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Abstract

The focus in direct detection experiments lies on the detectability of dark matter due to nuclear
recoil signatures from dark matter particles. The master thesis will focus on the detectability of
dark matter particles, especially the weakly interacting massive particles (WIMPs) with masses
below the GeV scale. In standard cosmological models the WIMPs are gravitationally bound
to the galaxy with nonrelativistic circular velocities, causing elastic nuclear recoils with atomic
nuclei with typical momentum transfers of about O(100MeV) or less. The recoil signatures can
be detected through ionization, scintillation and the production of heat in the detectors. In
the thesis, we study the prompt ionization of an electron that follows a dark matter nucleus
scattering event. This is the so called Migdal effect. The thesis is about the calculation and
evaluation of the strength of this ionization signal by using electron wave functions obtained
through various methods, such as Hartree-Fock-wave functions, Coulomb wave functions, plane
waves etc. The Migdal effect will be calculated for various atoms, such as Xe, I, Ge and Ar.
The obtained results will be used to calculate dark matter event rates and compare it to the

results of conventional liquid xenon detectors, e.g Xenonl1T.

Zusammenfassung

Das Ziel direkter Detektionsexperimenten liegt darin atomare Streuungsprozesse dunkler Ma-
terie Teilchen zu messen. Diese Masterarbeit beschaftigt sich mit der Nachweisbarkeit von
dunkler Materie, mit besonderem Fokus auf ”Weakly Interacting Massive Particles” (WIMPs)
mit Massen unterhalb der GeV-Skala. Im kosmologischen Standardmodel sind WIMPs gravi-
tativ an Galaxien gebunden und bewegen sich mit nichtrelativistischen Geschwindigkeiten im
Orbit, wodurch elastische Streuungsprozessen mit Atomen induziert werden. Fiir Dunkle Ma-
terie Teilchen in der Gréfenordnung O(100)GeV kommt es zu Impulsiibertragungen von etwa
O(100MeV) oder weniger. Die Streuungsprozesse konnen durch Ionisation, Szintillation und
Wirmeerzeugung in den Detektoren nachgewiesen werden. In dieser Arbeit beschreiben wir Ion-
isatierungsprozesse eines Elektrons durch Streuung von dunklen Materie an isolierten Atomen.
Dies ist der sogenannte Migdal-Effekt. Die Arbeit befasst sich mit der Berechnung der Starke
dieses Tonisationssignals unter Verwendung von Elektronenwellenfunktionen, die aus verschiede-
nen numerischen Methoden erhalten wurden, wie Hartree-Fock-Wellenfunktionen, Coulomb-
Wellenfunktionen, ebenen Wellen usw. Der Migdal- Effekt wird fiir verschiedene Atome wie Xe, I,
Ge und Ar berechnet. Die erhaltenen Ergebnisse werden verwendet, um die Wahrscheinlichkeit
solcher Streuungsprozesse zu schatzen und sie mit den Ergebnissen herkommlicher Fliissig-

Xenon-Detektoren, wie beispielsweise XenonlT, zu vergleichen.
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Chapter 1

Dark Matter

The existence of dark matter is overwhelmingly supported by numerous cosmological and as-
trophysical observations. Observations of large scale structures emphasize the existence of dark
matter through galactic rotation curves, gravitational lensing, baryonic acoustic oscillations for
the cosmic microwave background etc. These cosmological phenomena are notoriously difficult

to reproduce in the absence of cold dark matter [1].

The direct or indirect detection of Dark Matter is one of the most extensively studied fields
in modern particle physics. Direct detection experiments aim to detect Dark Matter through
nuclear recoil signatures. However, nuclear scattering processes with dark matter masses below
the GeV-scale produce soft nuclear recoils, which are difficult to detect unambiguously. Finite
detector thresholds and kinematic limitations on the relative velocity of Dark Matter set a
principal limit on the detectability of dark matter [2]. The Migdal effect proposes an inelastic
channel of the prompt ionization or excitation of an electron via nuclear recoils, which enhances
the detectability of light Dark Matter.

Standard Halo models predict a local dark matter density of 0.3%.[3] The circular speed of
dark matter in the solar system is estimated to be about 239%". For light dark matter with
a mass of order @O(1GeV), this would result in an elastic recoil with a typical recoil energy of
O(1keV) for a target with nucleus mass my ~ 100GeV.

1.1 Standard cosmological model

The current standard cosmological model describes the evolution of the universe within the
Friedmann-Robertson-Walker metric and has it’s roots in the discovery of Hubble’s law and the

observed large-scale isotropy and homogeneity in the distribution of matter. The components
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of the metric tensor are the degrees of freedom of the gravitational field. The model is able to
describe the thermal history, relic background radiation, the abundance of elements as well as
many other large-scale properties of the observed universe. The most important building blocks

are the Einstein field equations, the metric tensor and the Equation of state[1][4].

The Einstein field equation can be derived by first principles in a Lagrangian field theory and

leads to a second order differential equation, which is linear in second derivatives

1 8rG
R“V - ég/ﬂ,R = FTMV — Agl“" (11)

where R, and R are the Ricci tensor and the Ricci scalar, 7}, is the energy momentum tensor,
G is Newton’s gravitational constant, g, is the metric tensor and A is the cosmological constant.
The geometry of the universe is described by the energy content of the universe, described by
the energy momentum tensor. Observation of the cosmological microwave background (CMB)
confirm the assumption of homogeneity and isotropy of the universe, often referred as the
cosmological principle. The Friedman-Robertson-Walker metric fulfills these requirements
dr?

1 — kr?

ds* = —c*dt* + a(t)? ( + T2d§22) : (1.2)

where a(t) is the dimensionless scale factor. The constant k depicts the spatial curvature with
values k = {—1,0,1}.

The metric is compatible with a perfect fluid energy momentum tensor, which leads to the

Friedman equations

a+k 881G
3 po R pr + A, (1.3)

i a*+k 811G
—25 T T 3 p—A. (1.4)

where pr is the total average density of the universe and H(t) = (%) is the Hubble con-
stant, which is actually not a constant but a function of time. There is a controversial dis-
crepancy in the determination of the Hubble constant at current times. The indirect deter-
mination of the Hubble constant by the Planck Collaboration based on the ACDM yields
Hy = 67.27 £ 0.60kms~'Mpc ™' [5]. Local measurements currently deduced a value of Hy =

73.52 £ 1.62km s~ 'Mpc ™ [6].

The critical density of the universe is defined as the density, where the universe is flat (k = 0),
which leads to




1.1. STANDARD COSMOLOGICAL MODEL 7

The abundance of elements in the universe in terms of the critical density parameter is

K3 pc Y
0-Yo-yL 1
i . Pe
such that we can rewrite the Friedmann equation in terms of

k
T m2ee

The sign of k is determined by the theoretical model under consideration

(1.6)

Q-1

p<pe|2<1|k=1]| open
p=pc| 2=1| k=0 flat
p>pe | 2>1| k=1 | closed

where p. is the critical density of the universe.

The various €2; components evolve different in time, depending on the equation of state of
the component. Let there be a apparently small contribution from a hypothetical ” X-matter
component”, which is parametrized by its equation of state p = ax - px. The expansion rate
can be written as

H2
H(f ) (14 280 4+ (1 + 22
0

+ (14 2)* + Qr(1 + 2)*, (1.9)

where M and R denote matter and radiation respectively and X refers to a particle species

with equation of state p = axpx (in particular for the cosmological constant ay = —1). Qp =

Qpy + Q and Qp is the contribution from curvature and is defined as [1]
12

_m’

Qx + Qur + Qe + Q= 1. (1.11)

Qp = (1.10)

The most recent measurements from Planck [5] yield

Qpah?® = 0.1200 £ 0.0012, (Cold Dark Matter)
Qph* = 0.02237 £ 0.00015, (Baryonic Matter)
Qah? = 0.3107 £ 0.0082, (Dark Energy)
Qxh? == 0.0007 +£0.0019  (Curvature) (1.12)
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where h = 67.8-2 [7] is today’s value of the Hubble constant.

sMpc

Dark Matter
On the left side, the energy budget of the uni-

verse is depicted in its three main components.

L] Qnm=0.261
m Q,=0.0487
m 0,=0.685

Dark matter accounts for about 26% of the en-
ergy budget, Dark energy about 69% and 5%
baryonic matter, such that ) . Q; ~ 1.

1.1.1 Brief History of the universe

Baryogenesis: Particles and antiparticles annihilate,

e.g. et +e — v+ . If the universe would have been filled with the same amount
of matter and antimatter, annihilation processes would lead to a radiation dominated
universe throughout much of the cosmic history , in conflict with observations. The ob-
served universe has an overabundance of matter (mostly baryons). The general dynamical
mechanism, that lead to a baryon asymmetry is called Baryogenesis. The observed baryon-

to-photon ratio is approximately [8]

SR U NS (1.13)
Ny

Electroweak phase transition: The Standard Model gauge symmetry breaks into

SU(3) ® U(1)pum, which is called electroweak symmetry breaking and enables the Higgs

mechanism to take place.

QCD phase transition: Below 150 MeV the strong interaction between quarks and
gluons drives the confinement of quarks to form bound states, called baryons, and mesons.

They become the relevant degrees of freedom below the QCD phase transition.

Dark matter genesis: Dark matter is expected to interact very weakly with ordinary
matter, and a multitude of generation mechanisms are known. One of the most predictive

simple ones is the thermal freeze out of WIMPs.

Neutrino decoupling: Neutrinos interact with the rest of the primordial plasma only

through the weak interaction and their decoupling from the SM bath is estimated at 0.8
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MeV.

Electron-positron annihilation: After neutrino decoupling electron and positrons be-

gin to annihilate.

Nucleosynthesis: At about 100 keV protons and neutrons fuse into light elements
(D, *He, “He, Li) [1].

Formation of structure: At 0.75 eV the matter density becomes equal the radiation

density, allowing the formation of structure to begin.

Photon decoupling: At 0.23-0.28 eV Photon decoupling produces the cosmic back-

ground radiation [8].

Present: 14 meV, T' ~ 2.7 K[1]

Event time t redshift z | temperature T
Inflation 10734 - -
Baryogenesis ? ? ?

EW phase transition 20 ps 10t° 100 GeV
QCD phase transtion 2018 10'2 150 MeV
Dark matter freeze-out ? ? ?
Neurtrino Decoupling ls 6 x 10° 1 MeV
Electron-positron annihilation 6 s 2 x 10° 500 keV
Big Bang nucleosynthesis 3 min 4 x 108 100 keV
Matter radiation equality 60 kyr 3400 0.75 eV
Recombination 260 — 380 kyr | 1100 — 1400 | 0.26 — 0.33 eV
Photon decoupling 380 kyr 1000 — 1200 | 0.23 — 0.28 eV
Reionization 100 — 400 Myr 11— 30 2.6 — 7.0 meV
Dark energy - matter equality 9 Gyr 0.4 0.33 meV
Present 13.8 Gyr 0 0.24 meV

Table 1.1: The table describes key events in the thermal history of the universe [§].

1.2 Evidence for Dark matter

Dark matter has not yet been detected directly and its properties remain largely unknown. In
1933 Fritz Zwicky was the first one, who operated on the virial theorem for galaxy clusters such

as the Coma cluster and postulated the existence of dark Matter [9].
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One strong piece of evidence comes from the observation of galactic rotation curves of spiral
galaxies. The dynamical measurement of the mass in the galaxy follows from the analysis of its
gravitational effects. Assuming a spherical distribution of matter in the bulge leads according

to Newtonian dynamics to the relation

v = ) (1.14)

where v is the orbital velocity at a distance r from the center of the galaxy and M (r) is the
mass distribution inside the radius r. If we take r to be the radius, where most of the light
from the galaxy is emitted, we would expect the orbital velocity in the outskirt of the galaxy
to decrease o< r~'/2, but the observed rotation curves behave as v ~ constant for increasing r,
such that one can conclude that M (r) o< r. The first flat rotation curves of spiral galaxies were
discovered by Rubin and Ford in the 1970’s [10].

200 L l L L l LI L l LI ] LI

- -

i NGC 3198 ’

! . -

160 - S RN S &

I ]
o~ : halo :
5 - 1
= 100 -

g . 4
-
50 =
disk .
0 1 1 1 1 l 1 1 1 1 l 1 1 1 1 [ 1 1 1 L l | 1 | L i
0 10 20 30 40 50

Radius (kpe)

Figure 1.1: The rotation curve of a spiral galaxy, where the luminous disk and the dark matter
halo is also depicted [10].

The main contribution of the mass is dark, in the sense that it has no detectable radiation
associated with it. The non luminous components of matter have to provide a mass distribution
M (r) o r. This mass distribution is believed to be related to new particles that are, except
for their gravitational interaction, weakly interacting [11]. This is one of the clearest hints for

physics beyond the standard model on galactic scales.
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The structure of the cosmic microwave background (CMB) provides the most powerful insights
on the parameters of the ACDM model. CMB originates from background radiation of de-
coupled photons in the early universe and has an almost perfect blackbody spectrum with a
today’s temperature of T=2.728K [12]. The temperature fluctuations of the CMB originate
from baryonic acoustic oscillations and can be expanded in terms of spherical harmonics with
multipole expansion in 1. The peaks in the spectrum provide information of the dark matter
abundance in the universe [13]. The latest results from the (TT) power spectrum from Planck

Collaboration [5] can be seen in figure 1.2

6000

5000 \

4000 + \
3000 A
2000
)
1000 A |“—

0 T T T T T T T T
2 5 10 30 50 100 250 500 1000 1500 2000 2500
Multipale

DT [uK?]

Figure 1.2: The blue lines in the TT power spectrum from Planck show the best fit base-AC'DM

model. The spectrum is foreground-subtracted and frequency averaged [5].

The overwhelming agreement between the minimal 6 parameter ACDM-model and the Planck
data makes the it one of the most successful phenomenological models supporting that dark

matter exists.

1.3 Thermal freeze out

One of the most promising non-baryonic candidates for cold dark matter are WIMPs, which
comes from the fact that WIMPs would have been in chemical equilibrium with the SM in
the early universe naturally yielding the right abundance for cold dark matter in the universe.
For non-relativistic particles in the early universe, the particle density per comoving volume
decreases exponentially with decreasing temperature, because of the Boltzmann factor. The
relic WIMP density is set before Big Bang Nucleosynthesis (BBN), an epoch were no direct

observation is available. It is necessary to make assumptions about the pre-BBN era to compute
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the relic WIMP density. One of the standard approaches is the assumption, that the entropy of
matter and radiation was conserved and the WIMPs were produced thermally via interactions
with particles in the plasma. In the radiation dominated universe, where the temperature was
higher than the mass of the WIMP T' > m,, the colliding particle/antiparticle pairs had enough
energy to produce WIMP pairs efficiently, e.g.

XY < ete ,utu,qq, WIW~—,ZZ, HH, .. .. (1.15)

For decreasing temperature, when the yx annihilation rate becomes smaller than the Hubble

expansion rate, the WIMP number per comoving volume freezes out [14] [15].

