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Abstract

This thesis aims to investigate soft gluon evolution at next-to-leading order (NLO), i.e.

adding soft gluon corrections, both real emissions and virtual exchanges to a hard, short-

distance scattering process. In this context “soft” refers to gluons emitted at an energy scale

much smaller than the one of the hard process.

The main part of this work is thus dedicated to analyse the one-loop/one-emission and two-

loop Feynman diagrams involving soft gluons in order to provide the basic ingredients if one

aims to perform soft gluon evolution and to resum non-global logarithms at next-to-leading

logarithmic level as well as beyond the large-N limit of QCD. The analysis of the diagrams

is separated into two parts - the colour structure and the kinematical part.

Treating the amplitude as a vector in colour space, it is decomposed in terms of the colour-

flow basis. The general form of the soft anomalous dimension matrix at one-loop/one-

emission and two-loop order in the colour-flow basis is determined by analysing the colour

structures. As a result of this analysis structures of special importance at two-loop order are

obtained which extend the sum over two-parton correlations, usually referred to as “dipoles”,

to include three-parton correlations as well.

Using the Feynman tree theorem (FTT) to treat the kinematical part allows one to efficiently

rewrite the loop integrals in the form of phase-space integrals. In this way it is possible to

combine the loop integrals with the emission contributions at the integrand level of a cross-

section in order to demonstrate the cancellation of infrared (IR) divergences. In particular,

the FTT is reformulated such that one can use it in the presence of eikonal propagators as

well as at the two-loop level.

Zusammenfassung

Diese Arbeit befasst sich mit der Entwicklung von Streuamplituden durch das Hinzufügen

von soften Gluon Korrekturen - virtuelle Beiträge (
”
Loops“) sowie auch reelle Emissionen -

in nächstführender Ordnung in perturbativer Störungstheorie zu einem harten Prozess. Softe

Gluonen sind durch eine Energieskala charakterisiert, die weitaus kleiner als die Skala des

harten Prozesses ist.

Der Hauptteil widmet sich der Analyse der relevanten Ein-Loop/Ein-Emissisons und Zwei-

Loop Feynman-Diagrammen mit soften Gluonen. Die Kenntnis ihrer Form gestattet die

Resummation von nicht-globalen Logarithmen zu nächstführender logarithmischer Ordnung

und ermöglicht es außerdem, Beiträge zu berücksichtigen, die mit der Anzahl der Farbladun-

gen unterdrückt sind. Die Analyse der Diagramme besteht aus zwei Teilen - der Farbstruktur

und der kinematischen Abhängigkeit.

Behandelt man die Streuamplitude als Vektor im Farbraum, so verlangt es nach Wahl ei-

ner Basis dieses Vektorraums, um konkrete Berechnungen durchzuführen. In dieser Arbeit

wird die Farbflussbasis gewählt. Durch die eingehende Betrachtung der Farbstrukturen wird

die Form der soften anomalen Dimension zur Ein-Loop/Ein-Emissions und Zwei-Loop Ord-

nung bestimmt. In Zwei-Loop Ordnung treten Strukturen auf, die nahelegen, die Summe

über Zwei-Parton Korrelationen, sogenannte
”
Dipole”, auf eine zu erweitern, die auch Drei-

Parton Korrelationen berücksichtigt.

Das Feynman Tree Theorem (FTT) wird angewendet, da es in effizienter Weise erlaubt, die

Loop-Integrale in Form von Phasenraum-Integralen darzustellen. Damit lässt sich die Kan-

zellierung der infrarot (IR) Divergenzen zwischen virtuellen und reellen Beiträgen explizit

zeigen. Im Speziellen wird das FTT umformuliert, um die Anwendung bei eikonalen Propa-

gatoren sowie für Zwei-Loop Diagramme zu ermöglichen.
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1 Overview

For some hard, short-distance scattering process the most important radiative QCD corrections

are given by collinear and soft gluons in a perturbative treatment. The latter are the subject of

this thesis, soft gluon corrections of the hard external lines of QCD amplitudes. In this context

“hard” refers to a high-energy scale, while the energy scale at which “soft” gluons are emitted

is very small compared to the hard scale.

For totally inclusive observables (e.g. total e+e− cross-section) infrared (IR) divergences intro-

duced by the softness of the massless gluon completely cancel between virtual exchange and real

emission soft corrections; a fixed-order calculation leads to sufficiently precise predictions. Ob-

servables for which the real emissions are restricted in some way, i.e. for non-global observables

[1], the IR divergences still cancel (by virtue of the Bloch-Nordsieck theorem/Kinoshita-Lee-

Nauenberg theorem), however, a resummation of the perturbative series is needed, since large

logarithms (between the scale provided by the constraint on the real emission and some hard

scale) appear. This resummation can be achieved by soft gluon evolution equations [2, 3] for-

mulated in colour space.

In this work the main focus lies on the virtual soft gluon corrections at one-loop/one-emission

and two-loop order in perturbation theory. These provide input to construct the evolution

equations at next-to-leading order (NLO) such that resummation of non-global next-to-leading

logarithms (NLL) is made possible, as well as to include contributions subleading in the number

of colours N .

The thesis is structured as follows:

At first some basic concepts like the QCD Lagrangian, important relations concerning colour

algebra, renormalisation and the eikonal approximation for soft four-momenta are briefly re-

viewed.

Following up on this general introduction, a more specific and detailed one concerned with the

methods and techniques relevant to this work is given. These include the colour-space formalism

[4, 5] as the framework in which scattering amplitudes can be treated and the colour-flow basis

[2, 5, 6] which is the basis of choice of the colour vector space in this work. It is elucidated how to

translate colour factors obtained from the conventional QCD Feynman rules to the colour-flow

basis, which allows for an immediate physical interpretation in terms of the flow of the colour

charges in a process. This flow of colour charges can then be intuitively depicted with the help

of colour-line diagrams.

After focussing on the efficient formulation of the colour structure of the amplitudes, their kin-

ematic part is addressed. For the purposes of this work it is beneficial to be able to rewrite the

loop integrals in the form of real-emission phase-space integrals in order to combine the virtual

soft gluon exchange corrections with the real emission diagrams leading to a cancellation of IR

divergences. The rewriting can be most conveniently achieved by applying the Feynman tree

theorem (FTT) [7, 8]. In particular, it is reformulated in order to apply it in the presence of

eikonal propagators.

In the last part of the introductory sections the soft gluon evolution equations [2, 3, 9], which

allow for resummation of non-global logarithms, are introduced. The evolution proceeds in col-

our space at amplitude level which allows to formulate an IR-finite evolution operator since the
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cancellation of IR divergences already takes place at the integrand level and an expression for

the soft anomalous dimension matrix is found. Thus, for this part the concepts of the prior

sections can already be put to use.

The fourth section is dedicated to investigate the structure of the soft anomalous dimension

matrix at leading order. The colour structure is analysed in the colour-flow basis in detail,

leading to an expression for the matrix element of the colour-correlator [2, 6]. For the kinematic

part the FTT is applied to the soft virtual exchange diagram, the result is combined with the

corresponding soft emission process, the IR singularities indeed cancel.

The fifth section provides ingredients for a next-to-leading order as well as next-to-leading colour

soft evolution. At first the one-loop/one-emission diagrams which contribute in the soft limit

are analysed, an expression for the building blocks of the soft anomalous dimension concerning

its colour structure in the colour-flow basis is given at this order. The FTT is used to obtain

expressions for the cut-contributions of the loop integrals.

In the same way the colour structure for the two-loop diagrams is analysed as well. Further,

a procedure to apply the FTT at two-loop level is discussed in detail and graphically illus-

trated in the case of the double virtual soft gluon exchange. This procedure is then applied to

the other two-loop diagrams contributing in the eikonal limit, in this way expressions for the

cut-contributions of the diagrams are obtained. By filtering out the radiative cuts in the loop

momenta and combining them with the squared real emission diagrams the cancellations of IR

divergences between them for each of the different colour structures is shown.

The self-energy contributions (“bubble-diagrams”) demand a slightly modified treatment con-

cerning their kinematic part due to the appearance of double propagators. A cutting rule for

such cases is introduced and by using this modified cutting rule the FTT is applied to the loop

integrand and the radiative cancellations of IR divergences are shown for the self-energy dia-

grams as well.

A short summary and an outlook conclude the main part of the thesis. The appendices provide

more detailed calculations on Jacobian determinants and the soft two-loop current [10]. The

conventions which are used in this work concerning the Feynman rules are briefly summarised.

Moreover, the lengthy results for the matrix elements in the colour-flow basis of the one-loop/one-

emission and two-loop colour structures which lead to the results of the colour part of the soft

anomalous dimension are explicitly given. Finally, a list of kinematically forbidden cuts appear-

ing in the course of the FTT cutting procedure is provided.

All the diagrams and illustrations in this work have been prepared using JaxoDraw [11].
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2 Preliminaries

2.1 QCD Lagrangian and colour algebra

This introductory section aims to briefly summarise the basic ingredients of the locally gauge-

invariant QCD Lagrangian as well as establish the conventions of signs and normalisation con-

cerning the colour algebra, which will be used in later sections. This section is based on the

corresponding chapters in [12, 13].

The central object of QCD is its Lagrangian density given by

LQCD = −1

4
F aµνF

µν a +

nf∑
f=1

ψ̄jf

(
i /D

i
j −mδij

)
ψf,i . (2.1)

The contribution to the Lagrangian of the quark fields ψ is subject to a sum over flavours (with

the total number of flavours nf ) and the covariant derivative (Dµ)ij is, in terms of components,

given by

(Dµ)ij = ∂µδij + igAµa(ta)ij , (2.2)

with the (anti-)fundamental indices i, j = 1, ..., N . It is convenient to explicitly distinguish

fundamental and anti-fundamental indices, since in the following sections of this work a main

focus lies on the flow of the colour charges.

The use of the covariant derivative instead of just the partial derivative ensures that the kinetic

term of the quark fields is not only invariant under global transformations but under local

gauge transformations as well. This can be established by noticing the invariance of the QCD

Lagrangian under local SU(N) gauge transformations for each flavour of the quark field ψ(x)

ψ(x)→ ψ′(x) = exp [θa(x)ta]ψ(x) ≡ U(~θ(x))ψ(x) , (2.3)

where the generators are in the fundamental representation and the θa(x) are local functions in

space-time, they parameterise the group.

The kinetic term of the gauge fields Aaµ is written in terms of the non-Abelian field-strength

tensor F aµν which has the following form

F aµν(x) = ∂µA
a
ν(x)− ∂νAaµ(x)− gfabcAbµ(x)Acν(x) . (2.4)

At variance with the Abelian case, self-interactions are introduced due to the presence of the

last term in the equation above. The gluon field Aµ = taAaµ transforms according to the adjoint

representation

Aµ → A′µ = U(~θ(x))Aµ(x)U−1(~θ(x)) +
i

g
∂µ

[
U(~θ(x))

]
U−1(~θ(x)) . (2.5)

Therefore, the field-strength tensor Fµν = F aµνt
a transforms in the adjoint representation as

well and hence it is not gauge-invariant by itself in the non-Abelian case. But of course the

combination (F aµνF
aµν) appearing in the Lagrangian is gauge-invariant.
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Due to the arbitrariness of the gauge field, which is caused by its gauge transformation property,

an additional gauge-fixing term has to be introduced to the Lagrangian. For covariant gauges

it is of the form

Lgauge−fixing = − 1

2ξ
(∂µA

µa)2 . (2.6)

Throughout this work the Feynman-t’Hooft gauge is used, i.e. the gauge parameter is assigned

the value ξ = 1.

In addition to the gauge-fixing term one needs to include a Faddeev-Popov ghost field Lagrangian

in order to eliminate contributions from unphysical polarisations of the gluons, in covariant gauge

it reads

Lghost = (∂µη̄
a) (Dµ

abη
b) , (2.7)

where the covariant derivative in the adjoint representation is given by

Dµ
ab = ∂µδab + gfabcA

µ c . (2.8)

The (anti-)ghost fields ηa and η̄a are Grassmann-valued fields, i.e. they are Lorentz-scalars but

they anti-commute.

The set of generators obey the relation[
ta, tb

]
= ifabctc , (2.9)

with fabc, the structure constants. The commutation relation implies that the structure con-

stants can be expressed in terms of the fundamental generators

fabc = −2iTr
[
tatbtc − tbtatc

]
. (2.10)

In the course of this work this relation will be used repeatedly, it is very convenient when one

aims to rewrite the colour factor either purely in terms of fundamental generators or adjoint

ones (see sections 3.1 and 3.2).

As a normalisation convention of the fundamental generators it is used here that TR = 1/2 and

thus

Tr
[
tatb
]

= TRδ
ab . (2.11)

Furthermore, for the adjoint representation generators (taadj)
bc = −ifabc one has

Tr
[
taadjt

b
adj

]
= Nδab . (2.12)

These normalisation properties can be used to find the following relations

(ta)ij(t
a)jk = CF δ

i
k ,

(taadj)
bc(taadj)

cd = CA δ
bd ,

(2.13)

with the Casimir invariants CF = (N2 − 1)/2N and CA = N . The Fierz identity is used
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frequently in this work; it reads

(ta)ij(t
a)l k =

1

2

[
δikδ

n
j −

1

N
δlkδ

i
j

]
, (2.14)

which can be established by using the general form of an arbitrary matrix M of SU(N), i.e.

M = exp[iθata] or, written as an expansion, M = θ01 + θata and determining the coefficients.

Note that there is an implicit sum over two equal adjoint indices.

2.2 Renormalisation

In this introductory section a brief overview of multiplicative renormalisation is given. It is

based on the corresponding chapters in [12, 14] and lecture notes by Simon Plätzer of the lecture

“Particle Physics III ” [15].

In general the loop integrals encountered when evaluating amplitudes of radiative corrections

are ultraviolet (UV) and/or infrared (IR) divergent. A convenient way to handle such ill-defined

integrals in a first step is to perform dimensional regularisation in order to extract the leading

singularities by changing the number of dimensions to d = 4 − 2ε and performing an expan-

sion around ε = 0. As a consequence, the necessity to introduce a dimensionful parameter,

the t’Hooft parameter µ, arises. This ensures that the mass-dimension of the integral (measure)

remains unchanged. For example, if one writes for the loop momentum k = (k0, E~n(θ, ϕ)) where

~n2 = 1, one may rewrite the d-dimensional integration measure in the following way

µ4−d
∫

ddk =

∫ ∞
−∞

dk0

∫
dE
( µ
E

)2ε
E2 θ(E)

∫
dΩ(d−2) , (2.15)

where ∫
dΩ(d−2) =

∫ 1

−1
d cos θ

(
1− cos2 θ

)−ε ∫
dΩ(d−3) . (2.16)

Consult appendix A for details on the calculation of the Jacobian determinant in this particular

case. Concerning the angular integration in equation (2.16) with its Jacobian factor, it is note-

worthy that for real emission integrands, which are typically of the form (1−cos θ)−1 the collinear

divergence will be regularised as well, in addition to the soft divergence of the energy integration.

When specifying a loop integrand and performing the k0 integration for the loop integral meas-

ure given in equation (2.15), then one will typically find some 1/E factors pertaining to the

propagators which combine with the factor E2 from the Jacobian determinant such that in the

end one is left with a logarithmic energy integration (dE/E) × (µ/E)2ε (see section 4.3 for a

particular example). This leads to a pattern of divergences of the form (poles in ε) × (µ/Q)2ε,

where Q is a scale involved in the process one aims to describe, for instance the hard scale of

the hard, short-distance process. Thus, one finds the same divergence structure as it can be

obtained by performing Feynman parameter integrals for massless particles.

At this point it shall be remarked that dimensional regularisation preserves gauge invariance

and Lorentz invariance.

After having made the divergences explicit in terms of poles in the parameter ε for letting ε→ 0

5



one can perform the renormalisation procedure in order to deal with the UV divergences. The

renormalisation proceeds through the redefinition of “bare”, i.e. unrenormalised, quantities of

the Lagrangian in terms of renormalised ones. These quantities can be identified with fields,

masses and couplings, which have to be redefined. As a result the bare Lagrangian Lbare is

expressed as a sum of the renormalised Lagrangian Lren and a counterterm Lagrangian Lct,

Lbare = Lren + Lct . (2.17)

The renormalisation transformations from bare to renormalised quantities effectively subtract

the divergent parts. For a multiplicative renormalisation a multiplicative factor, a renormalisa-

tion factor Zi, is introduced in the transformation, absorbing the UV divergence. Expanding the

renormalisation factor leads to a removal of the UV divergences order by order in perturbation

theory. There is, however, some freedom of how to define this divergent part. The renormalisa-

tion scheme characterises this freedom. For instance, in the minimal subtraction (MS) scheme,

only the UV-pole in ε is removed, while in the MS-scheme the constant ln(4π)− γE , appearing

due to an expansion of the gamma function, is eliminated as well.

Crucially, a theory is renormalisable if the (finite) number of the parameters, which are used to

absorb the UV divergences, remain the same at each order in perturbation theory.

For any renormalisation scheme one has to introduce a renormalisation scale µR describing

at which momentum scale the renormalisation is to be performed. It is important to remark

that for amplitudes which exhibit both UV and IR divergences or processes involving multiple

scales it is beneficial to explicitly distinguish the arbitrary renormalisation scale µR from the

t’Hooft scale µ, the latter will always have cancelled in the final result. As mentioned previously,

the structure of the divergences originating from the loop-integration is (poles in ε) × (µ/Q)2ε.

Performing the renormalisation procedure provides one with the same structure but with an

opposite sign and µR as the scale, i.e. (−poles in ε)× (µ/µR)2ε. Therefore, expanding in ε, one

is left with a logarithm of the form ln(µ2
R/Q

2) relating the two scales µR and Q, the pole in ε

has cancelled.

For a general quantity X which gets renormalised one can formulate

Xbare(µ, ε) = ZX(µ, µR, ε)X(µR) , (2.18)

which leads to the conclusion that the renormalised quantity X(µR) = limε→0(Z−1
X (µ, µR, ε)

Xbare(µ, ε)) is finite. Further, for the renormalisation factor ZX one can establish the expansion

ZX(µ, µR, ε) = 1 +

(
µ

µR

)2ε

g Z
(1)
X +

(
µ

µR

)4ε

g2Z
(2)
X + ... , (2.19)

where g is the renormalised coupling. For the coupling itself it may also prove useful to adopt an

alternative (but equivalent) way of defining the renormalisation transformation. In particular,

with the equations (2.18) and (2.19) one can write

gbare(µ, ε) = Zg(µ, µR, ε) g(µR) =

[
1 +

(
µ

µR

)2ε

g(µR)Z(1)
g +

(
µ

µR

)4ε

g2(µR)Z(2)
g + ...

]
g(µR) .

(2.20)

6



For convenience one can now absorb the factor of (µ/µR)2ε into the coupling. Hence, letting

g → g × (µR/µ)2ε one can reformulate equation (2.20) such that one obtains

gbare(µ, ε) =
[
1 + g(µR)Z̃(1)

g + g2(µR)Z̃(2)
g + ...

](µR
µ

)2ε

g(µR) , (2.21)

or equivalently,

µ2εgbare(µ, ε) = Z̃g(µ, µR, ε)µ
2ε
R g(µR) . (2.22)

In this way of writing one may define µ2εgbare(µ, ε) as the bare coupling in dimensional regular-

isation with correct mass dimension and, in the same sense, µ2ε
R g(µR) can be recognised as the

renormalised coupling.

For QCD the parameters which get renormalised are the gluon field Aaα, the quark field ψ, the

ghost field ηa, the coupling and, in principle, the masses of the quarks

Aa,bare
α = Z

1/2
3 Aaα ,

ψbare = Z
1/2
2 ψ ,

ηa,bare = Z1/2
η ηa , (2.23)

gbare = Zgg ,

mbare = Zmm ,

where the dependence on µ and µR are suppressed to avoid clutter. As explicitly written before,

the renormalised parameters depend on the renormalisation scale µR, while the bare parameters

depend on µ and their use leads to the divergence in ε.

In principle one has to take into account the renormalisation of the gauge-fixing parameter ξ as

well, however, its renormalisation factor coincides with the one for the gluon field, Z3, due to

the transversality of the gluon vacuum polarisation tensor (“bubble-diagram”). Consequently,

the gauge-fixing term of the Lagrangian does not get renormalised.

Using equation (2.23) one can rewrite the bare QCD Lagrangian as

Lbare
QCD =− 1

4
F aαβF

a,αβ + ψ̄(i/∂ − g /Aata −m)ψ − 1

2ξ
(∂αA

a,α)2 − η̄a∂α∂αηa + g η̄afabc∂αA
b,αηc

+ ψ̄ i/∂ ψ(Z2 − 1)− g ψ̄ /Aataψ (Z1F − 1)−mψ̄ ψ(ZmZ2 − 1)

− η̄a∂α∂αηa(Zη − 1) + g fabcη̄a∂αA
b,αηc(Z ′1 − 1)

− i

4

(
∂αA

a
β − ∂βAaα

) (
∂αAa,β − ∂βAa,α

)
(Z3 − 1)

+
1

2
g fabcAb,αAc,β

(
∂αA

a
β − ∂βAaα

)
(Z1 − 1)− 1

4
g2 fabcfadeAb,αAc,βAdαA

e
β(Z4 − 1) ,

(2.24)

where one defines the renormalisation constants for the triple gluon vertex Z1, for the quartic

gluon vertex Z4, for the quark-gluon coupling Z1F and for the ghost-gluon coupling Z ′1 in the
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counterterm Lagrangian. Making use of the universality of the coupling g one can establish

Z1F = Zg Z2 Z
1/2
3 ,

Z1 = Zg Z
1/2
3 , (2.25)

Z ′1 = Zg Z
1/2
3 Zη,

Z4 = Z2
g Z

2
3 .

These results lead to the Slavnov-Taylor identities

Z1F

Z2
=
Z1

Z3
=
Z ′1
Zη

=

(
Z4

Z3

) 1
2

, (2.26)

which fix the relations between the different Green functions, similar to the Ward identity in

QED and hold to all orders in perturbation theory.

Due to the dependence of the renormalised parameters on the renormalisation scale, one can

formulate renormalisation group equations (RGE) by differentiating with respect to µR. A bare,

truncated n-point Green function Gbare can be brought into relation with the renormalised one,

GR, in the following way

Gbare(gbare,mbare, µ; p1, ..., pn) = Z
−n

2
ϕ (µ, µR)GR (g(µR),m(µR), µR; p1, ..., pn) , (2.27)

where the field renormalisation factor Zϕ stands for a product of the gluon, quark and ghost

renormalisation factors. Differentiating with respect to µR leads to the Callan-Symanzik equa-

tion (
µR

∂

∂µR
+ βg

∂

∂g
+mγm

∂

∂m
− nγϕ

)
GR(g(µR),m(µR), µR; p1, ..., pn) = 0 , (2.28)

where the β-function and the so-called anomalous dimensions for mass and fields are given by

βg = µR
∂g

∂µR
,

γm =
µR
m

∂m

∂µR
, (2.29)

γϕ =
1

2
Z−1
ϕ µR

∂

∂µR
Zϕ ,

respectively. Defining

dt ≡ dµR
µR

=
dg

βg(g,
m
µR
, ε)

=
dm

mγm
, (2.30)

with the initial conditions µR(t = 0) = µR, g(t = 0) = g and m(t = 0) = m one can rewrite

equation (2.28) as [
d

dt
− nγϕ

]
GR (g(µR),m(µR), µR; p1, ..., pn) = 0 . (2.31)
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Solving this differential equation and taking into account the initial conditions one obtains

GR(g,m, µR; p1, ..., pn) = GR(g,m, µR; p1, ..., pn) exp

[
−n
∫ g

g
dx
γϕ(x)

βg(x)

]
, (2.32)

which provides the relation of the truncated Green function at different scales/couplings. This

principle described for amputated Green functions also holds for general operators, in particular

also for observables like cross-sections.

In this way, by solving the renormalisation group equation for the coupling αs, one finds one

of the defining properties of QCD: asymptotic freedom. It also allows one to approximate up-,

down- and strange-quarks (u-, d-, s-quarks) as massless for sufficiently high µR. The RGE for

the quark mass in the MS-scheme can be written as

µR
d

dµR
m(µR) = γmα

MS
s (µR)m(µR) , (2.33)

and its solution provides one with the fact that m(µR) decreases as the renormalisation scale

increases. According to this reasoning the quark masses for u-, d- and s-quarks can be neglected

in the high-energy limit, since their masses, e.g. in the MS-scheme, are much smaller than ΛQCD,

the scale up to which perturbation theory can be safely performed. Thus, the high-energy limit

coincides with a “zero-mass” limit for u-, d- and s-quarks.

2.3 Eikonal approximation

Previously, UV divergences have been introduced, in this section IR divergences (soft and collin-

ear singularities) are discussed. In particular, the eikonal approximation, i.e. the approximation

for soft gluons, is reviewed [12].

Consider the emission of a soft gluon of momentum k off a massless quark line i, with some

amplitude M0 of a hard, short-distance process depicted by the “blob”

k

pi
≡Mµ = ig tai ū(pi)γ

µ
i(/pi + /k)

[(pi + k)2]
M0(pi + k) . (2.34)

The soft gluon approximation is now implemented by letting k → λk, followed by λ → 0.

Performing the limit k → λk gives

Mµ = −gtai ū(pi)γ
µ

[
1

λ

/pi
[2pi · k + λk2]

+
/k

[2pi · k + λk2]

]
M0(pi + λk) . (2.35)

For the eikonal approximation only terms of the lowest order in λ, i.e. of O
(

1
λ

)
, are kept. Hence,

one finds

Mµ
eikonal = −g tai ū(pi)

1

λ

pµi
[pi · k]

M0(pi) , (2.36)

where the Dirac equation was used such that ū(pi)γ
µ/pi = 2pµi ū(pi) and for the amplitude M0

one can approximateM0(pi +λk) =M0 +O(λ). Also note that for a polarisation vector in the

soft limit it holds that εµ(k) → εµ(k) + λkµ and λ → 0. From equation (2.36) one can observe
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that in addition to the soft divergence for λ→ 0, there is also a collinear divergence, if the angle

θ between ~pi and ~k tends to zero.

For the eikonal Feynman rule the spin of the fermion (in this case the quark) which emits the

soft gluon is not relevant anymore; in the soft limit one finds the structure of a Feynman rule

for a scalar particle.

To obtain the so-called next-to-eikonal approximation one takes terms of O(λ0) into account as

well. Thus, one finds

Mµ
next−to−eik. = −gtai ū(pi)

[
1

λ

pµi
[pi · k]

+
γµ/k

[2pi · k]
− k2 2pµi

[(2pi · k)2]

]
M0(pi + λk) , (2.37)

where in this case also the dependence of the amplitudeM0 on λ has to be taken into consider-

ation. Furthermore, at variance with the eikonal approximation, there is now a dependence on

the spin of the fermion.

In this work only the leading singularity is of interest, hence it is sufficient to use the eikonal ap-

proximation. This is the case since, if the absolute value squared of the amplitude is calculated

leading to an expression for a cross-section, only the term in the amplitude of order λ−1 will

contribute a 1/ε pole or, equivalently, it will give a logarithmically enhanced contribution. For

example, when expressing the measure in the variable of energy dΠk ∝ ddk δ(k2) ∝ dE Ed−2 1
E

(neglecting the angular integration), then one finds a behaviour of the energy integration of
dE
E

1
E2ε for the cross-section (see also section 4.3).
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Figure 1: Tree-level Feynman diagrams for the process gg → qq

3 Introduction

3.1 Colour-space formalism

The colour-space formalism provides a toolbox in order to systematically treat amplitudes with

many partons involved, such that the underlying physics remains transparent. In the following

sections the operators which are used to formulate the soft gluon evolution equations “live” in a

colour vector space.

When it comes to determining amplitudes with many partons involved the difficulty of this

task, i.e. the number of Feynman diagrams which need to be considered, increases as a factorial

of the number of external parton lines. Therefore, different techniques are beneficial in order to

facilitate the calculation of such multi-parton amplitudes and to make the physics more trans-

parent.

Such a simplification is the colour-space formalism, where the amplitude is split up into its

SU(N) colour structure with the corresponding indices of the gauge group and a partial amp-

litude, which depends on the four-momenta of the partons involved. Stripping off the colour

structure will leave behind a partial amplitude which can be built from “QED-type” Feynman

rules.

As an illustration consider the process gg → qq at tree-level. In order to establish a more

concise notation, the amplitude is treated as a component in the colour vector space. The three

different channels which contribute to this process are depicted in Figure 1. For this tree-level

process, the amplitude can be written as

Mi a1a2

ī
(...) =M1(...)(ta1ta2)i ī +M2(...)(ta2ta1)i ī

=
∑
σ

Mσ(...)C i a1a2

σ ī
,

(3.1)

where the ellipsis in the arguments of the amplitudes indicate their momentum dependence. The

sum over σ introduced in the last line of equation (3.1) can be understood as a sum over the

different orderings of the generators which are absorbed into the colour factor C which carries

the colour indices.

Generalising this example to a process with a number of nq quarks and anti-quarks, as well as

11



a number of ng gluons, one can write

Mi1···inq a1...ang
ī1···̄inq

(...) =
∑
σ

Mσ(...) C
i1...inq a1...ang
σ ī1...̄inq

=
∑
σ

Mσ(...) 〈c1...c2nq+ng |σ〉

= 〈c1...c2nq+ng |M2nq+ng(...)〉 .

(3.2)

In equation (3.2) the colour factor is written as a projection of the colour basis σ onto the

abstract basis of the colour space, the latter being a collection of the gauge indices (labelled

by c1, ..., c2nq+ng) of the external particles which are involved in the process. In this particular

case there is a total number of 2nq + ng indices. The colour basis σ then projects out a certain

ordering of these indices (cf. equation (3.1)). In the last step of equation (3.2) the following

relation/definition for the amplitude vector in colour space is used [6]

|MN〉 =
∑
σ

MN, σ |σ〉 . (3.3)

The object |MN〉 is a vector in a N-parton colour space. To represent the colour structures

in colour space it is efficient to use colour charge operators, Ta
i for a parton line labelled by i,

which are defined by their action onto colour space in the following way [5]

〈c1...ci...cn|Ta
i |d1...di...dn〉 = δc1d1

...(T a)cidi ...δ
cn
dn
, (3.4)

where the (T a)cidi denotes the generator of a quark (T a)cidi = (ta)cidi , an antiquark (T a)cidi =

(ta)cidi = −(ta)cidi or a gluon (T a)cidi = ifacidi depending on which type of parton i the operator

acts on.

