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Abstract

Preparing cold, or pure, states is an essential part of many quantum technologies and experiments. As
such, it has been the aim of various protocols, differing in the underlying structures, assumptions and
cooling mechanisms. However, due to the third law of thermodynamics, it is not possible to cool to
absolute zero without infinite time or resources. In practice, one is typically limited by finite resources,
and so understanding the realistic limits achievable is of utmost importance. Such a setting provided the
motivation for Refs. [1,2], which derived the ultimate cooling limits in any memoryless, or Markovian,
operating paradigm, in which sequential cooling steps operate independently of those previous. Here
we extend this paradigm to consider non-Markovian effects on the task of quantum cooling. By consid-
ering a physically-motivated generalised collision model endowed with memory, we show that allowing
for memory carriers that accompany the target system throughout the cooling process exponentially
enhances the upper bound on the asymptotic ground state population compared to Markovian case [3].
Additionally, we simulate the optimal cooling protocol for various memory structures, highlighting that
memory can also lead to a significant finite-time advantage.

Zusammenfassung

Die Praparation kalter oder reiner Zustande ist ein wesentlicher Bestandteil vieler Quantentechnologien
und -experimente. Als solches war es das Ziel verschiedener Protokolle, die sich in den zugrunde liegen-
den Strukturen, Annahmen und Kiihlmechanismen unterscheiden. Aufgrund des dritten Hauptsatzes
der Thermodynamik ist es jedoch nicht moglich, ohne unendliche Zeit oder Ressourcen auf den abso-
luten Nullpunkt abzukiihlen. In der Praxis ist man in der Regel durch endliche Ressourcen begrenzt,
und daher ist das Verstandnis der realistischen Grenzen, die man erreichen kann, von groRter Bedeu-
tung. Eine solche Einstellung lieferte die Motivation fiir Refs. [1,2], das die ultimativen Kiihlgrenzen
in jedem speicherlosen oder Markovschen Rahmen ableitete, in dem aufeinanderfolgende Kiihlschritte
unabhidngig von den vorherigen ablaufen. Hier erweitern wir dieses System, um nicht-Markovsche Ef-
fekte im Hinblick auf die Quantenkiihlung zu beriicksichtigen. Durch die Betrachtung eines physikalisch
motivierten, verallgemeinerten und mit Speicher ausgestatteten Kollisionsmodells zeigen wir, dass die
Beriicksichtigung von Speichertragern, die das Zielsystem wahrend des gesamten Kiihlprozesses be-
gleiten, die Obergrenze der asymptotischen Grundzustandspopulation im Vergleich zum Markovschen
Fall exponentiell erhoht [3]. Zusatzlich simulieren wir das optimale Kiihlungsprotokoll fiir verschiedene
Speicherstrukturen, wobei wir betonen, dass Speicher auch zu einem signifikanten Vorteil fiir endliche
Zeiten fiihren kann.
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1 Introduction

The underlying goal of this thesis is to understand the limitations of preparing pure states with realistic
resources. Such states are an important part of many applications, for instance quantum computing [4]
quantum sensing [5], and quantum metrology [6]. However, physical systems typically tend to thermalise
with their environment [7, 8], meaning that readily-available states are not pure, but rather mixed, and
in equilibrium with respect to their environment. Therefore, we wish to develop a protocol that allows
us to utilise such thermal states in order to prepare useful pure ones.

Pure states are often referred to as "cold", because they have zero entropy. A pure state of
special thermodynamic interest is the energy ground state, which is synonymous with zero temperature.
However, perfect preparation of such a state, and subsequently perfect cooling to absolute zero, without
either infinite time, resources, or complexity is forbidden by the third law of thermodynamics [9-11].
In practice, we never have such infinite resources available. Subsequently, this poses the question of
how well cooling can be performed given realistic means, such as a finite dimensional environment or
limited-range interactions.

The principal framework we consider comprises a target system and a thermal environment, as well
as control over their interactions, which we wish to fine-tune in order to cool the system. Subsequently,
we identify the environment as a quantum machine, which we control via implementing appropriate
operations. A single step of the cooling protocol consists of bringing the system into contact with
the environment, applying a joint unitary operation and lastly, the environment is traced out. For
any individual step of the total process, we consider two cases: one in which we allow for arbitrary
unitary dynamics between the system and environment, and one where we restrict considerations to
energy-conserving unitaries, leading to the framework of thermal operations that is often considered in
resource theories of thermodynamics [12,13].

Having said that, we are ultimately interested in the performance of multiple successive cycles.
There are various strategies on how to implement multiple cycles, whose end results may markedly
differ. For instance, we could consider a complete rethermalisation of the depleted machine between
each time-step. This is equivalent to discarding the used machine and taking a new one that is in thermal
equilibrium with the initial bath, completely erasing all correlations built up between the system and
environment. As such, the sequence of operations are independent of each other and the overall process
is called Markovian. In contrast, we could consider reusing some of the machines that have already
come into contact with the system. As these machines contain information regarding the system'’s
history, performing such interactions generally leads to memory effects, which have already been shown
to improve some important thermodynamic tasks [14], for example quantum battery charging [15].
Therefore, this thesis aims to investigate the effects of memory for possible cooling advantages.

The fundamental cooling limitations for the memoryless (Markovian) cooling regime have already
been derived by Clivaz et al. [1,2].The authors identify a fundamental bound that limits how cool
the system can be prepared in the asymptotic limit of infinitely many independent cooling cycles.
Remarkably, this bound depends only on the largest energy gap of the machine, rather than any intricate
microscopic details of the protocol. Here we extend the framework employed there to the non-Markovian
setting, where temporal correlations play a role. We do not allow for arbitrary non-Markovianity, as
this would immediately trivialise the problem (e.g., by allowing for the system and environment to be
initially entangled and pure, which permits perfect cooling in a single step). Nonetheless, we propose
a framework that allows for a tractable amount of non-Markovianity and permits meaningful and fair
comparisons for finite times. We do this via a particular type of generalised collision model with
memory [16-20].

In this thesis, we first show that memory enhances the ultimate cooling bound in the limit of infinitely
many cycles, exponentially quickly in the number of memory carriers. Additionally, we focus on the
finite-time analysis and compare the performance of various memory structures and control regimes.
We show that protocols with memory carriers can more efficiently utilise a limited amount of machines
to prepare colder states compared to memoryless protocols.

This thesis is organised as follows: In Chapter 2, the appropriate scientific context is laid out. Next,
in Chapter 3, we establish the framework in which we operate. In Chapter 4 we present the main
results of this work, where comparisons of various cooling regimes are discussed. Lastly, in Chapter 5,
all findings are summarised. Note that many of the ideas and results of this thesis have been presented
in Ref. [3].



2 Background

Highly pure states represent a valuable resource. As such, producing them is an essential goal of
countless experiments. However, they typically do not occur in nature due to the tendency of systems
to thermalise with their surrounding environment, which is deeply connected to the second law of
thermodynamics [8,21]. Therefore, we have to generate useful pure states from readily available
resources, which has been the aim of a variety of protocols [22,23].

One way to purify a state is to decrease its temperature, which can be uniquely assigned to states
that are in thermal equilibrium. In order to cool such states, it is sufficient to drive them towards
a thermal state with a lower temperature. However, for states that are out of thermal equilibrium,
temperature and therefore any notion of cooling is harder to define, because temperature is not an
observable, but an average over observables [24]. However, in the world of thermodynamics, one of the
key observable quantities is energy, and thus many studies of purifying states from a thermodynamic
perspective focus on increasing the population of the lowest energy eigenstates, which corresponds to
lowering the energy, and can thus be seen as synonymous with cooling. Since the partial ordering
induced by majorization implies a clear notion of cooling that agrees with any of the aforementioned
notions, we rely on majorization theory to determine coolness.