The microscopic evolution of the particle’s phase space distribution f(p#, x#*) is described by

the Boltzmann equation

L{f] = C[f], (1.16)

where C' is the collision operator and L is the Liouville operator, which is a nonrelativistic

operator for the phase space density f(v,r) of a particle species of mass m subject F = ‘Z—i’ is

. d dr dv d F
Lt Vot o Vo= v Vo — -V, (1.17)

The covariant, relativistic generalization of the Liouville operator is

. 0 0
Lo a9 1.18
P o ~ el P g o (1.18)
where I'3 is the affine connection due to gravitational effects. In the Friedmann Robertson
Walker (FRW) model the phase space density is homogenous and isotropic f = f(|p|,t) =
f(E,t) and the Liouville operator becomes
. of R, ,Of

LIf(E,0) = E5- = 2P og (1.19)

The number density in terms of the phase space density is

g 3
n(t) = ok /d p f(E, ), (1.20)

where g counts the integral degrees of freedom. Using integration by parts, the Boltzmann

equation yields

dn R g d’p
@t oy | U 20
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The right hand side describing the collision for the proxess x +a+b+--- — i+ j+... is given
by

9 [on®r — [ g dnan, . dman,
(277_)3 5 = xallgdlly ... ially ...

X
x (240 (py +pa+ o4+ —pi—pj—-..)

$ (IME aipisiago Jodoe R E L)AL f) .

~ M sarne i (L F)LE ) (L£ 1),
g &p
dll :Wﬁ, (1.22)
where fj are the phase space densities of the particle species k and the (+) sign corresponds to
bosons and the (—) sign corresponds to fermions. The invariant matrix element squared | M| is
averaged over initial and final spins and includes also the symmetry factor for identical particles.
In general the Boltzmann equation consists of a coupled set of partial differential equations, but
some of the particle species under consideration can be approximated to be in equilibrium, such
that the problem reduces to a single integral-partial differential equation for the one species of

interest.

Assuming the particle interactions to be T invariant implies that

2 2 2
|M|x+a+b+~--—>i+j+... = |M|i+j+-~~—>x+a+b+... = |M| (123)

For further simplification, one may assume Maxwell-Boltzmann statistics instead of Fermi-Dirac
for fermions and Bose-FEinstein for bosons. To be more explicit, the Boltzmann statistics for any
non-relativistic species becomes exact in the limit (m; —p;)/T > 1. Without Bose condensation
or Fermi degeneracy, the blocking and stimulated emission factors can be ignored, such that

1+ f~1and fi(E;) = exp[—(E; — p;)/T] for all particle species in thermal equilibrium.

With H = %, which is the Hubble constant, the Boltzmann equation reduces to
fy + 3Hn, = — / dIl, dl1,dl, . . . dILdIL; . .. (27)*| M|?

x O (pi4+pj+- =Dy —Da—D— - Mo fo— fifi -] (1.24)

The term with the Hubble constant provides dilution effects due to the expansion of the universe
and the right hand side of Eq. (1.24) accounts for interactions that change the number of x’s
[15]. The Hubble parameter in terms of the mass-energy density is determined by the Friedmann
equation
8
H2= """ ) (1.25)

~ 3,2
3m,
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where m,,; is the Planck mass. There is also a relation between the energy/entropy density and
the photon temperature by

7T2

p= %geﬁ(T)T‘*, (1.26)
2 2
s = 4—7T5heﬂc(T)T3, (1.27)

where goq and heg are effective degrees of freedom for the energy density and the entropy density

[14]. The effective degrees of freedom for ges(7") and heg(T') were computed for example in [16],

where also QCD effects are taken into account. Then the degrees of freedom parameter gi/ % is

defined as

h 1T dh

o _ e (1 LT eﬁ) | (1.28)
g;f/f 2 3 heg dT’

It is useful to scale out the effect of the expansion of the universe, which is possible by considering

the evolution of the number of particles in a comoving volume. This is usually done by using

the entropy density s to define the variable

y =, (1.29)

S

From the conservation of entropy per comoving volume (3R3 = constant), we get
iy + 3Hn, = sY. (1.30)

Since the interaction term is in strong relation to temperature, we can introduce the independent

variable

x (1.31)

m
Ta
where m is the mass of the particle under consideration. During the radiation dominated era of

the universe x and t are related by

[ = 0.3019;;/2% — 0.301 g,/ 002, (1.32)
m

The Boltzmann equation (1.24) is now rewritten by

ay x A0 & 412
o / 4T dTT,dIT, ... dTLdTI, . .. (27) | M|
X 5(4)(pi+pj+~-—px—pa—pb—...)[fafb...fx—fifj...], (1.33)

where H(m) = 1.67gelf/f$—2l. Considering a massive particle remaining in thermal equilibrium
P

until today, it’s abundance , % =~ (%)3/ ? exp (—7), would be suppressed by the exponential
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factor. For I' < H, the species freezes out at a temperature, such that 7 ~ 1 and the species
then can have a significant relic abundance today [15].

In case of the WIMP Y, we assume a stable particle with respect to the age of the universe and
assume that only annihilation processes of the form yy — 7 change the number of x's and
X's in the comoving volume. The ¢’s denote all the species into which x,y can annihilate (e.g.
Eq.(1.15)), where we assume no asymmetry in y and Y. Assuming the chemical potential of the

particle species x to be zero induces distribution functions of the form

fo =exp(=Ey/T),
f@ = exXp (—E@/T). (1.34)

Conservation of energy leads to

foli = oxp [(By + Eg)/T] = exp[(By + Ex)/T) = f{%f5° (1.35)

Therefore we can rewrite the factor of the phase space distribution function in the collision term

(fifx = fufy) = <fxf>2 - fof,]—?Q) - (1.36)
The defining equations of the current density of WIMPs are now
dn, 2 BEQ\2
“dt +3Hny = — (0yxmppvaa) [0 — (1y%)?] (1.37)
ds
— =31 1.38
dt 5 (1.38)

where vy, is the Mgller velocity and the second equation arises from the entropy conservation

law. The thermally averaged annihilation cross section times Mgller velocity is

) _f (71)1\/[¢1€_E’</T€_E’?/Tcl3’17x(1?’]3>—<
(O xxrpitviol) = [ e Bx/TeBx/Td3p, ddps

=(ny?)? / AL T T (2m) '8 (py + P = P = py)

x | M|? exp (—%) exp (—%) (1.39)

Combining Eq. (1.37) and (1.38), we can write

ay 1 ds
B nEQ nI;ZQ .
where Y = "X = X is the number of x,X’s per comoving volume and Ygq = =~ = = is the

equilibrium number of the x’s and \’s per comoving volume. Combining equ (1.28) and (1.40),
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we can write

dy 45\ g
g’ m
de ( ) T (Tt (V2 = Yig). (1.41)

™,
This equation can be solved numerically with the initial condition ¥ = Ygqg at © ~ 1 to calculate
the present WIMP abundance Yj. The relic WIMP density is then

0172 2
pLh mySoYoh
O h? = ;0 — X /())0 O — 2,755 x 10%Yym, /GeV, (1.42)

where p? and sy are the present critical density and the entropy density respectively. In figure

(1.3), we can see that at high temperatures Y is in accordance with it’s equilibrium value Y,
but when the temperature decreases Ygq experiences an exponential suppression, such that
Y deviates from the equilibrium value. When the WIMP annihilation rate is of the order of
the Hubble expansion rate, the WIMP production becomes negligibly small and the WIMP
abundance per comoving volume freezes out. The freeze out temperature of relic WIMP’s is

about T't, ~ m, /20, which corresponds to a typical velocity of vg, >~ 0.27¢ [14].

increasing
<gv>

|

o |
O W MmO O W o

b s s et e e
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1 10! 10% 103
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m /T

Figure 1.3: Evolution of the WIMP number density in the freeze out scenario of the early

universe [14].
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Figure (1.3) also shows that smaller annihilation cross sections induce larger relic densities,
because WIMP’s with stronger interactions are able to remain for a longer time in chemical

equilibrium.

In general the final state is not a two body final state, but the result can easily be generalized
to an arbitrary physically allowed final state, which is found by replacing
<O’X>—< _)WZ,UM(,)O — (0yx—FUMgl). The final result is then obtained by summing over all possible

annihilation channels in terms of the total annihilation cross section (o7vrg).
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CHAPTER 1.

DARK MATTER



Chapter 2

Dark Matter direct detection

In dark matter direct detection, experiments aim to detect scattering events of DM particles in
the Milky way halo with underground detectors, e.g. LUX, DAMA, XENONI1T etc. The nuclear
recoil in the detector results in ionization, scintillation or the production of heat (phonons) in
the detectors or a combination of these. The probability of the prompt ionization of one electron

with respect to soft nuclear recoil events is the quantity of interest we wish to calculate.

2.1 Dark Matter-nucleon interactions

We consider an effective Dark Matter-nucleon interaction, in which we focus on spin independent
(SI) interactions between Dark Matter and nucleons. The non relativistic theory of dark matter

nucleon scattering induces an effective Lagrangian of the form

£eff - gQ@Z_)NONI#N@Z_)xObexa (21)

where O; are interactions differentiated by their Lorentz structure. In general, the operators
fall into a set of scalar (S), pseudoscalar(P), vector(V), axial vector (A), tensor (T) and axial

tensor (AT) interactions with respect to their transformation properties,

Scalar type: O=1,i° (2.2)
Vector type: OF = A APk (2.3)
Tensor type: O = gh it (2.4)

where o#" = %[7“,71’]. The simplest case is the scalar operator 1, which is CPT conserving
and induces spin independent interaction. In the non-relativistic limit, also v* induces spin

independent interaction [17].

19
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2.2 The nuclear form factor

Spin independent interactions lead to coherence in the first place. The nuclear form factor is a
quantity that describes the loss of coherence in the DM-nucleon cross section. If the momentum
transfer ¢ ~ /2mFEpg implies a de Broglie wavelength of A\ = % < r,, where r, is the effective
nuclear radius, F is the recoil energy and m is the momentum of the particle, then the effective
cross section decreases for scattering processes with increasing ¢, for spin independent as well
as for spin dependent processes [18][19]. The form factor is a function of the dimensionless

quantity qr,. and is defined as the Fourier transformation of the nuclear density

1

F(qr) = Z—e/p(r)e_iqrdgr. (2.5)

Assuming a spherically symmetric charge distribution yields

1 2 T o0 )
F(qr) = Z_/ d(p/ dﬁsinﬂ/ dr7"%(7“)6‘“”00519
€ Jo 0 0
27 oe

= — dﬂsinﬁ/ dr r?p(r)etrcos? (2.6)
0 0

e

Since Ze~'0s) = jqrsinde '’  the integral reduces to

™

2T

F(qr) = Zo /Ooo dr |:_p(r>eiqrcos19:| 0

A 00 eiqr_e—iqr
- d -
zea o |

4 oo
= Z_:q i drr p(r) sin(qr). (2.7)

There are several approaches to determine the nuclear form factor by determining the function

p(r). Cross sections get then corrected by[18]
U(qrn) = UOF2(qrn)7 (28)
where o is the total coherent DM-nucleon cross section.

1956 R.H. Helm introduced a ”folded” charge distribution to fit the nuclear form factor to

experimental data in electron nucleus scattering experiments [20]

olr) = / & po(r)pu(r — 7). (2.9)

The nuclear charge density can be approximated by

3Ze
p(r) =po = e for r < R, (2.10)
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which is an approximately uniform charge distribution inside a cutoff radius R and zero outside.

The distribution p;(r) is set to take care of the soft edge and is defined as

p(r) = (%;)g exp (—;—;) (2.11)

where s is a measure of the nuclear skin thickness. The convolution of p(r) with pi(r) yields

the Helm form factor

F(qr) = —3‘71(](}%]%) exp (—QZ—S2) = 3sin(qR) (_(];;ECOS(QR) exp (—ﬁ>7 (2.12)

where ji(¢R) is the first order spherical Bessel function. The Helm form factor is the most

commonly used form factor in the description of spin independent DM-nucleon scattering. The

nuclear radius r,, can be obtained by Fricke et al [21].

7
r2=c?+ 37r2a2 552, (2.13)

where s ~ 0.52fm is the nuclear skin thickness, ¢ and a are parameters, which are fitted

according to Fricke et al. [21]

¢~ 1.23fmA% — 0.6 fm,
a ~ 0.52fm. (2.14)

2.3 Dark matter velocity distribution

The velocity of DM inside the Milky Way is determined from the circular speed curve data
of our Galaxy under the assumption of an isotropic spherically symmetric velocity distribution
function. Since DM moves with nonrelativistic velocities, the local velocity distribution function
is well approximated by a Maxwellian [22]

1 2 2
fv)=5—¢" /v, (2.15)

We have to truncate the velocity distribution function at the local escape velocity v.s.. Hence,

the normalization factor N, is defined as

2 Vesc
Nese / dSO/ Slnﬁd’ﬁ/ 2 7v2/v0d'l}

Uesc

=4mvd / du e
0

91 3/2 Vese 2 Vese _y2 /o2
- f _ esc/ Y0 216
(m)o) [er < Vo ) LD ‘ ( )
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Since the velocity distribution from Eq. (2.15) is defined in the rest frame of the DM halo,
we have to consider the motion of the earth with respect to the galactic centre. Applying a

Galilean boost to the velocity distribution we get

fv.t) = f(v+vg), (2.17)

where v is the Earth’s velocity in the galactic rest frame. The Boltzmann velocity distribution

now yields

2
! eXp (— (V+’U‘éE) > v S /UGSC

0 V > Upse

(2.18)

The velocity distribution is bounded by the escape velocity v.s., such that the maximum velocity

18

‘V + VE’ S Vesc

v = \/112 — v4(1 — cos?0) — vg cosd, (2.19)

Esc

where 6 is the scattering angle in the galactic rest frame. The maximum escape velocity is
achieved, when cos = —1. The maximum velocity is bounded v — vg < V,4.(0) < v+ vg and

is a function of the angle #. The scattering angle of the maximum velocity is defined by

2 2 2
VS, — Vp — U
cosf = < E (2.20)
20Vg
Hence, the maximum value cosf = —1 is related to the velocity v = ves. + vg and the value

cosf = 1 is related to the velocity v.,. — vg. Now we have the integration boundaries for the
velocity distribution fixed. The calculation of the dark matter event rate for the Migdal effect

includes the velocity average of a general function h(v) of the form

omn) = [ oL <
Vesc—VE 1 VesctVE Cosamaz
=27 / Udv/dcose—l— / vdv / dcosO p f(v,vg)h(v) (2.21)
VUmin -1 Vesc—VE -1

The integral gets splitted into two regions of integration. The first integration region yields

Vesc—VE 1
M1 (Unin) =27 / vdv/dcos 0f(v,vg)h(v)
VUmin -1
2 Vesc ~UE _ v2+11%—2m/E _ v2+v2E+2va
ML dv | e %0 —e K h(v), (2.22)
NechE

Umin
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whereas the second part of the integration reads

NechE

Vesc—VE

7TU2 Vesct+VE 71’2+”2E72U”E 7@
12 (Umin) =~ / dv (e v —e % ) h(v). (2.23)

