niversitat
wien

MASTERARBEIT / MASTER THESIS

Titel der Masterarbeit / Title of the Master Thesis

Local limit theorems for hitting and return times

verfasst von / submitted by

Max Auer

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc)

Wien, 2020 / Vienna, 2020

Studienkennzahl It. Studienblatt /
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt /
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor:

UA 066 821

Masterstudium Mathematik

Assoz. Prof. Mag. Dr. Roland Zweimdiller



Contents

Introduction
1.1 Central notions and notation . . . . . . . . .. .. ... ...
1.2 Convergenceinlaw . . . . . . ... ... L.

Abstract local limit theorems

2.1 First hitting and return time . . . . . .. ... ... .. ...
2.2 Comnsecutive times . . . . .. .. ... oL
2.3 An Example: Gibbs-Markov maps . . . .. .. .. ... ...
2.4 Conjugate systems . . . . . . .. ...
Examples
3.1 Mixing System . . . . . ... Lo
3.1.1  Uniformly mixing . . . . . .. ... ... ... .....
3.1.2 amixing . ... L0000 o o
313 omixing . .. ..o
3.1.4 Non-exponential limits . . . . . . ... ... ... ...
3.2 Rychlikmaps . . ... .. ... o
3.3 Unimodalmaps . . . . . . . .. . ... .o
3.4 Periodic points in Rychlik maps . . . . . .. ... .. ... ..
3.5 Subshifts of finite type . . . . . . ..o
3.6 General discussion . . . . . ... ..o

11
11
21
27
28






Abstract (German)

Ein wichtiger und oft untersuchter Aspekt im Studium von dynamischen
Systemen ist die erste Riickkehrzeit zu gewissen Teilmengen. Eine typische
Situation hierbei ist eine Folge von Mengen (A;);>1, die zu einem Punkt
schrumpfen. Es ist bekannt das die Riickkehrzeiten in diesem Fall tiblicher-
weise in Verteilung gegen die Standard-Exponentailverteilung konvergiert.
Hier untersuchen wir ein verwandtes Konzept der punktweisen Grenzw-
ertsatzen, das von Saussol, B. und Zweimiiller, R. vorgeschlagen wurde. Wir
zeigen, dass, unter stirkeren Vorrausetzungen an das Misch-Verhalten des
Systems, solche Grenzwertsitze immer noch existieren. Zusétzlich geben wir
einige Beispiele von Systemen, die solche Grenzwertsatze erfiillen. Promi-
nente Beispiele beinhalten Rychlik Abbildungen und Collet-Eckmann uni-
modale Abbildungen.

Abstract

An important tool in the study of dynamical systems is the first return time
to a given set. Usually, one considers a sequence of sets shrinking to a single
point. It is well known that for many natural systems and sufficiently nice
sets (A;);>1 the return times, normalized by the measure of the set, will
converge in distribution, the most prominent case being that of a standard
exponential. We consider a stronger notion suggested by Saussol, B. and
Zweimiiller, R. of local limit theorems for return times. As it turns out,
those limit theorems, though much more elusive, are still present in various
systems with strong mixing properties. Along with some abstract criteria,
we give examples of prominent systems having these limit theorems. Exam-
ples include piecewise expanding interval maps, as introduced by Rychlik,
M., and Collet-Eckmann unimodal maps.






Chapter 1

Introduction

1.1 Central notions and notation

The set-up in this thesis will be a very classical one. Let (X, A, u) be a
probability space, and T : X — X be a p-preserving, ergodic transforma-
tion. One important consequence of this is Birkhoff’s ergodic theorem. It
tells you that for any observable ! f: X — R with f € L'(u) we have that

1n—1 .

—g foTZ—>/fd,u as n — oo
n “ X

=0

pointwise a.e and in L' ().

For any A € A with u(A) > 0 we will be interested in the (first) hitting time
of A, pa: X — N:={1,2,...,00} given by @(r) := min{n > 1| T"(z) €
A}. When restricted to the set A we will also call it (without changing
notation otherwise) the (first) return time of A. By the Poincaré recurrence
theorem and ergodicity, ¢4 is indeed finite a.e on X.

In order to talk about successive returns to A, we first define the (first)
entrance (resp. return) map of A, Ty : X(resp. A) — A given by T(z) :=
T9A®) (). Tt is known that in this situation the induced system (A, AN

A, pa, Ty) 2, where pa(B) = “Eﬁ%g) for B € A, is also measure pre-
serving and ergodic. We can define the nth hitting (resp. return) time
Lpff) : X (resp. A) — N recursively by 4,0541) := p4 and cpffﬂ) = cpff) oTy.

For f € L'(u) we will write f ® u for the measure with density f wrt.
{1, i.e the measure given by f ® u(A) := [, fdu for A € A. A useful tool
to investigate dynamical systems is the (Perron-Frobenius) transfer oper-

ator T : L'(u) — LY(u), given by T(f) := d((f®g7})jonl) for f € L'(p),

LObservables here are measurable functions into R. All functions mentioned from here
on out are assumed to be measurable.

2We will adapt this style of notation (statespace, o-algebra, measure, transformation)
throughout.
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where % denotes the Radon-Nikodym derivative. When there is ambiguity
about which measure to use, we will denote the measure as a subscript, e.g
T="1 - We will usually use this operator to push-forward densities by the
transformation T, therefore notice that for f,g € L'(u) we have

/g-(foT)dﬂz/ T(g)- fdp (1.1)
X X

as long as T is p-preserving. In particular, if f > 0 we have ||f|[1(,) =
T ()2 *

In this thesis we will talk about asymptotic behaviour, so let us first fix
some notation.

Definition 1.1.1. For two sequences (fn)n>1 and (gn)n>1 of positive real
numbers we will say

(i) fn has the same asymptotics as gy, if
lim |f, —gn| =0 (1.2)
n—o0
and write f, = gn,

(ii) fn is asymptotically equivalent to g, if

T L (1.3)
n—o0 gn
and write f, ~ gn,
(iii) fy is of order o(gy) if
lim sup I _ 0 (1.4)
and write fn, = o(gn),
(iv) fy is of order O(gn) if
lim sup In < 0 (1.5)
l—oo Gn

and write fp, = O(gn).

(v) and say fy is of order ©(gy) if

0 < liminf In < limsup Jn < o0 (1.6)
l=0co gn oo Yn

and write fp, = O(gn).

$When there is no ambiguity, we will write L' instead of L' (u).
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1.2 Convergence in law

We will henceforth consider the hitting and return times for a sequence
(Ap);>1 of asymptotically rare events, i.e Ay € Afor > 1and 0 < p(4;) =0
as | — oo. If the A; are genuinely decreasing, i.e A;41 C A;, the hitting and
return times are increasing inl, ¢4, , > @4,. So in order to properly describe
the asymptotics as | — oo, we will have to find a normalising factor.

Theorem 1.2.1 (Kac’s formula). Let (X, A, ) be a probability space, and
T : X — X be a p-preserving, ergodic transformation. Then for A € A with
w(A) > 0, the first return time of A has expectation ﬁ

1
/ASDA dpa = (A (1.7)

Proof. For n > 1 we can split the set {4 = n} into its part in A and the
complement A¢. By p-invariance we obtain

ploa =n) =p(AN{ps=n})+ p(A°N{pa =n})
= (AN {pa =n}) +p({pa=n+1}).

Iterating this and recalling that u({pa = n+1}) — 0 as n — oo, we obtain

plpa =n) = p(AN{pa = n}). (1.8)

Therefore rewriting the integral we get

[ padn =3 A0 oa = n)

n>1

= ulpa=mn)

n>1
= 1.

O

Therefore the normalised return times j1(A;)pa, have expectation 1 on
A;. There is a well-developed theory of convergence in law of the variables
1(A;)pa, in this situation. We are interested in convergence in law of (nor-
malised) hitting times

p(p(Aea, <t) = F(t) asl— oo, (1.9)
and convergence in law of (normalised) return times

pa, (W(A)pa, <t) = F(t) asl— oo, (1.10)



4 CHAPTER 1. INTRODUCTION

where we write Fj(t) = F(t) to indicate that Fj(t) — F(t) at every con-
tinuity point ¢ of F. In (1.9) and (1.10), F and F are sub-probability
distributions on [0, 00).

From the next theorem we will see that in the above situation F is a prob-
ability distribution satisfying [;°(1 — F(t))dt < 1, while F is continuous,
concave and has F(t) < ¢ for t > 0. It is furthermore known ([KLO5],
[Lac02], etc.) that under the (relatively mild) assumption that p is aperi-
odic, for any such F resp. F there is a sequence (A;);>1 of asymptotically
rare events such that (1.9) resp. (1.10) is satisfied.

There are several different approaches to finding convergence in law of hit-
ting and return times. We only highlight one here.

One of the main ingredients to find good sequences for convergence in law
of the hitting and return times is the relation between F and F in (1.9)
and (1.10). This has first been established in [HLVO05], for an alternative
approach see [AS11].

Theorem 1.2.2. Let (X, A, u, T) be an ergodic, probability-preserving sys-
tem, and (A;);>1 be a sequence of asymptotically rare events. Then

p(p(An)pa, <t)= F(t) for some sub-probability F' on [0,00)  (1.11)
iff
A, (W(A) @, <t) = F(t) for some sub-probability F' on [0,00). (1.12)

In this case F and F are related by

F(t) = /Ot(l — F(t))dt fort>0. (1.13)

An especially interesting situation is if F'(t) = F(t) = 1 — e, as various

results in probability theory suggest that such limits should be exponential.
Indeed, the above result ensures that F' = F is already sufficient for F'(t) =
F(t) =1 — et Together with Helly’s selection theorem we get to following
result.

Corollary 1.2.1. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem, and (A;)i>1 be a sequence of asymptotically rare events. Then the
following are equivalent

1. for (A;)i>1 we have convergence of the hitting times to the exponential
law,

w(p(A)pa, <t)=1—e" asl— oo, (1.14)
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2. for (A;);>1 we have convergence of the return times to the exponential
law,
pa,(p(A)pa, <t)=1—e" asl— oo, (1.15)

3. the difference between the hitting and return time distribution functions
goes to zero,

(A pa, <t) — pa,(n(A)pa, <t)| =0 asl— oo,  (1.16)

4. hitting and return times have the same asymptotic along converging
subsequences, that is if (Ix)g>1 is a strictly increasing sequence of nat-
ural numbers and F is a sub-probability distribution such that

n(p(A)pa, <t)= F(t) ask — oo, (1.17)

then
pa,, ((Ay)ea, <t)=F(t) ask— oo (1.18)

Recall that ergodicity of the system implies that, for any collection of
densities U C D(u) * compact in Lt

n—1
1 .
[|— g T(u) —1||z1 = 0 asn — oo uniformly in u € U. (1.19)
n
=0

Using this, Theorem 6.3 of [Zweb] guarantees that
p(p(A)ea, <t)=F(t) asl— oo (1.20)
implies
w O p((A)pa, <t) = F(t) asl— oo, (1.21)
provided that u; € U for some U C D(u) compact in L! and [ > 1.

. . . 1
We want to apply this result to the situation u; = Tﬁlll)’ unfortunately,

as ﬁ — 00, there is no chance of finding a compact set as required.

However we can try a little trick, which we apply plenty often in this the-

sis; We go a small (compared to ﬁ) amount of steps, say 7, such that

Tm (#1(le)> is in a compact set. This was used in Theorem 3.1 of [Zweb].

Theorem 1.2.3. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem, and (A;);>1 be a sequence of asymptotically rare events. Suppose there
is a sequence of natural numbers (1;);>1 such that

()
p(A)m —0 asl— oo, (1.22)
“Define D(p) := {u: X — [0,00) | [ udp =1} as the collection of all densities.
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(i)

pa,(pa, <) —0 asl— oo, (1.23)

(iii) and there is a U C D(u) compact in L' (u) such that

. 14 )
" L) elU forl>1. 1.24
(s 2
Then
p(p(A)ea, <t)=1—et asl— o (1.25)
and
pa,((A)pa, <t)=1—e" asl— oo. (1.26)

Remark 1.2.1. [Zweb] even shows that under the assumptions of Theorem
1.2.3, we also have convergence in law of consecutive hitting and return

times. That is for ®; = (@541[), cpffl), ...) then
" e
,LL(A[)(I)Z =& and ,U(Al)q)l = 8, (1.27)
where £ is a tid sequence of exponentially distributed random variables.

The same paper also gives a class of system for which this result can be
applied.

Definition 1.2.1 (Gibbs-Markov maps). Let (X, d) be a metric space with
diam(X) < oo, A be the usual Borel-o-algebra on X and p be a probability
measure on (X, A). We call a p-preserving transformation T : X — X a
Gibbs-Markov (GM) map if there is a countable partition (mod ) ¢ of X
such that

(i) TZ € o(C) for Z € C,
(ii) T has a uniformly expanding iterate TN for some N > 1,

(iii) T|z is a homeomorphism, we denote its inverse by vy = (T|z)~!, for
Z e,

(iv) T has the big image property

b:=inf u(TZ) >0, (1.28)
ZeC
(v) the Radon-Nikodym derivatives v’y = d(%:Z) have well behaved ver-

sions, there exists a r > 0 such that

vy ()
Z —1‘ <rd(x,y) forZe( andz,yecTZ. (1.29)
v (y)
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For n > 1 we will denote the set of all n-cylinder by
n—1 )
o= {20y Zna] = (T2 | Zi€{ for0<i<nm—1}.  (1.30)
i=0
The inverses of T are analogously denoted by vy := (T"|z)~! for n > 1 and
Z € (p. In this case (see [ADO1]) > 0 can be chosen such that

AC))
vz (y)

—1‘ <rd(z,y) forn>1,Z € andx,y € T"Z. (1.31)
In the following v/, will always denote such a version.

We recall some known properties of such systems. Denote by £ the par-
tition generated by T'¢, and Lipg(f) := suppeg Lipg(f) where Lipg(f) :=
f(@)—fy)

SUPz,yeBzsy ’ d(z,y)
D(p) | Lipg < r}. Then for u € U, n>1and Z € ¢,

i (uéﬁz)> cu. (1.32)

is the usual Lipschitz-coefficient. Define U] := {u €

It is also known that there is a constant ¢ > 0 such that
<c (1.33)

~ lzu
" (i)
’ u®pu(Z) ) || oo
for w e U, n > 1 and Z € (,. Therefore the set U, := {u € U, | |Ju]| <
max(1,c)} is convex, bounded in L*, compact in L' and furthermore has

the property that
~ 1Zu
™| ——— | €U, 1.34

(i2%) (1:34)

foru €U, n > 1 and Z € (,. Furthermore T has bounded distortion, i.e

T

W(ZNT"A) < %M(Z)M(A) forn>1,Z€C and Ac A, (1.35)

An easy argument then gives k > 1 and ¢ € (0, 1) such that
w(Z) < kg™ forn>1and Z € (,. (1.36)

Lastly, for mixing GM-maps, densities in U, are smoothed out exponentially
fast by the transfer operator, i.e

177 (w) = 1|z < kg™ forn > 1 and u € Uy. (1.37)

We therefore see that we can use Theorem 1.2.3 on sequences of cylinders
converging to a non-periodic point x*, this is to avoid return after a short
amount of time as in (1.23).
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Theorem 1.2.4. Let (X, A, u,T,C) be an ergodic, u-preserving GM-map.
Let (A;)1>1 be asymptotically rare events such that either a) A; € o(C) is a
union of cylinder or b) there is a non-periodic point x* € X such that A; € (;
is the unique l-cylinder containing x*. Then (A;);>1 has convergence in law
to an exponential distribution

p(p(A)ea, <t)=1—et asl— oo (1.38)

and
pa,((A)pa, <t)=1—e' asl— oo. (1.39)

For a more probabilistic statement, this kind of convergence can also be
shown for irreducible, positively recurrent, aperiodic Markov-chains.