Since we want to start with an open mindset, we have to ask ourselves: What are the readily
available states and operations that are “easy” to implement? A lot of research has been engaged with
developing an understanding of thermodynamic resources. Systems tend to thermalise and are then
formally described as Gibbs states [8,25]; these thermal states that are in equilibrium with respect
to their environment have thus been posited as a reasonable set of free states. Thermal states are
completely passive [7,26], meaning that no energy can be extracted from them alone, or even from
an arbitrary number of copies via unitary transformations. Because they constitute a free resource, we
take these to describe the initial states of our system and environment. Moreover, thermal states are
connected to thermal operations, which have been found to be free as well and which we consider later
in our incoherent control scenario [7,12,13,27].

A scheme that makes use of such reasonable resources is for example heat bath algorithmic cooling
(HBAC) [28-31], where entropy from the target qubit and a number of compression qubits is transferred
to reset qubits, which then rethermalise with the environment. There are other ideas, e.g.: Absorption
refrigerators [32,33], which make use of resonant energy transitions in a tripartite system to dissipate
heat away from the target and another hot system and into the third one. These ideas proposes
concrete mechanisms to cool quantum systems. Here, instead of beginning with such a concrete model
in mind, we take a more general approach by considering physically-reasonable thermodynamic resource
constraints, placed upon the generic open quantum systems framework [34]. This allows us to ask
questions regarding fundamental limitations. As it turns out, HBAC is a special case of our generalised
framework. HBAC considers mainly qubits (spin—% particles) for the target, compression and reset
system, while we do not restrict the dimension or energy spectrum of our machines. Similarly to the
compression qubits in HBAC, we allow for machines to re-interact with the target system and carry the
memory onward through the process, which generates an advantage over memoryless schemes.

If there is no memory involved and the operations performed at each step are independent of the
previous one, the whole process becomes Markovian. This is synonymous with the non-existence of
temporal correlations between the system and the environment, or the reasonable negligence thereof. In
the Markovian approximation it is assumed, the environment is very much bigger than the system and
any correlations get "washed out" fairly quickly [34]. Furthermore, when each step of the protocol is
identical, convergence properties to the asymptotic case can be seen from the spectral properties of the
dynamical maps. Memory-less, time-independent processes are typically described by a collision model
for discrete times [16, 19, 35], or in the continuous time limit by a Markovian master equation in the
Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) form [36-38]. Another related collision model in the
continuous time limit is a repeated interaction system [39, 40], where the system of interest interacts
unitarily with a large amount of ancillas in rapid succession. However, this model is not suited for our
intention, as we wish to compare regimes for finite times regarding the utilisation of discrete resources
to achieve cooling.

On the other hand, non-Markovian processes require knowledge about the history of the process in
order to calculate the further evolution, which makes them harder to consider, as arbitrary dynamics can
lead to the process quickly becoming intractable [41-45]. For example, interactions and re-interactions
of a system with an ever growing amount of environment-subsystems, which in turn interact among
themselves, would lead to an exponentially exploding amount of parameters to track. Therefore, in



order to allow for the investigation of possible advantages in a realistic setting, these memory effects
have to be restricted. Lately, non-Markovian dynamics have been found to improve the performance of
quantum batteries [15] and quantum key distribution [46]. Additionally, considering non-Markovianity
can have advantages in the context of quantum control [47]. For the task of cooling, we consider
it meaningful to restrict to a physically-reasonable form of memory: The agent can control a (small)
number of subsystems and feed these forward in time. These subsystems re-interact with the target
and allow for an information backflow and therefore evidence memory effects.

This type of memory can be suitably included in a generalised collision model. Such collision models
have already been used in order to investigate non-Markovian dynamics [17, 18, 48-50], because they
allow for a structured, yet flexible, description of certain non-Markovian effects. Nonetheless, such
models are not restricted to specific states or interactions, as the memory length only defines how
many memory carriers are fed forward. As we will see later, such models can often lead to tractable
non-Markovian dynamics, because they can be embedded into Markovian models by including a small
number of additional systems, i.e. the memory carriers, as part of the system of interest [51].

3 Framework

In this chapter, we build a physically reasonable framework within which we analyse the role of memory
on the task of cooling. The first thing we need is a concrete notion of temperature.

3.1 Notion of Temperature

Cooling quantum systems can have many meanings, for instance decreasing its energy or entropy
(purity), or for states that remain in thermal equilibrium with some bath, to decrease their temperature
[2]. In general, these notions do not necessarily coincide; this is especially true for non-equilibrium
dynamics or high-dimensional systems, both of which we want to include in our considerations. To see
their departures, note that if a state is not in thermal equilibrium with a bath, such a standard thermal
temperature cannot always be assigned. Things become even trickier when correlations are involved: for
instance the overall state of some system and its environment can be entangled, potentially leading to
local states that look like thermal states (at some non-zero temperature), even though the joint system
is pure. Moreover, a decrease in entropy does not necessarily mean populating the lowest energy
eigenstates more heavily, as the entropy is simply decreased by increasing the purity, i.e., compressing
populations into any smaller number of eigenstates. Similarly, a decrease in average energy can also
lead to an increase of entropy. Importantly, even though these notions differ, they have one property in
common: they are all Schur concave/convex functions of the eigenvalues of the state. This fact allows
us to unify the notions via a concept of temperature based on majorization theory:

Definition 1.  For vectors with components sorted in decreasing value: A vector @ majorizes
another vector b:

a-b iff Z(a)izzn:(ﬁ)i V n=1,...,d (1)

Based on this definition: we say that a state p¢ is cooler than a state py, if the respective vector of
eigenvalues U of pc majorises that ¥y of py. Based on this definition we mostly consider cooling to
correspond to increasing the ground state population, i.e. satisfy the first partial sum in majorization
for the vector of energy eigenvalues. Nonetheless, our results generalise. Qubits are a trivial case, i.e.
majorization reduces to only the ground state population.

3.2 Open Quantum Systems

A target quantum system S of dimension dg is considered with a corresponding, normalised (Tr[p] = 1),
positive semi-definite density matrix pg. In general, no system is isolated, ie. there is always some form
of interaction with the environment, which we have to take into account [34]. Therefore, we define
an environment E with dimension dg and density matrix pg. We consider the joined arrangement of
system and environment SE to be closed (for all intents and purposes) and so it evolves unitarily. If we
further make the assumption that the initial system can be prepared independently of the environment
(i.e. no initial correlations), then we can describe the state of the system of interest at time ¢ via:

o5 = TeplU g @ o U] 2)



We can express this evolution in the form of dynamical maps A®?, which translate our system of
interest forward in time:
t 0
o5 = Ao, 3)

In order to cool we wish to control the interactions between system and environment and therefore have
to ask: Which kind of operations can we perform?

The most general form of interaction is a unitary operation followed by tracing out the environment.
This can be described by a CPTP-map, a completely positive and trace preserving map. This allows to
get from one valid state, meaning a positive semi-definite density matrix, to another, while keeping the
normalisation, the trace of the density matrix, constant. Complete positivity assures, that this operation
can be co-performed with an identity operation on a bigger quantum system and still ends up with a
valid state.

This is our preliminary basis of open quantum systems. Next, we want to impose constraints on the
states and interactions.

3.3 Thermal States

The framework of open quantum systems is too general for the task we wish to consider. For instance,
cooling is trivial if the environment is in a pure state and the unitary simply swaps this with the system.
Thus, we need some further restrictions.

