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Abstract

The original Newton method in deterministic optimization has been known for
decades and has since motivated many other more efficient algorithms. In this
thesis, we focus on one of such improvements - cubic regularization of the New-
ton method (CR). In particular - on its extension to a non-convex fully stochas-
tic setting - stochastic cubic regularization (SCR). In the theoretical part, we
describe the mathematical foundation of the CR and the main results behind
SCR. In the experimental part, we introduce some novel improvements for the
SCR algorithm and show their performance on three well-known stochastic
optimization problems of Deep Learning, one Linear regression problem, and
one synthetic problem.
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Zusammenfassung

Das ursprüngliche Newtonverfahren für die deterministische Optimierung ist
seit Jahrzehnten bekannt und hat seitdem viele andere effizientere Algorithmen
motiviert. In dieser Arbeit konzentrieren wir uns auf eine dieser Verbesserun-
gen - die kubische Regularisierung des Newtonverfahrens (CR). Insbesondere
- auf seiner Ausweitung auf eine nicht-konvexe vollständig stochastische Ein-
stellung - stochastische kubische Regularisierung (SCR). Im theoretischen Teil
beschreiben wir die mathematischen Grundlagen der CR und die Haupter-
gebnisse hinter SCR. Im experimentellen Teil stellen wir einige neuartige Ver-
besserungen für den SCR-Algorithmus vor und zeigen ihre Leistung bei drei
bekannten stochastischen Optimierungsproblemen von Deep Learning, einem
linearen Regressionsproblem und einem synthetischen Problem.
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1 Introduction

This thesis is based on the paper [1], where the stochastic modification of the cubic
regularized Newton method [2] for non-convex functions (SRC) is proposed. There-
fore after the section with motivation we will start the detailed overview of the second
paper.
After this we will discuss the first paper ([1]) and give the intuition behind its main
results. In the end, we will introduce the novel improvements to the SCR and com-
pare their performance on several datasets against popular stochastic optimizers.

2 Notations and basic definitions

For a symmetric real-valued n×n matrix H, its spectrum is denoted by {λi(H)}ni=1.
We assume that the eigenvalues are ordered decreasingly:

λmax(H) := λ1(H) ≥ ... ≥ λn(H) =: λmin(H).

Therefore, H symmetric is positive semi-definite if and only if λn(H) ≥ 0. Further-
more, we use the standard spectral matrix norm for a symmetric positive definite
matrix A:

‖A‖ =
√
λ1(ATA),

and the standard Euclidean norm ‖·‖ for a vector. A generalized A-weighted vector
norm for a symmetric positive semi-definite matrix A and a vector x we will denote
by ‖x‖A :=

√
xTAx.

The interior and the boundary of a set Q are denoted respectively as intQ and ∂Q.
Furthermore, we denote (x)+ := max{0, x}.
For the analysis of the stochastic case, we denote f(m) ∈ Õ(g(m)) as a shorthand
for f(m) ∈ O(g(m)loglg(m)) for some l.

Definition 2.1. For an objective function J : Rn → R, we will call its evaluation at
points (1−α)x0+αx1 for α ∈ [0, 1], x0, x1 ∈ Rn as its cross-section at (1−α)x0+αx1.

Definition 2.2 (ε-second-order stationary point). Let f be twice differentiable with
L-Lipschitz Hessian. We will call x as an ε-second-order stationary point (or an
ε-approximate local minimum) of f if for ε > 0 we have

‖f ′(x)‖ ≤ ε and λmin(f ′′(x)) ≥ −
√
Lε.
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3 Motivation

As motivation, based on [4], we look at the cross-section of the objective function
J at (1 − α)x0 + αx1, where x0, x1 are respectively starting and ending values of
the set of parameters of a neural network (NN) at some time interval. This shows
that, by considering NNs that perform well, this cross-section looks well-behaved
with monotonically decreasing derivative.
This result motivates us to develop better optimization techniques for enhanced
architectures, which would find the right direction - and the optimization problem
would be solved with a coarse line search.
Below we show the results for several architectures and two datasets - MNIST ([53])
and CIFAR-10 ([54]) (we will call it CIFAR further for simplicity):

(a) MNIST with max-
out network and cross-
entropy loss

(b) MNIST with max-
out network and ad-
versarial cross-entropy
loss

(c) MNIST with
maxout network with
dropout and adver-
sarial cross-entropy
loss

(d) MNIST with rec-
tified linear (RELU)
network and cross-
entropy loss

(e) MNIST with
RELU network and
adversarial cross-
entropy loss

(f) CIFAR with
convolutional neural
network (CNN) and
cross-entropy loss

Figure 1: Cross-section of J at (1− α)x0 + αx1.

The model specifications are the same as in [4].
Even though noisy SGD methods already allow to avoid saddle points ([25], [26], [27],
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[28]), we want to investigate techniques that escape saddle points and also converge
faster and therefore use second-order information explicitly (and not implicitly like in
[28]). We are aware however that a recent SGD5 algorithm ([29]) using many tricks
has achieved SOA run-time complexity on par with the best second-order methods
([1], [5]).

4 Cubic regularization (CR) of Newton method

and its global performance

4.1 Introduction

We will look at the following aspects in this section:

• analysis of the cubic regularization for unconstrained optimization,

• proof of the general local convergence.

Which issues can a normal Newton scheme have:

• Hessian may be degenerate at a point - the method is not well-defined then,

• it can diverge or converge to a saddle point, or to a local maximum.

To solve it, many approaches have been proposed ([10]).
Most of them combine the following ideas:

• Levenberg-Marquardt regularization ([9]) - if f ′′(x) is not positive definite, reg-
ularize it with a multiple of unit matrix with γ ≥ 0:

xk+1 = xk −
[
f ′′(xk) + γI

]−1
f ′(xk);

• line search - damped Newton method ([11]) with the step size hk > 0 to form
a monotone sequence (f(xk+1) ≤ f(xk)):

xk+1 = xk − hk
[
f ′′(xk)

]−1
f ′(xk); (1)

• trust-region approach ([10]) - select the next point xk+1 from the trust region
of xk (e.g., ∆(xk) = Bε(xk) - a ball centered at xk of radius ε > 0):

xk+1 = arg min
x∈∆(xk)

[
〈f ′(xk), x− xk〉+

1

2
〈f ′′(xk)(x− xk), x− xk〉

]
.
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We focus on the questions related to the worst-case guarantees for global behavior
of the second-order schemes and show that theoretically, a correctly chosen Newton-
type scheme outperforms the gradient scheme (considering only the number of iter-
ations).

4.2 Cubic regularization

The idea of the cubic regularization is to modify Newton method using technique
similar to the gradient mapping ([12]).
The gradient mapping “replaces” the gradient in case of constrained minimization.

Definition 4.1 (Gradient mapping). Let γ > 0. Denote

xQ(x; γ) = arg min
x∈Q

[
f(x) + 〈f ′(x), x− x〉+

γ

2
‖x− x‖2 ],

gQ(x; γ) = γ(x− xQ(x; γ)).

Then gQ(x; γ) is the gradient mapping of f on Q. It is well defined for Q closed
convex, as the argument of arg min above is a strongly convex function.
For Q := Rn, 1

γ
can be seen as the “‘gradient” step size:

xQ(x; γ) = x− 1

γ
f ′(x), gQ(x; γ) = f ′(x).

We can do so for the second-order approximation as well. First, we need the following
assumption and result.

Assumption 4.1. Let from now on the Hessian of the twice differentiable objective
function f be L-Lipschitz for some L > 0 and for Q ⊆ Rn closed convex set with
non-empty interior with L(f(x0)) := {x ∈ Rn | f(x) ≤ f(x0)} ⊆ intQ:

‖f ′′(x)− f ′′(y)‖ ≤ L ‖x− y‖ , ∀x, y ∈ Q,

where x0 ∈ intQ is a starting point of the iterative scheme that will be introduced in
this section.

Lemma 4.1. Given Assumption 4.1, we have that for all x, y ∈ Q the inequalities

‖f ′(y)− f ′(x)− f ′′(x)(y − x)‖ ≤ L

2
‖y − x‖2 ,

|f(y)− f(x)− 〈f ′(x), y − x〉 − 1

2
〈f ′′(x)(y − x), y − x〉| ≤ L

6
‖y − x‖3

hold.
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Proof. Regarding the first inequality, we have

‖f ′(y)− f ′(x)− f ′′(x)(y − x)‖ =

∥∥∥∥∫ 1

0

[f ′′(x+ α(y − x))− f ′′(x)](y − x) dα

∥∥∥∥
≤ L ‖y − x‖2

∫ 1

0

α dα =
L

2
‖y − x‖2 .

Regarding the second inequality, we have

f(y) = f(x) + 〈f ′(x), y − x〉+

∫ 1

0

∫ τ

0

〈f ′′(x+ α(y − x))(y − x), y − x〉 dα dτ.

Since f ′′ is L−Lipschitz, it follows from the equation above that

|f(y)− f(x)−〈f ′(x), y − x〉 − 1

2
〈f ′′(x)(y − x), y − x〉|

≤
∣∣ ∫ 1

0

∫ τ

0

〈f ′′(x+ α(y − x))(y − x), y − x〉 − 〈f ′′(x)(y − x), y − x〉 dα dτ
∣∣

≤ L

6
‖y − x‖3 .

