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Abstract

While gravity is the driving force in the universe—dictating its expansion and forming galaxies
under the influence of dark matter—it is electromagnetism that brings information about the
universe to us. This thesis studies emission processes induced or mediated by photons as
they occur in the scattering of electrically charged particles and may occur in the scattering
with dark matter. First, we analyze a dark matter model of light (sub-GeV) particles that
are electrically neutral but couple to the electromagnetic current via higher dimensional
operators. Such particles—in addition to being dark matter candidates—can potentially
alleviate the tension between the measured and predicted value of the magnetic moment
of the muon. They can be produced in terrestrial experiments or in stellar objects via
bremsstrahlung in collisions of charged particles, allowing us to constrain the parameter space
of the model. We show that the parameter space capable of solving the tension of the magnetic
moment of the muon is ruled out by experiments. Furthermore, the viability of such particles
to make up all of the dark matter in a standard freeze-out scenario is strongly constrained,
yet not completely ruled out. Second, we investigate the emission of photons in fermion
collisions. We present an analytical calculation of the emission cross-section and energy loss
rate for the scattering of two identical non-relativistic charged particles. This calculation
is exact to all orders in the Coulomb interaction and closes the gap between the Born and
quasi-classical limits. The obtained results are relevant for electron-electron bremsstrahlung
in non-relativistic astrophysical environments as well as for dark photon emission in self-
interacting dark matter models.



Zusammenfassung

Während die Schwerkraft die treibende Kraft im Universum ist, seine Expansion vorschreibt
und unter dem Einfluss Dunkler Materie Galaxien bildet, bringt der Elektromagnetismus
diese Informationen über das Universum zu uns. In dieser Arbeit werden durch Photonen
induzierte oder vermittelte Emissionsprozesse untersucht, wie sie bei der Streuung elektrisch
geladener Teilchen auftreten, aber auch bei deren Streuung mit dunkler Materie auftreten
könnten. Zunächst wird ein Modell leichter (sub-GeV) Dunkle-Materie-Teilchen analysiert,
die elektrisch neutral sind, aber über höherdimensionale Operatoren an den elektromagnetis-
chen Strom koppeln. Solche Teilchen sind nicht nur Dunkle Materie Kandidaten, sondern
können potentiell auch die Diskrepanz zwischen gemessenem und vorhergesagtem Wert des
magnetischen Moments des Myons auflösen. Sie können in Experimenten oder in Sternen
durch Bremsstrahlung in Kollisionen geladener Teilchen erzeugt werden, was es möglich
macht, deren Parameterraum einzuschränken. Es wird gezeigt, dass der Parameterraum, der
die Diskrepanz des magnetischen Moments des Myons lösen kann, durch Experimente aus-
geschlossen ist. Die Möglichkeit, dass solche Teilchen die gesamte Dunkle Materie ausmachen,
ist in einem Standard-Freeze-Out Szenario stark eingeschränkt, jedoch nicht vollständig aus-
geschlossen. Weiters wird die Emission von Photonen in Kollisionen von Fermionen un-
tersucht. Eine analytische Berechnung des Emissionswirkungsquerschnitts für die Streuung
zwei identischer nicht-relativistischer geladener Teilchen, die exakt in allen Ordnungen in der
Coulomb-Wechselwirkung ist und somit die Lücke zwischen Born- und der quasi-klassischer
Näherung schließt, wird präsentiert. Die erhaltenen Ergebnisse sind sowohl relevant für
Elektron-Elektron-Bremsstrahlung in nicht-relativistischen astrophysikalischen Umgebungen,
als auch für die Abstrahlung dunkler Photonen in Modellen selbstwechselwirkender Dunkler
Materie.
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Preface

This thesis deals with emission processes and how they can be used to test possible im-
plications of dark matter properties, specifically terrestrial, astrophysical and cosmological
signatures of light dark particles. It is structured as follows: In Part I, the most important
theoretical concepts relevant for this work are presented and an overview of the current ex-
perimental status is given. Furthermore, the topics of the publications presented in Part II
are introduced and their relation in the context of new physics and dark matter is pointed
out.

Part II contains the publications produced during the course of the author’s PhD studies.
Each chapter shows the publications’ status or journal of publication, followed by the origi-
nal published (or preprint) version. First, Chapter 3 presents two papers which investigate a
model of light dark fermions that couple to the standard model photon via electromagnetic
form factors. The first publication [1] tests the model with respect to electron accelerator-
based experiments, where constraints from existing experiments as well as sensitivity projec-
tions for future experiments are derived. In addition, astrophysical and cosmological con-
straints for this model are investigated, if these light dark fermions make up all of the dark
matter in the universe. The second publication [2] extends the model parameter space of
interest and tests even lighter dark states via their possible production in stellar objects.
In Chapter 4, paper [3] discusses the exact theory of bremsstrahlung in electron-electron
collisions, a process which has not been studied in full detail before. The obtained results
are interesting for the analysis of photon spectra from electron-electron scattering in non-
relativistic astrophysical environments. Additionally, they can also be applied to models of
self-interacting dark matter, i.e. dark particles that interact with each other via a light vector
mediator.

Part III summarizes the main findings of this thesis. It gives an outlook on work in preparation
based on [3], which will be finished after the defense of this thesis. Moreover, the reader is
pointed to subsequent work of the co-authors of the publications [1] and [2]. Finally, some
additional unfinished efforts of the author of this thesis are mentioned, which have not been
published and are detailed in the Appendix.

The Appendix presents more detailed calculations that did not make it into the published
version of the publications, but which the author deems instructive to the reader. The sections
in the appendix are therefore named analogously to the sections in Part II to emphasize their
association with the publications. Additionally, App. C describes some efforts in addition to
the ones that lead to the publications in Part II, which were not finished due to numerical
issues that could not be resolved before investigations on the same topic were published by
another group. They are, however, a fitting addition to the topics regarding self-interacting
dark matter discussed in this thesis and therefore shall not go unmentioned.

xv





Part I

Introduction





CHAPTER 1

The need for new physics

The universe we live in can be explained to great detail by two independent theories that
produce very accurate predictions on different scales, Quantum Field Theory (QFT) on small
scales and General Relativity (GR) on large scales. Even though no unification of these
theories has been found to this date, using their machinery to produce models describing how
the world works has been proven a tremendous success. Physicists explain the world in terms
of Standard Models that make predictions of high accuracy and have survived many decades
of testing in experiments and astrophysical observations. Here, we will mainly discuss two
standard models, namely the standard model of particle physics (hereafter standard model or
SM) and the standard model of cosmology (hereafter standard cosmology or ⇤CDM).

The SM is built on the framework of QFT and has been developed over the past century. It
explains the smallest constituents of the world we live in, in terms of matter fields (i.e. fermions
which can be grouped into quarks and leptons) interacting with each other through force
mediators (i.e. gauge bosons). The SM contains four types of fermions, i.e. two quarks and
two leptons. These four fermions come in three flavours each, making a total of twelve
particles. These twelve particles interact with each other through gauge bosons which can be
split into three forces, i.e. the eight gluons that mediate the strong interaction, the W

± and Z

bosons that mediate the weak interaction and the photon that mediates the electromagnetic
interaction. A mechanism designed to allow some of the force carriers gain mass, the Higgs
mechanism, gives rise to one more boson, the scalar Higgs boson, mediating interactions
between massive particles (see left panel of Fig. 1.1 for an overview). Including all fermions,
gauge bosons and the Higgs boson, the SM contains 25 particles, all of which have been
found and analysed in various ways over the past 100 years. The SM has been studied with
unequalled precision by numerous experiments built over the last century—many of which
are currently running and have produced an enormous amount of data—which are putting
the model’s predictions to the test.

The ⇤CDM model is the standard cosmological model describing the universe in the frame-
work of GR as an expanding, largely homogeneous and isotropic, space which is currently
filled with an energy content of roughly 68% dark energy (⇤), 27% cold collisionless dark
matter (CDM) and 5% visible matter [4]. Even though there are many open questions from
a bottom up perspective regarding the true physical nature of dark energy (DE) and dark
matter (DM), ⇤CDM explains—with simple top down assumptions about the two, and util-
ising our knowledge about the visible matter from the SM—how the universe evolves (see
right panel of Fig. 1.1 for an illustration). It started about 13.8 billion years ago with the
Big Bang and was presumably followed by a short period of rapid expansion called inflation.
After that, the universe was so hot and dense that it was impossible for light to travel through
until 379,000 year after the Big Bang when it had cooled down enough for electrons and pro-
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tons to combine into neutral atoms making it permeable to light. The light from this time of
history can still be observed today and is called the cosmic microwave background (CMB).
From that point on, the universe was dark for hundreds of millions of years until the first
stars formed, that during the rest of their lifetime — driven by the movement of dark mat-
ter — got arranged into huge structures of galaxies containing billions of stars and planets.
Recently, the dark energy has gained more and more importance and has led the universe
into an era of accelerated expansion. Given its simplicity, it is amazing how well this model
is able to explain phenomena such as the per mille fluctuations in the CMB, the formation
of structures like galaxies and stars, as well as the recent onset of accelerated expansion of
the universe.

At this point the reader might have been mislead into believing that today’s physics is com-
plete and that not much is missing (except perhaps a theory of everything that unifies all
we know into one grand theory). However, the SM and ⇤CDM are far from the endgame.
First of all, they do not fulfil a theorist’s wish for simplicity and beauty because some of their
features are added in an ad hoc way. The SM has 26 parameters that cannot be predicted
by theory and therefore have to be determined from experiments. In addition, some of these
parameters are subject to quantum corrections which can be much larger than its original
values. In order to “tame” these corrections, some other parameters have to be fine tuned in
such a way that they almost exactly cancel the quantum corrections, which is deemed unnat-
ural by many. Similarly, very little is known about the two dominant entities that together
make up approximately 95% of the universe’s energy content, dark matter and dark energy.
They are added to ⇤DCM as parameters but no further assumption about their quantum or
particle nature is made. Secondly, there are some measurements and observations that seem
to be in tension with the predictions from the SM and ⇤DCM, like the magnetic moment of
the muon [5–8], the proton radius [9–12], anomalies in the decay of rare mesons [13–15] as
well as the value of the Hubble constant describing the expansion rate of the universe [4, 16–
21] and the density distribution of dark matter on small scales [22, 23], just to name a few.
There is still an ongoing debate whether these tensions point to underestimated systematic
uncertainties in experiments and observations or to the models being incomplete and needing
an introduction of new physics.

In the following, we will explain the concepts of the standard models in particle physics,
astrophysics and cosmology and go into detail of some of their shortcomings relevant for this
thesis. We will then use these shortcomings as a motivation to introduce new physics models,
i.e. new particles that in some way interact with the SM particles, that solve one or a combi-
nation of a few of these shortcomings. We will argue that it is desirable to make predictions
for new physics models and test them in experiments to narrow down the parameter space
of possibilities until nature decides to reveal itself.

1.1 Dark Matter and the Standard Cosmology

To this date, we know very little about the properties of dark matter and dark energy. To
leading order, they are parameters in the Friedmann equations, that describe the evolution
of the universe in the framework of GR,

✓
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Figure 1.1: Left: Table containing all particles and interactions of the standard model of particle
physics. The gray shaded area depicts a speculative new particle, which has up to
now evaded detection. The figure is adapted from https://en.wikipedia.org/wiki/
Standard_Model. Right: Evolution of the universe in the standard ⇤CDM cosmology.
Image credit: NASA/WMAP Science Team.

where ⇤ is the dark energy also known as cosmological constant, K is the curvature of the
universe (which observationally seems to be very close to zero although lately there have
been reports for a small positive curvature [24]), ⇢ = ⇢SM + ⇢DM is the sum of the energy
densities of the dark matter and all the standard model particles in the universe and p is the
relativistic pressure related to ⇢ via the equation of state of the particle content. The scale
factor a(t) increases as the universe expands and therefore gives a measure of how distances
grow.

There is evidence for a non-zero ⇤ from several independent observations. Historically, the
luminosities and redshifts of type Ia supernovae accelerating away from us, was the first probe
of dark energy [25–27]. In addition, ⇤ can also be inferred from CMB data [4, 16] in combina-
tion with low redshift measurements of the expansion rate H0 from, e.g., gravitational lensing
[18, 20, 21], distances to red giant stars [19] or gravitational wave events [28]. Other probes of
dark energy exist, including Baryon Acoustic Oscillations, weak gravitational lensing and the
distribution of galaxy clusters, a discussion of which can be found in Ref. [29] All measure-
ments find an accelerating expansion of the universe pointing to the existence of dark energy.
Interestingly, however, there have been recent reports that they disagree on the value of H0

[30, 31], i.e. measurements that infer H0 from far away observations, corresponding to the
early universe, disagree with the ones that infer it from close-by observations, corresponding
to the late universe. This discrepancy could point to some sort of new physics that would
change one of the inferred values [32–38] or even alter the model in a way that we cannot
speak of a global acceleration anymore [39].

However, we will not go into details about the nature of dark energy here (the interested
reader is pointed to the review article [40]). The following sections focus on the nature of
dark matter which, in some sense, is a little easier to grasp since it might be similar in nature
to the visible matter we know from our day to day life.

1.1.1 Evidence for Dark Matter

Similarly to dark energy, the argument for the existence of dark matter is not only backed
by one, but by a multitude of observations as well as a great predictive power regarding the

https://en.wikipedia.org/wiki/Standard_Model
https://en.wikipedia.org/wiki/Standard_Model
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formation and evolution of the universe that comes with it. Since many of the observations
are equally important for the argument for the existence of dark matter, we will now list a
few of them in chronological order of their discovery following the review article [41].

Velocity Dispersion of Galaxies and Galaxy Clusters. In 1933, the Swiss astronomer
Fritz Zwicky published the first article that used the phrase dark matter [42]. Using the virial
theorem to calculate the total mass of the Coma galaxy cluster, which to within constants of
order unity is

Mvir ⇡
R

G
hv

2
i , (1.2)

with R being the cluster radius, G the gravitational constant and hv
2
i the mean squared

velocity of the observed galaxies, he found that Mvir is roughly two orders of magnitude
larger than the cluster mass Mlum inferred from its total luminosity. Zwicky concluded from
this, that there must be some additional dark (non luminous) matter in the cluster attributing
for the high velocity of the galaxies. Some similar observations were made in the 1930s [43–
45] but not much attention was given to them and the discrepancies were attributed to large
measurement uncertainties.

Rotation Curves of Galaxies. Only in the early 1970s, with similar discrepancies arising
in the rotation curves [46–49] the opinion of the community shifted because there were two
unexplained phenomena—the velocity dispersions of galaxies and galaxy clusters and the
rotation curves of spiral galaxies. Both could be explained with the same solution, i.e. the
existence dark matter. Explicitly, the problem with the rotation curves of galaxies is that
the velocity of stars around the center of the galaxy v as a function of the distance from the
center r should be given by

v(r) =

r
GM(r)

r
, M(r) = 4⇡

Z r

0
⇢(r0)r02dr

0
, (1.3)

where ⇢(r) is the matter density profile and M(r) is the mass within the star’s orbit. There-
fore, the velocity is expected to decrease with r

�1/2 beyond a certain radial distance where
most of the mass is in the interior and M(r) is constant. Observations, however, pointed to
flat rotation curves, i.e. v(r) = const., suggesting that M(r) was rising with r beyond the
point where almost no stars were visible anymore (see left panel of Fig. 1.2 as an example).
From this point on this was interpreted by the community as some kind of non-luminous,
possibly only gravitationally interacting, matter forming a halo around the galaxy extending
beyond the visible galactic disk.

Anisotropies of the Cosmic Microwave Background. The discovery of the CMB in
1964 [50] opened an observational window to the very early universe, i.e. 379, 000 years after
the Big Bang, when the universe’s temperature had dropped so far that most of the electrons
and protons had combined to neutral Hydrogen, ridding the universe of free charged particles
and making it translucent. Photons that were set free at this time have been red shifted
since then and can be measured today as microwaves with a spectrum corresponding to a
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Figure 1.2: Evidence for dark matter from rotation curves (left) and the CMB power spectrum (right).
The figures are reproduced from [53].

black body radiation with a temperature of 2.725(48) K. From the early 2000s onward, the
satellite telescopes WMAP [51] and its successor Planck [52] started picking up on small
fluctuations in the CMB temperature, depending on the position in the sky. The reason for
these fluctuation are matter density fluctuations at the moment of recombination. The CMB
photons that were emitted in an over-density, had to climb out of a deeper gravitational well
than the photons that were emitted in an under-density. Therefore the former have a slightly
lower energy (or temperature) than the latter when measured today. The magnitude of these
fluctuations are a direct probe of the fraction of the universe that is made up of dark matter,
since their formation is suppressed by radiation pressure building up in standard matter but
not present in dark matter. The density fluctuations are usually analyzed by looking at the
power spectrum of the CMB, i.e. the Fourier components of the spatial correlations of the
temperature fluctuations, as shown in the right panel of Fig. 1.2 where the theoretical power
spectrum is shown for four different ratios of the dark matter vs. baryon density with the
best fit to WMAP data at ⌦DM/⌦b ⇡ 4.8 [53].

Gravitational Lensing. Since the formulation of Einstein’s general theory of relativity, it
is known that mass bends light, or—more precisely—mass curves space-time and light moves
in the latter on the shortest path between points. If light from a faraway source traverses a
massive halo on its way to us, it gets bent in the gravitational field of the halo. Therefore,
the image of the original source gets distorted. The magnitude of the distortion can then be
used to calculate the mass of the halo. The mass of the luminous matter can be deduced
from its total luminosity. The difference between the two is the amount of dark matter
in the observed halo. Depending on the mass and size of the traversed halo, as well as the
distance to the source, the techniques to derive the dark matter content are very different (the
interested reader is pointed to the review article [54]). One of the most famous observations,
where evidence for dark matter was found through gravitational lensing, is the Bullet cluster
[55, 56]. It owes its fame to the fact that its observation did not only give direct evidence
for dark matter but also allowed for the derivation of an upper limit on possible dark matter
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self-interactions, which will be mentioned in Sec. 1.2.2.

1.1.2 Shortcomings of the Cold Collisionless Dark Matter Paradigm

Cold collisionless dark matter (CDM) seems to explain many observations we make about
our universe very well, with a multitude of hints for its existence, as summarized in the
previous section. In addition, starting in the 1990s, numerical N-body simulations [57] of
the universe were made, where gravitationally interacting clumps of matter were set into an
expanding volume to study structure formation. These simulations usually start out with
a random gaussian field of matter over- and under densities in the early universe which
get amplified and evolve into the structures we can see today. Surprisingly, even with very
simple Newtonian dynamics and no other SM physics added, one of the first big simulation
projects that simulated a volume with the size of the universe, the Millenium simulation
[58–60], yielded tremendous results which matched observations of large scale structure in
the universe very well.

In later simulations, e.g. the Illustris simulation [61–63], additional processes, like black hole
and star formation, supernovae, magnetic fields etc. were taken into account. These effects
are not added on a particle physics level, but through simplified models which can be handled
by the simulations. Still, adding all the above improved the simulations a lot and made them
more realistic in many aspects.

It turns out, however, that while the simulations agree with observations very well on large
scales, i.e. on scales larger than Mpc, there seem to be discrepancies between the two on
galactic and sub-galactic scales, i.e. on scales smaller than Mpc. The discrepancies between
N-body simulation and observations on small scales have been coined the four unsolved prob-
lems of structure formation in the universe. They involve the density distribution of dark
matter halos, where structures of ordinary matter are embedded in and can be observed via
gravitational effects on the latter. These unsolved problems will be discussed in the following.

Missing Satellite problem. In early N-body simulations, it was found that halos with
a similar mass to the Milky Way host a large number of satellite halos, only a fraction
of which were found by observations looking for satellite galaxies of the Milky Way [64–
66]. Since galaxies of luminous matter are expected to be hosted by halos of dark matter,
the numbers were expected to coincide. More satellite galaxies have been found by optical
surveys over time and it was also soon realized that the neglected baryonic physics in early
simulations might alter the density distribution of dark and luminous matter [67, 68]. In
this context supernova explosions, for example, lead to an outward particle flux and can
possibly strip a small galaxy of a fraction of its luminous matter. More recent simulations,
like the Illustris simulation mentioned above, have taken baryonic physics into account to
some extend and found that the discrepancy in missing satellites decreases and the problem
is possibly alleviated by baryonic physics.

Too big to fail problem. The second problem of small structures emerged briefly after
the missing satellite problem. In the context of the missing satellite problem, it was argued
that the large number of satellite halos in simulations might be so small, that they fail
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to host visible galaxies because their gravitational potential is not large enough to attract
enough luminous matter. However, it was found that simulations also predict a number of
larger satellite galaxies, which are “too big to fail” to host stars [69, 70]. The simulations
predicted a number of very massive satellite halos, which should find their counterparts in
massive satellite galaxies in our local group. But comparing the masses of these halos from
simulations and galaxies from observations, leads to a discrepancy. Therefore, this problem
was named the too big to fail problem and is closely related to the missing satellite problem.

Cusp vs Core problem. Like the previous problems of small structures in the universe,
the cusp vs. core problem [71] is related to the density distribution of dark matter at small
scales. Navarro, Frenk and White (NFW) identified that the halos in N-body simulations
followed a specific radial density distribution [72]

⇢(r) =
⇢0

r
rs

⇣
1 + r

rs

⌘ , (1.4)

where rs is the scale radius and ⇢0/4 the density at the scale radius which are parameters
that vary from halo to halo. This profile is called the NFW profile and stands for the generic
behavior of halo densities in N-body simulations. The density in an NFW profile scales as
1/r

2 for large radii and as 1/r in the central region. This 1/r behavior of the density at
the center is usually referred to as a cuspy density profile. Observations, however, seem to
indicate an approximately constant dark matter density profile ⇢(r) = const. in the inner
parts of galaxies, which is referred to as a cored density profile.

Diversity problem. The diversity problem was only found recently and stands out a bit
with respect to the former three. It was shown in Ref. [73] that the inner rotational velocity
profiles of dwarf galaxies can be very diverse even though their masses are similar. In other
words, small galaxies which are expected to have similar density distributions, in fact have
very different ones. At first sight, this seems to be a much more complicated problem than
the previous three, since the other problems are always related to some kind of “mass deficit”
at small scales with respect to simulations, whereas in the diversity problem this is more
complex and cannot simply be relegated to missing mass.

Still, all the above mentioned problems can be resolved with a single solution, the introduction
of self-interactions between dark matter particles. These self-interactions, which were first
introduced in Ref. [74] to solve the cusp vs. core problem, lead to a momentum transport to the
central regions of dark matter halos. In recent simulations, see e.g. Refs. [75–77], it was shown
that dark matter self-interactions lead to a decrease in small structures, meaning they can also
solve the too big to fail and missing satellite problem (some halo projections for visualization
of the structure suppression from Ref. [77] are shown in Fig. 1.3). In addition, recently
Ref. [78] numerically analysed halo formation with self-interacting dark matter using a simple
model. They found that self-interactions lead to a large spread in rotational velocities for
dwarf galaxies similar to the observed galaxies that have caused the diversity problem. They
conclude that the diversity problem can, as well, be solved by dark matter self-interactions.
Some further details of self-interacting dark matter will be discussed in Sec. 1.2.2.
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Figure 1.3: Galaxy simulated with an N-body simulation [77] with the standard non-interacting cold
dark matter (left) and with self-interacting dark matter with larger (center) and (smaller)
coupling. The larger the self-coupling, the more small scale structure ist washed out.

1.2 Dark Matter Interactions

All properties of dark matter that we have deduced so far are inferred from the gravitational
effect it has on the structures we see. We know that for ⇤CDM to work, dark matter has to
behave like matter, i.e. its density has to scale with the scale parameter as ⇢DM / a

�3. Since
the world we know and perceive is made up of standard model particles, very well described
by the framework of QFT, it stands to reason that dark matter is also made up of particles,
similar to the ones we already know.

From a particle physics perspective, however, we know very little about dark matter. If dark
matter is made up of particles, the imminent questions arise, do dark matter particles have
interactions other than gravity, like SM particles have? Do they interact in some way with the
standard model? Do they interact with themselves? These questions are largely unanswered
to this date, but there are some hints that a self-interaction of dark matter particles might
be favored while a huge parameter space of interactions with the standard model is already
excluded. In the following, we will give a short overview of the current experimental and
observational status.

1.2.1 Dark Matter Interactions with the Standard Model

The only way we can be able to detect dark matter in particle physics experiments, is if
dark matter interacts with the standard model via an additional force apart from gravity.
While gravity is the driving force on large scales, this is only the case because stellar objects,
galaxies and galaxy clusters, are electrically neutral overall. For a single charged particle, the
gravitational force is about 38 orders of magnitude smaller than the electromagnetic force.

In the spirit of “looking under the lamp post”, there are dozens of dedicated particle physics ex-
periments trying to find such an additional interaction between dark matter and the standard
model. There are three orthogonal ways of testing DM-SM interactions, i.e. direct detection
(DM+SM ! DM+SM), indirect detection (DM+DM ! SM+SM) and production (SM+SM
! DM+DM). Direct detection experiments, like XENON [79], DAMA/LIBRA [80], CRESST
[81] just to name a few, are looking for nuclear (or electron) recoils from dark matter parti-
cles present in our galaxy hitting a target material in the experimental setup. In this kind
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of setup, the dark matter particle has to deposit a minimum amount of energy to the target
material in order for the recoil to be registered by the detector. Therefore, direct detection
is especially well suited for heavy dark matter with masses larger than roughly a few GeV.
However, more recent experiments using semi-conductor technology, like SENSEI [82, 83],
can test DM masses down to 500 keV. Indirect detection experiments, on the other hand, try
to find dark matter signals by analyzing the SM particle flux hitting earth. Examples for
indirect detection experiments are the earth based imaging atmospheric Cherenkov telescopes
MAGIC [84], HESS [85] and VERITAS [86], the satellite based �-ray telescope Fermi-LAT
[87] or the charged-particle detectors PAMELA [88] and AMS [89]. Finally, dark matter can
be produced in particle accelerators, if more energy than the dark matter mass is set free
in the collision. Examples are collider experiments such as BaBar [90], Belle [91], ATLAS
[92], CMS [93], or fixed target experiments such as NA64 [94], mQ [95] or COHERENT [96].
Dark matter particles are usually looked for by analysing all final states produced in the
collisions in a detector. Since it is assumed that the DM-SM interactions is so weak that the
DM particles leave the detector without a signal, one can look for missing energy or missing
momentum in a certain direction by reconstructing the process.

Up to now, most of the experiments above have reported only negative results and were able
to constrain the parameter space of dark matter mass and coupling strength to the standard
model. There have been some experiments, however, reporting an excess of data above the
expected background. One heavily disputed report of a signal is the one by DAMA/LIBRA
[97, 98] claiming to see a signal in the region of parameter space which other experiments
have already constrained. Experiments are being set up to this date, that try to use the
same detector material as DAMA/LIBRA to cross check their result, e.g. SABRE [99] which
is set up on the southern hemisphere in order to crosscheck possible seasonal effects as well.
Moreover, the AMS-02 spectrometer at the international space station has measured an unex-
pected positron flux [100, 101], which allows for a dark matter interpretation. Very recently,
the XENON-1T collaboration has announced an excess in nuclear recoils at small energies
[102], which lines up in a history of previous excesses.

1.2.2 Dark Matter Self-Interactions

Apart from interactions with SM particles, dark matter particles could also have self-interac-
tions. As mentioned above, they were first hypothesized in Ref. [74] to solve the cusp vs. core
and missing satellite problems. Dark matter self-interactions lead to a momentum transfer
from the inner to the outer regions of dark matter halos and therefore suppress the formation
of small scale structures. One can get a rough estimate of the self-interacting dark matter
(SIDM) cross section needed for this mechanism to work by calculating the local collision
rate in a dwarf halo [103],

Rscatt =
�SI vrel ⇢DM

mDM
⇡ 0.1 Gyr�1

⇥

✓
⇢DM

0.1 M�/pc3

◆✓
vrel

50 km/s

◆✓
�SI/mDM

1 cm2
/g

◆
, (1.5)

with �SI being the self-interaction cross section, vrel the relative velocity, ⇢DM the dark matter
density and mDM the dark matter mass. In order to have an effect on the halo, approximately
one scattering event per Hubble time should occur. Hence, the cross section per unit mass
must have a value of �SI/mDM ⇡ 1 cm2

/g. In the literature, a cross section between 0.1 and
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1 cm2
/g at dwarf galaxy scales is often assumed to test the parameter space of SIDM models

where the small structure problems are solved, see e.g. [104, 105]. A cross section of this
size is comparable to the electron Thomson scattering cross section, which is huge compared
to weak scale interactions like the DM-SM cross sections looked for in DM direct detection
experiments.

There are, however, also constraints on the magnitude of the self-scattering cross section
of DM from astrophysical observations. The Bullet cluster—which was already mentioned
previously as an observation that supplied evidence for the existence of dark matter—is an
important observation in the context of dark matter, because it also gives an upper bound
on the self-interaction cross section [106]. The upper bound derived from the Bullet cluster
is also roughly 1 cm2

/g. Due to the constraints on the cross section on cluster scales, where
DM particles collide at a typical velocity of vrel ⇡ 1000 km/s and the necessity of having
a large cross section at dwarf scales with typical velocities of vrel ⇡ 50 km/s to solve the
small structure problems, SIDM models often incorporate velocity dependent cross sections.
Simple particle physics models, that yield velocity dependent cross sections—with a large
cross section at small velocities and vice versa—are models with light mediator particles.
With light mediators, the cross section scales as v

�4
rel in the kinematic regime, where the typical

momentum transfer between the colliding particles is larger than the mediator mass and is
constant in vrel if the typical momentum transfer is smaller. Recently, velocity dependent cross
sections were also studied in simulations [77], comparing several models and investigating the
extent to which they suppress small scales. In addition to the v

�4
rel velocity scaling which

yields large cross sections at small velocities, resonance effects can enhance the cross section
in certain kinematic regimes by several orders of magnitude [104].

In conclusion, one may say that light mediator models work very well in evading constraints
at cluster scales while solving the small structure problems at small scales. However, if the
mediator particle has a mass mmed < µv

2
rel/2, µ being the reduced mass of the colliding

particles, the mediator can be emitted in collisions leading to the fact that the DM halo
dissipates energy. In the publication [3] in Ch. 4, we present the exact calculation of a
photon emission process, which is relevant for the SM photon, but can also be applied to
SIDM models with a dark photon mediator. In these models, the emission of the dark
photon can counteract the solution to the small structure problems determined by elastic
processes, which will be discussed in Sec. 2.2.

1.3 The Standard Model of Particle Physics and Beyond

In the previous sections, we have motivated the necessity of dark matter and—under the
premise of its existence—laid down the shortcomings of a CDM model. Moreover, we moti-
vated why it is reasonable to describe dark matter as a particle and look for it in experiments
and astrophysical signatures. This section shall be dedicated to shortcomings of the standard
model of particle physics. According to Occam’s razor, a superior model is one that explains
the most with simple assumptions. In this spirit, it seems natural to look for a particle
dark matter model that also tackles shortcomings of the SM. This is the motivation for dark
matter models discussed in Ch. 3. A compilation of anomalies in the standard model, that
might hint to new physics is outlined in Ref. [107] and we briefly summarize them here (in
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alphabetical order and not ordered in terms of apparent severeness; we base this summary
on the anomalies deemed most intriguing in Ref. [107]).

B-anomalies. The standard model of particle physics predicts that the couplings of leptons
to all types of gauge bosons is independent of the flavor (e, µ, ⌧) of the lepton. This is a
cornerstone of the SM and is confirmed in many experiments. However, in measurements of
B-meson decays into leptons, it seems that this universality is violated with a 2–3� deviation
from the standard model prediction [108].

Beryllium anomaly. Experiments in the Atomki facility have found an excess of e
+
e
�

emission at large angles between e
+ and e

� from excited Beryllium [109] and Helium [110]
decays with respect to the SM prediction. A new heavy boson, was hypothesized as a possible
solution to this excess [109–111].

Cooling anomaly. Several observations show that stellar objects cool slightly faster than
expected [112, 113]. Stellar objects that allow for such observations are horizontal branch
and red giant stars, white dwarfs, as well as the supernova SN1987A and neutron stars. New
particles that can be emitted inside the stellar objects and freely stream out, like axions or
sterile neutrinos, can contribute to the energy loss of the star and therefore lead to faster
cooling [114].

�-ray transparency. There are more high-energy �-rays from extra-galactic sources than
expected. These �-rays should be depleted through annihilations into e

+
e
�-pairs, when they

propagate through the universe. However, this depletion mechanism does not seem to be
as efficient as predicted. Again this could be explained by axion models, which allow for a
conversion back into photons [114].

Magnetic moment of the muon. The anomalous magnetic moment of the muon, or
short (g � 2)µ, is a quantity that can be calculated with very high precision in the standard
model. Currently the most precise QFT calculation of (g�2)µ takes into account corrections
up to 5-loop order in quantum electrodynamics (QED) and the predicted value is precise
to 9 digits [115]. In addition, it can be measured very precisely, the best measurement
to this date stems from the Brookhaven experiment [116], but much anticipated upcoming
experiments [117, 118] will further weigh in on the anomaly in the near future. To this date,
there is a tension of 3.7� between the predicted and measured value. New particles that
couple to the SM can give loop corrections to the muon’s magnetic moment and therefore
there are particle dark matter models that can alleviate this tension [119–122].

For all of the above anomalies, different extensions of the SM can alleviate the tensions.
However, it is very difficult to find one easy solution, that explains all tensions. In Ch. 3,
we will motivate a model of dark states that might be able to solve the (g � 2)µ anomaly
and test its viability as a dark matter candidate. These dark states can also be produced in
stellar objects, yielding a possible solution to the stellar cooling anomaly.





CHAPTER 2

Probing the known and unknown

After summarizing some of the shortcomings of the standard model of particle physics and the
standard cosmological model as well as introducing the possibility for dark matter particles to
interact with the standard model particles or with themselves in ways other than via gravity
in the previous chapter, we will now discuss more specifically, how dark matter models can
be tested. We will focus on emission processes—induced or mediated by the SM or dark
photon—through which dark states can be produced. We will take the concepts introduced
in Ch. 1 and introduce the topics discussed in the publications in Part II of this thesis.

2.1 Light dark particles - the unexplored regime

For dark matter particles heavier than roughly 1 GeV, the best constraints on various mod-
els come from direct detection experiments. For lighter (i.e. sub-GeV) dark matter, direct
detection experiments that search for DM-nucleus scattering are stretched to their limits due
to the fact that these experiments look for recoils from dark matter particles in our galaxy
hitting the nuclei of their target material. The Milky Way has an escape velocity of 550 km/s
while our solar system has a circular velocity in the galaxy of roughly 220 km/s. Hence, dark
matter bound to the Milky Way can hit earth with a maximum velocity of the sum of the
above, i.e. 770 km/s. The maximum recoil energy a light dark matter particle with mass
mDM can transfer to a nucleus at rest with mass mN , if mDM ⌧ mN , is

E
max
R =

mDMv
2
lab

2
⇡ 3 keV ⇥

✓
vlab

770 km/s

◆2✓
mDM
1 GeV

◆
, (2.1)

with the velocity of dark matter as measured on earth vlab which we have set to its maximum
possible value. In order for the experiment to be able to detect the recoil, its threshold energy
has to be larger than the maximum recoil energy, i.e. Eth < E

max
R . Thus, for smaller mDM the

constraints from direct detection experiments get weaker, because fewer events are expected
until E

max
R < Eth where the constraints vanish completely. By looking at electron recoils,

however, the maximum recoil energy in Eq. (2.1) is set by the electron mass and velocity
instead, allowing to probe smaller DM masses [123–125]. In many of the more conventional
models DM shares interactions with both nucleons and electrons, but there are models where
DM only interacts with one of the above [126, 127].

Particle accelerators where DM can be tested by producing it in collisions, however, have
difficulties with large mDM. Here, the DM particle can only be produced if the energy set
free in the collision is larger than the dark matter mass. Therefore, accelerator experiments
are especially well suited for searches for light dark matter particles.
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Figure 2.1: Left: Vertex depicting the coupling of dark states � to the SM photon via electromag-
netic form factor interactions. Right: Types of electron accelerator experiments to test
electromagnetic form factor interactions of dark states. The three types discussed in this
thesis are (a) electron colliders such as BaBar and Belle II, (b) fixed target experiments
such as NA64 and LDMX and (c) beam dump experiments such as mQ and BDX.

In the following, we will introduce a model of light (sub-GeV) dark fermions �, which can be
tested with particle accelerators. These fermions couple to the photon via electromagnetic
form factors, the vertex of which is shown in the left panel of Fig. 2.1. These models are
analysed in Ch. 3. The electromagnetic form factor coupling of � to a single photon Aµ

can be written as �̄�µ
�Aµ, where the vertex function can be split into a parity-even and a

parity-odd part,

�µ
even = FE(q

2)�µ + iFM (q2)�µ⌫q⌫ (P-even), (2.2a)

�µ
odd = FA(q

2)(q2�µ � q
µ
/q)�

5 + iFD(q
2)�µ⌫q⌫�

5 (P-odd). (2.2b)

Here, q is the ingoing photon momentum, � the Dirac gamma matrix, �µ⌫ = i
2 [�

µ
, �

⌫ ] and
the functions F (q2) are electromagnetic form factors. Assuming that � is electrically neutral,
in the static limit the form factors yield the magnetic and electric dipole moment, the anapole
moment and the charge radius,

µ� = FM (0), d� = FD(0), a� = FA(0), b� = FE(0). (2.3)

As mentioned in Sec. 1.3, these models can potentially solve the (g � 2)µ anomaly since the
�-particles can give loop contributions to the respective Feynman diagrams. The lowest-order
contribution to (g�2)µ enters through the vacuum polarization diagram, Fig. 9b in [1], where
� is in the loop of the internal photon line.

The couplings in Eq. (2.3) can be tested by terrestrial experiments or astrophysical observa-
tions, where a ��̄-pair is produced via emission of a SM photon in the collision of charged
particles. In the following, we give an introduction to the main ideas of testing these elec-
tromagnetic form factor couplings, which are discussed in more detail in the publications [1]
and [2].

2.1.1 Production of particle-pairs in electron-accelerators

One promising way of producing a particle carrying one or more of the electromagnetic form
factors in Eq. (2.2) is in high intensity electron beam facilities. There are three main types
of experiments, that can test the models discussed in this thesis, which are outlined in the
right panel of Fig. 2.1.
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First, in electron-positron collider experiments, like BaBar or Belle II, two photons can be
produced in the collision of electrons and positrons, one of which is detected while the other
one produces an ��̄-pair (as shown in Fig. 2.1a). This process can be analyzed by looking
for mono-photon signals and missing energy in the detector. Second, in electron fixed target
experiments, like NA64 or LDMX, electrons hit the nuclei of a traget material and emit a pair
of dark states mediated by a photon in the process (as shown in Fig. 2.1b). Here the electron
can lose energy by emitting dark states, so again we look for missing energy in the detector.
In this case, the electron can also lose energy by inelastically scattering on the nucleus, but
this would produce hadronic events in the detector which can be vetoed. Third, in beam
dump experiments, like mQ and BDX, dark states can be produced as before by scattering
on nuclei. In this case, however, all SM particles are stopped by a thick layer of gravel and
there is a detector several dozens of meters away from the collision site, where the produced
dark states can be detected via elastic scattering on nuclei (as shown in Fig. 2.1c).

In publication [1] in Ch. 3, we test the electromagnetic form factors outlined above with data
from the electron beam facilities Babar, NA64 and mQ and show sensitivity projections for
the recently started experiment Belle II, and the upcoming LDMX and BDX. Furthermore,
we show constraints from SM precision observables and investigate the possibility of particles
with electromagnetic form factors making up all of dark matter. A thorough derivation of
the phase space integral for ��̄-production in electron fixed target experiments is shown in
App. A.

2.1.2 Production of particle-pairs in stellar objects

Aside from accelerator experiments, a ��̄-pair can also be produced in stellar objects, like the
sun, horizontal branch (HB) and red giant (RG) stars and supernovae (SN). The �-particles
can be produced via plasmon decay, e

+
e
�-annihilation, 2 ! 3 Compton scattering, electron

bremsstrahlung and nucleon bremsstrahlung, as depicted in Fig. 2.2. The dark particles then
stream or diffuse out of the stellar environment and carry away energy leading to anomalous
energy loss in addition to the energy loss from SM processes.
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interactions (MDM or EDM), an anapole moment (AM) or
a charge radius interaction (CR). These possibilities were
originally considered in [21–23] with further studies on the
phenomenology found in [24–29]. Motivated by the intense
efforts to search for sub-GeV dark sector states [1,2], the
topic of form-factor interactions was recently revisited in
detail by some of us [30].
In [30] we focused on the prospects of detecting

electromagnetic (EM) form factor interactions of a dark
sector Dirac particle χ with mass at or below the GeV-
scale. The direct production of pairs χχ̄ was constrained
with data from BABAR [31], NA64 [32] and mQ [33] and
future improvements in sensitivity were derived for
Belle-II [34], LDMX [35] and BDX [36]. The direct
sensitivity was then compared with indirect probes such as
electroweak precision tests, flavor physics constraints, as
well as with results from LEP and LHC. It was found
that, owing to the higher dimensionality of the operators,
high energy probes provide superior sensitivity. The
conclusions are independent of the lifetime of χ, as long
as its stability is guaranteed while traversing terrestrial
detectors.
In contrast, if χ is long-lived, additional constraints from

cosmology, astrophysics, and direct DM searches apply,
and in [30] we have considered the most important ones
that are crucial in the MeV-GeV mass bracket of χ.
However, once we allow the χ-mass to drop into the
keV-region, additional constraints from the production of
χχ̄-pairs in stars become important [3]. In this work we
complement our previous results derived in [30] with
astrophysical limits that apply once the dark state is
stable on a macroscopic time scale, without necessarily
demanding that sub-MeV χ particles make up the DM. We
derive the limits from stellar cooling that arise from red
giant (RG), horizontal branch (HB) stars, and the Sun, and
revisit our calculation of the supernova bound, taking into
account all major production channels.
Concretely, we are considering the following funda-

mental dark state emission processes, highlighting in
brackets the stellar system(s) for which the process is most
relevant,

Plasmon decay∶ γT;L → χχ̄ ðallÞ; ð1Þ

Annihilation∶ eþe− → χχ̄ ðSNÞ; ð2Þ

Bremsstrahlung∶ e−N → e−Nχχ̄ ðRG; HB; SunÞ;
NN → NNχχ̄ ðSNÞ; ð3Þ

Compton scattering∶ e−γT;L → e−χχ̄ ðallÞ: ð4Þ

The respective processes are decay of in-medium longi-
tudinal (L) and transverse (T) modes of thermal photons
γT;L which we will simply refer to as “plasmons”, electron-
positron annihilation, electron bremsstrahlung on protons
and nuclei, nucleon-nucleon bremsstrahlung and Compton
scattering with the emission of a χχ̄-pair. Exemplary
respective diagrams are shown in Fig. 1.
The paper is organized as follows: in Sec. II we first set

the stage by listing the effective operators that mediate χ-
photon interactions. Section III gives a brief account on
stellar energy loss arguments. Our calculations on χ particle
emission are presented in Sec. IV. The ensuing constraints
are then collected in Sec. V before concluding in Sec. VI.
Several Appendixes provide details on the calculations and
are referenced in the main text.

II. ELECTROMAGNETIC FORM
FACTOR INTERACTIONS

A Dirac fermion χ may have a number of interactions
with the photon gauge field Aμ or its field strength tensor
Fμν. At mass dimension-5 the interaction terms of the
Lagrangian are given by

Ldim -5
χ ¼ 1

2
μχχ̄σμνχFμν þ

i
2
dχ χ̄σμνγ5χFμν; ð5Þ

where μχ and dχ are the MDM and EDM coupling which
may be measured in units of the Bohr magneton, μB ≡
e=ð2meÞ ¼ 1.93 × 10−11 e cm; me is the mass of the
electron and σμν ¼ i

2 ½γ
μ; γν&. At mass dimension-6 we have

(a) (b) (c) (d) (e)

FIG. 1. Shown are the pair production processes of χχ̄ that are calculated in this paper, namely, (a) plasmon decay, (b) eþe−

annihilation, (c) 2 → 3 Compton scattering, (d) electron bremsstrahlung and (e) nucleon bremsstrahlung; for (c)–(d) we only show one
of two relevant diagrams. The four momentum of the χχ̄-producing photon is denoted by k throughout the paper.
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Figure 2.2: Production of dark states � in the stellar object depicted by the yellow/orange shaded
region. The dark states then stream or diffuse out of the stellar object and thereby con-
tribute to anomalous energy loss and induce a feedback altering the rate of SM processes
inside the stellar object.

therefore produce heavier particles. We investigate the production of ��̄-pairs in the above
environments in publication [2] in Ch. 3.