The first constraint we place regards the initial state of the environment. To circumvent such
scenarios as the one just described, note that typical environments found in nature are not described
by pure states, but rather thermal states that indicate a long-time equilibration with its own larger
environment in term. Such a state is described by a Gibbs / thermal state [8,25]. This means that if
we were to let a number of systems interact freely among each other, we would, after an appropriate
amount of time, typically end up with a thermal state describing the ensemble. This physical motivation
justifies our choice in restricting the initial state of the environment to be a Gibbs/ thermal state, 7(3),
at some inverse temperature 3 = ﬁ (with kp being the Boltzmann constant, which we set to 1 for
the rest of this thesis). Thermal states, or Gibbs states, of dimension d are a one parameter family of
states defined in terms of their Hamiltonian: H =), E; |i) (i

d-1 e~ BEi
(8) =3 i dl. (@
=0

where Z = Zf;ol e PFi is the partition function. For a Hamiltonian whose energy levels are ordered
in a non-decreasing fashion, a Gibbs state is diagonal in the energy eigenbasis with non-increasing
eigenvalues. A quantity that will become important later on is the maximum energy gap €42, Which is
the difference of the biggest and smallest energy level values of the Hamiltonian. l.e. for a zero ground
state energy, €40 IS equal to the greatest energy level.

Thermal states are passive states, meaning their energy cannot be lowered by any unitary U acting
solely on the state:

Te[H(r(B) - Ur(BUN)] <0 V U (5)

Additionally, thermal states are completely passive. This means that even given an arbitrary number of
copies, it is not possible to extract energy out of them using unitaries [26].

As such, thermal states are considered a free resource [7] and are used as a starting point for
all quantum systems in this thesis. The target system and environment are both initially thermal
states at the same, finite, non-zero temperature. This choice guarantees initial resource (temperature)
balance and prevents trivialising the problem in the form of initialising a subsystem in a pure state
and performing a swapping unitary to instantly cool to absolute zero. Therefore, the open evolution of
Eq. (2) is restricted to initially thermal states:

p® = Tep[UO+D(8) @ r(BUDH. (6)

The task at hand is now: We are given thermal states 7(8). Which interactions can we and do
we want to implement in order to optimally cool the system? The restriction to initial thermal states
narrows the interactions we can perform to a subset of CPTP maps. Namely those, that add a thermal
environment, perform a unitary and trace out the environment. The available interactions can also be
modelled via a dynamical map A, such that the system after one interaction is given by:

o = N[O (B)] = Trp[UOr (8) @ 7 (B)U D). (7)



We consider such a dynamical map in the coherent control scenario, where an external coherent
battery or control field supplies energy and we are not limited to energy-conserving unitaries. However,
if we further restrict the operations to only energy-conserving unitaries, this would only allow us thermal
operations, which we consider for the incoherent control scenario. Apart from this differentiation, we
can later on consider further properties of the unitaries regarding how multi-partite they are.

3.4 Individual Cooling Cycles

After initialising all systems in thermal states at room temperature T (inverse room temperature 8g),
a single cooling cycle is performed: We bring the target system S into contact with the environment E,
implement an arbitrary cooling unitary and afterwards discard the environment.

While unitaries do not change the global set of eigenvalues of the joint system-environment SE
arrangement, they do change their order. Although our notion of temperature based on majorization is
necessarily blind to such re-orderings, a joint unitary can locally change the eigenvalues of S, which has
implications for its temperature. In order to cool our system, we want to implement the global unitary
on SE that reorders the eigenvalues in such a way that S’, after the interaction, is colder than before.
In other words, we want to find a unitary such that that the output state p's majorizes the input state
ps [1,2].

As such, the task becomes one of reordering to achieve the optimal distribution of eigenvalues for
the S subsystem. lIdeally, the largest eigenvalue of SE is to be assigned to the lowest energy eigenspace
of the system, and the next largest in the next lowest energy eigenstate, and so on. Such a protocol can
always be performed, if the set of unitaries is not restricted, which we consider in our coherent control
regime. However, any unitary can be made energy-conserving by considering an appropriate auxiliary
system to compensate for the required energy. The use of thermal states and energy-conserving unitaries
leads us exactly to thermal operations, which are typically considered in resource theory of quantum
thermodynamics [12,13]. The source of free energy then is a thermal bath at a higher temperature Ty.
l.e. in order to be able to cool, the environment is allowed to be thermalised at the higher temperature
Ty. We classify this as the incoherent control regime. Otherwise, one step follows the same concept
as in the coherent control regime.

We have now completely defined one cooling cycle. However, like HBAC [28-30, 52] and so many
other schemes [32] (e.g. quantum heat engines [7,53], quantum batteries [54], ...) we want to consider
many successive cycles. This also allows us to compare different regimes over time and resource
consumption, as we will see later. When we look to compose many steps of such operations, we have
a number of choices to consider, the principle of which is to allow for temporal correlations between
operations (i.e. memory) or not.

3.5 Markovianity

We have outlined a single cycle of the cooling process. Now, we are interested in the performance
of many successive implementations. This gives us the choice to make each cycle independent of the
previous one or correlate them.

The former leads to a Markovian process, which can be described by multiple evaluations of Eq. (6).
This leads to a concatenation of independent dynamical maps A=) (i = 1,...,t), which take the
system from step ¢ — 1 to step i. As such, the target system after ¢ steps is given by:

pd = AGID o A1) o o ACO[ D) ()], (8)

The dynamical maps / interactions can be adaptive, meaning the unitaries are allowed to be different
at each step. For instance, when complete control is allowed and one wishes to optimally cool the
system, the unitary that assigns the largest eigenvalues to the system'’s lowest energy eigenstates at
each step will depend upon the present joint state of the system and environment, resulting in turn in
a different dynamical map between each time-step. In other cases of interest, one may wish to rather
cool in a more autonomous fashion, by implementing a single unitary repeatedly, which would lead all
of the dynamical maps above to be identical [52]. We will refer to this as a non-adaptive scheme, for
which Eq. (8) reduces to a t-times concatenation of the same dynamical map. In general, this thesis
focuses more on understanding the ultimate limitations of cooling with memory, so we mainly consider
the more general adaptive setting.



Since the environment is reset after each cycle, it cannot carry any information forward through the
process. The fundamental limitations for such a Markovian cooling process are already well understood,
as analysed in two papers of Clivaz et al. [1,2], which identify an upper bound for the final ground
state population, for arbitrary machine dimension and both control scenarios, which is only dependent
on the maximum energy gap of the machine spectrum, €4,

Theorem 1 [1,2] For any machine and control paradigm, in the limit of infinite cycles, the ground
state population is upper bounded by :

1
>k — . 9
Do S8 (e Breman)” ¥

Clivaz et al. state the optimal protocol for qubits as follows: For the incoherent control regime, a
qubit target system S and a one-qubit machine M is joined with a one-qubit ancilla, A. Translated
into our frame, the machine and ancilla correspond to what we call the environment. The energies are
chosen to fulfil the resonance condition E4 = Ej; — Eg, in order to create degeneracies in the joint
system's energy levels. The ancilla is thermalised to Ty and together with the machine brought into
contact with the system. The energy conserving cooling unitary is a swap operation, which exchanges
the energy eigenvalues of energy levels [010) ¢,, 4 and [101) ¢,, 4, which is the only degenerate subspace
relevant for cooling. The machine and ancilla are traced out and rethermalised using the hot bath and
room temperature respectively and the cycle starts anew. Although the protocol is non-adaptive, it is
possible to reach the same asymptotic limit as an adaptive protocol. However, adaptive interactions
result in finite time advantages, as we will see later. With repeated Markovian cycles, and Ty — oo,
the asymptotic limit of the ground state population is given by Eq. (9) [1,2].

In the coherent control regime, the adaptive protocol simply optimally reorders the eigenvalues, as
already described. The optimal non-adaptive protocol swaps the eigenvalues of the smallest population
of the subspace of the ground state of the target qubit [011),,, with the largest population of the
subspace of the excited state of the target qubit |100)¢,,,. The adaptive protocol performs more
swaps and therefore has a higher rate of cooling, although both protocols ultimately converge to an
upper bound of the target's ground state population proportional to the largest energy gap €4, of the
joined machine-ancilla arrangement [1, 2].