Example 1.2.1. Let M be an irreducible, positively recurrent, aperiodic
Markov-chain with transition matric P = (p;j)ijes on a countable state
space S. Let us, for the sake of this argument, assume that there is a § < 1
such that p;; < 6 for i,5 € S. It is well known that positive recurrence
implies the existence of an invariant probability distribution m on S. We look
at the usual dynamical representation of M. Let ¥ := {z = (x0,21,...) €
SN Paizis, > 0 fori >0}, o be the usual shift operator and d the product
metric defined by

d(z,y):=2" min(i20 | zi7y:) forx,y € X. (1.40)

Let ¢, = {[to,...sin-1] | i35 € S for 0 < j < n — 1} be the collection of
n-cylinders, where

[i0; .orin—1] :={rz € X |xj =15 for 0 <j<n—1}, (1.41)

and A be the o-Algebra generated by all cylinder. Lastly define the Markov
measure [ on A by

n—2

p([io, in-1]) = 7(io) [ [ pijijes Sorn =1 and [io, .., in-1] € Gu. (1.42)
j=0

Let i € S, then the inverse branches are given by
v (z) = (O‘|[i])_1(l‘) =ix forx el (1.43)
and are also continuous. Furthermore we get

d(p o vp))
dp

vy (%) == (z) = ﬂ-(i))pi,mo (1.44)

ﬂ(xo
for x = (xg, z1,...) € X. So our transfer operator is given by

5w =3 f<ix>7f(§2)pi,z0 (1.45)

€S
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for f: ¥ — R bounded and x = (z9,x1,...) € X. Let (i1);>0 be a non-periodic
sequence of elements of S, we claim that the corresponding l-cylinders A; =
[i0, ..., 5j—1] for 1 > 1 satisfy the assumptions of Theorem 1.2.3. Set

U:={felL(u]f>0, / fdu=1, f(x) only depends on the first letter of x}
b

(1.46)
be the set of locally constant functions with mean 1. Clearly U C L'(u) is
compact.® Now

o1a)@) = D 1aodiam) v, @)
Jos-sJ1—1E€S
7T(’L'0)

)pio,il <Piy_9,ii—1Pi_1,a0

= Ufio,...,il,l](gc) = 7r(70

for1>1 and x = (x9,21,...) € X. So &' (ﬁ) eU. Clearly lu(A;) — 0
as | — 0o. So all that is left to check is pa,(pa, <1) — 0.

Note first that pa,(T—*(A;)) < 6% for k <1, this is because A,NT~F(A}) =
(805 ey U1, Uy ooey Gi—1) if 15 = iy for 0 < j < 1 —k —1, and empty
otherwise. So for kj =min (k > 1|i; =ijqp for 0 < j <I1—k—1) we have
pa,(pa, < 1) < 15—35 Clearly k; increases in 1, it also cannot be bounded
as otherwise (i;);>p would have a period of max;>1 k;. Therefore pa,(pa, <
l) = 0 and we can apply Theorem 1.2.5.

°To see this we could identify ¢/ with a subset of [, ¢[0,7(i)~"] with norm ||z|| =
> ics (i) which is the product of compact intervals.
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Chapter 2

Abstract local limit theorems

2.1 First hitting and return time

Much in this chapter is closely related to the analysis in [AZ], for more in-
formation we refer the reader there and to the sources given there.

The main part of this thesis will concern itself with finer properties of hitting
and return times. We saw in the last chapter that in many situations we
have convergence in law to some limit law

p(p(A)pa, <t)= F(t) asl— oo, (2.1)

and
pa, (W(A)pa, <t) = F(t) asl— oo. (2.2)

However sometimes estimates for the law are not good enough and we want
to know about the precise time of the first return to small set. So instead

of pu(pa, < @) (resp. pa,(pa, < @)) we want to control u(pa, = ki)
(resp. pa,(pa, = k1)) for suitable costants (k;);>1. Note that this question
is only interesting if the k; are natural numbers (otherwise these quantities
are 0) they should also be of the same order as the expectation, therefore

k= ().

So what should p(p4, = k;) behave like? Let ¢ > 0 and k; be such that
kjiu(A;) — t and F be C' and strictly monotone increasing in the situation
of (2.1).

(Ao, < H(ADk) ~ F(u(A)ky) as | — . (2.3)

Notice that by virtue of F' being strictly monotone increasing, both sides
are strictly positive, so it is enough to show

(A, < p(AYk) — F(t) asl— oo, (2.4)

11
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Lemma 2.1.1. Let F,,, F : R — [0,1] be sub-probability distribution func-
tions for n > 1 such that

F,(t)= F(t) asn — . (2.5)

Then for all continuity points t > 0 and sequences (tp)n>1 in [0,00) such
that t, — t as n — oo we have

F.(tn) = F(t) asn — . (2.6)

Proof. Let € > 0 and s > t be a continuity point of F' such that F(t) >
F(s) — e. For n large enough such that s > t,, we have F,(t,) < F,(s) and
therefore

limsup Fy,(t,) < lim F,(s) = F(s) < F(t) +e. (2.7)

n—00 n—00

Letting € — 0 yields limsup,,_, .. Fn(tn) < F(t).
In the case t > 0 we get liminf,,_,~ F,(t,) > F(t) analogously. If ¢ = 0 then

hnrr_lgoréf E,(tn) > nlggo F,.(0) = F(0). (2.8)
U

Using the mean value theorem, we could try

(pa, = ki) = plpa, < ki) — plpa, <k —1)
= p(p(A)pa, < plADk) — p(p(A)ea, < p(A)k — p(Ar))
~F(u(A)k) ~E (A ki —p(Ar)
L W(AYF' (&) for some & € (u(Aky — (A, p(Ar)k)
~ (A F'(t)

similar for ;14,. Unfortunately ~ is not stable under addition so this analysis
is not valid. As the most important case is F(t) = F(t) = 1 — e~ anyway,
we will assume throughout that our distribution function is C' and strictly
monotone increasing. It is possible to assume this kind of regularity only
near the sequence p(A;)k; and in fact the proofs stay the same, but for con-
venience of notation we will stick with that.

In the situation of (2.1) (resp. (2.2)) we will say that we have a local limit
theorem (LLT) for the (first) hitting (resp. return) time if

ilpa, = ki) ~ w(ADF'(t) asl— oo (2.9)

resp.
pa,(pa, = ki) ~ p(A)F'(t) asl— oo (2.10)
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whenever ¢ > 0 and (k;);>1 is a sequence of natural numbers such that
w(A;)k; — t. Note that, in our set-up, by the subsequence principle these
conditions are equivalent to

p(pa, = ki) ~ p(A)F (n(A)k) asl— oo (2.11)

resp.
pa (pa, = ki) ~ p(A)F (n(A)ky) asl— oo (2.12)

whenever (k;);>1 is a sequence of natural numbers such that (u(A4;)k;);>1 is
bounded away from 0 and oco.

As there are many different sources about convergence in law of hitting
times, we will for the rest of this thesis concentrate on the question, when
convergence in law implies local limit theorems.

Theorem 2.1.1. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem, and (A;);>1 be a sequence of asymptotically rare events. Let F :
[0,00) — [0,1] be a strictly monotone increasing sub-probability function
of class C*. Then the following are equivalent

(a) we have convergence in law to F

p(p(A)pa, <t)=F(t) asl— oo, (2.13)

(b) forallt > 0 and sequences (k;);>1 of natural numbers such that (A;)k; —
t we have
wlpa, = ki) ~ u(A)F'(t) asl— oo. (2.14)

Proof. By Theorem 1.2.2, a) is equivalent to

o, (W(A)pa, <t) = F(t) asl — oo, (2.15)

with F'(t) = 1 — F(t). Using (1.8) from the proof of Kac’s formula and
Lemma 2.1.1, for any ¢ > 0 and sequences (k;);>1 of natural numbers such
that p(A;)k; — t we obtain

1
— =k = >k
M(Al)”(%‘l 1) = ba(pa, > ki)
—1—F(t)
as | — o0o. Therefore
w(pa, = ki) ~ p(A)F'(t) asl— oo. (2.16)

as required. The same argument gives the converse direction. O
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A useful fact when investigating convergence in law of (first) hitting
times is the fact that we can (within reason) change the initial distribution,
ieif

p(p(A)pa, <t)=F(t) asl— oo, (2.17)
then also
v(p(A)pa, <t)=F(t) asl— oo, (2.18)

for any probability measure v < pu. We would like an analogous result for
return times. But this unfortunately does not hold in full generality.

For example if the system has a cyclic structure in that C,7-C, ..., T~PTC
are pairwise disjoint and C' = T7PC for some C € A with u(C) > 0. If
A; C C for [ > 1, then for v := pc we would always have v(p4, = k) =0
unless k; is a multiple of p. In fact, even without periodicity a fairly simple
argument shows that there are always initial distributions v that fail (2.18)
for a given sequence (k;);>1. The key idea to constructing such a v is that
for By = A; \ {¢a, = ki}, its return times will never be ki, i.e ¢p,(z) # ki
for x € B;. For more details see [AZ].

Looking at the transfer operator T will give us a good class of initial
distributions for (2.18).
First we need a technical lemma, which we will use at various points through-
out this thesis.

Lemma 2.1.2. Let (X, A, u,T) be an ergodic, probability-preserving system,
and A € A with u(A) > 0. Then

Vpazty = Hpamtt 0 TV = Vg, cpnqpaorizh—gy Jor 0<j <k, (2.19)

and

p{pa <y {paoT’ =m}=plAn{m <pa<m+j} forjm>1.
(2.20)

Proof. For the first assertion note that
{pa=k} ={paoT! =k —j}\{pa <j}. (2.21)
The second follows from
{pa<itn{pacT =m} =T (An{pa=m+j—i}) (222
i=1
and p-invariance. O

Theorem 2.1.2. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem, and (A;);>1 be a sequence of asymptotically rare events. Let F :



2.1. FIRST HITTING AND RETURN TIME 15

[0,00) — [0,1] be a strictly monotone increasing sub-probability function
of class C' such that we have convergence in law of the first hitting times to

F
p(p(A)pa, <t)= F(t) asl— oo. (2.23)

Let U C D(p) N L*>® be bounded in L™ and such that there is a p € [1,00]
and a sequence (gn)n>1 with 22 — o0 as n — oo such that

1
N 1\»r
T (u) = 1f|zr = 0 <<g> p) as n — oo uniformly inu €U, (2.24)

where for convenience é := 0. Then for all sequences (k;);>1 of natural
numbers such that (u(A;)ki)i>1 is bounded away from 0 and oo we have

uOu(pa, = ki) ~ u(A)F (w(A)ky) asl — oo uniformly in u € U. (2.25)

Proof. (i) Fix a sequence (k;);>1 as in the statement of the Theorem. By
Theorem 2.1.1 we obtain

wa, = k) ~ A (u(ADk) asl—oo.  (2:26)

(ii) Define j; = min(n > 0 | g, > @), then j; — oo as [ — oo, while
n= 0(@), we may assume that j; < k; for [ > 1. Then x; = k; — jj
satisfies r; ~ k. As (u(Ap)ki)i>1 and (u(Ar)ki)i>1 are bounded away
from 0 and oo and F' is uniformly continuous on compact sets we have

|F(n(An)k) — F(u(Ap)kr)| — 0 as 1 — oo.
(iii) We first show

Qom0 T = 1] = o (A0) e

(2.27)
Using Lemmata 2.1.1 and 2.1.2 and letting C' := sup,,¢ ||u|| 1~ we get

‘/X(I{WAZ—HZ} o T — 1{¢Al—kl})UdM‘

< Cul{ea, <} N{pa, o T" = ri})

= Cp(A)pa, (ki < pa, < ki)

= CN(AI) (:U*Az(‘PAz < kl) - NAz(SDAz < Hl))
~F(p(A)k)) ~F(u(Ar)kr)

—0

= o(u(Ar))

as | — oo uniformly in u € U.
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(iv) Next we check that

Qo 0T = 0) | = 0 40) iy s (2:25)

Let ¢ be the Holder-conjugate of p, i.e the unique real number such
that % + % = 1 (by our convention, the Holder-conjugate to 1 is 00).
Using Theorem 2.1.1, and Holder’s inequality if p € (1, 00), we get

‘/X(l{%ﬁm} o T7)(1—u) du‘

- ' [ a1 =T <u>>du]

< ga=rpllee 11 =T7(u)|| 1o
—_— T/

o( (4 )%)
= 1
A =0 % :o(,u(Al)E)
P
9
= o(u(Ar))
as | — oo uniformly in u € U.
(v) Altogether we need to check
lu® plpa, = ki) — plea, = k)l = o (u(Ar) (2.29)
as | — oo uniformly in u € . But the left hand side is bounded above

by
ju® p(pa, = k) —u® p(pa o TV = Ky)|
+ ‘U@M(QOAI oTh = k1) — plpa, o T = /il)}
+ |ulpa, o T = k) — ulea, = ki),

and step (iii) confirms that the first and the third term are of order
o(p(4;)) as I — oo uniformly in u € U, while by step (iv) the same is

true for the middle term.
O

Remark 2.1.1. The condition that there is a sequence (gn)n>1 with 2= — oo

as n — 0o such that
- N
|T™(u) — 1||zr = 0 g— (2.30)

was only chosen for technical purposes. We can without much work substi-

tute it by
™) — flzr = 0 ((i) ) (2.31)

by the next lemma.
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Lemma 2.1.3. Let (fn)n>1 and (gn)n>1 be sequences of positive real num-
bers such that f, = o(gn) as n — oo. Then there is a sequence of positive
real numbers (g),)n>1 with g, = o(gn) and f, = o(gl,) as n — oco.

Proof. Since f, = o(gn) as n — oo, there is a sequence of positive real
numbers (ap)p>1 such that f, = ang, and a, — 0 as n — oco. Therefore
setting g/, := \/angn we obtain such a sequence. O

Now that we know that local limit theorems for the first hitting time
are automatic from convergence in law, it would be nice if the same were
true for the first return time. However, it turns out that the situation
there is much more involved, and we cannot expect local limit theorems
for the return times as easily. For example in periodic situations as before,
counterexamples are easily constructed. Even more, for any sequence (A4;);>1
as above, there are sequences of asymptotically rare events (B;);>; that fail
local limit theorems for return times.

Proposition 2.1.1. Let (X, A, u,T) be an ergodic, probability-preserving
system, and (A;);>1 be a sequence of asymptotically rare events. Let F :
[0,00) — [0,1] be a strictly monotone increasing sub-probability function of
class C such that we have convergence in law of the first hitting times to F

u(p(A)pa, <t)= F(t) asl— oo. (2.32)

Then for every sequence (k;);>1 of natural numbers such that (pu(A;)k;)i>1
18 bounded away from 0 and oo there are measurable By C A; for 1 > 1 such
that w(A; \ By) = o(ﬁ and

p(p(Br)ep, <t)= F(t) asl— oo, (2.33)

while
up (o, = k) =0 forl>1. (2.34)

Proof. For | > 1 we set B} := A; \ {¢a, = ki}. Then ¢p, # k; on By,
furthermore pp, = ¢4, on B \lel{sﬁAl = k;}. Since

pa,(pa, =k) —0 asl— oo (2.35)
all claims follow easily. (see Remark 2.3 in [Zwel6]) O

Nevertheless, we can still prove that LLTs for all suitable limits exist.
Therefore define

F is a distribution function with F'|(_s o) =0
F={F:R-0,1) Fl(0,00) 18 strictly increasing, of class c!

/wl—F@ﬁﬁgl
" (2:36)
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Our goal, for F' € F, will be to construct a sequence of asymptotically rare
events (A;);>1 such that for all sequences (k;);>1 in N such that (u(A;)ki)i>1
is bounded away from 0 and oo, we have

pa,(pa, = ki) ~ F'(u(A)k)u(Ar)  as 1 — oo. (2.37)

The core of the argument will be a slight variation of the construction in
Proposition 0.6 of [Zwea]. We call a distribution function (d.f) G : [0, 00) —
[0, 1] rational if it only has finitely many jumps of rational height at rational
times, and G is locally constant at all other times. Also recall the Levy-
distance of two d.f on [0, c0)

de(F,G) :=inf{e >0 | G(t—e)—e < F(t) < G(t+e)+e€ for t €> 0}. (2.38)
Lastly denote by F4 the d.f of the (normalized) return times to A, i.e

Fa(t) = pa(u(A)pa < 1t) (2.39)

for ¢ > 0. A variation of Proposition 0.6 of [Zwea] shows the following,.

Proposition 2.1.2. Let (X, A, u,T) be an aperiodic, ergodic, probability-
preserving system. Let G be a rational d.f on [0,00) with [;°1-G(t)dt =1,
and let € > 0. Then, for any M € N such that the jump times of G can
be written as rational numbers with denominator M, there is a measurable

A e A such that

- <p(4) < 2 (14 0) (2.40)

and

de(Fa,G) < M3, (2.41)
More precisely, if G has jumps at times % for k = 1,.... K and some
natural numbers K,r(1),...,7(K), then Fa has jumps at times Lj\? for k =

1,..., K (it might have more). The heights of corresponding jumps differs by
at most M3,

With this we can show the following (compare also [KLO05] and [Lac02]).