2

One important consequence of this proposition is that we can approximate our ob-
jective function from above using the cubic approximation of the function.

Corollary 4.1. The auxiliary function (or cubic approximation of the function)

ξ2,x,M(y) = f(x) + 〈f ′(x), y − x〉+
1

2
〈f ′′(x)(y − x), y − x〉+

M

6
‖y − x‖3

for some M > 0 will be an upper second-order approximation for the objective func-
tion (for Q := Rn):

f(y) ≤ ξ2,x,L(y) ∀y ∈ Rn.

Note that L indicates again the Hessian Lipschitz constant.

Definition 4.2 (CR of Newton method). The modified Newton scheme consists in
iteratively solving the following auxiliary global minimization problem:

TM(x) ∈ arg min
y∈Rn

ξ2,x,M(y). (2)

It is called CR of Newton method.
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Remark 4.1. Note that, according to the definition of TM above, the point y = TM(x)
satisfies

f ′(x) + f ′′(x)(y − x) +
1

2
M ‖y − x‖ (y − x) = 0

for y 6= x. Multiplying it by TM(x)− x we get

〈f ′(x), TM(x)− x〉+ 〈f ′′(x)(TM(x)− x), TM(x)− x〉+
1

2
Mr3

M(x) = 0,

where we denote rM(x) := ‖TM(x)− x‖ .

Remark 4.2. Note that the problem (2) is non-convex and it can have many local
minima. Therefore it is important to simplify it.

We will now describe a possible simplification of (2) using a duality argument.

4.3 Weak duality argument

We can simplify the auxiliary minimization problem (2) by solving its one-dimensional
dual problem as it is shown in theorem below.
First, let us introduce the following definitions.

Definition 4.3. Let g ∈ Rn and H ∈ Rn×n be a real symmetric matrix.

vu,M(h) := 〈g, h〉+
1

2
〈Hh, h〉+

M

6
‖h‖3 ∀h ∈ Rn,

D := {r ∈ R : H +
M

2
rI � 0, r ≥ 0},

vl,M(r) := −1

2
〈(H +

Mr

2
I)−1g, g〉 − M

12
r3 ∀r ∈ D.

Here we let r ≥ 0 as it is done in Levenberg-Marquardt method.

Theorem 4.1. For any M > 0 we have the following weak duality result:

inf
h∈Rn

vu,M(h) ≥ sup
r∈D

vl,M(r). (3)

Moreover, for any r ∈ D, direction h(r) = −(H + Mr
2
I)−1g satisfies the inequality

0 ≤ vu,M(h(r))− vl,M(r) =
M

12
(r+ 2 ‖h(r)‖)(‖h(r)‖ − r)2 =

4

3M

r + 2 ‖h(r)‖
(r + ‖h(r)‖)2

v′l(r)
2.
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Proof.

inf
h∈Rn

vu,M(h) = inf
h∈Rn

[
〈g, h〉+

1

2
〈Hh, h〉+

M

6
‖h‖3

]
= inf

h∈Rn,

τ=‖h‖2

[
〈g, h〉+

1

2
〈Hh, h〉+

M

6
(τ)

3/2
+

]
= inf

h∈Rn,
τ∈R

sup
r∈R

[
〈g, h〉+

1

2
〈Hh, h〉+

M

6
(τ)

3/2
+ +

M

4
r
(
‖h‖2 − τ

)]
≥ sup

r∈D
inf
h∈Rn,
τ∈R

[
〈g, h〉+

1

2
〈Hh, h〉+

M

6
(τ)

3/2
+ +

M

4
r
(
‖h‖2 − τ

)]
= sup

r∈D
vl,M(r).

We have as well that

vu,M(h(r)) = 〈g, h(r)〉+
1

2
〈Hh(r), h(r)〉+

M

6
‖h(r)‖3

= −1

2
〈Hh(r), h(r)〉 − M

2
r ‖h(r)‖2 +

M

6
‖h(r)‖3

= −1

2
〈
(
H +

Mr

2
I
)
h(r), h(r)〉 − M

4
r ‖h(r)‖2 +

M

6
‖h(r)‖3

= vl,M(r) +
M

12
r3 − M

4
r ‖h(r)‖2 +

M

6
‖h(r)‖3

= vl,M(r) +
M

12
(r + 2 ‖h(r)‖)(‖h(r)‖ − r)2,

which proves the desired statement. From it we see that the equality in (3) is attained
for r = ‖h(r)‖. Furthermore, we can solve in this case the dual problem (right-hand
side of (3)) by solving the following system of one equation and one inequality

r =

∥∥∥∥(H +
Mr

2
I
)−1

g

∥∥∥∥ , r ≥ 2

M
(−λn(H))+, (4)

which is derived from the definition of the set D and necessary first-order local
optimality condition for the dual problem over the set D:

0 = v′l,M(r) = −M
4
r2 −Hh(r)h′(r)− M

4
(2h(r)h′(r)r + ‖h‖2)

= −M
4
r2 +

M

2
(H +

Mr

2
I)(H +

Mr

2
I)−1 ‖h(r)‖2 − M

4
‖h(r)‖2

=
M

4
(‖h(r)‖2 − r2), (5)
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where r ∈ D and r > 0. This follows from the basic first-order optimality condition
for our dual constrained problem (see e.g. [58], Theorem 6.12), which states that in
order for r∗ to be a locally optimal point of our dual problem, it has to satisfy

0 ∈ −∇vl,M(r∗) +ND(r∗),

where ND(r∗) is the normal cone of D at r∗. Moreover, for r∗ ∈ D and r∗ > 0 we
have that ND(r∗) = 0 as in that case r∗ ∈ intD.

2

Remark 4.3. Note that there is indeed such an r that solves the system (4). For
this, it is enough to write this system in the basis of the eigenvectors of matrix H
and solve depending on the last coordinate of g in the new basis being equal to zero
or no. More details regarding it can be found in Section 5 of [2].

So the original problem is reduced to one-dimensional equation and inequality.
Techniques from trust region methods can be used to solve them ([10], Chapter 7).

Remark 4.4. Another approach to solving the minimization problem (2) can be also
expressed as an equivalent two-dimensional constrained convex minimization problem:

min
h∈Rn

[
〈g, h〉+

1

2
〈Hh, h〉+

M

6
‖h‖3

]
≡ min

h∈Rn

[
ξ1(h) +

M

6
ξ

3/2
2 (h)

]
≡ min

ξ∈K
φ(ξ),

where

ξ1(h) = 〈g, h〉+
1

2
〈Hh, h〉, ξ2(h) = ‖h‖2 ,

K = {ξ = (ξ1(h), ξ2(h))T : h ∈ Rn} ⊂ R2,

φ(ξ) = ξ1(h) +
M

6
(ξ2(h))

3/2
+ ,

and for n ≥ 2 the set K is convex and closed (see [33], Theorem 2.2).

4.4 Algorithm for CR of Newton method

Let us describe the respective algorithm for the problem of interest in this section:

min
y∈Rn

f(y),

12



where the objective function f satisfies the Assumption 4.1. Further, we can consider
the criterion of local optimality µM for M > 0:

µM(x) = max
{√ 2

L+M
‖f ′(x)‖,− 2

2L+M
λn(f ′′(x))

}
. (6)

Let us now show the results that will help to explain the analytical form of µM(x) :

Proposition 4.1. Denote rM(x) = ‖TM(x)− x‖. Then for any x ∈ Q (from As-
sumption 4.1) we have

f ′′(x) +
1

2
MrM(x)I < 0.

Proof. Following the notation of [17], define s := TM(x)− x and the matrix

As := f ′′(x) +
1

2
M ‖s‖ I.

Because, according to Definition (2), s is the global minimizer of the auxiliary func-
tion ξ2,x,M(s) = f(x) + 〈f ′(x), s〉 + 1

2
〈f ′′(x)s, s〉 + M

6
‖s‖3, the necessary first-order

optimality condition holds:

∇ξ2,x,M(s) = f ′(x) + Ass = 0.