The velocity average of a general function h(v) takes the form

n(vmzn) =M (Umin>@(vesc — Vg — Umin) + 72 (Umzn)@(vmzn — Vesc + 'UE)@(Uesc + Vg — Umin)-
(2.24)

2.3.1 Annual Modulation and Directionality

There is an annual modulation of the velocity distribution due to the Earths motion around the
sun [23][22]. The count rate in dark matter direct detection experiences an annual modulation.
Let f (v) be the velocity distribution in the rest frame of the dark matter population, which
is often referred as the galactic frame. Then, the velocity distribution f(v,ves(t)) in the

laboratory frame of the earth is obtained by a galilean boost by

f(V, VE(t)) = f(vobs(t) + V),
Vobs(t) = Vo + Vo (t) (2.25)

where v (%) is the relative motion between the laboratory frame to the galactic frame and vg
is the relative motion of the sun to that frame and vg(t) is the relative velocity of the earth
with respect to the sun. The SHM can be described as a smooth non-rotating background halo

component, for which
Vo = VISR + Vpec (226)

where vigr = (0,v.0,0) is the motion of the Local Standard of Rest in galactic coordinates
and v = (11,12, 7)¥2 is the sun’s peculiar velocity [24] [25] and v (¢) is the relative velocity
of the earth with respect to the sun [22]. The time dependent term vg(t) leads to an annual

modulation with

Vg (t) = vg €1 cos(w(t — t1) + exsin(w(t —t1))], (2.27)

2
year’

describing the direction of the earth’s velocity at Spring equinox (21 March or ¢; = 79days)

where w = Vg = 29.8%m is the orbital speed of the earth and the €;,e; are unit vectors

and summer solstice (¢; + 0.25years = 171days). Eq. (2.27) ignores the elliptic nature of the

earth’s orbit and approximates it to be round, because the ellipticity only gives negligible small
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changes to velocity distributions [26] . The unit vectors are defined as

€1 = (0.9931,0.1170, —0.01032),
€, = (—0.0670,0.4927, —0.8676). (2.28)

The time to = 153 (2 June) is characterized as the time of the year at which v(¢) is maximized,
when the earth’s speed is a maximum with respect to the dark matter rest frame. Therefore we

can approximate v(t) in the following way

Vobs () =2 Ve + bug cos(w(t — 153))
t =153 km
365

~ 232 + 15 cos (27r (2.29)

S

where b = /b2 + b for b; = € - v, is a geometrical factor [22].

2.4 Dark matter event rate

Dark matter direct detection experiments aim to detect the collision with Dark matter with
target nuclei or electrons. A Majority of experiments are based on ionization, scintillation, low

temperature phonon techniques and so on.

Owing to the Maxwellian nature of the DM velocity distribution, the differential event rate
with respect to the nuclear recoil energy is expected to be smoothly decreasing with the nuclear

recoil energy Fg

dR Ry Er

— = —exp|——-T1], 2.30

dER E()’f’ P ( EO ) ( )
where R is the event rate per unit mass, Ry is the total event rate, r = (7;";’:—2;:)2 is a kinematical

factor and Ej is the typical energy of an incoming DM particle with mass m,, [18].

In direct detection the required quantity to measure is the scattering rate of a dark matter

particle scattering off a nuclear target. The differential event rate with respect to the recoil

dR pe / do
. _ N2 2.31
dEp  Tm, <dERU>’ (2:31)

energy is defined by

where the brackets imply a velocity average over incoming dark matter particles. Np is the
number of target nuclei per kg detector mass

~ Na _6.02-10%
- MA, A,

Ny kg™t (2.32)
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where N4 is the Avogadro constant, M, = 10~%kg mol~! is the molar mass constant and A,
is the relative atomic mass. The differential event rate is in general expressed in terms of

counts kg 'day 'keV ! for a DM particle with mass m, and a nucleus of mass my.

Hence, the differential event rate reads

AR —, (2.33)

where p, is the local DM density, v.s is the escape velocity of the galaxy and CﬁE—”R is the
differential cross-section for the DM scattering and f(v, v,s) is the DM velocity distribution in
the galactic rest frame. The total event rate is defined by integrating the differential event rate
over all possible recoil energies

R /ngdE Ny 2x / P, Vo)~ (2.34)
= _— VJ(V,Vops) 775 Qa0, .
Er " TmX VUmin ’ dER

where Er is the threshold energy, which is the smallest possible recoil energy to detect.

The observed number of events in an experiment running for a time 7" is obtained by integrating

equation (2.31) from the threshold energy Er to the upper boundary Ep**

Egl(lﬂl
dR
N=T Ere(ER)——— 2.
Er

where € is the detector efficiency [27].

The DM nucleus cross section depends on the effective Lagrangian under consideration. It can
be separated in a spin-independent (SI) and spin-dependent (SD) contribution
(), ()
dEgr dER ) ¢, dEr ) sp
— % (05T F2,(ER) + 0SPF2,(ER)) (2.36)
where 069 LSD are the spin-independent and spin-dependent cross sections at zero momentum

transfer. They are defined by the effective Lagrangian of the dark matter theory [28].

2.5 Detection channels

The detection of dark matter is categorized into three different techniques as it can be seen
in Fig. 2.1. For simplicity the main focus in this work lies on the interaction with a scalar

mediator and contact interaction, but the results can easily be generalized.
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X X
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Figure 2.1: Schematic illustration of dark matter detection channels [29].

In this work, we are interested in direct detection experiments and the recoil signatures produced
by dark matter particles. Several experiments, such as LUX, PANDAX-IT and XENONI1T,
aim to detect Dark Matter with the use of large liquid xenon detectors in underground direct

detection experiments.

2.5.1 Liquid Xenon detectors

Liquid Xenon (LXe) detectors are currently the most sensitives in direct detection experiments
in the traditional WIMP mass window m, > 10GeV. Experiments. LXe is used as a detector
medium with the important feature, that it produces both charge carriers and scintillation
photons in response to energy deposition. The scintillation yield depends on the density of
electron-ion pairs, which are produced on the track of the particle, which is referred as the linear
energy transfer (LET). The two signals of scintillation and ionization are anticorrelated in the
(LET) and highly complementary, which serves a very precise measurement by simultaneous
detection [30]. The liquid xenon detector experiment XENONIT currently holds the most
stringent limits on the DM nucleon cross section [31].XENONIT is a dual phase time projection
chamber (TPC) filled with LXe located at the Laboratori Nazionali del Gran Sasso laboratory.

The working principle can be seen in Figure (2.2).
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Figure 2.2: Schematic illustration of the dual phase time projection chamber from [29]. The
TPC measures a scintillation signal in S1 and the ionization charge within another scintillation

signal in S2.

The DM induced nuclear recoils in LXe are generating scintillation light (S1) and can also ionize
electrons from the noble gas. An electric field in the LXe volume drifts the ionized electrons
upwards and extracts them into the xenon gas phase (GXe), where electroluminescence produces
a second scintillation signal (S2). The event vertex is reconstructed from the pattern of the
photomultiplier tubes (PMT) on top and the time difference between the signals S1 and S2.
The ratio of these signals S2/S51 gives information to distinguish between electron recoils caused
by £ particles and 7 rays and nuclear recoils caused by neutrons and DM particles and is also
used for background discrimination [32] [31]. However, the S1 signal is only sensitive to events
of dark matter masses (m, 2 few GeV) with recoil energies of 2 1keV. The S2 signal is able
to detect events with energies as low as 0.7keV for nuclear recoils and energies of 0.186 keV
for electron recoils. The nuclear recoil events lose the biggest amount of their energy through
low energy collisions with other nuclei, such that they produce only about one fourth of the

electronic excitation of an electron recoil event with the same energy, which was first discovered

by Lindhard [33][34].
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The energy Ejy deposited in the detector by recoil events can be expanded by the Platzman

equation
E() = NzEz + N6$E5$ + NZ‘E, (237)

where N; is the number of electron-ion pairs at an average energy of F;, N, is the number of
excited atoms at an average energy of E., and € is the average kinetic energy of sub-excitation
electrons. From this equation it is possible to deduce the so called W-value, which is defined as

the average energy required to produce one electron-ion pair

E, Nea
W=="=E+E . 2.
BT e"’”(Ni)” (2:38)

Assuming E to be the energy of the ionizing radiation, the maximum scintillation yield is defined

by Wlh’ where W), is the average energy needed for the production of one single electron and
p

is defined as

w

= . (2.39)
1+ e

ph

The experimental value for LXe is Wy, = 13.8 £0.9¢V.



Chapter 3

Migdal Effect: Theoretical description

The fundamental scattering process for the Migdal effect is elastic nuclear scattering y + N —
X + N. The scattered nucleus receives a boost into the direction of the recoil. The electrons
around the nucleus need some time to catch up, which can result in the prompt ionization of
an electron and excitation processes. The probabilities of excitation processes are much smaller
compared to the ionization probabilities [35], such that the transition amplitude is dominated
by ionization processes. The nuclear scattering process and possible transitions are depicted in
Fig. (3.1). The contributions of photon Bremsstrahlung [2] are about 3-4 orders of magnitude
smaller than the contributions from the ionization processes [36]. Of course there are also
Auger transitions possible, which result from excitation of inner shell electrons and subsequent
photoionization of an electron, but the contribution is small, since the probabilities of excitation

are subdominant.

Auger electron

Figure 3.1: Schematic picture of elastic nuclear scattering and possible resulting signals in direct
detection [36].

29
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The main focus in this work lies in the calculation of the Migdal effect with respect to ionization
processes, because these contribution are the most dominant ones. The overall size of the prompt
ionization can be estimated by noting that the state of the electron cloud after the nuclear recoil

(in the rest frame of the nucleus) is approximated by
[r) = e~V O] ) (3.1)

where v is the velocity of the nucleus after the recoil and r; is the position operator of the i-th
electron and |®! ) is the inital state of the electron cloud. The probability of the ionization/ex-

citation is then estimated as
P = (]P0 %, (3.2)

where |®Z.) is the final state of the electron cloud, where one or multiple electrons are ionized.

In the following analysis the ionization processes are treated seperately from the nuclear recoil.

3.1 Atomic recoil

We consider an isolated atom with mass my and N, electrons with mass m.. The energy
scale of the recoil is about O(keV), such that we can approximate the atomic system by a non
relativistic Hamiltonian. Following the steps in [35], we split the atomic Hamiltonian into one
part describing the nucleus and one describing the electron cloud, such that we can treat the

nuclear recoil separately from final state ionization processes. The Hamiltonian reads

PN

HA(r,p) = 2N eC(r p) (3'3)
i B ZNE p;

ec(rap) - m + V(ri7rj7rN)7 (34)
i=1 €

(3.5)

Z,I.Z_rj, Z,rl

where r and p are the position and momentum operators and H,. is the Hamiltonian of the

_rN‘

electron cloud, which contains the nucleon-electron interaction as well as the electron-electron

interaction.

The eigenequation in the coordinate representation is

<2mN + Z 2me V(ri,1j, rN)) Ve(r,ry) = Eathp(r,ry). (3.6)
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3.1.1 Born Oppenheimer Approximation

For the Hamiltonian of (3.3), we can first solve the eigenequation for the eigenstates of H.(ry)

and obtain

Heo(rn)Pee(r,ry) = Eee(tn)Pec(r, r). (3.7)

Translation invariance of the Hamiltonian induces E.(ry) = FE., such that the wave functions

®..(r,ry) only depend on ry through r — ry:
Do (r,ry) = Pee(r — ry). (3.8)

The eigenstates ®..(r — ry) form a complete orthogonal basis of the electron cloud for a given

ry.

Now we can use equation (3.6) to get the eigenequation of the nucleus in the rest frame

;’N Ui () = (Ba = Be) V5 (xxw). (3.9)

Due to momentum conservation, we have

Py (r,ry) Zplwmt r,ry). (3.10)

The kinetic energy of the electron cloud can be estimated to be

2

pi Eec
— ) ~ . 3.11
< 2m, > N, ( )

The left hand side of Eq. (3.9) is highly suppressed
2 2 2
< Py >: e Ne< L >: Te g, (3.12)
2mpy 2mn 2me my

because the motion of the nucleus is very slow compared to the speed at which electrons move

[37]. The eigenequation is well approximated by

Havist(r,ry) = B (r,1y). (3.13)

We conclude that the energy eigenfunction of the whole atomic system at rest are well approx-
imated by ®...
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3.1.2 Galilean boost of an atom at rest

Since the Hamiltonian is invariant under galilean transformations, the wave functions after the
atomic recoil are obtained by a galilean boost of the energy eigenstates of an atom at rest. The

boosted energy eigenstates of a certain velocity v are

Vi, (r,ry) = U(V)@D;Zt(ra ry). (3.14)

The unitary operator of the Galilean boost is defined as

Ne
U(v) =exp (imNV-rN+imeZV-ri), (3.15)

=1

so that the momentum operators follow the transformation law

UN)'pyU(V) = py + muv, (3.16)
U(WV)'pU(v) = p; + mev. (3.17)

The Hamiltonian of the atom transformes as

N
= 1

U(v) Ha(r,p)U(v) =Ha(r,p) + v (pN +) pi) + §mAV2 + V(ri,rj,rn), (3.18)

=1

where m = m4 + N.m.. Combining equation (3.13),(3.10) and (3.18), we obtain

1
UWV) Ha(r,p)U(V)UT (V) = (E + 5mv2) Vi, (3.19)
Hence, the boosted wave function ¢, can be approximated by

j i S~ NVe T,/ Tres
Vg, (r,ry) ~ ePNTNHD S Pe ZwEAt(r,rN) (3.20)

with eigenvalue of F4 ~ E,. + %fnv2 and p, = m.v,py = MpyV.

Now, ¢, (r,ry) is not an eigenstate of the nucleus momentum p,, but an eigenstate of the

momentum of the whole atom, such that

(pN + ze:pz) ¢EA(r’rN) = (mV) ¢EA(131“N)- (3'21)

i=1

3.1.3 Inelastic scattering and kinematical constraints

The prompt ionization or excitation of electrons is an inelastic scattering process due to the

energy loss AE of the atom under consideration. Assuming non relativistic scattering, the
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momentum transfer ¢4 in the center of mass (COM) after the recoil is given by

2
i = (Ipy| = Ipy])” +2Ipy I[Py (1 — cos Do)
~ —(AE)? +2myERr ~ 2mEp, (3.22)

where AE = EF — E! is the energy loss due to ionization/excitation processes. Since the

deposited electron energy AFE is of order O(1keV), the recoil energy is well approximated by

2
(Ipf] = Ipyl)” +2lpylIpyl(L — cosVon) o

Er = o~ .
R 2mA 2mA

(3.23)

The initial momentum pi in the COM frame is related to the DM velocity v in the LAB frame
by

pi = —qy =p' ~ uyv. (3.24)

In the center of mass frame, the final state momentum pf is related to the initial momentum

p by

Pl | = |pl]* — 2unAE, (3.25)
where puy = gﬁanN. Hence, the DM threshold velocity (|pg| > 0) is given by
2AFE
o = [T (3.26)
KN
which also sets a kinematical upper limit for the electron transition energy
1
AEMAY — — o2 (3.27)

2

It is notable that for AE = AEMAX | the atomic recoil energy Epg is smaller than AEMAX

2 2,2
ERzﬂzwzu_NAEMA& (3.28)
QmA ZmA ma

which is a very important property for direct detection experiments.
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Figure 3.2: The (FRr,vmin)-plane shows the kinematical constraints with fixed dark matter

masses and fixed deposited energy AFE for an isolated Xenon atom.