Theorem 2.1.3. Let (X, A, u, T) be an aperiodic, ergodic, probability-preserving
system, and F' € F. Then there is a sequence of asymptotically rare events
(A1)i>1 such that

pa, (W(A)pa, <t) = F(t) asl— oo, (2.42)

and for all sequences (k;);>1 in N such that (u(A;)k;);>1 is bounded away
from 0 and oo, we have

a (@, = k) ~ F(—p(ADk)u( Ay as L — oc. (2.43)
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Proof. (i) We first approximate F' by rational distribution functions. For
n > 1 define

2 5 1

sn:min<n,F_1 (1—2> ,sup{s > 0 | / 1-F(t)dt < 1—}),
n 0 n

(2.44)

and note that s,, — oo as n — oco. For n > 1 big enough such that
ns, > 2 define rational d.f Gy, : [0,00) — [0, 1] by G,,(0) = 0 and

o fort= % and k=1,...,[ns,| — 1 set

Gn(g) =n2 [nQF (k + 1)} : (2.45)

n

o for k=1,...,|ns,| —1 and % <t< % set Gp(t) = Gn(%)

e Since G, > F on [1, Lnninj] we have

[nsn ]

1—Gn(t)dt§1+/n1—F(t)§1.
n 0

|nsn ]
At the same time [, " 1 — G,(t)dt is a rational number with
|nsn |

(not necessarily least) denominator n®. So we can write [; * 1—
Gn(t)dt =1 — # for some L € {0,...,n3}. Finally set G, (t) =
1— L for monl < sl 4 L ang Gy (t) = 1 for ¢ > 1nenl | L,

n

For n > 1 it can be easily checked that G, is rational, G,, = F as
n— o0, and [;°1—Gp(t)dt =1.

(ii) We can apply Proposition 2.1.2 to find A,, € A such that

1

1 1 1
S = g) <p(dn) < —(1+ 5

n

) (2.46)

and
de(Fa,,G) <n™>. (2.47)

Fy, has jumps at times ku(A,) for k =2, ..., [ns,| — 1. The height J*
of the jump at time ku(A,,) satisfies

(oo (5] [er ) s
(oo ()] fer () e

It follows that Fl4, = F as n — oo.
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(iii) Now we check (2.43) for our sequence (A;),>1. By considering a sub-
sequence, we may assume that pu(Ay,)k, — t as n — oo, for some t > 0.
Choose n > 1 big enough such that |ns,] —1 > k, > 2. Then we get

a0, = bn) = s (P Ak = Fa, (2(42) (ks — 1)
= (e (5 ﬂ ( PG
< (7 (5 ) ()t m)
1
n2 73

<oy (a0 v ) < () (Feo 1+ )
knkn+1

for some &, € (n ) ), where we used the Mean Value Theorem
in the penultimate 1nequality. Taking n — oo on both sides, we get
lim sup,,_, M(A mesi (pa, = kn) < F'(t). A similar argument gives
liminf, u(An)'uAn (pa, = kn) > F'(t). As both sides are positive,
this shows (2.43).

O

Despite this cautioning result, we can still give sufficient conditions for
local limit theorems the the first return time. Much like in our short analysis
of convergence in law, if the densities of the conditioned measures 1‘2 y are
in a good set as described in Theorem 2.1.2 we can relate the local behaviour
of return times to that of hitting times. From now on we will mainly consider
the case of exponential limit laws F(t) =1 — e~

Theorem 2.1.4. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem, and (A;);>1 be a sequence of asymptotically rare events such that

plp(A)ea, <t)=1—e" asl— co. (2.48)

Let U C D(p) N L™ be bounded in L and such that there is a p € [1, 0]
such that

1
. 1\ 7
| T"(u) = 1f|zr = 0 ((n) p) as n — oo uniformly inu €U, (2.49)

where for convenience é := 0. Assume that there are constants 7, € Ny
such that

WA =0 asl— (2.50)
while

T (u(A) " a,) e forl>1. (2.51)
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Let (k;)i>1 be a sequence in N such that (u(A;)k;)i>1 is bounded away from
0 and co. If
pa,({pa, < Ty NTMA) =o(u(A)) asl— oo (2.52)

then
pa, (pa, = ki) ~ e AR LAY as T — oo, (2.53)

Proof. (i) Define k; := k; — 7, then we have that x; ~ k; and therefore
e Ak  emm(AR - As (1u(Ap)ky)i>1 s still bounded away from 0 and
o0, Theorem 2.1.2 gives us

WO (A, = k) ~ p(A)e AR o Lo (2.54)

uniformly in uw€U.
(i) Setting u; := T (u(A;)"14,), by (2.54) we only need to show

la, (oa, = k) —u © p(pa, = K1) = o(u(A;) asl— oco.  (2.55)

By Lemma 2.1.2 the left-hand side coincides with

‘/ (1{¢Al:ﬁl} oTT — I{SOAl:kl} d/,LAl
X

= pa,({pa, <1} N{pa 0T =K})
<pa,({ea, <myNTMA)
= o(u(Ay)).

2.2 Consecutive times

We now look for local limit theorems for consecutive hitting or return times
of the form

d—1

. , :
N Tii{pa, =k} | ~ ez ok (A asl oo (2.56)
§=0

or

ﬂTA {oa, =KD | ~ e TSR (A asl =00 (257)

for suitable A; € A and k; € N. First notice that for any f € L'(u),
g € L*°(u) and j > 1 we have

Ti(f-goT)) =T/(f)-g. (2.58)
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This is because

A .

(T9(f)-9) O n=g0 (T/(f)© p)
=90 ((fop)oT™)
=((goT) O (fOu)oT™
=((f-goT)Op)oT.
Theorem 2.2.1. Let T be an ergodic measure-preserving map on the proba-

bility space (X, A, p) and (A;);>1 be a sequence in A such that 0 < p(A;) — 0
such that the normalised return times converge to the exponential law

A, (pa, <t) =>1—¢t. (2.59)

Suppose U C D(p) N Loo (1) is bounded in Loo(p) such that there is a p €
[1,00] such that

1
~ 1\»
|7 (u) — 1||r =0 <<n> p) as n — oo uniformly inu €U,  (2.60)

where for convenience = := 0.
Assume there are families Uy C D(pa,) N Loo(pt) are such that & = - 1y,
forw € Uy, 14, € Uy and ;s U is bounded in Loo(p). Assume that there
are constants 1, € Ng such that

p(A)m =0 asl— oo (2.61)

while R B
T (w(A) ) €U for 1> 1 and 4 € Uj. (2.62)

Furthermore assume that
pa,{ea, <N T_lel) =o(u(B;)) asl— oo (2.63)

for any sequences By € AyN A for 1 > 1 and (k;);>1 such that (u(A;)k;)i>1
is bounded away from 0 and co. Last assume that for all k,1 > 1 we have

ok (A1) =k
{XO) N(QOAL = k)

) e, forucl. (2.64)
Then, for d > 1 and sequences (kl(o))lzl, ey (k:l(dfl))lzl of natural numbers
such that (M(Al)kl(])>lzl is bounded away from 0 and oo, we have that

1 d—11.0) d

pa, | () TalAoa =k} | ~ et Kok ay)
=0

asl — oco. (2.65)

In (2.65) the sequence (pa,) of measures on the left can be replaced by (1, ©
w(Ay)) for any w € Uy or by (w © p) for any w € U.
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Proof. We will focus on the case of (4 ® p1(A;))i>1, the proof for (w ® p)i>1
goes analogous. We henceforth fix d > 1 (but not u; € U; for [ > 1 and

E)is 1, ey (BT )is1).
(i) Theorem 2.1.2 shows that
w® plpa, = ki) ~ p(A)e AR a5 1 — oo (2.66)

uniformly in u € U and for (k) as above. An argument similar to the
proof of Theorem 2.1.4 shows that whenever u; € U for [ > 1 we get

U O pa(pa, = k) ~ p(A)e Ak g5 5 . (2.67)

In the following, without saying it, statements including the kl(j ) and
u; are to be understood as statements about all choices of k:l(] ) and 4
as above.

(ii) We set sl(m) =yl /-cl(j) for 1 <m < d and sl(o) := 0 the time of the

j=0
m-th return to A; (on the set we are interested in), /{l(m) = k‘l(m) -7
and
g j ) ;
Wl(m) = Al N ﬂ TXlJ{SOAl — kl(ﬁ)} — Al N ﬂ TSI {‘PA[ — kl(j)}
3=0 j=0
(2.68)

for 0 <m < d and VVZ(O) = Ay
(iii) The main goal is to prove

m _ 8<m) m
1 © pra, (W)~ e p A0S 1 a)) (o)

for 0 <m <d, w €U for I > 1 and (kl(o))lzl, - (kl(d—l))121 as above.

For m =1 this is done by (2.67), the case m = 0 is trivial.

(iv) To see what we will need for the induction step, note that since VVl(mH)

I/Vl(m) N Tsl(m){go,ql = k:l(m)} we get

i © pa, (WYY = i © pa, W n™ (oa, = K™Y (2.69)
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where

- _(m)
m(m) =(m© MAZ)W;M oI

So we need to show

(m)
kl

1™ (o, = B ~ p(Ay)e A (2.70)

1

A (m) w(m™

that is, as su T U ——L— C A;, by (2.67) we need
pp( < lﬁz@HAl(Wl(m))>> b by ( )

~ (M) (i m) g(m 7(m
71 gl()zcl( )fl()_hl() (@)
where fl(m) € U, the cl(m) are constants cl(m) — 1 as I — oo and

Bgm) € L'(ua,) is such that ﬁl(m) O pa,(pa, = kl(m)) = o(u(Ay)).

(v) As gl(o) = u; and sl(o) = 0 this is trivial for m = 0, moreover by Lemma
2.1.2 and (2.58)

0 = (ot )
I - _ 0
(0 ® MAZ (QOAZ = kl( ))

Tl
- (0 1 M(Az)l{%l:,{l(m} ol _ 1{¢Al§n}ﬂT‘”{¢Al:H§0>}
=T" /’L(Al) uy — (0) — U _ (0)
U © pa,(pa, =k") U O pa(pa, =k)
_ 0 Al
_ Uy @ /J’AZ(SOAZ = K‘l( )) T‘l{l(o) TTZ A —1- M( l) {SOAl:HgO)}
- _ (0) (/’L( l) Ul) _ (0)
uZGuAl(wAl :kl ) Tw@MA;(SOAl:Hl )
—1 asl—oo ‘MC
e
B Tklw) (all{@AléTz}ﬂT”{QOAF('S)Z(O)}) .
Uy © pa, (90141 = kl )
AY
(1) < M AIC(O)
Now h; " < o o h™) (saAl:kfo))T I (1{<pAlSTz}ﬁT*Tl{AOAﬁHZ(O)})’ where M >

0 is a constant such that ||@||p~ < M for 4, € U; and [ > 1. So by
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(1) it is enough to show that
~1.(0) _
Th (u(A) 1
But

(om <= pn ) OHAN 2 = KV = 0(u(40?).

~1.(0)
T (u(A) 1 © w4 N {ea, = k)
- _1.(0)
= pa({pa <mINT oa, = w"} T (AN {4, = K))

_1.(0)
<pa({pa, <myNT4 (4N {pa, = kDY),

{pa, <m}NT—T {«pA,:nl(O)})

So by (2.63) it is enough to show u(A; N {pa, = KV}) = O(u(A)?),
but this holds once again by (&) for u; = 14, and k:l(o) = k:l(l).

We need one more auxiliary condition, namely

—(m J _gm) m—i ;
™ © pa, (Am 77 {oa, = ki +)}> = o(u(A)™)  (Omy)
=0

for Sl(T) = Zi;% k:l(erT) and j > 0 with j +m < d — 1. Let us write
(O) for all of (<>,~7j) for 0 <i<m,j>0andi+j=m. First we
note that Bl(o) = 0 by the above, so (g ;) is always true. Additionally
(Om.o) follows from (#;,). So (Vp) and (V1) hold.

Finally we are ready to formulate our induction step. Let 1 <m < d—1

and (M), .., (M), (&), ..., (dy,) and (Dp), ..., (Vp,) hold. First (2.69)
and (2.70) show that (#,,) and (&) imply (d,+1). We also claim

($1,m). Following the analysis of Bl(l) in (v), we see that we only need
to show

2 ; .
u<AmﬂT {mekf”)}) = O(u(A)™ ). (271)
=0

But as above this follows from (2.63) and (de,+1) (for @ = 14, and
("), s (B™)) = (), e (B D)). For 1< j < m we have that
(Ojim—j+1) implies ($jy1,m—j). Indeed

j+1 j s9)
0" =0 g gy o TG (2.72)

a1Opa, (W)

©) _
Tona (WO e ADE” (A7 by () and (1)
l l

where C’l(j ) —
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Therefore by (2.58), Lemma 2.1.2 and (#;) we get

T4 (o) = ¢ <T$§D (95”1{%1:;@;j>} T lm))
_ Cl(j)jwkl(j) (( (DD El(j)) 1{¢Alk§”}>
( l 1{soAlonl—n§”}>
- Cz(j)Tkl(j) (Cg )f(j)l{SOAl<Tl} {pa,0T 1=k} + hl( )1{soAl=kz(j)})

(j>}M(Az)

1 {‘pAl =k,

T (7 (A1) © plga, = 5Y)

(J) T”l TT[ <.]Fl(j),ul<Al)_1>

eu
EZ/_{l
N 0 (3) N () (=
_Cl(J)Tkl (cgj)f(j)l{w <m1 (ongoTI= /{(7)}> +Cl(])Tkl (hl(J)l{%’Al:kl(j)})
hg,le) hl(,J;l)

where D( 7 = C(])cl T (f(j (A~ ) O u(pa, = K(J)) — 1 by Theo-

rem 2.1.2. Furthermore !

. m_j _(m) m-i
hD © pa, (Am N T {oa, = K"}
=0

A {pa, <7} N {pa, 0T = 519}

_ OV o, | mei o |
A ﬂT’“l“( T {soAl:k}’”“)})
1=0

m—j
N () _(m) .
<M C’l(])cl(]) pa, | Ain{ea, <m}n T+ | 4N ﬂ T {pa, = kl(mﬂ)}
~—— i=0

O(u(A)~1)

p(-)=0(u(A)m=i+2)

o(u(Ay)m—i+2)
= o(u(A)™ 7

Tn the third equation we use (fm—j11) for @ = 14, and (klm)lzl = (lcl(m“))lzl for
0<i<m-—-j+1.
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and

—s (J+1) : i
h( )@MAZ<AlmﬂT Li {Al:kl(y+1+)}>

=0

m—j
)7 i ) _ U+ -
— C'l(ﬂ)hz(” © pa, (Az N{pa, = kl(a)} ATk’ ( m T i {oa, = kl(g+1+ )}>>

=0
— Cl(j) hl(J) ® g, (Al ﬂ T—Sz i {SOAZ k.l(j+z)}>

o(pu(Ay))m—i+2

= o(u(A)™ 7t

by ($jm—j+1). Iterating this argument, we arrive at (©p,41). The
same argument for j = m shows (#,,+1) finishing the proof.

O]

2.3 An Example: Gibbs-Markov maps

We can apply our abstract analysis to the type of systems introduced in
Chapter 1, Gibbs-Markov maps. As we will deal with a more general class
(Rychlik-maps) later on, we will not give complete proofs. For a more
thorough argument see Theorems 3.1 and 3.2 of [AZ].

Theorem 2.3.1. Let (X, A, u, T, () be a mixing, probability preserving GM-
map. Let (A;);>1 be asymptotically rare events such that either a) A; € o(C)
is a union of cylinder or b) there is a non-periodic point x* € X such that
Ay € (; is the unique l-cylinder containing x*. Then, for d > 1 and se-
quences (kl(o))zzh ey (k:l(dfl))lzl of natural numbers such that (M(Al)k‘l(]))lzl
s bounded away from 0 and oo, we have that

d—1
. , y
N T {oa = b} | ~ e ok p(A) asl oo (2.73)
§=0
and

d—1 ‘ ‘

ﬂ TXZJ{LPAI — kl(J)} ~ e M(Az)Zg 0 l ,U(Al) as | — co. (2.74)
§=0

Proof. Take U =U, and Uy = {([, udpa,) '1a,u|u €U}, then in case a)
we can take 77 = 1, while in case b) 7, = [ fulfils all the conditions.

