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Notation and General Conventions

iid. independent and identically distributed (random variables)
cdf cumulative distribution function
LHS, RHS left hand side, right hand side
Prep Preparation (used in proofs to denote supportive parts)
wlog without loss of generality
w.r.t. with respect to
wts want to show (used in proofs)
anb minimum of {a,b}
aVb maximum of {a,b}
A:=Bor B=:A Aisdefined as B
L1a(") indicator on A
ACB A is a subset of B
ACBorACB A is a proper/strict subset of B
A=<B matrix A is smaller than matrix B in Léwner partial order
XxXT transpose of X
diag(a) diagonal matrix with entries of vector a on its diagonal
I, n X n identity matrix
Wh,...,W,) row vector containing entries Wy up to W,
Z column vector or binomial coefficient (depends on context)
e or exp(+) exponential function of ” -”
In(-) natural logarithm (logarithm to base e)
|A| cardinality if A is a set, absolute value if A is a number
[|z]|2 euclidean norm of the vector x
k! factorial of k
X1lY X and Y are independent
o) sigma-algebra
P(-) probability
E(-) expectation
Var(-) variance
Couv(+) covariance, cross-covariance or covariance matrix (depends on context)
L(-) law /distribution
N(p,0?) normal distribution with mean y and variance o2
~ distributed as
X<y X and Y are equal in distribution
R real numbers
Rx>q non-negative real numbers
[0,1] interval of real numbers between 0 and 1
0 empty set
Q sample space (set of all possible outcomes)



Comments for Readers

This master thesis is written for people who are interested in the theoretical background of Knockoff proce-
dures. It can be used as lecture notes to teach fixed-X and model-X Knockoff procedures. The requirements
for understanding the proofs are basic knowledge of probability theory (including conditional expectation
and martingales) and linear model theory. Experience with other variable selection procedures is helpful. No
asymptotic theory is used.

In contrast to the two main papers, on which this thesis is based on, results are presented in a structured
definition-lemma-theorem style with detailed proofs. Instead of a short summary of important steps, proofs
are presented by showing all the small steps. Longer equations are aligned in a consistent way. Comments
inside such equations are placed on the right hand side. A dot is used as multiplication symbol to avoid mis-
interpretation. Vectors and matrices are boldfaced throughout the thesis whereas scalars are not (exceptions
are highlighted separately).

Regarding citation/plagiarism, it should be noted that none of the procedures presented in this thesis are
my own work. Most of the parts are taken from two papers, which are presented at the beginning of the
chapters. Other parts are cited separately. My work was to present findings of the papers in a mathematically
structured way, to prove claims where no proof was given and to expand existing proofs and proof sketches.
The amount of “copied parts” can be checked by simply comparing this thesis with the two main papers.



1 General introduction

In many fields of science, a response variable (called response throughout the thesis) together with a large
number of potential explanatory variables (called variables/features/covariates) is observed and researchers
would like to know which variables are truly associated with the response. There exists a wide variety of
variable selection procedures which can be used to find important variables. In terms of null hypothesis
testing, such procedures can often be pooled in different type I error control groups. One such group consists
of methods which have theoretical control of the false discovery rate (FDR), the expected fraction of false
discoveries among all discoveries (Benjamini and Hochberg, [1995). This type I error control group is used
in settings, where high power is preferred at the cost of an increased number of false discoveries. Genetics
would be an application, where researchers would like to reduce the number of markers/genes/etc which are
associated with a response (e.g. a specific cancer) from potentially thousands or millions to around a dozen
first, so that each one of those candidates can be investigated carefully in a second step.

In this thesis, essentially two (actually, it will be four) FDR-controlling variable selection procedures are
discussed. The first one, called fixed-X Knockoff method, is designed for a common linear model setting
where the number of observations has to be higher than the number of variables.

The second procedure, called model-X Knockoff method, is using ideas of the first procedure but is designed
for a totally different setting. Instead of assuming knowledge of the (conditional) distribution of the response
of a linear model and requiring a high number of observations, it assumes exact knowledge of the joint
distribution of the variables and can work with an arbitrary number of covariates.

Both, the fixed-X and model-X methods, use the same ideas to tease apart important and unimportant
variables. First, “Knockoffs” are constructed for every variable which mimic the structure of the original
variables. Then, instead of using p-values to select variables, both methods use “Knockoff feature statistics”
as variable importance measure. In the construction of feature statistics, Knockoffs are used to decide which
variables are important. Finally, variables whose feature statistics are higher than a specific threshold are
selected.

The fixed-X and model-X methods are presented in a way, such that comparison will be easy. Because both
methods are similar to a large extent, the ideas are mainly explained in the fixed-X parts.

2 Fixed-X Knockoff methods

Fixed-X Knockoff procedures were introduced first by [Barber and Candes| (2015) and the whole chapter is
based on that paper.

2.1 Introduction

We assume that the observations obey the linear regression model
Y=X -8+z% (1)

where Y € R” is a vector of responses, X € R"*P is a known and fixed design matrix, 3 € R? is an unknown
vector of coefficients 8; and z ~ N(0,0?%-1,,) is Gaussian noise. We assume that n > 2-p. The Gram matrix
XT'. X is assumed to be invertible as the model would otherwise not be identifiable.



Definition 2.1. An index j or variable X; (column of X) is said to be null if §; = 0 and non-null if §; # 0
in the true model.

Comments:

i) Of course, we cannot know which variables are null and which are non-null in practice. If we would know,
there would be no reason to apply variable selection techniques in the first place. The definition of nulls and
non-nulls is needed to study how well our procedures work in theory.

ii) In this chapter, we will present two variable selection procedures, which attempt to discover as many
non-nulls as possible while keeping the FDR (or a modified version of it) under control.

ili) The first step of both procedures is to create one fake variable for each original variable X;. These fake
variables will be used to decide which of the original variables are important. In a certain way, these fake
versions have to mimic the structure of the original variables as the next definition shows.

Definition 2.2. Let X be a fixed design matrix with normalized columns X;; that is, ||X;||3 = 1 for all
je{l,...,p}. A new matrix X is called FX-Knockoff matriz (with FX-Knockoff vectors Xj as columns), if
the following assumptions are satisfied:

i) XT.X=XT.X

ii) X7.X = XT.X —diag(s), where s is a p-dimensional vector satisfying diag(s) >= 0 and 2-XT-X —diag(s) =
0.

Comments:
a) Note that > denotes the Lowner partial order.
b) The reason why s has to satisfy diag(s) = 0 and 2 - X - X — diag(s) = 0 is given in Lemma m

¢) We denote by [X,X] € R"*2P the columnwise concatenation of the original design matrix and the

FX-Knockoff matrix.

d) This definition implies that all derived properties and procedures are designed for X with normalized
columns. If fixed-X Knockoff procedures are applied in practice, X has to be normalized first.

e) Since X7 - X is assumed to be invertible, the normalized version is again invertible.

f) We will treat X and therefore [X, X} as non-random (fixed).
g) Construction of FX-Knockoff matrices in practice is presented in subsections and

Definition 2.3. Let swap(S) : R"*2P? — R"*2? be a function where the matrix [X, X is obtained

] swap(S)
from {X, X} by swapping columns X; and Xj for each j € S.



Comments:
Illustration of the swap-function for p = 3 and S = {2, 3}:

XX XXX KK X

{ = Xl,X27X3,X1,X27X3} .
swap(S)

swap({2,3})

Next, we introduce statistics which will help to tease apart important (non-null) and unimportant (null)
variables in the variable selection process.

Definition 2.4. For each j € {1,...,p}, statistics W; = w, ([X, X} ,Y) are said to be FX-Knockoff feature
statistics for some real valued measurable function w; which satisfies:
i) (“flip-sign property”): For any S C {1,...,p},

~ X, X . jé¢s,
wj([X’XLwapw)’Y)_ ([ X} 2’ J @

L xx] ). e

- 1T
ii) (“sufficiency property”): W; depends upon the design matrix [X,X} only through [X,X} . [X, X}, and

1T
on the response Y only through [X, X} ‘Y, ie.,

Wjwj<[x,5<r.[X,X},[X,X}T-Y) (3)

Comments: }
a) The flip-sign property says that swapping X; and X; has the effect of switching the sign of ;.

1T - T
b) The sufficiency property implies we can write W = w ([X7X} . [X7X] , [X, X] -Y) for the vector

valued function w(x) = (w1 (x),. .., wy(z)).

¢) FX-Knockoff feature statistics play a similar role as p-values in p-value-based variable selection procedures.
Our methods (see Definitions|2.5|and will be defined for a setting where the FX-Knockoff feature statistics
are designed such that high positive values of W; give evidence that j is non-null. This requirement is not
part of the definition of FX-Knockoff feature statistics, because violation would just lead to poor power. The
analogous requirement in p-value-based methods would be “small p-values p; give evidence that j is non-null”.
d) Examples of FX-Knockoff feature statistics are given in subsection m

We now present two variable selection procedures for the fixed-X setting.

Definition 2.5. (Definition 1 in Barber and Candes| (2015)). Let X be a FX-Knockoff matrix (see Definition
7 let Wy, ..., W, be FX-Knockoff feature statistics (see Definition [2.4]). Let

W={W;|: W; #0, j€{1,...,p}}



be the set of unique nonzero values attained by the |W;|’s. Let ¢ € [0,1] be the target FDR level and let

. 1{j: W; <~} }
T=min<teW: - <
{ G Wy = vi

(or T = o0 if this set is empty) be the data-dependent threshold. Then the FX-Knockoff method selects
variables with indices

S={j: W; >T}.

Comments:

i) Note that 7" and therefore S both implicitly depend on the choice of the target FDR level q.

ii) A hat is used to emphasize that S is random.

iii) We use the notation a V b = max {a,b}. The maximum is used in the denominator to avoid dividing by
zero, which would be the case when zero features get selected by the selection procedure.

iv) As we will see later on, the FX-Knockoff method only controls a modified FDR. FDR-control can be
achieved by simply adding +1 in the numerator of the threshold-inequality:

Definition 2.6. Let X be a FX-Knockoff matrix (see Deﬁnition, let Wy, ..., W, be FX-Knockoff feature
statistics (see Definition [2.4). Let

W:{‘Wﬂ : Wj #07 _] S {].,,p}}
be the set of unique nonzero values attained by the |W;|’s. Let ¢ € [0, 1] be the target FDR level and let

1+|U:WG<—GI<Q}
IB/EDINS

T+:min{t€W:

(or Ty = +oo if this set is empty) be the data-dependent threshold. Then the FX-Knockoff+ method selects
variables with indices

S={j: W; =T}

2.2 FDR-Control

Definition 2.7. In the FX-Knockoff setting where we have a selection procedure returning a subset S C
{1,...,p} of indices of variables,
i) the false discovery proportion (FDP) is given by

|{j: ﬂjzoandj€§}|

FDP = =
[S|Vv1




ii) the false discovery rate (FDR) is given by

FDR = E[FDP] =

Comments:

The false discovery proportion is defined as the number of falsely selected indices divided by the number of
selected indices. The definition of nulls (Deﬁnition explicitly tells us what “falsely” means in our setting,

. |{j: ﬁj:AOandjES'}|
[S|v1

namely indices j with corresponding coefficient 5; = 0.

To prove that the FX-Knockoff method controls a modified version of FDR and that the FX-Knockoff+
method controls FDR, we first present Lemmas which will be useful.

properties of FX-Knockoff matrices and vectors:

Lemma 2.8. Let X be a FX-Knockoff matriz (containing FX-Knockoff vectors Xj as columns). Then:

i) XTI X = XTI Xy, for all j, k,
i) XT X, = XT- Xy, for all j # k,
iti) XT - Xy = XT - X, for all j # k,
iv)X?-Xk:X;‘.F-Xk for all j # k,
v) X?Xk:XJTXk for all j #k,
vi) XT - Xy, = XT - Xy, for all j # k,
vii)) XTI X; = X7 X =1,

viii) XT - X = XT . X — diag(s),

, 217 . XT.Xx XT.X b > — diag(s)
iz) [X’X] .[X’X]_{XT-X XT-X}_[Ediag(s) by
Proof:
ad i) wts X1 X, = XT'- X, for all 4, k:
By Definition i), we know that X7 . X = X7 . X,
In other words,
T ~ ~ T -
[Xl Xp]'[xl Xp]:[xl Xp} [Xl
Hence,
Xt X1
X X =1 ¢ X X, |
X7 X7
So,
xT.x, X7 X, XT. X, X7 X,
XT - X, XTI X, X7 X, XTI X,

And we see that XjT - X = XJT - X, for all i, k.

10

The first Lemma provides simple

, where 3 = XT . X.



ad ii) wts X]T~Xk = X?~X;€ for all j # k:

Prep2.1:
xT.x
T ~ ~
= [ Xi Xp ] ’ [ X1 Xp ]
- XT
= [ X3 Xp ]
T
L X } )
XT. X, X7 X,
| X7 X, X' X,
Prep2.2:
XT . X — diag(s)
_ T T S1 0 0
X7 Xy X1 X,
_ _ 0 S92
XT.-Xl . XT.X : .0
-7 L 0 -+ 0 s
[ XT. X, —s1 X7 X, x7.x,
B xXT. X, XTI . Xy — 59 :
; : XTI, X,
XT . X, XT X, XT-X,—s,

By Definition i) it holds that X” . X = XT . X — diag(s), so Prep2.1 and Prep2.2 give

XT 5( XT X X{-Xl—sl X’{Xg X’{Xp
X, - . .
b . P XX XD Xy s
T ’ . : - T
){T_)(1 XTX . . Xp—l'XI)
’ v XT . X, XT X, XT-X,-s,

Therefore, we can see that Xf X = X]T - Xy for all j # k.

ad iii) wts X7+ Xy, = XT'- Xy, for all j # k:

Transposing both sides of ii) proves the claim.

ad iv) wts Xf~)~(k :X?sz for all j # k:

11



Prep4.1: y }

X1 Xy X7 X,
XT. X = :
Xg - X XT. X,
Prep4.2:
XT . X — diag(s)
By Definition [2.2]1)
=XT.X — diag(s)
X1T~X1751 X’{Xg X,{ Xp
_ ngl Xg-XQ—SQ
ST . % <T . X ~)T(g_~1.xp
X, X1 Xy Xpo1 X, X, —8sp

By Definition ii) it holds that X7 - X=XT.X- diag(s), so Prep4.1 and Prep4.2 give

: ) XT.X, -5 XT.X, X7 X,
Xr.x, ... XT.x _ _ B ~ .
P T L XX XX s
Xg.xl X;;F-f(p ~T:~ ~T—,; ~)T(57~I.Xp
XT X, XT X, XT-X,-s,

Therefore, we have X]-T Xy = X? - Xy, for all j # k.

ad v) WtSX?-Xk:X?QN(k for all j # k:

Transposing both sides of iv) proves the claim.

ad vi) wts X7 X, = XT'- X, for all j # k:

Let j # k.
XT Xy,
By iii)
= XJT X
By ii)
= XjT X4

ad vii) wts X7 - X; = X7 X

Il
=

12



Note that

By Definition
it holds that ||X;||3 = 1 for all j € {1,...,p}.
= 1,113
=X] - X,

And by i), we know that X;F ‘X, = X;f . Xj for all j.
Hence, we proved that X]T ‘X = 5(;[ . Xj =1.

ad viii) wts X7 - X = X7 . X — diag(s):

Definition i) and ii) together gives X7 - X = X7 . X — diag(s).
Both sides transposed gives X7 - X = X7 . X — [diag(s)]” = X7 - X — diag(s).

XT. X XT.X = > — diag(s) T
|:XTX XTX:|_|:2dlag(s) » where ¥ = X1 . X:

[ XT.X XT.X
T XT.x XT.X

By Definition i), X7 . X =13,
By Definition i), XT . X = X — diag(s).
By viii) and Definition [2.2]1), X7 - X = = — diag(s).

= { > c?i:ag(s) = %iag(s) } :

The next two Lemmas are needed in the proof of Lemma [2.11]

Lemma 2.9. (Lemma 2 in|Barber and Candes (2015)). For any subset S C {1,...,p},

(8], ) Xl =[x [xx].

That is, the Gram matriz of [X, )N(} is unchanged when we swap X; and Xj for each j € S.

13



Proof:

~ - T -
= ([ X1 XP X1 P ]swap(S)) [ X3 Xp Xy P ]swap(S)
X;, i
Define X/, = N Z.GS’
Xia Z¢Sv
and X/ = X Z.GS’
Xi, Z¢S
~ ~ T ~ ~
=[X] Xy - X, X X X, ][ X X, X, X X X,
(Xll);
(X3)
T
;)"
- (X’1> XX, - X, Xy Xy - X
(%)
2
(%)
. p -
C X)X Xptexy e (X)X (XS)T'P:Q (XE)T'?:% (X’l)T-?:(;_
xp"-xp o (xytexy e XTXD | xytXp (X)X (xy)" X,
T T . T T & T & T &
(Xp) -X§ (X)) X5 - (X)) X (X)) Xy (X)) -Xh (X3) X,
= (~/>T.X/ (X/)T X/ (X/)T X/ (~/)T.X/ (X/)T.X/ (X/)T.X/
1 1 1 2 1 » 1 1 1 2 1 »
AT _ AT AT T . S (T .
(X'Q) X (X’z) XL (Xg) X! (X;) X (Xg) X, (X’Q) X!
~/'T / ~/.T ! . ~/'T 1 ~/.T~/ ~/.T~/ ~/'T~/
i (Xp> 'Y (Xp> X, - (Xp) X! (Xp) X/ (Xp) 5 (Xp) X, |
1T . T, T.X
By Lemmabix)7 we know that {X, } ~{X,X} = [ ;T ; %T ;]

XT.X XT.X
xXT.x XT.X

Therefore, it remains to show that () = [
ad diagonal of upper left block and lower right block:
And by Lemma i), X? X, = XTI X; for all i.

ad diagonal of lower left and upper right block:

J

No matter what indices are in S, we will always end up with pairs X7 - X; or X7 - X.

In the lower left block, we need XT.X;. Fori¢ S, we have that already. For i € S, we have
XTI X;, but as it is 1 x 1, we can transpose it and get X7 - X;.

In the upper right block, we need X7 - X;. It is already the case for i ¢ S. For i € S, we can

change X? - X; to XTI X, by transposing.

14



ad off-diagonal of the four blocks:

In the upper left block, we need X7 - X;. For i,j ¢ S, we have that already.

Casel i,j € S: we can use Lemmai) to get X;‘F X = XTI X;.

Case2i € S, j ¢ S: we have X7 - X;. Using Lemmam), we get X7 - X, = X7 . X;.
Case3 i ¢ S, j € S: we have X7 - X; and by using Lemmaii)7 we get X7 - X; = X7 - X;.

In the lower right block, we need XT X For i,j ¢ S, we have that already. And for the other
cases, we can use similar arguments as for the upper left block:

Casel i,j € S: we can use Lemmal to get X7 - X, = X7T. Xj.

Case2 i € S, j ¢ S: we have X7 - X; and by using Lemma iv), we get xT. X] =X7.X;.
Case3i ¢ S, jes: WehaveXT X;. ByLemmav) WegetX ».¢ —X;F X;.

In the lower left block, we need XZT -X;. For 4,5 ¢ S, we have that already.
Casel i,j € S: we have XI' - Xj and can use Lemmavi) to get XiT . X%.
Case2 i € S, j ¢ S: we have X7 - X; and can use Lemma [2.8]iii) to get X; - X;.
Case3 i ¢ S, j € S: we have X? . Xj and can use Lemma v) to get XZ-T - X

In the upper right block, we need X7 - Xj. For i,j ¢ S, we have that already.
Casel 4,7 € S: we have X! - X, and can use Lemma [2.8 vi) to get X7 - Xj.
Case2 i € S, j ¢ S: we have X7 - X; and can use Lemmaiv) to get X' X.

Case3 i ¢ S, j € S: we have X7 - X; and can use Lemma [2.81i) to get X7 - X;.

Therefore, we get

[ x7.x;, XX, - XX, X{-x;, X{-X, -~ X7-X,
xI'.x; xP-x, -+ XX, XT'-X; XT-X, x7T-x,
o xrxy Xx, - xXPx, XI'x; XUX, - XI'X, | [ XT-X XT.X
o )~(1T.X1 }§1T'X2 }SlT'Xp }§1T{(1 )N(IT}NQ )EIT)SP T XT.X XT.X
xx, xP-x, - XX, XT.-X; XI-X, X1.Xx,
_XZ~X1 Xg.x2 Xf-Xp Xg.xl XZ.X2 XZ~X,,_
O

Lemma 2.10. (Lemma 3 in|Barber and Canded (2015)). For any subset S of nulls,

T T
([XX} (S)> Yy £ {XX} Y.
swap

17T -
That is, the distribution of the product [X, X] Y is unchanged when we swap X; and X; for each j € S,

Proof:

as long as none of the swapped features appear in the true model.

15



We know that Y = X - 3 + z, where z ~ N(0,02% - L,,).
By using Lemma [A2] we get
(X-B+2)~N(X-8+0,0> L) =N (X-8,01,).

Hence,

Y~N(X-B,0%1,). (4)

Let S C{1,...,p} be arbitrary.

T
Note that <[X, X] s )) is a non-random 2 - p X n matrix. By using and Lemma we get
swap (S’

B T B T B T B
([X’XLwap(y)) Y~ N (([X’XLwap(S/)> X-B, o (|:X’Xi|swap(s’)> ' [X’X] swap(S’)) - ()

Analogously, by again using and Lemma we get
1T 1T 1T .
[X,X} -YNN([X,X} -X-B,UQ-{X,X} [XXD (6)
T

T

Because S’ was arbitrary, it holds for all S” C {1,...,p} that <[X,X} s )) -Y and [X, X] -Y are
swap(S’

both normally distributed.

To show that these two random vectors have the same distribution for any subset S of nulls, it remains to
show that they both have the same expected value and the same covariance matrix for all S.

Casel S = ()

= Cov

Case2 S # () is a subset of nulls:

B T
<[X’ X] swap<S>) Y

Partl wts Cov

By (5]

By Lemma |2.9

16



By@

ZCOUHX,X}T~Y:|.

Prepl wts X7 -X-8=X7.X-8 VjeSs:

P
We can write X - 8 = Zﬁi-Xi.

1=1
We know that for nulls, the corresponding true ; is zero.
So,
P
X-B= > Bi-X. (7)
i=1
i¢S
Let j € S be arbitrary but fixed.

Equation multiplied by X]T from the left side (on both sides) yields

P
XJT~X-5:XJT- Z B - X,.
=1
1¢ 5
Multiplied out, the RHS is a sum of terms of the form f; - X]T - X
Note that (because of j € S and i ¢ S) i # j.

By Lemma E iii) we can write it as a sum of terms of the form g; - XJT - X,
Hence,

p p
X}’.x.g:X}”. Z gi.xizxf. Z gi.xizxf.x.g.
i¢S i¢ S

Since j € S was arbitrary, we proved X? -X-B8= X;‘F -X-Bforall jeS.

. T 1T
Part2wtsEl<[X7X} <5)> Y :]EHX,X} Y}
swap
B T
E X, X
({ ’ :|swap(S)) ]
By (5)
5 T
=X, X
<|: ’ ]swap(S)) lB
B B T
= [X,...,X,, X X -X
<|: 1, s 4Dy 1 ) :|swap(S)> ﬁ
DeﬁneX9= X5 ZesandXQZ }~(j7 j_ES.
Xja .7¢S Xj7 j¢s



~ ~ . 1T
|:XI17 /27"'7X;;7X/17 I277XIp X/@

[ (X))! ]
(X3)"

£

—
Bl
@

T
) x.p
(x) x5

Top block (first p rows):
Casel j € S': We have XJT - X - B and can use Prepl to get X;‘-F -X- 0.
Case2 j ¢ S : we already have XjT -X - 8.

Bottom block (last p rows):
Casel j € S: We have XJT - X - B and can use Prepl to get X]T -X- 8.
Case2 j ¢ S : we already have X]T - X B.

e
l\).)q .
ala
g

>
.H.H-
alolall
™

N'T
Xp i

= |X1,Xo,..., X, X1, Xy,...,X,| -X-B
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By@

The next Lemma, is the key to prove FDR-control.

Lemma 2.11. (Lemma 1 in|Barber and Candes (2015)). Let W = (Wh,...,W)) be a vector of FX-Knockoff
feature statistics (see Definition . Let W; #0 for all j € {1,...,p}. Then:

i) For null j: sign(W;) are mutually (jointly) independent and P (sign(W;) = —1) = P (sign(W;) = +1) = 3,
ii) sign(W;), j null, are mutually (jointly) independent of sign(W;) for i non-null.

Proof:

For any set S C {1,...,p}, let Wiwap(s) be the statistic we would get if we had replaced [X,X] with

{X, 5{} when calculating W.
swap(.S)

By Definition [2.4] i),

Prepl wts Wswap(S) = (W1 . 51, Wg : 52, ey Wp . 5p)1

Wswap (S)

_ <w1 ([xx} s ,Y> W <[xx} s ,Y> w, <[Xx] s, Y>>

= (w1 ([X,X] ,Y) - 01, W ([X,X} ,Y) <02, .., Wy ([X,X} ,Y> .5p)
= (W1 61, Wa-6a,..., W, 3p).

By (8)

ez i (3.7 [xx]. (fex] o)) ()" [xx pex] ) o

subset of nulls S and for w as in Definition 2.4}
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Because S is a subset of nulls, we can apply Lemma [2.10] and get

) T
({X, X} ) Y
swap(S)

- 1T
Note that we treat [X,X] and therefore {X,X] . [X,
T

[l

{X,X}T Y.

X} as fixed (non-random).

Thus we can apply Lemma |A.13|ii) with A = {X7 5(}

o] e (fex] ) ) £ (] xx] e] o),

X, X} and get

Prep3 wts (Wh,...,W,) < (W1-01,...,W,-0p) for an arbitrary set of nulls S:

Let S C {1,...,p} be an arbitrary set of nulls.
Since S only contains nulls, we can use Lemma [2.10] for S.

And note that the definition of S is matching with the definition of ¢; above (we just add the restriction
that all indices have to be nulls).

Therefore, we can use Prepl here and have W5y = (Wi - 61, Wa - 6,..., W}, - 3,).

So, it remains to show that (Wy,..., W,) 4 W wap(s)-

Wswap(S)
Definition [2.4] ii) used

for [X,X] instead of [X,X] .

(¥ ) P (93 )

Because S C {1,...,p}, we can use Lemma 2.9 which states

~ T ~ ~ ~
that ({X’X} swap(S)> ' [X’X] swap(S) - [X’X}T' [X’X] ’

swap(S)

By Prep2

By Definition [2.4] ii).

For the rest of the proof, let wlog {1,...,m} be the set of null indices and {m +1,...,p} be the set of
non-null indices.
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ad i) wts (sign(Wy),...,sign(W,,)) are independent and P (sign(W;) = —1) = P (sign(W;) = 1) = 3 for all
jed{1,...,m}:

Partl.1 wts (sign(Wy), ..., sign(W,,)) are independent:

We have to show that P (sign(W1) = ki, ..., sign(W,,) = ki) = [1j2, P (sign(W;) = k;) for ki, ..., ky, €
{~1,0,+1}.

Since W # 0 for all j € {1,...,p} by assumption, it suffices to show this for all k1,..., &k, € {—1,+1}.

Note that {sign(W;) =k;} = {W; - k; > 0} for j € {1,...,p}, because:

Casel k; = 1:
{sign(W;) = k;}
In this case, k; = 1.
= {sign(W;) = 1}
By Definition (sign-function)
={w; >0}
={W;-1>0}
In this case, k; = 1.
={Wj - k; > 0}.
Case2 k; = —1:

{sign(W;) = k;}
In this case, k; = —1.
= {sign(W;) = —1}
By Definition (sign-function)

={W; <0}
={W; - (=1) > 0}
In this case, k; = —1.
= {Wj . ]fj > 0}.
The same holds for the whole random vector.
Hence, it suffices to show
P(Wy ki >0, , Wik >0)=[[P(W; k; >0) forallky,... kne{-1+1}. (9
j=1

+1,

IS and all § C
1 s

By Prep3 we know that (W1,...,W)) 4 (Wh-61,...,Wp-dp) for §; = { e
y

{1,...,m}.
In particular, we get
PWy -k >0,..., Wy - kp >0 =P(W; >0,...,W,, >0)
for all kq,...,ky € {—1,+1} (take S ={j € {1,...,m}: k; = —1}).
And of course, P (W; - k; > 0) =P (W; > 0) for all k; € {—1,+1}, j € {1,...,m}.

1

We now prove @ by showing that both sides of @ are equal to 5.

First, consider the LHS of @:
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The sum of all possible probabilities has to be 1.
= Y PWiki>0,... Wy ky>0)
ki, kme{—1,1}
We know that P (W7 - ky > 0,..., Wy, -k, >0) =P (W7 >0,...,W,,, >0).
— Z P(W; >0,...,W,, >0)
k1,eey knle{*l,l}
The probability term does not depend
on kq,...,k, anymore.
=P(W1>0,...,Wp>0)- > 1
K1, kme{—1,1}
There are 2™ different combinations
Ofk1,...,l€m.
=P(W; >0,...,W,, >0)-2™.

Rearranged gives P (W > 0,..., W, > 0) = ;5.

And since we know P (W7 - k1 > 0,..., Wy, -k, > 0) =P (Wy > 0,...,W,,, > 0) forallky,... .k, €
{-1,+1}, we get P(Wy - k1 > 0,..., Wy, - by, > 0) = 2% for all kv,...,kp € {—=1,+1}.

Second, consider the RHS of @D:

Let j € {1,...,m} be arbitrary.

By assumption, W; # 0.

So, we know that P (W; = 0) = 0 and hence it has to hold P (W, > 0) + P (W; < 0) = 1.

In other words, P (W; > 0) +P (W, - (—1) > 0) = 1.

