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Abstract / Zusammenfassung

Abstract
The random phase approximation (RPA) is a method to calculate the energy of a
quantum many body system. For many systems it is superior to the widely used
density functional theory (DFT), especially when van der Waals interactions are
important. However, the computational demand for RPA simulations of solids was
far out of reach for many years. Fortunately there has been a lot of progress in the
development of computer simulations employing the RPA recently, so that RPA-
correlation energies became accessible for large systems. For solids, however, there
has not yet been an efficient way to calculate forces in the RPA. Since the calculation
of forces is crucial for the simulation of elastic and vibrational properties, as well as
for structure relaxations, it presented a promising area for further investigation.

In the course of this thesis, an efficient numerical method for the calculation of
forces in solids within the RPA was developed, using the Green’s function formal-
ism [1]. The new RPA forces method was developed to be compatible with the
projector augmented wave method (PAW), which provides a very efficient scheme
to treat orbitals numerically in electronic structure codes. Consequently the new
method was implemented into the Vienna ab-initio simulation package (VASP) [1].
The first very successful application of the new method was presented by Bokdam,
Lahnsteiner, Ramberger, Schäfer and Kresse, who developed a benchmarking tool
for DFT functionals using RPA forces [2].

Additionally the RPA one particle reduced density matrix, an intermediate quan-
tity in the force calculation, turned out to yield auspicious approximate natural
orbitals. It was shown that these orbitals can decrease the computing time for
post-Hartree-Fock methods significantly by providing an efficient basis [3].

Finally the RPA was used in systems where conventional DFT is of limited ac-
curacy. The investigated systems include H2O on hBN [4], H2O on graphene [5]
and benzene on close packed transition metal surfaces [6]. It was shown that these
systems were well described with the RPA and that the deficiencies of DFT could
be overcome, once again underlining the capabilities of the method.
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Zusammenfassung
Die Random-Phase-Approximation (RPA) ist eine Methode zur Berechnung der
Energie eines Quantenvielteilchensystems. Für viele Systeme ist sie der weit
verbreiteten Dichtefunktionaltheorie (DFT) überlegen, insbesondere wenn van-
der-Waals-Wechselwirkungen eine wichtige Rolle spielen. Viele Jahre lang waren
RPA-Simulationen für Festkörper aufgrund der dafür benötigten Rechenleistung
nicht möglich. Glücklicherweise gab es in letzter Zeit große Fortschritte bei der
Entwicklung von Algorithmen für die RPA, so dass die Berechnung von RPA-
Korrelationsenergien für große Systeme möglich wurde. Für Festkörper gab es
jedoch noch keine effiziente Methode zur Berechnung von Kräften in der RPA. Da
die Berechnung von Kräften für die Simulation von elastischen und vibrationsspezi-
fischen Eigenschaften sowie für Strukturrelaxationen von entscheidender Bedeutung
ist, stellte dieses Thema ein vielversprechendes Gebiet für weitere Untersuchungen
dar.

Im Rahmen dieser Arbeit wurde unter Verwendung des Formalismus der
Green’schen Funktionen eine effiziente numerische Methode zur Berechnung
von Kräften in Festkörpern mittels der RPA entwickelt [1]. Die neue RPA-Kräfte-
Methode ist mit der Projector-Augmented-Wave-Methode (PAW) kompatibel,
welche ihrerseits eine sehr effiziente Methode zur numerischen Behandlung von
Orbitalen in Elektronenstrukturprogrammen bietet. Infolge wurde die neue Meth-
ode in das Vienna ab-initio Simulation Package (VASP) [1] implementiert. Die
erste sehr erfolgreiche Anwendung der neuen Methode wurde von Bokdam, Lahn-
steiner, Ramberger, Schäfer und Kresse vorgestellt, die ein Benchmarking-Tool für
DFT-Funktionale mit RPA-Kräften entwickelten [2].

Zusätzlich stellte sich heraus, dass sich aus der reduzierten Ein-Teilchen-
Dichtematrix in der RPA – welche als Zwischengröße in der Kräfteberechnung
auftritt – nützliche approximative natürliche Orbitale gewinnen lassen. Es wurde
gezeigt, dass diese Orbitale die Rechenzeit für Post-Hartree-Fock-Methoden erhe-
blich verkürzen können, indem sie eine effiziente Basis bereitstellen [3].

Schließlich wurde die RPA auf Systeme angewandt, in welchen herkömmliche
Dichtefunktionale an die Grenzen ihrer Genauigkeit stoßen. Die untersuchten Sys-
teme waren unter anderem H2O auf hBN [4], H2O auf Graphen [5] und Benzol auf
dicht gepackten Übergangsmetalloberflächen [6]. Es konnte gezeigt werden, dass die
RPA diese Systeme gut beschreibt und so die Mängel herkömmlicher Funktionale
überwinden kann.
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Chapter 1

Introduction

1.1 Context of this thesis

1.1.1 State of the art at the outset
During the last decades, density functional theory (DFT) was the predominant
method in the field of computational materials physics. DFT is based on the
Hohenberg-Kohn theorem [7] and Kohn-Sham theory [8]. The former basically states
that the ground state energy is a unique functional of the density, while the later
established the concept that a system of interacting electrons can in principle be
mapped onto an equivalent system of non interacting electrons in an effective exter-
nal potential. The main difficulty for DFT methods is to find a good approximation
to the exchange correlation potential, which is the part of the effective potential that
cannot be described classically. Currently the most widely used approximations are
the local density approximation and the generalized gradient approximation (GGA).
The most common GGA functionals are PBE [9], PW91[10] and BLYP[11]. DFT
simulations employing LDA and GGA have proven to be very powerful for describing
the electronic structure and derived quantities like bond lengths and bond energies
for a wide field of applications.

However, the quality of a DFT simulation strongly depends on the validity of the
approximation for the exchange correlation energy functional and there are many
situations where the commonly used approximations fail to describe the properties
of a system correctly. The errors have been traced down to two main sources, namely
on the one hand, the delocalization error and on the other hand the static correlation
error [12]. The errors are particularly large in case of long range correlation effects
that, as a matter of principle, cannot be described correctly by local approximations.
This is the case for van der Waals (vdW) interactions, which play an important
role in many systems, including graphite inter-layer bonding, surface adsorption of
molecules, or generally inter molecular binding. There exist different approaches to
cure the problems that conventional DFT calculations have with vdW interactions,
including semi-empirical methods pioneered by Grimme [13] or Tkatchenko [14].

1



1 Introduction

Although these corrections improve the results in many cases, it is not entirely clear
under which conditions it is legitimate to apply them. Hence it is desirable to have
an ab initio alternative.

So called hybrid functionals are another popular alternative when standard GGA
or LDA fails. They incorporate a portion of exact exchange from Hartree-Fock the-
ory and thereby account for non-local quantum effects that cannot be described by
local approximations. The most commonly used hybrid functionals are PBE0 [15],
B3LYP [16], [17], [18] and HSE[19]. However, Stroppa and Kresse [20] conclude, that
these hybrid functionals are hardly a major step forward for metals and metal sur-
faces. They show that the inclusion of a sizeable amount of non-local exchange alone
does not capture the physics in metals properly. Furthermore, non-local exchange
cannot resolve the issue of non-local vdW correlations discussed in the previous
paragraph.

In this work, the focus lies on the random phase approximation (RPA), a method
that attracted a lot of attention recently as it is another powerful alternative, when
standard DFT reaches its limitations. The random phase approximation to the
correlation energy is a method developed in the 1950s by Pines and Bohm [21, 22,
23, 24]. It can be understood from the theory of quantum many-particle systems
and is well described in the textbooks of Fetter and Walecka [25] or Mattuck [26].
In the random phase approximation, the correlation part of the energy ERPA is
approximated by an infinite sum over the so called pair bubble ring diagrams, that
are vacuum fluctuations where electron-hole pairs form spontaneously and annihilate
again in the following manner:

ERPA = + + + ... (1.1)

In practice, the adiabatic connection dissipation fluctuation theorem allows to
evaluate the RPA correlation energy ERPA from the independent particle polar-
izability χ0 [27], see Eq. (1.2) where v is the Coulomb kernel and Tr the trace
operation:

ERPA = 1
4π

∫ ∞

−∞
dν Tr{ln(1− χ0(i ν) v) + χ0(i ν) v}. (1.2)

Moreover, χ0 can be calculated from the KS orbitals of a standard DFT simulation
carried out beforehand, e.g. with PBE. In that sense, the RPA is a post-processing
method to enhance DFT calculations. The RPA may be applied to problems that
cannot be solved sufficiently accurately using the LDA or GGA alone and it is par-
ticularly interesting as it does not depend on empirical presumptions, in contrast to

2



1.1 Context of this thesis

other post-processing methods. It is especially useful to describe weakly correlated
systems like vdW interactions. In a review paper of Ren et al. [28], the authors
illustrate the large variety of systems in which the RPA performs significantly better
than common DFT functionals like PBE. Different benchmarks concerning molec-
ular systems indicate that the RPA improves the accuracy of binding energies of
weakly bonded molecular complexes and chemical reaction barrier heights, however
dissociation energy curves for covalent bonds and atomization energies are usually
not better than those from semi-local DFT functionals.

For periodic systems the quantum chemical hierarchy of benchmark approaches
cannot be applied easily. Therefore, the RPA is an important approach in the do-
main of crystalline solids. Harl, Schmika, and Kresse [29, 30, 31] have shown that
in solids, the RPA predicts accurate lattice constants, bulk moduli and heats of for-
mation for insulators and semiconductors, as well as, metals, while the accuracy for
atomization energies is unfortunately again somewhat disappointing. The superior-
ity of the RPA over common functionals is especially evident for lattice constants
and cohesive energies of vdW-bound solids. The inter layer interaction in graphite
is a prominent example in solids that local, semi-local as well as hybrid functionals
fail to describe accurately. The RPA is capable of overcoming this problem and
gives the correct 1/d3 asymptotics [32] between the layers, as shown by Lebegue et
al. [33].

In surface physics and chemistry, the RPA might be particularly useful. This
is due to the fact that at the interface between solids and molecules many other
approaches struggle. Often one method is good at describing solids while it is poor
in the description of isolated molecules or vice versa. Furthermore surface science is
tremendously important in industry. One technically relevant example would be the
study of reactions which are catalysed at metallic surfaces. These two factors, the
lack of methods and the high significance on the application side, strongly encourage
the research on methods that might accurately describe the interaction at surfaces
between the substrate and other atoms, molecules or clusters. One famous example
is the “CO adsorption puzzle” [34]. It addresses the problem common functionals
have with the absorption of CO on different metal surfaces, e.g. Pt(111). Results
from low temperature experiments cannot be reproduced correctly by any kind of
LDA or GGA calculation. For example at low coverage, they predict that the hollow-
site should be preferred over the atop-site with respect to the underlying lattice,
however experimental results clearly indicate that the CO adsorbs on the atop-site.
In their work [30], Harl and Kresse state that RPA not only predicts adsorption
energies in good agreement with experiment but also recovers the correct site order.

Despite the great advantages that are offered by the RPA, it is still far from being
used as frequently as the LDA, GGA and hybrid functionals. One major aspect
about the usability of the method is the high computational cost that comes along
with the RPA. However, with increasing hardware power and recent developments
in algorithms, RPA is on the best way of becoming a standard method for electronic
structure studies. For example, in a recent publication by Kaltak et al. [35], an
efficient method to calculate the RPA correlation energy was presented, which scales

3



1 Introduction

only cubically in system size.

At the outset of this thesis, another aspect that prevented the widespread use of
the RPA was the lack of an efficient method to calculate atomic forces in solids. The
ability to conduct relaxations is crucial for a first principles method. Otherwise, one
has to rely on other methods to obtain the geometry of the atoms under investigation
and therefore cannot simulate systems entirely within the framework of the desired
method. During relaxations, as well as in molecular dynamics simulations, usually
the forces acting on the different atoms are calculated and the atoms are moved or
accelerated into the direction of the force. Therefore it is very important to have an
efficient way of calculating the forces within the RPA.

Different approaches using the Lagrangian technique had already been used to
calculate atomic forces in molecular systems. For example Rekkedal et al. [36] had
calculated analytic gradients for RPA implementations that are based on the ring
approximation to coupled cluster doubles theory. They use Hartree-Fock reference
orbitals and their method scales as O(N6) with the system size N. Burow et al. [37]
had taken a different approach, using the resolution-of-identity method for the RPA
and combining it with imaginary frequency integration to achieve a more favourable
scaling O(N4). In contrast to the method of Rekkedal et al., the implementation of
Burow et al. is based on a semi-local KS reference determinant, not on Hartree-Fock.

Although the work on forces in the RPA for molecular systems had already been
an important step forward, an efficient implementation for periodic systems was not
available. In the author’s master thesis [38], a different approach to calculate the
forces within the RPA had been developed, using pen and paper only. The main idea
is to calculate the forces variationally from the Green’s functions. The gradient of
the RPA correlation energy with respect to the atomic positions is calculated via the
variation of the independent particle polarizability which is related to the imaginary
time Green’s function in Hedin’s equation. Hence, the forces in the RPA are, in
principle, related to the variation of the Green’s function with respect to atomic
positions. This approach to RPA forces in solids seemed promising as the imaginary
time Green’s functions were already accessible with cubic scaling in system size in
the VASP code [35].

While in the mentioned master thesis it was pointed out that atomic forces in the
RPA can in principle be calculated from Green’s functions in a practicable manner,
so far no work had been done on a concrete implementation. In order to obtain a
feasible implementation, there were still several issues to be overcome. On the one
hand, the programming necessary for embedding the method into existing routines
was expected to be challenging. On the other hand conceptual difficulties had to
be solved, including problems that arise from the use of an overlap operator in the
projector augmented wave (PAW) method, as well as from the treatment of systems
with partial occupancies in the RPA implementations at that time. The requirement
for an efficient implementation of RPA forces in solids and the open problems related
to it presented the starting point for this doctoral thesis.

4



1.2 Outline of this thesis

1.1.2 Initially expected outcome
The main goal of this thesis was to adapt the method that had been described in
the author’s master thesis [38] for the calculation of forces in the RPA for solids
and to implement it into the Vienna ab-initio simulation package (VASP). VASP is
a plane-wave code that employs the projector augmented wave method (PAW). In
this method, the Schrödinger equation is extended by an overlap operator Ŝ, which
leads to a generalized eigenvalue equation

Ĥ |φi〉 = εiŜ |φi〉 (1.3)

under the constraint
〈φi|Ŝ|φj〉 = δi,j. (1.4)

In the preceding master thesis, however, this had not been considered and hence it
was necessary to extend the method accordingly. Another difficulty related to the
concrete implementation was that VASP uses pseudo potentials that contain non-
local contributions. Again we needed to modify the method in order to accommodate
these complications.

We also expected some issues concerning systems with partial occupancies (met-
als). Partial occupancies give rise to singularities in the calculation of the correlation
energy and at the time, the implementation of the RPA in the VASP code used a
workaround that could not be easily transferred to the method for calculating forces.
One sub goal of the doctoral thesis was therefore to solve this problem. We sup-
posed that a possible approach would be a change from the continuous description
to Matsubara frequencies. However this would have required major changes to the
code and we were skeptical whether an efficient implementation could be achieved.

As soon as an implementation was ready to use, and be it only for gapped ma-
terials, we planned to test it on different systems. Preferentially we would have
liked to examine systems where one can expect the RPA to improve the results from
local and semi local functionals. Under this perspective, we decided that van der
Waals interactions are particularly interesting, e.g. interlayer bonding properties of
hexagonal structures like graphite or hBN. The proposed tests included structure
optimizations as well as phonon spectra calculations.

Finally, we hoped that in the end it will be possible to obtain a feasible imple-
mentation for the calculation of exact RPA forces in solids, that is reliable for a vast
variety of systems. We expected that the method will be extensively used, increasing
the utility of the RPA even further and facilitating the progress of computational
materials sciences.

1.2 Outline of this thesis
The subsequent sections in this chapter present the basic theoretical formalism and
some fundamental concepts underlying this thesis. It is designed for physics students

5



1 Introduction

with a basic understanding of quantum mechanics and aims to familiarize those
readers with the notation and language used in the research area this thesis is
affiliated with. Readers familiar with second quantization and a basic knowledge of
solid state physics may skip these and proceed directly to the theory part I.

The first two chapters 2 and 3 of the theory part I, present two well established
(textbook) mean-field methods, namely Hartree-Fock and density functional theory.
They are of high relevance in the context of this thesis as they provide the starting
point in a historical, theoretical but also technical sense for the more elaborated
methods discussed later. These chapters are hopefully instructive and are recom-
mended as an entry point into this thesis for senior undergraduates and junior PhD
students, or for anyone else who would like to get a short but rigorous introduction
to these methods.

The next chapter in the theory part, 4, gives an introduction to many-body per-
turbation theory (MBPT). The topic is treated in a small number of textbooks, but
these are generally quite sophisticated. We expect that most readers will benefit
from the brief overview, outlining the MBPT concepts most relevant for this thesis.

The last two chapters of the theory part, 5 and 6, on the RPA and the PAW
respectively, are already very specialized and can be considered as the starting point
of the core part of the thesis. To our knowledge, these chapters treat topics not yet
fully covered in any textbook. Thus we recommend to read these chapters before
advancing to parts II and III, apart from experts who are already familiar with the
RPA/GW and the PAW. Besides, the interested reader will find many references to
publications on the RPA for further reading.

Experts in the field may completely skip the first part of the thesis and directly
enter at part II. There we present a novel state of the art method to calculate
forces in the random phase approximation for solids, based on our corresponding
publication [1]. Moreover, we show in detail how PAW terms are treated and give a
blueprint on how to calculate the stress tensor in the RPA.

In part III, we present state of the art applications of the RPA. In chapter 9,
we recap our contributions to publications on surface chemistry and adsorption
processes. The investigated systems include H2O on hBN [4], H2O on graphene [5]
and benzene on close packed transition metal surfaces [6]. The next chapter 10 gives
a summary on the publication “Assessing Density Functionals Using Many Body
Theory for Hybrid Perovskites” by Bokdam, Lahnsteiner, Ramberger, Schäfer and
Kresse [2]. In the last chapter of this part, which is based on our recent publication
[3], we introduce a new approach to calculate approximate natural orbitals and show
that they represent an efficient basis for post-Hartree-Fock methods.

The main parts of the thesis close with a conclusion in chapter 12.

1.3 The Many-Body Hamiltonian
The first part of this section is very basic, and its main purpose is a reference to
define the notation used throughout this thesis. We will use atomic units in this
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thesis, i.e. a unit system in which the natural constants for speed of light c, mass
of the electron me, charge of the electron −e, Planck’s constant ~ and dielectric
constant ε0 are:

c = me = e = ~ = 1
4πε0

= 1. (1.5)

This simplifies the notation, as constant pre-factors in many equations drop away
that would otherwise interfere with the readability and compactness of the equa-
tions. Furthermore we will sometimes use the hat symbol “ˆ” to emphasize that the
considered quantity is an operator. However, often the hat symbol is redundant as
it is clear from the context that a quantity is an operator.

1.3.1 One dimensional single particle Hamiltonian and time
evolution

A quantum mechanical system containing a single particle is usually described by
a state vector |φ〉, describing the actual state of the particle, and a Hamiltonian
Ĥ operator that describes the interactions that the particle experiences. The state
vectors are elements of a Hilbert space with the product 〈|〉 and dual vectors 〈φ|.
We always assume that single particle state vectors are normalized, 〈φ|φ〉 = 1. In
analogy to the Hamiltonian of classical mechanics for a single particle system, the
quantum mechanical Hamiltonian describes the energy of the quantum mechanical
system, which is given by:

E[|φ〉] = 〈φ|Ĥ|φ〉 . (1.6)
For a single particle system in one spatial dimension, the state vector can be ex-
pressed in the position basis as:

|φ〉 =
∫

dr |r〉 〈r|φ〉 =
∫

dr |r〉φ(r), (1.7)

where 〈r|φ〉 is the probability amplitude for finding the particle at position r. The
probability Pr[|φ〉] to find it at position r is given by the absolute square of the
probability amplitude:

Pr[|φ〉] = 〈φ|r〉 〈r|φ〉 = φ(r)∗φ(r) = |φ(r)|2. (1.8)

And the expectation value r̄ of the position is given by:

r̄ =
∫
r · Pr[|φ〉]dr =

∫
r · 〈φ|r〉 〈r|φ〉 dr = 〈φ|R̂|φ〉 . (1.9)

7
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The energy in Eq. (1.6) can be evaluated in the position basis as:

E[|φ〉] =
∫∫

drdr′ 〈φ|r〉 〈r|Ĥ|r′〉 〈r′|φ〉 (1.10)

=
∫∫

drdr′φ∗(r)H(r, r′)φ(r′) (1.11)

=
∫∫

drdr′φ∗(r)δ(r − r′)[−1
2
d2

dr′2 + v(r′)]φ(r′), (1.12)

where in the last line we used that a one dimensional single particle Hamiltonian
usually consists of the kinetic energy operator T̂ and a potential energy operator v̂
which are given as

〈r|T̂ |r′〉 = −1
2δ(r − r

′)∇2
r′ (1.13)

〈r|v̂|r′〉 = δ(r − r′)v(r′) (1.14)

in the position basis and with the nabla operator ∇.

Observable quantities in quantum mechanics are described by Hermitian opera-
tors Ô. The expectation value 〈Ô〉φ for an observable of a particle in state |φ〉 is
calculated as:

〈Ô〉φ = 〈φ|Ô|φ〉 . (1.15)

For example, we have seen the operator to the observable position, R̂ =
∫

dr r·|r〉 〈r|,
and its expectation value r̄ = 〈φ|R̂|φ〉, see Eq. (1.8) and (1.9). Another example is
the observable energy, manifesting as the Hamilton operator Eq. (1.6).

Since Hermitian operators have a set of orthogonal eigenstates (with real eigen-
values), one can form a basis with the eigenstates of an observable operator. In
quantum mechanics, the eigenstates of the Hamiltonian are especially important,
since the (time dependent) Schrödinger equation that describes the time evolution
of quantum mechanical system is:

i ∂
∂t
|φ(t)〉 = Ĥ |φ(t)〉 (1.16)

so that in principle, given the state at time t0, one can formally calculate the state
at time t as

|φ(t)〉 = e
− i
∫ t

t0
Ĥdt |φ(t0)〉 . (1.17)

The so called time independent or stationary Schrödinger equation is just the eigen-
value equation for the Hamiltonian:

Ĥ |ψn〉 = εn |ψn〉 . (1.18)
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The importance of the eigenstates of Ĥ will become clear by plugging an eigenstate
|ψn〉 into the time dependent Schrödinger equation:

i ∂
∂t
|ψn(t)〉 = Ĥ |ψn(t)〉 = εn |ψn(t)〉 (1.19)

⇒ |ψn(t)〉 = e− i εn(t−t0) |φn(t0)〉 . (1.20)

Since the (properly normalized) {|ψn〉} form a basis, i.e.∑
n

|ψn〉 〈ψn| = 1̂ (1.21)

the time evolution of any state is given as

|φ(t)〉 =
∑

n

e− i εn(t−t0) |ψn〉 〈ψn|︸ ︷︷ ︸
Û(t,t0)

φ0〉 (1.22)

with the time evolution operator Û(t, t0).

1.3.2 Fock space and second quantization
Electrons are spin 1/2 particles [39] and therefore, according to the spin-statistics
relation [40], they are fermions. Since the focus in this thesis lies on the description
of systems of electrons in an external potential, we will proceed with a description
of fermionic many particle systems.

Let {|βn〉} be an orthonormal basis for a single fermion. Every single particle
state can be expressed in terms of that basis:

|φ〉 =
∑

n

〈βn|φ〉 |βn〉 . (1.23)

The sum in the above equation goes over all basis states, so that for a continuous
basis it is an integral. For electrons, that can be described by a three dimensional
wave function and a spin component, the basis could be all possible tensor products
|σ, r〉 = |σ〉 ⊗ |r〉, with spin states |σ〉 ∈ {|↑〉 , |↓〉} and position operator eigenstates
|r〉, r ∈ R3 so that an arbitrary single particle electronic state |χ〉 can be written as:

|χ〉 =
∑

σ=↑,↓

∫
d3r 〈σ, r|χ〉 |σ, r〉 . (1.24)

A fermionic N -particle state |Ψ〉 can be characterized with respect to its probability
amplitude with a product state of single particle basis states {βj}:

〈
N∏

n=1
βin|Ψ〉 (1.25)

9
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where
〈

N∏
n=1

βin| = 〈βi1βi2 . . . βiN
| = 〈βi1| ⊗ 〈βi2| ⊗ . . .⊗ 〈βiN

| . (1.26)

The anti-symmetry principle states that many particle fermionic states are anti-
symmetric with respect to exchange (of the “coordinates”), i.e.

〈βi1βi2 . . . βia . . . βib
. . . βiN

|Ψ〉 =

−〈βi1βi2 . . . βib
. . . βia . . . βiN

|Ψ〉 . (1.27)

It follows that each single particle state can only be occupied by a single fermion
(Pauli exclusion principle).

A set of N different single particle basis functions can be used to construct a
properly anti-symmetric and normalized state |βi1 , βi2 , . . . , βiN

〉AS with the anti-
symmetrization operator Â

|βi1 , βi2 , . . . , βiN
〉AS = Â |

N∏
n=1

βin〉

= 1√
N !

∑
σ∈SN

sgn(σ) |
N∏

n=1
βiσn
〉 (1.28)

with permutations σ = (σ1, . . . , σN) from the set of all possible permutations of N
elements, SN (= symmetric group on N elements), and the sign function sgn(σ)
which is +1 for even and −1 for odd permutations. These anti-symmeterized, nor-
malized product states are usually called Slater determinants and a more detailed
discussion on them is found in chapter 2. We will drop the index “AS” since for
fermions it is always assumed that the state is constructed according to Eq. (1.28).
Note that in this thesis, we distinguish product states from anti-symmetrized states
by “comma” notation:

|βi1 , βi2 , . . . , βiN
〉 = Â |

N∏
n=1

βin〉 = Â |βi1βi2 . . . βiN
〉 (1.29)

This is important, since usually when we refer to a many electron state, it is anti-
symmetrized, but we still need standard product states as “coordinate” basis states,
e.g. for N -particle states:

1 =
∞∑

n1=1

∞∑
n2=1

. . .
∞∑

nN =1
|βn1βn2 . . . βnN

〉 〈βn1βn2 . . . βnN
| (1.30)
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1.3 The Many-Body Hamiltonian

and

Ψ(r1, r2, . . . , rN) = 〈r1r2 . . . rN |Ψ〉 (1.31)

6= 〈r1, r2, . . . , rN |Ψ〉 .

The next step to a compact second quantization formalism is to rewrite the N -
particle Slater determinants in occupation number notation so that:

|βi1 , βi2 , . . . , βiN
〉 = |. . . , 1

ith
1

, . . . , 1
ith
2

, . . . . . . , 1
ith
N

, . . .〉 , (1.32)

i.e. if the state |βk〉 is part of the Slater determinant (in the example above, k = ij
for exactly one j ∈ {1, . . . , N}), then the k-th position on the right hand side is 1,
otherwise it is zero. For example the 3 particle Slater determinant with the single
particle basis states {β2, β3, β5} would be:

|β2, β3, β5〉 = |0, 1, 1, 0, 1, 0, 0, 0, 0, . . .〉 . (1.33)

For fermions, the occupation numbers ni of a state |n1, n2, n3, . . .〉 are either 1 or 0,
because if two single particle states in the Slater determinant are the same, it is 0
(anti-symmetry principle). From now on we denote the set of numbers {i} for which
ni = 1 as occupied indices and the corresponding sates {βi} are occupied states
“βi ∈ occ.”. Accordingly we call states βa ∈ uocc. where na = 0 unoccupied states.
Note that in order to uniquely define a state |n1, n2, n3, . . .〉, we need to write the
constituting states βi ∈ occ. of the resulting Slater determinant in normal order (as
we did above):

|n1, n2, n3, . . .〉 = |βi1 , βi2 , . . . , βiN
〉 with βij

∈ occ. and ij < ij+1 (1.34)

Otherwise there would be an ambiguity due to the anti-symmetry, e.g.

|1, 1, 0, 0, . . .〉 = |β1, β2〉 = − |β2, β1〉 . (1.35)

All N -particle “occupation number” states, i.e. normal ordered Slater determinants
that can be constructed with N single particle states from a chosen single particle
basis, form a basis for the N -particle states in their Hilbert space [26].

The extended Hilbert space with variable particle number, spanned by all
fermionic N ∈ N0 particle states, is referred to as Fock space. All occupation
number states (based on a single particle basis and with arbitrary particle number)
form an orthonormal basis of the Fock space. The second quantization formalism
now defines creation/annihilation operators b̂†

j/b̂j that create/annihilate a particle
with state |βj〉.1 The creation/annihilation operators are defined in the following

1This is not literally true, since the newly created/annihilated state is “shared/lost” between/from
all the electrons, this can be seen by adding/removing a state in Eq. (1.28).
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way for fermions:

b̂†
k |n1, n2, . . . , nk, . . .〉 = (−1)

∑
i<k

ni (1− nk) |n1, n2, . . . , nk + 1, . . .〉

b̂k |n1, n2, . . . , nk, . . .〉 = (−1)
∑

i<k
ni

nk |n1, n2, . . . , nk − 1, . . .〉 (1.36)

The pre-factor (−1)
∑

i<k
ni is a matter of correct anti symmetry behavior, due to the

definition of the occupation number states as normal ordered Slater determinants.
The creation/annihilation operators obey the following fermionic commutation rules,
which can be proved easily by inserting the definitions from above:

[b̂i, b̂
†
j]+ = b̂ib̂

†
j + b̂†

j b̂i = δij (1.37)

[b̂i, b̂j]+ = 0 (1.38)

[b̂†
k, b̂

†
j]+ = 0 (1.39)

All occupation number basis states can be constructed from the vacuum state |Ω〉
(i.e. the 0 particle state) by successive application of creation operators, e.g.:

|1, 0, 1, 0, 0, 1, 0, 0, 0, . . .〉 = b̂†
1b̂

†
3b̂

†
6 |Ω〉 . (1.40)

and hence every fermionic many particle state can be constructed as a linear combi-
nation of successive creation operators applied to the vacuum state. Another useful
property of these operator is that they can be used to count the occupation number:

n̂i |n1, n2, . . .〉 = b̂†
i b̂i |n1, n2, . . .〉 = ni |n1, n2, . . .〉 (1.41)

N̂ |n1, n2, . . .〉 =
∑

i

n̂i |n1, n2, . . .〉 = N |n1, n2, . . .〉 (1.42)

where N̂ is the so called number operator, corresponding to the observable for the
total number of electrons.

1.3.3 Non-interacting many body system and Fermi level

The usefulness of second quantization notation will become evident in the following
subsection. Assume we have a system of non-interacting fermions, which are all
subject to the same single-particle Hamiltonian ĥ. For example the Hamiltonian
could consist of the kinetic energy operator and an external potential, so that in
first quantization position basis it would read, e.g.:

〈r|ĥ|r′〉 = δ(r− r′)
(
∇2

r′ + v(r′)
)
. (1.43)
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Now this Hamiltonian has eigenstates {φn} with single particle energies {εn : εi ≤
εi+1, i ∈ N+}:

ĥ |φn〉 = εn |φn〉 . (1.44)
The many body Hamiltonian ĤN for a N -particle system in first quantization no-
tation is rather unwieldy

ĤN = ĥ⊗ 1⊗ 1⊗ . . . 1︸ ︷︷ ︸
product of N operators

+1⊗ ĥ⊗ 1⊗ . . . 1 + . . .+ 1⊗ 1⊗ 1⊗ . . .⊗ ĥ. (1.45)

Knowing that each of the summands affects a different, say the i-th, part of the
product space, this can be written briefly as follows

ĤN =
N∑

i=1
ĥi. (1.46)

The Slater determinants |ΨN
i 〉 = |φi1 , . . . , φiN

〉, constructed from N single particle
eigenstates {φn}, are eigenstates of this N -particle Hamiltonian:

ĤN |ΨN
i 〉 =

N∑
n=1

εin |ΨN
i 〉 = EN

i |ΨN
i 〉 (1.47)

and form a complete orthonormal basis in the N -particle space. Thus, the Hamil-
tonian can be expressed in terms of its eigenstates:

ĤN =
∑

n

εn |ΨN
n 〉 〈ΨN

n | . (1.48)

We will now use the eigenstates of ĥ as a single particle basis for the second quanti-
zation formalism and show that we can rewrite the Hamiltonian in a more compact
and general form. We consider the occupation number states with respect to the
states ∈ {φn} with corresponding creation/annihilation operators c†

n/cn:

|φn〉 = c†
n |Ω〉 (1.49)

|φn1 , φn2 , . . . , φnN
〉 =

N∏
i=1

c†
ni
|Ω〉 = |. . . , 1

nth
1

, . . . , 1
nth

2

, . . . . . . , 1
nth

N

, . . .〉 (1.50)

e.g. |φ2, φ4, φ5〉 = c†
2c

†
4c

†
5 |Ω〉 = |0, 1, 0, 0, 1, 1, 0, 0, 0, 0, . . .〉 (1.51)

In second quantization, the Hamiltonian for a (non-interacting) many particle state
with arbitrary particle number has the simple form:

Ĥ =
∑

n

εnc
†
ncn =

∑
n

εnn̂n. (1.52)
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This is easily verified by comparing the components in the N -particle energy eigen-
state basis with respect to the N -particle Hamiltonian in first quantization:

〈φi1 , . . . , φiN
|Ĥ|φi′

1
, . . . , φi′

N
〉 =

∑
n

δin,i′
n
εi′

n
= 〈φi1 , . . . , φiN

|ĤN |φi′
1
, . . . , φi′

N
〉 (1.53)

note that the in and i′n are normal ordered, thus one obtains the δin,i′
n
.

Obviously, all occupation number states in our chosen basis are eigenstates of
the second quantization Hamiltonian, giving the correct energy eigenvalue for any
number of particles N . We can order all N -particle eigenstates for a particular N
by ascending total energy:

Ĥ |ΨN
0 〉 = Ĥ |φ1, φ2, . . . , φN〉 =

(
N∑

i=1
εi

)
|φ1, φ2, . . . , φN〉 = EN

0 |ΨN
0 〉 (1.54)

Ĥ |ΨN
1 〉 = Ĥ |φ1, φ2, . . . , φN−1, φN+1〉 =

(
N−1∑
i=1

εi + εN+1

)
= EN

1 |ΨN
1 〉 (1.55)

Ĥ |ΨN
j 〉 = EN

j |ΨN
j 〉 (1.56)

EN
j ≤ EN

j+1. (1.57)

Note that the single particle ground state is φ1 and that the form of the N -particle
excited states beyond the first one depend on the energy spectrum of the single
particle Hamiltonian. From Eq. (1.54), we see that the N -particle ground state of
an non-interacting fermionic system is obtained by “filling up” the lowest N single
particle states. Adding a constant local potential −µ(r) = const. to the single
particle Hamiltonian ĥ does neither change the single particle wave functions, nor
the many-body states {ΨN

j } and their order for a given N . However, the energies
are shifted. While the single particle energies are shifted by −µ, the N particle
states’ energies are shifted by −Nµ:

ĥ′ |φn〉 =
(
ĥ− µ1

)
|φn〉 = (εn − µ) |φn〉 = ε′

n |φn〉 (1.58)

Ĥ ′ |ΨN
j 〉 = (EN

j − µN) |ΨN
j 〉 = (E ′N

j ) |ΨN
j 〉 (1.59)

Assume the potential µ is chosen to be µ0 = εN0 +εN0+1
2 , then

ε′
n

≤ 0 for n ≤ N0

≥ 0 for n ≥ N0
(1.60)

min
N,j

{
E ′N

j

}
= E ′N0

0 (1.61)
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E ′N0
0 ≤ E ′N0−1

0 ⇒ EN0
0 − EN0−1

0 ≤ µ (1.62)

E ′N0+1
0 ≥ E ′N0

0 ⇒ EN0+1
0 − EN0

0 ≥ µ (1.63)

EN0+1
0 − EN0−1

0
2 = 1

2

N0+1∑
n=1

εn −
N0−1∑
m=1

εm

 = εN0 + εN0+1

2 = µ. (1.64)

This potential µ is often referred to as Fermi level and it determines which single
particle eigenvalues ε′

j are smaller than 0 and which ones are larger. To get the
state with the lowest energy, we have to fill up all states with negative eigenvalue
ε′

j < 0. Often one wants to fix the particle number to N0, but does not know the
corresponding Fermi level in advance. In that case one can just calculate the single
particle energies for an arbitrary µ and later fix it to the choice above, between the
N th

0 and the (N0 + 1)th single particle energy, so that the total energy of assumes
its minimum at the N0 particle ground state. In the following subsections, we will
establish a connection between the Fermi-level, which is conceptually only relevant
for independent particle Hamiltonians, and the chemical potential which generalizes
the concept to interacting many particle states.

1.3.4 Many body Hamiltonian in second quantization

In second quantization the many body Hamiltonian for a system of interacting
electrons has typically the following form:

Ĥ =
∫

d3rψ̂†(r)[−1
2∇

2
r + vext(r)]ψ̂(r) + 1

2

∫∫
d3rd3r′ 1

|r− r′|
ψ̂†(r′)ψ̂†(r)ψ̂(r)ψ̂(r′)

(1.65)

In this subsection we will rationalize this expression and explain what the different
components actually mean.

We start by including two-body interactions to the many particle Hamiltonian,
as all fundamental interactions are two-body interactions. A classical two body
interaction is the Coulomb potential felt between two charged particles. The energy
of two point charges q1,q2 at distance |r1 − r2| is given as:

E = q1q2

|r1 − r2|
= 1

2

(
q1q2

|r1 − r2|
+ q2q1

|r2 − r1|

)
(1.66)

and for a system of point charges with charge -1 (like “point particle electrons”q =
−e):

Eee = 1
2
∑

i

∑
ij

j 6=i

1
|ri − rj|

. (1.67)

In first quantization, the corresponding two particle potential could have the follow-
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ing form:
v =

∫∫
d3rd3r′ |r〉 〈r| ⊗ |r′〉 〈r′|

|r− r′|
. (1.68)

In the previous chapter, we have seen how a single particle operator, like the in-
dependent particle Hamiltonian, can be written intuitively in second quantization.
One can show ([41], pp. 230, 251) that a first quantization operator V̂1st acting inde-
pendently on each of N particles with the same single particle operator v̂ translates
to a second quantization operator V̂2nd as:

V̂1st =
N∑

i=1
1⊗ . . .⊗ 1⊗ v̂︸︷︷︸

ithpos.

⊗1 . . .⊗ 1 →
2ndquant.

V̂2nd =
∑
mn

〈m|v̂|n〉 c†
mcn (1.69)

for an arbitrary particle number N . This is important since the second quantization
operator can act on any state of the Fock space.

Every two particle operator ŵ with the basis representation

ŵ =
∑

nmlk

|n〉 〈n| ⊗ |m〉 〈m| ŵ |l〉 〈l| ⊗ |k〉 〈k|

=
∑

nmlk

|n〉 〈l| ⊗ |m〉 〈k| 〈n| ⊗ 〈m| ŵ |l〉 ⊗ |k〉︸ ︷︷ ︸
wnmlk

=
∑

nmlk

wnmlk |n〉 〈l| ⊗ |m〉 〈k| , (1.70)

using |n〉 as shorthand for |φn〉, gives rise to the first quantization N particle opera-
tor Ŵ1st , which translates to the particle number independent second quantization
operator Ŵ2nd

Ŵ1st = 1
2
∑
ij

j 6=i

∑
nmlk

wnmlk1⊗ . . .⊗ 1⊗ |n〉 〈l|︸ ︷︷ ︸
ithpos.

⊗1 . . .⊗ 1⊗ |m〉 〈k|︸ ︷︷ ︸
jthpos.

⊗1 . . .⊗ 1 (1.71)

↓ 2ndquant.

