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Abstract

The thesis is organized as follows: In the first chapter we recall some well-established
notions and relations from both the theory of modulation spaces and of Colombeau
algebras. They are presented in a form suitable for the further course of the thesis.

In the second chapter we consider basic properties of convolution of elements of
modulation spaces with a mollifier, as well as connections between multiplication and
regularity properties. We construct suitable Colombeau algebras and corresponding
embedding maps for modulation spaces. We define the notion of association as a tool
to determine classical counterparts (if available) to the generalized elements/solutions.

In the third chapter we ensure that it is possible to construct generalized algebras
corresponding to Wiener-Amalgam spaces as well. We show that all the “usual” prop-
erties hold in this setting, too. Additionally we construct an algebra of generalized
functions which simultaneously carries the information on decay properties of the nets
measured in the L?-norm. We show that the fundamental characterization of the ideal
holds, too, but only when p < q.

In the fourth chapter we introduce the basic notions of “classical” theory of pseudo-
differential operators in the setting of time-frequency analysis and investigate mapping
properties of operators corresponding to generalized symbols.

In the fifth chapter the STFT itself is generalized in the Colombeau sense - we
investigate the properties of the generalized STFT ((ng)s(ﬂc,w)) with generalized
function f and generalized window function g. We ensure that the basic classical
regularity properties carry over to the generalized case.

Inhalt

Die vorliegende Dissertation ist wie folgt aufgebaut: Im ersten Kapitel werden
einige bekannte Begriffe und Resultate aus der Theorie der Modulationsrdume sowie
aus der Theorie der Colombeau-Algebren wiederholt. Diese werden in einer Form
eingefiihrt, die fiir den weiteren Gang der Dissertation am giinstigsten erscheint.

Im zweiten Kapitel betrachten wir grundlegende Eigenschaften der Faltung von
Elementen von Modulationsrdumen mit einem Glétter und beleuchten die Zusam-
menhénge zwischen Multiplikation und Regularitdtseigenschaften. Wir konstruieren
entsprechende Colombeau Algebren sowie die zugehorigen Einbettungen von Modula-
tionsrdumen. Wir fithren den Begriff der Assoziation ein um die klassischen Entsprechun-
gen (falls vorhanden) der verallgemeinerten Funktionen/Losungen bestimmen zu kén-
nen.

Im dritten Kapitel zeigen wir, dass es moglich ist, analoge Verallgemeinerungen
von Wiener-Amalgam R&umen zu konstruieren. Wir zeigen, dass die wichtigsten
Eigenschaften auch in diesem Setting erhalten bleiben. Zusétzlich konstruieren wir
eine Algebra verallgemeinerter Funktionen, die gleichzeitig die Abfalleigenschaften der
entsprechnden Netze in der L?-Norm widerspiegelt. Wir zeigen, dass die fundamentale
Characterisierung des Ideals auch hier giiltig bleibt, allerding nur fiir p < q.

Im vierten Kapitel wiederholen wir zunéchst die grundlegenden Begriffe der Theo-
rie der Pseudodifferentialoperatoren in der Theorie der Zeit-Frequenz-Analyse und un-
tersuchen dann Abbildungseigenschaften von Operatoren mit verallgemeinerten Sym-
bolen.

Im abschliefenden fiinften Kapitel wird die Kurzzeit-Fouriertransformation (STFT)
selbst im Sinn Colombeaus verallgemeinert. Wir untersuchen die grundlegenden Eigen-
schaften der STFT ((V; f)e(z,w)) mit verallgemeinerter Funktion f und verallgemein-
ertem Fenster g. Wir zeigen, dass die fundamentalen klassischen Regularitédtseigen-
schaften auch in diesem Setting ihre Giiltigkeit behalten.






Preface

Within the “Initiativkolleg” on MODERN MATHEMATICAL ANALYSIS and
APPLICATIONS, Time-frequency analysis and microlocal analysis, the inter-
disciplinary PhD program provided at the University of Vienna, Faculty of
Mathematics, as a joint project of two mathematical research groups, DTANA
and NuHAG, several questions were raised concerning the connections between
both the theory of time-frequency analysis and the theory of generalized func-
tions. Firstly, it was unclear whether it would be possible to give a generalized
notion (in the sense of Colombeau) of the short-time Fourier transform as of
a single object which carries both properties of the function and its Fourier
transform; and, if yes, would it be possible to obtain a generalized version of
the regularity properties of ‘classical’ short-time Fourier transform. Secondly, a
more important segment of the intersection of these two diverse mathematical
fields was the question of an “improvement” of modulation spaces, as the most
common function spaces in the time-frequency analysis, by means of Colombeau
theory of generalized algebras. In the present thesis we give answers to these
questions. Additionally, we have introduced a corresponding theory of pseudo-
differential operators, a topic of increasing popularity in both the theory of gen-
eralized functions and the theory of modulation spaces. We establish a number
of mapping properties of generalized pseudo-differential operators in this new
setting of generalized modulation spaces.

The most significant results of my research contained in the present thesis have
been written in Innsbruck, Austria, where I have been given an excellent op-
portunity to work under the supervision of Prof. Claudia Garetto and Prof.
Michael Oberguggenberger at the Institute of Basic Sciences in Civil Engineer-
ing, University of Innsbruck, Faculty of Civil Engineering.

Prof. Garetto patiently and carefully nurtured and cherished my fragile
scientific mind of a young mathematician through numerous discussions and
thoughtful advising. At the same time she had not missed any opportunity to
unobtrusively and softly plant a methodical and systematic scientific approach
in me as well as to recognize, encourage and help me develop my own style.

On many occasions Prof. Oberguggenberger managed to provide me im-
portant feedback on important issues and questions concerning the topic of
my work, regardless of how busy he was at the time. Additionally, Elisabeth
and Michael Oberguggenberger made sure my stay in Innsbruck was a pleasant
friend /tourist visit as well as it was an academic one, which certainly affected
the quality of my work at the time.

The DIANA members Prof. Roland Steinbauer and Prof. Guenther Hor-
mann, have been involved in my research from the very beginning of my doctoral
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studies and surely strongly influenced and had considerable impact on my work.
They have been involved in the most technical issues I dealt with as well as the
more general mathematical ideas and aspects concerning my research.

Last in the group of people who were directly and scientifically involved in my
research, but surely not least, my thesis adviser, Prof. Michael Kunzinger was
the one who made all of this possible. He has been continuously providing me,
before and during my doctoral study, with all the things the people mentioned
above provided me separately; and above all, Prof. Kunzinger has been certainly
most responsible for me coming any closer to a mature and complete scientist
capable of conducting independent research, which has been a crucial process
in the making of the present thesis. I am very happy to have had a role-model
of a true mathematician, and equally important, a role-model of a great person
for my thesis adviser, collaborator, friend.

My brother Mirsad, my parents, Besim and Senada gahbegovié and my
grandparents Orhan and Zlata Kurti¢ have been very caring and understand-
ing throughout my whole doctoral study. They have been patient and unfail-
ingly supportive; their approval and belief in me has been very motivating and
confidence-building which greatly influenced my determination in pursuing a
scientific career. My grandfather Orhan has always been playing a special role
in my life, and immensely influenced my overall perception of everything since
I was a child. He has been encouraging my curiosity, while at the same time
trying to teach me everything he could, and most of all he has thought me
how to think. In a certain way I owe him my systematical, methodical and
mathematical mind, and therefore I wish to dedicate this thesis to him, to my
grandfather Orhan Kurtié.

There is a whole bunch of people who indirectly, yet significantly con-
tributed to the making of this thesis. Those are my friends, who I spent most
of my spare time with. I will list them in alphabetical order: Enes Bajrovi¢
(a.k.a. “Dilatacija”, a.k.a. “Jogurt-Je-Dobar-Za-Mamurluka”, a.k.a. “Es-Muss-
Ordnung-Sein”), Philipp David (a.k.a. “King Deee”), M.Sc. Ajdin Halilovié
(a.k.a. “Fakat-Mozda-Ozbiljno”), B.Sc.M. Suad Kapidzija (a.k.a. “Direktor”),
Enis Maksumi¢ (a.k.a. “Enis Maksumi¢”), B.Sc.(Econ) Hajrudin Osmanovié
(a.k.a. “Dino Pks.”), Dzemal Sari¢ (a.k.a. “Saban Saki¢”), Selma Tvrtkovic,
Dr.Sc. Ognjen Vukadin (a.k.a. “Dzejlo”), Amela Zuki¢.



to my grandfather Orhan Kurtié
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Chapter 1

Introduction

One of the central objects in the theory of time-frequency analysis is short-time
Fourier transform (STFT). The STFT contains simultaneous information both
on time and frequency. However, it does not carry ‘instantaneous’ information
both on time and frequency due to the uncertainty principle (cf. [Gro01]).

In his fundamental paper [Fei83b], Feichtinger introduced MP9-norms (and
corresponding modulation spaces) as a tool to quantify the time-frequency con-
centration (smoothness and decay properties) of functions via STFT in LP-2-
norms. This way of measuring the time-frequency concentration has often been
regarded as the most suitable one, hence, modulation spaces are considered as
the most suitable function spaces for time-frequency analysis. However, MP:9
spaces are not algebras in general. Additionally, another ‘obstacle’ for multi-
plication is the Schwartz impossibility result (cf. [Sch54]). Nevertheless, there
are relations ([Tof04al [Tof04b]) which tell us when it is allowed to multiply
elements (of different modulation spaces) and ensure that the product lies in
some modulation space (cf. Thm. 2.1.14). Our task here is to allow multipli-
cation between arbitrary elements of the same MP'? space by embedding it in
a differential algebra (in the sense of Colombeau). However, by allowing all the
derivatives of a distribution to belong to the same MP?¢ space we ‘lose’ the in-
formation measured by L9 - which makes sense since this information measures
the smoothness of the distribution.

An important consequence of the resulting theory is that we have an ap-
propriate tool to cope with ‘strongly nonlinear’ situations in time-frequency
analysis, in particular, in modulation spaces. The paper of Okoudjou, [OB] ex-
emplifies such a situation where ‘classical’ modulation spaces theory enters the
realm of nonlinear PDE’s.

Colombeau algebras (usually denoted by the letter ) are differential (quo-
tient) algebras with unit, and were introduced by J. F. Colombeau (cf. [Col84,
Col85]) as a nonlinear extension of distribution theory to deal with nonlinearities
and singularities in PDE theory. These algebras contain the space of distribu-
tions 2’ (or its subspace) as a subspace with an embedding realized through
convolution with a suitable mollifier. Elements of these algebras are classes of
nets of smooth functions.

The subalgebra 4 >° of regular elements of 4 was constructed by Oberguggen-
berger (cf. [Obe92b|) and plays the role of a suitable analog for the subspace
C® of the space 2'.



2 Introduction

Of particular significance is ¥, the algebra of generalized temperate dis-
tributions (as a generalization of the subspace ./ of distributions wherein the
Fourier transform operator is an isomorphism). It has been investigated in
various instances ([Gar05a) [Gar04a), (GGO05] Hor99]).

Typically, Colombeau algebras are constructed by utilizing the underlying
inner structure of some subspace of 2’. As a general construction principle,
Garetto introduced (cf. [Gar05b]|) Colombeau algebras based on locally convex
topological vector spaces. ([DHVP02]).

In order to keep notations simple, in what follows C' will denote a generic
constant whose value may change from line to line. Also, for practical reasons
we shall sometimes simply omit the phrase for ¢ small enough as well as other
similar qualifications.

We will mainly adopt notations from time-frequency analysis from [Gro01]
and notations from Colombeau theory from [GKOSOI].

Definition 1.0.1. Let x € R™ and s € R. We set
(@)* = (14 [a]*)?.

Lemma 1.0.2 (Peetre’s Inequality). For every s € R there exists a constant
Cy > 0 such that

() < Cs - (z —y)ll(y)*

and
1+ z)* < Co (1+ |z —y) 1+ [y))*

for every x, y € R™.

Definition 1.0.3. For any p € [1,00] and s € [—00,00], the Sobolev space
HP(R?) is the Banach space of all f € ' (RY) such that || f||ge = [(D)* f||Lr

is finite.

1.1 STFT - the Short-Time Fourier Transform.

Definition 1.1.1. Let z, y, w € R%. The time-frequency shifts are the operators
of translation (time shift) and modulation (frequency shift), given by:

T.f(y) = flz —y),

and ‘
wa(x) _ f(lL') . e2mw-w.

The action of time-frequency shifts can be extended to distributions in the obvi-
ous way.

Note that we may write V, f(z,w) = (f, M,T,g) (for f, g € L?). If we
strengthen the condition on f and choose f € . (g € .%), then we may write
Vof(x,w) = (MyTyg, f) = (9, T-oM_f). If we take g.(y) = 1/e%g(y/e) we
may consider V;_f(z,w) as the action of distribution g. on the Schwartz function

T_,.M_,f and by distribution theory (cf. [Fri98]) we have

;i_r)r(l) Vo flz,w) = m _ f(x)eQTFiww.
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which yields |lim._.o Vg, f(z,w)| = |f(2)].
Similarly, if we choose g-(y) := g(e - y) where g is again real-valued, even,
compactly supported in {|y| < 1} such that g(z) =1 for |y| < 1/2, we conclude

li V. (o) = [ F)g(0)e 2y = o).

This implies that the STFT contains simultaneous information both on time
and frequency.

It is important to emphasize that the definition of the STFT can be extended
in various ways (cf. [Gro01]), however, for our purpose we shall consider ‘only’
the distributional extension, i.e. we define the STFT in the following way:

Definition 1.1.2. Let f € .7/(RY) and 0 # g € #(R%). We define the Short-
Time Fourier Transform (STFT) as an action of the distribution f on a (time-
frequency-shifted) test function g in the following way:

ng(l‘,bd) = <fa Mwng> (11)
The function g is called window function.

As seen before, if f is rapidly decreasing, then the STFT of f i.e. (1.1) takes
the form

Vof(z,w):= | fly)gly —z)e ™ dy.

Rn

Vo f is continuous and of moderate growth ([Gro0I, Thm. 11.2.3]), i.e. there
exist constants C' > 0 and N € R? such that for all (z,w) € R*¢

Vol (z,w)] < C (1+ |a] + [w])™
Moreover, the following statement holds:
Proposition 1.1.3. Let f € &/ and g € ¥. Then V,f € O(R™).

Proof. In order to show that V; f is &'(R") it suffices to prove that 0, 0., V, f(z,w)
is continuous and moderate.

Or, 0 Vi (2,0) = D, 0 (. Mo T)
= (f,02,0., (9(y — x) . 627Tiyw)>
= ((—2miyy) - f(y), —0j9(y — x) - ™)
=C-(ye - fly ) M T.0;9(y)
=C Va,g(ux - f())(z, ).
Since y. - f(y) is again in .#” and 0;g € .¥, we have that Vajg(yk fy)(z,w)

is continuous and moderate, thus 9,,0., V, f(x,w) is continuous and moderate,
too. O

If f is rapidly decreasing, then the STFT of f is rapidly decreasing, too.
Moreover, the following statement holds ([Grs01]):

Theorem 1.1.4. Let f € ' (RY) and g € Z(R?) with ||g||z2 # 0. Then for
the STFT Vy f the following conditions are equivalent:
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(i) fe SR,
(i) V,f € & (R?),

(iii) for every N € N there exists a non-negative constant C > 0 such that

Vof(z,w)] < C- (1 + |a] +w) ™Y,
(iv) for every a € N& and k € Ny we have that 0“f, (:)*f € L>.