2.2 (Dark) photon emission

After analyzing the emission of a pair of dark states mediated by a photon, we want to turn
our attention to emission processes of a photon or of a dark photon—without attaching a
pair of dark states to the external photon line. Such bremsstrahlung processes are of ample
importance in astrophysics as they are a dominant channel of energy loss in many systems and
therefore play a key role in the cooling of stellar objects [112]. Moreover, they are the main
source of diffuse X-rays emitted from galaxy clusters [128]. In self-interacting dark matter
models with a light dark photon mediator, the dark photon can be emitted as bremsstrahlung
in collisions, as already mentioned in Sec. 1.2.2. In this case the emission process leads to
energy loss in the dark sector, which—depending on its magnitude—can have very interesting
implications for cosmology and structure formation [129–145], like the formation of dark discs
or dark clumps due to cooling.

Dark matter needs to move at non-relativistic speeds early in the universe’s history in order
to form structures and bind the luminous matter to its gravitational potential. In addition,
many astrophysical environments that can be observed today, e.g. a hot galaxy cluster gas,
have a temperature low enough for SM particles to move non-relativistically. Therefore we
put our focus on a non-relativistic description of the scattering processes making it possible
to treat the problem in an exact way, as will be outlined in the following.

2.2.1 Scattering with light mediators

Light mediators give rise to velocity dependent elastic scattering cross sections. In order
for perturbative calculations to be possible, the interaction has to be weak and/or short
ranged. To be more precise, the condition for calculating the cross section to lowest order
in perturbation theory (left diagram in Fig. 2.3) is mmed/(µvrel) ⌧ 1, where mmed is the
mediator mass and µ and vrel are the reduced mass and relative velocity of the colliding
particles respectively. If this condition is not fulfilled, i.e. the potential is not short ranged,
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perturbative calculations are still valid if ↵Z1Z2/vrel ⌧ 1, where ↵ is the coupling strength
and Z1,2 are the charges of the colliding particles. The transfer cross section �T =

R
d⌦ (1�

cos ✓) d�/d⌦ valid, in both the above regimes (hereafter subsumed as Born regime), for a
scalar or vector mediator perturbative in ↵ and in the non-relativistic limit is given by [104]

�
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, (2.4)

which, as already mentioned in Sec. 1.2.2, scales as v
�4
rel in the kinematic regime, where the

typical momentum transfer between the colliding particles is larger than the mediator mass
and is constant in vrel if the typical momentum transfer is smaller.

In dark matter scattering, as well as in the scattering of standard model particles in astro-
physical environments where the relative velocity of the colliding particles is small, the Born
conditions above are not necessarily fulfilled. In this case, the leading order perturbative
calculation is not valid anymore and the full calculation would involve the resummation of
an infinite number of diagrams of the kind in Fig. 2.3b. Equivalently, one can go to a non-
relativistic ansatz and calculate the scattering cross section to all orders in the scattering
potential (see e.g. [146]). For scalar or vector mediator particles the scattering potential is
given by the Yukawa potential

V (r) =
↵Z1Z2

r
e
�mmedr, (2.5)

where r = |r| is the inter-particle distance. In QED ↵ ⇡ 1/137 is the fine structure constant
and mmed = 0 the photon mass, whereas in SIDM models the dark coupling and charges
as well as the mediator mass can be free parameters that are possibly constrained by ob-
servations, like the Bullet cluster mentioned above. The sign of the potential in Eq. (2.5)
is determined by the relative sign of the couplings (or charges) of the scattering particles.
Ref. [104] has numerically evaluated the elastic scattering cross section away from the Born
regime by solving the Schrödinger equation corresponding to the potential (2.5) in a partial
wave decomposition and summing up all partial waves until convergence is reached. They
found that the cross section shows a resonance behavior for attractive interactions with large
enhancements with respect to the Born cross section at the resonances. An obvious extension
of this kind of calculation is to go from the spin-independent Yukawa interaction to spin-
dependent interactions induced by, e.g., pseudo scalar or axial vector mediators. The author
of this thesis has worked on this topic until he was outpaced by others [147] and a compilation
of the corresponding work is attached in App. C.

If the mediator is light enough, i.e. mmed < µv
2
rel/2, the mediator particle can be emitted as

bremsstrahlung during the collision, as depicted in Fig. 2.3c. In this case, the exponential
term in Eq. (2.5) can be neglected. This can be seen by evaluating the potential at the
distance r, which equals the de Broglie wavelength of the relative motion. This is the typical
distance tested in collisions of two colliding particles. Since mmed ⌧ µvrel for vrel ⌧ 1, the
interaction is in this case effectively a Coulomb interaction.

2.2.2 Bremsstrahlung in a Coulomb potential

For Coulomb interactions, the scattering problem can be solved analytically—exact to all
orders in the potential. For elastic scattering, the exact cross section is given by the Ruther-
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Figure 2.3: Scattering (left) and emission (right) processes relevant for self-interacting dark matter
as well as bremsstrahlung in standard model scattering events. In the Born limit, per-
turbative calculations (a) and (c) are valid while beyond the Born limit, resummation
techniques have to be used to sum up an infinite number of diagrams of the kind (b) or
(d) respectively.

ford cross section (and a symmetrized version of it for identical particle scattering; see
e.g. Ref. [148]). For bremsstrahlung, we can treat the particle emission perturbatively with an
emission operator Ôemm / e

�iq·rn stemming from the photon wave function with momentum
q and the scattering particles’ positions rn, while we treat the particle interaction in an exact
manner. The matrix element for the emission of bremsstrahlung is given by

M =
X

I=multipoles

⌦
�pf

��ÔI

���pi

↵
, (2.6)

where �pi,f
are the ingoing (outgoing) wave function solutions to the Schrödinger equation of

the relative motion with the respective scattering potential. The initial (final) state particles
have the relative momentum pi,f . The operator ÔI originates from the multipole expansion of
Ôemm. The dipole and quadrupole emission cases assemble themselves through the respective
leading and next-to-leading order terms in said expansion. Using for �pi,f

in Eq. (2.6) the
first order Born wave functions,

|�
(1)
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i = |�
(0)
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d
3
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(2⇡)3
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(0)
p | V̂ |�
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i

Ei,f � Ep
|�

(0)
p i , (2.7)

where �(0)
pi,f

and �(0)
p are plane waves, one obtains an expression valid in the Born limit, which

can also be obtained from the Feynman diagrammatic perturbative calculation. We show this
calculation in App. B.1.

Starting from Eq. (2.6) and taking for �pi,f
the ingoing and outgoing Coulomb wave functions

with the correct asymptotic behavior, which in position space read [149]

�
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pi

(r) = � (1� i⌫i) e
⇡
2
⌫ie

ipi·r
1F1(i⌫i, 1; i(pir � pi · r)) , (2.8)
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ipf ·r
1F1
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�i⌫f , 1;�i(pfr + pf · r)

�
, (2.9)

the emission cross section can be calculated in an exact way. Here, pi,f = µvi,f are the initial
(final) state relative momenta with ⌫i,f = ↵Z1Z2/vi,f . This was done for dipole emission in
Ref. [150]. We extend this calculation to quadrupole emission—including the scattering of
identical particles—in publication [3] in Ch. 4. For this calculation, the analytical solution
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to the following integral over the hypergeometric functions,

IN =

Z
d
3
r
e
��r

r
e
ik·r

1F1

✓
i⌫f , 1, i(pfr + pf · r)

◆
1F1

✓
i⌫i, 1, i(pir � pi · r)

◆
, (2.10)

and derivatives thereof are used. The solution to IN , originally found by Ref. [151], is sketched
in App. B.2.
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Light dark states with electromagnetic form factors
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New particles χ that are electrically neutral but couple to the electromagnetic current via higher-
dimensional operators and that are sufficiently light, at or below the GeV-mass scale, can be produced in
pairs in a number of dedicated high-intensity experiments. In this work we consider the production of χ
through magnetic- and electric-dipole moments as well as through an anapole moment and charge radius
interactions in electron beams. We derive new constraints from BABAR, NA64 and mQ and forecast the
future sensitivity on the existence of such states, from Belle-II, LDMX and BDX. We present for the first
time a detailed treatment of the off shell production of photons in electron beams with subsequent decay
into a χχ̄ pair in a 2-to-4 process. These direct limits are then compared to the effects on SM precision
observables, as well as to bounds from flavor physics and high energy colliders. Finally, we consider the
possibility that χ is dark matter and study ensuing astrophysical and cosmological constraints. We find that
a combination of all considered probes rule out χ particles with mass-dimension five and six photon
interactions as dark matter when assuming a standard freeze-out abundance.

DOI: 10.1103/PhysRevD.99.015040

I. INTRODUCTION

Through a long history of astronomical and cosmologi-
cal observations that date back into the first half of the
previous century, it has now firmly been established that
Newton’s laws—when applied to the observed distribution
of luminous matter—fail on galactic (kpc) length scales and
beyond. Whereas there is an ongoing debate whether the
gravitational force on small acceleration scale requires
modification or if the Standard Model (SM) of particle
physics is incomplete, predictions that are based on the
existence of a new, neutral, and cold matter component
stand unchallenged in explaining the precision observations
of the cosmic microwave background (CMB). Indeed, the
success of a model in which the Universe is filled with
baryons, photons, neutrinos, dark matter (DM), and dark
energy is so distinct that it has become a cornerstone
of modern physics, termed the “standard cosmological
model” or ΛCDM [1,2]. This new paradigm that purports
the existence of a new form of matter, dark matter, has

become the center of much experimental and theoretical
activity [3].
Even if gravity as it stands today will pass the test of time,

new forces are likely at play in a dark sector of particles.
While the electromagnetic interaction and the photon as
its carrier stand out as the most important messengers in
astronomy, darkmatter—as the name suggests—must be to a
large degree electrically neutral and hence be nonluminous.
However, even if DM carries no charge, it may still be
coupled to the photon e.g., through various moments such as
magnetic- or electric-dipole moments (MDM or EDM),
through an anapole moment (AM) or through a charge
radius interaction (CR). Indeed, “how dark” neutral DM
needs to be in terms of its coupling to photons is a
quantifiable question that has been addressed previously
in Refs. [4–6]. In this work we will revisit those ideas in
light of the much recent interest in sub-GeV dark sector
searches, notably at the intensity frontier [7,8]. This interest
not only spans DM detection, but more generally aims to
probe light new particles and in this spirit we do not require
that χ is DM per se but only long-lived on timescales
pertinent to terrestrial experiments.
In this paper we shall consider Dirac fermions χ that

interact with an external electromagnetic field or current
through MDM, EDM, AM and CR. In the nonrelativistic
limit, the corresponding respective Hamiltonian operators
for the particle χ are HMDM ¼ −μχðB · σχÞ, HEDM ¼
−dχðE · σχÞ, HAM ¼ −aχðJ · σχÞ and HCR ¼ −bχð∇ · EÞ.
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We will refer to μχ , dχ , and aχ as the magnetic dipole-,
electric dipole-, and anapole moment, respectively, and to
bχ as the charge radius. These operators differ most notably
in the symmetry properties with respect to space reflection
(P), charge conjugation (C), and time reversal (T). Since the
magnetic field B and the spin Sχ ¼ σχ=2 are axial vectors,
an MDM interaction is P- and T-even. Hence CP is a good
symmetry, and, as is inherent in the field-theoretical
description of particles, any state χ that has electromagnetic
chargeQχ will automatically carry a magnetic moment μ ¼
gQχ=ð2mχÞSχ with g ¼ 2 up to anomalous contributions;
mχ is the mass of χ. In turn, any EDM interaction with the
electric field E maximally violates P and T and is a new
source of flavor-diagonal CP violation—one that has not
been observed in any SM particle yet. Hence, searches for
EDMs are considered essentially “background free” probes
of new physics [9] and any detection of a dark particle
through its EDM would be particularly striking. If χ has a
nonvanishing anapole moment, it will interact with external
electromagnetic currents J; in that case χ may even be a
Majorana particle. Unlike MDM and EDM, AM does not
correspond to a multipolar distribution of charge. It was
first proposed by Zel’dovich [10] as a P-violating (but CP
conserving) electromagnetic interaction, and has since been
discovered in atomic nuclei [11]. Finally, the CR inter-
action appears at the second order in the expansion of a
charge form factor, and as such it is a quantity e.g., well
present in composite particles of the SM, and it is a
searched for property of neutrinos [12]. Its transformation
property with respect to discrete symmetries is one of a
scalar.
The effective interactions of neutral χ with the photon

field may arise in a variety of UV-complete descriptions.
An imminent possibility is that χ is a composite particle so
that a dipole moment arises through the particle’s internal
structure, such as, e.g., in technicolor theories [13–15].
Another possibility are frameworks with an extended set of
particles such that electromagnetic moments are produced
perturbatively, by the loops of charged states [16]. Here, a
sizable MDM can be generated e.g., through axial or vector
type Yukawa interactions yA;V with a scalar and a fermion at
a common mass scale M in the loop, so that parametrically
μχ ∼QjyA;V j2=M where Q is the electric charge of the
mediators. The appearance of an EDM would then of
course be tightly connected to CP violation in the new
physics sector and dχ ∼QIm½yVy%A&=M. Finally, AM and
CR interactions may also arise radiatively; in the above
example, aχ , bχ ∼QjyA;V j2=M2, possibly be enhanced
through a DM-mediator mass-degeneracy [17]. Indeed, a
significant amount of attention has been directed to the
phenomenology of those interactions, see also Refs. [18–22]
besides the above mentioned works and references therein.
In this work, we shall remain agnostic about the origin of
the MDM, EDM, AM and CR of χ. While any embedding

into a concrete setup likely implies further constraints on
the existence of the effective values of μχ , dχ , aχ and bχ , this
way we remain model independent.
Much of the effort on the intensity frontier goes into

the search of light, sub-GeV mass dark sector states. New
particles can be produced in electron or positron beams on
fixed targets, at eþe− colliders, in hadron beams from
protons on fixed targets or in proton-proton collisions at
LHC. Here, much attention has been devoted to the on shell
or the s-channel resonant production of particles that either
decay to electrons or muons inside the sensitive detector
volume or escape or decay invisibly. A prominent example
is the search for dark photons [23–26] in fixed target
experiments, e.g., at APEX [27] or NA48=2 [28] and at
eþe− colliders, e.g., at BABAR [29] just to name a few; for a
recent comprehensive compilation see Ref. [30].
In this work we study the pair production of χχ̄ through

the MDM, EDM, AM and CR interaction with photons
in experiments involving electrons as projectiles. For dark
sector experiments, there are three principal detection
methods:
(1) search for missing momentum in eþe− colliders

such as BABAR [31], Belle [32], Belle-II [33] and
BESIII [34],

(2) search for missing energy in e− fixed-target experi-
ments such as NA64 [35] and the proposed LDMX
detector [36],1

(3) direct search for χN or χe− scattering of χ particles
produced in e− fixed-target experiments such as the
previous mQ [40] detector and E137 at SLAC [41],
as well as the proposed beam dump experiments at
JLab (BDX) [42] or at the MESA accelerator [43].

We consider all three detection methods in turn, work out
current constraints and estimate future sensitivity. As the
production in fixed targets proceeds via the emission of
off shell photons, we also present a detailed exposition of
the underlying 2-to-4 scattering processes, thereby filling a
gap in the existing literature on beyond Standard Model
intensity frontier searches.
We then contrast these direct limits with predictions and

constraints from SM precision observables and from limits
originating from flavor physics. The experimental searches
for dark states on the intensity frontier have in no little part
been motivated by the observation that light new physics
can induce a shift in the anomalous magnetic moment of
the muon, see e.g., [44–47] among other works, and hence
explain a long-standing discrepancy between the SM
prediction and experiment [48]. We investigate this pos-
sibility in the light of dark-sector electromagnetic form
factors and finally, we return to the possibility that χ is
cosmologically long-lived and may constitute dark matter.
In this case, further restrictions on the parameter space of

1In an analogous category, positron fixed-target experiments
include PADME [37] and VEPP-3 [38,39].
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χ from cosmological and astrophysical observations take
hold—such as energy injection to the SM sector, altering
the CMB or influencing structure formation, as well as a
local dark matter abundance that could lead to direct and
indirect detection signals.
The paper is organized as follows. In Sec. II we present

the relativistic versions of the interaction operators for
MDM, EDM, AM and CR. In Sec. III we present our cross
section calculations on the production of χχ̄ in eþe−

collisions as well as e−-scattering on a nuclear target with
details relegated to Appendix A. In Sec. IV we then
specialize to the various experiments, work out constraints
and sensitivity projections and discuss other complemen-
tary probes. In Sec. V we discuss indirect probes of
χ-particles and in Sec. VI we comment on the possibility
that χ is DM and highlight the additional restrictions on
a successful model of DM. In Sec. VII we present our
conclusions and provide an outlook to further going works.

II. ELECTROMAGNETIC FORM FACTOR
INTERACTIONS

We consider the following interaction terms in a
Lagrangian of a Dirac fermion χ that interacts with the
photon gauge field Aμ or its field strength tensor Fμν,

millicharge ðϵQÞ∶ þ ϵeχ̄γμχAμ; ð1aÞ

magnetic dipole ðMDMÞ∶ þ 1

2
μχχ̄σμνχFμν; ð1bÞ

electric dipole ðEDMÞ∶ þ i
2
dχ χ̄σμνγ5χFμν; ð1cÞ

anapolemoment ðAMÞ∶ − aχ χ̄γμγ5χ∂νFμν; ð1dÞ

charge radius ðCRÞ∶ þ bχ χ̄γμχ∂νFμν: ð1eÞ

Here e > 0 is the electric charge,2 μχ and dχ are the
dimensionful coefficients of the mass-dimension-5 dipole
interactions, and aχ and bχ are the dimensionful coefficients
of the mass-dimension-6 anapole moment and charge radius
interaction; as usual, σμν ¼ i

2 ½γ
μ; γν&. In what follows we

shall measure the EDM and MDM moments in units of
the Bohr magneton, μB ≡ e=ð2meÞ ¼ 1.93 × 10−11 e cm;
me is themass of the electron. All coupling strengths are real.
The interactions in Eq. (1) are assembled in the matrix

element of the effective electromagnetic current of χ,

hχðpfÞjJμχð0ÞjχðpiÞi ¼ ūðpfÞΓμðqÞuðpiÞ; ð2Þ

where pi;f and q ¼ pi − pf are four-momenta. For a
neutral particle χ the vertex function reads,

ΓμðqÞ ¼ ðq2γμ − qμqÞ½Vðq2Þ − Aðq2Þγ5&
þ iσμνqν½Mðq2Þ þ iDðq2Þγ5&: ð3Þ

We regard the various moments as being generated at an
energy scale that is well above the typical center-of-mass
(CM) energies of the high-intensity beams. The coefficients
in Eq. (1) are hence the static limits of the form factors
above,

μχ ¼Mð0Þ; dχ ¼Dð0Þ; aχ ¼ Að0Þ; bχ ¼ Vð0Þ:

A millicharged particle χ will have an additional form
factor Qðq2Þγμ with Qð0Þ ¼ ϵe. The next term in the q2-
expansion of Qðq2Þ is then the charge radius interaction
and the equivalence with Vð0Þ above can be seen when
the Dirac equation is applied for on shell χ, ūðpfÞ
ðq2γμ − qμ=qÞuðpiÞ ¼ ūðpfÞq2γμuðpiÞ. As should be clear
from above, an electric charge of χ is not mandatory for χ
to possess CR interactions, and we shall consider both
interactions separately below. We note in passing that
the Dirac and anapole form factors Vðq2Þ and Aðq2Þ are
related to the so-called vector and axial vector charge radii
as hr2Vi ¼ −6Vð0Þ and hr2Ai ¼ −6Að0Þ.
Finally, in addition to the operators listed above, at mass-

dimension-7 there are the Rayleigh (or susceptibility)
operators where scalar χ̄χ or pseudoscalar χ̄γ5χ bilinears
multiply either the CP-even or CP-odd squared field
strength tensors FμνFμν and FμνF̃μν. Such terms imply
two-photon interactions with the χ-field and processes with
a single photon in the final state proceed through a loop. In
the processes arising from Eq. (1) that we shall consider in
the paper, the latter interactions are then not only sup-
pressed by the higher dimensionality of the coupling, but
also by a loop factor. As the constraints on dim-6 operators
already turn out to be weak, we shall not consider Rayleigh
operators any further in this work.

III. PAIR PRODUCTION IN
ELECTRON BEAMS

In this section we present the main expressions that are
used to set bounds on new particles χ interacting through
electromagnetic form factors. These involve the calcula-
tion of the χχ̄ pair production cross section, first, from
eþe− annihilation accompanied by initial state radiation as
shown in Fig. 1(a) and, second, from Bremsstrahlung in
the scattering of electrons on nuclear targets as shown
in Fig. 1(b). They are the dominant production modes in
BABAR or Belle II and in NA64, LDMX, mQ or BDX,
respectively. Finally, since mQ and BDX search for new
particles via their elastic scattering within the detector,
Fig. 1(c), we furthermore establish the nuclear and electron
recoil cross sections in χ-scattering.

2The sign convention in (1a) is such that χ ( χ̄) carries a fraction
ϵ of the electron (positron) charge.
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A. Pair production at e + e− colliders

In B-factories such as BABAR, Belle, and Belle II,
fermion pairs can be produced in eþe− collisions accom-
panied by initial state radiation (ISR). Production in
association with final state radiation (FSR) is suppressed
with respect to ISR by ϵ2 for ϵQ and scales as μ2χs=ð4παÞ ∼
ð104μχ=μBÞ2 for MDM and EDM. For the values of μχ
and dχ that are constrained through ISR by the various
considered experiments, this gives a suppression of 10−1

and smaller for FSR with MDM and EDM interactions.
For AM and CR, the FSR diagrams vanish identically at
tree level. Therefore, we are allowed to neglect FSR and
only consider χχ̄ production with associated ISR. Finally,
monophoton resonant production through a putative proc-
essϒðnSÞ → γγ$ → γχχ̄ vanishes by Furry’s theorem since
ϒðnSÞ are C-odd states.
The ISR cross section approximately factorizes into the

process without ISR, eþe− → χ̄χ, times the improved
Altarelli-Parisi radiator function that takes into account
all soft and collinear radiative corrections up to order m2

e=s
[49,50],

dσeþe−→χχ̄γ

dxγd cos θγ
¼ σeþe−→χχ̄ðs; sχχ̄ÞRðαÞðxγ; θγ; sÞ ð4Þ

with the radiator function

RðαÞðxγ; θγ; sÞ ¼
α
π
1

xγ

!
1þ ð1 − xγÞ2

1þ 4m2
e

s − cos2θγ
−
x2γ
2

"
: ð5Þ

Here, xγ ¼ Eγ=
ffiffiffi
s

p
is the energy fraction carried away by

the ISR,
ffiffiffi
s

p
≃ 10 GeV and ffiffiffiffiffiffisχχ̄

p are the CM energies of the
eþe− and χχ̄ system, respectively, with sχχ̄ ¼ ð1 − xγÞs; θγ
is the CM angle of the ISR photon. The χ-pair production
cross section without ISR reads

σeþe−→χχ̄ ¼
α
4

fðsχχ̄Þ
s2χχ̄

$
1þ 2m2

e

s

% ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sχχ̄ − 4m2

χ

s − 4m2
e

s

: ð6Þ

Here, fðsχχ̄Þ is the squared amplitude of γ$ → χχ̄, inte-
grated over the 2-body phase space of the fermion pair, as
defined in (C7b). This factor will appear repeatedly and
reads,

ϵQ∶ fðsχχ̄Þ ¼
4

3
ϵ2e2sχχ̄

$
1þ

2m2
χ

sχχ̄

%
; ð7aÞ

MDM∶ fðsχχ̄Þ ¼
2

3
μ2χs2χχ̄

$
1þ

8m2
χ

sχχ̄

%
; ð7bÞ

EDM∶ fðsχχ̄Þ ¼
2

3
d2χs2χχ̄

$
1 −

4m2
χ

sχχ̄

%
; ð7cÞ

AM∶ fðsχχ̄Þ ¼
4

3
a2χs3χχ̄

$
1 −

4m2
χ

sχχ̄

%
; ð7dÞ

CR∶ fðsχχ̄Þ ¼
4

3
b2χs3χχ̄

$
1þ

2m2
χ

sχχ̄

%
: ð7eÞ

Plugging Eq. (7) into Eq. (4), forme → 0, we recover the
expression in Ref. [51] for particles carrying ϵQ and the
expressions in Ref. [52] for MDM and EDM.
In order to illustrate the difference between the various

interactions, in Fig. 2 we show the differential cross
sections with respect to the ISR energy for mχ ¼ 0 (top)
and mχ ¼ 3 GeV (bottom). The different behaviors of the
cross sections with respect to the fractional photon energy
xγ suggest, that stronger limits on ϵQ can be expected
from high-energy monophoton searches, while for AM and
CR the low energy region appears more prospective in

(a) (b) (c)

FIG. 1. Pair production of χ̄χ in (a) eþe− collisions and (b) in electron scattering on a target nucleus N. The mQ and BDX experiments
search for (c) the elastic scattering of χ on electrons and nuclei. Momenta flow from left (bottom) to right (top).
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constraining these interactions (compare Fig. 4; to be
discussed in more detail in Sec. IV). In the limit of
mχ → 0 the models with the same dimensionality of the
interaction operators show the same behavior, i.e., for
μχ ¼ dχ (aχ ¼ bχ) the cross sections for MDM and
EDM (for AM and CR) as a function of xγ are identical.
Finally, we note in passing that in the presented numerical
results we neglect the running of α since it is a few percent
effect for energies up to 10 GeV.

B. Pair production at fixed target experiments

In the fixed target experiments we consider in this
work, a pair of fermions is produced via an off shell
photon emitted by an electron as it hits a nuclear target
(e−N → e−Nγ" → e−Nχχ̄). The Feynman diagrams of the
process are depicted in Fig. 1(b). In principle, also inelastic
scatterings to an excited nuclear state N" or to an all-
inclusive final state X are possible. In the following we
neglect such contributions, but present the general formal-
ism to account for the latter in Appendixes A and B.
Note that we only consider the emission of the photon

from the electron leg. The emission from the nuclear leg
is parametrically smaller by a factor of ðZme=mNÞ2 ∼ 10−6

for coherent photon emission and receives a further
suppression from the nuclear form factor for photon
momenta above a few 100 MeV.3 Finally, in order to

properly cover the full kinematic range that is accessible to
χ and χ̄ at a given CM energy, we compute the underlying
2-to-4 process exactly, without relying on approximations
such as the Weizsäcker-Williams method.
It is still possible, however, to relate the 2-to-4 cross

section to a 2-to-3 process with the emission of a vector
boson of virtual squared mass sχχ̄ ,

dσ2→4

dsχχ̄
¼ σ2→3ðsχχ̄Þ

fðsχχ̄Þ
16π2s2χχ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

; ð8Þ

in which the directions of χ-particles have been integrated
out in fðsχχ̄Þ.4 Equation (8) is exact, and can in principle be
generalized for higher differential cross sections that are not
sensitive to the direction of χ or χ̄. Our actual calculations
require higher differential cross sections than Eq. (8). For
NA64 and LDMX the full 4-body phase space is presented
in App. C [Eq. (C1)] and for mQ and BDX where the
momentum of χ enters in the elastic detection channel it is
presented in App. D [Eq. (D1)].
In principle, also pions and η-mesons (among other

mesons) can be produced in this scattering process, which
can subsequently decay into χχ̄ if kinematically allowed.
However, while meson production dominates in fixed target
experiments with a proton beam, it presents a subleading
contribution for the electron beam experiments we con-
sider. In addition, note that NA64 and LDMX should veto
events that involve produced hadrons in the final state. For
these reasons we neglect the contribution of hadronic
production channels of χχ̄ to the event rate.
In Fig. 3 we show the inclusive χχ̄-production cross

sections as a function of mχ for several target materials and
beam energies corresponding to the experiments discussed
in Sec. IV. As expected from Eq. (7), the dimensionality of
the operator determines the behavior of the cross section for
m2

χ ≪ s. Since models with lower dimensional operators
show a flatter dependence on sχχ̄ in Eq. (7), there is no
visible difference in the inclusive cross section for ϵQ at
low masses between 4, 30 and 100 GeV beam energy in the
top panel of Fig. 3, whereas for all other models, shown in
the center and bottom panel, the cross section visibly rises
with increasing beam energy. It is noteworthy that the cross
section for an aluminium (Al) target is generally smaller
than for tungsten (W) and lead (Pb) targets since the cross
section scales with Z2 and the charge of the Al nucleus is
smaller by roughly a factor of 5–6. However, due to its
smaller mass, the suppression at the kinematic edge is less
pronounced in comparison to the heavier targets. The
charge and mass differences between W and Pb are

FIG. 2. Differential cross section for a CM energy of 10 GeV
obtained from Eq. (4) by integrating over cos θγ as a function of
the ISR energy fraction, xγ ¼ Eγ=

ffiffiffi
s

p
, multiplied by xγ for ϵQ

(black), MDM/EDM (pink) and CR/AM (blue). All curves are
normalized to the same total cross section.

3Photon emission from final-state light hadrons such as pions
that accompany the primary scattering is suppressed by
ðme=mπÞ2 ∼ 10−5.

4In the calculation of σ2→3 one may still make the replacementP
polϵμϵν → −gμν in the polarization sum of the massive vector

as the qμ-dependent piece drops out by virtue of the Ward
identity.
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negligible in this case. Finally, while the cross section for
millicharged particles rises with decreasing mass, it
becomes independent of mχ for MDM and EDM, and
even quicker so for AM and CR. When mχ increases
towards the kinematic endpoint, the operators containing a
factor of γ5 yield velocity factors that result in a stronger
suppression of the cross sections.

C. Detection via elastic scattering on nuclei

In mQ and BDX the produced fermions can directly be
detected via elastic χ-nucleus and/or χ-electron scattering.
In this case, the signal of χ particles would be a number of
recoil events in the detector beyond the background,
instead of missing momentum/energy. A presentation of
the expressions of the recoil cross section dσ=dER in the
lab frame as a function of the recoil energy ER and valid for
relativistic χ-energies Eχ is relegated to App. E. The cross
sections are functions of the nuclear mass (magnetic
moment) mN (μN) and the nuclear spin IN . In the small-
velocity limit, i.e., for jpχ j ¼ mχv and Eχ ≃mχ þmχv2=2

with v ≪ 1, the expressions in Eq. (E2) are in agreement
with the formulas found in Refs. [54,55]. Since the
expressions are exact with respect to phase space, they
apply to both χN and χe− scatterings.

IV. INTENSITY FRONTIER SEARCHES WITH
ELECTRON BEAMS

In this section we place constraints on the discussed
fermion models with electromagnetic form factors from
BABAR, NA64 and mQ and present projections for Belle II,
LDMX and BDX. All limits in the presented plots are
obtained at 90% confidence level (C.L.). The limits and
projections for the models with dim-5 (dim-6) operators are
shown in the summary plots in Fig. 7 (Fig. 8).5

A. BABAR and Belle 2

BABAR at SLAC [31] and Belle-II at SuperKEKB [33]
are experiments at asymmetric eþe− colliders. Long-lived
states χ that are produced through their (feeble) electro-
magnetic form factor interaction can escape from the
detectors. The primary signature is hence the missing
energy in χχ̄ production in association with a single photon
(monophoton missing energy search). The main back-
ground processes are SM final states in which electrons
or photons leave the detector undetected, i.e., eþe− → γ=γ,
which produces a peak at sχχ̄ ¼ 0 and eþe− → γ=eþ=e− as
well as eþe− → γ=γ=γ which constitute a continuum back-
ground that rises with sχχ̄ . The irreducible background
eþe− → γνν̄ is suppressed by m−4

Z and can be neglected.
For deriving constraints from BABAR, we use the data of

the analysis of monophoton events performed by the
collaboration in a search for invisible decays of a light
scalar at the ϒð3SÞ resonance [57,58].6 The CM energy is
thus 10.35 GeV. Two search regions with different trigger
and cut efficiencies, a high photon energy region with
3.2 GeV < Eγ < 5.5 GeV and low energy region with
2.2 GeV < Eγ < 3.7 GeV in the CM frame, were pre-
sented. The high energy search uses the full data set of
28 fb−1 integrated luminosity and the low energy search a
subsample of 19 fb−1. The geometric cuts of the search
regions are −0.31 < cos θγ < 0.6 (high energy) and
−0.46 < cos θγ < 0.46 (low energy), where θγ is the
photon angle in the CM frame with respect to the beam
line as in Eq. (4).

FIG. 3. Inclusive cross section of χ-pair production in
e−-scattering on a fixed target, the process depicted in Fig. 1
(b). The beam energies and target nuclei correspond to the
experiments discussed in this paper. In the limit of small DM
mass, MDM and EDM in the central panel as well as CR and AM
in the bottom panel yield identical cross sections. The mQ results
agree with Ref. [53].

5Even stronger (projected) bounds may be achievable from
beam dump experiments with high-energy proton beams, as
suggested by Ref. [56]. We leave such studies for a future work;
see Sec. VII.

6In more recent [58], Boosted Decision Trees (BDT), trained
on simulated massive dark photon signal events, were used for
event selection. Our cases of main interest have different event
shapes as shown in Fig. 4, and hence differ significantly from the
training set used in Ref. [58]. For this reason, we use the smaller
dataset [57] with cut-based event selection.
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With the respective angular cuts applied, the number of
signal events is given by

NðiÞ
sig ¼ ϵeffL

Z

bin i

dsχχ̄
s

Z
cos θmax

γ

cos θmin
γ

d cos θγ
dσeþe−→χχ̄γ

dxγd cos θγ
; ð9Þ

where ϵeff is the total trigger and cut efficiency, L is the
integrated luminosity. The boundaries of sχχ̄ are given by the
bins in Fig. 4, and the production cross section dσeþe−→χχ̄γ is
given inEq. (4). FollowingRef. [59], in our analysiswe apply
a nongeometric cut ϵeff of 30% (55%) in the high (low)
energy region for BABAR and place conservative constraints
on the models in Eq. (1) by requiring that the expected
number of signal events does not exceed the observed
number NðiÞ

obs at 90% C.L. in any bin i. Concretely, we

require NðiÞ
sig < NðiÞ

obs þ 1.28σðiÞobs, where σ
ðiÞ
obs is given by the

statistical and systematical uncertainties of NðiÞ
obs added in

quadrature.7

For the Belle II projections, we follow Ref. [59] and
scale up the BABAR background from Ref. [57] (shown by

the gray histogram in Fig. 4) to an integrated luminosity of
50 ab−1 with the CM energy of 10.57 GeV, employ a
constant efficiency cut of 50% in both search regions and
take identical geometric cuts for Belle II and BABAR.
While the exact background subtraction in the monophoton
search of Belle II needs to be provided by event generators
[60], here we adopt the two projection-methods of
Ref. [59]: first is a “statistics limited” projection, where
we assume a full subtraction of the background yielding a
limit that is only governed by statistical fluctuations. It
comprises the best case scenario with the strongest ensuing
limits on the new couplings. Second is a “systematics
limited” projection, where we assume a 10% systematic
uncertainty for the γ=γ peak and a 20% uncertainty for the
continuum backgrounds and exclude parameter regions
where the signal exceeds the systematic plus statistical
uncertainties at 90% C.L.. With good control over the
backgrounds, the actual reach of Belle II should lie between
those two projections.
In Fig. 4 we show exemplary event shapes as a function

of sχχ̄ at BABAR for ϵQ with ϵ ¼ 0.2 and for AM with
aχ ¼ 4 × 10−3 GeV−2. As can be seen, the limit on milli-
charged particles is driven by the high monophoton energy
search region (top panel of Fig. 4) while for particles
carrying an anapole moment (and in analogy the other
operators) the limits are set in the low monophoton energy
search region as well as from the bins with lower photon
energy in the high energy region. The ensuing constraints,
as well as projected ones from Belle II, are shown as the
parameter space of χ-mass and couplings in Fig. 7 for
MDM and EDM and in Fig. 8 for CR and AM models.
For the ϵQ model, we find that in the kinematically

unsuppressed region, mχ ≲ 1 GeV, the BABAR data
excludes ϵ ≥ 6.4 × 10−2 at 90% C.L. Moreover, the reach
of theBelle II experiment is∼2 × 10−2 and∼4 × 10−3 for the
systematics and statistics limited scenarios, respectively.

B. NA64 and LDMX

The NA64 experiment at the CERN SPS [35] and
LDMX at SLAC [36] are current and proposed fixed target
experiments using electron beams, where a χχ̄ pair can be
produced via off shell photon emission. An active veto
system together with cuts on the search region makes both
experiments essentially background-free. Therefore, in the
following we place limits on the operators in Eq. (1) by
assuming zero background in the regions of interest.
In the NA64 experiment, an electron beam with E0 ¼

100 GeV hits an electromagnetic calorimeter (ECAL)
which is a matrix of 6 × 6 modules consisting of lead
(Pb) and scandium (Sc) plates, each module having a size
of approximately 40 radiation lengths (X0), with X0 ¼
0.56 cm for Pb. The radiation length of Sc is about one
order of magnitude larger, so the scattering of electrons
with Sc is subleading, and will not be considered here.
In the initial part of the ECAL there is a preshower (PS)

FIG. 4. High energy (3.2 GeV < Eγ < 5.5 GeV) and low
energy (2.2 GeV < Eγ < 3.7 GeV) monophoton search region
of BABAR in the top and bottom panels, respectively. The data
points and background events taken from [57] are shown as a
function of squared invariant missing mass and are binned per
GeV2 (top) and per half GeV2 (bottom). Also shown are
exemplary event shapes for ϵQ and AM interactions with ϵ ¼
0.2 and aχ ¼ 4 × 10−3 GeV−2 for mχ ¼ 1 GeV in solid (black)
and dotted (blue), respectively.

7As is evident from Fig. 4, a signal will simultaneously be
present at similar strength in many bins. It is hence safe to neglect
the look-elsewhere effect.
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detector of 4X0 in length with the same setup, functioning
as target and detector simultaneously. Missing energy
signals are required to have a starting point of the EM
shower localized within the first few radiation lengths of the
detector [61]. In our analysis, we conservatively take a thin
target limit, with Ltarget ¼ X0, meaning that the fermion pair
is essentially produced within the first radiation length of
the target material. After scattering, the final state electrons
are detected in the main ECAL with a search region of
0.3 GeV < E4 < 50 GeV, where the lower boundary is
due to the electron identification threshold in the PS
detector and the upper boundary requires a missing energy
larger than 0.5E0 [35]. We adopt a polar angular coverage
of θ4 < 0.23 rad so that the final state electron should pass
through the whole ECAL. The total cross section, however,
is strongly forward-peaked and therefore the contribution
of large angle scattering is negligible, meaning that a
variation of θmax

4 does not affect our limits.
The number of signal events in the thin target limit and

with the geometric and angular cuts as specified above is
given by

Nsig ¼ NEOT
ρtarget
mN

Ltarget

Z
Emax

Emin

dE4ϵeffðE4Þ

×
Z

cos θmax
4

cos θmin
4

d cos θ4
dσprod

dE4d cos θ4
; ð10Þ

where dσprod is the χ-pair production cross section,
e−N → e−Nχχ̄, given by (C6), NEOT ¼ 4.3 × 1010 is the
number of electrons on target (EOT), ρtarget is the target
density and mN the target mass. The detector efficiency for
NA64 only marginally depends on the electron energy, and
we take it to be constant with ϵeff ¼ 0.5. The constraints
from NA64 on the interactions in Eq. (1) are then derived
by requiring that parameters that generate more than 2.3
events in the detector are excluded.
The LDMX proposal consists of a silicon tracker system,

an ECAL and a hadron calorimeter (HCAL). In our
analysis we use the benchmark points of the proposed
LDMX phase I with 4 × 1014 EOT at E0 ¼ 4 GeV, and
phase II with 3.2 × 1015 EOT at E0 ¼ 8 GeV [36]. LDMX
will use a tungsten (W) target (X0 ¼ 0.35 cm) with a
thickness of 0.1X0 in phase I and an aluminium (Al) target
(X0 ¼ 8.9 cm) with 0.4X0 in phase II. The first four
track sensors with an area of 4 cm × 10 cm are located
7.5–52.5 mm behind the target along the beam line. We
take a polar angular coverage in the forward direction of
θ4 < π=4 and a search region for the final state electron
energy of 50 MeV < E4 < 0.3E0. While the actual signal
efficiency varies mildly with the dark state mass and track
requirements [36], a constant ϵeff ¼ 0.5 is assumed here.
In the end, the number of signal events is calculated
according to Eq. (10), and the projected constraints from
LDMX are derived analogously, requesting at least 2.3
events in the detector.

In Fig. 5 we show the angular (top panel) and energy
distributions (bottom panel) of the final state electrons for
LDMX phase I obtained from Eq. (10). The event rates
are rather similar for all models when normalized to the
same total cross section; we normalize it to σ ¼ 10−36 cm2

yielding approximately 1 predicted signal event in LDMX
phase I. The signal is strongly forward peaked for sχχ̄ ≫ m2

χ,
but in the transverse direction and at the kinematic edge,
the curves start to deviate slightly. We also show the geo-
metric acceptance region of LDMX in the top panel of
Fig. 5 and the energy cut in the bottom panel, indicating that
LDMX is searching in a region in the (θ4, E4)-plane where
the event shapes of all models are similar.
Both the current limits from NA64 and projections for

the LDMX phases are shown in Fig. 7 for MDM and EDM
and in Fig. 8 for CR and AM models. Whereas the NA64
limit is weaker than the limit derived from BABAR data,
LDMX will significantly improve the sensitivity to μχ and
dχ but will be on par with BABAR for aχ and bχ . We note in
passing that for the ϵQ model, our projections for LDMX
agree with Ref. [36] and for NA64 are slightly weaker,
by about a factor 2, than the limits presented in Ref. [62].
This is most likely due to a combination of a different
assumption on detection efficiencies and the neglect of an
energy threshold in the final state electron in Ref. [62].