The inner products of the colour charges give the usual Casimir invariants

Ti ·Ti = CR , (3.5)

where CR = CA, CF depending on whether the parton line is a gluon or a quark/an anti-quark.

The inner product of two different parton lines with labels i and j is given by Ta
iT

a
j = Ti ·Tj .

The important property of colour conservation can be written as [5]

n∑
i=1

Ti |M(p1, ..., pn)〉 = 0 , (3.6)

which is, however, not an operator identity. It is only satisfied if the colour charges act onto

a gauge-invariant amplitude-vector. Formulated differently, the conservation property follows

from the fact that the amplitude is invariant under gauge transformations, i.e. acting a gauge

transformation on the amplitude-vector for each external line gives (internally, the gauge trans-

formations compensate each other)

ei
∑
i θaT

a
i |M〉 = |M〉 . (3.7)
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In order to be able to explicitly write down a matrix representation of the colour charges one

has to specify a basis of the colour space. In general, there are three prominent basis choices for

the colour space, namely the trace basis, the adjoint basis and the colour-flow basis, the latter

will be used in this work and it will be introduced in detail in section 3.2.

For the trace basis one rewrites the colour structure purely in terms of fundamental represent-

ation generators, for the adjoint basis, as the name suggests, in terms of structure constants,

which can be especially useful for processes which involve gluons only. As an example consider

an n-gluon amplitude; for the trace basis the colour factor can be written in the following way

(using relation (2.10) of section 2.1 in order to rewrite the structure constants as a trace of

fundamental generators) [4]

M(n-gluons) =
∑

σ(2,...,n)

Tr[ta1 . . . tan ]Mσ(1, . . . ,n) , (3.8)

with a sum over the (n− 1)! different permutations of the indices.

For the n-gluon process in the adjoint basis, the colour factor takes the form [4]

M(n-gluons) =
∑

σ(2,...,(n−1))

(F a2F a3 . . . F an−1)a1
an
Mσ(1, . . . ,n)

=
∑

σ(2,...,(n−1))

(−ifa2a1
â1

)(−ifa3â1
â2

) . . . (−ifan−1ân−2
an

)Mσ(1, . . . ,n) .
(3.9)

3.2 Colour-flow basis

The colour-flow basis is a spanning set of the colour vector space, which provides a straight-

forward physical interpretation in terms of the flow of colour in a QCD-process as well as the

possibility to give a unified description for quarks, anti-quarks and gluons. Due to these reasons

and the fact that it is based on permutations of colour labels of the partons the colour-flow basis

is especially well suited for numerical amplitude evolution.

In the colour-flow basis the colour structure is written in terms of colour-flow Kronecker deltas

which symbolise the flow of colour in a QCD Feynman diagram. This immediate physical inter-

pretation, as well as the possibility of a unifying description for the different types of partons

make the usage of the colour-flow basis very advantageous, in particular for numerical soft gluon

evolution.

To start with, there are two approaches for translating the colour factor to the colour-flow

basis. One may want to start at the level of the QCD Lagrangian; rewriting the gluon field as

a N ×N matrix. Instead of writing the Aµa and the generators separately, one combines them

to obtain (Aµa(t
a)ij) ≡ 1√

2
(Aµ)ij . With this convention, the Lagrangian (not considering the

gauge-fixing and ghost part of the QCD Lagrangian) takes the following form [4]

L = −1

4
(Fµν)ij(Fµν)ji + ψ̄j

(
δiji/∂ −

g√
2
γµ(Aµ)ij −mδij

)
ψi , (3.10)
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where the field-strength tensor is now given by [4]

(Fµν)ij = ∂µ(Aν)ij − ∂ν(Aµ)ij +
ig√

2

[
(Aµ)il(Aν)l j − (Aν)il(Aµ)l j

]
, (3.11)

Due to this form it is sensible to absorb the factor of 1/
√

2 into the coupling. The Feynman

rules which follow from the Lagrangian in equation (3.10) do not explicitly contain any funda-

mental generators or structure constants anymore; they are listed for completeness in appendix

C. Note however, that using the Lagrangian method to derive the colour-flow Feynman rules

proceeds by introducing a colour-flow gluon field which has N2 degrees of freedom (one has

to add an additional generator). In order to restrict U(N) to SU(N) the implementation of a

U(1) gluon field is required, it acts as a subtraction term of the extra degrees of freedom [16, 17].

As an alternative to the “Lagrangian-approach” one can chose to rewrite the colour structures

directly, this is the approach taken throughout this work. The rewriting proceeds by primarily

using the following three identities

Tr[tatb] = TR δ
ab ,

BaD
a = Baδ

abDb =
1√
TR

(Bata)ij
1√
TR

(Dbtb)ji ,

(ta)ij(t
a)kl = TR

[
δilδ

k
j −

1

N
δijδ

k
l

]
,

(3.12)

where the last line in equation (3.12) is the Fierz identity (compare equation (2.14)) with N

being the number of colours. Its second term conveniently takes care of implementing the

tracelessness condition. Hence, as opposed to the Lagrangian-approach, the SU(N) condition is

immediately taken into account by the Fierz identity. The objects Ba and Da represent general

objects with an adjoint index a, for instance polarisation vectors or fundamental generators.

How these relations are used in order to rewrite the colour structure in the colour-flow basis is

exemplified in the following.

Consider the emission of a soft gluon from a hard parton line. Starting with a quark line with

label i the colour structure corresponding to the emission of a soft gluon can be translated to

the colour-flow basis in the following way (the equal sign is meant purely in terms of colour

structure of the diagram)

i

αcn
/βc̄n

βc′�i αci

= ε∗a(t
a)
αci
βc′
i

= ε∗aδ
ab(tb)

αci
βc′
i

=
1√
TR

(ε∗)βc̄nαcn

[
(ta)

αci
βc′
i

(ta)
αcn
βcn

]

= λi(ε
∗)βc̄nαcn

(
δ
αci
βcn
δ
αcn
βc′
i

− 1

N
δ
αci
βc′
i

δ
αcn
βcn

)
,

(3.13)

where α/β denote the fundamental/anti-fundamental indices of the partons. Additionally, there

are colour labels ci/c
′
i/cn and an anti-colour label c̄n. In this work the colour label with the

prime is always used to indicate that this label belongs to a parton from the hard, short-

distance process, prior to any soft gluon emission/exchange. The polarisation tensor is written
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ci cic′�ic′�i

cn cn cn
cn

Figure 2: Colour-line diagrams for the emission of a soft gluon from a hard quark line i,
colour labels are explicitly written.

cn cn cn
cn

c′�i ci c′�i ci

Figure 3: Colour-line diagrams for the emission of a soft gluon from a hard anti-quark line
i.

as a combination with a generator, i.e.
√
TR(ε∗)

βc̄n
αcn = ε∗a(t

a)
βc̄n
αcn . The factor of λi in equation

(3.13) which has been chosen to replace the factor
√
TR will be explained shortly.

In Figure 2 the two expressions of colour-flow Kronecker deltas in equation (3.13) are depicted

in terms of colour-line/colour-flow diagrams.

The two parts in this result come from the usage of the Fierz identity, which implements the

fact that the SU(N) gluon propagator has been decomposed into a U(N) and a U(1) part. The

latter symbolises a gluon which is colour-connected to itself, this contribution gets subtracted

from the U(N) gluon colour-flow. The dashed line of the second diagram in Figure 2 is used to

represent this U(1) part, it is suppressed in the number of colours.

When considering a soft gluon emission off an anti-quark one finds that

αcn
/βc̄n

i
αc̄′�i βci

= −ε∗a(ta)
αc′
i
βci

= −λ̄i(ε∗)
βcn
αcn

(
δ
αc′
i

βcn
δ
αcn
βci
− 1

N
δ
αc′
i

βci
δ
αcn
βcn

)
, (3.14)

where, in the colour-line notation, this result can be depicted by the flow of colour in the way

one can see in Figure 3. Finally, for a hard gluon line i radiating a soft gluon one finds

αcn
/βc̄n

i
αc̄′�i /βc′�i αci

/βc̄i

= −ε∗aε∗bifabc
1√
TR

(tc)
αc′
i
βci

= (ε∗)
βcn
αcn (ε∗)

βci
αci

(
λiδ

αc′
i

βci
δ
αcn
βc′
i

δ
αci
βcn
− λ̄iδ

αc′
i

βcn
δ
αcn
βci

δ
αci
βc′
i

)
,

(3.15)

where the δ
αc′
i

βci
and δ

αci
βc′
i

Kronecker deltas can be dropped, as they simply describe the “spectator”

colour lines, i.e. there occurs no change in the colour label, which can be seen from the colour-

line diagrams in Figure 4. Note that in this case there is a gluon propagator, for this reason one

writes an additional generator (tc) in equation (3.15), which has been extracted from the vertex

of the hard process, such that one can ensure that all of the adjoint indices in the expression

are contracted.

It turns out that for the triple gluon vertex one finds a simplified colour structure, since all of
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ci cic′�ic′�i

Figure 4: Colour-line diagrams for the emission of a soft gluon from a hard gluon line i.

the 1/N -terms cancel, as they should.

These considerations lead to a unifying description of the colour charge operator of line i [2]

Ti = λitci − λ̄it̄c̄i −
1

N
(λi − λ̄i)s . (3.16)

The variables λi and λ̄i encode the information on the type of the hard parton i. When comparing

with the results in equations (3.13), (3.14) and (3.15) it becomes clear, that λi =
√
TR in the

case that i is a quark or a gluon line and zero otherwise and λ̄i =
√
TR for an anti-quark or a

gluon line i.

The operators tci , t̄c̄i and s are specified by their action on the colour basis |σ〉 in the following

way [2]

ti |σ〉 = ti

∣∣∣∣∣ 1 . . . i . . . n

σ(1) . . . σ(i) . . . σ(n)

〉
=

∣∣∣∣∣ 1 . . . i . . . n n+ 1

σ(1) . . . n+ 1 . . . σ(n) σ(i)

〉
,

t̄ī |σ〉 = tσ−1 (̄i) ,

s |σ〉 = s

∣∣∣∣∣ 1 . . . n

σ(1) . . . σ(n)

〉
=

∣∣∣∣∣ 1 . . . n n+ 1

σ(1) . . . σ(n) n+ 1

〉
,

(3.17)

where for the colour-flow basis states one uses [2, 6]

|σ〉 =

∣∣∣∣∣ 1 . . . n

σ(1) . . . σ(n)

〉
, (3.18)

with σ(a) being the permutation of the colour label a. Thus, when writing |σ〉 the whole basis

vector is referred to, while the σ(a) denotes a permutation of colour labels which characterise the

basis vector. The variable n stands for the number of the colour lines of quarks and gluons and it

has to be equal to the number of anti-quark plus the gluon colour lines, i.e. n = nq+ng = nq̄+ng.

The number of colour lines n also gives the dimensionality of the basis vector. Due to the num-

ber of permutations of the colour labels one has n! different basis states.

Note that the colour labels 1, . . . , n are equivalent to the c, c′ and c labels which were used

before. The colour labels are simply numbers, they enumerate the partons involved in a process.

One counts colour and anti-colour labels separately, for instance, for a colour line i of a quark

one can set ci = 1 and c̄i = 0. In addition, if there is a gluon involved in the process one can

identify cg = 2 and c̄g = 1.

From equation (3.17) one can also nicely see that emitting a parton brings us from a lower to a

higher dimension in colour space since after the emission one has (n+ 1) colour labels.
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⟨12 |12⟩ ⟨12 |21⟩⟨21 |12⟩ ⟨21 |21⟩|12⟩ |21⟩

1
1̄
2
2̄

Figure 5: On the left hand side: Example for a basis with n = 2 colour lines and its two
basis states. On the right hand side: Scalar products of the different basis states
in the form of colour-line diagrams. This figure has been adapted from [6] and
[2].

To obtain the colour-flow Kronecker deltas, one can act with the abstract basis onto the colour-

flow basis vector such that

〈c|σ〉 =

〈
1 . . . n

1 . . . n

∣∣∣∣ 1 . . . n

σ(1) . . . σ(n)

〉
= δα1

βσ(1)
. . . δαnβσ(n)

, (3.19)

where the α/β are again the fundamental/anti-fundamental indices.

The colour-flow basis is not orthogonal, for this reason the scalar product between two different

basis vectors, say σ and τ , does not give a δστ but the components which build up the scalar

product matrix are [2, 6]

Sστ = 〈σ|τ〉 = δα1
βτ(1)

. . . δαnβτ(n)
δ
βσ(1)
α1 . . . δ

βσ(n)
αn = Nn−#transpositons = N#(colour−loops) . (3.20)

Here, the exponent of N , “number of transpositions”, refers to the minimum number of trans-

positions between the two basis permutations of the vectors |σ〉 and |τ〉.
After the last equal sign in equation (3.20), the exponent of the number of colours gives the

result for a diagrammatic evaluation of the components of the scalar product matrix of two

different basis vectors. Such a diagrammatic approach proceeds as follows. Take the example of

the basis states depicted in Figure 5, there one has n = 2 colour lines and thus two basis states

for which the following short-hand notation is used

|12〉 =

∣∣∣∣∣ 1 2

1 2

〉
, |21〉 =

∣∣∣∣∣ 1 2

2 1

〉
. (3.21)

Further, on the right hand side of Figure 5 the scalar products of the basis states are diagram-

matically represented, which clarifies the expression “colour-loops” in equation (3.20). Every

closed colour line contributes a colour-loop, such that, according to equation (3.20), the scalar

products evaluate to 〈12|12〉 = N2, 〈21|12〉 = N , 〈12|21〉 = N and 〈21|21〉 = N2. Since, as

already mentioned, the colour-flow basis is not orthogonal one can introduce dual basis vectors

such that one can write down a completeness relation in the “usual” form [2]∑
σ

|σ〉 [σ| =
∑
σ

|σ] 〈σ| = 1 , (3.22)
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and further [2]

〈σ|τ ] = [τ |σ〉 = δστ . (3.23)

In this sense one can also write basis-independent objects/operators in the following way [2]

A =
∑
σ,τ

Aστ |τ〉 〈σ| =
∑
σ,τ

[τ |A|σ] |τ〉 〈σ| , (3.24)

and a trace of an operator in colour space can be written as [2]

Tr[A] =
∑
τ

[τ |A|τ〉 =
∑
σ,τ

[τ |A|σ] 〈σ|τ〉 = Tr[AS] =
∑
σ,τ

AτσSστ . (3.25)

In particular, when expressing the amplitude as a vector in the colour vector space (see equation

(3.3)), the amplitude squared gives with the considerations above

|M|2 = 〈M|M〉 = Tr [|M〉 〈M|] =
∑
σ,τ

MσM∗τ 〈σ|τ〉 = Tr[MS] . (3.26)

A notationally alternative way to define a completeness relation for the non-orthogonal colour-

flow basis vectors would be to make use of the definition of the scalar product matrix in the

form of the first part of equation (3.24) and to reformulate this relation to obtain∑
σ,τ

S−1
τσ |τ〉 〈σ| = 1 , (3.27)

as well as

|λ〉 =
∑
τ,σ

S−1
τσ Sσλ |τ〉 . (3.28)

A general operator A acting on a basis vector can then be cast into the form

A |σ〉 =
∑
ρ,λ

S−1
ρλ |ρ〉 〈λ|A|σ〉 =

∑
ρ,λ,τ

S−1
ρλ SλτAτσ |ρ〉 =

∑
τ

Aτσ |τ〉 . (3.29)

In this way of writing one does not introduce the dual basis vectors described above.

It is noteworthy that, since the colour-flow basis is not orthogonal/orthonormal, it is not a

basis but rather a spanning-set. It is overcomplete for every finite number of colours N , only

for the limit N → ∞ it would be strictly speaking a proper basis. In the latter case, in a

physical picture, one would have an infinite number of colour charges and thus all partons can

be distinguished.
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Figure 6: Contour used for the derivation of the Sokhotski-Plemelj identity.

3.3 Feynman’s tree theorem

The Feynman tree theorem (FTT) allows one to rewrite loop integrals in the form of phase-space

type integrals, such that the process of combining virtual loop graphs with real emission diagrams

in order to cancel infrared divergences at the integrand level can be efficiently performed.

To start with, an important ingredient needed to formulate the Feynman tree theorem is

the Sokhotski-Plemelj identity (see e.g. [13])

1

x± i0
= P

(
1

x

)
∓ iπδ(x) , (3.30)

where P denotes the principal value prescription. One way to prove this relation proceeds

through integration in the complex plane with a test function f(x) which has the property

f(x) → 0 for x → ±∞ such that the integrand is well-defined when integrating over the real

axis. For the contour γ depicted in Figure 6 one finds∫
γ

dx
f(x)

x
= lim

ε̂→0

[∫ −ε̂
−∞

dx
f(x)

x
+

∫ ∞
ε̂

dx
f(x)

x

]
+ lim
ε̂→0

∫
γε̂

dx
f(x)

x
, (3.31)

where the first two integrals give the principal value prescription and γε̂ describes the infinites-

imal semi-circle contour around the pole, where one parameterises x(ϕ) = ε̂eiϕ for 0 ≤ ϕ ≤ π

such that

lim
ε̂→0

∫
γε̂

dx
f(x)

x
= − lim

ε̂→0

∫ π

0
dϕ

iε̂eiϕ

ε̂eiϕ
f(ε̂eiϕ) = −iπf(0) . (3.32)

Since one can deform the integration contour into a slightly imaginary direction iε and make

an expansion of the test-function f(x+ iε) ≈ f(x), one can conclude that the integral over the

contour in equation (3.31) equals to the desired integral of
∫∞
−∞ dx f(x)/(x + iε). Thus, when

combining the result of equation (3.31) with (3.32) and removing the test-function one finds the

Sokhotski-Plemelj identity.

Note that if one of the integral boundaries lies at a pole of the propagator, the Sokhotski-Plemelj

identity has to be slightly adjusted. For instance, for an integral of the form
∫ 1
−1 dx 1/[1−x± i0]

one finds an additional factor of 1/2 since the contour around the pole has to be integrated

within the boundaries [0, π/2]

1

1− x± i0
= P

(
1

1− x

)
∓ iπ

2
δ(1− x) . (3.33)

Subtracting the Sokhotski-Plemelj identity in equation (3.30) of different signs from each
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other and replacing x by k2 in order to match the notation for the propagator of a loop mo-

mentum k, leads to
1

k2 − i0
=

1

k2 + i0
+ 2πi δ(k2) . (3.34)

If one wants to pay special attention to the i0-prescription, one can reformulate equation (3.34).

Assuming that the “0” of the prescription is dimensionless, one can introduce another factor of

k2 in order to have matching dimensions of energy for the propagator. In particular, one can

write
1

k2 − i0(T · k)2
=

1

k2 + i0(T · k)2
+ 2πi δ(k2) , (3.35)

where Tµ is a timelike vector, which one can choose without restriction of generality to be equal

to (Tµ) = (
√

2,~0). Thus, this implies that T · k =
√

2k0. In fact, the first expression on the

right hand side of equation (3.35) corresponds to the usual Feynman propagator, since one can

observe that

1

k2 + i0(T · k)2
=

1

(k0)2 − ~k2 + 2i0(k0)2
=

1[
k0 − |~k|+ i0k0

] [
k0 + |~k|+ i0k0

]
=

1

2|~k|

[
1

k0 − |~k|+ i0k0
− 1

k0 + |~k|+ i0k0

]
,

(3.36)

holds and thus the poles are located at k0 = |~k| − i0 and k0 = −|~k|+ i0 in the complex plane of

k0 for the first and second part of the last line, respectively.

An implication of equation (3.35) is

1

k2 − i0|T · k|(T · k)
=

1

k2 + i0(T · k)2
+ 2πi δ(k2)θ(T · k) , (3.37)

where the first expression on the left hand side can be identified with the advanced propagator,

having its poles in the upper half-plane of k0. Hence,

GA(k) =
1

k2 − i0|T · k|(T · k)
, (3.38)

is the advanced propagator, while

G(k) =
1

k2 + i0(T · k)2
, (3.39)

is the Feynman propagator and equation (3.37) shows how they relate to each other, i.e. in

particular one finds [7, 8]

GA(k) = G(k) + 2πi δ(k2)θ(T · k) . (3.40)

The reformulation of the i0-prescription is used in this work whenever special attention has to

be paid to the imaginary part. However, in order to avoid clutter, the momentum factors in

the i0-prescription will be neglected otherwise. Still, one can easily reinstate them if needed by

considering the definitions in the equations above.

In Figure 7 a general depiction of the location of the poles of an advanced, a Feynman and an

eikonal propagator is provided. Mind however, that the single pole of the eikonal propagator
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can be located in either of the four quadrants, depending on whether the propagator is of the

form [pi ·k+ i0]−1 or [−pi ·k+ i0]−1 and whether the cosine of the angle between the momentum
~k and ~pi is positive or negative.

Consider a process at one-loop with a number of n massless, external lines, which have momenta

labelled by p1, ..., pn. The momenta of the (massless) internal propagators are given by km =

k +
∑m

l=1 pl with k being the loop momentum. If the integrand only consists of advanced

propagators, the loop integral will evaluate to zero, since all of the poles lie on the same half-

plane, i.e. [7, 8]

L
(n)
A (p1, ..., pn) = −i

∫
ddk

iπd/2

n∏
m=1

GA(km) = 0 , (3.41)

where for the normalisation of the integral measure the following convention is adopted

ddk

(2π)d
= i

(4π)(4−d)/2

(4π)2

ddk

iπd/2
=

ddk

iπd/2
. (3.42)

At this point attention has to be drawn to the fact that the statement of equation (3.41) is only

true, if, when performing the contour integration, the contribution of the arc of the half-circle in

the complex plane vanishes for the limit of its radius R→∞. In general, for an amplitude one

will have a numerator structure which possibly depends on a loop momentum k, call it f(k),

and a propagator, a different polynomial in k, h(k). Now, by parameterising the contribution of

the arc and taking the limit R→∞, one finds that in order for this contribution to vanish it is

necessary that the relation deg(h(k)) ≥ deg(f(k))+2 is satisfied. Hence, this has to be carefully

considered for eikonal propagators, or in particular, when using an axial-type gauge, such as

light-cone gauge. For the Feynman diagrams considered throughout this work the relation is

satisfied, the FTT can be applied.

Assuming that equation (3.41) is satisfied and using equation (3.37) allows one to reformulate

the integral to obtain [7, 8]

L
(n)
A (p1, ..., pn) = −i

∫
ddk

iπd/2

n∏
m=1

[
G(km) + 2πi δ̃(k)

]
= L(n)(p1, ..., pn) + L

(n)
1−cut(p1, ..., pn) + ...+ L

(n)
n−cut(p1, ..., pn) ,

(3.43)

where L(n)(p1, ..., pn) describes the loop integral with Feynman propagators only and the “cut”-

contributions (setting the cut momentum on-shell) correspond to [7, 8]

L
(n)
r−cut = −i

∫
ddk

iπd/2

[
(2πi)r δ̃(k1)...δ̃(kr)G(kr+1)...G(kn) + unequal permutations

]
. (3.44)

Here, the convenient short-hand notation δ̃(k) = δ(k2)θ(T · k) has been used.

Since L
(n)
A (p1, ..., pn) = 0 it follows that [7, 8]

L(n)(p1, ..., pn) = −
[
L

(n)
1−cut(p1, ..., pn) + ...+ L

(n)
n−cut(p1, ..., pn)

]
. (3.45)

The Feynman tree theorem thus instructs one to determine all the different possible cut-

contributions (single and multiple cuts) in order to rewrite the loop integral in the form of
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Figure 7: General pole structure of (a) an advanced, (b )a Feynman and (c) an eikonal
propagator in the k0-plane of the momentum.

a phase-space integral.

In this work the focus lies on processes with soft gluons, accordingly the aim is to apply the

FTT not only to the “full” Feynman propagators but in particular to eikonal propagators as

well. In the eikonal limit one encounters the case that the pole of certain eikonal propagators

lies already in the upper half-plane of the zeroth component of the loop momentum and thus

such propagators are not cut in the procedure of the FTT.

In order to illustrate this, consider the one-loop diagram with a soft gluon exchange, where the

momenta of the hard lines i and j are both outgoing. In the eikonal limit the amplitude of this

process is described by

i

j

pi + k

k

pj − k

= ig2(−Ti ·Tj)

∫
ddk

iπd/2
µ2ε 4(pi · pj)

[k2 + 2i0(k0)2][2pi · k + 2i0(p0
i )

2][−2pj · k + 2i0(p0
j )

2]
,

(3.46)

where the amplitude of the hard, short distance process is not explicitly written, it is understood

to be included in the “blob” of the diagram. Focusing on the loop integral and following the

procedure of the FTT, one can first write the loop integral with advanced propagators only (cf.

equation (3.41))

0 = µ2ε

∫
ddk

iπd/2
GA(k)

1

[2pi · k − 2i0(p0
i )

2]

1

[−2pj · k + 2i0(p0
j )

2]
. (3.47)

One observes that the eikonal propagator of line j already has its pole in the upper half-plane.

In some sense, for this momentum convention, the eikonal propagator can be identified with the

advanced propagator. Hence, if one rewrites the advanced propagators using equation (3.40)

in the next step, this procedure does not have to be applied to the eikonal propagator with

momentum (−pj · k). Therefore one obtains

0 = µ2ε

∫
ddk

iπd/2

(
1

[k2 + 2i0(k0)2]
+ (2πi)δ(k2)θ(k0)

)
1

[−2pj · k + 2i0(p0
j )

2](
1

[2pi · k + 2i0(p0
i )

2]
+ (2πi)δ(2pi · k)

)
.

(3.48)

Multiplying out, one can express the desired integral as the sum over three cut-contributions
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(two single cuts and one double cut), the propagator with momentum (−pj ·k) is left untouched,

µ2ε

∫
ddk

iπd/2
1

[k2 + 2i0(k0)2][2pi · k + 2i0(p0
i )

2][−2pj · k + 2i0(p0
j )

2]

= −µ2ε

∫
ddk

iπd/2

{
(2πi)δ(k2)θ(k0)

[2pi · k + 2i0(p0
i )

2][−2pj · k + 2i0(p0
j )

2]

+
(2πi)δ(2pi · k)

[k2 + 2i0(k0)2][−2pj · k + 2i0(p0
j )

2]
+

(2πi)2δ(k2)θ(k0)δ(2pi · k)

[−2pj · k + 2i0(p0
j )

2]

}
.

(3.49)

It is noteworthy that if a different momentum flow is adopted, i.e. one momentum of the hard

lines is outgoing while the other one is incoming, all different cuts have to be taken into account

since there is no propagator with momentum (−pi,j · k) (see section 4.4).

In sections 4.3 and 4.2 the one-loop soft gluon exchange diagram is further evaluated in terms of

its kinematical contribution as well as its colour factor. The application of the FTT at two-loop

order is described in section 5.3.

3.4 Soft gluon evolution equations

The soft gluon evolution algorithm aims to provide an iterative solution to the soft gluon RGE

in order to achieve soft gluon resummation for general observables. In particular, it is also valid

for the resummation of leading logarithms in non-global observables.

Soft gluon evolution is concerned with “dressing” a hard, short-distance process with a num-

ber of soft gluons in the form of real emissions and virtual exchanges. The standard way of

determining the soft anomalous dimension is to specify the observable of interest, perform the

loop-integration (using e.g. rapidity regulators) as well as the phase-space integrals of the real

emission. The result is then expanded, a part of the poles in ε will cancel, the ones that remain

have to be removed by renormalisation.

However, in this case a different approach is taken. The aim is to cancel infrared divergences

at the integrand level. Therefore the anomalous dimension is determined at the integrand level

which gives a more detailed control over a whole class of observables, since one does not have

to impose restrictions concerning angles or rapidity within the real emission. There is a virtual

evolution for a whole class of observables where one only has to specify how the observable

factorises and to provide information on the ordering parameter (e.g. energy or transverse mo-

mentum).

In the end, when explicitly choosing an observable one will obtain the same result for the soft

anomalous dimension with this procedure as one will find by using the standard approach. Still,

with the method presented in the following it is also possible to look at the difference between

a representative, ideal observable and a real, experimentally accessible one and to integrate this

difference numerically.
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A general cross-section can be written in the following way [2]

σ =
∑
n≥0

∫
Tr[Un(pn)]u(pn) dΠ(pn) , (3.50)

where the dΠ(pn) denotes the phase-space integration measure concerning the n soft gluon

momenta pn = {q1, ..., qn}; there are also a number of m hard momenta, which are not explicitly

written. The cross-section is formulated for the observable u(pn) which is a function of the soft

momenta q1, ..., qn. This measurement function is considered here to be trivial in colour space

and in the described case the evolution proceeds only with soft gluons (a more general treatment

including collinear emissions can be found in [3]). Hence, the phase-space factorisation is given

by

dΠ(pn) =
ddqn

(2π)d−1
δ̃(qn) dΠ(pn−1) . (3.51)

In the following, a derivation of the soft gluon evolution algorithm is presented [9].

The operator Un of the n-parton colour space can be regarded as a density operator in the

sense that Un = |Mn〉 〈Mn| holds. The quantity Un(pn) is the bare, unrenormalised operator

in colour space for which the following recursion relation holds

Un(pn) = αbare
[
Vn(pn)Un(pn) + Un(pn)V†n(pn)−Dn(pn)Un−1(pn−1)D†n(pn)

]
. (3.52)

This suggests a diagrammatic interpretation. The operator Vn(pn) implements a virtual soft

gluon exchange; the first two terms in equation (3.52) thus refer to the amplitude dressed with

a virtual exchange and a tree-level conjugated amplitude and the other way around. The third

term in equation (3.52) represents the real emission contribution. The operator Dn(pn) is the

soft emission operator, for the soft momentum qn it is defined as

Dα
n(qn) =

∑
i

Ti
pαi

pi · qn
, (3.53)

where the sum is over hard momentum lines. It holds that U−1 = 0, such that for U0 only the

tree-level diagram/the hard process remains. The diagrammatic recursion relation in equation

(3.52) gives the leading contributions to the observable and lies at the basis of the soft evolution

procedure.