Combining equation (3.23) and (3.25), we are able to express the recoil energy with respect to
the inelastic scattering process

2

2.2
JUSSE 2AF 2AFE
Er = 1—4/1- 2(1 — 1— . 2
n= i ( qu2> (1= cos(o)y[1- 225 (529

In case of ionization, AE = F,; + ¢, where E,; is the binding energy and e the energy of the
electron in the continuum. By maximizing Eq. (3.29), by setting § = 7 and expand the root

terms up to first order, we find the minimum dark matter velocity to be

mAER + ,LLNAE
Umnin =2 . (3.30)
UnvV2makEg
Hence, the maximum and minimum recoil energy of the inelastic process is given by
202 AFE 2AFE
Ep =20 (1 -0t 1 2) . (3.31)
ma HUNV KNV

The kinematical constraints for Xenon for certain dark matter masses are illustrated in Figure

(3.3) and Figure (3.4).
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Figure 3.3: The (ERg,Umin)-plane shows the kinematical constraints with fixed dark matter

masses and fixed deposited energy AF for an isolated Xenon atom. The kinematical allowed
region for the nuclear recoil energy lies above the curves.
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Figure 3.4: The (Eg,AE)-plane shows the kinematical bound of the deposit energy as a function
of the recoil energy with fixed DM masses m, for an isolated Xenon atom.
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3.1.4 Isolated nuclear recoil

In this formulation the nuclear recoil is treated seperately from the final state ionization/exci-
tation. The main focus in this thesis lies on spin independent interactions. The S-Matrix is of

the form Sy; = 1 + ¢T; and we have a relation to the invariant matrix element by
iTpr = (phpl|kikL) = iM x (2m)*6™W (ph + pL — ki — kL) (3.32)
The normalization of the plane waves of dark matter and the nucleus is
(plp) = (2m)*2p°6 (' — p). (3.33)

Light DM particles are expected to have non relativistic velocities, such that we assume coherent
nuclear scattering (¢-r < 1). One possibility is to realize the interaction by the spin-independent
Lagrangian

fi

Lint = e

i=p,n

&iwi@xwxv (334)

which induces contact interaction. The Lagrangian has to be of mass dimension four, such
that it is necessary to introduce mass parameter M, to achieve the right mass dimension. The
coupling constants f,, are dimensionless. Therefore, the invariant amplitude squared for the
scattering process is

2 2

MR
IM|? =16 ]]\Vﬂ X (g, Z + gu(A — 2))°. (3.35)

where A is the atomic number and Z is the mass number.

The energy in the center of mass frame for the scattering process is Foar ~ m, + my. Hence

the cross section o yields

M?
~ 167 (my + my)?
2
i
~ B (0,7 4 g, (- 2)2, (3:30)
where uy = nTNNﬁ;‘X is the reduced mass. The invariant matrix element is related to the

interaction potential in the coordinate representation by

H = HO + ‘/;nta
2 2
HO - pN + pX )
2my  2m,
Vit = =M s (ry — ). (3.37)

dm,my
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The initial and final states of the isolated nuclear recoil are respectively
Yrp(r,ry) = /Amymy e TR (3.38)

Another possibility would be to describe the interaction by the exchange of a light scalar particle
¢ with mass mg. Therefore the interaction can be realized by an effective Yukawa interaction
Lagrangian

Ly == vt — yydiby by, (3.39)

i=p,n

where y; and y, are Yukawa coupling constants. The invariant matrix element is then of the
form

_ (.

My =un(YpZ + yn(A — Z))Jun 5 Uy gy Uy (3.40)
g —my

Since uyuy = 2m and @,u, = 2m,, we arrive at the result

2

16m3m
W]it)é(ypz + Yn(A = Z))yy,

t~—qy = —(py — Py)% (3.41)

My|? =~

which is very similar to the matrix element 3.35. Assuming ¢ < mg, we find the relation
M = My with M, = mg. The invariant matrix element is reproduced in nonrelativistic

quantum mechanics by the interaction potential

dgq iq(ry—r M(QQ)
Vint(tn — 1) = — / (%)36(1( NTTX) pre— (3.42)

3.2 Perturbation of the electron cloud

Now, we want to take further investigation on the inelastic process with respect to the electron
cloud. The interaction is described by the Hamiltonian

2
H=Hy+ 22X 1y, (3.43)
2m,,

in the coordinate representation of NRQM. Considering the initial atom at rest in the lab frame,

we have the total energies

pl’
E; = Bl + =25,
2m2
_ 2 F2
EF:E§+M+§X2. (3.44)
ma m

X
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The final state wave function is now obtained by a galilean boost of the wave function at rest.

Hence, the T-matrix of the scattering process is given by
iTr = —i(27)0(Er — Ey) /dngd3rX H d37’¢4mmeVim(rN —ry)
X ®pr (r — ry)e 2 qﬁ'“e_ipﬁ'rNiI)Er{C (r — ry)e PXPO X (3.45)
Now shifting the variables r; and r, by ry, we obtain

iTpr = —i(27)*6(Er — EI>5(3) (mvp + pfz - pi)f(qi)M(qi)
/H dri®; e ( e 2 "0 (1), (3.46)

where @ = (pfg — pi)Z. The delta function can now be rewritten in the form 6 (pr — p;) =

§(Ep — Er) x 6 (mvp + pf — pl), such that the T-matrix element reduces to

iTrr = i(2m)*6(pr — p1) F ()M (q3) Zri(a,), (3.47)

and we identify the electron transition amplitude to be

Zri(qe) = /Hd% e X UTiP (1), (3.48)

3.3 The electron transition amplitude

Now we make further investigation on the electron transition amplitude defined by Eq. (3.48)
ZF[(qe) = <¢F|6i2iqe rz /Hd3n ZZ Qe rz(I)EI ( ) (349)

Now any feasible calculation of these matrix elements involves the application of self consistent
field theory methods, such as the Hartree Fock method, which is explained in Appendix B. In
SCF theory, the total electron wave function is realized as a Slater determinant of one-electron

wave functions and therefore an antisymmetric product of single electron wave functions

1
(bgl,OQ ..... ON, (rl) = \/N_ Z Sgn H‘bog() (350)

OGSNe
/ 012, (1) o, (61) = G, o (3.51)

where o; contains the quantum numbers that define the state of the electron under consider-
ation. The one-electron wave functions ¢,(x) contain a radial part, which is usually obtained

by SCF methods and an angular part, which is in the nonrelativistic treatment described by
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spherical harmonics Y},,,(9, ¢) and in the relativistic approach by spherical spinors €, (), ¢),
see Appendix C for more details. The Galilean boost operator e 92" is identified with the

interaction operator, which induces atomic transitions and can be expanded in the form

(—iq, - (r1 + - +ry,))?

e_iZiq‘i'riZl—iqe'(r1+"‘+rNe)+ + ...

2!
L
o (C)Mac )" e ()"l (K
= Z 7l = Z T Z T; COS 191 s (352)
L=0 L=0 =1

where cos¥; = Z(Qe, r;). Since the one-electron wave functions form an orthonormal basis set,
the order (L = 0) vanishes. Hence, we can split the matrix elements into different orders of L.

The electron transition amplitude is then rewritten as

o= 30 sgn(o)sgn(a) Sgn /d?’?“zz —i) qe

O'&GSN

X H <j> (ZerZ COSQ%) qﬁoé(i)(ri). (3.53)

ij=1 i=1

(F et i

From now on, I will use the Einstein sum convention to omit exuberant notation. The sum-
mation over the antisymmetric products can be simplified by using the totally antisymmetric
Levi-Civita symbol €;, ; with the usual convention €195 n, = 1 to rewrite the matrix element

in the form

(4" |6 s

oty = [ s, (i)'
- N, L!

X H d3rng (rycosty + ...+ ry, cosidy, )" Gor (). (3.54)
The final state is of the same form as Eq. (3.50), but the operator exp (—iq, -y, r;) now allows

transitions to continuum or excited states. The angular part of the the matrix elements defines

the allowed final states, which we will examine later on.

3.3.1 The dipole transition

The first order (L = 1) of Eq.(3.66) for an atom with N, electrons leads to

; ‘ €k17k27---,kNe €m1,m2,...,mN5
¢ > = —14e

(pF et i qeri NI

X H &Prip’ oF. (ricosthy +rocostde + ...+ 1y, costy,) ¢0£i (r;). (3.55)
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Using the normalization condition of Eq. (3.51), the transition amplitude reduces to

; ekt k2, kN, Emy g
— _ Z ’ 3ty e
77Z) > Qe/ N€!

(F]ef i e

d3r1¢:£1 (1‘1)7’1 COS ﬁl(boil (r1)5k2,m25k37m3 ce 5kN57mNe

+ d37“2¢25;2 (r2)7s cos 1926150@2 (2) 0k m1 Okisms - - - Ok, i,

+ dSTNe(benN (rNe)TNe COS ﬁNEQboiN (I'Ne>§k17m1 5k2,m2 s 5kN5—1,mNe—1 (356)

The indices of the Levi-civita tensor get now contracted with the Kronecker deltas, such that

the Levi-civita tensors of the individual terms only differ in one index, e.g e¥tk2:kne €mr ki

e

The contraction rule for the Levi civita tensor is
"N €y i, = Ot (Ne = 1)1, (3.57)

which can be used for all expressions by the use of cyclic permutations. Now the matrix element

reads

<wF|€z > 9T

: 1 N
WY = —ig, / v d’ry 0y, @y (r1)r1cosdigy (1)

+d’ry 012, Por, (T2)72 COSVa@yr (12)
+...

emN

by, 0 0ty (e costidy ()| (359

The transition amplitude now still involves a summation over the indices of the Kronecker deltas
6,’3;’1,, but since there are only N, indices of the same kind, we simply get an additional factor of

N, and of course k; = m;, such that

<wF’ezZ A Ti

:—zqe/2d3h¢ rz 70100319(? ( )

Ne

—iy (¢fq-r|e}) (3.59)

i=1
The first order of the interaction operator is analogous to a dipole transition matrix element,

which is in general of the form d;; = — (¢;|er|¢;). Eq.3.59 shows that the electron transition

amplitude in the first order is just the sum of the individual one electron transition amplitudes.
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In this master thesis, the transition amplitude will be calculated in the non relativistic as well
as in the relativistic regime.

The bound state and continuum one-electron wave functions used for the relativistic treatment

are respectively

r) = l P’rm(r)inm(ﬁ’ ()0) _ 1 P,.;(T’)Q,.gm(’ﬁ, 90)
P () = 7 (z‘Qm(T)Q_m(ﬁ, so))  Gamlr) =0 (zQEH(r)Q_Hm(ﬁ,gp)> ’ (3.60)

where e denotes the energy that the electron in the continuum is carrying and €, are the
spherical spinors described in chapter C and k is the relativistic angular quantum number. The

bound state one-electron wave functions in the nonrelativistic regime are of the form
/l/]nlm(r) = Rnl(r)}/lm(ﬁy 90)7 ¢elm(x) = Rel(r)yim(ﬁa 90) (361)

In Eq. (3.59), we can rewrite cost) = ,/%”Yw(ﬁ, ¢). Hence, the electron transition amplitude

combining Eq. (3.60) and Eq. (3.59) for single electron ionization is
Zta) = /drr X [Pt (1) Pan(r) + Qo (1) (1)
47r +
dS Q) (0, 0)Y10(0, ©) Qe (9, @), (3.62)

where dS = dpd cos ) denotes the integrand over the sphere with unit radius. The one electron
wave functions of the form (3.61) lead to a transition amplitude for single electron ionization of

the form

A7 .
znm,(q,) = / drr R, (r - / dS Yy /(9,0)Yi0(9,0)Yim(9,0).  (3.63)
Now the selection rules arise from the angular integral of the transition amplitudes.

In the dipole approximation, the selection rules of the transition amplitudes arise in the non rela-
tivistic as well as in the relativistic case from the angular integral of the form f dS Yy (94, ;) cos ¥; Y.

These expressions can be rewritten by the use of

o= FEET
(L+
1)(21

(L= m)(I +m)
+\/<>

+1)

Yio1m(V, ¢). (3.64)
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Hence, this expression together with the orthonormality conditions of the spherical harmonics

yield

(204 1)(21 + 3)

(I —=m)(l 4+ m)
+ \/( D@+ 1>5l’,l715m’,m7 (3.65)

\/E / S QL (9, 9)Vio (0, 0)un (0. ) =\/ ({=m ﬁ(l D) G
(
(

such that only transitions with Al = 1 contribute in the dipole approximation. The formula in

Eq. (3.64) can be used several times to obtain all the nonzero transitions to a certain order L.

3.3.2 Higher order transitions

To generalize the formula

(et e

X H d3rlgz5 (ricosty + ...+ ry, cos ﬁNE)L gzﬁoi_ (r;), (3.66)

7

we note that the formula involves a multinomial expansion of the form

N. L .
= ke k.
(;yl) B Z k1!k2!...k;NE!y11 Ya” - “Yn. - (3.67)

k1+--~+kNe =L

This formula gets quite complicated for higher order transitions. To make further investigations,

let’s have a look at the next leading order (L = 2). Therefore, we have

Ne
(ri+ro+...4+75.)° —ZT cos® ; +Zr,cosz9 7 cosV; with(i # j). (3.68)
11—/_/ \ZJ ~ /

@ (1)

For the terms of the form (I) the mathematical procedure is basically the same as for the dipole

transition, such that the terms of the form (I) reduce to the formula

zqe /Zd?’n ¢*r (r;)r? cos 19¢ ()

-9 Z (¢ | cos™ Ui [ ;) - (3.69)
i=1

<¢F’€lz e Ti
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For the mixing terms of the form (II), we have

F I € kNe €m1 M2, N
<1/J | E T; COS 1917,'] COS ’19] |w > = ’ 30ty e
/L'7j
i
X2 | (dor, |11 COST |¢0£1> (Por,, | T2 cO8 Vs |¢0£2) Okgms - - - Ok, v,

+ (@or, | 11 cOS U |¢0£1) (@or, |73 cOS U3 |¢0£3) OkaymaOkama - - - Ok, ;m,

+ <¢Ofnwe | 7N, cos U, |¢0£N8> <¢05N€71 | 7N, _1cosUN, 1 |¢0£N6_1> Ok, m1Oks,ms - -+ Ok, _am, o | -

(3.70)

Ne(Ne—1) 6(12671) terms of that kind. We note that

every term has two epsilon tensors, which differ only in two indices. Through cyclic permutations

Since we have N, electrons, we have a summation over

these epsilon tensors are all of the form

60,1,0,2 ..... ANe ebl,bg,ag,,...,a]\/e - (Ne - 2)|61?111?227 (371)

.an

where 9" is the generalized Kronecker delta and is defined as

gL o
: (3.72)

an an
R

ai...an __
5b1...bn -

which reduces in our case to the simple form 6,y = 6;'0,7 — ,19;>. Now we can rewrite Eq.