This allows us to express the auxiliary function ξ2,x,M at s as

ξ2,x,M(s) = f(x)− 1

2
〈Ass, s〉 −

M

12
‖s‖3

and at any y ∈ Rn alternatively as:

ξ2,x,M(s) +
1

2
〈As(y − s), (y − s)〉+

M

12
(‖s‖ − ‖y‖)2(‖s‖+ 2 ‖y‖)

= f(x)− 1

2
〈Ass, s〉+

1

2
〈Ass, s〉+

1

2
〈Asy, y〉 −

1

2
〈Ass, y〉

− 1

2
〈Asy, s〉 −

M

12
‖s‖3 +

M

12
‖s‖3 +

M

6
‖y‖3 +

M

6
‖s‖2 ‖y‖

+
M

12
‖y‖2 ‖s‖ − M

6
‖s‖2 ‖y‖ − M

3
‖s‖ ‖y‖2

= ξ2,x,M(y) +
1

2
〈Ass, y〉 −

1

2
〈Asy, s〉 = ξ2,x,M(y),

where the last equality follows, because As represents a self-adjoint operator, as it
is symmetric. Let d ∈ Rn \ 0. Then, because s being a global minimizer of ξ2,x,M

13



implies ξ2,x,M(y) − ξ2,x,M(s) ≥ 0 for any y ∈ Rn and thus also for y = s + td for all
t ∈ R, we have

t2

2
〈Asd, d〉+

M

12
(‖s‖ − ‖s+ td‖)2(‖s‖+ 2 ‖s+ td‖)

=
t2

2
〈Asd, d〉+

M

12
(t2 ‖d‖2 + 2t〈s, d〉)(‖s‖+ 2 ‖s+ td‖)

≥ 0,

which implies that

〈Asd, d〉+
M

6t
(t ‖d‖2 + 2〈s, d〉)(‖s‖+ 2 ‖s+ td‖) ≥ 0 ∀t ∈ R \ 0.

By letting t→ −2〈s,d〉
‖d‖2 we have that

〈Asd, d〉 ≥ 0,

which gives the desired statement.
2

Lemma 4.2. If TM(x) ∈ Q (from the Assumption 4.1), then

‖f ′(TM(x))‖ ≤ 1

2
(L+M)r2

M(x).

Proof. From Remark 4.1, we get

‖f ′(x) + f ′′(x)(TM(x)− x)‖ =
1

2
Mr2

M(x).

Using the first inequality in Lemma 4.1, we obtain

‖f ′(TM(x))− f ′(x)− f ′′(x)(TM(x)− x)‖ ≤ 1

2
Lr2

M(x).

Combining the above relations and the triangle inequality gives us the desired result.
2

An analytical form of µM(x) is derived then from the following result:

Lemma 4.3. For any x ∈ Q we have µM(TM(x)) ≤ rM(x).

14



Proof. First, we obtain the following inequalities (using the Löwner partial order):

f ′′(TM(x)) ≥ f ′′(x)− LrM(x)I ≥ −(
1

2
M + L)rM(x)I, (7)

where the first inequality follows from the Assumption 4.1, as

‖f ′′(x)− f ′′(TM(x))‖ ≤ L ‖TM(x)− x‖ = LrM(x).

The second one follows directly from the Proposition 4.1. The statement of the
lemma follows then directly by Lemma 4.2, which bounds the first term in (6) and
by the inequality above, which bounds the second term in (6).

2

This criterion vanishes when x is a local minimum.
Denote further

fM(x) := min
y∈Rn

[
f(x) + 〈f ′(x), y − x〉+

1

2
〈f ′′(x)(y − x), y − x〉+

M

6
‖y − x‖3

]
.

Algorithm is then as follows:

Algorithm 4.1: CR of Newton method

Input : f satisfying the Assumption 4.1, local optimality condition
threshold ε and maximal allowed number of iterations K

Output: A sequence (xi)
(x0, k, L0)← (∈ Rn, 0,∈ (0, L]);
do

Find Mk ∈ [L0, 2L] such that
f(TMk

(xk)) ≤ fMk
(xk);

xk+1 ← TMk
(xk);

k ← k + 1;

while µMk
(xk+1) > ε AND k < K;

return (xi);

Moreover, as we will see, with the help of the following results, Algorithm 4.1 gener-
ates a monotone sequence.

Lemma 4.4. For any x ∈ Q, f satisfying the Assumption 4.1, and such that f(x) ≤
f(x0) for the starting point x0 ∈ intQ of Algorithm 4.1, we have the following result:

〈f ′(x), x− TM(x)〉 ≥ 0. (8)

Furthermore, if M ≥ 2
3
L and x ∈ intQ, then TM(x) ∈ L(f(x)) ⊆ intQ.
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Proof. First, multiplication of the result from the Proposition 4.1 by x−TM(x) twice,
gives us

〈f ′′(x)(TM(x)− x), TM(x)− x〉+
1

2
Mr3

M(x) ≥ 0.

Therefore the desired inequality (8) follows from Remark 4.1.
Regarding the second statement, let M ≥ 2

3
L together with x ∈ intQ and assume by

contradiction that TM(x) 6∈ Q, and thus also TM(x) 6∈ L(f(x)). I.e., f(TM(x)) > f(x)
and thus rM(x) = ‖x− TM(x)‖ > 0 as f is a function, and thus is well-defined.
Consider now the convex hull of two points - x and TM(x):

yα = (1− α)x+ αTM(x), α ∈ [0, 1].

Since, by assumption, y0 = x ∈ intQ, the mapping of some α ∈ (0, 1) to the
boundary:

α 7→ yα ∈ ∂Q
is well-defined as yα is an interval that connects two points, one of which, x, is inside
of intQ and another one, TM(x), is outside of Q (and thus is in the exterior of Q as
Q is closed), by the assumption.
According to the assumption, α < 1 and yα ∈ Q for all α ∈ [0, α].
Lemma 4.1 gives us for all α ∈ [0, 1]

|f(yα)−f(x)−〈f ′(x), yα−x〉−
1

2
〈f ′′(x)(yα−x), yα−x〉| ≤

L

6
‖yα − x‖3 =

α3L

6
rM(x)3.

Furthermore, using Remark 4.1, and the proven inequality (8) with the given as-
sumption (L ≤ 3

2
M), we have for all α ∈ [0, 1]:

f(yα) ≤ f(x) + 〈f ′(x), yα − x〉+
1

2
〈f ′′(x)(yα − x), yα − x〉+

α3L

6
rM(x)3

≤ f(x) + (α− α2

2
)〈f ′(x), TM(x)− x〉 − α2(1− α)

4
MrM(x)3

≤ f(x)− α2(1− α)

4
MrM(x)3.

Therefore, f(yα) < f(x), and thus yα ∈ intL(f(x)) ⊆ intQ, which is a contradiction
to yα ∈ ∂Q being well-defined. Thus, TM(x) ∈ Q. This allows us to use 4.1 for
TM(x), x ∈ Q:

|f(TM(x))− f(x)− 〈f ′(x), TM(x)− x〉 − 1

2
〈f ′′(x)(TM(x)− x), TM(x)− x〉|

≤ L

6
‖TM(x)− x‖3 =

L

6
rM(x)3.
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Using again Remark 4.1, and the proven inequality (8) with the given assumption
(L ≤ 3

2
M), we have

f(TM(x)) ≤ f(x) + 〈f ′(x), TM(x)− x〉+
1

2
〈f ′′(x)(TM(x)− x), TM(x)− x〉+

L

6
rM(x)3

≤ f(x) +
1

2
〈f ′(x), TM(x)− x〉

≤ f(x).

This implies that TM(x) ∈ L(f(x)) ⊆ intQ according to Assumption 4.1.
2

Lemma 4.5. For any x ∈ Q we have

fM(x) ≤ min
y∈Q

[f(y) +
L+M

6
‖y − x‖3],

f(x)− fM(x) ≥ M

12
r3
M(x).

Moreover, if M ≥ L, and x ∈ intQ then TM(x) ∈ intQ and

f(TM(x)) ≤ fM(x).

Proof. Using Lemma 4.1 and the definition of fM(x) we get the first inequality.
Further, applying the definition of TM(x), Remark 4.1, and the inequality from
Lemma 4.4, we have

f(x)− fM(x) = 〈f ′(x), x− TM(x)〉 − 1

2
〈f ′′(x)(TM(x)− x), TM(x)− x〉 − M

6
r3
M(x)

=
1

2
〈f ′(x), x− TM(x)〉+

M

12
r3
M(x)

≥ M

12
r3
M(x).

Finally, if M ≥ L ≥ 2
3
L, then, using Lemma 4.4, we have that TM(x) ∈ intQ. This

allows us to apply Lemma 4.1 to the definition of fM to get the last inequality:

f(TM(x)) ≤ fM(x).

2
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Remark 4.5. Since, according to Lemma 4.5, f(xk) − fMk
(xk) ≥ Mk

12
r3
Mk

(xk), and

thus f(TMi
(xk)) ≤ fMk

(xk) ≤ f(xk) in Q for Mk = L, the sequence of the function
f evaluations at the sequence generated by Algorithm 4.1 is monotone in Q:

f(xk+1) ≤ f(xk) ∀k ≥ 0

for xk ∈ intQ and xk+1 = TMk
(xk) ∈ intQ. Note that the important here part of

Assumption 4.1 was that L(f(x0)) := {x ∈ Rn | f(x) ≤ f(x0)} ⊆ intQ, as it allows
all consequent iterates to stay in the same set intQ and thus allows to use for them
Lemma 4.4.

4.5 General convergence results

Now let us prove the theorem that helps to get further convergence results. Then we
present one of such situations.

Theorem 4.2. Let the sequence (xk) be generated by Algorithm 4.1 with K := ∞.
Further, assume that the objective function is bounded below:

f(x) ≥ f ∗ ∀x ∈ Q.

Then
∑∞

k=0 r
3
Mk

(xk) ≤ 12
L0

(f(x0)−f ∗), for L0 as in Algorithm 4.1, limk→∞ µL(xk) = 0
and for any m ≥ 1 we get

min
1≤k≤m

µL(xk) ≤
8

3

(3(f(x0)− f ∗)
2mL0

)1/3

.