The cross-section in equation (3.50) is formulated in a general way, therefore it allows to also in-

clude a class of observables which are “non-global”. Whilst global observables resolve radiation

across the entirety of phase space, non-global observables have regions which put no constraint

(for example regarding its energy) on radiation.

Accordingly, the measurement function for a non-global observable can be split up into an “in”-

region, where the energies of the emitted gluons are restricted to lie below the soft scale µs

(the resolution scale), and an “out”-region where there is no such constraint on the radiated

gluons (see Figure 8 for an exemplary illustration of the described regions). For a non-global

observable defined in this way the cancellation of IR divergences is still ensured. However,

while for a global observable resummation of large logarithms has to be performed for energies
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in
out

En > μs

Figure 8: Schematic depiction of an example for a non-global observable, in the “in”-region
the energies of the radiated gluons are restricted to lie below the soft scale µs,
while there is no such restriction on the energy in the “out”-region.

En < µs, for the non-global case, there is also an unobserved part with energy En > µs in the

out-region. Such an out-region can occur due to an experimental setup with parts not covered

by the detector. Splitting up the measurement function into the in-region (Θ(qn ∈ Ωin)) and

the out-region (Θ(qn ∈ Ωout)) and considering only one soft emission of momentum qn results in

u(pn) = u(pn−1) [Θ(qn ∈ Ωin)θ(µs − κ(qn))

+Θ(qn ∈ Ωout)θ(µs − κ(qn)) + Θ(qn ∈ Ωout)θ(κ(qn)− µs)] ,
(3.54)

where the κ(qn) is a general notation that allows one to formulate the measurement function

with respect to different ordering variables. For instance, in a simple case, the κ(qn) can refer to

the energy of the emitted gluon or to its transverse momentum. The contribution in the first line

in equation (3.54) can be combined with the first one in the second line to give the global part,

the observable is fully inclusive in the chosen variable, for example for emissions with energies

En < µs. However, there is an additional non-global part, namely the second contribution in

the second line.

It is now desirable to find an IR-finite expression for the Un operator. To achieve this, first

focus on the measurement function, which can be rewritten as

u(pn) = u(pn)− θ(µs − κ(qn))u(pn−1) + θ(µs − κ(qn))u(pn−1)

= Θ(qn ∈ Ωout)θ(κ(qn)− µs)u(pn−1) + θ(µs − κ(qn))u(pn−1) .
(3.55)

In the first line the global contribution of a soft emission with its characteristic variable lying

below the soft scale µs has been added and subtracted. Plugging in the expression of equation

(3.54) for u(pn) one observes that the contributions which remain are the emission in the out-

region above the soft scale and a global part with the characteristic emission variable below the

soft scale. The latter can be combined with the virtual exchanges in order to achieve cancellation

of IR divergences in the following way.

Consider the part of the cross-section for a soft emission of momentum qn+1 with its character-

ising variable smaller than the soft scale

Tr
[
Dn+1UnD

†
n+1

]
θ(µs − κ(qn+1))u(pn) dΠ(pn+1)

=
1

2
Tr
[(

D†n+1Dn+1 − iC(1)
n

)
Un

]
θ(µs − κ(qn+1))

δ̃(qn+1)

(2π)d−1
ddqn+1 dΠ(pn)

+
1

2
Tr
[
Un

(
D†n+1Dn+1 + iC(1)

n

)]
θ(µs − κ(qn+1))

δ̃(qn+1)

(2π)d−1
ddqn+1 dΠ(pn) ,

(3.56)
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where the cyclicity of the trace was used and the imaginary part has been introduced (added

and subtracted) for later convenience. The only constraint on C
(1)
n is its hermiticity. Combining

this contribution with the virtual exchanges leads to an operator Ωn which is free of infrared

divergences,

Ωn = Vn +
i

2
C(1)
n −

1

2

∫
dqn+1

(2π)d−1
δ̃(qn+1) D†n+1Dn+1θ(µs − κ(qn+1)) . (3.57)

In this way, the operator C
(1)
n can be used to subtract the infrared divergences of the imaginary

part of Vn at one-loop order. With the operator Ωn one can therefore rewrite the recursion of

equation (3.52) in an IR-finite form

Un = αbare
[
ΩnUn + UnΩ

†
n −DnUn−1D

†
n θ(κ(qn)− µs)Θ(qn ∈ Ωout)

]
. (3.58)

Note that the emission contribution now only involves the soft emission in the out-region with

κ(qn) > µs, since the global part of the emission with µs > κ(qn) has already been combined

with the virtual exchange.

Still, a UV divergence remains for the operator Ωn. The renormalisation procedure for Un

absorbs the momentum modes above a scale µF into the renormalisation factor Zn, which can

be regarded as an operator in colour space. The coupling gets renormalised at a scale µR in the

way described in section 2.2, equation (2.20). Defining the renormalised quantity by Uren
n ≡ An,

this leads one to

Un(µ) = Zn(µ, µR, µF )An(µR, µF )Z†n(µ, µR, µF )

− αs(µR) DnAn−1(µR, µF )D†n θ(κ(qn)− µF ) Θ(qn ∈ Ωout) ,
(3.59)

where one can observe that for only one emission in an expansion one has to take into account

the renormalised coupling αs(µR), the renormalisation factors sandwiching the An−1 operator

are simply unity. The emission and the virtual contribution are now cut off above the scale µF .

Furthermore, one can expand the first line in equation (3.59) to first order in the renormalised

coupling to find

Un(µ) = An + αs(µR) Z(1)
n An + αs(µR) An(Z(1)

n )†

− αs(µR) DnAn−1D
†
n θ(κ(qn)− µF )Θ(qn ∈ Ωout) +O(α2

s)

= αs(µR)
[
ΩnAn + AnΩ

†
n −DnAn−1D

†
nθ(κ(qn)− µs)Θ(qn ∈ Ωout)

]
+O(α2

s) .

(3.60)

This allows one to determine Zn by identifying the divergent part in Ωn and therefore one gets

a UV-finite contribution at the order considered so far, i.e. at O(αs)

0 = An − αs(µR)
(
Ωn − Z(1)

n

)
An − αs(µR) An

(
Ωn − Z(1)

n

)†
+ αs(µR) DnAn−1D

†
n θ(µF − κ(qn)) θ(κ(qn)− µs)Θ(qn ∈ Ωout) +O(α2

s) .
(3.61)
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One can now formulate an evolution equation in µF

µF
∂An

∂µF
=αs(µR)ΓnAn + αs(µR)AnΓ

†
n

− αs(µR) DnAn−1D
†
n µF δ(µF − κ(qn)) θ(µF − µs) Θ(qn ∈ Ωout) +O(α2

s) ,

(3.62)

where, at this order, the soft anomalous dimension matrix Γn is defined as

Γn ≡ −µF
∂

∂µF
Z(1)
n . (3.63)

Therefore, by requiring that the expression
(
Ωn − Z

(1)
n

)
has to be finite, one determines the

form of Z
(1)
n as well as the one of C

(1)
n .

One can write down the soft evolution of the cross-section for the radiation of n soft gluons in

terms of the renormalised density operators An, which satisfy the iterative equation (3.61), in

the following way [2]

σ0 = Tr
[
Ṽ0(µs, Q)H(Q)Ṽ†0(µs, Q)

]
≡ Tr[A0(µs)]

dσ1 = Tr
[
Ṽ1(µs, E1)Dα

1 Ṽ0(E1, Q)H(Q)Ṽ†0(E1, Q)D†1αṼ†1(µs, E1)
]

dΠ1

≡ Tr[A1(µs)] dΠ1

dσ2 = Tr
[
Ṽ2(µs, E2)Dβ

2 Ṽ1(E2, E1)Dα
1 Ṽ0(E1, Q)H(Q)

Ṽ†0(E1, Q)D†1αṼ†1(E2, E1)D†2βṼ
†
2(µs, E2)

]
dΠ1dΠ2 ≡ Tr[A2(µs)] dΠ1dΠ2 ,

(3.64)

where this pattern can be continued to n emissions. In equation (3.64) the energy is chosen

as the ordering variable. The operator Ṽn(a, b), the Sudakov operator, is now the solution of

global part of the evolution equation (3.62), it sums the virtual exchanges to all orders between

two scales a, b. It has the form [2]

Ṽn(a, b) = P
{

exp

[
−
∫ b

a

dk

k
Γn(k)

]}
, (3.65)

where P denotes the path-ordering with respect to the chosen scale variable, in this case the

energy.

In Figure 9 a graphic representation of the evolution is given. It shows the soft gluon evol-

ution of the cross-section from the hard scale Q down to an emission energy E1 which is larger

than the soft scale µs. The insertion of the Sudakov operator sums the virtual exchanges to all

orders between the two scales Q and E1. At the scale E1 an emission occurs, implemented via

the emission operator D1. The same procedure can be repeated until the next emission scale

is reached, as long as it is larger than the soft scale. In this way the evolution down to µs is

performed, at this point the evolution stops.

The necessary ingredients for this algorithm are the knowledge of the Sudakov operators at a

given loop-order. The first step towards their determination is to find an expression for the soft
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1 Ṽ0(Q, E1)Ṽ†
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… …

Figure 9: Illustration of the iterative solution of the non-global evolution equation. The
right hand side depicts the evolution of the amplitude, whilst the left hand side
the complex conjugated amplitude.

anomalous dimension at a given loop-order, which subsequently has to be exponentiated.

In order to determine the soft anomalous dimension matrix in the colour-flow basis at a given

loop-order the kinematic part has to be evaluated for both virtual and emission contributions

and the colour structure needs to be expressed as a matrix element of the colour-correlators in

the colour-flow basis.

An example for a non-global observable is the di-jet veto. In this case all of the collinear contri-

butions will cancel and therefore, due to the presence of soft divergences only, single logarithms

remain.
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4 Leading order soft evolution

In this section the soft anomalous dimension at one-loop order is reviewed. In the first part the

focus lies on the colour structure and on finding an expression for the one-loop soft anomalous

dimension as a matrix element in the colour-flow basis. In the second part the Feynman tree

theorem is applied to the one-loop integral and the cut contributions are written in the form

of a phase-space integral. The radiative cut contribution is then compared to the real emission

diagram at the level of a cross-section. In the last part of this section the effect of the momentum

flow of the hard lines on the imaginary part is discussed.

4.1 Soft anomalous dimension at leading order basis-independently

The soft anomalous dimension matrix at one-loop, in a basis-independent form, can be expressed

as [6]

Γ(1) =
1

2

∑
i 6=j

(−Ti ·Tj) I
(1)
ij , (4.1)

where I
(1)
ij are the one-loop coefficients, i.e. the one-loop integral, which is already renormalised

and the infrared divergences have been subtracted by taking into account the squared single

emission contribution. When analysing the loop integral in section 4.3 the quantity which

is calculated will be denoted by V(1) (compare equation (3.52)), since the loop integral still

contains an infrared and an artificial (due to the eikonal approximation) ultraviolet divergence

at this point (and it is therefore not equal to I
(1)
ij in equation (4.1)). At variance with the

virtual exchange operator in equation (3.52) the superscript denoting leading order is added here

explicitly. At the end of section 4.3 one can observe the cancellation of the infrared divergence

when taking into account the squared single soft emission diagram. The UV divergence has to

be taken care of by the renormalisation program as described in the previous section.

The Feynman diagram corresponding to the virtual correction V(1) is simply given by the one-

loop soft gluon exchange. Note that in the soft limit in Feynman gauge and at leading order in

αs the self-energy diagram involving a single line does not contribute for on-shell external lines.

Since the colour structure of the soft anomalous dimension in the colour-flow basis is discussed

separately from the loop integral, the symbol Γ(1) is used.

4.2 The soft anomalous dimension in the colour-flow basis

In equation (4.1) the soft anomalous dimension is considered in a basis-independent way, here

the task is to express it as a matrix element in the colour-flow basis. In general, for the expansion

in the t’Hooft coupling (αsN) of the soft anomalous dimension in the colour-flow basis, one can

write

[τ |Γ|σ〉 = (αsN) [τ |Γ(1)|σ〉+ (αsN)2 [τ |Γ(2)|σ〉+ ... . (4.2)

In this section the focus lies on the leading order coefficient. In the following, the result for

the matrix element of the colour-correlator Ti ·Tj will be determined in the colour-flow basis,

afterwards the kinematic dependence will be considered.
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i

j
σ τ
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j
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Figure 10: On the left hand side the tree-level amplitude is depicted, on the right hand side
the one-loop amplitude. The σ describes the basis permutation pertaining to
the hard process, the τ corresponds to basis permutation after the exchange of
the gluon. Accordingly, the two permutations match for the tree-level process.

It holds that [τ |σ〉 = δστ for two basis tensors |τ〉 and |σ〉; this matches the matrix element

of the tree-level diagram (see Figure 10). For the one-loop gluon exchange between two lines i

and j the object of interest is [τ |(Ti · Tj)|σ〉. One needs to consider this quantity for all the

different combinations of parton lines and combine these expressions into a single one.

For two hard quark lines i and j one finds a colour structure of

(ta)
αci
βc′
i

(ta)
αcj
βc′
j

= TR

[
δ
αci
βc′
j

δ
αcj
βc′
i

− 1

N
δ
αci
βc′
i

δ
αcj
βc′
j

]
= λiλj

[
c′�i ci

c′�j cj

− 1

N

c′�i ci

c′�j cj

]
,

(4.3)

where in the first line the Fierz identity is used. In the second line the colour-line diagrams which

correspond to the colour-flow Kronecker deltas are depicted and the factor of TR is rewritten as

λiλj according to the conventions described previously.

When instead considering a quark line i and an anti-quark line j, one obtains

−(ta)
αci
βc′
i

(ta)
αc′
j

βcj
= −TR

[
δ
αci
βcj
δ
αc′
j

βc′
i

− 1

N
δ
αci
βc′
i

δ
αc′
j

βcj

]
= −λiλ̄j

[
c′�i

c′�j

ci

cj

− 1

N

c′�i

c′�j

ci

cj

]
.

(4.4)

The other combinations of partons work analogously; for gluon lines, one rewrites the structure

constants as a trace of fundamental generators, for which the Fierz identity can be used again.

Now, if a gluon is exchanged one can ask how the basis permutation τ will change with respect

to σ, the basis permutation determined by the hard process. This means that, for the matrix

element of interest, one has [τ |(Ti · Tj) |σ〉 = [τ |σ̃〉 = δτσ̃, where (Ti · Tj) |σ〉 ≡ |σ̃〉. The

task is to reformulate the σ̃ permutation (which is equal to the τ -permutation) in terms of the

“original” one, σ, and to relate it to τ . In order to see this change of permutations one rewrites

the Kronecker deltas of the permutations such that the change (if there is any) between the

permutations τ and σ is immediately evident. This rewriting can be done in the following way:

For two quark lines i and j the basis permutation σ connects the colour indices of the quarks

to any other two anti-colour indices (labelled by c′k and c′m) which pertain to the hard process
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and are thus part of the permutation σ,

σ

c′�i

c′�j

c′�k
c′�m

ci

cj

=

(
δ
αci
βc′
k

δ
αc′
j

βcm

)(
δ
αcj
βc′
i

δ
βc′
i

αc′
i
δ
αci
βc′
j

δ
βc′
j

αc′
j

)
= δ

αci
βc′m

δ
αcj
βc′
k

(4.5)

→ δτ(a,b)σδ(a,b)(ci,cj) .

The colour-flow Kronecker deltas obtained in the first line of equation (4.5) are an expression for

the quantity 〈c|σ̃〉, which now has to be compared to 〈c|σ〉 which equals to the first expression

in brackets in the upper equation. One can observe that, in order to make the two permuta-

tions σ and τ match, one has to swap the colour indices ci and cj in the τ -permutation. The

action of swapping the colour indices and then comparing to τ is described by the expression of

δτ(a,b)σδ(a,b)(ci,cj) - the two elements (a, b) have to be swapped such that the permutations τ and

σ match and in this case the elements (a, b) are given by (ci, cj).

For the case of a quark line i and an anti-quark line j it is necessary to distinguish two dif-

ferent cases for the basis permutation σ. In addition to the case described above where the

colour indices are connected to any other anti-colour indices of the permutation σ, one now has

to explicitly consider a colour-connection between the lines i and j, i.e. between the colour/anti-

colour indices of c′i and c′j . These two possibilities lead to

σ

c′�i
c′�k

ci

cjc′�j
c′�m =

(
δ
αc′
i

βc′
k

δ
αc′m
βc′
j

)(
δ
βc′
j

αc′
j
δ
αc′
j

βc′
i

δ
βc′
i

αc′
i
δ
αci
βcj

)
= δ

αc′m
βc′
k

δ
αci
βcj

(4.6)

→ δτ(a,b)σδ(a,b)(ci,σ−1(cj)) ,

where in this case the elements ci and σ−1(cj) = c′m have to be swapped such that the permuta-

tions τ and σ match.

However, for the second possibility of the basis permutation σ no swap is necessary, instead one

obtains

σ

c′�i ci

cjc′�j
=

(
δ
αc′
i

βc′
j

)(
δ
αci
βcj
δ
βc′
j

αc′
j
δ
αc′
j

βc′
i

δ
βc′
i

αc′
i

)
= Nδ

αci
βcj

(4.7)

→ Nδστδciσ−1(cj) .

In the case of a colour-connection between the lines i and j one finds that the permutations σ

and τ match (δστ ), the δciσ−1(cj) specifies the colour-connection of the basis. Further, there is a

factor of N, due to the “colour-loop”.

In the same way the cases of two anti-quark lines i, j and of an anti-quark line i and a quark line

j can be treated. When considering gluon lines there are no additional contributions specific to

gluon lines at one-loop level, i.e. they can be built from the combined quark/anti-quark cases
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Figure 11: Illustration of two colour-line diagrams for gluon lines i and j. At one-loop
level all of the colour-line diagrams for hard gluon lines can be built from those
of the different combinations of hard quark and anti-quark lines.

(see Figure 11).

Analysing all of the different combinations of hard lines and the corresponding colour flow

due to the gluon exchange leads to the following result for the matrix element of the colour-

correlator Ti ·Tj [2]

[τ |(Ti ·Tj) |σ〉 = −Nδτσ
[
λiλ̄jδciσ−1(c̄j) + λ̄iλjδcjσ−1(c̄i) +

1

N2
(λi − λ̄i)(λj − λ̄j)

]
+
∑
(a,b)

δτ(a,b)σ

(
λiλjδ(a,b)(ci,cj) + λ̄iλ̄jδ(a,b)(σ−1(c̄i),σ−1(c̄j))

−λiλ̄jδ(a,b)(ci,σ−1(c̄j)) − λ̄iλjδ(a,b)(cj ,σ−1(c̄i))

)
.

(4.8)

In a matrix representation the contributions of the first line of equation (4.8) determine the

diagonal elements, the terms with the “swaps” are off-diagonal elements. It is worth noticing

that at one-loop the swap-terms are only single swaps of (anti-)colour indices. At higher order

this will not be the case anymore.

With the result in equation (4.8) one can deduce the structure of the one-loop soft anomalous

dimension matrix element in the colour-flow basis to be [2, 6]

(αsN)[τ |Γ(1)|σ〉 = (αsN)

[(
Γ(1)
σ +

1

N2
ρ(1)

)
δστ +

1

N
Σ(1)
στ

]
. (4.9)

As an expansion parameter αsN , the t’ Hooft coupling, has been used. This allows for efficiently

performing the large-N limit of QCD. The structure Γ
(1)
σ denotes the leading colour-diagonal

elements, for the colour part of the soft anomalous dimension this corresponds to the first two

terms in equation (4.8). The ρ(1) coefficient stands for colour-diagonal elements suppressed in the

number of colours, it is given by the third term of equation (4.8). The off-diagonal elements Σ
(1)
στ

pertain to the colour-swap terms concerning the colour part of the soft anomalous dimension.

With equation (4.9) one can immediately determine the leading (in the large N-limit) colour-

diagonal part and the off-diagonal elements of the soft anomalous dimension matrix.

It turns out, however, that it might be desirable to consider an expansion in the whole colour-

diagonal part, instead of taking into account only the Γ
(1)
σ coefficients in the large-N limit. On

the one hand the reason for this is provided by the fact that the structure ρ(1) can give large

contributions due to the sum over pairs of colour-partners, so-called dipoles, which has to be
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performed. This can effectively compensate the 1/N suppression. On the other hand, when one

takes into account collinear contributions, the quark splitting function has a colour factor of

CF = N2−1
2N , performing the large-N limit would now lead to a replacement of CF by CA

2 . This

is, however, not done in the collinear sector.

4.3 Kinematic part of the loop-diagram

Concerning the kinematic part it is convenient to rewrite the loop integral as a phase-space type

integral using the Feynman tree theorem such that it is possible to combine it with the single

emission diagram in order to be able to explicitly observe the cancellation of IR divergences.

Using Feynman rules, one obtains for the one-loop diagram in Feynman gauge

i

j

pi + k

k

pj − k

= (−Ti ·Tj)

∫
ddk

iπd/2
µ2ε (ig2) 4(pi · pj)

[2pi · k + 2i0(p0
i )

2][−2pj · k + 2i0(p0
j )

2][k2 + 2i0(k0)2]

= (−Ti ·Tj) Ω
(1)
ij ,

(4.10)

where the external momenta are assumed to be both outgoing. In the case that there are addi-

tional hard lines, a sum has to be introduced, such that soft gluon exchanges are are taken into

account between all the possible hard lines, the sum then runs from i, j = 1, ..., n with i 6= j

where n is the total number of hard lines.

In the following calculation it is convenient to use a Sudakov decomposition for the loop mo-

mentum,

kµ = αpµi + βpµj + kµ⊥ . (4.11)

The forward and backward components can be chosen to be

pi =

√
pi · pj

2

(
1,~0

(d−2)
⊥ , 1

)
,

pj =

√
pi · pj

2

(
1,~0

(d−2)
⊥ ,−1

)
,

where pi · pj > 0. With this choice, the transverse part is then uniquely determined as k⊥ =

p⊥(0, ~n
(d−2)
⊥ , 0) with ~n2

⊥ = 1. In terms of these variables the measure translates to

µ2εddk = dp⊥p⊥θ(p⊥) (pi · pj)
(
µ

p⊥

)2ε

dα dβ dΩ(d−3) , (4.12)

see appendix A for the details on the Jacobian determinant in this case.

The Feynman tree theorem now instructs one to evaluate the cut diagrams - in the presence of

eikonal propagators one finds a radiative cut, an absorptive cut in the eikonal momentum (pi ·k)

and the combined double cut (cf. equation (3.49)). Schematically, the required cuts if both hard
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momenta are taken to be outgoing, correspond to

i

j

= −

 i

j

+

i

j

+

i

j

 . (4.13)

The radiative cut, which leads to the real part of the one-loop integral, can be expressed as

Ω
(1)
ij,rad.cut = −iαs

π

(2π)2εµ2ε

(2π)2

∫
ddk (2πi)δ̃(k)

pi · pj
[pi · k + i0][−pj · k + i0]

=
αs
π

(2π)2ε

2π

∫ ∞
−∞

dα

∫ ∞
−∞

dβ

∫ ∞
0

dp⊥p⊥θ(p⊥)

(
µ

p⊥

)2ε ∫
dΩ(d−3)

δ(2αβ(pi · pj)− p2
⊥)θ(α+ β)

[β + i0][−α+ i0]
,

(4.14)

where, due to the choice of variables, the factor (pi · pj) is positive and thus can be dropped

in front of the i0-prescription. When evaluating the α-integration with the delta function, one

finds an additional restriction for the α, β variables, namely θ(αβ). Together with the θ(α+ β)

restriction from the cut, this leads to a θ(α)θ(β). As a result, one obtains

Ω
(1)
ij,rad.cut = −αs

π

(2π)2ε

2π

∫ ∞
0

dβ
1

β + i0

∫ ∞
0

dp⊥
p⊥

(
µ

p⊥

)2ε ∫
dΩ(d−3) , (4.15)

with a logarithmic divergence in β, the integration in β can be rewritten in terms of the angle θ

Ω
(1)
ij,rad.cut = −αs

π

(2π)2ε

2π

∫ 1

−1

d cos θ

(1− cos θ)(1 + cos θ)

∫ ∞
0

dp⊥
p⊥

(
µ

p⊥

)2ε ∫
dΩ(d−3) , (4.16)

such that the collinear divergences still contained in Ω
(1)
ij,rad.cut become apparent. Because of

this, the soft anomalous dimension is formally divergent, however, the divergences are of collin-

ear origin only. One can choose an observable for which the collinear divergences cancel.

As an alternative choice of variables one can express the radiative cut of the one-loop integ-

ral in terms of rapidity η [18]

Ω
(1)
ij,rad.cut = −αs

π

(2π)2ε

2π

∫ ∞
0

dp⊥
p⊥

(
µ

p⊥

)2ε ∫
dη dΩ(d−3) ω

(p⊥)
ij , (4.17)

where

ω
(p⊥)
ij =

p2
⊥

2

pi · pj
(pi · k)(pj · k)

. (4.18)

The variables of transverse momentum and (pseudo-)rapidity are preferably used to describe

processes of hadron-hadron collisions or lepton-hadron collisions [19]. Consult appendix A for

the Jacobian determinant in order to translate to rapidity and to find the variable definitions.

Yet another possible choice of variables is energy instead of transverse momentum. In e+-e−

collisions energy and solid angle are oftentimes the variables of choice. In terms of energy-
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ordering the radiative cut of the one-loop integral reads [2]

Ω
(1)
ij,rad.cut = −αs

π

(2π)2ε

2π

∫ 1

−1
d cos θ

(1− cos2 θ)−ε

(1− cos θ)(1 + cos θ)

∫ ∞
0

dE

E

( µ
E

)2ε
dΩ(d−3)

= −αs
π

(2π)2ε

∫ ∞
0

dE

E

( µ
E

)2ε
∫

dΩ̂(d−2)

4π

ni · nj
(n · ni)(n · nj)

= −αs
π

(2π)2ε

∫ ∞
0

dE

E

( µ
E

)2ε
∫

dΩ̂(d−2)

2π
ω

(E)
ij ,

(4.19)

where it is used that pµi, j =
√

pi·pj
2 nµi, j and kµ = Enµ for on-shell loop momentum. Further, for

the angular integration the following notation is introduced∫
dΩ̂(d−2) =

∫ 1

−1
d cos θ (1− cos2 θ)−ε

∫
dΩ(d−3) . (4.20)

The absorptive part of the one-loop diagram gives a purely imaginary contribution. The diagram

with the cut of the eikonal propagator of momentum (pi ·k) evaluates to (using again the Sudakov

decomposition for the loop momentum)

Ω
(1)
ij, absorp.cut = −iαs

π

(2π)εµ2ε

(2π)2

∫
ddk (2πi)δ(pi · k)

pi · pj
[k2 + i0][−pj · k + i0]

=
αs
π

(2π)ε

2π

∫ ∞
−∞

dα

∫ ∞
0

dp⊥p⊥θ(p⊥)

(
µ

p⊥

)2ε

dΩ(d−3) 1

[−p2
⊥ + i0][−α+ i0]

,

(4.21)

where the integration in the variable β has already been performed using the delta function. In

order to evaluate the integration in α one can make use of the Sokhotski-Plemelj identity in the

following way

−
∫ ∞
−∞

dα

[α− i0]
= −

∫ ∞
−∞

dα

[
1

[α+ i0]
+ 2πiδ(α)

]
= −2πi−

∫ ∞
−∞

dα
1

2

[
1

[α+ i0]
− 1

[α− i0]

]
= −iπ .

(4.22)

Equivalently, one obtains this result by noticing that the principal value of this integral vanishes,

the imaginary part remains. Therefore, one finds for the absorptive cut

Ω
(1)
ij, absorp.cut =

αs
π

(2π)2ε

∫ ∞
0

dp⊥
p⊥

(
µ

p⊥

)2ε ∫ dΩ(d−3)

2π
(iπ) . (4.23)
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The last contribution which needs to be evaluated for the one-loop diagram is the double-cut

diagram. However, it turns out that it vanishes, since

Ω
(1)
ij,double−cut = −iαs

π

(2π)2εµ2ε

(2π)2

∫
ddk (2πi)2δ(p̂i · k)δ̃(k)

pi · pj
[−pj · k + i0]

= i
αs
π

(2π)2ε

∫ ∞
−∞

dα

∫ ∞
−∞

dβ

∫ ∞
0

dp⊥p⊥

(
µ

p⊥

)2ε ∫
dΩ(d−3)

δ(β)δ(2αβ(pi · pj)− p2
⊥)θ(α+ β)

[−α+ i0]

= i
αs
π

(2π)2ε

∫ ∞
−∞

dα
1

2

∫ ∞
0

dp2
⊥

(
µ

p⊥

)2ε δ(p2
⊥)

[−α+ i0]

∫
dΩ(d−3)

= 0 .

(4.24)

In the p⊥ variable the integral above only shows an IR singularity and no divergence of UV

origin, since one can cut off the upper boundary due to δ(p2
⊥). Hence, ε < 0 holds for (µ/p⊥)2ε.

Finally, combining the cut-contributions one finds

Ω
(1)
ij = −αs

π
(2π)2ε

∫
dp⊥
p⊥

θ(p⊥)

(
µ

p⊥

)2ε ∫ dΩ(d−3)

2π

{∫
dη ω

(p⊥)
ij − iπ

}
. (4.25)

Reformulating in terms of energy-ordering and taking into account the colour structure one

obtains

V(1) = − (−Ti ·Tj)
αs
π

(2π)2ε

∫
dE

E
θ(E)

( µ
E

)2ε

×

{∫
dΩ(d−2)

4π

ni · nj
(ni · n)(nj · n)

− dΩ(d−3)

2π
(iπ)

}
,

(4.26)

which is of the same form as the result of the soft anomalous dimension at one-loop level given in

[2]. Mind however, that as opposed to the result in [2] the integration boundaries of the energy

integral still range from zero to infinity in this case. For this reason the result in equation (4.26)

is labeled by V(1) rather than Γ(1).