(3.70) in the form

1

F ) e Ny = ————
(¥ |izjncosz9@rj cosv; [¥7) NN, — 1)

,
i#]
mi1-ma m2-mi

x | (67 gk gk gk ) <¢0511 | 71 cos 4 ’¢0£1> <¢0512 | 79 cos Vg ’¢0£2>

+ (0, Oy — Oy 00 (Gop, | T cO V1 |61 ) (Gor |75 cos V3 |61 )

kN, kn._1 kN kNe—1
+ (G O™, = e O ™) <¢°5we | 7y, cos Uy,

Pof )Pt |TNm1 O8Nt o )

(3.73)
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Let’s have a closer look on the second line of Eq. (3.73)

(671 gk2 — gk gka (¢051 | r1 cos 9y ’¢o£1> (gf)% | 7o cos ¥y ’¢o£2> =

m1Yma maYmy
<¢o£l | 71 COS 191 |¢0£1> <¢okF2 | T2 COS 792 |¢o£2> - <¢0£2 | 71 COS 191 ’¢o£1> <¢okF1 | T'2 COS 192 |¢o£2> :
(3.74)

The phase space of all possible final states op is infinitely large, since the spectrum of the final
state wave functions is continuous. The selection rules that arise out of the angular part of
the transition amplitude only reduces the number of allowed final state quantum numbers. The
mixing terms are summations over antisymmetric permutations of products of transition matrix
elements between an initial orbital of and a final orbital of’. In section 3.3.3, we will see that

the transition matrix element doesn’t depend on the magnetic quantum numbers m and m/'.

Consider a noble gas atom, then the number of electrons for every pair of principal quantum
numbers n and orbital quantum number [ or x is even. Since the transition amplitude doesn’t
depend on the magnetic quantum numbers, all the mixing terms cancel out in the antisymmetric

permutation, such that the only remaining terms are of the form

= T VA
~ N, L

<wF‘€z > 9T

X H d37"z‘¢2§% (r;) (Tf cos 9y + ...+ 1y, cos” I, ) ¢0£i (r;), (3.75)

=1

which reduces to the simple formula

(F |ef 2o

P qu /Zd3n¢ (r3)ri cos™ i1 (rz)

(_iQB)L oL F|..L . L I
=7 Z (@ | ri cos™ 0y | ;) - (3.76)
) i=1

In general all atoms, for which there exist only even numbers of electrons for a given principal
quantum number n and angular momentum quantum number [ or k, the formula holds. In the
next section, we will find a more comprehensive approach to calculate the matrix elements via
the Wigner-Eckhart theorem.

3.3.3 The Wigner Eckhart theorem

In this section, we will make use of the Wigner Eckhart theorem to simplify the calculation of

the electron transition amplitude. The interaction operator in the transition matrix element
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e~ can be expanded in the form [38]

[e.e]

e ' 9r =3 " (=i) i (qer) (2L + 1) Py (cos V), (3.77)

L=0

where Pp(cosv) are the Legendre polynomials. The form of the transition operator makes it
possible to apply the Wigner Eckhart theorem and will be formulated for non relativistic and

relativistic descriptions respectively.

Non relativistic transition

According to the Wigner-Eckhart theorem, we consider matrix elements of the irreducible tensor

/ 4

to calculate the transition matrix elements. The Legendre polynomial of Eq. (3.77) can now

operator

be rewritten in terms of Pp(cos?) = /5755 V0(¥, ) = Cro. Now the transition amplitude

involves matrix elements of the form

(el'm/| e Inlm) =) (el'm| (2L 4+ 1)(=4)"j(ger)Cro |nlm)

M 11

(—i)L(2L+1)/dTTZRZ(T)jL(QJ)an(T) ('m'| Cpo [lm),  (3.79)

T
o

which can be evaluated by the use of the Wigner Eckhart theorem

o (U LY,
(1| Ci lim) = (1) (_m, ; m) e, (350)

l l l
! > 7 ) is the Wigner 3j-symbol.

my Mo Mg
To determine the reduced matrix element, we expand the product of the two spherical harmonics

where (I'| |CL||l) is the reduced matrix element and

mnto

Yio(9, 9)Yim (9, 0) = Y ArgYig (9, ). (3.81)
kq

The expansion coefficient Ay, is deduced from Eq. (3.80)

Apy = 2L+1(_1)kq(’“' L ;) iEeny (3.82)

47 —q/ 0
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The Wigner 3j-symbols follow the orthogonality relation

bl L\ (L b U !
Z 1 e U3 1 o 3/ = ———00,,Omzm}» (3.83)
my,ma my ma M3 my Mo My 203+ 1

such that we can invert Eq. (3.82)

Z( Lot l) Yim (9, 0)Yim (0, ¢) =

— \-m'" 0 m
U L 1 kK L 1 2L+ 1 A
— =)k |CL| 1) Yig (Y,
;(_m, . m) (q . m) T (RO 1) Yig (9, )
(—1)m 2L+ 1
= Y, ) .84
For ¢ = 0 the spherical harmonics are Y;,,,(J = 0,¢) = 2l4—J;1(5m0. Now we can calculate the

reduced matrix element by evaluating both sides of Eq. (3.84) for ¢ = 0 to obtain

el = (=D +1)(20+1) (lo’ g é) : (3.85)

The matrix element of Eq. (D.5) becomes

.y - I L 1 I L 1
(I'm!| Cpo lm) = (—=1)"™ /(2" +1)(2] + 1) (3.86)
-m'" 0 m/\0O 0 O
The quantity of interest is now Eq. (3.79) squared, such that we arrive at the result

ST \zam )] =37 Hel'm/| e [nim) 2

mm/

2

20+ 1)(2 +1)

[e.9]

=>» (2L +1)?

/ drr* R5(r)jr(qer) R (r)

2 2
roLol\ (1L
X
=) 60

/ drr® R (1)1 (qer) R (1)

X (2L +1)(21+ 1)(21' + 1) (g g é) : (3.87)
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Relativistic transition

In the case of spherical spinors with relativistic angular momentum quantum number s, we

make use of the irreducible spherical tensor operator

Toa = 4m(=i)"jr(qer) Yo (9q; 0g) Yoar (0, 1), (3.88)

such that we can rewrite the exponential operator in terms of (3.88) by

o ideT _Z Z Tru- (3.89)

L=0 M=

We apply the Wigner Eckhart theorem and get

-/ 1 4 L ]
(ex/m| Tyag |nem) = (=1)7 (_jm, o ;) (6’| [Ty [ns) (3.90)

where (ex’| Ty [nk) is the reduced matrix element. The transition element is reduced to a

summation over reduced matrix elements, which are independent of the magnetic quantum

numbers. Evaluating both sides of (3.90) for m’ = m = % and M = 0 determines the reduced

matrix element (ex’| |1, | |nk). Making use of the orthogonality relation of the Wigner-3j symbols

gives
Szl =D > [{ew'm!| Tons [nsm) [P =
m,m’ m,m’ LM
—2 2
S J "4j—U—1 . * * 2 j/ L ] ' L
Z 2L +1 d?"jL(qu) [Pen’PnH' (T) + an’an’ (T)] 1 1
o -3 0 3 0 0 0

x [i(—l)j'+j‘l"’(2j’+1)(2j+1) (g é’ é) + 2/ + 1)1+ 1) (g g l) (l, .

0
“wrneen (£ 0 )

3.4 Migdal effect - Dark Matter event rate

The basic quantity of interest for the Migdal effect is the DM differential event rate with respect

to the energy of the ionized electron e

i _ N9 o, (3.92)

de de m,,
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where p, is the local dark matter density, which can only be estimated by different models [39]
and v is the dark matter velocity. The differential cross section with respect to the ionized

electron is

d Etmas d
%7 _ / dEp—22 (3.93)

~ d—"gd—p(nl — ¢€) in the first order of

The differential cross section can be estimated dE de i

inelastic scattering, such that

(nl — €). (3.94)
From nonrelativistic kinematics, we get the cross section with respect to the nuclear recoil
energy ;fE—"R as

do 1 ma

L COLCY (3.95)

such that the differential event rate with respect to the ionized electron energy is

dR ma [ Frme
U N Pama / AEp o () |F(a0)? | Zer(a)P. (3.96)
Egr

min

=Nrp -
de Ty U3V

The relation between the momenta g, and g4 is well approximated by

Me

Ge ™ —qa. (3.97)

ma

Now we approximate the cross section to be constant in the sense of o(ga) ~ o and assume
gp = gn, such that we can express the cross section in terms of the nucleon-dark matter cross

section, which is defined by ¢ = A2—crn Because of the non relativistic kinematics of dark

matter, the recoil energy is defined by Er = , such that we can write
dR Px™MA 9 :uN Fhimex 2 2
Ay 2y ABw \F(ER) | Ze1(Br) (3.98)
€ T AU Nn Er

‘min

Because of the dynamics of the dark matter particles in the galactic halo, we have to take an
additional velocity average such that the differential event rate becomes

[Emax

ar m e U, Uobs B
<d—> Np XA AQMN / d%u/ dER |F(ER))? 1 Zri(ER)[> (3.99)
€ mXILLNﬂ— ,un m v gin

min

The maximum and minimum recoil energy of the inelastic process is given by Eq. (3.31) where

AFE = €+ FE,; and € is the energy of the ionized electron and FE,; is the binding energy of the
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ionized /excited electron. After performing the integral over the recoil energies, we have to take
further investigation on the integral over the dark matter velocities. The minimum velocity of

dark matter is constrained by

(min) _ MaERr + uvAE
U ~Y

X unV2maER

such that it is necessary to find it’s minimum with respect to the recoil energy to find the

(3.100)

integration area over the dark matter velocities. The minimum is given by Er = “¥2E  which

my
gives a dark matter minimum velocity of v, = 4 /QIf—NE.
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Chapter 4

Migdal effect: Atomic physics code

evaluation

4.1 Flexible Atomic Code

For the calculation of the Migdal effect, we adopt the radial and continuum wave functions from
the flexible atomic code (FAC), which is an open source software package for the calculation
of various atomic processes [40]. The program uses a fully relativistic Hartree Fock approach
in self consistent field theory, which is more detailed in Appendix B.1. The atomic state wave

functions are given by the so called configuration state functions &,
Y=Y b, (4.1)

where b, are the mixing coefficients, which are calculated in the diagonalization process of the
Hamiltonian [40]. The basis sets ®, are an antisymmetric sum of products of N, one electron

Dirac spinors ¢p.m

oo L Pa() Qe (0, 9)
Purm (1) = — (2 O ()L (6 ¢)> , (4.2)

where ()., are spherical spinors, described in Appendix C. The bound one electron wave func-
tions are characterized by the the orbital quantum numbers o = {n, k, m}, where n is the prin-
ciple quantum number, « is the relativistic angular momentum and m the magnetic quantum
number. The continuum wave functions are determined by the quantum numbers o = {¢, Kk, m},

where € is the energy of the electron.

o1
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The one electron Dirac orbitals are normalized as

i / 01 (1) 6 (1) = { (%) d(€ — €)Onw Omme (continuum states) (4.3)

Ot Orcr O (bound states)

Hence, the probabilities for the ionization processes are defined by

2dP 2 w
——mls e ==—" > |Zumn(a)f, (4.4)
where w,; is the occupation number and wp., is the maximum occupation number and the

electron transition amplitude squared is given by Eq. 3.91.

4.2 Dipole transition

First, we want to calculate the ionization probabilities in the dipole approximation of the tran-

sition operator, where the transition matrix elements are of the form

(¢F e =T gl ~ —i (¢F | q, - T |¢]) = éqe -dyj, (4.5)

where d;; = —e (¢F|r|¢]) is the dipole transition moment. This corresponds to Eq. 3.91,
where L = 1 is fixed. For a momentum transfer smaller than O(100MeV), the factor |q, -
r| < 1, such that the dipole approximation serves as a very comprehensive approach. In the
dipole approximation only transitions with Al = 1 and Am = 0 are allowed. In Fig. 4.1
the probabilities in the dipole approximation are calculated for Xe,I,Ge and Ar with fixed

momentum transfer g,.
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Figure 4.1: The curves show the ionization probabilities %(nl — ¢) in the dipole approximation
for the shells of the isolated atoms Xe,I,Ge and Ar with respect to an electron momentum of

ge = m. X 1073. The results are in perfect agreement with Ibe et al. [35].

4.2.1 Higher order calculations

For higher order transitions, we make again use of Eq. 3.91. Now we want to further investigate
the contributions from higher orders. Therefore we calculate the transition amplitude up to order
L = 5 for Xenon and compare it to the results of the dipole approximation. The ionization

probabilities are defined by Eq. 4.4. The ratio between the dipole approximation and the higher

order calculation can be seen in Fig. 4.2.
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Figure 4.2: The plot shows the ratio between the dipole approximation and the higher order

transition amplitude for g, = m, x 1073.

We conclude, that the ionization probabilities in the dipole approximation are completely suf-

ficient.



Chapter 5

Migdal effect: simplified descriptions

5.1 Choice of continuum wave functions

Calculating the Migdal effect with certain accuracy for isolated atoms depends on the choice of
appropriate radial wave functions of bound and free electrons. There are numerous theoretical
frameworks in self consistent field theory for the calculation of bound state wave functions.
Now we want to try to simplify the result by approximating the continuum wave functions by
analytic expressions and use tabulated bound state wave functions, such that it is possible to
calculate probabilities within an analytic formula. The bound state wave functions were taken
from Bunge et al. [41]. For the continuum wave functions, we will investigate three different

types of continuum wave functions
e Spherical waves as solutions of the free Schrédinger equation
e Coulomb wave functions
e Plane waves

The Normalization for continuum wave functions can be found in Appendix D.

5.1.1 Radial solution of the Schrodinger equation - free particle

The wave function describing continuum states of a freely moving particle in the non relativistic

scheme is defined by
Yp = Ne®P™, (5.1)

where N is an appropriately chosen normalization and the momentum p and the kinetic energy

e of the free particle in the non-relativistic limit are related through p = v/2me. Since p = Rk,

%)
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the wave number £ and the momentum p are formally identical. The wave function of a free

(continuum state) of a particle is in general of the form

Vrim = R Yim (9, ), (5.2)

where the spherical harmonics arise as solution of the radial part of the Schrodinger equation

[42]. The radial function is determined by solving the differential equation

Ry  20Rw [, l(l+1)
5t t [k: - }Rkl—O. (5.3)

Since wave functions with a continuous spectrum require certain normalization conditions we can
choose a normalization. Usually one chooses a normalization with respect to the wavenumber

k or the energy e. We impose a normalization condition of the form

/dv we/l/m’welm = 5mm’5ll’ <g> 5(6 - 6/)7 (54)

where the radial wave functions R, and Ry; are related by

dk m
Raq = Ry\| — =1/ + B 5.5
! M\ e 7 Tk (5.5)

Since the equation depends on the angular quantum number [, we can start to solve the differ-

ential equation for [ =0

627“Rk()
or?