Ŵ2nd = 1
2
∑

nmlk

wnmlkc
†
mc

†
nclck. (1.72)

For example the electron-electron Coulomb operator in Eq. (1.68) would give:

V̂C = 1
2
∑

nmlk

vnmlk c
†
mc

†
nclck (1.73)
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where

vnmlk =
∫∫
〈n| ⊗ 〈m|

∫∫
d3rd3r′ |r〉 〈r| ⊗ |r′〉 〈r′|

|r− r′|
|l〉 ⊗ |k〉

=
∫∫

d3rd3r′φ
∗
n(r)φ∗

m(r′)φl(r)φk(r′)
|r− r′|

. (1.74)

In second quantization, one can also define field operators ψ̂†(r)/ψ̂(r) that create/an-
nihilate a particle at position r, acting on many body states. They are analogue to
the creation/annihilation operators encountered so far, but as a single particle basis
they use eigenstates |r〉 of the position operator R̂

R̂ |r〉 = r |r〉 (1.75)

〈r|r′〉 = δ(r− r′). (1.76)

The creation/annihilation operators (as well as the field operators) for different
single particle basis states are related to each other by the same transformation that
relates the single particle basis states to one another:

ψ̂†(r) =
∑

n

〈φn|r〉 ĉ†
n =

∑
n

φ∗
n(r)ĉ†

n (1.77)

ψ̂(r) =
∑

n

〈r|φn〉 ĉn =
∑

n

φn(r)ĉn. (1.78)

As n̂n = c†
ncn counted the electrons in state φn, the density operator n̂(r) counts the

electrons at position r:
n̂(r) = ψ̂†(r)ψ̂(r). (1.79)

And the number operator N̂ in this basis is given as

N̂ =
∫

d3rψ̂†(r)ψ̂(r). (1.80)

The field operators are especially useful to describe interactions that are well de-
scribed in the position basis, for example the electron-electron interaction from Eq.
(1.73) can be written in terms of the field operators as:

V̂C = 1
2

∫
d3r1 . . . d3r4

∫∫
d3rd3r′ 〈r1|r〉 〈r2|r′〉 〈r|r3〉 〈r′|r4〉

|r− r′|
ψ̂†(r2)ψ̂†(r1)ψ̂(r3)ψ̂(r4)

= 1
2

∫∫
d3rd3r′ 1

|r− r′|
ψ̂†(r′)ψ̂†(r)ψ̂(r)ψ̂(r′). (1.81)

By now it should be clear that second quantization greatly simplifies the nota-
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tion. The main advantage however is that operators can be written independently
of the particle number. This is especially useful for describing realistic many par-
ticle systems with a Hamiltonian that allows that the particle number can vary.
For example electrons form such systems in atoms, molecules or solids, where they
can be removed or added to form ions, ionic molecules, or transport charge. The
prototypical many-body Hamiltonian that we consider in this thesis is given as:

Ĥ =
∫

d3rψ̂†(r)[−1
2∇

2
r + vext(r)]ψ̂(r) + 1

2

∫∫
d3rd3r′ψ̂†(r′)ψ̂†(r)v(r− r′)ψ̂(r)ψ̂(r′)

(1.82)

where the two particle interaction v(r − r′) is usually the Coulomb interaction v
between two electrons (cf. Eq. (1.65)):

v(r− r′) = v = 1
|r− r′|

(1.83)

and the first term containing the kinetic energy contribution can be written heuris-
tically as:
∫

d3rψ̂†(r)[−1
2∇

2
r]ψ̂(r) =

∫
d3rψ̂†(r)[−1

2 lim
h→0

3∑
i=1

ψ̂(r + hi)− 2ψ̂(r) + ψ̂(r− hi)
h2 ]

(1.84)
where h1 = (h, 0, 0) ; h2 = (0, h, 0) ; h3 = (0, 0, h). It can also easily be re-written
in terms of the usual creation and annihilation operators:∫

d3rψ̂†(r)[−1
2∇

2
r]ψ̂(r) =

∑
nm

(−1
2

∫
φ∗

n(r)∇2
rφ

∗
m(r)d3rĉ†

nĉm. (1.85)

1.3.5 The chemical potential µ

Consider the N particle eigenstates of the true many-body Hamiltonian ΨN
i (i ∈ N0)

where, analogue to the non-interacting case, we have:

Ĥ |ΨN
i 〉 = EN

i |ΨN
i 〉 (1.86)

EN
i ≤ EN

i+1. (1.87)

The best way to statistically describe a system of variable particle number is the
grand canonical ensemble. In the grand canonical ensemble with chemical potential
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1.3 The Many-Body Hamiltonian

µ, the probability p(ΨN
i ) to find the system in state |ΨN

i 〉 is given by:

p(ΨN
i ) = e(µN−EN

i )/(kT )

Z
(1.88)

Z =
∑

j=(N,i)
e(µN−EN

i )/(kT ), (1.89)

where the grand partition function Z sums over all possible micro states j, repre-
sented as tuples (N, i) where N counts the particles and i counts the different states
for a given particle number. At the limit of zero temperature T → 0K, only the
factor that maximizes the numerator in the exponent, (µN −EN

i ), will have a finite
probability (though the maximum value max

i,N
{µN − EN

i } can, in principle, be as-
sumed by more than one state, we will consider only the case were there is a unique
maximum). For obvious reasons, only the ground states |ΨN

0 〉 can in principle as-
sume the maximum probability at T → 0K. Which of all ground states assumes
the maximum is determined by the chemical potential. Assume that for a chemical
potential µ0, the maximum probability is assumed for the N0-particle ground state:

max
N,i
{ lim

T →0
p(ΨN

i ) : µ = µ0} = lim
T →0

e(µ0N0−E
N0
0 )/(kT )

Z
= 1. (1.90)

Then for the “neighboring” ground states ΨN0+1
0 and ΨN0−1

0 we have:

(µ0N0 − EN0
0 ) ≥ (µ0(N0 + 1)− EN0+1

0 )⇒ EN0+1
0 − EN0

0 ≥ µ0 (1.91)

(µ0N0 − EN0
0 ) ≥ (µ0(N0 − 1)− EN0−1

0 )⇒ EN0
0 − EN0−1

0 ≤ µ0. (1.92)

From the above inequalities, one also finds:

EN0+1
0 + EN0−1

0
2 ≥ EN0

0 (1.93)

In other words, at T → 0 a ground state can only be occupied if its energy is below
or equal to the mean energy of its neighboring ground states (convex). Otherwise
there exists no chemical potential that will favor its occupation . However, if the
inequality in Eq. (1.93) holds for the N particle ground state ΨN

0 , then the chemical
potential

µN = EN+1 − EN−1

2 (1.94)

guarantees that the state ΨN
0 is (locally) stable with respect to changes in the particle

number. Changing the chemical potential by ∆µ has the same effect as adding a
constant potential −∆µ to the external potential in the Hamiltonian:

µ→ µ+ ∆µ =̂ vext(r)→ vext(r)−∆µ. (1.95)
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This is reminiscent of the Fermi level introduced in the previous subsection, see
Eq. (1.60)-(1.64) and indeed, for a system of non-interacting particles, the chemical
potential is equivalent to the Fermi level. Therefore both are denoted by the same
variable µ. However, the chemical potential is a more general concept, since it is a
well defined thermodynamic variable, suitable (along with the temperature and the
volume) of characterizing a system of interacting particles in the grand canonical
ensemble where the particle number is variable.

As we have seen before, changing the external potential in the second quantization
Hamiltonian by−∆µ has the same effect as changing the chemical potential by +∆µ.
Therefore, if there exists a chemical potential µN that favors the N -particle ground
state |ΨN

0 〉 at T → 0

max
N,i
{ lim

T →0
p(ΨN

i ) : µ = µN} = lim
T →0

e(µN N−EN
0 )/(kT )

Z
= 1 (1.96)

then, due to Eq. (1.94), the Hamiltonian can be changed accordingly,

Ĥ → Ĥ ′ = Ĥ − EN+1
0 − EN−1

0
2 N̂ (1.97)

so that in the new system, the physics in the grand canonical ensemble with µ′ = 0
are equivalent to the physics in the old system at µ = (EN+1

0 − EN−1
0 )/2. Fur-

thermore, one can add a constant (not a constant potential but just a particle
independent constant) to the Hamiltonian

Ĥ ′ → Ĥ ′′ = Ĥ ′ + C, (1.98)

so that the ground state energy eigenvalues are shifted to yield

E ′′N
0 = 0. (1.99)

This system with Hamiltonian Ĥ ′′ at chemical potential µ′′ = 0 in the grand canon-
ical ensemble is physically equivalent to the old system Ĥ at µ = (EN+1

0 −EN−1
0 )/2,

while it has the following nice properties (dropping the ′′ as this system will from
now on be considered as the standard system):

µ = 0 (1.100)

EN
0 = 0 (1.101)

EN+1
0 = EN−1

0 (1.102)

EN ′ 6=N
0 ≥ 0 (1.103)

20



1.4 Born-Oppenheimer approximation

and in case of a non-interacting system:

εN = −εN+1 ⇒ “the Fermi level is midgap” (1.104)

εi ≤ 0 i ∈ occ. (1.105)

εa ≥ 0 a ∈ uocc. (1.106)

Remark: Above we stated that we consider only systems where unique ground
states are assumed at T → 0 for a given chemical potential. This requirement can
be dropped and the above equations for our standardized system still hold, though
they can be valid for different particle numbers at the same time. In that case a
slight (constant) change in the (chemical) potential would favor one of the otherwise
degenerate states, while leaving the states per se unchanged. Also degenerate ground
states with the same particle number yield a statistical mix in the grand canonical
ensemble at T → 0. In that case they have to be treated statistically, but again the
above equations hold.

1.4 Born-Oppenheimer approximation

So far we described the electrons by a Hamiltonian with a fixed external potential,
but in real molecules and solids, the nuclei are not fixed and introduce additional de-
grees of freedom. However, the so called Born-Oppenheimer approximation (BOA)
[42] suggests that one can separate the electronic and nuclear motion so that in the
end one can treat the electrons of real systems as if they were in a fixed potential.
The basic idea behind the BOA is that at a given temperature, the kinetic energy of
the electrons and nuclei is similar and since the mass ratio between the nuclei and
the electrons is very large (for a single proton, mp/me ≈ 1800) the “movement”, i.e.
the dynamics of the electrons is much faster.

The full (first quantization, non-relativistic) Hamiltonian of a molecular system
is given by

H = − 1
2
∑

i

∇2
i + 1

2
∑
ij

i 6=j

1
rij

−
∑
Ai

ZA

riA

+ 1
2
∑
AB

A 6=B

ZAZB

rAB

− 1
2
∑
A

∇2
A

= Te + VC + Vext + Vnn + Tn .
(1.107)

Here, i, j and A,B are electron and nuclear indices respectively, Z is the total charge
of a nucleus, riA = |ri −RA|, rij = |ri − rj| and rAB = |RA −RB|. Let |Ψn〉 be the
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n-th eigenstate of the total Hamiltonian with energy En

H |Ψn〉 = En |Ψn〉 (1.108)

Ψn(r1, . . . , rNe ,R1, . . . ,RNn) = 〈r1, . . . , rNe ,R1, . . . . ,RNn|Ψn〉 . (1.109)

The total wave function of the system of Ne electrons and Nn nuclei is, in principle, a
function of all respective coordinates simultaneously. Born and Oppenheimer showed
that the eigenvalues En can be expanded in terms of the ratio κ = (me/M̄A)1/4 where
M̄A is the average mass of the nuclei. The zeroth order term in κ is the energy
obtained by neglecting the nuclear kinetic energy Tn. This corresponds to treating
the positions of nuclei parametrically, i.e. they are no longer entering the wave
function as dynamic degrees of freedom. Hence, one can formulate an electronic
Hamiltonian

He(; {RA}) = Te + VC + Vext(; {RA}) + Vnn(; {RA}), (1.110)

that depends parameterically (indicated by “;”) on the positions of the nuclei. If
one can solve the resulting electronic Schrödinger equation

He(; {RA}) |Ψm
e (; {RA})〉 = Em

e (; {RA}) |Ψe(; {RA})〉 , (1.111)

a spectrum {Em
e (; {RA})} is obtained that depends parametrically on the positions

{RA} with corresponding eigenfunctions

Ψm
e (r1, . . . , rNe ; {RA}) = 〈r1, . . . , rNe|Ψm

e (; {RA})〉 . (1.112)

At ambient conditions, one can assume that the electrons are in their ground state.
This approximation is justified when the Boltzmann factor for excited states is very
small so that they can be disregarded in the ensemble average. For most semi
conductors and for insulators, i.e. for materials with bands gaps well above the
average thermal energy (≈ 25meV at 20◦C), this is the case. Also in molecules,
the typical electronic excitation energies are much larger than the thermal energy.
For metals, the free electron model indicates that the contribution of (electronic)
excited states to materials properties are negligible [43]. In theory, this allows in a
first step to assign each configuration {RA} an electronic energy

VP ({RA}) = E0
e (; {RA}) (1.113)

that can be viewed as an effective energy landscape (=pseudo potential) for the
nuclei. The minimum of this effective energy landscape (= electronic ground state
energy minimized with respect to the parametric atomic positions) is the zeroth
order approximation in κ to the total ground state energy of the molecule/material:

E0 = min
{RA}

[E0
e (; {RA})] +O(κ). (1.114)
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1.5 Periodic systems

Furthermore, one obtains an effective Hamiltonian Hn and Schrödinger equation for
the nuclei

Hn = Tn + VP (1.115)

Hn |Ψl
n〉 = El

n |Ψl
n〉 , (1.116)

with eigenenergies El
n for the material/molecule (including electronic contributions

via the effective potential) and corresponding eigenfunctions Ψl
n(R1, . . . ,RNn) =

〈R1, . . . ,RNn|Ψl
n〉. The eigenvalues El

n include higher order contributions in κ: vi-
brations O(κ2) and rotations O(κ4) of the nuclei. The vibrational contributions are
often calculated in the harmonic approximation.

The coupling between the movement of the nuclei and the electrons only enters
in higher order terms O(κ6). The Born-Oppenheimer approximation neglects this
coupling, or in other words it approximates the total wave function as a product of
an electronic and a nuclear wave function:

|Ψn〉 = |Ψm
e 〉 ⊗ |Ψl

n〉 (1.117)

with the compound index n = (m, l). This formally allows the above separation of
the Hamiltonian into an electronic and a nuclear part and to calculate the electronic
wave function in a first step and the nuclear wave function in a separate second step.
In reality, the coupling between the electronic and the nuclei degrees of freedom
leads to interesting phenomena like super conductivity, however, within the scope
of this thesis we will not consider these terms and apply the Born-Oppenheimer
approximation. In fact, most of the time, we will only be interested in the solution of
the electronic Hamiltonian and will use the term Born-Oppenheimer approximation
to indicate that the positions of the nuclei are assumed to be external parameters.

1.5 Periodic systems

In order to calculate the electronic structure of extended systems by computa-
tional/numeric means, on the one hand one needs to impose periodic boundary
conditions (extended system) and on the other hand one needs to discretize (numer-
ics) our system.

1.5.1 The model crystal and Born-von Karman boundary
conditions

We will focus on extended systems that are crystalline in the mathematical sense.
In three dimensions, this means they can be described by a set of basis vectors
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{a1, a2, a3} and a basis1. The volume that contains all points v = c1·a1+c2·a3+c3·a3
that can be reached by a linear combination of the basis vectors with coefficients
0 ≤ ci < 1 is the unit cell. The lattice vectors {R} form the set of all possible linear
combinations R = R1 · a1 +R2 · a2 +R3 · a3 with integer coefficients Ri. The whole
crystal structure is an infinite periodic system, generated by the translation of the
basis to any possible lattice vector. The smallest unit cell from which the lattice can
be constructed, i.e. the one with the least number of atoms in the basis, is called
primitive cell. For example the face centered cubic (fcc) structure, is obtained from
the basis vectors

afcc
1 = (a/2, a/2, 0) afcc

2 = (a/2, 0, a/2) afcc
3 = (0, a/2, a/2) (1.118)

and a single atom basis, e.g. at (0, 0, 0). The fcc structure, shown in Fig. 1.1 is for
example found for aluminum, copper and silver.

Figure 1.1: Face centered cubic (fcc) structure. The black box is the conven-
tional unit cell, inside (red) is the primitive cell. The basis for the primitive
cell is a single atom, the atoms in the other corners already belong to the next
(translated) primitive cell.

A prominent example of a lattice with a two atom basis is diamond, Fig. 1.2.
The basis vectors for the primitive cell are again fcc, see Eq. (1.118), but in this
case the basis contains two atoms at (0, 0, 0) and 1/4(a1 + a2 + a3).

Usually, in a piece of material the number of atoms is very large (1g of iron
consists of roughly 1022 atoms). Therefore, for most purposes it is a reasonable
assumption to approximate the conditions in the bulk by a model of an infinitely
large extended crystal, neglecting surface effects. This brings considerable advan-
tages in the mathematical description, since plane waves provide a convenient basis
to describe functions in such systems and one can use Fourier transforms or the

1Here the term basis means a finite set of coordinates, where each coordinate corresponds to a
point particle, e.g. a nucleus. The basis can be chosen such that all coordinates are within the
unit cell.
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1.5 Periodic systems

Figure 1.2: Crystal structure of diamond. The primitive cell is spanned by ai

and the two atom basis is indicated in dark gray. Picture taken from [44].

reciprocal space representation:

f̃(g) = F [f(r)](g) =
∫
e− i grf(r)d3r (1.119)

f(r) = F−1[f̃(g)](r) = 1
(2π)3

∫
ei grf̃(g)d3g, (1.120)

where g is a vector in reciprocal space. Each lattice in real space has a corresponding
lattice in reciprocal space and the basis vectors of the reciprocal lattice are obtained
from the real space basis vectors in the following way

b1 = a2 × a3

Ω b2 = a3 × a1

Ω b3 = a1 × a2

Ω , (1.121)

where × denotes the vector product and Ω = a1 · (a2 × a3) is the unit cell volume.
The unit cell of the reciprocal lattice is usually called Brillouin zone.

In the above described model crystals, the total potential experienced by a test
charge in the unit cell consists of contributions from all the nuclei throughout the
infinitely large system. It is clear that when one uses the Born-Oppenheimer ap-
proximation for the electronic structure calculation in this model system, the total
external potential experienced by the electrons is periodic, i.e. invariant under the
translation by a lattice vector. However, the electronic wave function does not nec-
essarily show the same periodicity. Bloch’s theorem, discussed later in this section,
addresses the implications of a periodic potential on the electronic wave function.

The theoretical concept for the boundary conditions to obtain a correct descrip-
tion of the electronic structure of a model crystal are Born-von Karman boundary
conditions. They assume that the electronic wave function has the following peri-
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odicity:
Ψ(r) = Ψ(r +Niai) i ∈ {1, 2, 3}. (1.122)

This can also be interpreted as constructing a super cell out of N = N1 · N2 · N3
unit cells, with super cell basis vectors as

i = Niai – which is in principle just another
choice for the unit cell of the same lattice – and imposing the periodicity of the super
lattice on the electronic wave function. In the limit Ni →∞ one obtains the correct
description since the “whole” infinitely large crystal is contained in the super cell.
The super cell has in principle still periodic boundary conditions, though they are
shifted to ∞. Later we will see that truncating the Ni corresponds to discretizing
the Brillouin zone in the reciprocal space.

1.5.2 Discretization and discrete Fourier transforms
We will now explain the implications for the description of model crystals arising
from the numerically necessary discretization of space. To explain the basic prin-
ciples we will only consider a one dimensional system. The generalization to three
dimensions works seamless.

We start by discretizing the real (position space) axis into intervals of length ∆r.

0

↓

0

∆r
In a second step, we impose periodic boundary conditions. The interval

[−∆rN/2,∆rN/2) is periodically repeated in both directions (±):

0

∆r ∆r ·N/2

In the last step, we partition the periodic intervals into M blocks of length L, i.e.
N = M · L:

0 ∆r · L/2
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1.5 Periodic systems

In the following, we will always assume that the distance L ·∆r = a = const. and
for the sake of readability, we assume M and L are even.

We may discretize any function f : R → C as fn : Z → C, fn = f(rn). Since
we imposed periodic boundary conditions, we can express any discretized function
(=vector) through its Fourier components f̃ via the discrete Fourier transform:

fn = 1
M

M/2−1∑
m=−M/2

L/2−1∑
l=−L/2

f̃m+l·M exp[i(km + gl·M)rn] (1.123)

with

km = 2π
∆r

m

ML
(1.124)

gl·M = 2π
∆r

lM

ML
(1.125)

and

f̃m+l·M = 1
L

ML/2−1∑
n=−ML/2

fn exp[− i(km + gl·M)rn]. (1.126)

The interval around 0 contains the points {r−ML/2, r−ML/2+1, . . . , rML/2−1}, with
rn = n ·∆r and any discretized function with that interval as its domain is period-
ically continued onto the whole discretized real axis by the above discrete Fourier
transform.

Now, since the distance L ·∆r is held constant, increasing the number of points
per block L corresponds to making the mesh finer, i.e. ∆r smaller. On the other
hand, increasing the number of blocks per interval M corresponds to extending the
length of each interval.

In the limit M →∞ at constant a = L∆r, the sum over m in the inverse discrete
Fourier transform Eq. (1.123) turns into a Riemann integral:

∆k = 2π
∆r

1
ML

→ dk = 2π
a

1
M

(1.127)

1
M

M/2−1∑
m=−M/2

h̃(km)→ a

2π

∫ π
a

− π
a

dkh̃(k). (1.128)

This limit corresponds to discretizing the whole real axis, i.e. shifting the periodic
boundaries to ±∞. From another point of view, discretizing the interval [−π/a, π/a]
in reciprocal (k-)space corresponds to imposing periodic boundary conditions in real
(r-)space. In a 3D system, with Born-von Karman boundary conditions Eq. (1.122),
truncating the limit Ni → ∞ and hence imposing periodic boundary conditions at
finite distances is equivalent to discretizing the first Brillouin zone in reciprocal
space.

If one considers the continuum limit ∆r → 0 while keeping a = L∆r constant,
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then L→∞ and the sum over n in the discrete Fourier transform Eq. (1.126) turns
into a Riemann integral:

1
L

= ∆r
a
→ 1

L
= dr

a
(1.129)

1
L

L/2−1∑
n=−L/2

h(rn)→ 1
a

∫ a/2

− a
2

drh(r). (1.130)

Discretizing the interval [−a/2, a/2] in real space corresponds to truncating the
reciprocal space interval to finite boundaries. In a 3D system, this means that
discretizing the real space is equivalent to imposing a cut-off on the considered
reciprocal lattice vectors.

If we take both limits L→∞ and M →∞, we reproduce the continuous Fourier
transform and its inverse in 1D, cf. Eq. (1.119) and (1.120):

f̃m+l·M → f̃(k +G) =
∑
{R}

1
a

∫ a
2

− a
2

dr exp[− i(k +G)(r +R)]f(r +R) (1.131)

fn → f(r +R) =
∑
{G}

a

2π

∫ π
a

− π
a

dk exp[i(k +G)(r +R)]f̃(k +G) (1.132)

where {R} and {G} is the set of all 1D lattice vectors and reciprocal lattice vectors
respectively:

{R} = {R : R = n · a, n ∈ Z} (1.133)

{G} = {G : G = n · 2π
a
, n ∈ Z} (1.134)

exp(iGR) = 1. (1.135)

In summary, transferring the above observations to integrals in 3D systems, one
finds that discretizing the primitive cell corresponds to truncating the sum over
reciprocal lattice vectors while using truncated Born-von Karman boundary condi-
tions corresponds to discretizing the first Brillouin zone (BZ) in reciprocal space.
Note that the truncation of the reciprocal lattice vectors G in 3D is often associated
to a basis set truncation of a plane wave basis. Hence the cut-off condition is often
determined by a cut-off energy, i.e. only plane waves with energies εPW below the
cut-off energy Ecut are considered. This leads to the following truncation of the
reciprocal lattice vectors:

εPW(k + G) = (k + G)2

2 < Ecut ⇒ |k + G| <
√

2Ecut, k ∈ BZ. (1.136)

It is important to keep the relation between real space and reciprocal space dis-
cretization in mind, as switching from one to the other by means of fast Fourier
transforms (FFT) often increases the performance of simulations significantly, e.g.
convolutions turn to simple multiplications.
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1.5 Periodic systems

1.5.3 Bloch’s theorem

We already mentioned that the wave function of electrons in a lattice periodic poten-
tial does not necessarily show the same periodicity as the lattice. However, Bloch’s
theorem [45] states that the energy eigenstates {φnk(r)} of independent particles in
a perfect crystal, i.e. in a lattice periodic external potential, can be written as a
product

φnk(r) = exp(i kr)unk(r), (1.137)
where the function unk(r) observes the same periodicity as the potential, with basis
vectors ai, i ∈ {1, 2, 3} and lattice vectors R ∈ {R : R = m1a1 +m2a2 +m3a3,mi ∈
Z}:

unk(r + R) = unk(r) ∀R. (1.138)
Here, the wave vector k is, in principle, an arbitrary vector in reciprocal space and
the band index n is a good quantum number (i.e. a discrete index) that orders the
eigenstates of the independent particle Hamiltonian according to their energy. For a
fixed n (=within a band), φnk and its energy eigenvalue εnk vary continuously with k.
A comprehensible proof of Bloch’s theorem can be found in refernce [46] by Ashcroft
and Mermin. The proof uses that the lattice translation operator T̂Rφ(r) = φ(r+R)
commutes with the Hamiltonian, hence they have a simultaneous eigenbasis. One
can show that the eigenvalues of T̂R are c(R) = exp(ikR) and conclude that the
energy eigenfunctions have the form proposed in Eq. (1.137). Bloch’s theorem is
particularly useful as the Bloch waves {φnk} can be used as a single particle basis
and in turn they can be used for the construction of Slater determinants in many
particle calculations. Consider now a Bloch wave φn(k+G):

φn(k+G) = exp[i(k + G)r]un(k+G)(r) = exp(i kr)ūn(k+G)(r). (1.139)

For any reciprocal lattice vector G ∈ {G : G = 2π(n1b1 + n2b2 + n3b3), ni ∈ Z},
cf. Eq. 1.121), one obtains

exp(i RG) = 1. (1.140)
Hence, one can conclude that ūn(k+G)(r) is a lattice periodic function and therefore,
according to Bloch’s theorem, |φn(k+G)〉 is also a Bloch wave. As a consequence, one
can equate

|φn(k+G)〉 = |φnk〉 . (1.141)
This allows to restrict the reciprocal vectors k in the basis set {φnk} to the first
Brillouin zone. Therefore in periodic systems, a sum over all states, becomes a sum
over the band indices and an integral over the first Brillouin zone. For example the
trace of an arbitrary one particle operator Ô is given as

Tr[Ô] =
∫

BZ
d3k

∑
n

〈φnk|Ô|φnk〉 . (1.142)
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1 Introduction

Of course, if one treats periodic systems numerically, the integral is replaced by an
appropriate quadrature with weights wi:∫

BZ
d3k→

∑
ki∈BZ

wi. (1.143)

In later chapters we will implicitly make use of Bloch’s theorem, and assume that
for periodic systems, a sum over basis states is actually a sum over Bloch waves in
the first Brillouin zone, with compound index (n,k)→ n:∑

ki∈BZ
wi

∑
n

→
∑

n

. (1.144)

Note that while Blochs theorem in its original formulation is only valid for non-
interacting particles, it can be extended to many electron wave functions [47]. Also,
even in its original formulation, one can apply Bloch’s theorem directly to mean-field
theories like Hartree-Fock (chapter 2) or density functional theory (chapter 3), since
these widely used methods model electronic systems as non-interacting particles in
an effective external potential.

1.6 Spin
The electronic spin is fundamental in the quantum mechanical description of elec-
trons. It emerges naturally from the Dirac equation in the (special) relativistic
description of quantum mechanics [48]. However, in this thesis we choose a non-
relativistic approach to quantum theory and therefore the spin is just considered
as an additional degree of freedom. Historically, Pauli introduced a new quantum
number that allowed to describe the anomalous Zeeman effect in 1924 [39]. In this
way, he could impose his exclusion principle to describe spectral properties of atoms
accurately. The concept was developed further to the theory of electronic spin and
to describe electrons within this theory, the spatial orbitals that yielded the origi-
nal three quantum numbers (n,l,m) where extended with spin states |α〉 to form a
spatial-spin product state:

|χ〉 = |φ〉 ⊗ |α〉 (1.145)
The resulting spin orbitals |χ〉 yield a complete description of an electronic state
in non relativistic quantum mechanics. For the sake of completeness, we note that
in order to explain the fine structure of spectral lines in non-relativistic quantum
mechanics, the Hamiltonian needs to contain a term that couples the spatial and
spin Hilbert space, i.e. spin-orbit coupling.

In this thesis we do not consider spin orbit coupling or external magnetic fields,
i.e. the Hamiltonians we discuss are purely spatial and do not act in the spin Hilbert
space. However, it is still important to consider single particle states as spin orbitals,
because of the implications it has on symmetry properties in quantum many body
theory. This important fact can already be shown for the simple model system of
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1.6 Spin

the hydrogen molecule [49].
Unfortunately, including spin explicitly often makes the notation more cumber-

some and can sometimes worsen readability by obscuring the relevant insights.
Therefore, we will generally adopt a spin free notation throughout this thesis as
commonly observed in publications in this research area. In the literature one of-
ten encounters similar sentences like “this can be easily generalized to include spin”.
Since this is usually true and often simplifies the task of pinning down the important
details we adopt the same strategy in this thesis. However one needs to be aware
that in principle, spin has to be considered always in many body fermionic theories
and in some cases it may not be trivial to extend a problem, approach, algorithm,
model, or theory to contain spin. Whenever this is the case, we will explicitly bring
it to the reader’s attention and will try to give a proper description. But most of the
time, the generalization to include spin is straight forward and will not be discussed
explicitly. It is implied that making the following changes is usually sufficient to
achieve the desired generalization:

• replace spatial orbitals |φ〉 with spin orbitals |χ〉 = |φ〉 ⊗ |α〉

• replace spatial degrees of freedom r with space-spin degrees of freedom x =
(r, σ)

• replace the integration over spatial degrees of freedom with a sum over all spin
degrees of freedom and spatial degrees of freedom

• if necessary, adjust occupancies fn

∫
d3r 〈r|φ〉 −→

∫
dx 〈x|χ〉 =

∑
σ

∫
d3r 〈r|φ〉 〈σ|α〉 (1.146)

∑
i∈occ.

−→
∑

n

fn (1.147)

∑
a∈uocc.

−→
∑

n

(1− fn) (1.148)
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Chapter 2

The Hartree and Hartree-Fock
method

The Hartree-Fock method is one of the most prominent examples for approximations
to solve the many electron Schrödinger equation. In the following chapter we will
try to give a detailed description of the Hartree-Fock method, because it is not only
one of the most widely used methods in computational materials science but also
theoretically interesting and pedagogically valuable. It is often used as a starting
point for the more sophisticated methods presented in this thesis and it introduces
concepts that are highly relevant for the theoretical description of those methods.

The method originates from the work of Douglas Rayner Hartree [50] and
Wladimir Alexandrowitsch Fock [51] first published in 1928 and 1930 respectively.
The method was simplified two decades later by John Clarke Slatter, introducing
Slatter determinants. It is nowadays a standard method in computational quantum
chemistry and materials physics. Due to its high relevance for this work and because
it poses a very good introduction into the electronic many body problem, a brief
overview of the method is given in this chapter. This chapter is also useful for
establishing the notation and terminology used throughout this thesis.

To find a solution of the N -electron Schrödinger equation in the Born-
Oppenheimer approximation, one is in search for a feasible approximation as
the exact solution for more than one electron, in general, cannot be solved analyti-
cally and is numerically an exponentially hard problem with respect to the number
of electrons.

In a first attempt, one might consider that the electronic interaction can be de-
scribed by a self consistent mean-field approach. The basic idea is to solve the single
particle Schrödinger equation for one electron, in an effective field that arises from
the other electrons and a given positive charge distribution (e.g. point charges for
atomic nuclei). The resulting wave functions (orbitals) in turn contribute to the
effective field in the Hamiltonian for the other electrons. Ultimately in a reasonable
mean-field theory, it is necessary that the effective field of the electrons and the
electron orbitals are self consistent. We will first ignore spin degrees of freedom in
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2 The Hartree and Hartree-Fock method

order to establish the concept in the simplest possible way. In the last section of
this chapter we will repair this simplification and provide the correct description
including spin.

2.1 The Hartree product
With this approach in mind, a straight forward ansatz for the N -electron wave
function would be a simple product of one electron orbitals, the so called Hartree
product:

ΨHP(r1, r2, · · · , rN) = φ(r1) · φ(r2) · · ·φ(rN) (2.1)

The contribution from the other (N − 1) electrons to the effective field for the
i-th electron would be intuitively constructed as the classic Coulomb potential of
the charge density of the (N − 1) electrons:

ni(r) =
N∑

j=1
j 6=i

|φj(r)|2 (2.2)

vi
ee(r) =

∫
dr′ni(r′) 1

|r− r′|
(2.3)

The corresponding single particle Hamiltonians and orbitals can be calculated self
consistently to obtain the Hartree approximation to the many body wave function.
However, this is obviously a crude approximation, because it not only assumes that
the electrons interact only via their mean-field with each other, but also the resulting
wave function does not generally satisfy the anti-symmetry principle. This can be
seen easily in the case for two electrons, where the anti-symmetry principle would
require that

ΨHP(r1, r2) = −ΨHP(r2, r1) (2.4)

φ1(r1) · φ2(r2) = −φ1(r2) · φ2(r1) (2.5)

which is generally not the case.

2.2 Slater determinants
For a two electron system, one can easily construct an anti-symmetric two electron
state ΨAS out of two one particle states in the following way:

ΨAS(r1, r2) = 1√
2

[φ1(r1)φ2(r2)− φ1(r2)φ2(r1)] (2.6)
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2.2 Slater determinants

This constructions fulfills the required anti-symmetry principle of fermions for every
choice of one electron orbitals φ1 and φ2.

This approach can be generalized for N electrons with so called Slater determi-
nants. In the above case for two electrons, one can write the expression as the
determinant of a 2× 2 matrix

ΨAS(r1, r2) = 1√
2

∣∣∣∣∣φ1(r1) φ2(r1)
φ1(r2) φ2(r2)

∣∣∣∣∣ (2.7)

A N -particle fermionic state can be constructed from an arbitrary set of N single
particle states analogously, cf. Eq. (1.28):

ΨAS(r1, r2, ..., rN) = 1√
N !

∣∣∣∣∣∣∣∣∣∣
φ1(r1) φ2(r1) . . . φN(r1)
φ1(r2) φ2(r2) . . . φN(r2)

... ... . . . ...
φ1(rN) φ2(rN) . . . φN(rN)

∣∣∣∣∣∣∣∣∣∣
= 1√

N !
∑

σ∈SN

(
sgn(σ)

N∏
i=1

φσi
(ri)

)

= 〈r1r2 . . . rN |φ1, φ2, . . . , φN〉 , (2.8)

with permutations σ = (σ1, . . . , σN) from the set of all possible permutations of
N elements SN (= symmetric group on N elements) and the sign function sgn(σ)
which is +1 for even and −1 for odd permutations. As can be seen above, from now
on we denote a Slater determinant constructed from the orbital set {φj, φk, . . . , φZ}
as |φj, φk, . . . , φZ〉. Since the determinant changes its sign when two rows are ex-
changed it is obvious that this construction of the Slater determinant fulfills the
anti-symmetry principle, i.e. exchanging the position coordinate of two electrons
changes the sign of the many particle state. As a consequence it incorporates the
Pauli exclusion principle that two electrons may not occupy the same orbital, since
the determinant is 0 if any two orbitals are identical up to a phase factor. What
can also be seen from this ansatz is that the electrons in a many particle state are
indistinguishable. It would be wrong, to characterize the state by saying electron
1 occupies orbital number 1 and so on. Instead the situation can be visualized as
all electrons being associated with all orbitals simultaneously (in a superposition of
states in which the electrons would be distinguishable).

Note that the Slater determinant is invariant under unitary transformation be-
tween the orbitals U : {φn} → {φ̃n} with φ̃n = ∑

m Unmφm.

Proof : Consider the matrix from which the determinant is taken in the first line of
Eq. (2.8). Let’s call this matrix A. The Slater determinant Ψ̃AS for the transformed
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2 The Hartree and Hartree-Fock method

orbitals {φ̃n} can be obtained as:

Ψ̃AS(r1, r2, ..., rN) = 1
N !det((UA

T )T ) = 1
N !det(UA

T ) (2.9)

= 1
N ! det(U)︸ ︷︷ ︸

=1

det(AT ) = 1
N !det(A)

=ΨAS(r1, r2, ..., rN) (2.10)

�
It turns out that restricting the many electron state to a single Slater determinant

built from an orthonormal set of orbitals is equivalent to approximating the Hamil-
tonian as an independent particle Hamiltonian in which each electron only “feels”
the mean-field Coulomb potential of the other electrons as well as a so called mean-
field “exchange” interaction that has no classical analogue. This fact will become
clear in the following sections.

2.3 The Hartree-Fock energy functional
In first quantization, the many body Hamiltonian for an N electron system – cf.
Eqs. (1.46), (1.66), (1.68) and (1.71) – is given by:

H =
N∑

i=1
hi + 1

2
∑
ij

i 6=j

vij +VNN (2.11)

with the one electron operator

hi = −1
2∇

2
i −

∑
α

Zα

riα

(2.12)

and the interaction term
vij = 1

rij

= 1
|ri − rj|

(2.13)

For a fixed set of atomic positions (Born-Oppenheimer approximation) the term
VNN , describing the interactions between the nuclei, is just an additive constant and
will be disregarded in the following considerations.

The electronic energy Eel of a given N electron state |Ψ〉 is the expectation value
of the Hamiltonian in that state, which is larger than the ground state energy E0
due to the variational theorem stating that the energy of an arbitrary N electron
state is an upper bound for the N electron ground state energy

E0 ≤ Eel[Ψ] = 〈Ψ|H|Ψ〉 . (2.14)
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2.3 The Hartree-Fock energy functional

In the Hartree-Fock method, one wants to approximate the ground state by a single
Slater determinant |ΨAS({φn})〉 constructed from an orthonormal set of orbitals
{φn}. In general, due to the variational principle, the energy of the state |ΨAS({φn})〉
will be larger than the true ground state energy E0 and the energy difference is given
by

∆E = 〈ΨAS({φn})|H|ΨAS({φn})〉 − E0 (2.15)
The best choice of orbitals with respect to the energy, i.e. the orbital set that
minimizes the energy difference ∆E, is obtained by minimizing the energy functional
Eel[ΨAS({φn})] with respect to the orbitals under the restriction that they remain
orthonormal:

EHF
0 = min

{φn}
(Eel[ΨAS({φn})]) . (2.16)

The resulting approximation to the ground state energy is the Hartree-Fock energy
EHF

0 and the corresponding state is the Hartree-Fock ground state |ΨHF
0 〉. The

difference between the true ground state energy and the Hartree-Fock energy is
usually referred to as correlation energy Ec:

Ec = E0 − EHF
0 . (2.17)

We will now rewrite Eel explicitly in terms of the functions {φn}, which will allow
us to calculate EHF

0 in a systematic way.

Eel[ΨAS({φn})] = 〈ΨAS({φn})|H|ΨAS({φn})〉 (2.18)

= 1
N !

∫
. . .
∫

d3r1 . . . d3rN

∑
σ∈SN

(
sgn(σ)

N∏
n=1

φ∗
σn

(rn)
)

Ĥ
∑

σ′∈SN

(
sgn(σ′)

N∏
m=1

φσ′
m

(rm)
)

(2.19)

We now evaluate the one particle and the two particle part of the Hamiltonian
separately. The one particle part can be simplified in the following way:

〈ΨAS({φn})|
N∑

i=1
ĥi|ΨAS({φn})〉 =

N∑
n=1
〈φn|ĥ|φn〉 (2.20)
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2 The Hartree and Hartree-Fock method

Proof :
∫
. . .
∫

d3r1 . . . d3rN

∑
σ∈SN

(
sgn(σ)

N∏
n=1

φ∗
σn

(rn)
)

ĥi

∑
σ′∈SN

(
sgn(σ′)

N∏
m=1

φσ′
m

(rm)
)

=
∑

σ,σ′∈SN

sgn(σ) sgn(σ′)
∏
n6=i

∫
φ∗

σn
(rn)φσ′

n
(rn)d3rn︸ ︷︷ ︸

=δσ,σ′

∫
φ∗

σi
(ri)ĥiφσ′

i
(ri)d3ri

=
∑

σ∈SN

∫
φ∗

σi
(ri)ĥiφσi

(ri)d3ri

= (N − 1)!
N∑

n=1

∫
φ∗

n(ri)ĥiφn(ri)d3ri (note: equal for each choice of i) (2.21)

⇒〈ΨAS({φn})|
N∑

i=1
ĥi|ΨAS({φn})〉 =

N∑
n=1

∫
φ∗

n(r)ĥφn(r)d3r =
N∑

n=1
〈φn|ĥ|φn〉 (2.22)

In the second line of Eq. (2.21), we have used that the orbitals form an orthonormal
set. The normalization factor 1/N ! that stems from ΨAS cancels with the factor
(N − 1)! and the factor N from the sum ∑

i as the summands are independent of i.
�

The two particle part is a bit more complicated and yields:

〈ΨAS({φn})|
1
2
∑
ij

i 6=j

v̂ij|ΨAS({φn})〉 =

1
2

N∑
nm

n 6=m

〈φn| 〈φm| v̂ |φn〉 |φm〉 − 〈φn| 〈φm| v̂ |φm〉 |φn〉

= 1
2

N∑
nm

n6=m

〈nm|nm〉 − 〈nm|mn〉 , (2.23)

where in the last line we used the physicists’ notation for the two electron integrals:

〈ij|kl〉 =
∫

d3r1d3r2φ
∗
i (r1)φ∗

j(r2)
1
r12

φk(r1)φl(r2). (2.24)
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2.3 The Hartree-Fock energy functional

Proof of Eq. (2.23):

∫
. . .
∫

d3r1 . . . d3rN

∑
σ∈SN

(
sgn(σ)

N∏
n=1

φ∗
σn

(rn)
)

v̂ij

∑
σ′∈SN

(
sgn(σ′)

N∏
m=1

φσ′
m

(rm)
)

=

∑
σ,σ′∈SN

sgn(σ) sgn(σ′)
∏

n6=i,j

∫
φ∗

σn
(rn)φσ′

n
(rn)d3rn︸ ︷︷ ︸

=(δσ,σ′ −δσ,σ′
i↔j

)

× (2.25)

∫∫
φ∗

σi
(ri)φ∗

σj
(rj)v̂ijφσ′

i
(ri)φσ′

j
(rj)d3rid3rj

=
∑

σ∈SN

∫∫
φ∗

σi
(ri)φ∗

σj
(rj)v̂ijφσi

(ri)φσj
(rj)− φ∗

σi
(ri)φ∗

σj
(rj)v̂ijφσj

(ri)φσi
(rj)d3rid3rj

= (N − 2)!
N∑

nm
n 6=m

∫∫
d3rid3rj

[
φ∗

n(ri)φ∗
m(rj)v̂ijφn(ri)φm(rj)

− φ∗
n(ri)φ∗

m(rj)v̂ijφm(ri)φn(rj)
]

(2.26)

(note: equal for each choice of i and j)

⇒〈ΨAS({φn})|
1
2

N∑
ij

i 6=j

v̂ij|ΨAS({φn})〉 =

= 1
2

N∑
nm

n6=m

∫∫
φ∗

n(r)φ∗
m(r′)v̂φn(r)φm(r′)− φ∗

n(r)φ∗
m(r′)v̂φm(r)φn(r′)d3rd3r′

= 1
2

N∑
nm

n6=m

〈φn| 〈φm| v̂ |φn〉 |φm〉 − 〈φn| 〈φm| v̂ |φm〉 |φn〉 . (2.27)

In the second line of Eq. (2.25), σ′
i↔j corresponds to the permutation that is

obtained by swapping σ′
j with σ′

i in σ′. In other words, the expression underbraced
is 1 if σ = σ′ and it is -1 if σ and σ′ are equal except for the entries i, j for which
σi = σ′

j and σj = σ′
i. We used again the orthonormality of the orbitals to achieve

this simplification. The normalization factor 1/N ! that stems from ΨAS cancels with
the factor (N − 2)! in Eq. (2.25) and the factor N(N − 1) from the sum ∑

ij;i 6=j as
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2 The Hartree and Hartree-Fock method

the summands are independent of i and j. �

We can summarize the results of this section and write the Hartree-Fock energy
functional EHF[{φn}] as a functional that depends on the orthonormal set of orbitals
used to construct a many particle state |ΨAS({φn})〉:

EHF[{φn}] =Eel[ΨAS({φn})] (2.28)

=
N∑

n=1
〈φn|ĥ|φn〉+ 1

2

N∑
nm

n 6=m

〈φn| 〈φm| v̂ |φn〉 |φm〉 − 〈φn| 〈φm| v̂ |φm〉 |φn〉 .