Since we know P (W) - k; > 0) =P (W, > 0) for all k; € {—1,+1} from above, we get P (W; > 0) =
P(W; - (=1) > 0).

Hence, P(W; > 0) =P (W; < 0) = .

Since j € {1,...,m} was arbitrary, we have shown P (W; > 0) = P(W; <0) = 5 for all j €

{1,...,m}.

Let k1,...,kyn € {—1,+1} be arbitrary.

s

P (W; - k; > 0)
1

.
I

We know that P (W; - k; > 0) =P (W; > 0) for all k; € {—1,+1}.
= H P (W] > O)
j=1

1
We know that P (W; > 0) = §for allj e {1,...,m}.

<
I
—

L

Il
DO | =
‘HS‘ 3[\')\»—!
: \—< o =

)
3
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Partl.2 wts P (sign(W;) = —1) = P (sign(W;) = 1) = L for all null j:

-2

We know from Partl.1 that P (W; < 0) =
This is equivalent to P (sign(W;) = —1) =

(W; > 0) = 1 for all null j.

(sign(W;) = 1) = % for all null j.

ad ii) wts (sign(W7),...,sign(W,,)) is independent of (sign(W,41), . .., sign(Wp,)):

Let ki,...,ky € {—1,+1} and 41, ...,1p, € {—1,+1} be arbitrary (we can ignore 0 since W; # 0 for
all j by assumption).
We have to show that

P (sign(Wh) = ky,...,sign(Wp,) = kp, sign(Wing1) = U1, - - -, sign(W,) = 1)

=P (sign(Wh) = k1, ...,sign(Wy,) = k) - P (sign(Wint1) = b1, .-, sign(Wy) =1,,) .

This is equivalent (by the same argument as in Partl.1) to show that

P (Wl sk > o,..., W -k > O,Sign(Wm-i-l) = lm+1a v 7Sign(WP) - lp)
=PWi-k1>0,...,Wy, - kp, > 0) - P(sign(Wint1) = L1, ..., sign(W,) =1,,) .

1, 7¢8
By Prep3 we know that (Wi,...,W)) 4 (Wy-61,...,Wp-6,) for 6§; = {+1’ jiS and all S C
-1, 7
{1,...,m}.
In particular,
PWi-k1>0,...,Wy - kp > 0,8ign(Wig1) = i1, - - -, sign(W,) = 1,,) (10)

=P(W: >0,...,Wy > 0,sign(Wit1) = iy, .. ., sign(W,) =1,,)
for all ki,..., Kk, € {—1,+1} and all Iy q1,...,0, € {—1,+1}.
And of course, P(W7 - k1 > 0,..., Wy - kypy > 0) =P (W; >0,...,W,,, >0) forall ky,..., &k, € {-1,+1}.
(To see this, take S = {j € {1,...,m} : kj = —1} in both cases.)
Therefore, it suffices to show that

P(Wi>0,..., Wy > 0,sign(Wii1) = by, .. ., sign(Wy) = 1,,)
=P >0,...,W,, >0)-P(sign(Wyt1) = lms1, ..., sign(Wp) =1,,) .

Note that we can marginalize out the first m Knockoff statistics:

> P(Wy -k >0,..., Wy -k > 0,8ign(Wyi1) = i1, ., sign(W,) = 1,)
ki,...,km€e{—1,1}
=P (sign(Wint1) = ling1, ..., sign(Wy,) = 1) .
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By using , we get

> P(Wy>0,..., Wy, > 0,sign(Wyi1) = bt - - -, sign(W,) = 1)
Eiyeokm €{—1,1}
=P (sign(Wm+1) = lm+1, .- ., sign(Wy) =1,,).

And since the probability term does not depend on k1, ..., k,, anymore,

P (W) >0,..., Wy, > 0,sign(Wyi1) = b1, .- .,sign(W,) =1,) - > 1

=P (sign(Wm+1) = lmt1, .- ., sign(Wp) =1,,) .

There are 2™ different combinations of kq, ..., k,,. Hence we get

P(Wi>0,...,Wy > 0,sign(Wi41) = lmya, ..., sign(Wp) =1,) - 2™
=P (sign(Wit1) = lm+1, .. .,sign(Wp) =1,).

Rearranged,

P (Wl > 07 R WnL > 07 Sign(WnH-l) = lm-‘rl; EERE Sign(Wp) = lp)

1 . '
~ om P (sign(Wit1) = lnt1, - - -, sign(W,) =1,,) .

And we know from i) that P (W; > 0,...,W,, > 0) = 5.
Therefore, we get

P(Wi >0,...,Wy, > 0,sign(Wi41) = by, - . ., sign(W,) = 1,,)
=P(W; >0,...,W,, >0)-P(sign(Wy+1) = lns1, - - .,sign(W,) =1,,) .

Comments:

In the comments after Definition [2:4] we listed similarities between FX-Knockoff feature statistics and p-
values. Lemma shows that our feature statistics (more precicely, the signs of our feature statistics)
have much stronger properties than p-values usually have. Usually, the distribution of p-values is known
under the null hypothesis. Signs of feature statistics share this property. But for p-values, we usually do not
know anything about their dependence structure, even among the nulls. However, we know that signs of null
feature statistics are independent.

Theorem 2.12. (Theorem 1 in|Barber and Candes (2015)). For any q € (0,1), the FX-Knockoff method
(see Deﬁmtion which is selecting variables with indices

S={j: W;>T}
satisfies
[{j+ B;=0andje S}

mFDR := E -
1S+ Y/a

<4q
where the expectation is taken over the Gaussian noise z in the model while treating X and X as fized.
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Proof:

We only prove the case where:

- W; # 0 for all j (hence, the assumptions of Lemma are satisfied).
- |[W;| are distinct, i.e., |W;| # |W;] for ¢ # j.

-T < o0.

The proof is split into five parts. Part2 and Part3 are martingale results (needed to use optional stopping
theorem). Partl and Part4 are inequalities we are going to use in Part5, where we finally prove FDR-control.

Let g € (0,1) be arbitrary but fixed.

We would like to assume that |W;| are sorted in increasing order to make the proof easier. Such sorting
implies that null indices change too.

To address this problem, we define random indices [1],..., [p] through [Wpy| < [Wiy| < ... < |[Wp|.

The concept is similar to order statistics, except that we use it for ordered absolute values of terms (e.g. for
Wy =3, Wy = —1 and W3 = —4, we have ‘W[1]| < ‘W[Q]‘ < |W[3]‘ where W[l] =Wy = -1, W[Q] =W; =3
and W[3] = W3 = —4).

For each k € {1,...,p}, define

A(k) ::|{j: jelk,...,p}, W[j]<0}|,

B(k) :=|{j: jedik,...,p}, W[j]>0}|.

In other words, A(k) is the number of negative W, among the p — (k — 1) biggest |W;|.
And B(k) is the number of positive W; among the p — (k — 1) biggest |W;|.

Hence, we can write
A(k) = | {.7 : |W]| > |W[k]|7 Wj < 0} ‘7

B(k)=|{j: [W;| > W, W; >0}|.

In Definition 2.5 we have W = {|W;|: W; #0, j € {1,...,p}}.
Since we assume W # 0 in this proof, we can write that as W = {|W;|: j € {1,...,p}}.

Prep0.1 wts {j: W; < —[Wyl} = {j: [W;| = [W|, W; <0} for k€ {1,...,p}:

Let k € {1,...,p} be arbitrary.
wts {j : Wj < —|W[k]|} - {] : |WJ| > |W[k]|, Wj < 0}:

Let j € {j: W; < —|W|} be arbitrary.

This means that W; < —|W|.

Since W; # 0 for all j, this implies that W; < 0.

Multiplying (—1) on both sides of W < —|Wy| gives —W; > [Wpy|.
And since W; < 0, we have —W; > 0.

Therefore, | — W;| = —=W;.

And of course (property of absolute value), | — W;| = [W,].

Hence, [W;| > [Wiy|.

So, we have |W;| > |W| and W; < 0.

Hence, j € {j: |[W;| > [Wy|, W; <0}.

wts {] : Wj < 7|W[k]|} D {j : |WJ| > |W[k]|, Wj < 0}:
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Let j € {j S WS = Wil W5 < O} be arbitrary.

This means that [W;| > |W| and W; < 0.

Multiplying (—1) on both sides of [W;| > [W| gives —|[W;| < —[Wpy|.

And since W; < 0, we have |W;| = —W; (by definition of the absolute value).
Hence, —|W;| = —(-W;) = W;.

Therefore, W; < —|W|.

Hence, j € {j s W; < —|W[k]|}.

Both together give {j : W; < —|Wy|} = {j: |W;| > Wy, W, < 0}.
And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.

Prep0.2 wts {j : W; > |Wyyl} = {j: |W;| = |Wpl, W; >0} for k € {1,...,p}:

Let k € {1,...,p} be arbitrary.
wts {j : Wj > |W[k]|} - {j : |W]| > |W[k]|, Wj > O}:

Let j € {j W > \W[k]\} be arbitrary.
This means that W; > [Wy|.
Since W # 0 for all j, this implies that W; > 0.
Therefore, |W;| = Wj.
So, we have [W;| > [Wpy|.
Hence, j € {j: |[W;| > [Wy|, W; > 0}.

wts {] : Wj > |W[k]|} D) {j : |WJ| > |W[k]|, Wj > O}:
Let j € {j s WS > (Wil W > 0} be arbitrary.
This means that [W;| > [Wp,| and W; > 0.
Since W; > 0, we have |W;| = W;.
Therefore, W; > [Wy|.
Hence, j € {j : W; > |Wyl}.

Both together give {j : W; > |Wy|} = {j: [W;| > |Wy|, W; > 0}.
And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.

Then
T
By Definition [2.5]
. {7 W < —t}] }
=min<teW: - <q
{ {7 W; >t} V1
We know that W = {|W;)| : j€{1,...,p}}.
. | Wi < —=|[Wyl} |
= min |W[k]|:ke{la'--ap}a { ! []} <q
{52 W = Wil v
By Prep0.1 and Prep0.2, we know
that {j W; < 7|W[k]|} = {j |W;| > |W[;€]|, W; < O}
and {j: W; > [Wyyl} = {5: W;| > [Wyl, W; >0}.
W5 > [Wigl, W, <0
= min{ [Wygl: ke {1,....p}, s Wyl = Wil W; <031,
‘{j : |WJ| > |W[k]|, Wj > 0}|\/1
By definition of A(k) and B(k)
. A(k)
Inln{|W[k-]| kE{l,,p}, B(k)\/lgq}
Set

K::min{k: ke{l,....p}, _Ak) }
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Since T' < oo, we know that at least one k € {1,...,p} satisfies the inequality in the definition of K.
We know from above that T' is equal to the smallest |WW[;)| such that this inequality is satisfied.
And we know that ‘W[1]| < ‘W[2]| <... < |W[p]|.
Therefore,

T = Wikl

Side note: If we would relax the assumption [Wpj| < [Wig| < ... < [Wpy| to [Wy| < [Wig| < ... < [Wiyl,

then A(k), B(k) and therefore K would not be unique in general, as a small example shows:

Take p = 3 with W7 = 3, Wy = —1 and W5 = —3. Then we can choose if we write |Wa| < |[W7| < |W3|
or [Wa| < [Ws| < [Wal.

Casel W[l] = WQ, W[Q] = Wl, W[3} = Wg:
Here, we have
AB)=1[{j: je {3}, W <0}|=[{3}|=1and
B(3)=1[{j: je{3}, Wy >0}|=10]=0.
Hence, in particular,
A(3) 1

= =1.
B(3)vl o0v1
Case2 W[l] = WQ, W[Q] = W3, W[g} = W1:

Here, we have
AB)=1[{j: je{3}, W <0}| =10 =0and
B3)=[{j:je {3}, Wy >0} = {3} =1
Hence, in particular,

A(3) 0 0

To continue the proof, note that

S

={j: W; 2T}
We know that T' = |Wg|.

= {7+ W; = [Wigl}
By the same argument as in Prep0.2

= {7+ [W;| = [Wix|, W; > 0}
By the same argument as above, where

we introduced a different formula for B(k).

={j: je{K,....p}, W >0}.

1 i je{K,...,p}, W71 <0
Prepl.1 wts 1 < s REANAS py, Wiy <O}

It is clear, that {j: j € {K,....p}, W;; <0} 2 {j: je{K,....p}, W;; <0, B =0}
Hence, [{j: j e {K,...,p}, W <0} | >[{j: je{K,....p}, W <0, By =0}
So, 1+ |{j: je{K,....p}, Wy <0} | >1+|{j: je{K,....,p}, W;; <0, B;; =0}|.

Rearranged gives
1+|{j: jE{K,...,p}, W[j] <0}|

1< — :
L+ [{j: je{K,....p}, W} <0, B =0} |
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1+ A(K)

Prepl.2 wts ———~ :
P B(K)+1/q !

We know that

K:min{k: ke{l,...,p}, Bé()kg/lgq}.

Therefore, K is one such k € {1,...,p} satisfying this inequality. So, it holds

A(K)

—— < q.
BE)v1 =1

Note that B(K) > 0, because:

Assume otherwise, B(K) = 0.

Note that A(k)+ B(k) =p—(k—1) for all k € {1,...,p}.

So, A(K)=p— (K —1).

And B(K) = 0 also implies B?I((I)Ql = @. Hence by above inequality, A(K) < gq.
Since ¢ < 1, this implies A(K) = 0.

But that is impossible, because A(K) =p — (K — 1).

Even vor K = p, we would have A(K)=p—(p—1) = 1.

Contradiction!

Hence, the assumption B(K) = 0 is wrong.

Therefore (since B(-) is nonnegative by definition), B(K) > 0.

Hence we can write
A(K)
- <q.
B(K)

Rearranged gives (note that B(K) > 0)

Therefore,
1+ A(K)
B(K) + Yq
Multiplied by ¢ in numerator and denominator
(possible because g > 0)
1+ A(K)
— U BE) + 1
Note that all terms are nonnegative. So, we can use ([11)).
1+ A(K)
U AE) + 1
=q-1
=q.
Define

VIK) ==[{j: je{K,....p}, W;; >0, B =0},

Vi(K) :Z‘{j: jE{K,...,p}, W[j] <0, ﬂm ZO}|.

28



|{j: ﬂ[j]zoandj€§}| VH(K)

Partl wts - <gq- :
IS+ Yq 1+ V—(K)

|{j ﬂmzoandjeg}\
|S] + Y/

Weknowthatgz{j:je{K,...,p},W[j]>0}.
i i e{K, .. p}, Wy >0, By =0}
G ie{K,...,p}, Wy >0} + Ve
_ i jefK . ph, Wiy >0, By =0}
|{j:jG{K,...,p},W[j]>0}\+1/q

The first term is nonnegative.
So, by Prepl.1

M de K ph, Wiy >0, 8 =0p ) 1+ je{K,...,p}, Wy <O}
{j:je{K,....p}, W >0} [+Ye 1+[{j: je{K,....p}, W; <0, B =0}|
o 1+|{]]€{K,,p},W[]]<O}| |{j]€{K,7p}aW[j]>076[j]:0}|

T de{K oy, Wy >0 [+ 1+[{j jE{K,....p}, Wy <0, By =0}
CLFAK)  VHE)
T BE)+ Y, 1+ V-(K)

The second term is nonnegative.

So, by Prepl.2

<gq- 7V+(K) .
— 7 14+ V(K)

We now introduce martingale results.
Let §={Fr: k€ {1,...,p}} be a filtration with sub-o-algebras
Fi=o (A(z),B(z), VIO,V VEE (L k) Ty gy Vi€ {1 ,p}) .

Note that § is a filtration, because F; C ... C F,,.

Part2 wts K is a bounded stopping time w.r.t. §:

Note that K € {1,...,p}. Therefore, K is bounded.
It remains to show that K is a stopping time.
This means we have to show {K =t} € F, for all t € {1,...,p}.

Remember that

K:min{k: ke{l,...,p}, B(f]lc()k\)/lgq}'

We see that K is the minimal k& € {1,...,p}, such that a specific inequality is satisfied.

First, observe that {K =1} € Fi:

Note that by definition of 7, we know A(1), B(1).

Hence, we can tell if the inequality in the definition of K is satisfied.
In other words, we can tell if K = 1.

Therefore, {K = 1} € Fj.
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Second, observe that {K =1}, {K =2} € Fu:
Note that by definition of F3, we know A(l), B(I) for I € {1,...,2}.
So, we know A(1), B(1), A(2) and B(2).
Knowing A(1) and B(1) tells us if the inequality in the definition of K is satisfied for k£ = 1.
Therefore, {K = 1} € Fo.
Knowing A(2) and B(2) tells us if the inequality in the definition of K is satisfied for k = 2.
Therefore, {K = 2} € Fa.

By the same arguments for 3, ..., p, we get overall: {K =t} € F; forallt € {1,...,p}.

V*(k)
1+V=(k)
Part3 wts M (k) is a martingale w.r.t. §:

Define M (k) = for k € {1,...,p}.

Part3.1 wts M (k) is adapted to §:

Let k € {1,...,p} be arbitrary.

We have to show that M (k) is measurable w.r.t. F.

By definition of Fy, V1 (k) and V~ (k) are Fj-measurable.

Note that constant functions are measureable.

We know that the sum of two measurable functions is measurable.

Hence, 1 + V~ (k) is Fj-measurable.

And we know that the quotient of two measurable functions is measurable.
Therefore, M (k) is Fj-measurable.

Part3.2 wts E (|[M(k)|) < oo for all k € {1,...,p}:

Let k € {1,...,p}.

E ([M(F)[)
By definition of M (k)
V*(k)
=Bl
1+V—=(k)
We can omit the absolute value, because
the term inside is always nonnegative
+
_p( V)
1+V—(k)
We know that j € {1,...,p}. Therefore,
VT (k) <pand V~ (k) > 0 for all k.
V*(k) p
S < =p.
“TFv-(k) ~1+0 7
<E(p)
< 0.

Part3.3 wts E[M(k +1) | i) = M (k) forall k € {1,...,p—1}:
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Let ke {1,...,p—1}.

Prep3.3.1 wts M (k + 1) = M (k) on the event { S # 0}:

M(k+1)
By definition of M (k + 1)
V*t(k+1)
L+ Vo(k+1)
By definition of V*(k+ 1) and V™ (k + 1)
_ i gedk+1 . p), Wy >0, By =0}
Sl {jrje{k+ 1.k, Wy <0, By =0}

The counts in numerator and denominator

do not change if we start with k instead of k 4 1
since we know that B # 0.
_ ‘{j]g{kaap}aW[]]>O76m:0}|
L+ [{j: je{k,....p}, Wy <0, By =0}
By definition of V1 (k) and V™~ (k)

VT(k)
1+ V-=(k)
By definition of M (k)
= M(k).

V¥(k)—1
m on the event {IB[k] = 0, W[k] > 0}

Prep3.3.2 wts M(k+1) =
M(k+1)
By definition of M (k + 1)
VHt(k+1)
1+ Vo (k+1)

By definition of V' (k+ 1) and V"~ (k + 1)

_ Mirgefk+1,..ph Wy >0, By =0}

L+[{j:je{k+1,....p}, W, <0, By =0}

Since we consider the event {ﬂ[k] =0, Wy > O} ,

the numerator will increase by 1 if we start
with k instead of £ + 1. The denominator is not affected.
_ |{j jelk,...,p}, W[j] > 0, ﬂ[j] :0}|71
1+|{j: j€{k,....p}, W[j] <0, BU] :0}|
By definition of V1 (k) and V'~ (k)

_ Vi) -1
1+ V(k)

VE(k
(k) on the event {B[k] =0, W < O}:

Prep3.3.3 wts M(k+1) = =0

<

M(k+1)
By definition of M (k + 1)
VHt(k+1)
TItVo(k+1)
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By definition of V¥ (k+ 1) and V™~ (k + 1)
_ Mdedk+lph Wiy >0, By =0}
1—|—|{j: jE{k—Fl,...,p}, W[j] <0, ﬂ[j] ZO}|
Since we consider the event {ﬁ[k] =0, W < 0} ,
the denominator will increase by 1 if we start

with k instead of £ + 1. The numerator is not affected.
_ WHiiedk,....p}, Wy >0, By =0} |
1—|—|{j: jedik,...,p}, Wi <0, B[j] ZO}‘—I
By definition of V" (k) and V (k)

_V*(k)
- V(k)
Note that V= (k) > 0 in this case, because we consider the event {fy; =0, W} < 0} and hence,
V= (k) > 1.
Prep3.3.4 wts 1 P[Wy >0| F] =1 )
1eps.0.2 WIS Leg =0} - [ (k] >0 k] = HBu=0}  VFERIV-(R)

. + _ P .
Note that we can write V¥ (k) =", ]l{ﬁmzo} ﬂ{W[j]>o}'
Conditional expected value applied on both sides gives

P
+ _
E[VT(k) | Fi] =E Zk Lisy=0} - Lwy >0} | P
=
Since VT (k), {ﬂm = O} € Fi for all j € {1,...,p}, we can pull these terms out and get

V+(k) ‘E [1 ‘ ]:k] = Z IL{B[]']:O} E []l{w[j]>0} ‘ ]:k} '
j=k

Hence,

p
VIR =2 Lm0y F [P0 > 01 A
j=k

By Lemma i) we know for null [j]: sign(W/;)) are independent and P (sign(W};) = —1) =
P (sign(Wp;)) = +1) = 1.

The latter can be written as P (W[j] < 0) =P (W[j] > 0) = %

In other words, the signs of the null FX-Knockoff feature statistics are i.i.d. and hence exchange-
able.

By definition of Fj, all nulls are known.

Therefore,

Loy=o} " Lap=o} - F Wiy > 01 7] = Lsy=o}  Hop=o} ¥ (Wi > 01 7]
for all j € {k,...,p}.
And note that

Lpu—o} V()

We know from above
p
that V¥ (k) = Y Lgg oy P [Wy > 0] Fi].
j=k

p
- ]1{6[16120} ' Zk: l{ﬁ[]‘]zo} P [W[j] >0 | fk]
j=

32



p

= Lgs, o} Lpu—op B W > 0| Fi]
=k

We know that ]1{5[”:0} . ]I{B[k]:O} -P [W[k] >0 | ]:k] = ]l{ﬁ[j]:o} . ﬂ{ﬁ[k]:o} -P [W[j] >0 | fk] .

|
P’jﬁ

- :O} ’ ]l{ﬂ[k]:O} P [W[k] >0 | ]:k]
j=

p
= Louw=oy ' F Wiy > 01 7] Z;c L=}
j:

:1{6[k1=0}'P[W[k] >0|Fe] - |{j: je{k,....p}, By =0}
Note that V¥ (k) + V (k) =|{j: j € {k,...,p}, By =0}|.
= Lgy o) B Wi > 01 F] - (VF(R) + V7 (R).

Rearranged gives

VT(k)

Lgp=0y P (Wi > 01 7] = L6y} - VHE) + V- (k)

Therefore,

E[M(k+1)| Fk
= E[ME+ 1) 15 o) ogsy=0) | 7]
Note that 1cup = 1¢ + 1p for disjoint sets C, D.
=B [M0+1) (L0} + Lgymop) | 74]
E

[M(k +1)- (ﬂ{ﬂ[m#o} + ]l{g[k]:Q Wiy >0t { B =0, W[k1<0}) | }-”“}
Note that 1cup = 1¢ + 1p for disjoint sets C, D.

M(k+1) (]l{ﬂk #0} + ]l{;a 1 =0, Wik >0} + 1{13 =0, Wi <0}) | ]:k}
M(k+1) ]1{ﬁ 70} + ME+1)- ]]-{/B[k] —0, Wy >0} +M(k+1)- ]]-{ﬁ[k]:(), Wi <0} | Fi

2|
-2
=E[M(k+1)- 1{ﬁk¢0}\f,€]

+1E[M (k+1) Lgs o, w, >0}|}'k]

+E[M/€+1 1{5[] =0, Wi <O}|‘F’f}
By Prep3.3.1, Prep3.3.2 and Prep3.3.3

=k [M(k) Lo 20} | ]:k}
+E

Vi) -1
|:1‘H/_(k) ’ 1{5[1«]:0, W[k]>0} | fk:|
V()
e {V_(k?) ' ]l{ﬂm:(), Wi <0} \ fk]

Note that 1¢np = 1¢ - 1p for sets C, D.
=K [M(]f) .]l{ﬁk?éo} |]:k}

V*H(k) -1

e {1+V() (=0} " L{wiy>0} | Fk}
V* (k)

+E {V(k) ]l{ﬁ —0} " l{w[k]<o} | ]-'k]

33



By definition of 7, we know that V' (k),V {B = O} € Fi.
Since complements of elements of a o-algebra are

again in that o-algebra, {ﬁ[k] = O}C = {B[k] #* O} € Fi.
Hence we can pull out these terms.

= M(k) - ]l{g[kﬁso} ‘E[1] Fi]
V*t(k)—1
1+V-(k)
V*(k)
+ V-(k ) {ﬁ[kl o}
= M(E) - L{g, 20}
N VFk) -1
1+V-(k)
V*(k)
V-(k)

gm0} E [Ty 0y | 7]

{ {Wpg<o} | ]:k}

ig=o) P [Wiky > 0] Fi]

+ {ﬂ[k] 0} P [W[k] <0| fk]

= M(kj) . ]1{5[k]¢0}
VH(k) — 1
1+V-(k)
V* (k)

V=(k) Hem=0}’ (1 -
(k) - 1{5[k]¢0}

VHt(k) -1 V*(k)

T =0} T V) VIR V- (k)

) VHE) (VHE) + V- (k) v+ (k)
b=} vy (V+(k) +V-(k)  V*H(k)+ V—(k)>
= M(k) - ]1{5[k]¢0}

VHt(k) -1 V*(k)
T =0} T V) VIR V- (k)
V* (k) V= (k)
o=} V=) VIR V)
VHE) — 1

L V*(k)
{Bu=0} " VH (k) + V= (k)
V*(k) )

+ VER) + V- (k)

V*(k)

By Prep3.3.4

(k) _ V*(k)

V*(k)
Lszo} T L{p=0} - <V+(k) FV=(k)

1 1 v
oo} T {ﬁm—O}'<1+V—(k) VHE) + V- (k )+V
_|_

(k) VE(k) + V- (k)

(v )

B V+(k) Vt(k) — 1+ V-~ (k)
=M(K) - Lyg, 20} + g, -0} <V+(k) +V=(k) (1 +V=(k) 7 L+Vv= (k>>)
vV (k) V*(k) + V™ (k)
= M(k) - Leg, 201 + Ligp=0} - < tk)+V-(k)  1+V—(k)
Vv (k)
= M(k)- Liguz0r + Lp=0} - 1+V—(k)

' ]l{ﬂ[kwfo} + l{ﬂ[k]:o} - M (k)

(U a20) + om0

)

By definition of M (k)

Note that 1cup = 1¢ + 1p for disjoint sets C, D.

= M(k)- L 20} s =0}
= M(k)
Since k € {1,...,p — 1} was arbitrary, we have shown E [M (k + 1) | Fy]
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Define Ny = | {j c{l,...,p}: By = O} | as the total number of nulls.

1
Prep4.1 wts V(1) ~ Binomial (NO7 2):

Note that we can write
V+(1) = | {] D J€ {L’”ap}v W[]] >0, ﬁ[]] :0} ‘ = ‘ {J P JE {17“-7]7}7 Slgn(W[]]) = +1, /B[j] = 0} |

Define U; = ﬂ{sign(W[j]):+1}.
Note that P (U; = 1) = P (sign(W};)) = +1) = 3 for all j where }; = 0 by Lemma i).
By Lemma i), sign(W7;)) are independent for j where 3}; = 0.
This means that U; are independent random variables with U; ~ Bernoulli (3) for all j where 8; = 0.
Short: U; "~ Bernoulli (3) for j where A, = 0.
Note that Z Uj=V*().

je{l,...,p},

B =0

By definition of the Binomial-distribution, V*(1) ~ Binomial (NO, %)

Prep4.2 wts V= (1) = Ny — V1 (1):

V=)
:|{] je{l,...,p}, Wi <0, 5[j]=0}|
Note thatN0=|{j€{1,...,p}: ﬂm :0}|
=No—|{j:je{l,....p}, Wy >0, ;) =0}|
=Ny —V*T(1).

VH(EK)
E { VH(K) }
1+ V~(K)
By Part2, we know that K is a bounded stopping time.
By Part3, we know that m is a martingale.
’ 14+ V—=(k)
Therefore, we can use Lemma i)
(optional stopping theorem for martingales).
_E [ V() }
1+V—(1)
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By Prep4.2

ot
1+ No—VH(1)
In general, it holds for a discrete random
variable Y and function g that
E(g(Y)) = g(y)-P(Y =y). In our case,
y . N
g(x) :== Fy s —— and Y := V7 (1).
Note that Ng <pandY € {0,...,No}.
No
=D gli)-P(Y =4)
=0

By definition of g

1
By Prep4.1, V(1) ~ Binomial (N07 2) .
—f:;' No ) (1Y (o)
1+ Ny i 2 2
S (M)
- p 14+ Ng—1 i 2 2

- i 1+J\ifo — ﬁ?l— il (;> <;>N_
- ; 1 +z\170 —i (i— 1>!]-V?z!vo -l @ ' G) ' G)NO_(H) ' @

Note that 1+ Ng —i = Ng — (i — 1).

) i (i—1)!- (]];]s!_ (i—1) (i)il ‘ (;)NO(”)

RO O

We can start the sum at 7 = 1.

Substitution: set j =1 — 1.

The sum of probabilities the random variable Y
can achieve has to be smaller than 1.

IN
—

Partb wts mFDR < ¢:

mFDR
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[{j: By =0andje s}

S|+ Ya
|j:5[-]:0andj€5' ‘ +
By Partl, we know that { ’ - } §q~V7(_K).
1S+ 1/a 1V (K)
VT(K)
<E|qg- ————*—~
. Flwﬁmﬂ
[ V)
1+ V—(K)
+
By Part4, we know that E L_‘:V(_Ii;()} <1.
q-1
q

As g € (0,1) was arbitrary but fixed, we have shown the result for all g € (0, 1).