The eikonal factor ω
(n)
ij , i.e. the first term of equation (4.26) in the second line still contains

collinear divergences for n ·ni → 0 or n ·nj → 0. These have to be subtracted, for instance with

a prescription [20]

ω
(n)
ij −

1

n · ni
− 1

n · nj
, (4.27)

which leaves behind an integrable singularity. The subtractions can then be combined with

collinear/hard-collinear contributions, since one can use colour conservation to rewrite them in

a colour-diagonal form. Alternatively, one can also use a different subtraction which has the

form [20]

ω̃
(n)
ij = ω

(n)
ij − sij − sji , (4.28)
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with a subtraction term sij defined as [20]

sij =
1

ni · n
− nj · n− ni · nj

(ni · nj)(ni · n)
. (4.29)

This type of subtraction will leave behind a finite result concerning the collinear singularities.

The imaginary part of the result in equation (4.26) is commonly referred to as Coulomb or

Glauber contribution. It should be stressed that although at this order it does not have an

influence on the result when squaring the amplitude, the Coulomb contribution does alter the

result if at least four hard lines are involved in a process where one does not only consider the

large-N limit and it is connected to the occurrence of super-leading logarithms for non-global

observables [21].

Furthermore, the result in equation (4.26) only exhibits an imaginary part if the momentum

flow of both hard momenta is chosen to be outgoing (or equivalently incoming), i.e. if it defines

a physical final state. In section 4.4 the case of one incoming and one outgoing hard momentum

is considered and the vanishing of the imaginary part can be correctly observed when using the

FTT.

In order to obtain the virtual exchange at leading order at a cross-sectional level one takes

the interference between the one-loop amplitude and the Born process in the sense that∣∣∣∣∣
i

j

+

i

j

∣∣∣∣∣
2
O(αs)→ 2Re

  , (4.30)

where the O(αs) indicates that one is only interested in the leading order contribution, i.e. the

interference diagram, at this point. Hence one gets twice the real part of equation (4.26) for the

absolute value squared of the amplitude. Note that if one introduces an unordered colour sum

of the hard lines for the one-loop amplitude one has to take into account an additional factor of

1/2 in order to compensate for the double counting of the diagram under the exchange of the

hard lines (cf. equation (4.1)).

The amplitude of the single soft emission diagram with n external lines leads to an expres-

sion for the tree-level soft current [5]

Jµ(k) =

n∑
l=1

Tl
pµl
pl · k

. (4.31)

The conservation of the soft current follows from the property of colour conservation in equation

(3.6), since [5]

kµJ
µ(k) =

n∑
l=1

Tl , (4.32)

37



and hence, together with the tree-level amplitude M(p1, ...pn) of external momenta p1, ..., pn

one finds [5]

kµJ
µ(k) |M(p1, ...pn)〉 =

n∑
l=1

Tl |M(p1, ...pn)〉 = 0 . (4.33)

It turns out that the square of the single emission diagram gives exactly minus the radiative cut

contribution of the one-loop diagram (except for the integration boundaries), which makes the

cancellation of the infrared divergences explicit. In a diagrammatic language the absolute value

squared of the single emission diagrams can be schematically illustrated as

∣∣∣∣∣
i

j

+

i

j

∣∣∣∣∣
2

= +

+ 2Re

  ,

(4.34)

where the first and the second diagram do not give a contribution in the soft limit in Feynman

gauge due to the on-shellness of the external lines, whereas the third one gives

= −g2 (−Ti ·Tj)µ
2ε

∫ µs

0
dΠk

pi · pj
[pi · k][−pj · k]

=
αs
π

(2π)2ε(−Ti ·Tj)

∫ µs

0

dE

E

( µ
E

)2ε
∫

dΩ(d−2)

4π

ni · nj
(ni · n)(nj · n)

.

(4.35)

The phase-space integral is given by dΠk = ddk
(2π)d−1 δ(k

2)θ(k0) and the upper integration bound-

ary is taken to be the soft scale µs. Consequently, the radiative part of the virtual diagram

squared is exactly minus the real emission diagram; the infrared divergences cancel.

Note again that if an unordered colour sum is introduced one has to include a factor of 1/2 for

the single emission contribution as well.
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4.4 Different momentum flow

If one takes the external momentum pi to be outgoing and pj incoming, the one-loop integral

now reads

i

j

pi + k

pj + k

k = (−Ti ·Tj)

∫
ddk

iπd/2
µ2ε (ig2) 4(pi · pj)

[2pi · k + 2i0(p0
i )

2][2pj · k + 2i0(p0
j )

2][k2 + 2i0(k0)2]
, (4.36)

which leads to the conclusion that when using the FTT in this case, due to the sign structure

of the propagators, all lines have to be cut. Diagrammatically, this gives

i

j

= −

 i

j

+

i

j

+

i

j

+

i

j

+

i

j

+

i

j

 .

(4.37)

It turns out that the single eikonal cut of momentum (pi · k) gives the same result as already

determined in equation (4.23) and due to the symmetry in i and j the cut of momentum

(pj · k) does so as well. In accordance with the previous consideration of the double cuts in

one eikonal line and the soft gluon, these diagrams vanish, hence all that remains is to evaluate

the contribution of the eikonal double cut. As expected, it introduces a contribution of the form

Ωij,double−eikonal = −iαs
π

(2π)2εµ2ε

(2π)2

∫
ddk (2πi)2δ(pi · k)δ(pj · k)

pi · pj
[k2 + i0]

= −iαs
π

(2π)2ε

∫
dp⊥
p⊥

θ(p⊥)

(
µ

p⊥

)2ε ∫ dΩ(d−3)

π
(iπ) ,

(4.38)

which exactly cancels the result of both of the single eikonal cuts leaving only the real part, i.e.

the radiative cut, as it must.

For the case of two outgoing or equivalently two incoming hard partons discussed in the previous

section one can use colour conservation to rewrite the imaginary part as
∑

i,j(Ti · Tj)(iπ) ∝∑
i T

2
i (iπ), which equals to a Casimir invariant. When evolving the amplitude, the imagin-

ary part then simply leads to a phase which subsequently cancels, since one finds a structure

eA iπM e−A iπ, where A is some evolution coefficient. However, if the amplitude with an in-

coming and outgoing hard parton would lead to an imaginary part, the above argument does

not hold due to the non-trivial colour structure which remains since one cannot exploit col-

our conservation. In this case one would instead have a structure of the form eiπM e−X iπ for

the evolution, where X stands for the non-trivial colour structure. This type of mechanism

generating a non-vanishing imaginary part lies at the basis of QCD coherence breaking, see [22].
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5 Ingredients for a next-to-leading order/next-to-leading colour

evolution

5.1 Soft anomalous dimension at next-to-leading order

In the previous section the results for the soft anomalous dimension matrix at one-loop order

have been presented. In the following, the analysis done at one-loop will be extended by deriving

ingredients which are necessary for a next-to-leading order soft gluon evolution. In particular,

one needs to investigate the structure of the matrix elements of the soft anomalous dimension in

the colour-flow basis at next-to-leading order/next-to-leading colour. This involves analysing the

colour structures which appear for the Feynman diagrams at one-loop/one-emission and two-loop

level, if they contribute in the soft limit.

As already mentioned in the previous section, the integrals described here correspond to the

virtual correction V(1,1) which still contains infrared and ultraviolet divergences. In order to

find an expression for Γ(1,1) (cf. equation (3.62)) from V(1,1) the singularities have to be subtrac-

ted/treated with the renormalisation procedure and at one-loop/one-emission level the tree-level

eikonal current has to be subtracted in order to avoid overcounting. When focussing only on

the colour structure the symbol Γ(1,1) is used.

5.1.1 One-loop/one-emission order

In this section the colour structures of the one-loop/one-emission diagrams are analysed in the

soft limit. In order to find the amplitude squared, the one-loop/one-emission diagrams have to

be brought together with the single emission contribution.

The one-loop/one-emission Feynman diagrams which involve only one external line are depicted

in Figure 12. However, in the soft limit and in Feynman gauge, only diagrams 12(a) and (e)

contribute. The diagrams 12(b) and (c) vanish in the soft limit for an on-shell external line,

since the numerator involves a p2
i . Furthermore, diagram 12(d) can also be neglected in the soft

limit as

M12(d) = −ig3CrT
a
i

λd

λ4
µ2ε

∫
ddk

iπd/2
pµi ε
∗
µ(q)

[k2 + i0][−pi · k + i0][pi · q + i0]
, (5.1)

and letting d → 4 one observes that the amplitude is of O(λ0). The one-emission diagram

however, with which this amplitude is interfered with when calculating the amplitude squared,

is of O(λ). As a result, for λ → 0, the diagram of Figure 12(d) can be neglected. For the

one-loop/one-emission diagrams to contribute in the soft limit they thus have to give a leading

singular contribution in λ, i.e. they have to be of O( 1
λ).

Taking the emission momentum q to be outgoing, one finds for the amplitude of diagram (a) in
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Figure 12 in the soft limit

M12(a) = g3fabcT
b
iT

a
i

λd

λ5
µ2ε

∫
ddk

iπd/2
piαpiβ[(q − k)αgµβ − (2q + k)βgµα + (2k + q)µgαβ]

[k2 + i0][(k + q)2 + i0][−pi · k + i0](pi · q)
ε∗µ(q)

= ig3CA
2

Tc
i

λd

λ5
µ2ε

∫
ddk

iπd/2

{
1

[k2 + i0][(k + q)2 + i0][−pi · k + i0]

− 2

[k2 + i0][(k + q)2 + i0](pi · q)

}
(pi · ε∗(q))

= TRTc
i Ω

(1,1)
i,vertex−corr. ,

(5.2)

with the loop integrand Ω
(1,1)
i,vertex−corr.. For the colour structure it has been used that ifabcT

b
iT

a
i

= ifabc
1
2 [Tb

i ,T
a
i ] = CA

2 Tc
i . Hence, for this diagram one does not find a new (i.e. not yet treated)

colour structure.

Note that the Feynman diagram with the self-energy “bubble” in Figure 12(e) does contrib-

ute in the soft limit as well. Due to the fact that the amplitude of the bubble-diagram contains

a propagator raised to second power, a modified treatment is needed when applying the Feyn-

man tree theorem. Therefore, the bubble-diagram at one-loop/one-emission and two-loop level

will be analysed separately, their treatment can be found in section 5.5.

The one-loop/one-emission Feynman diagrams involving two or three hard lines i, j and l are

depicted in Figure 13. The corresponding amplitudes in Feynman gauge are

M13(a) = −ig3 Ta
i (Ti ·Tj)

λd

λ5
µ2ε

∫
ddk

iπd/2
(pi · pj)(pi · ε∗(q))

[pi · (k + q) + i0][k2 + i0][−pj · k + i0](pi · q)

= Ta
i (Ti ·Tj) Ω

(1,1)
ij ,

(5.3)

for the diagram with a soft gluon emission after the virtual exchange, and for the emission prior

to the exchange one obtains

M13(b) = −ig3 (Ti ·Tj)T
a
i

λd

λ5
µ2ε

∫
ddk

iπd/2
(pi · pj)(pi · ε∗(q))

[pi · (k + q) + i0][k2 + i0][−pj · k + i0][pi · k + i0]

= (Ti ·Tj)T
a
i Ω̃

(1,1)
ij .

(5.4)

The amplitude of the one-loop/one-emission diagram of Figure 13(c) can be written as

M13(c) = ig3(ifabc)T
a
iT

b
j

λd+1

λ6
µ2ε

∫
ddk

iπd/2

pj · (2q + k)(pi · ε∗(q)) + pi · (k − q)(pj · ε∗(q))− 2(pi · pj)(k · ε∗(q))
[pi · (k + q) + i0][(k + q)2 + i0][k2 + i0][−pj · k + i0]

= (ifabc)T
a
iT

b
j Ω̂

(1,1)
ij .

(5.5)
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In this case it is convenient to perform a Passarino-Veltman reduction, this leads one to

M13(c) = 2ig3(ifabc)T
a
iT

b
j µ

2ε ε∗µ(q){
(pj · q)pµi

∫
ddk

iπd/2
1

[k2 + i0][(k + q)2 + i0][pi · (k + q) + i0][−pj · k + i0]

− pi · q
pj · q

pµj

∫
ddk

iπd/2
1

[k2 + i0][(k + q)2 + i0][−pi · k + i0]

−pi · pj
2

(
pµi
pi · q

+
pµj
pj · q

)∫
ddk

iπd/2
1

[k2 + i0][pi · (k + q) + i0][−pj · k + i0]

}
.

(5.6)

Finally, the amplitude of the diagram with three hard lines i, j and l gives

M13(d) = −ig3 (Ti ·Tj)T
a
l

λd

λ5
µ2ε

∫
ddk

iπd/2
(pi · pj)(pl · ε∗(q))

[pi · k + i0][−pj · k + i0][k2 + i0](pl · q)

= (Ti ·Tj)T
a
l Ω

(1,1)
ijl .

(5.7)

Thus, in a basis-independent way, one can write the soft correction at one-loop/one-emission

level as

V(1,1) =
∑
i 6=j

[
Ta
i (Ti ·Tj) Ω

(1,1)
ij + (Ti ·Tj)T

a
i Ω̃

(1,1)
ij +

1

2
fabcTb

iT
c
j Ω̂

(1,1)
ij

]
+
∑
i 6=j 6=l

1

2
Ta
l (Ti ·Tj) Ω

(1,1)
ijl +

∑
i

TRTa
i

[
Ω

(1,1)
i,self−en. + Ω

(1,1)
i,vertex−corr.

]
,

(5.8)

where the coefficients Ω(1,1) stand for the loop integrands of the different diagrams, they are

defined in the previous equations. Note that unordered colour sums have been introduced in

equation (5.8), they are only taken over distinct hard parton lines, i.e. it holds that i 6= j and

i 6= j 6= l. As a result of performing an unordered colour sum one needs to introduce factors of

1/2 for some of the diagrams in order to avoid overcounting.

The colour structure for the self-energy diagrams and the vertex-correction have been writ-

ten as a TR Ta
i . The Casimir invariant CA of the one-loop/one-emission gluon-bubble and the

vertex-correction is understood to be absorbed into the kinematical factors of the diagrams.

Equivalently, the factor of the number of flavours nf which is present for the fermion-bubble

can be absorbed into the kinematical part. Furthermore, since the colour structure of the gluon-

bubble and the vertex-correction is CA
2 Ta

i , one can use that the normalisation is TR = 1/2 and

in this way one can write a global colour factor for the gluon-/fermion-bubble diagrams and the

vertex-correction.

Now, one can find expressions for the colour structures of the one-loop/one-emission diagrams

involving two or three hard lines in the colour-flow basis. This proceeds in analogy to the one-

loop case. The detailed results for the individual matrix elements in the colour-flow basis can

be found in appendix E.

With these results one obtains the following building blocks for the soft anomalous dimension
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Figure 12: One-loop/one-emission diagrams involving a single hard line.
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Figure 13: One-loop/one-emission diagrams involving two and three hard lines.

matrix elements in the colour-flow basis

(αsN)2[τ |V(1,1)|σ〉 = (αsN)2

[(
1

N2
ρστ +

1

N4
ρτ

)
δστ\n

+
1

N
Σ̂(1,1)
στ +

1

N3

(
Σ̃(1,1)
στ + ˆ̃Σστ

)
+

1

N2

(
Σ′(1,1)
στ + Σ′′(1,1)

στ

)]
,

(5.9)

where all of the Σ-terms originate from colour-line diagrams for which swaps of (anti-)colour

indices have to be performed and the ρ-structures from those without swaps. In appendix E,

table 2 contains the information on which Feynman diagrams contribute to which coefficients of

equation (5.9).

The action of emission operator Ta
i corresponds to going from a lower to a higher dimension

in colour space, as the emission of a soft gluon introduces another pair of (anti-)colour labels.

Therefore, the soft anomalous dimension matrix element for the one-loop/one-emission amp-

litudes does not contain a δστ , but a δστ\n, which should indicate that the permutations σ and

τ are equal after merging and removing the pair of the colour labels of the emitted gluon.

As opposed to the one-loop case there are not only single swaps in the colour labels but also

double-swap structures Σ
′(1,1)
στ which introduce swaps of the colour labels of the form (a, b)(b, c).

Furthermore one finds contributions with two single swaps of different colour labels of the form
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(a, b)(c, d), these are encoded in the coefficient Σ
′′(1,1)
στ .

As an illustration of the form of the contributions to Σ
′(1,1)
στ consider the following colour-line

diagram originating from the Feynman diagram in Figure 13(c) for a hard quark line i and

anti-quark line j

σ

c′�i
c′�k

c′�j
c′�m

ci

cj

cn

cn = δ
αc′m
βc′
k

δ
αci
βcn
δ
αcn
βcj
→ δστ(a,b)(b,c)\nδ(a,b)(cn,ci)δ(b,c)(ci,σ−1(cj)) . (5.10)

The first swap of the colour labels is performed such that the labels of the emitted gluon, cn

and cn, are being merged. This requires one to swap the colour labels cn and ci. After this swap

however, the permutations σ and τ are still not equal, a second swap has to be carried out,

namely between ci and c′m = σ−1(cj). These two consecutive swaps ensure that, after removing

the colour labels of the emitted gluon, the permutations σ and τ match.

The Σ
′′(1,1)
στ is built from terms for which two independent swaps have to be made. A contribution

to this structure comes for example from the diagram with three hard lines (see Figure 13(d))

c′�i
c′�k

σ c′�j
c′�m

ci

cj
cncnc′�r

c′�l cl

= δ
αc′m
βc′
k

δ
αc′r
βcn

δ
αcn
βcl

δ
αci
βcj
→ δστ(a,b)(c,d)\nδ(a,b)(σ−1(cl),cn)δ(c,d)(ciσ−1(cj)) ,

(5.11)

where in this case the first swap again merges the labels cn and cn, a second swap, now of labels

which are not involved in the first swap, is required to make the permutations σ and τ match.

The structure Σ̂
(1,1)
στ describes terms with single swaps and a colour-connection in σ, which also

does not occur in this combination at one-loop order. The diagram in Figure 13(a) provides an

example for this structure for a quark line i and an anti-quark line j, where one swap is necessary

to merge the labels of the emitted gluon and the colour-connection of the basis permutation σ

leads to a factor of N

cncn

ci

cjc′�j
σ

c′�i
= Nδ

αcn
βcj

δ
αci
βcn
→ Nδστ(a,b)\nδciσ−1(cj)δ(a,b)(ci,cn) . (5.12)

All contributions including a single swap and a factor of 1/N without colour-connected external

lines make up the Σ̃
(1,1)
στ -coefficient and all those terms for which the emitted gluon is additionally

colour-connected to itself are assigned to the coefficient ˆ̃Σστ in equation (5.9). Take diagram (b)

from Figure 13 as an example for both of these structures. The following colour-flow diagram
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contributes to Σ̃
(1,1)
στ

cic′�i

cj

cn cn
c′�k

c′�j
σ

c′�m =
1

N
δ
αcn
βc′
k

δ
αcj
βc′m

δ
αci
βcn
→ 1

N
δστ(a,b)\nδ(a,b)(ci,cn) , (5.13)

while

cn
cn

c′�i
c′�k
c′�m
c′�j

ci

cj

σ =
1

N
δ
αcn
βcn

δ
αcj
βc′
k

δ
αci
β′cm
→ 1

N
δcnτ−1(cn)δστ(a,b)\nδ(a,b)(ci,cj) , (5.14)

gives a contribution to ˆ̃Σ
(1,1)
στ . At this point it should be remarked that both of these structures

cannot occur for a hard gluon line i, this information is encoded by a factor of (λi − λ̄i) when

writing down the whole matrix element of the colour structure in the colour-flow basis (cf.

Appendix E).

The contribution ρστ , which are terms with a colour-connection between the external lines and

without swaps, can be exemplified by a colour-flow diagram relating to the diagram (c) from

Figure 13

σ

c′�i

c′�j
cn

cn

ci

cj

= δ
αcn
βcn

δ
αci
βcj
→ δστ\nδcnτ−1(cn)δciσ−1(cj) . (5.15)

The ρτ -coefficient denotes terms with a 1/N2 suppression in the number of colours, thus the only

source of contribution can be diagrams with two U(1)-gluons involved. For instance, consider

the diagram (d) in Figure 13. In this case the colour-line diagram is drawn without the “colour-

flow arrows” and labels in order to indicate that one finds this contribution for all combinations

of quark and anti-quark lines (however not for gluons)

σ

cn
cn

→ 1

N2
δστ\nδcnτ−1(cn) . (5.16)

Turning to the kinematical factors, one can use the Feynman tree theorem to rewrite the loop-

integration in k analogously to the one-loop case. The integrals of the distinct diagrams are kept

separate, due to the fact that already the colour structures are treated separately. Additionally,

the subtraction of the tree-level current is not taken into account at this point.

The distinct one-loop integrals of the one-loop/one-emission diagrams of the equations (5.2)-

(5.7) are listed (neglecting any constant prefactors at this point) below in order to provide an
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overview of the relevant integrals

(i) µ2ε

∫
ddk

iπd/2
1

[k2 + i0][(k + q)2 + i0][pi · (k + q) + i0][−pj · k + i0]

(ii) µ2ε

∫
ddk

iπd/2
1

[k2 + i0][(k + q)2 + i0][−pi · k + i0]

(iii) µ2ε

∫
ddk

iπd/2
1

[k2 + i0][(k + q)2 + i0]

(iv) µ2ε

∫
ddk

iπd/2
1

[k2 + i0][pi · (k + q) + i0][pi · k + i0][−pj · k + i0]

(v) µ2ε

∫
ddk

iπd/2
1

[k2 + i0][pi · (k + q) + i0][−pj · k + i0]

(vi) µ2ε

∫
ddk

iπd/2
1

[k2 + i0][pi · k + i0][−pj · k + i0]
.

(5.17)

For each of these one-loop integrals of equation (5.17)(i)-(v) the FTT is applied (the integral

(vi) is the one-loop case which has been analysed in the previous section), and shifts in the loop

momentum are performed to simplify the delta functions. Further, multiple cut-contributions

where the delta functions/Heaviside functions are not compatible have already been set to zero.

In appendix F a list of such cut-contributions evaluating to zero can be found. Attention has to

be paid once again to cutting eikonal propagators, these have to be cut only if the pole is not

already in the upper half-plane. The integral (iii) is scaleless, when applying the FTT to it and

using the Sokhotski-Plemelj identity one finds that it vanishes exactly for p0
i > 0 and on-shell

external lines.

Working through the FTT procedure for the integrals (i), (ii),(iv) and (v) results in the following:

(i) = −µ2ε

∫
ddk

iπd/2

{
(2πi)δ̃(k)

[(k + q)2 + i0][pi · (k + q) + i0][−pj · k + i0]

+
(2πi)δ̃(k)

[(k − q)2 + i0][pi · k + i0][pj · (q − k) + i0]

+
(2πi)δ(pi · k)

[(k − q)2 + i0][k2 + i0][pj · (q − k) + i0]

+
(2πi)2δ̃(k)δ̃(k + q)

[pi · (k + q) + i0][−pj · k + i0]
+

(2πi)2δ̃(k)δ(pi · k)

[(k − q)2 + i0][pj · (q − k) + i0]

}
,

(5.18)

(ii) = −µ2ε

∫
ddk

iπd/2

{
(2πi)δ̃(k)

[(k + q)2 + i0][−pi · k + i0]
+

(2πi)δ̃(k)

[(k − q)2 + i0][pi · (q − k) + i0]

+
(2πi)δ̃(k)δ̃(k + q)

[−pi · k + i0]

}
, (5.19)
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Figure 14: Two-loop Feynman diagrams involving two external lines, whose amplitudes do
not contribute in the soft limit.
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Figure 15: Two-loop diagrams for two and three hard, external lines, which contribute in
the soft limit.

(iv) = −µ2ε

∫
ddk

iπd/2

{
(2πi)δ̃(k)

[pi · (k + q) + i0][pi · k + i0][−pj · k + i0]

+
(2πi)δ(pi · k)

[k2 + i0][pi · (k + q) + i0][−pj · k + i0]
+

(2πi)2δ̃(k)δ(pi · k)

[pi · (k + q) + i0][−pj · k]

+
(2πi)δ(pi · k)

[(k − q)2 + i0][pi · (k − q) + i0][pj · (q − k) + i0]

}
, (5.20)

(v) = −µ2ε

∫
ddk

iπd/2

{
(2πi)δ̃(k)

[pi · (k + q) + i0][−pj · k + i0]
+

(2πi)δ(pi · k)

[(k − q)2 + i0][pj · (q − k) + i0]

}
.

(5.21)

5.1.2 Two-loop order

The same procedure which has been carried out at one-loop/one-emission level in the previous

section can also be performed at two-loop level. In this case, however, there are no contributions

in the soft limit in Feynman gauge from Feynman diagrams which involve only a single hard,

external line. Additionally, the diagrams in Figure 14 vanish in the soft limit in Feynman gauge.

The two-loop diagrams which lead to a non-vanishing contribution in the soft limit are depicted

in Figure 15. The amplitudes corresponding to these diagrams are given in Feynman gauge in

the following.
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The amplitude for the soft gluon double exchange in Figure 15(a) can be written as

M15(a) =− g4(Ti ·Tj)(Ti ·Tj)
λ2d

λ8
µ4ε

∫
ddq

iπd/2
ddk

iπd/2

(pi · pj)(pi · pj)
[pi · (k + q) + i0][−pj · (k + q) + i0][k2 + i0][q2 + i0][pi · q + i0][−pj · q + i0]

= (Ti ·Tj)(Ti ·Tj) Ω
(2)
ij ,

(5.22)

while the crossed double gluon exchange in Figure 15(b) leads to

M15(b) =− g4Ta
iT

b
iT

b
jT

a
j

λ2d

λ8
µ4ε

∫
ddq

iπd/2
ddk

iπd/2

(pi · pj)(pi · pj)
[pi · (k + q) + i0][−pj · (k + q) + i0][k2 + i0][q2 + i0][pi · q + i0][−pj · k + i0]

= Ta
iT

b
iT

b
jT

a
j Ω̃

(2)
ij .

(5.23)

For the double exchange between three hard lines, illustrated in Figure 15(c) one obtains

M15(c) =− g4(Ti ·Tl)(Ti ·Tj)
λ2d

λ8
µ4ε

∫
ddq

iπd/2
ddk

iπd/2

(pi · pj)(pi · pl)
[pi · (q − k) + i0][k2 + i0][q2 + i0][pi · q + i0][−pj · q + i0][pl · k + i0]

= (Ti ·Tl)(Ti ·Tj) Ω
(2)
ijl .

(5.24)

The diagram of the type of a vertex-correction in Figure 15(d) gives

M15(d) =− g4CA
2

(Ti ·Tj)
λ2d+1

λ9
µ4ε

∫
ddq

iπd/2
ddk

iπd/2

(pi · pj)(pi · k − pi · q)
[pi · (k + q) + i0][−pj · (k + q) + i0][k2 + i0][q2 + i0][(k + q)2 + i0][pi · k + i0]

= −g4CA
2

(Ti ·Tj)
λ2d+1

λ9
µ4ε

∫
ddq

iπd/2
ddk

iπd/2
(pi · pj){

2

[pi · (k + q) + i0][−pj · (k + q) + i0][q2 + i0][k2 + i0][(k + q)2 + i0]

− 1

[−pj · (k + q) + i0][k2 + i0][q2 + i0][(k + q)2 + i0][pi · k + i0]

}
= TR(Ti ·Tj) Ω

(2)
ij,vertex−corr. ,

(5.25)
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and finally, suspending the analysis of the bubble-diagram until section 5.5, for the irreducible

diagram with the triple-gluon vertex between three hard partons one gets

M15(f) =g4ifabcT
a
iT

b
jT

c
l

λ2d+1

λ9
µ4ε

∫
ddq

iπd/2
ddk

iπd/2

pi · (2k + q)(pj · pl) + pl · (q − k)(pi · pj)− pj · (2q + k)(pi · pl)
[pl · (k + q) + i0][k2 + i0][q2 + i0][(k + q)2 + i0][−pi · q + i0][−pj · k + i0]

= g4ifabcT
a
iT

b
jT

c
l

λ2d+1

λ9
µ4ε

∫
ddq

iπd/2
ddk

iπd/2

2 [(pj · pl)(pi · k)− (pi · pj)(pl · k)− (pi · pl)(pj · q)]
[pl · (k + q) + i0][k2 + i0][q2 + i0][(k + q)2 + i0][−pi · q + i0][−pj · k + i0]

= ifabcT
a
iT

b
jT

c
l Ω̂

(2)
ijl ,

(5.26)

where, in order to find the result after the second equal sign, the property of colour conservation

is used.

With these results one thus finds the following for the soft two-loop correction written in a

basis-independent way

V(2) =
1

2

∑
i 6=j

[
(Ti ·Tj)(Ti ·Tj) Ω

(2)
ij + Ta

iT
b
iT

b
jT

a
j Ω̃

(2)
ij

]
+
∑
i 6=j 6=l

[
(Ti ·Tj)(Ti ·Tl) Ω

(2)
ijl +

1

2
fabcTa

iT
b
jT

c
l Ω̂

(2)
ijl

]

+
∑
i 6=j

TR(Ti ·Tj)

[
1

2
Ω

(2)
ij,self−en. + Ω

(2)
ij,vertex−corr.

]
.

(5.27)

Note that the same convention concerning the colour structure of the self-energy and the vertex-

correction introduced for the one-loop/one-emission soft correction holds here. Furthermore,

the unordered colour sums again imply that one needs to introduce factors of 1/2 for some of

the diagrams. The colour sums are taken over distinct hard lines, the cases i = j and i = j = l

are excluded.

Using the commutation relations for the colour charge operators one can rewrite equation (5.27)

to obtain

V(2) =
1

2

∑
i 6=j

(Ti ·Tj)(Ti ·Tj)
[
Ω

(2)
ij + Ω̃

(2)
ij

]
+
∑
i 6=j 6=l

[
(Ti ·Tj)(Ti ·Tl) Ω

(2)
ijl +

1

2
fabcTa

iT
b
jT

c
l Ω̂

(2)
ijl

]

+
∑
i 6=j

TR (Ti ·Tj)

[
1

2
Ω

(2)
ij, self−en. + Ω

(2)
ij, vertex−corr. +

1

2
Ω̃

(2)
ij

]
.