2.4 The Hartree-Fock equations

The Hartree-Fock energy is obtained by minimizing the energy functional in Eq.
(2.28) under the constraint that the {φi} stay orthonormal, compare Eq. (2.16).
This constrained minimization can be achieved with Lagrange’s method of undeter-
mined multipliers. The functional we need to minimize is

L[{φn}] = EHF[{φn}] +G[{φn}] (2.29)

which contains the constraint

G[{φn}] =
∑
nm

λnm(δnm − 〈φn|φm〉) (2.30)

with Lagrange multipliers λij. We find the minimum by the variational method:

δL[{φn}] = 0 (2.31)
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2.4 The Hartree-Fock equations

First we calculate the variation of EHF[{φn}]:

δEHF[{φn}] =EHF[{φn + δφn}]− EHF[{φn + δφn}]

=
N∑

n=1
〈δφn|ĥ|φn〉+ 〈φn|ĥ|δφn〉

+ 1
2

N∑
nm

m6=n

〈δφn| 〈φm| v̂ |φn〉 |φm〉 − 〈δφn| 〈φm| v̂ |φm〉 |φn〉

+ 〈φn| 〈δφm| v̂ |φn〉 |φm〉 − 〈φn| 〈δφm| v̂ |φm〉 |φn〉

+ 〈φn| 〈φm| v̂ |δφn〉 |φm〉 − 〈φn| 〈φm| v̂ |δφm〉 |φn〉

+ 〈φn| 〈φm| v̂ |φn〉 |δφm〉 − 〈φn| 〈φm| v̂ |φm〉 |δφn〉

+O(δ2) (2.32)

Since n,m are dummy indices and

〈kl| v |mn〉 = 〈lk| v |nm〉 (2.33)

we can find a more compact form for the first order (in δφn) variation:

δ(1)EHF[{φn}] =
N∑

n=1
〈δφn|ĥ|φn〉+ 〈φn|ĥ|δφn〉 (2.34)

+
N∑

nm
n6=m

〈δφn| 〈φm| v̂ |φn〉 |φm〉 − 〈δφn| 〈φm| v̂ |φm〉 |φn〉

+ 〈φm| 〈φn| v̂ |φm〉 |δφn〉 − 〈φn| 〈φm| v̂ |φm〉 |δφn〉

=
N∑

n=1
〈δφn|ĥ|φn〉+

N∑
m=1
〈δφn| 〈φm| v̂ |φn〉 |φm〉 − 〈δφn| 〈φm| v̂ |φm〉 |φn〉

+ cc.
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2 The Hartree and Hartree-Fock method

We also used that the m = n term in the sum is always 0 in order to lift the
restriction that we should not sum over m = n.

The first order variation of the constraint G[{φn}] yields:

δG(1)[{φn}] = −
∑
nm

λnm(〈δφn|φm〉+〈φn|δφm〉) = −
∑
nm

λnm 〈δφn|φm〉+λmn 〈φm|δφn〉 .

(2.35)
Combining the results from Eqs. (2.34) & (2.35) and using it in Eq. (2.31) we
obtain:

δ(1)L[{φn}] = (2.36)

N∑
n=1
〈δφn|

(
ĥ |φn〉+

N∑
m=1
〈φm| v̂ |φn〉 |φm〉 − 〈φm| v̂ |φm〉 |φn〉 − λnm |φm〉

)

+
[

N∑
n=1
〈δφn|

(
ĥ |φn〉+

N∑
m=1
〈φm| v̂ |φn〉 |φm〉 − 〈φm| v̂ |φm〉 |φn〉 − λ∗

mn |φm〉
)]∗

= 0.

The variational method requires the above Eq. (2.36) to be true for arbitrary small
variations 〈δφn|, hence we deduce that

ĥ |φn〉+
N∑

m=1
〈φm| v̂ |φn〉 |φm〉 − 〈φm| v̂ |φm〉 |φn〉 − λnm |φm〉 = 0 (2.37)

and

ĥ |φn〉+
N∑

m=1
〈φm| v̂ |φn〉 |φm〉 − 〈φm| v̂ |φm〉 |φn〉 − λ∗

mn |φm〉 = 0. (2.38)

It can be easily checked that Eqs. (2.37) & (2.38) individually follow from Eq. (2.36)
by using first an arbitrary real variation Im(〈r|δφn〉) = 0 ∀n and second an arbitrary
purely imaginary variation Re(〈r|δφn〉) = 0 ∀n. In the first case, the left side of Eq.
(2.37) would need to be the negative of Eq. (2.38), in the second case they would
need to be equal, hence both need to be 0 individually.

By subtracting Eq.(2.37) from Eq.(2.38) we further find that λ is Hermitian.
Hence Eqs.(2.37) & (2.38) are equivalent and in what follows we consider only Eq.
(2.37).

The functional in Eq. (2.29) is invariant under unitary transformations between
the orbitals U : {φn} → {φ̃n} with φ̃n = ∑

m Unmφm. For the constraint G[{φn}]
this is obvious. For EHF[{φn}] this follows from the fact that the Slater determinant
is invariant under unitary transformations of the constituting orbitals – see also Eq.
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(2.10):

EHF[{φ̃n}] = Eel[ΨAS({φ̃n})] = Eel[ΨAS(U{φn})] = Eel[ΨAS({φn})] = EHF[{φn}].
(2.39)

This means that if a set of orbitals {φn} and Lagrange multipliers λnm solve Eq.
(2.37) and therefore this set minimizes the Hartree-Fock energy functional under
the orthonormality constraint, so does the unitarily transformed set {φ̃n} : φ̃n =∑

m Unmφm. Rewriting Eq. (2.37) in terms of {φ̃n} we have:

ĥ
∑

l

U †
nl |φ̃l〉+

∑
jklm

〈φ̃j|Ujmv̂U †
nl |φ̃l〉U †

mk |φ̃k〉

−
∑
jklm

〈φ̃j|Ujmv̂U †
mk |φ̃k〉U †

nl |φ̃l〉 −
∑
jm

λnmU
†
mj |φ̃j〉 = 0 (2.40)

ĥ |φ̃i〉+
∑

j

〈φ̃j| v̂ |φ̃i〉 |φ̃j〉 −
∑

j

〈φ̃j| v̂ |φ̃j〉 |φ̃i〉 −
∑
nmj

UinλnmU
†
mj |φ̃j〉 = 0 (2.41)

From Eq. (2.40) to Eq. (2.41) we multiplied both sides with with Uin, carried out
the sum over the indices m,n, k, l in the first three terms and used the property of
the unitary matrix ∑m U

†
jmUmk = δjk. Now the Lagrange multiplier matrix λ in the

last term is subject to the same unitary transformation as the {φ̃n} are with respect
to the {φn}. Since an arbitrary unitary transformation on the orbital set leaves the
functional in Eq. (2.29) invariant and λ is Hermitian, we may choose U such that
it diagonalizes λ: ∑

nm

UinλnmU
†
mj = εiδij (2.42)

Omitting the tilde this leaves us finally with the canonical Hartree-Fock equation
which also defines the Fock operator F̂ :

ĥ |φi〉+
∑

j

〈φj| v̂ |φi〉 |φj〉 −
∑

j

〈φj| v̂ |φj〉 |φi〉 = εi |φi〉 (2.43)

F̂ ({φj}) |φi〉 = εi |φi〉 . (2.44)
We have shown that we can use the eigenvalue problem in Eq. (2.43) to find a
solution to the variational problem in Eq. (2.31) and hence to find the Hartree-Fock
ground state and its corresponding energy as the best approximation with a single
Slater determinant to the true ground state energy. In practice, since the Fock
operator depends on the orbitals, Eq. (2.43) has to be solved iteratively: the Fock
operator is constructed from a set of trial orbitals, the resulting eigenfunctions are
used as the next trial orbitals to construct a new Fock operator and the process is
repeated until the required convergence is achieved.
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2 The Hartree and Hartree-Fock method

2.5 Including spin

We now include spin in the description in order to give a proper physical interpre-
tation of the Hartree-Fock method and to give a correct description how it can be
used to solve real world problems. All of the above derivations with orbitals φ(r) in
position space hold for spin orbitals |χi〉 = |φi〉 ⊗ |αi〉 if one just uses the substitu-
tions shown in Sec. 1.6. Especially the basis-independent bracket notation allows to
switch directly from purely spatial to spin orbitals. Most importantly, the canonical
Hartree-Fock equation Eq. (2.43) has exactly the same form:

ĥ |χi〉+
∑

j

〈χj| v̂ |χi〉 |χj〉 −
∑

j

〈χj| v̂ |χj〉 |χi〉 = εi |χi〉 (2.45)

F̂ ({χj}) |χi〉 = εi |χi〉 . (2.46)
The set of spin orbitals that solves Eq. (2.45) self consistently are the (occupied)
Hartree-Fock orbitals (of course there are more than N eigenfunctions for the self-
consistent Fock operator, however only N are used for the construction of the Slater
determinant and required for the self consistency, they are the occupied states, the
others are called unoccupied or virtual states).

We first have a closer look at the Fock operator. It contains three terms, the
one electron term ĥ, the Hartree potential vH and the non-local exchange potential
vx. The term ĥ is just the external potential, e.g. from the nuclei, and the kinetic
energy operator that acts on all electrons in the same way. The Hartree potential
vH can be described as the Coulomb potential of all electrons:

〈x1|vH|x2〉 = 〈x1|
∫∫

dxdx′ |x〉 〈x|
∑N

j=1 〈χj|x′〉 〈x′|χj〉
|r− r′|

|x2〉 (2.47)

=
∑
σ,σ′

∫∫
d3rd3r′ 〈r1|r〉 〈σ1|σ〉 〈r|r2〉 〈σ|σ2〉

∑N
j=1 φ

∗
j(r′) 〈αj|σ′〉φj(r′) 〈σ′|αj〉

|r− r′|

= δσ1σ2δ(r1 − r2)
∫

d3r′
∑N

j=1 φ
∗
j(r′)φj(r′)
|r1 − r′|

= δσ1σ2δ(r1 − r2)
∫

d3r′ n(r′)
|r1 − r′|

. (2.48)

The non-local exchange potential has no classical analogue and is a consequence of
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the anti-symmetrization. It can be written as:

− 〈x1|vx|x2〉 = 〈x1|
∫∫

dxdx′ |x
′〉 〈x|∑N

j=1 〈χj|x〉 〈x′|χj〉
|r− r′|

|x2〉 (2.49)

=
∑
σ,σ′

∫∫
d3rd3r′ 〈r1|r′〉 〈σ1|σ′〉 〈r|r2〉 〈σ|σ2〉

∑N
j=1 φ

∗
j(r) 〈αj|σ〉φj(r′) 〈σ′|αj〉

|r− r′|

=
∫∫

d3rd3r′
∑N

j=1 φ
∗
j(r)φj(r′)δσ1αj

δαjσ2

|r− r′|
δ(r1 − r′)δ(r− r2)

=
∫∫

d3rd3r′n↓(r′, r)δσ1,↓δ↓,σ2 + n↑(r′, r)δσ1,↑δ↑,σ2

|r− r′|
δ(r1 − r′)δ(r− r2)

= n↓(r1, r2)δσ1,↓δ↓,σ2 + n↑(r1, r2)δσ1,↑δ↑,σ2

|r2 − r1|
. (2.50)

In Eq. 2.50, n↓(r′, r) and n↑(r′, r) are the down-spin and up-spin 1-particle reduced
density matrix of the Slater determinant 〈x1, . . . ,xN |χ1, . . . , χN〉. From this nota-
tion it is clear that the exchange interaction is only between orbitals with same
spin orientation. Also, the exchange potential cancels the self interaction in the
Hartree potential exactly. The exchange interaction is often referred to as Pauli
repulsion, since it is a consequence of the anti-symmetrization and consequently the
Pauli principle.

From the statements above, one can conclude that each electron that is described
by an eigenfunction of the Fock operator can be viewed as an independent particle
that moves in the external potential of the ions, the mean Hartree-potential of the
other electrons and the mean exchange potential of the other electrons with equal
spin. For this reason the Hartree-Fock method is often described as a mean-field
method and the procedure to obtain the Hartree-Fock orbitals is often called self-
consistent field procedure.

2.5.1 Restricted Hartree-Fock

In the restricted Hartree-Fock method it is assumed that all electrons are spin paired,
i.e. the spin orbitals occur pairwise as combinations of spatial orbitals φi and single
particle spin eigenstates:

|χ2i〉 = |φi〉 ⊗ |↓〉 = |φi, ↓〉 |χ2i−1〉 = |φi〉 ⊗ |↑〉 = |φi, ↑〉 i ∈ {1, . . . , N/2}. (2.51)

Of course this requires that the total number of electrons is even. Looking at the
Hartree-Fock equation Eq. (2.45) for one particular spin orbital |χn〉 with an odd

47



2 The Hartree and Hartree-Fock method

index n = 2i− 1, we get:

εi |φi, ↑〉 =ĥ |φi, ↑〉+
N/2∑
j=1

(〈φj, ↑| v̂ |φi, ↑〉 |φj, ↑〉+ 〈φj, ↓| v̂ |φi, ↑〉 |φj, ↓〉) (2.52)

−
N/2∑
j=1

(〈φj, ↑| v̂ |φj, ↑〉 |φi, ↑〉+ 〈φj, ↓| v̂ |φj, ↓〉 |φi, ↑〉)

=
ĥ |φi〉+ 2

N/2∑
j=1
〈φj| v̂ |φi〉 |φj〉 −

N/2∑
j=1
〈φj| v̂ |φj〉 |φi〉

⊗ |↑〉

⇒ F̂RHF |φi〉 = ĥ |φi〉+2
N/2∑
j=1
〈φj| v̂ |φi〉 |φj〉−

N/2∑
j=1
〈φj| v̂ |φj〉 |φi〉 = εi |φi〉 . (2.53)

In Eq. (2.52) the two terms in the Hartree part (first sum) are identical as the spins
are aligned in both cases. In the exchange part (second sum) the spins are only
aligned in the first term, so the second term vanishes. Clarification:

〈φj, β| v̂ |φk, γ〉 |φl, δ〉 =
∫∫

d3rd3r′ ∑
σ,σ′
|r, σ〉

φ∗
j(r′) 〈β|σ′〉φk(r) 〈σ|γ〉φl(r′) 〈σ′|δ〉

|r− r′|

= 〈β|δ〉
∫∫

d3rd3r′φ
∗
j(r′)φk(r)φl(r′)
|r− r′|

|r〉 ⊗ |γ〉

= 〈β|δ〉 (〈φj| v̂ |φk〉 |φl〉)⊗ |γ〉 (2.54)

Eq. (2.53) is obtained in the same way for spin orbitals with down spin (in our
notation even index n for |χn〉). This means that one needs to solve the restricted
Hartree-Fock equation Eq. (2.53) only for N/2 (purely spatial) orbitals and can
construct the N spin orbitals afterwards by assigning each spatial Hartree-Fock
orbital pairwise spin up and spin down.

2.5.2 Unrestricted Hartree-Fock

In the unrestricted Hartree-Fock method [52], the restriction that the number of
spin-up orbitals and the number of spin-down orbitals has to be equal is dropped.
The number of spin orbitals with spin up and down is N↑ and N↓ respectively, the
sum N↑ + N↓ = N , the total number of electrons. The Fock operator is therefore
spin dependent and the Hartree-Fock equations are two sets of coupled equations

48



2.6 Summary and limitations of the Hartree-Fock method

that are not symmetric (as they were in the restricted case), the spin orbitals are

|χn〉 = |φ↑
n, ↑〉 for n ≤ N↑ (2.55)

|χn〉 = |φ↓
n, ↓〉 for N↑ < n ≤ N (2.56)

and the Hartree-Fock equations for the up spin space are

εi |φ↑
i 〉 =ĥ |φ↑

i 〉+
N↑∑
j=1
〈φ↑

j | v̂ |φ
↑
i 〉 |φ

↑
j〉 − 〈φ

↑
j | v̂ |φ

↑
j〉 |φ

↑
i 〉+

N↓∑
j=1
〈φ↓

j | v̂ |φ
↑
i 〉 |φ

↓
j〉 (2.57)

The equation for the spin down space is obtained by exchanging ↑ with ↓ and vice
versa in the above Eq. (2.57). The second Hund’s rule that states that electrons
arrange themselves with parallel spins if the energy levels are otherwise degenerate
can be explained within the unrestricted Hartree-Fock method and is a consequence
of the fact that the exchange contribution is always negative.

Note that in general the spatial orbitals of the different spin spaces differ from
each other, i.e. |φ↑

n〉 6= |φ↓
n〉. This leads to a many particle state that is not an

eigenstate of the total spin operator S2 and the problem of spin contamination, i.e.
the ground state is contaminated by excited states[53].

2.6 Summary and limitations of the Hartree-Fock
method

The Hartree-Fock method tries to find a good approximation to the ground state
(and its properties) of a many electron system. This is done by restricting the
ground state to a single Slater-determinant and finding the minimum energy to a
given Hamiltonian under this constraint. In theory the minimum energy can be
found by minimizing the Hartree-Fock energy functional. In practice, it is found by
self-consistently solving the Hartree-Fock equations, which represent an eigenvalue
problem that stems from the variational method. The Hartree-Fock equations can
be interpreted as a system of non-interacting electrons that move in the mean-
field of all electrons, therefore the Hartree-Fock method is also referred to as a
self-consistent field or mean-field method. The resulting approximate ground state
energy is the Hartree-Fock energy, which includes the classical Coulomb interaction
of each electron in the mean-field of the others and additionally takes into account
the so called exchange interaction (or Pauli repulsion) which stems from the anti-
symmetry principle for fermions and has no classical analogue. Since the true ground
state energy has to be always lower or equal, the Hartree-Fock energy is an upper
bound for the true ground state energy. The difference between the true ground
state energy and the Hartree-Fock energy is usually referred to as correlation energy.
The correlation energy is a quantum mechanical concept with no classical analogue
and it is attributed to the correlations between electrons that naturally cannot be
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2 The Hartree and Hartree-Fock method

described by a mean-field method.
The approximations used in the Hartree-Fock method give rise to considerable

limitations. The neglect of dynamic correlations due to its mean-field character as
well as static correlations due to the use of a single Slater determinant can lead
to significant, often qualitative differences between experiments and the theoretical
predictions of the Hartree-Fock method. A typical issue is that Hartree-Fock un-
derbinds molecules and solids by 30-50%, which is related to the neglect of dynamic
correlation. The dissociation of the hydrogen molecule is a particularly prominent
example where Hartree-Fock fails. While restricted Hartree-Fock yields a H+ and
a H− ion due to the electron pairing, unrestricted Hartree-Fock yields a spin con-
taminated state. In reality, the dissociation yields naturally two separate hydrogen
atoms. Methods that try to improve on these deficiencies, are often referred to as
post-Hartree-Fock methods.
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Chapter 3

Density functional theory

In the previous chapter 2, with the Hartree-Fock method we showed an example of
a mean-field method for treating the quantum many body problem and introduced
some crucial concepts like the Slater-determinant and the exchange energy. Density
functional theory (DFT) is another example of a widely used mean-field theory.
Although the method’s theoretical foundation is well established and extensively
treated in the literature, we deem it necessary to dedicate a chapter of this thesis
to it. This is for the sake of completeness, so that this thesis can stand alone,
providing a complete overview of the most fundamental concepts that eventually
led to the research presented in parts II and III. Ultimately, the work conducted for
this thesis aims to enhance the capabilities of the RPA in order to outperform DFT.
However, it is important to say that DFT remains highly important for the field of
computational materials physics and quantum chemistry in general, and especially
for the work presented here. For this reason, the master thesis [38] that preceded this
thesis, already included a chapter on DFT. That chapter was partially reformulated
and extended to provide a compact but hopefully instructive chapter on DFT in
this thesis.

In the 1920’s Llewellyn Thomas and Enrico Fermi developed independently a semi-
classical statistical model to describe the electron density in atoms. In contrast to
the quantum mechanical approach to describe the electron distribution in atoms
with a wave function formalism and the Schrödinger equation at its center, the
Thomas-Fermi model tried to make predictions based on a description that uses the
electron density as the central object. The general idea is to assume that even for a
system with an inhomogeneous electron density, the density can be treated as if it
were locally uniformly distributed (i.e. in each volume element δV ) so that in turn
the kinetic and potential energy of the whole system can be modelled by statistical
means. Unfortunately, this approach was an over-simplification and it turned out
that for realistic systems, it did not even achieve a qualitatively correct description
with bound atoms. Despite the discouraging results, the method was refined to
include exchange interactions and the resulting Slater Xα method provided a simple
tool that could be used to roughly describe inhomogeneous systems like atoms. This
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3 Density functional theory

way, the idea that the electron density alone could be sufficient to describe atoms,
molecules and solids quantum mechanically correctly was introduced and it turned
out that this approach would be fruitful.

3.1 The Hohenberg-Kohn theorems
In 1964 a paper by Hohenberg and Kohn on the inhomogeneous electron gas [7] was
published and laid the foundation for one of the most used methods in electronic
structure theory, namely DFT. They showed that the kinetic and the electronic
interaction energy of a many electron system in an external potential is a univer-
sal functional of the density, F [n(r)]. Furthermore they showed the total energy
functional Ev[n(r)] for a given external potential v(r),

Ev[n(r)] =
∫
v(r)n(r)d3r + F [n(r)], (3.1)

attains (under the constraint of a fixed particle number N) a minimum at the
correct ground state density nN,v and yields the ground state energy E0

v,N (second
Hohenberg-Kohn theorem):

min
nN (r)
{Ev[nN(r)]} = Ev[nN,v(r)] = E0

v,N . (3.2)

3.1.1 Original proofs of the HK theorems
We will now present the proofs to these theorems along the lines of the original
publication of Hohenberg and Kohn [7]. A system of interacting electrons in an
external potential v(r) can be described by a Hamiltonian H

H = T + Vext + VC (3.3)

where VC is the operator representing the Coulomb interaction between the inter-
acting electrons, Vext is the operator representing the external potential, and T
represents the kinetic energy operator. With the field operators ψ(r) and ψ†(r) in
second quantization notation, these operators can be written in the following way,
cf. Eq. (1.65):

T ≡1
2

∫
∇ψ†(r)∇ψ(r)d3r

(
= −1

2

∫
ψ†(r)∇2ψ(r)d3r

)
(3.4)

Vext ≡
∫
v(r)ψ†(r)ψ(r)d3r (3.5)

VC ≡
1
2

∫ 1
|r− r′|

ψ†(r)ψ†(r′)ψ(r′)ψ(r)d3rd3r′. (3.6)
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In the same notation the electronic density of the ground state Ψ becomes

n(r) ≡ 〈Ψ|ψ†(r)ψ(r)︸ ︷︷ ︸
n̂(r)

|Ψ〉 . (3.7)

The electronic density n(r) associated with the ground state Ψ is uniquely deter-
mined by the external potential v(r) as the ground state Ψ is uniquely determined by
v(r). As in the original publication of Hohenberg and Kohn, we will first prove this
statement under the assumption of a non-degenerate ground state, and show later
that this requirement can be droped. A different profound way to generalize the
universality of the kinetic+interaction energy functional can be found in the work
of Lieb and Levy, and the associated literature [54, 55, 56, 57]. They extend the
theory to densities that are not pure state V-representable1 and inherently resolve
the issues with degenerate states.

If a Hamiltonian like the one in Eq. (3.3) with potential v(r) yields a non-
degenerate ground state H |Ψ〉 = E |Ψ〉, than clearly the density is a unique func-
tional of the potential as the ground state is uniquely determined by v(r). We will
now show that vice versa, the potential v(r) is uniquely (up to a constant) deter-
mined by the ground state density, i.e. there exists a bijective mapping between
potentials v(r) and densities n(r). We will prove this by reductio ad absurdum.

If there were two different potentials v(r) and v′(r) associated with two Hamilto-
nians H and H ′ and corresponding ground states |Ψ〉 and |Ψ′〉 respectively that yield
the same ground state density n(r), we would get the following set of equations:

H |Ψ〉 =E |Ψ〉 E = 〈Ψ|H|Ψ〉 n(r) = 〈Ψ|n̂(r)|Ψ〉 (3.8)

H ′ |Ψ′〉 =E ′ |Ψ′〉 E ′ = 〈Ψ′|H ′|Ψ′〉 n(r) = 〈Ψ′|n̂(r)|Ψ′〉 (3.9)

Also since we assumed that the ground states are non-degenerate and the potentials
differ (not only by a constant), the two ground states will be different and will not
be ground states of the respective other Hamiltonian. Therefore we find that on the
one hand

E = 〈Ψ|H|Ψ〉 < 〈Ψ′|H|Ψ′〉 = 〈Ψ′|H ′ − V ′
ext + Vext|Ψ′〉 = E ′ +

∫
[v(r)− v′(r)]n(r)dr

(3.10)
and on the other hand

E ′ = 〈Ψ′|H ′|Ψ′〉 < 〈Ψ|H ′|Ψ〉 = 〈Ψ|H − Vext + V ′
ext|Ψ〉 = E +

∫
[v′(r)− v(r)]n(r)dr.

(3.11)
This leads to the following inconsistency if we add the to inequalities together:

E ′ + E < E + E ′. (3.12)
1A pure state V representable density is one for which there exists a potential V n

ext, so that the
Hamiltonian H = T + V n

ext + VC yields a pure ground state with that density
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We have proven that for each density, there exists only one potential (up to a
constant) that gives rise to a Hamiltonian with that ground state density. Together
with the statement from above, that the ground state density is uniquely determined
by the potential we have shown that for non-degenerate ground states there exists a
one-to-one mapping between ground state densities and potentials (first Hohnberg-
Kohn theorem).

Since the density uniquely determines the potential, which in turn determines the
ground state |Ψ[n]〉, the kinetic+interaction energy is also determined by the density.
Hence there exists a universal functional for the ground state kinetic+interaction
energy

F [n(r)] ≡ 〈Ψ[n]|T + VC|Ψ[n]〉 . (3.13)
We now denote the correct ground state density for an N -electron system in a given
potential v(r) with nN,v(r) and the corresponding ground state with ΨN,v. For each
potential v(r), we define an energy functional that maps densities to energies

Ev[n] ≡
∫
v(r)n(r)d3r + F [n] (3.14)

where F [n] is the functional from Eq. (3.13). For the correct ground state density
of an N-electron system, this functional yields the ground state energy E0

N,v

Ev[nN,v] =
∫
v(r)nN,v(r)d3r + F [nN,v] (3.15)

= 〈ΨN,v|Vext|ΨN,v〉+ 〈ΨN,v|T + VC|ΨN,v〉 = E0
N,v.

Furthermore, the functional Ev[n] assumes its minimum for the correct ground
state density nN,v under the constraint that only densities that integrate to N elec-
trons are admissible. This is because in an N-electron system with external potential
v(r) and ground state |ΨN,v〉, the ground state energy is the minimum energy that
can be assumed by any properly symmetric and normalized N-particle state |ΨN〉:

E0
N,v = 〈ΨN,v|Vext + T + VC|ΨN,v〉 < 〈ΨN |Vext + T + VC|ΨN〉 . (3.16)

Particularly for any N-particle ground state ΨN,v′ with density nv′ corresponding to
another potential v′(r) we get due to Eq. (3.13) and (3.14)

〈ΨN,v′|Vext + T + VC|ΨN,v′〉 =
∫
v(r)nN,v′(r)d3r + 〈ΨN,v′|T + VC|ΨN,v′〉 (3.17)

=
∫
v(r)nN,v′(r)d3r + F [nv′ ] = Ev[nN,v′ ]

and therefore due to Eq. (3.15) and (3.16) we obtain the minimization property of
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the Hohenberg Kohn functional:

Ev[nN,v] < Ev[nN,v′ ]. (3.18)

We have shown that for all pure state V-representable N-particle densities (from
non-degenerate ground states), the functional (3.1) assumes its minimum at the
correct ground state density nN,v where it yields the ground state energy (second
Hohenberg-Kohn theorem):

min
nN (r)
{Ev[nN(r)]} = Ev[nN,v(r)] = E0

v,N . (3.19)

If F [n] was a known and sufficiently simple functional, one could in principle find
the ground state density and energy to a given potential by a variational method,
minimizing the functional Ev[n] of the three-dimensional density. This is a promising
approach to circumvent solving the exact N-electron Schrödinger equation and as
it turned out it is also a very successful approach. The major drawback is that
the functional F [n] is not known and the challenging part of DFT is to find good
approximations.

3.1.2 Extending the Hohenberg-Kohn theorems to degenerate
ground states

We now want to show that we can drop the requirement of non-degenerate ground
states while still using only pure state V-representable densities. We will not proof
the first Hohenberg-Kohn theorem for degenerate states, so in principle we allow that
there is not necessarily a one-to-one mapping between ground state densities and
potentials. However, there exists a universal functional F [n] that maps every ground
state density to a specific kinetic+interaction energy. We will prove this by showing
that the kinetic+interaction energy is still uniquely determined by the ground-state
density, even if degenerate ground states are permitted. Provided that a universal
functional F [n] exists that maps every ground state density to a specific ground
state kinetic+interaction energy, the proofs in the previous subsection for the second
Hohenberg-Kohn theorem still hold and do not require additional modifications for
degenerate ground states.

We start the proof of the existence of the universal functional F [n] with some
definitions. The domain of F [n] is the set of all (pure state) ground state densities
SGSD and for each n ∈ SGSD there exists at least one Hamiltonian H with a ground
state Ψ so that | 〈Ψ|r〉 |2 = n(r). In this subsection we denote the set of ground
states for Hamiltonian H with density n as SH

n .
Assertion: If for a single Hamiltonian H there exists more than one ground state

that gives rise to the same density n(r) , then all these ground states yield the same
kinetic+interaction energy.

Proof : Given are there are two ground states Ψ1,Ψ2 ∈ SH
n for Hamiltonian H =

T + VC + Vext (cf. Eq. (3.3)) and density n(r). Then | 〈Ψ1|r〉 |2 = | 〈Ψ2|r〉 |2 = n(r)
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3 Density functional theory

and since they are both ground states, they yield the same energy E = 〈Ψ1|H|Ψ1〉 =
〈Ψ2|H|Ψ2〉. Therefore, for both the kinetic+interaction energy is:

〈Ψ1/2|T + VC|Ψ1/2〉 = 〈Ψ1/2|H − Vext|Ψ1/2〉 = E −
∫

d3rv(r)nr = FH [n(r)] (3.20)

Since this is true for all pairs of ground states with the same density, all ground states
of a single Hamiltonian H with the same density n have the same kinetic+interaction
energy FH [n(r)]. �

We have proven, that for a single Hamiltonian, the kinetic+interaction energy
is uniquely determined by the ground state density, even if there are degenerate
ground states. Consequently, if for a density n there exists only one Hamiltonian
(up to a constant potential) that has at least one ground state with that density, the
kinetic+interaction energy is uniquely determined for that density. What remains
to be proved is that ground states from different Hamiltonians that give rise to the
same density also have the same kinetic+interaction energy. Hence from now on we
only need to look at densities, for which there exist at least two distinct (not only
by a constant potential) Hamiltonians that have at least one ground state with that
density.

Assume that for two Hamiltonians H1 = T + VC + V 1
ext and H2 = T + VC + V 2

ext
there exists a density ñ(r) so that for both Hamiltonians there is at least one ground
state that gives rise to that density. Let SH1

ñ /SH2
ñ be the (non-empty) set of ground

states {Ψ1
ñ,j}/{Ψ2

ñ,j} of H1/H2 with density ñ(r). According to Eq. (3.20) we have

〈Ψ1
ñ,j|T + VC|Ψ1

ñ,j〉 = FH1 [ñ(r)] ∀ Ψ1
ñ,j ∈ SH1

ñ (3.21)

〈Ψ2
ñ,j|T + VC|Ψ2

ñ,j〉 = FH2 [ñ(r)] ∀ Ψ2
ñ,j ∈ SH2

ñ (3.22)

Assertion: There exists a state |Ψ̃ñ〉 that belongs to SH1
ñ and SH2

ñ , or in other words
the intersection SH1

ñ ∩ SH2
ñ is non-empty.

Proof : We can proof the above assertion by reductio ad absurdum in the same way
the first Hohenberg-Kohn theorem was proven for non-degenerate ground states. If
the intersection SH1

ñ ∩ SH2
ñ was the empty set, then none of the states Ψ1

ñ,j ∈ SH1
ñ

would be ground states for H2 (and none of the states Ψ2
ñ,j ∈ SH2

ñ would be ground
states for H1). Therefore

E1 = 〈Ψ1
ñ,j|H1|Ψ1

ñ,j〉 < 〈Ψ2
ñ,j|H1|Ψ2

ñ,j〉 = 〈Ψ2
ñ,j|H2 − V 2

ext + V 1
ext|Ψ2

ñ,j〉

⇒ E1 < E2 +
∫
ñ(r)(v1(r)− v2(r))d3r (3.23)

E2 = 〈Ψ2
ñ,j|H2|Ψ2

ñ,j〉 < 〈Ψ1
ñ,j|H2|Ψ1

ñ,j〉 = 〈Ψ1
ñ,j|H1 − V 1

ext + V 2
ext|Ψ1

ñ,j〉

⇒ E2 < E1 +
∫
ñ(r)(v2(r)− v1(r))d3r (3.24)
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3.2 The Kohn-Sham system of non-interacting electrons

Adding together each side of Eq. (3.23) and (3.24) arrive at the contradiction

E1 + E2 < E1 + E2 (3.25)

⇒ SH1

ñ ∩ SH2

ñ 6= {} (3.26)
�

Since ∃ |Ψ̃ñ〉 ∈ SH1
ñ ∩ SH2

ñ , we get according to Eq. (3.21) and (3.22) that

FH1 [ñ(r)] = FH2 [ñ(r)] = 〈Ψ̃ñ|T + VC|Ψ̃ñ〉 . (3.27)

Now we have shown that if there are any two Hamiltonians that have at least one
ground state with the same density, all ground states with that density of both
Hamiltonians have the same interaction+kinetic energy. Thus, all ground states
with that density have the same interaction+kinetic energy.

We can summarize the results of this subsection with the following statement: All
(pure) ground states with density n (of any Hamiltonian) have the same kinetic+in-
teraction energy. Therefore, there exists a universal functional F [n] that maps every
(pure state) ground state density to a specific ground state kinetic+interaction en-
ergy. Hence the second Hohenberg-Kohn theorem is also valid for degenerate ground
states.

3.2 The Kohn-Sham system of non-interacting
electrons

In 1965, one year after the Hohenberg-Kohn paper [7], Kohn and Sham published
a theory on a practical way to approximate the energy functional postulated earlier
[8]. Their approach is to map a system of interacting electrons to a system of non-
interaction electrons that move in an effective potential. By choosing the effective
potential such that the non-interacting system has the same ground state density as
the original interacting system, one can use the second Hohenberg-Kohn theorem to
find the true ground state energy. The Hohenberg-Kohn theorems allow us to write
the total energy of a non-uniform electron gas in a static external potential v(r) as

E =
∫
v(r)n(r)d3r︸ ︷︷ ︸

Eext

+ 1
2

∫ n(r)n(r′)
|r− r′|

d3rd3r′

︸ ︷︷ ︸
EH[n]

+G[n]. (3.28)

In the above Eq. (3.28), the Hartree energy EH[n] (i.e. the classical Coulomb inter-
action between the electrons) occurs explicitly. Therefore the remaining interaction
energy of the electrons G[n] is related to the universal functional F [n] through the
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3 Density functional theory

following equation:

G[n] ≡ F [n]− 1
2

∫ n(r)n(r′)
|r− r′|

d3rd3r′. (3.29)

In analogy to Hartree-Fock theory (chapter 2), the Hartree term EH can be inter-
preted as the classical electrostatic energy of the electrons due to their own mean-
field. The energy functional G[n] itself can be decomposed further into two terms

G[n] = Ts[n] + Exc[n], (3.30)

where Ts[n] is the kinetic energy of a system of non-interacting electrons with density
n. Ts[n] is a universal functional of the electron density, which follows from the first
Hohenberg-Kohn theorem in analogy to the universal functional F [n]. In the second
term, the functional Exc[n] contains all contributions to the energy due to exchange
and correlation effects, i.e. effects that have no classical analogue. Note that in
general, there is a difference between the true kinetic energy of a many electron
state T [n], and the kinetic energy of a non-interacting system with the same density
Ts[n]. This difference also enters Exc[n]. Unfortunately, a sufficiently simple and
exact expression for Exc[n] does not exist for arbitrary densities n. However, the
so called local density approximation (LDA) provides a simple method that yields
remarkably accurate results in the limiting case of slowly (with respect to position
coordinates) varying densities. In this method, the following approximation is used
for the exchange and correlation functional Exc[n]:

Exc ≈ ELDA
xc =

∫
n(r)εLDA

xc (n(r))d3r. (3.31)

The term εLDA
xc (n) describes the local exchange correlation energy per particle. While

in reality, the exchange correlation energy density ε̃xc(r) at each point r is a func-
tional of the density n (at every point r′)

ε̃xc(r) = εxc[n](r), (3.32)

in the LDA ε̃xc(r) is approximated only locally, i.e. it is only a function of the
density at the specific point:

ε̃LDA
xc (r) = εLDA

xc (n(r)). (3.33)

The most common approximation for εLDA
xc (n(r)) is to use the exchange-correlation

energy per particle of the uniform electron gas with density εUEG
xc (n(r)). For this

reason, in the following we will also use this approximation for εLDA
xc (n(r)). The uni-

form electron gas is a theoretical toy model for a system of electrons with constant
density. It is a charge neutral system with N interacting electrons placed inside a
volume V along with a uniform positive compensation charge, taken to the thermo-
dynamic limit V,N → ∞ at constant density n = N/V = const.. In the uniform
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3.2 The Kohn-Sham system of non-interacting electrons

electron gas, the Hartree energy cancels exactly against the potential energy due to
the positive background charge. As a consequence, only the kinetic, exchange and
correlation energy contribute to the total electronic energy. It is a very useful and
successful model, thus it is still used extensively in theoretical solid state physics.

Using the variational property of the total energy functional, see Eq. (3.2), we
get from the variation of Eq. (3.28) the variational equation

∫
δn(r)

(
v(r) +

∫ n(r′)
|r− r′|

d3r′ + µxc(n(r))︸ ︷︷ ︸
vKS

eff

+δTs[n]
δn(r)

)
d3r = 0. (3.34)

In the local density approximation the so called exchange-correlation potential
µLDA

xc (n) is given by

µLDA
xc (n(r)) = d(nεLDA

xc (n))
dn

∣∣∣∣∣
n(r)

. (3.35)

A more general definition would define the variational derivative of Exc with respect
to the density as the exchange correlation potential µxc[n](r):

µxc[n](r) = δExc[n]
δn(r) . (3.36)

Eq. (3.34) can be interpreted as the variational equation that is obtained from
applying the second Hohenberg-Kohn theorem to the following Hamiltonian

HKS = V KS
eff + T =

∫
vKS

eff (r)ψ†(r)ψ(r)dr− 1
2

∫
ψ†(r)∆ψ(r)dr. (3.37)

The Kohn-Sham Hamiltonian HKS describes a system of non-interacting particles
effected by an external potential vKS

eff (r). For a system of N non-interacting particles
with the Hamiltonian HKS the fermionic ground state Ψ is obtained by an anti-
symmetrization (Slater determinant) of the N lowest one-particle eigenstates φKS

i to
the one particle Schrödinger equation

HKS |φKS
m 〉 = εm |φKS

m 〉 with m ∈ N , εm ≤ εm+1, (3.38)

so that

fm = 〈Ψ|n̂m|Ψ〉 =


2 for m < N/2
2 for m = N/2 , N even
1 for m = N/2 + 1/2 , N odd
0 else

(3.39)

with the second quantization number operator n̂m for the m-th one-particle eigen-
state φKS

m . In second quantization notation, the ground state |Ψ〉 is constructed from
the vacuum state |Ω〉 with the creation operators {c†

i}, creating a particle in in the
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3 Density functional theory

i-th eigenstate of the one particle Schrödinger equation (3.38):

|Ψ〉 =
N∏

i=1
c†

i |Ω〉 . (3.40)

The density of |Ψ〉 is
n(r) = 〈Ψ|ψ†(r)ψ(r)|Ψ〉 (3.41)

which can be calculated from the orbitals {φKS
i } explicitly as

n(r) =
dN/2e∑

i=1
fm 〈φKS

i |r〉 〈r|φKS
i 〉 . (3.42)

The density in Eq.(3.42) obtained from solving the Kohn-Sham eigenvalue equations
Eq. (3.38) is a solution to the variational problem in Eq. (3.34) supplemented by
the constraint of particle number conservation∫

δn(r)dr = 0. (3.43)

This is reminiscent of the Hartree-Fock method, where a constraint variational equa-
tion led to the Hartree-Fock (eigenvalue) equations. Also, similar to the Fock op-
erator in the Hartree-Fock method, the Hamiltonian HKS depends on the orbitals
themselves since the effective potential depends on the density which is constructed
from the orbitals {φKS

i }. This leads to the following self consistency cycle in which
the orbitals and the density are calculated iteratively from the Kohn-Sham equa-
tions Eq. (3.44) until a predefined convergence criterion is reached (usually an
energy difference between two cycles):(

− 1
2∇

2 + v(r) +
∫ n(r′)
|r− r′|

d3r′ + µxc(r)︸ ︷︷ ︸
vKS

eff

)
φKS

m (r) = εmφ
KS
m (r)

y
y

n(r) = ∑dN/2e
i=1 fm|φKS

i (r)|2

(3.44)

In order to calculate the exchange correlation potential in the LDA µLDA
xc , a good ap-

proximation for the energy density per particle εLDA
xc (n) is necessary, see Eq. (3.35).