Theorem 2.13. (Theorem 2 of |Barber and Candes (2015)) For any q € [0,1], the FX-Knockoff+ method
(see Deﬁnition which is selecting variables with indices

S={j: W; 2Ty}

satisfies
FDR = E [FDP] < ¢,

where the expectation is taken over the Gaussian noise z in model while treating X and X as fized.

Proof:

Side note: This proof is almost identical to the proof of Theorem [2.12]

We only prove the case where:

- W; # 0 for all j (hence, the assumptions of Lemma are satisfied).
- |[W;| are distinct, i.e., |W;| # |W;] for ¢ # j.

- Ty < oo0.

Let g € [0, 1] be arbitrary but fixed.

We would like to assume that |WW| are sorted in increasing order to make the proof easier. Such sorting
implies that null indices change too.

To address this problem, we define random indices [1], ..., [p] through [Wy| < [Wig| < ... < [W|.

The concept is similar to order statistics, except that we use it for ordered absolute values of terms (e.g. for
Wy =3, Wy = —1 and W3 = —4, we have ‘W[1]| < ‘W[Q]‘ < |W[3]‘ where W[l] =Wy = —1, W[g] =W; =3
and W[g] = W3 = —4).

For each k € {1,...,p}, define

A(k) ::|{j: jedk,...,p}, W[j]<0}|,

37



B(k):=|{j: je€{k,...,p}, Wy >0}|.

In other words, A(k) is the number of negative W, among the p — (k — 1) biggest |W;|.
And B(k) is the number of positive W; among the p — (k — 1) biggest |W;|.

Hence, we can write

A(k) = | {] : |W]| > |W[k]|7 Wj < O} ‘,

B(k)=|{j: [W;| > W, W; >0}|.

In Definition 2.6 we have W = {|W| : W; #0, j € {1,...,p}}.
Since we assume W # 0 in this proof, we can write that as W = {|W[j]| jedl,... ,p}}.

Prep0.1 wts {j : W; < —[Wyl} = {j: [W;| > [Wy|, W; <0} for k€ {1,...,p}:

Let k € {1,...,p} be arbitrary.
wts {j W, < 7|W[;€]|} - {] : |WJ| > |W[k]|, W; < O}:

Let j € {j: W; < —|Wjy|} be arbitrary.

This means that W; < —|W|.

Since W # 0 for all j, this implies that W; < 0.

Multiplying (—1) on both sides of W} < —|W| gives —W; > [Wpy|.
And since W; < 0, we have —W; > 0.

Therefore, | — W;| = —=W;.

And of course (property of absolute value), | — W;| = [W,].

Hence, [W;| > [Wiy|.

So, we have |W;| > |[Wp,| and W; < 0.

Hence, j € {j: |[W;| > [Wy|, W; <0}.

wts {] : Wj < 7|W[k]|} D {] : |WJ| > |W[k]|, Wj < 0}1

Let j € {j: [W;| = [Wjyl, W; <0} be arbitrary.

This means that [W;| > [W| and W; < 0.

Multiplying (—1) on both sides of [W;| > [W| gives —|[W;| < —[Wpy|.

And since W; < 0, we have |W;| = —W; (by definition of the absolute value).
Hence, —|W;| = —(-W;) = W;.

Therefore, W; < —|W|.

Hence, j € {j: W; < —|Wyyl}.

Both together give {j : W; < —|Wiy|} = {j: [W;| = |Wy|, W, < 0}.

And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.
Prep0.2 wts {j : W; > |Wyyl} = {j: |W;| = |Wpl, W; >0} for k € {1,...,p}:

Let k € {1,...,p} be arbitrary.

Let j € {j W > \W[k]\} be arbitrary.

This means that W; > [W,]|.

Since W # 0 for all 7, this implies that W} > 0.
Therefore, |W;| = Wj.

So, we have [W;| > [Wpy|.

Hence, j € {j: |[W;| > [W|, W; > 0}.

wts {72 Wi > [Wil} 2 {5 [W;| > [Wyl, W; > 0}:
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Let j € {j S WS = Wil Wi > O} be arbitrary.
This means that |[W;| > |W| and W; > 0.
Since W; > 0, we have |W;| = W;.

Therefore, W; > [Wy|.

Hence, j € {j : W; > Wy}

Both together give {j Wi > |W[k]|} = {j s WS > Wikl Wy > O}.
And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.

Then
Ty
By Definition [2.6]
: 1+ [{j: W; < -t} }
=minsteW: - <q
{ G W=V
We know that W = {|W;|: je{1,...,p}}.
14+ i W < —|W,
= min{ [Wiyl: ke {l,...,p}, 42 Wy < —Wiwlh|
{5 = Wi = [Wpl} V1
By Prep0.1 and Prep0.2, we know
that {j: W; < —|[Wyyl} = {7 [W;| > [Wgl, W; <0}
and {j: W; > [Wyyl} = {7: [W;| > [Wpl, W; >0}.
L1 W] > [Wil, W, <0
=min < [Wyyl: k€ {l,...,p}, ‘{j Wil = Wial, W }|§q
g W5 = Wiyl W; >0} V1
By definition of A(k) and B(k)
. 1+ A(k)
= : 1,... —= < .
win { Wil s & € (L opb, ) <)
Set

K::min{k: kel p, 24K }

Bkyvi =1

Since T < oo, we know that at least one k € {1,...,p} satisfies the inequality in the definition of K.
We know from above that 7', is equal to the smallest [WW[;)| such that this inequality is satisfied.
And we know that ‘W[1]| < ‘W[2]| <... < |W[p]|.

Therefore,

T, = Wikl

IN

Side note: If we would relax the assumption [Wy| < [Wg| < ... < [Wp,| to [Wy| < [Wy|
then A(k), B(k) and therefore K would not be unique in general, as a small example shows:

. < |W[p]‘,

Take p = 3 with W; = 3, Wy = —1 and W3 = —3. Then we can choose if we write |Ws| < |W7| < |W3]
or [Wa| < [Ws| < [Wh.

Casel W[l] = Wg, W[Q] = Wl, W[3] = Wg:

Here, we have
AB)=1[{5: 7€ {3}, W <0}|=1{3}|=1and
B3)=|{j: je{3}, W >0}|=[0]=0.
Hence, in particular,
1+AB) 1+1

= =2.
BB)vV1 o0Vl
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Case2 W[l] = Ws, W[Q] = Wi, W[g] = Ws:
Here, we have
AB)=1[{j: je{3}, W;; <0}|=10]=0and
B3)={j: je {3}, Wy >0}|=[{3}|=1.
Hence, in particular,
1+A@3) 140 _1
B(B)v1l 1v1l

To continue the proof, note that
S
={j: W; 2Ty}
We know that T’y = |Wg|.
=1{j: W; = [Wigl}
By the same argument as in Prep0.2
= {7+ [W;| = [Wix|, W; > 0}
By the same argument as above, where
we introduced a different formula for B(k).

={j: je{K,....p}, W, >0}.

1+ A(K)

Prepl.1 wts ————= :
rep WSB(K)\/liq

We know that
. 1+ Ak
K= k: k 1,... —_— .
mm{ e{1, ’p}’B(k)w—q}
Therefore, K is one such k € {1,...,p} satisfying this inequality.

Define
VHEK) ==[{j: je{K,....p}, W;; >0, B =0},

VI(K):=[{j: je{K,....p}, Wy <0, ;) =0}].

VI(K)

Partl wts FDP < ¢ - —————:
artl wts <q T3V (K)

FDP
By Definition [2.7i)
|{j B[j]zoandj€§}|
15| v 1

Weknowthatgz{j: je{K,...,p}, W[j]>0}.
7|{j:j€{K,...,p},W[j]>0, ﬂ[j]:O}|
|y je{K,...,p}, Wy >0}| V1
_|{j:jE{K,...,p},W[j]>0, ﬁ[j]20}|'
- [{jrje{K,....p}, W >0} | V1
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1
We multiply with 1

_ |{] jE{K,...,p},W[j]>O, ﬂ[‘j]ZO}‘.1+|{j: jE{K,...,p}, W[j]<0}|
[{j:je{K,....p}, Wy >0}| V1 1+ [{j: je{K,....p}, W <0}
:1+|{j:jE{K,...,p},W[j]<0}|'\{j:jE{K,...,p},Wm>O, B =0}
[{j:je{K,....p}, W;;>0}|V1 1+[{j: je{K,....p}, W <0}|
_ 1+ AK) V*(K)
CB(K)V1 1+|{j: je{K,...,p}, W};; <0}

+ A(K)
+ A(K)’

All terms are nonnegative and note

that [{j: je{K,....p}, W <0} >|{j: je{K,....p}, Wj;; <0, B;; =0}|.

1+ A(K) V*H(K)

T BE)VY 14 |{j: je{K,...,p}, W;; <0, B;; =0}
1+ AK) VHK)
B(K)V1 1+V—(K)

By Prepl.1

VH(K)

<qgo—— .
=TT V(K)

We now introduce martingale results.

Let §={Fr: k€ {1,...,p}} be a filtration with sub-o-algebras

Fi :U(A(l),B(l),Vﬂl),V*(l) Ve L.k} Ty gy Vi€ {1,...,p}).

Note that § is a filtration, because F; C ... C F,,.

Part2 wts K is a bounded stopping time w.r.t. §:

Note that K € {1,...,p}. Therefore, K is bounded.
It remains to show that K is a stopping time.
This means we have to show {K =t} € F; forallt € {1,...,p}.

Remember that
1+ A(k)

We see that K is the minimal k& € {1,...,p}, such that a specific inequality is satisfied.

First, observe that {K = 1} € Fi:

Note that by definition of 1, we know A(1), B(1).

Hence, we can tell if the inequality in the definition of K is satisfied.
In other words, we can tell if K = 1.

Therefore, {K = 1} € F7.

Second, observe that {K = 1},{K = 2} € Fu:

Note that by definition of F3, we know A(l), B(I) for I € {1,...,2}.
So, we know A(1), B(1), A(2) and B(2).

Knowing A(1) and B(1) tells us if the inequality in the definition of K is satisfied for k = 1.

Therefore, {K = 1} € Fo.

Knowing A(2) and B(2) tells us if the inequality in the definition of K is satisfied for k = 2.

Therefore, {K = 2} € Fo.
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By the same arguments for 3, ..., p, we get overall: {K =t} € F; forallt € {1,...,p}.

+
Define M (k) = m for k € {1,...,p}.

Part3 wts M (k) is a martingale w.r.t. §:

Part3.1 wts M (k) is adapted to §:

Let k € {1,...,p} be arbitrary.

We have to show that M (k) is measurable w.r.t. Fy.

By definition of Fy, V1 (k) and V~ (k) are Fj-measurable.

Note that constant functions are measureable.

We know that the sum of two measurable functions is measurable.

Hence, 1+ V~ (k) is Fi-measurable.

And we know that the quotient of two measurable functions is measurable.
Therefore, M (k) is Fj-measurable.

Part3.2 wts E (|M (k)|) < oo for all k € {1,...,p}:

Let k€ {1,...,p}.

E([M(k))
By definition of M (k)
V*(k
—E (I
1+V—(k)
We can omit the absolute value, because
the term inside is always nonnegative
+
e (VW)
1+V—(k)
We know that j € {1,...,p}. Therefore,
VT (k) <pand V~ (k) > 0 for all k.
V*(k) p
S < =p.
Y1y v-(k) 140 7
<E(p)
=D
< o0.

Part3.3 wts E[M(k+ 1) | Fx] = M (k) forall k € {1,...,p—1}:
Let ke {1,...,p—1}.

Prep3.3.1 wts M (k + 1) = M (k) on the event {3 # 0}:
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M(k+1)
By definition of M (k + 1)
Vt(k+1)

T4 V-(kt+1)

By definition of V' (k + 1) and V™~ (k + 1)
B ‘{j:jG{k-l—l,...,p},W[j]>0,ﬁ[j]=0}‘
B 1+|{j: je{k+1,...,p}, Wi <0, By =0}|

The counts in numerator and denominator

do not change if we start with k instead of k + 1
since we know that S # 0.
_ ‘{j]g{kaap}aW[j]>075[]}:0}|
1+|{j: j€{k,...,p}, W[j] <0, ﬁ[j] :0}|
By definition of V1 (k) and V (k)

V*(k)
T 1+ V(k)
By definition of M (k)
= M(k).
Prep3.3.2 wts M(k+1) = W on the event {,B[k] =0, Wy > O}:
1+V=(k) ’
M(k+1)
By definition of M (k + 1)
VHt(k+1)

T 14V (k+1)

By definition of V¥ (k + 1) and V~(k + 1)
_ |{j]€{k+]—a7p}7W[]]>076[]]:O}|
1+ [{j:jefk+1,...,p}, W <0, B;; =0}
Since we consider the event {B[k] =0, Wy > O} ,

the numerator will increase by 1 if we start
with k instead of k£ 4+ 1. The denominator is not affected.
_ |{] je{kaap}a W[J] >Oa B[_/] :0}|71
L+ |{j: jefk,....p}, W} <0, By =0}
By definition of V1 (k) and V™~ (k)

_ V(R -1
14+ V(k)

V*(k)
=0 on the event {ﬁ[k] =0, Wy < 0}:

Prep3.3.3 wts M(k+1) =

M(k+1)
By definition of M (k + 1)
VHt(k+1)
1+V-(k+1)
By definition of V¥ (k+ 1) and V™~ (k + 1)
_ Miigefk+ L. p}, Wy >0, By =0}
n 1+|{j: je{k+1,...,p}, W[j] <0, ﬁ[j] :0}|
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Since we consider the event {ﬁ[k] =0, W < 0} ,
the denominator will increase by 1 if we start
with & instead of k 4+ 1. The numerator is not affected.
_ |{j:je{k,...,p}7W[j]>0,ﬁ[j]=0}‘
1—|—|{j: jedik,...,p}, Wi <0, ﬁ[j] ZO}‘—I
By definition of V* (k) and V™ (k)

Note that V'~ (k) > 0 in this case, because we consider the event {ﬁ[k] =0, Wy < O} and hence,
V—(k) > 1.

- L€ I
Prep334 wts ]]-{Bk :0} P [W[k—] >0 | fk] = ]]-{Bk :0} . m

+
Note that we can write V¥ (k) = Zj & 1{5 =0} {WU]>0}'
Conditional expected value applied on both sides gives

E[VF(k) | Fi] = Zl{ﬁ[] 0} 1>0}|]:k

Since VT (k), {5[3‘] = O} € Fi for all j € {1,...,p}, we can pull these terms out and get

VH(k)-E[L| F] = Zﬂ{a oy E[{W >O}\fk]

Hence,
p
VHKR) =D Les, oy B [Wi > 01 7.
j=k

By Lemma i) we know for null [j]: sign(W/;) are independent and P (sign(W};) = —1) =
P (sign(Wp;) = +1) = 1

The latter can be written as P (W[j] < O) =P (W[j] > 0) = %

In other words, the signs of the null FX-Knockoff feature statistics are i.i.d. and hence exchange-
able.

By definition of Fj, all nulls are known.

Therefore,

Loy=0) Low=op B Wi > 01 il = La oy - 1o 0} B [Wis1 > 01 i
for all j € {k,...,p}.
And note that

I{BMZO} VIR)

We know from above

p
that VF(k) = > Ls, -0} P Wy >0 Fi].
j=k
p
- ]l{ﬁ[k]:O} ’ Z ]l{ﬁ[j]zo} P [W[j] >0 | ]:k]
j=k

P
- Zk ]1{5[1‘]:0} ' ]l{ﬁ[kJZO} BV > 0] 7]
j=

We know that ]l{ﬁmzo} . ]l{ﬁ[k]:o} -P [W[k] >0] ]:k] = ]l{ﬁ[j]ZO} . ]l{ﬁ[k]:o} -P [W[j] >0] .7:}9] .
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p
B Zk Lo =0} Lpu=0} ¥ (Wi > 0| 7]
J:

= Lp=0} - F (Wi > 0] Fi Z 1 (s,=0}

- ]l{ﬁmzo} P [Wpy >0 Fel - |{] jed{k,....p}, By =0}|
Note that VJr(k.) + Vﬁ(k) = ‘ {j : ] € {ka R 7p}7 6[]] =0
= IL{B[k]ZO} P [W[k] >0 ‘Fk] ’ (V+(k) +V- (k)) .

Rearranged gives

VT(k)

gm0y B (Wi > 01 7] = Liay o} oy 2 v

Therefore,

E[M(E+1)| Fi

=K _M(k +1)- ]l{ﬁ[k#()}u{ﬁ[m:o} | ]:k}
Note that 1cup = 1¢ + 1p for disjoint sets C, D.

=E ;M(k +1)- (ﬂ{g[kﬁeo} T 1{5[k]:0}) | f’f}

—E _M(k +1)- (1{5[k1#0} + 1{5[k1=07 Wiy >0t { B =0, W[k1<0}) | }—k}
Note that 1cup = 1¢ + 1p for disjoint sets C, D.

—E M(k +1)- (l{ﬁ[kﬁéo} * 1{5[k1=07 Wiy >0} + 1{5[k1=07 W[k]<0}> | }-k}
= M(k +1)- Lfg 0} T Mk+1)- Lt g=0, wiy>0) + Mk+1)- Lrg =0, Wiy <0} | Fi
[M(k—i— D Ly, s0p | P
FE[MO4 D) L w0 |

[M (k+1) T 0w, <0}|fk]

By Prep3.3.1, Prep3.3.2 and Prep3.3.3
=B [M(0) - 145, 10 | 5]

V*t(k)—1
+ {H—V (k) 1{5[k1 =0, Wiy >0} |]:k}
V*(k)
“E{V (o) M=o, Wiy <0} fk]
Note that 1cnp = 1¢ - 1p for sets C, D.

_E [M(k) 550} |f,c}

V¥(k) -1

tE {1 +V-(k) L=} * Lm0} | ]:4
V+H(k

B [v Ek; =0} " H{wyy <o} 'fk]

By definition of 7, we know that V' (k),V {B = O} € Fi.
Since complements of elements of a o-algebra are

again in that o-algebra, {ﬂ[k] = 0}c = {B[k] #* O} € Fy.
Hence we can pull out these terms.
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:M(k)']l{,@ ¢0}'E[1|}—k]

Vt(k)—1
T rrvom) Hew=o} E (1w, o) | 7]
V*i(k)
V) V- (k) L gg=0} - { {Wiy<o} ‘}—k}
= M(k) - ]l{ﬁ[k #0}
vk 1
+(k
*58 ﬂ{a o}'P[W[k“O'f‘“]
By Prep3.3.4
:M(k)']l{ﬁ[k #0}
ViR -1 V)
1+ V-(k)  {Bw=0} " VH&)+ V- (k)
v+ (k) V*(k)
vy o) (1 - v+<k>+v<k>>
= Mk) - L 20}
VH(k) -1 V*(k)
T sm=0} Tov-(h) VIR V(R
V*H(k) (VE(k)+V (k) V* (k)
+1 {Bw=0} "1/ (k) \V+(k)+V-(k) _V+(k)+V(k)>
= ME) - (g0}
V*(k) -1 V*(k)
P sm=0} Tov—(h) VIR V(R
Vi) V(R
T =0} V() VIR £ V()
Vt(k)—1 Vt(k ) V- (k) Vt(k)
_M("’>'l{ﬂ[k]¢o}”{ﬂ[k1—0}'<1+v—(k) VER) + V- (k )+V (k) VT (k>+V‘(k))
V*(k)
—M(k)~]l{ﬂ[k]?éo}Jr]l{ﬂ[k]—o}'<V+(k)+v—(k) <1+V k)+ ))

=M(k) - Lg, 20} + Lig -0} <V+(k;) + V- (k)

. <Y:—(V) Ol 115 (ki))

V* (k) VH(k) + V (k)
(k) - L gy 0} + L{gy=0} < +k)+V-(k)  1+V-(k) >
V*(k)

oo} T M=o} TV
By definition of M (k)
(k) - Ligypo} + L{gg=o} - M)

=M@ (101 + L0

Note that 1cup = 1¢ + 1p for disjoint sets C, D.
(k) - ]l{ﬁ _
170 fU{ i =0}

Since k € {1, ..., p — 1} was arbitrary, we have shown E [M (k + 1) | Fr] = M (k) forall k € {1,..., p—1}

Define Ny =

| {j e{l,...,p}: By = 0} | as the total number of nulls.
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1
Prep4.1 wts V(1) ~ Binomial (NO, 2):

Note that we can write
VW) =[{j: je{l.,p}, Wy >0, By =0} =[{j: je{l,....p}, sign(Wy) = +1, By = 0} .

Define U; = ]]'{sign(W[j]):+1}'
Note that P (U; = 1) = P (sign(W};)) = +1) = 3 for all j where 8}; = 0 by Lemma i).
By Lemmai), sign(W[;1) are independent for j where f;; = 0.
This means that U; are independent random variables with U; ~ Bernoulli (%) for all j where 3}; = 0.
Short: Uj “&" Bernoulli (%) for j where fj; = 0.
Note that > U; =V+Q).

jedl,....p},

B =0

By definition of the Binomial-distribution, V(1) ~ Binomial (NO, %)

Prep4.2 wts V= (1) = Ny — VT (1):

V=)
:|{] je{l,...,p}, Wi <0, 5[j]=0}|
Note thatN0=|{j€{1,...,p}: ﬂm :0}|
=No—|[{j: j€{l,....p}, Wy >0, By =0} |
=Ny —V*T(1).

VH(EK)
Part4d wts E [1—|-V_(K)] <1:
E { VHEK) }
1+ V—(K)
By Part2, we know that K is a bounded stopping time.
By Part3, we know that m is a martingale.
’ 1+V—(k)
Therefore, we can use Lemma i)
(optional stopping theorem for martingales).
_E { V) }
1+V—-(1)
By Prep4.2
_E [ V) }
14+ No—V+(1)
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In general, it holds for a discrete random
variable Y and function g that

E(g(Y)) = Zg(y) -P(Y =y). In our case,

g(x) = ﬁ and Y := V7T (1).
Note that Ng < pandY € {0,...,No}.
No
=D gli)-P(Y =4)
i=0
By definition of g
No

1
By Prep4.1, V(1) ~ Binomial (N07 2) .
_g[):;' No 1y oL o
N =1+ No—i i 2 2

S (M) )

=1+ Ny i 2 2

_io: i N! 1 i } No—i

T~ 1+4+Ny—i il-(Ng—i)! \2 2

_io: 1 N! } i—1 1 1 1 No—(i—1) 1 -1
=1+ Ng—i (1) (No—i)! \2 2 2 2

Note that 1 + Ng —i = Ng — (i — 1).

B i (i—1)t- (ZJ;](?!— (i—1) (é)l ‘ (;)NO(”)

)W

We can start the sum at 7 = 1.

Substitution: set j =17 — 1.

=P(Y'=j)
The sum of probabilities the random variable Y’
can achieve has to be smaller than 1.
<1
Partb wts FDR < ¢:
FDR
By Definition i)
= E [FDP]
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VK
By Partl, we know that FDP < ¢ - (K)

1+ V—(K)
VH(E)
SE[‘] 1+V—(K)]
VH(EK)
,q,E
1+ V(K
[ +V=( )] -
By Part4, we know that E [l—i-V_(K)} <1
<q-1
q.

As q € [0,1] was arbitrary but fixed, we have shown the result for all ¢ € [0, 1].

Comments:

i) Note that the assumptions of this theorem are the same as in Theorem except for the fact that T,
is used instead of T'. This is why both proofs are almost the same.

ii) Also note that the threshold T chosen by the FX-Knockoff+ method is always higher or equal than the
threshold T chosen by the FX-Knockoff method. This means that FX-Knockoff-+ is slightly more conservative
(exact FDR~control at the cost of power).

Janson and Sul (2016) presented a FX-Knockoff procedure for order statistics Wr(1)y > Wira) - > Wry)
(where 7(1),...,n(p) is a permutation of 1,...,p) which controls the k-family wise error rate (k-FWER), a
generalized version of the family wise error rate (Lehmann and Romanol [2005)).

Katsevich and Sabatti (2019)) introduced a multilayer knockoff filter which reduces the number of false
discoveries at the cost of little power loss (compared to fixed-X Knockoff procedures).

2.3 Power

FDR control alone is not enough. If the power of a method is poor, FDR control is meaningless. To see
this, consider a method which never selects any variables. This method would have FDR = 0, but the power
would be zero as well.

For power analysis, Barber and Candes| (2015) used simulations to compare FX-Knockoff and FX-Knockoff-+
methods to other FDR-controlling procedures. First, permutation based methods were considered and au-
thors noted, that such methods can have very poor control of FDR. E.g. if we construct X, where

Xij = Xn(i).j

for some randomly chosen permutation 7 of the sample indices {1,...,n}, the matrix X would satisfy
XT.X = X7 . X, but Lemmas and 2.10[ would not hold for [X, X} in a case where X displays non-

vanishing correlations; and this can lead to very poor control of FDR.
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For the rest of the power simulations, authors focussed on Benjamini-Hochberg procedures, mainly in a set-
ting where n = 3000, p = 1000 and Gaussian noise. The conclusion was that FX-Knockoff and FX-Knockoff+
methods have better FDR and power performance than comparable Benjamini-Hochberg procedures. Never-
theless, power of both FX-Knockoff procedures declined as correlation of variables increased. The reason is
that for highly correlated variables X, the vector s has very small entries (close to zero). This means that
FX-Knockoff vectors Xj and original variables X; are highly correlated. This leads to poor power, because in
such a setting, it is hard to distinguish between a non-null variable X; and its fake version X]—. If correlations
of variables appear in groups, where the within-group correlations are high but between-group correlations
are low, Dai and Barber| (2016)) present FX-group-Knockoffs for the fixed-X setting (where n > p).

Weinstein et al.| (2017)) provide theoretical power-results for methods similar to FX-Knockoff procedures when

Lasso (Tibshirani, [1996)) is used to create FX-Knockoff feature statistics and conclude that these methods
asymptotically achieve close to optimal power with respect to an omniscient oracle.

2.4 Examples

2.4.1 Exact construction of FX Knockoffs

As mentioned in the comments after Definition we first present answers to the question why s has to
satisfy diag(s) > 0 and 2 - X — diag(s) = 0.

Lemma 2.14. Let s € RP be a vector. Then:

b 3 — diag(s)

G = 3 — diag(s) b))

is positive semidefinite if and only if diag(s) = 0 and 2 - ¥ — diag(s) = 0, where ¥ = X7 - X.

Proof:

Using Lemma for G, we get that G is positive semidefinite if and only if
3 — (B — diag(s)) - =71 - (T — diag(s))) = 0.

And note:

3 — (= —diag(s)) - 27" - (= — diag(s)))

=Y | [Z -2 —diag(s) - 7! | - (= — diag(s))
=I
¥ — ((I-diag(s)-Z7") - (= — diag(s)))

=% [I-Z —1-diag(s) — diag(s) -2~ - X +diag(s) - 27! - diag(s)
=1
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=3 — (X — diag(s) — diag(s) + diag(s) - X" - diag(s))
=3 — ¥ +2-diag(s) — diag(s) - 7' - diag(s)
= 2. diag(s) — diag(s) - 7' - diag(s).

Therefore,
G~0 <= 2-diag(s)— diag(s) -2 ' - diag(s) = 0.

Again by using Lemma [A75] for the positive semidefinite Schur complement on the right hand side, we get

pi diag(s)
Gz0 < diag(s) 2-diag(s) = 0.

By using Lemma we know that positive semidefiniteness of that matrix is equivalent to
i) 2 diag(s) = 0,

ii) diag(s) = 2 - diag(s) - (2 - diag(s))™ - diag(s),

iii) & — diag(s) - (2 diag(s)) " - diag(s) = 0.

The second condition vanishes, because 2 - diag(s) is invertible and therefore, no special condition for gener-
alized inverses is needed (condition ii) is always satisfied).

Note that i) is equivalent to diag(s) > 0.
And iii) can be rewritten as ¥ — diag(s) - 27! - (diag(s)) " - diag(s) = % — 1 -diag(s) = 0 which is equivalent

=I

to
2.3 — diag(s) = 0.
Therefore,
G~0 <= diag(s)>=0 and 2-X —diag(s) = 0.
O
Comments:

i) A necessary and sufficient condition for X to exist ist that G is positive semidefinite (see Lemma .
Lemma shows that this is satisfied if and only if diag(s) > 0 and 2 - 3 — diag(s) = 0.

ii) By Lemma viii) and ix), we see that X7 - X; = 1—s;. To ensure that our method has high power, we
should choose the entries of s as large as possible, so that a FX-Knockoff vector Xj is not too similar to the
corresponding original variable X;.

iii) The assumption diag(s) » 0 is satisfied if s is non-negative.

iv) The next example shows two methods to compute s.

Example 2.15. Let X be a fixed design matrix with normalized columns X;; that is, ||X;||3 = 1 for all
j€{1,...,p}. There are several ways to construct a vector s such that it obeys the assumptions diag(s) = 0
and 2 - 3 — diag(s) > 0. Two possible constructions are:

i) (“equi-correlated construction”): for all j,

8 = min {2 : >\min (E) ’ 1} .

ii) (“semidefinite program (SDP) construction”):
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minimize Z (I1—s;) subjectto 0<s; <1, 2% —diag(s) > 0.
J

Comments:

a) Note that Ay (3) denotes the smallest eigenvalue of X.

b) By Lemma|A.11] we know that 3 — Ay, (X)-I, > 0. Hence, 2- 3 — 2 Ay (2) - I, = 0. This means that
$=(2 A ()., 2 Amin ()" would satisfy the assumption 2 - ¥ — diag(s) = 0. And it would satisfy
diag(s) = 0, because positive semidefiniteness of ¥ implies Apin () > 0. But to achieve higher power, we
use a slightly different s. By Lemma viii) and ix), we know that XJT -X; = 1—s5;. We would like to
have X; and Xj as orthogonal as possible (to get high power), which requires s; be close to 1. This is why
we use §; = min {2 - Api, (3),1} for all j. It implies that X? - X is the same for all j which is why this
construction is called “equi-correlated”.

