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Abriss

Wir présentieren eine Konstruktion von Energienormen fiir die radiale Wellengleichung in unger-
aden Raumdimensionen in einem kiirzlich entwickelten Koordinatensystem, genannt hyperboloidal
similarity coordinates. Unsere Strategie verwendet die bekannte Transformation der radialen
Wellengleichung in ungeraden Raumdimensionen auf die eindimensionale Wellengleichung. Der
Schliissel dabei ist das Versténdnis dieser Reduktion in den neuen Koordinaten in Schritten von
zwei Dimensionen. Wir beweisen Abbildungseigenschaften der zugehoérigen Operatoren und erhal-
ten zu Sobolevnormen dquivalente Energienormen, welche zugleich gute Wachstumsabschétzungen
fiir die freie Wellenevolution geben. Daraus folgen Existenz und Energieabschitzungen fiir Losun-
gen der freien Wellengleichung in hyperboloidal similarity coordinates. Dies liefert fiir weitere
Anwendungen passende Topologien, welche neue Moglichkeiten zur Untersuchung der Stabilitét
von selbstdhnlichem Blowup in Wellengleichungen auf der globalen Raumzeit durch hyperboloidal
similarity coordinates eréffnen.

Abstract

We present a construction of energy norms for the radial wave equation in odd space dimensions
in a recently developed coordinate system called hyperboloidal similarity coordinates. Our strategy
adopts the well-known transformation of the radial wave equation in odd space dimensions to the
one-dimensional wave equation. The key is to understand this reduction in the new coordinate
system as an operation in steps of two space dimensions. We prove mapping properties for the
associated operators and obtain energy norms that are equivalent to Sobolev norms and at the
same time exhibit good growth estimates for the free wave evolution. As a result, existence of
solutions and energy bounds for the free wave evolution in hyperboloidal similarity coordinates
follow. As an outline for further applications, this provides suitable topologies which open the
door for a rigorous study of stability of self-similar blowup in wave equations on the whole
spacetime through hyperboloidal similarity coordinates.
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1 Introduction

The free wave equation in (1 + d)-dimensional Minkowski space R4 reads
OFu(t, x) — Agu(t,x) =0. (1.1)

If u € C°°(RY?) is radial there exists € C°°(R!) such that (¢, . ) is even and u(t, . ) = u(t,| .|)-
Under this symmetry assumption the wave equation takes the form of the d-dimensional radial
wave equation

O2u(t,r) — 0%u(t,r) — <2a(t,r) = 0. (1.2)

I

This type of equation appears in many interesting situations in some perturbed form, e.g., in
the study of stability of self-similar blowup in wave equations or as models in the mathematical
foundations of physics. Self-similar blowup at a finite blowup time 7" € R is conveniently studied in
coordinates that are compatible with self-similarity, meaning that the fraction 7= is independent
of the new time variable in such coordinates. One such novel system, that has been introduced
in [1], are so-called hyperboloidal similarity coordinates. These coordinates are capable of
covering the whole exterior region of the future light cone of the blowup event (T,0) and thus
make it possible to study the stability of blowup solutions on the global space, rather than only
in the backward light cone. They are defined through

(ta l‘) = (T + e_sh(y)7 e_sy>

where h(y) = /2 + |y|? — 2. In order to deal with a perturbation theory for the radial wave
equation in hyperboloidal similarity coordinates one has to develop a solid understanding of the
free wave evolution in these coordinates. As the wave equation transforms to a geometric wave
equation, this becomes algebraically rather evolved so that knowledge of the special structure of
the equation will be essential. In particular, to control the wave evolution in these coordinates
one is led to come up with energy norms that incorporate enough regularity and allow to prove
energy bounds. In one space dimension the full range of energy bounds with exponential decay
has been derived by Biernat-Donninger-Schérkhuber in [1] and extended to the wave evolution in
five space dimensions where it was used to study wave maps on (1 + 3)-dimensional Minkowski
spacetime. However, it was unclear how to generalize this to higher dimensions, as there are
models to be analysed such as equivariant Yang-Mills fields on (1 + 5)-dimensional Minkowski
space.

The set-up employed by Biernat-Donninger-Schérkhuber is based on the reduction of the five-
dimensional radial wave equation to the one-dimensional wave equation that manifests itself as a
commutation relation for the radial Laplace operator r— (=19, (r*=19,u(t,r)). Such transforma-
tions exist and are well-known, provided that the space dimension d is odd, cf. [13, p. 74, Lemma
2]. More concretely, if u solves (1.2) we get by virtue of

d—3

a(t,r) = (r='9,) = (r* (L, r)) (1.3)

a solution to 0%u(t,r) — 8%u(t,r) = 0. If one tries to transfer this transformation directly to
another coordinate system, the resulting algebraic expressions do become inaccessibly complicated.
Apart from that, the transferred field will contain in general derivatives that are higher order in
the new time variable which makes a systematic analysis practically impossible.

The key observation in overcoming this difficulty is that (1.3) arises from repeated applications of
transformations of the type
rd=3)g, (rd_Zﬂ(tﬂ“)) (1.4)
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Figure 1. Hyperboloidal similarity coordinates [1]. The hyperboloids correspond to the level sets of s
and are asymptotic to the boundary of the future light cone of (T),0) which is sent to {s = co}. The
radial lines emerging from (7',0) are sets of constant y.

that map solutions of the radial wave equation in d dimensions to corresponding solutions in d — 2
dimensions. Throughout this thesis we will refer to this as the descent method. As it turns
out, the transformations in steps of two dimensions have very convenient mapping properties in
hyperboloidal similarity coordinates that are the main subject of this thesis.

1.1 Notation

In order to deal with constants in inequalities we define on R the relation
xSy & JFC>0:2<Cy.

With thisz 2y ySraswellasz ~y < o < yand x 2 y. We express uniformity in such
inequalities by the attachment
xx Syx forall A,

meaning that there is a constant C' > 0, independent of A, such that for all A the inequality
) < Cyy holds uniformly in .

for all z € R<.

If @ C R? is open and k € Ny we define for f € C°(Q) the Sobolev norm ||.||gr (o) and
homogeneous Sobolev norm || || g () by

ey = D0 10%flley s Ml = D 10°F e

lo| <k la|=k

respectively. The corresponding Sobolev spaces H*(§2) are the completions of C°(Q) with respect
to |- |z#(q). Moreover, we have the closed subspace HE () of radial H*-functions that is
the completion of smooth radial functions in the Sobolev norm. On intervals Bz C R that are
symmetric around the origin we will frequently consider the spaces HE,.(Br), HE, (Bg) that
arise from the completion of smooth functions that are even or odd, respectively.

We denote by S(R?) the Schwartz space on R? where we have the Fourier transform available.
We introduce it conveniently by

Fi©) = [ e s ate
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for all f € S(R?). The Sobolev norms on R? may be equivalently introduced with the Fourier
transform via

Il = 1CY Fhllz@ey,  Nflas@) = I PFFllremey

where s > 0 and (z) = /1 + |z|? denotes the Japanese bracket.

Throughout this thesis we make use of Einstein summation convention.

1.2 The result

Whenever u denotes a function on R in Cartesian coordinates (t,z), then v will denote this
function on R*? in hyperboloidal similarity coordinates (s,y), i.e.,

v(s,y) =u(T +e *h(y), e ’y).

In particular, if 0#0,u = 0 then u transforms to a function v that solves the geometric wave

equation
1

Vel

where g denotes the Minkowski metric expressed in hyperboloidal similarity coordinates. In our
approach we formulate the wave equation within the notions of strongly continuous semigroups.
We introduce v(s, .) = [v(s, .),0sv(s, .)], then the latter equation is equivalent to a first order
system

a# ( ‘g |gw3ﬂ,) =0,

Osv(s,.) =Lgv(s, .) (1.5)
for some spatial differential operators Ly that are properly introduced in section 2. As indicated
earlier, in order to deal with perturbations of (1.5) one has to provide a sufficiently regular norm
that controls the non-linearity and gives energy bounds on the free equation. This is one of the
main tasks in this master’s thesis that we solve by reducing it to a one-dimensional problem.

Proposition 1.1. Let R € R, d, k € Ny such that R > 0, d > 3 is odd and k > %. There is a
bijective mapping

Dy HE (B) x Hby(BY) > Hll ™7 (Br) x Higy ™ (Ba)
with
HDdeHka%(BR)XHF%(BR) > €]l e gy x e () (1.6)
such that

DyLf — Dyf = LyDyf (1.7)
for all f € C2,(B%)2.