Here, we are interested in extending the protocol to the non-Markovian case. Allowing for arbitrary
non-Markovianity would trivialise the problem by being able to almost instantly cool to absolute zero.
For instance, one feature of the most general form of memory is the presence of arbitrary initial system-
environment correlations: then if the joint state is almost pure, but highly entangled, a single operation
would enable almost perfect cooling of a local system that initially looks extremely hot. Therefore, we
keep the restriction of our systems being initially uncorrelated. Instead, we allow for temporal correla-
tions between the time steps by retaining some parts of the environment that have previously interacted
with the system, to take place in later interactions. We can analyse such a scenario using a flexible
generalised collision model that allows for some physically reasonable memory, without trivialising the
problem.




3.6 Collision Models

Now, we have already put restrictions on the system, the environment and the form of operations.
We have seen the corresponding Markovian setting and results; we now wish to consider the task of
cooling when memory is present. The overall Markovian dynamics can be regarded via a microscopic
model in the following way: Consider breaking up the environment into an arbitrary number of identical
quantum systems, here called machines M, of dimension d;. In a given step, the target system is
brought into contact (collides) with a chosen number of machines, the unitary interaction is performed
and afterwards the systems separate. The machines that have interacted with the system are traced
out, and in the next cycle a number of fresh machines interact with the system, and so on. The tracing
out and replacing with fresh machines models a complete rethermalisation of the machines with the
environment, and so no knowledge of past interactions is stored in the machines, leading to Markovian
dynamics. This concept used here is the standard collision model picture which provides a microscopic
model for Markovian dynamics (as it was originally defined for [16, 35, 55]). A schematic of such a
process can be seen in Fig. 1.

Steps 1 2 3 4

System
Machinel | Uz

Us
Machine2 —l Ua

Machine3 —|

Machine4 —|

Figure 1: Schematic of a Markovian collision model.

A box, labelled with U;, represents the i-th unitary operation on the incoming systems. The
system is brought in contact with a machine, a unitary interaction is performed and the
machine is traced out (terminated line). Then the system comes into contact with the
second machine and so on.

A number of assumptions built into this standard collision model ensure that the process is Marko-
vian, i.e. the dynamical maps are independent of each other: There must not be any i) initial corre-
lations, ii) machine-machine interactions (like, e.g., in [17]) and iii) repeated system-machine interac-
tions. This makes the model very practical for our endeavour, as we can introduce various types of
non-Markovianity by breaking some of these assumptions, without ending up with completely general
non-Markovian dynamics, allowing us to make reasonable comparisons to their Markovian counterparts.
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3.7 Non-Markovianity

Now we want to extend the collision model to consider non-Markovianity. Since we want to cool
our system, we would like to increase its ground state population via interactions. While repeated
interactions with only the same machine is ineffective, a combination of repeated interactions and fresh
machines seems reasonable. In other words, we allow some of the machines to feed forward and interact
with the system later, acting as memory carriers, instead of completely rethermalising, as illustrated in
Fig. 2. The idea for where a possible advantage might come from is that we wish to draw further value
from the already used machines and use them as storage to compress extra population into the system's
lowest energy eigenstates. Instead of being traced out, [ of them take part in the next interaction. The
memory length, or depth, [ denotes how many machines are fed forward to the next cycle. For small
memory lengths, the dynamics is tractable as we will see through the Markovian embedding that we
use later. Using this extended model we can further specify: i) The effective unitary size, k, stands
for how many machines are interacted with at each step; ii) The total number of machines, that have
been interacted with, or are at disposal, throughout the entire protocol is denoted by m. For example
for Fig. 2 the memory length is [ = 2 and k = 3, because the system interacts with 3 machines at each
step, of which two are fed forward to the next cycle. Since the overall protocol requires 6 machines
to implement the 4 unitaries, the full circuit shown has m = 6. Therefore, the applied unitaries Uy 2 3
correspond to the following systems interacting: SM; My M3, SMoMs My and SMsMyMs, respectively.
As such, the target system interacts with & — [, here 1, new machines at each step. Just as in the
Markovian case, in the non-adaptive scenario all unitaries are the same: U; =U; V 4,5, while for the
adaptive protocol, these can all be different. We classify all scenarios in this thesis by these parameters.
Trivially, a memory length of [ = 0 corresponds to the Markovian case.

Steps: 1 2 3 4

S —
M1 — UL _|
M2 U2 _|
M3 Us —l Us

M4

M5

M6 -

Figure 2:  Schematics of a collision model with memory.

The shown protocol has a unitary size k = 3 and memory length [ = 2. A box, labelled with
U;, represents the i-th unitary operation on the systems. A terminated line means that the
machine is traced out. The system interacts with three machines at each step and two of
them are being reused to cool the system, which leads to memory effects.

This framework regarding memory carriers has some intrinsic restrictions, as we now outline: For a
fixed k, not all values of | are possible, as a given unitary size limits the maximally possible memory
length. We cannot feed more machines forward than are being interacted with at each step. A similar
reasoning follows in the opposite direction. A given memory length implies interaction with at least the
same amount of machines and therefore minimum effective unitary size. Additionally, if the memory
length is equal to the unitary size, the target system will interact with the same machine(s) over and
over, which yields no further improvement once the machines have been depleted. Therefore, the
constraint | < k is imposed.
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Similarly, in order to use a fixed number of machines the amount of steps n should be an integer,
ie. : (n—1)= % For example with a unitary size of £ = 5 and a memory length of [ = 2 it is
not possible to use up exactly 10 machines without breaking protocol, as m for the first few steps is:
m=k+(k—-0)n-1)=5+5B-2)(n—1) =5,8,11,14,.... We can look at the ultimate final
ground state population regarding these two values (n and m), which generally will give us different
results. However, in the limit of asymptotically infinite cycles these coincide. Otherwise, for finite times
they are a good means of comparison, as we will discuss next.

As there are many parameters classifying the possible regimes, a simple comparison regarding the
final ground state population does not sufficiently put the cooling protocols into relative perspective.
Thus, it is necessary to set a scale which is the same for all regimes. Two ideas come to mind: Firstly,
the resource theoretical view, which looks at the final ground state population after a fixed number
of machines m has been interacted with. This comparison focuses on how well different regimes can
utilise their limited resources, but disregards the number of steps n, or number of unitary operations
performed. Secondly, a time- or step-dependent comparison focuses on comparing the final ground
state population of the system after the same finite amount of interactions, steps n have taken place
in order to contrast the different speeds or cooling rates, which is important if an abundant amount of
machines are present.

4 Results

In order to approach the problem at hand, note that the particular type of non-Markovian cycle that
we propose here can be rearranged to always reuse the same I machines, which we identify as memory
carriers, L. Subsequently the cooling target S can be extended to include the target system as well
as the [ memory carriers, denoted by SL, which together interact with & — [ new machines at each
step. This is called a Markovian embedding, as the non-Markovian protocol can be represented via a
Markovian interaction on a finite, bigger space, while still remaining tractable for a small number of
memory carriers: We only need to track the states of the target system and the [ memory carriers,
rather than the full system-environment dynamics (as one would for a general non-Markovian evolu-
tion). Fig. 2 can be slightly modified in order to visualise the Markovian embedding, as shown in Fig. 3.

Steps 1 2 3 4
System
|
Memory Ui U2 Us Uz |

Machines _l

_|

Figure 3: Markovian embedding visualised.