(5.28)

Taking care of the UV divergences contained in the loop integrals by performing renormalisation

and subtracting the IR divergences by combining the virtual contributions with the emission,

one finds the corresponding expression for the soft anomalous dimension at two-loop level and
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when translating to the colour-flow basis one obtains

(αsN)2[τ |Γ(2)|σ〉 =(αsN)2

[(
Γ(2)
σ +

1

N2
(ρσ + ρ̃) +

1

N4
ρ(2)

)
δστ

+
1

N

(
Σ(2)
στ + Σ̂(2)

στ

)
+

1

N3
Σ̃(2)
στ +

1

N2

(
Σ′(2)
στ + Σ′′(2)

στ

)]
.

(5.29)

As in the one-loop case, there are two main parts, the diagonal structure for which the per-

mutations σ and τ are equal and the off-diagonal elements, which contain the “swap”-terms.

Most interestingly, at two-loop order there are, compared to one-loop order, additional diagonal

terms ρ̃ and ρσ. These structures are of special importance since the sum over two-parton cor-

relations, so-called “dipoles”, has to be extended to include three-parton correlations as well.

As an example of a three-parton correlation, which is part of the ρσ-contribution, consider the

following colour-flow diagram corresponding to diagram (f) in Figure 15

c′�i
c′�k

c′�j

ci

cj

clc′�l

σ

→ λiλ̄jλlδστδciσ−1(cj) . (5.30)

Due to the sum over dipoles and three-parton correlations, the ρ-terms can compensate the

1/N suppression. Therefore it might be desirable to make an expansion in the whole diagonal

part of the soft anomalous dimension in order to account for the enhanced ρ-terms, instead of

considering the large-N limit only.

Examples for each of the coefficients appearing in equation (5.29) are given in the following.

Consider diagram (a) of Figure 15 for an illustration of the diagonal Γ
(2)
σ contributions. For a

colour-connection in the basis σ between the external lines one finds a colour flow with a N2

enhancement,

ci

cj

c′�i
σ

c′�j

→ N2δστδciσ−1(cj) . (5.31)

If the basis permutation in the upper diagram is chosen such that the external lines i and j are

not connected in colour, one instead finds a contribution to Σ
(2)
στ , i.e. a single-swap term with a

factor of N but without a colour-connection of the external lines.

The diagonal ρ̃ building block contains colour flows which are the same before and after the

two-loop gluon exchanges. For instance, such a behaviour can be observed for the crossed gluon

exchange in Figure 15(b), one finds a colour flow of

c′�i ci

cj

σ

c′�j

c′�k
c′�m → δστ . (5.32)
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The last of the diagonal structures in equation (5.29), ρ(2), contains all of the colour flows with

double U(1)-gluon exchanges. For instance, the double exchange diagram with three external

lines leads one to

σ → 1

N4
δστ , (5.33)

where this colour-line diagram can be drawn for all of the different combinations of quark and

anti-quark lines.

The Σ̂
(2)
στ -coefficient describes colour flows with single swaps in the (anti-)colour labels and a

colour-connection between the external lines. Such terms appear for all Feynman diagrams in

Figure 15, for instance for diagram 15(f) one finds

σ

cjc′�j

clc′�l

c′�k
cic′�i

= Nδ
αcj
βc′
k

δ
αcl
βci
→ Nδcjσ−1(ci)δστ(a,b)δ(a,b)(cj ,cl) . (5.34)

In contrast to the “swap”-structure just described, the Σ̃
(2)
στ -coefficient incorporates colour flows

with single swaps but with a 1/N suppression in the number of colours. This suppression comes

from terms with a single U(1)-gluon contribution such as

σ

clc′�l

c′�k

cic′�i

c′�j cj

c′�m

c′�r
=

1

N
δ
αcl
βc′
k

δ
αci
βc′r
δ
αcj
βc′m
→ 1

N
δστ(a,b)δ(a,b)(ci,cj) . (5.35)

As already encountered in the one-loop/one-emission case, there are “double-swap” structures

at two-loop order as well, where a colour index is swapped twice, for instance the double gluon

exchange between three external lines gives a colour flow of

σ c′�i ci

cjc′�j

c′�k

c′�m

c′�l
c′�r

cl

= δ
αc′m
βc′
k

δ
αc′r
βcj

δ
αci
βcl
→ δστ(a,b)(b,c)δ(a,b)(ci,σ−1(cj))δ(b,c)(σ−1(cj),σ−1(cl)) ,

(5.36)

and thus it contributes to the coefficient Σ
′(2)
στ . Finally, one again finds for external gluon lines

colour flows for which two consecutive swaps of different (anti-)colour labels have to be performed

in order to get matching permutations σ and τ . A contribution to the structure Σ
′′(2)
στ can be
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i

j

(a)

i

j

(b)

Figure 16: Example of diagrams with hard ghost lines. Their amplitudes give subleading
contributions in the soft limit.

found from diagram (a) of Figure 15 for two gluon lines i and j

ci

cj

c′�i
c′�k

c′�j
c′�m

c′�i ci

cj

σ

c′�j

c′�s
c′�r = δ

αc′s
βc′
k

δ
αc′m
βc′r

δ
αcj
βci
δ
αci
βcj
→ δστ(a,b)(c,d)δ(a,b)(ci,σ−1(cj))δ(c,d)(cj ,σ−1(ci)) .

(5.37)

The explicit results for all of the relevant two-loop matrix elements of the colour structures in

the colour-flow basis can be found in appendix E.2.

Notice that the only relevant contribution which includes ghosts comes from the bubble-diagram

(see Figure 15(f)). The diagrams with hard ghost lines (see Figure 16) are subleading in the

soft limit. For instance, diagram (b) of Figure 16 has a loop integrand I16(b) of the form

I16(b) =

∫
ddq

iπd/2

∫
ddk

iπd/2
[(2pi + q − k)τgµν + (k − pi − q)µgντ + (2k − 2q − pi)νgµτ ]

[(pi + q + k)2 + i0][(q − k)2 + i0]

·
kµqτ (q − pj)ρε∗ν(pi)ε

∗
ρ(pj)

[k2 + i0][(pi + q)2 + i0][(pj − q)2 + i0][q2 + i0]
,

(5.38)

and when taking q → λq as well as k → λk and consecutively λ→ 0 one finds that the amplitude

is of order λ, thus it gives a subleading contribution.
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kq
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i

j

k

q

(d)

Figure 17: Double soft gluon emission diagrams with gluon momenta k and q.

5.2 Double emission diagrams and the two-gluon current

With the aim of cancelling the infrared divergences of the radiative cuts of the squared two-loop

amplitudes one has to combine them with the double emission diagrams. The latter are reviewed

in this section and the soft current for double emission is derived.

In order to find an expression for the double soft gluon current one has to combine the fol-

lowing amplitudes, their corresponding Feynman diagrams are depicted in Figure 17

M17(a) = g2Tc
iT

b
j

pµi p
ν
j

(pi · k)(pj · q)
,

M17(b) = g2Tb
iT

c
i

pµi p
ν
i

(pi · q)(pi · (q + k))
, (5.39)

M17(c) = g2Tc
iT

b
i

pµi p
ν
i

(pi · k)(pi · (q + k))
,

M17(d) = g2(−ifabc)Ta
i

2kνpµi + pi · (q − k)gµν − 2qµpνi
2(k · q)(pi · (q + k))

,

where, forM17(d) the unphysical terms have been neglected, since k ·ε∗(k) = 0 and q ·ε∗(q) = 0.

Combining the amplitudes with the different orderings in the soft emission from line i, i.e.

M17(b) and M17(c) one finds

M17(b)+(c) =
pµi p

ν
i

pi · (q + k)

[
Tc
iT

b
i

pi · k
+

Tb
iT

c
i

pi · q

]
=

1

2

pµi p
ν
i

(pi · q)(pi · k)

(
Tc
iT

b
i + Tb

iT
c
i

)
+

1

2
(ifabc)Ta

i

pµi p
ν
i

pi · (q + k)

(
1

pi · q
− 1

pi · k

)
.

(5.40)

Of course, by swapping the indices i and j one can include the emissions from line j. Using
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equations (5.39) and (5.40) one finds the soft two-gluon current [10]

Jµνbc (q, k) =
1

2
{Jµb (q),Jνc (k)}

+ ifabc
∑
l

Ta
l

{
pνi q

µ − pµi kν

(k · q)(pi · (q + k))
− pi · (q − k)

2(pi · (q + k))

[
pµi p

ν
i

(pi · q)(pi · k)
+
gµν

k · q

]}
,

(5.41)

where the anti-commutator of the soft gluon current Jµb (cf. equation (4.31)) contains the first

term in the second line in equation (5.40), as well as M17(a). The sum over l includes all of the

external lines of the amplitude. Hence, for the diagrams depicted in Figure 17, it involves two of

them and thus stands for (
∑

l=i,j ...), but one may as well generalise to a number of n external

lines, such that (
∑n

l=1 ...).

In Feynman gauge the square of the two-loop current leads to [10]

(Jabµτ (k, q))†(−gµν)(−gτλ)Jabνλ(k, q) =
1

2

{
J2(q),J2(k)

}
+ CA

∑
i,j

(Ti ·Tj)Sij(q, k) , (5.42)

where the function Sij is defined as [10]

Sij(k, q) =
(pi · pj)2

2(pi · q)(pi · k)(pj · q)(pj · k)

[
2− (pi · q)(pj · k) + (pi · k)(pj · q)

pi · (k + q) pj · (k + q)

]
− (1− ε)

(k · q)2

(pi · q)(pj · k) + (pi · k)(pj · q)
pi · (k + q) pj · (k + q)

− pi · pj
2(k · q)

[
2

(pi · q)(pj · k)
+

2

(pi · k)(pj · q)

− 1

pi · (k + q) pj · (k + q)

(
4 +

((pi · q)(pj · k) + (pi · k)(pj · q))2

(pi · q)(pi · k)(pj · q)(pj · k)

)]
.

(5.43)

For the detailed calculation of the two-loop current squared consult appendix D.
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5.3 Handling the kinematic part: The Feynman tree theorem at two-loop

level

In this section the Feynman tree theorem for diagrams of two-loop order is described and applied

to the relevant two-loop integrals described in section 5.1.2. In this way a set of cut-contributions

for the two-loop integrals is obtained which can be attributed to the different two-loop Feynman

diagrams.

When applying the FTT at two-loop level one can choose one of the loop momenta, say k,

and work through the cutting procedure in the usual manner as described for the one-loop case

in section 3.3. As a next step one has to shift the loop momenta such that the cuts are all

expressed in terms of the cut momentum k only. After this shift it is possible to further apply

the FTT to the other loop momentum q. Each of the cut-diagrams in k are then subject to

further (i.e. single and multiple) cuts in q. However, if after the first application of the FTT

a shift in the loop momentum can not achieve that only one loop-momentum is constrained or

equivalently, that the cuts are only expressed in terms of one loop-momentum, then the cutting

procedure has to be terminated. In such a case one has to be careful with signs: Using the FTT

introduces a global negative sign, therefore diagrams which are in fact cut only in one momentum

and cannot be shifted further receive only one negative sign, while the other contributions, for

which the FTT is used for both loop momenta, have an overall positive sign.

In order to illustrate this workflow, the FTT cutting procedure is diagrammatically illustrated

in Figure 18 for the example of the virtual double exchange of soft gluons with momenta k and

q. On the top of the figure the Feynman diagram is drawn with the momenta of the propagators

in the soft approximation explicitly written. As a first step the momentum k is cut according

to the one-loop FTT procedure. This introduces three contributions, two single cuts and one

double cut. The second step is the shift of the loop momentum in order to express the delta

function only in terms of k. One observes that for the double cut such a shift is not possible.

For this diagram the cutting procedure ends at this point, the two delta functions can be used

to solve the k0 and the q0 integration.

For the second single cut contribution a shift is performed, k → (k− q), which ensures that the

delta function pertaining to the cut in k is only dependent on k. The first single cut does not

require any shifts. The third step consists of cutting the first two diagrams in q. In this way

one obtains double, triple and quartic cuts. Now, it has to be checked if the cuts are actually

kinematically possible. In this case two of the cut-diagrams vanish due to being overconstrained

by the delta functions/Heaviside functions of the cuts. Furthermore, when using light-cone co-

ordinates for both k and q it turns out that three additional cut-diagrams vanish due to same

reason as encountered in the one-loop case for the double-cut contribution (cf. equation (4.24)).

The cut-integrals which correspond to such cases are not written in the results which are listed

below. In appendix F a list of the kinematically impossible/vanishing cuts of each of the two-

loop diagrams is given.

The two-loop integrals pertaining to the diagrams with two hard lines (cf. Figure 15(a), (b)
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and (d)) are the following

(i)µ4ε

∫
ddk

iπd/2
ddq

iπd/2
1

[pi · (k + q) + i0][−pj · (k + q) + i0][k2 + i0][q2 + i0][pi · q + i0][−pj · q + i0]

(ii)µ4ε

∫
ddk

iπd/2
ddq

iπd/2
1

[pi · (k + q) + i0][−pj · (k + q) + i0][k2 + i0][q2 + i0][pi · q + i0][−pj · k + i0]

(iii)µ4ε

∫
ddk

iπd/2
ddq

iπd/2
1

[pi · k + i0][−pj · k + i0][k2 + i0][q2 + i0][(q − k)2 + i0]

(iv)µ4ε

∫
ddk

iπd/2
ddq

iπd/2
1

[pi · k + i0][−pj · (k + q) + i0][k2 + i0][q2 + i0][(k + q)2 + i0]
.

(5.44)

Applying the FTT to the two-loop integrals (i)-(iv) of equation (5.44) and neglecting cuts which

are kinematically impossible, one finds

(i) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
(2πi)2δ̃(q)δ̃(k)

[pi · (k + q) + i0][−pj · (k + q) + i0][pi · q + i0][−pj · q + i0]

+
(2πi)2δ̃(k)δ(pi · q)

[pi · (k + q) + i0][−pj · (k + q) + i0][q2 + i0][−pj · q + i0]

+
(2πi)2δ(pi · k)δ(pi · q)

[−pj · k + i0][q2 + i0][(k − q)2 + i0][−pj · q + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[pi · q + i0][−pj · k + i0][(k − q)2 + i0][−pj · q + i0]
(5.45)

− (2πi)2δ̃(k)δ(pi · q)
[pi · (q − k) + i0][−pj · q + i0][(q − k)2 + i0][−pj · (q − k) + i0]

+
(2πi)3δ̃(q)δ̃(k − q)δ(pi · k)

[pi · q + i0][−pj · k + i0][−pj · q + i0]

+
(2πi)3δ̃(k − q)δ(pi · k)δ(pi · q)

[q2 + i0][−pj · k + i0][−pj · q + i0]

}
,
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(ii) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
(2πi)2δ̃(k)δ̃(q)

[pi · (k + q) + i0][pi · q + i0][−pj · (k + q) + i0][−pj · k + i0]

+
(2πi)2δ̃(k)δ(pi · q)

[pi · (k + q) + i0][q2 + i0][−pj · (k + q) + i0][−pj · k + i0]

+
(2πi)2 δ(pi · k)δ(pi · q)

[(k − q)2 + i0][q2 + i0][pj · (q − k) + i0][−pj · k + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[pi · q + i0][(k − q)2 + i0][pj · (q − k) + i0][−pj · k + i0]

+
(2πi)2 δ(pi · k)δ(pj · q)

[pi · (k + q) + i0][(k + q)2 + i0][q2 + i0][−pj · k + i0]

− (2πi)2δ̃(k)δ(pi · q)
[pi · (q − k) + i0][(q − k)2 + i0][−pj · q + i0][−pj · k + i0]

+
(2πi)3 δ(pi · k)δ(pi · q)δ(pj · (q − k))

[(k − q)2 + i0][q2 + i0][−pj · k + i0]
(5.46)

+
(2πi)3 δ̃(q)δ(pi · k)δ(pj · (q − k))

[pi · q + i0][(k − q)2 + i0][−pj · k + i0]

+
(2πi)3δ̃(k − q)δ(pi · k)δ(pi · q)

[q2 + i0][pj · (q − k) + i0][−pj · k + i0]

+
(2πi)3δ̃(k − q)δ(pj · (q − k))δ(pi · k)

[pi · q + i0][q2 + i0][−pj · k + i0]

+
(2πi)3δ̃(q)δ̃(k − q)δ(pi · k)

[pi · q + i0][pj · (q − k) + i0][−pj · k + i0]

+
(2πi)4δ̃(k − q)δ(pi · k)δ(pi · q)δ(pj · (q − k))

[q2 + i0][−pj · k + i0]

}
,

(iii) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
(2πi)2δ̃(k)δ̃(q)

[pi · k + i0][(q − k)2 + i0][−pj · k + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[(q − k)2 + i0][k2 + i0][−pj · k + i0]

+
(2πi)2δ̃(q)δ̃(k)

[pi · k + i0][(k + q)2 + i0][−pj · k + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[(k + q)2 + i0][k2 + i0][−pj · k + i0]
(5.47)

− (2πi)2δ̃(k)δ̃(q)

[pi · (q − k) + i0][(q − k)2 + i0][−pj · (q − k) + i0]

+
(2πi)3δ̃(q)δ̃(k)δ̃(q − k)

[pi · k + i0][−pj · k + i0]

+
(2πi)3δ̃(q)δ̃(q − k)δ(pi · k)

[k2 + i0][−pj · k + i0]
+

(2πi)3δ̃(q)δ̃(k)δ̃(k + q)

[pi · k + i0][−pj · k + i0]

+
(2πi)3δ̃(q)δ̃(k + q)δ(pi · k)

[k2 + i0][−pj · k + i0]

}
,
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(iv) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
(2πi)2δ̃(k)δ̃(q)

[pi · k + i0][(k + q)2 + i0][−pj · (k + q) + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0]

+
(2πi)2δ̃(k)δ̃(q)

[pi · k + i0][(q − k)2 + i0][−pj · q + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[k2 + i0][(q − k)2 + i0][−pj · q + i0]
(5.48)

− (2πi)2δ̃(q)δ̃(k)

[pi · (k − q) + i0][(k − q)2 + i0][−pj · k + i0]

+
(2πi)3δ̃(k)δ̃(q)δ̃(k + q)

[pi · k + i0][−pj · (k + q) + i0]

+
(2πi)3δ̃(q)δ̃(k + q)δ(pi · k)

[k2 + i0][−pj · (k + q) + i0]
+

(2πi)3δ̃(q)δ̃(k)δ̃(q − k)

[pi · k + i0][−pj · q + i0]

+
(2πi)3δ̃(q − k)δ̃(q)δ(pi · k)

[k2 + i0][−pj · q + i0]

}
.

Writing down the cuts of the loop integrals in this way allows one to quickly identify the real radi-

ative cut-contributions which can be compared to the contributions of the squared real emission

diagrams. Furthermore, the eikonal cuts which lead to imaginary Coulomb-gluon contributions

can be identified.

In section 5.4 the cancellation of IR divergences between the real emission diagrams and the

radiative cuts with matching colour structures is shown.

For the remaining two-loop diagrams (cf. Figure 15(c) and (f)) with three hard parton lines one

has to analyse the following loop integrals

(v)=µ4ε

∫
ddk

iπd/2
ddq

iπd/2
1

[pi · (k + q) + i0][pi · q + i0][k2 + i0][q2 + i0][−pj · k + i0][−pl · q + i0]

(vi)=µ4ε

∫
ddk

iπd/2
ddq

iπd/2
pi · k

[−pi · q + i0][k2 + i0][q2 + i0][(k + q)2 + i0][−pj · k + i0][pl · (k + q) + i0]

(vii)=µ4ε

∫
ddk

iπd/2
ddq

iπd/2
pl · k

[−pi · q + i0][k2 + i0][q2 + i0][(k + q)2 + i0][−pj · k + i0][pl · (k + q) + i0]

(viii)=µ4ε

∫
ddk

iπd/2
ddq

iπd/2
pj · q

[−pi · q + i0][k2 + i0][q2 + i0][(k + q)2 + i0][−pj · k + i0][pl · (k + q) + i0]

(5.49)

where number (v) corresponds to the loop integrand of the double soft gluon exchange in Fig-

ure 15(c) and the others to the irreducible triple gluon vertex diagram of Figure 15(f). It is

noteworthy that the denominator structure for integrals (vi)-(viii) is identical, however, the nu-

merators, which depend on a loop momentum, differ. Hence, when applying the FTT to the

propagator structure, which includes shifts of the loop momenta, one has to ensure to shift the

loop momentum of the numerator as well.
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Applying the FTT at two-loop level leads to

(v) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
(2πi)2δ̃(k)δ̃(q)

[pi · (k + q) + i0][pi · q + i0][−pj · k + i0][−pl · q + i0]

+
(2πi)2δ̃(k)δ(pi · q)

[pi · (k + q) + i0][q2 + i0][−pj · k + i0][−pl · q + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[pi · q + i0][(k − q)2 + i0][pj · (q − k) + i0][−pl · q + i0]

+
(2πi)2δ(pi · k)δ(pj · q)

[pi · (k + q) + i0][(k + q)2 + i0][pj · q + i0][−pl · (k + q) + i0]

+
(2πi)2δ(pi · k)δ(pi · q)

[q2 + i0][(k − q)2 + i0][pj · (q − k) + i0][−pl · q + i0]
(5.50)

− (2πi)2 ˜δ(k)δ(pi · q)
[pi · (q − k) + i0][(q − k)2 + i0][−pj · k + i0][pl · (k − q) + i0]

+
(2πi)3δ̃(k − q)δ(pi · k)δ(pi · q)

[q2 + i0][pj · (q − k) + i0][−pl · q + i0]

+
(2πi)3δ̃(k − q)δ(pi · k)δ(pj · (q − k))

[pi · q + i0][q2 + i0][−pl · q + i0]

+
(2πi)3δ̃(q)δ(pi · k)δ(pj · (q − k))

[pi · q + i0][(k − q)2 + i0][−pl · q + i0]

+
(2πi)3δ(pi · k)δ(pi · q)δ(pj · (q − k))

[q2 + i0][(k − q)2 + i0][−pl · q + i0]

+
(2πi)3δ̃(q)δ̃(k − q)δ(pi · k)

[pi · q + i0][pj · (q − k) + i0][−pl · q + i0]

+
(2πi)4δ̃(k − q)δ(pi · q)δ(pi · k)δ(pj · (q − k))

[q2 + i0][−pl · q + i0]

}
,
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(vi) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
− (2πi)2(pi · k)δ̃(q)δ(pl · k)

[−pi · q + i0][k2 + i0][(k − q)2 + i0][pj · (q − k) + i0]

− (2πi)2(pi · k)δ̃(k)δ̃(q)

[−pi · q + i0][(k − q)2 + i0][pj · (q − k) + i0][pl · k + i0]

+
(2πi)2(pi · k)δ̃(q)δ̃(k)

[−pi · q + i0][(k + q)2 + i0][−pj · k + i0][pl · (k + q) + i0]

+
(2πi)2(pi · k)δ̃(q)δ̃(k)

[pi · (k − q) + i0][(q − k)2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)2(pi · q)δ̃(q)δ(pi · k)

[k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0][pl · q + i0]

+
(2πi)2(pi · k)δ̃(k)δ(pl · q)

[pi · (k − q) + i0][q2 + i0][(q − k)2 + i0][−pj · k + i0]

+
(2πi)2(pi · q)δ(pi · k)δ(pl · q)

[q2 + i0][k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0]
(5.51)

+
(2πi)3(pi · k)δ̃(q)δ̃(k)δ̃(k + q)

[−pi · q + i0][−pj · k + i0][pl · (k + q) + i0]

+
(2πi)3(pi · k)δ̃(q)δ̃(k)δ(pl · (k + q))

[−pi · q + i0][(k + q)2 + i0][−pj · k + i0]

+
(2πi)3(pi · k)δ̃(q)δ̃(k)δ̃(q − k)

[pi · (k − q) + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pi · k)δ̃(k)δ̃(q)δ(pi · (k − q))

[(q − k)2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pi · k)δ̃(q)δ̃(q − k)δ(pi · (k − q))

[k2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pi · k)δ̃(q − k)δ(pl · q)δ(pi · (k − q))

[q2 + i0][k2 + i0][−pj · k + i0]

+
(2πi)3(pi · k)δ̃(k)δ(pl · q)δ(pi · (k − q))

[(q − k)2 + i0][q2 + i0][−pj · k + i0]

+
(2πi)3(pi · k)δ̃(k)δ̃(q − k)δ(pl · q)

[pi · (k − q) + i0][q2 + i0][−pj · k + i0]

}
,
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(vii) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
(2πi)2(pl · q)δ̃(q)δ(pl · k)

[−pi · q + i0][k2 + i0][(k − q)2 + i0][pj · (q − k) + i0]

+
(2πi)2(pl · q)δ̃(k)δ̃(q)

[−pi · q + i0][(k − q)2 + i0][pj · (q − k) + i0][pl · k + i0]

+
(2πi)2(pl · k)δ̃(q)δ̃(k)

[−pi · q + i0][(k + q)2 + i0][−pj · k + i0][pl · (k + q) + i0]

+
(2πi)2(pl · k)δ̃(q)δ̃(k)

[pi · (k − q) + i0][(q − k)2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)2(pl · k)δ̃(q)δ(pi · k)

[k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0][pl · q + i0]

+
(2πi)2(pl · k)δ̃(k)δ(pl · q)

[pi · (k − q) + i0][q2 + i0][(q − k)2 + i0][−pj · k + i0]

+
(2πi)2(pl · k)δ(pi · k)δ(pl · q)

[q2 + i0][k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0]
(5.52)

+
(2πi)3(pl · k)δ̃(q)δ̃(k)δ̃(k + q)

[−pi · q + i0][−pj · k + i0][pl · (k + q) + i0]

+
(2πi)3(pl · k)δ̃(q)δ̃(k)δ(pl · (k + q))

[−pi · q + i0][(k + q)2 + i0][−pj · k + i0]

+
(2πi)3(pl · k)δ̃(q)δ̃(k)δ̃(q − k)

[pi · (k − q) + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pl · k)δ̃(k)δ̃(q)δ(pi · (k − q))

[(q − k)2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pl · k)δ̃(q)δ̃(q − k)δ(pi · (k − q))

[k2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pl · k)δ̃(q − k)δ(pl · q)δ(pi · (k − q))

[q2 + i0][k2 + i0][−pj · k + i0]

+
(2πi)3(pl · k)δ̃(k)δ(pl · q)δ(pi · (k − q))

[(q − k)2 + i0][q2 + i0][−pj · k + i0]

+
(2πi)3(pl · k)δ̃(k)δ̃(q − k)δ(pl · q)

[pi · (k − q) + i0][q2 + i0][−pj · k + i0]

}
,
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(viii) = µ4ε

∫
ddk

iπd/2
ddq

iπd/2

{
− (2πi)2(pj · q)δ̃(q)δ(pl · k)

[−pi · q + i0][k2 + i0][(k − q)2 + i0][pj · (q − k) + i0]

− (2πi)2(pj · q)δ̃(k)δ̃(q)

[−pi · q + i0][(k − q)2 + i0][pj · (q − k) + i0][pl · k + i0]

+
(2πi)2(pj · q)δ̃(q)δ̃(k)

[−pi · q + i0][(k + q)2 + i0][−pj · k + i0][pl · (k + q) + i0]

+
(2πi)2(pj · q)δ̃(q)δ̃(k)

[pi · (k − q) + i0][(q − k)2 + i0][−pj · k + i0][pl · q + i0]

− (2πi)2(pj · k)δ̃(q)δ(pi · k)

[k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0][pl · q + i0]

+
(2πi)2(pj · q)δ̃(k)δ(pl · q)

[pi · (k − q) + i0][q2 + i0][(q − k)2 + i0][−pj · k + i0]

− (2πi)2(pj · k)δ(pi · k)δ(pl · q)
[q2 + i0][k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0]

(5.53)

+
(2πi)3(pj · q)δ̃(q)δ̃(k)δ̃(k + q)

[−pi · q + i0][−pj · k + i0][pl · (k + q) + i0]

+
(2πi)3(pj · q)δ̃(q)δ̃(k)δ(pl · (k + q))

[−pi · q + i0][(k + q)2 + i0][−pj · k + i0]

+
(2πi)3(pj · q)δ̃(q)δ̃(k)δ̃(q − k)

[pi · (k − q) + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pj · q)δ̃(k)δ̃(q)δ(pi · (k − q))

[(q − k)2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pj · q)δ̃(q)δ̃(q − k)δ(pi · (k − q))

[k2 + i0][−pj · k + i0][pl · q + i0]

+
(2πi)3(pj · q)δ̃(q − k)δ(pl · q)δ(pi · (k − q))

[q2 + i0][k2 + i0][−pj · k + i0]

+
(2πi)3(pj · q)δ̃(k)δ(pl · q)δ(pi · (k − q))

[(q − k)2 + i0][q2 + i0][−pj · k + i0]

+
(2πi)3(pj · q)δ̃(k)δ̃(q − k)δ(pl · q)

[pi · (k − q) + i0][q2 + i0][−pj · k + i0]

}
.

One can rewrite the individual cuts by choosing a parametrisation of the loop momentum just

like in the one-loop case. For three hard lines one can choose a frame in which two of them are

pointing back-to-back, the third momentum points in a different direction. For instance, for the

irreducible diagram one can take pi and pl as the forward/backward directions respectively, i.e.

pi =

√
pi · pl

2

(
1,~0

(d−2)
⊥ , 1

)
,

pl =

√
pi · pl

2

(
1,~0

(d−2)
⊥ ,−1

)
,

(5.54)

and thus, in terms of a Sudakov decomposition the loop momenta can be written as kµ =

αpµi + βpµl + k̂µ⊥ and qµ = α̂pµi + β̂pµl + q̂µ⊥ with k̂µ⊥ = k⊥(0, ~n
(d−2)
⊥,k , 0) and ~n2

⊥ = 1, while for

the hard momentum pj one can use the general notation pµj = Ej

(
1, ~n

(d−2)
j⊥ sin θj , cos θj

)
≡
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(
p0
j , ~p

(d−2)
j⊥ , p

(d)
j

)
. For example, consider one of the contributions in equation (5.53), choosing

the coordinates in this way, one can evaluate the integrals with the delta functions to find

µ4ε

∫
ddk

iπd/2
ddq

iπd/2
(2πi)3(pj · q)δ̃(k)δ(pl · q)δ(pi · (k − q))

[(q − k)2 + i0][q2 + i0][−pj · k + i0]

= − (2πi)3

(2π)2d

∫ ∞
−∞

dβ

∫ ∞
0

dk⊥

(
µ

k⊥

)2ε ∫ ∞
0

dq⊥

(
µ

q⊥

)2ε ∫
dΩ

(d−3)
k

∫
dΩ(d−3)

q

1

[−q2
⊥ + i0]

k⊥q⊥

[
(pj · pl)β − q⊥

(
~n

(d−2)
⊥,q ~p

(d−2)
j⊥

)]
2(pi · pl)β

1[
−q2
⊥ − k2

⊥ + 2k⊥q⊥

(
~n

(d−2)
⊥,k ~n

(d−2)
⊥,q

)
+ i0

]
1[

pi·pj
pi·pl

1
2β k

2
⊥ + (pj · pl)β − k⊥

(
~p

(d−2)
j⊥ ~n

(d−2)
⊥,k

)
− i0

] .