Proof. Lemma 4.5 together with the Algorithm 4.1 gives us for all k ≥ 0:

f(xk)− f(xk+1) = f(xk)− f(TMk
(x)) ≥ f(x)− fMk

(x) ≥ Mk

12
r3
Mk

(x).

Therefore, using telescoping sum, we get for any m ≥ 1:

f(x0)−f ∗ ≥ f(x0)−f(xm) =
m−1∑
k=0

(f(xk)−f(xk+1)) ≥
m−1∑
k=0

Mk

12
r3
Mk

(xk) ≥
L0

12

m−1∑
k=0

r3
Mk

(xk)

due to the bounds in Algorithm 4.1 on Mk for all k ≥ 0 :

L0 ≤Mk ≤ 2L.
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Letting m→∞, we get the first inequality.
Further, note that the for 1 ≤ k ≤ m the following holds:

µMk
(xk) = max

{√ 2

L+Mk

‖f ′(xk)‖,−
2

2L+Mk

λn(f ′′(xk))
}

≥ max
{√ 2

3L
‖f ′(xk)‖,−

1

L
λn(f ′′(xk))

}
≥ min

{√2

3
,
3

2

}
max

{√ 1

L
‖f ′(xk)‖,−

2

3L
λn(f ′′(xk))

}
=

√
2

3
µL(xk)

≥ 3

4
µL(xk).

Now, use it and Lemma 4.3 to get the second desired inequality by

3

4
min

1≤k≤m
µL(xk) ≤ min

1≤k≤m
µMk

(xk) ≤ min
1≤k≤m

rMk
(xk−1) ≤ 2

(3(f(x0)− f ∗)
2mL0

)1/3

,

where the third inequality is due to µMk
(xk) ≤ rMk

(xk−1) for 1 ≤ k ≤ m from Lemma
4.3. 2

Remark 4.6. From the second inequality of Theorem 4.2 and the definition of µM
for M > 0 we get that

min
1≤k≤m

‖f ′(xk)‖ ≤ O(m−2/3),

compared to gradient descent with the right-hand side (RHS) being O(m−1/2). (e.g.,
[12], inequality (1.2.14)). For further comparison of gradient descent and Algorithm
4.1 for non-convex optimization refer to [6].

This theorem gives us global efficiency estimate in the second inequality. Moreover,
one global convergence result for Algorithm 4.1 follows directly from it.

Theorem 4.3. Let the sequence (xk) be generated by Algorithm 4.1 with K := ∞
and Mk ≥ L. For some k ≥ 0, assume L(f(xk)) to be bounded. Then there exists a
limit

lim
k→∞

f(xk) = f ∗.

The set X∗ of the limit points of this sequence is non-empty. Moreover, it is a
compact connected set, such that for any x∗ ∈ X∗ we have

f(x∗) = f ∗, f ′(x∗) = 0, f ′′(x∗) < 0.
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Proof. Because the sequence (f(xk)) of real numbers is monotone by Remark 4.5
and is bounded from below by f ∗, then, by monotone convergence theorem, it is
convergent as well to f ∗, i.e. limk→∞ f(xk) = f ∗. Moreover, as twice differentiability
at a point implies continuity at a point, we have that for an arbitrary limit point
x∗ ∈ X∗ of the sequence (xk): f(x∗) = limk→∞ f(xk) = f ∗.
The set of limit points of the sequence is indeed non-empty as the sequence (xk) is
assumed to be bounded by the boundedness of the sublevel sets. It is moreover com-
pact as it is equal to ∩m≥0∪k≥m{(xk)}, which is compact, as a countable intersection
of bounded and closed sets. The proof that it is also a connected set is analogous to
the proof of Lemma 5 in [46].
Finally, for any limit point x∗ of the sequence (xk) it holds that f ′(x∗) = 0, f ′′(x∗) < 0
by one of the result of Theorem 4.2: limk→∞ µL(xk) = 0. 2

Remark 4.7. Note that theorem above just tells us that all limit points of the se-
quence (xk) generated by Algorithm 4.1 are local minimizers of f . It does not tell us,
however, anything about the guarantee or rate of convergence of (xk).

We will present two results for local behaviour. First one describes the behaviour of
Algorithm 4.1 in a neighborhood of a non-degenerate saddle point or a point of local
maximum.

Lemma 4.6. Assume x ∈ int Q to be a non-degenerate saddle point or a point of
local maximum of f :

f ′(x) = 0, λn(f ′′(x)) < 0.

Then there exist constants ε, δ > 0 such that if an iterate xk is close to x and is
also a non-degenerate saddle point or a point of local maximum, i.e., x ∈ M for
M := {x : ‖x− x‖ ≤ ε, f(x) ≥ f(x)} (e.g., xk = x), then the next point xk+1 for
Mk ≥ L leaves the set M and never comes there again (since the process defined in
the Algorithm 4.1 is monotone w.r.t. objective function according to Remark 4.5):

f(xk+1) ≤ f(x)− δ.

Proof. Take a unit vector d and s > 0 such that

〈f ′′(x)d, d〉 =: σ < 0, and x± sd ∈ Q.

Then, by applying Lemma 4.5 and upper bound on Mk from Algorithm 4.1 for s ≤ |s|
and Mk ≥ L, we get:

f(xk+1) = f(TM(xk)) ≤ min
y∈Q

[f(y)+
L+M

6
‖y − x‖3] ≤ f(x+sd)+

L

2
‖x+ sd− xk‖3 .
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Now, use Lemma 4.1 and the assumption on x to get for s ≤ |s| that

f(x+ sd) +
L

2
‖x+ sd− xk‖3 ≤ f(x)− σs2 +

L

6
|s|3 +

L

2
(ε2 + 2s〈x− xk, d〉+ |s|2)3/2

≤ f(x)− σs2 +
L

6
|s|3 +

L

2
(ε2 + |s|2)3/2,

where the last inequality holds as we can choose the sign of s as we want.
Set now ε := min{ σ

2L
, s} ≤ s and s := ε. Then it holds

f(xk+1) ≤ f(x)− σs2 +
L

6
s3 +

9L

6
s3 ≤ f(x)− σs2 +

5L

3

σ

2L
s2 = f(x)− 1

6
σs2.

Set then δ := 1
6
σε2, which gives the result.

2

Second result uses the simplified version of Algorithm 4.1:

xk+1 = TMk
(xk), k ≥ 0, (9)

where Mk ∈ (0, 2L].

Theorem 4.4. Let f ′′(x0) � 0 and δ0 ≤ 1
4
. Let the sequence (xk) be generated by

(9). Further, denote

δk =
L ‖f ′(xk)‖
λ2
n(f ′′(xk))

.

Then:

1. For all k ≥ 0, the values δk converge quadratically to zero:

δk+1 ≤
3

2

( δk
1− δk

)2

≤ 8

3
δ2
k.

2. Smallest eigenvalues of all Hessians f ′′(xk) are bounded as follows:

e−1λn(f ′′(x0)) ≤ λn(f ′′(xk)) ≤ e3/4λn(f ′′(x0)).

3. The sequence (xk) converges quadratically to a point x∗, which is a non-degenerate
local minimum of function f . Furthermore, for all k ≥ 1 we have

‖f ′(xk)‖ ≤ λ2
n(f ′′(x0))

3e3/2

8L

(2

3

)2k

.
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Proof. Take some k ≥ 0 such that f ′′(xk) � 0 and δk ≤ 1
4

(we can always take k = 0
according to the assumption). Then, using Remark 4.1, we get for the simplified
version of Algorithm 4.1, defined in (9), that

rMk
(xk) = ‖TMk

(xk)− xk‖ =

∥∥∥∥(f ′′(xk) + rMk
(xk)

Mk

2
I)−1f ′(xk)

∥∥∥∥ ≤ ‖f ′(xk)‖
λn(f ′′(xk))

.

Using the inequality (7), we also have that in the next step Hessian is positive definite
by

λn(f ′′(xk+1)) ≥ λn(f ′′(xk))− rMk
(xk)L

≥ λn(f ′′(xk))−
‖f ′(xk)‖
λn(f ′′(xk))

L = (1− δk)λn(f ′′(xk)) > 0.

Using the above results, the upper bound on ‖f ′(xk+1)‖ from Lemma 4.2 and the
upper bound on Mk, we obtain the first statement of the theorem by:

δk+1 =
L ‖f ′(xk+1)‖
λ2
n(f ′′(xk+1))

≤
3L2r2

Mk
(xk)

2(1− δk)2λ2
n(f ′′(xk))

=
3

2

( δk
1− δk

)2

≤ 8

3
δ2
k ≤

2

3
δk ≤

1

4
.

Not that we get the first statement, as the derivation above can be repeated for any
k ≥ 0, as we have shown that if f ′′(xk) � 0, δk ≤ 1

4
, then also f ′′(xk+1) � 0, δk+1 ≤ 1

4
.