A cooling protocol for a unitary size k = 3 and memory length [ = 2. Boxes labelled U;
represent unitary operations on the incoming systems. A terminated line means that the
machine is traced out. Machines M1 and M2 are the memory of the process, i.e. we always
feed these same machines forward and trace them out only at the very end, as such the
system+memory interacts with only 1 fresh machine at each step.
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4.1 Asymptotic Cooling Behaviour

An upper bound regarding the non-Markovian cooling regime has been presented by Taranto et al. [3],
where it is shown that memory enhances the attainable ground state population, compared to the
Markovian case, exponentially in the number of memory carriers:

Theorem 2 [3] For any dg-dimensional system interacting at each step with k identical d; —dimensional
machines, with | of the machines (labelled L) used at each step carrying the memory forward, in the
limit of infinitely many cycles:

i) The ground state population of S is upper bounded by

ds—1

P (€maz B, k1) = Ze—ﬁ"dmk Hemaz) =1, (10)

i) The vector of eigenvalues of the output system state is majorized by that of the following attainable
state:
ds—1 efﬁndﬂw(kfl)em,,,m)

Phlemas 0,10 = 32 i ol )
whenever the initial state Ts(3) ® Tas(B8)®! is majorized by
fraloman B D = 5 T ol (12)
mae: 2 Z50 (B, (= Demar) " (st

Here Zx (8, ¢€) := ZZXO ! e=Bne is a quasi-partition function, depending only upon the maximum energy
gap [3]. This exponential advantage originates in the use of memory, as these added memory systems
allow for a larger space to compress population into, compared to only one target system. Although
the system interacts with I-less fresh machines each step, i.e. with k& — [ fresh machines, the repeated
interactions with [ memory carriers leads to the inclusion of a factor d!,, which scales exponentially
with the amount of memory carriers. In other words: There is a vast improvement for already a small
amount of memory carriers (see e.g. Fig. 7). Furthermore, the best way to improve the upper limit of
a protocol is to increase the amount of memory carriers involved.

Following Theorem 2 we wish to compare the ultimate achievable asymptotic state across various
memory structures, i.e., different values of k,[, and different initial settings, i.e., different values of
B, €maz- This hierarchy of cooling regimes can be determined by [3] :

Pg(emaxvﬁ>ka1) = (})pg(dnaawﬁ/’ k/,l/) if ﬁ(k - l)dlMemaw < (>)6/(k3 l)dM €maz- (13)

The first thing to note here, is that in the Markovian case (I = 0), the unitary size k determines the
ranking. However, when we introduce memory carriers, this is no longer the case, and protocols with
memory, but smaller unitary size can yield better results than a Markovian regime with a greater unitary
size (e.g. k=17,1=0is worse than k = 4, I = 3). Although memory is very important, a greater
memory length can also do worse than a lesser one (e.g. k =4, [ = 1 is better than k =3, | = 2). As
such the hierarchy has to be evaluated for every single regime in question to determine which protocol
is best.

We present simulations that agree with the statements here in the following plots (Figs. 4, 5, 7).
All following plots have been calculated using one qubit as a target system and single-qubit machines,
dpr = 2, unless stated otherwise. Moreover, since it has already been shown that non-adaptive protocols
have a lower cooling rate compared to adaptive ones [3], the main focus of our comparison here
concentrates on the latter. l.e. the plotted cooling protocols always optimally reorders all possible
eigenvalues available to it such that the largest are placed in the lowest eigenstates of the system and
memory carriers, thereby dissipating as much heat as possible into the machines that are discarded.
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4.1.1 Coherent Control Scenario

We first compare the final ground state populations in the asymptotic limit of infinitely many cycles for
various memory structures. Note that, in contrast to the finite-time comparisons we will make later on,
here it does not matter whether we compare these scenarios by considering the number of total machines
used m or the number of steps taken n, as they are directly proportional to each other and we are
only interested in the limit. Fig. 4 compares the ground state populations of various coherent, adaptive
non-Markovian cooling regimes for up to 100 steps. An external coherent battery provides free energy,
hence unitaries are not restricted in any way and the adaptive scenario allows for a different unitary at
each step. We expect that after 100 steps, the cooling protocols approximately reach their steady state
and their ground state populations have reached their limit. The protocol operating with & = 3 and
[ = 2 has the worst performance of the sampled regimes and becomes constant after approximately 50
steps. Meanwhile, for values k = 4 and | = 3, the protocol has a much better performance, but takes
100 steps to reach this limit. Although most of the cooling curves have cross-overs, the final ground
state populations follow Theorem 2, which depends only on a few parameters, i.e. €,,4:, k, [. However
the short term behaviour depends on the microscopic detail, which we will look at later in this chapter.

Another interesting comparison to make is between a memory-less protocol with a large unitary size
(say k = 7) and protocols with smaller effective unitary size (e.g., k = 3,4,5) but that have some
memory. We see that when the memory length in the latter cases is small, the Markovian scenario can
still asymptotically outperform the case with memory (e.g., compare k = 7,1 = 0 with k = 3,1 = 2).
However, for larger memory lengths, the protocols with memory typically outperform any of those
without, even when the effective unitary size is smaller (e.g. compare k = 7,1 = 0 with k = 4,1 = 3).
This demonstrates, that for the task of asymptotic cooling, memory seems to be a more important
resource than the effective interaction size (although, of course, the former is fundamentally bound by
the latter).
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Figure 4. Various coherent adaptive cooling curves.

The ground state population is plotted as a function of steps for the single-qubit machine
dyr = 2, €mazr = 2 and different cooling protocols. Incorporating memory carriers can result
in better cooling performances than a memoryless protocol with a bigger interaction size.

Next, we analyse the role of memory for a fixed unitary size, k. In Fig. 5, we consider the same
coherent, adaptive Markovian cooling protocol with a unitary size of value & = 7 in comparison to
its non-Markovian counterparts with the same unitary size, but with memory carriers. Fig. 5 shows
that for larger memory lengths, here for [ > 4, the calculated ultimate ground state population is very
close to 1 and beyond I = 2 all non-Markovian regimes bunch together. Meanwhile, the Markovian
regime in comparison is very much worse, i.e. reaches a ground state population of only around 0.94.
This shows, that for a sufficiently large interaction size, there exists a corresponding sufficiently large
memory length, for which the protocol already has an optimal cooling performance and adding any more
memory carriers does not lead to significant improvements. It is also interesting to note the qualitative
behaviour of the rate of cooling, i.e. how quickly a given memory structure achieves its steady state.
Here we see, for example, that the greatest memory length | = 6 takes approximately 200 steps to
reach its limit, whereas a memory length of [ = 2 takes around 60 steps.
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Figure 5:  Comparison of Memory lengths

The ground state population is plotted as a function of steps for a unitary size of k = 7,
€maz = 2 and different memory lengths. Incorporating any number of memory carriers, while
keeping the interaction size the same, results in an immense cooling advantage.

4.1.2 Incoherent Control Scenario

After studying the coherent control regime, we now turn our attention to the incoherent control scenario.
In the non-Markovian setting, The incoherent protocol follows that outlined for the Markovian case in
Clivaz [1,2]: To every machine qubit, an ancilla qubit A is added, such that the desired cooling
transformation is rendered energy-conserving. In other words, the resonance condition Es = Ej; — E 4
is fulfilled, which creates degeneracies in the system's Hamiltonian that can be used for cooling in an
energy conserving manner. We adapt this ancilla qubit for all of our machines and memory carriers as
well. Here, the energies are chosen to be: Eg = 1, Ejy = 2 and E4 = 1; subsequently €,,,. = 3. Before
each cycle, the (non-memory) ancillas are thermalised at a lower inverse temperature Sy = 0.000001
than inverse room temperature Sg = 0.2, as such thermal contact is what provides the energy source
to implement the required transformations in the incoherent setting. The adaptive cooling protocol is
then to perform all available energy-conserving unitaries that lead to cooler system+memory carriers
SL at each step. We simulate the cooling behaviour for a number of different memory structures in the
incoherent scenario and plot the results in Fig. 6 for 200 steps. We also plot a comparison of different
memory lengths for the same unitary size (k = 6) in Fig. 7.
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Figure 6: Incoherent cooling protocols

The ground state population is plotted as a function of steps for various incoherent adaptive
cooling protocols with €,,,, = 3. Here we see that protocols with memory can have better
cooling results than a Markovian protocol with a larger interaction size.