C. mQ and BDX

In the mQ experiment at SLAC [40,53], NEOT ¼ 8.4 ×
1018 electrons with E0 ¼ 29.5 GeV energy were incident

FIG. 5. Angular (top) and energy (bottom) distribution of the
scattered electron in χ-pair production in e−-scattering on a
tungsten target for mχ ¼ 100 MeV and electron beam energy of
4 GeV, before imposing detector efficiency. In the bottom panel
the inclusive single electron background taken from Ref. [36] is
shown in gray.
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on a W target of thickness 6X0. The produced dark particles
are then searched for in their scattering off electrons and
nuclei in the main detector, approximately 110 m down the
beam line. The detector, made of plastic scintillators, has a
polar angular coverage of θχ < 2 mrad, and a total path
length of Ldet ¼ 131 cm. The experiment found 207 recoil
events above the estimated background, but below the
estimated background uncertainty σbkg ¼

ffiffiffiffiffiffiffiffiffi
Nbkg

p
≃ 382,

within the signal time window.While millicharged particles
would mostly produce single photoelectron (PE) events,
such assumption is not justified for the recoil spectra of the
models considered in this work. Therefore, similarly to
Ref. [63], we focus on nuclear/electron recoil events with a
deposited energy larger than 0.1 MeV. Following Ref. [53],
90% C.L. exclusion limits can then be obtained by
requiring the number of signal events induced by χ, Nsig <
207þ 1.28σbkg ≃ 697. Here we will not consider a further
possible reduction of single-PE backgrounds [63]; they
may strengthen our limits by a factor of 2–3.
The proposed BDX experiment at Jefferson Lab [42] will

use an electron beam of E0 ¼ 11 GeV incident on an Al
target that comprises 80 layers with thickness of 1–2 cm
each. The χ particles produced in the bump pass through
thick shields and reach an ECAL 20 m downstream. The
ECAL, composed of CSI(Tl) crystals, will have an area
of 50 × 55 cm2 and a depth of Ldet ¼ 260 cm, implying a
polar angle coverage of θχ ≲ 12.5 mrad. The BDX
Collaboration has estimated that for NEOT ¼ 1022 the
number of background events with deposited energy
above 500 MeV is approximately 10, coming mostly from
high energy neutrinos that scatter off electrons [64]. In the
following, we conservatively take the uncertainty in the
background estimation σbkg ¼ Nbkg ¼ 10, and assume a

benchmark value for the projected number of observed
events Nobs ¼ 15. It allows to set 90% C.L. limits on
models studied here by requiring Nsig ≤ 18.
In both experiments, the energy differential expected

number of particles χ that reach the detector is given by

dNχ

dEχ
¼ NEOT

ρtarget
mN

X0

Z
E0

Eχ

dEIðEÞ
dσprodðEÞ

dEχ
; ð11Þ

where the production cross section dσprod given by Eq. (D9)
has been integrated over the angular coverage of the
detector, and

IðEÞ ¼
1þ ðE0−E

E0
Þ
4t0
3 ð4t03 lnðE0−E

E0
Þ − 1Þ

4
3 ðE0 − EÞ ln2ðE0−E

E0
Þ

is the integrated energy distribution of electrons during its
propagation in the target [25]. For the mQ experiment,
t0 ¼ Ltarget=X0 ¼ 6 (X0 ¼ 0.35 cm for W), and for BDX
we take t0 ¼ 15 as fiducial value (X0 ¼ 8.9 cm for Al).
Finally, mN and ρtarget are the target mass and mass density,
respectively. The energy spectra (11) are shown in Fig. 6 for
several benchmark parameter values. One can observe that
most of the χ particles entering the detector carry kinetic
energies in the GeV-ballpark.
The total number of signal events in the downstream

detectors that are produced in the scattering of χ on target i
is then given by

NðiÞ
sig ¼ NðiÞ

T Ldet

Z
Emax
χ

mχ

dEχ

Z
Emax
R

Eth
R

dERϵ
ðiÞ
effðERÞ

dNχ

dEχ

dσðiÞdet
dER

;

ð12Þ

FIG. 6. Left: Energy differential total number dNχ=dEχ of χ-particles in the BDX detector as obtained from Eq. (11). The top (bottom)
panel shows the mass dimension-5(6) interactions for mχ ¼ 100 MeV and 1 GeV and coupling strengths as labeled. Right:
Corresponding electron and proton recoil spectra dNχ=dER as obtained from Eq. (12) for the same parameters.
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where ϵðiÞeff is the detection efficiency of an event with recoil

energy ER. N
ðiÞ
T is the target number density. For mQ, the

signal is dominated by the scattering on e− and by the
(coherent) scattering on C atoms. Hence i ¼ e−; C and we
compute NðiÞ

T according to the chemical composition of the
detector. For BDX, the detector is made of CsI, but given a
threshold in deposited energy of Eth

R ¼ 500 MeV, we
consider i ¼ p; e− as targets. The corresponding detection
cross sections dσðiÞdet=dER are given by the elastic recoil
cross sections found in App. E; the form-factors FE;M that
are to be used for the respective targets i are provided in
App. B. The energy of χ particles, Eχ , is limited by the
electron beam energy, Emax

χ , as given in Eq. (D10). In turn,
Eχ determines the maximal recoil energy of target i, Emax

R ,
see Eq. (E3).
In the right panel of Fig. 6 we show the theoretical recoil

spectra dNðiÞ=dER that are obtained from Eq. (12) by
dropping the integration over ER and before accounting for
detection efficiencies, i.e., by setting ϵeff ¼ 1 for the same
values of parameters as in the left panel of Fig. 6. For
mχ ≲ 1 GeV the scattering on electron is most important
for setting any limit on the interactions. Once mχ ≳ 1 GeV
the maximum electron recoil energy Emax

R falls below the
detector threshold Eth

R and any further sensitivity relies
on recoil of protons (and, in principle, on neutrons). For
completeness, we also note that for Fig. 6 we have
neglected the momentum distribution of protons inside
the target nucleus. The Fermi momentum of nucleons is
pF ∼ 250 MeV and it will hence affect the shape of the
proton recoil spectrum at energies ER < 1 GeV, but be
negligible for the bulk of the shown spectra.

For the value of the detection efficiency ϵeff, we use 0.5
for mQ [53]. Based on the simulations in Ref. [42], a
numerical function of ER has been adopted for electron
recoils in BDX, giving ϵeff ∼ 5% for ER ¼ 0.5 GeV and
ϵeff ∼ 1% for ER ¼ 1.5 GeV. However, there is currently
no data available for proton recoils in BDX with ER ≥
0.5 GeV, so we derive the BDX projections based on
electron recoils only.
By requiring Nsig, calculated from Eq. (12), to be below

thevalues given above, the 90%C.L. (projected) limits on the
electromagnetic factors of χ have been derived and are shown
in Figs. 7 and 8. For mχ ≥ 0.5 GeV and E0 ¼ 11 GeV,
no incoming χ can deposit energy more than 0.5 GeV by
its scattering off an electron. So that the high-mχ end in the
parameter space of Figs. 7–8 will not be constrained by
electron recoils in BDX. In general, BDX will have stronger
sensitivity than mQ to the models studied here. In contrast,
the mQ experiment remains more sensitive to millicharged
particles due to its low threshold in recoil energy.
The summary plots, Figs. 7 and 8, show that while the

projections of BDX and LDMX for dim-5 interactions
reach beyond Belle II for small mχ , for dim-6 interactions
they flatten out below ∼0.1 GeV without surpassing Belle
II in sensitivity. The difference of slopes of the BDX and
LDMX curves in Figs. 7 and 8 is understood as follows:
first, note that the χ-pair production rate receives significant
contributions from the e-N forward scattering part which in
turn is regulated by mχ ; the lower boundary of sχχ̄ is 4m2

χ .
Second, as seen in Fig. 3, the mχ-dependence of the
production rate becomes weaker for higher mass-dimension
interactions, since the sχχ̄ factors in the emission pieces,
Eqs. (7b)–(7e), tend to reduce the contribution of the forward

FIG. 7. Constraints (shaded regions) and projections (lines) on the electromagnetic form factors for fermions with an MDM (left) and
an EDM (right).
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scattering part. Taken together, this explains the difference
in slope. It is also for these reasons that the millicharged
case (dim-4) [53] has an even bigger slope than the dim-5
ones.

V. SM PRECISION OBSERVABLES AND HIGH
ENERGY SEARCHES

Focusing on a mass of χ below several GeV, SM
precision observables and LEP measurements in general
play an important role in constraining the existence of the
various electromagnetic interactions. In the following we
update bounds on EDM and MDM SM precision tests first
obtained in Ref. [5], going beyond parametric estimates
where possible, and provide new ones on CR and AM. In
addition we compute the constraints from flavor physics, as
well as from missing energy searches at LEP.

A. Running of α

In the electroweak theory, Fermi’s constant GF and the
masses of W and Z bosons are related and receive
calculable quantum corrections, summarized in the Δr
parameter [65]. The SM prediction is ΔrSM ¼ 0.03672"
0.00019 [66] and the observed value can be obtained
from

Δrobs ¼ 1 −
A2
0

M2
Ws

2
w
¼ 0.03492" 0.00097; ð13Þ

where A0 ¼ ðπα=
ffiffiffi
2

p
GFÞ1=2 and s2w ¼ 1 −M2

W=M
2
Z. For

the actual number we have used the global averages of
MW ,MZ, and A0 and their errors quoted in [66]. The range

in which new physics can contribute is hence limited at
95% C.L. as8

−0.0038 < Δrnew < 0.00018: ð14Þ

Electromagnetic interactions of χ will contribute to Δr
through the running of αðQ2Þ they induce. Explicitly,
Δrnew ≃ Πð−M2

ZÞ − Πð0Þ where Πðq2Þ is the polarization
function [Fig. 9(a)] at photon momentum q2 ¼ −Q2.
Details on the calculation of the photon vacuum polariza-
tion are found in App. F. Equation (14) then implies for
MDM and EDM

jμχ jorjdχ j < 3.2 × 10−6μB; ð15Þ

independent of mχ , saturating the upper limit in Eq. (14)
and improving the previously obtained limits in Ref. [5] by
half an order of magnitude. In turn, for AM and CR we
obtain

jaχ jorjbχ j < 3.2 × 10−5 GeV−2; ð16Þ

saturating the lower limit in Eq. (14). The latter interactions
hence contribute with opposite sign.

FIG. 8. Same as Fig. 7 for fermions with dim-6 operators. The
solid (dotted) lines show the constraints and projections from the
experiments for CR (AM) as labeled.

(a) (b)

(c) (d)

FIG. 9. Loop diagrams relevant in the discussion of SM
corrections discussed in Sec. V. The vacuum polarization diagram
(a) contributes to the running of α. The leading contribution to
g − 2 is from diagram (b), which we evaluate for Γ1 ¼ Γ2. It can
be shown that a similar diagram with Γ1 ¼ EDM and Γ1 ≠ Γ2

does not contribute to an electric dipole moment of the electron.
Diagram (c) shows an a priori nonvanishing χ-loop with three
photons attached. Diagram (d) shows a 3-loop contribution to the
electron electric dipole moment.

8The tension between measurement and observation is 1.8σ
and any positive contribution to Δrnew is hence already tightly
constrained.
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The above limits are at or even stronger than the
projected sensitivity from the various experiments consid-
ered above. As a quantum effect, they are, however,
susceptible to a model dependence that a direct observation
of a particle is not. If the theory contains additional states at
a mass scale below MZ or if χ carries more than one EM
form factor, cancellations in Δrnew can occur. It is for this
reason that we do not explicitly show those limits in Figs. 7
and 8. Finally, for completeness we also record a limit
obtained from Eq. (14) on the positive contribution from
ϵQ, ϵ≲ 0.1, weakening for increasing χ-mass to ϵ≲ 0.3
at mχ ¼ 10 GeV.

B. Muon g− 2
Here we consider the effect of the various interactions

on the anomalous magnetic moment of the muon aμ ¼
1
2 ðg − 2Þμ. There is a tantalizing long-standing discrepancy
between the measured value [67] and prediction in the SM
(see Ref. [48] for a summary),

Δaμ ¼ aexpμ − aSMμ ¼ ð290$ 90Þ × 10−11; ð17Þ

indicating a 3 − 4σ tension. Hence, any positive contribu-
tion at the level of 3 × 10−9 may solve the (g − 2) puzzle,
and much anticipated upcoming experiments [68,69] will
further weigh in on the anomaly in the near future.
In the current context, the lowest-order contribution to

g − 2 enters through the vacuum polarization diagram,
Fig. 9(b) where χ is in the loop of the internal photon
line. In QED, the 2-loop leptonic contribution is of course
well known [70,71], readily evaluated by noting the
correction from the vacuum polarization to the photon
propagator, and one may in principle proceed in analogy
using Eq. (F3), appropriately renormalized. A quicker way
is to estimate the correction Δaμ from χ by using the
dispersion relation and optical theorem from the total cross
section of χ-pair creation, σeþe−→χχ̄ , similar to what is done
with hadronic contributions in SM,

Δaμ ¼
1

4π3

Z

4m2
χ

dsσeþe−→χχ̄ðsÞKðsÞ; ð18Þ

where KðsÞ=ðπαÞ is the contribution to the muon anoma-
lous magnetic moment from a photon of mass

ffiffiffi
s

p
,9

KðsÞ ¼
Z

1

0
dx

x2ð1 − xÞ
x2 þ s

m2
μ
ð1 − xÞ

: ð19Þ

The cross section σeþe−→χχ̄ is given in Eq. (6) with s ¼ sχχ̄ .
The integral (18) has to be cut off such that the validity of
the effective theory is respected. This yields a reasonable

estimate for dim-5 operators, and we show the resulting
90% bands in Figs. 7. Since KðsÞ ∼ 1=s, for dim-6
operators the energy dependence makes the same integral
linearly sensitive on the chosen cutoff so that we do not
show any region in Fig. 8. However, Eq. (18) is sufficient to
convince oneself that both AM an CR only yield interesting
contributions in an otherwise deeply excluded region; we
leave a systematic study of this to a dedicated work.

C. Induced electric dipole moments

A sensitive and “background-free” probe of new physics
are electric dipole moments of SM particles. Most recently,
the ACME collaboration improved the limit on the electron
EDM de by an order of magnitude [73],

jdej < 1.1 × 10−29 e cm: ð20Þ

Given the strong limit in Eq. (20), for simplicity, we restrict
our attention to the electron EDM; for a general discussion
of neutron and atomic EDMs cf. Ref. [9] and references
therein.
Electron electric dipole moments may be generated by

the loops of χ-particles. Since the interaction is T- and
P-odd it can only be induced in a loop diagram with an odd
number of insertions of EDM vertices of χ, as it is the only
T-odd interaction among the ones we consider. Using dim-5
MDM and EDM operators, Ref. [5] then argued that such
dipole moments appear at the 3-loop level with four
photons attached to the χ-loop, as lower order diagrams
vanish by virtue of Furry’s theorem. The interaction de
hence appears through a combination dχμ3χ and d3χμχ .
Furry’s theorem relies on C-invariance of the considered

interactions and moving to dim-6 operators, we observe
that the AM interaction is C-odd. Thereby, a χ-loop with 3
photons that are attached through EDM, AM and one out
of the set of interactions fϵQ;MDM;CRg as shown in
Fig. 9(c) does not vanish a priori.10 However, when
attached to the electron line, this does not imply a 2-loop
contribution to de as the resulting operator would be P-odd;
we also verify the vanishing 2-loop contribution through
explicit calculation using a projector onto de [75].
Hence, we conclude that de is only induced at the 3-loop

level, an example of which is shown in Fig. 9(d).
A parametric estimate of its size would then be,

de ∼ e3medχ × ðmassÞ−1; ð21Þ

where the factor of me originates from the necessary
helicity-flip on the electron line to which 3 photons are
attached (e3-factor). The factor ðmassÞ−1 is built from the
other interactions present in the diagram, saturated by

9KðsÞ is thereby equivalent to the expression obtained in the
context of dark photon contributions to g − 2 [44,45,72].

10A way to see it is by following a proof for a generalized
version of Furry’s theorem [74]. Also note that the photons
attached via AM and CR need to be virtual.
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powers of mχ or, possibly, me to obtain the correct
dimension, such as ϵ3e3=mχ , μ3χm2

χ , d2χμχm2
χ , bχd2χm3

χ and
so on. We have omitted any loop factors ð16πÞ−2n with
n ¼ 3 as we do not know if other large combinatorial
factors are present.11 Saturating the present limit (20) we
infer that the suppression mass scale in Eq. (21) is at the
level of ∼1013 GeVðdχ=μBÞ or larger. For example, if the
electron EDM then solely appears through the combination
of dim-5 operators, such estimate points to a related inverse
effective scale ð10−5 − 10−6ÞμB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GeV=mχ

p
, implying an

important constraint on the presence on joint EDM and
MDM interactions. A systematic study of this goes beyond
the scope of this work, but similar limits on other
combination of operators are readily evaluated from the
above arguments.

D. Rare meson decays

Measurements and searches of the invisible decay width
of various mesons place a constraint on light dark particles
[77]. Strong constraints are in particular obtained from data
on Bþ and Kþ decays. The decays Kþ → πþχχ̄ and Bþ →
Kþχχ̄ are closely related to the semileptonic decay with a
charged lepton pair in the final state, Kþ → πþlþl− and
Bþ → Kþlþl−, as both are accompanied by the emission of
γ% in the flavor changing s → d and b → s transitions.
Hence, by evaluating explicitly the decay—details are
found in App. G—we find

ΓðKþ → πþχ̄χÞ
ΓðK → πeþe−Þ

≃ 1.9 × 104
"
μχ or dχ
μB

#
2

; ð22Þ

for the MDM and EDM interactions and

ΓðKþ → πþχ̄χÞ
ΓðK → πeþe−Þ

≃ 2.6 × 104
"
aχ or bχ
TeV2

#
2

: ð23Þ

With the experimental value BrðK → πeþe−Þ ¼ ð3.00&
0.09Þ × 10−7 [66] together with the strong constraint on the
branching ratioKþ → πþ þ inv≲ 4 × 10−10 [78,79] which
is applicable in the pion momentum ranges 211 MeV <
pπ < 229 MeV and 140 MeV < pπ < 199 MeV allows to
set a constraint in the χ-mass range mχ < 58 MeV and
76 MeV < mχ < 130 MeV. We obtain, approximately,

jμχ jorjdχ j≲ 3 × 10−4μB; ð24Þ

jaχ jorjbχ j ≲ 0.2 GeV−2; ð25Þ

and show the numerically obtained curves in Figs. 7
and 8. Equation (24) also shows that only MDM and
EDM interactions are reasonably well constrained by rare
K-decays.
To estimate a constraint on the electromagnetic inter-

actions from a limit on BrðBþ → Kþ þ invÞ < 7 × 10−5

[80] one can proceed in a similar fashion and relate the
branching ratio BrðBþ → Kþχχ̄Þ to BrðBþ → Kþμþμ−Þ ¼
ð4.41& 0.23Þ × 10−7 [66]. We obtain,

ΓðBþ → Kþχ̄χÞ
ΓðBþ → Kþμþμ−Þ

≃ 4.8 × 106
"
μχ or dχ
μB

#
2

; ð26Þ

for the MDM and EDM interactions and

ΓðBþ → Kþχ̄χÞ
ΓðBþ → Kþμþμ−Þ

≃ 1.6 × 103
"
aχ or bχ
GeV2

#
2

: ð27Þ

From those numbers we limit the interactions away from
the kinematic threshold as,

jμχ jorjdχ j≲ 6 × 10−3μB; ð28Þ

jaχ jorjbχ j ≲ 0.3 GeV−2; ð29Þ

where the latter limit on CR/AM again implies a UV scale
that would be well below the electroweak scale. The
numerically obtained curves are again included in Figs. 7
and 8.

E. Invisible Z-width

A model-dependent constraint arises if χ has fundamen-
tal interactions with the hypercharge through similar
operators as in Eq. (1), but with Fμν replaced by the
hypercharge field strength FY

μν and Aμ replaced by the
associated gauge boson Bμ. The Z-decay into χχ̄ is possible
for mχ < MZ=2 and the partial width is given by

ΓZ→χχ̄ ¼
s2wfðM2

ZÞ
16πMZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

M2
Z

s

; ð30Þ

where the functions fðM2
ZÞ for the various operators are

found in Eq. (7). The experimental measurement of the
invisible with ΓðZ → invÞexp ¼ 499.0& 1.5 MeV toge-
ther with the SM prediction ΓðZ → invÞSM ¼ 501.44&
0.04 MeV [66] limits any additional contribution to
ΓðZ → invÞnew < 0.56 MeV at 95% C.L. In the kine-
matically unsuppressed region this implies,

jμðYÞχ jorjdðYÞχ j < 1.7 × 10−6μB; ð31aÞ

jaðYÞχ jorjbðYÞχ j < 3.8 × 10−6 GeV−2: ð31bÞ

11de induced by a possible EDM of the SM τ lepton, dτ, at
(finite) 3-loop level has explicitly been calculated in Ref. [76]
with the result de ¼ aðme=mτÞdτðα=πÞ3, where a turned out to be
a number close to unity. For MDM/EDM interactions of χ,
Ref. [5] saturates the dimensions by powers of me and includes a
double-logarithmic enhancement log2ðmχ=meÞ.
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F. Missing Energy at high-energy colliders

At high-energy colliders, sub-GeV particles χ can be
produced kinematically unsuppressed, yielding limits on
the couplings that are independent ofmχ . Among them, the
strongest bounds on interactions studied here come from
the LEP collider. Reference [52] has studied the L3 data
with an integrated luminosity of 619/pb at CM energiesffiffiffi
s

p
¼ 188.6–209.2 GeV [81]. Using the monophoton

channel, it was found that MDM and EDM models are
constrained to

jμχ jorjdχ j < 1.3 × 10−5μB: ð32Þ

The results can also be generalized to AM and CR inter-
actions. Here we only adopt the high-energy single photon
selection, which requires one photon with transverse
momentum larger than 0.02

ffiffiffi
s

p
. Within the polar angular

range 14° ≤ θγ ≤ 166°, in total 1898 events were reported
while the SM expectations are 1905.1 events, mostly from
eþe− → νν̄γðγÞ. Following Ref. [52], we use the eight data
subsets with different kinematic regions of

ffiffiffi
s

p
studied in the

single photon search in Ref. [81] and place 90%C.L. bounds
on the couplings from the data subset that leads to the best
constraints using the CLs method. We take a flat selection
efficiency of 71% and a systematic background uncertainty
of 1.1%, and obtain

jaχ jorjbχ j < 1.5 × 10−5 GeV−2 ð33Þ

for the AM and CR models. Taking into account the low-
energy selectionwould not significantly change these results.
The limits are also shown in Figs. 10 and 11. While the
bounds above are stronger than those derived from LHC

data [82,83], future experiments, such as ILC and HL-LHC,
may improve the sensitivity on these couplings by one to two
orders of magnitude [84–86].

VI. χ DARK MATTER

If χ is long-lived on cosmological timescales, it may be
DM. Additional laboratory, astrophysical, and cosmologi-
cal limits then apply, which we discuss in this section.

FIG. 10. Constraints on electromagnetic form factors for Dirac fermion DM with dim-5 operators from conventional direct/indirect/
collider searches and cosmology. Bounds from indirect searches only apply to symmetric DM, while others are general. Parameters that
generate the observed relic abundance via thermal freeze-out are illustrated by black lines.

FIG. 11. Same as Fig. 10 for fermions with dim-6 operators.
Constraints for AM are shown in blue and constraints for CR in
pink. The LEP constraints are the same for both models.
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A. Direct detection

Our primary interest is in the GeV and sub-GeV mass
scale in mχ . The elastic scattering cross sections on nuclei
are given by the nonrelativistic expansion of Eq. (E2) in the
incident energy of χ, Eχ ≃mχ þmχv2=2. In the case of
the cross sections for EDM or MDM, the interaction of the
dipole with the charge of the nucleus can be significantly
enhanced by a small relative velocity. Direct detection
experiments have put very stringent constraints on such
models for mχ above several GeV [87–89].
The sub-GeV region is better probed through DM-electron

scattering as it allows to extend the conventional direct
detection down to masses of∼10 MeV [90,91], belowwhich
the halo DM kinetic energy falls below atomic ionization
thresholds. First limits on even lower mass DM have been
achieved by the use of semiconductor targets [92,93], by
utilizing either a solar reflected velocity component [94] or a
cosmic-ray accelerated component [95].
Limits on DM electron scattering are conventionally

quoted in terms of a reference cross section [90]

σ̄e ≡ 1

16πðme þmχÞ2
jMχeðqÞj2q2¼α2m2

e
; ð34Þ

where jMχeðqÞj2 is the scattering amplitude on a free
electron, evaluated at a typical atomic squared momentum
transferq2 ¼ α2m2

e;we list various jMχeðqÞj2 inAppendixE.
The q-dependence of the actual ionization cross sections
is moved into a DM-form factor and exclusion limits on σ̄e
have been derived for a constant form factor [94,96] and
for one proportional to 1=q [91]. For MDM and CR, which
correspond to constant form factors, we combine the bound
from Ref. [96] based on the XENON10 data [97] and the
bound in the lowmass region by considering solar reflection
[94] based on the XENON1T data [98]. For EDM, corre-
sponding to a 1=q form factor, the XENON10 bound derived
in Ref. [91] has been adopted here. These limits are shown
in Figs. 10 and 11. For AM, the χ-electron scattering is
velocity suppressed, and we estimate a relatively weak limit
in the range aχ ≲ 0.1–10 GeV−2; we hence omit it in the
figures below.
It should be noted that for the operators in Eq. (1) it is

also possible that they induce transitions between mass-
split (Majorana) states χ and χ%. Once Δm≡ jmχ% −mχ j ≥
100 keV, such DM candidates can easily avoid any
constraints from current direct detection experiments, see
e.g., Refs. [54,99].

B. Dark radiation (Neff)

It is well known that (sub-)MeVmass particles, when they
are thermally populated in the early Universe, will face
severe limits from cosmology. χ particles with mass mχ ≲
few ×MeV and couplings μχ , dχ ≥ 10−9μB or aχ, bχ ≥
5 × 10−5 GeV−2 reach chemical equilibrium with the SM

thermal bath once the early Universe’s temperature exceeded
Tγ ∼mχ . For example, the annihilation of χ into electron and
photon pairs—if it continues after neutrino decoupling—
heats the photon bath relative to the one of neutrinos, and
hence modifies the effective number of neutrino species,
Neff , which in SM is given by Neff ¼ 3.045 [100,101].
A general lower limit mχ ≳ 7–10 MeV has been derived for
a Dirac fermion χ [102] based on the measurements by the
Planck satellite, yielding Neff ¼ 3.15& 0.23 [2]; see also
Refs. [103–105] for earlier work. Since the bound is subject
to a model dependence when annihilation into other dark
states (including neutrinos) is open, we do not show this
bound explicitly in the figures below.

C. Kinetic decoupling

DM is required to kinetically decouple from the thermal
bath after the photon temperature falls below 0.5 keV in
order to avoid the overdamping of a large-scale structure
(LSS) [106,107]. The kinetic decoupling temperature can
be obtained by considering the transport scattering cross
section between χ and target i ¼ e, p,

σχiT ¼
Z

ð1 − cos θÞ dσ
χi

dΩ
dΩ ≃ σχi0 v

n; ð35Þ

where θ is the CM scattering angle, and the cross section
have been factored as a product of a constant σχi0 and the nth
power of the relative velocity v. The expressions for the
various operators in leading order of v are listed in App. E.
We find that n ¼ −2 for EDM, n ¼ 0 for MDM and CR,
and n ¼ 2 for AM. Then, assuming Tχ ¼ T and demanding
that the specific heating rate of DM particles derived in
Ref. [108],

X

i

2
nþ5
2 Γð3þ n

2Þffiffiffi
π

p
nimimχ

ðmi þmχÞ2
σχi0

"
T
mi

þ T
mχ

#nþ1
2

; ð36Þ

be smaller than the Hubble rate,HðTÞ, from T ∼ 0.5 keV to
recombination, we obtain upper limits on the couplings.
For dim-5 operators, they are shown as dark shaded regions
labeled “LSS overdamping” in Fig. 10. As can be seen, the
scaling of the cross section with v−2 makes the EDM case
more stringently constrained. For fermions with dim-6
operators the bounds are too weak to be visible in Fig. 11.
Our results on MDM and EDM agree with earlier studies
[108,109].
The scattering processes tend to cool the gas in reverse.

One can estimate the corresponding cooling rate using
Eq. (36) by replacing ni with finχ , where fi is the fraction
of electron/proton particles involved in the interaction and
nχ gives the DM number density [110,111]. Therefore,
cosmological 21 cm observations, such as recently reported
by the EDGES experiment [112], may also constrain the
couplings concerned here. Nevertheless, due to the minute

LIGHT DARK STATES WITH ELECTROMAGNETIC FORM … PHYS. REV. D 99, 015040 (2019)

015040-15



42 Chapter 3. Terrestrial and stellar probes of dark sector-photon interactions

free-electron fraction at redshift z ∼ 20, fe;p ∼ 10−4, the
bounds will be much weaker than the ones from considering
over-damping. Even for the EDM casewith n ¼ −2, in order
to have the cooling rate comparable to the corresponding
Hubble rate, one needs dχ ∼ μB for mχ ¼ 10 MeV.12

D. Self-scattering of χ

At low redshift, a strong self-interaction among light
DM particles modifies the shape and density profile of
DM halos, as well as the kinematics of colliding clusters.
A fair amount of attention has been devoted to the study of
millicharged DM, which exhibits a strong velocity depend-
ence of the self-scattering cross section. For the models
studied here, however, the corresponding interactions are
not enhanced at low relative velocities, which can be seen
explicitly the expression of the cross sections listed in
App. H. Hence, we may directly use the constraint on the
self-scattering cross section obtained from Bullet cluster
observations, σSI=mχ ≲ 1.25 cm2=g [114,115], to derive
the bounds on MDM, EDM, CR and AM. Again, while the
limits on CR and AM interactions are too weak to be
shown, in Fig. 10 the ensuing constraints on MDM and
EDM are shown by the shaded region labeled “σSI=mχ .” To
be general, we do not take into account the scattering
between χ and χ̄ particles, which, in any case, does not
change our conclusion.

E. Supernova cooling

Light χ particles withmχ ≲ 400 MeV can be produced in
pairs inside supernovae (SN), and, if such particles escape
from the core, it increases the SN cooling rate. In turn, if the
coupling is only strong enough, the particles may reach
thermal equilibrium, be trapped, and an energy loss argu-
ment does not immediately apply.
We estimate the region in parameter space where

χ-particles affect the SN cooling as follows: if χ is thermal-
ized within the SN core, a radius rd can be estimated as the
radius where the blackbody luminosity of χ equals the
luminosity in neutrinos Lν ¼ 3 × 1052 erg=s [116]. This is
a maximum permissible luminosity if χ were to carry
away this energy freely (“Raffelt criterion”). However, χ
will typically be further deflected in elastic scatterings for
r > rd, engaging in a random walk before it reaches a free
streaming radius that we take as rinf ¼ 50 km. In order to
estimate the efficiency of the trapping, as a rough criterion,
we impose

Z
rinf

rd
dr

ρpðrÞ
mp

σ χp
T ≤ 2; ð37Þ

as an upper limit abovewhich energy loss fails to be efficient;
a similar argument has been used in Ref. [117] which we
largely follow. We evaluate Eq. (37) by taking the SN
numerical model of Ref. [118] with Tχ ¼ TðrÞ, and protons,
withmass density ρpðrÞ, are assumed to be at rest aswe focus
onmχ ≪ mp. The value of rd is then estimated from the SN
model for each value of mχ , and it ranges from 22 km for
mχ ∼MeV to 11.5 km for mχ ∼ 0.4 GeV.
On the flip side, the lower boundary in couplings for

energy loss to be efficient can be estimated by calculating
the energy production rate of χ particles by electron-
positron annihilation within the SN core,

_Q ¼
Z

d3pe−d3peþ

ð2πÞ6
fe−feþðσe−eþ→χχ̄vÞ

ffiffiffi
s

p
; ð38Þ

following Refs. [84,119,120].13 The corresponding momen-
tum distributions of electron and positron, fe− and feþ , as
functions of the temperature and (opposite) chemical poten-
tials for each r, are also given by the same SN model [118].
Setting the core size rcore ¼ 10 km, we derive the lower
boundary by requiring

Z
rcore

0
d3r _Q ≤ Lν: ð39Þ

Both the lower and upper bounds discussed above are
presented in Figs. 10 and 11. While these results are
indicative of the relevant region in parameter space, a more
detailed analysis may moderately but not qualitatively alter
the results (e.g., Refs. [119,120]); we defer a more precise
study of SN cooling to a dedicated future work.
In passing, we note that, besides SN, DM particles

traversing the solar system may also be captured by the sun,
affecting the stellar evolution. This has been studied in
Refs. [55,121] for mχ above 4 GeV. For lighter χ particles
as we are concerned with in this work, any effect will be
strongly suppressed due to immediate DM evaporation; see
also Ref. [94].

F. Dark matter annihilation and indirect search

Here we consider the case that χ is a symmetric DM
candidate, so that χχ̄ annihilation into light charged SM
fermions and photons is operative both at CMB decoupling
and at present day. The associated release of electromagnetic
energy modifies the recombination history at high redshift
and generates an excess in cosmic rays at low redshift.
For sub-GeV DM, the most stringent bounds typically

come from CMB observations [122]. For MDM and CR
DM particles, the annihilation to eþe− is s-wave, resulting
in stringent limits on the relevant couplings. In contrast, for

12Note that the scattering cross section of χ with the dipole
moment of hydrogen atoms always has n ≥ 0, and thus is not
velocity enhanced at low redshifts. This is different from the ϵQ
case [113].

13For interactions studied here, the contribution from plasmon
decay is either comparable or subleading and neglected for
simplicity.
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EDM and AM, where the annihilation cross sections to
eþe− is p-wave and hence velocity suppressed, the
leading bounds come from Voyager 1 data [123,124],
and are relatively weaker. Moreover, CMB observations
also strongly constrain the other annihilation channel,
χχ̄ → γγ. In contrast, gamma-ray telescope searches lead
to bounds that are one to two orders of magnitude weaker
in the sub-GeV region (see e.g., Ref. [125]), and are thus
not shown in the figures. This channel is operative for
MDM and EDM; for AM and CR, tree-level annihilation
into physical photons vanishes identically. Here we will
not further consider annihilation at loop-level (see e.g.,
Ref. [126]).
The bounds are summarized in Figs. 10 and 11. They

show that MDM and CR, as symmetric DM candidates,
are strongly constrained by the current observational data.
Moreover, on-going and future experiments [112,127]
have the potential to further improve the constraints on
light DM annihilations soon.

VII. CONCLUSIONS AND OUTLOOK

In this paper, we consider the phenomenology of a new
long-lived Dirac fermion χ in the MeV-GeV mass range
and which interacts with the photon through mass-dimen-
sion-5 and -6 operators MDM, EDM and CR, AM,
respectively, but is otherwise neutral. In a bottom-up
approach, the existence of such states χ is constrained
from intensity frontier and high energy collider experi-
ments, from SM precision observables, from flavor physics,
and, once the lifetime exceeds roughly one second, from
cosmology and astrophysics. We have considered all these
possibilities in turn and derived constraints on the dimen-
sionful couplings. When not present in the current liter-
ature, we also derive analogous constraints on a potential
millicharge of χ.
At intensity frontier experiments where these fermions

can be produced in pairs, we focus on electron beams and
show that the most stringent constraints on these models are
currently set by monophoton searches at BABAR setting
upper bounds on electric and magnetic dipole moments of
∼4 × 10−5μB and on anapole moments and charge radius
interactions of ∼2 × 10−3 GeV−2. Furthermore, we find
that ongoing and future experiments, such as Belle II,
LDMX and BDX, may extend the sensitivity by more than
one order of magnitude. The projections for eþe−-colliders
discussed in this work are basically independent of the
fermion mass mχ across the whole MeV–GeV mass range,
while the constraints from fixed target experiments exhibit
a mass dependence that makes the interactions better
testable in the low MeV-mass range. These results need
to be compared to monophoton searches at high energy
colliders. We find that LEP is superior in terms of present
constraining power, but Belle-II and LDMX can improve
the reach to smaller couplings in the dim-5 case. In the
dim-6 case, however, due to the higher dimensionality of

the coupling, we find that LEP remains the best probe for
AM and CR interactions.
Next, we use a number of SM precision observables as

an indirect test to constrain the parameter space further,
albeit in a possibly more model dependent way than a direct
observation can offer. For example, corrections to the
vacuum polarization of the photon from the new inter-
actions induce a running of the fine structure constant α,
and we place a constraint on the respective new physics
models that is even stronger than the bounds from accel-
erator experiments. However, we find that some of the
operators contribute with a relative sign and cancellations
are in principle possible. We also estimate the contribution
to ðg − 2Þμ of themuon, concluding that the new interactions
cannot contribute at the level of 3 × 10−9—reflecting the
current tension in this observable—without being in conflict
with other direct searches, most notably with monophoton
limits derived from BABAR data. In turn, relating K$ →
π$χχ̄ andB$ → K$χχ̄ meson decays to analogous channels
with missing energy we find that flavor observables yield
only relatively weaker limits and are superseded by other
intensity frontier searches. On the other hand, if χ also
couples to the hypercharge field tensor with similar strength
as to Fμν, the LEP observation on the invisible width of
the Z-boson strongly constrains the whole parameter space
which will be reachable by any of the future experiments
discussed here. Clearly, the existence of such constraint
hinges on the concrete UV realization that induces the studied
dim-5 and dim-6 operators.
Finally, we have addressed the question on the possibil-

ity of χ being DM. If χ is to provide 100% of the DM
abundance and has a mass below the GeV scale, direct
detection constraints derived from DM-electron scattering
are stronger than the limits derived from accelerators by 2
to 3 orders of magnitude for MDM and EDM. In contrast,
we find that direct detection experiments have presently
little sensitivity to AM and CR interactions when compared
to other direct tests. In all cases, a combination of
cosmological, astrophysical, direct detection and acceler-
ator constraints rule out fermions with electromagnetic
form factors making up 100% of the DM assuming a
standard freeze-out scenario. If χ, however, only makes up
a small fraction, ≲0.1%, of the DM abundance, one can
evade the astrophysical constraints and will only be left
with the accelerator and the supernova cooling constraints,
which are independent of theDMrelic density. For couplings
smaller than μχ , dχ ∼ 10−9μB or aχ, bχ ∼ 5 × 10−5 GeV−2,
DM particles of MeVmass do not reach thermal equilibrium
with the SM anymore, allowing for alternative production
mechanisms in the earlyUniverse and therefore in this region
of parameter space fermions with EM form factors could
still beDMwithout violating any constraints.Note thatΔNeff
bounds also do not apply in this region of parameter space.
This work constitutes a systematic study of sub-GeV

mass dark states carrying electromagnetic form factors.
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Yet, many further avenues exist, which we are going to
address in upcoming works:
First, we have focused on electron beams employed in

intensity frontier searches. Once we consider protons as
projectiles, a whole number of relevant experiments for
similar analyses become available. Most notable are the
proton beam dump facilities, such as E613 at Fermilab
[128], SHIP at CERN’s SPS [129] and the proposed
MilliQan experiment at the LHC [130], as well as the
neutrino detectors like MiniBooNE [131], DUNE [132],
LSND [133] andCEνNS [134]. Studies of dark sectors along
similar lines have already been performed in Refs. [56,135–
137]. In order to systematically study χ-pair production from
hadron beams, simulations are needed to generate event
spectra because hadron physics cannot be neglected any-
more. For example, in this set of experiments, contributions
of the on shell production and subsequent decay of mesons
π0, η → γχχ̄ and J=ψ ;ϒ → χχ̄ will be non-negligible for
the production of a χχ̄ pair when kinematically allowed.
Working along the lines of our presented Appendixes for the
2-to-4 processes, a systematic write-up of the production
process and derivation of the relevant kinematic quantities
that feed into the computation of observables is in prepara-
tion, filling a gap in the existing literature.
Second, in thisworkwe have considered aDirac fermion χ

for concreteness. A complex, but electrically neutral scalar
particle ϕ can have dim-6 CR interactions. In addition, at the
samemass dimension, a vector particlemaycarry electric and
magnetic quadrupole moments. Finally, at mass-dimension
7, the Rayleigh or susceptibility operators alter the phenom-
enology: the elementary interaction involves two photons, so
that either an additional loop-suppressing factor is present in
signals with one external photon, or new signal topologies
with two external photons need to be considered. We leave a
systematic study of those possibilities for a future paper.
Third, in this paper we have chosen a bottom-up approach,

leaving the UV physics that generates the dim-5 and dim-6
operators unspecified. Such UV completion will result in
additional constraints, most prominently from high energy
colliders, in particular when the value of the effective
dimensionful coupling points towards generating physics
that must be at or below the TeV-scale. Such program for
electroweak-scale particles has recently been started in
Ref. [22]. Given the relatively weak intensity frontier limits
on dim-6 couplings, our considered parameter space is likely
further constrained by the presence of additional particles
carrying electromagnetic charge and/or hypercharge.
Fourth, a more systematic study of cosmological and

astrophysical constraints can be performed. For example,
the limits on supernova cooling are derived on simplifying
assumptions, and a more detailed study incorporating finite
temperature effects and a better simulation of the efficiency
of trapping may alter the inferred regions in parameter
space, albeit only moderately. Finally, we have shown that
a χ particle that freezes-out at the appropriate relic DM

density is already ruled out. On the other hand, once the
couplings diminish, χ may freeze-in, and a detailed
computation of its abundance as a function of mass and
interaction strength as well as a discussion on its detect-
ability is still outstanding.
Dark sector particles with mass below the GeV-scale that

are perfectly electrically neutral may still interact with the
photon through a number of higher-dimensional operators.
The question how strong such coupling can be and “how
dark is dark” is an experimental one. In this paper we have
answered it utilizing currently available experimental
observables and provided forecasts to clarify the detect-
ability with the future experimental program that is coming
online or is considered.
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APPENDIX A: MATRIX ELEMENTS FOR
EMISSION

In this Appendix we provide the detailed calculation of
the pair production of two long-lived particles χ through
their electromagnetic form factors. From the interaction
operators (1) we derive the Feynman rules iΓμðqÞ with
incoming photon four momentum q and

ϵQ∶ ΓμðqÞ ¼ þϵeγμ; ðA1aÞ

MDM∶ ΓμðqÞ ¼ þiμχσ μνqν; ðA1bÞ

EDM∶ ΓμðqÞ ¼ −dχσμνqνγ5; ðA1cÞ

AM∶ ΓμðqÞ ¼ −aχ ½q2γμ − qμq&γ5; ðA1dÞ

CR∶ ΓμðqÞ ¼ þbχ ½q2γμ − qμq&: ðA1eÞ

Hermiticity of the electromagnetic current implies
Γ̄μðqÞ ¼ Γμð−qÞ where Γ̄ ¼ γ0Γ†γ0 is the Dirac adjoint.
We wish to compute the scattering cross section of e− on

a nucleusN with emission of a χχ̄ pair and into a potentially
inclusive hadronic n-particle final state Xn,

Nðp1Þ þ e−ðp2Þ → Xnðp3Þ þ e−ðp4Þ þ χðpχÞ þ χ̄ðpχ̄Þ;
ðA2Þ

where p3 ¼
Pn

i¼1 p3;i is the total inclusive four momentum
of the recoiling target, potentially fragmented into n states.
We introduce the momentum transfer variables
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q≡ pχ þ pχ̄ ; q1 ≡ p1 − p3; q2 ≡ p2 − p4;

ðA3Þ

such that q ¼ q1 þ q2 which follows from overall energy-
momentum conservation. Since q; q1; q2 are linearly de-
pendent, we express the scattering by the six independent
momenta p1, p2, q; q1; q2; pχ and their scalar products.
Thematrix elements for the processes depicted in Fig. 1(b)

can split into the emission piece of the χχ̄-pair, Mν
χ ¼

ūðpχÞΓνðqÞvðpχ̄Þ, and the scattering piece on the nucleus,
MN ,

Mμ
N;a ¼

e2gρσ
q21½ðp4 þ qÞ2 −m2

e&
× hp3jJρð0Þjp1i

× ½ūðp4Þγμðp4 þ qþmeÞγσuðp2Þ&; ðA4aÞ

Mμ
N;b ¼

e2gρσ
q21½ðp2 − qÞ2 −m2

e&
× hp3jJρð0Þjp1i

× ½ūðp4Þγσðp2 − =qþmeÞγμuðp2Þ&; ðA4bÞ

where hp3jJρð0Þjp1i ¼ hJρi is the hadronic matrix element
of the electromagnetic current. The overall matrix element
for the emission is hence,

M ¼ 1

q2
ðMμ

N;a þMμ
N;bÞðMχÞμ; ðA5Þ

where we have dropped all gauge-dependent pieces as is
manifest for when q gets dotted into the vertices (A5).
In addition, the q1 gauge-dependent part of the photon
propagator in Eq. (A5) drops out when being dotted into
the hadronic matrix element, q1;νhp3jJνð0Þjp1i ¼ 0, so that
we omitted those terms above as well.
The differential cross section for the process (A2) then

reads,

dσ ¼ 1

4E1E2jv1 − v2j
jMj2dΦ; ðA6Þ

where v1;2 are the velocities of the incoming particles and
the total phase space

dΦ ¼
Yn

i¼1

d3p3;i

ð2πÞ32E3;i

Y6

j¼4

d3pj

ð2πÞ32Ej

× ð2πÞ4δð4Þ
!
p1 þ p2 −

Xn

i¼1

p3;i −
X6

j¼4

pj

"
: ðA7Þ

Here p5;6 ¼ pχ̄;χ . One can further introduce to Eq. (A7) an
integral with respect to sX ¼ m2

X ¼ p2
3 to obtain

dΦ¼ 2dsXdΦ4

1

4π

Yn

i¼1

d3p3;i

ð2πÞ32E3;i
ð2πÞ4δð4Þ

!
p3−

Xn

i¼1

p3;i

"
;

ðA8Þ

where dΦ4 is the 4-body phase space ofpj (j ¼ 3, 4, 5, 6)—
which will explicitly be solved analytically in Appendixes C
and D—and where the second line will be absorbed by the
hadronic tensor Wρσ defined below.
In the lab-frame where jv1j ¼ 0, the cross section can be

written as

dσ ¼ ð4παÞ3

2jp2jmNq4q41
Lρσ;μνχμνðqÞWρσð−q1ÞdsXdΦ4; ðA9Þ

where χμν is the χ emission piece. The electron scattering,
averaged (summed) over the initial (final) spins is described
by the terms

Lρσ;μν ¼ Lρσ;μν
a

½ðp4 þ qÞ2 −m2
e&2

þ
Lρσ;μν
b

½ðp2 − qÞ2 −m2
e&2

þ
2Lρσ;μν

ab

½ðp4 þ qÞ2 −m2
e&½ðp2 − qÞ2 −m2

e&
ðA10Þ

with

Lρσ;μν
a ¼ 1

2
Tr½ðp4 þmeÞγμðp4 þ qþmeÞ

× γρðp2 þmeÞγσðp4 þ qþmeÞγν&; ðA11aÞ

Lρσ;μν
b ¼ 1

2
Tr½ðp2 þmeÞγνðp2 − qþmeÞ

× γσðp4 þmeÞγρðp2 − qþmeÞγμ&; ðA11bÞ

Lρσ;μν
ab ¼ 1

2
Tr½ðp4 þmeÞγμðp4 þ qþmeÞ

× γρðp2 þmeÞγνðp2 − qþmeÞγσ&: ðA11cÞ

The emission of the χχ̄ pair is captured in the final state
spin-summed matrix element χμν given by,

χμνðqÞ ¼ Tr½ðpχ þmχÞΓμðqÞðpχ̄ −mχÞΓ̄νðqÞ&: ðA12Þ

APPENDIX B: HADRONIC TENSOR AND
FORM FACTORS

The response of the nuclear target is described by a
hadronic tensor in Eq. (A9). In its general form, Wσρð−q1Þ
is given by,
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Wσρð−q1Þ ¼
1

4π

!
1

2sþ 1

X

s

"X

n

Z Yn

i¼1

d3p03;i
ð2πÞ32Ep03;i

× ð2πÞ4δð4Þ
!
p1 − q1 −

Xn

i¼1

p3;i

"

×
X

s03;i

hp1; sjJ†σð0ÞjXnihXnjJρð0Þjp1; si

¼
P

s

R
d4xe−iq1·xhp1; sj½J†σðxÞ; Jρð0Þ&jp1; si

4πð2sþ 1Þ
;

ðB1Þ

where the δ-function is from overall energy-momentum
conservation and in this context guarantees that the frag-
ments have the overall momentum p3. The most general
(parity conserving) form for Eq. (B1) is

Wρσ ¼
#
−gρσ þ qρ1q

σ
1

q21

$
W1ðq21; sXÞ

þ
#
pρ
1 −

p1 · q1
q21

qρ1

$#
pσ
1 −

p1 · q1
q21

qσ1

$
W2ðq21; sXÞ

m2
N

;

ðB2Þ

where the form factorsW1 andW2 are functions ofq21 and sX.
In the elastic limit sX ¼ m2

N and q21 ¼ 2ðp1 · q1Þ and
W1;2 are only functions of q21. For spin-1=2 fermions, they
are related to the usual electric and magnetic form factors
FE and FM via

W1ðq21Þ ¼ −q21F2
Mðq21Þ

δðsX −m2
NÞ

2
; ðB3aÞ

W2ðq21Þ ¼
4m2

NF
2
Eðq21Þ − q21F

2
Mðq21Þ

1 − q21=ð4m2
NÞ

δðsX −m2
NÞ

2
; ðB3bÞ

whereas for a scalar target they read,

W1ðq21Þ ¼ 0; ðB4aÞ

W2ðq21Þ ¼ 4m2
NF

2
Eðq21Þ

δðsX −m2
NÞ

2
: ðB4bÞ

When considering the scattering on protons p or neutrons
n, the form factors can be taken in the dipole form [141],

Fp
EðtÞ ¼

1

ð1þ t=0.71 GeV2Þ2
; ðB5aÞ

Fn
EðtÞ ¼ −

μnt
ð4m2

n þ 5.6tÞ
Fp
EðtÞ; ðB5bÞ

and Fp;n
M ¼ μp;nF

p;n
E where t ¼ −q21 and μp;n are the

magnetic moments of proton and electron in units of the

nuclear magneton μN ¼ e=2mp, respectively; with μp ¼
2.79 and μn ¼ −1.91.
For nuclear targets of charge Z, the electric form factor is

given by

FEðtÞ ¼ Z ·
a2ðZÞt

1þ aðZÞ2t
1

1þ t=dðAÞ
; ðB6Þ

where A is the mass number and aðZÞ ¼ 111Z1=3=me and
dðAÞ ¼ 0.164 GeV2A−2=3 [142,143]. The above expres-
sion includes a factor that accounts for the screening of Z
by electrons such that FEðtÞ ¼ 0 for t → 0. Finally, in our
numeric evaluations we neglect the magnetic form factor
for Z ≫ 1, as it is generally subleading. We note in passing,
that for heavy states χ, inelastic scattering may start to play
a significant role [25].