+ k*r Ry = 0. (5.6)

The solution that is finite at r=0 and normalized according to (5.4) is

Ro— \/%sinfﬁkr). (5.7)

For a solution with [ # 0, it is convenient to make a substitution of the form

Rkl = T’lel, (58)

such that we have a partial differential equation of the form

/
Xki
T

Xin 200+ 1= 4 kP = 0. (5.9)

Differentiation with respect to r serves the equation

20+1) , I(1+1)

Xu + X + [kQXkl - T] X = 0. (5.10)
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The ansatz xi = rxk,+1 leads to the equation

2(1+2)
X/k/,lJrl + TX;@HI + k*Xpg41 = 0, (5.11)

which is the equation satisfied by xj+1. Now we have found a recurrence relation, so that we

obtain the result

19
Xk = (?E) Xk,05 (5.12)

where X0 = Rio. Thus the radial functions of a free moving particle are described by

Ru(r) = (—1)””_l (1 d )l sin(kr)

E\ rdr r

Ru(r) = (—1)1\/%% (%%)l Si“ikr), (5.13)

where the factor (—1)" depends comes from analyzing the differential of sinc(z) function

d sin kr — _ksin <I€T . 17_‘_) . iSlﬂ kr _ (_1)lk sin (k,r — éﬂ') ) (514)

dr r 2 )7 dr r

The radial wave functions can now be simplified by using the definition of the Bessel functions

of half integral order

d" sin(kr)
d(k2r2)t kr

Joaya(kr) = %(—Dl(%r)l“/?

The radial wave functions can now be approximated in the form

Ry(r) = \/gjl—i-lﬂ(kr) = kji(kr),
Ralr) = /%JZH/Q(M) = Vmkjy(kr). (5.16)

The solutions describe a free spherical wave with definite angular momentum [ [42][43]. To

(5.15)

make contact with the atomic code evaluation, we want to compare the solution of the free
Schrodinger equation with the continuum wave functions from the Flexible Atomic code. In fig.

(5.1) we can see that these wave functions coincide with the continuum wave functions from
FAC.
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Figure 5.1: The plot shows the amplitude of a free spherical wave with angular momentum [ = 0

and the corresponding numerical wave function from FAC with ¢ = 0.1keV in atomic units.

5.1.2 Coulomb wave functions

We have seen that the solution of the Schrodinger equation of a free particle can be solved to
estimate the continuum wave functions of the final state. Now, a more sophisticated choice
of the continuum wave functions can be done by calculating the Schrodinger equation with a

Coulomb potential of the form

Vir) = -2, (5.17)

The computation of the radial part of the continuum wave functions can be found in [44],
where the radial part of the continuum wave functions is normalized on the "k-scale” in a way
such that the radial part of the wave function has mass dimension zero. For our purpose I

change the normalization condition to a normalization condition on the "e-scale” and choose
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the normalization condition to be

™

/ drr R (1) Ra(r) = () (e = )b (5.18)

The continuum wave functions on the ”e-scale” are then of the form

l_|_1_iZ_eFf e 2kag

vt L)

. 7, ,
x e My (l +1+ lk—ﬂ, 20 + 2, 21kr> . (5.19)
Qo

The effective charge is usually approximated by the following the steps in [45] or by Slater’s

rule. The effective charge is therefore given by

Z

2
o eff
By = 13.6eV_L, (5.20)

where E,; is the binding energy of the bound state electron that gets ionized or excited. The
binding energies for several atoms are tabulated in [46]. This approximation is a quite con-
servative approach for valence electrons, e.g. the effective charge for the valence electrons for
Xenon yield respectively Z&§ = 6.21 and Zg§ = 4.24. For the calculation of the probability
curves we assume for single electron ionization of a noble gas atoms, such as Xenon and Argon
Zeg = 1 for the valence electrons. For Sodium the effective charge for the valence electrons will
be estimated by Z.g = 2.

5.1.3 Plane wave ansatz

In general, a free particle moving in the r-direction is described by a plane wave of the form
¢ = €T The simplest approach of a free particle would therefore be a plane wave ansatz,

where the normalization constant A is determined by the normalization condition

/d?’rgbf{,(r)qbk(r) = g&(e —€). (5.21)
The direct calculation of the normalization constant can be seen in Appendix D.1 and leads to

V km@ eik-r

6.(x) = ¥ (522)

This enables us to treat the Migdal effect like a Fourier transformation of the form

énlm(p> - /¢nlm(x)€_ip‘rd37a = Xnt (D) Yim (Ip, 0p)- (5.23)
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Strictly speaking the exponential operator of the plane wave ansatz is just a summation over

all possible angular momenta of the spherical waves in the form

JR— 4
ZzL (2L + 1)Ra(r)Py(cos¥) = 4/ ”Z VL + D) R(r)Yio(9, ). (5.24)
L=0

Vkm

Therefore the sum over all possible angular momenta of the spherical waves leads exactly to
the plane wave ansatz, such that we conclude that the the plane wave ansatz coincides with
the solutions of the free Schrodinger equation by the summation over all angular momenta [.
We expect that the calculation of the Migdal effects with plane waves should coincide with
the multipole expansion of the calculation of the Migdal effects with spherical waves in higher

orders.

5.2 Hartree Fock orbitals in self consistent field theory

For our simplified approach we take a set of non relativistic bound state orbitals from Bunge
et al [41]. The wavefunction set consists out of a Slater-type basis set, where the coefficients
are fitted. The wavefunctions can be compared to the P-function of the atomic physics code
evaluation as it can be seen in Fig. 5.2. The radial wave functions of atomic orbitals R, are

expanded as a superposition of primitive radial functions of the form
r) = CimSu(r), (5.25)
J

where the coefficients C},; and Zj; were fitted and tabulated in [41] and the Sj; are a Slater-type
orbital defined as

nj—1
S(r) = (a0) 2Ny (‘) exP (—Zﬂi>’ (5.26)
ao Qo

where ay = 0.268keV ™' is the Bohr radius, nj is the principle quantum number and Zj the
orbital exponent corresponding to the orbital quantum number [. The Nj; is a normalization
constant defined as
9 Z \njit+1/2
o 27

il —[(27%1)]1/2 : (5.27)

In this chapter, we want to simplify the calculation of the Migdal effects by approximating
continuum wave functions with simple analytic wave functions, with the same asymptotic be-

havior as the continuum wave functions from FAC. Therefore the difference of the two different
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approaches has to be examined. The bound state wave functions of the non relativistic and the

relativistic approach are respectively of the form

1 [ Pu(r)Qem(9,
glfr{n(r) = Rel%m(ﬂa gp), ¢nnm(r) = —1 . ( ) , (528)
where the relativistic angular momentum quantum number s is related to the non relativistic

angular momentum quantum number [ by
l=|k+1/2]—1/2. (5.29)

In general, the dominant contribution in relativistic calculations of the Migdal effects comes
from the ”big component” P(r) of the wave function, which makes up > 99% of the electron
transition amplitude. Hence, we are able to compare both approaches by comparing the big
radial component P,.(r) from FAC with the radial component R,,;(r). For every angular mo-
mentum quantum number [, we have two relativistic quantum numbers x, such that there are
two radial wave functions for each [, such that we have to average over the radial wave functions
that belong to the same [. Fig. (5.2) compares the amplitudes of the radial wave functions for

both approaches for a Xenon atom.

Xe — 55 Xe - 5p

2r — FAC 1 oslh
— Bunge

0.0F

-0.5r

0.0 0.2 0.4 0.6 0.8 1.0
r[a.u] r[a.u]
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Figure 5.2: The plots show the amplitude of the Bunge bound state wave functions compared

to the wave functions obtained from FAC in atomic units.

In fig. (5.2), we can see that the wave functions are in very good accordance, except for the
s-orbitals of the principal quantum numbers n = 1 and n = 2. The amplitude of the 1s orbital
of the wave functions of Bunge at al. ([41]) is several orders of magnitude smaller than the radial
wave function from FAC, such that we expect a discrepancy between the transition amplitudes

of the inner shell orbitals for between the two wave functions sets.

5.3 Ionization probabilities

The differential probability with respect to the energy of the ionized electron is given by

2dP( 1_> ) 2 Wnl
——(n €)= —
mde "’ T Winax

POREAHACHI (5.30)
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where the electron transition amplitude squared is given by 3.87 for the spherical waves (SW)
and the Coulomb wave functions (CO). We have already shown in chapter 4.1 that the dipole

approximation is completely sufficient for the calculation of the Migdal effect.

5.3.1 Spherical waves

In this section, we explicitly work out the Migdal effects for spherical waves with definite angular

momentum [ from (5.16) with

¢elm(r) = \/%]l(kr)yim(ﬁa 30)7 (531)
/ By, (1) bam(r) = (g) 5(e — )6 (5.32)

The ionization probabilities in the dipole approximation are given by Eq. 5.30 and Eq. 3.87,
where L = 1 is fixed. The curves of figure 5.3 show the differential transition probability with
respect to the principal quantum number n in the dipole approximation. We conclude that
the spherical waves serve as a good approximation for the continuum wave function for ionized
electrons in the outer shell (n = 3,4,5). For n = 2, we see that the probability for electron
energies of ~ 1eV is about one order of magnitude smaller than the output from FAC and for
energies of ~ bkeV the probabilities are about one order of magnitude larger. For n = 1, the

transition probability seems to be highly suppressed.
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Figure 5.3: The plots show the ionized electron transition probability in the dipole approxima-
tion with respect to the energy of the ionized electron € in keV for the isolated atoms Xe, I, Ge
and Ar. The dotted lines correspond to the results of the Flexible atomic code (FAC) evaluated

in the previous chapter and the solid lines show the approximation with spherical waves (SW).
The momentum of the electron is fixed to ¢. = me x 107 3.
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5.3.2 Coulomb wave functions

Considering the continuum wave functions from chapter 5.1.2. The ionization probabilities in
the dipole approximation with respect to the energy of the ionized electron is again given by
Eq. 5.30 and Eq. 3.87 with L = 1. For the calculation, we assume single electron ionization
and therefore estimate the effective charge of for noble gases Ar and Xe to be Z.g = 1. For
Sodium the effective charge is estimated by Z.gs = 2. For Germanium the effective charge is

approximated by Eq. (5.20).
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Figure 5.4: The plots show the transition probabilities for ionization for isolated Xe, Ar,Ge and
I atoms with respect to the Coulomb wave functions in the dipole approximation. The dotted
lines correspond to the results of the Flexible atomic code (FAC) evaluated in the previous
chapter and the solid lines show the approximation with Coulomb wave functions (CO). The

momentum of the electron is fixed by g = m, x 1073,

The Coulomb wave functions seem to be a more appropriate choice for the calculation of the
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Migdal effect, since for very large atoms the distortion of the wave function becomes a non
negligible effect and the Coulomb wave functions takes the effective charge "felt” by the escaping

electron into account.

5.3.3 Migdal effect as a Fourier transformation

In this section, we want to treat the continuum wave functions as plane waves

V() =~ Sompe, (5.33)

" 4r

such that we can evaluate the probabilities of the Migdal effect in a calculation similiar to a

Fourier transformation. Therefore the electron transition amplitude can be brought to the form

Guim() = / Dt ()8 = Xt (0)Yim (0 20). (5.34)

modulo the normalization constant of the plane wave. Now we want to adopt this framework
that has been successfully used in the context of dark matter electron scattering e.g. [47][48]
and reformulate it in terms of the Migdal effect. A concise derivation of the x,;(p) can be seen

in Appendix E. The x,;(p) are then given by the formula

Xni(p) = 47T(—i>l/dTT2Rnl(T>, (5.35)

and fulfills the normalization condition | dpp®x.(p) = (27)%. Therefore, the transition ampli-

tude in terms of the continuum state 1), and bound state ¢, is
Zmm (q,) = (el'm’| e %" |nlm) . (5.36)
Identifying the galilean boost operator with the transition operator and expanding it yields

(—ip - r)?

—ipr __ i
e =1—wp-r+ o

(5.37)

In the case of dark matter electron scattering the electron directly picks up the whole energy of

the recoil, but in the case of the Migdal effect, the momentum transfer with respect to the ionized
Mme

electron is suppressed by g, ~ meqa, such that q-r < 1. To avoid spurious contributions in the

transition amplitude we have to subtract the case, where no interaction takes place. Therefore
the electron transition amplitude squared gets corrected by subtracting the identity operator

from the transition operator

| {(el'm/| e |nlm) |* — | (el'm/| e — 1 |nlm) |2 (5.38)
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The electron transition amplitude squared is then of the form

ZZ|ZZ§% q.) / ZZ‘EZ’ | e~ —1|nlm>{2

s m=-—I s m=-I

/ sy, kme

sy, kme
/ Z Z ‘an p: Qpp) an(k)yim(ﬁka (pk)‘2 ;

m=—1

2

dgr 6_i(qe+k)‘r¢nlm(r) - /dgr e_ik.rqsnlm(r)

(5.39)

q. + k. Since, the momentum p depends on the angle between q, and k, the

momentum p can reach values from |g. — k| to ¢. + k. The integral [ % averages over all the

possible outgoing momenta. Therefore Eq. 5.39 together with Eq. E.3 yields

l
nim sy, l{:me
> D 1Zin(@)P / Z Z 10 () 1Y (B 00) 2 + [0 () 2 Vi (9, )

s m=-lI

where p =

- 2|an(k’)||an(p)|Yim(19pa ‘Pp)Yim(ﬁkv ©k)

(5.40)
Making use of Eq. E.3, we arrive at

l
nim kme 2(20 +1
STS |z (g ) =2 2214 )

ds2
| @
s m=-—I|

~ ) [ S ) (ﬁ-k)]

km. 2(21 + 1) /qﬁk pdp
lge—k| 24k

T (4m)? A
! k 4 g cos
— vk dcos? |x, ( 24+ k242 ekcosﬁ)‘P = ,
b )’/_1 o (Va 4 : V@ + k? + 2¢.k cosV
where dQ, = 2 pdp

(5.41)
- and dQpy = 2mdcosd. The quanitities Xni(q) are defined by Eq. 5.35,
where the R,,;(r) are given by Bunge et al. [41] and are in general of the form

) + Ixu(k)?

. I

s 1 Sy (—moq> L2+ ny +1)
ni\q) =a Cn 2

Xnt(@) =aq Zk: (Zum)t 27 2ny)!

1 1 3 ao\’
X of —(2—i—l—|—nlk),—(3+l+nlk),—+l,— Q .
2 2 Zig,

\)

(5.42)
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where 5 Fi[a, b, ¢; z] is the regularized hypergeometric function.
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Figure 5.5: The plots show the transition probability %(nl — ¢) for the Fourier transformation

compared to the FAC result.

In fig. (5.5), we can see that the Fourier transformation in comparison to the FAC serves
as a very good approximation especially for outer shell electrons. The inner shell electrons

the probability curves show incorrect behaviour for increasing e, since they are monotonously

increasing.