Remark 1.1.5. The condition ||g||z # 0 in the above theorem is necessary
since in proving it we use the inversion formula for the STFT (see Corollary
3.2.9 in [Gro0d)):

Let f € Z(R%). Then for any ~ such that (7, g) # 0 (in particular, for vy = g
and |gllz> #0)

1
1O = 7 [ Vot ot @ doto

This holds for f € .7"(R9), too, in the weak sense.

Actually, it is possible to construct a family of seminorms for rapidly de-
creasing functions, by means of STFT, which generates the usual topology on
Z(R4). We obtain this family by "weighting" the STFT’s by polynomials (i.e.
by powers of (-)) with different orders. Later on we shall investigate LP>¢-norms
of such weighted objects and show that . (% ) equals the intersection (resp.
union) of the corresponding weighted spaces, see Proposition m

Theorem 1.1.6. [Gré01, Cor. 11.2.6.] Let 0 # g € Z(R?) be a fived window
function. Set z := (z,w) € R%. The family of seminorms (m € Ny)

sup [Vof(2)- ()™
2€R2d

generates the usual topology on .7 (R?).

Lemma 1.1.7. [Gré01), Prop. 11.2.4.] Fiz g € #(R?) and assume that F(z,w)

is of rapid decay, that is, for all N € Ny there is a constant C > 0 such that
|F(z,w)| < C- (1+ || + w)7F.

Then the integral

f(€) = //F(%w)MwTIg(f) dzdw

defines a function f € . (R%).

1.2 Modulation Spaces.

Modulation spaces are Banach spaces whose norms allow to measure the time-
frequency concentration (smoothness and decay properties of a temperate dis-
tribution). This is done via short-time Fourier transform, in LP'%-norms. We
shall state here several definitions and assertions which we will make use of later
on. Most of them can be found in [Gro01] and [Tof04c]. More on modulation
spaces can be found in [Tof04a] and [Tof04b].
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Definition 1.2.1. Let 0 # g € . (RY). Let p, q € [1,00]. The modulation space
MP4(RY) is defined as the subspace of those f € #'(R?) such that

1

%dw)a < 00, (1.1)

£ 1atms = Vo lana = ([ ] [ [Vat @]tz

with an obvious modification in the norm || - ||pr.a for p = 0o and/or ¢ = co.
We will simply denote MPP(RY) by M>(R?).

We may write the condition (1.1)) in a slightly different form:

1£llasre = NG Tog) @z los = 11(F - Tod) @) ozl

which displays the correspondence of measuring decay in the LP-sense and of
measuring smoothness in L9 terms more clearly.

Definition 1.2.2. Let g € .7 (R%). Let m be a v-moderate function on R?*?
(i.e., m(z+y) <m(z)-v(y), and v submultiplicative). The weighted modulation
space MP9(R?) is defined as the subspace of those f € #'(R?) such that

q 1
pdw)q < 0.

P latzr = ol = ([ ] [ [Vat @ wpmiz. )/ do

Proposition 1.2.3. [Gro0l, Thm. 11.5.5.]
(i) MP:4(R?) is a Banach space for p, q € [1,00],

i) MP9(RY) is invariant under time-frequency shifts and
m
1T Moo fllarzs < C-m(z,w) - || fllagza,

(iii) If p = q and m(w, —x) < C-m(z,w) then MP, (= ME:P) is invariant under
the Fourier transform.

We shall deal with modulation spaces weighted by ‘standard’ (polynomial)
weights of the form m(z,w) = (x)"(w)* (these spaces are denoted by MZ(R?)).
Proposition 1.2.4. [Tof0/d] Let p1 < pa, 1 < g2 and ma < my (i.e., 3C >0
s.t. mg < C-mq). Then MELT(RY) is continuously embedded in MP292(R?),
i.€.

MP1a (Rd) s MP2:92 (Rd)
miy m2 '
In particular, for s, t >0

MPI(RY) — MPURY) — MPI_(RY).

—s,—t

Definition 1.2.5. The cone Z(R??) consists of all positive m € LSS, which are
v-moderate, for some polynomial v on R.

Proposition 1.2.6. [Tof0/b, Remark 1.7] Assume Q C 2 (R??) such that for
any polynomial P on R?? there exists an element Q € Q such that g 1s bounded.
Then
S(RY) = () MEU(RY)
Qen
and
S RY) = ] MEURY).
gen ¢
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The space of rapidly decreasing functions .%(R?) is dense in all M?/(R?)
(for finite p and ¢, weakly dense if p = co and/or ¢ = c0). We have also that
MZI7(RY) is isomorphic to M?4(R%) for any p, ¢ € [1,00] and any s, ¢t € R.
More precisely, in [Tof04c] Toft proved the following:

Theorem 1.2.7. Assume that p, q € [1,00], my € Z(R?) and my € Py(R?)
such that mo(z,w) = ma(x) or me(x,w) = mo(w). Then u — mo(xz,D)u is a
(linear) homeomorphism from ML, (RY) to ME(R?).

Theorem 1.2.8. [Tof0jd] Assume that s, t € R and that p,q € [1,00]. Then
MIP(RY) = {f € S"(RY)| (x)/(D)*f € MP(R?)}
={f e S'(R)| (D)*(z)' f € MPI(R?)}.
Corollary 1.2.9. [Tof04d] Let s > 0. Then
MZH(RY) = MY (RY) N Mg (RY).
Lemma 1.2.10. Let p, g € [1,00), s, t € R. The following equivalences hold:
feMlY < 0%f e MUY forall o] <1,
feM t+1(:)()f€M§’tqforall|a|§1.

Proof. Let f € MY ,. We have

Vo (@,w)l € LY, & [V f(z,w)l(w)™ € Lif.

d
(Vo f @ w)l@)™)* = (Vo f @ 0)l@)?)* + 3 (Vof (@ 0)liw)” w))”. (12)

By Proposition [1.2.4 _ we have that f(z,w) € M.

)

Vo (@, w)ws| = (£ (y), 9y — z) - ¥ ¥*wy)|
{f

| ( ) (y — $)762ﬂiywwj>| — %“f(y) . g(y _ m),aijQWiwa
= o (037 w) - 9y — ), 275) + (7(y) - gty — ), ™))

— (1Va03 (2,0) + Vo, f (0,0)])-

[\7‘,_;

Hence, by (L2)

10 fllagzg < C - (1 fllagrye

s+1,t

+ 1 fllarrg) < oo

We immediately conclude from
2 d 2
(Vo f (2,0)|(2)**1)” = (Vo (2, w)[())* + D (Vo (. w)|(2)* - 25)
Jj=1

that the second assertion holds true as well. O
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Example 1. Letp, g € [1,00] andt € R and s < —1/q. Then
6 e MI{(R).
Proof. Let 0 # g € .. We have
(6, Mo, Tog) = (3(y), ™" g(y — x)) = g(~x).

Thus, we have

I8laaz = ([ | [ o=ty aa

o) = llg(=a) @)l -1l

O
Example 2. Let p, g € [1,00] andt € R and s < —1/q— 1. Then
H e M7} (R).
Proof. Since we have 9H = §, the claim follows from Lemma [1.2.10 O

Example 3. Letp, g € [1,00] and s € R andt < —(1/p+1). Let f(x) = const.
Then

fe Mf,’tq(R)-

Proof.
- . 1+Ak—27riyw
!/f(y)-g(y—w)e 2 dy| = !/ y— ) ) - )dy|
(w)
—2miyw
<C- Z‘/aa — ) ydy’<C Z/ )™ >2kdy,
|| <2k || <2k
and thus,

1 g < C - > )™l - 11w 725

la|<2k

O

Proposition 1.2.11. [Tof0/d] Let p, q € [1,o0] and m a weight function. The
inner product (-,-) on L? extends to a bilinear, continuous mapping

ME x Mf;nq; — C.

Let us now consider the set C5%,.,(R?) of all u € MP4(R?) such that for
every multi-index o, 0%u € MP-4(R?). The derivatives are distributional, but
it will be shown that they are actually classical and that this set is equal to
HE (R?). We denote by C&(R?) the set of all k-times continuously differential
functions all of whose partial derivatives (up to order k) are bounded.

Theorem 1.2.12. Let p, ¢ € [1,00], so € R*, k € N and so — k > 3d. Then
MP9(RY) ¢ CF Y RY). In particular, C53,.,(RY) = HE (RY) C O (RY).

500
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Proof. By [Tof04c] we have

d 4 (Tod d
wadﬂl(p,q) (RY) < Mf,g(R ) C wadez(p,q)(R ), m>1

where

01(p,q) = maa:(O, é — min(%, %)),

02(p,q) = min(O,é — max(%,;)), D,q € [1,00].

On the other hand for all p, ¢ € [1, 00] we have that 6;(p,q) € [-1,1] (i = 1,2).
Hence,

, Ls—(u+1)d)
MﬁS(Rd) C H§+Hd92(p,q) (RY) C H;’_Nd(Rd) cop "TEERY.

In particular
]fp

s+pdf1(p,q)
$>3g $>3o s>

RY c () MPERT) C HP

s+pdf2(p,q) (Rd) < C%O(Rd)'

1.3 Colombeau Algebras.

Definition 1.3.1 (Moderate Functions).
O (RY) == {f € C®°(RY)| Vo € N& AN € N : sup(z) N[0 f(z)| < oo}

Definition 1.3.2. The Colombeau algebra of tempered generalized functions is
defined as the quotient space

9, (RY) = & (RY) /A7 (R

where

& (RY) == {(u.). € Oy (RO Vo e Ny 3N €N

sup (z) N|0%u.| = O(e™N) as e — 0}
zER?

and

N (RY) = {(u.). € O (RY) Y| Ya e N§ IN € N vm € Ny

sup (;v}‘N’(“)“uE| =0O(™) as e — 0}.
z€Rd

Definition 1.3.3. Let E be a locally convex topological vector space topologized
through the family of seminorms {p;}jcs. The elements of

Mg = {(ue)e € E(O’l]‘ Vj € J 3N €N pj(u) = ON) as e — 0}
and
Ne = {(ue)e € E(O’l]’ VjieJVmeN pj(u) =O0(E™) as e — 0},

are called E-moderate and E-negligible respectively (J denotes an index-set).
We define the space of generalized functions based on E as the factor space

Gy = Mp| N
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The space of Schwartz functions is a locally convex space topologized through
seminorms {p; }jen, where p;(f) := max|qg/<; Supyers [2*0” f(z)|. Therefore:

Definition 1.3.4. The Colombeau algebra of generalized functions based on .
1s defined as the quotient space

Gy (RY) = Ex(RY) /N (RY)
where

Ex(R?) == {(u.). € S(R)®Y| Va,8 € N§ IN €N

sup |m“85u5| =0E M) ase — 0}
z€R4

and

N (RY) = {(ue)e € L (RO Va, B € N§ Vm € Ny

sup |aso‘8ﬁu5| =0(E™) as e — 0}.
z€R

The following results provide an important characterization of Colombeau
ideals as subspaces of the respective space of moderate nets.

Proposition 1.3.5. [Gar05d]. (u.). € Ex(RY) is . -negligible if and only if
the following condition is satisfied:

VYm e Ny sup |ue(z)] =O0(E™) ase—0.
zERY

Proposition 1.3.6. (u.). € & (R?) is T-negligible, i.c., if and only if:

INeNVmeNy  sup (x) N|uc(z) = OE™) ase—0.
z€R?
For a proof see [GKOSUOI, p. 27].

An important issue in the theory of generalized functions is a notion of
regularity. We shall make use of the regular algebra corresponding to Colombeau
algebras based on .¢:

Definition 1.3.7. The Colombeau algebra of .7 -regular generalized functions
1s defined as the quotient space

G (RY) := £F (RY) /N (RY)
where

& (RY) := {(u.). € LRV IN € NVa, g € N¢
sup |xaaﬁus} =0EN) ase — 0}
z€R?
Garetto investigated relations between 42 (R?) and .#/(R?) and concluded
the following (cf. [Gar04a)]) important relation (analog to the one in [Obe92b]),

which justifies that the subalgebra ¥ (R?) is the right algebra for detecting
regularity on the level of generalized functions based on .7 (R%):

Theorem 1.3.8.
42 (RY) N (RY) =.7(RY).
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Chapter 2

Modulation spaces in the
Colombeau algebra

2.1 Preparation for constructing a differential al-
gebra

Definition 2.1.1. Let p € ./ (R?%) such that [ p(z)dz =1 and [ p(z)-2* =0
(vanishing moments) for all multi-indices 0 # o € N3. Then p is called a
mollifier with vanishing moments.

Remark 2.1.2. The definition of the mollifier varies (i.e. depending on the
space we generalize and on the constructing algebra, we may have that there is
no condition on vanishing moments and/or p € D) - in our case the standard
mollifier will be a mollifier with vanishing moments.

Our goal is to find an embedding of any modulation space MP? (p, q €
[1,00)) into a differential (quotient) algebra in the sense of Colombeau the-
ory. The standard procedure would be to convolve elements of MP:? with the
function p.(z) := %p(%), (p is a mollifier) in order to obtain nets of smooth
functions which satisfy some moderateness conditions. These conditions involve
estimating the growth of derivatives of nets (ue)e in MP%-norms by powers of
€.

Let p. be as above. Let g € % (R%) be a window function. Set D; := 5--0;

27
and A = Z?:I DJQ-. Then

(1 +Ay)k(e—2wiyw) _ <w>2k X e—2mﬁyu, S0

(1+Ay)k e—27riyw)
<w>2k :

e—27riycu _

By integration by parts we obtain
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Voo = | [ o)l = e 5=

k 6727Tiyw
=| /pe(y)g(y — ) Chn Azl;zk ) dy|

6727riyw)

_ |/(1 T+ A (e )a T =)

(w)2k
1

<C- > /|3“Ps(y)~|559(yz)ldy~w. (2.1)

leel,| 8] <2k

dy|

For every 3 € N¢, m € Ny there exists a constant C' > 0 such that

C

gy —z)| < ————.

5%y - =) {y —a)m

This together with Peetre’s inequality gives

0%g(y —a)| < C - (y)™(x)"™
Therefore, we obtain
Vel <0+ S [ oo mdy- (@) ()
|a] <2k

Also,

/

since g € . (R?) and (e-y) < (y). Of course we could have examined derivatives
of p in a similar way. We conclude the following:

0" pe(o)| )"y == |

3°‘,0(y)(<E y)"dy < C ek,

Lemma 2.1.3. For each m, k € Ny and any multi-index o € NZ there exists a
constant C > 0 such that

|Vgaap5(;(;,w)| <C- <$>_m<w>_2k_|‘¥\ g 2k—lal

holds for all (z,w) € R?.
In particular, for each p, q € [1,00] and each s, t € R there exists k € N
such that
0% pelagpog < C -7l

for some C > 0.

Remark 2.1.4. Note that for any p € [1,00] and t € R we have that ”psHMé’f"
is bounded by a constant C' independent of €.

