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Abstract

Star block-copolymers (SBCs) have been demonstrated to constitute self-assembling building

blocks with specific softness, functionalization, shape, and flexibility. In this work, we study

the behavior of an isolated SBC and suspensions of SBCs under shear flow by means of particle-

based multi-scale simulations. We systematically analyze the conformational properties of low-

functionality stars as well as the formation of attractive patches on their corona as a function of the

shear rate. We cover a wide range of system parameters, including functionality, amphiphilicity,

and solvent quality. Three mechanisms of patch reorganization under shear were identified, which

determine the dependence of the patch numbers and orientations on the shear rate, namely, free

arms joining existing patches, a fusion of medium-sized patches into bigger ones, and fission of

large patches into two smaller ones at high shear rates. As well as, the dynamics of the SBC was

investigated by means of the so-called Eckart’s frame, which allows separating pure rotational and

vibrational motions. It is shown that SBCs display a richer structural and dynamical behavior than

athermal star polymers in a shear flow. We also investigated the behavior of dilute and semidilute

suspensions of SBCs under linear shear flow for a wide range of parameters of the system; the latter

include the monomer packing fraction. Our analysis focus on the dynamical behavior of the network

structures formed at equilibrium as a consequence of the patch reorganization induced by the shear

flow. The obtained results have interesting implications on the system’s rheological properties and

viscoelastic response in dilute and semidilute bulk phases because the SBCs are able to form a

variety of different intermolecular transient bonds involving rather weak ones between individual

arms and much stronger ones between multiarm patches. In the final part of this work, we propose

two generalizations of the Multi-Particle Collision Dynamics (MPCD) numerical method, in the

first we use the density profile information to obtain a polymer system with effective monomers

in which we eliminate the monomer-monomer interaction, in the second we use a more advanced

model called penetrable soft colloid, we design new collision rules for the interaction between the

solvent and the penetrable soft colloid. We apply these two generalizations for linear polymers

and star polymers, we compare the results of the mean square displacement, we find that our first

approach is consistent with linear polymers while the second is consistent with polymer stars. Our

approaches can be extended to more complex polymer systems.
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Zusammenfassung

Sternblock-Copolymere (SBCs) sind geeignete Makromoleküle, um Selbstorganisation-Bausteine

mit spezifischer Weichheit, Funktionalisierung, Form und Flexibilität zu bilden. In dieser Arbeit un-

tersuchen wir das Verhalten eines isolierten SBC und Suspensionen von SBCs unter Scherströmung

mittels partikelbasierter Mehrskalensimulationen. Wir analysieren systematisch die Konformationsei-

genschaften von Sternen mit niedriger Funktionalität sowie die Bildung attraktiver Flecken (Patches)

auf ihrer Korona in Abhängigkeit von der Scherrate. Wir decken eine Vielzahl von Systemparametern

ab, darunter Funktionalität, Amphiphilizität und Lösungsmittelqualität. Es wurden drei Mechanis-

men der Patch-Reorganisation unter Scherung identifiziert, die die Abhängigkeit der Patch-Zahlen

und -Orientierungen von der Scherrate bestimmen, nämlich freie Arme, die bestehende Patches ver-

binden, eine Verschmelzung von mittelgroßen Patches zu größeren und die Spaltung großer Patches

in zwei kleinere Patches bei hohen Scherraten. Zudem wurde die Dynamik des SBC mit Hilfe des

sogenannten Eckart-Rahmens untersucht, der die Trennung reiner Rotations- und Schwingungsbe-

wegungen ermöglicht. Es wird gezeigt, dass SBCs ein ausgeprägteres strukturelles und dynamisches

Verhalten aufweisen als athermale Sternpolymere in einem Scherströmung. Wir untersuchten auch

das Verhalten von verdünnten und halbverdünnten Suspensionen von SBCs unter linearem Scherfluss

für einen weiten Bereich von Parametern des Systems; letztere schließen die Monomerverpackungs-

fraktion ein. Unsere Analyse konzentriert sich auf das dynamische Verhalten der im Gleichgewicht

geformten Netzwerkstrukturen als Folge der durch den scherfluss induzierten Patches-Reorganisation.

Die gewonnenen Ergebnisse haben interessante Auswirkungen auf die rheologischen Eigenschaften

des Systems und die viskoelastischen Reaktionen in verdünnten und halbverdünnten Bulk-Phasen,

da die SBCs in der Lage sind, eine Vielzahl verschiedener intermolekularer transienter Bindungen zu

bilden, die eher schwache Bindungen zwischen einzelnen Armen und viel stärkere Bindungen zwischen

Mehrarm-Patches beinhalten. Im letzten Teil dieser Arbeit schlagen wir zwei Verallgemeinerungen der

numerischen Multi-Particle Collision Method (MPCD)-Methode vor, in der ersten verwenden wir die

Dichteprofilinformation, um ein Polymersystem mit effektiven Monomeren zu erhalten, in dem wir

die Monomer-Monomer-Wechselwirkung eliminieren, in der zweiten verwenden wir ein ausgeklugtes

Modell, namens "durchdringbares weiches Kolloid", wir entwerfen neue Kollisionsregeln für die Wech-

selwirkung zwischen dem Lösungsmittel und dem durchdringbaren weichen Kolloid. Wir wenden diese

beiden Verallgemeinerungen für lineare Polymere und Sternpolymere an, wir vergleichen die Ergebnisse

der mittleren quadratischen Verschiebung und, wir finden, dass unser erster Ansatz mit linearen Poly-

meren konsistent ist, während der zweite mit Polymersternen konsistent ist. Unsere Ansätze können

auf komplexere Polymersysteme ausgedehnt werden.
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1 | Introduction

1.1 Soft matter

In recent years research in the field of soft matter, as a subfield of condensed matter, has been of

great interest, due to its wide range of applications in the development of new materials with a rich

and wide range of equilibrium and dynamical properties. The study of soft matter is based on the

study of complex fluids [1–4], where the most relevant physical properties occur in the energy scale

of the order of the thermal energy at room temperature [4]. Complex fluids are typically composed

of mesoscopic particles which span characteristic length scales from about 1nm (monomer size)

to macroscopic scales of about 1mm, dispersed in a solvent consisting of particles typically of

atomic characteristic length scale [4]. A central part of the study and a rich area of research is

the combination of polymeric mesoscopic systems with colloids [2, 5, 6]. Given the difference in

characteristic length scales, systems in the field of soft matter present a wide range of characteristic

times [4], the dynamics of solvent particles are much faster than the diffusive processes of monomer

or colloidal particles, so a complete description of the degrees of freedom of the solvent is not very

efficient both theoretically and computationally. Numerical techniques have been developed [7,

8], where the dynamics of the solvent particles and the interaction between the solvent and the

monomers or colloids are simplified (incorporating hydrodynamic interactions), numerical hybrid

simulations with results according to experimental results, which have generated efficient methods

in the numerical treatment. Similarly, in theoretical developments, specific interaction potentials

have been generated where the effect of the solvent is considered as a mediator [4] between the

colloid-colloid interaction.

The main systems of interest in soft matter physics research are flexible polymers, with different

topologies and properties. Among the most studied systems are linear polymers, ring polymers

[9, 10], polymer stars[11, 12], micelles [13, 14], dendrimers [15, 16], as well as hard colloid

systems (hard spheres) such as patchy particles [17–19], other systems are liquid crystals and

other mesoscopic constituents [3]. Polymers are composed of chemical units called monomers

[3]. The typical number of monomers present in a polymer can be thousands, however, for macro-

polymers or macro-molecules this number can be much higher and reach millions of chemical units.

The properties of polymers are governed by the pair interaction potential between monomers. To

move from a complex description of the chemical unit to a simpler description the coarse grained

description is known [4], each monomer is completely defined by its center of mass and the solvent

is treated in an implicit way obtaining monomer resolved description. Similarly, one can use

information from a macromolecule to consider it as a single soft sphere and describe its dynamic

behavior only with its center of mass.

In linear polymers, it is considered that the monomer is spherical and elastic connections

are associated between consecutive monomers, the aggregation of linear polymers creates the
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1 INTRODUCTION

branched polymer or network polymer (cross-linked) [3]. Stars polymer are an aggregation of

linear polymers where the first monomer of each linear polymer is linked by an elastic potential

to a central nomomer called the star’s core. In soft matter physics, the physics description is more

relevant that the chemical details in most cases [1], since all the systems of study present properties

that are studied from statistical physics, all the polymers and colloids present Brownian motion, all

the interactions between the systems of interest in soft matter physics can be modeled by means

of effective potentials. One of the systems with greater current interest are the proteins of the

DNA and RNA, modeled as bio-polymers [20–22], in this model the fundamental chemical unit

is related to the nucleotides [3], the DNA and RNA can be represented by means of polymers of

repeated chains of nucleotides.

The usual form of classification of materials is based on materials soluble in water (hydrophilic),

whereas those that like oil (oleophilic - hydrophobic) are not soluble in water[3]. There is a class

of materials with a great richness in both structural and dynamic properties, known as amphiphilic

materials or surfactants (surface activating agents). These are molecules that have a hydrophilic

and a hydrophobic part connected chemically to each other. The general objective of this doctoral

dissertation is the structural and dynamic study of a type of amphiphilic star, i-e, a star polymer

that consists of a hydrophilic part adjacent to the core of the star followed by a hydrophobic part

[23–28]. Other types of amphiphilic material are micelles (micelle joints), vesicles and tubules.

1.2 Soft matter rheology

The study of complex fluid rheology aims to find the constitutive equation, that is, it aims at

describing the intrinsic behavior of the complex fluid independent of the specific condition to which

it is submitted [29]. In other words, it focuses on the viscoelastic properties of the materials [30].

Microrheology studies how materials store and dissipate mechanical energy as a function of scale

length [30]. Microrheology extends the study of rheology by considering the dynamic behavior of

materials as a function of the scale length, and it is closely related to the field of microfluids [30].

The applications of complex fluids are impressive, clear examples of this are, in the industrial field,

the choice of viscosity for a new shampoo formula or new compounds that change the properties

of cement for new challenges in construction; in the medical field, new ways of encapsulating

and transporting drugs in the bloodstream; in the food field, design of new attachments so that in

the baking of cakes, they experience several phase transitions [30]. A current field of research in

rheology deals with colloidal dispersions [31]. Generally speaking, when talking about colloids we

refer to a two-component system, in which the elements of the dispersed phase are so small that

they are easily observed by optical microscopes [31] and are affected by thermal forces, while in the

continuous phase (suspension medium) it is liquid, not easily sedimented, colloidal suspensions

are a complex type of fluid.

2



1 INTRODUCTION

Due to the works of Albert Einstein (1905) on Brownian movement, Marian Smoluchowski

(1906) on colloidal aggregation, and G. B. Batchelor (1970) on the suspension of free particles,

the framework of study for the rheology of colloidal suspensions is completed [31]. This is a

combination between statistical mechanics and the theory of hydrodynamics. The fundamental unit

of energy in the colloidal description is the thermal energy kB T , which has two main consequences,

the first is the osmotic pressure. For an ideal gas is evident in the equation of state,

P = nkB T (1.1)

with n the density number of the atoms. For diluted systems of colloidal dispersions, by analogy,

we obtain van Hoff’s law,

Π= nkB T, (1.2)

where Π is the osmotic pressure. In the same way, it is possible to define an adimensional

parameter to define the elasticity of the particle (ξ),

ξ=
∆F
kB T

(1.3)

where ∆F is the elastic free energy, ξ defines the ability of the particle to deform or compress

as a result of external factors such as flow or temperature [32]. The second consequence is the

force due to random collisions between molecules of the suspension medium and colloidal particles

(Brownian Force = FB) which is also defined in terms of thermal energy [31],

FB =
kB T
ra

(1.4)

where ra is the colloid radius (assumed to be spherical), FB is responsible for the diffusive

motion. Starting from the mean square displacement,

lim
t→∞




(4r(t))2
�

= 6Dt, (1.5)

where D is known as the Einstein-Smoluchowski diffusion coefficient, for spherical colloids,

we obtain the Stokes-Einstein-Sutherland coefficient [31],

D0 =
kB T

6πηmra
, (1.6)

where ηm is the viscosity of the suspending medium.

When a force is applied to the system, it generally undergoes a deformation. In a solid phase,

the system presents a deformation and eventually a rupture. The mechanical behavior of solid

3



1 INTRODUCTION

materials is described in terms of the deformation induced by the applied stress. To study the

deformation in materials it is useful and easy to apply a simple shear [29], in which, a piece of

material is contained between two parallel plates which have relative movement. The shear stress

σ is defined as the radius between the applied force Fx y (the first sub-index indicates the direction

of the force and the second defines the plane of force application [31]) and the section of force

application S,

σ =
Fx y

S
, (1.7)

while the deformation ε is defined as the radius between the relative displacement4x between

the planes and the perpendicular distance between the planes ymax = H.

ε =
4x
H

. (1.8)

The constitutive equation for this type of material is a combination of the two previous equa-

tions, resulting in

σ

ε
=

Fx y H

4xS
= G, (1.9)

where G is known as the elastic modulus, for this case it is equal to Young’s modulus.

In the case of the complex fluid, for the simple flow condition (linear flow), the interstitial

liquid is contained between two parallel planes, as explained above, the relative velocity between

the planes is low enough to avoid turbulence, the velocity of the neighboring fluid layers of the

parallel plates will have the same velocity of the respective plate (non-slip condition), the velocity

gradient is a constant, Known as the shear rate
.
γ:

.
γ≡

dvx

d y
=

vr

H
(1.10)

In this case, shear stress is a function of shear rate, the constitutive equation for fluids is

Newton’s law for viscosity [29],

σx y = η
.
γ (1.11)

This equation represents the intrinsic relationship between stress and the dynamic behavior of

the fluid, it should be noted, that this equation will be valid only for Newtonian fluids [29]. For

the Non-Newtonian liquids, the viscosity is not constant, and it can depend on the temperature or

the applied stress. Non-Newtonian liquids present a more complicated behavior, nevertheless, the

4



1 INTRODUCTION

apparent viscosity (ηa) can be calculated, as the ratio between the shear stress and the shear rate,

ηa =
σ
.
γ

. (1.12)

For general systems, in which there is a wide range of mesoscopic elements and several types

of interactions, these systems usually present a disoriented structure, so it is very difficult to find

the constituent equation, a relationship between the local and the macroscopic behavior [29, 31].

The above is valid as long as the Reynolds number (Re) is much less than 1, which guarantees

laminar flows, the Re number is defined as the radius between the inertial force and the viscous

force. For Re values greater than 1, the flow becomes turbulent. The usual rheology techniques

are valid for Re << 1, i.e. in the complex fluid, both the mesoscopic elements and the interstitial

fluid must be in the laminar regime.

For suspensions, mesoscopic elements dispersed in Newtonian liquids, when applying a simple

shear, the fluid velocity field describes trajectories that depend on the geometric shape of the

mesoscopic elements, but it can be shown that if the distribution of elements and space remains

isotropic and constant, the suspension is Newtonian [29].

A useful state variable for the study of suspension behavior is the volume fraction (φ) which

is the ratio between the volume of the elements and the total volume of the sample. When

the packing fraction is low enough, the suspension is in the diluted regime, in this regime the

mesoscopic elements of the suspension are far from each other, when applying the shear rate, the

liquid flows around each element and is disturbed a distance less than the separation distance

between the mesoscopic elements, so that hydrodynamic interaction is negligible [29], in this case,

the suspension has a rheological behavior similar to that of interstitial fluid, in this case, a good

approximation for viscosity is,

η(φ) = η0(1+ 2.5φ) (1.13)

This approach is really good for φ < 2% [29]. For semi-diluted regimes, the rheological beha-

vior depends on the behavior of both mesoscopic elements and interstitial fluid, for a Newtonian

material, there are several empirical formulas that describe the viscosity behavior of the material,

a special case is the Krieger-Dougherty equation (for a range of solid fractions greater than 55%

[29]),

η(φ) = η0

�

1−
φ

φm

�−2.5φm

, (1.14)

where φm is defined as the maximum packing fraction, the maximum packing fraction value

that can be achieved with mesoscopic elements. It should be noted that the φm parameter depends

on the distribution and geometry of the elements, and may depend on the flow history, i-e, there

5



1 INTRODUCTION

is no suitable method to determine the exact value of φm. An approximate value can be derived

with the help of the graph of viscosity vs. solid fraction, from the equation (Eq. 1.14), the value of

φm corresponds to the value of the concentration for which the viscosity tends to infinity [29].

In the concentrated regime, the mesoscopic elements are very close, so there is a strong inter-

action between them. The rheological behavior of the material depends strongly on the type of

interaction between the elements; in some cases the behavior of the interstitial liquid becomes

negligible, so the suspension can lose its Newtonian character. In this case, the behavior of the

material is complex and there is dependence on the flow history. The main source of viscous dis-

sipation can vary from friction between elements to hydrodynamic dissipation with the interstitial

liquid since among the mesoscopic elements there is a small layer of fluid [29].

For many non-Newtonian fluids, the apparent viscosity may vary with shear rate, and with flow

history, the viscous dissipation is now modified by flow [29]. This type of fluids does not satisfy

Newton’s law, so the constitutive equation is given by the Navier-Stokes equations [31]. In the

case of soft polymers, the elements can be deformed and take new geometrical forms changing

their orientation, which will depend on the properties of the applied flow. For example, linear

polymers or stars polymer tend to align in the direction of flow and, likewise, the flow can now

generate rotation of such objects. For non-Newtonian fluids where the shear stress is completely

defined by the instantaneous shear rate, but the relationship is not linear, these fluids are known

as generalized Newtonian fluids [31]. Two types of mechanical behaviors can be distinguished

[29]: for the first behavior, the alignment arises almost instantaneously for a given flow value

and depends strongly on the shear rate, the material presents the "shear-thinning" behavior, the

viscosity decreases when the shear rate increases. This is the most frequent rheological behavior

in suspensions [31]. The second behavior is the opposite case known as shear-thickening. In this

case, the viscosity increases when the shear rate increases, and it occurs for high volume fractions

or for high values of the shear rate. These behaviors are related by a non-linear equation between

shear stress and shear rate,

σ ∼ .
γn (1.15)

In this equation the power law, for n < 1 represents shear-thinning behavior, and for n > 1

shear-thickening [31]. In the second behavior, the alignment takes some time and in this case, the

apparent viscosity varies in time, in this case, the material presents the "thixotropic" behavior [29].

One of the main objectives in this dissertation is the study of the dynamic properties of isolated

Star Block Copolymer (SBC) in order to understand the rheology of the diluted suspensions of

SBCs. Of course, in chapter 4, we presented and analyzed the viscosity as a function of the shear

rate and discuss the implications of the found shear thinning behavior.
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1.3 Associative polymers

Associative polymers have segments that have the property to associate in the presence of

selective solvents [33, 34]. The distribution of these segments in the polymers can be random or

following a specific order, and this drastically influences the static and dynamic properties of the

polymer [34]. Associative polymers have adjustable properties which provide a convenient control

on the physical properties of both the polymer and the solution containing them. Accordingly, the

applications of associative polymers have great industrial importance as rheological modifiers [33],

one of the most studied applications being the change of viscosity of solutions [34]. There are

different types of associative polymers, three of the most studied are the ones containing charged

blocks (ionomers, polyelectrolytes), block polymers dependent on the quality of selective solvents,

and associative polymers with hydrogen bonds [33].

In this doctoral dissertation, we study the static and dynamic properties of an associative

polymer, which is composed of linear block polymers. In this case, there is only one associative

block ( B type - solvophobic block) connected by a soluble block (A type - solvophilic). For linear

block polymer systems, B type blocks are grouped in dense domains above a Critical Association

Concentration (CAC) and/or a Critical Association Temperature (CAT) [34] in a wide range of

morphologies and/or geometries. Depending on the properties of the polymers, the concentration,

the number of attractive blocks, the size ratio between B type and A type blocks, the solvent quality

and the type of bond, the spherical or tube-shaped dense domains are the most common [34].

Similarly, when the surfactant molecules are assembled, the polymeric micelles (spherical dense

domains) or worm-shaped micelles (barred dense domains) are reached [34].

In a system of associative polymers, the association of B type blocks is generated by two types

of physical bonds that in principle are reversible, as opposed to permanent chemical bonds. The

physical bonds can be weak, so the grouping of B type blocks can be formed and eliminated at

a certain time. On the contrary, when the physical bonds are strong, the aggregation of B type

blocks remains in time, these type of bonds can be destroyed by changing some of the parameters

of the experiment [33].

A simple case study is that of linear block polymers with only two blocks, A-type and B type.

For selective solvents, the B type block collapses into a dense spherical nucleus connected to a

linear polymer consisting of A block. This configuration is known as the tadpole type, and in high

concentrations, the dense spherical nuclei assemble and generate the micelle nucleus, Around

the core, a crown of A-type block is generated, this type of configuration is similar to a star

polymer, and it is called a micelle. The micelles can have different geometries depending on the

asymmetry between the A-type and B type blocks or the quality of the solvent. By changing the

micellar concentration, the system can present periodic structures of different morphologies and

with different rheological properties [33].
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In dilute solutions of associative polymers, the phenomenon of self-association or self-assembly

occurs. Different B type blocks are assembled, resulting in changes in the geometry of the polymer,

in physical properties, and likewise in the dynamics of the polymer, such as a change in the

frequency of rotation for when the system is applied a simple flow. For high concentrations the

systems can form a gel phase; likewise, the type of gel will depend on the type of physical bonds

present in the system. When the interaction is weak, it is found that the properties of the system

are close to those of the viscoelastic fluids, but when the interaction is strong the properties are

close to the soft polymers where a finite elastic module is present [33]. By increasing the number

of B-blocks or by increasing the intensity of the attraction force between B-blocks, phase separation

can be induced in the system.

The typical parameter for the study of the dynamics of the association polymers is the number

of weak bonds formed in the polymer; this parameter is also useful for calculating the average

time to generate this bond. In the case of a linear block polymer, this time is related to the time

for which a solvophobic block needs to escape from a micelle and attach it to another micelle.

This process involves two stages: first, the solvophobic block is removed from the core of the first

micelle, and in the second the linear polymer block must be ejected from the micellar corona [33].

1.4 Star Block Copolymers - (SBCs)

Polymers have a wide range of macromolecular architectures [35]. Star polymers are linear

polymer aggregates, the first monomer of each linear polymer is linked to the core of the star or

central monomer, so that star polymers are a class of branched macromolecules with linear arms.

Thanks to current synthesis techniques it is possible to synthesize star polymers in an easy way

[35], star polymers have more important properties in different fields of application, especially in

the field of nanotechnology [35–37], than linear polymers.

One way of classifying possible star polymer architectures is based on the properties and

sequences of the monomers of each arm and the properties of the nucleus or central polymer [35].

There are three different categories for such classification. The first one is based on the distribution

of the monomers in each arm of the star: in this category, there are the Homoplymer Star (HS),

where all the monomers of the arms have the same properties, and the Star Block Copolymer

(SBC) where each arm of the star has two different types of monomers, each type is grouped by

blocks of the same type of monomers, and all the star arms are equal. In the second category, the

way of classification depends on the different types of star arms: in this category are the so-called

Miktoarm Star (MS), if in the star there are only two types of arms, this configuration is known as

Compositional Miktoarm Star (CMS). The third category depends on the properties of the nucleus

or central monomer of the star: if the nucleus of the star has similar characteristics to the monomers

of each arm, this configuration is known as Small Compound Core-Structured Star (SCC-SS), if on
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the contrary, the nucleus is associated with macromolecular properties, this type of configuration

is known as Macromoleclule Core-Structured Star (MCS-SS) [35].

In this doctoral research, we focus on the type of star polymer with SBC architecture, since SBC’s

have been encountered in a wide range of systems due to the possible geometries of nanoparticles

used in different applications, including micelles, nanospheres, nanocapsules among others [36].

One of the most interesting and appealing applications of nanoparticles is in the delivery of drugs,

where these are considered as the next generation of drug carrier agents [36, 38–40].

As mentioned above, with current synthesis techniques it is easy to create large types of star

polymer geometries, there are basically three types of approaches to synthesizing them, which are,

nucleus-first, arm-first, or grafting-on [35, 36]. For the synthesis of the type of star used in this

doctoral study (SBC), the first nucleus approximation is mainly used. Here, the nucleus of the star

is a presynthesized multifunctional initiator and the arms of the star grow from the nucleus. With

this, the first block of each arm is synthesized and when the desired length of the block is obtained,

the chain is extended. Subsequently, to each arm of the star, the second block is added, finally

synthesizing the SBC [35].

1.5 Thesis Outline

This Dissertation is organized as follows: in chapter 2, we briefly present the model and the

simulation technique as well as some results about the equilibrium properties of isolated SBC.

In chapter 3, we analyzed our numerical results for the geometric features of SBCs under shear

rate. Particular attention is subsequently being paid to the question of patch reorganization as a

consequence of shear. In the final part of this chapter, we focus on the dynamics of sheared SBCs

analyzed using the so-called Eckart frame, which allows separating pure rotational and vibrational

motions. We show that SBCs display a richer structural and dynamical behavior than athermal star

polymers in a shear flow and therefore they are also interesting candidates to tune the viscoelastic

properties of complex fluids. In chapter 4, in the initial part of the chapter, we analyze our results

on the association, network formation and connectivity characteristics, pair correlations, and

equilibrium diffusion of semi-dilute SBCs system for different values of the packing fraction. In the

final part, we devoted to extensively present and discuss our results regarding the conformation

properties, the patchiness, and the viscosity of the system as a function of the shear rate and

the packing fraction. In chapter 5, we propose two new approaches to MD-MPCD simulations of

macromolecular systems suspended in a solvent. Finally, in chapter 6 we summarize and draw

several concluding remarks.
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2 | Model and methods

In this chapter, we present a brief description of all the computational methods used in this doctoral

dissertation. All the computational models were written in the FORTRAN-95 high-level programming

language. In the initial part of this chapter, the numerical method used to model purely repulsive

stars (Monomer-Resolved Model - MRM) is presented, this model was used to model stars and linear

polymers that were used in chapter 5 of this dissertation. With a modification of the MRM method, it is

possible to model the behavior of a star blocks copolymer (SBC), that is, to modify the potential of pair

interaction between monomers since now in the star are found two types of monomers, the solvophilic

type (type - A) and the solvophobic type (type - B). When modifying the potential of interaction between

type-B monomers, a parameter is introduced to simulate the quality of the solvent or, equivalently, to

modulate the strength of the attractions between type-B monomers. In the second part of this chapter,

the method to simulate isolated SBC with implicit solvent is presented, In addition, some results of

the equilibrium of isolated SBC are presented varying the parameters of the model. To the previous

model, the hydrodynamic interaction can be added, this means, we introduce an explicit solvent in the

simulation. The hybrid method of simulation MD+MPCD employed in subsequent chapters. Finally,

we present the protocol to find the initial configuration of semi-diluted and concentrated systems of a

stars block copolymer with hydrodynamic interaction, used in chapter 4 of this dissertation.
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2.1 Introduction

Computational science is a main part of the so-called modern sciences. A particular brand of it

is computational physics, having applications in fields of great interest of current research, such as

the field of solid-state physics, soft matter physics, fluid physics, nonlinear physics or dynamics of

chaotic systems, quantum physics, cosmology, and others. The purpose of computational physics is

the generation of computational models of systems of many particles or many degrees of freedom,

which in principle do not have an exact analytical solution, or systems which properties are un-

known under some specific conditions, i-e, rare events or with a low probability of occurrence. Of

course, in computational physics, idealized or simplified models are developed to study properties

of physical observables by statistical averaging.