Firstly, note, that the curves are much flatter compared to the coherent control scenario. This is
because we only allow for energy conserving unitaries and therefore there are less available interactions
that lead to cooling at each step, resulting in much flatter cooling curves than in the coherent case,
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where arbitrary reordering of the eigenvalues are permitted. subsequently, the cooling curves have not
reached their steady state even after 200 steps. Nonetheless, we know that the final ground state
population follows Theorem 2. Secondly, the difference in performance between Markovian and non-
Markovian is even more apparent: All of the sampled non-Markovian regimes achieve better cooling
than the memory-less (Markovian) protocol. interestingly, the cooling curves in purple (k = 3, | = 2)
and grey (k =4, 1 = 1) will lead to the same final ground state population, but have different short term
behaviours, i.e. the grey curve performs better. This also goes to show that the short term behaviour
in contrast to the upper limit is very much dependent on the microscopic details of the interaction.

ground state population

1.0
=0
0.9 1=1
=2
0.8
0.7 =5
50 100 150 2005ePS

Figure 7: Comparison of memory lengths

In the incoherent control regime: The ground state population is plotted as a function of
steps for a unitary size of k = 6, €14, = 3 and different memory lengths. We see very clearly
that there is a performance gap between the Markovian and non-Markovian regimes. All
shown protocols have the same unitary size, but the ones with memory have better cooling.

A very similar picture to the coherent scenario emerges in the incoherent control scenario when we
compare protocols with the same unitary size but different memory lengths. There is a clear performance
gap between the Markovian and non-Markovian regimes: any amount of memory outperforms the
memoryless case. While for the domain of the plot we only show the first 200 steps, we know that
(by Theorem 2), for a fixed unitary size the protocol with the greatest memory length has the highest
ultimate ground state population and the rest follows in decreasing order, i.e. the the pink curve (I = 5)
will eventually overtake all others.

We have now seen that memory carriers enhance the ultimate cooling limit in the limit of infinitely
many cycles. Furthermore, this limit is only dependent on a small number of parameters. Contrary to
that the finite time behaviour generally depends on the intricate microscopic details of the performed
protocol. In the next section we have a closer look at the short term behaviour.

4.2 Finite-time Cooling Behaviour

We now compare several cooling regimes for finite times. While it has been shown that the asymptotic
limits for infinite cycles follow a clear hierarchy, the short term behaviour of various cooling regimes may
exhibit crossovers, as we have already seen in Figs. 4, 5, 7. This results from the fact that, while regimes
with larger memory lengths have higher final ground state populations, they interact with and discard
[ less machines at each step, and as such dissipate energy to the environment slower, compared to
Markovian protocols. Subsequently, protocols with less/no memory length interact with more machines
and as such access more resources in a shorter amount of steps, which positively influences their short
term behaviour. Because of this resource unbalance, most non-Markovian regimes (especially for large
memory lengths) are initially outperformed by their Markovian counterpart, but eventually surpass them.
On the other hand, if we fix the number of machines which are at our disposal, Markovian protocols
take less steps than protocols with memory to complete the whole circuit, i.e. the more memory the
more steps the protocol has to implement in order to use all available machines. Subsequently, in this
section we compare the cooling rates for both control scenarios for both means of comparison; step-wise
and machine-wise, to investigate the short term behaviour.
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4.2.1 Coherent Control Scenario

We first examine the coherent control regime, an external coherent battery or control field supplies free
energy to the arrangement, hence allowing for arbitrary unitaries to be implemented.

The finite time behaviour of large memory lengths can be seen in Figures 8 and 9, where the cooling
curves of coherent, adaptive protocols where each machine consists of 2 qubits (i.e. dj; = 4) with
unitary size of k = 7, €4z = 2,3 respectively and memory lengths ranging from [ = 0 (magenta) to
1 =6 (blue) for the first 20 steps are plotted.

ground state population

1.0}
=6
0.9f I =5
R =3
0.8¢ - P S I
A =1
0.7F 4 1 - ..t 1=0
- - - _ st
5 10 15 20 S'°PS

Figure 8: Finite-time cooling behaviour

The ground state population is plotted as a function of steps for a unitary size of k = 7,
dyr = 4, €mae = 2 and different memory lengths. Protocols with more memory interact with
less fresh machines per step and as such have an initial cooling disadvantage.
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Figure 9: Finite-time cooling behaviour 2

The ground state population as a function of steps for a unitary size of k = 7, dy =4,
€maz = 3 and different memory lengths. An increase in maximum energy gap (compared to
Fig. 8) increases the overall cooling performance.

For the chosen parameters it seems that: Beginning with the second step, the non-Markovian
protocol’s ground state populations arrange themselves in opposite magnitude of memory length, i.e.
for the first 20 steps shown the protocol with the greatest memory length [ = 6 has the lowest ground
state population, whereas the regime with the smallest memory length | = 1 has the the highest. This
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behaviour demonstrates the different rates with which protocols use their machine resources, which
leads to different cooling rates. The memoryless protocol is somewhere in the middle, but very quickly
gets overtaken by the non-Markovian regimes (in the domain of this plot for all but I = 6) in order of
increasing memory length. Note, That this behaviour is the same for both Fig. 8 (€4 = 2) and Fig. 9
(€maz = 3), with the only notable difference being the overall better performance in the latter due to
the higher maximum energy gap. Next we will analyse in more detail after how many steps memory
holds an advantage over no memory.

The next question is about how quickly this performance gap between Markovian and non-Markovian
protocols develops. To study this, in Fig. 10, we fix the machine dimension and effective unitary size,
and plot the number of steps that it takes for the ground state population of the non-Markovian regimes
to overtake the corresponding Markovian one, for each possible value of I. We analyse this for two
choices of unitary size and three choices of maximum energy gap of the machine qubits. The amount of
energy that can be dissipated at each step is proportional to the subspaces of machines to-be-discarded
( = new machines interacted with). In other words, interactions with more fresh machines increase the
initial cooling rate the quickest. In Fig. 10 a.), short memory lengths [ = 1,2,3 take about 5 steps to
outperform the memory-less cooling curve, but the greatest memory length | = 6 takes about 40 steps.
In Fig. 10 b.), with a unitary size k = 6 , the crossover points for all three sampled maximum energy
gaps for the first 4 memory lengths coincide, before eventually diverging. This goes to show, that in
some scenarios, a change in maximum energy gap can effect the performance of protocols with varying
memory structures equally.
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Figure 10: The cross-over points of adaptive Markovian and non-Markovian cooling curves
The number of steps it takes for the adaptive non-Markovian regimes, with machine dimension
dps = 2 to have a higher ground state population than their memory-less [ = 0 counterpart,
as a function of their memory length I. For a.) k=7 and b.) k = 6. Regimes with longer

memory lengths interact with less fresh machines per step and therefore dissipate energy
slower, i.e. they take more steps to outperform the Markovian cooling protocol.
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Since this short term behaviour originates in the use of more machines, i.e. shorter memory lengths
have access to more fresh machines per step, it is important to compare the ground state population
to the total number of machines interacted with throughout the entire protocol. We show this in
Fig. 11, where the same cooling regimes as in Fig. 8 are plotted, but with respect to their total machine
utilisation, m, rather than the number of unitaries implemented, n.
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Figure 11: Limited machine-resource comparison

The ground state population is plotted as a function of total machines interacted with for
a unitary size of k = 7, dyr=4, €mar = 2 and different memory lengths. Cooling protocols
with memory can achieve a higher ground state population with less total machines used,
compared to their memoryless counterpart.