As stated above, we use the theory of the uniform electron gas and apply it in the
LDA, so that εLDA

xc (n) = εUEG
xc (n). In the uniform electron gas, the exchange energy

per particle εUEG
x (n) in known analytically and has the following simple form [25]:

εunif
x (n) = −3

4

( 3
π

)1/3
n1/3. (3.45)

On the other hand, for the correlation energy density per particle of the uniform
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3.3 Limitations of density functional theory

electron gas, εUEG
c (n), there is no known closed analytical expression. At least in

the cases of very high and very low densities an analytical limit can be expressed
explicitly. In the interstitial region, very accurate quantum Monte Carlo calculations
have been performed for a number of densities [58]. A common practice to obtain
εUEG

c (n) for the LDA is to interpolate between the data points of [58], parameterizing
the interpolation in a way that the analytic behavior in the limit of high and low
densities is reproduced. An example of such an analytical representation is found in
the work of Perdew and Wang [59]. Using the LDA as a computational electronic
structure method, the exchange correlation (energy) functional ELDA

xc [n] is calculated
by a numerical integration, using εunif

x (n) from Eq. (3.45) and the interpolated
analytical expression εUEG-int

c (n) for the correlation part:

Exc ≈ ELDA
xc [n] =

∫
n(r)[εunif

x (n(r)) + εUEG-int
c (n(r))]d3r. (3.46)

In order to improve on the LDA, so called semi local functionals which are usually
referred to as generalized gradient approximations (GGA) are commonly applied. In
these methods, the exchange-correlation functional is again an integration over local
properties of the density, but it depends explicitly on the gradient of the density:

Exc[n] ≈ EGGA
xc [n] =

∫
f(n,∇n)d3r. (3.47)

The GGA implementation of Perdew, Burke and Ernzerhof (PBE) [9] is one of the
most commonly used methods in electronic structure theory as of today.

3.3 Limitations of density functional theory
As should be clear by now, DFT is a powerful method extensively applied in elec-
tronic structure theory. Especially in the field of computational quantum chemistry
and solid state physics, DFT simulations facilitate the research effort. As can be
seen from the theoretical description in the previous subsection, a good approxi-
mation for the exchange correlation energy functional is crucial for a reasonable
performance of DFT simulations. However, there are many situations, where the
commonly used approximations do not grasp the properties of the material at hand,
yielding inaccurate descriptions. According to Cohen, Mori-Sánchez and Yang, there
are two main sources for errors: the delocalization error and the static correlation
error [12].

The problem of self-interaction in the description of a single electron leads to a
similar problem in many electron systems like molecules or crystals, namely the
delocalization error. The self interaction causes an artificial spreading of the elec-
tronic density, if approximate exchange-correlation functionals are employed. Even
in simple examples like the dissociation of the H+

2 molecule, which in reality disso-
ciates into a H+ and H0, the problem occurs and many DFT functionals wrongly
predict two H 1

2 atoms even in the limit of very large distances. The delocalization
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error stems from the problem that approximate exchange correlation functionals (in
this case the exchange part is crucial) do not exactly cancel the Hartree potential.
The electrons therefore feel their own Hartree potential, so that the functional often
favors the delocalized over the localized solution.

The static correlation error, also occurring in Hartree-Fock theory, occurs when-
ever the ground state cannot be described by a single Slater determinant. DFT uses
per construction a single Slater determinant as an approximation for the ground
state, which may result in serious errors for systems where this is not appropriate.
The closed shell H2 molecule at the dissociation limit is an example of such a system.

Another problem deserving attention arises from inter molecular interactions like
van der Waals bonds. They are naturally correlating electrons at two points in space
and hence van der Waals interactions can never be described correctly by a local
functional.

Recapitulating the above mentioned, problems in DFT arise for strongly cor-
related systems or systems with large delocalization errors. Delocalization errors
lead to an underestimation of band gaps, reaction barriers, dissociation energies
for molecular ions and charge transfer excitation energies. The breaking of chem-
ical bonds, the description of transition metal systems, as well as intermolecular
interactions like van der Waals forces are particularly problematic.

Despite some drawbacks, including the problems mentioned above in this sub-
section, DFT turned out to be the dominant method for ab-initio simulations of
molecules and solids. The reasons are that for many systems it provides a sound
theoretical description and its low computational complexity allows for simulations
of many materials properties. Some of the deficiencies might be overcome with new
developments within the framework of DFT, but for some it will be probably nec-
essary to turn to other, more sophisticated methods. In the past two decades, the
rise in available computer power facilitated the development of different advanced
electronic structure methods, for example RPA, GW , Møller-Plesset perturbation
theory (MPn), coupled cluster (CC) and configuration interaction (CI) methods.
Methodological advances and new algorithms widen the field of applications for
these methods and the development in recent years showed that many problems
that arose from DFT simulations could be overcome by new advanced ab-initio
methods. The chances offered hereby motivate research in the field and justify to
further explore the possibilities of advanced electronic structure methods. The ran-
dom phase approximation is one promising, but not yet fully utilized example of
these methods, therefore providing an exciting research topic for this thesis.
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Chapter 4

Many-body perturbation theory

So far we have seen two mean-field methods, Hartree-Fock and density functional
theory, that essentially try to find the ground state (energy) of a system of interacting
electrons in an external potential. They approach this problem by self-consistently
solving an independent particle Schrödinger equation derived from an (approximate)
many-electron energy functional in order to find a stationary solution to that func-
tional. The approximation lies in the fact that the used functionals are not exact
or that a single Slater determinant is used to approximate the many body wave
function.

Another approach to describe a system of interacting electrons in an external
potential is provided by many-body perturbation theory. Many-body perturbation
theory (MBPT) is a more general approach to the quantum many-body problem,
applied in various fields from condensed matter physics to nuclear physics and quan-
tum chromodynamics. The basic concept is to split the Hamiltonian into a simple
unperturbed part and a perturbation. The unperturbed part is chosen such that it
can be treated rather easily, providing a “good starting point”, and the system of
the full Hamiltonian is described by a series expansion in terms of the perturbation
(perturbation series). In contrast to the before mentioned mean-field methods, the
approximation in perturbational methods stems from a truncation of the perturba-
tion series.

This chapter shall give a very brief introduction into the theory of many-body
perturbation theory. Unfortunately, a complete and rigorous description would go
far beyond the scope of this thesis, so that the interested reader is referred to the
literature [25, 26]. Instead this chapter aims to familiarize the reader with the
language of many-body perturbation theory in the context of electronic structure
theory, establish some of the most important quantities and provide the founda-
tion to finally explain the concept behind the random phase approximation in the
subsequent chapter 5.
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4 Many-body perturbation theory

4.1 The Green’s function
Ideally, one would like to know the exact many-body eigenstates state H |Ψi

N〉 =
Ei

N |Ψi
N〉 to completely describe a system of N particles. However, we have seen in

the previous chapter 3, that some important features of a system can be described
with reduced quantities like the density in DFT. In many-body perturbation theory,
the central reduced object is the Green’s function which is defined in the following
way:

〈φn|G(t− t′)|φm〉 =− i Θ(t− t′) 〈Ψ0|cn(t)c†
m(t′)|Ψ0〉

+ i Θ(t′ − t) 〈Ψ0|c†
m(t′)cn(t)|Ψ0〉 (4.1)

where Ψ0 is the zero temperature ground state and the creation/annihilation oper-
ators c†

m(t′)/cm(t) are in the Heisenberg picture. For a system with a time indepen-
dent Hamiltonian, the time evolution of an operator Ô(t) in the Heisenberg picture
is determined by the Heisenberg equation1

i d
dtÔ(t) =

[
Ô(t), Ĥ

]
, (4.2)

with the commutator [A,B] = AB − BA. Thus the operators c†
m(t′)/cm(t) are

formally given as

c†
m(t′) = e+ i Ht′

c†
me

− i Ht′ (4.3)

cn(t) = e+ i Htcne
− i Ht, (4.4)

where c†
m/cn are the standard second quantization creation/annihilation operators

presented earlier in Section 1.3.
Of course the Green’s function can be transformed to any single particle basis,

and a very common one is position basis

〈r|G(t− t′)|r′〉 =− i Θ(t− t′) 〈Ψ0|ψ̂(r, t)ψ̂†(r′, t′)|Ψ0〉

+ i Θ(t′ − t) 〈Ψ0|ψ̂†(r′, t′)ψ̂(r, t)|Ψ0〉 (4.5)

with field operators ψ̂†(r′, t′)/ψ̂(r, t) in the Heisenberg picture. We will often write
G(r, r′, t − t′) as a short form for 〈r|G(t− t′)|r′〉. The first term in the Green’s
function defined in Eq. (4.1) is the probability amplitude for finding an interacting
system in its ground state with an additional particle in state φn at time t if a
particle in state φm was added at time t′ to the system in its ground state. The

1The operator Ô in the Schrödinger picture is assumed to be time independent, otherwise there
is an additional term i

(
∂
∂t Ô

)
H

on the r.h.s.
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second term is the probability amplitude for finding an interacting system with a
particle in state φm removed from the ground state at time t′ if a particle in state
φn was removed from the ground state at time t. The Green’s function is therefore
often referred to as propagator, as it can be figuratively interpreted as an operator
that propagates a particle (or hole) through the ground state. Its definition already
adumbrates that the Green’s function is suitable to describe for example spectral
properties and absorption/emission processes.

4.1.1 Independent particle Green’s function G0 and perturbation
series

Consider a non-interacting particle Hamiltonian in second quantization

Ĥ0 =
∑

n

εnc
†
ncn. (4.6)

arising from a single particle Hamiltonian, ĥ, with eigenstates {φn} and eigenenergies
{εn}:

ĥc†
n |Ω〉 = ĥ |φn〉 = εn |φn〉 (4.7)

where |Ω〉 is the vacuum (0 particle) state and the one particle Hamiltonian could
be for example

〈r|ĥ|r′〉 = δ(r− r′)h(r′) = δ(r− r′)
[
−1

2∇
2
r′ + v(r′)

]
. (4.8)

The N particle ground state is a Slater determinant from the single particle states
filled up to the Fermi level µ = (εN + εN+1)/2 (which we shift to 0 for convenience,
see section 1.3.5):

Ĥ0 |ΨN
0 〉 = Ĥ0 |φ1, . . . , φN〉 =

N∑
i=1

εi |ΨN
0 〉 = EN

0 |ΨN
0 〉 . (4.9)
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The creation/annihilation operators in the Heisenberg picture have the following
effect on the ground state:

c†
m(t′) |ΨN

0 〉 = e+iH0t′
c†

me
−iH0t′ |ΨN

0 〉 = (−1)NΘ(εm)ei εmt′ |φ1, . . . , φN , φm〉 (4.10)

〈ΨN
0 | cn(t) =

(
c†

n(t) |ΨN
0 〉
)†

= (−1)NΘ(εn)e− i εnt 〈φ1, . . . , φN , φn| (4.11)

cn(t) |ΨN
0 〉 = e+ i H0tcne

− i H0t |ΨN
0 〉

= (−1)(n−1)Θ(−εn)e− i εnt |φ1, . . . , φn−1, φn+1, . . . , φN〉 (4.12)

〈ΨN
0 | c†

m(t′) =
(
cm(t′) |ΨN

0 〉
)†

= (−1)(m−1)Θ(−εm)ei εmt′ 〈φ1, . . . , φm−1, φm+1, . . . , φN | (4.13)

and since
〈φ1, . . . , φN , φm|φ1, . . . , φN , φn〉 = δnm (4.14)

〈φ1, . . . , φn−1, φn+1, . . . , φN |φ1, . . . , φm−1, φm+1, . . . , φN〉 = δnm (4.15)
we get for the Green’s function in Eq. (4.1):

〈n|G0(t− t′)|m〉 = − i δnm

(
Θ(t− t′)Θ(εn)e− i εn(t−t′) −Θ(t′ − t)Θ(−εn)e− i εn(t−t′)

)
(4.16)

which can be transformed to position space:

〈r|G0(t− t′)|r′〉 =− i Θ(t− t′)
∑

a∈uocc.

φa(r)φ∗
a(r′)e− i εa(t−t′)

+ i Θ(t′ − t)
∑

i∈occ.

φi(r)φ∗
i (r′)e− i εi(t−t′). (4.17)

We will now show how this is related to the mathematical concept of Green’s func-
tions in the theory of partial differential equations. There, the Green’s function GL
to a linear differential operator L[x, ∂x, . . .] is defined as:

L[x, ∂x, . . .]GL(x, x0) = δ(x− x0) (4.18)

so that any inhomogeneous differential equation with inhomogeneity I(x)

L[x, ∂x, . . .]φ(x) = I(x) (4.19)

can be solved by calculating the integral

φ(x) =
∫

dx0GL(x, x0)I(x0). (4.20)
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The independent particle Green’s function in many body theory G0 is a Green’s func-
tion in the mathematical sense with respect to time dependent Schrödinger equation,
where the linear differential operator of the homogeneous differential equation is:

LS = i ∂
∂t
− h(r). (4.21)

Since the functions φn(r) are eigenfunctions of the operator h(r) with eigenvalue εn

we get that:
[i ∂
∂t
− h(r)]

(
φn(r)φ∗

n(r′)e− i εn(t−t′)
)

= 0. (4.22)

The derivative of Θ yields

∂

∂t
Θ(±t∓ t′) = ±δ(t− t′), (4.23)

and the functions {φn(r)} are an orthonormal basis, so that:∑
n

φn(r)φ∗
n(r′) = δ(r− r′). (4.24)

Therefore we get for the Green’s function G0 that:

LS 〈r|G0(t− t′)|r′〉 = δ(t− t′)δ(r− r′). (4.25)

It will turn out to be useful to consider the Fourier transformed Green’s function

G(ω) = F [G(t)](ω) =
∫

dtG(t)ei ωt. (4.26)

In order for the Fourier transform ofG0(t) to converge, we use the following definition
of Θ(t):

Θ(t) = − lim
η→0+

1
2π i

∫
dω′ e

− i ω′t

ω′ + i η . (4.27)

That this yields the correct behavior of Θ(t) for any finite (but arbitrarily large)
time t can be seen by using the residue theorem and closing the complex contour
integral in the lower complex plane for t > 0 and in the upper complex plane for
t < 0. Since in physical systems time differences are always finite this definition is
sufficient.
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4 Many-body perturbation theory

Using the same technique of complex integration we get
∫

dtΘ(±t)e−iεntei ωt =
∫

dt− lim
η→0+

1
2π i

∫
dω′ e

− i t[±ω′−(ω−εn)]

ω′ + i η

= − lim
η→0+

1
i

∫
dω′ 1

ω′ + i ηδ(±ω
′ − (ω − εn))

= lim
η→0+

i 1
±(ω − εn) + i η . (4.28)

Using Eq. (4.28) for the Fourier transform of Eq. (4.17) we get for the independent
particle Green’s function in frequency and position space

〈r|G0(ω)|r′〉 = lim
η→0+

∑
n

φn(r)φ∗
n(r′)

ω − εn + sgn(εn) i η , (4.29)

were the sign before the convergence factor (i η) is + for unoccupied and − for
occupied orbitals (in the ground state). From now on we will imply the convergence
factor (i η) but not write it explicitly, or in other words we assume the single particle
energies contain it: εn → εn + sgn(εn) i η.

In analogy to Eq. (4.21)-(4.25) and due to the properties of the Fourier transform,
F [i ∂tf(t)](ω) = ωF [f(t)](ω), we get for the frequency domain

[ω − h]G0(ω) = G0(ω)[ω − h] = 1, (4.30)

where we used a basis independent operator notation, e.g. for G0(r, r′, ω) we get
1 = δ(r− r′):

∫
d3r′ 〈r|G0(ω)|r′〉φm(r′) =

∑
n

φn(r)

δnm︷ ︸︸ ︷∫
φ∗

n(r′)φm(r′)d3r′

ω − εn

= φm(r)
ω − εm

(4.31)

⇓

∫∫
d3r′d3r′′ 〈r|ω − h|r′′〉 〈r′′|G0(ω)|r′〉φn(r′) = φn(r) (4.32)

∫∫
d3r′d3r′′ 〈r|G0(ω)|r′′〉 〈r′′|ω − h|r′〉φn(r′) = φn(r). (4.33)

These two equations hold for all φn and since the {φn} form an orthonormal basis,
this proves Eq. (4.30).

Consider now a (local, time-independent) perturbation ṽ(r) to the one particle
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4.1 The Green’s function

Hamiltonian h, then the Hamiltonian of the perturbed system h̃ is

h̃ = h+ ṽ (4.34)

and the corresponding Green’s G̃0 function satisfies the following equation:

[ω − h− ṽ]G̃0(ω) = 1. (4.35)

Applying the unperturbed Green’s function on both sides we get

G0(ω)[ω − h− ṽ]G̃0(ω) = G0(ω)
[
G0(ω)[ω − h]−G0(ω)ṽ

]
G̃0(ω) = G0(ω)

[
1−G0(ω)ṽ

]
G̃0(ω) = G0(ω)

G̃0(ω) = G0(ω) +G0(ω)ṽG̃0(ω). (4.36)

The last line is the so called Dyson equation, that indicates that the perturbed
Green’s function G̃0(ω) can be represented as perturbation series of the unperturbed
Green’s function and the perturbation ṽ:

G̃0(ω) = G0(ω) +G0(ω)ṽG0(ω) +G0(ω)ṽG0(ω)ṽG0(ω) + . . . (4.37)

Figuratively speaking, the propagation through the perturbed system can be de-
scribed as propagating through the unperturbed system with G0 and occasional
scattering at the perturbation ṽ. The full perturbed propagator G̃0 is obtained by
considering all possible scattering pathways (quantum pinball).

This process is often described diagrammatically, and indeed the diagrammatic
formalism is a rigorous approach to describe quantum many body systems more
conveniently than with the algebraic formulation. We will make use of the diagram-
matic representation in some equations, as this is very common in the literature
of the field, however we will not establish a rigorous diagrammatic frame work but
rather use diagrams to provide a simple and intuitive view on the algebraically com-
plex circumstances. A profound presentation of the diagrammatic formalism can be
found in the books of Mattuck [26] or Fetter and Walecka [25].

The Dyson equation for the non interacting particle case with a perturbation ṽ
can be written diagrammatically as:

= + ṽ (4.38)
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4 Many-body perturbation theory

The double arrow represents the perturbed propagator G̃0 (or generally the total
propagator G), while the single arrow represents the unperturbed independent par-
ticle propagator G0. In spatial/time coordinates, the above diagrammatic Dyson
equation with the perturbation ṽ would translate to:

G(r, r′, t− t′) = G0(r, r′, t− t′) +
∫

dt′′
∫

d3rG0(r, r′′, t− t′′)ṽ(r′′)G(r′′, r′, t′′ − t′)
(4.39)

4.1.2 Imaginary time propagator

In this subsection we introduce the imaginary time Green’s function G(τ), that has
some advantages over its corresponding real time equivalent. Although the concept
of imaginary time Green’s functions arises from a statistical quantum many body
theory at finite temperatures, the concept is also useful at T=0. The imaginary
time Green’s function is often used in modern electronic structure theory, especially
in the literature closely related to the work in this thesis [60, 61, 35, 62, 63]. For
this reason we give a very short introduction to the concept.

The Wick rotation [64], connects quantum mechanics to statistical mechanics
by introducing a transformation that substitutes the real valued time variable t
with an imaginary time i t → τ . Although imaginary time may sound at first
somehow unphysical, it is actually a very useful concept. The connection can be
seen by looking at the Boltzmann factor as well as the time propagation of an energy
eigenstate:

p(Ψ) = e−τE (4.40)

|Ψ(t)〉 = e− i tE |Ψ(0)〉 , (4.41)

where we used the variable τ instead of the usual inverse temperature β in order to
clarify the connection.

In the grand canonical ensemble the expectation value of an operator, 〈O〉, is
given by

〈O〉 = Tr{Oρ}
Tr{ρ} . (4.42)

There, the distribution operator is

ρ = e−β(H−µN), (4.43)

with the inverse temperature β = 1/(kT ) and ρ/Tr{ρ} is usually referred to as
density matrix. The trace operation is defined as

Tr{A} =
∑

n

〈Φn|A|Φn〉 , (4.44)
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4.1 The Green’s function

where the Φn are any orthonormal basis in the respective Hilbert space, since Tr{A}
is invariant under the choice of the orthonormal basis. The sum is a general sum
over all basis states and might be an integral in the continuous case.

Now in analogy to the Green’s function defined in Eq. (4.1), we can define the so
called finite temperature Green’s function

〈n|G(τ − τ ′)|m〉 = G(n,m, τ − τ ′) = −Θ(τ − τ ′)Tr{cn(τ)c†(τ ′)ρ}
Tr{ρ}

+Θ(τ ′ − τ)Tr{c†(τ ′)cn(τ)ρ}
Tr{ρ} . (4.45)

In a similar way the original Green’s function in Eq. (4.1) is related to the
Schrödinger equation, the finite temperature Green’s function is related to the
Bloch equation [25, 26, 65]:

∂

∂β
ρ = −(H − µN)ρ. (4.46)

Although the operators c†(τ ′)/cn(τ) are actually arising from the Bloch equation
and the statistical treatment of a quantum system at finite temperature, they can
be viewed as imaginary time operators c†(τ ′)/cn(τ) in the Heisenberg picture (with
a modified Hamiltonian H → H − µN , representing just a shift in single particle
energies, cf. Section 1.3.5):

c†
m(τ ′) = e(H−µN)τ ′

c†
me

−(H−µN)τ ′ (4.47)

cn(τ) = e(H−µN)τcne
−(H−µN)τ (4.48)

The imaginary time variables τ/τ ′ are restricted to the interval [0, β] so that the
argument of the finite temperature Green’s function (τ−τ ′) ∈ [−β, β]. This leads to
some algebraic differences in the treatment of the finite temperature Green’s func-
tion (e.g. in the frequency domain, the Green’s function has a discrete spectrum,
the so called Matsubara frequencies, see [25, 26]). However there is a correspon-
dence between the Bloch equation (4.46) and the Schrödinger equation (1.16), that
becomes evident by substituting β ↔ i t, H − µN ↔ H and ρ ↔ |Ψ〉. This corre-
spondence allows to apply the same diagrammatic approaches to finite temperature
many body quantum mechanics that are established in the T = 0K case, only the
translation into algebraic forms is different.

In the limit T → 0 the finite temperature formalism yields the original Green’s
function formalism, albeit with imaginary time. Weather the Green’s function is in
the real or imaginary time/frequency domain will from now on be indicated only
by the argument of the Green’s function: t/ω for real and (i)τ/(i)ν for imaginary
time/frequency. Though in this thesis we are focusing at zero temperature properties
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4 Many-body perturbation theory

of solids, using the imaginary time Green’s function has also some advantages in
this case. The independent particle Green’s function for example is (µ = 0 for
convenience):

G0(r, r′, τ) =
∑

n

ψn(r)ψ∗
n(r′)e−εnτ [Θ(−τ)f(εn)−Θ(τ)(1− f(εn))], (4.49)

with the Fermi weights f(εn), which are in the T = 0 case either 1 for occupied or
0 for unoccupied orbitals. One advantage of the imaginary time Green’s function
is, that we do not require the convergence factor i η for the Fourier transformation
to the frequency domain. Another advantage is that the imaginary time Green’s
function is Hermitian, in the following sense:

G(r, r′, τ) = G(r′, r, τ)∗. (4.50)

4.2 Self energy

Consider a Hamiltonian with a non-interacting part H0 and a weak interaction
potential ∆V

H = H0 + ∆V (4.51)

H0 =
∫

d3rψ̂†(r)h(r)ψ̂(r) (4.52)

∆V =
∫∫

d3rd3r′ψ̂†(r)ψ̂†(r′)∆v(r, r′)ψ̂(r′)ψ̂(r) (4.53)

Then for the Green’s function we obtain the following differential equation (equation
of motion for the Green’s function):

i ∂
∂t
G(r, r′, t− t′) =δ(r− r′)δ(t− t′) (4.54)

+ ĥ(r)G(r, r′, t)

− i Θ(t− t′) 〈Ψ0|[ψ̂(r),∆V̂ ](t)ψ̂†(r′, t′)|Ψ0〉

+ i Θ(t′ − t) 〈Ψ0|ψ̂†(r′, t′)[ψ̂(r,∆V̂ ](t)|Ψ0〉 .
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4.2 Self energy

The first term is obtained by differentiating the Θ-functions in Eq. (4.5) and using
the anti-commutator relations, cf. Eq. (1.37):

[ψ̂(r), ψ̂†(r′)]+ = δ(r− r′) (4.55)

[ψ̂†(r), ψ̂†(r′)]+ = [ψ̂(r), ψ̂(r′)]+ = 0, (4.56)

as well as Eq. (4.23):(
∂

∂t
Θ(t− t′)

)
〈Ψ0|ψ̂(r, t)ψ̂†(r′, t′)|Ψ0〉 −

(
∂

∂t
Θ(t′ − t)

)
〈Ψ0|ψ̂†(r′, t′)ψ̂(r, t)|Ψ0〉 =

= δ(t− t′) 〈Ψ0|[ψ̂(r, t), ψ̂†(r′, t′)]+|Ψ0〉

= δ(t− t′) 〈Ψ0|[ψ̂(r), ψ̂†(r′)]+|Ψ0〉

= δ(r− r′)δ(t− t′). (4.57)

To derive the last three terms in Eq. (4.54) we sketch how i ∂t acts on the amplitude
〈Ψ0|ψ̂(r, t)ψ̂†(r′, t′)|Ψ0〉, using the Heisenberg equation (4.2):

i ∂
∂t
〈Ψ0|ψ̂(r, t)ψ̂†(r′, t′)|Ψ0〉 = 〈Ψ0|[ψ̂(r, t), Ĥ]ψ̂†(r′, t′)|Ψ0〉 (4.58)

= 〈Ψ0|[ψ̂(r), Ĥ](t)ψ̂†(r′, t′)|Ψ0〉 (4.59)

= 〈Ψ0|[ψ̂(r), Ĥ0](t)ψ̂†(r′, t′)|Ψ0〉

+ 〈Ψ0|[ψ̂(r),∆V̂ ](t)ψ̂†(r′, t′)|Ψ0〉 . (4.60)

In the second line, we used that [exp(± iHt), H] = 0. The commutator of the field
operator with the non-interacting Hamiltonian H0 is given by[
ψ̂(r), H0

]
= ψ̂(r)

∫
ψ̂†(r′′)h(r′′)ψ̂(r′′)d3r′′ −H0ψ̂(r) (4.61)

=
∫

(δ(r− r′′)h(r′′)ψ̂(r′′) + ψ̂†(r′′)h(r′′)ψ̂(r′′)ψ̂(r)d3r′′ −H0ψ̂(r) (4.62)

= h(r)ψ̂(r) +H0ψ̂(r)−H0ψ̂(r) (4.63)

= h(r)ψ̂(r) (4.64)

⇒
[
ψ̂(r), H0

]
(t) = ei Ht

[
ψ̂(r), H0

]
ei Ht = h(r)ψ̂(r, t) (4.65)
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4 Many-body perturbation theory

where we used again the anti-commutator relations in Eqs. (4.55) and (4.56). In-
serting Eq. (4.65) into Eq. (4.60) we get

− i Θ(t− t′) i ∂
∂t
〈Ψ0|ψ̂(r, t)ψ̂†(r′, t′)|Ψ0〉 = (4.66)

− i Θ(t− t′)
(
h(r) 〈Ψ0|ψ̂(r, t)ψ̂†(r′, t′)|Ψ0〉+ 〈Ψ0|[ψ̂(r), V̂ ](t)ψ̂†(r′, t′)|Ψ0〉

)
.

The result for i Θ(t′ − t)∂t 〈Ψ0|ψ̂†(r′, t′)ψ̂(r, t)|Ψ0〉 can be obtained analogously, so
that we finally get Eq. (4.54). We can now define the self energy Σ(r, r′, t − t′) in
the following way:∫∫

d3r′′dt′′Σ(r, r′′, t− t′′)G(r′′, r′, t′′ − t′) = 〈r|Σ ∗G|r′〉 (t− t′) (4.67)

=− i Θ(t− t′) 〈Ψ0|[ψ̂(r),∆V̂ ](t)ψ̂†(r′, t′)|Ψ0〉

+ i Θ(t′ − t) 〈Ψ0|ψ̂†(r′, t′)[ψ̂(r),∆V̂ ](t)|Ψ0〉 ,

where Σ ∗G is a convolution with respect to the time coordinate only (for the other
coordinates, in this example position, we take the standard operator product). With
this definition of the self energy and using a basis independent operator notation as
in Eq. (4.30), we can reformulate Eq. (4.54) in the frequency domain as:

[ω − h− Σ(ω)]G(ω) = 1. (4.68)

At the same time we can write for the non-interacting Green’s function G0 (=
independent particle Green’s function corresponding to H0)

[ω − h]G0(ω) = 1. (4.69)

This is reminiscent of Eq. (4.35) for the perturbed and Eq. (4.30) for the un-
perturbed independent particle Green’s function, which led to the Dyson equation
(4.36), but with Σ(ω) now taking the role of the perturbation. In analogy, we can
write a Dyson equation with G0 and Σ for the full propagator G (corresponding to
the full Hamiltonian H = H0 + ∆V ):

G(ω) = G0(ω) +G0(ω)Σ(ω)G(ω), (4.70)

or diagrammatically

= + Σ . (4.71)
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In order for the perturbation series that emerges from Eq. (4.70) to converge, the
perturbation ∆V needs to be small. In the systems that we want to describe in
the context of this thesis – electronic many body systems in the Born-Oppenheimer
approximation – the interaction term ∆V is in principle the Coulomb interaction
between the electrons VC. Since the Coulomb interaction is a strong interaction, we
cannot describe an electronic system by splitting off the Coulomb potential between
the electrons from the Hamiltonian to obtain a non-interacting system and then add
it as a perturbation later. However, starting from a mean-field method like Hartree-
Fock or density functional theory, with the non-interacting Hamiltonian HMF, we
can treat the difference between the real interaction and the mean-field interaction
(H1 = VC − VMF) as a small perturbation. We obtain a perturbation series for the
full Green’s function by partitioning the full Hamiltonian H

Ĥ =
∫

d3rψ̂†(r)[−1
2∇

2
r + vext(r)]ψ̂(r) + 1

2

∫∫
d3rd3r′ 1

|r− r′|
ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r)

(4.72)

into parts
H = HMF +H1, (4.73)

HMF =
∑

n

εMF
n c†

ncn (4.74)

=
∫

d3rψ̂†(r)[−1
2∇

2
r + vext(r)]ψ̂(r) +

∫∫
d3rd3r′vMF

el (r, r′)ψ̂†(r)ψ̂(r′)

H1 = H −HMF (4.75)

= 1
2

∫∫
d3rd3r′ 1

|r− r′|
ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r)−

∫∫
d3rd3r′vMF

el (r, r′)ψ̂†(r)ψ̂(r′).

For example, consider we calculated an approximate Kohn-Sham effective potential,
vMF

eff , and want to use it as a starting point (HMF = HKS) for a particular many
body perturbation method. Then in the above equations,

vMF
el (r, r′) = δ(r− r′)(vKS

eff (r)− vext(r)) (4.76)

is the electronic part of the effective Kohn-Sham potential (as calculated by the
approximation used for the DFT, e.g. LDA, PBE).
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4.3 Ground state energy of many electron system

4.3.1 Formal expression in MBPT

The ground state energy of an interacting system of electrons in an external potential
is formally calculated as

E0 = 〈Ψ0|H|Ψ0〉 = 〈Ψ0|
∫∫

d3rd3r′δ(r− r′)h(r′)ψ̂†(r)ψ̂(r′)|Ψ0〉+ 〈Ψ0|V̂C|Ψ0〉
(4.77)

with the one particle Hamiltonian h and the Coulomb interaction V̂C in second
quantization, as in Eq. (4.72).

Using the Green’s function in position basis, Eq. (4.5), the commutator relations
in Eq. (4.55) and (4.56) and the definition of the self energy in Eq. (4.67), with the
Coulomb potential as the perturbation ∆V , we can write the ground state energy
as [66]

E = lim
t→0−

∫∫
d3rd3r′δ(r− r′)

(
h(r′)G(r, r′, t) + 1

2(Σ ∗G)(r, r′, t)
)

(4.78)

which can be re-written in the imaginary frequency domain as

E = 1
2π

∫
dν ei ν0+ Tr

{[
h+ 1

2Σ(i ν)
]
G(i ν)

}
. (4.79)

Since we defined the Fourier transform from frequency to time with exp(− i ντ),
we have a “convergence factor” limτ→0− exp(− i ντ) = exp(i ν0+) in the above Eq.
(4.79). This equation becomes even more instructive by realizing that the Green’s
function at t→ 0− is the ground state density matrix, cf. Eq. (4.5):

n(r, r′) = 〈Ψ0|ψ̂†(r)ψ̂(r′)|Ψ0〉 = G(r, r′, t = 0−) = 1
2π

∫
dν ei ν0+

G(r, r′, i ν). (4.80)

However, as we already stated above, a perturbation series where the bare Coulomb
interaction is treated as a perturbation does not converge due to its strong nature.
Therefore we need to tackle the problem with another approach.

4.3.2 Adiabatic connection

A common theoretical approach to calculate the ground state energy is the so called
adiabatic connection [67, 68, 27], where the full interacting Hamiltonian is connected
to a mean-field Hamiltonian via an adiabatic switching. We can choose a linear
switching with a switching parameter λ so that for each λ the Hamiltonian is given
as:

H(λ) = H0 + (1− λ)VMF + λVC = HMF + λH1 (4.81)
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with

H0 =
∫∫

d3rd3r′δ(r− r′)h(r′)ψ̂†(r)ψ̂(r′) (4.82)

=
∫∫

d3rd3r′δ(r− r′)[−∇
2

2 + vext(r′)]ψ̂†(r)ψ̂(r′),

VMF =
∫∫

d3rd3r′vMF
el (r, r′)ψ̂†(r)ψ̂(r′), (4.83)

VC = 1
2

∫∫
d3rd3r′ 1

|r− r′|
ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r), (4.84)

and
HMF = H0 + VMF, (4.85)
H1 = VC − VMF. (4.86)

For λ = 0 and λ = 1, we recover the mean-field and the full Hamiltonian respectively:

H(λ = 0) = HMF (4.87)

H(λ = 1) = H. (4.88)
Assume the ground states to each HamiltonianH(λ) are given as |Ψλ

0〉, then formally,
the ground state energy of the fully interacting system is given as

E0 = 〈Ψ0|H|Ψ0〉 = 〈Ψλ=1
0 |H(λ = 1)|Ψλ=1

0 〉 = EMF +
∫ 1

0
dλ d

dλ
〈Ψλ

0 |H(λ)|Ψλ
0〉 ,
(4.89)

where EMF = 〈Ψλ=0
0 |H(λ = 0)|Ψλ=0

0 〉. Using the linear adiabatic connection from
Eq. (4.81) and with the aid of the Hellmann-Feynman theorem [69], we can write

E0 = 〈Ψ0|H|Ψ0〉 = EMF +
∫ 1

0
dλ 〈Ψλ

0 |H1|Ψλ
0〉 . (4.90)

We will now re-write 〈Ψλ
0 |H(λ)|Ψλ

0〉 in the MBPT formulation. Here we use G(λ)
for the Green’s function that corresponds to H(λ) and Σ(λ) for the self-energy
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corresponding to the scaled Coulomb potential ∆V (λ) = λVC:

〈Ψλ
0 |H(λ)|Ψλ

0〉 = 〈Ψλ
0 |H0 + (1− λ)VMF|Ψλ

0〉+ 〈Ψλ
0 |λVC|Ψλ

0〉 (4.91)

= 1
2π

∫
dν ei ν0+ Tr

{[
h+ (1− λ)vMF

el + 1
2Σ(i ν, λ)

]
G(i ν, λ)

}

= 1
2π

∫
dν ei ν0+ Tr

{[
h+ vMF

el

]
G(i ν, λ) + 1

2
[
Σ(i ν, λ)− 2λvMF

el

]
G(i ν, λ)

}

= 〈Ψλ
0 |HMF|Ψλ

0〉+ 1
2π

∫
dν ei ν0+ 1

2 Tr
{[

Σ(i ν, λ)− 2λvMF
el

]
G(i ν, λ)

}
.

Note that if we consider HMF as the non-interacting Hamiltonian we start from
and λ(VC − VMF) as the perturbation, then the self energy as defined in Eq. (4.67)
contains the mean-field potential with a factor 1, like in the case of an external
perturbation (cf. section 4.1.1). However, if one wants to calculate the ground state
energy from the self energy as shown in Eq. (4.79), self-energy parts from single
particle operators need to be multiplied by a factor of 2. This can be seen easily
by considering the non-interacting case with an external perturbing potential. This
issue is related to double-counting in mean-field theories and care has to be taken
which terms appear twice.

Now for 〈Ψλ
0 |H(λ)|Ψλ

0〉 we can also write

〈Ψλ
0 |H(λ)|Ψλ

0〉 = 〈Ψλ
0 |HMF|Ψλ

0〉+ λ 〈Ψλ
0 |H1|Ψλ

0〉 . (4.92)

Comparing this with the result above for the same expression yields

⇒ 〈Ψλ
0 |H1|Ψλ

0〉 = 1
λ

1
2π

∫
dν ei ν0+ 1

2 Tr
{[

Σ(i ν, λ)− 2λvMF
el

]
G(i ν, λ)

}
. (4.93)

The self-energy Σ(λ) contains the Hartree potential vλ
H and the exchange potential

vλ
x which correspond to the first order terms in λ v and are functionals of the Green’s

function:
vλ

H(x1) =
∫

dx′ λ

|r1 − r′|
1

2π

∫
dν ei ν0+

G(x′,x′, i ν, λ) (4.94)

vλ
x (x1,x2) = − λ

|r1 − r2|
1

2π

∫
dν ei ν0+ [

δσ1,↑δσ2,↑G(r1⊗ ↑, r2⊗ ↑, i ν, λ) (4.95)

+ δσ1,↓δσ2,↓G(r1⊗ ↓, r2⊗ ↓, i ν, λ)
]

Note that we explicitly used spatial-spin coordinates x as this is important in the case
of the exchange potential. That the first order terms of the self-energy correspond
to these two expressions, vH and vx, can be seen more easily diagrammatically and
will be explained in the next section.
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4.4 Hedin’s equations and the GW-approximation

It is useful to split the Hartree and exchange potential off from the self energy
and consider the remaining correlation part of the self energy Σc(λ) separately. This
way we can write the ground state energy as

E0 =EMF − Tr
{
vMF

el

∫ 1

0
dλ 1

2π

∫
dν ei ν0+

G(i ν, λ)
}

(4.96)

+ 1
2 Tr

{∫ 1

0
dλv

λ
H
λ

1
2π

∫
dν ei ν0+

G(i ν, λ)
}

+ 1
2 Tr

{∫ 1

0
dλv

λ
x
λ

1
2π

∫
dν ei ν0+

G(i ν, λ)
}

+ 1
2

∫ 1

0
dλ1
λ

( 1
2π

∫
dν ei ν0+ Tr {Σc(i ν, λ)G(i ν, λ)}

)
It will turn out that this is a good starting point for a perturbative energy functional
for mean-field methods and that after introducing some approximations, the RPA
energy functional can be derived from this expression.

4.4 Hedin’s equations and the GW-approximation

This section will give a brief introduction to how the Green’s function, the self energy
and other related properties of a many electron system can in principle be calculated
in an iterative fashion. We will use diagrams to some extend to provide a intuitive
description and to create a bridge to the literature. However, since the rigorous
treatment of Feynman diagrams is rather elaborate we refer to the literature for
more details [25, 26, 66, 70]. We saw already above, that the independent particle
Green’s function G0 is diagrammatically represented by a single line with arrow, and
the full Green’s function by a double line with arrow. These type of building blocks
are so called particle lines. The other building blocks we encountered so far are
external potentials and the self energy, which are represented as circles. It should
however be noted, that the diagrams also include a phase factor depending on the
convention. In imaginary time the translations are usually direct:

Σ = Σ v = v G0 = G = . (4.97)

We now introduce the interaction line between two particles, which in our case is
usually the Coulomb repulsion between electrons:

− v = . (4.98)
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4 Many-body perturbation theory

Every interaction line has to start and end at a vertex like diagram. The bare vertex,
which is just the unity operator 1 with phase factor i, is symbolized as a dot:

i 1 = . (4.99)

In case an interaction line is not connected to any other vertex like diagram, the
bare vertex is usually implied to be present on both sides of the interaction line in
all diagrams, e.g.

= . (4.100)

We will use this implicit notation wherever possible, but at times it is useful to have
an explicit symbol for the bare vertex.

Whenever different building blocks in the diagrams are connected, the intermedi-
ate indices are traced over while the open indices on each term have to be the same,
e.g.

vx

2

1

=

2

1

. (4.101)

translates to∫
d3d4 G0(2, 4)vx(4, 3)G0(3, 1) = −

∫
d3 . . . d6 G0(2, 6)G0(5, 4) v(4, 6, 3, 5)G0(3, 1).

(4.102)

Here the numbers are representative for positions {ri} plus imaginary time coordi-
nates τi.1 The exact rules on how to translate diagrams into algebraic forms are
designed so that they intrinsically take care of certain physical necessities such as
symmetries and conservation laws.

The diagrams we consider are usually either closed or have two open indices. For
the closed ones it is clear that one has to trace over all intermediate indices. The
ones with two open indices like the one above, Eq. (4.102), are in any given basis
a matrix. However, we will usually not write the open indices explicitly but rather
treat those diagrams with open indices analogue to the basis independent operator
notation, cf. Eq. (4.70) and (4.71).