(5.55)

In this way one can work through all of the cut-contributions in order to express them as integrals

of the transverse momenta, alternatively one could also choose a different ordering variable, for

instance energy.

5.4 Radiative cancellations

In this section the two-loop amplitudes squared are sorted with respect to their colour structure

and the double radiative cuts of the virtual diagrams are brought together with the double real

emission processes. In this way one can find out which diagrams have to be combined in order

to observe the cancellation of IR divergences.

At first, consider the colour structure Tb
iT

a
iT

b
jT

a
j . The Abelian diagrams with two hard lines

involved in the process of exchanging or emitting soft gluons are rewritten in terms of this colour

structure by using the commutator relation (see equation (2.9)). Graphically, the cancellations

for this type of colour structure can be depicted in the following way

∑
i 6=j

Tb
iT

a
iT

b
jT

a
j

1

2
2Re

 k q

+
1

2
2Re

 k
q


+2Re

 k q
q

+ 2Re

 kq q


+

1

2
2Re

 k q qk

+
1

2
2Re

 k q q k


+

1

4
2Re

 k q

q k

+
1

4
2Re

 k q

 = 0 ,

(5.56)

where the short black lines indicate which propagators are cut due to the application of the

Feynman tree theorem. The cancellation is of course meant as an IR-divergence cancellation,

i.e. the virtual lower and upper integration boundaries are taken to be 0 and µs in accordance
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with the real-emission phase-space integration. The contributions of the virtual integral from

[µs,∞] remain and thus there is still an UV divergence which has to be renormalised. The

diagrams are drawn with photon lines in order to indicate that the colour structure has been

taken out.

The sum over the hard parton lines i, j ensures that also diagrams with soft gluon emission from

the opposite line with respect to the one which is depicted in the upper equation are included.

In the sum it holds that i 6= j, since in the case that the real soft gluons are emitted from

the same hard line in the amplitude and the conjugated amplitude the diagram does not give a

contribution for massless hard lines in Feynman gauge.

The factors in front of the diagrams in equation (5.56) are written in this way as they arise due

to different reasons:

The virtual exchange diagrams in the first line get a factor of 1/2 in order to avoid overcounting,

since, if in the colour sum i and j are swapped, the diagrams do not change. Of course also the

conjugated process has to be taken into account, the tree-level amplitude and the conjugated

double exchange, this is encoded in taking the real part twice. For the one-loop/one-emission

diagrams the colour sum takes into account the soft emission from the line j and writing two

times the real part again takes care of the conjugated diagrams. In the case of the real emission

diagrams one has to take into account a factor of 1/2 due to the final state symmetry as there

are two identical gluons in the final state. One has to include an additional factor of 1/2 for the

first diagram in the last line of equation (5.56), since the conjugated diagram is already part of

the colour sum. For the last diagram one has to multiply with an additional factor of 1/2 as

well, although for a different reason: In this case one truly squares the amplitude, it is not an

interference with a different diagram.

Rewriting the “pictorial cancellation” of equation (5.56) in terms of integrands one gets

∑
i 6=j

Tb
iT

a
iT

b
jT

a
j (pi · pj)2µ4ε

∫ µs

0
dΠk dΠq[

1

[pi · (k + q)][−pj · (k + q)][pi · q][−pj · q]
+

1

[pi · (k + q)][−pj · (k + q)][pi · q][−pj · k]

+
2

[pi · (k + q)][pi · q][−pj · k][pj · q]
+

2

[pi · (k + q)][pi · k][−pj · k][pj · q]

+
1

[pi · (k + q)][pi · q][pj · (k + q)][pj · k]
+

1

[pi · (k + q)][pi · q][pj · q][pj · (k + q)]

+
1

2

1

[pi · k][pi · q][pj · q][pj · k]
+

1

2

1

[pi · k][−pi · q][pj · q][−pj · k]

]
= 0 .

(5.57)

Notice that the phase-space integration measure dΠi has been written, since all of the virtual

loop integrals have been reformulated as phase-space integrals by using the FTT. Furthermore,

in equation (5.57) the i0-prescription has been omitted, since one is only interested in the real

part in this case.

When bringing the colour structure into the form Tb
iT

a
iT

b
jT

a
j for all the diagrams in equation

(5.56) one also has to consider the subclass of diagrams for which the commutator of the colour-

charge operators has to be applied. These diagrams thus have contributions proportional to the
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colour structure CA
2 (Ti ·Tj), it turns out that the following cancellation occurs

∑
i 6=j

CA
2

(Ti ·Tj)

1

2
2Re

 k
q

+ 2Re

 kq q


+

1

2
2Re

 k q q k

+
1

4
2Re

 k q

q k

 = 0 .

(5.58)

For the non-Abelian diagrams with two external lines one finds a colour structure of CA2 (Ti ·Tj)

as well. The cancellation of the IR divergences proceeds in the following way:

∑
i 6=j

CA
2

(Ti ·Tj)

2Re

 k q


+2Re

 k
q

q

+ 2Re

 k
q q


+

1

2
4Re

 k

q q

k

+
1

2
4Re

 kq q

k

 = 0 ,

(5.59)

where the cuts of the two-loop and one-loop/one-emission diagrams stand for the three/two

different radiative double cuts which one obtains when applying the FTT. The unordered colour

sum with i 6= j ensures that also diagrams with swapped lines are taken into account. Further-

more, for the double emission processes, the prefactor is chosen such that the diagrams with

exchanged momenta, i.e. k ↔ q, in the conjugated amplitude are included.

The structure of the IR cancellation of equation (5.59) is the following: The second diagram in

the second line completely cancels with the first emission diagram in the third line. The whole

contribution of the first diagram in the second line cancels with some of the terms in the virtual

diagram in the first line and the remaining terms of the latter cancel with the second emis-

sion diagram in the third line. This pattern of cancellation can be observed when the squared

amplitudes are explicitly written at the integrand level for each of the diagrams,

2
∑
i 6=j

CA
2

(Ti ·Tj)µ
4ε

∫ µs

0
dΠk dΠq p

µ
i p

ν
i p
τ
j

[
− [(2q − k)µgντ − (k + q)νgµτ ]

[pi · (q − k)][2k · q][pi · q][pj · q]

− [(k + q)µgντ + (k − 2q)νgµτ ]

[pi · q][pi · k][2k · q][pj · q]
− [(2q + k)νgµτ − (2k + q)µgντ ]

[pi · (k + q)][pj · (k + q)][2k · q][pi · q]

+
[(2q − k)µgντ − (k + q)νgµτ ]

[pi · (q − k)][2k · q][pi · q][pj · q]
+

[(k + q)µgντ + (k − 2q)νgµτ ]

[pi · q][pi · k][2k · q][pj · q]

+
[(k − q)µgντ − (2k + q)νgµτ ]

[pi · (k + q)][2k · q][pi · q][pj · k]
+

[−(2q + k)µgντ + (2k + q)νgµτ ]

[pj · (k + q)][2k · q][pi · q][pi · k]

− [(k − q)µgντ − (2k + q)νgµτ ]

[pi · (k + q)][2k · q][pi · q][pj · k]
+

[(k + 2q)νgµτ − (2k + q)µgντ ]

[pi · (k + q)][pj · (k + q)][2k · q][pi · q]

]
= 0 ,

(5.60)
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where the terms of the triple gluon vertices which equal to zero due to the on-shellness of the

external lines are already neglected. In the first and second line of equation (5.60) the three

radiative double cuts of the virtual diagram are given, in the third and fourth line the radiative

cuts of the one-loop/one-emission diagrams are written and in the last line there are the contri-

butions pertaining to the emission diagrams.

Similarly, if there are three hard parton lines involved in the process of exchanging and emit-

ting soft gluons one can decompose the colour structures of the diagrams into Tb
iT

a
iT

b
jT

a
l and

ifabcT
a
iT

b
jT

c
l (colour charge operators pertaining to different hard lines commute). In Figure 19

the diagrams with colour structure Tb
iT

a
iT

b
jT

a
l are depicted. Due to the propagator structure

of the diagrams it is convenient to specify the colour sum for three lines in the form [i, j][i, l],

i.e. one can sum over the pairs i, j and i, l (notice that one of the lines necessarily carries two

vertices) and then sum over i, such that all the possible (unordered) combinations of external

lines are included. Here it is assumed that i 6= j 6= l holds. In particular, this formulation of

the colour sum is convenient in this case, since the propagators can be nicely combined for the

diagrams in Figure 19, for instance one can rewrite the propagator structure of diagram 19(b)

as

1

[pi · k][pj · k][pi · q][pl · q]
=

1

[pi · (k + q)][pj · k][pi · q][pl · q]
+

1

[pi · (k + q)][pi · k][pj · k][pl · q]
,

(5.61)

and this is exactly the propagator structure of diagram 19(a). The same applies to the one-

loop/one-emission diagrams in the second line of Figure 19, where equation (5.61) can be used

for 19(e) to match the propagator structure of diagrams 19(c) and 19(d), and analogously for

the double emission contributions.

As an illustration of the colour sum of pairs for three hard lines, consider Figure 20, which

shows the counting for the one-loop/one-emission case when the sum over pairs is performed

and thus numbers are assigned to the different lines. In this example only diagrams which have

two vertices on line 1 are drawn and introducing the sum over i = 1, ..., 3 takes care of the other

possibilities. The last two diagrams of Figure 20 have the two vertices on line 1 in the amplitude

and conjugated amplitude respectively. Therefore one can aim to rewrite the counting of pairs in

terms of the other diagrams, which always have the two vertices of line 1 in the amplitude. Due

to the propagator structure (using equation (5.61)) the last two diagrams can be conveniently

rewritten in terms of pairs [1, 2][1, 3] + [1, 3][1, 2]. The double emission and the virtual diagrams

of Figure 19 can be treated analogously. As a result one can combine the different diagrams

such that only the following types of diagrams have to be distinguished

∑
i

∑
[i,j][i,l]

Tb
iT

a
iT

b
jT

a
l

4Re

 k q

+ 8Re

 k

q

q


+4Re

 k q q

k

 = 0 ,

(5.62)
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Figure 19: Diagrams with colour structure Tb
iT

a
i T

b
jT

a
l .

qq

k

[1,2][3,1] = [1,2][1,3] + [1,3][1,2] [1,3][2,1] = [1,2][1,3] + [1,3][1,2]

k

q

q

qq

k

[1,3][1,2][1,2][1,3]

k

q

q

qq

k

[1,2][1,3]

k

q

q

[1,3][1,2]

Figure 20: One-loop/one-emission diagrams with colour structure Tb
iT

a
i T

b
jT

a
l . Below each

diagram the counting of pairs is written, due to the propagator structure it is
possible to rewrite the colour sum of the last two diagrams in terms of pairs of
structure [i, j][i, l].

where combining the virtual contributions in the first line of Figure 19 leads to a factor of four

for the first diagram in equation (5.62), similarly combining the one-loop/one-emission diagrams

gives a factor of eight. Finally the combination of the emission diagrams gives rise to a factor

four (where the symmetry factor 1/2 for the final state gluons has already been taken into ac-

count). As a result, the virtual diagram adds with the real emission, together cancelling the

one-loop/one-emission contribution.

Furthermore, for the non-Abelian diagrams with the colour structure ifabcT
a
iT

b
jT

c
l the cancel-

lation takes place between the following three diagrams

∑
i 6=j 6=l

1

2
ifabcT

a
iT

b
jT

c
l

2Re

 k

q

+ 2Re

 k
q

q


+2Re

 k
q

q

k

 = 0 ,

(5.63)
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where the cuts for the diagrams in the first line stand again for the three/two different radiative

cuts which occur according to the rules of the FTT cutting procedure. Here the sum is performed

by exchanging the lines with i 6= j 6= l, since for the diagrams considered here one does not

have a line carrying two vertices. This introduces a factor of 1/2 for the diagrams. The one-

loop/one-emission diagram combines with the emission diagram and together they cancel the

contributions of the virtual diagram:

∑
i 6=j 6=l

ifabcT
a
iT

b
jT

c
l µ

4ε

∫ µs

0
dΠk dΠq p

σ
i p

ρ
jp
ν
l

[
− [(2q − k)ρgσν + (2k − q)σgρν − (k + q)νgσρ]

[pi · q][−2k · q][−pj · k][pl · (k − q)]

− [(q + k)ρgσν + (q − 2k)σgρν + (k − 2q)νgσρ]

[pi · q][−2k · q][pj · (k − q)][−pl · k]
+

[(k + 2q)ρgσν + (k − q)σgρν − (2k + q)νgσρ]

[pi · (k + q)][2k · q][−pj · k][−pl · q]

+
[(2q − k)ρgσν − (k + q)σgρν + (2k − q)νgσρ]

[pi · (q − k)][−2k · q][pj · k][−pl · q]
+

[(k + q)ρgσν + (k − 2q)σgνρ + (q − 2k)νgσρ]

[pi · k][−2k · q][pj · (q − k)][−pl · q]

+
[(2k + q)νgσρ + (q − k)σgρν − (2q + k)ρgσν ]

[pi · (k + q)][2k · q][−pj · k][−pl · q]

]
= 0 ,

(5.64)

where the first three terms represent the three radiative double cuts of the virtual diagram,

the fourth and the fifth term pertain to the one-loop/one-emission diagram and the last part

corresponds to the emission diagram. One observes that the second contribution of the second

line cancels with the term in the fourth line. The first term in the second line cancels against

the one in the first line after performing the swaps of the hard parton lines (i ↔ l, j ↔ l) as

well as renaming the momenta k ↔ q. It is noteworthy that swapping two hard lines, say i↔ l,

introduces a negative sign due to the antisymmetry of the colour structure under this action.

Finally, the two contributions in the third line cancel when relabelling k ↔ q.

The IR-divergence cancellation can also be demonstrated for four hard partons involved, their

momenta are labelled by pi, pj , pl and pm. The diagrams exhibit a colour structure of Ta
iT

a
jT

b
lT

b
m,

the colour sum can be performed over two pairs of the (distinct) external lines ([i, j][l,m] with

i 6= j 6= l 6= m) such that one finds

∑
[i,j][l,m]

Ta
iT

a
jT

b
lT

b
m

1

4

1

2
2Re

 k

q

+
1

4

1

2
2

1

2
2Re

 k

q q

k



+
1

4
2Re

 k

q

+
1

2
2Re

 k

q q


 = 0 ,

(5.65)

where the prefactors have the following origins:

The first diagram receives a factor of 1/4 in order to avoid overcounting when exchanging the

order of the pairs. The diagram produces the real part only once, since the conjugated diagram

is already included in the colour sum over pairs. The same is true for the second diagram,

however, in addition one has to introduce a factor of two in order to include the diagrams with
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the loop momenta exchanged, as well as the symmetry factor 1/2 for the final state gluons.

For the diagrams in the second line one only needs to include factors to avoid overcounting,

in particular for the virtual diagram this gives a factor of 1/4 for both gluon exchanges and

consequently a factor of 1/2 for the one-loop/one-emission diagram.

When writing down the integrand structures one observes that the first three diagrams add up

and cancel the contribution from the fourth diagram in equation (5.65),

∑
[i,j][l,m]

Ta
iT

a
jT

b
lT

b
m(pi · pj)(pl · pm)µ4ε

∫ µs

0
dΠk dΠq[

1

4

1

[pi · k][−pj · k][−pl · q][pm · q]
+

1

4

1

[pi · k][pm · q][pj · k][pl · q]

+
1

2

1

[pi · k][−pj · k][−pl · q][pm · q]
− 1

[pi · k][pj · k][pl · q][pm · q]

]
= 0 .

(5.66)
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5.5 Self-energy contributions

The double propagators appearing in the self-energy diagrams ( “bubble-diagrams”) demand a

modified formulation of the cutting procedure when applying the Feynman tree theorem. In this

section a cutting rule for double propagators is presented which can be obtained by taking the

derivative of the relation between the Feynman- and the advanced propagator with respect to a

component of the loop momentum. It is then reformulated as the derivative of the squared loop

momentum. Furthermore, the IR cancellations which take place for the radiative cuts of the

self-energy diagrams are summarised.

To start with, the amplitude of the combined gluon- and ghost-loop self-energy (see Figure

21) is given by

M21(a)+(b) = g4CA(Ti ·Tj)µ
4ε

∫
ddq

iπd/2
ddk

iπd/2

piµpjν
[pi · q + i0][−pj · q + i0][k2 + i0][(q − k)2 + i0][q2 + i0]2

{
(4− 2d)kµkν

+

(
3− d

2

)
qµqν +

(
d− 5

2

)
qµkν +

(
d− 3

2

)
qνkµ + gµν

(
−5

2
q2 − k2 + k · q

)}
,

(5.67)

and when neglecting terms which vanish due to colour conservation one can rewrite the amplitude

as

M21(a)+(b) = g4CA(Ti ·Tj)µ
4ε

∫
ddq

iπd/2
ddk

iπd/2{
(4− 2d)(pi · k)(pj · k)

[pi · q + i0][−pj · q + i0][k2 + i0][(q − k)2 + i0][q2 + i0]2

− 2(pi · pj)
[pi · q + i0][−pj · q + i0][k2 + i0][(q − k)2 + i0][q2 + i0]

− (pi · pj)
[pi · q + i0][−pj · q + i0][k2 + i0][q2 + i0]2

}
.

(5.68)

The loop integral in the second line does not have any double propagators anymore, it is identical

to the integral (iii) of equation (5.44).

The amplitude of the fermion self-energy diagram, neglecting terms which vanish due to colour

conservation, gives

M21(c) = 4g4 TR nf (Ti ·Tj)µ
4ε

∫
ddq

iπd/2
ddk

iπd/2{
2(pi · k)(pj · k)

[pi · q + i0][−pj · q + i0][k2 + i0][(k − q)2 + i0][q2 + i0]2

−1

2

(pi · pj)
[pi · q + i0][−pj · q + i0][k2 + i0][(k − q)2 + i0][q2 + i0]

− (pi · pj)
[pi · q + i0][−pj · q + i0][k2 + i0][q2 + i0]2

}
.

(5.69)
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Figure 21: Gluon, ghost and fermion self-energy Feynman diagrams.

The fermion self-energy is needed when the full NLO correction is considered. In the evolution

process the corrections as well as the renormalisation constants are being evolved, however the

hard matrix element itself is not. Hence, the UV-counterterm is not written for the Born process

since it does not start in a specific power of αs but only for the whole, combined NLO correction.

This counterterm is of the form β0/εUV and thus the fermion bubble-diagram makes up exactly

the part of the beta-function which is proportional to nf .

5.5.1 The Feynman tree theorem for double propagators

In order to find an expression for a cutting rule for double propagators one can start with the

identity which is introduced in equation (3.35)

1

q2 − i0(T · q)2
=

1

q2 + i0(T · q)2
+ 2πiδ(q2) , (5.70)

where one can take the derivative with respect to a component of the loop momentum qµ which

then leads one to

qµ − i0Tµ(T · q)
[q2 − i0(T · q)]2

− qµ + i0Tµ(T · q)
[q2 + i0(T · q)2]2

= −iπ ∂

∂qµ
δ(q2) , (5.71)

again with the timelike vector (Tµ) = (
√

2,~0). By contracting with some spacelike vector Sµ,

which is chosen to satisfy S · T = 0, one can get rid of the dependence on the vector T in the

numerator
1

[q2 − i0(T · q)2]2
− 1

[q2 + i0(T · q)]2
= −iπ Sµ

S · q
∂

∂qµ
δ(q2) . (5.72)

Using the relation ∂
∂qµ f(q2) = 2qµ

∂
∂q2 f(q2) one can reformulate the upper equation in terms of

q2

1

[q2 − i0(T · q)2]2
− 1

[q2 + i0(T · q)2]2
= −2πi δ′(q2) , (5.73)

with the short-hand notation δ′(q2) ≡ ∂
∂q2 δ(q

2).

Taking into account the Heaviside function in the formulation of the derivative cutting rule

amounts to a small modification to equation (5.73), namely

1

[q2 − i0(T · q)|T · q|]2
− 1

[q2 + i0(T · q)2]2
= −2πi δ′(q2)θ(T · q) . (5.74)

Hence, if one has to cut the double propagator in a diagram where all the other propagators

and possible numerator structures are encoded in the function f(q, q2), one can proceed to use

integration by parts to “shift” the derivative from the delta function to the loop integrand

72



f(q, q2). This means that one has to calculate the derivative of f(q, q2) and it turns out to be

convenient to parameterise the loop momentum with respect to which the derivative is evaluated

in terms of a Sudakov decomposition expressed in the q2 variable, for instance in the form

qµ = αpµj +
q2 + q2

⊥
2α(pi · pj)

pµi + q⊥n
µ
⊥ , (5.75)

where in this case pµj defines the forward and pµi the backward direction. It holds that n2
⊥ = −1.

Applying the FTT with this modification for double propagators to the loop integrals in the

first and third line of equation (5.68) or equivalently to equation (5.69), i.e. to the integrals

(i) = µ4ε

∫
ddq

iπd/2
ddk

iπd/2
(pi · k)(pj · k)

[pi · q + i0][−pj · q + i0][k2 + i0][(q − k)2 + i0][q2 + i0]2

(ii) = µ4ε

∫
ddq

iπd/2
ddk

iπd/2
1

[pi · q + i0][−pj · q + i0][k2 + i0][q2 + i0]2
,

(5.76)

leads to the following cut-contributions

(i) = µ4ε

∫
ddq

iπd/2
ddk

iπd/2
(pi · k)(pj · k)

{
− (2πi)2δ̃(q)δ̃(k)

[pi · (k + q) + i0][−pj · (k + q) + i0][(k + q)2 + i0]2

+
2(2πi)2δ̃(k)δ(pi · q)

[−pj · q + i0][(q − k)2 + i0][q2 + i0]2

+
2(2πi)2(−δ′(q2)θ(q0)) δ̃(k)

[pi · q + i0][−pj · q + i0][(q − k)2 + i0]
(5.77)

+
2(2πi)3δ̃(k)δ̃(q − k)δ(pi · q)

[−pj · q + i0][q2 + i0]2

+
2(2πi)3(−δ′(q2)θ(q0)) δ̃(k)δ(pi · q)

[−pj · q + i0][(q − k)2 + i0]

+
2(2πi)3(−δ′(q2)θ(q0)) δ̃(k)δ̃(q − k)

[pi · q + i0][−pj · q + i0]

+
2(2πi)4(−δ′(q2)θ(q0)) δ̃(k)δ̃(q − k)δ(pi · q)

[−pj · q + i0]

}
,

and

(ii) = µ4ε

∫
ddq

iπd/2
ddk

iπd/2

{
(2πi)2δ̃(k)δ(pi · q)

[−pj · q + i0][q2 + i0]2
+

(2πi)2(−δ′(q2)θ(q0)) δ̃(k)

[pi · q + i0][−pj · q + i0]
(5.78)

+
(2πi)3(−δ′(q2)θ(q0)) δ̃(k)δ(pi · q)

[−pj · q + i0]

}
.

Due to the structure of cuts which appear in the equations (5.77) and (5.78) one can also observe

why the parametrisation of the loop momentum in equation (5.75) is a convenient choice. In

particular, for the terms with the triple cuts δ′(q2)δ̃(k)δ(pi · q) the parametrisation allows one to

express the δ(pi · q) without an explicit q2 dependence. Hence, when using integration by parts

to shift the derivative with respect to q2 from the delta function to the other terms, it will not

act on the delta function of eikonal momentum (pi · q) but only on propagators dependent on
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q2.

Furthermore, for triple cuts of the form δ′(q2)δ̃(k)δ̃(q−k) the integration of the loop momentum

k has to be performed first using the delta functions δ̃(k)δ̃(q − k). Afterwards, integration by

parts can be conducted such that the derivative with respect to q2 will once again act only on

the loop integrand and not on delta functions.

5.5.2 Radiative cancellations for the self-energy diagrams

In order to demonstrate the IR cancellation of radiative cuts concerning the self-energy diagrams

one has to consider the following diagrams

∑
i 6=j

CA(Ti ·Tj)

1

2

1

2
2Re

 k

q q

k

+
1

2
2Re

 k q


+

1

2
2Re

 k q

+
1

2
2Re

 k

q q

k

 = 0 .

(5.79)

Again, the Feynman diagrams are drawn with photon-lines in order to indicate that the colour

structure has been taken out and written as a global factor and the sum is once again understood

to exclude the case i = j, i.e. it holds that i 6= j.

Notice that the radiative double cuts of the virtual diagrams receive a factor of (−1) from the

FTT procedure (cf. equation 5.77).

For the virtual diagrams one has to multiply by a factor of 1/2 in order to avoid overcounting.

Additionally, when determining the squared amplitude of the gluon bubble-diagram, the sym-

metry factor of 1/2 has to be taken into account. Furthermore, for the emission type diagram

one needs to include the symmetry factor of the gluons as well as an additional factor of 1/2,

since the conjugated diagram matches the one which is already part of the colour sum. For the

amplitudes of the fermionic ghost-loops a factor of (−1) has to be included.

At the integrand level, equation (5.79) leads one to

∑
i 6=j

CA
2

(Ti ·Tj)µ
4ε

∫ µs

0
dΠkdΠq

piαp
δ
j

[pi · (k + q)][pj · (k + q)][(k + q)2]2{
−
[
(2k + q)σgαβ + (q − k)αgβσ − (2q + k)βgασ

] [
(2k + q)σgβδ − (2q + k)βgσδ + (q − k)δgβσ

]
+
[
(2k + q)σgαβ + (q − k)αgσβ − (2q + k)βgασ

][
(2k + q)σgβδ − (2q + k)βgδσ + (q − k)δgβσ

]
+ 2kαqδ − 2kαqδ

}
= 0 .

(5.80)
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6 Conclusion and outlook

To summarise the main goal of this thesis was to determine some of the central ingredients to

soft gluon evolution [2, 6, 9] at next-to-leading logarithmic order. These central ingredients

are the colour structure and the kinematic part of the two-loop soft anomalous dimension. We

aimed to determine both in an approach of algorithmic structure such that it is accessible to a nu-

merical evolution and can thus be extended to higher orders and beyond the soft approximation.

In order to describe the colour structure within the framework of the colour-space formalism

we chose the colour-flow basis [4, 6]. The formulation in terms of permutations of (anti-)colour

labels is very well suited for a numerical approach. Furthermore, the colour-flow basis allowed us

to efficiently determine subleading contributions in the number of colours and thus provide the

possibility to go beyond the usual large-N limit. In particular, we found that this is desirable

at two-loop level, since, in addition to the sum over two-parton correlations, a sum over three-

parton correlations is introduced, leading to enhanced coefficients which would not be accounted

for in the large-N limit.

Turning to the kinematical structure, the Feynman tree theorem [7, 8] allows one to take

an algorithmic approach by systematically expressing the loop integrands in terms of cut-

contributions. In this way the loop integrals are rewritten as phase-space type integrals. We

reformulated the Feynman tree theorem to be able to apply it to eikonal propagators, propag-

ators raised to second power and to the two-loop level integrals. Furthermore, it is convenient

to express the loop integrals in terms of their cut-contributions since one can readily choose a

parametrisation of the loop momenta (e.g. energy-ordering or perform a Sudakov decomposi-

tion) and analyse the imaginary parts in different orderings.

In order to uncover the cancellation of IR divergences we combined the real emission cross-

sections with the double radiative cuts of the two-loop diagrams.

In the treatment of the amplitudes we have used a covariant gauge. This is possible here, since

we have only considered soft gluons and the soft gluon current is gauge independent [10] for

double emission. If collinear gluons are to be included in the framework, one has to switch to

a physical gauge. When working for example in an axial gauge, the (linear) gauge propagators

have to be assigned an i0-prescription, the so-called “Mandelstam-Leibbrandt” prescription (see

[23]), which means that such types of propagators have to be cut in the course of the FTT cut-

ting procedure. Furthermore, for “double gauge propagators” a cutting rule can be introduced,

similar to the one presented in section 5.5.1.

In this way we have determined building blocks which hopefully give further insight to amp-

litude evolution at next-to-leading logarithmic order as well as to colour evolution beyond the

large-N limit. Since we aimed for an algorithmic formulation of the procedures, the results are

also relevant to branching algorithms.

75



A Jacobian determinants

In this appendix several Jacobian determinants for different coordinate choices are listed.

To obtain a logarithmic integration over the energy of the soft gluon, which leads to an energy

ordering for multiple soft gluons, one may use the following parametrisation for the soft gluon

momentum k

k =
(
k0, E ~n

(d−2)
⊥ sin θ,E cos θ

)
, (A.1)

where ~n
(d−2)
⊥ ≡ ~n(d−2)

⊥ (ϕ(d−3)) depends on the (d− 3) angular variables. In order to rewrite the

measure ddk = dk0dd−1k one has to determine the Jacobian determinant JE

JE =

∣∣∣∣∣∣
∂kd

∂E
∂kd

∂ cos θ
∂kd

∂ϕ(d−3)

∂~k
(d−2)
⊥
∂E

∂~k
(d−2)
⊥

∂ cos θ

∂~k
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
cos θ E (~0(d−3))T

~n
(d−2)
⊥ sin θ −E~n(d−2)

⊥
cos θ
sin θ E sin θ

∂~n
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣∣∣ . (A.2)

The determinant of this [(d− 1)× (d− 1)]-dimensional matrix can now be expanded, such that

one finds

JE = −Ed−2
(

cos2 θ sind−4 θ + sind−2 θ
) ∣∣∣∣~n(d−2)

⊥
∂~n

(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣ = −Ed−2 sin−2ε θ

∣∣∣∣~n(d−2)
⊥

∂~n
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣ ,
(A.3)

where it is used that the relation |a~x bY | = abd−1|~x Y | holds for the determinant of a d-

dimensional matrix, i.e. in this case for a (d − 1)-dimensional matrix one has to adjust the

power of b to d− 2.