APPENDIX C: 4-BODY PHASE SPACE FOR
LDMX AND NA64

NA64 and LDMXmeasure the energy and momentum of
the final state electron. Therefore we want to show the most
important steps in our calculation of the covariant phase
space for the elastic scattering process in Fig. 1(b) with
Xn ¼ N.
While a 4-body phase space has 12 degrees of freedom, 4

of them can be reduced by the momentum-energy con-
servation, and another one, the rotation along the axis of
p1 þ p2, is redundant. That is, only 7 of them are necessary
to express the squared amplitude, and we obtain here:

dΦ4

ds3χχ̄dq22
¼ jJj

16ð2πÞ6
dsχχ̄
sχχ̄

dq21
λ1=2ðsχχ̄ ; m2

χ ; m2
χÞ

λ1=2ðs3χχ̄ ; m2
N; q

2
2Þ

× du2q

%%%%
∂ϕR3χχ̄

3

∂u2q

%%%%
dΩRχχ̄

χ

4π
: ðC1Þ

The phase space can be described with the 5 independent
Lorentz invariant integration variables s3χχ̄ ¼ ðp3 þ pχþ
pχ̄Þ2, sχχ̄ ¼ q2 ¼ ðpχ þ pχ̄Þ2 and u2q ¼ p2 · q as well as
q21 ¼ ðp1 − p3Þ2 and q22 ¼ ðp2 − p4Þ2 with all momenta
defined as in App. A. The other 2 degrees of freedom come
from ΩRχχ̄

χ , the solid angle of pχ in the CM frame of the χχ̄
pair (which will be integrated out). ϕR3χχ̄

3 is the azimuthal
angle of p3 in the frame where p3 þ pχ þ pχ̄ ¼ 0,
λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ acþ bcÞ is the tri-
angle function. The Jacobian of the transformation from
E4 and cos θ4 to the invariant variables s3χχ̄ andq22 is given by

∂ðE4; cos θ4Þ
∂ðs3χχ̄ ; q22Þ

¼ jJj
jp4j

≡ λ−1=2ðs;m2
N;m

2
eÞ

2jp4j
: ðC2Þ

The integration boundaries for the invariant masses sχχ̄
and s3χχ̄ are
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ðmN þ 2mχÞ2 ≤ s3χχ̄ ≤ ð
ffiffiffi
s

p
−meÞ2;

ð2mχÞ2 ≤ sχχ̄ ≤ ð ffiffiffiffiffiffiffiffi
s3χχ̄

p −mNÞ2: ðC3Þ

The integration boundaries of the t-channel variables q21
and q22 are

½q21%& ¼ 2m2
N −

ðs3χχ̄ þm2
N − q22Þðs3χχ̄ þm2

N − sχχ̄Þ
2s3χχ̄

∓ λ1=2ðs3χχ̄ ; m2
N; q

2
2Þλ1=2ðs3χχ̄ ; m2

N; sχχ̄Þ
2s3χχ̄

; ðC4aÞ

½q22%& ¼ 2m2
e −

ðsþm2
e −m2

NÞðsþm2
e − s3χχ̄Þ

2s

∓ λ1=2ðs;m2
e; m2

NÞλ1=2ðs;m2
e; s3χχ̄Þ

2s
: ðC4bÞ

At last, the angular variable u2q is given by

u2q ¼
ðp1 · p2ÞG2ðp1; q2;q2; qÞ

−Δ2ðp1; q2Þ

−
ðq2 · p2ÞG2ðp1; q2;p1; qÞ

−Δ2ðp1; q2Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ3ðp1; q2; p2ÞΔ3ðp1; q2; qÞ

p

−Δ2ðp1; q2Þ
cosϕR3χχ̄

3 ; ðC5Þ

from which one can easily obtain the boundaries of u2q with

ϕR3χχ̄
3 ∈ f0; πg, as well as the expression of j ∂ϕ

R3χχ̄
3

∂u2q j. In
Eq. (C5),Gn is the Gram determinant of dimension n andΔn
the respective Cayley determinant (or symmetric Gram
determinant) [144]. The double differential cross section
in the lab frame obviously follows from Eq. (C1) as

dσ
dE4d cos θ4

¼ jp4j
4E2mN jv2j

Z
dΦ4

ds3χχ̄dq22

1

jJj
jMj2: ðC6Þ

For LDMX and NA64 where we are not interested in the
direction of the χ pair, we can integrate out the part ΩRχχ̄

χ

immediately, using the quantity defined below

XμνðqÞ≡
Z

dΩRχχ̄
χ

4π
χμνðqÞ ðC7aÞ

¼ fðsχχ̄Þ
"
−gμν þ

qμqν
sχχ̄

#
ðC7bÞ

with fðsχχ̄Þ found in themain text (7). This is because the rest
of the squared amplitude is independent of ΩRχχ̄

χ .

APPENDIX D: 4-BODY PHASE SPACE
FOR mQ AND BDX

Since mQ and BDX ought to detect the produced dark
fermions directly via elastic scattering on nuclei and
electrons, we are interested in the direction of one of the
fermions—denoted as θχ below—instead of the direction of
the final state electron.
Note that there are seven independent Lorentz invariants

for the full 4-body phase space. In this case, the phase space
can be given by

dΦ4

ds34χ̄dt2χ
¼ ds4χ̄dq21dt14

dϕ3

2π
dϕ4

2π
jJj

ð4πÞ5

× λ−1=2ðs234χ̄ ; m2
N; t2χÞλ−1=2ðs24χ̄ ; m2

N; q
2
23χÞ;

ðD1Þ

where the Lorentz invariant integration variables are
s34χ̄¼ðp3þp4þpχ̄Þ2, t2χ¼ðp2−pχÞ2, s4χ̄ ¼ ðp4 þ pχ̄Þ2,
q21 ¼ ðp1 − p3Þ2 and t14 ¼ ðp1 − p4Þ2, as well as the
4-vector q23χ¼p2−p3−pχ, with q223χ¼m2

Nþm2
Xþs4χ̄ þ

t14−s34χ̄−q21. Here we fix the value of the effective mass
of hadronic final states Xn, denoted as mX. The other two
independent Lorentz invariants are chosen to be p2 · p3 and
p3 · p4, which can be calculated as

p2 ·p3¼
ðp1 ·p2ÞG2ðp1;p2−pχ ;p2−pχ ;p3Þ

−Δ2ðp1;p2−pχÞ

−
ðm2

e−p2 ·pχÞG2ðp1;p2−pχ ;p1;p3Þ
−Δ2ðp1;p2−pχÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ3ðp1;p2−pχ ;p2ÞΔ3ðp1;p2−pχ ;p3Þ

p

−Δ2ðp1;p2−pχÞ
cosϕ3

ðD2Þ

and

p3 · p4 ¼
ðp1 · p3ÞG2ðp1; q23χ ; q23χ ; p4Þ

−Δ2ðp1; q23χÞ

−
ðq23χ · p3ÞG2ðp1; q23χ ;p1; p4Þ

−Δ2ðp1; q23χÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ3ðp1; q23χ ; p3ÞΔ3ðp1; q23χ ; p4Þ

p

−Δ2ðp1; q23χÞ
cosϕ4;

ðD3Þ

where ϕ3 and ϕ4 are the angle between the two planes
defined by (p2 − pχ , p2) and (p2 − pχ , p3) in the frame
where p1 þ p2 − pχ ¼ 0, and the angle between the two
planes defined by (q23χ , p3) and (q23χ , p4) in the frame
where p1 þ q23χ ¼ 0, respectively. Both scalar products are
also functions of s234χ̄ , t2χ , s

2
4χ̄ , q

2
1, and t14 defined above.
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Note that the values of ϕ3 and ϕ4 remain the same after
being transformed into the lab frame.
The integration ranges of s34χ̄ are given by

ðmX þme þmχÞ2 ≤ s34χ̄ ≤ ð
ffiffiffi
s

p
−mχÞ2; ðD4Þ

and that of t2χ are

½t2χ %& ¼ m2
e þm2

χ −
ðsþm2

e −m2
NÞðsþm2

χ − s34χ̄Þ
2s

∓ λ1=2ðs;m2
e; m2

NÞλ1=2ðs;m2
χ ; s34χ̄Þ

2s
: ðD5Þ

For s4χ̄, we have

ðm4 þmχÞ2 ≤ s4χ̄ ≤
" ffiffiffiffiffiffiffiffi

s234χ̄
q

−mX

#
2

: ðD6Þ

And the upper and lower bounds of t13 are given by

½q21%& ¼ m2
N −

ðs34χ̄ þm2
N − t2χÞðs34χ̄ þm2

X − s4χ̄Þ
2s34χ̄

þm2
X ∓ λ1=2ðs34χ̄ ; m2

N; t2χÞλ1=2ðs34χ̄ ; m2
X; s4χ̄Þ

2s34χ̄
;

ðD7Þ

and the upper and lower bounds of t14 are

½t14%& ¼ m2
N −

½s4χ̄ þm2
N − q223χ %½q223χ þm2

e −m2
χ %

2s4χ̄

þm2
e ∓

λ1=2ðs4χ̄ ; m2
N; q

2
23χÞλ1=2ðs4χ̄ ; m2

e; m2
χÞ

2s4χ̄
:

ðD8Þ

At last, the integration ranges of ϕ3 and ϕ4 are both from
0 to 2π.
Note that one Lorentz invariant needs to be given by the

equation det½M% ¼ 0, where the ði; jÞ entry of the 5 × 5
matrixM is the scalar product of pi and pj. This equality is
due to the requirement that in four-dimensional space-time,
any five 4-vectors cannot be linearly independent. We use
this requirement to obtain the value of ðpχ · pχ̄Þ from the
seven Lorentz invariants above. Moreover, there are two
solutions of pχ · pχ̄ from det½M% ¼ 0. This can be under-
stood in the frame where p1 þ q23χ ¼ 0, as shown in
Fig. 12. The two constraints derived from t14 and
p3 · p4, illustrated by the circles at the bottom of the
two cones, cannot uniquely fix p4 (and thus pχ̄).
Nevertheless, the degeneracy can be broken by fixing
the rotation direction of ϕ4, as can be seen from Fig. 12.
Here we take one solution of pχ · pχ̄ for ϕ4 ∈ ½0; πÞ and the

other for ϕ4 ∈ ½π; 2πÞ. Other Lorentz invariants are not
affected by ϕ4 ↔ 2π − ϕ4.
In the lab frame, we have

dσ
dEχd cos θχ

¼
jpχ j

4E2mN jv2j

Z
dΦ4

ds34χ̄dt2χ

1

jJj
jMj2; ðD9Þ

where in the limit of me → 0 the available range of Eχ is

Eχ ≥
mχðE2 þmNÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mNð2E2 þmNÞ

p ; ðD10aÞ

Eχ ≤
ðE2 þmNÞ

2

"
1 −

mXð2mχ þmXÞ
mNð2E2 þmNÞ

#

þ
E2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mNð2E2 þmNÞ − ð2mχ þmXÞ2

q

2mNð2E2 þmNÞ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mNð2E2 þmNÞ −m2

X

q
; ðD10bÞ

and the corresponding range of cos θχ is

1 ≥ cos θχ ≥ max
$
−1;

Eχ −mNffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
χ −m2

χ

q

þ
mNð2Eχ −mNÞ þmXð2mχ þmXÞ

2E2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
χ −m2

χ

q
%
:

It is straightforward to also take into account the contri-
bution of inelastic scattering between electron beam and
the target by setting mX, or equivalently sX, variable, and
by introducing the inelastic form factor of the target.
Nevertheless, such a contribution is in general subleading,
so following Refs. [42,53] we neglect it here and take
mX ¼ mN to obtain our numerical results.

FIG. 12. Illustration of the solutions of pχ · pχ̄ to det½M% ¼ 0 in
the frame where p1 þ q23χ ¼ 0. The direction of ϕ4, the angle
between the two planes defined by (q23χ , p3) and (q23χ , p4),
breaks the degeneracy.
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APPENDIX E: ELASTIC SCATTERING
CROSS SECTIONS

Here, we present the full relativistic form of the differ-
ential recoil cross section of a nucleus with charge Z,
electric and magnetic form factors FE and FM, mass mN
and spin IN when scattering on a fermion χ with mass mχ

and energy Eχ,

dσ
dER

¼ 1

A

!
gEðERÞαZ2F2

EðtÞþgMðERÞ
μ2Nm

2
N

π
IN þ1

3IN
F2
MðtÞ

"
;

ðE1Þ

where A¼ðE2
χ−m2

χÞð2mNþERÞ and the functions gEðERÞ
and gMðERÞ for all models are given by

ϵQ∶
gE
ϵ2e2

¼ 1

2E2
R
ð2E2

χ −mNER − 2EχERÞ

gM
ϵ2e2

¼ 1

4mNER
ð2E2

χ − 2m2
χ þ E2

RÞ

þ 1

4m2
N
ðm2

N −m2
χ − 2mNEχÞ; ðE2aÞ

MDM∶
gE
μ2χ

¼ mN

2ER
ð4E2

χ − 4m2
χ þ E2

RÞ − ðm2
χ þ 2mNEχÞ

gM
μ2χ

¼ ER

2mN
ðm2

χ −m2
N − 2mNEχÞ þ ðE2

χ þm2
χÞ;

ðE2bÞ

EDM∶
gE
d2χ

¼ mN

2ER
ðER − 2EχÞ2

gM
d2χ

¼ −
ER

2mN
ðm2

N þm2
χ þ 2mNEχÞ þ ðE2

χ −m2
χÞ;

ðE2cÞ

AM∶
gE
a2χ

¼ −2mNERðm2
N þm2

χ þ 2mNEχÞ

þ 4m2
NðE2

χ −m2
χÞ

gM
a2χ

¼ mNERð2E2
χ þ 2m2

χ þ E2
RÞ

þ E2
Rðm2

N þm2
χ − 2mNEχÞ; ðE2dÞ

CR∶
gE
b2χ

¼ 2m2
Nð2E2

χ −mNER − 2EχERÞ

gM
b2χ

¼ mNERð2E2
χ − 2m2

χ þ E2
RÞ

þ E2
Rðm2

N −m2
χ − 2mNEχÞ: ðE2eÞ

where t ¼ 2mNER; the form factors FE;MðtÞ are given in
App. A. The expressions above also apply to χe− scattering
with FE;M ¼ 1 and Z ¼ −1 and for which the prefactors of

the electric and magnetic pieces agree by setting IN ¼ 1=2
and μN ¼ μB. For millicharged particle scattering in the
ultra relativistic limit, i.e., for mχ → 0, we recover the
Rosenbluth formula. Finally, the maximal recoil energy
induced by χ carrying energy Eχ is given by

Emax
R ¼

2miðE2
χ −m2

χÞ
mið2Eχ þmiÞ þm2

χ
; ðE3Þ

where mi ¼ mN or me. Equivalently, the minimal value of
Eχ to deposit energy ER in the target at rest is

Emin
χ ¼ ER

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi$
2þ ER

mi

%
ð2m2

χ þ ERmiÞ

s

: ðE4Þ

For completeness, we also list the squared scattering
amplitudes jMχeðqÞj2 on free electrons, averaged over initial
states and summed over final states, as they go into the
definition of a reference cross section σ̄e (34) for estimating
the direct detection limits. The leading terms are14

MDM∶ jMχeðqÞj2 ¼ 16πμ2χαm2
χ ; ðE5aÞ

EDM∶ jMχeðqÞj2 ¼
64πd2χαm2

em2
χ

q2
; ðE5bÞ

AM∶jMχeðqÞj2 ¼ 16πa2χαm2
χq2; ðE5cÞ

CR∶ jMχeðqÞj2 ¼ 64πb2χαm2
em2

χ : ðE5dÞ

Finally, in the limit of small velocities the transport cross
sections σ χi

T as they are used in (35) read,

MDM∶ σχiT ¼
μχ2α½ð2mimχ þ 2m2

i þm2
χÞF2

E þ 2m2
χF2

M&
ðmi þmχÞ2

;

ðE6aÞ

EDM∶ σχiT ¼
2d2χαF2

E

v2
; ðE6bÞ

AM∶ σχiT ¼
4a2χαm2

i m
2
χ ½ðmi þmχÞ2F2

E þ 4m2
χF2

M&v2

3ðmi þmχÞ4
;

ðE6cÞ

CR∶ σχiT ¼
4b2χαm2

i m
2
χF2

E

ðmi þmχÞ2
: ðE6dÞ

14For detectable electron recoils the typical momentum trans-
fer is q2 ∼ α2m2

e ≫ m2
ev2, so that we have neglected terms that

scale as m2
ev2=q2.
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Here the momentum transfer of interest is, on average, at
the same order as the temperature T. Hence we use FE ¼ 1
and FM ¼ −2.79 for the proton, neglecting the dependence
on t, as we are interested in T ¼ OðkeVÞ in this context.

APPENDIX F: PHOTON VACUUM
POLARIZATION

Virtual χ-loops contribute to the photon self-energy at
four-momentum q2,

iΠμνðqÞ ¼ iðq2gμν − qμqνÞΠðq2Þ: ðF1Þ

The polarization function Πðq2Þ for the operators consid-
ered in this paper is given by

Πðq2Þ ¼
Z

1

0
dxAðx; q2ÞL0: ðF2Þ

In dimensional regularization the space-time dimension is
written as d ¼ 4 − ϵ and L0 ¼ 2=ϵþ logðμ̃=ΔÞ with Δ ¼
m2

χ − ð1 − xÞxq2 and μ̃ ¼ 4πe−γEμ where μ is the renorm-
alization scale; γE ¼ 0.577… is the Euler-Mascheroni
constant. For the function Aðx; q2Þ we find

ϵQ∶ −
2ϵ2α
π

ð1 − xÞx; ðF3aÞ

MDM∶ −
μ2χ
4π2

½q2ð1 − xÞxþm2
χ &; ðF3bÞ

EDM∶ −
d2χ
4π2

½q2ð1 − xÞx −m2
χ &; ðF3cÞ

AM∶ −
a2χ
2π2

q2½q2ð1 − xÞx −m2
χ &; ðF3dÞ

CR∶ −
b2χ
2π2

q4ð1 − xÞx: ðF3eÞ

Keeping the finite correction, in the limit of jq2j=m2
χ ≪ 1

we find for the difference Πðq2Þ − Πð0Þ,15

ϵQ∶ −
ϵ2α
15π

q2

m2
χ
; ðF4aÞ

MDM∶ −
μ2χ

24π2
q2
!
1þ log

"
μ̃2

m2
χ

#$
; ðF4bÞ

EDM∶ þ
d2χ

24π2
q2
!
1 − log

"
μ̃2

m2
χ

#$
; ðF4cÞ

AM∶ þ
a2χ
2π2

q2m2
χ log

"
μ̃2

m2
χ

#
; ðF4dÞ

CR∶ −
b2χ

12π2
q4 log

"
μ̃2

m2
χ

#
: ðF4eÞ

In deriving the limit on the running of α in the main text,
we set μ̃ ¼ 1 TeV and use the full (finite) forms (F3) that
are also valid for jq2j ≫ mχ. Also note that the finite part of
Πð0Þ ¼ 0 for AM and CR and hence those operators do not
contribute to a constant shift in the fine structure constant.

APPENDIX G: MESON DECAYS

The decay Kþ → πþχχ̄ is closely related to the process
of K-decay with emission of a charged lepton pair Kþ →
πþlþl− as both are accompanied by the emission of γ' in
the s → d transition. The decay width reads,

ΓKþ→πþχ̄χ ¼
G2

Fαm
3
K

4ð4πÞ6

Z
ðmK−mπÞ2

4mχ2
dsχχ̄

fðsχχ̄Þ
sχχ̄

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

λ3=2
"
1;

m2
π

m2
K
;
sχχ̄
m2

K

#&&&&fVðsχχ̄Þj2

ðG1Þ

and the model dependence for the various interactions we
consider is entirely captured in the factor fðsχχ̄Þ, found in
Eq. (7). For the kaon form factor fV we use [145],

fVðq2Þ ¼ −0.578 − 0.779ðq2=m2
KÞ: ðG2Þ

The decay Bþ → Kþχχ̄ is treated analogously, with the
obvious replacement of masses in Eq. (G1) and using
instead the form factor [146],

fVðq2Þ ¼
0.161

1 − q2=ð5.41 GeVÞ2
þ 0.198
½1 − q2=ð5.41 GeVÞ2&2

:

ðG3Þ

APPENDIX H: ANNIHILATION AND
SELF-INTERACTION CROSS SECTIONS

Here we collect, for completeness, all 2 → 2 annihilation
and self-scattering cross sections in the nonrelativistic
velocity expansion.16 Annihilation into charged lepton pairs
lþl− is given by

15We are at variance with the MDM and EDM expressions
obtained in Ref. [5] which are, however, numerically of little
relevance.

16In the calculation of the relic density of χ-states, we use the
full expression as a function of CM-energy

ffiffiffi
s

p
and follow

Ref. [147] for the thermal average and in the solution of the
Boltzmann equation.
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σχχ̄→lþl−v ¼ B
α
m2

χ

!
1þ m2

l

2m2
χ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
m2

l

m2
χ

s

; ðH1Þ

where the factor B reads

ϵQ∶ πϵ2α; ðH2aÞ

MDM∶ μ2χm2
χ ; ðH2bÞ

EDM∶
1

12
d2χm2

χv2; ðH2cÞ

AM∶
2

3
a2χm4

χv2; ðH2dÞ

CR∶ 4b2χm4
χ : ðH2eÞ

Since we are interested in DM masses below few GeV
and hence freeze-out below (or at) the QCD phase-
transition, we relate the annihilation of hadronic final states
to the experimentally measured R-ratio,

σχχ̄→hadðsÞ ¼ σχχ̄→μþμ−ðsÞ × Rð
ffiffiffi
s

p
Þ; ðH3Þ

and we use the tabulated data from Ref. [66].17 The
annihilation to photon-pairs is given by

σχχ̄→γγv ¼ C=m2
χ ðH4Þ

with C ¼ πϵ4α2 (ϵQ), μ4χm4
χ=4π (MDM), d4χm4

χ=4π (EDM).
The cross section is identically zero for CR and AM.
Finally, for the self-scattering process χχ → χχ, we adopt

the viscosity cross section [150], defined as

σ χχ
SI ¼ 1

2

Z
1

−1
d cos θð1 − cos2θÞ dσ

d cos θ
; ðH5Þ

which, to leading order in the relative velocity, is

MDM∶ σ χχ
SI ¼

μ4χm2
χ

2π
; ðH6aÞ

EDM∶ σ χχ
SI ¼

d4χm2
χ

4π
; ðH6bÞ

AM∶ σ χχ
SI ¼

2a4χm6
χv4

15π
; ðH6cÞ

CR∶ σ χχ
SI ¼

b4χm6
χv4

30π
; ðH6dÞ

where we do not show the self-scattering cross section for
millicharged particles here, since it is formally divergent
and depends on a cutoff of the interaction range, see
Refs. [151–154]. For particle-antiparticle scattering
χχ̄ → χχ̄, we adopt the transport cross section, defined as

σχχ̄SI ¼
Z

1

−1
d cos θð1 − cos θÞ dσ

d cos θ
; ðH7Þ

which, to leading order in the relative velocity, is

MDM∶ σχχ̄SI ¼
7μ4χm2

χ

4π
; ðH8aÞ

EDM∶ σχχ̄SI ¼
d4χm2

χ

4π
; ðH8bÞ

AM∶ σχχ̄SI ¼
a4χm6

χv4

2π
; ðH8cÞ

CR∶ σχχ̄SI ¼
12b4χm6

χ

π
: ðH8dÞ
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Stellar probes of dark sector-photon interactions
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Electromagnetically neutral dark sector particles may directly couple to the photon through higher
dimensional effective operators. Considering the electric and magnetic dipole moment, anapole moment,
and charge radius interactions, we derive constraints from the stellar energy loss in the Sun, horizontal
branch and red giant stars, as well as from cooling of the proto-neutron star of SN1987A. We provide the
exact formula for in-medium photon-mediated pair production to leading order in the dark coupling and
compute the energy loss rates explicitly for the most important processes, including a careful discussion on
resonances and potential double counting between the processes. Stringent limits for dark states with
masses below 3 keV (40 MeV) arise from red giant stars (SN1987A), implying an effective lower mass-
scale of approximately 109 GeV (107 GeV) for mass-dimension five and 100 GeV (2.5 TeV) for mass-
dimension six operators as long as dark states stream freely; for the proto-neutron star, the trapping of dark
states is also evaluated. Together with direct limits previously derived by us in Chu et al. (2018), this
provides the first comprehensive overview of the viability of effective electromagnetic dark-state
interactions below the GeV mass-scale.

DOI: 10.1103/PhysRevD.100.083002

I. INTRODUCTION

The prospect that new physics might be hiding under our
noses in the form of light dark states that have been in
kinematic reach for decades is most intriguing if not
seemingly preposterous. In fact, cases exist where new
interactions are of comparable strength to the ones encoun-
tered in the Standard Model (SM), while being compatible
with all to-date searches. The direct test of such physics,
i.e., new particles and interactions below the GeV-scale has
become a major field in recent years [1,2] and provides a
complementary direction to the beyond-SM searches at the
energy frontier.
Whereas the GeV-mass scale might comprise somewhat

of a “blind-spot” that allows for the existence of new
physics with appreciable interactions to the SM, once the
mass enters the keV-regime the landscape changes funda-
mentally. Astrophysical constraints on long-lived dark
states that are derived from stellar cooling arguments [3]
are typically so severe that the cases for laboratory

detection drastically diminish. Of course, the observable
signatures of dark states depend on the nature of the
coupling to the SM. For example, a new force can be
mediated by new scalar or vector particles. Benchmark
models are then derived based on minimality of the SM
extension and on the dimensionality of the interaction
operator, and within this framework the interplay between
cosmological and astrophysical implications and direct
tests is fleshed out.
A prominent example is the vector portal, where the

low-energy phenomenology is determined by the kinetic
mixing strength ϵ of the “dark photon” V with the SM
photon [4]. If the mass of V, mV , originates from a Higgs
mechanism, implying an additional scalar particle in the
vicinity of mV , stellar cooling constraints obliterate any
prospects of probing such a model below the keV-region,
as limits on millicharged particles apply. However, a
decoupling of stellar constraints as ϵ2m2

V [5] when mV
arises from a Stuckelbergmechanism, opens the opportunity
to explore a vast parameter region through direct, laboratory
searches, in particular if V is the dark matter (DM); see,
e.g., [6–11,11–20].
In this work we will consider—from the low-energy

effective theory point of view—an even more minimal
possibility than the dark photon, namely, that the SM
photon is the new physics mediator. Beyond carrying
a millicharge, DM may also interact directly with the
photon through a number of higher dimensional operators
that encapsulate magnetic or electric dipole moment
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interactions (MDM or EDM), an anapole moment (AM) or
a charge radius interaction (CR). These possibilities were
originally considered in [21–23] with further studies on the
phenomenology found in [24–29]. Motivated by the intense
efforts to search for sub-GeV dark sector states [1,2], the
topic of form-factor interactions was recently revisited in
detail by some of us [30].
In [30] we focused on the prospects of detecting

electromagnetic (EM) form factor interactions of a dark
sector Dirac particle χ with mass at or below the GeV-
scale. The direct production of pairs χχ̄ was constrained
with data from BABAR [31], NA64 [32] and mQ [33] and
future improvements in sensitivity were derived for
Belle-II [34], LDMX [35] and BDX [36]. The direct
sensitivity was then compared with indirect probes such as
electroweak precision tests, flavor physics constraints, as
well as with results from LEP and LHC. It was found
that, owing to the higher dimensionality of the operators,
high energy probes provide superior sensitivity. The
conclusions are independent of the lifetime of χ, as long
as its stability is guaranteed while traversing terrestrial
detectors.
In contrast, if χ is long-lived, additional constraints from

cosmology, astrophysics, and direct DM searches apply,
and in [30] we have considered the most important ones
that are crucial in the MeV-GeV mass bracket of χ.
However, once we allow the χ-mass to drop into the
keV-region, additional constraints from the production of
χχ̄-pairs in stars become important [3]. In this work we
complement our previous results derived in [30] with
astrophysical limits that apply once the dark state is
stable on a macroscopic time scale, without necessarily
demanding that sub-MeV χ particles make up the DM. We
derive the limits from stellar cooling that arise from red
giant (RG), horizontal branch (HB) stars, and the Sun, and
revisit our calculation of the supernova bound, taking into
account all major production channels.
Concretely, we are considering the following funda-

mental dark state emission processes, highlighting in
brackets the stellar system(s) for which the process is most
relevant,

Plasmon decay∶ γT;L → χχ̄ ðallÞ; ð1Þ

Annihilation∶ eþe− → χχ̄ ðSNÞ; ð2Þ

Bremsstrahlung∶ e−N → e−Nχχ̄ ðRG; HB; SunÞ;
NN → NNχχ̄ ðSNÞ; ð3Þ

Compton scattering∶ e−γT;L → e−χχ̄ ðallÞ: ð4Þ

The respective processes are decay of in-medium longi-
tudinal (L) and transverse (T) modes of thermal photons
γT;L which we will simply refer to as “plasmons”, electron-
positron annihilation, electron bremsstrahlung on protons
and nuclei, nucleon-nucleon bremsstrahlung and Compton
scattering with the emission of a χχ̄-pair. Exemplary
respective diagrams are shown in Fig. 1.
The paper is organized as follows: in Sec. II we first set

the stage by listing the effective operators that mediate χ-
photon interactions. Section III gives a brief account on
stellar energy loss arguments. Our calculations on χ particle
emission are presented in Sec. IV. The ensuing constraints
are then collected in Sec. V before concluding in Sec. VI.
Several Appendixes provide details on the calculations and
are referenced in the main text.

II. ELECTROMAGNETIC FORM
FACTOR INTERACTIONS

A Dirac fermion χ may have a number of interactions
with the photon gauge field Aμ or its field strength tensor
Fμν. At mass dimension-5 the interaction terms of the
Lagrangian are given by

Ldim -5
χ ¼ 1

2
μχχ̄σμνχFμν þ

i
2
dχ χ̄σμνγ5χFμν; ð5Þ

where μχ and dχ are the MDM and EDM coupling which
may be measured in units of the Bohr magneton, μB ≡
e=ð2meÞ ¼ 1.93 × 10−11 e cm; me is the mass of the
electron and σμν ¼ i

2 ½γ
μ; γν&. At mass dimension-6 we have

(a) (b) (c) (d) (e)

FIG. 1. Shown are the pair production processes of χχ̄ that are calculated in this paper, namely, (a) plasmon decay, (b) eþe−

annihilation, (c) 2 → 3 Compton scattering, (d) electron bremsstrahlung and (e) nucleon bremsstrahlung; for (c)–(d) we only show one
of two relevant diagrams. The four momentum of the χχ̄-producing photon is denoted by k throughout the paper.
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Ldim-6
χ ¼ −aχ χ̄γμγ5χ∂νFμν þ bχ χ̄γμχ∂νFμν; ð6aÞ

where aχ and bχ are the AM and CR coefficients. All
coupling strengths in Eqs. (5) and (6) are real. At mass-
dimension-7 the interactions involve two photons at the
vertex and hence require a dedicated treatment. For this
reason we restrict our study to dim-5 and dim-6 operators.
The effective interactions in Eqs. (5) and (6) may, e.g.,

arise from the compositeness of χ [37–39] or perturbatively,
from a UV completion that contains electrically charged
states [40]. In the latter case, MDM and EDM moments are
e.g., generated by loop-induced axial or vector Yukawa
interactions yA;V of χ with additional scalars and fermions.
Parametrically, one expects μχ ∼QjyA;V j2=M and dχ ∼
QIm½yVy&A'=M where Q is the electric charge of the
mediator and M is some common mass-scale of these
new states. In turn, the strength of AM and CR interactions
may be expected as aχ , bχ ∼QjyA;V j2=M2. It should be
noted, however, that these estimates may be significantly
enhanced by the lightness and/or mass-degeneracy of the
spectrum of states [41]; a systematic study on EDMs
induced by CP violation from light dark sectors was
recently performed in [42]. In what follows, we treat the
interactions (5) and (6) independent of their embedding.
For the Feynman-diagrammatic computation, one

assembles the interactions into the matrix element of the
effective EM current of χ,

hχðpfÞjJμχð0ÞjχðpiÞi ¼ ūðpfÞΓμ
χðqÞuðpiÞ;

where pi;f and q ¼ pi − pf are four-momenta. For a
neutral particle χ the vertex functions reads

Γμ
χðqÞ ¼ iσμνqνðμχ þ idχγ5Þ þ ðq2γμ − qμqÞðbχ − aχγ5Þ:

Here we regard the various moments as being generated at
an energy scale well above the energies involved in the
stellar production; they are hence q-independent.

III. STELLAR OBSERVABLES

In this section we review the arguments on stellar energy
loss. Active stars such as RG, HB, or the Sun are systems of
negative heat capacity: if energy is lost, either through
photon emission or through new, anomalous processes, the
decrease of total energy causes the gravitational energy to
become more negative. By virtue of the virial theorem, the
average kinetic energy and thereby the photon temperature
increases. The system heats up leading to a faster con-
sumption of its nuclear fuel while the overall stellar
structure remains largely unchanged. In contrast, dead stars
such as white dwarfs or the proto-neutron star formed in
core-collapse SN are supported by degeneracy pressure
and stellar energy loss implies a cooling of the system.

Constraints are then derived based on an observationally
inferred cooling curve.

A. RG and HB stars

In globular clusters (GCs), the population of stars on the
red giant branch vs horizontal branch is directly related to
the lifetime of stars in the respective phases. Their
observationally inferred number ratio agrees with standard
predictions to within 10%. Anomalous energy losses
shorten the helium-burning lifetime in HB stars, creating
an imbalance in the number of HB vs RG stars. This
constrains the luminosity in non-standard channels to be
less than approximately 10% of the standard helium-
burning luminosity of the HB core [3],

Z

core
dV _Q < 10% × LHB ðHBÞ: ð7Þ

Following [3], LHB will be taken as 20 L⊙ for a 0.5 M⊙
core below. The values of the Solar mass and luminosity are
M⊙ ¼ 1.99 × 1033 g and L⊙ ¼ 3.83 × 1033 erg=s, respec-
tively. The computation of the anomalous energy loss rate
per unit volume and time, _Q, will be the subject of the next
section.
A constraint for RG stars may be derived from an

agreement between predicted and observationally inferred
core masses prior to helium ignition. Energy loss delays
the latter and the core mass keeps increasing as the
hydrogen burning “ashes” fall onto the degenerate He
core. Preventing an increase in core mass by no more than
5% yields the constraint [3],

_Q < 10 erg=g=s × ρ ðRGÞ: ð8Þ

Here, _Q is to be evaluated at an average density of ρ ¼
2 × 105 g=cm3 and a temperature of T ¼ 108 K ≃ 8.6 keV,
slightly higher than that of HB stars.
The criterion (8) on energy loss can be improved

utilizing high precision photometric observations of
GCs. For example, considering the brightness of the tip
of the RG branch, [43] has provided a detailed error budget,
and new limits on neutrino dipole moments from GC M5
were derived based on predictions of absolute brightness in
the presence of anomalous energy loss that are obtained
with dedicated stellar evolutionary codes. It was found,
however, that previously derived limits based on (8) remain
largely intact, as there appears to be a slight preference for
anomalous energy loss channels [43]. In the following, for
our purposes it will hence be entirely sufficient to employ
the simple condition (8) to arrive at constraints on the EM
form factors.
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B. Sun

Solar neutrino fluxes are a direct measure of the nuclear
fusion rates inside the Sun. For example, not only the 8B
neutrino flux is very well measured but also the sensitive
dependence of the responsible reaction on the temperature
provides an excellent handle for constraining anomalous
energy losses. The ensuing constraint is then phrased in
terms of the total Solar photon luminosity [44,45], as

Z

Sun
dV _Q < 10% × L⊙ ðSunÞ: ð9Þ

It is important to note that (9) is basically insensitive to the
long-standing “solar opacity problem”: the measured 8B
neutrino flux is situated in the overlap region of the nominal
error ranges between the discrepant high- and low-
metallicity determinations of the Solar chemical composi-
tion [8]; see the respective Refs. [46,47]. Hence, (9) suffices
as a criterion, awaiting further developments on Solar
opacity determinations.

C. Supernova

New particles that are emitted from the proto-neutron
star and that stream freely may quench the electroweak
rates of neutrino emission during the cooling phase. The
involved processes and their dynamics are highly complex.
However, an approximate but very useful criterion to
constrain additional energy loss is the condition that the
total luminosity due to nonstandard processes should not
exceed the neutrino luminosity at one second after core
bounce [3],

Z

core
dV _Q < Lν ¼ 3 × 1052 erg=s ðSNÞ: ð10Þ

The applicability of the bounds above are contingent on
that the SN1987Awas a neutrino-driven SN explosion1 and
that the produced particles are able to escape the dense
environment of the SN remnant, assumed to be a proto-
neutron star (PNS). Below, we will account for this so-
called “trapping-limit” in the case of SN. For all other
systems introduced above, trapping is either irrelevant or
happens in a parameter region that is excluded otherwise.

IV. PRODUCTION CROSS SECTIONS
AND ENERGY LOSS RATES

In this section we first provide the general formula for χχ̄
pair production in the thermal bath, before breaking it down
into the most relevant pieces that dominate the in-medium
production cross sections and, thereby, the stellar cool-
ing rates.