Lemma 2.1.5. For any f € .Z(R%) and every multi-index o; k, I, m € Ny
there exists a constant C > 0 such that

Vg(0°f % pe = 0% f)(w,w)| < C - ™ {a) " w) (2.2)

holds for all (z,w) € R%? (¢ small enough,).
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Proof.

‘Vg(f*pa_ xw|—‘/f*p5_ . (y—.’L‘) e—QTrzywdy‘

672711740.;

< >2k:
/ 0°( * pe — F)(w) - DPgly —2) - W)~ Hdy  (23)

la+8]<2k

so-\/<1+Ay>k[<f*pa—f><y>-g<y—x>]~ dy |

It therefore suffices to estimate
J1 50 = D@l oty - 2l

The fact that g € #(R?) and Peetre’s inequality ensure that for every [ € N
there exists a constant C > 0 such that

lgly — 2)| < C - () (=)~

Hence,
J 1= D) oty iy < € () [ 1740 - D) dy (24)
By change of variables,
(f*xpe—fly) = /f(y = n)pe(n)dn — f(y)
= /f(y —n)pe(n)dn — f(y) - /ps(n) dn
= / (Fly=n) = f(y)) - pe(n) dn
— [ tw==m - 1)) - on) dn

Further, by Taylor expansion we have

Fepe=Np)= 3 / LW | (_cpy p(my

0<|a|<m-—1

S // o*f 76977 (1= 0)"1d - (—en)®p(n)dn.

o=

Since [ p(n)n® = 0 for every multi-index a with |a| > 0 we have

(f*pe— = // i _6977 A(1=0)"71dO- (—en)* p(n)dn. (2.5)

lee|=

Now we estimate 0 f(y — €0n) similarly as we did 9°g before (Peetre’s inequal-
ity): for every multi-index « there exists constant C' > 0 such that
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0°F(y — )| < C - (y) =74 e T <O ()~

Consequently,
(Fpe = DI < €™ 1] [ ol (20)

By (24) and (Z.6) we have

[ o= D@llaty-oldy < C-em-(0)" [ @)y - [ )™ pmyan.

We have | [(y) =9 1dy| < oo, as well as | [(n)™+tFa+p(n)dn| < oo (due to the
vanishing higher moments of p). This yields the estimate (2.2)), thus the claim
holds. O

Before we make sure that ||f * p. — f|lppe — 0 for f € MY, we state a
useful theorem. ’

Theorem 2.1.6. [Tof04d] Assume that p;, g; € [1,00], m; € & (0<j<N)
satisfy

1 1 1

—+ ..+ —=N-1+—, (2.7)
P PN Po

1 1 1

— o+ — =, (2.8)
q1 aN q0

and
mo(z1 + ... + oy, w) < C-mq(z1,w) - ... -my(zN,w).

Then (U1, ..., un) — up *...xuy is a continuous, symmetric and associative map
from MPLIV X ... x MEN-AN to MPo9. There exists a constant C' > 0 (depending
only on the window function, the number of factors and the dimension) such that

||U1 * oLk ’LLN||M£L()O¢10 < C- H ||Uj||M71:ij-,qJ- .
1<j<N

Corollary 2.1.7. Letp, p', q, ¢’ € [1,00] such that 1/p+1/p' =1/g+1/¢ =1
and s, t € R. There exists a constant C' > 0 such that

luxvllazs < C-lullarg - 1ollages
and

st vllageer < € Nlullazz - Nvll gy

for any ue MY, v e Mg’ﬁf resp. u € MY, v e Mé’ll’tq‘/.
Lemma 2.1.8. Letp, q € [1,0), 5, t € R and p € .7 (R?) as above. Then for
every f € MIP(RY) we have that

1S * pe — f||M§’;§(Rd) —0, (¢—=0).



2.1 Preparation for constructing a differential algebra 15

Proof. By Proposition 11.3.4 in [Grd01], for any f € ME/(R?) there exists a
sequence (fx)ren € 7 (R?) such that

1fe = fllaragay — 0. (2.9)
We may write now the following estimate:
1S pe = fllagzg < AIf % pe = fi % pellarr g
+ 1 fu % pe = frllama + (1 fx = fllaers
<O = fullaaz - llpellage =
+ [ * pe — fk”Mg’;f + [ frx — f||M§;f-

Since || pc|| MEE is bounded by a constant independent of &, we have

I1f % pe = fllnrg S C-\If = frllazg + i * pe = frllmrg
The claim follows now from (2.9) and Lemma O

Lemma and Corollary together imply:

Theorem 2.1.9. Let u € M!}, s, t € R, a a multi-index. Then 0%u * p. €
Mﬁ’tq N M;’f’t’1 and there exist constants C > 0 and k € N¢ such that

maz{[|0%u s pellyyor, 0% % pelagr} < C e Nlullagr.

2.1.1 Embedding theorems for modulation spaces

Let us now consider the M°!-norm of a distribution f and its connection
to the MP%-norm of the derivatives of f. As in (2.1) we calculate (now for
f e (RY):

V@) <C- >, [@0°1),0)(9ly =)™ )| o
o], |B| <2k
o 1
=C- D [Vasy(@ D) - o
laf,|B]<2k
Hence the estimate
o m(z,w
Vot ma)| £C- Y Varg0t S - TR (210
lal,18]<2k
holds for any weight function m € &. Further we have
o 1
sup [V, f(z,w) - m(z,w)| <C- Y sup|Vys,0 fasw) iz w)] -
! [ANETE=T
o 1
<C- Y 10 fluz

leel,1 8] <2k
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After integrating with respect to w we obtain
1
s <O 10 g - [ e
el 181 <2k
We may also write

1
s <€ 5 10l - [ o

lal,|B|<2k

where n(z,w) = (w)~!, | € N arbitrary and k is large enough (2k > d+1). Since
for p < p’ and q < ¢’ we have MP9 — MP -7 the following claim holds:

Lemma 2.1.10. Let m € . For any p, q € [1,00] and k, l € N 2k > d+1)
there exists a constant C > 0 such that

I lagzen <C- D7 10 fllarms,
la|<2k
holds for every f € .#(R%), where n(z,w) = (w)~".

Corollary 2.1.11. Let p, ¢ € [1,00] and s € R, t > 0. Then there exist
constants C' > 0 and k € N such that

[l < C- S 10° Fllages

|a] <2k
holds for every f € ./ (R?).

By using the same methods as in Lemma [2.1.10] we now give a proof of the
following:

Lemma 2.1.12. Let m € &. For anyp, q € [1,00], k, l € N 2k > 1+ d/q)

there exists a constant C > 0 such that

1fllargee < C- 10% fll nazyoe (2.11)
la|<2k

holds for every f € ., where n(z,w) = (w)~!.

Proof. Take the LP-norm with respect to x on both sides of the estimate ([2.10))
to obtain

Vof(ow)-m el <C-I D [Vasgd™ f(w)| -m(,w)ro - ﬁ
ol |BI<2k
1
SO 3T Ve 6w) )l o

lal,|B|<2k

) B 1
<C- Z sup [[Vos, 0% f(-w) - m(-,w) - (w) | zo - =
|l |8l <2k “ER?

1
<C- N0 fllames -

2k—1"
la.|Bl<2k w)

Finally, taking the L?-norm with respect to w on both sides of the latter estimate
we obtain the estimate (2.11)). O



2.2 The generalized modulation space %C;;pyq (R9) 17
s,t

Corollary 2.1.13.

o0 — o0
MIE T My
Proof. This follows from Proposition [[.2.4] and Lemma O

Theorem 2.1.14. [Tof0]d] The multiplication (ui-ua-...-u,) on . (R?) extends
in a natural way to a continuous mapping from MPH4 x ... x MPN-AN {o NPo:90
provided pj, q; € [1,00] satisfy

1 1 1

—t et — = (2.12)
P PN Po

1 1 1

— 4.+ —=N-1+—. (2.13)
q1 4qdN q0

There exists a constant C > 0 (depending only on the window function, the
number of factors and the dimension) such that

ug oo unllagroso < C- T Ilugllages o
1<j<N

holds.

Corollary 2.1.15. Let p, g € [1,00] and s, t € R, w € MY, v € Mt There
exists a constant C > 0 such that

- ellarze < C - llaaz - ollase (2.14)

holds for any v € MP%, v € M°1. In particular, we have (for p = co and

q=1)
[u- vll oo < C - flullpyoen - [0llagees-

Corollary 2.1.16. Let u € M}t v € Cvsa0, where p1, p2, q1, g2 € [1,00]

sl,tl 2
s2,t2
: P1,91 -
and sy, Sg, t1, to € R with to > 0. Then u-v € Msht1 . In particular, for
u e C’]‘\’/Iopl,tql we obtain u - v € C’ﬁpl,tql N C’K/[Opz,tw.
S1st1 S1.t1 82,12

Proof. By Corollaries [2.1.11] and [2.1.15| there exists a constant C' > 0 such that

- ollagrn < C- 3 ullyran - 1070l pgrae.
@

For the second assertion we apply the Leibnitz rule. O

2.2 The generalized modulation space ¥¢~,, (R?)

Sy

Let ¢ > 0 from now on, unless otherwise stated. We are now ready to define
Yoo (R?) as a quotient algebra of the (differential) algebra éoe, (R4) and

Mg o
its (differential) ideal f/VCX.;pﬁfq (R9) (resp. MPE (R9)). In order to specify the
space which our nets should belong to, we will take into account the following
observation:
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Remark 2.2.1. Let sp € R. By Theorem (fort >0) N5, MY C

Nessy Mig = HY C CF C O < M. Thus, Theorem leads us to

the conclusion that the natural space of nets to be considered is H?, (R%)(0:1],

Definition 2.2.2.

o, ,(RY) == {(uc)e € HL (R) Y| Va e N IN € Nt [|0%ucl|pra = O™ N)},

MmP
(RY) = {(uc)e € HE (RN OV Vo € N§Vm € Nyt [[0%uc|prg = O(€™)}-

eorem 2.2.3. &g 1s a (differential) algebra an oo s an
Th é"Mp R¢ diff 1) algeb dJVMP R¢

ideal in 50;;10 (R%). 7 Y

»q
st

Proof. Take (ug)e, (ve)e € gcjjm (R4). By Corollaries|2.1.11|and [2.1.15we have

e - vellaery < C uellagz - oelares < C+ 37 Nuellg - 1070 gz,
lor| <2k

which implies

e - ve||ppra < C -~ M E e Ne < 0. g7 mXjar<an{NiNa},
st — =
|a| <2k

Thus, u. - v. (in norm) is bounded by some e~~. Applying the Leibniz rule
we deduce that (ue - ve)e € 56‘;;1,& (R9) indeed. Similarly, one establishes that
s,t
d . . . . . . . d
%}}ogf (R?) is a (differential) ideal in (the differential algebra) @@Cijg (R*). O

q
t

Remark 2.2.4. On the other hand Cjp.q is a locally convex topological vector

s,t
space topologized through the family of seminorms (see Definition :
pj(u) := max sup ||0%u|prrea.
[a] <j rERD 8t
Therefore, we may define the algebra gc]a;p,q as an algebra based on a locally
s,t

CONVET space.

Remark 2.2.5. In order to construct algebras for p = co and/or ¢ = 0o one
might use the notion of narrow convergence (see [Tof04d], [Tof04d], [Tof04b)]) -
since & is dense in any modulation space with respect to this type of convergence;
however, we will not investigate this in the present thesis. On the other hand
we can also construct corresponding algebras of generalized functions for spaces

%g%q(Rd) = {’LL S y/(Rd” H(Uk)keN Cc .7 ||’U,k - UHMS'{‘ — 0,k — OO},
Jor all p and q € [1,00]. Note that for finite p and q we have ALY} (R?) =
MEPF(RY).

Remark 2.2.6. Algebra gc;;p,q coincides with Oberguggenberger’s algebra 4, ,
5,0

(cf. [0be92d)]; with obvious modification for the case of the special algebra) for
p € [1,00).
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s,t

Theorem 2.2.7.
RY) — d
gc;;p q( )= gc:;gjtl (R),

holds for all p, ¢ € [1,00), s € R and t > 0.
Proof. The assertion of the theorem follows directly from Corollary 2.1.13] O
Remark 2.2.8. Forp; <ps, ¢ € [1,00), s €R, t1 > ta > 0 the canonical map

J G, (RY = o, (RY),j(ue+ Ao, (RY) = (ue)e + Ao, , (R

s,tq s,tg s,tq s to

1s well defined. Namely, it is easy to see that

b0z, (RY) C box,, ,(RY) and Sow,, ,(RY) C Ao, , (RY)

tl Tty

P1,9

s,y t2

forty > ta, p1 < pa.
We conjecture that this map is not an inclusion map (not injective).

Theorem 2.2.9. Let p be a standard mollifier. The linear mapping
o) = (s po)e + Ao, | (R

]pr q
of M (RY) into Yo, , (R9) is an embedding.
s,t

Proof. By Theorem (u*pe)e is Cr.g-moderate. Let (ux*pe). be negligible
and let ¢ € .7(R%) be arbitrary. By Proposition [1.2.11] we have that

[ pes @) < €l pellagze - el =0, (€= 0).

Thus, u = 0 in .#”(R?) and so u = 0 in MI(R). O

Next we give a characterization of the ideal in gg;;p’q (R%). This result is
s,t

important since it suffices to consider only the 0-th order derivative estimate of
the representative of a moderate net in order to show that it is negligible.

Theorem 2.2.10 (Characterization of the Ideal). (ue)e € éo=, , (R?) is C59p.q (RY)-
negligible if and only if the following condition is satisfied: v
Vm € Ny HuEHMff = O(Em) (2.1)

Proof. The necessity of condition 1.| is obvious. Let now (uc). € é”coo ,(RY)

such that (| . ) holds. It suffices to prove that for any 1 < j < d, J;ju. satlsﬁes
the O-th negligibility estimate.

By our assumption we may choose N € N such that for every m € Ny both
of the following estimates hold:

el = OE™), (2.2)

020l = OE™). (2.3)
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By Taylor expansion we have
1
ue(z + hej) = us(w) + Ojuc(x) - h+ h? - / (1- 0)832118@ + hoe;)db.
0
We extract the first-order derivative term,

Ojus(x) = (ug(x + hej) — ue(x)) h~t—h- /01(1 —0) ~8j2u5(x + 6he;)df.

m+N

By taking norms and inserting h = ¢ we obtain

0uellnra < (€™ Vep)" + 1) ucllagrg - e™™

< gt+1
1
+ / (1—0) - 82uc(- + 6N e)dh| pyra - ™+
; ,

Note that we have used here the translation invariance of modulation spaces

(Prop. (L2:3)):
e+ ™ N e larpa < (€™ Neg)t - e arrs.