¢) Computation of the equi-correlated construction is easy, because after finding Ay, (3) with some algo-
rithm, we can calculate s; = min {2 - A\yin (X),1} and set s = (sj,. .., sj)T

d) The SDP construction minimizes the average correlation X;‘F -X; = 1—s;. This can be solved in practice
by using SDP methods, e.g. the open source software DSDP as used in the R package knockoff (Sesia et al.l
2018)).

e) The next Lemma shows a method to construct valid FX-Knockoff matrices for a given vector s.

Lemma 2.16. Let U € R™*? be a matriz such that UT - U =1, and UT - X = 0.
Let CT - C =2 - diag(s) — diag(s) - X! - diag(s). Then

X=X-X 27! diag(s)+U-C
x.x|'

satisfies the correlation structure given in Lemma iz); that is, [ > — diag(s) =

where 3 = XT . X.

[ } _ [ ) > — diag(s)

Proof:

Prepl wts U exists for n > 2 p:

Note that we always can apply QR-factorization to the rectangular matrix X (because n > p) such

that X = [Qh QQ] Rl

We are using the matrix Q, (which has orthogonal columns) to construct U:

- for n = 2-p and if X has p linearly independent columns, Qs is a n X (n — p) = n X p matrix, so we
take U := Qs.

- for n = 2-p, and if X has less than p linearly independent columns, Qs has n rows and more than
p columns. We can choose p of them to construct U. E.g. we can take the last p columns of Qs as
matrix U.

- for n > 2 - p, Q2 has n rows and more than p columns. We can again simply choose p of them to
construct U.

Of course, the second case is not relevant for our setting, because the assumption that X”-X is invertible
is equivalent to say that the n x p matrix X has p linearly independent columns. We discussed the
second case just to point out, that invertibility of X7 - X is not needed to construct U. In fact, the
invertibility assumption is obstructive and the reason why the construction of such U is not possible
forn < 2-p.
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Prep2 wts CT - C exists:
We proved in Lemw that 2 - diag(s) — diag(s) - £7! - diag(s) = 0.
Then, by Lemma there is a Cholesky decomposition (not necessarily unique)
L-L" =2 diag(s) — diag(s) - X' - diag(s).
By using QR-factorization on LT, this gives LT = Q-R and L = (Q - R)T such that

(Q-R)"-Q-R =2-diag(s) — diag(s) - ©" - diag(s).
We can now define C = Q - R and get

C?.C =2-diag(s) — diag(s) - = ' - diag(s).

1T =1 > 3 — diag(s) T .
wis {XX] : {X,X} - [ 5 _ disg(s) - _where 3 = X7 . X:
Note that
=:M;
T XT.x XT.X T, X
~ <1 X . X" - X _ b Xt . X
{X’X} '[X’X}_{XT-X XT-X} XT.Xx XT.X
—— =
=:M, =:Mj3

It remains to show that the matrices M, My, M3 have the desired form.

Note first that because of UT - X = 0, by transposing both sides, we get X7 - U=o0.
And note that because 3 is symmetric, X! is symmetric too.

wts My = ¥ — diag(s):

M;
=XxT.x
:XT-(x—x-zfl-diag(s)jufj-c)

=XT.X-X"T.X-27!.diag(s) + X7 - U-C
—— = N——
- == =0
=% -3 %! diag(s)
———r

=X — diag(s).

wts My = 3 — diag(s):
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(X—X-E_l-diag(s)+ﬁ~C>T-X

(xT — (diag(s)” - (=) . X + T fJT) X
Note that 71 is symmetric. And diagonal
matrices are obviously symmetric.
- (XT ~ diag(s)-=1-XT 4+ CT . fJT) X
=XT.X —diag(s)- 271 - X7 X+CT.UT . X
—— ~—— S——

- =% =0
=3 —diag(s)- = '-2

=1
=3 — diag(s).

wts Mg = 3

I g
Nl

T‘X

~ T ~
X—X-E—l-diag(s)+U~c) -(X—X~E_1-diag(s)+U-C>

/NN

XT — (diag(s))” - (=) X7+ CT . fJT) : (X ~ X2 diag(s) + U - c)
Note that 71 is symmetric. And diagonal
matrices are obviously symmetric.

- (xT — diag(s)- =71 XT 4+ CT . fJT) : (x ~ X2 diag(s) + U - c)

=XT.X-X".X-2"".diag(s) + X7 -U-C
—_— — \T
== ) =
— ] . 71 . T . 1 . 71 . T . . 71 . 1 —_ 1 . 71 . T . [ .
diag(s) - X7 - X' - X +diag(s) - X7 - X' - X X7 - diag(s) — diag(s) - X7 - X* - U-C
== == =0
+CT.Uu?.Xx-c?. U7 . X.»! . diag(s)+ CcT.UT.U.-C
~—— N—— N——
=0 =0 =1
g _— . 71 . 1 —_ 1 . 71 . 1 . 71 . . 71 . 1 T .
=X -3 -3 -diag(s) — diag(s) - X" - X +diag(s) - X7 - X - X" - diag(s) + C* - C
=1 =I =I
=3 — diag(s) — diag(s) + diag(s) - 27" - diag(s) + CT - C
Using CT - C = 2 - diag(s) — diag(s) - 27" - diag(s).
=3

O

Comments:

i) If we would be in a setting where n < 2 - p, there would be no guarantee to find a n X p matrix U with the
desired properties. We would have to assume that X contains at least 2 - p — n linearly dependent columns
to guarantee that such a n x p matrix U exists (but such an assumption would violate the assumption that
XT . X is invertible). Another possibility would be to add zero-rows to X such that we are in the setting
n > 2-p again (we use this trick in the approximate construction below).

ii) To calculate C, note that

c’.c
We know that C” - C is symmetric.
Therefore, we can apply Lemma
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=U.-A.-UT
We know that CT - C is positive semidefinite. This means that all eigenvalues
are nonnegative. Therefore, we can take their square roots.
—U-A2. A2 UT
Note that A/? is a diagonal matrix.
T
—U-AY2. (AI/Q) .u”

((Alxz)T.UT>T. (A7) U,

and we see that C = (Al/z)T -UT.

Example 2.17. One way of calculating a FX-Knockoff matrix X for a corresponding design matrix X is:
1) Normalize the columns of X.

2) Choose a procedure (e.g. equi or SDP) to build s.

3) Calculate U with QR-decomposition (as described in Prepl of Lemma .

4) Calculate X1 (exists and can be calculated because 3 = XT - X is assumed to be invertible).

5) Calculate C (as explained above).

6) Calculate X = X — X - X! . diag(s) + U - C.

Comments: )

\/ Do Xin

Normalizing columns can be done via X?(’rmalized = - X for all j (where X;; is the entry in row

¢ and column j of the matrix X), because

| |X;}orma1ized | |§

2
| Y X
2 2 2
1 1
\/ Zi:l Xij \/ Zi:l Xij
1 1
:ni.Xz_Jr...Jrni.Xz,
Zi:l Xin Y Zi:l Xi2j !
1 2 2
=y e )
= <n vo X,‘Q‘
RS APIRL
=1.
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2.4.2 Approximate construction of FX Knockoffs (if n < 2-p)

For n < 2-p, U cannot be constructed as above (see proof of Lemma , but we can construct the
FX-Knockoff matrix approximately for p <n < 2-p. In , o? is not assumed to be known. But for such

2

LS
models, we know that the residual sum of squares is distributed as RSS := |[[Y =X-8 |3 ~ 0% X% _,, where

~ LS
B is the least squares estimator. And E (RSS) =E (o2 - X')Q'pr) =02 E (kap) =02 (n —p). Therefore,

.o RSS
G
n—p
is an unbiased estimator of o and we can draw a (2-p — n) x 1 vector Y’ with i.i.d. AN (0,62) entries.

If n — p is large, 62 will be close to o because Var (62) = Var (5—?2) = (n_lp)Q - Var (RSS) and we have

Y X o
(v )=4((ou,50, ) et m0)

X
0(2.p—n)xp

approximately

where the 2 - p x p matrix < > is the rowwise concatenation of X and the zero-matrix 0(2.p—p)xp-
. . . . N Y . .
This means that we again have a linear model with response Y* := v’ | non-random design matrix

X* = ( 0 X >, coefficient vector 3 and error vector z* ~ A (07 o2 Ig.p). For this linear model with
(2:p—n)xp
n* := 2- p observations and p variables, we can apply the same FX-Knockoff methods we used for the n > 2-p

setting.

Alternative approaches for p < n < 2 - p are given in |Barber and Candes| (2015 and Barber and Candes
(2019) show strategies for applying FX-Knockoff procedures in a setting where p > n.

2.4.3 Construction of FX-Knockoff feature statistics

We now show some examples of FX-Knockoff feature statistics W;. Remember that the flip-sign and suffi-
ciency properties have to be satisfied for valid FX-Knockoff feature statistics. The flip-sign property is easy
to check and it is satisfied in a lot of situations, whereas the sufficiency property severely limits the choice of
valid feature statistics.

Example 2.18. Statistics W; = |XJT ‘Y| — |XJT - Y| are valid FX-Knockoff feature statistics.

Proof:

Partl wts w; satisfies the flip-sign property:
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If variables X; and Xj are swapped,

w; ([Xx] . ,Y) = XT Y- X7 Y| = — (\XJ-T Y| - |XT Y|) = —w; ([x X] ,Y) .

If other variables are swapped, w; is unaffected since it only uses X; and Xj.

Part2 wts w; satisfies the sufficiency property:

Note that
rXT 7 F X7y T
T - - 1T Xg X'y
[X,x] Y = [xl, I AR IR SR SR
T ST
L X, L X, Y |
and
W:(Wl,...,Wp):(wl([X,X],Y),...,wp([X,X],Y) :(|X1T-Y|7|X1TvY\,...,\X§-Y|f\XZ~Y|).
- T
Therefore, w; depends upon X, X and Y only through {X,X} ‘Y. O

Example 2.19. For the linear model Y = [X, 5(} - B + z we use least squares to estimate G and get
the solution ,@ = (Bl, e ,BP,BHP, . ,Bp+p). Then the following statistics are valid FX-Knockoff feature

statistics:A .
) Wy = 18] — B4l
i) W = |6i]* — |Bj1p]*

Proof:

The sufficiency property for i) and ii) is trivially satisfied, because the LS-solution in our case is
. 1T 21\ ! 1T
3= ([X,X} : [X,XD : [X,X} Y.
And w; uses two entries of B to build statistics in both cases. Hence w; depends on X, Xand Y only through

{X,X}T~ {X, X} and {X,X]T Y.

ad 1) wts w; satisfies the flip-sign property:

If variables X; and Xj are swapped,

w ({X’kaap({j}) 7Y) = |Bj4pl — 185 = — (\le - IBHPI) = —w, ([XX} ,Y) .

If other variables are swapped, w; is unaffected since LS-solutions Bj and Bjer remain the same as long
as entries X; and X; are not swapped.
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ad ii) wts w; satisfies the flip-sign property:

If variables X; and Xj are swapped,

w; ([X’X]swap<{j}> ,Y) = 1Bjspl* — 165> = - (\@F - |Bj+p|2) = —w, ([x,x} ,Y) .

If other variables are swapped, w; is unaffected since LS-solutions Bj and Bjer remain the same as long
as entries X; and X; are not swapped.

O

Example 2.20. For the linear model Y = [X, 5(} - B+ z we use Lasso to estimate 3 and get the solution

BO) = (B, Bo(N), BrapN), - Byip(N) ). We define Z; = sup { A+ 3;(\) # 0} for j € {1,...,2- p}
and end up with a 2 - p-dimensional vector (Z1,...,Zy, Z14p,---, Zp+p). Then the following statistics are
valid FX-Knockoff feature statistics:

i) Lasso Signed Max (LSM) statistics W; = (Z; V Z;4,) - sign(Z; — Z;4,) for j € {1,...,p},

11) Wj = Zj — Zj+p fOI‘j S {17,p}

ii) If Z; = |BJ (V)| for all j € {1,...,2-p} is used instead, then the Lasso coefficient-difference (LCD)

statistics W; = Z; — Z;4p, for j € {1,...,p} are valid FX-Knockoff feature statistics for a pre-specified value
A

Proof:
~ 17T 1T -
PreplwtsHY—[X,X}-b||§:YT-Y—2-bT~{X,X} ~Y+bT-[X,X] -[X,X]-b;

1Y - [X,X] - bl

(v (x| 1) (v [x.x] )

1T 1T ~
—bT-[X,X} -Y+bT-[X7X] .[X,X}-b
Note that Y7 - [X } -bis1 x 1. So we can
write Y7 - [X X} b:(YT [ X} ) —bT-[X,X']T-Y.

—YT.y-—2.b7. {X,X}T~Y+bT- [XX}T[ }

To check the sufficiency property for i), ii) and iii), note that the Lasso-solution in our case is
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= argmin B Y - [xx} ‘b5 + - ||b||1}
. . ~ By Prepl
[.(YT-Y—Q-bT-[X,X} -Y+bT.{X,X} ~{X,X}-b)+)\-|b||1}

We are interested in the b which minimizes the whole expression.
Therefore, all terms which do not contain b can be dropped.

= argmin [1~ <2-bT. {X,X}T Y + b7 [X,Xr. [X,X} ~b) +A-|bll}

= argmin [1~bT~ [X,X]T- [X,X] b-bT- [X,X}T~Y+A.||b||1] :

- 1T . T
We see, that the Lasso-solution depends on X, X and Y only through [X, X] . [X, X} and [X, X} ‘Y.
In iii), w; is created by using entries j and j + p of B()\) for a pre-specified A\. Hence, w; depends on X, X
17T - 1T
and Y only through [X,X] : [X,X} and {X,X} Y.

In i) and ii), w; uses Lasso solutions B()\) for pre-specified A and in a second step, takes the largest A such

. - 1T - 1T
that 3;(X\) # 0. Hence, w; depends on X, X and Y only through [X,X] : [X,X] and [X, X} ‘Y.

ad i) wts w; satisfies the flip-sign property:

If variables X; and Xj are swapped,

w; | [X,X Y
’ <[ Lwap({j}) )
= (Zjer V ZJ) . Sigl’l(Zj+p — Zj)

=(Z;V Zjip) -sign (1) - (Z; = Zj4p))
=—(Z;V Zjip) -sign(Zj — Zjip)

= (x| v).

If other variables are swapped, w; is unaffected since Lasso-solutions Bj()\) and Bj+p()‘) remain the
same as long as entries X; and X; are not swapped.

ad ii) and iii) wts w; satisfies the flip-sign property:

If variables X; and Xj are swapped,

wj <[X7X} swap({j}) ’Y) =Ziy =2 = 7(Zj B Zj+p) - ([X’X} ’Y) ’

If other variables are swapped, w; is unaffected since Lasso-solutions £;(A) and f3;4,(\) remain the
same as long as entries X; and X; are not swapped.

O
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Comments:

a) Note that in i) and ii), Z; is the largest penalty parameter A at which X; enters the model in the Lasso
regression. Z,;, is the largest penalty parameter A at which Xj enters the model in the Lasso regression. A
high value of X indicates, that the variable seems to be important for the model. The statistics W in i) can
be written as

Zj Zj > Zj+p
Wj = 07 Zj = Zj+P

~Zjtps Lj < Zjsp
and note that A > 0 and therefore Z;, Z;1, > 0. This means for i) and ii) that large positive values of W;
indicate that variable X; enters the Lasso model earlier than its fake version X;. So, large positive values of
W; give evidence that j is non-null. This is exactly the setup for which all our procedures are designed (see
comments after Definition .
b) We can extend i) and ii) to all penalized likelihood estimation procedures of the form
N 1 -
B\ = al;)g%zin {2 Y — [X,X} -b||2 + - P(b)|, where P(-) is a penalty function. E.g. P(b) = |[b]|3 for

€RzP

Ridge regression.
¢) More possibilities of creating FX Knockoff feature statistics (e.g. forward selection procedures) are given
in Barber and Candes| (2015)).
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3 Model-X Knockoff methods

Model-X Knockoff procedures were introduced first by |(Candes et al.| (2018]) and the whole chapter is based
on that paper.

3.1 Introduction

The ideas of the previous chapter can be used to create Knockoff procedures for a different setting (with
totally different assumptions). Again, abstractly speaking, the Knockoff copies can be seen as control group
of the original variables. Feature statistics are used to tease apart important and unimportant variables
in the final selection process. And variables get selected, if the corresponding feature statistic (importance
measure) lies above some threshold. Because of this similarity to the fixed-X setting, the procedures itself
are not explained in detail in this model-X part (we did that already in the fixed-X part). The symbols used
in this chapter are the same as in the fixed-X part such that both settings are easy to compare.

In contrast to the fixed-X setting, assumptions for the response Y and the variables in X are totally different
in the model-X setting.

First, instead of using a linear model and a fixed (non-random) X, we consider a general conditional model
with random X.

Second, we assume that we have i.id. pairs (X;1,...,X;,Y;) € RP xR, i = 1,...,n, of covariates and
responses, where

X1 oo Xy Y
X = : : and Y = :

an o an Yn

And third (this is a major change compared to common setups in conditional models), we shift what authors
call the “burden of knowledge”. We consider a general conditional model, but instead of assuming that Y|X
follows a certain distribution, we assume exact knowledge of the distribution of X and nothing about the
distribution of Y. In other words, we model X instead of Y|X (this is why we call the procedures of this
chapter model-X Knockoff methods). Of course, this shift of knowledge changes the field of application of the
model-X Knockoff methods. The paper lists several situations, when this third assumption is useful. Genetic
case-control studies would be an example, where researchers know a lot about covariates but less about the
response. The validity of model-X Knockoff procedures in such case-control studies is discussed in [Barber
and Candes| (2018).

To summarize, the assumptions in the model-X setup are:
e X is random.
e We have n ii.d. pairs (X;1,...,X,p,Y;) € RP x R of covariates and responses.

e The distribution of X is known exactly.

We do not assume knowledge of the conditional distribution of Y|X and we do not assume n > p. The
number of covariates p can be much higher than the number of observations n.

The second assumption means that we assume that the observations (rows of (X,Y)) are independent and
that (X,Y) follows some arbitrary joint distribution. The i.i.d. property of (X,Y) will allow us to formulate
and prove properties for an arbitrary row of (X,Y). Indeed, due to row independence, the cdf of (X,Y)
can be written as product of cdfs of the rows, and all these cdfs are the same since all rows are identically
distributed.

In the fixed-X part, we used the notation X; for the j-th column of X. Based on that notation, it is not easy
to find a good and intuitive notation for the j-th row of X. Of course, we could have used X.; for the j-th
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column of X and then we would be able to use X;. for the j-th row of X, but this notation is very annoying
in lengthy and complicated proofs. Therefore, we simply use (X,Y) for an arbitrary row of (X,Y). And
instead of writing (X1, ..., X;p, Yi) for an arbitrary row 4, we simply just write (X1,...,X,,Y).

We would like to know which of the many variables does Y depend on. In other words, we would like to find
the “smallest” subset S C {1,...,p}, such that conditionally on {X;}, s, the response Y is independent of
all other variables (meaning that the other variables do not provide additional information about Y). Such
a mininal set S is usually called Markov boundary in the literature on graphical models (see Definition .
For a lot of joint distributions of (X,Y), there exists a unique Markov boundary but there are pathological
cases where it does not. The next example shows a case, where no unique Markov boundary exists.

Example 3.1. Let X; and X5 be independent random variables with Gaussian distribution. Let X3 =
X1 — X5 and assume that the distribution of ¥ depends upon the vector X = (X, X, X3) only through
X1+ Xo,eg, Y|X ~N(X; + Xs,1). Then the Markov boundary is ill defined (not unique).

Proof:

It is true that Y depends on X through (X7, X»2), i.e., (Y L X3)|{X1, X2}
Thus, the Markov blanket would be S = {X;, X5}.

But it is also true that Y depends on X through (Xi, X3), i.e., (Y L X5)|{X1, X35}, because using X35 =
X1 — Xs, we get X7+ Xy = X; + X1 — X3 = 2-X; + X3 and this what we know by conditioning on { X7, X3}.
Thus, the Markov blanket would be S = { X7, X3}.

And it is also true that Y depends on X through (Xs, X3), i.e., (Y L X;)|{X3, X3}, because using X3 =
X1 —Xo, we get X7+ Xo = X3+ Xo+ X5 = 2- X5+ X3 and this what we know by conditioning on {X», X3}.
Thus, the Markov blanket would be S = { X2, X3}.

All three sets S are equally good and cannot be “decreased” any further. Therefore, all three sets S are
Markov boundaries.
O

Comments:

i) The definition of conditional independence is given in Definitions and

ii) Markov blanket is explained in Definition (note that some authors define Markov blanket the same
way as we defined Markov boundary).

iii) In order to define a unique set of relevant variables, we use the notion of conditional pairwise independence:

Definition 3.2. (Definition 2.1 in (Candes et al.| (2018)). An index j or variable X is said to be null if
and only if (Y L X;)|X_;, where X_; = {X1,..., X} \ {X,;}. The subset of null indices is denoted by
Ho C{1,...,p} and we call an index j or a variable X; non-null or relevant if j ¢ H,.
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In graphical model theory, independence of two variables, conditionally on all other variables, is known as
Pairwise Markov property. That is what we have used in Definition [3.2] Our hope is, that the set of non-nulls
with indices H§ := {1,...,p} \Ho is exactly the desired unique Markov boundary, i.e., the unique smallest
set {X_; }jEHS such that (Y L {X;}, 5 )[{X; }je?-tg' The latter conditional independence is called Local
Markov property. The Local Markov property is stronger than the Pairwise Markov property (see Part 4.3.2.2
in [Koller and Friedman| (2009))), but both properties are equivalent under quite general conditions (see pages
7 and 8 in |[Edwards| (2000))). This means that if these general conditions hold, our definition of nulls and
non-nulls leads to an unique Markov boundary (the non-null variables constitutes the Markov boundary).

Example 3.3. Consider the same setting as in Example [3.I}] Then

i) all three variables X7, X5, X3 would be classified as nulls.

ii) adding a bit of noise, e.g., X3 = X; — X3 + Z where Z is Gaussian noise (independent of X; and X5)
however small, X; and X5 are both non-null while X3 is null.

Proof:
ad 1):

Because of the perfect functional relationship X3 = X; — X5, we have seen that (Y 1L X3)|{Xy, X5},
(Y L Xo)|{X1,X5} and (Y L X;)[{X2, X3} holds in the previous example. Therefore, by Definition
all three variables X1, X5, X3 are classified as nulls.

ad ii):

Instead of X3 = X1 — Xs, we have X3 = X; — Xo + Z where Z is Gaussian noise (independent of X; and
Xo).

So, X7 is not determined by knowing X5 and Xj.

And X, is not determined by knowing X; and X3.

Therefore,
(Y L X3)[{X71, X5} still holds, because Y depends upon the vector (X7, Xs, X3) only through X; + Xo,
which is known because we condition on {X7, Xo}.

(Y L X5)|{X1, X3} is not true anymore. Note that Xo = X; + Z — X3. Therefore, X1 + Xo = X7 + X3 +
Z —X3=2-X1+7Z— X3. We know X; and X3, but we have no information about Z and therefore no
information about X7 + Xs.

(Y L X3)|{X2, X3} is not true anymore for the same reason. With X; = Xo + X3 — Z we get X7 + Xo =
Xo+ X5 -7+ Xo =2- X9+ X3— Z and again, we have no information about Z and therefore no information
about X; + Xs.

O
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Usually, even if we know the distribution of X, exact recovery of the Markov boundary (perfectly teasing
apart nulls and non-nulls and selecting all these non-nulls) is not possible. In other words, no perfect variable
selection procedure exists for most of the problems. Variable selection procedures can produce two types of
errors. Falsely selecting nulls (leads to type I error) and not selecting all non-nulls (leads to lower power). As
in the fixed-X setting, we focus on controlling the FDR. We will present two variable selection procedures,
which attempt to discover as many non-nulls as possible while keeping the FDR (or a modified version of it)
under control.

The next Proposition shows, that for Generalized Linear Models (GLMs) with no redundant covariates,
B; = 0 is the same as Y I X;|X_;. This means that testing the hypothesis that X; is a null variable is
the same as testing the hypothesis that 5; = 0 (which is what we did in the fixed-X setting where nulls are
simply defined that way, see Definition .

Proposition 3.4. (Proposition 2.2 in|Candes et al| (2018)). Let X1,..., X, be a family of random variables
such that one cannot perfectly predict any one of them from knowledge of the others. Consider a GLM (where
the response Y follows a distribution in an exponential family). Then Y 1L X;|X_; if and only if B; = 0.
Hence, Hg from Deﬁm’tion is exactly the set {j : B; = 0}.

Proof:

We prove this in the case of the logistic regression model. |(Candes et al.| (2018) claim that the general case is
similar.

For logistic regression, we have the setting:
We have a random vector X = (X1,...,X,) and random variable Y with Y| X ~ Bernoulli(f).
Let B31,..., 3, be unknown parameters.

The logit function is used as link function g, hence g(z) = In (ﬁ)
The linear predictor is defined asn=X-8=01- X1+ -+ 3, - Xp.
We set g(0) = 7.

Exponentiating gives 1340 = ¢l and solving for 6 results in 6 =

And we know that E (Y|X) = g~! (n), because

en
14en’

E (Y]X)
By definition of conditional expectation
of a discrete random variable.
=Y v P =y[X)
yeyY
Note that Y = {0,1}.

S i P(Y =il|X)
=0

0-P(Y=0|X)+1-P(Y =1|X)
P(Y =1]X)

The probability mass function of the
Bernoulli distribution for k¥ € {0,1} is given

byP(Y =k|X)=6% (1-6)"*.
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We know that g(0) = 7.
Therefore, § = g~ (n).

By definition of conditional probability

By definition of conditional probability
_ P(A,B|C)
- P(BIO)

Of course, this only holds if P(C') > 0, P(B,C) > 0, P(B|C) > 0.

exp (y- X - B)
Prep2 wts P (Y =y|X,;, <z, X_, <zx_;)= ————————:
repz wts ( y| ]—‘Tﬂ J—x]) 1+exp(X5)
PY =y|X; <@, X_j <z)

=P (Y =ylX)

We know that Y| X ~ Bernoulli(6).

=0v-(1-0)Y

=exp [In (Y - (1-6)"7Y)]

—exply-1n(6) + (1 - y) - In(1 - 0)
=exply-In(0) +1In(l —0) —y - In(1 — )]
=exply- (In(0) —In(1 —0)) + In(1 — 0)]

n
n

= exp [y-ln 1019) +In(1 —9)]

We know that ¢g(f) = In <9> =1.

1-0

=expy-n+In(l —6)]

— ¥ . n(1-6)

=e¥.(1-10)

=¥ (1— <l
14en

_ v 1—|—e’7_ e
1+em 1+en

We know that 6 =

1+
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1
_ Ly,
‘ (He")

69'77

1+en
We know that n = X - 3.
_ ep(y-X-B)
1+exp(X-8)

Partl wts ﬂj =0 — YJLXj|X_jZ

PY =y X; <aj|X_j <ay)

By Prepl
=PV =ylX; <aj, Xoj <ay) P(X; <3| Xy <z

By Prep2
eXp(Y'(ﬂl'X1+...+ﬂp~Xp))
- P(X; <ai|X_; <z_;
l4+exp(fr-Xi+...4+58,-Xp) (Xj <aj|X_j <a_y)

We know that 3; = 0.
_ exp(Y-(B1-Xi+...+08j—1 - Xjo1+ Bjs1 - Xjp1 + ...+ 6p - Xp))
Ltexp(Br-Xi4...+ 81 Xjor+ B Xjpa + .+ Bp - Xp)
We see that conditioning on X; can be omitted.

=P =ylX; <ay) P(X; <ay[ Xy <ay).

P(Xj <3| Xoj <)

By definition of conditional independence, we proved that ¥ 1L X;|X_.

Part2 wts Y L Xj|X_j — ,Bj =0:

Assume that Y and X; are conditionally independent given X_;.
This means it has to hold

P =y X; <ol Xj <o) =P =ylX_j<z) PX; <X <2j).
We can apply Prep2 to the LHS and get

PY =ylXj <2, Xy <a ) P(X; <aj|Xj <o) =P =y[X; <) P(X; <X <z j).
Hence, we know that

PY =ylX; <aj, Xj <z ;) =PX; <zj|X; <zj).
By Prep2, this means that

exp(y-X-B) _ X . }
W—P(Xg Szl X <wy). (12)
Note that
exp (y- X - B)
1+exp(X-f)

:exp(y-(ﬂl-X1+--~+ﬂp'Xp))
1—|—exp(ﬂ1-X1+...+5p'Xp)
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Cexp(y-Br-XiH . Fy- B Xy By X))
 l4exp(Br-Xit+. + B X+ 4By X))
exp(y-Bi-Xj)-exp(y-Bi-Xa+...+y-Bim-Xja4y B - Xjp+ .. +y-Bp- Xp)
L+exp(B-X;)-exp(Br-Xi+...+Bj—1- Xjm1 4+ Bju1 - Xjr1 + ...+ Bp - Xp)
_ exp (y - B - Xj)
S ltexp (B Xg)exp (B XiH A Bjmr - Xy + B Xy + oo+ By Xp)
cexp(y-Br-Xi+.. 4y Bim1 Xjmi+y B Xjpi+ . Y- By Xp).

For to hold, we see that

exp (y - B - X;)
L+exp(Bj-Xj)-exp(Br- X1+ ...+ 81 Xjo1+Bjp1- Xjpr +... + 8- Xp)

has to be independent of X;. This is only possible if exp (y - 5, - X;) and exp (8; - X;) vanish, because
by assumption, X is not determined by X_; (conditioning on X_; does not determine X;).
Therefore, it has to hold ; = 0.