Now, the lower bound of the second statement of the theorem is proven by

ln
λn(f ′′(xk))

λn(f ′′(x0))
≥

k∑
i=0

ln(1− δi) ≥ −
k∑
i=0

δi

∞∑
j=0

δji = −
k∑
i=0

δi
1− δi

≥ − 1

1− δ0

k∑
i=0

δi ≥ −
δ0

1− δ0

∞∑
i=0

(2

3

)i
≥ −1

where in the second inequality we used the Taylor series expansion of ln(1 − δi) as
0 ≤ δi < 1 for all i ≥ 0.
To prove the upper bound, use that, similarly to the inequality (7), λn(f ′′(xk+1)) ≤
λn(f ′′(xk)) + rMk

(xk)L ≤ (1 + δk)λn(f ′′(xk)). This gives us

ln
λn(f ′′(xk))

λn(f ′′(x0))
≤

k∑
i=0

ln(1 + δi) ≤
∞∑
i=0

ln(1 + δi) ≤
∞∑
i=0

δi ≤
3

4
.
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Thus, it is only left to prove the third statement of the theorem. We show first that
(xi) is a Cauchy sequence in Rn and thus convergent to some unique x∗. It follows
directly by the triangle inequality and the following derivation:

rMk
(xk) ≤

‖f ′(xk)‖
λn(f ′′(xk))

=
δkλn(f ′′(xk))

L
≤ e3/4λn(f ′′(x0))δk

L
,

which is a combination of the results above. Because f ′′(x0) � 0, second proven
statement holds, and the eigenvalues of a f ′′(x) are continuous functions of x due to
[47], we have that f ′′(x∗) � 0.
The last inequality follows directly from

δk ≤
3

2

δ2
k−1

(1− δ0)2
≤ 8

3
δ2
k−1 ≤

3

8

(8

3
δ0

)2k

≤ 3

8

(2

3

)2k

,

for all k ≥ 1.
2

Remark 4.8. The theorem above guarantees local quadratic convergence under the
assumption of non-degeneracy. The paper [8] gives similar guarantees under a milder
local error bound (EB) condition.

4.6 Empirical considerations

Let us estimate the cost of finding Mk ∈ [L0, 2L] in Algorithm 4.1 such that

f(TMk
(xk)) ≤ fMk

(xk),

which holds for Mk ≥ L. Since, as we know from Lemma 4.5, f(xk) − fMk
(xk) ≥

Mk

12
r3
Mk

(xk) and fMk
(xk) ≤ miny∈Q[f(y) + L+Mk

6
‖y − xk‖3], choosing Mk that is too

big will lead to smaller steps in algorithm. Thus, we will do dynamic backtracking
line search to estimate Mk:

Mk ←∈ [L0, 2L];

while f(TMk
(xk)) > f(xk) doMk ← 2Mk;

xk+1 ← TMk
(xk); Mk+1 ← max{1

2
Mk, L0}.

Using this line search, the total number of computations of the mapping TM , if we
assume N iterations of the process, is bounded from above by

2N + log2

2L

L0

.
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To conclude, note that in Algorithm 4.1 it is possible to find elements of Levenberg-
Marquardt approach (from the definition of the set D), or a trust-region approach
(from theorem and related discussion above), or a line search technique (as well from
the discussion above).

5 Stochastic Cubic Regularization (SCR) for Fast

Non-convex Optimization

5.1 Stochastic second-order optimization methods

Exactly computing function values, gradients and Hessians is infeasible for large-scale
problems, such as training of deep neural networks (DNN). Therefore, we consider
further the problem of non-convex optimization in the stochastic approximation
framework ([22]):

min
x∈Rn

f(x) := Eξ∼D[f(x; ξ)], (10)

where we have access only to a stochastic function f(x; ξ). Further, if not specifically
noticed, the uniform sampling is assumed. A further improvement can be made by
using more sophisticated sampling techniques (e.g., [36]).
Our target then is to find an ε-second-order stationary point.

5.2 Related work

The major bottleneck of CR especially in the stochastic case involves solving the cubic
sub-problem, for which various techniques have been proposed ([15], [18], [42]).

5.3 Introduction

In this section we present a fully stochastic version of the cubic regularized method.
It is theoretically and empirically in most of the cases (as it will be shown later)
faster than SGD. It proposes a solution that works both for an online setting (data
arrives sequentially) and offline settings (data is fixed).
Moreover, it uses only stochastic stochastic gradients f ′(x, ξ) and stochastic Hessian-
vector products f ′′(x, ξ)v for some vector v (computing which can be as cheap as
computing a gradient, when our function is represented as an arithmetic circuit
([34])), and makes following assumptions, alognside with the assumption that f is
bounded from below by some optimal value f ∗:
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Assumption 5.1. 1. The function f has l-Lipschitz gradients and L-Lipschitz
Hessians, which are standard assumptions in works on escaping saddle points
and finding local minima.

2. The function f(x, ξ) satisfies:

∀x ∈ Rn E
[
‖f ′(x, ξ)− f ′(x)‖2

]
≤ σ2

1 and ‖f ′(x, ξ)− f ′(x)‖ ≤M1 a.s.,

∀x ∈ Rn E
[
‖f ′′(x, ξ)− f ′′(x)‖2

]
≤ σ2

2 and ‖f ′′(x, ξ)− f ′′(x)‖ ≤M2 a.s.

We denote further stochastic gradient by

gk =
1

|S1|
∑
ξi∈S1

f ′(xk, ξi) ∀k ≥ 0

and stochastic Hessian by

Bk =
1

|S2|
∑
ξi∈S2

f ′′(xk, ξi) ∀k ≥ 0

for every iteration k.
At every step we draw enough samples |S1| and |S2| so that the concentration con-
ditions

‖gk − f ′(xk)‖ ≤ c1ε,

∀v ∈ Rn : ‖(Bk − f ′′(xk))v‖ ≤ c2

√
Lε ‖v‖

are satisfied for c1, c2 small enough. This conditions are indeed satisfied with the
following assumptions:

Lemma 5.1. For any fixed constants c1, c2, we can pick stochastic gradient and

Hessian-vector product mini-batch sizes n1 = Õ
(

max
{
M1

c1ε
,
c21σ

2
1

ε2

})
, respectively

n2 = Õ
(

max
{

M2

c2
√
Lε
,
σ2
2

c22Lε

})
so that with probability at least 1− 2δ′,

‖gk − f ′(xk)‖ ≤ c1ε,

∀v ∈ Rn : ‖(Bk − f ′′(xk))v‖ ≤ c2

√
Lε ‖v‖ .

Let further mk, m̃k denote respectively the stochastic cubic sub-model and the
change in the sub-model value

mk(x) = f(xk) + 〈gk, x− xk〉+
1

2
〈Bk(x− xk), x− xk〉+

L

6
‖x− xk‖3 ,
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and

m̃k(∆) = 〈gk,∆〉+
1

2
〈Bk∆,∆〉+

L

6
‖∆‖3 (= mk(xk + ∆)−mk(xk)).

As in the non-stochastic case, we want to minimize the cubic sub-problem and the
change in the sub-model value, as it is natural to do according to the following claim
which states informally that if the cubic sub-model has large descent mk(xt+1) −
mk(xk) then the true function also has large descent f(xt+1)− f(xk).

Remark 5.1. In the Claim 5.1 below, Case 1 is not considered, as in that case the
statement of the claim is trivially true by choosing the constants such that − 7

10
≤

−(1−c3
96

).

Claim 5.1. Assume that we are in the setting of Lemma 5.1 with constants c1, c2

small enough. If the CubicSubsolver 5.2 satisfies Case 2 of the Condition 5.1 and

if mk(xk + ∆)−mk(xk) ≤ −(1−c3
96

)
√

ε3

L
, then fk(xk + ∆)− fk(xk) ≤ −(1−c3−c5

96
)
√

ε3

L
.