This result is constructive in the way that for an arbitrary but fixed odd space dimension d, the
operator Dy is given explicitly. It enables us to reduce problems to the one-dimensional wave
equation and transfer the solutions back to the original higher dimension. For instance, the
equivalence of Sobolev norms (1.6) will yield energy bounds and behind the intertwining identity
(1.7) is the reduction of the radial wave equation from d dimensions to one dimension from which
we will obtain existence of solutions. This is based on the corresponding results in [1], reviewed
in subsection 3.2, about the semigroup for the one-dimensional wave evolution in hyperboloidal
similarity coordinates that is generated by L;. With this we arrive at our main result that is a
systematic generalization of [, Theorem 3.12] therein to odd space dimensions.
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Theorem 1.1. Let R € R, d, k € Ny such that R > %, d >3 is odd and k > %.

1.) There is a strongly continuous one-parameter semigroup
Sa : 0,00) = S(HLH (BR) x HYya(BF))

generated by

L;=D;'(L; +I)Dy (1.8)
such that
ISa($)E | press By xmre @) S 6‘9/2||f||Hk+1(IB§)ka(B<;?) (1.9)

for all s > 0 and £ € H* 1 (B%) x HE (B%).
2.) Furthermore, if k > 952 +2 and f € Cf;d(@)z let v(s, .) = Sa(s)f for s > 0. Then
Osv(s,.) =Lgv(s, .).

and v = [v]; € C?([0,00) x Bg) is a classical solution to the wave equation in hyperboloidal
similarity coordinates.

1.3 OQutline of applications

Our result paves the way to study stability of self-similar blowup in equivariant wave maps and
Yang-Mills models on the spacetime region outside the future light cone of the blowup.

Wave maps equation. The semilinear wave equation

d —1sin(2¢(t,r))

2 r2 =0

07 (t,7) — OR(tsr) — Lot ) +

arises for example in the study of equivariant wave maps R4 — S% of Minkowski space into the
d-sphere, cf. [1]. This model exhibits self-similar blowup solutions of the form

Yr(t,r) = 2arctan (\/dlf?Tr]) .

Stability of this solution on the whole space has recently been solved for d = 3 in [1] with the aid
of hyperboloidal similarity coordinates.

Yang-Mills models. Another instance where a semilinear wave equation of the form

d—3 d—2
8,521/)(75,7“) - 872"(/)(7577“) - T qu(tvr) + 72 F(lﬂ(tﬂ")) =0,
with a nonlinearity F(¢) = ¥ (¢ + 1)(v + 2), appears is in Yang-Mills theory, cf. [12]. In the
energy-supercritical dimension d = 5 there is an explicit blowup solution
r 1 - QQ
Ur(t,r) =Wolz=)—1,  Wolo) = -
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Stability of this blowup solution in the backwards lightcone of the blowup event has been
demonstrated by Donninger [12]. Stability on the whole space may be tackled with the results of
this master’s thesis.

Let us remark that the nonlinearity is singular at » = 0, so one considers instead the radial field
u(t, .) =1(t,|.]) such that u(t,r) = 721 (¢,r). We end up with a semilinear-wave equation

d+ 1a(t, r)+ (d—2) (3a(t, r)® + r’au(t,r)?)

atza(ta T) - 83a(tv T) -

in effectively d+2 dimensions. This field scales like e?*. If we take this factor in the energy bounds
from theorem 1.1 into account, we have in this sense indeed an exponential decay estimate.

1.4 Structure of the thesis

The goal of this thesis is to develop tools for a perturbation theory of the radial wave equation in
hyperboloidal similarity coordinates, as outlined in the introduction.

In section 2 we introduce hyperboloidal similarity coordinates and study their geometry. We
prepare quantities such as the Jacobian, metric, Christoffel symbols and the Laplace-Beltrami
operator. This serves as a reference and background for computations made throughout this
thesis.

In section 3 we discuss how a standard energy estimate can be obtained for the radial wave equation
in hyperboloidal similarity coordinates. We also review the results for the one-dimensional wave
evolution that have been established exhaustively by Biernat-Donninger-Schérkhuber [1]. This
case can be viewed as a base case to which, as we will ultimately show, problems in higher
dimensions can be reduced to. One exploits that there are vector fields that commute with
the half-wave equation and lead to energy bounds that feature exponential decay for the free
wave evolution. However, it is not clear how the technique that leads in one dimension to the
energy bounds generalizes to higher dimensions, if at all. The next attempt challenges us on
three different levels. First of all, we have to incorporate higher derivatives in our energy. As the
standard energy only provides a seminorm on open balls, a further crucial step is to come up
with a full norm with sufficient regularity. At the same time, all of this has to be compatible
with the free wave evolution so that the topology of the norm does not obstruct decay estimates
in hyperboloidal similarity coordinates. Therefore we consider transformations that preserve
radial-type wave equations and this will lead us to a re-discovery of the reduction of dimension
for the wave equation. We refer to this as the descent method.

In section 4 we develop the descent method in hyperboloidal similarity coordinates. This is
formulated appropriately within the picture of strongly continuous semigroups. We construct
descent operators that govern the reduction of the dimension in the radial wave equation and
show that they are bounded and bijective with bounded inverse. The inverse arises as an explicit
solution to a Sturm-Liouville problem. The bounds come from estimates of a Duhamel integral. To
some significant extent, we rely on the subtle structure of the coefficients of the descent operators
for this technical proof to work out. The successive application of these descent operators gives
the mapping that is anticipated in proposition 1.1. This gives a solution to the problem of finding
a compatible norm with the desired properties that were set out previously. We conclude with
the proof of theorem 1.1 which will be the main part of this thesis.
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2 Geometry of hyperboloidal similarity coordinates

We denote by R*¢ the (1 + d)-dimensional Minkowski space (R x R 1) where d € N is the space
dimension. Let T' € R be a parameter. Hyperboloidal similarity coordinates are defined by

nrRY S RY O (s,y) = (T + e *h(y), e *y),

where
hy) =2+ y2 -2, yeR?,

is called height function, throughout all dimensions. These coordinates define a diffeomorphism
onto their image Q7 = {(t,7) € R x R | —(T' —t) < |x|} which is the complement of the future
light cone at (T,0). The inverse is given by

npt Qe = RY (t2) = (log gr(t, ), gr(t, 2)x)

where
2(T —t) — V2 (T —t)% + |z|?
(T —1)% — |z|? ’

Unless the specific form of h is fixed, hyperboloidal similarity coordinates can be viewed as a general
family of coordinate systems. Their essential property is that the set {(h(y),y) € R | y € R4}
is a Cauchy surface asymptotic to the forward light cone, cf. [1]. Note, for example, for the choice
h(y) = —1 resp. gr(t,x) = (T —t)~! we retrieve standard similarity coordinates

gr(t,x) = (t,z) e {=(T' =t) <z}

or RV SRV (1,6) = (T —e 7, e77E).
They only cover the portion {(¢,2) € R |t < T} of Minkowski space.

2.1 Jacobian of hyperboloidal similarity coordinates

Let us compute the Jacobi matrices for hyperboloidal similarity coordinates. We find

[OnT](s,y) =e* {_h(y) 8yh(y)}

-y Ly
and
o0t ) = l FIGoN s a9 (t, ) ] ,
Org(t,x)x  x0g(t,x) + g(t,x)ly

Fori,7 =1,...,d we read off the components

oy (s,y) = —eh(y), Qiny(s,y) = e *0yih(y) ,

donip(s,y) = —e%y", (s, y) = e 58},
and

dong' (t,x) = 2'Ohg(t, x), Onrt (t,x) = 270, g(t, x) + g(t, z)5% .
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By block matrix inversion, or direct computation, the inverse matrices

1 __ 0yh(y)
[Drrr] ™! (5,9) = ° [Wy)g—h(w R T ] ,
Fhy=hly) 4T 9,h(y)y—h(y)
and oy o(tee)
_ _ 1 Oug(tm
on ) = | T T f’ff'“’w)]
- g(tz) 4
are obtained. For i, = 1,...,d the components are
_10 e’ _10 Oyih(y)
dong onr)(s,y) = » Ot onr)(s,y) = —¢ . :
Gonromr)(:9) = L gy —hyy O oY) YRy h(y) — h(y)
qi e’y i : y'Dyih(y)
dong* onr)(s,y) = . (@mr onr)(s,y) =€ (6?— ' :
Gonr™ omm)le,v) = o iy —hgy» G o) T YR, h(y) — hly)
and
— _ 1 Ouig(t,x)
dony Yt,x) =Tt i3 Ht,x) = T
(o o) (t,0) =T — ¢, @iz )4 ) = s T
T i - Lo
(Qong o nTl)(tvx) =—T, (Ojnp 0 TITl)(ta T) = m(sj :