In this doctoral dissertation, we study SBC employing molecular dynamics [41] where the

integration method is the velocity-Verlet algorithm, using the Lees-Edwards algorithm to generate

the linear shear flow in the system. The rest of the chapter is organized as follows. In Sec. 2.2

We define the pair interaction potential for purely repulsive monomers and the potential to link

two consecutive monomers for the construction of linear polymers. In Sec. 2.3 We present the

modification of the pair interaction potential between monomers (two types of monomer) and

introducing the quality of the solvent, as well as numerical results for the equilibrium properties of

an isolated star block copolymer with implicit solvent. In the final part of this section, we define the

protocol to find the initial configuration for the semi-dilute and concentrated SBC systems regimes.

In Sec. 2.4 we define the algorithm for the implicit solvent that we used throughout the doctoral

study as well as the main parameters of this algorithm. In Sec. 2.5 We define how to implement the

hybrid method of numerical simulation as well as the general implementation of the shear flow.

2.2 Monomer-resolved model for polymers (MRM)

Polymers are represented with a bead-spring-like model, where monomers are treated as soft

spheres (ss) of diameter σ and mass M interacting through a Weeks-Chandler-Andersen-like pair

potential,

Vss (r) =







4ε
�

�

σ
r

�48 −
�

σ
r

�24
+ 1

4

�

r ≤ rcut

0 r > rcut,
(2.1)

where rcut = 21/24σ, ε= 2kB T and r is the center-to-center distance between the monomers.

Bonding between connected monomers is introduced by means of the finitely extensible nonlinear

12



2 MODEL AND METHODS

elastic (FENE) potential:

Vbond (r) = −
1
2

K
�

R0

σ

�2

ln

�

1−
�

r
R0

�2
�

, (2.2)

where we fix K = 30ε and R0 = 1.5σ.

2.3 Star Block Polymers method (SBC)

We simulate an isolated SBC with a modification of the MRM in the way introduced in [23].

Each arm of the SBC ( f ) is represented with NA (solvophilic) inner and NB (solvophobic) outer

monomers (Npol = NA+ NB), therefore defining the amphiphilicity of the star as α= NB/Npol. The

monomers interacting through pair potentials VAA(r) = VAB(r) = V (r; 0) and VBB(r) = V (r;λ) (Fig.

2.1) where,

V (r;λ) =







Vss(r) + (1−λ)ε r ≤ rcut

λV0(r) r > rcut.
(2.3)

We consider kB T and σ as units of energy and length, respectively, the unit of mass is M

the mass of the monomer and λ is an attraction-controlling coupling constant, which allows us

to modulate the solvent quality for the B-monomers; as explained in [23], to take λ > 0.92 is

equivalent to considering that a polymer made of B-monomers is below its θ -temperature.
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Figure 2.1. Plot of the pair interaction potential between solvophobic monomers for different values of λ, see eq. (2.3)
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2.3.1 Equilibrium properties of SBC

We used Molecular Dynamics (MD) simulation to model the SBC with implicit solvent. In this

way, the time evolution of the monomers is described by Newton’s equations of motion, which

are integrated with the Velocity-Verlet scheme [41] using an integration time step ∆t = 10−3τ,

with τ =
p

Mσ2/ (kB T ) (M = 1) being the time unit. We implement the Nose-Hoover Thermo-

stat with kB T = 1. We perform computational simulations with a several sets of the parameter,

for the polymerization degree we chose Npol = 40,60,100, for amphiphilicity α = 0.3,0.5,0.7,

functionalization f = 12, 21,30 and, solvent quality λ= 0.9,1.0, 1.1.

The main idea about the calculation of the equilibrium properties of the isolated SBC is testing

the program that we implement in FORTRAN 95. We presented some numerical calculation of

the shape, density profile, patches behavior, we define a patch as the aggregation of two or more

blocks of type-B monomers, and the distribution of the cos(θ ), where θ is the angle between the

center of mass of two patches, We found similar results reported in [23], the typical behavior of

the SBC as a function of the λ is depicted in Fig. 2.2, we found some a set of parameters that the

SBC has the soft patchy particle model behavior.

Figure 2.2. Snapshots of isolated SBC [42], (a) patches formation as a function of λ, SBC with the triangular (b) and
tetrahedral (c) shapes. Yellow, red and blue spheres correspond respectively to the star core, solvophobic (B-type)
monomers and solvophilic (A-type) monomers.

2.3.1.a Gyration tensor

One of the main results in the doctoral research is the complete analysis of the shape of an

isolated SBC in shear flow and suspensions of SBCs in equilibrium and in shear rate. To accurately

describe the shape of SBC we make use of the three eigenvalues λ1 > λ2 > λ3 of the gyration
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tensor, which reads:

Gµν =
1

Nmon

Nmon
∑

i=1

�

ri,µ − rcm,µ

� �

ri,ν − rcm,ν

�

, (2.4)

where ri,µ and rcm,µ are the µ components (µ= 1, 2, 3 represent Cartesian coordinates) of the

positions of the i-th monomer and of the star center of mass, respectively. The three eigenvalues

can be used to define the following invariants:

I1 = λ1 +λ2 +λ3,

I2 = λ1λ2 +λ2λ3 +λ1λ3,

I3 = λ1λ2λ3.

(2.5)

The first invariant corresponds to the square of the radius of gyration (Rgyr =
p

〈I1〉). With the

help of these invariants we can define the asphericity δ, the prolateness S, and the acylindricity c

as:

δ = 1− 3

�

I2

I2
1

�

, (2.6)

S =

�

(3λ1 − I1)(3λ2 − I1)(3λ3 − I1)
I3
1

�

, (2.7)

c =

�

λ2 −λ3

I1
1

�

, (2.8)

where the angular brackets denote ensemble averages [43–45]. The asphericity δ assumes

values from 0 to 1, where the lowest value corresponds to a fully spherical object. The prolateness

S ranges from −0.25 to 2, the negative values indicating oblate shapes whereas the positive ones

map to prolate objects. The acylindricity is a positively defined quantity with c = 0 describing a

perfect cylindrical symmetry; note, however, that also a perfect sphere has vanishing acylidricity.

In Fig. 2.3 we show that all values of the radius of gyration increase when f increases. For

low values of α, the behavior of the SBC has a similar behavior as the completely repulsive stars.

For α= 0.3, f = 30 and all values of Npol, the SBC has the spherical-like shape, the values of the

δ and c are close to zero. When the parameter α increase, special case α = 0.5,0.7, f = 21 and

Npol = 100, c takes the maximum value, in this cases, the geometric shape on average becomes

more close to cylindrical shape (see Fig. 2.2 (b)).

An interesting behavior is for α = 0.7, the asphericity δ and de prolateness S in most cases

decrease when f increase, nevertheless, the acylindricity c has different trends as a function of Npol

and f . The first one is for Npol = 40, the trend is decreasing when f increases, while f increases
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Figure 2.3. Shape parameters for an aisolated SBC with, (Left-Up) α= 0.3, (Right-Up) α= 0.5, (Down) α= 0.7, in all
cases λ= 1.1.

the SBC tends to be more spherical. The second one for Npol = 60, for values of f < 21, c remains

almost constant and for f > 21, c increase with f . The trird one for Npol = 100, there is a rapid

growth for f < 21, and for f > 21 the three shape parameter are saturated, the average geometry

of the SBC is independent of f , for these values, the SBC preserves the triangular shape (Fig. 2.2

(b)).

2.3.1.b Density profile

In the last part of the doctoral research work we explored a new possible computational tech-

nique to simulate star polymer from the information obtained from the density profile (Chapter 5).

For the moment, we calculated the density profiles of all sets of the parameter, finding, for values

of α= 0.3 all stars have the same density profile as complete repulsive star, we find the same decay

law ρ(r)∼ r−4/3 (Chapter 5 Sec. 5.3.1). However, for values of α= 0.7 the tail of the distribution

presents an important change with respect to the distribution for α= 0.3, this change evidences

the presence of patches of monomers (type - B) for all values of Npol considered Fig. 2.4.
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Figure 2.4. Density profile around the center of the SBC.

2.3.1.c Patches behavior

One of the changes induced by the amphiphilicity parameter α is the modification in the

conformation shape of the SBC. This due to the creation of patches by the solvophobic tail of the

SBC. Another main point in this research is the study of the dynamic behavior of the patches of

type-B monomers. As mentioned above, we defined a patch as the aggregation of two or more

solvophobic blocks. The criterion was chosen on the basis of the minimum distance between

monomers type B of different blocks of the star. In particular, if two monomers of different blocks

are at a distance rcutoff ≤ 1.08σ we consider that the two blocks are united by a patch. In Fig. 2.5

we present the behavior of the patches and the number of type-B monomers present in each patch

(population of the patches).

Fig. 2.5 shows the behavior of the number of the patches and the population of the patches on

average, where we only considered configurations in which the SBC presents at least one patch.

For α= 0.3, the patches are on average made only for two arms and the average time of life of the

patch counted in molecular dynamics steps is only a few steps: these patches are counted only by

the proximity of the arms of the SBC. In the case of α= 0.5 the size of the patches increases and

these patches are more stable as shown in Fig. 2.2 (c), in this case, all arms of the star participate

in the patches, this is only for the value of Npol = 100 and f = 30, for the other values stable

patches can be presented together with free arms. For the last value of α = 0.7 in all cases, the

system always presents stable patches (see Fig. 2.2 (a), λ= 1.1) and in this special case a smaller

number of patches is found on average than in the case of α= 0.5. The conformation of the patches

produces changes in the geometric properties of the SBC. For the last value of α, the number of

patches is saturated around four patches for values of Npol = 40 with a spherical-like geometry of

the SBC, and three patches for Npol = 100 with a cylindrical-like geometry of the SBC.

To complete the study of the equilibrium properties of an isolated SBC with an implicit solvent,

we calculate the distribution of cos(θ ) as long as the SBC has two or more patches Fig. 2.6.
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Figure 2.6. Distribution of the cos(θ ).

For values of α= 0.3, the distribution of cos(θ ) is completely flattened because the dynamics

of the patches consist of continuous creation and destruction, there is no explicit order in the same.

For values of α= 0.5 the distribution has the same behavior as for α= 0.3, except for Npol = 100,

where we see a transition of the most probable value of cos(θ ) as a function of f . For f = 12

the most probable value of cos(θ ) is −1, this signifies that the angle between the patches is 180

degrees, this is consistent with Fig. 2.5, the SBC has two patches, on average each patch has a

size of 5 arms and these patches are diametrically opposite. When the value of f = 21, the most

probable value of cos(θ ) takes the value of −0.5, this implies that the angle between patches is

around 120 degrees, the SBC presents 3 patches and presents the triangular-like configuration

Fig. 2.5. For f = 30 the most probable value of the cosine of the angle is around −0.25, This
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involves a pyramidal-like configuration Fig.2.2 (c). All the results presented are consistent with

[23]. We found a similar behavior for α= 0.7, however, for this value, the SBC has a maximum of

3 patches with a triangular shape of the SBC Fig. 2.5.

2.3.2 SBCs system - protocol

In chapter 4 of this doctoral dissertation, where our main results are presented, we study the

properties in equilibrium and the dynamic properties of SBC systems in semi-dilute and concen-

trated regimes. In this section, the algorithm used to find the initial configuration is explained.

For the SBCs system, the algorithm that was chosen is divided into three parts. In the first part

an arrangement of a body-centered cubic network is used, where, in each position of an atom

completely stretched SBC is located, in such a way that the shortest distance between two close

neighbors is such that they are considered isolated SBCs Fig. 2.7. In this part, λ= 0, and the model

used is the MRM. We proposed for the first equilibration and thermalization step MDstpes = 5x106

in molecular dynamics steps.

Figure 2.7. Snapshots from the simulation for the first part. In the left are 35 repulsive stars completed stretched.

In the second part, the simulation box is compressed until the desired monomer density (φ) is

reached, followed by the introduction of the explicit solvent (using the MPCD algorithm, Sec. 2.4)

and λ = 0, with which the algorithm in this step is the MRM+MPCD hybrid method (Sec. 2.5),

again MDstpes = 5× 106 is used for equilibration and thermalization of the system. Fig. 2.8.

In the final part of this protocol, the value of the λ-parameter, modeling solvent quality changes

to the desired value, and at this point, the final hybrid algorithm of MD + MPCD is used using the

potential associated with the SBC. In this last stage, we used MDsteps = 8× 106 for thermalization

and equilibration. In Fig. 2.9 initial conditions are observed for two sets of parameters in a con-

centrated regimen. For the study of dynamic properties, the shear flow is applied to the previous

initial conditions through the Lees-Edwards boundary conditions (Sec. 2.5.1) where shear is applied
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Figure 2.8. Snapshots from the simulation, for the second part of the protocol. In the left the parameters are α= 0.3
and φ = 0.06, in the right the parameters are α= 0.5 and monomer volumen fraction φ = 0.06.

gradually until the desired value of the shear flow is reached, adding another MDsteps = 8× 106

for thermalization and equilibration.

Figure 2.9. Snapshots from the simulation, for the last part of the protocol. For the same parameters of Fig. 2.8.

2.4 Multi Particle Collision Dynamics - MPCD

Multi-particle collision dynamics (MPCD) was employed to mesoscopically simulate the solvent

[7, 8, 46]. The latter is assumed to be composed of Ns point-like particles of mass m, whose

dynamics follow two steps: first, a streaming step, in which the solvent particles move ballistically

as,

ri (t + h) = ri (t) + hvi (t) (i = 1, . . . , Nsol), (2.9)

where h denotes the time interval between collisions and ri and vi represent respectively the
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position and the velocity of the i-th solvent particle. Second, a collision step, in which the solvent

particles exchange linear momentum. To do that, particles are sorted into cubic cells with length

a, and their relative velocities with respect to the cell center-of-mass are rotated by an angle χ

around a random axis [7, 8, 47].

vi (t + h) = vcm (t) + R̂ (χ) [vi (t)− vcm (t)] , (2.10)

where R̂ (χ) is the corresponding rotation operator and vcm is the center-of-mass velocity of

the cell to which particle i belongs. This is defined as

vcm =
1
Nc

Nc
∑

j=1

v j , (2.11)

with Nc the number of the solvent particles within the cell. Hydrodynamic interactions are

reproduced if both local momentum conservation and Galilean invariance are guaranteed. While

the first requirement is satisfied immediately by Eq. (2.10), for the second one a random mesh shift

of the collision cells must be performed before each collision step [48]. The average number of

solvent particles per collision cell 〈Nc〉, the collision angle χ and the MPCD time step h determine

the bulk number density ρsol,bulk = 〈Nc〉/a3, the mass density ρ̂sol = m〈Nc〉/a3 and the (dynamic)

viscosity of the solvent ηsol = ηkin +ηcol, where

ηkin =
〈Nc〉 kB T h

a3

�

5 〈Nc〉
(〈Nc〉 − 1) (4− 2 cosχ − 2 cos (2χ))

−
1
2

�

ηcol =
〈Nc〉m
18 a h

(1− cosχ)
�

1−
1
〈Nc〉

�

, (2.12)

with kB is the Boltzmann constant and T the absolute temperature, which is set in MPCD by

employing a cell-level thermostat [49].

2.4.1 MPCD parameters

The typical MPCD parameters are, the cell size a = σ, serving as the unit of length, making the

presence of two monomers in the collision cell very unlikely, the number of solvent particles per

MPCD-collision cell is ρ = 5 and their mass is m= 1, serving as the unit of mass, energy kB T , the

timescale is defined as τmpcd = a
p

m/kB T , The remaining MPCD-parameters were set as follows:

the time between collisions is ∆tmpcd = 0.1τ, the rotation angle is χ = 130◦.
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2.5 Hybrid Program - MD+MPCD

The coupling between the monomers of the SBC and the solvent particles is achieved during

the collision step, in which the former are included as point particles in the evaluation of the

center-of-mass velocity of each cell (Eq. 2.13) [50, 51], and their velocities are also randomly

rotated. This interaction is strong enough to keep the monomers at the desired temperature, once

a thermostat for the solvent particles has been introduced, which in the present case corresponds

to a cell-level, Maxwell-Boltzmann scaling [49]. During the collision step mass, momentum and

energy are conserved, leading to correlations among the particles and giving rise to hydrodynamic

interactions.

vcm =
1

m Nc +M N (m)c



m
Nc
∑

i=1

vi +M
N (m)c
∑

j=1

V j



 , (2.13)

where N (m)c is the number of monomers in the considered collision cell, V j is the monomer

velocity and M = 〈Nc〉m is the monomer mass.

2.5.1 Shear rate

Lees-Edwards boundary conditions were used to generate a shear velocity field v(y) = .
γ y ê1,

characterized by the shear rate
.
γ, as schematically depicted in Fig.2.10.

As a dimensionless measure of the shear rate, we consider the Weissenberg number Wi, which

is the product of the shear rate with the longest relaxation time of the polymer. For the latter, we

take the longest Zimm relaxation time τZ of a polymer with Npol monomers, which is given by the

expression [47, 52]

τZ =
ηs

kBT
σ3N 3ν

pol , (2.14)

where ηs is the (MPCD) solvent viscosity and ν= 3/5 is the Flory exponent for self-avoiding

chains.
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Ly

Figure 2.10. Top left: Schematic illustration of the simulation setup, demonstrating the shear ( x̂ = ê1), gradient ( ŷ = ê2),
and vorticity (ẑ = ê3) directions of planar, Couette flow. Top right: velocity profiles for the pure solvent obtained in
our MPCD-simulation for different shear rates, corresponding to the Weissenberg numbers Wi of the polymer which
are indicated in the legend. We emphasize that no polymer was dissolved in this case and the Wi is only used as a
convenient way to characterize the flow strength. Bottom: Representative conformations of a SBC, viewed from the
vorticity axis and projected on the x y-plane (flow-gradient-plane). Here, f = 15, α = 0.3 and λ = 1.1. Snapshots
are shown at equilibrium (left), intermediate (Wi ' 50, middle) and high shear rates (Wi ' 103, right). Yellow, red
and blue spheres correspond respectively to the star core, solvophobic (B-type) monomers and solvophilic (A-type)
monomers.

23





3 | Isolated SBC

Star block-copolymers (SBCs) are macromolecules formed by several diblock copolymers anchored

to a common central core, the internal monomers solvophilic and the end monomers solvophobic, SBCs

have been demonstrated to constitute self-assembling building blocks with specific softness, function-

alization, shape, and flexibility. Depending on different physical and chemical parameters the SBCs

can behave as flexible patchy particles. In this chapter, we study the behavior of an SBC under shear

flow using a hybrid mesoscale simulation technique. We systematically analyze the conformational

properties of low-functionality stars, the formation of attractive patches on their corona as a function

of the shear rate as well as the rotational dynamics. We cover a wide range of system parameters,

including functionality, amphiphilicity, and solvent quality. It is shown that SBCs display a richer

structural and dynamical behavior than athermal star polymers in the shear flow [ R I P O L L, W I N K-

L E R and G O M P P E R, Phys. Rev. Lett., (2006), 96, 188302] and, therefore, they are also interesting

candidates to tune the viscoelastic properties of complex fluids. We identify three factors of patch

reorganization under shear that lead to patch numbers and orientations depending on shear rate,

namely: free arms joining existing patches; a fusion of medium-sized patches into bigger ones; and

fission of large patches into two smaller ones under high shear rates. In the final part of the chapter,

we compare three different approaches to analyze the rotational dynamics: the laboratory frame, the

non-inertial Eckart’s frame, and a geometrical approximation relating the conformation of the SBC to

the velocity profile of the solvent. We find that the geometrical approach is adequate when dealing with

very soft systems while in the opposite extreme, the dynamics are best explained using the laboratory

frame. On the other hand, the Eckart frame is found to be very general and to reproduced well both

extreme cases. We also compare the rotational frequency and the kinetic energy with the definitions

of the angular momentum and inertia tensor from recent publications. Since the conformation of

single SBC is expected to be preserved in low-density bulk phases, the presented results are the first

step in understanding and predicting rheological properties of semi-dilute suspensions of this kind of

polymers.
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3.1 Introduction

Since SBCs can display both intramolecular and intermolecular association phenomena, a great

deal of work has been devoted to the study of their conformational features in equilibrium, as well

as the structure of their suspensions [23, 24, 53–56]. These studies have established that isolated

SBCs behave as self-associating patchy particles (see Section 2.3.1), i.e., they self-assemble into

structures with one or multiple aggregation sites or clusters of their solvophobic segments, whose

number and extent can be tuned by different factors such as functionality ( f ), temperature, solvent

quality and/or the fraction of solvophobic monomers. Furthermore, when several aggregation sites

are present, these are distributed equally over the whole solid angle due to entropic effects and

therefore SBCs resemble soft penetrable colloids with attractive patches, such patchiness being a

robust property of the SBCs throughout a broad range of polymer concentrations [54].

The understanding of the role that the conformation and softness of polymer-based assemblies

have on the rheological properties of their suspensions, on the other hand, is of considerable

interest from both fundamental and applied perspectives [32, 57]. Extensive simulation studies

have considered the behavior of isolated polymers of diverse architectures (linear, ring, star-like

and hyper-branched) in shear flow, demonstrating particular features due to the conformational

degrees of freedom, which distinguish them sharply from rigid colloidal particles [47, 58–64]. In

the particular case of athermal star polymers, i.e., stars without solvophobic end groups, it has been

shown that their structural flexibility leads to the mutual influence of fluid and polymer, resulting in

both a change in the conformation of the star and a deviation from the mean velocity profile of the

fluid. Also, stars with small functionality f exhibit a tumbling motion characterized by alternating

collapsed and stretched conformations, resembling the behavior of linear polymers, while high-

functionality stars perform a continuous tank-treading rotation similar to fluid droplets and capsules

[47, 62]. Furthermore, telechelic, stiff linear polymers assemble in equilibrium into scaffold-like

networks, whose properties are governed by polymer flexibility and end-attraction strength. Shear

flow induces significant structural changes featuring three major rheological regimes, depending

on the strength of the applied shear flow [65, 66].

The rest of this chapter is organized as follows: In Sec. 3.2 we defined the parameter for the

SBC model. In Sec. 3.3, we show and discuss our findings for the geometric features, i.e. sizes and

shapes, of SBCs under shear. In Sec. 3.4 We discuss the patch reorganization as a consequence of

shear, In Sec. 3.5 we presented the analysis of the rotational dynamics in special the calculation of

the rotational frequency. Finally, In Sec. 3.6 we summarize and draw our conclusions.
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3.2 Model paramters

In the first part of the chapter, we investigate the structural properties of isolated, moderate-

functionality (12 ≤ f ≤ 18) SBCs under the influence of homogeneous, linear shear flow using

a hybrid simulation approach (see Section 2.5). We quantitatively analyze the behavior of shape

and patchiness of an SBC at several amphiphilicities and solvent qualities. We span a range of

Weissenberg numbers Wi from zero (equilibrium) to the order of 103, the latter lying into the

non-linear regime. We obtain τZ ' 1.3 × 104τ for the specific choices of the MPCD collision

parameters (see Chapter 2, Section 2.4.1) and the value Npol = 40 employed here.

In the second part of the chapter, we consider the rotational dynamics of isolated SBCs. We

focus on the following three particular sets of parameters: { f ,α,λ} = {12, 0.3, 1.0} (Case 1),

{15, 0.5, 1.1} (Case 2) and {18, 0.7, 1.1} (Case 3). The dynamic behavior of single SBCs must

be considered to gain some insights about the influence of these patch rearrangements on the

rheology of dilute suspensions. Motivated by very recent work on the rotational dynamics of star

polymers in shear flow [67, 68], this part of the chapter focuses on the dynamics of sheared SBCs

analyzed using the so-called Eckart frame, which allows separating pure rotational and vibrational

motions.

We performed 14 independent runs with different initial conditions for each set of parameters

{ f ,α,λ, Wi} investigated. A preparation run of 5 × 106 MD steps was executed in first place,

which was long enough for the SBC to reach its stationary state and then, a production cycle of

1.5× 107 MD steps took place. Depending on the shear rate, the simulation box has dimensions

60σ ≤ Lx ≤ 110σ and L y = Lz = 60σ. Data for shape parameters, patch number and patch sizes

were evaluated every 2× 104 MD steps and averaged during the production cycle.

3.3 Geometric properties

The global conformational features of the SCB at different shear rates are summarized in

Figs. 3.1 and 3.2. In first place, the dependency on Wi of the radius of gyration (see Chapter 2,

Section 2.3.1.a) (Rgyr) and of both the asphericity (δ) and the acylindricity (c) parameters are

reported in Fig. 3.1. In general, SBCs feature a smaller spatial extension Rgyr than their athermal

counterparts, the difference between the two growing for larger values of α and λ. The radius of

gyration of all systems increases with shear rate, a feature due to the stronger stretching along

the flow direction, which overcompensates for the concomitant shrinking in the gradient-and

vorticity directions. Referring in particular to the inset of the upper panel of Fig. 3.1, we can

distinguish, roughly, three regions in the dependence of the polymer size on Wi. For Wi ® 10,

the macromolecules essentially maintain their equilibrium sizes and conformations, whereas for

10®Wi ® 400 shear has a profound influence on the shape and conformation of the stars, leading
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to rearrangements of the attractive patches and changes of their number and orientation, as it will

be shown in more detail in what follows. In this regime, the ratio rgyr of the gyration radius of

the SBCs to that of the athermal stars has a non-monotonic dependence on Wi, as shown in the

inset of the upper panel of Fig. 3.1, a manifestation of the strong rearrangements of the SBC-arms.

Finally, in the very strong shear regime, Wi > 400, the arms of the SBCs become strongly stretched

and all stars tend to very similar, elongated conformations. In particular, the arms of all SBCs are

forced to stretch and the gyration radius of all molecules approaches the same value as that of

athermal stars.