This statement is especially important for the stochastic setting, when we do not have
access to the true function, but only the cubic sub-model. Thus, we want to find an
approximation ∆ of the solution to the the cubic sub-model ∆∗ = arg min∆ m̃k(∆).
This approximation should satisfy then the following:

Condition 5.1. For any fixed, small constant c and K1 = 7
10

, CubicSubsolver 5.2
terminates within T (ε) gradient iterations (which depends on c in the Case 2) and
returns ∆ satisfying at least one of the following:

1. max{m̃k(∆), f(xk + ∆)− f(xk)} ≤ −K1

√
ε3

L
. (Case 1)

2. ‖∆‖ ≤ ‖∆∗‖+c
√

ε
L

and, if ‖∆∗‖ ≥ 1
2

√
ε
L

, then m̃k(∆) ≤ m̃k(∆
∗)+ c

12
L ‖∆∗‖3.

(Case 2)

Below we introduce the main algorithm with two subroutines for solving the cubic
sub-problem: one that satisfies Condition 5.1 (more details in Lemmas 5.2 and 5.4)
and another that ensures that the final point will be an ε-second-order stationary
point up to rescaling.
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Algorithm 5.1: SCR

Input : mini-batch sizes n1, n2 of two independent mini-batches (one can
also use increasing sizes as in [37]), initialization x0, number of
iterations Tout, and final tolerance ε

Output: x∗ if the early termination condition was reached, otherwise the
final iterate xTout+1

for k = 0, ..., Tout do
Sample S1 ← {ξi}n1

i=1, S2 ← {ξi}n2
i=1;

gk ← 1
|S1|
∑

ξi∈S1
f ′(xk, ξi);

Bk[·]← 1
|S2|
∑

ξi∈S2
f ′′(xk, ξi)(·) # Bk[·] stands for Hessian-vector

products;
∆,∆m ← CubicSubsolver (gk, Bk[·], ε) # ∆m = m̃k(∆);
xt+1 ← xk + ∆;
# Check, if we are doing enough progress ;
# The constant − 1

100
is chosen for simplicity. In the analysis value

−(1−c3
96

) used instead, where c3 is such that we have the desired descent
at every step using the Claim 5.1 ;

if ∆m ≥ − 1
100

√
ε3

L
then

∆← CubicFinalSubsolver (gk, Bk[·], ε);
x∗ ← xk + ∆;
return x∗;

end

end
return xTout+1;
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Algorithm 5.2: CubicSubsolver

Input : g, B[·], tolerance ε
Output: ∆,∆m

# Check if we can satisfy (Case 1) of the condition 5.1 with the Cauchy
point (more details in Lemma 5.2);

if ‖g‖ ≥ l2

L
then

# This step has the complexity O(1) (more details in Lemma 5.2);

Rc ← − 〈Bg,g〉L‖g‖2 +

√(
〈Bg,g〉
L‖g‖2

)2

+ 2‖g‖
L

# The Cauchy radius;

∆← −Rc
g
‖g‖ # the Cauchy point;

else
# Otherwise, we satisfy (Case 2) of the condition 5.1 (more details in
Lemma 5.4);

# This step has the complexity Õ( l√
Lε

) (more details in Lemma 5.4);

∆← 0, σ ← c′ε, η ← 1
20l

;
# Justification for drawing g̃ from the perturbation ball can be found
in [26], Lemma 15 ;
g̃ ← g + σθ for θ ∼ unif(Sn−1);
for k = 1, ..., T (ε) do

∆← ∆− η(g̃ +B∆ + L
2
‖∆‖∆);

end

end
∆m = m̃k(∆);

Algorithm 5.3: CubicFinalSubsolver

Input : g, B[·], tolerance ε
Output: ∆
∆← 0, gm ← g, η ← 1

20l
;

while ‖gm‖ > ε
2

do
∆← ∆− ηgm;

gm ← g +B∆ + L
2
‖∆‖∆;

end

5.4 Main results

Remark 5.2. Note, further we assume that ε ≤ l2

L
, or ‖gk‖ ≥ ε is satisfied - oth-

erwise, by the Lipschitz-gradient assumption, we get that λmin(f ′′(x)) ≥ −
√
Lε, and
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‖gk‖ ≤ ε.

Condition 5.1 is theoretically important, as it gives us the rate of convergence to an
ε-second-order stationary point:

Theorem 5.1. There exists a constant c such that if f satisfies Assumption 5.1, Cu-

bicSubsolver satisfies Condition 5.1 with c and n1 ≥ max{M1

cε
,
σ2
1

c2ε2
} log

(
n
√
L∆f

ε1.5δc

)
, n2 ≥

max{ M2

c
√
Lε
,
σ2
2

c2Lε
} log

(
n
√
L∆f

ε1.5δc

)
, then for all δ > 0 and ∆f ≥ f(x0)− f ∗, Algorithm 5.1

will output an ε-second-order stationary point of f with probability at least 1 − δ
within

Õ
(√L∆f

ε1.5

(
max

{M1

cε
,
σ2

1

c2ε2

}
+ max

{ M2

c
√
Lε
,
σ2

2

c2Lε

}
· T (ε)

))
= Õ(ε−3.5)

total stochastic gradient and Hessian-vector product evaluations.

The next two Lemmas show that Condition 5.1 is indeed satisfied. The first one
states that for the Cauchy step choice in Algorithm 5.2 we have the following result:

Lemma 5.2. Assume the same setting as in Lemma 5.1 with c1, c2 sufficiently small.
If ‖gk‖ ≥ l2

L
, the Cauchy step defined by ∆ = −Rc

gk
‖gk‖

will satisfy

m̃k(∆) ≤ −K1

√
ε3

L
, f(xk + ∆)− f(xk) ≤ −K1

√
ε3

L

for K1 = − 7
20

. Thus, when ‖gk‖ ≥ l2

L
Algorithm 5.2 will satisfy the (Case 1) in

Condition 5.1.
The complexity of computing the Cauchy step is O(1).

The second one gives guarantees for the gradient descent loop in Algorithm 5.2 (till
the end of this section we will refer to it simply as gradient descent). Let us make
first following notations for some step k:

β := ‖Bk‖ , γ = −λmin(Bk), and R =
β

L
+

√(β
L

)2

+
2 ‖gk‖
L

.

Let us make the following assumptions as well:

Assumption 5.2. The step size η of the gradient descent in Algorithm 5.2 satisfies

0 < η <
1

4(β + L
2
R)
.
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Assumption 5.3. The initial iterate ∆ of the gradient descent is set to

∆ = −r g0

‖g0‖
, where 0 ≤ r ≤ Rc.

Above we have stated assumptions and definitions that are used in Theorem 3.2 from
[17]. This theorem is crucial then in the proof of Lemma 5.4 below for the complexity
of the sufficient descent of the gradient descent.
First, let us restate Theorem 3.2, and the important parts of Corollary 2.5 and
Lemma 4.6 from [17]:

Theorem 5.2. Let Assumptions 5.2 and 5.3 be satisfied, g̃ = g + σq for σ =
Lε′

β+L‖∆∗‖
σ̄
12

such that σ̄ ≤ 1, and q ∼ unif(Sn−1). Then

m̃(∆) ≤ m̃(∆∗) + (1 + σ̄ε′)

for

t ≥ T (ε′) =
1 + σ̄

η
min

{
1

L
2
‖∆∗‖ − γ

,
10 ‖∆∗‖2

ε′

}
·

(
6 log

(
1 + χ{γ>0}

3
√
n

σ̄δ′

)
+ 14 log

(
(β + L ‖∆∗‖) ‖∆∗‖2

ε′

))
with probability 1− δ′.

Corollary 5.1. Let Assumptions 5.2 and 5.3 be satisfied. Then the iterates ∆ of
the gradient descent at every step satisfy 〈∆, m̃′(∆)〉 ≤ 0, the norms ‖∆‖ are non-

decreasing and ‖∆‖ ≤
∥∥∥∆̃∗

∥∥∥ , where ∆̃∗ denotes the exact minimizer of the perturbed

problem, i.e., when gk is replaced with g̃k.

Lemma 5.3. In the setting of the perturbed problem as in the previous Corollary 5.1
we have that

| ‖∆∗‖ −
∥∥∥∆̃∗

∥∥∥ | ≤ 4σ

L

They are used to show the complexity of the sufficient descent:

Lemma 5.4. Assume the same setting as in Lemma 5.1 with c1, c2 sufficiently small,
‖gk‖ ≤ l2

L
, η = O(1

l
), g̃k = gk+σq for σ = O(ε), and q ∼ unif(Sn−1). If ‖∆∗‖ ≥ 1

2

√
ε
L

and L
2
‖∆∗‖−γ ≤ ε′

10‖∆∗‖2 then the gradient descent iterate ∆T (ε′) for T (ε′) = Õ( l√
Lε

)

will satisfy

m̃k(∆T (ε′)) ≤ m̃k(∆
∗) + c3

L

12
‖∆∗‖3
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with probability 1− δ′, where δ′ is as in Theorem 5.2 and will always satisfy

∥∥∆T (ε′)

∥∥ ≤ ‖∆∗‖+ c4

√
ε

L

for ε′ = c3
L
24
‖∆∗‖3. Thus, when ‖gk‖ ≤ l2

L
, Algorithm 5.2 will satisfy the (Case 2)

in Condition 5.1.

Remark 5.3. We will eventually choose δ′ = O(ε1.5), which means, that the smaller
we want our approximation error to be, the smaller should be the probability of failure
of the guarantees at every step.

Now, Lemmas 5.2 and 5.4 and Theorem 5.1 are used to get the following Corollary,
which is the main theoretical result for Algorithm 5.1. Note that theoretically it
gives an improvement over the Õ(ε−4) rate of SGD ([25]).

Corollary 5.2. Under the same setting as in Theorem 5.1, if ε ≤ min{ σ2
1

c1M1
,

σ4
2

c22M
2
2L
},

and if we use Algorithm 5.2 for the CubicSubsolver, then with the probability greater
than 1−δ and ∆f ≥ f(x0)−f ∗ Algorithm 5.1 will return the ε-second-order stationary
point of f(x) within

Õ
(√L∆f

ε1.5

(σ2
1

ε2
+
σ2

2

Lε

l√
Lε

))
= Õ(ε−3.5)

total stochastic gradient and Hessian-vector product evaluations.