Bounded distortion together with non-periodicity of z* (in case b) guaran-
tees that (2.63) holds. O
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2.4 Conjugate systems

One important aspect of the study of dynamical systems, is recognising
when two systems are similar. We can then, instead of working in the orig-
inal system, look at easier representations (as one often does with systems
that have a cylinder structure).

Therefore we define the notion of (measurable) conjugacy.

Definition 2.4.1. Let (X, A,u,T) and (Y,B,v,S) be two dynamical sys-
tems, with normalized measure such that (X) =v(Y).

(i) We will say that (X, A, u, T) is semiconjugate to (Y, B, v, S) (or shorter
T is a factor of S) if there are measurable subsets X' C X andY' CY
of full measure, i.e ;1(X'®) = 0 and v(Y'®) = 0, invariant with respect to
T (resp. S), and a map 7 : X' — Y’, measurable with respect to ANX’
and BNY’, called the conjugation map, such that woT|xr = Som|x:.
In addition we require that v is the push-forward of p under w, i.e for
B € BNY' we have v(B) = u(r~Y(B)).

(ii) If in addition T is invertible with measurable inverse 7=1 :Y' — X',
then we say that the systems are conjugate.

Remark 2.4.1. The nomenclature "factor” comes from the fact that if
(X, A, 1, T) is semiconjugate to (Y,B,v,S) we can identify Y with X/,
where 1 = o if w(x1) = 7w(xe) for x1,x9 € X, and S acts much like T
on the equivalence classes i.e S([x]) = [T'(z)] for x € X.

The usual assumption that factor maps should be surjective is valid almost
everywhere (in the case of the measures being finite).

By slight abuse of notation we will denote hitting (resp. return) times
with ¢ regardless of the transformation and ambient space. 2 We also usu-
ally drop X’ and Y’ from the notation. 3

For (semi)conjugate systems we have that hitting and return times of corre-
sponding set behave the same. That means if B € B is a measurable subset
Y, then for A = 7=1(B) and n € N we have

{pa=n} =7"'({op =n}) (2.75)

and
An{pa=n} =7 (BN{ep=n}). (2.76)

2Tt will always be clear from the context.
$We might for example write 7! (B) for (n|x/) " (BNY') for BCY.
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Indeed

n—1
7 ({pp =n}) =7 (ﬂ S7H(BY) N s—"<B>)
=1

-1
Lo STHBY) NTLST(B)

S =
I
_

T=H(A) N T~ "(A).

@
I
-

It follows that also convergence in law and LLT's for hitting and return times
behave in the same way. We will record this in the next proposition.

Proposition 2.4.1. Let (X, A, u,T) and (Y,B,v,S) be two dynamical sys-
tems such that (X, A, u,T) is semiconjugate to (Y,B,v,S). Let (B;);>1 be
a sequence in B such that v(B;) — 0 as | — oo. Set A; := 7= Y(B;) and let
F :]0,00) — [0,1] be a sub-probability distribution. Then

(a)
p(p(A)pa, <t)= F(t) asl— oo (2.77)

if
v(v(B))ep, <t)=F(t) asl— oo, (2.78)

(b) and for any sequence (k;);>1 of natural numbers

pa(pa, = ki) ~ p(A)F (u(Aki) asl— oo (2.79)

iff
vp,(pB, = ki) ~ v(B)F'(v(B)k;) asl— oo. (2.80)
Proof. Straightforward from the relation of u and v. O

As we saw above, a useful tool is the transfer operator. We therefore
wish to relate T, to S,. Therefore assume (X, A, u,T) and (Y,B,v,S) are
conjugate by 7. Since roT = Som and v = pon !, for g € L*(v) we have

(gOv)o STt = (g0 (pon ) oS = ((gom) Op)or oS
=((gem ool or ' = (Tu(gom) O p)or

and on the other hand

(gov)oS=8,(9)ov=25,(9) ® (por")
= ((Sy(g9)om) O p)on L.
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As A =718 it follows that T),(g o) ® pu = (S, (g) o ) ® p and therefore

Tu(gom) = Su(g) o (2.81)

Suppose there is a function ¢ : X — [0,00) such that for all f € L'(u) we
have T,(f)(z) = > er-1(z) f(¥)®(y) for p-a.e z. For g € L'(v) we get

Su@)y) =Tulgom) @)= Y gln(2)e(2)

2T~ (71 (y))
= > @@ = Y 9@ ()
m(2)eS~ 1 (y) zeS~H(y)
for v-a.e y. We will record this in the next lemma.

Lemma 2.4.1. Let (X, A, n,T) and (Y,B,v,S) be conjugate with conjuga-
tion map .

(a) For g € L'(v) we have

Su(g)om=Ty(gom). (2.82)

(b) Suppose there is a function ® : X — [0,00) such that for all f € L' ()
we have T}, (f)(x) = 3 er—1(2) [ (W) R(y) for p-a.e x. Then for g € Li(v)

we have
Sy = Y. ga)@or(z). (2.83)
reS~1(y)

We will demonstrate how this can be use with one example.

Example 2.4.1. Let I = [0,1] and T : I — I be measurable. Assume
that there is a finite partition ¢ such that T|yz is of class C* with uniformly
Lipschitz continuous derivative. Assume that the almost everywhere defined
deriwative T' is bounded below. Also assume that the n-cylinders are uni-
formly exponentially small, i.e there is a C > 0 and a r € (0,1) such that
foranyn >1 and Zy, ..., Zpn_1 € ( we have

n—1
diam([Zo, ..., Zn—1]) = diam(() T7/(Z;)) < Cr" 1. (2.84)
=0

We are going to show that (I, A, \,T) is conjugate to a SET of the type dis-
cussed in Section 3.5. If|C| = M, define the M x M matriz B = (b; j)1<i j<m
by bij =1 <= T(Z;) D Z; and set

Y= {z = (v1,22,...) € {1, e, M | by sy = 1 fori > 1}. (2.85)
The conjugation map w: 3 — I given by

(ir,iz,..) = () T79(Zi) (2.86)

Jj=1
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1s almost everywhere well defined and bijective. The potential for Ty is
given by ®(y) = —log(T'(y)) (well defined on the image of ) is uniformly
Lipschitz continuous. One glance at Lemma 2.4.1 reveals that all that is left
to show is that ® o7 is uniformly Lipschitz continuous. Choosing the metric
on X as

d(z,y) = roilizt 2=l for gy e 3, (2.87)

We see that for x,y € 3 with x # y we have

©(n(2)) — D(r(y))| < Lip(®)diam(Z) < CLip(®)r"" = CLip(®)d(, )

(2.88)

where n = min{i > 1 | z; # y;} and Z = 7w([x1, ..., xy]).

We can therefore apply Proposition 2.4.1 to see that for sequences of asymp-

totically rare events (A;);>1 such that either a) A; is ¢ measurable, i.e A

is a union of 1-cylinders or b) A; is a l-cylinder, convergence in law of the

normalised hitting times to the exponential distribution implies LLTs for the

return times.
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Chapter 3

Examples

3.1 Mixing System

Thinking back to the abstract setting of section 2, we saw that the general
ergodic system will fail local limit theorems for various sequences of sets.
Here we will explore the stronger version, mixing, meaning that for any to
measurable sets A and B, u(ANT~"(B)) will converge to u(A)u(B). We
will use some slightly different notions here.

Definition 3.1.1. Let (X, A, u,T) be a dynamical system and ¢ be a count-
able partition of X (mod p). For n > 1 define the collection of n-cylinders
as G, == {ﬂ;:&T_JZj | Zj e ( for0<j<mn-—1}.

(a) We will say that the partition ¢ is uniform mizing of rate v(n), if

v(n) = sup sup (AN B) — u(A)u(B)| (3.1)
k,l>1 Aeco(Cx)
BeT~ (k) (0(¢)))

with y(n) — 0 as n — oo.
(b) We will say that the partition ¢ is o mizing of rate a(n), if

1(AN B)

20D u<B>] (3.2)

a(n) = sup sup '
ki>1 Aty

BeT~ (") (a(q1))
with a(n) — 0 as n — oo.

(c) We will say that the partition ¢ is ¢ mizing of rate ¢(n), if

¢(n) = sup  sup
kI>1 A€ECy
BeT=("+h)(¢))

‘M(AQB)

W(Du(B) 1’ (3:3)

with ¢(n) — 0 as n — oo.

33
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Remark 3.1.1.

e Note that ¢ mizing implies o mizing implies uniform mizing. More
precisely y(n) < a(n) < ¢(n).

e o mizing tells us that for A € §, and B € T-""F) (5(¢)) we have
(AN B) = n(A)pu(B)] < an)u(A). (34)

As (i is a partition, for A € o((y) there are disjoint A; € (i fori > 1
such that A =J;>, Ai. Therefore

(AN B) — w(A)u(B)] < 3 u(A; (1 B) — p(A)u(B)|
i>1

< a(n) 3 u(4)
i>1
< a(n)u(A).

e Analogously, for ¢ mizing, we can also take A € o((;) and B €
T-(4R) (5(&)) instead.

It turns out that these mixing conditions (with appropriate rates) are
already enough to guarantee local limit theorems for return times. We will
mention results for uniform mixing, o mixing and ¢ mixing separately, as
we need to require different rates for the three types.

As a warm-up, let us consider the question of convergence in distribution
for hitting times in such systems. A similar version of this (using different
methods) was attained in [AS11].

Theorem 3.1.1. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem. Let ¢ be a measurable partition of X (mod p) and let (A;);>1 be a
sequence of asymptotically rare events such that for some sequence (n;);>1

of natural numbers we have A; € o((p,) and n; = o (@) Suppose there

is a sequence of natural numbers (1;);>1 such that
w(A)m — 0 asl— oo, (3.5)

and
pa,(pa, <m)—0 asl— oo, (3.6)

as well as 1 —n; — o0 as | — oo. Furthermore assume that one of the
following holds

a) the partition ¢ is uniformly mizing with respect to T of rate v(n) and
V(1 =) = o(u(Ar)) as 1 — oo,
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b) or the partition ¢ is o mizing with respect to T' of rate a(n).
Then we have convergence of the hitting times to the exponential law, i.e
w(p(A)pa, <t)=1—e" asl— oo. (3.7)
Proof. (i) Due to Corollary 1.2.1, it is sufficient to show that
(A {u(Aea, <t}) — p(A)u(p(Aea, <) =o(u(A)) (3.8)

as | — oo. Note that this is trivially true for £ = 0. So fix some ¢ > 0

and denote t; = u(zt‘h)’ we may assume that t; > 77 > ny.

(ii) We claim that
(u(ANT ™ {pa, <ti—n}) —p(A)u(pa, < ti—m)| = o(u(Ar) (3.9)

asl — 00. As A € 0(Cy,) and T~ {pa, < tj—m} € T~ =4 a (¢ ).
So we can estimate the left side of (3.9), in case a) by v(7; — n;) and
in case b) by p(A;)a(m —ny). In either case (3.9) follows.

(iii) Note that
{pa, 0T <ty =7} \{pa, <ti} C{pa, <7} (3.10)
Therefore we can estimate the left side of (3.8) by

(AN {u(A)ea, < t3) — p(A)pu(p(A)ea, <))
< p(An ({pa, o T <ti— 7t \ {pa, <t}))
+ (A NT {pa, <t —n}) — p(A)p(pa, <t — 7))
+ w(A)p{ea, o T <ty =} \{pa, <U})
< w(Apa(ea, < 7)
+ (AN T s, <t —n}) — p(A)p(ea, <t — 7))
+ (A p(pa, < m).
Due to (3.6), the third term of the last expression are of order o(u(4;))

as [ — oco. By (3.9) the same is true for the middle term. The first

term can be bounded by u(A;)%7.
O

)7

o if (A;)i>1 has convergence of the hitting times to the exponential law,
(5.6) holds for any sequence of positive real numbers (1,);>1 with

S|=

Remark 3.1.2. e Due to (3.5), in case a) we must have y(n) = o(

w(Ay)m — 0 asl— oo. (3.11)
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3.1.1 Uniformly mixing

Theorem 3.1.2. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem and d > 1 be a natural number. Let ( be a measurable partition of
X (mod ), which is uniformly mixing with respect to T of order v(n) =
o ((%)dﬂ). Let (A;)i>1 be a sequence of asymptotically rare events such
that for some sequence (n;);>1 of natural numbers we have A; € o((y,) and
ng=o (ﬁAz)) Assume that the normalised hitting times converge in law

to the exponential distribution
p(p(A)pa, <t)=1—e" asl— oo. (3.12)

Then, for any 1 < m < d and sequences (k:l(o))lzl, ey (k:l(mfl))lzl of natural

numbers such that (M(Al)kl(j))lzl is bounded away from 0 and co, we have
that

m—1
. - m— )
pa | () Tatdoa, = K} | ~ e D500 (A)™ as 1 — oo, (3.13)
§=0

In (3.13) the (pa,)i>1 of measures on the left can be replaced by p.
In particular if y(n) decays faster than (the multiplicative inverse of) any
polynomial, (3.13) holds for any m > 1.

Proof. We will show (3.13) only for (j4,)i>1, the proof for u goes analogous.

(i) As in Section 2.2 define sl(m) = Zj;()l k:l(j) for1 <m < d and sl(o) =0

the time of the m-th return to A; (on the set we are interested in),

K,l(m) = k:l(m) — 7 and
mt , mlo :
W™= A0 () Tilea =Ky = An () T2 {oa = k)
j=0 j=0
(3.14)
for 0 < m < d and Wl(o) := A;. Note that VVl(m) € U(Cs(m)+nl). We
l
will show
m _ m—11.(5)
pa (W) o e HADVET R A)™  as 1 - oo, (o)

by induction on m. Note that (&) is trivial.

(ii) By (a version of) Lemma 2.1.3 there is a sequence (gy),>1 of positive

d+1
real numbers such that ¢ — oo and y(n) = o <<g1n> ) Define

%l:min(n>()|gn2ﬁ) and 7; := 7; +ny, then 77 — oo as | — oo,

while 7; = 0(@). For any sequence (k;);>1 of natural numbers such
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(iii)

(iv)
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that (u(A;)k;)i>1 is bounded away from 0 and oo define x; := k; — 7.
(We may just assume that k; > 7;). As above, by Theorem 2.1.1 we
have that

plpa, = Ky) ~ p(Ay)e Ak ag 1 5 o, (3.15)

We will also show the auxiliary condition

pW™ AT (pa < 1)) = o(u(A)™) asl o0 (Am)

by induction. Note that (#¢) follows from convergence in law of the
normalised return times.

For (&) fix a sequence (k;);>1 as above. It will be sufficient so show

lu(pa, = ki) — pa,(pa, = k)| = o(pu(Ar)) (3.16)

as | — oo. We do this by first splitting up

(o, = k1) — pa,(a, = k)| < |u(pa, = k1) — pa, (T o, = ri})|
+ A, (T {pa, = ri}) — pa,(pa, = ki)
The first term we can rewrite as
"“Al (T {pa, = ri}) — plpa, = ﬁz)|

= ,U(lAl) }M(Az NT " {pa, =ri}) — w(A)u(pa, = Hl)‘
1

(Al)’Y(ﬁ)
< O(M(Al))a

since A; € ¢, and T~ {pa, = k1) € T~ ((¢ny4r,))- By Lemma
2.1.2 and (#y) the second term is

|14, (T H{pa, = Ki}) = pa (04, = k)|
1

< mu(z‘lz N{pa, <TNTF(4))

= M(lAl) )u(Az N{pa, <7} NTF(A)) — w(A N {pa, < T)u(A)
+ (A0 L, < A

< )+ olu(A0)

— ofpu(A0)

since A N {pa, < 7} € 0(Coyiry) and TR (A}) € T7R(¢,,), and as
soon as k; > n; + 1 + 7.
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(v) Assume that for some 1 < m < d — 1 we have (&), ..., (d,,) and
(M), ..., (#—1). We first claim (). Indeed, since
W™ N o {‘PAZ éTz}
m— 75 — m— o (m—1)
=W AT (o, = HOINT T (pa, < 1))
c W™D A" (AN {pa, <7}
we get, using (&m 1) and (#y),
UARKE ml m})
< (W“” Dar=" (4N {pa, gn}))

= =

IN

<W<’” VAT (40 {a, < 1)) — u(W D) (A fpa, < 7))

W N (A0 {pa, <7}
(7 ) o(p(A)™)
(u(A)™ ).

(m—1)

IN +
th

since W, € U(Cs§m71>+m)

(m) (m—1)  ;.(m—1)
and T7% (A N{pa, <71}) € A )J(CTH_”Z), and as soon
as kl(m_l) > 7+ n.