On the other hand, the behaviour of the asphericity δ suggests that as the shear rate increases

the SBC loses its spherical symmetry and develops a rod-like shape (δ → 1), whose associated

acylindricity drops monotonically for 10<Wi < 400. As before δ and c tend to the same values

of the athermal stars for high Wi, it being particularly notorious for the case α= 0.7 and λ= 1.1,

which displays a clearly different global shape with respect to the other SBCs for Wi < 10.
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Figure 3.1. Average shape descriptors as a function of the Weissenberg number for f = 15 and polymerization degree
Npol = 40. Radius of gyration (top), asphericity (bottom-rigth) and acylindricity (bottom-left) are shown for λ = 1.0
(filled symbols) and λ = 1.1 (empty symbols). Blue stars indicate the data for pure repulsive stars (λ = 0 or α = 0).
Inset: Normalized radius of gyration rgyr = Rgyr/R

(ath)
gyr , where R(ath)

gyr is the corresponding value for athermal stars at a
given Wi.

An interesting feature in Fig. 3.1 is a ‘kink’ in the asphericity and in the acylindricity at the

highest values of the Weissenberg number (Wi > 400), which is also found for the vorticity-

component Gzz of the gyration tensor. This kink is caused by a combination of shear-induced
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Figure 3.2. Diagonal components of the gyration tensor (left) and orientational resistance (right) at different shear
rates for f = 18, λ = 1.0 (filled symbols) and λ = 1.1 (empty symbols). In the inset, data for mG are normalized by
a factor m(ath)

G = 0.84 f 0.27 Wi0.65, which corresponds to the scaling law (dash-dot lines) found for athermal stars at
Wi ¦ 10 [47].

confinement of the stars, the strong steric interactions, and crowding at the star core, as well

as the relatively short arm length, Npol = 40. Characteristic snapshots Fig. 3.3. At low values

of Wi the stars are hardly distorted, whereas for Wi ¦ 10 the molecules become increasingly

anisotropic, expanding in the flow direction and shrinking most strongly in the shear direction

and less so along the vorticity axis. Around the value Wi ' 400, the confinement in the gradient

direction is so strong that the stars resemble two-dimensional objects [69]. Beyond this point,

no further shrinkage along the vorticity direction is possible anymore, because the arms become

strongly stretched and the steric hindrance close to the anchoring point in the center pushes these

stretched, rod-like arms back out into the vorticity direction. In the employed model of the SBC,

the anchoring points of arms to the core are allowed to freely glide along the core surface, i.e., the

grafting points are not spatially fixed. As a consequence of this, for Wi > 400 an antagonistic effect

appears between the shear-induced shrinkage and the strong monomer packing close to the core

poles; as mentioned above, the crowding at the poles becomes so strong that arms start getting

ejected sideways along the vorticity direction (see bottom panels of Fig. 3.3). This behavior is

associated with the kink of shape-descriptors curves at a very high Wi. Since it does not reflect the

general features of the SBC, we consider it no further. At this point, it is also worth to note that, at

high Wi, loose arms rotate in the flow-vorticity plane in the course of the SBCs tank-treading-like

motion, getting reattached to the extended arms at the two ends of the star while other ones leave

those patches to perform further rotations.

The above considerations on the shape of the stars are quantified by the analysis of the diagonal

components Gµµ(Wi) (µ = x , y, z) of the gyration tensor as a function of Wi, shown in Fig. 3.2.

There is a remarkable collapse of almost all curves for the reduced quantities (over their value
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Figure 3.3. Typical simulation snapshots of the SBC with parameters f = 18,α = 0.7,λ = 1.1 under shear at the
Wi-values indicated on the legends. Panels (a)-(d) show the view from the vorticity axis on the flow-gradient plane
at the given Weissenberg numbers, whereas for panels (e)-(h) the same snapshot as at the panel on the left is shown
from the gradient axis looking onto the vorticity-flow plane. Solvophilic monomers are rendered as blue beads and
solvophobic ones as red ones.

at equilibrium, Wi = 0), irrespective of the α- or λ-values; an exception is the extreme case

f = 18,α= 0.7,λ= 1.1, which forms three ‘bulky’ patches at equilibrium and thus does not deform

under shear as strongly as the other molecules do. As a further global parameter to characterize the

conformation of the SBC, we consider the orientational resistance mG , which measures the average

alignment of the polymer induced by the flow and is related to the angle χG formed between the

eigenvector ê1 ( see Fig. 2.10) associated to the largest eigenvalue λ1 and the flow (̂x) direction.
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This is defined in terms of components of the gyration tensor as [47],

mG

Wi
= tan(2χG) =

2Gx y

Gx x − Gy y
. (3.1)

The right panel of Fig. 3.2 displays the orientational resistance of the SBCs, demonstrating

a remarkable insensitivity to the details of the molecular architecture for a fixed functionality f .

Neither the strength of the attraction nor the fraction of attractive monomers affect the orientational

resistance, which in fact follows, for sufficiently high values of Wi, the same power law as athermal

stars, m(ath)
G ∝ f 0.27Wi0.65. Though the individual values of the diagonal and the flow-gradient

components of the gyration tensor differ among different SBCs, these differences cancel out once

the ratio of Eq. (3.1) is formed and the orientational resistance becomes a universal quantity.

3.4 Patches behaviour

After grasping the characteristics of the global conformation of the stars, we now focus our

attention on the features of the patches, i.e., the clusters formed by the solvophobic monomers of

the outer block. In the good solvent limit, λ→ 0, as well as for low amphiphilicities α < 0.3, no

patches are formed in equilibrium [24, 54] for the values of λ considered here (0.9 ≤ λ ≤ 1.1).

In such cases, the entropic intra-star repulsions dominate over the enthalpic attractions between

the solvophobic tails and the stars behave in the same manner as athermal stars [70]. For α≥ 0.3

patches form, whose number Np and population Sp first increase as the attraction coupling constant

λ does, whereas subsequently Np decreases again as different patches start merging into bigger

ones [23]. Since both athermal and amphiphilic star polymers elongate and take on a more prolate

shape under linear shear conditions [47, 63], it is to expect that applying shear on SBC promotes

clustering and leads to an increase in patch number and size compared to equilibrium conditions.

To characterize the behaviour of the formed patches under shear, we evaluate the distribution

P(Np) of the number of clusters found per SBC, its average value 〈Np〉 and the corresponding

distribution P(Sp) and average 〈Sp〉 for the patch population (size); the latter represents the

number of arms bonded together in a given patch (Sp ≥ 2). Patches are defined by a threshold-

based clustering algorithm, in the same way as in [23], where two arms are defined to belong to

the same cluster if at least two of their B-monomers (one in each arm) are connected neighbours,

i.e., their distance is less than a threshold value of rcluster = 1.1σ. The quantity,

F = f − 〈Np〉〈Sp〉, (3.2)

is also introduced to express the typical number of free arms present (i.e., not belonging to any

patch) in the configuration. We discuss the three generic types of behaviour emerging from our
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Figure 3.4. Distribution of number of patches for f = 18 and λ = 1.1. Symbols above the distributions indicate the
corresponding average number of patches 〈Np〉 per SBC.
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Figure 3.5. Average number of patches as a function of the Weissenberg number for SBC of different functionality
(Npol = 40) at λ= 1.0 (filled symbols) and λ= 1.1 (empty symbols).

numerical experiments and the underlying mechanisms of patch organization and rearrangements

in what follows. In Fig. 3.4 we display the dependence of P(Np) on different shear rates for the case

f = 18 and λ= 1.1 with three different values of the fraction of attractive monomers: α= 0.3, 0.5

and 0.7. The behaviour shown there is characteristic of all cases studied and then summarized in

Fig. 3.5 for the expectation value 〈Np〉, so that a discussion of its features covers all cases studied.

At the same time, the information on the number of patches should be read in conjunction with

the distribution P(Sp) of the number of arms participating in the patch and the expectation value

〈Sp〉, shown in Figs. 3.6 and 3.7, respectively.

Let us start with the smallest fraction of attractive monomers, α = 0.3. In this case, many

arms are unattached to any patch at equilibrium and there is even a finite probability that there
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Figure 3.6. Distribution of patch population for f = 18, polymerization degree Npol = 40, λ= 1.1. Symbols above the
distributions indicate the corresponding average value 〈Sp〉.
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Figure 3.7. Average number of arms participating in patch formation as a function of the Weissenberg number for SBCs
of different functionality (Npol = 40) at λ= 1.0 (filled symbols) and λ= 1.1 (empty symbols).

exist zero patches, i.e., all arms are unattached, see Fig. 3.4. For such an initial situation, shear

fields bring about a monotonic increase of both the number of patches Np and the number of arms

participating in the patch, Sp. Indeed, the distribution P(Np) of Fig. 3.5 moves to the right and

the probability of finding no patches becomes strongly suppressed; similarly, the expectation value

〈Np〉 grows with Wi, see Fig. 3.5, and it only drops at very high Wi due to the strong arm stretching

mentioned before, which causes stars to swell in the vorticity direction, an effect strongly affected

by the relatively small value of the polymerization degree Npol = 40. The growth of the number

of patches is accompanied by a growth also of the patch population, seen in Figs. 3.6 and 3.7. It

follows that the effect of the shear for such SBCs for which many arms are free at equilibrium

(F � 1), is to bring non-associated arms into new forming patches. Note, however, that even at the

maxima of the 〈Np〉- and 〈Sp〉-curves, the majority of arms for α = 0.3 are still free. Accordingly,
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it is expected that in a concentrated, sheared solution such SBCs will be able to form a variety of

different intermolecular transient bonds involving rather weak ones between individual arms and

much stronger ones between multi-arm patches.

The above scenario maintains its validity in part also for α = 0.5. As can be seen in Fig. 3.5,

also in this case the curves display a increasing trend, expressing the creation of new patches as

the shear rate grows. At the same time, however, for f = 15 and f = 18 and for the strongest

attraction, λ = 1.1, the expected number of patches 〈Np〉 is remarkably insensitive to the shear

rate at the values 〈Np〉 ∼= 3 for f = 15 and 〈Np〉 ∼= 4 for f = 18, respectively. The corresponding

distribution P(Np), shown in Fig. 3.4, is also remarkably robust, whereas 〈Sp〉 shows a moderate

growth with Wi Fig. 3.7. In both of these cases, there exist free arms at equilibrium but they are

in the minority: F ∼= 6 for f = 15 and F ∼= 5 for f = 18 (see Fig. 3.8). Accordingly, the SBC at

equilibrium consists of a small number of well-organized multi-arm patches and a few remaining

free chains. The imposed shear has the effect of driving additional free chains onto the existing

patches. In this way, the population of the patches is increased without change in the number of

patches themselves.
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Figure 3.8. Typical fraction of free arms as a function of the Weissenberg number for SBCs of different functionality
(Npol = 40) at λ= 1.0 (filled symbols and continuous lines) and λ= 1.1 (empty symbols and dashed lines).

In this parameter domain, in which F ® f /2 but there is still a considerable number of free

chains, the SBCs act as robust patchy particles as far as the number of patches is concerned.

However, the geometric arrangement of these patches with respect to one another is dramatically

influenced by the imposed shear. To quantify this arrangement, we calculate the position of the

center of mass for each patch and we draw vectors connecting the star core with those points.

Subsequently, we measure the probability distribution function P(cosθ) for the mutual angle θ

between any pair of those vectors. Results are shown in Fig. 3.9 for the histograms and they
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are visualized via characteristic simulation snapshots in Fig. 3.10 that follows. The number of

patches is fluctuating around the average value 〈Np〉 = 4 for all values of Wi but the geometric

arrangement of the patches changes markedly. At equilibrium, Wi = 0, the distribution of angles in

Fig. 3.9 is rather broad due to the rather short length of the arms, with the well-defined tetrahedral

distribution for the much longer arms of the SBCs seen in previous work at equilibrium [23].

Increasing the shear rate causes a gradual squeezing of the star towards the flow-vorticity plane

and the patches assume a concomitant planar configuration with two of them pointing ‘forward’

and two of them ‘backward’, see Fig. 3.10 panels (c) and (g). At the highest value shown, Wi = 103,

there are two pairs of patches on either side, bringing forward a bimodal distribution P(cosθ ) with

two pronounced maxima at cosθ = ±1. At the same time, a few arms break free and they rotate

on the flow-vorticity plane, see Fig. 3.10, panel (h).
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Figure 3.9. The distribution of the cosine of the angle θ between the vectors connecting the SBC-center with the centers
of mass of the patches for the case f = 18,α= 0.5,λ= 1.1 for different values of the Weissenberg number, as indicated
by the legend.

A third pattern of behaviour of SBCs under shear is finally observed for the highest fraction

of attractive monomers, α = 0.7 seen at the bottom panels of Figs. 3.5 and 3.7. One encounters

the already discussed scenario of 〈Np〉 remaining unaffected by shear but, in addition to it, and

for the cases f = 18,λ = 1.0 and f = 18,λ = 1.1, a new scenario shows up. Here, the average

number of patches 〈Np〉 first decreases with increasing Wi accompanied by a simultaneous increase

in 〈Sp〉, see the empty- and filled-diamonds Figs. 3.5 and 3.7. At very high shear rates, the trend

reverses itself: the number of patches increases and their population becomes smaller. It can be

easily seen that this is happening for the cases in which there are hardly any free arms for the SBC

at equilibrium: F � f . All of the linear chains are organized in patches of 3 or 4 members and

the attractions are too strong for the patches to be destroyed under moderate or even high shear.

Accordingly, the effect of the external drive is to drive the fusion of existing, big patches into new,
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Figure 3.10. Characteristic simulation snapshots of the SCB ( f = 18,α = 0.5,λ = 1.1) under shear at increasing
Weissenberg numbers as indicated on the panels. The left column displays the conformations on the flow-gradient
plane, seen from the vorticity axis, whereas the right column on the flow-vorticity plane, seen from the gradient axis.
Solvophilic and solvophobic monomers are rendered as blue and red beads, respectively. The larger magenta-colored
spheres are centered at the centers of mass of the patches built by the end-groups.

bigger ones, thus decreasing their number and increasing their population. However, these patches

are now too bulky, so that at very high shear rates, Wi ¦ 500, the shear is capable of breaking

them up. It is now fission of big patches that reverses the trend and makes 〈Np〉 go up and 〈Sp〉 go

down. In all cases, the number of free arms is very low and F � f holds. As already mentioned,

the whole patch rearrangement scenario is accompanied by interesting dynamical aspects such

as tumbling and arm rotation. These topics deserve careful analysis on their own and would be

presented in a detailed way in the future, specially in the light of a very recent study suggesting

the need to separate different relaxation (rotation, oscillation and breathing) modes to describe
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the dynamics of athermal star polymers under shear [67, 68].

3.5 Rotational frequency

Soft colloids and polymers under shear flow deform and undergo a succession of complex

motion patterns, such as tumbling and tank-treading, which are hard to decouple from one an-

other and analyse quantitatively. Recent studies aimed to a better understanding of the complex

dynamics of (athermal) star polymers in shear flow, have demonstrated that Eckart’s formalism

allows to separates correctly the different characteristic motions of the polymer, i.e., pure rota-

tion, vibration with no-angular momentum and vibrational angular momentum [67, 68]. In the

following, a brief description of this formalism is given, which will be subsequently employed to

analyse our simulation results. We use in what follows a number of abbreviations, whose meaning

is summarized in Table 3.1 below.

Table 3.1. List of shorthands and abbreviations for systems and methods used.

Abbreviation Meaning

Case 1 { f ,α,λ}= {12, 0.3, 1.0}
Case 2 { f ,α,λ}= {15, 0.5, 1.1}
Case 3 { f ,α,λ}= {18, 0.7, 1.1}

LF Laboratory frame
EF Eckart frame

HF Hybrid frame
GA Geometric approximation

According to our previous results (Sec. 3.4), the Cases represent the typical trends found in

regard to the patchiness of the SBCs, namely, no patches are formed (Case 1), several patches are

formed having a small population (Case 2), and few (one or two) bulky patches are formed (Case

3).

3.5.1 Laboratory frame (LF)

Here, the frame of reference is fixed in space and it is customarily and conveniently chosen in

such a way that the first axis lies along the flow direction, the second along the gradient direction

and the third along the vorticity direction, as shown in Figure 2.10. Taking rk and
.
rk as the

position and the velocity of the k-th monomer in the laboratory frame of reference, the total
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angular momentum of a star polymer with respect to its center of mass is, by definition

L= M
Nmon
∑

k=1

∆rk ×∆
.
rk, (3.3)

with k = 1, . . . , Nmon = f Npol + 1, Nmon the total number of monomers, ∆rk = rk − rcm and

∆
.
rk =

.
rk −

.
rcm. Here rcm and

.
rcm are, respectively, the position and the velocity of the center of

mass, i.e.,

rcm =
1

Nmon

Nmon
∑

k=1

rk. (3.4)

The time evolution of the k-th monomer position can be evaluated as [67, 68, 71, 72],

.
rk =

.
rcm + (ω×∆rk) + ṽk, (3.5)

where ṽk denotes a purely vibrational motion which is angular momentum-free in the laboratory

frame, i.e., ṽk and ∆rk are parallel [cf. Eq. (3.3)]. The angular frequency ω can be expressed as

ω= J−1L, (3.6)

with the components of the moment of inertia tensor J being defined as

Jµν = M
Nmon
∑

k=1

�

∆r2
kδµν −∆rk,µ∆rk,ν

�

(µ,ν= 1, 2,3), (3.7)

with δµν the Kronecker delta and rk,µ the µ-th component of position vector of the k-th

monomer. In the case of rigid-body motion, ṽ = 0 and ω coincides with the rotational angu-

lar velocity. The full kinetic energy Ekin of the sheared polymer results from Eq. (3.5) and reads

as

Ekin =
1
2

M
∑

k

.
rk ·

.
rk =

1
2

Ms
.
rcm ·

.
rcm +

1
2
ω · J ·ω+

1
2

M
∑

k

ṽk · ṽk , (3.8)

where Ms = NmonM is the total mass of the polymer. The three terms at the r.h.s of Eq. (3.8) rep-

resent the translational, rotational, and vibrational contributions to the kinetic energy, respectively.

We emphasize, though, that the velocity contribution ṽk in the motion of a monomer is not the only

vibrational contribution but just the one that does not contribute to the (instantaneous) angular

momentum; there are, in general, additional vibrational contributions included in ω. Therefore,

ω is the apparent angular velocity and it is not possible to separate rotation from vibrational with

angular momentum motion within the lab frame.
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3.5.2 Eckart frame (EF)

The Eckart’s formalism makes use of a non-inertial frame which co-rotates with the polymer

at angular velocity Ω (see Eq. (3.14) below) [73, 74]. The first step to built up the Eckart frame

is to choose one initial configuration of the SBC as reference, accompanied by an initial frame

of reference spanned by the basis vectors {f1(0), f2(0), f3(0)}. The origin of this frame is located

at the center of mass of the chosen reference configuration of the polymer and, as a matter of

convenience, the three axes {f1(0), f2(0), f3(0)} also coincide with the orientation of the laboratory

frame. Due to the choice of the origin, in this system of coordinates the position vectors of the

monomers at time t = 0, {ak =∆rk(0); k = 1,2, . . . , Nmon}, satisfy the relation

Nmon
∑

k=1

ak = 0. (3.9)

This reference configuration is frozen and co-rotates with the Eckard frame of reference, the

latter evolving with time as explained below. In the second step of the process, the unit base

(column) vectors {f1(t), f2(t), f3(t)} of the instantaneous Eckart frame are evaluated. To achieve

that, the vectors

Fµ(t) = M
∑

k

ak,µ∆rk(t) (µ= 1, 2,3), (3.10)

are introduced, which are completely defined in terms of the instantaneous positions ∆rk(t)

and the Cartesian components ak,µ of the reference position vectors ak for each monomer. In

what follows, we drop the explicit time-dependence from the notation of the various vectors. The

right-handed triad of unit vectors {f1, f2, f3} is determined as

[f1, f2, f3] = [F 1,F 2,F 3]F−1/2, (3.11)

where the elements of the symmetric (Gram) matrix F are defined as [F]µν = Fµ ·F ν and

F−1/2F−1/2 = F−1. In this way, the position vector ck of the k-th monomer in the co-rotating

reference configuration, decomposed onto the unit vectors of the rotating Eckart frame of reference,

is given by

ck =
3
∑

µ=1

ak,µfµ , (3.12)

the coefficients ak,µ being fixed, time-independent quantities set by the reference configuration,

and the triad {f1, f2, f3} depending on time as explained above. In this way, the ck are constant

vectors when looked upon from within the rotating Eckart frame and describe the original, rigid

configuration.
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        ᐃt = 250τ        ᐃt = 150τ         ᐃt = 200τ

        ᐃt = 100τ        ᐃt = 50τ           ᐃt = 0

Wi = 10

Figure 3.11. Time evolution of the (fixed) reference configuration in the Eckart’s frame as seen in the laboratory frame
for Case 1 and Wi = 10.

        ᐃt = 250τ

Wi = 100

        ᐃt = 150τ
        ᐃt = 200τ

        ᐃt = 100τ        ᐃt = 50τ           ᐃt = 0

Figure 3.12. Time evolution of the (fixed) reference configuration in the Eckart’s frame as seen in the laboratory frame
for Case 1 and Wi = 100.

       ᐃt = 50τ

        ᐃt = 200τ

       ᐃt = 100τ

Wi = 400

       ᐃt = 250τ        ᐃt = 150τ

           ᐃt = 0

Figure 3.13. Time evolution of the (fixed) reference configuration in the Eckart’s frame as seen in the laboratory frame
for Case 1 and Wi = 400.
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Using the initial configuration of the SBC in the production run as the (fixed) reference config-

uration for the Eckart’s frame, Figs. 3.11–3.13 show its time evolution as it is seen in the laboratory

frame for Case 1 and different shear rates. For Wi = 10, the reference configuration is seen in the

lab frame as a rigid body rotating mainly around the vorticity axes. As the shear rate increases,

the rotation takes place faster and around all three axes in lab frame, as illustrated by the cases

Wi = 100 and Wi = 400. For the latter, Fig. 3.12 and 3.13 show a significant change of the Eckart

frame orientation with respect to the lab frame. The polymer is expected to have a relatively high

rotation frequency around the vorticity axis in the lab frame, which is found in the Eckart frame

as well (see Appendix 3A).

The angular velocity Ω of the Eckart coordinate system can be determined by starting from the

time derivative of the Eckart condition [68, 71, 72],

M
∑

k

ck ×ρk = 0. (3.13)

Taking into account that the unit vectors of the Eckart frame evolve in time like rotations of a

rigid body,
.
fµ = Ω× fµ, (µ= 1, 2,3), the Eckart angular velocity Ω is expressed as:

Ω= J′−1L′, (3.14)

where the ‘inertia tensor’ J′ and the ‘angular momentum vector’ L′ are given by the relations:

J′ = M
∑

k

[(∆rk · ck) I−∆rk ⊗ ck] (3.15)

and

L′ = M
∑

k

ck ×∆
.
rk. (3.16)

The above equations provide an expression for the (instantaneous) angular velocity Ω of rota-

tion of the Eckart frame. Note that in the case of a truly rigid body, ∆rk = ck at all times and thus

J′ and L′ become a true inertia tensor and angular momentum vector, respectively. In this frame,

the kinetic energy of the polymer can be written as (see Appendix 3B):

Ekin =
1
2

Ms
.
rcm ·

.
rcm +

1
2
Ω · Ĵ ·Ω+

1
2

M
∑

k

ṽk · ṽk +
1
2

M
∑

k

uk · uk +M
∑

k

(Ω× ck) · uk , (3.17)

where Ĵ is the inertia tensor using the Eckart variables (see Eq. (3.19) below) and uk represents

the angular contribution of the vibrational motion, i.e., the part of k-th monomer vibrational motion

coupled with rotations if the angular velocity is calculated by the (lab frame) standard approach.
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The last four terms of Eq. (3.17) represent the kinetic energy contributions from, respectively,

pure rotation, vibrations without angular momentum, vibrations with angular momentum, and

the Coriolis coupling (see Table 3.2). As can be seen, application of the Eckart frame formalism

allows to distinguish between vibrations without and with angular momentum contribution, the

latter being displacements with respect to the pure rotation of the reference configuration [68].

Table 3.2. The various contributions to the total kinetic energy in the laboratory, the Eckart frames and hybrid frame.

Rotational Vibrational Tu=Vibrational with angular momentum +
without angular momentum Coriolis coupling

LF 1
2ω · J ·ω

M
2

∑

k ṽk · ṽk –

EF 1
2Ω · Ĵ ·Ω

M
2

∑

k ṽk · ṽk
M
2

∑

k uk · uk +M
∑

k(Ω× ck) · uk

HF 1
2 W · Ĵ ·W M

2

∑

k ṽk · ṽk –

3.5.3 Hybrid frame (HF)

As mentioned before, the introduction of the Eckart frame allows to obtain an optimal separ-

ation of rotation and vibration. This feature has been employed in the formulation of symplectic

integrators for MD simulations, which are applicable to molecules having one equilibrium configur-

ation and which allows the evaluation of internal high-frequency vibrations [75–78]. Nevertheless

its success to describe the vibrational dynamics of small molecules, it is interesting to note that the

definition of the inertia tensor for the Eckart’s frame derived from the Eckart condition and given

by Eq. (3.15) does not meet in general the symmetry condition, i.e.,

∆rk,µck,ν 6=∆rk,νck,µ. (3.18)

To fulfil this last condition, we further explored a hybrid frame, in which we combine a proper,

rigid-body inertia tensor Ĵ [73, 74] with the deformable-body angular momentum L resolved on

its Eckard-frame components, to define a new angular velocity W . In particular, we define:

Ĵµν = M
∑

k

�

c2
kδµν − ck,µck,ν

�

, (3.19)

and the angular momentum (performing a transformation between the laboratory and the
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Eckart’s frames [74]),

L̂=
3
∑

µ=1

�

L · fµ
�

fµ. (3.20)

The angular velocity of the hybrid system is then given by the expression:

W = Ĵ−1L̂. (3.21)

In analogy with the expressions in the laboratory- and Eckart frames, we also consider here a

rotational kinetic energy

Erot =
1
2

W · Ĵ ·W . (3.22)

3.5.4 Geometrical approach (GA)

A last, complementary approach to estimate the rotational frequency of soft colloids under

shear is the so-called geometrical approximation (GA). This is based on two assumptions about

the behavior of the polymers in linear shear flow [79, 80]. First, it is assumed that the velocity of

the monomers is entirely defined by the local, undisturbed velocity profile of the flow according to

∆
.
rk '

.
γ∆rk,y ê1. (3.23)

Under this assumption the instantaneous angular momentum of the polymer is given by the

expression

L= M
∑

k

∆rk ×∆
.
rk ' Ms

.
γ (G23ê2 − G22ê3) , (3.24)

where Gµν = N−1
mon

∑

k∆rk,µ∆rk,ν denotes the µν-component of the gyration tensor, which

measures the overall conformation of the SBC. Furthermore, a long-time average is then performed

in Eq. (3.24), whereupon the non-diagonal element of the gyration tensor disappears and thus the

average angular momentum has a single component, along the vorticity axis. Finally, it is assumed

that the rotation of the SBC takes place mainly around the vorticity axis ê3, i.e., ω1 = ω2 ≈ 0.