It is easy to read off the determinant from the Jacobian, note that we can simply add a y*-multiple
of the (7 4 1)-st column to the first column to see

det[Onr (s, y) = e~ (d+D)s qot 8yh(y):‘é_ h(y) 8y?d(y) — o (dtD)s (ayh(y)y _ h(y)) . (21)

In the following set v = u o np for u € C°(RY%). As an immediate consequence we obtain that
partial derivatives transform to

eS

(o)) = G gy =h) T O 22

e’ ayj h(y)
y*0,kh(y) — h(y)

(05 + y" 0 )v(s,y) - (2.3)

(Ojuonr)(s,y) = e*0ju(s,y) —

2.2 Metric associated with hyperboloidal similarity coordinates

The metric associated with hyperboloidal similarity coordinates is

[g] = [onr]'[n][onr],

in components,

g00(s, ) = e (=h(y)* + |y?) , (2.4)
gio(s,9) = goi(s,y) = ¢ (h(y)dyih(y) — i) ,
gij(s,y) = 7% (8;5 — 0y, h(y)0y, h(y)) -
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The inverse metric is given by

(]~ = [Onr ] (0] onr] ™,
so the components read

2s — L+ 9y h(y) 0y, h(y)

0o s,y)=e 5 2.7
B (¥*0,:h(y) — h(y)) =0
i0(g 0) = 0 (g 4) = 28 —14 0y h(y)9y, h(y) i 9y, h(y)
g (s,y) =¢"(s,9) ((ykaykh(y) 1) Y Y0, h(y) _h(y)> ; (2.8)
i (s ) = 025 | 50 —1+9,ch(y)0y, h(y) ; j y 0y, h(y) + yiayjh(y)
g7y) (5 +(¢@Mh@)—h@»2 / y*Oyeh(y) — h(y) ) 29

The metric determinant /| g| = | det[ dnr ]| reads

VIgl(s,y) = e @D (4% uh(y) — h(y)) .

2.3 Christoffel symbols of the metric

The Christoffel symbols of the Minkowski metric transform in hyperboloidal similarity coordinates
to

. 1A
F)\;w = (5u8u77T)(3n77T1 o 77T) )

where A\, u,v =0,1,...,d. This gives the expressions
0yi Oyi h(y)
IMgo(s,y) =—1, T%(s,y) =T%;(s,y) =0, % (s,y) = Et ] , 2.10
0yi Oy h(y)
I*0(s,y) =0, T%0(s,y) = TFoi(s, :—511-“7 % (s,y) = y_Y ko211
00(s,y) o(s,y) 0i(s,9) i(s,y) Oy hly) — h)” (2.11)
where i,j,k =1,...,d. Also recall the identity
1 174 « v
B (& Vgl) = —&* T ag . (2.12)

Vel

2.4 Laplace-Beltrami operator and the wave equation

Let u € C®°(RY) and v = uony, i.e.,
(s, y) = u(T +e " h(y),e""y) .

The wave operator 0*0,u = n*¥0,0,u is given in hyperboloidal similarity coordinates by the
Laplace-Beltrami operator

(0" 0,u) o = ——0), ( g |g’“’8uv) = g9, 8,0 — g T, 00

vitll
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If u solves the free wave equation 0*0,u = 0 then this implies for v the equation

gii gi0
(937} = _@alajv — 2@87;60'[}
g0i g g0i gii
Explicitly, N ‘ ‘
agv = cY0;0;v + 08,000 + yv + ' Ov (2.13)
with
k
ij _ Yy 3ykh(y) — h(y) K _ i i g i
< (y) 1+ 0,k () ((*0yxh(y) = h(y)) 6 —y'dy, hly) — v’ Iy, M) — y'y’
: : oY O h(y) — h(y)
0 = —° 2y Y a h
c (y) Y + —1+|Byh(y)\2 Yi (y)u
F Oy h(y) — h(y) Yy
Oy) = -1+ L% 8,10, h(y) + 8,10, h
W —1+[9yh(y))2 "V ) ykdyxh(y) — h(y) ¥ Y )
Y' 0y, M) + 370y, h(y)
- 2 0yiO0yi h(y) ,
1+ [Oyh(y)E v W)

¢ (y) = y) + ((y) + )y

From here we get the wave operator in hyperboloidal similarity coordinates in semigroup formula-
tion. If we denote v(s, .) = [v(s, .),dsv(s, .)], then equation (2.13) is equivalent to

Osv(s, .) =Lgv(s, .)

with the spatial differential operator

L= | .. f ;
TNI0;0, f1 + O fr + P fy 4 00, fo

defined for £ = [ f1, f2] € O (R%)2.

3 Energy norm for the radial wave equation

In this section we denote by u € C>°(R?) a generic smooth radial function and by 7 € C>°(R!!)
its radial representative. That is, u(¢, .) is an even function such that u(t, .) = u(t, | . |). Moreover,
in hyperboloidal similarity coordinates we denote

v(s,9) = u(T +e~h(y),e~"h(y)) and B(s,n) = AT + e h(n),e~n).
Note the relation
v(s,y) =uw(T + e °h(y), e "y) = u(T + e *h(y),e *ly|) = v(s, |y]) .

The first important step is to provide a suitable norm in which the radial wave evolution is
studied. This norm will be derived from conserved quantities of the free wave equation. As the
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wave equation in hyperboloidal similarity coordinates is structurally rather complicated as a
geometric wave equation we rely on observations in radial Cartesian coordinates that carry over
to general coordinate systems. In order to see what can be expected we consider the standard
energy of the radial d-dimensional wave equation

oFu(t,r) —r~ Vg, (r*1o,a(t, r)) = 0. (3.1)

An important domain is the backward light cone, so we want to adapt our quantities to the
geometry of this region eventually. For this purpose, the latter equation is considered in terms of
the vector fields 0; + 9. Adding a smart zero then gives

(0 F 0,) (r*=1 (0, £ 9, )a(t, 7)) £ (d — 1)r*28,u(t,r) = 0. (3.2)
We introduce the forward and backward half-wave
Ug (t,r) = Owu(t,r) £ Opu(t,r) (3.3)
so that (3.2) becomes
(0 F0,) (g (t,r)r?™ 1) £ S (Gp (¢, r)r +a_(t,r)r* ) = 0. (3.4)

This is the starting point for the derivation of an energy estimate for which it is clear how it
translates to hyperboloidal similarity coordinates. Testing with @4 (¢, 7) yields

(0, F 0,) (Ux(t,7)?r = Y+ Say it r)yas(tr)r -1 _9,. (3.5)
This gives the differential energy conservation
(0r — 0r) (U (t, r)Qrd_l) + (0 + 0r) (u—(t, T)27°d_1) =0. (3.6)

Remark 3.1. Incidentally, we arrive at this conservation law by just considering linear combina-
tions of the energy- and momentum-conservation. In dimension d = 1 the picture is somehow
different as the equations for the fields 74+ decouple and make a separate analysis possible. It
seems that this is not present in higher dimensions and causes obstructions.

3.1 Standard energy in hyperboloidal similarity coordinates

Now we transform the equations from above to hyperboloidal similarity coordinates. The half-
waves are

vx(s,n) = ux(T + e *h(n),e""n).
Equation (3.6) implies
0= 0, (=D (A + W ()i (s,m)? + (1= W (n)i—(s,m)*) ")
0, (7D (4 B (5,m) + (0 — h(m)o-(s,m)*)n"")
= IS4 B ()T (5,m)% + (1= B ()0 (5,m) )"

which gives multiplied with e™*

0= 0, (e~ ((1+ /()4 (s,m) + (1= K () (s, )" ")
0y (o7 ((n + ATy (5,m)* + (0 = h(n))T—(5,1)*)7" ).
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This gives integrated across the set {0 < n < R} for some fixed R > 1/2

d/ 4 " R R ~
(et [ H B+ (0 W) (o)) )
5 0 . (3.7)
= —[e7 = ((n+ h())B+ (5,m)* + (0 — A(m))F-(s, n)2)nd‘1]0 <0.
Because 1+ h/ ~ 1 on B we have (1 + #')03 + (1 — #')02 ~ 0% + 0%, This implies
R R
[ @ 45t dn S e [ oo + - Gon?)nt Ty (39
0 0
Taking the transformations (2.2), (2.3) for the partial derivatives into account, we have
V+(8,m) = —————((LF W' (n)0s0(s,n) + (n F h(n))d,0(s,n)),
(s:1) = sy (L F W (1)2:0(5m) + (n F 1)) n)
- e’ ~ ~
050(s,m) = == ((n = h(m)3-(s,m) = (0 + h(n))04(s,)) ,
~ e’ - -
8,71)(5,17) = 2 ( - (1 - h/(n))v*(san) + (1 + h/(n))v+(3»77)) .
The occuring coefficients are bounded on By, so we get immediately
R R
/ (050(s,m)? + 0y0(s,m)*) " dnp = 7% / (04 (s,m)* +0-(s,m)*)n" " dn. (3.9)
0 0
Using that v(s, .) is even, this implies with (3.8)
R R
/R (050(s,m)* + 9,0(s,m)?) [n|*~" dn S el47 / . (000(s0,m)* + 0,0(s0,m)%) |~ dn.