Definition 3.5. Let X = (X;,...,X,) and X = (f(l, el ) be row vectors. The function swap is defined

p
such that the row vector (X X ) ) is obtained from (X, X ) by swapping entries X; and X ; for each
swap

jes.

Comments:
i) Example with p =3 and S = {2, 3}:

(X17X27X3aX17X23X3) = <X17X27X37X17X2aX3)'

swap({2,3})

ii) We will use this swap function even for truncated versions of concatenated row vectors. E.g.

(Xl,Xg,Xg,Xl,fQ) — (Xl,X27X3,X17X2>.

swap({2})

Of course, this is not possible for every S (swapping of a pair (X}, X ;) is only possible, if both elements are
given in the concatenated row vector).
iii) Our definition is similar to Definition in the fixed-X setting. In fact, we will use the model-X version

to swap columns of the concatenated matrix [X, X} by simply defining

(Xlla s 7X1p7X117 cee ’le)swap(s)

XX s =
swap(S) o B
Xt X Xt s X )

( ! P ! P swap(S)
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Definition 3.6. (Definition 3.1 in |Candes et al.| (2018)) Let X = (X1,...,X,) be a family of random

variables. MX-Knockoffs are a new family of random variables X = (X 1ye- ) constructed with the

(X’ X) swap(S) - (X’ X) (13)

following properties:
i) for any subset S C {1,...,p},

ii) Y 1L X|X if there is a response Y.

Comments:

a) Note that ii) is guaranteed if X is constructed without looking at V.

b) We see from that original and knockoff variables are pairwise exchangeable: taking any subset of
variables and swapping them with their knockoffs leaves the joint distribution invariant.

Definition 3.7. The MX-Knockoff matrix

Xy - le
X — :

Xp1 - Xnp

is created in such a way that for each observation label i, (Xil, e ,Xip) is a MX-Knockoff for (X1, ..., Xip)

(see Definition [3.6)).

Comments:

i) This construction is different from what we did in the FX-Knockoff setting (see Definition [2.2)).

ii) By assumption, rows of (X,Y) are independent. MX-Knockoffs X are constructed for every row (X,Y)
of (X,Y). This is why the rows of ({X, X} ,Y) are again independent.

iii) Do not get confused by the notation. Usually, we use the word “Knockoft” for a column Xj of X. In
Definition 3.6, we defined MX-Knockoffs as row vectors (rows of X). These are two different things. The

word “MX-Knockoffs” is maybe a bit misleading. In some cases we abuse the notation again and call elements
of X MX-Knockoffs.

Definition 3.8. For each j € {1,...,p}, statistics W; = w;, ([X, X} ,Y) are said to be MX-Knockoff feature
statistics for some real valued measurable function w; which satisfies:
(“flip-sign property”): For any S C {1,...,p},

o (XX ¥)- wj([X’XLY, j¢S, -
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Comments: )
i) The flip-sign property says that swapping X; and X; has the effect of switching the sign of W;.
ii) In contrast to Definition we do not require the sufficiency property that w; depend on X, X, and Y

1T ~ 1T
only through [X, X} : [X, X} and [X, X} - Y. Getting rid of this sufficiency property is very convenient,
because the sufficiency property intensively restricts the choice of feature statistics (see subsection [2.4.3)).

We now present two variable selection procedures for the model-X setting.

Definition 3.9. (Part of Theorem 3.4 in (Candes et al| (2018)). Let X be a MX-Knockoff matrix (see
Definition , let W1, ..., W, be MX-Knockoff feature statistics (see Definition [3.8]). Let

W:{‘Wﬂ : Wj #0, j€ {1,...,])}}
be the set of unique nonzero values attained by the |W;|’s. Let ¢ € [0, 1] be the target FDR level and let

1 W < 1}
e szt}v1<q}

T:min{tEW:

(or T = 4o if this set is empty) be the data-dependent threshold. Then the MX-Knockoff method selects
variables with indices

S={j: W;>T}.

Comments:

i) Note that 7" and therefore S both implicitly depend on the choice of the target FDR level q.

ii) Definition is the corresponding method in the fixed-X setting. Note that the MX-Knockoff method is
exactly the same as the FX-Knockoff method, except that MX-Knockoff matrix and MX-Knockoff feature
statistics are used instead of FX-Knockoff matrix and FX-Knockoff feature statistics.

Definition 3.10. (Part of Theorem 3.4 in [Candes et al.| (2018)). Let X be a MX-Knockoff matrix (see
Definition , let Wh,..., W, be MX-Knockoff feature statistics (see Definition [3.8]). Let

W= (W Wy £0, € {L,....p}}
be the set of unique nonzero values attained by the |W;|’s. Let ¢ € [0,1] be the target FDR level and let

T+ [{: Wy <=t} _ }
. <gq
{j: W >thv1

T+:min{t€W:

(or Ty = +oo if this set is empty) be the data-dependent threshold. Then the MX-Knockoff+ method selects
variables with indices

S={j: W; >T,}.
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Comments:

Definition [2:0] is the corresponding method in the fixed-X setting. Note that the MX-Knockoff+ method
is exactly the same as the FX-Knockoff+ method, except that MX-Knockoffs and MX-Knockoff feature
statistics are used instead of FX-Knockoffs and FX-Knockoff feature statistics.

3.2 FDR Control

Definition 3.11. In the MX-Knockoff setting where we have a selection procedure returning a subset ScC
{1,...,p} of indices of variables,
i) the false discovery proportion (FDP) is defined as

1{i: je8nHo)}]
1S|v1

FDP =

ii) the false discovery rate (FDR) is defined as

i ie@nm}

FDR = E [FDP] = Fvi

The next two Lemmas will help to prove FDR-control.

Lemma 3.12. (Lemma 3.2 in|Candes et al| (2018)). For any subset S C Ho of nulls it holds that
[X,X] y 4 [XX} Y.
swap(S)
Proof:

Let S C Hp be an arbitrary but fixed set of nulls.

We have to show that [X,X} Y < [X,X} Y.
swap(S)
In more detail, we have to show that P ([X, 5(} <[x,% Y < y) =P <[X7)~(} ) <[x,%x]Y < y).
swap
By using the definition of conditional probability, we can write that as
P([xX|<xx. v<y) P ([X’XLW(5> S[kxx,Y< y)
P(Y <y) B P(Y <y) '
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The denominator on both sides is the same, so it suffices to show that

IP([XX]<[x,5<],Y<y)=P([X,X] <[x,5<],Y<y>. (15)

swap(.S)

Assume wlog S = {1,2,...,m} for some m < p.

We know that ([X, X} ,Y) has n independent rows.

Therefore, we know that the cdf of ( [X, X} 7Y) can be achieved by multiplying cdfs of all rows of ( [X, X} , Y) .
Hence, it suffices to show for an arbitrary row. We can use the property

(Xlla"'7X1p7X117"‘7X1p)

swap(S)

R
swap(S) -
(an; R aX’VLp7 th o 7an

for the RHS of .
So, it remains to show that ((X, )2) ,Y)

((x].v).

[l

((X, X) ) ,Y), where (X,)N(,Y) is an arbitrary row of
swap(S

<(2,2),Y < y)
< (m,fc)) and apply-
ing the definition of conditional probability on both sides, we get

P(Y <yl (X.X) < (@) P((X,X) <(z.2)

—P (Y <yl (X %) < (m)) P ((x%) < (x,:z)) . (16)

swap(.S)
By Definition i), we know that for any S, it holds that (X, X) : 2 (X, X)

In other words, P ((X,X) < (m,fc)) =P ((X,X) < (x,gﬁ))

swap(S)

This means that simplifies and it remains to show
P(v<yl (0X) < @d) =B (v <yl (0X)<@a).
swap(S)

Note that instead of (X.l,...X.p,f(.h...,f(.p), we use (Xl,...,Xp,Xh...,Xp) for an arbitrary row

(X X ) in the remaining proof (for simplicity).

Prepl wts {(X7 X)swap(s) < (:13753)} = {(X, X) < (m,i)swap(s)}:

To see this, consider an easy example with (Xl,XQ,Xg,Xl,XQ,X?,) and S = {2,3}:
Casel:
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<X17X27X37X13X27X3> S (1’17$27$3,(i1,£'2,i'3)
swap({2,3})

which results in
(X1,X2,)~(3,X1,X27X3) < (w1, 2,23, 21, T2, T3).

Case2:

<X17X2,X37)~(1,X27)~(3) < (1, 2, T3, T1, T2, T3)swap({2,3})

which results in
(X17X27X37X17X27X3) S (x1,5527£3,§c1,x2,x3).

In both cases, we get X1 < z1, Xo < 9, X3 < &3, X1 < &1, Xo < 22, X3 < 3.

Prep2 wts ]P’(Y <ylX <i X< x) =P <y|X <) for all y, Z, x:

We know from Definition [3.6[ii) that Y 1 X|X.
By definition of conditional independence (see Definition , this is P (Y <ylX <i X< ;z:) =
P(Y <y|X <) for all y, 7, x.

Prep3 wts P(Y < y|X; <, X_; <z_;) =P (Y <y|X_; <z_;) for all z; if ¢ is null:

We know that X; is null. By Definition this means that Y L X;|X_;.

By Definition [B-3] this means that

Note that P(X; < z;, X_; <z_;) =P(X <x).

If P(X < z) would be zero, the term in Prep2 would not be defined (conditioning on an event which
has probability zero is not possible). Hence, we implicitly consider the case where P(X < z) > 0 in
this proof.

Therefore, we have P(Y < y|X; < z;, X_; <z_;) =P (Y <y|X_; <z_;) for all ;.

By Prepl
=P (Y <yl (X,X) < (& D)vapis))
:P(ng\ (Xl,...,Xp,Xl,...,f(p) g(xl,...,xp,jzl,...,fp)swap(s))
Remember that S = {1,2,...,m}.
:P(ng\ (Xl,...,Xp,Xl,...,)?p) g(gzl,...,gzm,xm+1,...,xp,xl,...,xm,gzm+1,...,5:p)>
:P(ng\ (X1ye s Xp) < By oy By Tt 1y -3 Tp)s (XlXp> < (xl,...,xm,gzm+1,...,5;p))

By Prep2
ZP(Y§y| (Xl,...,Xp) S (.f?l,...75Em,l‘m+1,...,$p))
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T;, 1€8

forie {1,...,p}.
z, idS { Py

K3

Define z/ = {

=P(Y <y| (X1,...,Xp) < (2, ..., a0, 20,41, 7)))
We know that {1} € S.
:P(Y§y| (Xla"'aXp) < (51793/2733/3,~-ax/))
=P(Y <y|X1 <&, Xy <ah, Xz <af,...,X, <a))
We know that 1 is null.
By Prep3
=P(Y <y|Xo <ah,Xs<aj,....X, <u)
We reverse what we just did. And
because Prep3 holds for all possible x;,
we can choose x7.
:P(Y§y|X1 thXQ §x127X3 §$§77Xp§1.;)
=P(Y <y| (X1,Xs,...,Xp) < (z1,,...,2}))
We repeat the whole argument with {2} € S.
=P(Y <y| (X1,Xs,...,X,) < (xl,acg,xg,...,x;))
Repeating this argument until S is empty.
(Y §y| <X17X27...,Xp) S <$1,$2,$3,...,$p))

By Prep2

Lemma 3.13. (Lemma 3.3 in|Candes et al| (2018)). Let W = (Wh,...,W,) be a vector of MX-Knockoff
feature statistics (see Definition @) Let W; #0 for all j € {1,...,p}. Then:

i) For j € Ho: sign(W;) are mutually (jointly) independent and P (sign(W;) = —1) = P (sign(W;) = +1) = 3,
it) Part i) holds even conditionally on Y.

Proof:

For any set S C {1,...,p}, let Wgyapns) be the statistic we would get if we had replaced [X,X] with

[X, X} when calculating W.
swap(S)

By , we know that



Define a measurable function w : R™*ZP+) 5 RP with w [(u,v)] = (w1 (u,), ..., w,(u,v)), where w; are
the functions from Definition

Deﬁne Wswap(s) =w |:( |:X7 X:| swap(s) ,Y>:| .

Prepl wts W L (Wh 61, Wy - 6g,...,W,-6,) for an arbitrary set of nulls S:

Let S C {1,...,p} be an arbitrary set of nulls.

Prepl.l wts Wswap(S) = (W1 . 51, W2 . (52, ey Wp . 517):

v K[X’X} swap(S) ’Yﬂ
_ (w1 ( X, X| s, ,Y> Jwy ([XX] s, ,Y) Wy ({Xx} s Y))

By (17)
= (w; ([X,X} ,Y) - 01, Wo ([X,X} ,Y) .52,...,wp<[X,X} ,Y) .5p)
= (W16, Wa6a,..., W, -6p).

Prepl.2 wts Wyap(s) 2w,

Let z = (z1,...,2p) be an arbitrary real row-vector of length p.

P (Wawap(s) < 2)
By Definition of Wyap(s)

=P (<[X,X} () ,Y) € w (=00, z1] X ... x (oo,z,,}))

In the proof of Lemma [3.12
we saw that for S C Hg, it holds

that [X, X} Y £ [X,X]Swap(s),Y.
:p(([x,x} ,Y) e w ((~00,21] X ... X (—oo,z,,]))
—P (u) [([XX} Y)] € (—00,21] X ... X (—oo,zp]>
e[ )] <
—P(W <2).

Prepl.1 and Prepl.2 together give (W - 61, Wa - 82, ..., Wy - ,) = Wegap(s) = W.

Hence, W £ (W - 61, Wy - 6a,..., W, - 6,).
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For the rest of the proof, let wlog {1,...,m} be the set of null indices and {m + 1,...,p} be the set of
non-null indices.

ad i) wts (sign(Wy),...,sign(W,,)) are independent and P (sign(W;) = —1) = P (sign(W;) = 1) = 3 for all
je{l,...,m}:

Partl.1 wts (sign(Wi),...,sign(W,,)) are independent:

We have to show that P (sign(W1) = ki, ..., sign(W,,) = ki) = [1j2, P (sign(W;) = k;) for ki, ... ky, €
{~1,0,+1}.

Since W # 0 for all j € {1,...,p} by assumption, it suffices to show this for all k1,..., &k, € {—1,+1}.

Note that {sign(W;) =k;} = {W; - k; > 0} for j € {1,...,p}, because:

Casel k; = 1:
{sign(W;) = k;}
In this case, k; = 1.
— {sign(;) = 1}
By Definition (sign-function)
={W; >0}
={W,;-1>0}
In this case, k; = 1.
={W,-k; >0}.
Case2 k; = —1:

{sign(W;) = k;}
In this case, k; = —1.
— {sign(W;) = —1}
By Definition (sign-function)
={w; <0}
={W;-(-1) >0}
In this case, k; = —1.
= {W] . kj > 0} .
The same holds for the whole random vector.
Hence, it suffices to show

m
P(Wl'lﬁ>0,...,Wm'km>0)= P(iji]>0) fOI‘allk‘l,...,]{imE{—l,—‘rl}. (18)

Jj=1

+1, j¢58

and all S C
-1, j€S8

By Prepl we know that (W1,...,W)) 4 (Wh-61,...,Wp-0dp) for §; = {

{1,...,m}.

In particular, P (W7 - k1 > 0,... , Wy -k, >0) =P (W7 >0,...,W,,, >0) forall kq,..., &k, € {—1,+1}
(take S ={j e {1,...,m}: k; = —1}).

And of course, P(W; - k; > 0) =P (W; > 0) for all k; € {—1,+1}, j € {1,...,m}.

We now prove by showing that both sides of are equal to 2%
First, consider the LHS of :
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The sum of all possible probabilities has to be 1.
= Y PWiki>0,... Wy ky>0)
ki, kme{—1,1}
We know that P (W7 - ky > 0,..., Wy, -k, >0) =P (W7 >0,...,W,,, >0).
— Z P(W; >0,...,W,, >0)
k1,eey knle{*l,l}
The probability term does not depend
on kq,...,k, anymore.
=P(W1>0,...,Wp>0)- > 1
K1, kme{—1,1}
There are 2™ different combinations
Ofk1,...,l€m.
=P(W; >0,...,W,, >0)-2™.

Rearranged gives P (W > 0,..., W, > 0) = ;5.

And since we know P (W7 - k1 > 0,..., Wy, -k, > 0) =P (Wy > 0,...,W,,, > 0) forallky,... .k, €
{-1,+1}, we get P(Wy - k1 > 0,..., Wy, - by, > 0) = 2% for all kv,...,kp € {—=1,+1}.

Second, consider the RHS of :

Let j € {1,...,m} be arbitrary.

By assumption, W; # 0.

So, we know that P (W; = 0) = 0 and hence it has to hold P (W, > 0) + P (W; < 0) = 1.

In other words, P (W; > 0) +P (W, - (—1) > 0) = 1.

Since we know P (W) - k; > 0) =P (W, > 0) for all k; € {—1,+1} from above, we get P (W; > 0) =
P(W; - (=1) > 0).

Hence, P(W; > 0) =P (W; < 0) = .

Since j € {1,...,m} was arbitrary, we have shown P (W; > 0) = P(W; <0) = 5 for all j €

{1,...,m}.

Let k1,...,kyn € {—1,+1} be arbitrary.

s

P (W; - k; > 0)
1

.
I

We know that P (W; - k; > 0) =P (W; > 0) for all k; € {—1,+1}.
= H P (W] > O)
j=1

1
We know that P (W; > 0) = §for allj e {1,...,m}.

<
I
—

L

Il
DO | =
‘HS‘ 3[\')\»—!
: \—< o =

)
3
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Part1.2 wts P (sign(W;) = —1) = P (sign(W;) = 1) = 1 for all null j:

=

We know from Part1.1 that P (W; < 0) =P (W; > 0) = 1 for all null j.
This is equivalent to P (sign(W;) = —1) = P (sign(W;) = 1) = 1 for all null j.

ad ii) wts Conditionally on Y, it holds that sign(W;) b {#£1} for null j:

By Lemma [3.12] we know that [X, X} Y £ [X, X} [Y for any subset S of nulls. We saw in the

swap(.S)

proof of that Lemma, that this implies that [X, X] )Y 4 [X, X} , Y for any subset S of nulls.

swap(S)
That is what we used in Prepl.2 anyway. Hence, Prepl holds even conditionally on Y. Therefore, we

can prove Partl.2 and Part1.2 even conditionally on Y.

O

Comments:
Lemma is the corresponding Lemma in the fixed-X setting. Note that the proof of i) in both Lemmas
is almost identical.

Theorem 3.14. (Part of Theorem 3.4 in|Candes et al.| (2018)). For any q € (0, 1), the MX-Knockoff method
(see Deﬁnition which is selecting variables with indices

S={j: W;>T}
satisfies
1{i: je @y}
S|+ Ya

mFDR :=E <q.

The result is non-asymptotic and holds no matter the dependence between the response and the covariates -
in fact, it holds even conditionally on the response Y.

Proof:

Note that this proof is the same as the proof of Theorem except that we use properties of MX-Knockoff
feature statistics instead of FX-Knockoff feature statistics and a different definition of nulls (Hg instead of

{3: B =0}).

We only prove the case where:
- W; # 0 for all j (hence, the assumptions of Lemma are satisfied).
- |W;| are distinct, i.e., |W;| # |W;] for i # j.
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-T < 0.

The proof is split into five parts. Part2 and Part3 are martingale results (needed to use optional stopping
theorem). Partl and Part4 are inequalities we are going to use in Part5, where we finally prove FDR-control.

Let ¢ € (0,1) be arbitrary but fixed.

We would like to assume that |[W;| are sorted in increasing order to make the proof easier. Such sorting
implies that null indices change too.

To address this problem, we define random indices [1], ..., [p] through [Wy| < [Wig| < ... < [Wl.

The concept is similar to order statistics, except that we use it for ordered absolute values of terms (e.g. for
Wy =3, Wy = —1 and W3 = —4, we have ‘W[1]| < ‘W[Q]‘ < |W[3]‘ where W[l] =Wy = —1, W[g] =W; =3
and W[g] = W3 = —4)

For each k € {1,...,p}, define

A(k) ::|{j: je{k,...,p}, W[j]<0}|,

B(k):=|{j: je€{k,...,p}, Wy >0}|.
In other words, A(k) is the number of negative W, among the p — (k — 1) biggest |[Wj|.
And B(k) is the number of positive W; among the p — (k — 1) biggest |W;|.

Hence, we can write
A(k) = {7+ W] > [Wyl, W; <0},

B(k)=|{j: [W;| > W, W; >0}|.

In Definition [3.9) we have W = {|W| : W; #0, j € {1,...,p}}.
Since we assume W) # 0 in this proof, we can write that as W = {|W[j]| jedl,... ,p}}.

Prep0.1 wts {j : W; < —[Wyl} = {j: [W;| > [Wy|, W; <0} for k€ {1,...,p}:

Let k € {1,...,p} be arbitrary.

Let j € {j: W; < —|Wjy|} be arbitrary.

This means that W; < —|W|.

Since W; # 0 for all j, this implies that W; < 0.

Multiplying (—1) on both sides of W < —|Wy| gives —W; > [Wy|.
And since W; < 0, we have —W; > 0.

Therefore, | — W;| = —W;.

And of course (property of absolute value), | — W;| = [W,].

Hence, [W;| > [Wiy|.

So, we have |W;| > [Wyy| and W; < 0.

Hence, j € {j: |[W;| > [Wy|, W; <0}.

wts {] : Wj < 7|W[k]|} D {j : |WJ| > |W[k]|, Wj < 0}:

Let j € {j: [W;| > [Wyl, W; <0} be arbitrary.

This means that [W;| > [Wp,| and W; < 0.

Multiplying (—1) on both sides of [W;| > [W| gives —[W;| < —[Wpy|.

And since W; < 0, we have |W;| = —W; (by definition of the absolute value).
Hence, —|W;| = —(-W;) = W;.

Therefore, W; < —[Wpy|.

Hence, j € {j: W; < 7|W[k]|}.
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Both together give {j : W; < —|Wy|} = {j: [W;| > [Wyl, W; <0}.
And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.

Prep0.2 wts {j : W; > |[Wyyl} = {j: |W;| > |Wpl, W; >0} for k € {1,...,p}:

Let k € {1,...,p} be arbitrary.
wts {] W > |W[;€]|} - {j : |W]| > |W[;€]|, w; > O}:

Let j € {j: W; > |[W}y|} be arbitrary.

This means that W; > [W|.

Since W # 0 for all j, this implies that W; > 0.
Therefore, |W;| = W;.

So, we have [W;| > [Wpy|.

Hence, j € {j: |W;| > [Wy|, W; > 0}.

Let j € {j: |[W;| > Wy, W; > 0} be arbitrary.
This means that |[W;| > |Wj| and W; > 0.
Since W; > 0, we have |W;| = W;.

Therefore, W; > [Wy|.

Hence, j € {j : W; > Wy}

Both together give {j : W; > [Wy|} = {j: [W;| = [Wy|, W; > 0}.
And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.

Then
T
By Definition [3.9]
. [{j: W, < —t}| }
=minsteW: - <q
{ {j: W =t} v1
We know that W = {|W;|: je{l,...,p}}.
i W, < —|W,
=min < [Wyyl: ke {l,...,p}, |{J i = [k]|}| <
{5+ W > [Wigl}v1
By Prep0.1 and Prep0.2, we know
that {j: W; < —[Wil} ={j: [W;| = [Wl, W; <0}
and {] Wj > |W[k]‘} = {] ‘Wj| > |W[k]‘, Wj > 0}.
o W > [Whal, Wi <0
=min < [Wyyl: ke {l,...,p}, |{] (Wil = Wil W }| <gq
[ {3+ W5 > [Wil, W5 >0} V1
By definition of A(k) and B(k)
. A(k)
:mln{lW[k]I k€{1,7p}7 B(k)\/lfq}
Set

K::min{k: ke{l,...,p}, B(flt;()k\)/1<q}'

Since T' < 0o, we know that at least one k € {1,...,p} satisfies the inequality in the definition of K.
We know from above that T' is equal to the smallest || such that this inequality is satisfied.

And we know that ‘W[1]| < ‘W[2]| <...< |W[p]|.

Therefore,

T = Wikl
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Side note: If we would relax the assumption [Wp| < [Wiy| < ... < [Wpy,| to [Wpyy| < [Wy|
then A(k), B(k) and therefore K would not be unique in general, as a small example shows:

IN

... < |W[p]‘,

Take p = 3 with W; = 3, Wy = —1 and W3 = —3. Then we can choose if we write |Ws| < |Wq| < |W3]
or [Wa| < [Ws| < [Wh].

Casel W[l] = Wg, W[Q] = Wl, W[;ﬂ = W3:
Here, we have
AB)=1[{j: je {3}, Wy <0}|=|{3}|=1and

B3)={j: je {3}, Wy >0}|=[0|=0.
Hence, in particular,

AB) 1 1
B(B)v1i o0ov1i
Case2 Wiy = Wy, Wiy = W3, Wiz = Wh:
Here, we have
AB)=1[{j: je {3}, W; <0}|=1[0]=0and
B3)=[{j: je {3}, Wy >0} = {3} =1
Hence, in particular,
A(3) 0 0

To continue the proof, note that
S
={j: W; =T}
We know that T' = |[Wg|.
= {7+ W; = [Wi [}
By the same argument as in Prep0.2
= {7 IW;| = [Wix|, W; >0}
By the same argument as above, where

we introduced a different formula for B(k).
={j: je{K,....p}, W >0}.

1—|—|{j: jE{K,...,p}, W[j]<0}|

Prepl.1 wts 1 < — - :
1+|{]2 jE{K,...,p}, W[j]<0, []]67‘[0}|

It is clear, that {j: je{K,...,p}, W[j]<()}2{j: JeE{K,...,p}, Wi <O, [j]eHo}.
Hence,|{j: je{K,...,p}, Wm<0}|2|{j: Jje{K,....p}, W; <0, [j]E’Hg}|.

So, 1+‘{j ]G{K,,p}, W[j] <0}|21+‘{j JG{K,,p}, W[]] <0, []]6H0}|
Rearranged gives

1< 1+|{j:jE{K,...,p},W[j]<O}|
- 1+|{] JE{K77P}7 W[j]<oa [1]6H0}|

+ A(K)

Prepl.2 wts ———~ :
P B(E) +Ya °
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We know that

Kmin{k: ke{l,...,p}, B(/Ilc()k\)/lgq}'

Therefore, K is one such k € {1,...,p} satisfying this inequality. So, it holds

A(K)

BE)v1 =1

Note that B(K) > 0, because:

Assume otherwise, B(K) = 0.
Note that A(k)+ B(k) =p—(k—1) forall k € {1,...,p}.
So, A(K) =p— (K —1).

And B(K) = 0 also implies AK) - A Hepce by above inequality, A(K) < g.

B(K)V1 1
Since ¢ < 1, this implies A(K) = 0.
But that is impossible, because A(K) =p — (K — 1).
Even vor K = p, we would have A(K)=p—(p—1) = 1.
Contradiction!
Hence, the assumption B(K) = 0 is wrong.
Therefore (since B(+) is nonnegative by definition), B(K) > 0.

Hence we can write

Rearranged gives (note that B(K) > 0)

Therefore,
1+ A(K)
B(K) +1/q
Multiplied by ¢ in numerator and denominator
(possible because g > 0)
B 1+ A(K)
U BE) +1
Note that all terms are nonnegative. So, we can use ([19).
<4 1+ A(K)
AK)+1
= q . ]_
q.
Define
VHEK):=|{j: je{K,....p}, W >0, [j] € Ho} |,
V7 (K) :=| {j s jE{K,...,p}, W <0, [j] € 7—[0} |
1{j: 5e 8, [lleHo} VHK)
Partl wts - <gq- — :
[S]+ Yq 14+ V- (K)
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1{i:ies e}l
191+ 1/a

WeknowthatS’:{j: jed{K,...,p}, W[j]>0}.
i de{K,...p}, W >0, [j] € Hol
e {K,...,p}, Wy >0} + Vg
i jEed{K,...,p}, W} >0, [j]e%o}y
N |{j:jE{K7...,p},W[j]>O}|+1/q

The first term is nonnegative.
So, by Prepl.1

<|{]]€{K7vp}7W[J]>07 []]EHO}| 1+|{]J€{K77p}7W[J]<0}|
|{jj€{K,,p},W[j]>0}|+1/q 1+|{j]E{K,,p},W[ﬂ<O, []]GHO}|
o 1+|{]]€{Kaap}aw[j]<0}| \{j:j€{K,-..,p},W[j]>0, [j]€H0}|

_|{j:jE{K,...7p}7W[j]>0}|+1/q.1+|{j:jE{K,...7p},W[j]<0, [3]6H0}|
1+ A(K) VH(K)
T BK)+Yq 1+V-(K)

The second term is nonnegative.

So, by Prepl.2
VI(K)

<q — 7
=T TIV(K)

We now introduce martingale results.
Let §={Fr: k€ {1,...,p}} be a filtration with sub-o-algebras

Fr=o0 (A(l),B(l),VJr(l),V*(l) vie{l,...,k}; Lijjjenoy Vi € {1,... ,p}).
Note that § is a filtration, because F; C ... C F,,.

Part2 wts K is a bounded stopping time w.r.t. §:

Note that K € {1,...,p}. Therefore, K is bounded.
It remains to show that K is a stopping time.
This means we have to show {K =t} € F; forallt € {1,...,p}.

Remember that

K:min{k: ke{l,...,p}, B(/Ii;()k\)/l<q}'

We see that K is the minimal k € {1,...,p}, such that a specific inequality is satisfied.

First, observe that {K = 1} € Fi:

Note that by definition of 1, we know A(1), B(1).

Hence, we can tell if the inequality in the definition of K is satisfied.
In other words, we can tell if K = 1.

Therefore, {K = 1} € Fj.

Second, observe that {K =1}, {K =2} € Fu:
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Note that by definition of F3, we know A(l), B(I) for I € {1,...,2}.