Within these approximations ω3 =ωG has a constant value and using Eq. (3.6) it results into

ωG ' −Ms
.
γ

G22

J33
= − .

γ
G22

G11 + G22
. (3.25)

Though clear by the construction of the GA, it is worth emphasizing once again that the so-

obtained estimate for the angular frequency is a result of averaging the polymer motion over very
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long time intervals while at the same time making the a priori assumption that the instantaneous

velocities of the monomers only have a component along the shear direction, dictated by the

undistorted solvent velocity profile, see Eq. (3.23). The final result, Eq. (3.25), corresponds to the

tumbling (rotation) frequency of a rigid body whose shape is similar to the average shape of the

SBC and which also have an angular momentum equal to the value given by the mean flow [67,

68]. At the same time, however, due to Eq. (3.23), the estimateωG is also valid for a tank-treading

(TT)-type of motion, in which the SBC does not rotate as a whole but rather the individual arms

rotate by tank-treading around the geometrical star center, which remains at rest. This is a different,

prototypical type of motion, for which the overall shape of the star remains fixed in time, i.e., no

tumbling of the soft colloid as a whole takes place.

3.5.5 Global conformation and dynamics

The overall (equilibrium) shape of a SBC depends on the number of patches formed and the

compactness of the latter, which in turns depends on f , Npol, α, and λ. Depending on the values

of these parameters, three general cases can be recognized. At low α and λ (α < 0.3 and λ < 1.0)

the star block copolymers behave very similar ot athermal stars (α = 0) with no formation of

patches or very weak, breakable ones (Case 1). On the other opposite limit, at high α and λ

(α¦ 0.6 and λ¦ 1.1), the macromolecule acquires cylindrical symmetry around its principal axis,

since it self-assembles into dumbbell-like structures with one or two massive patches (Case 3). At

intermediate values of α and λ, the SBCs form a number of patches that can break-up and/or

merge as a consequence of shear (Case 2) [23, 54]. These three tendencies can be also observed

from the dynamical point of view, as displayed in Fig. 3.14, where characteristic snapshots are

shown, helping to visualize the time evolution of the SBCs under shear. As can be seen there,

for low amphiphilicity and good solvent, the SBC behaves in a similar way as athermal stars and

then the arms perform tank-treading-like (TT) motions. As the contribution of the attractive

interaction increases, patches begin to form and TT rotation is also found, but this time the motion

is simultaneously performed by all arms forming the cluster. Finally for high α and λ, the SBC

motion closely resembles that of a rigid dumbbell. We will explore, in what follows, the ways

in which these statements based on impressions from simulation snapshots acquire quantitative

character through the comparison of characteristic quantities among different reference frames

and approximations.

3.5.6 Reference configuration update

In the original Eckart formalism, the rigid reference configuration of (small) molecules is

assumed to be the equilibrium one (all forces on all monomers vanishing) and its dynamics is

governed by the time evolution of the positions of the atoms forming the molecule, which are
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Case 1 Case 2 Case 3

∆t = 0 ∆t = 0 ∆t = 0

∆t = 70τ ∆t = 40τ ∆t = 50τ

∆t = 170τ ∆t = 120τ ∆t = 120τ

∆t = 270τ ∆t = 210τ ∆t = 160τ

1

Figure 3.14. Representative simulation snapshots displaying the time evolution of the SBC in shear flow for { f , α, λ}=
{12, 0.3, 1.0} (Case 1), {15, 0.5, 1.1} (Case 2) and {18, 0.7, 1.1} (Case 3). In Case 1, individual arms of the star perform
tank-treading motion while in Case 3, the star tumbles as a whole. Case 2 presents a tank-treading-like motion but it is
performed by both individual and clustered arms. Circles and squares are guides to follow the motion of arms. In all
cases, Npol = 40 and Wi = 100. In the panels, ∆t represent the elapsed time from the first configuration in τ units.

defined by vectors ck, see Eq. (3.12). Since thermally fluctuating (star) polymers do not have such

a rigid equilibrium configuration but rather a multitude of typical configurations related to the given

conditions (temperature and shear rate), it is plausible to think that, as the simulation advances,

the reference configuration needed to built up the Eckart frame must be updated at regularly spaced

numbers of MD steps. The period of updating the characteristic, reference configuration is denoted

as tEckart and it can vary at will, from a very frequent update of the reference configuration that tries

to follow the details of the particle motion to a rare one, for which the average, time-coarsened

rotational dynamics of the molecule is captured.
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Figure 3.15. Comparison between the values of the kinetic energy for the Case 1 evaluated in both the lab and Eckart
frames at different Eckart times (Table 3.2).

Figure 3.16. Comparison between the values of the kinetic energy for the Case 2 evaluated in both the lab and Eckart
frames at different Eckart’s times (Table 3.2).
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Figure 3.17. Comparison between the values of the kinetic energy for the Case 3 evaluated in both the lab and Eckart
frames at different Eckart’s times (Table 3.2).

In Figures 3.15–3.17, we compare the behavior of the different contributions to the kinetic

energy (see Table 3.2) as a function of the Weissenberg number for different values of tEckart. For

tEckart = 200τ, the rotational energy grows very slowly with Wi (it is essentially constant) and

it coincides with the value that it obtains at the laboratory. In this case, where the reference

configuration is updated very frequently, the rotational frequencies ω and Ω in the LF and the EF

are very similar, i.e., ω ' Ω and also Ĵ ' J, resulting into the approximate equality of rotational

energies:

1
2
ω · J ·ω'

1
2
Ω · Ĵ ·Ω (3.26)

Related to this approximate equality is the vanishingly small value of the kinetic energy con-

tribution Tu, which emerges as the sum of the angular-momentum-carrying contributions and the

Coriolis coupling, viz.:

Tu =
M
2

∑

k

uk · uk +M
∑

k

(Ω× ck) · uk. (3.27)

The reason for the smallness of this term lies therein that the quantity uk itself is small. Indeed,

since uk =ω×∆rk −Ω× ck ,the proximities of angular velocities and configurations (∆rk
∼= ck)

implies the smallness of uk and of both terms at the right-hand side of Eq. (3.27) above. Another
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useful way to look into the quanity Tu is to express it as (see Appendix 3C):

Tu =
1
2
ω · J ·ω−

1
2
Ω · Ĵ ·Ω. (3.28)

Evidently, Tu is the difference in the rotational energies between the LF and EF and its small

value affirms the similarity of the two for frequent updates of the reference configuration in the

Eckart frame.

Upon increasing the time intervals between updates of the reference configuration, deviations

between the LF and the EF appear in the strongly nonlinear regime, Wi > 10. The EF rotational

energy grows much higher that its LF counterpart, signaling significant deviations between the

(temporally coarse) EF angular velocity Ω and its LF-counterpart ω. This phenomenon is consist-

ently accompanied by an increase in the magnitude of Tu as well as an increase in the magnitudes

of the velocities uk, leading to a growth of the angular-momentum carrying vibrational parts of

the energy. The second term at the right-hand side of Eq. (3.27) is the Coriolis term EC, which can

be rewritten in the form

EC = EC,1 + EC,2

M
∑

k

(Ω× ck) · uk = −M
∑

k

(Ω×ρk) · uk +M
∑

k

(Ω×∆rk) · uk, (3.29)

defining the partial terms EC,1 and EC,2 with the help of the vectorρk =∆rk−ck, Eq. (3.30). The

behavior of each term of the Eq. (3.29) is shown in Fig. 3.18 only for case 1 as representative for all

other cases as well. For tEckart = 200τ, the Coriolis coupling is close to zero but for tEckart = 400τ

the Coriolis coupling is negative and the contribution related to ρk, second term in the right

Eq. (3.29), is the dominant in the Coriolis coupling behavior.

Finally, the vibrational kinetic energy associated with the velocities carrying no angular mo-

mentum, Evib = (M/2)
∑

k ṽk · ṽk, is very large and its value is essentially independent of tEckart:

the stars have a large number of breathing and fast oscillatory modes. Even for the case of short

Eckart times, for which the quantities ρk and uk are small, the quantities
.
ρk = ṽk + uk ' ṽk are

significant, and denote fast oscillations of the corresponding displacement variables.

3.5.7 Angular momentum and angular frequency

We now proceed to our results regarding the angular momenta and frequencies of the SBC

motions under shear flow. In Fig. 3.19 we compare the component of the total angular momentum

around the vorticity direction L3 in the laboratory frame from Eq. (3.3) to the value evaluated

through the geometric approximation, Eq. (3.24). The velocity of the monomers for intermediate
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Figure 3.18. The Coriolis coupling for two different values of tEckart for the case 1 as a function of Wi. For the meaning
of the quantities EC, EC,1 and EC,2, see Eq. (3.29).

values of Wi is well approximated by Eq. (3.23), i.e., it is mainly determined by the velocity of the

fluid, at least in the average sense.

10-1 100 101 102 103

Wi

10-2

10-1

100

101

102

103

L 3

Case 1,  LF
Case 2,  LF
Case 3,  LF
Case 1,  GA
Case 2,  GA
Case 3,  GA

Figure 3.19. Comparison between the exact value of the component L3 of the angular momentum, Eq. (3.3), with the
one obtained from the geometrical approximation, Eq. (3.24).

Results for the angular frequency as a function of Wi and the dependence of this function on the

frame of reference as well as on the configuration update time tEckart are shown in Figs. 3.20–3.22,

right panels. According to our analysis, since the block copolymer stars under consideration are

very soft systems, the frequency of rotation in the Eckart frame should be closer to the geometrical
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Figure 3.20. Left panel: Rotational energy (LF→ 1
2ω · J ·ω, EF→ 1

2Ω · Ĵ ·Ω, HF→ 1
2 W · Ĵ ·W) for the different frames

a function of the Weissenberg number Wi. Right panel: reduced angular frequency for case 1 (LF→ω/γ, EF→ Ω/γ,
HF→ W/γ, GA→ωG/γ) as a function of Wi for different Eckart times.

Figure 3.21. Same as Figure 3.20 but for Case 2.

approach and therefore one would expect that the decay law for high Wi should be the same

in both approximations for sufficiently long updating intervals tEckart. Our findings confirm that,

indeed, the Eckart rotation frequencies lie closer to those from the geometric approximation and

they have the ones obtained by the laboratory frame analysis as a lower bound. As tEckart grows,

the Eckart rotation frequencies move from the LF- towards and beyond the GA-curves, confirming

the fact that at coarse time scales the stars, at least for Cases 1 and 2, can be thought of as soft

colloids with a tank-treading type of motion of the polymers in their interior.

Case 3 seems exceptional, in the sense that the angular frequency evaluated in the EF appears

to be almost independent of the parameter tEckart and always very close to the GA-result. This is

an indication of the fact that, contrary to the other two cases, these star block copolymers do not

behave as tank-treading soft colloids. On the contrary, and consistently with their rather compact,

elongated, dumbbell-shape, they rotate similarly to rigid prolate ellipsoids under constant shear
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Figure 3.22. Same as Figure 3.20 but for Case 3.

Figure 3.23. The reduced angular frequencies for Case 1 (left) and Case 3 (right) evaluated at the LF, the GA and the
EF with the longest Eckart time employed, tEckart = 8000τ.

flow. In particular, the GA-assumption of isolated monomers, each of which is carried through the

solvent with the local velocity of the streaming solvent, are responsible for giving these molecules

the character or rigid-like, stiff objects, as opposed to the very soft and flexible polymers of Case

1, for which associations among the end-monomers are rare and easily breakable. To emphasize

the difference between Case 1 and Case 3, in Fig. 3.23 we plot the angular frequencies for the two

limiting frames, LF and GA, together with the EF-result at the longest Eckart time, tEckart = 8000τ.

As it can be seen, whereas for Case 1 the EF frequencies exceed both the LF and the GA-ones; for

Case 3, EF and GA are very close to one another. Differences in the power-law behavior for large

values of Wi between the two cases can also be seen.
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3.6 Conclusions

The behavior of patchiness and shape of low-functionality, star block-copolymers in shear flow

has been quantitatively analyzed for different values of amphiphilicity and solvent quality. This

has been achieved for Weissenberg numbers ranging from Wi = 0 (equilibrium) to larger than

103, the latter lying deeply into the nonlinear regime. We have shown that these polymers respond

to shear stresses qualitatively differently from athermal stars when the attraction between their

solvophobic blocks is sufficiently high and that shear can be utilized as yet another parameter in

tuning their self-assembly next to functionality, amphiphilicity, solvent quality, and temperature.

While shear increases the patchiness of low amphiphilicity SBCs as a result of their alignment with

the flow field, we have found that for high amphiphilicity stars the number and size of patches

formed are non-monotonic functions of shear rate. This might have interesting implications on the

system’s rheological properties and viscoelastic responses in dilute bulk phases since the macro-

and microscopic phase behavior of SBCs in equilibrium is governed by their number of association

sites or patches. Furthermore, we were able to demonstrate that high amphiphilicity SBCs deform

differently than athermal star polymers in the regime of intermediate Weissenberg numbers.

The understanding of how the average number of patches 〈Np〉 changes depending on the

system parameters ( f , Npol,α,λ, Wi) is a key point to tune the functionalization of these molecular

building blocks, and hence their hierarchical self-assembling process, without the need to change

the molecules in solution [23]. We have found quasi-universal characteristics of the shape and

patchiness of the SBCs underflow, which show that knowledge of the star properties in equilibrium

can lead to reliable predictions for its behavior in different regimes of the shear rate. In particular,

key factors in determining the evolution of the star patchiness and shape under shear are (i) the

presence (or absence) of any non-associated arms at equilibrium and (ii) the spatial extent of the

original patches. The main mechanisms for patch evolution under shear have been established,

these being (i) merging of free arms into new patches (ii) fusion of two patches into one and (iii)

fission of existing, bulky patches under strong shear. The antagonistic effects of these sometimes

bring about non-monotonic effects on the dependence of patchiness under shear.

We analyzed the rotational dynamics of an isolated star-shaped block copolymer under shear

flow for three representative sets of parameters, i.e., a very flexible system (case 1), an intermediate

flexible-rigid system (case 2) and finally a rather rigid system (case 3). Motivated by very recent

studies on polymer dynamics [67, 68], we explored the quantitative predictions emerging from the

employ of the Eckart frame formalism, and compare them to the resulting ones from two different

approaches (lab frame and geometrical approach). Additionally, we performed an analysis of each

term in the kinetic energy and the contributions of the various kinetic terms to it.

In addition to the standard Eckart formalism [73], extended to polymers underflow in [68, 71,

72], we suggested a ‘hybrid’ definition of the rotation frequency. As a consequence, we obtained
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different analytical approximations for the total kinetic energy and for the numerical value for

the rotational frequency of the SBC, which we express using strictly the Eckart’s variables. It is

important to note that both treatments reproduce correctly the results for the laboratory frame

for small updating time tEckart (tEckart ∼ 200τ); however for tEckart > 200τ, we found differences

between both treatments, particularly for the rotational energy term. For Wi < 10, we found

that the rotational energy is independent of tEckart in the hybrid formulation, which is not the

case for the rotational energy associated with the Eckart rotational frequency. Additionally, both

the rotational energy and frequency found in [68] are larger than the outcomes from the hybrid

treatment.

The main result concerns the behavior of the associated rotational frequency Ω at high shear

rates (Wi > 100) for the three different systems. We found that for all cases Ω is bounded from

below by the rotational frequencies obtained in the lab frame (ω). For the third case, i.e., self-

assembled, dumbbell-like SBC, Ω ≈ ωG for sufficiently large values for the updating time tEckart,

demonstrating that the rotation frequency mainly corresponds to tumbling motion of the SBC

induced by the shear flow. On the other hand, for case 1, which is closely related to athermal star

polymers, the results obtained from the geometrical approximation are consistent with the Eckart

frame only for long enough tEckart; therefore, the geometrical approximation only captures the

average, time-coarsened tank-treading rotational frequency of the polymer. These results agree

with the obtained for athermal stars with smaller polymerization degree (Npol = 6), for which was

found that the vibrational angular momentum has a larger contribution for softer polymers [68].

The dynamics of the case 2 is richer; although this system features four patches in average,

the shear causes those patches to break and to cluster over and over again. Therefore, here the

rotational frequency results from the average of the tank-treading motion of free and clustered

arms. It remains to establish a more detailed description regarding the statistic of the typical

times between break-up and rejoin events, which shed light on their influence on the rheology of

semi-dilute suspensions, in particular on the expected shear thinning behavior and how it can be

tuned by the amphiphilicity and the solvent quality [57].
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Appendix 3A: Rotation frequencies

In Figure 3.24, we show results for all components of the angular frequency. In general, we

find that the angular velocity in the vorticity axis is dominant in the angular frequency vector,

especially as Wi grows. The vorticity component ω3 approaches a constant value at high values

of Wi or even shows a decrease there, in Case 3.
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Figure 3.24. Values of the average magnitudes of the components of the angular velocity, |ωµ|, and the magnitude of
the whole vector, |ω|, for case 1 as a function of Wi for two differents values of the tEckart as indicated in the legend, for
Cases 1,2, and 3.
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Appendix 3B: Kinetic energy in the Eckart frame

The definition of the displacement vector ρ compatible with the Eckart frame [68, 73, 74]

reads as:

ρk =∆rk − ck, (3.30)

Taking the time derivative we find the equation of motion:

.
rk =

.
rcm + (Ω× ck) + ṽk + uk. (3.31)

We note that for tEckart = 200τ, ω ≈ Ω, ∆rk ≈ ck and uk ≈ 0 (see Section 3.5.6). Concomit-

antly with Eq. (3.31), the resulting kinetic energy is

M
2

∑

k

.
rk ·

.
rk =

Ms

2
.
rcm ·

.
rcm +

M
2

∑

k

(Ω× ck) · (Ω× ck) +
M
2

∑

k

ṽk · ṽk +
M
2

∑

k

uk · uk +

.
rcm · (Ω×M

∑

k

ck) +
.
rcm ·M

∑

k

ṽk +
.
rcm ·M

∑

k

uk + (3.32)

M
∑

k

(Ω× ck) · ṽk +M
∑

k

(Ω× ck) · uk +M
∑

k

ṽk · uk.

Since the following equalities hold [73, 74],

M
∑

k

ck = 0, (3.33)

M
∑

k

∆
.
rk = MΩ×

∑

k

ck +M
∑

k

ṽk +M
∑

k

uk = 0→ M
∑

k

uk = 0, (3.34)

and the definition of uk implies

M
∑

k

ṽk · uk = M
∑

k

ṽk · (ω×∆rk)−M
∑

k

ṽk · (Ω× ck) = −M
∑

k

ṽk · (Ω× ck) , (3.35)

then the kinetic energy can be expressed as in Eq (3.17).
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Appendix 3C: Explicit calculation of Tu

Starting with the definition of vector uk, Eq. (3.31), the energy Tu (Table 3.2) can be written

as,

Tu =
M
2

∑

k

uk · uk +M
∑

k

(Ω× ck) · uk (3.36)

=
M
2

∑

k

(ω×∆rk −Ω× ck) · (ω×∆rk −Ω× ck) +M
∑

k

(Ω× ck) · (ω×∆rk −Ω× ck) .

Grouping in a convenient way,

Tu =
1
2
(ω · J ·ω+Ω ·̂ J ·Ω− 2M(ω×∆rk) · (Ω× ck)) + (M(ω×∆rk) · (Ω× ck)−Ω ·̂ J ·Ω) ,

(3.37)

so that

Tu =
1
2
ω · J ·ω−

1
2
Ω ·̂ J ·Ω. (3.38)
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In the previous chapter, we showed that the dynamics of isolated SBC under shear flow is rich.

The SBC constitute versatile, self-assembling building blocks with tunable softness, functionalization,

and shape. The equilibrium properties of SBC networks are studied via computer simulations. We

employ both Molecular Dynamics and Multiparticle Collisional Dynamics simulations to investigate

the self-organization of SBC with f = 9 functionalized arms close to their overlap concentration under

conditions of different fractions of solvophobic monomers and varying attraction strength. We find

three distinct macroscopic self-organized states depending on the fraction of attractive end-monomers

and the strength of the attraction. At weak attractions, ergodic, diffusive liquids result, with short-lived

bonds between the stars. As the attraction strength grows, the whole system forms a percolating cluster,

while at the same time the individual molecules are diffusive. Finally, arrested gels emerge when the

attractions become strong. The conformation of the SBC in these solutions is found to be strongly

affected by the concentration, with the stars assuming typically spherical, open configurations in

seeking to maximize inter-star associations as opposed to the inter-star collapse that results at infinite

dilution, giving rise to strongly aspherical shapes and reduced sizes. In the last part of the chapter, we

investigate the dynamical properties of suspensions of SBC under linear shear flow employing extensive

particle-based multiscale simulations. We determine the properties of the system for representative

values of monomer packing fraction ranging from semidilute to concentrate regimes. We systematically

analyze the formed network structures as a function of both the shear rate and the packing fraction, the

reorganization of solvophobic patches, and the corresponding radial correlation functions. Connecting

our findings with rheology, we calculate the viscosity as a function of the shear rate and discuss the

implications of the found shear thinning behavior.
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4.1 Introduction

For finite densities, when the block copolymer stars interact with one another, most of what is

known is based on Monte Carlo simulations of lattice models [25–27, 55]. It has been shown there

that for low functionalities and low fractions of functionalized monomers, the SBCs self-organize

into micelles, which, as density grows, interconnect and can form elongated, wormlike aggregates.

For intermediate functionalities and attraction strengths, the growth of extended network struc-

tures has been seen in lattice Monte Carlo [26], but neither the structure of the network nor the

conformational and dynamical characteristics of the stars in the network have been analyzed. Also,

the system has not been investigated at all in the continuum and, of course, no information about

the dynamics has been gained from the aforementioned Monte Carlo investigations [25–27, 55],

which included several special moves to accelerate equilibrium sampling that are unphysical from

the dynamics point of view. Here we perform detailed Molecular Dynamics and Multiparticle Col-

lisional Dynamics simulations to analyze the structure and the diffusion dynamics of concentrated

solutions of SBCs of intermediate functionalities, f = 9. Since at infinite dilution these soft patchy

colloids have the form of dumbbells [23], they do not self-organize into micelles but, rather, they

form networks. We find, however, that in forming these networks the SBCs become reconfigured

concerning their infinite-dilution conformation, assuming in concentrated solution rather open,

spherical shapes in attempting to maximize inter-star association. Our model system has many

similarities with the telechelic star polymers in the recent work of Metri [81] who performed a

joint experimental and simulation investigation of the stress-relaxation and rheological properties

of the physical networks formed by these molecules.

From a general dynamical point of view, the behavior of dilute solutions of associative polymers

is mainly determined by intramolecular associations, while in the semi-diluted non-entangled re-

gime, where an interplay between inter- and intra-molecular associations takes place, viscoelastic

properties are expected to be characterized by at least by two-time scales, i.e., the typical time for

formation and breakage of intermolecular associations and the relaxation time of inter-molecular

chain segments [34]. Of course, these factors influence the response of the system in non-equilibrium

conditions.

For example, telechelic, linear polymers assemble in equilibrium into scaffold-like networks,

whose properties are governed by the polymer flexibility and end-attraction strength [66]. In these

systems, shear flow induces significant (reversible) structural changes that can be associated with

major rheological regimes which, depending on the strength of the applied shear flow, include

Newtonian behavior, shear banding and shear thinning [66, 82].

In isolated SBCs the shear can be utilized as yet another parameter for tuning the intra-molecular

self-assembly behavior. Shear increases the patchiness of low-amphiphilic-fraction SBC’s, i.e.,

α® 0.3, as a result of their alignment with the flow field, while for high-amphiphilic-fraction stars,
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i.e., α ¦ 0.7, the number and size of patches formed are non-monotonic functions of shear rate.

The key factors in determining the evolution of the star patchiness and global configuration under

shear are the presence of non-associated arms and the spatial extent of the patches. Depending

on these factors, the main mechanisms for patch evolution under shear involve the merging of

free arms into new patches, the joining of two patches into one, and the split-off of bulky patches

under strong shear [83].

On the other hand, for semi-dilute solutions of low functionality telechelic star polymers ( f ≤ 3),

which also form connected networks, an increasing viscosity is predicted as the concentration, the

functionality or the attraction between B-monomers increases [28, 56]. Furthermore, the steady-

state response of these solutions under shear flow features both Newtonian and shear-thinning

behaviors, the latter being linked to the fission of inter- and intra-star patches.

The aforementioned examples show how differences in the structure of associating polymers

give rise to large changes in their properties. Until now, studies under shear flow have been carried

out for three- or four-armed SBCs. Since it is expected than larger functionality SBCs facilitate the

formation of stiffer networks than those of lower functionality and similar mass [84]. We system-

atically analyze the effect of shear flow on the global structure and the molecular conformations

of the SBCs in reversible percolating systems which are not too dense yet topologically interesting.

For these systems, our results suggest that the orientation and elongation of the SBCs induced by

the shear flow, give rise to the reorganization of both the patchiness and the network connectivity,

leading to shear thinning behavior with the thinning exponent growing in magnitude with the

concentration of the solution.

The rest of this chapter is organized as follows: In Sec. 4.2 we present the model employed for

the SBCs system with implict solvent, and the values of the parameter for the hibrid simulation

(Sec. 2.5). In Sec. 4.3 we present and analyze our results on association, network formation and

connectivity characteristics, pair correlations and equilibrium diffusion. In Sec. 4.4 is devoted to

extensively present and discuss our results regarding the conformation properties, the patchiness,

and the viscosity of the system as a function of the shear rate and the packing fraction. Finally, In

Sec. 4.5 we summarize and draw our conclusions.