This is precisely the standard energy estimate

d_
lo(s, Ml gy + 1900(s, llzaqagy S eE% (Ivso, Moy + 190050, Mllzacag) )

However, this quantity only provides a seminorm. In order to implement control on the field itself
besides its derivatives, we can make a Gronwall-type argument to improve the above estimate to
H'(B%) x L2(B%), with the expense that the exponential scaling factor increases by e2*. Already
we make the observation that with this approach we get a norm at the cost of decay. On the
other hand, we will see at the end of this section that seminorms with the desired exponential
decay may be easily produced.

3.2 The one-dimensional wave evolution

It is worth to review the one-dimensional wave evolution in hyperboloidal similarity coordinates
from [1, section 3], for if d = 1 the situation seems to be exceptional.
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Half waves. We observe that the half-wave equations (3.4) decouple, that is,
(00 F 0y) (us(t,2)) =0.
In hyperboloidal similarity coordinates, this reads
(L £ 1 (y)0sv+(s,y) + (y £ h(y))dyvs(s,y) = 0.
Testing with e vy (s, y) yields
B (o™ v (5,9)2(1 £ W' (9))) + 0, ("0 (5,4)2(y £ h(y)) = 0
which implies

ol " a2 % W) dy) = [e~ovss,02(0 £ hW)) TS0

ds —R
if R > 3. After integrating this over [so, s] we get

[+ (s, )+ S e2[los(s0, )+, (3.10)

where we introduce the norm ||. ||+ that is induced by the inner product

o= [ 10 =KWy
on L?(Bg). This is the energy conservation for the half-wave. Let us make some definitions for
the further study.
Definition 3.1. Let R > 1, k € Ny and f € C*(Bg).

1.) We define the vector fields

1+ h/(y) 1

Lif(y) =~ '), Dy f(y) = Th’(y)f,(y)'

2.) With this we introduce on C*°(Bg) an inner product (. | ..)+ ) that is given by

(f19)xk =Y (DLf|Dig

j=0

E

Let || . ||+.% be the induced norms.

Note that the half-wave equations take the form

0sv+(s, .) = Lyva(s, .).

Also, if
P f(y) = f(-y) (3.11)

defines the parity operator on C*°(Bg), we have

PLyf=LsPf (3.12)

12 of 32



for all f € C>(Bg).

The point of the vector field D4 is that it satisfies a crucial commutator relation

[Di,Lilf = —D+f (3.13)

for all f € C*>°(Bg). By induction we have [D., L] = —jD’. for all j € N. We will see soon that
the commutator provides a decay inducing term in the half-wave equation. Moreover, this vector
field controls Sobolev norms.

Lemma 3.1. Let k € Ng. Then
Nl = 1 f e g

for all f € C>=(Bg).

Proof. “<”: By the Leibniz rule we find

j—1
. . 1 .
D’ f = i (1) ()
S

with 1 € C*(R). Hence [|fll+r S |[f1lmx@e)-

“2>": From rearranging the Leibniz rule above we also get

-1
1F 2@ S D 1PN e2@ + DL N+ Sl @) + D% F )+ -
i=0

Since || f|l+ =~ || f|lz2®,) the bound follows by induction. O
An application of the standard energy estimate (3.10) then yields together with the commutator
relation corresponding estimates in higher regularity.

Lemma 3.2. Let R,s0 € R, k € Ny such that R > % Suppose vy € C®(Br) solve Osv4(s, .) =
Livy(s, .), respectively. Then

ok S e vs(so, ek

[v(s, )]

Proof. This is the point where we use the commutator relation (3.13) to see
9s(e7* D04 (s, .)) = Ly (e DLos(s, .)).

That is, given that vy (s, .) solves the half-wave equation, ejsttv(s, .) is again a solution to the
half-wave equation, for any 0 < j < k, and we can apply the half-wave energy estimate (3.10) to
get

k

k
v (s, Mk = D ID%vs(s, e S D e Dhvg(so, )l S e oxls, )en. O
=0 =0

Next we turn to the existence of solutions in hyperboloidal similarity coordinates.

Proposition 3.1. Let R> 3, k€ N.
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1.) The operator Ly : C®°(Bg) C H*"Y(Br) — H*"Y(Bgr) is closable and its closure Ly is the
generator of a strongly continuous one-parameter semigroup S+ : [0,00) — L(H*"1(Bg))
with the bound

HS:N:(S)JC:N:HH’C*I(IBR) N es/QHf:t“Hk*l(IBR) (3.14)

for all f+ € H*=1(BR).

2) Ifk >3 then ®(Ly) C C*2(BRr) and Lify = Lify for all f+ € D(Ly).

3.) Moreover, let f1 € C*®(Bgr) and set vi(s,.) = S+(s)f+. Then vy € C([0,00) x Bg) and
we have in this case a classical solution of the half-wave equation dsvi(s.) = Lyvi(s, .).

Proof. 1.) We have

(Lafel f)e = ~[EhOIWIP] - Tale s + 17212

so Re(Lify|fi)s < %”fi”i for all f € C*°(Bg). This implies

k

Re(Lyfs|fs)sn =Y Re(DiLyfr|D%fe)s
=0

= |

= (Re(LiDifi‘Difi)i —J'||Difi||gt)
=0

1 2
< = .
= 2||f:|:||:t,k

Hence Ly — 11 is dissipative on H*(Bg) endowed with (. | ..)1 ;. Moreover, let Fiy € C*°(Bg)
and consider the equation (I — Ly)fy = Fy. The differential equation

L)+ o) = Fa)
has the solution
fao) = L [ WGy )P+ F D)y

As y + h(y) is smooth with a zero of first order at F1/2 we see with the fundamental theorem of
calculus that the coefficient in front of the integral is smooth. Thus fi € C°*°(Br) and the range
of I — Ly is dense in H*(Br). Now the proposition follows from the Lumer-Phillips theorem, cf.
[17] for a reference.

2.) If fi € D(Lx) there is {f1, }nen € C®(Bg) such that fi, — fi and Ly fi, — Lifs in
H*=1(Bg) as n — oo. By Sobolev embedding H*~!(Bg) C C*~2(Bg) and thus

y £ h(y)

L _ =)

Fe@)| S W fep = fellee®r) < I fen — fellpr-1@e) =0 asn — oo,

3.) We have vi(s, .)€ D(Ly) € C*1([0,00) x Br) and Osv+(s, .) = Livi(s,.) = Livi(s,.)
by the first and second part. O
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Remark 3.2. Let us investigate whether the exponential growth bound (3.14) is sharp. We do
this via considering mode solutions for the half-wave equation in lowest regularity, i.e., suppose

Si(s)fr =eMfy

for some non-trivial f1 € L?(Br) and A € C. In this respect, let us consider the spectral equation
(Ly = A)fyx =0, ie,
y £+ h(y)

Ty 2 W) + M) =0.

There is an explicit solution
fely) = (y£h(y) .
1

The zero of y + h(y) is precisely y = F1, respectively. The condition fy € L?(Br), where R > 2
forces A such that a possible pole at F3 is integrable. This is precisely the case when Re A <
This demonstrates that the bound is sharp.

5.

Is the bound sharp also in higher regularity spaces? Since the half-wave equation admits constant
solutions, the evolution certainly cannot decay exponentially, that is, the optimal exponential
factor is between 0 and % The exact bound may be determined by a full spectral analysis of the
operator.

It will be convenient to introduce on H*~1(Bg) x H*"1(Bg) the operators given by
L_f_ — Lf} {Sf]
Lefr = ) Lif: = |=— ) Sefr = )
F {L+f+] T [L+f+ TE LS
for f+ = [f_, f4+] in the respective domains.