So, we know A(1), B(1), A(2) and B(2).

Knowing A(1) and B(1) tells us if the inequality in the definition of K is satisfied for k = 1.
Therefore, {K = 1} € Fs.

Knowing A(2) and B(2) tells us if the inequality in the definition of K is satisfied for k = 2.
Therefore, {K = 2} € Fo.

By the same arguments for 3,...,p, we get overall: {K =t} € F; forallt € {1,...,p}.

+
Define M (k) = 1:_/‘/% for k € {1,...,p}.

Part3 wts M (k) is a martingale w.r.t. §:

Part3.1 wts M (k) is adapted to §:

Let k € {1,...,p} be arbitrary.

We have to show that M (k) is measurable w.r.t. F.

By definition of Fy, V* (k) and V~ (k) are Fj-measurable.

Note that constant functions are measureable.

We know that the sum of two measurable functions is measurable.

Hence, 1+ V~ (k) is Fi-measurable.

And we know that the quotient of two measurable functions is measurable.
Therefore, M (k) is Fj-measurable.

Part3.2 wts E (|M(k)|) < oo for all k € {1,...,p}:

Let k€ {1,...,p}.

E (| M(F)[)
By definition of M (k)
VH(k
e (1B
1+ V—(k)
We can omit the absolute value, because
the term inside is always nonnegative
+
R0
1+V—(k)
We know that j € {1,...,p}. Therefore,
VTt (k) <pand V™ (k) > 0 for all k.
V*H(k) P
< = .
SO T V) STx0 P
<E(p)
=P
< oQ.

Part3.3 wts E[M(k +1) | Fix] = M (k) forall k € {1,...,p—1}:
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Let ke {1,...,p—1}.

Prep3.3.1 wts M (k 4+ 1) = M (k) on the event {[k] ¢ Ho}:

M(k+1)
By definition of M (k + 1)
Vt(k+1)
BEIEE)
By definition of V*(k+ 1) and V™~ (k + 1)
i defk+1,. ), Wy >0, [] € Hol
14 {jrje{k+ 1. pk, Wy <0, [j] € Holl

The counts in numerator and denominator

do not change if we start with k instead of k + 1
since we know that [k] ¢ Ho.
g efk .k, Wy >0, [§] € Hol
1+ {jrje{k,....p}, Wy <0, [j] € Ho}|
By definition of V1 (k) and V™ (k)

VT(k)
14+ V-=(k)
By definition of M (k)
= M(k).

VT(k) -1
1—"_(‘/)_(]@ on the event {[k] S HO, W[k] > O}

Prep3.3.2 wts M(k+1) =
M(k+1)
By definition of M (k + 1)
VT (k+1)
TRVt D)
By definition of V' (k+ 1) and V"~ (k + 1)
B |{j:jE{k+1,...,p},W[j]>0, [j]EH0}|
1+ {jrje{k+1,...,p}, Wy <0, [j] € Ho}
Since we consider the event {[k] € Ho, Wix > O} ,
the numerator will increase by 1 if we start
with k instead of k + 1. The denominator is not affected.
B |{j: Jged{k,....p}, Wy >0, [f] E’Ho}|—1
1+ [{jrje{k,....p}, Wy <0, [j] € Ho}|
By definition of V1 (k) and V'~ (k)

_ Vi) -1
1+ V(k)

+
VI (k) on the event {[k] € Ho, Wy < 0}:

Prep3.3.3 wts M(k+1) = =0

<

M(k+1)
By definition of M (k + 1)
V*t(k+1)
TItVo(k+1)
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By definition of V¥ (k+ 1) and V™~ (k + 1)
_ [{j:jef{k+1,....,p}, W >0, 6H0}|
1+ [{j:je{k+1,....p}, W; <0, [j] € Ho} |
Since we consider the event {[k] € Ho, Wiy < 0},

the denominator will increase by 1 if we start
with &k instead of k 4+ 1. The numerator is not affected.
_ |{j:j€{k7...,p} W[]]>0 €H0}|
1+|{j:j€{k,...,p} W[J]<0 €H0}|—1
By definition of V" (k) and V (k)

Note that V= (k) > 0 in this case, because we consider the event {[k] € Ho, W < 0} and hence,
V= (k) > 1.

Prep3.3.4 wts ]l{[k]EHO} -P [W[k] >0 | fk] = ]l{[k]EHo} 7V+(k)+(§) Ok

Note that we can write V' (k) = >7_; Lj1em,) - ]l{W[ S0}

Conditional expected value applied on both sides gives

p
E[VHE) | Fi] =E | D Ligien)  Liwy, o | Fe
=k

Since V*(k),{[j] € Ho} € Fy for all j € {1,...,p}, we can pull these terms out and get

p
VER) B[ Fi] =Y Lyen B [H{WuPO} | f’“] '
j=k

Hence,
P

Z (leHoy " P [W > 0] Fi] -

By Lemma [3.13|i) we know for [j] € Ho: sign(W};)) are independent and P (sign(Wp;)) = —1) =
P (mgn(W[J]) =+1) =

The latter can be written as P (W[j] < O) =P (W[j] > 0) = %

In other words, the signs of the null MX-Knockoff feature statistics are i.i.d. and hence exchange-
able.

By definition of Fj, all nulls are known.

Therefore,

Lipjleno) - Limeroy P [Wiw > 0| Fi] = Lipjieno} - Limenoy - P [Wi) > 0| Fi
for all j € {k,...,p}.
And note that

Tgnenoy - V7 (k)

We know from above
p

that V¥ (k) =Y Tyieney - P [Wy > 0| Fi] -
j=k

P
= Leno) - Y Lylero} - P Wy > 0| Fi]
=k
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Liijiero) - Limieroy - B [Wyy > 0 | Fi]

Il
VM"

<
I
>

We know that Tjjeno) - Lisjeno) - B (Wi > 01 Fi] = Lipleno - Limeno) - P [Wiy) > 0] Fi]

@

s

I
B

Lieno} - Lmeroy - P [Win > 0| Fi
J

p
= Lqmero) - P [Wig > 01 Fa] - Y Lipjiens)
j=k
= gmenoy P Wi >0 Fi] - [{j: jed{k,....,p}, [j] € Ho}|
Note that VT (k) + V= (k) = |[{j: j € {k,...,p}, [§] € Ho}|.
= Lmeroy P [Wig > 0| Fi] - (VI (k) + V7 (k).

Rearranged gives

V*(k)
Limeror P [Wik > 0| Fi] = Lineno) - VIR V(R

Therefore,

E[M(k+1)| F
E [M(k+1) - Lijgrorofklenor | Fr)

Note that 1cup = 1¢ + 1p for disjoint sets C, D.
) (Lmgroy + Limenoy) | Fi]
(]1{ Rgro} T L neno, wiy>o}u{ ke, W[k]<0}> | fk}

Note that 1cup = 1¢ + 1p for disjoint sets C, D.
[M(k +1) (]1{ KgHot T Limeno, wig>ol T Lmeno, wy <0}) | fk}
[M(k + 1 ]l{[k]¢7{0} + M(k + 1) ]l{[k]eHo W[k]>0} + M(k + 1) 1{[“6%0, Wi <0} ‘ Fi
[M(k+1) - Lignoy | Fi]
FE[ME+ D er, w0} | Fil

FE[M(E+ 1) Tgyen,, k]<0}|]-'k]

b
?:

E
=E
=E

By Prep3.3.1, Prep3.3.2 and Prep3.3.3
=E [M(k) - Liugn,) | Fi]

[V F(k)—1

1+V-(k) ﬂ{[k]eﬂo, Wi >0} | ]:k:|

[V*(k)

m ’ ]l{[k]ef)'lo, W[k]<0} | ‘7:143:|

+E

+E

Note that 1cnp = 1¢ - 1p for sets C, D.
E [M(F) - Timgnoy | Fr)
V*(k)—1

V() M) w0} |fk}
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:M(k)

By definition of F, we know that V' (k), V= (k), {[k] € Ho} € F.
Since complements of elements of a o-algebra are
again in that o-algebra, {[k] € Ho}° = {[k] ¢ Ho} € Fk.
Hence we can pull out these terms.
Limgroy - E[L | Fil

V*t(k)—1
v M B Ly sy | 7
V()

+

_|_

<

= M(k) -

v (k) L) E [I{W[m@} | f’“]
= M(k) .
V) -1
1+ V=(k)
V*(k
~(k

L ik]¢ro)
Lymeroy - P (Wi > 0| Fi

~

Lneroy P [Win <0 Fi

~

By Prep3.3.4
L{mgro)

VE(k) — 1 V*(k)
TF V=) M) G V()

V+(k
V- (k
= M(k) -

+ L]

+ Lmenoy - 37—
= M(k) -

EHot " 1+V_

) V*(k)
) “Likleno} - (1 - V() + V_(k))
Lk)groy
VE(k)—1 VE(k)
(k) V*+(k)+ V= (k)
V() (V) +V (k) vV (k)
(k) <V+(k) +V-(k) VR + V<k)>

L] ¢rto)
VH(k) -1 V+ (k)

1 ) )
W TV VR + Vo (R)

Vi) V()

FHm =) VIR V)

_#).
_#).
_#).
_#).

= M(k) -

= M()
M(k)

= M(k) -

= M(k).

Since k € {1,...

V() -1 V+(k) Vo(k)  V*(k)
ﬂ{w]mﬁl{[kleﬂo}'<1+V—(k) VE(k) + ( )+V (k) V* (k)“‘v_(’“))
VE(k
Limgroy + Limeno) - <V+(k) ju(x;—(k) ' (1 +V k) + >)
V*(k) VE(k 14V~ (k)
Likgroy + Limeroy - <V+(k) +V-(k) (1 +V- (k) + 1+V- (@))
Vr(k V() 4+ V- (k
Lmenoy + Limero) - <V+(k)—|-(‘;_(k) ' 1(+)V‘(k)( )>
V* (k)
Limgroy + Limeno) - TrV—(k)

By definition of M (k)

“Lmgnor + Likeror - M(K)
“(Lmgnor + Limieroy)

Note that 1cup = 1¢ + 1p for disjoint sets C, D.
L{kigroyu{kleHo)
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Define Ny = |Ho| as the total number of nulls.

1
Prep4.1 wts V1 (1) ~ Binomial (NO7 2):

Note that we can write
VHL) = {5t j € {Leoup}, Wy >0, [ € Mo} | = |{i: j € {1,....p}, sign(Wiy)) = +1, [j] € Ho} .

Define Uj = ]]‘{sign(W[j]):+1}'
Note that P (U; = 1) = P (sign(W};)) = +1) = 3 for all j where [j] € Ho by Lemma i).
By Lemma i), sign(W7;)) are independent for j where [j] € Ho.
This means that U; are independent random variables with U; ~ Bernoulli (%) for all j where [j] € Hy.
Short: U; “A" Bernoulli (1) for j where [j] € Ho.
Note that Z U;=VT().

je{l""7p}7

] € Ho

By definition of the Binomial-distribution, V*(1) ~ Binomial (NO, %)

Prep4.2 wts V(1) = Ny — VT (1):

V=)
:|{] j€{17~-~;p}; W[j] <07 []] GHO}'
Note that Ny = |Ho.
:N0_|{j: je {17"'?p}’ W[j] >07 [.]] €H0}|
— No— V().

K
Part4 wts E [V()] <1:

1+ V- (K)
E { V*H(K) }
1+ V—(K)
By Part2, we know that K is a bounded stopping time.
By Part3, we know that m is a martingale.
’ 1+V—(k)
Therefore, we can use Lemma i)
(optional stopping theorem for martingales).
_E { V() }
1+V-(1)

By Prep4.2
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S LU
1+ No—V*(1)

In general, it holds for a discrete random

variable Y and function g that

E(g(Y)) = Zg(y) -P(Y =y). In our case,

x
=— Y :=VT(1).
g(z) 1+N0—xand V(1)

Note that Ng < pandY € {0,..., No}.

By definition of g

1
By Prep4.1, V(1) ~ Binomial (N07 2) .
= g[): i (N AN
T« “1+No—i i 2 2
= i i (N (Y oy
- p 14+ No—i 1 2 2

_io: i N! 1 i 1 No—i

A~ 14+ Ny—i il (Ng—14)! \2 2

_io: 1 N! } i—1 1 1 1 No—(i—1) 1 -1
=1+ Ng—d (1) (No— i)t \2 2 2 2

Note that 1+ Ng —i = Ny — (i — 1).

- i (i—1)!- (ngg!— (i—D) (i)l ' (;)NO(”)

)W

We can start the sum at 7 = 1.

Substitution: set j =1 — 1.

The sum of probabilities the random variable Y
can achieve has to be smaller than 1.

IN
—_

Partb wts mFDR < ¢:

mFDR
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1{j: i€ 8, lleHo}l

S|+ Ya
|4j:jeS [jleHo;] +
By Partl, we know that { - } <gq- 4 (:K) .
|S‘+1/q 1+V (K)
VH(K)
<
EF1+vaJ
_ V*(K)
qEL+me
V*(K)
By Part4, we know thatEL—l—V—(K)} <1
<gq-1
q

As q € (0,1) was arbitrary but fixed, we have shown the result for all ¢ € (0,1).

And note that this result holds even conditionally on Y, because we can use Lemma ii) (instead of just

using Lemma i)) in Prep4.1.
O

Theorem 3.15. (Part of Theorem 3.4 in |Candes et al| (2018)). For any q € [0,1], the MX-Knockoff+
method (see Definition which is selecting variables with indices

S={j: W; >T:}

satisfies
FDR <gq.

The result is non-asymptotic and holds no matter the dependence between the response and the covariates -
in fact, it holds even conditionally on the response Y.

Proof:

Note that this proof is the same as the proof of Theorem [2.13] except that we use properties of MX-Knockoff
feature statistics instead of FX-Knockoff feature statistics and a different definition of nulls (Hg instead of

{7: 8;=0}).

We only prove the case where:

- W; # 0 for all j (hence, the assumptions of Lemma are satisfied).
- |[W;| are distinct, i.e., |W;| # |W;] for ¢ # j.

- Ty < oo0.

Let g € [0,1] be arbitrary but fixed.
We would like to assume that || are sorted in increasing order to make the proof easier. Such sorting

implies that null indices change too.
To address this problem, we define random indices [1], ..., [p] through [Wy| < [Wig| < ... < [Wp|.

90



The concept is similar to order statistics, except that we use it for ordered absolute values of terms (e.g. for
Wy =3, Wy = —1 and W3 = —4, we have ‘W[1]| < ‘W[Q]‘ < |W[3]‘ where W[l] =Wy = —1, W[Q] =W; =3
and W[g] = W3 = —4).

For each k € {1,...,p}, define

Alk):=1|{j: je{k,...,p}, Wy <0},

B(k) :=|{j: jeik,...,p}, W[j]>0}|.

In other words, A(k) is the number of negative W, among the p — (k — 1) biggest |W;|.
And B(k) is the number of positive W; among the p — (k — 1) biggest |W;|.

Hence, we can write
A(k) = | {.7 : |W]| > |W[k]|7 Wj < O} ‘,

B(k) = | {] |W]‘ > |W[;€]|, W; > 0} |

In Definition [3.10, we have W = {|W}|: W; #0, j € {1,...,p}}.
Since we assume W # 0 in this proof, we can write that as W = {|W;|: j € {1,...,p}}.

Prep0.1 wts {j : W; < —|[Wy|} = {j: [W;| > [Wyl, W; <0} for k € {1,...,p}:

Let k € {1,...,p} be arbitrary.
wts {] : Wj < 7|W[k]|} - {] : |WJ| > |W[k]|, Wj < 0}1

Let j € {j: W; < —|Wj|} be arbitrary.
This means that W; < —|Wy|.
Since W # 0 for all 7, this implies that W; < 0.
Multiplying (—1) on both sides of W} < —|Wy| gives —W; > [Wpy|.
And since W; < 0, we have —W; > 0.
Therefore, | — W;| = —=W;.
And of course (property of absolute value), | — W;| = |[W,].
Hence, |W;| > [Wpy].
So, we have |W;| > |[Wp,| and W; < 0.
Hence, j € {j: [W;| > [Wp|, W; <0}.
wis {j 2 W; < =[Wil} 2 {j: [W;| > [Wpyl, W; <0}:
Let j € {j: [W;| > [Wyl, W; <0} be arbitrary.
This means that |W;| > [W| and W; < 0.
Multiplying (—1) on both sides of [W;| > [W| gives —[W;| < —[Wpy|.
And since W; < 0, we have |W;| = —W; (by definition of the absolute value).
Hence, —|Wj‘ = —(—Wj) = Wj.
Therefore, W; < —|W|.
Hence, j € {j: W; < —|Wyl}.

Both together give {j : W; < —|Wiy|} = {j: |W;| > |[Wy|, W, < 0}.
And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.

Prep0.2 wts {j : W; > |Wyl} = {j: |W;| = |Wp|, W; >0} for k € {1,...,p}:

Let k € {1,...,p} be arbitrary.
wts {] : Wj > |W[k]|} - {] : |WJ| > |W[k]|, Wj > 0}:
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Let j € {j W > \W[k]\} be arbitrary.

This means that W; > [W,]|.

Since W # 0 for all 7, this implies that W} > 0.

Therefore, |W;| = Wj.

So, we have [W;| > [Wpy|.

Hence, j € {j: |[W;| > [Wy|, W; > 0}.
wts {] : Wj > |W[k]|} 2 {] : |WJ| > |W[k]|, Wj > 0}:

Let j € {j: [W;| > [Wpyl, W; > 0} be arbitrary.

This means that [W;| > |W| and W; > 0.

Since W; > 0, we have |W;| = W;.

Therefore, W; > [Wpy|.

Hence, j € {j : W; > |Wyl}.
Both together give {j : W; > [Wyl} = {j: [W;| > [Wyl, W; > 0}.
And since k € {1,...,p} was arbitrary, we have shown this result for all k € {1,...,p}.

Then
Ty
By Definition [3.10]
: 1+{j: W; <t} }
=min<teW: - <q
{ {7 W; >t} v1
We know that W = {|W;)| : j € {1,...,p}}.
14|47 W; < =W,
=min < [Wyyl: k€ {l,...,p}, ‘{j el [k]|}|§q
[{d = Wi = Wl } v
By Prep0.1 and Prep0.2, we know
that {j: W; < —[Wyl} = {7: [W;| > [Wpl, W; <0}
and {j Wj > |W[k]|} = {] |WJ| > |W[k]|, Wj >0}.
T+ {4 W] > |Wl, W; <0
= min{ Wyl : k€ {1,....p}, M W] = Wil Ws <O}1_
{5+ W] = [Wiw|, W; >0} | v1
By definition of A(k) and B(k)
. 1+ Ak
—m1n{|W[k]|: ke{l,...,p}, Bl V1 _q}.
Set L AGh)
. +
= : ——— < .
K mm{k ke{l,...,p}, B V1 _q}

Since Ty < oo, we know that at least one k € {1,...,p} satisfies the inequality in the definition of K.
We know from above that T, is equal to the smallest || such that this inequality is satisfied.
And we know that ‘W[1]| < ‘W[2]| <. < |W[p]|.

Therefore,

Ty = [Wig].

IN

Side note: If we would relax the assumption [Wp| < [Wig| < ... < [Wp,| to [Wpy| < [Wy|
then A(k), B(k) and therefore K would not be unique in general, as a small example shows:

. < |W[p]‘,

Take p = 3 with W, = 3, Wy = —1 and W5 = —3. Then we can choose if we write |Wa| < |[W7| < |W3|
or [Wa| < [W3| < [Wi].

Casel W[l] = Ws, W[Q] =W, W[g] = Ws:
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Here, we have
AB)=1[{j: je {3}, W <0}|=[{3}|=1and
B(3)=1[{j: je{3}, Wy >0}|=10]=0.
Hence, in particular,
1+A(3) 1+1 _o
B(3)vl o0v1

Case2 W[l] = WQ, W[2] = W3, W[3} = W12

Here, we have
AB)=1[{j: je {3}, W; <0}|=1[0]=0and
B3)={j: je {3}, Wy >0}[=[{3}| =1
Hence, in particular,
1+AB3) 1+0
B(3)v1l 1v1

1.

To continue the proof, note that
S
={j: W; 2Ty}
We know that T’y = [Wg|.
= {7+ W; = Wik}
By the same argument as in Prep0.2
={Jj+ IW;| > Wik, W; >0}
By the same argument as above, where
we introduced a different formula for B(k).

Z{j: jelK,...,p}, W[j]>0}.
1+ A(K)
Prepl.1 wts W <gq
We know that
1+ A
K:min{k: ke{l,...,p}, Wﬁq}.

B(k)v1
Therefore, K is one such k € {1,...,p} satisfying this inequality.

Define
VHEK):=|{j: je{K,....p}, W >0, [j] € Ho} |,

VI(K)=[{j: je{K,....p}, W;; <0, [j] € Ho}|.

VH(EK)

Partl wts FDP <g¢g¢- ———:
artl wts <q 15V (K)

FDP
By Definition i)
1{j: i€ 8, e}l
1S|v1
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Weknowthaté’:{j: Je{K,...,p}, W

_|{j:j€{K,...,p},W[j]>0, [j]GHo}|
| {jrje{K,....p}, W >0} | V1
_|{j:j€{K,...,p},W[j]>0, [j]EH0}|.1
 |{jrje{K,....p}, W >0} | V1

1
We multiply with 1

i K. p}, Wiy >0, il € Hob| 1+ 1{5: je{K,....,p}, W} <O}

|{j:jE{K,...,p}7W[j]>0}|\/1 1+|{j:jG{K,...,p},W[j]<0}‘
1+ j e K, ph, Wy <O [{j: JEe{K,....p}, Wy >0, [j] € Hol |

{j: je{K,....p}, W;;>0}|Vv1 T+[{j: je{K,....p}, W) <0}
1+ A(K) VH(K)

T BE)V1 1+|{j: je{K,...,p}, W;; <0}

]>0}.

+ A(K)
FAK)

All terms are nonnegative and note
that [ {j: je{K,....p}, W <0} | >|{j: je{K,....p}, W};; <0, [j] € Ho}|

1+ A(K) VH(K)
TBE)VY 14 |{j: jEe{K,...,p}, W;; <0, [j] € Ho}|
1+ AK)  VHK)

T BK)V1 1+V-(K)

By Prepl.1

V*(K)

<G —m
=T V(K)

We now introduce martingale results.

Let §={Fr: k€ {1,...,p}} be a filtration with sub-o-algebras

Fr=o0 (A(l),B(l),V+(l),V_(l) Vie{l,....k}; Lgjienoy Vi €{1,... ,p}).
Note that § is a filtration, because F; C ... C F,,.

Part2 wts K is a bounded stopping time w.r.t. §:

Note that K € {1,...,p}. Therefore, K is bounded.
It remains to show that K is a stopping time.
This means we have to show {K =t} € F, for all t € {1,...,p}.

Remember that

K:min{k: ke{l,...,p}, m<q}.

We see that K is the minimal k € {1,...,p}, such that a specific inequality is satisfied.

First, observe that {K = 1} € Fi:

Note that by definition of F7, we know A(1), B(1).

Hence, we can tell if the inequality in the definition of K is satisfied.
In other words, we can tell if K = 1.

Therefore, {K = 1} € Fj.

Second, observe that {K = 1},{K = 2} € Fu:
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Note that by definition of F3, we know A(l), B(I) for I € {1,...,2}.

So, we know A(1), B(1), A(2) and B(2).

Knowing A(1) and B(1) tells us if the inequality in the definition of K is satisfied for k = 1.
Therefore, {K = 1} € Fs.

Knowing A(2) and B(2) tells us if the inequality in the definition of K is satisfied for k = 2.
Therefore, {K = 2} € Fo.

By the same arguments for 3,...,p, we get overall: {K =t} € F; forallt € {1,...,p}.

+
Define M (k) = 1:_/‘/% for k € {1,...,p}.

Part3 wts M (k) is a martingale w.r.t. §:

Part3.1 wts M (k) is adapted to §:

Let k € {1,...,p} be arbitrary.

We have to show that M (k) is measurable w.r.t. F.

By definition of Fy, V* (k) and V~ (k) are Fj-measurable.

Note that constant functions are measureable.

We know that the sum of two measurable functions is measurable.

Hence, 1+ V~ (k) is Fi-measurable.

And we know that the quotient of two measurable functions is measurable.
Therefore, M (k) is Fj-measurable.

Part3.2 wts E (|M(k)|) < oo for all k € {1,...,p}:

Let k€ {1,...,p}.

E (| M(F)[)
By definition of M (k)
VH(k
e (1B
1+ V—(k)
We can omit the absolute value, because
the term inside is always nonnegative
+
R0
1+V—(k)
We know that j € {1,...,p}. Therefore,
VTt (k) <pand V™ (k) > 0 for all k.
V*H(k) P
< = .
SO T V) STx0 P
<E(p)
=P
< oQ.

Part3.3 wts E[M(k +1) | Fix] = M (k) forall k € {1,...,p—1}:
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Let ke {1,...,p—1}.

Prep3.3.1 wts M (k 4+ 1) = M (k) on the event {[k] ¢ Ho}:

M(k+1)
By definition of M (k + 1)
Vt(k+1)
BEIEE)
By definition of V*(k+ 1) and V™~ (k + 1)
i defk+1,. ), Wy >0, [] € Hol
14 {jrje{k+ 1. pk, Wy <0, [j] € Holl

The counts in numerator and denominator

do not change if we start with k instead of k + 1
since we know that [k] ¢ Ho.
g efk .k, Wy >0, [§] € Hol
1+ {jrje{k,....p}, Wy <0, [j] € Ho}|
By definition of V1 (k) and V™ (k)

VT(k)
14+ V-=(k)
By definition of M (k)
= M(k).

VT(k) -1
1—"_(‘/)_(]@ on the event {[k] S HO, W[k] > O}

Prep3.3.2 wts M(k+1) =
M(k+1)
By definition of M (k + 1)
VT (k+1)
TRVt D)
By definition of V' (k+ 1) and V"~ (k + 1)
B |{j:jE{k+1,...,p},W[j]>0, [j]EH0}|
1+ {jrje{k+1,...,p}, Wy <0, [j] € Ho}
Since we consider the event {[k] € Ho, Wix > O} ,
the numerator will increase by 1 if we start
with k instead of k + 1. The denominator is not affected.
B |{j: Jged{k,....p}, Wy >0, [f] E’Ho}|—1
1+ [{jrje{k,....p}, Wy <0, [j] € Ho}|
By definition of V1 (k) and V'~ (k)

_ Vi) -1
1+ V(k)

+
VI (k) on the event {[k] € Ho, Wy < 0}:

Prep3.3.3 wts M(k+1) = =0

<

M(k+1)
By definition of M (k + 1)
V*t(k+1)
TItVo(k+1)
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By definition of V¥ (k+ 1) and V™~ (k + 1)
_ [{j:jef{k+1,....,p}, W >0, 6H0}|
1+ [{j:je{k+1,....p}, W; <0, [j] € Ho} |
Since we consider the event {[k] € Ho, Wiy < 0},

the denominator will increase by 1 if we start
with &k instead of k 4+ 1. The numerator is not affected.
_ |{j:j€{k7...,p} W[]]>0 €H0}|
1+|{j:j€{k,...,p} W[J]<0 €H0}|—1
By definition of V" (k) and V (k)

Note that V= (k) > 0 in this case, because we consider the event {[k] € Ho, W < 0} and hence,
V= (k) > 1.

Prep3.3.4 wts ]l{[k]EHO} -P [W[k] >0 | fk] = ]l{[k]EHo} 7V+(k)+(§) Ok

Note that we can write V' (k) = >7_; Lj1em,) - ]l{W[ S0}

Conditional expected value applied on both sides gives

p
E[VHE) | Fi] =E | D Ligien)  Liwy, o | Fe
=k

Since V*(k),{[j] € Ho} € Fy for all j € {1,...,p}, we can pull these terms out and get

p
VER) B[ Fi] =Y Lyen B [H{WuPO} | f’“] '
j=k

Hence,
P

Z (leHoy " P [W > 0] Fi] -

By Lemma [3.13|i) we know for [j] € Ho: sign(W};)) are independent and P (sign(Wp;)) = —1) =
P (mgn(W[J]) =+1) =

The latter can be written as P (W[j] < O) =P (W[j] > 0) = %

In other words, the signs of the null MX-Knockoff feature statistics are i.i.d. and hence exchange-
able.

By definition of Fj, all nulls are known.

Therefore,

Lipjleno) - Limeroy P [Wiw > 0| Fi] = Lipjieno} - Limenoy - P [Wi) > 0| Fi
for all j € {k,...,p}.
And note that

Tgnenoy - V7 (k)

We know from above
p

that V¥ (k) =Y Tyieney - P [Wy > 0| Fi] -
j=k

P
= Leno) - Y Lylero} - P Wy > 0| Fi]
=k
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Liijiero) - Limieroy - B [Wyy > 0 | Fi]

Il
VM"

<
I
>

We know that Tjjeno) - Lisjeno) - B (Wi > 01 Fi] = Lipleno - Limeno) - P [Wiy) > 0] Fi]

@

s

I
B

Lieno} - Lmeroy - P [Win > 0| Fi
J

p
= Lqmero) - P [Wig > 01 Fa] - Y Lipjiens)
j=k
= gmenoy P Wi >0 Fi] - [{j: jed{k,....,p}, [j] € Ho}|
Note that VT (k) + V= (k) = |[{j: j € {k,...,p}, [§] € Ho}|.
= Lmeroy P [Wig > 0| Fi] - (VI (k) + V7 (k).