4.2 Model and Methods

For the static equilibrium properties, we employed two simulation approaches: considering

the solvent implicit and performing molecular dynamics simulations (Star Block Polymers method,

Sec. 2.3), by modeling the macromolecules with f = 9, N = 30. We perform NV T Molecular

Dynamics simulation of SBC, we keep the temperature fixed at kB T = 0.5 using a Nosé-Hoover

thermostat. The strength of the attractive potential was varied from λ = 1 to λ = 1.75. We

start each simulation with all SBCs, which are randomly distributed in the simulation box, in an
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open star configuration i.e., one in which no attractive beads are aggregated; this is equivalent

to abruptly lowering the temperature at the beginning of our simulation time. For the single-star

simulations, we placed one single star in a cubic box with periodic boundary conditions of side

length L = 200σ. For the networks we simulated Ns = 52 SBCs in a box of linear size L = 50σ,

which amounts to a monomer volume fraction φ = v0n
L3 = 0.06, where V0 =

π
6 (N f σ3 +σ3

anchor) is

the volume of one SBC considered as the sum of the monomers forming it. Typical runs consist of

107 molecular dynamics steps with a time-step ∆t = 0.002τ. Equilibrium times are in the order

of 106 MD steps. And by explicitly representing the solvent using the MPCD method (Sec. 2.4),

but in this case, the number of SBC is Ns = 35 (see chapter 2 in sec. 2.3.2). Even if the second

approach may seem more realistic, it is also much more demanding computationally. We found

that differences between the two approaches are within simulation error bars, as they should, since

in equilibrium, hydrodynamics, which is present in the MPCD-MD scheme, has no influence on

the system properties.

For the dynamical properties, We focus our study on three particular values, φ = 0.01, 0.06

and 0.1. The lowest volume fraction corresponds to a dilute regime in which SBC interact, forming

small inter-star associations. At the intermediate φ, the SBCs form in equilibrium a percolating

network even if this volume fraction accounts only for around 0.65φ∗, withφ∗ = V0/
�

(4/3)πR3
gyr

�

being equivalent to the polymer overlap concentration, where Rgyr denotes the gyration radius of

an isolated SBC at equilibrium. Finally, the highest φ-value lies above the overlap concentration

(φ ∼ 1.67φ∗), where well-formed gels are obtained. The shear rates
.
γ considered in this part lie in

the range between 10−4τ−1 and 4×10−2τ−1. To facilitate comparison with other results, the shear

rate can be expressed by the Weissenberg number with τZ ≈ 7.5× 103τ and consequently, the

range of Weissenberg numbers covered goes from Wi ∼ 0.75 to Wi ∼ 300. Lastly, four independent

runs for each considered set of parameters {α= 0,3, 0,5,λ= 1, 1, f = 9,φ,
.
γ}.

4.3 Equilibrium Properties

4.3.1 Network Structure and Pair Correlations

In the very dilute regime, where single SBCs cannot feel each other, these macromolecules have

been found to self-assemble by bringing together the attractive part of the arm to form monomer

aggregates that we call patches. The number and size of these aggregates depend on a few physical

parameters such as the number of arms per star, the fraction of functionalized monomers, and

the strength of the attractive interaction [23] i.e., f , α and λ. The number of patches increases

with the functionality f of the star for a fixed value of the attraction strength λ. Since we aim

to assemble polymer-based networks, it is wise to choose as building blocks SBCs that do not

form one single patch at infinite dilution, the so-called watermelon configutation [85], since these
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stars are likely to only further assemble into micelles upon increasing the concentration [25, 86].

Even when these micelles open up and form inter-micellar connections as concentration increases

[55], the resulting connected networks have the form of assemblies of wormlike micelles [87, 88]

interconnected via individual polymeric arms [89, 90], as we also confirmed in the present work.

Although the structure and rheology of such (interconnected) solutions of wormlike micelles are

very interesting topics in their own right, and they have received considerable attention for linear

block terpolymer-based solutions [89–95], these do not lie within the focus of the current work.

Nevertheless, we have performed also simulations of low-functionality ( f = 4) SBC-solutions to

accompany our main results on the intermediate-functionality case studied here and provide a

comparison to it, and we will discuss these differences later on.

We are also not interested in probing the regime of high functionality, in which the SBCs would

behave like multi-patchy soft colloids. We, therefore, focus instead on SBCs with moderately

high functionality, f = 9, having N = 30 monomers per arm which are, by considering that

our monomers are equivalent to one Kuhn length, realistic in terms of possible experimental

realizations such as polyisoprene/polystyrene block copolymers [96] For this functionality, both

off- and on-lattice simulations [24, 26, 97] have shown that homogeneous, extended networks

form at sufficiently high concentrations. We find that, at functionalization fraction of α = 0.3,

the SBCs are, for low attraction strength (λ < 1.25), in an open star configuration, i.e., arms

are not usually bound together, see Fig. 4.1(a). In this type of configuration, even if sometimes

two arms bind through their attractive end-blocks, this patch is transient, being relatively fast

disassembled and surviving only for ≈ 10000 MD steps. In this regime, even if we are below the

Θ-point corresponding to the chosen attractive potential [23] (λΘ = 0.92), the thermal fluctuations

are strong enough to overcome the gain in potential energy due to patch assembly. Compared to

previously published data [23], where open stars have been observed for λ≤ 1.0, the increase in λ

found here is due to the relative length of the arms: shorter arms (which is the case in the present

study) make it harder for the attractive blocks to meet and bind, hence observation of open stars for

higher λ. For λ > 1.55 we observe that the SBC self assembles into an aggregate that features two

patches, see Fig. 4.1(c). Each of these patches, containing either 4 or 5 arms, is located at roughly

the same distance from the anchor, on opposite sides of the latter. Due to its shape, we refer to this

configuration as “dumbbell”. In the region λ ∈ [1.25,1.55], we find a transition regime between

the two previously described configurations. The SBCs has typically a few arms assembled into one

or more patches, while some arms remain free, as shown in Fig. 4.1(b). For the case of a longer

attractive block, α= 0.5, the trend is similar to the one of lower functionalization: below λ= 1.05

the stars are open; the transition regime can be found in between λ = 1.05 and λ = 1.35, while

above this value we find the dumbbell configuration. As opposed to the α= 0.3 case, we find, at

the highest values considered for the attraction strength λ = 1.75, watermelon structures. The

characterization of the SBC configurations was done based on the shape parameters and will be
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discussed later on.

(a) (c)(b)

Figure 4.1. Single star configurations. Functionalized monomers are shown in red, non-attarctive ones in yellow and
anchors in dark blue. The strength of the attraction is: (a) λ = 1.1, (b) λ = 1.35, and (c) λ = 1.6. All shown results
were obtained for a fraction α= 0.3 of attractive monomers.

We define the volume fraction φ occupied by the monomers as φ = (Ns/V )v0, with v0 =

π( f Nσ3 + σ3
anchor)/6, where Ns the number of stars and V the volume of the simulation box,

whilst σ and σanchor are the diameters of the arm monomers and the anchoring point, respectively.

Our systems need to be at a volume fraction of the same order of magnitude as the overlap value

φ∗, defined as the monomer packing fraction in the interior of the star, φ∗ = 3v0/(4πR3
g), with the

gyration radius Rg of the molecule. For the remainder of this subsection, we focus on a monomer

volume fractionφ = 0.06 which corresponds to 65% of the overlap packing fractionφ∗, sufficiently

high to bring about nontrivial inter-star associations.

Depending on the values ofλ and the α, we observe three distinct morphologies of the networks.

For low attraction strength, λ ∈ [1.0,1.2], and for both values of α considered, the attractive

terminal blocks of the arms are in close proximity but do not appear to build stable, long-living

aggregates, see Figs. 4.2(a) and 4.2(d). As λ is increased, we observe the formation of well-

structured aggregates while at the same time, free arms are still present, as shown in Figs. 4.2(b)

and 4.2(e). The size of the aggregates increases with λ and at the same time, the number of free

arms decreases with attraction strength. At λ = 1.5 for α = 0.3 and at λ = 1.35 for α = 0.5 all

arms are bound, i.e., they are attached through their functionalized part to an aggregate to which

multiple arms contribute. For α = 0.5, at the higher attraction strengths, the network formed

opens up voids which are on the order of length of the simulated volume. For these parameters,

the attraction strength and the number of functionalized monomers are so high that the network

contracts, leaving part of the simulation volume unoccupied, as shown in Figs. 4.2(c) and 4.2(f).

This is in agreement with lattice-model simulation results predicting a macroscopic, gas-liquid
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phase separation [26] for attractive monomer fractions α≥ 0.5.

(a)

(d) (e) (f )

(c)(b)

Figure 4.2. Network architecture types. The upper row shows snapshots of the three types of SBC networks observed.
On the lower row, only the attractive part of the SBCs from the upper panels has been drawn, to highlight the structure
of the attractive aggregates. Parameters for the three configurations are: (a) and (d): α = 0.3 and λ = 1.0; (b) and
(e): α = 0.3 and λ = 1.35; (c) and (f): α = 0.5 and λ = 1.25. Color code of the monomers is the same as in Fig. 4.1.
Results obtained by MD simulations at φ = 0.06.

To have a quantitative description for the pair structure of attractive aggregates observed, we

first look, in similarity to the case of linear telechelic polymers [65], at the pair-correlation function

between the attractive monomers, defined as:

g(r) =
V
N2

a

*

∑

i

∑

i 6= j

δ(r− ri j)

+

, (4.1)

where Na = (α f N)Ns is total number of functionalized monomers in our system, r denotes

the distance, and ri j is the position vector between monomers i and j [65, 98]. At low attraction

strengths, such as λ = 1 and λ = 1.1, we find, as expected, a very pronounced peak at r = σ

corresponding to monomers adjacent to the one considered, see Fig. 4.3(a). Additionally, two

weaker peaks at distance r ∼= 1.7σ and r ∼= 2σ exist, which are due to the second shell of close-

64



4 SEMIDILUTE AND CONCENTRATED REGIMES

packed monomers and the second-order neighbors along the chain, respectively. Peaks at higher

values of r are too broad to be analyzed. As the attraction strength is increased, we find the

development of multiple peaks at small values of r. The position of these peaks corresponds

to a random hexagonal close-packed arrangement, which is in agreement with the organization

of the attractive monomers in clusters, which can be seen by the eye in Fig 4.2. It was to be

expected that a hexagonal close-packed arrangement occurs within the attractive aggregates since

our attractive potential reaches its minimum when the functionalized monomers are in contact,

and the most energetically favorable configuration would have each monomer surrounded by the

maximum number possible neighbors which are twelve [99], achieved by the hexagonal close-

packed arrangement [100]. For r > 2σ the pair-correlation for λ= 1.3 attains higher values than

its counterpart forλ= 1.6. This is because, for the former value, there tend to be more large clusters,

brought about by the network’s constant re-configuration. At λ= 1.3 arms continuously bind and

unbind to each other allowing for arms to hop for one cluster to the other, eventually forming

clusters with large populations. Conversely, for λ = 1.6, the unbinding of arms is less frequent

due to the higher energy barrier, the larger clusters being the result of merging of smaller clusters,

which makes it harder to form these large clusters. A detailed analysis of the reconfigurability of

the network is presented in the next subsection. In the r-range between 5σ and 9σ (for α= 0.3)

or 7.5σ and 9σ (for α= 0.5), a depletion of attractive monomers occurs, which is consistent with

the arm length. Finally, at r ∼= 14σ, a broad peak is observable, representing the inter-aggregate

distance; this value is consistent with the diameter of the gyration of a star, 2Rg
∼= 14σ, which is

to be expected.

To better quantify the long-range spatial correlations between the attractive aggregates, we

make use of the structure factor S(q), which can be obtained from the pair-correlation function

via the following relation [65, 101]:

S(q) = 1+
Na

V

∞
∫

0

4πr2 [g(r)− 1]
sin(qr)

qr
dr, (4.2)

where q is the scattering wavenumber. The structure factor for both α = 0.3 and α = 0.5

at four representative values of λ, the same as those for the radial distribution function g(r), is

presented in Fig. 4.3(b). We observe that all the curves feature a peak at qσ ≈ 0.45, confirming

the existence of short-range liquid-like order in our system. The length scale ` ∼= 2π/q ∼= 14σ

associated with this peak is of the order of the diameter of a star, and it expresses the typical

inter-cluster separation obtained also with the function g(r) above. For α= 0.5, there is a second,

longer-range length scale appearing marked by the peak at qσ ≈ 0.2 for λ = 1.3. This peak

signals the growth of larger-scale clusters through the merging of smaller ones at sufficiently

strong attractions, and by increasing λ to 1.6, it moves to even lower qσ which reaches the limit
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of what we can probe considering our chosen simulation volume. It can be considered for higher

values of α as a precursor to macroscopic phase separation, q→ 0. At high values of q, we see a

series of four peaks at qσ ∼= 7.5, 14, 19, and 22 show up, which also becomes more pronounced

with an increase of λ. These peaks correspond to the close-packed structure of the attractive

aggregates, i.e., they arise from the internal structure of the self-assembled clusters. Finally, the

wavy structure that develops in the interval qσ ∈ [0.6,1.5] for the higher λ-values at α = 0.5

comes from the scattering on the surface of the attractive aggregates. The slope of the decay of

these oscillations is −4, corresponding to Porod’s Law for scattering from sharp (spherical) surfaces

[102], whereas the locations of the oscillatory minima are consistent with the radius of the compact

micelle-patches (i.e., 7σ for λ = 1.3 and 7.8σ for λ = 1.6). The structure is visible only on the

curves with high λ-values and α= 0.5, since only for this regime the patches are big enough to be

approximately spherical. Above qσ = 1.5, the structures appearing have no physical significance,

being just an artifact due to numerically performing the integration in Eq. (4.2). Overall, there is

a striking similarity in both g(r) and S(q) with the corresponding results obtained for stiff, linear

telechelic star polymers [65]. The pair correlation functions for φ = 0.1 look very similar to the

ones for φ = 0.06, whereas at the very low concentration, φ = 0.01, the individual chain structure

of the SBC manifests itself in the distribution functions between the various types of monomers

(not shown).

4.3.2 Patch and network characteristics

To gain more insight into the architecture of the networks, we look at the size distribution

of the clusters in the network formed by the attractive parts of the arms, shown in Fig. 4.4. We

define a cluster as the set of functionalized monomers that have to fulfill the criterion that any

monomer in the cluster is placed at a maximum distance d from at least one other monomer in the

cluster. Following this definition, all attractive monomers in an arm are part of the same cluster.

Two monomers (and consequently two arms) do not need to have direct ”contact” to be part of

the same cluster but can be both at a distance lower than d to functionalized monomers of another

arm or other arms that have contact to each other. We have chosen d = 1.08σ, which corresponds

to approximately the distance where our attractive potential reaches half its minimum, for all the

λ domain considered. Any choice of d ∈ [rc , rcut] yields almost identical results.

The probability Pcs(na) of finding a cluster containing na arms is calculated as Pcs(na) =

Ncs(na)/Ncs, where Ncs(na) is the number of clusters containing na arms and Ncs =
∑

na

Ncs(na).

Here we include also the case na = 1 in gathering statistics, to also account for single-arm clusters

or patches formed by the self-association of terminal monomers of a single-arm without the parti-

cipation of any other arm in the na = 1-cluster.

For low attraction strengths, the distribution of cluster sizes is exponentially falling, most of
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Figure 4.3. (a) Radial distribution function and (b) structure factor of the attractive monomers for different attraction
strengths λ and attractive monomer fraction α. The color code for both plots is according to the legend in the panel
(a). Data obtained by MD simulations at φ = 0.06.

the arms being unbound, as seen in Fig. 4.4(a). By increasing either the attraction strength λ or

the volume fraction φ, the average number of arms 〈na〉 contributing to a cluster also increases.

The probability of occurrence of a cluster of a certain size starts to deviate from the exponential

decay trend as λ and/or φ grow bigger.

Increasing the functionalization α has the same effect as increasing λ, i.e., more arms become

bound and clusters grow bigger compared to systems with lower density. For values of λ that

correspond to the transition regime from open star to dumbbells for the configurations of the

single stars, we see the coexistence of free arms with clusters of various sizes, whereas for λ values

for which dumbbells are fully assembled in isolation all arms are bound, see Fig. 4.4(c). In the
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Figure 4.4. The patch size distribution Pcs(na) as a function of the number of arms na that participate in each patch.
Results for low attraction strength λ at different volume fractions, at α = 0.3 [panel (a)] and α = 0.5 for [panel
(b)]. Data sets for φ = 0.06 were obtained using MD whereas the other curves were obtained by hybrid MD-MPCD
simulations. (c) Patch size distribution for φ = 0.06 at different attraction strengths. The vertical axis has been cut to
spotlight the peaks appearing for a high number of arms. Due to this truncation the points corresponding to na = 1 are
not visible on two of the curves. The probability of these point is 0.79± 0.01 for λ= 1.0 and 0.4± 0.04 for λ= 1.3.
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latter regime, clusters containing na ≤ 10 arms have higher occurrence probability than in the

former one, where cluster with na > 10 arms are more frequent. This is due to the aforementioned

possibility that arms detach from clusters and recombine into new ones, leading to the formation

of big aggregates, which is present for λ = 1.3 but not for λ = 1.6 where the arms are tightly

bound to their clusters and the barrier toward detachment and recombination are much higher.

We further draw the reader’s attention to the fact that in the regime in which larger clusters

start having non-negligible probabilities, such as the case of (α,λ) = (0.3, 1.3) shown in Fig. 4.4(c),

the number of free arms or arms that participate in small clusters is much smaller than the ones

in big clusters even if the probability of occurrence of these clusters is higher as a consequence

of the chosen normalization. Finally, we point out that the results obtained using only Molecular

Dynamics simulations and one obtained by the hybrid Molecular Dynamics-Multiparticle Collision

Dynamics (MPCD) method, which explicitly takes into account the hydrodynamics of the solvent, is

in excellent agreement with one another, as they should be for equilibrium properties. We therefore

only focus, for the remainder of this section, on the intermediate volume fraction regime taking

φ = 0.06.

(a) (b)

(c) (d)
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Figure 4.5. Normalized histograms of the number of arms that a SBC contributes to cluster [panels (a) and (c)] and of
the number of SBCs contributing to a cluster [panels (b) and (d)]. All data presented are for α= 0.3. For clarity, cluster
sizes have been bundled into groups as follows: Csmall for 2≤ na ≤ 5; Cmedium for 6≤ na ≤ 10; Clar ge for 11≤ na ≤ 19;
and Cgiant for na ≥ 20.
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Contrary to hard, colloidal patchy particles [97] that carry a fixed pattern of attractive spots

on their surface, block copolymer stars are soft and reconfigurable: the patchiness they feature as

isolated particles at the infinite dilution limit, where only intra-star arm associations are possible,

need not be the same as the one that results at finite concentrations where inter-star associations

occur. For tetrahedrally-patched SBC, it has been found that the patchiness is robust concerning

changes in the concentration [24, 54], but this is not too surprising since a tetrahedral patch

arrangement has a sufficiently high degree of symmetry and it thus offers inter-star association

possibilities also within an isotropic liquid. For self-assembling patchy particles that form dumbbells

in isolation, as the SBC at hand, it is not a priori clear that the pattern of patchiness will be preserved

also at finite concentrations. Accordingly, we need to determine whether the networks that we

have let self-assemble are constructed having the single star configuration as building blocks or

if there is a reconfiguration of these involved in the network construction. For this purpose, we

count the number of arms that one star contributes to a cluster of a certain size as well as to the

number of molecules that are contributing to a cluster for a particular size of clusters, all shown

in Fig. 4.5. We normalize these histograms by the total number of arms and also choose to group

the attractive aggregates by the number of arms participating in a cluster, into four size groups

as follows: small clusters having 2 ≤ na ≤ 5, medium clusters with 6 ≤ na ≤ 10, large clusters

11≤ na ≤ 19, and giant clusters of size na ≥ 20.

We focus on the intermediate volume faction regime taking φ = 0.06. For low λ, since the vast

majority of the clusters are very small, containing 2 or 3 arms, there are of course very few stars

contributing to these aggregates, and, as expected, every SBC contributes with just one or at most

two arms to an aggregate (data not shown). However, in the λ-region that corresponds to the

transition from open stars to dumbbells for the isolated star, such as λ= 1.3 shown in Figs. 4.5(a)

and 4.5(b), we find that the larger the clusters are, the more stars contribute to them. The number

of arms a star puts into one cluster is always lower than 5, with the preferred size being 1 or 2

arms. By going to λ values at which dumbbells are formed in the very dilute regime, we would

expect to find that each SBC contributes 4 or 5 arms to a cluster and consequently the number

of SBCs contributing to such a cluster is 4− 5 times lower than the cluster size. Surprisingly, we

observe that, at λ= 1.6, the SBCs have an even stronger preference to contribute just 1 or 2 arms

to a cluster, the 4− 5-arm contributors being almost nonexistent, see Fig. 4.5(c). Furthermore,

there is a significant number of stars per cluster, approximately 5, as seen in Fig. 4.5(d). These

findings demonstrate that each star contributes with a low number of arms to multiple clusters,

thus leading us to the conclusion that stars in the network must be geometrically/conformationally

different than the isolated ones. This implies that there must be a significant reconfiguration of the

SBCs forming the network compared to their one-star conformation. In particular, the stars assume

an isotropic configuration akin to the non-functionalized molecules for λ = 0, reducing thereby

the entropic penalty they would have to pay for having a dumbbell shape; the energetic gain from
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inter-arm associations is now offered by the neighboring stars present in the concentrated solution.
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Figure 4.6. Size- and shape-characteristics of SBCs in isolation and in the networks and for different fractions of
attractive monomers, as indicated in the legend. (a): gyration radius Rg ; (b): asphericity δ; (c): prolateness S; (d):
acylindricity c.

Further corroboration for the reconfigurable nature of the SBC is offered by an analysis of the

geometrical characteristics of the stars in isolation versus the ones that are part of a network. For

this purpose, we employ shape parameters computed starting from the gyration tensor and the

results are presented in Fig. 4.6. For isolated stars, we find that the gyration radius Rg , shown in

Fig. 4.6(a), decreases in the transition region toward a dumbbell-shape compared to the open star

configuration. This is consistent with some of the arms self-assembling into small clusters, hence

reducing the size of the object. The star becomes also less spherical due to intra-star assembly, as

can be seen from increased asphericity δ in Fig. 4.6(b). As dumbbell structures are formed, the

radius of gyration further decreases, and the star assumes an increasingly prolate shape S > 0,

shown in Fig. 4.6(c) as well as a decreased acylindricity, Fig. 4.6(d). For α= 0.5 the trend is the

same, two differences being worth noting: first, forλ= 1.3 we see a sharp decrease in Rg , the value

being lower than the one for the dumbbells. For these parameters, the star assembles first into 3

patches, which accounts for this difference. For λ= 1.75, the attraction strength becomes strong

enough to overcome the entropic contribution of the non-functionalized part of the arms, and

the star assembles into a collapsed, watermelon structure [85], characterized by a small gyration
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radius and high sphericity. On the other hand, the shape of the stars that form the networks do not

follow the isolated star trends. The SBCs in the network have a morphology similar to the open

star configuration and their geometrical characteristics are essentially independent of λ. They are

highly spherical and have a similar gyration radius as the open stars throughout the λ interval

considered. The gyration radius is somewhat smaller for α= 0.5 compared to α= 0.3 since in the

former case, more attractive beads are available to form clusters which are highly packed objects.

Based on the measured gyration radius, we estimate the degree of swelling of stars in the network

to be of the order 10. These findings, together with the detailed analysis of the attractive aggregates,

show that SBCs in networks are not just self-assembled stars that are further bound together but

rather each star contributes to multiple attractive aggregates homogeneously distributed around

the star. SBCs are not pre-configured units that further self-assemble into larger structures as

concentration grows but rather reconfigurable objects that organize themselves into homogeneous

networks with well-dispersed inter-star association sites. The reconfiguration of these dumbbell-

forming molecules in concentrated solutions is at odds with the behavior of higher-functionality

telechelic stars, which form tetrahedrally coordinated soft patchy nanoparticles that are robust in

their shape also at high concentrations, at least for temperatures as low as the Θ-temperature of

the solvophobic end-blocks [24].

To explore the connectivity of the network, we now focus on the full SBC network, not only

on the patches formed by the attractive part of the arms. We look at the number of components

present in the network, defining a component as all-stars that are connected through a cluster

formed by the attractive ends of the arms. To belong to a component, a star only needs to be

bound to one other SBC in the same component. We count, at a given α and λ, the average

number of components, shown in Fig. 4.7(a), the average number of stars that contributes to a

component, Fig. 4.7(b), the average number of stars contributing to the biggest component in the

system, Fig. 4.7(c), and the average number of free SBCs that have no connections at all (called

free stars), Fig. 4.7(d). For most of the values of α and λ considered we find that (see Fig. 4.7)

all-star are connected among themselves: there is just one component in the network, the number

of the star in this component is Ns = 52, which equals the total number of SBCs in the simulation

volume, and there are no free stars. For the lowest values of λ considered (at α= 0.3) the system

appears to contain multiple components. However, by observing the size of the bigger component

in the system and the number of free SBCs, we conclude that our systems consist of one very large

component containing almost all the stars available in the simulation volume and a couple of free

stars.

Related to the above considerations is the question of whether the networks that have assembled

are still reconfigurable: can arms leave one aggregate and re-attach to another one allowing for

configuration changes in the networks? Furthermore, it is pertinent to know whether the stars

are still mobile, i.e., free to diffuse. To evaluate the mobility of the stars we compute the mean
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Figure 4.7. Characteristics of network connectivity. (a): the average number of components; (b): the average number
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number of free stars, as a function of the attraction strength λ for the two values of α considered.
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Figure 4.8. (a) The mean squared displacement of the star cores in the network for different values of α and λ, as
indicated in the legend. (b) The binding energy per arm, Ubind , defined as the interaction energy of the terminal
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step (see Methods).
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squared displacement of the anchoring point (centers) of the stars as:

〈∆r2(t)〉=
1
Ns

¬

Ns
∑

i=1

(ri(t)− ri(0))
2
¶

, (4.3)

where the sum runs over all the centers ri of the Ns stars in the system and t denotes time. For

the lower values of λ (λ= 1.0 and λ= 1.1), for both α’s considered, the stars diffuse and explore

the entire simulation volume, see Fig. 4.8(a), consistent with the finding in [56]. In other words,

although they are all connected within a single component, as found above, the bindings of the

arms to the associated sites are transient and thus each star frequently detaches and forms new

connections, walking in this way across the entire system. The diffusivity decreases for a given α

as λ grows as well as for a given λ as α grows. On the other hand, for the higher λ values, the

SBCs are caged inside a small region, forming an arrested gel, and the mean-square displacement

saturates at values below the size of an individual star, with the cage size shrinking at stronger

attractions.

Our analysis up to now has been exclusively for the intermediate-functionality case, f = 9.

To provide a brief comparison with the low-functionality case, we have performed simulations at

the same star density, φ/φ∗ ∼= 0.6, and λ-values, for SBC of functionality f = 4 and fractions of

attractive monomers α= 0.3 and α= 0.5; representative results are shown in Fig. 4.9. We found

very different connectivity characteristics between the two functionalities for identical λ-conditions,

which physically correspond to a fixed temperature. For small λ-values, the f = 4-stars do not form

any kind of network, a significant fraction of them being free of connections to other ones. The

values of λ for which a percolating network is observed are much higher than for the case of f = 9.