Let us now estimate the second term on the right hand side of the above
estimate:

1
|vg(/ (1= 0) - (- + 0= Nej)do) (w,w)]
0
1
= ’ / (/ (1-19)- ajz»ug(y + 95m+Nej)d9) ~g(y — x) ~62”iy‘”dy‘
0
1 _ ‘
= !/0 -0 ( / OPucly +0=" Ve, - gly —a) - > dy ) o)
1
g/o (1= 6) - [V (3Fucl- + 074N e)) ) )| 6.
Thus by the generalized Minkowski inequality, we have
1
[ / (1—0) - OZuc(-+ 0™ Ne;)do|| g < C - sup ||07uc(- + 0™ Nej) | pproa.
0 s,t 0 s,t

Again, since modulation spaces are translation invariant we have:

sup 185 ue (-+0™ N ej) | agra < C'Sgp(9€m+N€j>t'||3g2“s||M:;f < C-||0Fue || aara,

we have (for t > 0, (9™ Ne;)t <2t for t <0, (9e™Ne;)t < 1)

10jucllprg <2 Nuellyrg TN+ O (|Ofuc] g ™
< C-emHN by (23) <C-e N by (23)
Thus,

|0jue||pra < C - 2N . gmm=N L O gV gmtN < 0. gm,
J s,t
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s,t

Now we show that we can identify the constant map with our embedding on
the space C{p.q:
s,t

Theorem 2.2.11. Let 0 : Cfjna — Yo, , given by o : f — [((f)e]. Then
st %

L|Coo = 0.

I\lp ‘1

Proof. Since any f € OJ?/CI)S,’E satisfies the equality 1) we have

Vy(f * pe = f)(,w) /Z // a _69") (1—6)mNdg

- (—en)®p(n)dn - g(t — x)e > dy .

W= e = ([ (f1] X // CLEE -ty
)

(=em)®p(n)dn - gly — x)e " dy (z)" (w)*®

By the generalized Minkowski inequality

1 % pe = fllypg <C-e™- > // / /’/5‘“ y+59n

la|=m

g — D)2 dy (o) (w)*|

) dw) “n®| - lp(n)|dn - (1 — 6)™'df.

Again, by invariance under time-frequency shifts, we may write

1
1950 = Flaazy < €™ 30 10 gy [ [ 101 eom' - lotwlan ab
0

loe|=m

thus

1 % pe = Fllarrg < C-e™ 37 (0% Fllages.

la|<m

O

The following two theorems provide us sufficient conditions for the classical
product to remain invariant (under the action of embedding map ¢) in the
algebra of generalized functions. Hence ¢ renders C§f».4 a subalgebra of Yo

st ME

Theorem 2.2.12. Let u € Cifpia (R, v € Cp2oa (RY), where p1, pa, q1,

S1,t1 s9,to
g2 € [1,00] and s1, s3, t1, ta €R wzth t1, to > 0. Then
t(we - t(v)e — t(uv)e € J’/CV]\O;PL‘H RN ‘/VCX;P? o ( 4,
s1,t1 s9,to

where t(u)e == (U * pe)e.
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Proof. By Theorem [2.2.10]it suffices to show that for every m € N the estimate
[(w s pe) - (v pe) — (u-v) * PEHM”J'*;IJ‘ <e™
ot

for j = 1 or j = 2, holds for e small enough. By Corollary [2.1.16] we have

u-v € CYlpi.ar - By using Corollaries |2.1.11| and |2.1.15| we calculate
s1,t1

s pe) - (v pe) = (- 0) = pellgran
< pe —u) - (0% p = W)l gy + - (0% pe = 0) [ gyram
1.1 S1.t1
+(ux pe =) - ollggrrar + llu- v — () * pefl e
s1,t1 s1,t1

< G- flus pe = ullagmn - 321070 % pe = 00 ypzzm
s1,t1 52,t2
«

negligible negligible

+CQ . ||UHMP1»<11 . E ||6(11}>l<p‘E —80‘1}||Mp2,q2
s1,t1 sg,to
o

negligible
+Cs - lux pe = ullyrrn Z 10 ]| pr2 a2
(e}

bt1 s2,t2

negligible
+ Cy - |Juv — (uv) * p5||M511Y,t411 .

negligible
O

Note that we can slightly weaken the conditions on v in the theorem above,
namely, the following holds:
Theorem 2.2.13. Let uw € MPV1 v € Cgraaz such that u-v € C3lp1a and

S1,t1 7
s9,tg s1,t1
for every m € Ny, |[e(u)e — UHMfllwv;le < g™, where p1, P2, q1, g2 € [1,00] and s1,

Sa, t1, ta € R with only to > 0. Then

t(w)e - t(v)e — t(uv)e € ‘/‘/C;;m,ql (RY),

s1,t1

where t(u)e == (u * pe)e-
2.3 Association in E%;;%q (R

We note that two elements of Colombeau algebra which differ on the level of
the algebra (their difference does not belong to the algebra of negligible nets)
may have the same distributional limit. This phenomenon is explained by the
fact that in the process of regularizing we have added to the new generalized
element nonlinear information, which did not exist in the ‘classical’ space. In
other words, in the algebra of generalized functions we have now elements which
differ from each other by the additional information on the ‘nonlinear’ nature
they carry, but they describe one and the same element on the ‘linear’ (classical)
level. We will therefore consider an equivalence relation for such elements of the
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s,t

algebra whose representatives have the same limit (cast the same shadow), and
its properties.

For a more detailed analysis (in the setting of the ‘classical’ special Colombeau
algebra) we refer the interested reader to chapter 1.2.6 of an excellent book by
Michael Oberguggenberger, Michael Grosser, Michael Kunzinger and Roland
Steinbauer, ([GKOS01]).

Definition 2.3.1. Let s € R, t > 0. An element u € %C;;n (RY) is called

q
St
P,q

associated with 0 (denoted by u ~ 0) if
tim [z gz = 0.

Two elements u, v of Yo,  (R?) are associated with each other (and we write
Moy
Mg
u = v)if
M
u—v ~ 0.

Definition is independent of the chosen representative(s). See the proof
of Proposition below.
MP
Definition 2.3.2. Let u € gci?g’f (RY), v € MP{. Suppose that u = u(v).
Then u is said to admit v as associated element of ML and v is also called the

Mg
shadow of u. In this case we simply write u =~ v.

P,q
M,

Proposition 2.3.3. Let u € M/, p, g€ [1,00). Ift(u) =< 0, then u=0.
Proof. Let p € .(R?). Then there exists a constant C' > 0 such that

[ pes @) < €l pellagze - el =0, (€= 0).

Proposition 2.3.4. The following assertions hold true:
(i) Letu, v e MY ., so € Ng. Then

P,q 5
Moot o M7 o
u ~ v&0®u =~ 0%

for all |a] < sp.

P1-91

d st
p1,a1 (]R )) u ~ v, f € C]CC/IOPthflz; ty 2 0 fOT any p2, qz,
51,1 s2,t2

(i) Let u, v € Gooo
M
s2 and ta). Then we have

P1-491

fu Fo f-w.
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(iii) Let w € M and v € MPo! (or w € MP2 and v € C9 as in

S1,t1 s1,t1 MPZthZ
52,12
Corollary|2.1.16]). Then we have

P1,91
1\/151’“

(u) - v) = lu-v).

Proof. Tt is easy to prove (i) by using a calculation similar to the proof of Lemma

CZ10
i) Let f € CS0ps.a2. W the followi timate (cf. Corollary [2.1.16):
(ii) Let f niv2raa- We use the following estimate (ct. Corollary -)

s2

I1f - (ue = ve)lagrrgr < C- > lue - Vellarzngr - [10% fllagrz gz
«@
(iii) Let w € MP"" and v € MPo-!. We may write

(s pe) - (0% pe) = (- 0) * pell g
< Nk pe =) - (0% pe = ) lagmrs + [l (0% pe = )| gy
1k pe =) - ollygragn + v — (- 0) # pell g

< Cp-flus pe — UHMfllfll “Jv* pe = vl pgror +Cso - ||UHM;’11'§11 v pe —vllareon
) —_———— ) —_———

N — 0 — 0

+ Gy lluk pe — ullygran Hollageos + Ca - [luw — (uo) * pell s

— 0 — 0

Similarly, for the second assertion we have:
[[(w pe) - (v pe) = (u-v) * ps”Mflly’fll
<l pe—u) - (05 pe = )l + - (05 pe = 0)llagrr
s pe =) - vllgmsen + ueo = (0 0) 5 ol

<Oy flusk pe — ullppprar (|00 5 pe — 0% yyra o
S1ot1 so,to
(03

— 0 — 0

+ CV2 . ||UHMP17111 . Z ||8av * Pe — aav||Mp2,q2
s1:h 52t
(6%

— 0
+Cs - lux pe = ullypran - D [0°0] grose
(e}

— 0

+ Cy - [uv — (uv) * pel|prra .
1.t1

— 0

2.4 Regular Colombeau generalized functions

One of the important notions in the classical theory of PDE is the notion of
regularity. Regularity within the classical framework is expressed in terms of
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smoothness. The algebra of regular Colombeau generalized functions arose as
an object that generalizes C° (and its corresponding subspaces). The rela-
tion between the algebra of regular generalized functions ¢°° and a space of
distributions (in this case 2') is given by (cf. [Obe92b]):

G>Nng =C=.

We define the space of regular Colombeau generalized functions in the present
context by

ggj%;p’q (Rd) = gco%;%q (Rd)/%w (Rd)7

ML
where

2 (RY) :={(u.). € H?|3N €N: Va € N (|0%ue || arpa = O(e™N)}.

Mg
Conjecture 2.4.1.

95, , R N (RY) = C35,. (RY) = HP (RY).
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Chapter 3

Wiener-Amalgam spaces in
the Colombeau framework

An important class of spaces in the theory of modulation spaces are Wiener-
Amalgam spaces, as their Fourier image. We shall now recall the definition of
Wiener-Amalgam spaces ([Fei83al, [Fei81], [Hei03]). Let B (e.g. LP, FL?) and
C (e.g. L?, L?) be Banach spaces, where 1 < p,q < co. Let f be a distribution
which is locally in B, i.e. g- f € B, Vg € 9. We define

fe(x) = |f - Tegl 5.

The Wiener amalgam space W (B, () is defined as the space of all temperate
distributions f (locally in B) such that fgp € C. We call B and C local and
global component, respectively. W(B,(C) is a Banach space, with the norm
given by
||f||W(B,C) = ||fsllc-

As in modulation spaces, different windows g € & generate the same space and
yield equivalent norms.

For B = L? and C' = L? we denote the Wiener-Amalgam space W (B, C) by
Wr-4(R?). Now, the Wiener-Amalgam space WP-¢(R%) can be also seen through
the modulation spaces “glasses”, by the following relation:

WP (R = FMPP(RY).

Set || - [|Farar = ||*]|aprar In this case, we have that the norms || - [[wr.« and
| - | #asar are equivalent. This follows from the relation

|V[]f($aw)| = |‘/gf(7wax)|

For the sake of convenience, we shall further work with the spaces FM?:4(R9)
rather than W?4(R%). We will show that it is possible to construct an algebra
of generalized functions based on these spaces (Wiener-Amalgam spaces) in a
similar way to that for the modulation spaces. Such a generalization is important
since it will provide us with a sort of remedy for the loss of the g-information
(mentioned in the Introduction). In particular, we will show that it is possible
to define an algebra of generalized functions whose factors are the algebra of
moderate nets corresponding to modulation spaces, and whose ideal, algebra of
negligible nets corresponds to the Wiener-Amalgam spaces FMP4(R9).
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3.1 Basic setup

We will mainly follow the same path and line of arguments in constructing the
corresponding algebras as done in the previous chapter. This means that we will
present the statements in the same order as before. We will provide proofs only
when the claim does not follow obviously from the case of modulation spaces;
in some proofs we will point out only the missing links in the argument for the
new claim to follow.

Lemma 3.1.1. For each m, k € Ny and any multi-index o € N3 there exists a
constant C > 0 such that

VoD pe(,w)| < C - () =20y =m . g=2klel

holds for all (z,w) € R?.
In particular, for each p, q € [1,00] and each s, t € R there exists k € N
such that
10°pcllpagrs < € - e=2lol,

for some C > 0.
Proof. By lemma [2.1.3] we have
Vafe(, )| = |Vipel—w,2)]| < € - ()21l () = . =2l
O

Remark 3.1.2. Note that for any q € [1,00] and s € R we have that || pe | zar>;a
is bounded by a constant C independent of €.

Lemma [3.1.7] and Corollary 2.1.15] together imply:
Theorem 3.1.3. Let u € FM[}, s, t € R, a a multi-index. Then 0%u * p. €

S

FMI{N stl”too and there exist constants C > 0 and k € N¢ such that
max{]|0%u * p5||fM51’,too, 10%u * pel| parra} < C- 5_N||u||fM§,tq.

Lemma 3.1.4. For any f € Z(R%) and every multi-inder o; k, I, m € Ny
there exists a constant C' > 0 such that

[Vo(F @ f % pe = 0% f)) (2, 0)| < C-™(x)~Hw) ™ (3.1)
holds for all (z,w) € R?*¢ (e small enough,).
Proof. The proof follows from lemma [2.1.5] and
[Vo(F(0%f x pe — 0°f)) (@, w)| = [V5(0°f * pe — 0% f)(—w, z)|.
O

Lemma 3.1.5. Letp, g € [1,00), 5, t € R and p € #(R?) as above. Then for
every f € FMLY(RY) we have that

| F(f * pe — f)||M5;f(Rd) —0, (¢—0).
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Proof. By Proposition 11.3.4 in [Grs01], for any f € MYE7(RY) there exists a
sequence (fi)ren € 7 (R?) such that

IF(fe = Pllargway = 1fr = fll7aeeg ay — 0. (32)
We now obtain the following estimate:
IF(f % pe = Pllamg S NF * pe = fi* pe)llarg
IF i * e = Fllagzs + 1F (e = Fllares
< CAF = fulllaaz - 1pellage =
T IF Sk pe = )l + 1F (e = Fllarms.

Since ||pA€||M1,‘<x‘> is bounded by a constant independent of €, we have
0,t
IFCf * pe = Fllaarg < C-NIF(f = fi)llarg + 1F (i % pe = fi)llara-

The claim follows now from (3.2) and Lemma O

3.1.1 Embedding theorems for Wiener-Amalgam spaces

As in Subsection we have

Wofta = ol <O a0 s i

leef,| 81 <2k

=C- Z {aﬁ 8f mw)} W

o], B]<2k

Hence the estimate

W)|- m(z,w)

Vofew)-miz)| <O 3 (Va5 T

leef,1B1<2k
m(x,w)

<£E>2k

<C- Z sup ‘ 8 f(x w)}
ol |6 <2k 2R

(3.3)

holds for any weight function m € . After integrating with respect to = we
obtain

/|ng(x,w) ch’d;v<C Z sup| (“)fxw acw|/

lal,|Bl<2k TER?

<C- N 0l

leel,|1 8] <2k

Further we have

1 fllae <C- > (10 Fllasge -

lael,|B]<2k
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We may also write

A — 1
Wl <C S 18 i, - / e

lal,|B|<2k

where n(z,w) = (r)~!, | € N arbitrary and k is large enough (2k > d+1). Since
for p < p’ and ¢ < ¢’ we have MP7 — MP"4' the following claim holds:

Lemma 3.1.6. Let m € &. For any p, q € [1,00] and k, | € N 2k > d+1)
there exists a constant C > 0 such that

1F e < C -0 110 Fllagms,

lal<2k
holds for every f € ./ (R%), where n(z,w) = (w)~".

Corollary 3.1.7. Letp, ¢ € [1,00] and s > 0, t € R. Then there exist constants
C >0 and k € N such that

1 lare <€ 37 110F [l agra

o <2k
holds for every f € ./ (R%).