The self energy we have encountered in section 4.2 is the so called proper (or
irreducible) self energy and it can be shown, that it can be expressed as the sum

1In principle any single particle basis can be chosen instead of position coordinates, for example
states of the non interacting Hamiltonian {φk}, in that case however, the dressed vertex Γ
(introduced later) becomes a bit more complicated [70]. The reason is that in real space
coordinates, the Coulomb interaction v(1, 2, 3, 4) ∝ δ(r1 − r2)δ(r3 − r4)
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4.4 Hedin’s equations and the GW-approximation

over all irreducible, self-energy like diagrams. These are diagrams with two open
indices that can be inserted in a particle line, or in other words diagrams with an
incoming and outgoing connection to a particle line. Irreducible means that in this
case a diagram cannot be split in two by cutting through a single propagator line.
Below are a few examples of irreducible self-energy like diagrams, arranged by the
order of interactions:

Σ = + (4.103)

+ + + + + . . .

+ + + + . . .

+ . . . . (4.104)

As was already mentioned, a perturbation series with a Hamiltonian where the bare
Coulomb interaction VC is treated as the perturbation does not converge. Therefore,
often the Hartree potential of the full propagator (cf. Eq. 4.94) is separated from
the rest of the self energy, while the remainder of the self energy is referred to as
exchange-correlation part Σxc. This gives rise to a modified Dyson equation for the
Green’s function:1

G = G0 + G0vH[G]G + G0ΣxcG (4.105)

= + + Σxc . (4.106)

Also, it is possible generate an expansion of Σxc in terms of a screened potential W
rather than the bare Coulomb potential v, as shown by Hedin in 1965 [66]. W (1, 2)
essentially gives the potential at point 1 due to the presence of a test charge at
point 2, including the effect of the polarization of the electrons in between. In the
literature, W is usually referred to as the screened interaction, i.e. the interaction
between two electrons, screened by the polarization effects of all the other electrons.
Diagrammatically we represent the screened interaction by a double wiggly line and

1For every fermion loop a factor of -1 is applied in the translation of the diagrams to the algebraic
form. Therefore the sign from the interaction and from the loop cancel each other and the total
sign of the Hartree potential is positive as in Eq. (4.94)
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4 Many-body perturbation theory

it can be shown that the screened interaction obeys a Dyson like equation:

−W = − v + − vPW (4.107)

= + π (4.108)

with the proper polarization P , represented by the bubble diagram π. The proper
(or irreducible) polarization is the sum of all irreducible, polarization like diagrams,
i.e diagrams that cannot be split in two by cutting through a single interaction line
and that have two open indices so that they can be inserted into an interaction line.
For example the following diagrams are part of P :

π = + + + + . . . (4.109)

The full Green’s function (see Dyson equation 4.106) and the screened interaction
Eq. (4.108) are often referred to as dressed, or renormalized. The reason is that the
full Green’s function, if calculated self consistently with the self-energy, represents
a quasi particle propagator and the quasi particles can be viewed as interacting via
the screened interaction.

The last quantity that can be renormalized to condense the diagrammatic repre-
sentation of MBPT is the vertex, Γ. Vertices represent the connection between an
incoming particle line, an outgoing particle line and an interaction line. Since they
connect three other building blocks, they are often represented by a triangle. The
dressed vertex Γ is the sum of all irreducible vertex like diagrams, i.e. all diagrams
that cannot be split in two by cutting neither a single particle nor a single inter-
action line and that have three open indices that can be connected to an incoming
particle line, an outgoing particle line and an interaction line:

Γ = + + + + + . . .+ + . . . (4.110)

Using the different dressed quantities, one can show that the self energy can be
expressed as [66, 70]:

vH + Σxc = vG − GWΓ (4.111)

vH + Σxc = +
Γ

. (4.112)
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4.4 Hedin’s equations and the GW-approximation

Similarly, the polarization P can also be expressed in terms of the Green’s function
and the dressed vertex:

P = GGΓ (4.113)

π =
Γ

. (4.114)

Finally, it can be shown that the dressed vertex also obeys a Dyson like equation:

i Γ = i 1 + δΣxc

δG
GG i Γ (4.115)

Γ = + δΣxc
δG Γ . (4.116)

The Eqs. (4.105), (4.115), (4.113), (4.107) and (4.111) and their diagrammatic
representation are known as the five Hedin’s equations [66] and they give rise to
a self-consistency cycle that in principle allows to calculate the true many body
Green’s function and self-energy and hence the ground state energy of the system,
cf. Eq. (4.79). This cycle is often depicted in Hedin’s pentagon, Fig. 4.1.

Σ Γ

G

PW

Figure 4.1: Hedin’s pentagon: self consistency cycle for the iterative calcula-
tion of the Green’s function, the dressed vertex, the polarization, the screened
interaction and the self energy in many body perturbation theory.
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4 Many-body perturbation theory

In practice however, approximations are needed due to the high complexity of
the equations. Starting from the Hartree-approximation, in the first self consistency
cycle, the dressed vertex is just 1, since the exchange-correlation part of the self-
energy is 0. As a consequence the self energy after one self consistency cycle is given
as:

ΣGW
xc = −GW. (4.117)

This gives rise to the GW approximation, where the dressed vertex is approximated
by the bare one (1). It is easily memorized by thinking of taking a short cut
directly from G to P in Hedin’s pentagon. Though this concept is theoretically
only supported in the first cycle and starting from the Hartree reference, Hedin’s
GW method [66] is the most widely used approximation to the self energy in the last
decades [71]. The method is regularly adopted for self consistent GW calculation
and for different starting configurations such as DFT or HF reference states.

Related to the self consistent GW method is the so called G0W 0. In this method
G0 corresponds to the independent particle Green’s function from the reference
mean-field Hamiltonian, while the screened interaction is still calculated in the GW
approximation, i.e. replacing the dressed vertex with the bare one. However, the
iteration is truncated after the first cycle, yielding a non-self consistent, perturbative
approximation to the exchange correlation part of self energy given as

ΣG0W 0

xc = −G0W 0. (4.118)

This perturbative method turned out to predict quasi particle energies and hence
band gaps more accurately than the underlying mean-field methods and is widely
used in computational materials physics and quantum chemistry [71]. Furthermore,
we can use this approximation to derive an approximate functional for the total
ground state energy, which will turn out to be the RPA energy functional.
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Chapter 5

The random phase approximation

In this chapter, we introduce the random phase approximation (RPA) energy func-
tional as an perturbative approximation to the ground state energy that can be
calculated on top of an underlying mean-field calculation. We will use the adiabatic
connection together with the G0W 0 approximation introduced in the previous chap-
ter to derive the RPA energy functional and give some references to the literature
that support this ansatz. This chapter is designed to give a compact overview of
the RPA, for a more detailed description we refer the reader to the review papers
of Ren et al. [28] or Görling and Hesselmann [72, 73].

5.1 History of the RPA
During the 1950s, quantum many body theory introduced new theoretical con-
cepts for the description of nuclei and solids. These originated from the techniques
that were established in quantum electrodynamics, particularly Feynman-Dyson di-
agrammatic perturbation theory. In their publications between 1951 and 1953 [21,
22, 23, 24], Bohm and Pines studied the collective properties of the electron gas,
describing density fluctuations by separating collective long-range (plasma) oscilla-
tions from short-range thermal or random motions of the individual electrons (or
actually the dressed electrons which are quasi-particles). This can be done by char-
acterizing the response to a wave, where collective motions produce a response in
phase with the wave while the thermal motions give rise to a random phase differ-
ence. Considering systems with large numbers of electrons (high density limit), the
mean value of the response for terms with a random phase, is zero. Assuming that
this is also the case for large but finite densities is the original formulation of the
random phase approximation.

When the many electron Hamiltonian is expressed in Fourier space by a series
of momentum transfers between the electrons, the RPA amounts to neglecting the
interaction between the collective and the single (quasi) particle degrees of freedom.
This allows to treat the momentum transfers of the Coulomb potential in Fourier
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5 The random phase approximation

space independently. An early application was the calculation of the dielectric func-
tion of the electron gas by Lindhard in 1954 [74].

From another point of view, in the RPA, the electrons behave like they are inter-
acting only with a total electric potential that is composed of the external poten-
tial and a screened Coulomb potential. Figuratively, the screened potential can be
viewed as the potential between two electrons, screened by the cloud of the other
electrons that surround them. With this picture in mind, it appears obvious that
the RPA is a good approximation if the screening (polarization effects) is large
and the electrons interact via weak screened Coulomb forces. It became apparent
that renormalizing the long-range Coulomb interaction into an effective screened
interaction between new, effective single (quasi) particles allowed to overcome the
divergences appearing in older theories of interacting many-body systems and to
explain the puzzling success of the single-particle models developed earlier. Shortly
afterwards in 1956, with Landaus Fermi liquid theory [75], effective theories describ-
ing many-body systems in terms of quasi particles were put on a solid theoretical
foundation.

In 1957, Gell-Mann and Brueckner chose a diagrammatic approach to derive an
expression for the ground-state energy of the interacting electron gas in the high-
density limit [76]. They eliminated the spurious divergences of previous theories by
summing the diagrams with ring structure to infinite order, yielding a geometric
series and hence a convergent energy expression. Together with Goldstones paper
from the same year [77], this is the earliest example in condensed-matter theory for
the application of Feynman-diagrammatic methods.

Naturally, in the high density limit of the electron gas, the RPA yields exact
correlation energies, but later in 1958, Nozier and Pines [78, 79] showed that under
certain conditions, the RPA is also applicable to metallic densities.

In the 1970s Langreth and Perdew [67, 27] as well as Gunnarsson and Lundqvist
[68], formulated the adiabatic-connection fluctuation-dissipation (ACFD) theorem
in the context of exchange correlation energy functionals. They established a con-
nection between the response function (polarizability) and the exchange correlation
functional. This allowed to use the RPA as an orbital dependent energy functional.

Szabo and Oslund [80] showed that RPA yields the correct 1/R6 asymptotic be-
havior for the interaction between well-separated closed-shell subsystems. This is
one of the major advantages of the RPA over LDA and GGA functionals, as those
functionals do not incorporate such long-range interactions. Also in contrast to
most other functionals, the self-interaction error present in the Hartree term can-
cels exactly with the exchange part of the RPA exchange-correlation functional [28].
Furthermore, the RPA is in principle applicable to metallic systems.

For the first time the RPA was applied to realistic systems when Furche [81], and
Fuchs and Gonze [82] used RPA exchnage correlation functionals for small molecules
in the early 2000s. Since then, developments on the theoretical level, significant
improvements on the technical side, as well as novel and successful applications
to various systems that were not well described with conventional functionals led
the RPA to become an important tool in the repertoire of modern computational
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quantum chemistry and materials science. An excerpt of more recent developments
will be given in section 5.3 after a theoretical derivation of the RPA energy functional
in the next section 5.2.

5.2 The perturbative RPA energy functional
Usually, the RPA energy functional is derived from the adiabatic connection fluc-
tuation dissipation theorem (ACFDT). There, one starts with an energy expression
from the adiabatic connection (AC) and then uses linear response theory in com-
bination with the fluctuation dissipation theorem (FDT). The energy functional
derived in this way depends on the interaction parameter λ via the λ-dependent
polarizability/response function χλ. The RPA energy functional is then obtained by
using an approximation which neglects the exchange correlation kernel fxc ≈ 0 [83].
However, instead of linear response theory, we will use a different approach by using
the G0W 0 approximation [28]. This is equivalent to using the RPA screened inter-
action to calculate the self energy, while leaving the Green’s function unchanged.
We will show that the RPA energy functional we derive in this way is equivalent to
the earlier and more common ACFDT approach.1

Diagrammatically, the core of the random phase approximation is to approximate
the proper polarization in zeroth order of the Coulomb interaction

P ≈ P0 = G0G0 (5.1)

π ≈ π0 = (5.2)

yielding the following approximation to the screened (=effective) interaction:

WRPA = v + vP0WRPA (5.3)

= + . (5.4)

By summing the geometric series above, this can be re-written in terms of the RPA-
dielectric constant εRPA:

WRPA = v
1 + vP0

= v
εRPA

. (5.5)

The RPA screened interaction is identical to the screened interaction W 0 in the
G0W 0 introduced in the previous chapter. We will exploit this connection between
the two different diagrammatic approaches in order to formulate a Green’s function

1In this section we use explicitly spatial-spin coordinates x and spin orbitals χ(x), cf. section 1.6.
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based energy functional in the RPA. In order to do that, we recall the result of the
adiabatic connection

E0 =EMF − Tr
{
vMF

el

∫ 1

0
dλ 1

2π

∫
dν ei ν0+

G(i ν, λ)
}

(5.6)

+ 1
2 Tr

{∫ 1

0
dλv

λ
H
λ

1
2π

∫
dν ei ν0+

G(i ν, λ)
}

+ 1
2 Tr

{∫ 1

0
dλv

λ
x
λ

1
2π

∫
dν ei ν0+

G(i ν, λ)
}

+ 1
2

∫ 1

0
dλ1
λ

( 1
2π

∫
dν ei ν0+ Tr {Σc(i ν, λ)G(i ν, λ)}

)
.

First, we will approximate the Green’s function G(i ν, λ) by it’s mean-field expression
G0(i ν)

G(i ν, λ) ≈ G(i ν, λ = 0) = GMF(i ν) = G0(i ν), (5.7)
and the screened interaction by the RPA

W (λ) ≈ W 0(λ) = WRPA(λ) = λ v +WRPA
c (λ) (5.8)

with the correlation part

WRPA
c (λ) = λ v

1 + λ vG0G0 − λ v . (5.9)

In this approximation, the Hartree- and exchange potential are given as

vλ
H(x1,x2) ≈ δ(x1 − x2)

∫
dx′ λ

|r1 − r′|
1

2π

∫
dν ei ν0+

G0(x′,x′, i ν) (5.10)

vλ
x (x1,x2) ≈ −

λ

|r1 − r2|
1

2π

∫
dν ei ν0+

δσ1,↑δσ2,↑G
0(r1⊗ ↑, r2⊗ ↑, i ν) (5.11)

+ δσ1,↓δσ2,↓G
0(r1⊗ ↓, r2⊗ ↓, i ν),

and the corresponding correlation part of the self-energy in the GW approximation
is

Σc(λ) ≈ −G0WRPA
c (λ). (5.12)

Inserting the r.h.s of Eqs. (5.7), (5.10), (5.11) and (5.12) into Eq. (5.6) we find
that the only λ dependence is left in the correlation part of the screened interaction
WRPA

c (λ) via the scaled Coulomb potential v(λ) = λ v, since the mean-field Green’s
function does not depend on the interaction parameter λ. Thus, the λ integration
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of the first three terms in Eq. (5.6) is trivial and using

1
2π

∫
dν ei ν0+

G0(x,x′, i ν) = nMF(x,x′) =
∑

i∈occ.

χi(x)χ∗
i (x′), (5.13)

with the mean-field spin orbitals {χi}, we arrive at the following intermediate result
for the total RPA energy functional ERPA

tot :

E0 ≈ ERPA
tot = EEXX + ERPA. (5.14)

EEXX is the Hartree-Fock energy functional (2.28), evaluated with the orbitals from
an arbitrary mean-field method, e.g. PBE. ERPA is the correlation energy in the
RPA, obtained from the last term in Eq. (5.6) using (5.12).

We will show quickly how EEXX emerges from the first four terms of Eq. (5.6).
The first two terms yield the kinetic energy and the energy in the external potential
for the mean-field orbitals:

EMF − Tr
{
vMF

el

∫ 1

0
dλ 1

2π

∫
dν ei ν0+

G0(i ν)
}

= (5.15)

∑
i∈occ

〈χi|
−∇2

2 + vext + vMF
el |χi〉 −

∫
dx1dx2 〈x2|vMF

el |x1〉
1

2π

∫
dν ei ν0+ 〈x1|G0(i ν)|x2〉

=
∑

i∈occ

〈χi| −
∇2

2 + vext + vMF
el |χi〉 − 〈x′|vMF

el |x〉
∑

i∈occ

〈x|χi〉 〈χi|x′〉

=
∑

i∈occ

〈χi| −
∇2

2 |χi〉+ 〈χi|vext|χi〉

=
∑

i∈occ

〈χi|ĥ|χi〉

= Ekin[{χi}] + Eext[{χi}]

corresponding to the first term in the Hartree-Fock energy functional. The third
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term, containing the Hartree potential yields

1
2 Tr

{∫ 1

0
dλv

λ
H[G0]
λ

1
2π

∫
dν ei ν0+

G0(i ν)
}

= (5.16)

1
2

∫∫
dx1dx2

∑
i,j∈occ

∫
dx′δ(x1 − x2)

χi(x′)χ∗
i (x′)

|r1 − r′|
χj(x2)χ∗

j(x1) =

1
2
∑

i,j∈occ

〈χi| 〈χj| v |χi〉 |χj〉

and similarly the fourth term with the exchange potential yields

1
2 Tr

{∫ 1

0
dλv

λ
x [G0]
λ

1
2π

∫
dν ei ν0+

G0(i ν)
}

= −1
2
∑

i,j∈occ

〈χi| 〈χj| v |χj〉 |χi〉 . (5.17)

The self interactions in Eq. (5.17) and (5.16) cancel each other exactly. Therefore in
our approximation, the energy from the first four terms of Eq. (5.6), EEXX, coincides
with the Hartree-Fock energy functional (2.28) evaluated at the occupied mean-field
orbitals {χi}:

EEXX[{χi}] = Ekin[{χi}] + Eext[{χi}] + EH[{χi}] + Ex[{χi}] (5.18)

= h + + . (5.19)

In the literature this is often referred to as exact exchange, hence the label “EXX”.

Within the approximation (5.12), we will now evaluate the correlation part of the
energy, corresponding to the remaining last term of Eq. (5.6):

ERPA = 1
2

∫ 1

0
dλ1
λ

( 1
2π

∫
dν ei ν0+ Tr

{
−G0(i ν)WRPA

c (i ν, λ)G0(i ν)
})

. (5.20)

We will now formally perform the λ integration for WRPA
c∫ 1

0
dλ1
λ
WRPA

c (λ) =
∫ 1

0
dλ1
λ

(
λ v

1− λ vG0G0 − λ v
)

(5.21)

= − ln(1− vG0G0)
G0G0 − v
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Hence, we finally obtain

ERPA = 1
2

( 1
2π

∫
dν ei ν0+ Tr

{
ln(1− vG0G0)−G0 vG0

})
, (5.22)

which is equivalent to the form commonly found in the literature in terms of the
mean-field polarization PMF [31, 83]:

ERPA = 1
2π

∫ ∞

0
dν Tr {ln(1− vPMF)− vPMF} , (5.23)

since G0 = GMF and PMF = P0 = G0G0.
This result can also be obtained diagrammatically from Eq. (5.20). The integrand

(apart from the negative sign) is given as:

1
λ

(
W (λ)

− λ ) = λ + λ2 + λ3 + . . . .

(5.24)
Thus, the λ integration yields

ERPA = −1
4 − 1

6 − 1
8 − . . . (5.25)

which is exactly the same result one obtains by formally expanding the logarithm
in Eq. (5.22) around vG0G0 = 0. This diagrammatic expansion is the reason why
in the literature, the RPA is often described as summing up all “ring” or “bubble”
diagrams to infinite order.

5.3 Applications and recent developments of the
RPA

Today, the standard approach to use the RPA is to apply the RPA energy functional
as a post processing technique on top of a DFT calculation, e.g. PBE→RPA@PBE.
For most bonding types, including metallic, covalent, and ionic bonding, this ap-
proach yields a rather good and balanced description. But most importantly, due
to its intrinsic non-local nature, the RPA can in principle also describe van der
Waals (vdW) bonding correctly [62]. This is a major advantage over conventional
density functionals, which can never truly describe non-local dynamic correlation
effects (van der Waals-type bonding, dynamic dipole-dipole interactions) due to the
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local or semi-local nature of those functionals.
The usefulness of the RPA was already shown over a decade ago, when several

groups investigated molecular properties, in particular in the weakly bound regime,
while others applied the RPA to periodic systems [28]. Extensive RPA benchmark
studies for crystalline solids of all bonding types [29, 30, 31] were performed by
Harl and Kresse. It became apparent that the application of the RPA to surface
adsorption problems is particularly rewarding [84, 85, 86, 87, 88, 89], for example
the RPA showed considerable success in resolving the “CO adsorption puzzle”[34].
Especially since the second half of the 2000s, an increasing number of publications
on RPA applications was published, indicating the RPA’s rising importance in the
field of computational quantum chemistry and materials science.

Of course, like most methods, the RPA has also some draw backs. The first
issue is the high computational cost. The original implementation of the RPA for
realistic systems by Furche [81] was based on a molecular particle-hole basis and
scaled with O(N6). In the beginning, this steep scaling prevented the application
of the RPA to large systems (>100 atoms). However, technical advancements in
recent years, especially for periodic systems by Kaltak and Kresse [35, 62], allow to
calculate RPA energies with cubic scaling O(N3) in system size, so that large systems
became accessible. In this context, another important publication by Liu [63] should
be mentioned, where the authors describe cubic scaling GW. While these fast and
parallelizable algorithms give access to new realms, the overall computational cost of
an RPA energy calculation is typically still by a factor of ≈ 50 higher than with PBE.
However, in comparison with other correlated methods like MP2 or coupled cluster,
RPA is comparatively fast and represents a good compromise between accuracy and
performance.

While in many cases the RPA is a significant improvement over conventional DFT,
there are also some short comings from a theoretical point of view. It has been
shown that, in the homogeneous electron gas, the RPA is not accurate for short-
range correlations [90, 91]. From a MBPT point of view, among all the possible
many-body diagrams that should be included, direct RPA exclusively sums the
bubble-ring diagrams. This already points to one fundamental issue, namely the
lack of proper anti-symmetrization. Relatedly, the GW approximation violates the
crossing symmetry of the vertex, i.e. it violates the Pauli-principle [70]. This leads
to errors in strongly correlated systems.

In the past, many different paths to improve upon standard RPA have been
explored. Initially local/semi-local correlation corrections based on LDA or GGA
were made [92, 93]. Later, attempts to account for other kind of diagrams, like
higher-order exchange interactions [94, 95] were made. Other approaches included
the contribution of single excitations [96, 97, 98], or employed approximate exchange
and correlation contributions inspired by DFT [99]. Since the standard RPA is a
perturbational method and is not calculated self-consistently, better starting points
than standard density functionals can also enhance the method [100, 101]. [62]

With those recent developments in mind, investigating the capabilities and limits
of the RPA as a post processing method on top of mean-field methods, as well
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as finding potentially new fields of application within its theoretical framework,
represents one main aspect of this thesis.

5.4 The challenge of RPA Forces
Upon the start of this doctoral thesis, efficient algorithms for the calculation of
RPA energies for periodic systems had recently been implemented in VASP [35, 62].
However, a crucial feature for ab initio simulations was missing, namely an efficient
algorithm to calculate forces in the RPA in solids. While for molecular codes,
first implementations had recently been developed with O(N6) [36] and O(N4) [37]
scaling, there was no equivalent approach for periodic codes.

The underlying challenge is that in mean-field ab initio simulations, the energy
functional is stationary with respect to the mean-field orbitals, since the mean-field
Hamiltonian is usually derived from the variation of the respective energy functional.
Hence, the derivative of the energy with respect to the orbitals vanishes and therefore
in order to calculate the force on an atom, one can ignore the terms that consider
the functional derivative with respect to the orbitals:

δEMF

δφMF
i

= 0. (5.26)

This observation is related to the Hellmann-Feynman theorem, so that we refer to
the forces in mean-field methods as Hellmann-Feynman forces. These Hellmann-
Feynman forces only consider the change of the external potential with respect to
atom positions, but not the change of the orbitals. For example in DFT, the energy
can be considered as a functional of the external potential and the density/orbitals.
When the DFT calculation reached self consistency, Eq. (5.26) holds, and the force
on an atom at position R = (R1, R2, R3) is formally calculated as

Fi = −dEDFT[vext, n[{φi}]]
dRi

(5.27)

= −Tr
{
δEDFT[vext, n[{φi}]]

δvext

dvext

dRi

}
−
∑

i∈occ

Tr


δEDFT[vext, n[{φi}]]

δφi︸ ︷︷ ︸
=0

dφi

dRi

 .

Since the second term vanishes, most available ab initio codes calculate only the
first, Hellmann-Feynman, term. However, the RPA energy functional is calculated
perturbatively and thus is not stationary with respect to the mean-field orbitals it
is based on.

Therefore, in order to calculate forces in the RPA, one has to take the non-
Hellmann-Feynman forces into account. Also, one would like to keep the compu-
tational cost as low as possible in order to apply the RPA force algorithm to large
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periodic systems and surfaces, which is already challenging for energy calculations.
These two requirements together pose a challenging problem and represent the key
research topic investigated during the course of this thesis.
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Chapter 6

The projector augmented wave
method

The properties of materials and molecules are mainly characterized by the dynamics
of the valence electrons. While the valence electrons are strongly influenced by the
chemical environment and therefore shape the inter-atomic interactions dynamically,
the state of electrons in the inner shells and the nucleus is very robust with respect
to changes in the chemical environment. Intuitively, this can be explained by the
screening from the valence electrons. In electronic structure theory, the frozen core
approximation exploits this observation in order to decrease the complexity of the
many electron system. In the frozen core approximation, not only the nuclei are
kept at fixed positions (Born-Oppenheimer approximation) but the electron density
of the inner shells (core electrons) is also kept constant and the Schrödinger equa-
tion is solved only for the valence electrons in an external pseudo potential that is
constructed from the nuclei and the frozen core electrons. An example for the con-
struction of pseudo-potentials is found in the publication of Vanderbilt [102], who
introduced ultra soft pseudo potentials (USP) to reduce the necessary cut-off energy
for plane-wave basis sets significantly. This is achieved by introducing a generalized
orthonormality condition, allowing to divide the electron density into a soft and a
hard part. The latter is strictly localized in the core regions.

Also, the efficiency of electronic structure calculations can be increased by the
careful construction of basis sets, so that they can be truncated to decrease the
computational costs, while still describing the system with sufficient accuracy. In
the linearized augmented-plane-wave (LAPW) method this is achieved by dividing
space into (non-overlapping) atomic spheres centered at the position of the nuclei
and an interstitial region. In the two regions different basis sets are used: radial
functions in the spheres around the nuclei and plane waves in the interstitial region
[103].

The projector augmented wave method (PAW) combines the ideas of the LAPW
and USP and was first proposed by Blöchl [104]. The formal relationship between
USP and the PAW method has been derived by Kresse and Joubert [105]. The

95



6 The projector augmented wave method

PAW is implemented in the VASP code and is used there by default to achieve high
efficiency. In the following, we give a brief overview on the principles behind the
PAW and its implications for Green’s function methods, in particular it the context
of the RPA.

6.1 Introduction to the PAW formalism

Usually, the true (all electron) orbitals ψn show rapid oscillations around the atom
centers. To describe these oscillations accurately with a plane wave basis, one would
require very high cut-off energies. In order to reduce the required cut-off energy, the
PAW introduces pseudo orbitals ψ̃n as auxiliary quantities. These pseudo orbitals
ψ̃n are smoother than the ψn around the core regions so that much smaller cut-
off energies are sufficient to represent them with a plane wave basis. The pseudo
orbitals are constructed so that they are connected to the all electron orbitals via a
linear transformation:

|ψn〉 = T |ψ̃n〉 = |ψ̃n〉+
∑

µ

(|φµ〉+ |φ̃µ〉) 〈p̃µ|ψ̃n〉 . (6.1)

The index µ is a compound index for the atomic site Rµ, the angular momentum
numbers lµ,mµ, and the reference energy εµ. The φµ, φ̃µ and p̃µ are additional
auxiliary quantities that are fixed at the start of an electronic structure calculation
and depend on the kind and position of the atoms. The all electron partial waves
φµ are obtained for an isolated reference atom:

〈r|φµ〉 = 1
r−Rµ

ulµεµ(|r−Rµ|)Ylµmµ(∠[r−Rµ]), (6.2)

where ulµεµ are the solution of the radial Schrödinger equation for the reference atom,
Ylµmµ are spherical harmonics and ∠[ ] indicates that Ylµmµ depends only on the
orientation, not the absolute value of the argument vector. The pseudo partial waves
φ̃µ are equivalent to the all electron partial waves outside the augmentation sphere
Ωc – with radius rc

µ centered at position Rµ – and are constructed to continuously
match the φµ at the augmentation border. Usually, the core radius rc

µ is chosen
to be approximately half the nearest-neighbor distance. The pseudo partial waves
φ̃µ are constructed in a way that they are smoother than the all electron orbitals
inside the augmentation regions by substituting the radial part ulµεµ in Eq. (6.2)
with a pseudized radial function ũlµεµ , for details see Ref. [104, 105]. The projector
functions p̃µ are usually localized within the augmentation region and inside the
augmentation spheres they need to fulfill the equation∑

µ

|φ̃µ〉 〈p̃µ| = 1Ωc , (6.3)
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so that the pseudo orbitals can be expanded in terms of the pseudo partial waves as

|ψ̃n〉 =
∑

µ

|φ̃µ〉 〈p̃µ|ψ̃n〉Ωc
. (6.4)

The projector functions p̃µ are therefore dual to the partial waves within the aug-
mentation region:

〈p̃µ|φ̃ν〉Ωc
= δµν . (6.5)

In the theory of variational methods like DFT and HF, the all electron orbitals ψn

are the variational quantities of an electronic structure calculation. However, in
the PAW the pseudo orbitals ψ̃n take this role, while the all electron orbitals can
in principle be recovered from the pseudo orbitals in retrospect by Eq. (6.1). In
order to obtain a solution for the pseudo orbitals ψ̃n that is consistent with the all
electron solution, operators – especially the Hamiltonian – need to be transformed
accordingly. For example, it is easy to show that the expectation value of any one
electron operator O for an arbitrary all electron orbital ψn is equal to the expectation
value of the PAW operator Õ for the pseudo orbital ψ̃n:

〈ψn|O|ψn〉 = 〈ψ̃n|Õ|ψ̃n〉 (6.6)

Õ = T †OT . (6.7)

This gives rise to the introduction of so called compensation charge densities Qµν :

Qµν(r) = 〈φµ|r〉 〈r|φν〉 − 〈φ̃µ|r〉 〈r|φ̃ν〉 = φ∗
µ(r)φν(r)− φ̃∗

µ(r)φ̃ν(r) (6.8)

Qµν =
∫

d3r Qµν(r) = 〈φµ|φν〉 − 〈φ̃µ|φ̃ν〉 . (6.9)

The compensation charges can be used to write PAW operators in a more compact
notation, for example, the position projector is transformed in the following way:

|r〉 〈r| → |r〉 〈r|+
∑
µν

|p̃µ〉Qµν(r) 〈p̃ν | . (6.10)

The emerging stationary Schrödinger equation for the pseudo orbitals ψ̃n is given
as the generalized eigenvalue equation

H̃ |ψ̃n〉 = εnS |ψ̃n〉 (6.11)

with the overlap operator

S = 1 +
∑
µν

|p̃µ〉Qµν 〈p̃ν | . (6.12)
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Furthermore, the pseudo orbitals are not necessarily orthogonal but rather fulfill the
generalized orthogonality condition:

〈ψ̃n|S|ψ̃m〉 = δnm. (6.13)

Note that the VASP code (used for the applied electronic structure calculations in this
thesis), uses the frozen core approximation, which is not an inherent characteristic
of the PAW method. There, the core electrons are kept frozen in the configuration
for which the PAW potential and auxiliary quantities like the partial waves were
generated.

6.2 Implications of the PAW formalism for the RPA

Consider the formula for the RPA correlation energy

ERPA = 1
2π

∫ ∞

0
dν Tr {ln(1− vPMF)− vP0} . (6.14)

When one performs the underlying mean-field calculation in the PAW, one needs to
take care of how the mean-field polarizability P0 can be expressed in terms of the
pseudo mean-field orbitals ψ̃n. As we have seen in the previous chapter 5, in the
RPA the polarizability can be calculated from the mean-field Green’s functions as

P0(r, r′, i τ) = G0(r, r′, i τ)G0(r′, r,− i τ). (6.15)

To keep the following description as compact as possible we will only consider the
case τ > 0, but for negative imaginary times a similar expression can be found easily
by interchanging the positions r↔ r′ as P0(r, r′, i τ) = P0(r′, r,− i τ).

Using Eq. (4.49) for the mean field Green’s function, we obtain for the polariz-
ability at positive imaginary times τ > 0

P0(r, r′, i τ) =
(
−
∑

n

〈r|ψn〉 〈ψn|r′〉 e−τεn(1− fn)
)(∑

m

〈r′|ψm〉 〈ψm|r〉 eτεmfm

)

= −
∑
nm

〈ψm|r〉 〈r|ψn〉 〈ψn|r′〉 〈r′|ψm〉 e−τ(εn−εm)(1− fn)fm, (6.16)

where we used fn as short hand for the occupation number f(εn). When we sub-
stitute the orbitals ψ in the above equation with PAW pseudo orbitals ψ̃ , we also
need to apply the transformation given in Eq. (6.10) to the position projector |r〉 〈r|
in order to get a consistent result. Hence, the polarizability can be written in terms
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of PAW pseudo orbitals as:

P0(r, r′, i τ) = −
∑
nm

〈ψ̃m|
(
|r〉 〈r|+

∑
µν

Qµν(r) |p̃µ〉 〈p̃ν |
)
|ψ̃n〉× (6.17)

〈ψ̃n|

|r′〉 〈r′|+
∑
αβ

Qαβ(r′) |p̃α〉 〈p̃β|

 |ψ̃m〉×

e−τ(εn−εm)(1− fn)fm (6.18)

= −
∑
nm

(
〈ψ̃m|r〉 〈r|ψ̃n〉+

∑
µν

Qµν(r) 〈ψ̃m|p̃µ〉 〈p̃ν |ψ̃n〉
)
×

〈ψ̃n|r′〉 〈r′|ψ̃m〉+
∑
αβ

Qαβ(r′) 〈ψ̃n|p̃α〉 〈p̃β|ψ̃m〉

×
e−τ(εn−εm)(1− fn)fm

= −
∑
nm

(
〈r|ψ̃n〉 〈ψ̃n|r′〉 〈r′|ψ̃m〉 〈ψ̃m|r〉 (6.19)

+
∑
αβ

Qαβ(r′) 〈r|ψ̃n〉 〈ψ̃n|p̃α〉 〈p̃β|ψ̃m〉 〈ψ̃m|r〉

+
∑
µν

Qµν(r) 〈p̃ν |ψ̃n〉 〈ψ̃n|r′〉 〈r′|ψ̃m〉 〈ψ̃m|p̃µ〉

+
∑

µναβ

Qµν(r)Qαβ(r′) 〈p̃ν |ψ̃n〉 〈ψ̃n|p̃α〉 〈p̃β|ψ̃m〉 〈ψ̃m|p̃µ〉
)
×

e−τ(εn−εm)(1− fn)fm.
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With the following definitions for auxiliary Green’s functions:

G̃(r, r′, i τ) =
∑

n

e−εnτ 〈r|ψ̃n〉 〈ψ̃n|r′〉 [Θ(−τ)fn −Θ(τ)(1− fn)] (6.20)

G̃(ν, r′, i τ) =
∑

n

e−εnτ 〈p̃ν |ψ̃n〉 〈ψ̃n|r′〉 [Θ(−τ)fn −Θ(τ)(1− fn)] (6.21)

G̃(r, α, i τ) =
∑

n

e−εnτ 〈r|ψ̃n〉 〈ψ̃n|p̃α〉 [Θ(−τ)fn −Θ(τ)(1− fn)] (6.22)

G̃(ν, α, i τ) =
∑

n

e−εnτ 〈p̃ν |ψ̃n〉 〈ψ̃n|p̃α〉 [Θ(−τ)fn −Θ(τ)(1− fn)] (6.23)

the polarizability at τ > 0 can be rewritten as (cf. Ref. [63]):

P0(r, r′, i τ) =G̃(r, r′, i τ)G̃(r′, r,− i τ) (6.24)

+
∑
αβ

Qαβ(r′)G̃(r, α, i τ)G̃(β, r,− i τ)

+
∑
µν

Qµν(r)G̃(ν, r′, i τ)G̃(r′, µ,− i τ)

+
∑

µναβ

Qµν(r)Qαβ(r′)G̃(ν, α, i τ)G̃(β, µ,− i τ).

With this result for the polarizability in the PAW, the RPA correlation can be
calculated from the PAW orbitals / Green’s functions by inserting Eq. (6.24) into
Eq. (6.14).

When it comes to the calculation of derivatives of the RPA correlation energy in
the PAW, one needs to take into account changes of the projectors p̃ and the aug-
mentation charges Qij. These give rise to PAW related force terms. Also, since the
pseudo orbitals are solutions to the generalized eigenvalue problem Eq. (6.11), one
needs to take the overlap operator S into account when considering the Dyson equa-
tion / perturbation series for the Green’s function. These issues will be examined
in detail in chapter 7.
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Derivatives in the RPA
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Chapter 7

Forces

This chapter is dedicated to the core topic of this thesis, the calculation of (non-
Hellmann-Feynman) first order derivatives of the RPA energy in solids. The first
two sections 7.1 and 7.2 were already published by the author of this thesis and co-
authors in a peer reviewd article [1]. These sections lay out the fundamental concepts
for the calculation of RPA forces in solids and show some illustrative applications.
In section 7.3, more details are given on how the additional terms arising from the
PAW method are treated.

Note that in this part, we adopt a slightly different notation than in the theory
part I, in order to increase the readability of the equations. We drop the label “RPA”
for the screened interaction as well as the “0” for the mean-field Green’s function,
because in the following chapters we only consider the screened interaction in the
RPA and will only use the mean-field Green’s function for our calculations:

privious chapters this chapter
WRPA = W 0 → W (7.1)

GMF = G0 → G (7.2)

PMF = P0 → χ (7.3)

ΣRPA = ΣG0W0

c → ΣGW . (7.4)

Also, note that in accordance with the notation adopted in our publication [1], in
this chapter we use the Greek letter ρ for the density (operator) instead of n.
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7.1 Analytic interatomic forces in the random phase
approximation

We discuss that in the random phase approximation (RPA) the first derivative of
the energy with respect to the Green’s function is the self-energy in the GW ap-
proximation. This relationship allows to derive compact equations for the RPA
interatomic forces. We also show that position dependent overlap operators are ele-
gantly incorporated in the present framework. The RPA force equations have been
implemented in the projector augmented wave formalism, and we present illustra-
tive applications, including ab initio molecular dynamics simulations, the calculation
of phonon dispersion relations for diamond and graphite, as well as structural re-
laxations for water on boron nitride. The present derivation establishes a concise
framework for forces within perturbative approaches and is also applicable to more
involved approximations for the correlation energy.

Density functional theory (DFT) is almost ubiquitous in present day chemistry,
computational and materials sciences. Compared to other methods, one of the great
advantages of DFT is that forces between the atoms are readily computable, so that
relaxed groundstate structures, vibrational properties, as well as finite tempera-
ture properties of any material are straightforwardly accessible. Although quantum
chemists have devised ways to compute analytic forces e.g. for Møller-Plesset per-
turbation theory (MP) already decades ago [106, 107], in condensed matter simula-
tions forces beyond DFT have been rarely available. This has limited the success of
more involved electronic structure methods such as the random phase approximation
(RPA) for solids. Only recently, this situation has improved, with first derivatives
being computable for MP2 for solids [108], as well as for the RPA for molecules [37,
36]. However, to date all these implementations are limited to real valued Gaussian
type orbitals and even then the algebra is often intricate.

Here we use Green’s function theory, to derive compact equations for the forces
in the random phase approximation. These can be recapped in two lines. One first
calculates a Hermitian first order one-particle density matrix

ρ(1) = 1
2π

∫ ∞

−∞
dν G(i ν)(F + ΣGW(i ν))G(i ν), (7.5)

involving the Fock operator F , the correlation part of the self-energy in the GW
approximation ΣGW, and the independent particle Green’s function G(i ν) of the
Kohn-Sham (KS) Hamiltonian. Then one needs to trace this density matrix over
the first derivate of the KS Hamiltonian Fi = −Tr[ρ(1) ∂HKS/∂Ri], where Ri are
the ionic coordinates and Fi is the corresponding component of the force. We have
implemented the corresponding equations in the projector augmented wave [104,
105] formalism and show the potential of this method in the present chapter.

The fundamental problem we address here is that perturbation theory (including
the RPA) is non-variational, i.e. the kinetic, Hartree, exchange, and correlation
energies are evaluated using a set of orbitals calculated using some other zero-order
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Hamiltonian. For the purpose of this presentation, we assume that these one-electron
orbitals are always determined using a KS Hamiltonian H. We rely on Green’s
function theory and establish the essentials first and then proceed to an outline of
the derivation. Given the generalized eigenvalue equation

H |n〉 = εnS |n〉 , (7.6)

with a KS Hamiltonian H and an overlap operator S, the time dependent
Schrödinger equation reads

(iS∂/∂t−H) |n〉 = 0. (7.7)

Then the single particle KS Green’s function G can be written as:

G(i ν) := (i νS −H)−1. (7.8)

In the present paper, the Green’s functions are represented in imaginary frequency
i ν and time i τ , where they are smooth functions of their arguments. The Fermi-
level is placed at µ = 0; occupied (unoccupied) states have all negative (positive)
one-electron energies.

Green’s function theory allows to write compactly the change of the Green’s func-
tion upon perturbations. This is achieved by the Dyson equation, which relates the
perturbed Green’s function G+ ∆G corresponding to H + ∆H and S + ∆S to the
unperturbed Green’s function G:

(G+ ∆G)−1 = G−1 − (∆H − i ν∆S) ⇔

(G+ ∆G) = G+G(∆H − i ν∆S)(G+ ∆G).
(7.9)

Neglecting ∆G on the r.h.s. of the second line, one obtains for the change of the
Green’s function ∆G the first order term

G(1)(i ν) = G(i ν)(∆H − i ν∆S)G(i ν). (7.10)

It is noted that ∆H is the total change of the KS Hamiltonian including the self-
consistent field changes.

