3.13) holds for all k ∈ N, then
inf

P∈Λ(µ,ν)

∫

X×P(Y)
C(x, p) P(dx, dp) = sup

k
sup

ϕ∈Φr(X), ψ∈Φr(Y)
ϕ(x)+p(ψ)≤Ck(x,p)

ν(ψ) + µ(ϕ)

≤ sup
ϕ∈Φr(X), ψ∈Φr(Y)
ϕ(x)+p(ψ)≤C(x,p)

ν(ψ) + µ(ϕ)

≤ inf
P∈Λ(µ,ν)

∫
C(x, p) P(dx, dp).

Therefore, the inequalities are in fact equalities and (3.13) holds even for C as in the statement of
the theorem.

It is sufficient to show (3.13) for k-Lipschitz weak transport costs C, k ∈ N. When C is
k-Lipschitz, its inf-convolution RCψ is also k-Lipschitz as the next computation shows:

|RCψ(x) − RCψ(x′)| ≤ sup
p∈Pr(Y)

|C(x, p) −C(x′, p)| ≤ kdX(x, x′).

As a consequence we have that RCψ ∈ Φr(X), and

sup
ψ∈Φr(Y)

ν(ψ) +

∫

X
RCψ(x) µ(dx) ≥ sup

ϕ∈Φr(X), ψ∈Φr(Y)
ϕ(x)+p(ψ)≤C(x,p)

ν(ψ) + µ(ϕ).

On the other hand, the reverse inequality is easy to show: Let ϕ ∈ Φr(X) and ψ ∈ Φr(Y) such that
ϕ(x) + p(ψ) ≤ C(x, p). Then ϕ(x) ≤ −p(ψ) + C(x, p) for all (x, p) ∈ X × Pr(Y), hence,

ϕ(x) ≤ inf
p∈Pr(Y)

−p(ψ) + C(x, p) = RCψ(x) ∀x ∈ X.

5The supremum in the duality of (Backhoff-Veraguas et al., 2019, Theorem 3.1) is taken over all functions ψ ∈ Φr(Y)
which are bounded from above. Therefore, RC̃ψ is bounded from below and its µ-integral is well-defined. We circumvent
this by defining the µ-integral of RCψ appropriately, that is −∞, whenever it is not well-defined.
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Therefore we have
ν(ψ) + µ(ϕ) ≤ ν(ψ) +

∫

X
RCψ(x) µ(dx),

which readily shows the reverse inequality and completes the proof. �

Proposition 3.5. Let µ ∈ P(X) and ν ∈ Pr(Y). Assume that C : X × Pr(Y) → R ∪ {+∞} is mea-
surable and bounded from below as in (3.11). For each x ∈ X, we denote by C∗∗x the lower semi-
continuous convex envelope of C(x, ·), and define C̃(x, p) := infQ∈Pr(Pr(Y)), I(Q)=p

∫
C(x, q) Q(dq).

Then

inf
P∈Λ(µ,ν)

∫
C(x, p) P(dx, dp) = inf

P∈Λ(µ,ν)

∫
C̃(x, p) P(dx, dp) (3.14)

= inf
π∈Π(µ,ν)

∫
C̃(x, πx) µ(dx) (3.15)

≥ inf
P∈Λ(µ,ν)

∫
C∗∗x (p) P(dx, dp) (3.16)

= inf
π∈Π(µ,ν)

∫
C∗∗x (πx) µ(dx). (3.17)

Moreover, if C(x, ·) is lower semicontinuous for all x ∈ X, there is equality.
Proof. Let P ∈ Λ(µ, ν). For disintegrations (Px)x∈X and (πx)x∈X of P and π w.r.t. µ, respectively,
we have by definition of the intensity maps, c.f. (3.5) and (3.6), the relation

I(Px) = πx µ-almost surely.
Due to (3.18), we have∫

X×Pr(Y)
C(x, p) P(dx, dp) ≥

∫

X×Pr(Y)
C̃(x, p) P(dx, dp) =

∫

X

∫

Pr(Y)
C̃(x, p) Px(dp) µ(dx)

≥
∫

X
C̃(x, πx) µ(dx) ≥

∫

X
C∗∗x (x, πx) µ(dx).

Evidently, (3.16) is dominated by (3.17), and at the same time we have because of Jensen’s
inequality∫

X×Pr(Y)
C∗∗x (p) P(dx, dp) =

∫

X

∫

Pr(Y)
C∗∗x (p) Px(dp) µ(dx) ≥

∫

X
C∗∗x (I(Px)) µ(dx),

which proves that (3.16) and (3.17) coincide.
It remains to show that the left-hand side of (3.14) is dominated by (3.15). Pick π ∈ Π(µ, ν),

and note that the map (x, p) 7→ C̃(x, p) is lower semianalytic by (Bertsekas and Shreve, 1978,
Proposition 7.47). Moreover, D := {(x, p,Q) ∈ X × Pr(Y) × Pr(Pr(Y)) : I(Q) = p} is closed.
Therefore, by (Bertsekas and Shreve, 1978, Proposition 7.50) there is, for each ε > 0, an analytically
measurable function (x, p) 7→ Qx,p with∫

Pr(Y)
C(x, q) Qx,p(dq) ≤ C̃(x, q) + ε.

The intensity of P(dx, dq) := µ(dx) Qx,πx(dq) is given by
Î(P)(dx, dy) = µ(dx) I(Qx,πx)(dy) = µ(dx) πx(dy) = π(dx, dy).

Thus P ∈ Λ(µ, ν) and∫

X×Pr(Y)
C(x, p) P(dx, dp) =

∫

X

∫

Pr(Y)
C(x, p) Qx,πx(dp) µ(dx) ≤

∫

X
C̃(x, πx) µ(dx) + ε.

We see that (3.15) dominates the left-hand side of (3.14) by recalling that ε > 0 was arbitrary. �
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Lemma 3.6. Under the assumption of Proposition 3.5, we have that, for all (x, p) ∈ X × Pr(Y)
and Q ∈ Pr(Pr(Y)) with I(Q) = p,

C∗∗x (p) ≤ C̃(x, p) ≤
∫

Pr(Pr(Y))
C̃(x, q) Q(dq). (3.18)

Moreover, if C(x, ·) is lower semicontinuous there is equality, that means C∗∗x (p) = C̃(x, p) for all
p ∈ Pr(Y).

Proof. By Fenchel’s duality theorem, for all p ∈ Pr(Y) we have that

C∗∗x (p) = sup
ψ∈Φr(Y)

p(ψ) − sup
q∈Pr(Y)

q(ψ) −C(x, q) = sup
ψ∈Φr(Y)

p(ψ) + RCψ(x),

and C∗∗x (p) ≤ C(x, p). Therefore, we have for any Q ∈ Pr(Pr(Y)) with I(Q) = p that

C∗∗x (p) ≤
∫

Pr(Y)
C∗∗x (q) Q(dq) ≤

∫

Pr(Y)
C(x, q) Q(dq).

Taking the infimum over all Q ∈ Pr(Pr(Y)) with I(Q) = p shows the first inequality in (3.18).
To see the second inequality in (3.18), we observe that the map q 7→ C̃(x, q) is by (Bert-

sekas and Shreve, 1978, Proposition 7.47) lower semianalytic, and that D = {(p,Q) ∈ Pr(Y) ×
Pr(Pr(Y)) : I(Q) = p} is closed. Therefore, by (Bertsekas and Shreve, 1978, Proposition 7.50),
for each ε > 0 there is an analytically measurable function q 7→ Qq with

∫

Pr(Y)
C(x, q) Qq(dq) ≤ C̃(x, q) + ε ∀q ∈ Pr(Y).

We now compute the intensity of Q̂(dq) :=
∫
Pr(Y) Qq′(dq) Q(dq′):

I(Q̂) =

∫

Pr(Y)
I(Qq′) Q(dq′) =

∫

Pr(Y)
q′ Q(dq′) = I(Q) = p.

Hence,

C̃(x, p) ≤
∫

Pr(Y)
C(x, q) Q̂(dq) ≤

∫

Pr(Y)
C̃(x, q) Q(dq) + ε,

which proves the second inequality in (3.18) as ε is arbitrary.
If C(x, ·) is lower semicontinuous, we have by Theorem 3.4

sup
ψ∈Φr(Y)

p(ψ) + RCψ(x) = inf
P∈Λ(δx,p)

C(x′, p) P(dx′, dp) = C̃(x, p),

whence, C∗∗x (p) = C̃(x, p) for all p ∈ Pr(Y). �

Theorem 3.7. Assume that µ ∈ P(X) is continuous, ν ∈ Pr(Y), and C ∈ Φr(X × Pr(Y)). Then

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx) = inf

π∈Π(µ,ν)

∫

X
C∗∗x (πx) µ(dx). (3.19)

In particular, the minimization problems (3.14)-(3.17) yield the same value.

Proof. By Proposition 3.5 it remains to show that

inf
P∈Λ(µ,ν)

∫
C(x, p) P(dx, dp) ≥ inf

π∈Π(µ,ν)

∫
C(x, πx) µ(dx).

As µ is continuous, Lemma 3.1 provides for any P ∈ Λ(µ, ν) a sequence Pk ∈ Λ(µ, ν) ∩ Pr(X {
Pr(Y)) such that Pk converges to P weakly. Since (µ, ν) ∈ Pr(X)×Pr(Y) is fixed, this convergence
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holds even inWr (on Pr(X × Pr(Y))). Let πk ∈ Π(µ, ν) with J(πk) = Pk, k ∈ N. Then

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx) ≤ lim inf

k→+∞

∫

X
C(x, πk

x) µ(dx)

= lim
k→+∞

∫

X×Pr(Y)
C(x, p) Pk(dx, dp) =

∫

X×Pr(Y)
C(x, p) P(dx, dp).

As P was an arbitrary element of Λ(µ, ν), this concludes the proof. �

Proof of Proposition 1.4. First note that clearly the robust optimization problem in (1.7) can be
reformulated as in (3.9). Then (1.9) follows from Corollary 3.3, Proposition 3.5 and Theorem 3.7.

�

Remark 3.8. Recall the definition of C̃(x, ·) from Proposition 3.5. Assume that C(x, ·) is concave
in the following sense:

∫

Pr(Y)
C(x, q) Q(dq) ≤ C(x, I(Q)) ∀Q ∈ Pr(Pr(Y)), (3.20)

which is satisfied as soon asC(x, ·) is concave, lower/upper semicontinuous and sufficiently bounded
from above, by Lemma 3.9. It turns out that then C̃(x, ·) is in fact linear. Indeed, let p ∈ Pr(Y).
The pushforward measure Q∗ := (y 7→ δy)∗p clearly constitutes an element of Pr(Pr(Y)) where
I(Q∗) = p. Consequentially we deduce

C̃(x, p) = inf
Q∈Pr(Pr(Y))

I(Q)=p

∫

Pr(Y)
C(x, q) Q(dq) ≤

∫

Pr(Y)
C(x, q) Q∗(dq) =

∫

Y
C(x, δy) p(dy). (3.21)

On the other hand, due to (3.20) we have
∫

Y
C(x, δy) p(dy) =

∫

Pr(Y)

∫

Y
C(x, δy) q(dy) Q(dq) ≤

∫

Pr(Y)
C(x, q) Q(dq), (3.22)

for all Q ∈ Pr(Pr(Y)) with I(Q) = p. Thus the left-hand side of (3.22) is dominated by C̃(x, p).
By combining this with (3.21), we derive

C̃(x, p) =

∫

Y
C(x, δy) p(dy).

Therefore, (3.14) reduces to a classical optimal transport problem with cost c(x, y) := C(x, δy):

inf
P∈Λ(µ,ν)

∫

X×Pr(Y)
C(x, p) P(dx, dp) = inf

π∈Π(µ,ν)

∫

X×Y
c(x, y) π(dx, dy).

Lemma 3.9. Let F : Pr(Y)→ R ∪ {+∞} be convex. Assume that one of the following holds:
(a) F is lower semicontinuous;
(b) F is upper semicontinuous and upper bounded by a multiple of p 7→ Wr(p, p0)r, where

p0 ∈ Pr(Y) is fixed.
Then we have

F(I(Q)) ≤
∫

Pr(Y)
F(q) Q(dq) ∀Q ∈ Pr(Pr(Y)).

Proof. Fix Q ∈ Pr(Pr(Y)). If (a) is satisfied, the inequality is a simple consequence of the
representation of F via the Fenchel-Moreau theorem.
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Now assume that (b) holds. Since Pr(Y) is Polish, there exists by (Kallenberg, 2002, Lemma
3.22) a map h : (0, 1) → Pr(Y) such that Q = h∗λ, where λ denotes the Lebesgue measure on
(0, 1). We define, for 1 ≤ k ≤ n ∈ N,

Qn
k(dq) := n

∫ k
n

k−1
n

δh(t) dt.

It is immediate that 1
n
∑n

k=1 Qn
k = Q, and

Wr


1
n

n∑

k=1

δI(Qn
k ),Q


r

=Wr


1
n

n∑

k=1

δ
n
∫ k

n
k−1

n
h(t) dt

,

∫ 1

0
δh(t) dt


r

≤ 1
n

n∑

k=1

Wr

δn
∫ k

n
k−1

n
h(t) dt

, n
∫ k

n

k−1
n

δh(t) dt


r

≤
n∑

k=1

∫ k
n

k−1
n

Wr

n
∫ k

n

k−1
n

h(t) dt, h(s)


r

ds

≤ n
n∑

k=1

∫ k
n

k−1
n

∫ k
n

k−1
n

Wr(h(t), h(s))r dt ds

≤ sup
{∫

(0,1)2
Wr(h(t), h(s))rχ(dt, ds) : χ ∈ Π(λ, λ)

∫

(0,1)2
|s − t|r χ(dt, ds) ≤ 1

nr

}
,

where we applied multiple times Jensen’s inequality (which is possible in this settings thanks to
the first part of this lemma). The right-hand side vanishes for n → +∞ by (Eder, 2019, Lemma
2.7). Due to convexity of F, we have

F(I(Q)) = F


1
n

n∑

k=1

I(Qn
k)

 ≤
1
n

n∑

k=1

F(I(Qn
k)).

We conclude by taking the limit superior for n→ +∞, which yields by upper semicontinuity

F(I(Q)) ≤ lim sup
n→+∞

1
n

n∑

k=1

F(I(Qn
k)) ≤

∫

Pr(Y)
F(q) Q(dq).

�

3.3. Barycentric cost functions. A cost function C : X×P1(Rd)→ R is called barycentric if, for
any x ∈ X, p, q ∈ Pr(Rd), we have the implication

b(p) = b(q) =⇒ C(x, p) = C(x, q), (3.23)
where we recall that b(p) denotes the barycenter of p. An equivalent way of introducing a
barycentric cost function C is to select any c : X × Rd → R and let

C(x, p) = c (x, b(p)) , (x, p) ∈ X × P1(Rd).

Weak optimal transport problems where the cost function C is of barycentric-type have been
recently investigated by various authors in different contexts, see Gozlan et al. (2018, 2017);
Gozlan and Juillet (2020); Shu (2020); Alfonsi et al. (2020); Daskalakis et al. (2017); Backhoff-
Veraguas et al. (2019, 2020b); Backhoff-Veraguas and Pammer (2020). Typically in these papers,
X was also given as Rd and C(x, p) = θ(b(p) − x) for some convex θ : Rd → R. Motivated
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by functional inequalities, this particular problem was explored by Gozlan et al. (2017, 2018);
Shu (2020); Gozlan and Juillet (2020). On the other hand, in Fathi et al. (2020) it was used
to give a new proof to Cafarelli’s contraction theorem. In Alfonsi et al. (2020) the authors are
mainly motivated by applications in robust mathematical finance. They use the barycentric WOT
problem to construct a sampling technique preserving the convex order, which can then be used
to approximate martingale optimal transport problems. Finally, in Daskalakis et al. (2017) the
barycentric WOT problem appears in the context of revenue maximization and mechanism design
in economy. For a clearer connection of this topic to WOT we refer to Backhoff-Veraguas and
Pammer (2020).

The next proposition fleshes out the intrinsic connection of (WOT’) with barycentric C and
the convex order (and thereby convex functions). Recall that we denote by ≤c the convex order
between measures. For the special case when the cost C(x, p) is given by θ(b(p) − x) the results of
the next proposition can be (partially) found in Gozlan et al. (2017) and Backhoff-Veraguas et al.
(2019).

Proposition 3.10. Let µ ∈ Pr(X), ν ∈ Pr(Rd), and C be measurable and barycentric such∫
C(x, p) P(dx, dp) is well-defined for any P ∈ Λ(µ, ν). Then

(a) inf
P∈Λ(µ,ν)

∫

X×Pr(Rd)
C(x, p) P(dx, dp) = inf

ν′≤cν
inf

π∈Π(µ,ν′)

∫

X×Rd
C(x, δy) π(dx, dy).

(b) In addition, if C is lower semicontinuous and satisfies (3.11), then

inf
P∈Λ(µ,ν)

∫

X×Pr(Rd)
C(x, p) P(dx, dp)

= sup
{
ν(ψ) + µ(RCψ) : ψ ∈ Φr(Rd) and concave

}

= sup
{
µ(ϕ) + ν(ψ) : ϕ ∈ Φr(X), concave ψ ∈ Φr(Rd), ϕ(x) + ψ(y) ≤ C(x, δy) ∀(x, y) ∈ X × Rd

}

= sup
{
µ(ϕ) + ν(ψ) : ϕ ∈ Φr(X), ψ ∈ Φr(Rd),∆ : Rd → Rd,

ϕ(x) + ψ(z) + ∆(y)(z − y) ≤ C(x, δy) ∀(x, y, z) ∈ X × Rd × Rd
}
,

where RCψ is as in Theorem 3.4.

Remark 3.11. Similar results hold for the corresponding WOT problem, c.f. (WOT), when ad-
ditional convexity/concavity is assumed. When C(x, ·) permits for µ-almost every x Jensen’s
inequality in the following form

C
(
x,

∫

Pr(Rd)
q Q(dq)

)
≤

∫

Pr(Rd)
C(x, q) Q(dq) (3.24)

for all Q ∈ Pr(Pr(Rd)), then C(x, ·) coincides µ-almost surely with the function C̃(x, ·) that was
defined in Proposition 3.5. So, if either (3.24) is satisfied or µ is continuous, we have, additionally
to (a) of Proposition 3.10, that

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx) = inf

ν′≤cν
inf

π∈Π(µ,ν′)

∫

X
C(x, δy) π(dx, dy),

by (3.15) and (3.19), respectively. For the same reason, we have, additionally to (b) of Proposi-
tion 3.10, that

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx) = sup

ψ∈Φr(Rd), concave
ν(ψ) + µ(RCψ).
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Proof of Proposition 3.10. We first show (a). Let π ∈ Π(µ, ν′) with ν′ ≤c ν. By Strassen’s theorem
there is a martingale coupling πM ∈ ΠM(ν′, ν), whereΠM(ν′, ν) :=

{
π′ ∈ Π(ν′, ν) : b(π′x) = x µ-a.s.

}
.

Define
P(dx, dp) := µ(dx)

∫

Rd
δπM

y
(dp) πx(dy).

Evidently, the first marginal of P is µ. Then the next line of computations establishes P ∈ Λ(µ, ν)
thanks to (3.8):

proj2
(
Î(P)

)
=

∫

X×Rd
πM

y π(dx, dy) =

∫

Rd
πM

y ν′(dy) = proj2(πM) = ν.

Since C is barycentric, we find
∫

X×P1(Rd)
C(x, p) P(dx, dp) =

∫

X×P1(Rd)
C(x, πM

y ) π(dx, dy) =

∫

X×Rd
C(x, δy) π(dx, dy). (3.25)

On the other hand, any P ∈ Λ(µ, ν) induces a measure π ∈ P(X×Rd) with second marginal ν′ ≤c ν,
given by π := ((x, p) 7→ (x, b(p)))∗P, so that

∫

X×P1(Rd)
C(x, p) P(dx, dp) =

∫

X×P1(Rd)
C

(
x, δb(p)

)
P(dx, dp)

=

∫

X×Rd
C(x, δy) π(dx, dy). (3.26)

To see that proj2 π = ν′ is in convex order with ν, we pick any convex θ : Rd → R and find that

ν′(θ) =

∫

X×P1(Rd)
θ(b(p)) P(dx, dp) ≤

∫

X×P1(Rd)
p(θ) P(dx, dp) = ν(θ),

by Jensen’s inequality, which means that ν′ ≤c ν. Hence, item (a) follows from (3.25) and (3.26).
Now, we prove (b). Let ψ ∈ Φr(Rd) and ψ∗∗ be the convex envelope of ψ. For any y ∈ Rd, we

have by Jensen’s inequality

ψ∗∗(y) = inf
p∈Pr(Rd), b(p)=y

p(ψ∗∗) ≤ inf
p∈Pr(Rd), b(p)=y

p(ψ).

On the other hand, the right-hand side is convex and dominated by ψ, whence the inequality is
actually an equality. Therefore,

RCψ(x) = inf
p∈Pr(Rd)

−p(ψ) + C(x, p) = inf
y∈Rd

C(x, δy) + inf
p∈Pr(Rd), b(p)=y

−p(ψ) (3.27)

= inf
y∈Rd

C(x, δy) + (−ψ)∗∗(y) = RC(−(−ψ)∗∗)(x). (3.28)

Note that RCψ is µ-integrable with µ(RCψ) ∈ [−∞,+∞). As by definition (−ψ)∗∗ ≤ −ψ, we have
ν(ψ) + µ(RCψ) ≤ ν(−(−ψ)∗∗) + µ(RC(−(−ψ)∗∗)),

whenever µ(RCψ) > −∞. Since −(−ψ)∗∗ is concave and the case µ(RCψ) = −∞ is here of no
interest, we have shown the first equality in item (b).

The second equality can be shown with the same arguments as in the proof of Theorem 3.4. For
the third equality, consider any pair (ϕ, ψ) ∈ Φr(X) × Φr(Rd). On the one hand, if ψ is concave,
then there exists a measurable selection ∆ : Rd → Rd of the subgradient of −ψ. Therefore,

ϕ(x) + ψ(z) + ∆(y)(z − y) ≤ ϕ(x) + ψ(y),

whence (ϕ, ψ,∆) is admissible in the last supremum whenever (ϕ, ψ) is admissible in the second
supremum.
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On the other hand, if there is a measurable ∆ : Rd → Rd with

ϕ(x) + ψ(z) + ∆(y)(z − y) ≤ C(x, δy),

then we can define a concave function ψ̃(z) := inf{C(x, δy) − ϕ(x) − ∆(y)(z − y) : (x, y) ∈ X × Rd}.
Since ψ̃ ≥ ψ, we find that (ϕ, ψ) is admissible for the second supremumandµ(ϕ)+ν(ψ) ≤ µ(ϕ)+ν(ψ̃),
which concludes the proof. �

Proof of Theorem 1.2 and Theorem 1.5. As already noticed, the robust optimization problem in
(1.7) can be reformulated as in (3.9). Then Theorem 1.5 follows directly from Theorem 3.7 and
Proposition 3.10, whereas Theorem 1.2 is a consequence of Corollary 3.3 and again Proposi-
tion 3.10. �

3.4. Primal and dual optimizers for convex barycentric costs. In this section we consider costs
of the form

C(x, p) = θ(b(p) − x), (3.29)
with θ : R→ R convex, and investigate primal and dual optimizers for the problems

inf
π∈Π(µ,ν)

∫

R
θ(b(πx) − x) µ(dx), sup

π∈Π(µ,ν)

∫

R
θ(b(πx) − x) µ(dx). (3.30)

We first consider the maximization problem in (3.30). From Remark 3.8, we have that

sup
π∈Π(µ,ν)

∫

R
θ(b(πx) − x) µ(dx) = sup

π∈Π(µ,ν)

∫

R
θ(y − x) π(dx, dy),

that is, the problem reduces to a classical transport problem. A minimizer here is the anticomono-
tone coupling between µ and ν.

Let us now consider the minimization problem in (3.30). If µ, ν ∈ P1(R), then Proposition 3.10
gives

inf
π∈Π(µ,ν)

∫

R
θ(b(πx) − x) µ(dx) = inf

η≤cν
inf

π∈Π(µ,η)

∫

R
θ(y − x) π(dx, dy). (3.31)

A minimal measure on R for the right-hand side, denoted by ν∗ ≤c ν, is given by the image of
µ under the weak monotone rearrangement T ∗ of µ and ν, see Backhoff-Veraguas et al. (2020b).
Note that T ∗ = F−1

ν∗ ◦ Fµ µ-almost surely.
In what follows we provide a (semi-)explicit representation of the dual optimisers.

Corollary 3.12. Let µ, ν ∈ P1(R), and θ : R→ R be convex. Then we have

inf
π∈Π(µ,ν)

∫
θ (b(πx) − x) µ(dx) = sup

ψ∈Φ1(R), concave
ν(ψ) + µ(RCψ), (3.32)

sup
π∈Π(µ,ν)

∫
θ(y − x) π(dx, dy) = inf

ψ∈Φ1(R), convex
ν(ψ) + µ(Rcψ). (3.33)

If there exist f ∈ L1(µ), g ∈ L1(ν) such that θ(y − x) ≤ f (x) + g(y), then (3.32) is attained by ψ,
see (3.39), where T (x) is the weak monotone rearrangement of µ and ν.

If there exist f̃ ∈ L1(µ), g̃ ∈ L1(ν) such that θ(y − x) ≥ f̃ (x) + g̃(y), then (3.33) is attained by ψ,
see (3.42), where T (x) := F−1

ν (1 − Fµ(x)).

Proof. The first part of the corollary follows from Remark 3.8, Remark 3.11, and Proposition 3.10.
The primal optimizer of the upper bound is given by the anticomonotone coupling πa ∈ Π(µ, ν). It
satisfies

πa
x

(
[T (x+),T (x)]

)
= 1 µ-almost surely,
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whence ψ(y) + RCψ(y) = θ(y − x) πa-almost surely. Moreover, ψ is convex on its domain, since
z 7→ z−S (z) and ∂−θ(z) are nondecreasing. If θ(y−x) ≥ f̃ (x)+g̃(y) for f̃ ∈ L1(µ) and g̃ ∈ L1(ν), then
the integral of ψ w.r.t. ν and the integral of RCψ w.r.t. µ are well-defined in (−∞,+∞]. Therefore,
ψ is a dual optimizer, since

∫

R×R
θ(y − x) πa(dx, dy) =

∫

R×R
ψ(y) + RCψ(x) πa(dx, dy) = ν(ψ) + µ(RCψ).

By (Backhoff-Veraguas et al., 2020b, Theorem 3.1), we know that π∗ ∈ Π(µ, ν) given by

π∗(dx, dy) := µ(dx) πM
T (x)(dy)

minimizes (3.32), where πM is anymartingale coupling withmarginals (µ, ν∗), and T is nondecreas-
ing and 1-Lipschitz. Due to (Backhoff-Veraguas et al., 2020b, Theorem 1.3) and the accompanying
concept of irreducible components, see (Beiglböck and Juillet, 2016, Appendix A), we have that

πM
T (x)

({
y ∈ R : T (x) − x = T (y) − y

})
= 1 µ-almost surely. (3.34)

Since T is nondecreasing and 1-Lipschitz, the map x 7→ T (x) − x is nonincreasing, thus,{
y ∈ R : T (x) − x = T (y) − y

}
is a closed interval for every x ∈ R. For every z, z′ in the inte-

rior of T (R) there are minimal x, x′ ∈ R with T (x) = z and T (x′) = z′. Therefore, S (z) = z,
S (z′) = x′, and

z < z′ =⇒ z − S (z) = T (x) − x ≥ T (x′) − x′ = z′ − S (z′),
i.e. z 7→ z − S (z) is decreasing, from which we deduce concavity of ψ. Furthermore, ψ restricted
to {y ∈ R : T (y) − y = T (x) − x} is linear, whereby we find by (3.34) that µ-almost surely

∫

R
ψ(y) πM

T (x)(dy) = ψ
(
b(πM

T (x))
)

= ψ(T (x)),

and therefore
ψ(T (x)) + RCψ(x) = θ(T (x) − x).

If θ(y − x) ≤ f (x) + g(y) for f ∈ L1(µ) and g ∈ L1(ν), then again the µ-integral of RCψ and the
ν-integral of ψ are well-defined in [−∞,+∞). Due to concavity of ψ, we observe that its ν∗-integral
is well-defined in [−∞,+∞), and RCψ is convex (as the infimum over a jointly convex function)
yielding RCψ ∈ L1(µ). Therefore, ψ is a dual optimizer, since

∫

R×R
θ(y − x) π∗(dx, dy) =

∫

R
θ(T (x) − x) µ(dx) =

∫

R
ψ(T (x)) + RCψ(x) µ(dx)

=

∫

R

∫

R
ψ(y) πM

T (x)(dy) + RCψ(x) µ(dx) = ν(ψ) + µ(RCψ).

�

Example 3.13. In the setting of Corollary 3.12, let θ be given by y 7→ y+, and assume that µ and ν
are equivalent to the Lebesgue measure restricted to some interval I. Then the left-hand derivative
of θ satisfies

∂−θ(y − x) =


0 y ≤ x,
1 else.

We have already seen in the proof of Corollary 3.12 that y 7→ y − S (y) and y 7→ y − S (y) are
nonincreasing and nondecreasing, respectively. Therefore, there are uniquely determined points
a, a ∈ R such that

y − S (y) > 0 ∀y < a and y − S (y) > 0 ∀y > a.
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If a ∈ R, then

ψ(y) =

∫ y

y0

1(−∞,a)(z) dz = (a − y0)+ − (a − y)+,

Rψ(x) = inf
y∈R

(a − y)+ + (y − x)+ − (a − y0)+ = (a − x)+ − (a − y0)+,

whereas if a ∈ R, then

ψ(y) =

∫ y

y0

1(a,+∞)(z) dz = (y − a)+ − (y0 − a)+,

Rψ(x) = sup
y∈R
−(y − a)+ + (y0 − a)+ + (y − x)+ = −(x − a)+ + (y0 − a)+.

Note that the constants are canceling out. Therefore, removing the constants and differentiating
yields the triplets

(
ϕ(x1), ψ(y2),∆(y1)

)
:=

(
(a − x1)+,−(a − y2)+,−∂−θ(a − y1)

)
, (3.35)

(
ϕ(x1), ψ(y2),∆(y1)

)
:=

(
− (x1 − a)+, (y2 − a)+, ∂−θ(y1 − a)

)
, (3.36)

for (x1, y1, y2) ∈ R3, which are optimizers of

sup
{
µ(ϕ) + ν(ψ) : ϕ(x1) + ψ(y2) + ∆(y1)(y2 − y1) ≤ (y1 − x1)+ for all x1, y1, y2

}
,

inf
{
µ(ϕ) + ν(ψ) : ϕ(x1) + ψ(y2) + ∆(y1)(y2 − y1) ≥ (y1 − x1)+ for all x1, y1, y2

}
,

respectively.

We remark that the construction in Lemma 3.14 is by no means novel, but it is still included for
the sake of completeness as the authors are unaware of a fitting reference. Shu constructed in an
earlier version of Shu (2020) a dual optimizer to the corresponding weak transport problem under
the assumption that T is strictly increasing, and remarks that the assumption is simply to avoid
technicalities.

Lemma 3.14. Let θ : R → R be convex, T : I → R a map where I ⊆ R, [a, b] = co(T (I)), and
y0 ∈ (a, b).

(a) Assume that T is nondecreasing and define

S (y) := inf{x : T (x) ≥ y} y ∈ (a, b), (3.37)

ψ(y) :=
∫ y

y0

∂−θ
(
z − S (z)

)
dz y ∈ (a, b). (3.38)

Then ψ is continuous on (a, b) and satisfies for all y′ ∈ [T (x−),T (x)] ∩ [a, b] that

− ψ(y′) + θ(y′ − x) = inf
y∈[a,b]

−ψ(y) + θ(y − x). (3.39)

(b) Assume that T is nonincreasing and define

S (y) := sup{x : T (x) ≥ y} y ∈ (a, b), (3.40)

ψ(y) :=
∫ y

y0

∂−θ
(
z − S (z)

)
dz y ∈ (a, b). (3.41)

Then ψ is continuous on (a, b) and satisfies for all y′ ∈ [T (x+),T (x)] ∩ [a, b] that

− ψ(y′) + θ(y′ − x) = sup
y∈[a,b]

ψ(y) + θ(y − x). (3.42)
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Proof. Since θ is convex, it is locally absolutely continuous, thus

θ(y′) − θ(y) =

∫ y′

y
∂−θ(z) dz,

where we write ∂−θ for the left-hand derivative of θ, which is nondecreasing. For fixed x ∈ I we
introduce

f (z) := −ψ(z) + θ(z − x) and f (z) := −ψ(z) + θ(z − x),

where z ∈ (a, b). We have dz-almost surely on (a, b) the derivatives
d
dz

f (z) = −∂−(z − S (z)) + ∂−θ(z − x) and
d
dz

f (z) = −∂−(z − S (z)) + ∂−(z − x).

The maps S and S are nonincreasing and nondecreasing, respectively. If T is monotone, then for
any z ∈ (a, b) there are x, x ∈ I such that

T nondecreasing : x ∈ (−∞, x] ∩ I =⇒ T (x) < z; and x ∈ [x,+∞) ∩ I =⇒ T (x) > z;

T nonincreasing : x ∈ (−∞, x] ∩ I =⇒ T (x) > z; and x ∈ [x,+∞) ∩ I =⇒ T (x) < z.

Hence, S and S are real-valued, which also shows that ψ and ψ are well-defined and continuous
on (a, b). From now on, we implicitly assume that T is nondecreasing when talking about f and
S , whereas we assume that T is nonincreasing when talking about f and S . We have

z ∈ (T (x−),T (x)) =⇒ x ≤ S (z) ≤ S (T (x)) ≤ x ⇐⇒ x = S (z),

z ∈ (T (x+),T (x)) =⇒ x ≥ S (z) ≥ S (T (x)) ≥ x ⇐⇒ x = S (z).

Therefore, we obtain
d
dz

f |(T (x−),T (x)) = 0 =⇒ f |[T (x−),T (x)] = f (T (x)),

d
dz

f |(T (x+),T (x)) = 0 =⇒ f |[T (x+),T (x)] = f (T (x)).

It is now sufficient to show that
d
dz

f |(a,T (x)] ≤ 0 and
d
dz

f |[(T (x),b) ≥ 0;
d
dz

f |(a,T (x)] ≥ 0 and
d
dz

f |[T (x),b) ≤ 0. (3.43)

Due to monotonicity and by definition of S and S , we find:

z ∈ (a,T (x)) =⇒


S (z) ≤ S (T (x)) ≤ x =⇒ z − S (z) ≥ z − x,
x ≤ S (z) =⇒ z − S (z) ≤ z − x,

z ∈ (T (x), b) =⇒


x ≤ S (z) =⇒ z − x ≥ z − S (z),
S (z) ≤ S (T (x)) ≤ x =⇒ z − x ≤ z − S (z).

(3.44)

As the left-hand derivative of a convex function is nondecreasing, (3.43) follows from (3.44). �
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STABILITY OF MARTINGALE OPTIMAL TRANSPORT AND WEAK
OPTIMAL TRANSPORT

J. BACKHOFF-VERAGUAS AND G. PAMMER

Abstract. Under mild regularity assumptions, the transport problem is stable in the fol-
lowing sense: if a sequence of optimal transport plans π1, π2, . . . converges weakly to a
transport plan π, then π is also optimal (between its marginals).

Alfonsi, Corbetta and Jourdain [3] asked whether the same property is true for the
martingale transport problem. This question seems particularly pressing since martingale
transport is motivated by robust finance where data is naturally noisy. On a technical level,
stability in the martingale case appears more intricate than for classical transport since
martingale optimal transport plans are not characterized by a ‘monotonicity’-property of
their supports.

In this paper we give a positive answer and establish stability of the martingale transport
problem. As a particular case, this recovers the stability of the left curtain coupling estab-
lished by Juillet [35]. An important auxiliary tool is an unconventional topology which
takes the temporal structure of martingales into account. Our techniques also apply to the
the weak transport problem introduced by Gozlan, Roberto, Samson and Tetali.

Keywords: stability, martingale transport, weak transport, causal transport, weak adapted
topology, robust finance.

1. Introduction and main results

Let X and Y be Polish spaces and consider a continuous function c : X × Y → [0,∞).
Given probability measures µ ∈ P(X) and ν ∈ P(Y), the classical transport problem is

inf
π∈Π(µ,ν)

∫

X×Y
c(x, y) π(dx, dy), (OT)

where Π(µ, ν) denotes the set of couplings with X-marginal µ and Y-marginal ν. A clas-
sical result in optimal transport asserts that π ∈ Π(µ, ν) is optimal for (OT) iff its support
supp π is c-cyclically monotone [42, 43]. One useful consequence of this characterization
of optimality is the stability of (OT) with respect to the marginals µ, ν as well as the cost
function c. Indeed, the link between monotonicity and stability becomes apparent once
one realizes that the notion of monotonicity is itself stable.

In this article we consider the martingale optimal transport problem from the point of
view of monotonicity and stability. In fact, since this problem is an instance of a weak
optimal transport problem (where the cost is singular, i.e., also takes the value +∞), we will
likewise study the latter class of problems for regular cost functions from this viewpoint.

1.1. Stability of martingale optimal transport. The martingale optimal transport prob-
lem is a variant of (OT) stemming from robust mathematical finance (cf. [32, 13, 41, 23,
20, 17, 11, 7, 34, 35, 38, 19, 33, 24, 30] among many others). In order to define this prob-
lem, we take X = Y = R, suppose that µ, ν have finite first moments, and introduce the set
ΠM(µ, ν) of martingale couplings with marginals µ, ν. To be precise, a transport plan π is a
martingale coupling iff ∫

R

y πx(dy) = x µ-a.s.,

where {πx}x∈R denotes a regular disintegration of the second coordinate given the first one.
By a famous result of Strassen, the set ΠM(µ, ν) is non-empty iff µ is smaller than ν in

1
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convex order. The martingale optimal transport problem1 is given by

inf
π∈ΠM (µ,ν)

∫

R×R
c(x, y) π(dx, dy), (MOT)

under the convention that the infimum over the empty set is +∞.
The main result of the article is the stability of (MOT). This gives a positive answer to

the question posed by Alfonsi, Corbetta and Jourdain in [3, Section 5.3] in the case d = 1.
Let r ≥ 1. We denote by Pr(R) the set of probability measures with finite rth-moments

and byWr the topology of r-Wasserstein convergence on Pr(R), cf. [42].

Theorem 1.1 (MOT Stability). Let c, ck : R × R → [0,∞), k ∈ N, be continuous cost
functions such that ck converges uniformly to c. Let {µk}k∈N, {νk}k∈N be sequences in P1(R)
converging in W1 to µ and ν, respectively. For each k ∈ N let πk ∈ ΠM(µk, νk) be an
optimizer of (MOT) with cost ck between the marginals µk and νk. If c(x, y) ≤ a(x) + b(y)
with a ∈ L1(µ), b ∈ L1(ν), and

lim sup
k→∞

∫

R×R
ck(x, y) πk(dx, dy) < ∞,

then any weak accumulation point of {πk}k∈N is an optimizer of (MOT) for the cost function
c. In particular if the latter has a unique optimizer π, then πk → π weakly.

Corollary 1.2. Let c, ck : R×R→ [0,∞), k ∈ N, be continuous cost functions such that ck

converges uniformly to c. Let {µk}k∈N, {νk}k∈N be sequences in Pr(R) converging inWr to
µ and ν, respectively, and µk is smaller in convex order than νk, k ∈ N. Suppose that

c(x, y) ≤ K (1 + |x|r + |y|r), for some K > 0.

Then we have

lim
k→∞

inf
π∈ΠM (µk ,νk)

∫

R×R
ck(x, y) π(dx, dy) = inf

π∈ΠM(µ,ν)

∫

R×R
c(x, y) π(dx, dy).

We remark that Juillet has obtained in [35] the stability of the left-curtain coupling and
hence stability for martingale transport for specific costs. These results are recovered as
particular cases of our main result.

Guo and Obłój in [28] introduce and study the convergence of a computational method
for martingale transport where the marginals are discretely approximated and the martin-
gale constraint is allowed to fail with a vanishing error.2 In independent work Wiesel [44]
proved stability of the value function of the martingale optimal transport problem in 1 di-
mension by estimating the distance between an arbitrary coupling to its projection w.r.t.
the adapted Wasserstein distance. For further details on the adapted Wasserstein distance
we refer to [5].

1.2. Stability of optimal weak transport. Gozlan, Roberto, Samson and Tetali [26] pro-
posed the following non-linear generalization of (OT): Given a cost function C : X ×
P(Y)→ R the optimal weak transport problem is

inf
π∈Π(µ,ν)

∫

X
C(x, πx) µ(dx). (WOT)

1The multidimensional version of the martingale transport problem is defined analogously, although the math-
ematical finance application is less clear.

2Note that the updated version [29] (listed on arxiv.org on April 8th 2019) shows in Proposition 4.7 that the
optimal value of MOT is continuous w.r.t. (µ, ν) ∈ P2(R) × P2(R) provided that P2(R) × P2(R) is equipped with
W2-convergence and c is assumed to be Lipschitz continuous.

The authors of the present article decided to post this article on arxiv.org concurrently to emphasize the
independence of our work. We also note that the main focus of [28]/[29] lies on the numerics of martingale
transport. In contrast to Theorem 1.1 the proof of [29, Proposition 4.7] is based on the dual problem rather than
stability of the optimal couplings.
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Observe that one may consider cost functions of the form

CM(x, p) :=



∫
Rd c(x, y) p(dy)

∫
Rd y p(dy) = x,

+∞ else,
(1.1)

and in this way (MOT) is a special case of (WOT).
While the original motivation for (WOT) mainly stems from applications to geometric

inequalities (cf. Marton [37, 36] and Talagrand [39, 40]), weak transport problems ap-
pear also in a number of further topics, including martingale transport [2, 4, 15, 7, 9], the
causal transport problem [8, 1], and stability in mathematical finance [5]. In fact, recently
some works have considered non-linear martingale transport problems for cost functionals
C : R × P1(R) → R, i.e. where the cost can also depend on the kernel as in (WOT), cf.
[7, 31, 18]. We also refer to [25, 21] for some unexpected applications of weak transport
problems in analysis and probability.

The second main contribution of the article is the stability of optimal weak transport.
Throughout the article we fix a compatible metric on Y , and for a real number r ≥ 1 we
denote by Pr(Y) the set of probability measures which integrate the function dY (y0, ·)r for
some y0 ∈ Y , where dY denotes a metric on Y . We endow Pr(Y) with the the r-Wasserstein
topology denoted byWr, and denote the space of continuous functions on X by C(X).

Theorem 1.3 (WOT Stability). Let C,Ck : X ×Pr(Y)→ [0,∞), k ∈ N, be continuous cost
functions such that Ck converges uniformly to C, and either one of the following holds

(a) {C(x, ·) : x ∈ X} ⊆ C(Pr(Y)) is an equicontinuous family of convex functions,
(b) µ ∈ Pr(X), and there is a constant K > 0, x0 ∈ X, y0 ∈ Y such that

C(x, p) ≤ K
(
1 + dX(x, x0)r +

∫
Y dY (y, y0)r p(dy)

)
.

Let {µk}k∈N, {νk}k∈N be sequences in P(X) and Pr(Y), which converge weakly to µ and in
Wr to ν, respectively. For each k ∈ N let πk ∈ Π(µk, νk) be an optimizer of (WOT) with
cost function Ck between the marginals µk and νk. If

lim sup
k→∞

∫

X
Ck(x, πk

x) µk(dx) < ∞,

then any weak accumulation point of {πk}k∈N is an optimizer of (WOT) for the cost function
C. In particular if the latter has a unique optimizer π, then πk → π weakly.

We now describe the main idea used in the proofs of Theorems 1.1 and 1.3.

1.3. Monotonicity and the correct topology on the set of couplings. The article [9]
investigates the optimal weak transport problem by essentially enlarging the original state
space X × Y to X × P(Y). We briefly review this idea since it points to the right notion of
monotonicity which will be useful in proving the above stability results.

First we introduce the embedding map

J : P(X × Y)→ P(X × P(Y)),
π 7→ projX(π)(dx) δπx (dp),

(1.2)

in words, if (X,Y) ∼ π then (X, πX) ∼ J(π), and its left-inverse, the X × Y-intensity map Î,

Î : P(X × P(Y))→ P(X × Y),

P 7→
∫

p∈P(Y)
p(dy) P(dx, dp).