As a result the measure in terms of the parametrisation in equation (A.1) yields

µ2εddk = dk0 dE E2θ(E)
( µ
E

)2ε (
1− cos2 θ

)−ε
d cos θ dΩ(d−3) , (A.4)

where

dΩ(d−3) =

∣∣∣∣~n(d−2)
⊥

∂~n
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣ dd−3ϕ . (A.5)

Note that ∫
dΩ(d−3) =

2π

πεΓ(1− ε)
. (A.6)

If instead one would like to focus on transverse momentum ordering one can express the loop

momentum in terms of a Sudakov decomposition/light-cone coordinates, i.e.

kµ = αpµi + βpµj + kµ⊥ , (A.7)

where pi · pj > 0 and the transverse components have to satisfy k⊥ · pi = k⊥ · pj = 0.

Therefore one can choose a frame in which

pi =

√
pi · pj

2

(
1,~0

(d−2)
⊥ , 1

)
,

pj =

√
pi · pj

2

(
1,~0

(d−2)
⊥ ,−1

)
,
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and for the transverse components k⊥ = p⊥(0, ~n
(d−2)
⊥ , 0). As a result the Jacobian determinant

reads

Jp⊥ =

∣∣∣∣∣∣∣∣∣
∂k0

∂α
∂k0

∂β
∂k0

∂p⊥
∂k0

∂ϕ(d−3)

∂kd

∂α
∂kd

∂β
∂kd

∂p⊥
∂kd

∂ϕ(d−3)

∂~k
(d−2)
⊥
∂α

∂~k
(d−2)
⊥
∂β

∂~k
(d−2)
⊥
∂p⊥

∂~k
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣

√
pi·pj

2

√
pi·pj

2 0 (~0(d−3))T√
pi·pj

2 −
√

pi·pj
2 0 (~0(d−3))T

~0(d−2) ~0(d−2) ~n
(d−2)
⊥ p⊥

∂~n
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣∣∣∣∣∣ .
(A.8)

Expanding the determinant one finds

Jp⊥ = − (pi · pj) pd−3
⊥

∣∣∣∣∣~n(d−2)
⊥

∂~n
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣∣ , (A.9)

which leads to

µ2εddk = dp⊥p⊥θ(p⊥) (pi · pj)
(
µ

p⊥

)2ε

dα dβ dΩ(d−3) , (A.10)

for the integration measure expressed in terms of light-cone coordinates. In high-energy colli-

sions of hadrons one has to deal with particles boosted along a preferred axis, the beam axis.

Light-cone coordinates are very convenient for such cases since they have simple transformation

properties when a boost is applied and one can also identify which components of momentum

dominate [19].

In order to translate back to energy-ordering one can make use of

p⊥ = E sin θ ,

α =
1√

2pi · pj

(
k0 + E cos θ

)
, (A.11)

β =
1√

2pi · pj

(
k0 − E cos θ

)
,

and hence, the Jacobian determinant for reformulating in terms of energy-ordering can be written

as

J(p⊥⇒E) =

∣∣∣∣∣∣∣∣
∂p⊥
∂k0

∂p⊥
∂E

∂p⊥
∂ cos θ

∂α
∂k0

∂α
∂E

∂α
∂ cos θ

∂β
∂k0

∂β
∂E

∂β
∂ cos θ

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣
0 sin θ −E cos θ

sin θ

1√
2pi·pj

cos θ√
2pi·pj

E√
2pi·pj

1√
2pi·pj

− cos θ√
2pi·pj

− E√
2pi·pj

∣∣∣∣∣∣∣∣∣∣
=

E

sin θ

1

pi · pj
. (A.12)

Making use of the Jacobian in equation (A.12) one correctly obtains the result given in equation

(A.4).

Another convenient variable change which is used in section 4.3 is (~k
(d−2)
⊥ , kd)→ (p⊥, η, ϕ

(d−3)),

where η is rapidity. The variables are related by

~k
(d−2)
⊥ = p⊥~n

(d−2)
⊥ (ϕ(d−3)) ,

kd = p⊥ sinh η .
(A.13)
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The Jacobian determinant for this translation reads

Jη =

∣∣∣∣∣∣∣
∂kd

∂p⊥
∂kd

∂η
∂kd

∂ϕ(d−3)

∂~k
(d−2)
⊥
∂p⊥

∂~k
(d−2)
⊥
∂η

∂~k(d−2)

∂ϕ(d−3)

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣
sinh η p⊥ cosh η (~0(d−3))T

~n
(d−2)
⊥ (ϕ(d−3)) ~0(d−2) p⊥

∂~n
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣∣∣
= −pd−2

⊥ cosh η

∣∣∣∣ ~n(d−2)
⊥ (ϕ(d−3))

∂~n
(d−2)
⊥

∂ϕ(d−3)

∣∣∣∣ . (A.14)

As a result one obtains for the integral measure

µ2εddk = dk0dp⊥p
2
⊥

(
µ

p⊥

)2ε

dη cosh η dΩ(d−3) . (A.15)

In collisions of highly energetic hadrons the variable of (pseudo-)rapidity instead of polar angle

is commonly used. When applying a boost with respect to the beam axis, the variable of

rapidity conveniently transforms just as a translation [19]. In hadron collisions the production

of hadrons in the final state is in approximation not changed by such boosts along the beam axis.

One can rewrite the zeroth component of the four-momentum in an exponential form, namely

(α, β) = p⊥ (eη, e−η) [19]. Therefore, one finds together with equation (A.11)

α+ β = 2p⊥ cosh η =
2k0√
2pi · pj

≡ 2k0

√
sij

. (A.16)

If one now considers the process of a quark/anti-quark pair (momenta pi/pj) radiating a soft

gluon (momentum k), one can make use of the typical energy fraction variables xa = 2pa·Q
Q2 for

Qµ = pµi + pµj + kµ [24]. The energy fraction is equal to the energy of the parton a divided by

the centre of mass energy of the process. In this case it holds that xi + xj + xk = 2. With the

energy fraction of the gluon xk one can reformulate equation (A.16) to get

2p⊥ cosh η = xk
√
sij , (A.17)

and thus, since the energy fraction lies in the interval [0, 1], one is lead to [24]

ln

(√
sij

p⊥

)
≥ ln (2 cosh η) ' |η| . (A.18)

This corresponds to a triangle-shaped region in a phase space expressed in the variables of

rapidity η and κ = 1
2 ln

(p⊥
Λ

)
, where Λ is some cut-off scale. This region of phase space defines

the so-called Lund-plane.
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B QCD-Feynman rules

In this appendix the QCD Feynman rules are listed, in particular in order to establish the

convention of momentum flow of the triple gluon vertex which is used throughout this work.

k
μ, a ν, b =

−i
(
gµν − (1− ξ)kµkν

k2

)
k2 + i0

δab

k

q

l

μ, a

ν, b
τ, c

= −gfabc [(k − q)τgµν + (q − l)µgντ + (l − k)νgµτ ]

μ, a ν, b

τ, c ρ, d

= −ig2
[
feacfebd (gµνgτρ − gµρgντ ) + feadfebc (gµνgτρ − gµτgνρ)

+feabfecd (gµτgρν − gµρgντ )
]

j i

μ, a

= igγµ(ta)ij

j i
p

=
i(/p+m)

p2 −m2 + i0
δij

a b
k

=
i

k2 + i0
δab

b
k

μ, a

c
= gfabckµ

Note that in this work the mass of the fermion propagator has been neglected, all hard partons

are considered to be massless in the high energy scatterings (which is a valid approximation for

up-, down- and strange-quarks).
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C Colour-flow Feynman rules

In this part of the appendix the colour-flow Feynman rules are motivated and listed. As an

alternative to the method presented in section 3.2 one may immediately use Feynman rules

where the part which concerns the colour structure is already expressed in terms of colour-flow

Kronecker deltas.

In order to reformulate the part concerning the colour structure of the usual QCD Feynman

rules one aims to convert adjoint indices into fundamental ones. This can be performed by using

the replacement rule

Aa... → (A...)ij =
1√
TR

Aa...(ta)ij , (C.1)

where the ellipsis in the exponent of the general object A stand for possible other adjoint

indices in addition to a. Further, the Fierz identity and the trace identity of equation (3.12) are

convenient for rewriting.

For the quark-gluon vertex, only focusing on the colour structure, one finds when using equation

(C.1)
n m

j i

= (ta)ij →
1√
TR

(ta)ij(t
a)mn =

TR√
TR

(
δinδ

m
j −

1

N
δijδ

m
n

)
, (C.2)

where the term proportional to 1/N can be dropped for the coupling, due to the fact the whole

term in the round brackets is a projector, i.e. P imjn = δinδ
m
j − 1

N δ
i
jδ
m
n [4]. However, if there are

external gluons one needs to multiply by the projector such that the colour sum evaluates to

N2 − 1 instead of N2, which would otherwise be the case. The factor of TR in equation (C.2) is

written in this way, since it may be convenient to absorb the factor of 1/
√
TR into the coupling.

For the gluon propagator one finds

n

m

j

i
= δab = δacδcb =

(
1√
TR

(ta)ij

)(
1√
TR

(tb)nm

)(
δjnδ

m
i −

1

N
δji δ

m
n

)
, (C.3)

where the factors with the generators are to be taken out of the Feynman rule for the gluon

propagator, since they are already part of the quark-gluon vertex by using the replacement rule

in equation (C.1).

For the triple gluon vertex one can rewrite

i j

n
m

r
s

= fabc → 1√
TR

1

TR
fabc(ta)ij(t

b)mn(tc)rs =
TR√
TR

(
δinδ

r
j δ
m
s − δisδmj δrn

)
. (C.4)
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The colour-flow Feynman rules are listed in the following [4]

n m

j i

∝ δinδmj

n

m

j

i
∝
(
δjnδ

m
i −

1

N
δji δ

m
n

)

i j

n
m

r
s

∝
(
δinδ

r
j δ
m
s − δisδmj δrn

)

i
j

r
s

m
n

u v

∝
(
δinδ

m
s δ

r
vδ
u
j + δinδ

r
j δ
u
s δ

m
v + δrnδ

u
s δ

i
vδ
m
j

−δisδuj δmv δrn − δunδrvδisδmj − δms δunδivδrj
)

As an illustration one may evaluate the gluon emission from the different types of parton

lines once again with this procedure and compare the results to equations (3.13)-(3.15). For the

gluon emission off a quark line one finds

i
c′�i ci

cn cn

=
√
TR δ

αci
n δmβc′

i

P
n,αcn
m,βcn

=
√
TR

(
δ
αci
βcn
δ
αcn
βc′
i

− 1

N
δ
αci
βc′
i

δ
αcn
βcn

)
, (C.5)

where the projection operator has to be applied due to the presence of the external gluon. A

gluon emission off an anti-quark line leads to

i

cn cn

c′�i ci
= −

√
TR δ

m
βci
δ
αc′
i

n P
n,αcn
m,βcn

= −
√
TR

(
δ
αc′
i

βcn
δ
αcn
βci
− 1

N
δ
αc′
i

βci
δ
αcn
βcn

)
. (C.6)

Finally, for a gluon emission off a gluon line one does not have to multiply by the projection
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operator, since all of the 1/N -terms have to cancel. Hence, one obtains

cn cn

i
c′�i c′�i ci ci

=

(
δ
αc′
i

βc′
i

δ
αc′
i

βc′
i

− 1

N
δ
αc′i
βc′
i

δ
αc′
i

βc′
i

)(
δαcnαc′

i

δ
αci
βcn
δ
βc′
i

βci
− δαciαc′

i
δ
αcn
βci

δ
βc′
i

βcn

)

=
√
TR

(
δ
αcn
βc′
i

δ
αci
βcn
δ
αc′
i

βci
− δαciβc′

i

δ
αcn
βci

δ
αc′
i

βcn

)
.

(C.7)

These results match the expressions found in equations (3.13)-(3.15).
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D Two-loop current in Feynman gauge

In this appendix the calculation of squaring the two-loop current in Feynman-t’Hooft gauge is

given in detail and the result of [10] can be reproduced. For convenience the two-loop current

is written here once again (cf. equation (5.41)) [10]

Jµνbc (q, k) =
1

2
{Jµb (q),Jνc (k)}

+ ifabc
∑
l

Ta
l

{
pνi q

µ − pµi kν

(k · q)(pi · (q + k))
− pi · (q − k)

2(pi · (q + k))

[
pµi p

ν
i

(pi · q)(pi · k)
+
gµν

k · q

]}
.

(D.1)

Squaring this expression in Feynman gauge amounts to evaluating (Ja1a2
µτ (q, k))†(−gµν)(−gτλ)

Ja1a2
νλ (q, k), which consists of four contributions. The first one is

1

4

{
Ja1
µ (q),Ja2

τ (k)
}{

Jµa1(q),Jτ a2(k)
}

=

1

2
{J2(q),J2(k)}+

1

4

(
Ja1
µ (q) [Ja2

τ (k),Jµa1(q)] Jτ a2(k) + Ja2
τ (k)

[
Ja1
µ (q),Jτ a2(k)

]
Jµa1(q)

)
+

1

4

(
Ja1
µ (q)

[
J2(k),Jµa1(q)

]
+ Ja2

τ (k)
[
J2(q),Jτ a2(k)

])
=

1

2
{J2(q),J2(k)}+

3

4
CA
∑
i,j

(Ti ·Tj)
(pi · pj)2

(pi · q)(pi · k)(pj · q)(pj · k)
,

(D.2)

where the second term of the result above can be found by carefully evaluating the colour algebra

of the commutators of the one-loop currents in the first and second line of equation (D.2). Since

it holds that

[Ja2
τ (k),Jµa1(q)] =

∑
i,j

[
Ta2
i ,T

a1
j

] piτp
µ
j

(pi · k)(pj · q)
=

0, if i 6=j∑
i if

a2a1cTc
i

piτp
µ
i

(pi·k)(pi·q) , else ,
(D.3)

the terms with the commutators in the second line of equation (D.2) can be written as

1

4

(
Ja1
µ (q) [Ja2

τ (k),Jµa1(q)] Jτ a2(k) + Ja2
τ (k)

[
Ja1
µ (q),Jτ a2(k)

]
Jµa1(q)

)
=

1

4

∑
i,j,l

ifa1a2c
(
Ta2
l Tc

iT
a1
j −Ta1

j Tc
iT

a2
l

) (pi · pj)(pi · pl)
(pi · k)(pi · q)(pj · q)(pl · k)

.
(D.4)

By performing a case analysis one finds that for i = j 6= l, i = l 6= j and i = j = l the result

vanishes due to the fact that the hard momenta are on-shell. Furthermore for i 6= j 6= l the

colour charge operators commute and one gets a vanishing result as well. Only in the case

j = l 6= i one obtains a non-vanishing contribution which can be cast into the form

1

4

(
Ja1
µ (q) [Ja2

τ (k),Jµa1(q)] Jτ a2(k) + Ja2
τ (k)

[
Ja1
µ (q),Jτ a2(k)

]
Jµa1(q)

)
=

1

4

∑
i,j

CA(Ti ·Tj)
(pi · pj)2

(pi · q)(pi · k)(pj · q)(pj · k)
.

(D.5)
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Similarly, one can proceed for the contribution of the third line in equation (D.2) which leads

one to

1

4

(
Ja1
µ (q)

[
J2(k),Jµa1(q)

]
+ Ja2

τ (k)
[
J2(q),Jτ a2(k)

])
=

1

2

∑
i,j

CA(Ti ·Tj)
(pi · pj)2

(pi · q)(pi · k)(pj · q)(pj · k)
.

(D.6)

In this way one finds the result in equation (D.2).

When multiplying the term of the second line of equation (D.1) with its adjoint counterpart and

contracting the indices one finds

CA
∑
i,j

(Ti ·Tj)

{
(pi · pj)2 pi · (q − k) pj · (q − k)

4pi · (k + q) pj · (k + q)(pi · q)(pi · k)(pj · k)(pj · q)

+
d pi · (q − k) pj · (q − k)

4(k · q)2pi · (k + q)pj · (k + q)
− (pi · q)(pi · k) + (pi · k)(pj · k)

2(k · q)2pi · (k + q)pj · (k + q)

+
pi · pj

2(k · q)pi · (k + q) pj · (k + q)

(
4− pi · k

pi · q
− pi · q
pi · k

− pj · q
pj · k

− pj · k
pj · q

)}
,

(D.7)

which can be rewritten as

CA
∑
i,j

(Ti ·Tj)

{
−(1− ε)((pi · k)(pj · q) + (pi · q)(pj · k))

(k · q)2pi · (k + q) pj · (k + q)

+
(pi · pj)2

2(pi · q)(pi · k)(pj · q)(pj · k)

[
1

2
− (pi · q)(pj · k) + (pi · k)(pj · q)

pi · (k + q) pj · (k + q)

]
+
pi · pj

2(k · q)

[
6

pi · (k + q) pj · (k + q)
− pj · q
pi · (k + q) pj · (k + q)(pj · k)

− pj · k
pi · (k + q) pj · (k + q)(pj · q)

− 1

pj · (k + q)(pi · q)
− 1

pj · (k + q)(pi · k)

]}
.

(D.8)

Finally, the last two terms of the product of currents (i.e. the product of the anti-commutator

with the adjoint contribution of the second line of equation (D.1) and vice versa) contributes a

factor of

1

2
ifa1a2c

∑
i,j,l

pµj p
τ
l

(pj · q)(pl · k)
Γµτ

(
Ta1
j Ta2

l Tc
i + Ta2

l Ta1
j Tc

i −Tc
iT

a1
j Ta2

l −Tc
iT

a2
l Ta1

j

)
, (D.9)

where Γµτ refers to the second line of equation (D.1) without the colour structure. Distinguishing

the different cases for labels of the hard lines i, j and l one obtains the following result for equation

(D.9)

− CA
∑
i,j

pi · pj
2(k · q)

[
1

(pi · q)(pj · k)
+

1

(pi · k)(pj · q)

]
, (D.10)
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since non-vanishing contributions only occur for the cases (j 6= l, i = j) and (j 6= l, i = l).

Combining equations (D.2), (D.8) and (D.10) leads one to

(Ja1a2
µτ (q, k))†Jµτ a1a2(q, k) =

1

2
{J2(q),J2(k)}+ CA

∑
i,j

(Ti ·Tj)Sij , (D.11)

where the factor Sij has the following form

Sij =
(pi · pj)2

2(pi · k)(pi · q)(pj · k)(pj · q)

[
2− (pi · q)(pj · k) + (pi · k)(pj · q)

pi · (k + q) pj · (k + q)

]
− (1− ε)((pi · k)(pj · q) + (pi · q)(pj · k))

(k · q)2pi · (k + q) pj · (k + q)
− pi · pj

2(k · q)

[
2

(pi · q)(pj · k)
+

2

(pi · k)(pj · q)

− 1

pi · (k + q) pj · (k + q)

(
4 +

((pi · q)(pj · k) + (pi · k)(pj · q))2

(pi · q)(pi · k)(pj · q)(pj · k)

)]
,

(D.12)

which coincides with the expression in equation (5.43) and thus one can reproduce the result in

[10].
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E Colour structures in the colour-flow basis

In this appendix the detailed results for the matrix elements in the colour-flow basis of the colour

structures from the one-loop/one-emission Feynman diagrams depicted in Figure 13 are given.

To find these results, the colour structures of the diagrams have been analysed in analogy to the

one-loop case described in section 4.2.

E.1 One-loop/one-emission order

Writing the colour structure of diagram (a) in Figure 13 as a matrix element in the colour-flow

basis leads to

[τ |Ti(Ti ·Tj) |σ〉 = N2δστ\n

[
1

N2
(λi − λ̄i)

(
λiλ̄jδciσ−1(cj)δcnτ−1(cn) + λ̄iλjδcjσ−1(ci)δcnτ−1(cn)

)
+

1

N4
(λi − λ̄i)2(λj − λ̄j)δcnτ−1(cn)

]
+
∑
(a,b)

δστ(a,b)\n

[
N
(
λ̄2
iλjδcjσ−1(ci)δ(a,b)(cj ,cn) − λ2

i λ̄jδciσ−1(cj)δ(a,b)(ci,cn)

+λiλ̄iλjδciσ−1(cj)δ(a,b)(σ−1(ci),cn) − λiλ̄iλjδcjσ−1(ci)δ(a,b)(ci,cn)

)
+

1

N
δcnτ−1(cn)(λi − λ̄i)

(
λiλ̄jδ(a,b)(ci,σ−1(cj)) + λ̄iλjδ(a,b)(cj ,σ−1(ci))

−λiλjδ(a,b)(ci,cj) − λ̄iλ̄jδ(a,b)(σ−1(cj),σ−1(ci))

)
− 1

N
(λi − λ̄i)(λj − λ̄j)

(
λiδ(a,b)(ci,cn) − λ̄iδ(a,b)(σ−1(ci),cn)

) ]
+
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)\n[
λ2
iλjδ(a,b)(cn,ci)δ(b,c)(ci,cj) + λ̄2

iλjδ(a,b)(cn,cj)δ(b,c)(cj ,σ−1(ci))

−λ2
i λ̄jδ(a,b)(cn,ci)δ(b,c)(ci,σ−1(cj)) − λ̄

2
i λ̄jδ(a,b)(cn,σ−1(cj))δ(b,c)(σ−1(cj),σ−1(ci))

]
+
∑
(a,b)

∑
(c,d)

δστ(a,b)(c,d)\nλiλ̄i

[
δ(a,b)(σ−1(ci),cn)

(
λ̄jδ(c,d)(ci,σ−1(cj)) − λjδ(c,d)(ci,cj)

)
+δ(a,b)(ci,cn)

(
λ̄jδ(c,d)(σ−1(ci),σ−1(cj)) − λjδ(c,d)(cj ,σ−1(ci))

)]
,

(E.1)

where this result, as in the one-loop case, includes all of the different combinations of types of

partons for the external lines encoded in the factors of λi,j . Compared to the one-loop result,

there are several new structures appearing. First of all, there are not only single swaps of the

colour labels, but also double swaps of the form (a, b)(b, c) have to be performed such that the

colour labels of the emitted gluon are merged and the permutations σ and τ match. Further, one

finds terms which involve two swaps of different colour labels, which are, however, only present

for a hard gluon line i. This is another difference to the one-loop case, at one-loop/one-emission

level one finds terms which exclusively contribute for external gluon lines.

For the colour structure of diagram 13(b) where the emission of the soft gluon takes place after
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the virtual exchange one finds a different matrix element

[τ |(Ti ·Tj)Ti |σ〉 = N2δστ\nδcnτ−1(cn)

[
1

N2

(
λiλ̄iλjδcjσ−1(ci) − λiλ̄iλ̄jδciσ−1(cj)

)
+

1

N4
(λi − λ̄i)2(λj − λ̄j)

]
+
∑
(a,b)

δστ(a,b)\n

[
Nλiλ̄i

(
λ̄jδciσ−1(cj)δ(a,b)(σ−1(ci),cn) − λjδcjσ−1(ci)δ(a,b)(ci,cn)

)
+

1

N
δcnτ−1(cn)(λi − λ̄i)

(
λ̄jλiδ(a,b)(ci,σ−1(cj)) + λ̄iλjδ(a,b)(σ−1(ci),cj)

−λiλjδ(a,b)(ci,cj) − λ̄iλ̄jδ(a,b)(σ−1(ci),σ−1(cj))

)
− 1

N
λi(λi − λ̄i)(λj − λ̄j)δ(a,b)(ci,cn) +

1

N
λ̄i(λi − λ̄i)(λj − λ̄j)δ(a,b)(σ−1(ci),cn)

]
+
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)\n[
λ2
iλjδ(a,b)(cn,cj)δ(b,c)(cj ,ci) + λ̄2

iλjδ(a,b)(cn,σ−1(ci))δ(b,c)(σ−1(ci),cj)

−λ2
i λ̄jδ(a,b)(cn,σ−1(cj))δ(b,c)(σ−1(cj),ci) − λ̄

2
i λ̄jδ(a,b)(cn,σ−1(ci))δ(b,c)(σ−1(ci),σ−1(cj))

−λiλ̄iλjδcjσ−1(ci)δ(a,b)(cn,ci)δ(b,c)(ci,cj) + λiλ̄iλ̄jδciσ−1(cj)δ(a,b)(cn,ci)δ(b,c)(ci,σ−1(ci))

]
+
∑
(a,b)

∑
(c,d)

δστ(a,b)(c,d)\nλiλ̄i

[
λ̄j

(
δ(a,b)(σ−1(ci),cn)δ(c,d)(ci,σ−1(cj))

−δ(a,b)(ci,cn)δ(c,d)(σ−1(ci),σ−1(cj))

)
−λj

(
δ(a,b)(σ−1(ci),cn)δ(c,d)(ci,cj) + δ(a,b)(ci,cn)δ(c,d)(σ−1(ci),cj)

)]
.

(E.2)

The diagram with the the triple gluon vertex in Figure 13(c) gives a much shorter result than

the previous two colour structures, since in this case there are no U(1)-gluon contributions and

therefore also no 1/N suppressed terms occur

[τ |TgTiTj |σ〉 =
√
TR

{
δστ\nδcnτ−1(cn)

[
−λiλ̄jδciσ−1(cj) + λ̄iλjδcjσ−1(ci)

]
+N

∑
(a,b)

δστ(a,b)\n

[
λiλ̄jδciσ−1(cj)δ(a,b)(ci,cn) − λ̄iλjδcjσ−1(ci)δ(a,b)(cj ,cn)

]
+
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)\n[
λiλ̄j

(
δ(a,b)(cn,ci)δ(b,c)(ci,σ−1(cj)) − δ(a,b)(cn,σ−1(cj))δ(b,c)(σ−1(cj),ci)

)
+λ̄iλj

(
δ(a,b)(cn,σ−1(ci))δ(b,c)(σ−1(ci),cj) − δ(a,b)(cn,cj)δ(b,c)(cj ,σ−1(ci))

)
+λiλj

(
δ(a,b)(cn,cj)δ(b,c)(cj ,ci) − δ(a,b)(cn,ci)δ(b,c)(ci,cj)

)
+λ̄iλ̄j

(
δ(a,b)(cn,σ−1(cj))δ(b,c)(σ−1(cj),σ−1(ci))

−δ(a,b)(cn,σ−1(ci))δ(b,c)(σ−1(ci),σ−1(cj))

)]}
,

(E.3)
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where Tg = ifabc and there is an overall factor of
√
TR, since for the gluon vertex one does not

encode this factor with the λi,j variables. For the diagram with three hard lines (see Figure

13(d)) one finds

[τ |(Ti ·Tj)Tl|σ〉 =N2δστ\nδcnτ−1(cn)

[
1

N4
(λi − λ̄i)(λj − λ̄j)(λl − λ̄l)

+
1

N2

(
λ̄iλj(λl − λ̄l)δcjσ−1(ci) + λiλ̄j(λl − λ̄l)δciσ−1(cj)

)]
+
∑
(a,b)

δστ(a,b)\n

[
Nδ(a,b)(σ−1(cl),cn)

(
λiλ̄j λ̄lδciσ−1(cj) + λ̄iλj λ̄lδcjσ−1(ci)

)
−Nδ(a,b)(cl,cn)

(
λiλ̄jλlδciσ−1(cj) + λ̄iλjλlδcjσ−1(ci)

)
+

1

N
(λi − λ̄i)(λj − λ̄j)

(
λ̄lδ(a,b)(σ−1(cl),cn) − λlδ(a,b)(cl,cn)

)
+

1

N
δcnτ−1(cn)(λl − λ̄l)

(
λiλ̄jδ(a,b)(ci,σ−1(cj)) + λ̄iλjδ(a,b)(σ−1(ci),cj)

−λiλjδ(a,b)(ci,cj) − λ̄iλ̄jδ(a,b)(σ−1(ci),σ−1(cj))

)]
+
∑
(a,b)

∑
(c,d)

δστ(a,b)(c,d)\n[
−λiλ̄lδ(a,b)(σ−1(cl),cn)

(
λjδ(c,d)(ci,cj) − λ̄jδ(c,d)(ci,σ−1(cj))

)
+λ̄iλ̄lδ(a,b)(σ−1(cl),cn)

(
λjδ(c,d)(σ−1(ci),cj)) − λ̄jδ(c,d)(σ−1(ci),σ−1(cj))

)
+λiλlδ(a,b)(cl,cn)

(
λjδ(c,d)(ci,cj) − λ̄jδ(c,d)(ci,σ−1(cj))

)
−λ̄iλlδ(a,b)(cl,cn)

(
λjδ(c,d)(σ−1(ci),cj) − λ̄jδ(c,d)(σ−1(ci),σ−1(cj))

)]
,

(E.4)

where in this case there are, apart from the ρ-terms, only single swaps or two swaps of different

colour-labels. Note that for all of the one-loop/one-emission colour structures the “open” adjoint

index has been contracted with a polarisation vector, i.e. for instance for equation (E.4) one

defines (Ti ·Tj)Tl = (Ti ·Tj)T
a
l · ε∗a .

In Table 1 the one-loop/one-emission diagrams, which contribute in the soft limit are listed.

The diagrams are stripped off their colour factors, for this reason they are drawn with photon

instead of gluon lines. The kinematical factors are obtained by evaluating the Feynman rules

for these QED-type diagrams. Note that the colour structure for the bubble and self-energy

diagram in Table 1 is written as TRTa
i according to the convention introduced in equation (5.8).

Furthermore, Table 2 gives an overview to be able to identify which diagrams contribute to

which coefficient of the soft anomalous dimension matrix element in the colour-flow basis (cf.

equation (5.9)).

E.2 Two-loop order

In this part of the appendix the detailed results of the matrix elements of the colour-correlators

of the two-loop diagrams which contribute in the soft limit are given.