(vi) For (&e,+1) it will be enough to show

o OV = i, = R

= o(p(A)™H).
We again first split it up into

1 m (m
oy ) = e, = A
1 . . )
< (A )M(Vvl( +1)) (W( )ﬂT ( ) 4m) {(PAI _ Hl )})
1 m - S(m) T m m m
A ’“(WI( "N o, = ™)) = (W ) u({ea, = Ky )})‘.

(vii) For the first term note that by Lemma 2.1.2 we have

(W(m) NT~ (Sz +Tl){<,0 _ ’%l }) \W(m+1)
m 75 ) —T m m
T (T e = /™) \ o = K™3)

m _glm — m

Mlab ({cpAlSn}ﬂT o = 1y )})

m+1)
(

W,
W,

W(m)ﬂT Sl {QOA <7n}nT~ Sl Ap).
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(m)
An elementary computation reveals that u({p4, < 7}NT~% "(4))) =

o(u(Ayp)). Therefore using (#,,) we get

m—+1 m _s(m) T m
1(Ay) ‘“’(Wl( ) =y AT o = g )})’
1

w(Ar)
m _g(m) _(
1 “(Wz( 'NT " s <mpn T

m—+1)
(

m _g(m _
< M(VVZ( "nT" {pa, < YN T Az))

m+1>(Al))

A | (W A (< mY) nl(A))
i M<1Al>“ (W 11" (o, < m}) (A1)

< (L)m) T o(u(A)™)
= o{pu(4)"™ ),

as T/Vl(m) ﬂTfsl(m){SOAl < 7} € of

=

_ (m+1)
Csz(m)-l-n-l-m) and T (Al) <

(m) | 1. (m) ~
7= +k ) 5(¢,,) and as soon as kl(m) > T+ 1+

(viii) For the second term note that VVl(m) € O(Csfm)Jrnl) and T_(Sl(m)JF”){sOAl =

o
“l(m)} e 7 (5 +m+n)o(<ﬂl(m)+nz)’ and therefore

m (™) o m m m
p W T o = ) — w(W (= 5{™)
= (71) = o(u(A)"™"?).
]

Now for instance we can provide LLTs for Markov chains on a countable
state space.

Example 3.1.1. Let X be an irreducible, positively recurrent, aperiodic
Markov-chain with transition matric P = (p;j)ijes on a countable state
space S. Assume furthermore that either S is in fact finite or Doeblin’s
condition holds, i.e there is a j € S such that inf;cgp;; > 0. In addition
assume for convenience as in Example 1.2.1 that there is a o < 1 such that
pij < a fori,j € S. It is standard theory that in both cases there is a c > 0
and a 6 € (0,1) such that for all distributions q¢ on S we have

sup [¢™ (1) — 7(i)| < 6™ (3.17)
€S
where ¢M(i) = Y5 i g Q()Pjr s Pin 2jn 1Pjn_ri Jor n > 2 and

p)(i) = q(i). We look at the dynamical representation of X as in Er-
ample 1.2.1. We claim that the partition { = (1 is uniformly mizing with
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ezponential rate. For A = [ag,...,aj—1] € ¢; and B = [by,..,by_1] € ( we
have

IN

p(ANTH)(B) — u(A)u(B)|

Py, —m(b)

IN

sup ]pgj? —7(i)] < e

1,j€S

independent of A and B. Using Fxample 1.2.1 we obtain return time LLTs
for cylinder, which could be phrased in the following way. Let (x;);>0 be a
non-periodic sequence of elements of S, then the probability of a long part of
(x1)i1>0 first appearing at time (k;);>1 (for some k; = @(]P’((Xo,..‘,Xl,l)1:(r0,...,a:l,1)))
is of the same order as it appearing at the start. More precisely

P(mm(k Z 1 ‘ (Xk, '--7Xk+l) = (.’Ek, ...,Z‘kJrl)) = kl)

~P(Xoy o Xi1) = (0, ooy my—q)) €P(X0 o Xi)=(@0s 1)) g 1 5 00
and

P(min(k > 1| (Xg, ..., Xgt1) = (Tky ooy xie11)) = ki | (Xoy -or, Xi—1) = (204 ooy 11-1))

3.1.2 « mixing

Theorem 3.1.3. Let (X, A, u, T) be an ergodic, probability-preserving sys-
tem. Let ¢ be a measurable partition of X (mod p), which is o mizing with
respect to T of order a(n) = o (%) Let (A;)1>1 be a sequence of asymptoti-
cally rare events such that for some sequence (n;);>1 of natural numbers we

have A; € 0((y,) and np = o (ﬁ) Assume that the normalised hitting
times converge in law to the exponential distribution

p(p(A)pa, <t)=1—e" asl— oo. (3.18)

(0)

Then, for any d > 1 and sequences (k;”)i>1, ---, (kl(d—l))121 of natural num-
bers such that (/L(Al)kl(j))l21 is bounded away from 0 and oo, we have that

d—1
, ; —1 .0
| ()Tl toa, = kD) | ~ e OZi0kR” (At asl— oo, (3.19)
=0

In (3.19) the (pa,)i>1 of measures on the left can be replaced by p.

Proof. We follow the proof of Theorem 3.1.2, where g, is such that a(n) =
0(9%) and 2 — oo. Otherwise all estimates can be done in much the same
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way, there are no hidden tricks.
For example

— s(d) T
pW D T o = kDY) — w(W D ulpa, = w7)

3.1.3 ¢ mixing

Theorem 3.1.4. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem. Let ¢ be a measurable partition of X (mod p), which is ¢ mixing with
respect to T'. Let (A;);>1 be a sequence of asymptotically rare events such
that for some sequence (n;);>1 of natural numbers we have A; € o((y,) and

ng=o (ﬁ) Assume that the normalised hitting times converge in law

to the exponential distribution

plp(A)ea, <t)=1—e" asl— oco. (3.20)

Then, for any d > 1 and sequences (kl(o))lzl, s (kl(dfl))lzl of natural num-

bers such that (M(Al)kl(j))lzl is bounded away from 0 and oo, we have that

d—1
; _ d—1 1.(5)
pa | () Tnilea = kD) | ~ e AEm0 4 asi— 0o, (3.21)
=0

In (3.21) the (pa,)i>1 of measures on the left can be replaced by p.

Proof. We follow the proof of Theorem 3.1.2, where 7; is any sequence of
natural numbers such that 7; = o (ﬁ) and 77 — oo as [ — co. Otherwise

all estimates can be done in much the same way, there are no hidden tricks.
For example

— s(d) T
pW D AT o = kDY) — w(W D) ulpa, = w?)

= w(W, ) ulpa, = 5™)o(7)
o(u(A1)™?).
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3.1.4 Non-exponential limits

There are, however, situations where cylinders do not enjoy exponential be-
haviour for the hitting times, or even convergence in law at all. However
[AS11] still gives us a characterisation for all "reasonable” sequences of cylin-
ders. The resulting behaviour is comparable to that of GM-maps around
periodic points.

Let (X, A, u,T) be a probability preserving dynamical system, ¢ be a uni-
formly mixing partition of X and (A4;);>1 be a sequence of asymptotically
rare events such that A; € o((;). Suppose that

ploa, <1) =0 asl— oo, (3.22)

this is in particular the case if u(4;) = o (7).
Then there are renormalising constants A; > 0 with limsup;_,., A; < 1 such
that

sup |u(Aip(A)pa, >t) —e | =0 asl— oo, (3.23)
>0
and

1
sup )\—/LAZ()\I,LL(AI)qSAZ >t)—e | =0 asl— oo foralls>0. (3.24)
t>s l

This say that the distribution of the return times can be approximated
by a convex combination of a Dirac-mass at 0 and a (scaled) exponential
distribution.

Theorem 3.1.5. Let (X, A, u,T) be a probability preserving dynamical sys-
tem and ¢ be a partition of X. Let (A;);>1 be a sequence of asymptotically
rare events such that A; € o((;) and suppose that p(4;) = o (}) as | — oco.
Suppose that the partition C is either

a) uniformly mizing of super-polynomial rate vy(n), i.e for any d > 1 we
have y(n) = o (#) asn — oo,

1

b) or a-mizing of rate a(n) = o (+) asn — oo,

c) or ¢-mixing.

Then there are renormalising constants A\; > 0 with limsup;_,.o Ay < 1 such
that, for d > 1 and sequences (kl(o))lzl,...,(kl(d_l))lzl of natural numbers

such that ()\m(Al)kl(j))lZl is bounded away from 0 and oo, we have that

d—1
; ; S1,)
M ﬂ TXZJ{(pAl — kl(])} ~ e—AlM(Al)Z;l:é k)’ )\?N(Al)d as | — oo, (3.25)
=0
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and
N (4) —np(A) SR d d
[y ﬂTAlJ{cpAl =k} | ~e (AD 2j=o ki M (AN as 1 — oo.
=0

(3.26)

Proof. (i) Use Theorem 1 of [AS11] to obtain such A\; > 0 such that (3.23)
and (3.24) hold. We may assume that \; < 1 for all [ > 1, otherwise
we replace \; by min(\;, 1).

(ii) The arguments, used in Theorem 2.1.1 with (3.24) instead of Lemma
2.1.1, guarantee that, for any sequence (k;);>; of natural numbers such
that (A\jpe(A;)ki);>1 is bounded away form 0 and oo, we have

wlpa, = ki) ~ Np(A e Ak go | o, (3.27)

(ili) We first identify (compare Theorem 3.4.1) subsets A7 on which the dis-
tribution of the return times has approximately exponential behaviour.
Therefore define

m; = max{m >0 | :uAl((pAl > m) > )‘l}a
= min{m > 0 | (g4, > m) < N},
A = A0 {pa, > myl,

where all of the quantities are well-defined because of \; < 1. Clearly
we have my € {mj,m; + 1}.
(iv) We first show m; = o <m) as | — oo, which is equivalent to m; =

0 (W) Suppose this is not the case, then there are a constant

d > 0 and a sequence of indices (Ix)r>1 with I — oo as k — oo such
that mj Ay, p(Ay,) > 0. Therefore

1 1
leMAlk (SOAlk > m;k) = leluAlk ()\lk,UJ(Alk(PAlk > )\lklu’(Alk)m;k)

1
< XﬂAlk ()\lk,U/(Alk(PAlk > 5)
k

It follows that limsupj_, ., i”“‘lk (LpAlk >my ) < e~%. But this con-
tradicts pa,(pa, > my) > N for all I > 1.

(v) Next we show that

(A7) ~ Nu(A;) asl — oo. (3.28)
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On one hand we have p(Af) < A\ju(A;) for all I. On the other, by the
previous step, for any ¢ > 0, we have myA\u(A;) < 9§ for [ big enough.
For such ! we have

1 . 1
7“!‘11(‘4[) = *NAz(SOAz > ml)
Al Al

1
> )TZMAZ()‘ZM(AZ)SOAz > 6),

and therefore liminf; ., )\%MAz (A) > e7%. Combining these (3.28)
follows.

Before we apply the arguments from Theorem 3.1.2, we still need to
check that, for any sequence (77);>1 of natural numbers such that 7, =

0 (m) as | — 0o, we have
(A7) N{ea, <my+m7}) =o(Nu(4;)) asl— oo. (3.29)

For any § > 0, for [ big enough such that \ju(A;)(m; + ) < 0, we
have

1
YZMAZ (Ale) N {90141 <my+ Tl})

1 1
= )TIMAL (@Al > ml) - )TIMAJ(QDAJ > my + Tl)

1
<1l- EMAZ(AIM(AZ)SOAZ > 5)7

and therefore limsup;_, . ,\%NAl (AN {pa, <my+7}) < 1—e
Taking § — 0 yields the claim.

Now, for 1 < m < d, define
m—1 ) )
W™ = Af 0 () Tu? (45 0 {pa, = k7)), (3.30)

Jj=0

With the arguments in the proof of Theorems 3.1.2, 3.1.3 and 3.1.4,
we show

u(W, Y = u(W N u({pa, = 1™ )] = o (up( A1) 2). (3.31)

This yields (3.26), we can show (3.25) analogously.
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3.2 Rychlik maps

We will investigate the behaviour of first return and hitting times for certain
classes of monotonic interval maps. Let therefore X C R be compact. For
a function g : X — R and A C X we define its variation over A as

n—1

Varag := sup{z lg(zj41) — g(x;)[}
=0

where the supremum goes over all finite ordered sequences z; € A for j =
0,...,mn. We will in the following omit the subscript X whenever we use
the variation over the whole space. The variation of a function in L' is
the minimum of the variations of any version. With the norm ||g||py =
l|g||ze= + Varg, the linear space BV = {g : X — R | ||lg||lpy < oo} is
a Banach space. We will call I € X an X-Interval if there is an interval
J C R such that I = JN X. In the following A will be the Borel-o-Algebra
on X and A will denote a regular Borel probability measure on X.

Definition 3.2.1 (R-maps). Let Y C X be open and dense in X with
AY) =1, set S=X\Y. As in [BSTV03] we call a map T : Y — X an
R-map if

e there is a countable family ¢ of closed X -intervals with pairwise disjoint
interiors such that Y C UZeg Z and for all Z € ( the sets Z NS are
ezxactly the endpoints of Z,

o forall Z € ¢, T|zny can be extended to a homeomorphism from Z to
some X -interval 1z,

e there exists a function g € BV, g > 0, g|s = 0 such that the operator
P:LY(\) = LY()\) given by

Pfz)= > fWe)

yeT— (x)
preserves X. This means for each f € L'(X\) we have [y f dX =
[« Pf dX.
o T is uniformly expanding i.e o :=||g]|c0 < 1.

For n > 1 we will denote the set of all n-cylinders by

n—1
o= {20y Zna] = (T "Zi | Zi€( for0<i<n—1}. (3.32)
=0

Note that in this notation for n > 1 and f € L'(\) we have

P"(f) = (fgn) o (T|2)™" (3.33)

Z€Cn
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for g, = H?:_olg oT"™. The (fgn) o (T|z) ™ are taken to be 0 where not
defined. Clearly we have
[lgnlloo < IlglI5- (3.34)

For any point x € X \ (Uizo T*i5’> and n > 1, we define (,(x) to be the

n-cylinder containing . By Remark 2 in [Ryc83] P is the Perron-Frobenius-
Operator for T' w.r.t A

d(f o) 0T

Pf=T\f= N

[Ryc83] also shows

Theorem 3.2.1. If T is an R-map then there exists an invariant measure
w which is absolutely continuous with respect to the reference measure \ with
density h = % € BV. Furthermore there are L; € N and there is a partition
(mod X) into disjoint open sets X;; where i = 1,....k and j = 1,...,L; for
some k € N such that the system (X;;, AN X, 5, pux, . T x, ;) is mizing
and has exponential decay of correlations for bounded variation observables,
i.e there are constants C; j > 0 and 6; ; € (0,1) such that

J,

for ¢ € LY(\), v € BV and n € N.

< Cijllellponll¥lBvor;
(3.35)

poT s du, = [ o dux,, [0 dux,
.

%) 4,7

It is known (see e.g [Ryc83]) that if (X, A, u,T) is weakly mixing then
(3.35) simplifies to

'/ porvdp— [ pdu [ wdu‘écuwmuwuwen (3.36)
X X X

for some C' > 0, § € (0,1) and all ¢ € L'()\), v € BV and n € N. We will
assume weak mixing from now on. Furthermore we will as before have to
deal with the Perron-Frobenius Operator T#. To relate this to the much nicer
operator Ty we will use the fact that hTM(f) = T(fh) for f € L*(y) and all
n > 1. ! Therefore we see that we need % € BV, so we will in the following
assume assume inf,~ gy b > 0. In this case we redefine h = max(h, infyq h),
then the well-defined function % is of bounded variation (We compose h with
the Lipschitz-function x — %) In this case we also define Tu( f) as the bona
fide function %TA(h f), so we can just take the variation and not worry
about any identifications in L'. Now by Proposition 1 in [Ryc83] there are
constants K > 0 and 0 < r < 1 such that for any f € BV andn € N

Var(T3(f)) < K(||fllz1(ay + r™Var(f)). (3.37)

'To verify this note that T, ()h @A =T (f) Op=(fOu) oT ' =(fhO®N) oT 1.
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Therefore
. 1 R .
Var(Zy (1)) = (|51 E(f g + [l sy fllsv)
BV
1 N
=13 K((1+ (|2l V)| f]|Lr ) + 2l|R|| By Var f)
BV
1 : 2|[h|[Bv
<zl K@+Irlev)Ufllow + 75— 7" Varf).
h|| gy PO (4 Th]lsv)
—
=K =:c

We used that for all 0 < f € BV we have |[f[|z1 > [|f[lc — Varf. 2 In the

following we will use Tu only and denote it by T

Also note that by the assumption infy,50y h > 0, in (3.36) we can use L'(p)
instead of L1(\).