(1.3)

Despite the fact that J is seldom continuous, it does enjoy a key property: it preserves
the relative compactness of a set. As a consequence, one can easily obtain optimizers for
the following suitable extension of (WOT) as soon as C is lower semicontinuous:

inf
P∈Λ(µ,ν)

∫

X×P(Y)
C(x, p) P(dx, dp), (WOT’)
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where Λ(µ, ν) is the set of couplings P ∈ P(X × P(Y)) with Î(P) ∈ Π(µ, ν). When C(x, ·)
is furthermore convex, the extended problem (WOT’) is equivalent to the original one, and
in addition, (WOT) can be shown to admit an optimizer by means of the natural projection
operator Î from P(X × P(Y)) onto P(X × Y).

This idea of using an embedding (which preserves relative compactness) into a larger
space can be appreciated in the following terms: On the original spaceP(X×Y) we consider
the initial topology of J when the target space is given the weak topology. This initial
topology has been studied in [6, 5] and given the name adapted weak topology. One
immediate observation is that the cost functional of (WOT) is lower semicontinuous in this
topology if C is likewise lower semicontinuous.

Since under the stated conditions it makes no difference to work with (WOT) or (WOT’),
it helps to consider the latter simpler linear problem in order to inform our intuition. By
analogy with optimal transport we define

Definition 1.4 (C-monotonicity). A coupling π ∈ Π(µ, ν) is C-monotone iff there exists a µ-
full set Γ ⊆ X such that for any finite number of points x1, . . . , xN ∈ Γ and q1, . . . , qN ∈ P(Y)
with

∑N
i=1 πxi =

∑N
i=1 qi, we have

N∑

i=1

C(xi, πxi ) ≤
N∑

i=1

C(xi, qi).

It was shown under mild assumptions in [9] that optimality of π for (WOT) implies
C-monotonicity in the sense of Definition 1.4 above. The reverse implication(sufficiency)
was shown to be true under the additional assumption that the cost function C is uniformly
W1-Lipschitz in the second argument. In the present article we will generalize this result
(and largely simplify the arguments) in Theorem 2.2. Once we are equipped with this
necessary and sufficient criterion for optimality, the stability result Theorem 1.3 becomes
a consequence of the fact that the notion of C-monotonicity is itself stable.

Although martingale optimal transport is a particular case of optimal weak transport, in
this work we treat the two problems separately. The reason for this lies in the fact that our
approach to optimal weak transport requires regularity of the cost, which the ‘embedded
cost’ CM , see (1.1), does not provide any longer. To deal with the singular cost CM , we
refine the notion of C-monotonicity when it comes to martingale couplings and additionally
employ techniques which currently only work in dimension one. We define

Definition 1.5 (Martingale C-monotonicity). A coupling ΠM(µ, ν) is martingale C-mono-
tone iff there exists a µ-full set Γ ⊆ Rd such that for any finite number of points x1, . . . , xN ∈
Γ and q1, . . . , qN ∈ P1(Rd) with

∑N
i=1 πxi =

∑N
i=1 qi and

∫
Rd y qi(dy) = xi, we have

N∑

i=1

C(xi, πxi ) ≤
N∑

i=1

C(xi, qi).

Then the key to proving Theorem 1.1 boils down to two arguments: that martingale
C-monotonicity is sufficient for optimality, and that this notion of monitonicity is itself
stable.

The idea that a monotonicity viewpoint for martingale optimal transport has to be based
on the disintegrations of a coupling, or put otherwise, that optimality cannot be read-off

from the support of a martingale coupling, goes to Juillet [35]. This author in fact showed
that for the left-curtain coupling (c.f. [14]) the support of an optimizer may contain sub-
optimal paths; see Figure 1 for an illustration. This is in stark contrast with classical
optimal transport, where for say continuous bounded cost functions c it is known that c-
cyclical monotonicity of the support is equivalent to optimality. This failure ultimately
underlies the need for our Definition 1.5.

1.4. Outline. The article is written so that the sections concerning optimal weak transport
and martingale optimal transport are largely independent. Section 2 deals with the stability
of optimal weak transport, whereas Section 3 explores the stability of martingale optimal
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-1

1 − εε−ε

0 1 0 1-1

Figure 1. Left: Six possibe paths of the left-curtain coupling between
a uniform distribution on the interval [−1, 1] and the measure 1/4(δ−1 +

δ1 + 2δ0), c.f. [35, Example 2.11]. Right: Three paths contained in the
support of this coupling (as can be seen from the left picture after sending
ε→ 0). These violate the “left-curtain” condition.

transport. Section 4 studies the relationship between classical optimal transport and op-
timal weak transport. Finally Section 5 wraps up the article with a number of remarks,
followed by an appendix containing auxiliary results.

2. On the weak transport problem

Let us complement Definition 1.4 with a more complete list of monotonicity properties:
see Remark 2.4 (a) for a comparision of these definitions.

Definition 2.1.
(1) We call Γ ⊆ X × P(Y) C-monotone iff for any finite number of points

(x1, p1), . . . , (xN , pN) ∈ Γ and q1, . . . , qN ∈ P(Y) with
N∑

i=1

pi =

N∑

i=1

qi,

we have
N∑

i=1

C(xi, pi) ≤
N∑

i=1

C(xi, qi).

(2) A probability measure P ∈ P(X × P(Y)), which is concentrated on a C-monotone
set, is called C-monotone.

The next theorem greatly extends the sufficiency of C-monotonicity first obtained in [9,
Theorem 5.5]. We recall that Pr(Y) denotes the space of probability measures on Y with
finite r-th moment, r ≥ 1, i.e., p ∈ Pr(Y) iff p ∈ P(Y) and

∫

Y
dY (y, y0)r p(dy) < ∞

for some y0 ∈ Y , and thus all y0 ∈ Y . It is well-known that Pr(Y) equipped with the
topology of the Wasserstein metricWr becomes a Polish space, whereWr(p, q) for p, q ∈
Pr(Y) is defined via

Wr(p, q)r = inf
π∈Π(p,q)

∫

Y×Y
dY (y1, y2)r π(dy1, dy2).

Furthermore, we fix on X×Pr(Y) the metric d((x, p), (x′, p′))r := dX(x, x′)r +Wr(p, p′)r for
(x, p), (x′, p′) ∈ X ×Pr(Y), and denote by Pr(X ×Pr(Y)) the space of probability measures
on X × Pr(Y), which finitely integrate (x, p) 7→ d((x, p), (x′, p′))r for given (x′, p′) ∈ X ×
Pr(Y), equiped with theWr-metric associated with the metric d. Similarly, we fix onPr(Y)
the Wasserstein metric Wr, and denote by Pr(Pr(Y)), the space of probability measures
on Pr(Y), which finitely integrate p 7→ Wr(p, p′)r for given p′ ∈ Pr(Y), equiped with
the r-th Wasserstein topology. Note that these definitions are independent of the choice of
(x′, p′) ∈ X × Pr(Y) and p′ ∈ Pr(Y), respectively.
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Recall the definition of the set Λ(µ, ν) given after (WOT’), i.e.,

Λ(µ, ν) :=
{
P ∈ P(X × P(Y)) : Î(P) ∈ Π(µ, ν)

}
. (2.1)

Theorem 2.2. Let µ ∈ P(X), ν ∈ Pr(Y), C : X × Pr(Y)→ R measurable. Assume either of
the following conditions:

(a) {C(x, ·) : x ∈ X} ⊆ C(Pr(Y)) is equicontinuous continuous, i.e.

θ(δ) := sup
{
|C(x, p) −C(x, q)| : x ∈ X, (p, q) ∈ Pr(Y)2 s.t.Wr(p, q)r ≤ δ

}
,

vanishes for δ↘ 0.
(b) µ ∈ Pr(X), C is jointly continuous and there is K ∈ R, x0 ∈ X, y0 ∈ Y s.t. for all

x ∈ X:
C(x, p) ≤ K

(
1 + dX(x, x0)r +

∫
dY (y, y0)r p(dy)

)
.

Then P ∈ Λ(µ, ν) is optimal for (WOT’) iff P is C-monotone. Similarly, if p 7→ C(x, p) is
convex, then π ∈ Π(µ, ν) is optimal for (WOT) iff π is C-monotone.

Remark 2.3. Note that under the assumptions of Theorem 2.2 C-monotonicity of π ∈
Π(µ, ν) yields C-monotonicity of J(π) ∈ Λ(µ, ν), thus, J(π) is optimal for (WOT’) and
particularly π is optimal for (WOT). We will complete this discussion in Remark 2.4.

At the same time, we see in Section 5 Example 5.1 that convexity of p 7→ C(x, p) is
necessary for optimal couplings being C-monotone. Example 5.2 shows that additional
regularity (to lower semicontinuity and boundedness) of the cost C is required for C-
monotonicity being a sufficient optimality criterion.

Proof. Let P be C-monotone concentrated on the C-monotone set Γ. Fix P′ ∈ Λ(µ, ν). We
argue as in [10] for classical (linear) optimal transport. Take any iid sequences (Xn)n∈N of
X-valued random variables, and any iid sequences (Yn)n∈N, (Zn)n∈N of P(Y)-valued random
variables, on some probability space (Ω,P), with

(Xn,Yn) ∼ P, (Xn,Zn) ∼ P′.

In particular by the law of large numbers, we find P-almost surely
∫

X×Pr(Y)
C(x, p)P′(dx, dp) −

∫

X×Pr(Y)
C(x, p)P(dx, dp)

= lim
N→∞

1
N

N∑

n=1

C(Xn,Zn) −C(Xn,Yn). (2.2)

Note that for any function g ∈ C(Y), which is majorized by y 7→ 1 + dY (y, y0)r, we have

E[Yn(g)] = ν(g),

where p(g) for p ∈ P(Y) denotes the integral
∫

Y g(y) p(dy). Then the law of large numbers
implies almost surely

lim
N→∞

1
N

N∑

n=1

Yn(g) = ν(g) = lim
N→∞

1
N

N∑

n=1

Zn(g).

By standard separability arguments, we find P-almost surely

lim
N→∞

1
N

N∑

n=1

Yn = ν = lim
N→∞

1
N

N∑

n=1

Zn P-a.s. (2.3)

where convergence holds inWr. Let ω ∈ Ω be in a P-full set s.t.

lim
N→∞

Wr


1
N

N∑

n=1

Yn(ω),
1
N

N∑

n=1

Zn(ω)

 = 0,
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and (Xn,Yn)(ω) ∈ Γ for all n ∈ N. From now on we omit the ω argument. For each N ∈ N,
we denote aWr-optimal coupling in Π( 1

N
∑N

n=1 Zn,
1
N

∑N
n=1 Yn) by χN , i.e.

Wr


1
N

N∑

n=1

Zn,
1
N

N∑

n=1

Yn


r

=

∫

Y×Y
dY (z, y)r χN(dz, dy).

We denote by {χN
z }z∈Y a regular disintegration of χN given its projection in the first coordi-

nate (marginal). Defining χNZn(dy) :=
∫

z∈Y Zn(dz) χN
z (dy), we find

1
N

N∑

n=1

Wr(Zn, χ
NZn)r ≤ 1

N

N∑

n=1

∫

Y2
dY (z, y)rχN

z (dy)Zn(dz) =Wr


1
N

N∑

n=1

Zn,
1
N

N∑

n=1

Yn


r

.

(2.4)

Moreover,
∑N

n=1 χ
NZn =

∑N
n=1 Yn, so by C-monotonicity

1
N

N∑

n=1

C(Xn, χ
NZn) −C(Xn,Yn) ≥ 0. (2.5)

In the case of (a), we apply Lemma 6.2 and get θ̃ : R+ → R+, which is continuous, concave,
and vanishing at 0, and which we rename θ for simplicity. Hence, by Jensen’s inequality,

1
N

N∑

n=1

θ
(
Wr(Zn, χ

NZn)r
)
≤ θ


1
N

N∑

n=1

Wr(Zn, χ
NZn)r

 ≤ θ
Wr


1
N

N∑

n=1

Zn,
1
n

N∑

n=1

Yn


r ,

which vanishes as N → +∞. Using C-monotonicity of P and uniform continuity, we obtain
P-almost surely

1
N

N∑

n=1

C(Xn,Zn) −C(Xn,Yn)

=
1
N

N∑

n=1

C(Xn,Zn) −C(Xn, χ
NZn) +

1
N

N∑

n=1

C(Xn, χ
NZn) −C(Xn,Yn)

≥ − 1
N

N∑

n=1

θ(Wr(Zn, χ
NZn))

≥ −θ

(
Wr

(
1
N

N∑

n=1

Yn(ω),
1
N

N∑

n=1

Zn(ω)
)→ 0. (2.6)

In the case of (b), we define the random variable P′N taking values in X × P(Y) by

P′N :=
1
N

N∑

n=1

δXn,χN Zn .

By (2.4) we find P-almost surely

Wr(P′N , P
′)r ≤ 1

N

N∑

n=1

Wr(Zn, χ
NZn) ≤ Wr


1
N

N∑

i=1

Zn,
1
N

N∑

n=1

Yn


r

,

the right-hand side of which converges a.s. to zero as we have already seen in (2.3).3 Then,
continuity and growth of C yields

∫

X×Pr(Y)
C(x, p) P′(dx, dp) −

∫

X×Pr(Y)
C(x, p) P′N(dx, dp)→ 0. (2.7)

3Here, the Wasserstein distance on the left-hand side of the equation is taken on the space X ×Pr(Y) w.r.t. the
metric d((x1, p1), (x2, p2))r = dX(x1, x2)r +Wr(p1, p2)r .
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Hence, in both cases we have P-almost surely
∫

X×Pr(Y)
C(x, p) P′(dx, dp) −

∫

X×Pr(Y)
C(x, p) P(dx, dp)

≥ lim inf
N→∞

1
N

N∑

n=1

C(Xn,Zn) −C(Xn,Yn) ≥ 0,

where we used (2.2),(2.5), (2.6), and (2.7). �

2.1. Stability of C-Monotonicity. Recall the embedding of (1.2)

J : P(X × Y)→ P(X × P(Y)),
π 7→ projX(π)(dx) δπx (dp).

The intensity I(Q) of some measure Q ∈ P(P(Y)) is uniquely defined as the probability
measure I(Q) ∈ P(Y) with

I(Q)( f ) =

∫

P(Y)

∫

Y
f (y)p(dy) Q(dp) ∀ f ∈ Cb(Y),

that is I(Q)(dy) =
∫

p∈P(Y) p(dy) Q(dp).

Remark 2.4. In the light of this embedding it appears to be natural to consider C-mono-
tonicity on the enhanced space X × P(Y).

(a) π ∈ Π(µ, ν) is C-monotone iff J(π) is C-monotone: On the one hand, if π is C-
monotone it is possible to find a measurable set Γ̃ ⊆ X such that µ(Γ̃) = 1 which
defines via

Γ =
{
(x, p) ∈ Γ̃ × P(Y) : p = πx

}
,

a C-monotone set. Therefore, equivalently to Definition 2.1, we can demand that
there exists a C-monotone set Γ ⊆ X × P(Y) such that (x, πx) ∈ Γ for µ-almost
every x ∈ X.

On the other hand, if J(π) is C-montone, then there exists a C-montone set Γ

with
1 = J(π)(Γ) = µ ({x ∈ X : (x, πx) ∈ Γ}) .

Consider the µ-full, analytically measurable set {x ∈ X : (x, πx) ∈ Γ}. As analy-
itcally measurable sets are universally measurable, it admits a Borel measurable
subset Γ̃ with µ(Γ̃) = 1. Thus, π is C-monotone (on Γ̃) in the sense of Definition
1.4.

(b) If Γ ⊆ X × P(Y) is C-monotone, and C : X × P(Y) → R is convex in the second
argument, i.e., for all x ∈ X, (p, q) ∈ P(Y)2, and α ∈ [0, 1]

C(x, αp + (1 − α)q) ≤ αC(x, p) + (1 − α)C(x, q),

then the enlarged set

Γ̃ :=



(
x,

1
k

k∑

i=1

pi

)
: x ∈ X, (x, pi) ∈ Γ, i = 1, . . . , k ∈ N



is also C-monotone. Likewise, if C(x, ·) is further continuous for all x ∈ X, then

Γ̂ :=
{
(x, p) ∈ X × P(Y) : x ∈ X, p ∈ co(Γx)

}
,

is C-monotone, where co stands for the closed convex hull and Γx denotes the
x-fibre of Γ, that is {p ∈ P(Y) : (x, p) ∈ Γ}.

(c) We observe that the set Λ(µ, ν) (see (2.1)) can be characterized by a family of
continuous functions F ⊆ C(X × Pr(Y)): P ∈ Λ(µ, ν) if and only if∫

X×P(Y)
f (x) P(dx, dp) =

∫

X
f (x) µ(dx) ∀ f ∈ Cb(X),

∫

X×P(Y)

∫

Y
g(y) p(dy) P(dx, dp) =

∫

Y
g(y) ν(dy) ∀g ∈ Cb(Y).
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As a further observation we have the equivalence of C-monotonicity as in Defini-
tion 2.1 and C-finite optimality under the linear constraints F
F =

{
f ∈ Cb(X × P(Y)) : ∃g ∈ Cb(X), h ∈ Cb(Y)

s.t. f (x, p) ≡ g(x) or f (x, p) =
∫

Y h(y) p(dy)
}
,

which was introduced in [12, Definition 1.2].

Theorem 2.5. Let C : X ×Pr(Y)→ [0,∞] be measurable and P∗ ∈ Pr(X ×Pr(Y)) optimal
for (WOT’) with finite value. Then P∗ is C-monotone. In particular, if C satisfies for all
x ∈ X and Q ∈ P(P(Y))

C(x, I(Q)) ≤
∫

P(Y)
C(x, p) Q(dp), (2.8)

then any optimizer π∗ of (WOT) with finite value is C-monotone.

Proof. The first assertion is a consequence of Remark 2.4.(c) and [12, Theorem 1.4]. To
show the second assertion, let P ∈ Λ(µ, ν). Then I(Px) µ(dx) ∈ Π(µ, ν) and by (2.8)∫

X×P(Y)
C(x, p) P(dx, dp) ≥

∫

X
C(x, I(Px)) µ(dx).

Hence, J(π∗) is optimal for (WOT’). We deduce from the first part of the proof combined
with Remark 2.4 (a) C-monotonicity of π. �

The assumption that C is lower bounded is as a matter of fact not necessary to deduce
C-monotonicity in the classical optimal weak transport setting, cf. [9, Theorem 5.2]. Note
that (2.8) holds when C(x, ·) is lower semicontinuous and convex. Indeed, by similar
approximation arguments as in Theorem 2.2 we find for any Q ∈ P(P(Y)) a sequence of
measures {pk}k∈N ⊆ P(Y) such that

1
N

N∑

i=1

pi → I(Q) inWr,
1
N

N∑

i=1

C(x, pi)→
∫

X×P(Y)
C(x, p) Q(dp).

Thus,
∫

X×P(Y)
C(x, p)Q(dp) = lim

N→∞
1
N

N∑

i=1

C(x, pi)

≥ lim inf
N→∞

C

x,
1
N

N∑

i=1

pi

 ≥ C (x, I(Q)) .

Lemma 2.6. Let pi,mi ∈ Pr(Y), i = 1, . . . ,N, with
∑N

i=1 pi =
∑N

i=1 mi, and {pk
1, . . . , pk

N}, k ∈
N, be sequences in Pr(Y) with pk

i → pi inWr. Then there exist approximative sequences
{mk

1, . . . ,m
k
N}k∈N of competitors, i.e.,

N∑

i=1

pk
i =

N∑

i=1

mk
i and mk

i → mi inWr.

Proof. Since
∑N

i=1 mi =
∑N

i=1 pi, we find sub-probability measures mi, j, with the property
that mi, j(A) ≤ min{pi(A),m j(A)} for all A measurable, and

m j =

N∑

i=1

mi, j, pi =

N∑

j=1

mi, j.

Denote by (χk,i
z )z∈Y a regular disintegration of aWr-optimal transport plan χk,i ∈ Π(pi, pk

i )
w.r.t. to its first marginal pi. Let i, j ∈ {1, . . . ,N} and define

mk
i, j(dy) :=

∫

z∈Y
χk,i

z (dy) mi, j(dz), mk
i :=

N∑

j=1

mk
j,i.
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Since

N∑

j=1

Wr(mk
i, j,mi, j)r ≤

N∑

j=1

∫

Y×Y
dY (z, y)r χk,i

z (dy) mi, j(dz)

≤
∫

Y×Y
dY (z, y)r χk,i

z (dy) pi(dz) =Wr(pk
i , pi)r,

we deduce the convergence of mk
i, j to mi, j, and in consequence, the convergence of mk

i to
mi inWr. Finally observe that

N∑

i=1

mk
i =

N∑

i=1

N∑

j=1

mk
j,i =

N∑

j=1

∫

z∈Y
χ

k, j
z (dy) p j(dz) =

N∑

j=1

pk
j

so indeed {mk
1, . . . ,m

k
N} are feasible competitors of {pk

1, . . . , pk
N} such that for i = 1, . . . ,N,

mk
i → mi inWr. �

Lemma 2.7. Let C ∈ C(X × Pr(Y)), ε ≥ 0, and N ∈ N. Then the set

ΓεN :=
{

(xi, pi)N
i=1 ∈ (X × Pr(Y))N

∣∣∣∣∀m1, . . . ,mN ∈ Pr(Y) s.t.
N∑

i=1

pi =

N∑

i=1

mi,

we have
N∑

i=1

C(xi, pi) ≤
N∑

i=1

C(xi,mi) + ε

} (2.9)

is a closed subset of (X × Pr(Y))N .

Proof. Take any convergent sequence (xk
i , pk

i )N
i=1 ∈ ΓεN , k ∈ N, such that

xk
i → xi in X, pk

i → pi inWr.

Assume that (xi,mi)N
i=1 is a competitor, i.e.,

∑N
i=1 pi =

∑N
i=1 mi. Lemma 2.6 provides an

approximative sequence of competitors, and by continuity of C we conclude. �

The key ingredient towards stability of (WOT) is the following result concerning stabil-
ity of the notion of C-monotonicity.

Theorem 2.8. Let C,Ck ∈ C(X × Pr(Y)), k ∈ N, and Ck converges uniformly to C. If
P, Pk ∈ Pr(X × Pr(Y)), k ∈ N, such that

(a) for all k ∈ N the measure Pk is Ck-monotone,
(b) the sequence (Pk)k∈N converges to P,

then P is C-monotone. Moreover, if π, πk ∈ Pr(X × Y) and Ck is convex in the second
argument, k ∈ N, such that

(a’) for all k ∈ N the measure πk is Ck-monotone,
(b’) the sequence (πk)k∈N converges to π,

then π is C-monotone.

Proof. The aim is to construct a C-monotone set Γ on which P is concentrated. So, we
write Pk,⊗N and P⊗N for the N-fold product measure of Pk and P where N ∈ N. By Ck-
monotonicity and uniform convergence we find for any ε > 0 a natural number k0 such that
Pk,⊗N , k ≥ k0, is concentrated on ΓεN , see (2.9). Lemma 2.7 combined with the Portmanteau
theorem yield that P⊗N is concentrated on ΓεN :

1 = lim sup
k

Pk,⊗N(ΓεN) ≤ P⊗N(ΓεN) = 1.

As a consequence, we find that P⊗N gives full measure to the closed set ΓN := Γ0
N . Sets of

the form
⊗N

i=1 Oi where Oi is open in X × Pr(Y) form a basis of the product topology on
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(X × Pr(Y))N . Hence, we can cover the open set Γc
N by countably many sets of the form⊗N

i=1 Oi where Oi is open in X × Pr(Y),

Γc
N =

⋃

k∈N

N⊗

i=1

Oi,k.

In particular, we deduce for any k ∈ N

0 = P⊗N


N⊗

i=1

Oi,k

 =

N∏

i=1

P(Oi,k).

We find open sets AN such that

AN :=
⋃

k∈N,i∈{1,...,N}
P(Oi,k)=0

Oi,k, P(AN) = 0,

Γc
N ⊆

N⋃

i=1

(X × Pr(Y))i−1 × AN × (X × Pr(Y))N−i .

Since N ∈ N was arbitrary we define the closed and C-monotone set

Γ :=
( ⋃

N∈N
AN

)c
, P(Γ) = 1, ΓN ⊆ ΓN .

With the taken precautions it poses no challenge to verify that P is C-monotone on Γ.
To show the second assertion, we embed πk ∈ P(X × Y) into P(X × P(Y)) owing to

the map J. Note that Λ(µ, ν) is a closed subset of Pr(X × Pr(Y)). By the same line of
argument as in [9, Lemma 2.6] we find relative compactness, thus compactness of Λ(µ, ν).
Therefore, we find an accumulation point P ∈ P(X × P(Y)) of (J(πk))k∈N. Note that

µ(dx) I(Px) =: π ∈ Π(µ, ν),

determines a coupling, which is likewise an accumulation point of {πk}k∈N. Since P is
concentrated on the C-monotone set Γ, we find for any x ∈ X such that Px(Γx) = 1 a
sequence of measures px

i ∈ Γx ⊆ P(Y), i ∈ N, with

qx
n :=

1
n

n∑

i=1

px
i → I(Px) = πx, n→ ∞, inWr.

By Remark 2.4 (b) we know that (x, qx
n) is contained in the C-monotone set Γ. By closure

of Γ we conclude (x, πx) ∈ Γ for µ-a.e. x, and C-monotonicity of π. �

From Theorems 2.2 and 2.8 we easily deduce the following corollary, which has Theo-
rem 1.3 in the introduction as a particular case:

Corollary 2.9. Let C,Ck ∈ C(X × Pr(Y)), k ∈ N, be non-negative cost functions such that
Ck converges uniformly to C and one of the following holds:

(a) {C(x, ·) : x ∈ X} is equicontinuous,
(b) µ ∈ Pr(X) and there is a constant K > 0, x0 ∈ X, y0 ∈ Y such that for all

(x, p) ∈ X × P(X)

C(x, p) ≤ K
(
1 + dX(x, x0)r +

∫
Y dY (y, y0)r p(dy)

)
.

Let {µk}k∈N and {νk}k∈N be two sequences of probability measures on P(X) and Pr(Y),
respectively, where µk converges weakly to µ, and νk converges in Wr to ν. Let Pk ∈
Λ(µk, νk) be optimizers of (WOT’) with cost function Ck between the marginals µk and νk.
If

lim sup
k

Pk(Ck) < ∞,
then any weak accumulation point of {Pk}k∈N is an optimizer of (WOT’) for the cost C.

If moreover Ck(x, ·) and C(x, ·) are convex, then an analogous statement holds in the
case of (WOT).
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3. Stability of martingale optimal transport

In this section we consider the martingale optimal transport problem (MOT), and X =

Y = Rd. A generalization of c-cyclical monotonicity under additional linear constraints
were suggested by [12, 45], which also encompass (MOT). For (MOT), the set of linear
constraints FM ⊆ C(Rd × Rd) takes the shape

FM :=
{
f ∈ C(Rd × Rd) : f (x, y) = g(x)(y − x) and g ∈ Cb(Rd)

}
.

Definition 3.1.
(1) A measures α′ ∈ P(Rd ×Rd) is called a FM-competitor of α ∈ P(Rd ×Rd) iff their

marginals coincide and α( f ) = α′( f ) for all f ∈ FM .
(2) We call Γ ⊆ Rd × Rd (c,FM)-monotone iff for any probability measure α, finitely

supported on Γ, and any competitor α′, we have α(c) ≤ α′(c).
(3) A martingale coupling π ∈ ΠM , which is supported on a (c,FM)-monotone set, is

called (c,FM)-monotone.

Remark 3.2. Definition 3.1, Point (2), implies for any (c,FM)-monotone set Γ that for all
sequences (x1, p1), . . . , (xN , pN) ∈ Rd × P1(Rd) with pi finitely supported on the fibre Γxi

that
N∑

i=1

∫

Rd
c(xi, y) pi(dy) ≤

N∑

i=1

∫

Rd
c(xi, y) qi(dy), (3.1)

where q1, . . . , qN ∈ P1(Rd),
∑N

i=1 qi =
∑N

i=1 pi and
∫
Rd y pi(dy) =

∫
Rd y qi(dy).

On the other hand, suppose Γ is a set such that (3.1) holds for all N ∈ N, and col-
lections (x1, p1), . . . , (xN , pN) ∈ Rd × P1(Rd) with pi finitely supported on Γxi . Given
any measure α ∈ P(Γ) supported on the finite set {(x1, y1), . . . , (xn, yn)}, we have opti-
mality of {(x1, αx1 ), . . . , (xn, αxn )} where αxi (dy) =

α(xi,dy)
α(xi×Rd) over all competing sequences

as in (3.1). Therefore, α̃(dx, dy) :=
∑n

i=1 δxi (dx)αxi (dy) defines an optimal coupling be-
tween its marginals under all competitors, i.e., for all γ ∈ Π(proj1(α̃), proj2(α̃)) with∫
Rd yγx(dy) =

∫
Rd yαx(dy) we have

1
n

n∑

i=1

c(xi, yi) = α̃(c) ≤ γ(c). (3.2)

By the duality theorem of linear programming, we find dual optimizers of the linear pro-
gram given by (3.2), i.e., maximizers of

max
f (x)+g(y)+∆(x)·(x−y)≤c(x,y)

N∑

i=1

f (xi) +

N∑

i=1

αxi (g) +

N∑

i=1

∆(xi) ·
∫

Rd
(xi − y)αxi (dy).

The complementary slackness condition, which reads here as

( f (xi) + g(y j) + ∆(xi) · (xi − y j))α̃(xi, y j) = 0 ∀1 ≤ i, j ≤ n,

yields that optimality of the dual optimizer is independent of the definitive choice of the
measure α – as long as suppα ⊆ supp α̃. Hence, we deduce (c,FM)-monotonicity of
α, and Γ is (c,FM)-monotone. In Definition 3.3 we introduce a notion of martingale C-
monotonicity for weak transport costs which by above reasoning naturally extends (c,FM)-
monotonicity, see Definition 3.1, to weak transport costs.

We will see in Lemma 3.7 that under given conditions (c,FM)-monotonicity of a cou-
pling is equivalent to martingale C-monotonicity (cf. Definition 1.5).

By [12], optimizers of (MOT) are concentrated on (c,FM)-monotone sets. If c is con-
tinuous, then the reverse implication was shown in one dimension by Beiglböck and Juillet
[14] and Griessler [27], but for arbitrary dimensions d ∈ N it remains unanswered.
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Let us regard two natural generalizations of (MOT):

inf
π∈ΠM(µ,ν)

∫

R

C(x, πx) µ(dx), (MWOT)

inf
P∈ΛM (µ,ν)

∫

R×P(R)
C(x, p) P(dx, dp), (MWOT’)

where ΛM(µ, ν) is the set of all P ∈ Λ(µ, ν) giving full measure to
{

(x, p) ∈ Rd × P1(Rd) : x =

∫

Rd
y p(dy)

}
,

i.e., P ∈ ΛM(µ, ν) iff P ∈ Λ(µ, ν) and
∫

Rd×P(Rd)
f (x, p) P(dx, dp) = 0 ∀ f ∈ F̃M ,

where the set of martingale constraints F̃M is given by

F̃M :=
{

f ∈ Cb(Rd × P1(Rd)) : ∃g ∈ Cb(P(Rd)), h ∈ Cb(Rd)

s.t. f (x, p) = g(p)h(x)
∫

Rd
(x − y) p(dy)

}
.

Definition 3.3.
(1) We call Γ ⊆ Rd ×P1(Rd) martingale C-monotone iff for any N ∈ N, any collection

(x1, p1), . . . , (xN , pN) ∈ Γ, and q1, . . . , qN ∈ P1(Rd) such that
∑N

i=1 pi =
∑N

i=1 qi

and
∫
Rd y pi(dy) =

∫
Rd y qi(dy), we have

N∑

i=1

C(xi, pi) ≤
N∑

i=1

C(xi, qi).

(2) A probability measure P ∈ P(Rd × P1(Rd)), which is supported on a martingale
C-monotone set, is then called martingale C-monotone.

(3) A probability measure π ∈ P(Rd × Rd) is called martingale C-monotone if J(π) ∈
P(Rd × P1(Rd)) is martingale C-monotone. (This is equivalent to Definition 1.5.)

Again, by [12, Theorem 1.4] we show in the following theorem that martingale C-
monotonicity is a necessary optimality criterion.

Theorem 3.4. Let C : X × Pr(Rd) → [0,∞] be measurable and P∗ ∈ ΛM(µ, ν) optimal
for (MWOT’) with finite value. Then P∗ is martingale C-monotone. Moreover, if C
additionally satisfies for all x ∈ X and Q ∈ Pr(Pr(Rd))

C(x, I(Q)) ≤
∫

P(Rd)
C(x, p) Q(dp), (3.3)

then any optimizer π∗ of (MWOT) with finite value is martingale C-monotone.

As before (3.3) holds when C(x, ·) is lower semicontinuous and convex, and in particular
for C(x, p) =

∫
Rd c(x, y) p(dy) when c : Rd × Rd → R is lower semicontinuous and lower

bounded.

Proof. Since (MWOT’) is an optimal transport problem under additional linear constraints,
the first statement is a consequence of [12, Theorem 1.4]. To show the second assertion, we
note that any martingale coupling π ∈ ΠM(µ, ν) naturally induces an element in ΛM(µ, ν)
by the embedding J, c.f. Section 1.3. Let P ∈ ΛM(µ, ν), then I(Px) µ(dx) ∈ ΠM(µ, ν) and
by (3.3)

∫

Rd×P(Rd)
C(x, p) P(dx, dp) ≥

∫

Rd×P(Rd)
C(x, I(Px)) µ(dx).
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Hence, J(π∗) is optimal for (MWOT’), and we deduce from the first part martingale C-
monotonicity of J(π∗). Due to similar reasoning as in Remark 2.4 (a) we conclude that π∗

is also martingale C-montone. �

From here on we assume that
d = 1,

but we hope that in the future a similar approach can be developed for higher dimensions.

Lemma 3.5. Let N ∈ N and pi ∈ Pr(R) with competitor qi ∈ Pr(R), i = 1, . . . ,N, i.e.,
N∑

i=1

pi =

N∑

i=1

qi,

∫

R

y pi(dy) =

∫

R

y qi(dy).

Suppose there are sequences {pk
1, . . . , pk

N}, k ∈ N, of measures in Pr(R) with pk
i → pi in

Wr. Then there exist approximative sequences {qk
1, . . . , q

k
N}k∈N of competitors, i.e.,

N∑

i=1

pk
i =

N∑

i=1

qk
i ,

∫

R

y pk
i (dy) =

∫

R

y qk
i (dy), and qk

i → qi inWr.

Since the proof of Lemma 3.5 is slightly demanding, we first give for convenience of
the reader a more concrete version of the argument in the simpler setting of N = 2:

Proof of Lemma 3.5 for N = 2. W.l.o.g. q1 , p1. Applying Lemma 2.6 we find a sequence
{qk

i }k∈N which converges to qi in Wr and such that
∑N

i=1 qk
i =

∑N
i=1 pk

i . We may further
assume

∫
R

y qk
1(dy) <

∫
R

y pk
1(dy). We can decompose the measures q1, q2, p1, p2 into sub-

probability measures mi, j, i, j ∈ {1, 2} such that

pi = mi,1 + mi,2, q j = m1, j + m2, j.

By equality of the mean values of q1 and p1, we find that
∫

R

y m1,2(dy) =

∫

R

y m2,1(dy).

Thus, we find disjoint, open intervals I1, I2 with min(m1,2(I1),m2,1(I2)) > 0 and sup(I2) <
inf(I1). Similarly, for each k ∈ N we can decompose qk

1, q
k
2, pk

1, pk
2 in the same manner

and obtain by the construction in Lemma 2.6 that mk
i, j converges to mi, j in Wr. When

well-defined denote by αk > 0 the constant such that
∫

R

y qk
1(dy) + αk


1

mk
1,2(I1)

∫

I1

y mk
1,2(dy) − 1

mk
2,1(I2)

∫

I2

y mk
2,1(dy)

 =

∫

R

y pk
1(dy).

ByWr-convergence, we have on the one hand lim infk mk
1,2(I1) > 0 and lim infk mk

2,1(I2) >
0, and on the other,

lim
k→∞

∫

R

yqk
1(dy) −

∫

R

ypk
1(dy) = 0,

implying that αk is well-defined for k sufficiently large, and αk → 0. Therefore, there is an
index k0 ∈ N such that

q̃k
1 = qk

1 + αk


mk

1,2

∣∣∣∣
I1

mk
1,2(I1) −

mk
2,1

∣∣∣∣
I2

mk
2,1(I2)

 , q̃k
2 = qk

2 − αk


mk

1,2

∣∣∣∣
I1

mk
1,2(I1) −

mk
2,1

∣∣∣∣
I2

mk
2,1(I2)

 ,

are both probability measures for k ≥ k0, and {q̃k
1, q̃

k
2}k≥k0 has the desired properties. �

Proof of Lemma 3.5 General Case. Let s ∈ R, Fp : R → [0, 1] the cumulative distribution
function of p ∈ P(R), and define

I1
s := {i ∈ {1, . . . ,N} : Fpi (s) = 1}, I2

s := {i ∈ {1, . . . ,N} : Fqi (s) = 1}.
As a preparatory step, we show that

j ∈ {1, . . . ,N} \ I1
s =⇒ p j((−∞, s)) = 0, (3.4)
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already implies that I2
s = I1

s and

j ∈ {1, . . . ,N} \ I1
2 =⇒ q j((−∞, s)) = 0. (3.5)

This is achieved by observing the barycenters: assume (3.4) and note that

0 =
∑

i∈I1
s

∫
R

y pi(dy) −
∫
R

y qi(dy)

=
∫
R

y
(∑

i∈I1
s

pi − qi

)+
(dy) −

∫
R

y
(∑

i∈I1
s

qi − pi

)+
(dy), (3.6)

where (·)+ of a signed measure denotes its positive part. Moreover, as
∑N

i=1 pi =
∑N

i=1 qi we
obtain

∑

i∈I1
s

qi|(−∞,s) ≤
N∑

i=1

pi|(−∞,s) ≤
∑

i∈I1
s

pi,

and consequently (
∑

i∈I1
s

pi − qi)+ is concentrated on (−∞, s], whereas (
∑

i∈I1
s

qi − pi)+ is

concentrated on [s,+∞). From (3.6) follows that
(∑

i∈I1
s

pi − qi

)+
=

(∑
i∈I1

s
qi − pi

)+
= 0,

thus
∑

i∈I1
s

pi =
∑

i∈I1
s

qi and I1
s ⊆ I2

s . Assume that there is j ∈ I2
s \ I1

s . Then

N∑

i=1

qi|(−∞,s) =

N∑

i=1

pi|(−∞,s) =
∑

i∈I1
s

pi|(−∞,s) =
∑

i∈I1
s

qi|(−∞,s)

shows that q j((−∞, s)) = 0. Since j ∈ I2
s we have that q j((s,+∞)) = 0, and consequently

q j = δs. The barycenter of p j coincides with s, but from j < I1
s we deduce p j((s,+∞)) > 0

and p j((−∞, s)) > 0, which violates (3.4). Therefore I1
s = I2

s , and (3.5) is satisfied.
Clearly, if there exists s ∈ R such that either (3.4) or (3.5) holds, then by the preparatory

step we get I1
s = I2

s =: Is and
∑

i∈Is
pi =

∑
i∈Is

qi, and

j ∈ {1, . . . ,N} \ Is =⇒ p j((−∞, s)) = 0, j ∈ {1 . . . ,N} \ Is =⇒ q j((−∞, s)) = 0.

In this case we can split the problem into two parts: Finding sequences of competitors for
the index sets Is and {1, . . . ,N} \ Is. It is sufficient to show the existence of such a sequence
for the sub problem Is, where we also assume that s is minimal.

Thus, assume without loss of generality that s is minimal and I1
s = I2

s = {1, . . . ,N},
N > 1. Denote the convex hull of the support of qi by

S i := co(supp qi) i = 1, . . . ,N.

We can also assume without loss of generality that (pi, q j) are pairwise different for i, j ∈
{1, . . . ,N}.

Let imin, imax ∈ {1, . . . ,N} be such that inf S imin is minimal and sup S imax is maximal.
Under these assumptions, we get that pimin , qimin , pimax , and qimax cannot be concentrated on a
single point, thus,

λ(S imin ) > 0 and λ(S imax ) > 0, (3.7)

where λ is the Lebesgue measure.
Applying now Lemma 2.6 we find for every i ∈ {1, . . . ,N} a sequence {qk

i }k∈N with∑N
i=1 qk

i =
∑N

i=1 pk
i and which converges to qi inWr, in particular,

lim
k→∞

∣∣∣∣∣
∫

R

ypk
i (dy) −

∫

R

yqk
i (dy)

∣∣∣∣∣ = 0. (3.8)

Consider the following case. Let i, j ∈ {1, . . . ,N} such that one of the following is true:
either

λ(S j ∩ S i) > 0 or S j ⊆ int(S i), (3.9)

where int(S i) denotes the interior of S i. Then there are open intervals O+
i, j,O

−
i, j,O

+
j,i,O

−
j,i

such that

qi(Ot
i, j) > 0, q j(Ot

j,i) > 0, t ∈ {−,+},
sup O+

i, j < inf O−j,i, sup O+
j,i < inf O−i, j.
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By weak convergence of qk
i to qi, the Portmanteau theorem implies

lim inf
k→∞

qk
i (O+

i, j) > 0, lim inf
k→∞

qk
i (O−i, j) > 0,

lim inf
k→∞

qk
j(O

+
j,i) > 0, lim inf

k→∞
qk

j(O
−
j,i) > 0.

(3.10)

In particular, when k is sufficiently large we can by (3.8) and (3.10) replace qk
i and qk

j with
the probability measures

q̃k
j := qk

j + αk
+


qk

i |O−i, j
qk

i (O−i, j)
−

qk
j |O+

j,i

qk
j(O

+
j,i)

 + αk
−


qk

i |O+
i, j

qk
i (O+

i, j)
−

qk
j |O−j,i

qk
j(O
−
j,i)

 ,

and q̃k
i := qk

i − q̃k
j + qk

j, where {αk
−}k∈N and {αk

+}k∈N are non-negative sequences converging
to zero, and q̃k

i and pk
i have the same barycenter (i.e. if the barycenter of qk

j is smaller than
that of pk

j we set αk
+ > 0 and αk

− = 0, etc.). Thus, {q̃k
i }k∈N and {q̃k

j}k∈N converge inWr to qi

and q j, respectively.
We will call i ∈ {1, . . . ,N} a pivot, if for all î ∈ {1, . . . ,N} with sup S î ≤ inf S i, the

barycenters of qk
î

are correct (when k is sufficiently large), that means, there is k0 ∈ N such
that

k ≥ k0 =⇒
∫

R

y qk
î
(dy) =

∫

R

y pk
î
(dy). (3.11)

For such a pivot i, consider all j , i with (3.9). By the previous step in this proof, there
exists k1 ∈ N such that we can change qk

i and qk
j for k ≥ k1 ∈ N (and denote the probability

measures q̃k
i and q̃k

j for notational convenience again by qk
i and qk

j respectively) such that

k ≥ k1 =⇒
∫

R

y qk
j(dy) =

∫

R

y pk
j(dy). (3.12)

There are two possible cases:
(1) (3.9) held true for all j , i with inf S i < sup S j, which would imply that (given k

is sufficiently large), we have not only corrected the barycenter of qk
j but also the

one of qk
i , since

∫

R

yqk
i (dy) =

N∑

l=1

∫

R

ypk
l (dy) −

∑

j,i

∫

R

yqk
j(dy) =

∫

R

ypk
i (dy).

Hence, we have found the desired sequences.
(2) There are indices k ∈ {1, . . . ,N} with sup S i ≤ inf S k ≤ sup S k. Due to minimality

of s, there is an index l ∈ {1, . . . ,N} with inf S l < sup S i < sup S l. Hence (3.9)
holds and we can use {qk

l }k∈N to fix the barycenters of {qk
i }k∈N for k sufficiently

large. Moreover, l is a pivot: Let l̂ ∈ {1, . . . ,N} with sup S l̂ ≤ inf S l, then either
sup S l̂ ≤ inf S i whereby (3.11) holds for l̂, or inf S i < sup S l̂ ≤ inf S l < sup S i. In
the latter case, we have that l̂ satiesfies (3.9) and therefore (3.12). Notice that

sup S l > sup S i. (3.13)

Taking i = imin as our initial pivot, we can iterate the above reasoning. Since there are
only finitely many elements, the procedure terminates as ensured by (3.13). �

The key ingredient of this part is the following stability result concerning the notion of
martingale C-monotonicity:

Theorem 3.6. Let C,Ck ∈ C(R × Pr(R)), k ∈ N, and Ck converges uniformly to C. If
P, Pk ∈ Pr(R × Pr(R)), k ∈ N, are such that

(a) for all k ∈ N the measure Pk is martingale Ck-monotone,
(b) the sequence {Pk}k∈N converges to P,

then P is martingale C-monotone. Moreover, if π, πk ∈ Pr(R × R) and Ck is convex in the
second argument and such that

(a’) for all k ∈ N the measure πk is martingale Ck-monotone,
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(b’) the sequence {πk}k∈N converges to π,

then π is martingale C-monotone.