A. Exact formula for χ χ̄ pair production

In thermal field theory, the production rate of a
decoupled fermion per volume per time may be obtained
from its relation to the imaginary part of its self-energy in
medium [50] via

_Nχ ¼ −
Z

d3p⃗χ

ð2πÞ3
1

ðeEχ=T þ 1Þ
ImΠχðEχ ; p⃗χÞ

Eχ
; ð11Þ

where ImΠχðEχ ; p⃗χÞ ¼ ūðpχÞΣðEχ ; p⃗χÞuðpχÞ is the dis-
continuity of the thermal self-energy of χ, ΣðEχ ; p⃗χÞ;
uðpχÞ and ūðpχÞ are free particle spinors with four-
momentum pχ ¼ ðEχ ; p⃗χÞ. To lowest order in the dark
coupling, ΣðEχ ; p⃗χÞ is found from the one-loop diagram
with a dressed photon propagator attached to the χ fermion
line. A general exposition on calculating discontinuities in
the thermal plasma is found in [50,51].
Below, in Eq. (13), we are using a different formulation,

and the equivalence may be appreciated in the following
way: when cutting the self-energy diagram for χ, the optical
theorem implies that the production rate may also be
obtained by computing all graphs where a photon γ% of
four-momentum k ¼ pχ þ pχ̄ emerges from a SM current
and is being dotted into the dark current of the χχ̄ pair. The
SM-process that leads to the creation of γ% is in turn related
to the imaginary part of the photon self-energy in the
medium, ImΠμν, where

Πμρ ¼ ðϵμT;1ϵ
ρ
T;1 þ ϵμT;2ϵ

ρ
T;2ÞΠT þ ϵμLϵ

ρ
LΠL: ð12Þ

Here ϵT;L are the transverse and longitudinal photon
polarization vectors and ΠL;TðkÞ is thermal photon self-
energy for the respective polarization; explicit expressions
are given in Appendix A. Identifying the leading contri-
butions to ImΠL;TðkÞ in various mediums then allows us to
account for the dominant χ pair production channels.
The exact differential production rate per volume of χχ̄

pairs via a photon of 4-momentum k ¼ ðω; k⃗Þ emerging
from any SM process to lowest order in the dark current can
be obtained by borrowing the results from dilepton pro-
duction in hot matter; see e.g., [52,53]. Adopted to our
purposes (see Appendix B) it reads

d _Nχ

dsχχ̄
¼ −

X

i¼T;L

gi

Z
d3k⃗
ð2πÞ3

1

ðeω=T − 1Þ
ImΠiðω; k⃗Þ

ω

×
fðsχχ̄Þ

16π2jsχχ̄ − Πij2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

; ð13Þ

where sχχ̄ ¼ k2 is the invariant mass of the χ-pair and the
internal degrees of freedom (d.o.f.) of two polarization
modes are gT ¼ 2, gL ¼ 1. The differences in the various
interaction possibilities are entirely captured in a factor that

1For an alternative explosion mechanism where the SN1987A
bounds would not apply, see [48,49].
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will repeatedly appear and that was obtained in our
preceding work [30],

MDM∶ fðsχχ̄Þ ¼
2

3
μ2χs2χχ̄

!
1þ

8m2
χ

sχχ̄

"
; ð14aÞ

EDM∶ fðsχχ̄Þ ¼
2

3
d2χs2χχ̄

!
1 −

4m2
χ

sχχ̄

"
; ð14bÞ

AM∶ fðsχχ̄Þ ¼
4

3
a2χs3χχ̄

!
1 −

4m2
χ

sχχ̄

"
; ð14cÞ

CR∶ fðsχχ̄Þ ¼
4

3
b2χs3χχ̄

!
1þ

2m2
χ

sχχ̄

"
: ð14dÞ

Equation (13) is the general expression of the weakly
coupled χ pair-production rate from the thermal medium;
details are found in Appendix B.
The contribution to χχ̄ production to leading order in α is

given by the pole in (13), i.e., for sχχ̄ ¼ ReΠL;T. When this
condition is met, (13) reduces to the decay rate of thermal
photons γL;T → χχ̄. Hence, resonant χχ̄ production is fully
accounted for by γL;T decay. The decay itself becomes
possible by virtue of the in-medium (squared) mass
of γL;T: it is given by ReΠL;TðωL;T; k⃗Þ, where ωL;T

denotes the solution of ωðjk⃗jÞ of the corresponding
longitudinal and transverse dispersion relations
ω2 − jk⃗j2 − ReΠL;Tðω; k⃗Þ ¼ 0. Plasmon decay is discussed
in the following subsection, and explicitly calculated in
(B7)–(B9) in Appendix B. The expressions for ReΠL;T
and finite-temperature dispersion relations are found in
(A5)–(A6).
Production off-the-pole to Eq. (13) can be elucidated by

studying the contributions to ImΠ using the optical
theorem, illustrated in Fig. 2. The left-hand side shows
the fully dressed vacuum polarization of an off shell photon
γ%, found by considering loop-diagrams of increasing order
in α illustrated in the first equality. When those loop

diagrams are cut, their imaginary parts are given by the
tree-level production processes for γ% shown in the last
equality. The leading α contribution to ImΠ is then given by
the electron one-loop diagram. Although it is well known
that on shell plasmon decay γL;T → eþe− remains forbid-
den at finite temperature [54], an electron loop still
contributes to ImΠ in the off shell case. The associated
process is then eþe− annihilation to χχ̄, i.e., process (2b).
The second and third diagrams in the last line of Fig. 2

are related to χχ̄ production in Compton scattering and
bremsstrahlung. Here, it is important to note that sχχ̄ ¼
ReΠL;T can also be met in the photon propagator that
produces the χ-pair with invariant squared mass sχχ̄ .
However, including such resonances would amount to
double-counting. As we have seen above, the pole con-
tributions are already captured by plasmon decay.2 In our
calculations, we explicitly avoid this situation by setting
ΠL;T → 0 in the propagator if the resonance is kinemati-
cally allowed for the photon that directly couples to the
dark current. We have numerically verified that our results
remain otherwise unaffected by neglecting the thermal shift
in the photon propagator.
Finally, there is also a potential double counting between

Compton scattering and bremsstrahlung processes, which
happens when in the bremsstrahlung process the photon
exchanged between two initial particles carries 4-momen-
tum q [see Fig. 1(d)] that satisfies the dispersion relation
q2 − ReΠLðq0; q⃗Þ ¼ 0, leading to the exchange of an on
shell longitudinal plasmon. The process then becomes
equivalent to Compton scattering e=NþγL→e=Nþχþχ̄.
This has been reported for axion production processes,
where the contribution of latter is mostly covered by that of
bremsstrahlung [57]. To avoid such double-counting, we
take the static approximation (q0 ¼ 0) for the thermal mass

FIG. 2. Optical theorem relating the imaginary part of the photon self energy to the sum of all SM processes that create an off shell
photon γ%. The first equality shows the leading individual contributions to the self-energy. When the latter loop-diagrams are cut, they
correspond to the scattering processes shown in the second line, where dΠi symbolizes the phase space integral of all external particles,
except γ%. When the scattering diagrams are deformed in a way such that two SM particles are in the initial state, the processes
correspond to annihilation, Compton scattering and bremsstrahlung (from left to right). Any diagrams with χ particles involved yield
contributions to the production rate (13) that are of higher order in the dark coupling.

2A heuristic argument on such double counting was also given
in the context of neutrino pair emission in Sec. 2.5 of [55]. It
furthermore appears to us, that double counting may have
occurred in [56] where a potentially resonant bremsstrahlung
process was added to the plasmon decay contribution.
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of the photon exchanged in bremsstrahlung processes,
which is a valid limit as the nucleon mass is large. As
q2 < 0 and ΠLðq0 ¼ 0; q⃗Þ is always positive, the
exchanged photon can not become on shell in bremsstrah-
lung processes, thus double counting is avoided (see
Sec. IV D for more details).

B. γT;L decay

The on shell process of photon decay to χχ̄ [Fig. 1(a)]
becomes possible in the medium and has an important
analogy in the literature, the plasmon decay to neutrinos.
Since the dispersion relation for transverse and longitudinal
thermal photons are distinct, it is again helpful to separate
the two polarizations in the calculation. Explicitly, we
obtain for the decay rate per d.o.f.,

ΓT;L ¼ 1

16π
ZT;L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
χ

ω2
T;L − jk⃗j2

s
fðω2

T;L − jk⃗j2Þ
ωT;L

; ð15Þ

where ωT;L ¼ ωT;Lðjk⃗jÞ for each polarization mode, as
defined above. Details on the definition of the wave
function renormalization factors ZT;L and the calculation
are again given in Appendix B. In the limit of mχ → 0, the
decay widths for MDM agree with the well-known for-
mulas for plasmon decay to a neutrino pair [3].
For the plasmon decay processes, the energy loss rate can

be expressed as [3]

_Qdecay;T ¼ 2

2π2

Z
∞

0
djk⃗j jk⃗j

2ΓTωT

eωT=T − 1
Θðω2

T − jk⃗j2 − 4m2
χÞ;

_Qdecay;L ¼ 1

2π2

Z
kmax

0
djk⃗j jk⃗j

2ΓLωL

eωL=T − 1
Θðω2

L − jk⃗j2 − 4m2
χÞ:

ð16Þ

The expression for kmax is given in Eq. (A7). For a
nonrelativistic medium (HB, RG, Sun), the dispersion
relation crosses the light cone at jk⃗j ¼ kmax, signaling
the damping of longitudinal modes (i:e., Landau damping);
for a relativistic plasma (SN) kmax → ∞. The relative factor
of 2 between the expressions reflects the counting of
polarization d.o.f. Finally, the last factor is a kinematic
restriction on the phase space, ω2

T;L − jk⃗j2 ≥ 4m2
χ . For

transverse mode thermal photons, the integral becomes
bounded from below since ω2

T − jk⃗j2 increases as jk⃗j
increases according to the dispersion relation. For the
longitudinal case, the integral is additionally bounded from
above since the trend in ω2

L − jk⃗j2 with respect to jk⃗j is
reversed.

C. e+ e − annihilation

The degenerate plasma of the PNS core with temperature
T ≫ me contains a population of eþ, allowing for dark state

pair-production through eþe− annihilation [Fig. 1(b)]. The
calculation for the pair production cross section is detailed
in Appendix B.
In terms of the invariant s ¼ ðp1 þ p2Þ2 and the sum/

difference of incoming e∓ energies E1;2 in the frame of the
thermal bath, i.e., E% ≡ E1 % E2, the corresponding cross
section mediated by the transverse polarization part of the
propagator reads

σT ¼ α½sE2
− þ ð4m2

e þ sÞðE2
þ − sÞ'

8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

eÞ
p

ðE2
þ − sÞðs − ΠTÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

s

s

fðsÞ:

ð17Þ

For the longitudinal part we obtain

σL ¼ α½sðE2
þ − E2

− − sÞ'
8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

eÞ
p

ðE2
þ − sÞðs − ΠLÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

s

s

fðsÞ:

ð18Þ

Note that there is no interference term between the two.
Furthermore, the sum of both cross sections, σT þ σL,
becomes Lorentz invariant in the limit of ΠT;L → 0.3

Before using (17) and (18) in the calculation of the
energy loss rate, a comment on the analytic structure is in
order. Although it appears that the process may be
significantly enhanced when s ¼ ReΠT;L, this condition
is never met: for the same reason that the decay of thermal
photons into an electron-positron pair (γT;L → eþe−) is
forbidden [54], the finite-temperature corrections to me
prevent the process (2) from going on shell. It is for this
reason that we have explicitly evaluated the thermal
electron mass for the employed radial profile of the
PNS; see Appendix A. In other words, we use a thermal
electron mass in SN, and use the zero-temperature electron
mass in HB, RG and Sun, where eþe− annihilation is of
little relevance. The values of chemical potential μe are self-
consistently adjusted to match the numerical PNS profiles
from the literature (see below).
The energy loss rate of eþe− annihilation is found by

weighing the emission process by the total radiated final
state energy E3 þ E4 ¼ E1 þ E2 and by the probability of
finding the initial states with the respective energies E1

and E2,

_Qann ¼
Z

dΠi¼1;2;3;4ð2πÞ4δ4ðp1 þ p2 − p3 − p4Þ

× ge−geþfe−feþ
1

4

X

spins

jMannj2ðE1 þ E2Þ: ð19Þ

3We use a definition of the cross section for which the Møller
velocity instead of the relative velocity jv⃗1 − v⃗2j appears. At zero
temperature, this makes the cross section a Lorentz invariant
quantity; see the discussion in [58].
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Here, fe! are the phase-space distributions of e!, with
internal d.o.f. ge! ¼ 2, and jMannj2 is the squared matrix
element for eþe− annihilation into the dark state pair.
In (19) a Pauli-blocking factor induced by χ and χ̄ is
neglected; we have verified that this does not affect the
derived constraints. Finally, dΠi ¼

Q
i d

3p⃗ið2πÞ−3ð2EiÞ−1
is the Lorentz invariant phase space element.
The energy loss rate can be written in terms of the cross

sections σT;L. Borrowing from the discussion on phase
space in [59], we find explicitly

_Qann ¼
Z

∞

4m2
th

ds
Z

∞

ffiffi
s

p dEþ

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−4m2

e=sÞðE2
þ−sÞ

p

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−4m2

e=sÞðE2
þ−sÞ

p dE−

×
1

64π4
ge−geþfe−feþEþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

eÞ
q

σT;L: ð20Þ

The distribution functions fe− and feþ read

fe∓ ¼ 1

eðEþ!E−∓2μeÞ=2T þ 1
: ð21Þ

Here, μe is the chemical potential of electrons and T is
the temperature. The threshold mass mth is equal to
maxfme;mχg.

D. Compton scattering

For 2 → 3 Compton scattering (e−=N þ γT;L → e−=
N þ χ þ χ̄) with an initial γT;L [Fig. 1(c)], we calculate
the differential cross section via

dσ2→3

dsχχ̄
¼ σ2→2ðsχχ̄Þ

fðsχχ̄Þ
16π2s2χχ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

: ð22Þ

Here, σ2→2ðsχχ̄Þ is the cross section of the two-body
Compton scattering with the final-state photon having a
mass ffiffiffiffiffiffisχχ̄

p . We are only required to consider the process on
electrons, e− þ γT;L → e− þ χ þ χ̄, as Compton scattering
on protons is strongly suppressed. Following the treatment
in [55] and our discussion above, we neglect the thermal
mass of the final state photon in σ2→2 to avoid any potential
double counting with γT;L decay. For the initial state photon
in the integration of energy loss rate, Eq. (23) below, the
thermal mass is properly taken in account through the
dispersion relation (A6).
Furthermore, note that there is no double counting

between the Compton process and bremsstrahlung either
in our treatment. A double counting would appear if the
t-channel photon exchange in bremsstrahlung, with
4-momentum q [see Fig. 1(d)], goes on resonance.
This is in principle possible for the longitudinal mode,
since ΠL in the propagator could become negative once
the dispersion relation of γL crosses the light cone.
Nevertheless, in the electron bremsstrahlung process dis-
cussed below—most relevant for RG, HB and the Sun—the

proton recoil and hence the energy exchange are extremely
small. Therefore, the propagator can be taken in the static
limit (energy exchange q0 → 0). This limit amounts to
Debye screening, characterized by ΠLðq0 → 0; jq⃗jÞ. Since
the screening scale is always positive, a resonance is
never met. Therefore, we include the contribution from
e− þ γL → e− þ χ þ χ̄ to capture the t-channel resonance
contribution of electron bremsstrahlung, although it is less
important than plasmon decay.
The energy loss rate from Compton scattering is calcu-

lated in a similar way as (19), but here Eloss is given by the
energy carried by the virtual photon in the medium frame,

_QCompton ¼
Z

dΠi¼1;24E1E2σ
T;L
2→3vMge−gT;Lf1f2

× ð1 − f3ÞEloss; ð23Þ

where f1;2;3 are the distribution functions of the incoming
electron, γT;L and outgoing electron, respectively, with
ge− ¼ gT ¼ 2 and gL ¼ 1 the internal d.o.f. for the incom-
ing electron and γT;L. Pauli blocking is accounted for by
including the factor (1−f3). The energy loss Eloss¼Eχ̄þEχ

can be expressed in terms of variables defined in the
medium frame. Moreover, for RG, HB and the Sun, the
relativistic corrections induced by transforming from
the center-of-mass (CM) frame to the medium frame are
very small and are neglected for simplicity.

E. e −N bremsstrahlung

In this subsection we consider dark state pair production
from bremsstrahlung of electrons on protons or other nuclei
[Fig. 1(d)]. Similar to the Compton scattering above, we
also relate the 2 → 4 cross section to a 2 → 3 process of
eN → eN þ γ&T;L in which the emitted photon, γ&T;L, has an
invariant mass ffiffiffiffiffiffisχχ̄

p ,

dσ2→4

dsχχ̄
¼ σ2→3ðsχχ̄Þ

fðsχχ̄Þ
16π2s2χχ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

: ð24Þ

In the following we shall only consider photon-emission
from electrons, as the emission from the nuclear leg is
suppressed by a factor of ðZme=mNÞ2 ≪ 1 where Z andmN
are the charge andmass of the nucleon/nucleus. Furthermore,
ordinary electron-electron bremsstrahlung is a quadrupole
emission process and correspondingly smaller in practice.
We therefore also neglect such production channel.
The eN process is sensitive to the details of in-medium

corrections. To this end, recall that the t-channel photon
exchange in Fig. 1(d) has a well-known Coulomb diver-
gence in the limit of vanishing momentum-transfer. This
issue is mitigated by two factors: first, the divergence is not
met kinematically as long as mχ ≠ 0 since a minimum
momentum transfer is necessary to create the final state
pair. Second, the medium itself regulates the process
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through the Debye screening of bare charges characterized
by a momentum scale kD. The latter appears as the static
limit of ΠLðq0 → 0; q⃗Þ and for a classical plasma reads

k2D ¼ 4παne
T

þ ion-contributions: ð25Þ

For the numerical results, we have calculated σ2→3 in
(24) using the propagator (A4), neglecting, for simplicity,
ion contributions. We separate the squared amplitude into
transverse and longitudinal parts and include the static
limits of ΠT;L in the respective propagators. For the
longitudinal part, the zero-temperature propagator q−2 is
replaced by ðq2 − k2DÞ−1. In contrast, there is no magnetic
screening in the static limit [ΠTðq0 → 0; jq⃗jÞ ¼ 0]; hence
there is no thermal screening for the propagator of the
transverse mode. We find that in the nonrelativistic limit the
contribution of the longitudinal mode dominates.
To avoid any double counting between this process and

the γT;L decay, we need to subtract the contribution when
the virtual photon that directly couples to χ goes on
shell. As stated above, this is achieved by setting ΠT;L
in the corresponding propagator to zero. Since this should
overestimate the production rate at sχχ̄ ≤ ΠT;L, we have
also tested an opposite option of choosing ΠT;L→
−ΠT;LðEχþEχ̄Þ to avoid the singularity, which under-
estimates the production rate. We find that both prescrip-
tions lead to same results at the percent level, which
justifies our simplification of taking ΠT;L ≡ 0 for the
photon that directly couples to χ.
For dark state pair production in e− bremsstrahlung on

protons and nuclei, the energy loss rate is expressed as

_Qbrem ¼
Z

dΠi¼1;24E1E2σ2→4vMg1g2f1f2ð1 − f3ÞEloss;

ð26Þ

where f1;2;3 are the distribution functions of the incoming
electron, proton/nucleus and outgoing electron, with g1;2
the internal d.o.f. for the incoming particles. We have
neglected the Pauli blocking factor for final-state protons/
nuclei as it plays little role. The Møller velocity vM ¼
F=ðE1E2Þ is given in terms of the flux factor F found in
(B19). The energy carried-away by the dark states is
Eloss ¼ Eχ̄ þ Eχ and its expression in the medium frame
is introduced in Appendix B.
Making the approximation that protons and other nuclei

are at rest, their phase-space integral gives
R
dΠ2f2 ¼

nN=ð2mNg2Þ, where nN is the number density of the
protons/nuclei. Hence we arrive at

_Qbrem¼
Z

∞

meþ2mχ

dE1

2nNE1E2vM
ð2πÞ2mN

jp⃗1jg1f1σ2→4ð1−f3ÞEloss;

ð27Þ

with jp⃗1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
1 −m2

e

p
and where σ2→4 is obtained

from integrating (24) over appropriate boundaries (see
Appendix B 5). Generically, bremsstrahlung is less effec-
tive when pair annihilation or plasmon decay are open
as production channels, but it can be dominant at low
temperatures where the latter processes are kinematically
suppressed.
Before ending this subsection, it is worth commenting on

the so-called soft photon approximation, which states that
in the limit that the emitted photon energy is small
compared to the available kinetic energy (i.e., ω ≪ Ekin),
the process of eN → eN þ γ%T;L factorizes into a product of
elastic scattering times a factor describing the additional
emission of γ%T;L. While this approximation works well for
the emission of a massless photon, it breaks down if the off
shell photon’s effective mass is large, ffiffiffiffiffiffisχχ̄

p ∼ Ekin. Overall,
we find that the soft photon approximation describes the
2 → 4 process well for small mχ in the nonrelativistic limit.
However, for 2mχ ∼ Ekin or for relativistic initial states the
approximation fails, and it is ultimately related to the UV-
sensitivity of the cross section (see Appendix C for details).
Even though calculations simplify considerably in the soft
photon limit, it cannot be applied for the wholemχ-range in
electron bremsstrahlung, and we therefore calculate σ2→4

exactly, relegating details of the calculation to Appendix B.
However, we will use the soft photon approximation in its
region of validity to estimate the energy loss from nucleon
bremsstrahlung in the next subsection.

F. Nucleon bremsstrahlung

Proton and nuclear bremsstrahlungs are strongly sup-
pressed in low-temperature environments due to the negli-
gible thermal velocities of the initial states. However, in the
interior of a PNS, the typical nucleon velocity is v ≲ 1=3 and
NN-bremsstrahlung contributes to the total energy loss.
The photon that pair-creates the dark states is emitted

from the proton-leg in proton-proton (pp) and neutron-
proton (np) scattering. Radiating off the neutron-leg
through the neutron magnetic dipole moment is suppressed.
In addition, since pp-scattering is associated with quadru-
pole radiation, it is suppressed with respect np scattering by
a factor v2 [60]. Therefore, we only consider np-scattering
in the following. The interaction of protons and neutrons is
mostly mediated by pions whose mass is of the order of the
average momentum transfer in elastic collisions in PNS,
allowing for a separation of the phase space into an elastic
and an emission piece (see Appendix C for details). The
energy loss rate in the nonrelativistic, nondegenerate limit4

is then given by [60]

4The corrections to Eq. (28) due to matter degeneracy in PNS
are estimated in Ref. [60] to be small (≈30%) compared to the
corrections neglected in the soft-photon approximation, which
are up to a factor of 3 as mentioned in Appendix C.
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_Qnp ¼
nnnpffiffiffi

π
p

ðmnTÞ3=2

Z
∞

2mχ

dEkinE2
kine

−Ekin
T

Z
E2
kin

4m2
χ

dsχχ̄

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s
fðsχχ̄Þ
16π2s2χχ̄

σTnpðEkinÞIωðsχχ̄Þ; ð28Þ

where nn and np are the neutron and proton number
densities, mn is the average nucleon mass and Ekin the
available kinetic center of mass energy. For the elastic np-
scattering transport cross section σTnp we use the numerical
data from Fig. 3 in Ref. [60] for Ekin ≳ 1 MeV and Fig. 2 in
Ref. [61] for smaller energies; the emission piece Iω is
given by Eq. (C8).
The energy loss rates from nucleon bremsstrahlung are

comparable with the rates from plasmon decay and are
depicted for mχ ¼ 1 MeV as a function of the PNS radius
in Fig. 4.

V. CONSTRAINTS ON THE
EFFECTIVE COUPLING

After calculating the energy loss rates induced by those
relevant processes in each stellar environment (e.g., see
Figs. 3–4), we apply the luminosity criteria introduced in
Sec. III to obtain the upper bounds on the EM form-factors
of light dark states.

A. Limits from RG, HB, and the Sun

In this subsection, we derive the constraints coming from
HB and RG stars utilizing the above calculated anomalous

energy loss rates. For HB, we consider a representative
star of 0.8 M⊙ and utilize the stellar profiles for density,
temperature and chemical partition between hydrogen and
helium from [3,62], reproduced in Fig. 7 in Appendix A.
The luminosity of its helium-burning core is LHB ¼ 20 L⊙
to which (7) is then applied. For RG we use the prescrip-
tion detailed below (8): a 0.5 M⊙ helium core with a
constant density of ρ ¼ 2 × 105 g=cm3 and a temperature
T ¼ 108 K.
For the Sun, we use the standard Solar model BP05(OP)

[63] to calculate the total power radiated into χχ̄ which in
turn is constrained from (9). For bremsstrahlung we take
the contribution of electron scattering on H, 4He and other
less abundant nuclei (3He, C, N, and O). For simplicity, we
assume all targets are in a fully ionized state. We find
numerically that the contribution from the second class of
elements contribute 10% of the total energy loss rate from
bremsstrahlung, as the coherent enhancement from atomic
charge number Z somewhat compensates for their scarcity
in number.
The energy loss rates as a function of fractional stellar

radius for HB (Sun) for all operators considered in (5) and (6)
are shown in the left (right) panel of Fig. 3 for mχ ¼ 10 eV
and μχð or dχÞ ¼ 10−6 μB and aχð or bχÞ ¼ 0.1 GeV−2.
MDM and EDM as well as AM and CR lines essentially
yield identical results. This is owed to the fact that production
proceeds in the kinematically unsuppressed region T ≫ mχ

for which the energy loss rates match; the γ5 factor
discriminating the interactions of samemass-dimension only
plays a role when χ particles become nonrelativistic, hence

FIG. 3. Left: Energy loss rates as a function of fractional stellar radius from γT;L decay (dotted lines), Compton production (dashed
lines) and electron bremsstrahlung (dash-dotted lines) for mχ ¼ 0.01 keV and μχðor dχÞ ¼ 10−6 μB and aχð or bχÞ ¼ 0.1=GeV2 in the
representative HB star we consider. The sum of all processes is shown by the thick gray line, which for MDM/EDM interactions
practically coincides with plasmon decay. Right: The same processes as in the left panel but for the Sun.
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close to kinematic end points. As can be seen, for dimension-
5 operators the decay process (dotted lines) dominates over
bremsstrahlung (dash-dotted lines) and Compton scattering
(dashed lines) processes in both HB and the Sun.
For dimension-6 operators, the contribution of Compton
scattering is comparable to that of decay processes in HB
while in the Sun all three processes are of comparable
importance.
Applying the criteria for the maximum allowable energy

loss of Sec. III, we obtain the excluded shaded regions in
Figs. 5 and 6 as labeled. The strongest limits are provided
by RG stars. They have a higher core temperature,
T ¼ 8.6 keV, compared to HB stars or the Sun, favoring
an emission process that is UV-biased because of the
considered higher-dimensional operators. In the low mass
region, for 2mχ < ωp, the limits are governed by γT;L
decays, and become independent of χ mass quickly. Once
the decay process is kinematically forbidden, the limits
become determined by the bremsstrahlung and Compton
scattering processes. As can be seen, the critical values of
mχ where this happens for RG, HB, and the Sun are
reflective of the differing core-plasma frequencies (A3) of
the respective systems. Furthermore, the mass-dimension 5
constraints on MDM and EDM are practically identical;
differences only appear in the kinematic endpoint region.

B. Limits from SN1987A

Limits on χ-photon interactions from SN1987A have
previously been estimated in our earlier paper [30], largely
following the approach of [56], and considering eþe−

annihilation but with plasmon decay neglected. Here we
revisit these constraints in light of a more detailed calcu-
lation. Dark state pairs with mass mχ ≲ 400 MeV can be
efficiently produced inside PNS, predominantly through
eþe− annihilation as positrons are thermally supported.
Nevertheless, we will consider all processes in Fig. 1 except
for electron bremsstrahlung as it is significantly weaker than
the others; see Fig. 4 for one example with mχ ¼ 1 MeV.
When the particles stream freely after production and are

hence able to escape from the PNS core, the limit (10)
applies. We set the size of the PNS core to be rcore ¼ 15 km
and model the PNS from which χχ̄ pairs are emitted using
the simulation results of a 18 M⊙ progenitor in [64] (see
Fig. 7 in Appendix A). Notice that such simulation results
are based on an artificial neutrino-driven explosion method
and should be taken with a grain of salt. We adopt the total
energy density ρðrÞ, temperature TðrÞ and electron abun-
dance YeðrÞ profiles at 1s after the core bounce. The number
density of baryons can be computed asnbðrÞ ≃ ρðrÞ=mp and
the number density of electrons can be written as
neðrÞ ≃ nbðrÞYeðrÞ. Other quantities such as chemical
potential of electrons μeðrÞ, plasma frequency ωpðrÞ and
effective electron mass meff

e ðrÞ are derived from neðrÞ and
TðrÞ. meff

e ðrÞ is recursively solved at each radius using
Eq. (A20); see Appendix A for details. In the calculations
that relate to the anomalous emission, me is understood to
be meff

e .
The result is shown by the lower boundary of the region

labeled SN1987A in Figs. 5 and 6. Compared to our
previous result in [30] where only eþe− annihilation was

FIG. 4. Left: Energy loss rates inside PNS for MDM/EDM interactions with μχðor dχÞ ¼ 10−6 μB and mχ ¼ 1 MeV are shown for all
computed processes, namely, eþe− annihilation (thin solid line), γT;L photon decay (dotted line), Compton production (dashed line) and
np bremsstrahlung (dash-dotted line). The sum of all contributions is the thick solid line. Right: The same processes as in the left panel
but for AM/CR interactions with aχð or bχÞ ¼ 0.1=GeV2.
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taken into account, the constraint for MDM and EDM is
improved. This is traced back to the fact that the energy loss
rate of γT;L, nucleon-bremsstrahlung and Compton scatter-
ing for MDM and EDM are comparable to eþe− annihi-
lation into a χχ̄ pair. For AM and CR, however, the results
from [30] remain largely unchanged, as γT;L decay,
nucleon-bremsstrahlung and Compton scattering are less
efficient.

Once the effective coupling becomes large enough, the
produced χ particles will eventually come into thermal
equilibrium with SM particles. Here we follow [65,66]
to divide the radial region into an inner “energy sphere”
of radius rES, within which light dark particles are thermal-
ized, and an outer diffusion zone, where the χ luminosity
gets attenuated by a transmission coefficient SES. Both
quantities are obtained from the energy-exchange and

FIG. 6. Summary of constraints on the EM form factors for dim-6 operators, i.e., AM (left) and CR (right); labels are the same as in
Fig. 5.

FIG. 5. Summary of constraints on the EM form factors for dim-5 operators, i.e., EDM (left) and MDM (right). Colored exclusions are
derived in this work. Direct detection (only applying to dark matter) and LEP bounds are taken from our previous work [30]. On the
solid black line the thermal freeze-out abundance matches the DM density.
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momentum-exchange mean-free-paths, i.e., λEðrÞ and
λMðrÞ, of the χ particle in the medium [65],

Z
rinf

rES

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λEðrÞλMðrÞ

p ¼ 2

3
; ð29Þ

and

SES ¼
1

1þ 3
4

R
rinf
rES

dr
λMðrÞ

; ð30Þ

where rinf is set to be 35 km, beyond which χ particles
free-stream.
In the PNS environment of interest here, the energy-

exchange mean-free-path is mostly governed by e-χ elastic
scattering. We estimate it at each radius r through

λEðrÞ ¼
hnχvχi

hnenχ
R
d cos θ dσeχ

d cos θ vM
jΔEj
T i

: ð31Þ

Here, h…i denotes a thermal average over all participating
particles; ne and nχ are the number densities of electrons
and χ particles which are all assumed to be in equilibrium.
dσeχ=d cos θ is the differential cross section of e-χ elastic
scattering. The energy-exchange in the scattering, jΔEj, is a
function of the scattering angle θ in the rest frame of the
medium. Although not explicitly written in the expression,
we take the Pauli blocking factor for the final state electron
into account.
Meanwhile, the momentum-exchange mean-free-path

λMðrÞ turns out to be dominated by χ-nucleon scattering,

λMðrÞ¼
hnχvχi

P
i¼n;phninχ

R
dcosθ dσiχ

dcosθvMð1− cosθÞi
; ð32Þ

where ni is the number density of neutrons (n) and protons
(p), provided by the PNS model [64]. The differential
scattering cross section with χ is denoted as dσiχ=d cos θ.
In obtaining our numerical results, we have neglected the
nucleon velocities in the medium frame for simplicity.
As we assume that χ stay in chemical equilibrium at rES,

its blackbody luminosity LχðrESÞ is described by

LχðrESÞ ¼
gχr2ES
2π

Z
djp⃗χ j

jp⃗χ j3

e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗χ j2þm2

χ

p
=TðrESÞ þ 1

; ð33Þ

where gχ ¼ 4. These χ particles are emitted towards the
exterior from the energy sphere, but they continue to scatter
elastically with the medium inside the diffusion zone. The χ
flux-attenuation during its propagation from rES to rinf can
be estimated via

Linf ¼ LχðrESÞSES ð34Þ

in the diffusion limit [65]. That is, such attenuation only
relies on the momentum-transfer cross section. Requiring
Linf ≤ Lν then leads to upper boundaries of SN exclusion
limits shown in Figs. 5 and 6. We note in passing, that the
location of the upper boundaries is still conservative, as
additional “freeze-in” χ-production for r > rES has been
neglected. With respect to our previous work [30], where

FIG. 7. Reproduced profiles of a representative 0.8 M⊙ HB star [62] (left) and of a PNS of a 18 M⊙ progenitor [64] (right) that are
adopted in our work. In each panel, the left vertical axis corresponds to the values of temperature and plasma frequency (solid lines) at
each radius, in units of keV(HB) or MeV(PNS), and the right vertical axis gives the number densities (dashed lines) of each particle
species, in keV3ðHBÞ or MeV3ðPNSÞ. For SN, the effective electron mass meff

e is also displayed.
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the transmission ratio SES was in practice taken as a simple
unit-step function, the upper limits are improved by up to a
factor of 2.

C. Related works

Stellar bounds on the EM properties of light dark states
have been studied in the literature, mostly in the context of
EM properties of eV-scale (SM) neutrinos; see [67,68] and
references therein. In these studies, the mass of neutrino is
essentially zero. Therefore, in the limit mχ → 0 our results
can be compared with previously derived constraints on
neutrino EM interactions.
For instance, based on similar energy loss arguments,

bounds on the neutrino MDM have been obtained by
calculating the plasmon decay process, from RG as μν ≤
ð2 − 4Þ × 10−12 μB [69–71], from HB as μν ≤ ð1 − 3Þ ×
10−11 μB [72,73], from the Sun as μν ≤ 4 × 10−10 μB [74].
Indeed, all these bounds are in essential agreements with
our newly derived ones once the limit mχ → 0 is taken.
For higher-dimensional operators, [75] estimated the

anomalous energy loss rate in PNS through electron pair
annihilation into light right-handed neutrinos, limiting
its charge radius to be below 3.7 × 10−34 cm2, that is
9.5 × 10−7 GeV−2, about 7 times weaker than the one
presented above. This is partially due to the fact that [75]
assumed an 1 order of magnitude larger luminosity as the
maximum permissible energy loss.

D. Cosmological constraints

Light dark states may lead to extra radiation in the early
Universe, and thus its coupling to the SM bath is con-
strained by both the predictions from big bang nucleosyn-
thesis (BBN) and the observed cosmic microwave
background (CMB). On the one hand, for the mass region
considered here the CMB bounds depend on how it
annihilates/decays. On the other hand, primordial abun-
dance measurements of D and 4He suggest that extra
relativistic d.o.f. need to be less than that of one chiral
fermion during the nucleosynthesis (see e.g., [76–78]).
Thus here we require that the Dirac fermion χ is thermally
diminished at T ∼ 100 keV, either due to a feeble EM form-
factor coupling or by a Boltzmann-suppression induced by
its mass.
The relevant bounds are also given in Figs. 5 and 6. They

only constrain the parameter region with mχ ≪ 1 MeV. In
the same figures, we also show the line which corresponds
to the thermal freeze-out scenario which generates the
observed dark matter abundance, although such scenario
has been excluded by various constraints for this model; see
our previous work [30]. The dominant annihilation channel
is into two photons at mχ < me and into a pair of electrons

at mχ ≥ me, which explains the sharp decrease of the relic
density curve at mχ ∼me seen in Fig. 5.

VI. CONCLUSIONS

In this paper we explore the sensitivity of stellar systems
to neutral dark states that share higher-dimensional inter-
actions with the SM photon. To this end we choose a Dirac
fermion χ that is coupled to mass dimension 5 MDM and
EDM operators with respective dimensionful coefficients
μχ and dχ and mass dimension 6 AM and CR operators with
respective coefficients aχ and bχ . We consider anomalous
energy losses from the interior of RG and HB stars, of the
Sun, and of the PNS core of SN1987A. Together with
previously derived direct, indirect, and cosmological limits
by us in [30], this work adds astrophysical constraints to
draw a first comprehensive overview of light dark states
with masses (well) below the GeV-scale and EM moment
interactions.
The thermal environments of stellar interiors signifi-

cantly affect (or enable) production processes of χχ̄ pairs.
Before breaking it down to individual contributions, we
establish the exact formula, Eq. (13), for the pair-produc-
tion rate in leading order of the dark coupling. The
expression factorizes into a piece that represents the
probability to produce an off shell photon γ# from a SM
current, and a piece that describes the production of the χχ̄
pair from that photon. The former is proportional to the
imaginary parts of the longitudinal and transverse thermal
photon self energies ImΠL;T. The latter are model-
dependent but otherwise universal factors that represent
the choice of interaction, Eq. (14). The optical theorem then
allows us to identify all major production processes by
studying the contributions to ImΠL;T. The approach also
allows us to clarify the role of thermal resonances in these
processes, i.e., the kinematic situation when the pair-
producing photon goes on shell, k2 ¼ ReΠL;T. We find
that resonant production is entirely captured by the
decay of transverse and longitudinal thermal photons or
“plasmons”, γT;L → χχ̄.
We compute the rates of χ-pair production and its

ensuing energy loss from plasmon decay and Compton
production for all systems. In addition, we evaluate eN
bremsstrahlung for RG, HB and the Sun, and eþe−

annihilation and NN bremsstrahlung for SN1978A. For
MDM and EDM interactions, plasmon decay dominates in
HB and RG stars and in the Sun. For the interactions of
increased mass dimension, AM and CR, the Compton
(bremsstrahlung) production dominates in HB and RG
(Sun). In PNS core, eþe− annihilation dominates the
anomalous energy loss for r≳ 7 km. In the most inner
region the population of positrons becomes extremely
Boltzmann suppressed by a decrease in temperature, and
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plasmon decay and np bremsstrahlung take over as the
most important production channels. For all processes we
have taken into account all important finite-temperature
effects. Furthermore, in the evaluation of rates, we explic-
itly avoid any double counting between plasmon decay and
an on shell emitted photon in bremsstrahlung and between
Compton production and an on shell exchanged t-channel
photon in bremsstrahlung.
The rates when integrated over stellar radius then

become subject to the observationally inferred limits on
anomalous energy loss. The resulting restrictions on the
parameter space are found in Figs. 5 and 6. In the
kinematically unrestricted regime mχ ≲ 1 keV, the stellar
limits are dominated by RG with μχ , dχ ≤ 2 × 10−12 μB
and aχ , bχ ≤ 6 × 10−5 GeV−2. All interactions are addi-
tionally constrained from SN1987A, in the windows
10−10 μB ≤ μχ , dχ ≤ 10−8 μB and 10−7 GeV−2 ≤ aχ , bχ ≤
10−3 GeV−2 for mχ ≲ 10 MeV. The SN constraining
region is bounded from above by the trapping of χ particles,
which we evaluate in some detail. The presented astro-
physical constraints add to a program that we have started
in [30] and that aims at charting out the experimental and
observational sensitivity to effective dark state-photon
interactions. The stellar constraints on anomalous energy
loss derived in this work yield the most important limits on
the existence of effective dark sector-photon interactions
for χ-particles below the MeV-scale.
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APPENDIX A: PHOTONS IN
A THERMAL MEDIUM

The processes depicted in Fig. 1 are fundamentally
affected (or enabled) by the in-medium modified photon
dispersion. Here we collect the central results that go into
the computation of the energy loss rates (our convention
largely follows [3]). The central quantity measuring the
strength of the medium-effect is the plasma frequency ωp,
obtained through

ω2
p ¼ 4α

π

Z
∞

0
dp

p2

E

!
1 −

1

3
v2
"
ðfe− þ feþÞ; ðA1Þ

where v ¼ p=E is the velocity of electrons or positrons,
and fe− and feþ are their respective Fermi-Dirac distribu-
tions, fe% ¼ ½eðE%μeÞ=T þ 1'−1.
Equation (A1) takes on the following analytic forms in

the classical, degenerate and relativistic limit respectively:

ω2
p ≃

8
>>><

>>>:

4παne
me

ð1 − 5
2

T
me
Þ classical

4παne
EF

¼ 4α
3π p

2
FvF degenerate

4α
3π ðμ

2
e þ 1

3 π
2T2Þ relativistic

; ðA2Þ

where α is the fine-structure constant, ne is the number
density of electrons, pF ¼ ð3π2neÞ1=3 is the Fermi momen-
tum,EF ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

e þ p2
F

p
is the Fermi energy andvF ¼ pF=EF

is the Fermi velocity. Here “classical” refers to a non-
relativistic (T ≪ me) and nondegenerate (T ≫ μe −me)
plasma.
The PNS core of a SN is both in a relativistic and

degenerate regime, and we find that the relativistic limit
above yields a better fit to the general form of ωp in (A1)
than the degenerate limit; the latter exhibits a 10%
deviation. The core of a RG star is nonrelativistic but
degenerate whereas HB stars and the Sun are well described
by the classical limit. In our numerical calculations, we
adopt ωp computed from Eq. (A1), avoiding any ambi-
guities of taking limiting cases. Representative values ofωp

at the cores of all stellar objects are summarized as

ωp ∼

8
>>>>><

>>>>>:

0.3 keV Sun’s core

2.6 keV HB’s core

8.6 keV RG’s core

17.6 MeV SN’s core

: ðA3Þ

The computation of most of the processes requires the in-
medium photon propagator. Picking Coulomb gauge, for a
photon carrying 4-momentum k ¼ ðω; k⃗Þ, the latter divides
into longitudinal (L) and transverse (T) parts [81],

D00 ¼
k2

jk⃗j2ðk2 − ΠLÞ
g00;

Dij ¼
1

k2 − ΠT

!
δij −

kikj
jk⃗j2

"
; ðA4Þ

where ki is the Cartesian component of the photon three-
momentum (magnitude jk⃗j). Using [81] and adopting the
conventions of [3,5], the real part of the polarization
functions ΠT;L in the rest frame of the (isotropic) thermal
bath reads

ReΠT¼
3ω2

2v2(jk⃗j2
ω2
p

$
1−

ω2−v2(jk⃗j2

2ωv(jk⃗j
ln
ωþv(jk⃗j
ω−v(jk⃗j

%
;

ReΠL¼ 3ω2
p

!
ω2− jk⃗j2

v2(jk⃗j2

"$
ω

2v(jk⃗j
ln
ωþv(jk⃗j
ω−v(jk⃗j

−1

%
: ðA5Þ

The full expressions for the dispersion relations k2−ΠL;T¼0
then relate the energies of an on shell photon, ωT;L, to its
momentum k⃗ to order α [81], via
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ω2
T ¼ jk⃗j2 þ ω2

p
3ω2

T

2v2#jk⃗j2

!
1 −

ω2
T − v2#jk⃗j2

2ωTv#jk⃗j
ln
ωT þ v#jk⃗j
ωT − v#jk⃗j

"
;

ω2
L ¼ ω2

p
3ω2

L

v2#jk⃗j2

!
ωL

2v#jk⃗j
ln
ωL þ v#jk⃗j
ωL − v#jk⃗j

− 1

"
: ðA6Þ

Equations (A6) are also valid to order jk⃗j2 at small jk⃗j for all
temperatures and electron number densities. Throughout the
paper, we always use ωT;L, as functions of jk⃗j, to denote the
energy of an on shell thermal photon, which satisfies
Eqs. (A6), and use ω for off shell photons.
Longitudinal photons are populated up to a wave number

kmax, beyond which the longitudinal dispersion relation
crosses the light cone and L-modes become damped, with

kmax ¼
!
3

v2#

#
1

2v#
ln
1þ v#
1 − v#

− 1

$"
1=2

ωp; ðA7Þ

and in the relativistic limit kmax → ∞. In these equations,
the mobility of charges is captured by the typical velocity of
electrons, v# ≡ ω1=ωp, where

ω2
1 ¼

4α
π

Z
∞

0
dp

p2

E

#
5

3
v2 − v4

$
ðfe− þ feþÞ: ðA8Þ

In the three limits mentioned previously, v# can be
approximated as

v# ≃

8
>><

>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5T=me

p
classical

vF degenerate

1 relativistic

: ðA9Þ

Finally, as alluded to in the main text, the processes we
consider are nonresonant in the photon exchange and
ImΠT;L can be neglected throughout.
In turn, the computation of in-medium photon decay, i.e.,

the process (1a), requires the description of external in-
medium photon states. For propagation in the z-direction,
i.e., kx ¼ ky ¼ 0, the transverse and longitudinal polariza-
tion vectors are given by

ϵμT¼ð0;1ð0Þ;0ð1Þ;0Þ; ϵμL ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2
L− jk⃗j2

q ðjk⃗j;0;0;ωLÞ:

ðA10aÞ

In all cases ϵμϵμ ¼ −1 and ϵμkμ ¼ 0.
Furthermore, the in-medium coupling of the photon to

the EM current is modified by the vertex renormalization
constants ZT;L ≡ ð1 − ∂ΠT;L=∂ω2

T;LÞ−1. For the convention
adopted here, they are equivalent to the ones given in [3]

ZT ¼
2ω2

Tðω2
T−v2#jk⃗j2Þ

3ω2
pω2

Tþðω2
Tþ jk⃗j2Þðω2

T−v2#jk⃗j2Þ−2ω2
Tðω2

T− jk⃗j2Þ
;

ZL ¼
2ðω2

L−v2#jk⃗j2Þ
3ω2

p− ðω2
L−v2#jk⃗j2Þ

ω2
L

ω2
L− jk⃗j2

: ðA11Þ

These factors are attached to each zero-temperature vertex
factor involving an external photon state. For internal
photons, this effect is already accounted for in the
momentum-dependent self-energy ΠT;Lðω; k⃗Þ.
For thermal corrections to the electron mass which is

relevant for PNS, we closely follow [82]. For an electron
with a general 4-momentum p ¼ ðE; p⃗Þ in a neutral
medium where the positron number density is negligible,
we first introduce the four functions below,

Ae ¼
−α
4πjp⃗j

Z
∞

0
dq

qfe−ðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

e

p ½4jp⃗jq − ðp2 þm2
eÞL2';

ðA12Þ

Ce ¼
αme

πjp⃗j

Z
∞

0
dq

qfe−ðqÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

e

p ð−L2Þ; ðA13Þ

Aγ ¼
−α
4πjp⃗j

Z
∞

0
dqfγðqÞ½8jp⃗jqþ ðp2 þm2

eÞðL3 − L4Þ';

ðA14Þ

Cγ ¼
αme

πjp⃗j

Z
∞

0
dqfγðqÞðL3 − L4Þ; ðA15Þ

where q here is the absolute value of the 3-momentum of
medium particles (electron, photon) that is integrated over
and L1;2;3;4 are functions of q in terms of

L1ðqÞ ¼ ln
!
2ðE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

e

p
þ jp⃗jqÞ − p2 −m2

e

2ðE
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

e

p
− jp⃗jqÞ − p2 −m2

e

"
; ðA16Þ

L2ðqÞ ¼ ln
!
2ðE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

e

p
þ jp⃗jqÞ þ p2 þm2

e

2ðE
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

e

p
− jp⃗jqÞ þ p2 þm2

e

"
; ðA17Þ

L3ðqÞ ¼ ln
!
2ðEqþ jp⃗jqÞ þ p2 −m2

e

2ðEq − jp⃗jqÞ þ p2 −m2
e

"
; ðA18Þ

L4ðqÞ ¼ ln
!
2ðEqþ jp⃗jqÞ − p2 þm2

e

2ðEq − jp⃗jqÞ − p2 þm2
e

"
: ðA19Þ

Here me is the zero-temperature mass of electron,
0.511 MeV, while fγðpÞ and fe−ðpÞ give the thermal
momentum distribution functions of photon and electron
(per d.o.f.). We have set feþðpÞ ¼ 0 in the above equations.
In the end, we take the approximation made in [83] to
obtain that
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meff
e ðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

e − 2ðAγ þ AeÞ − 2meðCγ þ CeÞ
q

: ðA20Þ

We have neglected thermal corrections to χ states. In the
phenomenologically relevant regime, their coupling to the
thermal bath is very weak.
Finally, we have reproduced the profiles of the HBmodel

from [62], and PNS model from [64], adopted in this work,
as shown in Fig. 7, where neutrality and μe− þ μeþ ¼ 0 at
each radius have been taken for granted for the PNS profile.