The two resulting networks have very different morphologies. For f = 9, we found a homogenous-

looking network with patches connected by several arms, whereas for f = 4 we observe regions

where patches and their contributing stars alternate with voids, as seen in Fig. 4.9(a). In other

words, in the second case, we have micellar patches formed by many stars and a few arms of the

latter connect the micelles, leaving at the same time large regions that are populated by stars that

share their arms between different micelles. As these regions contain also lots of empty space,

the cages that they form are larger than those of the f = 9-stars. Concomitantly, in the resulting

arrested networks, the size of the cage in which the anchor is trapped is approximately twice as

big for f = 4 in comparison to f = 9. This can be clearly seen in Fig. 4.9(b) in comparing the

height of the MSD-plateau, `∞ ≡
p

〈∆r2(t →∞)〉, there, with the corresponding value for f = 9

from Fig. 4.8(a). Indeed, for f = 4, λ= 1.6 and α= 0.3, we obtain `2
∞
∼= 100, whereas for f = 9

and identical λ- and α-values, a plateau-value of `2
∞
∼= 25 results, showing the much stronger

confinement of the latter stars in their cages.

Recently, Metri et al. [81] investigated a system of network-forming telechelic star polymers

that bears certain similarities, but also important differences, with the systems we examine here.
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Figure 4.9. BSCs with lower functionality ( f = 4): (a) Snapshot of network formed at α= 0.3 and λ= 1.35. (b) The
mean squared displacement of the star cores in the network for different values of α and λ, as indicated in the legend.
For details about the quantities on the horizontal axis we refer to Fig. 4.8.

The experimental system consisted of a cross-linked glycol diacrylate core with an average of

f = 13 attached arms made of poly(n-butyl acrylate); at the tip, each arm was functionalized

with three bis(2-methacrylooyloxyethyl) disulfide stickers, playing a role analogous to the terminal

B-monomers of our system. Contrary to our solvophobic beads, however, the stickers can form a

connection to other stickers only once but since each arm carries at its end a sticker with three

‘fingers’, intra- or inter-star association sites with more than two participating arms are still possible.

On the other hand, the attractions for the system of Metri et al. [81] are so strong that the

associations are considered to be irreversible. Accordingly, in the coarse-grained simulations

employed there, a certain fraction of stickers, pext, is attached to external stickers from other stars in

a quenched, i.e., pre-determined (albeit randomly selected) fashion. Also, the simulation technique
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employed there is a different, hybrid one, employing Rouse dynamics for the chains and effective

potential for the cores [103], to accelerate the dynamics to cover a broad range of time scales,

reach up to ∼ 105 s. Despite these differences, striking similarities with the findings for the systems

at hand arise: at a cross-linking fraction pext
∼= 0.25 of stickers, the mean-square displacements

of the cores show a plateau, which broadens further for higher values of this parameter, in full

analogy with our findings in Fig. 4.8(a), where the role of the control parameter is now played by

the attraction strength λ. This dynamical arrest is accompanied by a long-time plateau of the stress

relaxation G(t), signaling the presence of extremely long relaxation processes in the system and

the transition to an amorphous rheological solid. Although we have not performed measurements

of the stress relaxation (or the viscosity) in this chapter, and additional coarse-graining would

be required also here to reach long-time scales, it is justified to expect that systems that are fully

connected and the arms have very large and negative inter-star binding energies such as those

shown in Fig. 4.8(b), will also have the typical rheological response of a solid.

Finally, to probe the fluctuations of the arms of the stars, we focus now on α = 0.3 and look

at the values of the sum of the attractive potentials of all the beads in an arm, Ubind , over the

course of our simulations. We have excluded from Ubind the contribution arising from same-arm

monomers, since we are interested in the interaction with other arms, and thus the participation

in the formation of attractive aggregates, and not in the intra-arm self-assembly. The quantity

computed in this way vanishes for free arms and takes negative values for an arm that is attached

(bound) to at least one another arm. Results for different values of λ for one single representative

arm are presented in Fig. 4.8(b). For λ= 1.0 and 1.1, the arm frequently attaches and leaves an

aggregate. For the case of λ= 1.3 arms tend to spend more time in a bounded state but they also

unbind, allowing for reconfigurations, and the quantity Ubind features very strong fluctuations. At

λ= 1.6, and consistently with the existence of an arrested network, the energy barrier to unbind

becomes too high and the arms spend their entire time in a bound state, reconfiguration of the

network is possible only by cluster merging.

4.4 Dynamical Properties

4.4.1 General behavior under shear

We begin our discussion by describing the behavior of our SBC system at different amphiphilicity

α and volume fractions φ as a function of the shear rate
.
γ. At α = 0.3, for the lowest monomer

fraction (φ = 0.01) and the lower shear rates considered (
.
γτ ® 0.001), there are no effects of

the flow observed (see the upper left panels of Fig. 4.10), neither at the level of the single stars

(i.e., the shape of the stars appears, at least by eye, to be the same as in equilibrium), nor at the

level of inter-star aggregates (i.e. the average number of SBCs that are connected does not seem
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to change, even if arms unbind and rebind continuously). At
.
γτ = 0.001, we start being able to

distinguish stars flowing along the field. The stars still do not change shape appreciably and each

inter-star cluster flows with constant velocity, keeping its equilibrium morphology. For
.
γτ= 0.004

(Wi ≈ 30), we begin to observe elongations at the level of single stars along the flow direction,

combined with the flattening of the star shape in the xz-plane that becomes more visible as
.
γ

increases. The star clusters also start to change shape, with their elongation also being in the flow

direction. Above
.
γτ = 0.02 shear banding can be seen, as shown in the upper right panels of

Fig. 4.10.

At the intermediate volume fraction φ = 0.06, the percolating network that characterizes our

system in equilibrium is, as in the case of the lower monomer fraction, largely undisturbed when

low shear rates are applied (Fig. 4.10, middle row). As the shear rate increases, the size of the

attractive aggregates built by different arms coming together starts to decline since arms are being

pulled out from the aggregates by the flow. Similarly to the system at low density, for
.
γτ¦ 0.004,

we observe a stretching of the polymers, accompanied by an elongation of the attractive aggregates.

The network appears to percolate for all
.
γ values considered in this study. The most dense system

analyzed (φ = 0.1) shows a similar behavior than the one at φ = 0.06, with the difference that

here the attractive aggregates stretch already at a lower shear rate (
.
γτ = 0.01, compared to

.
γτ= 0.02), as shown in the top panels of Fig. 4.10.

For the case α= 0.5, the behavior is similar to the corresponding system at lower α, with the

particularity that here we observe ruptures of the network, i.e., our initially percolating systems

(φ = 0.06 and φ = 0.1) break down into multiple disconnected sub-components. This phenomena

is due to the topology of the network in equilibrium: the systems at this attractive monomer fraction

has big free voids inside the network. Then, as shear is applied, the places of the network where

the network is weaker, i.e., where the inter-star connections are minimal being formed by just one

arm coming from each star, will break apart.

4.4.2 Geometrical properties

The first finding to point out regarding the shape parameters is that the volume fraction of

monomers has an effect on the gyration radius (chapter 2 in sec. 2.3.1.a) even for low shear rates:

the SBCs that are part of denser systems increase by a larger proportion relative to their equilibrium

configuration, see Fig. 4.11(a). This is a consequence of the fact that, for φ = 0.06 and φ = 0.1,

the SBCs form a percolating network, and even a small deformation of system leads to extension

of the individual stars. At φ = 0.01, where the inter-star interaction is reduced, the relative size

of the stars is around the same as for single star. At low shear rates, the asphericity δ is higher

for stars with α= 0.5 than for these with α= 0.3 (data not shown), because the stars with more

functionalized monomers form more asymmetric structures, i.e., a higher number of B-monomers
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Figure 4.10. Snapshots from simulation for SBC solutions with α= 0.3 at different volume fractions φ and shear rates.
The solvophilic monomers are shown in blue, and the solvophobic monomers in red, and the anchors in yellow. Above
each image, one star selected at random has been shown separately to make the typical shape of a SBC visible. The
number of stars in all boxes is the same but the boxes have different sizes according to the density, therefore the stars
at lower densities appear smaller in the snapshots. The snapshots of the single stars are all drawn at the same scale to
facilitate shape and size comparisons.

are localized in the attractive aggregates. As the shear rate increases, the curves for both values

of α collapse. This is an indication of the unfolding of the attractive aggregates. The prolateness
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S goes up with
.
γ whereas the acylindricity c decreases, see Figures 4.11(b) and 4.11(c), which is

consistent with the observation that the SBC stretch, having a more cigar-like shape as the system

is sheared. Both of these shape parameters also display collapse of different α-systems at high
.
γ,

consistent with a fully elongated polymeric star. The higher the density the more elongated the

stars become due to the inter-star connections that have to be accommodated in addition to the

flow.
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Figure 4.11. Global shape parameters of SBCs as a function shear rate for different concentrations and amphiphilicities:
(a) normalized gyration radius Rgyr/R

(0)
gyr, (b) acylindricity c, and (c) prolateness S. The value R(0)gyr denotes the gyration

radius of an isolated SBC at equilibrium.

To obtain more information on the deformations of the SBCs with respect to the spatial dir-

ections, we analyze the diagonal components Gµµ = 〈Gµµ〉 of the gyration tensor (chapter 2

in sec. 2.3.1.a) normalized to the value of isolated SBC at equilibrium, G(0)µµ , as shown in Fig-

ures 4.12(a)-4.12(c). At φ = 0.01 the system shows a behavior similar to that of isolated stars

[83]: for low shear rates (
.
γτ < 4× 10−4) no strong deformation appears; as

.
γ increases, both
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monotonically increasing Gx x and diminishing Gy y are found, reaching a difference of almost one

order of magnitude with respect to G(0)µµ at the highest
.
γ probed; meanwhile Gzz decreases only

slightly. This indicates that the extension of the SBCs occurs along the flow direction (x-direction).

While its size is drastically decreased in the the gradient direction (y-direction), the relative shrink-

age in the vorticity direction is comparatively small, hinting at a flattened elliptical shape of the

SBC located in the x y-plane. As mentioned above, for the higher concentrations, spatial inhomo-

geneities in the shape of the SBCs with respect to the isolated case are observed even at
.
γτ= 10−4

and, at higher shear rate, even lower values for Gy y and Gzz are found, which points out to a more

rod-like shape of the SBCs. It is to be noted that, for each density, the corresponding curves for

α= 0.3 and α= 0.5 collapse at high shear rate.

Further insights on the positioning of the SBC with respect to the flow can be gained by con-
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sidering the orientational resistance mG Eq. 3.1 This parameter measures the average alignment

of the SBC induced by the flow. As displayed in Fig. 4.13(a), the orientation resistance increases

with
.
γ. For the two higher densities, we observe a reasonably fair overlap of the curves, while

the dilute system features a higher orientational resistance than the denser counterparts. This

phenomenon can be again explained by the larger connectivity of the denser system. There, the

alignment along the flow direction is further enhanced and also stabilized through the connection

of attractive B-monomers at the end of each arm with abundant neighboring ones from the other

SBCs.
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Figure 4.13. (a) Orientational resistance and (b) apparent angular velocity as a function of shear rate.

Furthermore, to understand the dynamics of the the stars, we can make use of the angular

velocity (see section 3.5.4) Eq. (3.25). For isolated SBC, it can be interpreted either as the tumbling

frequency of a rigid body in the shear flow, which shape is similar to the average shape of the SBC,

or as the frequency at which the individual arms rotate by tank-treading around the geometrical

star center [67].
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As can be seen in Fig. 4.13(b), the ratio between the angular velocity and the shear rate (ωa/
.
γ)

decreases as the latter increases, which is due to the flexibility of the SBC: for a rigid object we

expect to have ωa/
.
γ constant, whereas here clearly ωa/

.
γ∝ .

γ−a, with a ' 0.7 for the larger shear

rate probed. Also, we observe that lower densities allow for higherωa since stars exhibit less steric

hindrance from neighbors and also are less likely to break free from inter-star connection and

tumble since they have fewer of these connections per star.

4.4.3 Radial correlation functions

In order to analyze the microscopic conformation of the system, we use radial pair-correlation

functions for the different monomer species. In particular, it allows us to gain additional information

about the structure of the attractive patches. The pair-correlation function gI J (r), which assesses

the probability of finding a monomer of species I at a distance r from a monomer of species J , is

defined as

gI J (r) =
V

N̂I N̂J

*

N̂I
∑

i=1

N̂J
∑

j=1

δ(r− ri j)

+

, (4.4)

where r = |ri j| denotes the distance between the i-th and the j-th monomers [98, 104]. The

sub-indexes I and J can take any of the values A for non-interacting monomers, B for functionalized

ones, and C for anchors. For gI I the terms with i = j are excluded from the sum. The normalization

constants N̂A represent the total number of A monomers in the system (N̂A = Ns f NA), N̂B is the

number of functionalized monomers (N̂B = Ns f NB), whereas N̂C = Ns is the number of anchors.

We first turn our attention to the pair correlation function gAA(r) between the non-functionalized

parts of the SBC as presented in Fig. 4.14. At α= 0.3 and low share rates, we observe no significant

difference to the equilibrium behavior for very dilute system (φ = 0.01), i.e., the radial pair correc-

tion function exhibits a first peak at r/σ ' 1 which corresponds to the first order neighbors along

the chain, followed by a much less pronounced one at r/σ ' 2, see Fig. 4.14(a). By increasing the

shear rate, an increase in these two peaks takes place. At
.
γτ= 0.04, we start seeing regular peaks

at approximately integer values of r/σ. These are evidence of the stretching of the polymers along

the flow, forming an ordered structure. The same stretching feature of the A-blocks of the arms

is also observed in the gCA correlation function (data not shown). Moreover, the depleted region

observed at r/σ ≈ 14 corresponds to the typical size of stars and disappears with the increase in
.
γ due to the homogenization of the system. The higher density systems show the same features as

the one at φ = 0.01, with the peaks being more pronounced, which is consistent with the increase

in the monomer local density. The systems with α = 0.5 shows similar features, but the peaks

of gAA(r) at short distance tend to have higher values since the SBC have better formed patches

meaning that the arms are placed closer together. The regular structure at high
.
γ vanishes at lower
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Figure 4.14. Radial correlation function of A-monomers for (a) φ = 0.01 and (b) φ = 0.1. Insets show enlarged zones
of the curves for different radial distance. The data presented in both panels correspond to α= 0.3.

r/σ since the non-interacting part of the arms is shorter at α= 0.5.

On the other hand, the correlation function (gBB) for the attractive monomers shows a much

more structured profile as shown in Fig. 4.15(a). The locations of the correlation peaks are con-

sistent with a random hexagonal close-packed structure. This arrangement has also been observed

in equilibrium and is a direct consequence of the short-range attractive interaction between B-

monomers. At low density, these peaks decrease in height significantly for r/σ > 2, which is

concomitant with the average size of the observed clusters. For φ = 0.06 and φ = 0.1, the peaks

are observable up to a distance r ∼ 8σ and decrease in size as the shear rate increases. At the

highest shear rate analyzed,
.
γτ= 0.04, the peaks at r/σ > 4 and r/σ > 7 for α= 0.3 and α= 0.5,
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Figure 4.15. Radial correlation function for (a) B−B and (b) C−B monomer pairs. Insets in panel (a) show enlarged
zones of the curves for different radial distance. For both panels α= 0.3 and φ = 0.1.

respectively, vanish. Similarly, as the shear rate increases, lower peaks are observed suggesting

that the size of the attractive aggregates decreases as the system is sheared as consequence of the

detachment from the cluster of some arms.

By looking at the pair-correlation function between non-interacting and functionalized monomers

(gAB), we notice significant peaks only at r/σ ' 1 and r/σ ' 2 at zero shear. At high shear rates,

gAB develops a profile with multiple peaks located at integer values of r/σ, this again being a

indication of the chain stretching (data not shown).

The stretching is also supported by the anchor-functionalized monomers correlation function

gCB shown in Fig. 4.15(b). As can be seen there, the equilibrium gCB shows a well defined peak

around r/σ ' 8 to 10 depending on φ. This distribution flattens out as shear increases, leading
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Figure 4.16. Graphical representation of the patch sizes behavior for α= 0.3 and different density (φ) and shear rate.
Here, only B-monomers are displayed. Each color categorize the size Sp of the patches: red is used for free arms (Sp = 1),
green for 2≤ Sp ≤ 5, light blue for 6≤ Sp ≤ 9, dark green for 10≤ Sp ≤ 13, and brown for 13< Sp.

to an increasing value at shorter r, because the induced elongation of the arms B-block. Since the

SBCs align with the flow, new space is open which can be occupied by another stars. A similar

phenomena is also seen in the anchor-anchor correlation function gCC , where anchors are allowed

to come closer as the shear increases.

4.4.4 Patches behavior

In the previous section, we presented results regarding the global conformation properties of

the systems under consideration. Now, we turn our attention to the effect of shear on the features

of the formed attractive aggregates (patches), in particular, to the number of patches in the system

(Np) and their size (Sp), i.e., the number of arms clustered in each patch.

At this point, it is important to note that the average configuration of isolated SBCs at equilib-
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rium that we found, features the coexistence of free arms and patches. This behavior is different

from the fully self-assembled scenario, i.e., no presence of free arms, described in [23], for similar

parameters ( f , α and λ). This difference is a consequence of the large arm polymerization degrees

employed there (N > 120) in comparison to the much shorter arms (N = 30) we consider here,

which in turn leads to a higher steric penalty when forming patches. In fact, the SBCs considered

here become fully self-assembled as λ increases

In this way, at low density a large fraction of the arms are free since potential binding partners

are spatially far away whereas at higher densities more arms are bound, leading to the increase

of the size Sp of the equilibrium clusters. Aiming to visualize the changes in cluster size due to

different parameters, we divided the clusters into five size categories: free arm, small clusters

involving 2− 5 arms, medium clusters which are composed of 6 to 9 arms, large clusters with 10

to 13 arms, and giant clusters containing more than 13 arms. Each category is assigned a different

color in Fig. 4.16.

For low density (φ = 0.01) and
.
γτ ≤ 0.007, the cluster size does not drastically change, the

system has mostly free arm, a population of small clusters, and few medium-sized ones, whereas

at
.
γτ= 0.02 the medium-sized clusters have vanished. For the other densities, the largest cluster

size (large for φ = 0.06 and giant for φ = 0.1), persists at low
.
γ, but it vanishes at

.
γτ = 0.007.

The further increase in
.
γ leads to the disappearance of the next cluster-size population. It is also

interesting to note how the clusters elongate as the system is sheared, as well as that free arm

extend more than clusters since the energetic loss is smaller.

To have a quantitative measure of the change in cluster size with
.
γ we show in Fig. 4.17 the

average number of patches 〈Np〉 as well as the average size 〈Sp〉. For φ = 0.01 we find that the

number of clusters fluctuates around an average values of 39 and the number of arms in a cluster

is slightly higher than 2 regardless of
.
γ. These results seem to indicate that no or little charges in

this respect occur in the dilute system when shear is applied. We will in short demonstrate that

the constant average characteristics of the clusters are actually also almost conserved at cluster

level. At φ = 0.1, 〈Np〉 increases with
.
γ whereas 〈Sp〉 decreases. This result is consistent with

our observation that larger clusters break down into smaller ones as the system is subjected to a

higher shear rate. In the intermediate share regime (φ = 0.06) we observe a constant number

of clusters (largest than for the other values of φ), which goes a bit down for
.
γτ ≥ 0.01. This

decrease appears not to be accompanied by a increase in average cluster size.

From the previous analysis, two questions arise. The first one is whether the constant average

values 〈Np〉 and 〈Sp〉 for the dilute system results of effectively no changes induced by the shear,

or of a subtle reorganization of the clusters resulting in the same average parameters. The second

question that interests us concerns the change in cluster number and/or size observed forφ = 0.06

and φ = 0.1; are these the results of arms breaking free from the clusters or clusters breaking

down into smaller ones? In order to answer these questions we proceed to plot the cluster size
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Figure 4.17. (a) Average number of patches 〈Np〉 and (b) average number of arms clustered in a patch 〈Sp〉 for α= 0.3
as functions of the shear rate for the three monomer packing fractions indicated in the legend.

distribution as function of the number of arms for selected
.
γ (see Fig. 4.18). For φ = 0.01 the free

arms (Sp = 1) represent the vast majority of the distribution, followed by 2-arms clusters. The

number of free arms appears to remain constant with shear, whereas the population of clusters

with Sp ≥ 3 declines sightly while cluster with Sp = 2 become more numerous (Fig. 4.18(a)).

The changes in the distributions only affect around 1% of the clusters and are therefore not

visible in the average values. There are two mechanisms that could affect the distribution in this

way: either bigger clusters break into clusters with Sp = 2 (which is unlikely since there are also

clusters containing an odd Sp) or patches are first broken by shear and then they reform into

two-arm aggregates which is probably the more realistic scenario.

For φ = 0.06, as shear increases, we observe that the number of free arms increases at the

expense of the bigger clusters (Sp ≥ 3), the population of 2-arm ones increasing slightly. This is

consistent with arms being pulled out from clusters by the flow. For φ = 0.1, we also observe an

increase with shear in the number of free arms though less important than for φ = 0.06. However,

at the same time population of small clusters (2 ≤ Sp ≤ 6) grows and the one of larger clusters

go down. At this density the reorganization of the network seem to be the result of both arms
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Figure 4.18. Patch size distribution P(Sp) for α = 0.3 and different values of the shear rate and monomer volume
fraction: (a) φ = 0.01, (b) φ = 0.06, and (c) φ = 0.1. The insets show a log-log representation of P(Sp).

breaking free from the larger-sized cluster but also a result of fragmentation of these clusters.
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Figure 4.19. Snapshots of typical groups of connected SBCs for α= 0.3 and different shear rate and volume fractions.
The non-functionalized part of the star is colored in blue, whereas the functionalized blocks have been colored according
to the size of the clusters they are part of using the same color code as in Fig. 4.16. To make individual stars easier to
visualize, the anchors, which are depicted in yellow, have been draw at a four times larger scale than their actual size.

4.4.4.a Connectivity

Another measure of the morphological changes occurring in our SBC systems when shear is

applied, is related to the connectivity of the system. Groups of connected SBCs at different shear

rates and densities are presented in Fig. 4.19. At the lowest density considered, the shape of the

connected component as a whole changes when shear is applied, becoming more elongated. The

elongation does not only come from the stretching of stars but also from re-organization of the

inter-star connections. This allows the SBCs to align to the flow, facilitating the movement as a

group, while as many inter-star connections as possible are kept. This behavior is consistent with

the observed shear banding phenomena.

The number of stars per connected component decreases with shear rate since stars that become

free at some point in time are carried away by the flow, making their re-attachment unlikely. At

higher densities, the SBCs appear to form a percolating network which seems to survive shear. The

most interesting phenomena found is that, when stars elongate under the effect of shear, a sort

of stacked configuration is observed, meaning that the stars bring their anchor almost in contact

forming a string-like or stack-like structure. The non-interacting part of the stars which are on

either side of the anchor also stack, as well as the attractive parts. This organization was hinted at
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Figure 4.20. Connectivity parameters as a function of shear rate for α= 0.3 and different concentrations: (a) average
number of components, (b) average number of free stars, (c) average size of the largest component and (d) average
number of free arms.

by the radial correlation functions.

To better understand the changes that shear generates in structure of the system, we look at

the connectivity of the system by measuring the size of the connected components present (i.e., the

number of connected stars). In Fig. 4.20 we show the average number of components, the average

number of free stars, the average size of the largest component and the number of free arms for

the whole system. We find that except in the dilute system (φ = 0.01), where it is composed out of

multiple components (≈ 6−7) regardless of the shear rate, the system is completely connected up

to
.
γτ= 0.01. This single component contains all the stars in the system (the number of free stars

being zero), meaning we have a percolation network as we had already hinted in the previous

paragraph. At φ = 0.1, for the higher shear rates a small number of single SBCs start to fragment

from the percolating component, the rest of the stars remaining connected. In addition to the

release of a few free stars, at φ = 0.06, the network breaks for
.
γτ = 0.04 into a two big pieces

(≈ 10− 20 stars). The low density behavior is different: many stars are free (more that 40%) and
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this further increases with the shear rate. The size of the largest component in the system only

contains 6− 7 stars which decreases to ≈ 4 stars for high shear rates.

The number of free arms can offer further clarification on the connectivity. For φ = 0.01 each

star has, on average, 6 to 7 free arms which means that only 2 or 3 are bound. Considering that

arms can bind within a star, not only creating inter-star connections, it is to be expected that the

size of components is low and the number of free stars high. At φ = 0.06, around 2 arms per star

are free, whereas at φ = 0.1 only one arm in each stars is unbound. These values increase with

the shear rate up to ≈ 3 and respectively ≈ 1.5 free arm per star. With such a high number of

attached arms, it is natural is that we obtain a percolating network.

4.4.5 Viscosity

A very important macroscopic property of non-Newtonian fluids in general and of (associating)

polymer solutions in particular is the viscosity, which bears the signature of the polymer architecture

and chemistry. Unlike the previously presented properties that can be challenging to address

experimentally, the viscosity can be measured in rheological experiments. Determining this quantity

provides thus an important link between microscopic organization of the BCSs and the macroscopic

behavior of the material.

Here we calculate the polymer viscosity ηp, which is expected to dominate the total viscosity

at sufficiently high concentrations, and which is also responsible for the non-Newtonian linear

rheology of the system. To this effect, we calculate the stress tensor σp that involves kinetic and

interaction contributions for the polymer beads, involving exclusively the forces exerted by other

beads, and can be conveniently computed via the relation:

σp =
1
V

*

Nt
∑

i=1

M ṽi ⊗ ṽi +
1
2

Nt
∑

i=1, j 6=i

ri j ⊗ Fi j

+

. (4.5)

Here, M = 5m is the monomer mass, V = L3
box is the volume of the simulation box, Nt = Ns Nmon

is the total number of monomers, ṽi = vi −
.
γ yi x̂ is the peculiar velocity of the i-th monomer,

ri j = ri − r j and Fi j is the pair monomer-monomer force, including both FENE and Lennard-Jones-

like contributions.

In Fig. 4.21 we present the polymer viscosity ηp = σp;x y/
.
γ as a function of the shear rate

.
γ

at both α = 0.3 and α = 0.5 for the three densities considered. As a general trend, we observe

higher viscosity for more concentrated systems and also a shear thinning behavior, i.e., a decreasing

viscosity as the shear rate increases, for all the systems studied. The two higher monomer fraction

systems (φ = 0.1 and φ = 0.06) feature a very similar behavior. At low shear rates the systems

with α = 0.5 exhibit a stronger shear thinning. For
.
γτ ≥ 10−3, curves for both α-s collapse, the

slopes being very similar (−0.56 respectively −0.57). For the dilute systems we also observed a
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collapse of the the two curves for high
.
γ, however the slope is only −0.43. This last result is slightly

higher than the values reported in the literature for semi-dilute solutions of stars with less than 50

arms [105].
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Figure 4.21. The polymer viscosity ηp, expressed in units of the solvent viscosity ηs, as a function of the shear rate for
the systems under consideration.