Rearranged gives

V*(k)
Limeror P [Wik > 0| Fi] = Lineno) - VIR V(R

Therefore,

E[M(k+1)| F
E [M(k+1) - Lijgrorofklenor | Fr)

Note that 1cup = 1¢ + 1p for disjoint sets C, D.
) (Lmgroy + Limenoy) | Fi]
(]1{ Rgro} T L neno, wiy>o}u{ ke, W[k]<0}> | fk}

Note that 1cup = 1¢ + 1p for disjoint sets C, D.
[M(k +1) (]1{ KgHot T Limeno, wig>ol T Lmeno, wy <0}) | fk}
[M(k + 1 ]l{[k]¢7{0} + M(k + 1) ]l{[k]eHo W[k]>0} + M(k + 1) 1{[“6%0, Wi <0} ‘ Fi
[M(k+1) - Lignoy | Fi]
FE[ME+ D er, w0} | Fil

FE[M(E+ 1) Tgyen,, k]<0}|]-'k]

b
?:

E
=E
=E

By Prep3.3.1, Prep3.3.2 and Prep3.3.3
=E [M(k) - Liugn,) | Fi]

[V F(k)—1

1+V-(k) ﬂ{[k]eﬂo, Wi >0} | ]:k:|

[V*(k)

m ’ ]l{[k]ef)'lo, W[k]<0} | ‘7:143:|

+E

+E

Note that 1cnp = 1¢ - 1p for sets C, D.
E [M(F) - Timgnoy | Fr)
V*(k)—1

V() M) w0} |fk}
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:M(k)

By definition of F, we know that V' (k), V= (k), {[k] € Ho} € F.
Since complements of elements of a o-algebra are
again in that o-algebra, {[k] € Ho}° = {[k] ¢ Ho} € Fk.
Hence we can pull out these terms.
Limgroy - E[L | Fil

V*t(k)—1
v M B Ly sy | 7
V()

+

_|_

<

= M(k) -

v (k) L) E [I{W[m@} | f’“]
= M(k) .
V) -1
1+ V=(k)
V*(k
~(k

L ik]¢ro)
Lymeroy - P (Wi > 0| Fi

~

Lneroy P [Win <0 Fi

~

By Prep3.3.4
L{mgro)

VE(k) — 1 V*(k)
TF V=) M) G V()

V+(k
V- (k
= M(k) -

+ L]

+ Lmenoy - 37—
= M(k) -

EHot " 1+V_

) V*(k)
) “Likleno} - (1 - V() + V_(k))
Lk)groy
VE(k)—1 VE(k)
(k) V*+(k)+ V= (k)
V() (V) +V (k) vV (k)
(k) <V+(k) +V-(k) VR + V<k)>

L] ¢rto)
VH(k) -1 V+ (k)

1 ) )
W TV VR + Vo (R)

Vi) V()

FHm =) VIR V)

_#).
_#).
_#).
_#).

= M(k) -

= M()
M(k)

= M(k) -

= M(k).

Since k € {1,...

V() -1 V+(k) Vo(k)  V*(k)
ﬂ{w]mﬁl{[kleﬂo}'<1+V—(k) VE(k) + ( )+V (k) V* (k)“‘v_(’“))
VE(k
Limgroy + Limeno) - <V+(k) ju(x;—(k) ' (1 +V k) + >)
V*(k) VE(k 14V~ (k)
Likgroy + Limeroy - <V+(k) +V-(k) (1 +V- (k) + 1+V- (@))
Vr(k V() 4+ V- (k
Lmenoy + Limero) - <V+(k)—|-(‘;_(k) ' 1(+)V‘(k)( )>
V* (k)
Limgroy + Limeno) - TrV—(k)

By definition of M (k)

“Lmgnor + Likeror - M(K)
“(Lmgnor + Limieroy)

Note that 1cup = 1¢ + 1p for disjoint sets C, D.
L{kigroyu{kleHo)
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Define Ny = |Ho| as the total number of nulls.

1
Prep4.1 wts V1 (1) ~ Binomial (NO7 2):

Note that we can write
VHL) = {5t j € {Leoup}, Wy >0, [ € Mo} | = |{i: j € {1,....p}, sign(Wiy)) = +1, [j] € Ho} .

Define Uj = ]]‘{sign(W[j]):+1}'
Note that P (U; = 1) = P (sign(W};)) = +1) = 3 for all j where [j] € Ho by Lemma i).
By Lemma i), sign(W7;)) are independent for j where [j] € Ho.
This means that U; are independent random variables with U; ~ Bernoulli (%) for all j where [j] € Hy.
Short: U; “A" Bernoulli (1) for j where [j] € Ho.
Note that Z U;=VT().

je{l""7p}7

] € Ho

By definition of the Binomial-distribution, V*(1) ~ Binomial (NO, %)

Prep4.2 wts V(1) = Ny — VT (1):

V=)
:|{] j€{17~-~;p}; W[j] <07 []] GHO}'
Note that Ny = |Ho.
:N0_|{j: je {17"'?p}’ W[j] >07 [.]] €H0}|
— No— V().

K
Part4 wts E [V()] <1:

1+ V- (K)
E { V*H(K) }
1+ V—(K)
By Part2, we know that K is a bounded stopping time.
By Part3, we know that m is a martingale.
’ 1+V—(k)
Therefore, we can use Lemma i)
(optional stopping theorem for martingales).
_E { V() }
1+V-(1)

By Prep4.2
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S LU
1+ No—V*(1)

In general, it holds for a discrete random

variable Y and function g that

E(g(Y)) = Zg(y) -P(Y =y). In our case,

x
=— Y :=VT(1).
g(z) 1+N0—xand V(1)

Note that Ng < pandY € {0,..., No}.

By definition of g

1
By Prep4.1, V(1) ~ Binomial (N07 2) .
= g[): i (N AN
T« “1+No—i i 2 2
= i i (N (Y oy
- p 14+ No—i 1 2 2

_io: i N! 1 i 1 No—i

A~ 14+ Ny—i il (Ng—14)! \2 2

_io: 1 N! } i—1 1 1 1 No—(i—1) 1 -1
=1+ Ng—d (1) (No— i)t \2 2 2 2

Note that 1+ Ng —i = Ny — (i — 1).

- i (i—1)!- (ngg!— (i—D) (é)l ' (;)NO(”)

)W

We can start the sum at 7 = 1.

Substitution: set j =1 — 1.

The sum of probabilities the random variable Y
can achieve has to be smaller than 1.

IN
—_

Partb wts FDR < ¢:

FDR
By Definition ii)
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VHEK)

By Partl, we know that FDP < ¢ - m

+
By Part4, we know that E [ V(K) } <1

1+ V- (K)

As g € [0, 1] was arbitrary but fixed, we have shown the result for all ¢ € [0, 1].

And note that this result holds even conditionally on Y, because we can use Lemma ii) (instead of just

using Lemma i)) in Prep4.1.
U

3.3 Power

Candes et al.| (2018)) do not present theoretical work on power, but simulations were used to compare MX-
Knockoff methods to existing alternatives. The problem is that there are no existing FDR-controlling pro-
cedures for the setting for which MX-Knockoffs are designed for. Mainly, BHq procedures were used for
comparison and only MX-Knockoff method (instead of MX-Knockoff+ method) was considered, because
comparable BHq procedures did not provide exact FDR-control.

Authors created a conditional randomization test as an alternative to the controlled variable selection prob-
lem. Together with BHq (conditional randomization test was used to produce p-values and BHq was used
to select variables based on those p-values), it resulted in higher power than the MX-Knockoff method, but
computational cost was huge. Even for n = 400, p = 600 and after application of several speed-ups/shortcuts.
Authors also used simulations in settings where Y comes from a Gaussian or Binomial linear model and
the design matrix X is “i.i.d. N(0,1/n)”. Power of MX-Knockoff method was superior to BHq procedures
for n = 3000 and p = 1000 (and p = 6000), except for cases where BHq procedures lost FDR-control (e.g.
in settings with high correlation between covariates). For n = 3000 and p = 1000 and Gaussian response,
MX-Knockoff method had higher power than FX-Knockoff method.

For Gaussian variables, MX-Knockoff method was robust to errors in the estimation of the true joint distri-
bution of the covariates. Even for covariance estimates very far from the truth (covariance estimates were
used to generate the MX-Knockoff matrix), FDR-control was never violated. And power remained roughly
constant until a mix of 50% exact covariance and 50% empirical covariance was reached.

Fan et al| (2017) provide theoretical power analyses for methods similar to MX-Knockoff procedures in
high-dimensional linear models.

Gimenez and Zou| (2018) introduces a multi-MX-Knockoff method, where several multi-MX-Knockoffs X
are sampled simultaneously. This method seems to have higher power (than MX-Knockoff procedures) in
settings where the number of non-nulls is small. For a higher number of non-nulls, the power decreases with
the number of sampled multi-MX-Knockoffs.
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3.4 Examples

Note again, that we abuse notation in this section and denote random variables by (X7, ...,X,) instead of
(Xoa,...,Xp).

3.4.1 Exact construction of MX Knockoffs

Construction of MX-Knockoffs in practice was, except for special cases, left to further research. We will show
the construction for a case where X has Gaussian rows. But first, we present an abstract algorithm which
shows how valid MX-Knockoffs can be produced (in theory) for an arbitrary distribution of X. To prove that
this algorithm produces valid MX-Knockoffs, the next Proposition will be helpful.

Proposition 3.16. (Proposition 3.5 in |Candes et al| (2018)). The random variables (f(l,...,f(p) are
MX-Knockoffs for (X1,...,X,) if and only if
i) for any j € {1,...,p},

(x5 %) (x5, %5) £ (%5.%) | (X5, %), and

i)Y 1L X|X holds.

Proof:

Note that by Definition [3.6/ii) we know that ¥ 1 X|X.
Therefore, equivalence of ii) is trivially satisfied (it is exactly the same).

So, it remains to show that i) is equivalent to Definition i).
More explicit, we have to show that

VS C{1,...,p}: (X,X)swap(s)i (XX) = VYje{l,... p}: (Xj,)?j)|(x,j,)”(,j) £ (Xj,Xj)|(X,j,)~(,j

Partl wts —:

Let j € {1,...,p} be arbitrary but fixed.
We have to show that

P (X] S (L,Xj S b|X,] S CL‘,j,X,j S .i',j) =P (X] S (L,Xj S b|X,J S LI’,‘,J‘,X,J‘ S .i',j) .
By definition of conditional probability, this is equal to

P (Xj S a,f(j S b,X_j S l‘_j,X_j S i‘_]') P (X] S a,Xj S b,X_j S x_j,f(_j S .f?_j)

]P)(X,j SLL',J‘M)Z,J' Si‘i',j) ]P(X,j S(,C,j,X,j S(E,]>
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Note that both denominators are the same, therefore it remains to show that

P (Xj S a,Xj S b,X,j S CL‘,j,X,j S .i',j) =P (X] § (L,Xj S b,X,j S .’E,j,X,j S j,J) .

In other words, we have to show that
. - d /=~ -
(3. %, X 5. %) £ (%%, %5, %),

We can use a measurable function which changes the position of entries on both sides (move the first
entry to the position between X;_; and X;; and move the second entry to the position between X;_;

and X,1) and use Lemma i) to get
(Xl,...Xj,l,Xj,Xﬂh...,Xp,Xl,...,Xj,l,Xj,XjH,...,Xp) 4 (Xl,...,Xp,Xl,...,Xp>.

Short,

(X’ X)swap({j}> - <X’ X> '

By Deﬁnitioni), we know that for any subset S C {1,...,p}, it holds that (X, X) s 4 (X7 X')
swap

We can choose S = {j} and get that (X,f() b £ (X,f().
swap({J

Because j was arbitrary but fixed, we proved the claim for all j € {1,...,p}.

Part2 wts <——:

We know from Partl, that
(Xjan) | (ijaij) = (ijXj) | (ij,ij)

is the same as

I
/N
Is
S
N—
—
[\~
o
S~—

(X’ X) swap({})

Let S C {1,...,p} be arbitrary but fixed.

The claim can now be proved by repeatedly using for all indices in S.
To visualize this argument, let wlog S = {1,...,m} for m < p.

We can use for j =1 to get
(X,X) 4 (X, X) .
swap({1})

Because the LHS is equal in distribution to the RHS, we can apply to the LHS, this time with the
next index in S; that is j = 2. Therefore, we get

(<X’X)swapm}))swap({z}) : (X’X>swap<{1}) - (XX)

Note that ((X, X) ) = (X, X’) , and therefore, we have
swap({1}) swap({2}) swap({1,2})
(X, X 4 (X, X) .
swap({1,2})
Repeating this argument for j = 3,..., m gives
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(X’X)swap(S) - (X7X>'

Because S was arbitrary but fixed, we proved the claim for all S C {1,...,p}.

The next Example shows that construction of MX-Knockoffs is easy, if the components of the vector X =
(X1,...,X,) are independent.

Example 3.17. Let X = (X1,...,X,) be a vector with independent components. Let X = (Xl, ey X'p)

be any vector independently sampled from the joint distribution as X. Then (Xl, .. ,Xp) are valid MX-
Knockoffs for (X1,...,X,).

Proof:

By construction, X, X are independent and therefore, X7, ... , Xp, Xi,... ,)~(p are independent random vari-
ables.

Also by construction, X 4x (because X is sampled from the same joint distribution as X ). In particular,

X; 4 f(j for all j. Together with the independence of X, )N(j, this means that X, Xj are i.i.d. for all j.

Let j € {1,...,p} be arbitrary but fixed.

(3. 5) 1 (3 %)
Note that all random
variables are independent.

< (% %)
Xj,f(j are i.i.d. for all j
and therefore exchangeable.

< (% x)
Note that all random
variables are independent.

[l

(vaXj) | (X—jj(—j)-

Because j was arbitrary but fixed, we proved the claim for all j € {1,...,p}.

Comments:

i) Of course, the assumption that the variables X; (and therefore the components of a row-vector X') will be
independent is very strong and often not satisfied in practice.
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ii) If the variables X; (and therefore the components of the vector X') are not necessarily independent, the
next algorithm shows an abstract way of producing MX-Knockoffs:

3.4.1.1 SCIP Algorithm

Algorithm 1: Sequential Conditional Independent Pairs (SCIP)

Sample Xl from L(X1|X_1) such that Xl A X1|X_1.
for j =2 to p do
Sample Xj from £ (Xj‘X,j,Xl,...,Xjfl) such that (Xj A1 X]) ‘ (X,j,Xl,...,Xj,1>.

end

Comments:

i) Note that £ denotes the law/distribution.

ii) Sampling Xj conditionally independent of X; is done to make sure that X; and Xj (given all other
variables) are as different as possible.

Example 3.18. Let X = (X1, X5, X3). Then Algorithmworks as follows:
Sample X; from £ (X;|X2, X3).

Then £ (Xl, Xo, X3, Xl) is available and therefore, £ (X2|X1, Xs, Xl) is known.
Sample X, from £ (XQ\Xth,Xl).

Then £ (Xl, X5, X3, X17X2> is available and therefore, £ (Xg,\Xl,Xg, Xl,fQ) is known.
Sample X3 from £ (X3\X17X2, X17X2).

Comments:

i) The first problem using this algorithm is that it is computationally hard. The set of variables grows at
each step which means that at each step, the conditional distribution has to be “recalculated”.

ii) The second problem is that it is not clear how specifying these distributions can be done in practice. And
it is not clear how to sample from all these conditional distributions. The algorithm is only given abstractly.
iii) The ordering in which MX-Knockoffs are created is not important. We could have started with X, or X3
in the last example. The results would differ, but Algorithm [I] would still satisfy Definition [3.6f The next
Lemma helps to understand why this is the case. The fact that ordering is irrelevant was used by [Candes
et al. (2018) in some of their applications: Columns of X were permuted and Algorithm Was used to create
MX-Knockoffs for each row to get a MX-Knockoff matrix with permuted columns. And at the last step, the
permutation of columns was reverted again to get X.
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Lemma 3.19. Algorithm (1| produces valid MX-Knockoffs (as defined in Definition @)

Proof:

By Proposition , we have to show that two properties hold. The second property, X 1 Y| X, is satisfied
because Algorithm [1| produces X without using Y.
Therefore, it remains to show that Algorithm satisfies the first property, namely that for any j € {1,...,p},

(ij(j) | (X—jvff—]) < (waXj) | (X—jj(—j) :

In Partl of the Proof of Proposition [3.16] we have shown that this is equivalent to

(X’ X)swap({j}) - (X’ X)

for any j € {1,...,p}.

Therefore more explicit, we have to show for all j € {1,...,p}:

(Xl,...,Xp,Xl,...,Xp) | i(Xl,...,X,,,Xl,...,Xp).
swap({7})

We will prove this by induction on j for the case where X; are discrete random variables.
Candes et al.| (2018) claim that the general case follows the same argument with a slightly more careful
measure-theoretic treatment using Radon-Nikodym derivatives instead of probability mass functions.

We will use a sloppy notation throughout this proof. Instead of explicitly writing expressions like

P (Xl =T1,...,Xp = Tp, X, = Ty, Xp = jp), we only denote values of “noteworthy” random variables,

e.g. IP(Xl,...,Xp:xp,f(l,...,f(p).

Induction hypothesis: After j steps, every pair (X ks Xk) is exchangeable in the joint distribution of
(Xl,...,X,,,Xh...,Xj) fork=1,....5.

1) base case j = 1:

The algorithm samples X, from £ (X1|X_1). This means that )~(1|X_1 4 XX,
Furthermore, the algorithm samples X such that (f( 1AL X 1) | X_1.

Both properties together can be phraised as: conditional on X _1, the random variables X; and X, are
iid.

We know in general that i.i.d. implies exchangeability, therefore, conditional on X 1,

we have (Xl,X1> i (Xl,Xl). ShOI‘t7

(Xl,X’l) X, 2 (X'l,X1> 1X_1.

By using the definition of conditional probability and then recognizing that denominators are the same,
this is equivalent to

(Xl,Xl,X,l) 4 (X’l,Xl,X,l).

More explicit,

(Xl,f(l,Xg,...,Xp> 4 (Xl,Xl,XQ,...,Xp).
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We can use a measurable function which changes the position of entries on both sides (move the second
entry to the last position) and use Lemma i) to get

(Xl,X2,...,Xp,X1) 4 (Xl,XQ,...,Xp,Xl).

So, the pair (Xl, Xl) is exchangeable in the joint distribution of (Xl, o Xy, Xl).

2) Inductive step - Assuming the induction hypothesis holds until j — 1, we prove that it holds after j steps:

Define X; to be the set of all possible values of X; and define i“j to be the set of all possible values of
X;.

J

As announced in the comments after Definition [3.5, we will use the function swap also for truncated
input-vectors like (X,j7 Xl, . ,Xj,l) to perform swapping of a pair (Xk, Xk)

d

Prepl wts (X_j,Xl,...,X = (X_j,Xl,...,Xj_1> for all k € {1,...,j— 1}

j—1

>Swap({k})
Let k € {1,...,j — 1} be arbitrary but fixed.

From step j — 1, we know that

(Xl,...yxpv)?l,...jj,l) Xl,...,X,,,Xl,...,Xj,l) (21)

<
swap({k})
forall ke {1,...,5 —1}.
Xi, 1=k X’iv

~ :k
Define X! = T and X =70 T Y porallie {1,...,5 — 1)
X’i7 1#]{/’ XZ‘ Z#k

And note that X; is not affected.
Then, can be written as

i i . i
(X{,...,Xj’-,l,Xj,X]’-H,...7X1’77X{,...,X]’.71) 4 (Xh...,Xj,l,X],XjH,...,Xp,Xl,...,Xj,1

More explicit (we use a sloppy notation),

IP’(X{,...,X]’-_l,Xj :xj,XJ’.H,...7X1’,7X{,...,X;._1)
:]P)<X1,X27...7Xj_1,Xj :l’j,Xj+1,...,Xp,Xl,...,Xj_1> .

And we can now marginalize out X, on both sides. To do that, we first sum over all possible
values of Xj;.

’ / / /AR v/
3 IP’(Xl,...,Xjfl,Xj :xj,XjJrl,...,Xp,Xl,...,Xjfl)
T;€X;

= Z ]P)(Xl,XQ,...,Xjfl,Xj :(Ej,XjJrl,...,Xp,Xh...,Xj,l) .

T;€EX;

We can write that as

P(X;,..., X XX ”j’.fl) :IP(XI,XQ,...,Xj,l,XjH,...,X,,,Xl,...,ffj,l).

In other words,
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/ ’ / o o1 d e *
(Xl,...,Xj,l, Lt X0 X H) 4 (Xl,Xz,...7Xj,1,Xj+1,...7XP7X1,...,XJ-,1).

By using the definition of X/ and f(;, this is

<X17~"Xj717Xj+17"'7Xp7X17"';Xj71>swap({k}) i (Xl,u.Xjfl,Xj+17...,Xp,X1,...,Xj,l) .

Because k € {1,...,7 — 1} was arbitrary but fixed, we proved the claim for all k € {1,...,5 — 1}.

PI‘epQWtSXﬂ(X_j,Xl,...,Xj_ i le(X_j,Xl,...,Xj_ fOI‘allk)E{l,...,j—l}Z

1)swap({k:}) 1)svvap({k})

Let k € {1,...,j — 1} be arbitrary but fixed.
By construction ofAlgorithm we have L (Xj|X_j, Xi,... ,X'j_l) =L ()~(j|X_j, X1,... ,)~(j_1).
In other words (by using our sloppy notation again),

P (XX K, Kio) = P (KX %, K.

By definition of conditional probability (used on both sides), this is

P(Xl,...,Xp,Xl,...,Xj_l) P(X_j,Xl,...,Xj_l,Xj)

P(X_j,)?l,...,)?j_l) P(X_j,)?l,...,)?j_l)

Because both denominators are the same, we have
P (Xl,...,Xp,Xl, . 75(]-,1) _Pp (X,j,X’l, . ,Xj,hfcj) .
By using Lemma i), we get

JP<<X1,...,XP,X1,...,Xj_1) ):P((X_j,)?h...,)?j_l,)?j) )
77 swan () 7 swap({k})

Note that the swap-function is not using X; and X j- Therefore, we can write

v (Xj’ (ij’Xl’ a "Xj1>swap({k}>) =F ((XJ’X“ " ’Xj’l)swapuk}) XJ) '

By definition of conditional probability (used on both sides),

g (le (X X =Xﬂ'1)swap<{k}>> F <<Xj7X1’ - jjl)swap({k}))

- (Xﬂ (- X le)swap({k})) v <(Xj’X1’ T le)swap({w) '

Hence,

P (X0 (X K £, >_]p><x (X Krren X )
< il (X X I swap({kY) il (X X 1Y) swap({k})

In other words,

~ ~ d ~ ~ ~
X1 (X Kue o, Xy LX) (X K X .

swap({k}) swap({k})

Because k € {1,...,j — 1} was arbitrary but fixed, we proved the claim for all k € {1,...,5 — 1}.
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Prep3 wts (X_j,Xl, e an—lan g (X_j,Xl, R 7Xj_1,Xj) for all k£ € {17 ey — 1}

)swap({k})

Let k € {1,...,5 — 1} be arbitrary but fixed.
Let b € X; be arbitrary but fixed.

P ((Xl,...thXjH, X Ky Ko Ky, K =) )
swap({k})

X;, i=k
X;, i#k

- Xi, 1=k

and X/ =<¢ .Y '
Xi, (3 # k
forie{l,...,j—1}.
Note that X; is not affected.

Define XZ( = {

:]P’(X{,...,X’- DX X0 XX X-:b)

y Ag—19%g

By definition of conditional probability.

-Pp ( X = b|X, e X, Xy, X0 X ,X;_l)
P (Xg, XX ,X;,,X;,...,X;_l)
By Prep2
-P (Xj - b|X{,...,X;_l,X§+1,...,X;,X{,...,X]%_l)
P (Xg, XX ,X;,,X;,...,X;_l)
By definition of conditional probability.
:n»(x;,..., ;_1,Xj:b,xgﬂ,...,x;,X{,...,X;_l)

We know from step j — 1 that the
pair (Xk, Xk) is exchangeable in the joint
distribution of (Xl, oo X, Xq,... ,5(]-,1>

forallk e {1,...,5 —1}.

-P (Xl,...,Xj_l,Xj - b,XjH,...,Xp,f(l,...,)?j_l)
By definition of conditional probability.

P (Xj =X, X1, Xjts o Xy X1, ,Xj_l)

P (Xl,...,Xj,l,XjH,...,Xp,Xl, . ,Xj,l)
Algorithm [T] guarantees
that £ (Xj|X_j,X1, ‘e ,Xj_1> =L (Xj|X_j,X1, e ,Xj_l) .
P (Xj = b|X 1y X1 Xty Xy X ,Xj_l)

P(Xh...,Xj,l,XjH,...,Xp,Xl,... f(»,l)

X
By definition of conditional probability.
—_p (Xl, o X1, Xty X Xy X1, X = b) .

Because k € {1,...,j — 1} was arbitrary but fixed, we proved the claim for all k € {1,...,7 — 1}.
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Let a € X;,b € X; be arbitrary but fixed.

Note that the joint distribution of (Xl, . ,Xp,Xl, X, Xj) is given by:

]P(Xl,...,Xj :a,...,Xp,Xl,...,Xj_l,Xj :b)

]P’(Xl,...,ija,...,X 4 b) i i
— _ ~ -]P’(Xl,...,Xj:a,...,Xp,Xl,...,Xj_l)

s
=

S
|

B
I

By definition of conditional probability
(used in numerator and denominator
of the first term)

P (X] = G|Xj = b,X_j7X1,...,Xj_1) -P (X] = b,X_j,Xl,. ..,Xj_1>

P(Xj _ a|X,j,X1,...,Xj,1) P (X,j,Xl,...jj,l)
-]P’(Xl,...,Xj:a,...,Xp,Xl,...,Xj,l)
Algorithm [I] guarantees that (X'j A1 Xj) | (X_j,Xl, .. .,Xj_l) .

Therefore, by definition of conditional independence

P (X] = a|X_j,X1,...,Xj_1> ]P)(X] = b,X_j,Xl,...,Xj_l)

P (X] = a|X,j7X1,...,X'j,1) -P (X,ﬁXl,..jo,l)
']P(Xl,...,Xj :(l,...,Xp,Xl,...,Xj,1>
P(%;=bX 5%, %)

— - — ~]P’(X1,...,Xj:a,...,Xp,X17~-~,Xj—1>
P(X_j,Xl,...,Xj_l)

In other words
P (X] = be—jaXlw--,Xj_l) P (XJ = aaX—j;X17--~7)~(f'_1)

R P(X 5%, %0) ' (22)

We now show that the pair (X;€7 X k) is exchangeable in the joint distribution of
(Xl,...,Xp,Xl,... ;Xj—lan) for all k € {1, ,j}

Casel k = j:

The denominator of is not affected and remains unchanged.
The numerator changes to P (Xj =b, X,j,Xl, e ,X’j,l) -P (X'j = a,X,j,X'l, . ,Xj,1>, but
this is the same as we have in , because:

P (XJ = b,X_j,Xh...,Xj_l) P(XJ = CL,X_j,Xl,.. .7Xj_1)

By definition of conditional probability
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=P (X =0X 5 K K ) P (X K K )

P (Xj —a|lX_;, X1, .. ,Xj_l) P (X_j,f(l, o ,Xj_l)
Algorithm [T] guarantees
that £ (X;1X -, X1, Xjoa) = £(Xi1X -, Koo, Xy )

=P (X = 0X 5 Ky Ky ) P (X K K )

P (% =alX 5 K K ) P (X K K )
By definition of conditional probability

=P (X =X 5 K, K ) P (K =, Xy K K.

Therefore, the pair (Xj, X'j) is exchangeable in the joint distribution of (Xl, con Xy, Xi,... , Xj,l, X'J>

Case2 k < j:
By Prepl, the denominator of remains unchanged.
By Prep3, the first term of the numerator remains unchanged.

And we know from step 7 — 1 that the pair (X ks Xk) is exchangeable in the joint distribution of

Xi,..., X, Xi,... 7)~(j,1) forall k € {1,...,7 — 1}. Therefore, the second term of the numerator
in remains unchanged.

So, the pair (Xk, Xk) is exchangeable in the joint distribution of (Xl, D, ¢ Xi,..., Xj,l, Xj)
forall ke {1,...,5 —1}.

O

Comments:

It is maybe not clear at the first sight, why this proof has to be so complicated and lengthy. It is clear
that Algorithm |1| at step j, produces a valid MX-Knockoff X ; for X, because X j and X are conditionally
independent given all other variables. The problem is that we have to make sure that alle the previous ones
are still valid MX-Knockoffs. This is why this proof is not completed by just using an i.i.d. argument as we
did in the base case.

If X = (X1,...,X,) is a Markov chain, |Sesia et al| (2019b]) show that Algorithm [I| can be implemented
very efficiently. The same paper introduces algorithms to construct MX-Knockoffs if X = (X;,...,X,) is a
hidden Markov model. Further discussions about MX-Knockoffs for hidden Markov models in genome-wide
association studies are presented in |Sesia et al.| (2019c¢), extensions and applications using genetic data are
given in [Sesia et al.| (2019a)).

Gimenez et al.| (2018) provides procedures to efficiently sample valid MX-Knockoffs from Bayesian Networks.

Bates et al| (2019) prove a more general version of Algorithm [I{ and introduce a Metropolis-Hastings formu-
lation of an exact MX-Knockoff sampler.
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3.4.1.2 Special case - Gaussian rows

The exact way of constructing MX-Knockoffs is to consider the whole joint distribution of (X, X ) and asking

that (X X ) L (X X ) for any subset S. The next example shows that this is satisfied if X is

swap(S)
multivariate Gaussian. The reason is that in the Gaussian case, the exchangeability property reduces to

matching first and second moments, i.e., mean and covariance matrix. We can always subtract the mean
to get centered random vectors on both sides which have mean zero. Therefore, it suffices to focus on the
second moments. This is the reason why we used a random vector X with mean 0 in the next example.