Proof. The proof runs parallel to the one of Theorem 2.8: Using Lemma 3.5 we can alter
Lemma 2.7 such that for all ε ≥ 0 and N ∈ N the set

Γ̃εN :=
{

(xi, pi)N
i=1 ∈ (R × Pr(R))N

∣∣∣∣∀m1, . . . ,mN ∈ Pr(R) s.t.
N∑

i=1

pi =

N∑

i=1

mi and

∫

R

y mi(dy) =

∫

R

y pi(dy) for i = 1, . . . ,N, we have
N∑

i=1

C(xi, pi) ≤
N∑

i=1

C(xi,mi) + ε

}

is closed. The aim is to construct a martingale C-monotone set Γ on which P is concen-
trated. So, we write Pk,⊗N and P⊗N for the N-fold product measure of Pk resp. P where
N ∈ N. By martingale Ck-monotonicity and uniform convergence we find for any ε > 0
a natural number k0 such that Pk,⊗N , k ≥ k0, is concentrated on Γ̃εN . As Γ̃εN is closed, the
Portmanteau theorem yields that P⊗N is concentrated on Γ̃εN :

1 = lim sup
k

Pk,⊗N(Γ̃εN) ≤ P⊗N(Γ̃εN) = 1.

As a consequence, we find that P⊗N gives full measure to the closed set Γ̃N := Γ̃0
N . With

the same line of argument as in the proof of Theorem 2.8, we can find from here a closed,
martingale C-monotone set Γ̃ with P(Γ̃) = 1.

To show the second assertion, we embed πk ∈ Pr(R × R) into Pr(R × Pr(R)) owing to
the map J. Then, by compactness of ΛM(µ, ν), we find an accumulation point P ∈ Pr(R ×
Pr(R)) of {J(πk)}k∈N. Note that P gives full measure to {(x, p) ∈ R×P1(R) : x =

∫
R

y p(dy)},
and

µ(dx) I(Px) =: π ∈ ΠM(µ, ν)

determines a martingale coupling, which is likewise aWr-accumulation point of {πk}k∈N.
Since P ∈ Pr(R×Pr(R)) we have µ-almost surely that I(Px) ∈ Pr(R). As P is concentrated
on the martingale C-monotone set Γ̃, we find for any x ∈ X such that Px(Γ̃x) = 1 and
I(Px) ∈ Pr(R) a sequence of measures px

i ∈ Γ̃x ⊆ Pr(R), i ∈ N, with

qx
n :=

1
n

n∑

i=1

px
i → I(Px) = πx, n→ ∞, inWr.

Since C is convex in the second argument, we can reason as in Remark 2.4 (b), and find
that for µ-a.e. x (x, qx

n) is already contained in the martingale C-monotone set Γ̃. Then by
closure of Γ̃ we conclude (x, πx) ∈ Γ̃ for µ-a.e. x, and by the same reasoning as in Remark
2.4 (a) martingale C-monotonicity of π. �

Lemma 3.7. Let π ∈ ΠM(µ, ν), b ∈ L1(ν), c : X × Y → R be jointly measurable, and
c(x, ·) be upper semicontinuous and upper bounded by a postive multiple of b for all x ∈ R.
Then π is (c,FM)-monotone if and only if π is martingale C-monotone (with C(x, p) :=∫
R

c(x, y)p(dy)).

Proof. Let Γ̂ ⊆ R × R be (c,FM)-monotone with π(Γ̂) = 1. Consider the Borel measurable
set

Γ :=
{

(x, p) ∈ X × P1(Y) : p(Γ̂x) = 1,
∫

R

y p(dy) = x,
∫

R

|b(y)| p(dy) < ∞
}
,

where (x, πx) ∈ Γ for µ-almost every x ∈ X. Take any sequence (x1, p1), . . . , (xN , pN) ∈ Γ

with competitors q1, . . . qN ∈ P1(R), i.e.,

N∑

i=1

pi =

N∑

i=1

qi,

∫

R

y pi(dy) =

∫

R

y qi(dy).
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We find for any (xi, pi) ∈ Γ, a sequence of finitely supported measures {pk
i }k∈N where for

all k ∈ N we have that pk
i (Γ̂xi ) = 1,

∫
R

y pk
i (dy) = xi, and

lim
k→∞

∫

R

c(xi, y) pk
i (dy) =

∫

R

c(xi, y) pi(dy), (3.14)

lim
k→∞

∫

R

|b(y)| pk
i (dy) =

∫

R

|b(y)| p(dy). (3.15)

Thus, Lemma 3.5 provides {qk
1, . . . , q

k
N}, sequences of feasible and finitely supported com-

petitors with corresponding limit points {q1, . . . , qN}. Then (c,FM)-monotonicity yields
N∑

i=1

∫

R

c(xi, y) pi(dy) = lim
k→∞

N∑

i=1

∫

R

c(xi, y) pk
i (dy)

≤ lim sup
k→∞

N∑

i=1

∫

R

c(xi, y) qk
i (dy) ≤

N∑

i=1

∫

R

c(xi, y) qi(dy),

where we used (3.14) for the first equality, and upper semicontinuity of c(x, ·), upper
boundedness of c(x, ·) − a(x)b(·) for some a(x) > 0, and (3.15) in the last inequality. We
have shown that Γ is martingale C-monotone. Since (x, πx) ∈ Γ for µ-a.e. x ∈ R, we
conclude that π is martingale C-monotone.

Now, let π be martingale C-monotone on a Borel measurable set Γ ⊆ R × P(R), that is,
J(π)(Γ) = 1. Due to the variation of Lusin’s theorem, Lemma 6.3, there is an analytically
measurable set Γ̂ ⊆ X × Y satisfying:

(i) For any (x, p) ∈ Γ we have that p is concentrated on the fibre Γ̂x = {y ∈ Y : (x, y) ∈
Γ̂}, i.e., p(Γ̂x) = 1.

(ii) For any (x, y) ∈ Γ̂ we find (x, p) ∈ Γ and a Borel measurable set K ⊆ Γ̂x such that
(1) c restricted to the fibre {x} × K is continuous,
(2) y ∈ supp(p|K) ∩ K and

∫

Bδ(y)∩K

c(x, z)
p(Bδ(y) ∩ K)

p(dz)→ c(x, y) for δ↘ 0. (3.16)

In particular, we have that π is concentrated on Γ̂ by property (i). To see that Γ̂ is (c,FM)-
monotone, take a finite subset of Γ̂, i.e., G := {(x1, y1), . . . , (xN , yN)} ⊆ Γ̂. Let α be sup-
ported on G and β be a competitor, i.e.,

proj1(α) = proj1(β), proj2(α) = proj2(β),
∫

R

yαxi (dy) =

∫

R

y βxi (dy), i = 1, . . . ,N.

By property (ii) of Γ̂ we find for each (xi, yi), 1 ≤ i ≤ N, (xi, pi) ∈ Γ and sets Ki such that c
is continuous on {xi} × Ki, yi ∈ Ki, and (3.16) holds. Let

αk(dx, dy) :=
N∑

i=1

δxi (dx)
αk(xi, yi)

pi(Ki ∩ B 1
k (yi))

pi|Ki∩B 1
k

(yi)(dy), k ∈ N.

Then αk converges weakly to α, and by Lemma 3.5 we find a sequence {βk}k∈N, where βk

is a competitor of αk, which converges weakly to β. As c(x, ·) is upper semicontinuous and
finitely valued, there exists k0 ∈ N with

sup

c(x, y) : y ∈
N⋃

i=1

B 1
k0

(yi)

 < ∞. (3.17)

Thus, we have∫

R×R
c(x, y)α(dx, dy) = lim

k→∞

∫

R×R
c(x, y)αk(dx, dy)

≤ lim inf
k→∞

∫

R×R
c(x, y) βk(dx, dy) ≤

∫

R×R
c(x, y) β(dx, dy),
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where we obtain the first equality due to (3.16), the first inequality due to martingale C-
monotonicity, and the final inequality due to upper semicontinuity and (3.17). �

Proof of Theorem 1.1. Since πk is optimizer of (MOT) for cost ck with marginals µk and νk,
πk is (ck,FM)-monotone by [12, Theorem 1.4]. By Lemma 3.7, we find that πk is martingale
Ck-monotone. Then Theorem 3.6 shows that martingale monotonicity is preserved for
k → ∞. Hence, π is martingale C-monotone and thus (c,FM)-monotone by Lemma 3.7.
Finally, π is optimal for (MOT) with cost c by [27, Theorem 1.3]. �

Proof of Corollary 1.2. Let πk be optimal for (MOT) for the cost function ck and mar-
ginal measures µk, νk. We may apply Theorem 1.1 showing that every accumulation point
(with respect to weak convergence) of {πk}k∈N is an optimizer for (MOT) for the cost func-
tion c and marginal measures µ, ν. On R2 we may choose the metric D((x, y), (x̄, ȳ)) =

r
√|x − x̄|r + |y − ȳ|r in order to define the r-Wasserstein metric on Pr(R2). Then

∫

R×R
D((0, 0), (x, y))r πk(dx, dy) =

∫

R

|x|r µk(dx) +

∫

R

|y|r νk(dy)

→
∫

R

|x|r µ(dx) +

∫

R

|y|r ν(dy) =

∫

R×R
D((0, 0), (x, y)) π(dx, dy),

as k tends to∞ for any coupling π with marginals µ, ν. It follows by [43, Definition 6.8 (i)]
that the accumulation points of {πk}k∈N under the weak topology or under theWr-topology
coincide. The following inequality is immediate

lim inf
k→∞

∫

R×R
ck(x, y) πk(dx, dy) ≥ inf

π∈ΠM (µ,ν)

∫

R×R
c(x, y) π(dx, dy).

In order to prove

lim sup
k→∞

∫

R×R
ck(x, y) πk(dx, dy) ≤ inf

π∈ΠM (µ,ν)

∫

R×R
c(x, y) π(dx, dy),

it suffices to observe that if (for some subsequence which we do not track) πk → π in
Wr, then

∫
R×R ck(x, y)πk(dx, dy) →

∫
R×R c(x, y) π(dx, dy), since π must be optimal for the

r.h.s. But this is clear since ck → c uniformly and c is dominated by a positive multiple of
(x, y) 7→ 1 + D((0, 0), (x, y))r. �

4. The relation of OT andWOT

In this part we explore the relationship between (classical) c-cyclical monotonicity
in optimal transport, and C-monotonicity in optimal weak transport, in the case when
C(x, p) =

∫
Y c(x, y)p(dy). We recall the notion of c-cyclical monotonicity, cf. [43, Defi-

nition 5.1]:

Definition 4.1 (c-cyclical monotonicity). Let c : X × Y → R.

(1) A set Γ ⊆ X × Y is called c-cyclically monotone iff for any N ∈ N, and any
collection (x1, y1), . . . , (xN , yN) ∈ Γ, we have

N∑

i=1

c(xi, yi) ≤
N∑

i=1

c(xi, yi+1),

with the convention yN+1 = y1.
(2) A probability measure π ∈ P(X × Y), which is concentrated on a c-cyclically

monotone set, is then called c-cyclically monotone.

Our main result of this section is:

Theorem 4.2. Let π ∈ Π(µ, ν), b ∈ L1(ν), c : X × Y → R be jointly measurable, and c(x, ·)
be upper semicontinuous and upper bounded by a positive multiple of b for all x ∈ X. Then
π is c-cyclically monotone if and only if π is C-monotone (with C(x, p) :=

∫
Y c(x, y) p(dy)).
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Lemma 4.3. Let c : X × Y → R be jointly measurable. Let π ∈ Π(µ, ν) be C-monotone
with C(x, p) :=

∫
Y c(x, y) p(dy) and c(x, ·) ∈ L1(πx) for µ-almost every x ∈ X. Then for all

A ∈ B(X × Y) the restriction of π to A, i.e., π|A, is also C-monotone.

Proof. Let x1, . . . , xN ∈ Γ ∩ {x ∈ X : πx(Ax) > 0}, N ∈ N, where Γ is a C-monotone subset
and Ax := {y ∈ Y : (x, y) ∈ A}. To shorten notation we write

pi := πxi |Axi
, p̄i :=

1
pi(Axi )

pi, i = 1, . . . ,N.

Without loss of generality we can assume that restricting and disintegrating commutes,
p̄i = (π|A)xi for all i = 1, . . . ,N. Let n > 1 be a natural number with reciprocal value
smaller than mini pi(Axi ). Define the probability measures

ri =
nπxi − p̄i

n − 1
∈ P(Y), i = 1, . . . ,N,

which by linearity of p 7→ C(x, p) satisfy

n
N∑

i=1

C(xi, πxi ) =

N∑

i=1

C(xi, p̄i) + (n − 1)C(xi, ri). (4.1)

To show C-monotonicity of π|A, let q̄1, . . . , q̄N ∈ P(Y) with
∑N

i=1 q̄i =
∑N

i=1 p̄i. Define

qi, j :=


q̄i j = 1,
ri 2 ≤ j ≤ n,

i = 1, . . . ,N,

whence, qi := 1
n
∑n

j=1 qi, j ∈ P(Y), i = 1, . . . ,N, define competitors of (πxi )i, since

N∑

i=1

qi =
1
n

N∑

i=1

n∑

j=1

qi, j =

N∑

i=1

πxi .

From C-monotonicity of π we derive that

n
N∑

i=1

C(xi, πxi ) ≤ n
N∑

i=1

C(xi, qi) =

N∑

i=1

n∑

i=1

C(xi, qi, j),

which is by (4.1) equivalent to
N∑

i=1

C(xi, p̄i) ≤
N∑

i=1

C(xi, q̄i).

�

The next proposition has Theorem 4.2 as an immediate corollary:

Proposition 4.4. Let c : X × Y → R be jointly measurable, b : Y → R be measurable, and
c(x, ·) be upper semicontinuous and dominated by a positive multiple of b for each x ∈ X. If
Γ ⊆ X × P(Y) is a C-monotone analytic set (where C(x, p) :=

∫
Y c(x, y)p(dy)), then the set

Γ̂ ⊆ X × Y from Lemma 6.3 is c-cyclically monotone. Conversely, if a c-cyclical monotone
set Γ̂ ⊆ X × Y is given, then

Γ :=
{
(x, p) ∈ X × P(Y) : p(Γ̂x) = 1, b ∈ L1(p)

}

is C-monotone.

Proof. Suppose that Γ is C-monotone. Let a finite number of points (x1, y1), . . . , (xN , yN)
in Γ̂ be given. We find (xi, pi) ∈ Γ with pi(Γ̂xi ) = 1 as in Lemma 6.3. This means that for
each yi there is a Borel measurable set Ki ⊆ Y with yi ∈ supp(pi|Ki ), c|{xi}×Ki is continuous,
and

pεi :=
1

pi(Bε(yi) ∩ Ki)
pi|Bε(yi)∩Ki ,

∫

Ki∩Bε(yi)

c(xi, z)
p(Ki ∩ Bε(yi))

p(dz)→ c(xi, yi).
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The measure 1
N

∑N
i=1 δxi pi is by construction C-monotone. By the restriction property of

Lemma 4.3, the measure 1
N

∑N
i=1 δxi p

ε
i is likewise C-monotone. Then by upper semiconti-

nuity of c(x, ·) and (3.17) (which is here applicable), we conclude (with the convention that
N + 1 = 1):

N∑

i=1

c(xi, yi) = lim
ε↘0

N∑

i=1

C(xi, pεi ) ≤ lim sup
ε↘0

N∑

i=1

C(xi, pεi+1) ≤
N∑

i=1

c(xi, yi+1).

Now let Γ̂ be a c-cyclical monotone set. Recall that c(x, ·) is dominated by b and b ∈ L1(p)
for all (x, p) ∈ Γ. Therefore, by the law of large numbers, we have for an iid sequence
(Yi)i∈N distributed according to p that almost surely

lim
n→∞

1
n

n∑

i=1

c(x,Yi) =

∫

Y
c(x, y) p(dy), lim

n→∞
1
n

n∑

i=1

|b(Yi)| =
∫

Y
|b(y)| p(dy).

Thus, we can approximate p by discrete measures concentrated on Γ̂ and thereby ob-
tain C-monotonicity of Γ: Let (x1, p1), . . . , (xN , pN) ∈ Γ and q1, . . . , qN ∈ P(Y) with∑N

i=1 pi =
∑N

i=1 qi. We find by discretely approximating p1, . . . , pN on Γ̂, and then using
c-cyclical monotonicity, the sequence of competitors constructed in Lemma 2.6, and upper
semicontinuity of c(x, ·) and upper boundedness of c(x, ·) − a(x)b(·) for some a(x) > 0 that

N∑

i=1

C(xi, pi) = lim
n→∞

1
n

N∑

i=1

n∑

j=1

c(xi, yi
j) ≤ lim sup

n

N∑

i=1

∫

Y
c(xi, y) qn

i (dy) ≤
N∑

i=1

C(xi, qi).

�

5. Epilogue

Convexity is a natural assumption in the setting of weak transport. It is known that
convexity of C(x, ·) is necessary to obtain general existence of minimizers in the space of
couplings, see [4, Example 3.2]. Similarly, convexity is required for C-monotonicity to be
a necessary optimality criterion:

Example 5.1. Let X = {0}, Y = {0, 1}, µ = δ0, ν = 1
2 (δ0 + δ1), and

C(x, p) = min(p({0}), p({1})).
Then C is continuous and concave on X × P(Y), but the only (and therefore optimal)
coupling µ ⊗ ν ∈ Π(µ, ν) is not C-monotone. Indeed,

2C(0, ν) = 1 > 0 = C(0, δ0) + C(0, δ1).

In the classical optimal transport setting c-cyclical monotonicity implies optimality al-
ready when the cost function c is bounded from below and real valued, see [10]. A similar
conclusion cannot be drawn in optimal weak transport as C-monotonicity does not even
imply optimality when C is lower continuous:

Example 5.2. Let X = [0, 1], Y = [0, 1] and C(x, p) := ps,δx ([0, 1]) = p([0, 1] \ {x}), which
is a measurable cost function (c.f. Proposition 6.5) and lower semicontinuous for fixed
x ∈ [0, 1]: Given a weakly convergent sequence pk ⇀ p ∈ P(Y), the Portmanteau theorem
yields

lim inf
k

C(x, pk) = lim inf
k

pk([0, 1] \ {x}) ≥ p([0, 1] \ {x}) = C(x, p).

The product coupling π := λ⊗λ ∈ Π(λ, λ) where λ denotes the uniform distribution on [0, 1]
is in fact C-monotone: Since πx = λ (λ-almost surely), we have for any x1, . . . , xN ∈ [0, 1]
and q1, . . . , qN ∈ P(Y) with

N∑

i=1

πxi = Nλ =

N∑

i=1

qi
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that qi is absolutely continuous to λ, hence,
N∑

i=1

C(xi, πxi ) = N =

N∑

i=1

C(xi, qi).

But the unique optimizer of (WOT) with cost C is given by π∗(dx, dy) := λ(dx)δx(dy) and
∫

[0,1]
C(x, π∗x) λ(dx) = 0 < 1 =

∫

[0,1]
C(x, πx) λ(dx).

Even when C is given as the integral with respect to some c : X × Y → R, we cannot
hope that C-monotonicity implies optimality and/or c-cyclical monotonicity, as the next
example shows.

Example 5.3. Let X = [0, 1], Y = [0, 1] and C(x, p) =
∫

[0,1] c(x, y)p(dy) with c(x, y) :=
1{x}(y). As in the previous example, the product coupling π = λ ⊗ λ is C-monotone,
but not optimal, whereas π∗(dx, dy) = λ(dx)δx(dy) is optimal and in particular c-cyclical
monotone.

The failure of C-monotonicity to provide optimality in these simple settings (the cost
function C is even bounded and lower semicontinuous) is caused by the manner it varies
over ‘X × Y’: The variation over X is pointwise (similar to c-cyclical monotonicity),
whereas over Y variations are taken in a weak sense, i.e., we require that the Y-intensities
of the two competing sequences to agree. Here, C-monotonicity is unable to detect the
jump from 1 to 0 at x, and we could argue that C-monotonicity yields optimality of π un-
der all couplings χ in Π(λ, λ) such that χx � λ for λ-almost all x ∈ [0, 1]. To be able to
compare with all competing couplings, more regularity of C in ‘Y-direction’ is necessary,
e.g., upper semicontinuity as in Theorem 4.2 or uniform equicontinuity as in Theorem 2.2,
but the question remains open precisely how much regularity is required. The authors con-
jecture that C being upper Carathéodory, i.e., C : X × P(Y)→ R is jointly measurable and
for fixed x ∈ X the map p 7→ C(x, p) is upper semicontinuous, is required for sufficiency
of C-monotonicity as optimality criterion.

Notably, Example 5.2, when taking C̃ := −C as cost, provides an upper semicontinuous
cost function which is convex (in fact linear) in the following sense: Let Q ∈ P(P([0, 1])),
then ∫

P([0,1])
C̃(x, p)Q(dp) = C̃

(
x,

∫

P([0,1])
pQ(dp)

)
. (5.1)

Therefore, C being lower semicontinuous and convex is a strictly stronger assumption
than the convexity property stated in (5.1) together with measurability, as demanded in
Theorem 2.5.

6. Appendix

The existence of a concave modulus of continuity was employed in the proof of Theo-
rem 2.2. We split the argument into a general part, and a part optimized for the setting of
the paper.

Lemma 6.1. Let (Y, d) be a metric space, r ≥ 1, and f : X × Y → R be d-uniformly
continuous uniformly in x ∈ X, i.e. such that

θ(δ) := sup {| f (x, a) − f (x, b)| : x ∈ X, a, b ∈ Y s.t. d(a, b)r ≤ δ} ,
vanishes for δ↘ 0. Assume additionally that

∀c > 0: sup
a,b∈Y : d(a,b)≥c,

x∈X

| f (x, a) − f (x, b)|
d(a, b)r < ∞.

Then there is θ̃ : [0,∞)→ [0,∞] concave such that limδ↘0 θ̃(δ) = 0 and

| f (x, a) − f (x, b)| ≤ θ̃ (d(a, b)r) .
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Proof. Fixing ε > 0, there is δε such that | f (x, a) − f (x, b)| ≤ ε if d(a, b) ≤ δε. If on the
other hand d(a, b) > δε then

| f (x, a) − f (x, b)| ≤ d(a, b)r sup
ā,b̄∈Y : d(ā,b̄)≥δε,

x̄∈X

| f (x̄, ā) − f (x̄, b̄)|
d(ā, b̄)r

=: d(a, b)r Kε.

Hence overall | f (x, a) − f (x, b)| ≤ ε + d(a, b)rKε and in particular

θ(δ) ≤ ε + δKε,

and Kε < ∞. Denoting by θ̃ the concave envelope of θ, i.e. the infimum over all affine
functions majorizing θ, we conclude θ̃(δ) ≤ ε + δKε, and so limδ→0 θ̃(δ) = 0, as ε was
arbitrary. Finally remark that | f (x, a) − f (x, b)| ≤ θ(d(a, b)r) ≤ θ̃(d(a, b)r).

�

Lemma 6.2. Let C : X ×Pr(Y)→ R and suppose that C(x, ·) isWr-uniformly continuous
uniformly in x ∈ X, i.e. such that

θ(δ) := sup
{
|C(x, p) −C(x, q)| : x ∈ X, (p, q) ∈ Pr(Y)2 s.t.Wr(p, q)r ≤ δ

}
,

vanishes for δ ↘ 0. Then there is θ̃ : [0,∞) → [0,∞] concave such that limδ↘0 θ̃(δ) = 0
and

|C(x, p) −C(x, q)| ≤ θ̃ (Wr(p, q)r) .

Proof. We apply Lemma 6.1. It suffices to show that for any c > 0

sup
p,q∈Pr(Y) : Wr(p,q)r≥c

|C(x, p) −C(x, q)|
Wr(p, q)r < ∞. (6.1)

To this end choose 0 < δ ≤ c
2 such that θ(δ) < ∞. For any p, q ∈ Pr(Y) withWr(p, q)r ≥ c

there is N ≥ 2 such that
(N − 1)δ ≤ Wr(p, q)r ≤ Nδ.

Denoting [p, q]α = (1 − α)p + αq, by convexity of optimal transport we have4 for all
α, β ∈ [0, 1]

Wr([p, q]α, [p, q]β)r ≤ |α − β|Wr(p, q)r.

Hence,

|C(x, p) −C(x, q)| ≤
N∑

k=1

∣∣∣C(x, [p, q](k−1)/N) −C(x, [p, q]k/N)
∣∣∣

≤
N∑

k=1

θ

(Wr(p, q)r

N

)
≤ Nθ(δ) ≤ θ(δ)Wr(p, q)rN

δ(N − 1)
≤ 2Wr(p, q)r θ(δ)

δ
.

and we conclude that the left-hand side of (6.1) is bounded by 2θ(δ)
δ

< ∞. �

The following lemma can be viewed as a measurable version of Lusin’s theorem. It is
applied in Section 3 and 4 to connect martingale C-monontone respectively C-monotone
sets Γ with (c,FM)-monotone respectively c-cyclically monotone sets Γ̂. Namely this is
done in Lemma 3.7 and Proposition 4.4.

Lemma 6.3. Let Γ ⊆ X×P(Y) be analytic, and c : X×Y → R∪{±∞} be Borel measurable.
Then there exists an analytic set Γ̂ ⊆ X × Y with the following properties:

(i) For any (x, p) ∈ Γ we have that p is concentrated on the fibre Γ̂x = {y ∈ Y : (x, y) ∈
Γ̂}, i.e., p(Γ̂x) = 1.

(ii) For any (x, y) ∈ Γ̂ we find (x, p) ∈ Γ and a Borel measurable set K ⊆ Γ̂x such that
(a) c restricted to the fibre {x} × K is continuous,

4Indeed, if β > α we write [p, q]β := 1−β
1−α [p, q]α +

β−α
1−α q and first deduce Wr([p, q]α, [p, q]β)r ≤

β−α
1−αWr([p, q]α, q)r , by convexity of optimal transport with respect to marginals. Iterating the argument we find
Wr([p, q]α, [p, q]β)r ≤ (β − α)Wr(p, q)r .
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(b) y ∈ supp(p) ∩ K and
∫

Bδ(y)∩K

c(x, z)
p(Bδ(y) ∩ K)

p(dz)→ c(x, y) for δ↘ 0.

Proof. Without loss of generality, we can assume that c is bounded. We follow similar
ideas as [22].

To illustrate the idea, let for a moment K ⊆ Y be any measurable set, and write cx(y) :=
c(x, y). Continuity of cx|{x}×K means that for any open set O ⊆ R the preimage c−1

x (O) ∩ K
is open in the trace topology on Y ∩ K. For any radius α > 0 and open set O ⊆ R, we can
consider an α-doughnut around c−1

x (O), i.e.,

Ã(α) :=
{
y ∈ Y : ∃z ∈ c−1

x (O) s.t. dY (y, z) < α
}
\ c−1

x (O).

Clearly, Ã(α) ∪ c−1
x (O) is open and c−1

x (O) = (Ã(α) ∪ c−1
x (O)) ∩ Ãc(α), thus, c−1

x (O) is a
relatively open subset of Ãc(α). Note that for any p ∈ P(Y), we have by outer regularity
that p(Ã(α)) vanishes with α.

Next, we generalize the above reasoning adequately to the product space X × Y and
countably many open sets. Denote by {Un}n∈N a countable basis of the topology on R. In
analogy to Ã, we define for any sequence of radii in Y-direction α = (αn)n∈N ∈ RN+ , αn > 0
for all n ∈ N, the B(X × Y)-measurable set

A(α) :=
⋃

n∈N

{
(x, y) ∈ X × Y : ∃(x, z) ∈ c−1(Un) s.t. dY (y, z) < αn

}
\ c−1(Un).

We see likewise that c−1(Un) ∩ A(α)c ∩ {x} × Y is relatively open in A(α)c ∩ {x} × Y . As
{Un}n∈N forms a basis of the topology on R, we find for any open set O ⊆ R a subset N ⊆ N
with

⋃
n∈N Un = O, thus,

c−1(O) ∩ A(α)c ∩ {x} × Y =
⋃

n∈N

c−1(Un) ∩ A(α)c ∩ {x} × Y,

is also relatively open in A(α)c ∩ {x} × Y , and consequently c|A(α)c∩{x}×Y is continuous for
all x ∈ X.

Let (x, p, α) ∈ X ×P(Y)×RN+ and αn > 0 for all n ∈ N, K := projY (A(α)c ∩ {x} × Y). We
have shown for any y ∈ supp(p|K) that δ↘ 0 implies

1
p(K ∩ Bδ(y))

p|K∩Bδ(y) → δy in P(Y).

Since c is bounded and continuous on {x} × K, we have for δ↘ 0
∫

K∩Bδ(y)

c(x, z)
p(K ∩ Bδ(y))

p(dz)→ c(x, y). (6.2)

For any (x, p) ∈ X×P(Y) we have by outer regularity of p that for any n ∈ N and δ↘ 0

p
({

y ∈ Y : ∃z ∈ c−1
x (Un) s.t. dY (y, z) < δ

})
→ p

(
c−1

x (Un)
)
.

Therefore, for any ε > 0 there is α ∈ RN+ with αn > 0, n ∈ N such that

p
({

y ∈ Y : ∃z ∈ c−1
x (Un) s.t. dY (y, z) < αn

}
\ c−1

x (Un)
)
<

ε

2n ,

whence

δx ⊗ p (A(α)) ≤
∑

n∈N
p
({

y ∈ Y : ∃z ∈ c−1
x (Un) s.t. dY (y, z) < αn

})
< ε.

The set
Mε :=

{
(x, p, α) ∈ X × P(Y) × RN+ : δx ⊗ p(A(α)) < ε

}

satisfies that projX×P(Y) Mε = X × P(Y).
We claim that (x, p, α) 7→ δx ⊗ p|A(α)c and Mε are both Borel measurable: Evidently,

α 7→ A(α) meets the requirements of Lemma 6.4 below, and consequently the function
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(x, y, α) 7→ fA(x, y, α) := 1A(α)(x, y) is Borel measurable. From here, we deduce Borel
measurability of

(x, p, α) 7→ δx ⊗ p({x} × B \ A(α)) =

∫

B
|1 − fA(x, y, α)| p(dy),

for every B ∈ B(Y), which yields our claim.
Finally, we are in a position to define Γ̂: Since Γ is analytic and Mε is Borel measurable,

the set Mε
Γ

:= Mε ∩ Γ × RN+ is yet again analytic. Consider the analytic set

Θε :=
{
(x, p, α, y) ∈ X × P(Y) × RN

+ × Y : ∃(x, p, α) ∈ Mε
Γ s.t. y ∈ supp(p),1A(α)(x, y) = 0

}

=Mε
Γ ∩

{
(x, p, α, y) ∈ X × P(Y) × RN+ × Y : y ∈ supp(p), fA(x, y, α) = 0

}
,

where we used that Y admits a countable basis (Ok)k∈N of its topology, whereby

y ∈ supp(p) ⇐⇒ ∀k ∈ N : either p(Ok) > 0 or y < Ok.

Since Θε is analytic, its X × Y-projection is analytic too. Thus,

Γ̂ :=
⋃

k∈N
projX×Y Θ

1
k

is analytic. Recall that for any (x, p) ∈ Γ and k ∈ N there is αk ∈ (0,∞)N with δx ⊗
p(A(αk)) < 1

k . As for every k ∈ N we have

p(Γ̂x) = δx ⊗ p(Γ̂ ∩ X × supp(p)) ≥ δx ⊗ p({x} × {y ∈ Y : fA(x, y, αk) = 0})
= 1 − δx ⊗ p(A(αk)) > 1 − 1

k
,

we derive that Γ̂ satisfies item (i).
On the other hand, if (x, y) ∈ Γ̂, then there is k ∈ N and (x, p, α) ∈ Mε

Γ
with (x, p, α, y) ∈

Θ
1
k . Set K := projY (A(α)c ∩ {x} × Y) ∩ supp(p) and note that {x} × {p} × {α} × K ⊆ Θε,

that means K ⊆ Γ̂x. Recall (6.2). By the paragraph preceding (6.2), we have continuity of
c|{x}×K , and conclude that item (ii) is satisfied. �

Lemma 6.4. Let A : RN+ → B(X × Y) be given s.t.
(a) for any5 α, β ∈ RN+ , α ≤ β we have A(α) ⊆ A(β),
(b) for any {αk}k∈N ⊆ RN+ with αk

n ↗ αn, n ∈ N and α = (αn)n∈N ∈ RN+ , we have
A(αk)↗ A(α).

Then the function

fA : X × Y × RN+ → R : (x, y, α) 7→ 1A(α)(x, y)

is Borel measurable.

Proof. The function fA is the indicator function of the set

A :=
{
(x, y, α) ∈ X × Y × RN+ : (x, y) ∈ A(α)

}
=

⋃

α∈RN
A(α) × {α}.

We show thatA coincides with the Borel measurable setA′,
A′ :=

⋃

q∈Q
A(q) ×

⊗

n∈N
[qn,∞),

where Q := {α ∈ QN+ : ∃n ∈ N s.t. αk = 0 ∀k ≥ n}. From property (a) of A we deduce
A ⊇ A′. Now let (x, y, α) ∈ A, then we find a sequence {qk}k∈N ⊆ Q with qk ↗ α, and by
(b), there exists an index k0 ∈ N such that (x, y) ∈ A(qk) for all k ≥ k0. Thus,

(x, y, α) ∈ A(qk0 ) ×
⊗

n∈N
[qk0

n ,∞) ⊆ A′,

and A ⊆ A′. Therefore A is a Borel measurable set and fA a Borel measurable function.
�

5In this part we write α ≤ β ⇐⇒ αi ≤ βi for all i.
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We conclude this section by showing the following measurable variant of the Lebesgue
decomposition theorem, quoted in Example 5.2.

Proposition 6.5. Let M+(X) the space of all finite measures on X be equipped with the
topology of weak convergence of measures. Then the map

T : M+(X) ×M+(X)→M+(X) ×M+(X),
(p, q) 7→ (qac,p, qs,p),

where T (p, q) is the unique Lebesgue decomposition of q w.r.t. p, i.e.,

qac,p + qs,p = q, qac,p � p, qs,p ⊥ p,

is measurable.

Proof. Essentially we are defining a family of measurable functions: for any δ > 0 and
A ∈ B(X) let

Fδ,A : M+(X) ×M+(X) × B(X)→ R,

(p, q, B) 7→


q(A \ B) p(B) < δ,
q(A) else.

(6.3)

In turn, this allows us to define T (p, q)(A) as a the limit of countable infima of measurable
functions. Since X is Polish there exists a countable family O of open sets on X such
that σ(O) = B(X). Denote by R(O) the set-theoretic ring generated by O, which is again
countable. Then, for any ε > 0, A ∈ B(X) and p ∈ P(X) there is a set Aε ∈ R(O) such that

p(A \ Aε ∪ Aε \ A) < ε. (6.4)

Using the classical Lebesgue decomposition theorem, for any pair (p, q) ∈ M+(X)×M+(X)
there is a set B̃ ⊆ X with p(B̃) = 0 and

qac,p(A) = q(A \ B̃) ∀A ∈ B(X).

By [16, Proposition 4.5.3] we have

lim
δ↘0

sup
B∈B(X) : p(B)<δ

qac,p(B) = 0,

whence,

qac,p(A) = lim
δ↘0

inf
B∈B(X) : p(B)<δ

qac,p(A \ B)

= lim
δ↘0

inf
B∈B(X) : p(B)<δ

qac,p(A \ (B̃ ∪ B)) + qs,p(A \ (B̃ ∪ B))

= lim
δ↘0

inf
B∈B(X) : p(B)<δ

q(A \ B)

= lim
δ↘0

inf
B∈R(O) : p(B)<δ

q(A \ B),

where we used for the last equality the approximation property (6.4).
Thus FA : M+(X) ×M+(X)→ R defined by

FA(p, q) := qac,p(A) = inf
δ↘0

inf
{B∈B(X) : p(B)<δ}

q(A \ B) = lim
k→∞

inf
B∈R(O)

F 1
k ,A

(p, q, B) (6.5)

is Borel measurable, and as A ∈ B(X) was arbitrary we conclude that T is measurable. �
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Approximation of martingale couplings on the line in the weak
adapted topology

M. Beiglböck∗ B. Jourdain† W. Margheriti†, ‡ G. Pammer∗, §

Abstract
Our main result is to establish stability of martingale couplings: suppose that π is a martingale

coupling with marginals µ, ν. Then, given approximating marginal measures µ̃ ≈ µ, ν̃ ≈ ν in convex
order, we show that there exists an approximating martingale coupling π̃ ≈ π with marginals µ̃, ν̃.

In mathematical finance, prices of European call / put option yield information on the marginal
measures of the arbitrage free pricing measures. The above result asserts that small variations of
call / put prices lead only to small variations on the level of arbitrage free pricing measures.

While these facts have been anticipated for some time, the actual proof requires somewhat in-
tricate stability results for the adapted Wasserstein distance. Notably the result has consequences
for a several related problems. Specifically, it is relevant for numerical approximations, it leads to a
new proof of the monotonicity principle of martingale optimal transport and it implies stability of
weak martingale optimal transport as well as optimal Skorokhod embedding. On the mathematical
finance side this yields continuity of the robust pricing problem for exotic options and VIX options
with respect to market data. These applications will be detailed in two companion papers.

Keywords: Martingale Optimal Transport, Adapted Wasserstein distance, Robust finance, Convex
order, Martingale couplings.

1 Introduction
Subsequently we will carefully explain all required notation and describe relevant literature in some
detail. Before going into this, we provide here a first description of our main result and its relevance for
martingale transport theory.

In brief, while classical transport theory is concerned with couplings Π(µ, ν) of probability measures
µ, ν, the martingale variant restricts the problem to the set of couplings which also satisfy the martingale
constraint, in symbols ΠM (µ, ν). Already in the simple (and most relevant) case where µ, ν are proba-
bilities on the real line, many arguments and result appear significantly more involved in the martingale
context. A basic explanation lies the rigidity of the martingale condition that makes classically simple
approximation results quite intricate. Specifically, the martingale theory has been missing a counterpart
to the following straightforward fact of classical transport theory:

Fact 1.1 (Stability of Couplings). Let π ∈ Π(µ, ν) and assume that µk, νk, k ∈ N, are probabilities that
converge weakly to µ and ν. Then there exist couplings πk ∈ Π(µk, νk), k ∈ N converging weakly to π.

This is so basic and straightforward that its implicit use is easily overlooked. Note however that it
plays a crucial role in a number of instances, e.g. for stability of optimal transport, providing numerical
approximations, or in the characterisation of optimality through cyclical monotonicity.

The main result of this article is to establish the martingale counterpart of Fact 1.1, see Theorem
2.5 below. This closes a gap in the theory of martingale transport. It yields basic fundamental results
in a unified fashion that it is much closer to the classical theory and it allows to address questions in
Martingale optimal transport, optimal Skorokhod embedding and robust finance that have previously
remained open. We will consider these applications systematically in two accompanying articles.
∗University of Vienna, Austria. Emails: mathias.beiglboeck@univie.ac.at, gudmund.pammer@univie.ac.at
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1.1 The Martingale Optimal Transport problem
Let (X, dX), (Y, dY ) be Polish spaces and C : X × Y → R+ be a nonnegative measurable function.
Denote by P(X) the set of probability measures on X. For µ ∈ P(X) and ν ∈ P(Y ), the classical
Optimal Transport problem consists in minimising

inf
π∈Π(µ,ν)

∫

X×Y
C(x, y)π(dx, dy), (OT)

where Π(µ, ν) denotes the set of probability measures in P(X × Y ) with first marginal µ and second
marginal ν. When X = Y and C = drX for some r ≥ 1, (OT) corresponds to the well-known Wasserstein
distance with index r to the power r, denoted Wr

r (µ, ν), see [4, 42, 44, 45] for a study in depth.
The theory of OT goes back to Gaspard Monge [37] and, resp. Kantorovich [32] in its modern formula-

tion. It was rediscovered many times under various forms and has an impressive scope of applications. A
variant of OT that is suitable for applications in mathematical finance, in particular model-independent
pricing was introduced in [11] in a discrete time setting and in [22] in a continuous time setting. Com-
pared to usual OT, the difference is that one requires an additional martingale constraint to (OT) which
reflects the condition for a financial market to be free of arbritrage.

In detail, the Martingale Optimal Transport (MOT) problem is formulated as follows: given π ∈
P(X × Y ), we denote by (πx)x∈X its disintegration with respect to its first marginal µ. We then write
π(dx, dy) = µ(dx)πx(dy), or with a slight abuse of notation, π = µ×πx if the context is not ambiguous.
Let C : R×R→ R+ be a nonnegative measurable function and µ, ν be two probability distributions on
the real line with finite first moment. Then the MOT problem consists in minimising

inf
π∈ΠM (µ,ν)

∫

R×R
C(x, y)π(dx, dy), (MOT)

where ΠM (µ, ν) denotes the set of martingale couplings between µ and ν, that is

ΠM (µ, ν) =
{
π = µ× πx ∈ Π(µ, ν) | µ(dx)-almost everywhere,

∫

R
y πx(dy) = x

}
.

According to Strassen’s theorem [43], the existence of a martingale coupling between two probability
measures µ, ν ∈ P(Rd) with finite first moment is equivalent to µ ≤c ν, where ≤c denotes the convex
order. We recall that two finite positive measures µ, ν on Rd with finite first moment and are said to be
in the convex order iff we have ∫

Rd
f(x)µ(dx) ≤

∫

Rd
f(y) ν(dy),

for every convex function f : Rd → R. Note that there holds equality for all affine functions, from which
we deduce that µ and ν have equal mass and satisfy

∫
Rd xµ(dx) =

∫
Rd y ν(dy).

For adaptations of classical optimal transport theory to the MOT problem, we refer to Henry-
Labordère, Tan and Touzi [28] and Henry-Labordère and Touzi [29]. Concerning duality results, we
refer to Beiglböck, Nutz and Touzi [14], Beiglböck, Lim and Obłój [13] and De March [18]. We also refer
to De March [17] and De March and Touzi [19] for the multi-dimensional case.

Concerning the numerical resolution of the MOT problem, we refer to the articles of Alfonsi, Corbetta
and Jourdain [2, 3], De March [16], Guo and Obłój [25] and Henry-Labordère [27]. When µ and ν are
finitely supported, then the MOT problem amounts to linear programming. In the general case, once the
MOT problem is discretised by approximating µ and ν by probability measures with finite support and
in the convex order, Alfonsi, Corbetta and Jourdain raised the question of the convergence of optimal
costs of the discretised problem towards the costs of the original problem. A first partial result was
obtained by Juillet [31] who established stability of left-curtain coupling. Guo and Obłój [25] establish
the result under moment conditions. More recently, Backhoff-Veraguas and Pammer [10] and Wiesel [46]
independently gave a definite positive answer.

1.2 The Adapted Wasserstein distance
The stability result shown by Backhoff-Veraguas and Pammer involves Wasserstein convergence. More
precisely, let µk, νk ∈ P(R), k ∈ N be in the convex order and respectively converge to µ and ν in
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Wr. Under mild assumption, for all k ∈ N there exists πk ∈ ΠM (µk, νk), optimal for (MOT), and any
accumulation point of (πk)k∈N with respect to the Wr-convergence is a martingale coupling between µ
and ν optimal for (MOT).

However, it turns out that the usual weak topology / Wasserstein distance is not wellsuited in setups
where accumulation of information plays a distinct role, e.g. in mathematical finance. Indeed, the
symmetry of this distance does not take into account the temporal structure of stochastic processes.
It is easy to convince oneself that two stochastic processes very close in Wasserstein distance can yield
radically unalike information, as illustrated in [5, Figure 1]. Therefore, one needs to strengthen, the
usual topology of weak convergence accordingly. Over time numerous researchers haven independently
introduced refinements of the weak topology, we mention Hellwig’s information topology [26], Aldous’s
extended weak topology [1], the nested distance / adapted Wasserstein distance of Plug-Pichler [38]
and the optimal stopping topology [6]. Strikingly, all those seemingly different definitions lead to same
topology in present discrete time [6, Theorem 1.1] framework. We refer to this topology as the adapted
weak topology. A natural compatible metric is given by the adapted Wasserstein distance, see [38, 39, 40,
41, 36, 15] among others.

Fix x0 ∈ X and r ≥ 1. We denote the set of all probability measures on X with finite r-th moment
by Pr(X), i.e.

Pr(X) =
{
p ∈ P(X) |

∫

X

drX(x, x0) p(dx) < +∞
}
.