First we look at a version of Theorem 2.1.2 for these maps.

Proposition 3.2.1. Let (X, A, \,T) be an R-map such that (X, A, u,T) is
weakly mizing. Let U C D(p) be bounded in BV and (A;);>1 be a sequence
in A such that p(A;) — 0. Suppose that F is a continuously differentiable
sub-probability distribution on [0,00), such that

u(p(A)pa, <t)= F(t) asl— oo. (3.38)
Then
u® p(pa, = ki) ~ F'(t)u(4;) asl— oo, uniformly inueld  (3.39)

for any sequence (ky);>1 of integers such that (u(A;)k;);>1 is bounded away
from 0 and oco.

Proof. We proceed in the same steps as in the proof of Theorem 2.1.2. Steps
(i) to (iii) stay the same as U is also bounded in L*°. For (iv) say ||u||py < K
for u € Y. Then since [, 1x —udp = 0 using (3.36) we get

|/X L =y 0 T(1x —u) du| < Cl[1(p, =epllionll1x — ullpr6”

1 ,
< Ji = k).
<0 (5 ) (64 D utoa = k)

Under present assumptions we have pu(pa, = ki) ~ F'(t)u(4;). (v) again
can be done as in Theorem 2.1.2 concluding the proof. O

2The "worst” thing that can happen is that f = ||f||sc at one of the endpoints, then
it makes a jump downwards by Varf and is constant from then on.
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Remark 3.2.1. The proof shows that similar results hold for systems with
similar decay of correlation as in (3.36). More details on this can be found
later in this chapter.

From now on we only use L!(x) and just denote it by L!.

Proposition 3.2.2. Let (X, A, \,T) be an R-map such that (X, A, pu,T) is
weakly mizing. Let U C D(p) be bounded in BV and (A;);>1 be a sequence
in A such that u(A;) — 0 such that

plp(A)ea, <t)=1—e" asl— co. (3.40)
Assume that there are constants 7 € Ny such that
w(A)m —0 asl— o (3.41)
while X
T (u(A) Ma) €U forl>1. (3.42)
Let (k;)i>1 be a sequence in N such that (u(A;)k;)i>1 is bounded away from
0 and co. If
pa,({pa, <TyNT R A) = o(u(A)) asl— oco. (3.43)

then
pa(pa, = kp) ~ e AR (A as T — oo, (3.44)

Proof. We can use the same proof as for Theorem 2.1.4 (using theorem 3.2.1
instead of Theorem 2.1.2). O

Now we can formulate a result about ”good” sequences for R-maps.

Theorem 3.2.2. Let (X, A, \,T) be an R-map such that (X, A, u,T) is
weakly mizing, in addition assume inf g,y h > 0. Let x* € X\ <szo T*j5’>

be a non-periodic point and A; € A be a sequence of intervals shrinking to
*

x*. Then for all sequences (k;);>1 such that (u(A;)ki);>1 is bounded away
from 0 and oo we have

A, (0, = ki) ~ p(Ap)e Ak 5] 5 o, (3.45)
Proof.
(i) Theorem 3.2 in [BSTV03] shows that A; have exponential first return

times (the extra assumption inf,~ g, h > 0 guarantees that this holds

for all non-periodic points in X \ (szo T S) and such sequences
of intervals instead of only p-a.e non-periodic point and sequences of
balls). We will ignore points in (J;> T3S from now on, as this is a
nullset anyway.
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(ii) We now identify a sequence (7;);>1 in N such that
wA)m =0 asl— o0 (3.46)
and
T (w(A) A, T (14,)) €U forl>1and0<i<m (3.47)

for some Y C BV which is bounded in BV.

We will not bother with the || - ||co-part of the BV-norm as || - ||cc <
- |l + Vax(-).

Recall that there are constants K > 0, ¢ > 0 and 0 < r < 1 such that
for any f € BV and n € N

Var(T"(f)) < K(||fllz1 + er"Var(f)). (3.48)

So we get

v (17 (i ™ o))

1A A~ ]-A ~ .
<K LT (1 —i—cr”Var( LT (1 >
HM(AI) ( Al) HLI H(Al) ( Al)

-~

<1

1 Ny 1 ..
<K+ K| cerm Var( A )\T’(lAl)Hoo—i—\AlHooVar(TZ(lAl))
—_— ——

(A (A
: K(142¢)
e K(14+2¢)
= wu(Ap
So for 7 = [10%(&’;53’))} we get
1A .
T Li(1,)) ed, 3.49
(T ) (3.49

where U = {f € BV ND(u) | Varf < K(1 + Ke)(1 + 2¢)}.

(iii) Denote n; := mingeca, ¢4, (x). We first claim that n; 0o as | — oo.
Indeed for any n € N let € > 0 be such that d(T7(xz*),z*) > € for
1 < 7 < n (this is possible because z* is non-periodic). As T,...,T"
are continuous at z* there is a § > 0 such that d(z,2z*) < ¢ implies
d(T9(z), T (x*)) < § for 1 < j < n. Therefore if [ is big enough such
that diam(A;) < min(é, 5), then ¢4, > n on A;.
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(iv) Next we check that (3.43) holds for the sequence (7;);>1. For [ big
enough such that k; > 27; we get

pa,({pa, <mynTFA)

Tl
< Z A, (T_ZAZ N T_klAl)

=ny

=3 [ sy e (o)
- Z/ T7 (14,17 A,))) (lAloT’ﬂ—ﬂ—i> du.

i=ny

We now estimate the term in the last sum using (3.36)

/T”(l T (A)))(lAloTkl i )du

/ 1Al d,u/ TTZ lAlTZ Al)))d
+ OO L [ (L T A v

7 1 ki—27;
N(Al)</X1AzOT (Al)d pu+Co L

1 2 .
< p(4p) (M(Al) ((/x 1Az> + CalHlAzHLlHlAﬂBv) + CH’WQ”L>

< u(4) (M(Al) +300 + CH’“‘QTZL)

Where L is such that ||@||gy < L for @ € U. So altogether we get

Tl

pa{pa, SmyNT™MA) < p(A) Y (N(Al) +3C0" + Cle_Q”L)

i=ny

p(A) | mp(A)mCOM L +3C > 0

>ng

o
= pu(A) (nu(Al) +7COR ML + 3C7 )

-0
= o(u(Ar))
as | = 0o. Therefore we can use Proposition 3.2.2.

O

Let us also find a statement about consecutive hitting-times for R-maps.
We first need to reformulate our assumptions in Theorem 2.2.1.
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Proposition 3.2.3. Let (X, A, \,T) be an R-map such that (X, A, pu,T) is
weakly mizing. Let (A;);>1 be a sequence in A such that p(A;) — 0 such
that the normalized hitting times converge to an exponential law,

p(p(A)pa, <t)=1—e" asl— oo (3.50)

Suppose that for every sequence (K;);>1 of natural numbers such that (pa, K;)i>1
is bounded away form 0 and oo there are U C D(u) bounded in BV and a
family Uy C D(pa,) N BV such that u = uly, for u € U, 1a, € U, and
U1 U, is bounded in BV . Assume that there are constants 1 € Ny such
that

p(A)m —0 asl— o (3.51)
while
T (w(A)Yw) et forl>1 and w € Uy. (3.52)
Furthermore assume that
pa({oa, <TYNT "B =o(u(Br)) asl— oo (3.53)

for any sequences B € AyN A for 1 > 1 and (k;);>1 such that k; < K; for
1 >1 and (u(A))k)i>1 is bounded away from 0 and co. Furthermore for all
such (k;);>1 we have

Fhi <H(Al)1{4PAl:kl}u

cU, foruelu 3.54
u@u(sOAlzkz> L .

forl sufficiently large. Then, ford > 1 and sequences (k:l(o))lzl, - (k:l(dfl))lzl

of natural numbers such that (M(Az)kl(j))lzl is bounded away from 0 and oo,
we have that

d—1
| ) Tl toa, = k) | ~ e A0EI0R” (A as 1 — oo, (3.55)
j=0

In (3.55) the sequence (pa,) of measures on the left can be replaced by p.

Proof. Analogous to the proof of Theorem 2.2.1 for fixed sequences

(kl(O))121a---a (kl(d_l))lzl as above we take K; = maxo<j<dq—1 kl(j)a then we
can use the same arguments (with Proposition 3.2.1 instead of Theorem
2.1.2). O

For finding ”"good” sequences for R-maps we cannot hope for all the
sequences indicated in Theorem 3.2.2.
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Theorem 3.2.3. Let (X, A\, T) be an R-map such that (X, A, u,T) is
weakly mizing, in addition assume infg,~oy h > 0. Let x* € X\ <szo T_jS)
be a non-periodic point and A; € A be either a) the l-cylinder containing
x*, Ay = ((z) or b) a union of cylinders converging to x* i.e Ay is (-
measurable. Then (A;);>1 has LLTs for consecutive hitting- or return-times
i.e for d > 1 and sequences (kl(o))lzl, vy (kl(dfl))lzl of natural numbers such
that (M(Al)kl(j))lzl is bounded away from 0 and oo, we have that

d—1
, ; ~1,0)
pa | Tl foa =KV} | ~ e TR 4a)? as 1 00, (3.56)

§=0
where the sequence (pa,) on the left hand side can be replaced by p.
Proof. We check all the assumptions of Proposition 3.2.3. The fact that

p(p(A)pas, <t)=1—e' asl— oo (3.57)

follows from Theorem 3.2.2. Fix a sequence (K;);>; of natural numbers such
that (pa,K;)i>1 is bounded away form 0 and oo.

(i) By (ii), (iii) and (iv) of Theorem 3.2.2 we see that
pa,({pa, <Y NT B = o(u(By)) asl— oo (3.58)

for any sequences B; € A;N A for [ > 1 and (k;);>1 such that k; < K]
for I > 1 and (u(A;)k;)i>1 is bounded away from 0 and oco. As long as

w(A)7 — 0asl— oo and 77 > (%]

(i) As
1 fllBv = Var(f) + (| fllec < 2Var(f) + |[f]|11
for f > 0 € BV, it will be enough to bound Var(u) for u € U or u € U.

Recall that there are constants K > 0, ¢ > 0 and 0 < r < 1 such that
for any f € BV and n € N

Var(T7(f)) < K (|| f|lr + er™Var(f)). (3.59)
By Corollary 4 of [Ryc83]

L := sup Var(g,,) < oc. (3.60)

n>1

(iii) First let D > 0 be such that eH(ADKL < % foralll <1. Take N > 0 so

big that for 7, = (%1 + N we have 7;(’2)DK(3L +1) <1. For

convenience assume that all of D, K and L are greater than 1. Let

U = {ueD(y) | Var(f) < 2K} (3.61)
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and
U, = {u € D(ua,) | suppu C A; and Var(u) < 7TDK(3L+ 1)} (3.62)
for I > 1.

We first check (3.52), so let 4; € U;. First we have

/ T (u(A) ™ ) du—/ wdpa, =1 (3.63)
X A,

therefore 0 < T ((A) ‘@) € D(p). Furthermore by (3.59)

Tl

Var (TT! (M(Al)—lal)) <K <1 + CTVM(@))

(AL
<k |14+7-" DKBL+1)
- (AL
<1
< 2K.

Therefore 17 (n(A) ') eU.

Now to check (3.54) let w € U and (k;);>1 be a sequence of natural
numbers such that k; < Kj for [ > 1 and (u(A;)k;);>1 is bounded

away from 0 and co. As supp (1{%[:1@1}) C T~k A, it follows that

~ w(Ap1 U
supp (Tkl <W>> C A;. Therefore
1

~ ﬂ(Al)l{‘PA =k} U A 1{99A =k }U
Tk l dpa, = / Tk < l ) dp
/Az (u © N(@Al = ki) : X u® M(@Al = ki)

1 U
= / {SOAl kl} du = 17
xu® M(SDAZ = kl)

~ 1{ =k }’U,
so T <?@;’&M;kl)> € D(pa,).- Note that by Theorem 3.2.2

u® p(pa, = ki) ~ w(Ay)e Ak and therefore

Wﬁilkz) ~ etAk < on(A)KL < D for | sufficiently large.

In the case a) that A; = (,,(z*) define

VVZ = {[Zo, ceey Zkl—l] S Ckz | [Zi . Zi—l—l—l] = Al Zﬁ’b = kjl} (3.64)
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where Al = [ka -'-7Zkl+l71]- Then 1{90Al:kl} = lAl o Tkl EZEW[ 1Z 3,
additionally all the Zs are intervals. Therefore

T (Lpaiyt) = 1, Y (g 1zu) 0 (T17) 7. (3.65)
zeWw;

note that (T'|z)~" is strictly monotone and precomposition with a
strictly monotone function can not change the variation.

As Var(f) <> peg Varp(f) for any f € BV and partition 8 of X into
closed intervals with overlapping boundaries, it follows that

o [ A g, —kyu .
k; PA; 1 < . k;
" (T (u@m% “y ) ) <P Ver (7 (o))

<D-Var [ 14, > (g 1zu) o (T|z)™"
ZeW,;

<D[1+3 Z Varz (g, 1zu)
zZeWw;

<D (143 ) (Varz(w)llgrlloo + Varz (g, )l[ulloo)
ZeWw;

< D (14 3Var(u) + 3(1 + 4K)Var(gy,)) < D(1 + 6K + 3(1 + 4K)L)
< 7DK(1 +3L)

(vii) In case b) A; is a union of cylinders, say A; = (Jpcp, B for some family
B C ¢ define

Wi :=A{Zo,.... Zi,—1) | Zi € C\ By for 0 <i < ky—1}. (3.66)
We therefore have

T (1{¢Al=kl}U) = > (gnlzu)o (T]2)™" (3.67)
zZew,

3The equality is to be understood as an eqality in L', since all the Zs are intervals
with overlapping boundaries, we might get 2 instead of 1 there. Luckily, the boudaries
are a nullset anyway.
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and by the same argument

k(A o, k) U A
Tk l <D- Tk (1., _
Var ( (u ® M(@Al = kl) - Var ( ( {@Al—kl}u)>

< D - Var Z (gr,1zu) o (T)z) "
ZeW,;

S D Z Varz(gkllzu)
ZeWw;

<D | > (Varz(u)l|gr|loo + Varz(gr, )|l
ZeWw;

< D (Var(u) + 3(1 + 4K )Var(gx,)) < D(2K + 3(1 +4K)L)
< 7DK(1+ 3L).
uOu(pa,=ki €U.

In both cases Tk (W) y

3.3 Unimodal maps

We turn to another widely regarded class of dynamical systems, unimodal
maps.

Definition 3.3.1. We will call a function T : [0,1] — [0, 1] unimodal if it
has a nondegenerate critical point ¢ € [0, 1] of order m such that

1. T|[070) 1s strictly increasing,
2. T\(c,l] 18 strictly decreasing,
and T(0) = T(1) = 0. If furthermore T is of class C* and the Schwarzian-

111 a 2
7;,(%) — % (?,((f))) s negative at all points x # ¢ we call the map

S-unimodal.

derivative

Definition 3.3.2. We call an S-unimodal map T a Collet-Eckmann-map
(CE-map) if it satisfies the Collet-Eckmann condition A. > 1, where

A := liminf /DT"(T(C)). (3.68)

n—o0

In [BCI1] it is shown that, for a set of parametrs a which has positive
Lebesgue-measure, the quadratic family T, (z) = ax(1 — z) has property
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(3.68). Furthermore by [CE83] a CE-map has an invariant probability mea-
sure p with density h with respect to the Lebesgue measure A. To apply a
result by [KN92] we furthermore have to assume that for each 5y > 0 there
is a constant M > 0 such that for all 5 € [0, fo]

m-1\ B
(R1) Mt < (%) < M for all = # ¢,

o1\ B
(R2) Var (("TBT'(I)l) ) < M and

T(x)-T(u B T(x)=T(v B
(R3) max (Var, (7)) Ve ( (i) ) ) <o

whenever u < ¢ < v.

These conditions are satisfied for example for polynomial T" with vanishing
derivatives at ¢ up to order m — 1. We will call a CE-map satisfying (R1)-
(R3) an RCE-map.