Existence on the half-line. Having the results for the half-waves at hand, we can construct
solutions to the one-dimensional wave equation in hyperboloidal similarity coordinates with a
Dirichlet condition at the origin. As before we begin with the energy estimates. The symmetry
assumption in the following is a consequence of the descent method that we will explore afterwards.

Lemma 3.3. Let R,s0,T € R, k € N with R > %, k > 2. Assume that u € C*(RY) and

u(t, .) is odd for all times and satisfies the one-dimensional wave equation O3u — O3u = 0. Let
v(s,y) = uw(T + e *h(y),e"*y). Then we have

lo(s, Mlareeny + 1050, =18y S €2 (050, )l ey + 100v(s0, ) lre-11))

for all s > sg and £ € Ng with £ < k.

Proof. Recall that we have

S

vi(s,y) = m(“ F 1 (1))050(s, ) + (y F h(y))Dyv(s.1))
(= hw)o-(5,9) = (v + hw)v (5,9))

—S

S (= W= @)= (s.9) + L+ H @)vs(5,9) -

dsv(s,y) =

ay”(sv y) =
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Hence

l|v(s, ')||H‘4(]ER) + [|0sv(s, -)”H“l(BR) =~ efs(||U+(3a -)”H“l(IB%R) + [Jv—(s, ~)HH“1(]B%R)) .

Since v(s,0) = 0 the fundamental theorem of calculus implies

‘/8/vsy dy

which implies [[v(s, . )|l 15,y = [[V(s, )| m1@Br)- Now the energy estimate follows from lemma 3.2.
O

/ \azvsy)\zdy,

We put the transformations between the half-waves and partial derivatives from the previous
proof into operators.

Definition 3.2. Let R > 0, £ € N. We introduce densely defined bounded linear operators

A :C®(Bg)? C H*Bg) x H"'(Bg) = H* '(Br) x H* '(Bg),
B:C>®(Br)> C H* 1(Bg) x H* 1(Br) — H*Bg) x H* 1(Bg),

1 [( + (y
)T [0 ) A SR Oy
ROy 1+h'< N Fe () dy
Br(y) = { ) — G B e }

The operator A forms half-waves and B undoes this transformation and produces a Dirichlet
condition at the origin. We have that AB =1 and BAf(y) = f(y) — £(0).

So we have with
Si(s) =e °BS{(s)A (3.15)

the solution operator to the one-dimensional wave equation in hyperboloidal similarity coordinates
on the half-line.

Proposition 3.2. Let R > %, ke N.

1.) The mapping Sy forms a strongly continuous semigroup of )3( HE L (BR) x H(’fdd (]BR)) with
generator L
L, =BL:A -1 (3.16)

such that
I1S1(8)fllerx @ ryx 1 (BR) S 678/2HfHHk(]BSR)xH’“—l(]BSR) (3.17)

for all f € H*  (Br) x H ! (Br).

2) Ifk >3 and f € C54(Br)?, let v(s, .) = [S1(s)f]1. Then v € C%([0,00) x Bg), v(s, .) is
odd, Osv(s, .) = [S1(s)f]a and a classical solution of

Osv(s, .) =Lyv(s, .).
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Proof. 1.) Let f € C25,(Br)* and set v(s, .) = Sx(s)Af for s > 0 so that dsvx(s,.) =
Lov(s,.). Put v_(s,—.) =Puwv_(s, .), where P is the parity operator (3.11), and observe

1

v-(0,—9) = — sy (VA (=9) + (L4 H () fal =)
1 / I
= m((—y + h(y)) fily) — (1 =1 (y)) f2(v))
= —U+(O,y).

Identity (3.12) remains true for the closure and we conclude
dsv_(s,—.)=POsv_(s,.)=PL_v_(s,.) =Ly Pv_(s,.)=Lyv_(s,—.),

Since v_(0,—.) = —v4(0,.) we infer from uniqueness of solutions to the Cauchy problem
v_(s,—.) = —vi(s, .). It follows that

—(U=H)o (s, )+ (1+R v (s, ) € HELBR),  (y—h)o—(s, .)—(y+h)vs (s, .) € HE (Br).

This shows that S;(s)f = Bvx(s, .) € H:,,(Br) x H' [ (BR).

Since S is strongly continuous, so is S;. The semigroup property follows from the semigroup
property S (s+t) = S1(s)S(t) and the fact that BAf = f for odd f,
Si(s+1) =e CHIBSL(s 4+ t)A = e *BS=(s)Ae 'BSL(t)A = S1(s5)S, (1) .

) =
Differentiating S;(s)f and inserting the generator of St yields (3.16). The semigroup estimate
follows from (3.14) since A, B are bounded.

2.) The second part of the proposition follows with the third part of proposition 3.1 and the
relation between the half-waves and partial derivatives that are encoded in A, B. O

3.3 Higher energy norms

Given the standard energy, we have to incorporate the field and its derivatives to produce a full
norm of higher regularity. At the same time this norm should permit suitable growth estimates.
We build up our way with two types of transformations that map certain semilinear wave equations
onto themselves. For the beginning we orient ourself towards the strategy in [11], [12].

Descent by multiplication. We begin by considering an equation of the type
O2u(t,r) — O%u(t,r) — Ci—laTu(t,r) =0
for some constant d; € R. The field u; is introduced by u(t,r) = rfu;(t,7) for some £ € R. Then

8ru(t7 7”‘) = 7ﬁé(éul (ta T) + 87’“1 (ta T)) )
Du(t,r) = re(@ul (t,r) + Z0,ui(t,7) + D2ui (L, 7)) ,

and hence
Oui(t,r) — OPua (t,r) — 240, uy (t,7) — W_Tlijdl)ul(t, r)=0.
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By fixing ¢ we can decide which term we want to cancel. Since our goal is to transform between
radial wave equations, let us try to make the zeroth order term disappear. This amounts to the
choice ¢ = 0, in which case the transformation is just the identitiy and the original equation
remains invariant, or £ = —d; + 1. The field u; (¢,7) = r%~tu(t,r) solves

O2up (t,7) — O%uy (t, 1) — =4E29,uy (t,7) = 0.

T

Depending on the sign of dy, we end up with a radial wave equation in negative dimensions.

Descent by differentiation. Instead we could first differentiate the field and then apply a
multiplication by some power. That is, suppose

3fu(t,r) — 8r2u(t,r) - dff}‘ru(t,r) =0
for some constant do € R and consider the equation
Foru(t,r) — 20,u(t, ) — 20,0,u(t,r) + Bou(t,r) =0

satisfied by the spatial derivative of the field. Now set O,u(t,r) = r‘us(t,r) for some ¢ € R which
implies

araru(tv T) TZ(%’UIQ (tﬂ T’) + aru2 (t, T)) )
20,u(t,r) = rz(aer%l)ug(t, r)+ 20,us(t,r) + 0us(t,r)) .

Therefore
(“)fug(t,r) - 331@(15, r) — Maruz(m) — Wug(t,r) =0.

Again we want to preserve the radial character of the equation. So, the zeroth order term vanishes
if £ =1 or { = —dy. Then we have

us(t,r) =1 '0u(t,r) solves dfus(t,r) — Ofus(t,r) — 220, us(t, 1) = 0

and

us(t,r) = r2d,u(t,r) solves 0?us(t,r) — O us(t,r) — =2 d,uy(t,r) =0.

T

The first transformation increases the effective dimension by two. This may be helpful if dy < 0
but is useless otherwise. The second transformation makes a negative dimension positive and
vice versa.

Combined descent. We have to combine both previous transformations to end up with a wave
equation. Some comments on the effective dimension are in order.

When we start from a radial d-dimensional wave equation and apply the differentiation operation
first, an ensuing multiplication has no effect. A second application of the differentiation operation
increases the dimension or leaves it unchanged. The latter approach yields that the radial
Laplace operator solves again the wave equation in the original dimension. This is obvious
from the equation by applying the radial Laplace operator 7~9t19,(r4=19,). However, it is not
constructive to persue this route because the Laplacian only controls seminorms. Even worse, the
corresponding seminorm obtained in this way in hyperboloidal similarity coordinates contains
higher order s-derivatives, which rule it out as a candidate for an energy norm. This may be
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resolved by substituting higher s-derivatives with the wave equation but the resulting expressions
are algebraically extremely difficult to handle and elude a systematic analysis.