Similarly, we denote byM(X) (resp.Mr(X)) the set of all finite positive measures (resp. with finite
r-th moment). The setsM(X) andMr(X), resp. are equipped with the weak topology induced by the
set Cb(X) of all real-valued absolutely bounded continuous functions on X and, resp., the set Φr(X) of
all real-valued continuous functions on X, C(X), which satisfy the growth constraint

Φr(X) = {f ∈ C(X) | ∃α > 0, ∀x ∈ X, |f(x)| ≤ α (1 + drX(x, x0))} .

A sequence (µk)k∈N converges inMr(X) to µ iff

∀f ∈ Φr(X), µk(f) −→
k→+∞

µ(f). (1.1)

If moreover µ and µk, k ∈ N, have equal mass, then the convergence (1.1) can be equivalently
formulated in terms of the Wasserstein distance with index r:

Wr(µk, µ) := inf
π∈Π(µk,µ)

(∫

X×X
drX(x, y)π(dx, dy)

) 1
r

−→
k→+∞

0.

Given m0 > 0, we can then equip the set of finite positive measures inMr(X×Y ) with mass m0 with
the Wasserstein topology. However, we can also equip it with a stronger topology, namely the adapted
Wasserstein topology. It is induced by the metric AWr defined for all π, π′ ∈ Mr(X × Y ) such that
π(X × Y ) = π′(X × Y ) = m0 by

AWr(π, π′) = inf
χ∈Π(µ,µ′)

(∫

X×X
(drX(x, x′) +Wr

r (πx, π′x′)) χ(dx, dx′)
) 1
r

, (1.2)

where µ, resp. µ′ is the first marginal of π resp. π′. It is easy to check that Wr ≤ AWr, and therefore
AWr indeed induces a stronger topology than Wr. Another useful point of view is the following: let
J :M(X × Y )→M(X × P(Y )) be the inclusion map defined for all π = µ× πx ∈M(X × Y ) by

J(π)(dx, dp) = µ(dx) δπx(dp).

For all π, π′ ∈Mr(X × Y ) with equal mass, their adapted Wasserstein distance coincides with

AWr(π, π′) =Wr(J(π), J(π′)). (1.3)

Therefore, the topology induced by AWr coincides with the initial topology w.r.t. J .
Finally, let us mention the interpretation of adapted Wasserstein distance in terms of bicausal cou-

plings as done in [7]. Let π, π′ ∈ Pr(X × Y ). Let Z1, Z2, Z
′
1, Z

′
2 be random variables such that the
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distribution of (Z1, Z2, Z
′
1, Z

′
2) is a Wr-optimal coupling between π and π′. In many cases, there exists

a Monge transport map T : X × Y → X × Y such that (Z ′1, Z ′2) = T (Z1, Z2). As mentioned in [5], the
temporal structure of stochastic processes is then not taken into account since the present value Z ′1 is de-
termined from the future value Z2. Therefore, it is more suitable to restrict to couplings (Z1, Z2, Z

′
1, Z

′
2)

between π and π′ such that the conditional distribution of Z ′1 (resp. Z1) given (Z1, Z2) (resp. (Z ′1, Z ′2))
is equal to the conditional distribution of Z ′1 (resp. Z1) given Z1 (resp. Z ′1).

Let µ and µ′ denote the respective first marginal distributions of π and π′ and let η ∈ Π(π, π′) be
a coupling between π and π′. Let χ(dx, dx′) =

∫
(y,y′)∈Y×Y η(dx, dy, dx′, dy′) ∈ Π(µ, µ′). With a slight

abuse of notation we write χ(dx, dx′) = µ(dx)χx(dx′) = µ′(dx′)χx′(dx). Then η is called bicausal iff
∫

y′∈Y
η(dx, dy, dx′, dy′) = π(dx, dy)χx(dx′) and

∫

y∈Y
η(dx, dy, dx′, dy′) = π′(dx′, dy′)χx′(dx).

We denote by Πbc(π, π′) the set of bicausal couplings between π and π′. Let (γ(x,x′)(dy, dy′))(x,x′)∈X×X
be a probability kernel such that η(dx, dy, dx′, dy′) = χ(dx, dx′) γ(x,x′)(dy, dy′). Another useful charac-
terisation is η is bicausal iff χ(dx, dx′)-almost everywhere, γ(x,x′)(dy, dy′) ∈ Π(πx, πx′). Then the adapted
Wasserstein distance coincides with

AWr(π, π′) = inf
η∈Πbc(π,π′)

(∫

X×Y
(drX(x, x′) + drY (y, y′)) η(dx, dy, dx′, dy′)

) 1
r

.

One of the objectives of the present paper is to prove that some well-known stability results for the
Wr-convergence also hold for the AWr-convergence. More details are given in Section 2.

1.3 Outline
Section 2 presents the main result of this article, namely Theorem 2.5 below. We give an explanation of
how the conclusion of this theorem was expectable. Moreover, we give a sketch of its proof in order to
help seeing through the technical details.

Section 3 deals with technical lemmas which allow us to deal with difficulties specific to the adapted
Wasserstein distance with more ease. They mainly explore properties about approximations and when
addition (in a sense explained below) is continuous.

Section 4 focuses on the convex order. It deals with potential functions which are a convenient tool to
address the convex order in dimension one. Moreover, it contains the proof of a key result which allows
us to see that the main theorem needs only to be proved for irreducible pairs of marginals.

Section 5 is as the name suggests devoted to the proof of the main theorem. Before entering its
technical proof, we prove that is is enough to prove AW1-convergence for irreducible pairs of marginals.

2 Main result
Our main result is Theorem 2.5 below. Before, we state a proposition which enlightens us about why the
conclusion of the theorem should be expected (or at least hoped for). We also state the generalisation
of this proposition to Polish spaces. Then, we state a proposition which is a key result to argue that the
theorem needs only to be proved when the limit pair is irreducible. Next, we state the theorem with a
sketch of its proof. It is understood that (X, dX) and (Y, dY ) denote any Polish spaces, and (x0, y0) is a
fixed element of X × Y .

As already mentioned above, it is well-known (and easy to show) that when one considers conver-
gent sequences of marginals (µk)k∈N, (νk)k∈N all with equal mass respectively to µ, ν ∈ Mr(X), then,
informally speaking, there holds

Π(µk, νk) −→
k→+∞

Π(µ, ν) in Wr, (2.1)

i.e., any sequence with convergent marginals has accumulation points in Π(µ, ν), and for any π ∈ Π(µ, ν)
there holds

inf
πk∈Π(µk,νk)

Wr
r (π, πk) ≤ Wr

r (µ, µk) +Wr
r (ν, νk) −→

k→+∞
0. (2.2)
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Indeed, let ηk ∈ Π(µk, µ), resp. τk ∈ Π(ν, νk) be optimal for Wr(µk, µ), resp. Wr(ν, νk) and set

πk(dxk, dyk) =
∫

(x,y)∈X×Y
ηk(dxk, dx)πx(dy) τky (dyk).

The next two propositions establish (2.1) with respect to AWr for finite positive measures with
common mass. The first one is formulated for X = Y = R and provides under mild assumptions
an estimate of infπk∈Π(µk,νk)AWr

r(π, πk) with respect to the marginals as in (2.2). Its proof relies
on unidimensional tools, which we recall here. For η a probability distribution on R, we denote by
Fη : x 7→ η((−∞, x]) its cumulative distribution function, and by F−1

η : (0, 1)→ R its quantile function
defined for all u ∈ (0, 1) by

F−1
η (u) = inf{x ∈ R | Fη(x) ≥ u}.

The following properties are standard results (see for instance [30, Section 6] for proofs):

(a) Fη is càdlàg, F−1
η is càglàd ;

(b) For all (x, u) ∈ R× (0, 1),
F−1
η (u) ≤ x ⇐⇒ u ≤ Fη(x), (2.3)

which implies

Fη(x−) < u ≤ Fη(x) =⇒ x = F−1
η (u), (2.4)

and Fη(F−1
η (u)−) ≤ u ≤ Fη(F−1

η (u)); (2.5)

(c) For µ(dx)-almost every x ∈ R,

0 < Fη(x), Fη(x−) < 1 and F−1
η (Fη(x)) = x;

(d) The image of the Lebesgue measure on (0, 1) by F−1
η is η.

The property (d) is referred to as inverse transform sampling.

Proposition 2.1. Let µ, µk, ν, νk ∈Mr(R), k ∈ N, be with equal mass such that µk (resp. νk) converges
to µ (resp. ν) in Wr. Let π ∈ Π(µ, ν). Then:

(a) There exists a sequence πk ∈ Π(µk, νk), k ∈ N, converging to π in AWr;

(b) If for all x ∈ R and k ∈ N with µk({x}) > 0, there exists x′ ∈ R such that

µ((−∞, x′)) ≤ µk((−∞, x)) < µk((−∞, x]) ≤ µ((−∞, x′]),

which is for instance always satisfied when µk is non-atomic, then

AWr
r(π, πk) ≤ Wr

r (µ, µk) +Wr
r (ν, νk). (2.6)

Remark 2.2. If π is a martingale coupling, i.e.
∫
R y
′ πx′(dy′) = x′, µ(dx′)-almost everywhere, then for

χk ∈ Π(µk, µ) an optimal coupling for AWr(πk, π), we have
∫

R

∣∣∣∣x−
∫

R
y πkx(dy)

∣∣∣∣
r

µk(dx) =
∫

R×R

∣∣∣∣x−
∫

R
y πkx(dy)

∣∣∣∣
r

χk(dx, dx′)

≤ 2r−1
∫

R×R

(
|x− x′|r +

∣∣∣∣x′ −
∫

R
y πkx(dy)

∣∣∣∣
r)

χk(dx, dx′)

= 2r−1
∫

R×R

(
|x− x′|r +

∣∣∣∣
∫

R
y′ πx′(dy′)−

∫

R
y πkx(dy)

∣∣∣∣
r)

χk(dx, dx′)

≤ 2r−1
∫

R×R

(
|x− x′|r +Wr

1 (πkx, πx′)
)
χk(dx, dx′)

≤ 2r−1AWr
r(π, πk) −→

k→+∞
0.

In that sense, πk, k ∈ N is almost a sequence of martingale couplings.
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In the setting of Proposition 2.1, if µk and νk are also in the convex order and π is a martingale
coupling, then in view of Remark 2.2 one would naturally expect that πk can be slightly modified into a
martingale coupling and still converge to π in AWr. This actually requires a considerable amount of work
and is the main message of Theorem 2.5 below. We mention that the previous proposition generalises
to any Polish spaces X and Y , as the next proposition states, but unfortunately without providing an
estimate.

Proposition 2.3. Let µ, µk ∈ Mr(X), ν, νk ∈ Mr(Y ), k ∈ N, all with equal mass and such that µk
(resp. νk) converges to µ (resp. ν) in Wr. Let π ∈ Π(µ, ν). Then there exists a sequence πk ∈ Π(µk, νk),
k ∈ N, converging to π in AWr.

The next proposition is a key ingredient which allows us to reduce the proof of Theorem 2.5 below to
the case of irreducible pairs of marginals. For µ ∈ M1(R), we denote by uµ its potential function, that
is the map defined for all y ∈ R by uµ(y) =

∫
R |y − x|µ(dx) (see Section 4 for more details). We recall

that a pair (µ, ν) of finite positive measures in convex order is called irreducible if I = {uµ < uν} is an
interval and, µ(I) = µ(R) and ν(I) = ν(R). If a ∈ R is such that ν([a,+∞)) = 0, then the convex order
implies µ([a,+∞)) = 0, hence

uµ(a) = a−
∫

R
xµ(dx) = a−

∫

R
y ν(dy) = uν(a),

so a /∈ I. Similarly, ν((−∞, a]) = 0 =⇒ a /∈ I. We deduce that ν must assign positive mass to any
neighbourhood of each of the boundaries of I.

According to [12, Theorem A.4], for any pair (µ, ν) of probability measures in convex order, there
exist N ⊂ N and a sequence (µn, νn)n∈N of irreducible pairs of sub-probability measures in convex order
such that

µ = η +
∑

n∈N
µn, ν = η +

∑

n∈N
νn and {uµ < uν} =

⋃

n∈N
{uµn < uνn} ,

where the union is disjoint and η = µ|{uµ=uν}. The sequence (µn, νn)n∈N is unique up to rearrangement
of the pairs and is called the decomposition of (µ, ν) into irreducible components. Moreover, for any mar-
tingale coupling π ∈ ΠM (µ, ν), there exists a unique sequence of martingale couplings πn ∈ ΠM (µn, νn),
n ∈ N such that

π = χ+
∑

n∈N
πn,

where χ = (id, id)∗η and ∗ denotes the pushforward operation. This sequence satisfies

∀n ∈ N, πn(dx, dy) = µn(dx)πx(dy). (2.7)

Proposition 2.4. Let (µk, νk)k∈N be a sequence of pairs of probability measures on the real line in convex
order which converge to (µ, ν) in W1. Let (µn, νn)n∈N be the decomposition of (µ, ν) into irreducible
components and η = µ|{uµ=uν}. Then there exists for any k ∈ N a decomposition of (µk, νk) into pairs
of sub-probability measures (µkn, νkn)n∈N , (ηk, υk) which are in convex order such that

ηk +
∑

n∈N
µkn = µk, υk +

∑

n∈N
νkn = νk, k ∈ N, (2.8)

lim
k→+∞

ηk = η, lim
k→+∞

µkn = µn, lim
k→+∞

νkn = νn, lim
k→+∞

υk = η in W1. (2.9)

We can now state our main result, namely Theorem 2.5 below. Any martingale coupling whose
marginals are approximated by probability measures in convex order can be approximated by martingale
couplings with respect to the adapated Wasserstein distance.

Theorem 2.5. Let µk, νk ∈ Pr(R), k ∈ N, be in convex order and respectively converge to µ and ν in
Wr. Let π ∈ ΠM (µ, ν). Then there exists a sequence of martingale couplings πk ∈ ΠM (µk, νk), k ∈ N
converging to π in AWr.
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Sketch of the proof. We will first argue that it is enough to consider the case r = 1. Thanks to Proposition
2.4, we can also reduce the proof to the case of irreducible pairs of marginals (µ, ν), whose single
irreducible component is denoted (l, r) = I.

Step 1. Fix any martingale coupling π ∈ ΠM (µ, ν). When directly approximating π we would face
technical obstacles. First, for K a compact subset of I, µ|K ×πx is not necessarily compactly supported.
Moreover, ν may put mass on the boundary of I. To overcome this, the kernel πx is first compactified
to a compact set [−R,R], where R > 0, and then pushed forward by the map y 7→ α(y − x) + x, where
α ∈ (0, 1). This yields a martingale coupling πR,α close to π and easier to approximate, between µ and
a probability measure νR,α dominated by ν in the convex order. We find compact sets K,L ⊂ I such
that the restriction πR,α|K×R is compactly supported on K × L and concentrated on K × L̊, where L̊
denotes the interior of L. Since, by irreducibility, ν puts mass to any neighbourhood of the boundary of
I, νR,α assigns positive mass to two open sets L−, L+ on both sides of K with positive distance to K.
This is summarised in Figure 1, where J denotes a compact subset of I large enough.

l r
L− L+K

J

Figure 1: Intervals involved in the proof. The boundaries of the closed intervals are vertical bars and
those of the open intervals are parenthesis.

Step 2. It is possible to find an approximative sequence (π̂k = µ̂k × π̂kx)k∈N of the sub-probability
martingale coupling πR,α|K×R from step 1. Unfortunately π̂k is not necessarily a martingale coupling.
Therefore, we free up some mass, and use the one available on the left and right of K in L− and L+ to
adjust the barycentres of the kernels πkx. Hence we find a sequence (π̃k = µ̂k× π̃kx)k∈N of sub-probability
martingale couplings approximating πR,α|K×R.

Step 3. By construction, up to multiplication by a factor smaller than and close to 1, the first
marginal of π̃k satisfies µ̂k ≤ µk. Moreover, its second marginal denoted ν̃k is such that there exists a
probability measure νR,α,k which satisfies ν̃k ≤ νR,α,k ≤c νk. Then by using the uniform convergence of
potential functions, we show that for k sufficiently large there exist sub-probability martingale couplings
ηk ∈ ΠM (µk− µ̂k, νR,α,k− ν̃k) so that the sum ηk+ π̃k is a martingale coupling in ΠM (µk, νR,α,k), where
the second marginal is dominated by νk in the convex order.

Step 4. In the last step, we use the inverse-transform martingale coupling between νR,α,k and νk, see
[30], to change ηk + π̃k to a martingale coupling πk ∈ Π(µk, νk). Finally, we estimate the AW1-distance
of π to πk.

3 On the weak adapted topology
We begin this section with a lemma on uniform integrability which will prove very handy throughout the
paper. We formulate it for finite positive measures on X, but it is understood that (X,x0) is replaced
with (Y, y0) for measures on Y .

Lemma 3.1. Let r ≥ 1 and µ ∈Mr(X). For ε > 0, let

Irε (µ) := sup
τ∈M(X)

τ≤µ, τ(X)≤ε

∫

X

drX(x, x0) τ(dx). (3.1)

(a) Irε is monotone in µ, i.e., µ ≤ µ′ ∈Mr(X) implies that Irε (µ) ≤ Irε (µ′).

(b) The value of Irε (µ) vanishes as ε→ 0.

(c) For any µ′ ∈Mr(X) such that µ(X) = µ′(X) we have

Irε (µ) ≤ 2r−1 (Irε (µ′) +Wr
r (µ, µ′)) . (3.2)
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(d) Let µ, µk ∈Mr(X), k ∈ N be with equal mass such that µk converges weakly to µ. Then

Wr(µk, µ) −→
k→+∞

0 ⇐⇒ sup
k∈N

Irε (µk) −→
ε→0

0 and sup
k∈N

∫

X

drX(x, x0)µk(dx) < +∞.

(e) Finally, if X = Rd and µ ≤c ν with ν ∈M1(Rd), then I1
ε (µ) ≤ I1

ε (ν).

Remark 3.2. If µ(X) ≤ ε, then Irε (µ) is simply the r-th moment of µ.

Proof. The first point (a) is an easy consequence of the definition of Irε .
Next we check (b). Let µ ∈Mr(X) be such that µ(X) > 0. Since

Irε (µ) = µ(X)Ir ε
µ(X)

(
µ

µ(X)

)
, (3.3)

to check convergence of Irε (µ) to 0 as ε → 0, we may suppose that µ ∈ Pr(X). Let ε ∈ (0, 1). For
η ∈ Mr(X), we denote by η the image of η under the map x 7→ drX(x, x0). It is then enough to show
that

Irε (µ) =
∫ 1

1−ε
F−1
µ (u) du. (3.4)

Indeed, since µ ∈ Pr(X) we have
∫
X
dX(x, x0)r µ(dx) =

∫ 1
0 F
−1
µ (u) du < +∞, so we conclude by

dominated convergence that Irε (µ) vanishes as ε → 0. Of course an appropriate upper bound would be
sufficient, but (3.4) will come in handy for the proof of the last part. Let τ∗ ∈M(X) be such that τ∗ is
the right-most measure dominated by µ with mass equal to ε, namely

τ∗(dx) =
(
1Aε(x) + Fµ(yε)− (1− ε)

µ(Bε)
1Bε(x)

)
µ(dx),

where

yε = F−1
µ (1− ε), Aε = {x ∈ R | drX(x, x0) > yε} and Bε = {x ∈ R | drX(x, x0) = yε},

and the second summand of the right-hand side is zero if µ(Bε) = 0. By (2.5) and definition of yε, we
have

Fµ(yε−) ≤ 1− ε, (3.5)
hence µ(Bε) = µ({yε}) ≥ Fµ(yε)− (1− ε) and therefore τ∗ ≤ µ. Moreover,

τ∗(R) = µ(Aε) + Fµ(yε)− (1− ε) = µ((yε,+∞))− (1− Fµ(yε)) + ε = ε.

Let us show that ∫

X

drX(x, x0) τ∗(dx) =
∫ 1

1−ε
F−1
µ (u) du. (3.6)

According to (3.5), (1 − ε, Fµ(yε)] ⊂ (Fµ(yε−), Fµ(yε)], so by (2.4), for all u ∈ (1 − ε, Fµ(yε)],
F−1
µ (u) = yε. Then, using the inverse transform sampling and (2.3) for the second equality, we get

∫

X

drX(x, x0) τ∗(dx) =
∫

R
y1(yε,+∞)(y)µ(dy) + (Fµ(yε)− (1− ε))yε

=
∫ 1

Fµ(yε)
F−1
µ (u) du+

∫ Fµ(yε)

1−ε
F−1
µ (u) du

=
∫ 1

1−ε
F−1
µ (u) du,

hence (3.6) holds.
Let τ ∈M(X) be such that τ ≤ µ and 0 < τ(X) ≤ ε. In view of (3.6), it is enough in order to prove

(3.4) to show that ∫

X

drX(x, x0) τ(dx) ≤
∫ 1

1−ε
F−1
µ (u) du. (3.7)
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Since τ ≤ µ, we have τ ≤ µ. Using (2.5) for the last inequality, we get for all u ∈ (0, 1)

1− Fτ/τ(X)

(
F−1
µ (1− τ(X)u)

)
=
τ((F−1

µ (1− τ(X)u),+∞))
τ(X) ≤

µ((F−1
µ (1− τ(X)u),+∞))

τ(X) ≤ u,

hence Fτ/τ(X)(F−1
µ (1 − τ(X)u)) ≥ 1 − u and by (2.3), F−1

τ/τ(X)(1 − u) ≤ F−1
µ (1 − τ(X)u). Using the

inverse transform sampling, we deduce
∫

X

drX(x, x0) τ(dx) = τ(X)
∫ 1

0
F−1
τ/τ(X)(u) du = τ(X)

∫ 1

0
F−1
τ/τ(X)(1− u) du

≤ τ(X)
∫ 1

0
F−1
µ (1− τ(X)u) du =

∫ 1

1−τ(X)
F−1
µ (u) du ≤

∫ 1

1−ε
F−1
µ (u) du,

hence (3.7) holds.
To see (c), fix µ′ ∈ M(X) with µ(X) = µ′(X). We denote by π(dx, dx′) = µ(dx)πx(dx′) ∈ Π(µ, µ′)

a Wr-optimal coupling. Let τ ∈M(X) be such that τ ≤ µ and τ(X) ≤ ε. Let τ ′ ∈M(X) be defined by

τ ′(dx′) =
∫

x∈X
πx(dx′) τ(dx).

Since π is element of Π(µ, µ′), we find τ ′ ≤ µ′ and τ(X) = τ ′(X). Then
∫

X

drX(x, x0) τ(dx) ≤ 2r−1
∫

X×X
(drX(x′, x0) + drX(x, x′)) πx(dx′) τ(dx)

≤ 2r−1
(
Irε (µ′) +

∫

X×X
drX(x, x′)π(dx, dx′)

)
,

which shows by optimality of π the assertion.
We now show (d). Let µ, µk ∈ Mr(X) be with equal mass such that µk converges weakly to µ.

According to (3.3), we may suppose that µ, µk ∈ Pr(X).
Suppose that Wr(µk, µ) vanishes as k goes to +∞. Then the sequence of the r-th moments of µk,

k ∈ N is bounded since it converges to the r-th moment of µ. Let η > 0. Let k0 ∈ N be such that for all
k > k0, Wr

r (µk, µ) < η. Then (c) yields for ε > 0

sup
k∈N

Irε (µk) ≤
∑

k≤k0

Irε (µk) + sup
k>k0

Irε (µk) ≤
∑

k≤k0

Irε (µk) + 2r−1(Irε (µ) + η).

According to (b) we then get
lim sup
ε→0

sup
k∈N

Irε (µk) ≤ 2r−1η.

Since η > 0 is arbitrary, we deduce that supk∈N Irε (µk) vanishes with ε.
Conversely, suppose that supk∈N Irε (µk) vanishes with ε and the sequence of the r-th moments of µk,

k ∈ N is bounded. By Skorokhod’s representation theorem, there exist random variables X and Xk,
k ∈ N, defined on a common probability space such that X, resp. Xk is distributed according to µ, resp.
µk and Xk converges almost surely to X. Then for all M > 0,

Wr
r (µk, µ) ≤ E[drX(Xk, X)] = E[drX(Xk, X)1{dr

X
(Xk,X)<M}] + E[drX(Xk, X)1{dr

X
(Xk,X)≥M}].

By the dominated convergence theorem, we deduce

lim sup
k→+∞

Wr
r (µk, µ) ≤ lim sup

k→+∞
E[drX(Xk, X)1{dr

X
(Xk,X)≥M}].

Let us then prove that the right-hand side vanished as M goes to +∞. Let η > 0. Let ε > 0 be such
that Irε (µ) + supk∈N Irε (µk) < η. By Markov’s inequality, we have

sup
k∈N

E[1{dr
X

(Xk,X)≥M}] ≤ sup
k∈N

E[drX(Xk, X)]
M

≤ 2r−1

M
sup
k∈N

∫

X

drX(x, x0) (µk + µ)(dx),
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where the right-hand side vanishes as M goes to +∞. Therefore, there exists M0 > 0 such that for all
k ∈ N and M > M0,

E[drX(Xk, X)1{dr
X

(Xk,X)≥M}] ≤ 2r−1
(
E[drX(Xk, x0)1{dr

X
(Xk,X)≥M}] + E[drX(x0, X)1{dr

X
(Xk,X)≥M}]

)

≤ 2r−1 (Irε (µk) + Irε (µ)
)
< 2r−1η.

Therefore, for all M > M0,

lim sup
k→+∞

E[drX(Xk, X)1{dr
X

(Xk,X)≥M}] ≤ 2r−1η.

Since η is arbitrary, this proves the assertion.
Finally, we want to show (e). Let X = Rd and µ ≤c ν with ν ∈M1(Rd). According to (3.3), we may

suppose that µ, ν ∈ P1(Rd). Again, we write µ and ν for the pushforward measures of µ and ν under the
map (x 7→ |x−x0|r). First, we note that µ is dominated by ν in the increasing convex order. Indeed, let
f ∈ C(X) be convex and nondecreasing, then x 7→ f(|x−x0|r) constitutes a convex, continuous function.
Thus, ∫

R
f(y)µ(dy) =

∫

Rd
f(|x− x0|r)µ(dx) ≤

∫

Rd
f(|x− x0|r) ν(dx) =

∫

R
f(y) ν(dy).

The convex increasing order is characterised by the following family of inequalities (see for instance
[[2], Theorem 2.4]): for all 0 ≤ ε ≤ 1,

∫ 1

1−ε
F−1
µ (y) dy ≤

∫ 1

1−ε
F−1
ν (y) dy.

The identity (3.4) concludes the proof.

We now prove Proposition 2.1. A handy tool in the construction of the approximative sequence
(πk)k∈N are copulas. Recall that a two-dimensional copula is an element C of Π(λ, λ) where λ is the
uniform distribution on (0, 1). A coupling π is an element of Π(µ, ν) if and only if it can be written as
the push-forward of a copula C under the quantile map (F−1

µ , F−1
ν ) : (0, 1)× (0, 1)→ R× R. Clearly, if

C is a copula then π = (F−1
µ , F−1

ν )∗C is contained in Π(µ, ν). Contrary, when π ∈ Π(µ, ν) is given, we
can construct a copula C by

C(du, dv) = 1(0,1)(u) duCu(dv),
where Cu is given by

Cu = ((y, w) 7→ Fν(y−) + wν({y}))∗(πF−1
µ (u) × λ). (3.8)

In particular, we have that u 7→ Cu is constant on the jumps on Fµ. By the inverse transform
sampling, showing that π = (F−1

µ , F−1
ν )∗C amounts to showing that the second marginal distribution

of C is indeed uniformly distributed on (0, 1), which is a direct consequence of the inverse transform
sampling and the well-known result (see for instance [30, Lemma 6.6] for a proof) that for any η ∈ P(R),

((z, w) 7→ Fη(z−) + wη({z}))∗(η × λ) = λ. (3.9)

Moreover, we have by (2.4) that F−1
ν (Fν(y−) +wν({y})) = y for all (y, w) ∈ R× (0, 1], hence for all

u ∈ (0, 1),
πF−1

µ (u) = (F−1
ν )∗Cu. (3.10)

Proof of Proposition 2.1. Because of homogeneity of theAWr- andWr-distances, we can suppose w.l.o.g.
that µ, µk, ν, νk and π are probability measures. Let C be the copula defined by C(du, dv) = 1(0,1)(u) duCu(dv),
where Cu is given by (3.8).

In order to define πk, we construct associated copulas Ck where u 7→ Cku is constant on the jumps of
Fµk . Let

θk : R× (0, 1)→ (0, 1), (x,w) 7→ Fµk(x−) + wµk({x}),

Cku(dv) =
∫ 1

w=0
C
θk

(
F−1
µk

(u),w
)(dv) dw,
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πk = (F−1
µk
, F−1

νk
)∗Ck = (F−1

µk
, F−1

νk
)∗(1(0,1)(u) duCku(dv)).

The fact that Ck is a copula, and therefore πk ∈ Π(µk, νk), is a direct consequence of (3.9) and
the inverse transform sampling. Since u 7→ Cu and u 7→ Cku are constant on the jumps of Fµ and Fµk
respectively, reasoning like in the derivation of (3.10), we have for du-almost every u in (0, 1)

πF−1
µ (u) = (F−1

ν )∗Cu, πk
F−1
µk

(u) = (F−1
νk

)∗Cku .

Moreover, since (u 7→ (F−1
µ (u), F−1

µk
(u)))∗λ is a coupling between µ and µk, namely the comonotonous

coupling, we have

AWr
r(π, πk) ≤

∫ 1

0

(
|F−1
µ (u)− F−1

µk
(u)|r +Wr

r (πF−1
µ (u), π

k
F−1
µk

(u))
)
du

=Wr
r (µ, µk) +

∫ 1

0
Wr
r

(
(F−1
ν )∗Cu, (F−1

νk
)∗Cku

)
du.

(3.11)

By Minkowski’s inequality we have
(∫ 1

0
Wr
r

(
(F−1
ν )∗Cu, (F−1

νk
)∗Cku

)
du

) 1
r

≤
(∫ 1

0
Wr
r

(
(F−1
ν )∗Cu, (F−1

ν )∗Cku
)
du

) 1
r

+
(∫ 1

0
Wr
r

(
(F−1
ν )∗Cku , (F−1

νk
)∗Cku

)
du

) 1
r

.

(3.12)

Since for any η ∈ P(R) the map F−1
η ◦ F−1

Cku
is non-decreasing, we have (see for instance [3, Lemma

A.3]) that for dw-almost every w ∈ (0, 1),

F−1
η (F−1

Cku
(w)) = F−1

(F−1
η )∗Cku

(w).

Hence, we deduce
∫

(0,1)
Wr
r

(
(F−1
ν )∗Cku , (F−1

νk
)∗Cku

)
du =

∫

(0,1)

∫

(0,1)
|F−1
ν (F−1

Cku
(w))− F−1

νk
(F−1
Cku

(w))|r dw du

=
∫

(0,1)

∫

(0,1)
|F−1
ν (v)− F−1

νk
(v)|r Cku(dv) du

=
∫

(0,1)
|F−1
ν (v)− F−1

νk
(v)|r dv =Wr

r (ν, νk)→ 0,

(3.13)

where we used inverse transform sampling in the second equality. At this stage, we can already show
(b). Indeed, the assumption made in (b) ensures that any jump of Fµk is included in a jump of Fµ. We
already noted that u 7→ Cu is constant on the jumps of Fµ and therefore also constant on the jumps
of Fµk . This yields for all u,w ∈ (0, 1) that Cθk(F−1

µk
(u),w) = Cu and particularly Cku = Cu, which lets

vanish the first term in the right-hand side of (3.12). Then the estimate (2.6) follows immediately from
(3.11), (3.12) and (3.13).

To obtain (a) and in view of (3.11), (3.12) and (3.13), it is sufficient to show
∫ 1

0
Wr
r

(
(F−1
ν )∗Cu, (F−1

ν )∗Cku
)
du→ 0.

This is achieved in two steps: First, we show for du-almost every u ∈ (0, 1) that

Wr((F−1
ν )∗Cu, (F−1

ν )∗Cku)→ 0. (3.14)

Second, we prove that
u 7→ Wr

r ((F−1
ν )∗Cu, (F−1

ν )∗Cku) k ∈ N, (3.15)
is uniformly integrable on (0, 1) with respect to λ.
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To show (3.14), note that Wr-convergence is already determined by a countable family C ⊂ Φr(R)
(see [21, Theorem 4.5.(b)]). For this reason, it is sufficient to show that for all f ∈ C, for du-almost every
u ∈ (0, 1), ∫

(0,1)
f(F−1

ν (v))Cku(dv)→ g(u) :=
∫

(0,1)
f(F−1

ν (v))Cu(dv), k → +∞, (3.16)

where the integrals are du-almost everywhere well defined because of the inverse transform sampling, the
fact that f ∈ Φr(R) and ν ∈ Pr(R). For u ∈ (0, 1), let xu = F−1

µ (u) and xku = F−1
µk

(u). Let U ⊂ (0, 1) be
the set of continuity points of F−1

µ and define

Uc = {u ∈ U | Fµ is continuous at xu} and Ud = {u ∈ U\Uc | u ∈ (Fµ(xu−), Fµ(xu))}.

By monotonicity of F−1
µ , the complement of U in (0, 1) is at most countable, and since µ has countably

many atoms, the complement of Ud in U\Uc is also at most countable. We deduce that it is sufficient to
show (3.16) for du-almost all u ∈ Uc ∪ Ud.

Let then u ∈ U . If µk({xku}) = 0, then Cku = Cu and
∫

(0,1)
f(F−1

ν (v))Cku(dv) = g(u).

From now on and until (3.16) is proved, we suppose w.l.o.g. that µk({xku}) > 0 for all k ∈ N. Then
∫

(0,1)
f(F−1

ν (v))Cku(dv) = 1
µk({xku})

∫ F
µk

(xku)

F
µk

(xku−)
g(w) dw. (3.17)

Define lk = infn≥k xnu and rk = supn≥k xnu. Since u ∈ U we find lk ↗ xu and rk ↘ xu when k goes
to +∞. Due to right continuity of Fµ and left continuity of x 7→ Fµ(x−) we have

Fµ(xu−) = lim
p
Fµ(lp−) and lim

p
Fµ(rp) = Fµ(xu).

By Portmanteau’s theorem and monotonicity of cumulative distribution functions we have

Fµ(lp−) ≤ lim inf
k

Fµk(lp−) ≤ lim inf
k

Fµk(xku−) ≤ lim sup
k

Fµk(xku) ≤ lim sup
k

Fµk(rp) ≤ Fµ(rp).

By taking the limit p→ +∞, we find

Fµ(xu−) ≤ lim inf
k

Fµk(xku−) ≤ lim sup
k

Fµk(xku) ≤ Fµ(xu). (3.18)

By (2.5), the interval [Fµk(xku−), Fµk(xku)] contains u, and if u ∈ Uc, then (3.18) implies that its
length µk({xku}) vanishes when k goes to +∞. Consequently, (3.17) and the Lebesgue differentiation
theorem yield that for du-almost every u ∈ Uc,

∫

(0,1)
f(F−1

ν (v))Cku(dv)→ g(u).

Suppose now u ∈ Ud and define

ak = Fµk(xku−) ∨ Fµ(xu−), bk = Fµk(xku) ∧ Fµ(xu).

Note that on the interval (ak, bk) the function g is constant equal to g(u), so (3.17) writes
∫

(0,1)
f(F−1

ν (v))Cku(dv) = 1
µk({xku})

(∫ F
µk

(xku)

bk

g(w) dw +
∫ bk

ak

g(u) dw +
∫ ak

F
µk

(xku−)
g(w) dw

)
.

According to (3.18),

ak − Fµk(xku−)→ 0 and Fµk(xku)− bk → 0, k → +∞. (3.19)
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Moreover, it is clear with (2.5) in mind that

Fµk(xku−) < ak =⇒ µk({xku}) ≥ u− Fµ(xu−),
and bk < Fµk(xku) =⇒ µk({xku}) ≥ Fµ(xu)− u.

(3.20)

Using the latter fact and the equality

bk − ak = µk({xku})− (Fµk(xku)− bk)− (ak − Fµk(xku−)),

we get

1− Fµk(xku)− bk
Fµ(xu)− u −

ak − Fµk(xku−)
u− Fµ(xu−) ≤

bk − ak
µk({xku})

≤ 1.

Hence by (3.19) we have bk−ak
µk({xku})

→ 1 as k goes to +∞, which implies that 1
µk({xku})

∫ bk
ak
g(u) dw →

g(u) as k → +∞. Therefore, we just have to show that

1
µk({xku})

(∫ F
µk

(xku)

bk

g(w) dw +
∫ ak

F
µk

(xku−)
g(w) dw

)
→ 0, k → +∞. (3.21)

Note that we can assume w.l.o.g. that for all k ∈ N either Fµk(xku−) < ak or bk < Fµk(xku). Let
d = (u− Fµ(xu−)) ∧ (Fµ(xu)− u), which is positive since u ∈ Ud. Then we have by (3.20)

1
µk({xku})

∣∣∣∣∣

∫ F
µk

(xku)

bk

g(w) dw +
∫ ak

F
µk

(xku−)
g(w) dw

∣∣∣∣∣

≤ 1
d

∣∣∣∣∣

∫ F
µk

(xku)

bk

g(w) dw +
∫ ak

F
µk

(xku−)
g(w) dw

∣∣∣∣∣ .
(3.22)

By the inverse transform sampling and the facts that f ∈ Φr(R) and ν ∈ Pr(R), we have
∫ 1

0 |g(w)| dw =∫
R |f(y)| ν(dy) < +∞. Then (3.21) is a direct consequence of (3.22), (3.19) and the dominated conver-
gence theorem. Hence (3.14) is proved for du-almost every u ∈ (0, 1).

Next, we show uniform integrability of (3.15). We can estimate

Wr
r ((F−1

ν )∗Cu, (F−1
ν )∗Cku) ≤ 2r−1

(∫

(0,1)
|F−1
ν (v)|r Cu(dv) +

∫

(0,1)
|F−1
ν (v)|r Cku(dv)

)
.

Since by inverse transform sampling we have
∫

(0,1)

∫

(0,1)
|F−1
ν (v)|r Cu(dv) du =

∫

R
|y|r ν(dy) <∞,

it is enough to show uniform integrability of u 7→
∫

(0,1) |F−1
ν (v)|r Cku(dv), k ∈ N.

On the one hand, using the inverse transform sampling and ν ∈ Pr(R), we have

sup
k

∫

(0,1)

∫

(0,1)
|F−1
ν (v)|rCku(dv) du =

∫

R
|y|r ν(dy) < +∞.

On the other hand, let ε > 0 and A be a measurable subset of (0, 1) such that λ(A) < ε. We have
∫

A

∫

(0,1)
|F−1
ν (v)|r Cku(dv) du =

∫

R
|y|r (F−1

ν )∗τk(dy),

where τk(dv) =
∫ 1
u=0 1A(du)Cku(dv) du. Note that τk ≤ λ, (F−1

ν )∗τk ≤ ν and (F−1
ν )∗τk(R) = τk((0, 1)) =

λ(A). Therefore,

sup
A∈B((0,1)),
λ(A)≤ε

sup
k

∫

A

∫

(0,1)
|F−1
ν (v)|r Cku(dv) du ≤ Irε (ν),

where Irε (ν) is defined by (3.1). By Lemma 3.1, the right-hand side converges to 0 with ε → 0. This
yields uniform integrability of (3.15), which completes the proof.
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As mentioned in Section 2, Proposition 2.1 generalises to Polish spaces. Unsurprisingly, the proof of
Proposition 2.3 requires radically different tools from its unidimensional equivalent. In particular, we
need to recall the so called Weak Optimal Transport (WOT) problem introduced by Gozlan, Roberto,
Samson and Tetali [24] and studied in [23], formulated according to our needs. Let C : X×Pr(Y )→ R+
be nonnegative, continuous, strictly convex in the second argument and such that there exists a constant
K > 0 which satisfies

∀(x, p) ∈ X × Pr(Y ), C(x, p) ≤ K
(

1 + drX(x, x0) +
∫

Y

drY (y, y0) p(dy)
)
. (3.23)

Then the WOT problem consists in minimising

VC(µ, ν) := inf
π∈Π(µ,ν)

∫

X

C(x, πx)µ(dx). (WOT)

In view of the definition (1.3) of the adapted Wasserstein distance which involves measures on the
extended space X×P(Y ), it is natural to consider an extension of (WOT) which also involves this space.
Hence we also consider the extended problem

V ′C(µ, ν) := inf
P∈Λ(µ,ν)

∫

X×P(Y )
C(x, p)P (dx, dp), (WOT’)

where Λ(µ, ν) is the set of couplings between µ and any measure on P(Y ) with mean ν, that is

Λ(µ, ν) =
{
P ∈ P(X × P(Y )) |

∫

(x′,p)∈X×P(Y )
δx′(dx) p(dy)P (dx′, dp) ∈ Π(µ, ν)

}
. (3.24)

Remark 3.3. We gather here useful results on weak transport problems which hold under the assumption
we made on C:

(a) (WOT) admits a unique minimiser π∗ [9, Theorem 1.2];

(b) As a consequence of the necessary optimality criterion [10, Theorem 2.2] and [10, Remark 2.3.(a)],
J(π∗) is the only minimiser of (WOT’)

(c) V (µ, ν) = V ′(µ, ν) [9, Lemma 2.1];

(d) Stability of (WOT) and (WOT’): Let µk ∈ Pr(X), νk ∈ Pr(Y ), k ∈ N converge respectively to
µ ∈ Pr(X) and ν ∈ Pr(Y ) in Wr. For k ∈ N, let πk ∈ Π(µk, νk) be optimal for V (µk, νk). Then
πk, resp. J(πk), converges to the unique minimiser π∗, resp. J(π∗), in Wr [10, Theorem 1.3 and
Corollary 2.8]. In particular, this shows that πk converges to π∗ even in AWr.

Proof of Proposition 2.3. Let ε > 0 and y0 ∈ Y . Define for R > 0 the Wr-open ball BR of radius R1/r

and centre δy0 and the set

AR = {x ∈ X | πx ∈ BR} =
{
x ∈ X

∣∣∣∣
∫

Y

drY (y, y0)πx(dy) < R

}
.

Since ν ∈ Pr(R),
∫
X

∫
Y
drY (y, y0)πx(dy)µ(dx) =

∫
Y
drY (y, y0) ν(dy) < +∞, hence µ is concentrated

on
⋃
R>0AR and we can choose R large enough such that

µ(X\AR) < ε.

By Lusin’s theorem, there exists a closed set F ⊂ AR such that

µ(X\F ) < ε and x 7→ πx restricted to F is continuous.

Let M̃r(Y ) be the linear space of all finite signed measures on Y , the positive and negative parts
of which are contained in Mr(Y ), equipped with the weak topology induced by Φr(Y ). Since weak
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topologies are locally convex, an extension of Tietze’s theorem [20, Theorem 4.1] yields the existence of
a continuous map x 7→ πx defined on X with values in M̃r(Y ) such that πx = πx for all x ∈ F and

{πx | x ∈ X} ⊂ co{πx | x ∈ F} ⊂ BR,

where co denotes the convex hull.
Next, we define a nonnegative, continuous, strictly convex in the second argument function which

satisfies a condition of the form (3.23) in order to use the results on weak transport problems detailed
in Remark 3.3. Let {gk | k ∈ N} ⊂ Φ1(Y ) be a family of 1-Lipschitz continuous functions and absolutely
bounded by 1, which separates P(Y ) (see [21, Theorem 4.5.(a)]). We have for any pair p, p′ ∈ P(Y ),
p 6= p′ that there is l ∈ N such that

∫

Y

gl(y) p(dy) 6=
∫

Y

gl(y) p′(dy). (3.25)

Define C : X × Pr(Y )→ R+ for all (x, p) ∈ X × Pr(Y ) by

C(x, p) := ρ(πx, p) +
∑

k∈N

1
2k

∣∣∣∣
∫

Y

gk(y)πx(dy)−
∫

Y

gk(y) p(dy)
∣∣∣∣
2
,

where ρ : P(Y )× P(Y )→ [0, 1] is defined for all p, p′ ∈ P(Y ) by

ρ(p, p′) = inf
χ∈Π(p,p′)

∫

Y×Y
(dY (y, y′) ∧ 1)χ(dy, dy′).