By Theorem 1.1 of [KN92] such maps have exponential decay of correlations,
that is

Theorem 3.3.1. Let (X, A, T, u) be a RCE-map, where p is an invariant
probability measure as above. Then there are C' > 0 and 0 < r < 1 such that
for all measurable ¢,v : X — R with ¢ € BV and ¥ € L™ (i) for some
6 >0, and n € N we have

\ [ oot au= [ wau wdu\scrvakuwmr”. (3.69)
X X X

So as before we have to investigate the behaviour of the total variation
under the composition with T

Lemma 3.3.1. Let T : [0,1] — [0,1] be a unimodal map and f : [0,1] —
[0,1] be of bounded variation. Then

Var (f o T) < 2Var(f). (3.70)

Iterating this we get Var (f o T™) < 2"Var(f).

Proof. Let ¢ be the critical point of T'. Note that foT = 1 4(f o (Tjo,q)) +
Liea)(f o (Tic,)))- As composition with a monotone function leaves the vari-
ation invariant, we have

Var(f oT) < 2Var|g (e (f) < 2Var(f). (3.71)

Although both 1(g (f o (Tjo,q)) and 1(¢,1)(f o (T(c,1))) have a jump of height
f(T'(c)) at c, their sum does not. We can therefore ignore their jump at ¢,
we use this for the first inequality. O
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In particular if A C X is an interval then for all n € N
Var(Lp-n4) < 2"TL (3.72)

Corollary 3.3.1. Let T be a unimodal map and A C X an interval. Then
forneN
Var(1y,,<n}) < n2" L, (3.73)

Proof. Since 1y,,<ny = Dty ((H;;ll 14e oTj> 14 oTi), using (3.72) we
get

O]

Remark 3.3.1. A version of the previous Corollary can also be proven for
all piecewise monotone interval-maps only finitely many cylinders. * The
factor 2 is then to be replaced by the number of cylinders.

We now proof that return time LLTs are "automatic” for intervals in
RCE-maps

Theorem 3.3.2. Let (X, A, T, ) be an RCE-map , where u is an invariant
probability measure as above. Let (A;);>1 be a sequence of intervals such that
w(A;) = 0 as | — oo. Suppose that the normalised return times converge to
the exponential law,

pa, ((A)pa, <t)=1—e" asl— co. (3.74)

Then for all sequences (k;);>1 of natural numbers such that (pu(A;)ki)i>1 is
bounded away from 0 and co we have

pa,(0a, = ki) ~ p(Ay)e A0k g5 1 — oo, (3.75)

Proof. (i) Fix such a sequence (k;);>1. Theorem 2.1.1 shows that in this
situation

w(pa, = k) ~ p(A)e PARC 451 — oo, (3.76)

For a sequence (77);>1 of natural numbers with p(A;)7; = 0and 7 < Ky

(which we can just assume as k; = @(ﬁ)) define k; := k; — 7, and

w =1m (“1(‘:11)) for I > 1. As (k;);>1 fulfils the assumptions on (k;);>1

in the statement of the Theorem, and furthermore p(A;)e #(ADk ~
p(Ay)e AR we have
p(pa, = ki) ~ M(Al)e*“(Al)kl as | — oo. (3.77)

4In this context, we call maximal intervals of monotonicity cylinders.
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(ii) We first show that for a suitable choice of (7;);>1 we have
1lpa, = w1) —w © plpa, = k)| = o(u(Ar)) asl— o0 (3.78)
Indeed by (3.69) and (3.72)

pwlpa, = K1) —u © p(wa, = ki)

‘/ tenens (1277 ﬁz)))d"‘

— m ‘/x Lga =y © T ((A) = 14,) du’
C

< (AZ)TTZ||1{¢AZZHZ}||L’”+1()\)||1AzHBV
< 30u(Ar)* = o(u(A))

as | — oo, for 7 :3[%]

(iii) Next we check that

lpa,(pa, = ki) —w © plpa, = k)| = o(pu(4;)) asl—oo. (3.79)

By Lemma 2.1.2 and (3.73) the left-hand side coincides with

'/X(l{<PAl:Hl} oT™ — 1{50Al=kz}) dpa,

—_

- (A /X1All{wAl<‘rz}1{soAloT”=fﬂ} du

k
< (A /XlAzl{sOAl<Tl}(1Al oT™)dp

[u—y

k
< (Al)r lH1AlHLm+1()\) HlAzl{cpAlSTl}HBV

-~
<3m2mts

+ N(AZ)NAl(SOAl < Tl)

the first part of the last term is bounded by 6Cu(A;)? as soon as

1
k> 310%(() ggr) ) +7 1{; gg((i)) +11§§Et’§ which it eventually is, and is therefore

of order o(p(A;)). Furthermore the assumption pa, (u(A;)pa, <t) =
1 —e " implies pu4,(pa, <7) — 0asl — oo. °

(iv) By (i) we only need to show

(o, = K1) — MA,(SDA, = k)| = o(u(A4r)). (3.80)

5Indeed for any 6 > 0 we have 73 < 6 for large enough [, it follows that p14, (w4, <
) < :LLAz( (Al)‘PAz < 6) o
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But this holds by (ii) and (iii)

l(pa, = K1) — pa,(pa, = ki)
< plpa, = K1) —w © plea, = Ki)|
+lu © plea, = ki) — pa(0a, = k).

O]

Remark 3.3.2. This proof together with Remark 3.5.1, show that, for R -
maps with finitely many cylinders, in Theorem 3.2.2, the condition infp~q h >
can be omitted.

3.4 Periodic points in Rychlik maps

Up until now we (mostly) dealt with exponential limit laws. The reason be-
ing that a) our assumptions were already (almost) strong enough to imply
convergence in law to the exponential law and b) we always showed equiva-
lence of LLTs for hitting and return times, which gives the ”correct” rate (as
per motivation in chapter 2) only in the case of the exponential law. Here
we shall investigate a similar case, which appears for example near periodic
points in chaotic interval maps. In typical situations one usually gets

pw(u(ADpa, <t) =>1—e% asl— oo, (3.81)

when the A; are intervals shrinking to a point x* of period p and where
0=1- W (see [Kell2] or [FFT12]). We will prove LLTs for return

times in such cases by modifying some of the arguments above®.

Theorem 3.4.1. Let X =[0,1], A the Borel-o-algebra on X and T : X —
X be a piecewise C* map on X such that for some density h : X — [0, 00)
and p = h ® X - where X is the Lebesgue-measure on X - the dynamical
system (X, A, u,T) is probability preserving and weakly mizing. Assume
furthermore that (X, A, \,T) is a R-map with M < oo many cylinders. Let
e X\ (szo T_jS> be a point of period p such that h is continuous at
x* and h(z*) > 0. and (A;);>1 be a sequence of balls shrinking to x*, i.e for
1>0letr; >0 such thatr; — 0 as |l — oo and set Ay = (z* —rj, " +r)NX.

Suppose
p(u(A)pa, <t) =1—e asl— oo, (3.82)

where 0 = 1—%.

such that (p(Ap)k;)i>1 is bounded away from 0 and oo we have

Then for all sequences (k;);>1 of natural numbers

pa,(pa, = ki)~ qu(Al)e_g’“‘(Al)kl as | — oo. (3.83)

50One point where we have to be careful is that in the analysis above we regularly used

pa, (pa, < 71) — 0 whenever 7, = o (ﬁ) This is not the case here.



60 CHAPTER 3. EXAMPLES

Proof. (i) Recall that in the present situation

1/XsooT"wdu—/Xsodu/deu

for some C > 0, r € (0,1) and all ¢ € L*(\), » € BV and n € N.
Furthermore

< Cllellpryllllsrr™ - (3.84)

Var(1{y,<py) < n°M"™. (3.85)

Also Theorem 2.1.1 implies that for all sequences (k;);>1 of natural
numbers such that (u(A;)k;);>1 is bounded away from 0 and co we
have

wloa, = kj) ~ Opu(Ay)e AV 51 - oo (3.86)

(ii) Assume that z* is not on the boundary of X and A; = («* —r;, 2*+1r),
the proof for z* on the boundary goes analogously. Then T7P(4;) is
a disjoint union of at most MP intervals, one containing x*, which we
call A} = (a;,b;). Taking [ big enough we can assume A; N B; D A},
on the other hand A} has length W)\(AZ) for some & € A} and
therefore, as T is expanding, shorter than A; and therefore” Af C A
Furthermore denote Af = A;\ A7, which is a disjoint union of at most
two intervals.

(iii) Using the MVT for integrals we get

x4
pa) = [ hy)dy = 2nh(el”) (3.87)
and
by
H(AY) = / () dy = (o - et = 27"1(Tp)1,(§l>h( @), (3.88)

for some §l(1) € A; and fl@) € A7. By continuity of (T?)'and h at z*
together with h(z*) > 0, we get p(A7Y) ~ (1 —0)u(A)).

(iv) Using that w4, < p on A?, for any sequence (7]);>1 of positive real

1

numbers such that 77 — oo as | — oo, but 7/ = o (W)’ as soon as

T, > p we get

A, (A? N {‘PAZ < Tll}) = :U*Al(‘pAl < Tl/) - MAz(AJZD N {(PAZ < Tl/})
p

= MAl(QOAl < Tl/) - Z((ill))

— 0

as | — oo.

"More precisely the part of AP to the left (resp. right) side of z* has length < 7. A
subtlety here is that this argument requires that A; is a ball around z* as opposed to, say,
just any interval. One could imagine the situation if A; to the left of z* is much shorter
than to the right, if 77 is then monotone decreasing around z* the given argument fails.
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(v)

(vii)
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For a sequence (77);>1 of positive real numbers such that 7, — oo as
Il > oc0cand 17 = o (ﬁ), to be determined later, set k; = k; — 7y

(assuming k; > 7). The result follows as soon as we show

(AN {pa, = ki}) — (A u(pa, = ri)l = o(u(4)?) (3.89)

as | — oo. Note that for n > p we have 4;N{pa, =n} = AfN{pa, =
n}. We can estimate the left side of (3.89) by

(A7 N {pa, = ki}) — w(AD) p(pa, = K1)
< (A7 N {pa, = ki}) — w(AT N T {pa, = K1}
+ [(AF N T pa, = ri}) — p(AD p(pa, = K1)

We first show

(w(AF N T {pa, = ki}) — w(ADu(pa, = w1)| = o(u(A))?)  (3.90)

We can estimate the left side of (3.90) by

’/ Lag (1{90Az:l€l} oT™ _/ 1{@Az:nz} dﬂ) dﬂ‘
X X

<30T < 3Cu(A)? < o(u(Ar)?)

as | — oo, and choosing 7, = 3 {m-"

log(r)

Now we show

(A7 N {pa, = ki}) — w(AF N T, = mi})] = o(u(A)?)  (3.91)

By Lemma 2.1.2 we can estimate the left side of (3.91) by

’/X Lag (1{%:»@1} oT™ - 1{¢Al=m}> dﬂ‘
S/ Laglip,,<r—y <1Al 0Tk’> dp
X

< ’/X Laglip, <r-1y <1A, oT* — /x 14, du) dﬂ' + p(A)p(A] N {pa, <7 —1})

< 50T M + o(u(A)?) < 5CH(A)? + o(u(A1)?) = o(u(AL)?)

log(u(Ar) 2 log(7;) log(M)

log(r) Tog(r) — " Tog(r) and as | — oo.

as soon as k; > 3
O

The moral of this proof is that Af is the part of weight 1 — 6 that returns
after p steps, while all the exponential behaviour is in A¢, which, by being far
away from x*, does behave aperiodically. In fact even the strong aperiodicity
condition used in Theorem 3.2.2 holds.
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Lemma 3.4.1. In the situation of the previous Theorem if a) A; is an ny
cylinder for some (n;);>1 or b) TP is monotone increasing near z* we have

i — 3.92
min @, = o0 (3.92)

as | — oo.

Proof. (i) The same analysis as for aperiodic points in Theorem 3.2.2
shows that for any n > 1 which is not a multiple of p thereisa L,, > 1
such that

pa(r) #n Vo €A (3.93)

for { > L,,.

(ii) Now for k > 1 choose Ly, so big that A; is contained in one interval

where T*P is continuous, say I, for [ > Ly,. We show that Afp =
T*(A))N A =T7*(A;) N1 is contained in AY. Then it follows that

oa,(z) #kp Vze A} (3.94)
for I > Ly,.
(iii) In case a) this follows from AP = (1, (z*) and AP = G pp(2*).

(iv) In case b) T*=1p (Afp ) is an interval containing z* and also a subset

of T7P(4;), and therefore a subset of A”. Tt follows that AJ? itself is

an interval containing * of length at most A(A} )m

& € Afp . This together with T*~1)P bheing monotone increasing near

for some

x* implies (see argument above) Afp C AP,
U

Remark 3.4.1. e Note that we only used the fact that the A; are balls
when showing A} C A;. Therefore, as seen above, this can be replaced
by either

a) for some natural numbers (n;);>1 with ng — oo asl — oo we have
A = (o, (%), in that case A} = Gpyqp(x*), or

b) (A1)i>1 are some intervals shrinking to «*, and TP is monotone
increasing in some neighbourhood of x*.

o Using previous results together with Lemma 3.4.1, we see that we can
also make statements analogous to Theorem 3.4.1 if (X, A, \,T) is an
R-map with countably many cylinders and infy~gh > 0.
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3.5 Subshifts of finite type

We now look at a certain class of SF'Ts described in [MDO1].
Therefore let A be a countable set (for convenience A = N), B = (b; j)i.jeAx A
a matrix of 0 and 1 and ¥ := {x € AN | 2;,.1 = 1 fori > 1}. On X define
the shift operator o as usual by o((zg, z1,x2,...)) = (21, 22,...). We equip
Y with the product topology, for any r € (0,1) this can be described the
metric

d(z,y) = rmliz0lerul for 2y e 3. (3.95)

As in our example of Markov-chains, define for n > 1 the n-cylinders by

[ig, orin—1] :={z € X |xj =15 for0<j<n—1} forig,.. in_1 € A,
(3.96)
and let A be the o-Algebra generated by all cylinders. Denote the collection
of all 1-cylinders by (. And A be some Borel probability measure on ¥ with
support X.
We will assume that ¥ is aperiodic, i.e for all 4, j € A there is a ng > 1 such
that

o "i|N[j]#0 forn>ng. (3.97)

Define the Lipschitz-constant of a function f : ¥ — R as the smallest K > 0
such that

[f(@) = f)| < Klz —y| forallz,y €, (3.98)
denoted by Lip(f), and define || f|| := max(|| f||co, Lip(f)). Note that due to

¥ having "gaps”, i.e different n-cylinders have a distance of r"~!, even some
indicators are Lipschitz continuous, e.g if Z is a n-cylinder then ||17|| <
p— (1),

Following thermodynamic formalism we assume there is a function ® : % —

R called a potential such that
o C:=||?|| < o0,

® SUDgex Zye(,q({m}) e®W) | 50 the operator P given by

P(f)(z) := sup Z Wiy forzex (3.99)

zEX yco~lzx

for f: 3 — R bounded, is well defined.

e P coincides with the transfer operator &y, that is for f,g € L'\ we
have

/foa-gd)\—/fP(g)d/\. (3.100)
by by
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Last we assume that cylinder close to infinity do not contribute too much
to P, that is there are k1 > 1 and n; > 1 such that for all £ > ki there is a
constant p; < 1 such that

sup |[P*(1)(z)| < pr, for n>ny. (3.101)
z€[n]

Note that if A is finite, the last assumption is superfluous and the well
definiteness of P on bounded functions follows from boundedness of the po-
tential.

[MDO1] shows that in this case there is an invariant probability measure
won X such that (3, A, i, o) enjoys exponential decay of correlations. More
precisely there are constants C' > 0 and r € (0,1) such that for f,g € Lo
and n > 1 we have

[saoonan= [ ran [ gaul <colfilole. 02
b b b

We now proceed in a similar fashion as we did before. First we need to
estimate the Lipschitz-coefficients for some indicator functions.