APPENDIX B: DECAY RATE AND CROSS
SECTION CALCULATIONS

In this Appendix we collect some further details that
enter the calculation of the χχ̄ production cross sections
found in Sec. IV.

1. Full expression of χ -pair production rate

For any process that produces a χχ̄ pair through a photon
propagator of 4-momentum k ¼ ðω; k⃗Þ, its spin-summed
squared matrix element can be written in terms of

X

spins

jMj2 ¼ DμνðkÞD%
ρσðkÞT

μρ
SMT

νσ
χ ; ðB1Þ

where the in-medium photon propagator Dμν is given by
(A4), while T μρ

SM and T νσ
χ represent the corresponding

squared matrix elements of the SM current, i.e.,
SM → γ%ðkÞðþSM0Þ, and the dark current, i.e.,
γ%ðkÞ → χðpχÞ þ χ̄ðpχ̄Þ, of which the latter is given by

T νσ
χ ¼ Tr½ðpχ þmχÞΓνðkÞðpχ̄ −mχÞΓσð−kÞ': ðB2Þ

The vertex factors ΓνðkÞ are derived from the Lagrangians
(5) and (6) through the usual prescription of obtaining
Feynman rules; see [30] for the explicit expressions.
Generalizing Eq. (5.156) of [53] yields an expression for
the exact χχ̄ differential production rate per volume,

d _Nχ

d4k
¼ 1

ð2πÞ4
DμνðkÞD%

ρσðkÞ
"
2ImΠμρðkÞ
eω=T − 1

#
Iνσχ ; ðB3Þ

where ImΠμρ is the imaginary part of the thermal photon
self-energy induced by all possible SM currents. In the
medium it is decomposed into longitudinal and transverse
components, ImΠL;T , as shown in Eq. (12) in the main text.
The factor Iνσ is the 2-body final state integrated over its
phase space,

Iνσχ ¼
Z

dΠi¼χ;χ̄ð2πÞ4δ4ðk − pχ − pχ̄ÞT νσ
χ ; ðB4Þ

where dΠi ¼
Q

i d
3p⃗ið2πÞ−3ð2EiÞ−1, as mentioned in the

main text. The integration can be executed in an arbitrary

frame, and in particular in the rest frame of the thermal bath
by adopting Lenard’s formula [84], generalized to massive
final states. We find

Z
dΠi¼χ;χ̄ð2πÞ4δ4ðk − pχ − pχ̄Þpμ

χpν
χ̄

¼ 1

96π
ðAk2gμν þ 2BkμkνÞ; ðB5Þ

where the coefficients A and B are given by

A ¼
"
1 −

4m2
χ

sχχ̄

#
3=2

; B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s "
1þ

2m2
χ

sχχ̄

#
;

with sχχ̄ ¼ k2. In terms of the functions fðsχχ̄Þ defined in
(14), the factor Iνσ is then explicitly given by

Iνσ ¼ 1

8π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

fðsχχ̄Þ
"
−gνσ þ kνkσ

sχχ̄

#
: ðB6Þ

Putting all of the above together, we obtain the differ-
ential production rate per volume (13) found in the main
text which we repeat here for convenience,

d _Nχ

d4k
¼ 1

64π5

$
−

ImΠLðkÞ
jsχχ̄ − ΠLj2

−
2ImΠTðkÞ
jsχχ̄ − ΠTj2

%

× fBðωÞfðsχχ̄Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

; ðB7Þ

where fBðωÞ ¼ ðeω=T − 1Þ−1 is the Bose-Einstein momen-
tum distribution of thermal bosons. During the derivation
we have used that

−gνσ þ kνkσ

sχχ̄
¼ ϵνT;1ϵ

σ
T;1 þ ϵνT;2ϵ

σ
T;2 þ ϵνLϵ

σ
L:

2. Leading contributions to ImΠT;L

We now demonstrate that (13) or, equivalently, (B3)
contain the leading production mechanisms considered in
this paper. In particular we clarify the role of resonances,
and that they are accounted for by the process γT;L → χχ̄.
To this end, we isolate the pole contribution to the total
production rate, i.e., the case sχχ̄ ¼ ReΠL;T. To this end, we
adopt the narrow width approximation,

lim
ImΠL;T→0

−ImΠL;TðkÞ
πjsχχ̄ − ΠL;Tj2

¼ δðsχχ̄ − ReΠL;TÞ; ðB8Þ

where ImΠL;T < 0. Then noting that ReΠL;T is also a
function of sχχ̄ and writing d4k ¼ d3k⃗dsχχ̄=ð2ωÞ yield
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_NT;L
χ ¼ gT;L

Z
d3k⃗
ð2πÞ3

fBðωT;LÞ

×

"
ZT;LfðReΠT;LÞ

16πωT;L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

ReΠT;L

s #

; ðB9Þ

where gT ¼ 2 and gL ¼ 1, counting the d.o.f. of the photon
modes. Now both ωT;L and ReΠL;T need to satisfy the
photon dispersion relation with a 3-momentum k⃗ due to the
δ-function above. As will be calculated below and given
explicitly in (15), the term in the parentheses is exactly the
decay rate of γL;T into χ pairs.
In a next step we further verify that the contribution of

the one electron loop (OEL) to ImΠμρ induces the pro-
duction rate of χ from electron pair annihilation,5 the
process (2b). In this case, it is easier to start with (B3),
where according to the in-medium optical theorem (see
Fig. 2) we may write

2ImΠμρjOEL ¼
Z

dΠi¼1;2T
μρ
e ð1 − fe− − feþÞ

× ð2πÞ4δ4ðk − p1 − p2Þ; ðB10Þ

where T μρ
e ¼ Mμ

γ%→eþe−M
ρ
eþe−→γ% , and fe∓ gives the

momentum distribution function of e−ðp1Þ, eþðp2Þ per
d.o.f. as defined above. Moreover, terms that are kinetically
forbidden for k2 > 0 have been neglected [50]. The
presence of (1 − fe− − feþ) is due to quantum statistics,
and would disappear for classical particles. Substituting
this expression into (B3) gives

d _Nχ

d4k

""""
OEL

¼
Z

dΠi¼1;2;χ;χ̄ jMannj2ð1−fe− −feþÞfBðωÞ

× ð2πÞ4δ4ðk−p1−p2Þδ4ðk−pχ −pχ̄Þ: ðB11Þ

Then for the Fermi-Dirac distribution function fe& and the
Bose-Einstein distribution fBðωÞ with the energy conser-
vation E1 þ E2 ¼ ω, there exists the relation

#
fe−

1 − fe−

$#
feþ

1 − feþ

$
¼ fBðωÞ

1þ fBðωÞ
ðB12Þ

allowing us to rewrite the number production rate per
volume above as

_Nχ jOEL ¼
Z

dΠi¼1;2;χ;χ̄ jMannj2fe−feþ

× ð2πÞ4δ4ðp1 þ p2 − pχ − pχ̄Þ; ðB13Þ

after integrating over d4k on both sides. The last expression
transforms precisely to the corresponding energy loss rate
(19), once both the energy-loss factor (E1 þ E2) and
fermionic d.o.f. fe& are taken in account.

3. γT;L decay to dark states

In the following Appendixes we calculate the leading
processes in the usual Feynman-diagrammatic approach
using tree-level perturbation theory augmented by the
thermal corrections outlined in Appendix A. The decay
of a transverse or longitudinal photon of 4-momentum k to
a pair of dark states χ̄ðpχ̄Þ þ χðpχÞ is described by the spin-
summed squared matrix element,

X

spins

jMT;Lj2 ¼ ZT;LϵμðkÞϵ%νðkÞT μν
χ ; ðB14Þ

where ZT;L is the vertex renormalization factor in (A11), ϵμ
is the photon polarization vector and T μν

χ is given in (B2).
The decay rate is given by the phase-space integral,

ΓT;L ¼
Z

dΠi¼χ;χ̄ð2πÞ4δ4ðk − pχ − pχ̄Þ
1

2ωT;L

X

spins

jMT;Lj2;

ðB15Þ

where ωT;L is the energy of the external transverse or
longitudinal photon. It is useful to employ (B5). In terms of
Iνσ defined in (B6), we can write the decay rate as

ΓT;L ¼ 1

2ωT;L
ZT;LϵμðkÞϵ%νðkÞIμν: ðB16Þ

The explicit expression, given by (15) in the main text, is
then found by using the expressions (A10) for the polari-
zation vectors when the initial state propagates in positive
z-direction, i.e., for kμ ¼ ðω; 0; 0; kÞ; note that the term
proportional to kμkν in Iμν does not contribute due to the
Ward identity.

4. e + e− annihilation to dark states

Here we consider the process e−ðp1Þ þ eþðp2Þ →
χðpχÞ þ χ̄ðpχ̄Þ. By setting pi ¼ ðEi; p⃗iÞ and k ¼ p1 þ p2,
one can define the cross sections6 in terms of the squared
matrix element for annihilation jMannj2,

σ ¼
Z

dΠi¼χ;χ̄

4E1E2vM
ð2πÞ4δ4ðk − pχ − pχ̄Þ

1

4

X

spins

jMannj2

¼ πα
4E1E2vM

DμνD%
ρσT

μρ
e Iνσχ ; ðB17Þ

5The contribution of the two and three electron loops to
ImΠμρ correspond to Compton scattering and bremsstrahlung,
respectively.

6We emphasize that this leads to a Lorentz-invariant total cross
section up to the thermal mass of photons, which is convenient for
the phase space integral.
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where T μρ
e reads

T μρ
e ¼ −2ðsgμρ − 2pμ

1p
ρ
2 − 2pρ

1p
μ
2Þ; ðB18Þ

and Iνσχ is given in (B6); here s ¼ k2. Furthermore, vM is the
Møller velocity defined as vM ¼ F=ðE1E2Þ and the flux
factor F is given by

F ¼ ½ðp1 · p2Þ2 −m4
e%1=2 ¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs − 4m2

eÞ
q

: ðB19Þ

Contracting the Lorentz indices then yields

σ ¼ σT þ σL; ðB20Þ

where the interference term vanishes in the Coulomb gauge,
as can also be seen from (13), and the cross section for each
polarization mode is given as Eqs. (17) and (18) in the
main text.

5. e−N bremsstrahlung production of dark states

The 2 → 3 amplitude squared jM2→3j2 can be split into
three parts as

X

spins

jM2→3j2

ð4παÞ2g1g2
¼ DρβðqÞDσγ'ðqÞWρσL

μν
βγϵ

'
μðkÞϵνðkÞ;

ðB21Þ

where q ¼ p2 − p4 is the momentum transfer between
the initial states, Lμν

βγ stands for the leptonic part,Wρσ is the
hadronic tensor and ϵνðkÞ is the polarization vector of the
emitted photon of virtual mass sχχ̄ ¼ k2. Detailed forms for
Lμν
βγ and Wρσ are given in the Appendix A of our previous

work [30].
The 2 → 3 cross section reads

σ2→3 ¼
1

4g1g2E1E2vM

Z
dΠi¼3;4;k

X

spins

jM2→3j2; ðB22Þ

where vM is the Møller velocity, as defined in the main text.
The phase space integrations, when written in terms of
Lorentz invariants reads

σ2→3 ¼
1

32ð2πÞ4E1E2vM

Z
ds4

Z
dt1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs4;m2

p; t1Þ
q

×
Z

dt2

Z
dp1k

""""
∂ϕR4k

4

∂p1k

""""
1

g1g2

X

spins

jM2→3j2: ðB23Þ

Here, s¼ðp1þp2Þ2, t1≡ðp1−p3Þ2, t2 ≡ ðp2 − p4Þ2 ¼ q2,
s4 ≡ ðp4 þ kÞ2, p1k ¼ p1 · k and ϕR4k

4 is the azimuthal
angle between p4 and k in their center of mass

frame; λða2; b2; c2Þ is the Källén function. The Jacobian
j∂ϕR4k

4 =∂p1kj transforms the variable ϕR4k
4 to the Lorentz

invariant variable p1k.
The integration boundary of s4 is given by

ðmN þ ffiffiffiffiffiffi
sχχ̄

p Þ2 ≤ s4 ≤ ð
ffiffiffi
s

p
−meÞ2; ðB24Þ

and the boundaries of t1 and t2 are given by

t(1 ¼ 2m2
e −

1

2s
½ðsþm2

e −m2
NÞðsþm2

e − s4Þ

∓ λðs;m2
e; m2

NÞ1=2λðs;m2
e; s4Þ1=2%;

t(2 ¼ 2m2
N −

1

2s4
½ðs4 þm2

N − t1Þðs4 þm2
N − sχχ̄Þ

∓ λðs4; m2
N; t1Þ1=2λðs4; m2

N; sχχ̄Þ1=2%: ðB25Þ

The physical region for p1k is expressed by n × n asym-
metric and symmetric Gram determinants, Gn and Δn. It
reads

p(
1k ¼

ðp1 · p2ÞG2ðp2;
ffiffiffiffi
t1

p
;

ffiffiffiffi
t1

p
; kÞ

−Δ2ðp2;
ffiffiffiffi
t1

p Þ

−
ð ffiffiffiffi

t1
p

· p1ÞG2ðp2;
ffiffiffiffi
t1

p
;p2; kÞ

−Δ2ðp2;
ffiffiffiffi
t1

p Þ

(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ3ðp2;

ffiffiffiffi
t1

p
; p1ÞΔ3ðp2;

ffiffiffiffi
t1

p
; kÞ

p

−Δ2ðp2;
ffiffiffiffi
t1

p Þ
; ðB26Þ

and the Jacobian j∂ϕR4k
4 =∂p1kj reads

""""
∂ϕR4k

4

∂p1k

"""" ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Δ2ðp2;

ffiffiffiffi
t1

p Þ
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Δ4ðp2;

ffiffiffiffi
t1

p
; p1; kÞ

p : ðB27Þ

Putting everything together, the full 2 → 4 cross section
is given by

σ2→4 ¼
Z

dsχχ̄σ2→3ðsχχ̄Þ
fðsχχ̄Þ
16π2s2χχ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
4m2

χ

sχχ̄

s

: ðB28Þ

The integration boundaries of sχχ̄ are given by

4m2
χ ≤ sχχ̄ ≤ ð

ffiffiffi
s

p
−me −mNÞ2: ðB29Þ

APPENDIX C: SOFT-PHOTON APPROXIMATION
FOR BREMSSTRAHLUNG

Here we discuss the soft-photon approximation for
bremsstrahlung, its regime of validity and explain where
it fails in calculating the 2 → 4 cross section. In the soft
limit, that is, if the emitted photon energy is small
compared to the available kinetic energy ω ≪ Ekin, the
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2 → 3 cross section can be factorized into an elastic
scattering and an emission part,7

dσsoft2→3 ¼ dσ2→2

Z
d3k

ð2πÞ32ω
4πα

!!!!
p3 · ϵ$

p3 · k
−
p1 · ϵ$

p1 · k

!!!!
2

; ðC1Þ

where ω2 ¼ jk⃗j2 þ sχχ̄ and ϵμ is the polarization vector of
the emitted photon. In this approximation, a simple form of
the differential 2 → 3 cross section can be obtained in the
nonrelativistic and ultrarelativistic limit respectively [85],

ω
dσsoft2→3

dω
¼

8
>><

>>:

16
3

α3

μ2v2 ln
"
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ω=Ekin

p

1−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−ω=Ekin

p
$

4α3

μ2
E0

E

%
E
E0 þ E0

E − 2
3

&%
ln E2E0

μ2ω − 1
2

&
;

ðC2Þ

where μ is the reduced mass, v is the relative velocity and
E (E0) is the initial (final) total CM energy of the colliding
particles. Even though in deriving the expression in
Eq. (C2) we have assumed ffiffiffiffiffiffisχχ̄

p ≪ Ekin and ω ≪ Ekin,
integrating (C2) over ω in the region,

ffiffiffiffiffiffi
sχχ̄

p
< ω < Ekin ðC3Þ

still gives a very good approximation to the full cross section.
Obviously, the approximation breaks down if ffiffiffiffiffiffisχχ̄

p ∼ Ekin

where the integration region of ω gets very small and the
integral is dominated by large emission energies.
To obtain the 2 → 4 cross section from the 2 → 3 cross

section in Eq. (24), σsoft2→3 gets multiplied by the factors in
Eq. (14) corresponding to the EM form factor interactions.
This leads to the following parametric dependence on sχχ̄ :

dσsoft2→4 ∝

8
>><

>>:

dσsoft2→3dsχχ̄=sχχ̄ ðdim-4Þ;
dσsoft2→3dsχχ̄ ðdim-5Þ;
dσsoft2→3dsχχ̄sχχ̄ ðdim-6Þ;

ðC4Þ

that is, for dim-4 operators, like millicharged states, the
2 → 4 cross section is dominated by small sχχ̄ , whereas for
higher dimensional operators, the expression is UV biased.
Hence, the main contribution to the integral comes from
sχχ̄-values for which the soft approximation breaks down as
one probes the kinematic end point region. It turns out that

in the nonrelativistic regime and formχ þmχ̄ ≪ Ekin, using
Eq. (C2) reproduces the exact 2 → 4 cross section up to a
factor 2 or 3. However, for relativistic particles, the error atffiffiffiffiffiffisχχ̄
p ∼ Ekin gets larger. Due to the sχχ̄-dependence in
Eq. (C4), this still results in a decent description of
millicharged χχ̄ emission, but produces errors of several
orders of magnitude in the relativistic regime for the EM
form factors considered in this paper.
Equation (C1) can be further simplified by separating the

phase space. This is possible, if the elastic scattering cross
section is insensitive to an angular cutoff in the forward or
backward direction, e.g., if the interaction is mediated by a
massive particle such as the pion in np scattering.8 Then,

σsoft2→3 ¼ σT2→2Iðsχχ̄Þ; ðC5Þ

where σT2→2 is the transport cross section,

σT2→2 ¼
Z

1

−1
d cos θ

dσ2→2

d cos θ
ð1 − cos θÞ; ðC6Þ

and the emission piece Iðsχχ̄Þ is obtained by executing the
integral in Eq. (C1),

Iðsχχ̄Þ ¼
1

1 − cos θ

Z
d3k

ð2πÞ32ω
4πα

!!!!
p3 · ϵ$

p3 · k
−
p1 · ϵ$

p1 · k

!!!!
2

¼ α
3π

Z
Ekin

ffiffiffiffiffisχχ̄
p dω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − sχχ̄

q
ðsχχ̄=2þ ω2Þ
ω4

: ðC7Þ

In the first line, we have divided by (1 − cos θ) to cancel the
θ-dependent part in the emission piece, which we have
absorbed into the elastic cross section. In Sec. IV F we
make use of this factorization in calculating the energy loss
rate for neutron-proton scattering in PNS. For that, the
integral in Eq. (C7) is weighted with ω to obtain

Iωðsχχ̄Þ ¼
α
3π

Z
Ekin

ffiffiffiffiffisχχ̄
p dω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − sχχ̄

q
ðsχχ̄=2þ ω2Þ
ω3

¼ αEkin

3π
½

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
ð4 − x2Þ − 3x arccosðxÞ' ðC8Þ

with x ¼ ffiffiffiffiffiffisχχ̄
p =Ekin, which is in agreement with the

findings of Ref. [60].

7The emission part here describes the emission off one of the
particles. If both particles can emit photons, the emission part has
to be adjusted correspondingly.

8For ep scattering, on the other hand, the phase space
separation is not possible, since the elastic cross section is
forward divergent. In these cases, 3-body kinematics is required.
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Exact Theory of Non-relativistic Electron-Electron Bremsstrahlung

Josef Pradler⇤ and Lukas Semmelrock†

Institute of High Energy Physics, Austrian Academy of Sciences, Nikolsdorfergasse 18, 1050 Vienna, Austria

The quantum mechanical treatment of quadrupole radiation due to bremsstrahlung exact to all
orders in the Coulomb interaction of two colliding unpolarized non-relativistic charged spin-1/2
particles is presented. We calculate the elements of the quadrupole tensor, and present analytical
solutions for the double di↵erential photon emission cross section of identical and non-identical
particles. Contact is made to Born-level and quasi-classical results in the respective kinematic
limits and e↵ective energy loss rates are obtained. A generally valid formula for soft-photon emission
is established and an approximate formula across the entire kinematic regime is constructed. The
results apply to bremsstrahlung emission in the scattering of pairs of electrons and are hence relevant
in the study of astrophysical phenomena. A definition of a Gaunt factor is proposed which should
facilitate broad applicability of the results.

I. INTRODUCTION

The emission of a photon in the scattering of two
electrically charged particles is one of the most fun-
damental processes of quantum electrodynamics, and
bremsstrahlung per se is an important phenomenon in
many branches of physics. The exact treatment of
bremsstrahlung in a Coulomb potential, as seen in the
collision of two charged particles, is a di�cult endeavour
since it involves the evaluation and integration of hyper-
geometric functions as part of the positive energy solu-
tions of the respective Schrödinger equation. While for
many applications treating the wave functions as plane
waves and solving the problem to first order in perturba-
tion theory is of su�cient accuracy, say for scattering of
fast electrons on protons or light ions, there is a signifi-
cant kinematic regime where such approximation fails. It
is perhaps surprising to note that a complete description
of electron-electron bremsstrahlung scattering to leading
order in the electrons’ non-relativistic velocity and exact
in their Coulomb interaction is seemingly absent in the
literature today.

For the scattering of two particles with di↵er-
ent charge-to-mass ratios, the leading contribution to
bremsstrahlung is dipole radiation. The classical electro-
dynamics calculation was given in 1923 by Kramers [1].
The first quantum mechanical calculations were done
independently by Oppenheimer [2] and Sugiura [3] in
1929 as well as two years later by Sommerfeld [4],
and results were obtained in the Born approximation.
The full non-relativistic quantum mechanical solution for
dipole bremsstrahlung was first found by Sommerfeld and
Maue [5] in 1935 closing the gap between the Born and
the classical limit. A few years later, Elwert [6] found an
approximate solution for dipole bremsstrahlung by mul-
tiplying the Born cross section by the ratio of probabili-
ties for finding the two initial and final particles, respec-
tively, at the same position. This factor is always greater

⇤
josef.pradler@oeaw.ac.at

†
lukas.semmelrock@oeaw.ac.at

than unity for attractive and less than unity for repul-
sive interactions. Thus, the Elwert approximation ex-
tends the range of validity of the Born approximation in
an easy way. There is, however, still an entire kinematic
range where the Elwert approximation fails and the full
result must be used. In quest of a generally valid formula
for soft photon emission, Weinberg most recently revis-
ited [7] the process of dipole radiation in an application
of his soft photon theorem [8].
In case the two scattering particles have the

same charge-to-mass ratio, their combined dipole mo-
ment vanishes and the leading order contribution to
bremsstrahlung is quadrupole radiation. The first calcu-
lation of quadrupole bremsstrahlung for spin-1/2 parti-
cles in the Born approximation was done by Fedyushin [9]
in 1952, and later extended to arbitrary spin by Gould
in [10]; see also [11]. The Elwert prescription was ap-
plied to electron-electron bremsstrahlung in [12], and
there is a body of literature that is concerned with vari-
ous aspects of the elementary process of electron-electron
bremsstrahlung such as the evaulation of Gaunt factors
for astrophysical purposes or di↵erential particle distri-
butions as they are relevant in laboratory measurements;
we refer the reader to the textbook discussions [13, 14]
and references therein. However, while the exact quan-
tum mechanical formulation of dipole bremsstrahlung
has found its entry in advanced textbooks on quan-
tum electrodynamics [15–17], the corresponding result
for quadrupole bremsstrahlung has not yet been pre-
sented in a complete manner.
In this paper, we bring this topic to a closure by calcu-

lating the exact di↵erential cross section for quadrupole
bremsstrahlung in the non-relativistic approximation and
provide its analytical form. Contact is then made to all
relevant kinematic regimes, i.e., the Born, classical and
soft-photon regimes where our findings can be compared
with results from the literature, primarily in connection
with the process of electron-electron bremsstrahlung. For
the sake of better generality, we shall consider the colli-
sion of two particles with arbitrary charge-to-mass ratios
Z1e/m1 and Z2e/m2 where e > 0 is the unit of electro-
magnetic charge. Results are then easily specialized to
the case of colliding electrons e

� and/or positrons e
+ of
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2

mass m1,2 = me and charges Z(e±) = ±1, respectively.
The paper is organized as follows: in Sec. II we in-

troduce the formulæ for the matrix elements and cross
sections and in Sec. III we briefly review dipole emission
in a Coulomb potential. In Sec. IV we then derive the
double di↵erential cross sections in photon energy and
scattering angle for quadrupole emission. In Sec. V we
relate our results to asymptotic expressions in the Born
and classical regime, and in Sec. VI we study the regime
of soft photon emission. In Sec. VII we show numeri-
cal results on the e↵ective energy loss, and in Sec. VIII
we propose a definition of a Gaunt factor for electron-
electron scattering. We conclude in Sec. IX and several
appendices provide further details on the calculations.

Throughout the paper we will use rationalized natural
units where ~ = c = 1 and ↵ = e

2
/(4⇡) ' 1/137.

II. MATRIX ELEMENTS AND CROSS
SECTIONS

The S-matrix element for the emission of a photon of
energy !, three-momentum q and helicity � with trans-
verse polarization vector ✏⇤q,� in Coulomb gauge in the
collision of non-relativistic particles with charges Zne,
masses mn, momenta pn and respective coordinates xn

is given by [18],

Sf�,i = 2⇡ i �(Ei � Ef � !)

⇥
✏⇤q,�
p
2!

·

X

n

Zne

mn
h f |e

�iq·xnpn| ii. (1)

As for our premise of providing a result of quadrupolar
photon emission that is exact to all orders in the Coulomb
interaction of two colliding particles, we take the inital
(final) states | i(f)i to be the positive energy solutions
of the Hamiltonian

H0 =
p2
1

2m1
+

p2
2

2m2
+

Z1Z2↵

|x1 � x2|
, (2)

such that H0| i,f i = Ei,f | i,f i. The motion of the
center-of-mass (CM) can be separated as usual, hx| ii =
e
iP·X

�pi
(r) where P = p1 + p2 and X = (µ/m2)x1 +

(µ/m1)x2 are CM momentum and coordinate, respec-
tively, and r = x1 � x2 and pi = µ(p1/m1 � p2/m2) are
the respective particles’ relative position and initial rela-
tive momenta; µ = m1m2/(m1+m2) is the reduced mass.
The separation yields an overall momentum-conserving
delta function (2⇡)3�(3)(P � p3 � p4 � q) where p3,4

are the final state momenta with relative momentum
pf = µ(p3/m1 � p4/m2). From the above matrix ele-
ment, and in the CM frame P = 0, we are hence left to
evaluate

MI = e
AI

µ

Z
d
3r�

⇤
pf

(r)OI(�irr)�pi
(r). (3)

The operator OI originates from the expansion of the ex-
ponentials e

�iq·rn where rn = xn�X and the dipole and

quadrupole emission cases assemble themselves through
the respective leading and next-to-leading order terms,

dipole: OD = 1, AD = µ

✓
Z1

m1
�

Z2

m2

◆
, (4)

quadrupole: OQ = �iq · r, AQ = µ
2
✓

Z1

m
2
1

+
Z2

m
2
2

◆
.

(5)

As is evident, if two particles have the same charge-
to-mass ratio, Z1/m1 = Z2/m2, their mutual dipole
moment vanishes and the leading order contribution to
bremsstrahlung becomes quadrupole radiation. Hence,
for the special cases of scattering of electrons/positrons

with their counterparts we have |A
(e

±
e
±
)

D | = 0,

|A
(e

�
e
+
)

D | = 1, |A(e
±
e
±
)

Q | = 1/2, |A(e
�
e
+
)

Q | = 0.
The wave functions �pi,f

for the relative motion of the
particles that are to be used in (3) are (linear combi-
nations of) the Coulomb wave functions of appropriate
asymptotic behavior [19],

�
(+)
pi

(r) = � (1� i⌫i) e
⇡
2 ⌫ie

ipi·r
1F1

⇣
i⌫i, 1; i⇣

�
i

⌘
, (6a)

�
(�)
pf

(r) = �
�
1 + i⌫f

�
e

⇡
2 ⌫f e

ipf ·r
1F1

⇣
�i⌫f , 1;�i⇣

+
f

⌘
,

(6b)

where 1F1 is the confluent hypergeometric function [20].
The magnitudes of the relative three-momenta and po-
sition are denoted by pi,f ⌘ |pi,f | and r ⌘ |r|, re-

spectively, and ⇣
±
i,f = pi,fr ± pi,f · r. The relative

velocities—small parameters in this problem—are de-
noted by vi,f = pi,f/µ. Note that we define the Som-
merfeld parameters ⌫i,f such that they carry the sign of
the interaction,

⌫i,f ⌘ �Z1Z2
↵

vi,f
, (7)

i.e., ⌫i,f > 0 for attractive interactions (Z1Z2 < 0) and
⌫i,f < 0 for repulsive interactions (Z1Z2 > 0). The

wave functions are normalized as
R

d
3r�

⇤
p(r)�p

0(r) =

(2⇡)3�(3)(p � p0) and the asymptotic forms of �
(+) and

�
(�) at spatial infinity comprise a (Coulomb-distorted)

plane wave plus an outgoing and incoming spherical
wave, respectively.
The parameters |⌫i,f | can be viewed as the ratio of the

magnitude of the potential energy of the colliding par-
ticle pair, |Z1Z2|↵/r, at a separation r that equals the
de Broglie wavelength of the relative motion, 1/(µvi,f ),

to the respective kinetic energies µv
2
i,f/2. This highlights

the role ⌫i and ⌫f play in delineating the various kine-
matic regimes,

|⌫i,f | ⌧ 1 Born regime, (8)

|⌫i,f | � 1 classical regime. (9)
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In the Born regime, the electrostatic interaction energy of
the two colliding charges before and after the collision re-
mains small compared to the respective kinetic energies.
The process then becomes treatable by replacing �pi,f

with plane waves. In turn, in the opposite limit the par-
ticles’ motion is quasi-classical and the process becomes
describable in terms of formulæ derived from classical
electrodynamics; note that |⌫f | � |⌫i| out of kinematic
reasons. Below we shall study those limits and see how
the known results follow from the full quantum mechan-
ical formula.

The matrix element M, defined through Sf�,i =

(2⇡)4�(Ei�Ef�!)�(3)(P�p3�p4�q)M, when squared,
summed over the two photon polarizations, and averaged
over the direction of the outgoing photon is given by

h|MI |
2
iq̂ =

1

4⇡

Z
d⌦q

X

�

����
✏⇤q,�
p
2!

·MI

����
2

. (10)

The energy-di↵erential cross section for dipole (I = D)
or quadrupole (I = Q) emission is then given by

!
d�I

d!
=

µ
2
!
3

4⇡3

s
1�

2!

µv
2
i

Z
d cos ✓ h|MI |

2
iq̂ . (11)

where cos ✓ = pi ·pf/(pipf ) is the cosine of the CM scat-
tering angle of the colliding particle pair. The boundaries
of the d cos ✓ integration are (�1, 1) for non-identical par-
ticles and (0, 1) for identical particles.

III. DIPOLE EMISSION

In order to prepare for the quadrupole case and to
set some of the notation, in this section we review the
calculation of the dipole transition integral. By defining
⌫i,f as we did in Eq. (7), we can treat the case of an
attractive Coulomb interaction Z1Z2 < 0 and a repulsive
Coulomb interaction Z1Z2 > 0 simultaneously. The wave
functions �pi

(r) and �pf
(r) to be used in (3) are the ones

of (6) [17],

MD = e
AD

µ
BiBf lim

�!0

h
ipirpi

J
D
1 (�,k,pi,pf )

+piJ
D
2 (�,k,pi,pf )

i
, (12)

with Bi,f = e
�⇡⌫i,f/2�

�
1� i⌫i,f

�
and using the abbrevi-

ation 1F1

�
i⇣i(f)

�
⌘ 1F1

�
i⌫i(f), 1, i⇣i(f)

�
, J

D
1 and J

D
2 are

given by

J
D
1 (�,k,pi,pf ) =

Z
d
3r

e
ik·r��r

r
1F1(i⇣

+
f ) 1F1(i⇣

�
i ) ,

(13a)

J
D
2 (�,k,pi,pf ) =

Z
d
3r e

ik·r��r
1F1(i⇣

+
f ) 1F1(i⇣

�
i ) .

(13b)

The solution to the first integral has been given by Nord-
sieck [21], which we shall denote by IN , i.e., J

D
1 = IN ,

IN (�,k,pi,pf ) =
2⇡

⌘1
e
�⇡⌫i

✓
⌘1

⌘3

◆i⌫i
✓

⌘3 + ⌘4

⌘3

◆�i⌫f

⇥ 2F1

✓
1� i⌫i, i⌫f , 1,

⌘1⌘4 � ⌘2⌘3

⌘1(⌘3 + ⌘4)

◆
,

(14)

with ⌘1 = (k2+�
2)/2, ⌘2 = pf ·k�i�pf , ⌘3 = pi·k+i�pi�

⌘1 and ⌘4 = pipf +pi ·pf �⌘2. The integral J
D
2 vanishes

due to the orthogonality of the Coulomb wave functions;
this is also manifest in the integrated form by noting that
J
D
2 = �@�J

D
1 and lim�!0 @�IN = 0. Setting k = pi�pf

and using the properties of the hypergeometric functions,

2F1 (a, b; c; z) = (1 � z)�b
2F1 (b, 1� a; c; z/(z � 1)) and

2F1 (a, b; c; z) = 2F1 (b, a; c; z) one finds that the dipole
transition amplitude is

MD =
�i8⇡eADBiBfe

�⇡⌫i

µ(pi � pf )
2(pi + pf )

2


pi � pf

pi + pf
(1� z)

�i(⌫i+⌫f)�1

⇥
⇥
i⌫ipiF (z)k� (1� z)

�
pfpi � pipf

�
F

0(z)
⇤

,

with z = �2(pipf �pi ·pf )/(pi�pf )
2 and where we have

introduced the shorthand notation

F (z) ⌘ 2F1(i⌫f , i⌫i; 1; z), (15)

F
0(z) ⌘

@

@z
2F1(i⌫f , i⌫i; 1; z), (16)

to be used extensively below. The squared integral is
therefore [17]

|MD|
2 =

16⇡↵
3
Z

2
1Z

2
2A

2
DSiSf

(pi + pf )
2(pi � pf )

4


|F (z) |2

1� z
�

z|F
0(z)|2

⌫i⌫f

+ i
⌫i + ⌫f

2⌫i⌫f

z

1� z

⇣
F (z)F

0⇤(z)� F
⇤ (z)F

0(z)
⌘�

,

(17)

where the Sommerfeld factors Si,f characterize the action
of the Coulomb field near the origin,

Si = e
�2⇡⌫i |�

(+)
pi

(0)|2 =
2⇡⌫i

e
2⇡⌫i � 1

, (18)

Sf = |�
(�)
pf

(0)|2 =
�2⇡⌫f

e
�2⇡⌫f � 1

. (19)

The di↵erential cross section with respect to the emit-
ted energy ! is given by e↵ecting the angular inte-
gral in (17), which can be written as d cos ✓ = (pi �
pf )

2
/(2pipf ) dz. In the dipole case, one can then use the

hypergeometric di↵erential equation to substitute the ex-
pression in the square brackets of (17) by a total deriva-
tive in z to get the di↵erential cross section for an attrac-
tive interaction [17]

!
d�D

d!
=

16

3

↵
3
Z

2
1Z

2
2A

2
D

µ
2
v
2
i

SiSf
1

⌫i⌫f

⇠

4

d

d⇠
|F (⇠)|2 , (20)
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with ⇠ = min(z) = �4pipf/
�
pi � pf

�2
. Note that ⌫i,f ,

arguments in the Sommerfeld factors Si,f and parameters
in the hypergeometric function F , are positive for attrac-
tive interactions and negative for repulsive interactions.
Equation (20) is therefore applicable to both cases.

IV. QUADRUPOLE EMISSION

If two particles have the same charge-to-mass ratio,
their combined dipole moment vanishes and the leading
order contribution to bremsstrahlung is quadrupole radi-
ation. The quantum mechanical calculation for the colli-
sion of two non-relativistic electrons to first order in per-
turbation theory was presented in [9]; for textbook dis-
cussions see [16, 17]. We now proceed to the calculation
that is complete to all orders in the Coulomb interaction
of the scattering particles. We additionally recover the
previous results [9] in a dedicated Born-level quantum
field theory calculation that is presented in App. B.

We start this section by considering the scattering of
a distinguishable particle pair. In this case, AD 6= 0,
dipole radiation dominates (unless AD ⌧ AQ because of
some accidental cancellation), and quadrupole radiation
is the first correction in a velocity expansion of the cross
section. In a second part, we then consider the scatter-
ing of identical particles, such as two electrons, for which
AD = 0 and quadrupole radiation will become the lead-
ing process.

The calculations below will be framed in terms of a
quadrupole tensor Q = (Qab) that is defined through
the expression (3) for the matrix element MQ = (M b

Q),

M
b
Q = �

AQ

µ
q
a
Q

ab
. (21)

The Cartesian components of Q are then given by the
tensor1

Q
ab = e

Z
d
3r�

⇤
pf

(r)ra@b
�pi

(r), (22)

where @
b is the derivative with respect to the b-th Carte-

sian component of r, i.e. r
b. The tensor is symmetric

in its indices, Q
ab = Q

ba, which is related to the fact
that the two-particle system (without explicit magnetic
moment interaction2) has vanishing magnetic dipole mo-
ment, see e.g. [22].

1
Throughout this paper, Cartesian coordinates are given by upper
indices a, b, . . . to discern them from the lower indices i and f
labeling in and out states; the Einstein summation convention is
used for upper indices.

2
The relative unimportance of bremsstrahlung induced by the
particles’ intrinsic magnetic moments µn ⇠ en/mn is discussed
in [10].

The squared matrix element (10) can be then written
in terms of the quadrupole tensor as

h|MI |
2
iq̂ =

!A
2
Q

2µ2

DX

�

q̂
a
q̂
c(✏⇤q,�)

b
✏
d
q,�

E

q̂
(Q⇤)abQcd

=
!A

2
Q

30µ2

h
3|Qab

|
2
� |Q

aa
|
2
i

, (23)

with |Q
ab
|
2

⌘ (Q⇤)abQba = Tr(Q†Q) and |Q
aa
|
2

⌘

(Q⇤)aaQbb = |Tr(Q)|2. In the second equality we have
used for the angular average

DX

�

q̂
a
q̂
c
✏
⇤b

✏
d
E

q̂
=

3

30

✓
�
ac

�
bd + �

bc
�
ad

�
2

3
�
ab

�
cd
◆

+
5

30

⇣
�
ac

�
bd

� �
bc

�
ad
⌘

. (24)

At this point the quadrupolar E2 nature of the emission
becomes manifest: because of the symmetry in Q

ab, the
contraction with the second bracket vanishes and only the
symmetric combination in a and b and in c and d survives.
The term corresponding to magnetic dipole emission M1
is therefore not present.
An important aspect in the calculation of Q is that

for identical spin-1/2 particles, the overall wave function
is anti-symmetric under particle exchange. The non-
relativistic absence of an interaction that involves the
spin-coordinate of the particles implies, that the spin
only enters in the counting of spatially symmetric and
anti-symmetric states. If the particles are in the spin
singlet ("#) state, the wave-function is spatially symmet-
ric and vice versa for the three spin triplet ("") states.
The wave functions �pi,f

to be used are then,

�
"#
pi
(r) =

1
p
2

⇣
�
(+)
pi

(r) + �
(+)
pi

(�r)
⌘

, (25a)

�
""
pi
(r) =

1
p
2

⇣
�
(+)
pi

(r)� �
(+)
pi

(�r)
⌘

, (25b)

with analogous linear combinations �
"#
pf

(r) and �
""
pf

(r)

made from �
(�)
pf

. For the scattering of identical particles,
there are hence more overlap integrals of hypergeometric
functions to consider.