Since ρ can be interpreted as a Wasserstein distance with respect to a bounded distance, it is imme-
diate that it is a metric on P(Y ) which induces the weak convergence topology. On the one hand, the
map (x, p) 7→ ρ(πx, p) is continuous by continuity of x 7→ πx. On the other hand, by Kantorovich and
Rubinstein’s duality theorem and Jensen’s inequality, we have for all (x, p), (x′, p′) ∈ X × Pr(Y )

∑

k∈N

1
2k

∣∣∣∣∣

∣∣∣∣
∫

Y

gk(y)πx(dy)−
∫

Y

gk(y) p(dy)
∣∣∣∣
2
−
∣∣∣∣
∫

Y

gk(y)πx′(dy)−
∫

Y

gk(y) p′(dy)
∣∣∣∣
2
∣∣∣∣∣

=
∑

k∈N

1
2k

∣∣∣∣
∫

Y

gk(y)πx(dy)−
∫

Y

gk(y) p(dy) +
∫

Y

gk(y)πx′(dy)−
∫

Y

gk(y) p′(dy)
∣∣∣∣

×
∣∣∣∣
∫

Y

gk(y)πx(dy)−
∫

Y

gk(y) p(dy)−
∫

Y

gk(y)πx′(dy) +
∫

Y

gk(y) p′(dy)
∣∣∣∣

≤
∑

k∈N

4
2k

(∣∣∣∣
∫

Y

gk(y)πx(dy)−
∫

Y

gk(y)πx′(dy)
∣∣∣∣+
∣∣∣∣
∫

Y

gk(y) p(dy)−
∫

Y

gk(y) p′(dy)
∣∣∣∣
)

≤8 (W1(πx, πx′) +W1(p, p′)) ≤ 8 (Wr(πx, πx′) +Wr(p, p′)) ,

where the right-hand side vanishes when (x′, p′) converges to (x, p) by continuity of x 7→ πx. We deduce
that C is continuous.

Note that ρ is convex in the second argument. Therefore, to obtain strict convexity of C(x, ·) in the
second argument, it is sufficient to verify that

F (p) =
∑

k∈N

1
2k

∣∣∣∣
∫

Y

gk(y) p(dy)
∣∣∣∣
2

is strictly convex. Let p, p′ ∈ P(Y ), p 6= p′ and l ∈ N such that (3.25) holds. Hence, strict convexity of
the square proves

∣∣∣∣α
∫

Y

gl(y) p(dy) + (1− α)
∫

Y

gl(y) p′(dy)
∣∣∣∣
2
< α

∣∣∣∣
∫

Y

gl(y) p(dy)
∣∣∣∣
2

+ (1− α)
∣∣∣∣
∫

Y

gl(y) p′(dy)
∣∣∣∣
2
,

which yields strict convexity of F on P(Y ).
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Moreover, we have for all (x, p) ∈ X×Pr(Y ), C(x, p) ≤ 1+8 = 9, hence C satisfies (3.23). Remember
the definitions of VC and V ′C given in (WOT) and (WOT’). Since for all x ∈ F , C(x, πx) = C(x, πx) = 0,
we have

VC(µ, ν) ≤
∫

X\F
C(x, πx)µ(dx) < 9ε.

Let π∗,ε ∈ Π(µ, ν) be optimal for VC(µ, ν). For P, P ′ ∈ P(X × P(Y )), let

ρ̃(P, P ′) = inf
χ∈Π(P,P ′)

∫

X×P(Y )×X×P(Y )
((dX(x, x′) + ρ(p, p′)) ∧ 1) χ(dx, dp, dx′, dp′).

Since µ(dx) δπx(dp) δx(dx′) δπ∗,ε
x′

(dp′) is a coupling between J(π) and J(π∗,ε), we can estimate

ρ̃(J(π), J(π∗,ε)) ≤
∫

X

ρ(πx, π∗,εx )µ(dx)

≤
∫

F

ρ(πx, π∗,εx )µ(dx) +
∫

X×F

∫

Y

(dY (y, y0) ∧ 1) (πx + π∗,εx )(dy)µ(dx)

≤ VC(µ, ν) + 2ε < 11ε.

For k ∈ N, let πk,ε ∈ Π(µk, νk) be optimal for VC(µk, νk). Then J(πk,ε) is optimal for V ′C(µk, νk) by
Remark 3.3 (b), and converges to J(π∗,ε) in Wr and therefore weakly by Remark 3.3 (d). Then we get

lim sup
k→+∞

ρ̃(J(πk,ε), J(π)) ≤ lim sup
k→+∞

(
ρ̃(J(πk,ε), J(π∗,ε)) + ρ̃(J(π∗,ε), J(π))

)
≤ 11ε. (3.26)

So far ε > 0 was arbitrary. Therefore, there exists a strictly increasing sequence (kN )N∈N∗ of positive
integers such that

∀N ∈ N∗, ∀k ≥ kN , ρ̃(J(πk,2
−rN

), J(π)) ≤ 12 · 2−rN .
For k ∈ N, let Nk = max{N ∈ N | k ≥ kN}, where the maximum of the empty set is defined as 0.

Since kN is strictly increasing, we find that Nk → +∞ as k → +∞. Then the sequence of couplings

πk = πk,2
−rNk ∈ Π(µk, νk), k ∈ N

is such that ρ̃(J(πk), J(π)) vanishes as k goes to +∞, and therefore J(πk) converges weakly to J(π).
Moreover, since Wr-convergence is equivalent to weak convergence coupled with convergence of the r-
moments, we have that the r-moments of µk and νk respectively converge to the r-moments of µ and ν,
which implies

∫

X×P(Y )
Wr
r (p, δy0) J(πk)(dx, dp) =

∫

X

Wr
r (πkx, δy0)µk(dx) =

∫

Y

drY (y, y0) νk(dy)

−→
k→+∞

∫

Y

drY (y, y0) ν(dy) =
∫

X×P(Y )
Wr
r (p, δy0) J(π)(dx, dp).

We deduce that J(πk) converges to J(π) in Wr as k → +∞. According to (1.3), πk,ε converges to
π∗,ε in AWr, which concludes the proof.

In the proof of Theorem 2.5 we need to be able to confine approximative sequences of couplings to
certain sets. The next result provides all necessary tools for this.

Lemma 3.4. Let µ, µk ∈Mr(X), ν, νk ∈Mr(Y ), k ∈ N all with equal mass and πk ∈ Π(µk, νk), k ∈ N,
converge to π ∈ Π(µ, ν) in AWr.

(i) Let A ⊂ X be measurable and B ⊃ A be open. There are µ̃k ≤ µk|B and εk ≥ 0, k ∈ N such that
π̃k := µ̃k × πkx satisfies

AWr(π̃k, (1− εk)π|A×Y ) + εk −→
k→+∞

0.
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(ii) Let C ⊂ X be an open set on which ν is concentrated. There are µ̂k ≤ µ̃k, ν̂k ≤ νk, π̂k = µ̂k× π̂kx ∈
Π(µ̂k, ν̂k) concentrated on B × C and ε′k ≥ 0, k ∈ N such that

AWr
r(π̂k, (1− ε′k)π|A×Y ) +

∫

X

Wr
r (π̂kx, πkx) µ̂k(dx) + ε′k −→

k→+∞
0.

Proof. Both assertions are trivial if µ(A) = 0. So assume that µ(A) > 0.

(i) Let χk ∈ Π(µk, µ) be optimal for AWr(πk, π) and χ = (id, id)∗µ.
Since χk(dx1, dx2) δ(x2,x2)(dx3, dx4) defines a coupling in Π(χk, χ), we find

Wr
r (χk, χ) ≤

∫

X4
(dX(x1, x3)r + dX(x2, x4)r)χk(dx1, dx2) δ(x2,x2)(dx3, dx4)

=
∫

X×X
dX(x1, x2)r χk(dx1, dx2) ≤ AWr

r(πk, π)→ 0, k → +∞.

Further, let P : Pr(X ×X)→ P(X ×X) be the homeomorphism given by

P (η)(dx1, dx2) = (1 + dX(x1, x0)r + dX(x2, x0)r) η(dx1, dx2)∫
X×X(1 + dX(x′1, x0)r + dX(x′2, x0)r) η(dx′1, dx′2) ,

for η ∈ Pr(X × X). Recall (1.1), then it is easily deductible that P (η′) → P (η) weakly if and only if
η′ → η in Wr. In particular, we find P (χk)→ P (χ) weakly as k goes to +∞. Let f ∈ Φr(X ×X) and

ϕ : X ×X : (x1, x2) 7→ 1X×A(x1, x2)f(x1, x2)
1 + dX(x1, x0)r + dX(x2, x0)r .

Then ϕ is a bounded measurable map which is continuous w.r.t. the first component. As a consequence
of [35, Lemma 2.1], we find

∫

X×X
ϕ(x1, x2)P (χk)(dx1, dx2)→

∫

X×X
ϕ(x1, x2)P (χ)(dx1, dx2), k → +∞,

which amounts to
∫

X×X
f(x1, x2)χk|X×A(dx1, dx2)→

∫

X×X
f(x1, x2)χ|X×A(dx1, dx2), k → +∞.

Therefore (1.1) yields Wr-convergence of χk|X×A to χ|X×A. By Portmanteau’s theorem, we have

χk(B ×A) ≤ µ(A) = χ|X×A(B ×B) ≤ lim inf
k→+∞

χk|X×A(B ×B) = lim inf
k→+∞

χk(B ×A),

hence εk := 1− χk(B×A)
µ(A) , k ∈ N is a null sequence of nonnegative real numbers. Denote by µ̃k, resp. µ̄k

the first resp. second, marginal of χk|B×A, k ∈ N. Note that

1− εk = µ̃k(X)
µ(A) · (3.27)

We want to show that

AWr(µ̃k × πkx, (1− εk)µ|A × πx)→ 0. (3.28)

On the one hand, note that

AWr
r(µ̃k × πkx, µ̄k × πx) ≤

∫

X×X

(
drX(x, x′) +Wr

r (πkx, πx′)
)
χk|B×A(dx, dx′)

≤
∫

X×X

(
drX(x, x′) +Wr

r (πkx, πx′)
)
χk(dx, dx′)

= AWr
r(πk, π)→ 0, k → +∞.

(3.29)
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On the other hand, let

µ̌k = (1− εk)µ|A, ζk = µ̌k ∧ µ̄k and αk = µ̄k(X)− ζk(X) = µ̌k(X)− ζk(X).

Let χk ∈ Π(µ̄k−ζk, µ̌k−ζk) be optimal for AWr
r((µ̄k−ζk)×πx, (µ̌k−ζk)×πx). Since ((id, id)∗ζk+χk)

is a coupling between µ̄k and µ̌k, we find

AWr(µ̄k × πx, µ̌k × πx) ≤
∫

X

(drX(x, x′) +Wr
r (πx, πx′)) χk(dx, dx′)

= AWr
r((µ̄k − ζk)× πx, (µ̌k − ζk)× πx)

≤ AWr((µ̄k − ζk)× πx, αkδ(x0,y0)) +AWr((µ̌k − ζk)× πx, αkδ(x0,y0)).

In the next estimates we use (3.1). Note that the first marginal of (µ̄k − ζk) × πx is dominated by
µ whereas its second marginal is dominated by ν. Thus, denoting τk(dy) =

∫
X
πx(dy) (µ̄k − ζk)(dx), we

find

AWr
r((µ̄k − ζk)× πx, αkδ(x0,y0)) =

∫

X

(drX(x, x0) +Wr
r (πx, δy0)) (µ̄k − ζk)(dx)

=
∫

X

drX(x, x0) (µ̄k − ζk)(dx) +
∫

Y

drY (y, y0) τk(dy)

≤ Irαk(µ) + Irαk(ν).

Similarly, we find
AWr

r((µ̌k − ζk)× πx, αkδ(x0,y0)) ≤ Irαk(µ) + Irαk(ν).

If we can show that αk vanishes for k → +∞, then we find by Lemma 3.1 (b) that

AWr(µ̄k × πx, µ̌k × πx) −→
k→+∞

0, (3.30)

and the triangle inequality with (3.29) and (3.30) yield the assertion, (3.28).

Since µ̌k, µ̄k ≤ µ|A, the respective densities of µ̌k and µ̄k with respect to µ|A satisfy dµ̌k

dµ|A ,
dµ̄k

dµ|A ≤ 1.
Then

αk = µ̄k(X)− ζk(X) =
∫

A

(
dµ̄k

dµ|A
(x)− dµ̌k

dµ|A
(x)
)+

µ(dx) ≤
∫

A

(
1− dµ̌k

dµ|A
(x)
)
µ(dx)

= µ(A)− µ̌k(A) = εkµ(A) −→
k→+∞

0,

which is conclusive.

(ii) To show the last assertion, we denote by ν̃k and ν̃ the second marginal of µ̃k × πkx and µ|A × πx
respectively. Since we have to remove mass outside of C from ν̃k and the corresponding kernels, we
consider the Wr-optimal couplings

χ̊k ∈ Π(ν̃k, (1− εk)ν̃) and χ̂k ∈ Π(ν̃k(C)ν̃, ν̃(C)ν̃k|C).

From now on, we denote by µ̂k = µ̃k ν̃
k(C)
µ̃k(X) ≤ µ̃k. Using the couplings χ̊k and χ̂k we define the kernels

π̊kx(dz) =
∫

Y

χ̊ky(dz)πkx(dy) and π̂kx(dt) =
∫

Y

χ̂kz(dt) π̊kx(dz).

Let then π̂k := µ̂k × π̂kx, whose second marginal denoted ν̂k satisfies

ν̂k(dt) =
∫

x∈X

∫

y∈Y

∫

z∈Z
µ̂k(dx)πkx(dy) χ̊ky(dz) χ̂kz(dt)

18



= ν̃(C)(1− εk)
µ̃k(X) ν̃k|C(dt) = ν̃(C)

µ(A) ν̃
k|C(dt).

So ν̂k is concentrated on C. Moreover, we have ν̃k|C ≤ νk, and since ν is concentrated on C,
ν̃(C) = ν̃(Y ) = µ|A(X) = µ(A), hence ν̂k = ν̃k|C ≤ νk. For k ∈ N, let ε′k ∈ R be such that

1− ε′k = ν̃k(C)
µ(A) · (3.31)

For k ∈ N, using (3.27), we have ν̃k(C) ≤ µ̃k(X) = (1 − εk)µ(A) ≤ µ(A), hence ε′k is nonnegative.
Then it remains to show that

AWr(π̂k, (1− ε′k)π|A×Y ) +
∫

X

Wr
r (π̂kx, πkx) µ̂k(dx) + ε′k −→

k→+∞
0. (3.32)

Since we have

πkx(dy) χ̊ky(dz) ∈ Π(πkx, π̊kx), π̊kx(dz) χ̂kz(dt) ∈ Π(̊πkx, π̂kx),
∫

x∈X
µ̂k(dx)πkx(dy) χ̊ky(dz) = ν̃k(C)

µ̃k(X) χ̊
k(dy, dz),

∫

x∈X
µ̂k(dx) π̊kx(dz) χ̂kz(dt) = (1− εk)

µ̃k(X) χ̂
k(dz, dt),

we find plugging the expressions (3.27) and (3.31) that

AWr
r(µ̂k × πkx, µ̂k × π̂kx)

≤
∫

X

Wr
r (πkx, π̂kx) µ̂k(dx)

≤ 2r−1
∫

X

(
Wr
r (πkx, π̊kx) +Wr

r (̊πkx, π̂kx)
)
µ̂k(dx)

≤ 2r−1
∫

X

(∫

Y×Y
drY (y, z)πkx(dy) χ̊ky(dz) +

∫

Y×Y
drY (z, t) π̊kx(dz) χ̂kz(dt)

)
µ̂k(dx)

= 2r−1
(
ν̃k(C)
µ̃k(X)

∫

Y×Y
drY (y, z) χ̊k(dy, dz) + (1− εk)

µ̃k(X)

∫

Y×Y
drY (z, t)χk(dz, dt)

)

= 2r−1
(

1− ε′k
1− εk

Wr
r (ν̃k, (1− εk)ν̃) + 1

µ(A)W
r
r (ν̃k(C)ν̃, ν̃(C)ν̃k|C)

)
.

To see convergence to 0, note that since AWr dominates Wr, we find by continuity of the projection
on the second marginal that (3.28) implies

Wr(ν̃k, (1− εk)ν̃)→ 0, k → +∞.

Using Portmanteau’s theorem and the fact that (1 − εk) → 1 as k goes to +∞, we have for all
nonnegative function f ∈ Φr(Y )

lim sup
k→+∞

ν̃k(1Cf) ≤ lim sup
k→+∞

ν̃k(f) = ν̃(f) = ν̃(1Cf) ≤ lim inf
k→+∞

ν̃k(1Cf),

hence
ν̃k|C(f)→ ν̃(f), k → +∞. (3.33)

Moreover, (3.33) applied with f = 1 yields ν̃k(C)→ ν̃(C) = µ(A) as k goes to +∞, hence ε′k vanishes
as k goes to +∞ and

Wr(ν̃k(C)ν̃, ν̃(C)ν̃k|C)→ 0, k → +∞.
We deduce that

AWr
r(µ̂k × πkx, µ̂k × π̂kx) ≤

∫

X

Wr
r (πkx, π̂kx) µ̂k(dx)→ 0, k → +∞.

19



On the other hand, by (3.27) and (3.31) we have µ̂k = ν̃k(C)
µ̃k(X) µ̃

k = 1−ε′k
1−εk µ̃

k, hence

AWr(µ̂k × πkx, (1− ε′k)µ|A × πx) = 1− ε′k
1− εk

AWr(µ̃k × πkx, (1− εk)µ|A × πx),

where the right-hand side vanishes as k goes to +∞ by the first part. Then (3.32) follows by triangle
inequality and the latter convergences, which completes the proof.

The addition of measures is continuous with respect to the weak and Wasserstein topology. More
precisely, we have the estimate

Wr
r (µ+ µ′, ν + ν′) ≤ Wr

r (µ, ν) +Wr
r (µ′, ν′)

for all measures µ, µ′, ν, ν′ ∈ Pr(X) such that µ and ν, resp. µ′ and ν′ have equal mass.
When considering the adapted weak topology, the next example disproves a comparable statement.

Example 3.5. Let X = Y = R, and πk = δ( 1
k ,1), χ

k = δ(− 1
k ,−1), k ∈ N. Then both sequences are

convergent in AW1, but
AW1(πk + χk, δ(0,1) + δ(0,−1)) = 2

k
+ 2

does not vanish.

However, we show in the next Lemma that the addition of measures with respect to the weak adapted
topology could still be somehow considered continuous if one of the limits has mass significantly smaller
than the other.

Lemma 3.6. Let µ̂, µ̂k, ν̂, ν̂k ∈ Mr(Y ), k ∈ N be with equal mass and µ̃, µ̃k, ν̃, ν̃k ∈ Mr(Y ), k ∈ N be
with equal mass smaller than ε. Let π̂k ∈ Π(µ̂k, ν̂k), π̃k ∈ Π(µ̃k, ν̃k), k ∈ N, π̂ ∈ Π(µ̂, ν̂) and π̃ ∈ Π(µ̃, ν̃).
Let µ = µ̂+ µ̃ and ν = ν̂ + ν̃. Then

(a) We have for all k ∈ N

AWr
r(π̂k + π̃k, π̂ + π̃)
≤ AWr

r(π̂k, π̂) + 2r−1 (Irε (µ̃) + Irε (µ̃k) + Irε (ν̃) + Irε (ν̃k) + 2Irε (ν̂) + 2Irε (ν̂k)
)

≤ AWr
r(π̂k, π̂) + (2r−1)2 (Wr

r (µ̃k, µ̃) +Wr
r (ν̃k, ν̃) + 2Wr

r (ν̂k, ν̂)
)

+ 2r−1(1 + 2r−1)Irε (µ) + 3 · 2r−1(1 + 2r−1)Irε (ν),

(3.34)

where Irε (·) is defined by (3.1).

(b) If (π̂k)k∈N converges to π̂ in AWr and (µk = µ̂k + µ̃k)k∈N, resp. (νk = ν̂k + ν̃k)k∈N, converges to
µ, resp. ν, in Wr, then

lim sup
k→+∞

AWr
r(π̂k + π̃k, π̂ + π̃) ≤ C(Irε (µ) + Irε (ν)), (3.35)

where C > 0 depends only on r.

Proof. The second inequality of (3.34) is easily deduced from the first one, (3.2) and the fact that
Irε (µ̃) ≤ Irε (µ), Irε (ν̃) ≤ Irε (ν) and Irε (ν̂) ≤ Irε (ν).

To see (b), assume for a moment that the first inequality of (3.34) holds true and suppose

π̂k → π̂ in AWr, µk = µ̂k + µ̃k → µ and νk = ν̂k + ν̃k → ν in Wr

as k → +∞. Using Lemma 3.1 (a) and then (3.2), we get

lim sup
k→+∞

AWr
r(π̂k + π̃k, π̂ + π̃) ≤ C ′ lim sup

k→+∞

(
Irε (µk) + Irε (νk) + Irε (µ) + Irε (ν)

)

≤ C lim sup
k→+∞

(
Wr
r (µk, µ) +Wr

r (νk, ν) + Irε (µ) + Irε (ν)
)

= C(Irε (µ) + Irε (ν)),
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where C,C ′ > 0 depend only on r. Hence (b) is proved.
To conclude the proof, it remains to show the first inequality in (3.34). Let ρ̂k ∈ Π(µ̂k, µ̂) be optimal

for AWr(π̂k, π̂) and ρ̃k ∈ Π(µ̃k, µ̃) be arbitrary. We write ρk = ρ̂k + ρ̃k. Then

AWr
r(π̂k + π̃k, π̂ + π̃) ≤

∫

X×X

(
drX(x, x′) +Wr

r ((π̂k + π̃k)x, (π̂ + π̃)x′)
)
ρk(dx, dx′). (3.36)

Let p̂ = dµ̂
dµ and p̂k = dµ̂k

dµk
. Notice that p̂ and p̂k take values in [0, 1]. The identities

(π̂ + π̃)(dx, dx′) = µ(dx)
(
p̂(x) π̂x(dx′) + (1− p̂(x)) π̃x(dx′)

)
,

(π̂k + π̃k)(dx, dx′) = µk(dx)
(
p̂k(x) π̂kx(dx′) + (1− p̂k(x)) π̃kx(dx′)

)
,

provide representations for the disintegrations of (π̂ + π̃) and (π̂k + π̃k) respectively for µ(dx)- and
µk(dx)-almost every x:

(π̂ + π̃)x = p̂(x) π̂x + (1− p̂(x))π̃x, (π̂k + π̃k)x = p̂k(x) π̂kx + (1− p̂k(x)) π̃kx.

Thus, we have when letting αk+(x, x′) = (p̂k(x)− p̂(x′))+, αk−(x, x′) = (p̂k(x)− p̂(x′))− and βk(x, x′) =
p̂k(x) ∧ p̂(x′) that

Wr
r ((π̂k + π̃k)x, (π̂ + π̃)x′)
≤ Wr

r (βk(x, x′) π̂kx, βk(x, x′) π̂x′)

+Wr
r

(
αk+(x, x′) π̂kx + (1− p̂k(x)) π̃kx, αk−(x, x′) π̂x′ + (1− p̂(x′)) π̃x′

)

≤ βk(x, x′)Wr
r (π̂kx, π̂x′) + 2r−1 (αk+(x, x′)Wr

r (π̂kx, δy0) + (1− p̂k(x))Wr
r (π̃kx, δy0)

+αk−(x, x′)Wr
r (π̂x′ , δy0) + (1− p̂(x′))Wr

r (π̃x′ , δy0)
)
.

(3.37)

Since βk(x, x′) = p̂k(x) ∧ p̂(x′) ≤ 1, we deduce from (3.36), (3.37) and AWr-optimality of ρ̂k

AWr
r(π̂k + π̃k, π̂ + π̃) ≤ AWr

r(π̂k, π̂) +
∫

X×X
dX(x, x′)r ρ̃k(dx, dx′)

+ 2r−1
∫

X×X
p̂k(x)Wr

r (π̂kx, δy0) ρ̃k(dx, dx′)

+ 2r−1
∫

X×X
p̂(x′)Wr

r (π̂x′ , δy0) ρ̃k(dx, dx′)

+ 2r−1
∫

X×X
αk+(x, x′)Wr

r (π̂kx, δy0) ρk(dx, dx′)

+ 2r−1
∫

X×X
(1− p̂k(x))Wr

r (π̃kx, δy0) ρk(dx, dx′)

+ 2r−1
∫

X×X
αk−(x, x′)Wr

r (π̂x′ , δy0) ρk(dx, dx′)

+ 2r−1
∫

X×X
(1− p̂(x′))Wr

r (π̃x′ , δy0) ρk(dx, dx′).

(3.38)

Recall that ρ̃k has marginals µ̃k and µ̃ with total mass smaller than ε. By (3.1) we find
∫

X×X
dX(x, x′)r ρ̃k(dx, dx′) ≤ 2r−1 (Irε (µ̃k) + Irε (µ̃)

)
. (3.39)

Concerning the marginals of p̂k(x) ρ(dx, dx′) and p̂(x′) ρ(dx, dx′), we find the relation

p̂k(x) µ̃k(dx) = (1− p̂k(x)) µ̂k(dx), p̂(x′) µ̃(dx′) = (1− p̂(x′)) µ̂(dx′).

Again by (3.1), we find since ρ̃k ∈ Π(µ̃k, µ̃), π̂k ∈ Π(µ̂k, ν̂k) and π̂ ∈ Π(µ̂, ν̂) that
∫

X×X
p̂k(x)Wr

r (π̂kx, δy0) ρ̃k(dx, dx′) =
∫

X×X
(1− p̂k(x))Wr

r (π̂kx, δy0) µ̂k(dx) ≤ Irε (ν̂k), (3.40)
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∫

X×X
p̂(x′)Wr

r (π̂x′ , δy0) ρ̃k(dx, dx′) =
∫

X×X
(1− p̂(x′))Wr

r (π̂x′ , δy0) µ̂(dx′) ≤ Irε (ν̂). (3.41)

We deduce from (3.38) and (3.39)-(3.41) that it is sufficient to show
∫

X×X
αk+(x, x′)Wr

r (π̂kx, δy0) ρk(dx, dx′) ≤ Irε (ν̂k), (3.42)
∫

X×X
(1− p̂k(x))Wr

r (π̃kx, δy0) ρk(dx, dx′) ≤ Irε (ν̃k), (3.43)
∫

X×X
αk−(x, x′)Wr

r (π̂x′ , δy0) ρk(dx, dx′) ≤ Irε (ν̂), (3.44)
∫

X×X
(1− p̂(x′))Wr

r (π̃x′ , δy0) ρk(dx, dx′) ≤ Irε (ν̃). (3.45)

To see (3.43) and (3.45), note that

(1− p̂k(x))µk(dx) = µ̃k(dx) and (1− p̂(x′))µ(dx′) = µ̃(dx′). (3.46)

As a consequence, the first marginal of (1− p̂k(x)) ρk(dx, dx′) is µ̃k, whereas the second marginal of
(1− p̂(x′)) ρk(dx, dx′) coincides with µ̃. Hence, as the mass of µ̃k and µ̃ does not exceed ε, we have

∫

X×X
(1− p̂k(x))Wr

r (π̃kx, δy0) ρk(dx, dx′) =
∫

X

Wr
r (π̃kx, δy0) µ̃k(dx) =Wr

r (ν̃k, δy0) = Irε (ν̃k),
∫

X×X
(1− p̂(x′))Wr

r (π̃x′ , δy0) ρk(dx, dx′) =
∫

X

Wr
r (π̃x′ , δy0) µ̃(dx′) =Wr

r (ν̃, δy0) = Irε (ν̃).

Next, we show (3.42) and (3.44). To this end, denoting with a slight abuse of notation ρk(dx, dx′) =
µk(dx) ρkx(dx′) = µ(dx′) ρkx′(dx), we have

αk+(x, x′) ρk(dx, dx′) ≤ p̂k(x) ρk(dx, dx′) = dµ̂k

dµk
(x)µk(dx) ρkx(dx′) = µ̂k(dx) ρkx(dx′),

αk−(x, x′) ρk(dx, dx′) ≤ p̂(x′) ρk(dx, dx′) = dµ̂

dµ
(x′)µ(dx′) ρkx′(dx) = µ̂(dx′) ρkx′(dx).

In particular, the first marginal of αk+(x, x′) ρk(dx, dx′), denoted here by τ , is dominated by µ̂k,
whereas the second marginal of αk−(x, x′) ρk(dx, dx′), denoted here by τ ′, is dominated by µ̂. Concerning
the mass of τ and τ ′, remember (3.46), αk+(x, x′) ≤ 1− p̂(x′) and αk−(x, x′) ≤ 1− p̂k(x), thus,

τ(X) =
∫

X×X
αk+(x, x′) ρk(dx, dx′) ≤

∫

X

(1− p̂(x′))µ(dx′) = µ̃(X) ≤ ε,

τ ′(X) =
∫

X×X
αk−(x, x′) ρk(dx, dx′) ≤

∫

X

(1− p̂k(x))µk(dx) = µ̃k(X) ≤ ε.

Using (3.1), we conclude with
∫

X×X
αk+(x, x′)Wr

r (π̂kx, δy0) ρk(dx, dx′) =
∫

X

Wr
r (π̂kx, δy0) τ(dx) ≤ Irε (ν̂k),

∫

X×X
αk−(x, x′)Wr

r (π̂x′ , δy0) ρk(dx, dx′) =
∫

X

Wr
r (π̂x′ , δy0) τ ′(dx′) ≤ Irε (ν̂).

The addition onMr(X × Y ) is continuous with respect to the adapted weak topology provided the
limits have singular first marginal distributions. We recall that two positive measures µ, ν are called
singular iff there exists a measurable set A ⊂ X such that µ(A{) = 0 = ν(A).

Lemma 3.7. Let π, χ ∈ Mr(X × Y ) be such that their respective first marginals are singular. Let
πk, χk ∈Mr(X × Y ), k ∈ N converge to π and χ respectively in AWr. Then

πk + χk −→
k→+∞

π + χ in AWr.
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Proof. Let µ1, µ2, µk1 and µk2 denote the respective first marginals of π, χ, πk and χk. Due to singularity,
there is a measurable set A ⊂ X such that µ1(A{) = 0 = µ2(A).

Suppose first that for all k ∈ N, µk1(A{) = 0 = µk2(A). Let ρk1 ∈ Π(µk1 , µ1), resp. ρk2 ∈ Π(µk2 , µ2), be
an optimal coupling for AWr(πk, π), resp. AWr(χk, χ). Since almost surely

(πk + χk)x = 1A(x)πkx + 1A{(x)χkx and (π + χ)x = 1A(x)πx + 1A{(x)χx,

we have

AWr
r(πk + χk, π + χ) ≤

∫

X×X

(
drX(x, x′) +Wr

r ((πk + χk)x, (π + χ)x′)
)

(ρk1 + ρk2)(dx, dx′)

=
∫

X×X

(
drX(x, x′) +Wr

r (πkx, πx′)
)
ρk1(dx, dx′)

+
∫

X×X

(
drX(x, x′) +Wr

r (χkx, χx′)
)
ρk2(dx, dx′)

= AWr
r(πk, π) +AWr

r(χk, χ)→ 0, k → +∞.
Let us now go back to the general case. Since X is a Polish space, µ1 and µ2 are inner regular, so

there exist two compact sets K1 ⊂ A and K2 ⊂ A{ such that

µ1(K1{) < ε and µ2(K2{) < ε.

Since X is Polish, it is normal, hence we can separate the closed, disjoint sets K1 and K2 by open,
disjoint sets K̃1 and K̃2 where K1 ⊂ K̃1 and K2 ⊂ K̃2. Then Lemma 3.4 (i) provides sequences
(µ̃k1 × πkx)k∈N and (µ̃k2 × χkx)k∈N with values inM(X × Y ) and null sequences (εk)k∈N and (ηk)k∈N with
values in [0, 1], such that µ̃k1 ≤ µk1 |K̃1

, µ̃k2 ≤ µk2 |K̃2
and

AWr
r(µ̃k1 × πkx, (1− εk)π|K1×Y ) +AWr

r(µ̃k2 × χkx, (1− ηk)χ|K2×Y )→ 0, k → +∞.
To apply Lemma 3.6 (b), let 0 < ε′ ≤ ε be such that ε′(µ1(K1) + µ2(K2)) < ε. Let k be sufficiently

large such that εk ∧ ηk < ε′. We consider the sequences

π̂k = 1− ε′
1− εk µ̃

k
1 × πkx + 1− ε′

1− ηk µ̃
k
2 × χkx, π̂ = (1− ε′) (π|K1×Y + χ|K2×Y ) ,

π̃k = πk + χk − π̂k, π̃ = π + χ− π̂,

where π̃k is well-defined inMr(X × Y ) since εk < ε′ and ηk < ε′. Note that as k → +∞,

AWr
r

(
1− ε′
1− εk µ̃

k
1 × πkx, (1− ε′)π|K1×Y

)
= 1− ε′

1− εkAW
r
r

(
µ̃k1 × πkx, (1− εk)π|K1×Y

)
→ 0,

AWr
r

(
1− ε′
1− ηk µ̃

k
2 × χkx, (1− ε′)χ|K2×Y

)
= 1− ε′

1− ηkAW
r
r

(
µ̃k2 × χkx, (1− ηk)χ|K2×Y

)
→ 0.

Since the first marginal distributions of µ̃k1×πkx and (1−εk)π|K1×Y , resp. µ̃k2×χkx and (1−ηk)χ|K2×Y ,
are concentrated on K̃1, resp. K̃2, and since K̃1 and K̃2 are disjoint, we have according to the preceding
part that

AWr
r(π̂k, π̂)→ 0, k → +∞.

Due to AWr-convergence of (πk)k∈N and (χk)k∈N, we obtain Wr-convergence of the marginals of
πk + χk to the marginals of π + χ. Furthermore, we have

π̃k(X × Y ) = π̃(X × Y ) ≤ µ1(Kc
1) + µ2(Kc

2) + ε′(µ1(K1) + µ2(K2)) < 3ε.

Then (3.35) yields

lim sup
k→+∞

AWr
r(πk + χk, π + χ) = lim sup

k→+∞
AWr

r(π̂k + π̃k, π̂ + π̃)

≤ C (Ir3ε(µ1 + µ2) + Ir3ε(ν1 + ν2)) ,

where ν1 and ν2 denote the respective second marginals of π and χ, and the constant C only depends
on r. Therefore, the right-hand side vanishes as ε→ 0 according to Lemma 3.1 (b), which concludes the
proof.

23



4 Auxiliary results on the convex order in dimension one
We recall that the convex order onM1(R) is defined by

µ ≤c ν ⇐⇒ ∀f : R→ R convex, µ(f) ≤ ν(f).

The following assertions can be found in [12, Section 4]: for all (m0,m1) ∈ R∗+×R, there is a one-to-
one correspondence between finite positive measures µ ∈M1(R) with massm0 such that

∫
R y µ(dy) = m1

and the set of functions u : R→ R+ which satisfy

(i) u is convex;

(ii) u(y)−m0|y −m1| goes to 0 as |y| tends to +∞.

Any function which suffices (i) and (ii) is then called a potential function. The potential function of
µ is denoted by

uµ(y) =
∫

R
|y − x|µ(dx).

A sequence (µk)k∈N of finite positive measures with equal mass on the line converges in W1 to µ iff
the sequence of potential functions (uµk)k∈N converges pointwise to uµ. In that case, since for all y ∈ R
the map x 7→ |y − x| is Lipschitz continuous with constant 1, we have by Kantorovich and Rubinstein’s
duality theorem that

sup
y∈R
|uµk(y)− uµ(y)| ≤ W1(µk, µ)→ 0, k → +∞,

hence we even have uniform convergence on R of potential functions.
In dimension one, for all m1 ∈ R, the set of all finite positive measures with mean m1 is a lattice

[33, Proposition 1.6], and even a complete lattice [34]. Then all µ, ν ∈ M1(R) with mean m1 have a
supremum, denoted µ ∨c ν, and an infimum, denoted µ ∧c ν, with respect to the convex order. In that
context it is convenient to work with potential functions since they provide simple characterisations of
those bounds:

µ ∨c ν is defined as the measure with potential function uµ ∨ uν ,
µ ∧c ν is defined as the measure with potential function co(uµ ∧ uν),

where co is the convex hull.

Lemma 4.1. Let (µk)k∈N, (νk)k∈N be two sequences of M1(R) converging respectively to µ and ν in
W1. Suppose that there exists (m0,m1) ∈ R∗+ × R such that µk(R) = νk(R) = m0 and

∫
R xµ

k(dx) =∫
R y ν

k(dy) = m1 for all k ∈ N. Then

lim
k→+∞

W1(µk ∨c νk, µ ∨c ν) = 0 and lim
k→+∞

W1(µk ∧c νk, µ ∧c ν) = 0.

Proof. Convergence in W1 is equivalent to pointwise convergence of the potential functions. Thus, the
convergence of µk∨cνk to µ∨cν inW1 is a consequence of the pointwise convergence of uµk∨cνk = uµk∨uνk
to uµ ∨ uν = uµ∨cν .

To show convergence of µk ∧c νk to µ ∧c ν in W1, it is sufficient to show for all x ∈ R

uµk∧cνk(x) = co(uµk ∧ uνk)(x)→ co(uµ ∧ uν)(x) = uµ∧cν(x), k → +∞. (4.1)

Since uµk and uνk converge uniformly on R to uµ and uν respectively, we have uniform convergence
of uµk ∧ uνk to uµ ∧ uν . Let ε > 0 and k0 ∈ N be such that for all k ≥ k0,

sup
x∈R
|(uµk ∧ uνk)(x)− (uµ ∧ uν)(x)| ≤ ε.

For all k ≥ k0, we find

co(uµ ∧ uν)− ε ≤ (uµ ∧ uν)− ε ≤ uµk ∧ uνk ,
co(uµk ∧ uνk)− ε ≤ (uµk ∧ uνk)− ε ≤ uµ ∧ uν .
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Thus, as the convex hull is the supremum over all dominated, convex functions, this yields

co(uµ ∧ uν)− ε ≤ co(uµk ∧ uνk) ≤ co(uµ ∧ uν) + ε,

which establishes (4.1) and completes the proof.

We now provide the key argument to see that it is enough to prove Theorem 2.5 for irreducible pairs
of marginals.

Proof of Proposition 2.4. To construct the desired decomposition, pick for all k ∈ N a coupling πk ∈
ΠM (µk, νk). Let ln and rn denote the left and right boundary of the open interval {uµn < uνn} on which
µn is concentrated, and set

µkn(dx) =
∫ Fµ(rn−)

u=Fµ(ln)
δF−1

µk
(u)(dx) du, νkn(dy) =

∫ Fµ(rn−)

u=Fµ(ln)
πk
F−1
µk

(u)(dy) du.

These are the respective marginals of πkn on R2 given by

πkn(dx, dy) =
∫ Fµ(rn−)

u=Fµ(ln)
δF−1

µk
(u)(dx)πk

F−1
µk

(u)(dy) du. (4.2)

Since πk is a martingale coupling, we have µkn ≤c νkn. Finally define

J = [0, 1]\
⋃

n∈N
(Fµ(ln), Fµ(rn−)),

and set
ηk(dx) =

∫

u∈J
δF−1

µk
(u)(dx) du, υk(dy) =

∫

u∈J
πk
F−1
µk

(u)(dy) du.

These are the respective marginals of π̃k defined by

π̃k(dx, dy) =
∫

u∈J
δF−1

µk
(u)(dx)πk

F−1
µk

(u)(dy) du,

which is again a martingale coupling with marginals (ηk, υk), thus, ηk ≤c υk.
Using inverse transform sampling for the second equality, we find
(
π̃k +

∑

n∈N
πkn

)
(dx, dy) =

∫ 1

u=0
δF−1

µk
(u)(dx)πk

F−1
µk

(u)(dy) du =
∫

xk∈R
δxk(dx)πkxk(dy)µk(dxk)

= µk(dx)πkx(dy) = πk(dx, dy).

Concerning the marginals, we deduce

ηk +
∑

n∈N
µkn = µk and υk +

∑

n∈N
νkn = νk.

For all (τ, u, l, r) ∈ P1(R)× (0, 1)× R× R, we have by (2.3):

Fτ (l) < u < Fτ (r−) =⇒ l < F−1
τ (u) < r =⇒ Fτ (l) < u ≤ Fτ (r−). (4.3)

Since µn(dx) = 1(ln,rn)(x)µ(dx), using (4.3) for the second equality we find

µn(dx) =
∫

x′∈(ln,rn)
δx′(dx)µ(dx) =

∫ Fµ(rn−)

u=Fµ(ln)
δF−1

µ (u)(dx) du.

We deduce that

η(dx) =
(
µ−

∑

n∈N
µn

)
(dx) =

∫ 1

u=0
δF−1

µ (u)(dx) du−
∑

n∈N

∫ Fµ(rn−)

u=Fµ(ln)
δF−1

µ (u)(dx) du
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=
∫

u∈J
δF−1

µ (u)(dx) du.

Since the monotone rearrangement gives an optimal coupling, we have

W1(ηk, η) +
∑

n∈N
W1(µkn, µn) =

∫ 1

0
|F−1
µk

(u)− F−1
µ (u)| du =W1(µk, µ),

hence
lim

k→+∞
W1(ηk, η) = 0 = lim

k→+∞
W1(µkn, µn), ∀n ∈ N.

Since the marginals of πk converge weakly, the sequences (µk)k∈N and (νk)k∈N are tight, and so
is (πk)k∈N. For any n ∈ N , πkn is dominated by πk, hence (πkn)k∈N is tight and therefore relatively
compact. Moreover, by W1-convergence of (µk)k∈N and (νk)k∈N, the sequences

(∫
R |x|µk(dx)

)
k∈N and(∫

R |y| νk(dy)
)
k∈N are convergent and therefore bounded. Hence the sequences

(∫
R |x|µkn(dx)

)
k∈N and(∫

R |y| νkn(dy)
)
k∈N are bounded as well and admit convergent subsequences. Since the W1-convergence

is equivalent to the weak convergence and the convergence of the first moments, we deduce that the
sequence (πkn)k∈N is relatively compact in W1. There are subsequences (πkjn )j∈N converging in W1 to a
measure π̃n, where π̃n ≤ π. The first marginal of π̃n coincides with µn due to continuity of the projection,
thus,

π̃n ≤ π|In×R = πn.

As π̃n(R× R) = µn(In) = πn(R× R), there must hold equality, i.e., π̃n = πn. In particular, (πkn)k∈N
has only a single accumulation point and is thereforeW1-convergent. Due to continuity of the projection,
(νkn)k∈N converges in W1 to νn for each n ∈ N . Analogously, we find that (υk)k∈N converges to η.

The next two lemmas explore certain scaling and restrictions of measure on condition that the trans-
formed measures are in convex order.

Lemma 4.2. Let r ≥ 1 and µ ∈ Mr(Rd) be a finite positive measure. Let m1 =
∫
R xµ(dx) and µα,

α ∈ R+ be the image of µ by y 7→ α(y −m1) +m1. Then for all α, β ∈ R+,

Wr(µα, µβ) = |β − α|
(∫

Rd
|x−m1|r µ(dx)

) 1
r

. (4.4)

Moreover, (µα)α∈R+ constitutes a peacock, i.e., α ≤ β ∈ R+ implies µα ≤c µβ.

Remark 4.3. Let η0, η1 ∈ Mr(Rd) be with equal mass and γ be an optimal coupling for Wr(η0, η1).
For all t ∈ [0, 1], let ηt be the image of γ by (y, z) 7→ (1 − t)y + tz. It is well known that the curve
[0, 1] 3 t 7→ ηt is a constant speed geodesic for Wr connecting η0 to η1. Moreover, for all 0 ≤ s ≤ t ≤ 1,
the image of γ by ((1− s)y + sz, (1− t)y + tz) is an optimal coupling for Wr(ηs, ηt).

In particular for α < β ∈ R+, η0 = δm1 and η1 = µβ , we have γ(dy, dz) = δx(dy)µβ(dz) and for
t = α

β , ηt = µα. Therefore, the image of γ by (y, z) 7→ ((1 − t)y + tz, z), that is the image of µ by
y 7→ (α(y − x) + x, β(y − x) + x), is an optimal coupling for Wr(µα, µβ), hence (4.4) is proved.

Since the proof is brief, we add it here for the sake of completeness.

Proof of Lemma 4.2. Let α ≤ β ∈ R+. We have by the triangle inequality for Wr that
(∫

Rd
|x−m1|r µβ(dx)

) 1
r

=Wr(δm1 , µ
β) ≤ Wr(δm1 , µ

α) +Wr(µα, µβ)

=
(∫

Rd
|x−m1|r µα(dx)

) 1
r

+Wr(µα, µβ).

Thus,

Wr(µα, µβ) ≥
(∫

Rd
|x−m1|r µβ(dx)

) 1
r

−
(∫

Rd
|x−m1|r µα(dx)

) 1
r
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= (β − α)
(∫

Rd
|x−m1|r µ(dx)

) 1
r

.