5.4 Comparison of the different approaches

Now we want to examine the different approaches, for the calculation of the Migdal effects.
In the last chapter, we analyzed three diferent sets of analytic continuum wave functions with
the bound state Hartree Fock wave functions from [41]. The three different methods can be

characterized by the three kinds of continuum wave functions:

e Fourier transformation (FT)
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e Spherical waves with definite 1 (SW)
e Coulomb wave functions (CO)
which have to be compared to the numeric result of FAC.

The following plots show the different probability curves for single electron ionization with fixed

principal quantum number n.
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Figure 5.6: The plots show the differential probability curve with respect to the energy of the

ionized electron € with fixed momentum transfer ¢. = m. x 1072 for Xenon.

The Coulomb wave functions yield a good approximation for the continuum wave function. for
all principle quantum numbers n. The (SW) as well as the (FT) method agree well with the
results of the flexible atomic code for the principle quantum numbers n = 2,3,4,5. For n = 1
the probability curves show a large discrepancy between the results. The probability curves of
the spherical waves have the same behaviour as the curves of the Fourier transform, which we

expected from the fact that the use of plane waves is nothing but an infinite summation over

spherical waves.

5.4.1 Final Probabilities

The following tables show the total ionization probabilities obtained by different wave functions
for Xe, I, Ge and Ar. The obtained ionization probabilities are ordered by the method used.
The third line of the table denotes the procedure from which the bound state wave functions
are obtained, where the column Bunge refers to the bound state wave functions of Bunge et
al. [41] and the FAC column denotes the use of the flexible atomic code [40]. The fourth line
denotes the approximation of the continuum wave functions, where (SW) denotes the spherical

wave of 5.16, (FT) denotes the Fourier transform and (Coulomb) the Coulomb wave functions

from 5.19.
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Xenon: Ik de%(nl — €)
Dipole Approximation:

Method Bunge FAC
(1) SW FT Coulomb FAC
(1,) 3971077 | 884 x 1078 | 5.87 x 1077 | 1.64 x 1076
(2,8) | 1.40x107* [ 3.11 x 107° | 4.11 x 1076 | 2.20 x 1075
(2,p) 228 x 107% | 1.14 x 107* | 3.05 x 107 | 1.18 x 10~*
(3,8) 1.12x 1073 | 2.48 x 107* | 5.77 x 1076 | 1.07 x 10~*
(3,p) 3.24x 1073 | 1.62 x 1073 | 5.34 x 1075 | 6.02 x 10~*
(3,d) 4.39 x 1073 | 1.37 x 1072 | 8.16 x 10~* | 3.60 x 1073
(4,s) 6.12x 1072 | 1.35 x 1073 | 8.21 x 1075 | 3.53 x 10~*
(4,p) 1.75 x 1072 | 1.01 x 1072 | 6.65 x 107* | 1.47 x 1073
(4,d) 2.01 x 1072 | 1.35 x 1071 | 4.66 x 1073 | 3.68 x 102
(5,8) 4.23x 1072 | 9.39 x 1073 | 8.54 x 1073 | 4.70 x 1074
(5,p) 2.88 x 1071 | 8.58 x 1072 | 6.74 x 1072 | 8.13 x 1072
val 2.02 x 1071 | 258 x 1071 | 8.23 x 1072 | 1.25 x 107!
Iod: fde%(nl — €)

Dipole Approximation:

Method Bunge FAC
(n,1) SW FT Coulomb Dirac HF
(1,) |445x1077 [ 991 x 1078 | 6.42x 1077 | 1.77 x 1076
(2,8) 1.48 x 107* | 3.30 x 107° | 4.36 x 1076 | 2.37 x 107°
(2,p) 243 x 107% | 1.22 x 107% | 3.29 x 107° | 1.26 x 10~*
(3,8) | 1.17x 1073 | 2.60 x 107* | 5.10 x 1075 | 1.15 x 1074
(3,p) 3.40 x 1073 | 1.70 x 1073 | 5.61 x 1075 | 6.41 x 10~*
(3,d) 4.65x 1073 | 1.46 x 1072 | 7.69 x 1074 | 3.81 x 1073
(4,8) 6.52 x 1073 | 1.44 x 1073 | 9.45 x 1075 | 3.75 x 1074
(4,p) 2.16 x 1072 | 1.08 x 1072 | 7.15 x 107 | 1.54 x 1073
(4,d) 474 %1072 | 1.49 x 1071 | 6.19 x 1073 | 4.09 x 1072
(5,8) 471 x 1072 | 1.05 x 1072 | 3.35 x 1073 | 4.74 x 1074
(5,p) 1.56 x 107! | 8.09 x 1072 | 8.80 x 1072 | 6.82 x 1072
val 2.89 x 1071 | 2.69 x 1071 | 2.00 x 1072 | 1.16 x 1071

71



72

CHAPTER 5. MIGDAL EFFECT: SIMPLIFIED DESCRIPTIONS

Germanium: i de%(nl — €)
Dipole Approximation:
Method Bunge FAC
n oulom irac
(n,]) SW FT Coulomb Dirac HF
(1,5) 7.35x 107% | 1.64 x 107¢ | 3.91 x 107% | 1.20 x 1075
(2,8) 521 x 107 | 1.16 x 107* | 1.58 x 1075 | 1.24 x 1074
(2,p) 1.15x 1073 | 1.22 x 107* | 1.73 x 107* | 7.25 x 10~*
(3,8) 451 x 1073 | 1.00 x 1073 | 1.47 x 10~* | 5.67 x 10~*
(3,p) 1.46 x 1072 | 1.70 x 1073 | 3.05 x 107* | 2.40 x 1073
21 x 10~ 46 x 10~ .02 x 10~ 90 x 10~
(3,d) 3.21 x 1072 | 1.46 x 1072 | 1.02 x 1072 | 2.90 x 10~2
(4,8) 5.35x 1072 | 1.21 x 1072 | 4.23 x 1075 | 6.03 x 10~*
.86 x 10~ 24 x 10~ b4 x 10~ .65 x 10~
(4,p) 7.86 x 1072 | 1.24 x 1071 | 3.54 x 107* | 2.65 x 1072
Zn,l 1.85x 1071 | 1.54 x 107 | 1.13 x 1072 | 5.99 x 1072
Argon [ de2(nl — €)
Dipole Approximation:
Method Bunge FAC
n,l SW FT Coulomb Dirac HF
(n,1)
(1,8) 7.23 x 107° | 1.61 x 1075 | 2.06 x 107° | 6.83 x 107°
(2,8) | 1.97x 1073 | 4.39 x 107* | 5.06 x 1075 | 5.40 x 1074
(2,p) 513 x 1073 | 2.57 x 1073 | 8.98 x 107% | 4.53 x 1073
(3,8) 227 x 1072 | 5.07 x 1073 | 7.97 x 1073 | 1.32 x 1073
(3,p) 9.18 x 1072 | 4.68 x 1072 | 4.04 x 1072 | 6.66 x 1072
1.22x 1071 | 549 x 1072 | 4.94 x 1072 | 7.30 x 1072
n,l




Chapter 6

Tonization Event rates

6.1 Dark Matter Event Rates

For the calculation of the dark matter event rate, we assume coherent nuclear scattering, such
that the atomic form factor can be approximated to be |F|> = 1. Therefore, the differential
dark matter event rate is

dR ; Vo ows) (TR 2
< >: N, XA ol / ] (0 Vobs) / ABn =3 1Zp(ER)P, (61)

dE mxlll?\[ﬂ_ ILL,'Q.L v Egin

min

where the momentum transfer is related to the recoil energy by ¢. = 2+/2mpyFEgr. The

mn

maximum and minimum recoil energy of the inelastic process is given by Eq. (3.31), where
AFE = ¢+ E,; and € is the energy of the ionized electron and FE,; is the binding energy of the
ionized /excited electron. For the calculation of the dark matter event rates with annual modu-
lation, v, gets replaced by wveps(t) given by Eq. 2.29. On the next page the differential event
rates with respect to the energy of the ionized electrons € for Xenon are plotted. The momen-
tum is integrated over all possible final momenta constrained by the kinematical constraints of
chapter 3.1.3. The local dark matter density is approximated to be p, = 0.35<Y

cm3 *

6.1.1 Flexible atomic code

Fig.6.1 shows the differential event rates with respect to the energy of the ionized electrons
AE = FE,; + € for Xenon are plotted. The momentum is integrated over all possible final

momenta constrained by the kinematical constraints of chapter 3.1.3. The local dark matter

GeV
cm3 *

density is approximated to be p, = 0.3

73
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Figure 6.1: The plots are arranged as follows: The results were calculated with the radial wave
functions obtained from the flexible atomic code. Every row belongs to a fixed nucleon cross
section o, and dark matter mass m,. The left panel shows the differential event rate per day ™
kg~! with respect to the energy deposit AE = E,; + €. The right panel shows the differential

event rate per year—' kg~' with annual modulation.

6.1.2 Spherical waves with definite 1/Fourier transformation

As we have already seen, the spherical wave approach and the Fourier transformation yield the
same ionization probabilities. Therefore, it is sufficient to calculate the event rates for one of

the two approaches. The plots show the differential event rates with respect to the energy of

the ionized electron.
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Figure 6.2: The plots are arranged as follows: Every row belongs to a fixed nucleon cross section
o, and dark matter mass m,. The left panel shows the differential event rate per day™! kg™*
with respect to the energy deposit AE = E,; + €. The right panel shows the differential event

rate per year—' kg~! with annual modulation.
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6.1.3 Coulomb wave functions

7
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Figure 6.3: The plots are arranged as follows: Every row belongs to a fixed nucleon cross section
o, and dark matter mass m,. The left panel shows the differential event rate per day™! kg™*
with respect to the energy deposit AE = E,; + €. The right panel shows the differential event

rate per year—! kg~' with annual modulation.

6.2 Conclusions and Outlook

The Migdal effect can be used to detect recoil signatures of dark matter through the prompt
ionization or excitation of electrons. The calculation of the desired transition probabilities in
this work is based on the realization of the electron cloud as a Slater determinant. Within this
framework, we have shown that the main contribution to the ionization spectrum lies in the
dipole approximation. For higher order transitions a general formula in the case of noble gases
has been found with the use of the Wigner-Eckart theorem for a nonrelativistic as well as for a

relativistic treatment of the electron cloud.

The ionization probabilities calculated with the numerical wave functions from the flexible
atomic code [40] are in accordance with [35]. A purely numerical approach leads to tedious
calculations with numerous data sets of continuum wave functions. However, a framework has
been found to simplify the calculations of the Migdal effects with a method highly comparable
to these results. The analytic solution of the free Schrodinger equation agrees very well with
the numeric continuum wave functions from the numerical evaluation. These continuum wave
functions obtained from the free Schrédinger equation in combination with the tabulated wave
functions from Bunge et al [41] led to an analytic formula for the calculation of ionization

probabilities and agrees well with the results of [35].

In general, the ionization potential for valence electrons in isolated atoms is of order of the

binding energy O(10eV). The theoretical formulation of the Migdal effects can be generalized



6.2. CONCLUSIONS AND OUTLOOK 79

to more complex materials such as crystals and semiconductors, e.g [49] [50]. The advantage of
using semiconductors as a detector medium is that the ionization potential is of order O(1eV).

For Dirac materials the ionization potential is even of order O(10meV) [51].

The nature of dark matter remains still unknown and sub GeV dark matter received more
and more interest within the last years. In current dark matter experiments the maximum
sensitivity is bound to background sources, such as the neutrino floor, where recoil events
caused by neutrinos cannot be distinguished from dark matter recoil events anymore. As already
mentioned there are numerous experimental approaches to reach a lower energy threshold for
detectors. [52].



80

CHAPTER 6. IONIZATION EVENT RATES



Appendices

A Nonrelativistic kinematics

For further calculations of the cross section of the spin independent interactions we will need

some nonrelativistic kinematics.

Considering the scattering process N + y — N + x in the COM- frame, we have

1 — - ) 2 — -

P1 P1 P2 P2
E 2+ kK E 2+ ks
o e I I PR S B B G R VW)
1 k1 k2 k2

where p; = —p, = p; and k; = —ky = p;.

The cross section in COM frame is

d3k1 d3k2 11 Y

B 2m)*6 — ki —k
7 TaE EPQ’V1 — V3 / )3 2Ey, 2Ey, (MI7(2m)"0 (p1 + p2 — k1 — ko)
_ / d3k1 d3ksy
16m2Ey, EPQ‘Vl —vo| ) 2Ey, 2Ek,,

/dgpf 1
167T2E Epg\vl va| ) 2By 2B .

IM|*6(Eyp, + Ep, — Fi, — Fi, )% (k; + ko)

|M’25(EP1 + EPZ _Epf - E_pf)
Ecm

/ dp; Pj
].67TEp1Ep2|V1 V2| Epf E—pf

IMPS(Ep, + By, — Ecar). (A2)

Performing a change of variables from k to z(ps) = (Ep, + E_p, — Ecwn), the Jacobian is

dx by Dy E—pf + Epf Ecm

dp;  Ep, B, Ep B Ep, B p,

Py (A.3)
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After using the COM condition |p,| = |p,|, we can rewrite

’Pﬂ ‘p2‘ Ecoum
Vi —vo| = + = P i- (A.4)
Epl EPQ EP1EI)2
The final integral is now
1 1 /‘X’ 9
0= dx |pg| M| 0(z)
]‘67TE%M |p’L| mN+meECM !
|IM|? |Pf|
= IS O9(Eqy — — ) A5
TR o T ) A
We conclude
do M ? |Pf’
— = —— 2 (Eoy — — A6
dQ ~ 6472E%,, |pj] (Bea = my = my), (A.6)
do M|? |pyl
__MIP b 0(Eca —my — my). (A7)

dcos®  32mE2,, |p;|

Due to Energy-momentum conservation for the scattering process N + xy — N + x we have

Ey, + Ep, = Ex, + Ex, (A.8)
m+p? o+ \fmd 4 p? = 2+ + D] (A.9)
P; =P; =DP. (A.10)

The momentum transfer ¢4 is defined through the Mandelstam variable

ga = —t = —(p2 — k2)® = =2m3 + 2py - ky
= —2m3 + 2(m3% + p* — p>cos o) = 2|p|*(1 — cos o). (A.11)

Since t is a Lorentz invariant quantity, we calculate it in the LAB frame with

pP1 = Vmi#—p%

3 b2 = )
P1 0

2 k2 2 2
b= | VTR ke | VT TE (A.12)

kl k2 7

so that we can express the momentum transfer ¢4 in terms of the recoil energy Er = /m% + k*—

my

qa = —t = —(pg — k?g)Q ~ 2mNER. <A13)
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MM N
My +mpy

the reduced mass and v is the velocity of the atom after the recoil. Combining Eq. (A.11) &
(A.13) yields

We can estimate the total momentum of the atomic system by p = uv, where y = is

2 2,2
Er=2(1—cosfen) ~ V(1 — cos o) (A.14)

my my

We can use dt = —2my Eg to rewrite Eq. (A.7) in terms of

do do dt do
= — = —2|p/? A15
dcos®  dt dcos®  dt pl" ( )
—
=2|p|?
so that we can express 47 with the use of |p;| = |p;| = |p| as
do M?
| | Q(ECM — my —TTLX), (A16)

dt ~ 64wE2,,|p|?
The differential cross section with respect to the nuclear recoil energy is

do do dt  my|M|?
dEr  dt dEr  32mE2,,|p|?