Lemma 3.1.8. Let m € &. For any p, q € [1,00], k, l € N 2k > 1+ d/p)
there exists a constant C > 0 such that

1fllamge < C- 7 10°Fllarzs (3-4)

la| <2k
holds for every f € ., where n(z,w) := (x)~!.
Proof. The estimate (3.3)) yields

R m(x,w 1
‘V_@f(wi) -m(x,w)f <C- Z ‘ 8 f(z w)‘ Ex)l ) ’ (z)2k~1
lal,1B1<2k
<C- Z sup ’ 57,0 f(m w)| - mgx;lw)] <x>ik—l'
a5 <2k TR

By taking the LP-norm with respect to  and L%-norm with respect to w respec-
tively, we obtain the estimate (3.4).
O

Corollary 3.1.9.
Farg = CFapa
Proof. This follows from Proposition and Lemma|3.1.§ O

Corollary 3.1.10. Let u € FM]' A, v € CF, pra, where p1, pa2, q1, g2 €

81, t1
s2,t2
[1,00] and s, sa, t1, to € R with s > 0. Then uw-v € FMP“I* . In particular,

S1, tl
forue C¥ we obtain u - v € C}.Mpl a1 N }.Mm a3 -

P1,491
FM s1,t1 s2,t2

s1,t1
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s,t

Proof. By Corollaries [3.1.7] and [2.1.7] there exists a constant C' > 0 such that
[[w- UHfoll;,?ll =C-[lax @HMfl{fll <C- Z ||U||follj,?11 ’ ||aa1’|\fo§;;’22-
o

For the second assertion we apply the Leibnitz rule. O

3.2 The generalized Wiener-Amalgam space gC?Mpvq (RY)

s,t

We are now ready to define gc;oM (R9) as a quotient algebra of the (differen-

P.q
st

.. (R%) and its (differential) ideal No= (R9).

Throughout this section we will assume s > 0, unless otherwise stated.

tial) algebra gc;_cM

Definition 3.2.1.
o (RY) = {(uc). € HL(R) | Vo € N IN € Nt [|0%e|| pprra = O(e™N)},

p,q
FME;

N (RY) = {(ue)e € HL (RN V| Va € N§ ¥m € Ny ¢ [|0%uc || pagra = O(e™)}

p,q
FME;

Theorem 3.2.2. &o= | (R%)is a (differential) algebra and No= g (R9) is an

ideal in &g, , (R9).

Proof. Take (uc)e, (ve)e € é‘b;oM (R%). By Corollaries [2.1.7| and [3.1.7| we have

Nl
st

Hus'”s”fM;{f < C'||UstM5;;1'||’Us||fM1~>° <C- Z ||Us||fM§’;f'||3aUstM§;fa
| <2k

which implies

—N- —Nq — max| A{N1,Nqo
Hus'vsH]-"Mff <C-e ™ g € <C-e¢ joi<2i iV Na
ol <2k

Thus, u. - v. (in norm) is bounded by some ¢~. Applying the Leibniz rule
we deduce that (ue - v.)e € &o~ (R?) indeed. Similarly, one establishes that

Fup
Neee (RY) is a (differential) ideal in (the differential algebra) é"c;oM (R%).
O

p,q ' q
‘FMs:t s,t

Remark 3.2.3. We note that C;OM?,;; is a locally convex topological vector space

topologized through the family of seminorms:

p;(u) = max sup [|0%ul||Fpsra.
[a] <j r€ERE st

Therefore, we may define the algebra %C;OM as an algebra based on a locally

convex space (see Definition m)
Theorem 3.2.4.

P.q
st

holds for all p, ¢ € [1,00), s >0 and t € R.
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Proof. The assertion of the theorem follows directly from Corollary [3.1.9] O

Remark 3.2.5. Forp € [l,00), ¢1 < ga2, $1 > s2 >0, t € R the canonical map

- d d . dyy . d
J: gC;OMp,n (R ) - gC;OMp,qz (R )’ ](u5+‘/VC;oMp~<11 (R )) T (u5)5+‘/‘/c;°Mp,qz (R )

s1,t sg,t s1,t sg,t

is well defined. Namely, it is easy to see that

d d d d
éac;oMp,ql (R ) C gc;_oMp’qQ (R ) and %?Mp’qtl (R ) C JVC?MP’Q (R )

s1,t s2,t S1, s2,t

Jor s1 > s2, 1 < qo.
We conjecture that this map is not an inclusion map (not injective).

Theorem 3.2.6. Let p be a standard mollifier. The linear mapping

i(u) = (ux pe)e + Mz, . (RY)

p,q
FNIS,’t

of FME{(R?) into Yo RY) is an embedding.

pytq (
Proof. By Theorem (ukpe)e is CF, p.a-moderate. Let (u*p). be negligible

and let ¢ € .(R%) be arbitrary. By Proposition [1.2.11{and Parseval’s formula
we have that

[{ws pe, o) = [(@x pe, @) < C- llw pellrarrg - [0l gy =0, (€= 0).
Thus, u = 0 in .#”(R?) and so v = 0 in FML}(RY). O

Next we give a characterization of the ideal in gC?MM (R%). This result is
s,t
important since it shows that it suffices to consider only the 0-th order derivative
estimate of the representative of a moderate net in order to show that it is
negligible.
Theorem 3.2.7 (Characterization of the Ideal). (u.). € é"c;ch,q (R9) is
s,t
AP (R%)-negligible if and only if the following condition is satisfied:
s,t
vm € Ny ||u€||fM§,tq =0(E™). (3.1)
Proof. The necessity of condition (3.1 is obvious. Let now (u.). € éac;oMp,q (RY)
s,t
such that (3.1) holds. It suffices to prove that for any 1 < j < d, J;u. satisfies
the 0-th negligibility estimate.
Since (uc ). is negligible and (97 u.). is moderate, we may choose N € N such
that for every m € Ny both of the following estimates hold:

luell Frrrg = (™), (3.2)

107 el Famg = O™). (3.3)

By Taylor expansion we have

1
ue(x + hej) = ue(z) + juc(x) - h + h? - /0 (1- 9)8?%(:3 + hbe;)do,
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s,t

so the first-order derivative term is
1
djuc(z) = (uc(z + hej) —ue(x)) -h™' —h- / (1= 6) - 0Fuc(x + Ohe;)db.
0

Applying Fourier transform (with respect to x) we arrive at:
1 —_— .
djuc(€) = (e (&)e*™ ™" —uig(€)) -h~" —h / (1 =) - Buc(§)e*™ % do
0

1 —_—
= (Mhey €)= (@) b7 = e [ (1) Mane, D) b
0
Setting h = e™*V we obtain
10juellara < (€™ FNes)* +1) -|luic| | pgpg - €™V
< gst1

1 —_—
+ ||/ (1-96)- M9€m+zvejaj2-u€ do|| prv-a - Mty
0 s,t

The above calculation make use of the translation invariance of modulation
spaces (Prop. (1.2.3)), this time in the form:

HME’"“\’e Ue ||M§’,q < <5m+N€j>

* -l
e || pgea.
7 £ MS”t

The second term on the right hand side of the above estimate gives
1 —_—
v, ( /0 (1-6)- M9€m+Nejaj2u5d9) (z,0)]
1 —_— - .
| [ ([ a=0 Moo Fucan) 5= ) - vy
0

1 —_— —_— .
= ‘ / (1-6)- (/Mgsm+wejaj2.u€ cg(y — x) ~62my‘”dy)d9’
0

§/01(1—9)~

Thus by the generalized Minkowski inequality, we have

v, (Mggmmeja?u\e) (z,0) ‘d@.

1 —_— —_—
||/0 (1—0) Mpemsn, 0Fue dOpra < C- Sup ([ Mpemn e, 03 e || prroa-

Therefore,

Sup | Mo Bl agzs < O sup("Vey)* - [Fuclagzy < C - [15Fuellagzy

we have (for s > 0, (9™ Ne;)* < 2% for s <0, (fe™TVe;)® < 1)

—— —_—
[19jue [ prg < 2+ [icllypg e N+ C- | Ouc| g ™.
SC-£27"’+N,by SC'E_N’by

Finally,

||@||M£,tq <O .g2AN L omm=N o N N o om
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We will now take the constant embedding into consideration and show that
it actually coincides (up to negligible nets) with our standard embedding (via
convolution with a mollifier) on the level of smooth functions in C]_.Mp «. This

means that instead of convolving functions in CJ__M,, 4, 1t is enough to con81der

the constant net corresponding to the function 1tself This also implies the
invariance of the product on the level of smooth functions in C¥ FMP -

Theorem 3.2.8. Let o : C’;_.OM?’,? — ‘%?Mgvg given by o : f — [(f)e]. Then

L\coo =0.

FMT’ 2]

Proof. Since any f € CJO’OMf,‘f satisfies the equality |i we have

Vo(f % pe = f)(w,w) /Z // . _59”) (1—6)mVdg

Jal=
(—en)*p(n)dn - g(t — z)e™ >V dy .

After applying Fourier transform, we obtain:

||f(f*pe—f)HM5;g— / /]/ Z // ME"”a f (1—9)m—1d9
Fa)

(=en)*p(n)dn - gly — p)e 2T dy (z){w)*|

By the generalized Minkowski inequality

If 5 pe = fllparg < Ce™- // / /‘/Msenaa

lal=m

=2y 0 ) ) - o 1= 0.

Finally, invariance under time-frequency shifts gives

I 0~ Srae <€ S 10 Slraze [ [ 1 () loolan a0,

lo|=m

thus

1F % pe = Flragmg <C-™ Y 110 fllrarrg-

la|<m

O

As hinted, now we will show that our embedding map does preserve the
product of two functions in C'® Fur Additionally, we show that this invariance

remains valid under slightly less restrlctlve assumptions.
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Theorem 3.2.9. Let u € ;_.OMpl‘tql (R%), v € ;oMpz,tQQ (R?), where p1, p2, q1,
S1,t1 $2:%2

g2 € [1,00] and s1, sa, t1, ta € R with s1, s3 > 0. Then
(u)e  U(v)e —Uwv)e € A=, R) N Ao (R,

P1,41 P2,42
51ty M) ts

where t(u)e == (U * pe)e.

Proof. By Theorem it suffices to show that for every m € N the estimate

[[(w*pe) - (v*pe) = (w-v)*pell g7

for j = 1 or j = 2, holds for & small enough. By Corollary we have

u-v € C ,..4. By using Corollaries [3.1.7] and [2.1.7] we calculate

s pe) - (0% pe) = (- v) % pelgpgon

< ww pe =)+ (0 pe = W)l pagrn + Il (0% pe = 0)l|pagrsn

a; < g™
tj

11k pe =) - vl agmres + flu- o — () % gl pagran

< O flus pe —ull gprron - E |0%0 * pe — O%V|| pppp2 a2
S1.t1
[e3%

s9,ty

negligible negligible

+Co - ull gz - Y100 % pe = 0%l pagpa s
(o7

negligible

+ Cy - [lu pe = ull g - 3 0%l pagre s
«

negligible

+ Cy - Jluv = (uv) * PerMfl{*fll :

negligible
O

Theorem 3.2.10. Let u € FMI'!, v e C’}’_?Mm,f2 such that u-v € C?Mpl,fl

52,t2 s1,t1

and for every m € Ny, |[t(u)e — quvatm < e™, where p1, p2, q1, g2 € [1,00]
s1,t1

and s1, S, t1, to € R with only so > 0. Then

W(u)e - t(v)e — t(uv)e € ,/Vc;o o (RY),

s1,t1

where t(u)e := (U * pe)e.

3.3 Association in 9c~ (R

)

We shall now introduce a relation that generates classes of generalized functions
(which carry nonlinear information) that correspond to a single ‘linear’ element
in modulation space, and where the correspondence is realized through a limiting
procedure. This procedure is important since it provides the link between a
generalized object and a distribution in modulation space (e.g. a generalized
solution of a differential equation associated to a distribution in modulation
space, also in cases when a classical distributional solution does not exist).
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Definition 3.3.1. Let s > 0, t € R. An element u € %c;cM (RY) is called

P,q
s,t
P,q

s,t

f
associated with 0 (denoted by u =" 0) if
lim [Jue |7z = 0. (3.1)

Two elements u, v of %C;ok (R9) are associated with each other (and we write

(P
s,t
FMPS
u =~ v)if

FM
u—v =~ 0.

]

»q
t

If a representative (ul) of element u satisfies (3.1), than any other repre-

€

sentative , (u2) of element u satisfies (3.1)), too. This follows from the proof of
Proposition 3.3.3]
FM

Definition 3.3.2. Letu € gc;cM (RY), v € FMP{. Suppose thatu =" T(v).

p,q
s,t

b

»d
t

Then u is said to admit v as associated element of FM{ and v is also called
FMPg
the shadow of u. In this case we simply write u ~" .

FMD
Proposition 3.3.3. Letu €¢ FMIY, p, g € [1,00). Ift(u) =" 0, then u = 0.

Proof. Let ¢ € .7 (R%). Then there exists a constant C' > 0 such that
(s pe, )| = 1@k e, ) < C e llus pellzarrg - |l gy =0, (€ = 0).
O

Proposition 3.3.4. The following properties hold:

(i) Letu, ve FMIf, , to € No. Then

for all |a] < tg.

P1,:491
.. s1,t1
(it) Letu, v € Yo, ., RN, u =" v, fe Fapaaas S22 0 for any pa,
s1,t1 $2,12
G2, S2 and ty). Then we have

fMplxtQ1
fu =" f-ou
(ii) Let u € FMEVE and v € FMY9 (oruw e FME'™ and v e Crypea as
s25t2
in Corollary|3.1.1(})). Then we have

P1,91
stl’tl »

Wu)-7v) = u-v).
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Proof. The proof (i) easily follows from the proof of Lemma [I.2.10]
(ii) Let f € O We use the following estimate (cf. Corollary (3.1.10)):

P2,92 -
FME2

I1f - (ue — Ue)”;follfll <C- Z l[ue — Ua”;follfll : HaafH;fo;‘jf;'
«

(iii) Let u € FMP*M and v € FM1%. We may write

s1,t1
e pe) - (0% pe) = (=) % pellpagmo
< s pe —u) - (x pe = 0)lpagr + - (0% pe = ) ppgm
e pe —u) vl mga a0 — () % pelppgrn

< Crflux pe = ull gagraan - [0 pe = vllFaria +Co-lull zpgrim-[lv * pe = vllFara

=0 — 0 —0
+Cs - llux pe —ullzpron ol pariao + Cs - uv = (wv) * pell pagrs-n -
— 0 — 0

The second part can be proved in a similar fashion:

s pe) - (0% pe) = (- v) % pelgpgon
< s pe =) - (s pe = 0)lzarzg + llu- (W% pe = V)l pagri

+ [[(u* pe —w) 'UHfollfll Fllu-v—(u-v) = PaHfMg’llfll

< Cr-fluxpe - U“fMplfl ‘ E 0% * pe — 8OéU”fM‘”%,“2
s1,t1 52,12
[e3%

— 0 — 0

+ Co - lullpgr - Y100 % pe = 0%0)| ppgrza
o

— 0

+ G pe = ullmagzy - D 10°0l ez
e}

— 0

+ Cy - [Juv — (uv) * pEHfollyvtqll .