Since the image of µ by x 7→ (α(x−m1) +m1, β(y−m1) +m1) is a coupling between µα and µβ , we
also have the reverse inequality

Wr(µα, µβ) ≤ (β − α)
(∫

Rd
|x−m1|r µ(dx)

) 1
r

,

which proves (4.4).
To see that (µα)α∈R+ is a peacock, we fix again α ≤ β ∈ R+ and any convex function f on Rd. Due

to convexity, we have

µα(f) =
∫

Rd
f(α(x−m1) +m1)µ(dx)

≤
∫

Rd

(
α

β
f(β(x−m1) +m1) +

(
1− α

β

)
f(m1)

)
µ(dx) ≤ µβ(f).

Lemma 4.4. For all p ∈ P1(R) with barycentre m1 ∈ R and R ≥ 0, let pR be defined by

pR = p ∧c
(
R−m1

2R δ−R + R+m1
2R δR

)
if R ≥ |m1|,

and pR = δm1 otherwise. Then

(a) For all R > 0, pR ≤c p, and if R ≥ |m1|, then pR is concentrated on [−R,R].

(b) We have
W1(pR, p) −→

R→+∞
0.

Proof. Let p ∈ P1(R) be with barycentre m1 ∈ R. For all R ≥ |m1|, let ηR = R−m1
2R δ−R + R+m1

2R δR, so
that pR = p ∧c ηR. If R < |m1| then pR = δm1 so we clearly have pR ≤c p. Else, pR ≤c p still holds by
definition of the convex infimum. Moreover, since ηR is concentrated on [−R,R], so is pR by domination
in the convex order, hence (a) is proved.

To show (b), we show that for all y ∈ R,

up∧ηR(y) = co(up ∧ uηR)(y)→ up(y), R→ +∞. (4.5)

Let ε > 0. Since up(y)− |y −m1| vanishes as |y| → +∞, there exists M > 0 such that

∀y ∈ R, |y| > M =⇒ up(y) ≤ |y −m1|+ ε.

Let R0 = |m1| + supy∈[−M,M ] up(y) and R ≥ R0. The map uηR is a piecewise affine function which
changes slope at −R and R and such that uηR(y)→ +∞ as |y| → +∞. It therefore attains its minimum
either at −R where it is equal to R+m1 or at R where it is equal to R−m1, and this minimum is equal
to R − |m1|. We deduce that for all y ∈ R, uηR(y) ≥ R − |m1|. Moreover, δm1 ≤c uηR , hence we also
have up(y) ≥ |y −m1| for all y ∈ R. Let y ∈ R. If |y| ≤M , then

up(y) ≤ sup
[−M,M ]

up = R0 − |m1| ≤ R−m1 ≤ uηR(y).

Else if |y| > M and uηR(y) < up(y), then

up(y) ≤ |y −m1|+ ε ≤ uηR(y) + ε.

We deduce that for all y ∈ R and R ≥ R0, up(y)− ε ≤ (up ∧ uηR)(y). Thus, as the convex hull is the
supremum over all dominated, convex functions, this yields

up − ε ≤ co(up ∧ uηR) ≤ up,

which proves (4.5) and completes the proof.
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5 Proof of the main theorem
We consider the setting of Theorem 2.5. Before entering its technical proof, we argue that it is sufficient
to consider the case r = 1 and that we can consider without loss of generality that (µ, ν) is irreducible.

When considering a sequence of couplings (πk)k∈N which converges in AW1 to π ∈ Π(µ, ν), whose
sequence of marginal distributions (µk, νk)k∈N is converging inWr, one can deduce AWr-convergence for
the sequence of couplings. This is due to (1.3), andWr-convergence being equivalent to weak convergence
coupled with convergence of the r-moments. To see the latter, we find, when equipping X ×Pr(Y ) with
the product metric ((x, p), (x′, p′)) 7→ (drX(x, x′) +Wr

r (p, p′))1/r,
∫

X×Pr(Y )
(drX(x, x0) +Wr

r (p, δy0)) J(πk)(dx, dp) =Wr
r (µk, δx0) +Wr

r (νk, δy0)

−→
k→+∞

Wr
r (µ, δx0) +Wr

r (ν, δy0) =
∫

X×Pr(Y )
(drX(x, x0) +Wr

r (p, δy0)) J(π)(dx, dp).
(5.1)

A direct consequence is the following lemma, according to which proving Theorem 2.5 for r = 1 is
sufficient.

Lemma 5.1. In the setting of Theorem 2.5, assume that there exists a sequence of martingale couplings
πk ∈ ΠM (µk, νk), k ∈ N converging to π in AW1. Then this sequence also converges to π in AWr.

Next, Proposition 2.4 is the key ingredient to show that it is enough to prove Theorem 2.5 when
(µ, ν) is irreducible.

Lemma 5.2. If the conclusion of Theorem 2.5 holds for r = 1 and for any irreducible pair of marginals
(µ, ν), then it holds for r = 1 and for any pair (µ, ν) in the convex order.

Proof. In the setting of Theorem 2.5, fix π ∈ ΠM (µ, ν). Denote by (µn, νn)n∈N the decomposition of
(µ, ν) into irreducible components with

µ = η +
∑

n∈N
µn, ν = η +

∑

n∈N
νn.

By Proposition 2.4, we can find sub-probability measures (ηk, υk)k∈N, (µkn)(k,n)∈N×N , (νkn)(k,n)∈N×N
such that

ηk ≤c υk, µkn ≤c νkn ∀(k, n) ∈ N×N,
ηk → η, υk → η, µkn → µn, νkn → νn in W1, k → +∞.

For k ∈ N, let χk ∈ ΠM (ηk, υk) be any martingale coupling between ηk and υk. Since the marginals
both converge to η inW1, (χk)k∈N is tight and any accumulation point with respect to the weak topology
belongs to ΠM (η, η). Since χ := (id, id)∗η is the only martingale coupling between η and itself, (χk)k∈N
converges weakly to χ as k goes to +∞ and even in W1 according to (5.1). We can show that this
convergence also holds in AW1. Indeed, according to Proposition 2.1, there exists a sequence χ̃k ∈
Π(ηk, υk), k ∈ N, converging to χ in AW1. Then

AW1(χk, χ̃k) ≤
∫

R
W1(χkx, χ̃kx) ηk(dx) ≤

∫

R

(
W1(χkx, δx) +W1(δx, χ̃kx)

)
ηk(dx)

=
∫

R

∫

R
|x′ − x| (χkx + χ̃kx)(dx′) ηk(dx) =

∫

R
|x′ − x| (χk + χ̃k)(dx, dx′).

Since (x, x′) 7→ |x′ − x| ∈ Φ1(R2) and χk and χ̃k converge to χ in W1, we deduce using (1.1) that
∫

R
|x′ − x| (χk + χ̃k)(dx, dx′)→ 2

∫

R
|x′ − x|χ(dx, dx′) = 0, k → +∞,

hence,
AW1(χk, χ) ≤ AW1(χk, χ̃k) +AW1(χ̃k, χ)→ 0, k → +∞.
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By assumption, we can find for any n ∈ N a sequence (πkn)k∈N of martingale couplings between µkn
and νkn, k ∈ N, which converges in AW1 to πn as k goes to +∞, where πn denotes π restricted to the
n-th irreducible component given by (2.7). By Lemma 3.7, we have for all p ∈ N that

χk +
∑

n∈N, n≤p
πkn → χ+

∑

n∈N, n≤p
πn in AW1, k → +∞.

Moreover, the respective marginals of χk +
∑
n∈N π

k
n, namely µk and νk, converge in W1 to the

respective marginals of χ +
∑
n∈N πn, namely µ and ν. Therefore, according to Lemma 3.6 (b), there

exists a constant C > 0 such that

lim sup
k
AW1

(
χk +

∑

n∈N
πkn, χ+

∑

n∈N
πn

)
≤ C

(
I1
εp(µ) + I1

εp(ν)
)
,

where εp =
∑
n∈N,n>p µn(R) where by convention the sum over an empty set is 0. Clearly, (εp)p∈N is

a null sequence, thus Lemma 3.1 (b) reveals that the right-hand side vanishes as p goes to supN . This
proves that πk = χk +

∑
n∈N π

k
n ∈ ΠM (µk, νk) converges in AW1 to π = χ+

∑
n∈N π

k ∈ ΠM (µ, ν).

Proof of Theorem 2.5. Step 1. Due to Lemma 5.1 and Lemma 5.2, we may suppose without loss of
generality that r = 1 and (µ, ν) is irreducible with component I = (l, r), l ∈ R ∪ {−∞}, r ∈ R ∪ {+∞}.
Next, we define auxiliary martingale couplings close to π which will be easier to approximate in the limit.
We define them with the same first marginal distribution whereby the second marginal distribution is
smaller with respect to the convex order. These auxiliary couplings will satisfy two key properties: first,
their second marginal distribution must be concentrated on a compact subset of I when the first marginal
distribution is itself concentrated on a certain compact subset K of I. Second, it is essential that their
second marginal distribution has positive mass on two compact subsets of I on both sides of K.

Fix ε ∈ (0, 1
2 ). Choose a compact subset K = [a, b] of I with

µ(K{) < ε. (5.2)

Instead of directly approximating π, we initially consider the martingale coupling πR,α whose defini-
tion is given below. For any R > 0, let (πRx )x∈R be the probability kernel obtained by virtue of Lemma
4.4. By Lemma 4.4 (a) we have for all x ∈ R that πRx ≤c πx. Therefore,

W1(πRx , πx) ≤ 2
∫

R
|y|πx(dy),

where the right-hand side is a µ-integrable function of x. By Lemma 4.4 (b) we find πRx → πx in W1 as
R→ +∞. Let πR := µ× πRx , then dominated convergence yields

AW1(πR, π) ≤
∫

R
W1(πRx , πx)µ(dx)→ 0, R→ +∞.

Denote by νR the second marginal of πR. Consequently, νR converges to ν for the W1-distance and
νR ≤c ν for all R > 0. Let ã and b̃ be real numbers such that ã ∈ (l, a) and b̃ ∈ (b, r), for instance

ã = l + a

2 ∨ (a− 1) and b̃ = (b+ 1) ∧ b+ r

2 .

Since (µ, ν) is irreducible on I, ν assigns positive mass to any neighbourhood of the endpoints l and
r of I. From now on, we use the notational convention that for all c ∈ R ∪ {±∞},

[−∞, c) = {x ∈ R | x < c}, (c,+∞] = {x ∈ R | c < x} and [−∞,+∞] = R.

In particular, I = [l, r] ⊂ R. Then [l, ã) and (b̃, r] are relatively open on the common support I of
the probability measures νR and ν, so Portmanteau’s theorem yields

lim inf
R→+∞

νR([l, ã)) ≥ ν([l, ã)) > 0, lim inf
R→+∞

νR((b̃, r]) ≥ ν((b̃, r]) > 0.
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Thus, we deduce that we can choose R > 0 such that

R ≥ (−a) ∨ b,
∫

R
W1(πRx , πx)µ(dx) < ε, νR([l, ã)) > 0, and νR((b̃, r]) > 0. (5.3)

Let πR,αx be the image of πRx by y 7→ α(y − x) + x when α ∈ (0, 1). Then πR,α := µ× πR,αx satisfies
by Lemma 4.2

AW1(επ + (1− ε)πR,α, π) ≤
∫

R
W1(επx + (1− ε)πR,αx , πx)µ(dx)

≤ (1− ε)
∫

R
W1(πR,αx , πx)µ(dx)

≤
∫

R
W1(πR,αx , πRx )µ(dx) +

∫

R
W1(πRx , πx)µ(dx)

= (1− α)
∫

R

∫

R
|x− y|πRx (dy)µ(dx) +

∫

R
W1(πRx , πx)µ(dx)

≤ (1− α)
(∫

R
|x|µ(dx) +

∫

R
|y| νR(dy)

)
+
∫

R
W1(πRx , πx)µ(dx),

where the right-hand side converges to
∫
RW1(πRx , πx)µ(dx) < ε for α→ 1. Note that 2R−a−ã

2R−2ã ,
b+b̃+2R
2̃b+2R ∈

(0, 1), so we can choose α ∈ (0, 1) such that

AW1(επ + (1− ε)πR,α, π) < ε and α ≥ 2R− a− ã
2R− 2ã ∨ b+ b̃+ 2R

2̃b+ 2R
. (5.4)

Let L be a compact subset of I such that the interior L̊ of L satisfies

[(−R) ∨ (αl + (1− α)a), R ∧ (αr + (1− α)b)] ⊂ L̊.

Because R ≥ (−a) ∨ b and thereby [a, b] = K ⊂ [−R,R], we have that µ|K × πRx is concentrated on
K × ([−R,R] ∩ I). Furthermore, for any (x, y) ∈ K × ([−R,R] ∩ I), we find αy + (1− α)x ∈ L̊. Hence,
µ|K × πR,αx is concentrated on K × L̊.

Denote the second marginal of πR,α by νR,α. Since

(x, y) ∈ (l, R)× [l, ã) =⇒ l < (1− α)x+ αy < R− α(R− ã) ≤ a+ ã

2 ,

we have that

νR,α
((

l,
a+ ã

2

))
=
∫

R2
1(l, a+ã

2 )(y)πR,α(dx, dy) =
∫

R2
1(l, a+ã

2 )(αy + (1− α)x)πR(dx, dy)

≥
∫

R2
1(l,R)×[l,ã)(y)πR(dx, dy) =

∫

(l,R)
πRx ((−∞, ã))µ(dx).

If x ∈ [R,+∞), then πRx = δx and since R ≥ ã, πRx ((−∞, ã)) = 0. Added to the fact that µ is
concentrated on I, we obtain

∫

(l,R)
πRx ((−∞, ã))µ(dx) =

∫

R
πRx ((−∞, ã))µ(dx) = νR((−∞, ã)) = νR([l, ã)) > 0.

We deduce that

νR,α
((

l,
a+ ã

2

))
> 0, and similarly, νR,α

((
b+ b̃

2 , r

))
> 0. (5.5)

To summarise, we have constructed a martingale coupling πR,α ∈ ΠM (µ, νR,α) close to π with respect
to the AW1-distance, whose restriction πR,α|K×R is compactly supported on K × L and concentrated
on K × L̊. Moreover, the second marginal distribution νR,α is dominated by ν in the convex order and
assigns positive mass on both sides of K.
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Step 2. In the next step we construct a sequence of sub-probability martingale couplings supported
on a compact cube J × J (K ⊂ J ⊂ I) converging to πR,α|K×R.

Our first goal is to find a sequence νR,α,k, k ∈ N, such that µk ≤c νR,α,k ≤c νk and

W1(νR,α,k, νR,α)→ 0, k →∞. (5.6)

Defining νR,α,k by
νR,α,k = νk ∧c (µk ∨c Tk(νR,α)),

where Tk denotes the translation by the difference between the common barycentre of µk and νk and the
common barycentre of ν and νR,α, i.e.,

∫
R y ν

k(dy)−
∫
R y ν

R,α(dy), fulfils these requirements. Indeed

W1(Tk(νR,α), νR,α) =
∣∣∣∣
∫

R
y νk(dy)−

∫

R
y ν(dy)

∣∣∣∣ ≤ W1(νk, ν)→ 0,

as k goes to +∞. Then Lemma 4.1 provides νR,α,k → ν∧c (µ∨cνR,α) = νR,α inW1 as k goes to +∞. By
Proposition 2.1 we can approximate πR,α with couplings πR,α,k ∈ Π(µk, νR,α,k) in AW1. Unfortunately
the sequence πR,α,k, k ∈ N does not have to consist of solely martingale couplings. Therefore, we have to
adjust the barycentres of its disintegrations, (πR,α,kx ) to obtain martingale kernels and thereby martingale
couplings. Due to (5.5) and inner regularity of νR,α, we find compact sets

L− ⊂
(
l,
a+ ã

2

)
, L+ ⊂

(
b+ b̃

2 , r

)

with νR,α-positive measure. Let l̃, r̃ ∈ I, be such that l̃ < inf(L∪L−) and sup(L∪L+) < r̃. Then define

L̃− =
(
l̃,
a+ ã

2

)
, L̃+ =

(
b+ b̃

2 , r̃

)
and K̃ =

(
3a+ ã

4 ,
3b+ b̃

4

)
, (5.7)

so that L̃−, L̃+ and K̃ are bounded and open intervals covering respectively L−, L+ and K and such
that the distance e between L̃− ∪ L̃+ and K̃ is positive:

e = inf
{
|x− y| | (x, y) ∈ (L̃− ∪ L̃+)× K̃

}
≥ a− ã

4 ∧ b̃− b4 > 0.

Denoting J = [l̃, r̃], Figure 2 summarises the construction.

l r
L− L+K

Jl̃ r̃

a b

ã b̃

L̃− L̃+K̃ e

Figure 2: Points and intervals involved in the proof. The boundaries of the closed intervals are vertical
bars and those of the open intervals are parenthesis.

The respective restrictions of νR,α,k to L̃− and L̃+ are denoted by νk− and νk+, respectively. Since L̃−
and L̃+ are open, Portmanteau’s theorem ensures that eventually (for k sufficiently large) νk− and νk+
each have more total mass than some constant δ > 0.

By Lemma 3.4 (ii) there are µ̂k ≤ µk, ν̂k ≤ νR,α,k, π̂k = µ̂k× π̂kx ∈ Π(µ̂k, ν̂k) concentrated on K̃ × L̊,
and εk ≥ 0 such that

AW1(π̂k, (1− εk)πR,α|K×R) + εk → 0, k → +∞. (5.8)

The following procedure shows that there are for µ̂k(dx)-almost every x unique constants ck−(x), ck+(x) ∈
[0,+∞) and dk(x) ∈ [1,+∞) such that

π̃kx :=
π̂kx + ck+(x)νk+ + ck−(x)νk−

dk(x) ∈ P(R),
∫

R
y π̃kx(dy) = x, ck−(x) ∧ ck+(x) = 0.
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Note that the constraint ck−(x) ∧ ck+(x) = 0 provides
∫

R
y π̂kx(dy) ≤ x =⇒ ck−(x) = 0,

∫

R
y π̂kx(dy) ≥ x =⇒ ck+(x) = 0. (5.9)

We require π̃kx to be a probability measure with mean x, thus,

1 + ck+(x)νk+(R) + ck−(x)νk−(R) = dk(x), (5.10)∫

R
y π̂kx(dy) + ck+(x)

∫

R
y νk+(dy) + ck−(x)

∫

R
y νk−(dy) = xdk(x). (5.11)

Combining (5.9) with (5.10) and (5.11) yields

ck−(x) =
∫
R y π̂

k
x(dy)− x∫

R(x− y) νk−(dy)
∨ 0 ∈

[
0,
∣∣x−

∫
R y π̂

k
x(dy)

∣∣
eνk−(R)

]
,

ck+(x) =
x−

∫
R y π̂

k
x(dy)∫

R(y − x) νk+(dy)
∨ 0 ∈

[
0,
∣∣x−

∫
R y π̂

k
x(dy)

∣∣
eνk+(R)

]
,

dk(x) = 1 + ck−(x)νk−(R) + ck+(x)νk+(R) ∈
[

1, 1 +
∣∣x−

∫
R y π̂

k
x(dy)

∣∣
e

]
.

Remember from (5.7) that L ∪ L̃− ∪ L̃+ ⊂ [l̃, r̃] ⊂ I. Then we obtain for µ̂k(dx)-almost every x the
estimate

W1(π̃kx, π̂kx) ≤ W1

(
ck+(x)νk+ + ck−(x)νk−

dk(x) ,
dk(x)− 1
dk(x) π̂kx

)
≤ dk(x)− 1

dk(x) |r̃ − l̃|

≤
∣∣x−

∫
R y π̂

k
x(dy)

∣∣
e

|r̃ − l̃|.

Hence, the adapted Wasserstein distance between π̂k and π̃k = µ̂k × π̃kx satisfies

AW1(π̃k, π̂k) ≤
∫

R
W1(π̃kx, π̂kx) µ̂k(dx) ≤ |r̃ − l̃|

e

∫

R

∣∣∣∣x−
∫

R
y π̂kx(dy)

∣∣∣∣ µ̂k(dx)

≤ |r̃ − l̃|
e
AW1(π̂k, (1− εk)πR,α|K×R),

where we used Remark 2.2 in the last inequality. The triangle inequality and (5.8) then yield

lim
k
AW1(π̃k, (1− εk)πR,α|K×R)→ 0, k →∞. (5.12)

Next we bound the total mass which we require to fix the barycentres. We find that
∫

R

ck−(x) + ck+(x)
dk(x) µ̂k(dx) ≤ 1

e(νk−(R) ∧ νk+(R))

∫

R

∣∣∣∣x−
∫

R
y π̂kx(dy)

∣∣∣∣ µ̂k(dx)

≤ AW1(π̂k, (1− εk)πR,α|K×R)
e(νk−(R) ∧ νk+(R))

→ 0, k → +∞,

where we used Remark 2.2 again for the last inequality and the fact that νk−(R) ∧ νk+(R) ≥ δ for k large
enough for the limit. Consequently, when ν̃k denotes the second marginal of π̃k, we have for k sufficiently
large that

(1− 2ε)ν̃k ≤ (1− 2ε)ν̂k + (1− 2ε)(νk− + νk+)
∫

R

ck−(x) + ck+(x)
dk(x) µ̂k(dx) ≤ (1− ε)νR,α,k.

Step 3. In this step, we complement the martingale coupling (1−2ε)π̃k to a martingale coupling with
marginals µk and ενk+(1−ε)νR,α,k for k sufficiently large. Recall that π̃k ∈ ΠM (µ̂k, ν̃k) and πR,α|K×R ∈
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ΠM (µ|K , ν̌R,α), where ν̌R,α is the second marginal distribution of πR,α|K×R, are concentrated on the
compact cube J × J and

AW1(π̃k, (1− εk)πR,α|K×R)→ 0, k → +∞.

Furthermore, since (1− ε)πR,α − (1− 2ε)πR,α|K×R is a martingale coupling with marginals

(1− ε)µ− (1− 2ε)µ|K and (1− ε)νR,α − (1− 2ε)ν̌R,α,

we deduce by irreducibility of the pair (µ, ν) on I irreducibility of the pair of sub-probability measures

εµ+ (1− ε)µ− (1− 2ε)µ|K and εν + (1− ε)νR,α − (1− 2ε)ν̌R,α,

whose potential functions satisfy

0 ≤ uµ − u(1−2ε)µ|K < uεν+(1−ε)νR,α − u(1−2ε)ν̌R,α on I.

Since those potential functions are continuous, there exists τ > 0 such that they have distance greater
τ on J . By uniform convergence of potential functions, for k ∈ N sufficiently large we have

0 ≤ uµk − u(1−2ε)µ̂k + τ

2 ≤ uενk+(1−ε)νR,α,k − u(1−2ε)ν̃k on J.

On the complement of J we have u(1−2ε)µ̂k = u(1−2ε)ν̃k since both measures are concentrated on J
and satisfy (1− 2ε)

∫
R x µ̂

k(dx) = (1− 2ε)
∫
R y ν̃

k(dy). Therefore,

0 ≤ uµk − u(1−2ε)µ̂k ≤ uενk+(1−ε)νR,α,k − u(1−2ε)ν̃k on Jc.

By Strassen’s theorem [43], there exists ηk ∈ ΠM (µk − (1− 2ε)µ̂k, ενk + (1− ε)νR,α,k − (1− 2ε)ν̃k).
Finally, we write

πk = ηk + (1− 2ε)π̃k ∈ ΠM (µk, ενk + (1− ε)νR,α,k).
Step 4. In the last step, we show that the sequence constructed in this way is eventually close to the

original martingale coupling π in adapted Wasserstein distance.
The marginals of πk are converging inW1 to (µ, εν+(1−ε)νR,α) as k goes to +∞. We have according

to (5.12) that
(1− 2ε)AW1(π̃k, (1− εk)πR,α)→ 0, k →∞.

Since µ(K) ≥ 1 − ε, (1 − 2ε)(1 − ε) > 1 − 3ε, and εk vanishes as k goes to +∞, we have for k ∈ N
large enough

ηk(R2) =
(
επ + (1− ε)πR,α − (1− 2ε)(1− εk)πR,α|K×R

)
(R2)

= 1− (1− 2ε)(1− εk)µ(K)
≤ 3ε,

hence (3.35) writes

lim sup
k
AW1(πk, επ + (1− ε)πR,α) ≤ C(I3ε(µ) + I3ε(εν + (1− ε)νR,α)),

where C depends only on the exponent r = 1. Since νR,α ≤c ν, then εν + (1 − ε)νR,α ≤c ν, so using
Lemma 3.1 (e), the triangle inequality and (5.4), we get

lim sup
k
AW1(πk, π) ≤ lim sup

k

(
AW1(πk, επ + (1− ε)πR,α) +AW1(επ + (1− ε)πR,α, π)

)

≤ C(I3ε(µ) + I3ε(ν)) + ε.

Since the right-hand side only depends on ε and vanishes as ε goes to 0, we can reason like in the
proof of Proposition 2.3 (from (3.26)) to find a null sequence (ε̃k)k∈N, two sequences (Rk)k∈N, (αk)k∈N
with values respectively in R∗+ and (0, 1), and martingale couplings

π̊k ∈ ΠM (µk, ε̃kνk + (1− ε̃k)νRk,αk,k), k ∈ N
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such that
AW1(̊πk, π)→ 0, k → +∞. (5.13)

In particular, theW1-distance of their second marginal distributions vanishes as k goes to +∞, hence
the triangle inequality yields

W1(ε̃kνk + (1− ε̃k)νRk,αk,k, νk) ≤ W1(ε̃kνk + (1− ε̃k)νRk,αk,k, ν) +W1(ν, νk)→ 0, k → +∞.

Remember that νRk,αk,k ≤c νk, hence ε̃kνk + (1 − ε̃k)νRk,αk,k ≤c νk. Then by [30, Theorem 2.11],
there exist martingale couplings Mk ∈ ΠM (ε̃kνk + (1− ε̃k)νRk,αk,k, νk), k ∈ N such that

∫

R×R
|x− y|Mk(dx, dy) ≤ 2W1(ε̃kνk + (1− ε̃k)νRk,αk,k, νk)→ 0, k → +∞. (5.14)

Let then πk be the joint distribution of the first and third marginals of π̊k⊗̇Mk, that is

πk(dx, dy) = µk(dx)
∫

z∈R
Mk
z (dy) π̊kx(dz) ∈ ΠM (µk, νk).

Using the fact that for µk(dx)-almost every x, π̊kx(dz)Mk
z (dy) ∈ Π(̊πkx, πkx), we get

AW1(πk, π̊k) ≤
∫

R
W1(πkx, π̊kx)µk(dx) ≤

∫

R×R×R
|z − y|µk(dx)Mk

z (dy) π̊kx(dz)

=
∫

R×R
|z − y|Mk(dy, dz),

where the right-hand side vanishes by (5.14) as k goes to +∞. Then (5.13) and the triangle inequality
yield

AW1(πk, π) ≤ AW1(πk, π̊k) +AW1(̊πk, π)→ 0, k → +∞,
which concludes the proof.
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Monotonicity and stability of the Weak Martingale Optimal
Transport problem
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Abstract
Motivated by the study of the concentration of measure phenomenon and their connection with

transport-entropy inequalities, Gozlan, Roberto, Samson and Tetali [20] introduced a general notion
of transport cost problem called the Optimal Weak Transport (WOT) problem. Backhoff-Veraguas,
Beiglböck and Pammer [6] and Backhoff-Veraguas and Pammer [7] proved that under some regularity
assumption on the cost function, existence, uniqueness and stability hold for the WOT problem. Thanks
to a result proved in the companion paper [10], we recover those result in a different way.

Because the martingale constraint reflects the condition for a financial market to be arbritrage free,
it is natural in the context of mathematical finance to consider the martingale counterpart of the WOT
problem, namely the Martingale Optimal Weak Transport (WMOT) problem. Thanks to the main
theorem of the companion paper, we prove the existence, the uniqueness and most importantly the
stability of the WMOT problem under mild regularity assumption of the cost function.

We also prove that martingale C-monotonicity is sufficient for optimality of the WMOT problem,
that the so called Wasserstein projections are Lipschitz continuous in dimension 1 and finally we es-
tablish the convergence in a space of extended martingale couplings. We discuss a consequence on the
superreplication bound for VIX futures.

Keywords: Martingale Optimal Transport, Adapted Wasserstein distance, Robust finance, Weak trans-
port, Stability, Convex order, Martingale couplings.

1 Introduction and motivations

1.1 The Weak Optimal Transport problem
Motivated by the study of the concentration of measure phenomenon and their connection with transport-
entropy inequalities, whose extensive study can be found in [25, 18, 14], Gozlan, Roberto, Samson and Tetali
[20] introduced a general notion of transport cost problem called the Optimal Weak Transport (WOT)
problem, which they studied with Shu in [19]. In order to define it we introduce some notation. Let X and
Y be two Polish spaces respectively endowed with the compatible and complete metrics dX and dY . Let µ
be in the set P(X) of probability measures on X, ν ∈ P(Y ) and C : X × P(Y ) → R+ be a nonnegative
measurable function. We denote by Π(µ, ν) the set of couplings between µ and ν, that is π ∈ Π(µ, ν)
iff π ∈ P(X × Y ) is such that for any measurable subsets A ⊂ X and B ⊂ Y , π(A × Y ) = µ(A) and
π(X ×B) = ν(B). Then the WOT problem consists in the minimisation

VC(µ, ν) := inf
π∈Π(µ,ν)

∫

X

C(x, πx)µ(dx), (WOT)
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where for all π ∈ Π(µ, ν), (πx)x∈R denotes a disintegration of π with respect to its first marginal, which
we write π(dx, dy) = µ(dx)πx(dy), or with a slight abuse of notation, π = µ × πx if the context is not
ambiguous. Note that for a measurable map c : X × Y → R+, the WOT problem with the cost function
C : (x, p) 7→

∫
Y
c(x, y) p(dy) amounts to the classical Optimal Transport (OT) problem already discussed in

the companion paper [10]. In particular it was mentioned that the OT theory covers an impressive range of
applications. This particularity seems to be shared with the WOT problem, which benefits of high flexibility.
One could for instance see the recent work of Backhoff-Veraguas and Pammer [8] and the references inside
for an investigation of a connection of the WOT problem with the Schrödinger problem, the Brenier-Strassen
Theorem, optimal mechanism design, linear transfers and semimartingale transport.

In order to gain some insight on the WOT problem, we recall some results of paramount importance,
namely existence, uniqueness and stability. To formulate those results we need to introduce a more specific
setting. From now on, we fix r ≥ 1 and x0, y0 two arbitrary elements of X and Y respectively, their specific
value having no impact on our study. Let Pr(X) denote the set of all probability measures on X with finite
r-th moment, i.e.

Pr(X) =
{
p ∈ P(X) |

∫

X

drX(x, x0) p(dx) < +∞
}
. (1.1)

Let C(X) denote the set of all real-valued continuous functions on X. The set Pr(X) is equipped with
the weak topology induced by

Φr(X) = {f ∈ C(X) | ∃α > 0, ∀x ∈ X, |f(x)| ≤ α(1 + drX(x, x0))} .

Then a sequence (pk)k∈N converges in Pr(X) to p iff

∀g ∈ Φr(X), pk(g) :=
∫

X

g(x) pk(dx) −→
k→+∞

p(g) :=
∫

X

g(x) p(dx).

It is well known that the latter is equivalent to

Wr(pk, p) := inf
π∈Π(pk,p)

(∫

X×X
drX(x, y)π(dx, dy)

) 1
r

−→
k→+∞

0,

whereWr is the Wasserstein distance with index r, which is a metric on Pr(X) compatible with its topology,
turning Pr(X) into a complete separable metric space, see [3, 26, 28, 29] for much more details.

Back to the WOT problem, consider a cost function C : X × Pr(Y ) → R+ being lower semicontinu-
ous and convex in its second argument. Backhoff-Veraguas, Beiglböck and Pammer [6] prove that for all
(µ, ν) ∈ P(X) × Pr(Y ), the infimum VC(µ, ν) is attained. Moreover, the map (µ, ν) 7→ VC(µ, ν) is lower
semicontinuous. Backhoff-Veraguas and Pammer [7] also prove the stability of the WOT problem: suppose
that C ∈ Φr(X × Pr(Y )) and let µk ∈ P(X), νk ∈ Pr(Y ), k ∈ N converge respectively weakly to µ ∈ P(X)
and in Wr to ν ∈ Pr(Y ) as k goes to +∞. For k ∈ N, let πk ∈ Π(µk, νk) be optimal for V (µk, νk). Then
any accumulation point of (πk)k∈N for the weak convergence topology is a minimiser of VC(µ, ν). If the
latter has a unique minimiser π∗, which happens for instance if C is strictly convex in its second argument,
then πk converges weakly to π∗ as k goes to +∞. In the latter case, when µk, µ belong to Pr(X) and the
convergence of µk to µ holds in Wr, then one can easily show that

πk −→
k→+∞

π∗ in Wr. (1.2)

However, the topology induced by the Wasserstein distance in not always well suited for any setting,
especially in mathematical finance, since its symmetry does not take into account the temporal structure of
martingales. As explained in the companion paper [10], it is sometimes necessary to strengthen the usual
topology and therefore consider the adapted Wasserstein distance AWr of index r defined for all couplings
π = µ× πx, π′ = µ′ × π′x ∈ P(X × Y ) by

AWr(π, π′) = inf
χ∈Π(µ,µ′)

(∫

X×X
(drX(x, x′) +Wr

r (πx, π′x′)) χ(dx, dx′)
) 1
r

.
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It will prove important to observe that

AWr(π, π′) =Wr(J(π), J(π′)), (1.3)

where J is the trivial embedding map from P(X × Y ) to P(X × P(Y )), namely

J : P(X × Y ) 3 π = µ× πx 7→ µ(dx) δπx(dp) ∈ P(X × P(Y )). (1.4)

There exist other ways to adapt the usual weak topoly: Hellwig’s information topology [23], Aldous’s
extended weak topology [1] or the optimal stopping topology [4]. But we do not lose generality by using
the topology induced by the adapted Wasserstein distance since strikingly, all those apparently independent
topologies are actually equal, at least in discrete time [4, Theorem 1.1]. By the connection Backhoff-Veraguas
and Pammer establish between the WOT problem and an extended version of it, in the setting of (1.2) when
C is strictly convex in its second argument, we can derive the convergence of J(πk) to J(π∗) in Wr as k
goes to +∞, which by (1.3) is equivalent to the convergence of the minimiser πk of VC(µk, νk) to the only
minimiser π∗ of VC(µ, ν) in AWr.

In the companion paper we prove that any coupling whose marginals are approximated by probability
measures can be approximated by couplings with respect to the adaptedWasserstein distance (see Proposition
2.3 below). We show in the present paper that this result allows us to recover the existence, uniqueness and
most importantly the stability of the WOT problem under less regularity assumption on the cost function.

1.2 The Martingale Weak Optimal Transport problem
The classical OT theory is not sufficient to solve some major problems raised by the field of mathematical
finance, such as robust model-independent pricing. Indeed, Beiglböck, Henry-Labordère and Penkner [9]
showed in a discrete time setting and Galichon, Henry- Labordère and Touzi [17] in a continuous time
setting that one would need an additional martingale constraint to the OT problem in order to get model-
free bounds of an option price. This martingale constraint reflects the condition for a financial market to be
arbritrage free. This leads to the formulation of the Martingale Optimal Transport (MOT) problem recalled
in the companion paper [10]. With regard to this, it is natural to study a martingale counterpart of the
WOT problem.

Let d ∈ N∗, C : Rd × P(Rd) → R+ and µ, ν ∈ P1(Rd). Then the Martingale Optimal Weak Transport
(WMOT) problem consists in the minimisation

VMC (µ, ν) := inf
π∈ΠM (µ,ν)

∫

Rd
C(x, πx)µ(dx), (WMOT)

where ΠM (µ, ν) denotes the set of martingale couplings between µ and ν, that is

ΠM (µ, ν) =
{
π = µ× πx ∈ Π(µ, ν) | µ(dx)-almost everywhere,

∫

R
y πx(dy) = x

}
.

According to Strassen’s theorem [27], the existence of a martingale coupling between two probability
measures µ, ν ∈ P1(Rd) is equivalent to µ ≤c ν, where ≤c denotes the convex order. We recall that two
finite positive measures µ, ν on Rd with finite first moment are said to be in the convex order iff we have

∫

Rd
f(x)µ(dx) ≤

∫

Rd
f(y) ν(dy),

for every convex function f : Rd → R. Note that by evaluating this inequality for the constant function
equal to 1, the identity function and their opposites, we have that µ and ν have equal mass and satisfy∫
Rd xµ(dx) =

∫
Rd y ν(dy). For a measurable map c : X × Y → R+, the WMOT problem with the cost

function C : (x, p) 7→
∫
Y
c(x, y) p(dy) amounts to the MOT problem already discussed in the companion

paper [10].
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The main result of the companion paper is that any martingale coupling whose marginals are approx-
imated by probability measures in the convex order can be approximated by martingale couplings with
respect to the adapted Wasserstein distance, see Theorem 2.4 below. Similarly as for the WOT problem, we
prove in the present paper thanks to the latter theorem the existence, the uniqueness and most importantly
the stability of the WMOT problem under reasonable regularity assumptions on the cost function.

In particular we recover the stability of the MOT problem proved by Backhoff-Veraguas and Pammer
[7]. To do so, they used the tool of martingale C-monotonicity by proving that it was a stable necessary
optimality criterion. However the question remained open whether any martingale coupling satisfying this
condition is optimal. We show here that it is indeed the case under mild regularity assumptions on the cost
function.

1.3 Outline
We state in Section 2 the main results of the present paper, namely the stability of the WOT and the
WMOT problems, the sufficient optimality criterion of martingale C-monotonicity for the WMOT problem,
the Lipschitz continuity of the so called Wasserstein projections and the convergence of an extended space of
martingale couplings. We also connect this work with an application on the superreplication bound for VIX
futures. Those results have their own devoted section. Section 3 consists of the unified proof of the stability
of the WOT and the WMOT problems. Section 4 consists in showing that martingale C-monotonicity is
sufficient for optimality for the WMOT problem. Finally Section 5 is an appendix which gathers the proofs
of useful lemmas.

2 Main results

2.1 An extension of the weak and adapted topologies
For r ≥ 1, the Wasserstein distance Wr is widely used to measure the distance between two probability
measures with finite r-th moment. In order to measure the distance between two couplings, one could also
use the stronger adapted Wasserstein distance for reasons discussed above. Despite being very handy, those
distances sometimes lack topological convenience. For example, theWr-balls {p ∈ Pr(X) | Wr(p, δx0) ≤ R},
R > 0, are not compact for the Wr-distance topology. This observation is not without consequences since
it stood in the way of our proof that martingale C-monotonicity is a sufficient optimality criterion for the
WMOT problem (see Section 2.4 below).

In order to overcome that hurdle, we choose in the present paper to work in a finer topology which
benefits of more convenient and flexible properties. We give the definition here as well as some insight to
understand its basic properties. All proofs and technical details are deferred to Section 5.1 below.

Definition 2.1. Let f : X → [1,+∞) be continuous. We consider the space

Pf (X) = {p ∈ P(X) | p(f) < +∞} .

We equip Pf (X) with the topology induced by the following convergence: a sequence (pk)k∈N ∈ Pf (X)N
converges in Pf (X) to p iff one of the two following assertions is satisfied:

(i) pk −→
k→+∞

p in P(X) and pk(f) →
k→+∞

p(f).

(ii) pk(h) −→
k→+∞

p(h) for all h ∈ Φf (X) := {h ∈ C(X) | ∃α > 0, ∀x ∈ X, |h(x)| ≤ αf(x)}.

Unless explicitly stated otherwise, P(X) is endowed with the weak convergence topology; for r ≥ 1,
Pr(X) is endowed with the Wr-distance topology; for f : X → [1,+∞) continuous, Pf (X) is endowed with
the topology induced by the convergence (2.1). When f is the map x 7→ 1+drX(x, x0), then Pf (X) = Pr(X)
and the two topologies match. Hence the reader who is not willing to consider this extension may completely
disregard it and consistently view Pf (X) as the usual Wasserstein space Pr(X).
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We will mainly address convergences of probability measures in terms of topology. However it will
sometimes prove useful to consider the metric Wf defined on Pf (X) by

∀p, q ∈ Pf (X), Wf (p, q) := sup
h : X→[−1,1],
h is 1-Lipschitz

(p(fh)− q(fh)), (2.1)

which is a complete metric compatible with the topology on Pf (X).
A continuous function g : Y → [1,+∞) can naturally be lifted to a continuous function ĝ : Pg(Y ) →

[1,+∞) by setting
∀p ∈ Pf (Y ), ĝ(p) = p(g). (2.2)

We will often consider probability measures on P(Y ). A very convenient aspect of the extended topology
is that the spaces Pĝ(P(Y )) and Pĝ(Pg(Y )) and their respective topologies, a priori different, are actually
equal. If moreover Pg(Y ) is endowed with the metric Wg, then those topological spaces are also equal to
P1(Pg(Y )), whose definition is given by (1.1) with (1,Pg(Y ),Wg) replacing (r,X, dX). Therefore one can
freely switch between the topological spaces Pĝ(P(Y )), Pĝ(Pg(Y )) and P1(Pg(Y )).

It is also possible to extend the adapted weak topology, in the spirit of (1.3). Recall the map J defined
by (1.4) which embeds P(X × Y ) into P(X × P(Y )). For two real-valued functions f and g respectively
defined on X and Y , we denote by f ⊕ g the map X × Y 3 (x, y) 7→ f(x) + g(y).

Definition 2.2. Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous. For k ∈ N, let µk, µ ∈ Pf (X),
νk, ν ∈ Pg(Y ), πk ∈ Π(µk, νk) and π ∈ Π(µ, ν). We say that (πk)k∈N converges in AWf⊕ĝ to π if one of the
two following equivalent assertions is satisfied:

(i) J(πk) −→
k→+∞

J(π) in Pf⊕ĝ(X × P(Y )).

(ii) J(πk) −→
k→+∞

J(π) in P(X × P(Y )), µk(f) −→
k→+∞

µ(f) and νk(g) −→
k→+∞

ν(g).

There also holds the convenient fact that Pf⊕ĝ(X × P(Y )) and Pf⊕ĝ(X × Pg(Y )) and their respective
topologies are equal, hence we can rephrase (i) as J(πk) −→

k→+∞
J(π) in Pf⊕ĝ(X × Pg(Y )). When f and g

are respectively the maps x 7→ 1 + drX(x, x0) and y 7→ 1 + drY (y, y0), then (πk)k∈N converges in AWf⊕ĝ to
π iff it converges in AWr. Once again, the reader may skip this extension and consider as he wishes that
convergences in AWf⊕ĝ mean convergences in AWr.

2.2 Stability
The stability of the WOT and WMOT problems, or more generally of any optimal transport problem, with
respect to their marginals, are of paramount importance. Indeed, those problems are often computationally
solvable when the marginals are finitely supported. It is therefore natural to discretise the marginals and
solve the discretised problem, but this approach works only if we know that the discretised cost converges to
the original one, which is assured when the stability holds. Another issue is that the marginals often derive
from noisy data. In that context, if the stability of the cost function with respect to the marginals does not
hold, then solving it is meaningless.

The proof of the stability of the WOT problem relies on the following extension to the finer topology of
the approximation of couplings on the line in the weak adapted topology proved in the companion paper
[10, Proposition 2.3]. This extension is an easy consequence of the equivalence stated in Definition 2.2.

Proposition 2.3. Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous. Let µk ∈ Pf (R), νk ∈ Pg(R),
k ∈ N, respectively converge to µ and ν in Pf (R) and Pg(R) respectively. Then there is for any π ∈ Π(µ, ν)
a sequence of couplings πk ∈ Π(µk, νk), k ∈ N converging to π in AWf⊕ĝ.

In the martingale setting, we recall the main theorem of the companion paper, namely that any mar-
tingale couplings whose marginals are approximated by probability measures in the convex order can be
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approximated by martingale couplings with respect to the adapted Wasserstein distance. We state it in the
setting of our extended topology, which is also a direct consequence of the equivalence stated in Definition
2.2. For r ≥ 1, we denote by Fr(X) the set of continuous functions f : X → [1,+∞) which dominate
x 7→ 1 + drX(x, x0), that is

∀x ∈ X, f(x) ≥ 1 + drX(x, x0). (2.3)

Theorem 2.4. Let f ∈ F1(R) and g ∈ F1(R). Let µk ∈ Pf (R) and νk ∈ Pg(R), k ∈ N, be in convex order
and respectively converge to µ and ν in Pf (R) and Pg(R). Let π ∈ ΠM (µ, ν). Then there exists a sequence
of martingale couplings πk ∈ ΠM (µk, νk), k ∈ N converging to π in AWf⊕ĝ.

We recall that a sequence (µk)k∈N of probability measures on X is said to converge strongly to some
µ ∈ P(X) iff for any measurable subset A ⊂ X, µk(A) converges to µ(A) as k goes to +∞.