O(Ecy —my —my) (A.17)

B Hartree-Fock method

For the description of the electron cloud, the Hartree Fock method is an appropriate theory for
numerical calculations. It provides a theoretical description of an approximate wave function
for an N electron atom. Each electron in the atom is assumed to move independently in the

nuclear Coulomb field and the Coloumb field of the remaining N-1 electrons [53].

For a system of N electrons the Hamiltonian can be approximated by

N

2
H(rl,...,rN):—Z—VQ Z|r_rN| %Z:— (B.1)
i#j Y

i=1
where r;; = [r; — ;.

Let ¥(ry,...,ry) be a solution to the N-electron Schrodinger equation, then

H(I'17--~,I'N)¢(I'1a-~-,I'N) = E¢(rla---7rN) (Bz)

and the wave function corresponding to the electrons is completely antisymmetric with respect

to the interchange of two coordinates

P(ry,... 0, ... Ty, ..., TN) = —U(ry,...,Tj, ..., T, ..., TN) Vi, 7. (B.3)
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To proceed further we want to introduce a single particle approximation, where we have to
make the physically reasonable assumption that the electrostatic repulsion of the electrons can
be treated as a central potential. The closed subshells have a spherical charge distribution, so
that the interactions between the different shells and the valence electron are approximately
spherically symmetric, such that we can start with an independent particle approximation. We
can write H = Hy + H;,; with

al 1 Ze?
H o = V2= 4 U(r; -
o(F1, -, TN) ; ( 2m. ' |r;—ry| Ul FND)
N
= h(|r; —rnl), (B.4)
i=1
1 e? al
Hiyy == — — U(lr; — ; B.5
' 22|rz~—rj| Z (Jri —rwl) (B.5)
i#] i=1
where U(|r; — ry|) is an appropriate approximation to the electron interaction potential.lt
is possible to seperate the N, electron wave function ¢ (ry,...,ry,) into single electron wave
functions
Y(re, ..., ry) = Ya(r)p(rs) ... p(ry,). (B.6)

The wave function is an eigenfunction of Hy with eigenvalue
Egb...n =€+ €+t €p. (B?)

From (B.3) we get by permutation of the indices, N,! product functions that are degenerate in
energy with that wave function. Since we need a completely antisymmetric wave function, we

can use a Slater determinant to define such a wave function

Ga(r1)  dp(r1) ... @u(r1)
1 Ga(r2)  Pp(r2) ... Pu(ra)
N,! :

wab...n(rlv ry,... 7rNe) =

ba(rn,) oo(rn,) ... Pnlrn,)
_ ! ngn(a)ﬁéoc(i)(n). (B.8)

vV N,!

’ O'ES'VL

The one electron orbitals states are normalized such that

3 * a 500’ (bounded)
/d 20o(x)00 ()" = {277'5(6 — €")0kw 00 (continuum) (B:9)



B. HARTREE-FOCK METHOD 85

Since the determinant vanishes, if two columns are identical, the Pauli exclusion principal is

automatically fullfilled, since the quantum numbers a,b,...,n have to be distinct. Each of
the quantum numbers {a,b,...,n} represents a set of three quantum numbers {n,, K4, M.},
such that the N! wave functions are obtained by permuting the indices ry,ro,...,ry. The

wave function has to change sign upon interchange of two spatial or spin coordinates. It is
obvious that 2 electrons can’t have the same spatial and spin quantum numbers. Every of the
spin orbitals ¢y (r;) has parity (—1)!, such that the Slater determinant hast the required parity
(~1)Tik [53].

The common procedure for calculations of the Hartree Fock method is to solve the eigenval-
ueproblem of the N, electron wave functions, but therefore a convenient Hamiltonian has to be
constructed. An appropriate Hamiltonian of the N-body problem can now only be constructed
with foreknowledge of the eigensolutions of the coupled equations. The coupled equations are
nonlinear and their solution can be approximated by iteration techniques, which will be repeated

until certain precision is reached [54].

B.1 FAC

The Flexible Atomic Code is a fully relativistic program for the calculation of atomic radiative
and collisional processes, where the standard jj-coupling scheme is used [40]. Each electron in
the atom is assumed to move independently in the nuclear Coulomb field and the Coloumb field
of the remaining N-1 electrons. The bound electrons of the atoms are now described by one

electron Dirac orbitals ¢(r), which satisfy the single particle Dirac equation
Hpo(r) = eo(r), (B.10)
where € is the energy of the atomic system and Hp is the relativistic Hamiltonian of the form

Hp =ca-p+ B+ V(r),
(B.11)

where c is the speed of light, which is in atomic units ¢ = é = 137.03599... and a and 3 are

0 o 1, O
(1) (s 0) oo

where o refers to the 2 x 2 representation of the Pauli matrices.

4 x 4 Dirac matrices
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The total angular momentum is given by J = L+ S, where L is the orbital angular momentum

and S is the 4 x 4 orbital spin angular momentum matrix defined by

1{o0 0
) o

Since J commutes with the Dirac Hamiltonian Hp, we can classify the simulaneous eigenstates
of Hp according to the values of energy J? and J,. With the two component representation of

S, the eigenstates of J? and J, are spherical spinors ., ().

The solution of the Dirac equation is

L P n(0,6)
Polr) =5 (mz( " ¢>>’

0; = {€, ki, m;} (B.14)

where ¢; < 0 defines a bound state, such that the state is characterized by the principal quantum
number n;, k;, m; and €; > 0 defines a continuum state. The spherical spinors satisfy the angular
part of the Dirac equation. The radial part of the Dirac equation +P(r) and +Q(r) have to

satisfy the coupled differential equations:

d
(V+1)P.(r)+ (5 - S) Qr(r) = ePy(r), (B.15)
d K
(4 5) P+ (= 1DQu0) = Q) (B16)
The one electron orbitals states are normalized such that
5nn’5m{’5mm’ b d d
Z/d%sbo ) b (1) = (bounded) (B.17)
275 (€ — €)Oun Ommy (continuum)

The one electron wave functions are calculated within a local central potential in self consistent
field theory. In the standard Dirac-Fock-Slater method, the electron electron interaction includes
the spherically averaged classical potential, due to the bound electrons and a local approximation
to the exchange interaction. Since this potential includes the undesirable effect of self interaction
and has an incorrect asymptotic behavior, the program uses a slightly different potential for the

electron electron interaction, namely

V) = 12wl = d)¥irn)
—i—Zwawa—lkaaa Pa(r)

k>0

+ 375 wawngela, Y () pur(r)] (B.18)

a#b k
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where a = nk and b = n'k’ denoting the subshells and w, is the fractional occupation number
of the subshell nx and

Pab(1) = Pa(r)Py(r) + Qu(r)Qu(r), (B.19)
T'k
Yo (r) =7 / Tk—ilpab(r’)dr’, (B.20)

r< = min(r,7’),

r~ = max(r,r’).

The direct and exchange coefficient are defined as

fila,b) = — (1 + %) (j; lg Jf) ’ (B.21)
gk(a,b):—<ja1 g jf) . (B.22)

In the Dirac Hartree Fock approximation is a single electron state is given by a one electron

_ L[ B(r)Qem(9, )
() = - (Z.QO(T)Q_W(WO)> : (B.23)

Dirac orbital

where o determines the atomic orbital

0 — { (€, ki, M) (continuum states) (B.24)

(ng, Kiymy;) (bound states)

C Spherical spinors

For the description of atomic energy levels it is necessary to find eigenstates, which govern the
angular orbital momentum L as well as the spin angular momentum S. The eigenstates of
the orbital angular momentum L, and the associated Casimir operator L? are the spherical
harmonics Y;,,(0, ¢) and the eigenstates of the spin angular momentum S and it’s associated

Casimir operator S? is a spinor x,. Spherical spinors are eigenfunctions of the operator
K=-1-0-L. (C.1)
with an eigenvalue equation of the form

Klem = Hlem, (02)
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where k is the relativistic angular momentum quantum number and is defined as

! fi =141
o or j + ? (C.3)
l for j=1l-3
The spherical spinors can be brought to the form [55]
Ii+%*m
sgn(—k Y, 1
O = [ bl hmee ) (C.4)
Fi+§+mY
2k+1 L Lm+3
with £ € {£1,£2,43,... } and m € {—|r| + 1, —|r| +2,... |s] = 1}.
It is also possible to define spherical spinors in terms of Clebsch Gordan coefficients by
1.
lem = ZC<Z7 §7jam _ M?“?m)}/},m—u(ea ¢)X}L (05)
o

D Normalization of continuum wavefunctions

In the non relativistic case, the state of an ionized electron is characterized by the angular
momentum quantum number [, the magnetic quantum number m and the energy €. In contrast,
to the bound state wave functions, where the energy spectrum is characterized by discrete values,
the energy € of the ionized electron can now take all values € > 0 in the continuum. For a wave
function ¥ (x) with a continuous spectrum it is not possible to fullfill the usual normalization

condition
/d"xw(x)*¢(x) _1 (D.1)

Let f be an observable with a continuous spectrum and 1, an eigenfunction of with eigenvalue

f- In general an arbitrary state @ can be represented in the form of

Y= Iafwfv (D.2)

where the wave functions ¢y form a complete set of eigenfunctions with eigenvalue f. In the

case of a continuous wave function the expansion is expressed by an integral

h(x) = / dz ag (). (D3)
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The wave function 1; can now be normalized in such a way that |ay|?df is the probability that
the observable in the state 1 has a value between f and f + df. The completeness relation

claims that the coefficients a; have to fulfill

/Iaf|2df =1, (D.4)

where the integration takes place over the space of all possible values f can take. In the case of
continuum wave functions, we require a normalization condition such that the quantity |as|*df
is the probability that the state under consideration has a value between f + df[42]. The

coefficients ay of the eigenfunctions vy are determined by

o= [ do vi00 ) (D5)

Substituting Eq. (D.3) into Eq. (D.5), we arrive at

o= [ ar ( / w;z<x>wff<x>dx) & (D.6)

Since this relation has to be fulfilled for arbitrary ay, the coefficient as is zero for f # f'. For

f = [, the coefficient becomes infinite, otherwise the integral over f would vanish. Thus,
[ e w31 () = 50 = 1), (0.7

where §(f" — f) is the Dirac delta function. For similar arguments, we obtain that

/ By (v)df = (x — ¥)- (D.8)

From our previous analysis we can see that the function a(f), as well as the function (x),
completely determines the state of the system and is sometimes called the wave function in the
2

f representation. The quantity |¢)(x)|* determines the probability to have a state in an interval

dx, whereas the quantity |a(f)|? determines the probability of a quantity f to lie in an interval

df. The wavefunctions 1;(x) are eigenfunctions of f in the z — representation [42][54].

D.1 Plane wave

In this appendix, we want to normalize a plane wave
ox(r) = Nekr, (D.9)
with the normalization condition

/ Proje(r)ou(r) = 2o(e — ). (D.10)



90 Appendices

First, we normalize it on the "k-scale” by the normalization condition

/ Pt (v)dn(r) = g%wf o (D.11)

Therefore

2T
/dgr(bi/(r)gﬁk(r) :Nz/dM“Q/ dgp/dcosﬁei(k_k')r
0
27
:N2/drr2/ d@/dcosﬁzz Nil20 +1)(20 + 1)
0 =0 I'=

X Py (cos ) P(cos ) gy (K'r)ji(kr) (D.12)

Now ¢ and ¥ are the angles of (k,r) and (k’,r) respectively. Let a be angle between k and k’,
then

cos ¥ = cos ¥ cos o + sin ¥ sin « cos ¢, (D.13)
such that we can rewrite
Py(cos9")P(cos ) =Py (cos ) Py(cos ) Py(cos )

+ 2P(cos 1) Z (= m)!

o= U m)!

The integration over dp gives zero for the second term and the first term is only nonzero for

i "(cos ") Py(cos ) cos(m’p). (D.14)

[ =1, because of the orthogonality relation of the Legendre polynomials

1
2
/1 d cos 9Py (cos ) Py(cos ) = oy TESE (D.15)
Hence,
/d3r¢lt,(r)¢k(r) :47T./\f2/dr TZZ(QZ + 1) P(cos ) ju (K'r)ji(kr) (D.16)
1=0
Now we can make use of Eq. (?7?)
AN -
/d3r¢k,( )¢k( ) Zk/ /dr 7‘2 ;(2[ + 1)P[(COS Oé)Rk/l(T)Rkl(T>
2 oo
= % > (2 +1)Pcosa)= 6(k )
1=0
AN o 20+ 1
”k 5(k = K) Y =5 —P(cosa). (D.17)

=0
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Now we can make use of 1 = Pj(1) and the summation formula for Legendre polynomials to

obtain
52 . L P(cosa) Bi(1) = 6(1 — cos ), (D.18)
=0
such that we arrive at
4 2N 2
/ Brot (r)dw(r) = ”kN S(k — K)3(1 — cos ). (D.19)

Now we multiply this expression by 27k? sin a dk da to integrate it over the whole ”k-space”

and normalize it to one, which yields
1 =875N2 = /\/'2167r2g. (D.20)

The normalization according to Eq. (D.11) is therfore N' = ;-. Since ¢c(r) = /=i (r), such

that the continuum wave function on the energy-scale is given by

i\/77161061‘1”. (D.21)

Pe (I‘) = An

E Radial part of the Fourier transformation
the electron transition amplitude is of the form

uin(®) = [ Guml@)e” 5 = Xt (Vi ) (B1)
We can write

Zggm/ \/ /d3’f‘6 P r¢nlm - \/ an lm 19pagbp) (Ez)

The angular part of (E(p)nlm contains a spherical harmonic Y}, (9., ¢,), such that we can make

use of the formula

20+1
Z (O 00)Yim (U, 0p) = ppm Py(cos 1), (E.3)

m=—I
where 9 is the angle between r and p. The radial part x,;(p) can now be calculated by

l

Z Qg(mnlmyﬁn(ﬁm Pp)- (E.4)

m=—1

47
20+ 1

Xni(p) =
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Thus, the radial part reduces to

2 s
Xni (D) :/ dgo/derRnl(r)/ di sinve” P Py(cos¥). (E.5)
0 0

The operator e~P* can now be expanded according to [38]

e}

e PT = Z(—i)L(QL + 1)jr(pr)Pr(cos ). (E.6)

L=0
Integrating over the azimuthal angle and making use of Eq. (E.6) yields
1

Xn(p) =27 Z(QL + 1)(—2’)L/dr7’2Rnl(r)jL(pr)/ d cos Y Pr(cos ) P(cos ), (E.7)

-1

where j;(gr) is the spherical Bessel function. The orthogonality relation of the Legendre poly-

nomials is
T 2
/0 d sin ¥ Pr(cos ) P(cos ) = 5Ll2l—+1’ (E.8)
such that Eq. (E.7) reduces to
Xni(p) = 47?(—i)l/derRnl(r)jl(pr), (E.9)

where j;(r) is the spherical Bessel function.
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