The Green’s function in imaginary time can be obtained by a Fourier transforma-
tion:

G(i τ) = 1
2π

∫ ∞

−∞
G(i ν)e− i ντ dν. (7.11)

Using standard mathematical relations, it is easy to show that one can also write [60,
109]:

G(i τ) =
{ ∑

j∈occ. |j〉 〈j| e−τεj τ < 0
−∑a∈virt. |a〉 〈a| e−τεa τ > 0. (7.12)

Here the sums are restricted to the occupied (occ.) manifold for negative τ and to
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the unoccupied or virtual (virt.) manifold for positive τ , and thus the exponents are
always bound. Clearly [see Eq. (7.12)], the one-particle density operator ρ is given
by the Green’s function for τ → 0−, i.e. for a slightly negative imaginary time

ρ = lim
τ→0−

G(i τ) = G(i η), (7.13)

where η = 0− is a small negative infinitesimal.

We now proceed to calculate first derivatives of the Hartree-Fock energy func-
tional. This functional depends on the density matrix ρ and an external potential
vext: E = EHF[ρ, vext]. The total variation is

δEHF = Tr
[
δEHF

δvext
δvext

]
︸ ︷︷ ︸

Hellmann-Feynman

+ Tr
[
δEHF

δρ
δρ

]
︸ ︷︷ ︸

non-Hellmann-Feynman

. (7.14)

The trace operator usually involves integrals over one (for the variations of the
external potential) or two spatial coordinates (for variations of the density matrix).
If one calculates the HF energy derivatives at the HF density matrix ρHF, terms
related to variations of the density matrix do not need to be calculated, since the
Hartree-Fock density matrix fulfills the equation

Tr
[
δEHF

δρ
δρ

]
ρ=ρHF

= Tr [Fδρ]ρ=ρHF
= 0, (7.15)

where δρ is subject to the the orthonormality constraint of the corresponding basis
functions and δEHF/δρ is the Fock operator F . In this case the second term in Eq.
(7.14) vanishes, which is just the famous Hellmann-Feynman theorem.

If the random phase approximation is used on top of a DFT calculation (e.g.
RPA@PBE), the Hartree-Fock energy functional, however, needs to be evaluated
at the KS density matrix. The corresponding energy is commonly referred to as
exact exchange energy (EXX) [110]. The non-Hellmann-Feynman term is then non-
zero. Using Green’s functions, we can write this term compactly by combining Eqs.
(7.10), (7.11) and (7.13). For the non-Hellmann-Feynman term in Eq. (7.14) one
then obtains

1
2π

∫ ∞

−∞
dν Tr

[
F G(i ν)(δH − i νδS)G(i ν)e−iνη

]
, (7.16)

where the Fock operator F is constructed from the KS density matrix. Equation
(7.16) looks expensive to evaluate, since, seemingly, for any change of the Hamil-
tonian G(i ν)δHG(i ν) needs to be calculated. However, since the trace is invariant
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under cyclic permutations, one can calculate two Hermitian matrices,

ρ
(1)
EXX = 1

2π

∫ ∞

−∞
dν G(i ν)FG(i ν)e−iνη

γ
(1)
EXX = i

2π

∫ ∞

−∞
dν ν G(i ν)FG(i ν)e−iνη (7.17)

once and then efficiently calculate the energy change for any variation of the KS
Hamiltonian and overlap operator as

∂E

∂Ri

= Tr
[
ρ(1) ∂H

∂Ri

− γ(1) ∂S

∂Ri

]
. (7.18)

We note that ρ(1) is a density matrix, whereas γ(1) has the dimension of an energy
(first moment iν). Furthermore, since F is frequency independent, the integrals in
Eq. (7.17) can be calculated analytically using the residue theorem, where the term
involving η = 0− specifies how the contours need to be closed (see section 7.2).

This equation can be straightforwardly generalized to correlation energy function-
als that depend on the Green’s function Ec = Ec[G]. Since the correlation energy
usually does not depend on the external potential, the Hellmann-Feynman term is
zero for this contribution. The non-Hellmann-Feynman term yields an additional
contribution to the matrices,

ρ(1)
c = 1

2π

∫ ∞

−∞
dν G(i ν)Σc(i ν)G(i ν),

γ(1)
c = i

2π

∫ ∞

−∞
dν ν G(i ν)Σc(i ν)G(i ν), (7.19)

where the self-energy Σc is the functional derivative of the correlation energy with
respect to the Green’s function Σc(i ν) = δEc/δG(i ν). Eq. (7.19) is obviously anal-
ogous to Eq. (7.17), only the Fock operator F has been replaced by the self-energy.
Furthermore, the exponential e−iνη can be dropped, since the integrand decays like
o(1/ν2), and the integral is unconditionally convergent.

For the correlation energy in the random phase approximation, ERPA, the corre-
sponding self-energy is exactly the correlation part of the GW approximation to the
self-energy in Hedin’s approach [66], which we rationalize now. The RPA correlation
energy is defined as [79, 27, 111, 112, 113, 30, 86]:

ERPA = 1
2π

∫ ∞

0
dν Tr[ln(1− χ(i ν) v) + χ(i ν) v], (7.20)

where χ(i ν) is the independent particle polarizability calculated using KS orbitals,
and v is the Coulomb kernel. The derivative with respect to χ(i ν) can be calculated
by Taylor expanding the logarithm and taking the derivative (see also [114]). This
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yields the correlation part of the screened Coulomb potential

− δERPA

δχ(i ν) = Wc(i ν) = vχ(i ν) v + vχ(i ν) vχ(i ν) v +... . (7.21)

Using the relation between the independent particle polarizability and the Green’s
function [66]

χ(r, r′, i τ) = G(r, r′, i τ)G(r′, r,− i τ), (7.22)
one formally obtains the desired relation (dropping the position coordinates):

δERPA

δG(i τ) = δERPA

δχ(i τ)
δχ(i τ)
δG(i τ) = −Wc(i τ)G(− i τ)

= ΣGW(i τ). (7.23)

Details are given in the next section 7.2.
In summary, non-Hellmann-Feynman forces are simple to evaluate. One only

needs to determine the one particle density matrix ρ(1) and its first energy moment
γ(1), Eqs. (7.17) and (7.19) and then evaluate Eq. (7.18). The first derivative of the
self-consistent density functional theory Hamiltonian ∂H/∂Ri and of the overlap
operator ∂S/∂Ri need to be calculated for each ionic displacement, δRi, yielding
one component in the atomic forces.

Concerning the scaling, we note that we have recently implemented an algorithm
that calculates the GW self-energy with linear scaling in the number of k-points and
cubic scaling in the number of plane waves [63] following the work of Rojas, Godby
and Needs [60, 61]. The algorithm is designed to use a minimal number of time and
frequency points, with 12 points yielding µeV accuracy per atom for gapped systems
[35, 62]. The scaling with the number of plane waves and k-points carries over to the
calculation of the density matrices, so that the complexity of the entire calculation is,
in principle, identical to standard DFT, but with much larger prefactors. In practice,
the compute time required for one force calculation in the RPA is about three orders
of magnitude higher than for semi-local functionals, about 10-50 times higher than
for hybrid functionals (albeit scaling quadratically in the number of k-points), and
about 10 times higher than for a single RPA total energy calculation. One reason for
the steep computational cost is that the calculation of the GW self-energy requires
about 6 times more operations than an RPA total energy calculation. Furthermore,
the evaluation of ∂H/∂Ri for each ionic displacement is currently done using linear
response theory and can take about the same time as the calculation of ρ(1) and
γ(1) for systems with hundreds of atoms. On the positive side, G0W0 quasiparticle
energies for all orbitals are readily available and can be calculated en passant.

We have implemented the RPA forces in the projector augmented wave
(PAW) [104, 105] based Vienna ab initio simulation package (VASP). Typi-
cally we can obtain 5 digits accuracy compared to a numerical differentiation, and
the precision increases as the number of time points increases (see section 7.2). A
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7.1 Analytic interatomic forces in the random phase approximation

rigorous test for the validity of forces are first principles molecular dynamics (MD)
simulations, since errors in the forces will result in a drift of the total energy. In
Fig. 7.1 we show results for short simulations of crystalline diamond at 2000 K. The
configurations were initially equilibrated using DFT, and then about 250 RPA-MD
steps were performed. For the 64 atom supercell, one time step took 20 minutes on
40 Intel Xeon v3 cores. It is clear that the energy conservation is excellent for both
the small 8 atom diamond cell, as well as the 64 atom cell.
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Figure 7.1: Potential and kinetic energy per atom for diamond supercells of 64
and 8 atoms, using the Γ-point and 2 × 2 × 2 k-points, respectively. Energies
are shifted so that the total energies approach zero. The slight fluctuations in
the total energy are similar to those observed in DFT for a 1 fs time step using
a Verlet algorithm.

Relaxations to the ionic groundstate structure are also feasible and fairly efficient
using the present code. One advantage of the present approach is that the second
ionic derivatives of the density functional EKS, that is used to calculate the orbitals,
are calculated when the linear response code is used. This implies that the KS
Hessian matrix A is available

Aij = ∂2EKS

∂Ri∂Rj

and this Hessian can be used as preconditioner for the update of the ionic positions
r

r← r−A−1F,

where F are the RPA forces. If the RPA Hessian is close to the KS Hessian, conver-
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gence to the ionic RPA groundstate is quadratic and hence, in practice, the forces
often decrease by an order of magnitude in each step. Being able to relax structures
adds a new important facet to the modeling of materials beyond density functional
theory.

Figure 7.2: RPA relaxed geometry for H2O adsorbed on BN. A 3× 3 unit cell
and 3× 3× 1 k-points were used.

Here we have looked at one prototypical problem, H2O adsorption on a BN layer
[115, 116]. We have relaxed the H2O molecule using the RPA and find after few steps
a low symmetry configuration atop the N atom that was previously not considered.
The main reason for finding this configuration was the use of the DFT Hessian as
pre-conditioner which results in a rapid rotation of the molecule along a very soft
mode. All used functionals confirmed that this position is lower in energy than the
previously considered structures (6 meV in the RPA). In Tab. 7.1, we summarize
the geometry and adsorption energy.

Table 7.1: Considered functionals with hydrogen to surface distance d and angle
θ between the H-H axis and the surface normal (see Fig. 7.2) and adsorption
energy E.

d(Å) θ(◦) E(meV)
PBE (Perdew-Burke-Ernzerhof) [9] 2.48 18 40
HSE (Heyd et al.) hybrid functional [19] 2.49 17 34
D3 (Grimme dispersion correct.) [117] 2.34 19 142
TS (Tkatchenko-Scheffler) [14] 2.33 19 152
MBD (many body dispersion) [118] 2.33 18 136
optPBE, vdW DFT functional [119] 2.31 14 132
RPA (random phase approximation) 2.39 16 92
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7.1 Analytic interatomic forces in the random phase approximation

The equilibrium distance to the surface decreases with increasing adsorption en-
ergy, with PBE and HSE yielding too small adsorption energies and too large dis-
tances. The vdW corrected functionals generally yield larger adsorption energies and
shorter distances than RPA. We expect the RPA to be accurate here, since RPA
parameterized force fields yield excellent contact angles for water droplets [116].
However, RPA generally overestimates the Pauli repulsion, with singles increasing
the adsorption energy by 20 meV [120].
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Figure 7.3: Phonon dispersion relation of diamond and graphite calculated
using 128 atom supercells. RPA calculations were performed at the Γ-point,
with k-point sampling errors corrected for using DFT. Experimental data and
lattice constants are taken from Ref. [121, 122, 123, 124, 125].
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To demonstrate that the random phase approximation yields also very good vi-
brational properties, we have calculated the phonon dispersion relation of diamond
and graphite (see Fig. 7.3). We note that the random phase approximation yields
excellent structural properties for both, diamond and graphite, with lattice con-
stants in virtually perfect agreement with experiment [31, 33]. For the phonons,
agreement between the RPA and experiment is also excellent for diamond and very
good for graphite. Although phonon dispersions from DFT (not shown) can be in
very good agreement with experiment, they are often under- (semi-local functionals)
or overestimated (hybrid functionals) [126, 127].

In summary, we have presented an elegant scheme to calculate interatomic forces
using many body perturbation theory. The derivation relies on Green’s functions
and the self-energy and seamlessly incorporates position dependent overlap opera-
tors. Although applied to the RPA here, analogous expressions can easily be derived
for e.g. second order MP perturbation theory (MP2), with the RPA self-energy ΣGW
simply replaced by the self-energy in second order Σ(2). Our derivation involves a
first order one-particle density matrix, and we note that seemingly related density
matrices can be found in quantum chemistry literature but without reference to a
self-energy [106, 107, 128, 36, 37]. We have put our equations to test by implement-
ing them in a plane wave code, and we have demonstrated that MD simulations,
relaxations and predictions of phonon frequencies are possible. We are convinced
that the present work paves the way towards accurate beyond DFT modeling in
condensed matter physics and materials sciences.

7.2 Methodical details for RPA forces
7.2.1 Outline and definitions for methodical details
In the subsequent sections, we will work out the equations in much greater detail
than in the previous chapter. We show that the non-Hellmann-Feynman forces can
be calculated as

F = −Tr
[
ρ(1)∇Rv

KS − γ(1)∇RS
]
. (7.24)

and that the operators ρ(1) and γ(1) can be associated with the functional derivatives
δE/δvKS and δE/δS respectively. Note that in the following, F is always the non-
Hellmann-Feynman force. Details on the calculation of Hellmann-Feynman forces
within VASP can be found e.g. in [105].

In principle, the Kohn-Sham (KS) potential vKS is a purely local potential that
reproduces the correct electron density of a many electron system. However in prac-
tice, there are many methods (e.g. the projector augmented wave (PAW) method)
that increase the computing efficiency by using pseudo potentials which often require
to include non-local terms. Therefore we will consider vKS to be generally non-local,
and as a result we will need to consider also the off-diagonal elements of ρ(1) and
γ(1) in real space.

We will first calculate ρ(1) for the Hartree-Fock/EXX part of the energy, EEXX, by
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using standard perturbation theory and than show that the formulation with Green’s
functions is equivalent. The operator γ(1) will be also calculated for EEXX and both
operators will be expressed in terms of KS-orbitals by analytically performing the
integration over the imaginary frequency ν. Next we will show that the functional
derivative δERPA/δG corresponds to the correlation part of the self-energy in the
GW approximation ΣGW.

In order to give the reader a compact description we will first give several defini-
tions concerning the notation. We will need functional derivatives w.r.t. to multi
variate functions. For a better readability, we define

δE[X]
δX(r′, r) := δE[X]

δX
(r, r′), (7.25)

so that we may write

δE =
∫

drdr′ δE[X]
δX

(r, r′)δX(r′, r) = Tr{ δE
δX

δX} (7.26)

with the trace operation Tr.
In the RPA, the total energy is given as the sum of the exact exchange energy EEXX

and the RPA correlation energy ERPA. Here we use the terminology EEXX[ρ, vext] to
indicate that the functional is evaluated at a specific density matrix ρ (obtained for
example by density functional theory). The energy functional for the RPA is then:

E = EEXX[ρ, vext] + ERPA[G]. (7.27)

In KS theory, the one particle density operator is simply given by a sum over all
projectors on occupied states

ρ =
∑

i∈occ.

|i〉 〈i| . (7.28)

With this, EEXX can be written in terms of the density matrix ρ(r, r′) = 〈r|ρ|r′〉 as

EEXX = Tr [(T + vext)ρ] + EH[ρ] + Ex[ρ] (7.29)

with the Hartree energy

EH[ρ] = 1
2

∫
drdr′ρ(r, r)ρ(r′, r′)

|r− r′|
(7.30)

the exchange energy

Ex[ρ] = −1
2

∫
drdr′ρ(r, r′)ρ(r′, r)

|r− r′|
(7.31)

as well as the kinetic energy operator T and the external potential vext.
Note that in Eq. (7.30) and (7.31) we neglected the spin degrees of freedom.
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Actually one would need to consider the density matrix ρ(x,x′) = 〈x|ρ|x′〉 =
〈r, σ|ρ|r′, σ′〉 ∝ δσσ′ and sum over spin coordinates σ, σ′ in addition to the integra-
tion over spatial coordinates r, r′. Therefore, the numerator in the integrand of the
exchange energy in Eq. (7.31) would actually be ρ↓(r, r′)ρ↓(r′, r) + ρ↑(r, r′)ρ↑(r′, r),
cf. Eq. (2.49) and (2.50). However, to keep the notation compact, we will disregard
spin in this section. In principle the formulas can be easily extended to include spin
by introducing the substitutions shown in Eq. (1.146).

The correlation energy in the RPA, ERPA, can be derived from the adiabatic con-
nection dissipation-fluctuation theorem and is given by Eq. (7.20). The independent
particle polarizability χ in turn, can be expressed in terms of Green’s functions using
Hedin’s equation (7.22) so that the ERPA is in principle a functional of the Green’s
function.

7.2.2 Force calculation for EEXX using perturbation theory

The total non-Hellmann-Feynman force FEXX originating from EEXX can be formally
written as

FEXX = −
∫ δEEXX

δρ(r, r′)∇Rρ(r, r′)drdr′. (7.32)

To calculate FEXX explicitly, one can use first order perturbation theory to calculate
δρ or ∇Rρ(r, r′) respectively:

∇Rρ(r, r′) = 〈r|
∑
in

i∈occ.
n 6=i

|i〉 〈i|∇RvKS |n〉 〈n|
εi − εn

+ h.c. |r′〉 , (7.33)

with n going over occ. and virt. states. The other factor in the integral in Eq.
(7.32) can be easily calculated as:

δEEXX

δρ(r, r′) =δ(r− r′)
(
∇2

R + vext(r)
)

+

+
∫

dr′′ρ(r′′, r′′)
|r′′ − r|

δ(r− r′)− ρ(r′, r)
|r′ − r|

= 〈r′|T + vext + vH + vx︸ ︷︷ ︸
F

|r〉 , (7.34)

with the Fock operator F . The same result shall in the following be obtained by
means of a Green’s function formalism to familiarize the idea to be used for the
correlation part.
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7.2.3 Force calculation with Green’s functions

Assume the energy can be expressed as a functional of the Green’s function G and
the external potential vext, as it is the case for the total RPA energy, then the force
can be calculated by

Ftotal =Fnon-Hellmann-Feynman + FHellmann-Feynman

=−
∫ δE

δG(r, r′, i ν)∇RG(r, r′, i ν)drdr′dν

−
∫ δE

δvext(r, r′)∇Rvext(r, r′)drdr′. (7.35)

The second term in Eq. (7.35) is the Hellmann-Feynman force while the first term
is an additional term that would vanish if the energy functional was stationary with
respect to G. As already mentioned above, in the following, only this additional
term Fnon-Hellmann-Feynman shall be discussed while the Hellmann-Feynman force is
no longer considered and we drop the subscript “non-Hellmann-Feynman”.

The derivative of the (KS) Green’s function with respect to atomic positions R
can be derived from the Dyson equation (7.9). Concerning the KS-Hamiltonian,
the perturbation caused by shifting atomic positions ultimately effects the effective
potential vKS only. Therefore ∆H in the Dyson equation (7.9) is simply replaced
by ∆vKS, which is the variation of the (KS) effective potential. Since many pseudo
potential implementations use non-local effective potentials, in the following the KS
potential is allowed to be generally non-local. Neglecting the overlap operator in
Eq. (7.9) we get

(G+ ∆G)(i ν) = G(i ν) +G(i ν)∆vKSG(i ν) +O(∆v2
KS)

⇒ ∇RG = G(∇RvKS)G (7.36)

∇RG(r, r′, i ν) =
∫

dr′′dr′′′G(r, r′′, i ν)(∇RvKS(r′′, r′′′))G(r′′′, r′, i ν).
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If we insert this result in the second line of Eq. (7.35), we may rewrite F as

F = −
∫

dνdr′′dr′′′
{
∇RvKS(r′′, r′′′)× (7.37)

∫
G(r′′′, r′, i ν) δE

δG(r, r′, i ν)G(r, r′′, i ν)drdr′

︸ ︷︷ ︸
δE

δvKS
(r′′′,r′′,i ν)

}

and by using the notation defined in Eq. (7.26) this can be expressed in the con-
densed form

F = −
∫

dν Tr
[
δE

δvKS
∇RvKS

]
(7.38)

In the presence of an overlap operator S, an additional term originating from the
Dyson equation (7.9) is evaluated along the same lines, but with an additional factor
− i ν under the frequency integral:

FS = −
∫

dν Tr
[
δE

δS
∇RS

]
(7.39)

where

δE

δS
(r′′′, r′′, i ν) = (7.40)

− i ν
∫
G(r′′′, r′, i ν) δE

δG(r, r′, i ν)G(r, r′′, i ν)drdr′

7.2.4 FEXX from Green’s functions
In this section we will verify that the Green’s functions approach, Eq. (7.38), yields
the same result for the Hartree-Fock/EXX energy functional EEXX as standard per-
turbation theory, Eqs. (7.32)-(7.34). As an intermediate result we will see that the
first order density operator from Eq. (7.24), in this case ρ(1)

EXX, can be expressed in
terms of Green’s functions and is of the form proposed in Eq. (7.17). After express-
ing ρ(1)

EXX in position space, the equivalence to perturbation theory will be manifest.
Finally we will show how to calculate the operator γ(1)

EXX, see Eq. (7.24), which is
necessary in the presence of an overlap operator.

The simplest way to show the equivalence between the Green’s functions approach,
Eq. (7.38), and standard perturbation theory, Eqs. (7.32)-(7.34), is to exploit the
following relation between the Green’s function and the one particle density matrix
[see also Eqs. (7.11)-(7.13)]:

ρ(r, r′) = 1
2π

∫
e− i νηG(r, r′, i ν)dν ; η = 0−. (7.41)
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From Eq. (7.41) it follows that

δρ(r′′, r′′′)
δG(r, r′, i ν) = 1

2πδ(r − r
′′)δ(r′ − r′′′)e− i νη (7.42)

and since EEXX only depends on the density matrix,

δEEXX

δG(r, r′, i ν) =
∫ δEEXX

δρ(r′′, r′′′)
δρ(r′′, r′′′)
δG(r, r′, i ν)dr′′dr′′′

= 1
2π

δEEXX

δρ(r, r′)e
− i νη. (7.43)

In Eq. (7.37), we can move ∇RvKS out of the frequency integration, because it is
usually frequency independent. The force is then given by inserting Eq. (7.43) into
Eq. (7.37)

FEXX = −
∫

dr′′dr′′′
{
∇RvKS(r′′, r′′′)× (7.44)

1
2π

∫
G(r′′′, r′, i ν) δEEXX

δρ(r, r′)e
− i νηG(r, r′′, i ν)dνdrdr′

︸ ︷︷ ︸
〈r′′′|ρ(1)

HF|r′′〉

}

From this result and Eq. (7.34), one can see directly that ρ(1)
EXX in Eq. (7.24) is

indeed of the form proposed in Eq. (7.17).

To show the equivalence of this result with the one obtained by standard pertur-
bation theory, we will proceed by calculating 〈r′′′|ρ(1)

EXX|r′′〉 in Eq. (7.44) explicitly
in terms of KS-orbitals. The frequency integration can be carried out by a con-
tour integration of G(r, r′′, i ν)G(r′′′, r′, i ν)e− i νη along a path in the upper half of
the complex plane, where the outer contour vanishes because of the factor e− i νη.
However, it will turn out that it is more comprehensible to perform the integration
over the inner indices r and r′ first and then proceed with the frequency integration
afterwards. Although the calculation is not difficult it is a bit cumbersome and will
therefore be sketched here briefly.

〈r′′′|ρ(1)
EXX|r′′〉 = 1

2π

∫
drdr′dν

{
(7.45)

G(r′′′, r′, i ν)F (r′, r)G(r, r′′, i ν)e− i νη

}
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Inserting the definition of the Green’s function from Eq. (7.8) gives

1
2π

∫
drdr′dνe− i νη

{
(7.46)

∑
nm

〈r′′′|n〉 〈n|r′〉
i ν − (εn − εF ) 〈r

′|F |r〉 〈r|m〉 〈m|r
′′〉

i ν − (εm − εF )

}
.

After integrating over r and r′ we close the contour in the upper half of the complex
plane and use the residue theorem to evaluate the integral. Denoting the residue of
the function f(x) at x = x0 as Res

x=x0
f(x) we get

i
∑
im

i∈occ.
m6=i

Res
ν= (εi−εF )

i

(
〈r′′′|i〉 〈i|

i ν − (εi − εF )F
|m〉 〈m|r′′〉

i ν − (εm − εF )

)

+ i
∑
in

i∈occ.
n 6=i

Res
ν= (εi−εF )

i

(
〈r′′′|n〉 〈n|

i ν − (εn − εF )F
|i〉 〈i|r′′〉

i ν − (εi − εF )

)

+ i
∑

i∈occ.

Res
ν= (εi−εF )

i

(
〈r′′′|i〉 〈i|F |i〉 〈i|r′′〉
[i ν − (εi − εF )]2

)
. (7.47)

Evaluating the residues gives

〈r′′′|ρ(1)
EXX|r′′〉 = (7.48)

∑
in

i∈occ.
n6=i

〈r′′′|i〉 〈i|F |n〉 〈n|r′′〉+ 〈r′′′|n〉 〈n|F |i〉 〈i|r′′〉
εi − εn

.

Note that the n-summation here goes over all orbitals, although in principle it can
be restricted to a sum over all virtual orbitals a ∈ virt., since the summation over
n ∈ occ. vanishes. If we now insert this result in Eq. (7.44) and rewrite it as a trace,
we get

FEXX = −Tr


∑
in

i∈occ.
n 6=i

|i〉 〈i|F |n〉 〈n|+ h.c.

εi − εn

∇RvKS

 (7.49)

which is consistent with the result from perturbation theory in Eqs. (7.32)-(7.34).

To obtain the operator γ(1)
EXX which occurs in Eqs. (7.17) and (7.24), we can

proceed analogously for the overlap term given in Eqs. (7.39) and (7.40) with two

118



7.2 Methodical details for RPA forces

differences:

1. The occ./occ. terms do not cancel each other but instead the pairs of
Hermitian conjugates cancel with the denominator, leaving behind only
〈r|i〉 〈i|F |j〉 〈j|r′〉.

2. The i = j of the occ./occ. terms do not vanish, since

Res
ν=−i(εi−εF )

(
i ν 〈r′′′|i〉 〈i|F |i〉 〈i|r′′〉

[i ν − (εi − εF )]2

)
=

− i 〈r′′′|i〉 〈i|F |i〉 〈i|r′′〉 (7.50)

Taking this into account one obtains the operator γ(1)
EXX in Eq. (7.24) as

〈r′′′|γ(1)
EXX|r′′〉 = 1

2π lim
τ→0−

∫
drdr′dν

{

i ν G(r′′′, r′, i ν)F (r′, r)G(r, r′′, i ν)e− i ντ

}

=
∑

i∈occ.
a∈virt.

εi

εi − εa

〈r′′′| (|i〉 〈i|F |a〉 〈a|+ h.c.) |r′′〉

+
∑

i,j∈occ.

〈r′′′|i〉 〈i|F |j〉 〈j|r′′〉 . (7.51)

In the present implementation Eqs.(7.48) and (7.51) are used to determine the first
order density operators ρ(1)

EXX and γ
(1)
EXX. They are however stored in the basis of

canonical orbitals, which is more convenient for the subsequent calculations.

7.2.5 FRPA from Green’s functions
If one is able to find an expression for δERPA

δG
, the force can be calculated by inserting it

in Eqs. (7.37) - (7.40). By applying a chain rule equivalent for functional derivatives
we may write

δERPA

δG(r, r′, i ν) = (7.52)

∫ δERPA

δχ(r′′, r′′′, i ν ′)
δχ(r′′, r′′′, i ν ′)
δG(r, r′, i ν) dr′′dr′′′dν ′

We will now show that the first factor is proportional to the correlation part of the
RPA screened interaction Wc. For this purpose it is useful to consider a certain class
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of functionals and their functional derivatives:

Given an operator X (or equivalently a bivariate function in a given basis) and
an analytic function f : D → R, x → f(x) with a proper D that allows a series
expansion around 0, we shall define

f(X) =
∞∑

d=0

f (d)(0)
d! Xd. (7.53)

Consequently we can define a class of functionals {F} that have the simple form

F [X] = Tr[f(X)]. (7.54)

The spectral density of the RPA correlation energy eRPA[χ](i ν) at a given frequency
can be viewed as a functional of the polarizability that belongs to this class, see Eq.
(7.20). Generally, functional derivatives are calculated in the following way:

δF [X] = Tr
[
δF [X]
δX

δX

]
(7.55)

= lim
ε→0

1
ε
F [X + εδX]− F [X]

Inserting a functional from the class of functionals described above gives

δF [X] = lim
ε→0

1
ε

Tr [f(X + ε δX)− f(X)] (7.56)

= lim
ε→0

1
ε

Tr
[ ∞∑

d=0

f (d)(0)
d!

(
(X + ε δX)d −Xd

)]
(7.57)

= lim
ε→0

∞∑
d=1

f (d)(0)
d! Tr

[
d−1∑
k=0

XkδXXd−1−k

]
+O(ε), (7.58)

because the linear property of the trace allows us to move the sum and pre-factors
out of the trace. We can now perform the ε limit and rearrange the terms in the
brackets by exploiting the cyclic property of the trace to get

δF [X] =
∞∑

d=1

f (d)(0)
d!

d−1∑
k=0

Tr
[
Xd−1δX

]
, (7.59)

where the summation over k gives just a factor d that can be cancelled with the
denominator.

δF [X] = Tr
[ ∞∑

d=1

f (d)(0)
(d− 1)!X

d−1δX

]
(7.60)

120



7.2 Methodical details for RPA forces

One can immediately recognize that the sum over d can be just written as the
ordinary derivative f ′ so that

δF [X] = Tr [f ′(X)δX] . (7.61)

If we compare this with Eq. (7.55), it follows that

δF [X]
δX

= f ′(X). (7.62)

After the derivation of this general result we come back to our original goal of
calculating the functional derivative

δERPA

δχ(r, r′, i ν) . (7.63)

Again we consider eRPA[χ](i ν) as a functional of a bivariate function, in this case
χ(r, r′), but now it depends parametrically on (i ν) via the third variable of the three
point function χ(r, r′, i ν):

eRPA[χ](i ν) = Tr [fRPA(χ v)] |χ=χ(i ν) (7.64)

with fRPA(x) = 1
4π (ln(1− x) + x) (7.65)

Now eRPA[χ](i ν) at a specific imag. frequency i ν is of the form shown in Eq. (7.54).
Hence

δeRPA[χ]
δχ v = f ′

RPA(χ v) = 1
4π (1− (1− χ v)−1). (7.66)

We apply the chain rule for functional derivatives on δeRPA
δχ

and get

δeRPA[χ]
δχ(r′′, r′′′) =

∫
drdr′ δeRPA[χ]

δ(χ v)(r, r′)
δ(χ v)(r, r′)
δχ(r′′, r′′′) (7.67)

and it follows that

δeRPA[χ]
δχ(r′′, r′′′) =

∫
drdr′f ′

RPA(χ v)(r′, r) v(r′′′, r′)δ(r− r′′) (7.68)

= 1
4π

(
v(1− (1− χ v)−1)

)
(r′′′, r′′). (7.69)

Since eRPA is the spectral density of ERPA one can now easily conclude that

δERPA

δχ(r, r′, i ν) = 1
4π

(
v(1− (1− χ v)−1)

)
(r′, r, i ν) (7.70)
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from which we can see in turn that the functional derivative of ERPA w.r.t. χ is
proportional to the correlation part of the screened Coulomb interaction Wc:

δERPA

δχ(r, r′, i ν) = − 1
4πWc(r′, r, i ν). (7.71)

The second factor in Eq. (7.52) can be obtained straight forwardly from Eq.
(7.22):

δχ(r, r′, i ν)
δG(r′′, r′′′, i ν ′) = (7.72)

δ(r− r′′)δ(r′ − r′′′)G(r′, r, i(ν ′ − ν))+

δ(r− r′′′)δ(r′ − r′′)G(r, r′, i(ν ′ + ν)).

If we now just insert the results from Eqs. (7.71) and (7.72) into Eq. (7.52) and
exploit the symmetric property of Wc

Wc(r′, r,− i ν) = Wc(r, r′, i ν), (7.73)

we obtain the following convolution for δERPA
δG

:

δERPA

δG(r, r′, i ν) = − 1
2π

∫
dν ′G(r′, r, i ν ′)Wc(r′, r, i(ν − ν ′)). (7.74)

Since the correlation part of the self-energy ΣGW in the GW approximation is given
as

ΣGW(r, r′, i τ) = −G(r, r′, i τ)Wc(r, r′, i τ) (7.75)
the convolution theorem allows us to finally write

δERPA

δG(r, r′, i ν) = ΣGW(r′, r, i ν). (7.76)

The force is therefore given as [see Eqs. (7.37) and (7.38)]

F = −Tr
[∫

GΣGWG dν ∇RvKS

]
, (7.77)

and in presence of an overlap operator, we have the additional term [see Eqs. (7.39)
and (7.40)]

F = Tr
[∫

i νGΣGWG dν ∇RS
]
. (7.78)
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7.2 Methodical details for RPA forces

7.2.6 Summary
So far we showed that the total non-Hellmann-Feynman force can be calculated by
a trace over the contraction of a “functional derivative operator” ρ(1) or γ(1) with
the change of the effective KS potential or the overlap operator S respectively, as
suggested in Eq. (7.24). We also showed how the operators ρ(1) and γ(1) can be
evaluated for EEXX and ERPA. In the orbital basis of the KS Hamiltonian we get
for the EEXX contribution the remarkably simple expressions

〈n|ρ(1)
EXX|m〉 = 1

εn − εm

〈n|F |m〉 (fn − fm) (7.79)

〈n|γ(1)
EXX|m〉 = 〈n|F |m〉 fnfm (7.80)

+ fnεn + fmεm

εn − εm

〈n|F |m〉 (fn − fm)

with the Fermi weights

fn =
{

1 : n ∈ occ.
0 : n ∈ virt. .

(7.81)

For the correlation part we have to evaluate the frequency integral numerically
using the following expressions that contain the Green’s function and ΣGW in the
KS orbital basis:

〈n|ρ(1)
c |m〉 =

∑
kl

∫
Gnk(i ν)ΣGW,kl(i ν)Glm(i ν)dν (7.82)

〈n|γ(1)
c |m〉 =

∑
kl

∫
i νGnk(i ν)ΣGW,kl(i ν)Glm(i ν)dν. (7.83)

The frequency integration is approximated using the Minimax method introduced
by Kaltak [35]. Usually N = 12 grid points on the τ/ν axis are sufficient to achieve
results with 4 to 5 significant values.

7.2.7 Testing against numerical differentiation
In order to verify the proposed method for the calculation of first derivatives of the
RPA total energy, we tested it against numerical differentiation. The test system was
a super cell with 8 carbon atoms in the diamond structure. Atoms were displaced by
up to 0.5 Å from their equilibrium positions to generate a symmetry broken starting
configuration.

In the first test, a single atom was then displaced in increments of h = ±0.018 Å
in the z direction, and for each displacement the RPA energy as well as the analytic
gradient in the direction of the displacement was calculated. Afterwards the first
derivative of individual energy contributions (EXX, correlation, and total energy)

123



7 Forces

was estimated using central differences

f ′(x) ≈ f(x+ h)− f(x− h)
2h (7.84)

and compared with the analytic derivatives. The results for this test are shown
in Fig. 7.4. It is clear that the EXX contribution dominates. The correlation
contribution has an opposite sign and amounts to about 10 % of the EXX value. In
most calculations we find a similar behavior with the EXX contribution dominating
the forces. As a matter of fact, this is beneficial, since the EXX contribution can be
calculated accurately without the need for a numerical integration of the frequency
dependent self-energy. The latter is required for the correlation part.
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Figure 7.4: Forces from finite differences (symbols) are compared with the
analytic method introduced in this work (lines). This plot shows the returning
force in z-direction on a C atom which was moved along the z-direction in a 8
atom diamond super cell.

In a second test, we picked one configuration from the 8 atom diamond finite
temperature simulation shown in the main text and calculated the analytic RPA
forces on all atoms using the approach presented above. To compare with finite
differences, each atom was then displaced in all three Cartesian directions and central
differences were again used to estimate the first derivative of the total (EXX and
RPA) energy. Results for the first three atoms are shown in Tab. 7.2 (results for
the other atoms are similar). In this case, a small displacement of h = 3.6 · 10−4Å
was used. To obtain accurate values for the finite differences a tight tolerance for
the self-consistent density functional theory calculation had to be used. As alluded
to in the previous section, we achieve about 5 significant digits accuracy using 12
frequency points.
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Table 7.2: Analytic RPA derivatives F and numerical first derivatives of the
total (EXX and RPA) energy obtained using finite differences Ffd. Values are
reported for the first three atoms (1,2,3) of the 8 atom supercell. The forces were
calculated numerically in all three Cartesian directions (x, y, z) for each atom. A
Γ-centered 2× 2× 2 k-point grid was used and the plane-wave cut-off was set to
414 eV. The break condition for the electronic SC-loop was set to ∆E = 10−8eV
and the number of points for the imaginary time and frequency grid was set to
12. For the finite difference we used a displacement of h = 3.6 · 10−4Å

F (eV/Å) Ffd (eV/Å) ∆F (eV/Å)
x1 −5.658 650 −5.658 677 −0.000 027
y1 −2.794 653 −2.794 645 0.000 008
z1 −6.415 603 −6.415 615 −0.000 012
x2 1.978 188 1.978 133 −0.000 055
y2 −2.737 907 −2.738 015 −0.000 108
z2 −6.483 599 −6.483 600 −0.000 001
x3 −2.135 295 −2.135 128 0.000 167
y3 −1.662 236 −1.662 181 0.000 055
z3 4.757 047 4.757 079 0.000 032

7.3 PAW related contribuitons to forces

In the PAW method additional terms occur in the calculation of RPA forces due to
the change of the projectors |p̃〉 and the augmentation charges Qij. Formally the
first derivative of the RPA correlation Energy w.r.t. atomic positions can be written
as follows (dropping all intermediate indices and assuming summation/integration
over those):

∂ERPA

∂RA

=
∑∫

d...δERPA

δχ
[ δχ
δG

∂G

∂RA

+ δχ

δQ

∂Q

∂RA

+ δχ

δp

∂p

∂RA

], (7.85)

where the A in RA is a compound index for the atom index and the direction, e.g.
A = 1 for the x-coordinate of atom number 1. The first part in brackets is the one
we already discussed earlier. The other two parts stem from the form that is taken
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by the polarizability χ in the PAW method, see chapter 6 or Ref. [63]:

χ(r, r′, τ) =G(r, r′, τ)G(r′, r,−τ) (7.86)

+
∑
µν

Qµν(r)
∫∫
Ωc

dsds′ 〈p̃ν |s〉G(s, r′, τ)G(r′, s′,−τ) 〈s′|p̃µ〉

+
∑
αβ

Qαβ(r′)
∫∫
Ω′

c

dsds′ 〈p̃β|s′〉G(s′, r,−τ)G(r, s, τ) 〈s|p̃α〉

+
∑

αβµν

Qµν(r)Qαβ(r′)
∫∫

Ωc Ω′
c

dsds′ 〈p̃ν |s〉G(s, s′, τ) 〈s′|p̃α〉×

∫∫
Ωc Ω′

c

ds′′ds′′′ 〈p̃β|s′′′〉G(s′′′, s′′,−τ) 〈s′′|p̃µ〉 .

In the above representation of the polarizability, the second and third line describe
plane wave - augmentation charge related terms, whereas the fourth and fifth line
represent augmentation - augmentation charge related terms. In the terms with the
projectors p̃, the integration can be restricted to the augmentation region Ωc. Note
that in this context the Green’s function G is constructed from one-electron pseudo
orbitals ψ̃n that correspond to the PAW Hamiltonian, i.e.

G(r, r′, τ) = Θ(−τ)
occ∑

i

ψ̃i(r)ψ̃∗
i (r′)e−εiτ −Θ(τ)

unocc∑
a

ψ̃a(r)ψ̃∗
a(r′)e−εaτ (7.87)

The second part in Eq. (7.85) describes the force component due to a change in
the augmentation charges Qij which is treated in detail below:

∂ERPA

∂RA

∣∣∣∣∣
G,p

=
∑
ij

∫
drdr′dr′′dτ δERPA

δχ(r′, r′′, τ)
δχ(r′, r′′, τ)
δQij(r)

∂Qij(r)
∂RA

(7.88)

=
∑
ij

∫
dr
∫

dr′dr′′dτ − 1
2Wc(r′′, r′,−τ)δχ(r′, r′′, τ)

δQij(r)︸ ︷︷ ︸
= δERPA

δQij (r)

∂Qij(r)
∂RA

(7.89)

Again we can calculate δERPA
δQij(r) once and use it for all different atoms and directions

for which we want to calculate the force. However in this case, the part δχ
δQ

is very
unwieldy as can be seen from Eq. (7.86). For the sake of completeness, we write
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out all the terms that occur explicitly

δχ(r′, r′′, τ)
δQij(r) =

∫∫
Ωc

dsds′ 〈p̃j|s〉G(s, r′′, τ)G(r′′, s′,−τ) 〈s′|p̃i〉 δ(r− r′) (7.90)

+
∫∫
Ω′

c

dsds′ 〈p̃j|s′〉G(s′, r′,−τ)G(r′, s, τ) 〈s|p̃i〉 δ(r− r′′)

+ δ(r− r′)
∑
αβ

Qαβ(r′′)

×
∫∫

Ωc Ω′
c

dsds′ 〈p̃j|s〉G(s, s′, τ) 〈s′|p̃α〉
∫∫

Ωc Ω′
c

ds′′ds′′′ 〈p̃β|s′′′〉G(s′′′, s′′,−τ) 〈s′′|p̃i〉

+ δ(r− r′′)
∑
αβ

Qαβ(r′)

×
∫∫

Ωc Ω′
c

dsds′ 〈p̃j|s〉G(s, s′,−τ) 〈s′|p̃α〉
∫∫

Ωc Ω′
c

ds′′ds′′′ 〈p̃β|s′′′〉G(s′′′, s′′, τ) 〈s′′|p̃i〉

or more compact in an alternative notation:

δχ(r′, r′′, τ)
δQij(r) =G(j, r′′, τ)G(r′′, i,−τ)δ(r− r′) (7.91)

+G(j, r′,−τ)G(r′, i, τ)δ(r− r′′)

+ δ(r− r′)
∑
αβ

Qαβ(r′′)G(j, α, τ)G(β, i,−τ)

+ δ(r− r′′)
∑
αβ

Qαβ(r′)G(j, α,−τ)G(β, i, τ)

Contracting the result with the screened interaction gives the functional derivative
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of the correlation energy with respect to the augmentation charges:

δERPA

δQij(r) =
∫

dr′dr′′dτ − 1
2Wc(r′′, r′,−τ)δχ(r′, r′′, τ)

δQij(r) (7.92)

= −1
2

∫
dr′dτ [Wc(r′, r,−τ)G(j, r′, τ)G(r′, i,−τ)+

Wc(r, r′,−τ)G(j, r′,−τ)G(r′, i, τ)+

Wc(r′, r,−τ)
∑
αβ

Qαβ(r′)G(j, α, τ)G(β, i,−τ)+

Wc(r, r′,−τ)
∑
αβ

Qαβ(r′)G(j, α,−τ)G(β, i, τ)]

This can be rearranged for an efficient numerical treatment to

δERPA

δQij(r) = (7.93)

− 1
2

∫
dr′dτ{Wc(r′, r,−τ)[G(j, r′, τ)G(r′, i,−τ) +

∑
αβ

Qαβ(r′)G(j, α, τ)G(β, i,−τ)]

+Wc(r, r′,−τ)[G(j, r′,−τ)G(r′, i, τ) +
∑
αβ

Qαβ(r′)G(j, α,−τ)G(β, i, τ)]}

In an efficient implementation, δERPA
δQij(r) is calculated once, stored and used for all

atoms and directions, analogously to the matrices ρ(1) and γ(1) in Eq. (7.18). The
individual force contributions are obtained by tracing over the contraction of the
above expression with ∂Qij(r)

∂RA
:

∂ERPA

∂RA

∣∣∣∣∣
G,p

= Tr
{
δERPA

δQ

∂Q

∂RA

}
. (7.94)

Note that ∂Qij(r)
∂RA

is calculated by linear response routines.