Theorem 2.5. Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous. Let X and Y be Polish spaces,
C : X × Pg(Y ) → R be convex in the second argument, lower semicontinuous and such that there exists a
constant K > 0 which satisfies for all (x, p) ∈ X × Pg(Y )

|C(x, p)| ≤ K
(
f(x) +

∫

Y

g(y) p(dy)
)
. (2.4)

For k ∈ N, let µk ∈ Pf (X) and νk ∈ Pg(Y ) converge in Pf (X) and Pg(Y ) as k → +∞ to µ and ν
respectively. Then

(a) Existence: there exists π∗ ∈ Π(µ, ν) which minimises VC(µ, ν).

(b) Stability of the cost function: suppose that one of the following holds true:

(A) C is continuous.
(B) C is continuous in the second argument and µk converges strongly to µ as k → +∞.

Then there holds
VC(µk, νk) −→

k→+∞
VC(µ, ν). (2.5)

(c) Stability of the minimisers: suppose that (2.5) holds. For k ∈ N let πk,∗ ∈ Π(µk, νk) be a minimiser of
VC(µk, νk). Then any accumulation point of (πk,∗)k∈N for the weak convergence topology is a minimiser
of VC(µ, ν). If the latter has a unique minimiser π∗, then

πk,∗ −→
k→+∞

π∗ in Pf⊕g(X × Y ). (2.6)

(d) Uniqueness: if C is strictly convex in the second argument, then the minimisers are unique and the
convergence (2.6) holds in AWf⊕ĝ.

Note that the WMOT problem is in fact a particular case of the WOT problem. Indeed, the resolution
of the WMOT problem between µ, ν ∈ P1(Rd) for a cost function C : Rd × P(Rd) → R+ amounts to the
resolution of the WOT problem between the same marginals and the cost function

C̃ : Rd × P(Rd) 3 (x, p) 7→
{
C(x, p) if

∫
Y
y p(dy) = x

+∞ else ∈ R+ ∪ {+∞}.

Since infinite-valued cost functions are not admissible in the setting of Theorem 2.5, the case of the
stability of the WMOT problem requires its own statement.
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Theorem 2.6. Let f ∈ F1(Rd) and g ∈ F1(Rd). Let C : Rd × Pg(Rd) → R ∪ {+∞} be convex in the
second argument, lower semicontinuous and such that there exists a constant K > 0 which satisfies for all
(x, p) ∈ Rd × Pg(Rd)

|C(x, p)| ≤ K
(
f(x) +

∫

Y

g(y) p(dy)
)
. (2.7)

For k ∈ N, let µk ∈ Pf (Rd) and νk ∈ Pg(Rd) be such that µk ≤c νk and µk, resp. νk, converges to µ in
Pf (Rd), resp. ν in Pg(Rd) as k → +∞. Then

(a’) Existence: there exists π∗ ∈ ΠM (µ, ν) which minimises VMC (µ, ν).

(b’) Stability of the cost function in dimension 1: suppose that d = 1 and one of the following holds true:

(A) C is continuous.
(B) C is continuous in the second argument and µk converges strongly to µ as k → +∞.

Then there holds
VMC (µk, νk) −→

k→+∞
VMC (µ, ν). (2.8)

(c’) Stability of the minimisers: suppose that (2.8) holds. For k ∈ N let πk,∗ ∈ ΠM (µk, νk) be a minimiser
of VMC (µk, νk). Then any accumulation point of (πk,∗)k∈N for the weak convergence topology is a
minimiser of VMC (µ, ν). If the latter has a unique minimiser π∗, then

πk,∗ −→
k→+∞

π∗ in Pf⊕g(Rd × Rd). (2.9)

(d’) Uniqueness: if C is strictly convex in the second argument, then the minimisers are unique and the
convergence (2.9) holds in AWf⊕ĝ.

Remark 2.7. We actually show that (a’), (b’), (c’) and (d’) are still valid when there exist two Polish
subspaces X and Y of Rd such that f is defined on X, g on Y , (2.7) holds for all (x, p) ∈ X × Pg(Y ) such
that

∫
Rd y p(dy) = x, µk ∈ Pf (X) converges in Pf (X) to µ ∈ Pf (X) and νk ∈ Pf (Y ) converges in Pf (Y ) to

ν ∈ Pf (Y ) as k → +∞.

We can exhibit a strong connection betwen the (WMOT) problem and a Benamou-Brenier type formu-
lation of the MOT problem suggested by [5]. In dimension one, this problem consists for two probability
measures µ, ν in the convex order in maximising

MT (µ, ν) := supE
[∫ 1

0
σt dt

]
(MBB)

over all filtered probability spaces (Ω, (Ft)t∈[0,1],P), real-valued (Ft)t∈[0,1]-progressive process (σt)t∈[0,1] and
real-valued (Ft)t∈[0,1]-Brownian motions (Bt)t∈[0,1] such that the process

(Mt)t∈[0,1] =
(
M0 +

∫ t

0
σs dBs

)

t∈[0,1]

is a continuous martingale which satisfies M0 ∼ µ and M1 ∼ ν. When the second moment of ν is finite, then
(MBB) has a unique maximiser (M∗t )t∈[0,1] [5, Theorem 1.5] called the stretched Brownian motion from µ
to ν, since it is the martingale subject to the constraints M∗0 ∼ µ and M∗1 ∼ ν which correlates the most
with the Brownian motion.

Let C2 : R × P2(R) → R be defined for all (x, p) ∈ R × P2(R) by C2(x, p) = W2
2 (p,N (0, 1)), where

N (0, 1) denotes the unidimensional standard normal distribution. Let µ, ν ∈ P2(R) be in the convex order
and VMC2

(µ, ν) be the value function given by (WMOT) for the cost function C2. Let π∗ ∈ ΠM (µ, ν) be
optimal for VMC2

(µ, ν) and M∗ be the stretched Brownian motion from µ to ν. Then Remark 2.1, Theorem
2.2 and Remark 2.3 from [5] imply that
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(a) MT (µ, ν) = 1
2
(
1 +

∫
R |y|2 ν(dy)− VMC2

(µ, ν)
)
;

(b) π∗ is the joint probability distribution of (M∗0 ,M∗1 ), and conversely

∀t ∈ [0, 1], M∗t = E
[
F−1
π∗
X

(FN (0,1)(B1))|X, (Bs)0≤s≤t
]
, (2.10)

where X ∼ µ is a random variable independent of the Brownian motion (Bt)t∈[0,1], and Fη, resp. F−1
η

denotes the cumulative distribution function, resp. the quantile function of a probability distribution
η ∈ P(R).

As a consequence of Theorem 2.6, for r ≥ 2, the stretched Brownian motion between converging marginals
in Wr converges in AWr to the stretched Brownian motion between the limits. Because of the martingale
structure, we even have an estimate of the AWr-distance between the joint probability distributions of the
initial position and the whole trajectory.

Corollary 2.8 (Stability of the unidimensional stretched Brownian motion). Let r ≥ 2 and µk, νk, µ, ν ∈
Pr(R), k ∈ N be such that for all k ∈ N, µk ≤c νk and µk, resp. νk, converges to µ, resp. ν, in Wr.

For k ∈ N, let Mk be the stretched Brownian motion from µk to νk and M∗ be the stretched Brownian
motion from µ to ν. Equipping C([0, 1]) with the supremum distance and denoting by L(Z) the law of any
random variable Z, we have the estimate

AWr
r

(
L(Mk

0 , (Mk
t )t∈[0,1]),L(M∗0 , (M∗t )t∈[0,1])

)
≤
(

r

r − 1

)r
AWr

r

(
L(Mk

0 ,M
k
1 ),L(M∗0 ,M∗1 )

)
,

and the right-hand side vanishes as k goes to +∞.

2.3 Stability of the superreplication bound for VIX futures
The Volatility Index (VIX), often referred to as the Fear Index, is a popular measure to determine market
sentiment. When investors expect the market to move vigorously, they typically tend to purchase more
options, which has an impact on implied volatility levels. The VIX is by definition the implied volatility
calculated on a 30 days horizon on the S&P 500. The more the VIX increases, the more demand is expressed
for options, which become more expensive. In that case the market is described as volatile. Conversely,
a decreasing VIX often means less demand and therefore decreasing option prices, hence the market is
perceived as calm.

We consider a financial market composed of two financial assets: the risk-free asset and the S&P 500
(St)t∈{T1,T2}, tradable at dates T1 and T2 = T1 +30 days. We suppose known the market price of call options
for any strike K ≥ 0, so that by the Breeden-Litzenberger formula [15] we get the respective probability
distributions µ and ν of ST1 and ST2 . We allow trading at time 0 in vanilla options with maturities T1 and
T2, and trading at time T1 in the S&P 500 and the forward-starting log-contract, that is the option with
payoff −2

T2−T1
ln ST2

ST1
at T2. In this setting, Guyon, Menegaux and Nutz [22] derive the model-independent

arbitrage-free upper bound for the VIX future expiring at T1, given by the smallest superreplication price
at time 0

Psuper(µ, ν) = inf
(∫

(0,+∞)
u1(x)µ(dx) +

∫

(0,+∞)
u2(y) ν(dy)

)
, (2.11)

where the infimum is taken over all (u1, u2) ∈ L1(µ)×L1(ν) and measurable maps ∆S ,∆L such that for all
(x, y, v) ∈ (0,+∞)2 × [0,+∞),

u1(x) + u2(y) + ∆S(x, v)(y − x) + ∆L(x, v)
(
− 2
T2 − T1

ln y
x
− v2

)
− v (2.12)
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is nonnegative. Similarly, the model-independent arbritrage-free lower bound for the VIX future expiring at
T1 is given by the largest subreplication price at time 0

Psub(µ, ν) = sup
(∫

(0,+∞)
u1(x)µ(dx) +

∫

(0,+∞)
u2(y) ν(dy)

)
,

where the supremum is taken over all (u1, u2) ∈ L1(µ)× L1(ν) and measurable maps ∆S ,∆L such that for
all (x, y, v) ∈ (0,+∞)2 × [0,+∞), (2.12) is nonpositive.

Note that the primal problem Psuper(µ, ν) involves in (2.12) three variables x, y, s, which stand respectively
for the S&P 500 at time T1, the S&P 500 at time T2, and the VIX at time T1. We would then naturally
expect the dual formulation to involve three marginals. Strikingly, the dual side of the superreplication of
the VIX takes the form of a WMOT problem with 2 marginals only thanks to concavity of the square root,
see [22, Proposition 4.10].

Proposition 2.9 (Guyon, Menegaux, Nutz, 2017). Let 0 < T1 < T2 and f : [1,+∞) → R+ be given by
f(x) = | ln(x)|+ |x|. Let µ, ν ∈ Pf ((0,+∞)) be in the convex order, then the dual problem Dsuper consists of

Dsuper(µ, ν) = sup
π∈ΠM (µ,ν)

∫

(0,+∞)
CV IX(x, πx)µ(dx), (2.13)

when CV IX : (0,+∞)×Pf ((0,+∞)), (x, p) 7→
√
− 2
T2−T1

∫
(0,+∞) ln

(
y
x

)
p(dy). The values of Psuper(µ, ν) and

Dsuper(µ, ν) coincide.

The fact that µ and ν are defined on (0,+∞) motivated Remark 2.7, that is the consideration of the
stability of the WMOT problem in the setting of Polish subspaces of Rd. Note that CV IX is indeed an
admissible weak transport cost: on {(x, p) ∈ (0,+∞)× Pf ((0,+∞)) |

∫
(0,+∞) y p(dy) = x} it is well-defined

and continuous, and the map p 7→ CV IX(x, p) is concave on {p ∈ Pf ((0,+∞)) |
∫
R y p(dy) = x} for fixed

x ∈ (0,+∞). Hence, we can apply Theorem 2.6 and find that the robust superreplication bound for VIX
futures depends continuously on the marginals:

Corollary 2.10. In the setting of Proposition 2.9, let the pairs µk, νk ∈ Pf ((0,+∞)), k ∈ N, be in convex
order and converge in Pf (R) to µ and ν respectively. Then there exist maximisers πk,∗ ∈ ΠM (µk, νk),

lim
k→+∞

Dsuper(µk, νk) = Dsuper(µ, ν),

and any weak accumulation point of (πk,∗)k∈N maximises Dsuper(µ, ν).

2.4 Martingale monotonicity
A remarkable tool in the theory of optimal transport is cyclical monotonicity. It allows to determine opti-
mality of a coupling only by knowing its support. In its spirit the notion of finite optimality was developed
in context of martingale optimal transport in [11] and [21].

Definition 2.11 (Competitor). Let α = µ×αx ∈ P1(R×R). We call α′ = µ′×α′x ∈ P1(R×R) a competitor
of α, if

µ = µ′ and
∫

R
y α′x(dy) =

∫

R
y αx(dy), µ(dx)-almost everywhere.

Definition 2.12 (Finite optimality). Let c : R×R→ R be a cost function. We say that a Borel set Γ ⊂ R×R
is finitely optimal for c if for every probability measure α ∈ P(R× R) finitely supported on Γ, we have

∫

R×R
c(x, y)α(dx, dy) ≤

∫

R×R
c(x, y)α′(dx, dy),

for every competitor α′ of α.
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Under the assumption that c is continuous and sufficiently integrable, there was shown in [11, Lemma
A.2] and [21, Theorem 1.3] that a martingale coupling is optimal if it is concentrated on a finitely optimal
set.

Recently the notion of martingale C-monotonicity, c.f. [7], was introduced for martingale optimal weak
transport (WMOT), which was therein used to show stability of the martingale optimal transport problem.

Definition 2.13 (Martingale C-monotonicity). We say that a Borel set Γ ⊂ R × P1(R) is martingale C-
monotone iff for any N ∈ N, any collection (x1, p1), . . . , (xN , pN ) ∈ Γ and q1, . . . , qN ∈ P1(R) such that∑N
i=1 pi =

∑N
i=1 qi and

∫
R y pi(dy) =

∫
R y qi(dy), we have

N∑

i=1
C(xi, pi) ≤

N∑

i=1
C(xi, qi).

So far, it was known that martingale C-monotonicity is a necessary optimality criterion in the following
sense, c.f. [7, Theorem 3.4]: let π∗ ∈ ΠM (µ, ν) be a martingale coupling which minimises (WMOT), then
J(π∗) is concentrated on a martingale C-monotone set. This means explicitly that there is a martingale
C-monotone set Γ with

(x, πx) ∈ Γ for µ(dx)-almost every x. (2.14)

Remark 2.14. Conversely, if π ∈ ΠM (µ, ν) is a finitely supported coupling of the form 1
N

∑N
i=1 δxi(dx) pi(dy)

for x1 < · · · < xn ∈ R and p1, · · · , pN ∈ P1(R) and satisfies (2.14), then it is optimal. Indeed, in that
case (x1, p1), · · · , (xN , pN ) ∈ Γ and any martingale coupling π′ ∈ ΠM (µ, ν) is of the form π′(dx, dy) =
1
N

∑N
i=1 δxi(dx) qi(dy), where q1, · · · , qN ∈ P1(R) are such that

∑N
i=1 pi =

∑N
i=1 qi and for all i ∈ {1, · · · , N},∫

R y pi(dy) = xi =
∫
R y qi(dy). By definition of martingale C-monotonicity, we get

∫

R×R
C(x, πx)µ(dx) = 1

N

N∑

i=1
C(xi, pi) ≤

1
N

N∑

i=1
C(xi, qi) =

∫

R2
C(x, π′x)µ(dx),

hence π is optimal.

However, the question remained open if any martingale coupling satisfying (2.14) is optimal. The stability
result, Theorem 2.6, allows us to confirm that this is indeed the case.

Theorem 2.15 (Sufficiency). Let f : R→ [1,+∞) and g : R→ [1,+∞) be continuous. Let µ ∈ Pf (R) and
ν ∈ Pg(R) be in convex order, and C : R × Pg(R) → R be a measurable cost function, continuous in the
second argument and such that there exists a constant K > 0 which satisfies

∀(x, p) ∈ R× Pg(R), C(x, p) ≤ K
(
f(x) +

∫

R
g(y) p(dy)

)
,

Let Γ be martingale C-monotone and π ∈ ΠM (µ, ν) be such that we have (2.14). Then π is optimal for
(WMOT).

In turn Theorem 2.15 allows us to strengthen [11, Lemma A.2] and [21, Theorem 1.3] by assuming less
continuity of the cost function.

Corollary 2.16. Let f : R→ [1,+∞) and g : R→ [1,+∞) be continuous. Let µ ∈ Pf (R) and ν ∈ Pg(R) be
in convex order, c : R×R→ R be measurable and y 7→ c(x, y) be continuous for all x ∈ R. Furthermore, let
K > 0 be a constant such that

c(x, y) ≤ K(f(x) + g(y)), ∀(x, y) ∈ R× R.

Then π ∈ ΠM (µ, ν) is finitely optimal if and only if π is optimal for the MOT problem.
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3 Stability
This section is devoted to the proof of Theorem 2.5 and Theorem 2.6 about the stability of (WOT) and
(WMOT), and the corollary on the stability of the stretched Brownian motion in dimension one.

Proof of Theorem 2.5 and Theorem 2.6. First, we prove (a) and (a’). Let Π̂(µ, ν) = Π(µ, ν) and V̂C(µ, ν) =
VC(µ, ν) in the setting of Theorem 2.5, and Π̂(µ, ν) = ΠM (µ, ν) and V̂C(µ, ν) = VMC (µ, ν) in the setting of
Theorem 2.6.

Let (πn)n∈N ∈ Π̂(µ, ν)N be such that
∫
X
C(x, πnx )µ(dx) converges to V̂C(µ, ν) as n→ +∞. By tightness

of µ and ν we deduce the existence of a subsequence (πnl)l∈N of (πn)n∈N which converges to some π∗ ∈
Π̂(µ, ν) with respect to the weak convergence topology and therefore the topology of Pf⊕g(X × Y ) since
πnl(f ⊕ g) = µ(f) + ν(f) = π∗(f ⊕ g) for all l ∈ N. By Proposition 5.8 (b) below we then have

V̂C(µ, ν) ≤
∫

X

C(x, π∗x)µ(dx) ≤ lim inf
l→+∞

∫

X

C(x, πnlx )µ(dx) = V̂C(µ, ν),

which shows that π∗ is a minimiser for V̂C(µ, ν) and proves (a) and (a’).
We now show that the convergence

V̂C(µk, νk) −→
k→+∞

V̂C(µ, ν) (3.1)

holds under either Assumption (A) or Assumption (B) in the setting of Theorem 2.5, and in the setting
of Theorem 2.6 as soon as d = 1, which will prove (b) and (b’). Let π∗ be a minimiser of V̂C(µ, ν). By
Proposition 2.3 in the setting of Theorem 2.5 and Theorem 2.4 in the setting of Theorem 2.6 if d = 1, there
exists a sequence πk ∈ Π̂(µk, νk), k ∈ N, which converges to π∗ in AWf⊕ĝ, which is equivalent to J(πk)
converging to J(π∗) in Pf⊕ĝ(X × P(Y )).

Under Assumption (A), we then have by Lemma 5.12 (b) that
∫

X×Pg(Y )
C(x, p) J(πk)(dx, dp) −→

k→+∞

∫

X×Pg(Y )
C(x, p) J(π∗)(dx, dp). (3.2)

Under Assumption (B), the strong convergence of (µk)k∈N to µ and the weak convergence of (J(πk))k∈N
to J(π∗) imply by Lemma 5.11 (b) that (J(πk))k∈N converges stably to J(π∗), hence (3.2) still holds by
Lemma 5.12 (d).

Using (3.2) for the second equality, we then have

lim sup
k→+∞

V̂C(µk, νk) ≤ lim sup
k→+∞

∫

X

C(x, πkx)µk(dx)

= lim sup
k→+∞

∫

X×Pg(Y )
C(x, p) J(πk)(dx, dp)

=
∫

X×Pg(Y )
C(x, p) J(π∗)(dx, dp)

= V̂C(µ, ν).

(3.3)

Let (V̂C(µkl , νkl))l∈N be a subsequence of (V̂C(µk, νk))k∈N converging to lim infk→+∞ V̂C(µk, νk). Let
π̃ ∈ Π̂(µ, ν) be an accumulation point of (πkl,∗)l∈N with respect to the weak convergence topology, which
exists by tightness of the marginals. Note that in the martingale case, the fact that π̃ is a martingale coupling
is guaranteed by the W1-convergence of the marginals. Then by Proposition 5.8 (b) below, we find that

lim inf
k→+∞

V̂C(µk, νk) = lim
l→+∞

∫

X

C(x, πkl,∗x )µkl(dx) ≥
∫

X

C(x, π̃x)µ(dx) ≥ V̂C(µ, ν).
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With (3.3), we conclude that limk→+∞ V̂C(µk, νk) = V̂C(µ, ν), which proves (3.1).
Let us now prove (c) and (c’), assuming that (3.1) holds. For k ∈ N, let πk,∗ ∈ Π̂(µk, νk) be a minimiser

of V̂C(µk, νk). For any subsequence (πkj ,∗)j∈N of (πk,∗)k∈N converging weakly to some π̃, Proposition 5.8 (b)
below ensures that

V̂C(µ, ν) = lim
j→+∞

V̂C(µkj , νkj ) = lim
j→+∞

∫

X

C(x, πkj ,∗x )µ(dx) ≥
∫

X

C(x, π̃x)µ(dx) ≥ V̂C(µ, ν),

so π̃ is a minimiser of V̂C(µ, ν). In particular if V̂C(µ, ν) has a unique minimiser π∗, it is the unique
accumulation point with respect to the weak convergence topology of the tight sequence (πk,∗)k∈N, which
therefore converges to π∗ weakly and even in Pf⊕g(X×Y ) since its marginals converge in Pf (X) and Pg(Y )
respectively. Hence (c) and (c’) are proved.

Finally, let us show (d) and (d’). The strict convexity of C(x, ·) for all x ∈ X yields uniqueness of
the minimisers. Indeed when π, π̃ ∈ Π̂(µ, ν) then 1

2 (π + π̃) ∈ Π̂(µ, ν). When, moreover, π 6= π̃, then
µ({x ∈ X | πx 6= π̃x}) > 0 and since C(x, 1

2 (πx + π̃x)) ≤ 1
2 (C(x, πx) + C(x, π̃x)) with strict inequality when

πx 6= π̃x, ∫

X

C

(
x,
πx + π̃x

2

)
µ(dx) < 1

2

(∫

X

C(x, πx)µ(dx) +
∫

X

C(x, π̃x)µ(dx)
)
. (3.4)

Let then π∗ be the only minimiser of V̂C(µ, ν). To conclude the proof, it is enough to show that J(πk,∗)
converges to J(π∗) in Pf⊕ĝ(X × P(Y )) as k goes to +∞. Let P ∗ ∈ Pf⊕ĝ(X × P(Y )) be an accumulation
point of (J(πk,∗))k∈N, which exists by Lemma 5.7.

To conclude, it suffices to show that P ∗ = J(π∗), which is achieved in three steps. Let Λ̂(µ, ν) = Λ(µ, ν)
(see the definition (5.3) below) in the setting of Theorem 2.5 and Λ̂(µ, ν) = ΛM (µ, ν) (see the definition (5.5)
below) in the setting of Theorem 2.6. First we show that

P ∗ ∈ Λ̂(µ, ν). (3.5)

Next, we show that J(π∗) and P ∗ both minimise

ṼC(µ, ν) := inf
P∈Λ̂(µ,ν)

∫

X×Pg(Y )
C(x, p)P (dx, dp).

Finally, we show the uniqueness of minimisers of ṼC(µ, ν).
Let (J(πkl,∗))l∈N be a subsequence converging to P ∗ in Pf⊕ĝ(X ×P(Y )). By Lemma 5.9 below we have

∫

(x,p)∈X×Pg(Y )
p(dy) J(πkl,∗)(dx, dp) −→

l→+∞

∫

(x,p)∈X×Pg(Y )
p(dy)P ∗(dx, dp),

where the convergence holds in Pf⊕g(X×Y ) as l goes to +∞. Since the left-hand side is νkl , which converges
to ν in Wg and therefore in the weak topology, we deduce by uniqueness of the limit that the right-hand
side is ν, hence P ∗ ∈ Λ(µ, ν). In the setting of Theorem 2.6, since, as f, g ∈ F1(Rd), X × Pg(Y ) 3 (x, p) 7→∣∣x−

∫
Y
y p(dy)

∣∣ ∈ Φf⊕ĝ(X × Pg(Y )), we have that

0 =
∫

X×Pg(Y )

∣∣∣∣x−
∫

Y

y p(dy)
∣∣∣∣ J(πkl,∗)(dx, dp) −→

l→+∞

∫

X×Pg(Y )

∣∣∣∣x−
∫

Y

y p(dy)
∣∣∣∣ P ∗(dx, dp),

hence P ∗ ∈ ΛM (µ, ν).
Let us show that J(π∗) and P ∗ both minimise ṼC(µ, ν). Note that since P ∗ ∈ Λ̂(µ, ν), we have P ∗(X ×

Pg(Y )) = 1. Since (J(πkl,∗))l∈N converges to P ∗ in Pf⊕ĝ(X × P(Y )), we find with Lemma 5.12 like in the
derivation of (3.2) that

∫

X×Pg(Y )
C(x, p) J(πkl,∗)(dx, dp) −→

l→+∞

∫

X×Pg(Y )
C(x, p)P ∗(dx, dp). (3.6)
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Then (3.6), the definition of πkl,∗ and last (a), resp. (a’), yield
∫

X×Pg(Y )
C(x, p)P ∗(dx, dp) = lim

l→+∞

∫

X×Pg(Y )
C(x, p) J(πkl,∗)(dx, dp)

= lim
l→+∞

V̂C(µkl , νkl)

= V̂C(µ, ν)

=
∫

X×Pg(Y )
C(x, p) J(π∗)(dx, dp).

Let P (dx, dp) = µ(dx)Px(dp) ∈ Λ̂(µ, ν). Then µ(dx)
∫
p∈Pf (Y ) p(dy)Px(dp) ∈ Π̂(µ, ν), so by Proposition

5.10 below for the last inequality,
∫

X×Pf (Y )
C(x, p) J(π∗)(dx, dp) =

∫

X

C(x, π∗x)µ(dx)

= V̂C(µ, ν)

≤
∫

X

C

(
x,

∫

p∈Pf (Y )
p(dy)Px(dp)

)
µ(dx)

≤
∫

X

∫

Pf (Y )
C(x, p)Px(dp)µ(dx),

(3.7)

which proves that J(π∗) minimises ṼC(µ, ν), and so does P ∗.
We now prove that J(π∗) is the only minimiser of ṼC(µ, ν). To do so, we first prove that any minimiser of

ṼC(µ, ν) is in the image of J . Let then P̃ be such a minimiser. For x ∈ X, let π̃x(dy) =
∫
p∈Pf (Y ) p(dy) P̃x(dp)

and π̃(dx, dy) = µ(dx) π̃x(dy). Then J(π̃) ∈ Λ̂(µ, ν) and Proposition 5.10 below yields
∫

X×Pf (Y )
C(x, p) J(π̃)(dx, dp) =

∫

X

C(x, π̃x)µ(dx) ≤
∫

X

∫

Pf (Y )
C(x, p) P̃x(dp)µ(dx).

By optimality of P̃ , this inequality is an equality, hence for µ(dx)-almost every x ∈ X we have

C(x, π̃x) =
∫

Pf (Y )
C(x, p) P̃x(dp),

and therefore P̃x = δπ̃x by the equality case of Proposition 5.10 below, or equivalently P̃ = J(π̃). Therefore
any minimiser of ṼC(µ, ν) is contained in J(Π̂(µ, ν)).

Recall that for all π ∈ Π̂(µ, ν) we have
∫

X

C(x, πx)µ(dx) =
∫

X×Pg(Y )
C(x, p) J(π)(dx, dp).

With (3.7), we deduce that P ∈ Λ̂(µ, ν) is a minimiser of ṼC(µ, ν) iff P is the image of a minimiser of
V̂C(µ, ν) by J . By (3.4) the minimiser of V̂C(µ, ν) is unique. This shows the uniqueness of minimisers of
ṼC(µ, ν), and therefore the uniqueness of accumulation points of (J(πk,∗))k∈N, which is conclusive.

The proof of Corollary 2.8 relies on the following Lemma.

Lemma 3.1. Let ρ > 1, and Cρ : R×Pρ(R)→ R be defined for all (x, p) ∈ R×Pρ(R) by Cρ(x, p) =Wρ
ρ (p, γ),

where γ ∈ Pρ(R) does not weight points. Let VMCρ be the value function given by (WMOT) for the cost function
Cρ.

Let r ≥ ρ and µk, νk ∈ Pr(R), k ∈ N be in convex order and converge respectively to µ and ν in Wr.
Then limk→+∞ VMCρ (µk, νk) = VMCρ (µ, ν) and the optimisers are converging in AWr.
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Proof. By Theorem 2.6 it is sufficient to show that p 7→ Wρ
ρ (γ, p) is strictly convex. Since γ does not weight

points, the unique Wρ-optimal coupling between γ and p ∈ Pρ(R) is the comonotonous coupling χp given
by the map x 7→ F−1

p (Fγ(x)) i.e. the image of γ by x 7→ (x, F−1
p (Fγ(x))). For q ∈ Pρ(R) and λ ∈ (0, 1) the

coupling χ = (1− λ)χp + λχq between γ and (1− λ)p+ λq is not given by a map unless F−1
q (u) = F−1

p (u)
for all u ∈ (0, 1) i.e. p = q. Therefore, when p 6= q,

(1− λ)Wρ
ρ (γ, p) + λWρ

ρ (γ, q) =
∫
|x− y|ρ χ(dx, dy) >Wρ

ρ (γ, (1− λ)p+ λq).

We can now prove the stability of the unidimensional stretched Brownian motion.

Proof of Corollary 2.8. Let γ = N (0, 1) be the unidimensional standard normal distribution and C2 : R ×
P2(R) → R be defined for all (x, p) ∈ R × P2(R) by C2(x, p) = W2

2 (p, γ). Let VMC2
be the value function

given by (WMOT) for the cost function C2.
In the setting of Corollary 2.8, let π∗ ∈ ΠM (µ, ν), resp. πk ∈ ΠM (µk, νk) be optimal for VMC2

(µ, ν), resp.
VMC2

(µk, νk). For (x, b) ∈ R× R[0,1], let B = (Bt)t∈[0,1] be a Brownian motion and

Gk(x, b) =
(
E
[
F−1
πkx

(Fγ(B1 −Bt + bt))
])

t∈[0,1]
and G∗(x, b) =

(
E
[
F−1
π∗x

(Fγ(B1 −Bt + bt))
])

t∈[0,1]
.

According to (2.10), (Mk
0 , (Mk

t )t∈[0,1]) and (M∗0 , (M∗t )t∈[0,1]) are respectively distributed according to

ηk(dx, df) := µk(dx) (Gk(x, ·)∗W )(df) and η∗(dx, df) := µ(dx) (G∗(x, ·)∗W )(df),

where W denotes the Wiener measure on C([0, 1]). Let χk ∈ Π(µk, µ) be optimal for AWr(πk, π). Then

AWr
r(ηk, η∗) ≤

∫

R×R

(
|x− x′|r +Wr

r (Gk(x, ·)∗W,G(x′, ·)∗W )
)
χk(dx, dx′).

According to (2.10), for µk(dx)-almost every x ∈ R, Gk(x,B) is the stretched Brownian motion from
δx to πkx, hence it is a continuous (Ft)t∈[0,1]-martingale, where (Ft)t∈[0,1] is the natural filtration associated
to B. Similarly, for µ(dx′)-almost every x ∈ R, G∗(x′, B) is a continuous (Ft)t∈[0,1]-martingale. Therefore,
for χk(dx, dx′)-almost every (x, x′) ∈ R × R, Gk(x,B) − G∗(x′, B) is a continuous (Ft)t∈[0,1]-martingale.
Using Doob’s martingale inequality for the second inequality, the fact that Fγ(B1) is uniformly distributed
on (0, 1) for the first equality and the fact that the comonotonous coupling between πkx and π∗x′ is optimal
for Wr(πkx, π∗x′) for the second equality, we get for χk(dx, dx′)-almost every (x, x′) ∈ R× R

Wr
r (Gk(x, ·)∗W,G(x′, ·)∗W ) ≤ E

[
sup
t∈[0,1]

∣∣Gk(x,B)t −G∗(x′, B)t
∣∣r
]

≤
(

r

r − 1

)r
E[|Gk(x,B)1 −G∗(x′, B)1|r]

=
(

r

r − 1

)r
E[|F−1

πkx
(Fγ(B1))− F−1

π∗
x′

(Fγ(B1)|r]

=
(

r

r − 1

)r
Wr
r (πkx, π∗x′).

We deduce that

AWr
r(ηk, η∗) ≤

(
r

r − 1

)r ∫

R×R

(
|x− x′|r +Wr

r (πkx, π∗x′)
)
χk(dx, dx′) =

(
r

r − 1

)r
AWr

r(πk, π∗),

where the right-hand side vanishes as k goes to +∞ in virtue of Lemma 3.1.
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4 Martingale monotonicity
In this section we prove the claim that martingale C-monotonicity is sufficient for optimality for (WMOT).

For g : Y → [1,+∞) continuous, we denote

Fg(Y ) := {f : Y → [1,+∞) continuous | ∀y ∈ Y, f(y) ≥ g(y)}. (4.1)

When Y = Rd for some d ∈ N∗, we denote

F+
g (Rd) :=

{
f ∈ Fg(Rd) | ∃h : R+ → [1,+∞), h(t)

t
−→
t→+∞

+∞ and f = h ◦ g
}
. (4.2)

Proof of Theorem 2.15. Let h ∈ Fg(R) be such that ν(h) < +∞, whose purpose will be revealed later in
the proof. To demonstrate the main idea without further technical details, we assume for now that µ is
concentrated on a Polish subset K̃ ⊂ R and the restriction C|K̃×Ph(R) is continuous. Let Xn : Ω → R,
n ∈ N be independent random variables identically distributed according to µ and G ⊂ Φf⊕ĝ(R× P(R)) be
a countable family which determines the convergence in Pf⊕ĝ(R × P(R)) (see [16, Theorem 4.5.(b)]). By
the law of large numbers, almost surely, for all ψ ∈ G,

1
n

n∑

k=1

∫

R×P(R)
ψ(x, p) δ(Xk,πXk )(dx, dp) = 1

n

n∑

k=1
ψ(Xk, πXk)

−→
n→+∞

E[ψ(X1, πX1)]

=
∫

R
ψ(x, πx)µ(dx)

=
∫

R×P(R)
ψ(x, p) J(π)(dx, dp),

(4.3)

Moreover, almost surely, for all n ∈ N,

(Xn, πXn) ∈ Γ ∩ (K̃ × Pg(R)), (4.4)

and by the law of large numbers again, we have almost surely

1
n

n∑

k=1
πXk(h) −→

n→+∞
E[πX1(h)] =

∫

R
πx(h)µ(dx) = ν(h). (4.5)

Let then ω ∈ Ω be such that (4.3), (4.4) and (4.5) hold when evaluated at ω and set xn = Xn(ω) and
πn(dx, dy) = 1

n

∑n
k=1 δxk(dx)πxk(dy) for n ∈ N. Then πn has first marginal µn = 1

n

∑n
k=1 δxk and second

marginal νn =
∫
x∈R πx(dy)µn(dx). We deduce that πn is a martingale C-monotone coupling between µn

and νn which satisfies

J(πn) = 1
n

n∑

k=1
δ(xk,πxk ) −→

n→+∞
J(π) in Pf⊕ĝ(K̃ × P(R)),

Thus πn converges to π in AWf⊕ĝ as n goes to +∞. In particular we have convergence of the marginals in
Pf (R) and Pg(R) respectively, and even convergence in Ph(R) of the second marginals since νn(h) converges
to ν(h) as n → +∞, consequence of (4.5) evaluated at ω. Note that due to martingale C-monotonicity of
πn, we have according to Remark 2.14 that

VMC (µn, νn) =
∫

R
C(x, πnx )µn(dx),
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where we recall that the value function VMC is defined in (WMOT). Since µn, resp. νn converges to µ, resp. ν
in Pf (R), resp. Ph(R), by Theorem 2.6 we have convergence of the optimal values VMC (µn, νn)→ VMC (µ, ν)
as n goes to +∞. By convergence of (νn(h))n∈N to ν(h), the convergence J(πn) → J(π) is not only in
Pf⊕ĝ(K̃ × P(R)), but even in Pf⊕ĥ(K̃ × P(R)) (see Definition 2.2) and therefore Pf⊕ĥ(K̃ × Ph(R)) by
Lemma 5.2 (b) below. In that context, C|K̃×Ph(R) ∈ Φf⊕ĥ(K̃ × Ph(R)), so

∫

R
C(x, πx)µ(dx) =

∫

K̃×Ph(R)
C(x, p) J(π)(dx, dp)

= lim
n→+∞

∫

K̃×Ph(R)
C(x, p) J(πn)(dx, dp)

= lim
n→+∞

∫

R
C(x, πnx )µn(dx)

= lim
n→+∞

VMC (µn, νn)

= VMC (µ, ν),

hence π is optimal for VMC (µ, ν).
Next, we drop the additional joint-continuity assumption on C. Since ν(g) < +∞, there exists by the de

La Vallée Poussin theorem h ∈ F+
g (R) such that ν(h) < +∞. For N ∈ N∗, let BN = {p ∈ Pg(R) | p(h) ≤ N},

which is a compact subset of Pg(R) by Lemma 5.6 below, and C(BN ) be the set of continuous functions
from BN to R, endowed with the topology of uniform convergence. The map φN : R → C(BN ) given by
φN (x) = C(x, ·)|BN is Borel measurable due to [2, Theorem 4.55]. Let ε ∈ (0, 1). By Lusin’s theorem there is
for every N ∈ N∗ a compact set KN ⊂ R such that the restriction φN |KN is continuous and µ(KN ) ≥ 1− ε

2N .
We have

µ

( ⋂

N∈N∗
KN

)
≥ 1−

∑

N∈N∗
µ
(
(KN )c

)
≥ 1−

∑

N∈N∗

ε

2N = 1− ε.

Let Kε =
⋂
N∈N∗ K

N , then for all N ∈ N∗ the restriction φN |Kε is continuous. We claim that C|Kε×Ph(R)
is continuous w.r.t. the product topology of R × Ph(R). To this end, take any sequence (xk, pk)k∈N ∈
(Kε×Ph(R))N with limit point (x, p) ∈ Kε×Ph(R). Since pk → p in Ph(R) as k goes to +∞, the sequence
(pk(h))k∈N is convergent and therefore bounded so there exists N ∈ N such that p, pk ∈ BN for all k ∈ N.
As φN (xk) converges uniformly to φN (x), we have

C(xk, pk) = φN (xk)(pk) −→
k→+∞

φN (x, p) = C(x, p).

Therefore, C|Kε×Ph(R) is continuous.
Let µε = 1

µ(Kε)µ|Kε , πε = µε × πx = 1
µ(Kε)π|Kε×R and νε be the second marginal of πε. Obviously µε is

concentrated on Kε. Since µ(Kε)µε ≤ µ and πεx = πx, πε is martingale C-monotone and satisfies (x, πεx) ∈ Γ
for µε(dx)-almost every x. Finally, µ(Kε)νε(h) =

∫
Kε πx(h)µ(dx) ≤ ν(h) < +∞, hence νε ∈ Ph(R).

Therefore the reasoning of the first part applied with (Kε, µε, νε, πε) replacing (K̃, µ, ν, π) proves that πε is
optimal for VMC (µε, νε).

Next, we convince ourselves that J(πε) converges to J(π) stably in Pf⊕ĥ(R × P(R)): let ψ : R × P(R)
be measurable and absolutely dominated by a positive multiple of f ⊕ ĥ, then

J(πε)(ψ) =
∫

R
ψ(x, πx)µε(dx) = 1

µ(Kε)

∫

Kε

ψ(x, πx)µ(dx) −→
ε→0

∫

R
ψ(x, πx)µ(dx) = J(π)(ψ),

where we employed dominated convergence and that 1−ε ≤ µ(Kε) ≤ 1. In particular, the marginals (µε)ε>0
converge to µ in Pf (R) and strongly, whereas the marginals (νε)ε>0 converge to ν in Ph(R) for ε↘ 0. Using
item (d) of Lemma 5.12 yields

lim
n→+∞

VMC (µ1/n, ν1/n) = lim
n→+∞

∫

R×Ph(R)
C(x, p) J(π1/n)(dx, dp)
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=
∫

R×Ph(R)
C(x, p) J(π)(dx, dp) =

∫

R
C(x, πx)µ(dx).

The marginal sequences (µ1/n)n∈N∗ and (ν1/n)n∈N∗ satisfy the assumptions of Theorem 2.6. Hence, by
item (b’) with (B) of the very same theorem we have that

VMC (µ, ν) = lim
n→+∞

VMC (µ1/n, ν1/n) =
∫

R
C(x, πx)µ(dx),

proving optimality of π.

5 Appendix
The adapted weak topology is defined as the initial topology under the trivial embedding map J from
P(X × Y ) to P(X × P(Y )), namely

J : P(X × Y ) 3 π = µ× πx 7→ µ(dx) δπx(dp) ∈ P(X × P(Y )). (5.1)

Conversely, it is widely known that we can associate to a probability measure P ∈ P(P(Y )) its intensity
I(P )(dy) =

∫
p∈P(Y ) p(dy)P (dp) ∈ P(Y ). For the extended space P(X × P(Y )) we naturally define the

extended intensity Î by

Î : P(X × P(Y )) 3 P 7→
∫

p∈P(Y )
p(dy)P (dx, dp) ∈ P(X × Y ), (5.2)

which associates to each P ∈ P(X ×P(Y )) a coupling Î(P ) ∈ P(X × Y ). We note that Î is the left-inverse
of J .

For (µ, ν) ∈ P(X)×P(Y ), we define the set of extended couplings Λ(µ, ν) between µ and ν as the set of
probability measures on P(X × P(Y )) whose extended intensity is a coupling between µ and ν, that is

Λ(µ, ν) =
{
P = µ× Px ∈ P(X × P(Y )) |

∫

(x,p)∈X×P(Y )
p(dy)P (dx, dp) = ν(dy)

}
. (5.3)

If f : X → R+ and g : Y → R+ are measurable functions, then any P ∈ Λ(µ, ν) satisfies
∫

X×P(Y )
f(x)P (dx, dp) =

∫

X

f(x)µ(dx),

and
∫

X×P(Y )

∫

Y

g(y) p(dy)P (dx, dp) =
∫

Y

g(y) ν(dy).
(5.4)

For µ, ν ∈ P1(Rd), we define the martingale counterpart ΛM (µ, ν) of Λ(µ, ν) as the set of probability
measures on P1(Rd × P1(Rd)), whose extended intensity is a martingale coupling between µ and ν, that is

ΛM (µ, ν) =
{
P ∈ Λ(µ, ν) |

∫

Rd
y p(dy) = x, P (dx, dp)-almost everywhere

}
. (5.5)

5.1 Extension from Pr to Pf .
We recall that unless explicitly stated otherwise, P(Y ) is endowed with the weak convergence topology, and
for any continuous map f : Y → [1,+∞) we endow the space Pf (Y ) = {p ∈ P(Y ) | p(f) < +∞} with the
topology induced by the following convergence: a sequence (pk)k∈N ∈ Pf (Y )N converges in Pf (Y ) to p iff pk
converges weakly to p and pk(f) converges to p(f) as k → +∞.

As mentioned in Section 2, this extension emerged from the need to overcome the inconvenience of the
non-compacity of the Wr-balls {p ∈ Pr(Y ) | Wr(p, δy0) ≤ R}, R > 0 for the Wr-distance topology. All the
following lemmas together show that this extension enjoys nearly the same flexibility as the usual Wasserstein
distance topology and most importantly benefits of a helpful compacity result, see Lemma 5.6 below.
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Remark 5.1. We continue with some remarks on the structure of Pf (Y ):

(1) Convergence in Pf (Y ) can be described differently: let (pk)k∈N converge to p in Pf (Y ), and let g ∈ C(Y )
be such that 0 ≤ g ≤ f . By Portmanteau’s theorem we have p(g) ≤ lim infk→+∞ pk(g) and p(f)−p(g) =
p(f − g) ≤ lim infk→+∞ pk(f − g) = p(f)− lim supk→+∞ pk(g), hence lim supk→+∞ pk(g) ≤ p(g). We
deduce that

pk −→
k→+∞

p in Pf (Y ) ⇐⇒ pk(g) −→
k→+∞

p(g), ∀g ∈ Φf (Y ), (5.6)

when Φf (Y ) := {g ∈ C(Y ) | g is absolutely dominated by a positive multiple of f}.
It is immediate that for r ≥ 1, this topology is finer than the one induced by Wr on Pf (Y ) if f
belongs to the set Fr(Y ) of real-valued continuous functions defined on Y and bounded from below by
y 7→ 1 + drY (y, y0).