The virtual double exchange diagram (see Figure 15(a)) has a colour structure of (Ti·Tj)(Ti·Tj),
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Coefficient Diagram Colour factor

Ω
(1,1)
ij

i

j

Ta
i (Ti ·Tj)

Ω̃
(1,1)
ij

j

i

(Ti ·Tj)T
a
i

Ω̂
(1,1)
ij

j

i

fabcTb
iT

c
j

Ω
(1,1)
ijl

j

i

l

Ta
l (Ti ·Tj)

Ω
(1,1)
i,self−en.

j

i

TRTa
i

Ω
(1,1)
i,vertex−corr.

j

i

TRTa
i

Table 1: Amplitudes of the one-loop/one-emission diagrams contributing in the soft limit.
In each case the diagram is split into its respective colour structure and into the
kinematical part which is abbreviated by the Ω(1,1)-coefficients. The latter are
obtained by using QED-type Feynman rules.

Structure
i

j j

i

j

i

j

i

l

ρστ X X X X
ρτ X X × X

Σ̂
(1,1)
στ X X X X

Σ̃
(1,1)
στ X X × X

ˆ̃Σ
(1,1)
στ X X × X

Σ
′(1,1)
στ X X X ×

Σ
′′(1,1)
στ X X × X

Table 2: Overview of which one-loop/one-emission diagrams contribute to which structure
of the soft anomalous dimension matrix in the colour-flow basis.
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as a matrix element in the colour-flow basis one finds the following expression

[τ |(Ti ·Tj)(Ti ·Tj)|σ〉 = N2δστ[
λ2
i λ̄

2
jδciσ−1(cj) + λ̄2

iλ
2
jδcjσ−1(ci) + 2λiλ̄iλj λ̄jδciσ−1(cj)δcjσ−1(ci)

+
2

N2
(λi − λ̄i)(λj − λ̄j)

(
λ̄iλjδcjσ−1(ci) + λiλ̄jδciσ−1(cj)

)
+

1

N2

(
λ2
iλ

2
j + λ̄2

i λ̄
2
j

)
+

1

N4
(λi − λ̄i)2(λj − λ̄j)2

]
+N

∑
(a,b)

δστ(a,b)

[
λ2
i λ̄

2
jδ(a,b)(ci,σ−1(cj)) + λ̄2

iλ
2
jδ(a,b)(σ−1(ci),cj)

+
2

N2
(λi − λ̄i)(λj − λ̄j)

(
λiλ̄jδ(a,b)(ci,σ−1(cj)) + λ̄iλjδ(a,b)(σ−1(ci),cj)

−λiλjδ(a,b)(ci,cj) − λ̄iλ̄jδ(a,b)(σ−1(ci),σ−1(cj))

)
−λiλ̄i

(
λ2
jδ(a,b)(ci,cj)δcjσ−1(ci) + λ̄2

jδ(a,b)(ci,σ−1(ci))δciσ−1(cj)

)
−λj λ̄j

(
λ2
i δ(a,b)(ci,cj)δciσ−1(cj) + λ̄2

i δ(a,b)(cj ,σ−1(cj))δcjσ−1(ci)

)
+2λiλ̄iλj λ̄j

(
δ(a,b)(σ−1(ci),cj)δciσ−1(cj) + δ(a,b)(ci,σ−1(cj))δcjσ−1(ci)

)]
−
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)[
λiλ̄iλ

2
j

(
δ(a,b)(ci,σ−1(ci))δ(b,c)(σ−1(ci),cj) + δ(a,b)(ci,cj)δ(b,c)(cj ,σ−1(ci))

)
+λj λ̄jλ

2
i

(
δ(a,b)(ci,σ−1(cj))δ(b,c)(σ−1(cj),cj)) + δ(a,b)(ci,cj)δ(b,c)(cj ,σ−1(cj))

)
+λiλ̄iλ̄

2
j

(
δ(a,b)(ci,σ−1(ci))δ(b,c)(σ−1(ci),σ−1(cj))

+δ(a,b)(ci,σ−1(cj))δ(b,c)(σ−1(cj),σ−1(ci))

)
+λj λ̄j λ̄

2
i

(
δ(a,b)(σ−1(ci),σ−1(cj))δ(b,c)(σ−1(cj),cj)

+δ(a,b)(σ−1(ci),cj)δ(b,c)(cj ,σ−1(cj))

)]
+ 2

∑
(a,b)

∑
(c,d)

δστ(a,b)(c,d)λiλ̄iλj λ̄j[
δ(a,b)(ci,σ−1(cj))δ(c,d)(σ−1(ci),cj) + δ(a,b)(ci,cj)δ(c,d)(σ−1(ci),σ−1(cj))

]
.

(E.5)
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The “crossed” double gluon exchange in Figure 15(b) leads to a different result

[τ |TiTiTjTj |σ〉 = N2δστ

[
2λiλ̄iλj λ̄jδciσ−1(cj)δcjσ−1(ci)

+
2

N2
(λi − λ̄i)(λj − λ̄j)(λiλ̄jδciσ−1(cj) + λ̄iλjδcjσ−1(ci))

+
1

N2

(
λ2
i λ̄

2
j + λ̄2

iλ
2
j

)
+

1

N4
(λi − λ̄i)2(λj − λ̄j)2

]
+
∑
(a,b)

δστ(a,b)

[
Nλ2

iλ
2
jδ(a,b)(ci,cj) +Nλ̄2

i λ̄
2
jδ(a,b)(σ−1(ci),σ−1(cj))

+2Nλiλ̄iλj λ̄j

(
δciσ−1(cj)δ(a,b)(σ−1(ci),cj) + δcjσ−1(ci)δ(a,b)(ci,σ−1(cj))

)
+

2

N
(λi − λ̄i)(λj − λ̄j)

(
λiλ̄jδ(a,b)(ci,σ−1(cj)) + λ̄iλjδ(a,b)(cj ,σ−1(ci))

−λiλjδ(a,b)(ci,cj) − λ̄iλ̄jδ(a,b)(σ−1(ci),σ−1(cj))

)]
−
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)[
λ2
jλiλ̄i

(
δ(a,b)(ci,cj)δ(b,c)(cj ,σ−1(ci))) + δ(a,b)(ci,σ−1(ci))δ(b,c)(σ−1(ci),cj)

)
+λ̄2

jλiλ̄i

(
δ(a,b)(ci,σ−1(ci))δ(b,c)(σ−1(ci),σ−1(cj))+ δ(a,b)(ci,σ−1(cj))δ(b,c)(σ−1(cj),σ−1(ci))

)
+λ̄2

iλj λ̄j

(
δ(a,b)(σ−1(ci),cj)δ(b,c)(cj ,σ−1(cj)) + δ(a,b)(σ−1(ci),σ−1(cj))δ(b,c)(σ−1(cj),cj)

)
+λ2

iλj λ̄j

(
δ(a,b)(ci,σ−1(cj))δ(b,c)(σ−1(cj),cj) + δ(a,b)(ci,cj)δ(b,c)(cj ,σ−1(cj))

)]
+ 2

∑
(a,b)

∑
(c,d)

δστ(a,b)(c,d)λiλ̄iλj λ̄j

[
δ(a,b)(ci,σ−1(cj))δ(c,d)(cj ,σ−1(ci))

+δ(a,b)(ci,cj)δ(c,d)(σ−1(ci),σ−1(cj))

]
.

(E.6)

The structures in equation (E.5) and (E.6) have many terms in common, there are, however, also

some differences. As an example for the latter, consider the diagonal structure of 1/N2(λ2
iλ

2
j +

λ̄2
i λ̄

2
j ) for the double gluon exchange, while one finds that this term appears for a different parton

content in the case of the crossed exchange, namely 1/N2(λ2
i λ̄

2
j + λ̄2

iλ
2
j ). Furthermore, there is a

difference in parton content for certain off-diagonal single-swap terms; for the double exchange

there is a contribution of the form

ci

cjc′�j

c′�k
c′�i

c′�m
σ → λ2

i λ̄
2
jNδστ(a,b)δ(a,b)(ci,σ−1(cj)) , (E.7)

for a hard quark and anti-quark line. The corresponding part from the crossed exchange origin-

ates from two hard quark lines i and j

cic′�i
c′�k

cjc′�j
c′�mσ → λ2

iλ
2
jNδστ(a,b)δ(a,b)(ci,cj) . (E.8)
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From this it also follows that for the double exchange in equation (E.7) one gets a term with a

colour-connection in the basis σ for i and j, while there is no such term for the crossed exchange.

It turns out that there are some contributions for the double exchange concerning hard gluon

lines, which do not appear for the crossed exchange. For instance, for the double exchange in

equation (E.5) one finds for a hard gluon line j and a quark line i a contribution of

c′�k
c′�j cj

cj

cic′�i

c′�j
σ → −λiλj λ̄jNδστ(a,b)δ(a,b)(ci,cj)δciσ−1(cj) . (E.9)

However, for the crossed exchange diagram the structure which corresponds to the contribution

in equation (E.9), namely,

c′�i
c′�k
c′�j
c′�j

ci

cj
cj

σ → −λiλj λ̄jNδστ(a,b)δ(a,b)(ci,cj)δciσ−1(cj) , (E.10)

is cancelled by the following structure

σ

c′�i
c′�k
c′�j
c′�j cj

cj

ci

→ λiλj λ̄jNδστ(a,b)δ(a,b)(ci,cj)δciσ−1(cj) . (E.11)

The same argument applies to the cases with a hard gluon line j and an anti-quark line i, as

well as to a gluon line i and (anti-)quark line j.
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For Figure 15(c) one obtains in the colour-flow basis

[τ |(Ti ·Tj)(Tl ·Ti)|σ〉 = N2δστ

[
− λiλ̄i

(
λj λ̄lδciσ−1(cl)δcjσ−1(ci) + λ̄jλlδciσ−1(cj)δclσ−1(ci)

)
+

1

N2
λiλ̄i(λl − λ̄l)

(
λ̄jδciσ−1(cj) − λjδcjσ−1(ci)

)
+

1

N2
(λi − λ̄i)(λj − λ̄j)

(
λiλ̄lδciσ−1(cl) + λ̄iλlδclσ−1(ci)

)
− 1

N2

(
λ2
iλj λ̄lδcjσ−1(cl) − λ̄

2
i λ̄jλlδclσ−1(cj)

)
+

1

N4
(λi − λ̄i)2(λj − λ̄j)(λl − λ̄l)

]
+
∑
(a,b)

δστ(a,b)

{
1

N
(λi − λ̄i)

[
(λl − λ̄l)

(
λiλ̄jδ(a,b)(ci,σ−1(cj))

+λ̄iλjδ(a,b)(σ−1(ci),cj) − λ̄iλ̄jδ(a,b)(σ−1(ci),σ−1(cj)) − λiλjδ(a,b)(ci,cj)

)
+(λj − λ̄j)

(
λiλ̄lδ(a,b)(ci,σ−1(cl)) − λiλlδ(a,b)(ci,cl) + λ̄iλlδ(a,b)(σ−1(ci),cl)

−λ̄iλ̄lδ(a,b)(σ−1(ci),σ−1(cl))

)]
+N

[
−λ2

i λ̄lδciσ−1(cl)

(
λjδ(a,b)(ci,cj) − λ̄jδ(a,b)(ci,σ−1(cj))

)
+λ̄2

iλlδclσ−1(ci)

(
λjδ(a,b)(cj ,cl) − λ̄jδ(a,b)(σ−1(cj),cl)

)
−λ2

iλlλ̄jδclσ−1(cj)δ(a,b)(ci,cl) − λ̄
2
iλj λ̄lδcjσ−1(cl)δ(a,b)(σ−1(ci),cj)

]
+Nλiλ̄i

[
λlδclσ−1(ci)

(
λjδ(a,b)(ci,cj) − λ̄jδ(a,b)(ci,σ−1(cj))

)
+λjδcjσ−1(ci)

(
λlδ(a,b)(ci,cl) − λ̄lδ(a,b)(ci,σ−1(cl))

)
−λ̄jδciσ−1(cj)

(
λlδ(a,b)(σ−1(ci),cl) − λ̄lδ(a,b)(σ−1(ci),σ−1(cl))

)
−λ̄lδciσ−1(cl)

(
λjδ(a,b)(σ−1(ci),cj) − λ̄jδ(a,b)(σ−1(ci),σ−1(cj))

)]}
+
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)

[
λ2
iλlδ(a,b)(ci,cl)

(
λjδ(b,c)(cl,cj) − λ̄jδ(b,c)(cl,σ−1(cj))

)
−λ2

i λ̄lδ(a,b)(ci,σ−1(cl))

(
λjδ(b,c)(σ−1(cl),cj) − λ̄jδ(b,c)(σ−1(cl),σ−1(cj))

)
+λ̄2

iλjδ(a,b)(σ−1(ci),cj)

(
λlδ(b,c)(cj ,cl) − λ̄lδ(b,c)(cj ,σ−1(cl))

)
−λ̄2

i λ̄jδ(a,b)(σ−1(ci),σ−1(cj))

(
λlδ(b,c)(σ−1(cj),cl) − λ̄lδ(b,c)(σ−1(cj),σ−1(cl))

)]
+
∑
(a,b)

∑
(c,d)

δστ(a,b)(c,d)λiλ̄i[
λlδ(a,b)(ci,cl)

(
λjδ(c,d)(σ−1(ci),cj) − λ̄jδ(c,d)(σ−1(ci),σ−1(cj)

)
+λjδ(a,b)(ci,cj)

(
λlδ(c,d)(σ−1(ci),cl) − λ̄lδ(c,d)(σ−1(ci),σ−1(cl))

)
−λ̄lδ(a,b)(ci,σ−1(cl)

(
λjδ(c,d)(σ−1(ci),cj) − λ̄jδ(c,d)(σ−1(ci),σ−1(cj)

)
−λ̄jδ(a,b)(ci,σ−1(cj))

(
λlδ(c,d)(σ−1(ci),cl) − λ̄lδ(c,d)(σ−1(ci),σ−1(cl))

)]
,

(E.12)

93



while the colour structure for swapping the order of the two exchanges leads to (a diagram which

is contained in the colour sum)

[τ |(Tl ·Ti)(Ti ·Tj)|σ〉 = N2δστ

[
− λiλ̄i

(
λj λ̄lδciσ−1(cl)δcjσ−1(ci) + λ̄jλlδciσ−1(cj)δclσ−1(ci)

)
+

1

N2
(λi − λ̄i)(λl − λ̄l)

(
λiλ̄jδciσ−1(cj) + λ̄iλjδcjσ−1(ci)

)
− 1

N2

(
λ2
i λ̄jλlδclσ−1(cj) + λ̄2

iλj λ̄lδcjσ−1(cl)

)
+

1

N2
λiλ̄i(λj − λ̄j)

(
λ̄lδciσ−1(cl) − λlδclσ−1(ci)

)
+

1

N4
(λi − λ̄i)2(λj − λ̄j)(λl − λ̄l)

]
+
∑
(ab)

δστ(a,b)

{
Nλiλ̄i

[
λjδcjσ−1(ci)

(
λlδ(a,b)(ci,cl) − λ̄lδ(a,b)(ci,σ−1(cl))

)
+λlδclσ−1(ci)

(
λjδ(a,b)(ci,cj) − λ̄jδ(a,b)(ci,σ−1(cj))

)
−λ̄lδciσ−1(cl)

(
λjδ(a,b)(σ−1(ci),cj) − λ̄jδ(a,b)(σ−1(ci),σ−1(cj))

)
−λ̄jδciσ−1(cj)

(
λlδ(a,b)(σ−1(ci),cl) − λ̄lδ(a,b)(σ−1(ci),σ−1(cl))

)]
+N

[
−λ2

i λ̄jδciσ−1(cj)

(
λlδ(a,b)(ci,cl) − λ̄lδ(a,b)(ci,σ−1(cl))

)
+λ̄2

iλjδcjσ−1(ci)

(
λlδ(a,b)(cj ,cl) − λ̄lδ(a,b)(cj ,σ−1(cl))

)
−λ̄2

i λ̄jλlδclσ−1(cj)δ(a,b)(σ−1(ci),cl) − λ
2
iλj λ̄lδcjσ−1(ci)δ(a,b)(ci,cj)

]
+

1

N
(λi − λ̄i)

[
(λj − λ̄j)

(
λiλ̄lδ(a,b)(ci,σ−1(cl)) − λiλlδ(a,b)(ci,cl)

+λ̄iλlδ(a,b)(σ−1(ci),cl) − λ̄iλ̄lδ(a,b)(σ−1(ci),σ−1(cl))

)
+(λl − λ̄l)

(
λiλ̄jδ(a,b)(ci,σ−1(cj)) + λ̄iλjδ(a,b)(σ−1(ci),cj)

−λiλjδ(a,b)(ci,cj) − λ̄iλ̄jδ(a,b)(σ−1(ci),σ−1(cj))

)]}
+
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)

{
λ2
iλjδ(a,b)(ci,cj)

(
λlδ(b,c)(cj ,cl) − λ̄lδ(b,c)(cj ,σ−1(cl))

)
+λ̄2

iλlδ(a,b)(σ−1(ci),cl)

(
λjδ(b,c)(cl,cj) − λ̄jδ(b,c)(cl,σ−1(cj))

)
−λ̄2

i λ̄lδ(a,b)(σ−1(ci),σ−1(cl))

(
λjδ(b,c)(σ−1(cl),cj) − λ̄jδ(b,c)(σ−1(cl),σ−1(cj))

)
−λ2

i λ̄jδ(a,b)(ci,σ−1(cj))

(
λlδ(b,c)(σ−1(cj),cl) − λ̄lδ(b,c)(σ−1(cj),σ−1(cl))

)}
+
∑
(a,b)

∑
(c,d)

δστ(a,b)(c,d)λiλ̄i[
λjδ(a,b)(ci,cj)

(
λlδ(c,d)(σ−1(ci),cl) − λ̄lδ(c,d)(σ−1(ci),σ−1(cl))

)
−λ̄jδ(a,b)(ci,σ−1(cj))

(
λlδ(c,d)(σ−1(ci),cl) − λ̄lδ(c,d)(σ−1(ci),σ−1(cl))

)
+λlδ(a,b)(ci,cl)

(
λjδ(c,d)(σ−1(ci),cj) − λ̄jδ(c,d)(σ−1(ci),σ−1(cj))

)
−λ̄lδ(a,b)(ci,σ−1(cl))

(
λjδ(c,d)(σ−1(ci),cj) − λ̄jδ(c,d)(σ−1(ci),σ−1(cj))

)]
.

(E.13)
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One can readily get from equation (E.12) to (E.13) by swapping the l and j labels of the hard

lines. There are some structures which are symmetric under this swap, thus these remain the

same for both cases. However, there are also parts which do not show this symmetry under the

exchange, these then do not coincide.

Finally, the colour structure of Figure 15(f) in terms of a matrix element in the colour-flow basis

can be written as

[τ |TgTlTiTj |σ〉 =
√
TRN

2δστ

[
1

N2

(
(λl − λ̄l)

(
λiλ̄jδciσ−1(cj) − λj λ̄iδcjσ−1(ci)

)
+(λj − λ̄j)

(
λ̄iλlδclσ−1(ci) − λiλ̄lδciσ−1(cl)

)
+(λi − λ̄i)

(
λ̄lλjδcjσ−1(cl) − λ̄jλlδclσ−1(cj)

))]
+
∑
(a,b)

δστ(a,b)N
√
TR[

λiλ̄jλlδ(a,b)(ci,cl)

(
δclσ−1(cj) − δciσ−1(cj)

)
+λ̄iλjλlδ(a,b)(cj ,cl)

(
δcjσ−1(ci) − δclσ−1(ci)

)
+λiλj λ̄lδ(a,b)(ci,cj)

(
δciσ−1(cl) − δcjσ−1(cl)

)
+λiλ̄j λ̄l

(
δ(a,b)(ci,σ−1(cl))δciσ−1(cj) − δ(a,b)(ci,σ−1(cj))δciσ−1(cl)

)
+λ̄iλj λ̄l

(
δ(a,b)(σ−1(ci),cj)δcjσ−1(cl) − δ(a,b)(cj ,σ−1(cl))δcjσ−1(ci)

)
+λ̄iλ̄jλl

(
δ(a,b)(σ−1(cj),cl)δclσ−1(ci) − δ(a,b)(σ−1(ci),cl)δclσ−1(cj)

)]
+
∑
(a,b)

∑
(b,c)

δστ(a,b)(b,c)
√
TR[

λiλjδ(a,b)(ci,cj)

(
λlδ(b,c)(cj ,cl) − λ̄lδ(b,c)(cj ,σ−1(cl))

)
−λiλlδ(a,b)(ci,cl)

(
λjδ(b,c)(cl,cj) − λ̄jδ(b,c)(cl,σ−1(cj))

)
−λiλ̄jδ(a,b)(ci,σ−1(cj))

(
λlδ(b,c)(σ−1(cj),cl) − λ̄lδ(b,c)(σ−1(cj),σ−1(cl))

)
+λ̄iλlδ(a,b)(σ−1(ci),cl)

(
λjδ(b,c)(cl,cj) − λ̄jδ(b,c)(cl,σ−1(cj))

)
−λ̄iλjδ(a,b)(σ−1(ci),cj)

(
λlδ(b,c)(cj ,cl) − λ̄lδ(b,c)(cj ,σ−1(cl))

)
−λ̄iλ̄lδ(a,b)(σ−1(ci),σ−1(cl))

(
λjδ(b,c)(σ−1(cl),cj) − λ̄jδ(b,c)(σ−1(cl),σ−1(cj))

)
+λiλ̄lδ(a,b)(ci,σ−1(cl))

(
λjδ(b,c)(σ−1(cl),cj) − λ̄jδ(b,c)(σ−1(cl),σ−1(cj))

)
+λ̄iλ̄jδ(a,b)(σ−1(ci),σ−1(cj))

(
λlδ(b,c)(σ−1(cj),cl) − λ̄lδ(b,c)(σ−1(cj),σ−1(cl))

)]
.

(E.14)

In Table 3 one finds an overview of the two-loop diagrams and their respective colour factors

as well as their corresponding kinematical parts. For an overview to determine which two-loop

diagrams contribute to which structure of the soft anomalous dimension matrix in the colour-flow

basis consider Table 4.
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Coefficient Diagram Colour factor

Ω
(2)
ij

j

i

(Ti ·Tj)(Ti ·Tj)

Ω̃
(2)
ij

j

i

Ta
iT

b
iT

b
jT

a
j

Ω
(2)
ijl

j

i

l

(Ti ·Tl)(Ti ·Tj)

Ω̂
(2)
ijl

j

i

l

fabcTa
iT

b
jT

c
l

Ω
(2)
ij,self−en.

j

i

TR(Ti ·Tj)

Ω
(2)
ij,vertex−corr.

j

i

TR(Ti ·Tj)

Table 3: Amplitudes of the two-loop diagrams contributing in the soft limit. In each case
the diagram is split into its respective colour structure and into the kinematical
part which is abbreviated by the Ω(2)-coefficients. The latter are obtained by
using QED-type Feynman rules.

Structure
j

i

j

i

j

i

l

j

i

l

Γ
(2)
σ X X X ×
ρ(2) X X X ×
ρσ X X X X
ρ̃ X X × ×

Σ
(2)
στ X X × ×

Σ̂
(2)
στ X X X X

Σ̃
(2)
στ X X X ×

Σ
′(2)
στ X X X X

Σ
′′(2)
στ X X X ×

Table 4: Overview of which two-loop diagrams contribute to which coefficients of the soft
anomalous dimension matrix in the colour-flow basis.
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F List of kinematically forbidden cuts for one-loop/one-emission

and two-loop order

When applying the Feynman tree theorem to the diagrams of one-loop/one-emission and two-

loop order several cuts occur which do not give a contribution due to kinematic constraints

which cannot be satisfied simultaneously or due to the form of the integral in the transverse

momentum variable (cf. equation (4.24)). In this appendix such cuts are identified and listed

for each of the two-loop diagrams.

In dimensional regularisation the following integral vanishes∫ ∞
0

dq2
⊥

(
µ

q⊥

)2ε

δ(q2
⊥) I = 0 , (F.1)

if the integrand I either does not depend on the transverse momentum q⊥ or if it is a regu-

lar function for q⊥ → 0. Due to the presence of the δ(q2
⊥) one can cut off the upper integral

boundary at an arbitrary value, such that there is no UV divergence anymore. Consequently,

the ε parameter is smaller than zero since one only has to deal with the infrared behaviour of

the integrand and as a result the integral vanishes. This property can be used to neglect several

cuts which occur when applying the Feynman tree theorem to the loop integrals.

In the following, the vanishing cuts are listed for each of the diagrams:

Two-loop double exchange diagram (equation (5.45))

• ddk ddq δ̃(k)δ̃(q)δ(pi · (k + q))δ(pi · q)

• ddk ddq δ̃(k)δ̃(q)δ(pi · (k + q))

• ddk ddq δ̃(k)δ(pi · (k + q))δ(pi · q)

• ddk ddq δ̃(k)δ̃(q)δ(pi · q)

• ddk ddq δ̃(q)δ(pi · q)δ(pi · k)

• ddk ddq δ̃(q)δ(pi · q)δ(pi · k)δ̃(k − q)

The first as well as the third cut evaluate to zero since, using the parametrisation qµ =

αpµi + βkµ + nµ⊥q⊥, one finds a both a δ(β) and a δ(1 + β). All of the other cuts vanish

since they lead to a contribution of the form of equation (F.1). This can be observed by decom-

posing the loop momenta in terms of light-cone coordinates, i.e. kµ = αpµi + βpµj + nµ⊥, kk⊥ and

qµ = α̂pµi + β̂pµj + nµ⊥, qq⊥. For instance, for the fifth cut in the list, one gets δ(β)δ(β̂)δ(2α̂β̂(pi ·
pj)− q2

⊥)θ(α̂+ β̂) and the remaining integrand is of the form ([−α+ i0][−α̂+ i0])−1. This gives

a vanishing contribution according to equation (F.1) for an integrand independent of q⊥. Sim-

ilarly the other cuts can be shown to vanish.
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Two-loop crossed double exchange diagram (equation (5.46)):

• ddk ddq δ̃(k)δ(pi · q)δ(pi · (k + q))

• ddk ddq δ̃(q)δ̃(k)δ(pi · (k + q))

• ddk ddq δ̃(q)δ̃(k)δ(pi · (k + q))δ(pi · q)

• ddk ddq δ̃(k)δ̃(q)δ(pi · q)

• ddk ddq δ̃(q)δ(pi · k)δ(pi · q)

• ddk ddq δ̃(q)δ̃(k − q)δ(pi · k)δ(pi · q)

• ddk ddq δ̃(q)δ(pi · k)δ(pi · q)δ(pj · (q − k))

• ddk ddq δ̃(q)δ̃(k − q)δ(pi · k)δ(pj · (q − k))

• ddk ddq δ̃(q)δ̃(k − q)δ(pi · k)δ(pi · q)δ(pj · (q − k))

The cuts of the first and the third point evaluate to zero due to kinematic constraints, as already

described for the double exchange diagram.

All of the other cuts can be brought into a form of the integral in equation (F.1) and thus vanish

as well. For instance, in light-cone coordinates, one finds for the eighth cut a contribution of

δ(2α̂β̂(pi · pj)− q2
⊥)θ(α̂+ β̂)δ(α− α̂)δ(2αβ(pi · pj)− k2

⊥− 2(αβ̂(pi · pj) + α̂β(pi · pj) + k⊥q⊥(n⊥, k ·
n⊥, q)))θ(α + β − α̂ − β̂)δ(β). Due to the restriction θ(q⊥) from the measure, the first delta

function implies θ(α̂)θ(β̂), while there is also a θ(−β̂) when setting β = 0 and α = α̂ according

to the other delta functions. Thus, one has to demand that δ(q2
⊥) holds, which leads to the

conclusion that the cut vanishes.

Two-loop vertex-correction diagram (equations (5.47) and (5.48)):

After the reduction of the two-loop vertex diagram two integrals remain. Their analysis (cf.

equation (5.47) and (5.48)) leads one to the following cuts which give a vanishing contribution:

• ddk ddq δ̃(q)δ̃(k)δ̃(q − k)δ(pi · k)

• ddk ddq δ̃(q)δ̃(k)δ(pi · k)

• ddk ddq δ̃(q)δ̃(k)δ̃(k + q)δ(pi · k)

These three cuts all give an integral of the form of equation (F.1).

Two-loop double exchange diagram with three hard lines (equation (5.50)):

• ddk ddq δ̃(k)δ(pi · (k + q))δ(pi · q)
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• ddk ddq δ̃(k)δ̃(q)δ(pi · (k + q))

• ddk ddq δ̃(k)δ̃(q)δ(pi · (k + q))δ(pi · q)

• ddk ddq δ̃(k)δ̃(q)δ(pi · q)

• ddk ddq δ̃(q)δ(pi · q)δ(pi · k)

• ddk ddq δ̃(k − q)δ̃(q)δ(pi · k)δ(pi · q)

• ddk ddq δ̃(k − q)δ̃(q)δ(pi · k)δ(pj · (q − k))

• ddk ddq δ̃(q)δ(pi · q)δ(pi · k)δ(pj · (q − k))

• ddk ddq δ̃(k − q)δ̃(q)δ(pi · k)δ(pi · q)δ(pj · (q − k))

Two-loop triple gluon diagram with three hard lines (equations (5.51)-(5.53)):

• ddk ddq δ̃(q)δ̃(k)δ̃(k + q)δ(pl · (k + q))

• ddk ddq δ̃(q)δ̃(k)δ̃(q − k)δ(pi · (k − q))

• ddk ddq δ̃(k)δ̃(q − k)δ(pi · (k − q))δ(pl · q)

• ddk ddq δ̃(q)δ̃(k)δ(pl · q)

• ddk ddq δ̃(q)δ(pi · (k − q))δ(pl · q)

• ddk ddq δ̃(q)δ̃(q − k)δ(pi · (k − q))δ(pl · q)

• ddk ddq δ̃(q)δ̃(k)δ(pi · (k − q))δ(pl · q)

• ddk ddq δ̃(q)δ̃(k)δ̃(q − k)δ(pl · q)

• ddk ddq δ̃(q)δ̃(k)δ̃(q − k)δ(pl · q)δ(pi · (k − q))
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