A. Scattering of non-identical particles

If the scattered particles are distinguishable, the wave
functions �pi

(r) and �pf
(r) to be used in (22) are the

ones of (6). Following the notation for the dipole case,
we replace the scalar functions J

D
1,2 with vector-valued

functions JQ
1,2, given by

JQ
1 (�,k,pi,pf ) =

Z
d
3r

r

r
e
ik·r��r

1F1(i⇣
+
f )1F1(i⇣

�
i )

= �irkIN (�,k,pi,pf ), (26a)
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JQ
2 (�,k,pi,pf ) =

Z
d
3r r e

ik·r��r
1F1(i⇣

+
f )1F1(i⇣

�
i )

= i
@

@�
rkIN (�,k,pi,pf ). (26b)

We hence make the important observation, that the inte-
grals are expressible as derivatives of the Nordsieck inte-
gral IN given by Eq. (14). Because of this, we are in the
position of assembling an analytical solution. Also note
that unlike in the dipole case, JQ

2 does not identically
vanish. From the definitions (26a) and (26b), it follows
that the quadrupole tensorQ with Cartesian components
Q

ab can be written as

Q
ab = e BiBf lim

�!0

@

@k
a


ipi

@

@p
b
i

� p
b
i

@

@�

�
IN (�,k,pi,pf ) ,

(27)

where pi, pf , k are treated as separate variables in the
partial derivatives of IN . After taking the derivatives, we
set k = pi � pf . The elements of the quadrupole tensor
can then be split into the following symmetric combina-
tions,

Q
ab=f0

⇣
f1p̂

a
i p̂

b
i+f2p̂

a
f p̂

b
f+f3(p̂

a
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a
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F (z)
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f4p̂

a
i p̂

b
i+f5p̂

a
f p̂

b
f+f6(p̂

a
i p̂

b
f+p̂

b
ip̂

a
f)
⌘
F

0(z)

�
, (28)

where the various p̂
a
i,f are the Cartesian components of

the unit vectors p̂i,f = pi,f/pi,f . The prefactors f0 to f6

are

f0 =
1

p
3
i

e BiBf 16⇡e
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(1� y)3(1 + y)4
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1 + y
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, (29a)
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h
� 2 + (1� y)z

i

+ i
⌫
2
i
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h
2y2 + 2y(2� y)z + (1� y)2z2

i
, (29b)
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� y
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i
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i
, (29c)
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i
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i
, (29d)
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� y(3� y)� (1� y)2z

i

+ i
(1� z)2

z
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2y2

� y(1� y)z
i
, (29e)
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y(1� 3y)� y(1� y)2z
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, (29f)

f6 = ⌫i(1� z)
h
y(1 + y)

i
� i

(1� z)2

z
2y2

. (29g)

with y = pf/pi and the definitions of z as in Sec. III
above.
At this point, we can calculate |Q

ab
|
2 = Tr(Q†Q) and

|Q
aa
|
2 = |Tr(Q)|2 with

�
p̂i · p̂f

�
= cos ✓ = 1 + z(1 �

y)2/(2y), both of which can be written in the form
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The hats on ↵̂�̂ = ââ or âb̂ are labels of the coe�cients
A to D and not Cartesian components that would need
to be summed over. The prefactor reads

G0 =
64⇡↵

3
Z
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1Z

2
2SiSf

µ
6
v
8
i (1 + y)4(1� y)6

. (31)

The coe�cients A to D for |Qaa
|
2 are given by

Aââ =
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, Bââ =

9y2
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i

, Dââ =
6y(y + 1)
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,

(32a)

and Cââ = 0. For |Qab
|
2 we find
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(33a)
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)
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The double di↵erential cross section in the incoming
particles’ scattering angle ✓ and the emitted energy !

can then be obtained by plugging (30) into (11) using
the respective expressions for the quadrupole transition
amplitude given by (23),
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, (34)

where A = 3Aâb̂ � Aââ and the same for B, C and D.
Again, the expression for the cross section is valid for at-
tractive and repulsive interactions with ⌫i changing sign
going from the former to the latter. Equation (34) is our
first main result.

B. Scattering of identical particles

To calculate the scattering of identical particles—such
as in electron-electron scattering—we have to use the spa-
tially (anti-)symmetrized wave functions (25). In the fol-
lowing, we treat the symmetric and antisymmetric case
separately,
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, (35a)
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The squared amplitude will then be given by
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↵� = aa, ab, (36)

where the factor 1/4 is from the spin average of the four
possible (singlet and triplet) spin configurations of the
colliding unpolarized spin-1/2 particles. The four rele-
vant integrals are
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pi
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with Q"# = (Q1 + Q2 + Q3 + Q4)/2 and Q"" =
(Q1 � Q2 + Q3 � Q4)/2, where k = pi � pf (as be-
fore) and l ⌘ pi + pf are treated as independent from
pi and pf until after taking the derivative; furthermore
lim�!0 IN (�,�k,�pi,�pf ) = lim�!0 IN (�,k,pi,pf )
holds. We can see that Q1 = Q3 and Q2 = Q4 which
gives

|Q
↵�

|
2 = |Q

↵�
1 |

2 + |Q
↵�
2 |

2
�

1

2
|I

↵�
|
2
, (38)

with ↵� = ab or aa as before. Here, |Q↵�
1 |

2 is nothing else
than the squared quadrupole tensor (30) of Sec. IVA. It
can be easily shown that |Q

↵�
2 |

2 can be obtained from

|Q
↵�
1 |

2 by replacing cos ✓ ! � cos ✓, which is identical to
the transformation z ! z̃ = �z�4y/(1�y)2. For the in-
terference term in (38), we can use the expression (28) for
the quadrupole tensorsQ1 andQ2 withQ1 ⌘ Q1(z) and
Q2 ⌘ Q2(z̃). The result for the interference term |I

↵�
|
2

is rather lengthy which we therefore relegate to App. A.
In the limit ⌫i ! 0, the expressions obtained by plugging
(A2) and (A3) into the three terms in (38) agree with the
expressions obtained from the t-channel, u-channel, and
interference terms of the tree level diagrams in a Born-
level calculation. The double di↵erential cross section for
two identical particles with mass m1,2 = m and charge
Z1,2 = Z so that AQ = 1/2 reads,
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(39)

where, as in Eq. (34), A = 3Aâb̂�Aââ, A
± = 3A±

âb̂
�A

±
ââ, Ã = A(z ! z̃) and the same for the other coe�cients
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B, C, D and B̃, C̃, D̃, as well as B
±

, C
±

, D
±. This

is our second main result, and it is the exact expres-
sion for bremsstrahlung emission in the scattering of a
non-relativistic electron pair. Note that in the scatter-
ing of identical particles, the latter only share repulsive
Coulomb interactions.

V. BORN AND QUASI-CLASSICAL LIMITS

The expressions presented in the previous section are
valid for bremsstrahlung in the presence of Coulomb in-
teractions for general values of the Sommerfeld param-
eters ⌫i,f . Hence, they contain both, the Born and the
quasi-classical limit. In the following, we shall discuss
how the limiting expressions, as they are often found in
the literature, appear from the exact results above; dedi-
cated Born and classical calculations of the cross sections
are additionally presented in the appendices.

A. Born Limit

The Born regime is characterized by |⌫i,f | ⌧ 1. In this
limit, the hypergeometric function and its derivative can
be written in closed form as [20]

F (z) ⇡ 1 , F
0(z) ⇡

⌫
2
i

y

ln(1� z)

z
(|⌫i| ⌧ 1). (40a)

In the same limit, the Sommerfeld factors go to unity,
Si,f ! 1. It is then straight-forward to obtain the Born
expressions, which we shall record in the following.

For dipole emission, and denoting by x ⌘ 2!/µv
2
i the

fraction of kinetic CM energy that is carried away by
the emitted photon, the energy di↵erential cross section
reads
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◆
. (41)

For quadrupole emission, the corresponding cross sec-
tion for non-identical particles is obtained from (34) by
taking the limits (40) and by integrating over cos ✓,

!
d�Q

d!

����
Born

non-id.

=
8

15

↵
3
Z

2
1Z

2
2A

2
Q

µ
2


10

p
1� x

+ 3(2� x) ln

✓
1 +

p
1� x

1�
p
1� x

◆�
. (42)

For identical particles, such as in e
�

e
� scattering, with

mass m1,2 = m and charge Z1,2 = Z one finds in agree-
ment with literature [9],
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(43)

We have verified that we obtain the cross sections above
also by integrating the squared matrix elements pre-
sented in App. B, which were obtained from a tree-level
quantum field theory calculation for |Z1|/m1 = |Z2|/m2.
The Born cross sections (41)–(43) are shown as dash
double-dotted gray lines in Figs. 1 and 2.
In the Elwert prescription [6] mentioned in the intro-

duction, the Born cross sections are multiplied by a ratio
of the Sommerfeld factors Si and Sf , defined in Eq. (18)
and which also multiply the exact expressions (20), (34)
and (39).3 The Elwert cross section is then given by,

!
d�I

d!

����
Elwert

= e
�2⇡⌫i

Sf

Si
!

d�I

d!

����
Born

. (44)

Note that the prefactor e
�2⇡⌫iSf/Si is always greater

than unity for attractive and less than unity for repulsive
interactions. Results based on the prescription (44) are
shown by the dashed red lines in all figures. In Figs. 1 and
2, one can see that the Elwert cross section deviates from
the di↵erential Born cross section towards the kinematic
endpoint, i.e. for x ! 1. In the soft photon region, both
expressions give the same result.

B. Quasi-classical Limit

Classical results from quantum mechanics are obtained
by taking the limit ~ ! 0. Let us hence, momentarily,
reinstate the factors of ~ in the Sommerfeld parameter
and in the fraction of CM energy carried away by the
photon,

⌫i,f =
Z1Z2↵

~vi,f
, x =

~2!
µv

2
i

. (45)

For |⌫i| � 1 it is then said that the particles move on
classical trajectories and both, |⌫i| ! 1 and |⌫f | =
|⌫i|/

p
1� x ! 1 when ~ ! 0. Taking the classical limit

therefore requires the limiting behaviour of the hypergeo-
metric functions F (z) = 2F1(i⌫f , i⌫i; 1; z) and its deriva-
tive F

0(z) for two large imaginary parameters ±i|⌫i,f |;
the positive sign is for attractive and the negative sign
for repulsive interactions.
In turn, the limit x ! 0 when ~ ! 0 is the long-

wavelength (soft photon) limit, implying vanishing recoil
of the emitting particle pair. We point out that also |z|,
the argument of F, F

0, becomes large and z ! �1 for

3
An extensive physical reasoning why the correction fac-
tor involves the ratio of wave-functions at the origin,

|�(�)

pf
(0)|2/|�(+)

pi
(0)|2, can be found in [13].
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Figure 1. Di↵erential cross section in ! for attractive interactions Z1Z2 < 0 for dipole (top) and quadrupole (bottom) emission
for three di↵erent values of ⌫i = {0.1, 1, 10} (increasing from left to right). The exact result [Eq. (20) for dipole emission
and angle-integrated Eq. (34) for quadrupole emission] is shown in solid black. The Born limits (41) and (42) are given by
the dash double-dotted gray lines and the rigorous classical limit [Eq. (C10) for dipole and Eq. (C11) integrated over ✏ for
quadrupole emission] is shown by the dash-dotted blue lines. The classical asymptotic expressions (52) and (53) are shown by
the long-dashed blue thin lines and the classical soft photon limit (59) and (65) are given by the thin dotted blue lines in the
right panels. In the left panels, the Born soft-photon limits (58) and (63) are shown by thin dotted gray lines. The Elwert
approximation is shown in dashed red.

x ! 0. The asymptotic expansion of the hypergeometric
functions hence depends on which of its arguments |⌫i,f |
or |z| grows quicker in magnitude. To this end, note that
the product of x and ⌫i is independent of ~,

 ⌘
|⌫i|x

2
=

|Z1Z2|↵!

µv
3
i

, (46)

so that the value of  becomes the parameter delineating
the possible asymptotic limits [17]. In the following, we
will treat the case  � 1 observing that it remains com-
patible with the quasi-classicality condition x ⌧ 1. For
the attractive case, such limit in the hypergeometric func-
tions can be calculated with the saddle-point method. A
discussion of it can be found in Sommerfeld’s book [15],
which we also follow. A discussion of the case  ⌧ 1 will
be relegated to Sec. VI.

We start with attractive interactions, Z1Z2 < 0, and
note that for taking the limit ⌫i,f � 1, the contour inte-
gral representation of the hypergeometric functions can
be used to rewrite F (z) and F

0(z) in the form

F
(0)(z) =

e
�⇡⌫i

2⇡i

I 1
+

0
�

du
(⇠)

g (u) e
⌫ff(u) , (47a)

f(u) = i ln


u
y

(1� u)y(1� uz)

�
, (47b)

with g(u) = 1/u for F and g̃(u) = i⌫f/(1 � uz) for F
0.

The contour in (47a) circles the singular points u = 0
and u = 1 in positive direction. The saddle points are
situated at

u0 =
1� y

2

✓
1 + i cot

✓

2

◆
. (48)

We can then expand around u0, taking into account the
second and third order in the expansion of f(u) yielding
for ⌫i � 1,

F (z) ⇡ �
e
�⇡⌫i+⌫ff(u0)

2⇡iu0⌫
1/3
f

"
I1�

I2

u0⌫
1/3
f

#
, (49a)

F
0(z) ⇡ �

⌫fe
�⇡⌫i+⌫ff(u0)

2⇡(1�zu0)⌫
1/3
f

"
I1+

z I2

(1�zu0)⌫
1/3
f

#
, (49b)

where the first integral is the leading order expansion in
(⇠)

g (u) around the saddle point and the second integral is
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Figure 2. Same as Fig. 1 but for repulsive interactions.

the next to leading order expansion. The integrals can be
identified as the integral representations of the modified
Bessel functions

I1=

Z 1

�1
dxe

�ax
2
+ibx

3

=
2

3
p
3

a

b
e

2
27

a
3

b
2
K1/3

 
2

27

a
3

b
2

!
, (50)

I2=

Z 1

�1
dxxe

�ax
2
+ibx

3

=
2i

9
p
3

a
2

b
2 e

2
27

a
3

b
2

"
K1/3

 
2

27

a
3

b
2

!
�K2/3

 
2

27

a
3

b
2

!#
,

(51)

with a = �⌫
1/3
f f

00(u0)/2, b = �i f
000(u0)/6. Plugging

(49) into (20) implies evaluating I1 and I2 at ✓ = ⇡,
which yields in agreement with [17]

!
d�D

d!

����
classical

=
16⇡

3
p
3

↵
3
Z

2
1Z

2
2A

2
D

µ
2
v
2
i

(Z1Z2 < 0,  � 1).

(52)
This expression is generally used in the definition of a
Gaunt factor for dipole radiation, see Sec. VIII, and it
is related to Kramers’ original result [1] on the inverse
process, namely, the classical rate for photon absorption.
For repulsive interactions, Z1Z2 > 0, Eq. (52) gets mul-
tiplied with an overall factor exp(�2⇡).

For quadrupole bremsstrahlung, we only possess closed
solutions for the double di↵erential cross section in ! and
cos ✓, i.e. (34) and (39). Therefore, we have to keep the

✓-dependence in I1 and I2 and integrate to get the di↵er-
ential cross section in !. For the solution in an attractive
potential, it can be shown that for ⌫i ! 1, the double
di↵erential cross section goes to zero for all values of ✓

except for ✓ = ⇡. A tedious calculation, which involves
expanding I1 and I2 around ✓ = ⇡ up to fourth order
and integrating the result over ✓, yields for quadrupole
radiation,

!
d�Q

d!

����
classical

=
32⇡3/2

37/6�(1/6)

↵
3
Z

2
1Z

2
2A

2
Q

µ
2

✓
↵|Z1Z2|!

µv
3
i

◆2/3

(Z1Z2 < 0,  � 1). (53)

Again, the repulsive case, Z1Z2 > 0, is obtained by mul-
tiplying the right hand side by exp(�2⇡). It is worth
noting at this point, that the cross sections for scatter-
ing of identical and non-identical particles yield the same
classical limit (53) as they should.4

Appendix C presents the classical calculations for en-
ergy loss. For dipole radiation, the result for d�/d! is
integrable to Hankel functions for arbitrary  . When an
expansion is made for  � 1 and the classical velocity
is identified with vi, Eq. (52) follows.5 For the classi-

4
�(1/6) ⇡ 5.5663 can be related to a complete elliptic integral of
the first kind, but no simple relation to resolve �(1/6) exists.

5
The classical calculation does not resolve the di↵erence between
vi and vf so that the agreement is in that sense accidental [17].
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cal treatise of quadrupole radiation, we are able to cast
the result on d�/d! as an integral over Airy functions,
as shown in App. C 3, which can be solved analytically
and yields Eq. (53) to leading order for  � 1 after the
classical velocity is again identified with vi. The asymp-
totic forms can be seen in the right panels of Figs. 1 and 2
where the thin dashed blue lines show the “hard photon”
( � 1) expressions (52) and (53). In addition, the blue
dash-dotted lines are the full classical results for general
 derived in App. C.

VI. SOFT-PHOTON LIMIT

In this section, we finally comment on the case
of soft photon emission, i.e., the limit x ⌧ 1. It
is long known [23] that in the soft-photon limit the
double-di↵erential emission cross section can be writ-
ten as the product of elastic scattering cross section
d�/d cos ✓|vi!vf

and an overall factor AI describing the

emission (see e.g. [17]),

!
d�I

d!d cos ✓

����
soft

= AI ⇥
d�

d cos ✓

����
vi!vf

. (54)

AI is assembled from the soft emission factors / en(pn ·

✏
⇤)/(pn ·q) that multiply the individual amplitudes where
a photon with four-momentum q = (!,q) and polar-
ization vector ✏

⇤ is attached to an external leg with
four-momentum pn and charge en. For the polarization-
summed squared matrix element this implies,

AI = �
!
2

(2⇡)2
X

m,n

⌘m⌘n emen
pm · pn

(pm · q)(pn · q)
. (55)

Here, the sum runs over all initial (final) states with
⌘ = ±1. The analytic structure of (55) is independent
of the spin of the emitting particles [24] and underlies
the theorem implying the cancellation of infrared diver-
gences in quantum electrodynamics, and along analogous
lines, with a modified version of (55), the cancellation of
infrared divergences in the emission of soft gravitons [8].

In the dipole case, it is then straight-forward to show
that in the non-relativistic expansion, AD becomes the
squared di↵erence of initial and final state velocity,

AD(!, cos ✓) =
2↵A

2
D

3⇡
|vi � vf |

2
, (56)

and which is to be multiplied by the Rutherford cross
section

d�

d cos ✓

����
vi!vf

=
8⇡↵

2
Z

2
1Z

2
2

µ
2

1

|vi � vf |
4 . (57)

It is important to note that (57) is exact in the Coulomb
interaction of the scattering particles and also coincides
with the Born result.

Integrating the product (56) with (57) over the scat-
tering angle yields to leading order in x the Born cross
section (41) after the latter is expanded in x as well6,

!
d�D

d!

����
soft

Born

=
16

3

↵
3
Z

2
1Z

2
2A

2
D

µ
2
v
2
i

ln

 
2µv

2
i

!

!
. (58)

Since the result is a direct consequence of his soft-photon
theorem [8] and per se an exact result in the limit x ! 0,
Weinberg recently investigated the validity of (58) away
from |⌫i| ⌧ 1 and observed that when the scatter-
ing approaches the forward direction in (57), the re-
quirement on the smallness of x becomes increasingly
stringent for (58) to hold [7]. A formula was therefore
suggested that splits the angular integration into two
regimes, where in the forward direction, for ✓ < ✓c, a
correction factor ⇡

2
⌫
2
i / sinh2 ⇡⌫i is applied to the prod-

uct of (56) and (57). The factor was obtained from an
asymptotic analysis, and although not explicitly stated
in [7], it is just the product of Sommerfeld factors SiSf as
they appear in the exact formula (20) in the limit x ! 0.
In this treatment, ✓c is a critical angle that can be deter-
mined from matching onto the classical limit (|⌫i| � 1)
for soft photon emission ( ⌧ 1) [22],7

!
d�D

d!

����
soft

classical

=
16

3

↵
3
Z

2
1Z

2
2A

2
D

µ
2
v
2
i

ln

 
2µv

3
i e

��

↵|Z1Z2|!

!
, (59)

where � ⇡ 0.5772 is the Euler-Mascheroni constant. Such
formulation has the benefit of providing an approximate
formula for soft dipole bremsstrahlung for arbitrary ⌫i.
Note that (59) is also obtained by expanding the classical
expression (C10) for small .
If we now turn to the case of quadrupole emission,

the elastic Coulomb scattering cross section for identical
particles of charge Z and mass m reads [17]

d�

d cos ✓

����
ident.

vi!vf

=
32⇡↵

2
Z

4

m
2

"
1

|vi � vf |
4 +

1

|vi + vf |
4

�
1

|vi + vf |
2
|vi � vf |

2 cos

 
⌫i ln

|vi � vf |
2

|vi + vf |
2

!#
.

(60)

6
In fact, the full Born cross section could be obtained when we
use vf = vi

p
1� x and multiply the factorized di↵erential cross

section with vf/vi before integrating over the scattering angle;
this factor usually appears as a phase space factor in the defi-
nition of the cross section but is unity for elastic scattering in
the CM frame. The agreement is somewhat accidental and be-
yond the accuracy of the factorization. It has to do with the fact
that for non-relativistic bremsstrahlung the emitted momentum

|q|  µv
2

i /2 is negligible with respect to the typical exchanged
momentum |k| ⇠ µvi.

7
The ✓c dependence drops out in the Born limit, and using the
asymptotic classical result for the matching such that ✓c becomes
independent of ⌫i makes the relation to the exact result approx-
imate; in actual physical applications Debye screening needs to
be accounted for when ! . !p where !p is the plasma frequency.
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Since the formula is exact in the Coulomb interaction of
the scattering particles, it is natural to attempt to estab-
lish an analytical formula for soft photon emission that is
valid for arbitrary ⌫i by following Weinberg’s treatment
for dipole radiation [7]. For this, however, there are two
obstacles to overcome: one is related to the complicated
analytical structure of the cosine-term in (60) and an-
other is related to the fact, that a naive application of
the factorization (54) yields a prohibitive requirement
on the smallness of x. The rest of this section will be
concerned with showing how we can overcome these two
obstacles, and we start with the latter. The final formula
is presented in (64).

For quadrupole radiation, it turns out that although
using (55) for the multiplying factor AQ yields the cor-
rect asymptotic behavior for x ! 0, its range of appli-
cability will be exceedingly small. A better result can
be obtained by correcting for the fact that di↵erent mo-
menta (by an amount ±q) are exchanged in the individ-
ual diagrams that mediate the Coulomb interaction; in
the Born limit, this is best seen from the diagrams of
Fig. 5. Correcting each term in (55) for the actual ex-
changed momentum km in the emission from an external
leg of momentum pm by multiplying it with the factor
k
4
elastic/(k

2
mk

2
n), where kelastic denotes the exchanged mo-

mentum for q ! 0, yields

A
corr
Q =

2↵A
2
Q

15⇡

h
4v4i + 4v4f � v

2
i v

2
f

⇣
5 + 3 cos2 ✓

⌘i
,

=
2↵v

4
i A

2
Q

15⇡

h
3(1� cos2 ✓)� 3x(1� cos2 ✓) + 4x2

i
.

(61)

The di↵erence with respect to using (55) is in the
quadratic term 4x2 which would otherwise have read x

2.
The importance of using (61) over an emission factor

obtained from (55) is exemplified when considering the
Born regime |⌫i| ⌧ 1 for which one may take the cosine
in the last term of (60) to unity. Integrating the prod-
uct of (60) with (61) over the scattering angle one then
obtains to leading order in x,

!
d�Q

d!

����
soft

Born
ident.

=
4

15

↵
3
Z

4

m
2


17 + 12 ln

 
2µv

2
i

!

!�
. (62)

This expression now not only agrees in the leading log-
arithmic term with the result that is obtained from the
Born cross section (43) after an expansion in x has been
performed, but also in the constant coe�cient 17. For
example, while for dipole radiation the Born cross sec-
tions (41) and (58) agree to better than one part in 103

for x = 10�2, the cross section obtained from (55) for
quadrupole radiation would deviate by 25% from (43)
and the error would drop to 10�3 only at an unreason-
able exponentially smaller value x = 10�1000. Using in-
stead (61) the agreement between (62) and (43) is as
good as for dipole radiation. Similar conclusions hold for
non-idential particles, and for completeness we record the
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Figure 3. Di↵erential cross section ! d�/d! evaluated at x =
10�4, 10�3, 10�2 (darker to lighter lines) as a function of ⌫i for
dipole emission (top) and quadrupole emission for attractive
interactions (center) and for identical particles (bottom). The
general soft photon cross sections, i.e., (37) in [7] and (64) of
this work, with ✓c matched to the soft classical limit, are
shown by the dashed red lines. They are compared to the
classical limits (59) and (65) for  ⌧ 1 in dash-dotted blue,
the Born limits (58), (63) and (62) in dash double-dotted gray
and the exact results (20) and angle-integrated (34) and (39)
in black.

soft-photon limit of the quadrupole emission cross section
for non-identical particles which is obtained by integrat-
ing the Rutherford cross section (57) with (61) and which
in leading order in x reads,

!
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����
soft

Born
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=
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↵
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2
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!�
. (63)

Equipped with the appropriate factors (60) and (61),
an analysis like the one performed for dipole radiation
by Weinberg in [7] and as mentioned above may now
be performed for the quadrupole case. The remaining



90 Chapter 4. Photon Emission

12

di�culty is that the cosine-term in (60) cannot be inte-
grated analytically. In the limit |⌫i| ⌧ 1 this term goes
to unity while in the limit |⌫i| � 1 it oscillates quickly so
that the interference term vanishes in the integral over
✓, and as one expects from the classical limit where the
concept of identical particles is not present. We over-
come the problem caused by the cosine-term by making
the replacement cos(. . . ) ! ⇠ = 1(0) in the interference
term of (60) for identical (non-identical) particles. When

we then split the ✓-integral in the manner of Ref. [7], it
turns out that the interference term for identical parti-
cles will still vanish in the classical limit as it should due
to the introduced factor SiSf |x!0 ! 0 for |⌫i| ! 1; for
non-identical particles it vanishes trivially because ⇠ = 0.
Conversely, this prescription also retains the correct form
in the Born limit, and hence yields an analytical formula
for the soft cross section that has the correct asymptotic
forms for |⌫i| ⌧ 1 and |⌫i| � 1 and becomes a reasonable
approximation for intermediate values of ⌫i,
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!
+ SiSf

��
x=0


6 + 3⇠
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2 + 1

�
6 + 3⇠

2
+ 6 ln ⇣

�)
, (64)

with ⇣ ⌘
p

(1 + cos ✓c)/(1� cos ✓c). In the Born limit,
|⌫i| ⌧ 1, we have SiSf

��
x=0

! 1, the ⇣ dependence
in (64) drops out, and we retrieve (62) or (63), respec-
tively, depending on the value of ⇠. In the classical limit,
|⌫i| � 1, we get SiSf

��
x=0

! 0 and we can identify

⇣ = |⌫i|e
�+1/2

� 1 by matching onto the classical re-
sult for soft photon emission ( ⌧ 1),
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(65)
which we obtain by expanding the classical expression
(C11) for small . Note that in the classical limit the ⇠

dependence in (64) becomes negligible as it should. The
above equations are valid for attractive and repulsive
interactions since the factor exp(�2⇡) that gets usu-
ally multiplied to the classical cross sections going from
Z1Z2 > 0 to Z1Z2 < 0 goes to unity in the soft photon
limit  ⌧ 1. Finally we note that one can in fact im-
prove on (64) to extend the validity to larger values of x.
A formula for this is presented in App. D.

The behavior of (64) between the Born and classical
limits—with ⇣ fixed as outlined above—is shown in the
middle and bottom panel of Fig. 3 for three values of x.
As can be seen, the soft cross section (64) is a good ap-
proximation up to values of x = 10�2 in the Born limit,
while in the classical limit there are clearly visible devi-
ations from the exact result due to the stricter condition
 ⌧ 1 for the classical result that is used in the matching.
For comparison, the result of Ref. [7] for dipole radiation
with fixed ⇣ is shown in the top panel of Fig. 3. The soft
limits are also shown by the thin dotted gray (blue) lines
in the left (right) panels of Figs. 1 and 2 for the Born
(classical) limit.

VII. EFFECTIVE ENERGY LOSS

Since the exact expressions for multipole radiation ob-
tained in Sections III and IV are rather complicated and
sometimes numerically challenging to evaluate, it is of in-
terest to show how the exact solutions behave in between
the Born and the classical regimes. We investigate this by
comparing the e↵ective energy loss or “e↵ective retarda-
tion”, i.e., the energy-weighted integral over the emission
cross section d�/d! up to the kinematic endpoint,

"
⇤
�I(vi) =

Z µv
2
i

2

0
d! !

d�I

d!
, (66)

and which is a quantity of general interest.8

In the Born limit, the e↵ective energy loss including
dipole and quadrupole radiation for non-identical parti-
cles is obtained by integrating (41) and (42),

"
⇤
�(vi)

��
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non-id.
=
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3
Z

2
1Z

2
2

µ
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16

3
A

2
D +

40

9
A

2
Q v

2
i

�
. (67)

The result is valid for both, attractive and repulsive in-
teractions as the Born limit does not distinguish these
cases. For identical particles only quadrupole radiation
exists, AD = 0, AQ = 1/2. Writing Z1,2 = Z, m1,2 = m,
and µ = m/2 one obtains from integrating (43),

"
⇤
�Q(vi)

��
Born
ident.

=
↵
3
Z

4

m

5

36
(44� 3⇡2)v2i . (68)

8
For example, the luminosity in a non-relativistic Max-

wellian gas of such colliding particles with number den-
sities n1,2 and common temperature T can be com-
puted from the CM frame expression through [25] lI =
n1n2

(1+�12)

q
2

⇡

� µ
T

�
3/2 R

dviv
3

i e
�µv

2
i /2T "

⇤
�I(vi). Another example

is the energy loss of electrons in the passage of a gas of heavy
ions, for which �dE/dx ' nI"

⇤
�(vi) where nI is the number

density of scattering centers.
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Figure 4. Left panel: E↵ective energy loss from dipole emission, normalized to the Born result [first term of Eq. (67) (dash
double-dotted gray line)] as a function of ⌫i for an attractive (top) and a repulsive (bottom) interaction. The full non-relativistic
quantum mechanical result from Eq. (20) is shown in solid black. The rigorous classical limit from Eq. (C10) containing the
Hankel functions is shown in dash-dotted blue, while the asymptotic expressions, i.e. the dipole terms in Eqs. (69) and (70),
are shown by the thin dotted blue line. The Elwert approximation is shown in dashed red. Right panel: E↵ective energy loss
from quadrupole emission as a function of ⌫i for an attractive (top) and a repulsive (bottom) interaction. The exact result for
non-identical particles from Eq. (34) is shown in solid black. The rigorous classical limit from Eq. (C11) containing the Hankel
functions is shown in dash-dotted blue, while the asymptotic expressions, i.e. the quadrupole terms in Eqs. (69) and (70), are
shown by the thin dotted blue line. The Elwert approximation is shown in dashed red. For comparison, the e↵ective energy
loss for identical particles is shown in dotted black for the exact calculation obtained from Eq. (39).

As expected, in the Born limit quadrupole emission is
suppressed by a factor v

2
i with respect to dipole emission.

Turning now to the classical expressions, from (52) and
(53) the e↵ective energy loss for attractive interactions in
the classical limit up to quadrupole order reads,
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⇤
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��asympt.
classical

=
↵
3
Z

2
1Z

2
2

µ


8⇡

3
p
3
A

2
D +

8⇡3/221/3
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Q v

4/3
i

�
(Z1Z2 < 0).

(69)

For repulsive interactions, the energy loss receives equally
important contributions from the kinematic regimes  �

1 and from  ⌧ 1. Hence, using only the  � 1 limit in
Sec. VB would underestimate the result. However, the
e↵ective energy loss can be calculated directly from the
classical theory using Eq. (C1) and rewriting the time
integral to a line integral along the particles’ relative dis-
tance from infinity to the distance of closest approach
and back to infinity (see e.g. [22]). One then arrives at

"
⇤
�(vi)

��asympt.
classical

=
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9

↵
2
Z1Z2

µ

h
A

2
Dvi + A

2
Q v

3
i

i

(Z1Z2 > 0) .

(70)

Note that in the attractive case, the dipole term is of
the same order in vi in the Born and in the classical
limit while the quadrupole term is only suppressed by a

factor v
4/3
i w.r.t. the dipole term in the classical limit as

opposed to a factor v
2
i in the Born limit. In the repulsive

case, the quadrupole term is suppressed by a factor v
2
i

w.r.t. the dipole term but the classical e↵ective energy
loss shows an overall suppression of vi/(↵Z1Z2) w.r.t. the
Born limit; hence the single powers of Z1,2 in (70).
We point out again that while the Born approximation

distinguishes between identical and non-identical parti-
cles, this concept is not present in the classical calcu-
lation. On the other hand, the classical approximation
distinguishes between attractive and repulsive potentials
while—as is well known—the Born approximation does
not. The exact calculation presented in Sec. IV captures
all of these aspects and interpolates smoothly between
the Born and classical limit.
In Fig. 4 we show the full e↵ective energy loss calcu-

lation as obtained from Eqs. (34) and (39) and compare
it with the expressions listed above. In addition, we also
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investigate here the energy loss based on the Elwert pre-
scription (44). As can be seen, "

⇤
�(vi)

��
Born

is numer-
ically within a few percent of the e↵ective energy loss
calculated from the exact cross sections for |⌫i| . 10�2.
The Elwert prescription extends the range of validity of
"
⇤
�(vi)

��
Born

to |⌫i| . 0.5. The reason is that the ratio of
Sommerfeld factors, which get multiplied onto the Born
cross section account for the larger (smaller) probability
of finding the colliding particles at same position due to
the attractive (repulsive) Coulomb interaction and there-
fore increases (decreases) the cross section accordingly, as
detailed in Sec. VA. For |⌫i| & 10 the exact energy loss is
well described by the classical approximation derived in
App. C in terms of Hankel functions (shown as blue dash-
dotted lines), whose leading order terms in the expansion
|⌫i| � 1, Eqs. (69) and (70), are shown as blue dotted
lines. For attractive interactions, the classical approxi-
mation asymptotes to Eq. (69) for |⌫i| & 103 while for
repulsive interactions, it already reaches its asymptotic
form of Eq. (70) at |⌫i| & 1.

While the energy loss in dipole emission for Z1Z2 < 0
only deviates from the Born approximation by a maxi-
mum ⇠ 30% at a given ⌫i, the energy loss in quadrupole
emission can deviate from the Born approximation by
several orders of magnitude since the classical and Born
limit show di↵erent scalings with velocity. Note, however,
that even though quadrupole radiation in an attractive
potential gets enhanced with respect to the Born approx-
imation for large ⌫i while dipole radiation does not, the
former can never become larger than the latter since it is
additionally suppressed by v

2
i as can be seen in Eq. (69).

To this end, note that the units on the y-axes on the
right panel of Fig. 4 carry an additional v2i factor, and the
energy loss for attractive interactions in the quadrupole
case does not grow without bounds as ⌫i ! 1, but rather
vanishes instead.

VIII. ELECTRON-ELECTRON GAUNT
FACTOR

The net rate of photon absorption in free-free transi-
tions and its inverse process, bremsstrahlung, is of ample
importance in the understanding of opacity and emis-
sivity of astrophysical environments. In the scattering
of electrons on ions of charge Z (dipole case) it has be-
come traditional to express the exact rates as a product
of the classical electrodynamics result by Kramers [1]
and a “free-free Gaunt factor” g↵ . In terms of the
bremsstrahlung cross section, with (52) specialized to
Z1 = Z Z2 = �1, µ ' me,

d�D

d!
=

16⇡

3
p
3

↵
3
Z

2

m
2
ev

2
i

⇥ g↵(!, vi). (71)

Because of the numerical demanding nature of evaluat-
ing hypergeometric functions, Gaunt factors are being
tabulated. The classic compilation is [26] with literature

that continues into the most recent past [27, 28]; for soft-
photon emission an improved Gaunt factor was recently
proposed in [7] as discussed in Sec. VI.
Having gathered insight into the exact non-relativistic

bremsstrahlung cross section in all kinematic regimes,
we are now in a position to make an informed proposal
for a Gaunt factor for electron-electron bremsstrahlung,
gee(!, v). Given the complexity of the result, there are
down-sides with any simple definition. For example, stay-
ing with historical convention and defining the Gaunt
factor through the classical result, one notes that for
quadrupole emission in a repulsive potential there are
important contributions—as exemplified in the study of
e↵ective energy loss in the previous section—from both,
“soft” and “hard” photons, defined through  ⌧ 1 and
 � 1 with  of Eq. (46), respectively. One could then
define the Gaunt factor as the multiplicative factor that
brings the sum of classical hard and soft cross sections for
quadrupole radiation (53) and (65) into agreement with
the full result. However, this has the unpalatable prop-
erty that there is no easy analytical limiting expression
for gee.
The kinematic region of largest practical interest is the

Born regime. The reason is that for Z = 1 Coulomb
corrections remain comparably smaller than for electron-
ion interactions. For example, considering the case of
a hot galaxy cluster gas with a ballpark temperature
of T ' 10 keV and a typical electron velocity of v ⇠p
2T/me ' 0.2 implies |⌫i| ' 0.04, well in the validity

regime of the Born cross section. In addition, as we have
observed above, the Elwert prescription extends the va-
lidity to larger |⌫i|, and we propose a definition of the
Gaunt factor that is based on the latter,

d�Q

d!
=

⌫f

⌫i

1� e
�2⇡⌫i

1� e
�2⇡⌫f

d�Q

d!

����
Born
ident.

⇥ gee(!, v), (72)

where d�Q/d!
��
Born
ident.

is given through (43). The Elw-

ert factor is important to capture the spectrum for hard
photons, and for |⌫i| & 0.1 it is required to yield the ap-
propriate suppression in the e↵ective energy loss. In the
Born regime, for |⌫i| ⌧ 1, it then follows that gee ! 1
and gee < 1 otherwise; deviations from unity are most
important for |⌫i| & 1. Lastly, we note that a tabula-
tion of gee together with its thermally averaged version
over a large kinematic regime remains a challenging task
as it requires a precise evaluation and integration of F

and F
0 for large parameters and argument. This will be

presented elsewhere [29].9

9
A previous compilation exists [30], where a quadrupole Gaunt
factor was defined as a multiplicative factor of the dipole cross
section. In lieu of a full result, the tabulation could only be based
on the Elwert prescription and results are hence not accurate
for ⌫i � 1. A thermally averaged version of the Born cross
section (43) for a Maxwellian gas has been given in [12].
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IX. CONCLUSIONS

In this work we present the full quantum mechani-
cal treatment for the quadrupolar single-photon emission
which is exact in the low energy scattering of two electri-
cally charged spin-1/2 particles. The double di↵erential
cross sections in the center-of-mass scattering angle ✓ and
photon energy ! is presented in Eq. (34) for non-identical
and in Eq. (39) for identical particles. The latter formula
applies to the important case of the scattering of a pair
of electrons for which quadrupole radiation is the leading
energy loss process.

For dipole radiation, the result can be cast into the
rather short form (20) by making use of the di↵erential
equation for the hypergeometric function. This is not
possible anymore for the quadrupole case. The analytic
structure of the result is considerably more complex. Its
building blocks are the elements of a tensor of Coulomb
transition matrix elements, Eq. (22), and we are able to
obtain the elements in closed form by making use of an
integral formula for confluent hypergeometric functions
that was established by Nordsieck, see (27) and (14).

The results apply to all non-relativistic kinematic
regimes and yield the correct Born and quasi-classical
limits for |⌫i| ⌧ 1 and |⌫i| � 1, respectively. We show
how these limits are derived from the full expressions and
compare them to the Born-level and classical treatments,
that we present in additional calculations. Making con-
tact in these asymptotic regimes, gives credence to the
correctness of our results.

We then study the kinematic regime of soft pho-
ton emission where the emitted photon energy is much
smaller than the available center-of-mass energy. Here
one may tap into the soft-photon theorems that imply the
factorization of the cross section into the elastic cross sec-
tion, multiplied by an emission piece. Weinberg recently
showed how a formula for soft photon emission may be
constructed for arbitrary ⌫i for the case of dipole radi-
ation. With some modifications, we are able to carry
these ideas over to the case of quadrupole emission, and
Eq. (64) gives the soft photon cross section that applies in
both, the Born and the classical regime. Taking this ap-
proach further, we also show how an approximate formula
valid for arbitrary ⌫i and accross the kinematic range of
x can be constructed for repulsive potentials in (D1).

Equipped with all this knowledge on the quadrupole
bremsstrahlung process, in a final section we then pro-
pose an adequate form for a Gaunt factor for electron-
electron scattering which is based on practical demand.
A numerical tabulation over a large kinematic regime will
be presented in an upcoming work [29]. The emission
of photons in the Coulomb collision of unpolarized free
particles is perhaps the fundamental process in the in-
teraction of light with matter. This work closes a seem-
ing gap in the literature, by laying out the exact theory
for quadrupole radiation in the non-relativistic limit and
by studying its consequences in all relevant kinematic
regimes.

Acknowledgements: The authors are supported by
the New Frontiers program of the Austrian Academy of
Sciences. LS is supported by the Austrian Science Fund
FWF under the Doctoral Program W1252-N27 Particles
and Interactions. We acknowledge the use of computer
packages for algebraic calculations [31, 32].
Note added: In the final stages of preparing this

paper, we became aware of Refs. [33] and [34] which
calculated the elements of the quadrupole tensor in
a Coulomb field for gravitational and electromagnetic
bremsstrahlung, respectively. The results appear to have
gone unnoticed in the Western literature, see e.g. [13]
claiming the absence of such calculation (p. 236). We
disagree—by individually di↵erent amounts—with all
real coe�cients of F and two of the three imaginary coef-
ficients of F

0 listed in Eq. (17) of [34]. We have also stud-
ied the cross section that can be deduced from Eq. (17)
of [34] numerically and find that it generally yields wrong
results and asymptotes to the correct Born and classical
limits only in a limited region of parameter space. The
authors start from a di↵erent ansatz—Eqs. (1) and (2)
in [33]—to establish the elements of the quadrupole ten-
sor from the Nordsieck integral. Using their starting
point, we recover our coe�cients (29) for the quadrupole
tensor. From this we must conclude that the result of [34]
contains errors; English and Russian version of [34] are
consistent in their critical equation. Despite those dis-
crepancies, we agree in the deduced asymptotic expres-
sion for the classic limit for  � 1, Eq. (53) in this work.
In either case, our work presents the problem of non-
relativistic quadrupole emission for all relevant kinematic
regimes in a self-complete manner and goes well beyond
the brief expositions of those previous works.

Appendix A: Interference term in the full result
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where G0 is given by Eq. (31). For |Qaa
|
2
the coe�cients

read
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âb̂
=

y
2
h
3y2

�2y
⇣
2+cos2✓

⌘
+3
i

(1�y)2⌫2
i

�

8y3
⇣
1�cos2✓

⌘2

(1�y)4(1�z)(1�z̃)
, B

�
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Note that for identical particles Z1Z2 = Z
2

> 0 and
therefore in the coe�cients in this section ⌫i is always
negative, as can be seen from Eq. (7).

Appendix B: Born approximation

In the following, we present the non-relativistic
squared matrix elements in the Born approximation. For
simplicity, we specialize to m1 = m2 and |Z1,2| = 1.
The matrix elements can be obtained from a quantum
field theory calculation, based on the QED Lagrangian,
of the Feynman diagrams shown in Fig. 5. The ma-
trix elements are hence given in relativistic normaliza-
tion hp|p0

i = (2⇡)32Ep�
3(p � p0) and are summed over

photon polarizations, averaged over initial and summed
over final spins, and averaged over the direction of the
emitted photon. We stick to the notation of the main
segment and use the variables k = p2 � p4, l = p4 � p1

and their directions k̂ = k/|k|, l̂ = l/|l|.

The scattering of e
+
e
�

! e
+
e
�

� is dominated by
dipole emission and only the unprimed diagrams on the
left side of Fig. 5 contribute. To leading order in relative
velocity of the colliding pair the squared matrix element

reads
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In turn, for the scattering of e
±

e
±

! e
±
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� also the
exchange diagrams on the right side of Fig. 5 contribute.
In agreement with the original calculation [9] we obtain
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To obtain the matrix elements (B1) and (B2) we have
used a velocity expansion in the relative velocity vi where
|k|/µ and |l|/µ scale as O(vi) and (k · l)/µ

2 and !/µ as
O(v2i ).
The cross sections in Sec. VA can then be obtained

from (B1) and (B2) by putting the corresponding ma-
trix elements into Eq. (11) after converting them to non-
relativistic normalization, i.e.

|MI |
2 = 2!(2m1)

2(2m2)
2
|M

rel.
I |

2
, (B3)
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Figure 5. Eight tree level diagrams contributing to e�e�-
bremsstrahlung in the Born limit. Fermion momentum flows
from left to right and the direction of the photon momen-
tum is represented by the arrow next to the photon line. For
e+e�-bremsstrahlung only the non-primed diagrams have to
be considered and the fermion flow is reversed for positrons.

and setting |k|/µ = |vi � vf |, |l|/µ = |vi + vf | and

(k · l)/µ
2 = v

2
i � v

2
f .