(2) The set Pf (Y ) is naturally embedded into the setM+(Y ) of all bounded positive Borel measures on
Y , endowed with the weak topology, via the following continuous injection

ι : Pf (Y )→M+(Y ), ι(p)(dy) = f(y) p(dy).

Clearly, the topology on Pf (Y ) coincides with the initial topology under ι. Even more, the set
ι(Pf (Y )) = {m ∈M+(Y ) : m( 1

f ) = 1} is a closed subset ofM+(Y ) since 1
f is continuous and bounded.

As such, we deduce that Pf (Y ) is a Polish space.

(3) By [12, Theorem 8.3.2 and the preceding discussion], we have that the weak topology on M+(Y ) is
induced by the norm

‖m1 −m2‖0 := sup
g : Y→[−1,1]
g is 1-Lipschitz

(m1(g)−m2(g)).

This permits us to define a metric on Pf (Y ) via

Wf (p, q) := sup
g : Y→[−1,1],
g is 1-Lipschitz

(p(fg)− q(fg)) = ‖ι(p)− ι(q)‖0. (5.7)

Thus, Wf is a complete metric compatible with the topology on Pf (Y ).

From now on, we equip Pf (Y ) with Wf . A continuous function f : Y → [1,+∞) can naturally be lifted
to a continuous function f̂ : Pf (Y )→ [1,+∞) by setting

f̂(p) := p(f). (5.8)

Let us recall some notation. For any probability P ∈ P(P(Y )) we denote its intensity I(P ) ∈ P(Y ),
defined by I(P )(dy) =

∫
P(Y ) p(dy)P (dp). Then we have P (f̂) = I(P )(f). For two maps f : X → R and

g : Y → R, we denote f ⊕ g : X × Y 3 (x, y) 7→ f(x) + g(y).
As we are solely interested in topological properties, the next lemma shows that we can freely switch

between the spaces Pf̂ (P(Y )), Pf̂ (Pf (Y )), and P1(Pf (Y )), the latter’s definition being given by (1.1) with
(1,Pf (Y ),Wf ) replacing (r,X, dX).

Lemma 5.2. (a) Let f : Y → [1,+∞) be continuous. Then

Pf̂ (P(Y )) = Pf̂ (Pf (Y )), (5.9)

and their topologies are equal. If moreover one endows Pf (Y ) with the metric Wf defined by (2.1),
then

Pf̂ (P(Y )) = Pf̂ (Pf (Y )) = P1(Pf (Y )), (5.10)
and their topologies are equal.
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(b) Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous. Then

Pf⊕ĝ(X × P(Y )) = Pf⊕ĝ(X × Pg(Y )), (5.11)

and their topologies are equal.

Remark 5.3. The equalities (5.9), (5.10) and (5.11) are to be understood up to an identification, namely we
consider that for two measurable sets Z ′ ⊂ Z, a probability measure p ∈ P(Z) belongs to P(Z ′) if p(Z ′) = 1,
the underlying identification being of course between p ∈ P(Z) and the probability measure p′ ∈ P(Z ′)
defined for any measurable subset A ⊂ Z ′ by p′(A) = p(A ∩ Z ′).

Proof. Let us prove (a). The inclusion Pf̂ (P(Y )) ⊃ Pf̂ (Pf (Y )) is straightforward. Conversely, let P ∈
Pf̂ (P(Y )). Then by definition,

P (f̂) =
∫

P(Y )
p(f)P (dp) < +∞,

which can only hold if p(f) is P (dp)-almost everywhere finite, or equivalently P (Pf (Y )) = 1, hence
Pf̂ (P(Y )) ⊂ Pf̂ (Pf (Y )) and therefore we have equality. To see that the two topologies match, let us
show that

P k −→
k→+∞

P in Pf̂ (Pf (Y )) ⇐⇒ P k −→
k→+∞

P in Pf̂ (P(Y )).

Since the topology on Pf (Y ) is finer than the weak topology on P(Y ), we have C(P(Y )) ⊂ C(Pf (Y )),
so the direct implication is trivial. Conversely, suppose that P k converges in Pf̂ (P(Y )) to P as k goes
to +∞. Let h ∈ C(Y ) be bounded. Then ĥ ∈ C(P(Y )) is bounded, and I(P k)(h) = P k(ĥ) converges to
P (ĥ) = I(P )(h) as k goes to +∞. Moreover I(P k)(f) = P k(f̂) converges to P (f̂) = I(P )(f). This shows
that (I(P k))k∈N converges in Pf (Y ) to I(P ). Therefore {I(P k) | k ∈ N} is relatively compact in Pf (Y ).
We deduce by Lemma 5.4 below that {P k | k ∈ N} is relatively compact in Pf̂ (Pf (Y )). Let Q be an
accumulation point of (P k)k∈N in Pf̂ (Pf (Y )). In particular Q is by the direct implication shown above an
accumulation point of (P k)k∈N in Pf̂ (P(Y )), hence Q = P by uniqueness of the limit since the topology is
metrisable and therefore Hausdorff.

Let us now prove the second part of (a). We endow Pf (Y ) with the metric Wf . To see that the sets
Pf̂ (Pf (Y )) and P1(Pf (Y )) are the same, we find

P (f̂) < +∞ ⇐⇒
∫

P(Y )
p(f)P (dp) < +∞ ⇐⇒

∫

P(Y )
Wf (p, δy0)P (dp) < +∞,

which is an easy consequence, as well as the equality of the topologies, of

∀p ∈ Pf (Y ), p(f)− f(y0) ≤ Wf (p, δy0) ≤ p(f) + f(y0).

Let us now prove (b). We derive the equality Pf⊕ĝ(X × P(Y )) = Pf⊕ĝ(X × Pg(Y )) as in (a) since

P (f ⊕ ĝ) =
∫

X×P(Y )
(f(x) + p(g))P (dx, dp) < +∞,

which can only hold if the second marginal of P is concentrated on Pg(Y ). To see that the topologies are equal,
the only nontrivial part is, as in (a), to show that if (P k)k∈N converges in Pf⊕ĝ(X×P(Y )), then {P k | k ∈ N}
is relatively compact in Pf⊕ĝ(X×Pg(Y )). Let then (P k)k∈N converge in Pf⊕ĝ(X×P(Y )) to some P . Recall
moreover the definition of the extended intensity Î given by (5.2). Let h1 : X → R and h2 : Y → R be
two continuous and bounded maps. Then the map H : X × P(Y ) 3 (x, p) 7→

∫
Y
h1(x)h2(y) p(dy) is

continuous and bounded. Denoting h : (x, y) 7→ h1(x)h2(y), we deduce that Î(P k)(h) = P k(H) converges
to P (H) = Î(P )(h) as k goes to +∞. Hence (Î(P k))k∈N converges weakly to Î(P ). Then by continuity of
the projections the first marginal µk, resp. the second marginal νk of Î(P k) converges weakly to the first
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marginal µ, resp. the second marginal ν of Î(P ). Since the maps f⊕0̂ : (x, p) 7→ f(x) and 0⊕ĝ : (x, p) 7→ ĝ(p)
belong to C(X × P(Y )) and are dominated by f ⊕ ĝ, we also have that

µk(f) = P k(f ⊕ 0̂) −→
k→+∞

P (f ⊕ 0̂) = µ(f) and νk(g) = P k(0⊕ g) −→
k→+∞

P (0⊕ g) = ν(g),

which shows that (µk, νk)k∈N converges in Pf (X)×Pg(Y ) to (µ, ν). Therefore (Î(P k))k∈N is tight in P(X×Y )
and both projections {µk | k ∈ N} and {νk | k ∈ N} are relatively compact respectively in Pf (X) and Pf (Y ),
so by Lemma 5.7 below {P k | k ∈ N} is relatively compact in Pf⊕ĝ(X×Pg(Y )), which proves the claim.

Lemma 5.4. A set A ⊂ Pf̂ (Pf (Y )) is relatively compact if and only if the set of its intensities I(A) ⊂ Pf (Y )
is relatively compact.

Proof. The first implication follows as in [6, Lemma 2.4] by continuity of I, c.f. Lemma 5.9 below. The
reverse implication can be shown by pursuing the same idea as in [6, Lemma 2.4] with slight modification:
instead of considering the map y 7→ dY (y, y′)t we use y 7→ f(y).

Lemma 5.5. A set A ⊂ Pf (Y ) is relatively compact if and only if it is tight and

∀ε > 0, ∃R > 0, sup
µ∈A

∫

{y∈Y |f(y)≥R}
f(y)µ(dy) < ε.

Proof. The proof of this lemma runs along the lines of [6, Lemma 2.5] when replacing y 7→ dY (y, y′)t by
y 7→ f(y).

For g : Rd → [1,+∞), recall the definition (4.2) of the set F+
g (Rd).

Lemma 5.6. Let d ∈ N∗ and Rd be endowed with a norm | · |, and let g : Rd → [1,+∞) be continuous. Then
for all f ∈ F+

g (Rd), the set BR := {p ∈ P(R) | p(f) ≤ R} is a compact subset of Pg(Rd).

Proof. Let R ≥ 0, (pn)n∈N be a sequence in BN
R and ε > 0. There exists r > 0 such that for all x ∈ Rd,

|x| ≥ r implies f(x) ≥ R
ε . Let K = {x ∈ Rd | |x| ≤ r}. For all n ∈ N, we have R ≥ pn(f) ≥ pn(Rd\K)Rε ,

hence pn(Rd\K) ≤ ε. So (pn)n∈N is tight, and by Prokhorov’s theorem there exists a subsequence, still
denoted (pn)n∈N for notational simplicity, which converges weakly to p ∈ P(R). Since f is continuous and
nonnegative, we have by Portmanteau’s theorem

p(f) ≤ lim inf
n→+∞

pn(f) ≤ R,

so p(f) ∈ BR. It remains to show that this convergence also holds in Wg. By Skorokhod’s representation
theorem, there exists for all n ∈ N a random variable Zn ∼ pn, such that (Zn)n∈N converges almost surely
to a random variable Z ∼ p. For all n ∈ N we have

pn(g) = E[g(Zn)] ≤ E[f(Zn)] = pn(f) ≤ R,

so by the de La Vallée Poussin theorem, (g(Zn))n∈N is uniformly integrable. We deduce by

lim
n→+∞

pn(g) = p(g)

and (5.6) that (pn)n∈N converges in Pg(Rd) to p, so BR is compact.

For a probability measure π ∈ P(X × Y ), we denote by projX(π) and projY (π) its X-marginal and
Y -marginal, respectively. Recall moreover the definition of the extended intensity Î given by (5.2).

Lemma 5.7. Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous. The following are equivalent:

(a) A set Π ⊂ P(X × Y ) is tight and both projections, projX(Π) ⊂ Pf (X) and projY (Π) ⊂ Pg(Y ), are
relatively compact.
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(b) J(Π) as a subset of Pf⊕ĝ(X × Pg(Y )) is relatively compact.
Conversely, the following are equivalent:

(a’) Λ ⊂ Pf⊕ĝ(X × Pg(Y )) is relatively compact.

(b’) Î(Λ) ⊂ P(X × Y ) is tight, and both projections, projX(Î(Λ)) ⊂ Pf (X) and projY (Î(Λ)) ⊂ Pg(Y ), are
relatively compact.

Proof. For this lemma works the same proof as in [6, Lemma 2.6] when using Lemma 5.4, the characterisation
of relative compactness given in Lemma 5.5 and continuity of Î, see Lemma 5.9.

Proposition 5.8. Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous functions, and C : X×Pg(Y )→
R ∪ {+∞} be lower semicontinuous and bounded from below by a negative multiple of f ⊕ ĝ. Then
(a) The map

Pf⊕ĝ(X × Pg(Y )) 3 P 7→
∫

X×Pg(Y )
C(x, p)P (dx, dp) (5.12)

is lower semicontinuous.

(b) Suppose in addition that for all x ∈ X, the map p 7→ C(x, p) is convex. Then

Pf⊕g(X × Y ) 3 π 7→
∫

X

C(x, πx)µ(dx), (5.13)

where µ denotes the X-marginal of π, is lower semicontinuous.
Proof. Lower semicontinuity of (5.12) is obtained by standard arguments. To see (5.13), let (πk)k∈N ∈
Pf⊕g(X×Y )N converge in Pf⊕g(X×Y ) to some π. We find by the first part of Lemma 5.7 an accumulation
point P ∈ Pf⊕ĝ(X × P(Y )) of (J(πk))k∈N. By possibly passing to a subsequence we can assume that
P k := J(πk) converges to P in Pf⊕ĝ(X×P (Y )) as k goes to +∞. Write µk, k ∈ N and µ for the X-marginal
of πk and π, respectively. Due to (5.12), we obtain

lim inf
k→+∞

∫

X

C(x, πkx)µk(dx) = lim inf
k→+∞

∫

X×Pf (Y )
C(x, p)P k(dx, dp)

≥
∫

X×Pf (Y )
C(x, p)P (dx, dp)

≥
∫

X

C (x, I(Px)) µ(dx)

=
∫

X

C
(
x, Î(P )x

)
µ(dx),

where we used Proposition 5.10 below for the last inequality. Since Î is continuous by Lemma 5.9 below, we
find that πk = Î(P k) → Î(P ) and Î(P k) = πk → π as k → +∞. But the weak topology is Hausdorff and
therefore π = Î(P ) yielding

lim inf
k→+∞

∫

X

C(x, πkx)µk(dx) ≥
∫

X

C(x, πx)µ(dx),

and thus (5.13).

Lemma 5.9. Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous. The maps

I : Pĝ(P(Y ))→ Pg(Y ), I(P )(dy) :=
∫

P(Y )
p(dy)P (dp), (5.14)

Î : Pf⊕ĝ(X × P(Y ))→ Pf⊕g(X × Y ), Î(P )(dx, dy) :=
∫

X×P(Y )
p(dy)P (dx, dp), (5.15)

are continuous.
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Proof. Let (P k)k∈N be a sequence in Pĝ(P(Y )) with limit point P . Let h ∈ Cb(Y ), then ĥ ∈ Cb(P (Y )). Thus,

lim
k→+∞

I(P k)(h) = lim
k→+∞

P k(ĥ) = P (ĥ) = I(P )(h),

lim
k→+∞

I(P k)(g) = lim
k→+∞

P k(ĝ) = P (ĝ) = I(P )(g),

which shows by (5.6) continuity of I.
Next, let (P k)k∈N be a sequence in Pf⊕ĝ(X × P(Y )) converging to P . Let h ∈ Cb(X × Y ), then

ȟ(x, p) :=
∫
Y
h(x, y) p(dy) is contained in Cb(X × P(Y )). Again, we find

lim
k→+∞

Î(P k)(h) = lim
k→+∞

P k(ȟ) = P (ȟ) = Î(P )(h),

lim
k→+∞

Î(P k)(f ⊕ g) = lim
k→+∞

P k(f ⊕ ĝ) = P (f ⊕ ĝ) = Î(P )(f ⊕ g),

whereby we derive continuity of Î by virtue of (5.6).

Proposition 5.10. Let f : X → [1,+∞) be continuous, C : Pf (Y ) → R be convex, lower semicontinuous
and lower bounded by a negative multiple of f̂ . Then for all Q ∈ Pf̂ (P(Y )) holds

C (I(Q)) ≤
∫

Pf (Y )
C(p)Q(dp). (5.16)

If moreover C is strictly convex, then (5.16) is an equality iff Q = δI(Q).

Proof. Let Q ∈ Pf̂ (P(Y )), Pn : Ω→ P(Y ), n ∈ N∗ be independent random variables identically distributed
according to Q and G ⊂ Φf̂ (P(Y )) be a countable family which determines the convergence in Pf̂ (P(Y ))
(see [16, Theorem 4.5.(b)]). By the law of large numbers, almost surely, for all ψ ∈ G,

1
n

n∑

k=1
ψ(Pk) −→

n→+∞
E[ψ(P1)] = Q(ψ) and 1

n

n∑

k=1
C(Pk) −→

n→+∞
E[C(P1)] = Q(C). (5.17)

Let ω ∈ Ω be such that (5.17) holds when evaluated at ω and set pn = Pn(ω) for n ∈ N∗. Then( 1
n

∑n
k=1 δpk

)
n∈N converges in Pf̂ (P(Y )) to Q. By Lemma 5.9, 1

n

∑n
k=1 pk converges to I(Q) as n → +∞.

By lower semicontinuity of C for the first inequality, convexity of C for the second one and (5.17) evaluated
at ω for the equality, we get

C(I(Q)) ≤ lim inf
n→+∞

C

(
1
n

n∑

k=1
pk

)
≤ lim inf

n→+∞
1
n

n∑

k=1
C(pk) = Q(C). (5.18)

If Q = δI(Q) we have trivially equality in (5.16). So, assume that Q is not concentrated on a single point,
and that C is strictly convex. There are h ∈ Φf (Y ) and b ∈ R such that A = {p ∈ Pf (Y ) | p(h) ≤ b} satisfies

Q(A) > 0 and Q(Ac) > 0. (5.19)

Indeed, pick any points p1, p2 ∈ Pf (Y ), p1 6= p2 in the support of Q, then the Hahn-Banach separation
theorem provides h ∈ Φf (Y ) and b ∈ R such that p1(h) < b < p2(h). As both points lie in the support of Q,
and {p ∈ Pf (Y ) | p(f) < b} and {p ∈ Pf (Y ) | p(f) > b} are open subsets containing p1 and p2, respectively,
we obtain (5.19). Write Q1(dp) := 1A

Q(dp)
Q(A) and Q2(dp) := 1Ac

Q(dp)
Q(Ac) . By the definition of A, we have that

I(Q1)(h) < b < I(Q2)(h) and especially I(Q1) 6= I(Q2). By (5.16) we find
∫

Pf (y)
C(p)Q1(dp) ≥ C(I(Q1)) and

∫

Pf (Y )
C(p)Q2(dp) ≥ C(I(Q2)).
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Hence, as Q = Q(A)Q1 + (1−Q(A))Q2 we get
∫

Pf (Y )
C(p)Q(dp) =

∫

Pf (Y )
C(p)Q(A)Q1(dp) +

∫

Pf (Y )
C(p)Q(Ac)Q2(dp)

≥ Q(A)C(I(Q1)) + (1−Q(A))C(I(Q2))
> C(Q(A)I(Q1) + (1−Q(A))I(Q2)) = C(I(Q)),

where we used I(Q1) 6= I(Q2) and strict convexity for the last inequality.

5.2 A Pormanteau-like theorem for Carathéodory maps
Let (πk)k∈N be a sequence of probability measures defined on X × Y converging in Pf⊕g(X × Y ) to π, and
c : X×Y → R be a (lower) Carathéodory map, that is a measurable function which is (lower semi-)continuous
in its second argument. The goal of the present section is to determine in which situation we can connect
the asymptotic behaviour of

∫
X×Y c(x, y)πk(dx, dy) and

∫
X×Y c(x, y)π(dx, dy). We recall that (πk)k∈N is

said to converge stably to π iff for every bounded measurable map g : X → R and bounded continuous map
h : Y → R ∫

X×Y
g(x)h(y)πk(dx, dy) −→

k→+∞

∫

X×Y
g(x)h(y)π(dx, dy). (5.20)

We say that a sequence (µk)k∈N of probability measures on P(X) K-converges in total variation to µ iff
for every subsequence (µki)i∈N we have

1
n

n∑

i=1
µki −→

n→+∞
µ in total variation.

Lemma 5.11. Let π, πk ∈ P(X × Y ), k ∈ N be with respective first marginal µ, µk. All of the following
statements are equivalent:

(a) (πk)k∈N converges to π stably.

(b) (πk)k∈N converges to π weakly and (µk)k∈N converges strongly to µ.

(c) (πk)k∈N converges to π weakly and every subsequence of (µk)k∈N has an in total variation K-convergent
sub-subsequence with limit µ.

Proof. We prove “(a) =⇒ (b)”. The definition of stable convergence given by (5.20) is in the Polish set-up
by [13, Theorem 8.10.65 (ii)] equivalent to

∫

X×Y
c(x, y)πk(dx, dy) −→

k→+∞

∫

X×Y
c(x, y)π(dx, dy)

for all c : X ×Y → R which are bounded and Carathéodory. Thus, stable convergence is stronger than weak
convergence. For all measurable subsets A ⊂ X, we find by setting g = 1A and h = 1 in (5.20) that

µk(A) −→
k→+∞

µ(A).

Next we show “(b) =⇒ (c)”.
Let µk(dx) = ρk(x)µ(dx) + ηk(dx) be the Lebesgue decomposition of µk w.r.t. µ. Since ηk is singular

to µ there is Nk ∈ B(X) such that ηk(Nk) = ηk(X) and µ(Nk) = 0. Define N =
⋃
k∈NN

k ∈ B(X), then
ηk(N) = ηk(X) for all k ∈ N and µ(N) vanishes as a countable union of null sets. Thus, ηk(X) = µk(N)→
µ(N) = 0 as k → +∞. Since (ρk)k∈N is bounded in L1(µ) there is by Komlós theorem a K-convergent
subsequence to some limiting function ρ ∈ L1(µ). We have

1
n

n∑

l=1
ρkl −→

n→+∞
ρ, µ-a.s.
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By [12, Corollary 4.5.7] the above convergence even holds in L1(µ). We find for any measurable subset
A ⊂ X ∫

A

1
n

n∑

l=1
ρkl(x)µ(dx) −→

n→+∞

∫

A

ρ(x)µ(dx) = µ(A).

Hence, ρ(x) = 1, µ(dx)-almost surely and

TV
(

1
n

n∑

l=1
µkl , µ

)
= ηk(X) +

∫

X

∣∣∣∣∣
1
n

n∑

l=1
ρkl(x)− 1

∣∣∣∣∣ µ(dx) −→
n→+∞

0.

Finally we show “(c) =⇒ (a)”. If (πk)k∈N does not converge stably to π, then there is a bounded
Carathéodory function c : X × Y → R, such that

lim sup
k→+∞

∣∣∣∣
∫

X×Y
c(x, y)πk(dx, dy)−

∫

X×Y
c(x, y)π(dx, dy)

∣∣∣∣ > 0.

Hence, w.l.o.g. there is a subsequence (πkj )j∈N such that πkj (c) ≥ π(c) + δ for some δ > 0. Especially,
we have for any sub-subsequence (πkji )i∈N of (πkj )j∈N that

1
n

n∑

i=1
πkji (c) ≥ π(c) + δ, (5.21)

whereby the Cesàro-means of the sub-subsequence are not stably convergent. By assumption there exists a
subsequence (µkji )i∈N of (µkj )j∈N which K-converges in total variation to µ. For n ∈ N∗ define

µ̂n = 1
n

n∑

i=1
µkji and π̂n = 1

n

n∑

i=1
πkji .

We will show that (π̂n)n∈N∗ converges stably to π, which will contradict (5.21) and end the proof. Let
µ̂n(dx) = π̂n(x)µ(dx) + η̂n(dx) be the Lebesgue decomposition of µ̂n w.r.t. µ. Define the auxiliary sequence

π̃n(dx, dy) =
(
(1 ∧ ρ̂n(x)) π̂nx (dy) + (1− ρ̂n(x))+ πx(dy)

)
µ(dx).

Let c : X × Y → R be Carathéodory and absolutely bounded by K, then
∣∣∣∣
∫

X×Y
c(x, y) π̃n(dx, dy)−

∫

X×Y
c(x, y) π̂n(dx, dy)

∣∣∣∣

≤ K
(∫

X

|ρ̂n(x)− 1 ∧ ρ̂n(x)| µ(dx) +
∫

X

(1− ρ̂n(x))+ µ(dx) + η̂n(X)
)

≤ K
(∫

X

|ρ̂n(x)− 1| µ(dx) + 2η̂n(X)
)

≤ 2K TV(µ̂n, µ) −→
n→+∞

0.

(5.22)

In particular, we have found that (π̃n)n∈N∗ converges to π weakly. Note that the first marginal π̃n is µ,
and therefore [24, Lemma 2.1] yields stable convergence of π̃n to π as n → +∞. By (5.22), we find that
(π̂n)n∈N∗ also stably converges to π.

Lemma 5.12. Let f : X → [1,+∞) and g : Y → [1,+∞) be continuous, and let (πk)k∈N converge to π in
Pf⊕g(X × Y ).

(a) If c : X × Y → R ∪ {+∞} is lower semicontinuous and bounded from below by a negative multiple of
g ⊕ h, then

lim inf
k→+∞

∫

X×Y
c(x, y)πk(dx, dy) ≥

∫

X×Y
c(x, y)π(dx, dy).
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(b) If c : X × Y → R is continuous and absolutely bounded by positive multiple of g ⊕ h, then

lim
k→+∞

∫

X×Y
c(x, y)πk(dx, dy) =

∫

X×Y
c(x, y)π(dx, dy).

(c) If c : X × Y → R ∪ {+∞} is lower Carathéodory and bounded from below by a negative multiple of
g ⊕ h, and πk converges to π stably, then

lim inf
k→+∞

∫

X×Y
c(x, y)πk(dx, dy) ≥

∫

X×Y
c(x, y)π(dx, dy).

(d) If c : X × Y → R is Carathéodory and absolutely bounded by a positive multiple of g ⊕ h, and πk

converges to π stably, then

lim
k→+∞

∫

X×Y
c(x, y)πk(dx, dy) =

∫

X×Y
c(x, y)π(dx, dy).

Proof. These results are well-known. Note that by [12, Theorem 8.10.65] we have for every bounded lower
Carathéodory map c that π 7→ π(c) is lower semicontinuous w.r.t. the topology of stable convergence.

5.3 On the continuity of the marginal distributions of the stretched Brownian
motion

The following Lemma shows that the stretched Brownian motion provides a convenient tool to approximate
two probability measures in the convex order with atomless ones still in the convex order.

Lemma 5.13. Let µ, ν ∈ P2(R) be such that µ ≤c ν and (µ, ν) consists of a single irreducible component
I = (l, r). Let (M∗t )t∈[0,1] be the unidimensional stretched Brownian motion from µ to ν. Then

(a) For each t ∈ (0, 1) the distribution νt of M∗t is atomless.

(b) For all s, t ∈ [0, 1] such that s < t, (νs, νt) consists of the single irreducible component I.

Proof. Let us first prove (a). Let t ∈ (0, 1) and y ∈ R. Let γ = N (0, 1) be the unidimensional standard
normal distribution and C2 : R× P2(R) → R be defined for all (x, p) ∈ R× P2(R) by C2(x, p) = W2

2 (p, γ).
Let VMC2

be the value function given by (WMOT) for the cost function C2 and π∗ ∈ ΠM (µ, ν) be optimal for
VMC2

(µ, ν). According to (2.10),
M∗t = ϕt(X,Bt),

where X ∼ µ is a random variable independent of the Brownian motion (Bs)s∈[0,1] and ϕt : R × R → R is
defined for all (x, b) ∈ R2 by

ϕt(x, b) =
∫

R
F−1
π∗x

(
Fγ
(√

1− ty + b
))
γ(dy). (5.23)

In order to prove that P({M∗t = y}) = 0, it clearly suffices to show that for µ(dx)-almost every x ∈ R,

P({ϕt(x,Bt) = y}) = 0. (5.24)

The map T = F−1
π∗x
◦ Fγ is nondecreasing. Let b > b′ and assume that T (

√
1− ty + b) = T (

√
1− ty + b′)

for all y ∈ R. By monotonicity of T we deduce that T has to be constant on all intervals of R of length b− b′
and therefore on R. So assume that T is not constant. Then there exists y ∈ R such that T (

√
1− ty + b) >

T (
√

1− ty + b′). As Fγ is continuous and F−1
π∗x

is left-continuous, we find an ε > 0 such that

∀y′ ∈ (y − ε, y], T (
√

1− ty′ + b) > T (
√

1− ty′ + b′),
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hence ϕt(x, b) > ϕt(x, b′). We deduce that b 7→ ϕt(x, b) is increasing and therefore one-to-one, hence the
equation ϕt(x, b) = y has at most one solution b∗. Denoting by b∗ any real number if the latter equation has
no solution, we then have

P({ϕt(x,Bt) = y}) ≤ P({Bt = b∗}) = 0.

In order to prove (5.24) and conclude the proof, it remains to show that for µ(dx)-almost every x ∈ R,
the map F−1

π∗x
◦ Fγ is not constant. Since γ is the unidimensional standard normal distribution and π∗x is a

martingale kernel, it is equivalent to show that for µ(dx)-almost every x ∈ R, π∗x 6= δx. This is done using
the WMOT monotonicity principle. By (2.14) there exists a martingale C2-monotone set Γ ⊂ R × P1(R)
such that (x, π∗x) ∈ Γ for all x in a µ-full set A ⊂ R. This implies that for all x, x′ ∈ A and p, p′ ∈ P1(R)
such that π∗x + π∗x′ = p+ p′,

∫
R y p(dy) = x and

∫
R y p

′(dy) = x′, we have

W2
2 (π∗x, γ) +W2

2 (π∗x′ , γ) ≤ W2
2 (p, γ) +W2

2 (p′, γ). (5.25)

Let x ∈ A. To conclude, it suffices to show that π∗x 6= δx. Note that if (p, p′) is admissible for (5.25), so is
( 1

2 (π∗x + p), 1
2 (π∗x′ + p′)). In the proof of Lemma 3.1 we show that q 7→ W2

2 (q, γ) is strictly convex. Therefore,
if p 6= π∗x or p′ 6= π∗x′ , then

W2
2 (π∗x, γ) +W2

2 (π∗x′ , γ) ≤ W2
2

(
1
2(π∗x + p), γ

)
+W2

2

(
1
2(π∗x′ + p′), γ

)

<
1
2W

2
2 (π∗x, γ) + 1

2W
2
2 (p, γ) + 1

2W
2
2 (π∗x′ , γ) + 1

2W
2
2 (p′, γ),

and the inequality (5.25) is strict. To show that π∗x 6= δx and thereby end the proof, we deduce that it suffices
to find x′ ∈ A and two measures p, p′ ∈ P1(R) such that

δx + π∗x′ = p+ p′,
∫

R
y p(dy) = x,

∫

R
y p′(dy) = x′, p 6= δx, (5.26)

and W2
2 (p, γ) +W2

2 (p′, γ) ≤ W2
2 (π∗x′ , γ) +W2

2 (δx, γ). (5.27)

Suppose that

µ({x′ ∈ (l, x] | π∗x′((x, r)) > 0}) + µ({x′ ∈ (x, r) | π∗x′((l, x)) > 0}) = 0. (5.28)

Then for µ(dx′)-almost every x′ ∈ (l, r), the sign of y− x is π∗x′(dy)-almost everywhere constant equal to
the sign of x′ − x, so using the martingale property of π∗x′ in the third equality, we get that

uν(x) =
∫

R
|y − x| ν(dy) =

∫

R

(∫

R
|y − x|π∗x′(dy)

)
µ(dx′)

=
∫

(l,x]

∣∣∣∣
∫

R
y π∗x′(dy)− x

∣∣∣∣ µ(dx′) +
∫

(x,r)

∣∣∣∣
∫

R
y π∗x′(dy)− x

∣∣∣∣ µ(dx′)

=
∫

R
|x′ − x|µ(dx′) = uµ(x),

which contradicts the irreducibility of (µ, ν). We deduce that (5.28) does not hold, hence there exists x′ ∈ A
such that x′ ≤ x and π∗x′((x, r)) > 0, or x′ > x and π∗x′((l, x)) > 0. Since π∗x′ has mean x′, we can find in
both cases x̃ < x < ỹ such that π∗x′((x̃, x)) > 0 and π∗x′((x, ỹ)) > 0, which implies

0 < Fπ∗
x′

(x−) ≤ Fπ∗
x′

(x) < 1. (5.29)

Define for α, β ∈ [0, 1]

pα =
∫ α

0
δF−1

π∗
x′

(u) du, qβ =
∫ 1

1−β
δF−1

π∗
x′

(u) du.
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Let c =
(∫ Fπ∗

x′
(x−)

0 (x− F−1
π∗
x′

(u)) du
)
∧
(∫ 1

Fπ∗
x′

(x)(F
−1
π∗
x′ (x)(u)− x) du

)
. Since for all u ∈ (0, 1), u >

Fπ∗
x′

(x) ⇐⇒ F−1
π∗
x′

(u) > x and u < Fπ∗
x′

(x−) =⇒ F−1
π∗
x′

(u) < x =⇒ u ≤ Fπ∗
x′

(x−), the maps α 7→
∫ α

0 (x−F−1
π∗
x′

(u)) du and β 7→
∫ 1

1−β(F−1
π∗
x′

(u)−x) du are nondecreasing respectively on [0, Fπ∗
x′

(x−)] and [0, 1−
Fπ∗

x′
(x)]. Moreover, those two maps are continuous, so we deduce the existence of α′ ∈ (0, Fπ∗

x′
(x−)] and

β′ ∈ (0, 1− Fπ∗
x′

(x)] such that they both equal c respectively at α = α′ and β = β′, hence

∫ α′

0
(F−1
π∗
x′

(u)− x) du+
∫ 1

1−β′
(F−1
π∗
x′

(u)− x) du =
∫

R
y pα′(dy) +

∫

R
y qβ′(dy)− (α′ + β′)x = 0.

Note that (5.29) implies that α′ + β′ ∈ (0, 1]. Then the measures p = (1 − α′ − β′)δx + pα′ + qβ′ and
p′ = (α′ + β′)δx + π∗x′ − pα′ − qβ′ satisfy (5.26). Let χ ∈ Π(π∗x′ , γ) be the W2-optimal coupling and denote
by p̂ = π∗x′ − pα′ − qβ′ and p̃ = pα′ + qβ′ . Then

(
p̃(dy)χy(dz) + δx(dy)

∫

t∈R
χt(dz) p̂(dt)

)
∈ Π(p, γ),

(
p̂(dy)χy(dz) + δx(dy)

∫

t∈R
χt(dz) p̃(dt)

)
∈ Π(p′, γ),

hence

W2
2 (p, γ) ≤

∫

R×R
|y − z|2 p̃(dy)χy(dz) +

∫

R×R
|x− z|2 p̂(dt)χt(dz),

W2
2 (p′, γ) ≤

∫

R×R
|y − z|2 p̂(dy)χy(dz) +

∫

R×R
|x− z|2 p̃(dt)χt(dz).

Combining these inequalities yields

W2
2 (p, γ) +W2

2 (p′, γ) ≤
∫

R×R
|y − z|2 (p̃+ p̂)(dy)χy(dz) +

∫

R×R
|x− z|2 (p̂+ p̃)(dt)χt(dz)

=
∫

R×R
|y − z|2 χ(dy, dz) +

∫

R
|x− z|2 γ(dz)

=W2
2 (π∗x′ , γ) +W2

2 (δx, γ),

which proves (5.27) and completes the proof.
Let us now prove (b). Let s, t ∈ [0, 1] be such that s < t. Since µ ≤c νs ≤c νt ≤c ν, we have

uµ ≤ uνs ≤ uνt ≤ uν , hence uνs = uνt on I{. Let z ∈ I. Then

uνs(z) = E[|M∗s − z|] = E[|E[M∗t − z|X, (Bu)u∈[0,s]]|]
≤ E[E[|M∗t − z||X, (Bu)u∈[0,s]] = E[|M∗t − z|] = uνt(z).

(5.30)

Let us show that the inequality above is strict. This is equivalent to show that given X and (Bu)u∈[0,s],
the sign of M∗t − z is not almost surely constant. Suppose that P(M∗s ≤ z) > 0, the case P(M∗s ≥ z) > 0
being treated symmetrically. Then it suffices to find a Borel subset A ⊂ R such that

P(M∗t > z,X ∈ A,M∗s ≤ z) > 0, (5.31)

since the martingale property would then imply that P(M∗t < z,X ∈ A,M∗s ≤ z) is positive as well. The
pair (µ, ν) being irreducible, we have that

µ(A := {x ∈ (−∞, z] | π∗x((z,+∞)) > 0}) > 0.
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For fixed x, y ∈ R, the map b 7→ T tx,y(b) = F−1
π∗x

(Fγ(
√

1− ty+b)) is non-decreasing where limb→+∞ T tx,y(b) =
limu↗1 F

−1
π∗x

(u). Recall that y 7→ T tx,y(b) and y 7→ T sx,y are γ-integrable, therefore we have due to monotone
convergence

lim
b→+∞

ϕt(x, b) = lim
b→+∞

∫

R
T tx,y(b) γ(dy) = lim

u↗1
F−1
π∗x

(u),

lim
b→−∞

ϕs(x, b) = lim
b→−∞

∫

R
T sx,y(b) γ(dy) = lim

u↘0
F−1
π∗x

(u),

and, in particular,
∀x ∈ A, lim

b→+∞
ϕt(x, b) > z and lim

b→−∞
ϕs(x, b) < z.

Again, recall that x 7→ ϕt(x, b) and x 7→ ϕs(x, b) are µ-integrable, therefore we find due to monotone
convergence

lim
b→+∞

∫

A

ϕt(x, b)µ(dx) =
∫

A

lim
b→+∞

ϕt(x, b)µ(dx) > zµ(A),

lim
b→−∞

∫

A

ϕs(x, b)µ(dx) =
∫

A

lim
b→−∞

ϕs(x, b)µ(dx) < zµ(A).

Hence, there are b0, b1 ∈ R and A′ ⊂ A, µ(A′) > 0, such that

ϕt(x, b) > z and ϕs(x, b′) < z,

for every x ∈ A′, b ≥ b0 and b′ ≤ b1. Then

P(M∗t > z,X ∈ A, M∗s ≤ z) ≥ P(Bt ≥ b0, X ∈ A′,M∗s ≤ z)
= P(Bt ≥ b0, X ∈ A′, Bs ≤ b1) > 0,

which proves (5.31). Hence the inequality in (5.30) is strict and uνs < uνt on I.

Corollary 5.14. Let µ, ν ∈ P1(R) be such that µ ≤c ν and (µ, ν) is irreducible with component I. Let ε > 0,
then there is an atomless ν̃ ∈ P1(R) such that

W1(ν̃, ν) < ε, µ ≤c ν̃ ≤c ν and (µ, ν̃) is irreducible with component I.

Proof. It is clear that whenever two measures (µ, ν) have finite second moment, the stretched Brownian
motion provides by Corollary 2.8 and Lemma 5.13 (a) a continuous interpolation (µt)t∈[0,1], where µ0 = µ
and µ1 = ν, such that µt is atomless for t ∈ (0, 1). We are going to extend such an interpolation to a case
where only first moments are finite. To work around this issue, assume for a moment that we can introduce
an intermediary measure ν̄ with µ ≤c ν̄ ≤c ν, where the decomposition into irreducible components (In)n∈N
of (ν̄, ν) consists only of bounded intervals, and ν̄(J) = 0 for J = R \⋃n∈N In. For all n ∈ N , let (ν̄|In , νn)
be the irreducible pair associated with In in the decomposition of (ν̄, ν). Since In is bounded, νn ∈ P2(R)
so we can consider the stretched Brownian motion (Mn

t )t∈[0,1] from 1
ν̄(In) ν̄|In to 1

ν̄(In)νn. Since t 7→ Mn
t is

almost surely continuous on [0, 1] and In is bounded, we find by dominated convergence that the law of Mn
t

converges in W1 to 1
ν̄(In)νn as t tends to 1. Therefore we find for each In a time tn ∈ (0, 1) such that for

each n ∈ N the distribution 1
ν̄(In) ν̄n of Mn

tn satisfies

W1(ν̄n, νn) < ε

2n+1 ·

In particular, ν̄n is atomless by Lemma 5.13 (a). We set

ν̃ :=
∑

n∈N
ν̄n.
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Thus,
W1(ν̃, ν) <

∑

n∈N

ε

2n+1 ≤ ε.

Moreover there holds

uµ ≤ uν̄ =
∑

n∈N
uν̄|In ≤

∑

n∈N
uν̄n = uν̃ ≤

∑

n∈N
uνn = uν , (5.32)

which implies µ ≤c ν̃ ≤c ν. For all n ∈ N , (ν̄|In , ν̄n) is irreducible by Lemma 5.13 (b), so the second
inequality in (5.32) is strict on

⋃
n∈N In. Since uµ < uν = uν̄ on I\⋃n∈N In, we deduce that uµ < uν̃ on

I. On I{, we have uµ = uν , which implies uµ = uν̃ . Therefore {uµ < uν̃} = I and (µ, ν̃) is irreducible with
component I. It remains to show that there is a measure ν̂ with the above mentioned properties.

If ν /∈ P2(R), then I has to be unbounded. For simplicity, we assume that I = R, since if I = (−∞, b) or
I = (a,+∞) with a, b ∈ R the construction below also works in these cases with the obvious modifications.
To this end, we define iteratively u1

1 = 1
2 = u1

2, and for n ∈ N∗, we choose un+1
1 ∈ (0, 1

2n+1 ∧ un1 ) and
un+1

2 ∈ ((1− 1
2n+1 ) ∨ un2 , 1) such that

|{x ∈ R | Fν(x) ∈ ((un+1
1 , un1 ))}| > 1 and |{x ∈ R | Fν(x) ∈ ((un2 , un+1

2 ))}| > 1, (5.33)

which is possible as ν((−∞, R)) ∧ ν((R,+∞)) > 0 for all R ∈ R. We have that limn→+∞ un1 = 0 and
limn→+∞ un2 = 1, and set

ν̂ :=
∑

n∈N∗


(un1 − un+1

1 )δ∫ un1
u
n+1
1

F−1
ν (u) du

un1−u
n+1
1

+ (un+1
2 − un2 )δ∫ un+1

2
un2

F−1
ν (u) du

u
n+1
2 −un2


 ,

which entails us to define ν̄ := ν̂ ∨c µ. For all x ∈ R we have by inverse transform sampling for the last
equality

uν̂(x) =
∑

n∈N∗

(∣∣∣∣∣

∫ un1

un+1
1

(F−1
ν (u)− x) du

∣∣∣∣∣+
∣∣∣∣∣

∫ un+1
2

un2

(F−1
ν (u)− x) du

∣∣∣∣∣

)

≤
∑

n∈N∗

(∫ un1

un+1
1

|F−1
ν (u)− x| du+

∫ un+1
2

un2

|F−1
ν (u)− x| du

)

=
∫ 1

0
|F−1
ν (u)− x| du = uν(x),

where the inequality is strict iff there exists n ∈ N∗ such that F−1
ν − x is not constant on (un+1

1 , un1 ) or
(un2 , un+1

2 ). By monotonicity of F−1
ν the strict inequality is equivalent to x ∈ (F−1

ν (un+1
1 ), F−1

ν (un1 )) or
(F−1
ν (un2 ), F−1

ν (un+1
2 )) for some n ∈ N∗. We deduce that ν̂ ≤c ν and therefore µ ≤c ν̄ ≤c ν, and the

irreducible components of (ν̂, ν) are given by the intervals

I1
n = (F−1

ν (un+1
1 ), F−1

ν (un1 )) and I2
n = (F−1

ν (un2 ), F−1
ν (un+1

2 )), n ∈ N∗, (5.34)

which are indeed nonempty by (5.33) and bounded. In particular for all n ∈ N∗ we have

uν̂(F−1
ν (un1 )) = uν(F−1

ν (un1 )) and uν̂(F−1
ν (un2 )) = uν(F−1

ν (un2 )). (5.35)

Since uν̂ ≤ uµ ∨ uν̂ = uν̄ ≤ uν and (µ, ν) is irreducible, (5.34) is also the decomposition into irreducible
components of (ν̂, ν), which consists solely of bounded intervals.

To conclude, it remains to show that

ν̄

(
R\

⋃

n∈N∗
(I1
n ∪ I2

n)
)

= ν̄
({
F−1
ν (un1 ) | n ∈ N∗

}
∪
{
F−1
ν (un2 ) | n ∈ N∗

})
= 0. (5.36)
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For each n ∈ N∗ and bounded neighbourhood of F−1
ν (un1 ), there is by irreducibility of (µ, ν) and continuity

of potential functions a δ > 0 such that uµ + δ < uν on this neighbourhood. Thus, for y close enough to
F−1
ν (un1 ), we have uµ(y) < uν̂(y) due to (5.35), hence

uν̄(y) = uν̂(y) ∨ uµ(y) = uν̂(y), for y close enough to F−1
ν (un1 ). (5.37)

For each n ∈ N∗, it is clear from the definition of ν̂ that its restriction to the closure of I1
n is concentrated

on a single point in I1
n and therefore does not charges the boundaries of I1

n. We recall the easy fact that the
potential function of a probability measure is linear on an open intervall iff this measure does not charge
this interval. We deduce, with use of (5.37), that we can find an open neighbourhood of F−1

ν (u1
n) such that

uν̂ and therefore uν̄ is linear, which implies that ν̄ does not put mass on {F−1
ν (un1 ) | n ∈ N∗}. Analogously,

we find that ν̃ does not charge {F−1
ν (un2 ) | n ∈ N∗}, which proves (5.36).
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