The remaining combinations lead to the descent method. Starting with a multiplication and
then combining it with differentiation, there are two types of transformations that yield solutions
to a radial wave equation in a lower positive dimension. One has

r= @39, (F20(t, 1)) = (d — 2)a(t, ) + rdya(t,r) (3.18)

to map solutions of the radial d-dimensional wave equation in any given spatial dimension d into
a solution in d — 2 dimensions, and
d—s

(r_lar) 2 (rd_zﬂ(t, T)) (3.19)

to end up with a solution of the one-dimensional wave equation. Note that repeated application
of transformations of the type (3.18) yield (3.19).

If d = 3 and w is a solution of the three-dimensional radial wave equation, the field ru(t, r) solves
the one-dimensional wave equation.

Incidentally, if one makes the first order term vanish, one ends up with a standard energy plus a
zero order term evaluated at the light cone boundary.

We capture the crucial transformations from the discussion above in a lemma.

Lemma 3.4. Letd >3, f € C°(R). Then we have the commutation relations

((d—2)+79,) (02 + ==L0,) f(r) = (02 + &=20,) ((d — 2) +79,) f (), (3.20)

T T

(07 +20,) f(r) = 82 (rf(r)). (3.21)

4 Descent method in hyperboloidal similarity coordinates

We continue with an anlaysis of the previously established descent method in hyperboloidal
similarity coordinates. To get to that, let u € C>°(RY9) such that u(t, .) is radial. Then
there is & € C*°(R%!) such that (¢, .) is even and u(t, .) = u(t,|.]). Let v € C®(R"?) and
v € C(RY!) be defined by v(s,y) = u(T + e *h(y),e *y) and 9(s,n) = u(T + e~ *h(n),e"*n).
Then v(s, .) is radial since v(s, |.|) = 0(s, .). If u satisifes O?u(t, .) — Au(t, .) = 0 then equation
(2.13) satisfied by v implies for ¥ the radial wave equation in hyperboloidal similarity coordinates,

020(s,m) = (¢t (M9y + c12(n)0; + 0 (1)s + c21(7)9y0s)0(s,7) (4.1)

with coefficients

4. d=1(h' ) —hm)h() 0> —h@m)?*  ah"(n) h(n)' (1) —n

cii(n) = . W) + 1o W2 T ) — k) +2—5 O (4.2)
enaln) = 12 (43)
oy g A= L) = hm)W () = k) ()

S0(n) = —1 ; W) + 1T W) Tl — R (4.4)
ento) = 2" ST (45)
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Formulated as a first order system this takes the form
059 (s, .) = Lgv(s, .)
with the field V(s, .) = [U(s, .), 9s0(s, .)] and the spatial differential operator
Laft =1, & o d F |
clfi+ i fi +efa +carfy

The transformation (3.18) given by u(t,r) = (d — 2)u(t,r) + rd,u(t,r) reads in hyperboloidal
similarity coordinates

B(s,m) = (d = 2)8(s,n) — st 050(5,1) = sty OnB(s,m)
= (afo(m)0(s,n) + a11(n)dy + azo(n)0s )V (s, n) (4.6)

with coefficients

___nh(n)
nh'(n) —hn)’

k' (n)
nh'(n) —h(n)

d

ajo(m) =d—=2,  an(n) = azo(n) = (4.7)

Moreover,
055(s,m) = (afo(n)ds + a11(n)0yds + az0(n)03) (s, n) -

Equation (4.1) allows to replace the second order s-derivatives by lower order derivatives, in
particular,

950(s,m) = (b11() Dy + b12(n); + b21 (1), 05 + b1 (7)9s)V(s, 1) , (4.8)

where
d . d o d . d d -
b1 = azocyy b2 = agoci2, byg = ajy + az20¢s , b1 = a11 + agoca1 - (4.9)

In the case d = 3 we have the transformation w(¢, ) = ru(t, r) at hand that reads in hyperboloidal
similarity coordinates

v(s,m) = e *ni(s,1m), 0s0(s,m) = —e~*nv(s,n) + e~ *ndsv(s,n) . (4.10)

4.1 Analysis of the descent operators

To formulate the method of descent in hyperboloidal similarity coordinates we introduce the
descent operators that are obtained by combining equations (4.6), (4.8) and (4.10), respectively,
into a first order system.

Definition 4.1. Let d € N, R > 0 and f € C=(Bg)2.

1.) For d > 3 we set
PN d 7 ] N
Dif = Aﬂlhofl +AC/LI11f1d+Aazof2 .- (4.11)
bi1 f1+ biafi + 050 f2 + ba1 /5
The radial descent operator from three to one dimension is given by the multiplication
operator

Dif—| Mo
—nf1+nf
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2.) Let d >3, R>0and f € C%,(B%)2. We define DYf such that

rad

Dif(y) =Dif(ly)), yeR"2.
That is, equations (4.6), (4.8) read
V(s, ) =D¥(s,.),  ¥(s,.)=e*Div(s,.),

respectively, and this suggests to consider the commutation relation presented in lemma 3.4 as
the following intertwining identities.

Lemma 4.1. Let d > 3 odd.

1.) The intertwining identity (3.18) reads
DYL,f =L, oD'f (4.12)
for all f € C2,(B%)2.

2.) The descent from three dimensions to one dimension manifests itself in hyperboloidal similarity

coordinates as PN
= L,Dyf + Dif (4.13)

for all f € C2,(B3,)2.

Proof. 1.) We compute the first component for the left-hand side
[D Ldfh = alO[Ldf]l + all[Ldf] + ago[Ldf]
= az0ct f1 + asocia fi + (ady + azocty) fo + (ar1 + azocar) f
and for the right-hand side
[La_oDif]y = [DYf]o = by f1 + biofi + bl fo + bor [y,

respectively, as well as the second component on the left-hand side

[DYLaf]> = b4 [Laf]; + bia[Laf]] + b3 [Laflz + o [Laflh

= (b3oct; + b21011)f1 (bocr2 + bar (cf; + Caz))ﬂ/ +borcaa fi
+ (bdoco + barclo) fo + (b + bgear + bar (o + chy)) F3 + (bra + barean)

and on the right-hand side

[La—oDYf]s = ¢ [D £]} + c12[DYE]Y + By 2 (D)o + co1 [DYE]S
( i alo +aly) + cr2a?; + 020 2bd 4 co1b¢ )fl
cfr?an + caa(afy + 2a1,) + g 2bia + ean (b, + b)) f
c12a11 + C21b12)f1
011 2aho + craaly + 3o 25 + C21b20) fa

+
T
+
+ (¢4 2 a0 + 2c12aby + o 2ba1 + co1 (b3 + Y ))]?2/ + (c12a20 + 621521)% ;

respectively. By (4.9) we have the equality [DiLdf]l = [Ld ,D¥ f] The rest follows by inspection.
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2.) We compute the first components

-~

[DYLsf]y = n[Lst) = 0o
and A o R R
[L,D3f + Dif]y = [Difly +nfi = nfa.
For the second componentes we find

[D3yLsflo = —n[Laf]y +n[Lafls = ncdy fi + neinft +n(cdy — 1) fa +1nea fo

and
[qu)é?—&— ﬁg/ﬂg = (c1y — M3y — Co1 — U)ﬁ + (pegy + 212 — 77021)J?{ + 77012J?{/
+ (ncho + c21 + 1) fa + near f3(n) -
Comparing coefficients on both sides reveals the identity. O

The crucial part is now to understand the mapping properties of the descent operators and link
them with the radial wave evolutions in appropriate energy spaces.

Proposition 4.1. Let R€ R, d,k € N such that R > 0 and d > 3 is odd.

1.) The operator Dg extends to a bijective map

D} : HEAN(BY) x HE 4 (BE) — HE (BE?) x HEN(BE2)

rad rad

and
||D3f||Hl«(B‘j;?)kav—l(IB;*?) = ||fHH’€+1(]B‘}§)><H’C(IBdR) (4.14)

for all f € HEYH(BE) x HE (BE).
2.) The operator Dg extends to a bijective map

Dy : Hf\y(BR) x Hig' (BR) — Hoa(Br) x Hiy (Br)

rad
and

IDSE (| 75 (B ) x 1151 (B1) N £re g2 ) x re—1(B2,) (4.15)
for all £ € HF (B%) x HEH(BS,).