Appendix C: Classical Energy Loss

The e↵ective energy loss "
⇤
� can be calculated semi-

classically by integrating the intensity of the radiation
over the impact parameter ⇢ and the interaction time t

as (see e.g. [22])

"
⇤
�I =

Z 1

0
d⇢ 2⇡⇢

Z 1

�1
dt II . (C1)

The intensity I of the dipole or quadrupole radiation re-
spectively is given by

ID =
1

6⇡
A

2
D|d̈(t)|2, (C2)

IQ =
1

720⇡
A

2
Q|
...
q
ab(t)|2 , (C3)

with

d(t) = e r(t), (C4)

q
ab(t) = e

h
3 r

a(t)rb(t)� r
2(t)�ab

i
. (C5)

where r(t) is the particles’ distance and v = |ṙ| will be the
magnitude of the relative velocity to be used below. The
time integral in Eq. (C1) can be replaced by an integral
over the emitted energy ! of the Fourier modes of d and
q
ab, i.e.

"
⇤
� =

1

4⇡

Z
d⇢ ⇢

Z
d!

⇥

"
2!4

3
A

2
D|d̃(!)|2 +

!
6

180
A

2
Q|q̃

ab(!)|2
#

. (C6)

with d̈(t) = 1/(2⇡)
R1
�1 d! d̃(!) e

�i!t and
...
q
ab(t) =

1/(2⇡)
R1
�1 d! q̃

ab(!) e
�i!t, where we denote Fourier-

transformed quantities with a tilde. The particles’ dis-
tance vector r(t) can be parametrized in a plane spanned
by the orthonormal vectors ê1 and ê2 [22]

r1 =
↵|Z1Z2|

µv
2 (✏ ± cosh ⇠) ê1, (C7a)

r2 =
↵|Z1Z2|

µv
2

q
✏
2
� 1 sinh ⇠ ê2, (C7b)

t =
↵|Z1Z2|

µv
3 (✏ sinh ⇠ ± ⇠) . (C7c)

Here, +(�) is to be used for repulsive (attractive) inter-
actions; rn = |rn| is parameterized by the eccentricity
✏ and ⇠. For unbound orbits, the eccentricity relates to
the impact parameter as ✏

2 = 1 + µ
2
⇢
2
v
4
/(↵Z1Z2)

2 and
we can rewrite the integral over ⇢ with 0 < ⇢ < 1 into
an integral over ✏ with 1 < ✏ < 1, as we will do in the
following.

1. Dipole Emission

For dipole emission in an attractive potential, the dif-
ferential cross section with respect to the emitted energy
is found from the first term in (C6) by omitting the inte-
gration over d!, using the definition (66), and identifying
v with vi [22]

!
d�D
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����
classical

=
4↵3
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2
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4
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3µ2
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4
i

Z 1
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2 + |r̃2(!)|
2
⌘

, (C8)

where we have used that

r̃1(!) =

Z 1

�1
dt r1 e

i!t =
⇡↵|Z1Z2|

µv
2
i !

H
(1)0
i (i✏) , (C9a)

r̃2(!) =

Z 1

�1
dt r2 e

i!t = �
⇡↵|Z1Z2|

µv
2
i !

p
✏
2
� 1

✏
H

(1)
i (i✏) ,

(C9b)
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with  = ↵|Z1Z2|!/(µv
3
i ); the integrals are solved by ex-

pressing dt in terms of d⇠ using (C7c). For dipole emis-
sion, a closed solution for the integral in Eq. (C8) exist.
Therefore the di↵erential cross section for an attractive
potential Z1Z2 < 0 can be written as

!
d�D

d!

����
classical

=
4⇡2

3

↵
3
Z

2
1Z

2
2A

2
D

µ
2
v
2
i



���H(1)
i (i)

���H(1)0
i (i) ,

(C10)

For a repulsive interaction, the respective sign in the
parametrization in Eq. (C7) simply leads to an overall
factor exp(�2⇡) in Eq. (C10).

2. Quadrupole Emission

The cross section for quadrupole emission is found
from the second term in (C6) with the quadrupole ten-
sor (C5) and rn from (C7). The components of q

ab(t) are
then Fourier-transformed to obtain q̃

ab(!). This is then
plugged into (C6) to obtain the di↵erential cross section
(if the ! integration is omitted), which for attractive po-
tentials Z1Z2 < 0 reads
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� i
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(C11)

Similarly to the case of dipole emission, the quadrupole
emission for a repulsive interaction Z1Z2 > 0 can be ob-
tained from (C11) by multiplying it with an overall factor
exp(�2⇡). The coe�cients read

r̃11(!) =

Z 1
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dt r
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1 e
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with a = 2⇡↵|Z1Z2|/(µvi!
2).
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Figure 6. Approximate formula (D1) for non-identical parti-
cles compared to the exact result (34). The di↵erential cross
section is shown for ⌫i = 0.1, 1, 10 in the top panel and the
e↵ective energy loss in the bottom panel. The equivalent ap-
proximate result for identical particles is on par in terms of
accuracy w.r.t. the exact result.

3. Asymptotic expressions for large 

In the limit where  � 1, which corresponds to the
limit assumed in Sec. VB, we can approximate the Han-
kel functions in terms of Airy functions, i.e.,

H
(1)
i (i✏) ⇡

24/3

i(✏)1/3
Ai

 
21/3(✏ � 1)

(✏)1/3

!
, (C15)

H
(1)0
i (i✏) ⇡ �

25/3

(✏)2/3
Ai0
 
21/3(✏ � 1)

(✏)1/3

!
. (C16)

Putting these expressions into (C8) or (C11) respectively,
it can be shown that for  ! 1 the integrand goes to zero
everywhere except at ✏ = 1. Thus, expanding the argu-
ment of the Airy functions to leading order and the pref-
actors to fourth order in (✏� 1), one obtains the asymp-
totic expressions in , (52) and (53), which in Sec. VB
were obtained from the exact quantum mechanical cross
sections.

Appendix D: Approximate Formula for Arbitrary ⌫i

For repulsive interactions, and building on our insights
on the process in the various kinematic regimes, one may
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in fact go beyond Eq. (64) and find a “doctored” formula
that is not only valid for arbitrary ⌫i but also extends
the validity away from the soft-photon regime. Although
such formula cannot be derived from first principles, it
can nevertheless be helpful to obtain reasonably accurate
results for quadrupole emission across the entire region
in x and ⌫i from a simple expression.

For this, we first multiply Eq. (64) by the exponential
factor exp(�2⇡) that is ubiquitous in the classical for-
mulæ for repulsive interactions. Then we supply a phase
space factor

p
1� x which was neglected in the soft limit

and take the x-dependent term in the logarithm to be the
one from the full Born cross section. In addition, we add
to this the classical cross section for  � 1 to cover hard
photon emission. The resulting approximate formula is
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+ 12 ln
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p
1� x

1�
p
1� x

◆)
, (D1)

with ⇣ = |⌫i|e
�+1/2 and ⇠ = (0)1 for (non-)identical par-

ticles. This approximate cross section is easy to compute
numerically in contrast to the exact results (34) and (39)
and yields reasonable results in all regimes.
Equation (D1) is essentially exact for arbitrary ⌫i for

soft photons, as shown in the top panel in Fig. 6. At the
kinematic endpoint, for x ! 1, it deviates from the exact
result. In the Born limit |⌫i| ⌧ 1, a deviation is only
observed very close to x = 1 where the Born cross section
is already kinematically suppressed. In the classical limit,
|⌫i| � 1, the deviation is visible for smaller values of x,
but in a region where the cross section is already highly
Coulomb suppressed. For this reason, Eq. (D1) turns out
to be an excellent approximation for the e↵ective energy
loss demonstrated in the bottom panel of Fig. 6. The
e↵ective energy loss deduced from Eq. (D1) has an error
of roughly 1% w.r.t the exact result in the Born regime,
in the intermediate regime ⌫i ⇠ 1 the error reaches its
maximum of 15% and in the classical regime the exact
result is underestimated by 10%.
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Part III

Conclusions





CHAPTER 5

Discussion and Outlook

In this thesis, we analyzed emission processes in three publications [1–3] which can be split
into two subjects, emission processes of dark states which couple to the SM photon via
electromagnetic form factors and bremsstrahlung of photons in collisions of charged particles.

First, we have investigated the phenomenology of a new long lived Dirac fermion � in the
sub-GeV mass range. This fermion is electrically neutral, but couples to the electromagnetic
current via higher dimensional operators, which can be induced by heavy charged particles or
through compositeness of �. In Ref. [1], we have analyzed the production of these particles
in the high intensity electron beam facilities BaBar, NA64 and mQ as well as in proposed (or
ongoing) experiments Belle II, LDMX and BDX. Moreover, we have compared the constraints
and sensitivity projections from the high intensity experiments, to constraints from the former
high energy collider LEP and found that for these models, the constraints from LEP are the
most stringent to this date. With good control of their systematics, Belle II and LDMX
will, however, be able to improve on the LEP constraints. Even though electromagnetic form
factor models are good candidates to solve the tension between the measured and predicted
value of the magnetic moment of the muon, the parameter space capable of solving said
tension is excluded by experiments. In addition, we investigate � as a dark matter candidate,
which gives rise to cosmological and astrophysical constraints. It turns out that for magnetic
and electric dipole moment interactions, the strongest constraints come from direct detection
experiments which—depending on the DM mass—can be up to three orders of magnitude
stronger than the LEP bounds. If the dark matter is symmetric in � and �̄, the possibility of
��̄-annihilation into an e

+
e
�-pair constrains the magnetic dipole moment interaction even

further. For anapole moment and charge radius interactions, the bounds from direct and
indirect detection are weaker than the ones from LEP. For all models it is basically ruled
out that these particles make up 100% of the dark matter in a standard freeze-out scenario,
except for a narrow region in parameter space around 5 MeV which is not yet ruled out for
magnetic dipole moment interactions. It is still possible, however, for such particles to make
up all of the dark matter but to be so weakly coupled to the SM that they never reach thermal
equilibrium with the latter in the early universe, which was investigated in Ref. [152].

We have then extended our analysis to even smaller masses in Ref. [2] considering the pro-
duction of a ��̄-pair in stellar objects, i.e. the sun, red giant and horizontal branch stars
and the supernova SN1987A. In these objects a pair of dark states can be produced via var-
ious channels. We investigated the production via plasmon decay, e

+
e
�-annihilation, 2 ! 3

Compton scattering, electron bremsstrahlung and nucleon bremsstrahlung and found that
all processes gain relative importance in certain regimes, depending on the model and astro-
physical environment. We show that the possibility of producing these dark states in stars
strongly constrains the parameter space of magnetic and electric dipole moment interactions
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for masses smaller than 10-100 keV. Due to a different energy scaling in the production cross
section for anapole moment and charge radius interactions, the constraints from stars are
weaker than the LEP constraints for these models. However, SN1978A yields strong con-
straints up to masses of 100 MeV for all four models.

The final open issue regarding probing electromagnetic form factors was tackled in a follow
up work by colleagues [153] who investigated the production of dark states in high-intensity
proton beam experiments. It turns out that the constraints on the parameter space of dark
states with electromagnetic form factors can be improved with these kinds of experiments with
respect to the constraints from electron beam facilities for dimension-5 operators, i.e. magnetic
and electric dipole moments. But the bounds are weaker with respect to bounds from electron
beams for dimension-6 operators, i.e. anapole moments and charge radius interactions.

The second topic presented in this thesis are SM emission precesses. In Ref. [3], we inves-
tigated bremsstrahlung of photons accompanying the scattering of two electrically charged
spin-1/2 particles. We presented a calculation of the emission cross section and energy loss
rates exact to all orders in the Coulomb potential for quadrupole radiation in the collision
of two non-relativistic particles. The results are of general validity. They apply to all non-
relativistic kinematic regimes, closing a seeming gap in the literature between the perturbative
and quasi-classical limit. We show how these limits are derived from the full expressions and
compare them to the perturbative and quasi classical treatments. Furthermore, Weinberg
[154] recently showed how a generally applicable formula for soft photon emission may be
constructed for dipole radiation and we adapt his ansatz to present an equivalent formula for
quadrupole radiation. Taking this approach further, we also give an approximate equation,
which is applicable in all kinematic regimes beyond the soft photon limit. Finally, we define
a Gaunt factor for quadrupole emission in electron-electron scattering, based on the Elwert
prescription. They we be tabulated numerically in an upcoming work since the full expres-
sions for the cross sections involve integrals over the hypergeometric functions that lead to
cancellations of large numbers and are therefore numerically expensive to evaluate.

Moreover, the results presented in [3] are not only interesting for SM processes, such as
electron-electron scattering, but can also be applied to self-interacting dark matter models,
where a dark photon can be emitted as bremsstrahlung during particle collisions. In addition
to vector boson mediators, SIDM models can have scalar boson mediators, where in the colli-
sion of identical particles the interaction is attractive as opposed to the repulsive interaction
in QED. Therefore, interesting phenomenology is possible in SIDM models, the investigation
of which we also relegate to upcoming work.

To sum up, electromagnetic processes are not only the most dominant processes in our day
to day life but are also the most important messenger processes, that tell us about the
universe, the particles we know and possibly beyond. This thesis has shown the importance
of electromagnetic emission processes in the quest of finding new physics to explain what
our universe is made up of, and has presented a detailed exact calculation of a process long
known and studied, but to which only approximate solutions have existed. The role of light
as a messenger to a dark world is intriguing in many ways. Whether the photon really is a
portal to dark matter will only be clarified in the future, but with many efforts being put into
designing and building new observational instruments to get a better look at the universe, it
is definitely a messenger of the unknown.



Appendix

A Terrestrial and stellar probes of dark sector-photon
interactions

A.1 4-body phase space for dark state production at electron accelerators

In this appendix, we present a more thorough derivation of the 4-body phase space discussed
in the appendix of Ref. [1]. We are considering the following process
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with a nucleus (p1) and an electron (p2) in the initial state and a nucleus (p3), an electron
(p4) and two dark states (p5 and p6) in the final state The cross section is
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where the squared matrix element can be split in a dark matter part, a nuclear part and an
electron part,

|M|
2 = �µ⌫(p5, p6) ⌘⇢�(p1, p3) l
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Now, we separate the phase space in the same way, starting with the dark matter part by
inserting
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56) (A.12)

with

�(a2, b2, c2) =
h
a
2
� (b + c)2

i h
a
2
� (b � c)2

i
(A.13)

where the subscript R56 denotes the CM frame of the dark matter particles, i.e. q = 0. In
(A.12), only the part proportional to the metric contributes, the second part vanishes due to
gauge invariance when contracted with the electron part. Now, we insert

1 =

Z
dq

2
1 �(q

2
1 � (p1 � p3)

2) (A.14)

to get
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We can rewrite in the lab frame
Z

d
3
p4

2E4
=

1

2

Z
d⌦4dE4 |p4| (A.16)

to get
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. (A.17)
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We evaluate N
µ⌫ in the CM frame of the electron and the dark matter, i.e. p1 + p2 � p4 =

p3 + q = 0, which will be denoted with the superscript R356 in the following equation

N
µ⌫ =

Z
d
3
p3

2E3
d
4
q �(q2 � M

2
56)�(q

2
1 � (p1 � p3)

2)�(4) (p1 + p2 � p3 � p4 � q) ⌘⇢� l
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(A.18)

=
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=
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3 |pR356

3 | �(M2
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2
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1 E
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1 ||pR356
3 | cos ✓R356

3 ) ⌘⇢� l
µ⌫,⇢� (A.20)

In (A.20), we have introduced the Lorentz invariant variable M
2
356 = (p3+q)2. It is instructive

to write the cross section in terms of the Lorentz invariants M356 and q
2
2 = (p2� p4)

2 instead
of the lab frame variables ⌦4 and E4. We can do this by introducing

1 =

Z
dM

2
356 �(M

2
356 � (p1 + p2 � p4)

2), (A.21)

1 =

Z
dq

2
2 �(q

2
2 � (p2 � p4)

2). (A.22)

Using these new delta functions to integrate out ⌦4 and E4, yields the Jacobian
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, (A.24)

where in the second line, we assume s � m
2
e. From (A.17) we therefore get the cross section

in terms of the Lorentz invariant variables M
2
356 and q
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. (A.25)

To evaluate N
µ⌫ , the integral over E

R356
3 in (A.20) is carried out by using the first delta

function and the one over cos ✓R356
3 by using the second delta function. What remains, is the

integral over �R356
3 with some Jacobian factors from rewriting the delta functions, i.e.

N
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1

8M356|p
R356
1 |

Z
d�

R356
3 ⌘⇢� l

µ⌫,⇢� (A.26)
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and the cross section can be written as
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⇥

Z
dq

2
1

Z
d�

R356
3 gµ⌫ ⌘⇢� l

µ⌫,⇢� (A.28)

with

�
1/2(M2

56, m
2
�, m

2
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q
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2
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�, (A.29)
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Now, we have to work out the integration boundaries. For the s-channel cuts, i.e. M356 and
M56, we get the boundaries by picturing the phase space in the following way

Mi

P
i mi

P
j mj

Mj

where the lower bound of the respective invariant mass Mj is given by the sum of the masses
mj going out of the vertex at the end of the propagator of Mj and the upper bound is given
by the total invariant mass Mi going into the vertex at the beginning of the propagator of
Mj minus the sum of the masses mi going out of this vertex. The corresponding limits for
M356 and M56 are

mN + 2m�  M356 
p

s � me,

2m�  M56  M356 � mN .
(A.31)

The upper and lower bounds for q
2
1 and q

2
2 can be obtained via Gram determinants for t-

channel cuts. For a t-channel of the kind

Ma

Mb

M1

M2

t

with a total squared invariant mass s, where we denote the masses of the ingoing an outgoing
states with capital letters to emphasize that they do not necessarily have to be on shell, the
boundaries of t are
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The corresponding limits for q
2
1 and q

2
2 are
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(A.34)

The only non-Lorentz invariant variable remaining is the azimuthal angle �
R356
3 which is

unconstrained and runs from 0 to 2⇡. However, with the use of Gram determinants, it is easy
to get the boundaries for one last remaining invariant as a function of M56, M356, q

2
1 and q

2
2.

For u23 = (p2 · p3), requiring that the Gram determinant vanishes, yields the limits

u23 =
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Gn being the Gram determinant of dimension n and �n the respective Cayley determinant
(or symmetric Gram determinant). The double differential cross section can therefore be
written as
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where the the factor in the second line of (A.37) is the Jacobian of the transformation from
�
R356
3 to u23.
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B Photon Emission

B.1 Born Approximation in NR-Quantum Mechanics

In this appendix, we show how to obtain the Born cross sections—which we calculated in
in App. B of [3] from a quantum field theory approach—from a non-relativistic quantum
mechanics approach starting from Eq. (3) in [3] and taking for the in- and outgoing wave
functions the first order Born wave functions, as will be shown below.

Preliminaries. We will work in an abstract basis of initial states |ii and final states |fi

denoting the wave function of the relative motion of two particles. Operators will be denoted
with a hat, e.g. p̂. The projections onto position space are denoted by

�pi
(r) = hr|ii , �

⇤
pi
(r) = hi|ri , (B.38)

and the same for final states with
Z

d
3
r |ri hr| = 1, hr|r0i = �

(3)(r � r0). (B.39)

The projections of the momentum and position operator onto position space are

hr| p̂ |r0i = �i
@

@r
�
(3)(r � r0), (B.40)

hr| r̂ |r0i = r �(3)(r � r0). (B.41)

The commutators of r̂ and p̂ are given by

[r̂i, p̂j ] = i �ij , [r̂i, r̂j ] = 0, [p̂i, p̂j ] = 0, (B.42)

and a few more helpful relations

[r̂i, p̂j p̂k] = i(p̂j �ik + p̂k �ij), (B.43)

[p̂, V (r̂)] = �i
@V (r̂)

@r̂
. (B.44)

The commutator [r̂, Ĥ] can be reformulated in terms of p̂ for general r̂-dependent potential
V (r̂) in the following way

[r̂i, Ĥ] =
1

2µ
[r̂i, p̂j p̂j ]| {z }

=2ip̂i

+
1

2µ
[r̂i, V (r̂k)]| {z }

=0

=
i

µ
p̂i. (B.45)

The only requirement here is that V is not a function of the momentum, but for any positional
dependence of V , this is valid.

We use the same definitions for energies, momenta and masses as in [3].
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Reformulation of the dipole matrix element. The dipole matrix element is given by
(3) and (4) in [3], which is proportional to hf | p̂ |ii. With ! = Ei � Ef we can write

hf | p̂ |ii =
µ

i
hf | [r̂, Ĥ] |ii (B.46)

=
µ

i

⇣
hf | r̂ Ĥ |ii � hf | Ĥ r̂ |ii
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�
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=
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i
hf | r̂ |ii . (B.49)

On the other hand, we can write [154]
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=
1

!
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For the full calculation of the matrix element in [3], we use the form hf | p̂ |ii, because then
the solution of the Nordsieck integral can be used to solve it analytically. In the Born limit
where the hypergeometric functions go to unity, any form of the matrix element,

hf | p̂ |ii =
µ!

i
hf | r̂ |ii = �

i

!
hf |

@V (r̂)

@r̂
|ii , (B.56)

can be used and solved analytically and leads to the same result. The derivations above can
also easily be made in position space, with

Ef hf |ri = Ef�
⇤
pf
(r) = �
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2µ

@
2
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⇤
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(r) , (B.57)

Ei hr|ii = Ei�pi
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@
2
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The final expressions in position space are
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Reformulation of the quadrupole matrix element. For quadrupole radiation, the
matrix element is given by (3) and (5) in [3], which is proportional to hf | r̂ip̂j |ii. The full
amplitude and its projection to position space is

MQ =
ieAQ

µ
p
2!
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⇤
l hf | r̂kp̂l |ii (B.62)
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=
eAQ

µ
p
2!

qk✏
⇤
l

Z
d
3
r �

⇤
pf
(r) rkrl �pi

(r) (B.64)
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=Qkl

, (B.65)

where from the second to the third line, the two trivial integrals over r
0 and r

00 have been
executed, removing the two delta functions. In contrast to the rest of this appendix where
the hat is used to indicate operators, in the last line the hat in q̂ is used to denote the unit
vector, which should be unambiguous since the amplitude is written in position space where
all the operators have already been projected.

Squaring the amplitude and averaging over the direction of the emitted particles (denoted by
angle brackets) gives

D
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2
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� |Qkk|
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where in the averaging, the photon spin sum ✏
⇤
i ✏j = �ij � q̂iq̂j was used and therefore with

hq̂iq̂ji = �ij/3 , (B.68)
hq̂iq̂j q̂kq̂li = (�ij�kl + �ik�jl + �il�jk)/15 , (B.69)

one gets
⌦
q̂kq̂m✏

⇤
l ✏n

↵
=

1

15
(4�km�ln � �kn�lm � �kl�mn) . (B.70)

Born transition amplitude. If the conditions ↵Z1Z2/vi ⌧ 1 and ↵Z1Z2/vf ⌧ 1 are
satisfied, we can calculate the inelastic scattering cross section in the Born approximation.
For plane waves in the initial and final state, using first order Born approximation in the
potential1

V (r) =
↵Z1Z2

r
e
�m�r, (B.71)

1 For generality, we start with a Yukawa potential with mediator mass m� here, but will set m� = 0 in
the end to relate the results to QED with a massless photon mediator.
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the transition amplitude is

M
(1) = hf

(1)
| Ôemm |i

(1)
i . (B.72)

We will show that in this approximation, the sign of V (r) does not matter. Expanding the
wave function to first order, the superscript indicating the order in the Born expansion, we
get
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Ei � Ep
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where |i
(0)

i, |f
(0)

i and |pi are momentum eigenstates, i.e. plane waves, which in position
space read
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Putting this into (B.72) yields
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B.1.1 Dipole Radiation

The leading order emission operator Ôemm for dipole radiation is given by
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µ
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�
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. (B.78)

The amplitude is

A
(1) = �i

r
2⇡

!

↵
3/2

AD

µ
✏⇤ ·

Z
d
3
p

(2⇡)3

Z
d
3
x
0
e
�ipfx

0
re

ipx
0
Z

d
3
x

e
�ipx e

�m�r

r e
ipix

Ei � E
(B.79)

= �

r
2⇡

!

↵
3/2

AD

µ

Z
d
3
p
�
✏⇤ · p

�
�
(3)�pf � p

� 4⇡

|pi � p|2 + m
2
�

1

Ei � E
(B.80)

= �

r
2⇡

!

↵
3/2

AD

µ

�
✏⇤ · pf

� 4⇡

|pi � pf |
2 + m

2
�

1

Ei � Ef
(B.81)

= �

s
32⇡3

!

↵
3/2

AD

µ!

✏⇤ · pf

|k|2 + m
2
�

, (B.82)



B Photon Emission 113

where in the last step we have used k = pi � pf and ! = Ei � Ef . Following the same
procedure, we get
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Averaging over all directions of the emitted particle yields h✏
⇤
i ✏j k̂ik̂ji = h(�ij � q̂iq̂j)k̂ik̂ji =

1� h(q̂ · k̂)2i = 2/3. We then get for the squared transition amplitude
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yielding for the cross section
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Quantum field theory and quantum mechanics yield the same results for the Born approxi-
mation in the non-relativistic limit.

The same calculation can be done using the relation (B.56) which gives
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�
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Now we want to do the same calculation for A starting from

A
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Z
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where we have to notice that in our derivation of (B.56) ! = Ei � Ef are the eigenvalues of
the full Hamiltonian H = p

2
/(2m) + V (r) whereas in (B.93) Ei and Ep are the eigenvalues
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of the free Hamiltonian. We will neglect this difference in the following since we assume that
our scattering wave function are asymptotically plane waves. This subtlety, however, will
give us a different result for A than we got in (B.110) with the discrepancies only cancelling
in the full amplitude M = A+ B as we shall see in the following.

First, one needs to rewrite

hf
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| r |pi =

Z
d
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r r e
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or we can write
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The first option yields a distributional derivative in the p integral an therefore an additional
minus sign when evaluating, leading to the two options yielding the same result, as should
be expected. With that, the amplitude is given by
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For B we get

B
(1) =

p
32⇡3!↵3/2

AD

"
✏⇤ · pi

m!
2(|k|2 + m

2
�)

+
2✏⇤ · k

!(|k|2 + m
2
�)

2

#
. (B.103)

As one can see, the second terms cancel yielding for M
(1) the same result as (B.87).

B.1.2 Quadrupole Radiation (distiguishable particles)

For quadrupole radiation, the leading order emission operator is

ÔQ = iAQ

s
2⇡↵

!µ
2 (q · r)(✏ · p) , (B.104)
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and we define the quadrupole tensor Q as
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For simplicity, we switch to a Coulomb potential here, i.e. m� ! 0, yielding
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Note that if we had carried the mediator mass along up to this point, it would show up in the
denominators of (B.110) and we would have to decide to take one of the limits m� ⌧ |pi�pf |

or m� � |pi � pf | at this point of the calculation. For the latter limit, the second term in
the brackets of (B.110) is proportional to m

�4
� and is therefore negligible with respect to

the other terms; we do not show this limit here explicitly. In the massless mediator limit,
however, the second term gives an important contribution as will be shown in the following.
Following the same procedure, we get
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The first term in A and B vanishes for a massless mediator since n · ✏ = 0. What remains in
the sum is
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Averaging over all directions of the emitted particle hna✏
⇤
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where in the second step we have used that
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Therefore, we get for the cross section
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which agrees with the QFT result.

Again, the same calculation can be done using the relation (B.45) which leads to the radiation
operator

ÔQ = AQ
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and gives
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where we have already omitted the terms proportional to �ab. With
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the first terms cancel and the full amplitude is
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yielding the same result as (B.116) for the squared amplitude.

B.2 Nordsieck Integral

In the following, we sketch the solution of the Nordsieck integral as in [151] which we used
in Eq. (14) of [3] to solve the transition matrix element for the emission of bremsstrahlung
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with the variable definitions as in [3]. The integral to solve is
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where �k = sipi+ sfpf , si/f = ±1. We get the dipole and quadrupole transition amplitudes
from the solution of the Nordsieck integral by

D = lim
�!0

AiA
⇤
f pi

�
✏ · @pi

�
IN , (B.129)

Q = lim
�!0

AiAf (q · @k)
⇥
pi

�
✏ · @pi

�
+ i (✏ · pi) @�

⇤
IN . (B.130)

To solve IN we rewrite the confluent hypergeometric functions as contour integrals [151],
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with the contour encircling t = 0 and t = 1 in a positive manner, i.e.
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This yields
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The solution of the volume integral has a first order pole at
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situated in the lower half plane outside the ti contour. Since the integrand is simply connected
and analytic with the exception of poles and falls off / t

�2
i as ti ! 1, we can extend the

contour to infinity and close it at the lower half plane to exclude 0 and 1 and include the pole
of the space integration.
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The integrand has gained two new singularities, tf = �↵/� and tf = ��/�, all of which have
negative imaginary parts and are therefore excluded from the contour.
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The solution to the Nordsieck integral is
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Using the properties of the hypergeometric functions
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it can be rewritten to
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C Spin dependent self-interacting dark matter

In this appendix, we discuss a project on spin dependent self-interacting dark matter men-
tioned in Sec. 2.2.1 that the author of this thesis was working on during his stay at Johns
Hopkins University. The work, however, was not published since we ran into numerical prob-
lems which we were not able to solve before Ref. [147] appeared on the arXiv, treating exactly
the problem that we were trying to tackle.

The idea of this project was to numerically calculate cross sections for SIDM particles with
spin-dependent interactions by decomposing the wave functions into partial waves and nu-
merically solving the Schrödinger equation of the scattering potential. A similar analysis was
done for spin-independent interactions in Ref. [104]. The status of the unfinished project at
the time that Ref. [147] was published, is outlined below.

C.1 Scattering potentials and Born Cross Section

The aim of this appendix is to discuss spin-dependent self-scattering of dark matter particles
X with spin 1/2 and mass mX with a pseudoscalar (PS) or axial vector (AV) mediator
with mass m�. In addition, we want to add interactions with the vector field �

µ where X

couples to the field with electric (EDM) or magnetic (MDM) dipole moments. The interaction
Lagrangians hence read

L =

8
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X � (pseudo scalar),
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X �µ (axial vector),
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X �µ⌫ (magnetic dipole),
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X �µ⌫ (electric dipole),

(C.147)

with �µ⌫ = @µ�⌫ � @⌫�µ and gPS and gAV are dimensionless pseudoscalar and axialvector
coupling constants while dX and µX are dimensionfull dark electric and magnetic dipole mo-
ments. The non-relativistic Fourier transforms of the interaction potentials derived from
these Lagrangians are
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ṼEDM(q) = �
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(S1 · q) (S2 · q) , (C.148d)

with the particle spins S1,2, the dark matter mass mX, the mediator mass m� and the
transferred momentum q. The scattering potentials can be obtained by Fourier transforming
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the expressions in Eq. (C.148), i.e.
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where r = |r| is the distance between the scattering particles. The problem can be reformu-
lated in terms of dimensionless quantities a and b with
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In the limit where b ⌧ 1, the scattering potential is short ranged and perturbative calculations
are possible. On the other hand, even when b � 1, but a � 1, perturbativity is guaranteed.
We will refer to both cases as the Born limit, where the former is the massive and the latter the
massless mediator case. To leading order in relative velocity v, the non-relativistic Born cross
section can be written as a function of a and b. Investigating momentum transport between
particles, it is often beneficial to calculate the transport cross section �T or the viscosity cross
section �V instead of the standard cross section �. The respective cross sections are given by

� =

Z
d⌦

d�

d⌦
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Z
d⌦ (1� cos ✓)

d�

d⌦
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Z
d⌦ sin2 ✓

d�

d⌦
. (C.151)

The viscosity (for identical particles) and transport (for distinguishable particles) Born cross
sections (with k = mXv/2) can then be written as
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The aim of the numerical treatment, discussed in the following, is to analyse departures from
the Born cross sections in regimes where the perturbative approach is not valid.

C.2 Scattering in spin-dependent potentials

The scattering potentials of interest can be written as

V (r) = (S1 · r̂) (S2 · r̂)V1(r) + (S1 · S2)V2(r) . (C.154)

It is shown in the appendix of Ref. [155] that a partial separation of the Schrödinger equation
is possible for spin 1/2 particles in the total angular momentum basis. We write the wave
function as

 s,sz(r, ✓,�) = R
s,sz
` (r)Y`,m(✓,�)⇠s,sz , (C.155)

with Y`,m being the spherical harmonics, ⇠s,sz the singlet and triplet spin functions and
picking a basis |s, l, j, jzi which are eigenfunctions of {S2

, L
2
, J

2
, Jz} with eigenvalues {s(s+

1), `(` + 1), j(j + 1), jz}. In this basis, the singlet and triplet spin states for arbitrary ` can
be represented as

⇠0,0 : |0, j, j, jzi , ⇠1,0 : |1, j, j, jzi , ⇠1,1 : |1, j + 1, j, jzi , ⇠1,�1 : |1, j � 1, j, jzi .

(C.156)

Now, it is easy to find eigenvalues and eigenfunctions for the operators {(S1 ·S2), (S1 · r̂)(S2 ·

r̂)}, using (S1 · S2) = (S2
� S2

1 � S2
2)/2 and by rewriting (S1 · r̂) (S2 · r̂) in terms of linear

combinations of spherical harmonics, i.e.
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|1, j, j, jzi :
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+
1

4
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4

�
. (C.160)

The spin operators can therefore be written as a 4⇥ 4 matrix in the singlet/triplet basis

(S1 · S2) =
1

4
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�3 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1

CCA , (C.161)
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where we have to note that this is only valid for j > 0 since for j = 0 only one triplet state
|1, 1, 0, 0i exists. The radial Schrödinger equation to solve is
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Note that this is the Schrödinger equation for a fixed j and not for a fixed `. This means that
the angular momentum term is different for the components of R

(s,sz)
` (r). Another way of

saying this is that the short range scattering potential conserves the total angular momentum
J
2 but not the orbital angular momentum L

2 whereas the asymptotic solutions for large r

are eigenfunctions of J
2 and L

2.

Switching to the dimensionless variables defined in Eq. (12) in [104], i.e.
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we can reduce the number of parameters from {g, mX, m�, k} to {a, b}
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with �`(r) = rR`(r). The potentials U1(x) and U2(x) for the 4 models are
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C.2.1 Spin conserving scattering (sz = 0)

If the z-component of the spin of the two particle system vanishes, sz = 0, the orbital
angular momentum and the total angular momentum are equal, ` = j. For each orbital
angular momentum `, the asymptotic radial wave function �(s,0)

` (x) far away from the origin
of the scattering potential can be decomposed into spherical Bessel functions as

lim
x!1

�
(s,0)
` (x) = A`

h
j`(ax)� n`(ax)(s,0)` (a)

i
ax , 

(s,0)
` (a) = tan �(s,0)` (a), (C.168)

where j` and n` are the spherical Bessel functions of the first and second kind and A` is
the normalization which can be chosen arbitrarily for our purposes. (s,0)` (a) is the reaction
function which we can identify as the tangent of the phase shift �s,0` . It can be obtained
numerically by matching the numerical solution of the wave function to the analytical ex-
pression (C.168) at sufficiently large x = xm (for details see Sec. C.4). The phase shift is
then
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The differential cross section for a given channel is given by
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To obtain the total differential cross section, we have to average over the initial states
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We can use orthogonality properties of the Legendre polynomials
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From Eqns. (C.170)–(C.174) it follows that
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C.2.2 Spin changing scattering (sz = ±1)

Since the scattering potential matrix is not diagonal for sz = ±1, for a pure incoming state
|1, j + 1, j, jzi the outgoing state will be a superposition of |1, j + 1, j, jzi and |1, j � 1, j, jzi.
Therefore, we promote the scattering solution to a matrix

lim
x!1

Fj = Jj(kx)� Nj(kx)Kj , (C.178)

where Kj is the reaction matrix for a fixed total angular momentum j, i.e.

Kj =
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##!""
`=j+1


""!##
`=j�1 

##!##
`=j+1

!
, (C.179)

where the ` denotes the orbital angular momentum of the final state and the subscript depicts
the spins of the initial and final states with "" representing sz = 1 and ## representing
sz = �1. The diagonal elements of Kj can be interpreted as the tangent of the phase shift
as in Sec. C.2.1. The off-diagonal elements describe scattering events where the initial spin
is not equal to the final spin. Therefore, the outgoing wave function is not just equal to the
phase shifted ingoing wave function. Jj(kx) and Nj(kx) are diagonal matrices

Jj(kx) =

✓
kx jj+1(kx) 0

0 kx jj�1(kx)

◆
, Nj(kx) =
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kx nj+1(kx) 0

0 kx nj�1(kx)

◆
.

(C.180)

By inverting Eq. (C.178), we find

Kj =
⇥
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(C.181)
where the primes denote derivatives with respect to x. We define the scattering S-matrix
and amplitude for a given total angular momentum j as

Sj = (1� iKj)
�1(1+ iKj) , (C.182)

Tj = 1� Sj . (C.183)

The total cross section for the scattering of a given initial state |1, `, j, jzi into the same or
another final state |1, `0, j, jzi is given by the absolute square of the corresponding component
of
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The total cross section averaged over initial spins is
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For the total cross section including all possible spin states, we have to sum (C.175) and
(C.186) and average over the initial spins, i.e.

� =
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�
�sz=0 + �sz=±1

�
(C.187)
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C.3 Treatment of Singular Potentials

The potentials introduced in Sec. C.1 fall into the class of singular potentials. They contain
terms proportional to r

�n with n � 2 meaning that the potential is comparable or dominating
with respect to the centrifugal barrier. As a consequence the eigenvalues are not bounded
from below, i.e. there is an infinite number of bound states with ever decreasing energy; this
is clearly unphysical. For scattering problems, i.e. transitions between positive energy states,
this issue can be ignored at first sight but the problem here is that the wavelength of the
wave function � ! 0 as r ! 0, making it impossible to specify boundary conditions at the
origin.

However, since small distances, can only be probed with sufficiently high energies, it is sug-
gestive to assume that the shape of the potential only holds down to distances r = rc where
UV physics takes over and the theory breaks down. For non-singular potentials, the set of
solutions to the potential is independent of the exact nature of the UV physics and of the
energy at which the effective theory breaks down. For singular potentials, however, this is
no longer true [156]. The solutions will sensitively depend on the cutoff rc, i.e., on the short
range physics. Therefore, we have to renormalize the potential in a way that low energy
observables—like the phase shift or cross section—will be invariant under small changes in rc

and the shape of the potential for r < rc [157, 158].

The potentials we discuss have two terms that have to be taken care of, the singular terms
proportional to r

�n with n � 2 and the delta function at the origin �(3)(r). In the following,
we outline on how to treat them consistently.

The most singular term in the potentials above, is the term proportional to r
�3, i.e.

V(r) = r
2
0
e
�m�r

r
3 , r0 =

p
↵X

m�
, (C.189)

for which we rewrite the couplings defined in the Lagrangians (C.147) in terms of ↵X in the
following way
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The singular potential V(r) has to be regulated at a short distances r < rc and augmented
with a series of local operators that parametrize the unknown UV physics [157],

Vreg(r) = V(x) ✓(r � rc) + V0 ✓(rc � r). (C.191)

The short-distance part V0 of this effective potential is a derivative expansion that can be
truncated to the desired order as long as the typical momenta q are much smaller than the
cutoff scale. Following [157], we regulate the potential at rc with a square well of height V0

encoding the UV data of the relativistic completion. After a functional relation V0(rc) is
found through matching to a known observable at an energy scale ⇤ ⌧ 1/rc, the problem is
considered correctly renormalized and V0(rc) is assumed to hold energies smaller then ⇤.

Numerically, the delta function can rather easily be taken into account by modelling it as a
broadened delta, i.e.

�
3(r) !

e
�r

2
/2r

2

�

(2⇡)3/2r3�
, (C.192)

with r� < rc. However, since the renormalization scheme is constructed in a way that the
low energy observables are only a function of the cutoff scale rc and the height of the cutoff
V0 [157–159], it is not necessary to include the delta function. We model the short range
part of the potential by a square well of width rc and the problem is considered correctly
renormalized once we are able to vary the width and depth of the short range potential
simultaneously in such a way as to keep the phase shifts invariant.

C.4 Numerical treatment

To solve the Schrödinger equation numerically, we adopt the method of Refs. [104, 160]. We
work in the |s, l, j, jzi basis, and only consider scattering processes where the incoming and
outgoing states have the same kinetic energy. We impose initial conditions for

�j(x) =

0

BBBB@

�
(0,0)
j (x)

�
(1,0)
j (x)

�
(1,1)
j+1 (x)

�
(1,�1)
j�1 (x)

1

CCCCA
, (C.193)

and �0
j(x) for a given total angular momentum number j at a point x = xi close to the origin.

For xi ⌧ min{b, (` + 1)/a}, the effective potential is dominated by the angular momentum
term since we regularize the singular terms of the potential, and we expect �`(x) / x

`+1.
Thus, we take �(s,sz)

` (xi) = xi/(`+1) and [�(s,sz)
` (xi)]

0 = 1; the overall normalization is irrel-
evant. Note that the orbital angular momentum number is not the same for all components
of �j(x), so the initial conditions will also differ.

Our numerical solver finds the solution �j(x) and its derivative at a sufficiently large value
xf . We set the initial wave function to have a distinctive spin s and sz, implying a distinctive
orbital angular momentum `. Since these quantum numbers are not conserved by the potential
(C.161), the final state can theoretically be a linear combination of 4 possible initial states
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Figure C.2: Numerical treatment of scattering problem for ` = 0 for a scattering potential X(x) /

1/x
3: The scattering potential, which is cut off at x = xc is shown in black, the radial

scattering wave function in dashed blue and the asymptotic wave function at large x

in dotted red. The Schrödinger equation is solved starting at xi and matched to the
asymptotic solution for the calculation of the phase shift at xm.

(singlet and triplet) We assign the solutions as the row vectors of a 4 ⇥ 4 solution matrix
Fj , and we order them such that Fj(xi) = diag[�j(xi)] is diagonal at the origin where the
angular momentum term dominates, and the analytic form of the wave function is known.
As the numerical solver evolves to x > xi, off-diagonal terms in Fj(x) appear, indicating that
scattering into other spin states has occurred.

We start out by cutting off the singular parts of the potential at xc ⌧ min{b, (`+1)/a}, choose
xi ⌧ xc where the angular momentum term dominates and solve Eq. (C.166) numerically
within the domain xi  x  xm (as depicted in Fig. C.2). The matching point xm is
determined by the condition a

2
� exp(�xm/b)/xm, where the potential term is suppressed

compared to the kinetic term. At x = xm, we match �` (and its first derivative) onto the
asymptotic solution, given by Eq. (C.178). Our numerical method makes an initial guess
for {xi, xc, xm} and computes �`, and then successively decreases (increases) xi (xm) by 10%
(1%) until all phase shifts have converged to 1%. The last step is computing the total cross
section � by summing over all j and averaging over the spins as in Eq. (C.187), truncating
at jmax with the requirement that � converges to 1%.

With the above procedure, we calculate the cross section numerically in the Born regime and
vary V0 for various values of xc to match the obtained cross section to the Born cross section
which we know analytically. This way, we obtain a functional relation V0(xc) for a given a

and b. This functional dependence is the renormalization condition for a given potential and
should also hold for smaller energies, i.e. smaller a. This way, we can match for a given a � 1
and b, use the obtained V0(xc) to calculate the cross section for a . 1 and repeat for different
values of b to scan the whole parameter space of a and b.

C.5 Numerical difficulties and solution by Agrawal, Parikh and Reece

One caveat in the numerical treatment described above is that one uses the same cutoff and
renormalized potential for all partial waves. This makes the matching procedure numerically



130 Chapter 5. Appendix

very expensive since we have to sum up all partial waves to find the numerical cross section
to match to the Born result. In addition, the matching has to be done for a � 1 where the
potential is effectively long range and many partial waves have to be summed up. Therefore,
we ran into numerical problems where phase shifts and cross sections did not converge which
we attributed to the fact that errors in the phase shift accumulate if one has to solve the
Schrödinger equation out to very large r and that for large ` the numerical values of the wave
functions became very large due to the way we normalized them leading to precision loss in
Eq. (C.169).

Ref. [147] evaded having to sum many partial waves during the matching by calculating the
phase shift induced on the wave function at small r < m

�1
X in the Born approximation and

using the phase shift obtained this way to set the boundary condition for each partial wave.
This way, they found a numerically stable procedure to renormalize each partial wave and
only have to sum them up in the end to calculate the cross section.
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