— 0

O

3.4 Regular elements in Wiener-Amalgam gener-
alized functions

We define the space of regular Colombeau generalized functions in the present
context by

g% RY =&  RY/Aox (R,
FMPd FMEd Fumbl
where

% (RY) = {(u.). € HY|3N eN: Vae N (|0%u || Farra = O(e™N)}.

P,q
FNIs,t
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Conjecture 3.4.1.

G2 (RYNS(RY = CFy(RY) = HL(RY),

p,q
‘FA/IO,t

3.5 The generalized modulation space MJ?(R?)

In this section we will define the generalized modulation space ML (R?) as a
quotient algebra of the (differential) algebra &pe, (R?) and its (differential)
ideal FM g"/q(Rd). Such an algebra is important, since it represents a remedy
for the phenomena of the loss of information provided by the L?-integral (in the
case of generalized modulation spaces) or of the loss of information provided by
the LP-integral (in the case of generalized Wiener-Amalgam spaces); the algebra
Mg;q(Rd) consists of algebras of moderate nets carrying the p-information and

algebra of negligible nets, carrying g-information.

Definition 3.5.1.
}"Mf;/q(IR{d) = {(ue)e € gC}’Jp,q (Rd)| Vo € Ng Ym € No : [|0% || Fpre = O(E™) ]

Theorem 3.5.2. FMY!(RY) is an ideal in Epe,  (RY).

Proof. Take (uc). € FMYA(RY), (ve)e € Eoz,  (RY). By Corollariesm and
we have

[ue Vel parra < C - ue| Faava - [[ve]| Farno
<C Y ucllzama - |0%ve ]| Farre

o] <2k
<C Y Juellzama - 1070l
lor| <2k
<C- 3 3 Nuelpama - 07 v e
|| <2k 8] <2k
<O Y ST fulrarea - 07 ve | arva.

o] <2k | 8] <2k

Thus, ue - ve (in norm) is bounded by €™, for every m € Ny. Applying the
Leibniz rule we deduce that (u. - v.). € FMEI(RY) indeed. O

Theorem 3.5.3. Let p be a standard mollifier. The linear mapping
T(u) = (u*pe)e + FMEA(RY)
of MP1(R?) into ML (R?) is an embedding.

Proof. By Theorem (upe)e is Cgp.o-moderate. Let (uxp:)e be MEI(RY)-
negligible and let ¢ € .#(R?) be arbitrary. By Proposition [1.2.11| we have that

[{u pe, )| = [(@x pe, §)| < C - [lws pellzava - @l pagorr — 0, (e —0).

Thus, v = 0 in ./(R?) and so u = 0 in MP¢(R?). O
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Theorem 3.5.4 (Characterization of the Ideal). Let p < q. (uc)e € oo

MP>q

18 Mé’q(Rd)-negligible if and only if the following condition is satisfied:

(RY)

vm € Ny ||UEH}'M’N1 = O(Em). (31)

Proof. The relation (3.1) follows from the definition of negligible nets. Let us
consider now the moderate net (u.)- € s, (R%) that satisfies condition (3.1)).
We will show that 0;u. satisfies the 0-th negligibility estimate, for any 1 < j <d.

Let us now choose N € N such that for every m € Ny both of the following
conditions are satisfied:

||U5||_7-‘Mp,q = O(€2m+N), (32)

> 11079 ug|pe = O™N). (3.3)
|8|<2k

Taylor expansion implies

1
uc(x + hej) = us(z) + juc(x) - h + h?* - / (1- 0)8]2u5(x + hbe;)df.
0
We extract the first-order derivative term,
1
Ojuc(z) = (uc(z + hej) —ue(x)) R~ —h- / (1-9)- szus(x + Ohe;)db.

0

Next we apply Fourier transform (with respect to x):

—

Oy (&) = (ti(£)e2™ ™5 —ai (€)' — h - / 10 2u. (€)e>i?hes dp
0
1 —
= (Mpe, i (€) — 1c(€)) -h™r —h- /O (1= 0) - Mope,0?u(€)do.

m—+N

By taking norms and inserting h = ¢ we obtain

105ttel[agpa < (| Memneytic|[arva + [ltie | agr.a) - €7

1 —_—
+ / (1—0) - Mpzmsne, 02ucdb||arma - €™V
0

We may estimate the norm of frequency shifted distribution by using the mul-
tiplication properties of modulation spaces:
m+N

2mie

| Memin e tie||arpa < |tc|arva - le ej(')HMoo,l < C - ||| arpoa-

Let us now consider the second term on the right hand side of the above
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estimate:
1 —_—
Vo [ (0= 0) Manin,, Frucat) o,
1 — - .
= (1—=0) - Mpomin, O?u. df) - gy — x) - 2™ dy
A
0
1 —_— )
= - . m+N o . 'UE . —Xr)-e
[ a=0) ([ Moo, T -y =23 - > ay) )
0
1 —_—
< / (1-9)- ‘Vg <M95m+wej3?u6)(m,w)’d9.
0
Thus by the generalized Minkowski inequality, we have
1 —_— —_—
I /0 (1=6) Mocmss, Dzl asna < € -p [ Moo, O s
We treat the second derivative a bit differently:

/2\ /2-\ omie™ TN e i(+)
||Msm+Nejaju5||Mp,q < ||8jU5HMp,p . ||6 J HMOOJIU

< C 0 ucllare < C - Y 1079 P u [y < C- Y107 P || pppa.
|B|<2k |B1<2k

1/go =1+ 1/q—1/p (we may choose such a gq since p < q).

|0sucllarra <C- liclarma e TN 4O Y (0P P g €™

. <2k
< C-e2mHN by (3.2) 18l
<C-e7 N, by (3.3)

Thus,
HajusHMP«q < C. EQWH—N .E—m—N +C- E_N A E.’H’L-‘rN < C-e™.
O

Now we show that we can identify the constant map with our embedding on
the space C{%p.q (for p < g). This follows directly from the proof of Theorem

m (s =t =0) for the space C¥yp.q (P, ¢ € [1,00)):
Theorem 3.5.5. Let 0 : CFy .0 — MY given by 7 : f — [(f)c]. Then

7 =5
losonp.a

Theorem 3.5.6. Let p < q, and let 5 : C55,., — ML? given by o : f — [(f)e]-
Then

Ueggpy = 7

Proof. The proof follows from the fact (for p < q):

Chra € CFpppoas
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which is justified by:

1 Fllarra < C 1| fllazre < C - || fllazrr
<C YN0 fllarr < C 3O fllazea-

O

The following theorems provide us with sufficient conditions for the classical
product to remain invariant (under the action of the embedding map 7) in the
algebra of generalized functions. Hence 7 renders C{3p.q (CFyp.q), & subalgebra
of ML1.

@

Corollary 3.5.7. Let p < q; let u € C39p,.0, (RY), v € C$5py .00 (RY), where py,
P2, q1, Q2 € [1,00] Then
Wuw)e - 2(v)e — t(uv)e € Ao R N Ao

FMP1-491 FMP2:92

(RY),
where T(u)e == (u* pe)e.

Theorem 3.5.8. Let u € C¥ypy.0 (RY), v € CFypng .00 (RY), where p1, po, q1,
g2 € [1,00]|. Then
Ww)e - T(v)e — T(uv)e € Ao R N Ao

d
FMP1:91 ]:Mpg,qg( )7
where t(u)e := (U * pe)e.

Theorem 3.5.9. Let u € FMPY", v € CFppa.an such that u-v € CFypr.a
and for every m € Ny, [[t(u)e — u|| zpr1.ar < €™, where p1, P2, q1, g2 € [1,0].
Then

Wuw)e - t(v)e — T(uv)e € Ao

FMP1,91

(RY),

where T(w)e = (u * pe)e.
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Chapter 4

(Generalized
pseudo-differential operators

In this chapter we shall investigate mapping properties of generalized pseudo-
differential operators acting on elements of modulation spaces MP? as well as
on elements of the algebra %CK;M of generalized functions.

4.1 Basic facts and definitions

In mathematical analysis, pseudo-differential operators (henceforth abbreviated
by ¥DO) arise as a generalization of partial-differential operators (henceforth
abbreviated by PDO). Namely, let P = P(z, D) := },, <y @a(2)Dg be a PDO
(of order N) and let f be some “nice” function (Schwartz function, for example);
by the Fourier inversion formula we may write:

P(z,D)f(x) = Y aa(x)Dg f()

la|<N

B
) AM
) P
S
Q
=
S~—
)
80
<
’ kh>
—~~
7%
~—
D
[\v]
3
o
8
Q.
o

B / P(,€) - f(&) - 2 dg.

Then it comes naturally to consider more general classes of functions (so called
symbols of ¥DO) P(z, €) like Hormander classes [Hor85], SG classes [Cor95], etc.
In the time-frequency analysis framework, operators corresponding to symbols
in modulation spaces are considered. In order to define such classes of symbols
we shall provide some basic notions and assertions first. For the omitted proofs
and complementary facts we refer to [Grd] and references therein.
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Definition 4.1.1. Let 0 € '(R%) and f € #(R?). Then we define the ¥ DO
BN by the action of the distribution o(x,&) on a function f(&) - e* ¢ (with
respect to &):

o5Nf(x) = o(z, D) f(x) := <0(£,§),f(§) e 2mingy

The mapping o — o5 is called Kohn-Nirenberg correspondence and o is called

the Kohn-Nirenberg symbol of the operator.

It is clear that for o € .7/ (R??) we have that o5 f € .7/(R?), and therefore
we may consider

<UKNf7 g> = <0'($7 f), f(f) ) g(x) : 6_27&15)%57
which motivates the following:

Definition 4.1.2. Let f, g € #(RY). We define the (cross) Rihaczek distribu-
tion of f and g as the time-shifted tensor product

R(f,9)(x,€) := f(x)g(&)e ™%
Moreover, we may define 0% via the Rihaczek distribution:

Lemma 4.1.3. If 0 € .%/(R?%), then the sesquilinear form
("N f,9) = (0. R(g, f)).

defines a continuous operator c¥¥ from . (R%) to .7'(R?).

This is exactly the form which is used in extending the notion of Kohn-
Nirenberg symbols to modulation spaces. The following lemma will be of use
later:

Lemma 4.1.4. The two-dimensional Fourier transform of the Rihaczek distri-
bution is a rotated short-time Fourier transform. If f, g € .7(R%), then

——

R(f,9)(x,€) = Vof(~&2)  for all (z,€) € R*. (4.1)

If f, g € ' (RY) then (m holds in the distributional sense as m} = ‘7]«?],
where F(z,&) .= F(=¢, ).

4.1.1 Boundedness of YDO

In the theory of ¥DO (in the setting of modulation spaces), the so called Sjos-
trand class M°>' is of particular importance. Its significance stems from the
fact that symbols in M are non-smooth and the corresponding operators are
bounded on M?-? for any p, ¢ € [1,00]. This is not the case for symbols in other
MP9 gpaces, moreover, not all operators (with symbols in modulation spaces)
are bounded on L? spaces. The following characterization is well-known:

Theorem 4.1.5 (Complete picture of L?-boundedness). e Ifq<2 and ei-
ther 1 <p<2orp<q, then c® is a bounded operator on L?(RY).

o Ifqg>2orifp>2andp> ¢, then there exist ¢ € MP? such that o5~
is unbounded on L*(R?).

Lemma 4.1.6 (Magic formula). Let 1y, 1, f, g € L2(RY). Set U = R(11,5) €
L?(R%*%), 2 = (21,2) € R x R?, ¢ = ((1,¢2) € RY x RE. Then

Va(R(f,9))(2,¢) = e ™22 . Vi, f(21, 22 + (1) - Vi g(21 + 2, 22).
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4.2 Pseudodifferential operators with generalized
symbols

In this section we will introduce a construction principle for the basic framework
of the theory of DO with generalized symbols. In this we will mainly follow
the work of Claudia Garetto ([Gar04al [Gar04b]| etc.). Substantial contributions
to this theory have been made by Claudia Garetto, Michael Oberguggenberger,
Todor Gramchev, Giinther Hérmann, Stevan Pilipovié (cf. [GGOO05|, [Hor04]
and [Pil94]).

PDO (PDE) play the main role in the mathematical modeling in physics.
Often it is convenient to take into an account singularities, e.g. ‘jumps’, usually
described by objects such as the delta (Dirac) distribution. In the mathemati-
cal models describing such occurrences, one needs to work with singular (non-
smooth) data, i.e. non-smooth coefficients in the PDO and in the initial data.
Since the nonlinear nature of the problem exceeds the capabilities of the toolkit
of the classical theory of distributions, the framework of YDO with general-
ized symbols arises as a natural mathematical realm to describe such nonlinear
models. In several instances the question of the existence and uniqueness of
solutions of a generalized PDE have been carried out in this framework, by
different authors, cf. [Hor04], [HO04] (for more check the references therein).

The presence of singularities in a PDE automatically involves the issue of
the regularity of solutions, thus, there has also been introduced a generalized
notion of amplitudes of a YDO as well as generalized wave front sets.

We will present here the simplest setting of generalized WDO, developed
by Garetto. As a preparation, we introduce a suitable Colombeau framework
corresponding to Hérmander symbol classes.

4.2.1 Basic notions

In this subsection we introduce the definitions and results from the theory of
Colombeau generalized functions (cf. [GKOS01], [Col84], [?] and [Obe92b]) we
shall further make use of.

Definition 4.2.1. Let Q an open subset of R™. Then &[] denotes the algebra
of all the sequences (ue)-c(0,1] of smooth functions u. € C*(Q).

Definition 4.2.2. &,(Q) is the differential subalgebra of the elements (uc)e €
&[] such that for all K CC Q, for all & € N™ there exists N € N with the
following property:

sup |0%us ()] = O(e™Y), (e —0).
reK
Definition 4.2.3. A(Q) is the differential ideal in &y (Q), consisting of the

elements (ug)e in &[Q] such that for all K CC Q, for all « € N" and ¢ € N the
following condition is satisfied:

sup |0%uc(z)| = O(e9), (e — 0).

rzeK

The algebras &(€2) and A (Q) are called algebra of moderate nets and
algebra of negligible nets, respectively.
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We define the (factor) algebra ¢ () := &y (Q)/.A4(2). The so called ‘sheaf’
nature of the algebra ¢4(Q) allows to define an embedding ¢ of 2’(Q) into ().
This embedding coincides with the constant embedding o : f — (f). + A ()
of C*°(Q) into ().

Definition 4.2.4. Let K be either the field R or C. We set

Ev ={(re)e e KO IN e N |re| = 0(e™Y), & — 0},
N ={(re)e e KOU| Vg eN |r.| = 0(e9), e— 0}

K := Eni /N is called the ring of generalized numbers.

For K = R one obtains the algebra R of real generalized numbers and in case
of K = C, the algebra C of complex generalized numbers. R can be enriched
with the structure of a partially ordered ring i.e., for r, s € R, we define r < s if
and only if there exist corresponding representatives (r¢). and (s¢)e such that
re < s. forall e € (0,1]. Cis canonically embedded in ¢(€2). If Q is a connected

set, then C can be considered as the ring of constants of ¢(2).
Prior to defining a concept of generalized point value for the generalized
functions of () (via C), we shall introduce generalized points.