Proof. 1.) “<”: Note that the coefficients (4.7), (4.9) in the descent operator (4.11) are elements
of C>*(Bpr) that are of the form

afy(n) =1, an(n) ~n, azo(n) ~n
by (n) ~n, bia(n) ~n?, b3o(n) ~ 1

1R

2
; bo1(n) ~n,

modulo a smooth function that is non-zero at the origin with all its derivatives bounded on Bg.
As derivatives are controlled by corresponding Sobolev norms, we get

d=3 d=3 ~ =3 d-=3 -~
1172 Dl s @) S -1 Allgeea + 1117 L Allzr@n + 11177 1P Rllas @)
1, 4zl d=1 d=1 ~
=171 fullar@n) + 1177 fillarea 11177 fallar@a
d=1 ~ d=1 ~
S Allari@g) H 1177 foll e @a)
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and

d—3 .~ |~ d—3 -~ d—3 -~
11177 Dl ey S M1 AR ey + 1T 1P e
a-3 =~ d—3 ~
177 fellae—r@r) 11172 [ fallmr-18R)
ol a—1 2
=117 fillzr—1@r) + -1 T7 Al me-180)
1 a—1 ~ a—1 =
S 1 et R f2||Hk—1(BR)+H|-| 2 f2||Hk—1(IBR)
d-1 =~ a1 =~
ST fillasoiery + 177 fallar@g) -

In combination with corollary A.1 this implies the bound.

“>": We compute the inverse operator and prove that it is bounded. By definition of Dﬁ it
suffices to show that Dfl is bijective. Let g € C°°(Bg)? and consider solving Dilf =g, ie.,

a‘fgﬁ+a11ﬂ +a20,7?2 = 01,
b1+ biafl + 80 fa+barfs = G-

From the first equation we get

—~ ad o~ a —~
fo=tg - f -y (4.16)

az0 azo a20
Putting this in the second equation we see that the first order system is indeed equivalent to the
second order ordinary differential equation
U +pfi+aft = 71001 + 11191 + 72002 = ¢

with
2(d —2)h'(n) —nh" (n)
nh'(n) ’

d —3)W (n) — nh" (n)
n2h (n) ’

pln) = an) = (d—2)

and on the right-hand side

_(@=3)W(n) —nh"(n) 1
riol) = n2h! () o2
_ 1=hW(?* W@

o) = = h

The Sturm-Liouville problem with these coefficients has two fundamental solutions that are given
explicitly by

() = 21000 = 1) = hml'(n)*
n(nh'(n) — h(n))

)

|-

hm) — h(0) 1 |

=~ ; P2(n) = —= -
nd—2 nd—4 2(1) nd—2

Our foresighted choice of ¢; will turn out to be convenient for the analysis of the inhomogeneous
problem whose solution is given by Duhamel’s formula

¢1(n) =

il = cnon(n) + aon — anta) [ 22300 '+ onlo) [ ST gta)

where

W (1) = on()6501) — 64 (1)) = iy = s
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is the Wronskian of ¢, ¢s.

The condition f; € Hk“(]B%) implies a; = as = 0. The next

important task is to group the solution advantageously as integral operators and exploit lemma A 4.

We have

where we set

Tig1(n

= —¢1(77)/0 (

+¢2(77)/0 <¢1(

—¢1(n)/nt11(77’)77d )+ 60) [

0

iy /¢2 7“10
. / $2(n 7“11

J?l =Tiq1 + 1292
G0 dif + ol / ngm’)dn'
!71( Ydn' + ¢2(n / wyl(n’)dn’

¢2( )7"10(77')

_9 $2(n")r11(n’)

()

)ity an

W(n') W)
n)rio(n') S1( )i\ ~ o g
Tﬁ/o)_ n'W)Ql(W)dn

0

to (' ') oy

(4.17)

as it follows by integration by parts and the fact that the integrand vanishes at the origin, and

Tog2(n

/ @2(n")r20(n’) T2o

—6(n) / b (1 W

G’ dnf + ol /Mgg

()

with t11,t12,%91,t22 € C"o(ﬁ)7 all non-zero at the origin, and given by

(n')dn

g1(n') dn’ + éa(n )/On too (' )/ G (') dof

N )
t12(n) = (h(n )tu +nrii(n),
ta1(n) = M ,
ta(n) = h(n)n2h(0)t21(n) :
According to (4.17) we have
117 Al @y < 17 Tl ey + 117 ToGallzesa g »

so let us bound the norms on the right-hand side. Consider

- | E T191\|Hk+1(IBR) S |

T191||L2 @r) + Il - \

In the following we denote by . a generic smooth function with ¢, (0) # 0. With this

d—1 . 9000 7’ n d—3 d—3/\ 9000 7]

n = Tigi(n) = d;()/ 0T tu()n T gu(n’) dy’ + d;)
n 2 0 n 2

—~ Poo N M d-s -3 @oo 77

n 2 Tigi(n) E)/ 0 tu()n T gu(n’) dn’ + ( )
n 2 0 n 2

d R o M a-3 d-3 _

n ) o) = E5L [ s T g+ LD

n 2 0 nz
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[
0

d—3

K =i ’
/ n' 2 tia(n')n
0

|

-3

77/ T t12(n)n

d—3

/=5~

T191||H’°(]BR +I]- | E (Tlgl) | er% (B) -

"2t ) gu(n) dr’

Gqi(n')dn’,



By an application of lemma A.4 we conclude immediately
d=1 d=3
-1 Thgillarvier) S-177 91l ey - (4.18)
Now we turn to the norm
d=1_ < d=1 d=3 d=1, .,
1172 Tagellmrr @) S - 177 T2g2llee@r) + - 172 T2g2llmr@ry + 11172 (T202) |ar @ r)
d=1_
ST 1202l 22g)
d=5 d=3 , . __, d=1, .y
1177 Tagellgre—@ry + 11 - 177 (T2G2) ([ ar—1@g) + - 172 (T292)" | rr—1(BR) -

To bound each term we compute

n-e n= Jo
45 Poo(n) [ 438 48 Poo(n) [ a2 58
n 7 Taga(n) = dis)/ 0 tor ()" % Ga(n')dn’ + ,i(l)/ 0 o ()0 T Ga(n') dn’,
n oz 0 U 0
Poo(n) [ 453 3% Pool(n) [ 4t 43
n 2 (T2g2)' () = —s / 0t ()" % Ga(n')dn' + =g n'" 2 toa(n )T Ga(n') dr,
n 2 0 n oz 0
a1 Yoo(n m d-s d—3 Yool(n moat d—=3 _
r @) o) = 0 [ e T g an + E [ T gt ao
n oz 0 n =z 0
=3 __
+mm 2 Ga(n) -
This implies again with lemma A.4
=1 =3 __
H|-| 2 T292||Hk+1(1BR) S |||-| 2 g2||Hk*1(IB%R) (4-19)
as desired.
To bound f we insert (4.17) in (4.16) and obtain
J/c\z = S151 + 5202 ,
where , .
S191 = 01 — 2 TG — 2H(T1g1) . S2ge = — 32 ToGs — 2 (Thgs)'
In particular,
. 1 —an(n)ri(n) ~ afo(n)¢1(n) + ann(n)¢i(n) [7 d—3~
S191(n) = ———=—"G1(n) + =2 ! tu ()0’ g (n') dnf
azo(n) azo(n) 0
a¥, +a ! n 3.
_afo(n)é2(n) 11(77)¢2(77)/ ta ()35 ()
azo(n)
~ K N, 1d=3~ /4 / K N, 1d=3~ /4 /
=so(mag1(n) +s1(n) [ tuu)n™ “gi(n)dn’ +s2(n) [ tiz(n)n™ “g1(n)dn
0 0

and

ad 1 ay /1 " /N, 1d—3~ ’ /
Sada(n) = HolD)? (2)2:_(77)1(77)@5 () /0 taa ()G (') dn
_ a%(n)(b2(?2:—(;)ll(n)¢l2(n) /On a7 (o) b

K N 1d—3~ ;4 ’ K N 1d—3~ ;4 /
=s1(n) ; tar (' )n"™ "g1(n') dn’ + s2(n) ; taa(n )™ "g1(n)dn
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with

2 2 /
n° —h(n®) h'(n d—3)h(n) —(d—2)h(0 1
o = TEROR) RO @B~ ([ 20A0) 1
nh'(n) —h(n) n 7 7
d—2 1
SQ(U)Z—W’—VWTQ-
Let us turn to the estimate
d—1 ~ a1 d—1 .
1172 fellar@e) < M-172 S191llar@g) + Il - 172 Segallar@r)

a1 a-1 a3, a1,
SH1Z SGillar@gy + 11177 Segallze@er) + 111172 SeGallgr-1@e) + 11172 (S282) || ae-1Bx) -