We now see that protocols with larger memory lengths, especially [ > 1, can better utilise a fixed set
of resources to perform cooling. Although the non-Markovian regimes have different memory lengths
and subsequently use up machine resources in different rates, the corresponding points in the plot follow
the same path for short times, but eventually split in order of increasing memory length, leading to the
asymptotic hierarchy as shown for fixed & in e.g. Fig. 5. Here, for 40 machines used all protocols with
a memory length of [ > 1 cool in the same way. In other words, they can dissipate energy by discarding
machines to the same extend. Some regimes use up machines faster and as such have faster cooling
in time, but their cooling-to-resource ratio is the same. Meanwhile, the Markovian protocol follows a
different path already from the start and has a worse machine-wise cooling performance compared to
the protocols with memory.
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In order to better understand the finite times cooling behaviours, we want to change the other,
unitary-independent, governing parameters. Especially, the machine dimension and the maximum energy
gap, since it is still very unclear how they influence the short term cooling performance. Fig. 12 shows
the ground state population for the adaptive, coherent control scenario with a machine dimension of
dpr = 2 and maximum energy gap of €,,4. = 2,3 respectively, for the total use of 40 machines.
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Figure 12: Limited machine-resources comparison 2

The ground state population is plotted as a function of total machines interacted with for a
unitary size of k =7, dyr = 2, €max = 2,3 for a.) and b.) respectively and different memory
lengths. All non-Markovian protocols have a clear cooling advantage over the memoryless
protocol, with respect to the total number of machines interacted with.

The overall behaviour in Fig. 12 is similar to that of Fig. 11, even though the machine dimension
is decreased to dj; = 2. The non-Markovian protocol’s curves split much earlier and there is a visible
difference in ground state population after already 20 steps. Still, protocols with greater memory
lengths, here for [ > 2, overlap and follow the same curve. A change in maximum energy gap improves
all protocol’s general performance.
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We have now seen the short term cooling behaviour of protocols with the same unitary size but
different memory lengths and found, that if memory carriers are involved, there is an increase in machine-
wise and step-wise performance, but more memory results in interactions with less fresh machines and
as such slows down the cooling process. Next, we want to compare how protocols with different unitary
sizes perform in the short term. Fig. 13 shows three Markovian protocols with different unitary sizes
(k = 7,5,3) and their non-Markovian counterparts with a memory length of [ = 1 each, plotted for
the first 20 steps. The cooling curves follow the same outline as above (see Figs. 8, 9), i.e. A
greater unitary size results in a better performance and the protocols with a memory length of [ = 1
achieve better cooling than the corresponding memory-less ones. Furthermore, there are also crossovers
of curves with different unitary sizes. For the chosen parameters it appears that though Markovian
protocols with a greater unitary size can initially outperform non-Markovian protocols with smaller &,
the non-Markovian curve can catch up after a relatively short amount of steps. (eg. k=71=10
exceeds k =51 =1 until step 12; not shown: k=71 =0 exceeds k = 6 [ = 1 until step 5)
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Figure 13: Short term cooling behaviour

The ground state population is plotted as a function of the first 20 steps for the single-qubit
machine dy; = 2, €42 = 2 and different cooling protocols. Although a greater unitary size
can initially have better cooling, a protocol with a smaller unitary size but with memory can
overtake in a relatively short time (e.g.k =71 =0 exceeds k =5 [ = 1 until step 12)
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Next, we want to make another comparison, but regarding a limited amount of total machines
interacted with. Fig. 14 demonstrates four Markovian protocols with different unitary sizes (k =
3,4,5,7) and their non-Markovian counterparts with the greatest allowed (k > [) memory length
respectively, plotted for 40 machines used throughout the protocol. It appears, the sampled Non-
Markovian protocols with a unitary size greater than 3 (here: k = 4,5,7) have a very similar cooling
performance and bunch together, with the greatest unitary size (k = 7) achieving the slightly better
cooling, followed by the next greatest (k = 5). The Markovian regimes perform worse than the protocols
with memory. l.e. the ground state population is only dependent on the unitary size and as such the
smallest unitary size (here k = 3) has the worst cooling. However, Markovian protocols with large
unitary sizes can achieve a very similar performance to non-Markovian protocols with smaller & (e.g.
Markovian k = 7 and non-Markovian k = 3 and [ = 2). However, for a slightly greater unitary size,
this is no longer the case (e.g. k = 4 1 = 3 outperforms the Markovian k = 7). This goes to show, that
non-Markovian protocols can outperform Markovian regimes with a greater unitary size in a comparison
regarding finite machine resources.
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Figure 14: Limited machine-resources comparison 3

The ground state population is plotted as a function of total number of machines used for
the single-qubit machine dy; = 2, €4 = 2 and different cooling protocols. We show, that
Non-Markovian protocols can outperform a Markovian protocol with a bigger unitary size in
a comparison regarding limited machine resources (e.g.k =31 =2and k =51=0).

4.2.2 Incoherent Control Scenario

Just as above for asymptotically infinite cycles, the cooling protocol follows that outlined by Clivaz [1,2].
Every machine consists of a machine qubit M and an ancilla A. The resonance condition (E4 =
E); — Eg) is fulfilled via the choice of: Eg = 1, Epy = 2 and E4 = 1, this fixes €4, = 3. The
non-memory ancillas are allowed to thermalise to a hotter temperature between steps. Here we choose
the inverse room and hot temperatures to be S = 0.2 and Sy = 0.000001 respectively. The adaptive
protocol implements the optimal available energy-conserving cooling unitary at each step. Fig. 15 shows
a close-up of Fig. 7 for the first 40 steps.

A picture very similar to the coherent control scenario (see Fig. 8 and Fig. 9) emerges: We know
that larger memory lengths have a cooling advantage for asymptotically infinite times. However, for
only a small number of steps a shorter memory length can achieve a higher ground state population.
Initially the shortest memory length of I = 1 performs best. However, this changes after only 16 steps,
when the second shortest memory length [ = 2 takes the lead, and so on. The number of steps it takes
for the non-Markovian regimes to perform better than the memory-less counterpart follows a pattern
akin to the coherent control scenario (see Fig. 10).

Similarly to the coherent control scenario, we also want to see how well incoherent regimes with
memory carriers make use of machine resources. Fig. 16 plots the same cooling curves as in Fig. 15,
but as a function of the total machines interacted with throughout the entire protocol.
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Figure 15: Short Term cooling behaviour 2

In the incoherent control regime with an adaptive protocol: The ground state population is
plotted as a function of steps for a unitary size of £ = 6, €4 = 3 and different memory
lengths. The short term cooling behaviour can have crossovers (e.g. at step 16 memory
length I = 2 surpasses | = 1). We can also see that the Markovian cooling curve very quickly
starts to flatten (after about 6 steps) and gets overtaken by protocols with memory.
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Figure 16: Limited machine-resources comparison 4

In the incoherent control regime with an adaptive protocol: The ground state population
is plotted as a function of the total machines interacted with for a unitary size of k = 6,
€maz = 3 and different memory lengths. Similarly to the coherent control regime, we see
that regimes with memory can better utilise machine resources.

The Markovian dots (in black) are quickly outperformed by the non-Markovian ones. However,
there is negligible difference between the trajectories of memory lengths [ > 1, regarding using up
to 50 machines, which means that all of these memory regimes have similar cooling improvements
machine-wise. In other words, the energy that every machine individually extracts follows the same
curve and it does not matter how much memory or machines are used at each step. The graph very
much resembles the coherent control scenario: The non-Markovian regimes compress population into
their memory carries until they become as cold as possible, which eventually results in diminishing
cooling performances. The smallest memory length | = 1 splits first, followed by the second smallest

and so on.