Definition 4.2.5. Let
O ={(22)- € Q@Y IN €N, || =0(EN), -0}
We define an equivalence relation on 2 :
()e ~ (ye)e & VgEN, [z: —y[ = O(e), €—0

and denote by 0 := Q) ~ the set of generalized points. Moreover, if [(x2).] is
the class of (xc)e in Q then the set of compactly supported generalized points is

Qe={i=[(z.).] €Q:3K ccQ, Iy>0:Vee (0,7, z. € K}.

Note that for Q2 = R we have that the factor Rp;/ ~ is the usual algebra of
real generalized numbers. B

Let (uc)e and (x.). be representatives of u € 4(2) and & € €2, respectively.
The generalized point value of u at Z,

w(Z) = (ue(xe))e + A (4.1)
is a well-defined element of C.

Proposition 4.2.6. Let u € 9(Q2). Then u = 0 if and only if u(Z) = 0 for all
T € Q..

Before we introduce now the notion of generalized singular support we shall
first define the algebra of compactly supported generalized functions.

Definition 4.2.7. We denote by &.0(Q) the set of all the elements (us)e €
Eni () such that there exists K CC Q with supp u. C K for all € € (0,1].
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Definition 4.2.8. We denote by A4.(S2) the set of all the elements (uz)e € A ()
such that there exists K CC Q with supp u. C K for all e € (0,1].

The factor algebra %.(Q2) := & (Q)/A2(Q) is called the algebra of com-
pactly supported generalized functions.

Additionally, ¢.(Q) is a subalgebra of ¢(2) containing &”’({2) as a subspace
and C°(£2) as a subalgebra, due to the fact that the map [ : 4.(Q2) — 4(Q) :
(ue)e + () = (ue)e + A () is injective. Since for u € (Q) and Q' an open
subset of €, we have that u|g: is the generalized function in 4(€') having as
representative (uc|q/)e, it is possible to define the support of w in the following
way

Q\supp u={z € Q: IV(r) CQ, open,z € V(z): uly =0}

The map [ identifies ¥.(2) with the set of generalized functions in ¢ () with
compact support. If we consider an open subset ' of €, the map ¥4.() —
G.(Q): (ue)e + () — (ue)e + A2(Q) allows us to embed ¥4,.(Q) into Z.().

A notion of integral of a generalized function u € ¥4(Q) over a compact
subset of €2 is given by

/Ku(x)dx = (/K ug(x)dx>E + A

in particular, we calculate the integral of a generalized function u € %.(Q) over

Q by the formula
/ u(z)dx == (/ ug(x)dx) + 4,
Q 1% €

where V' is any compact set containing supp w in its interior.

4.2.2 Generalized oscillatory integrals

In order to define a DO with generalized symbols, we need first to define and
investigate properties of the integral

/ WO, (y, €) dy de,
K xRP

where K CC , Q an open subset of R™. The phase function ¢(y,§) is smooth
on Q x RP\ 0, real valued, positively homogeneous of degree 1 in the second
variable (§) and Vo(y,&) # 0 for all y € Q, £ € RP \ 0. We will denote by
S75[Q x RP] the space of nets S75(Q x R’))(O A where S7%(Q x RP), m € R,
0, 5 € [0,1], represents the usual space of Hormander symbols

Definition 4.2.9. An element of S (€2 x RP) is a net (ac)e € S)'%5[Q x RF]
such that

VaeRP, Ve N" VK CcCQ, AN €N, dpe (0,1], Ic>0:
Yy € K, V¢ € RP, Ve € (0,n], |0800ac(y,&)| < c(g)mrleltolble=N

Definition 4.2.10. An element of A"3(S2 x R?) is a net (ac)e € S)'%[Q x RP]
satisfying the following requirement:

Vae NP VBeN' VK CCQ, VgeN, Ine (0,1], e >0:
Wy € K, Y& € RP, Ve € (0,1], |00 ac(y,§)| < c(g)mFlol+olPled
Nets of this type are called negligible.
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Definition 4.2.11. A (generalized) symbol of order m and type (p,d) is an
element of the factor space S)'(Q x RP) := S7% (2 x RP)/A75(Q x RP).

Proposition 4.2.12. Let K be a compact set contained in §). Let ¢ be a phase
function on Q x RP and a an element of S,T[;(Q x RP). The oscillatory integral

Iy se(a) = /K 0y, ) dy de = (T r(a)). + N

is a well-defined element of C.

Definition 4.2.13. Let a € 5;7)15(9 x RP) with supp, a CC Q. We define the
(generalized) oscillatory integral

Is(a) = / e'?afy, ) dy d = / e a(y,£) dy de,

QxRP K xRpP

where K is any compact subset of Q) containing supp,, a in its interior.
This definition does not depend on the choice of K, of course.

Proposition 4.2.14. Let a € :’115(9 x Q x R™). The oscillatory integral

Aui= [ Dotz uly) dyde = (Acula)), + H (@) (12)

2xXR™

where

Acuc(z) = /Qe“x_”)gae(x, Y, &)ue(y) dy de

xRn
defines a linear map from 9.(S) into 4 (2).

Definition 4.2.15. Let a € ggfé(ﬂ x Q x R™). The linear map defined by

A:9.(0)—>9(Q) :u— Au(z) := /ei(m_y)ga(m,y,f)u(y) dy d¢

QxR™

is called a (generalized) pseudodifferential operator with amplitude a.

4.3 Generalized modulation spaces as symbol classes
for YDO

In this section we will define pseudodifferential operators with symbols in gen-
eralized modulation spaces. Since the nature of the classical pseudodifferen-
tial operators with Hérmander symbols differs from their counterpart in time-
frequency analysis, we will choose a path that essentially differs from the ‘usual’
approach (described in section7 when defining generalized pseudodifferential
operators in our setting.

Theorem 4.3.1. Let 0 € Yo, (R*) and let f Yo, ., (R%). Then for
1< rq, 81, 72, $S2 < 00 and every multi-index « there exists a constant C,, such
that

10 (5N fo)llarrace < Ca - Y 1105 Poclngma - 107 fellagraen

BLa
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KN

where o2 is a WDO corresponding to the symbol o, (for fized €).

In particular,

KN d
Yo, (RY) = G, (RY),

KN

where o represents the mapping given by

N =0 5N )],
for f € Do, . (RY).
Proof. Let g € .. Then
(0% (XN f2), 9) = o BN f2,0%9)| = |(0, R(0g, f-))]
= |{oe(2,),0%g(x) - f-(€) - €727
= |{oe(2,€) - ™7, 0% (x) - f-())].

By integration by parts we have:

(0 (05N 1), 9)] = (08 (02 (, ) - €778, g ) - f-(€)))]
—IZ( ) (0P o (2,€) - (2mi€)? - 2™ g(w) - £.(£))]

BLla
<Cy- Z (0% Po.(x, ), g(x) - fa(g) - (2mig)P - e2miat)|
Bla
< Co Y 0 Pou(w,€), g(x) - DOL.(€) - e~ 2ty

BLla
=Cy- Z |<a;¥*ﬁ08(x’€)7R(g,aﬁfs)”
BLla
= Co- ST (05 P0) KNP 1., ).
B<«

By Hoélder’s inequality we have:

(O (oEN ), )| < Co- > [0 Poe(w,€), R(g,0° 12))]

BLa

< Cqu- Z Hag_BUEHMPﬂI . ||R(gvaﬁfs)”1\/{p’,q’-

BLa

Let us now estimate ||R(g, 9’ f.)||ys»r.ar- Since different windows yield equiv-
alent norms, we will consider short-time Fourier transform with the Rihaczek
distribution ® = R(ip, ) as a window. By the magic formula we have

||R(g,3ﬁf5)HMp/,q/ = ||V<I>R(gaaﬁfs)”m’:q’ = HVR(ga,ga)R(g,aﬁfs)”m’ﬂ’
= (L Vaslor, ook )P V0P oot a2 dndza) 1Y dadca)'
R2 R2
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Set now F.(z) := |V, f-(2)], G(z) := |Vog(—2)| and ¢ = ({2, —C1). Then we
have

IR (0.0 ol = ([ (] Py GC =2 a7 ay o

R

/ ’ / ’,~ ! /ol ’ ’ ' 1/
S G LR R T e

Set now ¢ = ¢'/p’. Then we have t > 1 < ¢ > p. Since goﬁp’q(RQd) =
Yoo

© (R?4) we may assume that ¢ > 1 automatically. Now by Young’s inequal-
ity (1/p1 +1/pa =1/v 4+ 1/ve = 1+ 1/t) we obtain:

sl / il /
Vo R(g:8° f) | porar < 1FE N5 o - 1GP N FE s

Additionally, we calculate

’ ’
||Fsp ”}J/Iﬁ"l = ||8Bf€||Mu1‘P’vV1'P’7
sl /
[l AP 1 —e

If we set 1 := 1 -9, s1:=v1-p, rh:= o - p', sh := o - p’ then we may write:

(0 (05N £2),9)| < Ca- SN0 0clagma - 10° Fellarros - Il g (A1)
BLa

where r1, 51 > p'; 12, so < p and

1 1 1 1 1

1 T2 51 52 q

Estimate (4.1) can be extended to all g € M”22 (for finite % and s}) by a
standard density argument. Then

10°(@EN f)larrae < Ca - D 108 P oellarma - 107 fellarrson. (4.2)
B<a

Note that there exists some k € N (by Lemma [2.1.12)) such that

10°(2N f)llarraea < Cage- 3 3 105 Poellarma - 9747 fellarr e,

v<2k B<a

thus, s (s2) can be chosen arbitrarily. This means that for any finite 7 and 79
we have

KN . (gc]o\;rl,&‘l (Rd) N ﬂlgr2782<oogcﬁ7‘2132 (]Rd) = 6{}031,1 (Rd)
The map
KN d d
o : gc;?m,sl (R ) - gcﬁmvsz ( )

is well-defined since for negligible (0. ). (or negligible (f.).) we have that (¢ XV £.).
is negligible again. This follows from the estimate (|4.2]). O
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Definition 4.3.2. Let (0}). € &= < (RY) and (02). € &c o (R%). Then
the net R(ol,02). is called the generalized Rihaczek distribution and is given by

R(02,02)(x,€) == ol(x) - 02(€) - e ™5

10°((R(oz, a2)) M )l < 1902 [larr - loZl[azes - |1 Fllare
< C-[l0%ozllar - NoZllar - [1f s

Theorem 4.3.3. Let R(ol,0?). € R(c~

d d
MP>4q ( )’ é()c;;p/,qz (R )) Then
(R(Ug, O’?)E)KN : M”’q(]Rd) — o, (Rd).

Proof.

(0 ((R(ol, o)) ™ f),9) = [((R(0Z,02)* N f,0%)]
= [(R(c},02), R(0%g, )| = [(R(0L, 02), R(©°g, ))]
= (Vo202 V0%)| = (Vi V30|
= (o2, 0%9)| - [{f,02)] = [(0%02, g)| - [{f, 02)].
Thus,

(0 (R(oz2,02) N £),9)| < 1002 llagva - Ngllaorar - | fIagra - 02 pgorar-

Hence, we conclude

K0 ((R(oz2,02)) N )llarra < 10%0L|azna 02 agor.ar - 1 Fllazo.a-
The claim follows now from the moderateness of the nets (ol). and (¢2).. O

Theorem 4.3.4. Let R(0},0%). € R(&c=, , (R%), M?"9 (R%)). Then
(R(ol,0%)2) N : MPURT) — Scgs, , (RY).
Proof. The claim follows from the estimate

K0 ((R(oz,0*)) N )llarra < 10%02lazna 0 ager.ar - 1 llazo-a-
O

Theorem 4.3.5. Let (0.). = (0. ® 02). € o=, (R?) x FEC m.q (R?) and let
f e MPi. Then for 1 <y, s1, ro, so < 0o and every multi-index o there exists
a constant C,, such that

0% (5N Plasrsa < Cas 3210 lasr - 10702 2 - | F g
BLa

In particular,

KN Mt (Rd) — ml>r2,sg<ooéaCMT2 so (Rd)) = (g)cml 1 (Rd))
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Proof. Similarly to the proof of Theorem [4.3.1] for g € . we have:

(025N f,9)l = (o £,0%9) | = |{o=, RO, )
= [(0=(2,€),0%(x) - (&) - e ™)) )
= |(0=(x,€) - ™7, 0%(x) - f(£))].

By integration by parts we obtain:
(0% (KN ), g)| = (02 (02, €) - €277) g () - F(£))]
=1 ( ) (02 P0c(2,€) - (2mi€)” - 27 g(x) - ()]

BLa
< Ca YO - 0 Poe(w,€).9(x) - F(€) - e7277)]
BLa
=Ca- Y [(©)7 02 Pou(,), Rig, )
fLa

= Ca- 3 ()7 05 Po) N 1. 9)|

Ba

Again, by following the line of argument in the proof of Theorem 3.1} we
conclude that for any finite 71 and ro we have

107 (@ XN )llarrace < Ca- D 1(€)°02 ™ ellarwaqazay - | fllarra

BLa

<Cu- Z ||8a_ﬁagl|MM(Rd) : ||3BU§|\7MP,4(Rd) : Hf||MT1=51~

Bl
which implies

KN M (Rd) — m1<?“2 92<OO£CM72 az( d) - (gc;/([)lvl (Rd)



Chapter 5

Short-time Fourier transform
in ¢ and ¥;

5.1 STFT, well-defined in ¥ and ¥,

Proposition 5.1.1. Let f = [(f.):] € 9»(RY), respectively in 4,(R%), g €
S (R?). Then the class of

(Vof) . (z,w) := N £ () gy —2)e 27 dy

is a well-defined element of G5 (R??), respectively 4, (R??).

Proof. We shall first show the moderateness of (Vg fel(z, w))g, and then the inde-

pendence of the chosen representatives in the mapping V, : ¥ (R?) — ¥ (R2?),
respectively 4, (RY) — ¢, (R??). For the 7 - moderateness it is enough to check
that for every a, § € N¢ there exist N € N, C' > 0 such that

lagangfE(x,w)’ <C- (m}N(w>NE_N

holds. For the . - moderateness it is enough to check that for every my,
ms € Ny, and for every a, 3 € N? there exists N € N such that

200, 2, 0)] < © () ) 2

holds.
Either way we have

0205V, fo(z,w)| =

0202 [ 1wty = e > ay|
= 20| [ £)Fgly— e ay).

For later use we observe that for every p € R, m € Ny there exists a constant
C > 0 such that

Py — o) < —C
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This together with Peetre’s inequality gives
0P g(y — x)| < C - ()= (@)™, (5.1)
¥, - case: For (f:). we have that there exists Ny € N, C' > 0 such that

|fe) < C - (y)Me™ ™,

holds for ¢ small enough. Now we may write

002V, flww)| < C- [ I WI0sty — 2)|) dy

<O (gyme / (N gy

Here we have chosen the negative sign in the power of (y) in order to ensure
the convergence of integral. Take m = |3| + N1 + d + 1. Thus we have that for
every a, 3 € N¢ there exists N :=m and C' > 0 such that

‘8(”8 Vofe(z,w)| < C- ()N (WyNe=N
holds.