Remark 5.4. In the previous corollary we have four main terms:

1.
√
L∆f

ε1.5
comes from the satisfaction of Condition 5.1 at each iteration of the loop

in Algorithm 5.1,

2.
σ2
1

ε2
comes from the sample size of stochastic gradients being big enough for

Condition 5.1 to be satisfied (more details in Lemma 5.1),

3.
σ2
2

Lε
comes from the sample size of stochastic Hessian-vector products being big

enough for Condition 5.1 to be satisfied (more details in Lemma 5.1),

4. l√
Lε

comes from the number of iterations of the loop in the CubicSubsolver 5.2

corresponding to the (Case 2) (more details in Lemma 5.4).
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6 Alternative algorithms for CubicSubsolver

As gradient descent is considered as a most basic algorithm, we want to discuss
some alternative sub-solvers. We will be interested in empirical algorithms and their
practical relevance for us in this section. Note that in the experiments we will not
use Algorithm 5.3.

6.1 Adaptive gradient descent (AdGD)

This method ([23]) removes the need of tuning an additional hyper-parameter - learn-
ing rate - in the gradient descent as a sub-solver. It does so by approximating the
learning rate as an approximation of the inverse local Lipschitz constant. Because
polynomials (and the cubic sub-problem is a polynomial) are locally Lipschitz con-
tinuous, it is of special interest for us.
Concretely, the adaptive stochastic gradient descent method in our case is described
in the following algorithm:

Algorithm 6.1: Adaptive SGD

Input : g,B[·] - stochastic gradient (sampled in the outer step of
Algorithm 5.3), Hessian-vector product (sampled at every
product), ∆0 - initialized by the Cauchy step, Tstop, α > 0

Output: ∆Tstop

ĝ0 ← g,∆1 ← ∆0 − ĝ0, λ0 > 0, θ0 = +∞;
for k = 1, ..., Tstop do

ĝk ← g +B∆ + L
2
‖∆‖∆;

L← ‖ĝk−ĝk−1‖
‖∆k−∆k−1‖

;

λk ← min{
√

1 + θk−1λk−1,
α
Lk
} ;

∆k ← ∆k−1 − λkĝk;
θk = λk

λk−1
;

end

6.2 Solving a linear system

This is a direct modification of Case 2 in Algorithm 5.2, where instead of

∆← ∆− η(g̃ +B∆ +
L

2
‖∆‖∆),
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we will solve the respective linear system by:

∆← −(B +
L

2
‖∆‖)−1g̃,

where the inverse matrix-vector products (we say so instead of the “inverse Hessian-
vector products” because we would like to invert not the approximated Hessian but
the sum of it and some multiple of identity) will be approximated with one of the
methods discussed in the next section. This method allows as well to avoid the
tuning of the learning rate.

7 Hessian approximation

In order to both efficiently compute inverse matrix-vector products, as introduced in
the previous section, and Hessian-vector products required in the gradient descent
based cubic sub-solver, we will introduce following empirical schemes and discuss
their practical relevance.

7.1 AdaHessian

As in Adam ([44]), this method relies on the exponential averaging of the first and
second moments. Concretely, in our setting, at every step k ≥ 1, it computes the
averaged stochastic gradient ḡk and Hessian B̄k based on the past stochastic gradients
gk and stochastic Hessian diagonal approximations B̃k as follows:

ḡk =
(1− β1)

∑t
i=1 β

t−i
1 gi

1− βt1
,

B̄k =
(1− β2)

∑t
i=1 β

t−i
2 B̃i � B̃i

1− βt2
.

Here, 0 < β1, β2 < 1 are the first and the second moment hyper-parameters, that
have the same values as in Adam. The stochastic Hessian diagonal approximations
B̃k at every step are computed using Hutchinson’s method:

B̃k = z � (Bkz),

where z ∼ Rademacher(0.5). This approximation is motivated by the fact that

E(B̃k) = diag(Bk) ([45]). The resulting ḡk, B̄k are then used instead of gk, Bk in the
aforementioned sub-problem solvers. Note that the approximation of the stochastic
Hessian with a vector allows to easily invert it, thus it can be used directly both for
the Hessian-vector and inverse matrix-vector products.
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7.2 SdLBFGS

This approximation of the inverse matrix-vector products relies on the adaptation
of the L-BFGS method to the stochastic non-convex setting (10) - and is thus called
stochastic damped L-BFGS (SdLBFGS)([41]). SdLBFGS preserves the positive-
definiteness of the approximation to the matrix of interest in the stochastic non-
convex case. The strongly convex case is easier, as the matrix preserves positive-
definiteness, because the curvature condition

sTk−1yk−1 > 0

is satisfied then. The non-convex deterministic case can satisfy the curvature con-
dition using line search. This, however, is not feasible in the non-convex stochastic
case (10). It is done using the modified two-loop recursion (Procedure 3.1 in [41]).

7.3 WoodFisher

This approximation to the inverse matrix-vector products is motivated by the natural
gradient descent ([49]). Here, we assume the conditional probability distribution
px(yout|yin) := p(yout|f(yin, x)) of the output yout ∈ Rout, given the input yin ∈ Rin and
the model f , parametrized by x. We assume as well that there are N i.i.d. training
samples {(yiin, yiin)}Ni=1. Natural gradient descent then does constrained minimization
at each k of the first-order approximation of the function f around xk:

xk+1 = arg min
x∈Rn

f(xk) + 〈f ′(xk),∆k〉+
γ

2
‖∆k‖2

A ,

where ∆k := x − xk, update of which is, in turn, similar to the damped Newton
method (1):

xk+1 = xk − hkA−1f ′(xk),

where A is a weight matrix, chosen so that the KL-divergence between the probability
distributions pxk(yout|yin), pxk+∆k

(yout|yin) stays constant. Intuitively, it is done to
ensure the constant “speed” during the optimization.
It can be further shown ([48]) that, using the second-order Taylor expansion of
ln pxk+∆k

(yout|yin) around xk,

KL(pxk(yout|yin)||pxk+∆k
(yout|yin) ≈ 1

2
∆T
kF (xk)∆k =

1

2
‖∆k‖2

F (xk) ,

where v(xk) := ln pxk(yout|yin), and F (xk) := Epxk (yout|yin)[v
′(xk)v

′(xk)
T ]

= Epxk (yout|yin)[−v′′(xk)]. So we set A equal to F (xk). This is the Fisher informa-

tion matrix at xk, and we will call further F̃ (xk) := 1
N

∑N
i=0 v

′
i(xk)v

′
i(xk)

T , where
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v′i(xk) = ln pxk(yiout|yiin), the empirical Fisher information matrix at xk.
In the case of the `2 loss function in regression and conditional probability distribu-
tion assumed to be a Gaussian distribution with a unit variance the empirical Fisher
information matrix at xk is known to approximate the Hessian at xk (see e.g. [50],
where also other generalizations are discussed).
In the experiments we use the update based on the Woodbury matrix identity ([51])
as in [52], Section 3.2.

8 Experiments

Here we focus on empirical results of the original SCR algorithm together with the
improvements discussed above, such as the approximation of the stochastic Hessian
matrix using AdaHessian, sdLBFGS, WoodFisher as well as solving the sub-problem
using AdGD, and solving a linear system.
We compare the performance of the mentioned algorithms with Adam and SGD
(without momentum) on four problems: synthetic problem of the w-shaped func-
tion, deep autoencoder (AE) ([56]) and linear regression applied to the MNIST
dataset, convolutional neural network (CNN) ([57]) and deep residual neural network
(ResNet-18) ([55]) applied to CIFAR dataset. As we will see, not only theoretically
but also empirically SCR outperforms SGD in most of the cases and the proposed
improvements of SCR outperform the original version of SCR discussed before in
most of the cases.
For all problems except for the synthetic problem of the w-shaped function we will

• initialize weights using the uniform Xavier method ([59]);

• run first SGD for 10 epochs (full passes of the training data), where the learning
rate (LR) is chosen during the cross-validation (CV) on 3 epochs (for more
details regarding CV, see Appendix A) - which we will call the warm-start;

• initiate the respective algorithm with the parameters learned during the warm-
start and run them for 90 epochs - which will result in a total of 100 epochs;

• apply the smoothing with the uniform windowing function of length 10 to make
the results with high variance of the training loss more readable.

The use of warm-start is motivated by the paper [39], where two regimes of training
are proposed.
For problems except for the synthetic problem of the w-shaped function the CV goes
through the following set of parameters: LR from ALR := {c ·10−j|c ∈ {1, 3, 5, 6}, j ∈
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{1, 2, 3, 4, 5}}, parameter M of ξ2,x,M - from AM := {1, 10, 100, 500, 1000} and the
number of inner iterations T (ε) - from AT := {1, 4, 10}. Moreover, we set the batch
size for the stochastic (inverse) Hessian-vector product to 10. Considering that this
may not approximate the (inverse) Hessian-vector product well enough, we will run
additional experiment to check the approximation quality as described below. In all
the experiments except for the CNN experiment we will see, however, that the value
10 gives a sufficient approximation.
Further we will denote by number of computations the total number of both stochas-
tic gradient as well as stochastic (inverse) Hessian-vector product evaluations and
by oracle calls the total number of samples used for each computation. For every
experiment except for the synthetic problem of the w-shaped function we will provide
3 plots:

• for SGD, Adam, and the 2 best modifications of the SCR algorithm based on
the results of the CV - the loss on the full training dataset (training loss) with
respect to the oracle calls, which the theory on the convergence rate introduced
in Section 5 supports;

• for the behaviour of the norm of the stochastic gradient of the best modification
of the SCR based on the results of the experiments with 100 epochs;

• for the comparison of the training loss with respect to the number of compu-
tations of the best (chosen based on the results of the experiments with 100
epochs) modification of the SCR using the batch size for the Hessian-vector
product of 10, respectively 100.