23



5 Conclusion

The aim of this thesis has been to understand how one can produce valuable pure states out of
readily-available resources, and if memory can offer any advantage. We thus began by imposing some
restrictions on the allowed transformations: in particular, we considered cooling arbitrary-dimensional
quantum systems via unitary interactions with a thermal environment, from which the system is initially
uncorrelated. The further choice of allowing either general or only energy-conserving unitaries led us to
distinguish between the coherent and incoherent control paradigms, respectively. The latter coincides
with the already established framework of thermal operations [12,13], permitting the contextualisation
of our results into a resource theory. Regarding the temporal control of the operation cycles, we
proposed a framework that allows for comparison between various memory structures by means of a
generalised collision model, in which a finite portion of the environment is controlled to act as memory
carriers. Stipulating the size of the unitary interactions and the number of memory carriers provides a
particular memory structure of the protocol, amongst which various performance comparisons can be
fairly made. Moreover, for any given memory structure, we characterised our overall protocols according
to two strategies: adaptive or non-adaptive.

In this setting, we have shown that memory greatly enhances the cooling performance for both con-
trol scenarios (in/coherent) compared to memoryless protocols [3] . We first considered the asymptotic
cooling behaviour. The introduction of a finite memory length exponentially increases the asymptotic
ground state population of the system via the availability of a larger low-energy subspace to compress
populations into. This exponential improvement makes it possible for a protocol with memory to ul-
timately reach far colder states than a memoryless protocol, even when the latter has access to more
fresh machines at each step (e.g., see Fig. 4). Ultimately, although the asymptotic ground state pop-
ulation increases as the protocol parameters (access to fresh machines and memory length) increase,
the resulting hierarchy is not determined by either of the two protocol parameters alone, but rather the
combined dynamics.

We then went on to analyse the short-term behaviour of various cooling protocols. Here we found
that although any Markovian protocol eventually gets outperformed by its non-Markovian counterpart
with the same unitary size in order of increasing memory length, in line with intuition, having more
memory leads to a disadvantage for the initial rate of cooling (e.g., see Figs. 8, 9). A large memory
length is unfavourable for short-term cooling, because the system interacts with less fresh machines at
each step and as such less energy can be dissipated at each interaction. Nonetheless, a protocol with
memory can fairly quickly outperform its memoryless counterpart, even if the latter has a larger unitary
size (e.g., see Fig. 13).

Following this, we considered another means of comparison: We compared the performance of
protocols with respect to how many machines the system has been in contact with throughout the whole
process. We have shown that protocols with memory can better utilise machine-resources, i.e., achieve
higher ground state populations given a smaller number of machines, compared to their Markovian
counterparts (e.g., see Figs.12, 16). This advantage is also present when comparing protocols with
memory to Markovian ones with a larger interaction size (e.g., see Fig. 14).

The presented results hold for arbitrary, finite dimensional systems as well as for both control
scenarios (in-/coherent) and both interaction strategies (adaptive/non-adaptive). They can be viewed
as a benchmark on how well cooling could ultimately be performed given our restrictions and resources,
given perfect control over not only the unitary interactions—implying perfect timing abilities [56]—
but also the implementation of the generalised collision model itself, which neglects any uncontrolled
coupling between the target system and the broader environment beyond the memory carriers, and
between the memory carriers and their broader environment. We now discuss some of these practical
limitations and pose a number of open questions.
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6 Outlook

In this thesis, we have considered repeated machine-system interactions to implement memory into
our generalised collision model. However, this is only one possible way to endow collision models
with memory. One could consider, for instance, machine-machine interactions, as already proposed in
Refs. [17,51,57-59]. It would be interesting to understand how such different types of memory affects
the cooling performance. For instance one could envisage a scenario in which the already used machines
are again used in order to pre-cool the fresh machines that will in turn interact with the system, to
extract further value from them. There, we would also have the choice to only use them only once, or
to collect them and use them all together to additionally prepare the fresh machines, which could be
advantageous.

Another possible cooling advantage could reasonably arise from weak initial correlations. It is clear
that initially pure and correlated (i.e., entangled) states can lead to perfect cooling, which is why
we restricted our system and environment to be initially uncorrelated. Nonetheless, one could ease
this restriction to allow for weaker forms of initial correlations and analyse their affect on the cooling
limits. Some progress to this end has already been made regarding the impact of initial correlations on
collision models [18, 60], but not specifically in the context of cooling. We expect initial correlations
to bring advantages if controlled appropriately, because it constitutes a further memory-type resource;
as we have shown, similar temporal correlations between the system and the memory carriers are very
beneficial to the cooling limit.

Regarding correlations, another point to note is that the system and memory carriers build up
correlations throughout the protocol, which can be finally used to further cool the system . It is both
this, and the fact that the memory carriers provide a larger subspace to compress population into over
the course of the protocol, which leads to the cooling advantages seen. An interesting avenue for
pursuit would be to study the effects of partial rethermalisation of the memory carriers throughout
the protocol: in the coherent control paradigm, destroying correlations in this way could only ever be
detrimental, but in the incoherent control scenario, it may prove beneficial (at least for finite times)
as the rethermalisation could help to “free up” more energy-conserving subspaces that are relevant to
cooling.

Further to this, we have examined various behaviours of different cooling protocols throughout
this thesis. Additionally, we have seen that the asymptotic ground state population is only dependent
on a few parameters, whereas the short-term behaviour is susceptible to the intricate details of the
arrangement. This can result in different protocols reaching the same limit but in distinct ways, which
poses the question of optimisation. What is the best (fastest, most resource economical, etc.) way to
reach a certain degree of coldness in a given time with the available, limited resources, control and other
parameters (e.g., machine dimension, maximum energy gap)? This is expected to be a difficult question,
as the short-term behaviour of different cooling regimes can exhibit crossovers and re-crossovers (e.g.,
see Figs. 13, 15), and the parameter space is large. Another example of the delicate short term behaviour
is the splitting of curves regarding the memory-aided machine-wise cooling comparisons (see Figs. 11,
14. When we studied the coherent control scenario, we saw that for some choices of parameters, the
machine-wise cooling curves followed (approximately) the same path for a significant number of total
machines used before splitting off from each other; however, comparing this to a scenario with the same
memory structure but decreased machine dimension, we saw these cooling curves split much earlier (see
Fig. 12). Determining the point of departure in terms of a few relevant parameters would provide an
immense step towards understanding optimal cooling strategies. It is partly this intricate short term
behaviour that can make the realisation of such cooling protocols susceptible to errors and imperfections.
We have not taken into account the practical restrictions, regarding for example the ability to exactly
implement unitaries. In order to perfectly implement every operation, a perfect time-keeping device
would be needed [61], which is also impossible without infinite resources [56]. It could be interesting
to pursue further research into the energy cost required to implement such unitaries with respect to
the resources required to run the protocol and compare them to the cooling success. Additionally, we
considered an adaptive strategy in order to achieve the best possible short-term performance, which
can be difficult to manage and we often implement multi-partite unitaries, which also can be difficult
to realise in an experimental setup. For asymptotically infinite times this would not make a difference,
since we can always: i) use the non-adaptive strategy ii) split the optimal reordering-unitaries into a
sequence of (smaller) swap operations and still could reach the same final state. However for finite
times (and operations), as we have shown, the cooling performance is highly dependent on the petition
of the implemented unitaries. Additionally, we have, just as in HBAC, neglected the coupling between
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the system and the rest of the environment (i.e., the fresh non memory-carrying machines); in realistic
scenarios, such considerations should be taken into account. Overall, the framework proposed in this
thesis allows for the systematic treatment of memory effects in various cooling strategies, and it is
flexible enough to include many practical considerations such as those suggested above to lead to more
practical limitations of quantum cooling.
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