4.5 Conclusions

We have carried out detailed, monomer-resolved, off-lattice simulations of associating, SBCs

of moderate functionality to investigate the structure, equilibrium dynamics, and molecular con-

formations of the building blocks in the resulting macroscopic networks formed by the system at

finite concentrations. Though still far away from the melt (and thus also from any considerations

regarding entanglements between the chains), the system features the nontrivial characteristics

of self-organized networks of associating polymers. The choice of the functionality and the frac-

tion of attractive monomers drives the system into a network configuration rather than toward

the formation of micelles. The network is homogeneous, i.e., there exist uniformly distributed

physical association sites, which are not broadly polydisperse in size, and these are interconnected

through the star arms that are anchored on their centers. We find characteristic spatial correla-

tions and scattering spectra that feature short- and intermediate-range ordering at the monomer-

and macromolecule-length scales, in close similarity with findings on telechelic liner chains [104],

whereas the patches compactify and internally crystallize at strong attractions when the temper-

ature drops well below the Θ-point of the terminal groups. A major finding of this work is that
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within the networks the stars reorganize and reconfigure to best take advantage of the anisotropic

environment of potential association partners: the dumbbell-shape of infinite dilution is lost and

the stars recover a spherical shape with their arms reaching out toward association partners in all

spatial directions around their cores. In stark contrast to usual stars, this conformational change

upon an increase of concentration is accompanied by a growth of the overall size, since the stars

abandon the relatively compact dumbbell-shape to assume an open, radially-symmetric configura-

tion. The model we adopted is monomer-based but still considerably coarse-grained: in particular,

no possible differences in size, Kuhn lengths, or rigidities between the A- and B-blocks have been

considered and no particular chemistry has been employed. Still, we believe that the approach

contains the salient physical characteristics to capture the main mechanisms and properties of

network formation.

In the final part of this chapter, we analyzed the global structure, patchiness, and viscosity

of suspensions of SBC under shear flow. Following recent studies on the self-assembly and net-

works formation in low-functionality SBC systems, we explored their non-equilibrium behavior

from semi-dilute (φ/φ∗ ∼ 0.2) to concentrated (φ/φ∗ ∼ 1.7) regimes. As previously described,

the chosen parameters, i.e., functionality, amphiphilicity, and attraction strength between solvo-

phovic segments, lead the system to the formation of homogeneous percolating networks, whose

patchiness, morphology and connectivity are significantly reorganized by the shear rate. As the

latter increases, the SBCs in the network elongate in the shear direction and shrink in the other

two, compelling the larger clusters of B-monomers (patches) to break up into smaller ones. This

effect becomes more important as the concentration increases (see Figure 4.17), leading to the

rising of the number of patches but of a smaller size. As well as, a stacked configuration of SBCs is

observed, which allows the star cores to align in stack-like structure, which is reminiscent of the

scaffold-like structures observed in rigid, linear telechelic polymers [66].

Regarding the viscosity of the system, the more inter-star association takes place as the con-

centration increases leading to an increasing zero-shear viscosity [34]. As shear enters into play,

the breaking of patches plus the SBC re-orientation results in thixotropic behavior (shear thinning)

with the thinning exponent growing in magnitude with the concentration of the solution. The

stars reorganize significantly during shear and change morphology. This could be interesting for

the experimental application perspective since anchors could be functionalized in such a way that

they have an extra linking possibility to reinforce the network.
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The growing interest in the dynamical properties of colloidal suspensions, both in equilibrium and

under an external drive such as shear or pressure flow, requires the development of accurate methods

to correctly include hydrodynamic effects due to the suspension in a solvent. In the present work, we

generalize Multi-Particle Collision Dynamics (MPCD) to be able to deal with soft, polymeric colloids.

Our methods builds on the knowledge of the monomer density profile that can be obtained from

monomer-resolved simulations without hydrodynamics or from theoretical arguments. We hereby

propose two different approaches. The first one simply extends the MPCD method by including in

the simulations effective monomers with a given density profile, thus neglecting monomer-monomer

interactions. The second one considers the macromolecule as a single penetrable soft colloid (PSC),

which is surrounded by an inhomogeneous distribution of solvent particles. By defining an appropriate

set of rules to control the collision events between the solvent and the soft colloid, both linear and

angular momenta are exchanged. We apply these methods to the case of linear chains and star

polymers for varying monomer lengths and arm number, respectively, and compare the results for

the dynamical properties with those obtained within monomer-resolved simulations. We find that

the effective monomer method works well for linear chains, while the PSC method provides very good

results for stars. These methods pave the way to extend MPCD treatments to complex macromolecular

objects such as microgels or dendrimers and to work with soft colloids at finite concentrations.
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5.1 Introduction

Thanks to the increased computational capacities and to the development of better algorithms,

computer simulations are nowadays well established tools to predict and analyse the properties of

soft matter systems, such as polymer and colloid dispersions. For these systems, a major challenge

is to adequately treat phenomena taking place at different length- and time scales and to improve

our understanding of how structure and dynamics at the microscale determine both the functional

behavior and performance of the system at the macroscale. For the specific case of polymer solutions,

the characteristic timescales span from the typical time of molecular motion of the solvent particles

(∼ 10−12 s) up the relaxation time of the polymers (10−6 − 102 s). In addition, the lengthscales

extend from 1 nm all the way to 1 µm, or even larger, in case that supramolecular structures

spontaneously form.

To tackle these problems, we evidently cannot rely on molecular dynamics (MD) simulations

which retain all the microscopic degrees of freedom, but we need to adopt the use of coarse-grained

models. Applying these ideas to suspensions leads to a simplified, mesoscopic description of the

solvent, in which embedded solutes are treated by conventional molecular dynamics simulations

[46]. For example, as a first approximation the solvent can be implicitly taken into account through

Brownian dynamics (BD) simulations, which assume that collisions between solutes and solvent

particles lead to random displacement of the former while thermalizing them. In a similar fashion,

Stokesian Dynamics (SD) considers the relative motion of the solute with respect to the solvent

by introducing hydrodynamic interactions (HI) among solute particles, which can be decomposed

into long-range mobility interactions and short-range lubrication effects [106].

More explicit mesoscopic models for the solvent include a number of discrete algorithms, whose

main ingredients are reflected in local conservation laws (mass, momentum, energy) at adequate

selected scales, which allow to recover the Navier-Stokes equation in the continuum limit. Among

these approaches, one can find Dissipative Particle Dynamics, Lattice-Boltzmann method, Direct

Simulation Monte Carlo, and Multi-Particle Collision Dynamics (MPCD). The MPCD method [7, 50,

107] assumes that the solvent is composed by non-interacting, point-like particles, whose dynamics

proceed in two steps: a streaming step and a collision step. In the former, solvent particles move

ballistically while in the latter they exchange linear momentum among themselves and with solute

particles through the use of virtual, cubic cells in which they are sorted. Although such dynamics

is a strongly simplified representation of real dynamics, it conserves mass, momentum, and energy,

while preserving phase space volume. Consequently, it retains many of the basic characteristics of

classical Newtonian dynamics [107].

MPCD allows to incorporate in the simulations HI as well as Brownian fluctuations, both being

necessary for a correct description of the characteristic density- and thermal fluctuations of soft

matter systems. Thus, a hybrid MD-MPCD method has proven to be successful for the simulation
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of the dynamics of colloids, dendrimers, polymers, vesicles, and red blood cells both in equilibrium

and under flow conditions [47, 57, 108–113].

An important point when dealing with colloid and polymer suspensions is how to couple the

suspended particles with the solvent. In the simplest standard method, each colloidal particle or

monomer of a polymer is considered as a point-like particle which participates in the momentum

exchange during the collision step. In this situation, it is assumed that only one particle (i.e.,

monomer or colloid) is embedded in the cell and that the average total mass of the solvent particles

in the cell is of the same order as that of the particle [46, 50]. A more elaborate method takes into

account the reflection that (MPCD) solvent particles undergo when they collide with the surface

of a hard solute, which allows to couple the former with the latter through the exchange of both

linear and angular momentum during the streaming step [114, 115].

The computational simplicity of the streaming and collision steps allows for highly efficient

MPCD implementations, which exploit the massively parallel computational capabilities of graphics

processing units (GPUs) [116, 117]. In spite of these advantages, the treatment of semi-dilute

and dense suspensions of polymers with complex architecture, such as dendrimers, micelles, mi-

crogels or star polymers, still suffers from a number of limitations from the computational point

of view, due to the fact that these objects are typically composed of a large number of monomers,

whose interactions are described by force-fields that require a large amount of more computa-

tional resources. This becomes even more important as the concentration and/or branching and

polymerization degree increase. Indeed, this requires the inclusion of the necessary number of

(MPCD) solvent particles, making the simulation of large systems quite demanding. Therefore,

despite a number of works on the topic that include the study of semidilute solutions, [47, 65, 80,

118–122] the study of polymer suspensions within this framework has been limited up to now by

the very high computational demand of treating the polymers in a detailed, monomer-resolved

fashion while in parallel keeping track of the MPCD-solven degrees of freedom. In this respect,

a suitable combination of the MPCD efficiency with a simplified model for the polymeric objects

could provide a boost to the understanding of the dynamics and of the rheology of semi-dilute and

dense suspensions.

Polymer systems are good examples for the application of a hierarchical coarse-graining pro-

cedure: at the first level, the monomers constituting the polymers can be identified by their centres

of mass only, giving rise to a monomer-resolved description. Then, the number of degrees of free-

dom can be further lowered by considering polymeric chains as composed of several blobs, each

containing a certain number of monomers, which still keep the main features of the polymer such

as size scaling, chain connectivity and uncrossability of different chains. Finally, one can go as

far as describing the whole polymer as a single penetrable, soft sphere centered on the polymer

center of mass, which size is of the order of the polymer radius of gyration [4, 123]. In the last

case, the interaction between two polymers can be described via soft, effective potentials, which
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are realized by, for example, micelles, star polymers, dendrimers or microgel particles [103, 124,

125].

We propose two new approaches to MD-MPCD simulations of macromolecular systems suspen-

ded in a solvent. Both methods build on the use of the average (radial) distribution of monomers

ρmon(r) around the center-of-mass of the macromolecule, which embodies its global conformation.

The latter observable can be readily obtained from numerical approaches in the absence of HI

and/or from theoretical arguments. In the first method, we propose a simple generalization of the

MD-MPCD standard algorithm, where the monomer-resolved model is replaced by a rigid, effect-

ive polymer, which is built up following ρmon(r). The interactions between effective monomers

are neglected, and hence, the (diffusive) dynamics of the macromolecule is determined by the

exchange of linear momenta during the collision step between the effective monomers and MPCD

solvent particles, which are homogeneously distributed in the simulation box. The second method

goes one step further by modelling the macromolecule as a single, spherical penetrable colloid

(PSC). In this case, the monomer density profile is employed to determine the probability of the

solvent particles to penetrate inside the soft colloid. This penetrability condition implies the defin-

ition of a new set of collision rules, different with respect to those for hard colloids [114, 115],

which couple PSC and solvent particles through the exchange of both linear and angular momenta

during the collision step.

We apply both approaches to the case of an isolated linear polymer chain with varying degree

of polymerization and to a star polymer with different number of arms immersed in a good solvent.

We focus on the long-time dynamics of the center-of-mass (COM), in particular, its (long-time)

diffusion coefficient, comparing the results of the two types of MD-MPCD simulations with the

monomer-resolved description. We find that the first method captures quite well the dynamical

behavior of a polymer chain, while it does not reproduce well enough the dynamics of star polymers.

This result shows that the monomer-solvent and monomer-monomer coupling need to be taken

into account to describe complex polymeric objects. On the other hand, the penetrable sphere

model turns out to be very good to describe the dynamics of macromolecules with an isotropic

density profile such as stars, while its performance for linear chains, that are instantaneously more

anisotropic, is rather poor. Hence our work offers insights to appropriately calibrate the most

suitable MD-MPCD method to the macromolecule of interest.

The rest of the chapter is organized as follows. In Sec. 5.2, we describe the simulation models,

i.e., effective monomers and soft-colloid ones as well as the fundamental concepts needed for

the present study of polymeric objects. Next, we describe the two methods and we extensively

discuss and test the collision rules used in the second approach to achieve the coupling between

the solvent and the soft colloid. In Sec. 5.3, we compare the outcomes of the two MD-MPCD

methods with monomer-resolved ones. Finally, we summarize our findings in Sec. 5.4 and discuss

the perspectives of this work.
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5.2 Methods

5.2.1 Multi-Particle Collision Dynamics

Molecular dynamics simulations were performed for isolated linear polymers with degree of

polymerization Npol = {50,100,200} and star polymers with arm number (or functionality) f =

{5, 10, 15, 20} and Npol = 30 in a cubic box of size L = 45σ featuring periodic boundary conditions.

Two sets of simulations were employed: (i) Langevin Dynamics simulations were used to evaluate

static properties of the polymers such as the monomer density profiles around the center of mass

ρmon(r), the gyration radius Rgyr and the inertia moment I , which were calculated by averaging over

∼ 105 independent configurations; (ii) MD-MPCD runs were performed for each set of parameters

to evaluate dynamic properties. The results were averaged over fourteen independent runs where

each run consisted of 104 and 106 MPCD steps for equilibration and production stages, respectively.

The temperature of the system was controlled by means of a cell-level Maxwell–Boltzmann scaling

[49], for the solvent particles. During the production run, 4 × 104 configurations were saved

to measure the mean square displacement 〈∆r2〉 of the polymers center-of-mass as well as the

corresponding (long-time) diffusion coefficient DH and hydrodynamic radius Rhyd.

Empty Cell Effective monomer

(a) (b)
R> ρ r( )σ 3

R< ρ r( )σ 3

Rcolloid

Figure 5.1. (a) Schematic representation of the effective monomers model: in the simulation box, each square represents
a collision cell used in MPCD simulations. The blue arrow indicates the case in which an effective monomer is placed in
the collision cell, while the red arrow refers to the opposite situation. More details are explained in the main text. (b) A
representation of star polymer in the EMM approach, where Rcolloid is the radius of the sphere enclosing all monomers.
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5.2.2 Effective monomer model (EMM)

In this approach, we consider the average monomer density profile ρmon (r) calculated via

the MRM simulations discussed in the earlier section and randomly assign the positions of Neff

“effective” monomers within the simulation box following such distribution. To this aim, first the

simulation box is divided into collision cells, and then, we put a sphere in the center of the box

whose radius Rcolloid satisfies the condition ρmon (Rcolloid)σ3 < 10−3. Afterwards, for each cell

inside such a sphere, we extract a uniform random number, R ∈ (0, 1) and ifR ≤ ρmon (r)σ3, we

insert a monomer with mass M and diameter σ in the center of the cell, as shown in Fig 5.1(a).

This process is repeated for all the cells inside the sphere until all effective monomers are placed.

We thus obtain a fictitious topology representing the macromolecule of interest, which is kept fixed

throughout the simulation run. In Fig 5.1(b) we illustrate an example of effective configuration

for a star polymer obtained using the EMM model.
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Figure 5.2. Influence of the choice of the direction of the normal velocity component ên of the solvent, illustrated on
the top panel, after a collision with the PSC on the generated solvent density profile, reported in the bottom panel.
Three different choices of the direction of ên are possible: (a) symmetric rules which give rise to a homogeneous solvent
profile; (b) in-going direction of ên which originates the accumulation of solvent particles around the core of the PSC; (c)
out-going direction of ên yielding the desired solvent density profile. In all cases, simulations refer to a star polymer with
f = 5. The colloidal size Rcolloid and the core radius Rcore are indicated by the vertical black lines, whereas the horizontal
red line represents the solvent density ρsol,bulk in the bulk. In the bottom panels, the solid black line is the solvent profile
obtained by the PSC simulations, while filled symbols indicate the theoretical curve obtained by Eq. (5.16).

We treat the set of effective monomers as a rigid body; hence, at each collision step, the velocity

of each effective monomer V j(t) is equal to that of the COM of the polymeric object Vpol(t). Then,

as in the MD-MPCD standard algorithm, the dynamical coupling between solvent particles and

monomers is described by Eq. (2.13), yielding the new velocity V j(t + h) for each monomer. To
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calculate the velocity of the COM of the macromolecule, we have

Vpol(t + h) =

∑Neff
j V j(t + h)

Neff
, (5.1)

that is used to determine the evolution of the polymeric object through MD simulations. We

repeat this procedure for ten independent topologies, whose average gives us an effective macro-

molecule with number of effective monomers Nmon = 〈Neff〉.

5.2.3 Soft colloid MD-MPCD simulations

In a more advanced model, the polymer chain or star polymer are described as a single pen-

etrable soft colloid (PSC), which retains some information regarding its average conformation

through the average monomer density profile ρmon(r). In this case, the coupling between the

solvent particles and the PSC is based on the consideration that monomers exclude solvent particles

from their interior and therefore, the solvent density profile ρsol(r) around the PSC center-of-mass

can be written as

ρsol(r)
ρsol,bulk

= 1−ηmon(r) = 1−
π

6
ρmon(r)σ

3, (5.2)

where ρsol,bulk and ηmon(r) denote, respectively, the solvent bulk density and the (radial)

monomer volume fraction. Besides, the monomer density profile ρmon(r) satisfies the condition:

4π

∫ Rcolloid

0

r2ρmon(r) dr = Nmon, (5.3)

where Nmon = Npol for linear polymers and Nmon = f Npol for star polymers, and Rcolloid is a measure

of the PSC size.

For a star polymer, ρmon(r) can attain values larger than 6/(πσ3) close to its center, so that

ρsol(r) can become negative. To guarantee that 0 ≤ ρsol(r) ≤ ρsol,bulk, the corresponding PSC

model is considered equivalent to a core-shell particle, with a core radius Rcore defined such as

the scaling-law ρmon (r > Rcore)∼ r−4/3 holds. Rcore can be thought as the limit of the melt region

around the COM of the star, so that no solvent can penetrate inside this region, i.e. ρsol(r < Rcore) =

0. According to scaling theory, Rcore ∼ f 1/2σ and the monomer density at this distance must have

the same value for all stars [123], i.e. ρmon (r < Rcore) = ρcore. As schematically represented in

Fig. 5.2, once the distribution of the (MPCD) solvent particles around the macromolecule COM

is established, the next step is to introduce a set of collision rules which govern the dynamical

coupling between the solvent and the PSC.
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5.2.3.a Coupling between solvent and colloids

While standard MPCD is not able to capture the angular momentum exchange during the

collision step, first Inoue et al. [114] and later Nikoubashmann et al. [115] have successfully

proposed a rule for coupling the solvent to hard colloids through the exchange of both linear and

angular momenta during the collision step. In this framework, the i-th solvent particle collides at

a point si on the surface of a rigid sphere, which can be roughly estimated as

si = R (t) +
σhs

2
ri (t)−R (t)
|ri (t)−R (t)|

= R (t) +
σhs

2
ên (5.4)

where σhs is the diameter of the rigid particle, ên is the unit vector normal to the collision

surface, and ri (t) and R (t) are the position of the i-th solvent particle and the hard-sphere center

at time t, respectively. Then, as the solvent particle is scattered after the collision, both its normal

vn and tangential vt relative speeds are randomly selected from the distributions [115]

p (vn) = mβ vn exp
�

−
1
2

mβ v2
n

�

(5.5)

and

p (vt) =

√

√mβ
2π

exp
�

−
1
2

mβ v2
t

�

, (5.6)

β = (kB T )−1 being the inverse temperature. Thus, linear and angular momenta are exchanged

between the solvent particles and the rigid particle as

vi (t + h) = V (t) + L (t)× [si −R (t)] + vn̂en + vt̂et (5.7)

V(t + h) = V(t) +
m
M
[V− vi(t + h)] (5.8)

L(t + h) = L(t) +
m
I
[si −R(t)]× [vi(t)− vi(t + h)] , (5.9)

where V(t) and L(t) are the linear and angular velocity of the hard colloid, respectively, I

its moment of inertia, and êt is the tangential unit vector. Once the collision occurs, the solvent

particle is displaced half the time step from the initial position ri(t) with the updated velocity vi

following Eq. (5.7).

In contrast to hard colloids, soft ones do not have a well-defined surface, implying the presence

of the solvent well inside its outer edge. Unlike previous works, [114, 115]where only solvent-hard

particle collisions were implemented, here we consider a different situation for the solvent-soft

colloid collisions. These are modelled taking into account two different trial movements, which
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Case 1 Case 2 Case 3 Case 4 Case 5

Rcollision = RcoreRcollision RcollisionRcollision = Rcolloid Rcollision = Rcolloid

rnew rnew

rnew
rnewroldrold

rold rold rold

Figure 5.3. Schematic representation of the density profiles of monomer ρmon(r) and solvent ρsol(r) particles and the
adopted collision rules for a generic soft penetrable colloid with a core radius Rcore and a total radius Rcolloid. The red
point represents a solvent particle, whereas rold and rnew are the positions at time t and t + h, respectively. For Case 1
and Case 4, the solvent particle collides on the surface of the soft colloid; for Case 2 and Case 5 the collision takes place
inside the colloid, with the effective collision radius being Rcollision < Rcolloid. Finally, the Case 3 illustrates the collision
with the core, and hence, Rcollision = Rcore.

correspond to penetration or escape of the solvent particles with respect to the soft colloid. In

order to regulate the number of collisions, we use Eq. (5.2), aiming to maintain the correct solvent

density profile around the PSC.

To do this, we build on the well-known Metropolis algorithm and consider a trial displacement

of the i-th solvent particle from ri(t) to ri(t + h). We define the probability Pold→new for a solvent

particle to go from the old position rold = |ri(t)| to the new one rnew = |ri(t + h)|, as

Pold→new =















min
§

1,
ρsol(rold)
ρsol(rnew)

ª

rnew < rold

min
§

1,
ρsol(rnew)
ρsol(rold)

ª

rold < rnew.
(5.10)

Then, the trial move is accepted if Pold→new is larger than a random number R ∈ (0,1), and

hence, the solvent particle propagates ballistically. On the other hand, if the trial move is rejected,

a “solvent-PSC collision” takes place. In this case, the solvent particle is reflected using an “effective

hard-sphere radius” Rcollision that defines an “effective impact point” via Eq. (5.4). Both linear and

angular momenta are exchanged during this event.

In order to reproduce the appropriate dynamics of a PSC, we need to control the distribution

of solvent around it which is physically prescribed by Eq. 5.2. This is achieved by adjusting the

number of penetrating and escaping collisions in each step. To this end, the definition of transition

probability shown in Eq. (5.10) must be complemented by an appropriate choice of a privileged

direction for the normal solvent velocity component ên once the collision has occurred. In this way,

we are able to adequately regulate the distribution of the solvent in the system.

In Fig. 5.2, we show how the density profile of the solvent is affected by the choice of the

direction of ên in the cases where a collision happens during penetration and escape events. A
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general case is considered where the velocity direction ên points outwards for penetration and

pointing inwards for the escape events. In this way, we always reproduce a realistic rebound of the

solvent particles, which provides a homogeneous solvent profile, as shown in Fig. 5.2(a). These

conditions satisfy detailed balance, since that the transition probabilities described in Eq. (5.10)

are symmetric. To break this symmetry, and hence, to reproduce an inhomogeneous density profile,

we have to choose the same direction of ên for both events. Thus, if we always consider ên pointing

inwards, we enforce a penetration to the inside of the solvent particles, as represented in Fig. 5.2(b),

where an accumulation of solvent is detected around the core. On the other hand, if we consider

the opposite case, where ên always points outwards, an escape to the outside is guaranteed. Thus,

we always consider the last set of rules with outgoing ên, which guarantees us a correct assessment

of the solvent density profile within the PSC, as we show in Fig. 5.2(c).

To summarize this section, here we report the complete set of collision rules controlling the

solvent-PSC coupling in our simulations, which are illustrated in Fig. 5.3:

– Case 1. From the bulk to the PSC shell (rold > Rcolloid > rnew > Rcore): if the move is rejected,

then a collision takes place at Rcollision = Rcolloid;

– Case 2. From the outer PSC shell to the inner PSC shell (Rcolloid > rold > rnew > Rcore): if the

move is rejected, then a collision takes place at Rcollision = (rnew + rold)/2;

– Case 3. From the star corona PSC shell to the core (Rcolloid > rold > Rcore > rnew): the move

is rejected, then a collision takes place at Rcollision = Rcore;

– Case 4. From the inner PSC shell to the outer PSC shell (Rcolloid > rnew > rold > Rcore): if the

move is rejected, then a collision takes place at Rcollision = (rnew + rold)/2;

– Case 5. From the PSC shell to the bulk (rnew > Rcolloid > rold > Rcore): if the move is rejected,

then a collision takes place at Rcollision = (rnew + rold)/2.

Note that for the case of a linear polymer Rcore = 0, and therefore, Case 3 is not considered. In

all cases where the collision occurs, linear and angular momentum exchanges take place according

to Eqs. (5.7)–(5.9). In this case, the position of the solvent particles after the collision will not be

described by the ballistic motion represented in Eq. (2.9), but rather by:

ri (t + h) = ri (t) +
h
2

vi (t + h) . (5.11)

On the other hand, during the displacement of the soft colloid, it is possible that solvent particles

remain inside the core. To avoid this, before applying the collision step, we displace the solvent

particle by means of:

ri (t) = R (t) +Rλ+ Rcore (5.12)
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where λ is the mean free path of a solvent particle, defined as λ∼ h
p

T .

5.3 Results

5.3.1 Monomer and solvent density profiles
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Figure 5.4. Monomer density profile ρmon(r) around the center of mass of a linear polymer. Fits are performed with
Eq. (5.14). Inset: Corresponding monomer probability density distribution. Only the fitting curve for Npol = 50 is shown.

First, we report results for the monomer density profiles for linear and star polymers, obtained

from the monomer-resolved simulations, which are shown in Figs. 5.4 and 5.5. These are the

key observables that are need to implement our MD-MPCD framework for soft colloids and it is

important to provide an analytic description for them, which can then be employed in the PSC

model. To this end, we fit them using a combination of appropriate functions, that are based on

known properties of polymers with excluded volume interactions immersed in a good solvent, and

which take into account the normalization condition in Eq. (5.3).