Finally we have to treat the third part in Eq. (7.85). This part is the contribution
to the energy that comes from the change of the projector functions p̃i. We can
proceed as before by writing the functional derivative of the RPA correlation energy
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with respect to the projector function while leaving everything else fixed:

∂ERPA

∂RA

∣∣∣∣∣
G,Q

=
∑

i

∫
drdr′dτ δERPA

δχ(r, r′, τ)

(
δχ(r, r′, τ)
δ |p̃i〉

∂ |p̃i〉
∂RA

+ δχ(r, r′, τ)
δ 〈p̃i|

∂ 〈p̃i|
∂RA

)

=
∑

i

∫
−1

2Wc(r′, r,−τ)δχ(r, r′, τ)
δ |p̃i〉

drdr′dτ︸ ︷︷ ︸
δERPA

δ|p̃i〉

∂ |p̃i〉
∂RA

+ δERPA

δ 〈p̃i|
∂ 〈p̃i|
∂RA

(7.95)

Again we can use Eq. (7.86) to calculate this contribution. First we calculate
the functional derivative of the response function χ with respect to the projector
function p̃:

δχ(r, r′, τ)
δ |p̃i〉

=
∑

µ

Qiµ(r)G(µ, r′, τ)
∫

ds G(r′, s,−τ) 〈s| (7.96)

+
∑

µ

Qiµ(r′)G(µ, r,−τ)
∫

ds G(r, s, τ) 〈s|

+
∑
αβµ

Qiµ(r)Qαβ(r′)G(µ, α, τ)
∫

dsG(β, s,−τ) 〈s|

+
∑
αβµ

Qiµ(r′)Qαβ(r)G(µ, α,−τ)
∫

ds G(β, s, τ) 〈s|

and

δχ(r, r′, τ)
δ 〈p̃i|

=
∑

µ

Qµi(r)G(r′, µ,−τ)
∫

ds |s〉G(s, r′, τ) (7.97)

+
∑

µ

Qµi(r′)G(r, µ, τ)
∫

ds |s〉G(s, r,−τ)

+
∑
αβµ

Qµi(r)Qαβ(r′)G(β, µ,−τ)
∫

ds |s〉G(s, α, τ)

+
∑
αβµ

Qµi(r′)Qαβ(r)G(β, µ, τ)
∫

ds |s〉G(s, α,−τ).

It can be shown easily that(
δχ(r, r′, τ)
δ 〈p̃i|

)∗

= δχ(r, r′,−τ)
δ |p̃i〉

. (7.98)
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Inserting Eq. (7.96) into the expression for δERPA
δ|p̃i〉 in Eq. (7.95) we get

δERPA

δ |p̃i〉
=
∫

ds− 1
2

∫
drdr′dτ [W (r′, r,−τ) +W (r, r′, τ)]Ki(r, r′, τ ; s) 〈s| (7.99)

where

Ki(r, r′, τ ; s) = (7.100)

∑
µ

Qiµ(r)
G(µ, r′, τ)G(r′, s,−τ) +

∑
α,β

G(µ, α, τ)Qα,β(r′)G(β, s,−τ)
 .

An analogous expression can be found for δERPA
δ〈p̃i| . Finally the contribution to the total

derivative corresponding to the projector functions p̃i can be expressed similarly to
Eq. (7.94) as

∂ERPA

∂RA

∣∣∣∣∣
G,Q

= Tr
{
δERPA

δ |p〉
∂ |p〉
∂RA

+ δERPA

δ 〈p|
∂ 〈p|
∂RA

}
. (7.101)
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Chapter 8

Stresstensor

The stress tensor for a periodic structure with the lattice vectors {a(1), a(2), a(3)}
can be found by considering an infinitesimal transformation

ā(k)
i = (δij + tij)a(k)

j (8.1)

which is equivalent to transforming the underlying Cartesian basis with the trans-
posed matrix:

ē(i) = e(j)(δji + tji)⇔ ē(i)
j = 〈e(j)|ē(i)〉 = (δji + tji). (8.2)

The stress tensor can be generally found by calculating the energy derivative with
respect to tij

σij = − ∂E
∂tij

. (8.3)

Since we calculate the total energy in the RPA as

E = EEXX + ERPA, (8.4)

we can calculate the stress tensor by calculating the individual contributions to the
stress and summing them up. For each energy term, there is a set of quantities
which is subject to change under infinitesimal basis transformations. The following
quantities have to be considered:

• Cell volume

• Coulomb kernel

• Kohn-Sham orbitals
– basis functions
– coefficients
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8 Stresstensor

However, using plane waves, the discretized basis functions ei kirj are up to first order
independent of the transformation, which greatly simplifies things.

The following expressions concerning derivatives of the volume and the reciprocal
lattice vectors with respect to tij occur regularly in the calculation of the stress
tensor and therefore it is useful to write them down once explicitly:

∂Ω
∂tij

= δijΩ (8.5)

∂|G + k|
∂tij

= −(G + k)i(G + k)j

|G + k|
(8.6)

8.1 Stress tensor contribution from RPA correlation
energy

One contribution to the stress tensor stems from the variation of the plane wave
coefficients of the KS-orbitals. This can be also regarded as the contribution due
to a variation in the KS-Hamiltonian that leaves the basis unchanged. Accordingly
there is an analogous expression to the one for the forces, yielding:

σRPA,Σ
ij = −

∫ ∞

−∞
dν Tr

[
G ΣGW G

∂ HKS

∂tij

]
. (8.7)

Again we employed the trick that the contribution to the derivative regarding the
orbitals can be expressed as a derivative with respect to the Green’s function instead
and rewrite it formally as:

Tr
[
δE

δφ

δφ

δtij

]
= Tr

[
δE

δG

δG

δφ

δφ

δtij

]
= Tr

[
δE

δG

δG

δtij

]
. (8.8)

Additional contributions arise from the change of the basis set. The simplest
way to collect all contributions is to take the derivative of the RPA-correlation
energy with respect to χ v and then calculate via a chain rule all contributions by
considering all dependencies of χ v on the basis transformations tij. In case of the
RPA correlation energy these additional contributions can be calculated along the
following lines:

ERPA = 1
2π

∫ ∞

0
dν Tr {ln(1− χ(i ν) v) + χ(i ν) v} (8.9)

∂E

∂tij
= δE

δ(χ v)
∂(χ v)
∂tij

(8.10)

The first factor was already evaluated in the previous section 7.1 – Eq. 7.21 and
section 7.2 – Eq. (7.71) – and yields essentially the correlation part of the screened
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8.2 Stress tensor contribution from EEXX

interaction in the RPA
δERPA

δ(χν) = − 1
4πW

c. (8.11)

Now the expression χ v depends on the Coulomb kernel v, on the volume since

(χ v) ∝ 1
Ω , (8.12)

and finally on the Green’s function via the response function χ, giving rise to three
contributions to the stress tensor. The one concerning the Green’s function is already
taken care of by Eq. (8.7) – in analogy to the calculation of forces. Using Eq.(8.5)
the contribution due to the volume dependency can be calculated straightforwardly
since

δ(χ v)
δΩ

∂Ω
∂tij

= −(χ v)δij (8.13)

and therefore we obtain

σRPA,Ω
ij = − 1

2πδij

∫ ∞

−∞
dν Tr {[W cχ v](i ν)} . (8.14)

As for the Coulomb kernel contribution, we can use Eq. (8.6) and get

δ(χ v)
δ v

∂ v
∂tij

= 2χ(i ν)
∑
G
|G + k〉 〈G + k| (G + k)i(G + k)j

|G + k|4
(8.15)

so that this contribution can be evaluated as

σRPA,v
ij = 1

π

∫ ∞

−∞
dν Tr

{
W c(i ν)χ(i ν)

∑
G
|G + k〉 〈G + k| (G + k)i(G + k)j

|G + k|4

}
.

(8.16)
The total stress due to the correlation energy is the sum of the individual compo-
nents:

σRPA
ij = σRPA,Σ

ij + σRPA,Ω
ij + σRPA,v

ij . (8.17)

8.2 Stress tensor contribution from EEXX

The Hartree-Fock energy functional evaluated at arbitrary one electron orbitals {φn}
can be considered as a functional EEXX[n] of the respective one particle reduced
density matrix (1-RDM) n, see Eq. (7.29). However, for the calculation of the
stress tensor, it is useful to have a closer look at the numerical treatment of this
expression. There, the density matrix is stored in terms of its coefficients w.r.t. a
certain basis, e.g. plane waves. In the following, we will denote the matrix of 1-
RDM coefficients as n̄ and the basis functions as {G}. Similarly, the Hamiltonian,
the kinetic energy operator, the Coulomb kernel and the external potential is stored
as a matrix of coefficients H̄, T̄ , v̄ and v̄ext respectively. Now for the derivation of
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8 Stresstensor

the stress tensor contribution from EEXX, we will consider it as a functional

EEXX = EEXX[n̄, T̄ , v̄ext, {G}]. (8.18)

Thus, the stress tensor can be written formally as

−∂EEXX

∂tij
= σEXX,HF

ij + Tr
[
δEEXX

δn̄

∂n̄

∂tij

]
︸ ︷︷ ︸

σEXX,n̄
ij

(8.19)

The contributions σEXX,HF
ij take into account the variation w.r.t. to tij of the matrix

elements T̄ and v̄ext, and of the basis functions {G} at fixed coefficients n̄. They are
the stress analogue1 of Hellmann-Feynman and Pulay forces and are already widely
implemented in common electronic structure codes. For a detailed description we
refer to Ref. [105] and [129]. Therefore, in the following we will sketch how to
evaluate the contribution σEXX,n̄

ij arising from the variation of n̄ w.r.t. tij, which can
be calculated along the same lines as the corresponding non-Hellmann-Feynman
forces FEXX.

The functional derivative δEEXX
δn̄

is the Fock operator F constructed from the
orbitals {φn} (e.g. PBE orbitals) in the respective basis (e.g. plane waves) – cf. Eq.
(7.34). Using the correspondence between the Green’s function G at τ = 0− and
the 1-RDM together with the Dyson equation – see Eq. (4.80) and Eq. (7.10) – the
term ∂n̄

∂tij
can be obtained similarly to the analogue term in the force calculation.

With the basis vectors fixed, the variation of the density matrix is given as

δn = GδHKSG+O((δHKS)2). (8.20)

Note again that changes w.r.t the basis set {G} are already included in σEXX,HF
ij and

can therefore be neglected (in first order) at this point. Thus, one obtains for the
derivative of the matrix elements n̄ w.r.t. tij

∂n̄

∂tij
= G

∂HKS

∂tij
G. (8.21)

Finally, one can once again use the cyclic property of the trace operation and obtain
for the EEXX related non-Hellmann-Feynmann stress

σEXX,n̄
ij = −Tr

[
GFG

∂HKS

∂tij

]
, (8.22)

which is analogous to Eq. (8.7).

1This analogy is not entirely accurate. For the stress tensor, variations with respect to changes
in the basis functions must be considered. Those do not occur in force calculations.
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Chapter 9

Surface chemistry and adsorption
processes

In the course of this thesis, opportunities to test the capabilities of the RPA emerged
from collaborations with other groups. Studies on surface chemistry and adsorption
processes turned out to be particularly fruitful and led to several publications [4, 5,
6]. In this chapter, we will briefly present our contributions to these publications
and summarize the findings.

Surface science is the study of interactions of atoms and molecules with surfaces
– e.g. adsorption and diffusion – and the phenomena that occur at the interface
between solids and other phases like gases or liquids. These phenomena are not
only ubiquitous in nature and pose fundamental research questions, but also play
a significant role in countless industrial applications, including catalysis, gas stor-
age, corrosion, desalination, and more. Therefore, experimental surface science has
obviously been a very active field of research for a long time.

2D van der Waals (vdW) materials are particularly interesting substrates as they
exhibit long-range correlation interactions that are usually not as pronounced in
solids or molecules. One possible application for these materials is water process-
ing and purification, as low dimensional materials such as graphene and hexagonal
boronnitride (hBN) are considered as adsorbents for harmful impurities. The close
connection between adsorption and vdW interactions extends the topic to different
research areas. For example, vdW interactions play a fundamental role in the forma-
tion of complex molecular crystals, that are found in biological systems and applied
in medicine. Consequently, an accurate knowledge of adsorption energies helps to
understand and design new systems in this broad field of applications. [4]

Concerning before mentioned experimental surface science, it is difficult so ob-
tain accurate adsorption energies on clean surfaces. On the one hand, immaculate
surfaces under ultra high vacuum are hard to prepare. On the other hand, the
techniques capable of reaching the required level of precision to measure weak ph-
ysisorption energies are very limited. [4]

During the last decade, theoretical studies by means of electronic structure meth-
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9 Surface chemistry and adsorption processes

ods provided an important complement to experiments, allowing a deeper under-
standing of the investigated phenomena. Due to the increasing computer power
and the development of sophisticated electronic structure methods (especially for
periodic systems), it is now possible to calculate accurate adsorption energies.[5]

Using periodic codes, the super cells needed to model the surfaces are usually
large, thus the calculations demand considerable computational resources. Sophis-
ticated methods are therefore often computationally too expensive to be applied to
surface simulations. Also, the employed electronic structure approach has to give a
balanced description for both the solid and the adsorbate (e.g., atoms, molecules,
or clusters), as well as the interface between the two. The problem is, that many
of the computationally less complex approaches perform well for either the solid or
the isolated adsorbate, but not for the combined system. Hence, the challenge is to
balance the accuracy and computational cost and choose an appropriate method for
a given surface problem.[28]

The RPA is known to achieve a balanced description for many different systems
at feasible computational costs, and it is also capable of describing van der Waals
interactions, which are often important in the description of surface phenomena. It
is therefore a promising candidate for surface simulations.

9.1 Adsorption energies of benzene on close packed
transition metal surfaces

In this section we summarize the results from Ref. [6], by Garrido Torres, Ram-
berger, Früchtl, Schaub and Kresse. The figures in this section are published in Ref.
[6] and were produced by José A. Garrido Torres.

Semi local functionals generally predict trends between different metal surfaces
reasonably well. However, absolute adsorption energies can be inaccurate even for
prototypical molecules. Aromatic molecules are particularly difficult, since their
adsorption involves a mixture of covalent and van der Waals (vdW) bonding. The
former is overestimated by the PBE functional, whereas the latter is not captured
at all by GGA functionals. Although these two errors may compensate each other,
often this is not the case and there is no systematic way to predict the behavior.
Efforts to include vdW corrections have been extensive in recent years. The most
successful schemes are additive D3 dispersion corrections by Grimme and co-workers
[117, 130], the similar scheme of Tkatchenko and Scheffler (TS) [14], as well as van
der Waals density functionals (vdW-DF) that depend on the density at two positions
in space, originally introduced by Dion et al. [131].

For the adsorption of aromatic molecules on (111) transition metal surfaces, the
results using vdW corrections are overall quite promising, however, particularly on
catalytic substrates, the adsorption energies for aromatic molecules tend to be over-
estimated. Also, problems at the DFT level in the description of covalent bonding
are inherrited by the vdW corrected methods. A prominent example for this is the
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9.1 Adsorption energies of benzene on close packed transition metal surfaces

CO puzzle, which describes the failure of DFT functionals to predict the correct
adsorption site for CO on metal surfaces [34]. Encouraged by the systematic im-
provement that can be achieved with the RPA for CO on metal surfaces [86], we set
out to investigate whether a similar improvement carries over to the more intricate
adsorption of aromatic molecules. For this purpose, we investigated the adsorption
of benzene on various transition metal (111) surfaces. We compared RPA results
for adsorption energies and related properties with results from different semi local
as well as van der Waals corrected functionals. The employed functionals include a
standard GGA (PBE [9]), atom based vdW correction schemes (PBE-D3 [117] and
PBE-TS [14]) and vdW-DFs (vdW-DF [131], vdW-DF2 [132] and optB86b-vdW
[133]). We found that only the RPA yields reference quality results in excellent
agreement with experiment.

Figure 9.1: “Representation of the two most common adsorption sites for ben-
zene on transition metals. The blue and red dashed lines are set to emphasize the
different alignment of the C-C bonds for the 0 and 30 configurations. Carbon,
hydrogen, and metal atoms are represented as black, white, and gray spheres,
respectively.“ [6]

On (111) surfaces, the benzene molecule mainly adsorbs on two sites: the twofold
(bridge) or the threefold (hollow) site with the C6 ring parallel to the surface plane
(see Fig. 9.1). The preferred adsorption site depends on the nature of the substrate,
the coverage, and the presence of coadsorbates. We investigated both sites for a se-
ries of transition metals, but will only present results for the respective lower energy
configuration on each metal, since only the stable configuration can be compared
with experiments (see Tab. 9.1).

For the investigated metals, best agreement with the experimental adsorption en-
ergies is obtained with the RPA. RPA adsorption energies fall within the experimen-
tal error bars were such data were available, whereas the other methods performed

139



9 Surface chemistry and adsorption processes

mediocre. For PBE, this was expected as it completely neglects vdW interactions.
This deficiency becomes apparent for the physisorbed cases (Cu, Ag, Au), where
the PBE adsorption energy is close to zero. The vdW corrections and vdW-DFs
turned out to be particularly erratic for the chemisorbed cases (Ni, Pd, Pt, Rh)
where benzene is strongly bound. Concerning PBE-D3, PBE-TS, and optB86b-
vdW, our results suggest that they overestimate the vdW corrections slightly for
coinage metals and substantially for reactive metals as the difference between e.g
PBE and PBE-D3 is up to twice as large as the difference between RPA and PBE.
While for Cu, Ag, Au, and Pt, the error seems to be only about 25%, it increases
to almost 100% for Pd and Rh – a non-systematic behavior that hinders conclusive
interpretations. The error might be due to already inadequate descriptions in the
parent DFT functional. Another source might be the neglect of the interplay be-
tween the local excitations and jelliumlike screening in metals. Finally, the vdW-DF
and vdW-DF2 methods were overall disappointing, predicting adsorption energies
below the PBE values, even though they should include additional contributions
due to vdW interactions. This suggests that the errors in the covalent contribution
are substantial for these methods.

Table 9.1: “Calculated adsorption energies (in eV) for benzene adsorbed on
different (111) metal substrates at medium coverage. Experimental values from
the literature are included for comparison (in bold are the theoretical values that
are within the experimental errors). Calculations were performed for a (2

√
3 x

4) unit cell with 4 layers. The topmost 2 layers were relaxed using DFT. 3x3x1
k-points were used for the RPA, and corrected for k-point errors using the PBE
functional. The asterisk ∗ marks those cases where the bridge configuration is
energetically more favourable than hcp.” [6]

Cu Ag Au Ni Pd Pt Rh
PBE 0.09∗ 0.05∗ 0.05 1.04∗ 1.16∗ 0.82∗ 1.46
PBE-D3 0.98 0.78 0.83 3.09 2.34∗ 2.09∗ 2.58
PBE-TS 0.87 0.77 0.80 2.85∗ 2.10∗ 1.99∗ 2.72∗

vdW-DF 0.53 0.46∗ 0.53 0.56 0.83∗ 0.37∗ 1.16
vdW-DF2 0.75 0.43 0.43∗ −0.07 0.63∗ 1.33∗ 0.63
optB86b-vdW 0.69 0.69 0.76∗ 2.25∗ 2.41∗ 2.12∗ 2.68
RPA 0.66 0.63 0.64 1.46∗ 1.72∗ 1.74∗ 2.08
Exp. 0.69a 0.68a 0.65a – 1.74b 1.67c –
∆ Exp. ±0.04 ±0.05 ±0.03 – ±0.30 ±0.17 –

a Ref. [134]; recent interpretation of TPD spectra based on the Polanyi-Wigner
equation [135].
b Ref. [136]; TPD experiments using the Redhead analysis [137].
c Ref. [138]; microcalorimetry measurements for benzene at θ=0.80 ML,
corresponding to the 2

√
3 x 4 unit cell.
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9.1 Adsorption energies of benzene on close packed transition metal surfaces

Investigating the geometries for the different functionals, we found that PBE
yields (as expected) too large benzene-substrate distances for the physisorbed sys-
tems (e.g. Ag and Au). Although including vdW interactions – either by using
corrections like D3 and TS or by using a vdW functionals like optB86b-vdW –
yields benzene-substrate distances closer to the experimental values, they are still
somewhat too large for physisorbed systems. For chemisorbed systems like Pt, we
found that all functionals, including PBE, yield benzene-substrate distances only
slightly above the experimental values. These results are summarized in Fig. 9.2.
Concerning the benzene-substrate distance, the RPA is again in very good agreement
with experiment (Ag: 2.95 Å, Au: 3.02 Å). Furthermore, we found that the ben-
zenes’ intramolecular geometries (i.e. relaxation with different methods) have little
influence on the RPA energies. However, an accurate benzene-substrate distance is
crucial to obtain accurate RPA adsorption energies.

Figure 9.2: “Averaged carbon-metal distances for benzene on Ag, Au, and Pt
using the PBE, PBE-TS, and optB86b-vdW functionals. Experimental heights
are included for comparison.“ [6]
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9 Surface chemistry and adsorption processes

Finally, we investigated the coverage dependence of the adsorption energy (see Fig.
9.3). It is expected – and confirmed by experiment – that the adsorption energy
decreases with increasing coverage, due to repulsions between the molecules and a
progressive passivation of the substrate atoms. The results for PBE, vdW-DF, and
vdW-DF2 where not satisfactory on an absolute scale and cannot even qualitatively
reproduce the trend of decreasing adsorption energy. The other functionals (PBE-
D3, PBE-TS and optB86b) are closer to the experimental data on an absolute scale
but predict an instability at 70% coverage, that is not observed experimentally.
Again, only the RPA was within the experimental error bars on an absolute scale
and also reproduced the trend in the experimental data flawless.

In summary, we established that the RPA’s systematic improvement, which had
been observed for the adsorption of CO on metal surfaces, carries over to the much
more challenging aromatic molecules.
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9.1 Adsorption energies of benzene on close packed transition metal surfaces

Figure 9.3: “Adsorption energy as function of the coverage for benzene on
Pt(111). (a) Considered geometries for benzene at coverages θi=0.64, θii=0.71,
θiii=0.80 and θiv=0.91 monolayers (ML), defined by the corresponding sur-
face unit cells: (i)=(4 2 | -1 3), (ii)=(3 0 | 0 3), (iii)=(3 1 | 1 3) and
(iv)=(2 -1 | 1 3). (b) Adsorption energy (in eV) for benzene on Pt(111) for
those coverages (in ML). (c) Magnification of the previous plot in the area near
the experimental energy range (dotted lines are added to underline the trends).“
[6]
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9 Surface chemistry and adsorption processes

9.2 Water on boron nitride
In Ref. [4], Al-Hamdani, Rossi, Alfè, Tsatsoulis, Ramberger, Brandenburg, Zen,
Kresse, Grüneis, Tkatchenko, and Michaelides conducted a comprehensive bench-
mark study on the adsorption of water on boron nitride. In this collaboration, wave
function based methods and different density functionals as well as vdW corrections
were used to calculate adsorption energies for water on boron nitride substrates of
varying size and dimension. Additionally many body dispersion corrections (MBD)
and time-dependent DFT (TD-DFT) were used to calculate static polarizabilities
and dynamic polarizabilities. The participants provided versatile contributions, in-
cluding reference data from methods of their respective expertise. In this context, we
performed RPA calculations for water on hexagonal boron nitride (hBN) at different
cell sizes and with varying k-points. Additionally, we calculated corrections to the
RPA correlation energy from GW single excitations (GWSE) [120]. In the following
we will give a very brief excerpt of Ref. [4], focusing on results directly related to
our contributions. For a more elaborate presentation we refer the interested reader
to the original publication.

Figure 9.4: Adsorption of water at hBN N-site. Picture taken from reference
[4].

In biology and surface science, the interactions between compounds often originate
from a mixture of different physical effects, for example electrostatic and dispersion
interactions. The adsorption of water on BN substrates is an interesting model sys-
tem to examine this interplay of various interaction. BN substrates form hexagonal
rings that are geometrically analogous to carbon substrates, see Fig. 9.4. Due to its
2D nature, hBN gives rise to long-range Coulomb interactions similar to graphene.
However, since hBN is an insulator – unlike its carbon equivalent graphene – it is
not obvious whether it gives rise to substantial non-additive dispersion interactions.
By computing adsorption energies with coupled cluster theory, fixed-node quantum
Monte Carlo (FNQMC), the RPA, and second order Møller-Plesset theory as well
as different semi local density functionals and vdW corrections, Al-Hamdani et al.
found that the water adsorption energy remains almost constant as the BN substrate
size increases. Using TD-DFT and MBD techniques they showed that the consider-
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9.2 Water on boron nitride

able non-additivity in the dispersion interactions can be explained by a high degree
of anisotropy in the polarizability. [4]

We used RPA@PBE to calculate the adsorption energy for water on the N-site
of hBN. In this context we used a pristine hexagonal lattice with the experimental
lattice constant a=2.51 Å and 16 Å vacuum between the periodic images in the
direction perpendicular to the surface. We calculated energies with a 430 eV plane-
wave energy cutoff for varying substrate-water distances up to 7.5 Å (details on the
gemoetries can be found in the supplemental material of Ref. [4]). In a 4×4 unit cell
(32 surface atoms) using the Γ-point approximation to sample the Brillouin zone we
obtain a minimum RPA energy of -69 meV at 3.36 Å, when we use the RPA energy
at 7.5 Å as reference zero. However, this result is not very accurate as significant
finite size errors occur at the chosen cell size. Therefore we computed the RPA
energy at different cell sizes up to 98 surface atoms (7 × 7). For this calculations
we used always a oxygen/hBN distance of dO = 3.25 Å. We found that the finite
size correction in the RPA is 20 meV. This value is very close to the finite size
corrections in MP2 or PBE+MBD, also reported in Ref. [4]. This suggests that
the PBE+MBD method is a convenient choice to estimate the finite size correction
of correlated methods for these kind of systems. It is expected that an improved
k-point sampling has a similar effect as increasing the cell size, once the cell size
is large enough that interactions between the periodic images of the water can be
neglected. In confirmation of that, we found that the adsorption energy with a
4 × 4 × 1 k-mesh using a (3 × 3) cell differs only by 2 meV from value from the Γ
(7x7) calculation. Additionally we calculated GWSE as corrections to improve on
the RPA results and it turned out that they account for another 19 meV. Our best
estimate for the adsorption energy of water on hBN using the RPA+GWSE and
finite size correction was 108 meV at dO = 3.25 Å, which is very close to the MP2
result (110 meV at dO = 3.25 Å) as well as the FNQMC result (107 ± 7 meV at
dO = 3.40 Å) also reported in Ref. [4].

Finally we conducted similar calculations for water on borazine in a 15x15x15 Å3

cell at the Γ-point. There, at dO = 3.32 Å, our best estimate for the adsorption
energy of water using the RPA+GWSE was 112 meV, which is less than 10% lower
than the MP2 result (120 meV) as well as the FNQMC result (122 ± 4 meV) also
reported in Ref. [4].

Once again, the RPA turned out to yield a balanced description for a theoretically
challenging model system and the results reported in Ref. [4] by Al-Hamdani et al.
provide valuable insights into the nature of interactions in 2D-materials as well as
into the capabilities of different correlated electronic structure methods.
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9.3 Water on graphene
In Ref. [5], Brandenburg, Zen, Fitzner, Ramberger, Kresse, Tsatsoulis, Grüneis,
Michaelides, and Alfè conducted a comprehensive benchmark study on the adsorp-
tion of water on graphene. In this collaboration, different many-body approaches
were used to calculate adsorption energies for water on benzene, coronene and
graphene. The participants provided versatile contributions, including reference
data from methods of their respective expertise. In this context, we calculated RPA
correlation energies for water on graphene at different water-substrate distances and
orientations. Additionally, we calculated corrections to the RPA correlation energy
from GW single excitations (GWSE) [120]. In the following, we will give a very
brief excerpt of Ref. [5], focusing on results directly related to our contributions.
For a more elaborate presentation we refer the interested reader to the original
publication.

Figure 9.5: Investigated binding motifs for the adsorption of water on graphene.
Picture taken from reference [5].

Within the broad field of surface science, special attention is payed to water-carbon
interfaces. On the one hand, they play an integral role in the process of water purifi-
cation and for desalination membranes. On the other hand, water-carbon interfaces
can exhibit intriguing behaviors that arouse great scientific interest. For example,
on sp2-bonded carbon surfaces – as present in carbon nano tubes or graphene –
water can flow in an essentially frictionless manner. Graphene itself is of general
interest, in its role as a prototype 2D van der Waals (vdW) material. To understand
the fascinating properties of water-carbon interfaces, it is essential to accurately as-
sess the interaction strength between the constituents, the relative orientation of the
molecule on the surface, and the physical nature of the interaction. The fact that
as little as 60 meV difference in the predicted adsorption energy of water transforms
the graphene surface from hydrophobic to hydrophilic led to an intensive debate
over the hydrophobicity of graphene and underpins how crucial accurate adsorption
energies are for theoretical predictions. Contact angle measurements provide an ex-
perimental technique to investigate the water-graphene interface and in one of these
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9.3 Water on graphene

experiments, a support lattice independent water contact angle of 42 ±3◦ was found.
The wide spread (0◦ to 90◦) in contact angle predictions from computer simulations
illustrates the sensitivity with respect to the water-carbon interaction parameter.
However, there is hope that accurate estimates of the water-carbon interaction from
advanced electronic structure methods will help to solve this hydrophobicity co-
nundrum. To address this issue, Brandenburg et al. [5] used different methods to
calculate adsorption energy curves of molecular water on graphene, coronene and
benzene. These methods included diffusion Monte Carlo (DMC); periodic coupled
cluster approach including singles, doubles, and perturbative triples [p-CCSD(T)];
and RPA with GWSE. They found that the employed methods are in good agree-
ment with each other – see Tab. 9.2 – and demonstrated that adsorption energies
on extended surfaces can now be computed with subchemical accuracy. Their study
revealed that although the different water orientations on the graphene layer show
quite distinct interaction behaviors, they ultimately yield very similar binding en-
ergies.

Table 9.2: Equilibrium binding distances dad (Å) and energies Ead (meV)
of a single water monomer on graphene from DMC, p-CCSD(T), RPA, and
RPA+GWSE. The values were obtained by interpolating the binding energy
curves Eb(d) with a Morse fit, yielding Ead, dad, and the corresponding error.
The p-CCSD(T) values were only calculated for a single point, at the DMC
equilibrium positions.[5]

DMC p-CCSD(T) RPA RPA+GWSE
dad Ead dad Ead dad Ead dad Ead

0-leg 3.10(3) −90(6) – −84 3.09(1) −81(2) 3.05(1) −90(2)
1-leg 3.46(3) −92(6) – −76 3.52(1) −74(1) 3.45(1) −87(1)
2-leg 3.37(2) −99(6) – −87 3.41(1) −82(1) 3.33(1) −98(1)

We performed RPA@PBE and GWSE calculations for three different motifs of
water on graphene (see. Fig. 9.5). We calculated the RPA total energy as well
as GWSE corrections at different O/substrate distances dad in a 5 × 5 × 1 cell
(50 carbon atoms) at 14 Å vacuum distance between the periodic images of the
graphene sheets. To improve our accuracy, we corrected the obtained energies with
results from an increased vacuum of 20 Å at the equilibrium geometry. Using PAWs
with an energy cutoff of 430 eV, we extrapolated to the basis set limit assuming
that errors drop off like one over the basis set size. In these calculations we used
the Γ-point approximation to sample the first Brillouin zone and justified it by
testing the convergence of the k-point sampling with additional calculations using
2 × 2 × 1 k-points and a 4 × 4 × 1 supercell. This additional setting corresponds
to 64 points in the Brillouin zone of a primitive graphene cell, whereas the original
setting corresponds to 25. For each motif, the reference zero energy was set to the
energy at a configuration far from the surface E(dfar), or in other words, the binding
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energy Eb at distance d is calculated as

Eb(d) = E(d)− E(dfar). (9.1)

More details on the geometries are found in the supplemental material of Ref. [5].
From analyzing the binding energy curves of water on benzene, coronene and

graphene, Brandenburg et al. concluded that the electrostatic component to the
interaction is attractive for the 1-leg and 2-leg motifs, while it is repulsive for the
0-leg motif on benzene. However, they found that with increasing substrate size,
this repulsive interaction decreases significantly and simultaneously the contribution
from attractive vdW interactions grows. Analyzing the charge redistribution upon
moving the water towards the graphene surface, they found that the 1-leg and 2-leg
motifs behave in a rather similar manner, while the 0-leg motif has a quite distinct
electrostatic interaction along with a more pronounced charge reorganization in the
substrate. Interestingly, while on smaller substrates the orientation of the water
molecule plays a significant role for the binding energy, the effects seen in graphene
balance the interactions in a way that the binding energy is relatively independent of
the orientation. We hope that these findings facilitate further studies on this exciting
subject and that they can be used to explain the very low friction coefficient of liquid
water on sp2-bonded carbon.
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Chapter 10

RPA as a benchmarking tool for DFT
functionals

In their publication [2], Bokdam, Lahnsteiner, Ramberger, Schäfer, and Kresse pre-
sented a novel method to assess the quality of DFT functionals, employing the RPA
as benchmark tool. This scheme was the first significant application of our RPA
forces algorithm beyond standard relaxations and phonon calculations. For this
reason, we will outline the key features of the newly developed benchmark method
in the following chapter.

DFT is extremely successful in modeling the electronic structure of most molecules
and solids. Many different functionals have been developed, providing versatile tools
required for investigating different systems with diverse properties. However, there
is a fundamental flaw in some way directly related to the huge variety of different
functionals, namely the selection of the appropriate one. While experts often have
a “chemical intuition” helping to pick one of the numerous functionals for a given
task, there are few systematic approaches to the selection of the “best” functional
for structure simulations of a particular material. In Ref. [2], Bokdam et al. present
a concise, first principles, approach to address this problem.

They developed a fully ab initio benchmark scheme for density functionals using
RPA molecular dynamics (MD), designed to systematically select the best functional
for finite temperature structure predictions of a certain material. To demonstrate
the capabilities of the method, this approach was applied to the hybrid perovskite
methyl ammonium lead iodide (MAPbI3), a promising new solar cell material.

Hybrid perovskites are highly interesting due to practical considerations. While
they can be produced at low cost using wet chemistry, they reach a light to electricity
conversion efficiency of 20%, close to that of costly fabricated silicon based solar cells.
Since experimental studies on the atomic structure of these materials are extremely
challenging, they represent a particularly interesting species for ab initio electronic
structure studies.

However, it is also very difficult to describe these systems with high precision using
first principles methods. Accurate band gap related properties and lattice constants

149



10 RPA as a benchmarking tool for DFT functionals

seem important to describe instabilities in the perovskite cage while even at room
temperature, the MA molecules exhibit rotations coupled to concerted movements
of the surrounding PbI3 lattice. To describe these materials accurately with an ab
inito approach, it is crucial to use an appropriate functional.

We will now present the method Bokdam et al. used to judge the quality of
different functionals for MAPbI3, but stress that the method can be easily trans-
ferred to other materials, providing a general and systematic approach to select an
appropriate functional.

The center piece of the method is to construct a well-distributed RPA canonical
ensemble. We show how this can be achieved on the basis of the specific example
presented in Ref. [2]. First 16 practically independent configurations were obtained
from long preparatory DFT-MDs at 400K. These were then used as the starting
configurations for 16 separate, independent RPA-MDs at 400K, using the RPA forces
algorithm presented in chapter 7. From the finite temperature RPA-MD trajectories,
32 equally spaced (in time) configurations of the last 1.3 ps were picked. The
resulting 512 partly correlated configurations obtained in this manner represent the
desired RPA canonical ensemble.

Table 10.1: “Considered functionals, and the square root of the variance (σ,
in meV) of the energy difference between the RPA and the functionals in the
RPA|SCAN|PBEsol-ensemble, respectively.” [2]

SCAN Strongly Constrained and Appropriately Normed [139] 25 53 67
HSE-D3 HSE [140] + Grimme D3 [117] 27 55 68
HSE Heyd-Scuseria-Ernzerhof [140] 27 57 69
PBE Perdew-Burke-Ernzerhof [9] 44 87 104
PBE-MBD Many body dispersion [118] 47 89 109
PBE-D3 Grimme D3, vdW corrections [117] 51 88 111
PBE-TS Tkatchenko-Scheffler, vdW corrections [14] 54 90 109
optPBE vdW DFT functional based on PBE [141] 54 95 104
PBEsol Revised PBE for solids [142] 55 96 106

Now, the energy difference between each functional and the RPA for all config-
urations in the RPA ensemble is calculated. Since a constant shift in the energy
does not change the dynamics of a system, the differences are shifted by the the
mean difference between the RPA and the respective functional. By construction,
the thereby obtained numbers ∆E are distributed around zero for all functionals. In
the specific example presented in Ref. [2], the histograms show roughly a Gaussian
distribution. Finally, one can rank the quality of the examined functionals, by eval-
uating the variance σ2 of the (shifted) energy differences ∆E for each functional.
Per se, this is of course only a measure for the agreement of a certain functional with
the RPA. However, as should be clear by now, in many cases the RPA is superior to
most density functionals, so that it is justified to use the agreement with the RPA
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as a benchmark.
It should be mentioned, that Bokdam et al. used a relatively small cell for the

RPA-MDs due to the computational complexity of the calculation of RPA forces.
To address this issue, they constructed ensembles from MD simulations for larger
supercells using the tentatively best and worst preforming functional (SCAN and
PBEsol). As before, the energy differences to the RPA and the resulting variance
were calculated for the additional ensembles. The additional simulations confirmed
that the results carry over to larger supercells and were not biased by the short
simulation times. The results for all three ensembles are summarized in Tab. 10.1.

The study found that from the considered functionals, SCAN is the best one to
describe MAPbI3. Consequently, the authors used the SCAN functional to study
the tetragonal distortion (c/a > 1.0) that is experimentally observed up to and
about room temperature. That way, they found a tetragonal instability at low
temperatures in agreement with experiment. To underline the predictive power of
the RPA-MD benchmark we note that the intuitive choice for these kind of materials,
the PBEsol functional, does not yield a similar instability. Furthermore, in contrast
to previous suggestions that vdW corrections should be included for these kind of
materials, the study showed that this does not seem to be the case. Bokdam et al.
explained this by the strong screening of the PI3 cage.

In summary, using the RPA forces algorithm for MD simulations, one can create
RPA ensembles to benchmark DFT functionals, based on the variance with respect
to the RPA energy surface. This avoids the usual trial and error approach, where
many different functionals are tested against experimental data until the desired
agreement is reached. The systematically selected functional can then be used as a
cheap and viable alternative to create ensembles for large scale structure predictions,
when higher level many body electronic structure methods are too expansive.
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Chapter 11

RPA natural orbitals and their
application to post-Hartree-Fock

electronic structure methods

We present a method to approximate post-Hartree-Fock correlation energies by using
approximate natural orbitals obtained by the random phase approximation (RPA).
We demonstrate the method by applying it to the helium atom, the hydrogen and
fluorine molecule, and to diamond as an example of a periodic system. For these
benchmark systems we show that RPA natural orbitals converge the MP2 correlation
energy rapidly. Additionally we calculated FCI energies for He and H2, which are
in excellent agreement with literature and experimental values. We conclude that
the proposed method may serve as a compromise to reach good approximations
to correlation energies at moderate computational cost, and we expect the method
to be especially useful for theoretical studies on surface chemistry by providing an
efficient basis for correlated wave function based methods. Note that this chapter
was already published by the author of this thesis and co-authors in a peer reviewd
article [3].