We get

a—1 _ __ 00 M d-s a-3 __ o o=z 43
n 7 S1g1(n) = @g)/ n T ta()n' T gi(n’)dn’ + wg)/ n' T te(n ) T (') dyf
72 0 72 0
=3 __
+ Nosc(mn = g1(n)

and infer immediately from lemma A.4

a—1 a-3
12 Sigillar@ay ST G1llar@g) - (4.20)
Finally,
a1 Pool(n) [ 452 Lo Poo(n) [ 4 43
n = S202(n) = %/ 0 ta(n)n' T G2(n) A + dfg)/ n' 7 tea ()T Ga(n') dryf
n 2 0 n 2 0
-3 o a3 =3 _ . nodg1 d—3
n 2 S2ga(n) = WL@/ n' " tor(n')n' T Ga(n')dn’ + wdﬁ])/ n' % taan' T Ga(n)dn',
n 2 0 n-2 0
d—1 . Yoo(n n o a-s =3 _ Yoo(n Mt d=3
n 7 (S202)'(n) = di)/ 07t ()7 Ga(n) dn’ + ;)/ 0T toa(n )T Ga(n') dnf
n 2 0 N2 0
-3
+ @oc(Mn 2 g2(n)
Altogether, this implies
15292l rxBr) S 192l %1 (B R) (4.21)

The estimates (4.18) - (4.21) imply together with corollary A.1 the desired result.
This finishes the proof of the first part.

2.) “<": We get directly for the first component

D5 | e sy = N - [Fall e o)

and for the second component

D3l it @) < -1 Fillmes @y + 1 el @y < - felleny + - 1ol s g

With corollary A.1 this gives precisely

IDZE (w01 8y S E o,y v s,

26 of 32



“>": As before we invert DY. Let g € C5,(Bg)? and consider ﬁgf\ =g, that is,

b= o
-nfi+nfe = G2.

Since gy is odd we have g1(0) = 0 and with the fundamental theorem of calculus we infer
fi, f2 € CZ, (BR)? given by

~

1 1
Filn) = / giltm)dt,  fa(n) = / (91(tn) + ga(tn)) dt.
0 0
Now the bound follows similarly from

-1l @ry = 1911 e @)

and
-1 fall e gy < NG1llar—1@) + 1920l e mR) < 911 HE®R) + 1192l HF-18BR) -
This translates with corollary A.1 to the inequality

£ e g2y« re—1(m2,) S IDXE]| 7t (B 11 (81 -

From density and boundedness we infer the bounded and bijective extension. O

4.2 Construction of the semigroup

Having proved this major result, we can answer now how to derive an energy norm directly from
the wave equation that exhibits growth estimates, namely via the descent method in steps.

Proof of proposition 1.1. By successive application of the descent operators we obtain an opera-
tor

k+1—9=3 k—4=3
D, : HEE (BE) x HEG(BE) — Hotl ™ = (Br) x Hyqq * (Br)

rad
f s Dyf == (Dio...0o DYF.
From proposition 4.1 we infer the bound

IDafl] iyr sz Bryx i 4 @ €] g1 B2y < v (8,

for all £ € H" ' (B%) x HE (B%). Repeated application of the intertwining identites from
lemma 4.1 yields
DgL4f — Dyf = LiDgf

for all f € C>(B%)2. O

The results gathered in subsection 3.2 about the one-dimensional wave evolution imply the
anticipated theorem.
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_d=3
Proof of theorem 1.1. 1.) Let S; be the strongly continuous semigroup on )Z‘,(H(Jf;ll 2

d—3
Hf;j 2 (BR)) from proposition 3.2. Then

(Br) x

Sa(s) = e*D;'S;(s)Dy

forms a strongly continuous semigroup on £(HYH(B%) x HE ;(B%)) with the growth bound (1.9)
and generator (1.8).

2.) The second part is furnished by the second part of proposition 3.2 and the intertwining
identity,
05Sa(s)f = e’ D 'S (s)Dyf + "D, 'Ly S; (s)Dyf
=8S4(s) + D, 'L DD, 'S (s)Dyf
=8S4(s) + D;'L1DSq(s)f
= Sd(S) + D;l(Dde — Dd)Sd(S)f
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A Appendix

The following inequality is known as Hardy’s inequality.
Lemma A.l. Letd €N and s € [0,%). Then

17" fllz ey S N F g may
for all f € S(R?).

In order to make good use of the Fourier transform, we construct ourselves some Sobolev
extensions.

Lemma A.2. Let R >0 and k € Ny. There is a map & : C*(Bg) — C*(R) such that
ENler =1, supp(£f) C Bar, ||5f||Hk(R\IBR) S ||f||Hk(IBaR\IBR/2)

for all f € C*(Bg).
Proof. Cf. [I, Appendix A, Lemma A.4]. O

We rely on a convenient description of the Sobolev norm for radial functions in odd space
dimensions.

Lemma A.3. Letd,k € Ny, d odd. We have
E ~
1Flemay = 1172 fllar@  for all f € Sraa(RY).

Proof. “2": After a change of variables we see

o = [ 1F@Rde = [ 1FaDP o= [ (FP" dr = 1115 ey

Since d is odd, a derivative 9’ hitting r“z contributes to the Sobolev norm only when ¢ < %,

ie, l < %. In this case Hardy’s inequality yields

d—1

1174 1= T ey 2 17105 Ml ey S 105 Fllgreqay S 1F L ize oy -

Using this in the classical definition of the homogeneous Sobolev seminorm we get one inequality.

“<": To see the other inequality, we introduce the Fourier transform on S(R¢) by

Faf(©) = [ e () d,
Rd
If f is radial then F;f is also radial and

Faf (o) = emtot0 [7 Fo)ay (ot ar,
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cf. [14] for a reference. The Bessel function of non-negative half-integer order is given explicitly

by
2 1d) s
d—1 2 " sinz
Jg—l@—\ﬁz i (_zdz> Z
_ 2 _% ) —1 . —1
= \/;z (P%(z )sin(z) — Q?(z )cos(z)) ,

where P,,, Q,, are polynomials of degree n with P,(—z) = (—=1)"P,(z) and @Q,(—z) = (—=1)"Qn(z).
It follows that

d—1 d+1

Fal(p) = i(2m) 0 [ e ) T P (or) ) ar

d—1 d+1

~en) Ty [ R Qua((n

d—1 d+1

— (2m)"F p7 / e Fryr T P((pr) ) dr

for some polynomial P. Note that by Hardy’s inequality [I, Appendix A, Lemma A.1] we have

I LT F )= P Pleey SI-FLTTPFC) T 79 e
d—1 -~
(.

SR F )= 7 Dllew)

SI-FFC) T Plleew

d—1
= Il

fll ey -
This yields the other inequality. O

Using a Sobolev extension we transfer this to open balls.

Corollary A.1. Let R >0, d,k € Ny, d odd. We have
d—1 -~ e
I lr@ay = 1172 fllae@g)  for all f € CE(BE).
Proof. The proof of [I, Appendix A, Corollary A.5] can be literally adopted. O

Also, we need to collect some estimates for integral operators of the following type.

Lemma A.4. Let RER, k,m,n € Ny such that R >0, n+1—m > 0. Let o € C°(Bg) and

_ _ 1 [®
T C*(Br) — C*(Br) such that Tf(z) = — / o) () dy -
0
Then there is Cy > 0 such that

ITfllre®r) < Crellfllarmy for all f € C®(Bg).

In particular, T extends to a bounded operator on H*(BR).

Proof. Cf. [1, Appendix A, Lemma A.6]. O
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B% ()

B?{a IBR

c>(Q)

Coven(Br), C534(Br)

Crra(B)

rad

C

of

Af

D, D},

(L)

e

Ff

H*(Q)

HY o (Br), Hygq(Br)
H,4(BE)

Iy, 1

Glossary of notation

ball of radius R centred around z in R?

ball of radius R centred around 0 in R¢, R, respectively

set of smooth functions on some open set Q C R?

set of smooth even or odd functions, respectively

set of smooth radial functions

set of complex numbers

gradient or Jacobian of a function

Laplacian of a function on R?

descent operators

domain of a linear operator L

Euler’s number

Fourier transform of f

L?-based Sobolev space of order k on some open set 2 C R¢
Sobolev spaces of even, odd functions, respectivley

Sobolev spaces of radial functions

identity matrix on R?, identitiy operator on a Banach space X
imaginary unit

space of bounded linear operators on a Banach space X

set of natural numbers, set of natural numbers with zero included
d-dimensional Euclidean space

(1 4+ d)-dimensional Minkowski spacetime

set of real numbers
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