For linear chains we consider that

ρ(chain)
mon (r) =

Npol

R3
gyr
·

P
�

r/Rgyr

�

4π
�

r/Rgyr

�2 , (5.13)

where Rgyr is the polymer radius of gyration (see Appendix 5.5) and P(x) is the probability distribu-

tion to find one monomer of the polymer chain to be located at a scaled distance x = r/Rgyr from

its center of mass. Following the analysis of the end-to-end distribution length for a chain with

excluded-volume [126, 127], we consider the probability distribution to be given by the expression,
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P (x) =a0 xa1 exp
�

−
�

x
a2

�a3
�

fb (x , xb)

+ a4 [1− fb (x , xb)] exp

�

−
�

x
a5

�2
�

.
(5.14)

Here the bridge function

fb (x , xb) = exp

�

−
�

x
xb

�4
�

, (5.15)

has been chosen to take into account both the short- and the long-distance behaviour of P(x). The

set of parameters {ai , xb} (i = 0, . . . , 5) is then obtained from a non-linear fitting procedure and is

reported in Table 5.1.

Table 5.1. Fit parameters to Eq. (5.14) for different polymerization degrees of linear chains.

Npol a0 a1 a2 a3 a4 a5 xb

50 3.0806 2.1109 0.8562 2.4880 5.1575 1.0177 1.5508
100 3.2537 2.1225 0.8512 2.3594 3.6011 1.0659 1.4585
200 3.5738 2.1377 0.8210 2.1591 3.0437 1.0940 1.4360
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Figure 5.5. Monomer density profile around the center of a star polymer of different functionality f are calculated from
simulations (symbols) and compared to fits (lines) based on Eq. (5.16) for r > Rcore. Vertical lines identify the radius of
the core, Rcore, for each value of f . Inset: Rcore as a function of f 1/2 for ρcoreσ

3 = 0.2.

On the other hand, Fig. 5.5 displays the monomer density profiles obtained for star polymers,

for which the fitting procedure is performed as follows. According to the Daoud-Cotton model,

the monomer concentration around the center of the star scales as r−4/3 at intermediate distances
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Table 5.2. Fit parameters to Eq. (5.16) for star polymers with different functionality f .

f A1 A2 x1 x2 xb

5 0.0810 0.7975 0.0540 0.4087 1.4276
10 0.0785 0.7400 0.0003 0.5815 1.4054
15 0.7742 0.7342 0.0184 0.6193 1.3845
20 0.0763 0.6350 0.0307 0.6607 1.3380

(swollen regime) [123]. Beyond this scaling regime, there always exists a diffuse layer of polymer

which we consider to follow Gaussian decay [128]. Under these assumptions, the monomer density

profiles obtained from the MRM simulations are fitted to the expression

ρ(star)
mon (r) =

f Npol

R3
gyr

�

A1 x−4/3 fb (x , xb)

+ A2 [1− fb (x , xb)]exp

�

−
�

x − x1

x2

�2
��

,

(5.16)

with x = r/Rgyr and fb (x , xb) the bridge function defined in Eq. (5.15).

We evaluate the set of parameters {Ai , x i , xb} (i = 1,2) by fitting only the region Rmin < r <

Rcolloid, where Rcolloid is defined from the condition ρ(star)
mon (r > Rmax)σ3 < 10−3, while Rmin is

chosen to discard the profile oscillations close to the star center that are indicative of the core

region.

Once the parameters defining Eq. (5.16) are obtained for a particular value of f , we impose

the scaling Rcore ∼ f 1/2σ and the constant density condition inside the core for all other stars to

determine the value of Rcore in all cases, as shown in the inset in Fig. 5.5. We thus extend the

fitting curve, Eq. (5.16), also for Rcore < r < Rmin and set it to zero for r < Rcore. In the present

study we consider ρcoreσ
3 = 0.2, while we present a discussion on the influence of the core size

on the dynamical behavior in Sec. 5.3.4. The final fit parameters used for ρ(star)
mon (r) are reported

in Table 5.2.

Using the monomer density profiles as input, we must check that the solvent density profiles

obtained with the MPCD-PSC approach are the same as expected. This is illustrated in Fig. 5.6(a)

for linear chains and in Fig. 5.6(b) for star polymers. We find that, for all studied cases, ρsol(r) are

well reproduced by the PSC description. Only we notice that, for star polymers, small deviations

appear at large distances with respect to the theoretical predictions of Eq. (5.2), that are more

evident for increasing f . These are due to finite size effects, since our simulation box is fixed, while

the size of the colloid increases with f .
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Figure 5.6. Solvent density profile ρsol(r) obtained by PSC simulations for (a) linear chains and (b) star polymers.

5.3.2 Results for linear chains

In Appendix 5.5, the corresponding average size, mass, and moment of inertia for both linear

and star polymers are presented. Using these quantities along with the fitted monomer density

profiles, it is now possible to compare the mean-square displacement and the long-time diffusivity

obtained from the two methods for MPCD of soft colloids with those calculated with monomer-

resolved simulations (MRM). Here we stress that for all three methods, the properties of the

MPDC solvent are identical, i.e., same m, 〈Nc〉, h, a, and χ. We start by reporting results for linear

polymers.

The mean square displacement (MSD) of the polymer center of mass (COM) was evaluated for
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Figure 5.7. Mean-square displacement for linear chains. Results obtained by the MRM model are compared with (a)
the description of effective monomers (EMM) and (b) the PSC model.

both types of simulations as




∆r2
�

=



[Rcom(t)−Rcom(0)]
2� , (5.17)

where Rcom(t) is the position of the polymer center-of-mass. The MSD for linear chains is

reported in Fig. 5.7 for the effective monomers model and for the PSC model at all studied values

of the degree of polymerization. They are compared with the results of MRM simulations. We can

clearly see how the effective monomer description is able to reproduce well the MSD obtained by

MRM model at all times, while the PSC model is found to always overestimate the diffusion for all

values of Npol.

Following Einstein’s relation, at sufficiently long times the MSD curves reach a diffusive regime,

from which we can compute the finite-size diffusion coefficient DH
L ∼




∆r2
�

/6 t, where L denotes
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Figure 5.8. Results for linear chains as a function of Npol. (a) Finite-system size DH
L diffusion coefficient, (b) hydro-

dynamic radius computed by Eq. (5.18) and (c) infinite-system-size DH diffusion coefficient. (d) Relationship between
the hydrodynamic radius Rgyr and the radius of gyration Rhyd . The Zimm predictions and experimental values are taken
from [96] and refer to linear chains in good solvent conditions. In panels (b-d) the PSC have also been multiplied by
the arbitrary factor 3.6, which yields results comparable to those obtained by MRM and EMM simulations.

the size of the simulation box. The corresponding results are reported in Fig. 5.8(a) for chains as a

function of degree of polymerization, again comparing the results from the three sets of simulations.

There D0 =
p

kB Tσ2/m defines the unit of the diffusion coefficient. Once the finite-system-size

diffusion coefficient is known, the hydrodynamic radius Rhyd of the soft colloid can be evaluated
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by inverting the following relationship, as shown by singh2014hydrodynamic:

DH
L =

kB T
6πηsol Rhyd

�

1−
Rhyd

L

�

2.837−
4π
3

R2
hyd

L2

��

, (5.18)

The obtained values of Rhyd using this method are reported in Fig. 5.8(b). With these values,

we can finally calculate the infinite-system-size diffusion coefficients DH from the Stokes-Einstein

relationship as:

DH =
kB T

6πηsol Rhyd
. (5.19)

The corresponding results for DH are reported in Fig. 5.8(c). As expected, we find that chains

slow down with increasing Npol for all employed simulation methods. However, while the effective

monomers simulations seem to reproduce quite well the behavior of the MRM ones for DH
L and

consequently also for Rhyd and DH , the PSC simulations show quantitative deviations. In particular,

both diffusion coefficients are significantly overestimated. This results in a smaller value of Rhyd,

as shown in Figs. 5.8(b). This quantitative discrepancy may be due to the fact that we assume a

spherically-symmetric monomer distribution in the model, which is not very accurate for linear

chains. However, we notice that a multiplication of the data by the arbitrary factor 3.6 gives results

in agreement with the MRM simulations also for the PSC model.

In Fig 5.8(d) we report the ratio Rgyr/Rhyd using the data from MRM simulations and effective

monomers model and we compare our findings to the theoretical value predicted by the Zimm

model and to available experimental data in good solvent conditions [96]. We observe a similar

behavior for both models, with a larger deviation from the expected values for short chains. On

the hand, the long chains are seen to be quite close to the theoretical and experimental values.

5.3.3 Results for star polymers

We report the MSD of the star polymers centers of mass in Fig. 5.9 for the effective monomers

model (a) and for the PSC model (b) at all studied values of the functionality. The results are

compared with those obtained from MRM simulations. We find that the dynamics of the stars in

the MRM is more complex than that of the two coarse-grained models, showing clear deviations

at short time-scales due to the additional monomeric degrees of freedom, that are absent in both

EMM and PSC descriptions. However, at sufficiently long times, when the MRM model reaches the

diffusive regime the results become comparable to the coarse-grained approaches. We find that,

oppositely to the case of linear chains, the MSD obtained with the PSC model agrees rather well

with the MRM description, while the effective monomer model is found to underestimate diffusion

for all values of f .

From the long-time diffusive regime, we obtain DH
L , Rhyd and DH for stars, which are reported
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Figure 5.9. Mean-squared displacements for star polymers. Results obtained by MRM model are compared with (a) the
description of effective monomers and (b) the PSC model.

in Fig. 5.10. As anticipated from the behavior of the MSD, we now find an opposite behavior

of the coarse-grained models with respect to the linear chains simulations. Indeed, for stars we

have that the PSC model reproduces quite well the (long-time) trends observed in the MRM

simulations with an almost quantitative agreement, while the effective monomer model yields

less satisfactory results. This quantitative discrepancy may be due to the fact that we assume a

spherically-symmetric monomer distribution in the model, which is not very accurate for linear

chains. Instead, the approximation of a spherical density profile for star polymers is a more realistic

assumption, particularly with increasing f , for which fluctuations around the spherical density

profile are reduced, and hence, it is expected that in the limit of f →∞ the PSC should get closer

and closer to the MRM results. Indeed, the instantaneous configurations of linear polymer chains

are much more akin to ellipsoids with three very dissimilar semiaxes, a feature that has, e.g., been
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Figure 5.10. Results for star polymers as a function of f . (a) Finite-system size DH
L diffusion coefficient, (b) hydro-

dynamic radius calculated via Eq. (5.18) and (c) infinite-system-size DH diffusion coefficient. (d) Relationship between
the hydrodynamic radius Rgyr and the radius of gyration Rhyd. The Zimm predictions in θ solvent conditions are taken
from [96], whereas experimental values are taken from [129] and refer to star polymers in good solvent conditions.

recently exploited to investigate polymer anisotropy effects of the depletion potential they induce

on nonadsorbing colloidal particles [130].

As for the case of linear chains, we also report the ratio Rgyr/Rhyd using the data from MRM

simulations and effective monomers model in Fig. 5.10(d). The data are compared to the Zimm

theory for θ solvent conditions [96], as well as to experimental results for low-arm stars in good

solvent 129. We find a good agreement between the values obtained with both types of simulations

and those found in the literature.
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Figure 5.11. (a) Monomer density profile around the central monomer of a star polymer with f = 5. Symbols represent
data obtained by MRM simulations, whereas solid line indicates the fitting with Eq. (5.16). (b) Finite-system size DH

L
diffusion coefficient as a function of f for two different values of ρcore. The green line refers to the data obtained for a
core density ρcoreσ

3 = 0.43 arbitrarily multiplied by a factor 1.8.

5.3.4 Effects of core on the dynamics of the penetrable soft colloid model for
star polymers

We finally describe the influence of the core size on the dynamics of the penetrable soft colloid

model. Starting from the fits already discussed in Section 5.3.1, we now consider the effect of

extending the validity of the functional form given by Eq. (5.16) into the region where oscillations

of the density profile are observed. This is illustrated in Fig. 5.11(a), where we consider stars with

ρcoreσ
3 = 0.43 amounting to a smaller value of Rcore with respect to the case previously considered

in Fig. 5.5 (where ρcoreσ
3 = 0.20). Having chosen this value of ρcore, we then impose that the

core density has the correct scaling with respect to the number of arms (∼ f 1/2).

In Fig. 5.11(b), we thus compare the values of the finite-system size DH
L diffusion coefficient

for both values of ρcore. We find, as expected, that a decrease in the core radius has the effect to

speed up the diffusion of the soft colloid. However, we notice that this is just a quantitative effect.

Indeed, we can reconcile both behaviors through a simple multiplication of the data obtained for

ρcoreσ
3 = 0.43 by a factor 1.8, which yields results in good agreement with the previous case. Thus,
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an optimal choice of Rcore is needed for a correct description of the hydrodynamic interactions in

our MPCD PSC simulations but its exact value only has qualitative effects.

5.4 Conclusions

With respect to previous works where hydrodynamic interactions of hard sphere particles have

been studied using MD-MPCD simulations, in this paper we treat the case of penetrable soft colloids,

focusing on linear and star polymers. To this aim, we complement simulations where the polymeric

object is treated with a monomer-resolved model, with two novel approaches.

In the first one, we reproduce the structure of the linear chains and star polymers by placing

monomers at random in the simulation box using the average monomer density profile and consid-

ering this set of monomers as a rigid body. Thus, monomer-monomer interactions are neglected

and the dynamics of the polymeric objects are only controlled by the MPCD collision step. On the

other hand, in the second model, we adopt a coarse-grained strategy where we use the average

monomer density profile of the particle to define it as a penetrable soft colloid surrounded by an

inhomogeneously distributed solvent. To capture the hydrodynamic interactions of the penetrable

soft colloid, we built on a previous model for MPCD of hard colloids to couple the dynamics of

solvent to that of the soft colloid. Differently, from the standard MD-MPCD approach where only

an exchange of linear momentum is considered, we now need to control the distribution of solvent

with respect to the penetrable sphere. Assuming the form of the solvent density profile, we define

the probability rules of the solvent particles displacements. Thus, in all cases where a solvent

particle cannot displace, it collides with an inner layer/with the shell of the colloid exchanging

both linear and angular momenta.

We find that the hydrodynamic interactions of linear chains are well captured by a fictitious

rigid topology, while the approximation of a spherically-symmetric monomer distribution in the

PSC approach provides an unsatisfactory description of the data. However, in the case of star

polymers, we have the reverse situation: the PSC model with a radial monomer distribution works

well, while the representation of the structure by effective monomers does not reproduce the long-

time hydrodynamic behavior. This result indicates that macromolecules with a complex internal

structure exhibit a more sophisticated solvent-monomer dynamics coupling and that monomer-

monomer interactions need to be included at some level in the coarse-grained description. In this

respect, the newly-defined collision rules which provide the correct inhomogeneous density profile

for solvent particles inside the colloid are able to realistically represent the flow of solvent particles

from the interior of the PSC to the bulk, and hence, by the exchange of both linear and angular

momenta, to correctly reproduce hydrodynamic interactions. In the case of star polymers, we also

find that the definition of the core size can be further tuned to determine the correct long-time

dynamics of the penetrable soft colloid.
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It is now important to comment on the computational efficiency of the new methods that we

have proposed. To this aim we perform the simulation of 1000 time steps for a star with f = 20 with

all three approaches on a 2.9 GHz i5 processor. For the MRM model, such simulation required 5

minutes. On the other hand, for the effective monomers approach it was completed in 3.3 minutes,

while the PSC description needed 4 minutes. Hence, both approaches are much more efficient than

the MRM model, as expected. This confirms that the numerical techniques that we have introduced

in this work could be a first step to investigate the hydrodynamics of complex macromolecules that

cannot be attained with MRM simulations. It is our intention to apply this approach to the study

of other polymeric systems, such as microgels [131, 132], for which accurate monomer density

profiles have recently been calculated at different solvophobic conditions [133]. Furthermore, this

method opens up the possibility to go beyond single-particle studies and to address the dynamics

of polymeric objects at finite concentrations. One straightforward extension would be to study

star polymers with a large number of arms and to address their phase behavior. In this case,

two such PSCs would interact by well-established effective star polymer interactions [103], while

solvent particles would collide with the soft spheres as described in this work to correctly capture

hydrodynamic interactions. Finally, it would be interesting to apply the PSC description to the

sedimentation of ultrasoft colloids [134] or star polymers under shear flow [83], where external

forces deform the monomeric density profile.
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5.5 Appendix 5A: Radius of gyration and moment of inertia
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Figure 5.12. (a.1) Radius of gyration Rgyr, and (a.2) inertia moment I for linear polymers.(b.1) Radius of gyration Rgyr

and (b.2) inertia moment I . Numerical results are obtained from MD simulations combined with implicit (Langevin)
and explicit (MPCD) solvent.

Here we report results for observables that quantify the polymer conformation, calculated with

MRM, that are useful to compare with the PSC simulations. In particular, we focus on the radius

of gyration

Rgyr =

®

1
Nmon

Nmon
∑

i=1

(ri −Rcom)
2

¸1/2

(5.20)

and on the inertia moment around the center of mass

Izz =

®

M
Nmon
∑

i=1

�

x2
i + y2

i

�

¸

. (5.21)

The average values of Rgyr and I = 〈Iµµ〉 = (Ix x + I y y + Izz)/3 for linear and star polymers

are reported in Tables 5.3 and 5.4, respectively. We also estimate the ‘colloidal’ radius of each

macromolecule, named Rcolloid, as the largest average distance from the COM at which a monomer

can be found; it can thus be considered as the size of the penetrable soft colloid model describing

the polymer. For the inertia moment, data are normalized by I0 =
2
3 McolloidR2

gyr with Mcolloid =

M Nmon, which corresponds to the inertia moment of a uniform sphere of mass Mcolloid and radius
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R =
p

5/3 Rgyr, i.e., both the polymer and the uniform sphere are considered to have the same

mass and gyration radius and therefore the same inertia moment. Figure 5.12 shows that Rgyr

and 〈Iµµ〉 follow the expected scaling laws with respect to the polymerization degree for linear

polymers.

Table 5.3. Average sizes and inertia moments of linear polymers. Rcolloid is chosen such as P(Rcolloid/Rgyr) ≤ 10−5 (see
Fig. 5.4).

Npol Rgyr/σ Rcolloid/Rgyr I0/(104mσ2) 〈Iµµ〉/I0 〈Iµν〉/I0

050 5.25 3.32 0.4507 0.9352 -0.00055
100 8.00 3.50 2.1280 0.9224 -0.00302
200 11.70 3.61 9.1103 0.9991 -0.00820

Table 5.4. Average sizes and inertia moments of star polymers. Rcolloid is chosen such as ρmon (r > Rcolloid)≤ 10−3 (see
Fig. 5.5).

f Npol Rgyr/σ Rcolloid/Rgyr I0/(104mσ2) 〈Iµµ〉/I0 〈Iµν〉/I0

5 30 6.82 2.68 2.3257 1.0145 -0.00134
10 30 7.66 2.50 5.8675 1.0048 -0.00446
15 30 8.18 2.45 10.036 1.0042 0.00413
20 30 8.59 2.37 14.758 1.0027 -0.00023

Similarly, Fig. 5.12 reports the same quantities for star polymers, showing that they follow the

expected scaling laws with respect to the functionality. In both cases, simulations performed with

implicit (MD+Langevin) and with explicit (MD+MPCD) solvent yield the same results.

118





6 | Conclusion and Outlook

This Dissertation presents a detailed study of the properties, both in equilibrium and under

the influence of a shear flow, of Star Block Copolymer (SBC) suspensions, considering the latter as

versatile representatives of "self-associative polymers". It has been demonstrated that SBCs present

both intramolecular and intermolecular association phenomena. SBCs behave as soft particles with

self-associative clusters. The number of clusters and their extension can be modified by means

of SBC parameters, namely functionality, temperature, solvent quality, and the fraction of the

solvophobic monomer. By employing computational modeling that allows covering a wide range

of physical-chemical parameters characteristic of these systems, the Dissertation starts with the

analysis of the behavior of an isolated SBC under different conditions and then extends the study

to polymer concentrations in diluted and concentrated regimes.

For the case of the isolated polymer, studied in chapter 3, its conformational characteristics

were analyzed in detail. We found great variety in the global geometric distribution of the polymer

shape, which in equilibrium is determined by the number of patches that can be formed by self-

association in the SBC, which is in turn determined by the ratio of sizes of copolymer subunits in

each arm of the SBC, the quality of the solvent and/or the temperature. A global recurrent form is

that possessing spherical symmetry, which is linked to stars capable of forming a number of clusters

greater than 3 or with a behavior close to that of purely repulsive stars (athermal star polymers).

On the other hand, for the SBC that tends to form 2 patches, a cylindrical symmetry associated

to a configuration similar to a Cuban cigar prevails, with its tips being occupied by solvophobic

groupings. Once having these characteristics established in equilibrium, we proceeded to study the

change in the global geometric conformation of SBC as a function of the deformation rate (shear

rate) of the solvent. In these conditions the SBC deforms as a function of the shear rate, elongating

in the direction of flow, contracting around the direction of the gradient and without significant

deformation in the direction of vorticity, behavior that is shared with other "super-soft particles",

such as linear polymers, ring polymers.

From the dynamic point of view, we carried out a detailed study of the polymer rotational

dynamics under the influence of the shear flow, choosing for this purpose three representative

systems in equilibrium, namely, (i) SBCs with a behavior similar to that of purely repulsive stars,

(ii) SBCs with a mixed behavior, in which some arms are self-associated while others remain free,

and finally, (iii) SBCs characterized by the formation of two groupings without free arms. We

carried out the study comparing rotational energy and rotation frequency resulting from four

different theoretical approaches. The first is the one known as the laboratory approach in which

rigid body formalism is used; the second corresponds to the geometric approach, which considers

that the velocity of the monomers is determined solely by the velocity profile of the solvent and

that the elements outside the diagonal of the moment of inertia tensor are associated with the
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vibrational movement; thirdly, Eckart’s approximation was used, which allows differentiating pure

rotational movement from pure vibrational movement, finally, we propose a fourth Hybrid frame

approximation, in which a symmetrical turn tensor is used in Eckart’s approximation. For each

one of the formalisms used we calculate the rotational energy and the rotation frequency, with

which we find that the rotation frequency of Eckart’s formalism is the highest of all, followed by

the geometric, Hybrid frame, and laboratory approximations. Our results show that for all cases

the rotation frequency is limited from below by the rotation frequency obtained in the laboratory.

For the third significant case, our results show that the rotation frequency corresponds mainly to

the shear-flow induced tumbling motion of the SBC. For case two, the rotation frequency results

from the average of the tank-treading motion and the clustering and breaking of the patches, and

case one shows the same behavior as that of athermal stars.

The last aspect considered in the study of isolated SBC is related to the behavior of the patches

as a function of the shear flow. Under certain conditions, such as low values of the solvophobic

monomer fraction, the shear flow helps to create a larger number of clusters than those found in

equilibrium conditions. On the other hand, for high values of the solvophobic monomer fraction,

the shear flow leads to a reduction of the number of clusters, special case for when the SBC has

two clusters without free arms we found that the shear flow makes the SBC go from 2 clusters to

1, a fusion of 2 clusters to 1 for high values of the shear flow.

For diluted and concentrated SBC systems, we explore the main properties in equilibrium vary-

ing the monomeric density, and the SBC parameters, we find that for high values of the solvophobic

monomer fraction a phase separation takes place, whereas for small values the system remains ho-

mogeneous. In concentrated systems, the SBCs are reconfigured for the association with other SBC

where they recover the spherical form, radially symmetric. Our main result was the study of the

connection between stars. The choice of functionality and the fraction of solvophobic monomers

leads the system to a network configuration instead of the formation of micelles. Moreover, we

found that the systems of SBCs have non-trivial characteristics of self-organized networks, and a

variety of the size of the clusters for concentrated systems, where for intermediate values of the

fraction of solvophobic monomers we found the effect of homogeneous percolation. The patches

are compacted and crystallized for low values of the solvent quality.

When we apply shear flow, we find that the morphology and connectivity of the system are

significantly reorganized by the shear rate. When applying the shear flow, each SBC suffers an

elongation in the direction of flow while in the other two directions the SBC shrinks, so the patches

are divided into smaller clusters, generating more patches but with fewer constituent arms. By

increasing the concentration, connectivity between SBC is increased which implies an increase in

viscosity. When applying the shear flow, we find shear thinning, is generated by the reorganization

of the SBC and the breakage of both the patches and the connections between the SBCs.

Finally, the last part of this research focused on the development of two new numerical al-

121



6 CONCLUSION AND OUTLOOK

gorithms for the implementation of the hybrid method, i.e., MD molecular dynamics algorithm

for polymers/colloids, Multi-Particle Collision Dynamics MPCD for solvent modeling. This hybrid

method consists of coupling the polymer/colloid with the solvent employing collision parameters

in the MPCD program, applied to the study of polymer suspensions with architectures that can be

described through a model of soft colloid spheres. Using as input information the density profile

around the center of mass of the monomers that make up the polymer, we propose two new models

for the interaction between the soft colloid and the solvent particles within the MPCD technique.

The first model considers a "rigid colloid" constituted by a collection of monomers located

randomly following the real distribution of polymer monomers. On the other hand, the second

model considers a non-homogeneous distribution of the solvent particles around the polymer, which

is defined by the actual monomer profile of the polymer monomers. In the first case, satisfactory

results are obtained for the diffusive behavior of linear polymers, while with the second model we

find a good description of this behavior for purely repulsive stars when the results of the proposed

models are compared with simulations made at the detail level of the monomers.

The study could be extended having several considerations exposed here: (i) a more detailed

study of the fluid behavior could be made, calculating velocity and pressure fields, and how these

change according to the presence of isolated SBC and systems in semi-dilute and concentrated

regimes. As well an explicit calculation of the hydrodynamic force as a consequence of the interac-

tion between the solvent and the SBC in the collision step of the MPCD algorithm. (ii) To better

understand the dynamics of the patches, arms detachment and reattachment in a patch, both in

equilibrium and when the shear flow is applied, where the lifetime in average of the patches could

be calculated. In the same way, the calculation of the minimum energy for a stable cluster could

be achieved. Establish a more detailed description concerning the statistics of the typical times

between the events detachment and reattachment. (iii) The protocol for the initial configuration

could be changed for the diluted, semi-diluted, and concentrated regimes. In the first part of the

protocol, it would be to use the algorithm for the SBC, generating an isolated system of SBC with

well-defined patches with implicit solvent. In the second part of the protocol, the reduction of the

simulation box is sought until arriving at the appropriate density to have an interacting system

of SBCs, in the last part of the protocol, the implicit solvent is introduced, and it is sought if the

system persists some organized structure. (iv) Calculation of other properties of the SBC systems

in shear flow, such as the elastic and viscous modulus, as well as complementing the study in the

semi-diluted and concentrated regimes with the calculation of the first and second normal stress

differences in steady shear flow.
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