Lemma 3.5.1. Let A C X be a union of n-cylinders for some n > 1, and
k > 1 be a natural number. Then

Lip(1{p,—k)) < 2", (3.103)

and
Lip(1{y,<ky) < 2"F. (3.104)

Proof. Since {¢4 = k} is the disjoint union of some n + k-cylinders, say W
is the collection of all those n + k- cylinders, we get

Lip(Lg,=ky) < max Lip(1z) = 2"t*. (3.105)

Likewise {4 < k} = U§:1{<PA = j}, and this union is also disjoint. O

Theorem 3.5.1. Let (X, A,0,u) be as above. Let (A;);>1 be a sequence
of asymptotically rare events such that either a) A; is ( measurable, i.e A,
is a union of 1-cylinders or b) A is a l-cylinder. Suppose in case b) that

l=o0 (ﬂ&l )). 8 Suppose that the normalised return times converge to the
exponential law,

pa, (p(A)pa, <t)=>1-— et asl— . (3.106)

Then for all sequences (ki)i>1 of natural numbers such that (u(Ap)k;);>1 is
bounded away from 0 and co we have

pa(pa, = ki) ~ p(A)e Ak g5 ] — oo, (3.107)

8Which is true in all interesting cases.
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Proof. (i) Fix such a sequence (k;);>1. Theorem 2.1.1 shows that in this
situation

plpa, = k) ~ (A e HAk g1 5 0. (3.108)

For a sequence (77);>1 of natural numbers with p(A;)7; = 0and 7; < Ky

(which we can just assume as k; = @(ﬁ)) define k; := k; — 7; and

=17 ( A )) for I > 1. As (k;);>1 fulfils the assumptions on (k;);>1
Al)kl ~

in the statement of the Theorem and furthermore pi(A;)e
(Ay)e= AR we have

pulpa, = Ky) ~ u(Al)e_”(Al)kl as | — oo. (3.109)
(ii) We first show that for a suitable choice of (77);>1 we have

lu(pa, = k1) —u © plpa, = k)| = o(pu(4;)) asl—oo.  (3.110)
Indeed by Lemma 3.5.1

90141 = ’il) —u© M(‘:OAz = K’l)|

i/ o (117 (5 ) )

‘/X 1{s0Al:Hz} o T (u(Ar) — 14,) d,u'

_@
C

IN

M(Al)rnHl{sﬁAl:m}HLmLip(lAl)
< 20u(A)* = o(p(Ay))
for 7 = 3[%].
(iii) Next we check that

a, (P, = ki) —w © plpa, = r)| = o(p(Ar)) asl—oo.  (3.111)
By Lemma 3.5.1 the left-hand side coincides with

’/X(l{‘/’f‘l’”} o T 1{¢Al:kl})dMAl

1
~ u(A) /X La X, <nyliga,ormi=ry A

1
B M /X 1A11{<pA,sn}(1Al o T’“l) du

c . .
< (Al)r ZH]'AlHLOO Llp(lAl]'{lPAlSTl})

<27t2  in case a)
<2mt2l in case b)

/L(AZ)HAz ((:DAz < Tl)
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the first part of the last term is bounded by 4Cu(A;)? as soon as

log(u(A1)) | ;108(3)
k2 2550 H gy
o(u(A;)). Furthermore the assumption pa, (u(A)pa, <t) = 1—e*

implies p14,(pa, <7) — 0asl— oo. ?

, which it eventually is, and is therefore of order

(iv) By (i) we only need to show

l(pa, = K1) — pa,(pa, = ki)l = o(u(Ar)). (3.112)
But this holds by (ii) and (iii)

ln(pa, = k1) — pa,(pa, = ki)
< |ulpa, = K1) —w © p(pa, = K1)l
+ [u © plpa, = ki) — pa,(wa, = ki)l

3.6 General discussion

In the last three examples we used an estimate on the decay of correlations
on certain classes of functions. Let us make some comments on how to ap-
ply the same techniques to systems with similar estimates. We will discuss
some necessary and sufficient conditions and formulate a version of this. The
arguments in this section are rather loose, precise arguments are collect in
Theorem 3.6.1.

Let us say we are working on some ergodic, probability-preserving system
(X, A, u, T). Assume an estimate on the decay of correlations of following
form; There is some decreasing function ¢ : N — [0, 00) with ¢(n) — 0 as
n — oo and Banach algebras of real valued functions on X, (B,|| - ||5) and
(B',]| - ||g’) such that for n € N, f € B and g € B’ we have

'/xf(goTn) d“/de“/ngﬂ‘ < c(n)l|f1l5llglls- (3.113)

For our LLTs to follow from convergence in law, we needed

- !
‘/ 1{¢Al:'ﬂ} o™ 14, dp _/ 1{<PA1:"‘W} df‘/ Ly, d#‘ = O(M(Al)g)
X X X

(3.114)
and
!
/ 1Al ’ 1{(PA1§TZ}(1A1 0 Tkl) dp — /X 1Az ’ 1{‘PA1§TZ} d'u/X 1Al dﬂ‘ = O(M(Al)
X
(3.115)
Indeed, for any 6 > 0 we have 7, < 6@ for large enough [, it follows that pa, (¢4, <

m) < Hay (:U'(Al)‘pAz <) —1- e
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as well as (following notation from above) F(0) = 0. We first remark that
usually || - ||gr = || - || or a similar norm, which is bounded on indicators.
Therefore we will omit this part of the estimate and in addition write || - ||
instead of || - ||5.

If this is not the case, e.g for smooth 7" on a Riemannian manifold in some
situations we have that || - ||g = || - ||ce for some « > 0, there is not much
hope of acquiring the desired estimates this way, as will be apparent soon.

In our examples we had that c¢(n) decays exponentially. However such a
strong decay is not necessary. We first give a rough criterion on how fast
the decay should be.

In many common situations we will have that || - || is the bounded variation
norm, some (symbolic) Lipschitz or Hélder norm or some C*¥ norm. In all
of these cases (usually) composition with 7" is bounded with respect to || - ||
i.e there is a constant K > 1 such that 1°

1f o T < K| £1] (3.116)

for f € B. Suppose first that (A;);>1 is chosen in a way that 14, € B
and [|14,|| is bounded, say by L > 0. Then the left side of (3.114) can be
estimated by Lc(7). Denoting ¢=!(z) =: min(n | ¢(n) < ) for z > 0, we
see that we will at least need 7; > ¢! (1u(4;)?).

On the other hand the left side of (3.115) can be roughly estimated by
L(L+ 1)K ¢(k) < K7 c(k;), for some constant K > K, this should be
eventually bounded by j(4;)%. So taking z = u(4;) and assuming k; = %
we get

plog(K) (e (2?))? <i) < z? (3.117)

rewriting we see that ¢ should have the property that for x small enough

(3.118)

Taking some faster decaying quantity than z? e.g z3 gives the sufficient
condition

(3.119)

10The condition K > 1 comes from the fact that constant functions are invariant under
compositon with 7. The case K = 1 is much easier and left to the reader.
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We note that as a consequence polynomial decay is not enough, e.g if ¢(n) =
n~® for some a > 2 then (3.118) becomes

z? > <1§g(_f(2)> - (—log(z))~%, (3.120)

which is not true for x sufficiently small. Another common situation, that
arises e.g in [BLVS03], is that of a stretched exponential i.e c(n) = e=#""
for some a € (0,1) and B > 0. In that case the right side of (3.119) becomes

e

for some constant K > 0, which decays much faster than z3. Therefore if
the norm in the estimates on correlations are as above, we can conclude that
LITs for hitting times follow from convergence in distribution.

Note that LLTs for consecutive hitting times are much more difficult to ob-
tain using this method. One obstacle (following notation from before) is

that we would need to estimate ||1 , which, using the

Wz<m)mT_sl(m){80Al§Tz}
estimates described above, we get a bound that grows much faster than
This also explains why we would want to assume || - || bounded on indica-
tors. If it behaved in the same way as || - ||, we would have the same problem
estimating Hl{@Al:Hl}HB"

Another obstacle is that 14, might not be an element of B. We have to
still be able to approximate the indicator functions in question well with
functions of B. We shall demonstrate what we mean by that in a typical
situation.

Assume X = [0, 1], A; is a closed interval for each { > 1 and || - || = Lip(-) is
the (genuine, not a symbolic) Lipschitz norm. We still assume that composi-
tion with 7" is bounded with respect to the Lipschitz norm, which is satisfied
e.g if T itself is Lipschitz continuous. For simplicity assume exponential de-
cay of correlation ¢(n) = e~ *" for some a > 0, stretched exponential or
similar decay would also do.

For | > 1 we choose small ¢, > 0, to be determined later, and approximate
14, by f;:[0,1] — [0, 1] given by

fi(x) := max(0,1 — efld(x, Ap)). (3.122)
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Note that Lip(f;) = ¢ !, while || fi — 1 4,]|z1 = ;. We estimate the right side
of (3.114) by

‘/X 1{¢Az:“l} oT™ (14, — fi) dﬂ‘

X X X
+ ’/ Lpa, =y dpt (/ La, — fi du)‘

X X
<2 +e et = o(u(A)?)

by setting ¢ = u(A;)? and 7 = [%M(Az))]

In order to estimate (3.115) in the same fashion first note that

1Azﬂ{<ﬂAl <n} = Max (1Azﬁ{<ﬂAl=i)

1<i<y
i—1

=2 | la Hl((l —14,) 0 TV) (14,0 T")
]:

So set
1—1 ' '
gilw) := max lel((l—fl)oTﬂxfloTZ) : (3.123)

]:

A straightforward calculation (see Theorem 3.6.1) reveals that Lip(g;) <
KTfel_l and
llgi — 1Azﬁ{@Al§Tz}HL1 < 77¢. So the right side of (3.115) can be bounded by

’/){ lAl (¢] Tkl <1Alm{¢Al§7—l} — gl) dﬂ‘

+ '/ 1Alﬁ{@AL§Tl}(1Az © Tkl)d:u _/ 1Azﬂ{<PAlS7'l} d:u/ La, dM‘
X X X

+ '/ ]'Al dlu’ (/ 1Alﬂ{<pAl§Tl} — g dM)'
X X

< 2Tl2€l + K7126;1€_akl — O(H(AZ)Z)

log(K)71?
as soon as klZTl—i—%.

Our analysis so far relied on the fact that composition with 7" is bounded

with respect to || - ||. But in some situations, e.g Section 3.2, this might
not be the case. In that case assume instead that the transfer operator T’
is bounded with respect to || - ||, and || - ||z = || - || 1. Furthermore assume

that there are natural numbers (n;);>; such that ¢4, > n; for [ > 1, and
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n; — oo as | — 0o, which happens e.g if A; converges to an aperiodic point
and T is (locally) continuous. In the situation of Section 3.2 all of these are

fulfilled.
First note that we only used this fact for (3.115), for (3.114) we only needed

|| - || to be bounded on indicators and c¢(n) = 0(#). So assume there are

constants K > 1 such that ||T(f)|| < K||f]| for f € B. Then we can estimate
/X 1Al1{<PAl <ny(la, 0 Tkl) dp

Ti
< Z/XlAl(lAloTZ)(lAloTkl)du

i:nl

u
< Z ATZ(lAz)lAz(lAz oTklil) du

i:nl

<u(a) Y (L%(kzl — K+ /

14, 0 T' 14, d,u)
iZTLl X

< p(A)T(LPe(ky — 7)K™ + p(A))?) + Lp(A)* ) (i),

i=n;

So we will need c(k; — 7)) K™ = O(u(A;)?) as | — oo. Proceeding in the
same fashion as for deriving (3.115), we get the sufficient condition

3 >c lmi)gi(z))) : (3.124)

for x > 0 sufficiently small. As before if e.g ¢ is stretched exponential, this
holds true.

Note that in the case K = 1, the analysis above reveals that we only need
c(n) = 0(7712) (compare Subsection 3.1.1 on unform mixing).

We formulate our findings in a Theorem. Note that we do not include
the general conditions on the rate of decay as this would only make the
formulations unpleasant.

Theorem 3.6.1. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem. Assume that there are constants o € (0,1), 8 > 0 and C > 0, and
Banach algebras of real valued functions on X, (B,|| - ||g) and (B',|| - ||5’)
such that forn € N, f € B and g € B’ we have

[ raory - [ rau | gdu‘SCeﬁ”ﬁHfHBIgHBu (3.125)
X X X
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Assume that || - || is bounded on indicators, i.e there is a constant Cy such
that for any measurable set B € A we have

1slls < Ch. (3.126)

Furthermore assume that composition with T is bounded with respect to || - ||
i.e there is a constant K > 0 such that

1f o Tlls < KI[f]ls (3.127)

for f € B. Let (A;)i>1 be a sequence of asymptotically rare events such that

e the indicators of A; are well approximated by functions it B, i.e there
are constants Co, C3 > 0 such that for each Il > 1 and € > 0 there is a
function f € B with 1 — f € B and ||f||r <1 such that

1f =1all <e (3.128)

while
I|flls < Coe™! and ||1 — fl|g < Ce! (3.129)

e and we have convergence in law of the first hitting times to the expo-
nential distribution

w(p(A)ea, <t)=1—e" asl— oo. (3.130)

Then for all sequences (k;);>1 of natural numbers such that (pu(A;)ki)i>1 is
bounded away from 0 and co we have

pa, (o, = kp) ~ p(A)e A0k a5 1 oo, (3.131)

Proof. (i) Without loss of generality (changing C' if necessary) we may
assume that C; = Cy = C3 = 1. We abbreviate || ||z = || - ||

1
For 7, = R_mogé’wl)))a let x; := k; — 7;. By Theorem 2.1.1 and
Lemma 2.1.2 we only need to verify (3.114) and (3.115).

(ii) For I > 1 set ¢ = u(A;)% and choose f; € B such that ||fi||~ < 1 and

i = 1Al < e, (3.132)

while
WAl < et and (|1 - fil] < ¢! (3.133)
Furthermore define ¢g; € B by

T i—1

a(@) =Y [ Al =) e T)(fioT) | . (3.134)

i=1 j=1
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Then we have

Hgl - 1Alm{<PAl ST[}HLI

T 1—1
< NATT = £) o T (fro TY) = Layngpa =0
=1 j=1
T i—1
<Y AT = ) o TH((fi = 14,) 0 TH|| 2
=1 =1
! k—1 '
AT = f)e1d)
T i—1 J=1

Y D || =1a) = (1= fi) o T"

i=1k=1|| -1

[T ((Lag) o T7)(14, 0 TY)

Jj=k+1 Lt
] —1
) = 1a) [T = 14) 0 T9) (1) 0 T |10
i=1 j=1
< (Tl ;_ 1>€l < 7'12€l,
while
T 1—1
gl < D[ AT = f) 0T (fio T
i=1 j=1

i

i—1
< AT = fo) o T fio T
j=1

1=

1
T1+1
< K )efl < KTZQEfl.

(iii) Now we the calculations done above verify (3.114) and (3.115).

O]

Likewise we formulate an analogue in the situation that the transfer

operator is bounded.

Theorem 3.6.2. Let (X, A, u,T) be an ergodic, probability-preserving sys-
tem. Assume that there are constants a € (0,1), 5> 0 and C > 0, and a
Banach algebra of real valued functions on X, (B,||-||8) such that forn € N,
f€Band g € L' we have

] [ sgeryau= [ an [ gdu‘SCeﬁ”&HflstgHLl- (3.135)
X X X
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Assume that the transfer operator is bounded with respect to || - || i.e there
is a constant K > 0 such that

ITfls < KI| |5 (3.136)

for f € B. Let (A;);>1 be a sequence of asymptotically rare events such that

e the indicators of A; are bounded with respect to || - ||p, i.e 14, € B for
[ > 1, and there is a Cy > 0 such that

114,l]8 < C2 (3.137)
forl>1,

e there are natural numbers (n;);>1 such that @, > ny for 1 > 1, and
n; — oo as l — oo,

e and we have convergence in law of the first hitting times to the expo-
nential law

p(p(A)ea, <t)=1—e" asl— oo. (3.138)

Then for all sequences (k;);>1 of natural numbers such that (pu(A;)ki)i>1 is
bounded away from 0 and co we have

pa,(pa, = ki) ~ ,u(Al)e*“(Al)kl as | — oo. (3.139)

Proof. Without loss of generality C; = Cy = 1. We again only need to verify
1
(3.114) and (3.115). Letting 7 = R—?A%;L(Al)))a-‘? a simple use of the

decorrelation reveals (3.114). Using the above calculation and abbreviating
c(n) = e P we get

/X 1Azl{<p,4l <ny(la, 0 Tkl) dp
oo

< (A m(e(ky = ) K™ + p(A)?) + p(A)* ) e(d)

i=ny

e’} ki e
< (A | p(A) + Y cli) |+ p(A) Kre PG
i=ny <u(Ap)?

— o(u(A1)?)

1
as soon as k; > 27 and k; > 2 (10g(K)77 — W) a u
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