Experiments are done in PyTorch [40], and can be still speeded up using efficient
Hessian-vector product computation using the Pearlmutter method [34].

8.1 Synthetic w-function

First, we would like to see, how SCR performs against SGD on the simple task with
a saddle point. For this, as in [1], we use the function w(x) with small negative
curvature at the origin with 1-Lipschitz second derivative. Concretely, we want to
minimize

min
x∈R2

[w(x1) + 10x2
2],
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where w at x ∈ R is defined using a slope parameter ε and a length parameter L:

√
ε(x+ (L+ 1)

√
ε)2 − 1

3
(x+ (L+ 1)

√
ε)3 − 1

3
(3L+ 1)ε1.5, if x ≤ −L

√
ε;

εx+ ε1.5

3
, if − L

√
ε < x ≤ −

√
ε;

−
√
εx2 − x3

3
, if −

√
ε < x ≤ 0;

−
√
εx2 + x3

3
, if 0 < x ≤

√
ε;

−εx+ ε1.5

3
, if

√
ε < x ≤ L

√
ε;

√
ε(x− (L+ 1)

√
ε)2 + 1

3
(x− (L+ 1)

√
ε)3 − 1

3
(3L+ 1)ε1.5, if L

√
ε ≤ x.

In the experiments we set ε = 0.01, L = 5, choose the best (with respect to the loss,
where by loss we mean in this experiment the function evaluation at a given point)
LR from ALR and the best batch size for the Hessian-vector product from the set
{10, 30, 100, 300}.

Below we provide the plots of the cross section of the w-function, the loss, and the
behaviour of the norm of the stochastic gradient after the first step, at which the
norm is 0. Only in this experiment it was required to prohibit big increases of loss
by comparing the function evaluations at each two consecutive steps. Here it does
not play a big role, as the function evaluations are cheap.

Figure 2: Cross section of the function we minimize
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Figure 3: Performance of SGD vs. SCR

Figure 4: Behaviour of the stochastic gradient norm using SCR

As we can see, in the given setting of a synthetic saddle point problem SCR outper-
forms SGD and thus motivates us to run experiments on a series of non-synthetic
problems.

8.2 Linear regression

In this experiment we use MNIST dataset, where each datapoint is in [0, 1]28×28

(28×28 grayscale images of digits), the mapping that we want to learn is [0, 1]28×28 7→
R10 (we map from the space of the pictures to the space of the one-hot labels of the
digits), and we use the `2 loss between the mapped values and the correct one-hot
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labels. The meaning of the plots below is described in the beginning of the current
section.
The difference in the length of the lines is due to the different number of oracle calls
required to complete the experiments with 100 epochs. The longest corresponds to
the modification of SCR with the higher number of inner steps T (ε). The same holds
for the rest of the experiments.

Figure 5: Performance of SGD vs. SCR vs. Adam
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Figure 6: Behaviour of the stochastic gradient norm using SCR

Figure 7: Influence of the increasing Hessian batch size
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We would expect for a Newton-based method to have a faster convergence than that
of the gradient descent for the convex loss function of this setting. However, in the
stochastic setting after the warm-start it does not seem to hold. As we can see in
Appendix A, from the CV on 3 epochs, before the warm-start, SCR outperforms
SGD. This might indicate that another CV is required after the warm-start. Here
we see additionally that the tenfold increase of the batch size for the stochastic
Hessian-vector product does not result in the significant improvement of the speed
of convergence.

8.3 Autoencoder (AE)

In this experiment we use the same dataset and the loss function as in the Linear
regression experiment above. Here, however, we want to find another mapping - from
[0, 1]28×28 to [0, 1]28×28 - which for the sake of simplicity is characterized as encoder of
architecture (28× 28)→ 512→ 256→ 128→ 32 with the symmetric decoder. The
goal of this mapping, is to generate images of digits (elements of [0, 1]28×28) similar
to those in the MNIST dataset.

Figure 8: Performance of SGD vs. SCR vs. Adam
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Figure 9: Behaviour of the stochastic gradient norm using SCR

Figure 10: Influence of the increasing Hessian batch size

Here, we observe that, similarly to the results of [1], the SCR-based optimizers out-
perform SGD, which is supported by the theory introduced in the Section 5. More-
over, the convergence is close to the one of Adam, which is considered empirically to
be one of the best optimizers for the stochastic optimization in terms of the speed
of convergence. As in the case of the Linear regression experiment, increasing the
batch size for the stochastic Hessian-vector product does not result in the significant
improvement of the speed of convergence.

8.4 Convolutional neural network (CNN)

For the next two experiments we will use CIFAR dataset, where each datapoint is in
[0, 1]32×32 (32×32 colour images in 10 classes), the mapping is from [0, 1]32×32 to R10,
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and the loss function is the cross-entropy function between the the mapped vector
d ∈ R10, which indicates, how probable it is that the given datapoint belongs to each
of the classes {1, ..., 10} and the correct class C ∈ {1, ..., 10}:

loss(d, C) = − ln
( exp(dC)∑

i∈{1,...,10} exp(di)

)
.

The architecture that characterizes the mapping is taken from Source.

Figure 11: Performance of SGD vs. SCR vs. Adam with the LR taken from the CV
on 3 epochs

In the figure above we can see that SGD has high variance of the training loss
(even after applying the smoothing), thus we would like to see, if decreasing the
LR would result in the less stochastic performance, which is clearly the case on the
figure below. We see moreover that on the figure below decreasing LR results in
the faster convergence and less stochastic performance of the SCR-based optimizers.
This again indicates that the second CV after the warm-start can further improve
the results.
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Figure 12: Performance of SGD vs. SCR vs. Adam with the decreased LR

Figure 13: Behaviour of the stochastic gradient norm using SCR
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Figure 14: Influence of the increasing Hessian batch size

We can see that SCR-based optimizers outperform SGD, which is supported by the
theory introduced in the Section 5, their convergence is also close to the one of
Adam. Moreover, in this case increasing the batch size for the stochastic inverse
Hessian-vector product clearly results in the faster convergence.

8.5 ResNet-18

In this experiment we use the same dataset and loss function as in the AE experiment
above, but the architecture that characterizes the mapping has more parameters and
is more complex. It is taken from Source.

Figure 15: Performance of SGD vs. SCR
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Figure 16: Behaviour of the stochastic gradient norm using SCR

Figure 17: Influence of the increasing Hessian batch size

In this last experiment SCR-based optimizers again outperform SGD and their con-
vergence is as well close to the one of Adam. Here, however, increasing the batch size
of the inverse Hessian-vector product does not result in the significant improvement
of the speed of convergence.

9 Conclusion

In this thesis we have given an overview of both the mathematical theory of the
deterministic CR method as well as the main results for its stochastic modification
- SCR. We have furthermore proposed novel improvements of both the cubic sub-
problem solver and the approximation of the (inverse) Hessian-vector products. In
the experiments we could see that based on the CV on 3 epochs (see Appendix A)
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the proposed modifications had faster convergence than the original SCR, except for
the Linear regression experiment. Moreover, some of them let us remove one of the
hyper-parameters - LR - to tune, which saves the time for the CV. We have looked
as well empirically at the approximation quality of the stochastic (inverse) Hessian-
vector products and seen that in the chosen experiments its value can be set to a
value as low as 10 without significantly worsening the speed of convergence.
The proposed improvements had convergence in most of the cases faster than the
one of SGD, which is supported by the described theory and similar to the one of
Adam, which gives an indication that further additional improvements of SCR can
make it a competitive second-order algorithm for stochastic optimization not only
theoretically but also in practice.
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A CV on 3 epochs - pairwise comparison

On the plots below we can see the comparison of the speed of convergence of the
training loss on 3 epochs of SGD with each of the SCR-based method, based on the
improvements proposed in Sections 6 and 7. This is done for the problems of the
Linear regression, AE, CNN, and ResNet, as these results are then used to select
two SCR-based methods with the fastest convergence for the experiments with 100
epochs as described in the Section 8.
According to the discussion in the end of the Section 7.3, we will run the experi-
ments with the stochastic inverse Hessian-vector products approximated using the
WoodFisher method only for the Linear regression and AE experiments as only for
them we have used the `2 loss function. Additionally, if all the experiments used
a particular modification of the SCR-based method have diverged on a particular
dataset, we will not display them.
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Figure 18: CV on 3 epochs - Linear regression
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Figure 19: CV on 3 epochs - AE
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Figure 20: CV on 3 epochs - CNN
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Figure 21: CV on 3 epochs - ResNet-18
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