Example 3.20. Let X be a random row vector with X ~ A (0,X). Then
i) A joint distribution obeying is

b Y — diag(s)

(X,X)N/\/’(QG)7 where G = S — diag(s) -

and where diag(s) is any diagonal matrix selected in such a way that the joint covariance matrix G is positive
semidefinite.

ii) We can use the same equi-correlated construction and SDP construction as in Example to construct
s.

iii) We can sample MX-Knockoffs X from the conditional distribution

XX £ N(p. V),
where = X — X - X! . diag(s) and V = 2 - diag(s) — diag(s) - X! - diag(s).

Proof:
ad 1) wts (X, X) ~ N (0,G) is obeying :
We have to show that (X,X) ~N(0,G) for any S C {1,...,p}.

swap(S)

Note that by definition of a covariance matrix:

Var(X1) Cov(X1,X2) -+ Cov(X1,Xp) (Cov(Xl,)g'l) Cov(X1,):(2) (Cov(X1,):(p)
Cov(X2, X1) Var(Xz2) Cov(X2,Xp) Cov(X2,X1) Cov(Xa,X2) Cov(X2,Xp)
G- Cov(Xp, X1) Cov(Xp, X2) - Var(Xp) Cov(Xp, X1) (Cov()gp,):(z) (Cov()gp,):(p) (23)
a Cou(X1,X1) Cou(X1,X2) -+ Cov(X1,Xp) Var(Xy) Couv(X1,X2) -+ Cov(Xy,Xp)
Cov(X2,X1) Cov(X2,X2) Cov(X2,Xp) Cou(X2,X1) Var(Xz2) Cov(X2,Xp)
Cov(Xp,X1) Cov(Xp,X2) -+ Cov(Xp,Xp) Cov(Xp,X1) Cov(Xp,X2) --- Var(X,)

Swapping MX-Knockoff variables and original variables in the row-vector (X X ) changes the corre-

sponding positions of entries in the mean-vector (we can ignore that because we have mean 0) and the
corresponding positions of the entries in the covariance matrix G.

Changing these entries in G can be done by using a 2 - p X 2 - p permutation matrix P. The swapped
version of G is then given by P - G - P.

By comparing the representation of G in the statement with , we can observe:
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a) X ~ N (0,%)

b) Cov (X,X)) = Cov ((X X))
c) (Cov()gi,f( ) = (2 —diag(s)), ;
d) Cov(X;, X;) = (X — diag(s)),
where (-); ; de

notes the entry in row 7 and column j of a matrix.

Part a) implies that

Part b) implies that

Part ¢) implies that

Part d) implies that

(COU(Xi, Xj)

(COU(XZ‘, XJ)

Cov(X;, X;) =

(COU(XZ', X])

= (CO’U(Xi,Xj)

= (COU(XZ‘,XJ‘)

Cov(X;, X;)

= (COU(X“ XJ)

fori,5 € {1,...

fori,5 € {1,...

fori,j € {1,...

D)

D)

N E

fori,je{l,...,p}, ¢

(27)

This means that we can “revert” all changes which have occured in P-G-P and can write P-G-P = G.

Thus, since P - G - P = G for any swapping operation, the distribution is invariant.

In other words, (X, )2) o~ N (0,G) for any S C {1,...,p}.
swap

To visualize above argument, let p = 3 and S = {1}.

We start with the joint distribution

where

(X1, Xz, Xo, X1, %2, X5 ) ~ N (0,G),

Now, for S = {1}, we have

where

G*

(COU(X;),, A1
Couv(
ov(X27
ov(X3, X

Cov(X1, X3)
Cov(Xs, X3)
Var(X3)
(COU(Xl, Xg)
Cov(Xa, X3)
Cov(X3, X3)

(X17X2>X37X17X23X3) ~ N(O7G*) 3

Cov(X1, X3)
Cov(X2, X3)
Var(Xs3)
Cov(X1, X3)
Cov(Xs, X3)
COU(X37 Xd)
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Note that G* =P - G - P with

0001 O0O0
01 00 O0O0
001 00O
P= 100 0 0O
000 01O
0 0 0 001

Our claim above is that we can use , , and to turn G* into G again.
E.g. the top left block

Var(f(lg Cov(X1,X5) Cou(Xy,X3)
(CO’U(XQ,){l) Var(X3) Cov(X2, X3)
Cov(Xs5,X1) Cov(Xs3,X2)  Var(Xs)

should be equal to
Var(X1) Cov(X7,Xs) Cov(Xy,X3)
Y= CO’U(XQ,Xl) VGT(XQ) CO’U(XQ,X:;)
Cov(X3,X1) Cov(X3,X2)  Var(Xs)

By using (24)) for i = j = 1, we can replace Var(f(l) by Var(Xy).
By using (26]), we can replace Cov(Xqg, X;) and Cov(X3, X1) by Cov(Xs, X1) and Cov(X3, X1).
By using (27), we can replace Cov(X;, X3) and Cov(X1, X3) by Cov(X, X3) and Cov(X1, X3).

Entries of the other blocks can be changed analogously.

ad ii):

Note that
_ pi 3 — diag(s)
| X — diag(s) pi

is equal to G in Lemma (in the fixed-X setting) where we proved that this matrix is positive
semidefinite if and only if diag(s) = 0 and 2 - ¥ — diag(s) = 0 (note that we did not use ¥ = X7 . X
in the proof of Lemma . This led to two possible construction methods for s, the equi-correlated
construction and SDP construction (given in Example [2.15)).

G

ad iii) wts X|X £ N(p, V):

By Lemma we know that if the joint distribution (X X ) is Gaussian, the conditional distribution

X|X is Gaussian too.

Furthermore,

Note that X and X are row vectors.
Therefore, by Lemma i)
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=0+ (X —-0)-Z7' (T - diag(s))
=X-2'.3-X 27! diag(s)
[ —
=1
=X - X-%7!. diag(s)

and
Cov(X|X)
Note that X and X are row vectors.
Therefore, by Lemma ii)
=% — (X — diag(s)) - X! - (X — diag(s))
=3 [Z-27! —diag(s)- =7 | - (T — diag(s))
=1
=% - [I-Z —1-diag(s) — diag(s) -2 ' - +diag(s) - =" - diag(s)
=1
=% — (X -2 diag(s) + diag(s) - =" - diag(s))
=¥ — X +2-diag(s) — diag(s) - X' - diag(s)
= 2 - diag(s) — diag(s) - 27" - diag(s).
Therefore

XX £ N (X - X -2 diag(s), 2 - diag(s) — diag(s) - X" - diag(s)) .

In other words, having observed X, we can sample X by creating random numbers which satisfy

X ~N (X -X 27" diag(s), 2- diag(s) — diag(s) - Z7" - diag(s)) .

Comments:

a) Note that Definition ii) is satisfied automatically, because X are constructed without looking at Y.
Therefore, X (as constructed in iii)) are valid MX-Knockoffs.

b) This example shows a connection (actually a difference) to the fixed-X setting, where X is non-random
(fixed) and a FX-Knockoff matrix X is constructed such that

= G (28)

[XX]T-[x,x}:[XT'X XTX]:{ S % diag(s)

XT.X XT.X 3 — diag(s) p

for ¥ = X7 . X.

Note that a sample covariance matrix Q is a p x p matrix with entries ;i = ﬁ o (X —Xj) (Xip —Xp)-
(Usually, lower case letters are used for realizations, but we continue with upper case letters as in the
whole thesis). For centered columns X; of X (which means that the sample mean X; = 0), we have
qjk = ﬁ . Z?zl Xij - X = ﬁ . XJT - Xk. This means that if we ignore the scaling factor, we can think of
XT .X as a sample covariance matrix.

For the same reason, we can think of

1T ~
x.x]" - [x.X]
as sample covariance matrix (of the joint set of variables). And in this fixed-X setting, we are asking (see

Lemma ) that swapping columns in | X, X} does not change the sample covariance matrix GFX.
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Whereas in the comparable model-X setting (see Example 1)), we are asking that swapping columns in
(X X ) does not change the population covariance matrix G.

Example 3.21. Let the design matrix X have rows X with X ~ A (0,X) (all rows follow the same distri-
bution). A way of calculating a MX-Knockoff matrix X is:

1) Choose a procedure (e.g. equi or SDP) to build s (by using the given matrix 3).

2) Calculate 1.

3) For every row X of X, sample X ~ N (X — X -3~ diag(s), 2 - diag(s) — diag(s) - 7' - diag(s)). Row-
wise concatenation of all such X gives X.

3.4.2 Approximate construction of M X Knockoffs

Barber et al.| (2018)) claim that the MX-Knockoff framework is robust to errors in the underlying assumptions
on the distribution of X, which means that MX-Knockoff procedures can be applied in situations, where the
distribution of X is estimated accurately but not known exactly. And |Huang and Janson|(2019) show several
examples of constructing MX-Knockoff matrices under weaker assumptions (where the distribution of X is
only known up to a parameterized family of distributions). One very simple way of constructing approximate
MX-Knockoffs is to just consider the first two moments:

3.4.2.1 Second-order MX-Knockoffs

We can use the idea of the Gaussian special case to create an approximation-procedure for producing MX-
Knockoffs in settings where the distribution of X is arbitrary (but of course, known). Instead of considering

the whole joint distribution of (X, X) and asking that (X, X) - 4 (X, X) for any subset S, we can
swap

ask that (X, X')

matrix.

and (X , X ) have the same first two moments, i.e., the same mean and covariance
swap(S)

By a similar calculation as in Example i) (we did not use any property of the normal distribution), we

can show that (X X ) and (X X ) have the same mean and covariance matrix if and only if

Cov ((X’ X)) - [ - cfi:ag(s) = dZiag(S) ’

swap(S)

where Cov(X) = 3.

Romano et al.| (2018) are extending these ideas to higher orders and arbitrary distributions of X by using
deep generative models.
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Per definition, covariance matrices have to be positive semidefinite. So, we could use the same methods to
derive s as in Example ii). But for large p, (Candes et al. (2018)) discovered difficulties of these two
construction methods. Equi-correlated method is computationally easy, but produces small entries of s for
high p which leads to poor power. And SDP seems to be computationally expensive for high p. To address
these difficulties, authors proposed a two-step procedure which they call approximate semidefinite program
(ASDP).

3.4.3 Construction of MX-Knockoff feature statistics

As noted earlier, assumptions for MX-Knockoff feature statistics are the same as for FX-Knockoff feature
statistics, except for the sufficiency property, which is only required for FX-Knockoff feature statistics. This
means that the MX-Knockoff-framework allows for a wider variety of feature statistics W; to be used than in
the fixed-X framework (and of course, Examples given in subsectioncan be used in the MX-Setting too).
The flip-sign condition is the only property MX-Knockoff feature statistics have to satisfy (see Deﬁnition.
If Z; and Z;,,, are importance measures of X; and Xj, respectively, then the flip-sign condition is satisfied by
setting W; = f; (Z;, Zj+,), where f; is any anti-symmetric function (which means that f(a,b) = —f(b, a)).

Example 3.22. There are many possible anti-symmetric functions f; for importance measures Z; and Z;,:
V) [3(Zj, Zjip) =125 — | Zj4pl,

i) f(Zj, Zirp) = (1251 V | Zj4p]) - sign (1Z5] = [Zj4p]),

iii) f;(Zj, Zj1p) = og (|Z;]) —log (| Zj1)-

This means that we can create MX-Knockoff feature statistics in two steps. First, importance measures
(Z1,..., Zp, Z14p, - -, Zptp) are created for (Xl, . ,Xp,f(l, . ,Xp>. Second, for every j € {1,...,p}, W;

are constructed by setting W; = f; (Z;, Z;4,) for some anti-symmetric function f;.

Example 3.23. For the linear model Y = [X,X} - B + z (where z ~ N(070'2 . In)) we use Lasso to

estimate @ and get the solution B(\) = (Bl()\), o BN, Brap(N), ... ,Bp+p(A)). We define Z; = |3;(\)| for

j€{l,...,2-p} and end up with a 2 - p-dimensional vector (Z1,...,Zp, Zi4p,. .., Zp+p). Then the following
statistics are valid MX-Knockoff feature statistics:

i) Lasso Signed Max (LSM) statistics W; = (Z; V Zj4,) - sign(Z; — Z;4p) for j € {1,...,p}.

ii) Lasso coeflicient-difference (LCD) statistics W; = Z; — Z;4,, for j € {1,...,p}.

Proof:

ad 1):

118



If variables X; and Xj are swapped,

Y ({X X] swap({7}) ’Y>

— (Zj1pV Z;) - sign(Zj1p — 7Z;)
= (18541 V 13,01 ) -sign (185, (N)] = 13,(0)1)

= (18,1 V 135:5(1) -sign (=1 - (13,01 = 1Bj4,(N)]) )
=1+ (1B, N1V 1854501 ) -sign (13,001 = 13511
(Z;V Zjtp) - sign (Z; — Zj1p)

I

|

&
— -
E
el

=
N—

If other variables are swapped, w; is unaffected since Lasso-solutions Bj(/\) and f3j4,()\) remain the
same as long as entries X; and X; are not swapped.

ad ii):

If variables X; and Xj are swapped,

i QX X} swap({4}) ’Y>

=Zjtp —Zj

= 1Bj+»(M = 1B;(N)]
== (16;0)] = 1B,V
=—(Z; - ijp)

E— ([X,X} ,Y) .

If other variables are swapped, w; is unaffected since Lasso-solutions Bj()\) and Bjer()\) remain the
same as long as entries X; and X; are not swapped.

O

Comments:
a) Note that the value of the penalty A does not need to be fixed in advance (as in Example (2.20) in the

fixed-X setting). It can be selected by cross-validation of Y on [X, X} Then, w; still obeys the flip-sign

property and valid MX-Knockoff feature statistics are produced.
b) In fact, essentially any data-fitting or prediction algorithm can be used to get importance measures Z; as

long as the procedures are applied to the design matrix [X, X} . Separately using procedures on X and X to

produce importance measures Z; would probably violate the flip-sign property of w;.

c) We could even run several algorithms and then choose importance measures derived from whichever has
the lowest crossvalidation error.

d) The reason why we can use such complex procedures is that, in the model-X setting, w; does not have to
obey a sufficiency property. It only has to obey a flip-sign property which is easy to check.

e) Across a wide range of simulations, |Candes et al.| (2018) found the LCD statistic to be uniformly more
powerful than the LSM statistic, particularly under covariate dependence. This leads to the question which
MX-Knockoff features statistics should be used for which situation to get high power. |Gimenez et al.| (2018)
compare the power of several MX-Knockoff feature statistics and propose a stable and more powerful impor-
tance statistic.
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A Appendix

Definition A.1. Let 2 = (21,...,2p) be a row vector containing real numbers. The signum function of that
vector is defined as

sign (z) = ( sign(zy) -+ sign(zy) ),
where
-1, z; <0
sign(z;) =40, ;=0
+1, z; >0

for all j € {1,...,p}.

Lemma A.2. (Theorem 3.3.3 in|Tong (1990)). Let Z ~ N,, (u,X). Let A be a non-random m X n matriz.
Let a be a non-random m x 1 vector. Then

A Z+a~Ny (A-p+a A-S-AT).

Definition A.3. (Definitions 1 and 2 of Introduction|to martingales). Let X = {X; : ¢t € T'} be a stochastic
process on an underlying probability space (Q, F,P), having state space R, and where the index set T C [0, 00)
is representing time. Let § = {F; : ¢t € T} be a filtration, i.e., an increasing family of sub o-algebras of F,
such that Fs C F; C F for s,t € T with s <t. Let X be adapted to §, i.e., X; is measurable with respect
to Frfort € T. Let E(|X¢|) < oo forallteT.

i) X is called a martingale with respect to § if E (X;|Fs) = X for all s,¢t € T with s < .

ii) X is called a super-martingale with respect to § if E (X¢|F,) < X for all s,¢ € T with s < .

For the discrete case, where T' = N,
- “E (X¢|Fs) = X, for all s,t € T with s < ¢’ reduces to “E (X,,41|Fn) = X,, for all n € N,
- “E (Xt Fs) < X, for all s,t € T with s < ¢’ reduces to “E (X, 41|Fn) < X, for all n € N”.

Lemma A.4. (Theorem 10.10 in|Williams (1991)). Let T be a bounded stopping time.
i) Let X be a martingale. Then X is integrable and

E(Xr) = E(Xp).
it) Let X be a supermartingale. Then X is integrable and

E(X7) < E(Xo).
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Lemma A.5. (Theorem A.9 in|Zhang ) Let

A B
v ¢)
be a matrix, where A is a positive definite matriz and C is a symmetric matriz. The following are equivalent:

i) M is positive semidefinite,
i) C — BT - A1 . B is positive semidefinite.

Lemma A.6. (Theorem 1 in|Bekker ). Let

A B
M = < BT C ) )
where A and C are symmetric. Then M > 0 if and only if
i) C =0,
ii) BT =C-C~ - BT, and
i) A— B-C~ - BT = 0, where C~ denotes the Moore-Penrose inverse of C.

Lemma A.7. (Theorem 2.1.14 in|Horn and Johnson| (2015)). (QR-factorization). Let A be a n x p matric
with n > p. Then:

i) There is a nXp matriz Q with orthonormal columns and an upper triangular pxp matriz R with nonnegative
main diagonal entries such that A =Q - R.

i) If the rank of A is p, then the factors Q and R in i) are uniquely determined and the main diagonal entries
of R are all positive.

Lemma A.8. (Theorem 5.2.1 in|Golub and Van Loar| (1996)). Let A be a nx p matric with full column rank
and let A= Q- R be a QR-factorization. We write A = [a1,...,ap], Q@ =[q1,...,qn] and R =[r1,...,rp] to
denote columns of these matrices. Then

i) span{as,...,ar} =span{q,...,qx} fork=1,...,p.

i) In particular, if Q1 = [q1,...,qp] and Q2 = [gp+1,- - -, qn], then

range(A) = range(Q1),

range(A4)t = range(Q>)
and A= Ql 'R1 with R1 = [7”1,. .. ,’I“p].
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Lemma A.9. (Observation 7.1.4 in |Horn and Johnson| (2015)). Fach eigenvalue of a positive semidefinite
matriz s a nonnegative real number.

Lemma A.10. (Corollary 7.2.9 in|Horn and Johnson (2013)). (Cholesky factorization). Let A be a real and
symmetric n X n matriz. Then A is positive semidefinite if and only if there is a real and lower triangular
n x n matriz L with nonnegative diagonal entries such that A =L - LT

Lemma A.11. (Ezercise after Definition 7.7.1 in|Horn and Johnson| (2013)). Let A be a real and symmetric
n X n matriz with smallest and largest eigenvalues Amin(A) and Apmax(A), respectively. Then

Amax(A) - T = A = Amin(A) - 1.

Lemma A.12. (Proposition 1.45 in|Eaton| (2007)). Let A be a real symmetric n x n matriz. Then there
exists an n x n orthogonal matriz U and a n x n diagonal matriz A such that A=U -A-UT. The columns
of U are the eigenvectors of A and the diagonal elements of A, say A1, ..., \n, are eigenvalues of A.

Lemma A.13. Let X and Y be random elements (variables/vectors/matrices) and let f be a suitable mea-
surable function with codomain RP for some p > 1. Then

PXEY = [(X)£f(Y)
it) for non-random A: X y — (A, X) 4 FfA)Y)

Proof:

ad ) wts X2Y = £(X) < £(Y):

Let v = (v1,...,vp)T € RP be arbitrary but fixed.

P(f(X)<v)
=P (f(X) € (—o0,v1] X ... X (—00,0p))
=P (X € f ! ((—oo,v1] X ... x (—00,p]))

We use X iy_

P(Y € f! ((—o0,v1] X ... x (—00,1p)))
=P (f(Y) € (—o0,v1] X ... X (—00,vp))
P
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ad i) wts for non-random A: X £Y = f (A, X) < f(AY):

Define g(-) := f(A,-).
Since X £ Y, we can use i) and get g(X) < g(Y) which is f (A, X) < f(A)Y).

B Appendix

Definition B.1. (Definitions 3.6 and 3.7 in|[Neapolitan and Jiang| (2007))). Let V be a set of random variables
and X € V.

i) A Markov blanket S of X is any set of variables such that X is conditionally independent of all other
variables given S.

ii) A Markov boundary of X is any Markov blanket such that none of its proper subsets is a Markov blanket
of X.

Definition B.2. (Definition 2.3 and Proposition 2.2 in [Koller and Friedman| (2009)). Let A, B and C be
three events and let £ be a distribution. We say A is conditionally independent of B given C (denoted
(AL B)|O), it

L(A|IBNC)=L(A|IC)

or if

L(BNC)=0.
Alternatively: (A L B)|C iff L(AN B|C) = L (A|C) - L(B|C).

Definition B.3. (Definition 2.3 and Proposition 2.2 in Koller and Friedman| (2009), (8.20) and (8.21) in
Bishop| (2006))). Let X,Y and Z be random elements (variables/vectors) and let £ be a distribution. We say
that X is conditionally independent of Y given Z (short: (X L Y)|Z) if

L(X|Y,Z)=L(X|Z) whenever L(Y, Z) > 0.
Alternatively: (X LY)|Z iff L(X,Y|Z) = L(X|Z)-L(Y]|Z).
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Lemma B.4. (Proposition 3.13 in|Faton (2007)). Let X and Y be two random column vectors. Suppose
that the joint distribution of X and Y is Gaussian with mean (ul,ug)T and covariance matriz

Cow X B Y2
Y T\ ¥y )
Let L (X|Y = y) denote the conditional distribution of X given Y =y. Then
LXIY =y) =N (1 +Z12- S5 - (Y — pi2), 1 — 2 - B - 1)

where 35, denotes the generalized inverse of Yos.

Lemma B.5. Let X = (X;,...,X,) and X = (5(1, e ,f(p) be two random row-vectors. Let

(x.5) = (KX K )~ (B0 B(X) ) (30 32)).
Then

) E(X|X) =E (%) + (X —E(X))- T} - Zia.
Z’L) COU(X|X) = 222 - 221 . 2;11 . 212.

Proof:

Note that because of using row vectors instead of the usual column vectors, definition of covariance matrix
changes too.

Instead of Cov (V) =E [(V —E(V)) - (V — E (V))T} , we have to use Cov (V) = E [(v —EW)" - (V-E(V))
for a row vector V.

Regarding notation:

We will use Cov (V) for the covariance matrix of a random row vector V and Couv(U, V) for the cross-covariance
matrix of two random row vectors U and V.

Define A = —21_11 <Y1 and Z = X+ X -A.

Prepl wts Cov(Z,X) = 0:

Cov(X, Z)

We know that Z = X + X - A.
= Cov (X,X+X A)
:E[(X—]E(X))T-(X—FX-A—E(X#—X-A))}
:E[(XT—(E(X))T)-(X+X~A—E(X+X-A))}
:E[(XT—(E(X))T)-(X+X~A—E(X)—]E(X.A))]
:E[XT'X+XT‘X~A7XT~]E(X)fXT~IE(X~A)
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~(B(X))" - X~ (E(X)"- X A+ (B(X))"E(X) + (EX)"-E(X-A)]
—E [XT X -XT.E (X) — Ex)T X + EX)TE (X)]
+1E[XT-X.A_XT-E(X.A)_(E(X))T-X-A+(1E(X))T-1E(X.A)}

=E[(XT - Ex))") - (X -E(X))] +E[(X" - BX))") - (X-A-E(X - A))]
= Cov (X,X) +Cov (X, X - A)
We can see in , that the cross-covariance
matrix of X and X is 31s.
=312+ Cov(X,X-A)
By a similar calculation as in Prep5 (below)
=313+ Cov (X, X) A
=312+ Cov(X)- A
We can see from that Cov (X) = 3q;.
=Xp+3;-A
We know that A = —Efll - 3o
=3+ 3y - (=37 - o)
= -2 -2 S
T
=32 — Yo
=0.

Note that this implies that X and Z are uncorrelated.
Furthermore, note that X and Z are jointly normal (see proof of Proposition 3.13 in [Eaton| (2007))
Therefore, X and Z are independent.

ad i) wts E(X]X) =E (X) + (X — E(X)) - Zp,! - S

We know that Z = X + X - A.

By Prepl, we know
that X and Z are independent.

We know that Z = X + X - A.

We know that A = - ;" Bo.
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X) +(E(X) - X)- (-Z - )

:E(
E (X) (X —E(X)) 27 S

ad 11) wts Cov <X|X) = 222 - 221 . 2;11 . 2122

Prep2 wts Cov (Z]X) = Cov(Z):

Cov (Z]X)
=K [(Z ~E(Z|X))" - (Z-E (ZIX))}

By Prepl, we know
that X and Z are independent.

—E [(z ~E2)" - (Z-E (Z))]
= Cov(2).

Prep3 wts Cov (—X - A|X) =0

Cov (—X - AlX)
(X A-E(-X-AX)"-(-X-A-E(-X- A\X))}

(

—E -(—X-A+IE(X-A|X))T-(—X-A+E(X-A|X))}
(X A+ X E(AIX)" - (-X A+ X E(AX))]
(

_—X-A+X-A)T-(—X-A+X-A)}

Prep4 wts Cov (X . A,f() =AT.Cov (X,X):

(CO’U(X A.X)
[XA EX-A)T- (X - X))}

—E[(x )-A) - (X -E(X))]
~E[AT.(x X))T (x-2(x))]
_ AT, E[(X E())" - (X -E(X))]

— AT .Cov (X, X) .
Prepb wts Cov (X,X~A) = Cov (X,X) A

Cov (X,X~A)

:]E{(X—E(X))T-(X-A—]E(X-A))
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Prep6 wts Cov (X - A) = AT - Cov (X)

-A:

Cov (X -A)
:E-(X~A—IE(X~A))T-(X-A—E(X'A))}

:E[(X.A—E(X)-A)T-(X-A—E(X)-A)}

—E[(X -E(X))-A)"- (X ~E(X)) - A]

—E[AT (X ~E(X))" - (X ~E(X))- A)]

—AT.E [(XJE(X))T (X —E(X)))

= AT . Cov (X)-A.

Therefore,
Cov (X|X>
=Cov(Z-X-AlX)
=Cov(Z+ (-X-A)|X)
=Cov (Z]X)+ Cov (—X - A|X)
=Cov (Z]X)

= Cov (Z)

=(C0v<)~(—|—X-A)

:E_XT~X+X'T-X-A—XT-IE<X>—XT~E(X-A)

-A

We know that Z = X + X - A.

By Prep3
By Prep2

We know that Z = X + X - A.

IE;(X+X~A]E(X+X~A)>T~<X’+X~AE(X'+X~A>)}
IE_(XJrX-A]E(X)E(X~A))T~(X+X-AE(X>]E(X'A))}

g :<5(T+AT.XT(E(X))T(E(X-A>>T>~(X+X'AE(X>E(X'A))}
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f(]E(X-A))T-Xf(IE(X~A))T'X~A+(IE(X'A))T~]E(X) +(E(X-A))T.E(X-A)}

:El:XT-X—XT‘E<X>—(E(X))T‘X+<E(X))T'E<X):|

+IE[AT-XT~X-A—AT-XT-]E(X~A)—(IE(X-A))T~X-A+(IE(X~A))T-IE(X-A)}

+E

+E

= Cov

= Cov
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(X_E(X))T.(X.A_E(X.A))]

YE[(X-A-E(X-A)" ( ())}
)—HCOU(X A)—l—(Cov( , X -

|
|

(*
(x

~E(X-A))|

) + Cov (X~A,X>
By Prep4, Prep5 and Prep6

)—!—AT Cov (X )~A+CO’U(X,X) 'A-"-AT'(CO’U(X,X)

By [29)
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= Yoo + (—Eﬁl - 212)T
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+37,- (=4
= 399 —

T
)
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T
)
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We know that A = —3 " .
B (20 D) + B - (37 Bhe) + (-2 212) <219

_ _ _\T

D RTREES il IPY EED D Sl SIPEED AR 0 vl RIS P!
_ _ T

IS SR YIS SIS SR HPSS YN (2111) -2

———

=I

_ _\T
DNTED IR 2111 X9 — 2?2 ’ (2111) - 312

130



C Appendix - English abstract

In many fields of science, a response variable together with a large number of potential explanatory variables
are observed and researchers would like to know which variables are truly associated with the response.
Variable selection procedures are used to detect such important explanatory variables. FDR-controlling
variable selection procedures accomplish this task and make sure that most of the important variables are
selected while at the same time, the number of falsely selected variables is not too high. [Barber and Candes
(2015)) introduced such a FDR-controlling variable selection method using so-called Knockoffs to tease apart
important and unimportant variables. Using the same ideas, |(Candes et al.| (2018) created a FDR-controlling
variable selection method for a setting, where the distribution of the explanatory variables is known and
where the number of explanatory variables can be much higher than the number of observations.

This thesis presents both techniques in a lecture-note style with detailed proofs.
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D Appendix - German abstract

Oftmals wird eine abhéngige Variable zusammen mit einer Vielzahl an Kovariaten beobachtet und Wis-
senschaftler sind an denjenigen Kovariaten interessiert, die einen echten Zusammenhang mit der abhéngigen
Variable aufweisen. Diese wichtigen Kovariaten werden mittels Variablenselektionsverfahren ausgewahlt.
Eine Gruppe solcher Verfahren hélt dabei die FDR unter Kontrolle. Das heiftt, es werden moglichst viele der
wichtigen Kovariaten ausgewahlt, wihrend gleichzeitig die Anzahl an falschlicherweise gewéhlten Kovariaten
nicht zu grofs wird. Barber and Candes| (2015) haben eine solche FDR-einhaltende Variablenselektionsmeth-
ode vorgestellt, die sogenannte Knockoffs nutzt um wichtige von unwichtigen Kovariaten zu unterscheiden.
Diese Ideen haben |Candes et al.| (2018) verwendet, um eine FDR-einhaltende Variablenselektionsmethode
fiir eine Situation zu schaffen, in der die Verteilung der Kovariaten bekannt ist und in der die Anzahl der
Kovariaten beliebig groff sein kann.

Diese Arbeit stellt beide Prozeduren mit ausfiihrlichen Beweisen im Stil eines Vorlesungsskriptes vor.
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