11.1 Introduction
In ab initio quantum chemistry and computational materials physics there exists a
well know trade off between accuracy and computational cost. Solving the many
electron Schrödinger equation is an exponentially hard problem with respect to the
number of electrons and therefore solving it exactly is out of scope for most practi-
cally relevant systems. Therefore approximations with varying degrees of accuracy
are employed. While mean-field methods like Hartree-Fock (HF) [50, 51, 143] and
density functional theory (DFT) [7, 8] possess computationally favorable scaling of
N3 with the number of electrons, they sometimes lack accuracy and fail to describe
certain processes. For example describing the dissociation of simple molecules like
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H2 already poses a challenge for such methods [12]. The properties that are not well
described by the HF approximation are attributed to so called electron correlation
and there exists a wide variety of electronic structure methods all of which attempt
to take the correlation effects into account in an approximate manner. Most of them
have in common that one can increase the accuracy systematically at the expense
of computational resources, e.g. Møller-Plesset perturbation theory (MPn) [53, 144]
, coupled cluster (CC) [145, 146, 147] and configuration interaction (CI) [148, 149,
150, 151, 152, 153, 154] methods.

DFT and HF calculations can provide a useful single electron basis as a starting
point for correlated methods. However the correlated methods have in common
that they usually involve virtual orbitals, i.e. eigenstates of the single-electron
Hamiltonian from the underlying HF or DFT calculation that are unoccupied in
the respective underlying calculation. To obtain the energy exactly (within the
approximation of the respective correlated method) a complete basis set of single
particle states is required. The convergence behavior with respect to the number
of single particle states depends of course on the specific set of orbitals employed.
Therefore one can in principle obtain results that are converged up to machine
precision with a finite number of virtual states and ideally reduce the computational
costs significantly by using a small number of appropriate single particle orbitals.

The essence of the above statement is that, by choosing an appropriate set of
single particle orbitals, one can extract the relevant information resting in the full
many body wave function from a small number of single particle wave functions.
The question remains how to choose an appropriate set. One possible answer is
to use natural orbitals as they turned out to capture much of the relevant infor-
mation required to converge correlation energies quickly [155]. It has already been
demonstrated that natural orbitals at the MP2 level can be employed to reduce the
computational cost of wave function based methods [156]. Furthermore, recently
Bruneval has shown that the so called linearized GW density matrix is of similar
quality as the MP2 density matrix [157, 158]. This and the connection [159] between
the random phase approximation (RPA) [27, 79] and GW method [66], as well as the
successful applications of the RPA [28, 29, 30, 160, 161] suggests that RPA natural
orbitals (RPANOs) should provide an efficient basis for higher hierarchy methods.

In this chapter, we will show how we can approximate natural orbitals by em-
ploying the RPA and how to utilize the approximate natural orbitals to obtain
accurate correlation energies at moderate computational cost. We will demonstrate
the method by showing the convergence behavior of the MP2 energy with respect to
the number of RPANOs for the following prototypical systems: the helium atom, the
hydrogen molecule at various internuclear distances, the fluorine molecule at equi-
librium distance and diamond as an example for a periodic system. In the case of
He and H2 we will also show results for FCI calculations using an RPANO basis and
will furthermore compare the exact natural orbitals from FCI with the RPANOs.
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11.2 Theory

In second quantization notation, the one particle reduced density matrix (1-RDM)
is

n(r, r′) = 〈Ψ|ψ̂†(r′)ψ̂(r)|Ψ〉 (11.1)

with the usual field operator ψ̂. Natural orbitals {ϕi} are just the eigenstates of the
1-RDM: ∫ ∞

−∞
d3r′ n(r, r′) ϕi(r′) = fi ϕi(r). (11.2)

The 1-RDM is the central object of reduced density matrix functional theory
(RDMFT) [162]. In comparison with conventional DFT, RDMFT has the advan-
tage that besides the Hartree energy, also the kinetic and the exchange energy are
obtained exactly. Finding an efficient way to approximate the 1-RDM as well as
natural orbitals can therefore provide an interesting pathway for RDMFT [163].
Though we did not pursue it, we still want to note that the method described
hereafter for approximating the 1-RDM within the RPA might also be interesting
for research in the field of RDMFT.

We will now try to establish a connection between the 1-RDM and the RPA
by using a Green’s function formalism. The 1-RDM is obtained from the Green’s
function in the limit of small negative time:

n(r, r′) = − i lim
t→0−

G(r, r′, t), (11.3)

which can be easily seen from the definition of the Green’s function

G(r, r′, t′ − t) = − i 〈Ψ0|T̂{ψ̂(r, t)ψ̂†(r′, t′)}|Ψ0〉 , (11.4)

where T̂ is the Wick time-ordering operator.
In a system with N electrons, the independent particle Green’s function G0 corre-

sponds to a ground state with a single Slater determinant |φ1 · · ·φN〉 and the 1-RDM
reduces to

n0(r, r′) = − i lim
t→0−

G0(r, r′, t) =
∑

i∈occ.

φi(r)φ∗
i (r′). (11.5)

The natural orbitals are then just the occupied independent particle orbitals {φi}.
This would be the situation for a DFT or HF calculation.

To improve on the independent particle 1-RDM and to include “information” on
the unoccupied virtual space, the Dyson equation for the Green’s function

G(2, 1) = G0(2, 1) +G0(2, 3)Σ(3, 4)G(4, 1) (11.6)

can be used to write a perturbation series for the (full) 1-RDM as a functional of
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the total self-energy Σ and the independent particle Green’s function G0:

n = n0 − i lim
t→0−

{
G0ΣG0 +G0ΣG0ΣG0 + ...

}
. (11.7)

In the imaginary time/frequency domain, the first order term (with respect to Σ),
n(1), is explicitly obtained as [1, 120, 164, 165]

n(1)(r, r′) = lim
τ→0−

1
2π

∫ ∞

−∞
dν e− i ντ

∫
dr′′dr′′′G0(r, r′′, i ν)Σ(r′′, r′′′, i ν)G0(r′′′, r′, i ν). (11.8)

In the method shown below we will use this first order correction to the density
matrix. Furthermore, we will approximate the self-energy using the RPA so that
we will ultimately obtain an approximate set of natural orbitals, the RPANOs, as
eigenfunctions of the first order RPA density matrix

nRPA(r, r′) = − i lim
τ→0−

[
G0 +G0ΣRPAG

0
]

(r, r′, i τ). (11.9)

We note that the RPA violates the Pauli principle since it does not include all
properly anti-symmetrized diagrams (see e.g. Kosov [166] or Hummel and co-workers
[167]). Here it is important to recall that the main purpose of our method is an
efficient low scaling calculation of an approximate density matrix to allow one to
obtain a compact set of orbitals for wave function based calculations. A highly
accurate description of the density matrix is not strictly required in the present
case. We will document one case where the RPA density matrix is qualitatively
wrong but still yields a very compact set of orbitals (compare Fig. 11.13). More
details on the RPA density matrix can be found in the references [120, 157, 158,
159, 164].

11.3 Method

Assuming that with only a few RPA natural orbitals one can span the relevant
subspace of the one electron wave functions for advanced methods like MP2 or CI,
we aim to accurately approximate electronic ground state energies of these methods
using a small number of virtual states. Thereby we are hopefully able to reduce the
computational cost in these calculations significantly. In Subsection 11.3.1, we will
give a step by step recipe for obtaining RPA natural orbitals in order to calculate
approximate post-Hartree-Fock ground state energies (e.g. MP2, CC and CI) with
a reduced number of virtual states.
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11.3.1 RPA natural orbitals
In the first step, one calculates the electronic ground state at mean-field level (HF or
DFT) in order to obtain a well converged set of one electron wave functions for the
occupied space. These occupied orbitals fix the respective mean-field Hamiltonian
for the subsequent steps. In the second step “all” unoccupied orbitals are calculated
by diagonalizing the one particle Hamiltonian in the entire underlying basis set.
“All” means that the number of eigenfunctions of the Hamiltonian (i.e. orbitals)
that are calculated is equal to the number of basis functions used. Specifically for
a plane wave basis with a cut-off energy Ecut this means that the sum of occupied
orbitals Nocc and virtuals Nvirt is equal to the number of plane waves below the
cut-off, or in other words equal to the size of the underlying plane-wave basis set:

Nocc +Nvirt = card
{

G : ~2

2me

|G + k|2 < Ecut

}
, (11.10)

where k is the Bloch wave vector.
In the next step, the independent particle Green’s function G0 is calculated from

all orbitals to subsequently calculate the independent particle polarizability χ0, the
RPA screened interaction WRPA, as well as the RPA self energy ΣRPA [35, 62, 63].
Note that ΣRPA is related to the GW -approximation as the self energy in the first
self-consistency cycle [1, 28]

ΣRPA(i τ) = −G0(i τ)W 0(i τ), (11.11)

where W 0 in the GW framework is synonymous to WRPA. Having the self energy
at hand, one can use Eq. (11.9) to calculate the RPA density matrix. Note that
this RPA density matrix is an approximation to the fully self-consistent GW density
matrix [159] in the same way as the linearized GW density matrix [157, 158]. The
density matrix n = n0 + nRPA is than diagonalized in the subspace of the virtual
states, i.e. the occupied states from the mean-field calculation are retained. The
occupied orbitals together with the eigenstates obtained from that subspace diago-
nalization form the RPANOs basis set. Keeping the occupied states has practical
reasons. In this way, the RPANOs reproduce the underlying HF or DFT ground
state energy exactly, while at the same time the virtual states are rearranged to yield
a more compact set for higher hierarchy methods when the orbital set is truncated.
RPANOs obtained by this approach therefore provide a versatile basis for different
applications.

The RPANOs are sorted by descending occupation number, i.e. eigenvalue with
respect to the density matrix, and to obtain a truncated basis with N basis functions,
one simply uses the first N RPANOs according to this order. In some cases, it is
now necessary to diagonalize the mean-field Hamiltonian in the subspace spanned by
the truncated RPANOs basis. For example, to calculate the MP2 energy with 256
RPANOs, the HF Hamiltonian is diagonalized in the subspace spanned by the first
256 RPANOs. The subspace HF orbitals from that diagonalization span the same
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space as the truncated RPANOs and allow at the same time to use the Brillouin
theorem as required by most MP2 implementations.

The computational cost for all the above calculations scales cubically in system
size [35, 62, 63], allowing the method to be used for relatively big systems (≈ 100
atoms) with moderate computing resources (≈ 100 CPUs).

11.3.2 FCI
The full configuration interaction method (FCI) solves the non-relativistic
Schrödinger equation within a given basis set exactly. Therefore it provides a
useful benchmark for other correlation-consistent methods. Its computational cost
scales exponentially with the number of orbitals and the number of electrons,
limiting its range of application. In order to obtain the FCI solution, one starts
with the HF orbitals and constructs all possible Slater determinants with Nocc
occupied orbitals. By separating each Slater determinant in its spin up and spin
down part, and by using Slater-Condon rules, it is possible to efficiently evaluate
contractions of the form HC, where C is the vector of Slater determinant weights
in the wave function. Following the method of Handy and Knowles [149] and using
a Davidson-Liu algorithm to iteratively diagonalize the matrix H [168], the FCI
solution can be obtained. Using Eq. (11.1), the FCI 1-RDM can be easily calculated
once the FCI wave function is known. Finally, the diagonalization of this density
matrix gives the FCI natural orbitals.

11.4 Application
All calculations regarding the RPANOs were performed using VASP [169, 170, 171].
To obtain the RPANOs we tried two different approaches, namely (restricted) HF
as well as PBE as underlying single determinant method. However, since the obser-
vations for these two approaches were very similar, we will focus on presenting the
results that we obtained from using the HF orbitals as the underlying approach for
the RPA calculations. For large scale applications on many atom systems, one would
most likely though revert to the more efficient DFT approximation. The RPANO
calculations are based on the RPA implementation described in previous work [35,
62, 63]. For the investigated systems, 8-12 points on the imaginary time/frequency
axis were sufficient. For the MP2 calculations presented here, we used the standard
routines available in VASP [172, 173]. The FCI calculations were performed with a
development version, briefly described above. Details can be found in the master
thesis of Sukurma [174]. Besides using RPANOs, we also performed MP2 and FCI
calculations with truncated HF basis sets, for the purpose of comparison. For these
truncated HF basis sets, HF orbitals were ordered by ascending HF eigenvalues and
only the lowest ones were used. Where not stated otherwise, the shown figures were
obtained from calculations with a plane wave cut-off of 750 eV. Note that the or-
bitals shown below are approximations and do not fulfil the exact cusp condition

158



11.4 Application

due to the use of a finite sized plane wave basis set [compare Eq. (11.10)].

11.4.1 Helium atom
The first benchmark system that we studied is the helium atom. The helium atom
is an ideal benchmark system for many body approaches for various reasons. First,
unlike other model systems (e.g. Jellium) it is a real many body system that can
be studied experimentally. Though it is a relatively simple system, its theoretical
description faces already prototypical many-body challenges and it is not possible
to write down a closed form for its exact solution. Furthermore a numerically ex-
act solution is available, providing a perfect ground to compare to the results of
approximate many body approaches [175].

The set-up was a 10 Å× 10 Å× 10 Å unit cell with periodic boundary conditions.
We used a plane-wave basis with different cut-offs up to 750 eV and a 1/r potential
for the ion.

First, we examined the convergence behavior of the MP2 correlation energy with
respect to the RPANOs and compared it with that for canonical HF-orbitals. The
results are shown in Fig. 11.1. While the correlation energy using canonical HF
orbitals converges very slowly and would require almost the full basis set (for this
set-up with a 750 eV plane-wave cut-off, these are 47 · 103 orbitals), with only 128
RPANOs the correlation energy converged to < 1 meV above the exact value. Note
that in this case, converged results means converged for a specific fixed plane wave
basis set size. To obtain accurate MP2 correlation energies one would also need
to check convergence with respect to the plane wave cut-off. However to show the
qualitative difference between RPANOs and HF orbitals it is sufficient to inspect
the behavior at a fixed cut-off, where the error in the MP2 energy related to the
cut-off is much smaller than the difference between the MP2 energy at a few hundred
RPANOs and the same number of canonical HF orbitals.

We repeated the procedure for FCI correlation energies using 10 to 60 orbitals,
see Fig. 11.2. As was seen for the MP2 correlation energy, canonical HF-orbitals
converge the energy very slowly. Again, to reach highly accurate results, one would
also need to go to higher plane wave cut-offs, but for a qualitative comparison the
chosen cut-off suffices for the same reasons as at the MP2 level. As a matter of
fact, the ground state energy of an FCI calculation with a specific basis is always
an upper bound for the real ground state energy. One can conclude from this, that
the RPANOs are much better in spanning the relevant space of correlated single
particle states than the HF-orbitals.
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Figure 11.1: Convergence behavior of the MP2 correlation energy for the He
atom. The convergence with respect to the number of RPANOs and HF-orbitals
is compared. The black line shows the result for the full basis set. Note that we
use two different ranges for the energy.
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Figure 11.2: Convergence behavior of the FCI correlation energy for the He
atom. The convergence with respect to the number of RPANOs and HF-orbitals
is compared. The FCI energy using 10-60 HF virtual orbitals is at least 1 eV
above the converged value.
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In order to obtain a more accurate approximation to the total energy of the
helium atom, Etot = EHF + Ecor, we first used a plane wave cut-off extrapolation
for the FCI correlation and the HF energy [176, 177]. The correlation energy was
extrapolated from FCI values at plane wave cut-offs of 474 eV, 621 eV and 750 eV.
The HF energy was extrapolated separately from plane wave cut-offs up to 6000 eV
in a 16 Å× 16 Å× 16 Å unit cell in order to reach more accurate predictions. This
procedure is justified, because the correlation energy is less than 1.5% of the HF
energy. For the plane wave extrapolation of the energies we used a linear regression
with respect to the inverse number of plane waves, N−1

PW, which is itself proportional
to E−3/2

cut ,
Ecor/HF(Ecut) ≈ Ecor/HF(∞) + p · E−3/2

cut . (11.12)
This value is the best approximation we can achieve for a fixed number of truncated
RPANOs.

However, the value for the cut-off extrapolated correlation energy still depends
on the number of RPANOs used in the FCI calculation. Therefore, to obtain a
highly accurate correlation energy, we performed an orbital-set extrapolation on
top of the cut-off extrapolation. To achieve this, we calculated cut-off extrapolated
FCI correlation energies as described above with different numbers of RPANOs
(10,20,...,60). These cut-off extrapolated values were extrapolated by another linear
regression, this time with respect to the inverse number of RPANOs used in the
respective FCI calculations,

EFCI-cor(NRPANOs) ≈ EFCI-cor(∞) + q ·N−1
RPANOs. (11.13)

By doing so, we obtained an approximate value for the FCI total energy of −79.019
eV, which differs by less than 1 meV from the literature value from the basis set
extrapolation with Gaussian cc-pVxZ basis sets [175]. The extrapolated values for
the two methods are therefore well within the error bars of each other. Another
“exact” value from Hylleraas-like calculations is −79.014 eV [178]; our estimation is
around 5 meV bellow that. These results are summarized in Fig. 11.3.
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Figure 11.3: The cut-off extrapolated FCI total energies for the He atom
are shown for different numbers of RPANOs. A basis set extrapolation with
1/RPANOs yields a He total energy that is 5 meV below the value from
Hylleraas-like calculations. The value for extrapolated RPANOs and extrap-
olated cc-pVxZ are on top of each other.
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Finally, we compared the shape of the natural orbitals along an axes through the
nucleus of the atom. In Figs. 11.4-11.6 we show the 1s and 2s orbitals of helium
for the different methods we employed. While the occupied 1s orbital is well de-
scribed in the mean-field methods, the 2s orbitals for the different methods vary
significantly. This is not very surprising as the HF/DFT states are not computed
as eigenstates of the density matrix, but stem from a mean-field Hamiltonian. In
fact, by construction, the virtual HF/DFT states are degenerate eigenstates to the
HF/DFT density matrix with eigenvalue 0. This is easily seen by Eq. (11.2) and
(11.5), since the mean-field single particle states are orthogonal to each other. Fur-
thermore, from Fig. 11.6 we can deduce that the 2s FCI natural orbital is already
converged with as little as 10 RPANOs, but far from converged with 60 HF orbitals.
This substantiates the results from Figs. 11.1 and 11.2 that canonical HF orbitals
calculated from a plane wave basis are impractical for correlated calculations, which
is cured by introducing RPANOs.
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Figure 11.4: He 1s orbital. The occupied orbital is shown for PBE, HF,
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166



11.4 Application

11.4.2 Hydrogen molecule
The second benchmark system investigated is the hydrogen molecule. Though H2
is the simplest molecule, it’s exact quantum mechanical description already shows
prototypical challenges. Specifically the dissociation of the two hydrogen atoms is
challenging from a theoretical point of view. In the dissociation limit an accurate
wave function based method should yield a wave function corresponding to two
separate hydrogen atoms. The restricted HF method, however, yields an inadequate
dissociation limit with an energy substantially above the correct limit due to a flawed
mixture of single electron states. Conversely, the spin-unrestricted HF (URHF)
method yields a solution with an up electron on one site and a down electron on the
other site, which is a spin contaminated singlet. The true singlet would have an equal
expectation value for up and down electrons on both sites and is a mixture of (at
least) two Slater determinants. The underlying problem is that a single determinant
description is insufficient to describe the dissociation process. Similar problems exist
in DFT [179]. Therefore the hydrogen molecule is, despite being seemingly simple,
an interesting benchmark system for correlated electronic structure methods.

The computational set-up was again a 10 Å× 10 Å× 10 Å unit cell with periodic
boundary conditions. We used a plane-wave basis with different cut-offs up to 750
eV. The internuclear distance was varied between the equilibrium distance of 0.74
Å and 5.0 Å.

As for the helium atom, we examined the convergence behaviors of the MP2 as
well as the FCI correlation energy with respect to the RPANOs and compared them
with convergence for HF-orbitals. The results of the calculations are shown in Figs.
11.7 and 11.8. Similarly to the helium atom, the correlation energies converge very
slowly with an increasing number of HF orbitals. Using RPANOs, we only need a
few hundred basis functions to obtain converged results for the MP2-energy. The
statements on the cut-off convergence in Subsection 11.4.1 on the helium atom apply
here as well.
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Figure 11.8: Convergence behavior of the FCI correlation energy for the H2
molecule at equilibrium distance. The convergence with respect to the number of
RPANOs and HF-orbitals is compared. The FCI energy using 10-60 HF virtual
orbitals is at least 1 eV above the converged value.
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For the FCI total energies, a cut-off extrapolation was done in the same fashion
as for the helium atom according to Eq. (11.12) – from cut-offs up to 6000 eV for
HF, and from cut-offs of 474 eV, 621 and 750 eV for the FCI correlation energy.
Additionally we also performed an orbital set extrapolation with respect to the
number of RPANOs, compare Eq. (11.13). In order to compare our results with
experimental energies, we calculated the dissociation energy by subtracting twice
the URHF energy for the isolated atom obtained with the same procedure (cut-off
extrapolation), from the extrapolated FCI total energy at equilibrium distance (0.74
Å). An appropriate experimental value to compare our ab-initio Born-Oppenheimer
approximation result with was obtained by adding the experimental vibrational zero
point energy (EZPE) [180] to the experimental dissociation energy D0 [181],

De = D0 + EZPE. (11.14)

Our extrapolated FCI binding energy (−De) is −4.749 eV, which is 1 meV below
the corresponding experimental value of −4.748 eV. Additionally we performed FCI
calculations with the Gaussian pp-VxZ basis sets, with x = 2, 3, 4, and extrapolated
in order to obtain an estimation for the basis set limit of the H2 binding energy in
the Born-Oppenheimer approximation. The extrapolation was done along the lines
of Ref. [175], i.e. for the correlation energy we extrapolated according to

Ecor(x) = Ecor(∞) + c · x−3, (11.15)

while for the HF energy we fitted

EHF(x) = EHF(∞) + a · e−b·x. (11.16)

The extrapolated energy from the pp-VxZ basis sets was −4.755 eV, 6 meV below
the value for RPANOs and 7 meV below the experimental value. These results are
summarized in Fig. 11.9.
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171



11 RPA natural orbitals and their application to post-Hartree-Fock electronic
structure methods

Again we also inspected the shape of the orbitals, this time along the bond-axis of
the hydrogen molecule. In the equilibrium position, the first NO (i.e. the occupied
1σ state) is well approximated by the mean-field methods 1σ orbital, see Fig. 11.10.
But the second natural orbital is already very different from DFT and even more
so from the HF 1σ∗, see Fig. 11.11. This has the same reasons as for the He 2s
orbital. In Fig. 11.11, one can also see that the RPANO does not match the FCINO
perfectly. But using just 10 RPANOs for the FCI calculation, the FCI natural orbital
is already converged, see Fig. 11.12. This is a hint that, at least in this case, the
RPANOs span the relevant space efficiently. In contrast, the HF orbitals are not
even close to convergence with 60 orbitals.

Similar observations can be made for other cases, with varying internuclear dis-
tances and orbital levels as well as basis set sizes and underlying mean-field methods.
We have investigated a variety of cases, and we have picked a few illustrative ex-
amples in an effort to summarize our findings. One of these examples is the third
orbital (2σ) at an internuclear distance of 1.588 Å (= 3a0). This example is interest-
ing since in this case the RPANO noticeably differs from the FCINO, see Fig. 11.13.
However, inspecting Fig. 11.14, one can see again that only very few RPANOs are
necessary to describe the third FCINO correctly, even though the third RPANO
does not match well with the third FCINO. Furthermore once again, the canonical
HF-orbitals poorly describe the FCINO.

Finally, we show the orbitals at dissociation (5 Å). This time we compare the first
two orbitals again. At this distance, the occupied orbitals vary more between the
employed methods than they did at equilibrium distance, compare Fig. 11.10 and
11.15. By construction, the occupied RPANO is equal to the occupied HF orbitals.
It is noteworthy that in this case, the PBE orbitals and hence the PBE electron
density, is much closer to the FCINO than the HF orbital is (Figs. 11.15 and 11.16).
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Figure 11.10: H2 1σ orbital at equilibrium distance. The occupied orbital is
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construction identical.
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Figure 11.11: H2 1σ∗ orbital at equilibrium distance. The first unoccupied
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Figure 11.14: H2 2σ orbital at an internuclear distance of 1.588 Å (=3 a0). The
second unoccupied FCI natural orbital (=̂2σ) is shown for 10 and 60 RPANOs
as well as for 10 and 60 HF orbtials.

177



11 RPA natural orbitals and their application to post-Hartree-Fock electronic
structure methods

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

-4 -3 -2 -1  0  1  2  3  4

φ
 [
Å

-3
/2

]

x [Å]

HF

PBE

FCI@60RPANOs

Figure 11.15: H2 1σ orbital at an internuclear distance of 5 Å. The first occu-
pied orbital (=̂1σ) is shown for PBE, HF, and FCI@60RPANOs.

178



11.4 Application

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

-4 -3 -2 -1  0  1  2  3  4

φ
 [
Å

-3
/2

]

x [Å]

HF

PBE

RPANO

FCI@60RPANOs
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11.4.3 Fluorine molecule
In the two electron systems H2 and He, the direct and exchange contribution to the
MP2 correlation energy are related by a simple factor of -2, i.e. E(2)

d = −2E(2)
x . As

ΣRPA consists of an infinite series of bubble diagrams (χ0), it intrinsically contains
the direct part of the MP2 self energy Σ(2)

d , but also accordingly models the exchange
part Σ(2)

x . For these two reasons, we expected the RPANOs to efficiently span the
relevant subspace for MP2 calculations in H2 and He. However, for a multi electron
system like the fluorine molecule, the simple relation between direct and exchange
part of the MP2 energy is no longer valid and it is therefore not clear from the
outset that RPANOs will converge the MP2 energy quickly. Thus we investigated
the convergence behavior for the direct (MP2D) and exchange (MP2X) contribution
to the MP2 correlation energy with respect to RPANOs separately (Fig. 11.17). We
compare again the performance of RPANOs and HF orbitals for calculating the total
MP2 correlation energy (Fig. 11.18). For these calculation, we employed the PAW
method [105, 182] and used again a 10 Å× 10 Å× 10 Å unit cell and a plane wave
cut-off of 750 eV.

We observed that using RPANOs for fluorine, the exchange contribution to the
MP2 correlation energy converges rapidly and in the same manner as the direct con-
tribution, see Fig. 11.17. This is a strong indication that the proposed method, using
RPANOs to construct orbitals for more expansive correlated methods, is straight-
forwardly applicable to complex, multi electron systems. As expected from the
previous results, the energy convergence with respect to the number of HF orbitals
is again extremely slow compared to the RPANOs, see Fig. 11.18.
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11.4.4 Diamond
The fourth benchmark system, diamond, was chosen to demonstrate the method
on a simple periodic multi electron system. Fig. 11.19 shows that the convergence
behavior of the MP2 energy is slightly improved by the use of RPANOs, but the
effect is much smaller than in the molecular systems. Since we use the primitive cell,
the number of plane waves in the full basis set is much smaller than it was for the
molecules with large vacuum regions between the periodic images - in this case ≈ 400
for diamond vs. ≈ 47000 for H2. In this case, between 200-300 RPANOs were suffi-
cient to reach convergence, similar to the numbers for the hydrogen molecule. Thus
the improvement being small is not caused by an under-performance of RPANOs,
but rather due to a comparatively small number of orbitals in the full basis set.
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Figure 11.19: Convergence behavior of the MP2 correlation energy for dia-
mond. The convergence with respect to the number of RPANOs and HF-orbitals
is compared. The black line shows the result for the full basis set. The calcu-
lation was performed in the primitive cell with experimental lattice parameter
d = 3.567 Å. We used the PAW method [182, 105] with a 4× 4× 4 k-mesh and
a plane wave cut-off of 600 eV.

183



11 RPA natural orbitals and their application to post-Hartree-Fock electronic
structure methods

11.5 Conclusion
We have tested the efficiency of RPANOs for MP2 and FCI calculations and found
that for atoms and molecules they can drastically reduce the number of orbitals that
are necessary to reach converged correlation energies in comparison to canonical HF
or PBE orbitals. In the present implementation, the calculation of RPANOs scales
only cubically with system size. This favorable scaling affords the proposed method
an advantage over a similar method using MP2 natural orbitals, which scale with
the fifth order of the system size in the canonical implementation (and with fourth
order if an approximation is used) [156]. In general, the compute cost of correlated
methods increases steeply with respect to the number of orbitals, even exponentially
for CI. Thus the compute cost for the preceding compression of the space of orbitals
will generally be small compared to the savings gained in the final accurate correlated
calculations.

An important finding of the present work is that RPANOs yield a set of orbitals
which allows to converge the correlation energy rapidly, even in cases, where the
RPA itself is most likely not very accurate. Typical examples for such situations
are bond breaking and bond making, in this study exemplified for the case of bond
dissociation of H2. Specifically, upon dissociation, we found cases where the first few
RPANOs deviate significantly from the natural orbitals determined from the FCI
correlated density matrix. Regardless of this difficulty, when the correlation energy
is expanded in an increasing set of RPANOs, rapid convergence with the number of
RPANOs is observed even for these “difficult” cases.

The present method is especially useful for systems comprised of large vacuum
regions where the basis set size becomes unmanageable when plane waves are used
(we are talking of ten thousands of plane wave orbitals). In fact, some of us have
already applied a preliminary implementation of the algorithm presented here to
calculate RPA natural orbitals and subsequently solve the BSE equations in this
smaller basis. In this way, we were able to determine accurate quasiparticle energies
in the GWΓ approximation for molecules [183]. Apart from molecular systems,
open structures (zeolites) and surface science studies with large vacuum regions
are likely to be an interesting and promising field of application for the RPANO
method. Recall that coupled cluster methods scale at least with the fourth order of
the number of virtual orbitals. If one is capable to compress the number of virtual
orbitals by say a factor 2-3, speed ups of one to two orders of magnitude can be
expected. We also note that the RPA is expected to be already fairly accurate for
the prediction of adsorption energies [6, 86], however, close to transition states we
expect that methods beyond the RPA will be required. Our results for the bond
dissociation in H2 gives hope that the RPANOs will work also well in such challenging
situations. Overall, the present implementation will greatly boost the applicability
of plane wave basis sets allowing them to compete with the now omnipresent local
Gaussian basis sets used in quantum chemistry.

Last not least, natural orbitals in periodic systems can be used as a stepping stone
for “strongly” correlated calculations, such as dynamical mean-field theory (DMFT)

184



11.5 Conclusion

or density matrix renormalization group (DMRG) theory. There are already exam-
ples in literature indicating that such an approach might be at least competitive
with the usual approach of maximally localized Wannier functions [184, 185, 186],
since natural orbitals with an occupancy far from zero or one, are likely to contribute
most to the correlation energy. Thus, combining perturbative methods for weakly
correlated orbitals with an accurate correlation method for the strongly correlated
orbitals is an important future development to be pursued.
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Chapter 12

Conclusion and outlook

The first part of this thesis provided a reference to the theoretical concepts under-
lying the application of the RPA in electronic structure methods. Starting with a
one-dimensional single particle Hamiltonian, step by step the fundamental concepts
that finally lead to the RPA@PBE method – using PAWs – are introduced.

To underline the capabilities of the RPA as a state-of-the-art electronic structure
method, it was applied to several difficult problems from the exciting field of sur-
face science [4, 5, 6]. The agreement with experimental data and other advanced
electronic structure methods was remarkable in the investigated materials prob-
lems, providing further evidence that the RPA achieves a good compromise between
performance and accuracy.

For every electronic structure method, it is desirable, that forces between the
atoms are readily computable, so that relaxed ground state structures, vibrational
properties, as well as finite temperature properties of any material are straight-
forwardly accessible. In the course of this thesis, a novel method for the efficient
calculation of non-Hellmann-Feynman forces for the RPA in solids was developed
[1]. This represents a completely new feature that was not available in any electronic
structure code before. Conveniently, this method should in principle be transfer-
able to other correlated, perturbative methods, for example MP2. However, as it
is, the current implementation is unfortunately only applicable to gapped systems.
The underlying problem is that for metals, the RPA should be applied with a finite
temperature approach. This task is work in progress, but significant advances in
the calculation of finite temperature RPA correlation energies were recently made
by Kaltak and Kresse [187]. Although it is a very difficult challenge, we expect that
the forces algorithm can be transferred to this new frame work in the foreseeable
future and that the current limitations to gapped systems can be overcome.

Despite its current limitations, a very promising application of the RPA forces
algorithm was presented with reference to a method developed by Bokdam et al.
[2]. With RPA forces at hand, one can create finite temperature ensembles with
MD simulations and use them to benchmark different density functionals. This
allows to systematically select the best functional for large scale structure predictions
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of a given material, providing a huge advantage over the common trial and error
approach.

Finally, the RPA 1-RDM – which is an intermediate quantity in the calculation
of RPA forces – was examined. It was shown that approximate natural orbitals
from the RPA provide an excellent basis for more involved correlated methods, as
for example FCI [3]. This is another promising development based on the RPA,
proving once again its versatility.

We conclude that the RPA has an enormous potential for electronic structure
methods. On the one hand, various RPA related methods already provide extremely
useful tools for elaborate applications. On the other hand, open problems like the
implementation of RPA forces at finite temperatures offer an exciting basis for fur-
ther theoretical research and method development.
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Appendix A

Formulary

Fourier transformations:

f(ν) = F [f(τ)](ν) =
∫
ei τνf(τ)dτ (A.1)

f(τ) = F−1[f(ν)](τ) = 1
2π

∫
e− i τνf(τ)dν (A.2)

F [i ∂tf(t)](ω) = ωF [f(t)](ω) (A.3)
Green’s function (imaginary time):

G(r, r′, τ) = Θ(−τ)
∑

n

ψn(r)ψ∗
n(r′)e−εnτf(εn) (A.4)

G(r, r′, τ) =−Θ(τ)
∑

n

ψn(r)ψ∗
n(r′)e−εnτ (1− f(εn)) (A.5)

G(r, r′, τ) =G(r, r′, τ) +G(r, r′, τ) (A.6)

Polarizability:
χ(r, r′, τ) = G(r, r′, τ)G(r, r′,−τ)∗ (A.7)

Useful identities for Green’s function and polarizability:

G(r, r′, τ) = G(r′, r, τ)∗ (A.8)

χ(r, r′, τ) = χ(r, r′,−τ)∗ = χ(r′, r,−τ) = χ(r′, r, τ)∗ (A.9)

χ(r, r′, ν) = χ(r, r′, ν)∗ = χ(r′, r,−ν) = χ(r′, r,−ν)∗ (A.10)

δF

δφ(τ) = 2πF−1[ δF

δφ(ν) ](−τ) (A.11)
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and since

δEc-RPA

δχ(r, r′, ν) =− 1
4πW

c-RPA(r′, r, ν) (A.12)

⇒ δEc-RPA

δχ(r, r′, τ) =− 1
2W

c-RPA(r′, r,−τ) (A.13)

Proof of Eq. (A.11): Let F be a functional F = F [φ(ν)] and let φ(ν) be the Fourier
transformed function φ(ν) = F [φ(τ)](ν), then

δF =
∫ δF

δφ(ν)δφ(ν) dν (A.14)

=
∫ δF

δφ(ν)

∫
ei τνδφ(τ) dτdν (A.15)

=
∫∫ δF

δφ(ν)e
i τνdν δφ(τ) dτ (A.16)

⇒ δF

δφ(τ) =
∫ δF

δφ(ν)e
i τνdν = 2πF−1[ δF

δφ(ν) ](−τ) (A.17)

Plane wave basis notation

|φn,k〉 =
∑
G

CGnk |G + k〉 (A.18)

〈k + G|k + G′〉 = δG,G′ (A.19)

〈r|k + G〉 = 1
Ωe

i(k+G)r (A.20)

Two electron integrals:

〈ij|kl〉 =
∫

d3r1d3r2φ
∗
i (r1)φ∗

j(r2)
1
r12

φ∗
k(r1)φ∗

l (r2) (A.21)
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Abbreviations

1-RDM one particle reduced density matrix
AC adiabatic connection
BOA Born-Oppenheimer approximation
BZ (first) Brillouin zone
C Coulomb
c correlation
cc complex conjugate
CC coupled cluster
CI configuration interaction
p-CCSD(T) periodic CC including singles, doubles and perturbative triples
DF density functional
DFT density functional theory
DMC diffusion Monte Carlo
ee electron-electron
ext external
EXX exact exchange
fcc face centered cubic
FCI full configuration interaction
FDT fluctuation dissipation theorem
FFT fast Fourier transform
FNQMC fixed-node quantum Monte Carlo
GGA generalized gradient approximation
GW see section 4.4
GWSE GW single excitations
H Hartree
hBN hexagonal boron nitride
hcp hexagonal close-packed
HF Hartree-Fock
kin kinetic
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KS Kohn-Sham
l.h.s left hand side
LDA local density approximation
LAPW linearized augmented-plane-wave (method)
MBD many body dispersion (correction)
MBPT many body perturbation theory
MD molecular dynamics
MF mean-field
MP MøllerPlesset (perturbation theory)
MP2 second order MP
MP2D direct contribution to MP2 correlation energy
MP2X exchange contribution to MP2 correlation energy
occ occupied
PAW projector augmented wave (method)
PBE Perdew-Burke-Ernzerhof (functional)
r.h.s right hand side
RDM reduced density matrix
Ref. reference(s)
RPA random phase approximation
RPA@PBE applied RPA calculation using PBE orbitals
TD-DFT time-dependent DFT
TS Tkatchenko and Scheffler
uocc unoccupied
USP ultra soft pseudo potential(s)
VASP Vienna ab-initio simulation package
vdW van der Waals
vdW-DF non-local van der Waals density functional
w.r.t. with respect to
xc exchange correlation
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the plane wave basis and correlated sampling”. In: The Journal of Chemical
Physics 148.6 (Feb. 2018), p. 064103. doi: 10.1063/1.5016100.

• José A. Garrido Torres, Benjamin Ramberger, Herbert A. Früchtl, Re-
nald Schaub, and Georg Kresse. “Adsorption energies of benzene on
close packed transition metal surfaces using the random phase approxi-
mation”. In: Physical Review Materials 1.6 (Nov. 2017), p. 060803. doi:
10.1103/PhysRevMaterials.1.060803.

• Menno Bokdam, Jonathan Lahnsteiner, Benjamin Ramberger, Tobias Schäfer,
and Georg Kresse. “Assessing Density Functionals Using Many Body Theory
for Hybrid Perovskites”. In: Physical Review Letters 119.14 (Oct. 2017), pp. 1–
5. doi: 10.1103/PhysRevLett.119.145501.
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C List of publications and presentations

• Yasmine S. Al-Hamdani, Mariana Rossi, Dario Alfè, Theodoros Tsatsoulis,
Benjamin Ramberger, Jan Gerit Brandenburg, Andrea Zen, Georg Kresse,
Andreas Grüneis, Alexandre Tkatchenko, and Angelos Michaelides. “Proper-
ties of the water to boron nitride interaction: From zero to two dimensions
with benchmark accuracy”. In: The Journal of Chemical Physics 147.4 (July
2017), p. 044710. doi: 10.1063/1.4985878.

• Tobias Schäfer, Benjamin Ramberger, and Georg Kresse. “Quartic scaling MP2
for solids: A highly parallelized algorithm in the plane wave basis”. In: Journal
of Chemical Physics 146.10 (Mar. 2017), p. 104101. doi: 10.1063/1.4976937.

• Benjamin Ramberger, Tobias Schäfer, and Georg Kresse. “Analytic Inter-
atomic Forces in the Random Phase Approximation”. In: Physical Review Let-
ters 118.10 (Mar. 2017), pp. 1–5. doi: 10.1103/PhysRevLett.118.106403.

C.2 Contributed talks
• Benjamin Ramberger. RPA natural orbitals and their application to higher

hierarchy methods. 15th ViCoM Workshop. Vienna, Austria. Apr. 2019.

• Benjamin Ramberger. Analytic Interatomic Forces in the Random Phase Ap-
proximation. Seminar talk at SUNCAT @ Stanford. Stanford, United States.
Mar. 2018.

• Benjamin Ramberger. Analytic Interatomic Forces in the Random Phase Ap-
proximation. American Physical Society: APS March Meeting. Los Angeles,
United States. Mar. 2018.

• Benjamin Ramberger. Analytic Interatomic Forces in the Random Phase Ap-
proximation. ETSF Young Researchers’ Meeting. Tarragona, Spain. 2017.

• Benjamin Ramberger. Analytic Interatomic Forces in the Random Phase
Approximation. CECAM workshop: Theoretical Chemistry for Extended
Systems: systematically improvable electronic structure methods. Toulouse,
France. May 2017.

• Benjamin Ramberger. Calculation of first derivatives in the random phase
approximation for solids. 66. OePG Jahrestagung. Vienna, Austria. Sept. 2016.

• Benjamin Ramberger. Forces in the random phase approximation for solids.
10th ViCoM Workshop. Stadtschlaining, Austria. Mar. 2016.

• Benjamin Ramberger. Calculating forces in the random phase approximation
(RPA). 65. OePG Jahrestagung. Vienna, Austria. Sept. 2015.
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C.3 Poster presentations

C.3 Poster presentations
• Benjamin Ramberger. Calculating forces in the random phase approximation

in solids. 14th ViCoM Workshop. Krumbach, Austria. Oct. 2018.

• Benjamin Ramberger. Calculating forces in the random phase approximation
in solids. From Electrons to Phase Transitions 2018: A ViCoM Conference.
Vienna, Austria. Apr. 2018.

• Benjamin Ramberger. Calculating forces in the random phase approximation
in solids. Total Energy and Force Methods. Cambridge, United Kingdom. Jan.
2018.

• Benjamin Ramberger and Menno Bokdam. Assessing density functionals using
many body theory for hybrid perovskites. 13th ViCoM Workshop. Stadtschlain-
ing, Austria. Oct. 2017.

• Benjamin Ramberger. Calculating forces in the random phase approximation
for solids. 2nd ViCoM Young Researchers Meeting. Vienna, Austria. Sept.
2016.

• Benjamin Ramberger. Calculating forces in the random phase approximation
for solids. Total Energy and Force Methods. Luxemburg, Luxemburg. Jan.
2016.

Note that the similar poster titles “Calculating forces in the random phase approx-
imation for solids” and “Calculating forces in the random phase approximation in
solids” describe to different posters. While the first contained mainly the theoretical
foundations, the later presented various applications along with a very brief overview
of the method.
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