95 - case: By integration by parts we obtain:

—2miyw

0208V, f- (2, w)| = (277)'5'\ /(1 + Ay)’“(fg(y)myﬂ)ewﬁ dy\

Y [l 0@t - 2) o) dy

[71]<2k
ly2|<2k

002, ()| < C e X [107 £HO™ gty —a) - dy,
[y1|<2k
|21 <2k
Y3<72
(5.2)
With estimate (5.1)) for p = a4+ 2 — 73 (and for ‘=’ in the power of (z)) we
obtain the following inequality:

0202V, . 0.0)] < O e > [ sl g 63)
1 k
’YSS’Yz

The moderateness of (f). ensures the existence of N € N and a non-negative
constant C such that

(yyttrrmslionf(y)| < 0 e

holds for all y € R%, so the integrals [ |07 fe ()| ()™ H1B=1 dy converge. We
have that the estimate
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C
a a3 < —N
‘8 O Vefe(x w)‘ < 7((,0)2’“(1:)”‘5 ,

holds for all k¥ and m € N.

Let us now suppose that f! and f2 are representatives of an element f €
4. (R%), respectively ¥ (R?). We have to show that [(V,f1).] = [(Vyf2)c], i.e

Vofe = Vof2 = /(fe1 — [2)(y) - gly — 2)e”™ dy € A (R??), resp. A (R*).

Set f.:= fl — f2
4. - case: Let (f.). € A-. It is enough to show (see Proposition [1.3.6) that
there exists N € N such that for every m € Ny

sup (x>_N<w>_N‘ (ng)s(amw)‘ =O0(™).

z€R4

There exists N1 € N such that for every m € Ny
[(Vof) (2, 0)] < /|fe(y)\|g(y—$)| dy < C-(x)™e™ /@Nl_ml dy < C-(x)™e™

where my = Ny +d+1 is chosen such that the integral [(y)V*~™ dy converges.
For N :=my, z, w € R? and ¢ small enough we may write

[(Vyf) (2, w)] < C - ()N (w)Ne™.

Y5 - case: Let (f.). € A. It is enough to show (see Proposition [1.3.5) that
for every m € Ny

sup }(ng)s(x7w)| =0(Em).
z,wER?

For any m, my € Ny,
[fe()] < (w)™™ - e™,
Since g € . there exists some constant C such that ||g||c < C. Thus

(V) (,0)] < /Ife(y)llg(y ) dy < c-em/<y>*m1 dy<C-em
for mi =d+ 1. O

Proposition 5.1.2. Let f = [(f.):] € 9 (RY), g = [(9:):] € 4-(RY). Then the
class of

Viflow) = [ L)al =) dy (54
is a well-defined element of 4, (R?).
Proof. Let us adapt the calculation from the proof of Proposition (9=9:):

’aaawvgsfe Z,w ’_ 27T' |ﬁl‘/f myﬁe—%ﬁyw dy‘

<c. / L N10°- (v — o)y dy.  (5.5)
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On the other hand, (since g € %, (R?)) there exist N; € N and C' > 0 such that
’[“)agg(y - x)’ <C-(y—xz)Me N,
This together with Peetre’s inequality gives
0%g=(y — x)| < C - (y) (a)Mre™ M
Next we may write
10208V, fo(2,w)| < C- (& >N15_N1/‘f ()N +181 gy,
The .#-moderateness of f. ensures the existence of some Ny € N and a non-

negative constant C such that

()TN f ()| < e

holds for all y € RY, so the integral [ |f5(y){<y>N1+‘B‘ dy converges and we
obtain the estimate

10208V, folw,w)| < C - (2)M1e™ < C - ()M (w) VeV,

where N = Nj + Ny and € small enough. Thus we have shown that for every
a, 3 € N¢ there exists N € N such that

’8'18“,1/ fe(z,w)| < C- ()N (w)yNe N,

Now we shall check that the class of is independent of the represen-
tatives of g and f. It suffices to show that (g.). € A7 (RY) yields (V,_f-): €
AN (R21) and (f.). € Mo (RY) yields (V. f.). € A (R??). For the first part it
is enough to prove (see Proposition that there exists V € N such that for
every m € Ny

sup ()" () [V, ()] = O(").

Vi tee) = | [ st =age > agf < [ 17001 locty - o) d

The 7-neglibility of (g ). and Peetre’s inequality imply that there exists N € N
such that for every m; € Ny

g-(y — )| < C - (y—a)Ne™ < C- ()N (a)Ve™.

The “-moderateness condition of (f:)e implies that for every my € N there
exist V1 € N and a non-negative constant C' such that

[fo(y)] < C-e7 M (y)~m.

Now we may write

‘qufs x OJ)’ <C-(x >N m1—N1 /<y>_m2+N dy.

Set m :=m71 — N1 € Ng. We have
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Vo fela,w)| < O (@) (w) e / ()N dy.

Take my = N 4+ d + 1. The convergence of the latter integral is then ensured.
Thus we have shown that there exists N € N such that for every m € N the
inequality

Vi fe(@,w)] < C - () (w)Ve™

holds. In case (f.). € Ao (R?), (g:)c € & (R?) we have

IV, fol, )| sc-/|fa<y>||ga<y—x>| dy:O/\fe(erx)llge(y)\ dy

which shows that we may carry out a proof similar to the one above. Hence, we
have proved that [(Vj, f-(z, w))e} is a well-defined element of %, (R2?). O

Proposition 5.1.3. Let f = [(f-):] € % (RY), g = [(g:)] € Y5 (RY). Then
(Vo)) o= [ felo)acly =2 7 dy (5.

is a well-defined element of 4, (R??).

Proof. Take over the previous calculation i.e. start with the following estimate
(see 5.5):

10205V, f-(x. )| < C / Lo W)0%g:(y — 2)I°) dy.

Since g € 9+ (RY) we have that for every a € N¢ and for every m € Ny there
exist N1 € N, C' > 0 such that

0%=(y — )| < C - (y—a) e <O (y) 7" (@)™e N
On the other hand, f € 4, (R9) yields that there exists N» € N and C > 0 with
[fe(y)| < C - (y)N2e™ 2.

Thus we may write
’agagvggf&‘('r7w)’ <C- <$>m€_N1_N2 /<y>_m+|ﬂ|+N2 dy

Choose m = ||+ Na+d+1 to make the latter integral converge. Thus we have
proved that for every a, 3 € N¢ there exists N = N; + Ny such that

10208V, fo(z,w)| < C - ()™ < C - (z)™(w)me™N.

Similar to the argument in the corresponding part of the proof of Proposition
we may check that the class of is independent of the representatives
of f and g.

O
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Remark 5.1.4. An alternative way to prove Proposition [5.1.3 is to check
whether k(&,z,w) = g(& — x)e®™¢% is an element of 9, (R3?) and has a rep-
resentative k. (&, x,w) = g.(€ — x)e* € that satisfies the following condition:
(x) For every a, 3, v € Nd and every s € N there exists N € N such that

sup  {(2) "N {w) TV (€)* 108 OOk (€, x, W)} = O™

I’EeRdJO‘ISS

Then K (Ku(z) := [ k(& z,w)u(€) d§) maps %-(R?) into 4, (R??).

Proof. We will proceed in analogy to [Gar04bl Prop. 1.2.25, (vii)]. Let g =
[(9)c] € G5 (RY). For k. (&, z,w) = g-(€ — 2)e*™“ we have

0 020 k-, )| = |92 0704 (9-(€ =) - €275
= [0¢ (07ge (€ — 2) - OL(”™)) | < O+ 0g (079 (€ — ) - € - %)

<C- |Z ( )aa " Wf))'agl({y-e%ig“ﬂ

n<a
<C- Z |92 8- g (¢ — x) Z |72 2|
RERC Y2571
< C- (e (W)l Z 10T~ g (¢ — ).
yi<a

g € 9% (R?) implies that for every m € Ny there exists N; € N such that

0T g€ — ) SO (g =) e SO (YT () e,

(for € small enough). This yields

102070k (€, w,w)| < C - (7N (a)™ - (w)lel . a7, (5.7)

So we have proved that for every «, 3, v € N there exists N := m+ Ny +|a|+||
and a non-negative constant C' such that

080700k (&, 2, w)| < C - (N - ()N ()N -7

holds (for e small enough). Hence k(¢, 7, w) = g(& — 2)e? ¥ € 4. (R3?). Yet it
remains to check if condition (x) is satisfied as well. Estimate implies that
for every s :=m—|y| €N, , 3, v € Nd (Ja| < s) there exists N := m+ Ny +|q|
and a non-negative constant C' such that

080703k (&,2,w)| < C- ()~ - ()M (W) -7V
holds (for € small enough). O

It is possible to prove Proposition [5.1.9 along the same lines. Note that

o, w) /f (€ —2)e2miE de = /f£+x

( )627ri(§+m)w df,
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and consider the map V{ defined on 4 (R%) by

Vi ge(w,w) i= Vg fe(r,w) = /fa(é + 2)go (E)e2m it ge

Then we may apply the same method for the case f € 94 (R?), g € ¥4,(R?)
(ke(f,:v,w) = fo(€ + x)e?m £JrI)“’) to the one for the case f € 4,(R%), g €
G (R?), with small differences in calculations:

Proof.

0800k (€, 2, w)| = |OF DY (fo (€ + ) - 27(EF D))
=C- |8?85 (.fa(§ + :C) : (§ + 1')7 . 627Ti(§+z)w)|

=C- |8§‘( Z <5>3671f5(5+$). Z (3;) (E4z)) 2y ,ezm‘(@rm)w)l

71<B Y2<M1
<C- YO (OTT fE ) - (E @) TR Wz 2SI
71<B
Y2l
O Y W02 (07 € 1) - (€ 4 ) i)
71<8
Y2l
<C- Z w2 || Z ( )avs 3[3 N f(E+a) (§+x)7*71+72)_a?7v3(62m(5+z)w)|
718 v3<a
Y2<a
<(C- Z ‘w’Y2| . Z |85—’)’1+73—’Y4f€(£ + $)| . |(€ + $)7—71+’Y2—’Y4)‘ . |woc—’Y3|
718 Y3l
v2<a va<7s3
<C. Z . Z 0P T13 =2 £ (€ 4 )| - (€ + )Y TR L s
Nn<B v3a

Y2<a va<7s

One can easily show by a similar argument as in the previous case that such a k.
defines an element of ¢, (R3?) and satisfies condition (*). Thus V9, (RY) —

@, (R2). O

5.2 Properties of the generalized STFT

Now we shall state and prove some generalizations of basic classical relations
of the STFT which we will use to prove the central theorem of this section
(Thm . This (main) theorem represents a characterization of the regular
generalized moderate nets via STFT.

We shall make use of the following lemma:

Lemma 5.2.1. [Gré01l, Lemma 11.2.1] If g € .7(R"™), then

X (MyTeg) = Y Y. ( )( ) 2P =72 (2miw) ™ M, T, (X1 072 g)

Y1<ay2 <

for all (z,w) € R?" and multi-indices o, [3.
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Proposition 5.2.2 (Orthogonality relations in 9»). Let fi = [(f})], fo =
[(£2)e] € 9% (R?) and g1, g2 € .7 (R?). Then we have:

[ Vo P20 )V T ) ddr = (12, 20 Tar .

Remark 5.2.3. The above equality holds for elements of the space L? ([Gré01,
p. 42]) so it holds for elements in . (R?) (fL, f2, g1, g2) componentwise (for
each fized €). For the same reason, we have that the following inversion formula
is true for the elements of the Colombeau algebra 9o (RY):

Theorem 5.2.4 (Inversion Formula). Suppose that g, h € ./ (R%) and (g, h) #
0. Then for all f = [(f-):] € 9 (R?),

f=1f):] = <g’1h> K / devg fe(x,w) M, T,h dxdw)j. (5.1)

Remark 5.2.5. The classical Inversion Formula actually holds for f € .7 (R%)
(9, h € Z(R?Y)), thus the equation holds for representatives of 9, (R?),
since they belong to Oy (R?) C ' (R?) for fized .

Before we proceed to the next theorem we will state and prove a useful
Lemma.

Lemma 5.2.6. Let g € .Z(R?) fized and F. : R?** — C, ¢ € (0,1], such that
there exists N € N, C' > 0 such that for every m € Ny

|Fe(z,w)| < C - (z)"™(w) me N,

o (f.(0). = ( [ Pzt zow) dxdw) € 2 (RY).

g

Proof. The estimate for F. ensures the convergence of the integral

fe(y) = / / F.(z,w)M,Tpg(y) drdw.

and allows to differentiate under the integral. Thus in view of Lemma[5.2.1] we
may write

X0 f.(y) = / / Fo(z,w)X*0% (M, Tyg(y)) drdw

= > (i) (Z) / / Fe(w,w)al =72 (2miw) 7 M, T, (X 072 g(y).

may2<p
Since g € . (R?) we may find a non-negative constant C such that
IMT, (X7 072g) || < C,
hence, we have

IX0° fellpe <C- > > (i) (i)/ |Fo(,w)]|2P 772 ||w® ™| dadw.

N<ay2<p
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|28 772 | |w ™| < (2)IPm 2l )l < () IBlYlel < (g)letBl(g)lethl,

X908 fol[ e < C-e=N //<x>*m+la+ﬂ\<w>*m+la+ﬁl dadw.
Now choose m = |a+ | +d + 1. O

Theorem 5.2.7. Let f € 95 (R?) or 4. (R?). Set (Vyf)e := [pa f-()g(y — x)e 2" dy,
0 # g € .Z(R?). Then the following conditions are equivalent:

(i) (fe)e € éo;o(Rd);

(ii) (Vof)e € £ (R*);

(iii) there exists N € N such that for every m € Ny there exists a non-negative
constant C' such that

(Vo f) (z,w)| < C - () "™ (w) e V.

Proof.
(i)=(ii) Let (f-)e € £ (R?). By integration by parts we obtain (see (5.2)):

1
0202V S < O 30 10 L) O™+ gly—) -1y dy.
1]<2k
D2IS21€
v3<72

Since (f-)e € £ (RY) we have that there exists N € N such that for all v, € N¢
and every mj € Ny there exists a non-negative constant C' such that

0" fe(y)l < O (y)~me™™.

For every a4+ 72 — 3 and every my € Ny there exists a non-negative constant
C such that

Iaa+’¥2—’Yag(y _ ‘T)l <C- <y — x>—m2 <C- <y>m2 <-’17>_m2.

So we may write

1 1 - —miTm2 -3
0205V, fe(z,w)| < O (@) (a)ma© MY [y mmerimel gy,
lys|<2k

It follows that for the chosen N we have that for every a, 3 € Nd and k, my € Ny

0200V, fo(z,w)| < C -

holds (since the latter integrals converge for m; = ma + |5 — v3| + d + 1).

(i)=(iii) The estimate (iii) follows directly from the &-estimate for (V,f).
when o = 3 = 0.
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(iii)=(i) Let now f € ¥»(R) or ¥, (R?) and 0 # g € /(R?). According to the
Inversion formula in Theorem (for h = g) we have

1

~ lgllz-

fe(y) / g Vo fe(z,w)M,Tyg dedw.
R
Set F, := V, f.. Lemma together with condition (iii) ensures that (fE)e €
&% (R?) indeed.
O
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